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Abstract

In this thesis, electromagnetic imaging is investigated as an application of inverse scattering with

particular attention to the iterative algorithms used for numerical analysis.

The techniques of equivalent cunent refinement, prediction-correction and adaptive aigorithm

transference are developed to fulfil the numerical reconstruction of dieiectric objects. The imaging

of lossless and lossy dielectric objects is investigated in two- and th¡ee-dimensional cases. The

involved nonlinear ill-posed problems are solved by using these techniques along with the Born and

the Newton iterative technique. It is shown that the application of these techniques improves the

numerical convergence, stability and flexibility of the iterative method. An efficient and better

object reconstruction is achieved.

As the resuit of an analysis about the computational errors in the total electric field inside objects,

a procedure of equivalent current refinement is presented. It improves the iteration results and the

convergence of the iterative process. Since the refinement is applied after each iteration, it is

applicable for different iterative algorithms. The added computation time for using this technique

is comparatively negligible.

A prediction-correction algorithm is presented in the further investigation of the numerical

algorithm for electromagnetic imaging. The numerical stability and fast convergence is achieved

by using the full information obtained in the iteration process to make a prediction of the object

function for each iteration. In the prediction procedure, the prediction of the solution for a nonlinear

ill-posed problem consists of a linear prediction for an iit-posed linear problem and a prediction for

a nonlinear well-posed problem. It avoids the difficutty in the direct prediction of the solution for

a nonlinear ill-posed problem. The selection of the data used for making the prediction prevent the

divergence of an iterative process. The prediction--correction technique presented in this algorithm

is applicable with different iterative algorithms such as the Born and the Newton iterative methods.

Its effectiveness is illustrated through solving the problems of electromagnetic imaging of lossless



and lossy dielectric objects.

In order to cope with the variety of the objects in electromagnetic imaging, an adaptive algorithm

is presented. This proposed algorithm optimizes the iterative process by choosing the better

algorithm for each iteration. A decreasing ratio of error in the computed scattered field is used as

the criterion for selecting the more suitable algorithm for each iteration. This criterion allows that

the performances of algorithms are compared in an efficient way. Because of the combination of

the different algorithms, the adaptive algorithm is more flexible to different objects and capable to

deal with more complex objects.

Numerical tests are carried out by using these techniques for lossless and lossy dielectric objects.

The cases for the presence of noise in measured data are also considered and computed. The results

are presented and discussed.

1l
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lntroduction

L.L General

Electromagnetic imaging of dielectric objects belongs to the class of inverse problem. It is an

important research field and has been attracting the interests of many scientific researchers. Its

applications can be found in various engineering fields such as geophysics, radar, remote sensing

and nondestructive diagnosis and are associated with different physical means such as transient or

single frequency electromagnetic waves and static electric or magnetic fields. The earliest engi-

neering application is found in geophysics, in which the information of geologic structure is de-

termined by inversion of measured electromagnetic sounding data [1]. In industry, an appiication

is nondestructive detection, although there are other nondestructive means for nondestructive de-

tection such as ultrasound and x-ray detection. The different physical mechanisms of electro-

magnetic imaging make it a potentially attractive means for nondestructive detection [2-3]. Elec-

tromagnetic radar imaging is applied for underground object identification [4-5]. In remote

sensing, synthesized aperture radar is used for geophysical exploration or weather monitoring [6].

In medical diagnostics, except acoustic tomography [7-8], inverse scattering methods are used in

electric impedance tomography [9] and microwave tomography [10-13] to image human body

and determine the electric parameters of tissues.

The analysis of electromagnetic imaging is different from the methods used in electromagnetic

scattering or diffraction, although it requires the theory of electromagnetic scattering and diffrac-

tion. When an electromagnetic field of any type is incident upon an object, a scattered electric

field is generated by the electric current induced in the object. The determination of the scattered

electromagnetic field when the incident field as well as the electromagnetic properties of the ob-

ject are known is called the direct problem of scattering or diffraction and is solved by using the
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theory of scattering or diffraction. Electromagnetic imaging is an inverse problem. It requires

the determination of the electric parameters of the object from given data of the scattered electric

field.

The theory of inverse scattering has been investigated extensively by many authors and vari-

ous inverse scattering formulae have been derived U4-191. In theoretical discussion, although

the uniqueness of the solution in inverse scattering has been discussed for a long times [I4-t6],

this problem still remains to be settled [20]. In engineering probiems, the main difficulty is that

inverse scattering is an ill-posed problem and the numerical solution is very sensitive to small

error caused by measurement and numerical computation [20-24]. In different disciplines and in

different cases, the mathematical expressions of the inverse problem are presented in various

forms and thus, the methods for inverse scattering have been developed in very different ways.

On the other hand, since inverse scattering covers many different disciplines, many methods

applied in electromagnetic imaging can be found from their counterparts in other disciplines and

some of the methods in electromagnetic imaging are brought from other disciplines such as seis-

mic exploration, imaging process, X-ray and acoustic tomography.

In electromagnetic imaging, objects to be imaged can be divided into two categories. One

category consists of perfectly conducting objects and the other category consists of lossless or

lossy dielectric objects. For a conducting object, electromagnetic imaging is used to determine its

shape from its scattering of the incident signal and for a dielectric object, the distribution of elec-

tric parameters in an object must be determined. However, these two categories are not entirely

separated. When the conductivity of a dielectric object is very high, it can be taken as a perfectly

conducting object.

1,.2 Inverse Scattering Methods for Object Reconstruction

In inverse scattering, the simplest case is one-dimensional inverse scattering. One of the

methods for the one-dimensional case of inverse scattering of dielectric objects is impediography

[25]. In this method, the well known Wentzel-Kramers*Briltouin (WKB) approximation is used
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to simplify the equation into a simple integral expression for the impedance spatial distribution.

Since the WKB approximation is a first order approximation of the solution for the wave equa-

tion, impediography is valid only for media with sufficiently small spatial variations, such that

the magnitude of the reflection wave is of an order smaller than that of the transmission wave.

Another method is the Gaupillaud method [26] which is based on the discrete analysis of wave

scattering in a layered medium. The medium is divided into special layers in which the travel

time in each layer is the same. The reflection and transmission coefficients in each layer is ob-

tained by recurrence. For a layered medium, this method is exact. For a continuous medium, the

approximation is better as the slab division becomes fine. Because it incorporates both first and

higher order reflections, this method can handle the case of large impedance variations. In geo-

physics, the methods for the mapping of layered media from the reflection of pulsed RF signal

have been developed 127-291. In the seismic exploration industry, the technique of dynamic de-

composition is routinely applied with considerable success [30]. However, weak scattering is as-

sumed and they subject the same limitation as the one for the impediography method.

Since the concept of plane wave propagation used in the one-dimensional case does not hold

for the two- and three- dimensional cases, the equivalent radiating current source is widely used.

The methods for the two- and three-dimensional cases that have been proposed are various and

many of them can be also found in other descriptions such as quantum physics, optical hologra-

phy, x-ray tomography, acoustic tomography, radar image processing.

A possible approach to the problem in the two- and three-dimensional cases, the ray-based

algebraic reconstruction technique(ART) has been discussed by many authors. This approach has

been applied to microwave imaging [31], but the images are seriously faulted by inaccurate re-

construction. For example, solid cylinders of uniform loss are reconstructed as nearly tubular in

cross section. Some experiments have been performed with water-loaded and coupled wave-

guide antennas with low contrast targets in transmission tomography. The reconstruction from

the experimented data lacked acceptable accuracy because of the use of the assumption of straight

line propagation. Some modifications of ART have been proposed t32-331. These approaches
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use numorical damping factors and weighting to ensure convergence of ART solutions in the

presence of the noise modeling of departures from ray optics. In ART, a serious defect is that a

single, linear ray path can not be reasonably assumed to connect the transmitter and receiver.

Neither can a single curved ray path be assumed to connect the transmitter and receiver. Minor

changes in launch angle of a ray have a dramatic effect upon the receiver site where the ray is

terminated.

The inverse scattering method proposed by Bojarski [14],[33] is exact and does not share the

limitations of the Born and Rytov approximations applied to the description of the total electric

field. Bojarski deduced a description of the total electric field that makes no assumptions with

respect to weak scattering. Also minor assumptions with respect to the uniqueness of the inver-

sion are necessary. The source must be limited in extent and have finite energy. It is also as-

sumed that all source components must radiate 134-351. The numerical solution of the integral

equation derived by Bojarski is ill-posed and the theory has not been widely appiied to the eiec-

tromagnetic imaging of dielectric objects [19].

Another method is Diffraction Tomography (DT) [10-i3] and it has received a lot of attention

in the past decade. The method is quite similar to the x-ray tomography. The object is itlumi-

nated by a set of piane waves. For each illumination, the forward scattered fields are sampled

along a straight line (or a plane in three-dimensional cases). V/ith Born or Rytov approxima-

tions, the distribution of the electric parameters in the object are assumed to be linearly related

with the scattered field. The implementation of fast Fourier transformation(FFT) of the data sup-

plies the value along an arc in the spectrum of the object. The radius of the arc is Zko , where ko

is the wavenumber of the incident field in the surrounding medium. The Fourier spectrum space

is filled by the arcs obtained from multiple illuminations. The object is recovered from the band-

limited Fourier spectrum. Because the FFT is employed in this algorithm, the speed of data pro-

cessing can be fast enough to make real time imaging possible. The bandwidth of the Fourier

spectrum limits the resolution of reconstruction. DT is also subject to various limitations, such

as the creation of artifacts due to diffraction effects of strong contrasts and the need for a large
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amount of sampling. It has been shown that with Born approximation, the total phase difference

in phase shift through the surrounding medium and through the target must be less than 90 degree

for reasonable numerical accuracy [12],1361. In the case of Rytov approximation, Iarger total

phase shifts are admissible, but the phase shift per wavelength must be small. As an example, a

5Vo deviation in index of refraction in a cylinder only one wavelength in diameter will ruin the

reconstruction. Therefore, DT is generally appiied to weaker scatterers. Numerical simulation for

the case of lossy media has been performed by Slaney et aI1361. Loss in either the surrounding

media or the object introduces some problems in the sense of signal-to-noise ratio ( especially

for the the higher spatial frequencies), but it offers the advantage that multiple scattering effects

are reduced [37]. Lossy media have a distinct advantage to the Born approximation in compari-

son to the Rytov approximation with respect to the range of variation in the complex index refrac-

tion over which reasonabie numerical accuracy may be obtained.

The Method of Moments has also been used in the spectral domain by Lee, Kim et aI [38-39].

Although they get satisfactory results, the calculation is done only for objects of weak contrasts

with one-dimensional plate in two dimensional space. The measurement spectrum is also as-

sumed to be ideal although practical measurement is discrete in space. The errors between the

ideal continuous spectrum and the actual discrete spectrum obtained from the FFT of measure-

ment data are difficult to eliminate. Different basis functions have been tested and modified basis

functions are proposed to improve the numerical results. Numerical tests show that this method is

very sensitive to noise and rcgularization has to be applied to stabilize the reconstruction.

Since the methods in the space domain can deal with high contrast dielectric objects, these

methods have received more attention in recent years. Compared with the methods in the spectral

domain, these methods also have the advantage that there are fewer limitations on the positions of

the radiators and receivers. In these methods, Richmond's procedure [a0] is widety applied for

the discretization of the integral equations for the electromagnetic imaging. This is because this

procedure is easy to implement and has good accuracy. The discretization of integral equations

converts the integral equations to matrix equations. To the equivalent current induced in the ob-
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ject, the inverse scattering problem is a linear problem because the scattered field is linear to the

equivalent current. For the distribution of electric parameters in the object, the problem of deter-

mining the distribution from the scattered field is nonlinear because the distribution is not linear

to the equivalent current. The Born or Rytov approximation can be applied to simplify the prob-

lem by making the relation linear, if the objects are weak scatters.

Ney er al l2ll, [41] proposed the method of pseudoinverse transformation to electromagnetic

imaging. The equivalent current distribution is reconstructed by using the pseudoinverse trans-

formation. The electric parameters are obtained from the reconstructed equivalent current. Pseu-

doinverse transformation is a very powerful method in dealing with ill-conditioned matrix equa-

tions. In this method, the solution obtained is not only a least square solution but also a solution

with minimum norm. In the solution, the highly oscillatory nonradiating part in the equivalent

current is eliminated and a fiitered solution is obtained. Caorsi et al l2Il,142431have applied

this method in two- and three-dimensional electromagnetic imaging of dielectric objects. They

discussed convergence, errors, measurement and illumination positions in this method and they

introduce a threshold to circumvent the ill-conditioning difficulty. For single iiiumination, the

nonradiating current discarded in pseudoinverse transformation is impossible to reconstruct, be-

cause no information about the nonradiating current can be obtained from the measured scattered

field. However, for the multiple illumination case, the nonradiating equivalent current informa-

tion for an individual illumination can be provided by other illuminations. This part can be de-

termined from the information provided by the solution for other illuminations. The separated

applications of pseudoinverse transformation for different illuminations make the nonradiating

parts of equivalent currents for different illuminations unrecoverable. The equivalent currents

obtained by pseudoinverse transformation are incompatible for a same permittivity distribution.

Although Caorsi et al[43] has tried to solve the equivalent curent distribution for different illu-

minations by using only one unified pseudoinverse transformation, the problem of recovering the

information in the nonradiating cument is still not solved.

Hagmann et aI l44l and Weiyan et aI l45l have solved this problem by inversion of the ma-
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trices consisting of scattered fields or incident fields by using special receiving or illumination

arrangements. Since there is no inversion of ill-conditioned matrices in their methods, the algo-

rithms are numerically stable. In [44], the special illuminations make the column vectors repre-

senting the measured scattered fields for different illuminations linearly independent and the cor-

responding matrix is invertible. In [45], the special measurements are applied and the invertible

matrix is the matrix consisting of the column vectors for all incident fields. Such special iilumi-

nation or receiving arrangement requires that the transmitters and receivers have narrow beam

widths. Although this requirement can be satisfied by an array with a large numerical aperture in

the near field region, it may be difficult to realize in practice. In their numerical computation

tests, the effect of noise is not counted in.

The iterative methods with regularization in the space domain have become popular in recent

years. Wang and Chew proposed the Born iterative method in which the total electric field and

the distribution of electric parameters are updated by solving the direct and inverse problem sepa-

rately in each iteration [46]. When the computed electric field tends to the actual one, the com-

puted distribution of the electric parameters (object function) tends to the actual one. Chew and

Wang also proposed the distorted Born iterative method 1471. In this method, the Green's func-

tion for the computed distribution of the electric parameters is updated in each iteration. The

distorted Born iterative method provides a faster convergence than the Born iterative method. On

the other side, it is not as robust to the noise as the Born iterative method. Joachimowicz et al

[23] applied a Newton iterative procedure with the Tikhonov regularization[241. In their merhod,

the first order variations of the expression of the equivalent current is applied. The regularization

applied in these methods is not only to make the numerical calculation stable but also to filter out

the noise coming from measurement. To optimize the regularization parameter, Joachimowicz et

a/ proposed the determination of the regularization parameter by including the trace of the ill-
conditioned matrix and the error in the computed scattered electric field in the regularization pa-

rameter 1231.

Stochastic methods are another kind of iterative method. In these methods, either the iterative
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process is considered as a random process or the distribution of the electric parameters of the

object is considered as a random distribution. The methods derived from the probability and sto-

chastic process theory are applied to solve the problems. A typical method is the Maximum En-

tropy method [48-50]. This method has been applied in various fietds such as image processing,

antenna design [51-52] and has a clear physical explanation. In the reconstruction of the equiva-

lent current, the effect of noise in measured data is reduced by appiying a constraint of maximiz-

ing the entropy of the equivalent current. Because the entropy function is a nonlinear function,

the linear relation between the scattered fields and the equivalent current becomes complicated

and the problem has to be solved by iterative methods. To avoid the iterative process being

trapped at a local minimum, the simulate annealing iterative methods were applied in [53-54].

This kind of methods is based on random search of a better solution and the acceptance of results

is determined by its probability function at each iteration step. It provides better results when no

noise is added but the manner of random search makes the computation time quite large. The

method of Markov random fields was proposed by Caorsi et aI l55l recently and it uses Markov

random fields to model the distribution of the electric parameters. The a priori knowledge is

used to construct the probability function of the distribution of the electric parameters. The simu-

late annealing algorithm is applied to carry out the reconstruction. Since the a priorl knowledge

of the object can be easily applied in the constructed probability distribution of Markov random

fields, it can reconstruct the object from highly noised data using the Born approximation. How-

ever, in this method, a reasonable construction of the probability distribution is highty dependent

on the knowledge of the object.

In the time domain, Tijhuis[56] proposed an iterative method to reconstruct a one-dimensional

dielectric plate in the time domain. Moghaddam and Chew [57] proposed a method to solve a

two-dimensional problem in the time domain. In their method, the time domain problem is trans-

formed by using Fourier transformation. The integral equation obtained in time domain is trans-

formed in a set of integral equations in spatial domain with different frequencies which are solved

by Born-type iteration method. In the computation, the dielectric profile is assumed independent
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of frequency. Batrakov and Zhuk [58] proposed an algorithm based on the Newton-Kantorovich

iterative procedure and Tikhonov regularizationfor solving the two-dimensional inverse problem

in the time domain. Within their work, a lot of calculations are given in explicit form, which

significantly reduce the computer implementation and consequently make the algorithm suitable

for real-time processing of the experimental data. However, their analysis requires the object to

be a cylinder with the permittivity varying in the radial direction, which iimits its application to

complex objects. In another paper[59], they extend their work to the case of an object with arbi-

trary distribution of the permittivity. In this generalized solution, the calculations are not simpli-

fied as in their earlier paper. The advantage of the methods in time domain is that more informa-

tion is available. At the same time, the computation cost is huge compared with the one in the

space domain because the fields at different times, or its time spectrum, has to be calculated.

Because the short-duration pulse is often used as the excitation in the application, the excitation

signal covers a wide frequency range. At high frequencies, the conductivity and the permittivity

of the object are generally functions of frequency, and the reconstruction of the electric parame-

ters requires knowledge of the dispersion of the materials. This limits the application of electro-

magnetic imaging over wide frequency band. Therefore, in many applications such as under-

ground object detection and biological imaging 160-641, radar techniques are used to image shape

or reflection contrast, not the distribution of electric parameters of objects.

As a limiting case when the frequency is zero, electrical impedance tomography has also been

investigated by many people. It utilizes the fact that static voltage applied to the regions of differ-

ent conductivity conduct different current. From the current measurements, the impedance image

of objects are reconstructed [65-66]. Different techniques have been proposed to suppress the

effect of error in experiments and regularization is applied to stabilize the numerical solution.
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1.3 Outline of Thesis Work

lntroduction

In this work, iterative methods are used to study the nonlinear ili-posed problem of electro-

magnetic imaging of dielectric objects in the spatial domain. By using the iterative methods, the

nonlinear problem is converted into a sequence of linear problems and regularization is applied to

overcome the difficulty inherent in the numerical stability of the inversion of the ill-conditioned

matrices involved.

The purpose of this thesis is to present iterative techniques which can be used to more accu-

rately, efficiently and flexibly solve the integral equations associated with electromagnetic imag-

ing of dielectric objects.

The convergence, numerical stability and flexibility of different iterative algorithms are dis-

cussed and three techniques are presented to improve the performance of iterative methods. These

techniques are compatible with each other. Therefore, they can be used in the same iterative pro-

CESS.

The first method is the equivalent current refinement. This technique is based on the consider-

ation of the eruor in the computed total electric field at each iteration step and its application im-

proves the iteration results with less computation cost. For different iterative algorithms such as

the Born and Newton iterative methods, the mathematical expressions are different but the scat-

tered field is a linear function ofthe product oftotal electric field inside the object and the object

function or its first order variation. As a result, the deviation of the computed object function

compensates the error in the computed total electric field when solving the inverse problem. The

equivalent current refinement uses this compensation to achieve a better evaluation of the equiva-

lent current. From this equivalent current, a better evaluation of the object function is obtained.

The current refinement technique improves the numerical stability and convergence of the itera-

10
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tive process. Since it is a post-treatment of the iteration results in each iteration, it may be used

in different algorithms.

