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Abstract

Accurate modeling of current flow and network parameter extraction in 2-D and

3-D conductors has an important application in signal integrity of high-speed inter-

connects. In this thesis, we propose a new rigorous single-source Surface-Volume-

Surface Electric Field Integral Equation (SVS-EFIE) for magnetostatic analysis of

2-D transmission lines and broadband resistance and inductance extraction in 3-D

interconnects. Furthermore, the novel integral equation can be used for the solution

of full-wave scattering problems on penetrable 2-D cylinders of arbitrary cross-section

under transverse magnetic polarization.

The new integral equation is derived from the classical Volume Electric Field

Integral Equation (V-EFIE) by representing the electric field inside a conductor or a

scatterer as a superposition of the cylindrical waves emanating from the conductor’s

surface. This converts the V-EFIE into a surface integral equation involving only a

single unknown function on the surface. The novel equation features a product of

integral operators mapping the field from the conductor surface to its volume and

back to its surface terming the new equation the Surface-Volume-Surface EFIE.

The number of unknowns in the proposed SVS-EFIE is approximately the square

root of the number of degrees of freedom in the traditional V-EFIE; therefore, it allows

for substantially faster network parameter extraction and solutions to 2-D scattering

problems without compromising the accuracy. The validation and benchmark of the

numerical implementation of the Method of Moment discretization of the novel SVS-

EFIE has been done via comparisons against numerical results obtained by using

alternative integral equations, data found in literature, simulation results acquired

from the CAD software, and analytic formulas.
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Chapter 1

Introduction

1.1 Motivation and Current State of the Art

The importance of computer-aided design (CAD) tools has grown significantly

over the past decades. In a vast number of fields, the use of accurate numerical

simulations can reduce fabrication expenses and drastically enhance design efficiency.

Accurate modeling of current flow and network parameter extraction in 2-D and

3-D conductors has an important application in signal integrity analysis of high-

speed interconnects [You01, Mor04, KTW94] and simulation of the power delivery

systems [WW73,BKB09]. Electromagnetic-based modeling of current flow that takes

into account the proximity and skin-effect [You01] is foundational for obtaining per-

unit-length and terminal characteristics of transmission lines [Poz97], which can be

used to generate lump circuit models [AN01]. Similarly, in the areas of microwave

imaging [ML10], remote sensing [CJMS01], and design of radar absorber materi-

als [Cad09,Ser03], the solution of full-wave scattering problems is commonly required.

Virtual prototyping of such systems allows to reduce the number of fabrication cycles,

thus lowering financial, human, and timing costs.
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Such problems can be formulated as various differential [Jin02] and integral equa-

tions [PRM98], solutions of which are equivalent to the solution of the Maxwell equa-

tions [Str41]. The integral equation methods often lead to discretized problems of a

substantially smaller size [CJMS01], as the discretization of the entire space is not

required. In the case of electromagnetic characterization by integral equations, only

conductors and scatterers are discretized, whereas differential equation formulations

also require the discretization of the space surrounding conductors or scatterers. The

volume electric field integral equation (V-EFIE) [Che95] has been traditionally used

for a solution of the aforementioned problems. The V-EFIE under the magneto-quasi-

static approximation [Not10] is foundational to the electromagnetic characterization

of transmission lines in both 2-D and 3-D.

Figure 1.1: Three conductor co-axial power cables cross-sections with round and
sectorial inner conductors.

The Fig. 1.1 shows relatively complicated 2-D cross-sections of power-cables.

Clearly, the analytic solutions for the current distribution and, therefore, resistance

and inductance extraction are not available for such types of cables, so the characteri-

zation has to be performed using differential or integral equation techniques. Current

versions of PSCAD/EMTDC [Man10] software commonly used for the transient anal-
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ysis of power delivery systems cannot handle such cable geometries.

The more complicated version of the full-wave V-EFIE [Che95] is used for a so-

lution of scattering problems on penetrable scatterers with inhomogeneities. The

V-EFIE has the benefit of accurately capturing the field behavior in the entire fre-

quency band from DC to multi-GHz without experiencing low-frequency breakdown

or internal spurious resonances, although its numerical solution is computationally

expensive.

The high computational complexity of the V-EFIE is due to the fact that the vol-

ume of the conductors or scatterers is discretized and the resulting matrix equations

are dense, as opposed to the surface discretization in the case of Surface Integral

Equations (SIE) [PRM98] and solution of sparse matrix equations in the Finite

Element Method [Jin02]. For homogeneous objects, however, the computational com-

plexity of electromagnetic modeling can be reduced by using surface integral equation

formulations. In such equations, the unknown field quantities reside on the surfaces

bounding the homogeneous subregions. Traditional surface integral equation formu-

lations replace the volume distribution of the unknown field within a homogeneous

region with coupled electric and magnetic surface current densities [PRM98,KS86].

An alternative is to utilize only a single unknown surface current density that can

be done in many different ways [QCS07, Swa99, SC00,VABM08,Gli84,Yeu99,CK92,

Mul69,MH78,KM88]. While the traditional SIEs have two unknown functions instead

of one, the single-source SIEs have a large number of independent kernels as well as

their products rendering their numerical solution difficult.

To overcome these difficulties, we introduce a new integral equation formulation,

which has only a single unknown function on the surface and involves only few simple

integral operators.
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1.2 Thesis Research Scope and Contributions

This thesis presents the novel single-source surface-volume-surface electric field

integral equation (SVS-EFIE) for current flow modeling in 2-D and 3-D conductors.

It also provides a similar integral equation for solution of full-wave scattering problems

for 2-D penetrable cylinders under transverse magnetic polarization. The proposed

formulation can handle conductors and scatterers of an arbitrary cross-section using

only a single derivative free kernel. The reduction of the volume integral equation to

a surface IE is based on the representation of the electric field inside the homogeneous

region as a superposition of cylindrical waves emanating from its boundary.

The novel SVS-EFIE is derived for current flow modeling in 2-D transmission lines

of an arbitrary cross-section under magneto-quasi-static approximation in Chapter 3

(which is a verbatim copy of [IMS12]). A detailed description of the Method of

Moments discretization of the proposed SVS-EFIE for 2-D magneto-quasi-static prob-

lems and resultant matrix structure for the example of a co-axial transmission line

are presented in Chapter 4 (verbatim copy of [SPI12]).

The proposed formulation is generalized for the solution of full-wave transverse

magnetic 2-D scattering problems in Chapter 5 (verbatim copy of [MO13]). This

chapter also discusses the difference of the SVS-EFIE and traditional surface EFIEs

using electric and magnetic current densities, the Method of Moments discretization

of the full-wave SVS-EFIE, and the numerical studies of the optimal ratio between

numbers of surface and volume elements.

The SVS-EFIE for current flow modeling and network parameter extraction in 3-D

is derived in Chapter 6 (verbatim copy of the journal paper “Surface-Volume-Surface

Electric Field Integral Equation for Magneto-Quasi-Static Electromagnetic Analysis

of Complex 3-D Interconnects” submitted to IEEE Transactions on Microwave Theory



1.2. Thesis Research Scope and Contributions 5

and Techniques).

Numerical examples demonstrating the benefits of the proposed formulation for

network characterisation of complex interconnects and power cables in 2-D and 3-

D as well as the solution of a full-wave scattering problem in 2-D under transverse

magnetic polarization are presented. In particular, Chapter 7 is dedicated to the

benchmark of the numerical implementation of the Method of Moments solution of

the proposed SVS-EFIE for parameter extraction of 2-D power cables.



6

Chapter 2

Volume Electric Field Integral

Equations

2.1 Maxwell’s Equations

Maxwell’s equations for a time-harmonic electromagnetic field in the frequency

domain (eiωt time-factor) are given by

∇×E = −iωµH , (2.1)

∇×H = j + iωεE, (2.2)

∇ ·E =
ρ

ε0
, (2.3)

∇ ·H = 0, (2.4)

where E is the electric field, H is the magnetic field, j is the volume current density,

ρ is the total volume charge density, ω is the cyclic frequency, ε is the dielectric

permittivity, ε0 is the permittivity of free space, and i =
√
−1.
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Due to its solenoidal nature, the magnetic field H can be expressed via magnetic

vector potential A

µH = ∇×A. (2.5)

Then the Faraday’s law (2.1) becomes

∇× (E + iωA) = 0. (2.6)

The use of the vector identity [MF53]

∇×∇Φ ≡ 0 (2.7)

allows for the curl-free vector field E + iωA in (2.6) being expressed as the gradient

of the electric scalar potential Φ. Thus, (2.6) acquires the following form:

E + iωA = −∇Φ. (2.8)

2.2 Magneto-Quasi-Static Approximation

Magneto-quasi-static approximation for Maxwell’s equations (2.1)–(2.4) is often

used for current flow modeling in good conductors that have sufficiently high con-

ductivity σ, so that the displacement current ωεE is negligible [KTW94] at every

frequency of the analysis. Mathematically, magneto-quasi-static approximation can

be expressed by

σ >> ωε. (2.9)
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For such conductors, we write the Ampère’s circuital law (2.2) in terms of the

magnetic vector potential A, as follows

∇×∇×A = µj, (2.10)

where the volumetric current density j is governed by Ohm’s law

j = σE. (2.11)

Using the following vector identity [MF53]

∇×∇× F ≡∇(∇ · F )−∇2F (2.12)

and the definition of the divergence of the magnetic vector potential according to

Coulomb gauge

∇ ·A = 0, (2.13)

the equation (2.10) is transformed into the vector form of Poisson’s equation

∇2A = −µj. (2.14)

2.3 Volume Electric Field Integral Equations

2.3.1 Volume Electric Field Integral Equation for Magneto-

Quasi-Statics

The vector form of the Poisson’s equation for the magnetic vector potential A

(2.14) under magneto-quasi-static approximation can be represented as a set of three
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scalar equations 



∇2Ax = −µjx

∇2Ay = −µjy

∇2Az = −µjz

. (2.15)

The solution of (2.15) with a delta-function in the right-hand side is called a

Green’s function G(r, r′)

∇2G(r, r′) = −δ(r − r′). (2.16)

Thus, using the principle of superposition, we relate the magnetic vector poten-

tial A to the resistive current j, as follows [KTW94]

A(r) = µ

˚

V

dv′j(r′)Gqs
0 (r, r′), (2.17)

where V is the volume of the conductors, Gqs
0 (r, r′) is the Green’s function of free-

space under magneto-quasi-static assumption, µ is the permeability, r and r′ are the

position vector of the observation and source points, respectively.

Consequently, the Volume Electric Field Integral Equations (V-EFIE) [Che95]

with respect to the unknown current density j can be formulated using (2.8), (2.11),

and (2.17)
j(r)

σ
+ iωµ

˚

V

dv′j(r′)Gqs
0 (r, r′) = −∇Φ(r). (2.18)

The Green’s function of free-space is given by [Col92]

Gqs
0 (r, r′) =

1

4π

1

|r − r′| . (2.19)
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For the case of a 2-D conductor of an arbitrary cross-section S and invariant bulk

conductivity σ along the coordinate z, the V-EFIE (2.18) has the following form

jz(ρ)

σ
+ iωµ

¨

S

ds′jz(ρ
′)Gqs,2D

0 (ρ,ρ′) = −dΦ

dz
, (2.20)

where ρ and ρ′ are the position vector of the observation and source points in cylin-

drical coordinates, respectively. The Green’s function of free-space in 2-D is expressed

as [Col92]

Gqs,2D
0 (ρ,ρ′) = − 1

2π
ln (|ρ− ρ′|). (2.21)

2.3.2 Volume Electric Field Integral Equation for Scattering

under Transverse Magnetic Polarization

We will assume that the medium contains no free charges (ρ = 0) and currents

(j = 0). Therefore, Maxwell’s equations (2.1)–(2.4) can be rewritten, as follows

∇×E = −iωµH , (2.22)

∇×H = iωεE, (2.23)

∇ ·E = 0, (2.24)

∇ ·H = 0. (2.25)

Consider a 2-D transverse magnetic scattering problem [Ric65] for a dielectric

cylinder directed along z-coordinate and having an arbitrary cross-section S. The

cylinder has the dielectric permittivity ε(x, y) and is located in free-space. The total
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electric field E in the computational domain can be decomposed into the incident

electric field Ei and the scattered field Es

E = Ei +Es. (2.26)

For transverse-magnetic polarization, the incident electric field is directed along

z-axis and is independent of z-coordinate

Ei(x, y) = ẑEi
z(x, y). (2.27)

As the result, Faraday’s law (2.22) and Ampère’s law (2.23) obtain the following

forms, respectively:

∇×E = −iωµH =

∣∣∣∣∣∣∣∣∣∣

x̂ ŷ ẑ

∂
∂x

∂
∂y

0

0 0 Ez

∣∣∣∣∣∣∣∣∣∣

= x̂
∂

∂y
Ez(x, y)− ŷ ∂

∂x
Ez(x, y), (2.28)

∇×H = iωεE =

∣∣∣∣∣∣∣∣∣∣

x̂ ŷ ẑ

∂
∂x

∂
∂y

0

Hx Hy 0

∣∣∣∣∣∣∣∣∣∣

= ẑ

(
∂

∂x
Hy(x, y)− ∂

∂y
Hx(x, y)

)
. (2.29)

From (2.28) and (2.29), we further derive the partial differential equation with

respect to the electric field intensity

∇2Ez(x, y) + ω2ε(x, y)µEz(x, y) = 0. (2.30)

Denoting the wavenumber of free space as k0 = ω
√
µ0ε0, and rearranging the

terms in (2.30), we obtain
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∇2Ez(x, y) + k20Ez(x, y) = iωµJpz (x, y), (2.31)

where Jpz (x, y) is the polarization current density defined as

Jpz (x, y) = iω(ε(x, y)− ε0)Ez(x, y). (2.32)

Since the incident field Ei
z satisfies

∇2Ei
z(x, y) + k20E

i
z(x, y) = 0, (2.33)

the following equation for the scattered field Es
z can be derived by subtracting (2.33)

from (2.31)

∇2Es
z(x, y) + k20E

s
z(x, y) = iωµJpz (x, y), (2.34)

So, the scattered field can be represented as a contribution of equivalent polariza-

tion current density radiating in free space [Ric65]

Es
z(x, y) = k20

¨

S

dx′dy′(ε(x, y)− ε0)G0(x, y|x′, y′)Ez(x′, y′), (2.35)

where G0(x, y|x′, y′) is the Green’s function of free space given by [Ric65,Col92]

G0(x, y|x′, y′) = − i
4
H

(2)
0

(
k0
√

(x− x′)2 + (y − y′)2
)
. (2.36)

In (2.36), H(2)
0 is the second-kind Hankel function of zeroth order [AS64].
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Combining (2.35) and (2.26), we obtain the V-EFIE for scattering under transverse

magnetic polarization

Es
z(x, y)− k20

¨

S

dx′dy′(ε(x, y)− ε0)G0(x, y|x′, y′)Ez(x′, y′) = Ei
z(x, y). (2.37)
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Chapter 3

Novel Surface Integral Equation

Formulation for Accurate Broadband

RL Extraction in Transmission Lines

of Arbitrary Cross-Section

©2012 IEEE. Reprinted, with permission, from Anton Menshov and Vladimir

Okhmatovski, Novel Surface Integral Equation Formulation for Accurate Broadband

RL Extraction in Transmission Lines of Arbitrary Cross-Section, IEEE

International Microwave Symposium Digest (MTT), June 2012.
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The volume integral equation used in the method of moments based resistance and

inductance extractors is reduced to a novel surface integral equation featuring a global

surface impedance boundary condition as well as a product of volume and surface

integral operators. The reduction is achieved by employing the equivalence principle

representation of the electric field in the conductor cross-section via equivalent surface

current density on the conductors’ boundary. As no approximation is utilized in

the reduction of the volume integral equation to the surface one, the method of

moment solution of the latter does not compromise the accuracy of volumetric current

approximation.



3.1. Introduction 16

3.1 Introduction

Field accurate broadband prediction of the volumetric current density in multicon-

ductor transmission lines is important for network characterization of both high-speed

interconnects and power transmission lines. Such characterization is of the particular

challenge for computationally efficient boundary element discretization of the electric

field integral equation (EFIE). Two approaches have been commonly used for model-

ing interconnects with the surface EFIE. The first approach is based on approximate

local impedance boundary conditions (LIBC) [1] – [2]. The second approach employs

the generalized impedance boundary condition (GIBC) [3]. The advantages of the

LIBC’s are sparsity of the discretized surface impedance operator and lack of deriva-

tives in the resultant EFIE. The latter property becomes especially significant in the

construction of extractors utilizing the Green’s function of the multilayered media.

The GIBC approach is exact. This advantage, however, comes at the expense of both

E– and H-field kernels being present in the integral equation.

