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Abstract 

 

 

Optical coherence tomography (OCT) is a rapidly growing imaging modality that produces high 

resolution three dimensional images that can be applied to different medical and industrial 

applications . Obtaining higher depth of imaging and higher imaging quality are important goals 

in OCT systems. One of the main factors that affects the penetration depth and imaging quality 

of OCT systems is the presence of noise. The depth-scan photocurrent of time domain (TD) OCT 

system is degraded by a class of correlated and signal dependent noise. The joint probability 

density function of the depth-scan photocurrent can be considered as Gaussian random process 

that is completely characterized by its second order statistics. Both the mean and the covariance 

functions of the depth-scan photocurrent are functions of the depth variant axial reflectance of 

the object. We present a stable and computationally efficient OCT image restoration technique to 

obtain the maximum likelihood estimates of the axial reflectance of the object and to estimate the 

electrical noise variance.  
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Chapter 1  

Introduction 

Imaging and examining subsurface microstructures in biological tissues is one of the most 

important research goals in diagnostic medical applications. Optical Coherence Tomography 

(OCT) is a relatively new and advanced non-invasive diagnostic imaging modality that produces 

high-resolution three-dimensional images that can be applied to different medical and industrial 

applications [1-4] . However, image quality and penetration depth of OCT imaging are limited 

due to multiple scattering and different noise sources. 

OCT, first developed by Huang [1], is similar to ultrasound, except that it uses a light source 

instead of sound to probe a sample. The use of a light source allows OCT systems to produce 

high resolution images from internal microstructures of biological tissues at a higher speed. 

Some of the advantages of OCT, over other alternative optical and non-optical imaging 

modalities, are its high axial and transverse resolution, contact free and non-destructive 

operations. OCT produces three-dimensional images from a series of laterally adjacent depth 

scans.  The scanning procedure can be done into two ways: one in axial direction which is 

performed by moving the reference mirror, second in transverse direction that is performed either 

by moving the object or by scanning the illuminating beam probing the object. OCT techniques 

are generally divided into two main categories: Time-domain (TD) OCT and Frequency-domain 

(FD) OCT. Frequency domain OCT includes Spectral Domain (SD) and Swept Source (SS) 

OCT. 

One of the most important issues in OCT imaging technology is that its penetration depth and 

image quality are limited due to the presence of noise and multiple scattering. The results of 
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various studies showed that the primary effects of noise and multiple scattering in OCT are 

reduction of penetration depth, image resolution and contrast. Generally, the sources of noise in 

OCT systems can be classified as either system noise or speckle noise. System noise includes 

noises arising from the optical components of the OCT system such as the light source and 

optical detectors. In addition, OCT images are distorted with speckle noise arising from the 

interference of the multiple scattered sample fields [25]. When an object with roughness in the 

order of wavelength of the light is illuminated with a coherent light source such as laser, the back 

reflected lights interfere with each other and form a particular pattern. This particular pattern is 

called a speckle pattern that consists of alternately dark and bright spots of variable shapes that 

corresponds to the maximum and minimum intensity of the resulting interfered wave and 

distributed in a random way. This signal distortion can lead to inaccurate image interpretation. In 

the following sections, these types of noise in OCT systems are explained in detail. 

To enhance the image quality and to have better visualization of the sample, an effective image 

restoration technique should be developed. In the past decades, different image denoising and 

speckle reduction algorithms have been developed for other imaging modalities such as 

Synthetic Aperture Radar (SAR) and ultrasound. In studies [35-40], it was shown that those 

methods can also be applied for suppression of noises in OCT. On the other hand, there are many 

digital image processing techniques that are specifically developed for reduction of noises and 

image restoration in OCT systems [41-48].   

To date most of these noises removal and OCT image restoration methods were deterministic 

and did not consider the statistical nature of the noise. On the other hand, noise is a random 

process that has no particular pattern. Therefore, development of an advanced statistical image 

restoration technique that considers the random nature of the noise would be extremely useful.  
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Such OCT image restoration techniques are more powerful and effective than the deterministic 

techniques used before [20]. 

1.1  Organization of this thesis 

 

Developing a stochastic OCT image restoration algorithm requires a random process model that 

characterizes the random nature of the noise and real signal in OCT system. In chapter 2 of this 

thesis, the general theory and background of OCT systems are briefly explained. This is because 

understanding the OCT image restoration method requires first understanding the operations of 

an OCT system.  Therefore, in chapter 2 the basic working principle of different types of OCT 

techniques is discussed in more detail. 

In Chapter 3, the various noise sources in OCT systems and their statistical natures are discussed. 

In OCT, the depth-scan photocurrent was modeled as a Gaussian random process that is 

completely determined by its second order statistics [20].  In chapter 3, the mean and 

autocorrelation functions of the depth-scan photocurrent in time-domain OCT in two different 

configurations are discussed. Also, the covariance function of the photocurrent is derived and the 

dependency of the noise statistics on the time-domain OCT signal is verified.  

In chapter 4, the complicated expressions of mean and covariance functions of the depth-scan 

photocurrent are simplified.  A typical time-domain OCT set up with differential optical 

detection is considered and its system parameters are calculated. Then the mathematical 

expressions of the second order statistics of the depth-scan photocurrents are approximated based 

on the timing analysis of the system. Finally the mean and covariance functions of the depth-scan 

photocurrent are written in a discrete matrix form. Hence, the random process model for the 

depth scan photocurrent in time domain OCT is obtained in chapter 4.  
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The main contributions of this thesis are discussed in chapters 5 and 6: first, we develop an OCT 

image restoration algorithm using sparse least squares. Second, a Markov Chain Monte Carlo 

(MCMC) based simulated annealing OCT image restoration technique is presented.  

Chapter 5 presents OCT image restoration techniques based on the random process model 

developed in chapter 4. This chapter mainly discusses an image restoration algorithm using least 

squares. The technique presented in this chapter exploits sparsity of the system model when 

solving the least squares problem. The term sparse refers to the data structure used to store the 

matrix. Therefore by exploiting the sparsity of the system model, we can save storage and 

processing times. Finally the least squares problem is solved using the Cholesky factorization 

method and the noise variance of the system is also calculated in this chapter. We also 

demonstrated the effectiveness of this algorithm by applying it to degraded OCT images. 

In chapter 6, a statistical simulated annealing using Gibbs sampling method is developed to 

restore the degraded OCT image. Gibbs sampling is a family of MCMC used to generate random 

sample values from a high dimensional distribution. In this chapter we validate the effectiveness 

of the simulated annealing algorithm by comparing its results to the least squares outputs. 

Finally, in chapter 7 we present my conclusions and suggested future work. 

1.2 Thesis research contributions 

First we investigated the statistical properties of the photocurrent and noise in a TD-OCT system 

with differential light detection. Then the second order statistics of the depth-scan photocurrent 

proposed in [20] was reviewed. Since the covariance function of the photocurrent is complicated 

expression, we developed a timing analysis for a TD-OCT with differential detection, and then 

the complicated expression of the covariance function is simplified. Following the 

simplifications, we wrote the second order statistics of the photocurrent in matrix form. Finally, 
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based on the random process model of the depth scan photocurrent in TD-OCT, we developed a 

stable and computationally efficient OCT image restoration technique. The sample of OCT 

images was restored from the degraded image by calculating the best estimates of the parameters 

of the random process model. In this thesis, two different OCT image restoration techniques are 

proposed: first, we implemented an OCT image restoration algorithm using sparse least squares 

technique. Second, we developed an OCT image restoration algorithm using stochastic 

optimization techniques. We demonstrated the performance of the algorithms by applying them 

to OCT images of Axolotl eggs. In the following sections, these methods and results are 

discussed briefly. 
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Chapter 2 

Optical Coherence Tomography 

Optical coherence tomography (OCT) is a relatively modern, non-invasive imaging modality that 

can be used for tissue section imaging using a light source backscattered from individual layers 

of the examined tissue. In addition to being used for structural imaging of a biological sample, 

the physical properties of the sample, such as absorption and scattering can also be extracted 

from the back reflected and backscattered fields [1].  

OCT imaging is similar to ultrasound imaging except that it uses light instead of sound to probe 

a sample. Generally, in comparison to the existing imaging modalities such as microscopy, 

confocal microscopy, magnetic resonance imaging (MRI) or ultrasound, OCT is relatively new 

and advanced imaging modality that fills the gap between ultrasound and confocal microscopy.  

OCT achieves an axial resolution of between 1 um to 15 um, which is one to two orders of 

magnitude higher than ultrasound imaging [2]. However, comparing to ultrasound imaging, OCT 

has less penetration (2-3 mm) due to the fact that light is strongly scattered and absorbed in 

biological tissues [1]. Also in comparison with confocal microscopy, OCT achieves a lower axial 

resolution which can reach 0.5 um [3]. However, the penetration depth of confocal microscopy is 

typically less than 100um which is much smaller than OCT [3]. 

OCT utilizes optical interferometry to measure the backscattered light from the object [1-4]. In 

OCT, a two dimensional image of a sample is generated by scanning the object in axial and 

transverse directions. That is, by measuring the magnitude and echo time delays of the 

backscattered light that comes from the different depths of the object, a two dimensional OCT 
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image can be constructed. Axial and lateral resolutions of OCT images are in the order of few 

microns (𝜇𝑚) . 

OCT imaging systems can broadly be divided into: time-domain OCT (TD-OCT) and frequency 

domain OCT (FD-OCT). FD-OCT includes spectral domain (SD) and swept source (SS) OCTs. 

OCT is most commonly applied in medical imaging as a diagnostic tool to extract specific 

features of biological tissues by measuring the local reflectivity of backscattered light from its 

different depths [12]. OCT is also applied to other areas of medicine, such as dermatology [13], 

laryngology [14], tumor margining [16] and dentistry [15]. However, the applications of OCT 

are not limited to biomedical imaging, but also extend to industrial applications. For example, 

OCT has been used in a wide variety of industrial fields such as studying polymer matrix 

composites (PMCs) [17], surface and thickness measurements, glass, polymers, fiber and paper 

composites [18]. 

In additional to being used for capturing the 3-D images of samples, OCT has also been used for 

functional imaging. Doppler OCT is an example of functional OCT system that is capable of 

extracting velocity of blood flow and provides a detailed information of the blood flow in a 

turbid media [5-11]. 

2.1 Time-Domain OCT 

Time-domain OCT (TD-OCT) is a low coherence interferometry (LCI) based imaging technique 

for non-invasive imaging of internal structures of biological samples [19]. LCI is an optical 

technique that uses a low coherence light source and is used to detect the magnitude and echo 

time delay of a backreflected light [19].  Figure 2.1 shows a schematic diagram of typical TD-

OCT configuration using direct light detection. 
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Figure 2.1 A typical TD- OCT set up with direct light detection 

 

A TD-OCT set up configuration consists of a low-coherent light source, beam splitter, movable 

mirror, sample object and photodetector. The moving mirror and imaging object are situated in 

the reference and sample arms of the interferometer respectively. The beam splitter divides the 

incoming light sources equally into two beams where the first beam travels to the reference 

mirror and the other beam illuminates the sample. In the reference arm, the scanning speed of the 

mirror is typically in the range of kHz. The two back reflected waves, one reflected by the mirror 

and other backscattered from the sample, are interfered by the beam splitter. Finally, the 

photodetector records the interference intensity signal originating from the optical mixing of the 

back reflected fields.  The amplitude of the interference current signal is proportional to the local 

value of the backscattering coefficient at the corresponding probing depth. 
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The variation of the time delay in the reference wave path results in a phase difference between 

the back reflected fields. This phase difference provides structural information of the sample in 

the form of an ‘A’ scan. A-scan is simply a one-dimensional image of the sample at a specific 

depth. By superimposing multiple A-scans, a cross-sectional image of the sample called B-Scan 

or volumetric image of the microstructure of the sample can be obtained. In TD-OCT, the image 

acquisition rate is limited by speed of the moving mirror.  

By fixing the optical path length of the two arms to be equal at the surface of the sample, an 

effective interference fringe signal can be obtained at the detector. One important factor in TD-

OCT is coherency of the light source. Coherence is one of the most important and useful 

properties of light that measures its random nature [51].  In TD-OCT, the coherency nature of the 

light source affects both axial and lateral resolutions of the image. Light coherence can be 

broadly classified into: spatial and temporal.  Spatial coherence can be defined as the correlation 

between different points on the same wave fronts of an optical field: 〈𝑉(𝑥1,𝑡)𝑉
∗(𝑥2,𝑡)〉. Whereas 

temporal coherence is the correlation of an optical fields at the same position, but at two different 

times:  〈𝑉(𝑥, 𝑡 + 𝜏)𝑉∗(x, 𝑡)〉. Temporal coherence measures the similarity of an optical field with 

a delayed version of itself.  Light sources typically used in OCT systems are spatially coherent.  

2.2 Resolution of TD-OCT  

One of the most important and useful features for characterizing imaging performance is image 

resolution. There are two types of image resolution in OCT systems: axial resolution and lateral 

or transverse resolution. Both axial and lateral resolutions are independent of each other. This 

can be seen as one of the main advantages of OCT systems.  
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2.2.1 Axial resolution 

In TD-OCT, the axial resolution can be determined from the coherence length of the light source. 

The coherence length 𝑙𝑐 = 𝑐𝑜𝜏𝑐 is the spatial width of the autocorrelation function of the field 

generated at the interferometer [21], where 𝜏𝑐 is the coherence time of the light source and 𝑐𝑜 is 

speed of light in vacuum. For TD-OCT systems with a light source having Gaussian spectral 

distribution, the axial resolution is given by [21] 

∆z =
2ln 2

π
(
λ2

Δλ
), 

(2.1) 

 

where λ and Δλ are central wavelength and line width of the light source. Clearly from the above 

expression, it can be seen that the axial resolution is inversely proportional to the bandwidth of 

the light source. Thus a light source with broad bandwidth is required to achieve high axial 

resolution.  

2.2.2 Transverse resolution 

The lateral resolution of an OCT system depends on the wavelength of the light source and on 

the optical components in the sample arm such as the numerical aperture of the optical beam 

probing the sample.  The lateral resolution of an OCT system with a Gaussian beam source is 

given by [53] 

𝛿𝑥 =
0.37𝜆𝑜
NA

, 

 

  (2.2) 

where 𝜆𝑜 is the central wavelength of the light source and NA is the numerical aperture of the 

optical beam. A higher lateral resolution can be achieved by using light a source with long 
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wavelength and a lens with high numerical aperture [52]. However, similar to conventional 

microscopy, increasing the numeric aperture of the lens would result in a decrease in the 

penetration depth [25].  

2.3 Frequency-Domain OCT   

TD-OCT had introduced the potential of “optical biopsy” in situ and in real time. However, as it 

is mentioned in the above sections, TD-OCT suffers from some performance limitations. First, 

image acquisition is very slow due to the mechanical movement of the mirror in the reference 

arm.  Second, the imaging speed is related to detection sensitivity. Therefore, even if the 

scanning speed increases, detection sensitivity drops because detection bandwidth has to be 

increased proportionally. 

Frequency-domain OCT (FD-OCT) is relatively new OCT system that has the potential to 

overcome these limitations of TD-OCT.  It enables both high sensitivity and high image 

acquisition rate at the same time by keeping the time consuming mechanical reference mirror 

stationary. Hence, FD-OCT can extend imaging speed up to several hundred thousand lines per 

second [22-23]. In addition to sensitivity, FD-OCT offers a better performance in terms of SNR. 

Similar to TD-OCT, the depth resolution in FD-OCT also depends on the spectral width Δλ  of 

the optical source. FD-OCT can be categorized into two types of systems: spectral domain OCT 

and swept source OCT. 

2.3.1 Spectral-domain OCT  

In spectral-domain OCT (SD-OCT), a broadband light source is used, which is similar to TD-

OCT. The configuration set up of the SD-OCT is also similar to TD-OCT except that the 

reference mirror is fixed and the photodetector is replaced by an optical spectrometer. Figure 2.2 

shows a schematic diagram of a typical configuration of a SD-OCT system. From figure 2.2, the 
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optical spectrometer consists of diffracting grating (DG) and a charge coupled device (CCD) 

camera (line detector array) and measures the spectrum of the light. In SD-OCT, the depth 

information is obtained by evaluating the spectrum of interferogram.  Similar to TD-OCT, the 

interferometer is illuminated with a broadband low coherence light source.  The spectral width of 

the source is given by [24] 

∆𝑣 =
𝜆2

𝛥𝜆
 , 

         (2.3) 

and the light is divided into two beams by beam splitter. The beam incident on sample is 

backscattered from internal structure at different depths within the sample or tissue. The beam 

incident on the reference mirror is reflected from a reference arm whose position is fixed. In FD-

OCT mechanical movement of the reference mirror is not required as the entire reflection signal 

from the tissue or sample is acquired simultaneously.                                    

The light returning from both arms falls on the diffracting grating, which disperses it into 

different wavelengths. The intensity of each spectral component is simultaneously recorded by 

an array of linear detectors to form a heterodyne signal in a one-dimensional spectral domain 

[24]. This heterodyne signal is the Fourier transform of the optical field disturbance of the 

sample. Eventually, the backscattered light profile as a function of sample depth is obtained by 

taking the inverse Fourier transform of the spectrum of the backscattered light.  
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Figure 2.2 A typical configuration of a SD-OCT system 

The signal from the sample comes from its different depths, which then combines with reference 

arm signal to form interference.  Therefore axial information is acquired by the different 

interference profiles at different optical path lengths in reference and sample arms.  Thus 

different wavenumber results from signals of both the arms on the detector side, and thereby the 

total interference signal is obtained from the intensity distribution of the light source times the 

squared sum of the two backscattered signals. 

