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Abstract

A fundamental problem in astrophysics is the interaction between space plasmas and energetic
particles. Plasmas form the vast majority of space and can be found in any astrophysical
environment, from the plasma of the solar wind to the interstellar medium for example. When
plasmas stream through space, they give rise to turbulent magnetic fields. In addition, space
is populated by energetic particles whose origins could be interplanetary, such as solar ener-
getic particles generated by explosions on the surface of the Sun, or Galactic, such as cosmic
rays generated by supernova remnants. As these particles propagate through interplanetary
or interstellar space, they experience scattering due to magnetic turbulence. Describing these
scattering effects, through the calculation of diffusion coefficients, is crucial to understanding
several important processes in astrophysics. Such processes include particle acceleration at in-
terplanetary shocks, solar modulation and space weather studies, and the motion of cosmic rays
through galaxies. A test-particle code is developed to simulate the interaction of charged parti-
cles with turbulent magnetic fields. Diffusion coefficients along and across the mean magnetic
field are calculated and compared with analytical theories and space mission measurements.
Turbulence models with reduced dimensionality and full three-dimensional corresponding to
different space settings are considered, including reproducing the magnetic turbulence in the
solar wind and the interstellar medium. Wave propagation, dynamical effects, and unique
turbulence setups such as noisy hydrodynamic models are also considered. We show that the
influence of turbulence properties and various space regimes on transport parameters is minor
and not as strong as originally thought. This points toward a universal transport behavior of
charged particles which motivates the employment of a comprehensive diffusion formula for
different space settings. In addition, we were able for the first time to accurately describe
the interaction between Galactic cosmic rays and dynamical solar wind turbulence to repro-
duce observational results of mean free paths. The validity of certain asymptotic limits for
the parallel and perpendicular diffusion coefficients are examined. It is shown that only two
parameters control those limits, namely the fundamental length scale of magnetic turbulence
and the ratio of turbulence strength to the mean field.
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Chapter 1

Introduction

Plasma physicists often define a plasma as a quasi-neutral gas of charged and neutral particles

which exhibits collective behavior. This means that approximately equal numbers of positive

and negative charges are included within the studied system. These particles exert a force

on each another even at large distances and as a result motions within the plasma not only

depend on local conditions, but also on the state of the plasma in remote places as well (Chen

1974). It is widely accepted that plasma accounts for more than 99 % of the baryonic matter

in the universe due to the fact that hydrogen forms the vast majority of space. When hydrogen

atoms are heated due to interaction with stellar winds for instance, electrons are energized until

ejection, leaving the positively charged nucleus behind. This process leads to the formation of a

plasma with equal amount of positive and negative charges on a statistical basis. Examples for

plasmas in space are stars, stellar winds, nebulae, and shielding surfaces such as the ionosphere

and magnetosphere.

Any plasma ensemble can be classified into one of three categories: high, medium, and low

density plasmas. Each category has its own characteristics concerning conductivity, diffusion,

and other collective behaviors (Gurnett & Bhattacharjee 2005). Very low density plasmas,

which are often called energetic charged particles, will be the subject of this thesis. Those

particles behave completely differently than the other two plasma categories. Plasmas with

high and medium densities can be seen as a bulk of charged thermal particles collectively

affecting and interacting with one another to form a uniform and coherent system that share

17



18 CHAPTER 1. INTRODUCTION

the same behaviour. Effects such as density, pressure, temperature, collisions, and others are all

adding up to influence the fluid-like compressible plasma system. It is for that reason that the

state of the plasma at remote locations affects the whole ensemble. On the other hand, energetic

charged particles experience no collective effects. Particles are treated fully independently from

each other in a more individual fashion. The whole system is incompressible, collisionless, and

generally not self-consistent. As static magnetic fields do not exert any work on charged

particles, when those particles interact with such field lines, they preserve their energies.

Collisions are the main reason for the dissipation, diffusion, and change of transport path

of charged particles. Describing these collisional events statistically is crucial to understand

the motion of charged particles in the universe. In general, the particles may undergo three

types of collisions. This could be with a neutral background gas if the gas is weakly ionized,

such as electrons recombining with Argon gas in florescent light. The second type is particle-

particle collisions if the system is fully ionized. The final type, interestingly enough, involves no

material interaction. The colloidal object is not a bodily matter but rather an electromagnetic

wave, hence the name wave-particle interaction. When a charged particle carrying a specific

momentum interacts with a wave mode corresponding to the same energy, the two resonantly

interact triggering a deflection in the particle’s motion similar to the effect of a regular head-on

collision.

All three types of collisions are described via the means of diffusion coefficients or al-

ternatively by mean free path which is the average distance traveled by the particle before

undergoing a single collision with a sudden change of path. The first two types need a rela-

tively dense charged particle environment where the third does not. In all of our applications,

we only consider low density charged particle systems, therefore the first two collision types

are not significant. Herein, we only study wave-particle interactions and focus on different

wave geometries and how they affect the particle’s trajectory.

The population and energy spectrum of energetic charged particles range widely due to

the diversity of their sources. They could originate within our solar system, or could have

interstellar, Galactic or even extra-Galactic origins. Key energetic particle populations in
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the heliosphere are solar energetic particles, pickup ions, energetic storm particles, anomalous

cosmic rays, and galactic cosmic rays. Energies per nucleon can vary over twenty orders of

magnitude. Solar energetic particles can have energies between 10 − 109 eV, while extra-

Galactic ultra-high-energetic cosmic rays can reach energies of several 1020 eV. When those

charged particles stream through the interplanetary or interstellar space, they encounter large-

scale magnetic fields such as the Sun’s magnetic field or the Galactic magnetic field. In

most cases, those ordered fields vary slowly in time and space, so can be approximated by a

homogeneous field, ~B0. If no turbulent component at the time exists, the particle will follow

a prescribed helical path along the field moving at a constant velocity. In real astrophysical

scenarios, this is not the case. Turbulent magnetic fields, δ ~B, due to the interstellar or solar

wind plasma are to be added to the mean background magnetic field so the total magnetic

field reads, ~B = ~B0 + δ ~B. Those small perturbations force charged particles to participate in

wave-particle interactions where scattering takes place, causing particles to deflect away from

their unperturbed motion. Over long distances, the scattering mechanism begins to follow a

diffusive pattern where particles diffuse along and across the mean field. This diffusive motion

is described via spatial diffusion coefficients.

1.1 The Discovery of Cosmic Rays

At six o’clock on the clear morning of August 7, 1912, the Austrian physicist Victor Hess,

together with two of his companions, climbed into a balloon gondola for the last of a series

of seven launches. They started their trip at Aussig on the river of Elbe, and flew for over

six hours at an altitude of above 5 km to finally land at Pieskow, about 50 km south-east

to Berlin (see Figure 1.1). During this time, Hess measured the intensity of radiation by

recording the readings of three electroscopes he used on the flight. He reached the conclusion

that the radiation level rose with the increase in altitude. On November 1st of the same

year, Hess wrote in the Physikalische Zeitschrift, “The results of these observations seem best

explained by a radiation of great penetrating power entering our atmosphere from above . . . ”.

This marked the beginning of a new era in astrophysics (Schlickeiser 2002). Robert A. Millikan



20 CHAPTER 1. INTRODUCTION

Figure 1.1: Victor Hess, center, departing from Vienna about 1911, was awarded the Nobel
Prize in Physics in 1936 for the discovery of cosmic rays. Figure courtesy of Victor Hess
Society, Echo-physics, Schloss Pöllau/Austria.

confirmed Hess’s theory in the year 1925 and introduced the term cosmic ray for this radiation.

This discovery led to innovative work in the field of particle and nuclear physics, such as the

discovery of several new particles including the positron. Twenty-four years later, Hess shared

the Nobel prize in physics for his discovery of cosmic rays.

1.2 Cosmic Rays in a Nutshell

Cosmic rays are very high-energy particles, mainly originating outside the solar system.

They include essentially all elements of the periodic table, with relative abundances of roughly

89% hydrogen (protons), 10% helium, and about 1% heavier elements. Their origin has, until

recently, been a mystery. They are harmful to microelectronics and life outside the protection

of an atmosphere and magnetic field. Cosmic ray energies can reach up to 3 × 1020 eV. Because

they are electrically charged, they are deflected by magnetic fields and can experience a very

complex and randomized motion. Their Brownian motion makes it impossible to track where

they originated from except for some cases where their electromagnetic radiation is traced back

to their origins (see, e.g., Morison 2008). Research in this area recently showed that supernova
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remnants (SNRs) of massive stars are one of the most likely sources of cosmic rays through the

process of diffusive shock acceleration (Malkov & Drury 2001). Radio synchrotron radiation

emitted by cosmic ray electrons gyrating around the remnant magnetic field provides a direct

explanation for their creation. The Crab Nebula remnant is one of the confirmed sources for

cosmic rays (Shimoda et al. 2015). Ackermann et al. (2013) showed that SNRs are not only

a main source of cosmic rays, but also responsible for accelerating them to high relativistic

speeds. Typical acceleration energies reach values around 1015 eV. Ultra-high energetic cosmic

rays, with energies up to 1020 eV, could be originating from active galactic nuclei (Kronberg &

Lovelace 2015; Pierre Auger collaboration 2007). Honda & Honda (2004) provided theoretical

evidence of those observations. This work showed that active galactic nuclei shock waves can

accelerate particles up to 1021 eV.

Cosmic rays are usually divided into four different species depending on their origins as

depicted in Table 1.1.

Cosmic ray species Energy / nucleon

Solar cosmic rays 101-109 eV
Anomalous cosmic rays 106 eV
Galactic cosmic rays 109-1015 eV
Extra-galactic/ultra-high energetic cosmic rays 1015-1020 eV

Table 1.1: The cosmic ray population. Shown are the typical energies of the cosmic ray species
in electron volts (eV).

It has been observed that cosmic rays with energies below 10 GeV approach the Earth

surface anisotropically with a directional dependence. That is due to the interaction with the

Earth’s magnetic field. Particles with energies above 10 GeV, on the other hand, approach our

planet isotropically from all directions. This occurs for two reasons. First, the local terrestrial

and solar magnetic field are not able to guide such relatively highly energetic particles, and

second, due to Galactic magnetic fields causing cosmic rays to travel in spiral paths.

In general, cosmic rays have difficulty reaching the inner solar system due to deflection by

the interplanetary magnetic fields of the solar wind plasma. Voyager 1 and Voyager 2 have

been venturing through the heliosphere for almost forty years now where they have reached
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the heliosheath, which is the boundary between the solar system and the interstellar medium.

Both missions found that the intensity of Galactic cosmic rays increases further away from the

Sun. It was also shown that as solar activity varies over the 11-year solar cycle, there exists

an anti-correlation between the number of sunspots and the intensity of cosmic rays hitting

the Earth (see, e.g., Potgieter 2013 for a review).

As the name suggests, solar cosmic rays originate from the Sun. Shock waves traveling

through the corona and magnetic energy released in solar flares and coronal mass ejections

accelerate surrounding nuclei and electrons to highly relativistic speeds. Such dramatic events

are more frequent during the solar maximum, leading to an increase in the intensity of charged

particles by a factor up to 106 in a very short period of time (∼ 1 day). Maximum energies

gained by particles typically reach values around 10− 100 MeV, but occasionally reach 1 GeV

(once a year on average), and can reach as high as 10 GeV (once in a decade). These high-energy

events can cause radiation damage to low-Earth-orbit navigation satellites, telecommunication

systems, aviation, and even to ground-based technology and power grids (Turner et al. 2010;

Chen et al. 2007; Kappenman et al. 1997).

Anomalous cosmic rays are charged particles containing elements that are difficult to ionize

such as He, N, O, Ne, and Ar. The name “anomalous” was chosen due to the unusual compo-

sition of these particles. They originally come from neutral interstellar particles which enter

the solar system unaffected by the magnetic field of the solar wind. When the solar wind slows

at the interference with interstellar gas, a shock wave is formed which ionizes the electrically

neutral particles and accelerates them. This process is thought to occur somewhere between

75 and 100 AU from the Sun giving the birth to anomalous cosmic rays (Shalchi 2009a).

If turbulent components of the electric and magnetic fields were to be neglected, cosmic

rays would follow the unperturbed path (see Figure 1.2). However, turbulence exists in real

astrophysical scenarios causing disturbance to cosmic rays and energetic particle motion. As

time goes on, the particles deviate increasingly away from the unperturbed trajectory. After

a characteristic time scale, the particles start to move diffusivley along and across the mean

magnetic field ~B0 (see Figure 1.3). In addition, particles undergo momentum diffusion where
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Figure 1.2: Particle trajectory in the unperturbed system where it follows a perfect helix along
which the particle moves with a constant velocity. The perpendicular velocity contributes to
the gyration around the magnetic field with a constant angular frequency. Figure courtesy of
Shalchi 2009a.

their energies vary by orders of magnitude through the process of stochastic acceleration caused

by the turbulent electric field component. For that reason, particle motion can be described

using a diffusion equation. It is therefore critical to determine diffusion coefficients both

analytically and using observation to understand the physics behind cosmic rays and energetic

charged particles in general.

1.3 Why Do We Bother?

The knowledge of diffusion parameters of energetic charged particles is essential for several

astrophysical and laboratory applications. In most cases, an analytical form of the diffusion

tensor has to be fully defined to serve as an input for the differential equations defining those

applications. For example, the motion of cosmic rays in the universe is modeled by solving

the transport equation of Parker (1965). All the parameters in the aforementioned equation,

except for the diffusion tensor, are directly observed by space missions or can be estimated

with reasonable confidence. Therefore, determining diffusion coefficients is the key for cosmic

ray modeling with some fundamental challenges. Below is a list of other examples:
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1. The description of diffusive acceleration at interplanetary shocks (see, e.g., Zank et al.

2004; Dosch and Shalchi 2010; Li et al. 2012; Wang et al. 2012) and diffusive shock

acceleration in supernova remnants (see, Ferrand et al. 2014)

2. Solar modulation and space weather studies (see, e.g., Alania et al. 2013; Engelbrecht

and Burger 2013; Manuel et al. 2014; Potgieter et al. 2014; Zhao et al. 2014; Engelbrecht

and Burger 2015)

3. Understanding the motion of cosmic rays from our own galaxy and from external galaxies,

as well as other astrophysical environments (see Buffie et al. 2013; Berkhuijsen et al.

2013; Shalchi and Büsching 2010; Thornbury and Drury 2014)

4. The acceleration of particles due to turbulence (see, e.g., Lynn et al. 2014)

5. Exploring particle transport in the solar corona (see, e.g., Fletcher 1997)

6. Investigating solar energetic particles (see, e.g., Dröge 2000)

7. Explaining the origin of ultra-high energetic cosmic rays (see, e.g., Honda & Honda 2004)

8. Developing a useful mitigation method for runaway electrons in fusion devices such as

Tokamaks (see, e.g., Lehnen et al. 2011)

1.4 Diffusion Theory

The word diffusion is originally derived from the Latin word “diffundere” which means

“to spread out”. Diffusion is one of three main transport phenomena that occurs in our daily

lives responsible for moving particles/substance from one place to another. The other common

transport phenomena are convection and advection. Typically, diffusion is defined as the net

mobility of a specific substance/object along a differential gradient. A gradient is the change in

the value of a quantity (e.g. concentration, pressure, temperature) with respect to the change

of one of its variables (e.g. spatial distance). Under such an effect, the diffusing material moves

from a region of high concentration to a region of low concentration.
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Diffusion is a common concept used among all aspects of science, from natural to social

and finance. The first description of a complete theory for diffusion was given by Adolf Fick

in 1855. He derived his two famous laws, Fick’s first and second laws of diffusion. Fick’s first

law relates the diffusive flux to the change in concentration under the assumption of steady

state conditions. The flux diffuses with a magnitude that is proportional to the concentration

gradient given mathematically by a spatial derivative. Hence, for a homogeneous and isotropic

medium (for simplicity shown in one spatial dimension)

S = −κ∂Φ

∂x
(1.1)

where S is the diffusion flux measuring the amount of material passing through a unit area

per unit time having units of m−2s−1, and κ is the diffusion coefficient measured in m2/s.

Φ typically represents the material concentration measured in m−3, and the derivative with

respect to x means that Φ is changing over a spatial distance in meters. If the material diffuses

in more than one dimension, the partial derivative in Equation 1.1 is replaced by the gradient

operator ∇, and the equation becomes

~S = −κ∇Φ (1.2)

where ~S in this case becomes the diffusion flux vector (for more information about diffusion

theory, see, e.g., Miller et al. 2009). Fick used this law to derive a second law that predicts

how diffusion causes the concentration to change with time. It is a partial differential equation

which in one dimension reads:

∂Φ

∂t
= κ

∂2Φ

∂x2
. (1.3)

The variables are the same as above where t is the time and the concentration depends both

on position and time, Φ = Φ(x, t). In two or more dimensions, the squaring of the gradient

operator is replaced by the Laplacian ∆ such that

∂Φ/∂t = κ∆Φ. (1.4)
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Projecting back to the problem of cosmic ray transport in a magnetized astrophysical plasma,

the diffusion tensor can be written as

(κij) =













κ⊥ κAS 0

−κAS κ⊥ 0

0 0 κ‖













. (1.5)

Parallel and perpendicular diffusion are described through the diagonal elements, whereas the

off-diagonal anti-symmetric terms, κAS, describe effects of gradient and curvature drifts (see

Jokipii et al. 1977, Bieber & Matthaeus 1997). Although the latter coefficients could be the

consequence of some interesting effects in certain turbulence models, in this work we deal with

transport theories applicable to systems with κAS = 0. Hence, the off-diagonal terms will be

set to zero. In such a case the diffusion tensor reduces to a diagonal form,

(κij) =













κ⊥ 0 0

0 κ⊥ 0

0 0 κ‖













(1.6)

so that the knowledge of κ‖ and κ⊥ is sufficient to describe spatial diffusion. Alternatively,

one can calculate the parallel and perpendicular mean free paths, λ‖ and λ⊥ respectively from

the diffusion coefficients through,

λ‖,⊥ = 3κ‖,⊥/v (1.7)

where v is the prticle’s velocity.

When considering any diffusion problem, two important concepts need to be addressed,

those being the random walk and the mean square displacement. The concept of random

walk will be explained in Chapter 2 in the discussion of field line diffusion. The mean square

displacement is defined as
〈

(∆x)2
〉

=
〈

(x(t) − x(0))2〉 (1.8)
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where 〈. . . 〉 is the averaging operator. Assuming

〈

(∆x)2
〉

∼ tσ (1.9)

for the time dependence of the mean square displacement, allow us to distinguish between the

diffusion behavior of charged particle motion depending on the parameter σ as follows:

0 < σ < 1 : subdiffusion

σ = 1 : normal (Markovian) diffusion

1 < σ < 2 : superdiffusion

σ = 2 : ballistic motion (free streaming). (1.10)

In most cases, particle transport in astrophysical turbulence behaves diffusively (σ = 1). The

diffusion coefficient κxx is defined as

κxx = lim
t→∞

〈(∆x)2〉
2t

x ∈ [x, y, z]. (1.11)

In practice, infinite times are not within reach, and therefore, the condition t→ ∞ is replaced

by t ≫ td where td is a characteristic time-scale that the particle needs in order to reach

diffusive behavior. The running diffusion coefficient can be stated as

κxx(t) =
〈(∆x)2〉

2t
(1.12)

or as

κxx(t) =
1

2

d

dt

〈

(∆x)2
〉

. (1.13)

These two statements are equal in case κxx(t→ ∞) → κxx = constant.
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1.5 The TGK Formulation

Equation (1.11) can be used to calculate a diffusion coefficient directly, but often it is

more convenient to apply the so-called Taylor-Green-Kubo formulation (TGK formulation,

e.g. Taylor 1922, Green 1952, Kubo 1957). TGK is an alternative tool to calculate diffusion

coefficients mainly used in analytical description. The diffusion coefficient reads

κxx =

∫ ∞

0

dτ 〈vx(τ)vx(0)〉 . (1.14)

For a complete derivation of the above equation refer to Section 1.3.2 in Shalchi (2009a).

1.6 Parallel Diffusion of Charged Particles

The description of parallel scattering is simpler than perpendicular scattering. Parallel

diffusion is triggered by the change in the charged particle pitch-angle cosine, µ = cos(φp). φp

is the angle between the background field and the particle velocity vector. In the unperturbed

system where δB = 0 and the mean field is constant, pitch angle is constant and thus the

pitch-angle cosine is conserved. However, when turbulence is added, µ̇ 6= 0 (see Figure 1.3).

Essentially, when a charged particle streams along a magnetic field line, at some point it will

encounter a wave-mode in the field that corresponds exactly to its Larmor radius. When such

sharp resonance condition occur, it produces a diffusion in the pitch-angle (a purely velocity

space diffusion). Each scattering event produces a discontinuous change, ∆φp, but because

this scatter occurs in the velocity-space while the particle position is approximately fixed,

each scatter ∆φp moves the particle gyro-center along the field line by a distance proportional

to its Larmor radius, ∆z ∼ RL|∆φp|, where RL is the particle Larmor radius. Hence the

relation between the parallel mean free path and the particle energy is expected to be linear

to a certain extent as particle with higher energy have a larger Larmor radius. In addition,

it is expected for the parallel mean free path to scales inversely with the turbulence strength,

δB/B0. That is because resonant scattering intensifies with the increase of turbulence level,

thus particles undergo more parallel scattering which leads to the shortening of their parallel

random displacement. In what follows, we show mathematically that pitch-angle diffusion in
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velocity-space triggers parallel spatial diffusion in real space. The argument starts from the

basic equation that describes parallel transport of cosmic rays, the two-dimensional Fokker-

Planck equation

∂f

∂t
+ vµ

∂f

∂z
=

∂

∂µ

(

Dµµ
∂f

∂µ

)

(1.15)

with the particle velocity v, and the pitch-angle diffusion coefficient or so-called Fokker-Planck

coefficient

Dµµ =

∫ ∞

0

dt 〈µ̇(t)µ̇(0)〉 . (1.16)

Dµµ in velocity-space is the counterpart of κii in real space. If one were to solve the above

Fokker-Planck equation, the solution would be f = f(µ, z, t), which is the ensemble-averaged

particle distribution function in the two-dimensional velocity-space. According to the Sturm-

Liouville theorem, particles diffusing at later times will be scattered equi-probably in the

forward and backward directions. This process is called pitch-angle isotropization where

f(µ, z, t→ ∞) →M(z, t). (1.17)

Due to the isotropic distribution at late times, the following differential equation was derived

(Shalchi 2009a)

∂M(z, t)

∂t
= κ‖

∂2M(z, t)

∂z2
. (1.18)

This is a diffusion equation for the pitch-angle averaged distribution function M(z, t) with the

parameter κzz = κ‖ being the parallel spatial diffusion coefficient. The expression that relates

the parallel spatial diffusion coefficient, or alternatively the parallel mean free path, with the

pitch-angle Fokker-Planck coefficient Dµµ is (e.g. Earl 1974)

λ‖ =
3

v
κ‖ =

3v

8

∫ +1

−1

dµ
(1 − µ2)2

Dµµ
. (1.19)

This confirms once again that the motion of charged particles interacting with turbulent mag-

netic fields is of a diffusive nature after a certain characteristic time, herein for derivation

purposes, taken to be infinity.
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(a) (b)

Figure 1.3: (a) When a charged particle interacts with a turbulent magnetic field, its pitch angle
cosine, µ, changes with time (µ̇ 6= 0). These pitch-angle scattering effects cause parallel spatial
diffusion. (b) Perpendicular scattering is caused when guiding centers of charged particles
follow turbulent magnetic filed lines. The figure illustrates how a charged particle experiences
spatial diffusion across the field line. Figure courtesy of Shalchi 2009a.

1.7 Perpendicular Diffusion of Charged Particles

The transport of charged particles across the mean magnetic field plays a more critical

role than transport parallel to it. For example, the access of Galactic and anomalous cosmic

rays to the inner heliosphere depends intrinsically on the perpendicular transport, since the

interplanetary magnetic field is essentially transverse to the heliocentric radius vector in the

outer heliosphere. Moreover, the escape of cosmic rays from the galaxy occurs via diffusion

perpendicular to the galactic disk across the interstellar magnetic field.

Perpendicular diffusion is much more complicated than parallel diffusion, and in contrary

to parallel diffusion which could be modeled to a certain extent via linear theories, a nonlinear

description is a must for perpendicular diffusion. The process of perpendicular diffusion can

be seen as a combination of (i) field line random walk, (ii) back-scatter from parallel diffusion,

and (iii) transfer of particles across field lines due to magnetic field transverse complexity. The

standard description of perpendicular diffusion is that gyro-centers of charged particles follow

magnetic field lines, but since the field lines themselves are braided or mixed in the transverse

direction, this results in particles moving in the direction normal to the average magnetic field.

For a long time it has been thought that the stochastic motion of field lines or so-called field
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line random walk (FLRW) is the only or by far the main reason for perpendicular diffusion.

It provides a physically appealing picture. However, the FLRW has not proved to be accurate

for all particle energies in numerical simulations (Giacalone & Jokipii 1999), nor it reproduces

observed measurements of perpendicular mean free paths. Test-particle studies proved that

FLRW is accurate at high particle energies, but for low to intermediate energies, transport

occurs at rates less than the FLRW rate (Qin 2002a). The argument follows from applications

of cosmic ray transport such as solar modulation, where the perpendicular diffusion coefficient

is often taken to be a fixed fraction of the parallel diffusion coefficient, κ⊥ = bκ‖, with b a

constant typically taken to be in the range 0.005-0.05 (Jokipii et al. 1995; Ferrando 1997;

Burger et al. 2000; Ferreira et al. 2001). This relation is very puzzling, because in the FLRW

picture of perpendicular transport the two diffusion coefficients should scale inversely. An

increase in the turbulence level decreases the parallel diffusion coefficient, because resonant

scattering is more intense, but it increases the perpendicular diffusion coefficient, because the

rate of field line diffusion is increased. Thus the ratio of the two diffusion coefficients have

to increase with turbulence strength which turns out to not be the case. One can conclude

that factors beyond the FLRW has to be taken into account to produce proper scaling of

perpendicular transport parameter.

This argument leads to the second factor, the back-scatter from parallel diffusion. Parallel

and perpendicular diffusion are no longer independent for the case of strong scattering. When

particles parallel-scattering with respect to the mean magnetic field, they can reverse their

velocity along the magnetic field, which causes a subsequent reduction of the perpendicular

random displacement and the possibility of sub-diffusion if the field lines sampled by the gyro-

motion are similar to those seen by the particle before the reversal. Hence the particle wont be

doing the progress it needs along a field line for its perpendicular motion to be diffusive which

eventually leads to the suppress of perpendicular diffusion. This kind of motion is so-called

compound diffusion. The remaining property that determines if perpendicular diffusion is

restored or not is the two-dimensional transverse complexity of the field lines which eventually

leads to particles changing their respective field lines after the reversal through scattering and
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drift effects. This is called the second diffusion (see, e.g., Minnie et al. 2009).

From the above description one can infer a very important limit for perpendicular diffusion

where the perpendicular mean free path approach the FLRW limit. This occur if (i) parallel

scattering is suppressed, i.e. λ‖ → ∞ which is the case for very high-energy particles, and (ii)

the guiding centers of the particles are tied to a single magnetic field line.

1.8 Measurements of Cosmic Ray Mean Free Paths

Cosmic rays are present everywhere in the universe. With the technical advancement of

our observational instruments, quasi-direct and indirect measurements of cosmic ray mean free

paths are now possible. Here, we present some observational data leading to the deduction of

parallel and perpendicular mean free paths with respect to the mean field in the heliosphere

and the interstellar medium.

1.8.1 Transport in the Heliosphere

In order to extract parallel and perpendicular mean free paths of energetic particle popula-

tions that are present in the heliosphere, a quasi-direct method has to be used. Time-intensity

and time-anisotropy profiles of charged particles interacting with the solar wind can be mea-

sured directly by space missions. Using the Fokker-Planck transport model, or equivalent

approaches, and assuming that particle motion can be modeled by a process of spatial diffu-

sion due to strong scattering, a diffusion equation is combined with the measured profiles to

deduce mean free paths. Palmer (1982) reviewed a large sample of electron and proton solar

wind observations between 1970 and 1982 to conclude that regardless of the energetic particle

species (e.g. electron, proton, or heavy nuclei), if a particle has a rigidity between 0.5 MV and

5000 MV, it will have a parallel mean free path between 0.08 and 0.3 AU. The rigidity, R, is

a parameter that measures the particle momentum, p, to its electric charge, q, defined as (see

Chapter 4 for more details)

R =
pc

|q| . (1.20)
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Figure 1.4: Observational and theoretical results for the parallel mean free path in AU units as
a function of rigidity in MV in the solar wind. Filled and open symbols indicate observational
results for electrons and protons, respectively. Circles and triangles denote actual values and
lower-limit values, respectively. The shaded band is the observational consensus derived by
Palmer (1982). The dotted line represents the theoretical prediction of the quasilinear theory of
Jokipii (1966; see Chapter 3) with magnetostatic slab geometry and dissipationless turbulence.
Reprinted with permission from The American Astronomical Society, Bieber et al. (1994).

Palmer suggested to approximate this finding by a box or the so-called Palmer consensus

range shown in Figure 1.4. Bieber et al. (1994) revisited the problem. By using the same

techniques, but with more observational data collected between 1982 and 1994, the authors

basically confirmed Palmer’s quantitative results represented by the different symbols in Figure

1.4. However, they noted a fundamental difference between electron and proton diffusion. It

seems that electrons always have a higher parallel mean free path than protons of the same

rigidity due to an explicit speed dependence. This issue will be subject to discussion in Chapter

9 where we reproduce Palmer results using test-particle simulations of dynamical turbulence.

Gloeckler et al. (1995) studied pick-up ions in the heliosphere. These are neutral particles

of heliospheric origin that have been ionized by charge exchange with solar wind particles.

The authors deduced that pick-up ions with a rigidity of 2.4 MV have a parallel mean free

path of ∼2 AU. Möbius et al. (1998) used AMPTE (Active Magnetospheric Particle Tracer

Explorers) spacecraft observations to infer the parallel mean free path of pick-up helium. They
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concluded that a 5.6 MV pick-up helium particle will have a parallel mean free path which

ranges between 0.16 to 0.76 AU.

Perpendicular mean free paths can also be extracted from solar wind observations using

the same method. Palmer (1982) suggested that the perpendicular mean free path at 1 AU

heliocentric distance is λ⊥ ≈ 0.0067 AU for the entire range of rigidities between 0.5-5000

MV. Chenette et al. (1977) concluded that Jovian electrons have a perpendicular mean free

path of λ⊥ ≈ 0.005 AU. Burger et al. (2000) derived from Ulysses measurements of Galactic

protons that λ⊥ ≈ 0.008 AU at higher rigidities. In applications of cosmic rays such as solar

modulation, the ratio of the two mean free paths, λ⊥/λ‖, is what matters. This ratio is usually

taken to be a constant such that

λ⊥
λ‖

= b (1.21)

where it is assumed that 0.005 ≤ b ≤ 0.05 (e.g. Jokipii et al. 1995, Ferrando 1997, Burger et al.

2000, Ferreira et al. 2001). Other authors (Dwyer et al. 1997, Zhang et al. 2003) argued that

λ⊥/λ‖ could be very large under certain occasions with values approaching or even exceeding

unity.

1.8.2 Transport in the Interstellar Medium

In Schlickeiser (2002), the interaction of cosmic rays with the interstellar medium is dis-

cussed. Here, we summarize the basic aspects of such an interaction.

To measure the parallel mean free path of Galactic cosmic rays in the interstellar medium,

an indirect method has been developed. The method is based on measurements of primary-

to-secondary abundance ratios of heavier cosmic ray elements. Carbon, oxygen, magnesium,

silicon, and iron are present in the same relative abundances in cosmic rays as in the solar

system. However, there are important differences in elemental and isotopic composition that

provide information on the history of such elements. For example, when carbon, nitrogen, and

oxygen collide with the interstellar gas, they fragment into lighter nuclei causing a significant

overabundance of the elements Li, Be, and B. Similar collisions of cosmic ray nuclei produce

lighter nuclear fragments, including radioactive isotopes such as 10Be, which has a half-life of
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1.6 million years. From the measured abundance of 10Be in cosmic rays it is inferred that, on

average, cosmic rays spend about 107 years in the Galaxy before escaping into the intergalactic

space. This condition will lead to a difference between cosmic ray and solar system abundances.

Solar system abundance is representative of matter produced in stars interiors which can be

seen in optical lines in stellar spectra. Comparing those differences can provide information

about the journey the heavier nuclei have had and which matter they had to pass through

from their sources to arrive at the solar system. We refer to charged particles that have been

produced by their sources as the primary cosmic rays, whereas the measured elements are

called secondary cosmic rays.

The relation between the total column density of matter, ρ, density along the particle

trajectory, and the mean residence time of the primary cosmic ray particles in the galaxy

τ , time spent by a cosmic ray spanning a galaxy, is given to be (see, e.g., Equation 3.4.1 of

Schlickeiser 2002)

ρ =

∫ ∞

0

dx n(x) ≈ n0vτ (1.22)

with v being the cosmic ray velocity and n0 the average density of the interstellar gas. Assuming

diffusive particle motion and the dominance of parallel diffusion controlling the mean residence

time, it can be shown that

κ‖ =
〈(∆z)2〉

2t
≈ L2

2τ
∼ τ−1 (1.23)

where L is the thickness of the galactic disk. Recalling 1.22 and the relation λ‖ = 3κ‖/v, one

can easily show

ρ(R) ∼ vτ ∼ v

κ‖
∼ 1

λ‖(R)
. (1.24)

Swordy et al. (1990) measured the decrease of the abundance ratio of primary-to-secondary

cosmic ray nuclei as B/C and N/O at kinetic energies above 1 GeV/nucleon to find a direct

relation between ρ and R as follows

ρ(R) = 6.9 (R/[20 GV/Nucleon])−a g cm−2, a = 0.6 ± 0.1. (1.25)
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From 1.25 and 1.24, we can deduce the rigidity dependence of the parallel mean free path of

galactic cosmic rays as

λ‖(R) ∼ Ra, a = 0.6 ± 0.1. (1.26)

Shalchi (2009a) demonstrated that a nonlinear description of particle transport is necessary in

order to reproduce the result of Equation 1.26. Otherwise, the value of the exponent a will be

out of range.

1.9 Thesis Goals

In this thesis, we address from an analytical and numerical perspective the interaction be-

tween energetic particles such as cosmic rays and turbulent magnetic fields. These particles

and fields exist in many astrophysical environments, ranging from the solar system to much

larger scales such as supernova remnants and galaxies. Consequently, this work has potential

applications to many areas in astrophysics as listed in Section 1.3. The main goal of this

work is to enhance our understanding of plasma-particle interactions beyond the linear ap-

proach and achieve progress toward formulating a complete nonlinear theory. To do so, I have

developed a test-particle code (see Chapter 4) to study wave-particle interactions under the

effect of turbulent magnetic fields. Diffusion coefficients along and across the mean magnetic

field are to be calculated and compared with different analytical theories and space mission

measurements. Turbulence models corresponding to different space environments will be con-

sidered, including reproducing magnetic turbulence in the solar wind, the solar corona, and

the interstellar medium (see Section 2.2). Below is a list of the specific set of goals we aim to

achieve:

• Examine the validity of certain asymptotic limits for the parallel and perpendicular diffu-

sion coefficients under extreme conditions. In particular, test the accuracy of the “Bohm”

limit for parallel diffusion under extremely high turbulence, δB/B0 ≫ 1 (Chapter 5),

and the validity of four well-known limits for perpendicular diffusion (Chapter 8).

• Investigate numerically and analytically the influence of fundamental plasma waves such
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as Alfvén waves on the parallel and perpendicular mean free paths of charged particles

interacting with turbulent magnetic fields (Chapter 6).

• Inspect the accuracy of different nonlinear theories for perpendicular diffusion using full

three-dimensional turbulence models (Chapter 7).

• Study the influence of turbulence parameters such as the fundamental length scale of

magnetic turbulence, turbulence strength with respect to the mean field, and magnetic

turbulence spectral indices on the different transport parameters (Chapter 8).

• Develop a model to accurately describe dynamical magnetic turbulence in the solar wind

to try and reproduce measurements of mean free paths for Galactic cosmic rays interact-

ing with the interplanetary magnetic field (Chapter 9).
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Chapter 2

Astrophysical Turbulence

Magnetic fields permeate the Universe. They are found in planets, stars, accretion discs,

galaxies, and the intergalactic medium. While there is often a component of the field that is

spatially coherent at the scale of the astrophysical object, the field lines are tangled chaotically

and there are magnetic fluctuations at scales that range over orders of magnitude. The cause

of this disorder is the turbulent state of the plasma in these systems. This plasma is highly

conducting, so the magnetic field lines are “frozen” into the fluid motion. As the fields are

stretched and bent by the turbulence, they can resist deformation by exerting the Lorentz force

on the plasma. The turbulent advection of the magnetic field and the field’s back reaction

together give rise to the statistically steady state of fully developed MHD turbulence. In this

state, energy and momentum injected at large scales are transferred to smaller scales and

eventually dissipated (Molokov et al. 2007).

Turbulence is a universal phenomena and exist almost everywhere in magnetized plasmas.

In the solar wind which is regarded as a continuous plasma flow of turbulent magnetic fluid, the

Reynolds number which quantify how irregular any fluid-like system is, is of the order of 108

which indicates that the system is highly irregular (Zhou et al. 2004). Thus the solar wind is

thought of as a huge laboratory for studying turbulence (Bruno & Carbone 2005). Turbulence

is the answer of multiple critical problems in the solar wind, such as solar energetic particles

(SEPs) propagation (Zank et al. 2007) and the heating of the solar wind (Isenberg et al. 2010).

In all such systems one finds a large-scale or mean magnetic field which is superposed with

39
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a turbulent component which is often associated with propagating plasma waves and, thus,

the component is often called the wave field. Therefore, we can write the total magnetic field

as ~B = B0~ez + δ ~B where we have chosen our Cartesian coordinates so that the mean field

~B0 points in the z-direction. The mean field breaks the symmetry of the considered physical

system. Therefore, we have to distinguish between diffusion of particles along and across the

ordered magnetic field. We emphasize here that electric fields also exist in space. Due to the

high conductivity of cosmic plasmas, there are no large-scale electric fields, 〈 ~E〉 = ~E0 = 0. In

this thesis, only turbulence models without electric fields (δEi = 0) are considered. The main

reason for using purely magnetic fluctuations is that electric force exerted on charged particles

in space is much smaller than the magnetic force (see Section 2.4.2). Therefore, electric fields

are less important for spatial diffusion.

Astrophysical turbulence in general has many properties such as the spectrum describing

how the magnetic energy is distributed among different length scales. Another fundamental

aspect of turbulence is spectral anisotropy describing how magnetic turbulence varies in dif-

ferent directions of space. Diffusion of particles along the mean magnetic field, for instance,

is controlled by gyro-resonant interactions. Therefore, the spectrum of turbulence at a cer-

tain scale or wavenumber determines the diffusion coefficient of the energetic particles with

a given energy. It should be emphasized, however, that nonlinear effects can be important

for parallel diffusion and non-resonant interactions can influence the diffusion parameter in

certain parameter regimes. Spectral anisotropy can also have an effect but this is weaker than

originally thought (see Chapter 8). Another important turbulence property is the dynamics

describing the characteristic time scales over which the turbulent magnetic field decorrelates.

Different approaches have been proposed in the past to model the turbulence dynamics. Some

attempts are based on plasma wave propagation models in which the propagation effect itself

is taken into account as well as various damping effects. By specifying these three underlying

characteristics, (i) the geometry, (ii) wave spectrum, and (iii) temporal behavior, astrophysical

turbulence is fully defined. In this chapter, different formulations of the three properties are

explained. Herein, we also discuss field-line diffusion and the relation with energetic particle
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diffusion. Both linear and nonlinear descriptions of the field line random walk are presented.

We emphasize the importance of field line diffusion on particle transport in turbulent fields.

