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 ABSTRACT 

 

In this study, a total of twelve beams continuous over two spans of 2,800 mm each were 

constructed and tested to failure. The beams were divided into two series.  Series 1 included six 

T-beams under symmetrical loading, while Series 2 dealt with six rectangular beams under 

unsymmetrical loading conditions. In Series 1, the test variables included material type, assumed 

percentage of moment redistribution, spacing of lateral reinforcement in flange, arrangement of 

shear reinforcement, and serviceability requirements. In Series 2, three different loading cases 

were considered, I) loading both spans equally, II) loading both spans maintaining a load ratio of 

1.5 and III) loading one span only. Under the loading case II, the parameters of reinforcing 

material type, assumed percentage of moment redistribution and serviceability requirements 

were investigated. 

The test results of both series showed that moment redistribution from the hogging to the sagging 

moment region took place in GFRP-RC beams which were designed for an assumed percentage 

of moment redistribution. In Series 1, the decrease of the stirrups spacing from 0.24d to 0.18d 

enhanced the moment redistribution percentage. Also, decreasing the spacing of lateral 

reinforcement in the flange from 450 to 150 mm improved the moment redistribution through 

enhancing the stiffness of the sagging moment region. In Series 2, the unsymmetrical loading 

conditions (loading case II and III) reduced the moment redistribution by reducing flexural 

stiffness in the heavily loaded span due to extensive cracking. Regarding serviceability in both 

series, the GFRP-RC beam designed for the same service moment calculated from the reference 

steel-RC beam, was able to meet the serviceability requirements for most types of the structural 

applications. 
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NOTATIONS 

𝐴 = Area of reinforcement, mm
2
; 

𝑐 =Neutral-axis depth, mm; 

𝑑 = Effective depth of section, mm; 

𝑑𝑣 = Effective shear depth, mm; 

𝐸 = Modulus of elasticity, GPa;  

𝑓𝑐
′ = Concrete compressive strength, MPa; 

𝐼 = Moment of inertia, mm
4
; 

𝐼𝑐𝑟 = Cracking moment of inertia, mm
4
; 

𝐼𝑒 = Effective moment of inertia, mm
4
; 

𝐼𝑔 = Gross moment of inertia, mm
4
; 

𝐼𝑡 = Moment of inertia of section transformed to concrete, mm
4
; 

𝑘𝑠 = Coefficient regarding the effect of member size on shear strength; 

𝑘𝑟 = Coefficient regarding the effect of reinforcement rigidity on shear strength; 

𝐿 = Length of the span, mm; 

𝑀𝑎 = Applied moment at a certain loading level, kN.m; 

𝑀𝑐𝑟 = Cracking moment, kN.m; 

𝑛𝑓 = Ratio of elastic modulus of FRP to that of concrete; 

𝑆𝑧𝑒 = Equivalent crack spacing parameter; 

 𝑦𝑡 = Distance from the centroid to the extreme tensile fibre, mm; 

𝑧 = Quantity limiting distribution of flexural reinforcement bars; 

𝛽𝑑= Modification factor related to the reduced tension stiffening in FRP-RC members; 

𝛾𝐺 = Reduction factor of deflection in cracked phase; 

𝜌𝑓 = Ratio of FRP reinforcement; 

𝜌𝑓𝑏 = Balanced reinforcement ratio; 

 = Density factor; 
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𝜇𝜑 = Curvature ductility index; 

𝜑𝑢 = Curvature at ultimate condition, 1/mm; 

𝜑𝑦 = Curvature at yield condition, 1/mm; 

𝜇𝜃 = Rotation ductility index; 

𝜃𝑢 = Rotation at ultimate condition; 

𝜃𝑦 = Rotation at yield condition; 

𝜇∆ = Deflection ductility index; 

∆𝑢= Deflection at ultimate condition, mm; 

∆𝑦= Deflection at yield condition, mm; 

 = Percentage of moment redistribution; 

𝜀𝑥, 𝑎𝑛𝑑 𝜀𝑙 = Longitudinal strain at the mid-depth of the cross-section; 
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CHAPTER 1: INTRODUCTION 

CHAPTER 1 - INTRODUCTION 

 

 

1.1 GENERAL  

Conventional steel reinforced concrete (RC) structures are continuously facing challenges to 

keep the structural soundness and integrity in harsh environmental conditions. Thus, the 

contact with sulphates, chlorides, and other corrosive environmental agents is progressively 

reducing the durability of these structures during their service life as a result of materials 

degradation, most often governed by corrosion of the steel bars (Apostolopoulos and Papadakis 

2007). Though the increased alkalinity of cement provides the temporary protection for steel, 

the alkaline environment of concrete gets neutralised with time because of being exposed to 

environmental attack. So, sooner or later, the alkaline properties of concrete get reduced and it 

again leads to steel corrosion and concrete spalling (Holland 1997). That is why different codes 

of practice prescribe using thick concrete cover to reduce the crack width and permeability. 

Sometimes, the efficiency of solutions such as concrete surface protective coatings to stop the 

ingression of CO2 and water soluble chemicals, corrosion resistant admixtures as well as epoxy 

coating and galvanizing of reinforcement was examined. In addition, cathodic protection that 

utilizes an electric current or sacrificial anode was found to be a more innovative approach to 

protect the reinforcing bars (Allen and Edwards 1987). 

Most of these techniques are inefficient or partially succeeded (Razaqpur and Kashef 1993). 

Therefore, this kind of structural deterioration has led to the search for new materials and 
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solutions for complete substitution of steel as a reinforcing material in new construction to 

avoid corrosion related problems. In this context, fibre reinforced polymer (FRP) bars have 

emerged as a viable alternative to conventional steel reinforcement since they offer several 

important mechanical properties over normal steel bars. Excellent resistance against corrosion, 

electromagnetic neutrality, higher tensile strength, and light weight property have made civil 

and structural engineers to choose this material as reinforcement for concrete structures since 

early 1990s. 

In practice, most of the civil engineering structural elements are statically indeterminate in 

nature. Eventually, these indeterminate reinforced concrete elements are also very common in 

structures such as parking garages, overpasses, and marine structures which are usually 

exposed to extreme and harsh weathering conditions. Due to the difference in physical and 

mechanical characteristics between steel and FRP bars, the design provisions developed for 

steel-RC structures can't be applied to FRP-RC structures. Extensive experimental and 

analytical studies were conducted on the applicability of FRP for the purpose of strengthening 

and retrofitting works. Moreover, much research investigated the prospects of FRP bars as 

internal reinforcement in new structures; however, the focus was mainly on the behavior of 

simply-supported structural elements (Benmokrane et al. 1996a, Vijay et al. 2001, Mosley et al. 

2008, Rafi et al. 2009, Wang et al. 2011, Issa et al. 2011). On the contrary, limited research on 

the behavior of continuous beams has been done especially on the topics related to 

deformability and moment redistribution (Mostofinejad 1997, Grace et al. 1998, Habeeb and 

Ashour 2008, El-Mogy et al. 2010 and 2011, Santos et al. 2013, Mahmoud and El-Salakawy 

2014 and 2016). Regarding geometrical configuration, most of the investigations were 

dedicated to the beams with rectangular sections. Very few studies (Grace et al. 1998, Santos et 
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al. 2013) investigated the behavior of continuous beams with T-sections. In addition, all 

previous studies on FRP-RC continuous beams were carried out under symmetrical loading 

arrangements. However, from the practical point of view, live loads intensity is most likely to 

vary from one span to another of a continuous beam depending on the type and distribution of 

occupancy on the floor/roof structural system. Therefore, the adjacent spans of a continuous 

beam can be subjected to unsymmetrical loads. 

1.2 PROBLEM DEFINITION  

Ductility is a very desirable and advantageous structural feature of RC structures. It is defined, 

for steel-RC members, as the ability to sustain inelastic deformations after yielding without 

loss of load carrying capacity. However, the corresponding behavior for FRP-RC members is 

called “deformability”, which is defined by the J-factor (Jaeger et al. 1995, Mufti et al. 1996, 

Vijay et al. 1996). The deformability of FRP-RC elements allows the potential plastic hinge to 

form in the critical sections. Thus, the redistribution of internal stresses and moments is a 

logical consequence of ductility and deformability. Moment redistribution is the result of 

changes in the distribution of flexural stiffness along the span, particularly the ratio of stiffness 

of adjacent critical sections. The advantages of moment redistribution include having a 

favourable deformable behavior, utilizing the full capacity of adjacent sections of the span, 

reducing reinforcement congestion in beam-column joints, narrowing the envelope of demand 

moments and thus, reducing the amount of longitudinal reinforcement required. 

The concept of moment redistribution in steel-RC elements is well-established (Ernst 1958; 

Mattock 1959; Rodriguez et al. 1959; Bryant et al. 1962; Scholz 1993; Carmo and Lopes 2008) 

and is recognized in many codes such as ACI 318-14 (2014) and CSA A23.3-14 (2014b). 

When conventional steel is used as reinforcement, the steel yielding results in most of the 
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moment redistribution; however, several studies (Scholz 1993 and Carmo and Lopes 2008) 

reported that after the formation of cracks and before yielding of the steel, at the critical 

sections, moment redistribution is likely to occur due to the difference in flexural stiffness 

along the beam. On the other hand, FRP bars do not yield rather they behave in a linear-elastic 

manner until failure. This property raised concerns about the ability of FRP-RC members to 

redistribute moments between the critical sections. However, moment redistribution in such 

elements was reported in many studies (Mostofinejad 1997; Habeeb and Ashour 2008; El-

Mogy et al. 2010, 2011; Matos et al. 2011; Kara and Ashour 2013; Santos et al. 2013; 

Mahmoud and El-Salakawy 2014, 2016). In these studies, parameters such as material type, 

reinforcement ratio and configuration, concrete strength, stirrup spacing in the context of 

beams with rectangular and T-section were investigated; however, the beams were tested under 

symmetrical loading conditions.  

From the geometrical perspective, contrary to rectangular beams, beams with T-sections have 

lower section modulus (I/y ratio, where I is the gross moment of inertia and y is the distance 

from the centroid to the extreme fiber in tension) at the sagging moment section than that at the 

hogging moment section. Since cracking moment/load is proportional to the section modulus, it 

is expected that flexural cracks form in the sagging moment region before the hogging moment 

region for beams with T-sections. This results in a reduced flexural stiffness in the sagging 

moment region and consequently reversed moment redistribution. On the other hand, in the 

post-cracking stage, the section over middle support behaves as a rectangular section while the 

section at mid-span region behaves as a T-section and this makes the sagging region stronger 

than the hogging region which results in normal moment redistribution from the hogging to the 

sagging moment region. These differences in behavior raise a concern about the amount and 
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direction of moment redistribution and the overall performance of continuous concrete beams 

with T-sections. In addition, for the over-reinforced sections, moment capacity doesn’t increase 

proportionately with the amount of longitudinal reinforcement. Therefore, in case of 

unsymmetrical loading condition, the sagging region with higher load would be designed as 

highly over-reinforced, which consequently makes it a stiffer region compared to the adjacent 

hogging region. This implies that internal load is expected to redistribute from the hogging to 

the sagging region. However, due to higher elastic moment, widespread cracks produced and 

distributed along the higher load span can significantly reduce the effective flexural stiffness. 

Thus, normal moment redistribution process can get negatively affected. 

This study aims at investigating the behavior and the possibility and extent of moment 

redistribution of large-scale GFRP-RC beams in two different series.  The first series focusses 

on beams with T-sections under symmetrical loading whereas the second series mainly 

investigates the rectangular beams under different loading conditions.  

1.3 RESEARCH SIGNIFICANCE  

The ductility and moment redistribution of steel-RC continuous beams is well established, and 

many codes around the world provide the provisions of moment redistribution for designing 

concrete structures. On the other hand, current design codes and guidelines for FRP-RC 

structures such as: CSA/S806-12, ACI 440.1R-15, don't allow moment redistribution for 

continuous beams due to incomplete understanding and lack of test data in this regard. So far, 

as described earlier, some studies presented the findings such that moment redistribution in 

FRP-RC elements is possible. However, most of the investigations were focused on rectangular 

beams subjected to symmetrical loading. To date, no study was found regarding unequally-

loaded FRP-RC beams. Therefore, this study is intended for better understanding of 
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deformability and moment redistribution in the context of T-beams along with beams subjected 

to unsymmetrical loading. 

1.4 OBJECTIVES 

The main objectives of this research are: 

 Investigating the ductility and deformability of GFRP-RC continuous T-beams 

subjected to symmetrical loading. 

 Examining the moment redistribution of GFRP-RC continuous T-beams subjected to 

symmetrical loading. 

 Evaluating the deflection response of GFRP-RC rectangular beams under the different 

loading conditions. 

 Examining the moment redistribution of GFRP-RC rectangular beams under different 

loading conditions. 

The main objectives mentioned above can be obtained through the specific objectives which 

investigate the effect of the following parameters, well known to influence the flexural 

behavior of continuous beams:  

 Type of reinforcing bars  

 Longitudinal reinforcement configuration based on moment redistribution 

 Spacing of transverse reinforcement  

 Spacing of lateral bars in T-beam flange  

 Serviceability of GFRP-RC beam 

 Loading ratio 
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1.5 SCOPE OF WORK 

The scope of this study was restricted to large-scale T-beams under symmetrical loading and 

rectangular beams subjected to unsymmetrical loading. In both cases, beams were continuous 

over two equal spans. All test beams, except reference beam, were longitudinally and 

transversely reinforced with sand-coated GFRP bars and stirrups, respectively. During testing, 

all beams were subjected to monotonic concentrated loads until failure occurred. 

1.6 METHODOLOGY  

Based on the problems, concerns and the objectives mentioned in the earlier section, the 

experimental scheme is divided into two series, namely Series 1 and Series 2. Series 1 includes 

a total of six continuous T-beams where five beams are GFRP-RC in addition to one steel-RC 

as control beam. The section of the beams has overall depth of 300 mm, effective flange width 

of 600 mm, flange thickness of 100 mm, and web width of 200 mm. The beams are subjected 

to symmetrical loading and tested to failure.  

Series 2 also consists of six rectangular beams (200  300 mm) which are subjected to three 

loading conditions, such as I) loading both spans equally, II) loading both spans unequally 

(loading ratio of 1.5), and III) loading one span only. One beam in loading condition I and III, 

and four beams in loading condition II were investigated. The reinforcing material type, the 

longitudinal reinforcement ratio and the serviceability requirements were studied under the 

loading condition II.  Mode of failure, cracking pattern, crack-width, strain variation, load-

deflection, and deformability and moment redistribution are studied to have the understanding 

of the overall beam performances. 
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1.7 THESIS ORGANIZATION    

This thesis consists of six chapters as follows: 

Chapter 1 introduces the problem definition, the specific scope and objectives of the research, 

and the methodology followed to achieve these objectives. 

Chapter 2 provides the information about FRP composites and their constituent materials, the 

theoretical background on deflection, deformability and moment redistribution, and the review 

and summary of the previous researches regarding these structural features. 

Chapter 3 describes about the experimental program which includes the longitudinal and cross-

sectional profile of the test beams, the material properties and reinforcement details. It also 

gives an overview on the instrumentation and test set up and the testing procedure. 

The analysis and discussion of the experimental data of the test beams are presented in 

Chapters 4 and 5. The structural performance based on strain profile, load-crack width 

relationship, load-deflection response and deformability, and moment redistribution of each 

beam was evaluated and compared with another to understand the effect of the variables on 

performance. 

A summary of the major findings and conclusions regarding the test results is presented in 

Chapter 6. In addition, the scope of future works is recommended in this chapter. 

Both flexural and shear design of the test beams of Series 1 and 2 are demonstrated in 

Appendix A and B, respectively, using the provisions of code and guideline as applicable. 
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CHAPTER 2: LITERATURE REVIEW 

CHAPTER 2 – LITERATURE REVIEW 

 

 

2.1 GENERAL 

A significant number of existing infrastructures around the world are being negatively affected 

by corrosion of steel reinforcing bars. To increase the longevity and the protection from further 

deterioration by corrosion, now-a-days, FRP is increasingly being used as a viable solution. 

More research is needed to have better understanding of the behavior of FRP-RC continuous 

beams because some major issues related to deformability and moment redistribution are still 

not fully explored. In this chapter, material characteristics of FRP reinforcing bars are 

summarized, then, a brief discussion over the structural behavior of both conventional steel-RC 

and FRP-RC beams under symmetrical and unsymmetrical loading is presented with the main 

factors affecting their behavior. In addition, some experimental studies investigating the 

deformability and moment redistribution of FRP-RC continuous beams are described in the last 

sections of this chapter. 

2.2 BASIC CHARACTERISTICS OF FRP REINFORCEMENT  

2.2.1 Tensile Strength 

Ultimate tensile strength of FRP bars exceeds that of conventional steel bars, as shown in Fig. 

2.1. In addition, FRP bars show no yielding plateau, unlike steel bars, and behave linear-elastic 

till failure. The main factors that influence the tensile strength and tensile modulus of FRP are 

properties of fibre and matrix and its volume fractions, distribution of the fibres in the matrix, 
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physical and chemical interactions, fabrication procedure and manufacturing quality control, 

size, and cross-sectional area of fibres. Bond performance of matrix also affects the strength of 

FRP.  

  

Figure 2.1: Tensile strength of typical FRP with steel bars 

Malvar (1995) studied four types of GFRP bar and each type had five specimens. Each type 

had different deformations but identical diameters. The author concluded that bar tensile 

strength gets reduced because of indentations and resulted kinks in the longitudinal fibres. In a 

similar study, Kocaoz et al. (2005) investigated four different types of GFRP bars with the 

same diameter, and total 32 bars from the same manufacturer were tested. The finding of the 

testing program showed that splitting of the fibres was found the controlling mode of failure.  
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2.2.2 Compressive Strength 

Generally relying on the compressive strength of FRP bar is not recommended because of its 

poor performance. Accurate experimental values of compressive strength of FRP are difficult 

to obtain as specimen geometry and testing program have high effect on the outcomes. Again, 

the properties of constituents and fibre volume fraction also control the modes of failure. The 

failure modes include micro buckling of fibres, transverse tensile fracture due to Poisson strain, 

and shear failure of fibres without buckling. 

In other words, compressive strength increases with increasing value of tensile strength, except 

for Aramid FRP bars where fibres have a nonlinear behavior in compression even at low levels 

of stress. The compressive modulus of elasticity of FRP bar is found to be smaller than tensile 

modulus of elasticity and the values are above 80% for GFRP, 85% for CFRP (ACI Committee 

440 2015). Lower values of the compressive modulus are attributed to the premature failures 

which result from the end brooming and internal fibre micro buckling. The manufacturer 

should provide the compressive properties of a particular bar and the method used to describe 

the properties as well. 

2.2.3 Shear Strength 

Matrix properties and local stress distribution govern the behavior of FRP bars under shear 

loading. In practice, the FRP reinforcing bars are subjected to transverse shear from transverse 

effect of loading. A significant increase in shear resistance can be gained by applying the 

technique of winding or braiding fibres transverse to the main reinforcing fibres. Using 

continuous strand mat in addition to longitudinal fibres, pultruded bars can also be 

strengthened (ACI Committee 440 2015). For the purpose of field application, shear properties 
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and details of test methods followed in characterization, should be obtained from the 

manufacturer. 

2.2.4 Bending of FRP Bars 

FRP bent bars are normally used for anchoring of longitudinal reinforcement, stirrups, and 

hooks. Bending of FRP bars are much more difficult compared to the steel bar. Currently, FRP 

reinforcing bars are fabricated using the thermosetting resin matrices and bending is carried out 

before the resin is fully cured because fully cured FRP bars are inflexible and rigid. At the 

same time, heating is not allowed to bend the bar because it would result in loss of strength due 

to decomposition of resin. Depending on the bending technique and type of resin, the strength 

varies greatly even though same fibre is used. Bent bars and hooks have to be ordered from the 

manufacturer. 

Minimum bend radius of bent bars is generally larger to prevent the significant weakening 

around the tight corner and that’s why, minimum allowable bend radius of FRP bars is 3.5 to 4 

times the bars diameter. So, around 50% strength reduction is assumed at the bend of bars 

(ISIS Canada, 2007).  

2.2.5 Bond Behavior of FRP Bars  

Bond behavior is important to develop the required resistance against the imposed load. Not 

only the mechanical properties but also the environmental conditions affect the bond 

properties. It also depends on the surface condition of the used bar, such as: sand-coated, 

braided, ribbed and helically wrapped. Benmokrane et al. (1996b) studied the bond strength of 

FRP bars with concrete, where twenty FRP-RC beams having 1100-mm span were constructed 

and a total of five pull-out tests were carried out. The authors found that the bond strength of 
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FRP in beams was less than that in specimens used in pull-out tests by a scale of 55% to 95% 

depending on diameter of the reinforcing bars. It was also concluded that GFRP bars showed 

60% to 90% less bond strength compared to steel bars because of having less surface 

interlocking with surrounding concrete. Besides, in this testing program, concrete compressive 

strength was not found to affect the bond strength between GFRP bars and concrete.  

Achillides and Pilakoutas (2004) studied the behavior of FRP bars in concrete by testing more 

than 130 cube specimens under the direct pullout condition where no splitting was allowed to 

occur. Again, bond strength of CFRP and GFRP were found to be similar and just below the 

bond strength of deformed steel bar. The authors also concluded that concrete compressive 

strength did not control the bond strength but interlaminar shear strength appeared to affect the 

bond strength. The bar with smaller diameter developed higher bond strength compared to that 

of higher diameter. 

2.3 BEHAVIOR OF STEEL-RC CONTINUOUS BEAMS 

2.3.1 General 

Behavior of steel-RC concrete beams at any level of load is most often characterized by 

moment-curvature relationship. At the lower level of loading, the moment-curvature 

relationship is linear and there are some changes in flexural stiffness along the beam because of 

cracking in the critical sections. However, after yielding at the higher level of loading, 

moment-curvature relationship becomes nonlinear and flexural stiffness changes significantly. 

Finally, it leads to redistribute the forces and moment between the critical sections.  
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2.3.2. Parameters Affecting the Behavior of Steel-RC Continuous Beams 

Some important experimental studies were carried out to find out the factors that usually affect 

the behavior of continuous steel-RC beams. The behavior of continuous beams is most often 

characterized by moment-curvature relationship, ductility and rotational capacity. Tension and 

compression reinforcement ratio, transverse reinforcement ratio and spacing, concrete 

compressive strength, sectional geometry, and shear-span-to-depth ratio are the main 

parameters to affect the moment-curvature relationship, and ductility of steel reinforced beam. 

In this literature, effect of longitudinal reinforcement ratio and confinement are discussed as 

this study includes the both parameters. 

2.3.2.1 Tension and Compression Reinforcement Ratio 

Moment-curvature relationship for both tension and compression controlled failure mode of 

continuous beam were studied by Park and Pauly (1975). Compression controlled beams 

showed the lower curvature relative to tension controlled beams since no contribution of 

ductility from yielding of steel bar was available. So, increasing the amount of tension steel 

decreased the ductile behavior of beams. Also, increasing the compression steel increased the 

ductility because it counters some part of total tension reinforcement. When beam is loaded 

beyond the service limit, plastic rotation of the critical section due to steel yielding contributes 

in shifting the moment from that calculated by linear elastic analysis. 

A total of twenty six continuous specimens were testes by Lin and Chen (2000). The main 

parameters studied were the ratio of transverse reinforcement, the tensile reinforcement ratio, 

the compressive reinforcement ratio and the concrete compressive strength. They found that 

increased compression steel with decreased tension steel improved the ductility. Increase of 

transverse reinforcement ratio significantly enhanced the section ductility. 
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2.3.2.2 Confinement 

Confinement of concrete affects the structural behavior, and providing more stirrups in 

compression-controlled critical sections increases the ductility of beams. The effect of 

transverse reinforcement ratio and spacing was studied by Rodriguez et al. (1959). The effect 

of continuity on shear strength was also one of the variables i.e. verifying the applicability of 

design equations used for simply-supported beams to design the shear requirement of 

continuous beams. Longitudinal reinforcement ratio and span-to-effective depth ratio were 

found the most significant factor, and four types of failure including diagonal tension, flexural, 

shear-compression, and splitting failure were reported in the study. Amount of transverse 

reinforcement recommended by code was adequate to resist the shear failure. 

Load carrying capacity of beams after diagonal tension cracks took place was influenced by the 

shear span length. Continuity of beam showed a clear indication of stress redistribution because 

yielding of steel in one of the critical sections transfer some moment to the adjacent critical 

section. It was also reported that shear failure even after yielding of steel is possible to occur. 

Lin and Chien (2000) conducted a research program in which confinement by shear 

reinforcement was one of the parameters. The authors concluded that increased confinement by 

increasing shear reinforcement resulted in higher ductility and consequently affected the 

moment redistribution to be higher. 

