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A BSTRACT

Accumulated Basln storage (ABs) r¿hich is an estimate
of soi I moi sture I eve I s in a river basin is used to
quànti fy agricul tural droughts. The relevance of ABS to
ègricultural droughts is investigated, by ¡neans or, lts
correlation wtth crop yleld wlthln the basin. It is
observed that crop yield is more strongl y correl ated with
ABS than r.¡ith other parameters such as preclpltation and

runoff and thus the ABs wlll be the better drought
est imating parèmeter. In the method, agricul tural drought
is related to soil moisture deficit, when the ABs falls
below a reference base level.

The ABs ls a random variable and Its annual sequence

is a random tir¡e series with a specif ic correlation
structure. A Etatistlcal experlmental method of
generat i ng è I arge number of t ime ser i es sanp I es can be

used to estlmate probabl I lty dlstributlons of
characteristic drought variables. The drought variables
consldered here are the nunber of droughts occurrlng in a

given tine interval, the nagnitude of sol I molsture
def iclts, the rate at r¿htch soll molsture deficit
progresses (qr drought intensity), and the duration of
drought events. Also, the largest drought deficit,
intenslty and longest duratlons are considered. The
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theory of the maxlmum of a randon nunber of .random

variables ls used to interprete the experimental results.
Thi s approach ls based on the assumpt lon that drought ls
independent ldentlcally dlstributed random variable
whose occurrence fol I ows the poisson probabi I ity law.
These assumpt lons are checked and found to be satisfled.
The comparlson between the experlmental and theoretical
results are shown graphlcal ly and statistlcal tests were

conducted to show the ir goodness of f t t.
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SECTION

THE RETEVANCE OF ACCUUUTATED BASIN STORAGE

TO DROUGHl I,IEASUREMENT

CHAPTER 1

I NTRODUCT I ON

1. I INTRODUCTION

The objective of this study ls to use a physical ly
derlved basin parameter, cal led Accumulated Basln StoFage

(abbrevlated ABS), to analyse agrlcul tural droughts in the

Asslnlboine Rlver Basln.

In Asslnlboine Rlver Basin, orìe of the Prairle
rlver basins, droughts as well as floods occur. Both

events have serious economic consequences in the region

and pose threats to the people who settle ln the area.

Severa I hydrol ogl c studl es have therefore been conducted

almed at al levlatlng the adverse effects of floods and

droughts through physl cal control structures or pl annl ng

and manager I al neasures.

The Assinlbolne valley ls of great economic

lnportance to the provlnce, because of lts contrlbution to

the economy ln the agrlcultural sector. Agrlcul ture ls the

naln-stay of the econony here as oppose to the



Floods and droughts however are persistent nuisances

to farmers ln the area. Much of the hydrologic research

has been directed towards f loods. All that has been done

about droughts deals with strear¡flow droughts. Thls ls
because both f I oods and streamf I ow droughts concern

streamflow magnltudes whlch are easl ly quantlfiable,

rneasurèble, and records on then are available.
Agr icu I tural drought on the other hand has no universal I y

accepted measure. It lnvolves not only meteorological

factors such as temperature, hunidity, pFecipitation, but

also soi I drainage properties, evapo-transpiration rate,
and other f act ors such as type of veget at i on cover and

even agricul tural econonics.

månufacturlng lndustrles found in the east and oi I

west.

A slngle paraneter, which comblnes at least

hydro-meteorological factors woul d great ly simpl

problem of agrlcultural drought analysls.

in the

the

the

al I

lfy

The AES, r¡hlch will be deflned in the next chapter,

is such a parameter. The mean ABS level within the

growing season from !lay to Septenber wås used ln this

study to deflne agricultural drought conditlons in the

basin. In additlon, oåthematical model of the mean

seasonal ABS was developed and used to conduct statlstical
studies.

1¿



,,.2 THE ACCUt'IULATED BASIN STORAGE (ABS)

The Accumulated Basln Storage !ras developed tBooy &

Lye, 19861 as a wetness lndex in an explanatlon of the

clusterlng observed ln peak flows of the Red Rlver. It is
a phys i ca I I y based parameter that measures the èverage

sol I nolsture conditions ln the drainage basln.

The rlver basln acts as a reservolr, storing
precipltation and releasing lt ln the forrn of runoff and

evèpotranspiration. The ABS is obtalned as a time series
þy taking a hydrologic lnventory of al I inputs and outputs

for th ls reservolr wl th respect to t ime.

Since no hlstorical record of sol I moisture exlsts
for the basin, the ABS series must be calculated from other

meteorological and hydrological tlme series for r.¡hich

records åre available. This process ls dlscussed ln the

nex t chap ter .

Accunul ated Basln Storage ls lndlcatlve of the soi I

moisture levels in the upper layers of the soil whe.re the

roots of vegetatlon reach to extract water for
transplratlon. Since plants also depend on this stored

molsture for thelr exlstence, very lov ABS levels wlll
slgnify agrlcul tural drought condltlons. Therefore ABS,

whl ch I s a Oasl n wl de parameter that averages the sol I

moisture level over the whole basln, can be expected to be

a very good paraneter for quantlfylng agrlcultural drought.

3



1.3 ASSINIBOINE RIVER BASIN CHARACTERISTICS

The Assl n lbol ne Rl ver I s the second maJor r i ver I n

the Provlnce of Manl toba, takes lts source ln SaskatchevJan

and conf I uences wi th the Red Ri ver i n the heart of the

clty of Wlnnlpeg.

Its location ls betveen latltudes 49.5- N and S1.S.

N and longltudes 97. t{ and 103. W, as shown ln Flgure 1.

The basl n area under th i s study, upstream of the c i ty ot

Brandon, covers 86,000 square kilometers. It lies at èn

al t i tude of 610 m above sea I eve I at i ts source to 400 m

above sea level at Brandon, and has a length of about 1AS0

ki I oneters. Thus i t has a very f I at gradl ent of between

0.09 m to 0.19 m per kllometer.
Its main trlbutaries are the 0u' Appelle and

Minnedosa Rivers upstream of Brandon, and the Sourls Rlver

downst ream ot Brandon . The average natural f low at

Brandon is about 32.0 cumecs wlth a lov¡ flo¡.r of 0.15

cumecs and high f low of, 435 cumecs. The natural f low has

been changed by the constructlon of Shel lmouth dan on the

Asslnlboine between 1968 and t972, the Rlvers Dam on the

!tinnedosa RIver in 1960 and the Qu' Appelle River
diversion since t970. The Shellmouth Reservoir is
primarlly for flood control but also augments low flows to

0.7 cu¡necs. The Rl vers Dam a lso adds another 0. 15 cumecs

to the low flows.
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The Assinibolne Rlver val ley above Brandon ls wlde

and deep. The banks of the va I I ey are stab I e and the

r I ve r h as I ost i ts eros I ve power. The bot tom of the

valley consists of nalnly alluvlal deposlts.

Studies for groundwater resources for the reglon

show that on I y a snal I patch of blanket sand aquifer
exists in the Asslnlboine val ley around the Shel lmouth dam

and al so downstrean of Brandon up to the conf luence wi th

the Souris Rlver. tRef: Saskatchewan-Nelson Basin Board,

t9721.

6



CHAPTER 2

ESTIMATII.¡G THE HISTORICAL ABS

2.1 DATA REOU I REIIENTS

ABS ls the sol I noisture accunulation obtained after
taklng a hydrologlcal lnventory of the hydrologlcal cycle.
Therefore all hydrometeorologlcal variables should be

included In the balanclng lf possible, and any that are not

included should not have any slgnlflcant effect on the

magn I tude of the est imated ABS.

These hydrometeorologtcal variables include
preclpltation ln the form of snovr and rain, basln drainage

as indlcated by streamflow, evapotransplratlon, and

groundwater f I ow. Data wl I I a I so be needed for natural

minimum streanf lov¡.

Records for al I the above ðre aval I abl e or can be

constructed except groundwater flow into and out of the

basin. However, ln Section 1.3, it was noted that the

basln has a very flat gradlent. It can be assumed the

variat lons of movement of groundwater I n and out of the

basln are small. A constant inflow or outflow will
automatlcally be lncorporated in the necessary
coefflclents of the slmulation model , hence lt wi I I be

lgnored ln the nolsture bal anclng process.

The water yeèr wi I I be taken as the peri od between

Apr I I 30 th I n one ca I endar year to l,tarch 31 st the



f ol lowlng calendar year. Thls is to enable a dlst.lnctlon
to be made between winter (when precipltatlon ls snovr and

no inf iltratlon takes place) and summer (when

preclpltatlon ls rain, and lnflltratlon takes place),

All data used In thls study are obtained from four
recording statlons wlthln the rlver basin. The data are

averaged over the bas i n. !lore stat i ons cou I d not be used

because the other statlons have either very short records

or a lot of mlsslng records. Relatlvely I tttle error ls
expected by thls llmltation slnce there is not much

variation in seasonal precipitatlon from station to
stat ion as wl I I be observed i n subsequent tabl es. The

length of records obtained was 63 years, covering a period

from 1913 to 1975 at al I four statlons ln the basln.

Some of the lncomlng precipltation ln the basin ls
elther lntercepted or stored. Interception occurs when

vegetatlon canopy or fol iage traps sone of the ralnfal I

before lt can lnflltrate lnto the soll. Some of thls
intercepted ralnfal I wi I I be evaporated directly and

the rest wl I I f ind its kray onto the soil. Storage

includes sno$¡ pack and storage of rain ln depressionE ln
the form of ponds and lakes. Evaporatlon from snow ls
lnsigniflcant and wlll therefore be neglected. Apart fron
the artif lcial lakes of Shel lmounth and Rlvers Dar¡s,

practlcal ly no natural ponds or lakes exlst ln the basin.

Al I these mlnor evaporat lons wl I I be lumped together

wi th the bas i n evapotransp i rat i on.



2.2 PRECIPITATION AND RUNOFF

Preclpl tatlon is an input lnto the hydrologlc model

and runoff or dral nage I s I ts output.
Monthly preclpitation data $ras obtalned from four

recording stations and averaged over the basln using the

Thiessen Polygon method. Precipitation occurs in two

physical states as snow and as raln. A distinction is
therefore nade between wlnter precipitation and sum¡ner

preclpitation. ïJinter precipitatlon is what occurs
between Novenber lEt and March 31st and what occurs from

April lst to 0ctober 30th is summer preclpitation.

From the ternperature records shown in Tablê l, it
can be observed that wlnter precipltation usual ly melts

sonetlme in Aprll. Therefore lt wlll be assumed that the

winter prec ipi tat lon wi I I not contribute to the ABs dur ing

the rvlnter months unt I I Apri I when i t wi ll be lumped to the

Apri I precipltatlon.

Table 2 shows the mean

obtained for the stat ions and the

values of preclpitation

basi n averages.

9



TABTE 1

I'tEAN DA I tY MAXIMUI{ TEI.IPERAlURES

Statlon Mean Dai I y
Jan Feb

Max lmun Temperature ('C)
Ìlar Apr l{ay

Brandon

Blrtle
Russe I

Virden

-13.4

-r4.4

- 15.0

-14.5

-10.1

-10.5

-11.8

-10.9

-3.1

-3.1

- 4.3

-â E

9.7

7.9

?.7

7.8

18.2

I 6.9

16. 6

I 5.9

10



TABTE 2

PRECIPITAlION DAÎA FOR STATIONS IN THE

ASSINIBOINE RIVER BASIN

Stat ion Mean Hlnter Ppt
(mm)

Mean Sunner
(mn)

Ppt Hean
Ppt

Annu a I
(mm)

Brandon

Russe I

Btrtle
Virden

BAS IN AVG.