The second technique is the prediction-correction technique. In this technique, instead of us-

ing the newly computed object function, a predicted object function is used as the initial guess for

the next iteration. In the prediction procedure, a set of results consisting of selected previous

iteration results and newiy obtained ones are used for making the prediction. The prediction con-

sists of two steps. First, a predicted equivalent current is computed from a linear weighted com-

bination of the equivalent curents obtained from the selected data. Those weight coefficients

used in the equivalent current prediction are the solution of a minimization problem, in which the

difference between the scattered electric field generated by the predicted equivalent current and

measured data is minimized. Then, the predicted object function is computed from the predicted

equivalent current. The next procedure is correction, in which the total electric field is obtained

from the direct problem with the predicted object function and the object function from the in-

verse problem, which is a typical iteration of a general iterative algorithm. The advantage of

making a prediction is that information obtained in the iterative process itseif is fully used. Since

better data are used for making the prediction, a better estimate of the object function can be ob-

tained. Since the prediction is made from a set of selected data, the effect from individual data is

reduced and the iterative process becomes numerically more stabie. The selection of the data

used for making prediction plays an important role in keeping the iteration process out of diver-

gence. Even when the preceding iteration generates much poorer results, these results are only

appiied once and later they will be removed from of the set used for making prediction. If the

equivalent current refinement can be taken as a simple prediction, the presented prediction tech-

nique is a further development of current refinement technique. This technique is a pre-treatment

ll
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of iteration and can be applied to different iterative algorithms.

The third technique is adaptive algorithm transference. This technique originates from the ob-

servation of the results in numerical simuiation of electromagnetic imaging for different objects.

It is found that the behavior of different algorithms are quite different in different situations and is

related with the property of the permittivity distribution of the object under imaging. In the adap-

tive algorithm, the behavior of different iterative techniques are compared and the algorithm

which has better performance than the other available algorithms is selected for the next iteration.

To compare different algorithms, a decreasing ratio is introduced as the criterion for the algorithm

comparison. This ratio is defined as the ratio of the error in the computed scattered electric fields

to the measured data. Those fields are computed from the object functions used for iteration and

obtained after iteration, respectively. Since the algorithm comparison is a complex problem, a

maximum number for the continuous application of a single algorithm is introduced for more un-

biased comparison. The setup of this number also has the effect of helping the solution escape

from local minimums. This technique combines different iterative algorithms. Therefore, it opti-

mizes the iterative process and makes the iterative algorithm more flexible to various objects.

Numerical results show that it can deal with more comDlicated obiects.

In chapter 2, thematrix formulation of the 
"t".oi"¿ 

integral 
"quurlon, 

for the direct and in-

verse problems are given. The discretization of the integral equations for the two-dimensional

TM wave and three-dimensional problem is presented.

The problem of uniqueness and numerical stability of the solution of electromagnetic imaging,

as an ill-posed problem, is discussed in chapter 3. As a powerful method to overcome the diffi-

culties in the numerical stability and the uniqueness of the solution, regularization is discussed

and various regularization techniques are presented. Noise representing the measurement error

T2
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and its effect on the numerical reconstruction of the object are discussed.

In chapter 4, the equivalent current refinement technique is presented. The effect of the com-

puted electric field on numerical reconstruction is discussed and an improvement of the iterative

methods is presented by introducing the equivalent current refinement technique. The numerical

simulation results for different dielectric cylinders illuminated by multiple two-dimensional TM

incident waves are presented. The results obtained by this technique associated with the Born and

the Newton iterative methods are presented.

In chapter 5, the prediction-correction technique is discussed in detail. For a clear explanation

of the idea, the mathematical formulation is carried out for the case of single illumination and

then, extended to the case of multiple illuminations. The numerical results for the case of two-

dimensional TM waves are presented. The numerical results for different examples by this meth-

od and other ones are compared.

The adaptive algorithm transference technique is presented in chapter 6. The behavior of dif-

ferent algorithms in different situations are compared by numerical tests. The different methods

of comparing the performance of different algorithms in an iterative process are discussed and the

decreasing ratio of the errors in the computed scattered field is introduced, which is used as the

criterion for selecting the better algorithm for later iterations. The maximum iteration number is

defined, after the discussion of imperfections in the criterion. To make a comparison, in numeri-

cal computation, a more complex object is considered.

In chapter 7, the three-dimensional case is considered. Although more electric field compo-

nents have to be considered, the matrix equations can be expressed in the same form. The results

of reconstruction by using different polarization components in the measured data are presented

and discussed.

IJ
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Finally, the conciusion of the study work in this thesis is drawn and future work is suggested in

chapter 8.

I4



Chapter 2

lntegral Equations for Electromagnetic Imaging

2.L Dyadic Green's Function

A dyadic function A:(r, r') can be defined as

A:(r, r') = B(r, r')C

where B(r, r') and C are vectors. 'When A:(r, r') acts on a vecto¡

A:(r, r') .a = B(r, r')[C ' a]

o-1\

()-)\

The dyadic function linearly transforms a vector function into a new vector function and there-

fore, it plays a role similar to that played by a matrix in algebra. Since, in the analysis of electro-

magnetic fields, the transformation between two vectors is often encountered, the dyadic func-

tion is found to be very useful [67]. Considering the vector Green function gr(r, r') , gy(r, r')

and g.(r, r') which represent the vector fields generated by a unit source vector at r' in direc-

tions x, y and z , respectively, a dyadic Green function is obtained from their linear combina-

tion

G(r, r') = g"(r, r')x + gr(r, r')y + gr(r,r')z (2-3)

From it, the field go(r, r') generated by a unit source vector at r' in arbitrary direction a can be

obtained go(r,r') = d(r, r') . a .

2.2 F,lectric Field Integral Equations

For time-harmonic excitation, where the fields vary in time according to et@t , the Maxwell's

equations can be written as

15
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V x E(r) =-jø¡tE\(r)

V x H(r)=J(r)+(7'øe(r) +ø(r))E(r)

€o

þo

/

o-4\

(2-s)

In most cases, the magnetic permeabllity p is a constant þo and the information of interest in

electromagnetic imaging is the spatial distribution of the electric permittivity e(r) and of the con-

ductivity o(r) . From (2-5) and the curl o1(24), the expression for the Hemholtz vector wave

equation for E(r) can be obtained

V x V x E(r) + jøpfjae(r) +ø((r)lEçr) = -jøpJ(r) (2-6)

Fig.2.I : Illustration of electromagnetic scattering.

Consider a dieiectric object with electric permittivity e(r) and conductivity o(r) illuminated

by an arbitrary electromagnetic field shown inFig.2.l. The electric field differential equation

(2-6) outside the object can be written as

V x V x Er(r)-fr2E(r¡ =g r e V OJ\

t-
where k = a J uolro is the wavenumber in free space with the permittivity eo and the permeabil-

4
Etu

.F

r6
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íty po in free space. Et(r) represents the total electric field vector and is written as

E/(r) = Etlr¡ + E'1r¡ (z-B\

where Et(r) and Es(r) stand respectively for the incident and the scattered electric field vectors

outside the object and satisfy (2-7) separately. Inside the object, the wavenumber becomes

=, J r"rr"ç(Ð (2-e)

where

ç.(r) = 
tO-1r *-g(Ð-j e-ro)ç l(Ðe\r)

and the differential equation for the electric field is

VxVxE'(r)-4(r)n(.)=O r€V (2-II)

which can be written as

VxVxE,(r)-Ên,çr¡=lÊG)-k21øtçr¡ r€V (z-tz)

Since Et(r) still satisfies (2--7), we can rewrire (Z-IZ) with the help of (2-8) as

V x V x E"(r) - Pe"lr¡ = lkTG) - t<21ntçr¡

= - japJ(r) (2-13)

with an equivalent current called the polarization current, defined as

J(r) = j(ø¡t)4lt ?G) - k21Btçr¡

- !:-o(r)Er(r) (z-r4)
(Dp

where

o(r)=ç.(r)-1 1z-r5)

is called the object function.

77
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The solution of the total electric field inside the object with a known object function is called

the direct problem and the electric field integral equation can be expressed as

(2-r6)

The solution of the equivalent current or object function inside the object from the measured

scattered electric field outside the object is called an inverse problem and the electric field inte-

gral equation can be expressed as

r_
Er(r) = J,Q., 

r'¡ .Er¡r';o(r') dr' + Etlr¡

t_
E (r) = 

J ".(",r') 
'J(r') dr'

Es(r) = 
f" 

O:,", r') .Et(r')O(r') dr'

In (2-I7), to simplify the relation between the equivalent current and the object function, the

;p2
equivalent current is normalized by the factor /'" and the corresponding dyadic Green's func-

oþ

tron G(r, r') satisfïes the equation

(2-r8)

V x V x d(r, r') - PF(r, r') = fr2l: ô(r - r') (2-re)

where i= f* + iy + ûì, is the unit dyadic function. In free space, the dyadic Green's function is

defined as

_fJI#)¡¿lr - r,l)I-4

(z-fl)

(2-20)
2-D TM case

E(r,r'¡ = ¡¡2

, f = I
1r:+ jvv ¡l-jñfktr-r'l) | z-D rE case" L* I

1 o-jklr-r'l(I+jVV.); 

- 

3-D case
K' +fi,r -1 1

where ¡f ir the Hankel function of the second kind and zero order.
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Chapter 2 Integral Equations for Electromagnetic lmaging

2.3 Matrix Formulation of Discretized Electric Field Integral Equations

One of the most powerful numerical techniques for numerically solving an integral equation is

the method of moments. It solves a linear operator equation by converting it to a system of linear

equations. In the method of moments, the unknown quantity in the integrand such as the distribution

of the equivalent current or the total electric field is expanded by a set of selected basis functions

with unknown coefficients. Utilizing a set of testing functions, together with the evaluation of their

moments, the integral equation is reduced to a system of linear equations. The unknown coefficients

are determined by solving the corresponding matrix equation. By properly selecting the basis

functions and testing functions, the computation in the discretizationof the integral equation can be

simplified greatly. The procedure proposed by Richmond [40] is widely used in solving the integral

equations for the direct and inverse scattering problems. This procedure has the advantages of being

convenient for numerical computation and having good accuracy.

2.3.1 Two-Dimensional TM Case

The electromagnetic scattering of a two-dimensional dielectric object by a TM incident wave

can be simplified into a scalar integral equation. The electric field integral equation for the total

electric field intensity is

(2-2r)

where (¿y) and (x',y') are the Cartesian coordinates of the observation point and the source point,

respectively, and

r
EL@,y) + çn2 /+¡ 

J ,t#'Ore>f 
e,(x' ,y') - IlEt(x' ,y')ds, = EL@,y)

q=J@af+O-y,)z ta aa\
\L-.L..- )

Using a point matching technique and a pulse function as the basis function, a system of discrete

linear equations is obtained

I iøt "¡¡z( 
e,-r)J{ka,)t8)&e*)n,

n=1
n#m
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Chapter 2 Integral Equations for Electromagnetic lmaging

* {r * ( e,n- I)Ç12)tøka,,,If)çka,,¡ -z¡1}n*= Bç m = 1,2,. . .,N (2-23)

where

la

Qmn = ,l lxm- xnf * \!m - iÐ' ()-)4\

For n # /7t , the matching point is not within the integrated region and the integration on the cell

which the matching point is located in is approximated by the integral of the zero-order Hanke1

function over an equivalent circular region with the same area of the cell

2rr aj

^ rf ,n,
(jk'/4) | | tûí'firp)Q'dQ'd4'

JJ
00

= Ç12þrka, JúkaòI$)(ke,nu) n * m

= Ç/Z)[øka* {Ð(ko,,)-2j] n = m

Finally, the N equations in (2-23) can be written in a matrix form as

Ei= ([rJ -lci]toDBr

where Et, and El are the total electric field intensity and the incident electric field intensity,

respectively. The elements of the matrix [Gi] are defined as

(2-2s)

(2-26)

()-)7\

l(- i / 
z)nkan J (ka)1fi) (kQ *n)

Gln, = |

I f- ¡ / z¡f"to* t1rÐ çko*) - zjl

nlm

n=m

and the diagonal matrix [O] is obtained from the discretization of the object function.

For the inverse problem, the integral equation for the scattered electric field can be discretized

as the matrix equation

Es = [Go][O]E/= [Go]J (2-28)

where E" and J are the column vectors of the scattered electric field intensity and the equivalent

current density, respectively. The elements of the matrix lGol arc defined as
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Chapter 2 Integral Equations for Electromagnetic lmaging

G?,r,r= (-j/Z)øka,, J{kan)18)&e*r) m= 1,2,...,M , n= I,2,...,N (2-2e)

2. 3.2 Three-Dimensional Case

The integral equation for the direct scattering problem can be expressed as

,f -l

E/(r) = [ | rvdr.,r,¡- Iô(r-Ð 
l r(",)r", +Et1r,¡,, L 5l(Dç l

where PV stands for the principal value of the integral as defined by Van Bladel [68].

ing the integral of the delta function, (2-30) can be rewritten as

f-r
I r *9$1 1",,"1 - [ rvtrf".r,)J(r,)dr,= E,(r,)
L ' I JV

For each scalar component xo , the above equation may be expressed as

(2-30)

Implement-

(2-3r)

(2-32)

o-7?\

(2-34)

where

and

I 
t . t?-t]u",rn - ,, 

Lrç 
(r,) - t,Li G,o,n(,,r,)n.,{r,)]ar, = E,oi(r,)

G*,/o = ò rnkz + 
øøf rxp, xq)

-,., ,\ exp(-7klr - r'l)Vlr.r )= - -' 4nlr -r'l
By dividing the object into N cells and assuming that the distribution of the permittivity is con-

stant in each cell, the moment method may be applied with a point matching technique and a

pulse function as the basis function [69]. The equation for the ¡ø-th cell is

l- -r

f t .sStL:t 1n,;{r*)- i Ë E*0,("n)rç(r,) - t)pv I G*¿o(r*,r,)dr,
L t I q=7 n=r J'u

= Erri(r*) e-35)
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Chapter 2 lntegral Equations for Electromagnetic lmaging

where the equivalent current is expressed as

J=i f**,'(r,,)rç(rÐ-1rfs (2-36)
q=l n=l

where *.n ateunit vectors of Cartesian coordinate components. The corresponding matrix equa-

tion is

|.ftn tol toll I rc,*ltcb]lc;zl I rtol tol tolll I all I Bll

tL[3] 

"üi?ll 

li?"iÍj*li?;l] Llsl 'sl,Billl il]=Lill e47)

The submatrices lGi*ol are N x N matrices and the the elements are defined by

çGl*o),nn= ¿oþ*,** rr l,..Gr¿o(r*,r')dr' (2-3s)

For the off-diagonal elements of tGrþr), since there is no singularity in the Green's function

when m is not equal to n, (2-38) is approximated as

çG *þ,) *, = 
L _",*,rr 

*, 1' ) dr'

:LvnGr*o(r*,tn) m#n (Z-39)

In (2-39),

Gr,oo("*,'rr=W*

l@k - I - ja,n)ò04 + cos 0*rmn cos0ro,n (3 -Gkr+3ja,n)l e40)

where

Gmn= r ,l
3

Zr¡i -4),
P=l

coso- nn-(xr'n-xP')^P lrrn- rrl
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cos0r-*" - 
(xí" -xq')

' 11,, - lnl (24r)

For the diagonal elements of [G.þr) , after approximating vn by a sphere of equal volume

Au,, centered at rr, we have

(G;,,,),* = ðrr** r, 
L,G*,rn(,n,r')dr,

= ¿nni* r, L,,[òrnÊ.#r, tþ(r,,r')dr'

This integral can be determined analytically and the result is expressed as

(Gi¿,),n = ¿on?þxp(- jka,)(r + jka,)- 1l - ¿rn*

^
= ôorÇ"*p(- jka,)(l + jka,) - tl

where

o,, = (to,'\'tt
\4"1

In the inverse problem, the electric field integral equation is expressed as

Es(r) = l,t:,", 
r,)J(r,)dr,

(242)

04?\

(244)

(24s)

(246)

The corresponding matrix equation obtained by applying the method of moments in (245) is ex-

pressed as

litrÀi?Åitrrlll flül lffl
Since measurements are carried out outside the object ( lr - r'l * O ), there is no singularity in the

integrand. The principal value of the integral in (242) is zero and the expression for the matrix

elements can be found as
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f
(Gf¡),"u = | G*uo(t,n,rr)dr'

Jv,

k3 exp(- ja*n) ..
-3" 4xÍG,;r,,

l@k"- | - ja*r)òo, + cos 0,omn cos?,n"'(3 - Gk + 3ja,nr)l (247)

In (246), each component at the measurement point is included in the expression. If only some

of the components are measurcd, (246) can be simplified. For example, when only the x--com-

ponent of the scattered electric field is considered, the corresponding matrix equation is

| ,o"*rr"",tce,| | i3]Ëil = 
"*L tO]Ei J

(248)

In the three-dimensional case, the equivalent current at each point inside the object has three

independent polarization components and the scattered electric field at each receiving point also

has three polarization components. For a discretization mesh of N elements, the size of the matrix

equations for the direct scattering problems are 3N by 3N and the number of equations for the

inverse problem is also larger than the number of measurement positions.
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Chapter 3

RegularÍzation of Xll-posed Froblems

3.1 Introduction

In this chapter, we first discuss the uniqueness and the stability of the solution in electromag-

netic imaging. This is because reconstruction of dielectric objects is an inverse scattering prob-

lem, which means the problem is often an ill-posed problem. Different from a well-posed prob-

lem, the uniqueness and stability of the solution are not guaranteed in an ill-posed problem. In

this chapter, the uniqueness and stability of the solution of electromagnetic imaging, the asso-

ciated 'nonradiating current' and the highly oscillated part in the radiating cuffent are discussed

from the points of view of mathematics and engineering practice. The noise coming from the

errors in measurement also makes the solution deviate from the exact solution of the problem. To

overcome these difficulties in solving an ill-posed problem with comrpted measured data, regu-

larization has to be used. The application of regularization transforrns an ill-posed problem into

a weil-posed problem. Associated with this transfonn, some information about the object is also

lost. The regularization procedure can be obtained from many methods and different regulariza-

tion techniques provide different solutions. In the third part of this chapter, various regularization

techniques are discussed.

3.2 Uniqueness and Stability in Inverse Scattering

In mathematics, a problem is called well-posed l24l if the following three conditions are satis-

fied:
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Chapter 3 Regularization of lll-posed Problems

1) a solution can be found;

2) the solution is unique;

3) the solution is stable.

The problems that do not satisfy these three conditions are said to be ill-posed.

In electromagnetic imaging of dielectric objects, the following two integral equations

and

r_
Er(r) = J,.(.,r')J(r')dv+Ei1r¡ r C y

1_
Es(r) = 

J, 
R., r')J(r')dv

(3-1)

(3-2)

(3-3)

rÉv

have to be solved, where the normalized equivalent current is

r(r) = l* ( 1 * 
r,.o-sq) 

- r 

] "r",

For the convenience of our discussion of physical meanings, we directly put the physical quanti-

ties in (3-3) instead of using the object function.

The uniqueness of the solution in electromagnetic imaging has been discussed for a long time.

Here, it is divided in two parts:

f . if the €. ,o can be uniquely determined from the equivalent cunent.

2. il the equivalent current can be uniquely determined from the measured data.

Uniqueness of type 1 is not always achievable. For example, in the case of the object being a

closed perfectly conducting shell filled with a dielectric medium shown in Fig. 3.1, the parame-

ters inside the shell can never be determined regardless of the measurement or the illumination

being used, because the field is always zero inside the shell. If this conducting shell is replaced

by a thick shell of lossy material, then, the higher the conductivity of the shell, the more difficult
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is the determination

Regularization of lll-posed Problems

and conductivity distributions for the inner region.of the permittivity

Fig. 3.1 : Uniqueness for a conducting shell filled with dielectric.
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Fig.3.2 Uniqueness for a symmetric dielectric plate.

Another example is in the one-dimensional case as shown in Fig. 3.2. Il the incident wave and

the variation of the wave impedance of the layered medium is symmetric, there will be a standing
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Chapter 3 Regularization of lll-posed Problems

wave inside the medium and the impedance at points where the total fietd is zero can not be deter-

mined. This is because any change of the wave impedance at these points in the medium has no

effect on the field distribution.

