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see. 1. 'rhe thesis consid ers some points in the derivatlon ,,

of bases for the cubio xõ+3lix+G = 0 and for the quartie
t1 oÐ

x*+.?xo+Qrc"+R = 0. The method is an ad.a-rrtation Ín partieular,
of certai.n general theorems d.ue to -ll, R. iïilson. These :,,:-,,,,

theorerus are Ín prei¡aration for. ¡lublicationrand attack the
: .' . :-- :.

general problen of d.eriving bases for algebraio nurnber fields "i"
from an opposite viewpoint to tj:e one ad.opted by the same

author in his paper orì "rntegeïs anc Bases of a lîumber

Field "tt* There the process began with the elements of lowest
cegree,and- metho,c.s were <teve1o.¡:ecl permitting grad.uar p?:ogress

to the elements of, higher d.egree. 'i,ractical ap,ulieation
becanle aore cornplicatec the higÌrer ihe cle$ree of tÏ:e element.
The later theorems referred to, establish rnethods for
obtaining ti:e nighest d.egree elelnents first and working back 

.,.,:.....to the elernents of ]ov,rer d.egree" ìVhere unpublished titeorems ¡ "::'':

are used- the;i are quoted.. 'rhe treatrnent falls naturally ,, ...

into tr,vo parts; -

fARf 1. The Basis for the 0utric x3+"THx*G = 0;

sorne points ir:. its d.erivation. : : .,....

!ï1ìT Ë. The Basis for the Q,uarti c x4*ix3+Q,x3rrl--0. 
:ì:ì

sone points in íts derivation,

+ Transactions of ;i¡oerican i,iathernatieal $ociet¡r. Vol" ;ffilX.
IrTo . 1. 3p. LlL-186



See. 2

The fot'rn cf equatior: used for ti:e cui;ic lras the usual

xõ+3iìx+Ê : O, the seconcî d-egz:ee term being eliminated.

It is a convenient fa-rrn in d.ealing i';ith s)'m¡retric fuirctictis

of the yoots. It seerned. desirable, houlever, because of

the Íd.eas undertr-;ripg the later theorerns, to manifest cevtain

rel.ations betweer: f (x) anri Íts derirrati'¡e; hence tire forni
/!nô

x=+i:xÐ+QxÉ+B, = O was used., that transformation beÍng

assumed., which eliminates the tern¡ of the first degree.

It is posslble by a linear transformation, to elininate
all factor's p sucir that pz/,zA ana p3le, from the ooefficients

.3tr{ ancl G sg s3+Z:Hx+S I0;. similarly factor's p such tl:at pl?,
<),4,p'/t"n and. p=/Ro froni the coeffieients I, Q,, R, of

x4+åxõ+EIx?+R = 0, When tliis has been done, the equation is

said. to be nornlal-. ?his norinalizing is assumed, as done

. for the equations lrre d-eal tsith.

íJec. 3. llotation:-
l. The d.enominator of eleroent of d.egree i-l is representetL

tìrroughout by P. "

2. The letter *p' denotes an;l prirne.

3. lle read. p/8 as'op dir¡Ídes q" and. plq as "p,åoes \lct
d.lv].de ç" .

4. TÏ:e symbol[gl*"",r" "the greatest integer ir. # ".v)zEJ. iTe represent tÌ:e discriniinant bVA.

6" Ãrry other notation is used. i,,rith an obvious fieanirrg in

e¿rch cäse, or rei'ei^ences nrad.e to it rvhen it is
introd.uced..



PARï }."

The basi,s for the eubic

xr+3Hx*S = 0; soûìe points

iri its derivation.



THtr CUBIC

'Ihe equation is ffx) s x3+.THx+G

lhe elements are of ti:e forrr 1, xt8 *p6 x8+bjr+c
Pv Pti

?he follov¡ir¡g' general relations hold beti,¡een the denonlinators

ancl s¡rmmetrlc functions of the roots. fhese are based on â
t}¡eorem from a pqper to be pubrished, shortly by x[. R. IVilson.
The theore¡n is: tr'rhe syuimetrie suni of the pro<i.ucts of the
squared d.ifferences of tTre roots of f [x] = 0, i at a tirne

is riivisible hr¡ V'?P? P? rr
',J *L*Ao .. ó e ¿. Ò

For the cui¡i c TZ/ã.fxr-xr)Ê where the latter equ-als -rBH;
ilrltathe d.iserj.minant wherE4= gãf+eã-Gä) Ê B3A'

rf (Ë+) is an integer, then {åt*)P rs arso a¡r inteßer,
Pu P(¿

.'n l"¡e must have ¡x+el8 ; K(+?+þx+e) * integers. Thepv pü
coefflcients of x ¡nust be eq.uäl, i.€" puagp8v. hence ?v-(u.
.¿ilso sinse pÊv/18H , 2y ( Vl , where Vris the highest poriler of
p ln lBIi. Flnatlyr Ëlnço $ffi¡ a, 3u+8v ( V, where y'u is the
highest power of p in4.

'Li{e gather these results
il)..(a) ?vsu fb) pv-<v* (c) zv*zv1üz

Sor H f O, the G. tn Ð. cf ffx) an,L f'fx) is åHx+G.