We propose a new surface EFIE (S-EFIE), which is an alternative to S-EFIE

in [3]. We start from the volume EFIE (V-EFIE) with respect to the volumetric

current density. We then express the E-field inside the conductor in terms of the

equivalent electric current density on its surface. Substitution of the latter into the

V-EFIE followed by the restriction of the observation point to the conductor surface

leads to a S-EFIE with respect to the surface current density. Thus, derived S-EFIE

features a product of volumetric and surface EFIE operators and a global impedance

boundary operator. It is shown that the proposed S-EFIE is as accurate as the

V-EFIE at all frequencies but computationally is much less expensive.
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3.2 Novel Surface Integral Equation Formulation

Consider a 2D wire directed along z-coordinate and having arbitrary cross-section

with area S. Under quasi-static approximation and assumption that current density

has only z-component we can write the V-EFIE

jz(ρ)

σ
+ iωµ0

¨

S

G0(ρ,ρ
′)jz(ρ

′) ds′ = −Vp.u.l., ρ ∈ S, (3.1)

where jz is the unknown volumetric current density, G0(ρ,ρ
′)=− 1

2π
ln(|ρ− ρ′|) is

the Green’s function of free space under quasi-static assumption, ρ and ρ′ are the

observation and source points, respectively, µ0 is the permeability of free space, σ is

the conductivity of the wire, ω is the cyclic frequency, i =
√
−1, and Vp.u.l. is the

per-unit-length (p.u.l.) voltage drop along the wire. Consider next the Ohm’s law

Ez(ρ) =
jz(ρ)

σ
and the equivalence principle relationship between the E-field in the

conductor cross-section and the equivalent surface current density Jz(ρ′)

Ez(ρ) =
jz(ρ)

σ
= −iωµ0

ˆ

∂S

Gσ(ρ,ρ′)Jz(ρ
′) dρ′, ρ ∈ S, (3.2)

where Gσ(ρ,ρ′) = − i
4
H

(2)
0 (kσ|ρ−ρ′|) is the Green’s function of the conductor media

with wavenumber kσ =
√

ωµ0σ
2

(1− i). Substitution of the (3.2) into (3.1) followed by

the restriction of the observation domain to the conductor surface yields the desired

S-EFIE with respect to the unknown surface current density

− iωµ0

ˆ

∂S

Gσ(ρ,ρ′)Jz(ρ
′) dρ′ − σ(ωµ0)

2×

ˆ

∂S

[¨

S

G0(ρ,ρ
′)Gσ(ρ,ρ′′)ds′

]
Jz(ρ

′′)dρ′′ = −Vp.u.l., ρ ∈ ∂S. (3.3)
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Denoting the integral operator products entering in (3.3) as

T ∂S,∂Sσ ◦ Jz = −iωµ0

ˆ

∂S

Gσ(ρ,ρ′)Jz(ρ
′) dρ′, ρ ∈ ∂S, (3.4)

T S,∂Sσ ◦ Jz = −iωµ0

ˆ

∂S

Gσ(ρ,ρ′)Jz(ρ
′) dρ′, ρ ∈ S, (3.5)

T ∂S,S0 ◦ jz = −iωµ0

¨

S

G0(ρ,ρ
′)jz(ρ

′) ds′, ρ ∈ ∂S, (3.6)

we term the new IE (3.3) as Surface-Volume-Surface-EFIE (SVS-EFIE) and write it

in the operator form as

T ∂S,∂Sσ ◦ Jz + σT ∂S,S0 ◦ T S,∂Sσ ◦ Jz = −Vp.u.l.. (3.7)

3.3 Method of Moments Discretization

Introducing M surface pulse basis functions Pm on the elements of the surface

mesh ∂Sm and N pulse basis functions pn on the elements Sn of the volume mesh

(Fig. 3.2), we approximate surface and volume current densities as

Jz(ρ
′) ∼=

M∑

m=1

ImPm(ρ′), Pm(ρ′) =





1, ρ′ ∈ ∂Sm

0, ρ′ /∈ ∂Sm
, (3.8)

jz(ρ
′) ∼=

N∑

n=1

inpn(ρ′), pn(ρ′) =





1, ρ′ ∈ ∂Sn

0, ρ′ /∈ ∂Sn
. (3.9)

Substitution of the current approximations (3.8) – (3.9) into the surface integral

equation (3.3) followed by the collocation testing at the centroids of the respective
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observation elements reduces the SVS-EFIE (3.3) to the following set of M linear

algebraic equations with respect to M unknowns I = [I1, ..., IM ]

(Z∂S,∂S
σ + σZ∂S,S

0 · ZS,∂S
σ ) · I = V. (3.10)

In (3.10) (M×M) matrix Z∂S,∂S
σ signifies the global impedance boundary condition

defined as

Z∂S,∂S
σ,mm′ = 〈Pm′ , T ∂S,∂Sσ ◦ Pm〉 = −iωµ0Lm′

ˆ 1

0

Gσ

(
ρm(1/2),ρm′(l′)

)
dl′, (3.11)

wherem,m′ = 1, ...,M , ρm′(l) = ν
(1)
m′ +l(ν

(2)
m′−ν(1)

m′ ) ism′th surface element parametric

definition with ν(2)
m′ and ν(1)

m′ being its end points, Lm′ being its length, and l ∈ [0, 1].

The Z∂S,S
0,mn′th element of (M×N) matrix Z∂S,S

0 corresponds to the electric field at

the centroid of mth surface element produced by n′th volume element

Z∂S,S
0,mn′ = 〈Pm, T ∂S,S0 ◦ pn′〉 = −iωµ02An′

ˆ 1

0

ˆ 1−η′

0

G0

(
ρm(1/2),ρn′(ξ′, η′)

)
dξ′dη′,

(3.12)

where m = 1, ...,M , n′ = 1, ..., N , ρn′(ξ, η) = ν
(1)
n′ ξ + ν

(2)
n′ η + ν

(3)
n′ (1 − ξ − η) is

parametric definition of position-vector on n′th volumetric element in barycentric

coordinates ξ and η [4] with ν(1)
n′ , ν(2)

n′ , ν(3)
n′ being the vertices of the n′th triangular

volumetric element, and An′ being its area.

The ZS,∂S
σ,n′m′th element of (N×M) matrix ZS,∂S

σ corresponds to the electric field at

the centroid of nth volume element produced by mth element of the surface current

density

ZS,∂S
σ,n′m′ = 〈pn′ , T S,∂Sσ ◦ Pm′〉 = −iωµ0Lm′

ˆ 1

0

Gσ

(
ρn′(1/3, 1/3),ρm′(l′)

)
dl′, (3.13)
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where n′ = 1, ..., N , m′ = 1, ...,M , and parametric definitions of position-vectors on

surface and volume elements in (3.13) are the same as in (3.11) and (3.12).

It is important to note that as the frequency of analysis increases, so does the

sparsity of matrices Z∂S,∂S
σ ,ZS,∂S

σ , and Z∂S,S
0 in (3.10). The reason for sparsification

of Z∂S,∂S
σ and ZS,∂S

σ is the exponential attenuation of the Green’s function Gσ(ρ,ρ′)

due to the conductivity of the media. Matrix Z∂S,S
0 can be sparsified as frequency

grows despite its correspondence to the free space kernel G0(ρ,ρ
′). This is because

the cross-sectional current becomes negligible beyond few skin-depths off the surface.

Hence, the columns of Z∂S,S
0 corresponding to the mesh triangle in the off-surface

areas can be preemptively zeroed out based on prescribed tolerance.

3.4 Numerical Results

In the first numerical experiment we consider a single conductor transmission

line made of aluminium (σ = 3.57 · 107S/m) that has a circular cross-section with

the radius ρ0 = 0.025m . The cross-section is approximated with the regular 20-

sided polygon (icosagon). The surface current density Jz is first obtained via MoM

solution (3.10) of the proposed surface IE (3.3) under uniform discretization of the

conductor surface with M = 200 linear segments and its volume — with N = 3, 620

triangular elements. The solution Jz is then substituted into (3.2) for evaluation

of the volumetric current density jz. In Fig. 3.1 the latter is compared against the

analytic solution [5] for ideal circular wire. The relative error of proposed method

with respect to the MoM solution of the volumetric IE (3.1) does not exceed 1% and

with respect to the analytic solution — 2.5% in the frequency range from 1Hz to

1 kHz. For convenience of computations the number of basis functions M and N in

MoM discretization (3.10) remains the same at all frequencies.
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Next, to demonstrate the proper handling by the proposed methodology of ge-

ometries with sharp cross-sectional corners, the same circular wire was approximated

with the regular 6-sided polygon (hexagon). The MoM discretization (3.10) of the

proposed surface IE (3.3) was performed with M = 60 line segments and N = 3, 697

triangles. The same triangular mesh was then utilized in the traditional volumetric

MoM solution of the IE (3.1). Fig. 3.2 depicts the cross-sectional distribution of the

volumetric current density obtained using the proposed method and its relative error

with respect to the traditional volumetric MoM solution of the IE (3.1). It is seen

that both edge crowding of the current and skin effect are well resolved.

The dependence of the extracted per-unit-length resistance R and inductance L

values on frequency for the circular conductor approximated with 20– and 6-sided

polygons is depicted in Fig. 3.3. The R and L values extracted using the proposed

novel surface integral equation formulation (3.3) are shown by solid line for the case

of 20-sided cross-section boundary and dashed line for the case of the 6-sided one.

The circle and cross markers show the values R and L extracted using the traditional

volumetric MoM solution of the IE (3.1).
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Handling of the proximity effect by the proposed method is depicted in Fig. 3.4.

Here the volumetric current density extracted at 60Hz via MoM solution (3.10) of

the SVS-EFIE (3.3) is shown in the cross-section of two circular conductors each

approximated with a 6-sided polygon and having radius of ρ0 = 0.025m. Centers of

the conductors are separated by the distance of 0.06m. The right conductor is driven

by the p.u.l. voltage drop V
(1)
p.u.l. = 1 V/m, while the left conductor is terminated

to the ground V
(2)
p.u.l. = 0 V/m. In the two-conductor transmission line example the

MoM solution (3.10) utilizes M = 120 linear segment and N = 3, 094 triangular

elements. The traditional volumetric MoM solution of V-EFIE (3.1) is performed

using the same triangular mesh in the cross-section as the one used in the MoM for

the SVS-EFIE (3.3).

outer  radius wire  axis outer  radius
0

0.2

0.4

0.6

0.8

1

|jz(ρ) |
|jz|max

1Hz

60Hz

1kHz
 

 

analytic solution [5]

SVS−EFIE(3) solution

Figure 3.1: Normalized distribution of the volumetric current density jz across alu-
minum circular conductor of radius ρ0 = 0.025m. © 2012 IEEE.
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Figure 3.2: Surface (dot markers) and volume meshes utilized in MoM discretiza-
tion (3.8) – (3.13). Cross-sectional distribution of the volumetric current density ob-
tained via MoM solution (3.10) for the SVS-EFIE (3.3) at 60Hz. The relative error
with respect to the volumetric MoM solution of the V-EFIE (3.1) does not exceed
2.7%. © 2012 IEEE.
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Figure 3.3: Resistance and inductance of circular conductor extracted with MoM
solution (3.10) of the proposed SVS-EFIE (3.3) and volumetric MoM solution of the
V-EFIE (3.1) for 6-sided and 20-sided polygonal approximation of the circular cross-
section. © 2012 IEEE.

0.05 0.1 0.15
0

0.02
0.04

0.06
0.08

0

0.2

0.4

0.6

0.8

 x

|jz(ρ) |
|jz|max

 y

Figure 3.4: Cross-sectional distribution of the volumetric current density in two con-
ductors obtained via MoM solution (3.10) for the SVS-EFIE (3.3) at 60Hz. The
relative error with respect to the volumetric MoM solution of the V-EFIE (3.1) does
not exceed 1.8%. © 2012 IEEE.
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3.5 Conclusion

This work proposes a novel surface integral equation for broadband RL extraction

in multiconductor transmission lines of arbitrary cross-section. The latter features

the global surface impedance operator as well as the product of surface-to- volume

and volume-to-surface EFIE operators. The method substantially reduces the compu-

tational complexity without compromising the accuracy of the traditional volumetric

solution.
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The novel Surface-Volume-Surface Electric Field Integral Equation (SVS-EFIE)

has been recently proposed for accurate extraction of per-unit-length (p.u.l.) induc-

tance and resistance (RL) matrices in multi-conductor transmission lines (MTL). The

SVS-EFIE yields the same accuracy of RL extraction as the traditional volumetric

EFIE (V-EFIE) solution while introducing the unknown currents on the conductor

surface instead of its volume. This work presents detailed discussion of Method of

Moments (MoM) discretization of the SVS-EFIE and resultant matrices. The exam-

ple of a coaxial transmission line is utilized in derivations to demonstrate method’s

applicability to MTL’s with multi-connected cross-sections.

4.1 Introduction

The quasi-static characterization of interconnects provides a computationally ef-

ficient alternative to the full-wave methods either at the low end in the base-band

spectrum of the digital signals or for short interconnects in the entire band from DC

to multi-GHz frequencies (e.g. ball grid arrays, bond wires, etc.).
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Traditional approach to the network parameter extraction in quasi-static regime

is through volumetric solution of the EFIE [1]. While the V-EFIE solution comes

with the benefit of accurately capturing current behavior due to skin– and proximity-

effect, it is computationally expensive. The high computational complexity comes

as a result of volumetric discretization of conductors dictated by the skin-depth at

a given frequency. Several Surface EFIE (S-EFIE) formulations have been proposed

in the past which introduce either a global (GIBC) [2] or local (LIBC) impedance

boundary conditions [3] to eliminate the need for volumetric discretization. While

the S-EFIE scheme with GIBC maintain rigorously equivalence to the V-EFIE and

provide comparable accuracy, they feature both electric and magnetic field Green’s

function kernels making them difficult to implement in the presence of layered sub-

strates. The S-EFIE schemes with LIBC, on the other hand, offer efficiency and

simplicity in implementation but usually lack generality to handle arbitrary MTL

cross-sections.

We have recently showed [4] that an alternative surface integral equation formu-

lation to the above two approaches can be derived. The SVS-EFIE comes with the

benefit of having the derivative-free electric field kernels only and the same number of

unknowns in MoM discretization as that in the S-EFIE. In this paper we elaborate on

the details of MoM discretization of the SVS-EFIE for RL extraction in conductors

by considering example transmission lines with co-axial cross-sections.
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4.2 Surface-Volume-Surface EFIE and

MoM Discretization

4.2.1 Integral Equation

In [4] we showed that the classical V-EFIE of magneto-quasistatics [1]

j(ρ)

σ
+ iωµ0

¨

S

G0(ρ,ρ
′)j(ρ ′) ds′ = −Vp.u.l., ρ ∈ S, (4.1)

with respect to the unknown volume current density j in MTL cross-section S, can

be cast in a form of the SVS-EFIE with respect to the unknown surface density of

current J on the surface ∂S

− iωµ0

ˆ

∂S

Gσ(ρ,ρ ′)J(ρ ′) dρ ′ − σ(ωµ0)
2×

¨

S

G0(ρ,ρ
′)

ˆ

∂S

Gσ(ρ ′,ρ ′′)J(ρ′′)dρ ′′ds′ = −Vp.u.l., ρ ∈ ∂S. (4.2)

In (4.1) – (4.2) G0(ρ,ρ
′) = − 1

2π
ln(|ρ− ρ ′|) is the Green’s function of free space

under the quasi-static assumption, Gσ(ρ,ρ ′) = − i
4
H

(2)
0 (kσ|ρ− ρ ′|) is the Green’s

function of the conductor media with wavenumber kσ =
√

ωµ0σ/2(1− i), ρ, ρ ′, ρ ′′

are position-vectors of the observation and source points, µ0 is the permeability of

free space, σ is the conductivity of the wire, ω is the cyclic frequency, i =
√
−1, and

Vp.u.l. is the per-unit-length (p.u.l.) voltage drop along the wire.
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Figure 4.1: Volume and surface meshes utilized in MoM discretization of the SVS-
EFIE (4.2). © 2012 IEEE.

4.2.2 Surface and volume meshes

The SVS-EFIE (4.2) involves the product of integral operators. First operator

maps the unknown surface current density J from the surface ∂S to the volume

current density in the conductor cross-section S. The second integral operator maps

the volume current density j from S to the scattered electric field on the conductor

surface ∂S. Hence, MoM discretization of (4.2) requires both volumetric and surface

meshes. The depiction of the surface and volume meshes for the example of a coaxial

transmission line is given in Fig. 4.1. Here, the outer shell is labeled as ‘conductor

1’ and the inner conductor is labeled as ‘conductor 2’. The circular boundaries of

the conductors are approximated with hexagons. The surface mesh is depicted with

black dot markers. It is important to note that the surface mesh is independent from

the volume triangle mesh discretizing the cross-section S.

To formalize the structure of the matrix resulting fromMoM discretization of (4.2),

we assume that the outer surface of the coaxial line shell ∂Sa is discretized with Ma

line elements, its inner surface ∂Sb is discretized withMb line elements, and the surface

of central conductor ∂Sc is discretized with Mc line elements (Fig. 4.1). Parametric



4.2. Surface-Volume-Surface EFIE and MoM Discretization 32

definition of the radius-vector on mth element of the surface ∂Sα is given by

ραm(l) = vα,1m + l(vα,2m − vα,1m ), l ∈ [0, 1], (4.3)

where α = a, b, c is the index identifying conductor sub-surfaces ∂Sα such that ∂S =

∂Sa+∂Sb+∂Sc, vα,2m and vα,1m are the end and start points of the mth element on ∂Sα,

Lαm is its length, and m = 1, ...,Mα. The cross-section of the outer conductor S1 is

discretized with N1 volumetric elements (2D simplexes), and the inner conductor’s

cross-section S2 is discretized with N2 volumetric elements. The radius-vector on mth

triangular element of the cross-section Sβ can be defined parametrically in barycentric

coordinates as follows:

ρβm(ξ, η) = vβ,1m ξ + vβ,2m η + vβ,3m (1− ξ − η), ξ, η ∈ [0, 1], (4.4)

where ξ+η ≤ 1, β = 1, 2 is the index identifying conductor sub-volumes Sβ such that

S = S1 +S2, vβ,1m , vβ,2m , vβ,3m are the three vertices of the mth triangle on Sβ, Aβm is the

area of the mth triangle, and m = 1, ..., Nβ. It’s important to note that the number

of surface elements M is independent of frequency and typically is relatively low in

case of 2D MTLs. The density of the volumetric mesh, however, grows with frequency

in order to maintain accurate approximation of the volumetric current according to

skin-effect. Thus, as frequency grows, N typically becomes much larger than M .