From these two examples, it can be seen that the nonuniqueness may come from the nature of

the object to be imaged or the improper excitement. The effects of these factors greatly depend

on the property of the individual problem and a generally theoretical discussion of it is quite diffi-

cult. In engineering applications, these effects have to be excluded or reduced by using a priori

knowledge of the object and careful arangement of the experiment. In the numerical analysis,

what people are more concerned with is the second uniqueness.

The second form of uniqueness occurs if the equivalent current can be uniquely determined

from the measured data. This uniqueness has been considered by many authors in the discussion

of the inverse source problem U4-I91. This problem may be viewed from two aspects.

First, let us look at the electric field integral equation in (3-2). The solution of (3-2) for a

known scattered field outside the object indicated by u can be divided in two parts,

J(r)=¡1(r)+Jz(r) (3-4)

with

r_
Es(r) = 

J 
" 

Q", r')J{r')dv

r_
o = J"Ee,r')J2g')dv r ê v

r3_51

(3-6)

where Jr(r) generates the scattered field Es(r) which is known outside the object and Jz(r) has

no contribution to the part of E'(r) outside the object. When the integral equation (3-2) has

nontrivial solutions for the associated homogeneous integral equation, the solution of (3-Z) is not

unique. In this case, .Iz(r) * 0 and the linear combination .Ir(r) + cJz(r) is the solution of equa-
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tion (3-2), where c is an arbitrary constant. Therefore, even though Es(r) outside the region v is

known, the equivalent current inside v can not be uniquely determined. It has been proven by

Porter and Devaney lIll that, in the scalar case, only the radiating source with minimum norm

can be uniquely determined. The sources Jz(r) which generate the fields that vanish identically

outside u are the solutions for the associated homogeneous integral equation (3-6) and are called

nonradiating sources. Nonradiating components of a source are inherently unobservable from the

field measurements performed outside the source region v. Detailed discussion of this uniqueness

question can be found in [17-18].

The second aspect is the engineering consideration of uniqueness. In practical applications,

the measurement is done at discrete points. Therefore, we only measure part of the information

about the scattered electric field outside the object. The integral equations can be discretized in

the form of matrix equations for discrete sampling positions. The matrix equation of the scattered

electric fieid for the equivalent current distribution is

E = [G']J (3--7)

where Es and J are the column vectors representing the scattered field and the equivalent cur-

rent distribution, and the matrix [G'] is obtained from the discretization of the Green's function.

Similarly to the discussion of the integral equation of the scattered field, the column vector repre-

senting the actual radiating equivalent current can be divided into two parts: J = Jr + Jz , where

.f1 generates the scattered field Es, measured in the experiment,

E = [G']Jr (3-8)

and has the minimum norm and Jz generates the scattered field which just happens to be zero at

preciseiy all of the receiving points.

0 = lGolJz
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Since the scattered field is measured at discrete points, the equivalent current Jz may actuaily

generate a nonzero scattered field outside the object provided that the scattered field is zero at all

receiving points. It can be seen that when (3-7) is an underdetermined matrix equation or lc"l

is a singular square matrix, J2 is not a trivial solution of (3-9).

The nonuniqueness brought about here is different from the nonuniqueness in theoretical dis-

cussion. For example, in an inverse source problem, it has been proven in [13] that, for the scalar

case, the source distribution has a minimum norm, i.e. Jz = 0, when the field outside the object is

completeiy known. However, since the scattered field is measured at discrete points, the equiva-

lent current J2 ma! actually radiate a scattered field which happens to be zero at precisely all the

receiving points. The 'nonradiating' nature of the current J2 is only with respect to the measure-

ment positions.

From an engineering point of view, Hanashy and Mittra [70], and also Fisher and Langenberg

[71] have pointed out that, in many cases, the nonradiating sources are found to be highly oscilla-

tory functions. In other words, the solution of the integrai equation for the scattered field can be

taken as a iow-pass filtered solution. The contribution from the highly oscillatory part has been

filtered by the integration operation. This is because the amplitude of the Green's function in

(3-2) is inversely proportional to the distance between the source and the observation positions.

'When 
the observation position is far from the source, a small change is difficult to detect. Here,

we can have a comparison between the inverse and direct scattering problem for the two-dimen-

sional case with a TM incident wave. In a direct problem, the test (observation) points are inside

the object. When the test point is near a line source of equivalent current, the argument of the

Hankel function of the second kind and order zero in the Green's function tends to zero. When

x * 0 , ú'(r) - I/x, the Hankel function becomes singular and the field becomes infinite.
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Any small change in the amplitude of the source can be detected easily. In numerical analysis,

because of this singularity in the integrand, the corresponding matrix [Gi] is diagonally dominant

and not i11--conditioned. In inverse scattering, the test or observation points are outside the object

and the distance between the source and any observation point can never be zero. There is no

singularity in the Green's function and the corresponding matrix [G'] generally is not diagonaily

dominant and may be quite ill-conditioned. The field outside the object is not as sensitive to

small changes in the radiating cunent source as the fietd inside the object. Secondly, an integra-

tion operation is a summation operation and the contributions from different parts of a highly

oscillated distribution in (3-2) may be eliminated by each other. For a simple example, consider

the intesral

(3-10)

where a and b are constant. When G( ) is a nonsingular smooth function and. b is a very large

constant, the sine function is highly oscillatory which makes the value of the integral very small.

Even when the amplitude a of this highly oscillatory function is large, provided b is large enough,

the value of the integration is still very small. In inverse problems, the Green's function is a

smooth function, because the observation points are located outside the object. Therefore the

integration operation for the scattered field outside the object acts like a low-pass filter and sup-

presses the highly oscillatory part of the current distribution.

In solving (3-2), when some necessary information for reconstruction is hidden in Jz,it is not

possible to exactly recover the object from the measured scattered field as illustrated in Fis. 3-3.

The existence of Jz makes the solution not unique.

I "r., 
x' ) a sin(Zøbx' )dx
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measured Et

¡=J1+Jz

Fig. 3.3 : Reconstruction of an object without J2 .

For the source Ji , some part of Jr may have a very small contribution to the scattered field

E and it can be considered as a linear combination of the eigenvectors of matrix [Go] with very

small eigenvalues. We denote it as J'1 . When J'r exists and contains some necessary informa-

tion for the object's recovery, there is another problem in that a small change in the error of mea-

surement or numerical computation may cause a large change in J'r and the associated change in

permittivity and conductivity distribution of the object. In the above discussion, we have men-

tioned the equivalent cument Jz may radiate the scattered field which just happen to be zero at all

receiving points. We may take J'1 as a perturbation of this kind of source, which is illustrated in

Fig. 3.4. Therefore, J'r is also a highly oscillatory function. The existence of J'1 makes the

solution unstable and very sensitive to any effors in numerical computation or measurement.

J¿
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recewer

E"(J,

+-
ni
Ír'

Fig. 3.4 : Scattered fields generated by Jz and J'r

In numerical computation, the equivalent current is obtained by inverting the matrix IGol .

Generally the matrix [Go] is not a square matrix and cannot be inverted directly. Its important

solution is its least square solution and is related with the inverse of the matrix [G"]HlG"l where

^F/ stands for the conjugate transpose of a complex matrix. The existence of Jz or J'r makes the

matrix [Go] or lG"lHlG"l either singular or near singular. The nonradiating current J2 consists

of the eigenvectors of [Go] or lGolHlGol which have zero eigenvalue. The equivalent current

J'r consists of the eigenvectors of [Go] or ÍGolHlGol with small eigenvalues. The numerical

stability of inverting [G'] or [G"]HIG"I can be measured by its condition number. The condi-

tion number of a square matrix is defined as l12l

vrAt\= n'*ll [Aþ ilt \L"J' ---*- 
ll lelv ll

(3-11)
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where ll "ll= 1 and ll oll= 1. Thisnumberhasasimpleinteqpreration. If Lt,12,.../n arethe

eigenvalues of [A] arranged so that LItl - LIzl - ..'- h,l, the condition number is the abso-

lute value of the ratio of the maximum eigenvalue to the minimum eigenvalue

Y(lAl) =,*, (3-t2)

When the condition number of a matrix is large, the numerical computation of its inverse is more

unstable.

In the solution of (3-7), Jz md J'r are closely related to the condition number of [Go] or

lcolHlc"l. The infinite condition or large number of [Go] or lG'lH[Go] means that Jz or J,r

exists. The information about Jz can not be obtained and the information about J'r is difficult

to obtain from the solution of (3-7) by inverring [Go] or lG"lHlG'l .

From the above discussion, the 'nonradiating' currents J2 and J'1 have these properties

a. The 'nonradiating' curuents Jz and J'r are generally highly oscillatory functions in the

spatial domain;

b. They are related to the receiver positions during measurement and the ways illumination is

applied;

c. The corresponding matrix [G'] or tc"lHrc"l may be singular or near singular and has a

large condition number, when Jz or J'r exists;

J'r is very sensitive to any effor either in numerical calculation or in experimental data;

Jz is in the null space of [G'] and can not be recovered directly from the solution of the

matrix equation of [Go] .

Since the existence of Jz violates condition z and the existence of J,r violates condition 3

required by a well-posed problem which are defined at the beginning of this section, they indi-

d.
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cate that inverse scattering problems are ill-posed problems. For the solution of (3-9), if Jz is

not zero, the solution is not unique. If J'r exists, small errors in measurement and numerical

calculation cause a large change in the solution and the solution is not numerically stable.

To overcome the difficulty brought by the existence of J2 and .f '1 , we can reduce the effect

from J2 and J'1 by proper arrangement of the measurement system and object illumination in

the experiment to make the problem not very ill-posed or by using multiple illuminations to get

more information to recover J2 and J'l in imaging. On the other hand, better algorithms have

to be found to overcome the instability in the numerical computation and fully utilize the infor-

mation for reconstruction. Accordingly, various methods have been proposed and all of these

methods transform the ill-posed problem into a well-posed problem. This can be considered as

the reguiarization of ill-posed problems.

3.3 Effect of Noise on Solution

In engineering practice, errors in measurement are almost inevitable [73]. The errors may

come from the imperfection of instruments, mistakes in the operation of the instruments, or ef-

fects of the environment. For example, when a rectangular waveguide is used as a receiver or

transmitter in microwave imaging, if the position and orientation of the waveguide are not accu-

rately placed, the scattered field measured will be in error. In an experiment, the scattered waves

from walls, ceiling or supporting structures blur the the field to be measured. In electromagnetic

imaging, the receivers not only receive the scattered field but also receive the incident field. As a

result, the improper affangement of receivers can make the incident wave much larger than the

scattered field at the receiving position, which affects the accuracy of the scattered field measure-

ment' The dynamic noise in the measurement system also generates inherent noise in measure-
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ment. All of these errors are generally taken as noise in measurement which corrupts the mea-

sured data. Since noise is randomly variant, it is highly oscillatory and makes the solution of the

electromagnetic imaging problem numerically unstable. After discretization of the integral equa-

tion, if the obtained matrix equation (3-7) is overdetermined, the addition of noise may make the

exact solution unattainable and one must settle for an approximate solution. An effective way to

circumvent the difficulties coming from the noise is to us a proper regularization procedure to

suppress the effects from noise.

3.4 Regularization Methods for lll-posed Problems

Regularization methods are widely applied in solving ilþosed problems. The work of Tikho-

nov and Arsenine[24] set up a reliable theoretical framework for regularization. The regulariza-

tion technique transforms an ill-posed problem into a well-posed one by using a constructed reg-

ularizing operator to replace the original one. The solution of the well-posed problem after

rcgularization is an approximate solution of the original one. The rcgtlarization operator is con-

structed from the analysis of a priori knowledge to the ill-posed problem. After applying the

regularization proceduÍe, a stable solution with certain a priori requirements can be obtained

from the associated well-posed problem. There are many ways to carry out the regularization. It

can be done by changing the definition of the solution or the space in which the problem is posed,

by introducing regularization operators or by using statistical techniques [74].

Pseudoinverse transformation is a typical regularization method Ll5l,l2Il. In this method, the

pseudoinverse transformation is used to circumvent the ill--conditioning of the matrix equation in

the equation (3-7). Instead of searching for the exact solution, this method generates an estimate

ll E'- lc"lj ll is achieved with a rnin ll 
j ll where ll . ll indicares rhe leasrminJ such that
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square norm. The minimization of the norm of the current vector in this method has also the

physicai meaning of excluding the nonradiating current Jz and. Jr' in the radiating cunent. In

this method, what is looked for is Jr - J1, which is determined from the solution of the minimum

problem by using pseudoinverse transformation.

The current Jz belongs to the null space of tG'l and the scattered field generated by it is zero

at the measurement points. When [Go] is a singular matrix, the nonradiating current J2 is not

zerc and the solution of the inverse scattering problem is not unique.

In the pseudoinverse transformation, J2 and Jr' are found by repeatedly using the Gram-

Schmidt orthogonalization method. Consider a complex rectangular matrix IG'l C C¡4y¡¡ , the

algorithm in the method of pseudoinversion transformation is as follows.

Let { gt,gz,...g¡r } be the set of the vectors corresponding to the columns of [Gr]

i) Begin with the vector of the largest noÍn, say g¿ (pivot vector).

ii) Make all other vectors orthogonal to the pivot vector by using the

Gram-Schmidt orthosonalization method

s¡= s¡-ÍP.$Zeo
ll 8r ll-

(3-13)

where 1gi ,Ek)= gflg¿ represents the vector inner product and ll g* ll= ,lgl4o

represents the vector noÍn.

iii) Among the modified vectors, choose the vector with the next largest norm,

say ,gi+q ( the second pivot vector).

iv) Make all other vectors (excluding all pivot vectors, gk, . . . g¡+s) orthogonal to

it using (3-13).
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v) Repeat iii) and iv) until the search for a new g¿ finds no vectors whose norm is

above a certain threshold.

In order to keep a record of the operations on the coiumns of [Go], the transformation in

(3-13) is applied at each step to the column vector of the identity matrix [] as well.

The matrices [Go] and [4 are transformed into the new matrices [P] and [Q] , respectively

f 9:tl eq'(3-13) 
f Ir,,&,...sn, 0, rll= f lltl

[l ,l J - 
[tu',ur,...e,,,g,,+,t o"rJ - lrOrf

Since [Q] records the operations performed on lcof , one gets

(3-r4)

lcollQ) = IPJ (3-1s)

ConsequentlY, {\**t,gm+2...gN } is a basis for the nullspace of [Go] . It is then orthogonalized

with the same procedure described before. In addition, the set { 91, gz...Em } forms an orthogonal

basis for the range of [Go] . Consequently, the projection of Es onto the range of lGol can be

written as

Ei=[P]a=lGol[Q]a

with

<E",gi)a¡=-T-# i<m
llgill- i>m

aí= 0

By virtue of (3-17), the solution of the equation

(3-16)

(3-r7)

El, = lGolJ, (3-18)

is clearly

J, = lQla (3-19)

Only the orthogonal projection of the solutions of (3-18) onto the range of [Go]remains to be
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carriedoutandthisprojectionof Es onto Ígt,gz'-.g,n ] generatestheleastsquaresolutionof the

matrix equation. The set of vectors { g,r+t,gm+2...\w } constitutes a basis for the orthogonal com-

plement of the range of [G'] by virtue of the decomposition theorem. Consequently, the pseu-

doinverse solution is obtained as a vector orthogonal to the nullspace of [Go] , which is given by

i=J,- $ -.J,,qtt-' ¡Ï,,,+t ll q,'lp-qt

The second term of the right-hand side of (3-17) represents the orthogonal

tor given by (3-18) onto the nullspace of [Go] . The projection of J, onto

ates the solution of the matrix equation with minimum noÍn.

(3_20)

projection of the vec-

{qt,qz...q* } gener-

In reality, the matrix [Go] is often nearly singular. That means that Jz = 0 and Jr 
, exists.

In order to find the pseudoinverse solution of (3-7) and reduce the effect from Jr' , one must set

some of its column vectors to be iinearly dependent. The Gram-Schmidt orthogonalization pro-

vides an indication about which column vectors of tGol should be assumed to be dependent. Cal-

culation examples prove that the selection of the number of linearly dependent columns has a

great influence on the computation results.

In the case McN, a more convenient and equivalent procedure is that of using the general-

ized right inverse [G]Â to express the solution as

j = ¡c1Rn" (3-2r)

where

lGlR = (tc"ltc"lø)-t¡ço1n e_22)

and where Ël indicates the conjugate transpose of a complex matrix. The solution obtained is also

a least square solution with minimum norïn. Once j is obtained, an approximate estimate of the
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object can be made from j.

Regularization of lll-posed Problems

In the pseudoinverse transformation the information in ¡2 and J'r is lost. Although the

appiication of pseudoinverse transformation stabilizes the numerical computation and suppresses

the effect of noise which is highly oscillatory, the resolution of reconstruction is timited. 'When

multiple illuminations are used, the information in Jz and J'r for an individuai illumination can

be provided by other iliuminations. Jz and J'1 can be determined from the information in the

solution for other illuminations. The separated applications of pseudoinverse transformation for

different illuminations cause the nonradiating parts of equivalent currents for different illumina-

tions to be lost and those equivalent currents becomes incompatible for the same object.

Another way to convert an ill-posed electromagnetic imaging problem into a welþosed one

is by using special measurement or iilumination arrangements. Assuming that the object is di-

vided into N cells, N different illuminations are applied and the scattered field is measured at N

different points. The scattered field, the incident field and the current distribution are represented

by square matrices and (3-7) becomes

[8"] = [G'llJ] ß_23)

If the measurement points and the incident fields are properly chosen, tE ]-l may exist. Thus

the object function can be obtained from the matrix equation for the forward problem

lol-t-[Gt]=tr'llllt

= [E]lryrtlc"l

This matrix equation can be written as

[o]-I = lE'lln']-l Wol + lGl

In this equation [Es] , instead of [Go] , is inverted so that the numerical

(3-24)

(3_2s)

instabilities in inverting
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lGol ate avoided. Instead of inversion of [8"] , another method using a group of special illumi-

nations obtains an invertible matrix l4tl . (3-25) is transformed into

LEltEl-r = ([Go] + LE ltqtl-tlc,l)lol Q_26)

Since the arrangement of the incident field is independent of the object, an invertible tVl is easi-

er to obtain than an invertible [Es] .

These methods present the chief advantage that they are numerically stable and are not prone

to any loss of information. In practice, it is difficult to achieve the special measurement or illumi-

nation arrangements. These methods get rid of the difficulty in numerical implementation by

raising the requirement for experiments.

In the discretization of the object, using large sized cells can also be considered as a regular-

ization, since the matrix equation obtained from the discretization with large cell size generally is

not very ill-conditioned. However, the most generally accepted method is that of the Lagrange

multipliers to construct a new equation, the regularization operator. Consider an operator equa-

tion

Az = u (3_Zi\

where A is a linear operator. By using the method of the Lagrange multipliers, a regularization of

the above operator equation constructs a functional

M(2, u) = pzçAz, u) + SQ(z) (3-28)

where 8( , ) is the distance between two points in a metric space, A( ) is a function called the

stabilizing function and g is a constant called the regularization parameter. As a conditional ex-

tremum problem, the approximate solution of the original problem is determined from the mini-

mum of functional M(z,u) .
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where ,f( ) is a linear function. The stabilizing function is a constraint and generally comes from

a physical requirement, a mathematical requirement or a priori information of the object. It may

be the distribution of the equivalent curent, its derivative or the distribution of the object func-

tion, or its derivative. For example, to filter the nonradiating cument and the highly oscillated

part in the radiating current, Q( ) may be the square of the norm of the equivalent current distri-

bution. The functional for the matrix equation

Chapter 3

Various constraints have been

computation, it is often written in

Regularization of lll-posed Problems

proposed for Q( ) . For reasons of convenience in numerical

the form of a quadratic function

(3-30)

(3-3 1)

must be zero. A matrix equa-

E" = [Go]J

is constructed as

M(J,E') =ll tG,lJ_E ll, *s ll¡ ll,

At the extremum of this functional, the derivative of the functional

tion is obtained

(G"lHlG"l+ gtI)J = ¡G21HE'

'When the permittivity distribution in some region of

second order spatial derivative in this region is finite,

function O(r) can be chosen as /( ) .

the object is smooth such that

the derivative in that resion of

(3-32)

its first or

the object

A very important parameter in regularization is the regularization parameter g . If g is set to

be zero, what we obtain is a least square treatment of the original matrix equation

lG"lHlG"lJ = lGolHEs (3-33)

the solution and smooths the solution. A smallA large g suppresses the highly oscillatory part in
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g makes the solution more accurate but the numerical stability of the solution is decreased.

has to be carefully chosen to meet both requirements. In an iterative process, g has to

changed according to the iteration results at each step in order to have a good reconstruction.

