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Abstract 

Attenuation correction is required for both qualitative and quantitative analysis of positron 

emission tomography (PET) imaging. Traditional attenuation correction methods use a 

transmission scan, such as a computerized tomography (CT) or an external radionuclide 

source scan. The transmission scan contaminates the emission data of PET if the 

transmission scan is performed during the PET scan. When the transmission scan is 

performed separately, artifacts can be introduced due to patient movement. In addition, the 

conversion of the CT image to an attenuation map at PET energy and the smaller field-of-

view (FOV) of a transmission scan cause other artifacts. For PET/MR systems, detector 

compatibility issues for traditional PET scanners along with image truncation and patient 

movements also introduce artifacts. Therefore a transmission-less attenuation correction 

approach is needed. Previous studies using true coincidence data to simultaneously 

reconstruct the attenuation map and radionuclide activity distribution suffer from the cross-

talk between the distributions. In this study, the scatter data of PET was used to reconstruct 

the electron density distribution as a representation of the attenuation map. A simultaneous 

reconstruction of the activity and electron density distributions were developed. 

Reconstruction results have shown that the contrast recovery coefficients of the region of 

interests were comparable to the reconstructions using a known attenuation map. 
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Preface 
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Hongyan Sun further proposed using scatter data to reconstruct the attenuation map for 

PET imaging. 

In this research, I was the lead investigator of developing simultaneous reconstruction 

algorithms for activity and attenuation maps. I have studied the feasibility of a maximum 

likelihood expectation maximization (MLEM) approach to recover the attenuation map, 
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simultaneous reconstruction algorithm of the activity and attenuation map. Hongyan Sun 

first derived a MLEM formula for the attenuation map reconstruction with a known single 

point activity source. I resolved the cross-talk issue between the attenuation and activity 

map when there were multiple point or extended sources. I further developed the 

simultaneous algorithm for unknown activity distribution and attenuation map. Dr. 

Pistorius offered insightful advices for testing the algorithm and analysis of the results. 
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1. Chapter One: Introduction 

1.1. Positron Emission Tomography 

Positron emission tomography (PET) is a nuclear medicine imaging technique that 

produces 2- or 3-dimensional images of the body. Unlike other medical imaging 

techniques, such as X-ray radiography, computed tomography (CT), and magnetic 

resonance imaging (MRI), PET aims to generate metabolic or functional image of the body 

instead of investigating the anatomical structure. Although CT and MRI can produce high-

resolution images, the ability of PET to generate functional images makes it a unique tool 

in nuclear medicine. Therefore PET has become the fastest growing diagnostic imaging 

technique. In the following sections, the basic physics, image reconstruction techniques, 

applications and limitations of PET will be discussed.  

1.1.1 Emission and Annihilation of a Positron  

PET imaging depends on the emission of positrons from radiopharmaceuticals. In 1972, 

fluorodeoxyglucose (FDG) labeled with 18F was first developed by Ido and Wolf at the 

Brookhaven National Laboratory [Ido et al. 1978] and the first tomography images of 

radionuclide activity were produced by Chesler [Chesler 1973]. FDG is an analog of 

glucose. Once administrated into the human body, the concentration of FDG indicates 

tissue metabolic activity, since the concentration level corresponds to the glucose uptake. 

In 1976, FDG was first administrated into human volunteers to demonstrate the feasibility 

of FDG to be used as a radioactive tracer. The development of PET as an imaging technique 

was then greatly speeded up.  
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The emission of positrons comes from the 18F atoms in FDG. A nucleus with excess protons 

tends to emit a positron [Attix 2004]. When a positron is emitted, one of the protons is 

converted to a neutron. This process results in the atomic number Z of the nuclei decreasing 

by 1 and the neutron number of the nuclei correspondingly increasing by 1. This process 

is called 𝛽+ decay. The detail of the 18F 𝛽+ decay reads: 

Apart from 18F, a number of other atomic nuclei can also emit positrons. Examples of 

radionuclide that are used in PET imaging are 11C, 64Cu, 13N, 15O, 68Ga, 86Y and 124I. The 

general decay process of 𝛽+ decay is: 

where A is the atomic mass, Z is the atomic number, X is the parent nucleus, Y is the 

daughter nucleus and 𝜈 is a neutrino. 

After positrons are emitted, they will annihilate with electrons in matter. Figure 1-1 

illustrates the positron annihilation process. Positron annihilation produces a pair of 

photons which will evenly share the total energy of the electron-positron pair. If the 

electron and positron pair are at rest when annihilated, the total energy of the photons will 

be the rest energy of an electron-positron pair. Since electrons and positrons have the same 

 𝐹9
18 → 𝑂 + 𝛽+ + 𝜈

8

18 . (1-1) 

 𝑀𝑍
𝐴 → 𝑁 + 𝛽+ + 𝜈

𝑍−1

𝐴
 (1-2) 
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rest energy, each of the emitted photon will have the same energy as the rest electron energy, 

i.e. 511 keV.  

As the electron-positron pair is annihilated at rest, the two photons will be emitted in 

exactly opposite directions. The distribution of the directions of the photon pair is isotropic. 

The emitted back-to-back photon pairs provide the foundation for PET image 

reconstruction algorithms. 

In practice, positrons emitted by radionuclides are not necessarily at rest. The 𝛽+ decay 

also releases an amount of kinetic energy shared between the positron, the neutrino and the 

daughter nuclei. If the maximum energy of positrons is 𝐸𝑚𝑎𝑥 , the mean energy of the 

emitted positrons is approximately 0.33𝐸𝑚𝑎𝑥  [Christian, 2007]. The non-zero kinetic 

energies of positrons result in a free range of positrons before annihilation. In addition, the 

momentum of the electron-positron pair can be consequently non-zero. Therefore the 

emitted photon pair will not be back-to-back, which is the non-collinearity phenomenon. 

 
 

Figure 1-1. The annihilation of an electron-positron pair emits a pair of photons. Each of the 

photons obtains an energy of 511 keV. The two photons travel in opposite directions 
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The positron range and non-collinearity are the two effects that limit the resolution of PET 

imaging. Table 1-1 lists the properties of some of the radionuclides used in PET. 

1.1.2 Photon Interactions with Matter 

After being created by the positron annihilation process, photons will undergo interactions 

with the surrounding medium. This section will be devoted to discussing the main photon 

interactions with matter. Details of the topic can be found in [Attix 2004 and Bailey et al. 

2005]. 

1.1.2.1 Compton Scattering 

Compton scattering is the inelastic scattering of a photon by a loosely bounded or a free 

electron in matter. Through Compton scattering, a photon loses some of its energy, but not 

all of it. The direction of the photon will be changed. Figure 1-2 describes the Compton 

scattering process. 

Compton Equation. An incident photon has wavelength 𝜆  and momentum  �⃗� . After 

colliding with an electron, the photon is scattered to have a longer wavelength 𝜆′ and lower 

momentum�⃗� ′. The electron correspondingly obtains a recoil momentum𝑃
𝛽′

⃗⃗ ⃗⃗  ⃗. The scattering 

Radionuclide 𝐸𝑚𝑎𝑥 (MeV) 
Maximum Positron Range 

in Water (mm) 

Mean Positron Range in 

Water (mm) 

11C 0.96 4.1 1.1 
13N 1.20 5.1 1.5 
15O 1.74 7.3 2.5 
18F 0.63 2.4 0.6 

68Ga 1.90 8.2 2.9 
 

Table 1-1. Properties of some of the radionuclides used in PET imaging [Bailey et al. 2005]. 𝐸𝑚𝑎𝑥 

is the maximum energy of the emitted positron. The maximum and mean positron ranges are also 

listed. 
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angle 𝜃 is defined as the angle between the initial and the final directions of the photon. 

Following the conservation of energy and momentum to give: 

where the initial momentum of the electron is omitted, i.e. 𝑃𝛽
⃗⃗⃗⃗ = 0. For a photon with 

wavelength 𝜆, the momentum and energy are given by: 

where ℎ is Planck’s constant and 𝑐 is the speed of light. For the electron, the initial energy 

is the electron rest energy: 

 𝐸𝜆 + 𝐸𝛽 = 𝐸𝜆′ + 𝐸𝛽′ (1-3) 

 𝑃𝜆
⃗⃗  ⃗ = 𝑃𝜆′

⃗⃗⃗⃗  ⃗ + 𝑃𝛽′
⃗⃗ ⃗⃗  ⃗ (1-4) 

 𝐸𝜆 =
ℎ𝑐

𝜆
 (1-5) 

 𝑃𝜆 = |𝑃𝜆
⃗⃗  ⃗| =

ℎ

𝜆
 (1-6) 

 𝐸𝛽 = 𝑚𝑒𝑐
2 (1-7) 

 
 

Figure 1-2. The kinematics of a Compton scattering event. An incident photon with wavelength 𝜆 

and momentum �⃗⃗�  is scattered by an electron at rest. The photon is scattered at an angle 𝜃 with a 

lower momentum 𝑷′⃗⃗  ⃗ and longer wavelength 𝜆′. 
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where 𝑚𝑒 is the electron rest mass. The final energy of the electron is given by: 

By combining equations 1-3 through 1-8 and the geometry relations of the momenta, the 

relationship between 𝜆, 𝜆′ and 𝜃 is given by: 

In this work, it is more convenient to rewrite equation 1-9 in terms of the energies 𝐸𝜆 

and 𝐸𝜆′: 

For PET imaging, the initial energy of photon 𝐸𝜆 is equal to the rest energy of electron, i.e. 

Making use of equation 1-11, equation 1-10 can be simplified to: 

𝐸𝜆′

𝐸𝜆
=

1

2 − cos 𝜃
. (1-12) 

Equation 1-12 is the basis of this work, since it relates the energy of the scattered photon 

with the scattering angle. The determination of the scattering angle enables the 

development of the scatter model. 

 𝐸𝛽′ = √(𝑚𝑒𝑐2)2 + (𝑝𝛽′𝑐)
2
. (1-8) 

 𝜆′ − 𝜆 =
ℎ

𝑚𝑒𝑐
(1 − cos 𝜃). (1-9) 

 

𝐸𝜆′

𝐸𝜆
=

1

1 +
𝐸𝜆

𝑚𝑒𝑐
2 (1 − cos 𝜃)

. 
(1-10) 

 𝐸𝜆 = 𝑚𝑒𝑐
2 = 511 𝑘𝑒𝑉. (1-11) 
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The smallest possible energy of the scattered photon can be obtained from equation 1-12. 

When the denominator of the right-hand side of equation 1-12 reaches its maximum 

(cos 𝜃 = −1), the left-hand-side reaches the minimum, i.e. 

𝐸𝑚𝑖𝑛

𝐸𝜆
=

1

2 − (−1)
=

1

3
. (1-13) 

Therefore the smallest energy is 𝐸𝑚𝑖𝑛 = 511 3⁄ = 170 (𝑘𝑒𝑉). 

Klein-Nishina cross-section. A photon can be scattered by any angle from 0 to 180°. The 

probability of a Compton scattering event with a specific scattering angle 𝜃 is decribed by 

the Klein-Nishina cross-section [Klein and Nishina 1929, Weinberg 1995]: 

where 𝛼 is the fine structure constant; 𝑟𝑐 = ℏ 𝑚𝑒𝑐⁄   is the reduced Compton wave length 

of the electron, with ℏ being the reduced Planck’s constant and 𝑚𝑒 being the rest mass of 

 
𝑑𝜎

𝑑𝛺
=

𝛼2𝑟𝐶
2

2
𝑃(𝐸𝜆, 𝜃)2[𝑃(𝐸𝜆, 𝜃) + 𝑃(𝐸𝜆, 𝜃)−1 + cos2 𝜃 − 1], (1-14) 

 
 

Figure 1-3. The spherical coordinates used in the expression of the solid angle. The origin is at the 

scattering site. The z-axis points in the same direction as the incident photon. 
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electron; 𝐸𝜆 is the energy of the incident photon; 𝜃 is the scattering angle; and 𝑃(𝐸𝜆, 𝜃) is 

defined as the ratio of scattered and incident photon energies: 

At 511 keV, 𝑃(𝐸𝜆, 𝜃) is reduced to 1 (2 − cos 𝜃)⁄ . 

Equation (1-14) gives the differential cross-section with respect to the solid angle 𝑑𝛺. In 

this research, the proposed method was studied in a 2-dimensional configuration. Therefore 

equation (1-14) needs to be modified to the 2-dimensional form. This can be achieved by 

making use of 𝑑𝛺 = sin 𝜃 𝑑𝜃𝑑𝜑. The corresponding spherical coordinates (Figure 1-3) is 

defined by fixing the origin at the scattering site and taking the direction of the primary 

photon as the zenith direction (z-axis). Then the polar angle 𝜃 is exactly the scattering 

angle.  

In practice, a 2-dimensional configuration is approximated by a thin slice of scanner 

(Figure 1-4) with thickness of 𝑤. Therefore 𝑑𝜑 can be calculated by the angle subtended 

by 𝑤 to the scattering site: 

 𝑃(𝐸𝜆, 𝜃) =
𝐸𝜆′

𝐸𝜆
=

1

1 + (𝐸𝜆 𝑚𝑒𝑐2⁄ )(1 − cos𝜃)
. (1-15) 

 𝑑𝜑 ≈ ∆𝜑 =
𝑤

𝑑
. (1-16) 
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where 𝑑  is the distance between detector B and the scattering site. The small angle 

approximation is used since the width 𝑤 is small compared to the smallest distance from 

the imaging region to the detectors. The 2-dimensional differential Klein-Nishina cross-

section is given by: 

The differential Klein-Nishina cross-section 𝑑𝜎 𝑑𝛺⁄  gives the likelihood of a photon to be 

Compton scattered by a single electron with angle 𝜃. Within a small volume in matter, the 

likelihood of such a scatter event also depends on the local electron density. The product 

of electron density and the differential Klein-Nishina cross-section gives the likelihood of 

a 𝜃-angle Compton scatter event in the small volume around a point. To investigate the 

 

𝑑𝜎

𝑑𝜃
= sin 𝜃 ∙ ∆𝜑 ∙

𝑑𝜎

𝑑𝛺

=
𝛼2𝑟𝐶

2

2
𝑃(𝐸𝜆, 𝜃)2[𝑃(𝐸𝜆, 𝜃) + 𝑃(𝐸𝜆, 𝜃)−1 + cos2 𝜃 − 1] sin 𝜃

𝑤

𝑑
. 

(1-17) 

 

 

 
 

Figure 1-4. A thin slice of the canner simulates a 2-dimensional imaging mode. The width 𝑤 of the 

scanner subtends a small angle ∆𝜑 to the scattering site. 
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probability of Compton scattering event with any scattering angle, the total Klein-Nishina 

cross-section needs to be known. 

Integrating equation (1-14) over all angles gives: 

where k is defined as the ratio of the incident photon energy over the electron rest energy, 

i.e. 

At 511 keV, the ratio 𝑘 in equation 1-19 reduces to 1, which results in: 

 

𝜎𝐶
𝐾𝑁 = 2𝜋𝛼2𝑟𝐶

2 {
1 + 𝑘

𝑘2
[
2(1 + 𝑘)

1 + 2𝑘
−

ln(1 + 2𝑘)

𝑘
] +

ln(1 + 2𝑘)

2𝑘

−
1 + 3𝑘

1 + 2𝑘2
}. 

(1-18) 

 𝑘 =
𝐸𝜆

𝑚𝑒𝑐2
. (1-19) 

 𝜎𝐶
𝐾𝑁 = 2𝜋𝛼2𝑟𝐶

2 (
20

9
−

3

2
log 3) = 2.865 × 10−23 𝑚𝑚2. (1-20) 
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1.1.2.2 Photoelectric Effect 

At low energies (below 100 keV), the most important interaction is the photoelectric effect. 

As the atomic number Z of the atoms of the material increases, the photoelectric effect 

increases roughly as a function of 𝑍4.  

The photoelectric effect is the interaction between an incident photon and a tightly bound 

electron. Let the binding energy of an atomic shell electron be 𝐸𝑏. If the energy 𝐸𝜆 of the 

incident photon is larger than 𝐸𝑏, the incident photon can lose all of its energy and a bound 

electron will be ejected. The kinetic energy 𝐾𝑒 of the emitted electron is therefore:  

Figure 1-5 shows the kinematics of photoelectric effect.  

The cross-section of the photoelectric effect is more complicated than that of Compton 

scattering but can be empirically described by [Attix 2004]: 

 𝐾𝑒 = 𝐸𝜆 − 𝐸𝑏 . (1-21) 

 

 

 
 

Figure 1-5. The kinematics of a photoelectric event. An incident photon with energy 𝐸𝜆 hits an 

atom. If the photon energy 𝐸𝜆 is larger than the binding energy 𝐸𝑏 of a shell electron, an 

electron can be ejected with kinetic energy 𝐾𝑒 = 𝐸𝜆 − 𝐸𝑏 . 
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where k is a constant, 𝑛 ≅ 4 at ℎ𝜈 = 0.1 MeV, increasing to 4.6 at 3 MeV, and 𝑚 ≅ 3 at 

ℎ𝜈 = 0.1, decreasing to 1 at 5 MeV. Therefore the photoelectric cross-section 𝜏 decreases 

as the photon energy increases above 0.1 MeV. 

1.1.2.3 Other Interactions 

Other photon interactions with matter include pair production and Rayleigh scattering. Pair 

production is a process in which the disappearance of a photon results in the creation of an 

electron and a positron. The Coulomb field is required for pair production to occur. 

Therefore pair productions usually take place near an atomic nucleus. The threshold photon 

energy for pair production is 2𝑚𝑒𝑐
2 = 1.022 𝑀𝑒𝑉, since this energy must be larger than 

the rest energy of an electron-positron pair. In PET imaging, the largest photon energy is 

511 keV, if the small amount of the excess energy from non-collinear annihilation is 

ignored. Therefore pair production is not considered in PET imaging. 