2.3.3 Plastic Rotation and Ductility 

The ductility of a steel-RC member is defined as the ratio of ultimate deformation to yield 

deformation. The deformation can be expressed as curvature or rotation or deflection. So, the 

definition of ductility can be any one of the followings: 
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𝜇𝜑 =
𝜑𝑢

𝜑𝑦
 

𝜑𝑢 = Curvature at ultimate condition, 𝜑𝑦 = Curvature at yield condition, 

𝜇𝜃 =
𝜃𝑢

𝜃𝑦
 

𝜃𝑢 = Rotation at ultimate condition, 𝜃𝑦 = Rotation at yield condition, 

𝜇∆ =
∆𝑢

∆𝑦
 

∆𝑢= Deflection at ultimate condition, ∆𝑦= Deflection at yield condition, 

Rotational capacity and ductility most often governs the flexural behavior of steel-RC beam at 

ultimate condition. For continuous beam, flexural behavior depends on the rotational capacity 

and ductility of not only a particular section itself but also adjacent critical sections. Several 

investigations have been done to study the rotational capacity and ductility of steel-RC beams 

and some are described here. 

Mattock (1965) conducted an investigation to find the rotational capacity of plastic hinge 

region of steel-RC continuous beams. The author concluded that curvature at ultimate 

condition was inversely proportional to neutral axis depth. It was also found that curvature was 

inversely proportional to the amount of tensile reinforcement and directly proportional to the 

amount of compression reinforcement. Since the concrete compressive strains were found to be 

higher than the assumed value of 0.003, inelastic rotation and curvature were greater than the 

expected rotation and curvature. Baker and Amarakone (1965) studied rotational capacity of 

steel-RC sections to have understanding regarding the moment-curvature characteristics. The 

parameters considered in this research work were grade of reinforcing material used, 

reinforcement ratio, loading pattern, axial and shear force, compression steel ratio. The 
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researchers found that equivalent plastic hinge length on either side of the middle support 

section was almost linear to the ratio of neutral axis-to-effective depth. Moreover, plastic hinge 

was found to get less affected by type of tension steel and grade of concrete. 

Carmo and Lopes (2008) carried out an experimental investigation to study the plastic rotation 

capacity of continuous beams constructed with high strength concrete. The main objective of 

this work was to clarify the doubts whether high strength concrete can demonstrate adequate 

behavior to satisfy the required ductility. The authors examined the effect of tensile 

reinforcement ratio and transverse reinforcement ratio on rotation capacity of the plastic 

hinges. The beams with tensile reinforcement ratio less than 2.9% redistributed moment 

without losing the deformation capacity. It was found that increasing the concrete compressive 

strength increased the plastic behavior tendency of the beam. In addition, it was found that the 

longitudinal reinforcement ratio has the most influence on the beam ductility. 

2.3.4 Moment Redistribution  

With the initiation of cracking in the critical sections of continuous steel-RC beam, the moment 

redistribution can be identified by observing the theoretical moment based on elastic theory and 

the experimental moment. In addition, moment redistribution again occurs with the plastic 

deformation resulting from yielding of steel bars. The degree of moment redistribution is 

defined as the amount of moment that transfers from a specific section to adjacent sections of a 

continuous structural element, as shown in Fig. 2.2. It is represented by the coefficient, and 

expressed as follows: 

𝜕 =
𝑀𝑟𝑒𝑑𝑢𝑐𝑒𝑑

𝑀𝑒𝑙𝑎𝑠𝑡𝑖𝑐
 

𝑀𝑟𝑒𝑑𝑢𝑐𝑒𝑑 = Reduced moment after moment redistribution, 
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𝑀𝑒𝑙𝑎𝑠𝑡𝑖𝑐 =Analysed moment based on elastic theory without moment redistribution. 

Percentage of moment redistribution, = 100(1 − 𝜕)% 

 

Figure 2.2: Moment redistribution from the middle support to the mid-span section 

 

Ernst (1958) studied the moment and shear redistribution in continuous beams subjected to 

extreme conditions of support settlement. In this study, five different loading conditions were 

taken into consideration, and in two of these loading conditions, only one span was loaded. In 

one of the loading conditions, all supports were in contact with beam from the beginning of 

loading. Two beams with reinforcement ratio of 0.016 and 0.027 were tested, and moment 

redistribution of 16.3 and 13.02% were noticed from the mid-span to the middle support 

section. Also, in other loading condition where exterior support was not in contact with beam 

until yielding developed in the mid-span, three beams with three different reinforcement ratios 
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(0.008, 0.016, and 0.027) were investigated. Again, moment redistribution ranging from 6.8 to 

11.9% was observed.  

Mattock (1959) conducted two series of continuous beams to study the moment redistribution. 

One series included four two span continuous beams with cross section of 102 × 229 mm and 

span of 3.962 m while another series dealt with two span T-beams with a flange thickness of 89 

mm, flange width of 279 mm, web width of 114 mm, and an overall height of 356 mm. In the 

first series, one beam was designed based on elastic analysis while the rest were designed 

assuming 9.4, 17.2 and 30.4% moment redistribution, respectively. The author reported that 

moment was redistributed at the stage of working load i.e. before the yielding stress. The 

amount of redistribution at service load stage was slightly more than one quarter of the 

assumed value of moment redistribution in design. Redistribution of moment was not found to 

have significant influence on the ultimate load bearing capacity of the continuous beams, and 

up to 25% moment redistribution, it didn’t affect the performance of the specimens in both 

service and ultimate stages. 

Scholz (1993) carried out a theoretical study to find out the effect of section stiffness and 

slenderness and it’s variation along the span, and proposed the definition of moment 

redistribution. The author derived a relation that accounts for the percentage of moment 

redistribution and neutral-axis-to-effective depth ratio (
𝑐

𝑑
)  at ultimate. It was concluded that 

assumption of uniform stiffness after cracking no longer exists. The variation of stiffness along 

the span might change the elastic moment diagram and affects the moment-curvature 

relationship. 
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Scott (1997) investigated the moment redistribution of 5.2 m long continuous beam with 300 

mm width, and variable depth (400 mm, 250 mm, and 150 mm). Maximum concrete 

compressive strength of the specimens was 110 MPa and he showed that moment redistribution 

in continuous beams can be identified in four stages. First stage is up to the first cracking, it 

showed small percentage of redistribution due to stiffness variations resulting from different 

amount of reinforcement in the critical sections. Second stage is formation of first flexural 

cracking; this crack reduced the stiffness of support section considerably, relative to that of the 

uncracked sections, which caused sudden increase in the magnitude of redistribution 

percentage. Third stage is up to the formation of all major cracks, a zone of fairly constant 

redistribution was observed once all major cracks had formed, and a stable distribution of 

flexural stiffness established. Fourth stage is reinforcement yielding that lead to a local 

reduction in flexural stiffness which, together with plastic rotation and more slip, resulted in 

further changes in relative stiffness and increased levels of moment redistribution.  

To have better understanding of moment redistribution, Carmo and Lopes (2006) studied the 

factors affecting the moment redistribution. The authors argued that the required plastic 

rotation to ensure moment redistribution should be smaller or equal to available plastic 

rotations. The required plastic rotation is determined based on deformation compatibility 

conditions. Therefore, moment redistribution should be calculated based on overall member 

behavior instead of section behavior. The authors addressed some factors affecting the plastic 

rotation such as concrete compressive strength, size and shape of cross-section, shear 

reinforcement ratio, slenderness of member, and longitudinal reinforcement. The authors 

concluded that higher compressive strength would require higher rotation, and the continuous 
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beams with concentrated load at mid span would require less plastic rotation compared to that 

required by uniformly loaded continuous beams. 

2.4. BEHAVIOR OF FRP-RC CONTINUOUS BEAMS 

2.4.1 General 

The behavior of fiber reinforced polymer (FRP)-reinforced concrete (RC) beams depends on 

the mechanical properties of FRP as well as concrete used in the structural element. The FRP 

bars show linear stress-strain relationship up to failure. This is the main reason for the different 

behavior of FRP-RC sections compared to that of conventional steel-RC sections. Furthermore, 

the behavior of continuous beam is significantly depends on the behavior of adjacent critical 

sections of the element.  

In this chapter, a brief discussion on the flexural and the shear behavior of FRP-RC continuous 

beam is presented with the main factors affecting the behavior. In addition, the available 

experimental studies investigating the ductility and moment redistribution of FRP-RC 

continuous beams are described in the last sections of this chapter. 

2.4.2 Deflection Behavior 

One of the major serviceability concerns for GFRP-RC beams is deflection. The GFRP-RC 

elements with similar reinforcement ratios to steel-RC counterparts show higher deflection 

because of the lower modulus of elasticity of GFRP bars compared to that of conventional 

steel. There are two different approaches for calculating the deflection; one is based on 

effective moment of inertia while the other one is curvature integration approach. There are 

several models available for calculating the effective/equivalent moment of inertia of the 

element and some of them are described here.  
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The model of ISIS Canada (2007) assumes a uniform moment of inertia instead of actual 

variable moment of inertia along the beam span to calculate the deflection. Large number of 

formulations for effective moment of inertia were examined by Mota et al. (2006) and the 

following expression gave the most consistent and conservative result over the entire range of 

specimens. 

The effective moment of inertia, 

𝐼𝑒 =
𝐼𝑡𝐼𝑐𝑟

(𝐼𝑐𝑟 + (1 − 0.5(𝑀𝑐𝑟/𝑀𝑎)2)(𝐼𝑡 − 𝐼𝑐𝑟))⁄  

Where, 

𝐼𝑡= Moment of inertia of uncracked section transformed to equivalent concrete, 

𝐼𝑐𝑟= Moment of inertia of cracked section, 

𝑀𝑐𝑟= Cracking moment, 

𝑀𝑎= Moment at any load level, 

Load-deflection response of continuous GFRP-RC beams was investigated by Habeeb and 

Ashour (2008). The widely acknowledged Branson`s equation of effective moment inertia 

which was derived for steel-RC beams subjected to service loads, was modified with a factor 

(𝛽𝑑) to take into consideration the less tension stiffening effect of FRP-RC beams. The authors 

introduced a reduction factor (𝛾𝐺) to the second term which represents the post-cracking phase. 

For the deflections of continuous beams, 𝛾𝐺 of 0.6 was found to be very effective to predict the 

deflections of tested beams. 

The effective moment of inertia, 

𝐼𝑒 = (𝑀𝑐𝑟/𝑀𝑎)3𝛽𝑑𝐼𝑔 + (1 − (𝑀𝑐𝑟/𝑀𝑎)3𝐼𝑐𝑟𝛾𝐺 ≤ 𝐼𝑔 

Where,  𝛽𝑑 = 0.2 ∗ (𝜌𝑓/𝜌𝑓𝑏) ≤ 1 
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𝛽𝑑= Reduction coefficient related to the reduced tension stiffening in FRP-RC members. 

Moreover, ACI 440.1R-15 (ACI Committee 440 2015) suggests an expression for the effective 

moment of inertia with a different 𝛾 factor, which depends on load and boundary conditions 

and accounts for the uncracked regions and stiffness variation in the cracked regions. The 𝛾 

factor in the expression corresponds to the uniformly distributed loading condition. 

𝐼𝑒
′ =

𝐼𝑐𝑟
(1 − 𝛾(𝑀𝑐𝑟/𝑀𝑎)2(1 − 𝐼𝑐𝑟/𝐼𝑔))⁄ ≤ 𝐼𝑔 

Where 𝑀𝑎 ≥ 𝑀𝑐𝑟 and  𝛾 = 1.72 − 0.72 ∗ (𝑀𝑐𝑟/𝑀𝑎) 

2.4.3 Ductility and Deformability 

Ductility of steel-RC members is defined as the ratio of deflection or curvature at ultimate 

loading to that at yielding of steel. The yielding plateau of steel is the key to quantify the 

ductility of steel-RC beams. Since FRP doesn't yield, the definition of ductility for steel-RC 

beams is not directly applicable to FRP-RC beams. However; there are two main approaches 

available to quantify the deformability of FRP-RC elements. The first one is deformation based 

approach which was introduced by Jaeger et al. (1995) under the name of J-factor (sometimes 

referred to DFs). This factor is a means of comparison of safety level at ultimate and that at 

service level, and accounts for the increase in moment as well as in curvature or deflection. The 

Canadian Highway Bridge Design Code (CHBDC) (CSA S6-14) defined the service state 

corresponding to maximum compressive concrete strain of 0.001. CHBDC requires the 

deformability factors to be greater than 4 for rectangular beams and 6 for beams with T-

sections. 

By definition, 

 J-factor = Strength factor × Deformation factor (curvature/deflection) 
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𝑆𝑡𝑟𝑒𝑛𝑔𝑡ℎ 𝑓𝑎𝑐𝑡𝑜𝑟 =
𝑀𝑜𝑚𝑒𝑛𝑡 𝑎𝑡 𝑢𝑙𝑡𝑖𝑚𝑎𝑡𝑒

𝑀𝑜𝑚𝑒𝑛𝑡 𝑎𝑡 𝑐𝑜𝑛𝑐𝑟𝑒𝑡𝑒 𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑣𝑒 𝑠𝑡𝑟𝑎𝑖𝑛 𝑜𝑓 0.001
 

𝐶𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒 𝑓𝑎𝑐𝑡𝑜𝑟 =
𝐶𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒 𝑎𝑡 𝑢𝑙𝑡𝑖𝑚𝑎𝑡𝑒

𝐶𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒 𝑎𝑡 𝑐𝑜𝑛𝑐𝑟𝑒𝑡𝑒 𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑣𝑒 𝑠𝑡𝑟𝑎𝑖𝑛 𝑜𝑓 0.001
 

𝐷𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 𝑓𝑎𝑐𝑡𝑜𝑟 =
𝐷𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 𝑎𝑡 𝑢𝑙𝑡𝑖𝑚𝑎𝑡𝑒

𝐷𝑒𝑓𝑙𝑒𝑐𝑡𝑖𝑜𝑛 𝑎𝑡 𝑐𝑜𝑛𝑐𝑟𝑒𝑡𝑒 𝑐𝑜𝑚𝑝𝑟𝑒𝑠𝑠𝑖𝑣𝑒 𝑠𝑡𝑟𝑎𝑖𝑛 𝑜𝑓 0.001
 

The second approach is energy based and was modified by Grace et al. (1998) and defines the 

deformability as a ratio of inelastic energy to total energy. In this approach, area under the 

load-deformation curve is referred to total energy, as described in Fig. 2.3. To separate the 

elastic energy from the total energy, the weight of load was considered in the loading stage of 

pre-cracking, post-cracking, and concrete softening. This approach also accounts for the effect 

of type, modulus of elasticity, and tensile strength of the reinforcing bar as well as the type of 

stirrups, the failure mode, and the concrete softening in case of failure by concrete crushing.  
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Figure 2.3: Total, elastic and inelastic energy at failure (reproduced from Grace et al. 1998) 

The slope of elastic energy line can be written in the form of following expression, 
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𝑆 = 𝛼𝛽𝛾
𝐸𝑓

𝐸𝑠
×

𝑓𝑦

𝑓𝑑𝑠

𝑃1𝑆1 + (𝑃2 − 𝑃1)𝑆2 + (𝑃3 − 𝑃2)𝑆3

𝑃3
 

Where,  

𝛼 =factor for stirrup type (1.0, 0.95, and 0.98 for steel, GFRP, and CFRP, respectively); 

𝛽 =factor for failure mode (1.0, 0.95, and 0.98 for compressive flexure, flexure shear, and 

shear, respectively); 𝛾 =factor for reinforcement type (1.0, 4.0, and 2.1 for steel, GFRP, and 

CFRP, respectively); 𝐸𝑓 =modulus of elasticity of FRP; 𝐸𝑠 =modulus of elasticity of steel; 

𝑓𝑦 = yield strength of steel; 𝑓𝑑𝑠 =design strength of FRP; 

𝑆1 =Slope of pre-cracking stage of loading;  

𝑆2 =Slope of post-cracking stage of loading;  

𝑆3 =Slope of concrete softening stage of loading;  

𝑃1 =Load corresponding to intersecting point of slope 𝑆1 𝑎𝑛𝑑 𝑆2;  

𝑃2 =Load corresponding to intersecting point of slope 𝑆2 𝑎𝑛𝑑 𝑆3; 

𝑃3 =Ultimate load; 

Based on the ratio of the inelastic-to-total energy, the beam deformability can be classified as 

ductile, semi-ductile, and brittle according to energy ratio which is greater than 75%, 70 to 

74%, and less than 69%, respectively. 

In the same study, the authors conducted a research work to investigate the behavior and 

ductility of simple rectangular, and continuous T-beam reinforced with FRP. Three types of 

reinforcing bars, conventional steel, GFRP and CFRP, were used as longitudinal and transverse 

reinforcement. The overall span of continuous beams was 7600 mm including end projection of 

150 mm, and the bottom and top width of the tapered section were 76 mm and 101 mm, 

respectively. The flange width was 388 mm and overall section depth was 338 mm including 

the flange thickness of 50 mm. The specimens were cast with concrete compressive strength of 
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48.26 MPa. The loading scheme for continuous beams includes applying the load until 

impending failure followed by unloading to have the record of residual deformation. Increased 

shear deformation, and mid-span deflection were reported as a result of using GFRP stirrups. 

Furthermore, the continuous T-beams were found to experience higher energy ratio presenting 

more ductile behavior compared to their simply supported counterparts. 

Vijay and GangaRao (2001) studied the factors affecting bending behavior of GFRP-RC 

members and introduced energy absorption concept that is based on curvature limit state with 

an attempt to unify deflection limit and crack width limit, and to represent deformability factors 

(DFs) as well. According to the study, the factors affecting the deformability were found as 

following: 

 uniform elongation of FRP bars compared to localized yielding of steel bars, 

 effect of confinement, 

 bond between concrete and bars, 

 uniform crack distribution and spacing in FRP-RC concrete, 

They also concluded that compression controlled failure is better than tension controlled failure 

and listed the advantages as higher moment capacity, better deformability, relatively gradual 

failure, and lower crack width and deflection. They also reported that DFs were in the range of 

6.7 to 13.9 in case of compression failure, and higher percent of tension reinforcement resulted 

in higher DF. 

2.4.4 Moment Redistribution  

Continuous beams usually have potential to redistribute the moment between the critical 

sections. The advantages of moment redistribution includes favourable deformable behavior, 

utilizing the full capacity of more cross-sections of span, ease of concrete placement, reducing 
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reinforcement congestion in column-beam joint when negative moment gets reduced, and 

economies associated with narrow envelope of maximum negative and positive moment after 

moment redistribution.  

The structural behavior of FRP-RC beams is significantly different from that of steel-RC 

beams because stress-strain relationship of FRP is elastic up to failure. So, FRP-RC beams 

don't undergo significant plastic deformation unless beams are adequately confined by stirrups. 

However, moment redistribution in FRP-reinforced concrete sections is possible, like steel-RC 

beams, due to cracking, inelasticity in concrete, and difference of stiffness between the critical 

sections of member.  

Mostofinejad (1997) studied the behavior of ten continuous reinforced concrete beams giving 

special attention to ductility and moment redistribution. All beams were 6500 mm long with 

end projection of 250 mm, and width and overall depth of beams were 250 mm and 350 mm, 

respectively. Two of the beams were reinforced with conventional steel, and other eight 

specimens were designed with CFRP. Two of these eight specimens were under-reinforced 

while others were over-reinforced. To study the confinement, CFRP grid which is known as 

NEFMAC was used. Based on the analytical and experimental results, “curvature pseudo-

ductility factor” and “deflection pseudo-ductility factor” were proposed for FRP-RC beams. 

The conventional steel reinforced concrete beams experienced the full plastic redistribution and 

high ductility. FRP over-reinforced beams showed moment redistribution of almost 50%. It 

was also reported that confinement applied at compression zone by NEFMAC did not 

significantly contribute to either ductility or moment redistribution. 
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Habeeb and Ashour (2008) studied the flexural behavior of two simply and three continuously 

supported beams which were longitudinally reinforced with GFRP bars and transversely 

reinforced with steel stirrups. Continuously supported beams had two spans, each having a 

span of 2750 mm. All the specimens were 200 mm in width and 300 mm in depth. Only 

parameter studied here was longitudinal reinforcement ratio. Four types of failure mode were 

reported. One of the four failures was bar rupture which was observed in bottom layer of the 

mid-span of under-reinforced beams. Concrete crushing failure occurred in the over-reinforced 

beams. Concrete crushing combined with shear failure was observed when diagonal shear 

crack emerged at the late stage of loading and propagated at the time of concrete crushing 

failure on the top. This failure was found in the beam with both top and bottom sections having 

designed as over-reinforced. Conventional ductile flexural failure mode occurred in the steel 

reinforced concrete beam because of yielding of tensile steel reinforcement followed by 

concrete crushing at both critical sections. The authors concluded that earlier and wider cracks 

developed in GFRP reinforced beams compared to steel reinforced beams due to lower 

modulus of elasticity of GFRP bars. The GFRP reinforced continuous beams did not show any 

remarkable load redistribution. Over-reinforcing the bottom layer of both simply and 

continuously supported beams showed higher load carrying capacity and enhanced the ability 

to reduce deflection and delay crack propagation. 

Ten large scale continuous concrete beams were tested by El-Mogy et al. (2010 and 2011) to 

study the parameters that include the flexural reinforcement ratio, material of longitudinal and 

transverse reinforcement, spacing and ratio of transverse reinforcement. There were two series; 

series-I was related to investigating the effect of material type and ratio of longitudinal 

reinforcement while series-II dealt with material type, spacing, and ratio of transverse 
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reinforcement. The beams with cross section of 200 300 mm were continuous over two equal 

spans of 2,800 mm each. GFRP, CFRP, and conventional steel were used in the testing 

program. The experimental results of series-I showed that moment redistribution is possible in 

FRP-RC beams due to a number of factors. The high elastic deformation provided by FRP and 

the material nonlinearity resulted from concrete crushing, cracking, and bond slippage were 

found as two main factors contributing to moment redistribution. In the stage of linear stress 

distribution in concrete, the moment redistribution was mainly caused by cracking due to high 

elastic deformations of FRP bars. But the nonlinearity of concrete along with the FRP slippage 

contributed to the moment redistribution at the loading close to ultimate failure. 

All the beams of series-II were found to fail by the concrete crushing in both middle support 

and mid span sections, with wide cracks at the middle support section. The number of cracks at 

the middle support section in beams with smaller stirrup spacing (d/3) was found more than the 

beams with wider spacing (d/2). These beams were capable to redistribute more than 20% of 

the connecting bending moment from the middle support section to mid span section, and also 

achieved the expected failure load. Decreasing the stirrup spacing keeping the same transverse 

reinforcement ratio affected the moment redistribution significantly. The authors concluded 

that the GFRP-RC beams designed assuming 20% moment redistribution were able to 

redistribute the elastic moment from negative moment section to positive moment section 

without any adverse effect on ultimate load carrying capacity. Reinforcement configuration 

that was chosen in the program played a positive role on deflection reduction while 

maintaining same load carrying capacity by elastic analysis.   

Matos et al. (2011) studied the service and failure response, and confinement effect in the 

critical cross-sections of three small scale GFRP-RC and one steel-RC continuous beams. A 



 

30 

 

procedure to calculate the confinement effect due to decreasing the stirrup spacing was also 

presented. The rectangular beams were 100 mm wide and 120 mm deep, and were cast with 

concrete compressive strength of around 30 MPa. GFRP-RC specimens showed wide cracks 

and low stiffness, owing to the low modulus of elasticity of GFRP bars. Reducing the spacing 

of stirrups in the critical sections increased both strength and deformability. Overall, reduced 

cracking in service condition, and higher load carrying capacity at failure due to higher force 

redistribution were observed. In this way, the development of a crack hinge over the middle 

support highlighted the better performance. Moreover, significant increase in strength and 

deformability was observed as a result of confinement applied at the critical zones. 

Santos et al. (2013) carried out an experimental program over seven small-scale continuous T-

beams reinforced with GFRP bars and stirrups. The parameters studied in this investigation 

were GFRP reinforcement ratio and confinement level in the critical sections of potential 

plastic hinge formation. Higher confinement level was designed to be achieved by decreasing 

the spacing of transverse reinforcement as well as placing additional half-depth stirrups in the 

compression side of the critical sections. The beams were 2,200 mm long with flange width of 

300 mm; flange thickness of 40 mm; web width and overall depth were 100 mm and 120 mm, 

respectively. These specimens were cast with a 28-day concrete strength of approximately 30 

MPa, and were subjected to one concentrated load applied at the mid-span. The authors 

concluded that structural performances i.e. deflection recovery after unloading, more moment 

redistribution from the middle support section to mid-span section, and higher failure load were 

observed as the mid-span section had increased reinforcement ratio. They also found that 

increasing concrete confinement with higher percentage of transverse reinforcement enabled 
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the middle support section to exhibit more moment redistribution, and also promoted plastic 

hinge formation. 