Other types of stabilizing functions come from stochastic iterative methods and many of them

are borrowed from the methods used for image processing. In these methods, the distribution of

equivalent current is considered as a random vector or a stochastic process. In information

theory, the entropy is a measure of information. It is related to the probability density of random

variables. In the Maximum Entropy Method (l\ßM) [50-52], the equivalent current in each cell,

for example the l-th cell, is considered as consisting of two positive and independent random

quantities, the real paft 4" and imagin ry part "fjt of equivalent current -r¡ . The entropy of the

equivalent current distribution is defined as

It

be

NN
H(J)= ) rn1"rf1+) rnçj.¡ ß_7L\

In MEM, the equivalent current is obtained from the maximum of the following function

s(J) = H(J) - sQQ) (3-35)

where

0(Ð =ll E'_ tG,lJ ll2 (3-36)

Maximizing S(J) can be considered as both maximizing the entropy I(J) and minimizing

the least square error with a parameter given by the Lagrange multiplier g . In this formulation,

1{J) is a nonlinear function and S(J) is a highty nonquadratic one. Conjugate gradient methods

can be applied to solve the nonlinear problem. In MEM, the random quantities can not be nega-

tive which requires that the amplitudes of the real and imaginary parts of the equivalent current

distribution can not be negative. By shifting the zeroes of the current amplitude for the real and
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imaginary parts this requirement can be satisfied [50]. IVhen the problem is expressed as mini-

mizing the functional -s(J)/g, it comes back to the form expressed in (3-29).

In the Markov Random Field method [55], the object function distribution in space is consid-

ered as a stochastic process called the Markov Random Field. The Bayesian image restoration

algorithm is used to obtain a model of the distributions of dielectric features in the scattering re-

gion. In this way, a priori knowledge of the object can be easily inserted in the imaging scheme.

This stochastic approach requires a functional to be minimized. This minimization can be done

by using the simulated annealing algorithm. It is said that this method seems better than those

obtained by other imaging techniques in the space domain. The algorithm is also able to operate

in a strongly noisy environment.

The aim of the algorithm is finding the maximum of the posterior conditionat probability

P(O/E!r) (3-37)

which can be understood as the probability of a stochastic distribution of the obiect function O

when the measured scattered field is Ei. Because the probabilities of P(Ei/O) and P(O) are

more easily constructed, the Bayes' rule

P(O /Ei) =
P(EÈlo)P(o)

(3-38)
P(EÈ)

is applied. P(E|/O) is constructed as

P(E'/O) = , ,*#Æt";' (3-3e)

where c and o aÍe constants. P(O) is the probability of the discrete random vector O called

the Markov Random Field. To simplify the construction of P(O) , it is assumed that the value of

the eiement O, in O depends on the values of its neighbouring points indicated by the set Xn or

L, and the probability of O is constructed as
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where

,, 
à à: 

--r)to,-o 
J2 + c 2) ) .,ø,,1

cg,c1,c2 are constants. From the above expression, a total energy

Regularization of lll-posed Problems

(3_40)

function is defined as

NN
U(O) = P> >(r-a¡,)ton-oJ2+y> > L¡þ,)+tAEfJ2 (34r)

n=l jeX, n=l i€.L,,

where Gjn,P,y are constants and L¡ is a function related to the discontinuities in the obiect.

Maximizing P(O/Ei) is transformed into minimizing the total energy function. The most a pos-

terior (MAP) estimate of the object function is obtained from the minimum of the total energy

function. In the expression of the total energy function, the constant parameters a¡n,Ê,T and the

function L¡ have to be determined from the knowledge of the object. In computation of 
^Ei,

the difference between the measured data and the computed electric scattered field, the Born ap-

proximation is used to simplify the computation of the scattered electric field. The first term of

U(O) is the constraint to smooth the local part of the object function and the second term of

U(O) is the constraint to preserve the discontinuity of the object function. The information

about the object has to be applied to determine the type of constraint for each point in the U(O) .

Although the deviation of this method is based on the theory of stochastic theory, the final

equation to be solved is quite similar to iterative methods with regularization. The main differ-

ence is that the regularization is more carefully constructed from a priori knowledge of the ob-

ject, such as the smoothness or discontinuity. Based on the knowledge of the object, the effect of

noise in measurement is reduced. However, the construction of the probability expression is

complicated and is not convenient in practice. Since the Born approximation is used in this meth-

od, the availability of this method to the case of an object with strong contrast has to be tested by
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further investigation.

Regularization of lll-posed Problems

3.5 Conclusion

In this chapter, the uniqueness and the stability of the solution in electromagnetic imaging, as

an ill-posed problem, is discussed. The nonradiating current and high spatial frequency compo-

nents in the radiating current play important roles in the stability of numerical computation. In

order to obtain a numerically stable reconstruction, various regularization techniques are dis-

cussed. In the later chapters, the regularization technique applied in the Born iterative method is

used in our computation and several techniques used for improving the convergence, numerical

stability and flexibility with weaker rcgulalization are presented.
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EquÍvalent Current Refînement

4.1 Introduction

In this chapter, the Born and the Newton iterative methods are discussed and a procedure of

equivalent current refinement is presented. In this procedure, the object function is reconstructed

from the refined equivalent current. As shown in Section 5.3, this technique improves the numer-

ical convergence and stability of the Born and the Newton iterative methods.

The Born and the Newton iterative methods have the advantage of faster convergence, com-

pared to the stochastic iterative methods such as the Simulated Annealing and the Markov Ran-

dom Field iterative methods. This is because, in stochastic iterative methods, the solution is

searched randomly. In the Born and the Newton iterative methods, the object function is recon-

structed by minimizing the difference between the measured data and the computed scattered

field. At each iteration step, the total electric field used in solving the inverse problem is com-

puted from the estimated object function. In these methods, the errors in the computed total elec-

tric field decrease the convergence ofthe iterative process. In this chapter, an analysis is per-

formed in order to show that the errors in the computed total electric field are compensated by the

errors in the object function, thus yielding a refined equivalent current. This refined equivalent

current is used to obtain a better reconstructed object function. In the algorithm presented here,

the object function obtained at each iteration is used to update the equivalent current. Then, from

the refined equivalent current and the associated total electric field, a better estimate of the object

function is computed. The introduction of this technique increases the convergence rate of an

iterative process. Since no dense matrix equation has to be solved in this refinement, the increase

in the computation time due to this technique is negligible. Numerical results prove that by using

this technique, the iterative process is more numerically stable and a better reconstruction of the
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object function is achieved.

Equivalent Current Refinement

4.2 Born and Newton Iterative Methods

The Born and the Newton iterative methods are typical methods used in solving the inverse

scattering problem in electromagnetic imaging. In each step of the iterative processes, the direct

problem and the inverse problem are solved in turn. The totai electric field is updated from the

solution of the direct problem with the estimated object function. Then, the object function is

updated from the solution of the inverse problem by using the newly computed total electric field.

Since the inverse problem is ill-posed, the Born and the Newton iterative methods suffer from

numerical instability, and regularization is applied to overcome this difficulty. In the literature

1231146l, the object contrast for the numerical experiments are less than 2.5.

4.2.1 Born lterative Method

The Born iterative method was proposed by Wang and Chew [28]. In this method, the matrix

equations for the direct problem and the inverse problem for the case of multiple illuminations are

written in the form

EÍ= ([4 -lG']tol)EI

E:t = LGotlj.EnO I = 1,2, ,L

A global equation for all illuminarions of (4-2) with rhe marrices [Ef] solved

written as

Eå = [D]O

where

l:':7j

(4-r)

(4-2)

from (4-l) can be

(4-3)

[D] =

48
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The least square solution of the object function is obtained from the matrix equation

LDIHE|= [D]HlDlO (4-s)

where 11 stands for the conjugate transpose of a matrix. Because of the ill-conditioning of the

matrix lDlHIDl, the matrix inversion involved in (4-5) is numerically unstable. A regular ization

is used to stabilize the solution of the matrix equation. A popular regularization is using the

method of Lagrange multipliers with the norm square of the object function being used as the

stabilizing function. After applying this regulaÅzation, (4-5) becomes

lDlHF;i= (DlHtDl+ 814)0 Ø_6)

where g is the regulaúzation parameter. In (4-6), the matrix tDlHtDl+gl/l obtained after the

regularization has a smaller condition number than [DlHlDl .

At each step of the iteration, Ej is solved from (4-1) and can be expressed as

Ej= (U -lcillol)-tni (4-1)

where the matrix [O] is determined from the object function obtained in the preceding iteration.

By substituting the newly obtained Ej in (M), the matrix [D] is computed. A new estimate of

the object function O is solved from

[D]H lDl+ s[4)-1 tD]Hni = O (4-8)

The updated object function is substituted back into ç4-7¡ to start the next iteration. The iterative

process ends when the difference between the computed scattered field and the measured data is

within an acceptable level.

The matrices ¡DIH[O] obtained before the regularization and. lDlH[D] + Stll afrer rhe regu-

larization have the same eigenvectors. For the l-th eigenvector, the eigenvalue is )"¡ for matrix

tqHlDl and is A¡+ I for matrix LDlHlDl+gl4 . The regularization paramerer g is a positive

number and generally very small compared to the large eigenvalues. For lDlHtU+ Stll , all ei-

genvalues are obtained by adding a constant g. This has a great effect on the small eigenvaiues
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but has a very small effect on the larger eigenvalues. The introduction of the regularization factor

g improves the matrix condition number by increasing the smallest eigenvalue of the matrix

lDlHlU. The decrease of the condition number suppresses the high spatial frequency compo-

nents in the solution. These high spatial frequency components are very sensitive to the noise in

the measurement and round off error in the numerical calculation. On the other hand, a strong

reguiarization process may remove useful information and decrease the spatial resolution of the

image. As a consequence, the regularization parameter g must be chosen in order to accommo-

date a compromise between a convenient spatial resolution and a desired level of stabilitv.

4.2.2 Newton lterative Method

This iterative method is proposed in t19l by Joachimowicz et aI. Considering small variations

of (a-1) and (4-2) with fixed E! , two set of matrix equations are obtained. These matrix equa-

tions can be expressed as

AE,= lGilL,IoJF;l)

^Ei 
= tcíl^(olEÐ I = I,2, ,L

(4-e)

(4-10)

With the first order approximation, it can be shown that

^(tolEi) 
: LlolEI + IOILF'It

Substituting (4-11) in (4-9) and (4-10) yietds

(4-rr)

^E 
= lc?l[n - lollci])-t tïowl (4-12)

For the convenience of discussion, the product of the diagonal matrix [O] and the column vector

E!¡ in (4-LZ) is rewriten as

LlolÐtt= IEI]Lo Ø_r3)

where tEfl is a diagonal matrix consisting of the elements of the total field column vector, El .

By using (4-13), (4-12) can be expressed as

AEi = lG"ù(I- toltc,l)-tl4tÃLo/
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= [Dr]^O

A least square solution of the global matrix equation of (4-14) for all

solving the matrix equation

ao = ([DlHtDl)-l tolHnn",

where

Equivalent Current Refinement

(4-T4)

illuminations is obtained by

(4-rs)

(4-r6)Dffi] aEi =

AE{

r
By using the above equations in an iterative procedure, the initial nonlinear relation characteriz-

ing the inverse scattering problem is transformed into a sequence of linear ones. Hence, starting

with an initial guess Oo , a succession of intermediate functions O¿ are generated by minimizing

the difference between the computed scattered field and the measured scattered field. This proce-

dure is summarized as follows:

1) Compute the total inrernal field Ef by solving (4-l).

2) Estimate the scattered field at the receiver locations from (4-2).

3) Compute the error AEf from Ef , the scattered field computed.in}),

and the measured field.

4) Compute AO , the first-order estimation of the error in the object

function by solving (4-15).

5) Update the object function O + AO + e .

6) Go to 1) as long as ÂEi is larger than an acceptable error.

The highly ill-posed inverse problem is very sensitive to small effors in the numerical calcula-

tion' This numerical instability in the inverse problem is related to the large condition number of

the matrix tDlHtDl. The larger the condition number of [D] , the more sensitive to error are the

eigenvectors of smail eigenvalues. Due to this instability, aregulaúzation procedure is employed
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to stabilize the numerical process. Instead of solving (4-I5), ÀO is computed from

ao = (Dlalu+ 8t4)-llDlr^E @_r7)

The regularization used in (4-17) is the same as the one used in the Born iterative method. The

regularization parameter g is determined from l19l

8=c
trace of lDlH[Dl ll 

^Ei 
ll (4-18)N II EïII

where N is the matrix dimension. In the expression (4-18),

1) the parameter c is determined empirically, according to the convergence of the process;

2) the trace of the matrix tDlHl|i1 is used to reduced the gap between its higher and lower

eigenvalues and thus, to improve its condition number;

3) the reiative mean square error of the scattered field is used to decrease g during the iterative

process.

It has been found that the regularization determined in this way allows for an easy insertion of ø

priori information that can be used to remove unphysical solutions or to recover the components

which were filtered out during the regularization procedure. The typical a priori information in-

cludes the knowledge of the external contour and of the extremum values of complex permittiv-

ity.

The distorted Born iterative method is also a very important iterative method proposed by

Chew and'Wang 1471. In this method, the Green's function for a given permittivity distribution is

used in solving the direct and the inverse problems. In the iterative process, the Green's function

is updated by using the newly computed object function in the preceding iteration. At each step

of iteration, the updated Green's function is used in the solution of the direct and the inverse prob-

lems. The correction of the object function is obtained from the solution of the inverse problem.

Numerical results show that the distorted Born iterative method converges faster than the Born

iterative method. However, the Born iterative method is more robust in the presence of noise than
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the Distorted Born iterative method. In later sections and chapters, the Born and the Newton it-

erative methods are used for numerical computation.

4.3 Errors in the Computed Totat Electric Field

In the Born and the Newton iterative methods, at each step of iteration, the object function is

obtained from the solution of the matrix equations for the inverse problem. These matrix equa-

tions for the inverse problem can be expressed in a unified form as

B = [D]X Ø_r9)

In the Born iterative method, X is O , [D] consists of submatrices tcîll4ttl and B consists of

column vectors Ef , respectively. In the Newton iterative method, X is AO, [D] consists of

submatrices tGíl(t4 - IOIIG'l)-t¡At¡ and B consists of AEf , respectively. The marrix tDl is

generally a rectangular one and the least square solution of (a-19) is obtained from the matrix

equation

IDIHB = [D]H[D]X (4-20)

To overcome the numerical instability in solving the ill-conditioned matrix equation (4-20), a

regtlarization technique is applied. The equation to be solved for the least square solution be-

comes

IDIHB = [D]HlDl+ 8t4)x (4-2r)

At each step of iteration, the vectors Et are solved from the direct problem by using the object

function updated from the preceding iteration. These Et arc used in the computation of the ma-

trix [D] . The errors in Et¡ yield inherently errors in the reconstruction of O and AO. In the

Born iterative method, the enors in [D] come from the errors in the matrices lEtl . Inthe New-

ton iterative method, since the variation 
^(tOlEi) 

is replaced by its first order approximation

LlOlF;i+ tOlLF;I, the erors in IDI are not obvious. By denoting the computed objecr function
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and the total electric fietd as [O] and Et and the actual ones as [O] and Ef , respectively, the

exact variation expression of iolEf is

^(olE, 
= tolEï_tÌzni

= (ot-toDF,í+¡Qçni_Éþ

= L[O]F;I+ tolÂEÍ .

Following the derivation of the Newton iterative method, we obtain

(4-22)

^Ei 
= lc?l{n- toltc,l)-|tË',1^o (4-23)

After using the first order approximation, the unknown lEIl is replaced by the computed matrix,

lÛil . In the Newton iterative method, the errors in [D] also come from the computed [Ej] .

Obviously, the errors have a negative impact on the convergence of the iteration process.

By denoting the change generated by the errors in the computed total electric field in the ma-

trix [D] as [ÂD] , (4-19) can be written as

B=[D+AD]X (4-24)

and X = X + ÂX becomes the solution for (4-24) rather thanX . Therefore, the actual O or AO

cannot be solved from (4-24). Consider the difference betwe en (4-19) and, (4-24), with fixed B ,

0 = [^D]X + [D]AX .

The enors in * generated by [ÂD] can be calculated from

(4-2s)

AX = -(DlHtDl;-1¡o1H¡a,o1* . (4-26)

Because of the existence of [ÂD] , the solution becomes X + ÂX rather than X . From (4-25)

and the negative sign in (4-26), it can be seen that the effect of AX is always against the devi-

ation generated from t^Dl . In other words, considering the expression [D] , the computed O

has to eliminate the enors of lEll in ¡nt¡O for the Born iterative method or Â,O has to eliminate
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the errors of lEfi in l4tìLo for the Newton iterative method, respectively.

4.4 Equivalent Current Refinement

From the above discussion, it can be seen that more consideration should be given to the errors

in the computed electric field when solving (4-19).

An immediate way is to replace t4!lo in (a-\ by Jt or replace (t4 - toltc!¡- l¡r'f1lo in

(4-14) by AJ¿. Thus the inverse problem becomes a linear one for the reconstruction of the

equivalent current. But this replacement breaks the global equation (4-I9). The equivalent cur-

rents J¿ or their variations AJ¿ for different illuminations can only be solved separately from

their corresponding matrix equations, because J¡ or LJ¡ are different for different illuminations.

For an individual illumination, the corresponding equivalent current is difficult to fully recover

from the measured data, especially the highty oscillatory part of the equivalent current . Caorci et

alhave used the pseudoinverse transformation method to solve the equivalent currents for differ-

ent illuminations separately. However, in the pseudoinverse transformation, the nonradiating cur-

rent cannot be determined and is excluded from the solution in order to get a unique solution for

each illumination. Since the nonradiating current is lost in the pseudoinverse transformation so-

lution, there are large errors in the reconstructed equivalent currents and object functions for dif-

ferent illuminations.

In contrast, the Born and Newton iterative methods combine the information from different

illuminations to obtain a global solution of the object function. In these methods, the global equa-

tion (4-19) is solved to update the object function. Because of the errors in tEt1, the global equa-

tion at each step of iteration is the distorted matrix equation (4-24). In the iterative process, the

differences between (4-I9) and (4-24) become smaller as the errors in the computed electric field

[Ef] decrease. However, in the Born and Newton iterative methods, at each step of iteration,

how the distorted solution X + AX as obtained from(4-24) can be used to compute a better eval-
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uation of X for (4-19) is not considered.

As discussed in the preceding section, the errors in lEtJ and o) for (4-Z) or Á,O for (4-I4)

are opposite to each other as shown in (4-26). The total errors in their product are reduced by this

relation. By using the inaccurate solution X + ÂX for 0 or Ä0 , we can find a better evaluation

of J/ from

J¡ = lEr¡)O G_27)

or a better evaluation of the difference between the actual equivalent current distribution and the

computed one, AJ¿ , from

LJr= (t4 - Ioltcl¡- 1¡r'f1lo 
. (4-28)

The error in compute d l4tì and the error in computed O or ÂO are opposite to each other and

the contribution of these errors to the equivalent current is reduced.

To provide a simple illustration, we consider the case of a single illumination. For simplifica-

tion, we assume that the receiving arrangement makes lGol a square matrix. In each iteration

step, the matrix equations for the Born and the Newton iterative methods are

E'= [G'][E']O Ø_2g)

and

ÂE" = [c,](t4 _ Ioltclrlt¿'llo @40)

respectively, where the quantities with the tilde sign are the computed ones. The errors in the

computed electric field make the solutions become

o = [Ertl4tlo G4r)
and, compared with (4-23),

Âo=tEl-ltEl^o. Ø_32)

Only when

¡ni-t¡n1= ¡4 Ø43)
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can the actual object function be

rect quantities, the correct .I and

J = tBlo

and
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solved ftom (4-29) or (a-30). However, by using these incor-

ÂJ can stitl be obtained from

(4-34)

ÂJ = (t4 _ Ioltc,l)-ltBl¡,o (4-3s)

respectively. By using .I as obtained from (4-34) or (4-35), it is not difficuit to compute the

object function. The relationship between the scattered electric fields and the object function or

the one between their corresponding differences is not linear because IEll is a function of O .