Rayleigh scattering is an elastic interaction between photons and atoms. In this process, 

the change in the photon energy, direction and momentum of atoms are very small. The 

influence of Rayleigh scattering is small when compared to Compton scattering and the 

photoelectric effect and is therefore ignored in this work. 

1.1.2.4 Photon Attenuation in Mater 

Due to the interactions mentioned in previous sections, photons will be attenuated as they 

travel through matter. Given a beam of photons with initial flux 𝐼0, the photon flux at depth 

x in some material can be written as: 

 𝜏 ≅ 𝑘
(𝑍)𝑛

(ℎ𝜈)𝑚
, (1-22) 
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where 𝜇(𝑡) is the linear attenuation coefficient at point 𝑡. In principle, all the interactions 

mentioned above may contribute to the linear attenuation coefficient 𝜇: 

where 𝜇𝐶  is the contribution from Compton scattering, 𝜇𝑃𝐸  comes from photoelectric 

effect and 𝜇𝑜𝑡ℎ𝑒𝑟 is the contribution from all other interactions. At PET energies, Compton 

scattering is the dominating interaction in common materials being scanned by PET 

systems. All the other interactions, including photoelectric effect, have negligible 

contribution to the total linear attenuation coefficient 𝜇. Table 1-2 compares the linear 

coefficients due to Compton scattering and photoelectric effect in soft tissue and bone 

materials. 𝜇𝐶  is several orders larger than 𝜇𝑃𝐸 . Therefore, the linear coefficient in an 

imaged object is approximated by: 

𝜇𝐶 can be expressed by the product of the local electron density and the total Klein-Nishina 

cross-section: 

 𝐼(𝑥) = 𝐼0exp (−∫𝜇(𝑡)𝑑𝑡), (1-23) 

 𝜇 = 𝜇𝐶 + 𝜇𝑃𝐸 + 𝜇𝑜𝑡ℎ𝑒𝑟 , (1-24) 

 𝜇 = 𝜇𝐶 . (1-25) 

 𝜇𝐶 = 𝜌 ∙ 𝜎𝐶
𝐾𝑁 (1-26) 

Material 𝜇𝐶 (𝑐𝑚−1) 𝜇𝑃𝐸 (𝑐𝑚−1) 

Soft tissue 0.096 0.00002 

Bone 0.169 0.001 

Table 1-2. Comparison of the contributions to the linear attenuation coefficients in bone and soft 

tissue from Compton scattering 𝜇𝐶 and photoelectric effect 𝜇𝑃𝐸 . 
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where the expression of 𝜎𝐶
𝐾𝑁 is given in section 1.1.2.1. 

1.1.3 Signal Measurement and Instrumentation of PET  

In the previous section, the mechanisms of positron emission and annihilation have been 

discussed. The photon pairs produced by positron annihilations will be detected by the 

detectors of a PET scanner. The path of a photon pair generated by the same positron 

annihilation is called the line-of-response (LOR). The detected photon pair is called a 

coincidence. Figure 1-6 shows how a PET scanner detects coincidences. A PET scanner 

contains a ring of detectors. The detectors are arranged in rotational symmetry to the center 

of the scanner. At point P, an electron-positron pair is annihilated. Two photons are emitted 

back-to-back. Detectors A and B detect the photon pair. The pair of detected events forms 

a true coincidence. The LOR for this example is the line section connecting detector A and 

B. 

Scanner geometry. As shown in figure 1-6, a PET scanner most commonly consists of 

detectors arranged in a ring configuration. Common PET scanners have multiple rings 

(figure 1-7). Tungsten septa are sometimes used to separate the rings to block photons from 

outside the FOV or cross-ring coincidences. The latter use of septa can switch the scanner 

between 2-dimensinal or 3-dimensinal mode.   

The detection of photons is a process that converts the energy deposited in detectors into 

electrical signals or charges. There are generally three classes of radiation detectors: 

proportional gas chambers, semiconductor and scintillation detectors. Due to high stopping 

efficiency and energy resolution, scintillation detectors are used almost for all modern PET 

scanners. These detectors convert 511 keV photons from positron annihilations to optical 
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photons. By coupling the scintillation detector to a photo-detector, the optical photons are 

received by the latter and converted to electrical signals. Crystal materials used for PET 

scanners are chosen based on four main properties:  

(1) Stopping efficiency of 511 keV photons: the shorter a photon travels in the crystal, 

the higher the stopping efficiency of the material is. Therefore the stopping 

efficiency is represented by the mean free path length of 511 keV photons. High 

stopping efficiency crystal materials improve the sensitivity of a PET scanner. The 

sensitivity of PET scanners is important to obtain high-quality images while 

keeping the imaging dose low and scanning time short.  

 
 

Figure 1-6. The detectors in a ring configuration detect a pair of photons from a positron 

annihilation event. P is the annihilation position. Two photons are emitted back-to-back and are 

detected by detectors A and B in coincidence. 
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(2) Optical light output: light output is also an important property of crystal material. 

High light output can improve both the spatial and energy resolutions of a PET 

scanner. 

 

 
 

Figure 1-7. Multiple rings of detectors of a PET scanner. 
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(3) Energy resolution: both the scintillator light output and intrinsic energy resolution 

of a crystal material can affect the energy resolution of a PET scanner.  

(4) Signal decay time: decay time is related to the counting rate of a PET scanner. In 

modern systems, the temporal resolution is more and more important to improve 

the image quality.  

Table 1-3 lists the above four properties of commonly used crystal materials in PET 

scanners [Bailey et al. 2005]. 

Due to the high sensitivity in the visible light range, photomultiplier tubes (PMTs) are most 

commonly used to detect optical photons generated in the scintillation crystals. A PMT 

consists of a photocathode, a set of dynodes and an anode. The three components of a PMT 

are kept in a vacuum housing. A thin layer of the photocathode is attached to the entrance 

end of the tube. As photons from scintillation crystals hit the photocathode, electrons are 

ejected from the surface of the photocathode due to the photoelectric effect. The dynodes 

following the photocathode are held at a positive potential. Therefore the ejected electrons 

Radionuclide NaI BGO LSO YSO GSO BaF2 

Attenuation Length 

(cm) 
2.9 1.1 1.2 2.6 1.4 2.2 

Decay Time (ns) 230 300 40 70 60 0.6 

Light Output 

(photons/keV) 
38 6 29 46 10 2 

Intrinsic Energy 

Resolution ∆𝐸 𝐸⁄  

(%) 

5.8 3.1 9.1 7.5 4.6 4.3 

Energy Resolution 

∆𝐸 𝐸⁄  (%) 
6.6 10.2 10 12.5 8.5 11.4 

 

Table 1-3. Main properties for commonly used scintillation crystals in PET [Bailey et al. 2005]. 

NaI: sodium iodide doped with thallium. BGO: bismuth germinate Bi4Ge3O12:Ce. LSO: lutetium 

oxyorthosilicate doped with cerium Lu2SiO5. GSO: gadolinium oxyorthosilicate doped with cerium 

Gd2SiO5:Ce. BaF2: barium fluoride. 
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are accelerated to the dynodes. When the electrons hit a dynode, more electrons, called 

secondary electrons, are emitted by the dynodes. The number of electrons is increasing 

exponentially, which results in 106~107 electrons per initial electron arriving at the anode 

of the PMT. The high gain of PMTs gives high signal-to-noise ratio. The last dynode is 

also the anode and connected to the pre-amplifier to read the electrical signals. Figure 1-8 

shows the schematic structure of a typical PMT. 

The scintillation crystals are arranged in a block configuration and connected to several 

PMTs. For example, figure 1-9 shows 8 × 8 crystal detectors coupled with 4 PMTs.  

Data collection. As previously mentioned, photons from positron annihilation are in back-

to-back pairs. The detection of a pair of photons is called a coincidence. Since the 

annihilation can happen anywhere within the FOV, there is a temporal difference for the 

 

 
 

Figure 1-8. Schematic diagram of a PMT. The optical photons first interact with a thin layer of 

photocathode to eject primary electrons. The number of electrons increases exponentially after 

interacting with multiple levels of dynodes. The PMT is connected to pre-amplifier which reads 

the signal. 
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two photons to arrive at the detectors. The process of coincidence data collection thus 

involves setting a timing window ∆𝜏 to include photons from the same annihilation, while 

excluding photons from different annihilations. 

However, in real PET imaging, the coincidence data does not always contain photon pairs 

from the same annihilation. Four types of coincidences exist: 

(1) True coincidences: the detection of a pair of unscattered photons from the same 

positron annihilation. The true coincidences are used to reconstruct the radionuclide 

activity distribution. 

(2) Random coincidences: the two photons are from different positron annihilation. 

The photons happen to arrive at the detectors within the timing window ∆𝜏 and are 

recorded by the system. Inclusion of random coincidences affects the image 

reconstruction of PET, since the LOR determined by a random coincidence clearly 

does not correspond to the annihilation position of positron annihilation. 

 

 

 
 

Figure 1-9. A typical configuration of a block of scintillators and PMTs. 64 scintillators are 

connected to 4 PMTs. 
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(3) Scatter coincidences: Photons traveling within matter also interact with the 

surrounding medium. At PET energies, the dominating interaction is Compton 

scattering (section 1.1.2). After being scattered, a photon will have lower energy 

and a different direction. If the two photons are detected as a coincidence, at least 

one of the photons will have lower energy than 511 keV. The straight line of 

response again does not represent the possible annihilation positions of the 

coincidence. The traditional method to deal with scatter coincidences involves 

 

Figure 1-10. Four types of coincidences in PET: (a) a true coincidence; (b) a random coincidence; 

(c) a scatter coincidence and (d) a multiple coincidence. 
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setting an appropriate energy window, e.g. 350~650 keV to exclude coincidences 

with lower photon energies. 

(4) Multiple coincidences:  more than two, usually three photons are detected within 

the timing window ∆𝜏. Such coincidences are discarded in traditional PET imaging. 

Figure 1-10 illustrates the four types of coincidences mentioned above. 

1.1.4 Image Reconstruction Techniques of PET  

Reconstruction methods for PET generally fall into two categories: the analytical method 

and the iterative reconstruction method. The first aims to analytically invert the forward 

model, or the projection of the imaging object. The latter is based on the statistical 

description of the data and iterative reconstruction of the radionuclide activity distribution. 

This section will be devoted to the two classes of techniques. A detailed review of the 

reconstruction methods can be seen in [Bailey et al. 2005, Bruyant 2002 and Mandelkern 

1995]. 

1.1.4.1 Analytical Reconstruction Methods 

In PET imaging, the measured true coincidence data can be regarded as projections of the 

activity distribution. The number of coincidences detected by a pair of detectors represents 

the integral of the activity along the corresponding LOR connecting the two detectors. In 

2-dimensions, two coordinates x and y are needed to determine the location of a point. To 

describe any LOR in a 2-dimensional plane, we also need two variables: one to determine 

the direction of the LOR and another one to determine the distance from a fixed point on 

the plain to the LOR. Therefore it is expected that all the projections form a transformation 

of the activity distribution in the 2-dimensional space. In 3-dimensions, this is also true, 
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since two angles need to be used to fix the direction of a line in 3-dimensional space. Due 

to these reasons, the projections of the activity can be regarded as a 1-on-1 map to the 

activity distribution. Analytical reconstruction methods aim to find out the inverse operator 

to recover the activity distribution from the projections. The mathematical expression of 

the transformation from activity distribution 𝜆(𝑥, 𝑦) to projections 𝑝(𝑠, 𝜃) is given by: 

where 𝑠 is the distance from the origin to the LOR and 𝜃 is the angle of the LOR to the x-

axis. Equation 1-27 is also called the Radon transform of function 𝜆(𝑥, 𝑦). Figure 1-11 

shows the coordinate system used here. The most direct representation of the desired 

function 𝜆(𝑥, 𝑦) by using the detected projections 𝑝(𝑠, 𝜃) can be found as: 

 𝑝(𝑠, 𝜃) = ∬ 𝜆(𝑥, 𝑦) ∙ 𝛿(𝑥 cos 𝜃 + 𝑦 sin 𝜃 − 𝑠)𝑑𝑥𝑑𝑦
+∞

−∞

. (1-27) 

 𝑏(𝑥, 𝑦) = ∫ 𝑝(𝑠, 𝜃)𝑑𝜃
𝜋

0

. (1-28) 
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However, the simple reconstruction equation 1-28 causes blurs in the reconstructed image 

due to the actual relationship between 𝑏(𝑥, 𝑦) and 𝜆(𝑥, 𝑦): 

The solution is to apply a filter during the back-projection to obtain 𝜆(𝑥, 𝑦) from 𝑝(𝑠, 𝜃). 

This is called filtered backprojection (FBP). The foundation of FBP is the central section 

or projection slice theorem: the 1-dimensional Fourier transform of the projection function 

𝑝(𝑠, 𝜃) with respect to 𝑠 is related to the 2-dimensional Fourier transform of 𝜆(𝑥, 𝑦) by: 

where 

 𝑏(𝑥, 𝑦) =
𝜆(𝑥, 𝑦)

√𝑥2 + 𝑦2
. (1-29) 

 𝑃(𝑣, 𝜃) ≡ ∫ 𝑝(𝑠, 𝜃)𝑒−𝑖2𝜋𝑠𝑣𝑑𝑠
+∞

−∞

= 𝐹(𝑣 cos 𝜃 , 𝑣 sin 𝜃) (1-30) 

 
 

Figure 1-11. A projection in the PET FOV. The distance from the projection line to the origin is 𝑠. 

The angle 𝜃 represents the direction of the projection. 
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The FBP reconstruction of the function 𝜆(𝑥, 𝑦) reads: 

When the data 𝑃(𝑣, 𝜃) is noisy, the FBP reconstruction produces images with high noise 

levels. Unfortunately, PET data contains high noise. Therefore the FBP method is not 

optimal for reconstruction task in PET. A better approach is the iterative reconstruction 

algorithm based on statistical models of the measured data. 

1.1.4.2 Iterative Reconstruction Methods 

Iterative reconstruction methods can successfully address the noise issue in image 

reconstruction of PET, since they are based on statistical models of the PET data. The most 

commonly used reconstruction method is the maximum likelihood expectation 

maximization (MLEM) algorithm. Details of the derivation of the MLEM reconstruction 

formula can be found in [Moon 1996, Lange et al. 1987, Vardi et al. 1985, Shepp and Vardi 

1982, Rockmore 1976 Dempster 1977, Fessler 2000 and Zeng 2001]. This section briefly 

walks through the derivation of the reconstruction formula. 

First, let 𝑗 be the index labeling the detector pair A and B (figure 1-12). Then the expected 

number of true coincidences detected by detector pair 𝑗 can be written as: 

 𝐹(𝛼, 𝛽) = ∫ 𝜆(𝑥, 𝑦)𝑒−𝑖2𝜋(𝛼𝑥+𝛽𝑦)𝑑𝑥𝑑𝑦
+∞

−∞

. (1-31) 

 𝜆(𝑥, 𝑦) = ∫ [∫ 𝑃(𝑣, 𝜃)|𝑣|𝑒𝑖2𝜋𝑠𝑣𝑑𝑣
+∞

−∞

] 𝑑𝜃
𝜋

0

. (1-32) 

 〈𝑇𝑗〉 = 𝜏 ∙ ∫ 𝛹𝑗(𝒙) ∙ 𝜆(𝒙)𝑑𝒙
𝐵

𝐴

, (1-33) 
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where 𝜏 is the acquisition time; 𝛹𝑗(𝒙) is the geometry factor describing the probability of 

a true coincidence annihilated at point 𝑥 being detected by detector pair 𝑗; and 𝜆(𝒙) is the 

activity at point 𝑥. Equation 1-31 is the Radon transform of the activity distribution 𝜆(𝒙), 

weighted by the geometry factor  𝛹𝑗(𝒙). 

To proceed, equation 1-33 needs to be discretized, since the reconstruction will be 

performed in a discrete pixel grid. The discretization process in [Bailey et al. 2005] is 

followed. Firstly, the pixel basis functions are defined to partition the imaging region, or 

FOV: 

 𝑏𝑖(𝑥, 𝑦) = {
1    |𝑥 − 𝑥𝑖| < 𝑝 2⁄  𝑎𝑛𝑑 |𝑦 − 𝑦𝑖| < 𝑝 2⁄

0    |𝑥 − 𝑥𝑖| ≥ 𝑝 2⁄  𝑜𝑟    |𝑦 − 𝑦𝑖| ≥ 𝑝 2⁄
 (1-34) 

where 𝑖 is the pixel index, i.e. 𝑖 = (𝑖𝑥, 𝑖𝑦); p is the pixel size; 𝑥𝑖 = 𝑖𝑥 ∙ 𝑝 and 𝑦𝑖 = 𝑖𝑦 ∙ 𝑝 

are the coordinates of the 𝑖-th pixel. The activity distribution can be approximated as the 

linear combination of the basis functions: 

 𝜆(𝒙) = 𝜆(𝑥, 𝑦) = ∑𝜆(𝑥𝑖, 𝑦𝑖)𝑏𝑖(𝑥, 𝑦) ≡

𝑃

𝑖

∑𝜆𝑖𝑏𝑖(𝑥, 𝑦)

𝑃

𝑖

. (1-35) 

𝜆𝑖 is defined as the activity at the center of the 𝑖-th pixel. Equation (1-31) can now be 

rewritten as: 

 
 

Figure 1-12. Detection of a pair of photons by detector A and B. The annihilation can happen 

anywhere along the LOR connecting A and B. 𝜆(𝒙) is the activity at point x. 
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In the last line of equation (1-36), 𝑐𝑖𝑗 = ∫ 𝑏𝑖(𝒙) ∙ 𝜏
𝐵

𝐴
𝛹𝑗(𝒙)𝑑𝒙 can be regarded as the 2-

dimensional integral of the factor 𝜏𝛹𝑗(𝒙) within each pixel. 𝑐𝑖𝑗 is called the system matrix. 

