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Abstract

Hybrid Digital-Analog (HDA) codes are a class of codes that employ both digital

and analog coding for transmission of a source. Such systems can potentially miti-

gate the drawback associated with digital codes, most importantly the levelling-off

effect, where the decoded signal quality does not improve at better channel quali-

ties. This feature makes HDA codes a very good candidate for broadcast systems,

where each user has a different received channel signal to noise ratio (CSNR), and

hence the code cannot be designed and adapted for a single user. HDA codes are

also useful for fading channel, where the transmitter does not have the channel state

information.

In this work, we study and evaluate a new class of HDA codes, designed for cor-

related sources. There is a predictive coder incorporated into the HDA system to

use the source correlation, where the predicted source sample are HDA encoded and

then transmitted through a communication channel. To do this, the predicted sam-

ples are quantized, but rather than merely sending the quantized samples through

digital coding, the quantization error is transmitted over the channel as well. The

resources, however, must be divided between the digital and analog coders. We

found the optimum power allocation factor for this problem, one that would mini-

mize the average end-to-end distortion. Hence, not only this system provides higher

average quality than digital codes, it also provides an instantaneous performance

improvement with improved channel quality.

Analytical and simulation results are presented to show the performance of the
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predictive-HDA system, which is compared to the performance of digital and ana-

log coding, as well as to that of multi-layer (ML) digital codes. ML codes are also

meant to provide higher quality to stronger channels by designing a set of codes for

a few different received CSNRs, hence providing a staircase instantaneous quality.

The superiority of the proposed HDA code is shown in terms of both average and

instantaneous signal quality. It is also shown that the power allocation problem in

the design of the predictive-HDA system is considerably less complex than that of

the ML code.
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Chapter 1

Introduction

Digital communications has long been the prevalent choice for communication sys-

tems. There are numerous examples of applications where digital communications

is used, among which TVs, phones, and the Internet are probably the most note-

worthy ones. But what is the reason behind this extensive use of digital, compared

to the minimal use of analog communications? The answer is the numerous ca-

pabilities that digital schemes provide, such as data compression, data encryption,

and error correction . Moreover, the advancement of digital signal processing, the

prevalence of digital sources of data, such as computers, and the widespread use of

computer network also contributed hugely to bring digital communications to the

point it is at today [1]. There are, however, some drawbacks associated with digital

communications. Many of the data sources that we encounter are in reality analog.

This includes voice, speech, video, and the readings from many measurement de-

vices. Hence, the analog samples generated from these sources must be converted

into digital data first . This analog to digital conversion at the transmitter side,

with a corresponding digital to analog conversion at the receiver side, introduces

an unavoidable amount of noise to the transmitted data. This noise is essentially

the error that is generated due to quantization. Quantization is the process of con-

verting a signal with continuous amplitude, and thus with infinite resolution, into a
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signal with discrete amplitude and finite resolution. This way, the data can be rep-

resented using finite number of levels, and consequently, finite number of bits. This

provides the digital codes with a noise margin [2], a very strong feature associated

with digital schemes, but at the same time, the price paid for it is an irrecoverable

distortion caused by quantization [1]. The distortion level can of course be reduced

by using a higher bit rate, but since the bit rate is limited by the capacity of the

channel over which the data is transmitted, the distortion will be bounded by the

Shannon limit [3]. This issue becomes more problematic in the case of a varying

channels, such as fading channels, where the channel capacity can vary heavily and

randomly. Since the quantizer bit rate is a function of the channel capacity, it must

be adapted to the channel state. This, in turn, requires a set of different source and

channel codes for each state of the channel, a technique that is currently employed

in cellular technologies, which is referred to as link adaptation [4]. The adaptive

techniques, however, cannot be used for broadcasting. Broadcasting is a process

where the transmitter sends the data to multiple receivers, as opposed to point-to-

point communications, where the transmitter sends the data to a particular receiver.

For example, TV stations broadcast their signals to many viewers, where as cellular

towers send their signals to particular users. In the case of broadcasting, the quality

of the channel associated with each receiver varies differently from one another, and

hence, unlike the point-to-point communication, the transmitter cannot adapt its

coding schemes and its bit rate to the channel condition. A solution to this prob-

lem is to allow for an acceptable amount of outage, denoted as outage probability,

and then design the system for the worst case scenario. This way, the receivers

with channel conditions poorer than the selected threshold will experience outage,

a phenomenon named as the threshold effect in the literature. Moreover, all the

remaining receivers will receive an identical signal quality, regardless of how good

or bad their channel conditions are, a condition referred to as the leveling-off effect.

These two effects are considered the main drawbacks of digital communications [10].
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The levelling-off effect is the result of the distortion that is caused due to quantiza-

tion, and the fact that the quantization rate is dictated by the channel coding rate,

due to Shannon’s source-channel separation theorem [5]. The threshold effect hap-

pens due to the failure of channel codes below the required signal to channel noise

ratio (CSNR), as explained by the converse of Shannon’s channel coding theorem

[5], and the sensitivity of source codes to transmission errors. In section 2.1, these

issues will be discussed in more details.

Unlike digital coding, however, analog coding does not experience these problems,

due to transmission of the unquantized data samples through the channel, as well

as omission of source and channel coding. As explained, even though analog coding

lacks many of the advantages that digital coding can provide, it does not fail where

digital does. This led the research community to the idea of systems where both

analog and digital coding are used together, in order to use the advantages of both

schemes. Such coding schemes are called Hybrid Digital and Analog (HDA) coding

schemes, and even though not currently being used in the industry, they have been

studied for a while now in the literature, and are also investigated further in this

thesis. Figures 1.1 and 1.2 show examples of an HDA encoder and decoder, respec-

tively, where the analog and digital messages are added together and sent through

the channel using a process called superposition coding [3].

The main contributions of this thesis are the study of HDA coding for sources with

memory, as well as finding an optimal power allocation between the digital and the

analog parts. The performed analysis, as well as the simulation results, confirming

the analytical results are included. Moreover, the proposed system is compared to

its digital counterpart, and its advantages are demonstrated.

The HDA scheme used in this work includes a predictive coder [6] to take advantage

of the source memory, and uses superposition [3] for sharing the bandwidth between

the analog and digital messages. These ideas will be explained and expanded further

in the following chapters.
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Figure 1.1: An Example of an HDA Encoder
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Figure 1.2: An Example of an HDA Decoder

In the rest of this report, first a review of some needed background, as well as an

overview of some of the most important work done in the area of HDA coding will

be presented, and then, the objective of this thesis will be explained and elaborated.

The system model and the problem formulation are presented and discussed in chap-

ter 3, the analytical results are given in chapter 4, and the simulation results and

the comparisons are shown in chapter 5. We end the report by our conclusions and

the possibilities for the future work, and the list of the reference used for carrying

out this study.
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Chapter 2

Background and Related Work

2.1 Point-to-Point Communications

In this section, a brief review of some of the most important results in information

theory about source and channel coding is presented. These ideas will then be used

to explain the drawbacks associated with some of the conventional coding schemes.

2.1.1 Source and Channel Coding

Let SD denote an information source, taking values from a discrete alphabet of size

M , and let Pi represent the probability of the ith outcome. The entropy of this

source is given by [3]:

H = −
M−1∑
i=0

Pi logPi (2.1)

The entropy of a source gives the lowest number of bits required to represent each

source sample.

Let SC denote an information source whose values are taken from a continuous al-

phabet. In order to represent this source using a finite number of bits, it must first

be quantized. By quantizing a source with a rate of RQ, the quantizer output will
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take values from an index of size 2RQ . This introduces an irrecoverable distortion

to the signal. The minimum rate required to achieve a particular amount of quan-

tization distortion is given by the rate-distortion function of the source. It can also

be viewed as presenting the lowest attainable distortion, given a specific quantiza-

tion rate. For an iid Gaussian source, with the variance of σs
2, the rate distortion

function is given by [3]:

D(RQ) = σs
2 2−2RQ (2.2)

A very important result stated by Shannon is the noisy channel coding theorem [5].

It determines the maximum allowable transmission rate for error free communica-

tion. Formally, it states that as long RC < C, where RC is the channel coding rate

and C is the channel capacity, there can be a coding scheme with rate RC that can

achieve error-free communication. Conversely, for any rate RC > C, the probability

of decoding error will be bounded away from zero, meaning that reliable communi-

cation will not be possible. For a continuous-input, continuous-output channel with

additive white Gaussian noise (AWGN), the channel capacity is given by

C =
1

2
log
(

1 +
P

N

)
(2.3)

where P and N are the signal and noise powers, respectively [3].

Shannon’s source-channel separation theorem states that it is possible to send a

discrete source with entropy H reliably over a channel with capacity C, as long as

H ≤ C. Similarly, for a source with continuous alphabet, error-free transmission is

possible if the quantization rate RQ satisfies RQ ≤ C. The conditions in the theorem

can be further modified as follows:

H ≤ rC

RQ ≤ rC
(2.4)

The parameter r is called the bandwidth expansion ratio, and is defined as follows,

where WC and WS are the channel and the source bandwidths, respectively [10].

r =
WC

WS

(2.5)
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When r > 1, the channel bandwidth is greater than the source bandwidth, and

we have the case of bandwidth expansion. Conversely, the case of r < 1 is called

bandwidth compression, meaning that the source bandwidth is less than the channel

bandwidth. When r = 1, at each channel access, no more than one source sample

can be transmitted. This case is referred to as matched bandwidth.

2.1.2 Tandem Codes

Shannon stated that for the case of point-to-point communication, where one trans-

mitter is sending the data over a single channel to one receiver, the source code and

the channel codes can be designed separately, without any loss of optimality, given

that the codes achieve the optimal bounds. Optimality is defined by the type of the

source and the channel that we are dealing with. For example, for an iid Gaussian

source that is to be transmitted over an AWGN channel, the optimal distortion is

obtained by combining (2.2), (2.3), and (2.4), and is given as follows:

D = σs
2 2−2rRQ (2.6)

To achieve optimality, several powerful source and channel coding schemes have ever

since been designed; source codes that can achieve the entropy bound [3], quantizers

that can get close to the rate distortion limit [6], and channel codes with rates close

to channel capacity [7].

Systems where the source and the channel codes are designed separately are called

tandem codes. As mentioned, such systems can potentially be optimal, but that

does not mean that other types of systems are incapable of optimality. Joint source-

channel codes, for example, have been studied extensively, and will be briefly dis-

cussed in this chapter. HDA codes, which are the main topic of this thesis, are also

another alternative to tandem codes. As previously discussed, for the case of trans-

mission of an iid Gaussian source over an AWGN channel, where optimal distortion

is given by (2.6), Goblick [8] proved that a very simple scheme can achieve optimal-
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ity: analog or uncoded transmission. Surprisingly, if the source samples are sent

uncoded through the channel, and decoded using a linear minimum mean-squared

error (MMSE) receiver, (2.6) will be achieved. This scheme is no longer optimal, if

the source and channel bandwidths are mismatched, or if the source has memory,

while there could still be very good tandem codes in such cases to achieve, or at

least, get close to optimality.

2.1.3 The Cliff Effect

Even though tandem codes can achieve optimality for point-to-point communication,

they do have some drawbacks associated with them as well. Two of such problems

are the levelling-off effect and the threshold effect, which are collectively referred to

as the cliff effect [10]. The threshold effect is explained by the converse of Shannon’s

channel coding theorem [5], as discussed in section 2.1.1. As explained, when

RC > C, the decoding error probability will be bounded away from zero, and hence,

the transmitted signal cannot be decoded correctly. Since the digital source codes

are very prone to errors, even few transmission errors can cause a very large end-

to-end distortion in the received signal, resulting in outage. Now, let the channel

capacity C in a time varying channel belong to the range C ∈ [Cmin, Cmax]. If the

digital code is designed for C0 > Cmin, when the channel is having a capacity in

the range C ∈ [Cmin, C0), the system will experience outage, and will not be able

to decode the data. A similar problem occurs in broadcast channels, which will be

discussed further in section 2.3.

