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Abstract

Stephen Kudla has conjectured a relationship between the Fourier coefficients of Eisenstein series, and the arith-
metic heights of certain special cycles. Luis Garcia and Siddarth Sankaran confirmed the conjecture for certain
Shimura varieties of type U(p, q), arising as the quotient of a symmetric space by a group action, when g=1. An
essential step in their argument relies on establishing that a specific form is a highest weight vector of a particular
weight, for the Weil representation. In an effort to extend the results of Garcia and Sankaran, we show that the afore-
mentioned forms are highest weight vectors of the expected weight, under the action of the Weil representation, in
various cases when q>1. In particular, we show that this result holds for all cases when q=2. We prove this result by
using an inductive argument, which depends on a technical result about immersed submanifolds, and various results
about splitting the action of the Weil representation on tensor products. The base cases are intractable to carry out by
hand, and thus the final section of the thesis contains Sage code which was written to carry out the computations of

the base cases.
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0.1. INTRODUCTION 1

0.1 Introduction

In the paper [4]], Garcia and Sankaran obtain an explicit formula for the local Archimedean height of a special cycle of a
certain Shimura variety of type U (p, 1), in terms of a Fourier coefficient of a special derivative of an Eisenstein series.
Their result supports a more general conjectured identity of Kudla, known as the arithmetic Siegel-Weil formula.

An important object in Kudla’s investigations is the Kudla-Millson form @iy € S(V) @ AT4(D) where S(V') is
the Schwartz space of (rapidly decreasing) functions on V for a (p + ¢g)-dimensional C-vector space V' with Hermitian
form of signature (p, q) (we call this a (p, g)-space for short), D(V') is diffeomorphic to the symmetric space G/K where
G =U(p,q), and K = U(p) X U(gq) is a maximal compact subgroup of G, and .A%9(D(V")) is the space of complex
differential forms of type (g, g) on D(V").

A key step in the argument of [4] involves the use of Quillen’s theory of superconnections, and the construction of
forms @(v), v,(v) € S(V®") ® Q' (D(V)), generalizing the classical Chern-Weil theory, and when r = 1, the degree 2¢q
component of @(v) (o, is @ ps- The aforementioned Shimura variety of type U (p, q) is realized as a quotient I"\D(V)
by the action of a certain arithmetic group I'.

The investigation of the forms v, is carried out by studying their behavior under the Weil representation for U(r, r).
In particular, in [4] it’s proved that the form v, generates an irreducible subrepresentation of the Weil representation,
when g = 1.

In this thesis, we will show that the form v, generates an irreducible subrepresentation for various cases when g > 1,
including (p,q) = (p,2) for any p. In fact, we also manage to prove an inductive step which shows that for any
fixed ¢, and a p satisfying a particular bound in terms of ¢, if v. € S(V") @ Q*(D) is a highest weight vector for all
(p + g)-dimensional vector spaces with a Hermitian form of signature (p, g), then the analogously constructed form
ves (V') @ Q' (D(V")) is highest weight vector for all (p + g)-spaces where p’ > p. Unfortunately the base cases
remain un-established in general, but we include an algorithm written in Sage which determines any of these cases "by

hand".

In chapter one, we recall some of the basic theory of complex manifolds, and Hermitian vector bundles. We also
reconstruct much Quillen’s seminal paper [8] on the theory of superconnections.
In the second chapter, we recall the basic theory of Lie groups, Lie algebras, and their representations. Important facts
about the theory of highest weight vectors will be stated, and relevant explicit computations will be made along the
way. This will culminate in explicit computations for the action of the Weil representation w : f,, - S(V'"), where
t,, is the semi-simplification of the complexified Lie algebra Lie(U (p) X U(q)).
In the third chapter, we will describe the manifold D, and reproduce the construction of the form v, € S(V") ® Q*(D)
of [4], by exploiting Quillen’s theory of superconnections for a particular vector bundle over D.
The Weil representation can be made realized as w : £;, = S(V") @ Q(D), just by acting on the S(V'") factor. We
then establish a series of inductive results for the form(s) v,, and together with the code laid out in the fourth chapter,

establish the aforementioned results for v,..






Chapter 1

Geometric Background

1.1 Hermitian Geometry

As our main interest is involves constructing differential forms on the complex manifold D(}') through a generalization
of connections, for this first chapter, we review the basic theory of real and complex manifolds, smooth and holomorphic
vector bundles, connections, and introduce Quillen’s theory of superconnections [8]. Much of this section closely

follows the development as written in [[10], with some minor adaptations to our specific interests.

Vector Bundles

Let K be R or C, and let M be an S-manifold, by which we mean either a smooth or holomorphic manifold with a
sheaf S = A of smooth or S = @ holomorphic functions.
We will speak of S-morphisms, by which we either mean smooth or holomorphic maps, depending on the context.
Recall that an S-vector bundle is a tuple (E, V', M, x) where E and M are S-manifolds, V' is an r-dimensional K-vector
space and z is an S-morphism such that

1. # : E - M is a surjective S-map,

2. Vp € M, the fiber Ep = 7[_1([7) is a K-vector space, and

3. Vp € M there exists an open set U C M containing p and a homeomorphism y : z~'(U) - U x K" where

w(E,) C {p} X K", and for the projection
proj : {p} x K" —» K"
. k) — k
the map y? = projoy : E, —» K" is a K-linear isomorphism.

The pair (U, y) is called a local trivialization. Throughout this section we will adopt the convention of writing

intersections of indexed open sets (say U, and Uy) as a multi-indexed open set, i.e. U,y 1= U, N Uy Any two

3



4 CHAPTER 1. GEOMETRIC BACKGROUND

trivializations (U, y,) and (Up, yj) determine a map
Wa°¥fﬂ_1 tUyp XK'= Uy x K7,
and thus a map

8ap * Uyp = GL(r, K)

pe yloy))™!

called a transition function.
Given a pair of vectorbundles 7, : E - M andz : F — M, an S-morphism of vectorbundlesisamap f : E - F
such that 7 = zpof , and the map on each fiber f : E, — ) is a K-linear morphism. We say that f is an

S-bundle isomorphism if f is an S-isomorphism and the induced map on the fibers is a K-linear isomorphism.

Given an S-morphism f : N — M, we define the pullback bundle

[YE :={(p,e) E NXE : n(e) = f(D)},

on N. We give f*E the subspace topology of N X E, with the projection map f*z(p,e) = p, and the equip each fiber

(f*E)IJ with the linear structure induced from Ep. That is, for u,v € EIJ anda,f € K
a(p,u) + p(p,v) = (p, au + fv).

Thus, we see that (p, v) — v gives us a K-linear isomorphism (f*E)p = Ef)-
For any p € N, let (U, y) be a trivialization of E — M such that f(p) € U. Thus f~'(U) is an open set of N

containing p, and the map

XK — (o7 ()
(p.v) = (0w N (f(p), )

is an S-isomorphism, and thus it provides us with a local trivialization of f*E — N.

From an S-bundle E — M we can also construct the bundle End(E) = yem End(E,) with the projection map
n(A) = p for A € End(E,). For a local trivialization (U, y) of E — M, the isomorphisms y? : E, — K" induce
isomorphisms ngnd : End(Ep) — End(K") = K" Then the map Yg,q - ' U) - U x K" sending A € Y U)
with A € End(E)) to (p, l[/én 4(A) is an isomorpism. Thus (U, WEpn ) gives us a local trivialization for End(E) - M.
Given an S-morphism f : N — M, we define a map f*(End(E)) - End(f*E) by sending (p, A) € f*(End(E)) to
the operator that acts on (p, v) € f*E by (p, A) - (p,v) = (p, Av). (Noting that by definition A € End(Ep) and v € E,,
so this is in fact defined). This map determines an S-morphism f*(End(E)) = End(f*E).

We can extend the usual trace of a linear operator to a map tr : End(E) — K where for A € (End(E)), = End(E,) we
define tr(A) to be the trace of A. Since the usual trace is preserved under K-linear isomorphisms of vector spaces, the

isomorphisms of the fibers (f*End(E)) p = End(f*) » implies that the trace commutes with the pullback.
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Any open set U € M determines an S-manifold, and thus we define the restriction E|y of E to U to be the vector
bundle :*E — U, where 1 : U & M is the standard inclusion map.
For any open set U C M an S-section is an S-map s : U — E such that ros = 1d,,. We let S(M, E) be the space of
all S-sections on M. For each open set U C M we define S(U, E) := S(U, E|).
Suppose that for an open set U € M, there exists a collection e = {e(,....,e.} € S(U, E) of S-sections such that for
each p € U, the set e = {e;(p), ..., e,(p)} is a basis for the fiber E,. Then we call e = {ey, ..., e,} a local frame for E.
Suppose h = {hy, ..., h,} is another frame over U. For each p € U there exists a change-of-basis e — h. That is, there
is some (invertible) matrix g(p) such that in terms of e, for each 1 < k < r, we have h,(p) = Z;=1 8;.k(p)e;(p). Note
that A, (p) is just the kth entry of the matrix of columns [e;(p), ..., e,(p)] multiplied by g(p) on the right, and thus we
write h = eg. When we want to specify the coordinates of a section ¢ in a frame e, we’ll write £(e) = Z;zl f.fj(e)e ; (p).

Thus, writing £(e) as a column vector

& e
Ee)=1 .. |,
&.(e)
we must have
E(h) = E(eg) = g~ &(e). (1.1

That is, g&(eg) = &(e). Conversely, if one defines a section in terms of frames for the open sets of some cover of

M, such that the section obeys the transformation property above, then it defines a global section.

Given an S-morphism f : N — M, a vector bundle # : E — M and a frame {e,, ..., e,} for some open set
U C M, the isomorphism (f*E), = E, on the fibers implies that { f*e, ..., f*e,} is a local frame for f*E — N
over f~1(U).
Having an assignment for each of these opens sets, we define a sheaf S,,(E) with M complex or real, where for each
open set U C M we set Sy, (E)U) := S(U, E). In fact, for the structure sheaf S,,, the sheaf S(E) is a sheaf of
S)s-modules.
Recall that the stalk Sy, , is a K-algebra, defined to be the limit lim,,c;c pr Spr(U) over all open sets containing p € M.

A derivation is a K-linear map D : SM’p — K such that, for all f,g € SM’p
D(fg) = D(f)g(p) + f(p)D(g).

We define the tangent space T,(M) to be the K-vector space of derivations on Sy, ,. For an S-morphism
f ¢ N —> M and anopen set U C M, we define a K-algebra morphsim f* : S;,(U) — SN(f‘l(U)) by
f*(h) = hof, which descends to a K-algebra morphism of SN.f(p = Smp- Themapd f, : T,(N) - T,(M) defined
by d f,(D,) = D,of* is known as the Jacobian, push-forward, or differential of f.
For example, for the Euclidean S-manifold K”, for any p € K", the vector space TP(K ") has a basis provided by the
0

. I a
coordinate derivatives WI —

1 L ’ axn P
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Define T(M) :=J T,(M),and = : T(M) — M where for v € T,(M), z(v) = p. We will show that

PEM
7 : T(M) — M is a vector bundle, which we call the tangent bundle.

Let {(U,,¢,)} be an atlas for M. The map ¢, : U, — K" is an S-isomorphism onto its image, and thus for any
p € U,, the induced map (d¢,), : T,(M) — T¢a(p)(K”) is an isomorphism. Now, for any v € ﬂ_l(Ua), where

vE€T,(M)andp € U,, we have d¢,, p(ﬁ) € sz,,(p)(K ™), where we write the coefficients

n
9
A p(v) = Zég'aﬁa(p)-
j=1 J

Define the maps
v, : n ' (U,) - U, x K" (1.2)
v (p.61(D)s s &,(D) (1.3)

and
p. Ve n PO

vy i T,M— {p} xK"— K".
The fact that y” is a K-linear isomorphism follows from the fact that d ®q,p 1s @ K-linear isomorphism. Furthermore,
for any a and f, we identify the vector spaces T<l>a( »(K") and T b »(K") with K", and thus the K-linear isomorphsim
(dd)a)o(dd)ﬂ)_l : T¢ﬂ(p)(K") - T%(p)(K”), determines an S-isomorphism K" — K", which implies that
1//0(01//;1 2 Ugp X K" = Uy X K" is an S-isomorphism. Since the U, cover M, if we can choose a topology on T'(M)
such that the y, are homeomorphisms, we could conclude that T(M) is an S-manifold, and thus z : T(M) — M is an
S-vector bundle. To this end, we decree that U C T(M) is open iff y,(U N ! (Uy))isopenin U, x K" for all a. Thus,
since the maps v, are bijections, for each a, we have that y,(z~'(U,)nz~'(U,)) = y,(z~'(U,)) = U, x K" is open in

U, xK". Therefore {(U,, y,)} is an atlas for T (M), as well as a collection of local trivializations forz : T(M) - M.

Complex Structures

Just as the complex numbers have a richer structure than the reals, both complex manifolds and vector spaces have a
richer structure than their real counterparts. Together, this translates into the tangent bundles (hence differential forms)

of complex manifolds possessing extra structure. We will investigate such structures in this section.

Definition 1.1.1. A complex structure on an R-vector space V, is a linear map J : ¥V — V such that J? = —T.

For an arbitrary C-vector space V', a vector v € V and @ + fi = z € C we have zv = (a + fi)v = av + p(iv).
That is, for a C-basis {vy,...,v,} of V, the set {v;,ivy,...,v,,iv,} is an R-basis for V. Furthermore, the map sending
v; > iv; and iv; = —v; is a complex structure on V.

For the Euclidean vector space C", and any vector (zy, ..., z,) € C", we write x; = Re(z;) and y; = Im(z;) for each
1 £ j < n. If we identify the point (zy, ..., z,) € C" with (x{,¥y;,....,x,,¥,) € R2" then multiplication by i in C"

induces the standard complex structure J : R** — R?" given by

T Vs o0 Xy Vi) = (=Y X e Vs —X).
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Definition 1.1.2. Let X be a complex manifold, with an atlas {(U,, ¢,)}. We let X, = X as sets, and equip it with the

same topology. For each chart (U, ¢,) we define

¢, 1 U, - R*”"

x = (Re(h1 (), Im(@hy (x), ..., Re(h,,(x)), Im(¢h, (%)) »

Since ¢, is holomorphic, the map q';a is smooth. Thus {(U,, <l~>,,)} is a smooth atlas for X, making X, into a smooth

manifold which we refer to as the underlying smooth manifold of X .

The example of inducing a complex structure on R from C” can be applied in a consistent (and canonical) manner
to tangent space of holomorphic manifolds. This is the content of Example 3.2 on page 28 of [10]], but we formalize it

here as a proposition.

Proposition 1.1.3. For a complex manifold X, the underlying real vector space of T,(X) is isomorphic to the vector

space T\(Xy), and T,.(X) induces a canonical complex structure on 7T, (X).

Proof. For any complex manifold X and x € X, we define the R-linear map ny , : T, X, — T, X such that for all
Jf € Oy in real and complex components f = u + iv, and D € T, X, we define ny ,(D)f = D(u) + iD(v). Note
that since f € @ X.x 18 holomorphic, u and v are smooth, hence u,v € A Xg.x0 SO the map is defined.

Our goal is to prove that 77y , is an isomorphism. First, we will demonstrate this for n = nen ), : Tp(Cg) - T,(C").
Then writing the coordinates of (z, ...,z,) € C", as z =X+, the collections of partial coordinate derivatives

9 c1<j<n}, 9 1<j<nyp.
axj azj
p P

9
p 9y

are respective R and C bases for TPCS and TPC", and thus {% N % 1< < n} is an R-basis for TPC".
il ilp
Forany f =u+iv € O¢n ), and recalling that the Cauchy-Riemann equations state that S — 9 and M = Y for
b 0x; 9y; 9y; 0x;
each j, we find
n(i >f_ﬂ 0_v_1<ﬂ j ool o ﬂ)
0xj ) dxj , 0xj ) 2 i1, dxj , 0x/ ()xj )
(O ,;9v| L 9v) _ou
ox; » ox; ) 9y, » ay; »
1 0 7]
== =] —-i—| Jw+iv
of
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Similarly,
n(i >f=1<ﬂ T T 3 >=1<_u L ) ﬂ)
6yjp 2 0yjp 0yjp 6yjp 6yjp 2 ayjp 0yjp ox; ax,p
1 ou Jdv ov ou
=i-=-| -1 — — +i— -
2 6yjp 6yjp ox; 0x |,
1 0 0
=i-- —| —i —| |w+iv)
2<6xj dyjp>
_,
dsz

Therefore # is surjective, and since TPCS and T,,C" have the same real dimension, # is an isomorphism.

Returning to the general case, any holomorphic map f : X — Y of holomorphic manifolds defines a smooth
map f : X, — Y. For any x € X, the R-linear map between the underlying real vector spaces of T, (X )and TrnY

induced by (d f), is simply the real Jacobian (d f),. Thus, for any g = u + iv € Ox, and D € T, X,), we compute
My s ((d)y) g = (df)Du+i(df),Dv = (df)(Du+iDv) = (d )y (D)g,

and thus the diagram
T. Xy —=% T.X
\L(df )x \L(df )x
Tyeo¥o =% TyoY

is commutativeﬂ In particular, for any chart (U,, ¢,) of X,

T. Xy —= % T.X

l(dqi,)x l(dd:a)x

MY g ()
Ty,0C0 — Tp,0C"

is commutative, and since d, and ng2x ,(x) are isomorphisms, so must be 7y .
Pa .

Therefore, the complex structure on T, X induces a canonical complex structure on T, X, via ny .. O
Definition 1.1.4. For a real manifold M of dimension 2n, we call a vector bundle isomorphism
J:TM ->TM,

such that J? = —Idy s, an almost complex structure. In other words, for all p € M, the map J b T pM - TpM isa

complex structure. In this case, we call the pair (M, J) an almost complex manifold.

IThe composition of maps in either direction agree
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Theorem 1.1.5. Every complex manifold X induces an almost complex structure on its underlying real manifold X,

Proof. The previous proposition demonstrates that for each x € X, the complex structure on 7, X induces a a canonical
complex structure on 7, X,y. Thus one need only check that these structures vary smoothly. The proof can be found in

Proposition 3.4 on page 30 of [10]. O

Recall that for an arbitrary K-vector space V', the tensor algebra T (V) = 691?:0 V®k and the ideal I = (v ® v),
we define A V :=T(V)/I. The image of v; ® ... ® v, in the quotient is denoted by v; A ... A vy.
Weset A"V := K, and for 1 < k < dim V, we define A* V' := spang {v; A ... A vg|vy, ..o vp € V).

For a smooth (real) manifold M, we define the cotangent bundle T* M — M to be the vector bundle whose fiber
at p € M is the vector space dual (T,M)* of T,M. Writing n = dimg M, we define the exterior algebra bundles
ATM - M and \'T*M — M, where for p € M the respective fibers are

. " k . " k
N1m: =N T,M ad ANTM:=F/)\T M
k=0 k=0
Definition 1.1.6. For any open set U C M, for 1 < k < n we define the C® differential forms of degree k to be
k
AfWUy=A (U, A\ T*M) :

Thus the exterior derivative defines amap d : AX(U) = A*1(U).

Complexification

In this section we combine some of the results of the previous section in order to define the complex differential forms

on a holomorphic manifold X.

Definition 1.1.7. Given a (left) vector space V', we define the complexification to be the (right) C-vector space

VC = V®RC

Given a complex structure J on a vector space V', one can extend the action of J to Vo by J(v ® 2) = J(v) @ z.
As the relation J? = —1 still holds, we may decompose V¢ into its respective +i and —i eigenspaces, V19 and V-1,
The subspaces V19, 1 O:D ¢ v give rise to natural inclusions A" V3O A"V OD ¢ A* V.
We define

kil k !
/\ V = span¢ {u/\ w:ue /\ v we /\ V(O’l)}.
Definition 1.1.8. For a real manifold M, we define the space of complex valued differential forms of total degree r to
be
A'(M)e = A (M, /\rT*MC> .
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Again, the exterior derivative can be extended toamap d : A"(M)c — AN (M )c-
If (M, J) is an almost complex manifold, then complexifying the fibers, we obtain a complex-vector bundle
T(M)c — M, and the operator J extends to a complex-linear morphism of 7 (M) with eigenvalues +i, where we
write the bundles of the respective eigenspaces T(M )0 and T(M)%! .
By taking the wedges fiber-wise, we also obtain the vector bundle /\k’l T*M where the fiber over x € M is /\k’l T:M.
We denote
AR(M) = A (M, /\"”T*M) .
Thus we obtain a decomposition A"(M)¢ = @, A (M).
The exterior derivative can be extended again (see page 33 of [10]]) to a map

d: AHM) - AT = P A M),

r+s=k+I+1

We define

(0 = mpyy 0d) + AS - AV (M)
(0= mpp0d) AR - AR (M),

where the ,, are natural projection maps. By (complex) linearity, these extend to all of A*(M)¢ = EB:'zO A"(M)e.

We can decompose the above map d as

d= 2 ﬂ'r’sodz "'+ﬂk+1,lod+ﬂk,l+lod+"' =+6+5+
r+s=k+I+1

If it happens that the other terms in this sum cancel out/are zero, that is d = 0 + 9, we say that the almost complex

structure is integrable.

Theorem 1.1.9. Given a complex manifold X, the induced complex structure is integrable.

Proof. See Page 34 of [10]. O

Hermitian Geometry

We have already seen that the notion of complex structures on vector spaces gives rise to a similar notion for vector
bundles. Often, one is interested in complex vector spaces equipped with a kind of inner product known as a Hermitian
form of Hermitian inner product (to be defined below). Hermitian inner products can also be defined for vector bundles,

and we’ll see that their existence in the case of holomorphic vector bundles, leads to a rich geometric theory.

Definition 1.1.10. A connection V on a vector bundle E — M is a C-linear map A(M, E) - AY(M, E), such that
Ya € AM),Yo € A(M,E)

V(aw) = (da) Ao+ a A Vo.
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Given a frame {ey, ..., e, } over an open set U C M, there exist §;; € ANU) such that

B
Vej = Z Q[je,,
i=1

and thus we obtain a matrix @ with values in .A!(U) whose i, j entry is 0; ;. Now given some section

£E=Y"_ &e, € AU, E),

V§=V<Z§rej>= ((dafj)/\ej+§j/\Vej)= ((déj)/\ej‘i‘ifj/\zeijei)
j i=1

j=1 = j

~
—_

((dgj) Aej+E Abe;)

( (dfj)Ae>+<025jAej>
Jj=1 j=1
=d¢

=(d + 0)¢.

\.

As 6 is a matrix of 1-forms, it defines a map A*(U, E) - A*(U, E), and thus we can extend V to a map

(d+0): AK(U,E) - A*"\(U, E).

In fact, as on page 74 of [10], these local descriptions glue in a consistent fashion so that we can view V =d + 0

as a map

AWM, E) > A\ (M, E),

known as the covariant derivative.

If M is an almost-complex manifold, then Since AI(M LE) = AI’O(M ,E)® Ao’l(M , E), any connection V :
A(M, E) - AY(M, E) can be split into maps

V' : AM,E) - AWM, E)

" AM,E)—> A%(M, E)

where V=V +V".

Given a pair of (n X n) matrices A and B valued in A°(M), we define A A B (occasionally writing AB when the

context is understood) such that the (j, k)th entry is given by [AB] = Z;’z 1 Aji A Byg.

Definition 1.1.11. Given a connection V for a vector bundle E — M, with a local description V = d + 6, we define

the curvature matrix @ by ©® :=d0 + 0 A 6.
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For & = (¢;,....¢,) € AU, E), we recall that d(a A ) = (=1)dee2q A dp, and writing d6 for the matrix whose

i, jth entry is d@i,j,
B

dO)=d Y 0., = ((d6,)¢; - 0,,d&;) = (dO)E, — 6(dE)).

j=1 j=1

Using this result, we can compute the explicit form

V2E = (d+0)*E = (d*>+dO + 0d + 0°)& = d>& + d(08) + 0dE + 6%¢
=0+ ((dO)E — 0dE) + 0dE + 0%¢&
= (dO)¢ + 0%¢

= (d6 + 0%)¢&.

Therefore, locally, the curvature can be expressed as the matrix @ = (d +0)% = VoV = V2, These local descriptions
of @ can also be glued together to obtain a global element ® € A*(M,EndE). That is, Proposition 1.9 on page 74 of
[10] states that V2 = @ is an operator A*(M, E) - A**2(M, E). Thus we can think of the operator ® as a matrix of
2-forms.