Mahmoud and El-Salakawy (2014 and 2016) investigated the moment redistribution in shear-

critical continuous beams. All test beams had 200 × 300 mm cross section and were continuous 

over two spans of 2,800 mm each. Three main variables namely, concrete strength, longitudinal 

reinforcement ratio, and transverse reinforcement ratio were investigated. All test beams were 

designed to satisfy an assumed 20% moment redistribution. During testing, the beams were 

subjected to a two-point loading system in each span where the shear span-to-depth ratio was 

kept constant at 3. It was observed that all test beams failed in shear near the interior support 

after moment redistribution of approximately 20% or higher took place from the hogging 

moment region to sagging moment region. The authors also concluded that increasing the shear 

reinforcement ratio by increasing the stirrup diameter while maintaining the same stirrup 

spacing did not result in significant increase in shear strength. However, increasing the shear 

reinforcement ratio by using stirrups with small spacing was found to be efficient in increasing 

shear strength of the test beams. 
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CHAPTER 3: EXPERIMENTAL PROGRAM 

 

CHAPTER 3 – EXPERIMENTAL PROGRAM 

 

3.1 GENERAL  

The current study aimed at investigating the behavior of T-beams under symmetrical loading in 

Series 1, and the behavior of rectangular beams under unsymmetrical loading in Series 2. The 

main objective of this program was to investigate the behavior of continuous beams paying 

special attention to evaluating moment redistribution. The program was designed to carry out 

testing of a total of twelve specimens with six specimens in each series. The following sections 

of this chapter describe the properties of materials used, loading condition and geometry, 

description and design of the specimens, test instrumentation and set up, and testing procedure.  

3.2 MATERIAL PROPERTIES 

In this project, conventional steel and sand-coated GFRP bars with different sizes were used for 

longitudinal and transverse reinforcement of the test beams. During the course of experimental 

investigation, the properties of concrete and steel were obtained from the ancillary tests 

conducted in the laboratory. In the following sections, different properties of the reinforcement 

and concrete, which were used in the construction of all test beams, are given in details.  

3.2.1 Reinforcing Bars 

The mechanical properties of the used steel bars were obtained through tensile tests carried out in 

the laboratory. In case of GFRP bars, the characteristic design values including strength and 

strain, defined by CSA/S806-12 (CSA 2012), were determined from the material certificate that 
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was provided by the manufacturer. The reinforcing materials were from two different lots which 

were ordered for each series of beams separately. The material properties of the steel bars and 

GFRP bars are summarized in Tables 3.1 and 3.2, respectively. 

Table 3.1 - Properties of steel bars 

Material 

type 

Bar 

size 

Nominal 

Diameter (mm) 

Area 

(mm
2
) 

Yield strength 

(MPa) 

Elastic 

modulus 

(GPa) 

Yield strain 

(%) 

Steel 

8 8.0 50.3 400 200 0.20
 
 

10M 11.3 100.0 410 200 0.21 

15M 15.9 200.0 460
 
 200 0.23

 
 

20M 19.9 300.0 430
 
 195 0.22

 
 

25M 25.2 500.0 460
 
 200 0.23
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Table 3.2 - Properties of GFRP bars 

Series 
Bar 

size 

Nominal 

Diameter 

(mm) 

Area  (mm
2
) Tensile 

strength 

(MPa) 

Elastic 

modulus 

(GPa) 

Ultimate 

strain 

(%) 
Nominal Annex A

a
 

Series 1 

No.10 9.5 71.3 83 1,770 65 2.7 

No.10 (bent) 9.5 71.3 83 1,350
b
 52

b
 2.6

b
 

No.13 (bent) 12.7 126.7 152 1,330
b 

53
b
 2.5

b
 

No.16 15.9 197.9 235 1,680 65 2.6 

No.22 22.23 388.0 443 1,600 67 2.3 

Series 2 

No.10 (bent) 9.5 71.3 79 1,350
b
 52

b
 2.6

b
 

No.13 (bent) 12.7 126.7 149 1,280
b 

52
b
 2.5

b
 

No.13 12.7 126.7 147 1,680 65 2.6 

No.16 15.9 197.9 232 1,610 65 2.5 

No.22 22.2 387.9 439 1,430 68 2.1 

No.25 25.4 506.9 582 1,400 68 2.1 

a
 Average cross-sectional area calculated according to CSA/S806-12, Annex A 

b 
Straight portion property  

The properties of the GFRP bars are calculated based on the nominal area. 

 

3.2.2 Concrete 

Normal weight, ready-mixed concrete with a target 28-day compressive strength of 40 MPa was 

used to cast all beams. The maximum size of aggregate used in the concrete mix was 20 mm in 

Series 1 while that was 10 mm in Series 2. On the day of testing, at least five cylinders of 

standard size (100 × 200 mm) were tested to determine the average concrete compressive 

strength for each beam according to CSA A23.1/A23.2-14 (CSA 2014c). Table 3.3 and 3.4 enlist 

the concrete compressive strength of all test beams of Series 1 and Series 2, respectively.  
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3.3 LOADING CONDITION AND GEOMETRY 

All test specimens were 6,000-mm long and were continuous over two equal spans of 2,800 mm 

each. Each specimen was provided with extra 200 mm overhang at both ends to provide adequate 

anchorage. In addition, in Series 1, special requirement regarding the geometry of isolated T-

beam specified only in ACI 318-11 (ACI Committee 318 2011) was also considered. The ACI 

318-11 requires the flange thickness not to be less than one-half the web width and an effective 

flange width not to be more than four times the web width. Considering these requirements, an 

overall beam depth of 300 mm along with 200-mm web width was selected. Also, flange width 

and thickness of 600 and 100 mm, respectively were selected, as shown in Fig. 3.1. Series 2 was 

dedicated to the rectangular beams with cross-section of 200  300 mm and tested under three 

different loading cases: I) equal load P (symmetrical) on both spans, II) load P on one span and 

1.5P on the other, and III) load P on one span only, as demonstrated in Fig. 3.2.  

20014001400

P P

1400 1400

600

200

1
0
0

2
0
0

200

 

Figure 3.1: Loading condition with longitudinal and sectional profile of the test beams of Series 1 

(dimensions in mm) 
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Figure 3.2: Loading conditions with longitudinal and sectional profile of the test beams of Series 2 

(dimensions in mm)    

3.4 DESCRIPTION OF SPECIMENS 

The experimental program consisted of two series of beams, each of which includes six beams. 

The following sections describe the designation of each beam from both series. 

3.4.1 Series 1 

One beam was reinforced with steel to serve as a reference, while the other five were reinforced 

with GFRP bars and stirrups. The test parameters included the type of reinforcing material (steel 

or GFRP), the assumed percentage of moment redistribution (either no moment redistribution or 

15%), the spacing of lateral reinforcement in flange (450 or 150 mm), the arrangement of 
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stirrups (No. 13 spaced at 75 mm or No. 10 spaced at 45 mm), and the design criteria 

(serviceability or ultimate strength requirements). The nomenclature of the test beams can be 

explained as following. The first letter stands for the type of reinforcing material used (“S” for 

steel and “G” for GFRP). The second letter refers to the design criteria where “u” for ultimate 

limit states (ULS), and “s” for service limit states (SLS). The third letter represents the moment 

redistribution percentage (“E” and “R” for no and 15% moment redistribution, respectively). The 

fourth character illustrates the spacing of stirrups, expressed as percentage of the effective depth 

of the beam, while the last character denotes the spacing of the lateral bars in the flange, which is 

expressed as multiples the flange thickness. For example, GuR-30-4.5 is reinforced with GFRP 

bars designed based on ULS with 15% moment redistribution from the hogging to the sagging 

moment region. The spacing of stirrups was 30% of the effective depth (75 mm c/c) and the 

lateral bars in the flange were spaced at 4.5 times the flange thickness (450 mm c/c). All these 

details are given in Fig. 3.3. 
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Figure 3.3: Details of the test beams in Series 1 

3.4.2 Series 2 

The test beams were subjected to three different loading cases: I) equal load P (symmetrical) on 

both spans, II) load P on one span and 1.5P on the other, and III) load P on one span only, as 

demonstrated in Fig. 3.2. One beam was tested for each of loading cases I and III; whereas, four 

beams were tested under loading case II. The four beams investigated three parameters; the type 

of reinforcing material (steel or GFRP), the assumed percentage of moment redistribution (0% or 

20%), and the design criteria (ultimate or serviceability limit state). The nomenclature of the 

beams can be described as follows. The first letter represents the type of reinforcing material 

(“S” for steel and “G” for GFRP). The second letter stands for the type of “limit state design” 

where “u” and “s” refers to ultimate limit state (ULS), and serviceability limit state (SLS), 

respectively. The third letter (E or R) denotes whether the beam was designed for elastic moment 
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(E) or considering 20% redistributed moment from hogging to sagging region (R). Finally, the 

last character refers to the loading case. For example, GuR-II can be described as GFRP-RC 

beam designed based on ULS with an assumed moment redistribution of 20% and tested under 

loading case II. Fig. 3.4 shows all these details of both spans in Series 2.  
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Figure 3.4: Details of the test beams of (a) north span and (b) south span in Series 2 
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3.5 DESIGN OF SPECIMENS 

In this test program, the Canadian standard CSA/S806-12 (CSA 2012) was followed to design all 

test specimens to satisfy both flexural and shear strength requirements.  

3.5.1 Series 1 

The reference beam SuR-60-4.5 was first designed, as given in Appendix A, for flexure and 

shear following the Canadian standard CSA/A23.3 (CSA 2014b) to meet a target design load of 

155 kN in each span assuming 15% moment redistribution. The service load of beam SuR-60-4.5 

was calculated based on satisfying a crack control parameter, z = 25,000 N/mm (assuming 

exterior exposure). Afterwards, beam GsR-24-4.5 was designed to satisfy the requirements for 

that service load using z = 38,000 N/mm for exterior exposure according to the CSA/S806-12 

(CSA 2012). It is worth mentioning that these values for crack control limits are equivalent to a 

crack width of 0.3 and 0.5 mm in steel- and FRP-RC structures, respectively. The other GFRP-

RC beams were designed for the same target load (155 kN). Beam GuE-30-4.5 was designed 

according to CSA/S806-12 (CSA 2012) that does not allow moment redistribution whereas, the 

remaining beams were provided with the longitudinal reinforcements to satisfy an assumed 

percentage of 15% moment redistribution. In all GFRP-RC beams, both the hogging and the 

sagging moment critical sections were over-reinforced to ensure failure by concrete crushing. 

Regarding the transverse reinforcement (stirrups), El-Mogy et al. (2011) concluded that 

decreasing the spacing of stirrups enhanced the moment redistribution while Mahmoud and El-

Salakawy (2016) reported that the stirrup diameter had little effect on the moment redistribution. 

As such, 10 mm-diameter stirrups spaced at 45 mm, while maintaining approximately the same 

ratio of transverse reinforcement, were chosen for beam GuR-18-4.5 to study the effect of stirrup 
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spacing. In addition, GuR-30-1.5 was constructed to study the effect of the spacing of lateral bars 

in flange. Table 3.3 shows the reinforcement details of all test beams. 
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Table 3.3 - Concrete compressive strength and reinforcement details of Series 1 test beams 

 

Beam 

Concrete 

strength, 

𝑓𝑐
′ (MPa) 

Longitudinal reinforcement 

Transverse 

reinforcement 

Spacing of 

lateral bars in 

flange 

(mm) 

Hogging region Sagging region 

Bar size  

Spacing 

(mm) Bars 𝜌 𝜌𝑏⁄  Bars 𝜌 𝜌𝑏⁄  

SuR-60-4.5 43 2-15M+1-20M 0.33 2-15M+1-20M 0.11 8.0 150 450 

GuE-30-4.5 44 3 No. 16 4.72 2 No. 16 1.05 No.13 75 450 

GuR-30-4.5 42 2 No. 16 3.27 2 No. 16 1.10 No.13 75 450 

GuR-30-1.5 45 2 No. 16 3.09 2 No. 16 1.04 No.13 75 150 

GuR-18-4.5 45 2 No. 16 3.09 2 No. 16 1.04 No.10 45 450 

GsR-24-4.5 44 4 No. 22 11.9 3 No. 22 2.97 No.13 60 450 

𝜌 = provided longitudinal reinforcement ratio 

𝜌𝑏 = balanced reinforcement ratio 
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3.5.2 Series 2  

The details of flexural and transverse reinforcement of the test beams are enlisted in Table 3.4. 

The steel-RC beam SuR-II (reference beam for loading case II) was designed according to 

CSA/A23.3 standards (CSA 2014b) to carry a target load of P = 125 kN on one span and 1.5 P 

(187.5 kN) on the other, as described in Appendix B. Then, beams GuE-II and GuE-III were 

designed for the elastic moments and corresponding shear force according to CSA/S806-12 

standards (CSA 2012) to have the same load carrying capacity (P) under the specified loading 

case. Beams GuR-I and GuR-II were also provided with the longitudinal reinforcement to satisfy 

an assumed MR of 20% from the hogging to the sagging moment region. Lastly, beam GsR-II 

was designed to have the same service moment as that of the steel-RC beam SuR-II. It is worth 

mentioning that a crack control parameter, z which equals to 25,000 N/mm, and 38,000 N/mm 

(assuming exterior exposure) in steel- and GFRP-RC members, respectively, governed the SLS 

based design of the hogging moment region. 
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Table 3.4 - Concrete compressive strength and reinforcement details of the Series 2 test beams 

Beam 

Concrete 

strength, 

𝑓𝑐
′, (MPa) 

Longitudinal reinforcement Transverse reinforcement 

North mid-span 
Central support 

section 

South mid-

span 

North span South span 

Bar 

size 

Spacing 

(mm) 

Bar 

size 

Spacing 

(mm) 

GuR-I 39 2 No. 16 2 No. 13 2 No. 16 No. 13 80 No. 13 80 

SuR-II 43 2-20 M+1-25 M 

 

2-15 M+1-20 M 

 

2-20 M 8.0 150 8.0 150 

GuE-II 43 2 No. 22 3 No. 16 2 No. 13 No. 13
a
 80 No. 13 80 

GuR-II 43 3 No. 22 2 No. 16 2 No. 13 No. 13
a
 80 No. 13 80 

GsR-II 39 3 No. 25 2 No. 25 +1 No. 22 2 No. 25 No. 13 70 No. 13 120 

GuE-III 41 2 No. 16+1 No. 13 2 No. 13 2 No. 13 No. 13 80 No. 10 80 

   a
 3-legged stirrup placed in staggered arrangement 

𝜌 = provided longitudinal reinforcement ratio 

𝜌𝑏 = balanced reinforcement ratio 
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3.6 BEAM CONSTRUCTION 

Some preliminary works were accomplished before the construction of test beams such as: 

building the formworks, and preparing the reinforcement cages. Afterwards, surface of the 

reinforcing bars was prepared and cleaned for the strain gauges to be attached on the designated 

points of interest. Reinforcement cages were carefully assembled (Fig. 3.5) and placed on plastic 

chairs in the plywood formworks, as shown in Fig. 3.6. Oiling the formworks was done to 

facilitate the removal of the specimens once they were cast and cured. During concrete pouring 

in the formworks, electrical vibrator was used to ensure better compaction, and care was taken to 

avoid the concrete segregation and prevent the strain gauges from being damaged in this process. 

At the time of concrete casting, at least thirty cylinders of standard size (100 mm × 200 mm) 

were cast to determine the average concrete compressive strength at 3
rd

, 7
th

, 14
th

, and the day of 

testing. The constructed beams as well as the concrete cylinders were properly wet cured with 

help of burlaps and plastic sheet to gain the full design concrete compressive. 
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Fig. 3.5: Assembling of reinforcement cage of the test beams 

 

Fig. 3.6: Reinforcement cage in the formworks before casting of concrete 
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3.7 INSTRUMENTATION AND TEST SET UP 

To conduct an experimental work, it is an essential part to have a sound equipment and 

instrumentation system to record load value, deflection, crack-width, strains of concrete and 

reinforcement in the critical sections. In this program, all instruments were connected to the 

computerized data acquisition system for the purpose of continuous and automatic data 

collection. The used equipment and instrumentations are given below: 

1) One MTS electro-hydraulic jack with a capacity of 1000 kN 

2) Three force transducers (load cells) 

3) Rigid steel frame and a spreader beam 

4) Smooth bearing plates with roller supports 

5) Automatic data acquisition system (DAQ) with 64 channels 

6) Six linear variable differential transducers (LVDTs) 

7) Three PI gauges 

8) Nine electrical strain gauges for reinforcing bars 

9) Three concrete strain gauges 

In this program, as moment redistribution was one of the primary focuses of this study, the 

support reactions were measured with help of highly précised load cells. To measure the 

deflections along the beam, LVDTs were placed at every quarter and at mid-point of either span. 

To have strain values of reinforcing bars at the critical locations, total nine electrical strain 

gauges were attached to the prepared surface of reinforcement. Each of the three critical sections 

had total of three strain gauges; one was placed exactly at the loading point while other two were 

placed at a point equal to effective depth away from the middle one on either side. Moreover, 

measuring the crack widths in the critical sections was accomplished by installing 200-mm PI 
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gauge on the extreme tensile fibre of concrete. During the test, data acquisition system monitored 

by a computer recorded the magnitude of applied load, deflections along beam length, crack 

widths, and strain readings at the points of interest. Figure 3.7 and 3.8 show the details of the 

instrumentation and test setup. 
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 Figure 3.7: Test set up and instrumentations of the test beams of Series 1 (all dimensions in mm) 
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Figure 3.8: Test set up and instrumentations of the test beams in loading (a) case I, (b) case II 

and (c) case III in Series 2 (Continued) 
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Figure 3.8: Test set up and instrumentations of the test beams in loading (a) case I, (b) case II 

and (c) case III in Series 2 (all dimensions in mm) 

 

3.8 TESTING PROCEDURE 

After the test beams have gained the design compressive strength of around 40 MPa, the beams 

were placed in the experimental set up. Then the beams were painted and marked with grid in 

order to trace the cracking pattern during testing. A hydraulic actuator having capacity of 1000 

kN was operated to apply concentrated load. As a means of transmitting load to beam, the steel 

plates provided were thick and wide enough to avoid the premature crushing failure. In addition, 

a thin layer of neoprene strip beneath the steel plate was used to provide a uniform and smooth 

contact between the loading plates and the concrete surface of the test beams. Before 

commencing for the load application, leveling of the supports was checked out by observing the 

readings of load cell and then matching it with the elastic reactions.  



 

52 

 

All beams except GuE-III were subjected to monotonic loading where a loading rate of 10 

kN/min was maintained until the failure took place. In case of GuE-III under Series 2, loading 

rate was 5 kN/min. After each interval of 20 kN, loading was stopped, and crack propagation 

with increasing loads was carefully followed and simultaneously marked. Fig. 3.9 and 3.10 

shows the test beam of Series 1 and Series 2, respectively, during testing. 

 

Figure 3.9: Photo of test beam of Series 1 during testing 

 

Figure 3.10: Photo of test beam (case II) of Series 2 during testing 
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CHAPTER 4: RESULTS AND DISCUSSIONS OF SERIES 1 

 

CHAPTER 4– RESULTS AND DISCUSSIONS OF SERIES 1 

 

4.1 GENERAL  

This chapter presents the test results of Series 1 which includes a total of six beams with T-

section. All beams, as mentioned earlier, were 6,000-mm long and continuous over two spans of 

2,800 mm each. Each beam was subjected to monotonic loading till failure occurs. While testing 

the beams, the crack initiation and growth with loading were traced with marks, and finally, the 

modes of failure were carefully observed. Also, the support reactions, the strains of both concrete 

and longitudinal bars, the crack widths in the critical regions, and the deflections along the span 

were closely monitored and recorded.   

Based on the observations and analyses of the recorded data, the beam performances addressing 

the variation of crack widths, strains, and mid-span deflections with increasing load were 

explored. The deformability and the moment redistribution of all beams were also evaluated 

based on the response of load-deflection/moment-curvature and the experimental support 

reactions, respectively. Furthermore, the effect of each test variable on beam performances is 

importantly focussed in the discussions presented in this chapter. 

4.2 GENERAL BEHAVIOR AND CRACKING PATTERN 

Fig. 4.1 shows the cracking pattern of the test beams at failure. All tested beams showed similar 

cracking behavior in terms of initiation, propagation, number and spacing of cracks until failure. 

The first flexural crack in all beams formed simultaneously in the sagging moment region of 
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both spans followed by vertical flexural crack at the section over middle support. The cracking in 

the sagging moment region occurred at approximately 14, 9, 12, 12, 10 and 9% of the failure 

load for beams SuR-60-4.5, GuE-30-4.5, GuR-30-4.5, GuR-30-1.5, GuR-18-4.5 and GsR-24-4.5, 

respectively. However, these percentages were 24, 16, 19, 14, 17 and 14% of the failure load, 

respectively, in the hogging moment region. More cracks formed in the hogging and sagging 

moment regions with increasing the applied load while the existing cracks grew wider and 

deeper. The majority of the flexural cracks developed at a load up to 50-60% of failure load. 

P P

P P

P P

P P

P P

P P

GuE-30-4.5

GuR-30-4.5

GuR-30-1.5

GuR-18-4.5

GsR-24-4.5

SuR-60-4.5

Figure 4.1: Cracking pattern of test beams at failure 
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Two cracks along the overhanging flange-web interface were observed in both spans in all test 

beams, except beam GuR-30-1.5, at a load of 45-55% of their failure load (Fig. 4.2). In beam 

GuR-30-1.5, one longitudinal crack in the centerline of flange at mid-span was noticed at 64% of 

failure load. The effect of these cracks on the behavior of the beams will be discussed later. 

Approaching failure, diagonal cracks developed near the middle support and in the sagging 

moment regions. Also, it was noted that the hogging moment region in each beam had small 

number of wide cracks in contrast to large number of narrow cracks in the sagging moment 

region. Moreover, it can be seen that the GFRP-RC beams exhibited more cracks in the hogging 

and sagging moment regions compared to the reference steel-RC beam SuR-60-4.5. Furthermore, 

the arrangement of longitudinal GFRP reinforcement was found to have no effect on the cracking 

pattern.  
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Figure 4.2: Mode of failure and longitudinal cracks at the web-flange interface of test beams  

4.3 MODE OF FAILURE  

Figure 4.2 shows the mode of failure in both the hogging and sagging moment regions and the 

longitudinal overhanging flange-web interface crack in the sagging moment region for all beams. 

It is worth mentioning that the mode of failure of beams GuE-30-4.5 and GuR-18-4.5 was 
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similar to that observed in beam GuR-30-4.5. Beam SuR-60-4.5 demonstrated tension-controlled 

failure with ample warning in form of wide cracks and large mid-span deflection. The yielding of 

steel took place at the middle support section followed by yielding of the steel reinforcement at 

mid-span section. Finally crushing of concrete took place in both regions. In all GFRP-RC beams 

except GuR-30-1.5, concrete crushing, as expected, was the mode of failure. Spalling of concrete 

was observed in the hogging moment region; however, the beams continued to resist more load 

until crushing of concrete under the spreader beam took place. At ultimate condition, GuR-30-

1.5 experienced crushing of the concrete in the middle support region and continued to carry 

additional load until it failed due to diagonal shear crack near the middle support.  

As it was mentioned previously, two longitudinal cracks at the overhanging flange-web interface 

were observed in all test beams except GuR-30-1.5. These cracks resulted in a change in the 

behavior of the sagging region from a full T-section behavior to a partial T-section behavior. 

This partial separation of the flange resulted in the failure of the sagging moment section at a 

moment lower than the calculated capacity of the T-section but higher than the calculated 

capacity of the rectangular section assuming no contribution from of the flange. In case of beam 

GuR-30-1.5, the closer spacing of the lateral reinforcement in the flange improved the composite 

behavior of the T-section; however, the beam failed in shear before reaching the full capacity of 

the T-section.  

