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A-bstract

In this thesis a multi-reference constant denominat.or

perturbation t.heory (cDPT) is developed to reduce incomplete

basis set errors arising when solvíng the schrödinger

equation with a finite basis set.

The advantage of this method is that very few basis

functions are needed and art calcurations if carríed out to
high enougih order in the perturbation treatment effectively

use a complete basis set. As a fírst step the theory has been

restrict.ed to one particle Hamil-t.onians and applied to the

anharmonic oscil-l-ator to stud.y the convergence properties.

For perturbation cal-culations carried out to fifth order

resul-ts from Pade approximants show an ímprowement in

accuracy of between one and three orders of magnitude.
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Chapter 1 Review

1.0 Introduction

since most schrödinger equations cannot be sorved

analyticarry, many approaches have been developed. to get

approximat.e eigienfunctions and eigenvarues. Almost arl these

approaches use basis sets which f or pract ical- cal-culations

must be finite and therefore incomplete. sometimes the

incompJ-eteness of the basis sets makes the resul-ts calcul-ated

unrel-iabre. For exampre, in Tabre r.r, hydrogenation energies

of four reactions are given. Here resul-ts are very dependent

on the basis set. Consider, the third reaction

E 2*HZ = 2HF

results range from -29 to -134 kcal- mol-1

Tabl-e 1 .1 Hartree Fock
hydrogenation

and experimental energies of
( kcaÌ /mo I )

sro-3c 3-27G

-19 -25 -25 -22

)k )k3-2rG 6-2rG 6-31c
**Basis Set.

LiF+H2
:LiH+HF
cH3cH3+H2

=2CH.4
E 2+H2
=2HE

NaF+H2
:HF+NaH

49535331

-29

31

-98

?^

-98

46

-126

33

46

-¿L

-134

30

Expt

4B

-l-9

-133

35

Note: This table is from ref.1



The question

incompleLeness of

one of the basic

chemist.ry.

of how

the basis

problems

this error

set can be

Ín quantum

introduced by the

removed or reduced is

mechanics and guant.um

1.1 Numerical- Methods

one direct ansi^rer to the question above is to generate the

wave function and, energiy numericafrot2-sl without recourse to
any basis set. rn this approach a time independent

Schrödinger equation is used

tv2+ ( zm/n2) (E-v (R) I o (R) :o (1.1.1)

and the whore space ís divided into a grid. (e.g. cartesian
grid with equidistant points ) For practical carcurations
there are two popular methods. The first is the numerical_

matrix method12'31 in which v2o(n) is approximated by the

l-inear combinat.ion of wave function vafues on the near grid
points . Then the numerical representat.ion of (l_ . 1 . 1 ) becomes

many homog-eneous l-inear equations. The problem can be so.l_ved

after calcuJ-ating the eigenvarues and eigienvectors of a

matrix. The second cl-ass of methods, called shooting
t a-91algorit.hms' ' -' , numerically integrate the Schrödinger

equation abowe. starting energies (or trial- functions) are

used to get wave function val-ues (or energies). This

procedure is iterated and usually converges to the exact

(within a given numerical- error) eigienvalues and



eigenfunction varues. A good exampre is the Numerov method[4]

which can exactly sol-ve the eigen equation in one dimension

case.

rn quantum chemistry numericar methods have been used to
sorve the Hartree Fock equation for atomic, diatomic and

Iinear triatomic systems 16'11. However, for polyatomic

molecules, the hugre muÌtidimensional space needed due to the

representation of hrave functions by their grid point varues

makes these methods impractical. rn addition, the coul-omb

singularities which arise are difficul-t to treat. [9]