Given an S-morphism f : N — M, we know that f induces a pullback map f* : A*(M) — A°*(N). Furthermore,
given a vector bundle E — M, there exists a pullback bundle f*E — N, and a pair of maps which we also denote by

f*, where

71 A%M,E) > A%N, f*E)

7* 1 A%M,End(E)) » A°(N,End(f*E)).

The first of these maps, together with the pullback of differential forms, induces another pullback map

ffrAWM,E) - A(N, f*E).

Given that a connection V on E — M is a map A°(M, E) - A'(M, E), one may hope there exists a connection
f*Von f*E - N, which is naturally induced by f and V. A prior, there are many possible choices of connections
on f*E — N, however we would like f*V to be compatible with the other notions of pullback. That is, letting
s : M — E beasection of E — M, areasonable guess for dictating how f*V should act on f*s, is by simply having
V act on s, and then pullback. That is, f*V(f*s) = f*(Vs). In fact, this request is enough to uniguely characterize
V.

Theorem 1.1.12. Let V be a connection on an S-bundle E — M and f : N — M and S-morphism. Then
1. There exists a unique connection f*V on f*E — N such that, for all sections s € A°(M, E) we have
F*V(f*s) =[5 (Vs),

2. If, given a frame {e, ...,e,.} over an open set U C M, the connection has the local description V = dy; + 6,
then for the frame { f*ey, ..., f*e,} over f~1(U), the connection f*V has local description f*V = dy + f*6,

where f* is the entry-wise pullback of the matrix of forms 0, and
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3. IfO A"(M ,E) > Ak+2(M , E) is the curvature operator associated to 0, then the curvature operator associ-

ated to [*0O is just the entry-wise pullback of © under f.

Proof. For the proof of existence of 1), and the proofs of 2) and 3), see Theorem 3.6, page 92 of [[10]. We will prove
uniqueness of the pullback connection here. Let V/ be another connection satisfying V/(f*s) = f* (V(s)). Given an
open set U C M and a frame {ey,...,e.}, the set { f*e(, ..., f¥e,} is a frame over f~Y(U). By our assumption, for

1 <j <rwefind
VAR fre) =V (fU®e)) =f* (VA®ep) = f*V (1 ®e)) = V1B fre)).

Thus, writing an arbitrary £ € AY(N, f*E) as & = Z;=1 ¢; ® f*e,, by the definition of a connection

V') =V (2 £ ®f*e,->
j=1
=Y V' ® fre)
j=1

=D& ® fre; +& AV (1® fre))
ji=1

j=

= )5 @ fre +E A FVA® fre))
j=1

Jj=

=) FVE® fre))
=1

J
= f*V <Z§®ej>
j=1

= f7V©.

As every point of N is contained in a set of the form f~!(U) for an open set U C M possessing a frame, and the

arbitrary choice of ¢ € A%(N, f*E), we conclude that V/ = f*V. O

Definition 1.1.13. Given a C-vector space W, a Hermitian inner product is amap {,) : W X W — C such that, for

allu,v,w € W and « € C,

1. {a(u+v),w) = a{u,w) + a (v, w),
2. {u,a(v 4+ w)) = @{u,v) + a{u, w),
3. (v.u) = (uw,0),

4. (u,u) > 0 with equality iff u = 0.



14 CHAPTER 1. GEOMETRIC BACKGROUND

Definition 1.1.14. Given a smooth, complex vector bundle E — M, a Hermitian metric on E is a choice of Hermitian
inner product (, ), on each fiber E,, such that for any open set U C M and &, 5 € A(U, E), the map
U->C

p = (&P, n(p)

is smooth. In this case we say that E — M is a Hermitian vector bundle.

Given a Hermitian vector bundle E — M, we can define an extension of the Hermitian form (,) on £ — X, to
amap (,) : AYX,E) ® 40(m) Al(X,E) - A (M). First, for all w € /\kT;(XO),n S /\lT;‘(XO) and &£,{ € E we
define

(@&, r®L), :=wAr(£(),.
By linearity this extends to all of AX(M, E) & A0 A (M, E).
Definition 1.1.15. We say that a connection V is compatible with a metric if for any open set U C X, and
¢&.ne AU, E),
d(&.m = (V& n) + (& Vn).

Suppose now that we have a holomorphic vector bundle E — X. This determines a smooth (complex) vector bundle
on the underlying real manifold X,. If E — X, has a Hermitian metric, we call E — X a Hermitian holomorphic

vector bundle.

Theorem 1.1.16. Given a holomorphic Hermitian vector bundle E — X, there exists a unique connection V such that

1. 'V is compatible with the metric, and

2. for any open setU C X and & € A(U, E) we have V"¢ = 0.
Proof. See page 78 of [10]. O

The above connection is referred to as the canonical connection associated to the Hermitian holomorphic vector
bundle. Both the canonical connection, and the associated curvature, have a particularly nice local description, which

we make use of in the code at the end of this document.

Proposition 1.1.17. Let E — X be a Hermitian holomorphic vector bundle, {e, ..., e,.} be a local frame over an open
set U C X, and write the canonical connection V in its local description as V. = d + 0.
Then, for the Hermitian form (, ), the matrix H ; = <ej, ek>, and the operator ® € A*(X, EndE) determined by the
curvature,

0=H'9H

® =90

Proof. See page 79 of [10]. O
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1.2 Super Geometry

In [8], Quillen introduced the notion of superconnections, generalizing both the classical notion of connection, and
Chern-Weil theory. Superconnections are essential to the constructions of [4] used in later chapters, and thus we

recreate the relevant aspects of the theory in this section.

Super Vector Spaces

A K-vector space V with a Z,-grading, that is V' = V% @ V!, will be referred to as a super vector space. The

Z,-grading on V induces a grading

(EndV)? = End(V") @ End(V'")

(Endv)' = Hom(V°, V') @ Hom(V'', V),

making EndV into a superalgebra. We say that an element X € (EndV)' homogeneous, and call it even if i = 0, and

odd if i = 1. We introduce a supercommutator on EndV, given by

[X,Y] := XY — (_l)dengngYX,

Indeed, the supercommutator satisfies an augmented version of the definition of the Lie bracket.

Definition 1.2.1. For an arbitrary K, and a Z,-graded K-vector space g, a K-bilinear map [,] : g X ¢ — ¢ is said to

be a super Lie bracket if forall X € ¢',Y € ¢/, Z € g*,

1. [Y,X] = —(=1)degXdeeY [ x vy,

2. (=1)deeXdee Z1x 1y, Z]] + (—1)deeYdee X1y [Z X]] + (=1)deZdeeY [ 7 [X, Y]] (the super Jacobi identity).

Any such pair (g, [, ]) is referred to as a super Lie algebra.
Proposition 1.2.2. For any Z,-graded (associative) K-algebra g, the bracket defined by
[X,Y] := XY — (—1)deeXdegYy 5

is a super Lie bracket, and thus (g, [,]) is a Lie superalgebra.

We also make note of the fact that for a Z,-graded algebra g, and X, € ¢',Y € ¢/ we have XY,YX € ¢'*/, and
therefore [ X, Y] € ¢'*/. Therefore deg[X,Y] := deg X +degY =i+ j. (Where both here and in the following, all
arithmetic is done modulo 2.)

In particular, the super commutator on EndV” makes it into a Lie superalgebra.

Proposition 1.2.3. The even and odd endomorphisms respectively commute and anti-commute with the involution

e(v) = (=1)degvy,
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Proof. Suppose X € (EndV)°, Y € (EndV)!, and let v € V be homogeneous. Since X is even deg v = deg Xv, and
thus
Xe(v) = X(=1)devy = (=1)deev x y = (=1)%eXV) x ) = ¢(Xv).

Since Y is odd, deg Yv = degv + 1 = degv = deg(Yv) — 1, hence

Yev = Y(=1)%evp = (= )deevyp = (= )deeWo-ly,, = _(—1)dee¥vy, = _eyyp.

By the arbitrary choice of v € V', the even endomorphisms commute with e, while the odd endomorphisms anti-

commute. O

We define the supertrace to be

try : EndV - C

X - tr(eX)

The additive property of the supertrace follows from that of the usual trace,

r (X +Y)=tr(e(X +Y)) =tr(eX +eY) =tr(eX) + tr(eY) = tr(X) + tr(Y).

Let Y € (EndV)!. By properties of tr we have tr(eY) = tr(Y €); however Y anti-commutes with e and thus

tr,(Y) = tr(eY) = tr(Ye) = tr(—eY) = —tr(eY) = —try(Y).

Therefore tr (Y') = 0 for any odd operator Y.
If X,Y € (EndV)!, then by anti-commutativity we get

try(XY) = tr(eXY) = tr(=X (eY)) = tr (—(€Y)X) = —tr(eY X) = —tr,(Y X).

Ifdeg X # degY, then XY and Y X are both odd, and thus

try(XY) =0 = tr, (Y X).

Therefore we see that in general that

tr, XY = (—1)deeX)deg gy y x

This implies that for any X,Y € g we find
try[X,Y] = tr, (XY) — (=1)dee e Vg (y x)

— (_l)dengeg Ytrs (YX) _ (_l)dengeg Ytrs (YX)

=0.
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Super Vector Bundles

In this section we will extend the notion of a super vector space, to that of a super vector bundle. We will then upgrade
our previous constructions, such as the curvature and connection, to account for the graded structure.

As in the previous section, we will write K for either R or C, and we will let M be an S-manifold.

Definition 1.2.4. For an S-manifold M, a super vector bundle is a vector bundle # : E — M with a Z,-grading.

Namely, it is the direct sum of vector bundles E® — M and E! — M called the even and odd components respectively.

Recall that for an S-morphism f : N — M, the pullback bundle f*E — N is defined by setting

f*E ={(n,e) € N X E|f(n) = n(e)}. By the commutativity of direct sums and pullbacks of vector bundles

and thus we obtain a natural Z,-grading by setting (f*E)° = f*(E®) and (f*E)! = f*(E"). Hence the usual pullback
of vector bundles applied to a super vector bundle, produces a super vector bundle.

Recall that a section s : M — E defines a section f*s : N — f*FE called the pullback, which is given by

n — (n,sof(n)). Throughout this section, the notation f* and terminology "pullback" will be used for a variety of
distinct notions, though each is compatible with the other in a natural way, and the meaning should be clear from
context.

In the case of EndE — M, we obtain an isomorphism f*(EndE) = End(f* E). In particular
f*(EndE) = End (f*E) = End ((f*E)°)®End ((f*E)") = End (f* (E°))®End (f* (E')) = f* (EndE®)@®f* (EndE"),

giving us the natural Z,-grading (f*(EndE))° = f* (EndE®), f* (EndE)' = f* (EndE"). Therefore, we see that for
any homogeneous A € EndE, we have deg A = deg f*A.
Furthermore, given the standard super Lie bracket [, ] on EndE, it follows that [(n, A), (n, B)], := (n, [A, B]), defines

a super Lie bracket on f*(EndE), making it into a super vector bundle whose fibers are Lie superalgebras.

The vector space .A*(M) of smooth differential forms is Z-graded, and the space A°(M, E) of S-sections inherits
a Z,-grading by (A°(M, E))' := A%M, E).

As seen above, we have a map
%[ 40 I % 40 i 0N £*(FiVy ~ 40 iy — [ 40N 7% ]
[ [AM, B)] = f*A%M, E") - AYN, f*(E") = A%(N, (f*E)") = [A°(N, f*E)| .
Recall that for any smooth map f : N — M, we also denote the pullback on differential forms A*(M) - A°*(N)
by f*. Since A°(M) is Z-graded, we we obtain a natural Z X Z,-grading on the .A°(M )-module

A(M,E) = A"(M) ® 4oy A’(M., E).

However we’ll only be interested in the total Z,-grading of A*(M, E) where for A € A'(M) ® AO(M) A%M, E))
we setdeg A = (i + j) mod 2.
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We also define a map of algebras

A M) @ goary AXM, E)] = A°(N) ® go(n) [ *AYM E)
o®s [fo® f*s,

which together with
idX f* 1 AN) @ gony ST AYM, E) > A(N) ® 4oy AN, f*E),
induces a map

[*AM,E) = f* [A"(M) ® qo(pr) AXM, E)| = A'(N)® o) f* A (M, E) > A"(N)® o5, A’ (N, f*E) = AN, f*E).

Similarly, we consider the algebra
Q = A(M,EndE) = A"(M)® 40(31)A° (M ,EndE),
where ® is the super tensor product given by

N® X)@®Y) = (—)deeXdeew)y A ) @ XY

The algebra € adopts a superalgebra structure from the total Z,-grading, of the Z X Z,-grading where

A(M)® 4o(p1)A%(M ,EndEY) C A (M, EndE),

where arithmetic of indices is take modulo 2. More explicitly, for n ® X € Q, where X is homogeneous, we
compute deg(n ® X) = degyn + deg X.

Therefore the map f* : f*A(M,EndE) - A(N,Endf*E) is linear and preserves the grading by virtue of the notions
of pullback comprising the map. Finally,

[ @ X)w@Y)] = f* [(-DdeXdeom A ) @ XY| = (-1)dee ) dego/ )@/ (XY) (1.4)

= (/T Xdee [0 frp A 2o @ (F*X)(f*Y) (L.5)

=1 X)(ffo® f*Y) (1.6)

=ffM@X)f"(@w®Y), (L.7)

and thus f* : A(M,EndE) - A(N, f*E) is a map of superalgebras.
We obtain a left action Q ~ A(M, E) given by

N®X) - (0® a) = (—1)de X))y A ) @ Xa.

Definition 1.2.5. We say that an operator A(M, E) - A(M, E) is A*(M)-linear if for each of its homogeneous
components T, all o @ « € A(M, E) and n € A*(M) we have

T A(@® a) = (=1)*eT® % AT (0 ® a).
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‘We now come to Proposition I of [8].

Proposition 1.2.6. The algebra Q can be identified with the algebra of A°(M)-linear operators.

Proof. By the definitions of the actions above, we see that any homogeneous simple tensor in € is .A°(M )-linear, and
by linearity we conclude that all of Q is .A*(M )-linear.
Conversely, suppose T is an .A*(M )-linear operator on A(M, E). Let e = {ey,...,e,} be a local frame for some open

set U C M. Forall 1 <i,j < rthere exists w; j(e) € A*(U) such that

TA®e) =D w,;@®¢ =) ()@ E ;(1®¢),
i=1 i=1

where E;; is the matrix with 1 in the (i, j)th entry and O elsewhere, and we’ve written w; ;(e) to highlight the dependence
on the frame e. For ease of reading we will drop the frame dependent notation.
Since T and 1 ® e; are homogeneous Yo o ; ® E; ;(1 ® e;) must be homogeneous, and thus every term of the sum

must have the same degree. Thus, for any choice of i and j
deg[T(1®e¢;)] =deg(w;; ®E,; ;- 1 ®e;) =deg(w,; ; ® E; ;) +deg(l ® ¢;) =degw,; ; +deg E; ; + dege;

and on the other hand

deg[T(1 ®e;)] =degT +deg(l ® ¢;) = degT + dege;,

therefore

degw,; ; +degE,; ; +dege; =degT(1 ® ;) =degT +dege;

= degw; ; +deg E; ; = degT.

Now for any n € A*(M),

r

r r
Z Z wisj ® Ei,j(r’ ® ek) = Z(_l)deg Ei’j degnwj,j AR ® Eikek
i=1 j=1 i=1

’
E. . .
= Z(_l)deg i degn(—pydegwij degny A o, @ e
i=1
-
=nA (_1)(dega),~’j+deg Ei’j)degr/wi,j ® e;
i=1
r
deg T d
=AYy (1) eg"a)i’j®e[
i=1
’
— (_1)degTdegn Z »; Qe
i=1

— (_1)degTdegnT(1 ® ej)
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where the last step follows from the A*(M)-linearity of T'. Since this holds for any n € A*(M) and basis vector e;, we

conclude that for all £ € A(M, E), over U we have

r

T@ =) Y o,;®E .

i=1 j=1

Thus there exists an element o = Z;zl w;; ® E; ; € A(U,End(E)) such that over U, for all global sections &,
we have T'(&) = oy (§).
We would like to construct an element w € Q, such that T (&) = w(€) for all global sections &. To this end, consider
an open cover {U, } and choice of wy for each a. (such a cover can always be obtained by starting from an arbitrary
cover, by shrinking the open sets until they posses frames on which to apply the processes above.) We define @ such
that for any open set U, of the cover, co|Uu =y, . For any particular @ and f, and &€ € A(M, E), over the intersection

U,p we find
@ly, (&) = oy, (&) =T() = oy (&) = @[y, (©).

Therefore our definition of w is well-defined on any intersection of any two open sets of the cover, hence it is

consistently defined on all of M. Therefore w € Q. O

The supertrace on each fiber induces a .A°(M)-module map try : A%M ,EndE) —» A°(M), which extends to the
A(M)-module map
try : A(M,EndE) - A(M),

n® X > nAatrgX.

Thus writing tr, for the supertrace on either bundle, for any n ® X € A(M,EndE),

tr, (@ X)) =try (f*n @ f*X) = ffnntr(f*X) = f'nA fru(X) = (nAatwX) = f*(r; 0 ® X)) .
(1.8)

Definition 1.2.7. A superconnection on a super vector bundle E — M is an operator V : A(M, E) - A(M, E) of
odd degree such that Vg A (0 @ a)) = dn Ao @ a + (—1)¥Ty AV(w @ a), forally € A(M), and w® @ € A(M, E).

Given two superconnections V|, V, and any n € A°(M), 0 @ « € A*(M, E) we have

Vi=Vo)inA(@®a) =V A (@@ a)) — Vo(n Ao ® a))
=dnho®a+(—D)* AV (0@ a)—dn Ao ® a+ (=) AV, (0 ® a)
= (=D®E ALV, = Vol@ @ a).
Since both V; and V, are odd, deg[V — V,] is defined, and by the identification of Q with .A°(M )-linear operators

on A(M, E),
(V) = Vo)1 A (@ ® @) = (~1)EV1i=Vdegny A [y, ](0 @ a).
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All other terms being equal, we’re forced to conclude that deg w = deg(V,; — V,) deg w for any differential form
w, and thus deg(V, — V,) = 1. Therefore the difference of two superconnections is an odd endomorphism, hence the
most general way to write a superconnection is V = d + 0, for an odd endomorphism 8 € A.
Since we usually work locally, it’s useful to examine the case of the trivial bundle. Furthermore, the main vector
bundles of interest later in this thesis are trivial bundles. Thus, supposing E — M is the trivial bundle E = M X V'
for some vector space V', we have A = A'@ A0( M)EndV.

Our main concern in later chapters is with connections V = d + 6 for trivial bundles where
0=A+Le [AI(M)®(EndV)0] ® [AO(M)®(EndV)1] .

Theorem 1.2.8. Let V be a superconnection on a super vector bundle E — M, and let f : N — M be a smooth
map. Then f*V = dy + f*0 is a superconnection on the pullback bundle f*E — N, which we call the pullback

connection.

Proof. Since pullbacks of both forms and operators preserve their respective degrees, given a superconnection
V=dy+0whered =n® Xisodd, f'n ® f*X = f*(n ® X) is also odd, and thus we obtain a connection
ffV=dy+ f*0on f*E - N. O

Following the definition of the curvature of a connection, we define the supercurvature of a superconnection V to

be V2.
Lemma 1.2.9. The supercurvature V2 defines an element of Q of even degree.
Proof. For any simple tensor o @ a € A(M, E), and n € A°(M) compute

Vi A@®a) =V (dn Ao ®a+ (-1 " A V(o ® a))
=d’nAo@a+ (—1D)®E gy A V(o ® a) + (=1)¥dyn A V(e ® a) + (—1)%E1(=1)4e1V2(» @ a)
=0— (D% AV @ a) + (—=1)*Edy A V(o @ a) + V(0 ® a)

=nAVi (o ® a).

By linearity, this extends to all of A(M, E). More specifically, we see that V2 is an even A°(M)-linear operator,
and thus by proposition VZeQ. O

Note that as an element of A(M, EndE), by eq. (1.7)), we have

£ (V3) = (V)% (1.9)






Chapter 2

Lie Theory Background

2.1 Lie Theory

A key component to the results of [4] mentioned in the introduction, is the behavior of special elements of S(V") ®
A*(D) under a certain Lie group representation @ : U(r, ) = End(S(V®") ® A*(D(V))) known as the Weil represen-
tation.

Here D = G/K where G = U(p, q) is a Lie group, and K = U(p) X U(g) its maximal compact subgroup. The repre-
sentation above induces a Lie algebra representation u(r,r) - End(S(V") @ A*(D)).

Thus, in order to extend the results of [4] it is imperative that in this chapter we develop the general theory of Lie
groups, Lie algebras, their representations, and specifically the theory of the highest weight vector. We will then give
a concrete description of the action of the representation of u(r, r) induced by the Weil representation, and proof some
technical lemmas which will be essential for the proof of the main theorem of the thesis.

Throughout this chapter we will closely follow [2], and most proofs not appearing in this chapter can be found there.

Lie Groups

Definition 2.1.1. A Lie group G is a both a group and smooth manifold, such that the group operation G X G — G

and the map sending an element to its inverse G — G are smooth.

Let F be R or C, and let M, (F) be the space of n X n matrices, which we identify with F " giving it the structure
of a F-manifold. As it is polynomial in the coordinates, the determinant det : M,(F) — F is continuous. The group
G L, (F) of invertible matrices is det™'(F — {0}), and since F — {0} is open, and det is continuous, GL,(F) is an open

subset of M, (F), and thus it inherits the manifold structure of M, (F).

23
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In terms of the matrix coordinates, by using cofactor expansion we can write the Jacobian of the determinant as

LdetX, J detX, ..., J

0xyy 0xy, Xn.n

n n
0 - 0 ; 0 -
detX] = l—x D xu =DMy, P ; X (=DM, — Z} Xin(=D*" M,

1 =1 nn =

[Mll’ _MI,Z’ ...,Mn n].

The Jacobian is zero iff each minor is zero, but then detX = 0, which is impossible. Therefore the determinant
has a constant rank of 1, hence by the level set theorem SL,(F) = det™'{1} is a closed embedded submanifold of
codimension 1 in GL,(F). Since multiplication and inversion are also smooth, S L,(F) is also a Lie group.

As this is a subset of GL,(F), this leads us to, the concept of a Lie subgroup, but first we define morphisms.
Definition 2.1.2. A morphism p : G — H of Lie groups is a group homomorphism which is smooth.

Definition 2.1.3. Given a Lie group G, we define a (closed) Lie subgroup to be a subset which is a closed submanifold

of G, and a subgroup, meanwhile an immersed subgroup is the image of an injective Lie group homomorphism H — G.

Many important examples of Lie groups arise as subgroups of G L(V') for some F-vector space V', by defining them
as the subgroup of elements preserving some bilinear foorm Q : V XV — F.
If O is symmetric and positive-definite, and V' is real, the group preserving Q is the orthogonal group
0,(R") = O(n).
If O is skew-symmetric (that is, Q(u,v) = —Q(v,u) for all u,v € V'), then the group Sp(Q) preserving Q is called
the symplectic group and only occurs in even dimension if we demand the form is non-degenerate. If it is clear from

context that V" has a skew-symmetric form Q, we will write Sp(V') or Sp,,(F) as F o~y

Let V' be a C-vector space of dimension p + ¢, and a Hermitian form (, ) (defined by 1.1.13)) such that any maximal
positive-definite subspace has dimension p, and any maximal negative-definite subspace has dimension q.

We are primarily interested in the pseudo-unitary group U (p, q), of endomorphisms of V', preserving the form (, ).

By Gram-schmidt orthonormalization, we may choose a basis ey, ..., e g such that
5,‘]', 1<i,j<p
(eiej) =1=8,;, p+1<ij<p+q
0, otherwise

Define the matrix H such that H; ;= <e,, e j> . Now for any two vectors u, v € V', we write them in the above basis

as

=
F
S
=
+
<

Il
—_
-
Il
—_
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Now writing AT for the transpose of the matrix A
T

P+ ptg . p+a p+q
HBy, s Bpig) = Z a; Z <ei,ej> B; = <Z ae;, Zﬁjej> = (u,v).
i=1 j=1

=1 j=1

ay

Xp+q

For X € U(p,q) we must have (Xv, Xw) = (v, w), and writing A for the matrix whose (i, j)th entry is the
complex-conjugate of the (i, j)th entry of A, we can write this as
VTHiw=Xv)  HXw = 0" XTHXw.
As this holds for every pair of vectors v, we must have H = X7 HX. Thus

U(p.q)={X € M,, (O)|H = X"HX }, with the special case, 2.1

Un) :=U@®,0)={X € M,O)|X"=X*}, (2.2)

where X* = X7 is the Hermitian conjugate, and we simply refer to U(n) as the unitary group. Our focus will

Iy 0y

qu _Iqq

mainly be on the Hermitian form defined by H = , wherefore the condition defining U (p, ¢) (in block

form) becomes

providing us with the relations

Proposition 2.1.4. The group U(p, q) is a Lie group.

