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Abstract

A point-set embedding of a planar graph G with n vertices on a set S of n points

is a planar straight-line drawing of G, where each vertex of G is mapped to a distinct

point of S. We prove that the point-set embeddability problem is NP-complete for 3-

connected planar graphs, answering a question of Cabello [20]. We give anO(n log3 n)-

time algorithm for testing point-set embeddability of plane 3-trees, improving the

algorithm of Moosa and Rahman [60]. We prove that no set of 24 points can support

all planar 3-trees with 24 vertices, partially answering a question of Kobourov [55].

We compute 2-bend point-set embeddings of plane 3-trees in O(W 2) area, where W is

the length of longest edge of the bounding box of S. Finally, we design algorithms for

testing convex point-set embeddability of klee graphs and arbitrary planar graphs.
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Chapter 1

Introduction

This chapter first introduces the reader with the field of graph drawing and gives

an overview of the drawing styles that are in the scope of this thesis. It then presents

an outline of the relevant results that motivate this thesis and describes our main con-

tributions. Finally, the chapter concludes with a brief description of the organization

of the thesis.

1.1 Graph Drawing

Graph drawing is an area of computer science that deals with visualization of

graphs arising from diverse applications such as social network analysis, VLSI circuit

layout, software engineering, network management and user interface design [5, 38,

48, 63]. Planar graphs, i.e., the graphs admitting planar embedding on the Euclidean

plane, are one of the most extensively studied classes of graphs in this research area.

Several styles for drawing planar graphs have emerged over the last two decades.

1



2 Chapter 1: Introduction

Straight-line drawing is one of the classic and widely studied drawing styles among

them.

A straight-line drawing of a planar graph G is a planar drawing, where each vertex

is drawn as a point and each edge is drawn as straight line segment. The straight-line

drawing style is popular since it naturally produces drawings that are easy to read

and fit on small screens [77, 80]. A grid drawing of G is a straight-line drawing where

each vertex is placed on an integer grid point. Many algorithms can compute a grid-

drawing of any plane graph (i.e., a fixed planar embedding of a planar graph) with n

vertices on an O(n)×O(n) integer grid [15, 29, 67].

To meet the requirements of different practical applications, researchers have ex-

amined the straight-line drawing problem under various constraints, e.g., when the

vertices are constrained to be placed on a set of pre-specified locations other than

integer grid points [13, 20], or when the faces in the drawing are constrained to be

convex polygons [25, 82]. If the pre-specified locations for placing the vertices of the

input graph are points on the Euclidean plane, then we call the problem a point-set

embedding problem. Such problems have applications in VLSI circuit layout, where

different circuits need to be mapped on a fixed printed circuit board [51]. Formally, a

point-set embedding of a graph G with n vertices on a set S of n points is a straight-

line drawing of G, where the vertices are placed on distinct points of S. Given a

planar graph G with n vertices and a set S of n points, the point-set embeddability

problem asks whether G admits a point-set embedding on S.

Convexity is sometimes considered as an important criterion of planar graph draw-

ing. A convex drawing of a planar graph is a straight-line drawing, where each face in
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the output drawing (including the outer face) must be a convex polygon. A point-set

embedding is convex if the corresponding straight-line drawing is convex. The convex

point-set embeddability problem asks whether an input planar graph admits a convex

point-set embedding on the input point set.

Given a planar graph G with n vertices and a set S of n points, G may not always

admit point-set embedding on S. Therefore, many researchers tried to construct a

set of k points, k ≥ n, such that any planar graph with n vertices admits a point-set

embedding on a subset of S [26, 29, 57]. Such a point set that supports all the planar

graphs with n vertices is called a universal point set for n.

In this thesis we examine the point-set embeddability and the convex point-set

embeddability problems for various subclasses of planar graphs, and review the lower

bound on the size of the universal point set.

1.2 Related Results and Motivation

At present, polynomial-time algorithms are known for solving the point-set em-

beddability problem only on specific restricted classes of planar graphs, which leaves

us with some interesting open questions about the time complexity of the problem.

Here we give a brief overview of the related results and the questions that motivate

this thesis.

1.2.1 Embeddability of 1- and 2-Connected Planar Graphs

The class of 1-connected planar graphs coincides with trees. In 1994, Ikebe

et al. [46] gave an O(n2)-time algorithm to embed any tree with n vertices on any set
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of n points in general position, i.e., no three points are collinear. Later, Bose et al. [14]

devised a divide and conquer algorithm for computing point-set embeddings of trees

that runs in O(n log n) time.

The class of outerplanar graphs is a subclass of 2-connected planar graphs. In

1996, Castañeda and Urrutia [21] gave an O(n2)-time algorithm to construct point-

set embeddings of maximal outerplanar graphs. Later, Bose [13] improved the running

time of their algorithm to O(n log3 n) using a dynamic convex hull data structure. In

the same paper Bose posed an open problem that asks to determine the time com-

plexity of testing the point-set embeddability for planar graphs. In 2006, Cabello [20]

proved the problem to be NP-complete, even when the input graphs are 2-connected

and 2-outerplanar.

These studies on 1- and 2-connected planar graphs motivated much research on

the point-set embeddability of 3-connected planar graphs in the last few years.

1.2.2 Embeddability of 3-Connected Planar Graphs

Nishat et al. [62] showed that, unlike trees and outerplanar graphs, not every

plane 3-tree with n vertices admits a point-set embedding on any set of n points in

general position. They gave an O(n2)-time algorithm that decides whether a plane

3-tree admits a point-set embedding on a given set of points and computes such an

embedding if it exists. Recently, Durocher et al. [32] and Moosa and Rahman [60]

independently improved the running time of the algorithm of Nishat et al. [62] to

O(n4/3+ε), for any ε > 0.

Since every plane 3-tree with more than three vertices is a 3-connected graph,
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these recent findings give rise to the following question: What is the time complexity

of deciding the point-set embeddability for 3-connected planar graphs?

1.2.3 Related NP-completeness Results

Kaufmann and Wiese [52] proved that a variation of the point-set embeddability

problem is NP-complete, where each edge in the embedding can have at most one

bend. Although their proof of NP-completeness holds for 3-connected planar graphs,

it does not answer the original question about the point-set embeddability that does

not allow the edges to have bends. Later, Katz et al. [51] proved the NP-completeness

of another variation of the point-set embeddability problem, where every edge in the

output drawing is either a horizontal or a vertical line segment. Their proof holds for

subdivisions of 3-connected planar graphs.

Recently, Durocher et al. [32] considered the point-set embeddability problem,

where the points of the point set lie in R
3 instead of R2. Although the point-set

embeddability problem is polynomial-time solvable for plane 3-trees in R
2, they proved

the problem to be NP-complete in R
3. However, the computational complexity of

the point-set embeddability problem for 3-connected planar graphs in R
2 remained

unclear.

1.2.4 Lower Bound on the Size of Universal Point Set

In 1990, de Fraysseix et al. [29] proved that any point set that is universal for all

planar graphs with n vertices must contain n+(1−ǫ)
√
n, ǫ > 0, points. Chrobak and

Karloff [26] and then Kurowski [57] improved this lower bound to 1.098n and 1.235n,
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respectively. In 2002, Kobourov [55] asked for the smallest value m such that no fixed

set of m points can be universal for all planar graphs with m vertices. He checked

by exhaustive search that for every positive integer t less than 15, there exists a fixed

set of t points that supports all planar graphs with t vertices.

1.2.5 Motivation Behind the Thesis

Cabello [20] proved that the point-set embeddability problem is NP-hard for 2-

connected planar graphs. He mentioned that his proof technique does not seem pos-

sible to extend to show the NP-hardness of the point-set embeddability problem for

3-connected planar graphs and the problem remained open. The problem deserved in-

vestigation since many graph drawing problems (e.g., simultaneous embedding of pla-

nar graphs with fixed edges [4], upward planarity testing [42] and bend minimization

in planar orthogonal drawings [79]) that are NP-hard for 2-connected planar graphs

become polynomial-time solvable for 3-connected planar graphs. The problem seemed

particularly interesting to us in light of the following two observations. First, Kauf-

mann and Wiese [52] proved that a variant of the point-set embeddability problem,

where each edge can have at most one bend, is NP-complete for 3-connected planar

graphs. Second, Nishat et al. [62] proved that the point-set embeddability problem is

polynomial-time solvable for plane 3-trees, which is a subclass of 3-connected planar

graphs.

Once we established the NP-completeness of the point-set embeddability problem

for 3-connected planar graphs, we examined whether the constraint of convexity makes

the point-set embeddability problem easier for a klee graph, i.e., a graph having a
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plane 3-tree as its weak dual. The motivation behind this study was the polynomial-

time algorithm of Nishat et al. [62] for testing point-set embeddability of plane 3-trees.

Since every plane 3-tree is a maximal planar graph, all of its point-set embeddings are

convex. Consequently, klee graphs appeared to us as a potential candidate to study

convex point-set embeddability. The current trend to cope with the NP-hard problems

with fixed-parameter tractable algorithms (i.e., algorithms that run in polynomial time

under the assumption that some parameter of the input is constant) motivated us

to devise such an algorithm for convex point-set embeddings of 3-connected planar

graphs.

The recent improvement over Nishat et al.’s algorithm [62] by Moosa and Rah-

man [60] drew our attention to design faster algorithm for computing point-set em-

beddings of plane 3-trees. At this stage we observed that Kurowski [57] achieves the

lower bound on the size of the universal point set exploiting the structure of plane

3-trees, which inspired us to examine universal point sets for plane 3-trees.

In summary, the motivation of my thesis was to contribute to a better under-

standing of the computational complexity of the point-set embeddability problem by

examining the following questions.

Question 1: What is the time complexity of deciding point-set embeddability

for a 3-connected planar graph?

Question 2: How fast can we decide point-set embeddability of a plane 3-tree?

Question 3: What is the smallest integer m such that no point set of m points

is universal for all planar graphs with m vertices?
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Question 4: What is the time complexity of deciding convex point-set embed-

dability of a klee graph?

Question 5: Is there any suitable parameter t such that the convex point-set

embeddability problem becomes polynomial-time solvable for general planar

graphs under the assumption that t is a constant?

1.3 Contributions and Organization of the Thesis

This section describes the thesis’ organization as well as highlights the major

contributions of the rest of this thesis.

1.3.1 Technical Foundations (Ch. 2)

In this chapter we introduce the preliminary definitions and notation used through-

out the thesis. The readers familiar with the field of planar graph drawing can skip

this chapter.

1.3.2 NP-completeness of Point-Set Embeddability (Ch. 3)

Garey et al. [41] proved that the problem of finding a Hamiltonian cycle in a

3-connected cubic planar graph, denoted by HC, is NP-hard. In this chapter we

reduce HC to the point-set embeddability problem for 3-connected planar graphs

as follows. Let M be an input of HC. We construct a corresponding 3-connected

planar graph G and polynomial number of point sets in polynomial time such that

G admits a point-set embedding on one of these point sets if and only if M contains
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a Hamiltonian cycle. We then show that this reduction proves the NP-hardness of

the point-set embeddability problem for 3-connected planar graphs, which answers

Question 1.

1.3.3 Point-Set Embeddings of Plane 3-Trees (Ch. 4)

In this chapter we give an algorithm for testing point-set embeddability of a plane

3-tree in O(n log3 n) time, which improves the previously best known upper bound

O(n4/3+ǫ) [32, 60]. This answers Question 2. Our algorithm is near optimal since the

lower bound on the time complexity is Ω(n log n), as established by Nishat et al. [62].

1.3.4 Universal Point Set (Ch. 5)

In this chapter we prove that no set of 24 points can be universal for all planar

graphs with 24 vertices. This result sheds light on Kobourov’s question on universal

point set, i.e., Question 3. Kurowski [57] proved that any point set that is universal for

all planar 3-trees with n vertices must contain at least 1.235n points. We prove that

Kurowski’s proof is erroneous, and hence the 1.098n lower bound previously obtained

by Chrobak and Karloff [26] is still the best known. We also show that every plane

3-tree with n vertices admits a point-set embedding Γ on any set of n points in general

position such that Γ uses at most two bends per edge and O(W 2) area, where W is

the length of the side of the smallest axis-parallel square that encloses the input point

set.
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1.3.5 Convex Point-Set Embeddings of Klee Graphs (Ch. 6)

In this chapter we show that the convexity constraint makes the point-set embed-

dability problem easier for the klee graphs. Every plane 3-tree with n ≥ 4 vertices

admits a decomposition into three smaller plane 3-trees [62]. We characterize such a

decomposition in the corresponding klee graph and prove that an input klee graph

admits a convex point-set embedding if and only if the smaller graphs obtained from

its decomposition admit convex point-set embeddings. We then devise a polynomial-

time dynamic programming algorithm to test whether a klee graph admits a convex

point-set embedding on a given set of points. This answers Question 4.

1.3.6 Fixed Parameter Tractability (Ch. 7)

In this chapter we give a fixed parameter tractable algorithm to decide convex

point-set embeddability for plane graphs. To design such a fixed-parameter tractable

algorithm, we choose the number of points interior to the convex hull of the input

point set as the fixed parameter. This answers Question 5.

1.3.7 Conclusion and Open Problems (Ch. 8)

This chapter summarizes the main achievements of the thesis and concludes the

thesis suggesting possible avenues for future research.



Chapter 2

Technical Foundations

This chapter presents some preliminary definitions and notation that are used in

the subsequent chapters of the thesis. We first briefly review relevant introductory

concepts on planar graph theory, then discuss the graph drawing problems relevant

to this thesis and finally, give a short overview of various types of data structures and

algorithms along with their time complexity. The readers familiar with the field of

planar graph drawing can skip this chapter.

2.1 Planar Graphs

Let G = (V,E) be a graph with vertex set V and edge set E. By n(G) we denote

the number of vertices of G, i.e., n(G) = |V |. A graph G is planar if it admits a

planar embedding on the Euclidean plane. A plane graph is a fixed planar embedding

of a planar graph. In other words, a planar graph is determined by its adjacency list,

whereas a plane graph is determined by its rotation system, i.e., the clockwise order

11
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of the incident edges around each vertex.

A plane graph G delimits the plane into connected regions called faces. The

unbounded face is the outer face of G and all the other faces are the inner faces of

G. The length of a face is the number of vertices on the boundary of the face. The

vertices on the outer face are the outer vertices and all the other vertices are the inner

vertices. Let u and v be two outer vertices of G. Then the outer chain between u and

v is the anticlockwise path between u and v on the outer face of G. By Cabc we denote

a cycle C that has exactly three vertices a, b, c on its boundary. Let {a, b, c} ⊆ V .

Then by G(Cabc) we denote the plane subgraph of G induced by the vertices on Cabc

and the vertices of G interior to Cabc.

The dual graph G∗ of G is a plane graph which has a vertex for each face of G,

and two vertices in G∗ are adjacent if and only if the corresponding faces in G share

an edge. The weak dual of G is a subgraph of G∗, which is induced by the vertices

corresponding to the inner faces of G. By deg(v) we denote the degree of a vertex v,

i.e., the number of edges that are incident to v. A planar graph is called cubic if for

every vertex v, deg(v) = 3.

We refer the readers to [63, 85] for more details about the planar graph theory.

Here we describe some classes of planar graphs that are in the scope of this thesis.

2.1.1 k-Connected Planar Graphs

A graph G is connected if for any two distinct vertices u and v there is a path

between u and v in G. G is called k-connected, k ≥ 1, if the minimum number of

vertices, whose removal results in a disconnected graph or a single-vertex graph, is



Chapter 2: Technical Foundations 13

k. Every planar graph has a vertex of degree at most five, which is a consequence

of Euler’s formula [36]. Therefore, planar graphs are at most 5-connected. A planar

graph is maximal (also called triangulated) if addition of any further edge results in

a nonplanar graph. Every maximal planar graph with more than three vertices is

3-connected [63].

Let G be a connected planar graph with vertex set V , edge set E and face set

F , then by Euler’s formula |V | − |E| + |F | = 2. If G is maximal, then the numbers

of edges and faces in G are 3|V | − 6 and 2|V | − 4, respectively. Consequently, using

the degree sum formula one can observe that the average degree of a planar graph

is strictly less than six. For a detailed discussion on the combinatorial properties of

planar graphs we refer the readers to [63, 85].

2.1.2 k-Outerplanar Graphs

A graph G is outerplanar if it admits a planar embedding such that all the vertices

of G lie on the outer face. An outerplane graph is a fixed outerplanar embedding of

an outerplanar graph. An outerplanar graph G is maximal if the addition of any

edge to G violates outerplanarity. Kane and Basu [50] introduced the concept of

k-outerplanar graphs. A k-outerplane graph G satisfies the following conditions.

(a) If k = 1, then G is an outerplane graph.

(b) If k > 1, then deletion of all the outer vertices of G results in a (k−1)-outerplane

graph.
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2.1.3 Plane 3-Trees and Klee Graphs

A plane 3-tree G with n ≥ 3 vertices is a plane graph for which the following hold.

(a) G is a triangulated plane graph.

(b) If n > 3, then G has a vertex whose deletion gives a plane 3-tree with n − 1

vertices.

Every plane 3-tree G contains a vertex which is the common neighbor of all the three

outer vertices of G. We call this vertex the representative vertex of G. Let x be the

representative vertex of G and let a, b, c be the three outervertices of G in clockwise

order. Then each of the subgraphs G(Cabx), G(Cbcx) and G(Ccax) is a plane 3-tree.

Plane 3-trees are also known as stacked triangulations and Apollonian networks, as

studied by Alon and Caro [3] and Takeo [78], respectively.

A klee graph G is a plane cubic graph with n ≥ 4 vertices, which is defined as

follows [10, 35].

(a) If n = 4, then G is K4.

(b) Otherwise, G has a face f of length three such that contraction of the three

edges on the boundary of f gives a klee graph with n−2 vertices.

In other words, every klee graph can be constructed from K4 by repeatedly replacing

a vertex with a face of length three. The weak dual of every klee graph with exactly

three outer vertices is a plane 3-tree.
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2.2 Graphs with Bounded Parameters

In this section we briefly review various graph parameters, such as treewidth,

pathwidth and carving width. We refer interested readers to Kloks [54] for more

details about these graph parameters.

A tree decomposition of a graph G is a mapping of the vertices of G to the nodes

of a tree T satisfying the following conditions.

(a) Each vertex of G belongs to at least one node of T .