But the relationship between the scattered electric fields and the equivalent currents or the one

between their corresponding difference quantities is linear. 0 or AO cannot be directly solved

from (4-29) or (4-30), respectively. However, the equivalent currents J or ÂJ can be better

evaluated from O or ÂO and can be used to reconstruct O or AO, respectively.

4.5 The Procedure of Reconstruction with Equivalent Current Refinement

The idea behind the procedure of reconstruction with equivalent current refinement is based on

reconstructing O or AO at each iteration by using the refined J¿ or AJ¿. These updated Jl

and AJ¿ currents are computed from (4-27) or (4-28) after substitution of newly obtained O or

ÂO, respectively. The updated J¿ is then used to improve the evaluation of Ef as

nt= ¡ci1J¡ * EI . Ø_36)

Using updated J¿ and nt in (4-27) yields an improved objecr funcrion at each iterarion srep.

Since for different illuminati ons, (4-27) gives different results, a least square treatment to (427)

is applied and the object function is obtained from

g = ç¡ntdH t+tr;- | lnrlH I r (4-31)

where IETI is a matrix consisting of all the matrices lEtl and J7 is a column vector consisting
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of all the vectors J¿ ,

frrirl f¡rllru,rtl l¡, Itlt.llEd=l l, .Ir=l | (4_38)tlt'ltltlúELrJ LüJ

This better evaluated object function is used in the next iteration. Once the scattered electric field

is computed with a desired accuracy, the process is terminated and the permittivity distribution is

obtained from the object function.

The algorithm of reconstruction from equivalent current can be described as follows:

1) Take the incident field as the initial guess of the total electric fietd inside the region

investigate d, F;t¡ = E!,'

2) Calculate matrix [D] from

lcillaíl Ø4s)

if the Born iterative method is used. or

rc?l(n-pltciD-tl4tÃ (1--/;o)

if the Newton iterative method is used, and then solve the matrix equation

lDl¡18 = (DlHlDl+ sl4)X (Hr)

to obtain O or ÂO ;

3) Obtain the refined equivalent current J¿ from

Jt = lB¡lo (H2)

or AJ¿ from

L,Jt= [rl-to]lcI)-ltEil^o Ø43)
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and then the refined total electric field El from

F;lt=E't+lGilJt;

Calculate the least square solution of O from

l4trlH14tÃo = lEtrJJr:

Equivalent Current Refinement

(M4)

(4-45\

(446)

than an

4)

5) Substitute the updated O in the direct problem ro obtain rhe total electric field Er,

and Ul - l?ltcil if the Newton iterative method is used, and calculate the scattered

field at the receivers as

fs=[Go][o]Er;

6) Compare the scattered field with the measured ones. If the difference is less

acceptable level, terminate the iteration, otherwise go back to step 2.

In this procedure, there is no matrix inversion involved in updating the equivalent current den-

sity distribution and the total electric field. Since the matrix t4trl consists of diagonal matrices,

the matrix lE'rlHlE'Tl to be inverted is also a diagonal matrix, which simplifies the solution of

(4-37) greatly. As a consequence, the extra computation time required in the new procedure is

negligible with respect to the computation time of the original methods.

4.6 Numerical Results

In this section, the electromagnetic imaging of two-dimensional dielectric objects with muiti-

ple TM wave illuminations are considered. The current refinement technique along with either

the Born or the Newton iterative technique is applied to reconstruct three different examples of

dielectric cylinders and the numerical results for these three examples are presented t76-jyl.

Example 1 - A lossless dielectric cylinder of square cross section with continuous permittivity

distribution as shown in Fig. 4.I(a). The distribution of the permittivity is

e,(x,y) = 2-2-2t@ü" -0.4Ð2 + oft -0.4Ð21 where /, is rhe waverength in free
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space. The maximum and the minimum of e , are 2.2 and I.2, respectively. The

cross section is discretized into 100 cells (cell size 0.I1 x 0.1,¿ ) as shown in Fig.

4.i(b). The illumination is provided by a line source parailel to rhe cylinder placed

successively at different positions, equally spaced around the cylinder at a distance

of six wavelengths from its center. The z component of scattered electric field is

measured by equidistant receivers on a 1.611 x I.671 square contour as indi-

cated in Fig. 4.1@).

o40

^nô \

€r

t.60

t.2o

-/

s3x

(a) permittivity profile.

ooaoooo

r
(b) discretization grid.

Fig. 4.1 : The grid and rhe permittivity disrribution of example l.

Example 2 - Two dielectric cylinders of different square cross sections are placed inside a

square region of investigation. The region is divided into 36 ceils (cell size

O.?l x 0.?J), as shown inFig. 4.2. The permittivity of one cylindet is e,.= 2

and that of the other one is €," = 2 - j2.5. The illumination is provided by a line
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source parallel to the cylinders. The line source is placed successiveiy at different

positions which are equally spaced around the region at a distance of 2.j)" from

the center of the region. The scattered field is measured by using a number of

receivers equally spaced on a circular cylinder of diameter 2.?J,, coaxial with the

investigation region.

€r=2-j2.5

€r=2

I
recer

,-"'
ø''

\ffi

Fig. 4.2: The grid and the permittivity disrribution of example 2.

Example 3 - A dielectric cylinder with a step discontinuity in its permittivity distribution is

placed inside a square region of investigation. The region is divided into 36 cells

(cell size 0.?J" x 0.?J) and the dielectric permittivity distribution are shown in

Fíg. 4.3. The illumination is provided by a line source parallel to the cylinders.

The line source is placed successively at different positions which are equally

spaced around the region at a distance of 2.1 7 from the center of the region. The

scattered field is measured by using a number of receivers equally spaced on a cir-

61



Chapter 4 Equivalent Current Refinement

2.n , coaxial with the investigation region.cular cylinder of diameter

I
receivers

-t"/ø"'

\

@

c

I
ffi

Fig. 4.3 : The grid and the permittivity distribution of example a
J.

A parameter s of the relative error in the computed scattered electric field at each iteration

step is defined as

/}lln¡ll'
where the summations run over all applied illuminations. A

the permittivity e is defined as

€r=2-j2-5

€r=2

(Mt)

relative error of reconstruction r for

J:= l,! 7-t

'= \ftr''ktT>kkP (H8)

where the summations run over all the cells in the investigation region. The computed values of

s and r at each iteration step are used to show the numerical convergence and the stability of the

iterative process. The regularizationparameter g is determined by numerical experiment. Gener-

ll 
^Ei 

ll'
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ally it is big at the beginning of the iterative process and then decreases to smaller values. The

numericai computation is performed on a SPARC station 2/SUN-UND( system.

For the first example, the current refinement algorithm with the Born iterative technique is

used in computation and the results are presented in Fig. 4.4. Seven illuminations and 28 receiv-

ers are used in the experiment. For the current refinement algorithm, in order to speed up the

convergence, a larger regularization parameter g - 6 x 10-3 is used in the Znd to 9th iterations,

except 6 x I04 for the first iteration. The regularization parameter g is reduced to 2.7 x 10-3

after the 9th iteration and to 2.3 x 10-3 after the 13th iteration. The results obtained by the Born

iterative method are also presented inFig.4.4. The regularization parameter used in the Born

iterative method is 6.5 x 10-3 except 6 x I04 for the first iteration. The regularization used in

the current refinement algorithm is weaker than the one used in the Born iterative method. To

make a comparison, the regularization parameter used in the current refinement method is also

used in the Born iterative method and the results are shown Fig. 4.5. When the smaller regular-

ization is employed with the Born iterative method, the iterative process becomes divergent.

From these two numerical simulation results, it can be seen that the current refinement technique

improves the convergence rate of the iterative process and has better numerical stability.

The case of the addition of noise in the measured data is also computed by using the same

algorithms. In the computation, a Gaussian noise with a signal-to-noise ratio of 20 dB is added

to the scattered field. Due to the effect of noise, a stronger regularization has to be appiied to

suppress the effect of noise. The reconstruction results obtained by using the current refinement

algorithm with the Born iterative technique and the Born iterative method are shown in Fig. 4.6

andFig. 4.7. For the results shown in Fig. 4.6, the regularization parameter is 6 x 10-r at the

first iteration, and reduced to 5 x 10-3 from the 2nd iteration. The results shown in Fig. 4.I are

obtained by using the same regularization as the one corresponding to Fig.4.6 in the first seven

iterations and then, the regularization parameter g is reduced to 3 x 10-3 after the 7th iteration.

These two results show that the current iterative technique improves the convergence rate of the
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iterative process and provides a better reconstruction.

For the second and the third examples, the cuffent refinement procedure with the Newton it-

erative technique is used in the numericai experiment. Five illuminations and 13 receivers are

used. For the second example, without noise in the measured data, the results obtained by the

current refinement algorithm with the Newton iterative technique and the Newton iterative meth-

od are presented in Figures 4.8 - 4.10. Except 6 x 10+ for the first iteration, the regularization

parameteris 10-9, 10-11 and i0-13 forFigures 4.8,4.gand4.10,respectively. Althoughthe

regularization parameter varies in a wide range, the current refinement algorithm provides a bet-

ter reconstruction and a better convergence rate. For the third example, without noise in the mea-

sured data, the results obtained by these two algorithms are presented in Fig. 4.lI andFig.4.l2.

For the results shown Fig.4.11, the regularization parameter is 6 x 10-t for the first iteration,

2 x l0-3 after the first iteration, 104 after 4thiteration, and 10-s after Tthiteration. For the

results shown Fig. 4.I2, the regularization parameter is 6 x 10-4 for the first iteration, 10-6 af-

ter the first iteration and i0-11 after 9th iteration. In Fig. 4.1i, the results of object function re-

construction obtained by the cument refinement algorithm with the Newton iterative technique is

slightly better than those by the Newton iterative method. Once the regularization parameter g is

reduced, the iterative process for the Newton iterative method is divergent as indicated in Fig.

4.12. In contrast, the iterative process for the current refinement algorithm becomes more con-

vergent. The better numerical stability of the current refinement algorithm permits the employ-

ment of a weaker regularization to obtain a higher convergence rate. From these results, it can be

seen that the current refinement technique improves not only the results of the obiect reconstruc-

tion but also the numerical stability of the iterative process.

The presence of noise in the scattered electric field is also considered. In the computation, a

Gaussian noise with a signal-to-noise ratio of 20 dB is added in the scattered field. In contrast to

example one, the permittivity distributions of the second and third examples are discontinuous.

Therefore, a larger number of high spatial frequency components of the object function have to be

64



Chapter 4 Equivalent Current Refinement

reconstructed.

To investigate the computational behavior of the current refinement algorithm for example

two, three different regularizations and two different measurement arrangements are used. The

reconstruction results for 5 illuminations and 13 receivers are shown in Figures 4.I3 -4.15 and

the results for 22 illuminations and 23 receivers are shown in Figures 4.16 - 4.18. Except

6 x IO4 for the first iteration, the regularization parameter is 10-3 for Fig. 4.I3 and,Fig.4.16,

i0-7 for Fig. 4.I4 and Fig. 4.17 , and, 10-11 for Fig. 4.15 and Fig. 4.18. The resulrs obrained by

the current refinement algorithm are better than those by the Newton iterative method as shown in

figures 4.13 - 4.15. Owing to the presence of noise in the measured data, the reconstruction er-

rors with different regularization values are high. Increasing the number of the illuminations and

measurements provide more information about the object. It improves the results of the recon-

struction greatly. In Fig. 4.16, the difference between the two methods in terms of the conver-

gence of the iterative process and the resolution of image are obvious and the current refinement

algorithm is still better. From Fig. 4.I7 and Fig. 4.I8, it can be seen that the current refinement

algorithm is faster than the Newton iterative method.

For the third example, the current refinement procedure with the Newton iterative technique is

used in the numerical computation. Two different illuminations and i3 receivers are used in the

experiment. The reconstruction results for 5 illuminations are shown in figures 4.Ig - 4.21. Ex-

cept 6 x 10-1 for the first iteration, the regtlarization parameter is 2 x 10-3 , 10-3 and 10+

for figures 4.I9,4.20 and 4.21, respectively. The current refinement algorithm is faster than the

Newton iterative method as indicated in these figures. It also provides better images of the recon-

structed object than the ones by the Newton iterative method even if values of the parameter s for

both algorithms are almost the same at the final stage of the process. The errors of the final re-

construction by using the current refinement algorithm are about I3Vo for the three regularization

cases and are too high to be accepted. This is the same as the case for the second example. It is

due to less illuminations and measurements used. The situation is improved by increasing the

illuminations and measurements to reduce the effect of noise present in the measured data. 'When
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more illuminations and measurements are applied, a smaller regularization parameter can be

employed in the computation and the solution is improved greatly. The numerical results for 22

illuminations and 13 receivers are presented in Fig.4.22 and Fig. 4.23. Except 6 x 10+ for the

first iteration, the regularization parameter is 10{ for Fig. 4.22, and, 10-8 for Fig. 4.23. The

errors in the final reconstruction by the cuffent refinement algorithm are about 6Vo for these two

regularization cases. The results for the Newton iterative method are divergent since the regular-

ization is too weak for it. To find the best results that the Newton iterative method can provide, a

set of tegulatization parameters are used in simulation and the results are presented inFig. 4.24.

Except 6 x 10+ for the first iteration, the regularization parameter g is 0.05, 0.005, 0.00i and

0.0001, respectively, for the results shown inFig.4.24. Only when g is in the range 0.05 to

0.005, is the process using Newton iterative method convergent. Only when g equals 0.005, is the

smaliest error of reconstruction, i.e. 7Vo, obtained. Generally speaking, the value of regulariza-

tion parameter is determined empirically, according to the convergence of the process. For the

current refinement algorithm, fewer simulations are needed to determine the appropriate regular-

ization parameter. At the same time, the construction of an appropriate regularization from the

simulation results also becomes easier. Therefore, in practice, the equivalent current algorithms

are numerically quite efficient.

4.7 Conclusion

In this chapter, the current refinement method is presented. The effect of the errors in the com-

puted electric fieid on the the solution of the inverse problem is analyzed. From the relation be-

tween the errors in the matrix equation for the inverse problem and its solution, a better evalua-

tion of the equivalent current method is found. It can be used to obtain a better estimate of the

object function. Numerical simulation for different objects by using this technique, along with

the Born and the Newton iterative methods, with different regularization parameters are carried

out. The computations show that the application of this current refinement technique improves
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the image resolution, the convergence rate and

application aiso reduces the sensitivity of the

change in the value of regularization parameter.
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numerical stability of an iterative process.

Born and the Newton iterative methods to

Its

the
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Fig. 4.4: F.rrors s and r for example one with a weaker regularization used in the
current refinement aleorithm.
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4g. 1._S : Errors s and r for example one with a weaker rcgularization used in all
alsorithms.
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Fig. 4.6 : Errors s and r for example one in the presence of noise (20d8) in the
measured data and g = 5 X 10-3 after the first iteration.
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Fig. 4.7 : Errors s and r for example one in the presence of noise (20d8) in
measured data and g = 3 x 10-3 after the 7th iteration.
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Fig. 4.8 : Errors s and r for example two with g = 10-9 after the first iteration.
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Fig' 4.9 : Errors s and r for example two with g - 10-11 after the first iteration.
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Fig.4.10 : Errors s and r for example two with g - 10-13 after the first iteration.
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Fig. 4.11 : Errors s and r for example three with g = 10-5 after jthiteration.
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Fig. 4.12: Errors s and r for example three with g - 10-11 after Tthiteration.
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Fig. 4.13 : Errors s and r for example two in the presence of noise in the measured
data: 5 illuminations, 13 receivers, and g = 10-3 after the first iteration.
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Fig. 4.14 : Errors s and r for example two in the presence of noise in the measured
data: 5 illuminations, 13 receivers, and g = I0-7 after the first iteration.
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Fig. 4.15 : Errors s and r for example two in the presence of noise in the measured
data: 5 illuminations, 13 receivers, and g - 10-11 after the first iteration.
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Fig. 4.16 : Errors s and r for example two in the presence of noise in the measured
data:22 illuminations,23 receivers, and g = 10-3 after the first iteration.
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Fig. 4.I7 : Errors s and r for example two in the presence of noise in the measured
data: 22 illuminations,23 receivers, and g = IO4 after the first iteration.
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Fig. 4.18 : Errors s and r for example two in the presence of noise in the measured
data: 22 illuminations,23 receivers, and g = 10-11 after the first iteration.
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Fig. 4.19 : Errors s and r for example three in the presence of noise in the mea-
sured data: 5 illuminations, 13 receivers, and g = Z x 10-3 after the first iteration.
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Fig. 4.20 : Errors s and r for example three in the presence of noise in the mea-
sured data: 5 illuminations, 13 receivers, and g = i0-3 after the first iteration.
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Fig. 4.21 : Errors s and r for example three in the presence of noise in the mea-
sured data: 5 illuminations, 13 receivers, and g = 10a after the first iteration.
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Fig. 4.22 : Errors s and r for example three in the presence of noise in the mea-
sured data:22 illuminations, 13 receivers, and g = 10-6 after the first iteration.
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Fig. 4'23 : Errors s and r for example three in the presence of noise in the mea-
sured data:22 illuminations, 13 receivers, and g = 10-8 after the first iteration.
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Fig. 4.24 : Errors s.and. r for example three in the presence of noise in the mea-
sured data:22 illuminations, 13 recêivers, and using the Newton iterative method.
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Chapter 5

Frediction-correction Algorithm

5.1 Introduction

In the iterative methods for the electromagnetic imaging, a succession of ill-conditioned linear

matrix equations have to be solved. The accuracy of reconstruction in each iteration is decided

by the method used for solving the ill-posed inverse problem and the estimate of the object func-

tion used in the direct problem. Because of the numerical difficulty in inverting an ill-+ondi-

tioned matrix equation, regtiarization is applied to stabilize the computation. The regular ization

can stabilize the iteration process and suppress the effect of the noise present in the data. On the

other hand, a strong regularization filters out useful information present in the high spatial fre-

quency components and decreases the solution accuracy. Therefore, in engineering computation,

an appropriate regularization parameter has to be chosen. It is generally a trade-off between the

stabilization of the iteration process and the imaging accuracy. As for the estimate of the object

function, it determines the accuracy of the total electric field inside the object. In the solution of
the inverse problem, the degree of accuracy of the object function reconstruction is greatly depen-

dent on the accuracy of the total electric field. In chapter 4, the aigorithm based on the equivalent

current refinement is presented to provide a better evaluation of the object function. The numeri-

cal experiments prove that it improves the resolution of the image and at the same time, the con-

vergence of the iterative process. However, in that algorithm, the improvement is based on the

preceding iteration results. The degree of improvement of the current refinement technique is

limited. For a given iteration step, the convergence of the succeeding iterations depends on the

results of that iteration regardless of the results obtained before. For the Born and Newton itera-

tive methods, the convergence of the iterative process is also determined by the results of each

iteration. The regularization used to stabilize the iterative process has to be strong enough to
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make the iterative process numerically stable.

In this chapter, we present a prediction-correction algorithm in which the previous iteration

results are used to make a prediction of the object function for the next iteration. It ailows the

iterative process to be carried out with a weaker regularization and provides a better estimate than

the one obtained from other methods. It has the following two advantages.

First, it provides a better estimate for the initial estimate of the object function for each itera-

tion' In the iterative process with the Born, the Newton or the current refinement iterative meth-

od, the object function obtained from the preceding iteration is directly used in the next iteration.

A poor estimate of the object function affects strongly the whole iterative process. In the predic-

tion-correction algorithm, the results acquired in the previous iterations are used to make a pre-

diction of the object function for the next iteration. Since more information is used. a better esti-

mate of the object function is obtained for the next iteration.