Itepeated. d.ivision of f{x} by P}Ix+G gives Ïix-Ç as the other
factor. ule wrlte ?Hxtë = q and. ïIx-G = a.

te)..Then 2a = 8Hx-eG = e-ãë
(g). "Further erl5r(x) = Eaqz+ïa' g-Ga' 

= 
q3-eGq2*3 a'E-6 a '



i"ata andf be nunbers, o( - 2i$ anA¡t = qq..

p*'p*
Then except for p

are equivalent" For, siirce pu ancl A are prirne/fiIe tÍrs.y find.

k a.nd- 1 such that 8k+pu1 = 1

From (nI we haiie 4a?qz*6 Â'aq-pG Á'a = 0
l5)... i.e.qÊ nSo=? - 2G4'a - 6

pri pZo
,.Ðrror Pa-q*+34 aq-GA a = 0, giving

(6)"." 2û þ A¿ - e4lg = ozp* zÐou

From the paper quoted abo*¡e, w€ have also that f (x)

contains a sguared factor, mod.. pvd wj:.ich v;e calL q: q is
also a simple fastor mod" p¿w" For the eubie, q must be

linear; so that f (x) i 0 mod-" p?w, anrt ft lx) = 
O mocl" Fw,

tvi1l ha'¡e a coÌnmon root, the rise pw referred. to here, is the

last rise" let this factor ìre x-q. îhen ilre ti:eorem,

ref erred. to the eubic case, read_s ¡ -
l?)...n,5+øHn¡ü : 0 mod." pPw, nfuf+E) 

= 
0 mod" pw.

rn particular, it is furtìrer shor"¡n that r"vheye a rise occurs

at the second. element, i.e. *l x-n, is a factor of f(x)
acd." p3v, of fr {x) rnoa, pzv afld of f,, lx) morL, pv: that
we have f fx) i 0 rilo,i. p3v, ft (x) ! o i.:rod. pÊv, anö- åf'(*) : O

nrnÄ *V rn.i.t-L a^r.-¿.: ^-^ rr-r----- 
l!

ulu(rc p , rn¿L.n a eoliìmon solution. Refeffing to the câ$e in
hand , tiris read,s: -

lB).."n,3t3Hn¡G:0 mod.. p3v, .zlnf+u) i o rnod., p?Y, 3o,i 0 ruod-, pv



fg ). ..The latter has

H : -1 rnod.. 5,

36/a.

ti:e solution n, i
G*f 3H+t) 

= 
o nod.o

1 wiren p = 3 an¿ v : 1;

2'/; ar:d requires ti:at

(10)...flhe solution n, = o requi""* pz/R ana p3/e if p t' g; that

3/F- anù 33/G if p : 3, ttre elemests then being r x xe.'r B'æ'
unless ø3fn ana g6/c"

(ff )...ff n,:0 is a soLution for ti:e eonditions under (?\, then

p/H and. pz/g (unless tire case comes under the head-ing(10.) )'

For the d- j,seussion, we u¡ilI use the following

classification. ¡Ve rqrill let pi and pk denote the i:iglrest

po\¡Jers of p in E an.3- G respeetively. For H f O, r-,re rui1I

elassify:
ri=2kforpfz;
3i

3i> 2kforpfz;
The transformation x - pkx' will leave these relations

urial tered. "

Case 1.

Case 2.

Case 5

3i-?,=2kforp:2,
3i-?1?Jr.faYP=2
ãi-Z>?kf'orp=2

::,{t



f ,l) The cubier p * 2

iïe vuill d-eal- first witir

p f 3. i,Ye normalize so that

exeept where 3i>2k anù k = 2,

sotiratk=i+2.
Case L. (i.e. 3i = ?lrl i =

normal } and pr''/A'. Iience l:y

u = [.úl r anct a]so ß= Ð.
L"J , po

îhe element Tå tu eo^uivalent
t-l'
J

{i"e . si<;k),

anti. p f 3

tire cases vrhere p+2 and.

i atiå k har,'e iheir least valu.es

mod. 3 when Yue .errange tirings

k = 0 (siiice the equation is
(r¿l ,d= z",q iu an integer for

Þ*

rf i = 1, k>2
is equivaleirt to

t2HxrG) (H:r-G)

- p"E-f--

z.9t$Ì sâ],. since { -

to vrhere 11 =ßJ

Case ?"

P=3.
*?HAY¡A ê
p

o

l1lJ-

+G

p

L--uJ

( ZHx

ï

ì

k> o

) ele
(lix-ç

t

fI

)
u.

an

eil

, 1,ï

ã

-t-

'h

Õ..'. po/4^on1;r if
s are i, x, #,¡ì },tútere u = l#l

LáJ+?,4

€¡

for
in

!'t

ij

ori

to
.':r ilfu¿

Case 3, (i"
normaLi. zed.

no el- er¡ents

i = 3m =(.
where h and

ltlherrce the

equivalent

latter is e
FI

- It4 llî''l
L"l

1i>z]Kl ,

rn vrÍll
U¡ .LI

*rrtn*
are pri
gine.l b

( ËHx+G )

if k S 0 or k 
= 

L mod. 3

have k = 0 or k = ln and,

k=3m+2osincek=í+2,

, the

there are

true have

illrx' +pzg,

bJ' l11i ,

e first is

öm+4, the

= fllana
LÔ)

e

S

o

.r,

ül

a

t

t^

I

püxo , v,re obtain *3+3p

o p; basis 1, x', #t
is I x , x?:"s r-, 5m' 

'-''. 

Th

p4m
val- ent

(+v L

(åHx+G ) (ux-c ) *,ho.o ,,

-æf+17



(B) 'lahe Cubic: P = 2

If p = Z, t're tformr-lIi ze the equation as 'bef ore. Itl

üase 1, (i, €. 3i+?, = 2k) v,re have as ii:e only possibility

!=O,þ=1,and i=t
Equation (6) i.e. þ2t W - .tôþ = Q is satisfied for

þ=*wherem =i{l ¡utiot t;;^=f-(#l (rheexrra z' 2m 
,|¿¿v¿v 

FJ 
vuu ¡¡v 

L - J
in tÌre denominator of the second term 1s absorbed b¡r tì:e

q factor of / rtnã in tile denoniinator of the third. terrn b¡r G)"
/

Beeause of the factor. Z in gllx*G = U, / ts equir.,alent to an

eLement of ths f orm "3tF:g, orle und-er the riaximu,rn d.egree.
zn-t

If there is an ele.reiit of r¡aximurn d.egree ín 2,1et it
¡* u',å' * lx+dllx+e). i,et g, = ZH(x+e) and â, = H(x+d). The2m Zra