I.2 Quantum Monte Carlo Methods

Another cl-ass of methods which do not use basis sets is
Quantum Monte Carl-o (QMC) t10-151 . rn variational QMC 

tI0-L2l

the expectation value of energy <E>:J lHúr/Vtl l,/Tl2ar/îlørl2o,
can be cal-cufated by sampling lúr12. Triat function (rT and

initial- coordinates of particres are chosen before the

carcuration. Each particre is then moved randomJ-y one after
another to a new position uniformly distributed inside the

system. That move is only accept.ed. if t.he magnitude of lúrl'
has increased at the new position compared with the oId

posit.ion. If t.he move is re jected the configuration is
returned to its originaÌ state. So after N steps of rand.om

wal-k

<E>: (1/N) Húr (Ri)/'/r (Ri) (r.2.1")
N

T
a

Because the expectation energy is dependent on úT, this



approach cannot get back any ínformation missing in the tríal
function.

rn another type of QMC method[13-15], catled exact type

QMC, the Schrödinger equation is rewrit.ten in imaginary time

AS

-aú/ ôt : [ -ov2+v (R) -Er ]'/ (L.2.2)

)D:h-/ (2n), V(R):potentíal, and t:imaqinary time with h unit.

Now j-n the form of a diffusion equation, warious procedures

are used to stochast.ically sampJ-e the exact wave function,

'/ 
(R) , of the system sub ject onJ-y to statistical error.

However, sínce the vrave function generally has nodes, t.he

diffusion process has to be done separatety in those regions

partitioned by the nodes. The nodes in practicat cal-culations

are assumecÌ to be in the same positions as found in the

starting trial function ú, (n¡ . As shown ín Table I.2lI5)

below, the accuracy of the final resul-ts are then dependent

on the nodal positions used in t.he calcul-ation. In the case

of H., which has no nodes, its energy cal-cul-ated is the best¿'

result.

Tabl-e L.2 Comparison of the mol-ecul-ar ground state energies

from exacL type QMC and experiment

QMC

Expt.

Hz

-L.I7 45

-1_.11447

LiH
-8.067
-8.0699

Liz
-L4 .99L
-L4 .9961

H20

-7 6.377

-7 6 .431 6

Note: The resul-ts in table are in atomic units



l-.3 Constant Denominator Perturbation Theory

rn this thesis a third approach to remove the incompJ-ete

basis seL error is explored using constant denominator

perturbation theory (CDPT). constant denominaLor or average

energy perturbation theory was first proposed by A.

unsota[16] The main idea behind this method is the

following. Consider the first. order r¡rave function correcLion

for the i'th state found by Rayteigh Schrödj-nger perturbation

theory

lúrt : I l,rt..lvli>/(er-e',)n*r
(1.3.1)

t.hird order perturbationIf lrþ.> is known the second and|,1

energies can be obt.ained as

and

Here

E2 = <ú0lv-811,/1>

E3 - <ttrLlv-n1lú1>

(1 .3 .2)

(1.3.3)

Er - <,/0lvlúot : (ilvlit

V : perturbation

lúOt : lit unperturbed state

{er} : the eigenvalues of zero order hamil-t.onian HO

UnsöId assumed êi-.., of Eq. (1.3.1_) could be replaced by 
^e,

the average val-ue of all "i-.rr. lhen an approximat.e wave

function correction is obtained.



l,þÌ * (1/^e) n><n 
I 
vl í>

:(1-li>.il)vli>/ae

: (I/Le) (l-Er) lit (1.3.4)

This average energy method is usuatly used to cal-cul-ate the

polarizabilíty II1-1'91 and estimate the induced dipole
. l20l _moment'-"' of molecul-es. It is al-so a very popular method to

carcul-ate the interactj-on energy among morecul-e sl2l-241 . rn

these applications one common point is that only the third
order perturbation energy of the ground state has been

reached. This point is possibly due to the difficuJ-ty in
evaluatíng the averagie energiy.