A second important advantage of the algorithm is that it can prevent the divergence of the it-

erative process. In a linear numerical problem, the solution generally is achievabie by a numeri-

cally stable process. A typical example is the conjugate gradient iterative algorithm. In this algo-

rithm, the solution can be obtained after afinite number of iterations by monotonically decreasing

the residual error- The inverse scattering problem is a nonlinear problem. The iterative process

is not numericaily stable and the residual error obtained in the process is often not monotonicaily

decreasing although a lot of algorithms are proposed for solving the nonlinear problem. when
the Born, the Newton or the current refinement method is employed in an iterative process, poor

results obtained at any iteration step may make later iterations divergent. In the prediction-cor-

rection algorithm, the information used in prediction is obtained from previous iterations and the

effects coming from the results of individual iterations are reduced. Because the data used for
making the prediction is selected, the divergence of the iterative process can be prevented.

Numerical computation results demonstrate that it has better numericai stability and better re-

construction can be achieved by using this algorithm.
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5.2 PredictÍon-correction Algorithm

Prediction-correction Aloorithm

The inverse scattering problem formulated in chapter 2 is anonlinear probiem. The iteration

process is not uniformly convergent and the error of reconstruction fluctuates in general from iter-

ation to iteration, especially when a weaker regularization is appiied. In the Born iterative meth-

od, the Newton iterative method and the current refinement algorithm presented in chapter 4, only

the results obtained in the preceding iteration are considered for the next iteration. The numerical

stability of these methods is sensitive to the reconstruction error at eachiteration step, which has

a strong effect on the convergence of the entire process.

In this chapter, we introduce a prediction-correction procedure into the iterative process. In

this procedure' an appropriate linear combination of the equivalent currents obtained in the last

iteration and in previous iterations is used to predict a new equivaient current density distribution,

Jo . The object function Oo obtained from this Jo is employed in the next iteration for its fur_

ther correction. This prediction-correction technique is practically not sensitive to the error in

individual iterations and can prevent the iterative process from diverging. It makes it possible to

stabiiize the iterative process with a weaker rcgularization and, thus, yields an improved accura-

cy.

First, consider an object illuminated by only one incident wave. At the fr-th iteration, an

equivalent current distribution J¿ and the difference between the measured field and the field

generated by Jr,

AEi=E -[Go]J¿ (s-1)

is obtained. In order to reduce the effect of the individual iterations, all the previous results are

taken into account to make a prediction of the object function for the next iteration. Namely, after

K iterations, the predicted equivalent current J, is taken to be of the form

Jo = lJlx

where [4 is a rectangular matrix consisting of the column vectors J¿,
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[4=[Jr Jz" 'Jr], f ì-{ I

and x is an unknown coefficient column vector to be determined. The corresponding AE$ is

^Eå 
= [Â8"]x

where tAø"1 consists of the column vectors ÂEl ,

iAE"l = IAEì 
^Eå 

. . . Ani.] .

By substituting the object function from

O = [E']-rJ '

into the equation for the direct problem

(s4)

fì-.lì

(5-6)

(5-8)

(5-e)

(lll - lcillol)E/ = Er , (s-t)
the following linear combination of equations (5-7) corresponding to the K iterations already per-

formed

,¡(KK
2 *oF;!o- tGI 2 roJo = Ei 2 **

k=l k=\

where x¡, àre the elements of x, is constructed. By setting

K

)"¿= 1¿- -'

equation (5-8) can be written as

t,-1

Eþ = [G']Jo+Ei (5-10)

where Ef represents the total electric field corresponding to Jp . Similar to (5_6), the predicted

object function O, is obtained from

Oo = lEþJ-rJo (5-11)

with [{r] being a diagonal matrix consisting of the elements of Fjþ. To obtain a good prediction

for the next iteration, the unknown x is determined by minimizing ll 
^E; 

ll in 1s-+¡, where ll . ll
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is the Euclidean nonn of a complex column vector. Assuming that ÂE[, , corresponding to x¿, ,

has the smaliest norm in the set { 
^E¿ 

}, the solution of this minimization problem is found as a

least square approximation from the equation

[^Es]x = - xyLEI, (s-r2)

In the above equation (5-12), the matrix [ÂE ] and the column vector i consist of the column

vectors of [ÂE ] and the elements of x except for ÂE[, and. x¡r,, respectively. Taking into ac-

count (5-9), this equation can be written as

0^E"l_t^E¿,1)*-_aEi, (s_13)

where LLEk'l is a rectangular matrix consisting of identical column vectors AE , . The least

square solution of (5-13) is obtained from the equation

lWHlWjx= -[WHLEï,, (s-r4)

with

lW) = t^E"l - ILE'kl . (5-15)

The solution of (5-14), with (5-15), yields Join (5_2). The predicred objecr funcrion is com_

puted from (5-11). It is obvious that, if the column vector ÂE[, is in the space spanned by the

coiumn vectors of [W] , tE'pl and Oo computed from (5-10) and (5-11), respectively, by using

Jo obtained from (5-z), give the solution of the matrix equation (5-7) for the drrect problem and

the matrix equation for the inverse problem

Es = [Go][E]O

For the case of multiple illuminations, JÆ and aE[ are replaced by Jr¿ and ÂElo

sist of the corresponding column vectors for different illuminations, respectively,

(s-16)

which con-
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Jrt = , 
^Eik 

=

J¡p = lJ¡lx ,

EIp=lGilJry+El , l=I,2, ,L.

Ju,

'?n

Jrt

AEÌ¿
LEit

ÂEir

(s-n)

(s-18)

(s-1e)

where Z is the number of illuminations used. x is determined by following the procedure pres-

ented in (5-12) to (5-15), from the minimization of ll AEi, ll . This x yieids a set of J¡, and

Ejo for each illumination,

Since (5-11) gives different object functions for different illuminations, a least square treatment

is applied to the equations associated with all illuminations to obtain

o, = {EIpl, tnroDt tg,rrJH J r, (s-20)

7A
,'|Ï] (s-2r)

where the matrix [E/¡o] consists of the diagonal matrices l4lrJ , which represent the column vec-

tors El, , and the vector J7p of the column vectors J¡o for all the illuminations, respectively,

LEIpI =

The predicted object function Oo in (5-20) is applied to the next iteration for its further correc-

tion.

From (5-2) and (5-4), it can be seen that the elements in the set { J¿ } corresponding to large

ll 
^E¿ 

ll have a smaller contribution to the predicted cuffent Jo . At the same time, it is not nec_

essary to use ali the equivalent current distributions obtained in the previous iterations to make

the prediction for the next iteration. Therefore, only those elements of the set which are asso-
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ciated with smaller norms ll 
^E¿ 

ll are selected to make the prediction.

Practically, the computation starts without implementing the process just described. Then, af-

ter several iterations, the prediction-cor¡ection technique is applied with the elements in the sets

{ J¿ } and { AEi } being those from the iterations already performed. These elements are updated

at each subsequent iteration step by replacing the entries from the iteration corresponding to the

largest ll 
^Ei¿ 

ll with the ones newly computed. Consequently, rhe worst data are discarded

successively and only the better previous iteration results and the results in the new iteration are

used to make the prediction. If the new results have a larger ll 
^EÈ 

ll trran the other one used in

making prediction, they will be discarded in the next prediction. Thus, the divergence of the iter-

ation process is prevented. This procedure makes the process stable and capabie of converging

with a weaker regularization.

The proposed algorithm can be summarized as follows:

l)correction:

a) solve the direct scattering problem in (5-7) for all illuminations to obtain the column

vectors F;t7¡, Jn , and AEt¡¿;

b)compute the object function by the Born or the Newton iterative technique;

c)compute the improved object function by equivalent current refinement;

2)if the number of iterations is smaller than or equal to a chosen integer K, go to i).

3)prediction:

a) soive the direct scattering problem in (5-7) for all illuminations and compute the column

vectors J7¿ from

Jt= lBilo ,

and ÂEf,¿ from

^Ei 
= Ett _ lc?llBllo ;

(s-22)
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b)update the sets { Jr¿ } and { ÂEi¿ } used for making the predicrion;

c) determine x from (5-r4) ( with (5-i7)) and compute rhe predicted J7o and EtTr;

d)compute the predicted object function Oo from (5_20);

e) if ll ÆÈ¿ ll stays smaller than a specified error or the number of iterations reaches an

imposed number, stop the iteration process; otherwise go to 1).

In the prediction-correction algorithm presented in this chapter, only better results, selected

from all previous iterations, are used for making the successive predictions. Moreover, a least

squal'e treatment is applied to a linear equation in the prediction procedure, since the relationship

between the measured scattered field and the equivalent cument density is linear. The relation-

ship between the measured data and the estimated object function for all illuminations is nonlin-

ear. The advantage of using equivaient currents consists in the fact that the prediction of the

solution of a nonlinear and ill-posed problem is separated into a least square estimation of the

solution of an ill-posed linear problem for these equivalent currents and of a well-posed noniin-

ear problem for the object function. Thus, the difficulties in the direct, nonlinear problem for the

prediction of the object function are circumvented by applying the prediction procedure to a lin-

ear problem for the equivalent currents, which prevents the divergence of the iterative process.

This prediction-correction algorithm is quite similar to the predictor-corrector algorithms

used in the numerical solution of nonlinear differential equations 179-801. In the predictor-cor-

rector algorithm, the method of data selection and the weight coefficients are fixed in prediction

and the effect from the worst data cannot be reduced. The problem of divergence is not solved

1791. The autoregressive method is a method used for solving linear problems related to radar

imaging [81] and cannot be directly applied to solve the nonlinear problem. However, the linear

prediction of the equivalent cument used in the presented method is quite similar to the autore-

gressive method. The difference between them is the selection of the data used for making the

prediction. The data selection in the prediction-correction algorithm fiiters the worst data and

the linear prediction reduces the effect of individual iteration results, which keep the iterative
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process from diverging. Since in the autoregressive method, the data for making prediction is

taken from the results of previous iterations with a fixed formula, the worst data is not filtered

out and the effect from the worse data cannot be reduced efficientlv.

5.3 Numerical Results

In this section, the results for the three examples described in chapter 4 are discussed. The

results by the prediction-correction aigorithm, the current refinement algorithm and the iterative

techniques associated with them are presented [g2-g3].

For the first example, 7 illuminations are appiied and, 28 receivers are used to measure the

scattered field, which have been used in chapter 4 for the numerical computation. The predic-

tion-correction algorithm with the current refinement and Born iterative techniques is used in the

numerical test. In Fig. 5.1, the computation results by different algorithms are presented, aiong

with those by the prediction--correction (P-C) algorithm with the current refinement and the Born

iterative techniques and with the original dieiectric permittivity distribution profile. To recon-

struct the profile in Fig. 1(d), the prediction-correction technique was impiemented from the 6th

iteration, and six J7p and six AElo were selected to make the prediction at each subsequent iter-

ation. The regularization parameter used in the prediction--correction algorithm is 6 x 10+ for

the first iteration, 6 x 10-3 after the first iteration and 10+ after the 5th iteration. For the cur-

rent refinement algorithm, the regularization parameter is 6 x 10+ for the first iteration,

6 x 10-3 after the first iteration, reduce d, to 2.7 x 10-3 after the 9th iteration and reduced to

2.3 x l0-3 after the 13th iteration. The regularization parameter used in the Born iterative

methodis 6 x 104 forthefirstiteration, L2 x 10-2 afterthefirstiteration, 9 x 10-3 after

the 6th iteration and 6 x 10-3 after the 9th iteration.

The resuits by the prediction-correction method are more accurate than those computed by

other methods. The relative effor in the computed scattered electric field intensity and the rela-

tive error in the reconstructed permittivity are plotted in Fig. 5.2. The prediction-correction al-
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gorithm provides faster convergence. At the same time, the regulaization parameter used in the

new method to stabilize the iteration process is smailer than the ones for the other two methods.

This indicates that the new algorithm is numerically more stable. In the first five iterations, the

same regulaúzation parameter g is used in the current refinement algorithm and in the new meth-

od, which is smaller than the one for the Born iterative method. After the 5th iteration, the value

of g used in the prediction-correction algorithm is reduced to ten times smaller than the ones for

the current refinement algorithm and the Born iterative method. The plots obtained by the Born

iterative method show a fluctuation during the iteration process in spite of a larger g used in it. To

see the effect of a weaker regularization on various methods, the same smalier regularization pa-

rameter used for the prediction-correction method in Fig. 5.2 has been employed for the other

two methods. The computational errors in the scattered electric field and the relative error of the

reconstructed object function are presented in Fig. 5.3. With this weaker reguiarization, the itera-

tive process becomes divergent when the Born iterative method or the corresponding current re-

finement method are employed. In the iteration process associated with these methods, a stronger

regularization should be used when ll 
^nfu 

ll is comparatively large and as the e*or in the com-

puted scattered electric field decreases, the regularization parameter should be correspondingly

decreased. However, at present, there is no general rule available for selecting the regular ization

parameter at each iteration step. Practically, a better regularization is found by repeating the nu-

merical simulation with different regularizations. The application of the prediction-correction

technique from the 6th iteration improves substantially the situation and the iteration process con-

verges more rapidly' This method allows for a weaker regularization to be used, which vields

better numerical stability and solution accuracy, as well as faster convergence.

When a stronger regularization is used in the iteration process, the results obtained are shown

in Fig. 5.4' The regularization parameter used in the prediction-conection algorithm and the cur-

rent refinement algorithm is 6 x 10+ for the first iteration, 6 x 10-3 after the first iteration,

3 x 10-3 after the 5th iteration and 2 x l0-3 after the 13th iteration. The prediction--correction

algorithm still provides better results. Compared with the results for a weaker rcgularization, the
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reconstruction error is slightly increased. This is because the high spatial frequency components

are filtered too much by the stronger regularization and the image resolution is reduced.

The case when a Gaussian noise of 20 dB level is added to the measured data of the scattered

field is also considered. The data is obtained by using the same illumination and measurement

arrangements as above. The numerical tests are carried out with two regularizations. For the

results shown in Fig. 5.5 , the regularization parameter is 6 x 104 for the first iteration,

6 x i0-3 after the first iteration and 3 x 10-3 after the 5th iteration. For the results shown in

Fig. 5.6, the difference in regularization is that g is reduced to 10-3 after the 5th iteration. It can

be seen that the prediction-conection algorithm is less sensitive to the change in the regulariza-

tion parameter than the current refinement algorithm and has better numerical stability. The er-

rors in the object function reconstructed by the prediction-correction algorithm are smaller than

the ones corresponding to the current refinement algorithm.

For the second and the third examples, the prediction-correction algorithm with the current

refinement and Newton iterative techniques is used in the numerical test. In the cases without

noise in the measured data, 5 illuminations and 13 receivers are used. For the second example,

the results obtained by the prediction-correction algorithm, the current refinement algorithm and

the Newton iterative algorithm are presented in Fig. 5.7 to Fig. 5.8. Excepr 6 x 10+ for the first

iteration, the regularization parameter is 10-9 for Fig. 5.7, and. 10-13 for Fig. 5.8. For Fig. 5.7,

the reconstructed profile of permittivity by different algorithms are presented in Fig. 5.9. In the

new algorithm, the prediction-correction procedure is applied from the 6th iteration and again six

Jrt and six AEI¿ are selected to make the prediction. After applying the prediction-correction

procedure, it can be seen that the convergence rate of the iteration process is much higher than the

ones in the other methods with the same regul aúzation. The prediction-correction algorithm has

this advantage for a quite wide range of the regularization parameter.

The results obtained for the third example are presented in Fig. 5.10 and Fig. 5.11. For the

results shown in Fig. 5.10, the regularization parameter is 6 x 10+ for the first iteration.
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2 x l0-r after the first iteration, 10+ after the 4th iteration and 10-5 after the 7th iteration.

For the results shown in Fig. 5.11, the regularization parameter is 6 x 10-1 for the first iteration,

10-6 after the first iteration and 10-11 after the 9th iteration. In Fig. 5.10 and Fig. 5.11, the

results by the new algorithm are the same or better than those by the other methods.

When a Gaussian noise with a signal-to-noise ratio of 20 dB is presented in the measured

data' more receivers and illuminations have to be used to overcome the effect of the noise. For

the second example, the results for the regularization parameter being 10-8 and l0-9 except

6 x 10+ for the first iteration are shown in Fig. 5.12 and,Fig. 5.13, respectively. Twenty three

receivers and 22 illuminations are used and the prediction-+orrection procedure is applied from

the 6th iteration. In this case, there is no obvious difference between the errors in the computed

scattered electric field by the new method and by the other methods in the final stage of the itera-

tion process, although the prediction-correction method provides faster convergence. However,

the prediction--correction algorithm provides better reconstruction of the object function as indi-

cated in those figures. For the third example, two different illumination and measurement ar-

rangements are used. When 5 illuminations and i3 receivers are used, the results for the regular-

izationparameterbeing 2x I0-3, 10-3 and 10+,except 6 x 10+ forthefirstiteration,are

shown in Fig' 5.14, Fig. 5'15 and Fig. 5.16, respectively. The results by the prediction--correction

algorithm are better than the ones by the Newton iterative algorithm but not as good as the ones

by current refinement aigorithm. 'When 22llluminations and 13 receivers are used for imaging,

more information is obtained. The results are presented in Fig. 5.I'/ and,Fig. 5.1g corresponding

to the regulatization parameter being 10-6 and 10-8 except 6 x i0+ for the first iteration, re-

spectively. 'With 
these weaker regularizations, the iterative process becomes divergent when the

Newton iterative method is employed. The error of the object function reconstruction by the pre-

diction-correction algorithm is about 5vo. Fromthese results, it can be seen that current refine-

ment and prediction-correction algorithms provide better reconstructions than Born and Newton

iterative algorithms, when noise is presented in the measured data. Whenever more measured
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data are used, the results by these algorithms are improved. Therefore, to reduce the effect of

noise, more samples of scattered field are required.

In regarding to the amount of computation involved in the prediction-correction aigorithm, it

should be noticed that the supplementary work for generating a predicted object function coffe-

sponds to an iteration without the inversion of the ill-+onditioned matrix. Since the dimension of

the matrix []Vl is much smaller than that of the ill--conditioned matrix involved in the inverse

problem, the computation time needed for solving (5-I4) is, corespondingly, much smaller than

the total computation time. Figures 5.2 and 5.7 can be used as typical examples to compare the

reconstruction results and computer CPU time. For Fig. 5.2, when the reconstruction error is

about 5Vo,the CPU time is about 3.3 minutes for the Born iterative algorithm, 2.5 minutes for the

current refinement algorithm and2 minutes for the prediction-correction algorithm; for Fig. 5.7,

when the reconstruction error is about 0.2Vo, the number of iterations is 14. 12 and,6 for these

algorithms, respectively.