2.1 The Magnetic Correlation Tensor

A key parameter that enters energetic particle transport theories is the two-point-two-time

correlation tensor given by (see, e.g., Shalchi 2009a)

Rlm(~x, t, ~x0, t0) = 〈δBl(~x, t)δB
∗
m(~x0, t0)〉 l,m ∈ [x, y, z]. (2.1)

The correlation tensor represents a full description of magnetic turbulence between two dif-

ferent locations in space and time. As discussed later, it contains information regarding the

geometry, the spectrum, and the temporal behavior of turbulence. Turbulence can be seen

as the collective correlations between infinitesimal locations that adds up over large distances

to form a shape that can be modeled and studied. For applicability in transport studies, it

is more convenient to work in wavenumber space upon taking the Fourier transform of the

magnetic field,

δBl(~x, t) =

∫

d3k δBl(~k, t)e
i~k·~x, (2.2)

hence the correlation tensor becomes

Rlm(~x, t, ~x0, t0) =

∫

d3k

∫

d3k
′
〈

δBl(~k, t)δB
∗
m(~k

′

, t0)
〉

ei~k·~x−i~k
′
·~x0. (2.3)

Considering homogeneous turbulence leads to

〈

δBl(~k, t)δBm(~k
′

, t0)
〉

= Plm(~k, t, t0)δ(~k − ~k
′

), (2.4)

with Plm(~k, t, t0) being the correlation tensor in wavenumber space and δ is the Dirac delta

function. Then, Equation 2.3 becomes

Rlm(~x, t, ~x0, t0) =

∫

d3k Plm(~k, t, t0)e
i~k·(~x−~x0). (2.5)
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Assuming t0 = 0 and x0 = 0 we get

Rlm(~x, t) =

∫

d3k Plm(~k, t)ei~k·~x. (2.6)

A standard assumption made in turbulence theory is that all tensor components have the same

temporal behavior and thus

Plm(~k, t) = Plm(~k, 0) Γ(~k, t), (2.7)

where Γ(~k, t) is the dynamical correlation function and Plm(k, 0) = Plm(k) is the magnetostatic

correlation tensor. The latter function takes on different forms corresponding to different tur-

bulence models. Dynamical effects will be discussed in a separate section (see § 2.4) but in

most astrophysical applications, the magnetostatic assumption is often employed first for sim-

plicity and second because dynamical effects are irrelevant in most settings such as magnetic

turbulence in interstellar space.

As a first consideration we study homogeneous isotropic turbulence. The Isotropic corre-

lation tensor is defined through a general rank-2 tensor (Batchelor 1953)

Plm(~k) = A(k)δlm +B(k)klkm + C(k)
∑

n

ǫlmnkn, (2.8)

where ǫlmn is the Levi-Cività permutation symbol. One can show using the solenoidal constraint

from Maxwell’s equations that it reduces to

Plm(~k) = A(k)

[

δlm − klkm

k2
+ iσ(k)

∑

n

ǫlmn
kn

k

]

, (2.9)

where A(k) is the amplitude function and σ(k) is the magnetic helicity. Both functions are

real and have to be replaced by appropriate forms to model a specific case of turbulence.

Although the functions shown above were derived under the assumption of isotropic turbu-

lence, Matthaeus & Smith (1981) concluded that it is also valid for axisymmetric (with respect

to the z-axis) turbulence by interchanging A(k) with A(k‖, k⊥). Further assumptions are taken
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to simplify the problem, where magnetic helicity is neglected and the parallel component of

the turbulent field, δBz, is taken to be zero. Under those assumptions the correlation tensor

simplifies to

Plm(~k) = A(k‖, k⊥)

(

δlm − klkm

k2

)

, l,m = x, y (2.10)

and Plz = Pzm = 0.

Two properties have to be specified to fully define the function A(k): the wave spectrum and

the turbulence geometry. The former describes the dependence of the amplitude function on

the wavenumber (see below), while the latter specifies how A(k‖, k⊥) depends on the direction

of the wavevector (see Section 2.2).

The wave-spectrum of the turbulence is often denoted by gi(~k), where i refers to the

geometry implemented, e.g. i=slab, 2D, or isotropic (see next section). Solar wind observations

support dividing it into three different ranges as follows:

1. The energy range, where turbulence gains energy. It occurs at small wavenumbers or

large spatial turbulence scales. The spectrum dependence is of the form kq where q can

vary between −1 up to +2 depending on the geometry. This part of the spectrum extends

until the bendover or turnover length scale, li, such that:

gi(ki ≤ l−1
i ) = energy range of the spectrum. (2.11)

li is a measured quantity which indicates the first turn observed in the spectrum. It also

serves as a characteristic length scale of the system. Typically in the solar wind at 1 AU

for example, li = 0.03 AU (Wicks et al. 2009 & 2010).

2. The inertial range, where turbulence energy is transferred from large to small scales.

It occurs at intermediate wavenumbers or spatial scales. This part of the spectrum is

in agreement with the Kolmogorov (1941) theory on turbulence which finds that the

spectrum ∼ k−5/3. Kolmogorov found universal aspects of the turbulence where energy

is transferred by nonlinear process as a spectral cascade until it is dissipated by viscosity.

The inertial range is sandwiched between the bendover length scale and the dissipation
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wavenumber kd,i. Mathematically we can write:

gi(l−1
i ≤ ki ≤ kd,i) = inertial range of the spectrum. (2.12)

3. The dissipation range, where turbulence loses energy through dissipation. It occurs at

high wavenumbers or small spatial scales where the spectrum can be approximated by

∼ kp and p ∈ [−2.5,−3.5]. This part of the spectrum extends from after the dissipation

wavenumber to infinity where turbulence energy vanishes entirely. In short, one can

write:

gi(kd,i ≤ ki) = dissipation range of the spectrum. (2.13)

A realistic value for the dissipation wavenumber for the case of solar wind is kd = 3×105

AU−1. Later on when dynamical turbulence is discussed, it will be demonstrated that

the dissipation range is only appropriate for low-energy particles and it only influences

the parallel mean free path.

2.2 Synthetic Models of Turbulence

Magnetic turbulence can be either static or dynamic. We perform simulations mostly us-

ing the magnetostatic limit, discussed in Chapters 5, 7, and 8, which is relevant to interstellar

magnetic turbulence. The latter approximation can be justified by considering only particles

moving much faster than the speed of which magnetic information travels, the so-called Alfvén

speed. Such particle energies and rigidities are considered in this thesis. That being said, it

does not mean that dynamical turbulence can be ignored at all times. In Chapter 9, dynamical

effects are to be added to simulate solar wind turbulence in an effort to reproduce observa-

tions. Seven different turbulence models have been used during the completion of this project.

They are presented below in their analytical form (numerical description of turbulence will be

presented in Chapter 4). Namely they are the slab, two-dimensional (2D), slab/2D compos-

ite, isotropic, Goldreich-Sridhar (GS), Noisy Reduced Magnetohydrodynamic (NRMHD), and

Noisy Slab (NS) turbulence models.
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In analytical diffusion theories and also in test-particle simulations, the magnetic correlation

tensor, defined as

Plm

(

~k
)

=
〈

δBl

(

~k
)

δB∗
m

(

~k
)〉

, (2.14)

is the basis for magnetic turbulence studies. Here we have used the ensemble average operator

〈. . . 〉. In the general case, the latter tensor can also depend on time (see, e.g., Schlickeiser

2002; Shalchi 2009a for reviews). For now, we concentrate on magnetostatic turbulence as

dynamical effects will be explained in Section 2.4.4. It is still unclear what the exact form of

the correlation tensor really is in different physical scenarios. One would expect that turbulence

in the solar system is different compared to turbulence in interstellar space (see, e.g., Hunana

and Zank 2010 or Shalchi et al. 2010 for a more detailed discussion of this matter). The seven

models listed above are among the most used and discussed in the literature. We do not judge

which of these models is more realistic nor do we claim that our list of turbulence models is

complete.

2.2.1 The Slab Turbulence Model

In very early treatments of particle transport, simple models for the turbulence have been

employed. Jokipii (1966), for instance, used a so-called slab model in which the magnetic

correlation tensor has by definition the following form

P slab
lm (~k) = gslab(k‖)

δ(k⊥)

k⊥
δlm, (2.15)

with l,m = x, y. Here we have used the Kronecker delta δlm and the Dirac delta δ(k⊥), respec-

tively. The other tensor components are zero due to the solenoidal constraint. Furthermore,

we have used the spectrum of the slab modes gslab(k‖), and we have used the wavevector com-

ponents along and across the mean magnetic field k‖ and k⊥, respectively. The slab model is

basically a one-dimensional model in which the turbulent magnetic field depends only on the

coordinate along the mean field, i.e. δBslab
i (~x) = δBslab

i (z).

Figure 2.1 shows a visualization of slab geometry streamlines superimposed with a strong

guiding field ~B0 = B0êz, with δB/B0 = 0.1 using a code written and executed in Matlab.
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Similar visualizations are also enclosed for all of the other six geometries (see below). To

study the behavior of magnetic strength along and across the mean field, slices of contour

plots of total magnetic strength in the parallel and perpendicular directions are also provided.

For the slab streamlines, one can notice

1. No change in the contour plots in the x− y plane, as by definition fields only depend on

z.

2. Streaming along the z−axis, magnetic strength varies as clearly indicated by the change

in color of the slices in the direction of the mean field.

3. It is hard to judge magnetic diffusion in different directions just by looking at magnetic

streamlines. However, a close look into the streamlines in the slab geometry over small

scales ensures that field lines only diffuse in the z-direction and field lines in the x − y

plane over short distances are unaffected.

Figure 2.1: Visualization of slab model streamlines with unit length of l0 = 0.03 AU. Contour
plots for the total magnetic strength are provided in the x− y, x− z, and y− z planes. Refer
to the main text for comments on the slab model in light of the provided visualization.
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2.2.2 The Two-Dimensional Turbulence Model

Another model with reduced dimensionality is the so-called two-dimensional model where

fields only depend on perpendicular coordinates, i.e. x and y, and wavevectors are aligned

perpendicular to the mean field which yields δB2D
i (~x) = δB2D

i (x, y). By definition this leads

to

P 2D
lm (~k) = g2D(k⊥)

δ(k‖)

k⊥

(

δlm − klkm

k2
⊥

)

(2.16)

if l,m = x, y and Plz = Pzm = Pzz = 0. In this particular model the magnetic field vector

and the spatial dependence are two dimensional. Above, we have used the spectrum of the

two-dimensional modes g2D(k⊥). From the streamlines visualization shown in Figure 2.2, it is

Figure 2.2: Same as Figure 2.1 but for the 2D model.

apparent that the 2D model has an opposite character from that of the slab model. Consider:

1. The magnetic strength contour slice in the x− y plane varies across the simulated space.

2. The contour plot in the z−direction reveals regions of constant strength along the mean

field. That is due to the fact δB2D(~x) = δB2D(x, y).

3. The streamlines are mostly straight in the direction of the mean field and only fluctuate

in the perpendicular direction.
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2.2.3 The Two-Component Model

The slab/2D composite or two-component model is a superposition of both slab and 2D

models described previously, providing a more realistic approach as turbulent fields generally

depend on all three spatial coordinates. It is regarded as a quasi-three-dimensional model and

frequently used to approximate solar wind turbulence, in which we have

P comp
lm (~k) = P slab

lm (~k) + P 2D
lm (~k). (2.17)

This model is supported by solar wind observations (see, e.g., Matthaeus et al. 1990; Osman

and Horbury 2009a; Osman and Horbury 2009b; Turner et al. 2012), numerical simulations

(Oughton et al. 1994; Matthaeus et al. 1996; Shaikh and Zank 2007), and analytical work

(Zank and Matthaeus 1993). More precisely, Bieber et al. 1996 found that a 20% slab/80%

2D is a realistic proposition to model solar wind at 1 AU heliocentric distance. For the two-

component model we have Pmz = Pzn = Pzz = 0 in both slab and 2D due to δBz = 0 which is

in agreement with the model proposed originally in Bieber et al. (1994, 1996). The assumption

δBz = 0 is motivated by the fact that in the solar wind the power in parallel fluctuations is

usually small in the inertial range (see Belcher & Davis 1971). For the slab modes, δBz = 0

is a consequence of the solenoidal constraint ∇ · ~B = 0. To complement the two-component

model, we have to specify the two spectra gslab(k‖) and g2D(k⊥), respectively. For the former

spectrum we use the form proposed by Bieber et al. (1994)

gslab(k‖) =
C(s)

2π
δB2

slablslab
1

[

1 + (k‖lslab)2
]s/2

, (2.18)

where we have used the slab bendover scale lslab, the magnetic field strength of the slab modes

δBslab, and the inertial range spectral index s. The normalization function C(s) is given below.

For the spectrum of the two-dimensional modes we employ the one proposed by Shalchi and

Weinhorst (2009)

g2D(k⊥) =
2D(s, q)

π
δB2

2Dl2D
(k⊥l2D)q

[1 + (k⊥l2D)2](s+q)/2
, (2.19)
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where we have used the two-dimensional bendover scale l2D, the magnetic field strength of

the two-dimensional modes δB2D, and the energy range spectral index q. The normalization

function is given by

D(s, q) =
Γ
(

s+q
2

)

2Γ
(

s−1
2

)

Γ
(

q+1
2

) , (2.20)

where we have used the Gamma function Γ(z). The spectrum (2.19) is correctly normalized if

s > 1 and q > −1 are satisfied. The normalization function of the slab spectrum is a special case

of the function D(s, q). The two functions are related to each other via C(s) ≡ D(s, q = 0).

To ensure that the ultra-scale and other fundamental turbulence scales are finite, we only

consider cases with q > 1 (see, e.g., Matthaeus et al. 2007; Shalchi 2014). The evaluation of

the normalization constant C(s) follows from the normalization condition of the spectrum

δB2
slab = δB2

x + δB2
y = Rxx(0) +Ryy(0) =

∫

d3k
[

Pxx(~k) + Pyy(~k)
]

(2.21)

giving

δB2
slab = 2

∫

d3k gslab(k‖)
δ(k⊥)

k⊥
= 8π

∫ ∞

0

dk‖ g
slab(k‖). (2.22)

Substituting the slab spectrum, 2.18, into 2.22 gives

1

C(s)
= 4lslab

∫ ∞

0

dk‖ (1 + k2
‖l

2
slab)

−s/2. (2.23)

One can solve for the integral (see Gradshteyn & Ryzhik 2000) to find

C(s) =
1

2
√
π

Γ(s/2)

Γ( s−1
2

)
. (2.24)

The visualization in Figure 2.3 shows streamlines corresponding to the 20% slab/80% 2D

composite model. The contour plots in both parallel and perpendicular directions vary as the

model depends on all three spatial coordinates, δBcomp(~x) = δBcomp(x, y, z).
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Figure 2.3: Streamlines visualization for a 20%/80% slab/2D composite model in analogy to
solar wind turbulence.

2.2.4 Isotropic Turbulence

Before a more detailed understanding of turbulence became available, two simple models

were used; the slab model and the isotropic model (see, e.g., Fisk et al. 1974; Bieber et al.

1988). In the latter case the turbulent magnetic field itself depends on all three coordinates

of space, but there is no preferred direction. When this occurs, the correlation tensor has the

form

P iso
lm =

giso(k)

8πk2

(

δlm − klkm

k2

)

, (2.25)

where we have used the isotropic spectrum giso(k) defined so that

∫ ∞

0

dk giso(k) = δB2. (2.26)

For the latter spectrum we employ the form

giso(k) = 4D(s, q)l0δB
2 (kl0)

q

[

1 + (kl0)2](s+q)/2
, (2.27)
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corresponding to the spectrum used above for two-dimensional turbulence. We set q = 3

if the isotropic model is considered to ensure again finite turbulence scales. The parameter

l0 denotes the bendover scale. Isotropic turbulence has applications to interstellar medium

heating (Spangler 1991) and magnetohydrodynamics (Teufel et al. 2003).

From the visualization of isotropic streamlines in Figure 2.4, it is obvious from the contour

plots that magnetic strength is uniformly distributed over the three spatial directions. The

coloring is almost the same in the parallel and perpendicular slices and field lines spread

isotropically without focusing into a preferred direction.

Figure 2.4: Same as Figure 2.3 but for isotropic model.

2.2.5 Goldreich-Sridhar Turbulence

The Goldreich-Sridhar model (see Goldreich and Sridhar 1995) does not predict the exact

form of the tensor of Alfvénic perturbations; it only states that most energy will be in the state

of critical balance. Combining the critical balance condition with the Kolmogorov cascade, one

gets |k‖| ∼ k
2/3
⊥ .

The caveat here is that the wavenumbers are defined in the global magnetic field frame of

reference; this may be misleading. The critical balance is the condition satisfied only in the

frame related to the local magnetic field. In what follows we use the parallel and perpendicular

wavenumbers but interpret them in terms of wavelets, which allow the choice of the local
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magnetic field. More details can be found in Lazarian and Vishniac (1999), as well as in Kowal

and Lazarian (2010).

Cho et al. (2002) have proposed a specific form of the magnetic correlation tensor which

is in agreement with the relations discussed above. Shalchi (2013) has suggested to use the

following generalization of that form

PGS
lm (~k) = gGS(k‖, k⊥)

(

δlm − klkm

k2

)

(2.28)

with

gGS(k‖, k⊥) =
D(s, q)

2π
l3δB2 (k⊥l)

q−s

[

1 + (k⊥l)
2](s+q)/2

e−l2−s|k‖|k1−s
⊥ (2.29)

which is only valid for s = 5/3. Compared to Cho et al. (2002), the latter spectrum takes

into account a more general behavior at large scales corresponding to the energy range. This

spectrum and similar analytical forms were used before in the theory of energetic particle

transport (see, e.g., Chandran 2000; Cho et al. 2002; Shalchi et al. 2010; Sun and Jokipii 2011;

Shalchi 2013). In Shalchi (2014), fundamental length scales of turbulence were computed for

this type of spectrum where it was shown that the ultra-scale is only finite if q > 1. Therefore,

we set q = 2 if the Goldreich-Sridhar model is considered. Goldreich-Sridhar turbulence, in

general, is appropriate to model long-scale magnetic fields in the interstellar medium.

Figure 2.5 illustrates the Goldreich-Sridhar model via streamlines. Due to the cascading

behavior of this model, |k‖| ∼ k
2/3
⊥ , more energy is contained in the perpendicular direction

and hence the diffusion of streamlines occurs more frequently in the x − y plane. One can

notice that after a certain distance in the z−direction, the field lines disappear as more lines

are diffusing across the mean field and escaping the simulated box.

2.2.6 The NRMHD Model

One could argue that two-dimensional turbulence model is a singular model because there

is no variation of the turbulent field along the z−axis. Ruffolo and Matthaeus (2013) proposed

a so-called Noisy Reduced Magnetohydro-Dynamic (NRMHD) turbulence model in which the
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Figure 2.5: Goldreich-Sridhar streamlines visualized.

magnetic correlation tensor (2.14) has the following form

P nr
lm(~k) =

g2D(k⊥)

2k⊥K
Θ
(

K −
∣

∣k‖
∣

∣

)

(

δlm − klkm

k2
⊥

)

, (2.30)

where we have employed the Heaviside step function Θ(x), defined so that Θ(x > 0) = 1

and Θ(x < 0) = 0. Therefore, Θ(K − |k‖|) = 0 for |k‖| > K in agreement with the model

used in Ruffolo and Matthaeus (2013). The function g2D(k⊥) is the spectrum of the two-

dimensional modes as used above. It is obvious from the definition (2.30) that the NRMHD

model can be understood as a broadened two-dimensional model. We can easily recover the

pure two-dimensional model discussed above by considering the limit K → 0.

In the following, we use the spectrum used by Ruffolo and Matthaeus (2013) and Shalchi

and Hussein (2014) in the context of NRMHD turbulence, where q = 3. In this particular case

Equation (2.19) becomes

g2D (k⊥) =
4

9π
l⊥δB

2 (k⊥l⊥)3

[

1 + (k⊥l⊥)2]7/3
. (2.31)
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The model described here was used in transport theory to compute field line diffusion coeffi-

cients (Ruffolo and Matthaeus 2013; Snodin et al. 2013) and perpendicular diffusion coefficients

of energetic particle (Shalchi and Hussein 2014). An interesting aspect of the NRMHD model

is the fact that it contains two characteristic length scales, namely, the perpendicular scale l⊥

and the parallel scale l‖ = K−1. It was shown in Shalchi and Hussein (2014) and Shalchi (2015)

that the scale ratio l‖/l⊥ has a strong influence on the perpendicular diffusion coefficient. The

NRMHD model is mainly used to model turbulence in the solar corona and plasma laboratory

devices.

The NRMHD model is visualized in Figure 2.6. The contour plots in the x − y plane

indicate the 2D character of the model, whereas the contour plots in the z−direction showcase

how magnetic strength does not vary much in that particular direction. A bit of artificial

noise can be seen at some locations whick is consistent with the fact that it is a broadened 2D

model.

Figure 2.6: Same but for NRMHD turbulence.

2.2.7 Noisy Slab Turbulence

Following the same methodology of the previous section, we can combine the slab and

NRMHD models to produce the “noisy slab” model. It can be seen as a broadened slab model
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given via Shalchi 2015,

P ns
lm(~k) =

2l⊥
k⊥

gslab(k‖)Θ (1 − k⊥l⊥)

(

δlm − klkm

k2
⊥

)

(2.32)

where l⊥ is a characteristic length scale for the decorrelation across the mean magnetic field. In

the case that one or two indices are equal to z, the element of the correlation tensor is assumed

to be zero as in the pure slab model defined above. If there is no broadening, corresponding

to the case l⊥ → ∞, the noisy slab model corresponds to the usual slab model. In Equation

(2.32) we have used again the Heaviside step function, and gslab(k‖) is the usual spectrum of

the slab modes as it was used above. Studying particle diffusion in noisy slab turbulence is

interesting because Shalchi (2015) predicted that the ratio λ⊥/λ‖ is much smaller in this case

compared to other turbulence models.

From Figure 2.7, one can relate many similarities with the original slab geometry. The

contour plots in the x− y plane undergo a slow change in coloring because of the noise added

in the perpendicular direction. The noise increases when streaming along z, that is why the

last contour plot in the x − y plane has extra coloring compared to the first and second ones

(at lower z).

Figure 2.7: The noisy slab model visualized.
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2.3 Stochastic Field Line Wandering

We are generally interested in the turbulent nature of the magnetic field lines which can be

thought of as a random walk process, in the sense that the field lines trace random paths. In

order to get a better understanding of energetic particles interacting with turbulent magnetic

fields, it is required to have an understanding of the chaotic nature of magnetic field lines first.

Furthermore, tracking field lines in astrophysical plasmas help in mapping out the trajectories

of charged particles in the limit of high magnetic rigidity and large-scale fields, since they are

regarded as the first approximation to those trajectories (Jokipii & Parker 1969).

The field lines trajectories ~xFL = (x(z), y(z), z) can be tracked upon solving the field line

equation

dx

Bx

=
dy

By

=
dz

Bz

, (2.33)

if adopting a purely magnetic system with a vanishing turbulent z-component (δBz = 0). In

addition, we assume that the mean field is aligned with the z-axis ( ~B0 = B0êz). All following

derivations are made for the x-direction. A similar derivation can be performed for the y-

direction as well (Shalchi 2009a). The displacement of field lines can be solved using

∆x(z) =
1

B0

∫ z

0

dz
′

δBx(~x(z
′

)). (2.34)

Hence for the mean square displacement we find

〈

(∆x(z))2〉 =
1

B2
0

∫ z

0

dz
′

∫ z

0

dz
′′
〈

δBx(~x(z
′

))δB∗
x(~x(z

′′

))
〉

. (2.35)

Using a Fourier representation for the magnetic fields, we can easily derive

〈

(∆x(z))2〉 =
1

B2
0

∫

d3k

∫

d3k
′

∫ z

0

dz
′

∫ z

0

dz
′′
〈

δBx(~k)δB∗
x(~k

′

)ei~k·~x(z
′
)−i~k

′
·~x(z

′′
)
〉

. (2.36)

At this stage, we have to distinguish between two different cases for slab and non-slab models

as follows:
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• for the slab models: the exponential function depends only on the variable z and so

~k · ~x(z) = k‖z. In this case, the integral in Equation 2.36 can be solved analytically as

done in §2.3.1 without using any assumptions.

• for non-slab models: the exponential function depends on all components of the field line

vector, and so the integral becomes nonlinear. In Sections 2.3.2 and 2.3.3 we present the

quasi-linear theory, nonlinear theory, and Mathaeus et al. diffusion limit theory to solve

the field line random walk (FLRW) limit in non-slab models.

2.3.1 FLRW for Slab Turbulence

Substituting ~k ·~x(z) = k‖z, and the slab correlation tensor of 2.15 into 2.36, and considering

homogeneous magnetostatic turbulence (Equation 2.4), we get

〈

(∆x(z))2〉 =
2π

B2
0

∫ ∞

−∞

dk‖ g
slab(k‖)

∫ z

0

dz
′

∫ z

0

dz
′′

eik‖(z
′
−z

′′
). (2.37)

One can easily solve the two integrals over z
′

and z
′′

to get

〈

(∆x(z))2〉 =
4π

B2
0

∫ ∞

−∞

dk‖ g
slab(k‖)

1 − cos
(

k‖z
)

k2
‖

. (2.38)

We are interested in the latter values of z (in the stable regime z → ∞), so we use the identity

[

1 − cos(aξ)

ξ2

]

a→∞

= |a|πδ(ξ) (2.39)

to obtain

〈

(∆x(z))2〉 =
4π2

B2
0

|z|
∫ ∞

−∞

dk‖ g
slab(k‖)δ(k‖)

=
4π2

B2
0

|z|gslab(0). (2.40)
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Using the spectrum 2.18 we find

〈

(∆x(z))2〉 = 2πC(s)lslab|z|
δB2

slab

B2
0

= 2κFL|z|. (2.41)

Here we introduce the field line diffusion coefficient

κFL = πC(s)lslab
δB2

slab

B2
0

=
1

2
lc,slab

δB2
slab

B2
0

, (2.42)

and the slab correlation length of the turbulence lc,slab = 2πC(s)lslab. We then have
〈

(∆x(z))2〉 ∼

|z|, which is regarded as normal Markovian diffusion.

2.3.2 Quasi-Linear Theory of FLRW

For non-slab models, Equation 2.36 which is the exact form of the mean square displacement

of the field lines, become nonlinear. One approach to solve the integral is to use the Quasi-

Linear Theory (QLT). QLT will be the subject of Chapter 3. This theory aims to calculate

particle diffusion coefficients that interact with weak turbulent fields using the unperturbed

trajectory as a first order approximation. The same concept can be used to calculate diffusion

coefficients of field lines. This is accomplished by replacing the field lines in the integral with

the unperturbed filed lines (x(z) = y(z) = 0) and applying homogeneous turbulence, thus

〈

(∆x(z))2〉 =
1

B2
0

∫

d3k Pxx(~k)

∫ z

0

dz
′

∫ z

0

dz
′′

eik‖(z
′
−z

′′
). (2.43)

Solving the integrals over z
′

and z
′′

we find

〈

(∆x(z))2〉 =
2

B2
0

∫

d3k Pxx(~k)
1 − cos

(

k‖z
)

k2
‖

. (2.44)

For pure slab geometry, the integral reduces to Equation 2.38, so QLT is exact for slab ge-

ometry. But when using the slab/2D composite turbulence, for instance, and taking the limit
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|z| → ∞, one finds

〈

(∆x(z))2〉 = 2|z|κFL +
z2

B2
0

∫

d3k P 2D
xx (~k) ≈ z2

2

δB2
2D

B2
0

. (2.45)

This result does not make sense as it corresponds to the initial ballistic regime with super

diffusion when z → 0 (since
〈

(∆x(z))2〉 ∝ z2). This means QLT is inappropriate for describing

FLRW, at least for the two-component model, and hence we need another approach. Below,

nonlinear approaches to fully investigate field line wandering are presented.

2.3.3 Non-Linear Approach for FLRW

Matthaeus et al. (1995) were among the first authors to present an analytical nonlinear

formulation of FLRW. The mathematical derivation is quite lengthy, so rather we will present

the main ideas. By applying Corrsin’s independence hypothesis where it is assumed that

the phases and magnetic fields are uncorrelated (Corrsin 1959; Salu and Montgomery 1977;

McComb 1990), and considering homogeneous turbulence, Gaussian statistics of the field lines,

and axisymmetric turbulence, the following expression can be derived (Shalchi 2009a)

d

dz

〈

(∆x(z))2〉 =
2

B2
0

∫

d3k Pxx(~k)

∫ z

0

dz′ cos
(

k‖z
′
)

e−
1
2〈(∆x)2〉k2

⊥ . (2.46)

The authors then assumed diffusive behavior of the field line wandering and substituted
〈

(∆x(z))2〉 = 2|z|κFL in the right and left hand sides of Equation 2.46. That resulted in

κFL =
1

B2
0

∫

d3k Pxx(~k)

∫ ∞

0

dz cos(k‖z)e
−κF L z k2

⊥ (2.47)

where the field line diffusion coefficient κFL was used. One can then solve for the integral over

z to find

κFL =
1

B2
0

∫

d3k Pxx(~k)
κFLk

2
⊥

k2
‖ + (κFLk2

⊥)2
. (2.48)

It is worth mentioning that the latter formula is only valid if the small length scales of the

ballistic regime are unimportant. Substituting for the composite turbulence in Equation 2.48
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we arrive at

κFL = κslab +
κ2

2D

κFL
, (2.49)

where

κ2
2D =

1

B2
0

∫

d3k k−2
⊥ P 2D

xx (~k) (2.50)

is the pure 2D diffusion coefficient and κslab is the slab diffusion coefficient. Equation 2.49 can

easily be solved as it is a quadratic equation which yields the Mattaeus et al. result

κFL =
κslab +

√

κ2
slab + 4κ2

2D

2
. (2.51)

Setting κ2D = 0 for pure slab turbulence yields the expected result of κFL = κslab and setting

κslab = 0 for pure 2D turbulence gives κFL = κ2D as expected.

2.4 Dynamical Turbulence

Magnetic turbulence is a nonlinear phenomenon, so a simple description of temporal be-

havior in terms of linear waves is not appropriate. This means, the usual dispersion relation

ω = ω(k) cannot be used, thus a number of empirical models are employed in test-particle

simulations and analytical theories to model dynamical effects (see Bieber et al. 1994 and

Shalchi et al. 2006). In this section we consider the more general form of turbulence which

depends both on space and time. As noted in previous sections, the dynamical features can

be approximated by the function Γ(~k, t) and the correlation tensor is given by Equation 2.7.

Different models have been discussed in the literature for the form of Γ(~k, t). Here we focus

on four of these forms.

2.4.1 Damping and Random Sweeping Models

The first dynamical turbulence model was formulated by Bieber et al. (1994) while ad-

dressing the problem of cosmic ray transport. The authors proposed that by including an

explicit lag-time dependence into the two-point-two-time correlation function, they represent

the dynamical character of the turbulence. Bieber et al. (1994) discussed two expressions for
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the function Γ(~k, t) as follows,

ΓDT (~k, t) = e−t/tc (damping model of dynamical turbulence)

ΓRS(~k, t) = e−(t/tc)2 (random sweeping model), (2.52)

where DT stands for damping model of dynamical turbulence and RS for random sweeping

model. The correlation time, tc, embeds all variables that might influence the field line temporal

dependence. In their pioneering paper, Bieber et al. (1994) postulated

tc =
1

αvA|~k|
. (2.53)

α is an order one parameter that allows the adjustment of the dynamical strength, i.e. α = 0

recovers magnetostatic turbulence and α = 1.0 means strongly dynamical turbulence. vA is

the Alfvén speed and ~k is the wavenumber.

The reciprocal timescale αvA|~k| appearing in both dynamical models is a formulation that

allows several types of physical timescales to be included when modeling temporal decorrela-

tion. For example, α ≈ 1 implies decorrelation effects that take place at an Alfvénic timescale.

If α is interpreted as the magnetic fluctuation strength δB/B0, the relevant timescale becomes

comparable to the eddy turnover time, the time at which turbulence start cascading. More-

over, if α takes on a value related to the plasma nature, such as β, the ratio of thermal to

magnetic pressure, would permit the inclusion of decorrelation effects associated with plasma

waves (Schlickeiser & Achatz 1993).

The damping model contains an exponential form in analogy to a damping process in which

the correlation function of a monochromatic wave with the wavenumber ~k decays exponentially

with time tc. The model by itself is very simple and has an intuitive appeal. It is based on the

idea that structures at a fixed scale suffer temporal distortion at a fixed rate. This rate can

be chosen in light of the above discussion of the parameter α to be associated with random

wave propagation. On the other hand, the random sweeping model has a Gaussian form of

Γ(~k, t), motivated by the Eulerian frequency spectrum of turbulence which is solely determined
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by sweeping of small scale spatial variations past the observer by the random motion of the

larger scale eddies. The latter effect is different than sweeping by an organized plasma flow or

wind. The random sweeping model gained some support in the turbulence literature (Chen &

Kraichnan 1989; Nelkin & Tabor 1990) regardless of the critics of this approach (Yakhot et al.

1989).

2.4.2 Plasma Wave Turbulence

Plasma has the ability to oscillate where magnetic tension, B2/4π, provides the restoring

force. Field lines are comparable to strings loaded with charged particles which give rise to

fundamental plasma waves when plucked or disturbed. Prominent examples for such waves are

shear Alfvén waves and fast magnetosonic waves. For more details see Chapter 6. A proper

form of Γ(~k, t) to model plasma wave propagation effects was discussed in Schlickeiser (2002)

where

ΓPW (~k, t) = eiωt−γt. (2.54)

Herein, ω refers to the plasma wave dispersion relation which differs from one wave type to

another, and γ describes plasma wave damping. One would expect turbulence to vanish far

away from the disturbing source, but often damping in plasma waves is neglected. This is

due to the fact that new emerging waves are being created all over again at many different

locations, keeping propagation effects active.

Following Maxwell’s law of electric induction, a varying magnetic field creates an electric

field through

∇× ~E = −1

c

∂

∂t
~B, (2.55)

which is also known by Farady’s law of induction. Equation (2.55) gives

~k × ~E ∼ ω

c
~B. (2.56)

Considering Alfvén waves, for instance, where the dispersion relation is given by ω = ±vAk‖



2.4. DYNAMICAL TURBULENCE 63

and neglecting damping effects, an estimation of turbulent electric fields can be derived as

δE ∼ vA

c
δB ≪ δB. (2.57)

Therefore, turbulent electric fields emerging out of the plasma wave model can be neglected

as far as a test-particle approach is concerned, except in two cases:

1. Low energy charged particles where the velocity is small enough to be comparable to the

Alfvén speed, and

2. Studying the momentum diffusion coefficient through particle acceleration in electric

fields.

2.4.3 The Nonlinear Anisotropic Dynamical Turbulence (NADT)

Model

Shalchi et al. (2006) proposed a new dynamical turbulence model formulated for the

slab/2D composite geometry. This nonlinear anisotropic dynamical turbulence (NADT) model

has two different dynamical correlation functions Γslab(k‖, t) and Γ2D(k⊥, t), such that

Plm(~k, t) = P slab
lm (~k) Γslab(k‖, t) + P 2D

lm (~k) Γ2D(k⊥, t). (2.58)

In the dynamical models discussed above, the decorrelation function Γ is constructed using a

simple approximation to the interaction responsible for temporal decorrelation of excitations

near wavevector ~k. For example, only a single parameter was introduced to estimate the rate of

decorrelation at the scale 1/k for DT and RS models, which is assumed to be in relation to the

large-scale Alfvén speed. Whereas for the plasma wave model, oscillations at the Alfvén wave

frequency are linked to the decorrelation rate. Significant progress has been achieved toward

a more abundant understanding of the timescales of MHD turbulence (e.g., Zhou et al. 2004)

and the relation they may have to interactions between excitations that may be associated

with either low frequency or wavelike components of the turbulence spectrum (Matthaeus

et al. 1990; Tu & Marsch 1993; Oughton et al. 2006). This understanding led Shalchi et al.



64 CHAPTER 2. ASTROPHYSICAL TURBULENCE

(2006) to formulate a more reasonable and realistic function for both Γslab(k‖, t) and Γ2D(k⊥, t)

to properly estimate time decorrelation rates of the fluctuations near the wavevector ~k.

There is an important distinction in discussing MHD turbulence timescales concerning

magnetic fluctuation dynamics. Some fluctuations have more wave-like dynamics where others

have more hydrodynamic or “zero frequency” dynamics. In our work, we always consider

incompressible fluctuations (such as the solar wind), which requires comparing estimates of

the wave period with estimates of the nonlinear timescale, or eddy turnover time. Wave

effects become significant when the wave timescale is shorter than the two aforementioned

times. However, when the eddy turnover time is shorter, nonlinear effects dominate, while

wave effects become weaker.

For the slab dynamical correlation, one would include the wavevectors for which decorre-

lation occurs due to wave propagation effects along the mean field. Those effects are usually

assumed to be Alfvénic in nature. Thus, an oscillatory factor will appear in Γslab with the

angular frequency given by ω = ±vAk‖. In addition, the slab-like component experiences

resonant nonlinear triad interactions with the low frequency 2D component, as discussed by

Shebalin (1983) and Oughton et al. (1994). Such interactions are characterized by a nonlinear

time computed from the 2D turbulence, without further wave influence. For simplicity, we can

estimate this influence by the global 2D nonlinear time scale, τ 2D
nl = α−1l2D/Z, where Z is the

2D turbulence amplitude (Oughton et al. 2006), α is a constant of order one related to the

Karman-Taylor constant associated with the decay of the turbulence, and l2D is the spectral

bendover scale of the 2D component.

Concerning the 2D correlation function there is no need to include an oscillatory factor.

This is because a reasonable choice for two-component turbulence is to group all fluctuations

for which the wave-like propagation effects are weak. For large perpendicular spatial distances

or small k⊥, the 2D fluctuations belong to the energy range, where an estimate for the decor-

relation rate is again the global rate 1/τ 2D
nl . For smaller 2D fluctuations, the decorrelation

can be estimated using a steady inertial range with a Goldreich-Sridhar (1995) type spectral
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shape k
−5/3
⊥ . In this case, the nonlinear time scale is τ 2D

nl (k⊥) = 1/(k⊥uk⊥
), where the tur-

bulence amplitude is uk⊥
= (k⊥E(k⊥))1/2 for 2D steady inertial range wavenumber spectrum

E(k⊥) ∼ k
−5/3
⊥ . This timescale is shorter than that of the energy range, and varies with k⊥

according to τ 2D
nl (k⊥) = τ 2D

nl /(k⊥l2D)2/3.

Recalling all mentioned, Shalchi et al. (2006) derived a more realistic version of Γslab and

Γ2D as follows

Γslab(k‖, t) = e−γslab teiωt (2.59)

with

γslab = (τ 2D
nl )−1 = β =

Z

l2D
(2.60)

and the plasma wave dispersion relation of shear Alfvén waves

ω = jvAk‖. (2.61)

In the latter expression, j is used to track the wave direction (j = +1 for forward and j = −1 for

backward with respect to the ambient magnetic field propagating Alfvén waves). A number of

studies have addressed the direction of propagation of Alfvénic turbulence (see, e.g., Bavassano

2003). In general, one would expect that closer to the sources, for instance the Sun, waves

move forward whereas faraway from the sources, wave intensities for both directions are equal.

Herein, we adopt j = +1 as our dynamical work will be restricted to interplanetary space with

turbulence parameters at 1 AU.

For the 2D dynamical correlation function Γ2D(~k, t) we have

Γ2D(k⊥, t) = e−γ2D t, (2.62)

with

γ2D = β











1 for k⊥l2D ≤ 1

(k⊥l2D)2/3 for k⊥l2D ≥ 1.
(2.63)
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The parameter Z can be expressed by the strength of the 2D component δB2D/B0 and the

Alfvén Speed vA = B0/
√

4πρd, with ρd being the mass density of the charged particles. Thus

Z =
√

2
δB2D√
4πρd

=
√

2vA
δB2D

B0
, (2.64)

and we find

β =
√

2α
vA

l2D

δB2D

B0

. (2.65)

The NADT model can be considered as a more complete approach toward modeling dynamical

turbulence in the solar wind which takes the plasma wave character of the turbulence into

account.

2.4.4 Dynamical Turbulence Implementation

In analytical treatments of the transport, we directly use the analytical forms for the

function Γ(~k, t) from Equations 2.52, 2.54, 2.59, and 2.62. However, this is not the case in

test-particle simulations (see Chapter 4) where a Fourier transformation has to be employed

for the dynamical correlation function. We define

χ(~k, ω) :=
1

π
ℜ
∫ ∞

0

dt Γ(~k, t)e−iωt, (2.66)

and solve this time integral easily for the different models listed previously. These results

are summarized in Table 2.1, along with the corresponding analytical forms for the function

χ(~k, ω). Using χ(~k, ω) instead of Γ(~k, t) means that we describe the turbulence in a four-

dimensional Fourier space with the coordinates ~k and ω.
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Table 2.1: Models for dynamical magnetic turbulence. Γ(~k, t) denotes the dynamical correla-

tion function and χ(~k, ω) is its Fourier transform. The parameter ωp corresponds to the plasma
wave frequency and γ is a damping parameter. The latter parameter is explained in the main
part of the text.

Dynamical Turbulence Model Correlation Function Γ(~k, t) Fourier Representation χ(~k, ω)

Magnetostatic Turbulence 1 δ (ω)

Undamped Plasma Waves eiωpt δ (ωp − ω)

Damping Model of Dyna- e−γt 1
π

γ
γ2+ω2

mical Turbulence

Random Sweeping Model e−γ2t2 1
(2π)3/2γ

e−ω2/(2γ)2

Nonlinear Anisotropic eiωpt−γt 1
π

γ

γ2+(ω−ωp)2

Dynamical Turbulence
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Chapter 3

Quasi-Linear Theory and Beyond

In this chapter we discuss the first theory to describe the interaction between charged particles

and astrophysical plasma. This theory was developed by Jokipii (1966) in order to determine

the spatial diffusion coefficients and other transport parameters. It is known as quasi-linear

theory (QLT), which is comparable to a first-order perturbation theory. The strategy is to

substitute the unperturbed trajectories of particles into the equations of motion to calculate

diffusion coefficients. Presented in this chapter are the analytical derivations of QLT in com-

puting parallel and perpendicular diffusion coefficients, and test-particle simulations to test

the theory. A full comparison is made where at least three problems are discovered for which

QLT fails to reproduce fundamental test-particle simulations. All three problems are discussed

illustrating the insufficiency of QLT and the need to develop nonlinear theories in attempt to

solve those problems. Such nonlinear theories are breifly presented toward the end of the

chapter.