4.4 CRACK WIDTH 

Fig. 4.3 shows the load-average crack width relationship in the hogging and the sagging moment 

regions. In general, cracks in the hogging moment region were significantly wider than those in 

the sagging moment region. Considering beams SuR-60-4.5 and GsR-24-4.5, the crack widths 

were similar at both critical sections until the yielding of steel reinforcement occurred.  
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Figure 4.3: Load-crack width relationship at (a) the hogging moment section and (b) the sagging 

moment section    

After yielding, beam SuR-60-4.5 exhibited significant increase in crack width until failure. On 

the other hand, the GFRP reinforcement in beam GsR-24-4.5 continued to control the crack 

width until failure. At the service load level (71 kN) of these two beams, the crack width in the 
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hogging moment region was 0.24 and 0.28 mm in beam SuR-60-4.5 and GsR-24-4.5, 

respectively. The beams designed for the ULS, showed wide crack widths in both the hogging 

and the sagging moment regions. At the same service load level calculated for the steel-RC 

beam, the crack width, in beams designed for the ULS, in the hogging moment region was 

greater than the limit of 0.5 mm specified in the CSA/S806-12 (CSA 2012). The crack width 

ranged from 1.28 to 1.46 mm. On the other hand, at the same service load level, the crack width 

measured in the sagging moment region ranged between 0.24 to 0.29 mm, which is 

approximately 48 and 54% of the limit of 0.5 mm. The crack width for all test beams at different 

load levels are listed in Table 4.1. 

Table 4.1- Crack width and deflection of test beams 

Beam 

Crack width (mm) Deflection (mm) 

at service load
a 

at design load
b
 at failure load at 

service 

load
a 

at 

design 

load
b
 

at 

failure 

load 

Middle 

support 

Mid-

span 

Middle 

support 

Mid-

span 

Middle 

support 

Mid-

span 

SuR-60-4.5 0.24 0.23 0.56 0.30 3.56 1.78 1.0 5.9 52.0 

GsR-24-4.5 0.28 0.19 0.50 0.36 0.82 1.04 1.8 8.0 34.9 

GuE-30-4.5 1.39 0.24 2.69 0.56 3.78 0.88 6.7 24.4 47.8 

GuR-30-4.5 1.28 0.24 3.05 0.38 3.50 0.61 6.2 24.7 42.9 

GuR-30-1.5 1.46 0.25 3.18 0.81 3.72 1.17 5.5 27.6 50.8 

GuR-18-4.5 1.34 0.29 3.21 0.48 5.52 0.77 7.2 26.9 58.1 

a
 Service load calculated for the steel-RC beam (71 kN) 

 b
Design load calculated for the steel-RC beam (155 kN) 
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Based on the crack width limit specified in the CSA/S806-12 (CSA 2012), the service load was 

approximately 50 kN for beam GuE-30-4.5 and 40 kN for beams GuR-30-4.5, GuR-18-4.5, 

GuR-30-1.5. At this load level, the crack width in the hogging and sagging moment regions was 

within the limit of 0.5 mm where the crack width at the hogging moment region was 0.4, 0.44, 

0.49 and 0.43 mm in beams GuE-30-4.5, GuR-30-4.5, GuR-30-1.5, and GuR-18-4.5, 

respectively. The crack width in the sagging moment region was in the range of 0.12 to 0.22 mm.   

4.5 STRAINS IN REINFORCEMENT AND CONCRETE 

The variation of strain in concrete and longitudinal reinforcement with the applied load in the 

hogging and the sagging moment regions is shown in Fig. 4.4. The maximum measured strains in 

concrete over the middle support of all tested beams reached to or exceeded the crushing strain 

of 3,500 micro-strains, as specified in the CSA/S806-12 (CSA 2012). However, it started to 

decrease at higher load levels because the developed cracks were very close to the strain gauge 

location. On the other hand, the strains in concrete in the sagging moment region were less than 

those in the hogging moment region especially at higher load levels. This could be attributed to 

the formation of longitudinal cracks along the interface of web and overhanging flange in the 

sagging moment region that resulted in a partial separation of the overhanging flange. Since the 

spreader beam was placed across the entire width of the beam in the mid-span region, the flange 

was stressed laterally due to slab action. These lateral stresses reduce the longitudinal 

compressive strains (Nilson et al. 2010). 

The tensile strains in longitudinal reinforcement were very small in the pre-cracking stage. Once 

cracks formed, a sudden increase of strain in the reinforcing bars was noticed at both critical 

sections. The GFRP-RC beams designed for ULS showed similar strains until failure while the 

GFRP-RC beam designed for SLS (GsR-24-4.5) exhibited significantly lower strains because of 
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the high longitudinal reinforcement ratio. At service load level, the measured strain in steel 

reinforcement was approximately 900 micro-strains, while the maximum measured strain in 

beam GsR-24-4.5 was 1680 micro-strain, which is approximately 7% of the characteristic tensile 

strain of the used GFRP bars. This percentage is less than the specified service limit of 25% in 

the CSA/S806-12 (CSA 2012). At the same service load level of 71 kN, the strain in beams 

designed for ULS was lower than that limit. The strain in the hogging moment region was 

approximately 3,330, 4,180, 4,560 and 4,530 micro-strains in beams GuE-30-4.5, GuR-30-4.5, 

GuR-30-1.5 and GuR-18-4.5, respectively. At failure, the strains in steel reinforcement of beam 

SuR-60-4.5 in the hogging and sagging moment regions was approximately 25,000 and 33,000 

micro-strain, respectively. In beam GsR-24-4.5, the strain was 7,300 and 9,300 micro-strain in 

the hogging and sagging moment region, respectively. In case of the other GFRP-RC beams 

designed for the ULS, the strain values lied between 11,250 and 17,500 micro-strains that are 

well below the ultimate strain of the used GFRP bars. At failure, the strain in reinforcement in 

the sagging moment region was higher than that in the hogging moment region by 43, 33, 33 and 

12% in beams GuE-30-4.5, GuR-30-4.5, GuR-30-1.5, and GuR-18-4.5, respectively. This could 

be attributed to the early formation of cracks in the sagging moment region, the excessive 

cracking observed in that region and the moment redistribution that resulted in a higher value of 

the bending moment in the sagging moment region compared to that in the hogging moment 

region. In beam GuE-30-4.5 only, the bending moment in the sagging moment region was lower 

than that in the hogging moment region; however, the high strain can be attributed to the lower 

reinforcement ratio in that region. 
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Figure 4.4: Strain variation in concrete and reinforcing bars at (a) the hogging moment 

section and (b) the sagging moment section 

4.6 LOAD-DEFLECTION RESPONSE 

The load-deflection behavior at mid-span of all test beams is depicted in Fig. 4.5. As mentioned 

earlier, cracks first formed in the sagging moment regions followed by cracking in the hogging 
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moment region. However, formation of cracks at mid-span did not cause any significant change 

in the flexural stiffness of the beam. Once cracks formed at the section over middle support, the 

deflection increased rapidly due to the significant rotation over the middle support.  In general, 

the load-deflection behavior of all beams is characterized by linear pre-cracking and post-

cracking stages; however, a third stage that started either after yielding in steel-RC beam or 

concrete softening due to crushing in GFRP-RC beams was also observed. 

 

Figure 4.5: Load-deflection relationship of test beams  

In the case of beams SuR-60-4.5 and GsR-24-4.5, the deflection at the service load (71 kN) was 

1.0 and 2.1 mm, respectively, which is less than the allowable deflection specified in the 

CSA/S806-12 (span/480 = 5.6 mm to span/180 = 14.8 mm) depending on the supporting 

elements and structural function. Also, for beams, designed for the ULS, the deflection at the 
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for certain applications. At the service load calculated based on the crack width limit (50 kN for 

beam GuE-30-4.5 and 40 kN for beams GuR-30-4.5, GuR-18-4.5, GuR-30-1.5) the measured 

deflections satisfied the serviceability requirement and were in the range of 0.9 to 2.5 mm.   

4.7 DEFORMABILITY AND DUCTILITY 

Fig. 4.6 shows the moment-curvature relationship of all test beams at the hogging moment 

section. The conventional steel-RC beam, SuR-60-4.5, showed typical moment-curvature 

behavior due to yielding of steel at the hogging moment section. In GFRP-RC beams, a tri-linear 

moment-curvature relationship was observed in all beams. However, beams GuE-30-4.5 and 

GsR-24-4.5, at the post-cracking stage, demonstrated steeper moment-curvature curve compared 

to the other GFRP-RC beams. This behavior was anticipated due to the higher longitudinal 

reinforcement ratio that enabled the section to control the crack width and consequently limit the 

rotation in the middle support region. 

 

Figure 4.6: Moment-curvature relationship at the hogging moment section of test beams 
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The ductility index (DI) of beam SuR-60-4.5 that was calculated as the ratio of the deflection at 

ultimate to the deflection at yielding was 6.97. The concept of ductility for conventional steel-RC 

beams is not applicable to FRP-RC beams; rather two main approaches can be taken into account 

in this regard. The first one is “deformation-based approach” in which “deformability factor” is 

calculated to quantify the deformability of FRP-RC elements. Deformability of FRP-RC beams 

is represented by the deformability “J-factor” that was proposed by Jaeger et al. (1995). The J-

factor equals to the strength factor multiplied by the deformation factor (curvature/deflection).      

Where,  

  
0.001 of strain ecompressiv concreteat Moment 

ultimateat Moment 
 FactorStrength      

 
0.001 of strain ecompressiv concreteat  DeflectionCurvature/

ultimateat  DeflectionCurvature/
 FactorDeflectionCurvature/    

The second approach is “energy-based” that defines the ductility as a ratio of the inelastic 

energy-to-the total energy (Grace et al. 1998) where the total energy is the area under the load-

deformation curve. This approach accounts for the effect of type, modulus of elasticity, and 

tensile strength of the reinforcing material as well as the type of stirrups, the failure mode, and 

the concrete softening in case of compression-controlled failure. Based on the ratio of the 

inelastic-to-total energy, the mode of failure can be classified as ductile, semi-ductile, and brittle 

according to the range of energy ratio that is “greater than 75%”, “70% to 74%”, and “less than 

69%”, respectively. The J-factor and energy ratio were calculated for the GFRP-RC beams and 

listed in Table 4.2. All GFRP-RC beams showed very consistent results according to both 

deformation-based and energy-based approaches.  
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The strength and the deflection factors were calculated using the experimental moments and 

deflections at a measured compressive strain of 1000 micro-strain in the concrete in the sagging 

moment region. It can be seen that all test beams demonstrated adequate deformability when 

compared to the minimum deformability factor of 6.0 specified by the CHBDC code (CSA-S6-

14) for T-beams. Among the GFRP-RC beams, beam GuR-18-4.5 had the highest J-factor of 

14.97. This is due to the higher deflection factor compared to that in the other beams which was 

a result of using a small spacing of stirrups that, in turn, enhanced the confinement of concrete. 

Table 4.2- Deformability factor and energy ductility of test beams. 

Beams 

Deformability factor (DF)  Energy Ductility
a
  

Strength 

factor 

deflection 

factor 

J-factor 

Total energy 

(kN.mm) 

Inelastic energy 

(kN.mm) 

Inelastic/Total 

(%) 

SuR-60-4.5 - - - 9794 8464 86% 

GuE-30-4.5 2.2 3.9 8.57 6959 4600 66% 

GuR-30-4.5 1.64 4.98 8.16 5781 3722 64% 

GuR-30-1.5 3.02 3.10 9.36 7243 4795 66% 

GuR-18-4.5 2.38 6.28 14.97 8807 6222 71% 

GsR-24-4.5 2.27 4.5 10.22 8063 5176 64% 

a
 Energy ductility according to Grace et al. (1998) 

 

In addition, from the perspective of “energy-based approach”, all the GFRP-RC beams showed a 

ratio of inelastic-to-total energy lower than that of the steel-RC beam, as shown in Table 4.2. 

Again, beam GuR-18-4.5 had superior performance in absorbing the energy compared to the 

other ULS-based GFRP-RC beams due to the enhanced concrete confinement. Considering the 

classification proposed by Grace et al. (1998), beam SuR-60-4.5 exhibited ductile failure while 
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beam GuR-18-4.5 exhibited semi-ductile failure. On the other hand, the failure was brittle in 

beams GuE-30-4.5, GuR-30-4.5, GuR-30-1.5 and GsR-24-4.5. Grace et al. (1998) reported 

similar failure modes for FRP-RC beams with T-sections.  

4.8 MOMENT REDISTRIBUTION AND LOAD CARRYING CAPACITY 

The relationship between the applied load on each span (P) and the end reaction for all test 

beams is presented in Fig. 4.7. It can be seen that, before cracking, the measured end reaction 

followed the reaction calculated according to the elastic theory. The formation of first flexural 

crack in the sagging moment region did not noticeably affect the measured end reaction; 

however, cracking of the section over middle support caused the section to undergo a substantial 

amount of rotation and thus, resulted in higher end reaction than the elastic reaction. This means 

that a redistribution of the internal forces from the hogging to the sagging moment region 

occurred. This behavior continued until the failure of the beam.  

 

Figure 4.7: Load-end reaction relationship of test beams 
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Table 4.3 shows the change of the bending moment in the sagging and hogging moment sections, 

as a result of change in end reaction, at different loading levels. The experimental moment was 

calculated using the measured end reaction and then compared to the elastic moment to evaluate 

the percentage of moment redistribution. It can be seen that the bending moments were very 

similar to those calculated according to the elastic theory until cracks formed in the sagging 

moment region. When the cracks formed in the hogging moment region, the moment in the 

sagging moment region was higher than that calculated based on the elastic theory while the 

hogging moment was less than that obtained by the elastic theory. At any loading stage, the 

difference between the experimental and theoretical moments was dependent on the moment 

redistribution percentage exhibited by the beam.  

The steel-RC beam, SuR-60-4.5, redistributed 15.9% of the hogging moments at design load 

(155 kN) level and reached a maximum of 17.1% at approximately 83% of ultimate load. After 

yielding of the reinforcement in the sagging region, the moment redistribution percentage 

decreased and reached 10.1% at failure. The GFRP-RC beam GuE-30-4.5, designed for no 

moment redistribution, showed approximately 4.8 and 5.7% moment redistribution at design and 

failure load, respectively. In addition, beams GuR-30-4.5, GuR-30-1.5, GuR-18-4.5 and GsR-24-

4.5 designed assuming 15% moment redistribution, exhibited 8.1, 20.7, 15.2 and 7.2% moment 

redistribution, respectively, at the design load level (155 kN). At failure, the percentage of the 

moment redistribution of these beams reached 14.8, 23.3, 17.8 and 15.9%, respectively.
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Table 4.3- Moments at hogging and sagging moment sections at different load levels 

Loading stage SuR-60-4.5 GuE-30-4.5 GuR-30-4.5 GuR-30-1.5 GuR-18-4.5 GsR-24-4.5 

Cracking 

at sagging 

zone 

Load (kN) 29 20 25 25 21 30 

Moments 

(kN.m) 

Hogg. 15.2 10.5 13.1 13.3 11.1 15.8 

Sagg. 12.7 8.8 10.9 10.6 9.2 13.1 

MR (%) No moment redistribution occurred in this stage 

Cracking 

at hogging 

zone 

Load (kN) 50 35 38 31 38 45 

Moments 

(kN.m) 

Hogg. 25.6 18.0 19.8 16.2 19.7 23.3 

Sagg. 22.2 15.5 16.7 13.6 16.8 19.8 

MR (%) 2.6 2.0 0.8 0.6 1.4 1.3 

At service 

load
a 

Load (kN) 71 

Moments 

(kN.m) 

Hogg. 35.2 35.9 36.2 33.0 35.1 35.4 

Sagg. 32.1 31.7 31.6 33.2 32.2 32.0 

MR (%) 5.6 3.6 2.9 11.6 5.9 5.1 

At design 

load 

Load (kN) 155 

Moments 

(kN.m) 

Hogg. 68.4 77.5 74.8 64.5 69.0 75.5 

Sagg. 74.3 69.8 71.1 76.2 74.0 70.7 

MR (%) 15.9 4.8 8.1 20.7 15.2 7.2 

At failure 

Load (kN) 207 220 199 217 223 329 

Moments 

(kN.m) 

Hogg. 97.7 108.9 89.0 87.4 96.3 145.3 

Sagg. 96.0 99.5 94.8 108.2 107.9 157.6 

MR (%) 10.1 5.7 14.8 23.3 17.8 15.9 
a 
Service load is calculated for the steel-RC (SuR-60-4.5) beam 
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The high moment redistribution in beam GuR-30-1.5 can be attributed to the high flexural 

stiffness of the sagging moment region as a result of the improved composite action (T-section) 

due to providing more lateral reinforcement in the flange. Also, in case of beam GuR-18-4.5, the 

small spacing of stirrups enhanced the confinement that enabled the beam to undergo large 

rotation and consequently high moment redistribution. In general, it can be concluded that the 

beams that were designed for an assumed percentage of MR, could successfully reach the target, 

and their redistribution capability was enhanced by providing either the transverse reinforcement 

with small spacing in the flange or the stirrups with small spacing.  

Regarding the load carrying capacity of beams designed for the ULS, it can be seen that, all test 

beams failed at a load greater than the target load (155 kN). The failure load was approximately 

34, 42, 28, 40, and 44% higher than the design load for beams SuR-60-4.5, GuE-30-4.5, GuR-

30-4.5, GuR-30-1.5, and GuR-18-4.5, respectively. These higher capacities may be due to the 

ability of the beams to redistribute the bending moment between the critical sections, the ability 

of the beams to resist additional load after crushing of the concrete in the hogging moment 

region and the high reserve of the flexural capacity of the hogging section. Also, at failure, the 

bending moment at the hogging moment section in the steel-RC beam was higher than the 

calculated capacity, according to the CSA/A23.3-14 (CSA 2014b), by only 7%. Similarly, in all 

GFRP-RC beams, the bending moment at the middle support section exceeded the flexural 

capacity calculated according to CSA/S806-12 (CSA 2012). The average experimental-to-

predicted ratio of bending moment at the middle support section was 1.25. This high reserve in 

flexural capacity could be attributed to the confinement of concrete provided by the transverse 

reinforcement which increased the confined concrete strength and hence the flexural capacity of 

the section.  



 

71 

 

On the other hand, the bending moment at mid-span section did not reach the calculated flexural 

capacity of the T-section in all beams. In beam SuR-60-4.5, the bending moment at failure was 

96% of the calculated capacity. In the GFRP-RC beams, the average ratio of the experimental-to-

predicted moment capacity was 0.74. This can be attributed to the partial separation of the flange 

due to the longitudinal cracks at the overhanging flange-web interface in beams GuE-30-4.5, 

GuR-30-4.5, GuR-18-4.5 and GsR-24-4.5 or the shear failure in beam GuR-30-1.5. The ratio of 

experimental-to-predicted moment capacity of beams GuR-30-1.5 and GuR-18-4.5 was slightly 

higher than that of the other three GFRP-RC beams (Table 4.4). This may be due to the 

improvement in the T-section behavior in the sagging moment region, and the enhancement in 

deformability as a result of decreasing the spacing of the lateral bars in the flange in beam GuR-

30-1.5 and the small spacing of stirrups in beam GuR-18-4.5, respectively. It is worth 

mentioning that the experimental bending moment at the sagging moment section was greater 

than the calculated flexural capacity neglecting the presence of the flange at the mid-span section 

(considering 200×300 mm rectangular section), as shown in Table 4.4.  
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Table 4.4- Failure load, experimental and predicted failure moments and moment redistribution of test beams 

Beams 

Failure 

load 

(kN) 

Experimental 

moment (kN.m) 

Predicted moment
a 

(kN.m) 

Experimental 

/Predicted 

Moment 

redistribution 

(%) 

 

Hogging 

section 

Sagging 

section 

Hogging 

section 

Sagging section Hogging 

section 

Sagging section 

T-Sec R-Sec T-Sec R-Sec 

SuR-60-4.5 207 

220 

199 

217 

223 

329 

97.7 96.0 91.3 99.6 91.3 1.07 0.96 1.05 10.1 

GuE-30-4.5 108.9 99.5 85.1 138.3 72.9 1.28 0.72 1.36 5.7 

GuR-30-4.5 89.0 94.8 71.2 135.4 71.2 1.25 0.70 1.33 14.8 

GuR-30-1.5 87.4 108.2 73.7 139.7 73.7 1.19 0.78 1.47 23.3 

GuR-18-4.5 96.3 107.9 73.7 139.7 73.7 1.31 0.77 1.46 17.8 

GsR-24-4.5 145.3 157.6 118.1 218.7 107.6 1.23 0.72 1.46 15.9 

a
 Calculated according to CSA/A23.3 (CSA 2014) or CSA/S806-12 (CSA 2012) as appropriate. 

 



 

73 

 

CHAPTER 5: RESULTS AND DISCUSSIONS OF SERIES 2 

 

CHAPTER 5– RESULTS AND DISCUSSIONS OF SERIES 2 

 

 

5.1 GENERAL  

The test results of Series 2 which includes a total of six beams subjected to different loading 

conditions are presented in this chapter. All test beams were 6,000-mm long and continuous over 

two spans of 2,800 mm each. Each beam was subjected to monotonic loading till failure occurs. 

The crack initiation and propagation during testing were traced with marks, and finally, the 

modes of failure were carefully observed. Also, the support reactions, the strains of both concrete 

and longitudinal bars, the crack widths in the critical regions, and the deflections along the span 

were closely monitored and recorded.   

Based on the observations and analyses of recorded data, the beam performances including the 

variation of crack widths, strains, and mid-span deflections with moment were investigated. The 

moment redistribution of all beams was also evaluated by comparing the elastic moment with the 

experimental moment calculated based on the experimental support reactions. Furthermore, the 

effect of each test variable on beam performances is presented in this chapter. 

5.2 GENERAL BEHAVIOR AND MODE OF FAILURE  

In case of beam GuR-I, subjected to symmetrical loading, cracks initiated in the hogging moment 

region at approximately 17 kN (12% of failure load P =144 kN) followed by cracking in the 

sagging moment region at 23 kN (16% of failure load). Under the loading cases II and III, the 

maximum bending moment is at the north mid-span section of the test beams. Therefore, the first 
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flexural crack in these beams initiated in the north sagging moment region followed by similar 

cracks in the hogging and the south sagging moment region, respectively. In loading case II, 

beams GuE-II, GuR-II, GsR-II and SuR-II had the first flexural crack at approximately 22, 23, 

27 and 30 kN which represents 9, 10, 8 and 14% of their respective failure load (1.5P= 243,  224, 

322 and 218 kN, respectively). In the hogging moment region of the same beams, the flexural 

cracks formed when the load reached 12, 14, 10 and 18% of the 1.5P, respectively. In these 

beams, cracks formed in the less loaded span at a load of 23, 25, 20 and 30%, respectively, of the 

failure load (1.5P). In loading case III, the cracking load in beam GuE-III was approximately 10 

and 18% of the failure load (P = 172 kN) at the north mid-span and middle support sections, 

respectively. As the applied load increased, new cracks formed while the existing ones grew 

wider and deeper until the applied load reached 50-60% of the ultimate load. Afterwards, 

diagonal cracks near the loading points and the middle support along with minor flexural cracks 

were observed before failure. 

Fig. 5.1 shows the location and mode of failure of the test beams under different loading 

conditions. All the GFRP-RC beams experienced concrete crushing at either the hogging 

moment section, the higher load sagging section or both and thus showed “compression-

controlled” mode of failure. In beam GuR-I, concrete crushing was visible at the hogging 

moment section; however, it continued to carry more load until failure took place due to 

excessive concrete crushing in the same region associated with widening of formed diagonal 

cracks near the middle support. Beams GuE-II, GuR-II and GsR-II experienced concrete 

crushing at the hogging moment section followed by concrete crushing at the north sagging 

moment section. However, no sign of concrete crushing in the south mid-span region was 

observed. It is worth mentioning that the north mid-span section of beam GsR-II had significant 
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concrete crushing compared to that observed in other beams of case II. Also, beam GuE-III 

failed due to concrete crushing that took place at the north sagging moment section, as shown in 

Fig. 5.1. In contrary, beam SuR-II experienced yielding of the longitudinal reinforcement; 

however, it failed in shear due to a sudden diagonal crack in the higher load span. Therefore, this 

beam did not show the expected ductile behavior.  
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Figure 5.1: Mode of failure of test beams 
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5.3 CRACKING PATTERN AND CRACK WIDTH 

The pattern and distribution of cracks in all test beams, at failure, are depicted in Fig. 5.2. In 

beam GuR-I, similar cracking pattern on both sagging moment regions was observed. In loading 

case II, all test beams showed similar cracking behavior in terms of crack initiation and 

propagation, and intensity and distribution of cracks. Higher intensity of cracks in the higher load 

span compared to that in the less loaded span was observed in each beam. When the load was 

applied on only one span, beam GuE-III, extensive cracks with small spacing in the north 

sagging moment region were observed. In the unloaded span, the cracks started at the top and 

propagated straight towards the bottom of the beam. All the cracks in this span were vertical and 

within a distance of 1,400 mm (half the span) from the middle support. The steel-RC beam, SuR-

II, showed less cracks with larger spacing in comparison with that of GFRP-RC beam GuR-II.  