(b) For every edge (u, v) of G, there exists a node in T that contains both u and v.

(c) The nodes in T that contain a common vertex of G induce a connected subgraph

of T .

Let X1, X2, . . . , Xk be the nodes of T in a tree decomposition of G. Then the width

of the tree decomposition is maxi |Xi| − 1, where 1 ≤ i ≤ k. The treewidth of G is the

minimum width over all possible tree decompositions of G.

The path decomposition of G is a tree decomposition of G, where the underlying

tree is a path. The pathwidth of G is the minimum width over all possible path

decompositions of G.

A k-carving decomposition of a graph G is a mapping of the vertices of G to the

leaves of a binary tree T satisfying the following conditions.

(a) Each vertex of G belongs to exactly one leaf of T .

(b) Let e be any edge of T and let the two subtrees obtained by the removal of

e from T be T ′ and T ′′. Then there exists at most k edges in G, where each

edge has one endpoint corresponding to a leaf in T ′ and the other endpoint
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corresponding to a leaf in T ′′.

The width of a k-carving decomposition is k. The carving width of G is the minimum

width over all possible carving decompositions of G.

Bodlaender [12] proved that the pathwidth of every planar graph G with n ver-

tices is O(
√
n). Furthermore, if the treewidth of G is t, then the pathwidth of G is

O(t log n). Since the treewidth of a planar graph is upper bounded by its pathwidth,

O(
√
n) is an upper bound on the treewidth of planar graphs. The upper bound is

tight, since the treewidth of an
√
n × √

n grid graph is
√
n. This lower bound on

treewidth implies an Ω(
√
n) lower bound on the pathwidth of planar graphs in the

worst case. The treewidth of a k-outerplanar graph is at most 3k − 1 [11], which is

the best possible since there exist k-outerplanar graphs with treewidth 3k − 1 [49].

For any planar graph G with treewidth t and maximum degree ∆, the carving width

of G is at least 0.5t [81] and at most O(∆(t + 1)) [9]. Table 2.1 summarizes the

upper bounds and lower bounds on different graph parameters with respect to planar

graphs.

Table 2.1: Upper Bounds and Lower Bounds

Graph Parameters Lower Bounds Upper Bounds References

Treewidth Ω(
√
n), 3k − 1 O(

√
n), 3k − 1 [11, 12, 49]

Pathwidth Ω(
√
n) O(

√
n) [12, 49]

Carving Width 0.5t O(∆(t+ 1)) [9, 81]

Here n,∆, t and k denote the number of vertices, maximum degree, treewidth and

k-outerplanarity, respectively.
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2.3 Graph Drawing Styles

Graphs are natural ways to encode information about maps, social networks,

VLSI networks and many other models in various disciplines. Graph drawing aims to

construct visualization of these graphs that helps users to understand the underlying

information and interact with the corresponding data. To enhance the readability

of the visualization and to meet the requirements of different practical applications,

various graph drawing styles have emerged over time. Here we describe the graph

drawing techniques that are in the scope of this thesis. We refer the interested readers

to Nishizeki and Rahman [63].

2.3.1 Straight-Line Grid Drawing

A straight-line drawing of a planar graph G is a planar drawing of G, where each

vertex is drawn as a point on the Euclidean plane and each edge is drawn as a straight

line segment. A straight-line grid drawing of G is a straight-line drawing of G, where

the vertices are placed on integer grid points. Let Γ be a straight-line drawing of

G. Then the area of Γ is the area of the smallest axis-aligned rectangle R on the

grid that encloses Γ. The width and the height of Γ are denoted by the width and

the height of R, respectively. Γ is a minimum-area straight-line grid drawing of G

if the area of Γ is the minimum among all possible straight-line grid drawings of G.

Wagner [84], Fáry [37] and Stein [75] independently proved that every planar graph

admits a straight-line drawing. Later, de Fraysseix et al. [29], Schnyder [67] and

Brandenburg [15] independently gave respective 2n2, n2 and 8n2/9 upper bounds on

the area of straight-line grid drawings of the planar graphs with n vertices.
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2.3.2 Convex Grid Drawing

A convex drawing of a planar graph G is a straight-line drawing Γ of G such that

each face (including the outer face) of G is drawn as a convex polygon in Γ. A convex

grid drawing is a convex drawing, where all the vertices are placed on integer grid

points. In 1960, Tutte [82] proved that every 3-connected planar graph admits a

convex drawing. Later, Chrobak and Kant [25] gave an algorithm to construct such a

drawing on an (n− 2)× (n− 2) grid. Any straight-line drawing of a maximal planar

graph is convex.

2.3.3 k-Bend Point-Set Embedding

A polygonal chain is a curve P determined by a sequence of points p1, p2, . . . , pn−1, pn

such that P consists of the sequence of line segments connecting the consecutive

points. Each of the points p2, . . . , pn−1 is called a bend in P . A polyline drawing

of a planar graph G is a planar drawing of G, where the each vertex is drawn as a

point and each edge is drawn as a polygonal chain. A k-bend point-set embedding of

a graph G with n vertices on a set S of n points is a polyline drawing of G, where

each vertex is mapped to a distinct point of S and each edge can have at most k

bends. Straight-line drawings and point-set embeddings are special cases of polyline

drawings and k-bend point-set embeddings, respectively. Kaufmann and Wiese [52]

proved that every planar graph with n vertices admits a 2-bend point-set embedding

in any set of n points in the Euclidean plane.
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2.4 Data Structures, Algorithms and Complexity

In the subsequent chapters of this thesis we will see different algorithms to solve

various graph drawing problems and discuss the efficiency of these techniques. The

efficiency of an algorithm is measured in terms of its running time or storage require-

ments. Divide and conquer algorithm, dynamic programming and greedy algorithm

are some of the common types of algorithmic techniques to solve graph-theoretic

problems. We refer interested readers to Kleinberg and Tardos [53] for the details of

these algorithmic techniques.

Algorithms sometimes process the relevant data into different structures for fast

access and manipulation during the execution. Here we briefly review the data struc-

tures that are in the scope of this thesis. We refer interested readers to de Berg

et al. [28].

2.4.1 Dynamic Convex Hull Data Structures

Given a set S of n points in R
d, a dynamic convex hull data structure processes the

points of S to answer the extreme point queries quickly as well as supports efficient

update upon an insertion or deletion of a point. By efficient update we denote that the

data structure can quickly answer the extreme point queries even after an insertion

or deletion of a point, but does not require the recomputation of the convex hull

from scratch. A dynamic convex hull data structure that is designed specially for the

points in R
2 is called planar.

In 1981, Overmars and van Leeuwen [64] designed a dynamic planar convex hull

data structure that answers queries in O(log n) time and supports insertion and dele-
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tion of a point in O(log2 n) time. Although there have been many attempts to improve

the O(log2 n) time upper bound, all the improvements currently known are in terms

of amortized time bound [17, 18, 22] (an amortized time upper bound denotes the av-

erage time required for a single insertion or deletion, where the average is taken over

all the insertions and deletions performed). The best known dynamic planar convex

hull data structure in terms of amortized time bound is by Brodal and Jacob [18].

Their data structure answers queries in amortized O(log n) time and supports an up-

date in amortized O(log n) time. However, in the worst-case their data structure can

take O(n log n) time for a single operation [47, Section 1.7].

2.4.2 Range Search Data Structures

A range search data structure preprocesses a set S of objects so that given a query

object X, the objects of S that intersect X can be reported quickly. If X is a triangle

and S is a set of points, then the data structure is called a triangular range search

data structure.

For n points in R
d, the simplex range search data structure of Chazelle et al. [23]

takes O(m1+ǫ) preprocessing time and O(n1+ǫ/m1/d) time for range counting queries,

where n < m < nd units of storage are available and ǫ > 0. Therefore, if d = 2 and

m = n4/3, then the time for preprocessing and range counting become O(n4/3+ǫ) and

O(n1/3+ǫ), respectively. This data structure can report all the points inside the query

triangle in O(n1/3+ǫ + k) time, where k is the number of points to be reported. We

refer interested readers to Agarwal [1] for the details of range search data structures.
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2.4.3 Polynomial-Time Algorithms and NP-completeness

An algorithm runs in polynomial time if its running time is bounded by a poly-

nomial function of the size of the input instance. If the input instance is a planar

graph G, then the size of the instance is usually measured by the number of nodes

in G. Let n be the number of nodes in G. Then a polynomial-time algorithm takes

O(nO(1)) time to process G and to produce the output.

A decision problem X is a problem that is answered with either “yes” or “no”. By

IX we denote the set of all instances of the problem X. A polynomial-time reduction

of a decision problemX into a decision problemX ′ is to define a function f : IX → IX′

that satisfies the following conditions.

(a) The function f is computable in polynomial time.

(b) For every instance I ∈ IX , there exists an affirmative solution to I if and only

if there exists an affirmative solution to f(I) ∈ IX′ .

The complexity class P (respectively, NP) denotes the class of decision problems

that can be solved by a deterministic Turing machine (respectively, non-deterministic

Turing machine) in polynomial time. A decision problem X is NP-hard if some

problem in complexity class NP is polynomial-time reducible to X. X is called

NP-complete if it is NP-hard and any solution to X can be verified in polynomial-

time. Observe that a polynomial-time algorithm for any NP-complete problem will

imply that every NP-complete problem is polynomial-time solvable. But no such

polynomial-time algorithm is known. We refer interested readers to Garey and John-

son [40] for more details on the theory of NP-completeness.
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2.4.4 FPT-algorithms

An algorithm is called fixed-parameter tractable (FPT-algorithm) if it runs in poly-

nomial time under the assumption that some parameter of the input is constant. The

running time of these algorithm is of the form O(f(t)nO(1)), where n is the size of the

input instance and t is the parameter on which the algorithm is parameterized. Usu-

ally the function f grows exponentially or even faster. However, an FPT-algorithm

can solve NP-hard problems on large instances in polynomial time as long as the

value of the parameter t is a small constant.

Many graph algorithms achieve fixed-parameter tractability by choosing treewidth,

pathwidth or outerplanarity as a fixed parameter. Niedermeier [61], in his book, com-

piles a collection of fixed-parameter algorithms.
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NP-completeness of Point-Set

Embeddability

In this chapter we prove that the point-set embeddability problem is NP-complete

for 3-connected planar graphs. We reduce the problem of finding a Hamiltonian cycle

in a 3-connected plane cubic graph to the point-set embeddability problem. Given a

3-connected plane cubic graph G, we construct a corresponding 3-connected planar

graph G and a set S of point sets. We then prove that G admits a point-set embedding

on some point-set in S if and only if G is Hamiltonian.

Before presenting the details of our reduction technique we briefly describe a re-

lated NP-hardness proof by Kaufmann and Wiese [52] for the 1-bend point-set embed-

dability problem. Although the proof of Kaufmann and Wiese holds for 3-connected

planar graphs, we point out the challenges of modifying their proof technique to prove

the NP-hardness of the original point-set embeddability problem. Finally, we give the

details of our NP-hardness result.

23
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3.1 Hardness of 1-Bend Point-Set Embeddability

Kaufmann and Wiese [52] reduced the problem of finding a Hamiltonian cycle in

a planar graph to the 1-bend point-set embeddability problem. Since it is NP-hard to

find a Hamiltonian cycle in a triangulated planar graph [27], the NP-hardness proof

for the 1-bend point-set embeddability problem holds for 3-connected planar graph.

Here we present a brief overview of their reduction.

3.1.1 Kaufmann and Wise’s Proof

Let G be a triangulated planar graph with n vertices. Let S = {s1, s2, . . . , sn} be

a set of n collinear points that lie along a horizontal line L such that for each index

i in the range [1, n− 1], the x-coordinate of si is less than that of si+1. Figure 3.1(a)

and (c) give an example of G and S, respectively. Kaufmann and Wiese [52] proved

that G is Hamiltonian if and only if G admits a 1-bend point-set embedding on S, as

described below.

Assume that G is Hamiltonian. We now construct a 1-bend point-set embedding

of G on S. Let C = v1, v2, . . . , vn be a Hamiltonian cycle in G. First take a plane

embedding G′ of G such that the edge (v1, v2) becomes an outer edge of G′, as

illustrated in Figure 3.1(b). For each index i, 1 ≤ i ≤ n, map the vertex vi to

the point si and then draw the edges that belongs to C with straight line segments

except the edge (v1, vn). Draw the edge (v1, vn) using one bend above the horizontal

line L. Then draw the edges of G′ that are interior to C in the closed half-plane

above L using one bend per edge, and draw the remaining edges of G′ in the closed

half-plane below L using one bend per edge. Figure 3.1(c) illustrates such a 1-bend
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Figure 3.1: (a) A maximal planar graph G. A Hamiltonian cycle in G is emphasized

with bold lines. (b) Illustration for G′. (c) A 1-bend point-set embedding of G′ on

S. (d) A line segment pq separating xj and xj+1.

point-set embedding of G′ on S.

We now assume that G admits a point-set embedding Γ on S and then show that

G is Hamiltonian. For each index i, 1 ≤ i ≤ n, let xi be the vertex of G that is

mapped to the point si in Γ. Since G is a triangulated planar graph and Γ is a 1-

bend point-set embedding, x1 and xn must be adjacent in Γ. Consequently, it suffices

to prove that for each index j, 1 ≤ j ≤ n − 1, there exists an edge (xj, xj+1) in Γ.

Suppose for a contradiction that for some index j, xj and xj+1 are not adjacent in Γ.

Since G is triangulated, there must be a straight line segment pq in Γ such that the

line determined by pq keeps xj and xj+1 to its left and right half-plane, respectively.

Figure 3.1(d) illustrates such a scenario. Since all the vertices are mapped along a

horizontal line, the edge containing pq must have at least two bends, which contradicts

our assumption that Γ is a 1-bend point-set embedding.
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3.1.2 Challenges

We now discuss the possibilities and the challenges of modifying the proof of

Kaufmann and Wiese [52] to obtain a NP-hardness proof for the original point-set

embeddability problem. Observe that if we could avoid the requirement of bends

from the Kaufmann and Wiese’s proof, then we could establish the NP-hardness of

the point-set embeddability problem for 3-connected graphs. Let’s attempt to modify

the input graph to obtain another graph G′ that admits a point-set embedding on S

without any bend. Such a graph can be constructed as follows.

Take a fixed planar embedding of G. For each face f of G, insert a vertex v into

f and add an edge between v and each vertex on the boundary of f . Now remove the

edges that originally belonged to G. Let the resulting graph be H. Figures 3.2(a) and

(b) illustrate the graphs G and H, respectively. Observe that if G admits a 1-bend

point-set embedding on S, then H admits a straight-line embedding on S such that all

the new vertices are either above or below the line L, as illustrated in Figures 3.2(c)

and (d).

Although the newly constructed graph H seems promising to avoid the bends used

in the NP-hardness proof of Kaufmann and Wiese, we still have several problems to

address.

- Observe that H contains n + |F | vertices, where n and |F | are the number

of nodes and the number of faces in G, respectively. Since S contains only n

points, we need to add |F | more points to construct a new point set S ′.

- There are many Hamiltonian graphs with n vertices, which implies that there

are many graphs similar to H with n + |F | vertices. Constructing a single
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G H

L

Figure 3.2: (a) A triangulated plane graph G, where a Hamiltonian cycle C is em-

phasized with bold lines. (b) The graph H obtained from G, where the vertices that

correspond to the faces interior (exterior) to C are shown in dark-gray (light-gray).

(c)–(d) A 1-bend point-set embedding of G on S and a corresponding straight-line

drawing of H, where the black vertices are mapped onto distinct points of S.

suitable point set S ′ for all these graphs is a difficult task.

- Even if we could construct such a point set S ′, it is not clear how to ensure that

the vertices of H corresponding to the vertices of G (i.e., the black vertices of

H in Figure 3.2(b)) must be mapped onto the points of S.

- Let C1, C2, . . . , Ck be k different Hamiltonian cycles of G. Let Hi, 1 ≤ i ≤ k, be

the subgraph ofH induced by the vertices on Ci and the vertices that correspond

to the faces of G interior to Ci (i.e., the black vertices and the dark-gray vertices

of H in Figure 3.2(b)). Every Hi will need to have a point-set embedding on

the set of points that lie on the closed half-plane above the horizontal line L,

which makes it more challenging to the construct a suitable S ′.

In the following section we give an NP-completeness proof for the point-set em-
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beddability problem that overcomes these challenges and holds for 3-connected planar

graphs.

3.2 NP-completeness of Point-Set Embeddability

In this section we prove that the point-set embeddability problem is NP-complete

for 3-connected planar graphs. The decision version of the problem is as follows:

Problem: Point-Set Embeddings of 3-Connected Planar Graphs (PSE)

Instance: A 3-connected planar graph G with n vertices and a set S of n points not

necessarily in general position.

Question: Does G admit a point-set embedding on S?

We prove the NP-hardness of PSE by reducing the problem of deciding whether a

given 3-connected cubic planar graph is Hamiltonian or not, which has been proved

to be NP-complete by Garey et al. [41].

Problem: Hamiltonian Cycle in 3-Connected Cubic Graphs (HC)

Instance: A 3-connected cubic planar graph M .

Question: Does M contain a Hamiltonian cycle?

Here is an outline of our proof for NP-hardness. For a given instance M of HC with

n vertices, we construct a 3-connected planar graph G with 9n2 + 7n vertices and a

set S = {S1,S2, . . . ,Sk} of k point sets, where k = 3n − 1 and each point set Si,

1 ≤ i ≤ k, contains 9n2 + 7n points. We prove that G admits a point-set embedding

on some Si if and only if M contains a Hamiltonian cycle. We first assume that M
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contains a Hamiltonian cycle, and then show a construction of a point-set embedding

of G on some Si. We then assume that G admits a point-set embedding Γ on some

Si and then prove that M contains a Hamiltonian cycle. To prove this, we show that

the subgraphs of G, each of which corresponds to a distinct vertex of M , must be

embedded in some ordered fashion in Γ. This will in turn correspond to an order of

the vertices of M determining a Hamiltonian cycle.

We now describe the formal reduction. In Sections 3.2.1 and 3.2.2 we describe the

construction of the graph G and the set S, respectively. In Section 3.2.3 we prove

that G admits a point-set embedding on some Si ∈ S if and only if M contains a

Hamiltonian cycle.