eletrent is Zli?lx+d.)fx*e) i.u. ar %-. llovu if this is an--lÑ1--_-' - 
amt1

elenient of tire basis, .then, since { is àn integer, we mu$t'2m
have *S = k(&Ë')t integers. lhe leadin¿;' eoeffícieuts here

pn 2m+I 5r

i¡ust be equal, i.€. zEÅ 
= a($.¡. Obviously k s 2; anagm 2rn+I

rnultiplying by Êü1 v,¡e get åq = a,g+Zn( irrtegers ) , or

aq. 
= 

arq mod.. ?rlì"... G................. {a}

Surther, tÌ:e repeate,i- factor qt is sucÌ¿ that qt /f (x.\ niod"" 22ü

and. (q'l?/t(x). moo-. SlIl by our general theorem¡ i.eo

f(x) = a'(q')2+2m(integers) "

and gHSrfx) = 8H5a' {qt )2*2rn+Slintegers).

No,,v a, = IIar .and e,= ZHqt .'. SIiSf f x) = 2a,ê*z**5(irr.tegei^$ )

in€. from (.3\ 2aq3+5a'q-Ëât = ?,aqf+}m*s'¡integers )"

Sroi¡i this, '*i,'hen Zm)m+õ, i.€, rnàl, wo get ZuqZ = ea,øl mo,f . ¿ü*3'



or eq2 = a,g| Hod.. 2fi+2 E.Êr. o...c...ôo '""fh)
ll'lhen m = ] o-r 2 i,ve r¡;Í'ì1 hp-ve s1;ecia.l caÐes)" !.r'e l:Ltìr"'e,

from lb ) and la )

aqz =- "F? rnod ' ¿m+å

eq i âr8, mod. " Pm

aqa : q(aq) = a(a;q,-ÊIrì(inteserr)l = \("p)¡prù+z(integerr)
n'* 1q(q-q,) =-q(åm) (íntegerr)+8m+e(integer¿) 

"

Since q and q, eech contain one Ê,we nay wvlte
(q-E): em(integerz,)ofor ?m ie a factor €f'the

right after d.ivieion by 8, and n', must be of the l"eft and

so of (q.t),since the only ? in qq,has becn remÕved,

qE qrned.. ÊH".....o c.... e .o oc. r. o o o e ùo " ". " " [ö]

"å.gain, q.# q, mod.. ?m+1 , sinee in jþ.t we coi¡l.d then vrs'ite

q for er,
iìie may "'. take q: g*Êm slnee n"mltiples o¡ 2nt+1 ean be

d.iscard.eil from q, "
ii¡e alreaùy have qq8 

= *,u7 nxod.. rw+?' Ë ^,( q-am)z moa"åm+Z

3 uftz- em+14Æ+ Za**,aod. 
'ßnZ 

, .'.

q2( a-a, ), ! -em*la$, +}?wa,mod.. rm+Z. iince q contains ?

to the first pourer Fre may d.ivid.e through by 22, getting

â-&, = zn(integers) i.@n
t * i armod."am

liolv q'is a factor cf f (x) mod. eem,and.

¿'.e. g, is a factor of 2f (x) mod." rZm+I

.'. q, í" a faotor of sH5flx) mod-. ,2ta'+3 j-.€. q-em is sueh

a factorþexefer€ q*åå¡ *.s e e*Ï.æ.tåsn oS ç3*-*Sqå*#{Ëq-#dx n

&6s* g'ilae*$' rtx.ss qr/e+fxl ffis&' åffiol*êo q/e*ofgl e:od. um+tr

i." e. q-?m/+nãf t (x) &od, grn+Ê.



But gu3rt(x) : 382.2-6Gs.Z+1a'.2

n'. q = 2m is a eclution of nq2-øGq+34' ! 0 ru,rd, 2tt]+2.

;:ie rïiIl let A' s y1.24m (rruÏrere rr is odtL). The foregoing

conclitions -r:ecoine on substituting,
zTn-gçz?m+3(n.gzmle*-ç (n.zzm1 

= 0 mod. . ,2m+3, and.

3.azm-()G}tn.31n.Ê?m) ; o mod" 2ut+2. These are equj.valent to

en-3G-rn.?m-Gn ! 0 mod.. B, and- ã'zn-6G+3n'Ze f 0 rnod.. 4.

'Ihe l-atter, by itself , woulii reo.uire only that m)21, sinee

2/G anO the other terrns aye "?'2mln+1) where n i-s od,d, i.€n
3.}m+I( soue rat . int " J "

For m)3, tire fornier requires -3G*Gn E O mod." 8u or -Gln+.T):0
¡nod., 8, i.o. n+3 

= 
0 mod" 4 (siyrce k = ]) and n 

= 
I mod,. 4.

tr'or m.3 yue i.rould. still get the relatious em-3ç+gnn2ffi-Gn:0

mod" B, and. ã"?m-6G+8n"?m: O mod.. 4. T,et G = 2(åt+l) since

k : 1" i{e have, frorn tìrc first,
z2-ø'2(2t+1)+ã "vv.2?-p(gt+tln ã 0 ned-. B, i.e"
?,-3t2t+l)+6n-n(et+f ) = 

C mocl. 4, i"Éo -1-6t+6n-?nt-n : 0

mod. 4, i.€. -1+5n-2t(n+f ) : O mod. 4"

,5ince n is od-d., (n+3) is even .'" -1+5n 3 0 rrrod, 4, n'" r1 l1 mod "4

"'n for nr)P {i.e. t>nl ue rnu.st have A' of tire f orm Zam(+y+t')

orÁof the form 22rn"2T(4r+ll , i*e. e?m[4s-I), for an elerilent

to l:ave i?re ma,ximrri.l d.egree in 2o In such a case, the elenient

is of, the f orm gj{] ôr ar 9' fsince ê, * Ha' and. F; f A r¡Ìod_. Z)2m ?*
2t) , or gft = fsi.nce 8, = ZTí{q')}, 0r' çHI+J.