Proof. We will make use of the regular level set theorem (Corollary 5.24 of [7]]) to prove this result. Equip the space of
(p+ @) X (p + q) Hermitian matrices Herm (C) := {X € M, ,(C) : X* = X}, with subspace topology of M, ,(C).
Since the map

F: M, (C) - Herm,,  (C)

X XTHX
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is polynomial in its coordinates, it’s smooth. For any curve y : (—¢,€) — Herm,, ,(C), differentiating y()* = y(@)
simply yields y’(0)* = y/(0), and thus for any Y € Hermp+q(C) we have TYHermp+q(C) = Hermp+q(C).
Given X e M » +q(C) and A € TYHermp +q(C) = Hermp +q(C), we compute the push-forward

dFy(A) = %(X +1tATHX +tA)|,_y=ATHX + XTHA.

We need to show that d F is surjective to apply the regular level set theorem. Let B € Herm,,, ,(C), and note that

H=X"HX=>I=HX"HX = X"'=HX"TH.
. . -1 T = . 1 T
Like-wise (X ) = H X H, and thus taking A = EXHB R

. o
Fy(A) = (%XHBT> HX + XTH<%XHBT>
= %B(HXTH)X + %XT(HXH)B*

1
==(B+ B*
5B+ BY)

1
=—-(B+B
2( )
= B.
Therefore d Fy is surjective. By the arbitrary choice of X, the map F is regular, and therefore U(p, q) = F “{H)}
is a closed embedded submanifold of M, ,(C).

The fact that the group operation and inversion are smooth follows from the fact that these operations are rational

functions in their coordinates (and defined everywhere). O

Of particular import for us will be the subgroup

A 0 A
K :=3 €M, O : eUp.q
0 D 0 D
A 0 A0
= €M, (C): H= H
0 D 0 D

\

By the defining relations of the Lie group,

I 0 AT o ||r1 A 0
0 -1 o D"Jlo -r1flo D
AT o |lA
0 DT|lo D

AT A 0
0 -D'H|
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thus A=! = A* and D~! = D*, so we find that

A 0
K= o b €M, ,(C): AcU(p),DeU(q ¢ x=U(p)xU(g.

In fact, K is a maximal compact subgroup of U (p, q), a fact which is significant in the general theory of Lie groups,

though we will not discuss this here.

Representations of Lie Groups

As is the case with finite groups, we can learn a lot about Lie groups by studying their representations, which are
homomorphisms p : G — GL(V) for some finite-dimensional F-vector space V. Note that if dimp V' = n, then
GL(V) = GL,(F), and so we require that p is a morphism in the sense of Lie groups, that is, it is both a group

homomorphism and a smooth map.

In particular, since conjugation is a group morphism, by the smoothness assumptions
Y,:6G—-G
h— ghg_1
is a morphism of Lie groups. Moreover, ¥ determines a morphism
Y : G — Aut(G)

gn—)‘Pg

For each g € G we will write Ad(g) for the differential (d'¥,), : T,G — T,G. Therefore we also obtain a map
Ad : G - Au(T,G)

g~ Ad(g)

Now Aut(T,G) = GL(T,G) and thus itself a Lie group. Since Ad also happens to be smooth, we can also define ad
to be the differential d(Ad) : T,G = T;Aut(T,G), where T;Aut(T,G) = End(T,G).

For a morphism p : G — H of Lie groups, and any g,h € G, we must have ¥, op(h) = po¥,(h). Applying the

r(g)
differentials to this equation, one finds for the vector space morphism (dp), : T,G — T,H we have

dp,(ad(X)(Y)) = ad(dp,(X))(dp,(Y)) forall X,Y € T,G.

Explicitly, for GL,(F) we define [,] : T,G XT,G — T,G by [X,Y] = ad(X)(Y). It follows that this map is bilinear.

By definition, for any X € T,G there is acurve y : (—¢, €) — G such that y(0) = e, and y'(0) = X. We compute

[X,Y] = ad(X)(Y) = %(Ad(y(r))Y) %(ymw(t)—l)

t=0 t=0

7' OYy (@) +y Y (—y )~y Oy 7|

0
=XY -YX.
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From this computation it also follows [, ] is skew-symmetric, and for X,Y, Z € T,G,
[X,[Y,Z]]+[Y,[Z,X]]+[Z,[X,Y]] =0,

which we call the Jacobi identity.

In the particular case of a representation p : G - GL,(F), we have T,GL,(F) = End(F"). Therefore, the general
study of maps ¢ — End(F") for an F-vector space g, equipped with a skew-symmetric bilinear map [, ] satisfying the
Jacobi identity, subsumes the study of differentials of Lie group representations, and thus Lie group representations

themselves. This is the inspiration for the first definition of the following subsection.

Lie Algebras

Definition 2.1.5. A Lie algebra is a vector space g with a skew-symmetric bilinear map [,] : g X g — g satisfying the

Jacobi identity. Thatis, forall X,Y,Z € g

1. [X,X]=0

2. [X,Y]=-[Y,X],

3. [X, Y, Z1+ Y, [Z, X1+ [Z,[X,Y]] =0.

If char(F) # 2 then 1) follows from 2).
Given a Lie group G, we’ve already seen that the tangent space T,(G) at the identity provides us with a Lie algebra.
We will occasionally write Lie(G) to refer to the Lie algebra T,(G) and occasionally we’ll write g := Lie(G).

The relevant operation for Lie algebras is the bracket, and thus we define a Lie algebra morphism of Lie algebras g and

f to be a vector space morphism ¢ : g — fj such that

¢ (IX,Y1y) = [¢(X), p(V)]y.,

forall X,Y € g where [, ]g is the bracket of g, and [, ]f, is the bracket of §.

As a first example, we’ve already seen that Lie(GL,(F)) = End(F"), where the Lie bracket is given by
[X,Y] = XY — YX. We will often write this as gl,(F) for short. Just as many classical examples of Lie groups are

given as subgroups of GL,(F), many classic examples of Lie algebras are realized as subalgebras of gl,,.

Definition 2.1.6. A subpsace §) of a Lie algebra g is called a Lie subalgebra if [}, )] := {[X,Y] : X,Y € b} is

contained in .

Proposition 2.1.7. The Lie algebra Lie(SL,(F))is 81, (F) ={X € M,(F) : tr(X) = 0}.

Proof. Lety : (—e,e€) - SL,(F), be a curve such that y(0) = I, and write X := y’(0). Since SL,(F) C GL,(F)

we must have det y(f) = 1. Recall that the absolute value of the determinant of a matrix whose column vectors
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are the vectors determining a parallelogram, is the area of the parallelogram. Like-wise, the wedge product of vectors
represents the volume spanned by those vectors. Thus, for the standard basis {e, .., e,} of F", the determinant condition

becomes the requirement y(¢)(e;) A ... A y(t)(e,) = e; A ... A e,. Thus by the product rule, we have

n

= ZelA.../\X(e,»)/\.../\en

=0 =1

0= yen A AT,

=tr(X)e; A...Ae,,
but this only holds iff tr(X) = 0. Therefore the Lie algebra 31,(F) is the subspace of gl,(F) of traceless matrices. [

Proposition 2.1.8. The Lie algebra Lie(U(p, q)) is

A B i .
u(p,q) = tA=-A*D=-D
B* D

Proof. For some curve y : (—e,€) = U(p, q), we must have y®TH m = H, and thus we compute

_9 _ 9 Ty
0= atH Il ((T)'HA,) L
_ (9 T Ty O
= (570) | HrO+rOTH Sr0 y
=X"H+HX

A B
Writing X in block-form as , (Ais pX p, and B is g X q), and denoting conjugation by o, the equation
C D

becomes
T
A B I 0 I 0 A B
0= + c
C D 0 -I 0 -1 C D
AT cTllr o I 0||lA B
= +
BT DTJlo -I 0 -IJ|C D
AT T A B
= + _ B
BT -DT -C -D
A B —AT CT
=> =| _ |
-C -D -BT DT
Thus —C = —B* = C = B*. We conclude that
A B
u(p,q) = tA=-A"D=-D"
B* D
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In the special case H = I from eq. (2.2), the Lie algebra
u(n) 1= u(n,0)={X € M,C|X =-X*}. 2.3)

We will often write g, = u(p, ) for short. To construct an explicit R-basis for g, let
[Aljx = aji. [Bljx = bj,[Dlj, = dji, and define E;; be the elementary matrices with non-zero entry j, k. We

decompose an arbitrary matrix as

A B ) ) B}
—r = Z ajkEjk—ajkEkj+ Z bjkEjk+bjkEkj+ Z djkEjk_djkEkj
B' DJ i<jksp j<pk>p Jjik>p
p ptq _
=Y 2Am(a;)iE; + Y, Amd)iEg+ Y apEy - dpEg+ Y dEy —dyEy
i=1 k=p+1 1<j<k<p p+1<j<k<p+q
+ ) byE + by Ey
J<p.k>p
p pt+q
= Y 2Im(a;)iE; + Y 2Im(d)iEy + Y, Re(by)(Ej + Eg)+ Y. Im(b)i(Ey — Ey))
i=1 k=p+1 J<p.k>p J<p.k>p
+ ) Re(@)Ep—E+ Y, Im@ilEy +E)+ Y, Re(dy)(Ej — Eyp)
1<j<k<p 1<j<k<p 1<j<k<q
+ Y, Im(d;)i(Ej + Ey).
1<j<k=q

Therefore, as an R-vector space, u(p, g) can be written

span{iE;;|1 <j < p+q} (2.4)
@ span{E;; — Ey;|1 < j <k < p} @ span{i(E;, + Ey;)|1 < j <k <p} (2.5)
@ span{E; — Eyjlp+1<j<k<p+q}@span{i(E; + E)lp+1<j<k<p+q} (2.6)

@Span{Ejk"'Ekj“ <j<pp+1<k<p+gq} @Span{i(Ejk—Ekj)H <j<pp+1Lk<p+gq} 2.7

Counting the dimensions of these sub-spaces we find

dimRu(p,q)=p+q+2@+2@ +2pq = p* + ¢* + 2pq.

Since

A 0
K = cAeU@p).DelU(g},
0 D

we have that

. A 0
£, := Lie(K) = :A=-A",D=-D"
0 D
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Thus by reading off the appropriate bases from the above, we have that

o = span{iE;;[1 < j < p+q} 8)
@ span{ E;; — Ey;|1 < j <k < p} @ span{i(Ej, + Ey;)|1 <j <k <p} 29)
@ span{Ej — Ei;lp+1<j<k<p+q}@span{i(Ey + Elp+1<j<k<p+gq}. 2.10)

Now we define a few useful operations on Lie algebras.

Definition 2.1.9. Given two Lie algebra g; and g, with respective Lie brackets [, ]; and [, ],, we define the Lie algebra
direct sum by taking the vector space direct sum g @ f. For X,Y; € g; and X,,Y, € g, we define the Lie bracket
L1:(@@hx(@gdh —>gD)h

[X] + X2,Y1 + Yz] = [X],Y]]l + [Xz,Yz]z.

Ideals

In the last section we introduced the idea of Lie subalgebra ¥y of a Lie algebra g, where we require that § is a linear
subspace and [§, §] = {[X,Y] : X,Y € b} C . If the stronger condition that [, g] C b, is met, we say that } is an
ideal, and we write §) < g.

For any Lie algebra g, an ideal of central importance is the commutator Dg = [g, g]. The next definition will provide

a useful tool for understanding the structure of Lie algebras, and in particular, allow us to compute Dgl,,.

Definition 2.1.10. For a Lie algebra g with basis {e;|1 < i < n}, we refer to the coefficients

n
_ k
lej.e;] = Z Cijek,
k=1
as the structure constants of g.

The set {Ej; : 1 < j, k < n} forms a basis for g[,,(F). Computing

" 0, r#£j
[Ej X s = D (s = (EjdpXes =
t=1

(Ejk)jkxksa r=j

thus E X = 3" | x4 E;. Similarly

" 0, s#k
[XEjk]rs = 2 xrt(Ejk)ts = xrj(Ejk)js
=1 X (Eji) jis

so that XE;; = 3"

r=1 Xrj Erx. Now we see that

n
EjkElm = Z(Elm)ksEjs = (Elm)Ejm = 5klEjm'

s=1
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From this, we see that

[Ejks Ep] = 011 Ejpy — O Egc- (2.11)

Thus, comparing this with

[Ejk’ Elm] = 2 C]r'li,lmErs’

r,s

for gL, the structure constants are

5k[’ rs = Jm
Cltam = =8jm rs=1k 2.12)
0, otherwise

Therefore

Dgl,, = span {5k1Ejm - 5ij,k} .

We can be more specific by computing that

-

E;,, k=Ilm#j
5k1Ejm - 5ij1k =
0, otherwise
By the additivity of trace, we conclude that
DL, (F)={X €gl, : r(X) =0} = 8L,(F). (2.13)

As Dg is a useful ideal for understanding the structure of g, and Dgq is a Lie subalgebra in its own right, we can
take the commutator of Dg itself.
Towards this end, we define two series D, g and D¥g of Lie algebras, both with the initial terms D,g = Dg = Dlg.
The lower central series is given by D, g = [g, D,_,4], and the derived series Dkg = [Dk~1g, DF~1g]. We will also
classify Lie algebras according to their behavior with respect to these series by saying that a Lie algebra g is

1. Nilpotent, if some k, we find D, g =0,

2. Solvable, if some k, we find %kg =0,

3. Simple, if dim g > 1, and g has no non-trivial ideals, and

4. Semi-simple, if g has no non-zero solvable ideals.
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The notion of semi-simplicity will be of particular importance to us. As we’ll see in the next section, the represen-
tation theory of semi-simple Lie algebras enjoys some nice features, and information about general Lie algebras can
be lifted from certain related semi-simple Lie algebras.

Given solvable ideals a and b of a Lie algebra g, theirsuma +b := {X +Y : X € a,Y € b} is again a solvable
ideal. Thus the sum ) a over all solvable ideals of g is a maximal solvable ideal which we call the radical Rad(g).

As g/Rad(g) is semi-simple, we write it as g, and refer to it as the semi-simplification of g.

Representations of Lie algebras

We have already seen that given a pair of Lie groups G and H, with respective Lie algebras g and }j, we can differentiate
amorphism p : G — H to obtain a linear map dp : ¢ — § which preserves the Lie bracket, and hence, is a morphism
of Lie algebras. Thus, given a representation p : G — GL(V) for some vector space V', we obtain a morphism

dp : g = gl(V). In general, we refer to any map of Lie algebras ¢ — gl(V) as a representation.

As is the case with the representation theory of groups, much of the structure of a Lie algebra can be captured by
understanding fundamental objects known as irreducible representations. If p : ¢ — gl(}') is a representation of g,
and for some subspace W C V we have that p(X)W C W ,VX € g, then we say that W is an invariant subspace.

Notice that in this case p also determines a representation p : g — gl(W).

Definition 2.1.11. A representation p : g — gl(V') of a Lie algebra g is said to be irreducible if the only invariant

subspaces of V" and the 0-vector space, and V.

In the case of representations of groups, one way to build representations from irreducible ones is the use of tensor
products. Given a pair of group representations p; :— GL(V}) and p, : G — GL(V,), we can define the tensor

product representation p; @ p, © G = GL(V; @ V;) such that for all g € G, v, € V|, and v, € V,, we have

P1 ®pr(8) - (01 ®vy) = (p1(8) - v1) ® (pa(8) - 1)

and then extend to the rest of V] @ ¥V, by linearity.

If G above is a Lie group, then the representation d(p; ® p,) of g is obtained taking the differential of p; ® p,, and by
Proposition 4.19 on page 110 of [5], we may treat a tensor product of functions as a product of functions with respect
to differentiation, and apply a kind of Leibniz formula. Thus, in general, we see that the correct definition for the tensor

product of Lie algebras is the following.

Definition 2.1.12. Given a Lie algebra g, and two representations p; : ¢ — gl(V}) and p, : g — gl(}5), we define
their tensor product (p; @ p;) : ¢ = gl(V; @ V) such thatfor X e gand v, @ v, €V Q@ V,

(P1 ® p)(X)(v] ® vy) = p1(X)v; B vy + v @ pr(X)vy.
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As we’ll see below, the theory also becomes considerably easier for the case of semi-simple Lie algebras. While
many common examples Lie algebra, such as gl(C) (see below), fail to be semi-simple, this isn’t always a great loss,

as exemplified by Proposition 9.17 of [2]

Theorem 2.1.13. Let g be a complex Lie algebra, and g,, = g/Rad(g). Every irreducible representation of g is of the
formpy @ p : ¢ — ol (Vy ® L), where p : 85, — ¢L(Vp) is irreducible, and dim¢ L = 1.

For the remainder of this section, we will assume all our Lie algebras are semi-simple.
For an arbitrary Lie algebra g, one begins by finding a maximal Abelian subalgebra }j for which the restriction of the
adjoint representation ad : § — gl(g) acts diagonally. We call any such subalgebra §) a Cartan subalgebra. Given this
choice of §, the action decomposes g into subspaces on which } acts by a functional « € §*. That is, there exists a set

A C B§* such that for each @ € A, we have spaces
g, = {X €g|VH € h,ad(H)(X) =a(H)- X} # {0},

where g = h @ (@ae A ga). The functionals are called roots, and we denote the set of all roots by A. The g, are root
spaces, and their elements are called root vectors.

Each of the root spaces g, are 1-dimensional, and A generates a lattice A, C §* having rank equal to dim §.

More generally, any representation g — gl(V") will decompose into spaces V = @, V,, where  acts diagonally, where
V,={veV|VH € ), Hv = a(H) - U}.

At this point, one must make a choice of hyperplane containing half the roots. This can by described more formally
as choosing a linear functional Z : Ay ® R — R, and extend it to a functional # : §* — C which is irrational with

respect to the lattice A,. We then define the positive and negative roots respectively
At ={a € A|f(a) >0}, A" ={acA|f(a)<0]}.

Definition 2.1.14. For a representation ¢ — gl(V'), with Cartan subalgebra §) C g, a functional A € §* and positive
roots A*, a non-zero vector v € V is said to be of weight 1 € §* such that Hv = A(H)v. We say that v is a highest

weight vector if it has weight A, and is in the Kernel of g, for each « € A*.

The main point of the preceding definition is the following result.

Theorem 2.1.15. For any representation ¢ — gL(V') of a semisimple complex Lie algebra g, the subspace

W ={Y -veV|Y €gypf €A™} CV isanirreducible subrepresentation.

Computation of the Semi-simple part of gl,(C)

For the main theorems of this thesis, we will be interested in a representation of a certain Lie subalgebra of 3[,(C),
and hence g1,(C). Thus, throughout the rest of this section we reproduce a number of well known results about the

structure and representation theory of gl,(C) and 81,(C), which will then restrict to results on the Lie subalgebra of
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our main interest, to be described later.
In this section, we define a symmetric bilinear form on arbitrary Lie algebras that has particular importance for repre-

sentation theory, known as the Killing form.
Proposition 2.1.16. For a Lie algebra g over a field F, the map
B:gxg—F
(X,Y) > tr(ad(X)oad(Y))

is symmetric and bilinear.

Proof. The symmetry follows from the commutative property of trace, and the bilinearity follows from the linearty of

trace, and the bilinearity of the Lie bracket. O

From the bilinearity of B, it's enough to determine its action on a basis {e;}\_, of g. Recalling the definition of the
structure coefficients from the previous subsections, we can compute

n n n
ad(e;)oad(e;)(e;) = [e;. [ej. ¢,]] = le,., le.ke,] = CiCyem:
I=1 i

=1 m=1

Using this, we can compute a concrete description for the Killing form of gI,,(C) here, from which the Killing form
for 81,,(C) will follow as an easy corollary.
Let X,Y € gl,(C), then by the bi-linearity, and the computations of the Lie bracket eq. (2.11)

B(X,Y)=1B (2 XiEj Z ylmElm> = 2 Z XjiVimB(E i, Epy) = 2 2 Xk Vim 2 2 C}i,mC},‘:,,m-
Jj.k I.m

Jj.k Im J.k Im r,s tu

Now by eq. 2.12)

Oprr tu=ls
tu —
Clm,rs - _515, tu=rm
0, otherwise

and therefore

BV =Y Y X Y (C;,ilsém, - c;;’rma,s) .

Jj.k Im r,s

Again by eq. 2.12)

-

Oki» rs=js

Cliss=1=6;, rs=1lk

js?

0, otherwise
h

Okrs rs =jm

rs —_
krm = Y ~Ojm» TS =rk

0, otherwise
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Thus the above becomes

n
B(X.,Y)= Z Z XikVim (Z Ok10mj — 0kOm — Ok Om + Z 5jm5lk>

Jj.k Im r=1

= Z 2 (xjkylm"5kl5mr + xjkylm”‘sjmfslk - xjkylm‘sjkéml - xjkylm‘skjélm)
Jj.k Im

Z jkykj+nzzxjkykj szjjy” szﬂy”

=1 /lk j=11=1 j=11=

=1k
n

I
S

[XY]; -2 Z X tr(Y)
=1 j=1

=2ntr(XY) — 2tr(X)tr(Y).

Recall that 81, (C) is the subalgebra of g[,(C) of traceless matrices, and therefore B§I,,( F)(X ,Y) =2ntr(XY).

In order to compute Rad(gl,(C)) we will make use of Proposition C.22 of [2l], which states that

Proposition 2.1.17. For any complex Lie algebra Rad(g) = (Dg)* with respect to the Killing form.

We computed the killing form for gl ,(F) in the previous section to be B(X,Y) = ntr(XY) — tr(X)tr(Y). So we let
Y € gl,(C), and demand that it’s Killing product with each basis vector of Dgl,(C) be zero.

For j # k, we see that

0 = ntr(E; Y) — tr(E;)u(Y) = ntr (Z[EjkY]ii> -0

=n 2 Z( ki

i=1 I=
= nZ(Ejk)ikyki
i=1

= n(E; ) kY

= nykj
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Therefore y,; = 0, and by arbitrary selection of j # k, all off-diagonal terms of ¥ must be zero. Meanwhile
0=t((E;; — Ex)Y) —t(E;; — E;)r(Y) = t(E;;Y) — tr(E Y) = 0

n n
=n Z(Eij)ii —n Z(EkkY)ii
i=1 i=1
n n n

=n Z (E;jpuyii—n z (Exi)iVii
1 1

i=1 I= i=1 I=
n n
=n Z(Ejj)ijyji —n Z(Ekk)ikyki
i=1 i=1

=n(E;;);;¥;; — MExduYik

= n(yjj = Yik)-

Thus y i = Vicks and by arbitrary selection of j and k, we conclude that Y = Al for some 4 € C.

Altogether we conclude
Rad(gl,(C)) = (Dg!,(C)r = {AI : 1€ C}.

Now, if we consider (g[,(C)) = gl,(C)/Rad(gl,(C)), we have that

AN

X +Rad(gl,(C)) =Y +Rad(gl,(C)) < X —-Y € Rad(gl,(C)) <= X -Y = Al, forsome e C.

Thus two matrices represent the same equivalence class iff their diagonals differ by a constant. In particular
X~X-— tr(nil, where

tr (X _ o0 I) = ftrX) — @uu) = tr(X) — tr(X) = 0.

n

Therefore each class of gl,C/Rad(gl,C) can be represented by a matrix of zero trace.
Furthermore, we’ve seen that two matrices X and Y represent the same class iff Y = X + AI. If we require that
tr(Y) = 0, then
A

0=tr(Y) =tr(X + AI) = tr(X) — Atr(]) = tr(X) — % =>tr(X) = -

In other words, each equivalence class can uniquely be represented by a traceless matrix, and therefore we identify

(81,(©)),, = gL, (C)/Rad(gL,(C)) = {X € gL,(C) : tr(X) =0}.

In this way, we see that (gInC)SS is naturally identified with a Lie subalgebra of gI,,. In particular

(gI,,(C))SS =~ 8[,(C). Thus as a consequence, we see that 81,(C) is a semi-simple Lie algebra.