3.2.1 Construction of G

Let M be an instance of HC with n vertices. We now construct a plane graph

G with 9n2 + 7n vertices. To construct G, we first insert a cycle in each face of

M and connect the vertices on the cycle with the vertices on the boundary of the

corresponding face. We then delete the original edges of M . Finally, we replace the

vertices of the resulting graph with some special graph structure. A formal description

of the construction of G is as follows.

(a) Take any plane embedding of M . For each face f in M , place a cycle R of

l vertices inside f , where l is the length of f . We call each cycle R a ring .

Let the vertices on the boundaries of f and R be f1, f2, . . . , fl and r1, r2, . . . , rl,

respectively. Then add the edges (fi, ri), 1 ≤ i ≤ l, and remove the edges that

originally belonged to M . Let the resulting graph be M ′. Figures 3.3(a)–(c)



30 Chapter 3: NP-completeness of Point-Set Embeddability

a

c

b

e

f

d

h
g

a

c

b

e

f

d

h
g

M

g

a

b c

M

(a) (c)(b)

a

c

e

f

d

b
h

(d)

s t

r

p

Figure 3.3: (a)A 3-connected cubic planar graph M , where a Hamiltonian cycle C is

emphasized with bold lines. (b) Illustration for the construction of M ′. (c) M ′, where

the rings corresponding to the faces interior (exterior) to C are shown in dark-gray

(light-gray). (d) Replacement of the vertex d with a supernode. Although each of

the three paths inside the three dark regions must contain 3n vertices, only four of

them are shown for simplicity.

illustrate the construction of M ′ from M .

(b) Let N be a plane 3-tree with the three outer vertices a′, b′, c′ in anticlockwise

order and let the representative vertex of N be p. Assume that the subgraph

induced by the vertices interior to each of Ca′b′p, Cb′c′p and Cc′a′p is a path of

3n vertices. We call such a plane 3-tree a supernode. Now for each vertex u

of M ′ that originally belonged to M , replace u with a copy of N as follows.

Let r, s, t be the three neighbors of u in anticlockwise order. Delete u and the

edges adjacent to u and then add the edges (a′, r), (b′, s), (c′, t). An example is

illustrated in Figure 3.3(d). The resulting plane graph determines the required

planar graph G.

The number of vertices in all the rings of G is twice the number of edges of M , i.e.,

3n. Since there are n supernodes in G, the number of vertices in G is 3n+n(9n+4) =
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9n2 + 7n vertices. We now have the following lemma. Readers who are interested

only in the central idea may skip its proof.

Lemma 1 G is a 3-connected planar graph.

Proof. We first define two operations on a 3-connected planar graph G.

Cycle Replacement: Let u be a vertex in G and let v1, v2, . . . , vk be the neighbors

of u in clockwise order in any plane embedding of G. Let R be a cycle of k vertices,

where the vertices of R are w1, w2, . . . , wk in clockwise order. Replace u with a copy

of R as follows. First delete u and its incident edges from G. Then add a copy of R

to G. Finally, add the edges (vi, wi), 1 ≤ i ≤ k.

Supernode Replacement: Let u be a vertex of degree three in G and let a, b, c

be the neighbors of u in clockwise order in any plane embedding of G. Let N be

a supernode, where the outer vertices of N are p, q, r in clockwise order. Replace u

with a copy of N as follows. First delete u and its incident edges from G. Then add

a copy of N to G. Finally, add the edges (a, p), (b, q), (c, r).

In the following we first observe that G can be obtained by applying the Cycle

Replacement and Supernode Replacement operations on some 3-connected graph re-

peatedly as necessary. We then prove that any Cycle Replacement or Supernode

Replacement on a 3-connected graph yields another graph, which is also 3-connected.

This will imply that G is a 3-connected planar graph.

LetM be a given instance ofHC. Take any plane embedding Γ ofM . For each face

f in Γ, place a new vertex u interior to f and connect each vertex on the boundary of f

to u introducing a new edge. Then delete all the edges from Γ that originally belonged

to M . Let G be the planar graph determined by the resulting plane embedding. Since
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M is 3-connected, G is also 3-connected, as proved by Tutte [83]. Now observe that

G can be constructed by applying Cycle Replacement and Supernode Replacement

operations onG as follows. First apply Cycle Replacement on all the vertices ofG that

correspond to the faces in Γ one after another. Then apply Supernode Replacement

on all the vertices that originally belonged to M one after another.

We now prove that any Cycle Replacement or Supernode Replacement operation

on a 3-connected graph yields another graph which is also 3-connected.

Let G be a 3-connected graph and let G′ be a graph obtained from G by a Cycle

Replacement on some vertex u of G. Let R be the cycle that replaces u. Let {x, y} be

a pair of vertices of G′, where x 6= y. If at most one vertex in {x, y} belongs to R, then

there are three vertex-disjoint paths between x and y in G′, which are determined

by the three vertex-disjoint paths between the two nodes of G that correspond to x

and y. We now consider the case when both x and y belong to R. Observe that two

vertex-disjoint paths between x and y lie on R. Let x′ and y′ be the neighbors of x

and y, respectively, where neither x′ nor y′ belong to R. Then any cycle containing

the path x′, u, y′ in G determines another vertex-disjoint path between x and y in G′.

Since there are three vertex-disjoint paths between any pair of vertices in G′, G′ is

3-connected by Menger’s theorem [58].

Let G be a 3-connected graph and let G′ be a graph obtained from G by a Su-

pernode Replacement on some vertex u of G. Let N be the supernode that replaces

u. Let {x, y} be a pair of vertices of G′, where x 6= y. If at most one vertex in

{x, y} belongs to N , then there are three vertex-disjoint paths between x and y in

G′, which are determined by the three vertex-disjoint paths between the two nodes of
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G that correspond to x and y. We now consider the case when both x and y belong

to N . Since N is a triangulated planar graph with more than three vertices, N is

3-connected. Therefore, there are three vertex-disjoint paths between x and y in G′.

Since there are three vertex-disjoint paths between any pair of vertices in G′, G′

is 3-connected [58].

3.2.2 Construction of S

We now construct a set S = {S1,S2, . . . ,Sk} of k point sets, where k = 3n − 1.

The points in each Sj , 1 ≤ j ≤ k, lie on four parallel straight lines and two parabolas,

as described below.

(a) The set Pt of n points on line y = 1, where Pt = {(3i, 1) | 0 ≤ i ≤ n−1}. The set

Pm of n points on line y = 0, where Pm = {(3i+ 1, 0) | 0 ≤ i ≤ n− 1}. The set

Pb of n points on line y = −1, where Pb = {(3i,−1) | 0 ≤ i ≤ n− 1}. Observe

that each triple of points {(3i, 1), (3i+1, 0), (3i,−1)} forms an isosceles triangle.

We denote such a triangle by Ti, where we call the points (3i, 1), (3i+1, 0) and

(3i,−1) the top, middle and bottom points of Ti, respectively. Figure 3.4(a)

illustrates the triangles T0, T1, . . . , Tn−1.

(b) The set A = {(9n−x, 10n+x2) | 0 ≤ x ≤ j− 1} of j points on a parabola and

the set B = {(9n− x,−10n− x2) | 0 ≤ x ≤ 3n− j − 1} of 3n− j points on a

parabola, as illustrated in Figure 3.4(a). Observe that for each Ti the following

holds:

(i) Every straight line joining the bottom of Ti with a point in A properly
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intersects the edge between the top point and the middle point of Ti. Let

Ai be the triangle determined by the points (9n, 10n), (9n − j + 1, 10n +

(j−1)2) and the bottom point of Ti. Figure 3.4(b) illustrates the triangles

A0, A1, . . . , An−1. Observe that every straight line joining the bottom point

of Ti with a point in A is contained in Ai.

(ii) Every line joining the top of Ti with a point in B properly intersects the

edge between the bottom point and the middle point of Ti. By Bi we denote

the triangle determined by the points (9n,−10n), (9n−3n+j+1,−10n−

(3n−j−1)2) and the top of Ti.

(iii) For every i and every ǫ ∈ (0, 1), line y = ǫ intersects both Ai and the edge

ei between the top point and the middle point of Ti. Let r, s and t denote

the respective points of intersection between y = ǫ and Ai, and between

y = ǫ and ei. Assume that s is closer to t than r. Then one can choose

the ǫ such that for each Ti, s lies interior to Ti and s 6= t. Figure 3.4(c)

illustrates such a scenario. We will show how to choose ǫ later in Lemma 2.

Let li be the open line segment from s to t.

(c) The sets Wi, 0 ≤ i ≤ n − 1, where each Wi contains 6n + 1 points on the line

y = ǫ interior to Ti. The points in each Wi are divided into two subsets Xi and

Yi. Xi contains 3n points that are on segment li. Yi contains the remaining

3n + 1 points that are interior to Ti, but not on li. The 3n + 1 points in Yi

includes the intersection points of the lines joining the points of A and B with

the bottom point and the top point of Ti, respectively. Figure 3.4(c) gives a

hypothetical illustration of these sets.
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(d) The sets Zi, 0 ≤ i ≤ n−1, each containing 3n points, which are the perpendic-

ular projections of the points of Xi on the line y = 0, as shown in Figure 3.4(c).

Observe that the total number of points in Sj is |Pt| + |Pm| + |Pb| + |A| + |B| +

n(|Wi|+|Zi|) = 6n+n(9n+1) = 9n2+7n. Let Pi = Wi∪Zi∪Ti, 0 ≤ i ≤ n−1, and let

C = Sj \ (A ∪B). Any two points {u, v} ∈ S are visible to each other if the straight

line segment joining u and v does not contain any other point w ∈ S. Otherwise,

the point w is a blocking point between u and v. We now have the following lemma.

Figure 3.4: (a) Construction of Ti, 0 ≤ i ≤ n − 1, A and B. (b) Illustration for Ai.

(c) Construction of Xi, Yi and Zi.
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Readers who are interested only in the central idea may skip its proof.

Lemma 2 Sj has the following properties:

(a) The coordinates of the points in Sj are expressible using a number of bits that

is polynomial in n.

(b) If G admits a point-set embedding on Sj, then the supernodes of G must be

mapped to some subset of points of C, where each supernode is mapped to a

distinct point set Pi.

(c) For any given mapping of the outer vertices of a supernode N to the three points

on the convex hull of Pi, N admits a point-set embedding on Pi.

Proof. (a) Let a = (ax, ay) and b = (bx, by) be two points in R
2. Let c = (cx, cy)

be a point on the line segment joining a and b. Let l1 = |cy − by| and l2 = |ay − by|.

Then it is straightforward to observe that

cx =
l1
l2
bx +

l2 − l1
l2

ax,

cy =
l1
l2
by +

l2 − l1
l2

ay.

If each coordinate of a and b can be expressed using a number of bits polynomial

in n, then l1 and l2 are bounded by a polynomial in n. Consequently, the coordinates

of point c are also bounded by a polynomial in n.

Each coordinate of the points in the sets Pt, Pm, Pb, A and B is an integer that

is bounded by a polynomial in n. We now consider the remaining sets Wi and Zi,

0 ≤ i ≤ n−1. Recall that we used a positive fixed real ǫ to define Wi and Zi. We first

show how to select a value for ǫ. Assume that the line between points (0, 1) and (1, 0)
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intersects the line between points (0,−1) and (9n, 10n) at some point z = (zx, zy).

Then zx = 18n/(19n + 1) and zy = (n + 1)/(19n + 1). Observe that ǫ = zy/2 can

serve our purpose, where ǫ is bounded by a polynomial in n. Consequently, for each

point u ∈ (Wi ∪ Zi), we can define each coordinate of u as a convex combination of

the endpoints of some straight line segment, where those endpoints are expressible

using a number of bits that is polynomial in n. Therefore, each coordinate of u is

bounded by a polynomial in n.

(b) Assume that G admits a point-set embedding Γ on Sj. We now claim that the

supernodes of G must be mapped to some subset of C in Γ. Otherwise, assume that

there exists some supernode N such that the three outer vertices of N are mapped

to some points {r, s, t} ⊂ Sj in Γ, where {r, s, t} 6⊂ C.

Since the convex hull of Sj contains more than three points, no inner face of N in

G can be the outer face in Γ. Therefore, the triangle rst must contain exactly 9n+ 1

points in its interior and for some point q ∈ Sj interior to rst, each of the triangles

qrs, qst and qtr must contain 3n interior points. We now consider the following cases

depending on the different choices for {r, s, t}.

Case 1: Assume that {r, s, t} ⊂ (A ∪ B).

Since |A|+ |B| = 3n, the triangle rst cannot contain 9n+ 1 points in its interior.

Therefore, the three outer vertices of N cannot be mapped to any {r, s, t}, where

{r, s, t} ⊂ (A ∪ B).

Case 2: Assume that A,B and C each contains one point from {r, s, t}.

Without loss of generality assume that r ∈ A, s ∈ B and t ∈ C. By the construc-

tion of Sj, no point of Sj on line y = −1 is visible to r and no point of Sj on line
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y = 1 is visible to s. The set Yi contains all the blocking points. Therefore, t must

lie on line y = 0 or line y = ǫ.

First consider the case when t lies on line y = ǫ. Observe that t ∈ Pn−1, otherwise

triangle rst will contain more than 9n + 1 points in its interior. Moreover, if q ∈ A

or q ∈ B, then the triangle qrs contains less than 3n points. Therefore, q must lie on

line y = 0. Under these circumstances it is straightforward to observe that triangles

qst and qrs cannot contain exactly 3n points each.

Now consider the case when t lies on line y = 0. Observe that t ∈ Pn−1, otherwise

triangle rst will contain more than 9n+1 points in its interior. However, if t ∈ Pn−1,

then triangle rst contains less than 9n+ 1 points in its interior.

Case 3: Assume that one point of {r, s, t} belongs to C and the remaining two

points belong to either A or B.

Without loss of generality assume that t ∈ C. Then either {r, s} ⊂ A or {r, s} ⊂

B. Consider first the case when {r, s} ⊂ A. By the construction of Sj , no point of

Sj on line y = −1 is visible to r and s. Therefore, t must lie on line y = 0, y = ǫ

or y = 1. It is now straightforward to observe that for every choice of t, triangle rst

contains less than 9n+1 points in its interior. The proof for the case when {r, s} ⊂ B

is similar.

Case 4: Assume that two points of {r, s, t} belong to C and the remaining point

belongs to either A or B.

Without loss of generality assume that {r, s} ∈ C. Then either t ∈ A or t ∈ B.

It suffices to prove our claim for the case when t ∈ A, since the proof for the other

case is similar. By the construction of Sj, no point of Sj on line y = −1 is visible to
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t. Therefore, neither r nor s can lie on line y = −1. We now consider the following

subcases depending on the different choices for r and s.

Subcase 4.1: Assume that r lies on line y = 1.

If s lies on line y = 1, then triangle rst contains less than 9n + 1 points in its

interior. If s lies on line y = ǫ, then q must lie on line y = 1 and triangle qrt

must contain less than 3n points. If s lies on line y = 0, then q must lie on line

y = ǫ or y = 1. In both cases we can observe that the triangle qrt contains less

than 3n points.

Subcase 4.2: Assume that r lies on line y = ǫ.

If s lies on line y = 1 or line y = ǫ, then triangle rst contains less than 9n + 1

points in its interior. If s lies on line y = 0, then q must lie on line y = ǫ or

y = 1. In both cases we can observe that the triangle qrt contains less than 3n

points.

Subcase 4.3: Assume that r lies on line y = 0.

If s lies on line y = 0, then triangle rst contains less than 9n + 1 points in its

interior. If s lies on line y = ǫ, then q must lie on line y = ǫ or line y = 1. In

both cases we can observe that the triangle qst contains less than 3n points.

Similarly, if s lies on line y = 1, then q must lie on line y = ǫ or y = 1. In both

cases we can observe that the triangle qst contains less than 3n points.

The above case analysis proves that if G admits a point-set embedding on Sj ,

then the supernodes must be mapped to some subset of C. We now prove that each

supernode must be mapped to a distinct point set Pi.
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A layered drawing of a plane graph G is a straight-line drawing of G, where the

vertices are placed on horizontal lines called layers. Observe that every supernode

takes at least four layers in any of its layered drawing. With this observation the proof

becomes simple, as follows. The number of vertices in all the supernodes is equal to

the number of points in C. Therefore, C must be covered by n disjoint triangles

each containing 9n + 4 points. Let these triangles be t0, t1, . . . , tn−1 such that any

horizontal ray along y = 0 starting from (0, 0) crosses ti−1 before ti, 1 ≤ i ≤ n − 1.

Observe that t0 must contain both the points (0, 1) and (0,−1). Otherwise, none of

t1, . . . , tn−1 will contain those two points and t0, t1, . . . , tn−1 will not cover C. If t0

contains both the points (0, 1) and (0,−1), then it is straightforward to observe that

these two points will lie on the boundary of t0 and the other point on the boundary

of t0 will be (1, 0). Therefore, t0 will cover the points in P0. We now can prove

recursively that ti must cover the points of Pi, which implies that each supernode of

G must be mapped to a distinct Pi.

(c) For any given mapping of the outer vertices of a supernode N to the three

points on the convex hull of Pi, we can construct a point-set embedding of N on Pi

as follows. Let a, b, c and p be the outer vertices and the representative vertex of N ,

respectively. Map the vertex p to the point m ∈ Pi, where m is the (3n+ 1)-th point

of Yi in the increasing order of x-coordinates. Observe that the mappings of a, b, c

and p partition the interior region of the convex hull of Pi into three new regions,

R1, R2 and R3, each containing 3n collinear points. On the other hand, the subgraph

induced by the vertices interior to each of Cabp, Cbcp and Ccap is a path of 3n vertices.

Therefore, it is straightforward to find the mappings for these three subgraphs inside
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regions R1, R2 and R3, consistently with the mappings of the vertices a, b, c and p.

3.2.3 NP-completeness

We now use the reduction described above to prove the following theorem.

Theorem 1 PSE is NP-complete.

Proof. Given a mapping of the vertices of the input 3-connected planar graph G to

the input point set S, it is straightforward to check if the drawing determined by this

mapping is a straight-line drawing of G in polynomial time. Therefore, the problem

is in NP.

We now prove NP-hardness. Let M be a given instance of HC, where M has n

vertices. We construct the corresponding graph G with 9n2 + 7n vertices and a set

S = {S1,S2, . . . ,S3n−1} of 3n− 1 point sets, where each Sj, 1 ≤ j ≤ 3n− 1, contains

9n2 + 7n points. The number of vertices of G and the number of points in S are

polynomials in n. Moreover, by Property (a) of Lemma 2, the coordinates of the

points are bounded by polynomials in n. Consequently, we can construct G and S in

polynomial time. We now prove that M contains a Hamiltonian cycle if and only if

G admits a point-set embedding on some Sj.