If Aig not of this form. there is no

( since a 
=

lvhere n¡

a, rnod. "

=t*J.



eleiiient of }:igh.est degree in 2; anrl the elenent í* 3*
z"t(of cì-egree one less than tire h.igher;t) '

líumerical iìxamt:le:

x3+9x+26 = 0i A= ?4'33'?2i u ! Tíx-G : 3x-26, and.

q. ¡ EIíx+G = 6x+26. üÌ¡r eler¡ent 1* a(q:?ml - (3x-?,6lL6x+?,3)

Um+l Zß

which is equivalent 1o (x-e 
ì' 
(¡i+1) .

4
.rilor nì = 1, i.Ê. y', 

= 2 or 3, the sclriticn of l,7J beconies.:
A'n"-3*Ìn¡G s 0 mod-. 4, :;nd 3{ni+IT} = O mod. 2, sinee ij = / ano.

rlr = 1. For nf+H ã 0 mod.n Ê, n, ã I is not a sol-utiono sirice

H f 0 nrod. 2" ?he solu:tion n, ãf I is the only possi'bJ,e û11e,

giving II = -L rnad. ? {or I{ = } rnod.. ?\. nf-fRn,-C! O noci. 4

gíves 1+5H+4t+? = 0 mod." 4 slnce G is evelL; i.€o 5+.3HI0 mod.4,

and. Ë = -1 mod- n 4. In tiris event A= 27(+n3+ç2) becomes

z7 t4(+v-i*)õ+{+t*a ¡¿¡ , urhich is divisible ì.:y 24" Ilence this

case cannot ariEie.

In Case ?" (i.e. ïL+?qZr-), for a nornal equation rire

have tìre ¡:ossj"bil-ities i = 0, ic)1; end" í = 1, k ) ?. V/hen

i = 0 and, k> 1,Ai zz(+nã+g?l i û rnoc." 4, but t' 0 rnod-" B



FART 2"

The basis
Àn9

x++Ëko+*¿x'

points in

tlie 'äuartic

= 0 i sonoe

d erivation.

for
+R

its



'Ihe for¡o of the quartio ased was x4+Fx3+,Qx?+R:O

The eleroents are of the fo¡m 1,ëlÞ, x?+cx+d., xõ+er8+fx+Ê:r; T --4
0ertaln relatlons rfiere found.rwhich exist between the

clenominators of these elements and synmetric functions

of the roots.fhe theorem und.er3-ying these is from a pâper

ln process 6f Bréps.ratlon by Ì{'R"iïilson.îhe statement

of the theorem 1s

"The s¡rmmetric surn of the prod.ucts of the squ.aredl

d.ifferences of the,nroots of f (x)=O,i at a t1me,ls d.ivlsible
I D .) '.',uy {r[ria|"....81 .

üle use this theorem to establish the fol-lowing:-
2e.,

la) T;/ E (x1-x2 )". tïre represent E (x1-x,l* by ag

For the form of f{x) useclrit is f,ouncl that A^= gP2-8Q"
6

In general,the methocL was siruply to set up functions of

3rQrR, of appropriate weightrtbe ooefflcients of the

possibtre terns entering then belng f,ound.In these fuaotions

3 wiLl have weight 1", I weÍght ?, R weight 4. 
?

The weight of a z 1s P ... the funetlon is of 'the forrn afi¡Q

The equation havÍrrg roots +l- Ê1 is x4-2xt+1=0.For these

roots the funetion here is 16¡ for this equatlon l=0,

8,- -?, Rs 1. He¡loe b3 -8.
å,gain,for roots -1,-1r0r0, the ffx) is *4-2*ßr*2,

The function is founcl. as 4¡a1so 3*å, 'Q=1, B=0"

Hence 4*4a-8 and ã=3, giving the functlon as 3t'Z-84.



{:1-xr}Ê (xr-xu)e (xr-x'}e Uy As and. finit \=gyzq2-Be3+3lqn*Latap.
slre weight of oz ls 6 "'. a3 s *rPe? + ¡.¿3 + eQR * ¿l'?n + *p4Q,.

The fol-lov,ring numerieal vlork gives the coeffieients:

[b. ) tfixfi/z lxr-x, ]Ê lxr-xu la (xr-*31? . ìire represent

Equation PAR
*4-e*2+lee o,-?,]n

.'. 4b + ø. 0..é...o......ó.o..(1¡

r 1é¿ o4-5*2*4 = e a,-8, 4, 360

n'n -Le5b 20c = 360...... ... .. (?)

-1 -1, lli , l:i , *4**3-¿*2*lr=o 1, -å, å, -i(zr)?,2
And- u¡ult" the resulting equation by B we get Ea-b-zc+4ð,-4e=-400.. tr)
-ltiffi, -1 + ¡ x4+'¿x3**2 -1=O Z , 1, -tr , L6

o'. 4a+b-e-4d.+16e = lG.. ô.. ".... f4)
-J.o -J-, o, o o4*zxT*x?=o z, r, on o

"'. 4a+b+16e = 0".....,..oûê.... fSl
(1) and (2\ give b =-B and c = 32

(ã) and (4't sÍrcp]-ify to a+åd-Êe --?,? and. a-d.-4e * 14 whlch give

a-?e = 3 en eliminating d.
(5) beeomes a-4e = 2, hence €=0, &=2, d,*-lÊ, giving the function
as aFPQE-sQã+se lÃ-lptan.