The other problem associated with digital tandem coding, named as the levelling-

off effect, is the result of the Rate-Distortion and the source-channel separation

theorems, which were also explained in section 2.1.1. Tandem digital codes require

the knowledge of the channel capacity to limit the source coding rate. Hence, in

a varying channel or in a broadcast channel, where C ∈ [Cmin, Cmax] and the code
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is designed for some capacity value of C0, the resulting distortion will be equal

or more than D0 = 2−2rC0 for all channels whose capacities lie in the range C ∈

[C0, Cmax]. This means that the stronger channels cannot take advantage of their

better conditions, and will all be limited by the worst case channel. In other words,

the output quality saturates in a digital tandem coding system. There have been

solutions for this problem, some already implemented in the industry. In fading

channels, for example, where the channel conditions vary in time, adaptive rates

are used at the transmitter side. The transmitter hence must estimate the channel

condition, and given that the channel is slowly varying, the rate and the coding

scheme can be adapted to the estimated channel condition [4]. Adaptation, however,

is not possible in a broadcast channel, where many different channels, each with a

different quality, must be able to decode the data at the same time. A solution

that can mitigate this problem to some extend, but not fully, is multi-layered (ML)

coding, or progressive coding [11], [12]. In such systems, the signal is coded at a

low rate, providing a base layer, or a coarse description of the signal. This coarse

layer is meant to be decoded by all the channels. The finer details will be also

transmitted, but they will be inaccessible by the weak users. This way, multiple

layers of details about the signal can be sent, and depending on their channels

strengths, channels can decode a number of these layers. It is shown in [11] that

layered coding can achieve optimality for Gaussian sources. Another solution for

this problem is the use of analog coding. Analog systems do not experience the

cliff effect. By transmitting the data samples unquantized through the channel, and

hence not introducing any quantization noise to the signal, analog coding avoids the

levelling-off effect. Moreover, due to the absence of data compression in an analog

communications system, there won’t be an immediate decoding breakdown, once

the CSNR falls bellow the minimum required amount. As explained, for Gaussian

source, as an example, analog coding does not achieve the optimal performance

neither for sources with memory, nor for source-channels pairs with mismatched
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bandwidths. It also lacks the many advantage that digital systems are capable of

providing. This led the research community to the idea of systems where both

analog and digital coding are used together, in order to use the advantages of both

schemes. Such coding schemes are called Hybrid Digital and Analog (HDA) coding

schemes, and even though not currently being used in the industry, they have been

studied for a while now in the literature, and are also investigated further in this

thesis. In section 2.4, a review of some of the most important work done in the

area of HDA coding will be presented, and then, the objective of this thesis will be

explained and elaborated.

Apart form the problems discussed that exist in a digital tandem coding system,

there are other scenarios where tandem codes are no longer able to reach the optimal

performance level. Broadcast channels, discussed in section 2.3, and multiple user

channels are such examples. HDA codes will prove to be a good choice for broadcast

channels.

2.2 Joint Source-Channel Coding

As explained in section 2.1, in a tandem coding structure, the source is first com-

pressed through source encoding, and then channel encoded for error correction and

detection. Throughout the past several decades, many powerful source and channel

codes have been developed; source codes that can achieve near-entropy compres-

sion, and channel codes that can achieve near-capacity rates [7]. Such powerful

codes, however, can be quite complex, and usually require long blocks of data, caus-

ing delay in transmission. Moreover, tandem codes, which are based on Shannon’s

source-channel separation theorem, are only optimal for memoryless and ergodic

sources and channels [3]. In [14], the necessary and sufficient conditions for the

separation theorem to hold with no restrictions of memorylessness, stationarity, or

ergodicity on either the source or the channel are derived. Applying these condition-
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s to a memoryless fading channel shows that better performance can be obtained

through a joint source-channel code (JSSC) design [15]. In addition, joint source-

channel codes can provide close to optimum performance, without the complexity

and delay of tandem codes. JSC codes can outperform tandem codes for a fixed

complexity and delay, and are also inherently more robust to change in the channel

noise level than tandem codes [10]. In fact, there are cases where the transmission

of raw data can result in the optimum performance. In [16], Gastpar et al. state

that if the source distribution, the distortion measure, the channel conditional dis-

tribution, and the channel input cost function are all matched, there is no need for

any source or channel coding. For instance, optimal performance is achieved when

a binary uniform source is sent directly over a binary-symmetric channel, provided

that the distortion is measured in terms of the Hamming distance [17]. Anoth-

er well-known example of such behavior, as already explained, occurs when an iid

Gaussian source is transmitted across an additive white Gaussian noise (AWGN)

channel with matched bandwidth [8],[9]. In all these cases, hence, tandem coding is

not the best way to go, even if it does result in optimality.

Over the years, there have been numerous studies on designing JSC codes, [18] – [22]

to mention a few. Reviewing these studies is out of the scope of this thesis report,

but good papers can be found in [23] and [24] that provide a survey of some of the

well known work in this field. Hybrid digital and analog (HDA) codes, however,

which can be classified under the umbrella of JSC codes, will be covered in details

in section 2.4, after reviewing the concept of broadcast channels in the next section.

2.3 Broadcast Channels

Broadcasting is a form of communication that has been in practice for many decades.

TV and radio stations have long been operating, broadcasting their contents to a

massive number of customers. In technical terms, broadcasting refers to a process
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where a single transmitter sends some data to two or more receivers, each possibly

having a different channel. Since each channel may experience different conditions,

whether different noise level, or different fading level, what rate should be selected at

the transmitter side? And what coding schemes should be used for such channels?

These questions have been studies in the literature in the field of network informa-

tion theory. In this section, a brief overview of some of the most important results

of broadcast channels are summarized. These results, which are only applicable to

the special case where there are only two receivers, have been taken form [3], [25],

and [26].

2.3.1 Capacity Region and Achievable Rates

A broadcast channel consists of an input alphabet X and two output alphabets, Y1

and Y2, and a probability transition function, p(y1, y2|x). An (M1,M2, n) code for

such a broadcast channel consists of the following:

1- Two index sets, {1, 2, ...,M1} and {1, 2, ...,M2}, representing two message set-

s, each intended for a receiver.

2- An encoding function that maps the two message sets to a single code of length n:

{1, 2, ...,M1} × {1, 2, ...,M2} −→ Xn (2.7)

3- Two decoding functions that map the received codewords into their corresponding

messages:

g1 : Y1
n −→ {1, 2, ...,M1}

g2 : Y2
n −→ {1, 2, ...,M2}

(2.8)
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The code rates, which define the amount of information transmitted in each channel

access, are computed as follows:

R1 =
log2 (M1)

n

R2 =
log2 (M2)

n

(2.9)

The probability of decoding error is defined as:

Pe
(n) = Pr

(
g1(Y1

n) 6= W1 or g2(Y2
n) 6= W2

)
(2.10)

A rate pair (R1, R2) is said to be achievable, if there exist a sequence of (M1,M2, n)

or equivalently
(
(2nR1 , 2nR2), n

)
codes that achieves Pe −→ 0. Notice that from

(2.8), we have:

M1 = 2nR1

M2 = 2nR2

(2.11)

The capacity region of a broadcast channel is defined as the closure of the set of all

the achievable pairs of rates.

The transmitter could also transmit a common message with rate R0, in addition

to messages specific for each receiver, with rates R1 and R2.

2.3.2 Degraded Broadcast Channels

A broadcast channel is said to be physically degraded, if the relationship between

the transmitter and the two receivers can be modelled as a Markov chain:

X −→ Y1 −→ Y2 (2.12)

The channel degrades the signal to some extend between the source and the first

receiver, and then degrades it more before the second receiver.

A channel is said to be stochastically degraded, if it is stochastically equivalent to
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a physically degraded channel; that is if its marginal distributions are the same as

those of a physically degraded broadcast channel. Such two channels have the same

capacity regions.

Degraded broadcast channels are a special class of broadcast channels, and are easier

to study and analyse. An example of such a channel is the Gaussian broadcast

channel, where the transmitter has a total power of P , and the two receivers are

both experiencing AWGN channels, with noise variances of N1 and N2. We assume

that N1 < N2, meaning that receiver Y1 has a better channel than Y2. We can model

this channel as

Y1 = X + Z1

Y2 = X + Z2

(2.13)

where Z1 ∼ N (0, N1) and Z2 ∼ N (0, N2), but they can be correlated. The trans-

mitter intends to send independent data to each receiver, at rates R1 and R2 to

Y1 and Y2, respectively. The capacity region of this channel can be found to be as

follows:

C1 =
1

2
log

(
1 +

αP

N1

)
C2 =

1

2
log

(
1 +

(1− α)P

αP +N2

) (2.14)

The parameter α is the power allocation factor between the two messages, hence

varying in the range 0 ≤ α ≤ 1. The bound can be achieved by a coding scheme

called superposition coding. In this scheme, the transmitter generates two codebook-

s, one with power αP and rate R1 ≤ C1, and the other one with power (1−α)P and

rate R2 ≤ C2. The two resulting messages, W1 and W2, are then added together

to form the channel input X = W1 + W2 which is then sent through. The weak

receiver, Y2, will experience W1 as interference, and will be able to only decode W2.

The strong receiver, Y1, however, will be able to decode both messages, due to the

channel being a degraded broadcast channel, and hence can effectively cancel the

interference and detect both W1 and W2.
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If common information is being sent to both receivers, the effective rate of the strong

user will be R1 + R2, while the weak user still having the rate R2. This is the idea

behind successive refinement, where a coarse description of the source is transmitted

at a low rate to the weak user, and finer refinements are sent to the strong user,

which is able to receive the coarse information as well [13]. Superposition coding

can thus reach the capacity region’s outer bound for the case of Gaussian broadcast

channels, and for all degraded broadcast channels. It is hence a very common coding

scheme in HDA system, which will be explored further in the next section. For more

information on broadcast channels, [3] and [25]-[28] are recommended.
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2.4 Hybrid Digital and Analog Coding

In this section, an overview of some of the most important work in the literature

about the HDA codes are presented and studied. We conclude by explaining the

problem that is studied in this thesis, and outline the contributions of this work.

One of the earliest work that studies an HDA system is done by Schreiber in [29],

where he discusses the requirements for modern television broadcasting systems, and

proposes an HDA system for video coding that can meet those requirements to a

good extend. The proposed system is based on progressive, or layered coding, with

three levels of quality. At the base layer, MPEG is used to source code the video

data. The difference between the original signal and the reconstructed version is

sent to level 2. At this level, each frame is gone through some processing, including

predictive encoding. The prediction error is the signal that is sent by analog trans-

mission, after going through transform coding and adaptive selection. This process

is repeated at the third level as well, resulting in three digital and two analog sets of

messages. The digital data is channel coded by a concatenated code, comprised of

Reed Solomon and Trellis codes, multiplexed, and finally mapped to a 64-PSK con-

stellation, where the constellation points’ amplitudes are determined by the analog

sample values. Finally, the overall data is transmitted by the use of OFDM. The

system in [29] is not claimed by Schreiber to be optimal, but it shows promising

results in combating the disadvantages associated with pure digital transmission,

by providing improved quality for stronger channels, and by supporting old receiver

devices that can decode only the lower levels, resulting in an interoperable design.