However, one of the main disadvantages of SD-OCT is that the uses a CCD array in the 

spectrometer, which may cause image degradation by sample arm motion, which may in-turn 

wash out interference fringes during the pixel integration time. Furthermore, limited pixel 

resolution of the CCD limits SD-OCT for in-vivo endoscopic imaging applications. 

2.3.2 Swept source OCT 
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Swept-source OCT (SS-OCT) is also known as optical frequency domain interferometry (OFDI). 

Unlike the SD-OCT, in SS-OCT the optical spectrometer is replaced by a single photodetector 

which overcomes certain limitations of SD-OCT such as fringe washout and low resolution by 

allowing longer wavelengths. Figure 2.3 shows a schematic diagram of a typical configuration of 

a SD-OCT system. One of the main differences of SS-OCT from TD-OCT and SD-OCT systems 

is that SS-OCT uses a continuous and repetitively tunable narrowband laser source, which is 

frequency swept in time with a single photodetector. 

             

                                         Figure 2.3 A typical configuration of a SS-OCT system 

 

Similar to TD-OCT and SD-OCT, the interferometer is illuminated with the light source and the 

beam splitter divides the incoming light into two beams. The interference of the back reflected 

fields is recorded with the photodetector. 
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Then the photodetector samples the recorded signal at equal spectral intervals. Each wavelength 

scan produces depth information from interference pattern by reflection at different depths.  
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Chapter 3 

 

Statistical modeling for photocurrent and noise in TD-OCT  

Image resolution, penetration depth, imaging speed and signal to noise ratio remain to be 

challenges for OCT. There are factors that tend to reduce the image quality and can also limit the 

depth of OCT imaging.  Noise is one of the main factors that affects the performance of OCT 

imaging. Noise has no particular pattern and exists in all types of imaging techniques. Generally, 

the sources of noise in OCT systems can be classified into two: system noise and speckle noise. 

System noise includes noise arising from the optical components of the system such as the light 

source and optical detectors. One of the main types of system noise in OCT is shot noise. Shot 

noise changes the pixel values of OCT images randomly and it is also known as impulse noise. 

Shot noise generally arises due to the fact that photons arrive randomly at the surface of the 

photodetector. The variation of photons at the detector during an interval period 𝑇 produces 

random electric current [55]. 

In addition, OCT images are distorted with speckle noise arising from the interference of the 

multiple scattered sample fields [25]. When an optically rough object is illuminated with a 

coherent light source such as laser, the back reflected light forms a particular pattern that consists 

of alternately dark and bright spots of variable shapes and distributed in a random way. This 

signal distortion can lead to inaccurate image interpretation. Speckle pattern in SD-OCT can 

originate from the convolution of an arbitrary point-spread function (PSF) of the OCT detector 

with a randomly distributed sample field reflectivity [26]. In [27-30], the statistical properties of 

speckle noise in OCT imaging have been studied. In many imaging techniques, speckle is 
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considered as a random process that has Rayleigh density function [31-33] and under a certain 

conditions it is assumed to have a Gaussian distribution [34].  

Another main type of noise in OCT systems is thermal noise that is produced by random motion 

of electrons at high temperatures and inside resistive materials [56]. The random movement of 

electrons produce random electric current regardless of the presence of the optical radiation at 

the detector. The effect of this thermal noise, 𝑛𝑒𝑙𝑒𝑐𝑡(𝑡) , in optical detectors was modeled as 

uncorrelated white Gaussian random process [57]. In this type of noise, the random noise value 

at each pixel of the OCT image is generated from a Gaussian probability density function that 

has zero mean and an autocorrelation function given by [58]  

𝐸[𝑛𝑒𝑙𝑒𝑐𝑡(𝑡1)𝑛𝑒𝑙𝑒𝑐𝑡(𝑡2)] =
4𝐾𝐵𝑇𝐵

𝑅𝐿
𝛿(𝑡2 − 𝑡1), 

 

  (3.1) 

where 𝐾B is the Boltzmann constant, 𝐵 is the bandwidth of the detector, and 𝑅L is the equivalent 

load resistance at temperature 𝑇. Since the electronic thermal fluctuations are independent of the 

OCT photocurrent fluctuations, this type of noise can be considered as an additive noise [57]. 

Also, for a TD-OCT with differential light detection, the thermal noises in both detectors are 

independent of one another. Generally, all sources of noise in TD-OCT systems can be regarded 

additive (i.e. the random value of the noise field is added to the true value of the image pixels). 

Therefore the measured OCT photocurrent 𝑧 at the output of the photodetector can be written as, 

 

𝑧 = 𝑖 + 𝑛,   (3.2) 

where 𝑧 is the measured OCT photocurrent, 𝑖 is the real signal photocurrent without noise and 𝑛 

is the additive signal generated from the noise components in the OCT system.  
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Furthermore, a robust and effective technique should be developed to enhance the image quality, 

to have better visualization of the sample and to avoid obscure identification of small or thin 

tissue structures. The penetration depth and image resolution can also be increased by 

implementing a robust noise reduction technique.  In past decades, numerous methods have been 

developed for reducing noise in OCT systems. Generally, reduction of noise in OCT systems can 

be performed either prior the image formation or after the image is recorded. The techniques that 

are applied after an image is recorded are commonly called image post-processing methods.  

Different image processing methods were proposed to improve the resolution of OCT images 

and also to reduce the effect of noise on OCT images. However, most of these methods were 

deterministic and did not consider the statistical nature of the noise and photocurrents.  Statistical 

concepts in OCT technology were mainly used to calculate the average SNR in the different 

OCT configuration set ups [59] [60] and also to investigate speckle noise in OCT images [61]. 

However, in a recent study [20], it is shown that the depth scan photocurrent in TD-OCT, using a 

polarized thermal light source, OCT could be modeled as a Gaussian random process that is 

completely determined by its second order statistics (mean and autocorrelation function). This 

statistical knowledge allows us to develop many stochastic image processing algorithms to 

enhance the performance of OCT systems.  

In this chapter, the mean and autocorrelation functions of the depth-scan photocurrent in time 

domain-OCT in two different configurations are discussed. Also, the covariance function of the 

photocurrent is derived and the dependency of the noise statistics on the time domain OCT signal 

is verified. In the next chapter, the mathematical expressions of mean and covariance functions 

of the depth-scan photocurrent are simplified and written in a discrete matrix form.  
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3.1 Typical TD-OCT with direct optical detection 

In TD-OCT, the photodetector records the interference intensity signal originating from the 

optical mixing of the back reflected reference and sample fields. Then the detector converts the 

optical interference intensity to photocurrent at its output. In digital signal processing, the 

photocurrent signal from the detector of the OCT system is given in a finite set of values in a 

function of time (or space). The real-valued photocurrent 𝑖(t) in an optical detector whose area is 

smaller than the coherence area of the incident optical intensity 𝑖(𝑡) is given by [20] 

𝑖(t) = ∫ ℎ𝑑𝑒𝑡(𝑡 − 𝑡
′)𝑑𝑁(𝑡′)

∞

−∞

 

  (3.3) 

Where 𝑁(𝑡)denotes a Poisson random process and represents the generation of the 

photoelectrons at the detector, ℎ𝑑𝑒𝑡 is the real-valued impulse response function of the detector. 

The generation of photoelectrons is related to the optical intensity as 

d𝑁(𝑡′) = 𝜌𝐼𝑂𝐶𝑇(t)   (3.4) 

Thus the photocurrent can be written in terms of the optical intensity as follows 

𝑖(𝑡) = 𝜌 ∫ ℎ𝑑𝑒𝑡(𝑡 − 𝑡
′)𝐼𝑂𝐶𝑇(𝑡

′)

∞

−∞

𝑑𝑡 
  (3.5) 

Clearly from the above Eq. (3.5), the photocurrent at the output of a detector is obtained by 

convolving the optical intensity 𝐼𝑂𝐶𝑇(𝑡) with the impulse response of the detector ℎ𝑑𝑒𝑡 

[20].Where 𝜌 is a constant of quantum mechanical nature and is approximated as [62]. 

 𝜌 ≅ 𝜂 ℎ�̅�⁄  (3.6) 
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Where 𝜂 is the probability of release of single photocurrent due to an incident photon, ℎ is the 

Plank’s constant and �̅� is the central optical frequency.  

 The statistical mean is obtained by taking the expectation 𝐸 of the photocurrent given by Eq. 

(3.3) 

𝐸 [𝑖(t) = ∫ ℎ𝑑𝑒𝑡(𝑡 − 𝑡
′)𝑑𝑁(𝑡′)

∞

−∞

] 
   (3.7) 

  

And by using the linearity of expectation operator and by inserting Eq. (3.5), it can be written as, 

𝐸[𝑖(𝑡)] = 𝐸 [ ∫ ℎ𝑑𝑒𝑡(𝑡 − 𝑡
′)𝑑𝑁(𝑡′)

∞

−∞

] = 𝜌 ∫ ℎ𝑑𝑒𝑡(𝑡 − 𝑡
′)𝐸[𝐼𝑂𝐶𝑇(𝑡

′)]

∞

−∞

𝑑𝑡   
  (3.8) 

 

In addition, the autocorrelation 𝐸[𝑖(𝑡1)𝑖(𝑡2)] is obtained by taking the expectation 𝐸 of the 

product 𝑖(𝑡1)𝑖(𝑡2) 

E[𝑖(𝑡1)𝑖(𝑡2)] = ∫ ∫ ℎ𝑑𝑒𝑡(𝑡1 − 𝑡1
′ )

∞

−∞

∞

−∞

ℎ𝑑𝑒𝑡(𝑡2 − 𝑡2
′ )𝐸[𝑑𝑁1(𝑡1

′ )𝑑𝑁2(𝑡2
′ )]   

  (3.9) 

 

Where 

𝐸[𝑑𝑁1(𝑡1
′ )𝑑𝑁2(𝑡2

′ )] = {𝜌2𝛤(𝑡1
′ , 𝑡2

′ ) + 𝜌𝐸[𝐼𝑂𝐶𝑇(𝑡1
′ )]𝛿(𝑡2

′ − 𝑡1
′ )}𝑑𝑡1

′ 𝑑𝑡2
′     (3.10) 
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And Γ(𝑡1, 𝑡2) = E[𝐼𝑂𝐶𝑇(𝑡1)𝐼𝑂𝐶𝑇(𝑡2)] is the autocorrelation function of the optical intensity at the 

photodetector. The value of Γ(𝑡1
′ , 𝑡2

′ ) is zero for 𝑡1 = 𝑡2 this is because in Poisson process, two 

photoelectrons cannot be generated simultaneously.  

3.1.1 Mean of photocurrent in direct light detection 

In the design of TD-OCT systems with direct light detection, the coupler divides the incoming 

low coherence light source into two wavefield components.  The first wavefield 𝑉𝑟 travels to the 

reference mirror and the other wavefiled 𝑉𝑠 probes the sample. The reference wavefield scans the 

movable mirror and is back reflected to the coupler after a time delay f(t) proportional to the 

path length.  

            

Figure 3.1 Typical time domain OCT set up with direct optical detection. 

 

The sample field is also reflected back from the microstructures of the sample before it is 

directed to the photodetector where it interferes with the backreflected reference field. For each 
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depth scan, the sample wavefield undergoes a time delay 𝜏 proportional to the depth of the 

sample. Then the two fields are interfered at the detector and interference from these fields 

results in an interferogram with set of interference fringes. The power of the interference signal 

is recorded by the optical detector, which is given by [20] 

 

𝐼𝑂𝐶𝑇(𝑡) = |𝑉𝑟[𝑡 − 𝑓(𝑡)]|
2 + 

|∫ 𝑉𝑠(𝑡 − 𝜏)𝑅(𝜏)
∞

0

𝑑𝜏|

2

+ 2𝑅𝑒 {𝑉𝑟[𝑡 − 𝑓(𝑡)]∫ 𝑉𝑠
∗

∞

0

(𝑡 − 𝜏)𝑅(𝜏)𝑑𝜏} 

  (3.11) 

Where Vs(𝑡) and Vr(𝑡) are the fields at time, 𝑅 is object’s reflectance profile and ∗ represents 

complex conjugate operator.  

The above intensity expression consists of three terms: the first and second terms represent the 

respective intensities of the back reflected reference and sample fields and are the DC 

components of the recorded signal. The field back reflected from different depths of the sample 

is multiplied by reflectance of the object R at the corresponding depth. And, since the absolute 

value of R is always less than unity, the back reflected sample field component |∫ 𝑉𝑠(𝑡 −
∞

0

𝜏)𝑅(𝜏) 𝑑𝜏|
2
 can be ignored [20]. The third term represents the interference fringe signal and it 

carries information about the optical properties of the sample at different depths. The amplitudes 

of these sets of interference fringes is directly proportional to the amplitudes of the object’s 

reflectance 𝑅(𝜏). 

With the assumptions on the optical source to be stationary and ergodic, the statistical mean of 

the optical intensity 𝐸[𝐼𝑂𝐶𝑇(𝑡)] can be calculated as a time average over a large window 

compared to the optical period but small compared to the measurement time [20], i.e.  
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𝐸[𝐼𝑂𝐶𝑇(𝑡)] ≅ 〈𝐼𝑂𝐶𝑇(𝑡)〉   (3.12) 

Where the operator 〈∙〉 denotes the time averaging. Let 𝑉𝑠𝑟𝑐 represent the analytic signal of the 

optical field of the source. The reference 𝑉𝑟 and sample fields 𝑉𝑠 can be written in terms of the 

source field as 𝑉𝑟 = 𝑎𝑉𝑠𝑟𝑐 and 𝑉𝑠 = 𝑏𝑉𝑠𝑟𝑐 respectively. Where 𝑎 and 𝑏 are complex constants 

specific to a TD-OCT system.  Therefore, the statistical mean of the photocurrent 𝐸[𝐼𝑂𝐶𝑇(𝑡)] in 

TD-OCT with direct light detection configuration is obtained by taking the time average of the 

intensity given in Eq. (3.11) as follows 

𝐸[𝐼𝑂𝐶𝑇(𝑡)] ≅ 〈𝐼𝑂𝐶𝑇(𝑡)〉 

≅ 〈|𝑎𝑉𝑠𝑟𝑐[𝑡 − 𝑓(𝑡)]|
2〉 + 2𝑅𝑒 {𝑎𝑏∗ 〈𝑉𝑠𝑟𝑐[𝑡 − 𝑓(𝑡)] × ∫ 𝑉𝑠𝑟𝑐

∗
∞

0

(𝑡 − 𝜏)𝑅(𝜏)𝑑𝜏〉} 

 

  (3.13)  

Since the time variations of the fields 𝑉𝑟(𝑡) and 𝑉𝑠(𝑡) are much faster than the time variation of 

the reference arm delay 𝑓(𝑡) for even the fastest TD-OCT setups, then 𝑓(𝑡) could be considered 

as a constant when averaging the intensity over a time window.  Thus, the statistical mean of the 

optical intensity can be written as, 

𝐸[𝐼𝑂𝐶𝑇(𝑡)] = |𝑎|
2〈𝐼𝑠𝑟𝑐〉 + 〈𝐼𝑠𝑟𝑐〉 × 2𝑅𝑒 {𝑎𝑏

∗∫ 𝛾𝑠𝑟𝑐

∞

0

(𝜏 − 𝑓(𝑡))𝑅(𝜏)𝑑𝜏} 
  (3.14) 

Where 𝛾𝑠𝑟𝑐 is the autocorrelation function of the light source. For TD-OCT with reference mirror 

linearly scanned, the time delay 𝑓(𝑡) could be written as 𝑓(𝑡) = 𝛼𝑡. Where 𝛼 is the delay 

coefficient of the mirror and is given by 𝛼 = 2
𝑉𝑚𝑖𝑟𝑟𝑜𝑟

𝑐0
 . Where 𝑉𝑚𝑖𝑟𝑟𝑜𝑟 is velocity of the mirror 

and 𝑐0  is the speed of light in vacuum. Also by using the Hermitian property of the 

autocorrelation function, 𝛾𝑠𝑟𝑐(𝜏 − 𝑡) = 𝛾𝑠𝑟𝑐
∗(𝑡 − 𝜏), the statistical mean of the optical intensity 

can be written in a convolution form as, 
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𝐸[𝐼𝑂𝐶𝑇(𝑡)] = |𝑎|2〈𝐼𝑠𝑟𝑐〉 + 〈𝐼𝑠𝑟𝑐〉 × 2𝑅𝑒 {𝑎𝑏
∗∫ 𝛾𝑠𝑟𝑐

∗
∞

0

(𝛼𝑡 − 𝜏)𝑅(𝜏)𝑑𝜏}   
  (3.15) 

Ultimately, substituting Eq. ( 3.15) into Eq. (3.8), the statistical mean of the photocurrent 𝐸[𝑖(𝑡)] 

in direct detection is obtained as 

𝐸[𝑖(𝑡)] = 𝜌|𝑎|2⟨𝐼𝑠𝑟𝑐⟩ ∫ ℎ𝑑𝑒𝑡(𝑡
′)𝑑

∞

−∞

𝑡′ + 𝜌⟨𝐼src⟩ ∙ hdet(𝑡) ⊗ 2𝑅𝑒{ab∗[γsrc⊗R](α𝑡)}  
  (3.16) 