4.2.3 MoM discretization of SVS-EFIE’s surface-to-volume

operator

We discretize the unknown surface current densities Jaand J b on the outer con-

ductor surfaces ∂Sa and∂Sb and surface current density J c on the surface of the inner
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conductor ∂Sc with piece-wise basis functions (pulse basis) as follows:

Jα(ρ′′) ∼=
Mα∑

m=1

IαmP
α
m(ρ′′), Pα

m(ρ′′) =





1,ρ′′ ∈ ∂Sα,m

0, ρ′′, /∈ ∂Sα,m
, (4.5)

where α = a, b, c is the character identifying conductor surfaces, and ∂Sα,m is mth

surface mesh element on αth conductor surface ∂Sα. Substitution of the discretized

surface current J from (4.5) into the equivalence principle integral operator relation

j = T S,∂Sσ {J} to the volumetric current density j, followed by testing of the volu-

metric current density at the centroids of the volumetric mesh discretizing the range

ρ ′ ∈ S of operator T S,∂Sσ {...} = −iωµ0σ
´
∂S

Gσ(ρ ′,ρ ′′){...}dρ ′′, establishes the matrix

relationship




i(1)

i(2)


 =




ZS1,∂Sa
σ ZS1,∂Sb

σ 0

0 0 ZS2,∂Sc
σ


 ·




Ia

Ib

Ic




(4.6)

between vector of M unknown coefficients of the surface current expansion I =

[Ia1 , ..., I
a
Ma

; Ib1, ..., I
b
Mb

; Ic1, ..., I
c
Mc

]T and N samples i = [i
(1)
1 , ..., i

(1)
N1

; i
(2)
1 , ..., i

(2)
N2

]T of the

volume current density j at the N1 centroids of the volumetric mesh discretizing

cross-section of the outer ‘conductor 1’ and N2 centroids of the volumetric elements

discretizing the inner ‘conductor 2’. The matrix elements in (4.6) are formally defined

as inner products

Z
Sβ ,∂Sα
σ,n′m′′ = 〈tβn′ , T Sβ ,∂Sασ {Pα

m′′}〉 = −iωµ0σL
α
m′′

ˆ 1

0

Gσ(ρβn′(1/3, 1/3),ρ
α
m′′(l′′)) dl′′, (4.7)
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where tβn′(ρ) = δ(ρ − ρβn′(1/3, 1/3)) is testing delta-function at the centroid of n′th

volume elements in Sβ, α is the index of conductor surface ∂Sα, β is the index

identifying cross-section surface Sβ, n′ = 1, ..., Nβ are the indexes of surface elements

on ∂Sβ, and m′′ = 1, ...,Mα are the indexes of volume elements in Sβ. The parametric

definitions of position-vectors on the surface and volume elements in (4.7) are given

in (4.3) and (4.4), respectively.

4.2.4 MoM discretization of SVS-EFIE’s volume-to-surface

operator

In order to discretize the integral operator in (4.2), which maps the volumetric

current density j in the cross-section of the transmission line S to the magnetic vector

potential A on conductor’s surface ∂S, we discretize the volumetric current density

j with pulse basis functions defined on the elements of the volumetric mesh Sβ,m,

m = 1, ..., Nβ as follows:

jβ(ρ ′) ∼=
Nβ∑

n=1

iβnp
β
n(ρ ′), pβn(ρ ′) =





1, ρ ′ ∈ Sβ,n

0, ρ ′ /∈ Sβ,n
, (4.8)

where β = 1, 2 is the index identifying the sub-volume Sβ in the MTL’s cross-section.

Next, we substitute the discretized volume current density j from (4.8) into its integral

relation to the magnetic vector potential A = T ∂S,S0 {j}, where operator T ∂S,S0 is

defined as T ∂S,Sσ {...} = µ0

´
S

G0(ρ,ρ
′){...}ds′, ρ ∈ ∂S. Testing of the magnetic vector

potential A at the centroids of the surface mesh elements yields the matrix equation



4.2. Surface-Volume-Surface EFIE and MoM Discretization 35

formalizing the discretization of the continuous operator T ∂S,S0




Aa

Ab

Ac




=




Z∂Sa,S1

0 Z∂Sa,S2

0

Z∂Sb,S1

0 Z∂Sb,S2

0

Z∂Sc,S1

0 Z∂Sc,S2

0



·




i(1)

i(2)


 . (4.9)

In (4.9), A = [Aa1, ..., A
a
Ma

;Ab1, ..., A
b
Mb

;Ac1, ..., A
c
Mc

]T is a vector ofM samples of the

magnetic vector potential A at the centroids of the surface mesh elements discretizing

surfaces of the conductors. Matrix elements in (4.9) are defined as the following inner

products

Z
∂Sα,Sβ
0,mn′ = 〈Tαm, T

∂Sα,Sβ
0 {pαn′}〉 = 2µ0A

β
n′

ˆ 1

0

ˆ 1−η′

0

G0(ρ
α
m(1/2),ρβn′(ξ

′, η′) dξ′dη′,

(4.10)

where Tαm(ρ) = δ(ρ−ραm(1/2)) is testing delta-function at the centroid of mth surface

element in ∂Sα, α is the index of conductor surface ∂Sα, β is the index identifying

cross-section surface Sβ, n′ = 1, ..., Nβ are the indexes of volume elements on Sβ, and

m = 1, ...,Mα are the indexes of surface elements in ∂Sα. The parametric defini-

tions of position-vectors on surface and volume elements are given in (4.3) and (4.4),

respectively.

4.2.5 MoM discretization of SVS-EFIE’s surface-to-surface

operator

The first term in the left-hand side of (4.2) expresses the electric field E via the

surface current density J which can be written in operator form as E = T ∂S,∂Sσ {J}.

Unlike the operator T S,∂Sσ we have considered previously, the operator T ∂S,∂Sσ {...} =
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−iωµ0

´
∂S

Gσ(ρ,ρ ′){...}dρ ′ has both its domain and range at the conductor surface

∂S. This operator has the physical meaning of the global surface impedance boundary

condition as it relates the tangential magnetic field (surface current density) and

electric field on the conductor surface. Discretizing the domain and range of T ∂S,∂Sσ in

the same way as the domain and range of the operators T S,∂Sσ and T ∂S,S0 , respectively,

we obtain equivalent discretized global impedance boundary condition in the following

matrix form




Ea

Eb

Ec




=




Z∂Sa,∂Sa
σ Z∂Sa,∂Sb

σ 0

Z∂Sb,∂Sa
σ Z∂Sb,∂Sb

σ 0

0 0 Z∂Sc,∂Sc
σ



·




Ia

Ib

Ic



, (4.11)

where E = [Ea
1 , ..., E

a
Ma

;Eb
1, ..., E

b
Mb

;Ec
1, ..., E

c
Mc

]T is a vector of M samples of the

electric field E at the centroids of the surface mesh elements discretizing surfaces of

the conductors. The matrix elements in (4.11) are defined as

Z
∂Sα,∂Sα′
σ,mm′ = 〈Tαm, T ∂S,∂Sσ {Pα′

m′}〉 = − iωµ0L
α′

m′

ˆ 1

0

Gσ(ραm(1/2),ρα
′

m′(l′)) dl′, (4.12)

where α,α′=a,b,c are conductor surface indexes,m=1, ...Mα, and m′ = 1, ...,Mα′ .

4.2.6 Matrix form of MoM discretized SVS-EFIE

In (4.6), (4.9), (4.11) we obtained matrix forms ZS,∂S
σ , Z∂S,S

0 , Z∂S,∂S
σ of MoM dis-

cretized integral operators T S,∂Sσ , T ∂S,S0 , T ∂S,∂Sσ , respectively, which form the SVS-

EFIE (4.2). This reduces the integral equation (4.2) to the following set of M linear
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Figure 4.2: Matrix form (4.13) of the SVS-EFIE (4.2) discretized with the Method of
Moments utilizing volume and surface meshes depicted in Fig. 4.1. © 2012 IEEE.

algebraic equations with M unknowns

(Z∂S,∂S
σ + σZ∂S,S

0 · ZS,∂S
σ ) · I = V, (4.13)

which can be solved numerically to determine unknown coefficients I. The matrix

equation (4.13) as well as the structure of the matrices entering into it are shown

graphically in Fig. 4.2.

Note that due to the exponential attenuation of the Green’s function Gσ(ρ,ρ ′)

in the conductor media, matrices Z∂S,∂S
σ and ZS,∂S

σ become sparse as the frequency

of analysis increases. Because the rows of matrix ZS,∂S
σ corresponding to the volume

elements situated several skin-depths away from the surface are exponentially small,

one can also zero out corresponding columns in Z∂S,S
0 as these matrices enter in (4.13)

as a product Z∂S,S
0 · ZS,∂S

σ . The above described sparsity patterns of the matrices

forming MoM discretized SVS-EFIE allow to maintain the CPU time and memory

complexity of the proposed method comparable to the S-EFIE schemes with LIBCs

(e.g. [3]) but without sacrificing the accuracy of the solution.
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4.3 Numerical Results

In the first numerical experiment we consider a single coaxial cable transmis-

sion line (Fig. 4.4) of circular cross-section with the outer radius ρ1 = 0.0019m for

outer shell made of steel (σ1 = 1.45 · 106 S/m), inner conductor made of copper

(σ2 = 5.96 · 107 S/m) with the radius ρ2 = 0.0014m, and insulator with the outer

radius ρ3 = 0.0018m. To demonstrate the proper handling by the proposed method-

ology of the geometries with sharp cross-sectional corners, this cable was approx-

imated with 3 regular hexagons. The MoM discretization (4.13) of the proposed

surface IE (4.2) was performed with M = 180 line segments (60 for each surface) and

N = 4, 666 triangles. The same triangular mesh was then utilized in the traditional

volumetric MoM solution of the IE (4.1). Fig. 4.3 depicts the cross-sectional distri-

bution of the volumetric current density obtained using the proposed method. It is

seen that both edge crowding of the current and skin effect are well resolved.

Now, to demonstrate the dependence of the extracted per-unit-length resistance R

and inductance L on frequency, the cross-section is approximated with the 6-sided (as

on Fig. 4.3) and 20-sided polygons. The MoM discretization (4.13) of the proposed

surface IE (4.2) on 20-sides polygon was performed with M = 300 line segments (100

for each surface) and N = 5, 374 triangles. The result is depicted in Fig. 4.4, where

solid line shows the case of 20-sided approximation and dashed line indicates the

case of 6-sided one. The circle and cross markers show the R and L values extracted

using the traditional volumetric MoM solution of the IE (4.1). The relative error with

respect to the volumetric MoM solution does not exceed 1.5%.
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Figure 4.3: Surface (blue dot markers) and volume meshes utilized in MoM discretiza-
tion (4.5) – (4.13). Volumetric current density obtained via MoM solution (4.13) for
SVS-EFIE (4.2) at 400 kHz. The relative error of the V-EFIE (4.1) and the SVS-EFIE
MoM solutions does not exceed 1.5%. © 2012 IEEE.
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Figure 4.4: Resistance and inductance of circular co-axial conductor extracted with
MoM solution (4.13) of the proposed SVS-EFIE (4.2) and volumetric MoM solution of
the V-EFIE (4.1) for 6-sided and 20-sided polygonal approximation. © 2012 IEEE.
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4.4 Conclusions

The paper provides detailed derivation of pertinent matrices in the Method of

Moment discretization of Surface-Volume-Surface Electric Field Integral Equation. As

the latter features the products of surface-to-volume, volume-to-surface and surface-

to-surface integral operators, the Method of Moments requires both volumetric dis-

cretization of conductor cross-section and surface discretization of its boundaries. The

example of a coaxial transmission is considered to demonstrate applicability of the

SVS-EFIE solution to the conductors with multi-connected cross-sections.
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The traditional volume electric field integral equation used for solution of full-

wave scattering problems on penetrable scatterers of arbitrary cross-section and its

magnetostatic counterpart commonly utilized for the resistance and inductance ex-

traction problem are reduced to a novel derivative-free single-source surface integral

equation. The reduction of volume to surface integral equation is based on represen-

tation of the electric field in the cylinder cross-section in the form of a single-layer

ansatz. Substitution of such surface based electric field representation into the vol-

ume integral equation reduces it to a surface integral equation with respect to the

unknown surface current density. Since the new surface integral equation enforces ex-

actly the field continuity at the material interfaces, the radiation condition as well as

underlying Helmholtz equations both inside and outside the penetrable cylinder, it is

rigorously equivalent to the solution of Maxwell’s equations. The method of moments

discretization of the new integral equation is shown to produce an error-controllable

field approximation. Due to the presence of a product of surface-to-volume and

volume-to-surface integral operators, the discretization of the novel surface-volume-

surface integral equation requires both surface and volume meshes.
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5.1 Introduction

The Volume Electric Field Integral Equation (V-EFIE) [1] has been widely used in

computational electromagnetics for the rigorous solution of the Maxwell’s equations

in both quasi-static and full-wave regimes. Under quasi-static approximation, the V-

EFIE is foundational to the evaluation of the current distribution in the cross-sections

of two-dimensional (2D) [2] as well as three-dimensional (3D) conductors [3]. Such

solutions have an important practical application in the extraction of per-unit-length

and terminal characteristics of the multi-conductor transmission lines (MTL) [4]. In

the full-wave regime, the V-EFIE is most commonly used for solution of the scattering

problems on penetrable scatterers with inhomogeneous distribution of permittivity

and/or conductivity [1]. Such problems are commonly encountered in microwave

imaging [5], remote sensing [6], design of radar absorber materials [7], [8], and various

other areas.

The use of the V-EFIE may be avoided, however, when the scatterer is homo-

geneous or partially homogeneous. In these situations it is common to utilize the

surface integral equations instead [9], [10]. The main benefit of surface integral equa-

tion formulations compared to the V-EFIE is in confinement of the unknown field

quantities to the boundaries of material interfaces, the property which greatly re-

duces the computational complexity associated with their numerical solution. For

the purpose of discussion in this paper, however, it is important to note that the tra-

ditional surface integral equations [9], [10] have two unknown functions, tangential

electric and magnetic fields, on the boundary of material domains with different phys-

ical parameters. These surface IEs also feature first and/or second order derivatives

acting on their kernels. In the quest to further reduce the computational complexity,

alternative single-source surface integral equation (SSIE) formulations have been also
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introduced [11–16] that utilize only a single unknown current density at the material

boundaries. These formulations though come at a price of having a large number

of independent kernels as well as their products rendering the numerical solutions

difficult. Due to this large number of operator products, the SSIEs may produce

higher computational complexity compared with the standard Muller or PMCHWT

(formulation proposed by Poggio, Miller, Chang, Harrington, Wu and Tsai) equations

despite the latter having two unknown surface currents.

To further simplify evaluation of electromagnetic fields in the presence of pene-

trable objects, in this work we propose an alternative single-source surface integral

equation. The new formulation features a single unknown current density similar to

other SSIEs [11–16] but has only a single product of integral operators. These oper-

ators also have an additional advantage of being derivative free. The absence of the

derivative comes as an important property if the kernels are available only through a

numerical evaluation procedure as, for example, in the case of multilayered media [1].

Such derivatives act as amplifiers of the numerical error, and their presence greatly

increases the accuracy requirements on the evaluation of already computationally

demanding Sommerfeld integrals [1, 22].
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In the derivation of the new surface integral equation, we start from the tradi-

tional V-EFIE. Assuming the material properties of the scatterer homogeneous, we

can represent the electric field at any point inside the scatter as a superposition of the

elementary cylindrical waves emanating from the scatterer’s boundary. Such electric

field representation is in the form of the surface integral of the product of a sur-

face current density multiplied with the Green’s function also known as single-layer

ansatz [17], which is different from that of the traditional field representation via the

equivalence principle [18]. In the latter both tangential electric and magnetic fields

participate in the formation of the electric field. In the single-layer ansatz representa-

tion of the field, however, the surface current density has no apparent relationship to

either electric and magnetic field on the surface. It has the meaning of merely being

a weighting function for the elementary waves emanating from the surface and each

satisfying the Helmholtz equation inside the scatterer. This single-source represen-

tation of the field upon substitution of the V-EFIE followed by the restriction of its

observation domain to the scatter’s surface reduces the V-EFIE to a single-source sur-

face integral equation. Due to the nature of field translations in the resultant integral

equation, we further term it as the Surface-Volume-Surface Electric Field Integral

Equation (SVS-EFIE). The approach described above has proven to be applicable for

both problems of magneto-quasistatics [19], [20] as well as to the full-wave problems

of scattering on penetrable objects. The latter applications are originally described

in the present paper and constitute a major extension to our prior work published

in [19], [20].
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5.2 Novel Single-Source Surface-Volume-Surface

Integral Equation Formulation

5.2.1 Magnetostatics Formulation

The electric field E = ẑEz inside a 2-D conductor of arbitrary cross-section S

having invariant bulk conductivity σ along the coordinate z and linear variation of

electrostatic potential φ along the same coordinate is governed by the following V-

EFIE of magneto-quasistatics [2], [3]

Ez(ρ) + iωµ0σ

¨

S

Gqs
0 (ρ,ρ′)Ez(ρ

′)ds′ = −dφ
dz
,ρ ∈ S, (5.1)

where ω is the cyclic frequency, i =
√
−1, ρ and ρ′ are the observation and source

points in the conductor’s cross-section, respectively, Gqs
0 (ρ,ρ′) = − 1

2π
ln(|ρ− ρ′|) is

the 2D Green’s function of the vacuum exterior to the conductor − i
4
H

(2)
0 (k0|ρ− ρ′|)

under quasi-static assumption k0|ρ − ρ′| � 1, µ0, ε0, and k0 = ω
√
µ0ε0 are the

permeability, permittivity, and wavenumber of vacuum, respectively. The constant

derivative of linearly varying scalar potential with respect to the coordinate z in

the right-hand side of V-EFIE (5.1) is commonly termed as per-unit-length (p.u.l.)

voltage drop [4] along the wire Vp.u.l. = −dφ
dz
.