134.1

135. 0

128.5

131.6

t 32.6

338. 0

315. 0

337.0

331.0

329 .6

472. t

450.0

465.9

462.6

162.2

11



There are two types of streamf I ow used in the

study. First is the mean monthly streamf lor¡ t¡hich wl I I be

used for devel opl ng the monthl y ABs ser I es. si nce the

problem lnvolves taklng the noisture balance, it is very

lmportant that the streamf I ows used are the natural f I ows

whlch has not been augmented or controlled by upstream

reservolrs. Data of natural streamf I ows are aval lable for
the perlod of record to be used at the locatlon oî,

Brandon. These natural flows $rere derlved fron historical
observatlons whlch $¡ere modlfied to remove the effects of

r¡inor regulat ions that took place. The second type of

strearnf low needed ls the minimun wlnter streamf lohrs. This

should also be natural, unaugmented f lor.¡, From the record

of natural streamf I o$rs, the mininum wlnter f lows vrere

obtalned as the minimum monthly f lows in each year, and

occurred mostly ln February.

lable 3 is a sumnary of the streamflow record

obtained for the Assinlbolne Rtver.

The distributlon of the annual minimun winter flows

i s lmportant I n the estlmatlon oÍ the hlstorlcal ABS.

Therefore its nornal probabl I I ty plot was made and shown on

Flgure 2.1 wl th 95? conf idence band. I t can be observed

that the data departs very nuch f rom noF¡Da I I ty. Af ter
taklng logarlthms of the data however, the normal plot ln

Figure 2.2 àpproxir¡ates to the norr¡al distribution.
Therefore the logarl thm of, the mlnlmum wlnter fl ows wi I I

be used for the ABS f I tt I ng process.

t2



TABLE 3

I,IEAN I,IONTHtY FtOW DATA FOR ASSINIBOINE

RIVER AT BRANDON

Mon th l{ean Flow ( m3./s )

Januar y

February

Mar ch

April
!lay

Jun e

July

August

Sep t ember

0ctober

Nov er¡ber

December

4 .99

4. 33

7.8t

84 .7

114.0

60 .3

44 .6

20 .0

13. 2

r3.7

11 .5

6.9

l3
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2.3 POTENT IAt AND ACIUAt EVAPOTRANSPI RAT I OIù

Evapotransp I rat I on I s one of the requ I red var i abl es.

Al I basl n moi sture ls removed through evapotranspirat i on

and runoff. 0f the two, evapotranspiratlon alone removes

about 90f of the total precipltatlon, therefore its
accurate estimation is very important in the est ination of

the ABS.

Evapotransp I rat I on I s the process whereby sol I

r¡oisture Is removed by plants and vaporized into the

atmosphere through transplratlon. The rate of
evàpotranspiratlon depends on the energy available for
vaporisatlon, the amount of moisture aval lable ln the

soi I , and the type of vegetat t ve cover.

For the short term evapotransplratlon rate,
vegetative cover type and growlng stage are very lnportant
factors. However, sl nce the vegetat i ve type and growi ng

patterns do not change nuch from year to yeèr, lf basin

wlde average is considered and fron year to year,

differences ln vegetatlon cover can be ignored. Therefore,

evapotransplratlon can be determined on the basis of

ava I I abl e energy and sol I noi stune a I one.

The concept of potentlal evapotransplration glves

the evapotransplratlon that ls obtalned lf the aval lable

energy alone ls considered, wlthout the llmlttng factor of,

anount of molsture avallable for evapotranspiration of the

type of vegetatlon. If thls potentlal evapotransplratlon
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cou¡d be estimated, the the actual f ield.evåpo-
transplration could be estimated by ¡nultiplylng lt by

a coefficient to account for the other limltlng factors.
Many conp I I cated re Iat ionshlps have been proposed

for derlvlng the potentlal evapotransptratlon, but the one

whlch ls suitable for app¡ lcatlon to the study ls that of

Lowry and Johnson <1942). Their method ls an ernplrlcal
relatlonshlp between temperature and potential
evapotranspiratlon developed for the Hld-Western u.s.A.
Thelr formula is given as!

0.8 + 0.156F <2.1)PE

l¡here

wat er

and F

the potent ial evapotranspiration PE

per year over the growing season (Aprl

is the sum of the effect ive heat unt ts

is in feet of

I to 0ctober),
per month.

fr
where,

f = (trn - 32-F) n / 1000 (2,3)

t_ = mean max inum month I y temperature i n ÞF
m

n = the number of days in whlch the daily
max lmum tenperature exceeds 32'F.

For any month, t , the evèpotransp i rat lon wt I I be gl ven as !

. . , (2.4)

Temperature records vi thin the Asslnlboine River

Basln sholr that the potential evapotranspiratlon for the

wlnter months between November to Ì,tarch ls zero because

PE.t
(tr/F) x PE
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the dal ly maxlnum tenperatures are al I less than 32.F.

Using the Lowry-Johnson method, the average annual

potent Ial evapotranslratlon for the basin $¡as computed and

a plot of lt shown on Flgure 2.3. Having a mean of 572 mm

and a standard deviatlon of only 18 ¡nrn, it can be observed

that the potentlal evapotranspiratlon does not change much

fror¡ year to year.

The potentlal evapotranspiratlon values obtained

usi ng the Lowry-Johnson nethod compares very we I I wi th the

evapotranspiration rates obtained within the region for
some of the maj or crops, às shown I n Tab I e 4 ( F. penkava,

t977>. Comparing the Lowry-Johnson rnethod nean potential
evapotranspiratlon rate of 572 nm wlth actual
evapotransplratlon of, the major crops wl thin the basln

ehows the method glves a good estinate.
Havlng obtalned the potentlal evapotranspiratlon,

the actual year to year or month to month evèpo-

transplratlon can be obtalned by uslng a coefficlent that
wi I I account for the other factors,

C x PE (2.5)
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TABTE 4

FIETD EVAPOTRANSPIRATION RATES OF SO}IE I-!AJOR

CROPS IN SOUTHERN I{ANITOBA

(Penkava, F. "PrFarming". Irr
Manitoba, 1977

nclples and Practlces of Commercial
gatlon and Drainage, Unlversity of.

Crop Evapotransplration (mm)
Total for May to Sept

Alfalfa 525

Pastures and Meadov¡s 540

Pota toe s 455

!{heat 340 (Hay to August )

Cabbage and Lettuce 600

Strawberr i es 525

The coeff iclent can be coneldered constant fron yeår

to yean, oF can vary wi th the amount of soi I moisture

available.

å constant coeff lclent of evapotranEpiration wlll be

iustif ied if on the averå9ê, the basin can be considered

to have a vegetat I on cover wl th unl form root depth. 0n

the other hand, a varlable coefflclent wll I be val ld for a
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mlxture of deep and shal low root systems. In thls case the

coefflcient vill vary with the amount of soll moisture

aval lable, from a mlnimum value correspondtng to very dry

condltlons, to a maxlmum value correspondlng to very wet

condltions. It is dlfflcult to check r¡hlch of these

conditions wlll apply. Consequently the two conditions
wi I I be used to derl ve the ABs and the one that gives the

better resul ts wl I I be taken. Th is process t s expl alned

ln more detal I ln the next section.

2.4 FITlING THE HISTORICAL ABS

S i nce the study I s concerned wl th the so i I mo i sture
storage within the growing season, the ABS wtll be fitted
on monthly basis enabllng the months of, the growing

season to be ldentlfied.

In general, at any tlme t

ba I ance cou I d be def I ned mathenat i ca

, the basln

lly by:

-Et-Rt

moisture

...(e.6)

where,

A BSt ABSt_1 r PtJt_1 r PS,

the accumulated basin molsture Etorage

wlnter preclpltation

summer preclpitatlon

actual evapot ransp i rat I on

the stream runof f

ABS

PW

PS

Et

Rt
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Et C x PE ç¡here C is å coeff icient and pE is the

potent Ial evapotranspiratl on.

Al¡ the above varlables have been obtatned from

records except c and the ini tial ABs (at the beginning of
the historlcal perlod).

In order to est inate the coefficlent C and the

i n i t l a l ABs, use can be made of the fact that the base

flott of a rlver is hlghly correlated to the soi I molsture

level ln the basln. The minimun winter flow ls only the

base f I ow because i n wl nter on I y stored water ln the

sol I contrlbutes to any flow that takes place in the

river. Therefore the ABS at the end ot the winter season

and the nlninun wlnter f lol¡ should be htghly correlated.
The technlque to be used is to flnd, by trial and error,
the values of the lnlttal ABS and C, that wlll give

the best fit between the ninimum wlnter flow series and

the ABS ser I es.

0n monthly basls, s¡e have the molsture balance as:

ABS .J'E ABsi-l,t * Pi,t - cj x PEj,t - Rj,t (2.7)

where, J refers to the month ln year t, and pj,t refers to

the total preclpltatlon avallable for lnfiltration in

mon th j . P wl I I there fore be zero for the wl n ter mon ths,
and wll I be the Eum of all wlnter precipitatlon plus April
precipitatlon for the month of April.
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The best $råy to compare the two tlme sertes, the

normallsed mlnlmum vlnter flows (nore preclsely the

logarithms of mlnlmum flows) and the ABs, ls by comparlng

thelr standardlsed values. Thls is done by subtracting
their respectlve means from their values and dlvtdtng them

by their standard deviatlons. slnce the mlnimum winter
flow occurs mostly In February, the February ABS serles is
fitted to the logarithm of the minlmum flor¿s. The best

flt ls the one for which the suM 0F THE sOuARED DEvIATIoNS

(SSE) between the two series is minimum.

The fittlng $ras done for the tv¡o types of
coefflclents of evapotranspiration. For the uniform

coefficient the coeff icient was varled ln increments from

a smal I value to a naximum of l. For each increment the

correspondlng ssE was calculated. The coefflcient that
gives the nlnimun val ue of the SSE (wi th a correspondi ng

initial ABS) glves the best ftt.
In the case of variable coefflctent, it r.ras assuned

that a I lnear relationshlp exlsts between the coefflclent
of evapotransplratlon and the ABs within an interval
between some mlnlmum and maxlnum values for the

coeff icient and the ABS (see diagram).
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Cmax

Cmin

F lG. 2.\

By varylng the four

and ABSn¡n, together wi th

that gave the best f lt
coeff I clent of evàpotranspi

Ct = C¡nin for ABSt_l \<

ABSmi n ABSmax

RELATIONSHIP BETWEEN ABS AND COEFFICIENT

OF TVAPOTRANSP I RATI ON

key poi nts, Cr"*, cmi n, åBS*a*

the initial ABS, the combination

nas obtained. If Ct is the

rat I on I n month t, then

ABS_,_ ...(2.9)nrn

ct Cnin+ALPHAxABSt_t for ABSrtn < ABsr-1 
:.it?p:ç,

Ct = Cr"* for ABSt-l > ABSnax

where ALHPA ls (Cr"* - Cmln)/(ABS'"* - ABS'¡n)

(2.10)
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From the results shown below, the varylng
coefflcient of evapotranspiratlon gave the better result.