3.1.2 Autocorrelation function of the photocurrent in direct light detection 

The autocorrelation function of the photocurrent is determined by the autocorrelation function of 

the optical intensity, Γ(𝑡1, 𝑡2) = 𝐸[𝐼𝑂𝐶𝑇(𝑡1)𝐼𝑂𝐶𝑇(𝑡2)]. Therefore, the autocorrelation function of 

the optical intensity should be calculated first. To simplify the derivation, the instantaneous 

optical intensity at the detector is given by Eq. (3.11) and can be written as  

𝐼𝑂𝐶𝑇(𝑡) = 𝐼𝑂𝐶𝑇
𝑑𝑐 (𝑡) + 𝐼𝑂𝐶𝑇

𝑖𝑛𝑡 (𝑡)  (3.17) 

Where the 𝐼𝑂𝐶𝑇
𝑑𝑐 (𝑡) and 𝐼𝑂𝐶𝑇

𝑖𝑛𝑡 (𝑡) are the DC and interferometric intensity components respectively 

, and are given by, 

𝐼𝑂𝐶𝑇
𝑑𝑐 (𝑡) = |𝑎𝑉𝑠𝑟𝑐[𝑡(1 − α)]|

2 (3.18) 

𝐼𝑂𝐶𝑇
𝑖𝑛𝑡 (𝑡) = 2𝑅𝑒 {𝑎𝑏∗𝑉𝑠𝑟𝑐[𝑡(1 − α)]∫ 𝑉𝑠𝑟𝑐

∗
∞

0

(𝑡 − 𝜏)𝑅(𝜏)𝑑𝜏} 

 

(3.19) 

The autocorrelation function of the intensity is obtained by taking the expectation 𝐸[. ] of the 

product 𝐼𝑂𝐶𝑇(𝑡1)𝐼𝑂𝐶𝑇(𝑡2). Where 𝐼𝑂𝐶𝑇(𝑡1) and 𝐼𝑂𝐶𝑇(𝑡2)  are the optical intensities at 𝑡 = 𝑡1 and 

𝑡 = 𝑡2 respectively and are calculated using Eq. (3.17). And by applying the linearity property of 

expectation operator, Γ𝐼𝑂𝐶𝑇(𝑡1, 𝑡2) is obtained as, 
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Γ𝐼𝑂𝐶𝑇(𝑡1, 𝑡2) = 𝐸 [(𝐼𝑂𝐶𝑇
𝑑𝑐 (𝑡1) + 𝐼𝑂𝐶𝑇

𝑖𝑛𝑡 (𝑡1)) (𝐼𝑂𝐶𝑇
𝑑𝑐 (𝑡2) + 𝐼𝑂𝐶𝑇

𝑖𝑛𝑡 (𝑡2))], 

 

= 𝐸[𝐼𝑂𝐶𝑇
𝑑𝑐 (𝑡1)𝐼𝑂𝐶𝑇

𝑑𝑐 (𝑡2)] + 2𝐸[𝐼𝑂𝐶𝑇
𝑑𝑐 (𝑡1)𝐼𝑂𝐶𝑇

𝑖𝑛𝑡 (𝑡2)] + 𝐸[𝐼𝑂𝐶𝑇
𝑖𝑛𝑡 (𝑡1)𝐼𝑂𝐶𝑇

𝑖𝑛𝑡 (𝑡2)], 
 

  (3.20) 

 

Using Gaussian moment theorem, we could find an appropriate expression for each term of the 

autocorrelation function.  Since the electric field of polarized thermal light has complex Gaussian 

random process[49 ], the forth order correlation function of complex Gaussian random variable   

𝑉𝑖 can be calculated as follows [51] 

𝐸[𝑉1
∗𝑉2

∗𝑉3𝑉4] = 𝐸[𝑉1
∗𝑉3]E[𝑉2

∗𝑉4] + 𝐸[𝑉1
∗𝑉4]𝐸[𝑉2

∗𝑉3]. 
 

  (3.21) 

 

On applying Eq. 3.21 to Eq. (3.20) and by approximating (1 − 𝛼) ≅ 1, we obtain the 

autocorrelation function of the DC term as 

𝐸[𝐼𝑂𝐶𝑇
𝑑𝑐 (𝑡1)𝐼𝑂𝐶𝑇

𝑑𝑐 (𝑡2)] = |𝑎|
4⟨𝐼src⟩

2(1 + |γsrc(𝑡2 − 𝑡1)|
2) 

 

  (3.22) 

 

Also, the cross correlation function of the DC 𝐼𝑂𝐶𝑇
𝑑𝑐 (𝑡1) and interferometric intensity 𝐼𝑂𝐶𝑇

𝑖𝑛𝑡 (𝑡2) 

components is given by, 

2𝐸[𝐼𝑂𝐶𝑇
𝑑𝑐 (𝑡1)𝐼𝑂𝐶𝑇

𝑖𝑛𝑡 (𝑡2)] = 4|𝑎|2⟨𝐼src⟩
2𝑅𝑒 {𝑎𝑏∗ [∫ 𝛾𝑠𝑟𝑐

∗ (𝛼𝑡2 − 𝜏)

∞

0

𝑅(𝜏)𝑑𝜏 

+γsrc(𝑡2 − 𝑡1)∫ 𝛾𝑠𝑟𝑐
∗ (𝑡2 − 𝑡1 − 𝜏)𝑅(𝜏)𝑑𝜏

∞

0

]} 

 
 

  (3.23) 

And the autocorrelation function of the interference term of the intensity is given by, 
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𝐸[𝐼OCT
𝑖𝑛𝑡 (𝑡1)𝐼OCT

𝑖𝑛𝑡 (𝑡2)] = ⟨𝐼src⟩
22𝑅𝑒 {(𝑎𝑏∗)2 [∫ 𝛾𝑠𝑟𝑐

∗ (𝛼𝑡1 − 𝜏)

∞

0

𝑅(𝜏)𝑑𝜏∫ 𝛾𝑠𝑟𝑐
∗ (𝛼𝑡2 − 𝜏)

∞

0

𝑅(𝜏)𝑑𝜏 

+∫ 𝛾𝑠𝑟𝑐(𝑡2 − 𝑡1 + 𝜏)

∞

0

𝑅(𝜏)𝑑𝜏∫ 𝛾𝑠𝑟𝑐(𝑡1 − 𝑡2 + 𝜏)

∞

0

𝑅(𝜏)𝑑𝜏] + |𝑎|2|𝑏|2 [∫ 𝛾𝑠𝑟𝑐
∗ (𝛼𝑡1 − 𝜏)

∞

0

𝑅(𝜏)𝑑𝜏 

×∫ 𝛾𝑠𝑟𝑐(𝛼𝑡2 − 𝜏)

∞

0

𝑅∗(𝜏)𝑑𝜏 + γsrc(𝑡1 − 𝑡2)∫ ∫ γsrc

∞

0

∞

0

(𝑡2 − 𝑡1 + 𝜏1 − 𝜏2)𝑅(𝜏1)𝑅
∗(𝜏2)𝑑𝜏1𝑑𝜏2]} 

(3.24) 

Hence, by substituting Eq. (3.22), Eq. (3.23) and Eq. (3.24) into Eq. (3.20), the autocorrelation 

function of the optical intensity Γ𝐼𝑂𝐶𝑇(𝑡1, 𝑡2) is obtained. Therefore, on substituting Γ𝐼𝑂𝐶𝑇(𝑡1, 𝑡2) 

into Eq. (3.10) and by using Eq. (3.9), the autocorrelation function of TD-OCT photocurrent with 

direct detection configuration can be written as, 

E[𝑖(𝑡1)𝑖(𝑡2)] = 𝜌
2 ∫ ∫ ℎ𝑑𝑒𝑡(𝑡1 − 𝑡1

′ )

∞

−∞

∞

−∞

ℎ𝑑𝑒𝑡(𝑡2 − 𝑡2
′ ) × Γ𝐼𝑂𝐶𝑇(𝑡1

′ , 𝑡2
′ )𝑑𝑡1

′ 𝑑𝑡2
′

+ 𝜌∫ ℎ𝑑𝑒𝑡(𝑡1 − 𝑡1
′ )

∞

0

ℎ𝑑𝑒𝑡(𝑡2 − 𝑡1
′ )𝐸[𝐼𝑂𝐶𝑇(𝑡1

′ )]𝑑𝑡1
′    

 

  (3.25) 

 

Where 𝐸[𝐼𝑂𝐶𝑇(𝑡1
′)] is the statistical mean of the optical intensity and is given by Eq. (3.15). 

3.2  Typical TD-OCT setup with differential detection 

In this configuration set up, the sensitivity and SNR of TD-OCT systems are increased by 

employing two independent photodetectors in such a way that the photocurrent of the two 

photodetectors are subtracted from each another, 𝑖1-𝑖2. This subtraction allows the elimination of 

DC interference terms, thereby removing the excess photon noise due to the broad bandwidth of 

the light source.  This typical TD-OCT set up consists of two couplers where each coupler 

introduces a phase shift of  90° and is shown in figure 3.2. 
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                           Figure 3.2 Typical time domain OCT set up with differential optical detection. 

 

3.2.1 Mean of the photocurrent in Differential light detection  

 

The interferometer is illuminated with a low coherence light source and the coupler divides the 

incoming light source into two wave field components.  After the fields are backreflected from 

the two arms of the interferometry, the two detectors record the optical signals with 𝜋 phase shift 

difference coming from the couplers. The power of the interference signal in the first detector is 

given by [20] 
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𝐼1(𝑡) ≅
1

2
|𝑎𝑉𝑠𝑟𝑐[𝑡 − 𝛼𝑡]|

2 +  𝑅𝑒 {𝑎𝑏∗𝑉𝑠𝑟𝑐[𝑡 − α𝑡]∫ 𝑉𝑠𝑟𝑐
∗

∞

0

(𝑡 − 𝜏)𝑅(𝜏)𝑑𝜏} 

 

  (3.26) 

Also the power of the interference signal in the second detector has the same expression in Eq. 

(3.26) except that 𝑏 is replaced by −𝑏. The photocurrent of these two detectors are subtracted to 

give the final TD-OCT differential photocurrent: in this way the constant background signal is 

canceled out.  Let 𝑖1(𝑡) and 𝑖2(𝑡) be the two photocurrents with phase shift difference of 180° 

and the final TD-OCT differential photocurrent 𝑖𝑑𝑖𝑓𝑓(𝑡)is given by, 

𝑖𝑑𝑖𝑓𝑓(𝑡) = 𝑖1(𝑡) − 𝑖2(𝑡) 
  (3.27) 

The mean of the TD-OCT differential photocurrent is obtained by using the linear property of the 

expectation operator 𝐸[. ] , 

𝐸[𝑖𝑑𝑖𝑓𝑓(𝑡)] = 𝐸[𝑖1(𝑡)] − 𝐸[𝑖2(𝑡)]    (3.28) 

The means of the two photocurrents, 𝐸[𝑖1(𝑡)]  and 𝐸[𝑖2(𝑡)], in the two detectors have the same 

expression which is given by half the expression in Eq. (3.16) , but in the second mean the 

complex constant 𝑏 is replaced by – 𝑏 because of the phase shift of 180° introduced by the 

couplers. Thus, by substituting 𝐸[𝑖1(𝑡)] and 𝐸[𝑖2(𝑡)] into Eq. (3.28), the mean of the 

photocurrent in TD-OCT system with the differential light detection is given by, 

𝐸[𝑖𝑑𝑖𝑓𝑓(𝑡)] = 𝜌⟨𝐼src⟩ ∙ hdet(𝑡) ⊗ 2𝑅𝑒{ab∗[γsrc⊗R](α𝑡)}    (3.29) 

 

3.2.2 Covariance function of photocurrent in Differential light detection  
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In this section, the covariance function of the photocurrent in TD-OCT with differential light 

detection is calculated. For calculating the covariance function of the photocurrent in differential 

light detection configuration, the starting point is the expression  

 

Cit1it2 = E[𝑖𝑑𝑖𝑓𝑓(t1)𝑖𝑑𝑖𝑓𝑓(t2)] − E[𝑖𝑑𝑖𝑓𝑓(t1)]E[𝑖𝑑𝑖𝑓𝑓(t2)],    (3.30) 

 

Where 𝐸[𝑖𝑑𝑖𝑓𝑓(𝑡1)𝑖𝑑𝑖𝑓𝑓(𝑡2)] is the autocorrelation function of the differential photocurrent. To 

obtain a covariance function of the photocurrent 𝐸[𝑖𝑑𝑖𝑓𝑓(𝑡1)𝑖𝑑𝑖𝑓𝑓(𝑡2)] should be calculated first. 

The autocorrelation function of the photocurrent is obtained by taking the expectation 𝐸[. ] of the 

product 𝑖𝑑𝑖𝑓𝑓(𝑡1)𝑖𝑑𝑖𝑓𝑓(𝑡2) and using the relationship given in Eq. (3.27), which is written in the 

form of 

𝐸[𝑖𝑑𝑖𝑓𝑓(𝑡1)𝑖𝑑𝑖𝑓𝑓(𝑡2)] = 𝐸[(𝑖1(𝑡1) − 𝑖2(𝑡1))(𝑖1(𝑡2) − 𝑖2(𝑡2))], 

= 𝐸[𝑖1(𝑡1)𝑖1(𝑡2)] − 2𝐸[𝑖1(𝑡1)𝑖2(𝑡2)] + 𝐸[𝑖2(𝑡1)𝑖2(𝑡2)] 

 

  (3.31) 

The first and third terms in the right hand side of Eq. (3.31) are the autocorrelation functions of 

the photocurrent 𝑖1 and 𝑖2 in the two detectors.  The second term is the cross correlation function 

of the photocurrents in both detectors.  The first term [𝑖1(𝑡1)𝑖1(𝑡2)] , in the first detector, is 

obtained by inserting 𝐼/2 instead of intensity 𝐼 in the following relationship  

𝐸[𝑖(𝑡1)𝑖(𝑡2)] = 𝜌2 ∫ ∫ ℎ𝑑𝑒𝑡(𝑡1 − 𝑡1
′ )

∞

−∞

∞

−∞

ℎ𝑑𝑒𝑡(𝑡2 − 𝑡2
′ ) × Γ𝐼𝑂𝐶𝑇(𝑡1

′ , 𝑡2
′ )𝑑𝑡1

′ 𝑑𝑡2
′

+ 𝜌∫ ℎ𝑑𝑒𝑡(𝑡1 − 𝑡1
′ )

∞

0

ℎ𝑑𝑒𝑡(𝑡2 − 𝑡1
′ )𝐸[𝐼𝑂𝐶𝑇(𝑡1

′ )]𝑑𝑡1
′ .    

 

  (3.32) 

And in the second detector,  𝐸[𝑖2(𝑡1)𝑖2(𝑡2)] has the same expression as the first term except that 

the complex constant 𝑏 is replaced by – 𝑏 due to the phase shift of 𝜋 introduced by the couplers. 
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The cross correlation function of the photocurrent 𝐸[𝑖1(𝑡1)𝑖2(𝑡2)] can also be obtained using Eq. 

(3.32) but first, the cross correlation function of the intensity Γ𝐼𝑂𝐶𝑇1,𝐼𝑂𝐶𝑇1
(𝑡1, 𝑡2) should be 

calculated. Γ𝐼𝑂𝐶𝑇1,𝐼𝑂𝐶𝑇1
(𝑡1, 𝑡2) can be written as  

 

Γ𝐼𝑂𝐶𝑇1,𝐼𝑂𝐶𝑇1
(𝑡1, 𝑡2) = 𝐸{[𝐼𝑂𝐶𝑇1

𝑑𝑐 (𝑡1) + 𝐼𝑂𝐶𝑇1
𝑖𝑛𝑡 (𝑡1)][𝐼𝑂𝐶𝑇2

𝑑𝑐 (𝑡2) − 𝐼𝑂𝐶𝑇2
𝑖𝑛𝑡 (𝑡2)]}, 

 

= 𝐸[𝐼𝑂𝐶𝑇1
𝑑𝑐 (𝑡1)𝐼𝑂𝐶𝑇2

𝑑𝑐 (𝑡2)] − 𝐸[𝐼𝑂𝐶𝑇1
𝑖𝑛𝑡 (𝑡1)𝐼𝑂𝐶𝑇2

𝑖𝑛𝑡 (𝑡2)]. 

 

  (3.33) 

 

In this expression, the negative sign comes from the phase shift of 180° introduced by the 

couplers and 𝐼𝑂𝐶𝑇1
𝑑𝑐 = 𝐼𝑂𝐶𝑇2

𝑑𝑐  and 𝐼𝑂𝐶𝑇1
𝑖𝑛𝑡 (𝑡1) = 𝐼𝑂𝐶𝑇2

𝑖𝑛𝑡 (𝑡2). The terms 𝐸[𝐼𝑂𝐶𝑇1
𝑑𝑐 (𝑡1)𝐼𝑂𝐶𝑇2

𝑑𝑐 (𝑡2)] and 

𝐸[𝐼𝑂𝐶𝑇1
𝑖𝑛𝑡 (𝑡1)𝐼𝑂𝐶𝑇2

𝑖𝑛𝑡 (𝑡2)] are obtained using Eq. (3.22) and Eq. (3.23) respectively. On substituting 

Eq. (3.33) into Eq. (3.32), the term 𝐸[𝑖(𝑡1)𝑖(𝑡2)] is obtained. Thus using Eq. (3.31) and Eq. 