We first assume that M contains a Hamiltonian cycle H and then give a construc-

tion of a point-set embedding of G on some Sj as follows. Choose a plane embedding Γ

of M , where Γ contains an edge of H on the outer face. Let H = (u0, u1, . . . , un−1, u0)

and let (u0, un−1) be the edge of H that lies on the outer face in Γ. H partitions the

faces of M into two sets F1 and F2, where F1 contains the faces outside of H and F2
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Figure 3.5: (a) Illustration for M and G, where the supernodes are shown in black

disks. The edges of M and G are shown in dashed and solid lines, respectively. A

Hamiltonian cycle of M is shown in bold. (b) A plane embedding of M , where the

vertices that belong to M are on line L. (c) Illustration of a point-set embedding of

G on Sl1 . (d) Mapping of a supernode on some Pi.

contains the faces interior to H. In any plane embedding Γ′ of M , where the outer

face is similar to the outer face of Γ, if the path u0, u1, . . . , un−1 lies along a horizontal

line L, then the faces interior to H will be on one side (above or below) of L and

all the other faces of M will be on the other side of L. See Figures 3.5(a) and (b).

Recall that each face of M corresponds to a ring of G. Let l1 and l2 be the number of

vertices in all the rings that correspond to the faces in F1 and F2, respectively. Then
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l1 + l2 is twice the number of edges of M , i.e., l1 + l2 = 3n. In the following we show

a construction of a point-set embedding of G on Sl1 .

Recall that Sl1 consists of the point sets A,B and Pi, 0 ≤ i ≤ n − 1, where

|A| = l1, |B| = l2 and |Pi| = 9n+ 4. First map the rings that correspond to the faces

in F1 and F2 on the point set A and B, respectively, such that the order of the rings

corresponds to the order of the faces in Γ′. We now only need to map the supernodes

of G into Pi, where we can draw the edges between the rings and the supernodes

avoiding edge crossings. Recall that each supernode corresponds to a node ui of M .

Since H passes through two adjacent edges at each ui, 0 ≤ i ≤ n− 1, the three faces

incident to ui cannot be all in F1 or F2. Hence, each ring must be connected with a

supernode with at most two edges. Using this observation along with Property (c) of

Lemma 2, it is now straightforward to map the supernode corresponding to ui into

Pi avoiding any edge crossings. An example is illustrated in Figures 3.5(c) and (d).

We now assume that G admits a point-set embedding Γ on some Sj and then

prove that M contains a Hamiltonian cycle as follows. By Property (b) of Lemma 2,

each supernode of G is mapped to a distinct Pi. Let ui be the vertex of M that

corresponds to the supernode mapped to Pi. We then claim that u0, u1, . . . , un−1, u0

is a Hamiltonian cycle in M . Otherwise, assume that (ui, u(i+1) mod n) is not an edge

of M . From the construction of G, observe that if we consider each ring and each

supernode of G as a giant node, then each face of G is a quadrilateral that contains

two rings and two supernodes on its boundary. Therefore, if (ui, u(i+1) mod n) is not an

edge of M , then two rings will be inside the same face of M , deriving a contradiction
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to the fact that each ring of G corresponds to a distinct face of M .

Although our NP-hardness proof is inspired by the NP-hardness proofs for some

other problems presented in [39, 51], our reduction technique is significantly different

from the techniques used in [39, 51] in several aspects. It may initially appear that

we have proved NP-hardness for a version of the point-set embeddability problem in

which the number of points is greater than the number of vertices. Note that we have

reduced an instance of HC to a polynomial number of instances of PSE. If there

exists a polynomial-time algorithm for PSE, then we can simulate that algorithm for

those instances of PSE to obtain the answer to the instance of HC in polynomial

time, which is impossible if P 6= NP.

Since we reduce an instance of HC to a polynomial number of instances of PSE,

our reduction is a Cook reduction [65, Page 177]. Traditionally NP-completeness is

defined in terms of Karp reduction or polynomial-time many-one reduction [44, Page

98]. Recently, Biedl and Vatshelle [9] have strengthened our result by proving that

PSE is NP-complete under Karp reduction even when the input points are in general

position.



Chapter 4

Faster Point-Set Embeddings of

Plane 3-Trees

In the last few years researchers have examined the point-set embeddability prob-

lem restricted to plane 3-trees. Nishat et al. [62] first gave an algorithm for deciding

point-set embeddability of plane 3-trees in O(n2) time. They also proved an Ω(n log n)

lower bound on the time complexity of any algorithm that decides point-set embed-

dability for plane 3-trees. Later, Durocher et al. [32] and Moosa and Rahman [60] in-

dependently improved the running time of the algorithm of Nishat et al. to O(n4/3+ε),

for any ε > 0. Since Ω(n4/3) is a lower bound on the worst-case time complexity for

solving various geometric problems [33, 34], it may be natural to accept the possibility

that the O(n4/3+ε)-time algorithm could be asymptotically optimal. In fact, Moosa

and Rahman mention that an o(n4/3)-time algorithm does not seem to be likely using

the currently known techniques. However, here we prove that the Ω(n log n) lower

bound of Nishat et al. is tight by giving an O(n log3 n)-time algorithm for deciding

45
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point-set embeddability of plane 3-trees.

Both Durocher et al. [32] and Moosa and Rahman [60] use the basic ideas devel-

oped by Nishat et al. [62] and achieve the speed up using a triangular range search

data structure. We also use the basic techniques of Nishat et al.’s algorithm, but

we do not use any range search data structure. Instead, we make some simple but

crucial observations that help exploit a dynamic convex hull data structure to achieve

even a faster algorithm.

We first briefly describe the techniques used in the three known algorithms men-

tioned above and then give the details of our O(n log3 n)-time algorithm for deciding

point-set embeddability of plane 3-trees.

Before going into the details, we review a few more definitions. Let S be a set of

n points in the plane. We denote by |S| the number of points in S. Let p, q and r be

three points that do not necessarily belong to S. Then S(pqr) consists of the points

of S that lie either on the boundary or in the interior of the triangle pqr.

4.1 Overview of Known Algorithms

We first describe the basic techniques developed by Nishat et al. [62] for testing

point-set embeddability of plane 3-trees.

Let G be a plane 3-tree with n vertices, and let a, b, c and p be the three outer ver-

tices and the representative vertex of G, respectively. Nishat et al. used the following

steps to test and compute point-set embeddings of G on S.
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Step 1. Let C be the convex hull of S. If the number of points on the boundary of C

is not exactly three, then G does not admit a point-set embedding on S. Otherwise,

let x, y, z be the points on C.

Step 2. For each of the possible six different mappings of the outer vertices a, b, c to

the points x, y, z, execute Step 3.

Step 3. Let n1, n2 and n3 be the number of vertices of G(Cabp), G(Cbcp) and G(Ccap),

respectively. Without loss of generality assume that the current mapping of a, b and

c is to x, y and z, respectively. Find the unique mapping of the representative vertex

p of G to a point w ∈ S such that the triangles xyw, yzw and zxw properly contain

exactly n1, n2 and n3 points, respectively. If no such mapping of p exists, then G does

not admit a point-set embedding on S for the current mapping of a, b, c to x, y, z;

hence go to Step 2 for the next mapping. Otherwise, recursively compute point-

set embeddings of G(Cabp), G(Cbcp) and G(Ccap) on S(xyw), S(yzw) and S(zxw),

respectively. See Figure 4.1.

The time complexity of any algorithm that uses Steps 1–3 is dominated by the
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Figure 4.1: (a) A plane 3-tree G. (b) A point set S. (c) A valid mapping of the

representative vertex of G. (d) Illustration for the recursive computation.
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cost of Step 3 and the bottleneck of this step is the recursive computation of the

mappings of the representative vertices. It is straightforward to observe that the

recurrence relation for the time taken in Step 3 is T (n) = T (n1)+T (n2)+T (n3)+T ,

where T denotes the time required to find the mapping of the representative vertex.

Using brute force, one can find a mapping of the representative vertex by checking

for each point w, interior to the triangle xyz, the number of points of S inside the

triangles xyw, yzw and zxw. But such an approach takes T = O(n2) time implying

an overall time complexity of O(n3).

The algorithm of Nishat et al. [62] preprocesses the set S in O(n2) time so that

the computation for the mapping of a representative vertex takes O(n) time. Hence

T = O(n) and the overall time complexity of their algorithm becomes O(n2).

Moosa and Rahman [60] used a binary search technique with the help of a trian-

gular range search data structure of Chazelle et al. [23] to prune a constant fraction of

points from consideration so that one can find the mapping of a representative vertex

by testing only min{n1, n2, n3} points interior to the triangle xyz. A triangular range

counting query using the data structure of Chazelle et al. takes O(n1/3+ǫ) time, which

implies that T = min{n1, n2, n3} · n1/3+ǫ and T (n) = O(n4/3+ǫ), which coincides with

the preprocessing time. The algorithm of Durocher et al. [32] uses the same idea, but

instead of using a binary search their pruning technique uses a randomized search.

4.2 Embedding Plane 3-Trees in O(n log3 n) time

We now give an algorithm for testing point-set embeddability of a plane 3-tree in

O(n log3 n) time.
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We speed up the mapping of the representative vertex as follows. We first select

O(min{n1+n2, n2+n3, n1+n3}) points interior to the triangle xyz inO(min{n1, n2, n3}

log2 n) time using a dynamic convex hull data structure. We prove that these are the

only candidates for the mapping of the representative vertex. We then make some

tricky observations to test and compute a mapping for the representative vertex in

O(min{n1, n2, n3}) time. As a consequence, we obtain T = O(min{n1 + n2, n2 +

n3, n1 + n3} log2 n) and a running time of T (n) = O(n log3 n), which dominates the

O(n log2 n) time for building the initial dynamic convex hull data structure.

We are now ready to describe our algorithm. In the following we use three lemmas

to obtain our main result. Lemma 3 selects a region R containing the candidate points

inside the triangle xyz. Lemma 4 reduces the problem of finding a mapping inside

the triangle xyz to the problem of finding a point satisfying specific criteria inside

R. Lemma 5 gives an efficient technique to find such a point. Finally, we use these

lemmas to obtain a mapping for the representative vertex in O(min{n1 + n2, n2 +

n3, n1 + n3} log2 n) time, which results in an O(n log3 n)-time algorithm for testing

point-set embeddability of plane 3-trees.

Let G be a plane 3-tree with n ≥ 4 vertices, let a, b, c be the three outer ver-

tices of G, and let p be the representative vertex of G, respectively. Assume that

G(Cabp), G(Cbcp) and G(Ccap) contain n1, n2 and n3 vertices, respectively. Without

loss of generality assume that n3 ≤ n2 ≤ n1. Observe that n1 + n2 + n3 − 5 = n. Let

S be a set of n points in general position such that the convex hull of S contains

exactly three points x, y, z on its boundary. Without loss of generality assume that

the vertices a, b, c are mapped to the points x, y, z, respectively.
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Let u and v be two points on the straight line segment xz such that |S(uxy)| =

n1 − 1 and |S(vzy)| = n2 − 1, as shown in Figure 4.2(a). It is straightforward to

verify that if a valid mapping for the representative vertex exists (i.e., there exists a

point w ∈ S such that |S(wxy)| = n1, |S(wyz)| = n2 and |S(wzx)| = n3), then the

corresponding point (i.e., the point w) must lie inside S(uvy). Let r and s be two

points on the straight line segments uy and vy, respectively, such that |S(rux)| =

|S(svz)| = n3− 1. We call the region defined by the simple polygon x, u, v, z, s, y, r, x

the region of interest . An example is illustrated in Figure 4.2(b). We now have the

following lemma.

Lemma 3 Assume that there exists a valid mapping for the representative vertex of

G and w ∈ S is the point that corresponds to this valid mapping. Then the straight

line segments wx,wy and wz lie inside the region of interest R. Furthermore, the

number of points in R that belongs to S is O(n3), and the following properties hold.

(a) If the points s, y, z (respectively, points r, x, y) are distinct, then |S(syz)| =

n2 − n3 + 2 (respectively, |S(rxy)| = n1 − n3 + 2).
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Figure 4.2: (a)–(b) Illustration for the lines uy, vy, xr and zs. The region of interest

is shown in gray. (c)–(d) Illustration for the proof of Lemma 3.
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(b) Otherwise, point s (respectively, point r) coincides with y (respectively, y) and

|S(syz)| = 2 (respectively, |S(rxy)| = 2).

Proof. The point w must be in S(uvy). Otherwise, either |S(wxy)| < n1 or

|S(wyz)| < n2 holds, which implies that w does not correspond to a valid map-

ping. We now claim that the straight line segments wx,wy and wz lie interior to

R, as shown in Figure 4.2(c). Since w ∈ S(uvy), the straight line segment wy must

lie inside R. Suppose for a contradiction that either one of wx,wz or both properly

crosses the boundary of R. In this situation S(wxz) must contain one of S(rux)

and S(svz) implying that |S(wxz)| > n3, as shown in Figure 4.2(d). Consequently,

wx,wy and wz must lie interior to R. By the construction of R, the number of points

that lie on the boundary and the interior of R is at most (n3 − 1) + 2n3 = O(n3).

We now determine the value of |S(syz)|. If the points s, y, z are distinct, then the

triangle syz contains (n2 − 1) − (n3 − 1) − 1 points of S in its proper interior and

three points (i.e., y, z and the other point on line sz) of S on its boundary. Therefore,

|S(syz)| = n2−n3+2. Otherwise, if point s coincides with point y, then n3 = n2 and

S(syz) consists of exactly two points of S, i.e., y and z. Since y and z are distinct

by assumption, we are only left with the case when s coincides with z. But this case

does not arise since n ≥ 4 and hence n3 ≥ 3.

We can determine the value of |S(rxy)| in a similar way.

Let S ′ ⊆ S be the set that consists of the points lying on the boundary of R

and the points lying in the proper interior of R. We call S ′ the set of interest . By

Lemma 3, |S ′| = O(n3). We now reduce the problem of finding a valid mapping for
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the representative vertex in S to the problem of finding a point with certain properties

in S ′, as shown in the following lemma.

Lemma 4 There exists a valid mapping for the representative vertex of G in S if

and only if there exists a point w′ ∈ S ′ such that |S ′(w′yz)| = n2 − |S(yzs)| + 3,

|S ′(w′xy)| = n1 − |S(xyr)|+ 3 and |S ′(w′xz)| = n3.

Proof. Assume that there exists a valid mapping for the representative vertex of

G in S and the point corresponding to the valid mapping is w. By Lemma 3, w ∈ S ′.

We now prove that if we choose w = w′, then |S ′(w′yz)|, |S ′(w′xy)| and |S ′(w′xz)|

must have the required number of points.

Observe that the number of points in the proper interior of triangle yzs is |S(yzs)|−

3. All the points on the boundary of yzs are also on the boundary of R. Since w

corresponds to a valid mapping in S, |S(wyz)| = n2. Consequently, |S ′(w′yz)| =

|S(wyz)| − |S(yzs)| + 3 = n2 − |S(yzs)| + 3. We can prove that |S ′(w′xy)| =

n1 − |S(xyr)|+ 3 and |S ′(w′xz)| = n3 in a similar way.

Assume now that there exists a point w′ ∈ S ′ such that |S ′(w′yz)| = n2−|S(yzs)|+

3, |S ′(w′xy)| = n1−|S(xyr)|+3 and |S ′(w′xz)| = n3. We now prove that |S(wxy)| =

n2. Since the number of points in the proper interior of triangle yzs is |S(yzs)| − 3,

|S(wxy)| = |S ′(w′xy)| + |S(yzs)| − 3 = n2. Similarly, it is straightforward to verify

that |S(wxy)| = n1 and |S(wyz)| = n3.

Since a valid mapping for the representative vertex is unique, w′ must be unique.

We call the point w′ the principal point of S ′. Observe that this principal point

corresponds to the valid mapping of the representative vertex of G in S. We now
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have the following lemma.

Lemma 5 Let S be a set of t ≥ 4 points in general position such that the convex hull

of S is a triangle xyz. Let i, j, k be three non-negative integers, where i ≥ 3, j ≥ 3

and k = t + 5− i− j. Then we can decide in O(t) time whether there exists a point

w ∈ S such that |S(wxy)| = i, |S(wyz)| = j and |S(wxz)| = k, and compute such a

point if it exists.

Proof. Consider first a variation of the problem, where we want to construct a

point m 6∈ S interior to xyz such that |S(mxy)| = i + 1, |S(myz)| = j − 1 and

|S(mxz)| = k − 1. Steiger and Streinu [74] proved that such a point always exists

and gave an O(t)-time algorithm to find m.

We now claim that if there exists a point m′ 6= m such that |S(m′xy)| = i +

1, |S(m′yz)| = j − 1 and |S(m′xz)| = k − 1, then the sets S(m′xy), S(m′yz) and

S(m′xz) must coincide with the sets S(mxy), S(myz) and S(mxz). To verify the

claim assume without loss of generality that m′ ∈ S(myz). Since the triangle m′yz

lies interior to the triangle myz, the sets S(m′yz) and S(myz) must be identical.
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Figure 4.3: Illustration for the proof of Lemma 5, where only those points that are

in S are shown in solid disks.
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On the other hand, either the triangle mxz lies interior to the triangle m′xz, or

the triangle mxy lies interior to the triangle m′xy, as shown in Figures 4.3(a)–(b).

Therefore, either the sets S(mxz) and S(m′xz), or the sets S(mxy) and S(m′xy)

must be identical. Consequently, the remaining pair of sets must also be identical.

Observe that if the point w ∈ S we are looking for exists, then w must lie interior

to S(mxy), as shown in Figure 4.3(c). Otherwise, if w ∈ S(myz) (respectively,

w ∈ S(mxz)), then |S(myz)| ≥ |S(wyz)| = j (respectively, |S(mxz)| ≥ |S(wxz)| =

k), which contradicts our initial assumption that |S(myz)| = j − 1 (respectively,

|S(mxz)| = k − 1). Figure 4.3(d) depicts such a scenario.