For convenience, a new quantity 𝑇𝑖𝑗 is defined as: 

 𝑇𝑖𝑗 = 𝜆𝑖𝑐𝑖𝑗 (1-37) 

The meaning of 𝑇𝑖𝑗 is the number of true coincidences detected by detector pair 𝑗 from 

positrons annihilated in the 𝑖-th pixel. According to equation 1-36, the sum of 𝑇𝑖𝑗 over 𝑖 

gives 〈𝑇𝑗〉: 

The MLEM method involves the concept of “complete” and “incomplete” data [Moon 

1996]. The complete data 𝑥𝑖𝑗 is defined as the detected true coincidences by detector pair 𝑗. 

The incomplete data 𝑦𝑗 is the total number of detected true coincidences from the LOR 

defined by detector pair 𝑗. The relationship between the two datasets is: 

 

〈𝑇𝑗〉 = 𝜏 ∙ ∫ 𝛹𝑗(𝒙) ∙ 𝜆(𝒙)𝑑𝒙
𝐵

𝐴

                           

= 𝜏 ∙ ∫ 𝛹𝑗(𝒙) ∙ (∑𝜆𝑖𝑏𝑖(𝒙)

𝑃

𝑖

)𝑑𝒙
𝐵

𝐴

= ∑𝜆𝑖 (∫ 𝑏𝑖(𝒙) ∙ 𝜏
𝐵

𝐴

𝛹𝑗(𝒙)𝑑𝒙)  

𝑃

𝑖

≡  ∑𝜆𝑖𝑐𝑖𝑗

𝑃

𝑖

                                   

(1-36) 

 〈𝑇𝑗〉 = ∑𝑇𝑖𝑗

𝑃

𝑖

. (1-38) 
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Equation 1-39 is consistent with equation 1-38. The complete dataset 𝑥𝑖𝑗 cannot actually 

be measured, since the exact annihilation position for each true coincidence is 

undetermined with the information at hand (detected locations of the photon pairs). To deal 

with the unknown complete dataset, we assume that each 𝑥𝑖𝑗 follows a Poisson distribution 

with a mean 𝑇𝑖𝑗: 

Assuming each 𝑥𝑖𝑗 is independent from each other, the joint likelihood of the complete 

dataset is: 

The logarithm of equation (1-41) is more convenient to be used for calculating derivatives. 

Therefore, the log-likelihood function reads: 

The last equality makes use of equation (1-38).  

E-step. The complete dataset cannot be observed in real situations. The Expectation-step 

 𝑦𝑗 = ∑𝑥𝑖𝑗

𝑃

𝑖

. (1-39) 

 𝑓(𝑥𝑖𝑗|𝑇𝑖𝑗) = 𝑒−𝑇𝑖𝑗
𝑇𝑖𝑗

𝑥𝑖𝑗

𝑥𝑖𝑗!
. (1-40) 

 𝑓(𝑥|𝑇) = ∏𝑒−𝑇𝑖𝑗
𝑇𝑖𝑗

𝑥𝑖𝑗

𝑥𝑖𝑗!
𝑖,𝑗

. (1-41) 

 

log 𝑓(𝑥|𝑇) = ∑[−𝑇𝑖𝑗 + 𝑥𝑖𝑗 log 𝑇𝑖𝑗 − log 𝑥𝑖𝑗!]

𝑖,𝑗

= ∑[−𝜆𝑖𝑐𝑖𝑗 + 𝑥𝑖𝑗 log 𝜆𝑖 + 𝑥𝑖𝑗 log 𝑐𝑖𝑗 − log 𝑥𝑖𝑗!]

𝑖,𝑗

. 

(1-42) 
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(E-step) of the MLEM algorithm replaces the complete dataset 𝑥𝑖𝑗 with the detectable but 

incomplete dataset 𝑦𝑗. Poisson distributions belong to the exponential distribution family. 

One of the properties of the exponential family regarding the complete data 𝑥𝑖𝑗  can be 

applied [Moon 1996]. If the index 𝑛 is used to label the estimate of corresponding variables 

through the 𝑛-th iteration, the conditional expectation of 𝑥𝑖𝑗 is: 

M-step. For the maximization step, the log-likelihood (equation 1-42) is maximized with 

respect to 𝜆𝑖 and 𝑥𝑖𝑗
𝑛+1 is used in the log-likelihood function: 

Using the result in equation (1-43), the last equality of equation (1-44) gives: 

Equation (1-38) is used in the third equality and 𝜆𝑖
𝑛 is pulled out of the summation over the 

index 𝑗 in the last equality.  

Due to the small size of each pixel, the system matrix can be approximately computed by: 

 𝑥𝑖𝑗
𝑛+1 = 𝐸[𝑥𝑖𝑗|𝑦𝑗 , 𝜆𝑖

𝑛] =
𝑦𝑗𝑇𝑖𝑗

𝑛

∑ 𝑇𝑖′𝑗
𝑛

𝑖′
. (1-43) 

 
𝜕 log 𝑓(𝑥𝑛+1|𝑇𝑛)

𝜕𝜆𝑖
= ∑(−𝑐𝑖𝑗 +

𝑥𝑖𝑗
𝑛+1

𝜆𝑖
)

𝑗

= 0. (1-44) 

 

𝜆𝑖
𝑛+1 =

∑ 𝑥𝑖𝑗
𝑛+1

𝑗

∑ 𝑐𝑖𝑗𝑗
=

1

∑ 𝑐𝑖𝑗𝑗
∑

𝑦𝑗𝑇𝑖𝑗
𝑛

∑ 𝑇𝑖′𝑗
𝑛

𝑖′
𝑗

=
1

∑ 𝑐𝑖𝑗𝑗
∑

𝑦𝑗𝑐𝑖𝑗𝜆𝑖
𝑛

∑ 𝑐𝑖′𝑗𝜆𝑖′
𝑛

𝑖′
𝑗

=
𝜆𝑖
𝑛

∑ 𝑐𝑖𝑗𝑗
∑

𝑦𝑗𝑐𝑖𝑗

∑ 𝑐𝑖′𝑗𝜆𝑖′
𝑛

𝑖′
𝑗

. 

(1-45) 
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where 𝑥𝑖 represents the coordinates of the center of the 𝑖-th pixel and ∆𝑥𝑖 is the length of 

the LOR within 𝑖 -th pixel (figure 1-13). This approximation is called the line length 

approach. 

Another strategy of system matrix approximation is the strip area model. In the real world, 

the LOR becomes a tube-of-response (TOR) due to the finite size of detectors (figure 1-

14). Therefore the system matrix is approximated by the area of the tube-of-response within 

each pixel (∆𝑆): 

 𝑐𝑖𝑗 ≅ 𝜏 ∙ 𝛹𝑗(𝑥𝑖) ∙ ∆𝑥𝑖 (1-46) 

 𝑐𝑖𝑗 ≅ 𝜏 ∙ 𝛹𝑗(𝑥𝑖) ∙ ∆𝑆𝑖. (1-47) 

 

Figure 1-13. Illustration of the line length approximation in the calculation of the system matrix 

𝑐𝑖𝑗. The value of 𝑐𝑖𝑗 is determined by the length of the line section within each pixel on the LOR. 
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The strip area approximation produces a smoother reconstruction but requires more 

computation time than the line length approximation. Figure 1-15 illustrates the strip area 

approximation used in the computation of the system matrix 𝑐𝑖𝑗. 

 

 
 

Figure 1-14. Illustration of the tube-of-response (TOR). Due to the finite size of detectors, a LOR 

becomes a TOR. 

 

 

 
 

Figure 1-15. Illustration of the strip area approximation in the calculation of system matrix 𝑐𝑖𝑗. 

Each element of 𝑐𝑖𝑗 is calculated by the area of the TOR in each pixel. 
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1.2. Attenuation Correction in PET 

1.2.1 Need for Attenuation Correction in PET imaging  

In section 1.1.4, PET image reconstruction methods have been discussed. However, section 

1.1.3 mentions that photons will be attenuated when traveling through matter. For PET 

imaging, the 511 keV photons can be attenuated to less than 1/10 of the emitted photon 

pairs along a certain LOR [Zaidi and Hasegawa 2003]. In addition, the attenuation is not 

uniform for all the coincidences. LORs with a longer intersection in the phantom or patient 

body experience greater attenuation than LORs with a shorter intersection. The 

reconstruction methods introduced previously do not consider the effect of attenuation.  

Figure 1-16 shows the artifacts introduced by the neglect of attenuation. A uniform 

distribution within a circular region was simulated. The radius of the circle was 14 cm. The 

same circular area was filled with water. Using equation 1-45, the MLEM reconstruction 

without considering attenuation is shown in figure 1-16 (b). The intensity of the inner 

region is much lower than the region near the edge. For quantitative PET imaging, such 

reconstructions obviously are not suitable for the task. Even for qualitative analysis, the 

 

 
 

Figure 1-16. A comparison of PET images reconstructed with and without attenuation correction. 

(a): the true radionuclide activity distribution; (b): reconstructed image without attenuation 

correction; and (c): reconstructed image with attenuation correction. 
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low intensity will affect the recognition of the deep lesions of patients. Therefore 

attenuation correction is needed for artifact-free images. Figure 1-16 (c) is the MLEM 

reconstruction in which attenuation of true coincidences has been accounted for. 

To apply attenuation correction to the MLEM formula, the forward model (equation 1-33) 

needs to be modified to: 

The attenuation factor 𝐴𝐹𝑗  is defined as: 

𝐴𝐹𝑗 = 𝑒𝑥𝑝 (−∫ 𝜎𝐶
𝐾𝑁𝜌(𝑙)𝑑𝑙

𝐵

𝐴

) . (1-49) 

where the linear attenuation coefficient 𝜇 has been replaced by the product of the total 

Klein-Nishina cross-section and the electron density. Following the same discretization 

procedure, equation 1-48 is expressed as: 

Again, by defining the quantity  𝑇𝑖𝑗 = 𝐴𝐹𝑗𝜆𝑖𝑐𝑖𝑗 and assuming 𝑇𝑖𝑗 to be a Poisson variable, 

the attenuated MLEM reconstruction formula can be derived in the same procedure as in 

section 1.1.4.2: 

 〈𝑇𝑗〉 = 𝜏 ∙ 𝐴𝐹𝑗 ∙ ∫ 𝛹𝑗(𝒙) ∙ 𝜆(𝒙)𝑑𝒙
𝐵

𝐴

. (1-48) 

 

〈𝑇𝑗〉 = 𝐴𝐹𝑗 ∑𝜆𝑖 (∫ 𝑏𝑖(𝑠) ∙ 𝜏 ∙ 𝛹𝑗(𝑥)𝑑𝑥
𝐵

𝐴

)          

𝑃

𝑖

≡  𝐴𝐹𝑗 ∑𝜆𝑖𝑐𝑖𝑗

𝑃

𝑖

.                                         

(1-50) 
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The difference between equation 1-51 and equation 1-45 is the presence of the attenuation 

factor 𝐴𝐹𝑗  in the normalization term ∑ 𝐴𝐹𝑗𝑐𝑖𝑗𝑗 . Figure 1-11 (c) was reconstructed with 

equation 1-51. The expected uniformed distribution was successfully recovered. 

1.2.2 Current Attenuation Correction Approaches 

Calculation of the attenuation factor 𝐴𝐹𝑗  requires the linear attenuation coefficient 

distribution (attenuation map), or almost equivalently the electron density distribution. This 

section will briefly review existing approaches for obtaining the attenuation map. A 

detailed review can be found in [Zaidi and Hasegawa 2003, Bailey 2005]. 

1.2.2.1 Transmission Methods 

Transmission methods are the traditional and most commonly used attenuation correction 

strategy in PET. This type of methods uses an external radionuclide source, CT or 

segmented magnetic resonance scan to obtain the attenuation map. 

External radionuclide source. The history of using external radionuclide sources in 

emission tomography dates back to the work of Mayneord [Bailey 2005, Mayneord 1952] 

in the 1950s. The external source scan can be performed before, during or after the PET 

scan. Commonly used radionuclide sources include 68Ga/68Ge and 137Cs. Separate 

transmission scans (before or after) are easier to perform than the simultaneous scan. 

However, images from the transmission and emission scans need to be registered. Artifacts 

can be caused due to patient motion or image misregistration. Moreover, the imaging time 

is increased for separate scans. Simultaneous transmission scans avoid the need for image 

 𝜆𝑖
𝑛+1 =

𝜆𝑖
𝑛

∑ 𝐴𝐹𝑗𝑐𝑖𝑗𝑗
∑

𝑐𝑖𝑗

∑ 𝑐𝑖′𝑗𝜆𝑖′
𝑛

𝑖′
𝑗

. (1-51) 
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registration, but the emission data can be contaminated by the transmission data.  

Since the attenuation coefficient is energy dependent, the attenuation map obtained from 

the external source scan needs to be corrected so that the attenuation coefficients are correct 

for 511 keV photons. For example, photons emitted by 137Cs sources have an energy of 

662 keV. The attenuation coefficients for human tissues at 662 keV are smaller than those 

at 511 keV. For example, the linear attenuation coefficient for cortical bone at 662 keV is 

about 10% smaller than that at 511 keV [Hubbell 1989]. 

CT transmission scan. In recent years, CT scans are more commonly used for attenuation 

correction for PET. The CT scan can also be performed simultaneously or separately with 

the PET scan. Similarly, a separate CT scan requires image registration for the attenuation 

map and PET image. The difficulty for image registration is that the human body can flex, 

especially in the chest, neck and abdomen regions. In recent years, the fused PET/CT 

system has become more and more popular. A PET/CT system reduces patient movement 

to make image registration faster and easier. 

Conversion is also required to obtain attenuation map for PET from CT images. Pixel 

values of CT images are in Hounsfield units. The Hounsfield unit is defined as: 

where 𝜇, 𝜇𝑤𝑎𝑡𝑒𝑟 and 𝜇𝑎𝑖𝑟 are the linear attenuation coefficient for the current pixel, water, 

and air. Pixel values first need to be converted from HU values to 𝜇. Since photons in a CT 

scan have a mean energy of around 80 keV, the obtained 𝜇 values need to be scaled to 

𝜇(511 𝑘𝑒𝑉) for PET.  

 𝐻𝑈 = 1000 ×
𝜇 − 𝜇𝑤𝑎𝑡𝑒𝑟

𝜇𝑤𝑎𝑡𝑒𝑟 − 𝜇𝑎𝑖𝑟
 (1-52) 
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MRI scan. Attenuation correction using an MRI scan is based on image segmentation 

techniques to identify different regions of human tissue. After identifying tissues of 

significantly different density and composition, pixels are assigned corresponding 

attenuation coefficients. However, combined PET/MRI systems have compatibility issues. 

If the PET and MRI scans are performed simultaneously, old PET detectors may be 

affected by the magnetic field from the MR system. For separate scans, patient movements 

result in image registration difficulties. 

In summary, transmission scan based strategies are the most commonly used attenuation 

correction approach in modern PET imaging. However, limitations associated with 

transmission scanning attenuation correction motivate research on transmission-less 

attenuation correction methods. Before advancing to the next section, problems with 

transmission attenuation correction methods are listed as follows: 

(1) Increased doses due to the transmission scanning; 

(2) Increased cost for multimodality systems, i.e. PET/CT or PET/MRI; 

(3) Compatibility issues for PET/MRI and contamination to PET data from external 

sources or CT scans; 

(4) Challenges in image registration due to tissue flexibility and patient movements 

between the separate transmission and PET scans; 

(5) Inaccurate conversion of linear attenuation coefficients from transmission scan 

energy to 511 keV; 

(6) Truncation artifacts due to smaller FOV of CT and MRI systems compared to PET 
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scanners. 

1.2.2.2 Transmission-less Methods 

Attenuation correction methods without a transmission scan can be divided mainly into 

two classes. The first class makes use of the consistency conditions that PET data must 

satisfy. An attenuation map can be obtained without any information on the radionuclide 

activity distribution. The second class aims to simultaneously reconstruct the activity 

distribution and attenuation map in an iterative approach.  

A. Consistency Condition Method 

The consistency condition method was first proposed by Natterer [Natterer 1983, 1993]. 

Welch et al., Moore et al. and Bronnikov further developed this method [Welch et al. 1997, 

Moore et al. 1997 and Bronnikov 1999.]. 

First, let the Radon transform of a function ℎ(𝑥, 𝑦) be: 

In PET imaging, the measured data 𝑝(𝑠, 𝜃)  is the attenuated Radon transform of the 

radionuclide distribution function 𝑓(𝑥, 𝑦).  

where 𝑅[𝜇](𝑠, 𝜃) in the exponential term is the Radon transform of the linear attenuation 

coefficient 𝜇(𝑥, 𝑦). The attenuation factor of the projection is given by exp (−𝑅[𝜇](𝑠, 𝜃)). 

Natterer pointed out that the following expression must equal to zero by applying the 

Helgason-Ludwig conditions to PET data [Helgason 1980, Censor 1985]: 

 𝑅[ℎ](𝑠, 𝜃) = ∬ ℎ(𝑥, 𝑦) ∙ 𝛿(𝑥 cos 𝜃 + 𝑦 sin 𝜃 − 𝑠)𝑑𝑥𝑑𝑦
+∞

−∞

. (1-53) 

 𝑝(𝑠, 𝜃) = exp (−𝑅[𝜇](𝑠, 𝜃)) ∙ 𝑅[𝑓](𝑠, 𝜃). (1-54) 
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where 𝑘 and 𝑚 are arbitrary integers that satisfy 𝑘 > 𝑚 ≥ 0. Equation 1-55 generates a set 

of equations to be satisfied by 𝑅[𝜇](𝑠, 𝜃). Therefore it is possible to solve for 𝜇(𝑥, 𝑦). 