69
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3.1 The Quasi-Linear Approximation

The basic assumption of QLT is to substitute the unperturbed trajectory of particles (when

δBi = 0) given for the velocities (Shalchi 2009a),

vx = v⊥ cos (Φ0 − Ωt)

vy = v⊥ sin (Φ0 − Ωt)

vz = v‖ = constant, (3.1)

and for the trajectories

x(t) = x(0) +
v⊥
Ω

sin (Φ0) − v⊥
Ω

sin (Φ0 − Ωt)

y(t) = y(0) − v⊥
Ω

cos (Φ0) +
v⊥
Ω

cos (Φ0 − Ωt)

z(t) = z(0) + v‖t, (3.2)

into the equations of motion describing the trajectory of the guiding centers following field

lines. In the last equations x(0), y(0), and z(0) stand for the particle’s initial position, Ω is

the gyro-frequency, Φ0 is the initial gyro-phase, v‖ and v⊥ are the parallel and perpendicular

velocities respectively. The equations of motion are given by

µ̇ =
1

RL

(

vx
δBy(~x)

B0

− vy
δBx(~x)

B0

)

(3.3)

ṽi = vz
δBi(~x)

B0

, i = x, y. (3.4)

µ = v‖/v is the pitch angle cosine, RL is the Larmour radius, and ṽi is the guiding center

velocity. Pure magnetic fluctuations are assumed, where δEi = 0. It is essential to mention

that Equations 3.3 and 3.4 are only valid if perturbation terms viδBj are slightly varying over

the course of one unperturbed gyro-period. The next step is to substitute µ̇ and ṽi into the

TGK formulation (see Section 1.5) to calculate the pitch-angle Fokker-Planck coefficient Dµµ,
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and the Fokker-Planck coefficient of perpendicular diffusionD⊥. That is done via Equation 1.14

Dµµ(µ) =

∫ ∞

0

dt 〈µ̇(t)µ̇(0)〉 (3.5)

Dij(µ) =

∫ ∞

0

dt 〈ṽi(t)ṽj(0)〉 , i = x, y. (3.6)

The final step is to calculate the parallel and perpendicular diffusion coefficients, or equivalently

mean free paths using (Shalchi 2009a),

λ‖ =
3

v
κ‖ =

3v

8

∫ +1

−1

dµ
(1 − µ2)2

Dµµ(µ)
(3.7)

λ⊥ =
3

v
κ⊥ =

3

2v

∫ +1

−1

dµ D⊥(µ). (3.8)

The beauty of QLT relies on its practical and systematic character. It provides simple expres-

sions for parallel and perpendicular mean free paths (see derivation in Sections 3.3 and 3.4 for

slab turbulence for instance), whereas all nonlinear theories are complicated and rely on ad hoc

assumptions. QLT was benchmarked through test-particle simulations for the case of parallel

transport in slab geometry using a Kolmogorov wave spectrum (Qin 2002). Furthermore, QLT

when combined with advanced turbulence models (e.g. the NADT model from Section 2.4.3)

was able to reproduce parallel mean free paths in the heliosphere (Shalchi el al. 2006).

On the other hand, QLT is problematic in most of the cases (see, e.g., Klimas and Sandri

1971, Kaiser et al. 1973). For instance, QLT is always incorrect when it comes to describing

perpendicular diffusion in all geometries and within all turbulence strengths. Moreover, QLT

can not explain pitch angle diffusion at 90◦ where it provides an infinite parallel diffusion

coefficient. Finally, QLT provides a false prediction when using the pure 2D model (Shalchi

2009a). All these problems will be elaborated upon in Section 3.7.
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3.2 Generic Form of the Pitch-Angle Fokker-Planck Co-

efficient

The pitch-angle Fokker-Planck coefficient is the basis to study parallel scattering. This

is given by Equation 3.5. One has to substitute the unperturbed trajectory orbit, that is

Equations 3.1 and 3.2, into the parallel component of the equation of motion which reads from

equation 3.3

µ̇ =
dµ

dt
=

Ω
√

1 − µ2

B0
[δBy(~x0) cos Φ(t) − δBx(~x0) sin Φ(t)] (3.9)

where Φ(t) = Φ0 − Ωt. Teufel & Schlickeiser (2002) carried out the derivation assuming

axisymmetric turbulence and using spherical coordinates together with left-handed and right-

handed components of the turbulent field given as

δBL =
1√
2

(δBx + iδBy)

δBR =
1√
2

(δBx − iδBy) . (3.10)

The authors derived the generic formula that describes pitch-angle scattering

Dµµ =
Ω2(1 − µ2)

2B2
0

∞
∑

n=−∞

∫

d3k

[

J2
n+1

(

k⊥v⊥
Ω

)

PRR(~k) + J2
n−1

(

k⊥v⊥
Ω

)

PLL(~k)

− Jn+1

(

k⊥v⊥
Ω

)

Jn−1

(

k⊥v⊥
Ω

)

(

PRL(~k)e+2iΨ + PLR(~k)e−2iΨ
)

]

Rn(~k) (3.11)

with the quasilinear resonance function

Rn(~k) = Re

∫ ∞

0

dt ei(k‖v‖+nΩ)t Γ(~k, t). (3.12)

When using a magnetostatic turbulence where Γ(~k, t) = 1, the integral over time can be solved

to yield

RMS
n (~k) = Re

∫ ∞

0

dt ei(k‖vµ+nΩ)t = πδ(k‖vµ+ nΩ). (3.13)
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The resonance condition is the cornerstone of the QLT theory. Within QLT, the guiding center

response to the field fluctuation turns out to be of a resonant nature such that only fluctuations

fulfilling the resonance condition can account for the particle motion.

The wave-particle interaction is responsible for the change of pitch angle. It is known

that scattering due to magnetic fluctuations tends to cause the evolution of a particle’s pitch-

angle distribution toward isotropy. It should be emphasized that the reason for the sharp

resonance condition is the usage of unperturbed orbits which is the main assumption in QLT.

Within nonlinear theories, the resonance condition is broadened, and it is still unclear what

this condition really is (Shalchi 2009a).

3.3 Parallel Mean Free Path in Magnetostatic Slab Tur-

bulence

Determining the pitch-angle Fokker-Planck coefficient in a turbulence geometry is accom-

plished through the application of Equation 3.11. Yet for slab turbulence and due to its sim-

plicity, one can directly use the equation of motion (Equation 3.3) and plug it into Equation

3.5. We follow the derivation in Shalchi (2009a) assuming axisymmetry and use the quasilinear

resonance function to get

Dµµ =
2π2Ω2(1 − µ2)

B2
0vµ

gslab

(

k‖ =
Ω

vµ

)

. (3.14)

Using the slab correlation function given in 2.15, and the spectrum from 2.18, one finally gets

Dslab
µµ =

πC(s)v

lslab

δB2
slab

B2
0

(1 − µ2)µs−1Rs−2(1 + µ2R2)−s/2. (3.15)

The next step is to calculate the parallel mean free path, λslab
‖ , by using Equation 3.7

λ‖ =
3lslab

4πC(s)

(

B0

δBslab

)2

R2−s

∫ 1

0

dµ (1 − µ2)µ1−s(1 + µ2R2)s/2, (3.16)



74 CHAPTER 3. QUASI-LINEAR THEORY AND BEYOND

which can be expressed in terms of hypergeometric functions (see Gradshteyn & Ryzhik 2000,

Equation 3.194.1):

λ‖ =
3lslab

8πC(s)

B2
0

δB2
slab

R2−s

×
[

2

2 − s
2F1

(

1 − s/2,−s/2; 2 − s/2;−R2
)

− 2

4 − s
2F1

(

1 − s/2,−s/2; 3 − s/2;−R2
)

]

. (3.17)

For particles with low energies (R ≪ 1), we can use the approximation (Abramowitz &

Stegun 1974)

2F1 (a, b, c, 0) ≈ 1 (3.18)

and in this limit we find

λ‖(R ≪ 1) =
3lslab

2π(2 − s)(4 − s)C(s)

B2
0

δB2
slab

R2−s. (3.19)

For the case of highly energetic particles (R ≫ 1), we approximate the hypergeometric func-

tions (see again Abramowitz & Stegun 1974) to get

λ‖(R ≫ 1) =
3lslab

16πC(s)

B2
0

δB2
slab

R2. (3.20)

A simple formula can also be derived for all cases upon adding the last two equations to

get

λ‖ ≈
3lslab

16πC(s)

(

B0

δBslab

)2

R2−s

[

2

(1 − s/2)(2 − s/2)
+Rs

]

. (3.21)

3.4 Perpendicular Mean Free Path in Magnetostatic Slab

Turbulence

Using the same technique we can obtain an expression for the perpendicular diffusion from

QLT. Combining 3.4 with QLT and applying the TGK formulation with the perpendicular
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direction i, j ∈ [x, y] one gets (Shalchi 2009a)

Dxx =

∫ ∞

0

dt 〈vx(t)vx(0)〉 =
v2µ2

B2
0

∫ ∞

0

dt 〈δBx(z)δB∗
x(0)〉 . (3.22)

Within QLT, z0(t) = vµt. Substituting this into 3.22 and using the slab correlation relation

we find,

lc,slabδB
2
slab =

∫ ∞

0

dz Rslab
⊥ (z). (3.23)

Integrating this expression yields

Dxx =
v|µ|
2B2

0

δB2
slablc = πC(s)lslabv|µ|

δB2
slab

B2
0

. (3.24)

The last step converts the perpendicular diffusion coefficient into the perpendicular mean free

path via

λ⊥ =
3

v
κ⊥ =

3

2v

∫ +1

−1

dµ Dxx =
3π

2
C(s)lslab

δB2
slab

B2
0

= λ⊥,FLRW . (3.25)

As the turbulence is axisymmetric, switching between the x- and y-direction would not make

any difference as Dxx = Dyy = D⊥. One can notice a direct relation between the perpendicular

diffusion and the field line random walk, where the former is expressed in terms of the field

line diffusion coefficient κFL,

κ⊥ =
v

2
κFL. (3.26)

This is the field line random walk limit of Jokipii (1966). Within the slab geometry, particles are

assumed to perfectly follow field lines, and hence parallel diffusion is suppressed and λ‖ → ∞.

Consequently, particles will only diffuse in the perpendicular direction. Assuming field line

wandering behaves diffusively for all length scales, then field line and particle mean square

displacements can be written as follows:

〈(∆x)2〉|FL = 2|z|κFL

〈(∆x)2〉|Prt = 2tκ⊥. (3.27)
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Both the particles and field line trajectories follow the same path, hence we can equate both

sides to obtain, |z|κFL = tκ⊥. Substituting z = vµt where µ = cosφp is the pitch angle cosine

and averaging over all pitch angles, i.e. 〈|µ|〉 = 1/2, matches Equation 3.26. Using the relation

between the mean free path and diffusion coefficient, λii = 3κii/v, one obtains

λ⊥ =
3

2
κFL. (3.28)

Equation 3.28 is a direct relation between perpendicular mean free path of particles λ⊥ and

the random walk coefficient of field lines κFL. It is only valid if particles follow field lines and

pitch angle scattering is absent. An interesting feature of Equation (3.28) is that it does not

depend on the particle energy or rigidity, R = pc/eB. The perpendicular diffusion coefficient

is expected to flatten out toward the field line random walk coefficient when parallel diffusion

is suppressed. This crucial concept will be examined throughout our work as evidence from

nonlinear theory supports this idea (Shalchi 2014a). It is worth mentioning that the derivation

of the latter limit is possible when assuming later times, t→ ∞. The propagation of particles

across the mean magnetic field in the early phase of an event is mainly due to the particles

following meandering magnetic fields, resulting in cross-field mean square width an order of

magnitude larger than that predicted by a diffusion model. Perpendicular particle propagation

in early times can not be described as a cross-field diffusion, but requires a description for the

stochastic motion of the field lines.

3.5 Parallel and Perpendicular Diffusion in Pure 2D

Turbulence

Applying pure 2D turbulence is rather tricky, and can be problematic in most cases. That

is because the resonance function for magnetostatic 2D turbulence is given by

Rn(k⊥, k‖ = 0) = πδ(nΩ) = ∞ for n = 0. (3.29)
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Upon solving for pitch angle diffusion (Shalchi and Schlickeiser 2004) one finds a proportional

relation with the resonance function. Given 3.29, that indicates a vanishing parallel scattering,

D2D
µµ = 0, and infinitely large mean free path.

For perpendicular diffusion, QLT predicts 〈(∆x)2〉 ∼ t2 regardless of the wave spectrum

employed. Hence, charged particles behave super-diffusively within quasilinear perpendicular

transport in pure 2D magnetostatic turbulence. This is considered problematic as particles

will be moving in ballistic motion at all times.

3.6 Parallel and Perpendicular Transport in Slab/2D

Composite Model

As mentioned earlier, the slab/2D composite model is a superposition between the pure

slab and 2D model. It approximates the turbulence of the solar wind. The Fokker-Planck

coefficient is the summation of the individual coefficients,

Dµµ = Dslab
µµ +D2D

µµ

D⊥ = Dslab
⊥ +D2D

⊥ . (3.30)

The parallel mean free path in the composite model can be written using Equation 3.7 as

λcomp
‖ =

3v

4

∫ +1

−1

dµ
(1 − µ2)2

Dslab
µµ +D2D

µµ

(3.31)

and the perpendicular mean free path as

λcomp
⊥ = λslab

⊥ + λ2D
⊥ . (3.32)

3.7 The Problems of QLT

QLT was derived as a first order approximation given that turbulence is weak compared

to the mean field, δB/B0 ≪ 1. In the majority of astrophysical environments, turbulence
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Figure 3.1: Parallel mean free path λ‖ in AU units versus particle rigidity R for pure slab
turbulence and intermediate turbulence strength δB = B0. QLT results (solid line) are plotted
using Equation 3.21 together with its asymptotic approximations of Equations 3.19 and 3.20
(dotted lines). Simulations (dots) were carried out in Shalchi (2009a) using Qin (2002) code.
A good agreement despite a small discrepancy at low rigidities can be noticed upon comparing
both QLT and simulations. Figure courtesy of Shalchi 2009a, used with permission.

strength is of order one and so particles experience parallel and perpendicular diffusion simul-

taneously. As time goes on, deviation from the unperturbed trajectory becomes more evident.

However, QLT was benchmarked using numerical simulations for the case of magnetostatic slab

turbulence without the inclusion of dissipation effects which makes the spectrum steep at small

scales. In those simulations (e.g. Qin 2002) and despite the fact that the turbulent component

of the magnetic field was taken to be comparable to the mean field, δB ≈ B0, which is consid-

ered to be very high for QLT to be applicable, a clear agreement was established for all energy

ranges considered (Figure 3.1). However, at least three problems were discovered with QLT

that makes it a questionable and unreliable theory especially when models other than slab, or

spectra with dissipation effects are concerned. In addition to the famous 90◦-problem, QLT

also is problematic for perpendicular transport and for parallel diffusion in non-slab models.

Below we elaborate on each problem separately.
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3.7.1 The 90◦-Problem

Note that Equation 3.15 shows that within QLT,

Dµµ(µ→ 0) ∼ µs−1. (3.33)

Hence the integral for parallel diffusion (Equation 3.7) would not converge for s ≥ 2 i.e. λ‖(s ≥

2) → ∞. This infinitely large quasilinear parallel mean free path makes QLT inappropriate

for pitch angles close to 90◦ (or, µ = 0) with steep spectra. As long as the spectrum employed

does not contain steep features, QLT can be used if the parallel mean free path is computed.

In such cases, QLT loses generality given so many assumptions (low turbulence, slab model,

non-steep wave spectrum) have to be maintained in order for the theory to be correct. Those

notes were made by several authors (Klimas and Sandri 1971, 1973; Völk 1973; Kaiser et al.

1973) after QLT was derived in 1966. To check the validity of QLT with pitch angles near

90◦, numerical simulations were performed. Even with very small turbulence δB/B0 = 0.05,

Qin 2002 found no agreement. For other cases such as δB/B0 ≈ 1, comparable to turbulence

strength in the solar wind, nonlinear effects at 90◦ are believed to be much stronger.

3.7.2 The Perpendicular Diffusion Problem

QLT provides diffusive behavior for magnetostatic slab turbulence in the perpendicular

direction, where
〈

(∆x)2
〉

∼ t (3.34)

and a super-diffusive behavior exists for pure 2D and slab/2D composite models

〈

(∆x)2
〉

∼ t2. (3.35)

Qin et al. (2002a) used numerical simulations to explore the diffusion behavior. Assuming

slab geometry, they found a sub-diffusive behavior in the form of

〈

(∆x)2
〉

∼
√
t. (3.36)
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Jokipii et al. (1993) derived the theorem on reduced dimensionality where they claimed that

for slab turbulence, particles are tied to their field lines and thus they do not experience

perpendicular diffusion which leads to a vanishing diffusion coefficient. Later, Kóta and Jokipii

(2000) formulated a compound diffusion model that connects the perpendicular diffusion to

the parallel diffusion and derived

〈

(∆x)2
〉

= 2κFL

√

2tκ‖ ∼
√
t, (3.37)

assuming diffusive field line wandering. Moreover, simulations have shown that perpendicular

diffusion is recovered for non-slab models in disagreement with the ballistic motion QLT pre-

dicts (Qin et al. 2002a,b). On top of that, numerical simulations were able to reproduce the

observational results

λ⊥
λ‖

≈ 0.01. (3.38)

All these results provide evidence that QLT does not work for perpendicular transport.

3.7.3 The Geometry Problem

We have seen that QLT can only be applied to calculate parallel diffusion in a slab geometry

and flat wave spectrum. This creates a geometry problem since QLT can only be applied to one

geometry, considered to be very basic and incompatible with any astrophysical turbulence. For

the slab/2D composite model, considered to be a good approximation of solar wind turbulence,

the 90◦-problem is not important assuming a flat wave spectrum. Minnie (2002) presented

a comparison between numerical simulations and QLT for the composite model. A clear

disagreement was seen regarding rigidity dependence and actual absolute value. Within QLT,

the relation between the parallel mean free path and rigidity is λ‖ ∼ R1/3, whereas from

numerical simulations a steeper dependence is observed (see Figure 3.2).

3.8 Analytical Theories for Perpendicular Diffusion

QLT fails to describe perpendicular diffusion, hence nonlinear theories were developed to

tackle this problem. An analytical description of perpendicular diffusion is difficult (see Shalchi
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Figure 3.2: Comparison for parallel mean free path versus rigidity between QLT results for
pure slab (solid line), 20% slab/80% 2D composite turbulence (dashed line), and simulations
for 20% slab/80% 2D composite geometry (dots) using Qin (2002) code. Clearly, simulations
do not agree with any of the analytical results. Figure courtesy of Shalchi 2009a, used with
permission.

2009a for a review), since the quasilinear approximation is only valid in exceptional cases. A

promising theory was proposed by Matthaeus et al. (2003), which is called the Non-Linear

Guiding Centre (NLGC) theory. This theory was compared with test-particle simulations and

solar wind observations and agreement was often found (Matthaeus et al. 2003; Bieber et

al. 2004). However, there are also problems with the theory such as the fact that the theory

does not provide subdiffusive transport for slab turbulence1 (Shalchi 2009a; Tautz & Shalchi

2011). Therefore, different extensions of the NLGC theory were proposed. One example is the

Extended Non-Linear Guiding Center (ENLGC) proposed by Shalchi (2006). This theory was

explicitly developed to handle perpendicular transport in slab/2D composite turbulence and

provides the correct subdiffusive behavior for the pure slab case. Alternative approaches were

proposed thereafter (see, e.g., Qin 2007; Ghilea et al. 2011; Ruffolo et al. 2012). All these

approaches are basically extensions of the original NLGC theory.

1We want to emphasize that the subdiffusive behavior is an aspect of pure magnetostatic slab turbulence and
for this specific model, NLGC theory does not work. For a slab/2D composite model, however, diffusion should
be recovered. For two-dimensional (2D) turbulence, NLGC theory should be valid. It is not our intention to
criticize the slab/2D model or any other model of magnetic turbulence.
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A very different approach was proposed by Shalchi (2010), namely the Unified Non-Linear

Transport (UNLT) theory. The main problem in analytical theories for perpendicular dif-

fusion is the emergence of fourth order correlation functions. In the NLGC theory and the

aforementioned extensions, fourth order correlations are approximated by a product of two

second order correlations. The second order correlations are approximated by different models

such as a diffusion model (Matthaeus et al. 2003; Shalchi 2006) or a random ballistic model

(Ghilea et al. 2011; Ruffolo et al. 2012). The UNLT theory is based on the direct evalua-

tion of fourth order correlations by using the (pitch-angle dependent) Fokker-Planck equation.

The UNLT theory correctly describes subdiffusive transport in magnetostatic slab turbulence

in agreement with the theorem on reduced dimensionality (Jokipii et al. 1993 and Jones et

al. 1998) and computer simulations (Qin et al. 2002). The aforementioned theory states

that for a system of electromagnetic fields that have at least one ignorable coordinate, the

corresponding component of the canonical momentum is conserved. The conservation of this

component can have serious implications for the allowed motions of particles in such a field

system, for example, binding a particle to a given field-line equivalence class (FLEC). FLEC

is defined to be the class of all magnetic field lines that differ only by translation along the

ignorable coordinate, or a rotation if the ignorable coordinate is an angle variable. Hence a

charged particle is effectively forever tied to the same magnetic field line, except for the motion

along the ignorable coordinate. This concept has been known and applied for many years for

particles trapped in the geomagnetic field (the Van Allen belts) where particles drift around

the Earth in such a way as to approximately conserve the “L” parameter. This parameter is

essentially a label for the FLEC generated by the rotational symmetry of the dipole field. The

subdiffusive behavior obtained for magnetostatic slab turbulence is a consequence of the fact

that particles are tied to a single magnetic field line (FLEC) and simultaneously experience

parallel diffusion. This process is also known as compound diffusion which is correctly mod-

eled by the UNLT theory. UNLT also contains the correct FLRW limit without specifying the

turbulence properties (Shalchi 2014). The NLGC theory does not contain this limit. However,

it was shown before that for two-dimensional turbulence and certain forms of the spectrum,
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the FLRW limit can be obtained from NLGC (Minnie et al. 2009). UNLT also contains the

NLGC theory, the field line diffusion theory of Matthaeus et al. (1995), and the quasi-linear

theory of Jokipii (1966) as special limits, hence the name Unified Non-Linear transport theory

is justified. In the following two sections, these theories are discussed.

3.8.1 The Non-Linear Guiding Center Theory

In Matthaeus et al. (2003), the so-called NLGC theory was derived. This theory is based on

several assumptions leading to the following nonlinear integral equation for the perpendicular

diffusion coefficient:

κ⊥ =
a2v2

3B2
0

∫

d3k
Pxx(~k)

κ‖k
2
‖ + κ⊥k2

⊥ + v/λ‖
. (3.39)

Here we used the wavevector ~k, the magnetic correlation tensor Pmn

(

~k
)

, the parallel diffusion

coefficient of the particle κ‖, the parallel mean free path λ‖ = 3κ‖/v, the mean magnetic field

B0, and the particle speed v. We have also used the parameter a2, which is related to the

probability that the particle is tied to a single magnetic field line. Equation (3.39) was derived

under the assumption that δBz ≪ B0 and that the turbulence is static.

3.8.2 The Unified Non-Linear Transport Theory

Because the NLGC theory is problematic in some cases, Shalchi (2010) derived the so-

called UNLT theory. The latter theory still provides a nonlinear integral equation for the

perpendicular diffusion coefficient like the NLGC theory. However, it contains different terms

in the denominator

κ⊥ =
a2v2

3B2
0

∫

d3k
Pxx(~k)

F (k‖, k⊥) + (4/3)κ⊥k
2
⊥ + v/λ‖

, (3.40)

where we have used

F (k‖, k⊥) =
(2vk‖/3)2

(4/3)κ⊥k2
⊥

≡
v2k2

‖

3κ⊥k2
⊥

. (3.41)

The parameters used here are the same as in Equation (3.39). Although the integral equation

(3.40) has some similarities with Equation (3.39), the two theories provide different results in
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the general case (Tautz & Shalchi 2011). In particular, the term (3.41) in the UNLT theory

is completely different compared to the corresponding term in NLGC theory. Therefore, we

expect that at least in certain limits, the two theories provide very different solutions.



Chapter 4

Test-Particle Simulations

Permission

Part of the material presented in this chapter is a reprint of Hussein et al. (2015) pub-

lished in the Journal of Geophysical Research. The inclusion of the copyrighted material was

permitted under license from the journal.

4.1 Introduction

In this chapter, a complete description of the numerical methods used to calculate particle

diffusion coefficients is described. The test-particle code is explained in detail from the creation

of magnetic turbulence, injection of particles, tracking trajectories, to averaging over the whole

ensemble. To evaluate the accuracy of the code, extensive tests are performed on the numerical

integrator and the turbulence module.

Any ensemble of charged particles contains positive charged ions of mass mi and negative

charged electrons of mass me. The huge difference in mass between the two species, mi ≫ me,

introduces many intrinsic spatial and time scales in any plasma system. The knowledge of these

scales is essential to determine whether kinetic effects are important or not. For example, when

studying a plasma system for time intervals smaller than the intrinsic scale provided by the

particle’s orbital motion, the system would not reach the thermal dynamic equilibrium state,

and so kinetic effects become important. In such a case the length scale of the system L, is

85
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comparable to the characteristic length scale of the particles (the Larmour radius R = vth/Ω,

where vth is the particle’s thermal velocity and Ω = qB/γmc is the particle’s gyro-frequency).

A correct estimation of the characteristic length scale of the plasma systems allow for a

better determination on what numerical approach should be used to track the evolution of the

ensemble. Generally, there exist two viewpoints, the kinetic approach and the fluid approach.

The former is used when the length scale is comparable to, or an order of magnitude larger

than, the ion thermal Larmour radius Ri. This permits the study of wave-particle interactions

in nonlinear evolution. On the contrary, the fluid approach operates when the length scale

of the system is orders of magnitude larger than the Larmour radius, where kinetic effects

can be neglected. If L becomes very small and approaches the ion thermal Larmour radius,

charged particles become demagnetized and the system can no longer be treated as a fluid-like

magnetohydrodynamic system (Dalena et al. 2012). From each viewpoint, there are unique

plasma simulations that can be considered, the choice of which depends on the arbitrary

phase-space resolution as follows:

1. Fluid simulations

• MHD code: L ≥ Ri

• Two-Fluid code: 103Ri ≥ L ≥ 10Ri

2. Kinetic Simulations

• Hybrid code (fluid electrons and kinetic ions): 10Ri ≥ L ≥ Ri

• Full particle code: Ri ≥ L ≥ Re

• Test-particle code: when a strong electromagnetic field is present

• Vlasov code: Ri ≥ L ≥ Re.

In this work, all simulations are based on the test-particle module where electromagnetic

fields are externally imposed on charged particles that are treated fully independently from one

another. There is no feedback reaction from the particle on the field lines and particle-particle

collisions are absent. The system as a whole is collisionless and incompressible where particles



4.1. INTRODUCTION 87

are treated separately as individuals due to the fact that collective effects are not important.

Test-particle simulations are ideal to study individual charged particle motion over the course

of large distances. The advantage of this method is that it does not require simplifying assump-

tions to reduce the number of variables in the problem, since the physics of particle propagation

is determined by the solution of the equation of motion alone. Statistical behavior can then

be inferred upon using averaging methods. A broad range of application can be studied using

test-particle calculations such as particle transport, energization and acceleration, dynamics in

complex magnetic systems where analytical solutions are just not possible and fully consistent

kinetic calculations are not practical. In that sense, one can view test-particle simulations

as a bridge between the two approaches. On one hand, fluid simulations are limited to the

description of macroscopic properties of plasmas in terms of the local distribution functions’

momenta. Nonetheless, they still provide a useful tool to model complex plasma systems in

realistic geometries without losing generality on many physical processes. Kinetic simulations

on the other hand do not account for all physical processes and can only be applied for rela-

tively simple geometries. However, they do provide detailed description of particle dynamics.

That being said, test-particle simulations manage to act as a complementary tool to bridge the

gap between the two approaches as they take on electromagnetic fields obtained from macro-

scopic models under realistic conditions to be applied to study kinetic effects and wave-particle

interactions in very complex settings.

The code which has been written for this work has many functions and subroutines. It is

designed to calculate static and dynamic turbulent field lines and trace their streamline evo-

lution, track particle trajectories, and calculate diffusion coefficients. In general, the following

Ordinary Differential Equation (ODE) has to be solved

d~x

ds
= ~f(~x), (4.1)

where ~x = (x1, x2, . . . , xN) is an N -dimensional generalized position, s is the generalized in-

finitesimal parameterization, ~f(~x) = (f1(~x), f2(~x), . . . , fN(~x)) is a continuous vector field to be

solved with the generalized position ~x. To be more specific, we consider the case of tracking
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a single charged particle of mass m under the effect of a time-dependent force ~F (~x, t), mainly

magnetic force. The problem then translates to

~x = (x, y, z, vx, vy, vz)

~f = (vx, vy, vz, ax, ay, az). (4.2)

This system includes six dimensions, i.e. N = 6, and the acceleration is given by ~a = ~F/m.

Numerically, the code reads and solves two coupled differential equations as

d~x

dt
= ~v(~x, t)

d~v

dt
= ~a(~x, t). (4.3)

For the case of only solving for field lines themselves, the number of dimensions decreases

to three and only one 3D ODE has to be solved. As with any other differential equation

solver technique, a set of initial conditions has to be specified. Hence by integrating the ODE

over the initial conditions, the trajectories begin to evolve and serve as an input for the next

integration step. For the case of field lines, one has to initially specify a magnetic field and

initial position, while for the case of a charged particle trajectory, magnetic and electric fields

have to be known together with the particle’s initial position and velocity.

The numerical integrator method used to solve the ODEs is the adaptive step fourth-

order Runge-Kutta with a fifth-order error estimate. There exist many numerical schemes for

solving first-order differential equations with an initial value problem (for a complete list refer

to the book “Numerical Recipes” by Press et al. 1992). Whereas a full comparison in terms

of accuracy and time consumption between all these methods is still lacking, Runge-Kutta

remains one of the most used tools in the field. Symplectic integration on the other hand is

another tool designed especially for solving Hamilton’s equations. It is an energy-conserving

method. We would like to emphasize that Runge-Kutta is also an energy-conserving method

when combined with adaptive and small time steps (see Section 4.3.1). In future work, we

aim to use different numerical methods for comparison. We believe that final results should
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remain unchanged regardless of the method used. Infinitesimal sub-steps dt ≪ tfinal are

calculated at each step t, and fed back to the algorithm to speed up the calculation and

minimize errors, where tfinal is the total run time of each injected particle. All simulations

were run on super-computers where a Portable Batch System (PBS) file was written to run

a set of series simulations all with the same source file but with different initial conditions.

For example, if simulating 104 particles in one machine of 103 processors, 1000 jobs of the

same source code with 10 particles each but different set of initial parameters, i.e. pitch

angle, turbulence angles, and particle’s position will be executed. Each job solves one particle

trajectory at a time until all particles assigned to that job step through the entire run time

tfinal. The code is written in a versatile way allowing the user to switch between different

built-in turbulence geometries like slab, 2D, composite, or isotropic models; supply external

electromagnetic fields through data files; or easily switch to analytic fields. Also the user can

specify what to solve for, field lines or particle trajectory. Besides, one can change the set of

ODEs defined to solve for any other problem of concern. Intrinsically, fields are expected to

be electromagnetic in nature, but they need not to be.

4.2 Application to Charged Particles

The basic equation that governs the relation between charged particles and electromagnetic

field lines is the Lorentz force equation, given in Gaussian units as

m
d~v

dt
= q

[

~E +
1

c
(~v × ~B)

]

. (4.4)

In this equation, m, v, and q are the mass, velocity, and charge of the particle considered

respectively. The external electric and magnetic fields are ~E and ~B respectively, while c is the

speed of light. Both electric and magnetic fields are not influenced by the motion of the charged

particles as they are externally imposed. We assume the superposition relation between the

mean field and the turbulent field to form the total magnetic field i.e. ~B = B0êz + δ ~B and

neglect electric fields. We choose our Cartesian system of coordinates in such a way that the

mean field is aligned parallel to the z-axis. Furthermore, we set the absolute value of the mean
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field ~B0 to be constant at all times. This might not be true at locations near the magnetic

source. For example, the mean field near the Sun takes a spiral shape due to the Sun’s rotation

known as the Parker spiral (Tautz el al. 2011). We assume distances from the source as far as

1 AU heliocentric distance when studying the solar wind.

To allow generality of the code and to provide a useful means to relate the abstract numer-

ical experiments to real astrophysical scenarios, all parameters are made to be dimensionless

through introducing characteristic units. Those units include the characteristic length scale

l0, the Alfvén speed vA, the unit transit time τA = l0/vA, and the particle’s rigidity R. To

put the aforementioned parameters into perspective, l0 represents the length scale where the

turbulence spectrum changes, comparable to a correlation length of turbulence lc. The Alfvén

speed in the context of charged particles interacting with turbulence represents the linear speed

in the background plasma where magnetic information travels between one wave mode to the

other. Hence the characteristic time which is also known by the Alfvén crossing time τA can be

seen as the time needed by an Alfvén wave to travel one turbulence correlation length. Even

though the concept of the Alfvén crossing time is important in plasma physics, in test-particle

simulations it is more convenient to use the characteristic time defined by a period of gyration,

T . This could be done by taking τ = 2πt/T = Ωt where Ω is the particle’s gyro-frequency.

Perhaps the most important among all other dimensionless units is the rigidity which is defined

as

R =
RL

l0
=

|~v|
Ωl0

=
γ|~v|mc
qB0l0

. (4.5)

In electromagnetism, magnetic rigidity is defined as RB = BRL (see derivation below) which

measures the effect of a particular static magnetic field on the particle’s motion. In other

words, it is a measure of the particle’s momentum and how resistant it is to bending from

the magnetic field. A particle with a higher momentum needs a stronger magnetic field to be

deflected. Here is a quick illustration of how to convert between different unit systems used

to describe the relation between charged particles motion and magnetic fields. Kinetic energy,

Ek, measured in eV, MeV, or GeV is often used to characterize the particle. Less common

units involve calculation of the Larmour radius RL. However, when studying cosmic rays the
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commonly used parameter is the magnetic rigidity RB, which is defined to be the momentum

p per unit charge Ze,

RB =
|~p|c
Ze

. (4.6)

magnetic rigidity is measured in V, MV, or GV. The beauty of a unit system based on magnetic

rigidity is its simplicity when it comes to relation to other unit systems and parameters that

describe the particle motion in a magnetic field, such as the gyro-frequency Ω, the Larmour

radius RL, and the kinetic energy of the particle Ek. We know for instance that

Ω =
ZeB

γmc
(4.7)

and

RL =
|~v|
Ω
. (4.8)

Using these two relations one can easily derive

RB =
|~p|c
Ze

=
γ|~v|mc
Ze

=
|~v|B

Ω
= RLB. (4.9)

Hence the magnetic rigidity is nothing more than the multiplication of the Larmour radius by

the magnetic field. Moreover, the relation between the magnetic rigidity measured in V, MV,

or GV and kinetic and rest energy Ek and E0 measured in eV, MeV, or GeV is as follows

Ek + E0 =
[

E2
0 + (ZeRB)2

]1/2
. (4.10)

Rearrange to get

RB =
[

E2
k + 2EkE0

]1/2
. (4.11)

Within our numerical scheme, we use the so-called dimensionless rigidity R defined as the

ratio of the Larmour radius to the characteristic length scale (Equation 4.5). From 4.9 that

becomes

R =
RB

l0B
. (4.12)
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One thing that is still missing is the conversion from 1 statV to V as Gaussian units were used

above. The conversion to SI units is given as 1 statV = 299.79 V. As a numerical example,

consider the heliospheric parameters at 1 AU for the characteristic length scale and magnetic

field which are l0 = 0.03 AU with 1 AU = 1.496 × 1011 m and B0 = 4.2 nT. Hence, to convert

dimensionless rigidity to magnetic rigidity in MV, one should multiply by

l0B0 ( statV → V ) = 0.03 × 1AU × 4.12 × 10−9 × 299.79 = 5.54 × 103. (4.13)

A value of R = 1.0 in our simulation corresponds to RB = 5.54 × 103 MV in a real physical

scenario at 1 AU heliocentric distance. Under the choice of these normalization parameters,

the dimensionless equations of motion in the test-particle code becomes (see derivation in

appendix A.1)

d

dτ

(

~x

l0

)

= ~R (4.14)

d~R

dτ
= ~R×

(

êB0 +
δB

B0
êδB

)

. (4.15)

In the second equation, êB0 and êδB denote the unit vectors pointing in the direction of the

background and turbulent magnetic fields respectively. Note that the code implements the

concept of turbulence strength, δB/B0, directly in the solved equation.

4.3 Testing the Code Accuracy

The generic form of the test-particle code consists of five main files, namely the Input (data

file), the Source (C++ file), the Make (bash file), the PBS (bash file), and the Merge (C++

file). Bash files are written to compile and execute the code on super-computers. The Input file

contains all the common initial parameters shared among the test-particles to be feed to the

Source file. To calculate the final outcome of a single simulation, the Merge file combines all

the output files from each processor using statistical techniques. In order to substantiate the

accuracy of numerical results in more complicated magnetic configurations, we test different

parts of the code separately. The main two routines the code operates on are the differential
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equation integrator function and the turbulence generation function. Different tests have to be

conducted to validate each function on its own. In the next Section (4.3.1), intensive accuracy

tests are performed to check the numerical integrator. To do so, we use simple magnetic

configurations where either an analytic solution exists or the particle’s energy is conserved. To

test the turbulence function, we use the isotropic model which serves as a testing procedure

given that fluctuation in all spatial directions within this model are equi-probable. That is

done in Section 4.4.2 after explaining how turbulence is numerically generated.

4.3.1 Testing the Numerical Integrator

For this part, we use two cases

1. Particles moving in a constant magnetic field ~B = B0êz

2. Particles moving in a circularly polarized wave field.

For the first case, an exact solution exists, therefore a comparison for how accurate the nu-

merical results are to the analytical ones is conceivable. For the second case, there is no

exact solution for the problem, but because no electric fields exist, the condition on energy

conservation can be used to test the accuracy of the Runge-Kutta method.

Particles moving in a constant magnetic field ~B = B0êz

It is a well known fact that the Lorentz force, ~Fl, exerted by a uniform magnetic field,

~B0, on a particle with charge q and rigidity vector ~R = ~R‖ + ~R⊥ is perpendicular to both

the particle velocity and the magnetic field. ~R‖ and ~R⊥ are the parallel and perpendicular

rigidities in reference to the initial magnetic unit vector respectively. In such a case no work

is done, particle rigidity and eventually kinetic energy is conserved, and the analytic solution

given our choice of normalizing parameters is

Rx(τ) = Rx0 cos(Ωτ) +Ry0 sin(Ωτ)

Ry(τ) = Ry0 cos(Ωτ) −Rx0 sin(Ωτ)

Rz(τ) = Rz0 = constant. (4.16)
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In the above equations Ω is the gyro-frequency and Rx0 , Ry0 , and Rz0 are the initial rigidities

in x−, y− and z−coordinates respectively. The overall motion traces a helical path where the

charged particle gyrate in the x − y plane around the magnetic field and linearly propagate

along the magnetic field in the z−direction.

The relative error between numerical and analytical solutions is defined as follows

Relative Error =
|R2

num − R2
an|

R2
an

, (4.17)

where Rnum and Ran are the numerical and analytical rigidity magnitudes respectively. To get

rid of any statistical or random errors, 100 particles were injected with different and random

initial positions and velocities. They were tracked for 104 gyro-periods which is relatively long

to study practical physical processes of interest, and averaged to yield the final results. One

would expect the relative error to increase linearly with time with a slope = 1 in a log-log

scale. That is because the Taylor expansion of the error at each time step using a fourth-order

numerical scheme is |Rnum − Ran| ∝ (δτ)5. After n = τ/δτ steps, the accumulative error is

reduced to (δτ)4. Dividing by the analytical result returns a linear relation with τ . Figure

4.1 shows the results from a test simulation. The first three plots refer to the behavior of

a randomly selected particle whereas the last plot refers to the relative error of the whole

ensemble. When a particle moves in a uniform field, the Larmour radius remains unchanged,

hence oscillations in x and y axis retain a fixed amplitude while the rigidity in z remains

constant all the way. This is exactly what is shown in the first three plots. The relative error

shows a linear increase against time with a slope equal to one as expected.