( c, i rfluþrt/ E Cxr-xa )z (xo-xu )e (xr-xnlz [xr-x, )2 (xr-xn)z

f xr-xn )U. uie represent this byAancl find, Â=Rf 16Q4-f Zgqzn+Z56RP

+1++8P?R -+q3r2 -zz p4n 
"

i,et the roots of x4+lx5*Qxz+R = Q". ..oo..e... .(1).
be x1 x2 :r3 x.4

Then the roots of Rx4+,ix?+Ïx+tr * C, u"* Å I ¿ Ixl xa x.T x4

Roots

â14L

tr'u.nction

o



the d.lscrimj-nant of the quartic being of weight tr8, the form it
takes for x4 ,, þt .t *" * * = 0... .ô raùô.ô....oo. .tz,\.
is a ($) n ttl +o {$} 5*o ($) t,tl 2+a ($) u 

rËl 2*u 
r$) a*rf$) rË; 

t 
rfr ) *g r* I'

But also this discriniinant !û får *la etc. : lxå-l¿,2 etc.xl 're ^1^3 l*-, *^ *-rJî€
= å where Áis the d.iscriminant of x4-3r3-0o2-R = o 

-L <' ') ¿!'

' R6 (discriminant of {Ê ) . }-ag4n-b31 -"qzna -urtqou**ranT-rregEz-d*

obviously if R = 0 iit ft" ) we have Z roots equal to O

R must be a factor of the dÍscrirninantn .'o g = O

.'. A

aa

and. the d.iscriminant of [1" ) is ag4n-nn3-oq?n2-ap?g3n-*p4n2-ff?Q¡,P

or R(a84-¡R3-c82R-d tåq3-er4n*ff8qn)

Equation

u4-z*2*! = o

*4-i = o O, 0, -1, -256

*4-5*2*4 : o O,-b , 4, 5tr84

A¡zçx=+2x"+x"-1 = 0 2, f ,-1 , -240

. . . . . . . . o o . ó . . o . o . . . .. . . . . . . . . . . . " . . (6 )

become l6a-4e ? -256 and. 2Ða-4e = -l-12"

c = -128

Roots

ÈI ,å1,

"'. 16a+b+4c

*1, åi ,

tl ,i'¿ ,

-wtlî -:r/î_7,7,
"'o a+b-c+4d.-L6e-4f = 24O."

Using (3.j, (1.) and- (.3"1

I{ence a * }ô, b - 2Ð6, and

^ñr k¿ -ri

0r-Uo 1,

Ðisc"



{+) then'l¡eeomes d+2e+?f = 23A, and f5) becomes d.-4e+2f = 3gZ,

from vrhich e = -27.
(4) Ís now d+2f = ?84, and fô) beeoiles i[-f = -148. ilenee d.=-4

ar¡d f = I44 " and the d.iscriminant is
R { t o e4 +e 5 6iì2 - 1 ¿ B qen-+ra I 

o 
-z r y4R.*144 }P gp. )

Á generali zed f orm of i.he prececling thráoren ls

"The s¡rmmetric ,srìü of the squared d.ifferences of t¡e roots

of' f (x) = 0, i at à tin:e arid- j at a tlne, i$ divisible by

r r,TpZ -Z t t oZ -Z .'-.2 , rlrrirã....rit rfl-re...f¡i .

So generalized., the theorem may be used. to obtain other relations
analogous to the three precedirig" These i:owever, quiekly 'i:ecome

cornplicated.,and only t?re tr¡¡o following uJere found..
, | _.L, , .9. p . .2,. 2(a). rä/L(xr-x*)-(x*-xo)", frie represerit ã[xr-xr]-(x"-xn)- by

Ai ana fina Ai = ¿ù2-a4R. -TTie weight=4; the form is *f4-¡8P-cR-AtPq

I' q R Function

O, O,-1 , -24

-22

.'. 1ôa+b-o+4d. = -2Ð... e ... c.. o... o o...... (ã)

-r4-7-92, 2 , 1, -å x=-?I"+11x*-2 = g -9,11 , -2, ,àr)

2 2 ?2 2

From (1) c = ?4; fron (Z) b = z. Then (.9) becomes 4a+d. = O amd

(+) becomes 8.14+22d = 0" I{ence a = O and b = 0, and the function is
2Q2+?+A. l0hecked. for xa{*3+ffi*?-h = O, having roots 1.1' å'-1' )'2 3 6

Roots

å1,¿i

t I,*2

Equation

=4-l = o

¡'"-C =-2+. û. . . . o. r ¡ . . ô e c e. e . â . ¡ e .. e . ...... {1}

*4-5*2*4 = e O,-5, 4, t46

.'" ?,5b+4c = I+6. c.oo.........o.........".(2) ,..1'.,' 
,

+#/,î. -rytr ,3*z*3**2.:' = e 2,1,-1 o-T'T



f oj ,älZ{xr-xr}4" u: represenrffxr-*¿}n ,, Å, and rind.
A; = sv4 +zaq?-ton-routq.

The expression,being of weight 4o will have the form

aF4+bQ?+cR+apBQ.

iloots

J}, Éi

iL,!?,

---z- -T-
'¿, 2, 1o -+

llquation
--4t-^

P d, R Furiction

O, O,-1 , IO

Z, 1,-1 , u^

"'. -C = 16

.'. {81)za+}?1n-2c+Hd= lqgg. . " . . ". (4)-Tõ- -4-- -il* -ïr
i¡rom (1) c = -16, and. henee t}I gives b = Ê0. Equation (,zl then

becomes 4a+& = -4, and. t4l beeomes Bla+âBd, = -l0g.
Fron: ti:e latter two a = 3, d. = -16; hence the function is
gt4 +?a,42- 1 6R- 1 6 r¿ Q, .

fCheckeawithequation"4.**3Æ",.*=-0,havingroots',å,+,-fl.