Another early study of systems where analog and digital coding are employed to-

gether is done by Shamai et al. in [30], also inspired by the challenges in coexistence

of digital and analog TV systems. At the time that digital TV receivers were be-

coming popular, many systems were still using analog signals, and hence, analog

transmission had to be retained. Rather than sending a digitally encoded duplicate
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signal for the digital receivers, [30] suggests sending the refinement information in

the excess bandwidth in digital format, and equipping the new receivers with both

digital and analog decoding capabilities. This way, the old analog devices will still

be able to decode their analog signals, while the new devices will achieve a higher

picture and sound quality. This can also reduce the amount of digital bandwidth

required to achieve a certain level of fidelity, compared to the case where analog

signal is discarded by the digital receivers. Shamai et al. propose the use of system-

atic source-channel codes, where a block of the source samples is transmitted in raw

format (analog), and the excess bandwidth is used for sending the digitally coded

version of that source block to deliver some refinement information. Shamai et al.

find the conditions under which systematic codes can achieve optimality. For exam-

ple, in the specific case of Gaussian IID sources, transmitted over AWGN channels,

systematic codes can reach this optimality, while for binary sources sent over binary

symmetric channels, they are strictly sub-optimal. For the case of the Gaussian

sources, their proposed scheme splits the source in the frequency domain, sending

the low pass version of the signal as analog samples, and the high pass content

through digital codes. Hence, the receivers capable of decoding both signals will

have access to the refinement information about the source as well as the coarse,

low frequency data.

The first rigorous study of HDA systems is published in [10], by Mittal and Phamdo.

Motivated by the ability of analog transmission in mitigating the threshold and the

cliff effects, they propose a few HDA systems and present their performance bounds,

for transmission of an IID Gaussian source over a Gaussian broadcast channel with

two receivers. Their objective is to design codes that are optimal at a target CSNR,

but degrade gracefully in performance, should the realized CSNR deviate from the

target; a scenario motivated by broadcast channels. They conjecture that no code

can be simultaneously optimal at different CSNRs, when the source and channel

bandwidths are not equal. They propose two systems for the case of bandwidth
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expansion, where the channel bandwidth is greater than the source bandwidth, and

one system for the case of bandwidth compression, where the source bandwidth ex-

ceeds the channel bandwidth. As explained, when the source and channel bandwidth

are equal, a pure analog system reaches the optimal performance [8]. The system-

s proposed in [10] are all analyzed from an information theoretical point of view,

where the theoretical limits of rate distortion and channel capacity are assumed to

be possible to reach. They also compute the distortion region achievable by each of

their schemes. One of their proposed coding systems, used for bandwidth expansion,

is composed of a two-layered digital tandem source and channel coder, with the re-

construction error from the second layer being transmitted as analog samples. The

overall bandwidth is split between the analog and digital codes, and the two digital

data messages are sent together through superposition. The power and bandwidth

division between these layers, however, is arbitrary and not optimized. A variation

of this system is also presented, where the data going to the second digital level is

first demultiplexed, so that a part of it is digitally encoded, while the other part is

sent as analog samples. This way, the analog signal bandwidth will be reduced by

an arbitrary factor, set by the demultiplexer. The resulting performance of theses

systems demonstrate graceful degradation, while being optimal at the designed C-

SNR and beating the purely digital codes designed for the same CSNR, as well as

purely analog systems.

In another publication, Mittal and Phamdo [31] use one of their coding schemes in

[10] for encoding speech signals. The digital part includes a standard CELP source

encoder, in addition to a turbo encoder for channel coding. The analog signal is

the residual error signal from noisy source coding, or quantization of the speech sig-

nal. For transmission, the bandwidth is split between the analog and digital data.

Phamdo and Mittal report that their HDA system shows noticeable improvement

in listening tests, compared to the purely digital system operating at the same rate.

Furthermore, at low CSNRs, where the digital coding breaks down, the HDA system
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generate intelligible outputs. This further demonstrates the ability of HDA coding

to mitigate the threshold effect.

The work done by Mittal and Phamdo led the way for many other publications,

investigating several other aspects of HDA systems. Reznic and Feder [32] study

the case of broadcasting a Gaussian source to two listeners over Gaussian chan-

nels with bandwidth expansion. They find the set of all achievable simultaneous

distortion pairs, or an outer bound on the distortion region for such a broadcast

scenario. They then prove that for a broadcast coding system designed at a target

CSNR value CSNRmin, as the CSNR improves (while the transmitter is held fixed),

the distortion cannot decay faster than the rate 1
CSNR

, whereas if a code were to

achieve optimal performance at all CSNRs, it would have to decays at the rate of

1
CSNRr

. Hence, no system can be optimal at all received CSNRs. They also found

an inner bound on the distortion region, which is tighter than the inner bounds

achieved by the systems proposed in [10] and [30]. This bound is obtained based

on an HDA coding scheme, which includes one of the HDA systems of [10] and the

systematic coding scheme of [30] as two special cases. Their proposed HDA scheme

is based on one of the systems proposed by [10] and is also based on Wyner-Ziv

source encoding. It includes a two-layer digital encoder, setting the base layer as a

common message to both receivers, and the sencod layer as side information about

the source, only decodable by the strong receiver. While the digital messages are

sent together by using superposition, the analog signal, carrying the quantization

error, is time-multiplexed with the digital data. It should be noted that this system

and all its analysis, including the distortion region inner bound, are information

theoretical limits that could be very challenging to meet in a practical design.

Skougland et al. [33] propose a simple HDA system for bandwidth expansion, and

present an iterative algorithm for designing a vector quantizer for the digital joint

source-channel encoder. The algorithm is similar to the well-known LBG algorithm

[34]. The encoder is designed to be optimized for a target CSNR, that is, to minimize
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the end-to-end distortion for that CSNR value. Hence, the encoder is fixed, while

the decoder is variable, adapting to the received noise variance level. The system

divides the bandwidth and power between the analog and digital signals, but this

division is not optimized. They test their system with an iid Gaussian source, as

well as a Gauss-Markov source, and it achieves a close to optimal performance at the

designed CSNR, and demonstrates a robust and graceful performance degradation

at other CSNRs.

Building on [33], Skuglund et al., in their work in [36], propose a system that can be

used for both bandwidth compression and expansion. This system employs a tan-

dem coder for the digital part, using a vector quantizer for source encoding, followed

by turbo coder [35] for channel coding. The quantization error, after being adjusted

to the proper power limit, is superposed on the digital codes, and sent together over

the channel. For bandwidth compression, they use the Karhunen-Loeve Transform

(KLT) [6] to decorrelate the source, and compress the signal after. They test their

systems for an IID Gaussian source, as well as a Gauss-Markov source. They al-

so propose a non-linear compression system for compressing the analog signal for

bandwidth compression, which could be a replacement for the KLT. The system

performance demonstrates near-robustness, and outperforms their system in [33].

In a closely related work, in [37], Wang et al. take a closer look at the problem

of bandwidth compression in HDA systems. They propose two coding schemes,

where one is based on [33] and [36]. They also obtain an information theoretical

(mean squared) distortion upper bound for the two systems, in addition to an op-

timal power allocation formulation between the digital and the analog parts. This

power allocation is optimum for a specific target CSNR, but the systems show ro-

bust performance over a range of CSNRs. System one uses a vector quantizer to

compress the digital signal, and the quantization error is taken for analog transmis-

sion. To achieve compression for the analog transmission, a simple method is used,

where some of the samples are discarded. If the source has memory, the samples
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are first decorrelated using KLT, and the discarded samples are selected from the

low-variance samples. System one uses superposition for transmission of the digital

and analog data. System two uses source splitting to achieve compression, where a

source is split into two vectors, one transmitted digitally, and the other through ana-

log transmission. Superposition is used in this system as well. The analog coding for

both systems consists of simple linear encoding and decoding: power adjustment at

the encoder, and LMMSE decoding at the receiver. They also test out the systems

by concrete implementations, where system one is implemented using a vector quan-

tizer, directly mapped to a binary phase-shift keying (BPSK) modulation system,

without the use of a channel coder, with hard decoding at the receiver in the digital

part. The employed vector quantizer is similar to the one presented in [33]. The sec-

ond system, after source splitting, is implemented by a Channel Optimized Vector

Quantizer (COVQ) [18], which is a joint source-channel encoder. Two sources are

used, an iid Gaussian source, in addition to a Gauss-Markov source, where the lat-

ter first goes through KLT for decorrelation. The results show robust performance

over a range of different CSNRs, while having some deviation from the theoretical

bounds derived in their work, with system two outperforming system one.

In a study done by Wilson et.al, in [38], the problem of transmitting a Gaussian

source over a Gaussian channel in two cases is studied:

-where there is interference in the channel that is known only to the transmitter

-where the receiver has some side information about the source

They propose an HDA scheme based on the Costa Dirty Paper coding [39] for case

one, and another one based on Wyner Ziv coding [40] for the second problem. They

also proposed a system with both Costa and Wyner-Ziv coding, for the case with

both interference and side information. They show that their system is optimal for

the case of matched bandwidth, and prove that there are infinite coding schemes

that could be optimal for this problem, of which uncoded (analog) transmission,

and their system, are two examples. They also study their system under bandwidth
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mismatch, and for broadcasting over two channels, with bandwidth compression,

and derive the corresponding distortion expressions.

In a study presented in [41] by Prabhakaran et.al, the problem of broadcasting

parallel Gaussian sources over a Gaussian broadcast channel is studied from an in-

formation theoretical point of view, for which three HDA systems are proposed. In

the most general case, there are K iid Gaussian sources with different variances,

being broadcast to two users. There are two sets of M sub-channels leading to

the two receivers, each having the same statistics among themselves, while differing

from the second set of sub-channels leading to the other receiver. So, there is a

weak and a strong receiver, each having M identical AWGN channels. The case

of M = K corresponds to matched bandwidth, while M > K and M < K imply

bandwidth expansion and compression, respectively. Prabhakaran et al. consider

three cases and propose an HDA system for each that outperforms a similar purely

digital scheme.

In case 1, the weak user is able to achieve the optimal point-to-point performance,

while in case 2, it is the strong user that can reach the optimal performance. Case

3 is a trade-off between the two other cases. They first study the case of matched

bandwidth, with M = K = 2, and then extend their systems to other cases. A

detailed summary of these three systems is outlined here.

In case 1, the optimal point-to point performance for the weak-user can be achieved

by the following two scheme, one purely digital, and one HDA, as presented in [41]:

S1, denoting the first source, which is the one with higher variance, is successively

encoded into two layers, while S2, the second source, is normally encoded. The

coarse layer data from S1, along with the source-coded data from S2 are sent over

the second sub-channel, using superposition coding. The refinement-layer bits from

S1 are sent alone over the first sub-channel. An equivalent distortion performance

can be achieved at the weak user while improving the strong user’s performance by

sending the quantization error from the coarse quantization of S1 uncoded (scaled)
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over the first sub-channel, and by sending S2 uncoded (scaled) over the second sub-

channel and the coarse-layer bits on S1 channel coded with sufficient power to be

decoded (by the weak user), treating the uncoded transmission of S2 as noise. This

way, the strong user benefits from both the uncoded transmissions since it can form

better quality estimates than the weak user.

In the second case, where optimal point-to-point separation scheme performance is

sought for the strong user, a fully-digital and an HDA coding scheme were present-

ed. In the digital scheme, the coarse-layer bits from a successive refinement source

coding of S1 are sent alone over the first sub-channel, and the source coded bits

of the second source component S2 and the refinement bits of S1 are sent over the

second subchannel, using superposition. These messages are not decodable by the

weak user. The counterpart HDA system improves this by providing useful informa-

tion without compromising the strong user’s performance. It does this by sending

S2 uncoded (analog) over the first sub-channel, while sending S1 uncoded (analog)

over the second sub-channel and bits carrying the refinement information about S1

using Dirty Paper channel coding. The transmission of S2 acts as Gaussian side-

information at the transmitter. Dirty Paper coding ensures that the transmission of

S2 does not affect the rate of transmission of the refinement bits. The bits carrying

the refinement information are produced using Wyner-Ziv coding where the noisy

observation of S1 over the first sub-channel acts as side-information at the decoder.