This can be attributed to the different bond behavior characterized by surface condition of the 

reinforcing bars. Similar findings were reported by Kassem et al. (2011). Also, beams GuE-II 

and GuR-II designed to meet the requirements of an assumed moment redistribution of 0 and 

20%, respectively, showed similar cracking pattern in the hogging and sagging moment regions. 
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GsR-II

P PGuR-I
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Figure 5.2: Cracking pattern and concrete crushing of test beams at failure load 

 

Fig. 5.3 shows the moment-average crack width relationship in the sagging and hogging moment 

regions for all test beams. In beam GuR-I, tested under symmetrical loading, the sagging 

moment sections showed slightly smaller crack widths compared to that of the hogging moment 

section. In general, in loading case II and III, the crack widths observed in the north mid-span 

were the least among the three critical sections. This is due to the large longitudinal 

reinforcement ratio provided at the higher load sagging region compared to those at other 

regions. As a result of the high modulus of elasticity of the steel bars, beam SuR-II showed 

narrower cracks at the three different regions compared to its counterpart reinforced with GFRP 



 

79 

 

bars (beam GuR-II). Regarding the effect of reinforcement ratio on the crack width, the cracks in 

the north sagging region in beam GuR-II were approximately 40% smaller than that of GuE-II 

whereas no significant difference was found in the hogging moment region. Moreover, both 

beams SuR-II and GsR-II, designed for the same service moment, had similar moment-crack 

width relationship at all critical sections, as shown in Fig. 5.3. The crack width in beams SuR-II 

and GsR-II at service load level was 0.18 and 0.16 mm in the hogging moment region, 0.15 and 

0.13 mm in the north sagging moment region, and 0.17 and 0.16 mm in the south sagging 

moment region, respectively. As the crack width criterion governed the serviceability based 

design of beam GsR-II, it satisfied the crack width limitation which is 0.5 mm for FRP-RC 

elements for exterior exposure, specified in CSA/S806-12 (CSA 2012).  
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Figure 5.3: Moment-crack width relationship at (a) the north mid-span section, (b) the south mid-

span section and (c) the middle support section 
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5.4 STRAINS IN CONCRETE AND REINFORCEMENT 

The strain variation in both concrete and longitudinal reinforcement with the applied moment at 

the middle support and mid-span sections is plotted in Fig. 5.4. The concrete strains in all critical 

sections increased linearly up to 50% of the failure moment. Afterwards, at higher loads, the 

strains increased non-linearly with the applied moments. As the cracks propagated towards the 

strain gauge location, the compressive strains decreased and this continued until failure occurred. 

At the same moment level in all critical sections, a rapid increase in strains in concrete was 

observed in beams which were reinforced with relatively low amount of reinforcement. As 

expected, in all GFRP-RC beams, the concrete compressive stains were very close to or 

exceeded the crushing strain of 3,500 micro-strains, specified in the CSA/S806-12 (CSA 2012). 

In contrary, the concrete strains were less than 3,500 micro-strains in beam SuR-II which failed 

in shear right after yielding of the longitudinal reinforcement.  

At the pre-cracking stage, strains in the longitudinal reinforcement were very small in all test 

beams; however, they increased rapidly with the formation of cracks. The strains at failure in 

beam GuR-I reached 49, 42 and 43% of their ultimate strains at the section of middle support, 

north mid-span and south mid-span, respectively. In the north mid-span section of beams GuE-II 

and GuR-II, the strains measured at failure were 52 and 31% of the ultimate strain, respectively. 

However, they had the same strain level, approximately 42% at the middle support and 55% at 

the south mid-span sections. In loading case-III, the strains at failure were 34 and 53% in the 

middle support and north mid-span, respectively. 

The material type of reinforcing bar had significant effect on the measured strains. At the middle 

support and north mid-span sections, the strain in beam GuR-II was approximately 2.7 times 

those in beam SuR-II, at the design load level. Also, at the south mid-span section, the strain in 



 

82 

 

GuR-II was approximately 6 times that in beam SuR-II. This could be attributed to the high axial 

stiffness of the steel reinforcement compared to that of the GFRP reinforcement. Regarding the 

effect of longitudinal reinforcement ratio on the measured strains, beam GuR-II had 17% more 

strain at the hogging moment region compared to that of beam GuE-II at the design moment 

level. However, the strain at the north sagging moment region was less than that in beam GuE-II 

by 67% at the design load. This could be attributed to the increased and reduced amount of 

reinforcement in the sagging and hogging moment region, respectively, which is result of 

considering the moment redistribution in the design process.  

The strains in beams SuR-II and GsR-II were similar at both middle support and south mid-span 

sections since the provided reinforcement in both beams had similar axial stiffness. However, at 

the north mid-span section, the measured strain in beam GsR-II was approximately 2.15 times 

that in beam SuR-II. Regarding the measured strains at the service load level (P = 58 kN), beam 

SuR-II experienced 1,170, 820 and 720 micro-strains at the middle support, north mid-span, and 

south mid-span sections, respectively. At these critical sections, on the other hand, the strains in 

beam GsR-II were 1,320, 1,790 and 1,140 micro-strains which represent only 6.3, 8.5 and 5.4% 

of the characteristic design strain, respectively. Thus, beam GsR-II satisfied the strain limit of 

25% of the bar rupture strain as specified in the CSA/S806-12 standard (CSA 2012).  
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Figure 5.4: Strain variation in concrete and reinforcing bars at (a) the north mid-span section, (b) 

the south mid-span section and (c) the middle support section 

5.5 MOMENT REDISTRIBUTION 

As the cracks formed in the maximum moment regions, the flexural stiffness changed and 

consequently, the internal forces redistributed among the critical sections. This resulted in 

deviation of the measured experimental reactions from the elastic (theoretical) ones. These 

measured reactions were used to calculate the experimental moments and then the percentage of 

the moment redistribution. The experimental and theoretical moments at failure, at the three 

critical sections are documented in Table 5.1. Also, Fig. 5.5 shows the calculated moment 

redistribution versus the applied load for all test beams. The symmetrically loaded beam, GuR-I, 

exhibited moment redistribution of 19.3 and 22.3% at the design load of P = 125 kN and at 

failure load, respectively. In loading case II and III, beams GuE-II and GuE-III, designed for 

elastic moment, exhibited negative moment redistribution which was approximately 4.0 and 
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9.9%, respectively, at failure load. This could be attributed to the reduced flexural stiffness due 

to the extensive cracking observed in the higher load span. Regarding the effect of the material 

type, both beams SuR-II and GuR-II redistributed moments in a similar manner up to failure. 

The moment redistribution in these two beams, at failure, was approximately 25.4 and 19.7%, 

respectively. It should be noted that although beam SuR-II experienced shear failure it was able 

to redistribute the bending moment.  

Similar results were reported in shear-critical beams where more than 20% moment 

redistribution occurred in beams having similar dimensions and spans (Mahmoud and El-

Salakawy 2014 and 2015). 

Beam GuE-II, designed for the elastic moments, showed reversed moment redistribution. On the 

other hand, beam GuR-II, designed for 20% moment redistribution, showed normal moment 

redistribution. This behavior may be attributed to the reinforcement arrangement/ratio at the 

different critical sections. The relatively larger amount of reinforcement at the hogging moment 

region in beam GuE-II was able to control the crack widths which, in turn, made the middle 

support region stiffer than the sagging moment region and therefore, the internal forces 

redistributed from the sagging to the hogging moment region. The opposite occurred for beam 

GuR-II where the north mid-span section was stiffer than the middle support section. Also, it was 

noted that beam GuR-I, tested under symmetrical loading condition, exhibited higher percentage 

of moment redistribution compared to that in beam GuR-II. The moment redistribution at failure 

was 22.3 and 19.7% in beams GuR-I and GuR-II, respectively. This is due to the higher intensity 

of cracks in the middle support section under symmetrical loading conditions, as opposite to the 

unsymmetrical loading case. It is worth mentioning that in a study conducted by El-Mogy et al. 
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(2011) on continuous FRP-RC beams tested under symmetrical loading, the percentage of 

moment redistribution was reported in the range of 23-37%. 

Beam GsR-II could achieve a maximum of 13.5% moment redistribution at 64% of the failure 

load, however, the percentage then reduced to 9.1% at failure load. The low moment 

redistribution is a result of the high reinforcement ratio at the hogging moment region which, in 

turn, resulted in a reduced rotational capacity of the middle support section. Again, in a beam 

designed for serviceability tested under symmetrical loading (El-Mogy et al. 2011), the moment 

redistribution was approximately 33%. Therefore, it can be concluded that the unsymmetrical 

loading on continuous beams could negatively affect the moment redistribution between the 

critical sections. Furthermore, beam GsR-II had less moment redistribution than beam SuR-II. 

This is due to the extensive cracking in GsR-II which reduced the stiffness in the sagging 

moment region.  The opposite could be seen in SuR-II where the sagging moment region seemed 

to be stronger than the hogging moment region due to the high axial stiffness of the steel which 

controlled the crack widths in that region. In general, it can be summarized that moment 

redistribution was possible in ULS based beams that could successfully achieve the assumed 

percentage of moment redistribution of 20% under different loading patterns.  
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Figure 5.5: Moment redistribution versus the load on north span of the test beams 

5.6 LOAD CARRYING CAPACITY 

All GFRP-RC beams continued to carry loads even after the initiation of concrete crushing at the 

critical sections. In loading case I, beam GuR-I carried 13% more than the design load (P) of 125 

kN. In loading case II, beams SuR-II, GuE-II, and GuR-II resisted additional 23, 30, and 18% 

load after exceeding the specified design load (P). In addition, the ultimate capacity of beam 

GsR-II was 47% high compared to that of its counterpart reinforced with steel bars, SuR-II. 

Lastly, beam GuE-III also was able to carry a load that is greater than the design load by 38%. 

Table 5.1 summarizes the experimental and predicted bending moments of the critical sections of 

all test beams. The predicted flexural capacities were calculated according to CSA/A23.3 (CSA 

2014) for steel-RC beam or CSA S806-12 (CSA 2012) for GFRP-RC beams. The experimental-

to-predicted moment ratio at all critical sections of steel-RC beam SuR-II was close to unity, as 
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shown in Table 5.1. This is because the beam failed in shear at the onset of yielding of the steel 

bars at all critical sections. On the other hand, the experimental moment in the sections where 

concrete crushing was observed was 6-43% higher than the predicted moment. This high reserve 

of the sectional capacity could be attributed to the improved confinement and subsequently, 

increased concrete strength by closely spaced stirrups. 
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Table 5.1 - Experimental and predicted moments of test beams at failure  

Beams 

Experimental moment (kN.m) Predicted moment
a 
(kN.m) Experimental/Predicted 

MR at 

failure 

(%) 

North 

mid-span 

section 

Middle 

support 

section 

South 

mid-span 

section 

North 

mid-span 

section 

Middle 

support 

section 

South 

mid-span 

section 

North 

mid-span 

section 

Middle 

support 

section 

South 

mid-span 

section 

GuR-I 70.0 59.6 70.0 68.4 56.3 68.4 1.02 1.06 1.02 22.3 

SuR-II 116.9 71.2 64.6 109.5 71.7 63.2 1.07 0.99 1.02 25.4 

GuE-II 116.8 105.4 60.8 93.4 85.7 58.6 1.25 1.22 1.04 -4.0 

GuR-II 117.1 80.5 61.2 104.2 72.4 58.6 1.12 1.11 1.04 19.7 

GsR-II 153.2 138.8 84 106.9 103.7 93.6 1.43 1.34 0.90 9.1 

GuE-III 96.0 49.3 - 74.9 59.6 - 1.28 0.83 - -9.9 

a
 Calculated according to CSA/A23.3 (CSA 2014) or CSA/S806-12 (CSA 2012) as appropriate. 
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5.7 LOAD-DEFLECTION RESPONSE 

The mid-span deflection versus the applied load at both north and south spans of all test beams is 

demonstrated in Fig. 5.6. For beam GuE-III, upward deflection of south mid-span is reported 

with the load applied on the north mid-span. Generally, in the pre-cracking stage, all beams 

showed linear response with small deflections; however, the development of the cracks in both 

hogging and sagging moment regions resulted in a significant reduction in the flexural stiffness 

and consequently higher deflections. Near failure, nonlinear behavior was also observed in all 

the GFRP-RC beams due to concrete softening. In beam GuR-I, similar deflections in both spans 

were noticed as the beam was subjected to symmetrical loading. In beams of loading case II, the 

north span of ULS based beams was highly over-reinforced with respect to the south span, which 

resulted in higher deflection in the south span. In addition, in beam GuE-III, the south span was 

deflecting upward with loading in contrast to the north span. Near failure, a sudden increase in 

the upward deflection showed up while concrete crushing was taking place in the north span. 

Beam GuR-II showed higher deflections compared to its counterpart reinforced with steel, SuR-

II, as expected. The measured deflection in beam GuR-II was approximately 2.5 and 4.9 times 

that in beam SuR-II at the north and south mid-span, respectively. This correlates well with the 

axial stiffness in both beams where the steel-to-GFRP axial stiffness ratio was 2.8 and 7.3 in the 

north and south spans, respectively. The effect of the assumed moment redistribution percentage 

on the deflection can be seen in beams GuE-II (MR = 0%) and GuR-II (MR = 20%). The 

measured deflection in the higher load span of beam GuR-II was approximately 15% less than 

that of beam GuE-II. This could be attributed to the high longitudinal reinforcement ratio in the 

north sagging moment region in beam GuR-II compared to that in beam GuE-II. Therefore, 
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considering moment redistribution in designing continuous beams has no adverse effect on the 

mid-span deflection. By comparing deflections of beams GsR-II and SuR-II in post-cracking 

stage, it can be seen that GsR-II exhibited deflection in both north and south spans that was 

approximately 60% higher than that in its counterpart beam reinforced with steel, SuR-II. 

From the serviceability point of view, the allowable maximum deflection varies from 5.6 to 14.8 

mm (span/480 to span/180) depending on the type and function of structural element, according 

to CSA/S806-12 (CSA 2012). At the service load, the measured deflection in beams SuR-II and 

GsR-II was 3.21 and 5.83 mm in north sagging moment region, respectively, whereas in the 

south sagging moment region, the deflection was 2.23 and 3.66 mm, respectively. This implies 

that only north span of GsR-II failed to satisfy the serviceability requirement for certain types of 

structural applications.  
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Figure 5.6: Load-deflection relationship at a) north span and b) south span of the test beams 

5.8 PREDICTION OF LOAD-DEFLECTION RESPONSE 

There are two different approaches for calculating the deflection; one is based on effective 

moment of inertia while the other one is based on moment-curvature integration. In this paper, 

only models based on the effective moment of inertia are considered.  Models proposed by ISIS 

Canada (2007), Habeeb and Ashour (2008), and the ACI 440.1R-15 (ACI committee 440 2015) 

are used to predict the mid-span deflection of the test beams (Table 4). It should be noted that the 

CSA/S806-12 (CSA 2012) adopts the moment-curvature integration approach and thus it is not 

considered in this study. The predicted deflection is then compared to the experimental results. 

The first model, proposed by ISIS Canada (2007), assumes a uniform moment of inertia instead 

of actual variable moment of inertia along the beam span. The second model is basically a 

modified version of the widely acknowledged Branson’s equation of effective moment inertia 

which was derived for steel-RC beams subjected to service loads. The expression was modified 

with factor (𝛽𝑑) to take into consideration the less tension stiffening effect of FRP-RC beams and 
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reduction factor (𝛾𝐺) to the second term which represents the post-cracking phase. Moreover, 

ACI 440.1R-15 (ACI Committee 440 2015) model is suggesting an expression with 𝛾 factor 

which depends on load and boundary conditions and accounts for the uncracked regions and 

stiffness variation in the cracked regions. For continuous beams, an expression of effective 

moment of inertia, 𝐼𝑒 = 0.85𝐼𝑒𝑚 + 0.15𝐼𝑒𝑐,  was suggested to calculate the deflections where, 

𝐼𝑒𝑚 and 𝐼𝑒𝑐 is effective moment of inertia at mid-span and central support sections, respectively. 

 

Table 5.2 – Models for deflection prediction of GFRP-RC beams 

Models Effective moment of inertia, 𝐼𝑒 (mm
4
) Relevant formulas 

ISIS Canada 

(2007) 

𝐼𝑒 =
𝐼𝑡𝐼𝑐𝑟

(𝐼𝑐𝑟 + (1 − 0.5(𝑀𝑐𝑟/𝑀𝑎)2)(𝐼𝑡 − 𝐼𝑐𝑟))⁄  

 

𝐼𝑔 =
𝑏ℎ3

12
 

𝑀𝑐𝑟 =
0.62√𝑓𝑐

′𝐼𝑔

𝑦𝑡
 

𝑘 = √2𝜌𝑓𝑛𝑓 + (𝜌𝑓𝑛𝑓)2-

𝜌𝑓𝑛𝑓 

 

𝐼𝑐𝑟 =
𝑏𝑑3

3
𝑘3 

+𝑛𝑓𝐴𝑓𝑑2(1 − 𝑘)2 

Habeeb and 

Ashour (2008) 

𝐼𝑒 = (𝑀𝑐𝑟/𝑀𝑎)3𝛽𝑑𝐼𝑔 + (1 − (
𝑀𝑐𝑟

𝑀𝑎
)

3

)𝐼𝑐𝑟𝛾𝐺 ≤ 𝐼𝑔 

 

Where 𝛽𝑑 = 0.2 ∗ (𝜌𝑓/𝜌𝑓𝑏) ≤ 1 

ACI 440.1R-15 

(ACI Committee 

440 2015) 

𝐼𝑒 =
𝐼𝑐𝑟

(1 − 𝛾(𝑀𝑐𝑟/𝑀𝑎)2(1 − 𝐼𝑐𝑟/𝐼𝑔))⁄ ≤ 𝐼𝑔 

 

Where 𝑀𝑎 ≥ 𝑀𝑐𝑟 and  𝛾 = 1.72 − 0.72 ∗
(𝑀𝑐𝑟/𝑀𝑎) 
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Fig. 5.7 illustrates the experimental and the predicted deflection of the north sagging moment 

region of test beams for the three different loading conditions. In loading case I and II, models 

proposed by ISIS Canada (2007) and ACI 440.1R (2015) reasonably predicted the trend up to 

40-65% of the failure load and afterwards, progressive underestimation of the deflection was 

observed.  However, in loading case III, both models showed close predictions until failure. 

Similarly, the model proposed by Habeeb and Ashour (2008), in all loading cases, yielded good 

predictions of the deflection in the early loading stages (25-45% of the failure load) while it 

highly overestimated the deflections at high load levels. 
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Figure 5.7: Experimental and predicted load-deflection response of test beam a) GuR-I, b) GuE-

II, c) GsR-II and d) GuE-III (Continued) 
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Figure 5.7: Experimental and predicted load-deflection response of test beam a) GuR-I, b) GuE-

II, c) GsR-II and d) GuE-III. 

Table 5.3 enlists the ratio of experimental-to-predicted deflection as well as the statistical 

evaluation of the predictions at the service and design load levels. At the service load level, the 
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model proposed by ACI 440.1R (2015) gave the best predictions where the mean value of the 

experimental-to-predicted deflection ratio was 0.99 with a coefficient of variation of 8.24%. 

However, the model proposed by ISIS Canada (2007) yielded the most conservative predictions 

where the mean value of the experimental-to-predicted deflection ratio was 0.79 with a 

coefficient of variation of 11.8%. At the design load level, both models proposed by ACI 440.1R 

(2015) and the ISIS Canada (2007) consistently underestimated the deflections by 25 and 22%, 

respectively. On the other hand, the model proposed by Habeeb and Ashour (2008) produced 

inconsistent predictions while it gave conservative prediction at the service load level and 

unconservative predictions at the design load level.  
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Table 5.3 – Experimental-to-predicted deflection ratio for GFRP-RC beams 

Beam 

ISIS Canada 3 

(2007) 

Habeeb and Ashour 

(2008)
 

ACI 440.1R 

(2015) 

Service 

load 

Design 

load 

Service 

load 

Design 

load 

Service 

load 

Design 

load 

GuR-I 0.79 1.23 1.31 0.89 0.94 1.28 

GuE-II 0.69 1.37 1.36 0.84 1.03 1.39 

GuR-II 0.67 1.31 1.33 0.8 1.12 1.34 

GsR-II 0.93 1.2
a
 0.72 0.74

a
 0.99 1.22

a
 

GuE-III 0.76 0.98 1.05 0.64 0.87 1.02 

Mean 0.77 1.22 1.16 0.78 0.99 1.25 

Standard deviation 0.09 0.13 0.24 0.08 0.08 0.13 

Coefficient of 

variation, % 
11.8 10.9 21.0 10.9 8.2 10.4 

 
 a
 Deflection was calculated at design load of ULS based beams (P = 125 kN)  
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CHAPTER 6: CONCLUSIONS AND FUTURE WORK 

 

CHAPTER 6– CONCLUSIONS AND FUTURE WORK 

 

6.1 SUMMARY 

This section presents the findings from the current investigation and the recommendations for the 

future work. The current study investigated the behavior of continuous beams which were 

reinforced with GFRP bars and stirrups. The experimental scheme included two different series, 

namely, Series 1 dealing with testing of T-beams under symmetrical loading, and Series 2 

dealing with behavior of rectangular beams under different loading conditions. 

A total of twelve large-scale beams were constructed and tested in the experimental phase with 

six in each series. The test variables in Series 1 were material type (steel or GFRP), an assumed 

percentage of moment redistribution, spacing of stirrups, and spacing of transverse bars in the 

flange, and serviceability. On the other hand, in Series 2, the beams were tested under three 

different loading conditions: I) equal load P (symmetrical) on both spans, II) load P on one span 

and 1.5P on the other, and III) load P on one span only. Under the loading condition-III, the 

variables chosen were type of reinforcing material (steel or GFRP), an assumed moment 

redistribution percentage, and serviceability. After the analysis, some conclusions regarding both 

of series are made and given in the following sections. 

6.2 CONCLUSIONS FROM RESULTS OF SERIES 1 

Six large-scale GFRP-RC continuous T-beams were tested to failure to investigate the overall 

behavior and to determine their ability to redistribute bending moments between critical sections. 
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Based on the test results and discussion presented in this study, the following conclusions can be 

drawn: 

1. The steel-RC beam experienced tension-controlled failure (yielding of steel) and 

ultimately crushing of concrete was observed in both hogging and sagging regions. In all 

GFRP-RC beams, crushing of concrete in the hogging moment region took place; then, 

the beams continued to resist more loads until failure occurred due to either crushing of 

concrete in the sagging moment region or diagonal shear cracks near the middle support.  

2. All beams partially lost the composite action as a T-section in the sagging moment region 

due to the development of two longitudinal cracks at the overhanging flange-web 

interface; however, decreasing the spacing of the lateral bars in the flange prevented the 

formation of such cracks at these locations. 

3. All GFRP-RC beams, achieved a reasonable deformability factor which was higher than 

the minimum factor of 6.0 specified by CHBDC code (CAN/CSA-S6-14) for T-beams.  

However, based on the energy ductility method proposed by Grace et al. (1998), the 

reference beam reinforced with steel exhibited ductile failure while the GFRP-RC beams 

exhibited semi-ductile or brittle failure. Decreasing the spacing of either stirrups or lateral 

reinforcement in the flange increased the energy ductility. The high deformability factor 

in GuR-18-4.5 was due to the enhanced concrete strength and rotation capability as a 

result of using the stirrups with small spacing. 

4. All tested beams exhibited moment redistribution from the hogging to the sagging 

moment region. The GFRP-RC continuous concrete beams could successfully achieve 

the assumed percentage of moment redistribution (approximately 15%). Also, the beams 

with closer stirrup spacing or more lateral flange bars experienced more moment 
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redistribution compared to their counterparts with larger spacing of lateral bars or 

stirrups. 

6.3 CONCLUSIONS FROM RESULTS OF SERIES 2  

Six large-scale rectangular continuous beams were tested to failure under three different loading 

conditions to investigate the structural performance and to determine their ability to redistribute 

bending moments between critical sections. Moreover, the experimental results were compared 

to the available models to predict the mid-span deflections of the test beams. Based on the 

discussion presented earlier, the following conclusions can be drawn: 

1. As expected, beam tested under symmetrical loading exhibited almost identical cracking, 

crack widths, strain and deflections in both spans. In beams tested under unsymmetrical 

loading case II, the higher load span showed less crack widths, strains and deflections 

compared to those in the less load span. This is due to the larger amount of longitudinal 

reinforcement ratio in the higher load span compared to that in the other span. Beam with 

one loaded span (case III), exhibited very similar crack width, strains and deflections in 

the loaded span to those in beams tested under symmetrical loading. Also, this behavior 

was observed at the hogging moment section of beam tested under symmetrical loading 

(case I) and beam with one loaded span (case III). 