Constant Coefficient:

C = 0.76

Initial ABS = 350 mm

SSE-,- = 51.67mln

Variable Coefficient:

cr"* = I'o
C . = 0.6nln

ABS = 500 mmmax

ABS'¡n = 0.0 mn

Initial ABS = 200 mn

SSE*in = 49.4

A graphical comparlson of the two tlme series is
shown on Fi gure 2,5 and f rom I t rre can observe that both

fol low the same pattern.
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2.5 STATISTÏCAL PROPERTIES OF THE ABS SERIES

Table 5 ls a summary of sone of the statlstlcal
parameters obtalned for the ABS series,

From the tab I e of the mean month I y ABS va I ues, one

can observe that on the averàge, wlthln a complete r"t",
year, the largest ABS occurs ln Aprll durlng sprlng melt.
In the months of sunmer, the hlgtr sunmer precipltation is
removed by the hign evapotranspiration rate and so the ABS

fal ls off. In 0ctober at the beginnlng of winter, the ABS

falls sharply from the summer values and thereafter
gradually tapers to a mlnimum ln t{arch. Since there ls
practical ly no evapotransplratlon and preclpltatlon does

not contr lbute to the ABS in winter, ,h: ABS remains

a I most constan t , wl th the gradua I decrease be t ng due to

Its depletion by the river.
I t can al so be observed that al I the month I y ABS

serles exhlbit very lor¡ skevrness whlch lmpllee that they

are cl ose to a normal di str lbut Ion. They al so have hi gh

flrst order autocorrelation coefflcient showing that they

are serlally dependent serles.
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TAETE 5

STATISTICAT PARAI{ETERS OF ABS SERIES

Mon th Mean St andard
ABS (mm) Deviation

Sk ewn e ss
Coeff

Lag One
Ar Coeff

Hurst
Stat

April

!lay

June

July

August

Sep t ember

0ctober

November

December

Januar y

February

Mar ch

266.6

246.6

218.4

222.5

1,92.2

180.3

L 42.5

L4t.9

141.5

141,1

t40.7

138. 0

93 .5

91 .7

92 .4

92.2

85 .5

86 .3

79 .5

79 .2

79 .0

78.8

78.6

76.5

0.21

0.11

0.24

0.24

0.08

0 .12

0.18

0.18

0.18

0.18

0.18

0.11

0.68

0.63

0.63

0.55

0.58

0.62

0 .63

0.63

0.63

0 .63

0.63

0.65

0 .90

0.92

0.88

0 .81

0.87

0.86

0.86

0.86

0.86

0.86

0 .86

0.86

28



The ABs of the months of the farming season from May

to september are of interest in thts study. Their ABS

series are checked for normållty by plots of thelr normal

probabl I I ty shown In Flgures 2.6, 2.7, Z.B, Z.g and 2.10.
The ¡nean seasonal ABS serles obtalned by taklng their
averages ls also checked for normallty and shor¿n ln Figure

2.1t. From the plots, ln each case, the nunber of polnts
outslde the confidence band is less that the sz maximum

requlred for the 5t signif icance level.
Table 6 shows the correlation between the ABs at the

beg i nn i ng of the grow I ng season (May ) wi th some of the

paraneters of I nterest.
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TABTE 6

PARA}IElER CORRETATION HITH I{AY ABS

w-inter Precip i tat ion

Summer Precipltation
Potent i a I Evapot ransp I rat I on

Ãnnual Strearnflow

Minimum iflnter Flow

June ABS

July ABS

August ABS

September ABS

Crop Yi e I d Per Acre (lf heat )

Average of Season ABS

0. 497 x

0.087

-0 .240

0.450x

0.574x

0.927x

0.841*

0 .777 *

0.744x

0 . 453*

0.907x

Signlficant at 5t level
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THE RETEVANCE OF

CHAPTER 3

ABS TO AGRICUTTURAT DROUGHTS

3. I I{HAT ARE DROUGHIS?

Drought has been cal led ,the scourge of, manklnd,

since Blbl lcal tlrnes. Al though the term 'drought, is used

loosely to lrnply the scarcity of anything, (for example;

the provlnce is suffering from a drought of investment

capltal ), I t ls used malnl y to descrlbe the shortage of

water or noisture wlthin an envlronnent,

The presence of drought ls nanlfested by certain
dlstresses to hunans and animals al ike tn the affected
reg i on such as fan I ne ès a resu I t of. crop and pasture

fai lures, sêrlous bush and forest flres, and severe

econonic disruptlons. Like floods, it brings economic

noes to the affected people, but unl ike floods, I tttle can

be done to protect society from i ts effects.
several reasons account for the reason Ì.¡hy flood ls

a wel I quantl fled and etat lEt ical I y predlctable phenomenon

while drought remalns a mystery. There ls no universally
acceptabl e def I n I t I on of droughtE. crl terla used to
ldentify droughts have been arbltrary because drought is a

onon-evento unllke a dlstlnct event llke flood. A flood
occurs at a dlstlnct tlme such as lmmedlately after sprlng
thaw or the tlne on heavy ralns. A drought on the other
hand has no dlstinct onset and tt is only recognlsable
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after a perlod

so that a statl
of tlme. Furthermore, lt ls a rare event

stlcal analysls very cllff lcutt

3.2 TYPES OF DROUGHTS

A universal drought definition is imposslble because

the lmportance of a moisture deflclency ls rel ated to the

moisture requirement. For example, a l0 m¡n sol I moisture

shortage in Kansas (u.s.A.) will not mean the same thing
as a t0 nm shortage ln Central Iowa (U.S.A), because of

dif ferent normal cllnates and dif ferent economic

act I v i t I es. Further, the tlme of occurrence and the

duratlon factors can elther classify a nolsture shortage

into a 'drought' oc a 'non-drought, pertod. A soll
nolsture shortage ln winter will not constttute a drought

ås far as agrlcul ture i s concerned because crop farmlng

does not take place then.

Drought also has ditferent meanlng to diff.erent
people dependlng on their speclfic lnterest. The

fol lowlng are sone types of deflnltlons used to identl fy
droughts.

1. ðA perlod wlth preclpltatlon less than some smalt

ar¡ount (say 0.1 lnches) ln 48 hours', (G.

B I umenstock, 1942> .
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õ

.t.

4.

5.

, A per I od of more than some number of days wi th
preclpltatlon less than some amounto (The Meteo

Glossary, 1951).
uA period of strong wlnds, low preclpltation, high

temperatures and unusual I y lor.¡ relat ive humidi tyn

( G. Condra, 1944> .

r A day on wh I ch the avai lable sol I noisture was

depleted to so¡ne small percentage of, aval lable
capacityn (C.H,!f . van Bavel, et àl ., 1g56).
rrÀ condltlon that may be said to prevai I whenever

preclpltation is insufflclent to meet the needs of

human activlties" (J.C. Hoyt, 1938).

0ne can see from the above definitlons, that there

is dlfficulty ln placing figures on variables such as

'gome smal I percentage' or ,gome number of days,. How

smal I ls the 'smal I pencentage of aval lable sol I molsture

cap ac I ty' ?

However, one can observe that, despit.e the

arbltrariness of each deflnition, the concept of nolsture
shortage is impl led in al I of then. Lacklng in al I the

definltlons, however, ls the essence of oprolongnessu of

the nolsture deflclt that constltute a drought. A short

dry spell may not constitute a drought and ls usualty
necessary to get out of a very wet period.

0n the basl s of the prevlous dlscusslon, three types

of droughts may be def t ned. These are agrlcul tural ,
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hydrological and neteorologlcal droughts.

Hydrol oglcal drought concerns the fa I I i ng oi water
levels ln streåns, lakes, reservotrs and groundwater table
below averège so aE to affect the supply of water
serlously.

Agr i cu I tura I drought occurs when sol I mo i sture i n

the root zone of crops become depleted such that wlde-
spread crop fal lure occurs.

Both types of droughts nay occur gimultaneously in
an environment of neteorologlcal drought which is the
climatlc case where the moisture deficiency is within the
atmosphere.

A study of hydrorogic drought wilr invorve
meteorology, hydrology, geology and other geophysical

sciences $¡hllst a study of agrlcultural drought will
include ln addition, sol I physlca, plant physiology and

agr I cu I tura I economl cs.

The cèuses of droughts I s st I I I a subj ect of
controveFst, but droughts are known to be assoclated with
anomalous atmospherlc clrculatlon patterns. Whl le some

researchers bel leve the causes of the clrculatlon anomaly

are extraterrestlal, others belleve they are self evolving.
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3.3 THE RETEVANCE OF ABS TO AGRICUTTURAT DROUGHT

Accumulated Basln Storage should be used for
agrlcul tural drought condltlons because agrlcul tural
drought ls prlmarlly concerned with soll moisture shortage.

l,lore specif lcally the ABS has the followlng
advantages over a slmple preclpltatlon based lndex of,

agricul tural drought. The amount of moisture retained
in the soi I for plant use depends on the sot I drainage
propertles, the amount of noisture accumulated ln the sol I

prevlously, and present evapotransplratlon level.
Therefore the I ack of precipltatlon over a perlod of tlme

does not necessarl ly mean drought condltions are
prevalling slnce accumulated soll nolsture could still be

available for plant use. Preclpitatton alone does not

glve the overal I moisture balance wl thtn the basln.

Crop yield per unlt area $¡as used to neasure how wel I

ABs or any other varlable such as preclpltatlon accounts

for crop fallures withln the basin. It should be noted

hoHever that crop yield is also dependent on other factors
I ike improvement ln seed types, use of chemicals for weed

control and fertll lzatlon, and cultural practlces that go

to l¡nprove sol I condl tlons, reduce evapotranspiratron or

retaln sol I molsture.

Table 7 shows the correlatlon between crop yield per

The crop yieldhectare and the varlables of. lnterest.
data waE taken from the annual ,Year

4t

Book - Ìlanitoba



Agrlculture' whlch had earller been known as (between tgr4
to 1936)'Report 0n crops And Llvestock - Department of.

Agriculture And Imnigration,. Records of, two report i ng

statlons within the basln, Russel I and Virden, were

averaged and used as a basln average. speclfical ly, the

total annual wheat crop is used because wheat ls the

largest cul tlvated crop ln the Asslnlbolne River Basin and

It ls not lrrlgated. Forage yleld ls also a good

Indicator but data for lt was not avallable. The ABS

values used here are the mean seasonal ABs for the growing

season between l,!ay and Septenber.

TABTE 7

RETATION BETWEEN CROP YIETD AND OTHER FACTORS

Varlable Correlatlon htith Crop Yleld Per Acre

ABS

Total Annual Ppt

Annua I Runof f

Evapot ransp I rat i on

Hinter Preclpltatlon
Summer Preclpltation

(Slgnlflcant at 952

(Significant at 95t

(Not slgnlf icant at
(Not slgnif lcant at

(Not sl gn I f i cant at

(Not slgnlficant at

0 .53

0 .25

0.15

-0.09

0.22

o .17

level)

level )

95t level )

95',. level )

952 level )

95ï level)
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From the above table, one can conclude .that a

proper I y derl ved ABS ls a better parameter for measurl ng

agrlcul tural drought than prectpitatlon. To obtaln a

vlsual compari son betv¡een the growing season average ABs

and crop yleld per unit area, a plot was made of thelr
st andardi sed val ues and shown I n Fl gure g. 1 . 0ne can

observe that both varlables follow the same pattern quite
wel l.

Therefore the ABS should be

paraneter. It would be useful
droughts and also for the predi

droughts.

useful as a drought

for the analysis of

ction of agrlcultural

3.4 DEFINIlION OF AGRICULTURAL DPOUGHT FOP THIS STIITìY

In order to develop an objectlve definttlon for
agr i cu I tural drought for th I s study, the fol I owi ng

general lsed 'guldel lne' definitlon wt I I be used as a basls.
n A drought perlod I s an I nterval of t lme during
which a given place experiences a prolonged and

abnornal moisture deflclency sro as to dlErupt

the establ ished economyu.