While the weak user will be unable to decode the refinement information, it benefits

from the two uncoded transmissions.

Finally, there is the case where neither the weak nor the strong user achieves the

point-to-point optimum performance, while a performance trade-off can be achieved

in between them. An HDA scheme is suggested in [41], which is based on the two

previous extreme cases. In this HDA system, the first source component S1 is sent

through three different ways:

- Codewords carrying the coarse layer description which will be decoded by both
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users

- An uncoded version of the quantization error which the weak user will estimate

from its noisy observation

- Wyner-Ziv bits on S1 which only the strong user decodes

In decoding the Wyner-Ziv codewords, the strong user uses as side-information a

linear estimate of S1, using the coarse description and the noisy observation it has

already decoded. The quantization error is sent uncoded (scaled) over the first

sub-channel, using all the power allocated to this sub-channel. Over the second

sub-channel, the coarse layer bits are sent using a Gaussian channel code, with part

of the power allocated to this sub-channel. This is meant to be decoded by both

users, treating the rest of the signals sent over this sub-channel as noise.

Using part of the leftover power, the second source is sent uncoded (scaled). Since

the codewords carrying the bits about the coarse quantization of S1 are assumed to

be successfully decoded by both users, they may estimate the second source compo-

nent, assuming only the rest of the power used in this sub-channel, along with the

channel noise, as disturbance.

The leftover power in this sub-channel is used to send the Wyner-Ziv bits. This

is done using Dirty-Paper coding, treating the scaled version of the second source

component sent over this sub-channel as side-information (at the transmitter).

In short, Prabhakaran et al. show that without compromising the point-to-point

optimal performance of either the weak or strong user, the performance of the other

user can be improved over what the conventional separation approach offers. For

the special case of memoryless sources and channels with bandwidth mismatch, their

scheme matches the one presented in [32] by Reznic et al.

In another interesting study presented in [42], Jakubczak et al. design and imple-

ment a system named as ‘SoftCast’, which uses analog communication exclusively

for transmission of video over a wireless channel. Their work is mostly practical

rather than theoretical, being motivated by the inability of 802.11 (WiFi) to perfor-
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m efficiently for video multi-casting, a problem that was previously explained in the

context of absence of digital robust codes. SoftCast uses a joint source-channel code

for encoding the video pixels, where the distance between the transmitted codewords

reflect the difference between the pixel values. It does this by transmitting the ana-

log values of each pixel, and then directly mapping the raw pixel values over OFDM

and hence, resulting in a scheme that can be compatible with 802.11. It applies a

2-D Discrete Cosine Transform (DCT) to the raw pixel values, groups the DCT com-

ponents in chunks, and discards zero and near zero values to achieve compression.

For channel error protection, it performs a power allocation based on the variance

of the DCT chunks, and by allocating more power to higher-energy components, it

in turn makes the more important data more resilient against channel errors. The

decoder is also linear, comprised of a linear mean squared error estimator, followed

by reversing the other encoding components. Their results show a graceful degra-

dation in the performance, while avoiding the threshold effect. In their demos, for

comparison, MPEG fails suddenly as channel conditions deteriorate, while SoftCast

does show a graceful performance degradation. The demos can be found at SoftCast

web page 1.

In a paper published in [43], Li et al. suggest an HDA system for wireless video

multicasting that has similarities to SoftCast. They first apply 2D Discrete Wavelet

Transform on each frame to obtain a multi-resolutional description of the frames,

and then divide the resulting data into LL, LH, HL, and HH bands. The LL band,

acting as the coarse description of the data, is digitally encoded, using standard

H.264/AVC video encoder, in conjecture with low rate convolutional codes and Bi-

nary Phase Shift Keying. The residual error from the quantization of the LL band,

in addition to the other three bands, are sent by analog transmission, in a manner

similar to SoftCast[42], as explained previously. The digital and the analog signals

are then added together, and mapped to OFDM to be sent through the channel.

1http://people.csail.mit.edu/szym/softcast/videos.html
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The decoding process is similar to other schemes that employ superposition coding.

Their system achieves average performance improvement over SoftCast and shows

graceful quality degradation as the channel conditions deteriorate.

In [44], Caire and Narayanan study the use of HDA codes in MIMO channels. They

consider an M -input, N -output MIMO block fading channel and find an upper

bound for the optimal distortion CSNR component for the channel. The CSNR ex-

ponent is the decay rate of the lowest achievable end-to-end distortion as a function

of CSNR. They also find the lower bound achievable by tandem coding, in addition

to a tighter lower bound, achievable by their proposed HDA system. The HDA

scheme achieves the optimal CSNR exponent for the case of r < 2 ∗min(M,N) for

general M and N , as well as for all r for SISO channels, where r is the bandwidth

expansion factor, given by (2.5). The HDA scheme is composed of a tandem digital

coder with space-time codes, in addition to analog samples obtained from the quan-

tization error. The analog and digital messages are multiplexed for transmission.

They also construct practical HDA space-time codes using diversity–multiplexing

trade off and scalar quantization.

In [45], a paper published by Rngeler and Vary, the problem of transmitting a corre-

lated source using HDA coding is considered. They incorporate a transform encoder

in their system to decorrelate the source vectors. After bit allocation and quanti-

zation of the transform coefficients, the digital data is channel encoded and then

multiplexed with the analog data,which carry the quantization error. The system

outperforms a similar purely digital scheme in a practical simulation, where a Gaus-

sian correlated source first goes through KLT, followed by water filling bit allocation

and Turbo coding.
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2.5 Contribution of This Work

Though being a quite simple study, [45] shows that HDA coding systems can be quite

effective for correlated sources as well. While most of the literature is focused on

the transmission of iid sources, in practice, most encountered sources have memory.

It is important, hence, to further study such sources in the context of HDA coding.

Another problem that is not studied thoroughly in the related work is the issue of

resource allocation between the digital and analog parts. This led us to the study

of power allocation in an HDA system that is designed for correlated sources. In

particular, we incorporated a predictive source encoder into an HDA coding system,

where the analog messages carry the quantization error, resulting from quantizing

the prediction error samples. The system uses superposition coding, hence the

analog and digital messages are sent through the same bandwidth. There is still,

however, a need for the distribution of the power between the digital and analog

coders. We find an optimal power allocation for our system. The analytical results

show that this system can outperform its purely digital counterparts. We also

conduct simulations which are in agreement with our analysis.

In the remainder of this thesis, we start by describing the specifics of the problem we

studied. We then present the problem formulation, followed by our proposed system.

The analysis performed to find the optimal power allocation factor is presented, and

the performance results are shown.
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Chapter 3

System Model

Let XD represent a discrete-time source, sampled at the rate 2WS from a continuous-

time source XC , with bandwidth WS. Let Xn represent the source output at time n.

We assume that the source is a first order Gauss-Markov source, with the parameter

ρ. Hence, the following relationship holds between the source outcomes:

Xn = ρXn−1 + εn (3.1)

This is essentially a first-order, auto regressive process [47]. The parameter ε is an

iid Gaussian random process.

ε ∼ N (0, σε
2)

It can be easily shown that X is a stationary, correlated Gaussian random process,

with zero mean and the variance of
σ2
ε

1− ρ2
.

X ∼ N
(

0,
σ2
ε

1− ρ2

)

In addition, the auto-covariance function1 of this source is given by the following

[47].

RXX(k) = E {XnXn−k} = σ2
ε

ρk

1− ρ2
(3.2)

1This quantity is usually referred to as auto-correlation function in electrical engineering texts
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The MMSE linear prediction of this source is given by [48]:

X̃n = ρ Xn−1 (3.3)

The channel is assumed to be a discrete-time Gaussian channel, derived from a

continuous-time AWGN channel with bandwidth WC , and modelled as,

Y = R + Z (3.4)

where R and Y are the channel input and output, respectively, and Z is a zero-mean,

iid Gaussian random process, with variance σZ
2.

Z ∼ N
(
0, σZ

2
)

We consider the case of matched bandwidth, where the source and channel band-

widths are equal.

WC = WS

Hence, at every channel access, one source sample is transmitted.

Our aim is to use an HDA scheme to code the source for transmission over this

channel. A very commonly used source coder for correlated sources is predictive

coder [6], where instead of quantizing the source samples directly, the source samples

are predicted, and the prediction error is quantized and transmitted. Predictive

encoding is used for speech and video, and is also a good choice for Gauss-Markov

sources. This is because a linear predictor of the form (3.3) can achieve a Gaussian

uncorrelated prediction error signal, which has many good properties and is easy

to analyze. That is why we decided to incorporate a predictive coder in our HDA

system to take advantage of the source correlation.
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3.1 Predictive Coding

We first start by a brief description of predictive source coding. The material for

this part is taken from [6].

A diagram of open-loop and closed-loop predictive source encoders are shown in Fig.

3.1 and Fig. 3.2 respectively.
Open loop encoder
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Figure 3.1: Open-Loop Predictive Encoder

• Xn: The value of the source sample at time n

• X̃: The predicted value of X

• X̂: The reconstructed value of X

• e: The prediction error

• I: The quantizer output index set

The prediction error e has a lower variance than the source does, and hence,

the distortion resulting from quantizing the prediction error is less than that of

quantizing the source samples directly. For a first-order Gauss Markov source, for
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Figure 3.3: Closed-Loop Predictive Decoder

example, with the predictor of form (3.3), the relationship between the two variances

is given by the following:

σ2
e =

σ2
X

1− ρ2
(3.5)

As it can be seen in Fig. 3.1, in open loop encoding, the source sample at time n−1

is used to predict the value of Xn, and the prediction error en is then quantized.

In a communication system, however, the receiver won’t have access to the exact

source sample values. Hence, the closed-loop configuration is used instead, where
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the reconstructed value X̂n−1 is used instead of Xn−1 for predicting Xn.

The closed-loop predictive encoder and decoder are shown in Fig. 3.2 and Fig. 3.3,

respectively.

At the decoder at time n, after the lossy reconstruction of the prediction error,

en is summed up with the predicted value X̃n to reconstruct X̂n.

3.1.1 HDA Predictive Coder

We integrate the predictive coder in an HDA framework, with the encoder and the

decoder shown in Fig. 3.4 and Fig. 3.6, respectively.

Q
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HDA Predictive Coding: The Encoder
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ˆ
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Figure 3.4: Closed-Loop Predictive HDA Encoder

• en: The value of the prediction error at time n

• ê: The reconstructed value of e

• e′: The error from quantizing e

It can be seen that the prediction error en is quantized, and after channel en-

coding, forms the digital message. The quantization error e′ is the content of the
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analog message. In our analysis, we assume the quantizer is capable of reaching the

rate-distortion bound. Later in section 4.3, where we implement the system, we use

a scalar quantizer followed by an entropy block encoder, which gets close to the rate

distortion bound.

We also assume that the channel encoder is capable of reaching the channel capacity.

Codes such as Turbo codes [35] and LDPC codes [49] are examples of near-capacity

reaching channel codes.

The analog message, e′, first goes through the linear encoder block, where its power

is adjusted to the amount of power that is allocated to the analog part of the system,

PA. Hence, e′ is multiplied by

√
(
PA
σe′2

), where σe′
2 is the variance of e′.

The channel input Y is the superposition, or summation of the channel encoder and

the linear encoder outputs. Since channel encoders work in blocks, the output of

the linear encoder can be buffered and sent in blocks as well.