However, results indicated that solutions of 𝜇(𝑥, 𝑦) were not stable. Regularizations to the 

solutions were needed to address the ill-posed problem. Natterer assumed that all unknown 

attenuation coefficient distributions can be expressed as the transform of a reference 

distribution 𝜇0, i.e.: 

where 𝐴 is a 2 × 2 matrix and 𝑎 is a 2-dimensional vector.  

Bronnikov proposed another solution to the ill-posed problem of the consistency conditions. 

Equation 1-55 is express in a continuous form, while Bronnikov used a discrete matrix 

representation of the Radon transform. In this way, the consistency conditions were also in 

the form of matrix transform and regularizations were naturally included. If 𝑅𝜇 represents 

the matrix that maps the radionuclide activity distribution 𝑓(𝑥, 𝑦)  to the projection 

data 𝑝(𝑠, 𝜃): 

then the discrete consistency condition is expressed by: 

 ∫ 𝑑𝜃

2𝜋

0

∫ 𝑠𝑚𝑒−𝑖𝑘𝜃𝑒𝑅[𝜇](𝑠,𝜃)

+∞

−∞

𝑝(𝑠, 𝜃)𝑑𝑠 = 0 (1-55) 

 𝜇 = 𝜇0(𝐴𝑥 + 𝑎) (1-56) 

 𝑅𝜇𝑓 = 𝑝 (1-57) 

 𝑄𝜇
⊥𝑝 ≡ (𝐼 − 𝑅𝜇𝑅𝜇

+)𝑝 = 0 (1-58) 
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where 𝐼 is the indentity matrix and 𝑅𝜇
+ is the Moore-Penrose pseudoinverse of 𝑅𝜇. 

B. Simultaneous Reconstruction of Attenuation Map and Activity Distribution 

The second class of transmission-less method reconstructs the attenuation map 

simultaneously with the activity distribution. The pioneering work was made by Censor et 

al. [Censor et al. 1979]. The approach was further explored by Kaplan et al., Krol et al. 

and Nuyts et al. [Kaplan et al. 1999, Krol et al. 2001, Dicken 1999 and Nuyts et al. 1999]. 

In the work of Nuyts et al., a joint maximum-likelihood reconstruction of attenuation and 

activity (MLAA) method was proposed. The MLAA method obtained the two distributions 

using only the true coincidence data of PET and SPECT. For the activity reconstruction, 

the traditional MLEM algorithm (equation 1-51) was adopted in MLAA. For the 

attenuation map, a gradient-ascent method was used to iteratively update the attenuation 

coefficients: 

where 𝛼 is the experimentally determined relaxation coefficient, and N is the diameter of 

the reconstructed area. The joint algorithm begins with a set of initial estimate of the two 

distributions and alternatingly uses equation 1-49 and 1-55 to update the distributions. The 

interleaving updating process is repeated until convergence has been achieved. Results of 

the MLAA methods has shown high level cross-talk between the two distributions.  

To resolve the cross-talk issue, Rezaei et al. and Defrise et al. [Rezaei et al. 2012, Defrise 

et al. 2012] incorporated time-of-flight (TOF) information to the MLAA algorithm. By 

using the TOF information, the derivative of the attenuation coefficient can be determined. 

 𝜇𝑖
𝑛+1 = 𝜇𝑖

𝑛 +
𝛼

𝑁
(1 −

∑ 𝑐𝑖𝑗𝑦𝑗𝑗

∑ 𝐴𝐹𝑗𝑐𝑖𝑗(∑ 𝑐𝑖𝑗𝜆𝑖𝑖 )𝑗

) = 0 (1-59) 
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Therefore through integration, the attenuation coefficient is determined up to an integration 

constant. Although the cross-talk can be removed, the newly introduced integration 

constant is undetermined unless additional information is known. Moreover, the TOF 

method depends on the time resolution of PET scanners. 

Instead of using the TOF information, other researchers turned to the scatter coincidence 

data of PET. Cade et al. showed that scatter data could be used to reduce cross-talk in 

SPECT [Cade et al. 2013]. In their method, the scatter data was processed in sinogram 

mode and the attenuation map was reconstructed with a gradient-ascent method. Berker et 

al. generated attenuation information from scatter data in PET by back-projecting and 

summing the scattered coincidences [Berker et al. 2014].  

1.3. Objectives of the Study 

Due to the limitations of current attenuation correction approaches, this work aims at two 

goals: 

(1) To develop a new iterative algorithm to reconstruct electron density distribution as 

a representation of the attenuation map from scatter data of PET with known 

activity distribution. The new algorithm should resolve the cross-talk with the 

activity distribution. 

(2) To simultaneously reconstruct the electron density and activity distributions 

without knowing any of them. 

At the current stage, the work has been conducted under ideal energy resolution. The 

influence of non-ideal energy resolution to the results will be discussed. 
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2. Chapter Two: Theory and Methodology 

As discussed in section 1.1.2, there are four interaction mechanisms of photons with matter: 

Compton scattering, photoelectric absorption, Rayleigh scattering and pair production. At 

511 keV, the dominant interaction between photons and matter is Compton scattering 

[Zaidi and Hasegawa 2003]. Therefore all scattered coincidences are assumed to be driven 

by Compton scattering. In clinical situations, almost 80% of the detected scattered 

coincidences experience only a single Compton scattering before hitting the detectors 

[Conti et al. 2012] for a regular size patient. Although the portion of multiple scattering 

coincidences increases with patient size, only single scatter coincidences were considered 

in this work. In this chapter, the scattering model describing the locations of all possible 

scattering sites will be discussed in section 2.1. In section 2.2 and 2.3, the reconstruction 

methods for electron density and the simultaneous reconstruction will be derived. Finally, 

simulations to test the proposed method are introduced in section 2.4. 

2.1. Scattering Model of Single Compton Scattering 

Coincidences 

2.1.1 Forward model 

In list-mode PET data, a single scatter coincidence contains a primary photon with detected 

energy of 511 keV and a scattered photon with detected energy 𝐸𝑆. The Compton equation 

(equation 1-12) uniquely determines the scattering angle 𝜃  by the measured scattering 

energy 𝐸𝑆 (section 1.1.2.1): 
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𝐸𝑠

𝐸0
=

1

2 − cos 𝜃
.  

The above equation is true when  𝐸0 = 𝑚𝑒𝑐
2 = 511 𝑘𝑒𝑉 . For a detected scattered 

coincidence, the exact location of the scattering site cannot be determined by only the 

detected locations of both photons and the scattering energy. However, by determining the 

scattering angle using equation 1-12, the locations of all possible scattering sites can be 

described by two circular arcs (TCA) that have the same inscribed scattering angle (Figure 

2-1). The similar scattering model has also been used in [Conti 2012, Sun and Pistorius 

2013a and 2013b] to reconstruct the activity distribution using scatter coincidences of PET. 

Based on this model, the expected number of scattered coincidences detected by detector 

A and B for a particular scattering angle 𝜃 (indexed by 𝑗) can be formulated as: 

 

〈𝑃𝑗〉 = 𝜏 ∮ 𝛹𝐵(𝑠) ∙ (
𝑑𝜎𝐶

𝐾𝑁

𝑑𝜃
) ∙ 𝜌(𝑠)

𝐵

𝐴

∙ 𝐴𝐹𝑗(𝑆)𝑑𝑠∫ 𝑑𝑥 ∙ 𝛹𝐴𝑆(𝑥) ∙ 𝜆(𝑥)
𝑆

𝐴

 

(2-1) 

where 𝜏 is the acquisition time, 𝜌 is the electron density, 𝜆 is  the activity distribution, 

𝑑𝜎𝐶
𝐾𝑁 𝑑𝜃⁄  is the differential Klein-Nishina cross-section, and 𝐴𝐹𝑗(𝑆) is the attenuation 

factor along the broken line of response ASB: 

𝐴𝐹𝑗(𝑆) = 𝑒𝑥𝑝 (−∫ 𝜎𝐶
𝐾𝑁𝜌(𝑙)𝑑𝑙

𝑆

𝐴

− ∫ 𝜎𝐶
𝐾𝑁𝜌(𝑙)𝑑𝑙

𝐵

𝑆

) . (2-2) 

𝛹𝐵 and 𝛹𝐴𝑆 are the factors accounting for detector efficiency and geometrical factors. 
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For the purpose of illustrating the feasibility of the proposed approach, the detector 

efficiency is assumed to be uniform throughout the FOV. In addition, the geometrical 

factors, the acquisition time 𝜏, the Klein-Nishina cross-section 𝑑𝜎𝐶
𝐾𝑁 𝑑𝜃⁄  are all known 

factors or can be calculated with known information. Therefore these factors are absorbed 

into an overall factor 𝐶𝑗 to simplify equation 2-1 as follows: 

where the integration of λ(x) is rewritten as 𝛬𝑗(𝑠). 

2.1.1.1 The Geometrical factors 

Figure 2-2 gives an example of a scatter coincidence scattered at point S and detected by 

detector A and B. In equation 2-2, the 𝛹𝐵  factor accounts for detector efficiency and 

geometrical factor: 

 〈𝑃𝑗〉 = ∮ 𝐶𝑗 ∙ 𝜌(𝑠) ∙ 𝐴𝐹𝑗(𝑠) ∙ 𝛬𝑗(𝑠) ∙ 𝑑𝑠
𝐵

𝐴

 (2-3) 

 𝛹𝐵(s) = 𝑒 ⋅ 𝑔𝐵(s). (2-4) 

 

 

 

Figure 2-1. The two circular arcs (TCA) illustrated by the dashed curves represent all the possible 

scattering sites for a scatter coincidence of a particular energy detected by detectors A and B. The 

TCA is determined by the scattering angle 𝜃. Point S is one point on the TCA. Point X is one 

possible annihilation position.  
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The detector efficiency 𝑒 has been assumed to be uniform throughout the FOV and can be 

determined for a certain PET scanner. The factor 𝑔𝐵(s) is calculated for each possible 

scattering site 𝑆 with respect to the detector receiving the scattered photon, in this case 

detector B. 

The 𝛹𝐴 factor accounts for the solid angle effects. It is determined for each annihilation 

location with respect to the scattering site S and the detector receiving the primary photon: 

The 𝛹𝐵 factor. When a photon is scattered at point S with a scattering angle 𝜃𝑆, the photon 

has an equal probability to be scattered into any direction along the surface of the circular 

cone as illustrated in figure 2-2. The base circle C intersects with detector B. The 

probability of the scattered photon to be detected by detector B depends on the ratio of the 

length of the circular segment within the surface of detector B to the circumference of the 

base circle. 

 𝛹𝐴𝑆(x) = 𝑝𝐴(x) ∙ 𝑝𝑆(x). (2-5) 

 

.  

 

Figure 2-2. This figure illustrates the cone that represents the possible directions of a scattered 

photon. The scattering events happens at point S with scattering angle 𝜃. Point X is one of the 

possible annihilation locations. 
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Assume that w is the width of the detector and R is the radius of the base circle (figure 2-

3). The angle 𝜃 subtended by the circular segment within detector B to the scattering site 

can be calculated as: 

The radius R of the base circle can be obtained from the scattering angle 𝜃𝑠  and the 

coordinates of the scattering sites (𝑟𝑆⃗⃗⃗  ) and detector B (𝑟𝐵⃗⃗  ⃗): 

Then probability of a photon scattered at point S with scattering angle 𝜃𝑠 to be detected by 

detector B can be expressed as: 

where R is given be equation 2-7. 

The 𝛹𝐴  factor. The probability 𝑝𝐴(x)  of the primary photon reaching detector A is 

determined by the solid angle 𝜔𝐴(x) subtended by detector A to the annihilation position 

X. Similarly, if the scattering site S is represented by a pixel, the probability 𝑝𝑆(x) of the 

photon to be scattered reaching S is determined by the solid angle subtended by pixel S 

𝜔𝑆(x) to the emission position X. 

The probability 𝑝𝐴(x) is given by the ratio of 𝜔𝐴(x) to the total solid angle: 

 𝜃 = 2 sin−1 (
𝑤

2𝑅
). (2-6) 

 𝑅 = |𝑟𝑆⃗⃗⃗  − 𝑟𝐵⃗⃗  ⃗| ∙ sin 𝜃𝑠 (2-7) 

 𝑔𝐵(𝑆) =
𝜃

2𝜋
=

2 sin−1 (
𝑤
2𝑅)

2𝜋
=

sin−1 (
𝑤
2𝑅)

𝜋
, (2-8) 

 𝑝𝐴 =
𝜔𝐴(x)

4𝜋
.  (2-9) 
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The solid angle 𝜔𝐴(x) is given by: 

where A is the surface area of each detector; d is the distance from detector A to the 

annihilation position X; �̂�𝐴𝑂 is the unit vector perpendicular to the surface of detector A 

pointing to the center of the circular scanner; and �̂�𝐴𝑋 is the unit vector originating from 

detector A and pointing to X. The detector surface area A is a known quantity for a given 

scanner. The two unit vectors and the distance d can be calculated by the coordinates of X 

and detector A. 

 𝜔𝐴(𝑋) =
𝐴

𝑑2
�̂�𝐴𝑂 ∙ �̂�𝐴𝑋 ,  (2-10) 

 

 
 

Figure 2-3. The detector subtends only a small angle to the center of the base circle of the cone 

shown in figure 2-2. 𝑤 is the width of the detector. R is the radius of the base circle. 
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To calculate the probability  𝑝𝑆(x) , the pixel representing the scattering site S is 

approximated by the inscribed sphere 𝑆𝑖𝑛 of the pixel. If the size of the pixel is 𝑝, the radius 

of 𝑆𝑖𝑛 is 𝑟𝑖𝑛 = 𝑝 2⁄ . The solid angle 𝜔𝑆(x) is determined by the following integral: 

The upper limit 𝜃𝑆 is the half opening angle of the tangent cone of sphere 𝑆𝑖𝑛 with vertex 

at the annihilation position X. From figure 2-3, 𝜃𝑆 is given by: 

where 𝑅𝑋𝑆 is the distance from the annihilation position X to the scattering site S. Taking 

the ratio of 𝜔𝑆(x) to the total solid angle 4𝜋 gives the probability 𝑝𝑆(X): 

The 𝛹𝐴 factor can now be given by: 

 
𝜔𝑆(x) = ∫ 𝑑𝜑

2𝜋

0

∫ 𝑑𝜃 ∙ sin 𝜃
𝜃𝑆

0

= 2𝜋(1 − cos 𝜃𝑆) 

(2-11) 

 𝜃𝑆 = sin−1
𝑟𝑖𝑛
𝑅𝑋𝑆

, (2-12) 

 𝑝𝑆(𝑋) =
1 − cos 𝜃𝑆

2
. (2-13) 

 
 

Figure 2-4. The solid angle subtended by the pixel of the scattering site to the center of pixel of 

the annihilation position. 𝑟𝑖𝑛 is the radius of the inscribed sphere of the scattering pixel. 𝑅𝑋𝑆 is the 

distance from the annihilation pixel to the scattering pixel. 
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2.1.2 Reconstruction Formula 

Please note that the electron density 𝜌 appears at two places in the forward model (equation 

2-1): in the linear term 𝜌(𝑆) that drives the Compton scattering probability at points along 

the TCA; and in the exponential term 𝐴𝐹𝑗(𝑆) that attenuates the scatter coincidences. The 

later presence causes the forward model to be non-local and brings great difficulty to 

deriving an analytical inversion formula or a closed form iterative reconstruction formula. 

To overcome this difficulty, the one-step-late technique was applied and corresponding 

approximations were made.  

2.1.2.1 One-step-late Technique 

In equation 2-3, the attenuation factor contains the integration of electron density along the 

scattered coincidence path. The idea of the one-step-late technique is to assume that the 

variation of electron density at individual locations or pixels does not affect the integral of 

the electron density. If the reconstruction of electron density is achieved by some iterative 

method, it is assumed that the variation of electron density at each point will be averaged 

out by the integral. Therefore the expected number of coincidences 〈𝑃𝑗〉 is insensitive to 

𝐴𝐹𝑗(𝑠) compared to the linear term 𝜌(𝑠). This inspires us to treat the attenuation factor 

𝐴𝐹𝑗(𝑠) as a constant term. Consequently, only the linear term 𝜌(𝑠) contains an unknown 

variable. All other factors in equation 2-4, 𝐶𝑗, 𝐴𝐹𝑗(𝑠) and 𝛬𝑗(𝑠) can be absorbed into an 

overall factor 𝐹𝑗(𝑆).  

 

𝛹𝐴(𝑋) = 𝑝𝐴(x) ∙ 𝑝𝑆(x)

=
𝐴

𝑑2
�̂�𝐴𝑂 ∙ �̂�𝐴𝑋 ∙

1 − cos 𝜃𝑆

2
. 

(2-14) 
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The above form makes it very convenient to derive either an analytical or statistically base 

iterative reconstruction formula. 

2.1.2.2 Discretization 

To make further steps toward a reconstruction formula, equation (2-15) needs to be 

discretized. The discretization process in [Bailey et al. 2005] is chosen for this study. 