Particles moving in a circularly polarized wave field

In the previous section, it has been shown that the numerical integrator works fine for the

case of uniform fields. This may not hold true if turbulence is added to the magnetic system.

In the current section we consider ion motion in the presence of a constant magnetic field

~B0 = B0êz superimposed with a perpendicular circularly polarized wave. Herein we use the
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Figure 4.1: Testing the numerical integrator module using uniform magnetic fields. The top
left panel shows the x−component of rigidity versus dimensionless time zoomed in to reveal
single gyrations for a randomly selected particle. The gyrations are periodic and maintain a
constant amplitude. Top right panel shows the z−component of rigidity versus time where the
value does not change as the particle moves with a constant linear velocity along the magnetic
filed. gyrations in the x−y velocity-plane are shown in the bottom left panel where the Larmor
radius is constant. The bottom right panel shows the relative error versus time with a slope
equal to one validating error accumulation estimated from Taylor expansion.

left-hand polarized component of the wave field rotating in the same sense as the ion. The left-

right-hand property is essential. From wave-particle interaction theory, positive ions interact

with left-handed waves while negative electrons interact with right-handed waves. Thus for

the current test simulation, the left-hand polarized component of the wave field is used. The

overall magnetic field is given as

~B = δBx cos(k0z) êx − δBy sin(k0z) êy +B0 êz (4.18)

where δBx and δBy are the wave amplitude in x− and y− directions respectively and the mean

field is chosen to be along the z−direction. Furthermore, k0 is the wavevector assumed to be

in the same direction as the mean field and for simplicity the assumption δBx = δBy = δB is

taken.

As already mentioned, no exact solution of the problem exists. However, the fact that the

field is purely magnetic and uniform, hence no work is done on the charged particle, allows
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Figure 4.2: Same as Figure 4.1 for the first three plots but with the magnetic field being
circularly polarized with fluctuation amplitude δB/B0 = 0.1. Gyrations along the x−axis are
still constant but one can notice the oscillations in Rz with some drift. The Larmor radius
also experiences some shifting in the x − y velocity plane. The bottom right panel shows Rx

versus Rz where obviously the motion becomes irregular.

one to test the energy conservation condition. Likewise, it was the same case for the previous

configuration. Therefore it is feasible to compare the rigidity magnitude |~R| at each time step

with the initial value |~Rini|. We define the relative error as

Relative Error = R2 −R2
ini. (4.19)

Both values are the result of averaging over 100 particles and the wave amplitude is taken

to be δB/B0 = 0.1. Figures 4.2 and 4.3 show the behavior of a randomly-selected particle

and the relative error versus time in gyro-periods respectively. The former indicates that the

motion becomes more irregular as Rz is not constant any more and a small deviation can be

noticed in the Larmour radius. Despite this arbitrariness, the latter figure indicates clearly

that energy is approximately conserved and increases linearly with time with accuracy values

below 10−9.



4.4. ON NUMERICAL TURBULENCE GENERATION 97

0.01 0.10 1.00 10.00 100.00 1000.00
τ=Ωt

10-15

10-14

10-13

10-12

10-11

10-10

10-9

R
el

at
iv

e 
E

rr
or

slope = 1

Figure 4.3: The relative error versus time for the whole ensemble of particles moving in circu-
larly polarized magnetic field. As for the case of uniform magnetic field, energy is conserved
as the system is pure magnetic. The slope returns one as expected meaning that particle orbit
is calculated within the predicted accuracy.

4.4 On Numerical Turbulence Generation and Test-Particle

Simulations

In this thesis, numerical simulations to obtain parallel and perpendicular diffusion coeffi-

cients are performed. In computer simulations three steps have to be performed in order to

obtain diffusion parameters, which are

1. A specific turbulence model has to be simulated by employing the approach described

below. Here, we consider the slab, two-dimensional (2D), slab/2D composite model,

isotropic turbulence, Goldreich-Sridhar turbulence, the NRMHD model, and a noisy

slab model.

2. The Newton-Lorentz equation has to be solved numerically for an ensemble of particles

to obtain their orbits.

3. From these test-particle trajectories, one can obtain the diffusion coefficients in the dif-

ferent directions of space.
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This method of generating the turbulence and simulating the motion of test-particles was used

before (see, e.g., Giacalone and Jokipii 1994; Micha lek and Ostrowski 1996; Reville et al. 2008;

Tautz 2010) and is different compared to the grid method used by other authors (see, e.g, Qin

et al. 2002a, 2002b).

4.4.1 General Remarks

In order to calculate the turbulent magnetic field at the position of the charged particle

~x, one can use the Fourier representation shown in Equation 2.2. In order to benefit from

symmetry, it is preferred to evaluate this integral either in spherical or cylindrical coordinates.

Since we are dealing with a numerical treatment, integrals are replaced by sums. The basic idea

is to generate random magnetic fluctuations by superposing a large number of plane waves with

different and random polarization and phases. The dimensionality of the turbulence model

used matters since it determines to how many sums the integral will break up. For example,

in turbulence models with reduced dimensionality, such as slab or two-dimensional models,

and for isotropic turbulence, the integral can be replaced by a single sum because only one

independent wavevector component controls the turbulent magnetic field. On the other hand,

Goldrich-Sridhar, NRMHD, and noisy slab models are more complicated. This is due to the

fact that two wavevector components are relevant, namely, k‖ and k⊥. Therefore, an extra sum

is required making the simulations more time consuming. In the following we elaborate on the

technical details for the different turbulence models. Historically two basic onsets or numerical

models were formulated to generate turbulence. First is the grid onset which discretizes both

the spatial dimensions and the wavenumbers on an extended grid to perform a fast Fourier

transform. Turbulent fields are then calculated over the whole mesh using a superposition of

standing wave modes before integrating particle trajectories. Linear interpolation methods are

used to specify the magnetic magnitude at the specific location of the particle between the

grid points. This could be done using a two-dimensional grid for the perpendicular directions

accompanied with a one-dimensional grid for the parallel direction or rigorously using a three-

dimensional grid (see, e.g., Mace et al. 2000; Qin et al. 2002a; Casse et al. 2002; Pommois et

al. 2007; Reville et al. 2008). The advantage of this method is that turbulence only has to
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be computed once. Also, when it comes to visualization, the grid-based system allows one to

visualize the magnetic field lines across the whole space and then see how particles are moving

in the vicinity of those field lines. The disadvantage is that up to 222 Fourier modes have to

be discretized in order to achieve a sufficient resolution of spatial structures. This will lead

to more time and memory consumption given that fields data has to be saved for the whole

simulated space. The second method which we adopt and employ in our research is completely

different.

The model used in this thesis, so-called the continuous approach, was first formulated by

Giacalone and Jokipii (1999), which will hereafter be denoted by GJ99. The model is built

under the principle of just-in-time evaluation of the turbulent fields at each particle position.

No grids are needed. Fields are generated anew at each time step and where it is needed using

the same set of equations. So given a position one can calculate fields which are then passed

to the numerical integrator to solve for the next position, and so on (see, e.g., Giacalone &

Jokipii 1999; Tautz 2010a; Dosch et al. 2011). The continuous approach is to an extent better

than the grid onset when it comes to time consumption, memory usage, and accuracy. It saves

time, uses less memory (given that too many grid points must be used to achieve acceptable

accuracy), and on top of that our method generate fields only where the particle is actually

moving, not on all the provided space as the first method does. In addition, the usage of linear

interpolation is questionable regarding the accuracy whereas our method calculates magnetic

information exactly at the particle’s position. On the other hand, with the method we adopt,

visualizing streamlines is not possible as magnetic information is restricted for where particles

are moving.

The isotropic model of turbulence allows for a testing procedure of the numerical scheme

to be carried out. Isotropic turbulence must fulfill three basic and intrinsic requirements as

follows

1. On average, all of the three components of turbulent magnetic fields have to be equal

with the same magnitude.

2. The turbulence has to be isotropic in nature; that is the probability for the random
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fluctuation of a given Fourier mode sample in one direction is equal to that in orthogonal

directions.

3. The turbulent magnetic field has to be divergence-free satisfying ∇ · ~B = 0.

As a matter of fact, GJ99 and the authors who used the model as is ignored the fact that

at least one of the conditions listed above was always violated. Tautz and Dosch (2013)

optimized the GJ99 model and below we present the general, full, and correct form that fulfills

all requirements. Comments on the optimization and differences with the original GJ99 method

are also made consequently.

4.4.2 Slab, Two-Dimensional, and Isotropic Turbulence

In order to simulate turbulence models with reduced dimensionality, we use the method

described in Hussein et al. (2015). More details about the numerical approach used in such

simulations can be found in Tautz and Dosch (2013). In numerical treatments of the transport,

it is convenient to use dimensionless quantities instead of the physical quantities used above. If

the slab model is considered, for instance, physical quantities are the parallel component of the

wavevector k‖ and the parallel particle position z. In the test-particle code those quantities are

replaced by k‖ → k‖lslab and z → z/lslab, respectively. More details concerning other quantities

such as the magnetic rigidity are discussed below.

In numerical work, the turbulent magnetic field vector is calculated via

δ ~B (~x) =
√

2δB

N
∑

n=1

A(kn)ξ̂n cos
[

~kn · ~x+ βn

]

. (4.20)

The parameter N corresponds to the number of simulated wave modes, and the quantity

A(kn) denotes the amplitude function (see below). In Equation (4.20) we have also used the

wavevector ~kn = knk̂n with the random wave unit vector

k̂n =













√

1 − η2
n cosφn

√

1 − η2
n sinφn

ηn













. (4.21)
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Table 4.1: The values used in the simulations for slab, two-dimensional, isotropic, NRMHD,
Goldreich-Sridhar, and noisy slab turbulence.

Turbulence model ηn αn Φn Wavenumbers Energy range spectral index

Slab 1 0 Random kn = lslabk‖ 0

Two-dimensional 0 0 Random kn = l2Dk⊥ 2

Isotropic Random Random Random kn = l0k 3

NRMHD 0 0 Random kn = l⊥k⊥,km = l‖k‖ 3

Goldreich-Sridhar 0 Random Random kn = lk⊥,km = lk‖ 2

Noisy slab model 0 0 Random kn = l⊥k⊥,km = l‖k‖ 0

~kn is the propagation vector of the created plane waves to be added. Furthermore, we have

used the random phase βn and the polarization vector

ξ̂n =













− sin φn cosαn + ηn cosφn sinαn

cosφn cosαn + ηn sinφn sinαn

−
√

1 − η2
n sinαn













(4.22)

with ηn = cos θn. ξ̂n represents how fluctuations are distributed among the three different

coordinates. The angles θn, φn, and αn can have a specific value or they can be randomly

chosen depending on the simulated turbulence model (see Table 4.1 for the used values).

The presented polarization vector is the first main difference with the GJ99 model and its

transformation matrix. According to the latter authors, the polarization vector ξ̂n is given by

ξ̂GJ99
n =













−i sin φn sinαn + cos θn cos φn cosαn

i cosφn sinαn + cos θn sin φn cosαn

− sin θn cosαn













. (4.23)

In addition, GJ99 used exp[i . . . ] instead of cos[. . . ] in Equation 4.20 and uniformly distribute

the angle θn ∈ [0, π] rather than randomly generating ηn ∈ [−1,+1]. The parameter η is
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chosen the way it is so the density dΩ = sin θdθdφ = dη is constant over the entire sphere

distribution, a requirement which would not be met if θ were to be uniformly distrubuted.

The choice of cosine rather than combining a complex exponential function with a complex

polarization vector has no effect on the isotropic nature of the turbulence. However, it has

one significant advantage of decreasing the required computation time by a factor of almost 2.

The test-particle code spends more than 85% of CPU time in evaluating magnetic turbulence

(Equation 4.20) hence any optimization in the turbulence creation module immediately pays

off.

The difference in the polarization vector refers to the difference in constructing random

fluctuating fields that are always perpendicular to the propagation vector. The main principle

is to add hundreds or even thousands of randomly generated plane waves at a particular

position in space in an attempt to generate turbulence. Those waves should all fulfill the

divergence-free requirement ∇· ~B = 0 as Maxwell’s equations predict. A Couple of models exist

for turbulence creation (e.g., filament twisting, enveloping approach of Laitinen et al. 2012,

etc...). The most practical and systematic method is to create a wave which is propagating

in a direction, k̂, perpendicular to its fluctuation vector ξ̂. Hence k̂ · ξ̂ = 0 which insures

∇ · ~B = 0 at all times. The random unit vector k̂ is created as given in Equation 4.21. The

following step is to create two vectors that are always perpendicular to one another and to k̂

to complete the creation of a new transformed coordinate in the frame of the turbulence. A

straightforward option is to assume that one of the vectors, here called ŷ′, lies in the x − y

plane. The second vector, x̂′, can easily be evaluated to complete the right-handed orthogonal

system by setting x̂′ = ŷ′ × k̂, thus

x̂′ = (cos θ cosφ, cos θ sin φ,− sin θ)

ŷ′ = (− sinφ, cosφ, 0). (4.24)

Both vectors are now perpendicular to each other and to k̂ so either x̂′ or ŷ′ can act as the

polarization vector. But one essential principle of turbulence is completely ignored if this

choice was to be taken. In fact it is the reason that turbulence is called so in the first place:
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the principle of randomness. Clearly vectors x̂′ and ŷ′ are not random as one vector was forced

to lie in the x − y plane. To overcome this problem, an additional rotation via a random

angle α ∈ [0, 2π] around the propagation vector ~k in the x′ − y′ plane is performed. This may

sound straightforward but in fact rotating around random vectors is complicated. Rotating

around conventional coordinates such as x, y, and z or pivotal points like the origin is trivial

as rotation matrices for such choices are fairly simple. The transformation matrix to rotate

any vector around an arbitrary unit vector (u, v, w) satisfying u2 + v2 +w2 = 1 by an angle α

is given by













u2 + (1 − u2) cosα uv(1 − cosα) − w sinα uw(1 − cosα) + v sinα

uv(1 − cosα) + w sinα v2 + (1 − v2) cosα uw(1 − cosα) − u sinα

uw(1 − cosα) − v sinα uw(1 − cosα) + u sinα w2 + (1 − w2) cosα













. (4.25)

Upon taking the aforementioned transformation, the vectors x̂′ → ψ̂ and ŷ′ → ξ̂ become

ψ̂n =













sin φn sinαn + ηn cos φn cosαn

− cos φn sinαn + ηn sin φn cosαn

−
√

1 − η2
n cosαn













(4.26)

with ξ̂ as shown in Equation 4.22. Figure 4.4 summarizes all the rotation steps taken. At

this stage, all unit vectors k̂, ψ̂, and ξ̂ are perpendicular to each other and chosen randomly.

It is worth noting that the transformation performed agrees with the y − convention of the

Eulerian rotation matrix M(ψ̂, ξ̂, k̂) where the random angles φ, θ, and α are the Eulerian

angles. The transformation leads to two polarization vectors, ψ̂ and ξ̂ to choose from. In

our model we choose ξ̂ which is completely arbitrary. In fact both vectors are equivalent and

interchangeable.

It was already mentioned that the GJ99 transformation matrix violates at least one isotropic

turbulence requirement. In the following we demonstrate the reason for that. Referring to
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Figure 4.4: Illustration of the rotation steps taken and the angles used to construct the trans-
formation matrix. Figure courtesy of Tautz and Dosch (2013).

Equation 4.15 it is required that on average

|êδB | =
〈√

δB2
x + δB2

y + δB2
z

〉

= 1 (4.27)

as |êδB | is a unit vector. If this basic condition is broken, then diffusion coefficients would be

falsified. In particular the parallel mean free path would be too small (large) if the magnetic

field strength was greater (smaller) than unity. As will be shown in Chapter 8, perpendicular

diffusion depends on the parallel diffusion coefficient hence the perpendicular coefficient will

also be incorrect. The problem originates from the GJ99 polarization vector. The average

strength of the turbulent field under the aforementioned vector is usually below unity. In

addition, the z-component of the turbulent field is on average smaller than the other two
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components which violates the condition of isotropy. These points are due to the fact that

〈ξ2
x〉 = 〈| cosα cos θ cosφ− i sinα sinφ|2〉 = 3/8

〈ξ2
y〉 = 〈| cosα cos θ sinφ+ i sinα cos φ|2〉 = 3/8

〈ξ2
y〉 = 〈(− cosα sin θ)2〉 = 1/4. (4.28)

One solution to solve the two problems at once is to divide each turbulent magnetic field

component by its mean values of the unit vector. So δBx and δBy are divided by
√

3/8 and

δBz by 1/2. As a result, all components of the turbulent magnetic field will have equal means

and the total magnetic strength will be approximately unity. It turns out, if the described

turbulence normalization is adopted, the condition on divergence is violated, i.e. ∇ · ~B 6= 0

anymore. Multiplying different components with different factors relocate vectors and create

misleading turbulence. Another similar solution is to re-normalize the turbulent wavevector

via kx,y → kx,y

√

3/8 and kz → kz/2. Eventually, the condition of k̂n · ξ̂n = 0 ∀n is restored

and the fields are divergence free again. Unfortunately, the wave field is not isotropic anymore.

Therefore not a single universal solution exists such that all three requirements, (i) isotropy ,

(ii) divergence, and (iii) magnitude are fulfilled simultaneously. Such is comparable to particle

hydrodynamic methods where conditions such as divergence-free magnetic fields, conservation

of mass, energy, or angular momentum are constantly violated.

The transformation matrix proposed by Tautz & Dosch (2013) instead offers the ultimate

solution. As shown below all of the three requirements are fulfilled at the same time:

i) Divergence requirement : As part of the constructing mechanism, k̂ and ξ̂ are always

perpendicular to each other. Hence the condition ∇ · ~B = 0 is always maintained

ii) Isotropy requirement : Isotropic turbulence implies that all components of the polarization

vector are equi-probable. Turbulence does not distinguish between any of the coordinates.

The following example elaborates mathematically. Let us consider the Fourier transform

of an isotropic function F (r) in the polar coordinates, ~r = (r cos ν, r sin ν) and ~k =
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(k cos ζ, k sin ζ). In 2D for simplicity,

F (k) =

∫

d2r F (r) ei~k·~r =

∫ ∞

0

dr rF (r)

∫ 2π

0

dφ eikr cos(ζ−ν). (4.29)

The second part of the integral is solved in Gradshteyn et al. (2000) to yield

∫ 2π

0

dφ eikr cos(ζ−ν) =

∞
∑

n=−∞

inJn(kr)

∫ 2π

0

dφ ein(ζ−ν) = 2πJ0(kr). (4.30)

Herein, Jn is the Bessel function of the first kind of order n. It is noticed that there is

no dependence on the angle ζ , thus no dependence on the orientation of the wavevector.

Moreover, to fulfill the isotropy requirement, the expectation or the mean value of each

component of the polarization vector must be the same and equal to zero. The mean is

calculated via

ξ̄i =
1

8π2

∫ 2π

0

dα

∫ 1

−1

dη

∫ 2π

0

dφ ξi = 0 with i ∈ (x, y, z). (4.31)

iii) Magnitude requirement : The magnetic turbulence strength is connected to the correlation

tensor through the normalization condition given by

(δB)2 = δB2
x + δB2

y + δB2
z =

∫

d3k Tr
[

Plm(~k)
]

. (4.32)

For homogeneous and isotropic turbulence, the correlation tensor has the form

Plm(~k) =
G(k)

8πk2

(

δlm +
klkm

k2
+ iσǫlmn

kn

k

)

(4.33)

with σ(k) ∈ [−1, 1] being the magnetic helicity (usually taken to be zero) and ǫlmn the

Levi-Cività permutation symbol. Substituting the isotropic form into the normalization

condition gives

(δB)2 =

∫

d3k
G(k)

4πk2
=

∫ ∞

0

dk G(k). (4.34)
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The latest result together with the isotropic tensor does not distinguish between the

three different spatial coordinates x, y, and z. It is therefore clear that on average, the

amplitude of field component in all three directions must be equal, 〈δB2
x〉 = 〈δB2

y〉 =

〈δB2
z〉. That is satisfied within our model as

ξ̄2
i =

1

8π2

∫ 2π

0

dα

∫ 1

−1

dη

∫ 2π

0

dφ ξ2
i =

1

3
, (4.35)

which immediately leads according to Equation 4.20 to (δBi)
2 = 1/3.

The optimized model used throughout this thesis, and according to all that has been mentioned,

emphasize that all isotropic requirements are fulfilled simultaneously. No correction factors

are needed as for the GJ99 form. The
√

2 correction factor that appears in Equation 4.20 is

to cancel the effect of the square average of the cosine which contributes a factor of 1/
√

2.

Below, numerical tests are performed to ensure the theoretical isotropy conditions are satisfied

through the test-particle code and that there is nothing wrong within the numerical scheme.

To put all the conditions listed above to a numerical test, we numerically calculate the

mean square values of each turbulent magnetic field component without any mean magnetic

field. To do so, 108 numerical samples of turbulent magnetic field vectors are simulated with

random initialization. The turbulent function returned

(δBx)2 = 0.331 ± 0.391

(δBy)2 = 0.326 ± 0.402

(δBz)2 = 0.343 ± 0.465. (4.36)

The average strength of the magnetic field returned

(δB)2 = 1.00027 ± 1.6 × 10−4. (4.37)

These results validate the magnitude requirement and Equations 4.34 and 4.35. To test the

isotropy condition numerically, histograms that show the distribution of δBx, δBy, and δBz
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Figure 4.5: Numerical sampling of 108 turbulent magnetic field vectors with random spatial
positions without any guiding magnetic field. The distribution histograms of the δBx, δBy,
and Bz values (upper panel), and their squares (δBx)2, (δBy)2, and (δBz)

2 (lower panel) are
shown.

together with their squares are plotted in Figure 4.5. A quick look at the different plots reveal,

a) all magnetic field components have an equal mean of zero (upper panels), b) all components

are uniformly distributed and take the same Gaussian shape, c) almost equal variances or mean

square values (lower panels). The histograms correspond to the first and second moments of

the magnetic field distribution and confirm Equations 4.31 and 4.35.

Another ingredient in the description of turbulence is the power spectrum. The spectrum

describes how the magnetic energy is distributed among different wavenumbers. The different

spectra used for magnetostatic models are visualized in Fig. 4.6. They are based on the model

originally proposed by Shalchi & Weinhorst (2009). Such model spectra are usually divided

into different ranges as already mentioned in Chapter 2. The largest scales are usually referred

to as energy range and the intermediate scales are called the inertial range. The characteristic

length scale where the turnover from the energy range to the inertial range occurs is usually

called the bendover scale. One could also add a so-called dissipation range describing the
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Figure 4.6: Spectrum for slab, composite, and isotropic turbulence with respective values of
q = 0.0, 2.0, and 3.0 over a spread of wavenumbers ranging from kminl0 = 10−3 to kmaxl0 = 103

in dimensionless units. At kl0 = 1, a transition from energy to inertial range takes place.

small scales. This regime, however, is only important for very low energy particles. It will be

added to our work on dynamical turbulence only where low energetic electrons and protons are

simulated. In the energy range we assume a power-law dependence of the magnetic fluctuation

with kq where q is called the energy range spectral index. In the inertial range we also assume a

power-law with k−s where s is the inertial range spectral index. Whereas one usually assumes

that s = 5/3 in agreement with the theory of Kolmogorov (1941), the value of q is unknown.

Therefore we will use different values for the energy range spectral index. In this work we

will be using q = [0.0, 2.0, 3.0] for slab, two-dimensional, and isotropic turbulence respectively.

Those values best fit with observations and have been used before throughout similar work

(Matthaeus el al. 2007).
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Mathematically speaking, the amplitude function A(kn) used in 4.20 depends on the spec-

trum G(kn) via

A2(kn) = G(kn)∆kn

(

N
∑

µ=1

G(kµ)∆kµ

)−1

. (4.38)

For the spectrum we use a form corresponding to the analytical models described above,

namely,

G(kn) =
kq

n

(1 + k2
n)(s+q)/2

. (4.39)

The parameters q and s are energy and inertial range spectral indexes as described above. For

the slab modes we use q = 0, for two-dimensional modes q = 2, and for isotropic turbulence

q = 3. A Kolmogorov (1941) spectrum with s = 5/3 is used in all cases. To simulate slab

turbulence, we set the polar angle θn = 0 corresponding to ηn = 1. For two-dimensional

turbulence, we set ηn = 0 and αn = 0. For isotropic turbulence, all angles are randomly

generated. The values used and the meaning of kn in the different models are summarized

in Table 4.1. The composite model is created upon superposing slab and two-dimensional

modes via Equation (2.17). In all composite model simulations we set δB2
slab/B

2
0 = 0.2 and

δB2
2D/B

2
0 = 0.8 as suggested by Bieber et al. (1996).

In appendix A.2 a derivation is disclosed to relate analytical treatment of turbulence to the

numerical method used here. It is shown that both approaches are consistent and equivalent.

Equation (4.20) is used to compute the magnetic field at the considered position. An alternative

approach to compute turbulent magnetic fields is based on a Fast Fourier Transform (FFT) to

replace the summation (see, e.g., Decker and Vlahos 1986; Decker 1993).

4.4.3 Anisotropic Three-Dimensional Models

In addition to reduced dimensionality models, we also simulate anisotropic three-dimensional

models such as the Goldreich-Sridhar model, NRMHD turbulence, and the noisy slab model.

In such cases we replace the single sum in Equation (4.20) by a double sum. Now the turbulent
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magnetic field vector is given by

δ ~B (~x) =
√

2δB
M
∑

m=1

N
∑

n=1

A(kn, km)ξ̂n cos (kn cosφnx + kn sin φny + kmz + βn,m) (4.40)

corresponding to cylindrical coordinates where kn represents the perpendicular wavenumber

k⊥ and km represents the parallel wavenumber k‖. In Equation (4.40) we have used again the

polarization vector ξ̂n given by Equation (4.22) but set ηn = 0 therein. The parameters M and

N denote the number of wave modes in the parallel and perpendicular directions, respectively.

In the case of NRMHD and noisy slab turbulence, we set αn = 0 to ensure that δBz = 0. For

Goldrich-Sridhar turbulence, however, αn is a random angle.

The function A(kn, km) used in Equation (4.40) represents the wave amplitude, and pa-

rameter βn,m denotes the random phase as before. For the amplitude function A(kn, km) we

employ

A2(kn, km) =
G(kn)kn∆km∆kn

∑M
µ=1

∑N
ν=1G(kν)kν∆kµ∆kν

(4.41)

and the turbulence spectrum G(kn) is in the case of the NRMHD model given by

G(kn) =
kq−1

n

(1 + k2
n)(s+q)/2

. (4.42)

We set q = 3 as originally used in Ruffolo and Matthaeus (2013). Furthermore, we cut off

the spectrum in the parallel direction by using a maximum wavenumber corresponding to the

parameter K used in Equation (2.30).

For the turbulence model based on Goldrich-Sridhar scaling we employ the spectrum

G(kn, km) =
kq−s

n

(1 + k2
n)(s+q)/2

e−|km|k1−s
n (4.43)

with s = 5/3 and q = 2 as discussed in Section 2.2.5.

For the noisy slab model, we use the same spectrum as used for slab turbulence, but

we cut off the spectrum in the perpendicular direction by using a maximum wavenumber

corresponding to the parameter l‖/l⊥.
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4.4.4 Further Parameters and Accuracy Issues

For all anisotropic three-dimensional models, ∆km and ∆kn are the spacing between wavenum-

bers. In our simulations we use a logarithmic spacing in km and kn so that

∆kn

kn

= exp

[

ln(kn,max/kn,min)

N − 1

]

= constant (4.44)

and the same for km. It is important that parallel wavenumbers are distributed finely enough so

that the so-called resonance condition is satisfied. The resonance condition occurs in quasilinear

treatments of the transport and states that parallel scattering occurs only if µRLk‖ = 1. In the

latter condition we have used the unperturbed Larmour radius RL at µ = 0 and the pitch-angle

cosine µ. In the simulations we have to ensure that a large amount of wavenumbers are close

to the corresponding k‖.

To satisfy the last condition, the code is equipped with a refine mesh routine for wavenum-

bers. Different test-particles will have different resonance wavenumbers as they have different

pitch angles. Using one fixed set of wavenumbers is not ideal unless using a very high number

for N . The purpose of this routine is to calculate and refine the mesh around the resonance

wavenumber for each single particle so the resonance condition is maintained and experienced

on an individualized level through out the entire simulation run. In what follows we briefly

explain how this is done. First the resonance wavenumber is calculated for each single test-

particle with subscript i via

k‖,res|i =
1

µR
. (4.45)

The second step is to pinpoint the exact location of the resonance wavenumber on the regular

mesh using the index nres|i. Initially the regular mesh is constructed by multiplying the

minimum wavenumber with the constant given in Equation 4.44 raised to the power of the

index of the current wavenumber, i.e.

kn = kmin

[

∆kn

kn

]n

. (4.46)
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Figure 4.7: Schematic illustration of the adaptive mesh refinement procedure in the test-
particle code. The original grid is fined in light of the resonance parallel wavenumber accord-
ingly for each test-particle.

Rearranging the last equation to calculate the index nres|i given the resonance wavenumber,

one easily finds

nres|i =
(N − 1) ln(k‖,res|i/k‖,min)

ln(k‖,max/k‖,min)
. (4.47)

The last number is ensured to be an integer using the static cast〈int〉 operator in C++. Once

the index of the resonance wavenumber is known, the mesh is refined around that index using

small linear increments to include wavenumbers in the vicinity of the resonance wavenumber.

The grids are modified up to an index controlled by the user (see Figure 4.7).

The size of the box is restricted by the so-called scaling condition that ensures no particles

travel beyond the maximum size of the system, Lmax = k−1
min. This is secured via the relation

ΩtmaxkminRL < 1, which corresponds to vtmax < Lmax. In the parallel and perpendicular

directions we always use kmin ≤ 10−5, leading to a relatively large box to ensure that finite

box size effects do not occur (see Figure 4.8). For the maximal wavenumber we always use

kmax ≥ 103 in both directions. On top of that, and to ensure no irrelevant particles contribute

towards the calculation of the diffusion coefficient, particles that are detected outside the

boundaries are immediately removed out of the simulation and any contribution they have

made toward the mean square displacement is entirely deleted. That is done using a scheme

which checks the data simultaneously and in case of approval, is allowed to write into the

output files.
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Figure 4.8: The simulation box together with the trajectory tracing of some test-particles.
Particles are not allowed to travel beyond the boundaries of the box to avoid any finite box
size effects by minimizing kmin and adapting a secure data-write-in procedure.

The simulations contain further parameters controlling the accuracy. We have to specify the

number of wave modes in the parallel direction N and perpendicular direction M , respectively.

For the simulations performed for slab, two-dimensional, and isotropic turbulence, there is only

one maximum wavenumber. In this case we have used N = 512 which is enough to satisfy

the aforementioned conditions. For the anisotropic three-dimensional models, the double sum

makes it more challenging concerning computational time. For the NRMHD model, we have

used N = 256 and M = 32, respectively. We have performed test runs with M up to 128, and

no significant differences were noticed. For the simulations performed for Goldrich-Sridhar and

noisy slab turbulence we have used N = 32 and M = 256.

The procedure described so far can be used to compute the turbulent magnetic field at the

position of the charged particle. To obtain the trajectories of the energetic and electrically

charged particles, we solve the Newton-Lorentz equation numerically for at least 103 particles.

It is worth noting that we are using the relativistic version of the Lorentz force and so the

momentum is given by ~p = γm~v. The simulations are then carried out using the Monte Carlo

code where each particle is given a random initial position, pitch angle cosine µ, and turbulence

angles. After injection, particles are traced for a sufficiently long maximum running time of

τmax = Ωtmax = n× 104 with integer n ∈ 1, 2, ..., 10 depending on the particle rigidity. When
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the particle is less energetic, i.e., has lower rigidity, it takes more time to move diffusively,

especially in the perpendicular direction. After that we average over the 1000 realizations we

have been using.

4.4.5 Switching From Pitch-Angle Basis to a Cartesian Coordinate

System

One important input parameter of the code is the absolute magnitude of the particle rigidity,

|~R|. For any ensemble simulated, all particles share the same rigidity magnitude. However

every single particle takes on a different and random pitch angle value, φp. Hence, initially for

each particle, the rigidity’s parallel and perpendicular components, R‖ and R⊥, with respect

to the global magnetic field are known. We call this coordinate system the pitch-angle basis

where rigidity is initially defined in this basis. All vectors within the pitch-angle basis are

defined either parallel or perpendicular to the reference vector, in our case the global magnetic

field. Interestingly enough, test-particle simulations adopt a Cartesian system where diffusion

coefficients and mean free paths are calculated in all of the three spatial coordinates. It has

already been mentioned that the final outputs of the code are the mean free paths λxx, λyy

and λzz. Due to symmetry in all of our models, λxx ≈ λyy = λ⊥ and λzz = λ‖.

One can easily notice that in the pitch-angle basis, rigidity has two components, namely, R‖

and R⊥, while in Cartesian systems it has the regular three components, Rx, Ry, and Rz. Ap-

parently, there is one parameter missing between the two bases, that being the gyration-phase

angle ϕ. This angle is responsible for switching between the pitch-angle basis and Cartesian

basis and determines how much energy is allocated in the x−, y−, and z−directions, respec-

tively. The global magnetic field and that due to turbulence can be oriented in any direction,

therefore its defining vector depends on all of the three spatial axes, ~B0 = [Bx0 , By0, Bz0 ]. ~R

is initially defined in the pitch-angle basis, hence its parallel and perpendicular components

with respect to ~B0 also depend on all of the three coordinates. Thus we need to come up with

a procedure that can switch between the two coordinate systems and distribute initial rigidity

along all of the spatial coordinates in a way that preserves the absolute magnitude. In other

words, we must write R‖ and R⊥ in terms of Rx, Ry, and Rz.
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The starting point is to define the vector ~u which would be perpendicular to ~B0 at all times.

An easy choice to fulfill the condition is to take ~u = [1.0, 1.0,−(Bx0 + By0)/Bz0] which yields

~u · ~B0 = 0 for any ~B0. The vector ~u is then made to be unitary by dividing its components

by the root mean square of ~u. The second step is to create a random gyration-phase angle

ϕ ∈ [0, 2π]. To proceed we define another vector ~a = ~u× ~B0, perpendicular to both ~u and ~B0

to complete the orthogonal system. The last step is to take R⊥ = |~R|(cosϕ~u+ sinϕ~a). After

some straightforward algebra, we end up with the following initial values of Rx, Ry, and Rz

Rx0 = R‖Bx0 +R⊥ cos(ϕ) ax +R‖ sin(ϕ) ux

Ry0 = R‖By0 +R⊥ cos(ϕ) ay +R‖ sin(ϕ) uy

Rz0 = R‖Bz0 +R⊥ cos(ϕ) az +R‖ sin(ϕ) uz. (4.48)

4.4.6 Quick Test Simulation

To put it all together after we have tested individual functions, we run a test simulation

to validate our numerical model and the code as a whole. To do so we give an example of a

well-resolved simulation for particle spatial diffusion in random slab-like magnetic turbulence.

QLT, which works just fine with slab geometry (see Section 3.7), predicts that parallel mean

square displacement evolves linearly with time, according to 〈(∆z)2〉 = 2κ‖t. We put the

latter formula to a test. Particles are randomly loaded into the simulation box with initial

rigidity R = 0.5 and random pitch angles. We set turbulence strength to δB/B0 = 0.5, a value

considered high but nevertheless keeps QLT valid for slab geometry. We choose a maximum

running time of τmax = 104 where real physical properties can be inferred. Figure 4.9 shows the

half parallel mean square displacement normalized to slab bendover scale lslab, 〈(∆z/l0)2〉/2,

against the dimensionless time τ . Shown are the QLT prediction (dotted line) from Equation

3.21 and simulation result (solid line). Clearly the linear relation is maintained over the full

duration of the simulation run. The latter figure demonstrates an excellent agreement between

the two approaches insuring that our code is accurate and reliable.
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Figure 4.9: Evolution of 〈(∆z/lslab)
2〉/2 as a function of dimensionless time τ for a random dis-

tribution of test-particles with R = 0.5 and δB/B0 = 0.5. The dotted black line is (κ‖/Ωl
2
slab)τ

from the QLT prediction (see Section 3.3) while the red solid line represent simulation outcome.

4.4.7 Numerical Treatment of Dynamical Turbulence

As already explained for the magnetostatic case, one has to solve the Fourier representation

of the turbulent magnetic field at the position of the charged particle. In the current thesis we

only simulate dynamical turbulence models with reduced dimensionality and a superposition

of such models. Therefore, the wavenumber integral can be replaced by a single sum. Since we

are dealing with dynamical turbulence, the dynamical correlation function is also replaced by

the corresponding Fourier representation as described in Section 2.4.4. Therefore, compared

to static simulations a second sum occurs in the formula for the magnetic field creation. By

following previous work (see, e.g., Micha lek & Ostrowski 1996; Giacalone & Jokipii 1999; Tautz

2010; Hussein et al. 2015; and the ideas presented in the current chapter), in combination with

our dynamical turbulence approach, we can write the turbulent magnetic field as

δB(~x, t) =
√

2 δB

M
∑

m=1

N
∑

n=1

A (km, ωn) ~ξme
i[~km·~x+ωnt+βmn] (4.49)
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with the random phase βmn. For the slab modes and the 2D modes we have used the same

polarization vector ~ξ, namely

~ξm = (− sin φm, cosφm, 0) , (4.50)

where φm is a random angle.

All quantities used above are normalized with respect to the slab bendover scale lslab. This

means, for instance, that km in the code represents the physical quantity k‖lslab or k⊥lslab

and z stands for z/lslab. The frequency ω is normalized with respect to the unperturbed

gyro-frequency of the particle Ω, hence ωn = ω/Ω.

In Equation (4.49) we have also used the same wavevector ~km = kmk̂m used before as in

Equation (4.21) with φm being the random angle. In Equation (4.49) we have also used the

amplitude function

A2(ωn, km) =
G (km, ωn) ∆km∆ωn

∑M
µ=1

∑N
ν=1G(kµ, ων)∆kµ∆ων

. (4.51)

The function G(kµ, ων) represents the spacetime spectrum for which we use

G (km, ωn) = G(km)χ(km, ωn). (4.52)

The function χ(km, ωn) can be obtained from Table 2.1. The function G(km) used here is the

usual spectrum, as used in simulations of magnetostatic turbulence (see, e.g., Hussein et al.

2015). The only difference will be the addition of dissipation effects via an extra range of high

wavenumbers to the spectrum (see Chapter 9).

In the model used for χ(km, ωn), one finds the Alfvén speed vA. The latter parameter can

be normalized with respect to the particle speed v so that

vA

v
=
vA

c

√

R2
0 +R2

R
, (4.53)
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with the speed of light c and

R0 =
1

lslabB0











0.511MV for electrons

938MV for protons.
(4.54)

For lslab = 0.03AU and B0 = 4.12 nT, which are appropriate values in the interplanetary space

at 1 AU heliocentric distance, this gives R0 = 9.2 × 10−5 for electrons and R0 = 0.169 for

protons.

4.4.8 Calculating the Transport Parameters

If the ensemble of test-particle trajectories is obtained, the remaining step is the calculation

of the diffusion coefficient. Often diffusion coefficients are computed by using mean square

displacements

κii = lim
t→∞

1

2

d

dt

〈

(∆xi)
2〉 (4.55)

with ∆xi(t) = xi(t) − xi(0). The latter formula, however, cannot be used if it comes to the

drift coefficients κxy and κyx (see Shalchi 2011). Alternatively one can compute the diffusion

parameter by using

κii = lim
t→∞

〈∆xivi〉 (4.56)

which avoids the usage of derivative operators. The notion of a diffusion parameter may be a

bit vague and hard to get a sense of. For that reason, and to make it easier to relate to, we

instead calculate the mean free paths, λii, in the different directions. Throughout the entire

thesis we use axisymmetric turbulence with the mean field in the z−direction being the axis

of symmetry. Only two parameters are concerned, the parallel mean free path, λ‖/l0, and the

perpendicular mean free path, λ⊥/l0, both normalized to the characteristic length scale l0
1.

As the name suggest, λii is the average length traveled by the particle before it undergoes a

scattering event with a particular wave mode. No particle-particle collisions are considered

in this work so all scattering cases are entirely caused by the wave-particle interaction. We

1This does not mean that the drift coefficients κxy and κyx are equal to zero. They are not being calculated
in this thesis. This could be a subject for a future work.
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compute mean free paths from diffusion coefficients using λii = 3κii/v.