It is now straightforward to observe that if w exists, then the convex hull of S(mxy)

must be a triangle xym′′, where m′′ ∈ S(mxy). If |S(m′′xy)| = i, |S(m′′yz)| = j and

|S(m′′xz)| = k, then m′′ is the required point w. Otherwise, no such w exists.

We can test whether the convex hull of S(mxy) is a triangle in O(t) time (e.g.,

find the leftmost point a, the rightmost point b and the point c with the largest

perpendicular distance to the line determined by the line segment ab, and then test

whether triangle abc contains all the points). It is also straightforward to compute

the values |S(m′′xy)|, |S(m′′yz)| and |S(m′′xz)| in O(t) time.

Given the set of interest S ′ ⊆ S, we can use Lemma 5 to find the principal point

w′ ∈ S ′ in O(n3) time. Observe that this principal point corresponds to the valid

mapping of the representative vertex of G in S. We now show how to compute the set

S ′ in O((n2 +n3) log
2 n) time using the dynamic planar convex hull data structure of

Overmars and van Leeuwen [64]. Recall that such a data structure supports a single

update (i.e., a single insertion or deletion) in O(log2 n) time. We refer the reader to
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Figure 4.4(a) to recall the definition of the region of interest.

Step A. Assume that the points of S are placed in a dynamic convex hull data

structure D. We recursively delete the neighbor of y on the boundary of the convex

hull of S starting from z in anticlockwise order, as shown in Figures 4.4(c)–(d). After

deleting n2−2 points, we insert all the deleted points into a new dynamic convex hull

data structure D′. We then insert a copy of the point y into D′. Observe that all the

points of S(vyz) are placed in D′. In a similar way we construct another dynamic

convex hull data structure D′′ that maintains all the points of S(uvy). Consequently,

D now only maintains the points of S(uxy). Since a single insertion or deletion

takes O(log2 n) time, all the above O(n2 + n3) insertions and deletions take O((n2 +

n3) log
2 n) time in total.

Step B. We now construct two other dynamic convex hull data structures D1 and D2

using D and D′ such that they maintain the points of S(rux) and S(svz), respectively.

Since |S(rux)|+ |S(svz)| = O(n3), construction of D1 and D2 takes O(n3 log
2 n) time.

Step C. We now construct the point set S ′ using the points maintained in D′′,D1

and D2, which also takes O(n3 log
2 n) time. Note that in a similar way we can restore

the original point set S and the initial data structure D in O((n2 + n3) log
2 n) time.

The time for the construction of S ′ using Steps A–C is O((n2 + n3) log
2 n), which

dominates the time required for the computation of the valid mapping of the repre-

sentative vertex p. Let w be the point that corresponds to the valid mapping. We now

need to construct the point sets S(wxy), S(wyz) and S(wzx) for recursively testing

the point-set embeddability of G(Cabp), G(Cbcp) and G(Ccap), respectively. We can
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Figure 4.4: (a) Illustration for triangles uvy, rux and svz. The region of interest is

shown in gray. (b)–(d) Recursive deletion of the neighbor of y on the boundary of

the convex hull starting from z in anticlockwise order.

construct S(wxy), S(wyz) and S(wzx) and their corresponding dynamic convex hull

data structures in O((n2+n3) log
2 n) time as follows. Let l be the point of intersection

of the straight lines determined by the line segments wy and xz. First construct the

set S(lyz) and then modify it to obtain the sets S(wyz) and S(lwz), which takes

O((n2+n3) log
2 n) time. Now modify the set S(lxy) to construct the set S(lwx), and

then use the sets S(lwx) and S(lwz) to construct S(wxz), which takes O(n3 log
2 n)

time. Observe that after the modification of the set S(lxy), we are left with the set

S(wxy).

We now show that the total time taken by our algorithm is T (n) ≤ dn log3 n, for
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some constant d as follows. Let c > 0 be the constant hidden in the O-notation. Then

T (n) = T (n1) + T (n2) + T (n3) + c ·min{n1 + n2, n2 + n3, n1 + n3} log2 n

≤ T (n1) + T (n2) + T (n3) + c(n2 + n3) log
2 n

≤ d(n1 log
3 n1) + d(n2 log

3 n2) + d(n3 log
3 n3) + c(n2 + n3) log

2 n

< d(n1 log
3 n) + d(n2 log

3 n
2
) + d(n3 log

3 n
3
) + c(n2 + n3) log

3 n

< d(n1 + n2 + n3) log
3 n− d(n2 + n3) log

3 n+ c(n2 + n3) log
3 n

= dn log3 n− (d− c)(n2 + n3) log
3 n,

where the last step holds as long as d ≥ c. Observe that the construction of the initial

data structure D takes O(n log2 n) time, which is dominated by T (n).

The dynamic planar convex hull of Brodal and Jacob [18] takes amortized O(log n)

time per update. Therefore, using their data structure instead of Overmars and van

Leeuwen’s data structure [64] we can test the point-set embeddability for plane 3-trees

in O(n log2 n) time. The following theorem summarizes the result of this section.

Theorem 2 Let G be a plane 3-tree with n vertices and let S be a set of n points

in general position in R
2. We can decide in O(n log3 n) time (or, in amortized

O(n log2 n) time) whether G admits a point-set embedding on S and compute such

an embedding if it exists.

Observe that we assume the input points are in general position. However, under

the assumption that the algorithms of Overmars and van Leeuwen [64] and Steiger

and Streinu [74] can handle degenerate cases, it is straightforward to modify our

algorithm for the case when the input points are not necessarily in general position.
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Universal Point Set

Let Fn be a subclass of planar graphs such that for each graph G ∈ Fn, |V (G)| = n

and let S be a set of k points on the Euclidean plane. If every graph G ∈ Fn admits

a point-set embedding on S, then S is called a universal point set for Fn. Similarly,

if every graph G ∈ Fn admits a k-bend point-set embedding on S, then S is called a

k-bend universal point set for Fn.

In 1990, de Fraysseix et al. [29] proved that every planar graph admits a straight-

line drawing on an O(n) × O(n) integer grid. Therefore, a point set of size O(n2) is

universal for all planar graphs with n-vertices. They also proved a n + (1 − ǫ)
√
n,

ǫ > 0, lower bound on the size of the universal point set that supports all the planar

graphs with n vertices. Chrobak and Karloff [26] and then Kurowski [57] improved

this lower bound to 1.098n and 1.235n, respectively. A long-standing open question

in graph drawing asks to design a set of O(n) points, which is universal for all planar

graphs with n vertices [16]. In 2002, Kobourov [55] asked for the smallest value m

for which a universal point set S of size m does not exist, where |S| = |V (G)| = m.

58
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He checked by exhaustive search that such a universal point set exists for all the

cases when |S| = |V (G)| ≤ 14. On the other hand, Chrobak and Karloff’s result [26]

implies an upper bound of 38 on m.

We begin this chapter by proving a tighter bound on m. We prove that no

universal point set exists if |S| = |V (G)| = 24, which implies that 15 ≤ m ≤ 24. To

justify this claim we show that the number of plane 3-trees supported by any set of

24 points (i.e., a subset of triangulations of 24 points) is smaller than the number of

planar 3-trees of 24 vertices. We then show that the proof for 1.235n lower bound on

the size of the universal point set given by Kurowski [57] is erroneous, and hence the

1.098n lower bound previously obtained by Chrobak and Karloff [26] is still the best

known.

Kaufmann and Wiese [52] proved that any set S of n points is 2-bend universal

for all the planar graphs with n vertices. However, a 2-bend point-set embedding on

S may take O(W 3) area [43], where W is the length of the side of the smallest axis

parallel square that encloses S. We give an algorithm to compute 2-bend point-set

embeddings of plane 3-trees on any set of n points in general position in O(W 2) area.

5.1 Negative Results on Universal Point Set

In this section we prove that no universal point set exists if |S| = |V (G)| = 24.

Let R(n) be the maximum number of triangulations, which are non-isomorphic planar

3-trees of n vertices, supported by any set of n points on the Euclidean plane. Since

|S| = |V (G)| = n, we restrict our attention to the point sets that are triangular,

i.e., the convex hull of the point set must contain exactly three extreme points. We
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compute an upper bound of R(24) and then show that this upper bound is smaller

than the number of non-isomorphic planar 3-trees with 24 vertices.

5.1.1 Counting Triangulations that are Plane 3-Trees

Computing the number of triangulations supported by a triangular set of points

is a very difficult task. Krasser [56] in his PhD thesis computed the maximum num-

ber of triangulations supported by any triangular point set with n ≤ 11 points. For

n = 3, 4, . . . , 11, the maximum number of triangulations supported by any trian-

gular point set of n points are 1, 1, 2, 8, 30, 150, 780, 4550, 26888, respectively. It is

straightforward to observe that these numbers are the upper bounds on R(n), where

3 ≤ n ≤ 11. However, there appears to be no nice formula for the maximum num-

ber of triangulations supported by a triangular point set of n points. In 1982, Ajtai

et al. [2] proved a 1013n upper bound on the maximum number of triangulations sup-

ported by n points. This upper bound was improved many times [30, 68, 71] and

the currently best known upper bound is 30n, which was established by Sharir and

Sheffer [70].

Since R(n) represents the number of triangulations that are non-isomorphic plane

3-trees, we can bound R(n) by the following recurrence.

R(n) ≤
∑

i+j+k=n−4

R(i+ 3) · R(j + 3) ·R(k + 3), (5.1)

where i, j, k are the number of points interior to the subtriangles formed by joining

one of the n − 3 points interior to the convex hull with the extreme points using

straight line segments. However, this recurrence relation is not tight. Observe that

since there are only n − 3 interior points, at most n − 3 distinct triples (i, j, k) can
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appear. Let A be an array sorted in descending order that contains the products

R(i) · R(j) · R(k) for all possible i, j, k that sum to n − 4, i.e., there are
(

(n−4)+3−1
n−4

)

entries in A. Then

R(n) ≤
∑

1≤t≤n−3

At, (5.2)

where At is the t-th entry of array A. Consequently, we can compute an upper bound

on R(n) by a dynamic program using the values 1, 1, 2, 8, 30, 150, 780, 4550, 26888,

computed by Krasser [56] for the maximum number of triangulations of 3 ≤ n ≤ 11

points, as the base cases. The first few values that bounds R(n) are given in Table 5.1.

Table 5.1: Upper Bounds on R(n)

n Upper Bound on R(n) n Upper Bound on R(n)

12 103414 17 205451270

13 471570 18 984576198

14 2088970 19 4920478614

15 9509986 20 24719921462

16 43893198 21 124657496862

Observe that we can obtain tighter bounds on R(n) if the numbers we use in

the base cases correspond to the maximum number of triangulations that are plane

3-trees. Counting the exact values for R(n) is a very difficult task since the number

of point configurations grows very rapidly [56].

We perform an exhaustive search to compute the maximum number of triangu-

lations that are plane 3-trees (not necessarily non-isomorphic) for small values of n.

For n = 3, 4, . . . , 10, these values are 1, 1, 2, 6, 18, 60, 222, 794, respectively. We now
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use Inequality (5.2) to have tighter bounds on R(n), as listed in Table 5.2.

Table 5.2: Refined Upper Bounds on R(n)

n Upper Bound on R(n) n Upper Bound on R(n)

11 3492 20 3593084172

12 15240 21 17613793476

13 68260 22 86924276676

14 310188 23 431716715388

15 1431564 24 2157412358124

16 6701900 25 10826649528624

17 31796964 26 54597730710384

18 152781060 27 276656076428724

19 738137148 28 1405392102247284

5.1.2 Counting Non-isomorphic Planar 3-Trees

Although it is a difficult task to find a tight bound on the maximum number of

non-isomorphic plane 3-trees supported by any set of n points, the number P (n) of

non-isomorphic planar 3-trees with n vertices has a nice closed formula. Beineke and

Pippert [6] proved that

P (n+ 3) =
1

12(n+ 1)
X(n) +

5

24
X(n

2
) +

1

3
X(n−1

3
) +

1

4
X(n−1

4
)

+
1

6
X(n−2

6
) +

3

8
Y (n) +

1

6
Y (2n−1

3
), (5.3)

where any term X(w) or Y (w) is zero if w is not an integer. Otherwise, X(z) =

Y (2z) = (3z)!
z!(2z+1)!

and Y (2z + 1) = (3z+1)!
(z+1)!(2z+1)!

.
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Table 5.3 shows the values for P (n) determined by Equation (5.3), where 12 ≤

n ≤ 29. The corresponding sequence in Sloane’s database [72] is A027610.

Table 5.3: P (n), 12 ≤ n ≤ 29

n P (n) n P (n)

12 2110 21 11489753730

13 11002 22 68054102361

14 58713 23 405715557048

15 321776 24 2433003221232

16 1792133 25 14668536954744

17 10131027 26 88869466378593

18 57949430 27 540834155878536

19 334970205 28 3304961537938269

20 1953890318 29 20273202069859769

5.1.3 Comparison Between R(n) and P (n)

We now prove a bound on the smallest value m = |S| = |V (G)| for which a

universal point set does not exist. Kobourov [55] showed that m ≥ 15. Tables 5.2

and 5.3 show that the smallest integer n for which R(n) < P (n) is 24. Therefore, we

obtain the following theorem.

Theorem 3 Let m = |S| = |V (G)| be the smallest value for which a universal point

set of size m does not exist. Then 15 ≤ m ≤ 24.

5.2 Kurowski’s Proof
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Kurowski [57] proved that any point set that is universal for all planar 3-trees

with n vertices must contain at least 1.235n points. We prove that Kurowski’s proof

is erroneous.

Kurowski [57] defined a set Tn that contains all plane 3-trees with n vertices, and

a parameter tn that denotes the cardinality of Tn. He estimated that t3 = t4 = 1 and

for n > 4,

tn = 3 · 5 · 7 . . . (2n− 9) · (2n− 7)

tn ≥
√

(2n− 7)! (5.4)

The reason behind this estimate is as follows. Given an embedding of a plane 3-tree G

with n ≥ 4 vertices, one can construct a plane 3-tree with n+ 1 vertices by inserting

a vertex into any of the 2n− 5 faces of G.

Kurowski claimed that if a point set with a points is universal for all the plane

3-trees with n vertices, then the number of plane 3-trees with n vertices supported

by a is at most aPn = a · (a− 1) · (a− 2) . . . (a− n+ 1). Consequently,

a · (a− 1) · (a− 2) . . . (a− n+ 1) ≥ tn

=⇒ a · (a− 1) · (a− 2) . . . (a− n+ 1) ≥
√

(2n− 7)!

=⇒
(

a− n− 1

2

)n

>

(

2n− 7

e

)n−7/2

. (5.5)

Kurowski showed that Inequality (5.5) implies a > 1.235n when n is sufficiently large.

Although tn is the number of distinct plane 3-trees, in Inequality (5.4) Kurowski

over-counted many isomorphic plane 3-trees. To justify our claim we review a bi-

jection between plane 3-trees and ordered rooted ternary trees [59]. Given a plane

3-tree Gn with n vertices, the corresponding ternary tree Tn−3 is an ordered rooted
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tree of n − 3 vertices, which we call the representative tree of Gn. Let a, b, c and

p be the outer vertices and the representative vertex of Gn, respectively. Then the

representative tree of Gn satisfies the following conditions.

(a) If n = 3, Tn−3 consists of a single vertex.

(b) If n > 3, then the root p of Tn−3 is the representative vertex of Gn and the

subtrees rooted at the three counter-clockwise ordered children p1, p2 and p3

of p in Tn−3 are the representative trees of Gn(Cabp), Gn(Cbcp) and Gn(Ccap),

respectively.

Figures 5.1(a) and (b) show a plane 3-tree and its representative tree, respectively.

Zaks [86] showed that the number of full k-ary trees with t internal nodes is exactly

1
kt+1

(

kt+1
t

)

= 1
(k−1)t+1

(

kt
t

)

. Therefore,

tn ≤ 1

2(n− 3) + 1

(

3(n− 3)

n− 3

)

≤ 1

2n− 5

(

3n− 9

n− 3

)

≤ 1

2n− 5

(

3n

n

)

≤ 6.75n

2n− 5

√

6

8πn
, (5.6)

applying Stirling’s approximation [76] n! ≈
√
2πn(n/e)n. Observe that Inequal-

ity (5.6) contradicts Inequality (5.4) since
√

(2n− 7)! > 6.75n

2n−5

√

6
8πn

for every n > 20.

5.3 Chrobak and Karloff’s Proof

In this section we give a brief overview of Chrobak and Karloff’s proof. Although

Chrobak and Karloff’s result [26] proves that no set of 38 points is universal for all
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Figure 5.1: (a) A plane 3-tree Gn, where n = 8. (b) The representative tree Tn−3 of

Gn, where the nodes of Tn−3 that correspond to the internal faces of Gn are shown in

gray. (c) The graph G. (d) A point-set embedding Γ of G on S ′.

planar graphs with 38 vertices, their bound is weaker than our upper bound of 24 as

proved in Section 5.1.

Let k be a positive integer whose value will be specified later and let C =

v1, v2, . . . , vk−2, v1 be a cycle of k − 2 vertices. Add two vertices vk−1 and vk to

C joining the edges (vk−1, vi) and (vk, vi), for all 1 ≤ i ≤ k−2. Let G be the resulting

graph. Observe that G contains exactly k vertices. Figure 5.1(c) illustrates the con-

struction of G on a sphere to reflect the property that every face of G is symmetric.

Lemma 6 (Chrobak and Karloff [26]) For any set S of a points, a ≥ k, G ad-

mits at most 6(2k − 4)(k − 3)
(

a
k

)

different point-set embeddings on S.

Chrobak and Karloff constructed a set G of graphs such that each graph in G

contains exactly n vertices. Every graph H ∈ G is constructed from a copy of G.

Recall that G is a triangulated graph of k vertices. Therefore, G has exactly 2k − 4

faces in any of its plane embeddings. Take a fixed plane embedding of G and assign
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the labels f1, f2, . . . , f2k−4 to its distinct faces in some arbitrary order. For each

solution to the equation x1 + x2 + . . . + x2k−4 = n − k, insert a plane graph Gj

with xj, 1 ≤ j ≤ 2k− 4, vertices into the face fj of G such that the outer cycle of Gj

coincides with the boundary of face fj. Since the equation x1+x2+. . .+x2k−4 = n−k

has at most
(

(n−k)+(2k−4)−1
(2k−4)−1

)

solutions, the number of graphs in G is

|G| =
(

n+ k − 5

2k − 5

)

. (5.7)

Fix an embedding for every graph H in G. By Lemma 6, there are at least

(

n+k−5
2k−5

)

6(2k − 4)(k − 3)
(

a
k

) (5.8)

embeddings that correspond to a fixed point-set embedding of G on S.