Assuming the bulk conductivity σ homogeneous throughout the conductor cross-

section and taking into consideration the fact that the electric field Ez inside the

conductor satisfies the homogeneous Helmholtz equation

∇2Ez(ρ) + k2σEz(ρ) = 0,ρ ∈ S, (5.2)
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we express the E-field in the conductor cross-section as a superposition of cylindrical

waves emanating from its boundary

Ez(ρ) = −iωµ0

ˆ

∂S

Gσ(ρ,ρ′)Jz(ρ
′)dρ′,ρ ∈ S. (5.3)

In (5.3), Jz(ρ′) is an auxiliary surface current density that plays a role of a weighting

function for the elementary cylindrical wavesGσ(ρ,ρ′)=− i
4
H

(2)
0 (kσ|ρ−ρ′|) emanating

from the surface S, H(2)
0 is the second kind Hankel function of zero-th order [21]. The

latter satisfies the Helmholtz equation

∇2Gσ(ρ,ρ′) + k2σGσ(ρ,ρ′) = 0 (5.4)

at the points in the cross-section S excluding the boundary ∂S containing the source

points ρ′. In (5.2) – (5.4), kσ = −i√iωµ0σ is the wavenumber of the conductor ma-

terial. It’s important to note that the integral field representation (5.3), called single

layer ansatz [17], is different from that of the standard equivalence principle

Ez(ρ) = iωµσ

ˆ

∂S

Gσ(ρ,ρ′)Jez (ρ′)dρ′ +

ˆ

∂S

∂Gσ(ρ,ρ′)

∂n
Jmt (ρ′)dρ′, ρ ∈ S. (5.5)
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The field representation (5.5) utilizes both equivalent electric current density Jez

and magnetic current density Jmt for the field representation inside the conductor. In

subsequent discussion of the numerical results the auxiliary surface current density Jz

in (5.3) is depicted against the electric and magnetic current densities Je,mz for TMz

wave scattering from a single dielectric cylinder, showing that there is no apparent

relationship between the auxiliary surface current density Jz and tangential electric

and magnetic field components Je,mz . It can be shown also that auxiliary surface

current density Jz cannot be represented as a superposition of the equivalent electric

current density Jez and magnetic current density Jmt either.

Substitution of the (5.3) into (5.1) followed by the restriction of the observation

domain to the conductor surface produces a single-source integral equation with re-

spect to the unknown auxiliary surface current density Jz as follows:

− iωµ0

ˆ

∂S

Gσ(ρ,ρ′)Jz(ρ
′)dρ′ − σ(ωµ0)

2×

ˆ

∂S

[¨

S

Gqs
0 (ρ,ρ′)Gσ(ρ,ρ′′)ds′

]
Jz(ρ

′′)dρ′′ = −Vp.u.l., ρ ∈ ∂S. (5.6)

Using the following notation for the integral operators entering in (5.6)

T ∂S,∂Sσ ◦ Jz = −iωµ0

ˆ

∂S

Gσ(ρ,ρ′)Jz(ρ
′) dρ′, ρ ∈ ∂S, (5.7)

T S,∂Sσ ◦ Jz = −iωµ0

ˆ

∂S

Gσ(ρ,ρ′)Jz(ρ
′) dρ′, ρ ∈ S, (5.8)

T ∂S,S0 ◦ Ez = −iωµ0

¨

S

Gqs
0 (ρ,ρ′)Ez(ρ

′) ds′, ρ ∈ ∂S, (5.9)
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we can re-write IE (5.6) in the concise operator form as

T ∂S,∂Sσ ◦ Jz + σT ∂S,S0 ◦ T S,∂Sσ ◦ Jz = −Vp.u.l.. (5.10)

The derived integral equation is termed the Surface-Volume-Surface EFIE (SVS-

EFIE) [19], [20] due to the nature of the field translation operations from the surface

of conductor to its volume and subsequent translation of the field back to the surface

as expressed by the product of integral operators T ∂S,S0 ◦ T S,∂Sσ . The SVS-EFIE is

rigorous since it forces the field to satisfy the Helmholtz equations both inside and

outside the conductor as well as satisfies the continuity of tangential field components

at the conductor boundary, which is inherent to the V-EFIE (5.1). The SVS-EFIE

also comes with the benefit of being free of derivatives acting on the kernels. This

property becomes important when conductor is situated in multilayered media for

which the Green’s function is only available through the numerical evaluation [1], [22]

and the derivatives act as numerical noise amplifiers. The new integral equation (5.10)

also contains only a single unknown surface function Jz as opposed to the traditional

surface integral equations based on the equivalence principle field representation (5.5)

requiring two unknown functions Jez and Jmt . These benefits, however, come at the

price of having the conductor’s volume as the intermediate range and domain in the

product of the operators which requires both volume and surface discretization in the

MoM solution, as shown in Section 5.3.

5.2.2 Full-Wave Formulation

Similar new single-source integral equation can be derived from the V-EFIE for

full-wave scattering problems. Consider a 2D TM-scattering problem for a dielectric
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cylinder directed along z-coordinate and having arbitrary cross-section with area S.

The V-EFIE in the electrodynamic case is written as [1], [23]

Ez(ρ)− k20(ε− 1)

¨

S

G0(ρ,ρ
′)Ez(ρ

′) ds′ = Einc
z (ρ), ρ ∈ S, (5.11)

where Ez is the unknown distribution of the field inside the cylinder,

G0(ρ,ρ
′) = − i

4
H

(2)
0 (k0|ρ− ρ′|)

is the Green’s function of free space, ε = ε+ σ/(iωε0) = ε(1− i tan δ) is the complex

relative permittivity of the dielectric cylinder, and Einc
z is the incident field impinging

on the cylinder.

Similar to the magnetostatic case, we represent the distribution of the field inside

the cylinder Ez satisfying the Helmholtz equation ∇2Ez+k2εEz = 0 as a superposition

of cylindrical waves emanating from the cylinder’s surface and having the strength

defined with the function Jz(ρ
′) playing the role of an auxiliary surface current density

Ez(ρ) = −iωµ0

ˆ

∂S

Gε(ρ,ρ
′)Jz(ρ

′) dρ′, ρ ∈ S. (5.12)

In (5.12), Gε(ρ,ρ
′) =− i

4
H

(2)
0 (kε|ρ − ρ′|) is the Green’s function of the dielectric

media with the wavenumber kε = ω
√
µ0ε0ε satisfying the Helmholtz equation ∇2Gε+

k2εGε = 0 everywhere in S excluding the boundary ∂S. Once again, we emphasize

here that the weighted superposition of cylindrical waves (5.12) is different from the

equivalence principle field representation in terms of the tangential field components

on the boundary of the cylinder.

Substitution of (5.12) into (5.11) followed by the restriction of the observation



5.2. Novel Single-Source Surface-Volume-Surface Integral Equation Formulation 53

domain to the conductor surface yields the desired SVS-EFIE with respect to the

unknown current density

− iωµ0

ˆ

∂S

Gε(ρ,ρ
′)Jz(ρ

′) dρ′+ iωµ0k
2
0(ε− 1)×

ˆ

∂S

[¨

S

G0(ρ,ρ
′)Gε(ρ,ρ

′′)ds′
]
Jz(ρ

′′)dρ′′ = Einc
z (ρ), ρ ∈ ∂S. (5.13)

In the operator form the above SVS-EFIE is expressed as follows:

T∂S,∂Sε ◦ Jz + T
∂S,S
0 ◦ TS,∂Sε ◦ Jz = Einc, (5.14)

where the integral operators are defined as

T∂S,∂Sε ◦ Jz = −iωµ0

ˆ

∂S

Gε(ρ,ρ
′)Jz(ρ

′) dρ′, ρ ∈ ∂S, (5.15)

TS,∂Sε ◦ Jz = −iωµ0

ˆ

∂S

Gε(ρ,ρ
′)Jz(ρ

′) dρ′, ρ ∈ S, (5.16)

T
∂S,S
0 ◦ Ez = k20(ε− 1)

¨

S

G0(ρ,ρ
′)Ez(ρ

′) ds′, ρ ∈ ∂S. (5.17)
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5.3 Method of Moments Discretization

The MoM discretization of the SVS-EFIE (5.6) for magneto-quasistatics was dis-

cussed in details in [20] for the case of a coaxial cable model featuring a multi-

connected domain formed by the outer shell and a single-connected domain formed

by the cable’s inner conductor. In this paper we present a similar detailed descrip-

tion of the MoM discretization for the case of the full-wave SVS-EFIE (5.13), (5.14)

applied to the problem of TMz wave scattering on a pair of dielectric cylinders of an

arbitrary cross-section depicted in Fig. 5.1.

The range of the integral operator TS,∂Sε in (5.16) mapping the auxiliary surface

current density Jz to the volumetric polarization current jz = k20(ε − 1)Ez is on

the cross-section of the scatterers SA and SB. The same is true for the domain of

the operator T∂S,S0 in (5.17), which maps the polarization current jz to the scattered

electric field Escat
z . These cross-sections are therefore discretized with a volumetric

mesh consisting of NA + NB triangular elements. The surfaces of the scatters ∂SA

and ∂SB forming the ranges and domains of the remaining operators in the SVS-

EFIE (5.13), (5.14) are discretized with MA and MB linear elements, respectively.

Depiction of the combined volumetric and surface meshes is shown in Fig. 5.1.



5.3. Method of Moments Discretization 55

SA SB

1 2 3

4

5

6

7

MB

1
2 3

NA

l

y

x

8
m

1

0

vB,28

vB,18

ρB8 (l)

vA,1m

vA,2m

vA,3m

Figure 5.1: Volume and surface meshes utilized in the MoM discretization of the
SVS-EFIE (5.13). © 2013 IEEE.

It is important to mention here that while in our previous work [19], [20] the size

of the volume and surface meshes were reported to be independent, our further studies

have shown that choosing these meshes independently is suboptimal. To obtain the

minimum error, the sizes of the surface and volume meshes must be related to both

the frequency and each other. Quantitative description of the error dependence on

the mesh sizes is presented in Section 5.4.

The radius-vector on mth straight element of the mesh discretizing surfaces ∂Sα

is defined parametrically as

ραm(l) = vα,1m + l(vα,2m − vα,1m ), l∈ [0, 1], α=A,B, (5.18)

where vα,2m and vα,1m are the vertices of mth element on ∂Sα, Lαm is its length |vα,2m −

vα,1m |, and m = 1, ...,Mα.

Similarly, the position-vector on mth triangular element of the cross-section Sβ is
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defined parametrically in the barycentric coordinates [18] as

ρβm(ξ, η) = vβ,1m ξ + vβ,2m η + vβ,3m (1− ξ − η), ξ, η ∈ [0, 1], (5.19)

where ξ+η ≤ 1, β = A,B is the scatterer’s label, vβ,1m , vβ,2m , vβ,3m are the mth element

vertices, and m = 1, ..., Nβ.

5.3.1 MoM discretization of SVS-EFIE’s surface-to-volume

operator TS,∂Sε

Discretization of the unknown surface current densities JAz and JBz on the scat-

terer’s sub-surfaces ∂SA and ∂SB is performed using the piece-wise basis functions [24]

Jα(ρ′′) ∼=
Mα∑

m=1

IαmP
α
m(ρ′′), Pα

m(ρ′′) =





1,ρ′′ ∈ ∂Sα,m

0, ρ′′, /∈ ∂Sα,m
, (5.20)

α = A,B being the sub-surface label, and ∂Sα,m denoting the mth surface mesh

element on ∂Sα. In (5.20) and throughout this Section, the subscript z denoting the

component of the currents and fields is omitted for brevity. As testing functions we

use delta-functions positioned at the centroid of the volumetric mesh triangles

tβn′(ρ) = δ(ρ− ρβn′(1/3, 1/3)). (5.21)

In (5.21), ρβn′(1/3, 1/3) is the radius-vector to the centroid of the n′th volume element

in Sβ cross-section.

Substitution of (5.20) into the operator relation j = TS,∂Sε ◦ J in (5.16) followed

by the point-sampling of polarization current j in its range with test functions (5.21)
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casts (5.16) into the following matrix form




iA

iB


 =




ZSA,∂SA
ε 0

0 ZSB ,∂SB
ε


 ·




IA

IB


 . (5.22)

In (5.22), I = [IA1 , ..., I
A
MA

; IB1 , ..., I
B
MB

]T is the vector of unknown current expansion

coefficients in (5.20), and vector i = [iA1 , ..., i
A
NA

; iB1 , ..., i
B
NB

]T contains the N values

of polarization current j at the NA + NB centroids of the triangle mesh elements

discretizing cross-section of the scatterers SA and SB. The matrix elements in (5.22)

are the inner products [24]

Z
Sβ ,∂Sα
ε,n′m′′ = 〈tβn′ , T

Sβ ,∂Sα
ε ◦ Pα

m′′〉 = −iωµ0L
α
m′′

ˆ 1

0

Gε(ρ
β
n′(1/3, 1/3),ρ

α
m′′(l′′)) dl′′, (5.23)

where n′ = 1, ..., Nα are the indexes of the surface elements on ∂Sα, andm′′ = 1, ...,Mβ

are the indexes of the volume elements in Sβ. Parametric definitions of position-

vectors on the surface and volume elements in (5.23) are given in (5.18) and (5.19),

respectively.

The evaluation of line integrals in (5.23) can be done to desired precision using

standard Gauss-Legendre Q-point quadrature rules [25] with weights wq and abscis-

sas lq, q = 1, ..., Q, applied to the integrand after its singular part − 1
2π

ln |ρ− ρ′| has

been extracted

Z
Sβ ,∂Sα
ε,n′m′′ = iωµ0L

α
m′′

ˆ 1

0

ln |ρβn′(1/3, 1/3)− ραm′′(l′′)|
2π

dl′′ − iωµ0L
α
m′′

Q∑

q=1

wq×
[
Gε(ρ

β
n′(1/3, 1/3),ρ

α
m′′(l′′q )) +

ln |ρβn′(1/3, 1/3)− ραm′′(l′′q )|
2π

]
.

(5.24)
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The integral of logarithmic function over a linear element can be evaluated ana-

lytically for an arbitrary observation point location using the technique in [26].

5.3.2 MoM discretization of SVS-EFIE’s volume-to-surface

operator T
∂S,S
0

Discretization of the domain of the volume-to-surface integral operator T∂S,S0

in (5.17), which maps the volumetric polarization current density j = k20(ε − 1)E

inside the scatterer volume S to the scattered electric field Escat = −iωµ0

´
S

G0jds
′

on scatterer’s surface ∂S, is performed using pulse basis functions [10], [24] defined

on the volumetric mesh

jβ(ρ ′) ∼=
Nβ∑

n=1

iβnp
β
n(ρ ′), pβn(ρ ′) =





1, ρ ′ ∈ Sβ,n

0, ρ ′ /∈ Sβ,n
, (5.25)

where Sβ,n, n = 1, ..., Nβ are the volumetric mesh elements and β = A,B is the index

identifying the sub-volume Sβ of the scatterer’s cross-section. The range of the T∂S,S0

operator is tested with delta-functions [10], [24]

Tαm(ρ) = δ(ρ− ραm(1/2)), (5.26)

positioned at the centroids of mth elements in the surface discretization of the scat-

terer’s boundary ∂Sα. Here, α is the index of a sub-scatterer ∂Sα, and m = 1, ...,Mα

are the indexes of the surface elements in ∂Sα.

Substitution of the volume polarization current j expansion (5.25) into its integral

relation to the scattered field Escat = T
∂S,S
0 ◦ j in (5.17) produces the following matrix
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relationship




Escat,A

Escat,B


 =




Z∂SA,SA
0 Z∂SA,SB

0

Z∂SB ,SA
0 Z∂SB ,SB

0


 ·




iA

iB


 , (5.27)

where Escat = [Escat,A
1 , ..., Escat,A

MA
;Escat,B

1 , ..., Escat,A
MB

]T is a vector of M samples of the

scattered electric field Escat produced at the centroids of the surface mesh elements

by the polarization current j, and the matrix elements in (5.27) are defined as the

inner products

Z
∂Sα,Sβ
0,mn′ = 〈Tαm, T

∂Sα,Sβ
0 ◦ pαn′〉 = −iωµ02A

β
n′

ˆ 1

0

ˆ 1−η′

0

G0(ρ
α
m(1/2),ρβn′(ξ

′, η′) dξ′dη′.

(5.28)

In order to match discretized range of the TS,∂Sε (5.16), which is sampled with the

test delta-functions (5.21) to the discretized domain of the T∂S,S0 (5.17) expanded over

piece-wise basis functions (5.25), the integral over triangular area is approximated

with the one-point quadrature rule as follows:

Z
∂Sα,Sβ
0,mn′

∼= −iωµ0A
β
n′G0[ρ

α
m(1/2),ρβn′(1/3, 1/3)]. (5.29)
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We note that the adopted discretization procedure chosen here for the domain of

operator TS,∂S0 can be viewed as taking delta-functions as the basis functions (5.25)

instead of taking the piece wise basis functions and selecting the single-point inte-

gration quadrature over the volume elements. Alternative choices for the basis and

testing functions are also possible [10], [24]. In the general case, however, when the

domain of T∂S,S0 is expanded over a different basis than the range of the operator TS,∂Sε ,

the product of operators T∂S,S0 ◦ TS,∂Sε requires the appropriate Gramian matrix [27]

affecting the conversion of spaces spanning the domain of T∂S,S0 and the range of TS,∂Sε .

5.3.3 MoM discretization of SVS-EFIE’s surface-to-surface

operator T∂S,∂Sε

The representation of the electric field inside the scatter as a superposition of cylin-

drical waves (5.12) has the form of a global surface impedance operator T∂S,∂Sε relating

the auxiliary surface current density J to the electric field E as formalized by (5.15).