5.4 Conclusion

The prediction-correction algorithm is a numerically stable and efficient method. Compared

to other iterative methods, such as the Born, the Newton and the current refinement methods,

numerical tests show that this iterative method has better numerical stability and convergence. In

this algorithm, selected results, which are obtained from previous iterations, are used to make

prediction for the next iteration. Because more information of the object is used in the procedure

of prediction, the effect of individual iteration to the iterative process is reduced and a good eval-

uation of object function is obtained. The proposed algorithm is numerically more stable and

keeps the iteration process from diverging. At the same time, numerical results also show that

this method provides results better than the ones obtained by the algorithms such as Born and

Newton iterative algorithms when noise is presented in the measured data.
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(d)(c)

l1g, S.1 : Comparison of reconstruction results: (a) Original profile, (b) Born iterative method after
18 ite-rations, (c) Current refinement method aftei 15 iæratiåns, (d) Þíediction-correction methodafter 15 iterations. Coordinates x and y are in wavelengths.
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Fig. !'2: Errors s and r for example one with a weaker regularization used in the
prediction-correction algorithm. 
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Fig. 5.5 : Errors s and r for example one in the presence of noise in the measured
data and I = 3 x 10-3 after the 5th iteration.
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Fig. 5.6 : Errors s and r for example one in the presence of noise in the measured
data and I = 10-3 after the 5th iteration.
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Fig. 5.7 : Errors s and r for example two with g = l0-9 after the first iteration.
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Fig. 5.8 : Errors s and r for example two with g - 10-13 after the first iteration.
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Fig. 5.10 : Errors s and r for example three with g = 10-5 after the 7th iteration.
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Fig. 5.11 : Errors s and r for example three with g - 10-11
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Fig. 5.12 : Errors s and r for example two in the presence of noise in the measured
data22 illuminations,23 receivers, and g = 10-8 after the first iteration.
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Fig. 5.13 : Errors s and r for example two in the presence of noise in the measured
data:22 illuminations,23 receivers, and g = 10-9 after the first iteration.
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Fig. 5.i4 : Errors s and r for example three in the presence of noise in the mea-
sureddata:5 illuminations, 13 receivers, and g =2 x 10-3 afterthefirstiteration.
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Fig. 5.15 : Errors s and r for example three in the presence of noise in the mea-
sured data:5 illuminations, 13 receivers, and g = 10-3 afterthe firstiteration.
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Fig. 5.16 : Errors s and r for example three in the presence of noise in the mea-
sured data: 5 illuminations, 13 receivers, and g = 101 after the first iteration.
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Fig. 5.17 : Errors s and r for exampie three in the presence of noise in the mea-
sured data:22 illuminations, 13 receivers, and g = 10-6 after the first iteration.
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Fig. 5.18 : Errors s and r for example three in the presence of noise in the mea-
sured data:22 illuminations, 13 receivers, and g = 10-8 after the first iteration.
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Chapter 6

AdaptÍve Atrgorithrn fon Optimization of the [terative Process

6.1 Introduction

There are many iterative algorithms for electromagnetic imaging. For a given object to be

imaged, before the numerical analysis, one has to select a algorithm to be used for numerical

computation. Since the object is unknown or partly known, the decision is generally made by

repeated numerical simulations. In the previous chapters, the current refinement and the predic-

tion--correction algorithms are discussed. These algorithms improve the convergence and numer-

ical stability of the iterative process. They can be applied with the Born or the Newton iterative

techniques to solve the problems of electromagnetic imaging. However, the behavior of those

algorithms are related to the technique used in the solution of the inverse problem and the distri-

bution of the permittivity of the object. In this chapter, an adaptive algorithm is presented to opti-

mize the iterative process by selectively using different iterative techniques. This adaptive algo-

rithm is flexible in the sense that it can incorporate various available techniques and is capable to

deal with a wider range of objects than existing methods.

In the next section, the current refinement algorithm with the Born and with the Newton itera-

tive techniques are used to reconstruct different objects. The behavior of different current refine-

ment algorithms are examined. Numerical tests show that for different objects, their behavior

may be quite different and the optimum algorithm gives the better reconstruction results.

The adaptive algorithm is presented in section 6.3. In this algorithm, the performances of dif-

ferent algorithms are compared and the best one is selected for the next iteration. In order to fully

utllize the results obtained in the iteration process itself, the results obtained by different iterative

techniques in different iteration steps are used in an algorithm comparison. A ratio of decrease of

the error in the computed scattered electric field is defined as the the criterion for the aleorithm

120



Chapter 6 Adaptive Algorithm for optimization of an lterative process

selection. Compared with the determination of the optimum algorithm by separate numericai

simulations, this method is numerically efficient. This algorithm is flexible for various unknown

objects, since, in the iterative process, the suitable algorithm for the given object is found and

applied. The combination of the strengths of different iterative techniques make this algorithm

more powerful to deal with complex objects. The comparison of algorithms is a complex prob-

lem. The performance of different aigorithms are affected by not only the numerical technique

used for the inversion of an ill-conditioned matrix but also the the initial estimate of the object

function at each iteration. Therefore, a maximum number for the continuous application of a

single algorithm is set up to update the criteria used for algorithm comparison. This setup of the

maximum number can also prevent the iteration process from becoming trapped at a local mini-

mum.

In the numerical computation, a more complex example along with some of those described in

chapter 4 are computed. Numerical results show that the adaptive algorithm optimizes the itera-

tive process.

6.2 Comparison of Ttvo Iterative Algorithms

The inverse scattering problem is a nonlinear and ill-posed problem. The application of itera-

tive methods makes the solution of a nonlinear problem become the solution of a sequence of

linear problems. In the Born and the Newton iteration technique, at each iteration, the direct

problem is solved to obtain the total electric field and then, the ill--conditioned matrix equations

for the inverse problem are solved to update the object function. The direct problem is a well-

posed problem and the main concern is focused on the solution of the inverse scattering problem.

Although in different algorithms, such as the Born and the Newton iterative methods, all ill-con-

ditioned equations to be solved for updating the object function are linear, their structure is differ-

ent and involves different eigenvectors. Thus, the errors in numerical results are different when

applying different algorithms. The selection of an appropriate algorithm for a given object be-

comes important for efficient imaging [84].
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Chapter 6 Adaptive Algorithm for Optimization of an lterative process

In this section, objects with different types of permittivity distribution are computed by using

the current refinement algorithm along with the Born and the Newton iterative techniques and the

behavior of these two iterative algorithms are comnared.

6.2.1 Object with Continuous Permittivity Distribution

Example 1 presented and computed in Chapter 4 is an object with continuous permittivity dis-

tribution. Seven illuminations and 28 receivers are used in illuminations and measurements as

indicated in Fig.4.1. The results obtained by using the currenr refinement algorithm with the

Born and the Newton iterative techniques are shown in Fig. 6.1. In the numerical computation,

the initial regularization parameter g changes to 6 x 10-3 from 6 x 10-4 after the first iteration.

After the ninth iteration, the regularization parameter g is reduced,to 2.i x 10-3 and after the

13th iteration, it is reduced to 2.3 x 10-3. It can be seen from Fig. 6.1 that the current refine-

ment algorithm with the Born technique is more convergent than the one when using the Newton

technique. In fact, after several iterations, the error in the object reconstruction for the algorithm

with the Newton technique does not decrease any more.

6.2.2 Object with Discontinuities in permittivity Distribution

Example 2 presented and computed in Chapter 4 is an object with discontinuities in permittiv-

ity distribution. Five illuminations and 13 receivers are used in illuminations and measurements

as indicated in Fig. 4.2. The errors of reconstruction in the current refinement algorithm with the

Born and the Newton iterative techniques at each iteration step is shown in Fig. 6.2. Theregular-

izationparameter is 10-9 except for the first iteration when the value is 6 x 104. It can be seen

that the algorithm with the Born technique is more convergent than the one using the Newton

technique. Contrary to the results shown in 6.2.1, the results obtained by the current refinement
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fig. 6.1 : Errors s and r for example one by the different current refinement algo-
rithms.
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F.ig. 6.2: Errors s and r for example two by the different current refinement algo-
rithms.
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algorithm with the Newton technique is better than the one with the Born technique.

The current refinement algorithm provides better results than those corresponding to the iterative

technique alone as shown in chapter 4. The convergence of the iterative process when employing

the current refinement algorithm along with the Born or the Newton iterative technique appears to

be quite different in different situations. Therefore, in solving a specific inverse scattering problem,

the optimum iterative method has to be carefuily determined in order to make the iterative process

converge faster and get a good reconstruction. Numerical results presented in this section show that

the Born iterative technique seems more advantageous for the continuous profile considered, while

the Newton iterative technique is more suitable for the profile with discontinuities.

6.3 Adaptive Algorithm

In the above section, the different behavior of the equivalent current refinement aigorithms with

the Born and the Newton iterative techniques are compared by numerical simulations. These

numeral results show the differences of their performances in different situations. However, it is

not enough to draw a clear conclusion from these numerical results. This is because the effectiveness

of different algorithms is also affected by factors such as the illumination and measurement

arrangements, the selection of regularization parameters, and the matrix inversion techniques used.

The convergence of an iterative process depends on many factors such as the initial estimate of the

object function, the permittivity distribution of the object, the regularization parameter and the

numerical technique for matrix inversion. Only when these effects on different algorithms are

known, can a reliable comparison of different algorithms be made. At present, a rigorous

mathematical analysis of the performance of such algorithms is not available. Repeated numerical

simulations must be applied to obtain the information and determine the most suitable algorithm for

the given object. From the engineering point of view, it is important to be able to determine a suitable

algorithm for a given type of object. On the other hand, at a specified stage or step of an iterative

process, the suitable algorithm may be different. For example, the simulated annealing algorithm
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[53] at the final stage of an iterative process is effective in allowing the iterative process to escape

from local minima but at the beginning of the iteration process this escape is not as important as

ensuring a better convergence. Therefore, the selection of the appropriate algorithm to optimize the

iterative process is important in the numerical computation.

To further optimize the iterative process, an adaptive algorithm is proposed. In this algorithm,

different iterative algorithms are used selectively. The results obtained from those algorithms are

compared and the appropriate algorithm is appiied for subsequent iterations in the iterative process.

Born iterative method Or
( ¡P'r lDr

Os
(l mill)o

O2
(l ¡ni lDz

(a) The ÂEf obtained by using the same initial estimate of the obiect function.

Born iterative method Newton iterative method

\ \
Newton iterative method

(b) The aEf obtained by using different initial estimares of the object

Fig. 6.3 : The computation of the aEi for different algorithms.

Oz
(ll ¡Bi'll)z

function.

In order to find the suitable algorithm in the iterative process, we have to determine the criterion

for comparing the performance of all applied algorithms and determine how to obtain the criteria

for all algorithms. An immediate quantity that can be used as a criterion is llAEsT ll where the column

vector, 
^Ei, 

represents the difference between the measured and computed scattered fietd. The

better algorithm should provide smaller ll^EÈ ll in tfre same situation. The next problem is how to

obtain those llÂEi ll for different algorithms. For example, consider the case when the Born

Og 0,l 
aìvw LvI rLr

(l ^Eill-(l ^Eill-
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iterative technique and the Newton iterative technique are applied in iterations. One manner to

obtain the data for comparison is applying all of them with the same initial estimate of the object

function as illustrated in Fig. 6.3(a). The other way is using the results obtained at different iteration

steps as illustrated in Fig. 6.3(b). For comparison, assume that the iteration results obtained in these

two manners, shown in Fig. 6.3, satisfy

(ll 
^Ei 

lllo 'rll ^Bi 
lD' > (ll ¡nï lþz . (6-1)

From the results obtained by the first manner, one can conclude that the Newton iterative method

is better than Born iterative method with respect to the same initial estimate of the object function

and associated errors in the computed scattered field. However, it is not numerically efficient,

because for comparison all algorithms must be used in computation with the same estimate of the

object function. For the second manner, the main advantage is it is much more numerically efficient.

The problem for the second manner is that the conclusion obtained by this criterion is questionable.

Since the initial situations, O and ll\Ei ll, for different algorithms are different, one can not

conclude that the Newton iterative method has a better performance than the one for the Born

iterative method from (6-1). Without consideration of the difference in the initial condition, the

comparison using the data obtained in the second manner is a biased comparison. Therefore, a new

criterion has to be found to deal with the results obtained in the second manner.

Here, we define a ratio of decrease of errors in the computed scattered electric field

(6-2)

as the criterion for the comparison of different algorithms where the subscript j stands for thel-th

algorithm and ll 
^Eb 

ll, and ll 
^n'o 

ll, represent the errors in the computed scattered field

determined from the estimate of the object function available before an iteration and from the

estimate of the object function available after the iteration, respectively. This criterion, which uses

the ratio of the error nonns, is more effective than that using the error norm itself. It selects the

algorithm that yields the greatest rate of decrease of the enor, rather than the algorithm with the

ll 
^nii 

ll¿
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smallest error as illustrated in

Adaptive Algorithm for Optimization of an lterative process

Fig. 6.4. In this criterion, the effect from different initial estimates

(ll npi lDo

ll 
^Ei 

ll (l ¡nï'lDz

Fig. 6.4: The illustration of the criterion for algorithm selection.

of theobjectfunctionisalsosuppressedbytheintroductionof ll ÂE"n ll¿. tftnecriteriafordifferent

algorithms is obtained by the first manner mentioned above, ll 
^E?, 

ll¿ for all algorithms are the

same and the performances of different algorithms are determined by their differences in ll AEä, ll, .

This criterion is still applicable.

In actual computation, different algorithms are selectively employed at different iteration steps.

At each iteration step, only the selected algorithm is employed and its criterion is updated by using

the newly obtained results.

The comparison of different algorithms is a compiicated problem. Various factors affect the

ratios used for the algorithm comparison. The method for the algorithm selection proposed here is

a quite simple one and in some cases it may not work well. In this adaptive algorithm, the

combination of different iterative technique is determined by the values of their criteria. When the

criteria are obtained by using the estimates of the object function far from the one newly obtained,

they may not represent the performances of the corresponding algorithms with the newly obtained

estimate. The algorithm comparison fails to find the proper algorithm from those data. Consider

the case that the ¿-th algorithm is efficient in the early stage of the iterative process and theT-¡þ s¡s

is efficient in the final stage of the iterative process. If these two algorithms are applied in an iterative

(ll 
^Eå 

lDl
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process, a very small R¡ and a very high rR; may be obtained in the early stage of the iterative

process. Thus, the j-th algorithm may not be employed in the whole iterative process because of

its high R; . The iterative process fails to select the suitable algorithm for each iteration and can not

provide a better image. Consider another example in which a specific algorithm is continuously

applied many times in an iterative process. The differences from the newly obtained estimate of the

object function to the ones used for the criteria of other algorithms become larger. These criteria

do not show the behavior of the corresponding algorithms with the new estimate. The comparison

based on these ratios is not reliable. Based on the above consideration, we set a maximum number

N,, for which an algorithm can be continuously applied. Once any algorithm is continuously

applied N,, times, all algorithms will be applied successively to update their R;. This updating of

the ratios can prevent the above situation from happening. Since the updating of all R; requires more

iterations, the updating of ratios for different algorithms consumes more computer time and reduces

the efficiency of the computation. Therefore, the maximum number N,, for the continuous

application of a single algorithm should be determined carefully. The prevention of the situations

discussed above is not the only reason for the setup of N* . Innumerical computation, when using

a single iterative algorithm, the process may be trapped at a local minimum and can not converge

to the global minimum. The application of other iterative algorithms may interrupt the loop of

repeated iteration around the same estimate and help the iteration process out of the trap. From this

point of view, the other non-optimum algorithms may play important roles. In the simulated

annealing algorithm, the prevention of the iteration trapped at a local minimum is provided by using

a random change of the object functions. Here, it is done by changing the algorithm and this is more

efficient. When updating all criteria, poorer estimates of the object function are obtained because

of the employment of non-optimum algorithms. These poor estimates may make the iterative

process divergent. Therefore, this procedure has to be applied with the prediction-correction

technique in order to prevent divergence in the iterative process.

Consider an iterative process by using an adaptive algorithm. The initial values of R1 ,RZ, . .
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. are all taken to be equal to unity. In a first iteration we apply, say, the first algorithm and compute

the new R1 , with ll AEä 116 considered to be the norm of the vector consisting of the vectors Ef

corresponding to the measured scattered field for all illuminations. If the new Ri is less than unity,

then the second iteration is performed by employing the first algorithm again. In the case where the

new R1 is greater than or equal to unity, we apply the second algorithm for the second iteration and

compute the new R2, with ll 
^E'?2 

116 being the same as in the previous iteration. After each

iteration we update the corresponding ratio (6-2) and continue the iterative process by using the

algorithm which has the smallest R;. When some of the algorithms have the same value of R;, the

next iteration is performed by using the closest succeeding algorithm. On the other hand, if the same

algorithm has been used consecutively for a chosen number N* of iterations, then we apply in

successive iterations, in turn, all of the other algorithms to update all the values of R; , and each time

the object function before an iteration is taken to be the object function computed in the preceding

iteration. The updated values of all R; are compared and the iterative process is continued by

employing the algorithm with the smallest R;. This procedure is repeated until the end of the

iterative process. The usage of the same algorithm in only a fixed number N,n of consecutive

iterations prevents the iterative procedure from being trapped in a local minimum of the global error

in a similar manner as in the simulated annealing algorithm where a random change of the object

function is used. This adaptive algorithm incorporates the positive features of the individual

prediction--correction algorithms employed and performs substantially better than these algorithms

when applied separately to various body reconstructions. The proposed algorithm can be

summarized as follows:

(a) set all Rt = 1 ; apply the first algorithm and compute Ã1 i

(b) if R1 > 1 select the second algorithm; otherwise take the first algorithm to be the selected

algorithm;

(c) apply the selected algorithm in the next iteration and update the corresponding R; ;
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(d) when the same algorithm has been used in N,, consecutive iterations, apply in turn a1l the

algorithms in successive iterations to update all R; ;

(e) compare all R; and select the algorithm which has the smallest R; (when several algorithms

have the same smallest value of R; , select the closest succeeding algorithm);

(Ð if the error in the computed scattered field is acceptable, end the iterative process; otherwise

go to (c).

The advantage of using the adaptive algorithm is that it optimizes the iterative process by

selectively using different algorithms. In an iteration process, at a specific iteration step or at

different stages such as the beginning and the final stages, the optimum algorithms are different.

To find the suitable algorithm for a specific iteration step or stage, using separated numerical

simulations with different combinations of different algorithms require much more computation.

In this new algorithm, different algorithms are automatically combined together to get better results

at different iterative steps and stages. Therefore, it is quite efficient. In the first section, it has been

shown that the behavior of different algorithms in different situations are quite different and specific

iteration methods are more efficient than the other methods for the reconstruction of specific objects.

The adaptive algorithm combines the strengths of different algorithms. It is flexible to different

objects. The employment of the adaptive algorithm is more powerful than the employment of single

algorithms in dealing with complex objects.

6.4 Numerical Results

In this section, the computation results of example one, example two and a new example, ex-

ample four, with its permittivity shown in Fig. 6.5, by using the adaptive algorithm are presented.

In the adaptive algorithm, the algorithm comparison is carried out between the Born and Newton

iterative techniques along with the prediction-+orrection and the cunent refinement techniques.

The results by the adaptive algorithm and the algorithms which are used in the adaptive algorithm

are discussed.
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Fig. 6.5 : The grid and the permittivity distribution of example 4.

Exampie 4 - A lossless dielectric cylinder of square cross section with continuous permittivity

distribution similar to example one except for a central square subregion on the

boundary of which the permittivity has a salient discontinuity is shown in Fig.

6.5(a). The maximum and the minimum of e,. are 3 and 1.2, respectively. The

cross section is discretizedin 100 cells (cell size 0.1¿ X 0.IA), as shown in Fig.

6.5(b). The illumination is provided by line sources parallel to the cylinder placed

successively at different positions, equally spaced around the cylinder at a distance

of six wavelengths from its center. The scattered field is measured by equidistant

receivers ona I.6lA x 1.671 square contour as indicated in Fig. 6.5(b).

For example one, 7 illuminations are applied and 28 receivers are used to measure the scat-

tered field, the same as used in chapter 4 for the numerical experiments. The results are pres-
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ented in Fig. 6.6 and Fig.6.7. Except 6 x 10+ for the first iteration, the regularization parame-

ter used in the iteration process is 6 x 10-3 , and then reduced to 3 x 10-3 for Fig. 6.6 and to

3 x 10-5 for Fig. 6.7 after the 5th iteration.

The adaptive algorithm provides faster convergence. For the parameter .r, representing the

errors in the computed electric field, the value obtained by using the adaptive algorithm is small-

er than the values obtained by other algorithms. The parameten r, representing the error in the

object reconstruction, is better or equal to the values obtained by the Born iterative technique

which is much better than the ones obtained by using Newton iterative technique. An interesting

feature is that when using the Newton iterative technique, the error in the computed scattered

field is much smaller than the one by using the Born iterative technique. In practical computa-

tion, the quantity which can be determined is the error in the computed scattered field, since the

object is unknown and the error in reconstruction, r, cannot be obtained. The larger s for the

Born iterative technique makes it difficult to determine if its reconstruction is good. The adap-

tive algorithm provides both small s and r. Therefore, the parameter s for the adaptive algorithm

can be used to more accurately measure the degree of the object reconstruction.

For the second example, the results are presented in Fig. 6.8 and Fig. 6.9. Except 6 x 104

for the first iteration, the regularization parameter is 10-6 for Fig. 6.8 and 10-10 for Fig. 6.9.

The adaptive algorithm is not as convergent as the optimal prediction-+orrection algorithm with

Newton iterative technique, although it also provides a good reconstruction. This is because it

has to compare the performance of all iterative algorithms in the whole process. However, when

the optimum one is not known, one has to try other algorithms in order to find the best algorithm.

The use of the adaptive algorithm is still efficient.