The Cartan Subalgebra of 3[,(C).

In this subsection, we will only work with the (semi-simple) Lie algebra g := 3[,C = (gIn(C))”. First, we will need

to choose a Cartan subalgebra of 81, (C). In the case of g = (gIn(C))ss, we define fj to be the subalgebra of diagonal
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matrices. First we observe that

[Eii» Ejjl =6, E;; = 6, B =

0, otherwise.

Therefore

[E; — Ej Ey — Eyl =[Ey, Eg] — [Ejj’Ekk] —[Ejj, E ] + [Ej E;1=0,

J’ J?
and thus we see that §j is Abelian.
Now we examine the action ad : 81,(C) — gl(g) restricted to §y. First, since H = span{ E;; — E;; }, then letting ¢; € h*
where

1, i=j=k
e;(Ej) =

0, otherwise

Fixing a particular j, we obtain a basis {e; —e; : 1 <i <n,i # j} for h*.
1 0 a b h O
In the case of 81, = 3I,, we have f) = span . For X = € 8o e, and H = € §, we must
0 -1 c d 0 —-h

have

h O a b ha hb ha —hb 0 2hb
[(e; — ex)(H)I(X) = ad(H)(X) = ; = - = :
0 —h)|c d —hc —hd hc —hc —2hc O

Meanwhile, (e; — e;)) H(X) = (h — (=h))X = 2hX and thus

a b 0  2hb
¢ d| |-2n¢ o |

Since h # 0, we know 2hc = —2hc = ¢ = 0. Therefore

0 1
e, e, = SPan
0 0
Now we consider the case where n > 3.

Suppose X € Be,—c,, - There must be at least one non-zero entry, say x;;, and compute

ij°
n n

[H, X1, =[HX,; - [XHl; = ) hyxy, — O Xphyy = hyx;; = x;hy; = (hy = hy))x,;,
k=1 k=1

and [H, X1;; = [(¢;— e, )(H)X];; = (hy; — hyy,)x;;. Therefore (h;; — h;;)x;; = (hyy — hy,)x;;. Since x;; # 0, we have
hi; — hjj =hy = Ry
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Ifi = j, we find h;; = h,,,. However n is at least 3, and thus we can freely choose the values of both variables, and

thus the equality won’t hold in general. Therefore x;; = 0O for all i, and so we now assume i # j.

We have that 0 = tr(H) = Y _ bk = Xiciiim Mk + Zig(ijimy Prk- Since i # j, the first sum has at least
2 terms, thus we can freely set all the terms in the second sum to 0. Therefore we have a system of linear equations

with some variables #;;, h

iis hy;, and h,,,,, which may not be distinct, and 2 equations h; — h;; = h; — h,,, and

ji’
Zke{i,j,k,l} -

If there really are 3 or 4 distinct variables, that is 3 or 4 of the i, j, /, m are distinct, then there aren’t enough constraints.
That is, we can freely choose them to violate the prescribed equations. There can’t be only one variable because i # j,
thus there are exactly two variables.

It can’t be that j =/ and j = m, because m # .

If j =1, then h; — h;; = —h;; + h;; so h;; = h;; and again, this won’t hold for arbitrary H, therefore j = m and thus
i = 1. In other words, all the x;; are zero, except possibly x;,,, so X = x;,, Ej,,,.

We can also see that any such choice of x;,, will suffice, and therefore g, _, = span{E,, }.

By the argument above, we’ve determined that no other off-diagonal term be be added to § while remaining Abelian,
and therefore [) is a maximal Abelian subalgebra, making it a Cartan subalgebra.

Since the functionals e; — e jare a basis for the dual §*, we obtain the decomposition

4=h& @ gei—ej’
e;i—e;

where 8e,—c; = span{ E;; }.

Usually, the set of positive roots is taken to be {e; —e;|1 <i < j < n}. However, our main interest will be in a
particular subalgebra ¥ of 81,,(C), to be defined in the next section. The subsets At = {e; — e i1 <i<j<r}and
AT ={-e; +e;lr+1<i<j<2r}, are positive and negative roots of ¥ respectively, and we’ll write A 1= ATUA™.

Thus the root spaces are spanned by

8o—e; = spanc{E;;}, 1<i<ri<j<2r (2.14)

8cite; = spanc{E;}, r+1<i<j<2r (2.15)

2.2 The Weil Representation

Our ultimate goal is to investigate the behavior of certain vectors under the action of of the Weil representation. The
Weil representation originated in physics, but was generalized to the realm locally compact Abelian groups by André
Weil. This allowed for a representation theoretic interpretation of theta functions, and provided a powerful tool for the

study of modular forms of half-integral weight.
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We will only outline the theory here, the details for the general case can be found in [9]. Let G be a locally compact
Abelian group, and define its Pontryagin dual G = H om,, (G, C"). The symplectic group Sp(G x é is a certain
special subgroup of Aut(G X G). Any finite dimensional R-vector space W; is isomorphic (as a vector space) to R”,
and thus the underlying group G of W, is isomorphic (as a group) to R". As R = Rasa group, G = R” and can be
realized as the underlying group of the linear dual space (R")* = W}'. The natural pairing G X G — C induces a form

on W = W; @ W}, which can be described by a matrix

In this case Sp(G X G) is actually the Lie group .Sp(W) of matrices preserving the form J.

Recall that a covering of a topological space X is a space Y and a continuous surjection p : Y — X such that for all
X € X there exists an open set U C X containing U, where p~!(U) is a union of disjoint open sets of Y, each of which
are homeomorphic to U under p. A cover p : Y — X is said to be a double cover if the fiber p~!({x}) contains 2
elements for all x € X. A covering group of a topological group G is a covering p : H — G such that p is also a
group homomorphism.

The metaplectic group M p(G x G) is constructed as a double cover of Sp(G x G), and the Weil representation is a
homomorphism w,, : Mp(G X G) - End(S(G)), depending on a choice of y € Hom(Z, C!), where Z is the center
of Sp(G x G), and S(G) is the space of Schwartz-Bruhat functions. When G is the underlying group of W, as above,
the space S(G) is the Schwartz space S(W,). Given an identification W; = R", with coordinates (x4, ..., x,)) € R", we
can describe the Schwartz space as the collection of smooth f : R” — C such that for all « = {«y, ..., a,} ,

ﬁ = {ﬁl""’ﬁn} € Nn»
(9SG

X
oxP

SUPyecRrn

in multi-index notation.
To describe the setting relevant to our purposes, consider the (p+¢q)-dimensional Hermitian space (V, (, );,) of previous
sections, and a 2r-dimensional C-vector space W, with a skew-Hermitian form (, )y, acting on a basis

{1 <s<2r} by

i, 1<s=t<r
(wg, ;) =9—i, r+1<s=1<2r-
0, otherwise

The vector space W := V @ W considered as a 2(p + ¢g)(2r)-dimensional R-vector space, has a symplectic form
((v @ w, 5 ® w)) = Re ((v, DYy (W, WYy ) .

We choose a maximal isotropic subsapce W; of W, and focus on the Weil representation M p(W) = M p(G X G).

In [6], a splitting U(V') X U(W) — M p(W) is provided, and thus by composition the Weil representation describes

IThis is commonly written as .Sp(G), but this notation will become confusing in our context
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and action of U(V) x U(W) on S(V"). The U(V) factor acts on ® € S(W) by g - ®(x) = ®(g~'x), but the action of
U (W) is more complicated.

Let H,(C) be the collection of r X r Hermitian matrices, and

a 0 1 b 0 -I
m(a) := ,a€GL.(C), n() := ,be H.(O), w,=
0 (a1 0 1 I, 0
By an analogous argument to the proof of Proposition 2.2 on page 8 of [1l], U(W) is generated by elements of the
form m(a), n(b), and w,, and hence it suffices to describe the action of the Weil representation for these elements.
Define y : R — C! by y(x) = e***, let y be a character of C* such that y|px = sgn(-)**9, and for any
V= (0g,..,0,) €V, setT(v) = [(1/2) <Ul~, Uj>V]. Then explicit formulas for the action of @ = w,, , on deSsSWw)

are given by

w(m(a))D(v) = |deta| %Q(V - a) y(deta)
@(n(b))®(v) = y (tr(bT'(v)))P(v)

o(w,) = yyrdV)

where y;- is a special constant associated to the representation known as the Weil index, and & is the Fourier transform

of ®.

As mentioned in the section on Lie algebras, we can study representations of U (W) by studying the induced repre-
sentation dw on its Lie algebra u(W"), which we will also just write as . Since the study of Lie algebra representations
is easier for (and can be recovered from) the case of compact, complex, and semi-simple Lie groups, we will consider
the Lie algebra ¥, of the maximal compact subgroup U (r) X U (r) of U (r, r), and the complexification g = g, ®p C, of
go = Lie(U(r,r)), where we setf :=1; Qr C.

In the semi-simpification g, of g, we define f,; = fng,, = (fo)ss ®p C. In fact, in this section we’ll realize an explicit
isomorphism g 2 gl,,(C), and thus g, = 8(,.(C). Thus by realizing ¥, as a Lie subalgebra of 81,.(C), we can apply
the theory of the highest weight vector outlined in the Lie algebra section.

In [3]], the action of the Lie algebra g via the Weil representation is described by expressing g as isomorphic to a

quotient of (SyméW) ®r C, which we also make explicit in this section. Since our focus will be on £, we will then

582

restrict to the corresponding subspace.

The Skew-Hermitian space W

Let W be a complex vector space of dimension 2r with a basis {0, w,|1 < a < r,r+1 < u < 2r}, and a skew-
Hermitian inner product defined by (@0, @0, ) = i, (@0, 0, ) = —i, and @y, 1, ) = 0 for s # .

Letting G = U(W) and g, = u(W), the defining equation for the Lie group G becomes

i, 0 |_ sl 0 |g
0 —il 0 —il

q q
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Thus dividing both sides of the equation by i, we see G = U(r,r) and g = u(r, r).
Recall that for a K-vector space U, the tensor algebra T'(U), and the ideal I = (x ® y — y ® x) of T(U), we define
Sym® :=T(U)/I, where we will write xoy for the image of x®y € T'(U) in the quotient T(U)/I. We set SymOU =K,
and for 1 < k < dimU we define Sym*(U) := spang {u;o...ou; |uy, ...,u, € U}.

We define a map

¢ : SymiW — End(W)

PiioD) () = (10,1 )y 0+ (i, D) i

Below we will derive the explicit action of the map, and as a result we will be able to see that the image is g.
Since {i,,it0, : 1 < s,t < 2r} is an R-basis for W, the set {0,010, (it0)oid,, t,0(itd,), (it )o(iw,) 1 1 < 5,1 < 2r)

is a basis for SyméW. Furthermore

Pliioit)iv = (10, i) it + (10, i)y i = (10, —iti) 0 + (i, 0 (—itd) = — ({(w, ity 0+ (i, ) iti) = —P(itio0)iv

Pliiioid)iw = (w0, iy i + (10, iv) i = (W, ) (—i*)0 + (0, 0) (—i?)ii = (W, ) 0+ (0, 0) i = p(iioD)i.
Thus the image of ¢ is spanned by {¢(10,010,), p(itb,0t0,)}, and thus it is sufficient to check the action of these
elements on the basis vectors of W.

We compute

- —

S s o\ - o o\ -
dp(woww,, = (wm, ws> w; + <wm, w,} w, =1

0, otherwise
Letting E;; € M,,(C) be the matrix with 1 in the s, ¢ position,
¢(lj)s°1’7jt) = ((i)s’ II}S) Ets + <'I)t’ II;,) Est) € 90> (216)

which we can see by simply reading off the basis eqs. (2.4) to (2.7) from section 2.1}

Likewise, we compute

Ppliwgow,)w,, = <wm,1ws> w, + (wm,w,> iwg = —i <wm,ws> w, + <wm,w,> iwg
(
.
—1<ws,ws>w,, m=s#t
Ly o\
1<wt,w,>ws, m=t#s
=<
0, m=s=t
0, otherwise
N

=i (_ <J)s’ws> E+ <1’T)t’ LZ’t) Est) .
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Therefore, again by comparing with the basis eqs. (Z.4) to 2.7),

— -

P(iths0t0,) = i (= Wy, W) Eys + (0, 10,) Ey;) € gg.

Theorem 2.2.1. The map ¢ : Sym%RW — g Is surjective.

Proof. By comparing eq. (2.16) and eq. (3.1)) to the basis eqs. (2.4) to (2.5) in section 2.1I] we see that the map is

surjective. O

Furthermore,

{p(0t0)|1 <5 <t <2r} U {@p(ihyotd,)|1 <5 <t <2r)

is a basis for gj.

Taking the complexifications W = W Qg C and g = g, ®g C, by the right-exactness of ®, the induced map
(Sym%RW) ®pr C — g induced by ¢ is still surjective.

Now

{p(,0t0,) @ 1|1 <5 <t <2r} U {Pp(ithot0,) ®i|l <5 <t<2r},

is a C-basis for g, and thus so is
{% (b0, ® 1 + pliid,0i6,) ® i) |1 < s <t < 2r}u{% (i, 0i6,) ® 1 — Pliit,0i0,) ® i) [r+1<s <1< Zr} .

From the matrix expressions above, one can read off that ¢(i0,010,) = ¢(t0,010,) and p(itd,010,) = —P(it0 0i0,),
and therefore

{% (¢p(,0i0,) ® 1 + Pliib;0il,) ® i) |1 < 5,1 < 2r} ,

is a C-basis for g.

I 0
Theorem 2.2.2. Letr H =| " and 0(X) = HX*H. Then the map
0 -I

r

n:alh(C)—g
X % (X —0X)® 1 —i(X +0(X)) ®i]

is an isomorphism of (complex) Lie algebras.
Proof. Since 0 is linear, so is 7.

Suppose 7(X) =0, then X = +0(X) = 6(X) =0 => X = 0, so the map is injective.

E) (Ex—E)®1—i(Ej+E)®i), 1<jk<r orr+1<j.k<2r
ML) =

NI—= NI

(Ep+E)®1—i(Ej —E)®i), 1<j<r<k<2rorl<k<r<j<2r
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and thus by comparison with the basis eqs. (2.4) to (2.7) from section[2.1] the map is surjective.
Finally, for any X,Y € gl,,C

[7(X),n(Y)]
- [% (X —0X) @1 —i(X +6(X) ® ), % (@ =60 ® 1= i(Y +0(1) @)
=1 (1X = 600,Y — 0N ® 1+ [X — 00X, ~i(Y +0(¥))] ® )

+ i ([-i(X +0(X)),Y —0(Y)] @ i + [-i(X + 0(X)), —i(Y +0(Y))] ® (1))

=‘1—1 (([X, Y] = [X,0()] = [0(X), Y]+ [0(X), 0(Y)] + [X, Y]+ [X,0(Y)] + [0(X), Y] + [0(X),0()) ® )

+ % (i (=[X, Y] = [X,0(Y)] + [0(X), Y] + [0(X),0(Y)] - [X, Y] + [X,0(Y)] = [0(X), Y] + [6(X),0(Y)]) ® i)

=% QX YT+ [0(X),0(Y))) ® 1 +2i (=[X, Y]+ [6(X),0(Y)]) ® i)

=% (X, Y]-0(X, YD) ®1+i(-[X.Y]-0(X.Y]) @i

=n([X,Y]).
Thus # is an isomorphism of Lie algebras. O

Now we will relate certain elements of 8[,,(C), to the roots of ¥,. We write w,, = ¢(i0,010,) ® 1 + Pp(iid,0i0,) ® i

as a shorthand, and then comparing with the previous theorem

wha (18 5) = (B + Epp) ® 1 + (=i + 1) ®1) 5

1 . .

= N(E ),

Wiy (1 ® %) = (-i(E,, + E,) ® 1 +i(iE,, —iE,,) Qi) %
= % (B = Ey) @ 1= i(Ey + E,) ®1)
= n(Ey,,).

We now provide a concrete description of the Weil representation, as presented in [3]. For a standard basis

} of V, we write the coordinates of each vector in a tuple v = (ij,....4,) € V" as i, = Iy’:i’ Z, (U, .

-

{01, .. Upiq

Letf =t mod r, and define

+ . -1_0 - -1_0
D}/,t = <Z},ZT+7Z' g) . and Dy,t .= <Zy;—7[ g) .

vt vt
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The actions of w,;, and w,,, under the Weil representation are described in Section B.2 of [3] as

ptq

P
o(wy,) = in lz Dy aD:b z D, ”a] +(p— @b,

u=p+1

ptq

P
o(w,,) = ir lZ - ﬁb;ﬂ] —(P— Dy

u=p+l1

Thus composing with 7, we obtain a description of the Weil representation @ : gl,.(C) — End(S(V")), for

1<ab<r<uuv<2r

. , P ptq
—1 —1 T pP—q
won (Eab) =w (wba7> = a)(wba)? =3 l 2 D, ,D /w] 5 —— 81

a=1 pu=p+1

. . p pt+q

i i T q
won (EW) =w (wuu—) =o(w,,)z =—-= D DJr - E Du v - —SW.

2 2 2 = et 2

We will mainly be working with the representation wog : gl,,.(C) — End(S(V")) and the restriction to
(gIZ,(C))SS = 31,,(C), where we will identify £ with its pre-image in 81,,.(C) under . Thus for the remainder of the
thesis, we will drop the #, and simply write @ : gl,,.(C) — End(S(V'")).

Note that even though we began with the initial assumption that p,q > 1, the operators w(E,,) and w(E,,) are still

defined for the degenerate case when p = 0 or ¢ = 0. We will make use of this fact in the next section.

Propositions for Induction

In this section we will develop some relations between the action of the Weil representation on S(V'), and the Schwartz
space of the subspaces of V. We will also prove some propositions relating the Weil representation on S(V') to S(V")

for r > 1. First we establish a result that is useful in the following chapter. Given v = (i, ...,u,) € V", we define
(v,v) = (up,up) + ...+ (u.,u,).
Definition 2.2.3. If V is positive-definite with respect to (, ), then we define the Vacuum vector eV e $ wn.
This is often given as the prototypical example of an element of Schwartz space.

Lemma 2.2.4. For a positive-definite vector space V with Hermitian form (, ), and the Weil representation

® gl (C)—» SV, withl <a,b<randr+1<u,v<2r
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Proof. Choose a standard basis {vy, ...,v,} for V, and write the coordinates of v = (uy,...,u,) € V" as Z§=1 Zg sUgs

forl1 <s<r.Thenforl <a<pandl1 <s<r

- -1 0
D;"Se z{v,v) _ <Zy,s+7f 10_ >exp <—71'Z Z |Zg s )

s=1 a=

—{V,v) —7(V,v)

= Zy.s€ T Zy.s€

=0.

Similarly one finds D}T Se_”<""’> = (. Therefore (since g = 0)

p
—_— p _
w(E)e ™Y = <% lz D;’HD;b] + 55ab>e =(vv)
a=1

= géabe_ﬂ'(‘/’v) A

The proof that w(E,,) = — (g) 8,6~V is entirely similar. O

Given a decomposition V' = U @ U, we will relate the Schwartz space S(U) and S(U ) to S(V'), which will be
useful in the next chapter. Suppose U C V' is a subspace where the restriction {, ) |; is a Hermitian form of signature

(m, n). Choose a standard basis {v, .. } for U, and extend it to a standard basis

> U p+l" © p+n

{vg, .y Ums Vg1 -+ ’Up?Up+1’""Up+n’Up+n+1""7Up+q}’

of V. Then {0,415 +s Ups Upimg1s s Upyq } 18 @ standard basis for U .
Forv = (uy,...,u,) € V", if for I <s < rwe write the orthogonal decompositions u; = ! +u/’. Thus in the coordinates

— Y+
ug = Zy:l z, U, the decompositions are

m pt+m

/I _

W=z, 0+ ) z,0,
y=1 y=p+1

p ptq

"o_

u, = 2 Zy sty + Z Zy,sUy
y=m+1 y=p+m+1

Thus, in these coordinates, the action of the Weil representation

o : g5, (C) — End(S(V'"))
oy gl,,(C) > End(S(U"))

) : gly,(C) > End(S(UT))

in terms of the operators
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isgivenfor 1 <a,b<r

[ P ptq
_r — + - + pP—q
w(Eab) = 5 Z Da aDab - 2 D”’bDy a] + ) 5ab7
| a=1 u=p+1
En=% |5 p p+nD bt | + 2225
wU( ab) - 5 Z aaab Z ubu.a + 2 ab>

| a=1 p=p+1

il e = N | e-m--n

01 (Ey) =3 > D,bf,- Y D.Di.|+ > S b
| a=m+1 p=p+m+1
andr+1<u,v<2r
x [ p ptq p—q
w(Evu) = _5 D;,MD(-XF,U - Z D;,UD;,u - ) 6vu
| a=2 u=p+1
T . - = e A+ m-—n
wU(EW)=_§ Da,uDaaU_ Z DM,UDM,M - 2 51}”
| a=1 p=p+1
il e = N — | emm-w-n
a)J_(Euu) = _5 Z Da’uDa,U - Z D”,UD ul —
| a=m+1

> Oy
pu=p+m+l

The orthogonal projections ¥V — U and V' — U, extend to component-wise projections 7y,

V" - U”" and
z; @ V" — U], and thus we obtain pullbacks

T SWUN) = SV, b SU) - SN,

where for ® € S(U") and ¥ € S(UY), we have 7[‘2}(@) = Qory; and 77 (¥) = Wor, .

Proposition 2.2.5. Suppose V. =U @ U, with® € S(U") and ¥ € S(U). Then for (nz‘,(fb)ni(‘P)) e S(V") and
E; € gl,.(C)such that 1 <s,t <rorr+1s,t <2r

w(Eg) (JL'Z}((D)JIT_(‘P)) =y, (wy(E)®) - 5 (¥) + (@) - 7} (W (E)Y).

Proof. For the coordinates v = (uy,...,u,) € V" described preceding the statement of the proposition, we write the

orthogonal decompositions u; = u’ +u? € U @ U; withv' = (u/l, Lul)and V' = (u’l’, ).
Observe that —2— 7% ® = 0 and —2—
dz, " U

- ﬂ’{,<l>:0fora111§s§randm+1 <y<porp+m+1 <y <p+q. Like-wise
V.S

47
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a: ni‘P:Oand%ni‘P:Oforalll§s§rand1§y§morp+l§y§p+m.Thus,f0r1Sa,bﬁr
V.S 7,8

ptq

p —
W(Ep) (n5,( @) (P)) (V) = < lZDwD;b Y, D,,D ,,a] +’%5ab> (7 (@)W ¥(V))

p=p+1

m ptn
=<<’2’l IDaaD;b ZIDM ”a] — >q>(v)>nj(\1')(v)
a= u=p+

\ e = L p-m—g-n "
+ay@m( 2| X Do br, - Y DpyDia| + g —bu | ()

a=m+1 p=p+m+1

= (0y(E) YY) 71 ()W) + 25,(@)(V) (0, (E)P(V"))

= 1}, (0y(Eg)®@) (V) - ;YY) + 1/, @) - 7 (0, (Eg)¥) (V).
The proof that for r + 1 < u,v < 2r

o(E,,) (75, (@)} (V) = n}, (0y(E)®) - [ (P) + 7, (D) - '} () (E;)Y),

is entirely similar. O

We will also need to make use of some relations of f; and ¥, to f, for r > 2. For an m-tuple ¢ = (cy,...,c,,)
withl <¢; < .. <¢, <r,wedefineT, : V" — V" by T.(vy,....0,) = (0, ..., 0, ). We also obtain a pullback
T S(V™) —» S(V") by T} ® = @oT,.

Given a standard basis vy, .. for V', we write the coordinates of

= Up+q

Wy s thy_py) €V (u'l, ...,u:n) evnm,

— yPHa I ' o : : :
as ug = Zy z, sV, and u, Zy 1 Zy 41Uy Then the operators appearing in the Weil representation can be written as

_1 0 / _1 0
D$s=<z731”10— s Dyit= Z;tiﬂl = .
Z}’vS azy,t

The following lemma is a computation that will allow us to relate the action of the Weil representation on S(V'")

to S(V™)withm < r.

Lemma 2.2.6. Let ® € S(V™) and ¥ € S(V'™™), with m-tuples ¢ and (r — m)-tuple d, with s = cjEC Then in the

standard basis

D, [(Tro)TY)| = (Tj(D’yfj.@)) (TIW).