To relate both diffusion coefficients and mean free paths taking into account their physical

units with our choice of dimensionless parameters, especially rigidity R, we derive a relation

that contains the three variables. First, the physical units of any diffusion coefficient are given

to be in m2s−1. The gyro-frequency is measured in units of s−1 and the characteristic length

scale and mean free paths are measured in meters. To normalize diffusion coefficients we divide

κ by Ωl20 and to normalize λ we divide by l0. Dividing both sides by l0 to get our numerically

calculated value of λii/l0 and multiplying the left hand side by Ωl0/Ωl0 yields

λii

l0
= 3

(

κii

Ωl20

)(

Ωl0
v

)

= 3

(

κii

Ωl20

)(

1

R

)

. (4.57)

Therefore one handy formula to relate the dimensionless diffusion coefficient κ/Ωl20 (κdimless),

dimensionless mean free λ/l0 (λdimless), and dimensionless rigidity R would be

1

3

(

λ

l0

)

R =

(

κ

Ωl20

)

⇔ 1

3
λdimlessR = κdimless. (4.58)

4.4.9 Calculating the Error in Transport Parameters

Following the ideas presented in Tautz (2010) we also compute the errors of the different

mean free paths. The latter author noted that using the standard deviation as a means of

estimating the error is inappropriate as the mean square displacement calculated in the Monte

Carlo code is the variance of the distribution function for the diffusion equation itself. In

addition, test particles interacting with turbulent magnetic fields scatter in a random manner

leading to a huge variance in their square deviation. Hence one has to come up with a method

that takes into account the averaging processes used over the number of turbulence manifesta-

tions, NT , for each of which a fixed number of test particles were simulated in space and time

resulting in a diffusion coefficient. The mean error is then defined to be the deviation of the

different mean free paths for a specific turbulence, λn, from the final averaged mean free path,
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λf . Mathematically that reads

σ2
λ =

1

NT − 1

{

NT
∑

n=0

(λn − λf )2 − 1

NT

[ NT
∑

n=0

(λn − λf)

]2
}

. (4.59)

Using Equation (4.59), both the error in parallel and perpendicular mean free paths were

calculated, ∆λ‖ and ∆λ⊥ respectively. To calculate the error in the ratio of the two mean free

paths, λ⊥/λ‖, we use the rule of error combination

∆

(

λ⊥
λ‖

)

=

(

∆λ⊥
λ⊥

+
∆λ‖
λ‖

)

λ⊥
λ‖
. (4.60)

Most plots in Chapter 9 show the error bars based on the discussion presented here. For

magnetostatic turbulence instead, our calculations of the error yield relatively small values

given the fairly large number of turbulence modes integrated over and the number of realiza-

tions used. This allowed for diffusion to be fairly consistent and stable so deviations from the

mean diffusion coefficient were hardly noticed. For that reason we do not include errors when

plotting out final graphs when the magnetostatic approximation is in use.
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Chapter 5

Numerical Test of the Bohm Limit

Permission

Part of the material presented in this chapter is a reprint of Hussein & Shalchi (2014a) pub-

lished in the Astrophysical Journal. The inclusion of the copyrighted material was permitted

under license from the journal.

5.1 Introduction

In some astrophysical scenarios such as supernovae remnant shocks, the case of very strong

turbulence in which the wave field is much stronger than the mean field δB ≫ B0 takes place.

In such cases, the so-called Bohm limit is found, where by definition

λ ∼ RL (Standard Bohm Limit), (5.1)

where we used the unperturbed Larmor radius RL and the (isotropic) particle mean free path

λ = 3κ/v. We refer to the latter formula as the standard Bohm limit. This limit is questionable,

however, because in real physical scenarios particles experience strong scattering, and a well-

defined gyro-rotation can no longer be found (see, e.g., Figure 2 of Giacalone & Jokipii 1999).

Shalchi (2009b) used methods of nonlinear diffusion theory to derive a different formula in
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the strong turbulence limit, namely

λ‖ ∼ RL
B0

δB
(Modified Bohm Limit). (5.2)

We call this formula the modified Bohm limit. In this case the parallel mean free path is still

directly proportional to the unperturbed Larmor radiusRL, but is reduced by the factor δB/B0.

Equation (5.2) was confirmed analytically in more recent work (see Srinivasan & Shalchi 2014).

Formula (5.2) was derived for the parallel mean free path. Perpendicular diffusion in the strong

turbulence limit is another interesting topic. If the turbulence is isotropic and strong, one would

expect to see isotropic particle diffusion, i.e., λ⊥ ≈ λ‖.

To test the validity of the aforementioned propositions, computer simulations are performed

using different turbulence models, particle energy ranges, and turbulence strengths (see Section

5.2.1 for simulation parameters). It remains unclear what the diffusion parameters really are

in the strong turbulence limit and whether or not Equations (5.1) or (5.2) are correct.

It is the purpose of the current chapter to explore numerically the transport of energetic

particles along and across the mean magnetic field in the strong turbulence limit. We focus on

testing the Bohm limit, but we also explore how the simulated turbulence model affects the

diffusion parameters.

5.2 Results

5.2.1 Simulation Parameters

We choose three values of particle rigidity R ∈ [0.1,1.0,10.0]. For each rigidity, we perform

simulations for the five different values of turbulence strength δB/B0 ∈ [0.1,1.0,10.0,50.0,100.0],

and we consider three different turbulence models, namely slab, composite, and isotropic tur-

bulence. Therefore, we have 45 simulations in total.

The trajectories of 1000 particles were traced for a sufficient dimensionless time, τmax =

Ωtmax = 104, and averaged using 1000 realization, which means that every particle has its

own set of initializing parameters, mainly turbulence angles, supported by the high efficiency

and the processor capacity provided by the WestGrid National Facility. This feature allows
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Figure 5.1: The mean free paths λxx/l0,
λyy/l0, and λzz/l0 for R = 10.0 and
δB/B0 = 100 versus dimensionless time
τ = Ωt.

for more accuracy compared to similar previous works, given that in reality each particle sees

the turbulence from its own perspective. We used N = 512 different wave modes to create

turbulence at each time step, which is enough to achieve isotropic conditions with wavenumbers

in the coordinates x, y, and z ranging from kminl0 = 10−5 to kmaxl0 = 103 in dimensionless

units. The energy range, q, differs with respect to the turbulence model. The Kolmogorov

(1941)-like inertial range is the same for all models, namely s = 5/3.

5.2.2 The Parallel Mean Free Path

Our main focus in this chapter is to check the validity of the modified Bohm limit for strong

turbulence. The validity of the standard Bohm limit was explored before (see, e.g., Dosch et

al. 2011), but due to the low achievable maximum turbulence strength, no conclusion was

obtained for the particle transport in the strong turbulence limit. In such previous work the

maximum was (δB/B0)
2 = 10, whereas in our work we reach up to (δB/B0)2 = 104. Figure 5.1

shows the mean free paths in the different directions in space for R = 10.0, δB/B0 = 100, and

isotropic turbulence. Our proposed formula, Equation (5.2), predicts a value of λ‖/l0 = 0.1,

and using an isotropic model at high turbulence we anticipate that λxx = λyy = λ⊥ ∼ λ‖.

From Figure 5.1 it can be determined that λ‖/l0 ≃ 0.11, λxx/l0 ∼ λyy/l0 ≃ 0.13, and diffusive

behavior is obvious, which all matches with our expectations.

Figures 5.2a, 5.2b, and 5.2c show the parallel mean free path λ‖/l0 versus the turbulence

strength δB/B0 for R = 0.1, 1.0, and 10.0 respectively. In all the figures we have shown the

results for slab, composite, and isotropic turbulence.
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Figure 5.2: λ‖/l0 versus turbulence strength
δB/B0 for (a) low-energy particles R = 0.1,
(b) intermediate energetic particle R = 1.0,
and (c) high energetic particles R = 10.0. The
plot also shows λ‖/l0 for (slab, composite, and
isotropic) models, plotted as circles, squares,
and stars, respectively. The dashed lines rep-
resent the standard Bohm limit with λ‖ ∼ RL,
whereas the solid lines indicates the modified
Bohm limit where λ‖ ∼ RLB0/δB. Triangles
represent the Shalchi (2005) simulations.

0.1 1.0 10.0
R

0.001

0.010

0.100

1.000

λ |
|/(

R
l 0)

(a)

0.1 1.0 10.0
R

0.001

0.010

0.100

1.000

λ |
|/(

R
l 0)

(b)

0.1 1.0 10.0
R

0.001

0.010

0.100

1.000

λ |
|/(

R
l 0)

(c)

Figure 5.3: λ‖/(Rl0) versus R for δB/B0 =
10.0, 50.0, and 100.0 plotted as circles, stars,
and squares, respectively, for (a) the slab
model, (b) for composite turbulence, and (c)
for isotropic turbulence, validating the relation
of λ‖/(Rl0) ∼ B0/δB. Dashed lines from top
to bottom correspond to the right hand side of
the latter relation, that is B0/δB = 0.1, 0.02,
and 0.01.
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We clearly show that the well-known and widely used standard Bohm limit, Equation

(5.1), is not valid. It seems that the modified limit, Equation (5.2), is indeed the correct lower

limit for the parallel diffusion coefficient. One of the interesting values to plot is λ‖/RL vs

RL, leaving the factor B0/δB on the other side of the equation, such that λ‖/RL ∼ B0/δB.

Figures 5.3a, 5.3b, and 5.3c show the results for slab, composite, and isotropic turbulence

respectively. Shalchi (2005) performed similar simulations with particles of rigidity R = 0.1

and a composite turbulence model of strengths ranging from 0.5 to 100 and calculated values

of λ‖/l0, λ⊥/l0 and λ⊥/λ‖. The author did not compare his simulations with the standard

Bohm limit and the modified limit did not exist at that time. In Figure 5.2a we plotted those

results for comparison. Despite the fact that the Shalchi (2005) results overcome the Bohm

limit, it seems, that the general behavior of λ‖/l0 in both simulations is similar.

5.2.3 The Perpendicular Mean Free Path

In the following we discuss the perpendicular diffusion coefficient. In the current thesis

we only consider axi-symmetric turbulence, and, therefore, we have κ⊥ = κxx = κyy. Pre-

vious works with a maximum turbulence strength of (δB/B0)2 = 10 showed that λ⊥/l0 is

linear in R (see, e.g., Giacalone & Jokipii 1999; Qin 2002; Tautz et al. 2006). Furthermore,

Giacalone & Jokipii (1999) showed that κ⊥ is linear in δB/B0, but the author’s maximum

strength was δB = B0. In our simulations we recovered the previous results, which could be

regarded as intermediate turbulence, and reveal what happens when turbulence is extremely

strong. Figures 5.4a and 5.4b show λ⊥/l0 versus R and δB/B0, respectively, for both compos-

ite and isotropic turbulence. As shown there, λ⊥/l0 remains linear in R for both composite

and isotropic turbulence. The dependence on δB/B0 is more complicated. For composite tur-

bulence, the perpendicular mean free path increases linearly with δB/B0. This linear relation

is often referred to as the nonlinear regime or the Bohm limit of field line diffusion originally

derived by Kadomtsev & Pogutse (1978). In Chapter 8 we revisit the problem of perpendicu-

lar diffusion and derive four different asymptotic limits of λ⊥ where the aforementioned limit

is one of them. Those four limits were recently re-derived by Shalchi (2015) from his own

nonlinear theory (Shalchi 2010) that up to this date most accurately describes perpendicular
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Figure 5.4: (a) Perpendicular mean free path, λ⊥, normalized to l0 with respect to rigidity R
for high turbulence scenarios of δB/B0 = 10, 50, and 100, plotted as circles, stars, and squares,
respectively, for composite (solid lines) and isotropic (dashed lines) models. (b) λ⊥/l0 versus
δB/B0 for the three different particles of R = 0.1, 1.0, and 10.0 plotted as stars, circles, and
squares, respectively, for composite (solid lines) and isotropic (dashed lines) models.

transport. For isotropic turbulence, however, it increases in the weak turbulence regime and

decreases in the strong turbulence regime. This is indeed what we would expect due to the

fact that λ⊥ approaches λ‖ at high isotropic turbulence and given that the latter decreases

linearly with δB/B0, the obtained result follows. Figure 5.5 shows λ⊥/λ‖ versus δB/B0 for

R = 0.1 for both composite and isotropic turbulence. For the sake of comparison we also show

the results obtained by Shalchi (2005) for composite turbulence. It seems that in the weak

turbulence regime, λ⊥/λ‖ is ∝ (δB/B0)
α where α ≈ 3.1 and 3.3 for composite and isotropic

turbulence respectively. For strong turbulence we can see a clear deviation between the results

obtained for composite and isotropic turbulence. For the former case the ratio λ⊥/λ‖ still in-

creases with δB/B0, but α drops to values around 2. This sudden drop was first predicted by

Zyben and Istomin (1985), a behavior which will be clearer when we return to the problem of

perpendicular diffusion in Chapter 8. Furthermore, we find that λ⊥/λ‖ exceeded unity, which

corresponds to previous observations (see Zhang et al. 2003 and Dwyer et al. 1997). Despite

a numerical factor at weak turbulence, our results for λ⊥/λ‖ agree well with Shalchi (2005).

For strong isotropic turbulence, we find λ⊥ ≈ λ‖ as expected. The reason for such equality is

that turbulent magnetic field becomes enormously higher than the mean field which originally
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Figure 5.5: λ⊥/λ‖ versus δB/B0 for composite (circles) and isotropic (squares) models. The
case considered refer to low energetic particles with R = 0.1. Shalchi (2005) results are plotted
as stars for comparison.

breaks the symmetry of the system. Hence, the background field has no more influence on

the particle motion and completely dissolves with the turbulent component. Magnetic fields

become purely isotropic where particles behave blindly with no ability to distinguish between

the three different spatial directions.

5.3 Summary

In the current chapter we have explored the validity of the Bohm limit, and investigated

the influence of the turbulence model on the transport.

In previous works, researchers used the standard Bohm limit in which we have λ‖ ≈ RL,

where RL is the unperturbed Larmor radius. Particularly in investigations of diffusive shock

acceleration at supernova shocks, the assumption of Bohm diffusion seems to be standard (see,

e.g., Berezhko & Völk 1997; Uchiyama et al. 2007; Jones 2011; Bell et al. 2013). However,

the standard Bohm limit disagrees with the limit derived in Shalchi (2009b) and Srinivasan &

Shalchi (2013) where the formula λ‖ ≈ RLB0/δB is obtained for the parallel mean free path

in the strong turbulence limit (here we have omitted numerical factors). Here we have shown

that the simulated parallel mean free path can be much shorter than the unperturbed Larmor
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radius and, therefore, the limit λ‖ ≈ RL is not correct. Furthermore, we did not find any

evidence that the latter formula is valid in a certain parameter regime. It seems, however,

that the formula λ‖ ≈ RLB0/δB is indeed correct in the limit of strong turbulence. We have

shown that extremely strong turbulence is needed in order to get close to this formula. We

have also obtained perpendicular diffusion coefficients from our simulations. λ⊥/l0 seems to

be directly proportional to rigidity R regardless of the turbulence model or strength. If one

computes λ⊥/l0 versus δB/B0, however, the isotropic and composite results are different in the

strong turbulence regime. In the former case, one finds isotropic scattering with λ⊥ ≈ λ‖ as

expected. For composite turbulence, the perpendicular mean free path increases with δB/B0.

In this particular regime the influence of the turbulence model is crucial.



Chapter 6

Energetic Particle Interaction with

Shear Alfvén Waves

Permission

Part of the material presented in this chapter is a reprint of Hussein & Shalchi (2014b)

published in the Monthly Notices of the Royal Astronomical Society. The inclusion of the

copyrighted material was permitted under license from the journal.

6.1 Introduction

The interaction of energetic particles with turbulence continues to be studied in this chap-

ter. However, compared to the turbulence generated to perform simulations in Chapter 5, the

current chapter focuses on the relevance of wave propagation effects on spatial diffusion of

the charged particles. This could be considered as a partial case of the more general subject

of dynamical turbulence which will be extensively studied in Chapter 9. Herein, turbulence

is made dependent on time but only through the inclusion of plasma wave effects and the

influence of shear Alfvén waves on particle motion.

Hydro-Magnetic waves or so-called Alfvén waves (see Alfvén 1942) are one of many fun-

damental plasma waves. They are regarded as transient electro-hydro-magnetic phenomena
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occurring within a magnetized plasma. Their frequencies are well below the ion-cyclotron fre-

quency (ω2 ≪ ω2
c ) and their propagation direction ~kalf is mostly parallel with respect to the

large scale magnetic field ~B0 = B0êz. This does not mean that there is no perpendicular com-

ponent to the wavevector. In fact the perpendicular component is arbitrary, and shear Alfvén

waves can and do possess values of k⊥ that can significantly exceed k‖. However, in this study

only waves with wavenumbers parallel to the ambient magnetic fields are considered. Alfvén

waves posses electric and magnetic fields, δ ~EA and δ ~BA. Both fields oscillate perpendicular

to each other and to the ambient field making Alfvén waves shear and transverse. One way

to look at the problem is to imagine field lines acting as if they were strings with magnetic

tension, B2/4π, providing the restoring force. Those lines are mass-loaded - for example but

not limited to - ions where ion mass density provides the inertia. When the strings are plucked,

i.e. field lines are disturbed, a traveling oscillation of ions and magnetic field is created. Hence

Alfvén waves can be seen as propagating disturbances along the field lines when those lines

are perturbed (Chen 1974). Those transverse waves propagate with the Alfvén speed vA given

by

vA =

(

magnetic tension

mass density

)1/2

=
B√

4πρm

. (6.1)

Like any other ordinary electromagnetic wave, Alfvén waves have three fundamental roles in

physical systems. First they act as energy sinks where they absorb energy. For example the

waves created upon dropping a ball into the surface of a water container absorbs the kinetic

energy of the ball. In the same sense, the role Alfvén waves play in releasing stresses and over-

loading in magnetic systems is directly related to their generation mechanism. For example,

observational evidence shows that Alfvén waves are created upon the stretching and recon-

figuration of the magnetotail via reconnection in the Earth’s magnetosphere (Keiling 2009).

Secondly, Alfvén waves are energy or information carriers. They are capable of carrying their

absorbed energy to very remote places. Alfvén waves are mainly concerned with transferring

information regarding local changes in magnetic fields, currents, and convective ~E× ~B flows to

near and faraway locations. It has been shown recently that Alfvén waves play an important



6.2. NEGLECTING ELECTRIC FIELDS 133

role in transporting energy from the magnetotail to the auroral acceleration region during au-

roral sub-storm where stored magnetic energy is released. The third role connects to energy

transformation and how wave energy is dissipated to other types of energy. Studies point to

the role Alfvén waves play in energizing and accelerating electrons in the ionosphere to high

levels causing upon decaying the well-known aurora phenomena (Hasegawa 1976). More about

this type of plasma wave can be found in Chen (1974) and Schlickeiser (2002).

In the present chapter, we explore particle diffusion in Alfvénic slab turbulence analytically

and numerically. By doing this, we try to achieve the following:

1. We extend the so-called Unified Non-Linear Transport (UNLT) theory originally derived

in Shalchi (2010) to allow the description of particles interacting with propagating plasma

waves. Furthermore, we will derive analytically the perpendicular diffusion coefficient

based on the aforementioned theory.

2. We perform detailed simulations to explore how the different transport parameters de-

pend on parameters such as the rigidity, the magnetic field ratio δB/B0, and the Alfvén

speed vA.

3. We compare the analytical results with the simulations to investigate the accuracy and

reliability of analytical tools such as the UNLT theory.

The remainder of this chapter is organized as follows. In Section 6.2, the quasilinear parallel

mean free path in the model of parallel propagating shear Alfvén waves is calculated. In Section

6.3, we compute the perpendicular diffusion coefficient analytically based on the UNLT theory.

Test-particle simulations are performed in Section 6.4 where we also compare our numerical

results with the analytical findings of the previous sections. We end this chapter with a short

summary in Section 6.5.

6.2 Neglecting Electric Fields

In the current chapter, we investigate particle diffusion in magnetic turbulence. How-

ever, we take into account wave propagation effects and, therefore, our turbulence model is
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dynamical. It is well known due to Maxwell’s equations that time-dependent magnetic field

automatically means that electric fields do exist as well (see, e.g., Schlickeiser 2002). To include

turbulent electric fields in analytical work and test-particle simulations is difficult. Therefore,

we neglect electric fields throughout the whole chapter. The importance of electric field for

spatial diffusion depends on the parameter ǫ = vA/v. If the latter parameter is small electric

field should be negligible (see again Schlickeiser 2002) and our approach should be valid. If

ǫ ≫ 1, however, electric fields could be important and in this parameter regime our results are

eventually no longer valid. Since we want to test theories such as QLT and the UNLT theory,

we also consider the case of large ǫ. Our analytical and numerical results can be compared

with each other because in both cases we neglect electric fields. We like to emphasize, however,

that our results for ǫ≫ 1 could be nonphysical.

6.3 The Quasilinear Parallel Mean Free Path

A standard tool in diffusion theory is QLT originally developed by Jokipii (1966). Al-

though QLT is problematic in the general case, it should work well for parallel diffusion in slab

turbulence (see, e.g., Shalchi 2009a for a review). In the current section, we derive analytical

expressions for the parallel mean free path. Such calculations are based on the well-known

quasilinear approach (see, e.g., Schlickeiser 2002 for a review).

The parallel spatial diffusion coefficient κ‖ was given as an integral over the inverse pitch-

angle Fokker-Planck coefficient Dµµ(µ) in Equation 3.7. For slab turbulence the pitch-angle

Fokker-Planck coefficient has the form (see, e.g., Schlickeiser 2002)

Dµµ(µ) =
π2Ω2(1 − µ2)

B2
0

∫ ∞

−∞

dk‖ g(k‖)

(

1 − µω

vk‖

)2

×
[

δ
(

vµk‖ − ω + Ω
)

+ δ
(

vµk‖ − ω − Ω
)]

(6.2)

where we have used the one-dimensional spectrum of the slab modes g(k‖) and the unperturbed

gyro-frequency Ω. All other parameters are explained above. By specifying the turbulence

model, and by combining Equation (6.2) with (3.7) one can compute the parallel spatial

diffusion coefficient. This is done in the following.
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6.3.1 A Pure Magnetic Scenario

The term (µω)/(vk‖) in Equation (6.2) comes due to electric fields which are taken into

account in Schlickeiser (2002). In the current chapter, we only simulate pure magnetic tur-

bulence, and because of consistency, we have to neglect this term here as well. For parallel

propagating shear Alfvén waves, we have to use Equation (2.61) and therewith Equation (6.2)

becomes

Dµµ(µ) =
π2Ω2(1 − µ2)

B2
0

∫ ∞

−∞

dk‖ g(k‖)
{

δ
[

(vµ− jvA) k‖ + Ω
]

+ δ
[

(vµ− jvA) k‖ − Ω
]}

. (6.3)

Now we employ the relation δ(az) = δ(z)/|a| and perform the wavenumber integral to get

Dµµ(µ) =
π2Ω2(1 − µ2)

B2
0 |vµ− jvA|

[

g

(

k‖ = − Ω

vµ− jvA

)

+ g

(

k‖ =
Ω

vµ− jvA

)]

. (6.4)

Since model spectra are usually symmetric g(k‖) = g(−k‖), we finally obtain

Dµµ(µ) =
2π2Ω2(1 − µ2)

B2
0 |vµ− jvA|

g

(

k‖ =
Ω

vµ− jvA

)

. (6.5)

In the following, we use the spectrum given in Equation 2.18. This type of spectrum was orig-

inally introduced by Bieber et al. (1994) and is frequently used in transport theory. Although

Shalchi & Weinhorst (2009) proposed a generalized spectrum, there are some indications that

the spectrum (2.18) is still appropriate for slab turbulence (see Matthaeus et al. 2007).

By combining the spectrum (2.18) with Equation (6.5) and by using the parameters ǫ =

vA/v and R = RL/lslab, (here we have used the unperturbed Larmor radius RL = v/Ω), the

pitch-angle Fokker-Planck coefficient becomes

Dµµ(µ) = πC(s)(1 − µ2)
Ω2

v
lslab

δB2
slab

B2
0

|µ− jǫ|s−1

[

|µ− jǫ|2 +R−2
]s/2

. (6.6)

To simplify the latter formula, we consider two different limits.



136 CHAPTER 6. ADDING WAVE PROPAGATION EFFECTS

6.3.2 The Limit ǫ≪ 1

In the case considered here, Equation (6.6) becomes

Dµµ(µ) = πC(s)(1 − µ2)
v

lslab

Rs−2 δB
2
slab

B2
0

|µ|s−1

[

(µR)2 + 1
]s/2

. (6.7)

The latter result corresponds to the well-known magnetostatic limit (see, e.g., Equation 3.37

in Shalchi 2009a).

6.3.3 The Limit ǫ≫ 1

If ǫ≫ 1, we can approximate |µ− jǫ| ≈ ǫ. In this limit, Equation (6.6) becomes

Dµµ(µ) = πC(s)(1 − µ2)
v

lslab

Rs−2 δB
2
slab

B2
0

ǫs−1

[

(ǫR)2 + 1
]s/2

. (6.8)

We like to note that this limit is questionable because in this limit different physical effects

such as electric fields could be important as described in Schlickeiser (2002).

6.3.4 The Parallel Mean Free Path for ǫ≪ 1

For the case of parallel mean free path in the limit ǫ → 0, we can use the magnetostatic

limit derived before (see, Equation 3.17). The latter formula can be simplified by considering

two limits, R ≪ 1 and R ≫ 1, which are shown in Equations (3.19) and (3.20) respectively.

A general formula was also provided in Equation (3.21).

6.3.5 The Parallel Mean Free Path for ǫ≫ 1

In this limit, Equation (6.8) has to be combined with formula (3.7) to find

λ‖
lslab

=
1

2πC(s)

B2
0

δB2
slab

R2−sǫ1−s
[

(ǫR)2 + 1
]s/2

. (6.9)

Again, we can identify two different transport regimes.
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The limit ǫR ≪ 1

In this case, we find that

λ‖
lslab

=
1

2πC(s)

B2
0

δB2
slab

R2−sǫ1−s. (6.10)

Since we have assumed s > 1 (s = 5/3 can be seen as standard value for the inertial range

spectral index), the parallel mean free path decreases with increasing ǫ in this regime.

The limit ǫR ≫ 1

Here, we find that Equation (6.9) yields

λ‖
lslab

=
1

2πC(s)

B2
0

δB2
slab

R2ǫ (6.11)

and the parallel mean free path is directly proportional to the parameter ǫ. In Section 6.5, we

will compare the different results derived above with test-particle simulations.

6.4 The Perpendicular Mean Free Path Based on UNLT

Theory

The UNLT theory provides a nonlinear integral equation for the perpendicular diffusion

coefficient. In Shalchi (2011a), the theory was extended to allow for dynamical turbulence. In

this case, the dynamical correlation function was an exponential function with real argument

(corresponding to ω = 0 and γ 6= 0 in Equation 2.54). In the current section, we consider

for the first time the UNLT theory for the case of propagating plasma waves and we derive

analytical expressions for the perpendicular diffusion coefficient based on that theory. We

can replace the dynamical turbulence model considered in Shalchi (2011a) by the model of

undamped propagating plasma waves by using the formal replacement ω → iω.

Furthermore, the real part has to be taken and the UNLT theory becomes in this case

κ⊥ =
a2v2

3B2
0

ℜ
∫

d3k
Pxx(~k)

iω + F (~k) + (4/3)κ⊥k2
⊥ + v/λ‖

(6.12)
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where we have used

F (~k) =
(2vk‖/3)2

iω + (4/3)κ⊥k2
⊥

. (6.13)

The parameters used here were already used above except the parameter a. The latter param-

eter is related to the probability that particles follow magnetic field lines. It is still unclear

what the value of that parameter really is in the general case (see, e.g., Matthaeus et al. 2003

and Shalchi & Dosch 2008). However, for slab turbulence we expect that particles follow field

lines and, therefore, we assume a = 1. If the UNLT theory is used in the current chapter, we

always use this value.

In the following, we employ the slab model (2.15) and Equation (6.12) becomes

κ⊥ = 4π
a2v2

3B2
0

ℜ
∫ ∞

0

dk‖
g
(

k‖
)

iω + F (k‖) + v/λ‖
(6.14)

with

F (~k) = −i
(

2vk‖
)2

9ω
. (6.15)

Easily, one can take the real part to find

κ⊥ = 4π
a2v2

3B2
0

v

λ‖

∫ ∞

0

dk‖
g
(

k‖
)

v2/λ2
‖ +

[

ω −
(

2vk‖/3
)2
/ω
]2 . (6.16)

To proceed, we use the model of parallel propagating shear Alfvén waves (2.54) and introduce

the function

A =

∣

∣

∣

∣

jǫ− 4

9jǫ

∣

∣

∣

∣

=

∣

∣

∣

∣

ǫ− 4

9ǫ

∣

∣

∣

∣

(6.17)

with ǫ = vA/v to find

κ⊥ = 4π
a2v2

3B2
0

v

λ‖

∫ ∞

0

dk‖
g
(

k‖
)

v2/λ2
‖ + v2A2k2

‖

. (6.18)

To proceed, we use the spectrum used in Shalchi (2014):

gslab(k‖) =
1

4π2
lslabδB

2
slab

1

1 +
(

k‖lslab

)2 . (6.19)
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This spectrum is a special case of the more general form (2.18). Spectrum (6.19) corresponds

to the model (2.18) if we set s = 2. A more realistic value for the inertial range spectral index

would be s = 5/3 (see Kolmogorov 1941). However, the exact value of the parameter s is not

important if it comes to the perpendicular diffusion coefficient (see, e.g., Shalchi 2013b, 2014

for more details). With this form of the spectrum, Equation (6.18) becomes

κ⊥ =
a2v2

3πB2
0

lslabδB
2
slab

v

λ‖

∫ ∞

0

dk‖
1

v2/λ2
‖ + v2A2k2

‖

1

1 +
(

k‖lslab

)2 . (6.20)

Now, we use the perpendicular mean free path λ⊥ = 3κ⊥/v and the integral transformation

x = k‖lslab. Furthermore, we introduce

B =
lslab

λ‖A
(6.21)

to write

λ⊥/lslab = a2 δB
2
slab

B2
0

lslab

πA2λ‖

∫ ∞

0

dx
1

B2 + x2

1

1 + x2
. (6.22)

According to Gradshteyn & Ryzhik (2000), the integral yields

∫ ∞

0

dx
1

B2 + x2

1

1 + x2
=

π

2B

1

1 +B
. (6.23)

Note that B was defined as a positive real number. Therefore, the perpendicular mean free

path can finally be written as

λ⊥/lslab =
1

2
a2 δB

2
slab

B2
0

1

A

1

1 +B
. (6.24)

By using Equations (6.17) and (6.21), the latter equation becomes

λ⊥/lslab =
1

2
a2 δB

2
slab

B2
0

1

|ǫ2 − 4/9| /ǫ+ lslab/λ‖
. (6.25)

The latter equation can easily be used to compute the perpendicular mean free path versus

the parallel mean free path for certain values of ǫ. Below, we consider different limits/cases to
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achieve a further simplification of the latter formula.

In Shalchi (2014), the perpendicular mean free path was calculated by evaluating the

UNLT theory for a dynamical turbulence model, where ω = 0 but γ 6= 0. For slab turbulence,

a similar formula was obtained there (compare with Equation (20) of Shalchi 2014). However,

the formula derived in the aforementioned paper is different compared to Equation (6.25)

for the general case. Therefore, we conclude that wave propagation effects (described by

the dispersion relation ω) and damping effects (described by the parameter γ) influence the

perpendicular diffusion coefficient in a different way.

In Shalchi et al. (2004), the perpendicular mean free path was calculated for the same

turbulence model considered in the current chapter, namely the model of Alfvénic slab tur-

bulence. However, these authors used the nonlinear guiding center theory of Matthaeus et

al. (2003). The results they obtained are very different compared to Equation (6.25) derived

above (compare with Equation 34 of Shalchi et al. 2004).

6.4.1 The Special Case ǫ≫ lslab/λ‖ and ǫ≫ 2/3

For ǫ≫ 2/3, Equation (6.25) becomes

λ⊥/lslab =
1

2
a2 δB

2
slab

B2
0

1

ǫ + lslab/λ‖
. (6.26)

If we additionally assume that ǫ≫ lslab/λ‖, the latter formula simplifies to

λ⊥/lslab =
1

2
a2 δB

2
slab

B2
0

1

ǫ
≡ 1

2
a2 δB

2
slab

B2
0

v

vA
. (6.27)

According to this result, the perpendicular mean free paths decreases with increasing Alfvén

speed.

6.4.2 The Special case lslab/λ‖ ≫ ǫ≫ 2/3

In the case considered here, Equation (6.26) can be combined with the assumption lslab/λ‖ ≫

ǫ and we find

λ⊥/lslab =
1

2
a2 δB

2
slab

B2
0

λ‖/lslab. (6.28)
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The latter formula is well-known in diffusion theory (see, e.g., Shalchi 2013b) and corresponds

to the case where the particles interact mainly with ballistic field lines while they propagate

diffusively in the parallel direction.

6.4.3 The Special Case 4λ‖/(9lslab) ≫ ǫ and 2/3 ≫ ǫ

For ǫ≪ 2/3, Equation (6.25) becomes

λ⊥/lslab =
1

2
a2 δB

2
slab

B2
0

1

4/(9ǫ) + lslab/λ‖
. (6.29)

For 4λ‖/(9lslab) ≫ ǫ, the latter formula becomes

λ⊥/lslab =
9

8
a2 δB

2
slab

B2
0

ǫ =
9

8
a2 δB

2
slab

B2
0

vA

v
(6.30)

which is in agreement with Equation 47 of Shalchi et al. (2007). The latter authors used

a compound diffusion model to describe perpendicular diffusion. The case considered here,

contains also the magnetostatic limit (ǫ = 0) and we can clearly see that in this limit the

perpendicular mean free path becomes λ⊥ = 0 corresponding to subdiffusive transport.

6.4.4 The Special Case 2/3 ≫ ǫ≫ 4λ‖/(9lslab)

For 4λ‖/(9lslab) ≪ ǫ Equation (6.29) becomes

λ⊥/lslab =
1

2
a2 δB

2
slab

B2
0

λ‖/lslab (6.31)

in agreement with Equation (6.28).

Below, we compare the analytical results derived above with computer simulations.

6.5 Test-Particle Simulations

In the following, we perform simulations to obtain parallel and perpendicular diffusion

coefficients numerically. To simulate the transport of energetic particles, one has to perform

three steps. The first is the generation of turbulence. Thereafter, we solve the Newton-Lorentz
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equation numerically and the third step is the calculation of diffusion coefficients based on the

ensemble of obtained particle trajectories. All of the three steps with technical details were

explained in Chapter 4. However, for turbulence generation in this chapter we include an

oscillating factor describing the wave propagation effects. Similar work was done by Micha lek

& Ostrowski (1996), Tautz (2010b) and Tautz & Shalchi (2013) so for consistency we follow

the same description. In this case, the turbulent magnetic field vector is calculated through

δ ~B(x, y, z) = Re
Nm
∑

n=1

A(kn)ξ̂ne
i[knz′n+βn−ω(kn)t]. (6.32)

Functions and parameters definition are as usual. z′n ≡ ~k = kk̂ is the propagation vector of

the turbulent plane wave. For the dispersion relation in Equation (6.32), we use ω(kn) = jvAkn

with j = ±1 in agreement with Equation (2.61). As before, the parameter j is equal to

±1 corresponding to forward and backward moving waves. In the simulations we assume a

50%/50% contribution from either direction. For the turbulence spectrum, we use the same

model as used for the analytical work, namely Equation (2.18) with wavenumbers ranging

from kminlslab = 10−7 to kmaxlslab = 105. For the inertial range spectrum index we use the

value s = 5/3 in agreement with Kolmogorov’s theory of turbulence (see Kolmogorov 1941).

By using our notion of dimensionless parameters described in Chapter 4, the plasma wave

dispersion relation (2.61) becomes

ω(kn)t = ±R(vA/v)(knlslab)(Ωt). (6.33)

The trajectories for 1000 particles were calculated for a maximum (dimensionless) time of

τmax = 104 or τmax = 105 as needed.

6.5.1 Simulation Results

We perform the simulations to compute parallel and perpendicular mean free paths. Our

aim is to explore how these two parameters depend on the rigidity R, the turbulence strength

δB/B0, and Alfvén speed vA. Our numerical results are listed in Tables 6.1-6.4.
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Figure 6.1: The running (a) parallel mean free path λ‖/lslab and (b) perpendicular mean free
path λ⊥/lslab versus the dimensionless time τ = Ωt. Here, we have set δB/B0 = 1.0 and
R = 1.0 and computed the corresponding transport parameter for three different values of
ǫ = vA/v.

In Figures 6.1a and 6.1b, we show the parallel and perpendicular mean free paths versus

time. One can easily see that diffusive behavior is obtained for the parallel diffusion coefficient

for all considered values of ǫ = vA/v. For the perpendicular diffusion coefficient we find the

well-known subdiffusive behavior if ǫ = 0. As soon as ǫ 6= 0, diffusion is recovered. This

conclusion agrees with the results obtained before by Micha lek & Ostrowski (1996) and Tautz

(2010b).

In Figures 6.2 and 6.3, we compute the parallel and perpendicular mean free paths versus

ǫ = vA/v for different values of the ratio δB0/B0 and different magnetic rigidities represented

by the parameter R ≡ RL/lslab. As shown, the magnetic field ratio as well as the rigidity have

a strong influence on the parallel mean free path as expected. The perpendicular mean free

path, however, does not explicitly depend on the rigidity for the parameter regimes considered

here. Changing the magnetic field ratio does change the perpendicular diffusion parameter

(see below).

In Figure 6.4, we show the perpendicular mean free path versus the magnetic field ratio

δB0/B0 for R = 1.0 and vA/v = 0.1. One can easily see that λ⊥ ∼ δB2/B2
0 for the considered

parameter regime. This behavior is in agreement with the results provided by UNLT theory.

We like to emphasize that one can also find a parameter regime where the perpendicular mean
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Figure 6.2: The parallel mean free path λ‖/lslab versus vA/v for (a) three different values of the
rigidity R and constant δB/B0 = 1.0, and (b) three different values of δB/B0 and constant
R = 0.1.
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Figure 6.3: The perpendicular mean free path λ⊥/lslab versus vA/v for (a) three different
values of the rigidity R and constant δB/B0 = 1.0, and (b) three different values of δB/B0

and constant R = 0.1.
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Figure 6.4: The perpendicular mean free path λ⊥/lslab versus the the magnetic field ratio
δB0/B0 for R = 1.0 and ǫ ≡ vA/v = 0.1. The slope of this graph is very close to 2 confirming
the scaling λ⊥/lslab ∼ (δB/B0)2 obtained from the UNLT theory.

free path is directly proportional to the parallel mean free path. Since the latter parameter

depends also on the magnetic field ratio, the magnetic field dependence of the perpendicular

diffusion coefficient is more complicated in such cases.

6.5.2 Testing Analytical Predictions

Above, we have shown different numerical results for the case of parallel propagating shear

Alfvén waves. In the following, we compare our simulations directly with the analytical results

derived in Sections 6.2 and 6.3. To calculate the parallel mean free path, we use Equations

(3.21) and (6.9), and for the perpendicular mean free path we employ Equation (6.25). For

the latter calculations, we set a2 = 1 as discussed in Section 6.3.

In Figure 6.5, we show the two mean free paths versus the ratio ǫ ≡ vA/v for RL/lslab = 0.1,

δB/B0 = 1, and s = 5/3. According to this figure, quasilinear theory agrees very well with

the parallel mean free paths obtained numerically. Furthermore, the simulations confirm the

UNLT theory for parallel propagating shear Alfvén waves. In Figure 6.6, we provide a similar

comparison but we have changed the rigidity from RL/lslab = 0.1 to RL/lslab = 1.0. For this

value of R, QLT and UNLT theory are confirmed also. The results from our test-particle
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simulations are listed in Tables 6.1 and 6.2 to make it easier for the reader to reproduce the

figures if required.
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Figure 6.5: The parallel mean free path and the perpendicular mean free path versus ǫ ≡ vA/v.
Here, we have used RL/lslab = 0.1, δB2/B2

0 = 1, and s = 5/3. Shown are the simulated
parallel mean free paths (squares) and the simulated perpendicular mean free path (dots).
The theoretical parallel mean free paths are based on quasilinear theory and were computed
by employing Equation (3.21) for small values of ǫ (dotted line) and Equation (6.9) for large
values of ǫ (dashed line), respectively. The theoretical perpendicular mean free paths were
calculated by using Equation (6.25) which is based on the unified nonlinear transport theory
(solid line).

In Tables 6.3 and 6.4, we have shown more simulations. Here, we employed our code for

the cases where v ≈ vA. In this case, Equation (6.28) should be valid and we expect that

λ⊥/λ‖ ≈ 0.5. Our simulations also confirm the UNLT theory for such cases.

6.6 Summary

In the current chapter, we have investigated the interaction of energetic particles with

parallel propagating shear Alfvén waves. For the analytical work, we have used quasilinear

theory to compute the parallel diffusion coefficient. This procedure is well known in diffusion



6.6. SUMMARY 147

10
−2

10
−1

10
0

10
1

10
2

10
3

10
4

10
−5

10
0

10
5

ε = v
A
/v

λ i/l sl
ab

Figure 6.6: Figure caption is the same as in Figure 6.5 but here we have used RL/lslab = 1.0.