Abnormal I ty ln thls def lnl tlon neans a pronounced

devlatlon fron what has been establ ished as the middle

po i n t between the extremes of å varl abl e ( the mean or

medlan ). 'Prol onged' ls the durat lon factor that
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distlnguishes a brlef dry spel I from a disastrous drought

perlod. 'Establ lshed economy' ls the human econornlc

act lvi t les wh ich are based on aval I abl e moi sture wi thi n

the study area.

Therefore, based on the basln variable, ABS, èD

agr I cu I tura I drought occurs when the ABS value of the

river basln fal ls below a certain value over a perlod of

tlme. Thls reference level should be so low as to

consti tute a condl tlon of abnormal ity.
As noted earl ier the ABS ls measured with respect to

time, and ln thls study, lt ls derlved on monthly basis.
However, for the purpose of, drought defini tion, short

averaglng periods such as dai ly or monthl y means rnay give

dry spel ls r¡hlch are not droughts. The dryness should be

pro I onged over a per I od such as the who I e growi ng season

ln order to be cal led a drought. The averaging period to

be used ls therefore the growlng season, Ûlay through

September. The ABS within the wlnter seèson of the water

year ls not crl t Ical to crop farming, and is therefore not

consldered. The mean ABS of the grorrlng season is also

used because there are a varlety of crops cul tivated
withln the basin, each wlth lts oe¡n crltlcal period with

respect to r¡oisture needs. It is therefore not possible

to use the ABS values of, a partlcular nonth for the

purposre of drought def lnltion.
To deternine the reference level of ABS that

separates drought per l ods from wet per i ods, l t wi l l be
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åssumed that farmlng ln any region is adapted.to the

preval I lng cl lnatlc pattern. Thts lmpl i.es that due to

variatlons ln annual preclpltatlon, a seasonal drought of
certai n durat i ons and magn i tudes are of ten a nor¡nal

feature of that partlcular climate. Thus, ås the
hydrological lnputs of ABs vary fron year to year, farning
is adiusted to this variabi I lty to a conslderabl e extent.
Consequently, only ABS values in the extremely low levels
wil I constltute droughts.

The observed hlstorlcal droughts can be used to give

an indication of the reference level. using average wheat

yield per acre in the reglon, Table I states some observed

historlcal droughts. The variables in the table are

standardised by subtracting their mean from their values

and dividing then by their respective standard deviations.
these obv I ous h t stor i ca I drought perlods cèn be

obtained depending on the reference level uEed. ustng a

reference 101 mm whlch Is the value of ABs that is
exceeded 90e6 of the tine, lt can be seen from Figu.re 3.2

that only these htstorlcal droughts are identtf ied.
The re f erence I eve I cèn therefore be the 90t greater

exceedence value. In the study, the 90t value wi I I be used

throughout. A serles of drought events wl I I therefore be

a part lal Ourat ton serles of the ABS serles.
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TABTE 8

HISTORICAL DROUGHTS

Year of Drought Standardl sed
ABS

St andar d i se d
Crop Yleld

t91I

t9t9

t920

1931

r939

1940

I96 t

-r.78
- 1. .49

-1.62

-1.71

-1.35

-2.00

-1.50

-0.24

-0.89

-0.99

-1.61

-0.2

-1.2

-1.9
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3.5 DROUGIIT VÀRIABLES RETEVANT TO AGPTCIIT.TIIPN

A drough t event can be de f i ned by the magn I tude of
molsture deflclt observed and the duratlon over which the

drought extends. If t t ls the alm of the planner to store
water for averting droughts ln t ime of need, he wi I I be

lnterested ln knowlng the total volune needed and the
period over which he wlll have to supply this volume. In
particular, he wlll be lnterested ln the probabtllttes of
the nax imum def i c I t and the I ongest durat I ons for desi gn

purposes.

Another drought varlable that wlll be of lnterest ts
Drought Intensity, whlch ls the rate at which the moisture
def icit occurs. Thls will give a ¡neasure of how severe

the drought ls, slnce the ef f ect of a drought r¿l th a large
def iclt occurring r¿lthin a short tine will not be the same

as one of the sane magnitude occuring over a relatively
longer perlod. The lntensity Is taken as the slope oÍ
the ABs curve when the drought begins up to when the

maxlmum deflclt ls registered. Thls wl I I glve the rate at

which water wl I I be needed withln a drought perlod.

0ne would also be lnterested ln the rate of
occurrence of drought, that ls the expected nunber of

droughts wlthln å glven perlod, ln the basln. For example,

consider à multlpurpose water reservolr project to
generate pover, supply water for lrrigatlon on contlngency

bas I s, for f I sh I ng and other purposes. One woul d be
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Interested in knowing how many tlmes within the project
that droughts wlll occur so that lt would be necessary to
supply the farms with water, besldes the need to know the
total volume to supply and the duratlon.

0ther posslb I e uses of these probab I I t t ies are for
determining the econonlc beneflt of the projects, the risk
of crop fai lure in the basin for lnsurance purposes, and

for fire protection measures.

slnce a drought event ts deflned by two varlables,
I t r.¡i I I be necessary to consl der both sinul taneousl y.
This can be achieved by considering the naximun deficit as

the prlmary varlable and determl.ne the condttional
probability of drought duratlon given the maxlmun deficlt
is egual to a glven value.
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SECTION

PROPERTI ES OF

II

DROUGHT VARIABTESSTATI STI CAt

CHAPTER 4

ABS DATA GENERAÎION }IODEL

4.1 THE NEED FOR SI}IULATION OF THE ABS

simulatlon of a water resources system is the method

of, obtalnlng hidden infornation about lts performance by

performing a large number of experlnents using a nodel of
the system. For examp le lre nl ght want to have an i dea

about its reliabllity or the number of failures ln a unit
tlme.

Por the prob I em at hand, the system I s the r I ver
basin, with lnputs ès precipttatlon and output as runoff
and evapotranepl rat lon. Its performånce ts measured by

the anount of noisture retalned ln the sol I to support
plant llfe and ls lndlcated by the lndex ABs. If the
generatlng nechanlsm of the lnput and output of the system

can be adequatel y represented by a nathematl cal model,

then one càn use th is 
. 
mode I to perform exper iments to

extract lnformatlon on the rate at which the system fails
( in thls case, the occurrence of agrlcultural droughts).
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It is observed that ln practrce, decisions requlring
hydrol ogl c knov¡l edge i s usual I y based on sone hydro I ogl c

nodel of some ktnd. For example, in a flood control
pro ject, t{hy ls the highest f lood magnltude observed

hlstorlcal ly not used as the design magnltude, but tnstead
a model ls developed to glve a serles of flood mågnltudes?

Thls ls because lt is recognised that the hlstorlcal
record ls slmply ð sample of the parent populatlon
hydrologlcal series and there is no guarantee that future
realisations wlll be the same or less severe than the

hlstorical one. Furthermore, the historlcal records are

usually short, and also, due to sample fluctuatlons,
general ly contaln unusual ly large or unusual ly snal I values

of the parameter of I nterest.
I n the case of agr I cu I tura I droughts, the I nadequacy

of the h lstorical record is even more severe. unl lke
streamflow drought which may occur annual ly, agrtcultural
droughts occurrence is in decades. ThiE makes statistical
studies of thls'non-event'near Imposslble and the only
approach is by the experlnental nethod. For the basin I n

the study for example, out of the 62 years of ABS record,
there lrere only four drought events based on the deflnltlon
described earller. 0ne cannot therefore make any

probabl I i ty statements about the historical droughts and

hence the need for simulatton.
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4.2 STOCHASTI C I{ODEL SETECTI ON

The f lrst step ln the slmulatlon study of any

hydrologlcal system ls the selectlon of a generatlng model

for the tlme series. The approprlate type of model for
th I s study I s the ST0CHASTI C type whose generat I on

mechanlsm is probabl I Istlc.
The model para¡neters must be estlmated from the

historlcal data whlch are assuned to be representative of
the populatlon time serles. stnce 62 years of hlstorical
record are aval lable, this assumptlon sounds reasonable
considering a plannlng horlzon of 100 years.

several types of stochastic nodels are avallable to
model the ABS tlme serles. These lnclude autoregressive
models, fractlonal gausslan nolse, àutoregressive movlng

averège (ARllA ) , broken I I ne node I , etc. The type of node I

that f its best wlll be the one whose theoreticat
Parameters co¡npare well with the observed ones. The

sel ected model should also pass a dlagnostic test, .and t f
posstble, be Justlfted by physlcal consideratlons of the

hydrologlc systen.

Table 9 ls a summèry of the statlstrcal parameters

of relevance to the generatlng model.

53



TABTE 9

SÎATISTICS OF lHE ABS RECORD

Parame t er Value

Mean (mn)

Standard Dev i at I on

Skewness

Serial Correlatlon Coeff

Partlal Autocorrel ation
P.A.C.F (Znd 0rder)

Hurst Coef,tlcient

Rescal ed Range

icient (1st

Coefficlent
0rder )

(1st 0rder)

2t8.8

85.3

0.t7

0 .69

0 .69

-0.003

0 .88

20 .7

The I

normal lty
o$,

I

skewness va I ue , and the p I ots and t est s of

n Sect ion 2.5 showed that the data is
approxlmately normal. The plot of the correlogran shown

on Flgure 4.1 suggest an autoregresslve model, since the

corre I ogram di es out rap I dl y, and p I ots of the tol erance

llmits showed the data ls not lndependent. slnce the

averaglng period used ls the seasonal one (Ìlay to
September) whlch ls equlvalent to annual serles, lt is
safe to assume there is no perlodtclty inherent ln the
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serles. hre can therefore consider only linearly dependent

autoregressive models and not perlodlc models.

Two types of llnearly dependent models are revlewed
here. These are autoregresslve (or !tarkov) nodel and a

varlatlon of lt cal led fractlonat gausstan nolse (FGN).

FGN ls used to overcone the shortconing of Markov nodels
r¡hen lt does not reproduce observed perslstence ln the tlme

serles. Thls occurs when the serlal correlation
coefflclent lE relatlvely small whilst the measure of
perslstence, the Hurst coefflcient ls relatively large.
In the prob I em at hand, we observe a very h i grh ser i a I

correlation whlch accounts for the corresponding high
Hurst coeff tcient. Hence the l-tarkov model should
reproduce thls perslstence. The problem is now to
de t ermi ne the order of the !larkov mode I that $ri I I

adequately represent the serles. It should be noted that
most natural hydrologlc senles fol tow the lag one model.

The lag one autoregresslve parameter ls usually large
conpared wlth the lag two parameter lf a nrultl-lag model

is adopted, thus the second order terns tend not to lmprove

the model very much.

To determlne the order of the Markov model, a plot
of the partlal autocorrelation functton wås r¡ade, and is
shown in Flgure 4.2. It can be observed fron the plot
that the lag one partlal autocorrelation coefficient is
signlficant. The lag 5 coefflclent also I ies Just above

the tolerance I imlt but thls nay be due to chance only,
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slnce those of lags Z, g,

Theref ore the I ag one l{arkov

iustified by dlagnostic test.
the model becomes:

ABS r

where;

A BSr

ABS. iL-l

p

o

ABS

ár

ABsí

egs + p(ABst_t - ãTEl + "lrt-f )

and 4 are not slgnlficant.
mode I wl I I be se I ec ted and

After parameter estimates,

(4.1)dt

If the above model

should be passed:

From Equat I on

accumu I at ed bas i n Etorage i n year t
accurnul ated basi n Etorage in year t-l
f I rst order ser i al corre I at i on

coefflclent = 0.69

standard deviatlon of. the ABS record

mean of the ABS record

a normal random variate.