Firstly, the pixel basis functions are defined to partition the imaging region, or FOV: 

 𝑏𝑖(𝑥, 𝑦) = {
1    |𝑥 − 𝑥𝑖| < 𝑝 2⁄  𝑎𝑛𝑑 |𝑦 − 𝑦𝑖| < 𝑝 2⁄

0    |𝑥 − 𝑥𝑖| ≥ 𝑝 2⁄  𝑜𝑟    |𝑦 − 𝑦𝑖| ≥ 𝑝 2⁄
 (2-16) 

where 𝑖 is the pixel index, i.e. 𝑖 = (𝑖𝑥, 𝑖𝑦); p is the pixel size; 𝑥𝑖 = 𝑖𝑥 ∙ 𝑝 and 𝑦𝑖 = 𝑖𝑦 ∙ 𝑝 

are the coordinates of the 𝑖-th pixel. Then the electron density distribution 𝜌(𝑥, 𝑦) can be 

expressed as the linear combination of the basis functions: 

 𝜌(𝑠) = 𝜌(𝑥, 𝑦) = ∑𝜌(𝑥𝑖, 𝑦𝑖)𝑏𝑖(𝑥, 𝑦) ≡

𝑃

𝑖

∑𝜌𝑖𝑏𝑖(𝑥, 𝑦)

𝑃

𝑖

. (2-17) 

𝜌𝑖 is defined as the electron density value at the center of the 𝑖-th pixel. Equation 2-15 can 

now be rewritten as: 

 〈𝑃𝑗〉 = ∮ 𝜌(𝑠) ∙ 𝐹𝑗(𝑆)𝑑𝑠
𝐵

𝐴

. (2-15) 



62 
 

In the last line of equation 2-18, the system matrix 𝑎𝑖𝑗 = ∮ 𝑏𝑖(𝑠) ∙ 𝐹𝑗(𝑆)𝑑𝑠
𝐵

𝐴
 can be 

regarded as the 2-dimensional integral of the overall factor 𝐹𝑗(𝑆) within each pixel. 

2.2. Reconstruction Algorithm of Electron Density with Scatter 

Data 

As mentioned in section 1-2, there are two classes of reconstruction method: the analytical 

inversion and the statistically based iterative approach. The latter was chosen for this study. 

The reason is that the PET scatter data is highly incomplete. If a PET scanner has 𝑛 

detectors per ring, the corresponding number of detector pairs is 𝑛(𝑛 − 1) 2⁄ . For a typical 

PET scanner, n can be around 172. This gives 𝑝 = 172 × (172 − 1) 2 ≅ 1.5 × 104⁄  

detector pairs, which is the total number of possible types of coincidences. In practice, the 

true coincidence PET data can has as many as 𝑑 = 1 × 106 events. The ratio of the total 

number of coincidences to the number of detector pair is 𝑑 𝑝⁄ = 1 × 106 1.5 × 104⁄ ≅ 67. 

The measured data contains enough information for image reconstruction. Therefore in 

traditional PET image reconstruction, analytical inversion methods can produce 

 

〈𝑃𝑗〉 = ∮ 𝜌(𝑠) ∙ 𝐹𝑗(𝑆)𝑑𝑠
𝐵

𝐴

                           

= ∮ (∑𝜌𝑖𝑏𝑖(𝑠)

𝑃

𝑖

) ∙ 𝐹𝑗(𝑆)𝑑𝑠 
𝐵

𝐴

=∑𝜌𝑖 (∮ 𝑏𝑖(𝑠) ∙ 𝐹𝑗(𝑆)𝑑𝑠
𝐵

𝐴

)  

𝑃

𝑖

≡  ∑𝜌𝑖𝑎𝑖𝑗

𝑃

𝑖

                                   

(2-18) 



63 
 

satisfactory results. 

However, in scatter PET data, the energies of the scattered photons are introduced as an 

additional dimension of the data. For example, if the energy is binned in 5 𝑘𝑒𝑉 intervals, 

the range of PET scatter data gives (511 − 170) 5 ≅ 68⁄  data points. Combined with the 

number of detector pairs, the total number of possible types of coincidences is 𝑝 = 1.5 ×

104 × 68 ≅ 1 × 106. In practical PET data, there are only up to 60% coincidences that 

are scattered. The ratio 𝑑 𝑝⁄  now becomes 0.6 × 1 × 106 1 × 106⁄ = 0.6. The measured 

data does not provide enough information for the image reconstruction. For these reasons, 

the statistically based iterative approach was chosen for this topic. 

2.2.1 Reconstruction Formula 

Again, the maximum likelihood expectation maximization (MLEM) scheme [Moon 1996] 

was followed to derive a reconstruction formula. First, the quantity 𝑃𝑖𝑗 is defined as: 

The meaning of 𝑃𝑖𝑗 is the number of type-𝑗 scatter coincidences scattered at the 𝑖-th pixel. 

The index 𝑗  refers to the scatter coincidence detected by a specific detector pair with 

scattering angle 𝜃. According to equation 2-18, the sum of 𝑃𝑖𝑗 over 𝑖 gives the expected 

number of type- 𝑗 scatter coincidences: 

Similar to the derivation in 1.1.4.2, the complete data 𝑥𝑖𝑗 is defined as the detected type-𝑗 

scatter coincidences that are scattered at the 𝑖-th pixel. The incomplete data 𝑦𝑗 is the total 

 𝑃𝑖𝑗 =  𝜌𝑖𝑎𝑖𝑗. (2-19) 

 〈𝑃𝑗〉 = ∑𝑃𝑖𝑗

𝑃

𝑖

. (2-20) 
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number of detected type-𝑗 scatter coincidences. The relationship between the two dataset 

is: 

The complete dataset 𝑥𝑖𝑗 is an abstract concept and cannot be measured, since the exact 

scattering site for each scatter coincidence is undetermined based on the information at 

hand (detected locations and energy of photons). To deal with the unknown complete 

dataset, assume that each 𝑥𝑖𝑗 follows Poisson distribution with a mean 𝑃𝑖𝑗: 

Assuming each 𝑥𝑖𝑗 is independent from each other, the joint likelihood of the complete 

dataset is: 

The logarithm of equation 2-23 is more convenient to be used for calculating derivatives. 

Therefore, the log-likelihood function reads: 

The last equality makes use of equation 2-19.  

 𝑦𝑗 = ∑𝑥𝑖𝑗

𝑃

𝑖

. (2-21) 

 𝑓(𝑥𝑖𝑗|𝑃𝑖𝑗) = 𝑒−𝑃𝑖𝑗
𝑃𝑖𝑗

𝑥𝑖𝑗

𝑥𝑖𝑗!
. (2-22) 

 𝑓(𝑥|𝑃) = ∏𝑒−𝑃𝑖𝑗
𝑃𝑖𝑗

𝑥𝑖𝑗

𝑥𝑖𝑗!
𝑖,𝑗

. (2-23) 

 

log 𝑓(𝑥|𝑃) = ∑[−𝑃𝑖𝑗 + 𝑥𝑖𝑗 log 𝑃𝑖𝑗 − log 𝑥𝑖𝑗!]

𝑖,𝑗

= ∑[−𝜌𝑖𝑎𝑖𝑗 + 𝑥𝑖𝑗 log 𝜌𝑖 + 𝑥𝑖𝑗 log 𝑎𝑖𝑗 − log 𝑥𝑖𝑗!]

𝑖,𝑗

. 

(2-24) 
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E-step. The complete dataset cannot be observed in real situations. The Expectation-step 

(E-step) of the MLEM algorithm replaces the complete dataset 𝑥𝑖𝑗  with the detectable 

incomplete dataset 𝑦𝑗. If the index 𝑛 is used to label the estimate of corresponding variables 

through the 𝑛-th iteration, the conditional expectation of 𝑥𝑖𝑗 is: 

M-step. For the maximization step, the log-likelihood (equation 2-25) is maximized with 

respect to 𝜌𝑖 and 𝑥𝑖𝑗
𝑛+1 is used in the log-likelihood function: 

Using the result in equation 2-25, the last equality of equation 2-26 gives: 

Equation 2-20 is used in the third equality of the above and 𝜌𝑖
𝑛  is pulled out of the 

summation over the index 𝑗  in the last equality. In this study, the scatter data 𝑦𝑗  is 

processed in list-mode. Therefore 𝑦𝑗 is either 0 or 1. Then equation 2-25 can be rewritten 

as: 

 𝑥𝑖𝑗
𝑛+1 = 𝐸[𝑥𝑖𝑗|𝑦𝑗, 𝜌𝑖

𝑛] =
𝑦𝑗𝑃𝑖𝑗

𝑛

∑ 𝑃𝑖′𝑗
𝑛

𝑖′
. (2-25) 

 
𝜕 log 𝑓(𝑥𝑛+1|𝑃𝑛)

𝜕𝜌𝑖
= ∑(−𝑎𝑖𝑗 +

𝑥𝑖𝑗
𝑛+1

𝜌𝑖
)

𝑗

= 0. (2-26) 

 

𝜌𝑖
𝑛+1 =

∑ 𝑥𝑖𝑗
𝑛+1

𝑗

∑ 𝑎𝑖𝑗𝑗
=

1

∑ 𝑎𝑖𝑗𝑗
∑

𝑦𝑗𝑃𝑖𝑗
𝑛

∑ 𝑃𝑖′𝑗
𝑛

𝑖′
𝑗

=
1

∑ 𝑎𝑖𝑗𝑗
∑

𝑦𝑗𝑎𝑖𝑗𝜌𝑖
𝑛

∑ 𝑎𝑖′𝑗𝜌𝑖′
𝑛

𝑖′
𝑗

=
𝜌𝑖

𝑛

∑ 𝑎𝑖𝑗𝑗
∑

𝑦𝑗𝑎𝑖𝑗

∑ 𝑎𝑖′𝑗𝜌𝑖′
𝑛

𝑖′
𝑗

. 

(2-27) 
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The summation with index 𝑗′  goes over only detected scatter coincidences, while the 

summation with index 𝑗 under the 𝜌𝑖
𝑛 term is over all the possible scatter coincidences even 

though some of them are not detected. Equation (2-28) makes it possible to produce new 

estimate 𝜌𝑖
𝑛+1 based on the old estimate 𝜌𝑖

𝑛, as long as the system matrix 𝑎𝑖𝑗 is prepared. 

The method to initialize 𝑎𝑖𝑗 is discussed in the next section. 

2.2.2 Initialization of System Matrix 

In section 2.1.1.2, the system matrix is defined as: 

The integral in equation 2-29 is along the TCA for each scatter coincidence. Any pixel not 

on the path of the TCA is zero-valued for the corresponding scatter coincidence. Therefore 

calculation of the system matrix is naturally divided into two steps: 1) determine if a pixel 

lies on the TCA of the current scatter coincidence; and 2) calculate the weighing values 

using equation 2-29 or assign 0 to the pixel. The main challenge is the first step. After that, 

calculation of the weighting factor is straightforward. 

2.2.2.1 Tracing on Circular Curves 

For a detected scatter coincidence, the coordinates of the two detectors A and B determine 

the two ending points of the TCA. According to properties of circular curves, the angle 

subtended by the line section connecting A and B to any point on the TCA must be the 

same, i.e. the supplementary angle of the scattering angle.  

 𝜌𝑖
𝑛+1 =

𝜌𝑖
𝑛

∑ 𝑎𝑖𝑗𝑗
∑

𝑎𝑖𝑗′

∑ 𝑎𝑖′𝑗′𝜌𝑖′
𝑛

𝑖′
𝑗′

. (2-28) 

 𝑎𝑖𝑗 = ∮ 𝑏𝑖(𝑠) ∙ 𝐹𝑗(𝑆)𝑑𝑠
𝐵

𝐴

. (2-29) 
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For each scatter coincidence in the list-mode data, the scattering angle 𝜃𝑆  and its 

supplementary angle  𝜃𝑆
′ = 180° − 𝜃𝑆  are calculated first. Then for each pixel in the 

imaging region, ∠𝐴𝑆𝐵 is calculated (figure 2-5), where S is the center of the pixel. A small 

angle ∆𝛼 e is chosen to test how the difference between 𝜃𝑆
′  and ∠𝐴𝑆𝐵 compared to ∆𝛼. 

If |∠𝐴𝑆𝐵 − 𝜃𝑆
′| ≤ ∆𝛼, the pixel is considered to be on the TCA and the weighting value 

will be calculated. Otherwise it is not on the TCA and 0 will be assigned to the pixel. In 

this study, ∆𝛼 = 1°. Figure 2-6 shows examples of the pixels on the TCAs. 

 
 

Figure 2-5. Determination of whether a pixel is on the TCA. The angle subtended by the two 

detectors (A and B) to the pixel of interest is compared to the supplementary angle 𝜃𝑆
′  of the 

scattering angle 𝜃𝑆. S is the point of the scattering site. 
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2.2.2.2 Calculation of the Weighting Value 

The factor 𝐹𝑗(𝑆) in equation 2-28 contains the acquisition time 𝜏, the geometric factor 

𝛹𝐵(𝑠), the differential Klein-Nishina cross-section, the attenuation factor and the integral 

of activity distribution weighted by factor 𝛹𝐴𝑆(𝑥) . The first three factors have been 

addressed in the previous sections. The latter two both involve integral along a straight 

line. The attenuation factor contains an integral along the broken LOR, while the activity 

is integrated on the line section connecting the scattering site and the detected position of 

the primary photon. Siddon’s method [Siddon 1985] for evaluating the radiological path 

was adopted in this study to address the line integrals mentioned above.  

After 𝐹𝑗(𝑆) is computed, the exact value of 𝑎𝑖𝑗 can be given by equation 2-29. The system 

matrix is initiated for each pixel 𝑖 and detected scatter coincidence 𝑗. 

 

 

 
 

Figure 2-6. Examples of the images of four TCAs. The scattering angles for the examples are: (a) 

11.6°, (b) 54.4°, (c) 86.6° and (d) 128.5°. 
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2.3. Simultaneous Reconstruction Algorithm of Activity and 

Electron Density Distributions 

The iterative reconstruction formula (equation 2-28) is the key component in this study. 

However, in practice, both activity and electron density distributions are unknown. 

Therefore an algorithm that can recover both distributions using emission data of PET is 

needed.  

The traditional MLEM algorithm was used for activity reconstruction. Equation 1-45 is 

quoted as follow: 

 𝜆𝑖
𝑛+1 =

𝜆𝑖
𝑛

∑ 𝐴𝐹𝑗𝑐𝑖𝑗𝑗
∑

𝑦𝑗𝑐𝑖𝑗

∑ 𝑐𝑖′𝑗𝜆𝑖′
𝑛

𝑖′
𝑗

. (2-30) 
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 Having the reconstruction formulae for both distributions, the basic idea of a joint 

reconstruction algorithm is interleaving the two separate reconstructions. However, the 

reconstruction of activity and electron density distributions are not completely separate. 

The connection between the two reconstructions is the attenuation of true and scatter 

coincidences. During either of the reconstructions, the attenuation factor is kept constant. 

This section will talk about how to update the attenuation factor and system matrices of 

both reconstructions.  

 
 

Figure 2-7. Flow chart of the simultaneous reconstruction. 
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2.3.1 Simultaneous Algorithm 

Figure 2-7 provides the flow chart of the joint reconstruction. A new index 𝑘 needs to be 

added to the reconstruction formulae equation 2-28 and equation 2-30 to label the global 

iteration number: 

The reconstruction starts with a pair of initial estimates of activity distribution 𝜆𝑖
0,1

 and 

electron density distribution  𝜌𝑖
0,1

. Based on 𝜌𝑖
0,1

 and the true coincidence data, the 

attenuation factor 𝐴𝐹𝑗
1  and the system matrix 𝑐𝑖𝑗

1  for activity distribution are prepared. 

After a number of 𝑛 sub-iterations using equation 2-32, the first reconstruction 𝜆𝑖
𝑛,1

 of the 

activity distribution is obtained. For the electron density reconstruction, the system matrix 

𝑎𝑖𝑗
1  is initialized using  𝜌𝑖

0,1
, 𝜆𝑖

𝑛,1
 and the scatter coincidence data. Then the first 

reconstruction of electron density 𝜌𝑖
𝑛,1

 is produced using equation 2-31. The results 𝜌𝑖
𝑛,1

 

and 𝜆𝑖
𝑛,1

 are used as the starting point of the second global iteration, i.e. 𝜌𝑖
0,2 = 𝜌𝑖

𝑛,1
 

and 𝜆𝑖
0,2 = 𝜆𝑖

𝑛,1
. The whole process is iterated until convergence of both distributions is 

achieved. 

 𝜌𝑖
𝑛+1,𝑘 =

𝜌𝑖
𝑛,𝑘

∑ 𝑎𝑖𝑗
𝑘

𝑗

∑
𝑎𝑖𝑗′

𝑘

∑ 𝑎𝑖′𝑗′
𝑘 𝜌𝑖′

𝑛,𝑘
𝑖′𝑗′

, (2-31) 

 𝜆𝑖
𝑛+1,𝑘 =

𝜆𝑖
𝑛,𝑘

∑ 𝐴𝐹𝑗
𝑘𝑐𝑖𝑗

𝑘
𝑗

∑
𝑦𝑗𝑐𝑖𝑗

𝑘

∑ 𝑐𝑖′𝑗
𝑘 𝜆𝑖′

𝑛,𝑘
𝑖′𝑗

. (2-32) 
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2.3.2 Alternative Approach for Updating the Attenuation Factor for 

Electron Density Reconstruction 

In the simultaneous reconstruction algorithm, the electron density reconstruction from the 

𝑘-th global iteration was sent directly to the (𝑘 + 1)-th global iteration to calculate the new 

attenuation factors for true and scatter coincidences. It can be expected that the electron 

density reconstructed from the 𝑘-th global iteration was different from the old electron 

density used for the preparation of the attenuation factors in the same global iteration. 

Therefore an alternative strategy for updating the attenuation factors exist. Instead of 

sending the new electron density 𝜌𝑘 to the next activity reconstruction, 𝜌𝑘 can be used to 

update the attenuation factor for a new electron density reconstruction. The electron density 

reconstruction is then repeated until a converging result is obtained. This process can be 

generalized to obtain the electron density distribution with known activity distribution. The 

process was studied by an alternative iterative algorithm. Figure 2-8 shows the flow chart 

of the alternative algorithm. 