2. The steel-RC beam achieved a moment redistribution percentage higher than the assumed 

percentage of 20%. Also, normal moment redistribution ranging from 19.7 to 22.3% was 

observed in all GFRP-RC beams which were designed based on the ultimate limit state. 

However, the beam designed for the serviceability limit state exhibited low moment 

redistribution at failure (9.1%) as a result of the high reinforcement ratios at the critical 
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sections. In addition, the unsymmetrical loading conditions adversely affected the 

moment redistribution.  

3. The GFRP-RC beams, tested under unsymmetrical loading and designed for elastic 

moment, exhibited reversed moment redistribution in the hogging region up to 9.9%. 

This can be attributed to the reduced flexural stiffness due to the formation of excessive 

cracks in the higher load region. This caused the sagging moment region to be weaker 

than the hogging moment region; therefore, the internal forces were redirected to the 

strong hogging moment region. 

4. The arrangement of longitudinal reinforcement, considering moment redistribution, had a 

positive effect in reducing both crack width and deflection in the higher load span. 

Similarly, the steel-RC beam showed superior performance compared to its ULS based 

counterpart GFRP-RC beam under loading case II. Also, in all loading cases, deflection 

and crack width at the same moment level were inversely related to the amount of 

flexural reinforcement.  

5. Beam GsR-II, designed for SLS, showed similar behavior to that of the steel-RC beam in 

terms of cracking behavior and strains; however, it experienced higher deflection 

compared to its counterpart reinforced with steel. Also, the beam was reasonably able to 

meet the serviceability requirements for most types of structural applications, according 

to CSA/S806-12 (CSA 2012). 

6. Deflection prediction models proposed by the ACI 440.1R (2015) and ISIS Canada 

(2007) gave conservative predictions of the deflections at the service load level while 

they underestimated the deflection at high load levels. On the other hand, model proposed 
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by Habeeb and Ashour (2008) gave inconsistent predictions where it gave unconservative 

predictions at the service load level and very conservative predictions at high load levels.  

 

6.4 RECOMMENDATIONS FOR FUTURE WORK 

Within the scope of flexural behavior of continuous beams, the following recommendations can 

be made for future work: 

1. The beams investigated in this study were continuous over two spans where each exterior 

end was discontinuous. Continuous beams with different exterior support conditions 

(fixed exterior end and continuous both end) can be studied. A substantially higher 

moment at the hogging moment section compared to that at the sagging moment section 

is expected to affect the redistribution of flexural stiffness after cracking takes place.  

2. The beam spans of the current study were symmetrical. Moment redistribution can be 

studied with unsymmetrical span length and can also be extended to beams continuous 

over multi-spans. Due to the asymmetry in span length, the cracked stiffness of the 

adjacent spans is different; which can affect the moment redistribution.  

3. The current study included the beams which were designed for different occupancy 

intensity on each span and accordingly, the load was applied. The beams designed for 

same intensity of occupancy on either span can be investigated under the unsymmetrical 

loading conditions. This represents a condition where one span is fully loaded by the 

occupants while the adjacent one is partially loaded at a certain time. As both spans are 

provided with the same reinforcement ratio, the partially loaded span is stiffer than the 

fully loaded span. Therefore, the moment redistribution is expected to be affected.  
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4. Testing of beams with T-section was carried out under symmetrical loading and span 

arrangements. Therefore, T-beams can also be tested under unsymmetrical loading and 

span conditions and can be compared with that of rectangular beams. 

5. As the present study was carried out over the GFRP-RC beams, further experimental 

studies are required to investigate the behavior of such beams with different 

reinforcement type (CFRP, AFRP, and BFRP) under different circumstances 

recommended above.  
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APPENDIX A 

DESIGN OF TEST BEAMS OF SERIES 1 
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SERIES 1 

Among the six beams, the design of two ULS based beams which are steel-RC SuR-60-4.5 and 

GFRP-RC GuE-30-4.5 and one SLS based beam GsR-24-4.5 is described here. The design of the 

middle support and mid-span section is given here. 

Given that, 

Concrete compressive strength, 𝑓𝑐
′= 40 MPa 

Yield strength of longitudinal reinforcement, 𝑓𝑦= 430 MPa 

Yield strength of 8-mm diameter stirrups = 400 MPa 

Height of the beam, h= 300 mm 

Width of the beam, b= 200 mm 

Design load on each span, P =155 kN 

Span length, L= 2.8 m 

 

Beam Designation: SuR-60-4.5 

Design load on either span, P =155 kN 

Span length, L= 2.8 m 

Flexural design: 

Elastic moment at the middle support section, 

𝑀𝑑𝑙  = 0.1875 ∗ 155 ∗ 2.8 = 81.4 𝑘𝑁. 𝑚 

Elastic moment at the mid-span section, 

𝑀𝑑  = 0.15625 ∗ 155 ∗ 2.8 = 67.8 𝑘𝑁. 𝑚 

Considering 15% moment redistribution, redistributed moment at the middle support section, 

𝑀𝑑𝑙 = 0.85 ∗ 81.4 = 69.2 𝑘𝑁. 𝑚 
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To achieve the same load (P) under moment redistribution, the following equation was used. 

2𝑀𝑑𝑙 + 4𝑀𝑑 = 𝑃𝐿 

Redistributed moment at the mid-span section, 

𝑀𝑑 =
155 ∗ 2.8 − 2 ∗ 69.2

4
= 73.9 𝑘𝑁. 𝑚 

Effective depth of the sections, 𝑑 = 253 𝑚𝑚, 

𝛼1 = 0.85 − 0.0015 ∗ 40 ≥ 0.67 = 0.79 

𝛽1 = 0.97 − 0.0025 ∗ 40 ≥ 0.67 = 0.87 

To ensure steel yielding, the neutral axis-to-depth ratio, 

𝑐
𝑑⁄ ≤ 700

(700 + 430)⁄ = 0.62 

𝑐 ≤ 156.9 𝑚𝑚      

From equilibrium conditions for middle support section assuming steel yielding, 

𝐴𝑠 ∗ 430 = 0.79 ∗ 40 ∗ 0.87 ∗ 𝑐 ∗ 200 … … … … … … (1) 

69.2 ∗ 106 =  𝐴𝑠 ∗ 430 ∗ (253 − 0.87 ∗
𝑐

2
) … … … … (2) 

Solving above equations, 

𝑐 =  54.94 𝑚𝑚 < 156.9 𝑚𝑚      So, steel yielded.  

Required amount of steel,  𝐴𝑠 = 702 𝑚𝑚2 

Check minimum reinforcement for T-beams according to clause 10.5.1.2 (CSA A.23.3-14) 

𝐴𝑠,𝑚𝑖𝑛 =
0.2∗√𝑓𝑐

′

𝑓𝑦
𝑏𝑡ℎ,    where 𝑏𝑡=2.5 𝑏𝑤= width of the tension zone for T-section 

=
0.2 ∗ √40

430
∗ (2.5 ∗ 200) ∗ 300 = 441 𝑚𝑚2 < 702 𝑚𝑚2 

Provide 2-15M+1-20M bars at the middle support section. 

Check, 𝐴𝑠,𝑝𝑟𝑜𝑣𝑖𝑑𝑒𝑑= 700 𝑚𝑚2 ≈ 702 𝑚𝑚2 (OK) 
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From equilibrium conditions for mid-span section assuming steel yielding, 

𝐴𝑠 ∗ 430 = 0.79 ∗ 40 ∗ 0.87 ∗ 𝑐 ∗ 600 … … … … … … (3) 

73.9 ∗ 106 =  𝐴𝑠 ∗ 430 ∗ (253 − 0.87 ∗
𝑐

2
) … … … … (4) 

Solving above equations,  𝑐 =  18.29 𝑚𝑚 < 156.9 𝑚𝑚  

So, steel yielded.  

Required amount of steel,  𝐴𝑠 = 701 𝑚𝑚2 

Check minimum reinforcement according to clause 10.5.1.2 (CSA A.23.3-14) 

𝐴𝑠,𝑚𝑖𝑛 =
0.2∗√𝑓𝑐

′

𝑓𝑦
𝑏𝑡ℎ,    where 𝑏𝑡= 𝑏𝑤= width of the tension zone  

=
0.2 ∗ √40

430
∗ (200) ∗ 300 = 177 𝑚𝑚2 < 701 𝑚𝑚2 

Provide 2-15M+1-20M bars at the mid-span section. 

Check, 𝐴𝑠,𝑝𝑟𝑜𝑣𝑖𝑑𝑒𝑑= 700 𝑚𝑚2 ≈ 701 𝑚𝑚2 (OK) 

Reinforcement in transverse direction of flange: 

Provide 10M@ 450 mm c/c  

(Clause 7.8.1, CSA A23.3-14 and Clause 8.12.5.2, ACI 318-11a) 

 

Shear design: 

Design shear force,  𝑉𝑓 = 155 −
73.9

1.4
= 102.2 𝑘𝑁 

According to 11.3.3 (CSA A.23.3-14), 

Shear resistance,, 𝑉𝑟 = 𝑉𝑐 + 𝑉𝑠, 𝑎𝑛𝑑 𝑉𝑟,𝑚𝑎𝑥  ≤ 0.25∅𝑐𝑓𝑐
′𝑏𝑤𝑑𝑣 

𝑑𝑣 = 𝑔𝑟𝑒𝑎𝑡𝑒𝑟 𝑜𝑓 {
0.9𝑑 = 227.7 𝑚𝑚 (𝑔𝑜𝑣𝑒𝑟𝑛𝑒𝑑)

0.72ℎ        = 216 𝑚𝑚
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Maximum shear resistance of section, 

𝑉𝑟,𝑚𝑎𝑥 =   0.25∅𝑐𝑓𝑐
′𝑏𝑤𝑑𝑣 = 0.25 ∗ 1 ∗ 40 ∗ 200 ∗ 227.7 = 455 𝑘𝑁 

Also, since 0.125∅𝑐𝑓𝑐
′𝑏𝑤𝑑𝑣 = 0.125 ∗ 1 ∗ 40 ∗ 200 ∗ 227.7 = 228 𝑘𝑁 > 102.2 𝑘𝑁 

Therefore, it’s not necessary to divide the maximum spacing by 2. 

Maximum spacing of stirrups,  

𝑠 = 𝑠𝑚𝑎𝑙𝑙𝑒𝑟 𝑜𝑓 {
0.7𝑑𝑣 = 160 𝑚𝑚 (𝑔𝑜𝑣𝑒𝑟𝑛𝑒𝑑)

600  𝑚𝑚
 

Taking spacing s= 160 mm c/c, 

𝐴𝑣,𝑚𝑖𝑛 = 0.06 ∗ √𝑓𝑐
′

𝑏𝑤𝑠

𝑓𝑦
= 0.06 ∗ √40 ∗ 200 ∗

160

400
= 30.4 𝑚𝑚2 

According to clause 11.3.6.4 (following general method), 

Moment at a section 𝑑𝑣 from the face of the middle support having width of 160 mm, 

𝑀𝑓 = 46.83 𝑘𝑁. 𝑚 

𝜀𝑥 =

𝑀𝑓

𝑑𝑣
+ 𝑉𝑓

2𝐸𝑠𝐴𝑠
 

=

46.83∗106

227.7
+ 102200

2 ∗ 200000 ∗ 700
= 0.0011 

The angle of inclination, 𝜃 = 29° + 7000𝜀𝑙 = 36.7° 

The value of 𝛽 =
0.40

(1+1500𝜀𝑥)


1300

(1000+𝑆𝑧𝑒)
 

=
0.40

(1+1500∗0.0011)


1300

(1000+300)
 =0.151 

(𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑖𝑛𝑔 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝑡𝑟𝑎𝑛𝑠𝑣𝑒𝑟𝑠𝑒 𝑟𝑒𝑖𝑛𝑓𝑜𝑟𝑐𝑒𝑚𝑒𝑛𝑡) 

Now,  𝑉𝑐 = ∅𝑐𝜆𝛽√𝑓𝑐
′𝑏𝑤𝑑𝑣 = 1 ∗ 1 ∗ 0.151 ∗ √40 ∗ 200 ∗ 227.7 = 43.5 𝑘𝑁 

Now, considering 8-mm steel bar (2-legged) and spacing of 150 mm, 
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𝑉𝑠 =
𝐴𝑣𝑓𝑦𝑑𝑣𝑐𝑜𝑡𝜃

𝑠
=

2 ∗ 50.26 ∗ 400 ∗ 227.7 ∗ 𝑐𝑜𝑡36.7°

150
= 81.9 𝑘𝑁 

Total shear resistance,  𝑉𝑟 = 43.5 + 81.9 = 125.4 𝑘𝑁 > 𝑉𝑓 = 102.2 𝑘𝑁  (OK) 

Provide 8-mm bar@150 mm c/c 

 

Specimen Designation: GuE-30-4.5 

Design load= 155 𝑘𝑁 

According to clause 8.4.1.4 of CSA S806-12, the extreme compressive strain in concrete can be 

assumed to have reached 0.0035 only when 

𝑐

𝑑
≥

7

(7 + 2000 ∗ 𝜀𝐹𝑢)
 

𝑐

𝑑
≥

7

(7 + 2000 ∗ 0.023)
= 0.132  

(𝑎𝑠𝑠𝑢𝑚𝑖𝑛𝑔 𝐺𝐹𝑅𝑃 𝑏𝑎𝑟 𝑁𝑜. 16 𝑎𝑛𝑑 𝑢𝑠𝑖𝑛𝑔 𝑐ℎ𝑎𝑟𝑎𝑐𝑡𝑒𝑟𝑖𝑠𝑡𝑖𝑐 𝑑𝑒𝑠𝑖𝑔𝑛 𝑠𝑡𝑟𝑎𝑖𝑛) 

Again, according to clause 8.4.1.5, concrete stress of 𝛼1∅𝑐𝑓𝑐
′ can be assumed uniformly 

distributed over a compressive zone only after the above condition is satisfied. 

Now,  𝛼1 = 0.85 − 0.0015 ∗ 40 ≥ 0.67 = 0.79 

𝛽1 = 0.97 − 0.0025 ∗ 40 ≥ 0.67 = 0.87 

Using GFRP bar no. 16, 

Area=197.9 mm
2
,  

Characteristic design strength, 𝑓𝑓𝑟𝑝𝑢 = 1560 𝑀𝑃𝑎, 𝐸𝑓𝑟𝑝 = 65000 𝑀𝑃𝑎, 

Characteristic design strain, 𝜀𝑓𝑟𝑝𝑢 = 2.3%  

Effective depth, 𝑑 =251 mm 

 Balanced reinforced ratio, 𝜌𝑓𝑟𝑝𝑏 = 𝛼1𝛽1
∅𝑐

∅𝑓

𝑓𝑐
′

𝑓𝑓𝑟𝑝𝑢
(

𝜀𝑐𝑢

𝜀𝑐𝑢+𝜀𝑓𝑟𝑝𝑢
) 

𝜌𝑓𝑟𝑝𝑏 = 0.79 ∗ 0.87 ∗
1

1
∗

40

1560
∗ (

0.0035

0.0035 + 0.023
) = 0.00233 

Design of the middle support section: 

Design moment at middle support section= 0.1875 ∗ 155 ∗ 2.8 = 81.4 𝑘𝑁. 𝑚 
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Try using 3 No. 16 GFRP bar, 𝐴𝑓𝑟𝑝 = 3 ∗ 197.9 = 593.7 mm
2 

 

𝜌𝑓𝑟𝑝 =
𝐴𝑓𝑟𝑝

𝑏𝑑
=

593.7

200 ∗ 251
= 0.011827 > 𝜌𝑓𝑟𝑝𝑏 

So, concrete crushing will control the failure mode. 

For over-reinforced concrete section, stress in GFRP bar at failure can be calculated as follows 

(ISIS Canada 2007): 

𝑓𝑓𝑟𝑝 = 0.5𝐸𝑓𝑟𝑝𝜀𝑐𝑢 ((1 +
4𝛼1𝛽1∅𝑐𝑓𝑐

′

𝜌𝑓𝑟𝑝∅𝑓𝑟𝑝𝐸𝑓𝑟𝑝𝜀𝑐𝑢
)

0.5

− 1) ≤ 𝑓𝑓𝑟𝑝𝑢 

= 0.5 ∗ 65000 ∗ 0.0035 ((1 +
4 ∗ 0.79 ∗ 0.87 ∗ 1 ∗ 40

0.011827 ∗ 1 ∗ 65000 ∗ 0.0035
)

0.5

− 1) = 622.3 𝑀𝑃𝑎 

𝑎 =
593.7 ∗ 622.3

0.79 ∗ 40 ∗ 200
= 58.5 𝑚𝑚  

𝑐 =
58.5

0.87
= 67.2 𝑚𝑚 

Now,      
𝑐

𝑑
=

67.2

251
= 0.268 > 0.132      (𝑐𝑙𝑎𝑢𝑠𝑒 8.4.1.4 𝑎𝑛𝑑 8.4.1.5 𝑎𝑟𝑒 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑑 ) 

Moment resistance, 

𝑀𝑟 = 593.7 ∗ 622.3 ∗ (251 −
58.5

2
) = 81.9  𝑘𝑁. 𝑚 > 81.4 𝑘𝑁. 𝑚 (𝑂𝐾)               

Check if minimum reinforcement is required: 

Here, cracking moment,                                   𝑀𝑐𝑟 =
𝐼𝑔

𝑦𝑡
𝑓𝑟 =

𝐼𝑔

𝑦𝑡
∗ 0.6𝜆√𝑓𝑐

′ 

=
723.33 ∗ 106

110
∗ 0.6 ∗ 1 ∗ √40   = 24.95 𝑘𝑁. 𝑚    

(ℎ𝑒𝑟𝑒, 𝜆 = 1 𝑓𝑜𝑟 𝑛𝑜𝑟𝑚𝑎𝑙 𝑑𝑒𝑠𝑛𝑠𝑖𝑡𝑦 𝑐𝑜𝑛𝑐𝑟𝑒𝑡𝑒) 

Since, moment resistance of section 𝑀𝑟 = 81.4 𝑘𝑁. 𝑚 > 1.5𝑀𝑐𝑟 = 37.4 𝑘𝑁. 𝑚  

So, requirement for minimum reinforcement is satisfied according to clause 8.4.2.1 (CSA S806-

12) 

Provide 3 No. 16 at the middle-support section. 
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Design of the mid-span section: 

Moment at mid-span=0.15625 ∗ 155 ∗ 2.8 = 67.8 𝑘𝑁. 𝑚 

Assuming rectangular beam first and using GFRP bar no. 16, 

Try using 2 No. 16 GFRP bar, 𝐴𝑓𝑟𝑝 = 2 ∗ 197.9 = 395.8 mm
2 

 

𝜌𝑓𝑟𝑝 =
𝐴𝑓𝑟𝑝

𝑏𝑑
=

395.8

600 ∗ 251
= 0.0026 > 𝜌𝑓𝑟𝑝𝑏 = 0.0023  

So, concrete crushing will control the failure mode. 

For over-reinforced concrete section, stress in GFRP bar at failure can be calculated as follows 

(ISIS Canada 2007): 

𝑓𝑓𝑟𝑝 = 0.5𝐸𝑓𝑟𝑝𝜀𝑐𝑢 ((1 +
4𝛼1𝛽1∅𝑐𝑓𝑐

′

𝜌𝑓𝑟𝑝∅𝑓𝑟𝑝𝐸𝑓𝑟𝑝𝜀𝑐𝑢
)

0.5

− 1) ≤ 𝑓𝑓𝑟𝑝𝑢 

= 0.5 ∗ 65000 ∗ 0.0035 ((1 +
4 ∗ 0.79 ∗ 0.87 ∗ 1 ∗ 40

0.0026 ∗ 1 ∗ 65000 ∗ 0.0035
)

0.5

− 1) = 1441 𝑀𝑃𝑎 

𝑎 =
395.8 ∗ 1441

0.79 ∗ 40 ∗ 600
= 30.1 𝑚𝑚  

𝑐 =
30.1

0.87
= 34.6 𝑚𝑚 

Now,     
𝑐

𝑑
=

34.6

251
= 0.138 > 0.132      (𝑐𝑙𝑎𝑢𝑠𝑒 8.4.1.4 𝑎𝑛𝑑 8.4.1.5 𝑎𝑟𝑒 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑑 ) 

𝑀𝑟 = 395.8 ∗ 1441 ∗ (251 −
30.1

2
) = 134.6  𝑘𝑁. 𝑚 > 67.7 𝑘𝑁. 𝑚 (𝑂𝐾)               

 

Check if minimum reinforcement is required: 

Here, cracking moment,        𝑀𝑐𝑟 =
𝐼𝑔

𝑦𝑡
𝑓𝑟 =

𝐼𝑔

𝑦𝑡
∗ 0.6𝜆√𝑓𝑐

′ 

=
723.33 ∗ 106

190
∗ 0.6 ∗ 1 ∗ √40      

= 14.45 𝑘𝑁. 𝑚 

Since, moment resistance of section  𝑀𝑟 = 134.6 𝑘𝑁. 𝑚 > 1.5𝑀𝑐𝑟 = 21.7 𝑘𝑁. 𝑚  

So, requirement for minimum reinforcement is satisfied according to clause 8.4.2.1 

Provide 2 No. 16 at mid-span section 
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Design for shear: 

Design shear force at the middle support section 𝑉𝑓 =155-67.8/1.4=106.6 kN 

According to the provisions of CSA S806-12, 

Total shear resistance, 𝑉𝑟 = 𝑉𝑐 + 𝑉𝑠𝐹 

𝑉𝑐 = 0.05𝜆∅𝑐𝑘𝑚𝑘𝑟(𝑓𝑐
′)1/3𝑏𝑤𝑑𝑣 

Where,                    𝑘𝑚 = √
𝑉𝑓𝑑

𝑀𝑓
≤ 1.0 and 𝑘𝑟 = 1 + (𝐸𝐹𝜌𝐹𝑤)1/3 

𝑑𝑣 = 𝑔𝑟𝑒𝑎𝑡𝑒𝑟 𝑜𝑓 {
0.9𝑑 = 226 𝑚𝑚 (𝑔𝑜𝑣𝑒𝑟𝑛)

0.72ℎ = 216 𝑚𝑚
 

𝑀𝑓

= 𝑚𝑜𝑚𝑒𝑛𝑡 𝑎𝑡 𝑑𝑣 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑓𝑎𝑐𝑒 𝑜𝑓 𝑡ℎ𝑒 𝑚𝑖𝑑𝑑𝑙𝑒 𝑠𝑢𝑝𝑝𝑜𝑟𝑡 ℎ𝑎𝑣𝑖𝑛𝑔 𝑠𝑢𝑝𝑝𝑜𝑟𝑡 𝑤𝑖𝑑𝑡ℎ 𝑜𝑓160 𝑚𝑚 

= 48.8 𝑘𝑁. 𝑚 

𝑘𝑚 = √
106.6 ∗ 0.251

48.8
= 0.741 

𝑘𝑟 = 1 + (65000 ∗ 0.011827)1/3 = 10.2 

Now, 𝑉𝑐 = 0.05 ∗ 1 ∗ 1 ∗ 0.741 ∗ 10.2 ∗ 40
1

3 ∗ 200 ∗ 226 = 58.4 𝑘𝑁 

Now check, 

0.11∅𝑐√𝑓𝑐
′𝑏𝑤𝑑𝑣 ≤ 𝑉𝑐 ≤ 0.22∅𝑐√𝑓𝑐

′𝑏𝑤𝑑𝑣 

31.5 𝑘𝑁 ≤ 𝑉𝑐 ≤ 62.9 𝑘𝑁          (𝑂𝐾) 

Shear resistance from stirrup, 𝑉𝑠𝐹 =
0.4∅𝐹𝐴𝐹𝑣𝑓𝐹𝑢𝑑𝑣

𝑠
𝑐𝑜𝑡𝜃 

Where,    𝜀𝑙 =

𝑀𝑓

𝑑𝑣
+𝑉𝑓

2𝐸𝐹𝐴𝐹
 

=

48.8∗106

226
+ 106600

2 ∗ 65000 ∗ 593.7
= 0.00417 

𝑐ℎ𝑒𝑐𝑘,           30° ≤ 𝜃 = 30° + 7000𝜀𝑙 = 59.2° ≤ 60° 

𝜃 = 59.2° 
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Maximum spacing of stirrup (clause 8.4.6.1), 

𝑠𝑝𝑎𝑐𝑖𝑛𝑔 𝑜𝑓 𝑠𝑡𝑖𝑟𝑟𝑢𝑝, 𝑠 = 𝑠𝑚𝑎𝑙𝑙𝑒𝑟 𝑜𝑓 {
0.6𝑑𝑣𝑐𝑜𝑡𝜃 = 80.8𝑚𝑚 ≈ 80 𝑚𝑚 

400  𝑚𝑚
 

Now try assuming 2-legged 13 mm stirrup @75 mm c/c, 

𝑉𝑠𝐹 =
0.4 ∗ 1 ∗ 2 ∗ 127 ∗ 265 ∗ 226

75
𝑐𝑜𝑡59.2° = 48.4 𝑘𝑁 

ℎ𝑒𝑟𝑒, 𝑓𝐹𝑢 ≤ 0.005𝐸𝐹 = 265 (𝑐𝑙𝑎𝑢𝑠𝑒 8.4.4.9) 

𝑉𝑟 = 58.4 + 48.4 = 𝟏𝟎𝟔. 𝟖 𝒌𝑵 ≈ 𝑉𝑓 = 106.6 𝑘𝑁      (𝑂𝐾) 

Check for maximum shear resistance of the section, 

𝑉𝑟,𝑚𝑎𝑥 = 0.22∅𝑐𝑓𝑐
′𝑏𝑤𝑑𝑣 

= 0.22 ∗ 1 ∗ 40 ∗ 200 ∗ 226 = 398 𝑘𝑁 > 106.8 𝑘𝑁 ( 𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎𝑑𝑒𝑞𝑢𝑎𝑡𝑒) 

So, use 2-legged No. 13 @ 75 mm c/c 

 

 

Specimen Designation: GsR-24-4.5 

The serviceability criteria of the middle support section govern the SLS based design for whole 

beam. As such, the calculations related to the middle support section are presented here. 