Proof. This follows directly from the definitions, and the fact that T;‘I’ doesn’t depend on the vectors in the coordinates

in any of the positions in c. O

The next proposition will allow us to determine that certain vectors of S(V'") defined in the next chapter, will be
eigenvectors for the action of the Cartan subalgebra of f,. Furthermore, together with several base cases computed by

the code presented at the end of thesis, we can determine their precise eigenvalues by induction.
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Proposition 2.2.7. Suppose ® € S(V) and ¥ € S(V"l). Forl1<a<randr+1<u<22r,a={1,..4,..,r} with

E,.. E,, € ¥, and the Weil representation

aa’

ot - EndSV")),
w; : ¥, - End(S(V)),

w,_y : ¥,_| = End(S(V'™Y),

we have
1 0
w(E,,) [(Tr )T Y)| = |TF o, | (T,7)
0 0
, 0 0
o(E,,) [(Tr )T =T w, | (T,Y).
0 1

Proof. Given a standard basis vy, ..., v,, for V, we write (u’l, u’z) € V2, (uy,..,u,) € V" with coordinates

ul = f/’ :‘11 z; Uy»and u, = Z)’: J:l] z, 4, The action of the Weil representation is expressed as

P p+q

_ T — + — + (P - Q)

O(Eg) = 35 lz D, D}, - Dﬂ’aoﬂ,a] + 5
a=1 p=p+1

Lol zlds N | 0-9

@1 ) ZDa,lDa,l_ Z DD+ 7
0 0 a=1 u=p+1

By linearity, it suffices to prove the relation for any of the operators, and by the previous lemma, for example,

DD}, [(T;oxTyw)] = D, |(T2(D ) (1.Y)] = (12D, D4 @) 1),

0 0
The proof that w(E,,) [(T*®)T;¥)| = |T o, | (T,¥), for r + 1 < u < 2r with E,, € ¥, is entirely
0 1

similar.

The following proposition will be used in the next chapter, to reduce the determination that certain vectors are killed

by the positive roots of £, to the demonstration that related vectors are killed by the roots of £,.

Proposition 2.2.8. Whenever | <a<b<rorr+1<u<v<2rforc=(,...5,...1,...r),® € S(Vz),
¥ € S(V'2) and the Weil representation o £, = End(S(V"),w, : £, = End(S(V'?)), then for
E12’ E43 (S f2 and Eab’ EUM (S fr

o(Egy) [(T,,@) (T)] = (Tg0n(Er)®) (T79)
] —

T
wo(E,,) [(Tu*p) (T)Y)] = (T} w0y (Eg3)®@) (TSY)
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Proof. For 1 < a < b < r we can expand the operators

a=1 p=p+1
pu P , pt+q ,
4 _ + R
@y (Epp) = 3 Z w1 e Z D, 2D,y
a=1 p=p+1
T L i '
__r - p'+ Z - '+
®y(Eg3) = =3 Dy 3D,y D,D,3
a=1 u=p+1

By linearity, and lemma[2.2.6]the result follows.



Chapter 3

The Garcia-Sankaran Construction

In this chapter, we consider the manifold D of negative-definite g-dimensional subspace of a (p+ g)-dimensional vector
space V', with a Hermitian form {, ) of signature (p, q).

Our goal is to construct a specific element v, € S(V") @ .A*(D) where S(V") is the space of Schwartz functions on
V" = V® described in the previous chapter, and .A°(D) is the algebra of differential forms on D. We will then extend
the Weil representation w : £, — End(S(V")) of the previous chapter, to act on End (S V") Q¢ A‘([D)), and show that
the degree 2(qr — 1) component (that is, the (gr — 1, gr — 1)-complex degree component) of v, generates an irreducible
subrepresentation of the Weil representation.

In the first section, we recount the general set up as it appears in [4], by using Quillen’s theory of superconnections as
they appear in the first chapter.

We will prove the main results of this thesis in the second section, by relying on the theory of highest weight vectors,

and a number of properties proved about the Weil representation from chapter 2.

3.1 The Manifold D

Much of the material of this section comes from [4], including the definitions and basic properties of the forms ¢ and

V.

Definition 3.1.1. Let V' be a (p + g)-dimensional C-vector space, with Hermitian inner product {, ) of signature (p, q).

Define

D) :={¢ C V|{ is a g — dimensional, negative definite subspace of V'}.

Given {, € D, by Gram-Schmidt orthonormalization, we may select a basis {Up 1o s Ups q} for ¢, such that

5.,
<Ui’Uj> = !

0, otherwise

p+1<i,j<p+gq

51
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By applying Gram-Schmidt again, we can extend this to a standard basis {vy, ..., U, .} of V such that

51j, 1<i,j<p
(vpv;) = =6, p+1<i,j<p+q
0, otherwise
Now for any other { € D, in the basis {v;},
X11 X1,q
x x
p.1 P4
{ =span4 f1 = ,...,fq= -
Y11 Yigq
Yq.1 Ya.q
We must have 0 > (f}, f) = ( le Ixi’1|2) - j:l |yj’1|2, and therefore not all y; | can be zero. Without loss of
generality, say y; ; # 0. Thus we may replace the choice of basis by
X1,1
Y11 X1q
Xpl X
¢ =spanq| 1], ..., Pty
1 yl,q
Va1
- 3y
il 9.9 )

For i # 1, we may replace f; with f; — y; ; f1 (note that the vectors will remain linearly independent) to obtain the

basis of the form

. R
!/
X11 X2 Xlq
X, ) X
I !/ /
C=spanq fi=| 1 [.fo=[0 |../,=| 0 [
/ / /
21 M%) Vo4
/ / /
yq,l yq,2 yq,q

Now observe that we now require ( 1 f2’> < 0, and thus we may argue that the remaining y’ ,. ..., y; , cannot all

be zero. Thus we may take )/, , # 0 without loss of generality. After dividing f] by )/, ,, we may repeat this process
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of eliminating the y/ , terms of the other vectors.

The above argument of dividing by a non-zero term, and eliminating entries may be repeated until one arrives at a basis

of the form
fia Siq
fpl fp,q
=spanq| 1 |,--| O |¢-
0
0
0 1
F Fin o Jig
Thus we may identify each { € D with a matrix (in block from) ¢ , where Fg =] .. .. |,and I q is the
q
fox o Jpg

q X q identity matrix.

Furthermore, this representation is unique, for given any p X g matrix F, the coefficients of any non-trivial linear

F
combination of its columns, are the coefficients of a non-trivial linear combination of the columns of , and thus

1,

A
the resulting combination is a matrix , for which B # 1 @ Therefore we have a bijection between D and
B

A
D:=qA€ M, (C) : Col is negative-definite
1

F
For F € D, writing the column vectors = [vy, ..., v,], we compute
I

14 14
[F*F—1,);; = ( [F*],-kEkJ) =6 = <Z kiij> — o= <Ui»Uj>'
=1

k k=1
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If the column vectors [vy, ..., Vgl have negative-definite span, then for every Zr = (21,0 zq) € (C1 - {6})

0> <i zivi,22j0j>

i=1 Jj=1

j(vi,vj)

I
v
e
[\Nqa

Il
—
~.

Il

0

v
M»Q
M=

Z;

(F*F - 1,),%;

|
-
~.

Il
-

= 0> Y E@LI(F*F - 1)z,
i=1
= 0>(F'F-1)z vzl €(C?-{0})
and therefore
D={F € M,/(C): z/ (F'F-1)z<0,vz" € (C - {0})}.
Note that, forany F € M, pq(C), we have

(F*F - 1) = (F*F)* —1,= F*'F - I,

Thus F*F — I, is Hermitian. We denote the space of g X g complex Hermitian matrices by Herm,(C), given the
subspace topology of M (C). Since the map
h: M,,(C) — Herm,(C)
A A"A-1,
is polynomial in its coordinates, it’s continuous.

For any B € Hermq(C) and z € C4,
(z'Bz)* = zI B*z = z" Bz,
and since z! BZ is just a complex number, we conclude that z7 Bz = z! Bz, that is z/ Bz € R. Thus, we can define

the set
X~ := (B €Herm,(C) : 27 Bz < 0,¥z € (C? - (0})},

and note that D = h~!(X ™). Since A is continuous, if we can show that X~ is open in Herm,(C) it will follow that D

is open in Mpq(C).

Theorem 3.1.2. The set D is a complex manifold of dimension pq.

Proof. First we will show that the set X~ is an open subset of Herm,(C). The map

S : Herm,(C) X Ci-R

(B,v) ~ v B
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is polynomial in its entries, hence continuous. Furthermore, since f is continuous, and C!' = {z € C : |z| = 1} is
compact, f : Hermq(C) — R defined by f (B) = max ;| f(B, z) is well-defined and continuous. Thus we conclude
that f‘] (—0,0) = X~ must be open.
Since h : M ,.(C) — Herm,(C) is continuous, and X~ C Herm,(C) is open, i X)=DC M, (C)is open. There-
fore D inherits the manifold structure of M ,,(C). Thus we give D the structure of a complex manifold by demanding
that the bijection D — D is a biholomorphism.

Furthermore, choosing some §, € D gives us coordinates for D by representing { € D by E,. O

3.2 The Super Connection and the Special Forms

In this section, we will apply Quillen’s superconnections, and the generalized Chern-Weil theory, in order to construct

the forms ¢ and v of [4].

Definitions of ¢ and v

On the manifold D of g-dimensional subspaces of a (p, g)-vector space V', we define the fautological bundle £ — D by
E={,veDXxV :vel}CDxV
which we give the subspace topology induced by D X V', with the projection map

r.€E->D

(DR
The vector space structure on each fiber is simply given by

c(C,u)+d(,v) =(,cu+dv).

We define a Hermitian form (, ) on &, such that on the fiber over { € D(V"), we set (({,u), (£, 0))g = — (u, V).
We take the negative because (, ) is negative-definite on { = &, and Hermitian forms on bundles are required to be
positive-definite. When the fiber is understood, we will just write u instead of (¢, u).

The Hermitian form (, ) determines a canonical Hermitian form ¢, ),, on the dual bundle £Y, and a Hermitian form
. k
(:)a0n A\ ‘9:@1:0/\ € by
(U Ao A, 01 A Ay, i=det [(u,0;) ]
and \'& L N\ € fori # .

We also equip A" € with a Z,-grading

(Ne) =@ Ne.  (Ne)=DNe

k even I/ odd
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For v € V we define a section s, : D — &V such that, for an open set U C D, a sections : U — £,and ¢ € D
5o 1= (a(0),v).
Letting v, and v, be the respective projections of v onto ¢ and { L we find that for a section o : D — &,

s,()o = (6(8),v) = (a(0), v ) + (6(0), v1) = (L), v ) = = (60, v ) = (6(0), =0 ) -

Therefore —v, is the vector in & which represents s, on é‘g.
We define D, to be the zero-locus of the section s,. When (v, v) > 0, the D, are the special cycles relating to the
arithmetic Siegel-Weil formula mentioned in the introduction.

More generally, for an r-tuple of vectors v = (vy,...,v,) € V', we define a section s, = (s svr) of (E7)Y whose

py3 e
vanishing locus is Dy :=n7_ D, .

In order to define s,, we will need to define the Koszul complex K(v) . The Koszul complex is a general con-
struction of homological algebra, originally introduced to define a cohomology theory for Lie algebras. We will

only define it the particular case relevant to the discussion at hand. The Koszul complex K(s,) is the sequence

AN"E - > /\1 E" — O where O is the trivial line bundle, and the maps are given by extending the defini-

tion of s, by setting sy(c) =0 forall c € C, and foru; = (u; y,....,u;,) € V"
k
sy A AW = D (=D s uy A AR AL Ay,
j=1

where the hat means that term is omitted.

We define s to be the adjoint of s, and thus both s and s define odd endomorphisms of /\" £” therefore \/27i (s, + 5%
is odd as well.

By theorem of section there exists a canonical connection V on A* " — D which is compatible with the
metric. We define a superconnection V, on A" E" by V, =V + /27 (sv + s:‘/)

Let N € End (/\" £") be the number operator which acts on AF & by multiplication by —k.

For a differential form a, we denote the component of degree m by «p,,}, and set

(p()(v) = ;} <i)k tr, (QV%>[2H , 3.1
Ow) := g{) (i)kus (Nev3>[2k]. 3.2)

Here tr, is the supertrace defined in section Finally, writing (v, v) = Z;z 1 <U inJ; ) we set
o(v) = e 0 (), (3.3)

v(v) = e 7 Oy, (3.4)

As proved in Lemma 2.4.6 of [4], ,v € S(V") @ A*(D). By Proposition 2.4.4 and 2.4.5 of [4]], we have the

following result



3.3. PROPERTIES OF THE FORMS 57
Proposition 3.2.1. Givenv = (wy,...,w,) € V",

1. @)y = 0 for k < 2qr,

2. (V) = p(w) A ... A p(w,),

3. @(v) is closed,

4. Vg € U(p, q), we have g*p(gwy, ..., gw,) = p(wy, ..., w,),

5. v(v)[k] =0, fork <2(qg—-1),

6. for v;(¥) = v(v;)) A (U1, ..., U, ..., U,), we have v(v) = Y i_; v;(V),

7. Vg € U(p, q), we find g*v(gwy, ..., gw,) = v(wy, ..., w,).

Note that in particular, the U (p, g)-equivairance properties 4) and 7) imply that it’s enough to understand the be-

haviour of @ and v at any particular { € D. From the definitions 2) and 6), and applying /) and 5)
Ve(Wpgr-11 = VW pRg-1)1 A @Mpger-1y) = VW pg-1)) A LW Dpe A o A P(W,_1)j2g)-

Our goal for the next section is to prove that the degree 2(gr — 1) component of v, generates an irreducible sub-
representation of the Weil representation. This has already been been established when ¢ = 1 in [4]. We will obtain
partial results for several small values of g, by establishing bases cases through computation, and applying an inductive

argument. The general base case(s) for arbitrary g remain unknown.

3.3 Properties of the Forms

The Restriction Property

In this section we will establish some results relating the forms ¢ and v defined on D(V") to the corresponding forms
on D(W) for a certain proper subspace W of V. This will allow us to apply inductive arguments on the dimension of
V', to obtain various properties of ¢ and v.

Note that for w € V, the special cycles D, of the previous section are the sets

D,={eD:{l1lw}

Since dim¢ ¢ = g for all { € D, and q is the largest possible dimension of a negative-definite subspace of V, it must
be the case that D = @ when (w, w) < 0. If w = 6, then D, = D, and if w # 0 but (w,w) =0, then D, = @. Thus we

will restrict to the case when (w, w) > 0, whence D, is precisely the set of g-dimensional negative-definite subspaces
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of the (p — 1 + q)-dimensional vector space wt = (spancw)l, with respect to the Hermitian form (,),, 1= (,) |1,

having signature (p — 1, g). Therefore the map

1 : D(wt) - D,

¢=¢

is a bijection. The D, are locally components of the special cycles relating to the conjectured arithmetic Siegel-Weil
formula mentioned in the introduction.

In particular, given a standard basis {vy, ..., Up+q} of V, the vectors {vy, ..., D } are a standard basis for Uj. As

1o+ Upieg

forany € D, we have { L v, the matrix corresponding to ¢ in the standard basis has the form

S I S P
Cn—l,q Cn—l,q
0 0
gn 1 Cn,q
[ T

Using the coordinates for [D(vj) with respect to the standard basis {vy, ..., D, ..., v, +q} as described in the previous

section, the inclusion map 1 : D(Ui‘) < D is given by

S Slq
51 1 gpq gn—l,q én—l,q
) .. =1 O 0o |- 3.5)
gp—l,q gp—l,q gn 1 gn q
Somtl o Epoig

The above culminates in a useful lemma for the following section.

Lemma3.3.1. Let V be a (p+1, q)-vector space with standard basis {vy, ..., Uy, }, take m € N such that p+1 > 2m+1,
and consider the coordinates for D = D(V) described in section[3.1] with respect to the standard basis.

Then for the basis {% 1<igp1<j< q} ongolD, and for each

i.j

0 0 0 0 m,m
u= A ... A — Ace A — € T. D,
9, 0Ciim Ok, 9 1, /\ g

there exists w € V, and u,, € /\m’m TCo D(w) such that 1,(u,,) = u.
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Proof. Suppose that p+1 > 2m+1 <= p > 2m. Since u is the wedge product of 2m vectors, and (p+1) > 2m+1 > 2m,
there must exist some number
n € {l,..,p+ 1} such that forall 1 < s < m, we have i, k; # n. Choosing the coordinates described in section@]
for ID(Uf;) with respect to {vy, ..., 0, ..., Up+q}, by the description of 1 : D(Uj") < D in eq. , the push-forward
1, @ Ty, D(vy) = Ty, D acts by

l < d > fiyj’ 1<n
“\ ¢, 9 > n
vy’ -
For 1 < p <m, set
y ip, i, <n
i =1
i,— 1, ip=n
k., k <n
k; r b
kp -1, kp >n
Then
0 0 0 0 m,m i
u, = A A A — Ae A — (S T, D(v;)),
w 0éifl’jl. afj:n,jm a‘fklyll aékﬁn”m /\ [ n
where
1, (u,) = 9 A A J A J A A 9o _ u
LUy, = - - =u.
i, J; im0k, o 1.

O

Returning to the general case of w € V with (w, w) > 0, we will write 7 : & — D(V) and 7, : £, — D(w?) for

the tautological bundles. Then,

FE={(¢.0) eDWH)XE 1 () =x(e)} = {(¢.¢ ) EDW")XDXV): ¢ =n( v)vel}
={(¢. () eDWHXxD@xV): ¢ =¢ vel'}
={(.¢.v) EDWHXDxV):vEL}.
Thus the map (£, v) — (£, (£, v)) is an isomorphism with the tautological bundle

E,=1{(,v) D)XV : ve}onDw?t), and so we will take our model of the tautological bundle on D(w*) to

be r*E. When the context is clear, we will just write u both in place of ({,u) and (&, (£, u)).

Note that for the Hermitian form (, )¢ on &, we have

(w,v)e, == 0), =—(uv),

since u, v € { C w*. Therefore the inner product (, ), on 1*€ representing (, ) £, 18

(u,v), :=—{u,v) =(u, U)gw .
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Given an open set U C D and frame {ey, ..., eq} over U, the set {i*e, ..., z*eq} is a frame over z‘l(U). The section
(- (1*ej(§’), 1*ek(§’)> is just the pullback of the section § — <ej(C), ek(é’)>£ thus the matrix H, whose (j, k)th entry
entry is (l*ej, 1*ek>* is just the entry-wise pullback of the matrix H whose (j, k)th entry is (ej, ek>.

By over U the canonical connection compatible with (, ) is given by V = dpy + 8 where § = H~'0H, and over
1~1(U), the canonical connection compatible with (, ) &, (that s, {,),) can be written as V, = d, + 0,,, where d, is the

exterior derivative on D(w'), and 6, = H_'0H,. Therefore

V.=d,+0,=d,+ H'0H, =d, +(*H)'0(*H) = 1"(dp, + H'0H) = *V.

Thus the pullback connection 1*V, is the canonical connection compatible with (, ),.. Furthermore the Hermitian
formon A" &, = A" *€ = * A € is the pullback of the Hermitian form on A" € induced by (, ).
Given v/ € wl, we define a section Syt D(wt) — (*€)Y in the same way we defined s, on D — £V, that is for a

section ¢ : D(wt) = (*&€)Y and ¢ € D(w?),
50 = (a@).V"), .

We define 57, to be the adjoint of 5,,. Now, given v € w,, we define a superconnection V,, on 1*€ — D(w*') in

the same way we defined V, on &€, namely,

VU/ ="V + V2xi (§U/+§z’)'

For v € V, we write v, for the projection of v onto w*. Since for any { € D(w*) the fiber (1*& )¢ is identified with

¢ C wt, given any section ¢ : D(w') — "€,
5, (0o =—=(c({), vy ), = —(a(0),v) = 5, = (s,01)({)o.

Therefore 5, is the pullback section 1*s, = s,o1. It follows that the adjoint section with respect to the Koszul

complex K(v,) on D(w') is given by Eil = 1*s}. Therefore,
Vy, =1V + V2zi (Evl + §3L> ="V + V2zi (s, +1"s5%) =1 (V + V2rmi (s, + si)) ="V,
By eq. of section|1.2} we know (z*VU)2 = (VU)Z, and thus by the above
exp <V%}l> = exp ((I*VU)2> = exp (z*Vlzj) = r*exp (V%) .

Writing (p?u, v2) for the forms on D(w') corresponding to ° and v°, we obtain

(sz(vl) = Z (#)ktfs (CXP (vi))[zk] = Z (é)kus (rfexp (Vi))[Zk] =r <2 (i)ktfs (exp (W%))nk])

k>0 k>0 k>0

= ("W).
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Since the grading on A" *€ = * A" € is induced from the grading of /\" €, the number operator of * A" € is * N,

where N is the number operator on &, and thus

CHE Z(i) tr, ((z N)exp <v2 >)[2k - 2 ZL)k s (" N)r*exp (V2 )) 28]

k>0 k>0

<§ s (Nexp (V2 ))m])

* (V).

Therefore, we obtain Lemma 2.4.2 on Page 17 of [4],

Proposition 3.3.2. Let w € V such that (w, w) > 0, and @,,,, v,, be the forms on D(w*) defined analogously to ¢ and
vonD. Writing V as the direct sum V = span{w} @ w*, we write the respective components of v € V as v = v,,+v,.

Then, for the natural inclusion 1 : D(w!) - D

(V) = e ™ Vwlnl g (v))

() = e M Pwtely (p).

Proof. This follow from the preceding discussion, and the eq. (3.4). O

3.4 Highest Weight Vectors

This section contains the main theorems of this thesis. We will use the properties of the immersed submanifolds D,
for (w, w) > 0, the behaviour under the inclusions ¢ : D(w') < D, and the technical results of to obtain inductive
results regarding when the form v,.(v)[5,—1); is @ highest weight vector.

Throughout, by a (p, g)-vector space we will mean a

(p + g)-dimensional C-vector space with a Hermitian form of signature (p, ¢). Recall that for a differential form a, by
ap we mean the kth degree component.

Given such a (p, g)-vector space V, the action of the Weil representation w : gl,,.(C) — End(S(V") ® A°(D)) can be

extended to

o®l: £ - End(S(I)® A (D))
w®]1: £ —End(SIV)® A DwWY)).
Since the actions of these extensions are entirely determined by the action on the first factor, we will use the same

notation for both as it should be clear from context. We will also drop the tensor notation, and simply use .

Our ultimate goal is to prove that, writing v = (wy, ..., w,), the form

V(W01 ey W a(gr—1y) = V(W) A @(W1) A oo A @(W,_1 ) a(gr—1y) € SV @ A'(D(V)),



62 CHAPTER 3. THE GARCIA-SANKARAN CONSTRUCTION

constructed in the previous section, generates an irreducible representation under the action of the Lie subalgebra
£, =t of gl,,(C) = u(r,r) @y C, via the Weil representation. We will apply the theory of highest weight vectors
from section @ in order to demonstrate this. Thus we need to demonstrate that v,(v)y,,1y 1s an eigenvector for the
action of the Cartan subalgebra §), of f,. Recall from sectionthat b, hasabasis {E;;, — E;,5. 0 1 <5 <2r}. We
define the weight u, € 7 by

(p+qg-1), 1<s<r
”I‘(ESS - E2r,2r) =3(p+qg—-2), s=r (3.6)

-1, r+1<s<2r

In particular, we will show that v,.(V)[5,,—1) has weight p,.
First, we will use induction on p in the r = 1 and r = 2 cases, extending some of the results from section These
results assume certain base cases that are not known in general, but for which we have established several cases by
computation from the code displayed at the end of this document.

In order to lift these results to higher values of 7, we will need to rely on the following result.
Theorem 3.4.1 (Kudla-Millson). For all (p, q)-vector spaces andr > 1 < p (orr = p+ 1 when q = 1) the form

QW) A .. A P(W,)2gr € SIVT) @ A*(D) has weight 4, € by given by

p+q, 1<s<r
Ar(Ess - E2r,2r) =

0, r+1<s<2r

for which it is a highest weight vector.
Proof. Page 364 of Theorem 3.1 of [6]. O

When r = 1, for the form Pp2q) € S(V)® A*(D), and the Weil representation
@ : gl,(C) - End(S(V) ® A*(D))

1o p+q

@ (0(0)2 = <_>§0(U)2 s
0 0 [24] 2 [24]
00 p+q

® o 1 PV)j2g = — <T) PV)12q)-

For the first result, we’ll also need to extend the action of the pullback
1®1 1 S ® A (D) = SI) @ A'(Dwh)),
where again we will drop the tensor notation for simplicity.