Chrobak and Karloff then counted the number of ways a fixed point-set embed-

ding of G on S can be extended to an embedding of a graph with n vertices. Ob-

serve that every extended embedding Γ corresponds to a unique sequence of integers

r1, r2, . . . , r2k−4, where rj, 1 ≤ j ≤ 2k − 4, denotes the number of points of S that

are interior to the i-th face of G and not chosen by Γ. Since for each solution to

∑

1≤j≤2k−4 rj = a− n, the number of possible ways a fixed point-set embedding of G

on S can be extended is at most
(

a−n+2k−5
2k−5

)

. If S is an universal point set for planar

graphs with n vertices, then the following inequality must hold.

(

a− n+ 2k − 5

2k − 5

)

≥
(

n+k−5
2k−5

)

6(2k − 4)(k − 3)
(

a
k

) . (5.9)

Chrobak and Karloff showed that if k = 0.133n and a = 1.098n, then for suffi-

ciently large n the Inequality (5.9) does not hold. This implies that any universal

point-set must have at least 1.098n points. If a = n, then the smallest value for n



68 Chapter 5: Universal Point Set

such that the Inequality (5.9) does not hold is a = n = 38 and k = 15. Therefore,

Chrobak and Karloff’s result [26] implies that no set of 38 points is universal for all

planar graphs with 38 vertices.

Observation 1 Let m = |S| = |V (G)| be the smallest value for which a universal

point set of size m does not exist. Then m ≤ 38.

5.4 Universal Point Set for Plane 3-Trees

Kaufmann and Wiese [52] proved that any set S of n points is 2-bend universal

for all the planar graphs with n vertices. However, a 2-bend point-set embedding on

S may take O(W 3) area [43, Theorem 7], where W is the length of the side of the

smallest axis parallel square that encloses S. In this section we give an algorithm to

compute 2-bend point-set embeddings of plane 3-trees on a set of n points in general

position in O(W 2) area.

Here is an outline of the algorithm. Given a plane 3-tree G and a set of points S

in general position, we first construct a straight-line drawing Γ of G such that every

point of S other than a pair of points on the convex hull of S lies in the proper interior

of some distinct inner face in Γ, as shown in Figures 5.2(a)–(c). While constructing

Γ, we compute a bijective function φ from the vertices of Γ to the points of S. We

then extend each edge (u, v) in Γ using two bends to place the vertices u and v onto

the points φ(u) and φ(v), respectively, as shown in Figure 5.2(d). We prove that Γ

and φ maintains certain properties so that the resulting drawing Γ′ remains planar.

In the following we describe the algorithm in detail. Let H be the convex hull of

S. Construct a triangle xyz with O(W 2) area such that xyz encloses H and the side



Chapter 5: Universal Point Set 69

yz passes through a pair of consecutive points y′, z′ on the boundary of H. Assume

that y′ is closer to y than z′. Set φ(y) = y′ and φ(z) = z′. Set φ(x) = x′, where

x′ is the point on the convex hull of S(xyz) for which the angle ∠xyx′ is smallest.

Figure 5.2(e) illustrates the triangle xyz and the function φ. We call the straight line

segments xφ(x), yφ(y), zφ(z) the wings of xyz. Observe that only xφ(x) among the

three wings of xyz lie in the proper interior of xyz. We use this invariant throughout

the algorithm, i.e., every face f in the drawing will contain at most one wing that is

in the proper interior of f . We call such a wing the major wing of f .

Let a, b, c be the outer vertices of G in anticlockwise order and let p be the repre-

sentative vertex of G. Map the vertices a, b, c to the points x, y, z. Let S\{x′, y′, z′} be

the point set S ′. Let n1, n2 and n3 be the number of inner vertices of G(Cabp), G(Cbcp)

and G(Ccap), respectively. Since the major wing of xyz is incident to x, we construct

a point w 6∈ S such that S ′(wxy) = n1, S
′(wyz) = n2+1 and S ′(wxz) = n3, as shown

in Figure 5.2(e). Steiger and Streinu [74] proved that such a point always exists and

gave an O(|S ′|)-time algorithm to find w. Since the angle ∠xyφ(x) is the smallest, if

wy or wz intersects xφ(x), then by continuity there must exist another point w̄ on

the line wz such that S ′(w̄xy) = n1, S
′(w̄yz) = n2 + 1, S ′(w̄xz) = n3 holds, and we

choose w̄ as the point w. Figures 5.2(f)–(g) depict such scenarios. Set φ(w) = w′,

where w′ is the point on the convex hull of S ′(wyz) for which the angle ∠wyw′ is

smallest. Since wyz does not contain xφ(x), the mapping we compute maintains the

invariant that every face contains at most one major wing.

We now recursively construct the drawings of G(Cabp), G(Cbcp) and G(Ccap) with

the point sets S ′(wxy), S ′(wyz) \ w′ and S ′(wxz), respectively. Note that while re-
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Figure 5.2: (a) A plane 3-tree G. (b) A set of points S. (c) Γ and φ, where φ

is illustrated with dashed lines. (d) A 2-bend point-set embedding of G on S. (e)

Illustration for the triangle xyz. (f)–(g) Construction of w and φ(w), where φ(w) is

shown in white and the convex hull of S(xyz) is shown in gray. (h) The region R and

ellipse E, where R is shown in gray. (i) Illustration for Pv.

cursively constructing a point w for the representative vertex inside some triangle

xyz, then the triangle may not have any major wing. Also in this case, it suffices

to compute w such that S ′(wxy) = n1, S
′(wyz) = n2 + 1 and S ′(wxz) = n3 holds.

Once we complete the recursive computation, we obtain a straight-line drawing Γ of

G. Furthermore, we obtain a bijective function φ from the vertices of Γ to the points

of S.

For each vertex v in Γ we now do the following. Let e1, e2, . . . , et be the edges

adjacent to v in clockwise order such that e1 and et forms the smallest angle that

contains φ(v). Construct a strictly convex polygon Pv = φ(v), v1, v2, . . . , vt, where
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vi, 1 ≤ i ≤ t, is a point on ei and no point of S other than φ(v) lie inside the

polygon. Now delete the straight line segments vvi and draw the segments φ(v)vi, as

shown in Figure 5.2(i). Since every face in Γ contains at most one major wing, we can

construct the Pvs such that for two different vertices v1 and v2 in Γ, the corresponding

convex polygons Pv1 and Pv2 are disjoint. Later in this section, We describe such a

construction for Pvs.

We claim that the resulting drawing Γ′ is a 2-bend point-set embedding of G on

S. Since every edge in Γ has only two endpoints, the corresponding edge e in Γ′

has exactly two bends. Since φ is a bijective function, e does not create any loop in

Γ′. It now suffices to prove that Γ′ is a planar drawing of G. Observe that Γ is a

planar straight-line drawing. Therefore, if Γ′ is not a planar drawing, then either two

of the newly added segments properly intersect (Case 1), or a newly added segment

intersects an old segment that originally belongs to Γ (Case 2). Case 1 cannot appear

since all Pvs are disjoint. Case 2 cannot appear since every newly added segment lie

in some convex polygon Pv that does not contain any old segment in Γ′.

We can construct Γ in O(n log3 n) time in a similar technique as in Section 4.2.

We now describe how to construct Γ′ from Γ in O(n log n) time. Let S be a set that

consists of the points corresponding to the vertices in Γ and the points that belong

to S. Let η be the Euclidean distance between the closest pair of points in S. We

can compute η in O(n log n) time [69]. For each vertex v in Γ, we now construct the

convex polygon Pv in O(deg(v)) time as follows.

Let C be the circle centered at v with radius η/2. Assume that e1 = (u, v), and

m is the intersection point of edge et and the line determined by u, φ(v). Let R be the
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region determined by the union of C and the triangle uvm. Consider now an ellipse

E with foci v and φ(v) such that the half of the ellipse (determined by the minor axis

of E) that contains v lie interior to R. Then v1, v2, . . . , vt are the intersection points

of E with e1, e2, . . . , et, respectively, as shown in Figures 5.2(h)–(i). Since R does not

contain any point of S other than φ(v), the polygon Pv = φ(v), v1, v2, . . . , vt does not

contain any point of S other than φ(v). Since every face in Γ contains at most one

major wing and C is a circle with radius η/2, any two Pvs must be disjoint.

Consequently, the algorithm takes O(n log3 n) + O(n log n) +
∑

∀v O(deg(v)) =

O(n log3 n) time. The following theorem summarizes the results of this section.

Theorem 4 Given a plane 3-tree G with n vertices and and a point set S of n points

in general position, we can compute a 2-bend point-set embedding of G in O(n log3 n)

time with O(W 2) area, where W is the length of the side of the smallest axis parallel

square that encloses S.



Chapter 6

Convex Point-Set Embeddings of

Klee Graphs

In this chapter we examine convex point-set embeddability of a subclass of 3-

connected planar graphs, namely klee graphs. Given a klee graph G with n vertices

and a set S of n points in general position on the plane, we give an O(n8+ǫ) expected

time algorithm for computing a convex point-set embedding of G on S.

Recall that every klee graph can be constructed from K4 by repeatedly replacing

a vertex with a face of length three. Figure 6.1 illustrates the construction of some

klee graphs.

We first introduce a few more definitions and notation. Let G be a planar graph.

Contraction of an edge (u, v) of G is an operation that removes edge (u, v) from G

by merging u and v, and then replaces any resulting multiedge (if exists) by a single

edge. Let G′ be the dual graph of G and let v be the vertex of G′ that corresponds

to the outer face of G. Then the weak dual G∗ of G is the plane graph obtained by

73
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Figure 6.1: (a) The smallest klee graph, K4. (b)–(d) A sequence of klee graphs

constructed from K4.

deleting the vertex v from G′.

Let S be a set of points on the Euclidean plane and let x, y, z be three points that

do not necessarily belong to S. Recall that S(xyz) consists of the points of S that

lie either on the boundary or in the interior of the triangle xyz. Let S ′(xyz) be the

set that consists of the points of S that are in the proper interior of triangle xyz. Let

s1, s2, . . . , sn be an ordered sequence of n > 1 points. By 〈s1, s2, . . . , sn〉 we denote a

drawing of a path obtained by drawing a straight line segment between si and si+1,

1 ≤ i < n. We call 〈s1, s2, . . . , sn〉 a convex path, if joining s1 and sn with a straight

line segment results in a convex polygon.

6.1 The Embedding Algorithm

In this section we describe our algorithm for testing convex point-set embed-

dability of klee graphs. We first give a polynomial-time algorithm to decide convex

point-set embeddability for klee graphs that have exactly three outer vertices on the

outer face. We then extend the algorithm to decide convex point-set embeddability

for any klee graph in O(n8+ǫ) expected time. Our algorithm is motivated by the



Chapter 6: Convex Point-Set Embeddings of Klee Graphs 75

Figure 6.2: Illustration of the algorithm for convex point-set embedding.

recursive structure of plane 3-trees, i.e., every plane 3-tree with n ≥ 4 vertices admits

a decomposition into three smaller plane 3-trees [59].

Here is an outline of our algorithm when the klee graph G has exactly three

outer vertices. We use dynamic programming to test whether G admits a convex

point-set embedding on S. We observe that the weak dual of every klee graph with

exactly three outer vertices is a plane 3-tree, which helps us to recursively divide

the decision problem into three simpler subproblems. We solve those subproblems

recursively and combine their results to obtain the result of the original decision

problem. Figure 6.2(a) depicts a klee graph G, where the weak dual G∗ is shown in

dotted lines. The decomposition of G∗ into three smaller plane 3-trees determines a

decomposition of G into three subgraphs, as shown in Figure 6.2(b) in red, blue and

green. Figure 6.2(c) depicts a point set S. If G admits a point-set embedding on S,

where the outer vertices a, b, c of G are mapped respectively to the points s1, s2, s3

of S, then those three subgraphs must be mapped to the point sets shown in the

corresponding colors.

We now focus on some properties of a klee graph and its convex point-set embed-
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ding.

Lemma 7 Let G be a plane graph with exactly three outer vertices. Then G is a klee

graph with exactly three outervertices if and only if the weak dual G∗ of G is a plane

3-tree.

Proof. We first assume that G is a klee graph and then prove that G∗ is a plane

3-tree. Let n be the number of vertices of G. We employ an induction argument on

n. If n = 4, then the weak dual G∗ of G is a triangle which is a plane 3-tree. We

may thus assume that n ≥ 4 and the claim is true for all klee graphs with fewer than

n vertices. We now consider the case when G has n vertices. By definition of a klee

graph, G has a face f of length three, where contraction of the three edges on the

boundary of f gives another klee graph G′ with n− 2 vertices.

Since G has exactly three outer vertices, the vertices on f must be inner vertices

of G. Therefore, the corresponding vertex x in G∗ must be an inner vertex of degree

three. The contraction of the edges on the boundary of f corresponds to the deletion

of x from G∗. Observe that the graph obtained by deletion of x is the weak dual G′∗

of G′. By induction G′∗ is a plane 3-tree. Since G∗ is obtained from G′∗ by adding a

vertex of degree three, G∗ is triangulated. By definition G∗ is a plane 3-tree.

We now assume that G∗ is a plane 3-tree and then prove that the graph G having

G∗ as its weak dual is a klee graph with exactly three outervertices. We employ an

induction argument on the number of vertices n∗ of G∗. If n∗ = 3, then G is the klee

graph K4. We thus assume that n∗ ≥ 3 and the claim holds for all G∗ with fewer

than n∗ vertices. We now consider the case when G∗ has n∗ vertices. Since G∗ is a
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plane 3-tree, G∗ has an inner vertex x of degree three whose removal yields another

plane 3-tree G′∗ of n∗ − 1 vertices [59].

Since G has only three outer vertices, the vertex x in G∗ corresponds to a face f

of length three in G where the vertices on the boundary of f are inner vertices. The

deletion of x from G∗ corresponds to the contraction of the edges on f . The graph

obtained after contraction of the edges on f is G′, where G′∗ is a weak dual of G′. By

induction G′ is a klee graph, and by definition G is a klee graph.

A near klee graph K is a plane graph that is obtained by deleting the outer vertices

of some klee graph having exactly three outer vertices. Observe that every near klee

graph with n ≥ 3 vertices contains exactly three outer vertices of degree two. We

call these vertices the poles of K. If K is obtained from a klee graph G, then the

three outer vertices of G are the legs of K. The legs and the poles of the near klee

graph obtained from the klee graph of Figure 6.2(a) are a, b, c and q, d, r, respectively.

The following lemma proves that every near klee graph can be decomposed into three

smaller near klee graphs.

Lemma 8 Let K be a near klee graph with n ≥ 3 vertices, which is obtained from a

klee graph G with exactly three outer vertices. Let G∗ be a weak dual of G, where the

outer vertices of G∗ are f1, f2, f3 and the representative vertex of G∗ is f4. Then the

weak duals of G∗(Cf1f2f4), G
∗(Cf2f3f4) and G∗(Cf3f1f4) are three vertex-disjoint near

klee graphs, which are subgraphs of K.

Proof. Let the the weak duals of G∗(Cf1f2f4), G
∗(Cf2f3f4) and G∗(Cf3f1f4) be H1, H2

and H3, respectively. Since the faces of G∗(Cf1f2f4), G
∗(Cf2f3f4) and G∗(Cf3f1f4) are
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disjoint, the vertex sets of H1, H2 and H3 are disjoint.

By definition, G∗(Cf1f2f4), G
∗(Cf2f3f4) and G∗(Cf3f1f4) are plane 3-trees. If Hi, 1 ≤

i ≤ 3, is a single-vertex graph, then it is a subgraph of K. We may thus assume that

Hi has more than one vertex. In this case the corresponding plane 3-tree has more

than three vertices. Since the dual graph of the dual of a 3-connected graph G is G

itself, and every plane 3-tree with more than three vertices is a 3-connected graph,

Hi is a subgraph of K. We now prove that H1 is a near klee graph. The proofs for

H2 and H3 are similar.

The case whenH1 is a single-vertex graph is straightforward. We thus assume that

H1 has more than one vertex. Since H1 is a weak dual of a plane 3-tree G∗(Cf1f2f4),

H1 has exactly three outer vertices p, q and r of degree two. We first insert H1 into

the interior of a cycle C of length three. Let u, v and w be the vertices on C. We then

add the edges (u, p), (v, q) and (w, r). Let the resulting graph be G′. Observe that

the weak dual of G′ is the plane 3-tree G∗(Cf1f2f4). By Lemma 7, G′ is a klee graph.

Since H1 can be obtained from G′ by removing the outer vertices of G, therefore H1

is a near klee graph.

Let G be a klee graph with exactly three outer vertices and let K be the corre-

sponding near klee graph. By a klee partition of G we denote the three klee graphs

that correspond to the near klee graphs obtained from the decomposition of K ac-

cording to Lemma 8. Figures 6.2(a)–(b) illustrate a klee partition. We now have the

following lemma.

Lemma 9 Let G be a klee graph with n ≥ 6 vertices and exactly three outer vertices.

Let S be a set of n points. If G admits a convex point-set embedding on S, then the
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following conditions hold.

(a) The convex hull of S has exactly three points s1, s2 and s3 on its boundary.

(b) The convex hull C of S \ {s1, s2, s3} has exactly three points on its boundary.

(c) Let K be the near klee graph obtained from G. Then for a fixed mapping of the

legs of K to {s1, s2, s3}, the mapping of the poles of K to the three vertices on C is

uniquely defined.

Proof. Let a, b, c be the outer vertices of G, which are also the legs of K by def-

inition. In any point-set embedding of G on S, the outer face of G is drawn as a

triangle. Therefore, if G admits a point-set embedding on S, then the convex hull of

S must contain exactly three points on its boundary.

Let p, q, r be the poles of K. Assume that in a convex point-set embedding of G on

S the vertices a, b, c, p, q, r are mapped to points s1, s2, s3, s4, s5, s6, respectively. Then

the three quadrangles s1s2s5s4, s2s3s6s5, s3s1s4s6 must be convex. This convexity

constraint ensures that the convex hull C of S \ {s1, s2, s3} contains exactly three

points on its boundary, and for a fixed mapping of the legs of K to {s1, s2, s3}, the

mapping of the poles of K to the three vertices on C is uniquely defined.