The electron density was still reconstructed by equation 2-31. Before each global iteration, 

the old estimate 𝜌𝑖
𝑛,𝑘

 was used to calculate the attenuation factor for the scatter 

coincidences. With the known activity distribution, the system matrix 𝑎𝑖𝑗
𝑘+1 for the new 

global iteration was prepared. By setting the starting estimate of new global iteration 𝜌𝑖
0,𝑘+1

 

to 𝜌𝑖
𝑛,𝑘

, equation 2-31 was used again to proceed to the next global iteration. This process 

was repeated until the electron density reached a convergence. 
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2.4. Test of the Electron Density and Simultaneous 

Reconstruction Algorithm 

In this section, the methods to test the proposed algorithm are discussed. Since in the GATE 

simulation platform, the linear attenuation coefficient or electron density of a material is 

not directly known, the first step of the tests was to perform simulations to confirm the 

linear attenuation coefficients for the materials involved. Then the algorithm was tested at 

two levels: 1) reconstruction of the electron density only using known activity distribution; 

and 2) the joint reconstruction of both distributions. For the simulations conducted in 

section 2.4.1 to 2.4.4, the data were collected with perfect energy resolution. The non-ideal 

energy simulations will be introduced in section 2.4.5. 

 
 

Figure 2-8. Flow chart of the alternative updating algorithm of the attenuation factors for scatter 

coincidences. The attenuation factor is updated within the electron density reconstruction. 
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2.4.1 Confirmation of Linear Attenuation Coefficients 

In the following simulations, the involved materials were water, lung and spine bone 

tissues. This section describes the simulations to obtain the linear attenuation coefficients 

in the GATE software. 

The simulations were carried out in the narrow beam geometry (Figure 2-9). A point source 

emitted photons in a narrow beam. In GATE, the direction of emitted radiation can be set 

to exactly along a straight line. In this experiment, the direction of the beam is along the x-

axis. A rectangular tube attenuator was placed so that the x-axis passed through the centers 

of two opposite faces of the attenuator. Therefore the emitted beam could travel through 

the attenuator. A detector was placed at the far side of the source and the attenuator.  

The attenuator used uniform materials, i.e. water, lung or spine bone tissues. The dimension 

of the attenuator was 𝑡 × 40 𝑚𝑚 × 40 𝑚𝑚, where 𝑡 was the thickness in the x-direction. 

As the thickness 𝑡 was varied from 0 to a maximum value, the detected number of primary 

photons at each thickness was recorded. At the end, the numbers of detected photons were 

 
 

Figure 2-9. The narrow beam geometry for the test of linear attenuation coefficients. The photon 

beam travels through a volume of uniform material, i.e. water, lung and spine bone tissue. The 

detector counts only photons with the same energy as the source photon. 
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plotted against the thickness. According to the exponential attenuation law (section 

1.1.2.4), the curve was fitted to 

where 𝑁0 is the number of detected photons at 𝑡 = 0 and the integral in equation 1-23 has 

been reduced to the product 𝜇 ∙ 𝑡 due to the fact that uniform materials were used. The 

fitting would give the linear attenuation coefficient 𝜇 used in GATE.  

2.4.2 Electron Density Reconstructions Using Known Activity 

Distribution 

The feasibility of equation 2-28 to recover the electron density was tested by using the 

activity distribution as known information. The main challenge for reconstruction at this 

level is to deal with the attenuation factor for scatter coincidences. Firstly, the electron 

density reconstruction was performed by ignoring the attenuation of the scatter 

coincidences. By doing so, the reconstruction was not quantitative, but qualitative. 

Secondly, the reconstruction was done by using both correct activity distribution and 

attenuation information.  

2.4.2.1 Electron Density Reconstructions without Attenuation Information 

Equation 2-28 is the key component of the entire joint reconstruction algorithm as 

described by figure 2-7. The feasibility of equation 2-28 needs to be tested before using the 

joint reconstruction algorithm. Since the one-step-late technique was adopted, the 

attenuation factor for scatter coincidences was kept constant for the reconstruction process. 

For this reason, the electron reconstruction formula was first tested qualitatively by 

ignoring the attenuation of scatter events. 

 𝑁(𝑡) = 𝑁0𝑒
−𝜇𝑡 (2-33) 
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Analytical phantoms. Two types of 2-dimensional phantoms were designed for the 

qualitative test. The materials for all the phantoms were water, since the electron density 

or attenuation coefficient for water and soft tissue are close.  

(1) Annulus phantom. The inner radius was 6 cm and the outer radius was 10 cm. The 

size of the phantom was then varied to 10 cm inner radius and 14 cm outer radius. 

(2) Circular phantom. Similarly, two different size circular phantoms were simulated. 

The radius for the smaller one was 10 cm, while that for the larger one was 14 cm. 

Activity distributions. The activity distribution was varied in terms of location and size: 

(1) One point source. The point source was placed at the center of the annulus; 

(2) Two point sources. The two point sources were placed symmetrically to the center 

of the phantom on the y-axis. The separation between the sources was 4 cm. 

(3) Circularly distributed source. The radius of the circular source was 2 cm. The 

distributed source was placed concentrically to the annulus phantom. 

 
 

Figure 2-10. The sizes of the circular and ring phantoms used for the electron density 

reconstruction. The ring phantom has an inner radius of 6 cm and outer radius of 10 cm. The 

enlarged version has 10 cm for inner radius and 14 cm for outer radius. The circular phantom has 

radius 10 cm or 6 cm. 
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(4) Overlapped distributed source. The circular source in (3) was enlarged to the same 

radius as the outer radius of annulus phantom, i.e. 10 cm for the smaller phantom 

and 14 cm for the larger phantom. 

(5) Off-center sources. For the smaller ring phantom, the single point source was 

moved off-center by 3 and 5 cm respectively. 

Figures 2-10 and 2-11 shows the phantoms and activity distributions used in this section. 

Reconstructions were performed with a pixel size of 4 mm in an 85 × 85 grid. The number 

of scatter coincidences was fixed to 2 × 105 for all the reconstructions. The initial estimate 

of the electron density was an arbitrarily valued uniform distribution over the whole grid.  

 
 

Figure 2-11. Combinations of the electron density and activity distributions. Activity distribution 

is shown in red, while electron density is in gray. (a) The ring phantom with a single point source; 

(b) the ring phantom with double point sources; (c) the ring phantom with the small circular source; 

(d) the circular phantom with the small circular source; (e) the ring phantom with the large 

overlapping source; and (f) the ring phantom with a single off-center source. The off-center source 

in (f) is placed 3 and 5 cm from the center respectively. 
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2.4.2.2 Electron Density Reconstructions with True Activity and Attenuation 

Information 

In section 2.4.1.1, the reconstructions were performed by ignoring the attenuation of scatter 

coincidences completely. Before advancing to the simultaneous reconstructions which 

update the attenuation map iteratively, reconstructions of electron density with true 

attenuation factors were performed. These tests presented the best result of electron density 

distributions that can be achieved. Two combinations of source distribution and phantom 

used in section 2.4.1.1 were selected: 

(1) 2 cm circular source + 10 cm circular water phantom; 

(2) 10 cm circular source + small ring phantom. 

Again, reconstructions were performed with a pixel size of 4 mm in an 85 × 85 grid. The 

number of scatter coincidences was fixed at 2 × 105 for all reconstructions. 

2.4.3 Electron Density Reconstructions Using Known Activity 

Distribution and Iteratively Updated Attenuation Information 

The algorithm to study the alternative updating strategy for attenuation factor was tested in 

this section. For the simulations, an analytical phantom with three different materials was 

designed (figure 2-12). For the electron density distribution (figure 2-12 (a)), the white 

regions were assigned with lung material, the red region was assigned with spine bone 
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material, and the grey region was assigned with water. The radii of the phantom outline, 

the lung region and the spine bone region were 12, 3.6 and 1.4 cm respectively.  

For the activity distribution (figure 2-12 (b)), the ring region (white) had a relative activity 

of 6.94 to the background activity (gray). The inner region (black) of the ring had zero 

activity. Inner and outer radius of the hot ring were 2.4 and 1.4 respectively. 

Reconstructions were performed with a pixel size of 4 mm in a 69 × 69 grid. The number 

of scatter coincidences was 3.6 × 105. For the starting estimate of the electron density, two 

uniform distributions with different values were used. The first one was valued with the 

electron density of water throughout the whole imaging region. The second one was 

assigned half the value of the first. 

2.4.4 Simultaneous Reconstructions of Both Distributions 

The simultaneous reconstruction algorithm was tested using two phantoms: a circular 

analytical phantom and a simplified chest phantom. The analytical phantom was used to 

test the performance of the algorithm to recover the three most common electron density 

 
 

Figure 2-12. Phantoms used for simulations in section 2.4.3. The radius of the phantom outline is 

12 cm. (a) The electron density distribution with lung regions (white), spine bone region (red) and 

water background (gray). Radius of the lung region is 3.6 cm. Radius of the spine bone region is 

1.4 cm. (b) The activity distribution with hot region (white), cold region (black) and background 

activity (gray). Ratio of the hot region activity to the background activity is 6.94. Inner and outer 

radius of the hot ring are 2.4 and 1.4 respectively. 
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values in chest PET imaging. The simplified chest phantom was used to study the near-

clinical case. 

2.4.4.1 Analytical Phantom for Simultaneous Reconstruction 

Both distributions had the same circular outline with 12 cm radius. For either distribution, 

the circle was divided into three equal-area regions. Figure 2-13 shows the configurations 

for the two distributions. For the electron density distribution (figure 2-13 (b)), the three 

regions were fan-shaped. The top fan region was assigned with lung material. In counter-

clockwise order, the other two fan regions were spine bone and water region respectively.  

For the three regions of the activity distribution (figure 2-13 (a)), a central circle was 

enclosed by two annulus regions. From the center to the outer, the relative activities of the 

three regions were 9, 3 and 1. 

Reconstructions were performed with a pixel size of 4 mm in an 85 × 85 grid. The number 

of scatter coincidences was 4 × 105. The starting value of the electron density was set to 

that of water. In this test, the imaging region was confined to a circular region with a radius 

of the half length of the side of the 85 × 85 grid. 

To analyze the reconstructions of both distributions, the reconstructed values for each of 

the three regions were plotted against the reference values. Linear fits were performed to 

study how well the simultaneous algorithm can recover the activity and electron density 

values. 

2.4.4.2 Simplified Chest Phantom 

To study the performance of the proposed simultaneous algorithm in a clinical situation, a 

simplified chest phantom was designed. The phantom was an improvement of the one used 
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in section 2.4.2.1. The outline of the phantom was an ellipse with a 15 cm long axis and a 

12 cm short axis. Within the outline ellipse, two smaller ellipses were placed symmetrically 

to the center of the outline ellipse. These two smaller ellipses were assigned with lung 

material. The separation of the smaller ellipses was 7.5 cm. The long axis of both lung 

ellipses had a length of 6 cm, while the short axis had a length of 5.3 cm. The spine bone 

region was a small circle with 2 cm radius. It was placed 8 cm from the center of the outline 

ellipse and along the short axis of the outline ellipse. The rest of the ellipse outline region 

was filled with water. 

The corresponding activity distribution was confined to the same outline ellipse. A ring-

shaped hot activity region was inserted to mimic the heart. The ring had an inner radius of 

 

 
 

Figure 2-13. The analytical phantoms with equally divided regions. (a) The activity distribution. 

The relative activities of the central circle, middle and outer annulus are 9, 3 and 1. (b) The electron 

density distribution. Starting from the top region and in a counter-clockwise order, the material of 

the regions are lung, spine bone and water. 
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1.8 cm and an outer radius of 2.5 cm. The center of the ring was 8 cm from the long axis 

and 2 cm from the short axis of the outline ellipse. The relative activity of the ring to the 

background was 8. Figure 2-14 shows the details of the phantom and activity distribution. 

To quantitatively analyze the reconstructions, the contrast recovery coefficient (CRC) was 

calculated. CRC is defined as: 

where V is the mean value of the region of interest (ROI) of the reconstructed image; B is 

the mean value of the background region; and R is the corresponding ratio in the reference 

image. For the activity reconstruction, the ROI of interest was the hot ring region. For the 

electron density the ROI was the lung regions. 

 𝐶𝑅𝐶 =
(𝑉 𝐵⁄ − 1)

𝑅 − 1
 , (2-34) 

 
  

Figure 2-14. The simplified chest phantoms for the evaluation of the simultaneous reconstruction 

algorithm. (a) The activity distribution. The hot ring has an outer radius of 2.5 cm and inner radius 

of 1.8 cm. The hot to background activity ratio is 8. (b) The electron density region. Long axis of 

the lung region is 6 cm and short axis is 5.3 cm. Radius of the spine region is 2 cm. The outline of 

the phantom is an ellipse with long axis of 15 cm and short axis of 12 cm. 
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2.4.5 Non-Ideal Energy Resolution Simulations 

In the previous sections, all simulations and reconstructions were performed with an ideal 

energy resolution of 0.1% in GATE platform. In practice, the best energy resolution is still 

above 5%. This section will perform simulations with 5% energy resolution to study the 

influence on the image quality. 

The phantom was again a ring phantom. The inner and outer radii were 15 and 25 cm 

respectively. The material of the ring phantom was water. A single point source was placed 

at the center of the ring. Figure 2-15 shows the size and configuration of the phantom. 

Reconstructions were again performed by using equation 2-28. The activity distribution 

was assumed to be known and the attenuation of the scatter coincidences was ignored. 

For the simulations, 0.1% and 5% energy resolution were used for comparison reasons. 

The reconstruction was performed in a 73 × 73 grid with a pixel size of 8 mm.  

 

 

 
  

Figure 2-15. The ring phantom used for the non-ideal energy resolution simulations. The outer and 

inner radii are 25 and 15 cm. A single point source (red) is placed at the center of the ring. The 

material of the phantom is water (gray). 
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2.4.6 Simple Numerical Analysis of the Simultaneous Reconstruction 

Algorithm 

In section 2.3.1 and 2.3.2, two attenuation factor updating strategies are proposed. In 

section 2.3.1, attenuation factors for the two reconstructions were updated only after each 

global iteration. Both reconstructions use the same electron density distribution to calculate 

the attenuation factors. The newly reconstructed electron density distribution would be 

different from the old one used for calculating the attenuation factors. In section 2.3.2, 

attenuation factors were updated iteratively within the electron density reconstruction. 

Before advancing to the next global iteration, the electron density used for the attenuation 

factors should converge to the one that would be reconstructed. In this section, a simplified 

numerical study will be conducted to analyze the two strategies. 

In the real world, the forward model for both true and scatter coincidences are in an integral 

or a discretized summation form. Here, the forward models are simplified to a single term, 

i.e.: 

 〈𝑃〉 = 𝜆 ∙ 𝜌 ∙ exp(−𝑘𝜌𝜌). (2-36) 

The integrals in the attenuation factor are also simplified to a single term. The constants 𝑘𝜆 

and 𝑘𝜌 are used to give reasonable values of the attenuation factor. Let the true values of 

activity and electron density be 𝜆∗  and 𝜌∗  and the detected number of true and scatter 

coincidences be 𝑇 and 𝑃. 

 〈𝑇〉 = 𝜆 ∙ exp (−𝑘𝜆𝜌) (2-35) 
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2.4.6.1 Analysis of Method in Section 2.3.2 

Since the method proposed in section 2.3.2 iteratively updates the electron density within 

the electron density reconstruction, the activity can be assumed to be known, i.e. 

 〈𝑃〉 = 𝜆∗ ∙ 𝜌 ∙ exp(−𝑘𝜌𝜌). (2-37) 

Suppose the old electron density estimate is 𝜌𝑛. The attenuation factor can be calculated 

using  exp(−𝑘𝜌𝜌𝑛) . The linear term in equation 2-37 is expressed by the new 

estimate 𝜌𝑛+1. To solve for 𝜌𝑛+1, equation 2-37 is set equal to the detected data P to give: 

 〈𝑃〉 = 𝜆∗ ∙ 𝜌𝑛+1 ∙ exp(−𝑘𝜌𝜌𝑛) = 𝑃  

 𝜌𝑛+1 =
𝑃

𝜆∗ ∙ exp(−𝑘𝜌𝜌𝑛)
. (2-38) 

To test this method, the true values are given by 𝜆∗ = 1 and 𝜌∗ = 1. The constant 𝑘𝜌 is 

assigned a value satisfying exp(−𝑘𝜌𝜌
∗) = 1/5.4. The detected data P is therefore given 

by: 

 𝑃 = 𝜆∗ ∙ 𝜌∗ ∙ exp(−𝑘𝜌𝜌
∗) = 1 ∙ 1 ∙

1

5.4
= 0.1852. (2-39) 
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After choosing an initial estimate 𝜌0, the electron density can be iteratively updated.  

Figure 2-16 shows the results for each iteration by using three different initial values of 𝜌0, 

i.e. 1.1, 0.8  and  0.1 . When 𝜌0 = 0.1  or  0.8 , the reconstruction produced converging 

results, but to the same wrong value. When 𝜌0 = 1.1, the reconstruction quickly blew up 

instead of converging. The behavior in the simplified model analysis shows that this 

strategy depends on the initial estimate of the electron density. Over-estimate produces 

diverging result, while under-estimate produces an incorrect converging result. In section 

3.3, the results for simulated phantoms agrees with this simple numerical analysis. 