Lemma 3.4.2. Forany X € £,, we have (1 ® 1*)o(w ® 1)(X) = (0 ® 1)(X)o(1 ® *).
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Proof. Let®(v) @ y € S(V") @ A°(D) and X € £,, then

(1Q 1")o(w @ NX)P(V) Q@ ¥ = (1 @ M[(@(X)P(V) ® 7] = (@(X)P(V)) ® 'y = (0 @ DX)(D(V) @ 1"y)
= (0 ® D(X)o(1 @ ") (P(V) ® 7).

O

As a first step to showing v,.(V)iygr—1)) € S(V'") ® A*(D) has weight y, in general, we will demonstrate (assuming
certain base cases) by induction on p, that vj5,_;y; has weight x;. More specifically, we will investigate the particular
1 0

0 0
action of s € gl,(C) on v(v)[z(q_ ] under the Weil representation w : gl,(C) — End(S(V) ® A*(D)),
0 0){o 1

which will be useful in lifting these results to the cases when r > 1.

Proposition 3.4.3. Consider some fixed q such that q > 1, and let p > 2(q — 1). Suppose that for every (p, q)-vector
space V', the Weil representation @ : g1,(C) — End (S(V) ® A*(D)), and v(V)p4—1)y) € SV) @ A'(D(V)) we find

® bo v(v) _(—p+q—2>v(v)
2g-D1 = 2g-D1
0 0 [2(g—D)] 2 (2(g-D)]
0 0 p+qg-2
w V(U)2(g—1 =—<—> V() 12(9—1)1-
0 1 [2(g-D)] 2 [2(g-1)]

Then, for all (p', q)-vector spaces V' with p' > p, for the form v(v)Ez(q_l)] e SV ® A (DWV")) and the Weil
representation @' : gl,(C) — End (S(V') ® .A'(ID(V'))), we have

1 0 / -2
' ' _ (P t+q '
“lo o VW1 = ( 2 >V(”)[2(q—1)]’
0 0 '+q-2
’ ' __ (P q '
@ 0 1 VOpagoy = < 3 > V0ot

Proof. Supposing that the hypothesis holds, let V" be a (p + 1, g)-vector space, and writing D = D(V'), consider
1 0

V(017 € SV) ® AT1471(D). For ¢, € D, if we can show that e V(D) 41y and
0 0

((p+ g — 2)/2)v(V)[3(4-1)) agree on any basis of A" T;,D, then by linearity they must be equal.

For a standard basis {vy, ..., U, +q} of V, and the coordinates for D described in section

J A ... 9 A _a A A _a 1<iLk.<p,1<j,,l.<q ;,
9, 9@ 9%k, 1, oy 1,

is a basis for \"™" T;,D. By lemma lemma , for any one of the above basis vectors u, there exists w € V' where
¢y € D(w'), and some u,, € \™" T§0D(wl), such that 1, (u,,) = u, for the inclusion map 1 : D(w') < D.

Write @ : gl,(C) - End(S(V) ® A*(D)), and w,, : ; — End (S(wl) ® .A'(ID(wJ-))), for the Weil representation.
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Note that w is a (p, q)-vector space with respect to the restricted Hermitian form {, ) | .. Writing (w) := spancw,
for the orthogonal direct sum V' = (w) @ w*, we write the respective components of v € V as v = v,, + v, and the
orthogonal projections 7, : V — (w) and z, : ¥V — w'. We can extend the pullbacks
7, Sw)) > S(V)and 7] @1 : Swt) - S(V)to
T, ® 1 S(w) ® A'Dwh) » SIV) ® A" Bw™)
@1 Swh) @A Dwh) - SIV)Q A(Dw))
where again, we will drop the tensor notation and simply write z’, and zrj‘_ as there’s no chance of confusion.
By proposition "v(v) = e"’<”w”'v>vw(vl), and note that e=*(VwVw) € S((w)) and
v, (wth) € S(wt) ® A (D(w)), where

e wtaly, (0)) = 1, (e_”<UW’”'v>> W) (V) (V).
Therefore 1*v(v) = 7% (e 7w b)) 7% (v,,)(V).
Writing the Weil representation
@, 1 815(C) — End(S(w)) ® A'(D(w™)))
o, : gl,(C) - End(S(w") ® A"(D(w™)))
by the induction hypothesis, we have

wIOV(U) _IL_ZV(U)
1 0 0 w\U1)2g-1) = 5 w\YL/[2(g-D)]"

The result of proposition[2.2.5|carries over to w ® 1,w, ® 1, and @; ® 1, and thus

Lo (v) Lo (v) (uy)
w V(v 2(g—1 u=aw v(v 2a—1 1.(U
0 [2(¢-D] 0 0 [2(¢—DI"\Hw
. 1
=1 |w 0 V(U)[Z(q—l)] U,

0 *
= 0 (FV©)aig-1y1) s

by lemma[3.4.2]

o lormeu=o| " f(x (e50) w0 Y,
0 0 0 0

e_ﬂ'(uwsuw>

T Vi Dpag-1y]

e 1 0
+7[;) <e ﬁ(Uw,Uw>>ﬂ'j<_ C()J_ 0 0 Vw(Ul)[z(q_l)] uw,
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By proposition [2.2.5]

0 s (o :
Oy o] e =3 (e ”<U“””‘“>)”ﬂw(vl)[z(q—m“w

o - «((Pta-2
+ Ty <€ ﬂ(uu,,uw)> 4 <<T> Vw(UJ.)[Z(lI—l)]> Uy

By lemma [2.2.4]and the induction hypothesis,

<(p+1)+q 2

0
“lo o V(Opg-mH = A Gl U“>)”1Vw(vl)[2<q—1>1”w

(p+1)+q 2

1 V(U) [2(g— 1)]14

V(U)[Z(q D] *(uw)

(p+1)+q 2

)
(=5)
<(p+1)+q 2)
(=5)

(P+DH+g-2)

> ) Via(g—1)]- BY the arbitrary

10
By the arbitrary choice of u € T, D, we conclude that @ Viag-1y] = (
00

choice of (p+1, g)-vector space V, and the principle of induction, we conclude that the result holds for all (p’, g)-vector
spaces with p’ > p.

(p+1D+q-2

> ) Via(g—1)] 18 entirely similar. O

1 0
The proof that @ V-] = — (
0 0 q-1

We now use the results of the r = 1 case, to extend to the case when r > 1.

Corollary 3.4.4. Let V be a (p, q)-vector space, and consider the form Viag-1y € S(V)Q® A*(D) and the Weil repre-
sentation w; : gl,(C) —» End(S(V) @ A*(D)). If

' <"+"_2> ®)

w1 VWOpg-1 =\ — 5 | YWpg-n1
0 0 [2(g-1)] 2 [2(g-D)]
00 p+qg-2

[of V(U (g-1 =—<— V()20 1)1
0 1 [2(¢=D] 2 [2(g—D)]

then for all r > 1, the form vr(v)[z(q,_l)]S(V’) ® A*(D), has weight u, € f)f ( eq. )for the Weil representation
w:t - End(S(V) ® A(D)).

Proof. Letv = (&0, ..., 10,) € V", and recall from proposition that

VeWiaggr-1)1 = VW) pgg-1y) A W15 ooy Wy Dingr-1y) = VW2g-1)] A @WD2g) A P00, Dp2g)»
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where v(w,)pg-1)) € S(V) @ A'(D), foreach 1 < s <r — 1 we have p(w), € S(V) ® A*(D), and
p(wy, ..., w,_l)[zq(r_l)] e SH® A(D). Lettingd = {1,...,r — 1}, for the maps

T{r} . Vr -V

Ty:V -yt
described preceding proposition we extend the pullbacks to
TH, ®1:S()®AD) > SIV)®D
T;®1:S0V®AD) - SV ® A (D)
As with previous extensions, we drop the tensor notation. Now we write
VeWi(gr-1n) = VWag-1) A @1 o Wy Di2g(r-1))
= <T{*r}v> Mizg-11 A (T3 ) Mizgr—1y
By proposition[2.2.7] for E,, € £,

(Ep )V, (Viagr-1) = @(Ey,) (T{*r}v) Wiag-11 A (T4 @) Mgy

|
-l
S

0
ol” Miag-11 A (Ta®) Mizger-1y)

( 2 ) ") M-y AN (T3 @) Mgy

p+qg—2 N i}

- < 2 > (va> Miaig-11 A (T4 @) Wiger1)
q-2

( 2 > vrMiaggr-y-

The proof that for E,, ,, € £,

p+q-—2
O(Eny 2 )Vr(Vin(gr-1y) = ~ <T> VeWMiagr-1y»

is entirely similar to the above.
Forl <s<r,
VeWagr—1)) = V(W) A @) A ... A @(W,_1)[2(gr—1)] = @(W) A V() A @(W1) A ... A @ A e @(Wr_Dp2(gr—1))0
and since (W), € S(V) ® A*(D) and
V2, s s 0,) = V(W) A @(0]) A . A @(0,) A (W, Digr—1)-1) € SV™H @ A'(D),
writingd = {1, ..., §, ..., 7} we have

* —1
ViWiaggr-n) = (T{s}(P) Wizg A T3V Wage-1-n1-
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10
Since w; 0 0 Ppq) = (%) ®[247> by Proposition[2.2.7

a)(Ess)vr(v)[Z(qr 1] CU(E“) (p> (V)[2q] A )(V)[Z(q(r -1)]

—1
@ Mg ATV Diagge-1)-1)

* (p+Q) * r—1
= <T{s} B4 Mg A (T3V"™) Miage—1y-1)

(r+9 »
-T2 <T{*s} )(V)[ZqJA(T;Vr ) WMiaggr—1)-1y

r+4q
= 5 Mo

The proof thatforr + 1 < s < 2r

(r+q

(Es)ViMipgr-n1 = == Ve Miagr-n1»

is entirely similar to the above.
As determined in Section {Eg — Eppp, @ 1 <5 < 2r} is abasis for the Cartan subalgebra of £, C g[,,(C), and

thus combining the computations above, the action of the Cartan subalgebra is given by

p+q- 1)Vr(v)[2(qr—1)J’ l<s<r
O(Egs = Eprp)ViWpr-n1 = (0 + 4 = 2V, Wpaggrory, 5 =7

_VV‘(V)[2(QV—1)]’ r+ 1 S s < 2"

Mr(Ess - E2r,2r)vr (V)[Z(qr— Dl-

O

Recall from Section[2.1] in order to show a certain vector is of highest weight, we must both demonstrate its weight
for the action of the Cartan subalgebra, and show that it is killed by the positive root vectors. By eq. (2.14), the positive

root vectors for gl,,(C) are

{E; 1 <s<rs<tZ2rjU{E :r+1<s<t<L2r}

As we’re restricting our attention to £, C gl,,.(C), we will only focus on compact positive roots,
(Ey i 1<s<t<LZrjU{E:r+1<s<t<2r}

i.e. those which belong to f,.
When r = 1, the Lie algebra f; has no such roots. In the next theorem we will induct on p for (p, g)-vector spaces to

show that v,(v) is killed by the positive roots.
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Theorem 3.4.5. Suppose p > 4q — 2. If for every (p, q)-vector space V, the form v,(V)i4,_2) € S(VH R A(DWV)) is
killed by the positive roots of t,, then every (p', q)-vector space V' with p’ > p, the corresponding form

vé(v) =V'(0,) A @' (0)) is killed by the positive roots of £,.

Proof. Suppose that the hypothesis holds, and let V' be a (p + 1, g)-vector space. Let {v,;1, ..., U,y } be a standard
basis for {, € D, and extend to a standard basis {vy,...,0,,;,,}. Giving D = D(V) the coordinates of section
let u be a basis vector of /\2"_1’2"_1 T, D(V) as appearing in the statement of lemma Then by the result of
lemma , there exists w € {vy,...,v,} where §, € D(w') and u,, € /\2‘1_1’2"_1 Tgo[D(wL) such that for the
inclusion 1 : D(wl) & D, we have 1u,, = u. Note that wt is a (p, g)-vector space with respect to the restricted
Hermitian form (, ) |,.. By our induction hypothesis, for the forms ¢,, and v,, on D(w?), the Weil representation

D ) > End(S(V?) @ A" (D(wh))) and Ey, Eyz € b

W, :
@(E 1)V 2)pig-1 A Puwidpg; = 0,
W(E43)V,, () 2g—1)) A Pupg) = 0.
Write (w) := spancw. For each entry of v = (u;,u,) € V%2 we’ll write the components of orthogonal decomposi-
tion V' = (w) ® wh asu; = u| + v and uy = u) +ul.
By the proposition [3.3.2] for the inclusion  : D(w*) < D we have
o = e_ﬂ<u,’ “ >(Pw(”'1')[2q1
IV pg-1y) = e_ﬁ<u;’u;>Vw(“'z')[z(q—w
We will write

o) = exp (=x ((uou ) + (. ur)))
which is the vacuum vector for S((w)?).
Thus, for the pullbacks 7%, : S(w)?) ® A*(D) » S(V'?) ® A*(D) and 7t S(wh?) @ A'(D) - S(V'?) @ A'(D)
defined in the proof of proposition [3.4.3] we find
PV, (Mg = 1 (V-1 A @1y
= V() (g-1)) AT @) 2g)
= e_”<u;’u/2>"w(”g)[z(q—l)l A e_”<u/"ul'><"w(”'1')[2q1
= $o (pag-1) A 0®i2g))
=7 (o)} ((Vw)[z(q—l)] A ((Pw)[zq]) (uy, up).
Thus, for the Weil representation
o : ¥, - End(S(V?) ® A(D))
Wy ¢ By = End(S(w)?) ® A" (D(wh)))

o, : ) = End(S(wh)?) @ A'(D(wh))),
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we have

W(E 1)V, (V)ag-214
= CO(Elz)Vr(V)mq_z]l*(u)
= 1" (0(Ep)V,(Viag_ay) o
= o(Ep)r* (v,(Vgy_2)) ty» by lemma[342]
= 0(E)m, (¢0)7] ((Vidiag-1) A @udizg)) o
=1} (0, (Epp)dy) 7} ((Vidaig-1y A (ww)[ij) + 7, ()7 | (a)J_(E12)(Vw)[2(q—1)J A (ww)[ij) ., by proposition[2.2.3]
= (0 7} ((Vipaeg—1y A (@uwlig)) + (o) - 0) u, by lemma[2.2.4)and the induction hypothesis

=0.

Therefore we’ve shown the equality of w(E},)v,(V)44-»; and the O-functional on any one of the basis vectors of
N2t ¢, D as described in lemma By linearity w(E}5)v,(V)j4,_2; agrees with 0 on all of N2 T,,D,
and are therefore they are equal.

The proof that @(Ey3)v,(V)44-2; = 0, is entirely similar. O

Theorem 3.4.6. If v,(V)44_7) is killed by the positive roots of ¥,, then v,.(V)[a4r—1)) is killed by the positive roots of t,

forany r > 2.

Proof. Suppose that v, € S(V?) ® A*(D) is killed by the positive roots of £,. Letv = (wy, ...,w,) € V", and E,, € ¥,

with 1 < a < r. Observe that
Vr(V)[Z(qr—l)] = V(w,) A (p(wl) Ao A (p(wr_l)[z(qr_l)] = V(wr) A (p(wa) A @(wl) A A (p(wa) A A (ﬂ(wr_l)[z(qr_l)].

Now v(w,) A @(w))(45-2) = V2(Vay—2) € SIV'?) ® A*(D) and
P 2V) 1= @) A e AQUO) A oo AG(0,_Dingr—1)-1y) € SIV2) ® A'(D), where if we letd = {1,...,d, .., b, ..., 7}

Vr(V)[z(qr_l)] = V(wr) A (p(wa) A (P(wl) FANAN (p(wa) VARRSVAN (p(wr_l)[z(qr_l)]

= (Tiapyv2) Miag—a1 (T4 0" %) Miagg—1)-1-

Thus by proposition [2.2.8]
@(Eg )V, (Vo(gr—1)] = @(E,,) [(T{ab}VZ)[4q—2] (Tye™) (V)[z(q(r—n—l)]]
= [T{*ab}wZ(EU)VZ] Wiag-21 (T30"?) WMiatgr—1-1)
= T{*ab}(o) (T; (Pr_z) (Mi2—1)-1)] by the hypothesis,

=0.

The proof that v,.(V)[3(4-—1y; 1s killed by the other positive root is entirely similar. O
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Finally, we combine the previous results to yield our main theorem.

Theorem 3.4.7. Let V be a (p, q)-vector space. The form v,(V)jy4r—1y) is a highest weight vector of weight p, € 7 for
the Weil representation w : £, - S(V") @ A*(D(V)) for (p, g, r) in the following cases

1. (p,1,r)foranyr <p+1.
2. (p,2,r) foranyr < p.
3. (p,3,r)for1 <p<3andanyr <p.

4. (1,4,1),(2,4,1),(2,4,2), and (3,4,r) forr < 3.

Proof. 1. This is proven in [4].

2. Let V be a (p, 2)-vector space, {vp,,...,U,;,} a standard basis for some {, € D. Extend to a standard basis
{15 s Ui} OF V', and equip D with the coordinates of section Letw; : gl,(C) —» End(S(V) @ A°(D)) be
the Weil representation. Using the code in the final chapter, we’ve established that for p = 1 or p = 2, evaluating

the form v(v)y I, at &,

0 p
®; v(©)le, = <§> v()lg,

0 0
0 0 p
oy [ Pele == (5) VW)l

As p > 2, by corollary [3.4.4] for every (p,2)-vector space V', r > 1, and the Weil representation

o, : £, > End(S(V") ® A*(D)) the form v,.(V)p2,—1y ICo has weight u, € §7. By proposition we conclude
that v, (V)21 has weight p,.

We have also established by computation that for each (p,2)-vector space with p < 4g — 2 = 6, the form
va(Vie1 ¢, 1s killed by the positive roots of f, and thus by theorem for any (p, 2)-vector space the form
v2(V)ig)l¢, 18 killed by the positive roots of £,. Again by propositionwe’re able to conclude v, (V)¢ is killed
by the positive roots of f,. Thus it follows from theorem that for each (p, 2)-vector space and r, the form
Vr(V)a2r—1); 18 Killed by the positive roots of £,.

In conclusion, for any (p, 2)-vector space, the form v,.(V)5,,—1)) has weight y, € b7 and is killed by the action of
its root vectors. Therefore v,.(V)[y4,—1y) IS @ highest weight vector, which implies that it generates an irreducible

subrepresentation.
3. By direct computation.

4. By direct computation.
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3.5 Computations

In this section we will walk through the computation of the (p, g) = (1, 1) case "by hand". This can serve both as test
that the code does what it promises to do, and also clarify what exactly needs to be computed. We will also display

some of the output of the code, and highlight some interesting features there in.

The Case (p,q) = (1, 1) by Hand

Let V be a (1, 1)-vector space. Given a standard basis {v,, v, } for V', we equip D = D(V') with the coordinates outlined
in section[3.1] Under this description, the coordinates of any point { € D = D(V) is justa 1 X I matrix, i.e. a complex

number ¢ ; such that |} ; |2 =1 < 0, that is, D is (biholomorphic to) the open complex unit disc.

Cl,l

We have that { = span . Letting & — D be the tautological bundle, for each { € D the fiber & is ¢, and thus

)
1

we take the global frame < e = , trivializing & — D. Thus we will take {1, e} as a global frame for O @ D,

where O = O is the structure sheaf.
From this point on, we will simply write ¢ for {; ;, as we will only make reference to the variable, not the space.
The Hermitian form (, ) on & is determined entirely by h := (e, e), = —(e,e) = 1 — ||

The Hermitian form (, ), of the total bundle © @ & is thus

10
H= :
0 1-1¢?

For v = (z,2,)T € V the section s, : D — & acts by

sy(E)e) = (e,v) = Z1{ — 2.

N
Thus the matrix .S of the extension of s, to the Koszul complex £ —> O is

0 -2
0 o |
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To compute the adjoint s, of s, foru € £ and w € O we have

(Su,w) = (u, S*w) = (Sw) Hw =u" HS*w
v ST Hiw = u” HS*w, since this holds for any pair of vectors,

> STH=HS*

H-1STH = S*
H'STH=s*
H'S*H = S*.

As shown in the previous section, the matrix of the adjoint $* is computed as

1 0 0 1 0
0 == zf-2z of{o 1-1¢

(=)

S*=H'S*H =

1 0 0 0
0 ! 215—22 0

Therefore
0 0 0 ’
76 —2
0 lgo ’ + z1§-2
1-[¢]?
0 Zf-2| 0 Zi-%
2n £l 0

1-12? 0 1-|¢|?
_ (16 — )21 — z5) I
1-[¢I?

(S +S*) =

Recall that by proposition[I.1.17} the connection V on £ can be given a local description V = d + 6 where
al—|¢P? -
g d—leP) =

= de.
L=gP 1-§1?
Again by proposition[I.T.17} the curvature can be expressed as the operator
=5 — dx = -1 - |C|2)—(—f)(—C)dé:AdC _ dg ndg
1= 1¢P (1 -1¢1»? (=12

For the superconnection V, = V +i1/2z(S + .S*), the super curvature is
V2 = 27(S% + (8*))) +iV27(V(S + %) + (S + SHV) + V2.
If we split V% = ro + ry + r, into components where the form degree of r; is i. Thus

—27(S% + (5*)%) +iV27(V(S + 5*) + (S + V) + V2,
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and therefore

role—o = (V27 (5 + S*))2 loeo = 27 <(Z_1C _lii)%f — Zz)) bLleeg = =221 2,/ 1.

Note that the connection for O is just d, so the connection V on the total bundle EP Ois V(f ® 1) =df ® 1, and
V/®sh=df@s;' +0f®s,".

MA@ 1) =iV2r [Vs,(1 @ 1)+ Vs* (1 ® 1) + (s, + sHV(1 @ 1)

) *
1_—|C|2 ® €> + (Sv + SU)(O)]

27 |(d +0) <‘?f|_§‘|222 ® e>]

[ 215—21 —215—22 < —é; ) <215—22)]
27 |0 +0 + d ®
1o oo Plmee ) o )| ®¢
[ (215 - Zz)(—é:) 21(1 - |§|2) - (215 - Zz)(—é’) = —5(215 - Zz)
2 | — dé + d¢ + d¢l ®
TTazkee © (1 — CP2 T

= r(1® Dl = (i 27rzl> Qe

27 |V(©0) + V <

rl®e)=iV2r [Vs,(1®e)+ Vsi(1®e)+s5,V(1®e)+5:V(l Q@ e)

=ivor V(z‘lC—z'Q)®1+V(0)+sU< lilzdg“@e) ]
=iVor d(z‘lé’—z"z)®l+sv< __lilzdé’®e>]
=ivar |z de+ 5 élz(zlg z2)dg]®1

> 11 @e) =i 27rz'1)dt§®1.

Now, by proposition|[1.2.6} the definition of .A*(DD)-linearity preceding it, and the fact that r| had even total degree,
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we compute

RA® Dl = (1V2rz,d @ ¢)

¢=0

= <l 27[2161’5)/\"1 (] ®e)|§=0

- (1 27rzld§> A (i 272,d¢ ® 1)

27|z |PdE ANdE® 1,

2 _ . _
2@ el = 1y (1 202,d¢ ® 1)L=0

<i 27rz'1d§> AF (1@ 1) ey

= <i 27rz"1d§’> A (1’ 272,dE ® e)

= 2z|z,2d{ AdEQe.

Therefore

1 1 . . -
Etrs(rfnczo =3 (27|zy[*d¢ AdE — (—27|z,1PdC AdE)) = 2x|z,|%d¢ A dC.

Finally, we see that

0 _
try(rp)le=o = try dCAdE le=0 = —d{ A dC.
1-1¢1?)?