These forurs are sathered. on ti:e follov,ring page for reference"

*4-5*?*4 æ o

.*â¡gs;ãç.*? -7 ; o



GEÌ{EIìÀ], RiiI,ÄTI0I{$

These relatlons exist

elenents of the basis for
and syrnroetric funetions sf

Y?/ a* where A = æ2-g,¿

between the denominators of the

the field d.efined by x4+Fx5*{x?+n=0

the roots"

_lA
where A^: 38á+24R

ia

tÎ -
where A Z= 3T4+ZO¡2-16R-16F20

tfirfi/a, where As= zvzqz -eqs+szqR-laph

rlrlrlt a where A = R( loQ,a-leec)?n+sronz+L++ç¿rzn-¿Q5r2-zvr4n )

rt/^;
Ltt

PT/a2



rlhe first element in all bases of the type we are

l,fe suggest first the general question coneerning

vuhioh wou1d. govern a rise at the seoond. element.

i,et us suppose then; àh integer of the form f

consid.ering , 1s

the cond.ltions

. ?his must

1.

ryhere b,c,d,ê, are Íntegers.ff y wero cÌ.efinecl by an cquation of

lower d.egreerit wouId. follovl quickly that x eould. be so clef,ined.;

this vuot¡.ld aontrad.Íct x4+Fx5+Qxâ+n-0 as being írued.ucible.

Subsiituting for y in terms of x, and- sirrrplifying, vre gei El

fu.nction of x of cle,gree 4 equated. to uero. This mrist equal flx)
id,enticaLly, 1. €o

f lx) = x4+rx5+8xÊ+R = fx-a )4+p*¡fx-a) 3+p2** [x-e]2+p3*¿lx-a )+p4t'u*

Ìùxpand.ing f (x) bJ' fayiorns 'Iheorem, r{/e have

f (x) : 1'¡"1fl[-i = f,'(a)t(x*a]f uf a]#+Fl-:gl+Fu ) 1r'n 6* ¡ * 
(rc:a )3f'lu 

)

satlsfy an imed.ueible eguation of the type y4+by3+oy2+dy+e*O,

etc.
iÈquating coefficients, it follovrs that iãr-äJ- =pwb, å4!u¡L

þ t?,

f'(a) = n3w¿, ancL f,(al = p4we. lience É}f = O mod.. Þwn

fllÍp) e 0 mod." pzw, f '(al Ë 0 rnod.. p3*, f fa) 
=tÉ

For tire particular ease lTe are coirsiderl-rrg, and

minimum w = 1, I¡Je raust have at least

a4+på3+qa2+R Ë o ¡sod." p4..Góo..,".(t)

4aß+3*a2*2Qa i o niod. p3ç..!é.""."(Ê)

øa?t"ry,lìa+Q Ë 0 :n*il, I'2.cê è è,"."" (ã)

4a+T = 0 mod.. P'.oo.,.....(4)

Tr t a, +-r5-r t a, e uc "

ãt #lei =pffi, f"la) = panu",

o mod.. p4*"

taking the



lii¡e subd_ivid.e:- l. p # Zl e. p z B.

Casel. pl2
(i) a 

= 
o mod. p. rrro¡n (+r we get cluickry that p/E;

henco from fg) that pZ/,A; he'ce from (l) that
p4/R. These together contradict tÏ:.e normality of
the field equation, .'" thÍs case can'ot arise.

{1i ) a f A naod.. p" lle rnay d.ivide (g}, by ,'8,,, lrritiio't
d-isturbing the congru.ence since a # o niod.. p, This
gives 4a2+3þa+UQ = O mod.. p3 .1.. ¡...... (D)

XIultiplying (5) by 3 ano. f.?) by ?, and subtractii-rg,
gives ãÏa+4Q * O uod" pP at least, l.ultiplying f4)
by"a', and. subtracting fnom (5) gives pla+gQ :O mo*. p
at least" Conbj-ning these, w€ have ai, : 0 i:rod. p;
rryhence p/a or p/T. rf p/a vr¡e have a eontrad.iction
to olrr cåçie; if p1i ti:en (41 requires p/a lirÌ:rich is
the såme contradiction.

Caseå" p=2
(i-) a i 0 mod.. ?. From (+t E/y: henee from (õ) zz/A;

hence from tl), z+/R. This ease eannot årise since
tire field. equation is rjorual.

(ii) a # O mod, p. i.e. the iirteger t* #
For a = I anct p=fl exactly (i, e. no highe? irower

" of 2) tne ccnditions become

l+Í'+Q,+iì ! 0 nod.. Z+.... !.... " [1)
4+3Lt?8 !0r¡lod" 23 .....{Z)
6+5ï+8 : 0 arcd. p?,. o.. o..... (g)

4+} ¡ 0 mod , p"... ... .. .. {4)



From (41 z/t; hence by ts) z/A; hence by (p) 221T.

Going bacìc to {3} , lrnowing 22/P, it follows 2'ÌA
.) -,since 2"16.'. Q is aT1 odd multiple of È. I,et'Q, = 4n+2.

It follov;s from (2) that 4+3T,+8n+4 
= 

0 urod.. 2ß, i.e, 2=/y.

The necessary and suff ioient coriclitions rind er ti:is i1çad i ncn

are I = O mod. B, ¿ 
= 

2 raod-. 4, 1+l+8+R = 0 nod.. 16.

lie ap,oend- an example" i,et 3 = B, A = 2, R = ?,1.

Threi: (f ) becomes 32, (2t becomes 32, (3) becomes 32, ancì.

tål becones :-2" Our equatÍon is

(+r4* frsf* $tfftz+ ffirfl+ ffi = o

using b = {'l(* uxl. froi:,, the gei:eral relations of tiris
lë P*

type established " (?) is obviously an lnteger here since

all the coefficients are integers" fhe equation sir:lr:lifies

to x4+8x3+¿x2+2l - o.

flVote:- It stilL r:emains a quesiion i¡,rhether this fiel-d

equation in which(+) is an integer, is irreducible.
iossible roots *"u JU,*r, r¡¡hich are easily d.isproved. ït
r.{as the neeci. for an irreducible equation i,¡hich pronpted.

R=?1, instead. of the nore obvious 5. Taking Iì : 5 gives

rise to a reducible equ.ationl.