The channel is assumed to be an AWGN channel, where each channel input com-

ponent Yi is summed by a zero-mean Gaussian random variable Zi with variance

N0 to form the channel output, or the received component Ri. Fig. 3.5 shows the

diagram of such a channel. The noise components are assumed to be independent

i
Z

+i
Y

i
R

Figure 3.5: AWGN

from each other, as well as from the channel inputs.

In a broadcast setting, there could be multiple channels, where the noise in each

one could have different statistics. At the transmitter, hence, the noise variance is
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unknown, and is modelled as follows:

Zi ∼ N (0, Ni)

Ni ∈ [Nmin, Nmax]
(3.6)

This is the generalization of the two-channel broadcast channel presented in [3], also

mentioned in section 2.3. We assume that each receiver can estimate its channel

noise variance, while the digital code at the transmitter must be designed for a fixed

value of noise variance N0 ∈ [Nmin, Nmax]. This will set the channel coding rate,

and subsequently, source coding rate. Channels experiencing a higher level of noise

than Nmax won’t be able to decode the digital data.
HDA Predictive Coding: The Decoder
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Figure 3.6: HDA Predictive Coding Decoder

The diagram of the decoder which is placed at the receiver is shown in Fig. 3.6.

The received signal contains a block of digitally encoded messages, superposed with

the block of analog messages, and disturbed by noise. The digital channel coding

rate has already been adjusted to the extra interference introduced due to superpo-

sition, and hence, the channel decoder can cancel the noise and the interference to

detect the digital data message. By subtracting this signal from the received mes-

sage, the remaining signal will be the analog message, containing the quantization

error e′, obtained from quantizing the prediction error e, plus the added noise w.
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The linear decoder multiplies this signal by parameter β, selected to minimize the

mean squared-error (MSE) between the analog signal and its estimate. The value of

β is a function of the channel noise variance, and hence, is different at each receiver.

This value will be given in the next section.

The digital message, after channel decoding, will be an index set i ∈ I, wchich

after being fed to the quantization decoder, will correspond to the reconstructed

prediction error, denoted by ên at time n. There is also a predictor block at the

receiver, which is identical to the one at the transmitter. The summation of the

reconstructed prediction error and the predicted value results in the reconstructed

source value of X̂n at time n. Finally, by adding the output of the linear decoder,

which is the estimate of the quantization error, the final reconstructed source val-

ue Xn will be obtained. The following equations can show the logic behind this

decoding procedure:

Xn = X̃n + en

en = ên + e′n

Xn = X̃n + ên + e′n

Xn = X̃n + ên + β(αe′n + wn)

(3.7)

3.2 End-to-End Distortion

Our aim is to minimize the end-to-end distortion. By taking a second look at (3.7),

we can see that the end-to-end distortion can be obtained as the following:
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D = E
{∣∣X −X∣∣2}

= E

{∣∣∣X − (X̃ + ê+ β(αe′ + w)
)∣∣∣2}

= E

{∣∣∣(X − X̃ − ê)− αβe′ − βw)
∣∣∣2}

= E
{

(e′ − αβe′ − βw)
2
}

= E
{

(e′ (1− αβ)− βw)
2
}

= E
{
e′

2
(1− αβ)2 + β2w2 − 2β (1− αβ) e′w

}

(3.8)

In order to further simplify 3.8, we notice that

E
{
e′

2
}

= σ2
e′

E
{
w2
}

= σ2
w

E {e′ w} = 0

and thus, the distortion can be reduced to the following.

D = (1− αβ)2 σ2
e′ + β2σ2

w (3.9)

Notice that σ2
e′ is the error generated due to the quantization of the prediction error.

To find the decoder parameter β that would minimize this distortion, given α, the

scaling parameter at the transmitter, we can set the partial derivative of D to

zero and solve for β, while verifying the second partial derivative is positive at the

reflection point.

∂D

∂β
= 0

− 2α (1− αβ)σ2
e′ + 2βσ2

w = 0

β
(
2α2σ2

e′ + 2σ2
w

)
− 2ασ2

e′ = 0

β =
ασ2

e′

α2σ2
e′ + σ2

w

β =
α

α2 +
σ2
e′
σ2
w

(3.10)
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∂2D

∂β2
=
(
2α2σ2

e′ + 2σ2
w

)
≥ 0 (3.11)

Having the total power at the transmitter limited to P , this power must be divided

between digital and analog powers, denoted by PD and PA respectively.

PD = λP

PA = (1− λ)P
(3.12)

The parameter λ is the power allocation factor.

0 6 λ 6 1 (3.13)

The case where λ = 1 corresponds to purely digital transmission, and similarly,

the case where λ = 0 to fully analog transmission. The parameter α is the scaling

required to adjust the analog signal power to the allowed level.

α =

√
PA
σ2
e′

=

√
(1− λ)P

σ2
e′

(3.14)

Substituting (3.14) into (3.10), we can write the expression for β as:

β =

√
(1− λ)Pσ2

e′

(1− λ)P + σ2
w

(3.15)

Now, we can use the expressions for α and β and plug them into (3.9) to obtain the

following distortion expression.

D =
σ2
e′

1 + (1−λ)P
σ2
w

(3.16)

The term in the numerator is the variance of the analog message, whereas the

denominator is 1+CSNR. It is noteworthy that in a purely digital system, we would

have the end-to-end distortion as:

D = σ2
e′ (3.17)

In other words, in a digital system, with close to zero probability of channel errors

due to channel coding, the end-to-end distortion is caused by the quantization error,
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σ2
e′ , where as in this HDA system, this error can be reduced. Of course, if all the

power is allocated to digital, the amount of the quantization error will decrease.

This is why the distribution of power between the analog and digital parts must be

optimized in order to minimize the distortion. We start by taking a closer look at

the term σ2
e′ through the following steps:

Xn = ρXn−1 + εn−1

X̃n = ρX̂n−1 =⇒ (closed− loop predictor)

en = ρ
(
Xn−1 − ρX̂n−1

)
+ εn−1

en = ρe′n−1 + εn

(3.18)

Assuming the quantization error is wide-sense stationary, we will have:

E
{
e′2n−1

}
= σ2

e′ (3.19)

Also, the random sequence ε at the current instant is uncorrelated with its past

values, as well as the past values of e′. Hence,

E
{
e′n−1εn

}
= 0 (3.20)

We can therefore arrive at the following:

σ2
e = ρ2σ2

e′ + σ2
ε (3.21)

Now, assuming e is a Gaussian process, we can also get the quantizer rate distortion

expression. This assumption is valid for the case of open-loop prediction, where

X̃n = ρXn−1, and hence en = εn.

σ2
e′ = σ2

e2
−2RQ (3.22)

Combining (3.21) and (3.22), we can obtain the following.

σ2
e =

σ2
ε

1− ρ2 2−2RQ

σ2
e′ =

σ2
ε

1− ρ2 2−2RQ
2−2RQ

(3.23)
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Substituting σ2
e into the distortion expression given by (3.16), we can rewrite it as

follows.

D =
σ2
ε 2−2RQ

1− ρ2 2−2RQ
.

1

1 + (1−λ)P
σ2
w

D =
σ2
ε

2 2RQ − ρ2
.

1

1 + (1−λ)P
N

(3.24)

We replaced the term σ2
ε with N , representing the noise variance each receiver

experiences. Recalling the source-channel separation, stated in (2.4), we need to

determine the capacity of the digital channel, since it is the upper bound of the

quantization rate RQ. With an input power of λP , while being designed for the

noise variance level of N0, we get the following capacity for the digital channel.

C =
1

2
log

(
1 +

λP

N0 + (1− λ)P

)
(3.25)

The denominator also counts for the interference from the analog signal, with power

(1− λ)P . Setting RQ = C, the distortion expression can be expressed as:

D =
σ2
ε

1 + λP
N0+(1−λ)P − ρ2

.
1

1 + (1−λ)P
N

(3.26)

Notice that at the transmitter, the only parameters that can be varied to change

D are λ, the power allocation factor, and N0, the target noise level at which the

digital data is aimed to be decodable. The other parameters are either the source

characteristics, such as σ2
ε and ρ, or the broadcast channel characteristics, N . The

distortion D is a random variable, since it is a function of the random variable N .

In order to find the average distortion over different values of N , we need to take

the following expectation.

E {D} =
σ2
ε

1 + λP
N0+(1−λ)P − ρ2

. E

{
1

1 + (1−λ)P
N

}
(3.27)

Evaluatoin of this expectation requires the pdf for the variable N . In order to have

a reasonable assumption, we consider a slightly different problem, where instead of

having a broadcast channel with different noise variance levels, we are dealing with
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a fading channel without the channel state information present at the transmitter.

In a fading channel, the amplitude of the transmitted signal can randomly vary,

and hence, the receiver CSNR will be random as well [4]. To the transmitter, this

is essentially equivalent to transmitting to a broadcast channel where the received

CSNR is also random and unknown.

There are several probability distributions that can be used to model fading channels,

examples of such include Rayleigh and Rycian distributions. In general, a fading

channel can be modelled as shown below in Fig. 3.7.
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i
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i
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+i
Y

i
R×

i
g

0
N

Figure 3.7: Fading Channel

The channel noise is assumed to be white Gaussian. The channel gain g is also

a random variable, and it could have either a discrete or continuous sample space,

following some distribution such as Rayleigh. Such a channel is hence called the

Rayleigh channel [4].

Since the channel state information is not available at the transmitter, the digital

code must be designed for a fixed rate, and hence, for a fixed CSNR. This corresponds

to the most severe fading level the digital code will work at, below which the digital

data will be undecodable. We designate this fading level by g0. The probability that

the channel gain goes lower than this level is denoted as outage probability Pout.

Pout = Pr (g < g0) (3.28)

Since severe fading is inevitable, systems must tolerate a certain level of outage

probability [4], where higher tolerance to outage probability results in a higher
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transmission rate. In this model, the noise variance is considered to be constant,

and it is represented by N .

The steps in (3.8)-(3.26) can be repeated in a very similar manner to arrive at the

following distortion expression.

D =


D1 g ≥ g0

σ2
X g < g0

D1 =
σ2
ε

1 +
λ g20 P

N+(1−λ)g20P
− ρ2

.
1

1 + (1−λ)g2P
N

(3.29)

E {D} = E {D1|g ≥ g0} . P r (g ≥ g0) + σ2
X .P r (g < g0) (3.30)

E {D1|g ≥ g0} =
σ2
ε

1 +
λ g20P

N+(1−λ)g20P
− ρ2

. E

{
1

1 + (1−λ)g2P
N

| g ≥ g0

}
(3.31)

Evaluation of the conditional expectation requires a pdf for fading gain g. We

consider two types of fading: discrete fading and Rayleigh fading. For the discrete

case, (3.31) can be rewritten in the following way, where the fading sample space is of

size n, taking values in the range {g1, g2, ...gn}, with the corresponding probabilities

{q1, q2, ...qn}.

E {D1|g ≥ g0} =
σ2
ε

1 +
λ g20P

N+(1−λ)g20P
− ρ2

.

∑n
i=j

qi

1+
(1−λ)g2

i
P

N∑n
i=j qi

g0 < gj

(3.32)

The outage probability can be written as follows.

Pout = Pr (g < g0) =

j−1∑
i=1

qi (3.33)
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We can then rewrite the average distortion expression (3.30) as follows.

E {D} =
σ2
ε

1 +
λ g20P

N+(1−λ)g20P
− ρ2

.