Calculation for service moment of the middle support section in SuR-60-4.5: 

𝜌 =
700

200 ∗ 253
= 0.0138;      𝑛 =

𝐸𝑠

𝐸𝑐
=

200000

28460
= 7.03; 

 

𝑘 = √2 ∗ 𝜌𝑛 + (𝜌𝑛)2 − 𝜌𝑛 = 0.356 

Service moment, 𝑀 = 𝐴𝑠 ∗ (0.6 ∗ 𝑓𝑦) ∗ (𝑑 −
𝑘𝑑

3
) 

= 700 ∗ 258 ∗ (253 − 0.356 ∗
253

3
) 

= 39.8 𝑘𝑁. 𝑚 
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All serviceability requirements are satisfied at the same service moment (39.8 kN.m) to design 

the GsR-24-4.5 

The main design criteria include the following: 

 Crack control parameter and deflection should not exceed the limits specified in codes. 

 At service state, stress in the GFRP bar should be less than 25% of ultimate strength, 

CSA S806-12 (CSA 2012); 

Try using 4 No. 22 bars in the middle support section, 

For exterior exposure, crack control parameter, 𝑧 = 38,000 N/mm; 

𝑘𝑏 =1.2,  𝑑𝑐 =56 mm, and  Tension zone per bar, 𝐴 =
2∗600∗56

4
= 16,564 

And 
𝐸𝑠

𝐸𝑓
=

200

67
= 2.98 

Using equation of 𝑧 =  𝑘𝑏
𝐸𝑠

𝐸𝑓
𝑓𝐹 √(𝑑𝑐𝐴)3

 

38,000 = 1.2 ∗ 2.98 ∗ 𝑓𝐹 ∗ √(56 ∗ 16,200)
3

 

𝑓𝐹 = 109.6 𝑀𝑃𝑎 < 0.25% 𝑜𝑓 1600 = 400 𝑀𝑃𝑎     (𝑶𝑲) 

 

𝜌𝑓 =
1552

200 ∗ 244
= 0.0315;    𝑛𝑓 =

𝐸𝑓

𝐸𝑐
=

67000

28460
= 2.35; 

𝑘 = 0.356 

Service moment,  𝑀𝑠 = 𝐴𝑓 ∗ 𝑓𝐹 ∗ (𝑑 −
𝑘𝑑

3
) 

= 1552 ∗ 109.6 ∗ (244 −
0.356 ∗ 244

3
) 

= 37.2 𝑘𝑁. 𝑚 ≈ 39.8 𝑘𝑁. 𝑚 (𝑂𝐾) 

 

Load corresponding to service moment = 
37.2

0.1875∗2.8
= 70.9 𝑘𝑁 ≈ 71 𝑘𝑁 

Moment at the mid-span section corresponding to the service load, 

𝑀 = 0.15625 ∗ 71 ∗ 2.8 = 31.1 𝑘𝑁. 𝑚 
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Try with 3 No. 22 bars 

𝜌𝑓 =
1164

600 ∗ 244
= 0.0079;    𝑛𝑓 =

𝐸𝑓

𝐸𝑐
=

67000

28460
= 2.35; 

𝑘 = 0.175 

𝑓𝐹 =
𝑀𝑠

𝐴𝑓𝑟𝑝 ∗ 𝑗 ∗ 𝑑
=

31.1 ∗ 106

1164 ∗ 0.942 ∗ 244
= 115.3 𝑀𝑃𝑎 < 0.25% 𝑜𝑓 1600 = 400 𝑀𝑃𝑎     (𝑶𝑲) 

𝑘𝑏 = 1.2; 
𝐸𝑠

𝐸𝑓𝑟𝑝
= 2.98; 𝑑𝑐 = 56; 𝐴 = 7467; 𝑓𝐹 = 115.3 𝑀𝑃𝑎 

𝑧 = 1.2 ∗ 2.98 ∗ 115.3 ∗ √(56 ∗ 7467)
3

= 30,832
𝑁

𝑚𝑚

< 38,000
𝑁

𝑚𝑚
  𝑓𝑜𝑟 𝑒𝑥𝑡𝑒𝑟𝑖𝑜𝑟 𝑒𝑥𝑝𝑜𝑠𝑢𝑟𝑒  (𝑶𝑲) 

 

Providing 4 No. 22 in the middle support section and 3 No. 22 in the mid-span section, 

Check deflection: 

Following the equation suggested by ISIS 2007, Canada 

𝐼𝑒 =
𝐼𝑡𝐼𝑐𝑟

𝐼𝑐𝑟 + (1 − 0.5 ∗ (
𝑀𝑐𝑟

𝑀𝑎
)2) ∗ (𝐼𝑡 − 𝐼𝑐𝑟)

 

𝐼𝑒 = 1.43 ∗ 108mm
4
 

 =
7

768
∗

𝑃 ∗ 𝑙3

𝐸𝑐𝐼𝑒
 

=
7

768
∗

71 ∗ 1000 ∗ (2.8 ∗ 1000)3

28460 ∗ 1.43 ∗ 108
 

= 3.5 𝑚𝑚 

Allowable deflection = 
𝐿

480
~

𝐿

180
= 5.6 𝑚𝑚~14.8 𝑚𝑚   (𝑂𝐾) 

 

Ultimate capacity of the middle support section: 

Using 4 No. 22 GFRP bars of the middle support section, 

Now,         𝑓𝑓𝑟𝑝 = 0.5𝐸𝑓𝑟𝑝𝜀𝑐𝑢 ((1 +
4𝛼1𝛽1∅𝑐𝑓𝑐

′

𝜌𝑓𝑟𝑝∅𝑓𝑟𝑝𝐸𝑓𝑟𝑝𝜀𝑐𝑢
)

0.5

− 1) ≤ 𝑓𝑓𝑟𝑝𝑢 
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= 0.5 ∗ 67000 ∗ 0.0035 ((1 +
4 ∗ 0.79 ∗ 0.87 ∗ 1 ∗ 40

0.0315 ∗ 1 ∗ 67000 ∗ 0.0035
)

0.5

− 1) = 350.1 𝑀𝑃𝑎 

𝑎 =
1552 ∗ 350.1

0.79 ∗ 40 ∗ 200
= 85.9 𝑚𝑚  

𝑐 = 98.7 𝑚𝑚 

Now, 
𝑐

𝑑
≥

7

(7+2000∗0.023)
= 0.132 (𝑐𝑙𝑎𝑢𝑠𝑒 8.4.1.4 𝑎𝑛𝑑 8.4.1.5 𝑎𝑟𝑒 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑑 ) 

𝑐

𝑑
=

98.7

244
= 0.405 > 0.132       

𝑀𝑟 = 1552 ∗ 350.1 ∗ (244 −
85.9

2
) = 109.2  𝑘𝑁. 𝑚   

So, the ultimate load,     𝑃 =
109.2

0.1875∗2.8
= 208 𝑘𝑁 

 

Shear design: 

Design shear force at middle support section 𝑉𝑓 =208-91/1.4=143 kN 

𝑉𝑟 = 𝑉𝑐 + 𝑉𝑠𝐹 

𝑉𝑐 = 0.05𝜆∅𝑐𝑘𝑚𝑘𝑟(𝑓𝑐
′)1/3𝑏𝑤𝑑𝑣 

Where,                    𝑘𝑚 = √
𝑉𝑓𝑑

𝑀𝑓
≤ 1.0 and 𝑘𝑟 = 1 + (𝐸𝐹𝜌𝐹𝑤)1/3 

𝑑𝑣 = 𝑔𝑟𝑒𝑎𝑡𝑒𝑟 𝑜𝑓 {
0.9𝑑 = 219.6 ≈ 220 𝑚𝑚 (𝑔𝑜𝑣𝑒𝑟𝑛)

0.72ℎ = 216 𝑚𝑚
 

𝑀𝑓 = 𝑚𝑜𝑚𝑒𝑛𝑡 𝑜𝑓 𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑎𝑡 𝑑𝑣 𝑓𝑟𝑜𝑚 𝑚𝑖𝑑𝑑𝑙𝑒 𝑠𝑢𝑝𝑝𝑜𝑟𝑡 = 66.6 𝑘𝑁. 𝑚 

𝑘𝑚 = √
143 ∗ 0.244

66.6
= 0.724 

𝑘𝑟 = 1 + (67000 ∗ 0.0315)1/3 = 13.83 

Now, 𝑉𝑐 = 0.05 ∗ 1 ∗ 1 ∗ 0.724 ∗ 13.83 ∗ 40
1

3 ∗ 200 ∗ 220 = 75.3 𝑘𝑁 

Now check, 

0.11∅𝑐√𝑓𝑐
′𝑏𝑤𝑑𝑣 ≤ 𝑉𝑐 ≤ 0.22∅𝑐√𝑓𝑐

′𝑏𝑤𝑑𝑣 

30.6 𝑘𝑁 ≤ 𝑉𝑐 ≤ 61.2 𝑘𝑁    
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      𝑉𝑐 = 61.2 𝑘𝑁 (𝑂𝐾) 

Shear resistance from stirrup, 𝑉𝑠𝐹 =
0.4∅𝐹𝐴𝐹𝑣𝑓𝐹𝑢𝑑𝑣

𝑠
𝑐𝑜𝑡𝜃 

Where,  

𝜀𝑙 =

𝑀𝑓

𝑑𝑣
+ 𝑉𝑓

2𝐸𝐹𝐴𝐹
 

=

66.6∗106

220
+ 143,000

2 ∗ 67000 ∗ 1552
= 0.0021 

𝑐ℎ𝑒𝑐𝑘,           30° ≤ 𝜃 = 30° + 7000𝜀𝑙 = 45° ≤ 60° 

𝜃 = 45° 

Maximum spacing of stirrup (clause 8.4.6.1), 

𝑠𝑝𝑎𝑐𝑖𝑛𝑔 𝑜𝑓 𝑠𝑡𝑖𝑟𝑟𝑢𝑝, 𝑠 = 𝑠𝑚𝑎𝑙𝑙𝑒𝑟 𝑜𝑓 {
0.6𝑑𝑣𝑐𝑜𝑡𝜃 = 132 𝑚𝑚

400  𝑚𝑚
 

Now assuming 2-legged 12 mm stirrup @60 mm c/c, 

𝑉𝑠𝐹 =
0.4 ∗ 1 ∗ 2 ∗ 126.7 ∗ 265 ∗ 220

60
𝑐𝑜𝑡45° = 98.5 𝑘𝑁 

ℎ𝑒𝑟𝑒, 𝑓𝐹𝑢 ≤ 0.005𝐸𝐹 = 265 (𝑐𝑙𝑎𝑢𝑠𝑒 8.4.4.9) 

𝑉𝑟 = 61.2 + 98.5 = 159.7 𝑘𝑁 > 𝑉𝑓 = 143 𝑘𝑁      (𝑂𝐾) 

Check for maximum shear resistance of the section, 

𝑉𝑟,𝑚𝑎𝑥 = 0.22∅𝑐𝑓𝑐
′𝑏𝑤𝑑𝑣 

 

= 0.22 ∗ 1 ∗ 40 ∗ 200 ∗ 220 = 387.2 𝑘𝑁 > 143 𝑘𝑁 ( 𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎𝑑𝑒𝑞𝑢𝑎𝑡𝑒) 

So, use 2-legged No. 13 @ 60 mm c/c 
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APPENDIX B 

 

DESIGN OF TEST BEAMS OF SERIES 2 

 



 

B-2 
 

SERIES-2 

Among the six beams, the design of two ULS based beams which are steel-RC SuR-II and 

GFRP-RC GuE-II and one SLS based beam GsR-II is described here. The design of the north 

mid-span section and the middle support section is given here. 

Given that, 

Concrete compressive strength, 𝑓𝑐
′= 40 MPa 

Yield strength of longitudinal reinforcement, 𝑓𝑦= 430 MPa 

Yield strength of 8-mm diameter stirrups = 400 MPa 

Height of the beam, h= 300 mm 

Width of the beam, b= 200 mm 

Design load on lightly loaded span, P =125 kN 

Design load on heavily loaded span, 1.5P =187.5 kN 

Span length, L= 2.8 m 

 

Beam Designation: SuR-II 

Flexural design: 

Elastic moment at the middle support section, 

𝑀𝑑𝑙  = 0.2344 ∗ 125 ∗ 2.8 = 82.0 𝑘𝑁. 𝑚 

Elastic moment at the mid-span section of heavily loaded span, 

𝑀𝑑  = 0.2579 ∗ 125 ∗ 2.8 = 90.3 𝑘𝑁. 𝑚 

Considering 20% moment redistribution, 

Redistributed moment at the middle support section, 

𝑀𝑑𝑙 = 0.80 ∗ 82.0 = 65.6 𝑘𝑁. 𝑚 
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To achieve the same load (1.5P) on heavily loaded span under moment redistribution, the 

following equation was used. 

2𝑀𝑑𝑙 + 4𝑀𝑑 = 𝑃𝐿 

Redistributed moment at the mid-span section, 

𝑀𝑑 =
1.5 ∗ 125 ∗ 2.8 − 2 ∗ 65.6

4
= 98.5 𝑘𝑁. 𝑚 

Effective depth of the sections, 𝑑 = 253 𝑚𝑚, 

𝛼1 = 0.85 − 0.0015 ∗ 40 ≥ 0.67 = 0.79 

𝛽1 = 0.97 − 0.0025 ∗ 35 ≥ 0.67 = 0.87 

To ensure steel yielding, the neutral axis-to-depth ratio, 

𝑐
𝑑⁄ ≤ 700

(700 + 430)⁄ = 0.62 

𝑐 ≤ 156.9 𝑚𝑚      

From equilibrium conditions for middle support section assuming steel yielding, 

𝐴𝑠 ∗ 430 = 0.79 ∗ 40 ∗ 0.87 ∗ 𝑐 ∗ 200 … … … … … … (1) 

65.6 ∗ 106 =  𝐴𝑠 ∗ 430 ∗ (253 − 0.87 ∗
𝑐

2
) … … … … (2) 

Solving above equations, 

𝑐 =  51.8 𝑚𝑚 < 156.9 𝑚𝑚  

So, steel yielded.  

Required amount of steel,  𝐴𝑠 = 663 𝑚𝑚2 

Check minimum reinforcement according to clause 10.5.1.2 (CSA A.23.3-14) 

𝐴𝑠,𝑚𝑖𝑛 =
0.2∗√𝑓𝑐

′

𝑓𝑦
𝑏𝑡ℎ,    where 𝑏𝑡=width of the tension zone  

=
0.2 ∗ √40

430
∗ (200) ∗ 300 = 176.5 𝑚𝑚2 < 663 𝑚𝑚2 
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Provide 2-15M+1-20M bars at the middle support section. 

Check, 𝐴𝑠,𝑝𝑟𝑜𝑣𝑖𝑑𝑒𝑑= 700 𝑚𝑚2 > 663𝑚𝑚2 (OK) 

From equilibrium conditions for heavily mid-span section assuming steel yielding, 

𝐴𝑠 ∗ 430 = 0.79 ∗ 40 ∗ 0.87 ∗ 𝑐 ∗ 200 … … … … … … (3) 

98.5 ∗ 106 =  𝐴𝑠 ∗ 430 ∗ (251 − 0.87 ∗
𝑐

2
) … … … … (4) 

Solving above equations,  𝑐 =  83.4 𝑚𝑚 < 156.9 𝑚𝑚 ; So, steel yielded.  

Required amount of steel,  𝐴𝑠 = 1066.4 𝑚𝑚2 

Check minimum reinforcement according to clause 10.5.1.2 (CSA A.23.3-14) 

𝐴𝑠,𝑚𝑖𝑛 =
0.2∗√𝑓𝑐

′

𝑓𝑦
𝑏𝑡ℎ,    where 𝑏𝑡= 𝑏𝑤= width of the tension zone of this section 

=
0.2 ∗ √40

430
∗ (200) ∗ 300 = 177 𝑚𝑚2 < 1066.4 𝑚𝑚2 

Provide 2-20M+1-25M bars at the mid-span section. 

Check, 𝐴𝑠,𝑝𝑟𝑜𝑣𝑖𝑑𝑒𝑑= 1100 𝑚𝑚2 > 1066.4 𝑚𝑚2 (OK) 

 

Shear design of heavily loaded span: 

Design shear force,  𝑉𝑓 = 187.5 −
98.5

1.4
= 117.1 𝑘𝑁 

According to 11.3.3 (CSA A.23.3-14), 

Shear resistance,, 𝑉𝑟 = 𝑉𝑐 + 𝑉𝑠, 𝑎𝑛𝑑 𝑉𝑟,𝑚𝑎𝑥  ≤ 0.25∅𝑐𝑓𝑐
′𝑏𝑤𝑑𝑣 

𝑑𝑣 = 𝑔𝑟𝑒𝑎𝑡𝑒𝑟 𝑜𝑓 {
0.9𝑑 = 225.9 𝑚𝑚 (𝑔𝑜𝑣𝑒𝑟𝑛𝑒𝑑)

0.72ℎ        = 216 𝑚𝑚
 

Maximum shear resistance of section, 

𝑉𝑟,𝑚𝑎𝑥 =   0.25∅𝑐𝑓𝑐
′𝑏𝑤𝑑𝑣 = 0.25 ∗ 1 ∗ 40 ∗ 200 ∗ 225.9 = 452 𝑘𝑁 

Also, since 0.125∅𝑐𝑓𝑐
′𝑏𝑤𝑑𝑣 = 0.125 ∗ 1 ∗ 40 ∗ 200 ∗ 225.9 = 226 𝑘𝑁 > 117.1 𝑘𝑁 
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Therefore, it’s not necessary to divide the maximum spacing by 2. 

Maximum spacing of stirrups,  

𝑠 = 𝑠𝑚𝑎𝑙𝑙𝑒𝑟 𝑜𝑓 {
0.7𝑑𝑣 = 158 𝑚𝑚 (𝑔𝑜𝑣𝑒𝑟𝑛𝑒𝑑)

600  𝑚𝑚
 

Taking spacing, s= 158 mm c/c, 

𝐴𝑣,𝑚𝑖𝑛 = 0.06 ∗ √𝑓𝑐
′

𝑏𝑤𝑠

𝑓𝑦
= 0.06 ∗ √40 ∗ 200 ∗

158

400
= 30 𝑚𝑚2 

According to clause 11.3.6.4 (following general method), 

Since moment is higher at mid-span section compared to that at the middle support section, shear 

design governs for the mid-span section. 

Moment at a section 𝑑𝑣 from the face of the loading plate having width of 100 mm, 

𝑀𝑓 = 66.1 𝑘𝑁. 𝑚 

𝜀𝑥 =

𝑀𝑓

𝑑𝑣
+ 𝑉𝑓

2𝐸𝑠𝐴𝑠
 

=

66.1∗106

225.9
+ 117100

2 ∗ 200000 ∗ 1100
= 0.00093 

The angle of inclination, 𝜃 = 29° + 7000𝜀𝑙 = 35.5 

The value of 𝛽 =
0.40

(1+1500𝜀𝑥)


1300

(1000+𝑆𝑧𝑒)
 

=
0.40

(1+1500∗0.00093)


1300

(1000+300)
 =0.167 

(𝑐𝑜𝑛𝑠𝑖𝑑𝑒𝑟𝑖𝑛𝑔 𝑚𝑖𝑛𝑖𝑚𝑢𝑚 𝑡𝑟𝑎𝑛𝑠𝑣𝑒𝑟𝑠𝑒 𝑟𝑒𝑖𝑛𝑓𝑜𝑟𝑐𝑒𝑚𝑒𝑛𝑡) 

Now,  

𝑉𝑐 = ∅𝑐𝜆𝛽√𝑓𝑐
′𝑏𝑤𝑑𝑣 = 1 ∗ 1 ∗ 0.167 ∗ √40 ∗ 200 ∗ 225.9 = 47.7 𝑘𝑁 

Now, considering 8-mm steel bar (2-legged) and spacing of 150 mm, 
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𝑉𝑠 =
𝐴𝑣𝑓𝑦𝑑𝑣𝑐𝑜𝑡𝜃

𝑠
=

2 ∗ 50.26 ∗ 400 ∗ 225.9 ∗ 𝑐𝑜𝑡35.5°

150
= 84.9 𝑘𝑁 

Total shear resistance,  𝑉𝑟 = 47.7 + 84.9 = 132.6 𝑘𝑁 > 𝑉𝑓 = 117.1 𝐾𝑁  (OK) 

Provide 8-mm bar@150 mm c/c 

 

Beam Designation: GuE-II 

Flexural design: 

Design of the middle support section: 

Elastic moment at the middle support section,  

𝑀𝑑𝑙  = 0.2344 ∗ 125 ∗ 2.8 = 82.0 𝑘𝑁. 𝑚 

According to clause 8.4.1.4 of CSA S806-12, the extreme compressive strain in concrete can be 

assumed to have reached 0.0035 only when 

𝑐

𝑑
≥

7

(7 + 2000 ∗ 𝜀𝐹𝑢)
 

𝑐

𝑑
≥

7

(7 + 2000 ∗ 0.022)
= 0.137  

(𝑎𝑠𝑠𝑢𝑚𝑖𝑛𝑔 𝐺𝐹𝑅𝑃 𝑏𝑎𝑟 𝑁𝑜. 16 𝑎𝑛𝑑 𝑢𝑠𝑖𝑛𝑔 𝑐ℎ𝑎𝑟𝑎𝑐𝑡𝑒𝑟𝑖𝑠𝑡𝑖𝑐 𝑑𝑒𝑠𝑖𝑔𝑛 𝑠𝑡𝑟𝑎𝑖𝑛) 

Again, according to clause 8.4.1.5, concrete stress of 𝛼1∅𝑐𝑓𝑐
′ can be assumed uniformly 

distributed over a compressive zone only after the above condition is satisfied. 

Now,  

𝛼1 = 0.85 − 0.0015 ∗ 40 ≥ 0.67 = 0.79 

𝛽1 = 0.97 − 0.0025 ∗ 40 ≥ 0.67 = 0.87 

Using GFRP bar no. 16, 

Area=197.9 mm
2
,  

Characteristic design strength, 𝑓𝑓𝑟𝑝𝑢 = 1530 𝑀𝑃𝑎, 𝐸𝑓𝑟𝑝 = 65000 𝑀𝑃𝑎, 

Characteristic design strain, 𝜀𝑓𝑟𝑝𝑢 = 2.2%  

Effective depth, 𝑑 =251 mm  
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 Balanced reinforced ratio, 𝜌𝑓𝑟𝑝𝑏 = 𝛼1𝛽1
∅𝑐

∅𝑓

𝑓𝑐
′

𝑓𝑓𝑟𝑝𝑢
(

𝜀𝑐𝑢

𝜀𝑐𝑢+𝜀𝑓𝑟𝑝𝑢
) 

𝜌𝑓𝑟𝑝𝑏 = 0.79 ∗ 0.87 ∗
1

1
∗

40

1530
∗ (

0.0035

0.0035 + 0.022
) = 0.00247 

Design moment at the middle support section= 0.2344 ∗ 125 ∗ 2.8 = 82.0 𝑘𝑁. 𝑚 

Try using 3 No. 16 GFRP bar, 𝐴𝑓𝑟𝑝 = 3 ∗ 197.9 = 593.7 mm
2 

 

𝜌𝑓𝑟𝑝 =
𝐴𝑓𝑟𝑝

𝑏𝑑
=

593.7

200 ∗ 251
= 0.01183 > 𝜌𝑓𝑟𝑝𝑏 

So, concrete crushing will control the failure mode. 