ABsi_t ,lrr- F', dt

is appropriète, then the following

(4.2 ) we obtal n:

For a standardlzed series, which ls obtained by

subtractlng the mean from the varlable ABs and dlviding it
by I ts standard devlation, the mean becor¡es zero and i ts
standard dev i at i on one. Hence $re have:

(4.2'

test

ABsí

Since ls a

ABsí _ 1
(r -Fz)L/2 dr

dt is an independent var
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Test of independence of the residuals rras conducted

by plottlng Its correlogram. From the plots ln Figures 4.9
and 4.4 one can conclude that the reslduals of the lag one

Markov r¡ode I are lndependent and normall y distribuled.
This condltion holds lf and only lf, the nodel were lag one

nodel. For exanple, consider the lag tr¿o nodel:

ABsi órABS[_1 r 62ABSi_2 * ds Ct ...(4.4)

then the residuals,

ABsí - r^LABsi_l Éz1gsí_z * ds Ct ..(4.5)

wi I I not be independent because of the presence of the

term óZhBSi_Z in the right hand eide of eguation (4.S).

4. 3 A PHYS I CAt JUST I FI CAT I ON FOR THE SETECTED I{ODEL

then the residuals, vhlch

i ndependent.

is ABSi - ABSi_f , ehout d be

for the above ¡nodel,

storage wlth a linear

ion in year t.
tatlon infiltrate into

To find a physlcal basis
conslder the ABS as groundwater

outflow ISalts and Smith,198l1.
Let Xt be the total precipitat

Let "Xt of the total precipi
ground.
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Also let
the year.

Al so let

strean. Then

storage i s:

st

st-t be

c(S,_, )

I n year

the groundwater level at the end of

be the contr ibut i on of

t, the mass bal ance for

it to the

groundwater

s.t (1 - c)St_t + aX,

tlhether the above physrcal model ls lag one or multi lag
type depends on the correlation structure of the
preclpltatlon term Xt.

For the case on a precipltatlon which ls ån

INDEPENDENT PR0cEss, then Equatlon (4.6) can be wri tten as:

Êt

which is similar to lag one nodel.
I f the preclpi tat I on r.rere an

wl I I have an AR-z mode I for the

proved be I ow.

Xt = dXt_l +

From Equat I on ( 4.6 )

hen ce ,

AR- I process, then $re

groundwater storage ag

Ct (4.8)

l¡e obtaln "Xt = St - (t - c)St_t and

- (1 - c)St_e (4.9>

óst-r (4.7)

The AR-l preclpltatlon can be wrltten as!

"xt-r = st-t
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Putting Equatlon (4.8) lnto Equatlon <4.6) we obtaln:

St = (1 - c)St_t + a(óXt-t * Ct) or

cst = (1 - c)st_t + ó(ax,_r) + a c, ...(4.10)

Putting Equatlon c4.9) into Equatlon (4.10) we obtain:

St = (l-c)St_t + ótSt_t-(t-c)St_Zl + adt or

St = (1 - c + á)St_t - (l - c)ÉSr_, + a Ct ...(4.11)

Let o. = I - c + 6

P = 6 (c = I ), then we have;

st = tst-l + 9st-z * Ct ...(4.t2>

r¿hich ls the form of AR-2 process.

For the ABs system, the posslble parameters that can

be pu t i n a slmu I at I on model can be obtatned by

considering the correlatlon betv¡een them. The ABS model

is given as:

ABSI = ABSI_t * PWt_t + pS, - c.pE, - Rt

In Table 10 the correlation coefflcients are given

a¡nong the other varlables.
Fron Tabl e 10, ïrê observe that the runoff tern ls

slgnlficantly correlated to al I the other vårtables wht lst
there ls no correlatlon anongst wlnter prec¡pitatlon,
sunmer preclpitatlon, evapotransplratlon and ABSt_1.
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TABTE 1 O

CORRETATION I.IATRIX

ABSt_t

r.00

0.t79

-0.064

-0 .2t2
0 .442*

SIGNIFICANT

Pst- t

1.00

0.008

-0.02t
0 ,412x

CORRETATI ON

1.00

-0.t79 1.00

0 .28 * -0 .33*

AT 5% LEVET

PEt Rt

I .00

PSt

ABSr-t

PWt-t

PSt

PEt

Rt

since the runoff term is correlated to al I the other terms

It cannot be used dlrectly in the slmulation nodel.

The runoff term wlll therefore be deleted and

expressed as a I lnear functlon of the other varlables plus

a random error term. Therefore, the ABS mode I can be

reduced to the form:

ABSt = aABS,_, dPE r
gr (4.1s)bPwt-I cPS 

a

where à, b, c and d are constants and Ct is a random term.

If the wlnter preclpltation, summer preclpitation
and evapotransplratlon are all lndependent processes,

then, ås shown for the cage of groundwater st orågê, the

ABS mode I wl I I be a I ag one A-R process, st nce ere can
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comblne

Therefore

the lndependent t'

ABSt a ABSt-l et .(4.14)

The I ndependence of wl nter, summer prec I p I t at i on and

evapotranspiratlon rrere tested by the plot of their
correlograms ln Figures 4.S, 4.6, and 4.?. From the pl ots
ve conc I ude that these var I abl es are al I lndependent

Processes.

After checklng for stattonarlty of the serles, and

using Yule-l{alkers autoregresstve parameter estlmates,
the final nodel for generating the ABS serles ls:

ABS t 218 .8 0.69(ABSt_1 - 2t8.8) 51.7 dt (4.15)

Thls mode I was used to generate ABs ser les of the
length equal to the historical record of 62 years. The

Norma I Random Deviate was generated from the generator
GGUBFS aval lable ln the l{antes computer Library f or this
purpose. The generat I on process was rep I i cated 100 t imes

and the average values of the statistlcal parameters

taken , wl th the resu I ts be I or.¡:

all

,

terns lnto one ås
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TABTE 1 1

COI'IPAR I SON OF lHE H I STOR I cAL PARA}IETERS TI TH
THE GENERATED ONES

Historical Synthet ic U95% Llmt t t95t Iiml t

Mean 218.8

Std Devlat lon BS.3

'"'ååå,:?:i:1i""" o.6e

Hurst Coefficient 0.BB

Skewness 0 . l?

2t9.3

82.0

0 .63

0.86

0.10

266. s

88.6

0 .83

1.0

0.8

172.2

79 .4

0 .43

0.71

0.0
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The distributions of the Hurst stat I st i cs lnd the

coefficients of the generatedf i rst-order autocorre I at i on

samp les grere deterni ned. They $rere f ound approx imate to
the theoretical normal distribution as shol¡n in Figures
4.8 and 4.9. These hlstoricar values of the Hurst
statistic and first order autocorrelation coefficients can

be observed to be well within the confidence timits of the
model (given in Table l1).

since all the historical paraneters fall within the

confidence limits, s¡e conclude that at 9st level, the

model adequately reproduces the historical sanple.
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CHAPTER 5

PROBABITITY DISTRIBUlION OF GENERATED

DROUGHT VARIABLES

5.1

The probabi I I ty dlstributlon of the number of
droughts ln a perlod of tlme ls an lmportant aspect of the

stochastlc studies of agrlcul tural droughts. Al I those
concerned wlth agricultural economic actlvity in the area
would be lnterested ln how many droughts to expect ln a

proJect life. Further¡Dore, the dlstribution of the

number of droughts wll I be used eubseguently to dertve the

distribut Ion for other drought varlables.
In fittlng a dlstrlbutlon to a random variable, if a

parallel cèn be drawn between the problem at hand and åny

other phenomenon for which there was a sotutlon, then one

can narrow down the range of possible distributlons.
Dr ou gh t s and f I oods can be cons I dered as ex treme

values and thls is the basis of drought definltlon
outllned ln Sectlon 3.4, so a close look wlll be taken at
recent deve I opment I n the theory of extrene values.
Based on the theory of extrene values, Todorovlc and

zelenhaslc (L970) developed a stochastic model for flood
analysls. In their nodel, floods are treated as a naximum

term among a randon number of a random varlable in an

lnterval of tlme. Todorovlc,s approach ts becomlng a

7t



popu¡ar method for strearnf low drought analysls and many

recent researchers llke Sen (19g0), Guven (1ggg) and

zelenhaslc <t987) have tried to develop analytlcal models

based on It. zelenhaslc ln partlcular (l9g?) applled the
Todorovic flood mode¡ dlrectly to streamflow droughts with
ver y good resu I ts.

Thelr results shoç¡ed that streamf low f loods or
droughts fol I ow a t lme dependent pol sson pnobabl ¡ I ty I aw.

Thl s Is based on the assumptlon that the events (drought

or floods) are lndependent.

The Todorovlc-zelenhaslc flood models can be applled
to agricultural droughts defined by the basin soll notsture
parèmeter, ABS. Thereforer one can deflne agricultural
drought as a set of ¡alnlmum values èmong è randon nunber

of the random varlable on ABs. Ae def lned earller (see

Flgure 3.1), ègFlcultural drought events ère a sequence of
ABs whose values fal I below a threshold vatue. Each event
ls consldered as a two dlmenslonal varlable, defined by

magnltude and duratlon.
Before one can èpp¡y the f lood model to droughts, it

ls necessary to prove that the events, as deflned by

magnltude and duration are lndependent. The events are

very rare and the number of droughts that occurred in the
historical record ts too few to be able to apply the usual

statlstlcal tests of independence. practlcal ly, slnce the

drought events are Eepðrated by relatlvely long tlme
intervals, they should be lndependent.
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To test the lndependence of the events, lt is
necessary to extend the historlcal record ln order to
yleld suff iclent drought events. slnce an event is
defined by magnltude (deflcit sun) and duratlon, both the
durations and the def lclt suns eere tested for
independence. Thls $ras done by generatlng g00 years
of data to ylel d alnost s0 drought events. The third
drought varlable, drought tntenEity, $¡as also tested for
I ndependence.

serlal correlatron coefficients for drought deficlt
duratlons and lntenslty and tests of slgni ficance at så

for the corre I ogram and Part I al Autocorre I at i on Funct i on

shor{ that they are I ndependen t. p I ots of these paraneters
åre shown on Flgures S.l to S.6.

wlth the assumption of lndependence satlsfied, one

can now proceed to fit a dlstrlbutlon to the nunber of
droughts ln a glven time tnterval. Now, consider the
signlf lcance of tlne lnterval to the distrlbutlon of
the number of droughts. slnce droughts are rare events,
the probabi I lty that there wl I I be no drought tn one year

ls high. If we lncrease the tlne interval to say l0
years ' we can expect a I ow number of droughts, hence the
probablllty of zero number of droughts will decrease. If
we keep lncreaslng the tlne, to about a lO0 year lnterval,
for exanple, the zero or ,no drought, event wl I I become

lncreasingly un I lkely.
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the same ana I ogy wl I I app l y to one event, two

events, etc. Hence the shape or the paramet er of the
dlstrlbut ton wt I I depend on the t ine interval considered.
This wl I I be I I lustrated by deternlnlng the dlstrlbutlon
for dlfferent tlme intervals. Tlne intervals of,00, 40

and 50 years wt ll be consldered, r¿ith so years being ot
speclfic lnterest since the ltfe of an agricultural
project can be reåsonabl y taken as S0 years.