Table 6.1: The simulated mean free paths along and across the mean magnetic field versus the
ratio ǫ = vA/v. Here, we have used R = RL/lslab = 0.1, δB/B0 = 1, and s = 5/3.

vA/v 0.0 0.01 0.02 0.06 0.08 0.1 1.0 5 10 50 100 103 104

λ‖/lslab 2.4 2.5 2.5 2.6 2.45 2.3 0.58 0.28 0.28 0.9 1.9 29 73
λ⊥/lslab subdiff. 0.01 0.02 0.06 0.08 0.1 0.15 0.04 0.025 0.0065 0.0035 0.0003 7.0 × 10−5

theory (see, e.g., Schlickeiser 2002) and based on the assumption that QLT is valid for parallel

transport in slab turbulence (see, e.g., Shalchi 2009a). The perpendicular diffusion coefficient

is calculated by extending the UNLT theory of Shalchi (2010, 2011a). We have also performed

detailed test-particle simulations for the same turbulence model.

In this work, we have achieved the following:

1. We have derived an integral equation for the perpendicular diffusion coefficient based

on UNLT theory (see Equations 6.12 and 6.13 of the present chapter). The latter equa-

tion was then combined with the slab model of turbulence (see Equation 6.18). For a

model spectrum, a simple formula for the perpendicular diffusion coefficient was derived.
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Table 6.2: The simulated mean free paths along and across the mean magnetic field versus the
ratio ǫ = vA/v. Here, we have used R = RL/lslab = 1.0, δB/B0 = 1, and s = 5/3.

vA/v 0.0 0.01 0.02 0.06 0.08 0.1 1.0 5 10 50 100 103 104

λ‖/lslab 7.0 7.4 6.8 7.5 6.9 7.2 2.9 8.2 17.5 240 290 1500 9000
λ⊥/lslab subdiff. 0.01 0.02 0.06 0.08 0.1 0.37 0.058 0.03 0.005 0.0025 0.00045 6.0 × 10−5

Table 6.3: The simulated mean free paths along and across the mean magnetic field versus the
rigidity R = RL/lslab. Here, we have used ǫ = vA/v = 2/3, δB/B0 = 1, and s = 5/3.

R 0.0001 0.0005 0.001 0.005 0.01 0.05 0.1
λ‖/lslab 0.084 0.18 0.25 0.29 0.35 0.53 0.78
λ⊥/lslab 0.038 0.08 0.11 0.13 0.15 0.22 0.27
λ⊥/λ‖ 0.45 0.44 0.44 0.45 0.43 0.42 0.35

Table 6.4: The simulated mean free paths along and across the mean magnetic field versus the
rigidity R = RL/lslab. Here, we have used ǫ = vA/v = 1, δB/B0 = 1, and s = 5/3.

R 0.0001 0.0005 0.001 0.005 0.01 0.05 0.1
λ‖/lslab 0.074 0.11 0.13 0.19 0.22 0.33 0.58
λ⊥/lslab 0.03 0.044 0.052 0.077 0.085 0.11 0.15
λ⊥/λ‖ 0.41 0.40 0.40 0.41 0.39 0.33 0.26

Equation (6.25) allows the analytical description of perpendicular transport if the parallel

diffusion coefficient is known.

2. We used test-particle simulations to explore how parallel and perpendicular diffusion

parameters depend on the magnetic rigidity, the magnetic field ratio δB/B0, and the

Alfvén speed vA. Figures 6.2-6.4 show our results. This work complements previous

numerical work such as the papers by Micha lek & Ostrowski (1996), Tautz (2010b), and

Tautz & Shalchi (2013).

3. We presented a detailed comparison between analytical theory and computer simula-

tions to check our understanding of particle transport in Alfvénic slab turbulence (see

Figures 6.5 and 6.6). According to this comparison, quasilinear theory works very well

for parallel transport for this specific turbulence model. This confirmed our expectations.
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Furthermore, the perpendicular diffusion coefficient provided by UNLT theory is almost

perfectly in coincidence with the numerical work.

Since the validity of QLT in Alfvénic slab turbulence is known, the most important result

of the current work is the fact that UNLT theory agrees with the simulated perpendicular

diffusion coefficients for the cases we considered. Though this is not a general proof, this

confirms again that UNLT theory is a powerful tool in diffusion theory. The latter theory was

already confirmed to be valid for a magnetostatic slab/2D composite model and Goldreich-

Sridhar turbulence (see Tautz & Shalchi 2011 and Shalchi 2013a).
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Chapter 7

Perpendicular Diffusion of Energetic

Particles in Noisy Reduced

Magnetohydrodynamic Turbulence

Permission

Part of the material presented in this chapter is a reprint of Shalchi & Hussein (2014) pub-

lished in the Astrophysical Journal. The inclusion of the copyrighted material was permitted

under license from the journal.

7.1 Introduction

In this chapter we explore perpendicular transport of energetic particles analytically and

numerically for a specific turbulence model. For an analytical description, we use the NLGC

and the UNLT theories presented in Section 3.8, whereas test-particle simulations are executed

to check the validity of the mentioned theories.

The perpendicular diffusion coefficient based on the aforementioned transport theories has

previously been caculated by employing slab/two-dimensional (2D) composite model and the

Goldreich-Sridhar model (see, e.g., Tautz & Shalchi 2011 and Shalchi 2013a). In this chapter

151
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we employ another model which was recently proposed, namely, the Noisy Reduced Magneto-

HydroDynamic (NRMHD) turbulence model of Ruffolo & Matthaeus (2013).

Here, we explore perpendicular diffusion in NRMHD turbulence analytically and numeri-

cally. By doing this we try to achieve the following:

1. showing how the field line random walk (FLRW) limit with the correct field line diffusion

coefficient can be obtained from the UNLT theory.

2. obtaining for the first time the perpendicular diffusion coefficient of energetic particles

for NRMHD turbulence.

3. testing the validity of the NLGC and UNLT theories by comparing them with test-particle

simulations in order to check our understanding of perpendicular diffusion.

The remainder of this chapter is organized as follows. In Section 7.2, a discussion of the

NRMHD turbulence model is presented. In Section 7.3, we compute the perpendicular diffusion

coefficient analytically and, in Section 7.4, we use simulations to test our analytical findings.

We end with a short summary in Section 7.5.

7.2 Noisy Reduced Magnetohydrodynamic Turbulence

Ruffolo & Matthaeus (2013) proposed the NRMHD turbulence model. All details can be

found in the aforementioned paper. The model was briefly described in Section 2.2.6 of Chapter

2. For completeness and to add extra details, below, we present the model again and discuss

some of its aspects and relation to 2D turbulence.

7.2.1 The Correlation Tensor for NRMHD Turbulence

In the following, we discuss the magnetic correlation tensor (Equation 2.14) for the NRMHD

model. According to Ruffolo & Matthaeus (2013), the two relevant components of the magnetic

correlation tensor have the form

Pxx

(

~k
)

=
1

4πK
k2

yA (k⊥)











1 if
∣

∣k‖
∣

∣ ≤ K

0 if
∣

∣k‖
∣

∣ > K,
(7.1)
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and

Pyy

(

~k
)

=
1

4πK
k2

xA (k⊥)











1 if
∣

∣k‖
∣

∣ ≤ K

0 if
∣

∣k‖
∣

∣ > K.
(7.2)

In the model described here, we used the (axi-symmetric) spectrum A(k⊥) and the parameter

K which cuts off the spectrum in the parallel direction. Compared to the tensor discussed

in Ruffolo & Matthaeus (2013), we have different pre-factors in our model because we use a

different form of the Fourier-transform. As in Ruffolo & Matthaeus (2013) we only consider

the special case of axi-symmetric turbulence where the spectrum depends only on k⊥. We

want to emphasize that δBz = 0 in the model considered here and therefore Pzz = 0. Before

we discuss the spectrum A (k⊥) we briefly think about the normalization. Since we have to

satisfy

δB2 = δB2
x + δB2

y =

∫

d3k
[

Pxx

(

~k
)

+ Pyy

(

~k
)]

=

∫ ∞

0

dk⊥ k
3
⊥A (k⊥) , (7.3)

we can determine the constants in the spectrum A (k⊥).

7.2.2 The Spectrum A (k⊥)

A key element in theories for particle transport and FLRW is the turbulence spectrum.

Especially the large scales (corresponding to small wavenumbers) of the spectrum control the

field line diffusion coefficients and perpendicular diffusion coefficients of energetic particles

(see, e.g., Shalchi & Kourakis 2007; Shalchi & Weinhorst 2009; Minnie et al. 2009; Shalchi et

al. 2010). In the following, we use exactly the spectrum proposed by Ruffolo & Matthaeus

(2013), which has the form

A (k⊥) =
A0

[

1 + (k⊥l⊥)2]7/3
. (7.4)

Here we used the characteristic length scale l⊥ which denotes the turnover from the energy

range of the spectrum to the inertial range. Therefore, the latter scale is also known as the

bendover scale. Usually this scale is directly proportional to the integral scale of the turbulence
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(see, e.g., Shalchi 2014). By using the normalization condition (Equation 7.3), we can specify

the parameter A0:

δB2 = A0

∫ ∞

0

dk⊥
k3
⊥

[

1 + (k⊥l⊥)2]7/3
. (7.5)

The latter integral can be solved (see, e. g., Gradshteyn & Ryzhik 2000), and it yields 9/8.

Therefore, one can easily determine the parameter A0, and the spectrum (Equation 7.4) be-

comes

A (k⊥) =
8

9
l4⊥δB

2 1
[

1 + (k⊥l⊥)2]7/3
. (7.6)

With Equation (7.1) we now know the xx−component of the correlation tensor which enters

Equations (3.39) and (3.40). Our turbulence model is now complete and, in Section 7.3, we

will use it to compute the perpendicular diffusion coefficient.

7.2.3 Relation to the Two-Dimensional Model

The NRMHD model can be seen as an extension/generalization of the pure two-dimensional

model which was often used before in the literature (see, e.g., Fyfe & Montgomery 1976; Fyfe

et al. 1977). The pure 2D model is sometimes called the reduced MHD model (see, e.g.,

Strauss 1976; Montgomery 1982; Higdon 1984). Some aspects of the corresponding spectrum

are discussed in Matthaeus et al. (2007) and Shalchi & Weinhorst (2009).

In analytical treatments of turbulence, random walking magnetic field lines, and perpen-

dicular transport of energetic particles, physical quantities are usually given as a wavenumber

integral. Let us assume that we have an analytical theory for the quantity ξxx given as

ξxx =

∫

d3k Pxx

(

~k
)

χ
(

k‖, k⊥
)

. (7.7)

Examples are the NLGC theory (Equation 3.39), the UNLT theory (Equation 3.40), and the

normalization condition (Equation 7.3). Now we evaluate the latter form using the NRMHD

model (Equation 7.1). In this case, we find

ξxx(K) =
1

4K

∫ +K

−K

dk‖

∫ ∞

0

dk⊥ k
3
⊥A(k⊥)χ

(

k‖, k⊥
)

. (7.8)
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Now we consider the limit

ξ2D
xx := lim

K→0
ξxx(K) (7.9)

and we obtain

ξ2D
xx =

1

2

∫ ∞

0

dk⊥ k
3
⊥A(k⊥)χ

(

k‖ = 0, k⊥
)

. (7.10)

The pure 2D model is defined as

Pxx

(

~k
)

= g2D(k⊥)
δ(k‖)

k⊥

k2
y

k2
⊥

. (7.11)

Using this model with the form (Equation 7.7) we obtain

ξ2D
xx = π

∫ ∞

0

dk⊥ g
2D(k⊥)χ

(

k‖ = 0, k⊥
)

. (7.12)

The latter form can be compared with Equation (7.10) to find the correspondence

g2D(k⊥) =
1

2π
k3
⊥A(k⊥). (7.13)

Obviously the spectrum A(k⊥) is directly related to the spectrum used in the pure 2D turbu-

lence model g2D(k⊥). By combining the latter relation with the spectrum (Equation 7.6), one

can easily show that this spectrum is a special case of the Shalchi & Weinhorst (2009) model

if we set s = 5/3 and q = 3 therein.

7.3 Computing the Perpendicular Diffusion Coefficient

In the following, we compute the perpendicular diffusion coefficient based on the two the-

ories discussed in Section 3.8. Equations (3.39) and (3.40) have the form

κ⊥ =
a2v2

3B2
0

∫

d3k
Pxx(~k)

U(k⊥) + V (k⊥) k2
‖

, (7.14)
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Table 7.1: The functions U(k⊥) and V (k⊥) for NLGC and UNLT theories.

Parameter NLGC theory UNLT theory

U(k⊥) κ⊥k2
⊥ + v/λ‖ (4/3)κ⊥k2

⊥ + v/λ‖

V (k⊥) κ‖ v2/(3κ⊥k2
⊥)

where the functions U(k⊥) and V (k⊥) are different for the two considered theories. They are

summarized in Table 7.1. With Equation (7.1) this becomes

κ⊥ =
a2v2

3B2
0

1

2K

∫ ∞

0

dk⊥ k
3
⊥A (k⊥)

arctan
(

K
√

V/U
)

√
UV

. (7.15)

Here we kept the spectrum A (k⊥) in the equation for the perpendicular diffusion coefficient.

Later we will replace it by the form (Equation 7.6). One can very easily consider the limit

K → 0 and by using arctan(x) ≈ x, one can derive the corresponding integral equation for 2D

turbulence from (Equation 7.15).

7.3.1 The FLRW Limit from UNLT Theory

One strength of the UNLT theory is that the correct Field Line Random Walk (FLRW)

limit can be derived from it. We demonstrate this for the turbulence model considered here.

We can obtain the FLRW limit by suppressing parallel diffusion and by forcing the particle to

follow magnetic field lines. This means that we have to set a2 = 1 and v/λ‖ = 0 in Equation

(7.15) and in the functions U and V listed in Table 7.1. Therefore, we have U = (4/3)κ⊥k
2
⊥

and, thus,
√
U V = 2v/3 and

√

V/U = v/(2κ⊥k
2
⊥). With these relations, Equation (7.15)

becomes

κ⊥ =
v

4KB2
0

∫ ∞

0

dk⊥ k
3
⊥A (k⊥) arctan

(

vK

2κ⊥k
2
⊥

)

. (7.16)

The latter equation has the solution

κ⊥ =
v

2
κFL, (7.17)
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or, in terms of mean free paths,

λ⊥ =
3

2
κFL, (7.18)

with the field line diffusion coefficient

κFL =
1

2KB2
0

∫ ∞

0

dk⊥ k
3
⊥A (k⊥) arctan

(

K

κFLk2
⊥

)

. (7.19)

Equations (7.17) and (7.18) correspond to the FLRW limit and Equation (7.19) agrees perfectly

with Equation (25) of Ruffolo & Matthaeus (2013). We want to emphasize that Equation

(7.19) was derived from Equation (3.40), representing the UNLT theory by setting a2 = 1

and v/λ‖ = 0 therein. In Ruffolo & Matthaeus (2013), the same result was obtained by

employing the field line diffusion theory of Matthaeus et al. (1995). As shown here the UNLT

theory of Shalchi (2010) allows the perpendicular diffusion of energetic particles as well as the

diffusion of magnetic field lines to be described. In Figure 7.1, we show the numerical solution

of Equation (7.19). In the latter figure we also show simulations of FLRW confirming the

validity of Equation (7.19). More details about this numerical work can be found in Section

7.4.

7.3.2 The Limit K → 0

The UNLT theory represented by Equation (3.40) is a special case of the form (Equation

7.7) with ξxx = κxx = κ⊥ and

χ
(

k‖, k⊥
)

=
a2v2

3B2
0

1

F (k‖, k⊥) + (4/3)κ⊥k
2
⊥ + v/λ‖

, (7.20)

with the function F (k‖, k⊥) defined in Equation (3.41). According to Equation (7.12) this

becomes, in the limit K → 0,

κ⊥ =
π

3

a2v2

B2
0

∫ ∞

0

dk⊥
g2D(k⊥)

(4/3)κ⊥k2
⊥ + v/λ‖

(7.21)



158 CHAPTER 7. PERPENDICULAR DIFFUSION IN NRMHD TURBULENCE

10
−2

10
−1

10
0

10
1

10
2

10
−5

10
−4

10
−3

10
−2

10
−1

10
0

10
1

10
2

δ B / B
0

κ F
L/l ⊥

Figure 7.1: Field line diffusion coefficient for NRMHD turbulence. Shown is κFL/l⊥ versus the
magnetic field ratio δB/B0 for K̃ ≡ Kl⊥ = 1. The solid line represents the analytical result
obtained by solving Equation (7.19) numerically and the dots represent the simulations (see
Section 7.4 for details). We want to emphasize that the solid line is in agreement with the
result obtained by Ruffolo & Matthaeus (2013).

corresponding to Equation (4) of Shalchi (2013b). The spectrum g2D(k⊥) is related to A(k⊥)

via Equation (7.13) of the present chapter. Therefore, in the limit K → 0, we expect to

find the results derived earlier for 2D turbulence. We like to emphasize that strictly pure 2D

turbulence should be considered to be a singular case and that diffusion theories such as NLGC

and UNLT theories are not longer valid for that specific model of turbulence.

7.3.3 Perpendicular Diffusion for the General Case

Here we go back to the general form (Equation 7.15) with the functions U(k⊥) and V (k⊥)

from Table 7.1. Equation (7.15) has to be evaluated numerically. Therefore, we introduce

new quantities which are more appropriate for numerical treatments of the transport. In the

following we use

K̃ = l⊥K,

S = K
√

V/U,

Q =
1

v

√
U V , (7.22)
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and instead of using the spatial diffusion coefficient we use mean free paths defined as λ‖ =

3κ‖/v and λ⊥ = 3κ⊥/v. By using the latter parameters, Equation (7.15) becomes

λ⊥
l⊥

=
a2

2K̃B2
0

∫ ∞

0

dk⊥ k
3
⊥A (k⊥)

arctan [S(k⊥)]

Q(k⊥)
, (7.23)

where the parameters/functions S and Q can be found below. To proceed we employ the

spectrum (Equation 7.6) and we use the integral transformation x = l⊥k⊥ to obtain

λ⊥
l⊥

=
4a2

9K̃

δB2

B2
0

∫ ∞

0

dx
x3

(1 + x2)7/3

arctan [S(x)]

Q(x)
. (7.24)

The two functions S(x) and Q(x) are different for the NLGC and UNLT theories. For the

NLGC theory we have to use

SN(x) = K̃

√

(

λ‖
3l⊥

)

/

(

λ⊥
3l⊥

x2 +
l⊥
λ‖

)

(7.25)

and

QN(x) =

√

(

λ⊥
3l⊥

x2 +
l⊥
λ‖

)

λ‖
3l⊥

. (7.26)

For the UNLT theory, however, we have

SU(x) = K̃

√

(

l⊥
λ⊥x2

)

/

(

4λ⊥
9l⊥

x2 +
l⊥
λ‖

)

(7.27)

and

QU(x) =

√

4

9
+

l2⊥
λ‖λ⊥x2

. (7.28)

In the following, we compute the perpendicular mean free path versus the parallel mean free

path for different values of the parameters a2, δB2/B2
0 , and K̃. The values used are listed in

the caption of the corresponding figure. By specifying these parameters we can solve Equation

(7.24) for the NLGC theory and the UNLT theory numerically.

In Figure 7.2, we compute the perpendicular mean free path versus the parallel mean free

path for two different values of the parameter a2 and K̃ = 1 and δB2/B2
0 = 1. Also shown
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are the test-particle simulations which are discussed in Section 7.4. We can easily see that for

NRMHD turbulence, there are two regimes. In the regime λ‖ ≪ l⊥ the perpendicular mean

free path increases linearly with the parallel mean free path. In this regime, the NLGC and

UNLT theories provide very similar results. We will discuss below that this similarity cannot

be found in the general case. As soon as the parallel mean free path becomes longer than the

bendover scale l⊥, the two theories provide very different results. Whereas the perpendicular

mean free path obtained from NLGC theory decreases with increasing λ‖, the UNLT provides

a perpendicular mean free path which becomes constant. In the case λ‖ ≫ l⊥, the results

obtained from UNLT theory are very close to the FLRW limit λ⊥ = 3κFL/2. In Appendix B.1

we consider the limit λ‖ → ∞ in the NLGC theory. We show there that in this limit we find

λ⊥ ∼ λ
−1/3
‖ , in disagreement with the UNLT theory and simulations1.

In Figures 7.3 and 7.4, we study the influence of the two parameters δB/B0 and K̃ on

the perpendicular diffusion coefficient. For small K̃ → 0 the perpendicular mean free path

approaches the result one would obtain for 2D turbulence whereas for larger values of K̃

the perpendicular mean free path is getting shorter. For such large values of K̃, Figure 7.3

also shows a further discrepancy between NLGC and UNLT theories. For K̃ = 10 the two

theories disagree with each other even if the parallel mean free path is very short. NLGC

theory predicts that the ratio λ⊥/λ‖ does not depend on the parameter K̃ (see Appendix B.1)

whereas UNLT theory clearly states a dependence on this parameter. This discrepancy is a

subject for future work and therewith analytical solutions of the UNLT integral equation for

NRMHD turbulence. From Figure 7.4, one can see that the perpendicular mean free path

depends sensitively on the magnetic field ratio δB/B0. For weak turbulence amplitudes such

as δB2/B2
0 = 0.1, we find again a discrepancy between NLGC and UNLT theories. Obviously,

these two theories provide different results for most turbulence and particle parameters.

We want to emphasize that all our results were obtained for a specific spectrum, namely,

the model spectrum given by Equation (7.6), which is the spectrum proposed by Ruffolo &

1We want to point out that we indeed find the exponent −1/3 for the dependence on the parallel mean free

path. In Shalchi et al. (2004), for instance, λ⊥ ∼ λ
+1/3

‖ was derived, which is different from the result derived

in the present chapter. The exponent +1/3 was derived for pure 2D turbulence and a very specific spectrum.
Therefore, this result has nothing to do with the exponent we derived in the current chapter.
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Figure 7.2: Perpendicular mean free path versus the parallel mean free path for the NRMHD
model. We compare the NLGC theory (dashed line) with the UNLT theory (solid line), and
the field line random walk limit (dotted line). Here we set K̃ = 1 and δB2/B2

0 = 1. The dots
represent the test-particle simulations discussed in Chapter 4. The two analytical theories
were evaluated for two different values of the parameter a.

Matthaeus (2013). For a different spectrum (e.g., a different spectral index in the energy

range, a spectrum with cut-off at small wavenumbers) one could obtain different results and

the differences between NLGC and UNLT theories could be smaller or larger in such cases.

7.4 Simulations

In the current section, we use an extension of the code explained in Chapter 4. Technical

details on how the NRMHD model was simulated can be found in Section 4.4.3 and other

numerical specifications on the test-particle method were explained in Section 4.4. In the

following we briefly touch on some technical details of the code in relation to this chapter

together with simulation parameters, the results obtained for the field line diffusion coefficient,

and the simulated parallel and perpendicular diffusion coefficients.

7.4.1 The Test-Particle Code

The same test-particle simulations that have been performed before in the course of Chap-

ters 5 and 6 are carried out again. However, a different turbulence model is used here, namely
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the NRMHD model which is a full anisotropic 3-dimensional model. In the previous chapters,

only models with reduced dimensionality were employed. These models were the slab model,

the isotropic model, and a composition of slab and two-dimensional modes. In all these mod-

els only one independent wavevector component controls the turbulent magnetic field. The

NRMHD model considered here is more complicated because two components are relevant,

namely k‖ and k⊥. Therefore, one has to evaluate an extra sum numerically, making the

simulations much more time-consuming.

The trajectories of 1000 particles were traced to yield the corresponding diffusion coef-

ficients for each simulation run. For the number of modes summed over in the parallel and

perpendicular directions, the parallel wavenumbers need to be distributed finely enough so that

the resonance condition µRLk‖ = 1 is satisfied. Here we have used the unperturbed Larmour

radius RL. The way we constructed the NRMHD model in our simulations is so that we started

with a 2D turbulence geometry first, which only contains perpendicular wavenumbers extend-

ing theoretically until infinity. Then we broadened this model by a parallel portion which have

a cut-off value at K̃. That was possible simply by setting km,max = K̃. Taking all of that into

account and to keep computational time relatively reasonable, we used N = 256 and M = 32

for our numerical calculations. It is worth noting that we have performed test runs with M up

to 128 and no significant differences were noticed. The size of the box was restricted by the

so-called scaling condition, which ensures that no particle travels beyond the maximum size of

the system, Lmax = k−1
min. This is ensured via the relation ΩtmaxkminRL < 1, which corresponds

to vtmax < Lmax. In both parallel and perpendicular direction, kmin = 10−5, corresponding to

a relatively huge box where particles are trapped. Therefore, we ensured that finite box-size

effects do not occur. This corresponds to a spectrum without cut-off in analytical treatments

of the transport.

7.4.2 The Field Line Diffusion Coefficient

By solving the field line equation dx = dzδBx/B0 numerically, one can obtain the field line

diffusion coefficient for different parameter values. Here we set K̃ = 1 and compute the field

line diffusion coefficient for different values of the magnetic field ratio δB/B0. The results are
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Table 7.2: Simulated field line diffusion coefficient for the NRMHD model versus the ratio
δB/B0. For all simulation runs we set K̃ = 1.0.

δB/B0 0.01 0.05 0.1 0.5 1.0 2.0 5.0 10.0 20.0 50.0 100.0

κFL/l⊥ 8.0 · 10−5 0.0021 0.0065 0.1 0.3 0.7 2.4 6.0 13.0 30.0 60.0

listed in Table 7.2 and they are compared with the analytical results in Figure 7.1. As shown

in the latter figure, the agreement between analytical theory and simulations is very good,

confirming the nonlinear theory for field line diffusion developed by Matthaeus et al. (1995)

and the UNLT theory of Shalchi (2010). Our simulations for random walking magnetic field

lines agree well with the simulations presented in Snodin et al. (2013).

7.4.3 The Particle Diffusion Coefficients

In the current paragraph, we use the code to compute the parallel and perpendicular mean

free paths. For these simulations we set K̃ = 1 and δB/B0 = 1. Our results are listed in

Table 7.3 and they are visualized in Figure 7.2. It is shown that the numerical perpendicular

mean free path agrees well with NLGC and UNLT theories for the case of small parallel mean

free paths. For long parallel mean free paths, however, only the UNLT theory agrees with the

simulations. The decreasing perpendicular mean free path for larger values of λ‖ provided by

the NLGC theory cannot be seen in the simulations. The prediction of the UNLT theory that

the perpendicular mean free path approaches asymptotically the FLRW limit, in contrast, can

also be seen in the numerical work. Therefore, UNLT theory is confirmed once again.

In Figures 7.5 and 7.6, we repeat the simulations for K̃ = 1, δB2/B2
0 = 0.1 and K̃ = 10,

δB2/B2
0 = 1.0, respectively. The results are listed in Tables 7.4 and 7.5. Qualitatively, the

results are very similar compared to the previous run. We can see that now even for small

values of λ‖, the NLGC and UNLT theories disagree with each other. The simulations clearly

support the UNLT theory. It seems, however, that the parameter a2 depends on the values of

K̃ and δB2/B2
0 . More investigations concerning the value of a2 have to be done in the future.
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Figure 7.5: Perpendicular mean free path versus the parallel mean free path for the NRMHD
model. We compare the NLGC theory (dashed line) with the UNLT theory (solid line), and
the field line random walk limit (dotted line). Here we set K̃ = 1 and δB2/B2

0 = 0.1. The
dots represent the simulations.
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Figure 7.6: Perpendicular mean free path versus the parallel mean free path for the NRMHD
model. We compare the NLGC theory (dashed line) with the UNLT theory (solid line), and
the field line random walk limit (dotted line). Here we set K̃ = 10 and δB2/B2
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166 CHAPTER 7. PERPENDICULAR DIFFUSION IN NRMHD TURBULENCE

Table 7.3: Simulated mean free paths along and across the mean magnetic field versus the
dimensionless magnetic rigidity RL/l⊥. Here we have used K̃ = 1.0 and δB2/B2

0 = 1.0.

RL/l⊥ 0.001 0.01 0.05 0.1 1.0 5.0 10.0 16.0 20.0

λ‖/l⊥ 0.55 1.05 2.1 3.2 31 700 1875 4700 1.1 · 104

λ⊥/l⊥ 0.03 0.04 0.063 0.088 0.195 0.25 0.25 0.25 0.25

Table 7.4: Simulated mean free paths along and across the mean magnetic field versus the
dimensionless magnetic rigidity RL/l⊥. Here we have used K̃ = 10 and δB2/B2

0 = 1.0.

RL/l⊥ 0.005 0.01 0.05 0.1 1.0 5.0 10.0 20.0 25.0

λ‖/l⊥ 0.45 0.64 1.3 1.8 6.6 135 550 2480 4200

λ⊥/l⊥ 0.029 0.036 0.045 0.051 0.068 0.083 0.085 0.085 0.085

7.5 Summary

In Ruffolo & Matthaeus (2013) the model of Noisy Reduced MagnetoHydroDynamic (NRMHD)

turbulence was proposed and used to compute the diffusion coefficient of random walking mag-

netic field lines based on the nonlinear diffusion theory of Matthaeus et al. (1995). In this

chapter, we investigated the perpendicular diffusion of energetic particles by using two ana-

lytical theories, namely, the Non-Linear Guiding Center (NLGC) theory of Matthaeus et al.

(2003) and the Unified Non-Linear Transport (UNLT) theory of Shalchi (2010). Furthermore,

we performed test-particle simulations to obtain field line diffusion and particle transport co-

efficients. We obtained the following results.

1. We showed that the field line random walk limit with the correct field line diffusion

coefficient can be obtained from UNLT theory in the appropriate limit. For the case

of NRMHD turbulence the field line diffusion coefficient already obtained by Ruffolo &

Matthaeus (2013) is derived from UNLT theory. Our test-particle simulations confirm

these previous results and therewith our current understanding of field line diffusion (see

Figure 7.1).
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Table 7.5: Simulated mean free paths along and across the mean magnetic field versus the
dimensionless magnetic rigidity RL/l⊥. Here we have used K̃ = 1.0 and δB2/B2

0 = 0.1.

RL/l⊥ 0.005 0.01 0.05 0.1 1.0 2.0 3.0 5.0 10.0 20.0 25.0 30.0
λ‖/l⊥ 8.7 12 23 37 170 330 540 950 3100 6300 8750 104

λ⊥/l⊥ 0.017 0.02 0.025 0.03 0.04 0.041 0.042 0.043 0.045 0.045 0.045 0.045

2. We obtained for the first time the perpendicular diffusion coefficient of energetic particles

for NRMHD turbulence. We showed how the two parameters K̃ = Kl⊥ and δB/B0

influence the perpendicular mean free path. The UNLT and NLGC theories provide very

different results for the turbulence model considered here (see Figures 7.2, 7.5, and 7.6

of the current chapter). According to the UNLT theory the perpendicular mean free

path increases linearly with the parallel mean free path λ‖ and in the limit of large λ‖ it

becomes independent of the latter parameter. This behavior was already found for other

turbulence models and agrees with the universality of the transport discussed in detail

in Shalchi (2014).

3. We tested the validity of the NLGC and UNLT theories by comparing them with test-

particle simulations. As shown in Figures 7.2, 7.5, and 7.6, only the UNLT theory

agrees with the simulations for NRMHD turbulence. The scaling λ⊥ ∼ λ
−1/3
‖ predicted

by NLGC theory for long parallel mean free paths cannot be seen in the simulations.

Furthermore, we also find that for short parallel mean free path, the NLGC theory

predicts that the ratio λ⊥/λ‖ does not depend on the parameter K̃ whereas UNLT show

a clear dependence.

The UNLT theory originally developed by Shalchi (2010) can correctly describe field line

diffusion and perpendicular transport of energetic particles in NRMHD turbulence. This work,

therefore, also complements previous work that has shown that the UNLT theory can accu-

rately describe transport in two-component turbulence and Goldreich-Sridhar turbulence (see,

e.g., Tautz & Shalchi 2011; Shalchi 2013a).
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Chapter 8

The Influence of Turbulence on the

Transport of Energetic Particles

Permission

Part of the material presented in this chapter is a reprint of Hussein et al. (2015) pub-

lished in the Journal of Geophysical Research. The inclusion of the copyrighted material was

permitted under license from the journal.

8.1 Introduction

One could conclude from the dependence of diffusion theories on the magnetic correlation

tensor that a detailed understanding of turbulence is crucial in the theory of energetic particles.

However, there are also some indications obtained from analytical theory that transport is

universal meaning that the details of turbulence are not important if diffusion coefficients are

calculated. Based on the UNLT theory (see Shalchi 2010), it was shown in Shalchi (2014) that

diffusion coefficients of magnetic field lines and perpendicular diffusion coefficients of energetic

particles only depend on fundamental length scales of the turbulence and the magnetic field

ratio δB/B0. This statement was strengthened by the work of Shalchi (2015) where it was

shown that the field line diffusion coefficient is only controlled by the Kubo number and the

perpendicular diffusion coefficient of energetic particles is only controlled by the Kubo number

169
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and the parallel mean free path. The Kubo number is defined as K = (δB/B0)l‖/l⊥ measuring

the relative importance between correlation distances and magnetic strength. The details of the

spectrum such as spectral shape or anisotropy are not important as long as the aforementioned

scales are finite (see, e.g., Matthaeus et al. 2007; Shalchi 2014; Shalchi 2015 for details).

In the current chapter we are trying to achieve the following:

1. We perform test-particle simulations for five different turbulence models, namely, the

two-component model, isotropic turbulence, Goldreich-Sridhar turbulence, the Noisy Re-

duced MagnetoHydroDynamic (NRMHD) model, and a noisy slab model. All models

are presented in Chapter 2 of the current thesis. We compute numerically the parallel

and perpendicular diffusion coefficients and compare them with each other. We aim to

investigate the influence of the turbulence onto the different transport parameters.

2. In Shalchi (2015) a new perpendicular transport regime was discovered for the case of

short parallel mean free paths and small Kubo numbers. This new regime is very similar

compared to the scaling originally obtained by Rechester and Rosenbluth (1978). In the

current chapter, we simulate for the first time particle transport in noisy slab turbulence

and test numerically the aforementioned predictions.

3. We employ a second test-particle code, namely, the so-called PADIAN code developed

by Tautz (2010) to compute the different diffusion coefficients independently. This will

allow us to check the validity of our simulations and to understand how accurate and

reliable our findings are.

4. We revisit the problem of perpendicular diffusion and derive four different asymptotic

limits for λ⊥. Those limits are then all re-derived from the UNLT theory and reproduced

with our numerical simulations.

The remainder of this chapter is organized as follows. In Section 8.2 we show the diffusion

coefficients along and across the mean magnetic field for the different turbulence models. In

Section 8.3 we use the PADIAN code to check the validity of the results presented in Section
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8.2. The four limits of perpendicular diffusion are discussed and reproduced in Section 8.4.

We end with a short summary and some conclusions in Section 8.5.

8.2 Diffusion Coefficients Obtained from Test-Particle

Simulations

In the current section we perform the test-particle simulations described in Chapter 4 for

the aforementioned five different turbulence models. In order to distinguish these results from

the simulations presented in Section 8.3, we refer to the code used here as the simulations by

Heusen & Shalchi. In the following we compute the parallel mean free path λ‖ which is related

to the parallel spatial diffusion coefficient κ‖ via λ‖ = 3κ‖/v, as well as the perpendicular mean

free path λ⊥ and the ratio λ⊥/λ‖. In Tables 8.1-8.5 we summarize our numerical results. For

all simulations we set δB = B0 and s = 5/3. The values for the energy range spectral index

q are shown in the corresponding table. Some models contain two scales l‖ and l⊥. The used

values for the ratio l⊥/l‖ are also listed in the corresponding table.

The main aim of the current section is to explore the rigidity dependence of the parallel

and perpendicular mean free paths, respectively. However, to ensure that we indeed obtain

diffusive transport, we also show the (running) diffusion coefficients versus time. In Figure 8.1

we have shown the parallel diffusion coefficient versus the dimensionless time Ωt for R = 1.

Clearly, the diffusion parameters become constant in time after the well-known initial ballistic

regime. Therefore, we conclude that transport is indeed diffusive for the considered cases.

Figure 8.2 shows the perpendicular diffusion coefficient versus time. Again, we find diffusive

transport after the ballistic regime.

In Figure 8.3 we show the parallel mean free paths for the different turbulence models

except the noisy slab model which is discussed separately (see below). All quantities are

normalized with respect to L which stands for the corresponding turbulence scale (e.g., L = l0

for isotropic turbulence). In all cases the parallel diffusion coefficient increases with increasing

rigidity. The rigidity dependence is approximately the same in each case, and only the absolute

values are slightly different. The only exception is the parallel mean free path obtained for
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Figure 8.1: The running parallel mean free paths from the Heusen & Shalchi simulations.
Shown are the results obtained for slab/2D turbulence (dotted line), isotropic turbulence (solid
line), Goldreich-Sridhar turbulence (dashed line), and NRMHD turbulence (dash-dotted line).

Figure 8.2: The running perpendicular mean free paths from the Heusen & Shalchi simulations.
Shown are the results obtained for slab/2D turbulence (dotted line), isotropic turbulence (solid
line), Goldreich-Sridhar turbulence (dashed line), and NRMHD turbulence (dash-dotted line).
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Figure 8.3: The parallel mean free paths from the Heusen & Shalchi simulations. Shown are
the results obtained for slab/2D turbulence (dotted line), isotropic turbulence (solid line),
Goldreich-Sridhar turbulence (dashed line), and NRMHD turbulence (dash-dotted line).

the NRMHD model which is clearly larger at high rigidities. We would like to point out that

in this particular turbulence model, there is no turbulence for certain parallel wavenumbers.

Therefore, there is often no gyro-resonant interaction between the energetic particles and

magnetic fields. This could explain the differences between the parallel diffusion coefficients

shown in Figure 8.3. The analytical investigation of parallel diffusion in NRMHD turbulence

will be subject of future work.

Table 8.1: Test-particle simulations for slab/2D turbulence. For the energy range spectral
index of the two-dimensional modes we used q = 2. The two scales are assumed to be equal
l2D = lslab, and we set δB2

slab/B
2
0 = 0.2 and δB2

2D/B
2
0 = 0.8 as suggested by Bieber et al.

(1996). Listed are the results obtained by using the Heusen & Shalchi code (HS) and the
PADIAN code (P).

RL/lslab 0.01 0.05 0.1 0.5 1.0 5.0 10.0

λHS
‖ /lslab 0.90 1.88 2.7 8.5 15.0 87.0 255

λHS
⊥ /lslab 0.048 0.08 0.11 0.26 0.35 0.43 0.45

λP
‖ /lslab 0.932 − 2.581 − 15.0 − 266

λP
⊥/lslab 0.049 − 0.123 − 0.384 − 0.456
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Table 8.2: Test-particle simulations for isotropic turbulence. For the energy range spectral
index we used q = 3 as explained in the text. Listed are the results obtained by using the
Heusen & Shalchi code (HS) and the PADIAN code (P).

RL/l0 0.01 0.05 0.1 0.5 1.0 5.0 10.0

λHS
‖ /l0 0.51 1.05 1.35 3.55 7.1 82.0 330

λHS
⊥ /l0 0.018 0.04 0.06 0.16 0.235 0.305 0.32

λP
‖ /l0 0.52 − 1.23 − 6.58 − 325

λP
⊥/l0 0.018 − 0.059 − 0.257 − 0.319

The perpendicular mean free paths for the different turbulence models are visualized in

Figure 8.4. Again, we obtain similar results for all considered models. In all cases the per-

pendicular mean free path increases with rigidity if the latter parameter is small. For high

rigidities the perpendicular mean free paths become rigidity independent as already predicted

analytically in Shalchi (2014) and Shalchi (2015). In this case the perpendicular diffusion

coefficient approaches asymptotically the so-called Field Line Random Walk (FLRW) limit.

We like to emphasize that δBz 6= 0 for isotropic and Goldreich-Sridhar turbulence, whereas

δBz = 0 for the other models. This could cause a difference in the perpendicular diffusion

coefficient.

In Figure 8.5 we show the ratio λ⊥/λ‖ for the different turbulence models. For low rigidities,

the ratio λ⊥/λ‖ is approximately constant as expected (see again Shalchi 2014; Shalchi 2015).

Rigidity dependence and magnitude of the perpendicular mean free path depend only weakly

on the chosen turbulence model. An exception is the NRMHD model where the parallel

diffusion coefficient is different compared to the other models. A possible explanation for that

difference is provided above.

A direct relation between parallel and perpendicular mean free paths is predicted by the

UNLT theory of Shalchi (2010) where the rigidity does not explicitly enter the corresponding

integral equation. Therefore, we show the perpendicular mean free path versus the parallel

mean free path for the different turbulence models in Figure 8.6. As predicted by the afore-

mentioned theory, we find λ⊥ ∝ λ‖ for short parallel mean free path and λ⊥ = constant for
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Figure 8.4: The perpendicular mean free paths from the Heusen & Shalchi simulations. Shown
are the results obtained for slab/2D turbulence (dotted line), isotropic turbulence (solid line),
Goldreich-Sridhar turbulence (dashed line), and NRMHD turbulence (dash-dotted line).
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Figure 8.5: The ratio λ⊥/λ‖ from the Heusen & Shalchi simulations. Shown are the results
obtained for slab/2D turbulence (dotted line), isotropic turbulence (solid line), Goldreich-
Sridhar turbulence (dashed line), and NRMHD turbulence (dash-dotted line).
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Figure 8.6: The perpendicular mean free paths λ⊥/L versus the parallel mean free paths λ‖/L
from the Heusen & Shalchi simulations. Shown are the results obtained for slab/2D turbulence
(dotted line), isotropic turbulence (solid line), Goldreich-Sridhar turbulence (dashed line), and
NRMHD turbulence (dash-dotted line).

long parallel mean free path.