The eond-itions for lc;} being p-i:L integeï âre fonnd- to be
H

the sane as for x;} " Q ls again an odd multiple of 2,
a

B/T, and- 1;P+8+R = 0 mod.. 16" This ]ast is equivalent

to 1+?+8+R-2iì = 0 mod . ì6, arir'i since l.6/?,P r,le get

IIÏ+Q+R = 0 mod.. 16 as before,



i"e have sholvn tire ¡,ossi'bility of i:rtegers of the form

+. The question of a Ìrigi-rer initiel rise in p remains.i!
Iet tl:e rise be 2&

(i). a=0 mod. 2 contradicts nornalit), as before.

{ii}. afO uod. 2. The general conrlitions to be satisfied are:

¿41p¿s1Qa2*R 
= 

0 mod. . z4'+... ô..... [1)
z

4a")+3Ta2+ZiJ¿a i 0 mod . zßvs e.. . .. ".. [z)
6a2+3Ta+Q 

= 
o nod. 24v..........(g)

4a+3 ! CI mod. ?B o,..â.""""14)
From (4) zz/y; hence from {5} z/rl, uut ?2/A ioe . Q is cf
for¡n 4n+2. Substitnting this in (Z) vire get

4a3+37a2+f8n+4)a 
= 0 rnod. Z3'ã

i,e. 4a(a2+(?n+1))+3I,aP i 0 urod'. A3o

But rlarr being odd., a2+2n+! is evon, and. .'n g/T.

Further, reasoning as 'befoz'e, we get FaiO mod.. Êil

and. r'&rr being odd,r?a/Ë. But the condítion {4}, i.e.
4a+P ¡ O rnod. . 2'a l','i11 irold for no Ì:igÌ:er val_ue of u-

than u = z- For since B/r, it would. necessarily follow
that 8/4a for u)3 which contradicts lratt being odc. äence

we have shorvn th.e only possible rise at the second, el-ement

occurs when p E 2, and. the maximum rise is u = Ê. The

integer is then of the fcrm *fl ot S*Þ*n.^. the necerisar¡¡4+
and. sufficient eonrtitions are (l), tZ), (B), i4), above

when u : 2.

FÌ.4 fn'l J nrni no¿riç rv¿-Lwyvr¿-16 is an exarnple. l.,et the integer ìre ,*ã]r"



ij-nce gfÐ, ','rr iake p = B, Theyi {+} i:econes 12. ìTrorn f ¡}
q,e &llËt beve S0 Q = 0 nroC." 16, arLd. fron lP)

28-3Q = 0 ¡cod.. 64¡ i.€' [¿ E 2 ñìtd." tr6, anå C] 
=-14 

mod-* .52"

Taking Q = -14 satisfies both. Fro& {1} A 3 5 mod" 256.

i,le take ll = 5l-7. The field equation is no!1'

t+)nr F,*ru#,*)2+ ff* 6, in which r+) is oi,vioi,sl;i

an ínteËer" The equatÍ.on simplifies to x4+Bx3-L4*2+bl-f = 0"

}ossible roots aref,Il , !47, r,iri:ich ¿:ye reaclily disproved.

o'o ihe equation is irred.ucible" Aä = +4(øO) anci hence

vf/a[ "u required o The terms 30,e¿-16R i.n ¿Ë equa] +4{:vitz

the other ter¡ns contain 44 at sigirt; ,', Ttl4 also a.s

requ-ired..

tïe do not carry this case â31¡r further, Ì:ut go on to

outline the obher cases. The case p = 2 appears âs a

special case throughou.t, and. would. have to be considered

separately. .¡lL1 otliers have rises not sooner thari at the

third. el"ement. In the general theorems cited., it is
established, that f lxl contains a repeated. factor mod.. Þw,

whieh is also e simple factor mod" pzw, rvhere pw ls the lest
rise. In the quartic this repeated. factor maSi be qu.acl.ratic

or lir¡ear, Ëence we niake this netural ùlvisionl-
(¿.) Re¡reated. factor quatiratia.

6B) Repeated. factor llnear.



{4. ) BEFEjITED FåCTOA iiU¡i}hIiTIC

Under thi-s heading , f (ù = x4+Px3*Q*2+R, and.

f '(x) = 4x3r.5Px8*2Qx, have a conlmon quadratic factor"

+4? úTx? +zctx | +x4 +aP*3+4QxL +4R I x+S
AnÐ

4xT+ãÞcú+?8x'

Fx5+a(Lr8+4R
49

4Ïx"+BQx"+16R
7'99

4lk"+5f*x"+?FQx

o2 (gq-ãEt ) -arQ**ron

the eommon quadratic nust be xä(gQ-gFP)-ågQx+taE.

f! {x} o x( &x?+3?x+et¿}--.'. the repeated. factor uiust be of
.1"ã{þ

the fcrm {1) x(x+K}nCIr must be te} 4aE+3Px+2Q,

i tase ln We are consid.ering a factor of the form xfx+K) , whieh

d.ivid.es f (x) mod, p?u and. ffx) mod.. FE, þ * 2. Sinoe

xfx+K) lt,:') moa, p2o, x/fftl mod. p?*, ancl .'o Fì Ë 0 neod.. p?o"

{x(x+K) ,12 * x4+?Kx3+**2, comparing t}ris wi-th f lx), it
follor¡rs that P = 3K rood.n Fü, anc'[ that Q, 

= 
Kz -11IllO0.r p . .l'f0m

these we get Ez ; 4Q nod.. pE.

-"2*?,i{ow tfxu/Ag = zt28?-8ú13+gt¿Q3-lep2¡t, ånd since

R = 0 ¡nod. peu and rz = 1, we must have tl¡zazlre-¿q).
lTe separate (j.) þ/8, (ii) plr
lr) p/i. since I,e E 4Q med.. pr, yt'e, pzlq,, and. "', u

canrrot beè|. For tiren p/8, pZ/q, a,nd p4/8, contradicting

aormelity. fhe maxinnurg u is ."" rt a f .