As noted earl ler, the reconstructed hlstorlcal ABS

record ls too short for a statistical analysis of drought
events to be done, so there ls a need for I ts extension.
3000 years of ABS data were therefore generated usi ng the
previousl y devel oped lag one autoregressl ve modeL drought
events were then extracted accordlng to the proposed

def inl tlon of droughts. A series of def icits lrere thus
created wl th wet per I ods gt ven zero def i c i ts. The
generated data hras then subdlvlded lnto non-overl apping
perlods of 30,40 or 50 yeèrs as the case may be. Relative
f requencies f or the nurnber of droughts, 0, l, Z, g, etc
t¡ithln each tlme lnterval were then conputed. The whole
process r¡as repllcated 50 tlmes and the mean of all the so

freguencies Ìrere taken.

Re su I t s for the per I od of g0 years are shown I n

Table 12 below.

Average nunber of droughts ln g0 year perlod:

I .83x
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TABTE 12

RETATIVE FREOUENCIES OF NUÌ{BER OF DROUGHTS

IN 30 YEAR INTERVAT

Nu¡nber of Droushts ln 10 years Relatlve Frequency

0

t

ô4

3

4

5

0.13

0 .26

0 .38

0.14

0.06

0.03

Assunlng a Poisson dlstrlbutlon, the probabillty
di str i but i on of x nunber of droughts i s gl ven as:

f* (xrÀ ) = Àx "-À/*l

where the paraneter of the dlstrlbutlon À is the average

number of droughts.

Here À = 1.83

Hence if the distributlon ls poissonian, then the
theoretlcal dlstrlbutlon ls:

Í*(*,À ) = (t.ggx e-l'83) / x! ...(s.z)

A comparl son between the observed (slmul ated) and

the theoret I ca I Po I sson dl str I but i ons are shov¡n be I ow.
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IABIE I3

THEORETICAL AND SII{UtATED RETATIVE FREOUENCIES
OF lHE NUI.IBER OF DROUGHTS IN 30 YEAR INTERVAT

No. of Droushts Simulated Theoretlcal

0

I

2

3

4

5

0.130

0 .260

0.380

0.140

0.060

0.030

0.160

0.290

0.270

0.164

0.075

0.02?

THEORETICAT AND
OF THE NUI{BER

IABIE T4

SII.IUIATED CUI{UtAlI VE FREOUENCI ES
OF DROUGHTS ITI 30 YEAR INTERVAL

No. of Droughts Simulated Theoretical

0

I

t-

3

4

5

0.130

0.390

0.770

0.9r0

0.970

1.000

0.160

0.450

0.720

0.884

0.960

0.990
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Plots of the slnul ated probabi I lty distrlbution and

the theoretlcal Polssonlan are shown on Flgure s.z. Also
ls their cumulatlve distrtbutlon functlons are plotted on

Flgure 5.8. These plots are step functlons since the

number of droughts are Integers. Hor¿ever, ln order to
show the comparlson between the slmulated and theoretlcal
funct I ons better, the points wl I I be joined.

Vl Eual I y, fron the plots, one can note that the

theoretlcal distrlbutlon ftts the slmulated one. However,

statlstlcal goodness of flt test wlll be conducted to
conclude thls.

The Kolmogorov-smirnov goodness of. f it test ls
conduc ted as be I ow

TABTE 1 5

THEORET I CAt AND SI}IUtATED CUI{ULATI VE FREOUENCI ES
FOR lHE NUT,IEER OF DROUGHTS IN 30 YEARS

No. of, Droughts 0bserved cDF Expected cDF Dev I at I on

0

I

t-

3

4

5

0.130

0 .390

0 .770

0.910

0 .970

0.030

0 . 160

0 .450

0 .720

0.884

0.960

0.027

0.03

0.06

0.05

0.03

0.01

0 .01
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The max lr¡um dev i at I on D = 0.0S

Sample slze = 100

Therefore, crltical Kolmogorov-smlrnov test statlstic at

5t level is C = 0.14

since the parameters were estlnated from the historlcal
record, the test stattstlc should be nodl fred, Fedùced

approximately by two-thlrds, thus:

Crltical Test Statlstlc C = 0.0g9

Since D

f i ts the number of droughts we I I .

The procedure $ras repeated for 40 year time
lnterval. In this case, the average number of droughts i
= 2.41 .

TABTE 16

RErArrvE FRE0uENcrEs 
oF1*o \rJ^r_T 

0F DRouGHrs

No. of Droughts Slmulated Relative
Frequency

Theoretical Relatlve
Frequency

0

I

a
ta

3

4

5

6

0.080

0.187

0 .253

0.307

0.080

0.080

0.013

0.089

0.2t6

0.261

0.210

0.126

0.061

0.024
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TABTE 17

IHEORETICAt AND SII{UtATED CUI{UtATIVE FREOUENCIES
AND TEST OF FITI¡ESS

No. of Droughts Simu I ated CDF Theoretical CDF Deviatlon

0

I

2

\t

4

5

6

0.080

o .270

0.523

0 .830

0.910

0.990

I .000

0.089

0.305

0.566

0 .780

0.906

0.967

0 .991

0.009

0.035

0.043

0.050

0.004

0.023

0.009

Max imun dev i at i on D = 0.0S0

l.todif ied crltical test statistic
Since D

f i ts the observed data we I I .

Plots of the slnulated and

are shown ln Fl gures S.g and S. l0

For the perlod of S0 years,

l,tean number of droughts i

C = 0.10

theoret i cal dl str i but i on

theore t i ca I PDf abd CDFs

respectlvely.

the resu I ts are as be I ow.

= 2.84
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TABTE 18

RETATIVE FREOUENCIES OF lHE NUHBER OF DROUGHÎS
IN 50 YEAR INTERVAL

No. of Droughts simulated Rer. Freq Theoretical Rel. Freq

0

I

¿

3

4

5

b

7

8

9

0.04

0.187

0.240

0.227

0.173

0.08

0 .013

0 .013

0 .013

0.013

0.058

0.166

0.236

0.223

0.158

0.090

0.043

0.017.

0.006

0.002
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TABLE 19

CUI,IUTåT I VE FREOUENC I ES OF
II¡ 5O YEAR

lHE }¡UI{BER OF DROUGHTS
I NTERVATS

No, of Droughts Slmu I ated CDF Theoretical CDF Deviation

0

I

ô
t¿

3

4

5

b

7

I
I

0.04

0 .227

0 .467

0 .694

0.867

0 .947

0.960

0 .973

0.986

0.999

0 .058

0.224

0 .460

0.683

0 .841

0.931

0.974

0 .991

0.997

0 .999

0.018

0.003

0.007

0.011

0.026

0.016

0.014

0.018

0.0r1

0.00r
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The maxir¡um devlatlon D = 0.026

The modifled crltlcal test statlstlc C = 0.lO

Hence we conclude that Poisson distrlbutlon flts the

number of droughts wel l.
Plots for the 50 year perlod theoretlcal and

simulated PDF and cDFs are shown on Figures s.ll and s.tz
respectlvely.

As predlcted earl ter, the average number of droughts

increases wl th the t irne interval and f or thls study, f or

the periods 30, 40 and 50 years, the parameters 1.83, Z.4L

and 2.84 respectlvely lrere obtalned.

These results conf lrm the observation that the

dlstrlbution of the number of droughts follow the TIME

DEPENDENT POISSON DISTRI BUTION.

The theoretlcal Polsson cunulattve dlstribution
functions for 30, 40 and 50 years tirne lntervals for this
study are conpared on Fi gure 5.13.

5.2 THE DI STRIBUTION OF DROUGHT DE['ICIlS

Drought deflclt ls one of the def ining varlables of

a drought event and I t wl I I therefore be necessary to
determine lts dlstrlbutlon. Drought deflclt ls defined as

the magnltude of the lowest level to which the ABS falls
below the reference level wlthln a drought perlod. This

value wi I I glve the amount of molsture needed to raise the
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ABS to the threshold level. Thls wi I I be è continuous
variable and therefore, ctass intervals are used to form a

frequency analysls for the deficits fron the generated

data. The table below shows the resul tlng relative
frequencles.

TABTE 20

THEORETICAL AND SII.IUTATED RELATIVE FREOUENCIES
FOR DROUGHT DEFICITS

class Interval simulated Relatlve Theoretlcal Relative(mm) Frequency Frequency

0.5 - 20.5

20 .5 - 40.5

40 .5 - 60.5

60 .5 - 80.5

80.5 - 100.5

100.5 - 120.5

o .327

0.246

0.215

0.102

0.070

0.039

0.387

0 .234

0.141

0.085

0.052

0.019

The shape of the resultlng histogram sho$rn on Flgure s.14,
lndlcates an exponentlal distribution functlon for the

drought deflclts.
The estlnate of the parameter ot, the dlstrlbut lon

was 0.03
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Therefore the

the drought deflctt
probabl I lty dlstrlbution functlon for

ls:

PDT' 0.03 Ax exp[-0.03 x] (5.3)

where ax is the class lnterval, and x the class midpolnts,
The cumulatlve frequency dlstrlbutlon = I - expt-0.03x1.

Plot of the slmulated relatlve frequencles and the

theoretlcal ones are shor¿n in FIgure S.14.

The resultlng theoretical exponential dlstrtbution
and the sinulated distrlbutlon wtth their correspondlng

departures are shown on Table 2l below.

TABLE 2I

CUI.IULAlIVE FREOUENCY OF DROUGHT DEFICIT
AND TEST OF FITNESS

Cl ass Interval 0bserved
Cumulatlve

Frequency

Theoretlcal
Cumulative
Frequency

Devlatlon

0.5

20 .5

40 .5

60 .5

80 .5

100.5

120.5

20.5

40 .5

60 .5

80.5

100.5

120.5

140.5

0.327

0.573

0.788

0.890

0.960

0.999

0.999

0 .270

0.600

0.780

0 .879

0 .934

0.964

0.980

0.057

0 .027

0.008

0.011

0 .026

0.035

0.020
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App I y I ng the Komogorov- Sml rnov test of goodness of

f lt, the maximum observed devlatlon ls 0.OSZ. The

crltlcal n¡odlfled test statistlc for average sample size
of 99 and 5? I eve I i s 0.093. Si nce 0.092 < O. O9g, lre

conclude that the exponentlal distrlbutlon f tts the
observ ed dat a .

Plots of the theoretlcal function and the one

obtalned by slmulatlon are shown ln Figure S.1S.

5.3 DISTRIBUTION OF ÐROUGHl INTENSIlY

The concept of drought lntenslty ariees out of the

fact that the magnltude ot drought deflcits will be

real lsed over a period of tlme. A drought deflcit of a

certaln nagnltude may take several years to be real lsed so

that one woul d be lnterested in the rate of sol I moisture

depletlon. The drought lntenslty wl I I be deflned ln terms

of thls rate and wlll be ln unlts of millir¡eters per year.

The drought lntenslty ls strongly correlated to

drought deflclt as indicated by a correlatlon coefficlent
of 0.75 and wlll r¡ost llkely follow tts dlstrtbutlon.

As drought lntenslty is also a continuous varlable,
class lntervals are used to compute relatlve frequencies

for the drought lntenslty from the generated data. A

summarv of the results ls shown on Tables 22 and 23.
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TABTE 22

RETATIVE FREOUENCIES OF DROUGHT INlENSIlY

Cl ass Interval 0bser ved Re I at I ve
Frequen cy

Theoretlcal Exponentl
R/E

al

0.5
20.5
40.5
60.5
80.s

20 .5
40 .5
60 .5
80 .5

100.5

0.505
0.2t2
0.182
0.051
0.040

0.526
0 .236
0.106
0.048
0 .92t

Estir¡ated nean intenstty = 25.6

For an exponentlal distributlon, the parameter

= 0 .039 and the exponent I a I di str i but i on =

exp[-0.039x]. The table below shows the CDFs.