(3.32), the autocorrelation function of a TD-OCT system with differential light detection is 

obtained as, 

 

E[𝑖𝑑𝑖𝑓𝑓(t1)𝑖𝑑𝑖𝑓𝑓(t2)]

= 𝜌2 ∫ ∫ ℎ𝑑𝑒𝑡(𝑡1 − 𝑡1
′)

∞

−∞

∞

−∞

ℎ𝑑𝑒𝑡(𝑡2 − 𝑡2
′) × 𝛤𝑂𝐶𝑇

𝑖𝑛𝑡(𝑡1
′ , 𝑡2

′ )𝑑𝑡1
′ 𝑑𝑡2

′ + 

𝜌|𝑎|2⟨𝐼src⟩ ∫ ℎ𝑑𝑒𝑡(𝑡1 − 𝑡1
′)

∞

−∞

ℎ𝑑𝑒𝑡(𝑡2 − 𝑡1
′ )𝑑𝑡1

′ . 

 

  (3.34) 
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Where 𝛤𝑂𝐶𝑇
𝑖𝑛𝑡 (𝑡1, 𝑡2) = 𝐸[𝐼OCT

𝑖𝑛𝑡 (𝑡1)𝐼OCT
𝑖𝑛𝑡 (𝑡2)] is the autocorrelation function of the interferometric 

intensity components and is given by Eq. (3.24). By substituting Eq. (3.24) into Eq. (3.33), the 

autocorrelation function of the photocurrent given by Eq. (3.31) can be obtained as follows, 

E[𝑖𝑑𝑖𝑓𝑓(t1)𝑖𝑑𝑖𝑓𝑓(t2)] = 2𝜌2⟨𝐼src⟩
2 ∫ ∫ ℎ𝑑𝑒𝑡(𝑡1 − 𝑡1

′)

∞

−∞

∞

−∞

ℎ𝑑𝑒𝑡(𝑡2 − 𝑡2
′) 

× 𝑅𝑒

{
 
 
 
 
 
 

 
 
 
 
 
 

(𝑎𝑏∗)2

[
 
 
 
 
 
∫ 𝛾𝑠𝑟𝑐

∗ (𝛼𝑡1 − 𝜏)

∞

0

𝑅(𝜏)𝑑𝜏 ∙ ∫ 𝛾𝑠𝑟𝑐
∗ (𝛼𝑡2 − 𝜏)

∞

0

𝑅(𝜏)𝑑𝜏 +

∫ 𝛾𝑠𝑟𝑐(𝑡2 − 𝑡1 + 𝜏)

∞

0

𝑅(𝜏)𝑑𝜏 ∙ ∫ 𝛾𝑠𝑟𝑐(𝑡1 − 𝑡2 + 𝜏)

∞

0

𝑅(𝜏)𝑑𝜏
]
 
 
 
 
 

+

|a|2|b|2

[
 
 
 
 
 

∫ 𝛾𝑠𝑟𝑐
∗ (𝛼𝑡1 − 𝜏)

∞

0

𝑅(𝜏)𝑑𝜏 ∙ ∫ 𝛾𝑠𝑟𝑐(𝛼𝑡2 − 𝜏)

∞

0

𝑅∗(𝜏)𝑑𝜏 +

𝛾𝑠𝑟𝑐(𝑡1 − 𝑡2)∫ ∫ 𝛾𝑠𝑟𝑐

∞

0

∞

0

(𝑡2 − 𝑡1 + 𝜏1 − 𝜏2)𝑅(𝜏1)𝑅
∗(𝜏2)𝑑𝜏1𝑑𝜏2

]
 
 
 
 
 

}
 
 
 
 
 
 

 
 
 
 
 
 

𝑑𝑡1
′ 𝑑𝑡2

′ + 

𝜌|𝑎|2⟨𝐼src⟩ ∫ ℎ𝑑𝑒𝑡(𝑡1 − 𝑡1
′)

∞

−∞

ℎ𝑑𝑒𝑡(𝑡2 − 𝑡1
′ )𝑑𝑡1

′  

 

  (3.35) 

 

Finally, the covariance function of the photocurrent can be obtained using Eq. (3.30). The terms 

𝐸[𝑖𝑑𝑖𝑓𝑓(𝑡1)] and 𝐸[𝑖𝑑𝑖𝑓𝑓(𝑡2)] are calculated by Eq. (3.29). In TD-OCT with differential light 

detection, since the two optical detectors are considered to be identical, the same thermal noise 

will be recorded at the end of the two detectors. Therefore, the two identical sources of thermal 

noise are subtracted from each other, which leaves only the effect of the thermal noise in their 

final output resistor, 𝑅𝑑𝑖𝑓𝑓 . Hence, the thermal noise at the output of the TD-OCT with 

differential detection is obtained by Eq. (3.1) but with 𝑅𝐿 replaced by 𝑅𝑑𝑖𝑓𝑓. Also in the above 

sections it is mentioned that this thermal noise could be modeled as uncorrelated additive noise. 

Therefore, the autocorrelation function of the thermal noise given by Eq. (3.1) can be added to 
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the right hand side of Eq. (3.30). Thus using Eq. (3.35) and Eq. (3.30), the covariance function of 

TD-OCT system with the differential light detection is given by, 

 

𝐶𝑖t1𝑖t2 = 2𝜌2⟨𝐼src⟩
2 ∫ ∫ ℎ𝑑𝑒𝑡(𝑡1 − 𝑡1

′)

∞

−∞

∞

−∞

ℎ𝑑𝑒𝑡(𝑡2 − 𝑡2
′) 

× 𝑅𝑒

{
 
 
 
 
 
 

 
 
 
 
 
 

(𝑎𝑏∗)2

[
 
 
 
 
 
∫ 𝛾𝑠𝑟𝑐

∗ (𝛼𝑡1 − 𝜏)

∞

0

𝑅(𝜏)𝑑𝜏 ∙ ∫ γsrc
∗ (αt2 − τ)

∞

0

R(τ)dτ +

∫ γsrc(t2 − t1 + τ)

∞

0

R(τ)dτ ∙ ∫ γsrc(t1 − t2 + τ)

∞

0

R(τ)dτ
]
 
 
 
 
 

+

|a|2|b|2

[
 
 
 
 
 

∫ 𝛾𝑠𝑟𝑐
∗ (𝛼𝑡1 − 𝜏)

∞

0

𝑅(𝜏)𝑑𝜏 ∙ ∫ 𝛾𝑠𝑟𝑐(𝛼𝑡2 − 𝜏)

∞

0

𝑅∗(𝜏)𝑑𝜏 +

γsrc(𝑡1 − 𝑡2)∫ ∫ γsrc

∞

0

∞

0

(𝑡2 − 𝑡1 + 𝜏1 − 𝜏2)𝑅(𝜏1)𝑅
∗(𝜏2)𝑑𝜏1𝑑𝜏2

]
 
 
 
 
 

}
 
 
 
 
 
 

 
 
 
 
 
 

𝑑𝑡1
′ 𝑑𝑡2

′ + 

𝜌|𝑎|2⟨𝐼src⟩ ∫ ℎ𝑑𝑒𝑡(𝑡1 − 𝑡1
′)

∞

−∞

ℎ𝑑𝑒𝑡(𝑡2 − 𝑡1
′ )𝑑𝑡1

′ − 𝜌2⟨𝐼𝑠𝑟𝑐⟩
2. ℎ𝑑𝑒𝑡(𝑡1) ⊗ 

2𝑅𝑒{𝑎𝑏∗[𝛾𝑠𝑟𝑐⊗𝑅](𝛼𝑡1)}. ℎ𝑑𝑒𝑡(𝑡2) ⊗ 2𝑅𝑒{𝑎𝑏∗[𝛾𝑠𝑟𝑐⊗𝑅](𝛼𝑡2)} +
4𝐾𝐵𝑇𝐵

𝑅𝐿
𝛿(𝑡2 − 𝑡1), 

  (3.36) 

 

                          

Considering the mathematical expression of Eq. (3.36) for the differential light detection in TD-

OCT systems, it can be observed that the covariance function of the photocurrent is dependent on 

the axial reflectance of the object R.  This is an object dependent variable that typically varies 

with the depth of OCT imaging. Hence, the statistics of noise clearly change with the value of 

OCT signal that typically varies with the depth of OCT imaging.  
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Chapter 4 

Timing analysis for TD-OCT system  

In chapter 3, the second order statistics of the depth scan photocurrent were reviewed. The main 

objective of this chapter is to simplify the complicated mathematical expressions of the mean and 

covariance functions of the photocurrent given by Eq. (3.29) and Eq. (3.36) respectively. The 

second order statistics of the depth scan photocurrent includes all information on the statistical 

properties and the nature of the noise, the impulse response of the system, etc.  Generally the 

proposed approach is characterized by two main steps: first, finding a random process model for 

the depth scan photocurrent; and second, developing an image restoration algorithm that 

calculates the best estimates of the reflectance of the object. In this chapter, a non-stationary 

statistical model of the depth scan photocurrent in TD-OCT with differential light detection is 

developed and in the next chapter, the estimation algorithm is discussed in detail.  

From Eq. (3.29) and Eq. (3.36), it is clearly seen that the mean and covariance functions of the 

photocurrent are functions of the axial reflectance of the object,  𝑅. This dependency of the 

covariance function in the axial reflectance of the object, clearly shows the non-stationary 

property of the depth-scan photocurrent in TD-OCT systems. The mean and covariance 

expressions of the photocurrent consist many integration and convolution functions that make 

any digital signal processing technique difficult to actually implement based on the equations. 

In this section, the integration and convolution functions in Eq. (3.29) and Eq. (3.36) are 

approximated and a more simplified random process model for the photocurrent is obtained. This 

simplification makes it much easier to apply any of the statistical signal processing algorithms on 

the system model. 
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4.1 TD-OCT used for timing analysis 

For our analysis, a typical TD-OCT system with differential light detection and known 

specifications was used for calculating the integrals and convolution functions. Figure 4-1 shows 

the actual set up of the TD-OCT we used in our calculations.    

                        

Figure 4.1 Typical TD-OCT set up with differential optical detection. 

All the timing and parameters of this TD-OCT system are calculated. By considering the 

calculated values, the integral and convolution components of the mean and covariance functions 

of the photocurrent are approximated. Therefore, the calculations allow us to simplify and 

approximate the complicated expressions given in Eq. (3.29) and Eq. (3.36).  Finally, we write 

the mean and covariance functions of the TD-OCT photocurrent in discrete matrix form as 𝐦 

and 𝐂 respectivily. 
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The mean and covariance functions of the photocurrent are functions of the complex degree of 

coherence γsrc. From the timing analysis of the system, γsrc can be approximated as a delta 

function. To clarify, the complex degree of coherence γsrc is a function of the time difference 

between different depth points. Also, the coherence time of the broadband light sources (which is 

the width of γsrc) is on the order of femtoseconds. Therefore, given the pixels time scales 

(nanoseconds) and the coherence times (femtoseconds), when the complex degree of coherence 

is convolved with the axial reflectance of the object, clearly the complex degree of coherence can 

be considered as a delta function.  

To justify our approximation, a TD-OCT set up with differential optical detection with the 

following specifications was used: 

 15 MHz of carrier frequency.  

 Scanning speed of the delay line is 2.1𝐾𝐻𝑧 or 2,100 A-scans per second. Hence, the time 

duration of each A-scan is     
1

2100ℎ𝑧
= 0.476𝑚𝑠.  

 Total depth of imaging is 3.5𝑚𝑚  

 The bandwidth of photodetector is 80𝑀𝐻𝑧 

To demonstrate the ability of this TD-OCT to acquire good images, we present several images 

that were acquired for different purposes. Figure 4.3 and Figure 4.2 shows samples of our TD-

OCT measurements of an Axolotl egg with and without gel that are captured along the 

penetration depth (in length) and along  transverse directions separately.  The number of A-scans 

in these image is 600 and the depth of imaging is 3.5 mm. 
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                          (a) (b) 

Figure 4.2 A Sample of TD-OCT of Axolotl egg without gel (a) actual sample (b) OCT 

                                Image 

 

             

                         (a) (b) 

Figure 4.3 A Sample of TD-OCT of Axolotl egg with gel (a) actual sample (b) OCT 

                                   Image 

The acquisition rate of the data board is  62.5MHz . Therefore the minimum time interval 

 between two pixels  ∆𝑡𝑚𝑖𝑛 is 

Axolotl egg without gel 

Axolotl egg with gel 
Air-Embryo interface 

layer 
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 ∆𝑡𝑚𝑖𝑛 =
1

62.5𝑥 106𝐻𝑧
= 16𝑛𝑠, 

    (4.1) 

And the maximum time interval between two pixels ∆𝑡𝑚𝑎𝑥 is equal to the time interval of a 

single A-scan i.e. 

∆𝑡𝑚𝑎𝑥 = 0.476𝑚𝑠,    (4.2) 

Therefore the total number of pixels in each A-scan is calculated as 

𝐴_𝑠𝑐𝑎𝑛𝑝𝑖𝑥𝑒𝑙𝑠 =
0.476𝑚𝑠

16𝑛𝑠
= 29750, 

   (4.3) 

Also the minimum time delay due to propagation of the light inside the object is 𝜏𝑚𝑖𝑛 = 0  and 

the   maximum time delay 𝜏𝑚𝑎𝑥 is calculated using 

𝜏 =
2 × 𝑙

V𝑠𝑎𝑚𝑝𝑙𝑒
 

   (4.4) 

Where 𝑙 is the total one way depth of imaging and V𝑠𝑎𝑚𝑝𝑙𝑒 is velocity of the light inside the 

sample or tissue. When imaging tissue, the refractive index inside the sample can be assumed to 

be very close to that of water [54], 𝑛 = 1.33 and V𝑠𝑎𝑚𝑝𝑙𝑒  is given by 

V𝑠𝑎𝑚𝑝𝑙𝑒 =
c0
𝑛
=
3𝑥 108𝑚/𝑠

1.33
= 2.255𝑥 108𝑚/𝑠 

   (4.5) 

Where c0 is speed of light in vacuum. On substituting the values 𝑙 = 3.5𝑚𝑚 and 𝑐 =

2.255𝑥 108𝑚/𝑠  into Eq. (4.4), we obtain the maximum time delay due to propagation of the 

light inside the object   𝜏max = 31.04𝑝𝑠 . However the minimum time delay is 𝜏min = 0 because 

the minimum distance the light has to travel inside the object is 𝑙 = 0𝑚𝑚. Also the reference 

mirror is linearly scanned with velocity of 

𝑉𝑚𝑖𝑟𝑟𝑜𝑟 =
2 × 𝑙

𝑇𝐴_𝑠𝑐𝑎𝑛
=

7𝑚𝑚

0.476𝑚𝑠
= 14.7𝑚𝑚/𝑚𝑠 

       (4.6) 
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When the reference mirror is linearly scanned with velocity 𝑉𝑚𝑖𝑟𝑟𝑜𝑟, the time delay due to the 

movement of the mirror is given by  𝑓(𝑡) = 𝛼t . Where the delay coefficient of the mirror, α , is 

given by [20]  

𝛼 = 2
𝑉𝑚𝑖𝑟𝑟𝑜𝑟
𝑐0

= 9.8 × 10−8 
 (4.7) 

The optical source used in the TD-OCT system is a superluminescent diode (SLED) that has 

Gaussian spectral distribution with central wavelength of 𝜆 = 1310𝑛𝑚 and spectrum bandwidth 

of Δλ = 90nm . From the bandwidth of the source, the coherence length (𝚤𝑐)  or the maximum 

optical path difference (OPD) between the two interferometry arms is determined by 

𝚤𝑐 = 4
𝑙𝑛 2

𝜋
(
𝜆2

𝛥𝜆
) = 16.8𝜇𝑚 

     (4.8) 

Also from the relationships in Eq. (2.1) and Eq. (4.8), the axial resolution ∆𝑧 of the system can 

be determined from the coherence length of the light source using ∆𝑧 = 𝚤𝑐/2. Therefore, the 

axial resolution of the system is equivalent to 8.4𝜇𝑚 (in air). Similarly the coherence time τc 

which is the full width at half maximum (FWHM) of the complex degree of coherence is 

calculated as follows.  

𝜏𝑐 =
𝚤𝑐

𝑉𝑠𝑎𝑚𝑝𝑙𝑒
= 7.45 × 10−14𝑠𝑒𝑐 = 74.5𝑓𝑠         (4.9) 

From the above calculations, it can be clearly seen that the pixel acquisition time ( ∆𝑡𝑚𝑖𝑛 =

16𝑛𝑠) is large compared to the coherence time (τc = 74.5fs) of the OCT light source and the 

maximum propagation time delays inside the object (𝜏max = 31.04𝑝𝑠). This implies that the 

time duration between the coherence times of any pixels are large compared to the width of the 

complex degree of coherence. In this case, the complex degree of coherence 𝛾𝑠𝑟𝑐 is regarded as a 

narrow function when convolved with the axial reflectance of the object.  Hence 𝛾𝑠𝑟𝑐 can be 
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approximated as delta function in the following integrals. All the integrals are evaluated over a 

total one way depth of imaging.   