Both domain and range of T∂S,∂Sε are at the scatterer’s surface ∂S. Discretizing the

domain of T∂S,∂Sε over piece-wise basis functions as in (5.20) and testing the total elec-

tric field in its range with the delta-functions (5.26), we cast the surface impedance

operator into a matrix form




EA

EB


=




Z∂SA,∂SA
ε 0

0 Z∂SB ,∂SB
ε


 ·




IA

IB


 . (5.30)

In (5.30), vector E = [EA
1 , ..., E

A
MA

;EB
1 , ..., E

B
MB

]T contains M samples of the elec-

tric field E at the centroids of the surface mesh elements on the scatterer’s surface ∂S,
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and the inner products defining the matrix elements in (5.30) are

Z
∂Sα,∂Sα′
ε,mm′ = 〈Tαm, T∂S,∂Sε ◦ Pα′

m′〉 = −iωµ0L
α′

m′

ˆ 1

0

Gε(ρ
α
m(1/2),ρα

′

m′(l′)) dl′, (5.31)

where α,α′=A,B are indexes of scatterer’s sub-surfaces,

m=1, ...Mα, and m′ = 1, ...,Mα′ . The singular integrals in (5.31) are handled via

singularity extraction similar to (5.24)

Z
∂Sα,∂Sα′
ε,mm′ = iωµ0L

α′

m′

ˆ 1

0

ln |ραm(1/2)− ρα′

m′(l′)|
2π

dl′ − iωµ0L
α′

m′

Q∑

q=1

wq×
[
Gε(ρ

α
m(1/2),ραm′(l′q)) +

ln |ραm(1/2)− ρα′

m′(l′q)|
2π

]
.

(5.32)

Alternatively, the singular integrals can be handled using specially developed

quadrature rules [28].

5.3.4 Matrix form of MoM discretized SVS-EFIE:

The MoM discretization of the integral operators TS,∂Sε , T∂S,S0 , T∂S,∂Sε in the SVS-

EFIE (5.13) produces corresponding matrix relations (5.22), (5.27), (5.30). As a re-

sult, the SVS-EFIE is reduced to the following set of linear algebraic equations with

respect to the (M × 1) vector of unknown coefficients I in the expansion of the aux-

iliary surface current density (5.20)

(Z∂S,∂S
ε + Z∂S,S

0 · ZS,∂S
ε ) · I = V. (5.33)
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Fig. 2. Matrix form (33) of the SVS-EFIE (13) discretized with the MoM utilizing depicted volume and surface meshes.

Computational time and memory requirements are described
as a function of the number of unknowns M on the surface
of the scatterer with the assumption that the cross-section is
discretized with M2 elements.

It’s important to note that upon acceleration of the matrix-
vector multiplies using FFT-based methods [32], [33], the
proposed SVS-EFIE solution exhibits the same O(M2) com-
putational complexity as the solution of the traditional surface
IEs [9], [10]. In the traditional surface IE solutions the O(M2)
complexity arises due to the usage of 2D FFT operations with
the majority of 2D FFT grid samples populated with zeros due
to the localization of the unknown currents on the scatterer’s
surface [6]. In the proposed method the O(M2) complex-
ity arises naturally due to surface-to-volume and volume-to-
surface field translations. The proposed SVS-EFIE features
the same computational complexity as the traditional surface
IEs if the field inside the scatterer is calculated. Moreover,
the field inside obtained via SVS-EFIE is less expensive to
compute, because it requires only M matrix vector products,
since the matrix ZS,@S

✏ associated with the surface-to-volume
operator TS,@S

✏ is already calculated, and does not involve
computationally expensive operations.

IV. NUMERICAL STUDIES

Numerical studies for the magneto-quasistatic solution using
the proposed SVS-EFIE were considered in detail in our
prior publications [19], [20]. In [19], the MoM solution of the
SVS-EFIE was compared against the analytic solution for the
current flow in a homogeneous conductor of a circular cross-
section at low, intermediate, and high frequencies. The other
numerical examples include the MoM solutions for the single
and multiple transmission line configurations with arbitrary
cross-sections. This includes the coaxial cable transmission
line, which features a cross-section with the topological multi-
connectedness [20].

In this work we present numerical studies related to the
electrodynamic formulation of the proposed SVS-EFIE. In the
first numerical experiment we consider TMz plane wave scat-
tering from a single dielectric cylinder with the relative per-

mittivity "= 11 as shown in Fig. 3. The cylinder has a circular
cross-section of the radius ⇢0 = 25 mm. The plane wave of the
frequency f = 2 GHz and of electric field magnitude 1.0 V/m
impinges on the cylinder at 45� angle. The surface current
density Jz is first obtained via the MoM solution (33) of
the proposed SVS-EFIE (13) under the uniform discretization
of the conductor surface with M = 100 linear segments and
its volume with N = 7, 450 triangular elements. In order to
evaluate the electric field E

(1)
z inside the cylinder cross-

section, the auxiliary current Jz is substituted into (12). In
Fig. 3, the E-field evaluated via the proposed SVS-EFIE (13)
and the E-field from the classic PMCHWT solution [10] are
compared against the traditional volumetric MoM solution
of the V-EFIE (11). The field outside the dielectric body
E

(2)
z is calculated in two steps. First, the field in the volume

of the scatterer is calculated using the single-layer ansatz
relation (12). Second, the volumetric distribution of the field
inside the scatterer is substituted into the volume equivalence
principle to calculate the field outside. The relative error of the
proposed V-EFIE solution with respect to the MoM solution
of the volumetric IE (11) does not exceed 3.2% and has the
mean of 0.136% and the standard deviation of 0.116%. In
case of the PMCHWT solution, the relative error is bound by
3.3%, has the mean of 0.139% and the standard deviation of
0.198%.

The equivalent electric current density Je
z and magnetic

current density Jm
t are also found with the MoM solution

of the PMCHWT surface IE [10] on the same surface mesh.
In Fig. 4, the current densities for both methods are shown
along the surface of the cylinder’s cross-section. From visual
comparison in Fig. 4 of the equivalent electric and magnetic
current densities Je

z , Jm
t against the auxiliary surface current

density Jz from the SVS-EFIE, it is clear that the latter has
no apparent relationship to either Je

z or Jm
t . The auxiliary

current Jz is not a superposition of Je
z and Jm

t . This becomes
obvious from Jz behavior for the geometries featuring promi-
nent geometric singularities in the cross-section, for which Jz

remains a continuous function along the surface including the
corner points where Je

z , for example, becomes discontinuous.

Figure 5.2: Matrix form (5.33) of the SVS-EFIE (5.13) discretized with the MoM
utilizing depicted volume and surface meshes. © 2013 IEEE.

The above matrix equation (5.33) can be solved either directly via LU decom-

position [25] or iteratively using GMRES [29] or CG [30] algorithms. In case of the

iterative solution, the matrix-vector products (MVP) pertinent to (5.33) can be ac-

celerated via the Fast Multipole Method [31] or the FFT-based methods [32], [33].

The comparison of the computational complexity of different algorithms is given in

Table 5.1. Computational time and memory requirements are described as a function

of the number of unknowns M on the surface of the scatterer with the assumption

that the cross-section is discretized with M2 elements.
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It is important to note that upon acceleration of the matrix-vector multiplies using

FFT-based methods [32], [33], the proposed SVS-EFIE solution exhibits the same

O(M2) computational complexity as the solution of the traditional surface IEs [9],

[10]. In the traditional surface IE solutions the O(M2) complexity arises due to the

usage of 2D FFT operations with the majority of 2D FFT grid samples populated with

zeros due to the localization of the unknown currents on the scatterer’s surface [6]. In

the proposed method the O(M2) complexity arises naturally due to surface-to-volume

and volume-to-surface field translations. The proposed SVS-EFIE features the same

computational complexity as the traditional surface IEs if the field inside the scatterer

is calculated. Moreover, the field inside obtained via SVS-EFIE is less expensive to

compute, because it requires only M matrix vector products, since the matrix ZS,∂S
ε

associated with the surface-to-volume operator TS,∂Sε is already calculated and does

not involve computationally expensive operations.
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Table 5.1: Computational Complexity Comparison for Direct and Iterative Solution of
the V-EFIE (5.11), SVS-EFIE (5.13), and PMCHWT [10] Equations. © 2013 IEEE.

V-EFIE SVS-EFIE PMCHWT

Matrix Fill ZS,S ZS,∂S,Z∂S,S Z∂S,∂S

LU [25]
O(M4)

O(M3) +O(M4)
O(M2)Iterative

(e.g. GMRES) O(M3)

MVP ZS,S · IS ZS,∂S ·I∂S,Z∂S,S ·IS Z∂S,∂S ·I∂S

Direct [25] O(M4) O(M3) O(M2)

FMM aided [6]
O(M2) O(M2) +O(M2)

O(M logM)

FFT aided [6] O(M2)

LU-solve O(M6) O(M3) O(M3)

Calculating the E-field inside S

LU, Iterative Available
directly

O(M3) O(M3)

FMM, FFT aided O(M2) O(M2)

Required Memory without Calculation of the E-field inside of S

LU, Iterative O(M4) O(M3) O(M2)

FMM aided [6]
O(M2) O(M2)

O(M logM)

FFT aided [6] O(M2)

Required Memory with Calculation of the E-field inside of S

LU, Iterative O(M4) O(M3) O(M3)

FMM, FFT aided O(M2) O(M2) O(M2)
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5.4 Numerical Studies

Numerical studies for the magneto-quasistatic solution using the proposed SVS-

EFIE were considered in detail in our prior publications [19], [20]. In [19], the MoM

solution of the SVS-EFIE was compared against the analytic solution for the current

flow in a homogeneous conductor of a circular cross-section at low, intermediate,

and high frequencies. The other numerical examples include the MoM solutions for

the single and multiple transmission line configurations with arbitrary cross-sections.

This includes the coaxial cable transmission line, which features a cross-section with

the topological multi-connectedness [20].

In this work we present numerical studies related to the electrodynamic formula-

tion of the proposed SVS-EFIE. In the first numerical experiment we consider TMz

plane wave scattering from a single dielectric cylinder with the relative permittiv-

ity ε= 11 as shown in Fig. 5.3. The cylinder has a circular cross-section of the

radius ρ0= 25mm. The plane wave of the frequency f = 2GHz and of electric field

magnitude 1.0V/m impinges on the cylinder at 45◦ angle. The surface current den-

sity Jz is first obtained via the MoM solution (5.33) of the proposed SVS-EFIE (5.13)

under the uniform discretization of the conductor surface with M = 100 linear seg-

ments and its volume with N = 7, 450 triangular elements. In order to evaluate the

electric field E(1)
z inside the cylinder cross-section, the auxiliary current Jz is substi-

tuted into (5.12).
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Figure 5.3: Distribution of the electric field inside E(1)
z and outside E(2)

z the dielectric
cylinder obtained via MoM solution (5.33). The relative error of the latter (center
plot) and the MoM solution of the PMCHWT surface IE solution (right plot) with
respect to the volumetric MoM solution of the V-EFIE (5.11). Points A –F correspond
to the points in the Fig. 5.4. © 2013 IEEE.

In Fig. 5.3, the E-field evaluated via the proposed SVS-EFIE (5.13) and the E-

field from the classic PMCHWT solution [10] are compared against the traditional

volumetric MoM solution of the V-EFIE (5.11). The field outside the dielectric body

E
(2)
z is calculated in two steps. First, the field in the volume of the scatterer is calcu-

lated using the single-layer ansatz relation (5.12). Second, the volumetric distribution

of the field inside the scatterer is substituted into the volume equivalence principle

to calculate the field outside. The relative error of the proposed V-EFIE solution

with respect to the MoM solution of the volumetric IE (5.11) does not exceed 3.2%

and has the mean of 0.136% and the standard deviation of 0.116%. In case of the

PMCHWT solution, the relative error is bound by 3.3%, has the mean of 0.139% and

the standard deviation of 0.198%.
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Figure 5.4: Equivalent electric and magnetic surface current densities (Jez , Jmt on
the left) obtained with the MoM solution of PMCHWT surface IE and the auxiliary
surface current density (Jz on the right) obtained with the MoM solution of the
proposed SVS-EFIE (5.13) for TMz wave scattering from a single dielectric cylinder.
Points A –F correspond to the points in the Fig. 5.3. © 2013 IEEE.

.

The equivalent electric current density Jez and magnetic current density Jmt are also

found with the MoM solution of the PMCHWT surface IE [10] on the same surface

mesh. In Fig. 5.4, the current densities for both methods are shown along the surface

of the cylinder’s cross-section. From visual comparison in Fig. 5.4 of the equivalent

electric and magnetic current densities Jez , Jmt against the auxiliary surface current

density Jz from the SVS-EFIE, it is clear that the latter has no apparent relationship

to either Jez or Jmt . The auxiliary current Jz is not a superposition of Jez and Jmt . This

becomes obvious from Jz behavior for the geometries featuring prominent geometric

singularities in the cross-section, for which Jz remains a continuous function along the

surface including the corner points where Jez , for example, becomes discontinuous.
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The execution time and memory consumption for this experiment are shown in

Table 5.2. The results were obtained for a Mathcad worksheet on a single Intel Core

2 Duo processor running at 2.4 GHz. All matrix-vector products were computed

directly without using FMM or FFT based accelerators [6]. The solution for the field

inside the dielectric cylinder was calculated for three meshes via the MoM solution of

the V-EFIE (5.11), PMCHWT [10] and proposed SVS-EFIE (5.13). The execution

time and memory consumtion for the case of the MoM solution of the V-EFIE for the

7, 460-element mesh is projected from the data for the 1, 890-element mesh according

to the computational complexity of the operations. The behavior of the execution

time and memory consumption data reflects the computational complexity analysis

results from the previous section. The novel SVS-EFIE is faster than the V-EFIE at

all steps and allows to compute the field inside the scatterer at the lower price than

in case of the MoM solution of the PMCHWT surface IE.
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Table 5.2: Computational Time and Memory for the Solution of the V-EFIE, SVS-
EFIE, and PMCHWT Equations in Mathcad. © 2013 IEEE.

V-EFIE (5.11) PMCHWT [10] SVS-EFIE (5.13)

M = 10 linear elements, N = 278 triangular elements

Total Time 229.5 s 2.4 s 1.0 s

Fill Time 228.9 s 0.5 s 0.9 s
Solve Time 0.7 s ≈ 0.1 s ≈ 0.1 s
Field in S — 1.9 s ≈ 0.1 s

Memory 13 Mb ≈ 1 Mb ≈ 1 Mb

M = 20, N = 1, 890

Total Time ≈ 4 hrs 26.3 s 8.8 s

Fill Time ≈ 4 hrs 1.6 s 8.7 s
Solve Time 28.7 s ≈ 0.1 s ≈ 0.1 s
Field in S — 24.7 s ≈ 0.1 s

Memory 147 Mb 4 Mb 12 Mb

M = 100, N = 7, 450

Total Time 2.5 days
(projected) 245.9 s 80.8 s

Fill Time 2.5 days 8.2 s 80.5 s
Solve Time 7.5 m 0.1 s 0.1 s
Field in S — 237.7 s 0.2 s

Memory 2 Gb 40 Mb 82 Mb
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solution of the V-EFIE (5.11) as a function of surface and volume mesh refinement.
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Next, to demonstrate the error behavior of the proposed SVS-EFIE (5.13) solution

upon the h-refinement [18] of the MoM’s surface and volume meshes, the cross-section

of the hexagonal dielectric cylinder is discretized with the meshes featuring from 48 to

120 line segments and from 1000 to 3, 719 surface triangles. The mean and standard

deviation of the relative error with respect to the volumetric MoM solution of the

V-EFIE (5.11), as well as the condition number with respect to the L2-norm, are

depicted in Fig. 5.4. The condition number of the resultant matrix for the frequency

f = 7GHz is small and weakly depends on the number of surface triangles in the

mesh. The behavior of the condition number for the low frequency f = 100MHz is

similar, with variation of the condition number from 130 to 330 for the same set of the

surface and volume meshes. It is also seen that the mean value of the relative error

is not dependent of the number of surface elements and remains at the same level for

a fixed number of volume elements. The optimum number of surface elements M ,

however, is proportional to the square root of the number of volume elements N as

seen from the plot of the standard deviation in Fig. 5.4. For the particular case of the

TMz scattering from the dielectric cylinder with the relative permittivity ε= 2 and

the incident plane wave of frequency f = 7GHz the optimum values of M lie near the

curve M =
√
N/16. The same Fig. 5.4 demonstrates the error-controllable properties

of the MoM discretized SVS-EFIE. The latter numerically corroborates the rigorous

nature of the proposed SVS-EFIE.
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The relative error, condition number and the number of CG-iterations [30] com-

parison between the MoM solutions of the proposed SVS-EFIE (5.13) and PMCHWT

surface IE is depicted in Fig. 5.4 for the relative dielectric permittivity of the cylinder

varying from 2 to 14. The MoM solution (5.33) for all values of permittivity uti-

lizes M = 120 linear elements and N = 3, 719 triangular elements. The MoM solution

of PMCHWT surface IE [10] is found using the same surface mesh (albeit it oper-

ates with the twice number of unknowns from Jez and Jmt ). The systematic accuracy

advantage of the proposed SVS-EFIE (5.13) against the PMCHWT formulation is ap-

parent for all values of ε in both the mean value and standard deviation of the relative

error, as well as the smaller condition number and required number of CG-iterations

to find the solution for the system of linear equations.
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Last study compares the MoM solution of the proposed SVS-EFIE (5.13) against

the traditional volumetric MoM solution of the V-EFIE (5.11) for TMz wave scattering

from a dielectric shell presented in [23]. Fig. 5.7 shows the electric field distribution

inside the dielectric shell due to the incident plane wave of 1.0V/m magnitude. In

this example, the MoM solution (5.33) of the SVS-EFIE (5.13) utilizes M = 80 linear

elements and N = 520 triangular elements. A good agreement of the field values is

observed with this independent reference solution [23] despite its significantly different

MoM discretization of the V-EFIE from the one in the present work.
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5.5 Conclusion

The paper presents a novel rigorous single-source derivative-free surface integral

equation for the problems of determining distribution of volumetric current flow in

multi-conductor transmission lines and full-wave scattering on homogeneous perme-

able cylinders. The new surface integral equation is derived from the classical Volume

Electric Field Integral Equation via the single-layer ansatz representation of the vol-

ume current density. The new surface integral equation is free of internal resonances.