For over-reinforced concrete section, stress in GFRP bar at failure can be calculated as follows 

(ISIS Canada 2007): 

𝑓𝑓𝑟𝑝 = 0.5𝐸𝑓𝑟𝑝𝜀𝑐𝑢 ((1 +
4𝛼1𝛽1∅𝑐𝑓𝑐

′

𝜌𝑓𝑟𝑝∅𝑓𝑟𝑝𝐸𝑓𝑟𝑝𝜀𝑐𝑢
)

0.5

− 1) ≤ 𝑓𝑓𝑟𝑝𝑢 

= 0.5 ∗ 65000 ∗ 0.0035 ((1 +
4 ∗ 0.79 ∗ 0.87 ∗ 1 ∗ 40

0.01183 ∗ 1 ∗ 65000 ∗ 0.0035
)

0.5

− 1) = 622.1 𝑀𝑃𝑎 

𝑎 =
593.7 ∗ 622.1

0.79 ∗ 40 ∗ 200
= 58.4 𝑚𝑚  

𝑐 =
58.4

0.87
= 67.1 𝑚𝑚 

Now, 

𝑐

𝑑
=

67.1

251
= 0.267 > 0.137     (𝑐𝑙𝑎𝑢𝑠𝑒 8.4.1.4 𝑎𝑛𝑑 8.4.1.5 𝑎𝑟𝑒 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑑 ) 

Moment resistance, 

𝑀𝑟 = 593.7 ∗ 622.1 ∗ (251 −
58.4

2
) = 81.9  𝑘𝑁. 𝑚 ≈ 82.0 𝑘𝑁. 𝑚 (𝑂𝐾)               

Check if minimum reinforcement is required: 

Here, cracking moment,                                   𝑀𝑐𝑟 =
𝐼𝑔

𝑦𝑡
𝑓𝑟 =

𝐼𝑔

𝑦𝑡
∗ 0.6𝜆√𝑓𝑐

′ 

=
450.0 ∗ 106

150
∗ 0.6 ∗ 1 ∗ √40   = 11.4 𝑘𝑁. 𝑚    

(ℎ𝑒𝑟𝑒, 𝜆 = 1 𝑓𝑜𝑟 𝑛𝑜𝑟𝑚𝑎𝑙 𝑑𝑒𝑠𝑛𝑠𝑖𝑡𝑦 𝑐𝑜𝑛𝑐𝑟𝑒𝑡𝑒) 

Since, moment resistance of section 𝑀𝑟 = 81.9 𝑘𝑁. 𝑚 > 1.5𝑀𝑐𝑟 = 17.1 𝑘𝑁. 𝑚  
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So, requirement for minimum reinforcement is satisfied according to clause 8.4.2.1 (CSA S806-

12) 

Provide 3 No. 16 at the middle-support section 

 

Design of the mid-span section: 

Elastic moment at the mid-span section of heavily loaded span, 

𝑀𝑑  = 0.2579 ∗ 125 ∗ 2.8 = 90.3 𝑘𝑁. 𝑚 

According to clause 8.4.1.4 of CSA S806-12, the extreme compressive strain in concrete can be 

assumed to have reached 0.0035 only when 

𝑐

𝑑
≥

7

(7 + 2000 ∗ 𝜀𝐹𝑢)
 

𝑐

𝑑
≥

7

(7 + 2000 ∗ 0.021)
= 0.132  

(𝑎𝑠𝑠𝑢𝑚𝑖𝑛𝑔 𝐺𝐹𝑅𝑃 𝑏𝑎𝑟 𝑁𝑜. 22 𝑎𝑛𝑑 𝑢𝑠𝑖𝑛𝑔 𝑐ℎ𝑎𝑟𝑎𝑐𝑡𝑒𝑟𝑖𝑠𝑡𝑖𝑐 𝑑𝑒𝑠𝑖𝑔𝑛 𝑠𝑡𝑟𝑎𝑖𝑛) 

Again, according to clause 8.4.1.5, concrete stress of 𝛼1∅𝑐𝑓𝑐
′ can be assumed uniformly 

distributed over a compressive zone only after the above condition is satisfied. 

Now,  

𝛼1 = 0.85 − 0.0015 ∗ 40 ≥ 0.67 = 0.79 

𝛽1 = 0.97 − 0.0025 ∗ 40 ≥ 0.67 = 0.87 

Using GFRP bar no. 22, 

Area= 388 mm
2
,  

Characteristic design strength, 𝑓𝑓𝑟𝑝𝑢 = 1375 𝑀𝑃𝑎, 𝐸𝑓𝑟𝑝 = 68000 𝑀𝑃𝑎, 

Characteristic design strain, 𝜀𝑓𝑟𝑝𝑢 = 2.1%  

Effective depth, 𝑑 =246 mm 

 Balanced reinforced ratio, 𝜌𝑓𝑟𝑝𝑏 = 𝛼1𝛽1
∅𝑐

∅𝑓

𝑓𝑐
′

𝑓𝑓𝑟𝑝𝑢
(

𝜀𝑐𝑢

𝜀𝑐𝑢+𝜀𝑓𝑟𝑝𝑢
) 

𝜌𝑓𝑟𝑝𝑏 = 0.79 ∗ 0.87 ∗
1

1
∗

40

1375
∗ (

0.0035

0.0035 + 0.021
) = 0.00286 

Moment at mid-span=0.2579 ∗ 125 ∗ 2.8 = 90.3 𝑘𝑁. 𝑚 



 

B-9 
 

Using GFRP bar no. 22, 

Try using 2 No. 22 GFRP bar, 𝐴𝑓𝑟𝑝 = 2 ∗ 388 = 776 mm
2 

 

𝜌𝑓𝑟𝑝 =
𝐴𝑓𝑟𝑝

𝑏𝑑
=

776

200 ∗ 246
= 0.0158 > 𝜌𝑓𝑟𝑝𝑏 = 0.00286  

So, concrete crushing will control the failure mode. 

For over-reinforced concrete section, stress in GFRP bar at failure can be calculated as follows 

(ISIS Canada 2007): 

𝑓𝑓𝑟𝑝 = 0.5𝐸𝑓𝑟𝑝𝜀𝑐𝑢 ((1 +
4𝛼1𝛽1∅𝑐𝑓𝑐

′

𝜌𝑓𝑟𝑝∅𝑓𝑟𝑝𝐸𝑓𝑟𝑝𝜀𝑐𝑢
)

0.5

− 1) ≤ 𝑓𝑓𝑟𝑝𝑢 

= 0.5 ∗ 68000 ∗ 0.0035 ((1 +
4 ∗ 0.79 ∗ 0.87 ∗ 1 ∗ 40

0.0158 ∗ 1 ∗ 68000 ∗ 0.0035
)

0.5

− 1) = 536 𝑀𝑃𝑎 

𝑎 =
776 ∗ 536

0.79 ∗ 40 ∗ 200
= 65.8 𝑚𝑚  

𝑐 =
65.8

0.87
= 75.6 𝑚𝑚 

Now, 

𝑐

𝑑
=

75.6

246
= 0.307 > 0.132      (𝑐𝑙𝑎𝑢𝑠𝑒 8.4.1.4 𝑎𝑛𝑑 8.4.1.5 𝑎𝑟𝑒 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑑 ) 

𝑀𝑟 = 776 ∗ 536 ∗ (246 −
65.8

2
) = 88.6  𝑘𝑁. 𝑚 ≈ 90.3 𝑘𝑁. 𝑚 (𝑂𝐾)               

Check if minimum reinforcement is required: 

Here, cracking moment,                            𝑀𝑐𝑟 =
𝐼𝑔

𝑦𝑡
𝑓𝑟 =

𝐼𝑔

𝑦𝑡
∗ 0.6𝜆√𝑓𝑐

′ 

=
450 ∗ 106

150
∗ 0.6 ∗ 1 ∗ √40      

= 11.4 𝑘𝑁. 𝑚 

Since, moment resistance of section  𝑀𝑟 = 88.6 𝑘𝑁. 𝑚 > 1.5𝑀𝑐𝑟 = 17.1 𝑘𝑁. 𝑚  

So, requirement for minimum reinforcement is satisfied according to clause 8.4.2.1 

Provide 2 No. 22 at mid-span section 
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Design for shear: 

Design shear force at (1.5*P) heavily loaded side of the middle support section 𝑉𝑓 =187.5-

90.2/1.4=123.1 kN 

𝑉𝑟 = 𝑉𝑐 + 𝑉𝑠𝐹 

𝑉𝑐 = 0.05𝜆∅𝑐𝑘𝑚𝑘𝑟(𝑓𝑐
′)1/3𝑏𝑤𝑑𝑣 

Where,                    𝑘𝑚 = √
𝑉𝑓𝑑

𝑀𝑓
≤ 1.0 and 𝑘𝑟 = 1 + (𝐸𝐹𝜌𝐹𝑤)1/3 

𝑑𝑣 = 𝑔𝑟𝑒𝑎𝑡𝑒𝑟 𝑜𝑓 {
0.9𝑑 = 226 𝑚𝑚 (𝑔𝑜𝑣𝑒𝑟𝑛)

0.72ℎ = 216 𝑚𝑚
 

𝑀𝑓 = 𝑚𝑜𝑚𝑒𝑛𝑡 𝑎𝑡 𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑑𝑣 𝑓𝑟𝑜𝑚 𝑡ℎ𝑒 𝑚𝑖𝑑𝑑𝑒 𝑠𝑢𝑝𝑝𝑜𝑟𝑡 𝑠𝑒𝑐𝑡𝑖𝑜𝑛 = 𝟒𝟖. 𝟖 𝑘𝑁. 𝑚 

(Considering supporting plate with width of 160 mm) 

𝑘𝑚 = √
123.1 ∗ 0.251

48.8
= 0.796 

𝑘𝑟 = 1 + (65000 ∗ 0.01183)1/3 = 10.2 

Now, 𝑉𝑐 = 0.05 ∗ 1 ∗ 1 ∗ 0.796 ∗ 10.2 ∗ 40
1

3 ∗ 200 ∗ 226 = 𝟔𝟐. 𝟕 𝒌𝑵 

Now check, 

0.11∅𝑐√𝑓𝑐
′𝑏𝑤𝑑𝑣 ≤ 𝑉𝑐 ≤ 0.22∅𝑐√𝑓𝑐

′𝑏𝑤𝑑𝑣 

31.5 𝑘𝑁 ≤ 𝑉𝑐 ≤ 𝟔𝟐. 𝟗 𝑘𝑁          (𝑂𝐾) 

Shear resistance from stirrup, 𝑉𝑠𝐹 =
0.4∅𝐹𝐴𝐹𝑣𝑓𝐹𝑢𝑑𝑣

𝑠
𝑐𝑜𝑡𝜃 

Where,  

𝜀𝑙 =

𝑀𝑓

𝑑𝑣
+ 𝑉𝑓

2𝐸𝐹𝐴𝐹
 

=

48.8∗106

226
+ 123100

2 ∗ 65000 ∗ 593.7
= 0.0044 

𝑐ℎ𝑒𝑐𝑘,           30° ≤ 𝜃 = 30° + 7000𝜀𝑙 = 60.7° ≤ 60° 

𝜃 = 60° 
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Maximum spacing of stirrup (clause 8.4.6.1), 

𝑠𝑝𝑎𝑐𝑖𝑛𝑔 𝑜𝑓 𝑠𝑡𝑖𝑟𝑟𝑢𝑝, 𝑠 = 𝑠𝑚𝑎𝑙𝑙𝑒𝑟 𝑜𝑓 {
0.6𝑑𝑣𝑐𝑜𝑡𝜃 = 79.2 𝑚𝑚 ≈ 80 𝑚𝑚 

400  𝑚𝑚
 

Now assuming 3-legged No. 13 mm stirrup @80 mm c/c, 

𝑉𝑠𝐹 =
0.4 ∗ 1 ∗ 3 ∗ 127 ∗ 267 ∗ 226

80
𝑐𝑜𝑡60° = 𝟔𝟔. 𝟒 𝑘𝑁 

ℎ𝑒𝑟𝑒, 𝑓𝐹𝑢 ≤ 0.005𝐸𝐹 = 265 (𝑐𝑙𝑎𝑢𝑠𝑒 8.4.4.9) 

𝑉𝑟 = 62.9 + 66.4 = 129.3 𝑘𝑁 > 𝑉𝑓 = 123.1 𝑘𝑁      ( 𝑶𝑲) 

Check for maximum shear resistance of the section, 

𝑉𝑟,𝑚𝑎𝑥 = 0.22∅𝑐𝑓𝑐
′𝑏𝑤𝑑𝑣 

= 0.22 ∗ 1 ∗ 40 ∗ 200 ∗ 226 = 398 𝑘𝑁 > 123.1 𝑘𝑁 ( 𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎𝑑𝑒𝑞𝑢𝑎𝑡𝑒) 

So, use 3-legged No. 13 @ 80 mm c/c  

 

Specimen Designation: GsR-II 

The serviceability criteria of the middle support section govern the SLS based design for whole 

beam. As such, the calculations related to the middle support section are presented here. 

Calculation for service moment of the middle support section in SuR-II: 

𝜌 =
700

200 ∗ 253
= 0.0138;      𝑛 =

𝐸𝑠

𝐸𝑐
=

200000

28460
= 7.03; 

 

𝑘 = √2 ∗ 𝜌𝑛 + (𝜌𝑛)2 − 𝜌𝑛 = 0.356 

Service moment, 𝑀 = 𝐴𝑠 ∗ (0.6 ∗ 𝑓𝑦) ∗ (𝑑 −
𝑘𝑑

3
) 

= 700 ∗ 258 ∗ (253 − 0.356 ∗
253

3
) 

= 39.8 𝑘𝑁. 𝑚 

All serviceability requirements are satisfied at the same service moment (39.8 kN.m) to design 

the GsR-II. 
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The main design criteria include the following: 

 Crack control parameter and deflection should not exceed the limits specified in codes. 

 At service state, stress in the GFRP bar should be less than 25% of ultimate strength, 

CSA S806-12 (CSA 2012); 

Try using 2 No. 25 and 1 No. 22 bars in the middle support section. 

For exterior exposure, crack control parameter, 𝑧 = 38,000 N/mm; 

𝑘𝑏 =1.2,  𝑑𝑐 =63 mm, and  Tension zone per bar, 𝐴 =
2∗200∗63

2.8
= 9000 

And 
𝐸𝑠

𝐸𝑓
=

200

68
= 2.94 

Using equation of 𝑧 =  𝑘𝑏
𝐸𝑠

𝐸𝑓
𝑓𝐹 √(𝑑𝑐𝐴)3

 

38,000 = 1.2 ∗ 2.94 ∗ 𝑓𝐹 ∗ √(63 ∗ 9,000)
3

 

𝑓𝐹 = 130 𝑀𝑃𝑎 < 0.25% 𝑜𝑓 1400 = 350 𝑀𝑃𝑎     (𝑶𝑲) 

 

𝜌𝑓 =
1402

200 ∗ 237
= 0.0295;    𝑛𝑓 =

𝐸𝑓

𝐸𝑐
=

68000

28460
= 2.39; 

𝑘 = 0.312 

Service moment,  𝑀𝑠 = 𝐴𝑓 ∗ 𝑓𝐹 ∗ (𝑑 −
𝑘𝑑

3
) 

= 1402 ∗ 130 ∗ (237 −
0.312 ∗ 237

3
) 

= 38.7 𝑘𝑁. 𝑚 ≈ 39.8 𝑘𝑁. 𝑚 (𝑂𝐾) 

 

Load corresponding to service moment = 
38.7

0.65625
= 58.9 𝑘𝑁 ≈ 58 𝑘𝑁 

Moment at the north mid-span section corresponding to the service load, 

𝑀 = 0.722 ∗ 58 = 41.9 𝑘𝑁. 𝑚 

Try with 3 No. 25 bars 

𝜌𝑓 =
1521

200 ∗ 237
= 0.0321;    𝑛𝑓 =

𝐸𝑓

𝐸𝑐
=

68000

28460
= 2.39; 
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𝑘 = 0.323 

𝑓𝐹 =
𝑀𝑠

𝐴𝑓𝑟𝑝 ∗ 𝑗 ∗ 𝑑
=

41.9 ∗ 106

1521 ∗ 0.892 ∗ 237
= 130.3 𝑀𝑃𝑎 < 0.25% 𝑜𝑓 1400 = 350 𝑀𝑃𝑎     (𝑶𝑲) 

𝑘𝑏 = 1.2; 
𝐸𝑠

𝐸𝑓𝑟𝑝
= 2.94; 𝑑𝑐 = 63; 𝐴 = 8,400; 𝑓𝐹 = 130.3 𝑀𝑃𝑎 

𝑧 = 1.2 ∗ 2.94 ∗ 130.3 ∗ √(63 ∗ 8,400)
3

= 37,183
𝑁

𝑚𝑚

< 38,000
𝑁

𝑚𝑚
  𝑓𝑜𝑟 𝑒𝑥𝑡𝑒𝑟𝑖𝑜𝑟 𝑒𝑥𝑝𝑜𝑠𝑢𝑟𝑒  (𝑶𝑲) 

 

Provide 2 No. 25 and 1No. 22 in the middle support section and 3 No. 25 in the north mid-span 

section, 

Check deflection: 

Following the equation suggested by ISIS 2007, Canada 

𝐼𝑒 =
𝐼𝑡𝐼𝑐𝑟

𝐼𝑐𝑟 + (1 − 0.5 ∗ (
𝑀𝑐𝑟

𝑀𝑎
)2) ∗ (𝐼𝑡 − 𝐼𝑐𝑟)

 

𝐼𝑒 = 1.26 ∗ 108mm
4
 

Using moment-area theorem, deflection  = 5.57 𝑚𝑚 

Allowable deflection = 
𝐿

480
~

𝐿

180
= 5.6 𝑚𝑚~14.8 𝑚𝑚   (𝑂𝐾) 

 

Ultimate capacity of the middle support section: 

Using 2 No. 25 + 1 No. 22 GFRP bars of the middle support section, 

Now,         𝑓𝑓𝑟𝑝 = 0.5𝐸𝑓𝑟𝑝𝜀𝑐𝑢 ((1 +
4𝛼1𝛽1∅𝑐𝑓𝑐

′

𝜌𝑓𝑟𝑝∅𝑓𝑟𝑝𝐸𝑓𝑟𝑝𝜀𝑐𝑢
)

0.5

− 1) ≤ 𝑓𝑓𝑟𝑝𝑢 

= 0.5 ∗ 68000 ∗ 0.0035 ((1 +
4 ∗ 0.79 ∗ 0.87 ∗ 1 ∗ 40

0.0296 ∗ 1 ∗ 68000 ∗ 0.0035
)

0.5

− 1) = 365.2 𝑀𝑃𝑎 

𝑎 =
1402 ∗ 365.2

0.79 ∗ 40 ∗ 200
= 81 𝑚𝑚  

𝑐 = 93.1 𝑚𝑚 
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Now, 
𝑐

𝑑
≥

7

(7+2000∗0.021)
= 0.143 (𝑐𝑙𝑎𝑢𝑠𝑒 8.4.1.4 𝑎𝑛𝑑 8.4.1.5 𝑎𝑟𝑒 𝑠𝑎𝑡𝑖𝑠𝑓𝑖𝑒𝑑 ) 

𝑐

𝑑
=

93.1

237
= 0.392 > 0.143       

𝑀𝑟 = 1402 ∗ 365.2 ∗ (237 −
81

2
) = 100.6  𝑘𝑁. 𝑚   

So, the ultimate load,     𝑃 =
100.6

0.65625
= 153 𝑘𝑁 

Therefore, 1.5𝑃 = 1.5 ∗ 153 = 229 𝑘𝑁 

Shear design: 

Design shear force at middle support section 𝑉𝑓 =229-111/1.4=149 kN 

𝑉𝑟 = 𝑉𝑐 + 𝑉𝑠𝐹 

𝑉𝑐 = 0.05𝜆∅𝑐𝑘𝑚𝑘𝑟(𝑓𝑐
′)1/3𝑏𝑤𝑑𝑣 

Where,                    𝑘𝑚 = √
𝑉𝑓𝑑

𝑀𝑓
≤ 1.0 and 𝑘𝑟 = 1 + (𝐸𝐹𝜌𝐹𝑤)1/3 

𝑑𝑣 = 𝑔𝑟𝑒𝑎𝑡𝑒𝑟 𝑜𝑓 {
0.9𝑑 = 213.3 ≈ 215 𝑚𝑚 

0.72ℎ = 216 𝑚𝑚 (𝑔𝑜𝑣𝑒𝑟𝑛)
 

𝑀𝑓 = 𝑚𝑜𝑚𝑒𝑛𝑡 𝑜𝑓 𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑎𝑡 𝑑𝑣 𝑓𝑟𝑜𝑚 𝑚𝑖𝑑𝑑𝑙𝑒 𝑠𝑢𝑝𝑝𝑜𝑟𝑡 = 56.2 𝑘𝑁. 𝑚 

𝑘𝑚 = √
152 ∗ 0.237

56.2
= 0.801 

𝑘𝑟 = 1 + (68000 ∗ 0.0296)1/3 = 13.63 

Now, 𝑉𝑐 = 0.05 ∗ 1 ∗ 1 ∗ 0.801 ∗ 13.63 ∗ 40
1

3 ∗ 200 ∗ 216 = 80.6 𝑘𝑁 

Now check, 

0.11∅𝑐√𝑓𝑐
′𝑏𝑤𝑑𝑣 ≤ 𝑉𝑐 ≤ 0.22∅𝑐√𝑓𝑐

′𝑏𝑤𝑑𝑣 

30.1 𝑘𝑁 ≤ 𝑉𝑐 ≤ 60.1 𝑘𝑁    

Chose, 𝑉𝑐 = 61.1 𝑘𝑁 (𝑂𝐾) 

Shear resistance from stirrup, 𝑉𝑠𝐹 =
0.4∅𝐹𝐴𝐹𝑣𝑓𝐹𝑢𝑑𝑣

𝑠
𝑐𝑜𝑡𝜃 

Where,  
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𝜀𝑙 =

𝑀𝑓

𝑑𝑣
+ 𝑉𝑓

2𝐸𝐹𝐴𝐹
 

=

56.2∗106

216
+ 152,000

2 ∗ 68000 ∗ 1402
= 0.00216 

𝑐ℎ𝑒𝑐𝑘,           30° ≤ 𝜃 = 30° + 7000𝜀𝑙 = 45° ≤ 60° 

𝜃 = 45° 

Maximum spacing of stirrup (clause 8.4.6.1), 

𝑠𝑝𝑎𝑐𝑖𝑛𝑔 𝑜𝑓 𝑠𝑡𝑖𝑟𝑟𝑢𝑝, 𝑠 = 𝑠𝑚𝑎𝑙𝑙𝑒𝑟 𝑜𝑓 {
0.6𝑑𝑣𝑐𝑜𝑡𝜃 = 130 𝑚𝑚

400  𝑚𝑚
 

Now assuming 2-legged 12 mm stirrup @60 mm c/c, 

𝑉𝑠𝐹 =
0.4 ∗ 1 ∗ 2 ∗ 127 ∗ 265 ∗ 216

70
𝑐𝑜𝑡45° = 83.1 𝑘𝑁 

ℎ𝑒𝑟𝑒, 𝑓𝐹𝑢 ≤ 0.005𝐸𝐹 = 265 (𝑐𝑙𝑎𝑢𝑠𝑒 8.4.4.9) 

𝑉𝑟 = 61.1 + 83.1 = 144.2 𝑘𝑁 ≈ 𝑉𝑓 = 149 𝑘𝑁      (𝑂𝐾) 

Check for maximum shear resistance of the section, 

𝑉𝑟,𝑚𝑎𝑥 = 0.22∅𝑐𝑓𝑐
′𝑏𝑤𝑑𝑣 

= 0.22 ∗ 1 ∗ 40 ∗ 200 ∗ 216 = 380 𝑘𝑁 > 149 𝑘𝑁 ( 𝑠𝑒𝑐𝑡𝑖𝑜𝑛 𝑖𝑠 𝑎𝑑𝑒𝑞𝑢𝑎𝑡𝑒) 

So, use 2-legged No. 13 @ 70 mm c/c 

 

 

 