On substituting   𝑡1 = 𝑡1 ,  𝑡2 = 𝑡2 and ∆𝑡 = (𝑡2 − 𝑡1) = 16𝑛𝑠 in the following integrals and 

using the values of  𝛼 = 9.8 × 10−8  and 𝜏max = 35.4𝑝𝑠, the integrals are approximated as 

follows, 

 

 

∫ 𝛾𝑠𝑟𝑐
∗ (𝛼𝑡1 − 𝜏)

 τmax/2

0

𝑅(𝜏)𝑑𝜏 ≅ 𝑅(𝛼𝑡1) 
   (4.10) 

 

 

∫ 𝛾𝑠𝑟𝑐
∗ (𝛼𝑡2 − 𝜏)

 τmax/2

0

𝑅(𝜏)𝑑𝜏 ≅ 𝑅(𝛼𝑡2) 
   (4.11) 

 

 

And using the relationship 𝛾𝑠𝑟𝑐(𝜏 − 𝑡) = 𝛾𝑠𝑟𝑐
∗(𝑡 − 𝜏), the following integrals are reduced to, 

 

∫ 𝛾𝑠𝑟𝑐(𝑡2 − 𝑡1 + 𝜏)

 τmax/2

0

𝑅(𝜏)𝑑𝜏 ≅ 𝑅(𝑡1 − 𝑡2) 

 

   (4.12) 

 

 

∫ 𝛾𝑠𝑟𝑐(𝑡1 − 𝑡2 + 𝜏)

 𝜏𝑚𝑎𝑥/2

0

𝑅(𝜏)𝑑𝜏 ≅ 𝑅(𝑡2 − 𝑡1) 
       (4.13)  

 
 

∫ ∫ 𝛾𝑠𝑟𝑐

 𝜏𝑚𝑎𝑥/2

0

 𝜏𝑚𝑎𝑥/2

0

(𝑡2 − 𝑡1 + 𝜏1 − 𝜏2)𝑅(𝜏1)𝑅
∗(𝜏2)𝑑𝜏1𝑑𝜏2 

≅ ∫ { ∫ 𝛾𝑠𝑟𝑐(𝜏1 − (𝜏2 + 𝑡1 − 𝑡2))

 𝜏𝑚𝑎𝑥/2

0

𝑅(𝜏1)𝑑𝜏1}
 𝜏𝑚𝑎𝑥/2

0

𝑅∗(𝜏2)𝑑𝜏2 

= ∫ 𝑅(𝜏2 + 𝑡1 − 𝑡2)𝑅
∗(𝜏2)𝑑𝜏2

 𝜏𝑚𝑎𝑥/2

0

 

(4.14) 
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Finally by Substituting Eq. (4.10-4.14) into Eq. (3.36), the covariance function of the 

photocurrent is reduced to  

 

 

𝐶𝑖𝑡1𝑖𝑡2 = 2𝜌
2⟨𝐼𝑠𝑟𝑐⟩

2 ∫ ∫ ℎ𝑑𝑒𝑡(𝑡1 − 𝑡1
′)

∞

−∞

∞

−∞

ℎ𝑑𝑒𝑡(𝑡2 − 𝑡2
′)𝑅𝑒{(𝑎𝑏∗)2[𝑅(𝛼𝑡1)𝑅(𝛼𝑡2) + 

𝑅(𝑡1 − 𝑡2)𝑅(𝑡2 − 𝑡1)] + |𝑎|
2|𝑏|2 × [𝑅(𝛼𝑡1)𝑅(𝛼𝑡2) + 𝛾𝑠𝑟𝑐(𝑡1 − 𝑡2) 

×∫ 𝑅(𝜏2 + 𝑡1 − 𝑡2)𝑅
∗(𝜏2)𝑑𝜏2

∞

0

]}𝑑𝑡1
′ 𝑑𝑡2

′ + 𝜌|𝑎|2⟨𝐼𝑠𝑟𝑐⟩ × ∫ ℎ𝑑𝑒𝑡(𝑡1 − 𝑡1
′)

∞

−∞

 

ℎ𝑑𝑒𝑡(𝑡2 − 𝑡1
′ )𝑑𝑡1

′  − 𝜌2⟨𝐼𝑠𝑟𝑐⟩
2. ℎ𝑑𝑒𝑡(𝑡1) ⊗ 2𝑅𝑒{𝑎𝑏∗[𝛾𝑠𝑟𝑐⊗𝑅](𝛼𝑡1)} 

. ℎ𝑑𝑒𝑡(𝑡2) ⊗ 2𝑅𝑒{𝑎𝑏∗[𝛾𝑠𝑟𝑐⊗𝑅](𝛼𝑡2)} +
4𝐾𝐵𝑇𝐵

𝑅𝐿
𝛿(𝑡2 − 𝑡1), 

 

   (4.15)  

Furthermore, a much simplified expression of the covariance function can be obtained by 

calculating the values of the constant components involved in the covariance expression. let us 

represent the constant components with constants variables 𝑐1  up to  𝑐5 

                                                                       𝑐1 = 2𝜌2⟨𝐼𝑠𝑟𝑐⟩
2 

𝑐2 = 𝑎𝑏∗ 

                                                                       𝑐3 = |𝑎|2|𝑏|2 

                                                                       𝑐4 = 𝜌|𝑎|
2⟨𝐼src⟩ 

                                                                       𝑐5 = 𝜌2⟨𝐼𝑠𝑟𝑐⟩
2 

The optical power of the source is 𝑃 = 15 𝑚𝑊 and diameter of the beam is 𝑑 = 5𝑚𝑚. The 

coupler of the system divides the beam into 9: 1 ratio. Therefore, the complex constants specific 
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to this TD-OCT system are  𝑎 = 0.9 and 𝑏 = 0.  𝜌 is the constant of quantum mechanical nature 

given in Eq. (3.6) and using the values = 1, ℎ = 6.62606957 × 10−34 𝑚2 𝑘𝑔 / 𝑠,  �̅� = 2.3 ×

1014𝐻𝑧,   the value of 𝜌 is 6.56 × 1018 J−1.  

The average optical intensity ⟨𝐼src⟩ can be calculated from the optical power of the source 𝑃  and 

the area of the beam. The area 𝐴 is obtained using 𝐴 = 𝜋𝑟2 . Hence, for radius  𝑟 = 2.5𝑚𝑚, the 

area of the beam is 19.625 𝑚𝑚2 and ⟨𝐼src⟩ is obtained using,  

⟨𝐼src⟩ =  
𝑃

𝐴
= 764.3 

𝑤

 𝑚2
,    (4.16) 

Therefore, calculating the values of 𝑐1  up to 𝑐5, we obtain 

                   𝑐1 = 5.03 × 1043
1

𝑚4 𝑠2
 

 𝑐2 = 0.09 

    𝑐3 = 0.0081 

                   𝑐4 = 4.06 × 1021
1

𝑚2𝑠
 

              𝑐5 = 5 × 1021
1

𝑚2𝑠
 

Rewriting the covariance expression in terms of the constants 𝑐1  up to 𝑐5, we obtain 

𝐶𝑖𝑡1𝑖𝑡2 = 𝑐1 ∫ ∫ ℎ𝑑𝑒𝑡(𝑡1 − 𝑡1
′)

∞

−∞

∞

−∞

ℎ𝑑𝑒𝑡(𝑡2 − 𝑡2
′)𝑅𝑒{(𝑐2)

2[𝑅(𝛼𝑡1)𝑅(𝛼𝑡2) 

+𝑅(𝑡1 − 𝑡2)𝑅(𝑡2 − 𝑡1)] + 𝑐3[𝑅(𝛼𝑡1)𝑅(𝛼𝑡2) + 𝛾𝑠𝑟𝑐(𝑡1 − 𝑡2) × 

∫ 𝑅(𝜏2 + 𝑡1 − 𝑡2)𝑅
∗(𝜏2)𝑑𝜏2

∞

0

]} 𝑑𝑡1
′ 𝑑𝑡2

′ + 𝑐4 ∫ ℎ𝑑𝑒𝑡(𝑡1 − 𝑡1
′)

∞

−∞

ℎ𝑑𝑒𝑡(𝑡2 − 𝑡1
′ )𝑑𝑡1

′  

−[𝑐5
2(ℎ𝑑𝑒𝑡(𝑡1) ⊗ 2𝑅𝑒{𝑐2𝑅(𝛼𝑡1)})(ℎ𝑑𝑒𝑡(𝑡2) ⊗ 2𝑅𝑒{𝑐2𝑅(𝛼𝑡2)})] +

4𝐾𝐵𝑇𝐵

𝑅𝐿
𝛿(𝑡2 − 𝑡1), 

 

 (4.17) 
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From the above calculations, it can be clearly seen that 𝑐1 ≅ 𝑐5
2 ≫ 𝑐4 and by comparing the 

constant values the covariance expression is reduced to 

𝐶𝑖𝑡1𝑖𝑡2 = 𝑐1 ∫ ∫ ℎ𝑑𝑒𝑡(𝑡1 − 𝑡1
′)

∞

−∞

∞

−∞

ℎ𝑑𝑒𝑡(𝑡2 − 𝑡2
′)𝑑𝑡1

′ 𝑑𝑡2
′ − 

[4𝑐2
2𝑐5

2(ℎ𝑑𝑒𝑡(𝑡1) ⊗ 𝑅(𝛼𝑡1))(ℎ𝑑𝑒𝑡(𝑡2) ⊗ 𝑅(𝛼𝑡2))] +
4𝐾𝐵𝑇𝐵

𝑅𝐿
𝛿(𝑡2 − 𝑡1), 

 

         

(4.18) 

 

Finally, the covariance function of the photocurrent in TD-OCT system with the differential light 

detection is written in discrete matrix form as  

𝐂(𝐫) = 𝑐1𝒉𝒅𝒆𝒕𝒉𝒅𝒆𝒕
𝐓−4𝑐2

2𝑐5
2
𝐇𝐫(𝐇𝐫)T + σ2𝐈 

 

(4.19) 

Where 𝒉𝒅𝒆𝒕 is the impulse response of the detector of length 𝑀, 𝐫 is  𝑁 × 1  column vector of the 

axial reflectance of the object 𝑁 and 𝐇 is (𝑀 + 𝑁 − 1)  ×  𝑁 convolution matrix. σ2𝐈  is an 𝐿𝑥𝐿 

covariance matrix of the electronic thermal noise which was modeled as white Gaussian random 

process.  

Similarly, applying the above approximations, the mean of the photocurrent given in Eq. (3.29) 

can be written in terms of the constant components as  

𝐸[𝑖𝑑𝑖𝑓𝑓(𝑡)] = 2𝑐2𝑐5ℎ𝑑𝑒𝑡(𝑡) ⊗ 𝑅(𝛼𝑡), 

 

 (4.20) 

Also the mean of the photocurrent in TD-OCT system with the differential light detection can be 

written in discrete matrix form as, 

𝐦(𝐫) = 2𝑐2𝑐5𝐇𝐫 (4.21) 
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Let the value of the constant variable 2𝑐2𝑐5 is included in the column vector of 𝐫 and 𝐫 can be 

approximated as 𝐫′ ≅ 2𝑐2𝑐5𝐫. Therefore on substituting 𝐫′ ≅ 2𝑐2𝑐5𝐫  in Eq. (4.19) and Eq. 

(4.21), the second order statistics of the photocurrent can be written as 

𝐦(𝐫′) = 𝐇𝐫′ 

𝐂(𝐫′) = 𝑐1𝒉𝒅𝒆𝒕𝒉𝒅𝒆𝒕
𝐓 − 𝐇𝐫′(𝐇𝐫′)T + σ2𝐈 

 (4.22) 

 

Thus, the join probability density function of the depth scan photocurrent is approximated as 

random process with mean 𝐌 and covariance 𝑪, 𝑓𝑅(𝐢)~𝑁(𝐦(𝐫
′), 𝐂(𝐫′)). 
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Chapter 5 

Estimation of OCT images using sparse least squares  

In chapter 4, the second order statistics of the photocurrent is derived.  The derivation is valued 

only for TD-OCT system with polarized super-Luminescent Diodes which are polarized thermal 

sources [50]. The asymptotic joint probability distribution function (JPDF) of the depth scan 

photocurrent due to polarized thermal light source could be considered as a Gaussian random 

process [49]. Each depth scan photocurrent 𝐢 can be approximated as a Gaussian random process 

that is completely determined by its second order statistics.  

𝐢 ∼ 𝑁(𝐦(𝐫′), 𝐂(𝐫′)))       (5.1) 

To make the expressions simple we represent  𝐫′ by 𝐫 in the next section of. In the OCT system 

model described in chapter 4, the mean 𝐦(𝐫) and covariance 𝐂(𝐫) functions of the photocurrent 

are written in discrete matrix form. This discretization process converts the continuous imaging 

model into a digital imaging model relating the column vector 𝐢 = [i1  i2  i3⋯iL]
T of the 

measured photocurrent to the column vector 𝐫 = [r1  r2  r3⋯rN]
T representing the axial 

reflectance of the object. The relationship between the measured photocurrent 𝐢 and the axial 

reflectance of the object 𝐫 is converted into the matrix imaging equation and it is defined by 

𝐢 = 𝐇𝐫 + 𝐧                   (5.2) 

Eq. (5.2) is also called an equation error model. Where 𝐧 = [n1  n2  n3⋯nL]
T is a column 

random vector representing the additive noise and 𝐇 is an 𝐿 × 𝑁 convolution matrix and is 

composed of columns of the impulse response ℎ𝑑𝑒𝑡 or point spread function (PSF) of the OCT 

system. 
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𝐇 =

[
 
 
 
 
 
 
 
 
 
 
 
 
 
ℎ(0)

ℎ(1) ℎ(0)

∙ .

0

         ∙ ∙ ∙

ℎ(𝑀 − 1)

0

 

ℎ(1) ℎ(0)

∙
ℎ(𝑀 − 1) ℎ(𝑀 − 2)

ℎ(𝑀 − 1) ]
 
 
 
 
 
 
 
 
 
 
 
 
 

 

 

      (5.3) 

The column vector 𝐫 is unknown. The matrix 𝐇 is known when the impulse response of the 

detector ℎ𝑑𝑒𝑡 of length 𝑀 is known.  

In this chapter, the maximum likelihood estimates of the axial reflectance of the object 𝐫 is 

calculated and the noise variance σ2 is also estimated. One way for solving the linear model 

given in Eq. (5.2) is using the least squares method. The solution of the least squares problem is 

obtained if the noise components of 𝐧  in Eq. (5.2) are assumed to be independent and are 

identically distributed Gaussian random variables. In this case, only the electronic thermal noise, 

which was modeled as white Gaussian random process, is considered in the covariance 

expression, and the covariance of the photocurrent is approximated as (𝐫) = σ2I . 

The main idea of this estimation algorithm is to determine the maximum likelihood values of the 

unknown parameters, the axial reflectance of the object 𝐫 and noise variance 𝜎2, of the OCT 

system model.  

To have an accurate estimate of the noise statistics, multiple data measurements are stacked and 

represented in column vector form. Let 𝐳 be a column vecotor that represents a single depth-scan 
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photocurrent from a set of 𝐾 repeated depth-scan measurements. The starting point for the least 

squares estimation problem is the linear model 

𝐳 = 𝐇𝐫 + 𝐧    (5.4) 

Where 𝐳 is an × (𝐿 × 1 ) column vector and  𝐿 = 𝑀 + 𝑁 − 1 . Where 𝑀 is length of the impulse 

response and 𝑁 is length of the unknown parameters. 𝐇 is of size 𝐾 × (𝐿 × 𝑁) and 𝐫 is 𝑁 × 1 

column vector that represents the unknown axial reflectance of the object.  Eq. (5.4) relates the 

measured OCT image to the axial reflectance of the object 𝐫 via the imaging matrix 𝐇. To obtain 

the matrix elements of  𝐇 given in Eq. (5.3), the impulse response of the detector 𝒉𝒅𝒆𝒕 has to be 

determined first. The impulse response of the detector 𝒉𝒅𝒆𝒕 is modeled as a rectangular pulse and 

is defined by 

ℎ(𝑡) = {
0         if 𝑡 < 𝑎
1 if 𝑎 ≤ 𝑡 < 𝑏,
0         if 𝑏 ≤ 𝑡

 

 

   (5.5) 

To determine the number of ones in each pixel (sample of the A-scan data), the width of the 

rectangular pulse has to be determined first. The optical detector has a width equal to the travel 

time 𝜏ℎof each electron. This travel time is inversely related to the bandwidth (B) of the detector 

that is given by 

𝜏ℎ =
1

𝐵
 

 

    (5.6) 

The bandwidth of the TD-OCT system we have is  𝐵 = 80𝑀𝐻𝑧 and 𝜏ℎ = 12.5𝑛𝑠 . Since the 

pixel acquisition time  ∆𝑡𝑚𝑖𝑛 is approximately twice as the width of the impulse response, the 

minimum number of pules in each pixel is approximated to be two. Therefore the impulse 

response of the detector has a length of  𝑀 = 2 and is given by 𝒉𝒅𝒆𝒕 = [1 1]. In this research 
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work, we took three 𝐾 = 3  measurement data’s for each A-scan, and also the final OCT image 

(B-scan) is constructed using a set of 600  depth-scan photocurrents, where each depth-scan 

photocurrents is constructed using a set of  𝑁 = 29800 pixels. Using the matrix elements given 

in Eq. (5.3), 𝐇 is 89403 × 29800 size matrix and is plotted in Matlab as follows 

                                                  

Figure 5.1 Elements of the convolution matrix 𝐇 

We observe that the matrix 𝐇 consists only 𝑛𝑧 = 178800 elements of ones and the rest elements 

of the matrix are zeros.  As we can see from Figure 5.1, the matrix 𝐇 is a diagonal matrix whose 

entries are mostly zero, and a matrix with such data structure is commonly referred to as a sparse 

matrix. The term sparse refers to the data structure used to store the matrix. A sparse matrix is 

stored in a data structure that can exploit sparsity by only storing numerically non-zero entries. 