It is shown to produce a notably higher accuracy than the standard PMCHWT in-

tegral equation while featuring only a single surface unknown function. This advan-

tage comes at the cost of the field translations performed from surface to volume

domains and back unlike the less computationally expensive surface-to-surface field

translations in PMCHWT formulation. The new integral equation does not feature

derivatives acting on its kernels, as such may be particularly suitable for the analysis

in multilayered media.
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A novel single-source surface-volume-surface integral equation is proposed for ac-

curate broadband resistance and inductance extraction in 3-D interconnects. The new

equation originates in the volume integral equation traditionally used for magneto-

quasi-static modeling of current flow in 3-D wires. The latter is reduced to a surface

integral equation by representing the electric field inside each conductor segment as a

superposition of cylindrical waves emanating from the conductor’s boundary. As no

approximation is utilized and all underlying boundary conditions and pertinent equa-

tions are satisfied in the reduction, the new integral equation is rigorously equivalent

to the solution of the traditional volume electric field integral equation. The rigorous

nature of the proposed single-source surface integral equation is corroborated numer-

ically. In this paper a detailed description of the Method of Moments discretization

for the proposed surface integral equation is also presented. Numerical solution of the

proposed surface integral equation for a twelve-conductor bond-wire package is used

to demonstrate the accuracy of the method and its computational benefits compared

to the traditional solution based on the volume integral equation.
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6.1 Introduction

Transmission lines of complex topological shapes are found in various industrial

applications ranging from buried power cables spanning several kilometres [1, 2] to

electronic interconnects of sub-micron dimensions [3]. Electromagnetic-based mod-

elling of current flow, which accounts for both the proximity and skin effects [3], is

important for obtaining accurate broadband terminal characteristics of interconnects,

such as Z-parameters [4]. The latter are used to generate equivalent lump circuit mod-

els [5] that allow the interconnect model to be cascaded with source and termination

components connected at its ports. Subsequent time-domain analysis of the entire

channel including the sources, the circuit of the interconnect, and the termination

loads in a SPICE-like [6] circuit simulator produces the desired waveforms describing

dynamic behavior of the channel and quality of the signal transmission [3, 7].

When physical dimensions of an interconnect are within a tenth of the wavelength

in the surrounding medium, the modelling of current flow in the conductors can be ac-

curately performed under a quasi-static approximation of Maxwell equations [8]. This

approximation makes the electromagnetic analysis significantly simpler and faster due

to the non-oscillatory nature of the quasi-static interactions [9]. While both differ-

ential [10] and integral equation [11] based formulations are available for calculation

of the electromagnetic fields produced by the interconnects, the formulations based

on integral equations often lead to discretized problems of a substantially smaller

size [9]. The reduced problem size in integral equation formulations is attributed

to the discretization of the conductors only, whereas methods based on the direct

solution of the differential equations discretize the entire space including the volume

surrounding conductors [10]. Furthermore, the integral equations allow for formula-

tions in which the unknown field quantities reside on the conductors’ surface rather
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than in their volume. Boundary element discretization of such surface integral equa-

tions results in the possibly minimum number of degrees of freedom associated with

the numerical solution of Maxwell equations. The classical surface integral equations

of electromagnetics involve two unknown functions on the conductor surface, namely

the tangential electric and tangential magnetic fields [11–13]. In the class of single-

source surface integral (SSIE) equations, one of the unknown functions is eliminated

analytically [14–18]. Such elimination, however, comes at the expense of a large num-

ber of integral operator product terms introduced into the resultant SSIE, so that it

renders the numerical solution inefficient.

In this work, we construct a new SSIE for quasi-static characterization of 3-D in-

terconnects that is substantially different from its predecessors. Instead of starting

from the classical surface integral equation and performing a subsequent reduction

to an SSIE, we take the volume integral equation (VIE) [19] as the initial formu-

lation. Under the assumption of the conductor segment lengths being substantially

larger than their respective cross-sectional dimensions [20], current is assumed to

flow strictly along the wire direction and to be independent along each wire segment.

Taking this into consideration, we represent the volumetric current density within

each wire segment cross-section as a superposition of cylindrical waves emanating

from the conductor surface. The magnitude of these cylindrical waves is defined by

an auxiliary function, which is determined on the conductor surface and plays the

role of the unknown in the integral equation. Substitution of such a cylindrical wave

representation for the volumetric current density into the VIE produces an integral

equation with the unknown function defined on the conductor surface instead of the

conductor volume. Hence, observation point locations in the VIE can be restricted

to the conductor surface as well. The resulting integral equation is in the form of
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the SSIE with a single unknown function that acts as the weighting function for the

cylindrical waves emanating from the conductor surface. Since the additional inte-

gral operator is introduced to represent the volumetric current, the resultant SSIE

features a product of two integral operators. One operator translates the field from

the conductor surface to its volume, while the second operator translates the field

from the conductor volume to the surface. We initially constructed the analogous

SSIE for magnetostatic [21] and full-wave scattering problems [22] in 2-D. Here we

present generalization of the new SSIE formulation for the magnetostatic analysis of

3-D interconnects under the aforementioned assumptions. A detailed description of

the Method of Moments (MoM) discretization of the 3-D SSIE is also presented.

Numerical analysis demonstrates the rigorous nature of the new 3-D SSIE formu-

lation. The solution of the SSIE is compared against the traditional VIE solution.

It is demonstrated that the error of current extraction can be controlled through the

discretization density. Furthermore, the new SSIE formulation was shown to allow

for substantially faster extraction of the broadband network parameters in multiport

interconnects than the VIE-based formulation without sacrificing the accuracy.
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6.2 Single-Source SVS-EFIE for Current Flow

Modeling in 3-D

Consider an interconnect consisting of Ns piece-wise straight segments. We denote

the index identifying the segment number as α = 1, . . . , Ns. The axis of each segment

is parallel to the unit vector ˆ̀
α, and the length of each segment is given by Lα. The

contour bounding the cross-section of the α-th segment, the cross-section area itself,

and the segment inner volume are indicated as ∂Sα, Sα, and Vα, respectively. An

example of a single-conductor interconnect consisting of Ns = 2 segments is depicted

in Fig. 6.1a.

The electric field E(r) inside the conductor is governed by the following V-

EFIE [19] under a magneto-quasi-static approximation

E(r) + iωµ0σ

˚

V

dv′G0(r, r
′)E(r′) = −∇Φ(r), r ∈ V, (6.1)

G0(r, r
′) =

1

4π

1

|r − r′| , (6.2)

where G0(r, r
′) is the 3-D quasi-static Green’s function of free space, σ is the wire

conductivity, ω is the cyclic frequency, Φ(r) is the scalar potential, r and r′ are the

observation and source points, respectively.

If conductivity of the wire σ is homogeneous, the electric field inside the volume

of the α-th segment satisfies the homogeneous Helmholtz equation

∇2Eα(r) + k2σEα(r) = 0, r ∈ Vα (6.3)
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and is assumed to be constant along the length of the wire:

Eα(r) = Eα(ρ)ˆ̀
α, r = ρ+ `ˆ̀α, ` ∈ [0, Lα],ρ ∈ Sα, (6.4)

where r and ρ are the position vectors of the observation point inside the volume Vα

and its projection on the cross-section Sα of the conductor segment, respectively. The

position vectors r(` = 0) and r(` = Lα) are located at the α-th conductor segment

end points. The wavenumber kσ and skin-depth are defined as follows:

kσ(f, σ) =
√
−iωµ0σ, δ(f, σ) =

1

< (kσ (f, σ))
, (6.5)

where <(. . . ) denotes the real part.

Since the electric field is directed along the axis of the conductor segment and is

independent along its length, it can be expressed at any point inside the segment as

a superposition of the cylindrical waves emanating from its boundary ∂Sα′

Eα′(r) = iωµ0
ˆ̀
α′

˛

∂Sα′

dc′Gσ(ρ,ρ′)Jα′(ρ′), ρ ∈ Sα′ , r ∈ Vα′ , (6.6)

Gσ(ρ,ρ′) = − i
4
H

(2)
0 (kσ |ρ− ρ′|) , kσ =

√
−iωµ0σ, (6.7)

whereGσ(ρ,ρ′) is the 2-D Green’s function of the conductor media with the wavenum-

ber kσ, H
(2)
0 is the second-kind Hankel function of zeroth order [23], and Jα′(ρ′) =

Jα′(ρ′)ˆ̀
α′ is the auxiliary surface current density acting as the weighting function for

the cylindrical waves emanating from the conductor boundary ∂Sα′ . It is important

to emphasize that the integral field representation (6.6) is different from the stan-

dard equivalence principle, as shown in [22]. The proposed formulation uses only one
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unknown Jα′(ρ′), called a single layer ansatz [24]. Substitution of (6.6) into (6.1)

followed by restriction of the observation domain to the contour ∂Sα forming the

conductor cross-section Sα results in the SVS-EFIE with respect to the unknown

auxiliary surface current density Jα′(ρ′) (6.8). The resulting equation is scalarized by

taking the dot-product with the directing vector ˆ̀
α corresponding to the conductor

segment present at the observation location r

iωµ0

˛

∂Sα

dc′Gσ(ρ,ρ′)Jα(ρ′)

−σ(ωµ0)
2 ˆ̀
α·

Ns∑

α′=1

ˆ̀
α′

[¨

Sα′

ds′
ˆ

Lα′

d`′G0(r, r
′)

˛

∂Sα′

dc′′Gσ(ρ′,ρ′′)Jα′(ρ′′)

]
= −∇Φ(r)· ˆ̀α,

r = ρ+ `ˆ̀α, r
′ = ρ′ + `′ ˆ̀α′ , ` ∈ [0, Lα], `′ ∈ [0, Lα′ ],ρ ∈ ∂Sα. (6.8)

In (6.8), α, α′ = 1, . . . , Ns are the indexes of the conductor segment at the obser-

vation and source points, respectively. For the conductors with a cross-section signif-

icantly smaller compared to their length, the scalar potential Φ(r) under magneto-

quasi-static approximation is constant within the cross-section of the conductor Sα

and varies linearly along the axis of the segments ˆ̀
α [20]. Thus, the right-hand side

of (6.8) can be written as a difference of the potentials at the junction nodes of the α-

th segment that has the meaning of the branch voltage Vα across the αth segment

∇Φ(r) · ˆ̀α =
∂Φ(r)

∂`α
=

Φ
(
r|`=Lα

)
− Φ (r|`=0)

Lα
= −Vα. (6.9)

It is convenient to express the SVS-EFIE (6.8) by using the following notation for
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the integral operators

T ∂Sα,∂Sασ ◦ Jα = iωµ0

˛

∂Sα

dc′Gσ(ρ,ρ′)Jα(ρ′), ρ ∈ ∂Sα, (6.10)

T Vα′ ,∂Sα′σ ◦ Jα′ = iωµ0

˛

∂Sα′

dc′′Gσ(ρ′,ρ′′)Jα′(ρ′′), ρ′ ∈ Sα′ , (6.11)

T ∂Sα,Vα′0 ◦ jα′ = µ0

¨

Sα′

ds′
ˆ

Lα′

d`′G0(r, r
′)jα′(r′), r ∈ ∂Sα (6.12)

in a compact form

T ∂Sα,∂Sασ ◦ Jα + iω ˆ̀
α ·

Ns∑

α′=1

ˆ̀
α′

(
T ∂Sα,Vα′0 ◦ σT Vα′ ,∂Sα′σ ◦ Jα′

)
= Vα, (6.13)

where the operator T ∂Sα,∂Sασ has the meaning of the global surface impedance bound-

ary condition relating the auxiliary surface current density Jα and electric field on

the conductor boundary ∂Sα. The operator T ∂Sα,Vα′0 in (6.12) maps the volumetric

current density inside the α′th conductor segment to the magnetic vector potential

produced at the boundary ∂Sα of the αth conductor segment.
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6.3 Method of Moments Discretization

As the SVS-EFIE (6.8) incorporates the product of integral operators having

ranges and domains (6.13) in conductor contour ∂Sα and its volume Vα, discretization

of both the contour and cross-section is required. Without loss of generality, we

consider an example of a single-conductor interconnect consisting of Ns = 2 piecewise-

straight segments of the length Lα, as shown in Fig. 6.1a. The axes of the segments

are parallel to the unit vectors ˆ̀
α. The volume Vα of the α-th segment is discretized

with Nα filaments (triangular prisms), and the contour ∂Sα – with Mα line elements.

The radius-vector on the mth line element of the surface ∂Sα is given by

ραm(c) = vα,1m + c(vα,2m − vα,1m ), c ∈ [0, 1], (6.14)

where α = 1, 2 is the index identifying the conductor segment, vα,2m and vα,1m are

the end and start points of the mth line element on ∂Sα, and m = 1, . . . ,Mα. The

contour ∂Sα is located in the middle of the αth conductor segment as depicted in

Fig. 6.1.

The radius-vector on the nth triangular prism in the discretization of the vol-

ume Vα is defined in barycentric coordinates ξ, η over prism cross-section [10] and

linear coordinate ` along its length as follows:

rαn(ξ, η, `) = vα,1n ξ + vα,2n η + vα,3n (1− ξ − η) + `ˆ̀α,

ξ, η ∈ [0, 1], ξ + η ≤ 1, ` ∈ [0, Lα], (6.15)

where vα,1m , vα,2m , vα,3m are the three vertices of the triangle forming the base of the nth

prism in Vα, and n = 1, . . . , Nα.
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In (8), ↵, ↵0 = 1, . . . , Ns is the index of the conductor seg-
ment at the observation and source points, respectively. For the
conductors with a cross-section significantly smaller compared
to their length, the scalar potential �(r) under magneto-quasi-
static approximation is constant within the cross-section of
the conductor S↵ and varies linearly along the axis of the
segments ˆ̀

↵ [20]. Thus, the right-hand side of (8) can be
written as a difference of the potentials at the junction nodes of
the ↵-th segment that has the meaning of the branch voltage V↵
across the ↵th segment

r�(r) · ˆ̀
↵ =

@�(r)

@`↵
=

�
�
r|`=L↵

�
� � (r|`=0)

L↵
= �V↵.

(9)
It is convenient to express the SVS-EFIE (8) by using the

following notation for the integral operators

T @S↵,@S↵
� � J↵ = i!µ0

I

@S↵

dc0G�(⇢,⇢0)J↵(⇢0),

⇢ 2 @S↵, (10)

T V↵0 ,@S↵0
� � J↵0 = i!µ0

I

@S↵0

dc00G�(⇢0,⇢00)J↵0(⇢00),

⇢0 2 S↵0 , (11)

T @S↵,V↵0
0 � j↵0 = µ0

ZZ

S↵0

ds0
Z

L↵0

d`0G0(r, r0)j↵0(r0),

r 2 @S↵ (12)

in a compact form

T @S↵,@S↵
� � J↵

+ i! ˆ̀
↵ ·

NsX

↵0=1

ˆ̀
↵0

⇣
T @S↵,V↵0

0 � �T V↵0 ,@S↵0
� � J↵0

⌘
= V↵,

(13)

where the operator T @S↵,@S↵
� has the meaning of global

surface impedance boundary condition relating the auxiliary
surface current density J↵ and electric field on the conductor
boundary @S↵. The operator T @S↵,V↵0

0 in (12) maps the
volumetric current density inside the ↵0th conductor segment
to the magnetic vector potential produced at the boundary @S↵

of the ↵th conductor segment.

III. METHOD OF MOMENTS DISCRETIZATION

As the SVS-EFIE (8) incorporates the product of integral
operators having ranges and domains (13) in conductor con-
tour @S↵ and its volume V↵, discretization of both the contour
and cross-section is required. Without loss of generality,
we consider an example of a single-conductor interconnect
consisting of Ns = 2 piecewise-straight segments of the length
L↵, as shown in Fig. 1a. The axes of the segments are parallel
to the unit vectors ˆ̀

↵. The volume V↵ of the ↵-th segment

is discretized with N↵ filaments (triangular prisms), and the
contour @S↵ – with M↵ line elements. The radius-vector on
the mth line element of the surface @S↵ is given by

(a) (b)

1

2

IS

�2

�1

�0

V1

�1

@S1

S1

L1

L1
2

ˆ̀
1

Fig. 1. (a) Interconnect formed by two piecewise-straight conductor segments.
(b) Segment 1 directed along the vector ˆ̀

1 with depicted volume and contour
meshes utilized in the MoM discretization of the SVS-EFIE (8).

⇢↵
m(c) = v↵,1

m + c(v↵,2
m � v↵,1

m ), c 2 [0, 1], (14)

where ↵ = 1, 2 is the index identifying the conductor segment,
v↵,2

m and v↵,1
m are the end and start points of the mth line

element on @S↵, and m = 1, . . . , M↵. The contour @S↵ is
located in the middle of the ↵th conductor segment as depicted
in Fig. 1.

The radius-vector on the nth triangular prism in the dis-
cretization of the volume V↵ is defined in barycentric coordi-
nates ⇠, ⌘ over prism cross-section [10] and linear coordinate
` along its length as follows:

r↵
n(⇠, ⌘, `) = v↵,1

n ⇠ + v↵,2
n ⌘ + v↵,3

n (1 � ⇠ � ⌘) + `ˆ̀↵,

⇠, ⌘ 2 [0, 1], ⇠ + ⌘  1, ` 2 [0, L↵], (15)

where v↵,1
m , v↵,2

m , v↵,3
m are the three vertices of the triangle

forming the base of the nth prism in V↵, and n = 1, . . . , N↵.
Note that the density of the volume mesh grows with

frequency in order to capture the behavior of the volumetric
current according to the skin-effect. Hence, the total number of
contour elements M =

PNs
↵=1 M↵ is relatively low in compar-

ison to the total number of volume elements N =
PNs

↵=1 N↵.
The optimal number of contour and volume elements can be
found numerically by using a procedure similar to the one for
the 2-D SVS-EFIE presented in [22], where M↵ ⇠ p

N↵ was
shown.

The unknown auxiliary surface current density J↵(⇢0) on
the surface of the ↵th segment @S↵ and the volumetric current
density j↵(r0) in the cross-section of the ↵th segment S↵ are
discretized by using the piece-wise basis functions [25]

J↵(⇢0) ⇠=
M↵X

m0=1

I↵m0P↵
m0(⇢0), (16)

j↵(r0) ⇠=
N↵X

n0=1

i↵n0p↵n0(r0), (17)

where ↵ = 1, 2 is the index identifying the conductor segment,
I↵m0 and i↵n0 are the unknown coefficients in the expansion

Figure 6.1: (a) Interconnect formed by two piecewise-straight conductor segments.
(b) Segment 1 directed along the vector ˆ̀

1 with depicted volume and contour meshes
utilized in the MoM discretization of the SVS-EFIE (6.8). © 2014 IEEE.