Beeause p/P ana 
:O = ? mod " p, then K = 0 mod. Þ, and

tÌ:e eJernent is ëope
lïe test this by substituting from y = * in f {x),

t^ÐnqÐâôJ1^getting p+yo+ (zq-f )pláy;)+ lÊR+eÉ )pzyz+z,}Rpy+Rz s 0.

;iince p4d.loiaes all coefficients, y anslrers the conclitions

for an integero

The question of rise in going to the last elenent will
be d.iscussed later.
f ii ) p/r; and pzo/R.

since ga 
= 

4Q, mod., pE and. py'r, then ple, and u.,

vfi¡zA?(y2*+'Q,I becomes u?o ¡82-+Q," *{n examination of A
gi.ves pAo/a if pPu/r?*nq. herrce this cond.ition is satisfied.
Using l¿ : 4'¿ mod. p2E v,,e may write

af (xl ã &x4+48*3+T?*?+4R : o mod. pzu

i.ê. fex2+ls-)3.++n - u sirnple ir_rteger
pzB

i'ê" ¡uxl*rx¡t* **" 3 ¿ siiaple integer.B* p'*
Therefore O = x{ZäfÏ) is an integer, since 48,- is a

rational i*t*gurÏo 
--e-- - 

P?o

lhe necessary and sufficient conditions are
p/B, p¡Q., p7o/R, tr2:4e &CIdn p8o.

Itumerical exarnSrles : -

tase 1. f j.)" ïnteger i* *2; p/T, p/q, p}ftt y = ë2 iu
P ' -' 

^ ra - 7
an integer in the fieIql d.efined by x*+?x"+Txo+4g : 0,

the equation in y being y4'-õy3*3yz+zy+l = 0. ït is easily
It

shown y = E; is not an integer ln this field.
,7 Ér



case r. (ii ). The integer t* x(e**rL; p/T, py'Q, p?o/R,

Ë?':4dnod." F2*. Takeu=L, n! -D, R=25, F=1,8=-6"
Ehe field equation is x4+x5-øx?+25 = o, and y - x(ex'¡r)"

+f fx) = +xe+4xs+*z-zb*2 +Loa : ô -.- tzx3:lxlz * z,bçl;igg. = 0-v, Ô.re-- -*ffi-
in€. y2-*?+4 = o,the neeessarlr equation f,or y"

Case 2. lïhen x i.s not a factor of the repeatecl faetor q.

Then qs4x?+s?x+aQ,and qPs 16x4+24F*3+fgP?+16Qlxa+LÊFQx+¿¡¿Ê

and. since qzlttul mod. pE, we must have: 12pq 
= 

0 mod.. pE;

ilqZ 
= 

16R mod.o pB or wP 
= 

4R modn ptl since we Ðï'e exch:d.iug
?.11 9tìp Ë 2i 9E-+1ôQ = 16q mod.. p* or gP" ! 0 mod. F*; P4F = 16Ï

or Bl E 0, or ll = 0 mod. p11.

tfirfi/2r282-8Q,3+5888+rap8n = au i o €. þz'a/Bq,(+n-qa ) .

dre separate {i } p/q, { j.i } plï,
(f ) p/q" The highest poìFer of p in Q is tbe first. Xlor

8e = 4R ¡nod.. pr, and. it p2/'¿ then p+/R which combined iilith

ï = 0 rnod. po, contrad"icts the normalit¡, of f (x).

4x2+3lx+ZQ 4x4 ++Ex3+4QxZ+4R se+}'x+( gq-gpa I

4x4+gtx3 +}lË+¡i?

Tx8+2qs.2 +4R

+Fx5*8Q,xP +16R

+rxä*trP2x2*p$x

*2 6 gq-gta) *¿Be**ran

+xZ I eq+s.pa ) *erqx+ 64R

+x2 (Be+3FÊ | +âr (Bq-spa ) x+aQ ( sq-3Ëe )

{ g f3 -szrq ) x+64R- t aeE +op?q



rlhis remaind.er

x yLeld.s Pq 
= 0

must be :
Ð-Ìod. " p2u

9ìlnod" F**. the

The absolute

0 coefficient of

term ean be;rritten

,ïe have Ê,,- 1.'3itå)
p** p"*

i.ê. (gol?- A*fg"l - o: sinple integers .'. gr is anp* p* p* pu
integer since it s¿¡tisfies the requisite tl¡pe of equation.

The neeessary and. sufficient 
î"_frii-_toTls 

are that T)lq

but no higher Bower of p d.ivides qi; pi!/tr; and u is the

greatest si;ch that ,zu/TQ ana paufäÊ-+n

(ii) If plq tlren pfp ana 4x?+3Êx+2Q 1s an ii:teger where u
nl;

is tÌ:e gre;*test such that p?u/Ë ana nz:o¡}?-+R"

Nr¡:nerical Exanples : -

case 8. (i). p/P, p/Q butif aÞ2
firsr ;;t7u, p?o/PQ, p?oy'q¿-4n.

^then !'= ?õ and R = 49. The irreduci'ble field eo,uatiron is
*4175*3tl4x2+4g = O. lheri ax3+=?fx+?.Q becones 4x?+3:75+?'L4.

oü 7'/)
The centre term may be d,ropped-i I'iultiplying hy ß7, subtractiirg
1L':-vZ
äg,: vuhich is å.n integer, an¿ red.ucing 1036 by 49, we get

-- - x?+'l\,¡ - 

-.
"yZ
Fïence y is

ro(¿n-i¿2)-orea, which again gives 4Iì 
= 

eP mod,. pÊ8. ìie

inlsh to establlsh 9o as an integer.

= erx5+qÏ2x?+teP'Qr.++(Q2-+R) = 8lx3 - simple integers--Tu -nz"-
- 8lx' q ' 6PH#ru + sinple inregers = 

¿Hr4' )* sinple int.- ;" 
tF'- 

- p"u p* p*

no higher power of p than the
-'¿Te take p = 7, U = 2, ü = 14.

Snbstituting xz= 49y-?. in f fx) Inte get y7+lxy-x = O.

an integer.