Therefore this matrix structure allows us to exploit the sparsity of the least squares problem. 
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In this thesis, we are dealing with large numbers of measurements so solving the least squares 

problem in a sparse method may have significant advantages.  Therefore, when developing an 

image restoration algorithm using least squares, it is useful and necessary to develop a technique 

and data structures that take advantage of the sparse structure of the convolution matrix 𝐇. Thus, 

by considering the sparsity in this least squares problem, we can save storage and processing 

time. There are different ways of storing a sparse matrix. No matter which method is chosen, it 

has to be simple and flexible so that it can be applied in different matrix operations such as 

matrix-vector multiplication, matrix-matrix multiplication, matrix addition, and matrix inversion.  

5.1 Least squares estimation 

The main objective of this thesis is to produce the best estimate of the OCT image, given the 

measured data and the random process model of the OCT system. Least squares estimation is 

probably one of the most known techniques in signal processing, and is widely used to estimate 

the numerical values of the parameters of a system model. The least squares method fits the 

system model to the measurements in such a way that weighted errors between the measurements 

and the system model are minimized [63]. Therefore considering the linear model given in Eq. 

(5.4), the least squares estimate can be obtained by minimizing the squared error between 

measured data 𝐳 and the model 𝐇𝐫.  

𝑒2 = (𝐳 − 𝐇𝐫)T(𝐳 − 𝐇𝐫) 

 

      (5.7) 

This is minimized to obtain the least squares estimate for 𝐫. By taking the gradient of Eq. (5.7) 

with respect to 𝐫 and equating the gradient to zero, the following solution is obtained 

𝐇T𝐇 �̂� = 𝐇T𝐳, 

 

      (5.8) 
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The above linear equation suggests that the least squares solution for �̂� obeys the normal 

equations when 𝐳 is a dense column measurement vector and �̂� is the estimated axial reflectance 

of the object and is known as the linear least squares solution to the problem. The matrix 𝐇T𝐇 is 

called a Grammian or Gram matrix.  When 𝐇T𝐇 is square and non-singular, the least squares 

problem has an explicit solution in terms of the pseudo inverse matrix, 

�̂� = (𝐇T𝐇)−1𝐇T𝐳 

 

    (5.9) 

This solution exists and is unique as long as 𝐇T𝐇 is invertible. However this solution is 

numerically unstable when 𝐇T𝐇 is ill-conditioned in the non-sparse case and also very costly in 

terms of the storage and processing times in the sparse case. Thus one way to solve the above 

normal equation is using sparse Cholesky factorization. The Grammian matrix 𝐇T𝐇 is sparse and 

symmetric positive definite matrix. 

5.1.1 Least squares estimation using Cholesky decomposition 

The explicit inverse of 𝐇T𝐇 can be obtained via Cholesky decomposition. The Cholesky 

factorization is used to compute a “square root” of a symmetric positive definite 𝐿 × 𝐿 Hermitian 

matrix. By taking the Cholesky decomposition of the Hermitian matrix 𝐇T𝐇, it can be written as 

a product of a lower triangular matrix and its conjugate transpose. Thus the symmetric positive 

definite  𝐇T𝐇 matrix is factorized of the form 

 𝐇T𝐇 = 𝐋𝐋T  (5.10) 

Where 𝐋 is a sparse, square and lower triangular matrix with positive entries on its diagonal and 

𝐋T denotes the conjugate transpose  𝐋 . 𝐋T is also referred to as upper triangular matrix.  
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Therefore, the normal equation given by Eq. (5.8) can be written in terms of the Cholesky 

factorization as  

𝐋𝐋T �̂� = 𝐛       (5.11) 

Where 𝐛 = 𝐇T𝐳  and it is a column vector resulting from the sparse matrix-vector multiplication. 

The above Eq. (5.11) can be solved by forward/backward solve technique.  Let 𝒚 = 𝐋T �̂� and Eq. 

(5.11) can be written as 𝐋𝒚 = 𝐛. Solving 𝐋𝒚 = 𝐛 for 𝒚 (a forward solve) and finally solving 

𝐋T �̂� = 𝒚 for �̂� (a backward solve) produces the least squares estimates for �̂�. 

5.2 Estimation of the noise variance  

From the estimates of the axial reflectance of the object �̂�, the variance of the electrical noise σ2 

can be calculated using  

σ2̂ =
1

𝐿
||𝐳 − 𝐇�̂�||2 =

1

𝐿
∑𝑒𝑖2̂
𝐿

𝑖=1

, 

 

   (5.12) 

Where  𝑒�̂� are the residuals. 

5.3 Results of applying a least squares estimation algorithm to OCT images 

To test the effectiveness of our image restoration method using least squares, we applied it to 

TD-OCT image of Axolotl egg with and without gel. We estimated both the axial reflectance of 

the object �̂�  and the electrical noise variance σ2̂. The result of our least squares estimates are 

shown in Figures 5.2(b) and Figure 5.3(b).  We note that the original OCT images are degraded 

with the type of noises mentioned in the first sections and the features of the sample are not 

clear.  
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(a)  OCT image of Axolotl egg without gel                   (b) Restored image using least Squares                        

Figure 5.2 Samples of TD-OCT of Axolotl egg without gel (a) before the least squares 

Estimation algorithm is applied (b) the restored OCT image 

                                   

              

         
 

(a) OCT image of Axolotl egg with gel                        (b) Restored image using least Squares 

Figure 5.3 Samples of TD-OCT of Axolotl egg with gel (a) before the least squares 

Estimation algorithm is applied (b) the restored OCT image 
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From the figures, we note that the restored images are much clearer and the edges are sharper 

than the original degraded images. We note that by increasing the number of OCT-depth scan 

measurements, the estimates can be improved.   
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Chapter 6 

Maximum likelihood estimation of TD-OCT images 

 

In chapter 5, we estimated the axial reflectance of the object and noise variance using the least 

squares method, where the covariance function was approximated as 𝐂(𝐫) = σ2𝐈 . However, the 

complete covariance function of the depth-scan photocurrent is given by Eq. (4.19). Also, since 

the outer product in the first term,  𝑐1𝒉𝒅𝒆𝒕𝒉𝒅𝒆𝒕
𝐓, in the right hand side of the covariance 

expression is a constant term which is independent of 𝐫, it can be omitted in the model for 

maximum likelihood estimation algorithms. Hence, the covariance function can be written as 

𝐂(𝐫) = σ2𝐈 − 𝐇𝐫(𝐇𝐫)T. 

In this chapter, we propose and design a Simulated Annealing algorithm to restore the original 

OCT image from the degraded OCT image. This technique applies the random process model of 

the photocurrent. The Simulated Annealing algorithm calculates the maximum likelihood 

estimates of the joint probability density function (PDF) of the photocurrent.  

This chapter begins with an explanation of the theory of Simulated Annealing in section 6.1. 

Annealing refers to a process used to heat a solid object to high temperature and allowed to cool 

slowly. In this Simulated Annealing algorithm we used a Monte Carlo Markov Chain (MCMC) 

based sampling technique called Gibbs sampling to generate random samples from a complicated 

target distribution. Usually direct sampling from this high dimensional distribution is a very 

difficult problem. However, the MCMC method allows us to approximate the target distribution 

by generating samples from any arbitrary distribution. Hence, we can apply the MCMC method 

in the Simulated Annealing algorithm to generate samples from the target distribution.  In section 
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6.2, the MCMC is explained and discussed in detail. One of the most known MCMC techniques 

is Gibbs sampling.  Gibbs sampling approximates the target distribution of a signal by generating 

samples from a conditional probability density function. In section 6.3, the Gibbs sampling 

algorithm is explained in detail.  

6.1 Maximum likelihood estimation  

The JPDF of the depth-scan photocurrent  𝑖 was approximated as a Gaussian random process that 

is completely determined by its second order statistics 𝑓(𝑖; 𝑟)~𝑁(𝐦(𝐫), 𝐂(𝐫)). 

Where  

                                                             𝐦(𝐫) = 𝐇𝐫 

                                                             𝐂(𝐫) = σ2𝐈 − 𝐇𝐫(𝐇𝐫)T 

      (6.1) 

The main objective of this chapter is to calculate the maximum likelihood estimate of  𝐫 =

[r1  r2  r3⋯r𝑁]
T that maximizes the likelihood function 𝑓(𝑖; 𝑟), given the photocurrent 

measurement data 𝐢 = [i1  i2  i3⋯i𝐿]
T . This maximum likelihood problem can also be 

considered as an optimization problem, as it seeks the optimum values of 𝐫 to maximize the 

likelihood function 𝑓(𝐢; 𝐫). Thus, the image restoration problem can be written as 

𝑓 = 𝑎𝑟𝑔𝑚𝑎𝑥⏟
𝐫

{ 𝑓(𝐢; 𝐫)}       (6.2) 

Where 𝑓 is the restored OCT image, 𝐫 is axial reflectance of the object, and 𝐢 is the measured 

photocurrent data .The joint PDF 𝑓(𝐢; 𝐫) is called the likelihood function of the photocurrent that 

has given rise to the measured photocurrent 𝐢 that is degraded with noise and it is approximated 

as the following 
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𝑓(𝐢; 𝐫) =
1

(2π)
𝑁
2⁄ |𝐂(𝐫)|

1
2⁄
𝑒𝑥𝑝 {−

1

2
(𝐢 − 𝐦(𝐫))T𝐂(𝐫)−1(𝐢 − 𝐦(𝐫))} 

      (6.3) 

The likelihood function 𝑓(𝐢; 𝐫) can be maximized easily by maximizing its logarithm. Since a 

logarithm is a monotonic function, the estimates that maximize the likelihood function will also 

maximizes the log-likelihood function. The log-likelihood function can be written as 

log 𝑓(𝐢; 𝐫) = −
𝑁

2
log (2π) − (

1

2
log|𝐂(𝐫)| +

1

2
(𝐢 − 𝐦(𝐫))T𝐂(𝐫)−1(𝐢 − 𝐦(𝐫))) 

      (6.4) 

 

The first term in the right hand side is a constant term which is independent of 𝐫. Thus, the 

function 𝑈(𝐢; 𝐫) which is a function of the unknown parameter 𝐫 can be extracted from the log-

likelihood function and is given by, 

 

𝑈(𝐢; 𝐫) = −(
1

2
log|𝐂(𝐫)| +

1

2
(𝐢 − 𝐦(𝐫))T𝐂(𝐫)−1(𝐢 −𝐦(𝐫))) 

      (6.5) 

 

Therefore, the log-likelihood function can be written in terms of 𝑈(𝐢; 𝐫) as follows 

log 𝑓(𝐢; 𝐫) = −
𝑁

2
log(2π) + 𝑈(𝐢; 𝐫) 

      (6.6) 

 

Clearly, maximizing the function 𝑈(𝐢; 𝐫) will maximize the log 𝑓(𝐢; 𝐫). Alternatively the 

maximization problem of 𝑈(𝐢; 𝐫) can be changed to a minimization problem by taking the 

function 𝑈(𝐢; 𝐫) from Eq. (6.4) without the negative sign. In this thesis, the problem is addressed 

by maximizing 𝑈(𝐢; 𝐫).  
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Therefore, we would like to select  𝐫 that maximizes the log-likelihood function. In general, we 

should calculate an estimate �̂�  which is a global maximizer for the likelihood function (𝐢; 𝐫) . 

The process of determining the global optimal solution is called the optimization technique. In 

this thesis, since the data involved in this optimization problem are relatively large OCT images, 

a Monte Carlo based method will be a stable and computationally efficient way to obtain the 

maximum likelihood solutions to the problem.               

The function given by Eq. (6.5) is a function of the inverse of the covariance matrix, 𝐂(𝐫) −1. 

Therefore, we should obtain a real valued inverse of 𝐂(𝐫)  first so that the function 𝑈(𝐢; 𝐫) will 

be a real valued function. The matrix σ2𝐈 is an invertible square matrix and 𝐇𝐫, (𝐇𝐫)T are 

column vectors, then the inverse of the covariance matrix can be obtained using the Sherman-

Morrison formula and it is given by 

𝐂(𝐫)−1 =
1

σ2
𝐈 −

σ2(𝐇𝐫)(𝐇𝐫)Tσ2

1 + (𝐇𝐫)Tσ2(𝐇𝐫)
 

      (6.7) 

However, there would be a problem with the above expression when 
1

𝜎2
 <  𝜆 , where 𝜆 is the only 

non-zero eigenvalue of  𝐇𝐫(𝐇𝐫)T . Since 𝐇𝐫(𝐇𝐫)T is the outer product of the column vector 𝐇𝐫 

and its transpose, it is a rank one matrix that has only one non-zero eigen value. The eigen value 

of 𝐇𝐫(𝐇𝐫)T is equal to the sum of its diagonal elements, which for our given H would be 

𝜆 = trace(𝐇𝐫(𝐇𝐫)T) =∑(r𝑖 + r𝑖+1)
2

𝑁

𝑖=0

, where 𝑟0 = 𝑟𝑁+1 = 0 

      (6.8) 

When 
1

𝜎2
 <  𝜆, the inverse of the covariance matrix will not exist . 𝐂(𝐫), being a covariance 

matrix, has to be positive definite matrix with an inverse matrix 𝐂(𝐫) −1. One way to ensure the 

existence of the inverse of a covariance matrix is demonstrated by using the spectral theorem.   
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The matrix 𝐇𝐫(𝐇𝐫)T  acts on any of its only nontrivial eigenvector 𝒖 as  

𝐇𝐫(𝐇𝐫)T𝒖 = 𝜆𝒖       (6.9) 

where this eigenvector 𝒖 can also be written as 𝒖 =
𝐇𝐫

‖𝐇𝐫‖
. The matrix 𝐂(𝐫), which is given by Eq. 

(6.1), has an eigenvalue of (σ2 − 𝜆) and the same eigenvector as 𝐇𝐫(𝐇𝐫)T and it can be written 

as 

𝐂(𝐫)𝒖 = (σ2 − 𝜆) 𝒖       (6.10) 

Therefore the diagonal elements of 𝐂(𝐫)−1 should always be positive so that the inverse of the 

covariance matrix exists. This can be achieved by applying the spectral theorem so that the 

inverse of the covariance matrix  𝐂(𝐫)−1 will always exist. Since 𝐇𝐫(𝐇𝐫)T has only one 

eigenvalue 𝜆, the eigenvalues corresponding to the rest of the eigenvectors 𝐞𝑖 for 𝑖 ≥ 2 are equal 

to σ2. Furthermore since 𝐂(𝐫) is a square and symmetric matrix, 𝐂(𝐫)−1 is obtained using the 

spectral theorem.  

𝐂(𝐫)−1 =
1

σ2 − 𝜆

𝐇𝐫

‖𝐇𝐫‖
(
𝐇𝐫

‖𝐇𝐫‖
)
T

+∑
1

σ2

𝑛

𝑖=2

𝐞𝑖𝐞𝑖
T 

    (6.11) 

Where 𝒆𝑖 are the set of the standard orthonormal basis and the second term in (6.11) may be 

written as in terms of the unknown variables 𝐫 as 

∑
1

σ2

𝑛

𝑖=2

𝐞𝑖𝐞𝑖
T =

1

σ2
𝐈 −

1

σ2
𝐇𝐫

‖𝐇𝐫‖
(
𝐇𝐫

‖𝐇𝐫‖
)
T

 
    (6.12) 

 

and substituting Eq. (6.12) into Eq. (6.11) , the final expression of 𝐂(𝐫)−1 can be obtained as 
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𝐂(𝐫)−1 =
1

σ2
𝐈 +

𝜆

σ2(σ2 − 𝜆)

𝐇𝐫

‖𝐇𝐫‖
(
𝐇𝐫

‖𝐇𝐫‖
)
T

 
      (6.13) 

Thus, the function given by Eq. (6.5) can be written as a function of the column vector 𝐫.  

𝑈(𝐢; 𝐫) = −(
1

2
log |(σ2 − 𝜆)

𝐇𝐫

‖𝐇𝐫‖
(
𝐇𝐫

‖𝐇𝐫‖
)
T

| +
1

2
(𝐢 − 𝐇𝐫)T (

1

σ2
𝐈 + 

+
𝜆

σ2(σ2 − 𝜆)

𝐇𝐫

‖𝐇𝐫‖
(
𝐇𝐫

‖𝐇𝐫‖
)
T

(𝐢 − 𝐇𝐫)) 

  (6.14) 

 

 

       

The maximum likelihood function 𝑓(𝐢; 𝐫) is a function of thousands of variables, all the 𝐫 =

[r1  r2  r3⋯rN]
T and as a result, it has lots of local maxima. The main aim of any optimization 

technique is to determine values for a set of parameters that maximize or minimize the objective 

functions, subject to certain constraints. Over the past decades many solutions to linear and non-

linear optimization problems have been proposed. However, most of the methods failed to 

achieve the optimal solution and stuck in the local minima or maxima that are nearest to the 

starting point. To avoid that, we have to use a stochastic based optimization method that finds 

global optimal solutions which do not stick to the local minima or maxima. Generally, every 

global optimizer is a local optimizer, but the reverse is not necessarily true.  