So far, we did not discuss the noisy slab model. The reason is that this model provides

very different results if it comes to the perpendicular diffusion coefficient. This difference was

already predicted analytically by the UNLT theory (see Shalchi 2015). The latter theory states

that in the limit λ‖/l‖ → 0 and for small Kubo numbers, the ratio of the two mean free paths

Table 8.3: Test-particle simulations for Goldreich-Sridhar turbulence. For the energy range
spectral index we used q = 2. Listed are the results obtained by using the Heusen & Shalchi
code (HS) and the PADIAN code (P).

RL/l 0.01 0.05 0.1 0.5 1.0 5.0 10.0

λHS
‖ /l 0.62 1.01 1.34 3.3 9.25 98.0 410.0

λHS
⊥ /l 0.0215 0.052 0.0805 0.255 0.365 0.40 0.45

λP
‖ /l 0.800 − 1.478 − 7.186 − 386

λP
⊥/l 0.0251 − 0.0715 − 0.2711 − 0.348
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Table 8.4: Test-particle simulations for NRMHD turbulence. For the energy range spectral
index we used q = 3 and we assumed that l‖ = l⊥. Listed are the results obtained by using
the Heusen & Shalchi code (HS) and the PADIAN code (P).

RL/l⊥ 0.01 0.05 0.1 1.0 5.0 10

λ‖/l⊥ 1.05 2.1 3.2 31 700 1875

λ⊥/l⊥ 0.04 0.063 0.088 0.195 0.25 0.25

λ‖/l⊥ 1.279 − 5.002 56.47 − 2843

λ⊥/l⊥ 0.0257 − 0.0948 0.4255 − 0.4302

is given by

λ⊥
λ‖

=

[

π

2
C(s)a2 l‖

l⊥

δB2

B2
0

]2

(8.1)

for the noisy slab model. Here, we set l‖/l⊥ = 0.5, δB2/B2
0 = 1, a2 = 1, and s = 5/3 leading

to C(s = 5/3) ≈ 0.12. In this case Equation (8.1) provides λ⊥/λ‖ ≈ 9 × 10−3. For the

limit λ‖/l‖ → ∞ and small Kubo numbers we expect to find the quasilinear scaling (see again

Shalchi 2015) and the perpendicular mean free path is given by

λ⊥
l‖

=
3π

2
C(s)a2 δB

2

B2
0

(8.2)

for noisy slab turbulence. For the parameter values used (see above), this becomes λ⊥/l‖ ≈

0.57. In Figures 8.7 and 8.8 we show these two analytical limits together with the simulations.

We can see that the analytical results are perfectly in agreement with the simulations. Ac-

cording to Table 8.5 we find that the parallel mean free path is similar compared to the other

turbulence models. The ratio λ⊥/λ‖, however, is much smaller for noisy slab turbulence as

predicted and explained in Shalchi (2015).

8.3 Testing our Results by using the PADIAN Code

To check the validity and accuracy of the results presented in the previous section, we

perform test-particle simulations also by using a different code. In Tautz (2010) the so-called
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Figure 8.7: The perpendicular mean free paths λ⊥/l‖ versus the parallel mean free paths
λ‖/l‖ for noisy slab turbulence. Shown are the simulations obtained by employing the Heusen
& Shalchi code (diamonds) and the analytical results (dotted line) represented by Equation
(8.2). For the sake of comparison we have also shown the simulations for slab/2D turbulence
(crosses).
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Figure 8.8: The ratio λ⊥/λ‖ versus the parallel mean free paths λ‖/l‖ for noisy slab turbulence.
Shown are the simulations obtained by employing the Heusen & Shalchi code (diamonds) and
the analytical results (dotted line) represented by Equation (8.1). For the sake of comparison
we have also shown the simulations for slab/2D turbulence (crosses).
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Table 8.5: The Heusen & Shalchi simulations for noisy slab turbulence. For the scale ratio we
have assumed l‖/l⊥ = 0.5, and the used spectrum corresponds to the one used for the standard
slab model.

RL/l‖ 0.001 0.01 0.1 0.316 1.0 3.16 10.0 31.6 100

λ‖/l‖ 0.3 0.66 1.35 2.15 4.15 12.4 77 730 7700

λ⊥/l‖ 0.002 0.005 0.0085 0.012 0.032 0.181 0.40 0.51 0.59

PADIAN code was developed. This code is similar compared to our code described in Chap-

ter 4. A major difference between the two codes is that for three-dimensional turbulence the

PADIAN code still uses a single sum, whereas a double sum is used in the Heusen & Shalchi

code. A single sum can be realized by first determining the two-dimensional surface element

of the unit sphere. This is obtained from the distances between the randomly chosen angles

in Equation (4.22). By sorting the combination into a matrix with increasing values in the

rows and columns, the distances between neighboring numbers—and thus the two-dimensional

volume elements—can be calculated. While this approach certainly does not “fill” the surface

with values, it is nevertheless a viable alternative to the double sum introduced in Equation

(4.40).

Again, we compute the different diffusion coefficients and compare the numerical findings

with the results obtained above. In Tables 8.1-8.4 we summarize the PADIAN results for

the individual turbulence models. In Figure 8.9 we compare the parallel and perpendicular

mean free paths obtained from the two different simulations for two component turbulence.

Obviously, we find an almost perfect agreement confirming the validity of our numerical work.

In Figure 8.10 the same comparison is shown but for isotropic turbulence. Again, the agree-

ment obtained by using the two different numerical tools is almost perfect. For anisotropic

three-dimensional models such as Goldreich-Sridhar turbulence or NRMHD turbulence, it is

more difficult to perform test-particle simulations, and in this case, there is a major techni-

cal difference between the two codes. As described above, the Heusen & Shalchi code uses a

double sum, whereas the PADIAN code is still using a single sum as in the case of reduced
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Figure 8.9: The mean free paths for slab/2D turbulence. Shown are the parallel mean free
paths from the Heusen & Shalchi simulations (dotted line) and PADIAN simulations (solid
line) as well as the perpendicular mean free paths from the Heusen & Shalchi simulations
(dashed line) and PADIAN simulations (dash-dotted line).

dimensionality. In Figure 8.11 we compare our results for the Goldreich-Sridhar model and

Figure 8.12 for the NRMHD model. We can see that the results are very close although not

as close as before. Still the agreement allows us to conclude that our numerical findings are

accurate. Furthermore, it seems to be possible to perform the simulations by using a single

instead of a double sum even if the turbulence is three dimensional.

8.4 The Four Asymptotic Limits of Perpendicular Dif-

fusion

The pioneering work of Parker (1965), Jokipii (1966), and Jokipii and Parker (1969) marked

the beginning of an era where charged particle diffusion due to magnetic turbulence is subject to

intensive study from a theoretical point of view. The question remains to estimate the diffusion

coefficients along and across the mean magnetic field, κ‖ and κ⊥ respectively, in different space

and laboratory plasma scenarios. Even though none of the two diffusion coefficients are fully

understood at the moment, great effort has been done toward the understanding of parallel
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Figure 8.10: The mean free paths for isotropic turbulence. Shown are the parallel mean free
paths from the Heusen & Shalchi simulations (dotted line) and PADIAN simulations (solid
line) as well as the perpendicular mean free paths from the Heusen & Shalchi simulations
(dashed line) and PADIAN simulations (dash-dotted line).
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Figure 8.11: The mean free paths for Goldreich-Sridhar turbulence. Shown are the parallel
mean free paths from the Heusen & Shalchi simulations (dotted line) and PADIAN simulations
(solid line) as well as the perpendicular mean free paths from the Heusen & Shalchi simulations
(dashed line) and PADIAN simulations (dash-dotted line).
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Figure 8.12: The mean free paths for NRMHD turbulence. Shown are the parallel mean free
paths from the Heusen & Shalchi simulations (dotted line) and PADIAN simulations (solid
line) as well as the perpendicular mean free paths from the Heusen & Shalchi simulations
(dashed line) and PADIAN simulations (dash-dotted line).

diffusion and hence our knowledge is much better when compared to perpendicular diffusion.

The latter turns out to be extremely challenging. Nonetheless, among the large number of

papers and authors who tackled the problem of perpendicular diffusion, four papers in the

past millennium stand out providing four different asymptotic limits derived separately under

different extreme conditions. Those being the quasilinear limit (Jokipii & Parker 1969), the

Kadomtsev & Pogutse (1978) limit, the scaling found by Zybin & Istomin (1985), and the

scaling of Rechester & Rosenbluth (1978; R&R). The mathematical derivation of the four

limits is lengthy, complicated, and beyond the scope of this thesis. The reader can refer to the

aforementioned papers for more details. Below we briefly describe the main points together

with the derived limit for λ⊥.

1. quasilinear limit: following transport estimates based on a weak turbulence description,

particles are assumed to perfectly follow field lines. In this case parallel diffusion is

suppressed i.e. λ‖ → ∞ and particle diffusion scales as field line diffusion, κ⊥ ≈ v
2
κFL.
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Substituting δB/B0 ≪ l⊥/l‖ in the random walk equation, Jokipii & Parker (1969) de-

rived κ⊥|QL ∼ (δB/B0)
2l‖.

2. Nonlinear regime or Bohm limit: taking the contrary condition to quasilinear limit, that

is strong turbulence δB/B0 > l⊥/l‖, and keeping parallel diffusion suppressed, Kadomt-

sev & Pogutse (1978) derived λ⊥|Bohm ∼ (δB/B0)l⊥. This limit is problematic as it does

not take trapping effects of field lines into account measured in correspondence to the

Kubo number, K = (δB/B0)(l‖/l⊥). If the Kubo number is large, the magnetic system

will be trapped as it spirals around within a highly correlated area. One can see that for

the Bohm limit, κFL → K as l‖ → ∞ and l⊥ is finite which means that trapping occurs

drastically (Spatschek 2008).

3. Zybin & Istomin (1985) limit: the total magnetic field ( ~B = ~B0 + δ ~B) is strong enough

so the Larmour radius, RL, and gyration period, 2π/Ω, are much smaller than all char-

acteristic lengths and times. calculating the exact path length over a specific time and

using diffusion theory, the authors finally derived κ⊥ ∼ (δB/B0)2κ‖.

4. Rechester & Rosenbluth (1978) scaling: the authors studied electron heat transport due

to parallel thermal conductivity in a Tokamak with destroyed magnetic surfaces. The

motivation was to solve the problem of runaway electron leakage from controlled fusion

devices. Using particle collision theory where parallel diffusion approached zero due to

high collision rate and replacing correlation length by Kolmogorov length1, Rechester &

Rosenbluth (1978) derived κ⊥ ∼ (δB/B0)
4κ‖l

2
‖/l

2
⊥.

8.4.1 Reproduction of the Four Limits Using UNLT Theory

Shalchi (2015) was able to derive all aforementioned limits of perpendicular diffusion using

the Unified Non Linear Transport (UNLT) theory (Shalchi 2010). The latter theory was

1The Kolmogorov length scale is known to be the smallest upon all other scales in any turbulent flow.
Kolmogorov (1941) postulates that this small scale is universal for any kind of turbulence marking the balance
between energy input from nonlinear interactions and the energy drain from viscous dissipation for which then
turbulent kinetic energy is dissipated into heat.
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Table 8.6: The different transport regimes derived from the UNLT theory upon considering
extreme limits for the parallel mean path normalized to the parallel scale λ‖/l‖ and the Kubo
number. For each case, it is stated how the perpendicular mean path scales.

Limit UNLT scaling Transport regime

λ‖/l‖ → ∞, K → 0 λ⊥ ∝ l‖
δB2

x

B2
0

Quasilinear diffusion

λ‖/l‖ → ∞, K → ∞ λ⊥ ∝ l⊥
δBx

B0
Bohm diffusion

λ‖/l‖ → 0, K → 0 λ⊥ ∝ λ‖
l2
‖

l⊥2

δB4
x

B4
0

R&R scaling

λ‖/l‖ → 0, K → ∞ λ⊥ ∝ λ‖
δB2

x

B2
0

Zybin and Istomin

introduced in Section 3.8. The author took the four different combinations to zero and infinity

for the two parameters that mainly control diffusion, namely, the parallel mean free path

normalized to the characteristic length λ‖/l‖ and the Kubo number (see Table 8.6).

8.4.2 Reproduction of the Four Limits Using Our Code

In Section 8.2 of the current chapter we showed that diffusion coefficients have a similar

rigidity dependence regardless which turbulence model is used. Those results agree with new

analytical findings suggesting that only fundamental quantities such as particle rigidity and

the Kubo number are relevant when transport parameters are concerned, and indeed those

two parameters are the only ones used to derive the mentioned limits.

In Figure 8.7 the perpendicular mean free path versus the parallel mean free path for noisy

slab turbulence is shown. The dotted line represent the derived quasilinear diffusion limit

when λ‖/l‖ → ∞ with small Kubo number. The diamonds represent simulations obtained

for the noisy slab model. For the sake of comparison, the simulations for slab/2D turbulence

(crosses) are added. A perfect agreement between the quasilinear limit and simulations using

both models at high values of λ‖/l‖ can be easily noticed.

In Figure 8.8 the ratio of the two mean free paths using the noisy slab model is shown.

The dotted line represent the Rechester & Rosenbluth (1978) scaling when both parallel mean

free path and the Kubo number tend to zero. One can see that agreement is also established

at small values of λ‖/l‖.
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The problem of Bohm diffusion was revised in Hussein & Shalchi (2014a; Chapter 5 of the

current thesis) where we performed simulations with extremely high turbulence strength in

order to increase the Kubo number and thereafter to approach both the latter limit and the

Zybin & Istomin (1985) limit. The relation between perpendicular diffusion coefficient and the

turbulence strength within the Bohm limit is linear, whereas the relation between the ratio of

the two mean free paths, λ⊥/λ‖, and δB/B0 within the Zybin and Istomin limit is (δB/B0)2.

Figure 8.13 shows λ⊥/l0 versus δB/B0 for slab/2D and isotropic models obtained from our

simulations. The calculation of the slopes at high values of δB/B0, that is at high values of the

Kubo number where the Bohm limit is valid, yields values around unity only if the slab/2D

model is concerned confirming the linear relation. The results from the isotropic model are not

surprising and in fact expected as λ⊥ scales as λ‖ ∝ (δB/B0)−1 at strong turbulence within

this model. In Figure 8.14, we show the ratio λ⊥/λ‖ versus δB/B0. At high Kubo numbers,

and at high values of λ⊥/λ‖ i.e. when λ‖/l‖ → 0—where Zybin and Istomin limit is valid—one

can see a divergent in the relation between λ⊥/λ‖ and δB/B0 which returns a slope of nearly

2 using the slab/2D model confirming the scaling for such limit.

8.5 Summary

In Chapter 8, we calculated spatial diffusion coefficients for different turbulence models,

namely

• The slab/2D composite model,

• Isotropic turbulence,

• A model based on Goldreich and Sridhar (1995) scaling,

• The NRMHD model of Ruffolo and Matthaeus (2013),

• A noisy slab model.

For all those models we computed the parallel mean free path λ‖, the perpendicular mean free

path λ⊥, and the ratio λ⊥/λ‖.
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Figure 8.13: λ⊥/l0 versus δB/B0 for three different particle’s rigidity, R ∈ [0.1, 1.0, 10.0]
plotted as stars, circles, and squares, respectively. The solid lines correspond for slab/2D and
the dashed lines for isotropic models. At higher turbulence strength where the Bohm limit
is valid, there appear to be a linear relation between λ⊥/l0 and δB/B0 confirming analytical
predictions.

We have shown that for all considered turbulence models, the diffusion coefficients have

a similar rigidity dependence and only the absolute values of the diffusion coefficients are

different. This conclusion is in agreement with the analytical findings obtained in Shalchi

(2014) and Shalchi (2015) based on the UNLT theory. The latter theory predicts that the

perpendicular diffusion coefficient is directly proportional to the parallel diffusion coefficient

for small rigidities and becomes rigidity independent for higher rigidities. This is exactly

what we found numerically in the current chapter (see Figures 8.4-8.8). According to our

present work, the influence of detailed turbulence properties on the rigidity dependence is

minor. As already proposed in Shalchi (2014) and Shalchi (2015), only fundamental properties

of turbulence such as the length scales and magnetic fields control the diffusion coefficients.

As argued in Shalchi (2015), the important quantity controlling the transport is the Kubo

number. If the latter number is extreme, the diffusion parameters are extreme as well. This
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Figure 8.14: λ⊥/λ‖ versus δB/B0 for composite (circles) and isotropic (squares) models.
Shalchi (2005) results are plotted as (stars) for comparison. At higher turbulence strength
and low values of λ‖/l‖ where Zybin & Istomin (1985) limit is valid, simulation yields the
scaling λ⊥/λ‖ ∝ (δB/B0)2, as analytical derivation predicts.

is in particular the case for models with reduced dimensionality such as the slab or the two-

dimensional model. Of course, the statements made in the current chapter do not apply for

such turbulence models.

In the current chapter we have only explored particle transport for certain parameter

regimes (e.g., we have assumed that δB = B0). Analytical theories (see again Shalchi 2015)

predict that perpendicular diffusion only depends on the parallel diffusion coefficient and the

Kubo number. The latter number is directly proportional to the ratio δB/B0. Therefore, we

expect that changing the magnetic field ratio will have a strong influence on the magnitudes

of the two diffusion parameters. However, qualitatively, the diffusion parameters should be

similar for weak turbulence (e.g., for δB/B0 = 0.1 or δB/B0 = 0.3). The latter statement is

supported by the numerical work presented in Hussein and Shalchi (2014a) where the influence

of the magnetic field ratio on the transport had been explored.

To explore the influence of turbulence on the diffusion coefficients of energetic particles was

also subject of previous work (see, e.g., Giacalone and Jokipii 1999; Sun and Jokipii 2011).

The numerical results presented in this previous work are similar compared to our findings.
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However, we have added more turbulence models (e.g., the NRMHD model) and we have used

a more appropriate spectrum at large scales to ensure that all fundamental scales of turbulence

(e.g., the ultra-scale) are finite.

For the first time we have explored numerically transport of particles in noisy slab tur-

bulence. For this particular turbulence model we found a very small ratio λ⊥/λ‖ in perfect

agreement with the results obtained in Shalchi (2015). Once more the UNLT theory is con-

firmed by numerical work.

To double-check our findings and to estimate how accurate our numerical results are, we

have employed a second test-particle code, namely, the so-called PADIAN code originally

developed in Tautz (2010). We have shown that this second code provides similar results.

Only small variations can be found if the results provided by the two codes are compared

with each other. Therefore, we conclude that our numerical findings are correct and accurate

enough to draw conclusions concerning the influence of turbulence on the transport of energetic

particles.

Finally, we revisited the problem of perpendicular diffusion. We highlight the work of four

authors in the last century that provides four different asymptotic limits for the perpendicular

mean free path of charged particles interacting with turbulent magnetic fields. Those limits

were derived under extreme conditions for the parallel mean free path and the Kubo number.

Shalchi (2015) was able to re-derive the four limits using the UNLT theory presented in Shalchi

(2010). Here, we showed the four limits and provided numerical evidence that our code was

able to reproduced them. That enriches our understanding of perpendicular diffusion in light

of nonlinear theories.



Chapter 9

Energetic Particles Interacting with

Dynamical Turbulence

Permission

Part of the material presented in this chapter is a reprint of Hussein & Shalchi (2016)

published in the Astrophysical Journal and Heusen & Shalchi (2016) published in the Journal

of Astrophysics and Space Science. The inclusion of the copyrighted material was permitted

under license from both journals.

9.1 Introduction

Various analytical theories for describing the transport of energetic particles were devel-

oped in the past. The first and also simplest approach is provided by quasilinear theory (see

Jokipii 1966 and Chapter 3 of the current thesis). In his pioneering work, Palmer (1982) com-

pared quasilinear diffusion coefficients with observational data. The data he considered can

be represented by a band or box known as a Palmer consensus range (see, e.g., Figure 9.3

of the current chapter). Palmer (1982) concluded that there is no agreement, and thus our

understanding of the particle motion was incomplete.

Bieber et al. (1994) extended the standard quasilinear approach by modifying the used

turbulence model. They suggested using a so-called two-component model rather than the pure

189
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slab model employed before. Furthermore, they modified the used spectrum by incorporating

dissipation effects. Most important, however, they replaced the magnetostatic model with a

dynamical turbulence model. The quasilinear calculations performed by Bieber et al. (1994)

agreed well with the aforementioned Palmer consensus range.

In addition, Bieber et al. (1994) used observational data collected after Palmer (1982) orig-

inal work. The authors basically confirmed Palmer results concerning absolute magnitudes.

However, one main difference emerged very prominently. Palmer proposed that particles with

the same rigidity will end up having the same parallel mean path regardless of the particle

species (e.g., electron, proton, or atomic nuclei). Bieber et al. (1994) strongly disagreed with

that statement. The latter authors proposed that proton and electron mean free paths may

be fundamentally different at low to intermediate rigidities (<50 MV) owing to an explicit

speed dependence. Hence, they predicted that electrons will have a larger mean free path than

protons of the same rigidity. A full explanation was provided in their paper for the source of

such fundamental difference as follows. In the relativistic regime, protons and electrons of a

given rigidity have nearly the same gyro-frequency. As rigidity decreases, however, the electron

gyro-frequency exceeds the proton gyro-frequency by an increasing amount, which ultimately

reaches a factor of 1836 when both species are non-relativistic. This means that low to inter-

mediate rigidity protons will experience a different rate of scattering through 90-degree pitch

angle than electrons of the same rigidity. When Bieber et al. performed their quasilinear cal-

culations, they confirmed their predictions. As the perpendicular diffusion coefficient depends

on the parallel diffusion coefficient, the former will also be different for different species. This

species dependence will be subject to study in the current chapter.

Understanding the dynamics describing the characteristic time scales over which the turbu-

lent magnetic field decorrelates is important. Different approaches have been proposed in the

past to model the turbulence dynamics. Some attempts are based on plasma wave propagation

models in which the propagation effect itself is taken into account as well as various damping

effects (see Schlickeiser 2002 for a review). Bieber et al. (1994) were the pioneers in this field in
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which simple models have been proposed to approximate the temporal decorrelation of turbu-

lence, namely the so-called damping model of dynamical turbulence and the random sweeping

model. In the recent years scientists achieved a more complete understanding of the turbu-

lence time scales. Therefore a more advanced model for the turbulence dynamics has been

proposed in Shalchi et al. (2006). This model is called the Nonlinear Anisotropic Dynamical

Turbulence (NADT) model and takes into account wave propagation effects, damping effects,

as well as resonant nonlinear triad interactions between the slab and two-dimensional modes.

Those models where presented in Chapter 2. It is the main aim of this chapter to simulate

energetic particle motion in all of the three aforementioned models of dynamical turbulence

and to explore the influence of different turbulence parameters.

Before Bieber et al. (1994) published their pioneering paper, it was already clear that

quasilinear theory itself can be problematic. Jones et al. (1973), Völk (1973), as well as

Goldstein (1976) pointed out that quasilinear theory cannot describe pitch-angle scattering at

large pitch-angles correctly. Later it was shown that there are more issues with this theory (see

Section 3.7 of Chapter 3). Shalchi et al. (2004) have argued that the quasilinear parallel mean

free path does not agree with test-particle simulations as soon as the slab model is replaced

by a two-component model. Shalchi (2015) has shown that quasilinear theory only works for

perpendicular diffusion if the Kubo number is small and if pitch-angle scattering is suppressed.

The role of the Kubo number in classifying the transport regimes in space plasmas was also

considered in the work of Zimbardo et al. (2004, 2012).

Since quasilinear theory is questionable, one has to revisit the problem of particle transport

in the solar system. In Tautz & Shalchi (2013) detailed simulations have been performed by

employing a turbulence model very similar to the one used before by Bieber et al. (1994). A

major difference, however, is that Tautz & Shalchi (2013) employed a plasma wave propagation

model rather than the dynamical turbulence approach used by Bieber et al. (1994).

The purpose of this chapter is to perform for the first time test-particle simulations in

dynamical turbulence. We use exactly the models suggested by Bieber et al. (1994) and Shalchi

et al. (2006), meaning that we use the same analytical form for the spectrum, turbulence
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geometry, and dynamical correlation function. Of course our numerical approach is not based

on the questionable quasilinear approach used before. We compare our numerically obtained

parallel mean free paths λ‖ with the Palmer consensus range representing the different solar

wind observations.

From our test-particle simulations we can also obtain the perpendicular mean free path

λ⊥ and the ratio of the two mean free paths λ⊥/λ‖. Our findings are compared with the

corresponding Palmer consensus range, Jovian electrons (see Chenette et al. 1977), and Ulysses

measurements of Galactic protons (see Burger et al. 2000). This type of comparison was

performed before in the context of analytical theories for perpendicular diffusion (see, e.g.,

Bieber et al. 2004 and Shalchi et al. 2006) where good agreement was found. In the current

chapter, however, we compare computer simulations directly with the aforementioned solar

wind observations. It will also be the purpose of this chapter to explore the influence of

different turbulence parameters on the parallel and perpendicular mean free paths.

The reminder of the chapter is organized as follows. In Section 9.2 we briefly describe the

dynamical model. In Section 9.3, we provide the simulations parameters and in Sections 9.4

to 9.6 we show our findings for the three considered dynamical turbulence models comparing

them with different solar wind observations. In Section 9.7 we summarize.

9.2 Dynamical Turbulence

In the current chapter we employ the two-component slab/2D composite model. All ana-

lytical and numerical details can be found in Sections 2.2 and 4.4.2. This type of turbulence

model is frequently used to approximate solar wind turbulence and is supported by observa-

tions (see, e.g., Matthaeus et al. 1990; Osman and Horbury 2009a, 2009b; Turner et al. 2012),

turbulence simulations (see, e.g., Oughton et al. 1994; Matthaeus et al. 1996; Shaikh and

Zank 2007), and analytical treatments of turbulence (see, e.g., Zank and Matthaeus 1993).

More details concerning the model used can be found in those papers, or, in the context of

test-particle simulations, in Hussein et al. (2015) or Chapter 4. However, the spectrum was

modified to incorporate dissipation effects which are important to particles with small rigidities
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at small length scales by adding an extra range at high wavenumbers.

For the slab spectrum we use the model proposed by Bieber et al. (1994)

gslab(k‖) =
C(s)

2π
lslabδB

2
slab











(1 + k2
‖l

2
slab)

−s/2 for k‖ ≤ kd

(1 + k2
dl

2
slab)

−s/2(kd/k‖)
p for k‖ ≥ kd

(9.1)

where we have used the slab bendover scale lslab, the dissipation wavenumber kd, the inertial

range spectral index s, and the dissipation range spectral index p. Furthermore, we have

employed the normalization function from Equation 2.24

For the 2D spectrum we employ an extension of the model proposed by Bieber et al. (1994).

By combining the spectrum used in the latter paper with the ideas discussed in Matthaeus et

al. (2007) and Shalchi & Weinhorst (2009), we suggest to use

g2D(k⊥) =
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for k⊥ ≥ kd.
(9.2)

The only parameter which is new compared to the slab spectrum is the energy range spectral

index q controlling the spectral shape at large turbulence scales. Furthermore, we have used

the extended normalization function shown in Equation 2.20.

The power spectrum used for all three models within the dynamical framework is plotted

against the wavenumbers in Figure 9.1 showing all of the three ranges (energy, inertial, and

dissipation) spreading over ten orders of magnitude.

A special aspect of the two-component model used here is that we assume that there

are no fluctuations parallel to the mean field δBz = 0. More recent observations (see, e.g.,

Alexandrova et al. 2008) and numerical simulations (see, e.g., Howes et al. 2008) show an

increased level of magnetic compressibility at small scales. In Chapter 8 of the current thesis,

the influence of different magnetostatic turbulence models on the parallel and perpendicular

diffusion coefficients was explored numerically. No strong influence was found indicating that

a non-vanishing turbulent field in the parallel direction is less important. However, the latter

statement is not true for very strong turbulence in which the turbulent field is much stronger
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Figure 9.1: The spectra used for dynamical turbulence for the slab modes (q = 0) and the
two-dimensional modes (q = 2).

than the mean field (see Hussein & Shalchi 2014 and Chapter 5). In such cases we find isotropic

diffusion meaning that the parallel and perpendicular diffusion coefficients are equal.

Furthermore, the turbulence model used in the current chapter is axi-symmetric with re-

spect to the mean magnetic field. Observations (see, e.g, Saur & Bieber 1999 and Narita et al.

2010) and numerical simulations (see, e.g., Dong et al. 2014) have shown that solar wind tur-

bulent spectra are not axi-symmetric. If deviations from axi-symmetry are taken into account,

the whole diffusion tensor needs to be computed (see, e.g., Weinhorst et al. 2008). It will be

subject of future work to present a detailed numerical investigation of test-particle transport

in turbulent systems without axi-symmetry.

9.3 Input Parameters and Numerical Remarks

In Table 9.1 we list the values we have used for the different turbulence and particle

parameters for damping model of dynamical turbulence and the random sweeping models.

The values of B0 and vA used here were determined by taking long-term averages of data
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Table 9.1: The parameter values used for our test-particle simulations. The values should be
appropriate in the interplanetary space at 1 AU heliocentric distance (see, e.g. King 1989).

Parameter Symbol Value

2D energy range spectral index q 2

Inertial range spectral index ∗sslab = s2D 5/3

Dissipation range spectral index ∗p 3

Alfvén speed vA 33.5 km/s

Slab bendover scale lslab 0.030 AU

2D bendover scale ∗l2D 0.030 AU

Dissipation wavenumber ∗k2D
d = kslab

d 3 × 105 1/AU

Mean field B0 4.12 nT

Slab fraction δB2
slab 0.2 δB2

2D fraction δB2
2D 0.8 δB2

recorded on NSSDC’s “omnitape” compilation of 1 AU solar wind data (King 1989). The

NADT model with its results will be presented separately in Section 9.6 due to its uniqueness

where extra parameter studies are performed1.

In order to perform the simulations with high accuracy, one has to take into account several

conditions. In our simulations of particle transport in dynamical turbulence we have to deal

with the same issues as in the simulations of static turbulence (see again Hussein et al. 2015

and Chapter 4 of the current thesis for more details). However, there are a few additional

concerns when it comes to dynamical turbulence. For instance, we have to deal with the

minimal value of the parameter ωn (see below). Furthermore, we need a certain number of

grid points in space and time. For most of our runs we have set N = M = 256 in Equation

(4.49) of Chapter 4. For lower rigidities we had to set N = M = 64 to avoid computation

times that were too long. In all our runs we have computed running diffusion coefficients for

times up to at least τmax = Ωtmax = 104 to ensure that we are in the stable regime.

1Variables with the smymbol ∗ will be subject for a further parameter study within the NADT model. This
is due to a range of values they could take on varying with the solar cycle. The values listed in Table 9.1 are
the ones being used for the damping model of dynamical turbulence, the random sweeping model, and the
initial run of the NADT model.
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Figure 9.2: The ratio ζ = λ‖/λ‖,final versus the minimum frequency ωmin. The results shown
here were obtained for pure slab turbulence, the damping model of dynamical turbulence,
and electrons. The minimum frequency ωmin shown here is normalized with respect to the
unperturbed gyrofrequency of the particle Ω.

While we have performed the simulations, we have realized that the value of the minimum

frequency, ωmin, has a strong influence on both parallel and perpendicular mean free paths.

This influence was noticed for both protons and electrons but was much stronger for electrons.

To address this issue, we performed a series of test simulations for electrons with R ∈ [10−2, 5×

10−2, 10−3], with values of ωmin ranging from 10−20 to 10−2. We define the parameter ζ as the

ratio of the outcome λ‖ from simulations with a specific value of ωmin to the final value from

the same simulations with ωmin = 10−20. The results are shown in Figure 9.2. Small values of

ωmin are required in order to obtain the correct results from the simulations. This issue is a

consequence of the form of the resonance function used here (see Table 2.1 of Chapter 2).

9.4 Results for the Damping Model of Dynamical Tur-

bulence

We started our investigations by employing the damping model of dynamical turbulence.

We have performed simulations for three sets of parameters. First we have used pure slab
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turbulence and set δB/B0 = 1.0. In the second run we replaced the slab model by a 20%/80%

slab/2D composite model but we kept the magnetic field ratio the same. The assumed contri-

bution of the slab and 2D models is in agreement with the work of Bieber et al. (1994, 1996).

In the last set of our simulations we still used the two-component model but the magnetic field

ratio was reduced to δB/B0 = 0.5, as suggested by Ruffolo et al. (2012).

9.4.1 Slab Turbulence with δB/B0 = 1.0

In the first set of simulations we have employed the slab model of magnetic turbulence in

combination with the damping model of dynamical turbulence. We have computed the parallel

and perpendicular diffusion coefficients versus time for different rigidities.

For parallel transport we clearly obtained a diffusive behavior for all considered cases. The

obtained parallel mean free path versus rigidity is visualized in Figure 9.3. The parallel mean

free paths we have obtained numerically agree with the quasilinear results derived in Bieber

et al. (1994). However, as in this previous work, the parallel mean free paths are clearly

below the Palmer consensus range. Therefore, we agree with the statement of Bieber et al.

(1994) that a pure slab setup cannot provide an appropriate approximation for solar wind

turbulence. Therefore, the slab model has to be replaced by a more realistic model such as

the two-component model. This is done in Sections 9.4.2 and 9.4.3.

For perpendicular transport we observed subdiffusive transport after the initial ballistic

regime. The Unified Non-Linear Transport (UNLT) theory developed in Shalchi (2010) can be

used to compute the perpendicular diffusion coefficient analytically for dynamical turbulence

(see Shalchi 2014). The latter theory predicts that in the limit t→ ∞ perpendicular diffusion

is recovered but the corresponding perpendicular mean free path is very small. The findings of

the current chapter agree with such analytical predictions in the sense that all our numerical

results are larger than the analytical values.

It is important to note that the results of the first set of simulations agree with Beiber

et al. prediction that protons and electrons with the same rigidity have different mean free

paths. It is clearly shown in Figure 9.3 that electrons have a larger parallel mean free path

than protons for intermediate to low rigidities. An explanation for such difference refers to a
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Figure 9.3: The parallel mean free path versus magnetic rigidity for pure slab turbulence, the
damping model of dynamical turbulence, and δB/B0 = 1.0. The shaded band represents the
Palmer (1982) consensus range. The parallel mean free path is shown in astronomical units
(AU) and the rigidity in megavolts (MV).

velocity dependence (see Equations 4.53 and 4.54) and was presented in the introduction.

9.4.2 Slab/2D Turbulence with δB/B0 = 1.0

Since theoretical results obtained by using either quasilinear calculations (see Bieber et al.

1994) or numerical simulations (see previous paragraph) do not agree with observations as long

as the slab model is used, we now employ the 20%/80% composite model proposed by Bieber

et al. (1994, 1996).

The parallel mean free path versus magnetic rigidity is shown in Figure 9.4. Although the

parallel mean free path is now increased compared to the pure slab result, we are still far below

the Palmer consensus range. Whereas quasilinear estimates provide a parallel mean free path

that is a factor five larger compared to the slab result, this effect is much smaller if simulations

are used. The physical explanation for that different behavior was presented in Shalchi et al.

(2006). For the two-component model used here, resonance broadening due to perpendicular

diffusion becomes important. This type of nonlinear effect makes the parallel mean free path
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Figure 9.4: The parallel mean free path versus magnetic rigidity for two-component turbulence,
the damping model of dynamical turbulence, and δB/B0 = 1.0. The shaded band represents
the Palmer (1982) consensus range.

smaller compared to the quasilinear result. Thus, we conclude that the idea of replacing the

slab model with a two-component model helps to increase the parallel diffusion coefficient, but

this effect is not strong enough to achieve agreement with solar wind observations.

For the perpendicular diffusion coefficient we found diffusive behavior for all considered

cases. The perpendicular mean free path versus magnetic rigidity is visualized in Figure 9.5

and the ratio of the two diffusion parameters λ⊥/λ‖ versus rigidity is shown in Figure 9.6.

The latter ratio is almost constant for small rigidities and then decreases rapidly if the rigidity

is increased. According to Figure 9.5 the perpendicular mean free path becomes eventually

constant in the high rigidity limit. This behavior of the perpendicular diffusion coefficient

is exactly what is predicted by the UNLT theory, as shown in detail in Shalchi (2015). In

addition, the difference between electron and proton transport parameters remain noticeable

at intermediate to low rigidities.
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Figure 9.5: The perpendicular mean free path versus magnetic rigidity for two-component
turbulence, the damping model of dynamical turbulence, and δB/B0 = 1.0. For comparison
we show observations of Jovian electrons (Chenette et al. 1977, star), Ulysses measurements
of Galactic protons (Burger et al. 2000, dots), and the Palmer (1982) value (horizontal line).

10-2 100 102 104 106

R (MV)

0.001

0.010

0.100

1.000

λ ⊥
 /λ

||

electrons
protons

Figure 9.6: The ratio of perpendicular and parallel mean free paths versus magnetic rigidity
for two-component turbulence, the damping model of dynamical turbulence, and δB/B0 = 1.0.
The shaded band represents the Palmer (1982) consensus range.
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9.4.3 Slab/2D Turbulence with δB/B0 = 0.5

As argued in the previous section, the parallel mean free paths obtained from our simula-

tions are still too small compared to the observations. Those results, however, were obtained

for a magnetic field ratio of δB/B0 = 1.0. Ruffolo et al. (2012) suggested that the latter ratio

is δB/B0 = 0.5. Furthermore, Tautz & Shalchi (2013) successfully used this magnetic field

ratio in their simulations of propagating plasma waves. Thus, we employ the same value here

and compute parallel and perpendicular diffusion parameters again.

The parallel mean free path versus magnetic rigidity is shown in Figure 9.7. We can now

clearly see that the electron parallel mean free path goes through the Palmer consensus range.

Thus we conclude that we can indeed reproduce the solar wind observations by using our

test-particle code. However, besides using the two-component turbulence model, we also have

to reduce the magnetic field ratio to δB/B0 = 0.5.

The perpendicular mean free path and the ratio of the two diffusion coefficients are shown

in Figures 9.8 and 9.9, respectively. Qualitatively, the perpendicular diffusion coefficient obeys

the same behavior as above, only the magnitudes are different. We compare our numerical

findings with observations of Jovian electrons (Chenette et al. 1977), Ulysses measurements of

Galactic protons (Burger et al. 2000), and the Palmer (1982) value. Good agreement between

simulations and observations is found. Moreover, the species-dependence is confirmed once

again.

9.5 Results for the Random Sweeping Model

In the current paragraph we replace the damping model of dynamical turbulence used

above with a random sweeping model where the dynamical correlation function is a Gaussian

function (see Table 2.1 of Chapter 2). Motivated by the results obtained in Section 9.4, we only

run the simulations for two-component turbulence and a magnetic field ratio of δB/B0 = 0.5.

The parallel mean free path versus magnetic rigidity is shown in Figure 9.10. Again,

the electron parallel mean free path goes through the Palmer consensus range and we can

reproduce the solar wind observations by using our test-particle code. By comparing Figures
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Figure 9.7: The parallel mean free path versus magnetic rigidity for two-component turbulence,
the damping model of dynamical turbulence, and δB/B0 = 0.5. The shaded band represents
the Palmer (1982) consensus range.
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Figure 9.8: The perpendicular mean free path versus magnetic rigidity for two-component
turbulence, the damping model of dynamical turbulence, and δB/B0 = 0.5. For comparison
we show observations of Jovian electrons (Chenette et al. 1977, star), Ulysses measurements
of Galactic protons (Burger et al. 2000, dots), and the Palmer (1982) value (horizontal line).
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Figure 9.9: The ratio of perpendicular and parallel mean free paths versus magnetic rigidity
for two-component turbulence, the damping model of dynamical turbulence, and δB/B0 = 0.5.
The shaded band represents the Palmer (1982) consensus range.

9.7 and 9.10, it can be seen that the results are very similar and the difference between the

damping model of dynamical turbulence and the random sweeping model are minor.

The perpendicular mean free path and the ratio of the two diffusion coefficients are shown

in Figures 9.11 and 9.12, respectively. By comparing those results with our findings obtained

for the damping model of dynamical turbulence (see Figures 9.8 and 9.9), we conclude that

there is not a strong influence from the chosen dynamical turbulence model. Furthermore, the

random sweeping model showed clearly the difference in diffusion parameters between electrons

and protons at rigidities less than 50 MV. The species-dependence seems to be global with

no relation to a certain dynamical model. That is due to the fact that such an effect is only

caused by the explicit velocity dependence of the simulated particle.