TABTE 23

CUI'IUtATIVE FREOUENCIES OF DROUGHl INTENSIlY

0.

L/25.6

039 x

Class Interval 0bserved CDF Theoretical CDf

0.5

20 .5

40 .5

60 .5

80 .5

20.5

40.5

60.5

80.5

100.5

0.505

0.7t7

0.899

0.960

1.000

0.526

0.762

0.868

0.916

0.937

0.021

0.045

0.031

0.044

0 .063
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Applylng the Kolmogorov-smtrnov test of flt, the maximur¡

observed devlatlon is 0.069. The crltical modifled test
statlstlc for sample size of 99 and at st level ls 0.0ga.
Slnce 0.063 < 0.093, $re conclude that the exponentlal
di str I but I on f I ts the observed data r¿e I I .

Plots of the theorettcal and observed distrlbuttons
are shown in Figures S. l6 and S. lZ.

5.4

The probabi I ity dlstribution of the duratlon of
droughts ls necessary since drought duratlon is one of the

varlables that def ines a drought event. Furthermore,
agrlcul tural project planners would be lnterested tn

knowing the return periods for drought duratlons so as to
provide enough water storage to last over the perlod of
drough t .

To fl t a distrlbution to the durat lon of droughts,
the same generated data used ln the previous sectlon r¡as

used. the re I at I ve frequenc I es of the durat I on of drought
events were computed and the generatlng process repl lcated
fifty tln¡es.

The resultlng hlstogram shosrn on Flgure s.lg
lndicates an exponential distrlbution. Thls can al so be

99



lJ)
l4l

(Jz
l¡J

=o
l¡JÉ
h

l¿J

t-

J
l¡J
or

0.6

0.5

0.4

0,3

0.2

0.1

0.0
20 40 50 B0

DROUOHT I NTENS I TY ( T1I1 PER YERR )

Ê PLOT OF RELRTIIVE FREOUENCY
OF DROUOHT INTENSITIES

100 120

FrG. 5.t6

-T -l
\
\

\
\
\

\
\
\
\
\
\

_ \ __

S I IlULRTED

THEORET I CÊL

_\__
\

_>__

----

100



0.6
/,'

()
z.
l¡J

o
l¿JÉ
l¡

l4J

l-

J

=
=g

0.9

0.8

0.?

0.5

0.4

0.3

0.2

0.1

0.0

Ftc. 5.r7

S I ¡IULHTEO

THEORETICFL EXPONENT IRL

51 -tr 9l lll 131

DROUGHT I NTENS I TY t I1I1 PER RNNUII ¡

CUI'IULBTI IVE FREOUENCY DISTRIBUTION OF
OROUOHT INTENSITY IN PERIODS OF 50 YERRS

101



0.?

V'
t4J

õ 0.4
-
l¿J
Jo
l¿JÉ
lÀ
t¿J

t-

l¡J
É.

0.6

0.5

0.?

0.t

0.0

Ftc. 5.ìg

DROUOHT DURRTION f YERRS I

R PLOT OF RELÊT]IVE FREOUENCY
OF DROUDHT DURRTIONS

SII1ULRTED

THEORET I CÊL

\
\

\
\
\
\
\
\
\

\
\
\

-J-

E---

102



inferred fron the fact that the exponential dlstribution
ar I ses as the dt str I but I on of the t ime between occurrences
of events of a Polsson process.

However' this theoretrcal exponential distribution
falled to pass the test of goodness oÍ ftt at sz

significance level.
A further exa¡nlntlon of avallable theoretical

results for the distrlbution of run lengths $¡as therefore
undertaken. If it ls assumed that the streanflows may be

represented as a f irst-order, two-state Markov chal n, r¿here

the two states are deflned below the reference level (zi <

Zo) and above

TABTE 24

RETATIVE FREAUENCIES OF DROUGHT DURATIOT{

Drought Duration Slmulated Relatlve Frequency

I

2

3

4

5

6

7

I

0 .586

0 .240

0 .084

0 .050

0.0223

0.0056

0.0056

0.0056
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the reference level (z I > zJ where zo is the constant
ref erence or cut orr, streamf I ow I eve I , I t has been shovrn

(Cox and lllller, 1968; Helny, lg68; Bayazlt and Sen,

1976 ) that ¡

P( t > J) rJ 0, 1, 2... ... (5.4)

where t ls the durat lon of the drought (or negat lve run

length) and r lg the condltlonal probabtllty of a f low to
be less than or equal to the truncat lon level , glven that
the prevloue years/ was less than or equal to the

truncatlon tevel, that ls:

P(Zt(zo/zt_r1zo) (5.5)

The expresslon (3) has been shown to be approxlmately val ld
for f lrst-order autoregresslve procesg (lag one l{arkov

procesg) by Guerrero-Sal azar and YevJev lch, 1975.

Slnce the ÀBS serles can be generated þy the lag one

!larkov node I , the above theory can be appl led to t t
dlrectly.

Sen (1978) suggestg that r, whlch he terms the

autorun coefflclent, can be estlnated by:

t nOOl(n* - l) I / (ndrln*) (5.6)

uhere; ndd le the numbcr of'dcy-dry'transltions, which

I s the nunber of pa I rs of consecut I ve , dry, yeèrs euch

that Zt 1 Zo ¡nd Zt_t I 2o in the record. ndy is the

nunber of dry years for whlch Zl ( Zo, and nR ls the
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length of record.

From the generated ABs record of 30oo y""r", after
repl lcation 50 tlnes, the fol lowlng were obtalned:

nR = 3ooo

n-. = 134
cl cl

n- = 310oy

Hence, ; = 0.4325

Therefore, the theoretlcal dlstrlbutlon ls:

P( t > j ) = ri = (0.432S)i j = t, Z, g

Therefore the theoretlcal cumul attve dtstribut ton is

P(L < j) = I - P(L > J) = 1 - (0.432g)i J = 1,2..

Table 25 belor¡ shows the cu¡nulatlve dtstrlbution function
of the theoretlcal functlon and that actual ly observed from

the simulated data.

TABTE 25

CUI,IUTATED FREOUENCIES OF DROUGHT DURATION

Duratlon Theoretlcal Theoret lcal 0bserved DevlationJ PDF CDF CDF

I
2
3
4
5
6
(

I

0.433
0.187
0.081
0.035
0.015
0.0065
0.0028
0.0012

0 .567
0.813

0 .965
0 .985
0.994
0 .997
0.998

0.919 0.910 0.009

0.586 0.0r9
0.826 0.013

0.960 0.00s
0.982 0.003
0.988 0.006
0.994 0.003
0.999 0.001
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For the Ko I mogorov-sm I rnov goodness of f t t test, the
maxlnum devlatlon was 0.019. The modifled crlttcal test
at 5t level was 0.099 whtch is far larger than the
reglstered devlatlon of 0.019. Hence the theoretical
cumulatlve dlstrlbutlon functlon flte the data wel l.

P I of of the theoret i ca I and observed cDFs are shown

on Flgure 5.19.
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CHAPTER 6

PROBABITITY DISTRIBUTION OF THE LARGEST

DEFICIl, DURATION AND INTENSITY

5.1 THE DISlRIBIJTION OF THE LARGEST DROUGHT NNF'ICIT

The largest drought def iclt ln the life of a project
is one randon varlable which will be of particular
interest and wl I I be the cri tical drought varlable that
one would deslgn for.

The dlstrlbutlon of drought def tclts r.ras found to be

exponentlal ln Sectlon 5.2. Thus, to f Ind the
distrlbut ion of the largest drought def ici t ls the sène as

f inding the distrlbution of the Iargest value from a

population that has exponential distribution. Thls
imnediately brings to nlnd the Extreme value Type 1 or

Gumbel's Extreme value Dlstrlbutlon. The Extreme value

Dtstribution wlll arlse when:

1) The deficits are lndependent.

2> The dlstrlbutlon of the deficits ls exponentlal.
3) The data of deflcits is ô sufflciently large

samp I e.

The sarnp I e of dr ough t de f

last requlrement, therefore thls
Gumbel's distrlbutlon whlch ls
shou I d bear a reser¡bl ance to

iclts satlsfy all but the

will not exactly fit the

asy¡nptotlc. However, it
I t, Therefore we shou I d
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expect the distrlbution function of the largest drought

deficlt can be expected to be double exponentlal.
This double exponential nature of the dlstribution

has been recogn I sed by many researchers I n drough t
analysls. Guven (1983), Zekat sen (1g80) and Klsisel
(1979) has shown that the probabt¡lty dtstributlon of the

largest drought duratlon ls approxir¡ately double
exponential.

Todorovic and zelenhasic (l9zo) obtalned the
di str i but I on of the I argest f I ood as s

F, ( x )

where ¡ ( t )

lnterval (0

f I oods.

= exp( - zr(t)

i s the averåge

t) and H(x) ls

tl - H(x)l)

number of floods

the dlstrlbutlon

(6.1)

in the time

funct I on of

An elaboration of the derivatlon of the above

functlon can be found ln Appendlx A. Thls approach can be

adapted to anal yse droughts and this nas done by

Zel enhasic ( 1987).

The baslc assumptlons in arriving at the above

functlon is that the sequence of deftclts ls independent

and ldentlcally dlEtrlbuted, and the occurrence of drought

events is Polssonlan. slnce al I these assunptlons have

been satlsf led ln prevlous eectlons, otìe can apply the

Todorovlc model to the ABs drought deflctts. srnce the

dlstrlbutlon functlon oÍ the drought deflclts was found to
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be exponentlal ln Sectlon 5.2, the

becones double exponentlal.

From Sectlon 5.2, H(x) = I

lnterval of 50 years. Also, fron

= /\ = 2.g4.

funct lon of F, (x) above

- exp( -0.03x ) for t I me

sect lon 5.1 , .a.( t = 50 )

Hence, F,(x) = exp( -2.84 exp(-0.03x)) , . . (6.2)

, Usl ng simu I at I on, the f ol I or¿ing resul ts f or the

cumulatlve frequency dlstributlon for the largest drought

def icl t and that from the theoretical dtstrlbution are

compared be I ow.

TABTE 26

CUUUTATIVE FREOUENCIES OF THE TARGEST DROUGHT
DEFI CIT

Cl ass Interval Simulatlon
CDF

Theoretlcal
cDr

Deviation

0.5

20 .5

40 .5

60 .5

80 .5

100.5

20 .5

40 .5

60 .5

80.5

100.5

120.5

0.160

0 .270

0 .540

0.740

0.890

I .000

0 .126

0 .321

0 .536

0.710

0.829

0 .902

0.034

0.051

0.004

0.030

0.061

0.098
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For the Kolnogorov-sn¡l rnov test of goodness ot. f i t,
the max lnum dev I at i on obta I ned was:

Dr"* = 0.098

The modlfled critical test statistic at s% level for
N = 60 ls D- = 0.113c

Sinc" D" ) Dr"*, wê conclude that the proposed

dl str I but I on f I ts the observed data.

Plots of the CDF obtalned by slmulation and the

theoretlcal one are shovrn ln Figure 6.1 and one can see the

c I oseness be tween them.

6.2 THE DISTRIBUTION OF THE TONGEST DROUGHT DURàTION

The longest drought duratlon withtn a perlod of time

can also be a critlcal drought variable that will be of

interest and therefore I ts dlstrlbutlon ls necessary.