We now compute @(v)y)]s=o and v(v)jg)l¢=o according to their definitions eq. li and eq. lb Since ryls—o =

—27|2z,|* 1, it commutes with (r| + r;)|,— and thus

v2 _ rotritry — Lo ritr
e |g:() =e |§:o =e’e |g:0-

Therefore

v _o = ezl =1zl <L> tr (ev3> -
o( )[2]|g_0 ox) s 2] |§_o

_ 2.1, 12 i

= e m(zl"=12219) <ﬂ> trg (€’°erl+r2)[2] lg=0
ie_”(|21|2_|Z2|2) 27|z, |2 ! 2

e -, 2%y <I+r+r + s +r +> =

- ; (ry+rp) 2( 1+72) o lg=0

[e—ﬂ(|21|2+|22|2) 1,
B P— tr, <r2 + §r1> |§:0
i

- 2_6_”(|zl|2+|z2|2> (—d¢ A dE +2x)z,*dz A dE)
T
ie—ﬁ(|21|2+|22|2) ) _
= )z - d¢ AdE.
2
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0 0
The number operator N on O @ € is given by N = , and thus
0 -1

N0}
_ 2_ 1,12 I 2
WOl = o=l |z2|>(_> r (NeV,,> _
( )[0]|§_Q o s 0] |C—0
_ e—n(|z1|2—|zz|2>trs (Neroer1+rz)[0] le=o

0 0|[e2=l o
0 -1 0 e 2rlnl

_ 2 0,12
= e 2112 Dy T+ +r)+.)] oo

[0]
0 0

— e—ﬂ(|Z1|2—|22|2)tr
N
0 —e 27zl

2 2
= o 7z117+122%)

thus v(v)g;l¢=o is just the vacuum vector, and thus by the computation of lemma|2.2.4, we know it’s killed under
1 0
the action of the Weil representation. That is, it has weight determined by 4 =0=p+qg—2,asexpected.
0 -1
By the proof of corollary we know that v;(V)[5)| =9 = v(w;)j0;A@(w) )| has the weight y; specified in eq. (3.6).
Now we will determine the action of the positive compact roots. We write v = (w;, w,) € V' in the standard basis as

Wy = 2 10) + 2y, 0 and wy = 2y 50 + 25 ,0,. Again, from the proof of lemma[2.2.4] we know that

2 2 2 2
D exp (=z(1zy11° + 12511 + 121017 + [257) = 0

2 2 2 2
DZIGXP (=x(z1 117 + 1201 1° + 121017 + 1200]%) = 0.

Therefore, writing ¢ = exp (—ﬂ(lzl’l 1> + |25, 1> + |zl’2|2 + |zzy2|2) for short, we have
i -
V2w, 0y lg—g = V(W)ig) A @) le—o = @ - (g) Qxl|zy > = Dd¢ AdE,
and thus

CO(Elz)Vz(wl, w2)[0]|§20 =ir |:D£1Dt2 - D2_,2D;;1:| gDG . (27[|Zl,1|2 - l)dg A dé’

= ix | D} @xlz1 = DD} 0% - Qalzy, P = DD;,DF %] d¢ ndd
= in[0 — 0)d¢ A dE

=0.

The computation that w(E43)v,(wy, w, )y is entirely similar. Thus we’ve seen in this case that v,(v)[y,) has weight

Uy, and is killed by the positive compact roots of £, implying that it is a highest weight vector.

The Case of (p, q) for g > 1 via Sage

As an example of how infeasible it is to carry these computations out by hand for other small ¢, for (p, ¢) = (1,2) the

inverse matrix H~! of the matrix H describing the Hermitian form on D is
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1 0 0 0
1 l1g120? _ 1 _ ¢i21? 0
(¢y.11¢1202 21 (g1 11E1 202
(ﬁ—m,zw)(m,.|2—1)2 k1l (S gy ) 10-)
2
0 TG )2 - (1111 \)21 0
(%—w.,zPH)(m,.P—l) el
1
0 0 0 -
1S4 2161212 = (1811 12=1)(161 212-1)

In order to obtain the curvature, one must compute 0 (H “loH ), which is already quite tedious, let alone the

. 2
computations of the rest of Vi =ry+r; +ry and try(Ne').

We now produce the forms v(v) 5, 1) |, in several different cases, as computed from Sage. For the ease of reading,

we’ve set
NP 2
o= YA

The (p,q) = (1,2) case,

o [ Qixlz*=i) o (2ixlzn P -i) _
v(O)pile, =97 - TdCI,IAdCl,l"‘TdCl,ZAdCl,Z .
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Notice the similarity with the form ¢(v)[, |§0 from the (1, 1) case.
In the (2,2) case,
o [ Qixlz*=i) _ o _ o _ (2i |z, |* = i) _
v(O)lg, =" - Tdﬁfl,l AAEy +izpZ1dE AdG | +i212,d8 1, AdE )+ Tdé'],z Adgy
G (2i |z |> = i) _ o _ o _ (2i | zo|* = i) _
+@ - —27[ dé’lyz A d§1,2 +1 Zzzldé’l,z A d§2,2 +1 ledeQ’Q A dCI,Q + 'x dé‘2,2 A d§2,2 ’
and compare this with @, of the (2, 1)-case
o [ (2ixlz* =i) ~ o _ o _ (2i |z, | = i) _
PO)plg, = @7 Td‘:u ANAEyy +1i2p21d8) AdE o +i21Z2pdl  AdE ) + Tdé'm ST E
The (p, q) = (1, 3) case,
G (27r2|zl|4—47t|21|2+1) _ _ (27r2|21|4—47r|z1|2+1) _ _
V(O)ylg, =97 - 3 dgy  Ad o AdE NS, + 5 dgy  Addi3AdE AdE s
2r 2r
G (2ﬂ2|21|4—4ﬂ|21|2+1) _ _
+o7- 2 dfio AdE 3 A5 AdE 5,

is also very similar to @4 % of the (1, 2) case,

(272|z)|* =4 x|z, )? + 1)

2 n2

G
fP[4]|g0 =@ -

Finally, for the (p, q) = (1,4) case,

(4i 73|2,1% — 18i x|z, |* + 18i x|z, |* — 3i)

4 73

V(U)[ﬁ] |§0 =‘PG )

(4i 73|26 = 18i 72|z, |* + 18i 7|z, - 3

Ay AdE o AdEyy AdE 5.

Ay AdE o AdE 3 AdE AdE p AdE

)

dly g AdEp AdE g AdE AdE o AdE

Ay AdS 3 AdE 4 AdEy  AdE 5 AdE

G
e 4 73

o (472,10 = 18i 2|z |* + 18i x|z |* - 3i)
o 473
40 (4i 73)211® — 18i x|z |* + 18i 7|z, |* — 3i)

473

we compare (V)6 of the (1, 3) case,

o (472> = 18i %)z |* + 18i x|z |* - 3i)

Prelle, = @7 - 1

Al AdE 3 AdE 4 AdE 5 AdE 5 AdE .

dfy  AdE o AdE 3 AdE AdE p AdE S
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Chapter 4

The Code

Created April 23rd, 2021 this is not the official total code, but the best version yet
that computes nu and mu in the specific

2q and 2(q-1), and checks the r = 2 case. (No Funke - Hoffman)

Setting the parameters of the manifold.

Defining the manifold, with chart and frame. The coordinates x are defined in such a way
that for i<p*q, i+p*q represents

the conjugate of x. More specifically yet, x_1 through x_p are the entries of the column
vector of the first basis vector of

a given point of D. To put it another way, the entries going down of the first column of
the matrix Z representing the point.

Thus x_{i+p} is the next colum, then x_{1+2p}, ..., to x_{i+(g-1)p}. With conjugates x_{p
*q+i}, ..., x_{p*q+i+(q-1)pl.

That is to say, taking for coordinates 0<=i<=q-1, 0<=j<=p-1, z_{i,j} = x[j*p+il

M = Manifold ((2*p*q), ’M’, field=’complex’)

U

X

eU

#

#

e

#

= M.open_subset (’U’)

= U.chart(names=tuple(’x_%d’> % i for i in range (2*p*q)))

= x.frame ()

First coordinate controls conjuagtion (O is normal, 1 is conjugated), second coordinate
controls vector, 3rd controls

vector coordinate.

= {(i,j,k): var("e_{}{}{}".format(i,j,k), latex_name="e_{{{}{}{}}}".format(i,j,k)) for i
in range(2) for j in range(q) for k in range ((p+q))}

Is the kth entry of the jth canonical frame vector is e[(0,j,k)], with conjugate e[(1,j,k)

79
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# Here we set the p variables in the first p coordinates of each frame vector.
for i in range(q):
for k in range(p):
el(0, i, k)] = x[((i*p)+k)]

# Here we set the conugate variables of the first p entries of the frame vectors.
for i in range(q):
for k in range(p):
el(1,i,k)] = x[(((i*p)+k)+((p*q)))]

# Here we tell both the frame, and conjugate vectors where the 1 is.
for i in range (2):
for j in range(q):

el(i,j,(p+j))] =1

# Here we set the rest of the entries of the frame and conjugate vectors to O.
for i in range(2):
for j in range(q):
for k in range (p+q):
if k not in range(p) and k!=p+j:
el(i,j,k)] =0

# Defining variables for an arbitrary vecotr v[(0,i)], and its conjugate v[(1,i)].

v = {(i,j): var("v_{}{}".format(i, j), latex_name="z_{{{}{}}}".format(i, j)) for i in range
(2) for j in range(p+q)}

# Defining labels to call the entries of s_v(e_j).

sve = {(i): var("sve_{}".format(i)) for i in range(q)}

# Defining labels to call the entries of s_vbar(e_j).

svebar = {(i): var("svebar_{}".format(i)) for i in range(q)}

# Setting the entries of sve.

for i in range(q):

prod = 0

for j in range(p):

prod = prod + (el[(0, i, j)I*v[(1, j)1)

for k in range(p, p+q):
prod = prod - (el[(0, i, k)1*v[(1,k)])
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68 sve[i]l = prod
69

70 # Setting the entries of svebar.

72 for i in range(q):

73 prod = 0

74 for j in range(p):

75 prod += (v[(0, j)Ixel(1, i, j)1)
76 for k in range(p, p+q):

77 prod -= (v[(0,k)]I*xe[(1, i, k)])
78 svebar[i] = prod

79
80 # Making them into mixed forms. We want these to be zero forms, so the list P lets us set
all other components to O, with the

81 # appropriate size.

83 P = []

84 for i in range ((2*p*q)):

85 P.append (0)

86

7 Q = [1

88 for i in range ((2*p*q)-1):

89 Q. append (0)

90

91 SveBar = [M.mixed_form(comp=([svebar[i]]+P)) for i in range(q)]
92

93 Sve = [M.mixed_form(comp=([sve[i]l]+P)) for i in range(q)]

9%

95 # Pre-computing the exterior derivatives for later use.

96

97 dSve = {(i): var("dSve_{}".format(i)) for i in range(q)}

98

9 for i in range(q):

100 dsve[i] = Svel[il.exterior_derivative ()

101

102 # Pre-computing the exterior derivative for later use.

103

104 dSveBar = {(i): var("dSveBar_{}".format(i)) for i in range(q)}
105

106 for i in range(q):

107 dSveBar [i] = SveBar[i].exterior_derivative ()

108 show (v [0,0])

109

110 # We want L[k] to be the list of all k-wedge basis vectors, so we set the o position to be O

by convention.
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113

114

116

117

118

119

128

129

130

131

132

140

141

142

143

144

146

147

148

149

152
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> L = [[[]1]

CHAPTER 4. THE CODE

# Here we set L[1] to be the g numbers from O to q-1.

LL = []

for i in range(q):

LL.append ([i])

L.append (LL)

# Now that we’ve set LI[1],

gives the proper

# lexicographic order.

if g>=2:

for k in range(2,q+1):

5 # Now we simply copy this entire method,

LLL = []
for i in range(binomial(q, k-1)):
for j in range(q):
if L[k-1][il[len(L[k-1]1[i])-1]1<j:
mm = []
for t in L[k-1][il:
mm.append (t)

mm. append (j)
LLL . append (mm)

L.append (LLL)

called upon as coordinate frames later.

we can use this to determine L[k] for each k, and note that this

except we make lists with an eU so they can be

# First we create two lists of those numbers from 0O to pg-1, and pg to 2pg-1 respectively.

Lpq =
L2pq

LLpq =

[

(111
(111

(]

for i in range(p*q):

LLpq.append ([i])

Lpq.append (LLpq)

LL2pq

(]

for i in range(p*q, 2*p*xq):

LL2pq.append ([i])

L2pq.append (LL2pq)

# Now we creat two lists Lpq and L2pq inductively,

lists of length i, (i<=q) of numbers

# between O and pq-1, in strictly increasing order,

where Lpql[i] is the collection of all

and the same for L2pg but between pq and



160

161

162

163

164

165

166

167

168

169

170

171

172

176

177

178

179

180

181

182

186

187

188

189

190

191

192

193

194

2pq-1.

if q>=2 or p>=2:

for i

in range (2, 2*q):

LLLpq = []

for j in Lpqli-1]:

for k in range(p*q):
if jl[len(j)-1]1<k:
mm = []
for t in j:
mm . append (t)
mm. append (k)
LLLpq.append (mm)

Lpq.append (LLLpq)

elif (q == 1) and (p == 1):
Lpq.append ([[0,1]11)

# And do the same for the lists of length q-1.

if 9>=2 or p>=2:

for i

in range (2, 2*q):

LLL2pq = []

for j in L2pqli-1]:

for k in range(p*q, 2%p*q):

if jl[len(j)-11<k:
mm = []
for t in j:
mm . append (t)
mm. append (k)
LLL2pq.append (mm)

L2pq.append (LLL2pq)

elif (q == 1) and (p == 1):
L2pq.append ([[0,1]])

83

# Now we fuse these two lists in such a way that that qList simply contains those lists

where the first q are from Lpqlql,

# and the

second q are from L2pqlql.

of length q-1.

qlList = []

for i in Lpqlql:

for j

in L2pqlql:

The list qlList is similar,

but draws on those entries
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196

197

198

199

200

201

202

203

204

205

206

207

208

209

219

220

221

222

223

224

)
]
G

226
227
228

229

230

84

qlList =

temp =

[1

for k in i:

temp . append (k)

for 1 in j:

temp.append (1)

qlist.append(temp)

[1

for i in Lpqlq-1]:

for

rList =

j in L2pqlq-1]:

temp =

[1

for k in i:

temp . append (k)

for 1 in j:

temp . append (1)

qlLlist

(]

.append (temp)

5 for i in Lpql[2*q-1]:

for j in L2pql[2*q-1]:

temp =

(1

for k in i:

temp . append (k)

for 1 in j:

temp .append (1)

rList.append(temp)

CHAPTER 4. THE CODE

# Here we create a list so that the ith entry is a list of of all the ith wedge basis

vect

WedgelLis

ors.

t = []

for i in range (2*(2*qg-1)+1):

if i == 2x%(q-1):
w o= [l
for j in qlList:
Ww = [eU]

elif

for k in j:

Ww.

WW.append (k)
append (WW)

WedgeList .append (W)

i == 2%q:

W= [
for j

in qlList:



239

240

241

243

244

246

247

248

249

250

260

261

262

263

264

265

266

267

268

269

270

271

272

273

274

276

277

278

279

280

281

WW = [eU]
for k in j:
WW.append (k)
W.append (WW)
WedgelList.append (W)

elif i == 2x(2xq - 1):
w =1
for j in rList:
wW = [eU]
for k in j:

WW. append (k)
W.append (WW)
WedgelList .append (W)
else:

WedgeList .append ([])

# Defining a function which will help combine separate peices of hemritian matrices, SVe,

and r_1 and r_2.

def F(i):
Sum = 0
for j in range(i):
Sum += binomial(q,j)

return Sum

# Computing the matrix for the conjugate of the operator s_v.

SVEbar = matrix (SR, 2~q, 27q)

for i in range(q+1):

if i == 0:

for j in range(2~q):
SVEbar[j,0] = 0

else:
for j in L[i]:
for k in j:
temp = []
for 1 in j:
if 1 !'= k:
temp . append (1)

SVEbar [L[i-1].index (temp)+F(i-1), L[i].index(j)+F(i)]

svebar [k]

# Defining the Hermitian matrix of the tautological bundle.

(-1)~(j.index (k) )*

85
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HE = matrix (SR, q, q)

for i in range(q):
for j in range(q):
prod = 0
for k in range(p):
prod -= (el[(0, i, k)I*el(1, j, k)1)
for 1 in range(p+q):
if 1>=p:
prod += (e[(0, i, 1)Ixel[(0, j, 1)1)
HE[i,j] = prod

5 # Making variables for Hermitian forms h[(i,j,k)], the first variable should control the

wedge degree, the other two

# variables control that matrix entry.

# h = {(i,j,k): var ("h_{}{}{}".format(i,j,k)) for i in range(l,q+1) for j in range(binomial (
q, floor(q/2))) for k in

# range (binomial(q, floor(q/2)))}.

h = {(i): var("h_{}".format(i)) for i in range(q+1)}

# creating a list by which to index Hermitian matrices. We give i a range such that that

the index matches the wedge power.

for i in range(q+1):

h[i] = matrix (SR, binomial(q, i), binomial(q, i))

# Here we set the values for each entry of each Hermitian matrix by use of the minor
definiton of the inner product

# for k-wedges.

h[0]1[0,0] = 1

for i in range(l, q+1):
for z in L[i]:
for w in L[i]:
h[i][L[i].index(z), L[i].index(w)] = HE[z, w].det ()

hinv = {(i): var("hinv_{}".format(i)) for i in range(q+1)}

for i in range(q+1):

hinv[i] = h[i].inverse ()

#Setting up HW to mean H-wedge, as in the hermiitan matrix of the total bundle.
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HW = matrix (SR, 2°q, 27q)
for i in range(q+1):
for j in range(binomial(q, i)):
for k in range(binomial(q, i)):
HW[j+F(i), k+F(i)] = h[il[j, k]

#Computing SveStar as a matrix for the total bundle.

SVEstr = (HW*(SVEbar)#*(HW.inverse())).transpose ()

5 # We create purely symbol versions of the x coordinates to speed up the computation of the

sve*x coefficients.

X = {(i): var("X_{}".format (i), latex_name="X_{}") for i in range (2*p*q)}

# Now we turn the entries of SVEstr into mixed forms. The notation is setup so that Cform[i
1[j1[kx] means the kth coefficient

# of the action of svestar on the jth vector of the ith wedge.

Cform = [[[M.mixed_form(comp=([SVEstr [k+F(i+1),j+F(i)]]+P)) for k in range(binomial(q,i+1))]

for j in range(binomial(q, i))] for i in range(q)]

Cform [0] [0] [0]

# Here we pre-compute the exterior derivatives as they will probably be called upon anumber
of times, first some labels.
# dC is going to be the mixed form differential of the C coefficients, so first we creat

diff_forms dCdiff.

dCdiff = [[[M.diff_form(1l, name=’dCdiff_{}{}’.format(i,j,k)) for k in range(binomial(q,i+1))

] for j in range(binomial(q,i))] for i in range(q)]

dc = {(i,j,k): var("dC_{}{}{}".format(i,j,k), latex_name="dC_{{{}{}{}}}".format(i,j,k)) for

i in range(q) for j in range(binomial(q,i)) for k in range(binomial(q,i+1))}

for i in range(q):
for j in range(binomial(q,i)):
for k in range(binomial(q,i+1)):
for 1 in range (2*p*q):
dCdiff [i]J[jI[k][1] = (diff (Cform[i][j][k][0].expr().subs({x[m] : X[m] for m
in range (2*pxq)}) ,X[1])).subs({X[n] : 0 for n in range (2*p*q)})

for i in range(q):
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360 for j in range(binomial(qg,i)):
361 for k in range(binomial(q,i+1)):
362 dC[i,j,k] = M.mixed_form(comp=([0]+[dCdiff[i]1[j]1[kI]1+Q))

363

364 # Setting up a labelling for the entries of the inverse Hermitian matrices as mixed forms.
365

366 Hinv = {(i): var("H_{}".format(i)) for i in range(q+1)}

367

368 #Setting the components for the mixed-form version of the matrices.

369

370 for i in range(q+1):

371 Hinv[i] = [[M.mixed_form(comp=([hinv[i][j,k]]+P)) for j in range(binomial(q, i))] for k

in range (binomial(q, i))]

373 # Setting up a labelling for the inverse Hermitian matrices as matrices of mixed forms.

375 Hminv = {(i): var("H_{}".format(i)) for i in range(q+1)}
376

377 # Initializing the inverse Hermitian matrices as mixed forms.

379 for i in range(q+1):
380 Hminv[i] = matrix(M.mixed_form_algebra(), binomial(q, i), binomial(q, i))
381

382 # Setting the components of the inverse Hermitian mixed form matrices.

38¢ for i in range(q+1):

385 for j in range(binomial(q, i)):

386 for k in range(binomial(q, i)):
387 Hminv[i][j,k] = Hinv[i][j][k]
388

380 # Making a list to label the differentials of Hermitian matrices as mixed form matrices.

390

391 dH = {(i): var("dH_{}".format(i)) for i in range(q+1)}

392

303 # Initializing entries of derivative Hermitian matrices as 1-forms.

394

395 for i in range(q+1):

396 dH[i] = [[M.diff_form(1l, name=’dh_{}{}’.format(j, k)) for j in range(binomial(qg, i))]
for k in range(binomial(q,i))]

397

398 # Setting the components of the 1-forms.

399

400 for i in range(q+1):

401 for j in range(binomial(q, i)):

402 for k in range(binomial(q, i)):
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for 1 in range ((p*q)):
dH[i]1[jl[k][eU,1] = diff(h[il[j, k], x[1]1)

# Making labels for the mixed form Hermitian derivative matrices.

DH = {(i): var("DH_{}".format(i)) for i in range(q+1)}

# Setting the components of the mixed forms for the matrix entries of the derivative of the

Hermitian matrices.
for i in range(q+1):
DH[i] = [[M.mixed_form(comp=([0]+[dH[i][j]l[k]1]1+Q)) for k in range(binomial(q, i))] for j

in range (binomial(q, i))]

# Making a list of variables to label the matrices of derivatives of Hermitin matrices as

mixed matrices.

DHm = {(i): var("DHm_{}".format(i)) for i in range(q+1)1}

# Initializing matrices to be the derivatives of the Hermitian form matrices.

for i in range(q+1):

DHm[i] = matrix(M.mixed_form_algebra(), binomial(q, i), binomial(q, 1))

# Setting the components of the derivatives of the Hermitian matrcies as mixed matrices.

for i in range(q+1):

for j in range(binomial(q, i)):

for k in range(binomial(q, i)):

DHm[i][j,k] = DH[i][j] [k]

# Setting labels for the connections matrices.

omega = {(i): var("DHm_{}".format(i)) for i in range(1l,q+1)}

# Computing the connection matrices.

for i in range(q+1):

omega [i]=Hminv [i]*DHm[i]

# Creating a list of variables to index curvature matrix entries.

o = {(i): var("o_{}".format(i)) for i in range(q+1)}

# Initializing 2-forms for the curvature matrices.
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446 for i in range(q+1):

447 o[i] = [[M.diff_form(2, name=’o_{}{}’.format(j, k)) for k in range(binomial(q, i))] for
j in range(binomial(q,i))]

448

449 # setting the components of the 2-forms to be the derivatives of the components of the

connection matrices.

451 for i in range(q+1):

452 for j in range(binomial(q,i)):

453 for k in range(binomial(q,i)):

454 for 1 in range(p*q):

455 for m in range(p*q, 2*p*q):

456 ol[il[j1[k][eU, m, 1] = diff(omegalill[j,k]J[1]1[1].expr(), x[m])
457

458 #Creating a list of zeros for indexing mixed forms.

459

460 R = []

461 for i in range ((2*pxq) -2):

462 R.append (0)

463

464 # Creating labels for the mixed-forms of the curvature matrix.

465

466 0 = {(i): var("o_{}".format(i)) for i in range(q+1)}

467

468 # Defining the mixed forms.

469

470 for i in range(q+1):

471 0[i] = [[M.mixed_form(comp=([0,0]+[o[i]J[j]l[k]]I+R)) for j in range(binomial(q, i))] for k
in range(binomial(q, i))]

472

473 # Defining labels for the mixed form curvature matrices.

474

475 Omega = {(i): var("Omega_{}".format(i)) for i in range(q+1)}

476

477 # Initializng the curvature matrices of mixed forms.

478

479 for i in range(q+1):

480 Omega[i] = matrix(M.mixed_form_algebra(), binomial(q, i), binomial(q, i))

481

482 # Setting the components of the mixed form curvature matrices.