∑n
i=j

qi

1+
(1−λ)g2

i
P

N∑n
i=j qi

n∑
i=j

qi + σ2
X

j−1∑
i=1

qi

=
σ2
ε

1 +
λ g20P

N+(1−λ)g20P
− ρ2

.
n∑
i=j

qi

1 +
(1−λ)g2i P

N

+ σ2
X

j−1∑
i=1

qi

(3.34)

For the case of Rayleigh fading, the channel gain g is assumed to follow a Rayleigh

distribution with parameter θg, which results in the following pdf, mean and variance

[46].

fg(g) =
g

θ2g
e

(
− g2

2θ2g

)
(3.35)

µg = θg

√
π

2
(3.36)

σ2
g =

4− π
2

θ2g (3.37)

Using the Rayleigh pdf, we can expand the conditional and average distortions.

E {D1|g ≥ g0} =
σ2
ε

1 +
λ g20P

N+(1−λ)g20P
− ρ2

.

∫∞
g0

1

1+
(1−λ)g2P

N

g
θ2g
e
−g2

2θ2g dg∫∞
g0

g
θ2g
e
−g2
2θ2g dg

(3.38)

Pout =

∫ g0

0

g

θ2g
e
−g2

2θ2g dg = 1− e
−g20
2θ2g (3.39)

(3.40)
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E {D} =

σ2
ε

1 +
λ g20P

N+(1−λ)g20P
− ρ2

.

∫∞
g0

1

1+
(1−λ)g2P

N

g
θ2g
e
−g2

2θ2g dg∫∞
g0

g
θ2g
e
−g2
2θ2g dg

∫ ∞
g0

g

θ2g
e
−g2

2θ2g dg + σ2
X

∫ g0

0

g

θ2g
e
−g2

2θ2g dg

=
σ2
ε

1 +
λ g20P

N+(1−λ)g20P
− ρ2

.

∫ ∞
g0

1

1 + (1−λ)g2P
N

g

θ2g
e
−g2

2θ2g dg + σ2
X

(
1− e

−g20
2θ2g

)

(3.41)

Having obtained the average distortion expressions, we can proceed with formulating

our problems.

3.3 Problem Formulation

By looking more closely at the expressions (3.41) and (3.34), it can be seen that for a

given source and a channel, both average distortion expressions are functions of the

deterministic parameters λ and g0, which are in fact the only design parameters.

We hence formulate two problems of interest. First, for the case where there is

a ceiling for the tolerable outage probability (corresponding to a maximum g0), we

find the optimum power allocation factor λ∗ which minimizes the average distortion.

The second considered problem is the case where outage probability is flexible, and

thus we find the optimum parameters λ∗ and g∗0 that lead to the minimum average

distortion. The first problem can mathematically be represented as follows.

min
λ

E {D|Pout}

s.t. 0 ≤ λ ≤ 1

(3.42)

The constraint arises from the fact that λ is an allocation factor, where the case

λ = 0 corresponds to all the power being allocated to analog, and λ = 1 to digital.

Notice that Pout and g0 are fixed in this case. For the case where there is no
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restriction placed on the outage probability, however, Pout is allowed to vary, and

hence, the optimum value of g0 must be determined as well. We arrive at the

following second optimization problem.

min
λ,g0

E {D}

s.t. 0 ≤ λ ≤ 1

and 0 ≤ g0 ≤ 3θg

(3.43)

In this formulation, the additional constraint placed on g0 is due to the fact that in a

Rayleigh distribution, the interval [0, 3θg] covers 99% of all the possible occurrences,

where θg is the Rayleigh distribution parameter.

We essentially have four optimization problems, which can be summarized as follows:

• Specified Outage - Discrete Fading

• Specified Outage - Rayleigh Fading

• Unspecified Outage - Discrete Fading

• Unspecified Outage - Rayleigh Fading

The integral in (3.41) does not have a closed form solution In the following section,

the analysis of these formulated problems are presented. The performance of our

proposed HDA scheme under different channels is also investigated and compared

to those of other schemes in chapter 4.
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3.4 Analysis

In this section, the four formulated problems in the last section are analyzed and

studied in more details. We start by analyzing the case where maximum tolerable

outage probability is specified.

The average distortion expressions (3.34) and (3.41) are functions of several source

and channel parameters, as well as the design parameters λ∗. To prove their con-

vexity, the second derivative must satisfy ∂2E{D}
∂λ2

> 0. This is not practical to be

performed analytically, due to the large number of parameters and the many condi-

tions they impose on λ which do not yield any meaningful information. We rather

consider practical source and channel parameter values, and find the corresponding

convexity conditions.

Let us assume that the source follows a first-order Gauss-Markov source, with unit

variance σ2
X = 1, and correlation parameter ρ = 0.9.

Xn = 0.9Xn−1 + εn

ε ∼ N (0, σε
2)

X ∼ N (0, 1)

σ2
ε =

(
1− ρ2

)
σ2
X = 0.19

(3.44)

The channel is modelled as a Rayleigh channel, with the parameter θ = 0.5, hence

resulting in the following fading parameters.

fg(g) = 4ge(−2g
2)

Fg(g) =

(
1− e

−g2

2θ2g

)
µg = 0.5

√
π

2
≈ 0.63

σ2
g =

4− π
2

θ2g ≈ 0.1

(3.45)

For the case of discrete fading channel, the same fading channel is uniformly dis-

cretized to four and eight levels, resulting in the following channel gains and corre-
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sponding pmfs.

G4 = [0.1885 0.5655 0.9425 1.3195]

Q4 = [0.2452 0.4412 0.2451 0.0685]

G8 = [0.0943 0.2828 0.4713 0.6598 0.8483 1.0368 1.2253 1.4138]

Q8 = [0.0679 0.1773 0.2348 0.2064 0.1522 0.0929 0.0477 0.0208]

(3.46)

Assuming a maximum tolerable outage probability of 10% results in the following

values of g0.

• 4-Level Discrete Fading: g0 = g1 = 0.1885

• 8-Level Discrete Fading: g0 = g2 = 0.2828

• Rayleigh Fading: g0 = F−1g (Pout) =≈ 0.23

By solving the inequality ∂2E{D}
∂λ2

> 0, it can be shown that all the three scenarios

result in a convex objective function for the range λ ∈ [0, 1], which is the range

of values an allocation factor can take. It should be noted that the computations

were performed with the help of Mathematica. To help gain more insight into the

behaviour of these objective functions, they were also plotted as a function of λ in

MATLAB, as illustrated below.

It can be seen from Fig.3.8-3.10 that the objective functions are convex for the

selected values, although this does not mean that they remain convex for all oth-

er values as well. We also show the behaviour of the expected distortion for the

Rayleigh channel, as an example, for different values of ρ, the source correlation pa-

rameter, PT
N

, total power to noise ratio, and θg, the fading parameter. These figures

can provide more information about the convexity of the objective function, as well

as more insight into how the optimum power allocation varies based on different

source and channel parameters.

In Fig.3.11, the average distortion is plotted against different values of λ for different

values of total power to noise ratio PT
N

. It can be seen that the distortion function
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Figure 3.8: Average Distortion Vs. λ: Four-State Fading Channel
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Figure 3.9: Average Distortion Vs. λ: Eight-State Fading Channel

remains convex for all the total CSNR values, even at very high CSNRs. The op-

timum value of λ shifts more toward the right as total CSNR increases, suggesting

that the proposed HDA system won’t provide significant average improvement if the

power is very high.

When plotted for different values of source correlation parameter, ρ, it can be seen

in Fig.3.12 that for highly correlated sources, the system performance at λ = 0,

corresponding to fully analog, is very poor. For a source with a very low value of
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Figure 3.11: Average Distortion Vs. λ for Different Values of Total CSNR

ρ = 0.3, the curve is still convex, but the optimum power allocation value occurs at

λ = 0.05. This is consistent with the previously stated fact that for an iid Gaussian

source, allocating all the power to analog is the optimum way. It is also interesting

to see that the value of ρ does not make a significant performance change when all

the power is allocated to digital. By inspecting the distortion expression (3.41), we

can observe the insignificant role of ρ when λ = 1.

Finally, Fig.3.13 depicts the effect of the Rayleigh fading parameter θg on the
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distortion curves. A higher value θg means a higher mean fading value, which trans-

lates into a higher received CSNR. It’s obvious hence that better channel conditions

result in lower average distortion. Also as discussed, lower received CSNR shifts the

optimum value of λ more to the left, resulting in more power being allocated to the

analog part of the system. For the case of unspecified outage, optimization of the
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Figure 3.13: Average Distortion Vs. λ for Different Values of Rayleigh Parameter

distortion expressions given by (3.34) and (3.41) involves two variables, as shown in

problem formulation (3.43). To examine the convexity of this objective function, the
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Hessian matrix

∂2E{D}∂λ2
∂2E{D}
∂λ ∂g0

∂2E{D}
∂λ ∂g0

∂2E{D}
∂g20

 was found to be positive definite, assuming the

source and channel parameters given by (3.44)-(3.46). A 3-D plot for this distortion

expression in dB against λ and g0 is plotted in Fig.3.14.

It is also interesting to see how each of λ and g0 affect the average distortion
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Figure 3.14: Average Distortion Vs. λ and g0

individually. We can set λ = λi and find the optimum g0
∗
i ∈ [0, 3θg] and the corre-

sponding E {D (g0∗, λi)}. In Fig.3.15, E {D (g0
∗
i , λi)} is plotted against λi ∈ [0, 1].

Similarly, E {D (g0i, λi
∗)} can be computed and plotted against g0i ∈ [0, 3θg] ,

as illustrated in Fig.3.16. Together, these two plots show the existence of a global

minimum for the selected source and channel parameters over the feasible set deter-

mined by the constraints set on λ and g0.

The optimization constraints in both (3.42) and (3.43) define sets that are convex.

We have considered discrete and Rayleigh fading, with specified and unspecified

outage probabilities, resulting in four optimization problems. Since the present-

ed objective functions are convex, defined over convex sets, we are dealing with

four convex optimization problem with inequality constraints. In the next section,

another coding scheme known as Multi-Layer coding is introduced, which can be
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considered as a rival to our HDA system. ML coding is analyzed and its performance

results are compared with those of the proposed HDA system. Optimizing the M-

L coding system also results in four convex optimization problems with inequality

constraints. Such problems can be solved by different numerical techniques, such as

interior-point methods. In this work, though, we opted to solve them using MAT-

LAB built-in function fmincon, since the focus of this thesis is mainly study of HDA

systems. The systems are studied under different scenarios, and their performances
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are computed and compared with each other. These results are presented in chapter

4.

3.5 Multi-Layer(ML) Coding

ML coding can be considered as a competitor to HDA coding, as it is also meant

to provide better decoding quality to channels with higher CSNR. Similar to HDA,

an important factor in designing an ML scheme is the power allocation between

the different layers. Inspired by the work in [50], where the number of layers is

matched to the number of fading levels, we found the optimum power allocation for

two ML schemes, with 4 and 8 levels, corresponding to two considered discretized

Rayleigh channels. Similar to our HDA scheme, the two ML coders also incorporate

a predictive coder for source compression, and then code the prediction error to

different resolutions. The power allocation proposed in [50] could not be applied,

however, due to the difference in the source model and the encoder structure.

In an ML coding scheme, the base layer is the most coarse description of the source,

decodable at all CSNRs. The receivers experiencing the second lowest CSNR will

be able to decode the two lowest layers, and so on. In general , for an iid Gaussian

source X, and for an AWGN fading channel with M states, each having a channel

gain of gi and a corresponding probability of qi, the average distortion bound of an

ML code, denoted as DML, can be found through the following sets of equations,

where Ri is the rate associated with the ith coding level, and Di is the decoding
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distortion at the ith CSNR.

R1 =
1

2
log2

(
1 +

g21P1

N

)
R2 =

1

2
log2

(
1 +

g22P2

N + g22P1

)
.

.

.