Note that the density of the volume mesh grows with frequency in order to capture

the behavior of the volumetric current according to the skin-effect. Hence, the total

number of contour elements M =
∑Ns

α=1Mα is relatively low in comparison to the

total number of volume elements N =
∑Ns

α=1Nα. The optimal number of contour and

volume elements can be found numerically by using a procedure similar to the one

for the 2-D SVS-EFIE presented in [22], where Mα ∼
√
Nα was shown.

The unknown auxiliary surface current density Jα(ρ′) on the surface of the αth

segment ∂Sα and the volumetric current density jα(r′) in the cross-section of the αth

segment Sα are discretized by using piece-wise basis functions [25]

Jα(ρ′) ∼=
Mα∑

m′=1

Iαm′Pα
m′(ρ′), (6.16)

jα(r′) ∼=
Nα∑

n′=1

iαn′pαn′(r′), (6.17)
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where α = 1, 2 is the index identifying the conductor segment, Iαm′ and iαn′ are the

unknown coefficients in the expansion of the surface current density Jα and the volu-

metric current density jα in the αth segment, respectively. The pulse basis functions

Pα
m′(ρ′) and pαn′(r′) are defined as follows:

Pα
m′(ρ′) =





1,ρ′ ∈ ∂Sα,m′

0,ρ′, /∈ ∂Sα,m′

, (6.18)

pαn′(r′) =





1, r′ ∈ Vα,n′

0, r′ /∈ Vα,n′

, (6.19)

where ∂Sα,m′ is the m′th contour mesh element on the αth conductor segment and

Vα,n′ is the n′th volume mesh element in the αth conductor segment. The unknown

coefficients Iαm′ and iαn′ in the current expansions (6.16), (6.17) can be organized as

an M × 1 and an N × 1 vectors, respectively. Thus, for a two-segment example

M = M1 +M2, N = N1 +N2, and the unknown coefficient vectors are given by

I = [I1; I2]T = [I11 , . . . , I
1
M1

; I21 , . . . , I
2
M2

]T , (6.20)

i = [i1; i2]T = [i11, . . . , i
1
N1

; i21, . . . , i
2
N2

]T . (6.21)

The ranges of the integral operators ∂Sα and Vα are tested with delta-functions

T (r) and t(r) defined as follows:

Tα,Qm (ρ) =

Q∑

q=1

wqδ

(
ρ− ραm

(
1

2

)
− lqLα ˆ̀

α

)
, (6.22)
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tαn(r) = δ

(
r − rαn

(
1

3
,
1

3
,
Lα
2

))
, (6.23)

where wq and lq are the weights and abscissas of a standard Gauss-Legendre Q-

point quadrature rule [26], Lα and ˆ̀
α are the length and directing unit vector of

the αth segment, respectively.

Thus, according to (6.22), Q delta-functions Tα,Qm (ρ) are positioned at the centroid

of the mth element in the αth segment contour mesh and shifted by distance lqLα

from the αth conductor segment end point, q = 1, . . . , Q. The delta-function tαn(r)

is positioned at the centroid the nth triangular prism of the αth conductor segment.

The definitions of the position vectors ραm and rαn are given in (6.14) and (6.15),

respectively.

6.3.1 Method of Moments discretization of the contour-to-

volume operator T Vα′ ,∂Sα′σ

Discretization of the contour-to-volume operator (6.6) is done through piece-wise

basis functions (6.18), and the range of the operator is tested with delta-functions

(6.23). Substitution of the discretized auxiliary surface current density Jα′(ρ′′) (6.16)

into (6.6) followed by testing the volumetric current density at the central axis of the

triangular prisms constituting the volumetric mesh establishes the matrix expression




i1

i2


 =




ZV1,∂S1
σ 0

0 ZV2,∂S2
σ


 ·




I1

I2


 (6.24)

relating an M × 1 vector of unknown coefficients in the expansion of the auxiliary

surface current density Jα′(ρ′′) and an N × 1 vector of samples of the volumetric

current density jα′(r′) at the central axis of the volumetric elements discretizing the
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cross-section of the conductor. The matrix elements in (6.24) are defined as inner

products

Z
Vα′ ,∂Sα′
σ,n′m′′ = 〈tα′

n′ , σT Vα′ ,∂Sα′σ ◦ Pα′

m′′〉 = iωµ0σC
α′

m′′

×
ˆ 1

0

dc′′Gσ

(
rα

′

n′

(
1

3
,
1

3
,
Lα′

2

)
,ρα

′

m′′ (c′′)

)
, (6.25)

where ρα′

m′′ and rα
′

n′ are the parametric definitions of the position vectors on the contour

and volume elements given in (6.14) and (6.15), respectively, α′ = 1, 2 is the index of

the conductor segment, n′ = 1, . . . , Nα′ is the index of the volume elements in the Vα′

discretization, m′′ = 1, . . . ,Mα′ is the index of the contour elements of the length Cα′

m′′

in the discretization of ∂Sα′ .

The evaluation of the line integrals in (6.25) can be done using Gauss-Legendre

quadrature rule, after extraction the singular part of the integral kernel − 1
2π

ln |r − r′|

[26]. The analytic expression for integrating a logarithmic function over a line element

are also given in [27].

6.3.2 Method of Moments discretization of the volume-to-con-

tour operator T ∂Sα,Vα′0

Discretization of the volume-to-contour operator (6.12) is also performed us-

ing piece-wise basis functions (6.19), and the range of the operator is tested with

delta-functions (6.22). Substitution of the discretized volume current density jα′(r′)

from (6.17) into (6.12) followed by testing the magnetic vector potential A at the
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centroids of the contour mesh ∂Sα produces the following matrix expression




A1

A2


 =




Z∂S1,V1
0 Z∂S1,V2

0

Z∂S2,V1
0 Z∂S2,V2

0


 ·




i1

i2


 , (6.26)

which relates an N × 1 vector of samples of the volumetric current density jα′(r′)

and an M × 1 vector of samples of the magnetic vector potential. In (6.26), A =

[A1; A2] = [A1
1, . . . , A

1
M1

;A2
1, . . . , A

2
M2

]T , and the matrix elements are defined as inner

products

Z
∂Sα,Vα′
0,mn′ = 〈Tα,Qm

ˆ̀
α, iω ˆ̀

α′T ∂Sα,Vα′0 ◦ pα′

n′〉

= 2iωµ0A
α′

n′ ˆ̀α · ˆ̀α′

Q∑

q=1

[
wq

ˆ

Lα′

d`′
ˆ 1

0

ˆ 1−η′

0

dξ′dη′G0

(
ραm

(
1

2

)

= lqLα ˆ̀
α, r

α′

n′ (ξ′, η′, `′)

)]
, (6.27)

where ραm and rα′

n′ are the parametric definitions of the position vectors on the contour

and volume elements given in (6.14) and (6.15), respectively, α, α′ = 1, 2 are the

indexes of the conductor segment, Aα′

n′ is the base area of the n′th prism, n′ = 1, . . . , Nα′

is the index of the volume elements in Vα′ discretization, and m = 1, . . . ,Mα is the

index of the contour elements in the discretization of ∂Sα. In (6.27), wq and lq are

the weights and abscissas of a standard Gauss-Legendre Q-point quadrature rule [26],

Lα and ˆ̀
α are the length and directing unit vector of the αth segment.



6.3. Method of Moments Discretization 96

Analytic expression for integrating 1
|r−r′| function over a triangular prism for

an arbitrary observation point are given in [27]. It is worth to note that in the

numerical implementation of the MoM discretization of the SVS-EFIE, the testing

along the central axis for the volume-to-contour integral operator T ∂Sα,Vα′0 was done

for several points along each segment. Such testing is required for the convergence of

the calculated currents to their true values.

6.3.3 Method of Moments discretization of the contour-to-

contour operator T ∂Sα,∂Sασ

Similarly to the previous two operators, we discretize the contour-to-contour oper-

ator (6.10) using piece-wise basis functions (6.18) and test the range of the operator

with delta-functions (6.22). This integral operator has both domain and range at

the conductor contour ∂Sα forming the cross-section and carries the meaning of the

global surface impedance boundary condition relating the auxiliary surface current

density and electric field on the surface of the conductor segment. The discretization

of the operator leads to the following matrix relationship




E1

E2


=




Z∂S1,∂S1
σ 0

0 Z∂S2,∂S2
σ


 ·




I1

I2


 , (6.28)

where E = [E1; E2] = [E1
1 , . . . , E

1
M1

;E2
1 , . . . , E

2
M2

]T is an M × 1 vector of samples of

the electric field at the centroids of the contour mesh elements. The matrix elements
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in (6.28) are defined as

Z∂Sα,∂Sα
σ,mm′ = 〈Tα,Qm , T ∂S,∂Sσ ◦ Pα

m′〉 = iωµ0C
α
m′

×
Q∑

q=1

wq

ˆ 1

0

dc′Gσ

(
ραm

(
1

2

)
+ lqLα ˆ̀

α,ρ
α
m′ (c′)

)
, (6.29)

where α = 1, 2 is the index of the conductor segment, m,m′ = 1, . . . ,Mα are the

indexes of contour elements of the length Cα
m′ in ∂Sα discretization. In (6.29), wq and

lq are the weights and abscissas of a standard Gauss-Legendre Q-point quadrature

rule [26], Lα and ˆ̀
α are the length and directing unit vector of the αth segment. It

is worth noting that in the numerical implementation of the MoM discretization of

the SVS-EFIE, the testing along the central axis for the contour-to-contour integral

operator T ∂Sα,∂Sασ was done for only one point along each segment (Q = 1). The usage

of one-point Gauss-Legendre quadrature rule was sufficient enough for the convergence

of the calculated currents to their true values.

6.3.4 Matrix form of the MoM discretized SVS-EFIE

Combining together the matrix forms ZV,∂S
σ , Z∂S,V

0 , and Z∂S,∂S
σ of the discretized

integral operators T Vα′ ,∂Sα′σ , and T ∂Sα,Vα′0 , T ∂Sα,∂Sα′σ , we obtain the matrix form of the

MoM discretized SVS-EFIE (6.8)

(Z∂S,∂S
σ + σZ∂S,V

0 · ZV,∂S
σ ) · I = V, (6.30)

where V is the vector of unknown branch voltages (6.9).
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As opposed to the 2-D problem described in [21], the 3-D current flow modeling

via SVS-EFIE (6.8) requires continuity of current to be enforced so that the unknown

branch voltages V in the right-hand side of the SVS-EFIE (6.8) as well as the un-

known coefficients I of the auxiliary surface current density expansion (6.16) can be

computed.

6.3.5 Nodal Analysis

Continuity of current ∇ · j = 0 can be written in matrix form as [28]

AV j = Is, (6.31)

where j is an N × 1 vector of volumetric current densities, Is is an Ns × 1 vector

of current sources, and AV is an Ns × N volumetric incidence matrix. The matrix

elements in AV are defined as follows:

AVb,n =





−1 if current jn leaves node b

1 if current jn enters node b

0 otherwise,

(6.32)

where b = 1, . . . , Ns is the index of the conductor segments, and n = 1, . . . , N are

the indexes of the volume elements in the discretization of the conductor. For the

two-segment interconnect example depicted in Fig. 6.1, the volumetric incidence ma-

trix AV is defined as

AV =

[ 1×N1−1
1×N2

0
1 −1

]
, (6.33)
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where N1 and N2 are the number of filaments discretizing the volumes of the first and

second segment, so that N1 +N2 = N .

The volumetric current density j is not explicitly present in the SVS-EFIE (6.8),

so by using the contour-to-volume operator (6.11), we can obtain j in terms of the

auxiliary surface current density J at any point inside the conductor. Since the matrix

form ZV,∂S
σ (6.24) of the MoM discretized operator T V,∂Sσ (6.11) is already calculated

at the matrix (6.30) filling stage, the current continuity is enforced as

ĀV ZV,∂S
σ J = Is, (6.34)

where ĀV is the incidence matrix AV , where each element AVb,n is multiplied by the

corresponding prism base area An.

The vector of the branch voltages V can be also represented via surface incidence

matrix A∂S, the vector of the unknown potentials at the conductor segment terminals

Φ of the size Ns × 1, as follows:

A∂STΦ = V. (6.35)

In (6.35), A∂S is an Ns ×M matrix defined as

A∂Sb,m =





−1 if surface current density Jm leaves node b

1 if surface current density Jm enters node b

0 otherwise,

(6.36)

where b = 1, . . . , Ns is the index of the conductor segments, and m = 1, . . . ,M are

the indexes of the contour elements in the discretization of the conductor. For the

two-segment interconnect example depicted in Fig. 6.1, the volumetric incidence ma-
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trix A∂S is defines as

A∂S =

[ 1×M1−1
1×M2

0
1 −1

]
, (6.37)

where M1 and M2 are the number of linear elements discretizing the contours bound-

ing the cross-section of the first and second segment, so that M1 +M2 = M .

Combined together, (6.30), (6.34), and (6.35) reduce the integral equation (6.8)

to the set of M + Ns linear algebraic equations (SLAE)




(
Z∂S,∂S
σ + σZ∂S,V

0 · ZV,∂S
σ

)
−A∂ST

ĀV · ZV,∂S
σ 0


·




J

Φ


=




0

Is


 . (6.38)

The SLAE (6.38) can be solved numerically either directly via LU-decomposition

[26] or iteratively [29], [30] to determine both the unknown auxiliary surface current

density J and the potential values Φ at the end points of the conductor segments.

The required Z-parameter matrix can be obtained without additional efforts from the

part of the solution for (6.38) corresponding to the calculated potential values Φ and

the known values of impressed currents. For the two-segment interconnect example

depicted in Fig. 6.1, Z11 can be determined as follows:

Φ =




Φ1

Φ2


 , Is =



−1

0


 , Z11 =

Φ1

−Is1
. (6.39)
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6.4 Numerical Results

The validation of the numerical implementation of (6.38) is conducted via compar-

ison to the results obtained using FastHenry network parameter extractor [28] and

the MoM solution of the traditional V-EFIE (6.1). In the numerical experiments,

we consider a twelve-conductor interconnect package depicted in Fig. 6.2. Each of

the twelve conductors consists of three piece-wise straight segments made of copper

(σ = 5.8 · 107 S/m). The cross-section of each segment in the package is a 20µm side

square. The package has two planes of symmetry, so only geometric locations of the

points corresponding to the first four conductors A–D are given in Fig. 6.2.

At first, the dependence of the resistance R and inductance L values on frequency

are obtained via MoM solution (6.38) of the proposed SVS-EFIE (6.8) under the two-

samples per skin-depth δ(f, σ) (6.5) discretization of the conductor boundary ∂S and

the conductor volume V . The extracted values of resistance RA and self-inductance

LAA for the conductor A, and mutual inductance LAB between conductors A and B

— are depicted in Fig. 6.3 for the frequency sweep from 10MHz to 10GHz.

Next, to demonstrate the error behavior of the proposed SVS-EFIE (6.8) solution

upon the h-refinement, the resistance and inductance of the same interconnect package

are obtained via MoM discretization (6.38) of the proposed SVS-EFIE (6.8) featuring

from 1.0 to 5.0 samples per skin-depth (6.5). The values of the relative error with

respect to the FastHenry reference solution [28] are shown in Fig. 6.4. The behavior of

the relative error numerically corroborates the rigorous nature of the proposed SVS-

EFIE in 3-D, as the error is being consistently reduced with increasing discretization

density.
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The volumetric current density j inside the conductors forming the interconnect

is obtained by substitution of the solution J of (6.38) into the single-layer ansatz

operator (6.6). For this numerical experiment, the right-hand side of (6.38) is con-

structed in such a way, that the conductor A is current-driven, while other eleven

conductors in the package are left open-ended. The frequency is fixed at 1GHz, and

the MoM discretization of the SVS-EFIE (6.8) is performed by using two samples

per skin-depth (6.5). Fig. 6.2a depicts the distribution of the volumetric current

density j inside the so-called “aggressor-conductor” A, and Fig. 6.2b — inside the

“victim-conductor” B. The relative error in the volumetric current density |j| does

not exceed 17% for the conductor A and is shown to be less than 3% in the vicinity

of the conductor boundary, where the major part of the current flows at 1GHz.

The last study compares the computational time and memory consumption re-

quired to obtain the Z-parameter matrix using the MoM solution of the traditional

V-EFIE (6.1) and the proposed SVS-EFIE (6.8). The resistance and inductance are

extracted for the twelve-conductor interconnect package depicted in Fig. 6.2 under

the 2 samples per skin-depth (6.5) MoM discretization for 0.5GHz, 1.0GHz, and

1.5GHz frequencies. The MoM solution of the aforementioned integral equations is

implemented in C++, and the SLAE’s arising from the MoM discretization of (6.1)

and (6.8) are solved directly via LU-decomposition [26]. The results obtained on a

single-core Intel Core i7 processor running at 2.7GHz are shown in Table 6.1. The

behavior of the execution time and memory consumption data confirm that the pro-

posed SVS-EFIE (6.38) is faster than the traditional V-EFIE (6.1) at both the matrix

fill-time and the solution of the SLAE.
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Fig. 2. Distribution of the volumetric current density j inside the conductors, constituting the depicted twelve-conductor package. Conductor A is driven by
1A current source at 1 GHz frequency, other conductors are left floating. The package has two planes of symmetry shown with dashed lines. The geometric
locations of the terminal points at the axes of the conductor segments are given for four conductors A – D in µm.
(a) Volumetric current density j inside the cross-section of the “aggressor-conductor” A obtained via the MoM solution (38) of the proposed SVS-EFIE (8),
traditional V-EFIE (1), and their relative error. (b) Volumetric current density j inside the cross-section of the “victim-conductor” B obtained via the
MoM solution (38) of the proposed SVS-EFIE (8), traditional V-EFIE (1), and their relative error.