Example four is a more complex example and is used to check if the adaptive algorithm is able

to combine the different specialties of different algorithms and reconstruct complex objects. For

the results shown in Fig. 6.10, along with the prediction-correction algorithm, the regularization

parameter for the Born iterative technique, which is 10-7 at the final stage of the iteration pro-
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Chapter 6 Adaptive Algorithm for Optimization of an lterative Process

cess, is different from the one for the Newton iterative technique, which is 10-9 at the final stage

of the iteration process. Nine illuminations and 28 receivers are used for Fig. 6.10. The adaptive

algorithm combines these two algorithms with their own regularization parameters (After

6 x 104 used as the initial value, for the Born technique, g is 6 x 10-3 , 10-s , i0-6 and

10-7 after the first, 9th, 40th and 55th iterations, respectively; for the Newton technique, g is

6 x 10-3 , 10-5 , 10-8 and 10-9 after the first, 9th, 15th and 60th iterations, respectively). The

results shown in Fig. 6.10 illustrate that the adaptive algorithm has a smaller error of reconstruc-

tion than the other two algorithms. The final error of reconstruction for the adaptive algorithm is

2.06Vo. To see the reconstruction error with more illuminations, the case of 13 illuminations and

28 receivers is computed and the results are shown in Fig. 6.11. The adaptive algorithm provides

better results than those obtained by using other algorithms. The final error of reconstruction for

the adaptive algorithm is 2.64Vo. Although the illuminations used for Fig. 6.Il are almost one

half more than the one for Fig. 6.10, the reconstruction is worse than the one in Fig. 6.10. From

these two cases, it can be seen that the reconstruction is very closely related to the illumination

and receiving arrangement in data measurement. In these two numerical experiments, the differ-

ence between the CPU time for the adaptive and the prediction-correction algorithms is less than

2Vo, although the reconstruction error for the adaptive algorithm is about one half of that for the

corresponding algorithms.

Next 20dB noise is added to the measured data and the different objects are computed by the

adaptive algorithm. For example one, with the same physical situation as in Fig. 5.6, the results

are shown in Fig. 6.12. For Fig. 6.12, except 6 x i0+ for the first iteration, the regularization

parameter is 9 x 10-3. For example two, with the same situation as the one in Fig. 5.13, the

results are shown in Fig. 6.13. For example four, the results are shown in Fig. 6.14 and 6.15. In

the computation, 8 illuminations and 28 receivers are used in the measurement. The rcgulariza-

tion used in the iteration process is 3 x 10-2 for Fig. 6.14 and 6 x 10-3 for Fig. 6.15 after an

initial value of 6 x 104 used in the first iteration. The performance of the adaptive algorithm is
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not as good as the one in the case of no noise present in the measured data. When noise is present

in the measured data, the difference between the computed scattered field obtained from the ac-

tual object function and measured data is not zero. The reason is the effect of the noise not being

considered in the criterion for the algorithm selection. Now the criterion in (6-2) is not as effi-

cient as for the case when the noise is not present.

6.5 Conclusion

The adaptive algorithm is an efficient and flexible algorithm. It optimizes the iterative process

by selectively using different algorithms. In this algorithm, the performances of different itera-

tive techniques are compared within the iterative process in order to determine the more appropri-

ate choice for subsequent iterations. The flexibility of this algorithm is that it can incorporate

various available techniques and is capable of dealing with a wider range of objects than the other

methods. In the algorithm comparison, as shown in Section 6.2, the ratio of decrease of the error

in the computed scattered electric field is used as the the criterion for the algorithm selection.

Because of the complexity, a maximum number for continuous application of a single algorithm

is set up for updating the criteria for all algorithms. Numerical results show that this algorithm

works weil in the reconstruction of quite different objects when no noise is present in the mea-

sured data.

The algorithm proposed in this chapter is a primary work and more investigation of the algo-

rithm performance, especially for the case when noise is present in the measured data, must be

done in the future.
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P-C method with Born technique
------ P-C method with Newton technique
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Adaptive method
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------ P-C method with Newton technique
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Fig. 6.6 : Errors s and rfor example one with g = 3 x 10-3 after the 5th iteration'
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P-C method with Born technique
------ P-C method with Newton technique
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Fig.6.7: Errors s and rforexampleonewith 8=3 x 10-5 afterthe5thiteration'
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P-C method with Born technique
------ P-C method with Newton technique

- 
Adaptive method

5 7 I 11

Number of iterations
(a)

P-C method with Born technique
------ P-C method with Newton technique

- 
Adaptive method

10-6
1 3 5 7 I 11 13 15

Number of iterations
(b)

Fig. 6.8 : Errors s and r for example two with g = 10{ after first iteration.
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P-C method with Born technique
------ P-C method with Newton technique

- 
Adaptive method
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Number of iterations
(a)

P-C method with Born technique
------ P-C method with Newton technique

- 
Adaptive method

1 3 5 7 I 11 13 15
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(b)

Fig. 6.9 : Errors s and r for example two with g - 10-10 after first iteration.
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P-C method with Born technique
------ P-C method with Newton technique
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Adaptive method
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Fig. 6.10 : Errors s and r for example four with 9 illuminations used.
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Fig. 6.1 I : Errors s and r for example four with 13 illuminations used.
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P-C method with Born technique
P-C method with Newton technique
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Fig. 6.12 : Errors s and r for example one in the presence of noise in the measured
data, I = 9 x 10-3 after the first iteration.
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P-C method with Born technique
------ P-C method with Newton technique
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Adaptive method
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P-C method with Born technique
------ P-C method with Newton technioue
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lig 0.13 : Errors s and r for example two in the presence of noise in the measured
data, in the same situation for Fie.-5.13.
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P-C method with Born technique
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Fig. 6' 14 : Errors s and r for example four in the presence of noise in the measured
data, g = 3 x I0-2 after the first iteration.
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P-C method with Born technique
------ P-C method with Newton technique

- 
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Number of iterations
(a)

P-C method with Born technique
------ P-C method with Newton technique

- 
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(b)

Fig. 6.15 : Errors s and r for example four in the presence of noise in the measured
data, g = 6 x i0-3 after the first iteration.
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Chapter 7

Three-Dirnensionat Object ReconstructÍon

7.1 Introduction

This chapter is an extension of the discussion about the iterative techniques presented in pre-

vious chapters to the three-dimensional case. In the 3-D case, more components of electric field

have to be considered in the integral equations for the direct and inverse problems. The electric

field integral equations become more complex. After the application of the moment method, the

electric field integral equations for three-dimensional problems are transformed into matrix equa-

tions. These matrix equations can be expressed in the same form as the ones for two-dimensional

problems. Thus, the discussion of the numerical computation is quite similar to the previous dis-

cussion for the problems in2-D case. The main difference between three-dimensional and two-

dimensional problems is that more information is available and the amount of numerical compu-

tation is larger. The adaptive iteration method is used in the numerical computation of the

reconstruction of three-dimensional dielectric obiects.

7.2 Matrix Formulation for Iterative Methods

Consider the object divided into N cells and the moment method described in chapter 2 used in

the discretization of the integral equations. The matrix equation for the direct problem in the

three-dimensional case is

Eil lnll
Ei l= | nl, I e-r)
-', | | Ilr.2J Lrå.1

of the vectors for different

(7-I) can be rewritten as
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where

and

Et= ([1¡] - tc'lto3l)E/

I ttll tOl tol I
t1¡l = I tol t1l tol | ,

L tOl tol t1l J

",=f il]
E'= 

f tr]

Th ree-Dimensional Object Reconstruction

n_)\

(1-3)

I tol tol rol Iloi = | Iol tol tol I

L tOl tOl Lol J
(14)

(7-s)

The matrix equation for the inverse problem in the three-dimensional case is

liffiifiäi#;]l l'ff''ri'gil läl lffl
or'

[G',][B]O3 = E" (t-6)

where

o,=lä] (71)

and lEtl is a diagonal matrix consisting of the elements of Et .

'When applying the Born iterative method, the submatrices in (7-5), lE l ,lE l and, lElrf , are

known from the solution of the direct problem. The matrix equation for the Born iterative meth-

od can be written as

Es = [D]O (7-8)

where

E'=lä]

"'=f Ëil,,=liffiWiiitrÅF¿jiiftiï;t)

147

(7-e)



Chapter 7 Three-Dimensional Object Reconstruction

For the Newton iterative method, following a similar procedure for the two-dimensional case.

the obtained matrix equation is

ÂEs = lG"l(tzl_toitGiD-1t¿/lÂo: (7_i0)

where

f^ol
ao3=l+g I rtlDL^OJ

and ÂO is the variation of 0 . To simplify the matrix equation in (7-10), the following matrix

division is defined

(tlsl - IosltGrl)-rlEl =lrwrl tw¡ rw,l] (7_12)

where, lW*1,[Wy] and lWrl are three 3N x N matrices. The matrix equation in (7-10) can be

rewritten as

ÂEr = iDl^O 013)
with

[Dl=lG"]{W*l+[Wy1+[W,]). (7_r4)
'When 

multiple illuminations are used, the matrix equation for the direct problem is

n,= (¡fr1 -lcillqDF,l I = 1,2, ,L (7_15)

In the Born iterative method, the matrix equation for the inverse problem is

Ef=[D/]O. (7_16)

In the Newton iterative method, the matrix equation for the inverse problem is

^Et=tDll^O. (j_r7)
The global equation of (7-16) or (7-I7) for all illuminations with regularization is

IDIHB = (DlHLDl+st4)X (7_18)

with
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(7-Le)D|:I

For the Born iterative method, X is O , [D] consists of matrices in (7-9) and B consists of

column vectors Ef for all illuminations, respectively. For the Newton iterative method, X is

AO , and [D] and B consist of the matrices lc?l(tw,l + lWyJ + lWrl)t and the column vector

ÂEf for all illuminations, respectively. The matrix equations are expressed in the same form as

the ones for the two-dimension cases. For the direct problem, (7-2) is similar to (4-1). For the

inverse problem, (7-8) is similar to (4-2), and (7-10) to (4-14). At each iteration, the toral elec-

tric field is updated by solving (7-15). Then, (7-18) is solved ro update O for the Born iterative

method or ÂO for the Newton iterative method.

When the current refinement algorithm is used, the current refinement procedure is applied

after solving (l-I5) and (7-18) at each iteration. With the total eiectric field and the object func-

tion obtained from (7-I5) and (7-18), respectively, the equivalent current is refined from

¡, = IE|JO .

Then, the total electric field is refined from

(7-20)

Et,= lGilJ¡+El . (7-2r)

The new object function is computed from least square solution of (7-20) for all illuminations by

using the refined equivalent current and the total electric field.

In the prediction-correction algorithm, ÂEi¿ and J¿¿ include all the involved polar1zation

components and are used in the computation of ÂEl¿ and J7¿ for making prediction, respective-

ly.

In the adaptive algorithm, each AEf consists of all involved polarization components and are

used in the computation of AEi. At each iteration, ÂEf computed from the initial estimate of
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the object function and the updated one are used to update the value of the criterion for the algo-

rithm applied. The criteria of different algorithms are compared to determine the more suitable

algorithm for the next iteration.

7.3 Numerical Results

In the numerical simulation, a fifth example, a cubic region is considered.

Fig.7 .1 : The grid for the investigated region and permittivity distribution.

Example 5 - The region of investigation is divided into 2'7 cells (cell size 0.3)" x 0.3)" ) and a

dielectric cube with permittivity €r= 2 and size 0.3A x 0.311 is piaced at the cen_

ter of the region as shown in Fig. 7.1. The region is successively illuminated by

four plane waves with the electric field parallel to the z direction as indicated in

Fi$.7.2. Sixteen receivers are placed in two planes àt 1=+ 0.15A. In each

piane, 8 receivers are equally spaced on the contour of a square of size 3)" x l)"
as shown inFís..I .2.
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(a) Top view of the experiment arrangement.

(b) Side view of the experiment arrangement.

Fig.7 .2 : The arrangement of illumination and measurement.

The computation is carried out by using the adaptive algorithm presented in chapter 6. The

object is reconstructed by first using only Er, then only E, and. Er, and finally all three polar-

ization components of the measured scattered fietd. The results for differen t regulaúzation are

shown in Figs. 7 .3,'7 .4 and I .5. The regulaúzation parameters are 5 x l0-2 for Fig. 7 .3, I1a
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Chapter 7 Three-Dimensional Object Reconstruction

ponent of the measured scattered field is used in the reconstruction, the reconstruction is an un-

der-determined problem. Because the number of measurement location is less than the number

of cells. From the curves shown in those figures, it can be seen that, when using only the e
component, the results for the errors in the object function reconstruction is divergent. In the

contrast, the results for the effors in the computed electric field E, is convergent with a Íate faster

than other ones by using E* and E, and by using all components. Although the difference be-

tween the computed scattered field and the measured data is very small, the tack of information

makes the reconstruction error quite large. In the cases of Figs.7.3, 7.4 and,7.5,the reconstruc-

tion errors reach up to I00Vo. The results obtained from the measured E" and E, arc good but

the corresponding curve in Fig. 7.4 shows that the process of reconstruction is not numerically

stable. The reconstruction by using the data of all three polarization components is better than the

other ones. However, in practice, the measurement of all three components is not convenient.

When using only a part of the polarization components of the scattered field in the object recon-

struction, the numerical stability is still very important.
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Fig. 7.3 : Errors s and r for example five with g = 5 x 10-2 after the first itera-
tion.
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lmaging from Ez
------ lmaging from Ex and Ey

- 
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Fig.7.4: Errors s and r for example five with g = 104 after the first iteration.
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Fig. 7.5 : Errors s and r for example five with g = 10{ after the first iteration.
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7.4 Conclusion

Th ree-Dimensional Object Reconstruction

The three-dimensional problem of electromagnetic imaging is discussed in this chapter. The

matrix equations involved are expressed in forms quite similar to the ones for the two-dimension-

al case. The techniques developed in previous chapters can be easily applied in the three-dimen-

sional case. For the object function reconstruction, the iterative process is fast and numerically

stable when the measured data include all three components. In the application of iterative meth-

ods, the under-determined problem has to be avoided. Otherwise one may obtain a very poor

reconstruction even from an iterative process which is rapidly convergent.
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Chapter I
ConclusÍons and Suggestions

8.1 General Conclusions

Iterative methods for electromagnetic imaging of lossless and iossy dielectric objects are

investigated in this thesis. The techniques of currentrefinement, prediction-correction and adaptive

algorithm transference are presented for improving the numerical convergence, stability,

robustness, and flexibility of iterative methods and discussed in detail. They can be applied with

different iterative techniques such as the Born or the Newton iterative methods. Numerical tests

show that the application of these techniques significantly improves the numerical convergence,

stability and flexibility of the iterative process for a variety of dielectric objects.

The equivalent current refinement technique is presented in chapter 4. It improves the

convergence and numerical stability of the Born or the Newton iterative methods proposed for

electromagnetic imaging. This technique is based on the more precise consideration of the effect

of the errors in the computed scattered electric field. In this technique, the object function is

reconstructed from the better evaluated equivalent current at each iteration step. Since, at each

iteration, this technique is used to refine the iteration results, it can be applied to different iterative

methods. The supplementary numerical computation needed for this technique is negligible

compared with the one for the solution of a dense matrix equation for the direct or the inverse

problem. Numerical tests are presented to show the improvement to the Born and the Newton

iterative methods.

The prediction-correction method, presented in chapter 5, is a further development of improving

the numerical stability and convergence of an iterative process. It stabilizes the iterative process by

providing a better initial estimate of the object function for each iteration. The method is
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Chapter 8 Conclusion and Suggestions

characterized by using all information acquired within the iteration process itself to make the

prediction for the next iteration. It is numerically more stable and faster than other iterative methods.

The prediction of the object function consists of a linear prediction of the equivalent cument by

minimizing the error in the computed scattered field and a nonlinear estimation of the object function

from the predicted equivalent cuffent. The prediction of the equivalent current is a prediction for

a lineal ill-posed problem and the prediction of the object function is the one for a nonlinear

well-posed problem. This method avoids the difficulty of the direct prediction for an ill-posed

nonlinear problem. In the selection of the iteration results used for making a prediction, the worst

iteration results are discarded. Even when results from the preceding iteration is poor, the

application of this method can still provide a comparatively good estimate of the object function for

the next iteration. The iteration process is not divergent. Numerical tests show that this algorithm

is not as sensitive to a change in the regul aúzationparameter as other iterative algorithms. As shown

in Figs. 5.5,5.6,5.I2,5.I3,5.I'7 and 5.18, in the presence of noise in the measured data, this

technique still provides better reconstruction results and is robust.

The adaptive algorithm is presented in chapter 6. If the algorithm presented in chapter 5 is

considered as an improvement on providing a better estimate of the object function, the adaptive

algorithm is an improvement on providing a better algorithm for solving the inverse problem. In

solving a nonlinear ill-posed problem, specific iteration methods are more efficient than other

methods for the reconstruction of specific objects. Different algorithms have different numerical

specialities and at the same time, they also are differently affectedby factors such as the illumination

and receiving arrangements, the regularization parameter or the permittivity profile of the objects.

In this algorithm, we introduce a decreasing ratio of the computed scattered field and use it as the

criterion for the selection of the optimum algorithm. The main characteristic of this algorithm is

that different algorithms are combined in one iteration process. The first advantage of this algorithm

is that the appropriate algorithm for the given object is applied in the iterative process. The iterative

process is optimized by using this algorithm. The second advantage is there are no repeated

numerical computations in the search of the suitable algorithm. It is numerically efficient. The third
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advantage is this algorithm combines the strengths of different algorithms, which makes it able to

deal with more compiex objects. Since the algorithm comparison is a complex problem, the error

ratios for different algorithms have to be updated at specific iteration stages. The updating of all

ratios used for algorithm comparison also has the advantage it prevents the iterative process from

being trapped at local minima. The ratio updating is discussed in detail.

In chapter 7 , the computation for a three-dimensional electromagnetic problem is considered.

The matrix formulation is presented and the numerical results are discussed.

The combination of the techniques presented in Chapter 4, 5 and 6 can be illustrated in Fig. 8.1.

Fig. 8.I : The diagram of the combined algorithm.

Setting the initial estimate of the object funcrion

Solving the direct problem by using the given
estimate of the obiect function

Selecting the optimal algorithm

Solving the inverse problem by using the computed
computed total electric field

Computing the object function by current refinement

Predicting the new object fuction

If the residual error in the computed scattered
electric field is within an acceptable level
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Chapter B

8.2 Suggestions for the Further R.esearch

Conclusion and Suggestions

The following recommendations are made for future work on the iterative methods applied to

electromagnetic imaging:

1. Incorporate transient incident waves in electromagnetic imaging. By employing the Fourier

Transform technique, more information can be obtained from the transient scattered field.

This makes the imaging problem not as ill-posed as the one with single frequency iilumination

and this reduces the difficulty in the numerical computation.

2' Incorporate special illumination and receiving arrangements in the iterative methods. The

choice of the illumination scheme and of the scattered field measurement scheme has a strong

effect on the reconstruction results. The optimum choice reduces the ill-posedness of the

electromagnetic imaging problem, but this choice varies with the shape and the materials

composition of the object. The optimum can be approached from the knowledge of a priori

information about the object.

3. Further develop the adaptive algorithm. For instance, other algorithms such as the Simuiated

Annealing method, the Markov Random Field method, or the Maximum Entropy method can

be applied with the Born and the Newton iterative methods into the adaptive algorithm. The

optimization of the regtiaúzation can also be incorporated into the adaptive algorithm. The

optimization of the regularization includes the selection of the regularizationparameter and

of the stabilization function. Not only does the optimum algorithm for solving the inverse

problem and the optimum regularization method have to be considered but also their

combination in the optimization. Therefore the optimization problem becomes more

complex. An artificial intelligence method such as the Neurai Network method mav be a

powerful tool to deal with this complex problem.

4' A further study of the discretization process of objects in order to treat objects with irregular

shape and irregular distribution of electric parameters. For such objects, more complex basis

functions have to be used to simulate more precisely the distributions of the equivalent current

and of the permittivity.
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Chapter B Conclusion and Suggestions

In order to further optimize the imaging system, a study of the reconstruction from different

types of data, such as polarization, receiving and illumination arrangements, should be

performed.

Although there is no special requirement in the case of the algorithm for imaging lossy media,

more information is needed in reconstruction due to the attenuation of the incident wave. The

study is now to be focused on how to efficiently obtain the necessary information.

5.

6.
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