Ri =
1

2
log2

(
1 +

g2i Pi

N + g2i
∑i−1

j=1 Pj

)
i > 1

(3.47)

D1 = σ2
X2−2R1

D2 = σ2
X2−2(R1+R2)

.

.

.

Di = σ2
X2−2(

∑i
j=1Rj) i > 1

(3.48)

DML =
M∑
j=1

qjDj (3.49)

For a source described by (3.44), the ML coder combined with predictive source

coder can be used in a similar way as our proposed HDA scheme. For such a system,

the equations (3.47) and (3.48) should be modified, since the signal being coded is

not the source X, but the prediction error e. The prediction error variance was

derived and presented in (3.22), and is repeated here below, with the quantization

rate RQ replaced by the rate of the base layer R0, which is designed for the CSNR

corresponding to g0. In a discrete fading channel with channel gains g1, g2, ..., gM ,

where gj > gk if j > k, and with corresponding probabilities q1, q2, ..., qM , g0 can only

be assigned to one of those M values. Similar to our HDA system, this assignment
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is dependent of the outage probability, whether it is limited to a specific ceiling, or

if it is allowed to vary.

R0 =
1

2
log2

(
1 +

g20P

N

)
σ2
e =

σ2
ε

1− ρ2 2−2R0

(3.50)

Replacing σ2
X by σ2

e , the average distortion for the predictive ML coder is given by

the following equation.

DMLPredictive =
σ2
ε

1− ρ2 2−2RQ

(
q1.2

−2R1 + q2.2
−2(R1+R2) + ...+ qM .2

−2(R1+R2+...+RM )
)

(3.51)

Finding the minimum average ML distortion involves the optimum distribution of

the total power Pt between the M layers, in addition to finding the value of g0,

if there is no limitation on the outage probability. It should be noted that some

layers can be allocated no power, and hence resulting in zero rate. There can be

two problem formulations, the first of which, presented below, is for the case where

the outage ceiling is specified.

Min
P1,P2,...,PM

E {DML}

s.t. 0 ≤ Pi ≤ Pt i = 1, 2, ...M

and
M∑
i=1

Pi = Pt

(3.52)

If there is no upper bound on the outage probability, however, the optimum amount

of outage must be determined as well.

Min
P1,P2,...,PM ,g0

E {DML}

s.t. 0 ≤ Pi ≤ Pt i = 1, 2, ...M ;

M∑
i=1

Pi = Pt

and 0 ≤ g0 ≤ 3θg

(3.53)
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As previously explained, the bounds on g0 are due to the fact that around 99% of

occurrences of a Rayleigh distributed random variable with parameter θg lie in the

interval [0, 3θg].

In the following sections, the performance of our HDA scheme will be illustrated

and compared with those of the ML-predictive scheme, purely digital, and purely

analog schemes. The results are obtained for the source and channel specifications

given by (3.44) and (3.45), for both cases of specified and unspecified outage, and

for both discrete and continuous fading channels.
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Chapter 4

Results

In this chapter, we present the results obtained on the performance of our proposed

HDA scheme, comparing it with its digital counter part, multi-layer coding, as well

as pure digital and analog coding schemes. Both continuous and discrete fading

channels are considered, where in the former, the fading distribution is assumed to

be Rayleigh, and in the latter, the discrete fading levels and their corresponding

probabilities are derived from a discretized Rayleigh distribution. In our compari-

son, we study two important metrics: the average and the instantaneous signal to

distortion ratios (SDR). Average SDR is defined as the ratio between the source

variance and the optimum average distortion, which we aim at minimizing.

SDR =
σ2
X

Eg {D∗}
(4.1)

Instantaneous signal to distortion ratio, on the other hand, reflects the optimized

system performance at each possible fading fading level (i.e. each CSNR), and is

basically a function of the channel gain.

SDR(g) =
σ2
X

D∗(g)
(4.2)

For the given source and channel, the two mentioned performance metrics, average

and instantaneous SDRs, are found and compared for our proposed HDA scheme, in

addition to multi-layer (ML) coding, pure digital coding, and analog transmission.
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4.1 Specified Outage

We first present the results for the case where maximum allowed outage is specified.

This outage is mapped to a channel gain g0, which is the minimum channel gain

required for the receivers to experience in order to be able to decode the digital data.

We analyze the average and the instantaneous signal to distortion ratios (SDR), as

previously described by (4.1) and (4.2), and now specialized as follows.

SDR =
σ2
X

Eg {D |g0 = g∗0, λ = λ∗}
(4.3)

SDR(g) =
σ2
X

D(g)|g0=g∗0 ,λ=λ∗
(4.4)

In the remainder of this section, a set of plots are presented that demonstrate the

performance of our HDA scheme under both discrete and Rayleigh fading channels,

where the source and the channel models are given by (3.44) and (3.45), respective-

ly. Also included are the performance results of the ML-predictive scheme, purely

digital, and purely analog systems.

In Fig. 4.1, the average SDR is computed and plotted for different values of the total

CSNR,
PT
N

, where the channel is a four-state fading channel. It can be seen that the

HDA-predictive scheme results in the highest average SDR for all the values of
PT
N

,

achieving around an additional 0.6 dB over the ML-predictive scheme designed with

4 layers. Furthermore, the ML-predictive scheme beats the purely digital scheme,

which is essentially a one-layer ML scheme. Analog understandably performs the

poorest, since it is incapable of taking advantage of the source correlation. The same

pattern is repeated for the 8-level fading channel, as seen in Fig. 4.2. It can also

be seen that when the same Rayleigh fading channel is discretized to eight levels

rather than four, all schemes achieve better results. Evaluation of the other metric,

the instantaneous SDR, can provide further insight into the superiority of our HDA

scheme. In order to compute the instantaneous SDR, the schemes are optimized for
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Figure 4.1: Average SDR Vs. Total CSNR: Four-State Fading Channel
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Figure 4.2: Average SDR Vs. Total CSNR: Eight-State Fading Channel

the case where
PT
N

= 100 or 20 dB and maximum allowable outage is 10%. HDA,
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ML, and analog schemes will behave differently at different occurances of the chan-

nel gains, or fading levels. This is where the instantaneous CSNR at the receiver

comes from. For the case of channel gain of 1, this received CSNR is equal to 20

dB, but at different values of the channel gain, it can take many other values. In

Fig. 4.3 and Fig. 4.4, the instantaneous SDR is plotted against the instantaneous

CSNR for the two discrete fading channels of four and eight levels, respectively.
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Figure 4.3: Instantaneous SDR Vs. Instantaneous CSNR: Four-State Fading Chan-

nel

It can be seen that in the case of 4-level fading channels, there are only four

different possible received qualities. Similarly, the 8-level fading channel results in

discrete instantaneous SDR of eight values. Channels experiencing higher received

CSNR, corresponding to better channel conditions, experience a higher signal quali-

ty. In figure (4.3), none of the HDA, ML and digital schemes result in any outage-all

receiver are able to decode the data. This cannot happen in a continuous fading

channel, though, since there are instances that the CSNR drops to very low values.

In the case of 8-level channel, as shown in Fig. (4.4), the poorest channel quality
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Figure 4.4: Instantaneous SDR Vs. Instantaneous CSNR: Eight-State Fading Chan-

nel

does result in outage. The analog scheme, though, never results in complete out-

age, as it is in general a feature of analog transmission in general. In both figures,

HDA-predictive strictly outperforms its counterpart ML-predictive. It only results

in lower performance than digital at very low CSNRs, corresponding to deep fades,

and compared to analog, always has higher SDR values, except in the case of outage.

The other strong feature of HDA-predictive is the graceful degradation it achieves,

where unlike the digital scheme, its instantaneous SDR degrades smoothly with the

degradation of the channel quality. The ML-predictive scheme does seem to achieve

graceful degradation as well, but as it will be shown soon, this is not exactly the

case.

In figures (4.5) and (4.6), the average SDR and the instantaneous CSNR are plotted

for the case of Rayleigh fading. In this channel, the channel gain amplitudes are not

discrete any more, going all the way down to zero. Hence, in such a channel, which

is actually a good model for urban environments [4], there must always be some
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outage in digital and ML schemes. The same is true for HDA, of course, due to the

presence of its digital base layer. When designing an ML scheme, the channel must

be considered as discrete, however, since the number of layers are limited, and each

layer must be designed for a specific CSNR. Therefore, in this comparison, the same

Rayleigh fading channel has been discretized to four and eight levels to compute the

performance of ML-4 and ML-8 schemes.
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Figure 4.5: Average SDR Vs. Average CSNR: Rayleigh Fading Channel

It is observed that HDA-predictive scheme results in the highest average SDR

for the entire range of total CSNRs, followed by ML-8 and ML-4 schemes. The gap

between the curves increases at higher total CSNRs. A deeper insight can be taken

away from figure (4.6), showing the instantaneous performance of these schemes.

We see that except for analog, all other schemes result in some outage, as expected.

The outage for HDA-predictive and Digital is the same amount, but for ML-4 and

ML-8, the outage probability can only be set to certain values. We can also see that

the digital scheme provides two levels of quality only, either outage, or a certain

61



Instantaneous CSNR(dB)
-5 0 5 10 15 20

In
st

an
ta

ne
ou

s 
S

D
R

(d
B

)

0

2

4

6

8

10

12

14

16

18

20
Rayleigh Fading Channel

HDA
ML-8
ML-4
Digital
Analog

ML-8

Analog
HDA

ML-4

Digital

Figure 4.6: Instantaneous SDR Vs. Instantaneous CSNR: Rayleigh Fading Channel

level designed for a user with the weakest channel that is able to decode the data.

The ML schemes improve on the digital schemes, providing improvements at higher

CSNRs, but this improvement happens only at the discrete designed levels, resulting

in stair case curves. Analog provides graceful degradation, outperforming the other

schemes at very high CSNRs, but achieving very low quality at low CSNRs. The

HDA-predictive scheme however, provides a true graceful degradation, having a

shape similar to analog, while providing higher signal qualities than the rest of the

schemes at most non-outage CSNRs.

In the next section, the same results presented here are going to be shown for the

case where the outage ceiling is not specified.
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4.2 Unspecified Outage

For the case where the outage level is free to change, there are two variables that can

play a role in minimizing the end to end distortion: the parameter g0, corresponding

to the outage level, and λ, representing the power allocation factor. For the case of

a discrete fading channel with four and eight levels of channel quality, the following

figures show the average SDR against total CSNR.
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Figure 4.7: Average SDR Vs. Average CSNR: Four-State Fading Channel

We can observe a very similar pattern as those observed in Fig. 4.1 and 4.2, where

HDA-predictive provides the highest average signal to distortion ratio, followed by

the ML-predictive scheme, digital and analog. By comparing Fig.4.7 with 4.1, and

also 4.8 with 4.2, it can be seen that the case where the outage ceiling is not limited

does result in a higher performance. In addition, the case where the channel is

discretized to more levels causes a higher signal quality.

Similarly, the instantaneous performance of the schemes, as shown in 4.9 and 4.10

for four-state and eight-state channels, reconfirm the results shown in Fig.4.3 and
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Figure 4.8: Average SDR Vs. Average CSNR: Eight-State Fading Channel

4.4.
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Figure 4.9: Inst SDR Vs. Inst CSNR: Four-State Fading Channel
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Figure 4.10: Inst SDR Vs. Inst CSNR: Four-State Fading Channel

Finally, a comparison of the studied schemes for a Rayleigh channel is presented

in Fig.4.11 and 4.12. Similar to the case of unspecified outage, HDA-predictive

provides a higher average SDR for the Rayleigh fading channel. We can see that

each scheme selects a different outage level to achieve their best performance, but

HDA-predictive offers the highest signal quality. The two ML schemes results in

the stair case phenomenon, by providing a limited number of signal quality levels

according to the channel CSNR. The number of the stairs in an ML scheme with

M layers though, need not be equal to M , as some layers might not be allocated

any power. The digital scheme, which is essentially an ML scheme with one layer,

provides only one level of quality to all users, when it does not result in outage.