483

484 for i in range(q+1):

485 for j in range(binomial(q,i)):

486 for k in range(binomial(qg,i)):
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ith component,

We will write these as matrices,

.format(i)) for i in range(1,

.format(i)) for i in range(1,

.format(i)) for i in range(1,
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and

and moving to either the i

q

q

q

i in range(q)}

i in range(q)}

i in range(q)}

Omegal[il[j,k] = 0[i][j][k]
# We will break the computation of r_1 up into several small parts letting Svs mean SvStar,
0 omega, and d for d,
# we will look at dSv, SvO0, 0OSv, dSvs, Svs0, OSvs.
then add them altogether.
# Note that the index i indicates coming from the
-1 componet for Sv terms, or the
# i+1 component for Svs terms.
dSv = {(i): var("NabSvd_A{}".format (i), latex_name="dSv_{{}}"
+1)}
0Sv = {(i): var("NabSvd_{}".format(i), latex_name="dSv_{{}}"
+1)}
Sv0 = {(i): var("NabSvd_{}".format (i), latex_mname="dSv_{{}}"
+1) }
dSvs = {(i): var("NabSvd_{}".format(i), latex_name="dSv_
0Svs = {(i): var("NabSvd_{}".format (i), latex_name="dSv_
Svs0 = {(i): var("NabSvd_{}".format (i), latex_name="dSv_
# I initialize these as matrices.
for i in range(1l,q+1):
dSv[i] = matrix(M.mixed_form_algebra(), binomial(q,
for i in range(1l,q+1):
0Sv[i] = matrix(M.mixed_form_algebra(), binomial(q,
for i in range(1,q+1):
SvO[i] = matrix(M.mixed_form_algebra(), binomial(q,
for i in range(q):
dSvs [i] = matrix(M.mixed_form_algebra(), binomial(q,
for i in range(q):
0Svs[i] = matrix(M.mixed_form_algebra(), binomial(q,
for i in range(q):
Svs0[i] = matrix(M.mixed_form_algebra(), binomial(q,

# Finally,

I compute their components.

{{}}".format (i)) for
{{}}".format(i)) for
{{}}".format(i)) for
i-1), binomial(qg,i))
i-1), binomial(q,i))
i-1), binomial(qg,i))
i+1), binomial(q,i))
i+1), binomial(q,i))
i+1), binomial(q,i))
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527 for i in range(1l, q+1):

528 for j in range(binomial(q, i)):

529 for z in L[il[j]:

530 templist = []

531 for w in L[i][j]:

532 if w != z:

533 templist.append (w)

534 dSv[i][L[i-1].index(templist), jl = (-1)"(L[i][j].index(2z))*dSvel[z]

53 for i in range(1l,q+1):

537 for j in range(binomial(qg,i)):

538 for k in range(binomial(q, i-1)):
539 Sum = 0

540 for 1 in L[i][j]:

541 templist = []

542 for m in L[i][j]:

543 if m != 1:

544 templist.append (m)
545 Sum += (-1)~(L[i][j].index(1l))*Sve[l]l*omegal[i-1]1[k, L[i-1].index(templist)]
546 0Sv[il[k,j] = Sum

547

548 # This one has not been checked by hand for p=2.

550 for i in range(1l,q+1):

551 for j in range(binomial(q,i)):

552 for k in range(binomial(q,i)):

553 for 1 in L[i][k]:

554 templist = []

555 for m in L[i][k]:

556 if m !'= 1:

557 templist.append (m)

558 SvO[il[L[i-1].index(templist), jl += (-1)~(L[il[k].index(1l))*omegalil[k,jl*
Sve [1]

559

560 for i in range(q):

561 for j in range(binomial(q,i)):

562 for k in range(binomial(q,i+1)):
563 dSvs [i]1[k,j] = dC[(i,j,k)]
564

565 for i in range(q):

566 for j in range(binomial(q,i)):
567 for k in range(binomial(q,i+1)):
568 Sum = 0

569 for 1 in range(binomial(qg,i+1)):
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Sum += Cform[i][jl[1l]l*omegal[i+1][k,1]
0Svs[il[k,j] = Sum

for i in range(q):
for j in range(binomial(q,i)):
for k in range(binomial(q,i+1)):
Sum = 0
for 1 in range(binomial(q,i)):
Sum += omegal[il[l,jl*Cform[i][1] [k]
Svs0[i][k,j]l] = Sum

# Setting labels for the matrices describing when r_1 move up or down from wedge 1i.

ridown = {(i): var("rldown_{}".format (i), latex_name="ridown_{{}}".format(i)) for i in range

(1,q9+1)}

riup = {(i): var("rilup_{}".format(i), latex_name="rilup_{{}}".format(i)) for i in range(q)}

for i in range(1l,q+1):

ridown[i] = matrix(M.mixed_form_algebra(), binomial(q,i-1), binomial(qg,i))

for i in range(q):

riup[i] = matrix(M.mixed_form_algebra(), binomial(q,i+1), binomial(q,i))

for i in range(1l,q+1):

ridown[i] = dSv[i]l+0Sv[i]+SvO0[il]

for i in range(q):

riup[i] = dSvs[i]+0Svs[i]+SvsO0[il]

# Initializing r_1.

r_1 = matrix(M.mixed_form_algebra(), 2°q, 2°q)

# Setting the entries of r_1.

for i in range(1l,q+1):
for j in range(binomial(q, i-1)):
for k in range(binomial(qg,i)):

r_1[j+F(i-1) ,k+F(i)] += ridown([il[j,k]

for i in range(q):
for j in range(binomial(q, i+1)):
for k in range(binomial(q, i)):

r_1[j+F(i+1), k+F(i)] += riup[il[j, k]
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614

615 # Initializing the 2-component of the curvature.

616

617 r_2 = matrix(M.mixed_form_algebra(), 2°q, 27q)

618

619 # Setting the entries of the 2-component of the curvature, from the entires of the separate
curvature matrices.

620

621 for i in range(q+1):

622 for j in range(binomial(q,i)):
623 for k in range(binomial(q,i)):
624 r_2[j+F(i) ,k+F(i)] = Omegalil[j,kl]

626

627 r_1EvalDForm = [[M.diff_form(1, name=’r_1EvalDForm_{}{}’.format(i,j)) for j in range(2~q)]
for i in range(27q)]

628

629 for i in range(27q):

630 for j in range(2-q):

631 for k in range (2*p*q):

632 r_1EvalDForm[i][j1[k] = r_1[i,jl[1]1[k].expr() .subs({x[i] : O for i in range (2*px*
DR D)

633

634 r_1EvalMForm = [[M.mixed_form(comp=([0]+[r_1EvalDForm[i][j]]1+Q)) for j in range(2-q)] for i
in range (2~q)]

635

636 r_2EvalDForm = [[M.diff_form(2, name=’r_2EvalDForm_{}{}’.format(i,j)) for j in range(2-q)]
for i in range (2°q)]

637

638 for i in range(2~q):

639 for j in range(27q):

640 for 1 in range(p*q):

641 for m in range (p*q, 2%p*q):

642 r_2EvalDForm[i]l[jI1[m, 1] = r_2[i,jl[2]1[m, 1].expr().subs({x[z] : 0 for z in

range (2*p*q)})

643

644 r_2EvalMForm = [[M.mixed_form(comp=([0, O]+[r_2EvalDForm[i][j]]+R)) for j in range(2~q)] for

i in range (2°q)]

645

646

647 # Here we evaluate the matrices at the origin which belongs to our manifold, thus reducing
the runtimes. Note that we could

648 # replace this with evaluation at any other point.

649

650 r_1Eval = matrix(M.mixed_form_algebra(), 2~q, 27q)
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r_2Eval = matrix(M.mixed_form_algebra(), 2°q, 27q)

for i in range(27q):

for j in range(27q):

r_1Eval[i,j] = r_1EvalMForm[i][j]

r_2Evalli,j]

abc = [[[1],[[1], [2]1]

for i in range (2, 2*p*xq+1):
abcd = [1, 2]
add = []

r_2EvalMForm[i] [j]

for j in Tuples(abcd, i).list():

Sum = 0
for k in j:

Sum += k

if Sum == 2x(g-1) or Sum == 2xq:

add.append (j)
abc.append (add)

def is_cyc_perm (listl, 1list2):

if len (listl) == len (list2):

for shift in range (len (list1)):

for i in range (len (listl)):

if list1l [i]
break
else:
return True
else:
return False
else:

return False

'= 1list2 [(i + shift) % len (list1)]:

# Now we sift through Rnew, realizing that pairs of elements which are cyclic permutations

of each other obtained by
# the order of multiplication
even endos, which r_1 and
# I let it run over j so many

# might miss an equivalence.

swapping

of endomorphisms, are in fact the same. (This only holds for
r_2 are).

times because I found running it once or twice it

I think I have it so that it runs an appropriate number of

times so that everything will be

# accounted for.

for j in range(binomial ((2*p*q+1), floor ((2*px*xq+1)/2))):

for i in range (2, 2%p*q+1):

95



96 CHAPTER 4. THE CODE

693 for z in abc[il:

694 for w in abc[il:

695 if is_cyc_perm(z,w):
696 abc[i].remove (w)
697 abc[i] . append(z)
698

699 # We create UR to be the union of Rnew, and then we shuffle things to make sure it always
begins with a 1.

700

701 UR = []

702 for thing in abc:

703 for stuff in thing:

704 if stuff != []:

705 UR.append (stuff)
706

707 for item in UR:

708 for i in range(len(item)):
709 if item[0] == 2:

710 item.remove (2)

711 item.append (2)

712

713 # UR cond creates a list which is UR with duplicates removed.
714

715 URcond = []

W

716 for i in UR:

717 add = True

718 for (j,k) in URcond:

719 if i == j:

720 add = False

721 if add:

722 One_Counter = 0 # this counts the number of 1’s, because 2mod 4 r_1’s gives minus,

while Omod 4 give +.

723 for 1 in i:

724 if 1 == 1:

725 One_Counter += 1

726 URcond.append ((i, One_Counter % 4))
727

728 # URmult is a list that keeps track of the multiplicities of the elements of UR.
729
730 URmult = []

731 for (i,j) in URcond:

732 count = 0
733 for k in UR:
734 if i1 == k:

735 count = count + 1
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URmult.append (((i,j), count))
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# URlen organizes URmult into collections based on number of matrix factors. (which affects
the constant out in front)
URlen = []

for i in range (2*p*q+1):
URlen.append ([])

for ((j,k),1) in URmult:
URlen[len(j)].append (((j,k),1))

for i in range(27q):
for j in range(27q):
r_1Eval[i, j] = (I*sqrt(2*pi))*r_1Evalli, jl

# Labelling r_1 and r_2 so that they can be called upon and computed from Rnew’s

arrangements.

RListTracker = {(i): var("R_{}".format(i), latex_name="R_{{}}".format(i)) for i in range

(1,3)%}
RListTracker [1] = r_1Eval
RListTracker [2] = r_2Eval

# Intiailizing a mixed form identity matrix.

Idform = M.mixed_form(comp=([1]+P))

IdMat = matrix(M.mixed_form_algebra(), 2~q, 27q)

for i in range(27q):

IdMat [i,i] = Idform

# Setting up the first two terms of the taylor expansion of exp,
because it vanishes in the

# supertrace(s).

E = IdMat+r_2Eval

# This computes the actual product of the powers of r_1+r_2, but
previous programs, we run this with

# UR2q2 making it faster to compute the 2q-2 degree part of nu.

for i in range (2, 2xp*q+1):
fac = factorial(i)

for ((j,k),1) in URlen[i]:

however we don’t write r_1

instead of using URlen in
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prod = IdMat
for m in j:
prod = prod*RListTracker [m]
if == 0:
E += (prod.apply_map(lambda s: 1*((1/fac))x*s))
else:
E += (prod.apply_map(lambda s: -1*((1/fac))x*s))
SuperTrace = 0
for i in range(q+1):
if (i % 2) == 0:
for j in range(binomial(q, i)):
SuperTrace += E[j+F(i), j+F(i)]
else:
for j in range(binomial(q, i)):

SuperTrace -= E[j+F(i), j+F(i)]

SuperTraceN = 0
for i in range(q+1):
if (4 % 2) == 0:
for j in range(binomial(q, i)):
SuperTraceN -= i*E[j+F(i), j+F(i)]
else:
for j in range(binomial(q, i)):

SuperTraceN += i*E[j+F(i), j+F(i)]

# Setting up the scalar term.

r_00 =0
for i in range(q):

r_00 += (SVEstr[i+1,0]*svel[i])

r_ 0 = r_00.subs({x[j] : 0 for j in range (2*%p*q)l})
r_0 = (-2xpi)*r_0

QQ = 0
for i in range(p):

QQ += v[(0, i)I=*v[(1, i)]
for i in range(p, p+q):

QQ -= v[(0, i)I*v[(1, i)]

# We give Phi and Nu only in the relevent degrees.

; Phi = exp(-pi*QQ)*((I/(2*pi))~q)*exp(r_0)*SuperTrace [2*q]

Nu = exp(-pi*QQ)*((I/(2*pi))~(q-1))*exp(r_0)*SuperTraceN[2*(q-1)]

CHAPTER 4. THE CODE

# Defining the pieces of the operators to act on Phi and Nu, which suffices for the
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eigenvalue conditions.

823 Phi.display (eU)

824 def Dp(i,j,k,f):

825 return ((v[(i,k)I*£f)+((1/pi)*diff(f,v[(j, k)1)))
826

827 def Dm(i,j,k,f):

828 return ((v[(i,k)]I*£f)-((1/pi)*diff(£f,vI[(j, k)I1)))
829

830 def Opr_Alphal (f):

831 Sum = 0

832 for i in range(p):

833 Sum += Dm(1,0,i,Dp(0,1,i,£))
834 return ((pi)/2)*Sum

835

836 def Opr_Alpha2(f):

837 Sum = 0

838 for i in range(p):

839 Sum += Dm(0,1,i,Dp(1,0,i,f))
840 return ((pi)/2)*Sum

841

842 def Opr_Mul(f):

843 Sum = 0

844 for i in range(p,p+q):

845 Sum -= Dm(0,1,i,Dp(1,0,i,£))
846 return ((pi)/2)*Sum

847

848 def Opr_Mu2(f):

849 Sum = 0

850 for i in range(p,p+q):

851 Sum -= Dm(1,0,i,Dp(0,1,i,£))
852 return ((pi)/2)*Sum

853

854 def OP(f):
855 return Opr_Alphal (f)+0pr_Alpha2(f)+0pr_Mul (f)+0pr_Mu2(f)+(p-q)*f

857 # Here we break the very operators from above open into different pieces in order to analyze
the separate actions, which in turn

858 # should help us prove the r>1 case for Phi.

859

860 PhiPart_Alphal = [M.diff_form(2*q, name=’PhiPartAlphal_{}’.format(i)) for i in range(len(
WedgeList [2%q]))]

861 for j in range(len(WedgeList [2*ql)):

862 PhiPart_Alphal[j]l[WedgeList [2xq][j]l] = Opr_Alphal (Phi[WedgeList [2*q]l[j]].expr())
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OprPhi_Alphal = 0
for k in range(len(WedgeList [2*%q])):
OprPhi_Alphal += PhiPart_Alphal [k]

PhiPart_Alpha2 = [M.diff_form(2%q, name=’PhiPartAlpha2_{}’.format(i)) for i in range (len(
WedgeList [2xql))]

for j in range(len(WedgeList [2%ql)):
PhiPart_Alpha2[j][WedgeList [2*xq][j]] = Opr_Alpha2(Phi[WedgeList [2*%q][j]l].expr())

OprPhi_Alpha2 = 0

3 for k in range(len(WedgeList [2xql)):

OprPhi_Alpha2 += PhiPart_Alpha2 [k]

PhiPart_Mul = [M.diff_form(2*q, name=’PhiPartMul_{}’.format(i)) for i in range(len(WedgeList
[2*xq]))]

for j in range(len(WedgeList [2%ql)):
PhiPart_Mul [j] [WedgeList [2¥q][j]] = Opr_Mul (Phi[WedgeList [2xq][j]].expr())

OprPhi_Mul = 0

for k in range(len(WedgeList [2%ql)):
OprPhi_Mul += PhiPart_Mul [k]

PhiPart_Mu2 = [M.diff_form(2*q, name=’PhiPartMu2_{}’.format(i)) for i in range(len(WedgeList
[2%q]))]

for j in range(len(WedgeList [2%ql)):
PhiPart_Mu2[j][WedgeList [2xq][j]] = Opr_Mu2(Phi[WedgeList [2*ql[jl].expr())

OprPhi_Mu2 = 0

for k in range(len(WedgeList [2*%q])):
OprPhi_Mu2 += PhiPart_Mu2 [k]

if OprPhi_Alphal == g*Phi:

print (’Eigen’)

else:
print (’no?)
if OprPhi_Alpha2 == qg*Phi:
print (’Eigen’)
else:
print (’no?)
if OprPhi_Mul == 0:
print (’killed’)
else:
print (’no?)
if OprPhi_Mu2 == 0:

print(’killed’)

else:
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print (’no?)

# Here we break the very operators from above open into different pieces in order to analyze

the separate actions, which in turn

# should help us prove the r>1 case for Nu.

== 1:

OprNu_Alphal = Opr_Alphail(Nu.expr ())

else:

NuPart_Alphal = [M.diff_form(2*(q-1), name=’NuPart_{}’.format(i)) for i in range(len(
WedgeList [2x(q-1)1))]
for i in range(len(WedgeList [2*(q-1)1)):
NuPart_Alphal[i] [WedgeList [2%(q-1)]1[i]] = Opr_Alphal (Nu[WedgeList [2*¥(q-1)][i]].expr
0)
OprNu_Alphal = 0
for i in range(len(WedgeList [2*¥(qg-1)1)):
OprNu_Alphal += NuPart_Alphail[i]

if q == 1:

OprNu_Alpha2 = Opr_Alpha2(Nu.expr ())

else:

NuPart_Alpha2 = [M.diff_form(2*(q-1), name=’NuPart_{}’.format(i)) for i in range(len(
WedgeList [2x(q-1)1))]
for i in range(len(WedgeList [2*(q-1)1)):
NuPart_Alpha2[i] [WedgeList [2*(q-1)][i]] = Opr_Alpha2(Nul[WedgeList [2%(q-1)][i]].expr
0)
OprNu_Alpha2 = 0
for i in range(len(WedgeList [2%(q-1)1)):
OprNu_Alpha2 += NuPart_Alpha2[i]

if q == 1:

OprNu_Mul = Opr_Mul (Nu.expr())

else:

NuPart_Mul = [M.diff_form(2*(q-1), name=’NuPart_{}’.format(i)) for i in range (len(
WedgeList [2x(q-1)1))]
for j in range(len(WedgeList [2*(q-1)1)):

NuPart_Mul[j][WedgeList [2%(q-1)][j]l] = Opr_Mul (Nul[WedgeList[2*x(q-1)]1[j]].expr())
OprNu_Mul = O
for k in range(len(WedgeList [2%(g-1)1)):

OprNu_Mul += NuPart_Mul [k]

q == 1:

OprNu_Mu2 = Opr_Mu2(Nu.expr())

else:

NuPart_Mu2 = [M.diff_form(2*x(q-1), name=’NuPart_{}’.format(i)) for i in range(len(
WedgeList [2x(q-1)1))]
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for j in range(len(WedgeList [2*(q-1)1)):
NuPart_Mu2[j][WedgeList [2%x(q-1)1[j]l] = Opr_Mu2(Nu[WedgeList [2*x(q-1)1[jl].expr())
OprNu_Mu2 = 0
for k in range(len(WedgeList [2%(q-1)1])):
OprNu_Mu2 += NuPart_Mu2 [k]

if OprNu_Alphal == (q-1)*Nu:
print (’Eigen’)
else:

print (’no?)

if OprNu_Alpha2 == (q-1)=*Nu:
print (’Eigen’)
else:

print (’no?)

if OprNu_Mul == 0:
print (’killed’)
else:

print (’no?)

if OprNu_Mu2 == 0:
print(’killed?’)

else:
print (’no?’)

# Here begins the r = 2 code.

# We want to deal with the case when r>1 now, so we set up a list of r vectors indexed by
the first coordinate, the second

# controls conjuagtion, and the third is the component. That is, vr[i,0,k] is the kth
component of the ith vector, and v[i,1,k]

# is its conjugate.

vr = {(i,j,k): var("v_{}{}{}".format(i,j,k), latex_name="v_{{{}{}{}}}") for i in range(2)
for j in range(2) for k in range(p+q)}

# Everything seems to work fine here, but in other versions it doesn’t like that we index
the scalar part of PhiForm and NuForm.

# This should get changed eventually, but for now I’ll just focus on updating it in Copyb-

Copy2.

# Now we set up a protocol to compute Phi(v_i), by simply replacing the instances of vl[i,j]
with the appropriate instance of

# vrlj,k,1]. So we want a list Phiv[i], each of which is a mixed form, being Phi with all
the v[i,j] swapped out. Thus we

# first need to build differential forms for each component.
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# Then we set-up the differential forms.

PhivForm = M.diff_form(2*q)

NuvForm = M.diff_form(2*x(q-1))

for k in WedgeList [2*q]:
PhivForm[k] = ((Phi[k].expr()).subs({v[0,1] : vr[0,0,1] for 1 in range(p+q)})).subs ({v
[1,m] : vr[0,1,m] for m in range(p+q)l})

if q == 1:
NuvForm = ((Nu.expr()).subs({v[0,1] : vr[1,0,1] for 1 in range(p+q)})).subs({v[1,m] : vr
[1,1,m] for m in range(p+q)})

else:
for k in WedgeList [2*%(g-1)]:

NuvForm[k] = ((Nulk].expr()).subs({v[0,1] : vr[1,0,1] for 1 in range(p+q)})).subs ({v
[1,m] : vr[1,1,m] for m in range(p+q)})

# In the original we compute Nu(v), but We’ll set up a List NuV, where NuV[i]l is the i’th
term, that is
# NuV[il=Nu(v_i)~Phi(v_1)~..."Phi(v_{i-1})"Phi(v_{i+1})~... Phi(v_r).

# However, we really only care about the piece with highest weight, being NuV[r-1]

if q == 1:
NuV = NuvForm*PhivForm
else:
NuV = NuvForm.wedge (PhivForm)
# Here we try to develop the operators for Appendix B Funke-Hoffman, that may may analyze r

>il First we define delta functions.

delta = matrix (SR, 2, 2)

for i in range(2):
deltali,i] = 1

# Now we start to build the operators piece by piece. Since it doesn’t affect the form
degree, we can first define the operator

# as acting on the scalar parts, and then worry about stitching it together into a mixed

form.

# This first operator is the terms of the sum of for the first p terms.

def WO0a(i,j,f):
Sum = 0
for k in range(p):
Sum += vr[j,1,kl*(vr[i,0,k]l*f+(1/pi)*diff(f,vrli,1,k])) - (1/pi)*diff(vr[i,0,k]*f
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def

# 0k

Kila

for

prin

Kilu

# No

# HO

# if

for
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+(1/pi)*diff (f,vr[i,1,k]),vr[j,0,k])
for 1 in range(p,p+q):
Sum -= vr[i,0,11*(vr[j,1,11*f+(1/pi)*diff(f,vr[j,0,11)) - (1/pi)*diff(vrl[j,1,1]*f
+(1/pi)*diff (f,vr[j,0,1]1),vr[i,1,1])
return ((pi/2)*Sum + ((p-q)/2)*deltali,jlxf)

Wou(i,j,f):
Sum = 0
for k in range(p):
Sum+= vr[i,0,k]*(vr[j,1,k]l*f+(1/pi)*diff(f,vr[j,0,k])) - (1/pi)*diff(vr[j,1,k]l*£f+(1/
pi)*diff(£f,vr[j,0,k]1), vrli,1,k])
for 1 in range(p,p+q):
Sum -= vr[j,1,11*%(vr[i,0,1]1*f+(1/pi)*diff(f,vr[i,1,11)) - (1/pi)=*diff (vr[i,0,11x*f
+(1/pi)*diff(f,vr[i,1,1]1), vr[j,0,1])
return -((pi/2)*Sum - ((p-q)/2)*deltali,jl*f)
ay... Things are going weird here with the roots, trying to find out when they really

get killed.

= True

i in WedgeList [2*(2%q-1)1]:

if (W0a(1,0,NuV[i].expr())).expand() == O:
pass
else:
print (i)
Kila = False
t(Kila)
= True
te that there’s an issue here with Sage sometimes the comparison (esp. for forms) !=0
will not register correctly,
WEVER for some reason == always works, or at least it seems to. Therefore, in the below
I have made a fairly silly looking
statement to basically use != via ==.
i in WedgeList [2%(2%q-1)]:
if (WOu(0, 1,NuV[i].expr())).expand() == O0:
pass
else:
print (i)

Kilu = False

1053 print (Kilu)
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