2.4.6.2 Analysis of Method in Section 2.3.1 

For the simultaneous reconstruction, an old estimate of the electron density 𝜌𝑛 is used to 

calculate the attenuation factors in the two forward models. According to equation 2-35, 

the updated estimate of the activity will be given by equating 2-35 with the measured data 

T: 

 
 

Figure 2-16. Numerical analysis of the algorithm in section 2.3.2. From the top curve to the 

bottom one, the starting estimate of electron density were 1.1, 0.8 and 0.1 respectively. The red 

line was the true value, while the blue lines were the reconstructions. x-axis is the iteration 

number. 
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 〈𝑇〉 = 𝜆𝑛+1 ∙ exp(−𝑘𝜆𝜌𝑛) = 𝑇  

 𝜆𝑛+1 =
𝑇

exp(−𝑘𝜆𝜌𝑛)
. (2-40) 

Then 𝜆𝑛+1 and 𝜌𝑛 are sent to equation 2-36 to obtain 𝜌𝑛+1: 

 〈𝑃〉 = 𝜆𝑛+1 ∙ 𝜌𝑛+1 ∙ exp(−𝑘𝜌𝜌𝑛) = 𝑃  

 𝜌𝑛+1 =
𝑃

𝜆𝑛+1 ∙ exp(−𝑘𝜌𝜌𝑛)
. (2-41) 

Equation 2-40 and 2-41 give the simultaneous reconstruction formulae in the simplified 

model. For numerical demonstrations, the same values are used for 𝜆∗, 𝜌∗, 𝑘𝜌 and P as in 

section 2.3.3.1. For 𝑘𝜆, the value is chosen to produce slightly less attenuation for true 

coincidences, i.e. exp(−𝑘𝜆𝜌
∗) = 1/4.5. The measured data T is given by: 

 𝑇 = 𝜆∗ ∙ exp(−𝑘𝜆𝜌
∗) = 1 ∙ 1 ∙

1

4.5
= 0.2222. (2-42) 

Figure 2-17 shows the results for two initial values of 𝜌0. In contrast to the results in the 

previous section, the simultaneous method produced correct converging result for both 

initial values. The results in section 3.4 also shows consistent results with the analysis here.  
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.  

 

Figure 2-17. Numerical analysis of the algorithm in section 2.3.1. The starting estimate of electron 

density were 1.8 and 0.2 respectively. The red line is the true value, while the blue lines were the 

reconstruction. x-axis is the iteration number. 
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3. Chapter Three: Results and Discussions 

In this chapter, reconstructions of various simulations described in chapter 2 will be 

presented. 

3.1. Confirmation of Linear Attenuation Coefficients 

The thickness of the attenuator was varied from 0 to 400 mm for all the three materials 

involved. Table 3-1 lists the results of the number of detected photons at different 

thicknesses. For each material, the numbers were plotted against the thickness to perform 

a curve fitting with respect to the exponential attenuation law (equation 2-33), i.e. using 

the fitting model 𝑓(𝑥) = 𝑎 ∙ exp (𝑏𝑥)  to find out the values of 𝑎  and 𝑏 . Table 3-2 

summarizes the fitting results. Figure 3-1 through 3-3 present the fitted curves with error 

 Number of Detected Photons 

Thickness (mm) Water Lung Spine Bone 

2 231761 230367 231207 

4 226806 230123 225114 

6 222539 228093 220175 

8 213760 225896 208655 

16 197996 222585 187016 

32 169501 214020 151919 

64 124353 196891 100222 

128 67130 167955 43268 

200 33667 140780 16789 

300 13013 109972 4505 

400 4836 85753 1238 
 

Table 3-1. Measured numbers of primary photons in the narrow beam experiments. Water, lung 

and spine bone were simulated. The thickness of the materials was varied from 2 to 400 mm. 
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bars showing the uncertainty of the number of photons. According to counting statistics, 

the uncertainty ∆𝑁 of a detected number 𝑁 is: 

In the fitting curve plots, the error bars are hard to recognize, since the uncertainties are 

small compared to the detected numbers. For example, when  𝑁 = 2 × 105 , ∆𝑁 𝑁⁄ =

1 √𝑁⁄ = 0.0022. 

The 𝑏 values in table 3-2 give the linear attenuation coefficients in mm-1 for each material. 

Since the attenuation maps were represented by the electron density map in this work, the 

 ∆𝑁 = √𝑁. (3-1) 

 Fitting Model: 𝑎 ∙ 𝑒−𝑏𝑡 

𝑎 (× 105) 95% confidence 

interval of 𝑎 (× 105) 

𝑏 (× 10−2 

mm-1) 

95% confidence 

interval of 𝑏 (×
10−2 mm-1) 

Water 2.31 (2.31,2.32)  0.967 (−0.971,−0.963) 

Lung 2.31 (2.30,2.31) 0.247 (−0.249,−0.245) 

Spine 

Bone 
2.31 (2.31,2.32) 1.31 (−1.32,−1.30) 

 

Table 3-2. Fitting results for the attenuation coefficients. The exponential model was used for the 

curve fitting. Fitted values of 𝑎 and 𝑏 together with the 95% confidence intervals were presented. 
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attenuation coefficients were converted to electron densities using the total Klein-Nishina 

 
 

Figure 3-2. The fitted curve of the number of measured primary photons through water against the 

thickness. Red line is the fitted curve. Data points with error bars are shown in blue. 

 

 
 

Figure 3-1. The fitted curve of the number of measured primary photons through lung tissue against 

the thickness. Red line is the fitted curve. Data points with error bars are shown in blue. 
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cross-section (equation 1-19). Table 3-3 summarizes the electron density values. 

3.2. Ring and Circular Phantoms 

As described in section 2.4.1, the ring and circular phantoms with various source 

distributions were used to test equation 2-27 with known activity distributions. The 

reconstructions were first performed without considering attenuation of the scatter 

coincidences and then with exact attenuation information.  

 
 

Figure 3-3. The fitted curve of the number of measured primary photons through spine bone tissue 

against the thickness. Red line is the fitted curve. Data points with error bars are shown in blue. 

 

 Water Lung Spine Bone 

Electron Density 

𝜌 =
𝜇

𝜎𝐾𝑁
 

(× 1020 mm-3) 

3.375 0.863 4.575 

 

Table 3-3. Electron density values obtained from the linear attenuation coefficients. 
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3.2.1 Reconstructions without Considering Attenuation of Scatter 

Coincidences 

In this section, the qualitative reconstructions of electron density were performed without 

consideration of attenuation of the scatter coincidences. Figure 3-4 shows the 

reconstruction results. Firstly, all the reconstructions showed recognizable boundaries 

corresponding to the reference image. In the single point source case, the process of 

determining the scattering site of each detected scatter coincidence is fast and clear. This 

can be explained in figure 3-6. For a detected scatter coincidence, according to the energy 

of the scattered photon, the scattering angle can be determined through the Compton 

equation (equation 2-1). Then the TCA that describes all the possible scattering sites can 

be determined. Since the activity distribution is known and is only a single point source, 

the scattering site is uniquely determined. 
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When the activity source is more than a single point (figure 3-4 (b) – (e), figure 3-5 (b) – 

 
 

Figure 3-5. Reconstructions of the small ring and circular phantom simulations. Upper row is the 

true electron density (white) and activity (red) distributions. Middle row is the reconstructed 

images. Lower row is the vertical profiles of the corresponding reconstructions. 

 

 
 

Figure 3-4. Reconstructions of the large ring and circular phantom simulations. Upper row is the 

true electron density (white) and activity (red) distributions. Middle row is the reconstructed 

images. Lower row is the vertical profiles of the corresponding reconstructions. 
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(e)), the scattering site cannot be uniquely determined. Therefore the uncertainty of the 

scattering site can result in back projecting electron density values in the wrong locations, 

even in the place where there is no material at all. Figures 3-7 and 3-8 illustrates such 

situations. For the detected scatter coincidence, there is only one scattering site. If there are 

two activity sources 𝑃1 and 𝑃2, there will be two possible scattering sites according to the 

TCA model. More activity sources results in more possible scattering sites. For continuous 

 
 

Figure 3-6. Illustration of reconstructions with a single point activity source. The scattering site can 

be uniquely determined at 𝑆1 for the measured scatter coincidence. 

 

 
 

Figure 3-7. Illustration of the determination of possible scattering sites for two point activity 

sources. The scattering site cannot be uniquely determined for each measured scatter coincidence. 

𝑆1 and 𝑆2 are the two possible scattering site for the example scatter coincidence. 

 

  



96 
 

source, the possible scattering sites will lie on a section on the TCA. The red curve in figure 

3-8 represents all the possible scattering sites in the case of a continuous source. 

However, in figure 3-4 and 3-5, reconstructions for all situations were stable. All 

reconstructions recovered recognizable boundaries of the phantoms. Therefore the MLEM 

reconstruction formula (equation 2-27) can successfully recover the correct scattering sites 

for all the detected scatter events. 

Figure 3-9 shows the reconstructions of the 2nd, 3rd and 10th iterations for the single, 

double and overlap sources simulations. In the single source case, the shape of the ring 

phantom was recovered quickly after the 2nd iteration. For the double and overlap sources 

cases, the 2nd iteration produced an image with artifacts around the ring phantom. This 

phenomenon corresponds to the non-uniqueness of the scattering sites for each scatter 

coincidence. However, the MLEM algorithm quickly reduced the artifacts after the 10th 

iteration.  

 
 

Figure 3-8. Illustration of the determination of possible scattering sites for a distributed source. A 

continuous portion on the TCA represents the possible scattering sites. The scattering sites are not 

unique. 
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To diverge from the symmetrical to asymmetrical activity sources, the reconstructions of 

the off-center simulations were presented in figure 3-10. As the point source moved, the 

reconstructions were still stable and consistent with the performance in the symmetrical 

cases. 

 
 

Figure 3-9. Reconstructions of the 2nd, 3rd and 10th iteration for the single (upper row), double 

(middle row) point sources and the large overlapping source (lower row). 



98 
 

For the reconstructions shown in figure 3-5 (i), (j) and figure 3-6 (i), (j), the images showed 

artifacts corresponding to the activity distributions. For the circular phantom with 2 cm 

extended source (figure 3-5 (i) and figure 3-6 (i)), the small circle at the center of the 

reconstructed circular phantom was recognizable. The expected ideal reconstruction should 

produce a uniform image. For the ring phantom with overlapped circular source (figure 3-

5 (j) and figure 3-6 (j)), the intensity within the ring phantom was not as close to zero as 

what it was expected to be. These artifacts, or cross-talk between the two distributions are 

due to the lack of the attenuation factors for the scatter coincidences. For this reason, the 

 
 

Figure 3-10. Reconstructions of the off-center source simulations. Upper row: the true electron 

density (white) and activity (red) distributions. Middle row: the reconstructed images. Lower row: 

the central vertical profiles of the reconstructions. 
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reconstructions with known attenuation factors will be presented in the next section. Again, 

it should be noted that in real situations, the attenuation factors are unknown until the 

electron density distribution is reconstructed. The goal of the reconstructions in the next 

section is to study the best performance that equation 2-27 can possibly achieve. 

3.2.2 Reconstruction with Exact Attenuation Factor of Scatter 

Coincidences 

Apart from the known activity distributions, it was assumed that the attenuation factors of 

scatter coincidences were somehow obtained before the reconstructions. This was done by 

calculating the attenuation factors using the true electron density. The reconstructions for 

the circular phantom and ring phantom with circular overlapped activity source were 

performed again with the exact attenuation factors (figures 3-11 and 3-12). For these 

 
 

Figure 3-11. Reconstructions of the circular phantom with correct attenuation factors. (a) The true 

electron density (white) and activity (red) distributions. (b): Reconstructed image without 

attenuation factor. (c): Reconstructed image with correct attenuation factor. (d) and (e) are the 

corresponding central vertical profiles. 
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reconstructions, since attenuation was considered, the results could be compared to the 

actual value of the electron density. Therefore the profiles were plotted using the relative 

electron density to water. 

In figure 3-11, the higher intensity at the place where the source was located was not 

observed. Instead, the intensity decreased slightly. The edge of the source distribution 

appeared as a darker ring. One possible explanation for this phenomenon is that the pixel 

size for the reconstruction was large. The radius of the small extended source was 2 cm, 

while the pixel size was 4 mm. The pixel size didn’t represent the curvature of the edge of 

the source distribution well enough. 

The reconstructed images (figure 3-11 (b) an (c)) also showed higher intensity at the four 

sides. A possible source of the artifact is the line length approximation of the system matrix 

 
 

Figure 3-12. Reconstructions of the ring phantom with large circular source with correct attenuation 

factors. (a): The true electron density (white) and activity (red) distributions. (b): Reconstructed 

image without attenuation factor. (c): Reconstructed image with correct attenuation factor. (d): and 

(e): are the corresponding central vertical profiles. 
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discussed in section 1.1.4.2. The line length approximation produces patterns that are 

related to the angular position of pixels. 

For the large overlapped source, reconstructions with the correct attenuation factors 

lowered the intensity in the inner region, although not to zero. For quantitative comparison, 

the mean value in the inner region was compared to the mean value of the ring. For the 

reconstruction without attenuation (Figure 3-12 (b)), the ratio of the mean value in the inner 

region to that of the ring was 0.4 ± 0.2. For the reconstruction with exact attenuation 

factors, the ratio was 0.1 ± 0.1. The relatively high uncertainty of the ratios is due to the 

high variation in the reconstructed images. Despite this, the reduction of the previous ratio 

is larger than 100% from 0.4 ± 0.2 to 0.1 ± 0.1. 

3.3. Circular Phantoms with Iteratively Updated Attenuation 

Factors 

In this section, simulations of the circular phantoms described in sections 2.4.2 were 

reconstructed by updating the attenuation information iteratively. The iterative algorithm 

is discussed also in section 2.3.2.  
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In figure 3-13, images were reconstructed with half the value of electron density of water 

as the initial estimate. As the global iteration advanced, the electron density distribution 

 
 

Figure 3-13. Reconstructions of the circular analytical phantom using the algorithm in section 2.3.2. 

The starting estimate was a uniform distribution with half the electron density value of water. The 

reconstructions converged to a wrong solution. The top left image is the true electron density 

distribution. From left to right and top to bottom, images were reconstructed from the 1st to the 5th 

global iteration. 
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converged to a solution. However, the solution was not correct. Electron density values 

were lower than the true values by approximately a factor of 3-5. Reading from the profile 

of the 1st iteration, the initial estimate of electron density provided attenuation map that 

under-attenuate the scatter coincidences. Then the algorithm continued to produce lower 

and lower valued electron density until a false converged result was obtained. 

In figure 3-14, the reconstructions were performed with initial electron density value equal 

to that of water. As iteration number increased, the reconstructions did not converge, but 

quickly blew up after the 3rd iteration. Reading from the profile of the 1st iteration, the 

initial estimate of electron density provided an attenuation map that over-attenuated the 

 
 

Figure 3-14. Reconstructions of the circular analytical phantom using the algorithm in section 2.3.2. 

The starting estimate was a uniform distribution with the electron density value of water. The 

reconstructions converged to a wrong solution. The top left image is the true electron density 

distribution. From left to right and top to bottom, images were reconstructed from the 1st to the 5th 

global iteration. 
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scatter coincidences. The reconstructed electron density map then kept over-attenuating the 

coincidences. 

The results in this section indicate that the attenuation factor updating strategy as described 

in section 2.4.2 is not feasible. Therefore the simultaneous reconstruction would still use 

the algorithm in section 2.4.1. The results in this section are consistent with the simple 

numerical analysis performed in section 2.4.6. 
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3.4. Simultaneous Reconstructions of the Analytical Phantom  

The analytical phantom with equally divided regions was studied by the simultaneous 

algorithm in section 2.4.1. Figures 3-15 shows the reconstructions of both distributions 

with the difference images to the reference images. Figure 3-16 and 3-17 show various 

profile plots of the two reconstructions. Reconstructions stopped after 10 global iterations. 

.  

 

Figure 3-15. Reconstructions of the analytical disk phantom. (a) and (b) are the reference images 

of activity and electron density distributions. (c) and (d) are the corresponding reconstructions. The 

difference images between the true and reconstructed are shown be (e) and (f). 
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The imaging region was confined to a circular region with the diameter equal to the side 

length of the grid.  

 
 

Figure 3-17. Vertical and horizontal profiles of the analytical phantom activity reconstruction. The 

red line is the reference value. Black curves are the reconstructed results. 

 

 
 

Figure 3-16. Vertical and horizontal profiles of the analytical phantom electron density 

reconstruction. The red line is the reference value. Black curves are the reconstructed results. 
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For both distributions, each region had the same area. Therefore each region had the same 

number of data points. It is then convenient to perform a linear fit of the reconstructed 

values against the reference values. Figure 3-18 shows the plots of the linear fits to the two 

 
 

Figure 3-18. Plots of the linear fitting results for reconstructions of the analytical disk phantom. (a) 

is the fitting for activity reconstruction. (b) is the fitting for the electron density reconstruction. Red 

line represents the fitted line. Histograms of each region are combined with the data points. Blue 

line represents the ideal correlation line. The distribution of the reconstructed values are shown in 

color map. The x-axis is the reference value, while the y-axis is the reconstructed value. The dashed 

red lines represent the upper and lower bound of the 90% prediction interval. 
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distributions. The y-axis corresponds to the reconstructed values and the x-axis 

corresponds to the reference values. Data points were shown in a color map to indicate the 

intensity of the distribution. Table 3-4 summarizes the fitting results with 95% confidence 

interval. 

For the activity, the slope was recovered as 0.99. The 95% confidence interval includes the 

ideal result of 1. The y-intercept was fitted as 0.40, which means the values were 

reconstructed slightly higher than the true values. Correspondingly, the red fitted line in 

figure 3-18 (a) is transformed upward to the blue ideal line. The locations of the peak for 

each of the three distributions in figure 3-18 (a) were close to the expected values. 

For the electron density, the slope was recovered as 1.05 and the 95% confidence interval 

did not include the ideal result of 1. The y-intercept however included the ideal value 0. 

The fitting results shows that the simultaneous reconstruction is capable of recovering 

different values of activity and electron density that are common in PET imaging. The 

slopes were close to the expected value 1. The y-intercepts were small compared to the 

activity or electron density values involved. To study the distribution of the reconstructed 

values with respect to the true values, histograms of the three regions and the whole activity 

distribution are given in figure 3-19. The peaks of the histograms of the inner circle and 

 

Slope y-intercept 

Fitted 

value 

95% confidence 

interval 
Fitted value 

95% confidence 

interval 

Activity 0.99 (0.98, 1.02) 0.40 (0.28, 0.50) 

Electron 

Density 
1.05 (1.03, 1.07) 

−1.74 × 1018 
/mm3 

(−8.71, 5.22) × 1018 
/mm3 

 

Table 3-4. Linear fitting results of the analytical disk phantom reconstructions. 
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middle annulus region are consistent with the true values. The peak for the outer region is 

about 20% less than the true value of 1. From the histogram of the whole activity 

reconstruction, the inner region with the highest activity value has a wider distribution, 

while the outer annulus has a sharper distribution. 