One of the most known stochastic algorithms is Simulated Annealing. Simulated Annealing is an 

iterative based algorithm that randomly generates candidate sample values and if the new sample 

values provide a better solution than the previous one then the current sample moves to the new 

location. Otherwise, the samples will be accepted with a certain probability that decreases as the 

iteration number increases. In Simulated Annealing there is one parameter called temperature. As 

the algorithm’s iteration number increases, the temperature parameter sharpens up the probability 

density function (i.e. the target distribution) where the samples are generated from. In the 
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Simulated Annealing algorithm, random samples are generated from the target distribution which 

is always difficult to sample from. Therefore, Simulated Annealing uses different sampling 

techniques to generate candidate samples. One of the most efficient ways of generating random 

samples is using Monte Carlo Markov Chain (MCMC) methods. MCMC algorithm is used for 

sampling from a target distribution by constructing a chain of successive random variables 

(Markov Chain), with each one differing from the previous: usually in the value of a single 

variable. In the next subsection these methods are briefly discussed.  

6.2 Simulated Annealing 

In thermodynamics, annealing refers to a process used to heat a solid object to high temperature 

and to allow it to cool slowly. Annealing makes the particles of the solid object reach the 

minimum energy level. First, the solid object is heated to a high temperature and then the 

particles of the solid material are allowed to move freely. Eventually, the solid material is 

gradually cooled down enough to make the particles arrange themselves so that their energy is 

minimized. The mathematical equivalent of this thermodynamic annealing is called Simulated 

Annealing. 

In this thesis, the aim of this iterative based stochastic optimization algorithm is to find the 

maximum likelihood estimates of the log-likelihood function log 𝑓(𝐢; 𝐫). The function 

𝑈(𝐢; 𝐫) corresponding to the selected values is treated as the energy of the current state in a 

thermodynamic annealing process. The particles of the solid material can be associated with the 

axial reflectance of the object 𝐫. By adding to the optimization problem a variable called 

temperature and maximizing the likelihood function is equivalent to sampling from the 

Boltzmann distribution 𝜋(𝐢; 𝐫) ∝ exp (𝑈(𝐢; 𝐫)/T) at a very small value of  T [69]. Initially T is set 

to a high value. The higher the temperature, the higher the probability of sampling values of the 
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variables 𝐫 corresponding to low values of the function 𝑈(𝐢; 𝐫). With each iteration, the 

parameter T is decreased until it approaches zero. When T is close to zero, the optimization 

algorithm closes near the maximum likelihood estimate of the likelihood function.  

 

The temperature parameter T controls the sharpness of the target distribution 𝜋(𝐢; 𝐫) and the 

technique for reducing the temperature is known as the cooling schedule. A proper cooling 

schedule guarantees the convergence of the algorithm to the global maximum of an objective 

function with probability equal to unity [66]. However, the selection of an efficient cooling 

schedule remains one of the main challenges for the Simulated Annealing method. In [65] it was 

shown that the Simulated Annealing algorithm converges to the global maximum of an objective 

function if we use   

T(𝑘) =
𝐶

𝑙𝑛(1 + 𝑘)
 𝑓𝑜𝑟 𝑘 = 1,2, … 

      (6.15) 

as the cooling schedule. Where k is the total iteration number and C is some positive constant. 

However, this cooling schedule is extremely slow and requires a long running time.  As a result, 

an alternative linearly-decreasing suboptimal cooling schedule is commonly used: 

T(𝑘) = 𝑎T(𝑘 − 1)     𝑓𝑜𝑟 𝑘 = 1,2, …       (6.16) 

Where 𝑎 is a constant number near 1 with typical values of 0.99 or 0.999. The initial value T(0) 

is selected to be high enough to make all variables approximately equally probable and typical 

values for T(0) are in the order of 10 [67].  

To select an appropriate initial value of T for our implementation, we applied our Simulated 

Annealing algorithm to a single A-scan with different initial values for T. Further, we ran the 

code several times until we obtained an appropriate initial value, T = 10, for the temperature 
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parameter T that resulted in convergence of our algorithm. We obtained this initial value of T 

after testing the algorithm for T=1000, T=100, and T=10 and eventually, we found out that an 

initial value of T=10 our algorithm converges and generates good results. At T=10, the 

probability of accepting the generated candidate values is close to 1. This allow the algorithm to 

search solutions throughout the broad region of the target distribution (likelihood function) and 

hence increases the probability of escape from a local maximum. As the iterations increased the 

temperature parameter was reduced following Eq. (6.16) and the region of the target distribution 

became narrower and narrower. Eventually, when T was close to zero, i.e., T reached 1.86 ×

10−8, our algorithm converged after approximately 2000 iterations and resulted in a maximum 

likelihood estimate of the axial reflectance of the object. 

6.2.1 Simulated Annealing Algorithm 

In this thesis, the optimization problem is to estimate the best values for 𝐫 = [r1  r2  r3⋯r𝑁]
T 

such that the likelihood function 𝑓(𝐢; 𝐫) is maximized. In general, the Simulated Annealing 

algorithm can be summarized as follows: 

Step 1: initialize the value of Temperature T(0) 

Step 2: set the iteration variable 𝑡 = 1 and initialize the values of the variables  𝐫0 =

[r1
0  r2

0  r3
0⋯rN

0]T 

Step 3:  Compute the corresponding function value 𝑈(𝐢; 𝐫𝑡−1)  

Step 4: Randomly select the next set of values for the variables 𝐫 = [r1  r2  r3⋯rN]
T. Let it be 

𝐫t = [ r1
t  r2

t  r3
t     ⋯ rN

t]T  respectively.  

Step 5: Compute the corresponding function value 𝑈(𝐢; 𝐫t)  

Step 6: If 𝑈(𝐢; 𝐫t) ≥ 𝑈(𝐢; 𝐫𝑡−1) then the candidate values for the random variables are accepted 

and set     �̂� = 𝐫t  and 𝑈(�̂�; 𝐢) = 𝑈(𝐢; 𝐫t). 
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Step 7: If 𝑈(𝐢; 𝐫t) < 𝑈(𝐢; 𝐫𝑡−1) then the current values for the random variables are assigned �̂� =

𝐫t only when 

𝜋(𝐢; 𝐫) = exp[(𝑈(𝐢; 𝐫t) − 𝑈(𝐢; 𝐫𝑡−1))/T] > 𝑟𝑎𝑛𝑑 

 

      (6.17) 

Where 𝑟𝑎𝑛𝑑 represents a single uniformly distributed random number between 0 and 1. Note 

that when the temperature ‘T’ is less, the probability of selecting the new values as the current 

values is less. 

Step 8: Reduce the temperature parameter T using Eq. (6.16) 

Step 9:  Increase the iteration variable 𝑡  and repeat Step 4 to Step 8 for n times. 

6.3 Monte Carlo Markov Chain (MCMC) 

As mentioned in step 4 in the Simulating Annealing algorithm, candidate samples have to be 

generated from the target distribution 𝜋(𝐢; 𝐫). However, it is always difficult to sample from a 

high dimensional arbitrary PDF. Monte Carlo Markov Chain (MCMC), first introduced by 

Metropolis et al. (1953), is a stochastic algorithm that approximate samples from any target 

distribution. In MCMC, the samples are not directly generated from the target distribution, but 

rather from any proposal distribution where we can draw the samples directly. Moreover, the 

target distribution is approximated by generating samples from the proposal distribution. MCMC 

draws samples from the proposal distribution by constructing Markov chains. For example, in 

the Simulating Annealing algorithm discussed in section 6.1, we want to draw samples from the 

target distribution 𝜋(𝐢; 𝐫). However, the target distribution 𝜋(𝐢; 𝐫) is sufficiently complicated that 

we cannot draw samples from it directly. Therefore, we should use an indirect method for 

generating samples from the target distribution. This can be done by constructing a sequence of 
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random variables (Markov chains), and in which after the chain runs for long enough, the 

generated samples can be considered as dependent samples from the target distribution. 

In this thesis, we represent the Markov chain transition kernel by 𝐾. When the Markov chain is at 

the current state, then the conditional distribution of the next state of the chain 𝑥∗ given the 

current state is represented by 𝐾(𝑥, 𝑥∗). In practice, there are infinitely many distributions where 

we can choose the transition kernel. The main concern in the MCMC method is that we should 

generate a chain with stationary distribution so that the iterations of the transition kernel 

converges to that stationary distribution. This is only possible when the chain is irreducible and 

aperiodic. The stationary distribution is known since this is the target distribution 𝜋(∙), but the 

transition kernel  𝐾(∙) is unknown. MCMC draws samples from 𝜋(∙), by running  𝐾(∙)  𝑛th 

times until the generated samples form a distribution that converges to 𝜋(∙) [68]. The samples are 

randomly generated from a proposal distribution 𝑝(𝑥, 𝑥∗) . The Markov chain with stationary 

distribution 𝜋(𝑥) is called time reversible if the proposal distribution exhibits the detailed 

balance. That is, 

𝜋(𝑥) 𝑝(𝑥, 𝑥∗) = 𝜋(𝑥∗) 𝑝(𝑥∗, 𝑥)        (6.18) 

Eq. (6.18) can be interpreted as saying the Markov chain would look the same whether you ran it 

from forward or backward direction. Further, there are different ways of updating the 

components of the state vectors. Generally, MCMC constitute different iterative based stochastic 

algorithms for updating the random variables. Examples of MCMC methods include: 

Metropolis-Hastings (M-H) algorithm, Gibbs sampling, and data augmentation (the substitution 

sampling) methods. In the following subsections the Metropolis-Hastings (M-H) algorithm and 

Gibbs sampling are discussed in detail. 
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6.3.1 Metropolis-Hastings algorithm 

The Metropolis-Hastings algorithm, first developed by Hastings (1970) as a generalization of the 

Metropolis algorithm of Metropolis et al. (1953), is a method that allows sampling from any 

multi-dimensional distribution. The starting point in the Metropolis-Hastings algorithm is to 

propose any arbitrary distribution 𝑝(𝐫, 𝐫∗) where we can draw random samples with reasonable 

ease. The column vector 𝐫 = [r1  r2  r3⋯rN]
T is the current state of the random variables 

and 𝐫∗ = [ r1
∗  r2

∗  r3
∗     ⋯ rN

∗]T is the generated set of new random variables. In the 

Metropolis-Hastings algorithm, the generated new state 𝐫∗ is accepted with a probability given 

by 

 

𝛼(𝐫, 𝐫∗)  = 𝑚𝑖𝑛 {1,
𝜋(𝐫∗)𝑝(𝐫∗, 𝐫)

𝜋(𝐫)𝑝(𝐫, 𝐫∗)
}.  

      (6.19) 

 

We call 𝛼(𝐫, 𝐫∗) the probability of acceptance and it satisfies the reversibility condition. That is 

 

𝜋(𝐫) 𝑝(𝐫, 𝐫∗)𝛼(𝐫, 𝐫∗) = 𝜋(𝐫∗) 𝑝(𝐫∗, 𝐫) 𝛼(𝐫∗, 𝐫)       (6.20) 

Generally, the Metropolis-Hastings algorithm can be summarized as follows; 

Step 1: Initialize the values of the current state 𝐫𝑡. 

Step 2: Do for 𝑡 = 1,… , 𝑛 

 Draw the next state 𝐫∗ from 𝑝(𝐫𝑡, 𝐫∗) 

 Compute the probability of move 𝛼(𝐫𝑡, 𝐫∗) using 

 

𝛼(𝐫𝑡, 𝐫∗) = 𝑚𝑖𝑛 {1,
𝜋(𝐫∗)𝑝(𝐫∗, 𝐫𝑡)

𝜋(𝐫𝑡)𝑝(𝐫𝑡, 𝐫∗)
}.  

      (6.21) 
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 Draw  𝑢 from a uniform distribution  𝑈(0,1) .   

 if 𝑢 ≤ 𝛼(𝐫𝑡, 𝐫∗)  

       Let 𝐫𝑡+1 = 𝐫∗ with probability 𝛼(𝐫𝑡, 𝐫∗) 

 Else  

        Let 𝐫𝑡+1 = 𝐫𝑡 with probability 1 − 𝛼(𝐫𝑡, 𝐫∗) 

 Return the values [r1  r2  r3⋯rN]
T 

Clearly from Eq. (6.19), if we select a proposal distribution 𝑝(𝐫, 𝐫∗) that is very close to the 

target distribution 𝜋(𝐫), then the acceptance probability 𝛼(𝐫t, 𝐫∗) will always be 1 and all the 

candidates will be accepted. 

However, this algorithm is limited when we draw samples from a high dimensional distribution. 

Since the Metropolis-Hastings algorithm updates  𝑁 length vector at a time and also since the 𝑁 

individual samples behave in very different ways, the rejection rate can be very high, and as a 

result, the algorithm may not converge to the optimal solution. In Gibbs sampling, if we have a 

large dimensional distribution, we sample from the conditional distribution (i.e. drawing one 

sample at a time while keeping all other variables fixed) whereas in the Metropolis-Hastings 

algorithm, we sample from the full joint distribution. In this way we increase the acceptance rate.  

Thus, since we are dealing with large data sets and due to the issues mentioned above, we use 

Gibbs sampling method to generate samples in the Simulated Annealing algorithm. 

6.3.2 Gibbs sampling 

Gibbs sampling is one of the MCMC methods and was first introduced to image processing by 

German and Geman (1984). Gibbs sampling can be viewed as a special case of the Metropolis-

Hastings algorithm that overcomes the curse of dimensionality via conditioning [69]. The basic 

idea is that Gibbs sampling proceeds by updating each of the state vector 𝐫 = [r1  r2  r3⋯r𝑁]
T 
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components in turn, unlike the Metropolis-Hastings algorithm that updates the complete state 

vector at a time. The candidate value for each component is drawn from a conditional 

distribution. Suppose, we select component r𝑡 to be updated and if we let 𝑝(r𝑡|𝐫
∗) denote the 

conditional distribution of r𝑡 given the values of the other components 𝐫∗ =

[r1…  r𝑡−1  r𝑡+1⋯r𝑁]
T, then a single sample for r𝑡 is generated from 𝑝(r𝑡|𝐫

∗) while the other 

components are kept constant. In Gibbs sampling, the proposal distribution 𝑝 is simply the 

conditional distribution of the target PDF, so that 

𝑝( 𝐫∗, r𝑡) = {
𝜋(r𝑡| 𝐫

∗)   where 𝐫∗ = [r1…  r𝑡−1  r𝑡+1⋯r𝑁]
T

0                 otherwise                                           
 

 

    (6.22) 

With this proposal, the probability of move given by Eq. (6.19) is calculated as 

 

𝛼( 𝐫∗, r𝑡) =
𝜋(r𝑡)𝑝(r𝑡,  𝐫

∗)

𝜋( 𝐫∗)𝑝( 𝐫∗, r𝑡)
 

                 =
𝜋(r𝑡)𝜋( 𝐫

∗|r𝑡)

𝜋( 𝐫∗)𝜋(r𝑡| 𝐫
∗)

 

       (6.23) 

From the definition of Bayes’ rule  

 𝜋( 𝐫∗|r𝑡) 𝜋(r𝑡) = 𝜋(r𝑡| 𝐫
∗)𝜋( 𝐫∗)        (6.24) 

Hence 

𝛼( 𝐫∗, r𝑡) =
𝜋(r𝑡)𝜋( 𝐫

∗|r𝑡)

𝜋(r𝑡)𝜋( 𝐫
∗|r𝑡)

= 1 
      (6.25) 

Therefore, in Gibbs sampling the generated sample is always accepted. This can be viewed as a 

big advantage over Metropolis-Hastings algorithm, especially for high dimensional problems 

where the rejection rate for Metropolis-Hastings becomes quite large. 

Generally, the Gibbs sampling algorithm can be summarized as follows; 
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Step 1: Initialize the values of the current state 𝐫0 = [r1
0  r2

0  r3
0⋯r𝑁

0]T. 

Step 2: Compute the function 𝑈(𝐢; 𝐫0) 

Step 3: Do for 𝑡 = 1,… , 𝑛 

 Sample r1
(𝒕) from 𝜋(r1|r2

𝒕−𝟏 r3
𝒕−𝟏  r4

𝒕−𝟏  ⋯ r𝑁
𝒕−𝟏) 

 Sample r2
(𝒕) from 𝜋(r2|r1

𝒕 r3
𝒕−𝟏  r4

𝒕−𝟏  ⋯ r𝑁
𝒕−𝟏) 

 Sample r3
(𝒕) from 𝜋(r3|r1

𝒕 r2
𝒕  r4

𝒕−𝟏  ⋯ r𝑁
𝒕−𝟏) 

. 

. 