Let G be a klee graph and let a, b, c be the outer vertices of G. Let vp be the

mapping of vertex v on point p. Then by P (G, asi , bsj , csk) we denote be the problem

of finding a convex point-set embedding of G respecting asi , bsj , csk . The following

theorem gives a recursive solution for P (G, asi , bsj , csk).

Theorem 5 Let G be a klee graph with n vertices and exactly three outer vertices,

and let S be a set of n points whose convex hull C has exactly three points si, sj, sk.
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Let asi , bsj , csk be the mapping of the outer vertices a, b, c of G. Let the klee partition

of G be G1, G2, G3 and let the corresponding near klee graphs be H1, H2, H3, where the

legs of H1, H2, H3 are respectively {a, a′, a′′}, {b, b′, b′′} and {c, c′, c′′} in anticlockwise

order. Let x1, y1, z1, x2, y2, z2, x3, y3, z3 be nine points in S ′(sisjsk) that satisfy the

following conditions.

C1: The triangle x1x2x3 determines the convex hull of S \ {s1, s2, s3}.

C2: |S(x1y1z1)| = n(H1), |S(x2y2z2)| = n(H2) and |S(x3y3z3)| = n(H3). If n(Hu) =

1, for some u ∈ {1, 2, 3}, then xu, yu and zu coincide. Otherwise, xu, yu and zu

are distinct.

C3: 〈si, x1, y1, z2, x2, sj〉, 〈sj, x2, y2, z3, x3, sk〉 and 〈sk, x3, y3, z1, x1, si〉 are convex paths

inside C.

Let X be a quantifier that denotes “All possible choices for x1, y1, z1, x2, y2, z2,

x3, y3, z3 that satisfy (C1)–(C3)”. Then P (G, asi , bsj , csk) can be defined recursively as

follows.

P (G, asi , bsj , csk) =



























































True if n(G) = 4 and |S ′(sisjsk)| = 1;

False if X is empty;

∨

(x1,...,z3)∈X
(P (G1, asi , a

′
z2
, a′′y3)∧

P (G2, bsj , b
′
z3
, b′′y1)∧

P (G3, csk , c
′
z1
, c′′y2)) otherwise.

Proof. We first refer the reader to Figure 6.3 for an illustration of the recurrence

relation. We now proceed to prove the claim for P (G, asi , bsj , csk).
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Figure 6.3: (a) The near klee graph of G. (b)–(c) Recursive embedding.

Consider first the case when n(G) = 4 and |S ′(sisjsk)| = 1. In this case the single

inner vertex in G is mapped to the single point interior to triangle sisjsk. This yields

a convex point-set embedding of G on S respecting asi , bsj , csk .

Consider now the case when X is empty, i.e., there is no choice for x1, y1, z1,

x2, y2, z2, x3, y3, z3 that satisfies conditions C1–C3. In this case P (G, asi , bsj , csk) is

False. Otherwise, assume for a contradiction that X is empty and G admits a convex

point-set embedding Γ on S respecting asi , bsj , csk .

Let K be the near klee graph obtained from G and let p, q, r be the poles of K,

where p, q, r are adjacent to a, b, c, respectively. Then the poles of H1, H2 and H3 are

{p, b′′, c′}, {q, c′′, a′} and {r, a′′, b′} in anticlockwise order. Let the mappings of these

poles in Γ be {pl1 , b′′m1
, c′n1

}, {ql2 , c′′m2
, a′n2

} and {rl3 , a′′m3
, b′n3

}. In the following (a)–(c)

we prove that the conditions C1–C3 hold for l1,m1, n1, l2,m2, n2, l3,m3, n3, which will

contradict that X is empty.

(a) Since Γ is a convex point-set embedding of G on S, by Lemma 9, l1, l2, l3 deter-

mine the convex hull of S \ {si, sj , sk}.

(b) |S(l1m1n1)| = n(H1), |S(l2m2n2)| = n(H2) and |S(l3m3n3)| = n(H3). Other-
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wise, either 〈m1, . . . , n1,m3, . . . , n3,m2, . . . , n2〉 is not a convex path, or at least

one outer chain among 〈si, l1, . . . , l2, sj〉, 〈sj, l2, . . . , l3, sk〉, 〈sk, l3, , . . . , l1, si〉 is

not a convex path, which contradicts our assumption that Γ is a convex point-set

embedding.

(c) Since each set of vertices among {si, l1,m1, n2, l2, sj}, {sj, l2,m2, n3, l3, sk} and

{sk, l3,m3, n1, l1, si} appears on the boundary of the same face in Γ, 〈si, l1,m1, n2,

l2, sj〉, 〈sj, l2,m2, n3, l3, sk〉 and 〈sk, l3,m3, n1, l1, si〉 are convex paths inside C.

In the remaining case, P (G, asi , bsj , csk) is True if and only if there exists x1, y1, z1,

x2, y2, z2, x3, y3, z3 for which G1, G2 and G3 admit convex point-set embeddings with

mappings {asi , a′z2 , a′′y3}, {bsj , b′z3 , b′′y1} and {csk , c′z1 , c′′y2}, respectively.

If G admits a convex point-set embedding on S respecting the mapping asi , bsj , csk ,

then straightforward reasoning using the definition of a near convex point-set embed-

ding shows that G1, G2 and G3 admit convex point-set embeddings. We thus assume

that G1, G2 and G3 admit convex point-set embeddings, and then prove that these

embeddings determine a convex point-set embedding Γ of G on S. The following

(a)–(c) prove that all the faces of Γ are convex.

(a) The embeddings of G1, G2 and G3 respect the mappings asi , bsj and csk . There-

fore, the outer face of Γ must be a convex polygon.

(b) The interior faces of G consist of the interior faces of G1, G2 and G3 and the

face (y1, . . . , z1, y3, . . . , z3, y2, . . . , z2, y1). By our initial assumption, the inte-

rior faces of G1, G2 and G3 are drawn as convex polygons. Furthermore, since

〈y3, z1, . . . , y1, z2〉, 〈y1, z2, . . . , y2, z3〉 and 〈y2, z3, . . . , y3, z1〉 are convex paths and



Chapter 6: Convex Point-Set Embeddings of Klee Graphs 83

each pair of these paths share a common edge, face (y1, . . . , z1, y3, . . . , z3, y2, . . . ,

z2, y1) is convex. Hence, the internal faces of G are drawn as convex polygons

in Γ.

(c) Since the path 〈si, x1, . . . , y1, z2〉 of G1 and the path 〈y1, z2, . . . , x2, sj〉 of G2 are

convex paths that share a common edge, 〈si, x1, . . . , x2, sj〉 must be a convex

path in Γ. Similarly, we can prove that 〈sj, x2, . . . , x3, sk〉 and 〈sk, x3, . . . , x1, si〉

are also convex paths in Γ. Consequently, the corresponding faces of G must

be convex polygons in Γ.

Hence P (G, asi , bsj , csk) is True if and only if G1, G2 and G3 admit convex point-set

embeddings with mappings {asi , a′z2 , a′′y3}, {bsj , b′z3 , b′′y1} and {csk , c′z1 , c′′y2}. Otherwise,

P (G, asi , bsj , csk) is False.

Theorem 5 leads us to a dynamic programming algorithm for computing a near

convex point-set embedding of G on S respecting the given mapping of the outer

vertices of G. To avoid the recomputation of the solutions to the subproblems, we

use a table T [1:n, 1:n, 1:n, 1:n], where each entry T [f(a, b, c), i, j, k] stores the solution

to P (G, asi , bsj , csk). We use another table T ′[1:n, 1:n, 1:n, 1:n], where each entry

T ′[f(a, b, c), i, j, k] stores the necessary mapping depending on the value of P (G, asi ,

bsj , csk). Table T ′ helps us to find for an actual embedding of G on S if such an

embedding exists.
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6.2 Time Complexity

In this section we describe an implementation of the dynamic programming algo-

rithm of Section 6.1 that takes O(n5+ǫ) expected time.

Initially we build a triangular range search data structure with the points of S.

We use the data structure of Chazelle et al. [23] that preprocesses the points in

O(m1+ǫ) time and answers triangular range reporting and range counting queries in

O(n1+ǫ/m1/2+k) and O(n1+ǫ/m1/2) time, respectively, where n<m<n2, ǫ ∈ (0, 2/3] is

fixed and k is the number of points reported. We choose m=n2−ǫ so that the time

complexities for preprocessing, range reporting and range counting become O(n2+ǫ),

O(nǫ′+k) and O(nǫ′), respectively, where ǫ′ = 3ǫ/2 > 0.

Observe that there are O(n4) different entries in table T , which correspond to

O(n4) different subproblems. We fill each entry according to the three cases as de-

scribed in Theorem 5. In the worst case we need to check all possible choices for

x1, y1, z1, x2, y2, z2, x3, y3, z3 that satisfy conditions C1–C3. By Lemma 9, the map-

ping of a, b, c fixes the mapping for x1, x2 and x3. Therefore, we need to check all

possible choices for y1, y2, y3, z1, z2, z3 in S ′(sisjsk). Although there are Θ(n6) choices

for six points, we show that there is an efficient way to choose y1, z1, y2, z2, y3, z3 in

O(n1+ǫ log n) time. We use the observation of Biedl [8] that any choice for x1, y1, z1, x2,

y2, z2, x3, y3, z3 satisfying conditions C1–C3 is determined by the point y1. In other

words, if a point y1 corresponds to some choice x1, y1, z1, x2, y2, z2, x3, y3, z3, then

points x2, y2, z3 are the unique points in triangle y1sjsk such that |S(y1sjx2)| =

3, |S(y1sjy2)| = n(G1) − 1 and |S(y1sjz3)| = n(G1) holds. In a similar way, y2

determines the unique choice for x3, y3, z1.
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We sequentially consider each point of S ′(sisjsk) as the point y1 and for each

choice we find x2, y2, z3 in O(nǫ log n) expected time using an algorithm of Durocher

et al. [32, Lemma 1]. We then find the points x3, y3, z1 and x1, y1, z2 in a similar way.

Recall that we need to fill O(n4) entries of table T and O(n4) entries of ta-

ble T ′. Since we do not recompute the subproblems, and each entry is computed

in O(n1+ǫ log n) expected time, the time necessary to fill all the entries is O(n4 ·

n1+ǫ log n) = O(n5+ǫ log n), which dominates all the preprocessing costs and the cost

for finding the solution embedding from the table.

Observe that for any ǫ > 0, n5+ǫ log n = O(n5+ǫ′) for any ǫ′ > ǫ. We thus have

the following theorem.

Theorem 6 Let G be a n-vertex klee graph with exactly three outer vertices and let

S be a set of n points in general position. Then in O(n5+ǫ) expected time, for any

fixed ǫ > 0, we can test whether G admits a convex point-set embedding on S and find

an embedding if one exists.

6.3 Generalization

In this section extend the algorithm of Section 6.1 to test convex point-set em-

beddability of arbitrary klee graphs in O(n8+ǫ) expected time. We need the following

lemma.

Lemma 10 Let G be a klee graph with n ≥ 4 vertices. Then G has an inner edge

and two outer edges such that deletion of those edges (not the incident vertices) yields

two connected components, C1 and C2, each of which is a near klee graph.
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Proof. We use an induction argument on n. The claim is straightforward to verify

when n = 4. We now assume that the claim holds for every klee graph G with fewer

than n vertices and consider the case when G has n vertices.

By definition of a klee graph, G has a face f of length three, where contraction of

the three edges on the boundary of f gives another klee graph G′ with n− 2 vertices.

By induction G′ has an inner edge (a, x) and two outer edges (b, y), (c, z) such that

deletion of those edges yields two connected components C ′
1, C

′
2, each of which is a

near klee graph. Without loss of generality assume that the vertices a, b, c and the

vertices x, y, z belong to C ′
1 and C ′

2, respectively. We will also assume in our induction

that if C ′
1 (respectively, C

′
2) is a single vertex then a, b, c (respectively, x, y, z) coincide,

otherwise they are distinct vertices of G′. This assumption holds in the base case and

we assume that it holds for every klee graph with fewer than n vertices.

If f replaces some vertex of G′ other than a, b, c, x, y, z, then that vertex is interior

to either C ′
1 or C ′

2. By definition the resulting component after the replacement will

be a near klee graph. Consequently, (a, x), (b, y), (c, z) will be the required edges of

G such that deletion of those edges yields two connected components C1, C2, each of

which is a near klee graph. We can also use induction to verify that if C1 (respectively,

C2) is a single vertex then a, b, c (respectively, x, y, z) coincide, otherwise they are

distinct vertices of G.

Otherwise, without loss of generality assume that f replaces the vertex x. If the

vertex x coincides with vertices y and z, i.e., C ′
2 is a single vertex, then replacing

the vertex with f will give a cycle of length three which is a near klee graph. It is

straightforward to label the three vertices on f with x, y, z such that (a, x), (b, y), (c, z)
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Figure 6.4: Illustration for Lemma 10. (a) G′ and (b) G. (c)–(e) Candidate mappings

for (a, x).

become the required edges for G so that our claim holds. If C ′
2 is a single vertex,

then C ′
1 consists of three or more vertices. Consequently, both C1 and C2 consist of

three or more vertices and a, b, c, x, y, z are distinct vertices of G. We can prove our

claim for the remaining case when f replaces the vertex x and the vertices x, y, z are

distinct in a similar way. Figures 6.4(a)–(b) illustrate such an example.

We now use Theorem 6 and Lemma 10 to obtain the following theorem.

Theorem 7 Let G be a klee graph with n vertices and let S be a set of n points in

general position. Then in O(n8+ǫ) expected time, ǫ > 0, we can test whether G admits

a convex point-set embedding on S and find an embedding if one exists.

Proof. We first find an inner edge of (a, x) and two outer edges (b, y), (c, z) of G

such that deletion of those edges yields two connected components C1, C2, each of

which is a near klee graph. Without loss of generality assume that a, b, c and x, y, x

belong to C1 and C2, respectively. Lemma 10 proves the existence of such edges and

we can find them in polynomial time by deleting every triple of edges by turn and

then testing whether the resulting components are near klee graphs. Since one can
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recognize plane 3-trees in polynomial time [59], we also can recognize near klee graphs

in polynomial time using Lemma 7. Another technique is to recursively contract a

face of length three unless the resulting graph is K4 (i.e., the input graph is a klee

graph), or there is no such face to contract (i.e., the input graph is a klee graph).

We now compute the convex hull of S. If the number of points on the boundary

of the convex hull is less than the number of outer vertices of G, then G does not

have a convex point-set embedding on S. Observe that there are O(n) possible

mappings of the outer vertices to distinct points on the convex hull. For each of those

mappings we find all possible mappings of the edge (a, x) inside the convex hull. Let

the vertices a, b, c, x, y, z be mapped to the points s1, s2, s3, s4, s5, s6, respectively. We

then test whether C1 and C2 admit a convex point-set embedding inside the point sets

enclosed by the infinite regions bounded by angles ∠s2s1s3 and ∠s5s4s6, respectively,

and whether the combined embedding is convex. One can perform such a test by a

simple modification of our algorithm for klee graphs with exactly three outer vertices

with the same time bound, i.e., in O(n5+ǫ) time. Such a modification is necessary

since there may be a pair of poles in each of C1 and C2 such that the outer chain

between these poles must be drawn as convex paths outside the triangle s1s2s3 and

s4s5s6.

There are only O(n) candidate mappings for the outer vertices of G. For a fixed

mapping of the outer vertices, the mapping of (b, y), (c, z) is fixed. There are now

O(n2) candidate mappings for a, x. For each of these candidate O(n3) mappings, we

can test the embeddability of C1 and C2 in O(n5+ǫ) expected time. Therefore, the

algorithm takes O(n8+ǫ) expected time in total. which dominates the time for finding
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the candidate mappings of a, b, c, x, y, z.

The result stated in Theorem 7 establishes the existence of a polynomial-time

solution. We believe a more efficient solution (i.e., one whose running time is bounded

by a polynomial of low degree) exists. For example, there may be only O(n) candidate

mappings for (a, x), but proving this will require further analysis because of the

scenarios shown in Figures 6.4(c)–(e).



Chapter 7

Fixed Parameter Tractability

In this chapter we give a fixed-parameter tractable (FPT) algorithm for deciding

point-set embeddability of plane graphs. Given a plane graph G with n vertices

and a set S of n points, our algorithm takes O(k316.71kn8) time for deciding convex

point-set embeddability, where k is the number of points interior to the convex hull

of S.

Let w and w′ be the carving width of the input graph and its dual, respec-

tively. Biedl and Vatshelle [9] gave an algorithm to decide point-set embeddability

in O∗(|S|1.5w′

) time, and Biedl [8] modified that algorithm to decide convex point-set

embeddability in O∗(|S|3w) time, where O∗(.) hides the polynomial terms. Since we

assume |S| = |V | = n, these running times become O∗(n1.5w′

) and O∗(n3w), respec-

tively.

Let S be a set of n points such that the convex hull of S contains exactly k interior

points. Then S can support planar graphs of treewidth
√
k, e.g., a

√
k ×

√
k grid

graph. Since the carving width of a graph with treewidth t is at least 0.5t [81], the

90
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running time of Biedl’s algorithm for such graphs is O∗(n1.5
√
k). In the worst case,

S can support planar graphs of maximum degree cn, where 0 < c < 1. Since the

carving width of a graph is at least its maximum degree [9], the running time becomes

O∗(nc′n), for some fixed c′ > 0. Therefore, our FPT-algorithm runs faster than Biedl’s

algorithm [8] as long as k is less than nc′ . However, our results as stated here are

mostly of theoretical interest since the base in the exponentiation 16.71k is a large

constant.

Given a set S of n points, Spillner [73] gave an O(k32kn3)-time dynamic pro-

gramming algorithm to construct a plane graph with the minimum number of faces

that admits a convex point-set embedding on S. We adapt the dynamic programming

technique of Spillner. We split a problem into independent subproblems by monotone

paths. While splitting the point set with monotone paths, we split the corresponding

graph G such that G admits a convex point-set embedding if and only if the smaller

subgraphs of G admit convex point-set embeddings on their corresponding point sets.

In Section 7.1 we briefly review Spillner’s algorithm. We then modify that algo-

rithm to obtain an O(k316.71kn8)-time algorithm for testing convex point-set embed-

dability.