9.6 Results for the NADT Model

As done before for the previous two dynamical models, the four-dimensional Fourier trans-

form with the coordinates ~k and ω has to be applied again for the NADT model using (see
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Figure 9.10: The parallel mean free path versus magnetic rigidity for two-component turbu-
lence, the random sweeping model, and δB/B0 = 0.5. The shaded band represents the Palmer
(1982) consensus range.
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Figure 9.11: The perpendicular mean free path versus magnetic rigidity for two-component
turbulence, the random sweeping model, and δB/B0 = 0.5. For comparison we show obser-
vations of Jovian electrons (Chenette et al. 1977, star), Ulysses measurements of Galactic
protons (Burger et al. 2000, dots), and the Palmer (1982) value (horizontal line).
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Figure 9.12: The ratio of perpendicular and parallel mean free paths versus magnetic rigidity
for two-component turbulence, the random sweeping model, and δB/B0 = 0.5. The shaded
band represents the Palmer (1982) consensus range.

Section 2.4.4)

χ(~k, ω) :=
1

π
ℜ
∫ ∞

0

dt Γ(~k, t)e−iωt. (9.3)

In the NADT model, the dynamical correlation function for the slab modes is given by

Equation (2.59). Therefore, we find

χslab(~k, ω) :=
1

π

β

β2 + (ω − ωp)
2 (9.4)

where ωp = ωp(~k) is given by Equation (2.61). For the two-dimensional modes, the dynamical

correlation function is given by Equation (2.62) and, thus

χ2D(~k, ω) :=
1

π

γ

γ2 + ω2
(9.5)

where γ = γ(~k) is given by Equation (2.63).

We use the same simulation parameters used before presented in Table 9.1 but we exclude
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Table 9.2: The different runs performed for the NADT simulations and the values used for the
relative turbulence strength δB/B0, the slab inertial range spectral index sslab, the dissipation
range spectral index p, the ratio of the two bendover scales l2D/lslab, and the two-dimensional
dissipation wavenumber k2D

d /kslab
d .

Section δB/B0 sslab p l2D/lslab k2D
d /kslab

d Figures

9.6.1 1 5/3 3 1 1 9.13-9.15

9.6.2 0.5 5/3 3 1 1 9.16-9.18

9.6.3 0.75 5/3 3 1 1 9.19-9.21

9.6.4 0.5 5/3 3, 4, 5 1 1 9.23-9.25

9.6.5 0.5 5/3 3 0.1 1 9.26-9.28

9.6.6 0.75 2 3 1 10 9.29-9.31

9.6.7 0.75 2 3 1 10 9.32-9.34

the values of sslab, p, l2D, and k2D
d . The latter four parameters will be subject to a further

investigation regarding their influence on transport parameters. Hence, for the NADT simu-

lations, we vary the magnetic field ratio δB/B0, the inertial range spectral index of the slab

modes sslab, the dissipation range spectral index p, the ratio of the bendover scales l2D/lslab,

and the ratio of the dissipation wavenumbers k2D
d /kslab

d (See Table 9.2).

9.6.1 Slab/2D Turbulence with δB/B0 = 1.0

For the first run we set, δB/B0 = 1.0, and we assume equal turbulence bendover scales

l2D = lslab and set the dissipation range spectral index p = 3. We vary the particle rigidity as

usual from a few percent megavolt up to about 50 gigavolt and compute the parallel mean free

path, the perpendicular mean free path, as well as the ratio of the two diffusion parameters

λ⊥/λ‖. Our numerical findings are visualized in Figures 9.13, 9.14, and 9.15. All results are

compared with different measurements performed in the solar system.

Qualitatively, our results are similar compared to the simulations presented above which

were obtained for the damping model of dynamical turbulence and the random sweeping model.

So we conclude that the obtained parallel mean free paths are too small compared to the Palmer

(1982) consensus range. Therefore, we change different parameters in our test-particle code
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Figure 9.13: The parallel mean free path versus magnetic rigidity for two-component turbu-
lence, the NADT model, and δB/B0 = 1.0. The shaded band represents the Palmer (1982)
consensus range.

to explore their influence on the different diffusion parameters. This is done in the following

paragraphs. We like to note that the electron-proton dependence and influence on transport

parameters is also observed for the NADT model.

9.6.2 Slab/2D Turbulence with δB/B0 = 0.5

We have already shown that the simulated parallel mean free path is too small if the

magnetic field ratio is assumed to be δB/B0 = 1. Therefore, the latter ratio was changed

to δB/B0 = 0.5 as suggested in Ruffolo et al. (2012). In the current paragraph we do the

same in the context of the NADT model and we show our findings for the different diffusion

parameters in Figures 9.16, 9.17, and 9.18.

As expected we find an increased parallel mean free path but a smaller perpendicular mean

free path. The former transport coefficient goes directly through the Palmer (1982) consensus

range confirming that we can indeed reproduce solar wind observations of energetic particles

numerically. The perpendicular diffusion coefficients, however, are now too small. The same



208 CHAPTER 9. PARTICLE TRANSPORT IN DYNAMICAL TURBULENCE

10-2 100 102 104 106

R (MV)

0.0001

0.0010

0.0100

0.1000

λ ⊥
  (

A
U

)

electrons
protons

Figure 9.14: The perpendicular mean free path versus magnetic rigidity for two-component
turbulence, the NADT model, and δB/B0 = 1.0. For comparison we show observations of
Jovian electrons (Chenette et al. 1977, star), Ulysses measurements of Galactic protons (Burger
et al. 2000, dots), and the Palmer (1982) value (horizontal line).
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Figure 9.15: The ratio of perpendicular and parallel mean free paths versus magnetic rigid-
ity for two-component turbulence, the NADT model, and δB/B0 = 1.0. The shaded band
represents the Palmer (1982) consensus range.
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Figure 9.16: Figure caption is the same as in Figure 9.13 but here we have used δB/B0 = 0.5.

applies for the ratio of the two diffusion parameters λ⊥/λ‖. Once again, we emphasize the

species-dependence in the current run.

9.6.3 Slab/2D Turbulence with δB/B0 = 0.75

Above we have performed the simulations for the magnetic field ratios δB/B0 = 1 and

δB/B0 = 0.5. According to Figure 9.13 the parallel mean free path is too short for δB/B0 = 1.

For a reduced magnetic field ratio of δB/B0 = 0.5 the parallel mean free path is much larger but

is still within the Palmer (1982) consensus range (see Figure 9.16). In the current paragraph

we show the simulations performed for an intermediate turbulence level of δB/B0 = 0.75. The

obtained diffusion parameters are visualized in Figures 9.19, 9.20, and 9.21.

As expected, the parallel mean free path for electrons is now perfectly inside the box

representing the solar wind observations. The perpendicular mean free path as well as the

ratio of the two diffusion coefficients is close to the different observations as well. Obviously,

the magnetic field ratio is a critical parameter controlling both spatial diffusion coefficients.

This is exactly what one expects and what is also predicted by analytical investigations of

the transport (see, e.g., Shalchi 2009a and Shalchi 2015). For δB/B0 = 0.75 we find the best
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Figure 9.17: Figure caption is the same as in Figure 9.14 but here we have used δB/B0 = 0.5.
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Figure 9.18: Figure caption is the same as in Figure 9.15 but here we have used δB/B0 = 0.5.
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Figure 9.19: Figure caption is the same as in Figure 9.13 but here we have used δB/B0 = 0.75.

agreement between simulations and observations. For comparison we plot the ratio of the two

diffusion parameters, λ⊥/λ‖, for all of the three values of δB/B0 on the same plot as shown

in Figure 9.22. Clearly, the best agreement with solar wind observations can be found when

δB/B0 = 0.75.

9.6.4 Influence of the dissipation range spectral index

Above, the dissipation range spectral index was set to p = 3 at all times. This is a numerical

value which is close to solar wind observations of magnetic turbulence (see, e.g., Denskat &

Neubauer 1982). It is expected that the smallest scales of turbulence, corresponding to the

dissipation range, influence the parallel mean free path at low rigidities due to the gyroresonant

interactions between particles and turbulence.

In Figures 9.23, 9.24, and 9.25 we show the diffusion parameters for p = 3, p = 4, and

p = 5. Obviously there is almost no influence of the dissipation range spectral index on the

considered transport parameters.
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Figure 9.20: Figure caption is the same as in Figure 9.14 but here we have used δB/B0 = 0.75.
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Figure 9.21: Figure caption is the same as in Figure 9.15 but here we have used δB/B0 = 0.75.
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Figure 9.22: The ratio of perpendicular and parallel mean free paths versus magnetic rigid-
ity for two-component turbulence, the NADT model, and all the used values for δB/B0 ∈
[0.5, 0.75, 1.0].
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Figure 9.23: The parallel mean free path versus magnetic rigidity for two-component turbu-
lence, the NADT model, and δB/B0 = 0.5. We have shown results for different values of the
dissipation range spectral index p. The shaded band represents the Palmer (1982) consensus
range.
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Figure 9.24: The perpendicular mean free path versus magnetic rigidity for two-component
turbulence, the NADT model, and δB/B0 = 0.5. We have shown results for different values
of the dissipation range spectral index p.
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Figure 9.25: The ratio of perpendicular and parallel mean free paths versus magnetic rigidity
for two-component turbulence, the NADT model, and δB/B0 = 0.5. We have shown results
for different values of the dissipation range spectral index p. The shaded band represents the
Palmer (1982) consensus range.
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9.6.5 Influence of the two-dimensional bendover scale

Another parameter which can be changed in our simulations, is the bendover scale of the

two-dimensional modes. The latter parameter denotes the turnover from the intermediate

scales of the inertial range to the large scales of the energy range. Originally it was assumed

that l2D = 0.1lslab, at least in the context of test-particle calculations (see again Bieber et

al. 1994). In recent years, the ratio of the two bendover scales was changed to l2D = lslab

supported by observations (see, e.g., Weygand et al. 2011) and test-particle simulations (see,

e.g, Hussein & Shalchi 2016) and this is what we have used above.

In Figures 9.26, 9.27, and 9.28 we show diffusion parameters for l2D = 0.1lslab. We can see

that the parallel mean free path as well as the perpendicular mean free path are drastically

reduced due to the smaller values of l2D. Clearly we find that the perpendicular mean free

path is far away from the different interplanetary measurements. The parallel mean free path,

however, is now directly in the Palmer (1982) consensus range. The ratio λ⊥/λ‖ is too small

as well.

9.6.6 Influence of the Dissipation Scales

Simulations of MHD turbulence in presence of a mean field display anisotropic power in

the parallel and perpendicular direction. In simulations, the dissipative range is reached at

different scales. The measure of the two-dimensional correlations and of the Taylor scale in

the solar wind (see Weygand et al. 2011) also support the existence of different dissipative

scales in the parallel and perpendicular directions. This corresponds to different dissipation

wavenumbers k2D
d and kslab

d .

In order to test the influence of the dissipation scales on the diffusion of energetic particles,

we repeat one set of simulations with a higher value of the dissipation wavenumber of the

two-dimensional modes k2D
d . Above we have used kd = 3 × 1051/AU in all of our simulations

for both slab and the two-dimensional modes. We redo the set with δB/B0 = 0.75, l2D = lslab,

and p = 3 keeping the slab dissipation wavenumber as is but use k2D
d = 3× 1061/AU . Figures

9.29, 9.30, and 9.31 show the parallel mean free path, the perpendicular mean free path, and
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Figure 9.26: The parallel mean free path versus magnetic rigidity for two-component turbu-
lence, the NADT model, and δB/B0 = 0.5. We have shown results for different values of the
two-dimensional bendover scale l2D. The shaded band represents the Palmer (1982) consensus
range.
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Figure 9.27: The perpendicular mean free path versus magnetic rigidity for two-component
turbulence, the NADT model, and δB/B0 = 0.5. We have shown results for different values
of the two-dimensional bendover scale l2D.
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Figure 9.28: The ratio of perpendicular and parallel mean free paths versus magnetic rigidity
for two-component turbulence, the NADT model, and δB/B0 = 0.5. We have shown results
for different values of the two-dimensional bendover scale l2D. The shaded band represents the
Palmer (1982) consensus range.

the ratio of the two mean free paths as function of rigidity for the different values of k2D
d .

Clearly, the value of k2D
d has no noticeable influence on the transport parameters.

9.6.7 Influence of the Inertial Range Spectral Index

In the local description of turbulence, the parallel and perpendicular spectral indexes differ

substantially (see, e.g., Goldreich & Shridar 1995, Cho & Vishniac 2000, and Boldyrev 2005)

and this has been confirmed by solar wind measurements (see, e.g., Horbury et al. 2008). To

test the influence of a varying inertial range spectral index s on the transport of energetic

particles, we perform one set of simulations with sslab = 2 for the slab modes and keep s2D =

5/3 for the two-dimensional modes. As before, we use δB/B0 = 0.75, l2D = lslab, and p = 3.

Figures 9.32, 9.33, and 9.34 show the parallel mean free path, the perpendicular mean free

path, and the ratio of the two mean free paths as function of rigidity for the different values

of sslab. Clearly, a steeper inertial range for the slab modes has no noticeable influence on the

transport parameters.
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Figure 9.29: The parallel mean free path versus magnetic rigidity for composite turbulence
using the NADT model with δB/B0 = 0.75, l2D/lslab = 1.0, and p = 3 for different values of
k2D

d . The shaded band represents the Palmer (1982) consensus range.
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Figure 9.30: The perpendicular mean free path versus magnetic rigidity for composite turbu-
lence using the NADT model with δB/B0 = 0.75, l2D/lslab = 1.0 and p = 3 for different values
of k2D

d . We show observations of Jovian electrons (star), Ulysses measurements of Galactic
protons (dots), and the Palmer (1982) value (horizontal line).



9.7. SUMMARY 219

10-2 100 102 104 106

R (MV)

0.0001

0.0010

0.0100

0.1000

1.0000

λ ⊥
 /λ

||
e-

p+

kd
2D=3x106 AU-1

kd
2D=3x105 AU-1

Figure 9.31: The ratio of perpendicular to parallel mean free paths versus magnetic rigidity for
composite turbulence using the NADT model with δB/B0 = 0.75, l2D/lslab = 1.0, and p = 3
for different values of k2D

d . The shaded band represents the Palmer (1982) consensus range.

Those results concerning the influence of the parameters δB/B0, s, p, kd, and l2D/lslab are

in perfect agreement with the ideas discussed in Chapter 8 where universality of transport was

discussed (see Shalchi 2014, 2015).

9.7 Summary

In the current chapter, we have revisited the problem of particle transport in the inter-

planetary space. We have combined test-particle simulations with the model for solar wind

turbulence proposed by Bieber et al. (1994) and Shalchi et al. (2006). The latter model

contains the following key features:

• The spectrum has energy, inertial, and dissipation range and allows us to modify the

spectral shape by changing the corresponding indexes q, s, and p;

• The used magnetic correlation tensor contains two contributions or wave modes, namely

slab and 2D modes; and
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Figure 9.32: The parallel mean free path versus magnetic rigidity for composite turbulence
using the NADT model with δB/B0 = 0.75, l2D/lslab = 1.0, and p = 3 for different values of
sslab. The shaded band represents the Palmer (1982) consensus range.
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Figure 9.33: The perpendicular mean free path versus magnetic rigidity for composite turbu-
lence using the NADT model with δB/B0 = 0.75, l2D/lslab = 1.0 and p = 3 for different values
of sslab. We show observations of Jovian electrons (star), Ulysses measurements of Galactic
protons (dots), and Palmer (1982) value (horizontal line).
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Figure 9.34: The ratio of perpendicular to parallel mean free paths versus magnetic rigidity for
composite turbulence using the NADT model with δB/B0 = 0.75, l2D/lslab = 1.0, and p = 3
for different values of sslab. The shaded band represents the Palmer (1982) consensus range.

• The turbulence is assumed to be dynamical and we have employed three different models

for the dynamical correlations function, namely, the damping model of dynamical turbu-

lence, the random sweeping model, and the nonlinear anisotropic dynamical turbulence

model.

Whereas the used turbulence model is exactly the one described and used in Bieber et al.

(1994) and Shalchi et al. (2006), our approach to compute particle diffusion parameters is

very different. Bieber et al. and Shalchi et al. performed quasilinear calculations, whereas

our work is based on computer simulations. For the first time we have performed test-particle

simulations for dynamical turbulence by employing a more dimensional Fourier transformation

approach as described in Sections 2.4.4 and 4.4.7.

In Figures 9.3 - 9.9 we have shown our numerical findings that were obtained by using

the damping model of dynamical turbulence, and compared them with the Palmer (1982)

consensus range representing the different solar wind observations. As already concluded by

Bieber et al. (1994), we are not able to reproduce the consensus range by simply employing
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a slab model. The use of a two-component turbulence model is required but even then we

are not able to find agreement with observations. This finding is a major difference between

previous work and our simulations. The idea of Bieber et al. (1994) was that by replacing

the slab model with a two-component model, we could increase the parallel mean free path

drastically. This idea, however, works only in the framework of quasilinear theory. The theory,

however, is incorrect due to nonlinear effects, as already pointed out in Shalchi et al. (2004).

The simulations are quasi-exact apart from numerical inaccuracies. As shown in the current

chapter, just replacing the slab model by a slab/2D model alone does not lead to agreement

with observations. Despite the aforementioned issue, we were still able to reproduce the Palmer

consensus range by assuming that the turbulent magnetic field is a bit weaker compared to

what was assumed before. If we assume that δB/B0 = 0.5, as suggested by Ruffolo et al.

(2012), instead of the standard assumption δB/B0 = 1.0, agreement between simulations and

observations can indeed be found.

We have repeated our simulations by using the random sweeping model proposed by Bieber

et al. (1994). We have again employed the slab/2D model and assumed δB/B0 = 0.5 for the

magnetic field ratio. The corresponding results for the parallel mean free path, perpendicular

mean free path, and the ratio of the two latter parameters are visualized in Figures 9.10-9.12.

Our findings are similar to those obtained for the damping model of dynamical turbulence.

Again the parallel mean free paths agree very well with the Palmer consensus range.

For the perpendicular diffusion coefficient we found very similar results for the damping

model of dynamical turbulence and the random sweeping model. The same applies for the ratio

λ⊥/λ‖. We have compared our numerical results with different solar wind observations, namely

observations of Jovian electrons (Chenette et al. 1977), Ulysses measurements of Galactic

protons (Burger et al. 2000), and the Palmer (1982) value. For two-component turbulence

and a magnetic field ratio of δB/B0 = 0.5 good agreement is found for the damping model of

dynamical turbulence as well as the random sweeping model.

Finally, we replace the aforementioned dynamical turbulence models by the so-called Non-

linear Anisotropic Dynamical Turbulence (NADT) model of Shalchi et al. (2006) which takes
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into account wave propagation effects, damping effects, as well as resonant nonlinear triad

interactions between the slab modes and two-dimensional modes. Furthermore, we perform a

detailed parameter study in order to explore the influence of the magnetic field ratio δB/B0,

the turbulence scale ratio l2D/lslab, the dissipation range spectral index p, the dissipation

wavenumber kd, as well as the inertial range spectral index s on the parallel mean free path

λ‖, the perpendicular mean free path λ⊥, and the ratio of the two diffusion parameters λ⊥/λ‖.

Our findings are shown in Figures 9.13-9.34 and the corresponding parameter values are listed

in Table 9.2.

For the NADT model, we found that the influence of the dissipation range spectral index

is minor. The influence of the inertial range spectral index and the dissipation scales are

negligible as well. The magnetic field ratio, on the other hand, has a strong influence on

both diffusion coefficients and their ratio. However, we found best agreement with the Palmer

(1982) consensus range for δB/B0 = 0.75 (corresponding to approximately δB2/B2
0 = 0.6)

which is between the values δB/B0 = 0.5 and δB/B0 = 1 usually used for this type of work.

We also found that the ratio of the bendover scales l2D/lslab has an influence on the parallel

mean free path and a very strong influence on the perpendicular diffusion coefficient. This was

predictable because analytical treatments of the transport (see, e.g., Shalchi 2015) show the

importance of the so-called Kubo number on the perpendicular motion of energetic particles.

The latter number depends on the magnetic field ratio as well as the turbulence scales.

Reames (1999) argued that the parallel mean free path can be of the order of 1-2 AU for

low rigidity particles at a 1 AU heliocentric distance. The largest value for the parallel mean

free path in this regime was obtained for the random sweeping model (see Figure 9.10) where

we found λ‖ ≈ 0.25 AU. Obviously our numerical results are about a factor of four below the

value of Reames (1999). One could try to further reduce the magnetic field ratio δB/B0 or to

use a more realistic dynamical turbulence model. This will be subject of future work.

In the intermediate to low rigidity range (< 50 MV), protons and electrons with the same

rigidity value, have different mean free paths. The electron mean free path is always higher than

the proton mean free path. In this range, particles are non-relativistic, hence different species
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have different gyro-frequency. As the gyro-resonant effect is the main contributor toward

the parallel motion, this behavior is justified. We therefore, agree with Bieber et al. (1994)

statement who originally disagreed with Palmer (1982) regarding the species-dependence. This

effect was observed for all of the three employed dynamical models, hence we conclude that it

is global.

We would also like to point out that there is some similarity between our findings and

the results found previously by Tautz & Shalchi (2013). The latter authors, however, used

undamped propagating plasma waves, which corresponds to a different turbulence setup. We

conclude that propagating plasma waves as well as dynamical turbulence allow for a reproduc-

tion of the Palmer consensus range.

We also conclude that the Bieber et al. (1994) turbulence model can indeed be seen as a

valid model for particle transport. However, this requires setting δB/B0 < 1.0, a value which

is smaller compared to the value originally used. Finally, we can state that with this magnetic

field ratio we can indeed reproduce solar wind observations by using our test-particle code.



Chapter 10

Conclusions

10.1 Summary

In this thesis, energetic charged particle transport in magnetized plasmas is discussed from

a theoretical and numerical point of view. The aim of this work is to improve the understanding

of plasma-particle interaction beyond the standard approach of quasilinear theory. Transport

parameters such as the parallel and perpendicular diffusion coefficients, or equivalently mean

free paths, which characterize this interaction were calculated in many different set-ups. This is

relevant for describing the propagation of cosmic rays or any other energetic particle population

in a number of astrophysical environments such as the solar system or interstellar space. Other

applications of interest are particle energization due to diffusive shock acceleration at different

shock waves such as supernovae remnants and interplanetary shocks.

Knowledge of diffusion parameters motivates and serves as an input to many astrophysical

and laboratory applications. In addition, the main goal of cosmic ray transport theory and

modeling is the explanation of observations. Such applications together with heliospheric and

interstellar observations for cosmic rays were shown in the introductory chapter. In the second

chapter, the theory of astrophysical turbulence was discussed. It was believed that energetic

particle transport depends on the spectral and geometric properties of magnetic turbulence,

which we question in Chapter 8. Those properties are embedded in the so-called magnetic

correlation tensor. This tensor carries information about how field lines depend on the direction

225
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of the wavevector, referred to as the geometry of turbulence, and how energy is distributed

over a wide range of wavenumbers, referred to as the turbulence spectrum. In addition, the

correlation tensor describes dynamical effects. If those effects were to be neglected, turbulence

is magnetostatic. Otherwise, if turbulence is dynamical, different models exist to establish the

interactions responsible for the temporal decorrelation of excitation near the wavevector. All

three properties were discussed in Chapter 2.

The first theory developed to describe cosmic ray transport, was the quasilinear theory

(QLT; Jokipii 1966). The theory is a first order perturbation theory which was demonstrated

to be problematic in some cases. At least three problems were discovered for the theory

when compared with numerical simulations; the 90◦-problem, the problem of perpendicular

transport, and the geometry problem (Shalchi 2009a). All three problems were elaborated

upon in Chapter 3. A nonlinear description of particle transport is a necessity to solve those

problems, reproduce observational measurements, and to achieve a better understanding of

wave-particle interactions in general.

A powerful tool in energetic particle transport theory are test-particle simulations. Due to

advancement in computational capabilities, test-particle simulations are used for a wide range

of physical scenarios, including the simulation of particles with extremely low and high energies,

modeling full three dimensional turbulence, and tracking particles under extreme conditions

such as δB/B0 ≫ 1. A test-particle code was developed as part of this work. The code is

presented in complete details in Chapter 4. Testing procedures were performed to make sure

all routines and numerical schemes work correctly without any faults. Moreover, the numerical

model to generate magnetostatic and dynamical turbulence in different geometries was also

presented in Chapter 4.

In Chapters 5 to 9, test-particle simulations were carried out under different magnetic

scenarios. The parallel and perpendicular mean free paths normalized to the bendover length

scale, λ‖/l0 and λ⊥/l0, respectively, together with their ratio, λ⊥/λ‖ are calculated and plotted

against different variables. Nonlinear calculations of transport parameters were also performed

in Chapters 6 and 7. Observational measurements of the aforementioned parameters in the
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solar wind were discussed in Chapter 9. A comparison between test-particle simulations on

one hand and analytical calculations or measurements on the other hand were carried to

achieve better understanding for a number of problems. This includes understanding the

effect of extremely strong turbulence on diffusion coefficients (Chapter 5, Hussein & Shalchi

2014a); Studying wave propagation and Alfvén waves effects on energetic particle transport

(Chapter 6, Hussein & Shalchi 2014b); Judging which nonlinear theory better describes wave-

particle interactions in complex magnetic turbulence (Chapter 7, Shalchi & Hussein 2014);

The influence of turbulence properties and different models on transport parameters (Chapter

8, Hussein et al. 2015); Which dynamical turbulence model and in what parameter regime one

can reproduce observational measurements (Chapter 9, Hussein & Shalchi 2016 and Heusen &

Shalchi 2016).

10.2 Specific Conclusions

In Chapter 5, we explored the validity of the so-called Bohm limit which has many applica-

tions in astrophysics, particularly in investigations of diffusive shock acceleration at supernovae

shocks. It was assumed that in the standard Bohm limit, parallel mean free paths of charged

particles interacting with strong magnetic turbulence is proportional to the unperturbed Lar-

mor radius, i.e. λ‖ ≈ RL. Recent analytical calculations carried out by Shalchi (2009b) and

Srinivasan & Shalchi (2014) disagreed with the standard Bohm limit where a modified Bohm

limit was obtained such that λ‖ ≈ RLB0/δB. The aim was to explore the validity of the two

limits under the effect of extremely high turbulence. It was shown using test-particle simula-

tions that the modified limit is indeed the correct one with no evidence that it is only valid for

a particular parameter regime or turbulence model. However, we have shown that extremely

strong turbulence, δB/B0 > 10, is needed for the parallel mean free path to converge toward

the modified limit.

The interaction of energetic charged particles with parallel propagating shear Alfvén waves

in slab turbulence was investigated in Chapter 6. QLT was used to compute parallel mean

free path whereas UNLT theory of Shalchi (2010) was used for the perpendicular mean free
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path. For the first time, an integral equation for the perpendicular diffusion coefficient based

on the UNLT theory with propagation effects was derived. In this chapter, it was found that

(i) QLT works very well for parallel transport in slab geometry, (ii) perpendicular transport

does not depend on rigidity, (iii) there exists a square-relation between perpendicular diffusion

and magnetic strength, λ⊥ ∝ (δB/B0)
2, when adding propagation effects. Those findings

strengthen our understanding of wave-particle interactions and the importance of nonlinear

theory. However, the main conclusion of Chapter 6 is the agreement between numerical results

and the UNLT theory confirming that it is an extremely effective tool in analytical theory for

describing perpendicular diffusion.

A model for noisy reduced magnetohydrodynamic (NRMHD) turbulence was recently pro-

posed by Ruffolo & Matthaeus (2013) and used to calculate the diffusion coefficient of random

walking magnetic field lines. In Chapter 7, we used the same model to calculate the diffusion

coefficients of energetic particles along and across the mean magnetic field. For the perpen-

dicular diffusion coefficient, we compared the Non-Linear Guiding Center (NLGC) theory of

Matthaeus et al. (2003), to the UNLT theory. We recovered the Ruffolo & Matthaeus (2013)

field line diffusion coefficient in NRMHD turbulence using UNLT, and our simulations of field

line wandering agrees with that result. For the particle diffusion coefficients, NLGC and UNLT

theories produced very different results for the turbulence model considered. According to the

UNLT theory, the perpendicular mean free path increases linearly with the parallel mean free

path λ‖ and in the limit of large λ‖, it becomes independent of the latter parameter, whereas

NLGC predicts a scaling of λ⊥ ∼ λ
−1/3
‖ for long parallel mean free paths. Our test-particle

simulations only agree with the UNLT results for NRMHD turbulence.

In Chapter 8, the influence of different turbulence models on the spatial diffusion coefficients

of energetic particles was studied. We employed five models, namely, the slab/2D composite

model, isotropic turbulence, a model based on the Goldreich and Sridhar (1995) scaling, the

NRMHD model, and a noisy slab model. For these models we computed the parallel mean free

path λ‖, the perpendicular mean free path λ⊥, and the ratio λ⊥/λ‖. We have shown that for all

considered turbulence models, the diffusion coefficients have a similar rigidity dependence and
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only the absolute values of the diffusion coefficients are different. Hence, we conclude that the

influence of detailed turbulence properties on particle transport is minor and not as strong as

originally thought. This conclusion is in agreement with recent analytical findings obtained in

Shalchi (2014) and Shalchi (2015) based on the UNLT theory. The latter theory predicts that

only fundamental properties of turbulence such as the length scales and magnetic field strength

control the diffusion coefficients. It also postulates that perpendicular diffusion coefficient

is directly proportional to the parallel diffusion coefficient for small rigidities and becomes

independent of the rigidity at higher values. This was also found numerically in Chapter 8. In

addition, four different asymptotic limits for the perpendicular mean free path were presented.

Shalchi (2015) was able to reproduce all four limits using the UNLT theory using the four

extreme combination limits for parallel diffusion coefficient, with the Kubo number set to zero

and infinity. The four limits were also reproduced by our numerical simulations confirming

that they are correct.

Particle transport in dynamical turbulence was discussed in Chapter 9. A model for solar

wind turbulence was developed in an effort to reproduce measurements of parallel and per-

pendicular mean free paths. The model contains additional features including modification of

the spectrum to allow dissipation effects that are important for low energy particles. Also, a

20%/80% slab/2D geometry was used which better approximates solar wind turbulence. Most

importantly, turbulence was taken to be dynamical where three different dynamical correla-

tion functions are employed to model temporal decorrelation: the damping model of dynamical

turbulence, the random sweeping model, and the nonlinear anisotropic dynamical turbulence

(NADT) model. Our approach is based on a four-dimensional Fourier transformation. We

have shown that we are not able to reproduce the consensus range of parallel diffusion by

simply employing a slab model which provides results below observational measurements. The

use of a two-component turbulence model is required. This conclusion agrees with the ana-

lytical work of Bieber et al. (1994). However, these authors suggested that by replacing the

slab model by a two-component model, one can increase the parallel mean free path drasti-

cally. We disagree with this statement which works only in the framework of QLT. In fact,



230 CHAPTER 10. CONCLUSIONS

nonlinear effects become important when dealing with two-component turbulence. Despite

this difficulty, we were able to reproduce the Palmer (1982) consensus range by weakening

turbulence strength to values below unity, δB/B0 < 1.0, rather than the standard assumption

of δB = B0. This is true for all three dynamical models, but it is worth noting that the

best fit with observations is obtained when employing the NADT model with δB/B0 = 0.75.

The effect of the inertial and dissipation range spectral indexes together with the dissipation

wavenumber on diffusion coefficients were found to be minor. On the other hand, the ratio

of the bendover scales l2D/lslab has only a weak influence on the parallel mean free path, but

has a strong influence on the perpendicular diffusion coefficient as expected. That is due to

the effect the Kubo number has on the perpendicular motion of energetic particles. The Kubo

number depends on the magnetic field ratio as well as the turbulence scales.

10.3 Future Work

This work can be regarded as the motivation for a number of numerical and theoretical

projects to begin in the future, such as:

1. Calculation of the momentum diffusion tensor through the inclusion of electric fields.

2. Investigation of the influence of electric fields on the spatial diffusion coefficients.

3. Computation of test-particle transport in turbulent systems without axi-symmetry

4. Simulation of particle transport with real magnetic field data corresponding to interplan-

etary and interstellar magnetic fields.



Appendix A

A.1 Derivation of Dimensionless Equations of Motion

The equations of motion for a charged particle moving in pure magnetic field are given to

be (in Gaussian units)

d~x

dt
= ~v (A.1)

m
d~v

dt
=

q

c

[

~v × ~B
]

. (A.2)

Our dimensionless units are defined as

~R =
~v

Ωl0
=
γm~vc

qB0l0
⇒ ~v =

qB0l0
γmc

~R (A.3)

τ = Ωt =
qB0t

γmc
⇒ t =

γmc

qB0
τ. (A.4)

substituting A.3 and A.4 into A.1 yields

d~x

d
(

γmcτ
qB0

) =
qB0l0
γmc

~R⇒ qB0

γmc

d~x

dτ
=
qB0l0
γmc

~R. (A.5)

Rearranging the latest result gives

d

dτ

(

~x

l0

)

= ~R. (A.6)
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We redo the same steps for Equation A.2 to get

m
d
(

qB0l0
γmc

~R
)

d
(

γmc
qB0

τ
) =

q

c

(qB0l0
γmc
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(A.7)

after a bit of rearranging, easily one gets
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=
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B0
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~R × ( ~B0 + δ ~B)
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(
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. (A.8)

Hence the dimensionless equations of motion are

d
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δB

B0
êδB

)

. (A.9)

A.2 Relation Between Correlation Tensor and Numeri-

cal Turbulence Generator

In order for our numerical turbulence model to be valid and consistent with the analytical

treatment of turbulence, the model has to reproduce the correlation tensor and vice-versa.

Here, we show a simple derivation starting from the equation of turbulence and using an

isotropic model to find the isotropic correlation tensor.

In analytical theory, magnetostatic turbulence is given by the magnetic correlation tensor

in wavenumber space, Plm, that relates two points in the k−space. The latter tensor is related

to the original two-point-two-time correlation tensor via Fourier transform. For a complete

derivation, refer to Section 2.1. The relation is governed by

〈δ ~B(~x)δ ~B(~x0)〉 =

∫

d3k (Pxx(~k) + Pyy(~k) + Pzz(~k))ei~k.~x, (A.10)

where all non-diagonal terms are equal to zero. Assuming isotropic turbulence and neglecting
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magnetic helicity, the latter correlation tensor reads

P iso
lm (k) =

G(k)

8πk2

(

δlm − klkm

k2

)

. (A.11)

Hence the diagonal components of the isotropic tensor are

Pxx =
G(k)

8πk2

[

1 − k2
x

k2

]

Pyy =
G(k)

8πk2

[

1 −
k2

y

k2

]

Pzz =
G(k)

8πk2

[

1 − k2
z

k2

]

; (A.12)

which in turn yields

Tr(Plm) =
G(k)

4πk2
. (A.13)

Substituting A.13 into A.10 and using spherical coordinates, we get

〈δ ~B(~x)δ ~B(~x0)〉 =

∫

sin θ dθ

∫

dφ

∫

dk k2 G(k)

4πk2
ei~k.~x, (A.14)

which reduces to

〈δ ~B(~x)δ ~B(~x0)〉 =

∫

dk G(k) ei~k.~x. (A.15)

The real part of Equation A.15 is what affects turbulence, hence

〈δ ~B(~x)δ ~B(~x0)〉 =

∫

dk G(k) cos(~k · ~x). (A.16)

To remove any singularity around ~x = 0, we add a random phase β and the final expression

becomes

〈δ ~B(~x)δ ~B(~x0)〉 =

∫

dk G(k) cos
[

~k.~x+ β
]

. (A.17)

Equation A.17 was derived using the analytical approach and isotropic correlation tensor.
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To prove our numerical module, Equation A.17 has to be derived again, using the numerical

approach. The starting point is the turbulence Equation (4.20) which was introduced in

Chapter 4,

δ ~B (~x) =
√

2δB

N
∑

n=1

A(kn)ξ̂n cos
[

~kn · ~x+ βn

]

. (A.18)

ξ̂n is the polarization unit vector given in Equation 4.22 and A(kn) is the amplitude function

given by

A2(kn) = G(kn)∆kn

(

N
∑

η=1

G(kη)∆kη

)−1

. (A.19)

To proceed, we consider the turbulence equation initially at the starting position of the

charged particle

δ ~B (~x0) =
√

2δB

N
∑

n=1

A(kn)ξ̂n cos
[

~kn · ~x0 + βn

]

. (A.20)

The term ~kn · ~x0 + βn is nothing more than a constant that can be considered as a random

phase added to each propagating plane wave, herein given the term Υn. The next step is to

consider the multiplication of the magnetic field initially and at any later position

δ ~B(~x)δ ~B( ~x0) = 2(δB)2
N
∑

n=1

A(kn)ξ̂n cos
[

~kn · ~x+ βn

]

×
N
∑

n=1

A(kn)ξ̂n cos [Υn] . (A.21)

This expression reduces to

δ ~B(~x)δ ~B( ~x0) = 2(δB)2

N
∑

n=1

A2(kn)ξ̂2
n cos

[

~kn · ~xn + βn

]

. (A.22)

Υn is a constant, which is added to the random created phase angle βn. The unit vector has

ξ̂2
n = 1. Substituting A2(kn) as given in Equation A.19, and averaging over all wave modes

yields

〈δ ~B(~x)δ ~B( ~x0)〉 = 2(δB)2

N
∑

n=1

G(kn)∆kn

(

N
∑

η=1

G(kη)∆kη

)−1

cos
[

~kn · ~xn + βn

]

. (A.23)

The normalization constant,
(

∑Nm

η=1 G(kη)∆kη

)−1

, together with the averaging process, will
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cancel out the factor 2(δB)2, as it has been added regularly for every wave mode. The final

step is to replace
∑N

n by
∫

and ∆kn by dk. That is because when dealing with the numerical

approach, integrals are approximated by sums and infinitesimal increments are replaced by the

spacing between the discretely sampled variable which is integrated through the summation of

n. This procedure is also interchangeable describing the transformation between continuous

and discrete variables. Therefore Equation A.23 becomes

〈δ ~B(~x)δ ~B( ~x0)〉 =

∫

dkG(kn) cos
[

~kn · ~xn + βn

]

. (A.24)

Equation A.24 which was derived entirely from the discrete approach is indeed the same

as Equation A.17. As a conclusion, the analytical and discrete approaches are consistent and

our numerical scheme safely reproduces analytical treatment of turbulence.
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Appendix B

B.1 Asymptotic Limits Derived from the NLGC Inte-

gral Equation

Let us explore the asymptotic limits one can obtain from the NLGC theory. A more

detailed discussion of these limits and the corresponding limits obtained from UNLT theory

can be found in Section 7.3.3.

B.1.1 The Limit λ‖ → 0

Consider the limit λ‖ → 0 in the NLGC integral equation. In this limit Equations (7.25)

and (7.26) provide

S(x) → K̃λ‖√
3l⊥

→ 0

Q(x) → 1√
3

(B.1)

and, therefore,

arctan (S) → S. (B.2)

With the latter three limits, Equation (7.24) becomes

λ⊥
l⊥

=
4a2

9K̃

δB2

B2
0

K̃λ‖
l⊥

∫ ∞

0

dx
x3

(1 + x2)7/3
. (B.3)

237
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The x-integral can be solved by (see, e.g., Gradshteyn & Ryzhik 2000)

∫ ∞

0

dx
x3

(1 + x2)7/3
=

9

8
. (B.4)

Therewith Equation (B.3) becomes

λ⊥
λ‖

=
a2

2

δB2

B2
0

(B.5)

which was derived before for two-dimensional turbulence (see, e.g., Shalchi et al. 2004).

B.1.2 The Limit λ‖ → ∞

Now, we investigate the limit λ‖ → ∞ in the NLGC integral equation. In this limit

Equations (7.25) and (7.26) provide

S(x) → K̃

x

√

λ‖
λ⊥

→ ∞

Q(x) →
√

λ‖λ⊥

3l⊥
x (B.6)

and, therefore,

arctan (S) → π/2. (B.7)

With these three limits, Equation (7.24) becomes

λ⊥
l⊥

=
2πa2

3K̃

δB2

B2
0

l⊥
√

λ‖λ⊥

∫ ∞

0

dx
x2

(1 + x2)7/3
. (B.8)

The x-integral can be solved by (see, e.g., Gradshteyn & Ryzhik 2000)

∫ ∞

0

dx
x2

(1 + x2)7/3
=

√
π

4

Γ (5/6)

Γ (7/3)
(B.9)

where we have used the Gamma function Γ(z). Therewith Equation (B.8) becomes

λ⊥
l⊥

=
π3/2a2

6K̃

Γ (5/6)

Γ (7/3)

δB2

B2
0

l⊥
√

λ‖λ⊥
. (B.10)
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This can easily be solved by

λ⊥
l⊥

=

[

π3/2a2

6K̃

Γ (5/6)

Γ (7/3)

δB2

B2
0

]2/3(
l⊥
λ‖

)1/3

. (B.11)

A more detailed discussion of the latter formula can be found in Section 7.3.3.
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