 Sample r𝑁
(𝒕) from 𝜋(r𝑁|r1

𝒕r2
𝒕  r3

𝒕  ⋯ r𝑁−1
𝒕) 

 Compute the function 𝑈(𝐢; 𝐫𝑡) 

 If 𝑈(𝐢; 𝐫𝑡) ≥ 𝑈(𝐢; 𝐫𝑡−1)  

       The candidate 𝐫𝑡 is accepted  

 Else  

       𝐫𝑡 = 𝐫0       

 Return the values [r1  r2  r3⋯r𝑁]
T 

6.4 Simulated Annealing using Gibbs sampling  

As mentioned in section 6.1.1, Simulating Annealing algorithms require sampling candidate 

variables from the target distribution 𝜋(𝐢; 𝐫), which is always a complicated density function to 

sample from due to the dimensionality of the data. Hence, in this thesis, we use Gibbs sampling 

in the Simulated Annealing algorithm to generate the samples. The total time spent to obtain 

each restored OCT image is approximately 3-4 days, and a parallel implementation of the image 

restoration algorithm can decrease its computational time dramatically. Generally, we 

implemented the Simulated Annealing with Gibbs sampling method as follows: 

Step 1: Initialize the value of Temperature 𝑇(0) = 10 and value of  𝑎 = 0.99.  
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Step 2: Initialize the values of the variables 𝐫0 = [r1
0  r2

0  r3
0⋯r𝑁

0]T.  In this algorithm the 

initial values for 𝐫0 = [r1
0  r2

0  r3
0⋯r𝑁

0]T and  𝜎2  are obtained from the least square 

estimates using Eq. (5.11) and Eq. (5.12) 

Step 3: Compute the corresponding function value 𝑈(𝐢; 𝐫0) using Eq. (6.14) 

Step 4: Randomly generate the candidate set of values for the variables 𝐫 = [r1  r2  r3⋯r𝑁]
T 

from the target distribution 

𝜋(𝐢; 𝐫) = 𝑒
1
T
𝑈(𝐢;𝐫)

 
      (6.26) 

 

Using Gibbs sampling algorithm. Let it be 𝐫𝑡 = [ r1
𝑡  r2

𝑡  r3
𝑡     ⋯ r𝑁

𝑡]T respectively.  

Step 5: Compute the corresponding function value 𝑈(𝒊; 𝐫𝑡)  

Step 6: If 𝑈(𝐢; 𝐫t) ≥ 𝑈(𝐢; 𝐫𝑡−1) then the candidate values for the random variables are accepted 

and set �̂� = 𝐫t  and 𝑈(�̂�; 𝐢) = 𝑈(𝐢; 𝐫t). 

Step 7:  If 𝑈(𝐢; 𝐫t) < 𝑈(𝐢; 𝐫𝑡−1) then the current values for the random variables are assigned 

�̂� = 𝐫t only when 

𝜋(𝐢; 𝐫) = exp[(𝑈(𝐢; 𝐫t) − 𝑈(𝐢; 𝐫𝑡−1))/T] > 𝑟𝑎𝑛𝑑 

 

      (6.27) 

Step 8: Reduce the temperature parameter 𝑇 using 𝑇(𝑘 + 1) = 𝑎 ∗ 𝑇(𝑘) 

Step 9:  Increase the iteration variable 𝑡 = 𝑡 + 1  and repeat Step 4 to Step 8 for n times. 

 

6.4.1 Results of applying Simulated Annealing algorithm to OCT images 

In this section, we present examples that show the effectiveness of the proposed technique for the 

OCT image restoration problem.  The original degraded OCT images of the Axolotl eggs are 

shown in Figure 6.1(a) and Figure 6.2(a). The number of A-scans in these image is 600 and the 
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depth of imaging is 3.5 mm. Each depth-scan photocurrent is made up of 29800 pixels. Figures 

6.1 and Figures 6.2 show the original OCT images and the restored images using the least 

squares and Simulated Annealing algorithms.  

         

(a) OCT image of Axolotl egg without gel                          (b) Restored images using least Squares 

                                            

                                                 (c) Restored OCT image using Simulated Annealing 

Figure 6.1 Images of Axolotl egg without gel; (a) original; (b) restored OCT image 

Using least squares; (c) restored OCT image using Simulated Annealing. 

 

 

Higher imaging 

depth 
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  (a) OCT image of Axolotl egg with gel                    (b) Restored image using least Squares 

 

 
  
                                     (c) Restored image using simulated annealing 

 

Figure 6.2 Images of Axolotl egg with gel; (a) original: (b) restored OCT image using least squares 

(c) Restored OCT image using Simulated Annealing algorithm. 

 

 
As can be seen from the images, the restored images are much clearer and sharper and the edges 

are more well defined. Also, comparing the least squares with the Simulated Annealing, as 

expected, the Simulated Annealing produces images with much more information about the 

object and better resolution and thus, increases the imaging depth of the OCT system. This is due 

to the fact that Simulated Annealing considers the statistical nature of the noise. Particularly in 

Restored Air-

Embryo interface 

layer 
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Figure 6.2 (c), as can be shown by the arrows, the Simulated Annealing restored the air-embryo 

interface layers that are lost in the degraded OCT image. In both methods, raising the number of 

measurements indeed improves the restoration result.  
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Chapter 7 

 

Conclusions and future work 
 

 

7.1 Conclusions 

Achieving higher depth of imaging and better image quality remain primary challenges for 

improving OCT imaging. Having higher depth of imaging and better image resolution allow the 

study of microstructures of a sample from higher depths.  However, there are factors that tend to 

reduce the imaging performance of OCT systems.  Noise is one of the main factors that affects 

the performance of OCT imaging. Therefore developing a statistical image processing method 

that considers the random nature of the noise in OCT data would be very useful to increase the 

image quality and depth of OCT imaging.  

The work in this thesis could be divided into two parts:  in the first part, we obtain a random 

process model for the depth-scan photocurrent in TD-OCT. The second order statistics, mean 

and covariance functions of the photocurrent are written in discrete matrix form.  In the second 

part of this thesis, based on random process models, we develop stochastic image restoration 

algorithms using two different methods: least squares estimation and Simulated Annealing using 

Gibbs sampling. We demonstrated the effectiveness of our methods by applying them to images 

of Axolotl eggs with and without gel. Results of our methods show that this statistical image 

restoration technique is generally more effective than the deterministic methods used before, as it 

considers the statistical nature of the noise. 

7.2 Future work 

The main limitations of this algorithm is the large size of the measured data sets which results 

high computational time, and also it is well known that stochastic optimization techniques are 
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very slow. Therefore a parallel implementation of the image restoration algorithm can decrease 

its computational time dramatically. This parallel simulation can be implemented on a Field 

Programmable Gate Array (FPGA) .Another potential improvement is instead of using a 

stochastic iterative algorithm, we can use multiresolution approaches such as renormalization 

group transform (RGT) and super-coupling transform (SCT) to restore the degraded OCT 

images. We can also perform Bayesian signal processing on the random process model by 

imposing a prior model on the axial reflectance of the object and a much better performance can 

be obtained. 
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Appendix A 

 

MATLAB code for Least Squares Estimation 

  

 

Clear all; close all; 

  

%---------Load OCT Data------------- 

A_scan_Array_new=load_data (); 

no_images=5; 

a_scans_per_Image=600;  

pixels_per_a_scan=29800; 

total_depth_mm=3.5; 

im=1;             % select Image number 

  

%----------------------Remove the non-zero mean component------------- 

for im=1:no_images 

     for kk=1:a_scans_per_Image 

        Temp1=A_scan_Array_new(:,kk,im); 

        temp1=flipud(Temp1); 

        mean_a_scan=mean(temp1); 

        temp1=temp1-mean_a_scan; 

        A_scan_Array_new(:,kk,im)=temp1; 

    end 

end 

  

%--------------plot fft of a single A-scan------------------------- 

x=A_scan_Array_new(:,1,im); 

fs=62.5e6;  % sampling frequency  

L=size(x); 

nfft= 2^(nextpow2(max(L))); 

fftx = fft(x,nfft); % Take fft,  

fftx = fftx(1:nfft); 
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f=(0:nfft-1)*fs/nfft; 

plot(f,2*abs(fftx)); 

title(' Amplitude Spectrum of Single A-Scan OCT data'); 

xlabel('Frequency (Hz)'); 

ylabel('|A-scan(f)|'); 

  

Image_norm=zeros(pixels_per_a_scan,a_scans_per_Image,no_images); 

A_scan_data=zeros(pixels_per_a_scan,a_scans_per_Image,no_images); 

Envelope_data=zeros(pixels_per_a_scan,a_scans_per_Image,no_images); 

 

%------------------obtain Envelope of the data for display---------- 

  

for k = 1 : no_images 

      A_scan_data(:,:,k)= A_scan_Array_new(:,:,k);    

  for l=1:a_scans_per_Image       

     Image_norm(:,l,k)= A_scan_Array_new(:,l,k)./max(A_scan_Array_new   

                          (:,l,k)); 

    A_scan_data(:,l,k)=A_scan_data(:,l,k)./max(A_scan_data(:,l,k));       

   end 

  Envelope_data(:,:,k) = abs(Image_norm(:,:,k) + sqrt(-1) *    

                         hilbert(Image_norm(:,:,k))); 

end 

  

for  k=1:a_scans_per_Image 

    for l=1: pixels_per_a_scan 

          Envelope_data (l,k,1)=log10(1+ Envelope_data (l,k,1)); 

    end 

end 

y_Axis = linspace(0, total_depth_mm, pixels_per_a_scan); 

x_Axis = linspace(0, a_scans_per_Image); 

imagesc(x_Axis, y_Axis, Envelope_data(:,:,1)); 

xlabel('A-scans per B-scan') 

ylabel('Imaging depth (mm) ') 

title('Original OCT Image ') 

axis tight 
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%---------obtain convolution matrix---------------------------- 

hdet=[1 1];                               

M=2;                           % length of the impulse response                   

N=29799;                       % length of the unknowns 

L=M+N-1;                       % L=29800  

H= sparse(L,N); 

e= ones(N,1); 

for i=0:1 

    H= H + spdiags (hdet(i+1)*e, -i, L, N); 

end 

H=kron(H,ones(no_images, no_images));  % stack n measurements 

figure(1) 

clf 

spy (H); 

R=chol(H'*H);                        % take the Cholesky decomposition 

inv_R=inv(R); 

%---------Stuck n=5 measurements------------------------------ 

Ascan=zeros(no_images,M+N-1); 

temp=zeros(no_images,M+N-1); 

for i=1:a_scans_per_Image 

  

       for k=1:no_images 

            temp(k,:)= A_scan_data (:,i,k)';      

       end 

     Ascan(:,:)=[temp(1,:);temp(2,:);temp(3,:);temp(4,:);temp(5,:)]; 

    Cascaded_a_scan(:,i)=Ascan(:); 

    b(:,i)=H'*Cascaded_a_scan(:,i);     % calculate b=H*Z 

end 

  

 % ---The Least Squares calculations----------------------- 

  

R_reflectace=zeros(N,a_scans_per_Image, no_images); 

Image_dec=zeros(L,a_scans_per_Image,no_images); 

Image_dec_log=zeros(L,a_scans_per_Image,no_images); 
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sum_res=0; 

  

for j=1:a_scans_per_Image 

    y=inv_R'*b(:,j); 

    R_reflectace(:,j,1)=inv_R*y; 

    Estimated_OCT_data(:,j,1)=H* R_reflectace (:,j,1); 

    Image_dec(:,j,1)=decimate(Estimated_OCT_data(:,j,1),no_images);   

    A_scan_Envelope(:,j,1) = abs(Image_dec(:,j,1) + sqrt(-1) *     

    hilbert(Image_dec(:,j,1))); 

    A_scan_residual(:,j,1)= A_scan_data (:,j,1)-Image_dec(:,j,1); 

    sum_res=sum_res+(A_scan_residual(:,j,1)'*A_scan_residual(:,j,1));   

end 

for  k=1:a_scans_per_Image 

    for j=1:L 

           A_scan_Envelope (j,k,1)=log10(1+ A_scan_Envelope (j,k,1)); 

    end 

end 

variance_noise=sum_res/a_scans_per_Image; 

y_Axis = linspace (0, 3.5, L); 

x_scale = linspace(0, a_scans_per_Image); 

imagesc(x_scale, y_scale,A_scan_Envelope(:,:,1)); 

xlabel('A-scans per B-scan') 

ylabel('Imaging depth (mm) & pixels') 

title('Estimated OCT Image using Least Square') 

axis tight 

  

MATLAB code for Simulated Annealing using Gibbs sampling 

  

 

clear all; close all; 

  

A_scan_Array_new=load_data(); 

no_images=5; 

a_scans_per_Image=600;  

pixels_per_a_scan=29800; 
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total_depth_mm=3.5; 

iteration=2000; 

  

for im=1:no_images 

  for kk=1:a_scans_per_Image 

        Temp1=A_scan_Array_new(:,kk,im); 

        temp1=flipud(Temp1); 

        mean_a_scan=mean(temp1); 

        temp1=temp1-mean_a_scan; 

        A_scan_Array_new(:,kk,im)=temp1; 

    end 

end 

%------------------obtain Envelope of the data for display---------- 

 

Image_norm=zeros(pixels_per_a_scan,a_scans_per_Image,no_images); 

Envelope_data=zeros(pixels_per_a_scan,a_scans_per_Image,no_images); 

 

for k = 1 : no_images 

   for l=1:a_scans_per_Image 

     A_scan_data_new (:,l,k)=   

         A_scan_Array_new(:,l,k)./max(A_scan_Array_new (:,l,k));  

   end 

    Envelope_data(:,:,k) = abs(A_scan_data_new (:,:,k) + sqrt(-1) *    

                         hilbert(A_scan_data_new (:,:,k))); 

End 

 

for k=1:a_scans_per_Image 

    for l=1:pixels_per_a_scan 

           Envelope_data(l,k,1)=log10(1+Envelope_data(l,k,1)); 

    end 

end 

y_scale = linspace (0, total_depth_mm, pixels_per_a_scan); 

x_scale = linspace(0, a_scans_per_Image); 

imagesc(x_scale, y_scale,Envelope_data(:,:,1)); 

xlabel('A-scans per B-scan') 
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ylabel('Imaging depth (mm) ') 

title('Original OCT Image ') 

axis tight 

%---------obtain convolution matrix---------------------------- 

hdet=[1 1];                               

M=2;                                              

N=29699;   

L=M+N-1; 

H= sparse(L,N); 

e= ones(N,1); 

for i=0:1 

    H= H + spdiags (hdet(i+1)*e, -i, L, N); 

end 

figure(1) 

clf 

spy (H); 

  

 

%----------- initial values of the object reflectivity---- 

 

Ini_data=load('C:\Users\mezgebbk\Documents\MATLAB\Gibbs and Simulated 

annealing\r_values.mat'); 

im=1;                            % select Image number 

 

for k=1:a_scans_per_Image    

     r_values_extract(:,k,im)=Ini_data.r_values(:,k,im);   

     for j=1:N     

         r_values(j,k,im)=r_values_extract(j,k,im);  

     end  

     mean(:,k,1)=H* r_values(:,k,im); 

end 

Envelope_mean(:,:,im) = abs(mean(:,:,im) + sqrt(-1) *    

                         hilbert(mean(:,:,im))); 

y_scale = linspace (0, total_depth_mm, L); 

x_scale = linspace(0, a_scans_per_Image); 
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imagesc(x_scale, y_scale,Envelope_mean(:,:,im)); 

xlabel('A-scans per B-scan') 

ylabel('Imaging depth (mm) ') 

title('initial value of OCT Image: an input to Simulated Annealing ') 

axis tight 

 

var=r_values(:,1, im); 

Mean=H*var; 

T(1)=10; 

%------------------Simulated Annealing algorithm----------------- 

 

propSigma = 0.01; 

s=RandStream('mt19937ar','Seed',1); 

RandStream.setGlobalStream(s);    

 

for kk=1:a_scans_per_Image 

      var=r_values(:,kk, im);    

      Mean=H*var; 

      fit_old=Score_fun(A_scan_data_new(:,kk, im),Mean); 

  for k=1:iteration 

       for j=1: N   

          muCond=var(j); 

          r_Est(j,kk, im) = muCond + sqrt(propSigma)*randn(s,1);               

      end  

  Mean=H*r_Est(:,kk, im);    

  fit_new= Score_fun(A_scan_data_new (:,kk, im),Mean); 

  

          if fit_new > fit_old 

             var= r_Est(:,kk, im); 

             fit_old=fit_new;      

         else 

             u=rand(s,1); 

         if exp((fit_new-fit_old)/T(k))>u 

                            var= r_Est(:,kk, im); 

                            fit_old=fit_new; 
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                        end 

                 end 

           T(k+1)=0.99*T(k);                  

       end 

    r_values(:,kk, im)=var; 

    Estimated(:,kk, im)=H*r_values(:,kk, im); 

    T(1)=10; 

end 

  

Envelope_data(:,:,im) = abs(Estimated(:,:,im) + sqrt(-1) * 

hilbert(Estimated(:,:,im))); 

for  k=1:a_scans_per_Image 

     for l=1:L 

           Envelope_data(l,k,im)=log10(1+ Envelope_data(l,k, im)); 

     end 

end 

y_scale = linspace (0, 3.5, L); 

x_scale = linspace(0, a_scans_per_Image); 

imagesc(x_scale, y_scale, Envelope_data(:,:,im)); 

xlabel('A-scans per B-scan') 

ylabel('Imaging depth (mm) ') 

title('Simulated Annealing results') 

axis tight 
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