Figure 3-20 presents the histograms for the electron density distribution. All the peaks tend 

to include the true electron density values. Similar to the activity reconstruction, higher 

electron density regions have wider distributions than the lung region. 
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Figure 3-19. Histograms of the activity reconstruction. 
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3.5. Simultaneous Reconstruction of the Simplified Chest 

Phantom 

 
 

Figure 3-20. Histograms of the electron density reconstruction. 
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The simplified chest phantom was simulated and reconstructed using the proposed 

simultaneous reconstruction algorithm. The reconstructions were performed by 10 global 

iterations. For every activity reconstruction, the number of sub-iterations was fixed to 50. 

For electron density reconstruction, the sub-iteration number was 40. The initial estimate 

of the activity image was an arbitrarily valued uniform distribution.  The initial estimate 

for the electron density was also a uniform distribution with the electron density value of 

water.  
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For comparison reasons, the same phantom was also reconstructed by the MLAA algorithm 

discussed in section 1.2.2.2. 

Figure 3-21 shows the reconstructed images by the proposed methods after each global 

iteration. Figure 3-22 and 3-23 give the central vertical profiles of each reconstruction for 

 
 

Figure 3-21. Reconstructions of the simplified chest phantom by the proposed simultaneous 

algorithm. (a) The activity distribution. (b) The electron density distribution. For both (a) and (b), 

the images on the top left are the reference images. From left to right and top to bottom, images 

were reconstructed by the 1st through 5th global iteration. 
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the two distributions. In figure 3-21 (a), the reconstruction of the activity showed severe 

cross-talk with the electron density distribution after the first global iteration. The lung 

regions showed higher intensity than the background, while the spine bone region showed 

lower intensity. This result is well expected, since the attenuation map was obtained from 

the uniform water electron density distribution. In addition, since the initial estimate of the 

 
 

Figure 3-22. Central vertical profiles of the activity reconstructions. (a) shows the profiles of the 

first 5 global iterations. (b) shows only the reconstructions from the 2nd to the 5th global iteration. 

In both figures, the red lines correspond to the reference values. 
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electron density provided over-attenuation, the reconstructed values of the activity were 

 
 Figure 3-24. Central vertical profiles of the electron density reconstructions for the first 5 global 

iterations. Red lines are the reference values. 

 

 
 

 
  

 
 

 
  

 
 

 
  

 
 

Figure 3-23. Comparison between the reconstructions of the proposed and MLAA method. (a) The 

activity reconstructions. (b) The electron density reconstructions. For both (a) and (b), the image 

on the left is the reference image. In the middle column, the top shows the reconstruction of the 

proposed method. The bottom shows the result of the MLAA method. The column on the right 

shows the difference image between the corresponding reconstructions and the reference image. 
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much higher than the true values. After the second global iteration, the cross-talk was 

reduced greatly. The reconstructions tended to approach a stable solution after 3 global 

iterations. 

Figure 3-24 shows the reconstruction using the MLAA algorithm after 100 global 

iterations. The reconstructions were compared to the results from the proposed algorithm 

after 5 global iterations. The difference images with respect to the reference images were 

also presented. Visually, the MLAA results suffered cross-talk between the two 

distributions. The lung regions with lower electron density values result in higher values 

 
 

Figure 3-25. Comparison of the activity profiles between the MLAA and the proposed method 

reconstructions. (a) Vertical profile through the hot region of the activity distribution. (b) Horizontal 

profile through the hot region of activity distribution. 
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in the activity distribution. The hot activity region in return gave lower values in the 

corresponding region of the electron density reconstruction. The features in both 

distributions were not clearly recovered either. For the profiles (figure 3-25 and 3-26), the 

MLAA reconstructions for both distributions were much lower than the reference values. 

In comparison, results from the proposed method basically followed the reference lines.  

For quantitative analysis, the CRCs were calculated for the hot region in the activity 

reconstructions and the lung regions in the electron density reconstructions. Table 3-5 lists 

the CRCs for the reconstructions of the proposed method and MLAA method. Compared 

to the CRCs of MLAA reconstructions, the proposed method improved the CRC for heart 
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region from 0.026 to 0.54 and the CRC for lung regions from 0.33 to 0.87. The CRCs are 

also compared to the value for reconstructions with true attenuation map. It means that for 

the activity distribution, an independent reconstruction using the true attenuation map was 

performed. For the electron density, an independent reconstruction using both the true 

attenuation map and the true activity distribution was performed. The CRCs were 

 
 

Figure 3-26. Comparison of the electron density profiles between the MLAA and the proposed 

method reconstructions. (a) Vertical profile through the hot region of the activity distribution. (b) 

Horizontal profile through the hot region of activity distribution. 
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calculated and then listed in table 3-5. The CRCs for both regions were as good as using 

exactly the true attenuation map or activity distribution for independent reconstruction. 

 𝐶𝑅𝐶ℎ𝑒𝑎𝑟𝑡 𝐶𝑅𝐶𝑙𝑢𝑛𝑔 

MLAA 0.026 0.33 

Proposed Method 0.54 0.87 

True Reconstruction 0.53 0.88 
 

Table 3-5. CRC for heart region in the activity distribution and the lung region in the electron 

density distribution. The values were calculated to the reconstructions using the MLAA and the 

proposed method. In the lower row, true reconstruction means: using known attenuation map for 

the activity reconstruction; using true attenuation map and activity distribution for electron density 

reconstruction. 

 

 
 

Figure 3-27. CRC vs. global iteration number. (a) The CRC curve for the hot region in the activity 

distribution. (b) The CRC curve for the electron density distribution. 



120 
 

Figure 3-27 shows the plot of CRC against the global iteration number. Both CRC values 

stabilize after 5 global iterations.  

3.6. Non-Ideal Energy Resolution Reconstructions 

According to section 2.4.5, the simulations were performed with 5% energy resolution. By 

using the known activity distribution and ignoring the attenuation of scatter coincidences, 

reconstructions were done for both 0.1% and 5% energy resolutions. Figure 3-28 shows 

the results of the reconstructions. Compared to the reconstruction with ideal energy 

resolution, the 5% energy resolution reconstruction had blurred boundaries, which was 

expected. The discrepancy between the exact scattering energy of the scattered photon 

results in the scattering angle calculated by equation 1-12 incorrect. Thus the TCA will 

deviate from the correct TCA. The blurring in the reconstructed image is therefore 

expected. Figure 3-28 (d) shows the comparison between the central vertical profiles 

between the ideal and 5% energy resolution reconstructions. 
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Although the boundaries were blurred, the reconstruction in figure 3-28 (c) still showed 

promising results. The ring phantom can still be clearly recognized. Therefore the proposed 

method can be expected to work under 5% energy resolution in the quantitative way.  

Some streak artifacts can been seen in figure 3-28 (c). Darker steaks appeared in roughly 

every 30°. One possible reason is that when calculating the system matrix 𝑎𝑖𝑗, the line 

integral of the activity from the detected location of the primary photon to the possible 

scattering site is inappropriate for the discrete form of the forward model equation 2-1. 

Section 1.1.4.2 mentions the line length approximation leads to artifacts in the activity 

reconstruction. It is possible that the line integral also causes the streak artifacts as seen in 

figure 3-28 (c), especially when the energy detection is inaccurate. 

As reported by Berker et al. [Berker et al. 2014], 7% energy resolution has been achieved 

on PET systems with cerium-doped lanthanum bromide detectors. Furthermore, the 

feasibility of 3.1% energy resolution has been demonstrated using 3D positioning cadmium 

 
 

Figure 3-28. Comparison of reconstruction with ideal and 5% energy resolution. (a) Reference 

image. (b) Reconstructed with 0.1% energy resolution. (c) Reconstructed with 5% energy 

resolution. 
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zinc telluride detectors. Therefore the appropriate energy resolution required for the 

proposed method can be achieved in the near future.  

Other than improving the hardware of PET, the influence of non-ideal energy resolution 

can also be reduced by choosing an optimal energy window. According to equation 1-12, 

the scattering angle is calculated by: 

𝜃 = cos−1 (2 −
𝐸0

𝐸𝑆
). (3-2) 

The deviation from the exact scattering energy 𝐸𝑆 does not result in linear deviation in the 

scattering angle. By taking the derivative of equation (1-12) with respect to 𝐸𝑆, the relation 

between the change in the scattering angle ∆𝜃 and the uncertainty in scattering energy ∆𝐸𝑆 

is: 

 
 

Figure 3-29. The plot of 𝑑𝜃 𝑑𝐸𝑆⁄ . The curve blows up at 𝐸𝑆 = 170 keV and 𝐸𝑆 = 511 keV. 
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|∆𝜃| = |
𝑑𝜃

𝑑𝐸𝑆
| ∙ |∆𝐸𝑆| = ||

𝐸0

𝐸𝑆
2√(

𝐸0

𝐸𝑆
− 1) (3 −

𝐸0

𝐸𝑆
)

|| ∙ |∆𝐸𝑆|. (3-3) 

The curve of 𝑑𝜃 𝑑𝐸𝑆⁄  is shown in figure 3-29. The derivative |𝑑𝜃 𝑑𝐸𝑆⁄ | blows up at both 

ends, i.e. 𝐸𝑚𝑖𝑛 = 170 𝑘𝑒𝑉 and 𝐸𝑚𝑎𝑥 = 511 𝑘𝑒𝑉. From about 250 keV to 470 keV, the 

curve of the derivative is flat and the value is small. Thus in non-ideal energy resolution 

reconstructions, an optimal energy window needs to be chosen instead of using the full 

energy window. From figure 3-29, a possible choice of the energy window should only 

cover the flat part of the  𝑑𝜃 𝑑𝐸𝑆⁄  curve. For example, the energy window 250 – 470 keV can be 

selected, corresponding to the scattering angle of roughly 93° and 24° respectively. 
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4. Chapter Four: Conclusions and Recommendations 

In this work, the feasibility of using scatter coincidence data in PET to reconstruct the 

attenuation map is studied. The results in section 3.2 have shown that the electron density 

reconstruction formula (equation 2-27) could separate the electron density destitution from 

the activity distribution.  

Quantitative reconstructions were performed using the simultaneous reconstruction 

algorithm. Two strategies for updating the attenuation factor were investigated. It has been 

shown that iteratively updating the attenuation factor within the electron density 

reconstruction itself did not converge to the correct solution. The simultaneous 

reconstruction succeeded when the attenuation factor was updated after each global 

iteration of both the electron density and activity distribution reconstructions.  

The simultaneous algorithm solved the cross-talk issue which is intrinsic to methods using 

only the true coincidence data. The scatter data introduced required information for 

extracting the attenuation map. The cross-talk issue can also be solved using TOF 

information in the MLAA algorithm. However, the TOF algorithm depends on the time 

resolution and also introduces an undetermined constant. Although the proposed algorithm 

in this work depends on the energy resolution of PET detectors, no extra information is 

needed. As long as the energy resolution is satisfactory, the activity and attenuation map 

can be determined at the same time. 

The influence of non-ideal energy resolution to the method was also discussed. Results 

under 5% energy resolution were still reasonable. According to the development in PET 
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detectors, we conclude that the proposed method can be used in practice within the near 

future. 

As the patient size increases, the portion of multiple scatter coincidences in the scatter data 

increases as well. A strategy dealing with the multiple scatter coincidences can be one of 

the further improvements of the proposed method. Another possible improvement is to 

choose an optimal energy window to reduce the influence of non-ideal energy resolutions. 

Similar to the work of Conti et al. [Conti et al. 2012], incorporating TOF information into 

the algorithm may also improve the performance of the proposed method. 
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Appendix A 

The pseudo code of the simultaneous reconstruction algorithm in section 2.3.1 is given in 

this appendix. The pseudo codes of the functions called within the simultaneous algorithm 

are also presented. 

A.1 The Simultaneous Algorithm 

Algorithm SimultaneousRecon(T, S) 

//The algorithm that simultaneously reconstruct the activity and electron density 

//distributions. 

Input: T is the true coincidence data; S is the scatter coincidence data. 

Output: The reconstructed activity and electron density distributions. 

curAct ← initial estimate of the activity distribution 

curEle ← initial estimate of the electron density distribution 

for i ← 1 to N do 

{N global iterations} 

curAct ← ActRecon(curAct, curEle) 

//Update curAct using the activity reconstruction function. The curEle is used 

to calculate the //attenuation factors of the true coincidences. 

curAttenFac ← AttenFactorScatter(curEle) 
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//Calculate the attenuation factors for the scatter coincidences 

normScatter ← NormScatter(curAct, curAttenFac) 

//Calculate the normalization factor in the electron density reconstruction 

//formula 𝜌𝑖
𝑛+1 =

𝜌𝑖
𝑛

∑ 𝑎𝑖𝑗𝑗
∑

𝑦𝑗𝑎𝑖𝑗

∑ 𝑎𝑖′𝑗𝜌𝑖′
𝑛

𝑖′
𝑗  under the old estimate 𝜌𝑖

𝑛. 

curSystemMat ← SystemMatScatter(curAct, curAttenFac, S) 

//Calculate the system matrix 𝑎𝑖𝑗 for scatter coincidences. 

curEle ← ElectronRecon(curSystemMat, normScatter) 

//Update the electron density reconstruction according the reconstruction 

formula 𝜌𝑖
𝑛+1 =

𝜌𝑖
𝑛

∑ 𝑎𝑖𝑗𝑗
∑

𝑦𝑗𝑎𝑖𝑗

∑ 𝑎𝑖′𝑗𝜌𝑖′
𝑛

𝑖′
𝑗 . 

end for 

end algorithm 

A.2 Function curAttenFac 

Function curAttenFac(ele) 

//Calculate the attenuation factors of all the possible scatter coincidences for the use 

//in calculations of the normalization factor and system matrix of the electron density 

//reconstruction. 

Input: the current electron density ele. 

Output: the attenuation factors saved in a vector A of matrices. 
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N ← the number of pixels in the x or y direction of the square imaging grid. 

M ← number of intervals to discrete the full circle, i.e. from 0 to 360°. 

angleStep ← 360 / M 

R ← the inner radius of the PET scanner 

for i  ← 1 to M do 

xDetect ← 𝑅 cos(𝑖 ∙ 𝑎𝑛𝑔𝑙𝑒𝑆𝑡𝑒𝑝) 

//The x coordinate of the detected position of the photon 

yDetect ← 𝑅 sin(𝑖 ∙ 𝑎𝑛𝑔𝑙𝑒𝑆𝑡𝑒𝑝) 

//The y coordinate of the detected position of the photon 

tmp ← 𝑁 × 𝑁 matrix filled with zeros 

for ix ← 1 to N do 

for iy ← 1 to N do 

xScatter ← the x coordinate of the pixel corresponding to pixel (ix, iy) 

in the imaging grid 

yScatter ← the y coordinate of the pixel corresponding to pixel (ix, iy) 

in the imaging grid 

tmp[ix, iy] ← integral of the linear attenuation factor from the point 

(xDetect, yDetect) to point (xScatter, yScatter) 

end for 
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end for 

A[i] ← tmp 

end for 

end function 

A.3 Function NormScatter 

Function NormScatter(act, attenFac) 

//Calculate the normalization factor in the electron density reconstruction formula 

//𝜌𝑖
𝑛+1 =

𝜌𝑖
𝑛

∑ 𝑎𝑖𝑗𝑗
∑

𝑦𝑗𝑎𝑖𝑗

∑ 𝑎𝑖′𝑗𝜌𝑖′
𝑛

𝑖′
𝑗  under the old estimate 𝜌𝑖

𝑛. 

Input: the current activity distribution act; the current attenuation factors attenFac 

Output: the normalization factor as matrix Norm 

N ← the number of pixels in the x or y direction of the square imaging grid. 

M ← number of intervals to discrete the full circle, i.e. from 0 to 360°. 

Norm ← 𝑁 × 𝑁 matrix filled will zeros 

for i  ← 1 to M do 

//for each possible detected position of the primary photon 

for j ← 1 to M do 

//For each possible detected position of the scattered photon 

for ip ← 1 to N do 
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for jp ← 1 to N do 

//For each pixel in the imaging grid 

Norm[ip, jp] ←  Norm[ip, jp] + pixel value calculated by 

∮ 𝑏𝑖(𝑠) ∙ 𝐹𝑗(𝑆)𝑑𝑠
𝐵

𝐴
 in equation 2-18. 

end for 

end for 

end for 

end for 

end function 

A.4 SystemMatScatter 

Function SystemMatScatter(act, attenFac, S) 

//Calculate the system matrix 𝑎𝑖𝑗 for scatter coincidences. 

Input: the current activity distribution act; the current attenuation factors for the scatter 

coincidences attenFac; and the scatter coincidence data S. 

Output: system matrix saved in vector of matrices sysMat. 

N ← the number of pixels in the x or y direction of the square imaging grid. 

M ← number of scatter coincidences in S. 

for k ← 1 to M do 
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tmp ← 𝑁 × 𝑁 matrix filled will zeros. 

//Each scatter coincidence has a system matrix 

for ip ← 1 to N do 

for jp ← 1 to N do 

//For each pixel in the imaging grid 

tmp(ip, jp) ← pixel value calculated by ∮ 𝑏𝑖(𝑠) ∙ 𝐹𝑗(𝑆)𝑑𝑠
𝐵

𝐴
 in equation 

2-18. 

end for 

end for 

sysMat[k] ← tmp 

end for 

end function 
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