4.3 Simulation Results

In this section, the designed HDA-predictive scheme is used in a communication
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Figure 4.12: Inst SDR Vs. Inst CSNR: Rayleigh Fading Channel

system to compare the practicality of the method, and whether or not it can actually

outperform the conventional predictive digital coding. A large sample of data from

a first-order Gauss-Markov source, following (3.44), was generated in MATLAB.
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This was done by randomly generating 100000 uncorrelated bits, following Gaussian

distribution, resulting in a white Gaussian data source. The data was then passed

through a first-order all-pole filter, with the following transfer function.

H (z) =
1

1− ρz−1
(4.5)

In order to source code the data, a first-order predictor filter with parameter a = ρ

is used. The prediction error is then fed into a uniform quantizer in cascade with an

entropy encoder, a combination that is known to perform well for Gaussian sources

[6], while at the same time, being easy to implement. This is as opposed to the

use of a vector quantizer which can achieve a nearly optimum performance for high

dimensional code spaces, but with the cost of increased complexity. The distortion

expression for such combination of a uniform quantizer and an entropy coder, for a

Gaussian source with variance σ2
S, is given by the following.

D =
πe

6
σ2
S2−2H (4.6)

The parameter H is the entropy of the output bit stream resulting from the quan-

tizer. This expression is obtained from the relationship between a uniform quantizer

step size ∆ and its resulting distortion, in addition to the relationship between the

input and output entropy of the entropy encoder.

D ≈ ∆2

12

H (Q (X)) = h (X)− log2 (∆)

h (X) = log2
(
σ
√
πe
) (4.7)

Notice that h(X) is the differential entropy of a continuous Gaussian random vari-

able [3]. Comparing this distortion expression to the rate-distortion function of a

Gaussian source, we can see that such an encoding scheme increases the distortion

by a factor of
πe

6
or 1.53 dB. It should be noted that equation (4.6) does not hold

for very small rates. The distortion value actually will be larger than the source
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variance σ2
S for rates below 0.255, and is not very accurate for slightly higher rates.

Therefore, in our simulations, we only studied the cases where the rate was greater

than 0.5.

An arithmetic encoder was used for the purpose of entropy coding, since it is a pow-

erful lossless code which can compress a bit stream very close to the source entropy

for a sufficiently long data block. The error obtained from the scalar quantization

is the analog signal that is sent over the channel.

Typically, the source data stream after compression is channel encoded, where the

addition of redundancy in forms of channel codes provides protection against cor-

ruption caused by data transmission through a communication channel. Channel

coding hence lowers the effective transmission rate, distancing it from the optimal

Shannon rate. In our simulation setting, we opted to omit channel encoding, since

we were interested to observe the performance of the HDA-predictive scheme under

different power allocation factors, including the optimum one. This would essentially

translate into different transmission rates, and hence would require designing multi-

ple channel codes, making the simulation test significantly more complicated. Since

the purpose of this study is not to test out channel coding schemes, we opted to omit

channel coding, operate at the Shannon capacity, and assume the channel does not

cause any errors in the transmitted data. This in fact is not an unrealistic assump-

tion, since powerful codes such as LDPC and turbo codes are able to reach close

to the Shannon bound, while achieving arbitrarily low probability of transmission

error [7]. The analog signal, however, is passed through a Rayleigh fading AWGN

channel, as modelled in (3.45), with the Rayleigh parameter θg = 0.5, power to noise

variance ratio of
PT
N

= 100, and maximum allowable outage of 10%. The fading was

assumed to be slowly-varying, with the channel gains remaining constants over a

block of data being transmitted. We used the MATLAB function raylrnd to gen-

erate the Rayleigh-distributed channel gains, and randn to generate WGN samples.

At the receiver, the corrupted analog signal is passed through a linear minimum
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mean-squared error filter, as described in (3.14). The recovered digital signal, which

is the quantized prediction error samples, is used to obtain the quantized source

samples. This is done by using a second predictor filter at the receiver side. Finally,

the recovered analog signal samples are summed up with the reconstructed digital

samples to form the final source sample estimates. This process was explained more

thoroughly in chapter 3, and illustrated in Fig. 3.4 and Fig. 3.6.

In the first part of the simulation process, different power allocation factors, λ, were

tried out, and the corresponding average end-to-end distortion values were comput-

ed, where time average was used as an estimation of the ensemble average. This was

done to see if there is indeed an optimum value of λ. It should be noted again that

λ ∈ [0, 1], where λ = 0 corresponds to the case where all the power is allocated to

analog, while λ = 1 means that the system is purely digital. The result is illustrated

in Fig. 4.13. It can be seen that the optimum power allocation factor occurs at

λ∗ = 0.87, indicating that allocating 87% of the power to the digital part, and the

remaining 13% to analog will result in the lowest average distortion. The reason that

values smaller than 0.6 were not considered for λ is to have the digital rate greater

than 0.5. It can be seen that operating at λ∗ improves the average distortion by

approximately 1 dB, compared to the fully digital system.

Next, for different values of total CSNR,
PT
N

, the simulation was run to find the

average distortion for the HDA system, operating at λ∗. The obtained average SDR

values are shown in Fig. 4.14, alongside with the theoretical performance curve for

the HDA system, as well the simulation results for a purely digital system. It can be

seen that the HDA-Simulation average SDR follows a similar pattern to that of HDA-

Theoretical, while being approximately 2 dB lower. This is expected, as the source

coder used in the simulation, uniform quantizer followed by arithmetic encoder, can

not reach the optimal performance level. The simulated HDA system, however,

outperforms the simulated digital system, which again confirms that λ∗ 6= 1.
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In Fig. 4.15, the instantaneous SDR is plotted against the Instantaneous CSNR

for HDA-Simulated, HDA-Theoretical, and Digital-Simulated systems. Again, it is
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observed that the simulated HDA system does not match the theoretical case. It

does, however, achieve a graceful degradation in the non-outage parts, a feature

that is one of the great advantages of HDA systems. It also outperforms the digi-

tal simulated systems for the majority of CSNRs, with the performance difference

increasing as the channel conditions improve, i.e. higher instantaneous CSNR. The

digital system exhibits the threshold effect by providing two levels of quality only,

outage or a constant value.
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Chapter 5

Discussion and Conclusion

In this work, a Predictive Hybrid Digital-Analog coding system was proposed and

studied for coding correlated sources. HDA systems can combat the problems as-

sociated with digital coding systems, while maintaining many of their advantages.

The most important drawbacks found in digital coding are the levelling-off effect,

where the signal quality does not improve as the channel condition improves, and

the threshold effect, where the signal decoding process breaks down if the channel

CSNR falls below the code design point. These problems don’t occur in analog sys-

tems, however, which is the motivation behind the proposal of HDA systems, where

part of the signal is digitally coded, and the other part is transmitted using analog

techniques. HDA systems can eliminate levelling-off effect, and can potentially mit-

igate the threshold effect. In this work, we incorporated a predictive source coder

into an HDA coder to be able to code correlated sources using HDA systems as well,

a problem that is not studied thoroughly in the literature.

Due to the presence of two coders in an HDA system, digital and analog, the re-

sources must be divided between these two parts. These resources are the available

transmission power and bandwidth. A technique called superposition coding is used,

where the digital and analog signals at the encoder side are summed up and trans-

mitted over the entire bandwidth, and at the receiver side, separated by the digital
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decoder, by treating the analog signal as noise. This comes at the the cost of reduced

digital rate, but proves to be optimum for Gaussian sources. Since we focused on

correlated Gaussian sources, we opted for superposition coding, and hence avoided

the problem of bandwidth splitting between the digital and analog coders. The

transmission power, however, must be divided between the two, and it must be

done in an optimal way. The optimality criterion we selected was the average end to

end decoding distortion. We hence formulated an optimization problem, where the

optimum power allocation is found to minimize the average distortion. The source

was modelled as a first-order Gauss-Markov source, and the channel as an AWGN

fading channel.

We carried out a series of analyses to observe the behaviour of the proposed pre-

dictive HDA operating at the optimum power allocation point. The results were

categorized into two groups, one where there is no upper bound on the allowable

outage probability, and the other one with a specified maximum tolerable outage

level. For each category, three cases of fading were considered: 4-level and 8-level

discrete fading, in addition to continuous Rayleigh fading. Two performance met-

rics were computed for each case,one being the average end to end distortion,or

equivalently, average signal to distortion ratio (SDR), and the second one being

the instantaneous SDR. Average SDR was the metric that we aimed at minimiz-

ing, whereas instantaneous SDR shows how the code works under different channel

conditions. In order to subjectively evaluate the performance of the predictive H-

DA system, we evaluated the two metrics for a similar coding technique, a rival

to HDA, multi-layer (ML) coding. An ML coder transmits a coarse description of

the source intended for users experiencing weak channel conditions, while sending

additional details, or refinement information about the source, at multiple levels

for stronger users. A predictive source coder was also incorporated into the ML

coder to have a fair comparison. In addition, purely analog and digital systems

were also evaluated. The results for all the cases consistently proved the superiority
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of the HDA-predictive scheme, whether for the average or the instantaneous SDR,

while avoiding the levelling-off effect. The ML-predictive scheme does provide the

stronger users with higher signal quality, but this improvement in the performance

is not smooth like its HDA counterpart; it is rather in a stair-case shape. Increas-

ing the number of layers reduces the performance jumps between these stair case

levels, but at the time, increases the complexity of the system design significantly.

HDA can actually be considered a generalization of the ML scheme, where slightest

improvement in the instantaneous CSNR improves the instantaneous SDR, while

being considerably less computationally expensive to design. An ML code with M

layers must divide the power optimally between all the M levels, while in the design

of an HDA system, the power must be divided between two layers only.

Simulations were also carried out, where a uniform quantizer in cascade with an

arithmetic encoder was used to source code the prediction error. This combination

is easy to implement and very effective for Gaussian sources, except at very low rates

(We used rates higher than 0.5 bits per sample.)In one simulation setting, different

levels of power allocation were tested to find the optimum one, showing that at that

point, the system performance is superior to that of a purely digital system. Aver-

age and Instantaneous SDRs were also found for the implemented HDA-predictive

scheme, and the results were compared to the theoretical SDR curves for the HDA-

predictive coder, as well as a simulated purely digital system using the same source

coder. While beating the digital system, the implemented HDA-predictive scheme

did not reach the theoretical SDR values. This was predicted, since the theoret-

ical curves are based on asymptomatic values, which the combination of uniform

quantizer and entropy coder cannot reach. The simulations did show, however, that

the HDA architecture can be successfully implemented and can outperform digital

systems.

Overall, it can be said that HDA coding is a very promising technique, with a great

potential to be adapted for broadcasting due to the graceful performance improve-
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ment/degradation it provides. There is certainly lots of room for further research

into this area. A possible next step to further this work can be to study the cases

where there is excess channel bandwidth compared to the source bandwidth. In that

case, a joint optimal bandwidth splitting and power allocation must be considered,

since superposition coding will no longer be optimal. This will of course increase the

design complexity. Another interesting study could be to pay more attention to the

content of the analog signal. An example could be splitting the signal in bandwidth,

and transmitting the quantization error for the high-energy content only. This can

also be accomplished by using transform coding, with a joint power and bit allo-

cation between the signal components for both digital and analog codes. In fact,

the quantization error does not necessarily have to be the only candidate for analog

transmission.

Another important step that could facilitate the adaption of HDA schemes in the

industry standards is the study of more practical sources and codes. More practical

codes must be developed, tailored for common audio and video sources.
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