7.1 Overview of Spillner’s Algorithm

Let S be a set of n points and let H be the convex hull of S. Assume that k is

the number of points of S that are interior to H. Spillner [73] gave an algorithm for

computing a plane graph with the minimum number of faces that admits a convex

point-set embedding on S. Such a plane graph is known as optimal convex partition of
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S. Before describing Spillner’s algorithm we need to introduce a few more definitions.

By a convex partition of S we denote a convex point-set embedding Γ of some

planar graph on S. A path in Γ is monotone in direction ~d if the orthogonal pro-

jections of its vertices on any line with direction ~d are monotone. Let f be a convex

face in Γ and let u, v be two vertices on the boundary of f . The line segment uv

is called a spanning edge of f if the polygonal chain on f from u to v in clockwise

order is monotone in direction ~uv. The following observation is crucial for Spillner’s

algorithm.

Observation 2 (Spillner [73]) Let Γ be a convex partition of S and let a1, a2, . . . , al

be a path in Γ that is monotone in some direction ~d. Then there exists a path

u, . . . , a1, a2, . . . , al, . . . , v, for some outer vertices u, v in Γ, that is monotone in the

direction ~d.

We now give an outline of Spillner’s algorithm. Let Hu,v be the polygonal chain

while walking along the boundary of H clockwise from the point u to the point v.

Spillner showed that the subproblems of the optimal convex partition problem can be

expressed by the tuple (t, (u, v), A,M), where t denotes the type of the subproblem,

A is a monotone path with respect to the x-axis, and M is a polygonal chain of at

most three spanning edges. For example, Figure 7.1(a) shows a subproblem, where
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Figure 7.1: (a)–(d) Illustration for Spillner’s algorithm.
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A = {a0(= u), a1, . . . , al, al+1(= v)} and M = ∅. Let R be a convex face that is

incident to some edge of A. Let z be the leftmost point on R that lie interior to

the region bounded by Hu,v and A, as shown in Figure 7.1(b). By Observation 2,

one can find a monotone path from z to some point w on Hu,v, which splits the

problem into two smaller subproblems, as shown in Figure 7.1(c). Observe that both

the subproblems of Figure 7.1(c) can be expressed in the form (t, (u, v), A,M), where

the spanning edges that belong to M are shown with dashed lines. However, similar

break-down may not be possible for the problem of Figure 7.1(d), since the path

from u to w (passing through z) that split the point set is not monotone. Spillner

proved that every convex partition contains a choice for R such that a scenario like

Figure 7.1(d) does not appear. Therefore, he could design a dynamic programming

that only examines the subproblems obtained from the feasible choices for R.

We now give some more detail of Spillner’s algorithm, which will be helpful to

explain our algorithm and its time complexity in Section 7.2. Let R be a region

that is bounded by Hu,v and a monotone path A = {a0(= u), a1, . . . , al, al+1(= v)}.

Spillner showed that any convex partition of R must contain a region R such that

one can split R in one of the six ways, as shown in Figure 7.2. Figures 7.2(a)–(d)

(respectively, Figures 7.2(e)–(h)) illustrate the cases when the leftmost (respectively,

rightmost) vertex on R is to the left of u (respectively, to the right of v), and R is

incident to exactly one of u and v. Figures 7.2(i)–(j) illustrate the case when none of

u and v are incident to R. Finally, Figures 7.2(k)–(n) illustrate the case when both

u and v belong to R.

Formally, for a particular problem (t, (u, v), A,M), Spillner’s algorithm computes
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Figure 7.2: Feasible choices for R and the corresponding subproblems.

the subproblems in the following way. If M = ∅, then the algorithm computes the

optimal solution from the subproblems that arise from all possible feasible choices of

the leftmost or rightmost vertex of R, as shown in Figure 7.3(a). If |M | = 1, then

the algorithm examines the subproblems that arise from all possible choices for the

polygonal chain that can be spanned by the edge in M , as shown in Figure 7.3(b).

If |M | = 2, then the algorithm examines the subproblems that arise from all possible

choices of the monotone path from the leftmost (or, rightmost) vertex z to the left

(or, to the right) along the x-axis. Finally, if |M | = 3, then the algorithm examines

the subproblems that arise from all possible choices of the monotone path from the

leftmost vertex z1 to the left along the x-axis. Figures 7.3(c) and (d) illustrate the

case when |M | = 2 and |M | = 3, respectively. Observe that the computation of the
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subproblems ensures that |M | is always less than three.
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Spillner proved that the number of different types of the subproblems is a constant.

There are only O(n2) choices for (u, v) and O(k2) choices for M . Since there are O(2k)

choices for A, the number of subproblems is O(k22kn2). The algorithm processes

each of these subproblems in O(n+ k2)k time. Therefore, the running time becomes

O(k42kn3) in total.

7.2 FPT Convex Point-Set Embedding

In this section we adapt Spillner’s algorithm [73] to decide convex point-set em-

beddability for plane graphs.
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Observe that if the input plane graph G admits a convex point-set embedding on

the input point set S, then G must admit a convex drawing on the Euclidean plane.

Therefore, we first test whether G admits a convex drawing in linear time using Chiba

et al.’s algorithm [24]. If G admits a convex drawing, then we test its convex point-set

embeddability using a modification of Spillner’s algorithm [73]. We first define a few

notations.

Let x, y be two outer vertices of G. By P (x, y) we denote a path of G with

end vertices x, y. If such a path lies on the outer face of G, then we denote it by

P 〈x, y〉. Let GP (x,y) be the subgraph of G induced by the vertices inside the closed

cycle determined by P (x, y) and P 〈x, y〉. Let H be the convex hull of S, and let A be

a monotone path interior to H with end vertices u, v, where u, v lie on the boundary

of H. Then Su,v denotes the closed subset of S bounded by Hu,v and A.

We are now ready to describe our algorithm. Let the tuple (t, (u, v), A,M, P (x, y), f)

be the problem of computing a point-set embedding of GP (x,y) on the points of Su,v

that satisfies the following conditions.

(a) The inner faces in the output drawing are convex.

(b) The vertices x, y are mapped to the points u, v, respectively.

(c) If M = ∅, then f = ∅ and the outer boundary of GP (x,y) is mapped on the

outer boundary of the abstract graph induced by Hu,v and A, as shown in

Figures 7.4(a)–(c).

(c) Otherwise, f is a face of GP (x,y) that corresponds to the edges inM , and a subset

of the outer boundary of GP (x,y) is mapped on a subset of the outer boundary of

the abstract graph induced by A,M and Hu,v, as shown in Figures 7.4(d)–(i).
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Here, the terms t, (u, v), A,M have the same meaning as in Section 7.1.

Fix an embedding of the outer boundary of G on the convex hull H of S, and

choose an arbitray outer edge (x, y) of G. Assume that x, y are mapped to the points

u, v, respectively. Then the problem of computing a convex point-set embedding of

G on S can be expressed by the tuple (1, (u, v), {u, v},∅, {x, y},∅), where t = 1 is

the type of the problem according to Spillner’s algorithm[73].

We now use Spillner’s algorithm to compute the subproblems, but while parti-

tioning the point set, we also compute a partition of the graph that corresponds to

those smaller point sets. If M = ∅, then we compute the solution examining the
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Figure 7.4: Illustration for the mapping when (a)–(c) M = ∅, and (d)–(i) M 6= ∅.

Figures (a), (d), (g) illustrate Su,v, (b), (e), (h) illustrate GP (x,y), and (c), (f), (i)

illustrate the partial mapping.
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subproblems that arise from all possible feasible choices of the leftmost or rightmost

vertex of a convex region R, as shown in Figure 7.5(a). This region R corresponds

to the face f in GP (x,y). If |M | = 1, then the algorithm examines the subproblems

that arise from all possible choices for the polygonal chain that can be spanned by

the edge (ai, aj) in M , i < j, as shown in Figure 7.5(b). Let t, t′ be the vertices of f

that are mapped to ai, aj, respectively. Then the length of this polygonal chain must

be equal to the length of the path on f that starts from t and ends at t′ in clockwise

order. If |M | = 2, then the algorithm examines the subproblems that arise from all

possible choices of the monotone path from the leftmost (or, rightmost) vertex of R

to the left (or, to the right) along the x-axis. Finally, if |M | = 3, then the algorithm

1x
2x

3x
1x

2x
3x yx 1x

2x
3x yx

1f
2f

..... ..... ..........

2f

1xx
y2f

1x 1x1x
2f 2f 2f

..... ..... ..........

1x
2x

3x

1f 2f

x y

GP  x,y(    )
GP  x,y(    )

1x
2x

3x

1f 2f

x y

2f

1x 2f1x 2f1x 2f

1x

GP  x,y(    )

1x
2x

3x

1f 2f

x y

q r s
t

..... ..... ..........

GP  x,y(    )

2x1x

q

q f

f f f

..... ..... ..........

(c)

(b)(a)

(d)

x
y

x x
y

x
y

x
y

x
yx

y

r s

t

q
r

s

t
r

q

t

x
y

x
y

t q

q
r

s

t t
s

r

qrt

s

x y

x x x yyy

r

x y

Figure 7.5: Computation of the subproblems using modified Spillner’s algorithm.
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examines the subproblems that arise from all possible choices of the monotone path

from the leftmost vertex of R to the left along the x-axis. Figures 7.5(c) and (d)

illustrate the cases when |M | = 2 and |M | = 3, respectively. Every monotone path

in these cases defines some partition of the point set, which may correspond to many

simple paths in GP (x,y).

We now compute the time complexity of the dynamic program described above

examining the tuple (t, (u, v), A,M, P (x, y), f). There are a constant number of prob-

lem types in Spillner’s algorithm. Therefore, t = O(1). There are O(n2) possible

ways to choose (u, v). Since A is a monotone path, there are O(2k) possibilities for A,

where k is the number of points interior to H. Given t, (u, v), A, there are only O(k2)

choices for M and f . Finally, given t, (u, v), A,M, f , we can prove an O(2.89kn2)

bound on the choices for P (x, y) using the 2.89t upper bound of Buchin et al. [19,

Lemma 1] for simple cycles in planar graphs with t vertices. Consequently, we obtain

an O(k25.78kn2) upper bound on the number of subproblems. In the following we

compute an upper bound on the time to process a single subproblem.

Spillner’s algorithm [73] looks up at most O(n + k2) entries in the dynamic pro-

gramming table during the processing of a subproblem. However, the modified al-

gorithm sometimes need to look up O(2.89kn2) entries since a fixed monotone path

that partitions Su,v may correspond to O(2.89kn2) simple paths in GP (x,y). Read and

Tarjan [66] gave an O(tC)-time algorithm for listing all cycles of a planar graph with

t vertices, where C is the number of cycles to be enumerated. This algorithm can

be modified to enumerate all simple paths with fixed endvertices with the same time

bound [7]. In the case of our algorithm, C = O(2.89kn2). Hence we can enumerate
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all the choices for a feasible path that partitions GP (x,y) in O(k2.89kn2) time. There-

fore, we can determine all the entries that we need to look up in O(k2.89kn2) time.

Consequently, the time required to process a subproblem is O(k2.89kn2)× T , where

T denotes the time required to look up an entry in the dynamic programming table.

It is straightforward to store t, (u, v),M and f in some arrays so that one can access

them in O(1) time. Spillner used a dictionary data structure to access the sets that

correspond to A in O(log(2k)) = O(k) time. We use another dictionary data structure

to access the sets that correspond to P (x, y) in O(log(2.89kn2)) = O(k+ log n) time.

We have some other costs associated with some tests, e.g., whether a face is convex, or

whether the number of vertices inside a particular cycle in G is equal to the number of

points of S that lie in a particular region. These tests can be performed in O(n2) time.

Consequently, processing of a subproblem takes O(k2.89kn2) × O(n2 log n + n2k) =

O(k2.89kn5) time in total.

Since there are O(k25.78kn2) subproblems, we obtain an O(k316.71kn7) upper

bound on the running time of our algorithm that respects a fixed embedding of the

outer boundary of G on the convex hull of S. Since the outer boundary of G can be

mapped on the convex hull of S in O(n) ways, the running time is O(k316.71kn8) in

total.

The following theorem summarizes the result of this section.

Theorem 8 Given a plane graph G with n vertices and a set S of n points, we can

decide convex point-set embeddability of G on S in O(k316.71kn8) time, where k > 0

is the number of points interior to the convex hull of S.



Chapter 8

Conclusion and Open Problems

This chapter summarizes the main achievements of the thesis and suggests possible

avenues for future research.

NP-completeness of Point-Set Embeddability

In Chapter 3 we proved that the point-set embeddability problem is NP-hard for

3-connected planar graphs. Recently, Biedl and Vatshelle [9] have strengthened this

result by proving that the problem remains NP-hard for 3-connected planar graphs

with constant treewidth. Although the proof of Biedl and Vatshelle is stronger with

respect to the structure of the input graph, the point set they used in their reduction

is complex. More specifically, while our proof holds for the case when all the points lie

on four parallel straight lines and two parabolas, the points in Biedl and Vatshelle’s

proof lie on linear number of circles. Therefore, we ask the following question.

101
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Open Question 1. What is the time complexity of the point-set embeddability

problem for 3-connected planar graphs when the points lie on a constant number of

parallel straight lines?

The point-set embeddability problem is polynomial-time solvable for outerplanar

graphs [13], but NP-hard for 2-connected and 2-outerplanar graphs [20]. This leaves

the case when the input graph is 3-connected and 2-outerplanar open. In particu-

lar, this graph class includes Halin graphs, i.e., the 3-connected planar graphs whose

internal vertices induce a tree [45].

Open Question 2. Is the point-set embeddability problem polynomial-time solvable

for Halin graphs?

Approximate Point-Set Embeddings

In Chapter 4 we gave an algorithm for testing point-set embeddability of a plane

3-tree with n vertices in O(n log3 n) time. Our algorithm is near optimal since any

such algorithm must take Ω(n log n) time [62]. A natural optimization question in

this direction is as follows.

Open Question 3. Given a plane 3-tree G with n vertices and a set S of n points in

general position, how fast can we compute a straight-line embedding of G such that

the number of vertices placed on the points of S is maximized?

Let Γ be a straight-line drawing of G. Then S(Γ) denotes the number of vertices

in Γ that are mapped to distinct points of S. The optimal point-set embedding of G
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is a straight-line drawing Γ∗ such that S(Γ∗) ≥ S(Γ′) for any straight-line drawing

Γ′ of G. A ρ-approximation point-set embedding algorithm computes a straight-line

drawing Γ of G such that S(Γ)
S(Γ∗)

≥ ρ. In the following we show that given a plane

3-tree G with n vertices, one can construct a straight-line drawing Γ of G such that

S(Γ) = Ω(
√
n), and hence point-set embeddability is approximable with factor Ω( 1√

n
)

for plane 3-trees.

Let S be a partially ordered set of size k. A chain C is a subset of S such that

every pair of elements in C are comparable. Similarly, an antichain C ′ is a subset

of S such that no two elements of C ′ are comparable. Dilworth [31] proved that in

any partially ordered set of k elements, there exists a chain or an antichain of size at

least
√
k. Since a tree T with k nodes is a partially ordered set under the ‘successor’

relation, either the height of T , or the number of leaves in T is at least
√
k. Assume

now that G is the input plane 3-tree with n vertices and let T be its representative tree

with n−3 vertices. If T has Ω(
√
n) leaves then we use the technique of Theorem 4 to

have a straight-line drawing Γ of G such that S(Γ) = Ω(
√
n). Otherwise, the height

of T is Ω(
√
n). In this case we can prove that G has a canonical ordering tree [87]

(also, called Schnyder’s realizer [67]) with height Ω(
√
n) and use de Fraysseix et al.’s

algorithm [29] to obtain a straight-line drawing Γ of G such that S(Γ) = Ω(
√
n).

Open Question 4. Either design a polynomial-time algorithm that can approximate

point-set embeddability for plane 3-trees with a constant factor, or prove that no such

algorithm exists.

Observe that we can use the technique of Theorem 4 to have a 1-bend straight-line

drawing of G that uses n/4 distinct points of S (e.g., choose an independent set of
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n/4 vertices and place those vertices on n/4 distinct points of S using at most one

bend per edge). Consequently, 1-bend point-set embeddability is approximable with

at least factor 0.25 for plane 3-trees.

Universal Point Set

In Chapter 5 we proved that Kurowski’s lower bound on universal point set is er-

roneous and the 1.098n lower bound previously obtained by Chrobak and Karloff [26]

is still the best known. However, the best known upper bound on the size of universal

point set is 8
9
n2 [15]. A long-standing open question in graph drawing asks to design

a set of O(n) points, which is universal for all planar graphs with n vertices [16]. Here

we ask an easier question.

Open Question 5. Design a set of O(n log n) points, which is universal for all

plane 3-trees with n vertices. Given two arbitrary plane 3-trees, each with n vertices,

compute a minimal point set (i.e., point set with smallest cardinality) that is universal

for the input plane 3-trees.

We have also proved that no set of 24 points can be universal for all planar graphs

with 24 vertices. However, the smallest value m such that no set of m points is

universal for all planar graphs with m vertices is still unknown. We believe that one

can restrict the focus only on plane 3-trees and can refine our proof technique further

to have tighter bounds on the value of m.

Open Question 6. What is the smallest value m such that no set of m points is

universal for all plane 3-trees with m vertices?
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Convex Point-Set Embeddability

In Chapter 6 we gave an O(n8+ǫ)-time algorithm to test convex point-set embed-

dability for klee graphs, which is a subclass of 3-connected planar graphs. Recently,

Biedl and Vatshelle [9] proved that the convex point-set embeddability problem is NP-

complete for 3-connected planar graphs with unbounded treewidth. In this context,

it is natural to ask the following questions.

Open Question 7. How fast can we test convex point-set embeddability of a klee

graph? What is the time complexity of the convex point-set embeddability problem

for 3-connected planar graphs with constant treewidth?

In Chapter 7 we gave an O∗(16.71k)-time fixed parameter tractable algorithm

to decide convex point-set embeddability of arbitrary planar graphs, where k is the

number of points interior to the convex hull of the input point set. Since the base in

the exponentiation 16.71k is a large constant, we ask to design a faster algorithm.

Open Question 8. Does there exist an O(2knc)-time algorithm to decide convex

point-set embeddability of planar graphs with n vertices, where c is a fixed constant

and k is the number of points interior to the convex hull?
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