Flnding the dlstributlon functton of the longest

drought duratlon ls equivalent to flndlng the distribution
of the largest term from a set of values. Since the

drought durations had been shown to be independent, and on

assumlng lt ls ldentlcal ly dlstrlbuted, then one can apply

the Todorovlc's Extreme Value theory to obtaln the

dlstrlbutlon of the largest duratlon.
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æ
P([m { i} = P(Nn = 0} r Ë tP(L < i}n . p(Nm = n)] ..(6.3)

n=l

Frorn the theory we obtain:

where; t- = the I ongest drought durat i onm

J = lnteger ranglng from 0, 1, 2

N- = the number of droughts in tine interval È¡,
m

and n = a real number (integers)

It has been shown in Section 5.1 that the
probabi I i ty of the number of droughts i n a t lne interval m

i s Poi sson i an, that I s:

P(N- = n) = (t¡(t)n)/nll exp( -,^.(t))
m

where n(t) ls the average number of droughts in tine t.
After some algebra, the Expresslon (6.3) wi I I become,

as Expression (6.1) in Section 6.1, as:

P(L- \< j) = exp[ - ^(t) P(L > j]l ... (5.4)¡n\

P( t > J ) had been defined ln Section 5.4 as P( t > j ) =

r., (j = l, 2....) also P( t > j ) = I - P( L

I - H(x) in Expresslon (6.1) of Sectlon 6.1.

From Sectlon 5.4, we obtalned:

P(L > j) = (0.432s)j J = t, z

and Sectlon 5.1, ^ 
(t = 50) = 2.84.

Hence the theoretlcal dlstrlbut lon wi I I be glven as

P(t- \< j) = expt-2.84 (O,432Slil j = l, 2n\
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From the generated data, the re I at lve frequencl es

were computed for the I ongest drought durat lons in 50 year

lntervals and the obtained cumulative frequencles with the

corresponding theoretlcal cumulatlve frequencles are shown

ln Table 27.

For the Kolmogorov-Smlrnov test, the maximum

devlation D,n = 0.054.

The crltlcal value for sample slze 60 at 54 level is
D" = o'113'

Sinc" D" ) Dr, the data f i ts the theoret i cal mode I

wel l.

TABTE 27

CUI,IUTATIVE FREOUENCI ES OF DROUGHT DURATION

Drough t
Duration

Slmulated
Rel. Freq

Slmulated
Cum. Freg

Theoretlcal
Cum. Freq

Devlation

0

1

¿

3

4

5

6

7

I

0.0583

0.214

0.262

0.223

0 .126

0.078

0.0097

0.0194

0.009?

0.058

0.272

0 .534

0 .757

0 .883

0 .961

0.97t

0 .990

0 .999

0.058

0 ,293

0 .588

0.795

0.905

0.958

0.982

0.992

0.996

0.00

0.2\

0 .054

0.038

0 .022

0.003

0.0r1

0.002

0.003
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Plots of the theoretlcal and slmulated cumulative

frequency dlstrlbutlons are shot¡n on Flgure 6.2

6.3 lHE DISTRIBUTION OF THE TARGEST DROUGHT INTENSTTY

The I argest drought intenslty can also be ot

lnterest to the deslgner. Its dlstrlbutlon will follow
that of the largest drought def iclt slnce lt also
sat lsf les the same condi tions for the Todorovlc's extreme

va I ue theory

Therefore, $re obtain the dlstrlbution of the largest

drought I ntensl ty as!

F.(x) = exp(-,^.(t) tl - H(x)l)
E

wi th .,r( t ) as the expected nunber of droughts in t ime

interval (0 - t ), and H(x) the distrlbut i on funct ion of

the variable.

For a 50 year tlme span, f ron Sect lon 5.1, ,n( t = 50 )

= 2.84, and H(x) = 1- exp(-0.004x) in Sectlon 5.3,

Therefore the theoretlcal dlstrlbution of the

largest drought lntensity ln 50 years ls:

Et(*) = exp( -2.84 exp (-0.04x))
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The actual dlstrlbutlon functlon obtalned fron the

generated data and the above theoret I ca I one ère shown i n

Tab I e 28.

For t he Ko I mogor ov - Snl rnov test, the nax imun

devlatlon D*"* = 0.073. The crltical value for sample

slze of 60 at 5t level ls D" = 0.113.

SInc" Da ) Dmax, it can be concluded that the model

f its the data.

Plots of the slmul ated and theoretlcal dlstrlbut lon

functlons are shown ln Flgure 6.3.

TABTE 28

CU}IUtATIVE FREOUENCIES OT DROUGHT INTENSITY

Class Interval
(mn )

0bserved Observed
Relatlve Cunulatlve

Frequency Frequency

Theoretlcal
Cumu I ated
Fr equ enc y

Deviation

0.5

20.s

40 .5

60 .5

80 .5

100.5

120.5

20.5

40 .5

60.5

80 .5

100.5

120.5

140.5

0.216

0.196

0 .340

0.r55

0.093

0.0

0.0

0.216

o .412

0 .750

0.907

0.99

1.00

1.00

0.155

o .432

0 .686

0.844

0.927

0 .966

0 .999

0.061

0.020

0.064

0.063

0.073

0.034

0.001

tl7



c)z
l¡J

=o
¡4J
E
14

l¡J
ì
l-

J¿
=()

r.0

0.9

0.8

0.?

0.6

0.s

0.4

0.3

o:2

0.1

0.0

S I IIULRTED

THEORET I CRL DOUBLE EXPONENT I RL

51 'tl 91 lu 131

IlRXIIlUIl OROUOHT INTENSITY ( 1111 PER RNNUIl )

FIG. 6.3 cUIIULRTIIVE FREOUENcY DIsTRIBUTION OF THE
IlRX I IIUH DROUOHT I NTENS I TY

31

118



CHAPTER 7

CONCTUSI OT{ AND RECOI.'I.IENDATI ON

7.t c0NcLUsr0N

From the prevlous chapters, i t has been shown that
Accunu I ated Basl n storage can be used as an t ndex for
quantlfylng agrlcultural droughts. The relevance of, ABS

to agricultural droughts ls due to its significant
correlatlon to crop yleld per unlt area. The ABS cèn

therefore be used for ¡

l) Agricultural drought analyEis.

I i) Drought predlction.

For design or plannlng purposes, the probability oÍ

occurrence of the magn I tudes of the drought var I abl es are

essentlal and so their dlstrlbutlons srere computed. In

partlcular, the probabl I I tles of the largest values of the

drought varlables wlll be the crltical deslgn parameters

and thus their dlstrlbut lons were computed. These

probabi I I ty distrlbutions wl I I be useful for givlng better
drought predlct lon.

the distrlbutlon of the number of drought events ln
a glven lnterval of tlme have been found to be Poissonian.

The dlstrlbutlon of drought deflclt, lntenslty and

durat I on have also al I been found to be exponentlal ly

distrlbuted. In the case of thelr I argest values, the

theory of extreme values of a randon varlable lras applted
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to derlve theoretlcal model s for the dtstributlons. In

thls case, Todorovlc,s Flood Model was found to be

appl lcable.

Due to I lnltatlon of tlme and data, the

not be extended to other rlvers so that

study cou I d

the present

basi ns are

t they are

resul ts cannot be general I sed. Untl I other
also studled, one can only conclude tha
appl lcable to the Asslnlbolne Rlver Basln.

7 .2 RECO}II{ENDATI ON

There is the need for thls study to be extended to
other river baslns before general ised conclusions can be

drawn about the di str ibutlon of the drought variables
using ABS as an lndex.

The ABS appeårs to have good potent ial for use in
lrrigatlon deslgn. The drought deficit deflned tn thts
study cannot be sa I d to be the exåct mo I sture def I c I ency

for plants. It ls the amount of nolsture needed to ralse
the sol I nolsture level above that whlch glves drought

condltlons. To obtaln the exact anount of water to
provlde for ln ån lrrlgatlon scheme, one can use the ABs

f I tt lng process to obtain the dl fference between the

'ideal evapo-transplratlon, of the partlcular plant ln
questlon and the actual evèpotranspiration that took place

This differences wlll yteld a

t20

as a result of drought.



serles of deflcits whose statlstlcal propertles.can be

used for lrrlgatlon plannlng. Thls was not done In thts
study as no particular plant was under investlgatlon
but only the general effect on all vegetatton ln the whole

basln $ras belng consldered.
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APPENDIX A

THE DISTRIBUTION OF THE LÀRGEST DEFICIT AND DURATION

Given the ABS hydrograph (a plot of ABS against

t ime), conslder only those values, ln some lnterval of

tlme, that are snal ler than a reference level (given

drought events).

Let D be the total deficit of ABS wlthln the drought

period. Also let the tlme of occurrence of the drought be

Z, its duration T and i be the order nunber of the event.

The largest drought deflclt in tlme lnterval 0 - t

is¡

Xct> = Sup Di

and the longest drought duratlon ls:

(41)

...(42)

among a

x1(t) Sup Ti

where 'Sup' refers to Supremo or the largest value

tern of values.

The distrlbution functlon of X<tl is denoted aE:

Ft(X) = P(X(t) ( x), t )r 0, x >,0 ...(43)

Uslng the result of Theorem I tn hls paper on random

number of random varlables (Todorovtc, 19704), Todorovlc
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obtalned Ft(X) as the mathematical

condl t lonal probabl I I ty:

P ( Sup Di \< x /  (t>i Z(i> \< t )

the number of drought events

t). ITodorovlc, 19701 . His

1 (Todorovlc, 19704) v¡as!

expectat i on of the

... (44)

ln an lnterval
resu I t, proved

where ^(t)
oÍ tlne (0

ln Theorem

Ft(X)

ls

@

= f e,.,ö^.0, \< x)
k=0 ¡=O

n ElI ... (45)

Di, in an

equa I to a

k droughts

wh I ch I s the probab I I I ty that al I

interval of time (0, t) wlll be Iess

value of x, and El is the event that
K

occur in tine interval (0 - t).

deflclts
than or

exact I y

Expression (45) can be wrltten as3

*gKFt(X) = P tE;r * þ., t,Ê0.0, \< x)
K=l

To solve for Equatlon (46), orìe has to

probabllities ln:

K+Ptn(D¡\<x)nEkl
i=O

Di and i.<i> are mutually independent, the
*oFr(x)=Ptu!:+ !rH(x) e<ul>r

K=l

fn E.'l ..(A6)
K

de t erm i ne the

Under the fo I I owl ng èssunpt i ons s

(i) DI ls a sequence of independent ldentically
dlstributed random varlables wlth H(x) = P(D¡ \< x).

...(A7)

(ti)
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For the f lrst assunpt lon, I t had al ready been shown that

the sequence of ABS deficlts are independent, Also since

onl y one season (growlng season) is belng consldered, for
practlcal purposes, one can conslder the deflclts to be

ldentlcal ly dlstrlbuted IChow, 1964J. Aleo because of the

physlcal lntul tion, there ls no reason to bel ieve that the

def icits are mutually dependent on their tines of

occurrence Iassunption ( ti)].
Furthermore, if the distrlbutlon of

drought events is Poissonlan, that ls lf¡
the number of

P'E,: ,

then Equatlon

become:

Ft(X)

t^(t)1k exp t-^(t)l / k!

( A8 ) has been shor.tn I Todorov i c , 1970) to

exp ( -^(t) t1 - H(x)l)

al I def iclts

t(Xl), the

duration if

ln whtch H(x) is the dlstrlbutlon functlon of

in a glven tlme lnterval (0 - t).
The above wlll also hold for F

dtstributlon functlon for the longest drought

t t sat lsf les al I the preceedlng assumpt lons.
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