In (35), A@S is an Ns ⇥ M matrix defined as

A@S
b,m =

8
<
:

�1 if surface current density Jm leaves node b

1 if surface current density Jm enters node b

0 otherwise,
(36)

where b = 1, . . . , Ns are the indexes of the conductor segments,
and m = 1, . . . , M are the indexes of the contour elements in
the discretization of the conductor. For the two-segment inter-
connect example depicted in Fig. 1, the volumetric incidence
matrix A@S is defines as

A@S =

 1⇥M1�1
1⇥M2

0
1 �1

�
(37)

where M1 and M2 is the number of linear elements discretiz-
ing the contours bounding the cross-section of the first and
second segment, so that M1 + M2 = M .

Combined together, (30), (34), and (35) reduce the integral
equation (8) to the set of M + Ns linear algebraic equations
(SLAE)

"⇣
Z@S,@S

� + �Z@S,V
0 · ZV,@S

�

⌘
�A@ST

ĀV · ZV,@S
� 0

#
·

J
�

�
=


0
Is

�
.

(38)
The SLAE (38) can be solved numerically either directly via

LU-decomposition [26] or iteratively [29], [30] to determine
both the unknown auxiliary surface current density J and

the potential values � at the end points of the conductor
segments. The required Z-parameter matrix can be obtained
without additional efforts from the part of the solution to (38)
corresponding to the calculated potential values � and the
known values of impressed currents. For the two-segment in-
terconnect example depicted in Fig. 1, Z11 can be determined
as follows:

� =


�1

�2

�
, Is =


�1
0

�
, Z11 =

�1

�Is1

. (39)

IV. NUMERICAL RESULTS

The validation of the numerical implementation of (38)
is conducted via comparison to the results obtained using
FastHenry network parameter extractor [28] and the MoM so-
lution of the traditional V-EFIE (1). In the numerical exper-
iments, we consider a twelve-conductor interconnect pack-
age depicted in Fig. 2. Each of the twelve conductors con-
sists of three piece-wise straight segments made of copper
(� = 5.8 · 107 S/m). The cross-section of each segment in
the package is a 20 µm side square. The package has two
planes of symmetry, so only geometric locations of the points
corresponding to the first four conductors A–D are given
in Fig. 2.

At first, the dependence of the resistance R and inductance
L values on frequency are obtained via MoM solution (38) of
the proposed SVS-EFIE (8) under the two-samples per skin-
depth �(f,�) (5) discretization of the conductor boundary @S

Figure 6.2: Distribution of the volumetric current density j inside the conductors
constituting the depicted twelve-conductor package. Conductor A is driven by 1A
current source at 1GHz frequency, other conductors are left floating. The package
has two planes of symmetry shown with dashed lines. Geometric locations of the
terminal points at the axes of the conductor segments are given for four conductors
A – D in µm.
(a) Volumetric current density j inside the cross-section of the “aggressor-
conductor” A obtained via the MoM solution (6.38) of the proposed SVS-EFIE (6.8)
and traditional V-EFIE (6.1), and their relative error.
(b) Volumetric current density j inside the cross-section of the “victim-conductor” B
obtained via the MoM solution (6.38) of the proposed SVS-EFIE (6.8) and traditional
V-EFIE (6.1), and their relative error. © 2014 IEEE.
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Figure 6.3: Resistance RA, self-inductance LAA, and mutual inductance LAB of con-
ductors A and B in the twelve-conductor package depicted in Fig. 6.2. The results
are first obtained under the two samples per skin-depth MoM discretization of the
SVS-EFIE (6.8) and compared against the FastHenry reference solution [28]. The rel-
ative error does not exceed 4% for resistance and 0.2% for inductance at frequencies
from 10 MHz to 10 GHz. © 2014 IEEE.
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Figure 6.4: Relative error of the MoM solution (6.38) of the novel SVS-EFIE (6.8)
with respect to the FastHenry reference solution [28] for resistance RA and self-
inductance LAA in the twelve-conductor package depicted in Fig. 6.2 as a function of
mesh refinement – number of samples per skin-depth (6.5) at 1GHz. © 2014 IEEE.



6.4. Numerical Results 106

Table 6.1: Computational Time and Memory for the Solution of the V-EFIE and
SVS-EFIE for the twelve-conductor package. © 2014 IEEE.

V-EFIE (6.1) SVS-EFIE (6.8)

f = 0.5GHz, M = 720 linear elements, N = 2, 916 filaments
Total Time 312 s 175 s

Fill Time 258 s 173 s
SLAE Solve Time 54 s 2 s
Memory 1.7 Gb 0.44 Gb

f = 1.0GHz, M = 2, 880 linear elements, N = 12, 996 filaments
Total Time 1,742 s 550 s

Fill Time 1, 219 s 544 s
SLAE Solve Time 523 s 6 s
Memory 7.7 Gb 1.2 Gb

f = 1.5GHz, M = 3, 456 linear elements, N = 19, 044 filaments
Total Time 4,128 s 999 s

Fill Time 2, 515 s 989 s
SLAE Solve Time 1, 613 s 11 s
Memory 12.8 Gb 1.97 Gb
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6.5 Conclusion

The paper presented a new rigorous single-source surface-volume-surface integral

equation for resistance and inductance extraction in 3-D interconnects of an arbitrary

cross-section. The new equation is derived from the classical volume electric field in-

tegral equation via representation of the electric field inside the conductor volume as a

superposition of the cylindrical waves emanating from its boundary. Being derivative

free, the novel equation features only a single unknown on the conductor boundary

and is shown to produce an error-controllable solution with a significant reduction

of the computational time in comparison to the Method of Moments solution of the

traditional volume electric field integral equation.
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Chapter 7

Application of the Novel

Surface-Volume-Surface EFIE to

Power Cables Parameter Extraction

As the result of the research collaboration with Manitoba Hydro, a significant

part of this M. Sc. project (Chapters 3, 4) is devoted to the current flow modeling

and parameter extraction for 2-D power cables. Within the scope of the research,

numerical implementation of the Method of Moments solution of the proposed SVS-

EFIE was done using C++ programming language. Such implementation allows for

OpenMP [Ope11] shared-memory parallelization and takes advantage of highly opti-

mised Intel Math Kernel Library (MKL) [Int13] for matrix operations. The Method

of Moments discretization is performed using the frequency adaptive mesh obtained

via open-source finite element mesh generator GMSH [GR09].
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To demonstrate the proper parameter extraction for cables of different cross-

sections, we present several numerical results and benchmarks of the C++ imple-

mentation of the novel SVS-EFIE formulation. The simulations were performed on

a computer with an four-core Intel Core i7 processor running at 2.7 GHz and having

16 GB of DDR3 1600 MHz operating memory. The solutions were generated using the

five-triangles per skin-depth frequency adaptive mesh with the aid of both OpenMP

shared-memory parallelization and the help of Intel MKL.

In the first numerical example, we consider a co-axial cable of a circular cross-

section depicted in Fig. 7.1. The inner conductor (2) is made of copper (σ =

5.96 · 107 S/m) and has the radius of 0.022 m. The cable sheath (1) is made of

lead (σ = 4.55 · 106 S/m) and has the inner and outer radii of 0.0395 m and 0.044 m,

respectively. At 60 Hz frequency, the contour mesh consists of 172 linear elements

and the volumetric mesh — 1, 636 triangles. The obtained matrix fill time was 76 ms,

and the solution of the set of linear algebraic equations required about 1 ms. The

per-unit-length resistance R and inductance L of the co-axial cable were extracted

using the differential line pair formulas [Pau07], as follows

R = R1,1 +R2,2, (7.1)

L = L1,1 − 2L1,2 + L2,2, (7.2)

where R1,1 is the resistance of the lead sheath, R2,2 is the resistance of the copper

inner conductor, L1,1 is the self-inductance of the sheath, L2,2 is the self-inductance

of the inner conductor, and L1,2 is the mutual inductance between the sheath and

inner conductor.
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Figure 7.1: Circular co-axial cable with lead sheath (1) and copper inner conductor
(2).

The values of the per-unit-length resistance R and inductance L for 60 Hz were

initially extracted via SVS-EFIE and further compared to those from PSCAD [Man10]

as shown in Table 7.1. For the frequency sweep from 10 mHz to 10 kHz the comparison

of the R and L values obtained via PSCAD and SVS-EFIE is depicted in Fig. 7.2

and Fig. 7.3, respectively. The maximum relative error with respect to PSCAD does

not exceed 3% in resistance and 1% in inductance for all frequencies of the analysis.

The computational time for the extraction of resistance and inductance grows

with the number of elements in both contour and volume meshes. The increase in the

mesh density is dictated by skin-effect, so the behaviour of the current density inside

the conductor cross-section is properly captured. The parameter extraction for 26

frequencies (logarithmic distribution) between 10 mHz and 100 Hz required less than

1 s, while the extraction for 32 frequencies between 10 mHz and 1 kHz — about 5 s,

and the extraction for 38 frequencies between 10 mHz and 10 kHz — about 74 s.
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Table 7.1: Extracted resistance (7.1) and inductance (7.2) of the circular co-axial
cable depicted in Fig. 7.1 at 60 Hz.

SVS-EFIE
Solver

PSCAD Relative error
w.r.t. PSCAD

Resistance, R (p. u. l.) 0.2043 mΩ/m 0.2035 mΩ/m 0.39%
Inductance, L (p. u. l.) 0.1621 µH/m 0.1627 µH/m 0.36%
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Figure 7.2: Extracted resistance (7.1) of the circular co-axial cable depicted in Fig. 7.1
for the frequency sweep from 10 mHz to 10 kHz.



Chapter 7. Application of the Novel Surface-Volume-Surface EFIE to
Power Cables Parameter Extraction 116

1 0−2 10− 1 100 101 102 1 03 104

Frequency, Hz

0 .12

0 .14

0 .16

0 .18

In
d

u
c
t
a
n

c
e

L
,

µ
H

            

  

  

  

SVS-EFIE PSCAD

Student Version of MATLAB

Figure 7.3: Extracted inductance (7.2) of the circular co-axial cable depicted in
Fig. 7.1 for the frequency sweep from 10 mHz to 10 kHz.
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In the next numerical example, we consider a co-axial cable of a square cross-

section (depicted in Fig. 7.4). The per-unit-length resistance R and inductance L

of the co-axial cable are extracted using the differential line pair formulas [Pau07]

similar to those of the circular co-axial cable. The comparison of the extracted values

of R and L to those obtained via V-EFIE (2.20) for the frequency sweep from 10 mHz

to 10 kHz is depicted in Fig. 7.5 and Fig. 7.6, respectively. The maximum relative

error with respect to the V-EFIE (2.20) does not exceed 3% in resistance and 1%

in inductance for all frequencies of the analysis. The comparison is performed with

respect to the V-EFIE, since the current versions of PSCAD cannot handle such cable

cross-sections.

Figure 7.4: Square co-axial cable with lead sheath (1) and copper inner conductor
(2).
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Figure 7.5: Extracted resistance (7.1) of the square co-axial cable depicted in Fig. 7.4
for the frequency sweep from 10 mHz to 10 kHz.
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Figure 7.6: Extracted inductance (7.2) of the square co-axial cable depicted in Fig. 7.4
for the frequency sweep from 10 mHz to 10 kHz.
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In the last two studies, we examine the extracted parameters for the complicated

three-conductor co-axial cables depicted in Fig. 7.7 and Fig. 7.8. The values of the

per-unit-length resistance and inductance at 60 Hz were initially obtained via SVS-

EFIE and further compared to those from the V-EFIE (2.20) as shown in Table 7.2

and Table 7.3, respectively. Again, these cables cannot be simulated using current

versions of PSCAD.

For the three-conductor round co-axial cable (Fig. 7.7), the parameter extraction

for 26 frequencies (logarithmic distribution) between 10 mHz and 100 Hz required

less than 4 s, the extraction for 32 frequencies between 10 mHz and 1 kHz — about

6 s, and the extraction for 38 frequencies between 10 mHz and 10 kHz — about 26 s.

The maximum relative error with respect to V-EFIE (2.20) does not exceed 2.5% in

resistance and 0.5% in inductance for all frequencies of the analysis.

For the three-conductor sectorial co-axial cable (Fig. 7.8), the parameter extrac-

tion for 26 frequencies (logarithmic distribution) between 10 mHz and 100 Hz required

about 1 s, the extraction for 32 frequencies between 10 mHz and 1 kHz — about 3 s,

and the extraction for 38 frequencies between 10 mHz and 10 kHz — about 31 s.

The maximum relative error with respect to V-EFIE (2.20) does not exceed 5% in

resistance and 0.1% in inductance for all frequencies of the analysis.
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Figure 7.7: Three-conductor round co-axial cable with lead sheath and copper inner
conductors (Pirelli 35 KV 3 conductor round paper insulated cable 4/0 American
Wire Gauge (AWG)).

Table 7.2: Extracted resistance and inductance of the three-conductor round co-axial
cable depicted in Fig. 7.7 at 60 Hz.

SVS-EFIE
Solver

V-EFIE Relative error
w.r.t. V-EFIE

Resistance, R1,1 (p. u. l.) 0.1611 mΩ/m 0.1699 mΩ/m 0.07%
Resistance, R4,4 (p. u. l.) 0.2681 mΩ/m 0.2714 mΩ/m 1.21%
Inductance, L1,1 (p. u. l.) 1.0782 µH/m 1.0778 µH/m 0.04%
Inductance, L1,2 (p. u. l.) 0.7071 µH/m 0.7071 µH/m 0.01%
Inductance, L1,4 (p. u. l.) 0.6635 µH/m 0.6634 µH/m 0.01%
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Figure 7.8: Three-conductor sectorial co-axial cable with lead sheath and copper inner
conductors (Pirelli 35 KV 3 conductor sectorial paper insulated cable 500 MCM).

Table 7.3: Extracted resistance and inductance of the three-conductor sectorial co-
axial cable depicted in Fig. 7.8 at 60 Hz.

SVS-EFIE
Solver

V-EFIE Relative error
w.r.t. V-EFIE

Resistance, R1,1 (p. u. l.) 0.1379 mΩ/m 0.1370 mΩ/m 0.65%
Resistance, R4,4 (p. u. l.) 0.2427 mΩ/m 0.4240 mΩ/m 0.13%
Inductance, L1,1 (p. u. l.) 1.0521 µH/m 1.0521 µH/m 0.01%
Inductance, L1,2 (p. u. l.) 0.7141 µH/m 0.7141 µH/m 0.01%
Inductance, L1,4 (p. u. l.) 0.6482 µH/m 0.6482 µH/m 0.01%
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Chapter 8

Conclusions and Future Work

8.1 Conclusions

In this thesis, a new rigorous single-source surface-volume-surface integral equa-

tion has been derived for full-wave scattering on 2-D homogeneous penetrable cylin-

ders and current flow modeling in 2-D and 3-D conductors of an arbitrary cross-

section. The novel integral equation is derived from the classical volume electric field

integral equation via representation of the electric field at any point inside the homo-

geneous subregion as a superposition of the elementary cylindrical waves emanating

from its boundary. Being derivative free, the novel formulation features only a single

unknown on the conductor boundary and involves only a few simple integral opera-

tors. These advantages come at the cost of having more complicated field translation

integral operators: surface-to-surface, volume-to-surface, and surface-to-volume. We

provide a detailed derivation of the matrices in the Method of Moment discretization

of the novel surface-volume-surface integral equation for 2-D and 3-D magneto-quasi-

statics and 2-D transverse magnetic polarised wave scattering.
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Several numerical examples ranging from isolated single-conductor lines and 2-

D power cables of an arbitrary cross-section to 3-D interconnects have been used

to demonstrate the accuracy of the method and its computational benefits vs. the

traditional solution based on the volume integral equation for current flow modeling

and inductance extraction [Che95, KTW94]. The solution of the full-wave surface-

volume-surface integral equation is compared against that of the traditional surface

and volume integral equations [PRM98,Ric65].

The surface-volume-surface integral equation is shown to produce an error-con-

trollable solution with a significant reduction in computational time as opposed

to the Method of Moments solution of the volume electric field integral equation.

Specifically, the proposed formulation can extend the capabilities of PSCAD/EMTDC

[Man10] software to handle cable cross-sections of an arbitrary shape, which further

allows to increase the accuracy of transient simulations of power delivery systems.
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8.2 Future Work

• To take the advantage of the matrix sparsity in Method of Moments solution of

the surface-volume-surface integral equation for magneto-quasi-statics.

(The author of the thesis plans to submit the journal paper on that topic in early

2014)

• To extend the proposed 2-D full-wave formulation of the surface-volume-surface

integral equation for the scattering under transverse electric polarization.

• To investigate and implement the acceleration of matrix-vector and matrix-

matrix multiplies in the Method of Moment solution of the novel surface-volume-

surface integral equation using fast Fourier transform [CTB95], fast multipole

method [GR87], and matrix decomposition [Bor09,MB96] methods.

• To implement the Method of Moments solution of the surface-volume-surface

integral equation in the presence of a layered medium. As the proposed integral

equation formulation is derivative free, it can be particularly suitable for the

analysis in multilayered media.

• To derive the surface-volume-surface formulation for the solution of 3-D full-

wave scattering problems.



125

Bibliography

[AS64] M. Abramovitz and I. Stegun, (ed.) Handbook of Mathematical Functions,

Dover, 1964.

[AN01] R. Achar, M. S. Nakhla, “Simulation of High-Speed Interconnects,” Proc.

IEEE, Vol. 89, No. 5, pp. 693–728, May 2001.

[BKB09] S. Bonyadi-ram, B. Kordi, G. E. Bridges, “Buried cable parameter ex-

traction using a full-space unbounded conformal mapping tech-

nique,” 13th International Symposium on Antenna Technology and

Applied Electromagnetics and the Canadian Radio Science Meeting

(ANTEM/URSI), pp. 1–4, Feb. 2009.
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