The earliest and easiest way to estimate 
^e 

is by replacing

Ae with empirical quantities, for instance, the first
ionization energ'ies t25l . rL is just this assumption which has

given the UnsöId approximation a rather bad reputatíon, since

the final results can be wrong by a factor of 2. Another

possible but tíme consuming r^ray is to make ab initio
calcul-ations of 

^e. 
Such a non-empirical Unsöl-d scheme has

been proposed by Mulder et al. [25]. Similar to t.his

non-empirical UnsöId rnethod is the generalized Kirkwood

method126-28) in its one parameter version which is actuarry

t.he same approach used by Cul1en and Zern erl2gl in their CDpr

method for local-ized orbitals. The perturbation wave function

which is dependent. on 
^e 

is used as a trial function. For

exampJ-e

r,l
nìÉa



lúrt: lúOt*1,/r{le)> (t_.3.5)

Here ,tro and ,trl are t.he same as those ín Eq. (1.3.1) - (1.3.3) .

^e 
is t.hen treated as a variational- parameter and d.et.ermined

by the Rayleigh-Ritz optimization procedure

t - <úrlnlrÞr>/<,/TlúT> = eexacr (1.3.6)

A third non-empírical Unsöl-d method utilizes the Hylleraas

variation principle[30'31] with 
^e 

agaín as a parameter of a

triaÌ function. The HylJ-eraas variation principre is given by

n raPProx- 2<,þrapproxlv-Er lúot*.úttpproxlv-Er lVrraPPto*

F: approx> E' exact"2 - "?,

(1.

(1.

1)

B)

3.

?

Where E^aPProx exact
¿ and E?------ are approximate and exact second

order perturbation energies respect.ively. The inequality
(1.3. B) is onty true for the ground state. Taking lyrraPPto"t
: (1,/Le) (1-Ef ) lúO> one can obt.ain Âe by variation in (1.3.8) .

fn summary, those Unsöld met.hods above restrict themselves

to the ground state because of the use of wariation
principles which are true for the ground state on1y.

cal-culated perturbation energies are to thírd order and

invol-ve parameter 
^e. 

rn thÍs thesis a murti-reference 'model-

space is formed and a complete basis is built into a constant

denominator perturbatíon series by using the closure

rel-ation. using a few orthonormal- functions as a basis set,

one can, not only reduce the incomplete basis error for the



ground state, but also for excited states. This is
demonstrated for the one particle anharmonic oscilfator case

where the energy perturbation treatment is carried out to
fifth order and compared to exact numerical resui-ts.

I.4 The Anharmonic Oscillator
Both ín physics and chemist ry, the anharmonic oscil-l-ator

has been an important. and interesting model-. For example, in
quantum statist.ical- mechanics the partition function 0 = I
exp(-er.,/kt) plays a critícal- role in the study of the d,ynamic

and thermal- propert íes of a system. Early model-s f or the

study of phot.on dynamics and thermal- properties of soÌids

used the harmonic oscillator, since its eigenvalues can be

obtained analytícally. However a more realistic model- is the

anharmonic oscillator whose Hamil-tonian is given by

.22?aH - (L/2)p-+kx-+J-x"+mx- (1.4.1)

This model has been applied in the fieÌd of sol-íd state
physics l32l , kinetic mechanisms [33 ' 34] , thermal- dvr,.*i." [35 ]

and spectrum theory[36'37]. Arthough the corresponding eigen

equation of the anharmonic oscil-lator (1.4.1) cannot be

solved analyt.ícalJ-y, numerical- methods such as t.he Numerov

metnod [5 ] can give precíse resul-t s .

In addition, t.here have been many non numerical studies of
(1.4.1) . These incl-ude applications of the semiclassical- WKB

metnoa [ 38 ]

=.ir 
[39] 

,

expans j-ons

, variational- calculat j-ons with large basis

and the employment of specialized basis function
[40, 4rl



(r .4 .2)

which when substituted int.o the schrödinger equation resurt
in a set of l-inear homoqeneous equations for the coefficients
a.:. This l-ast method is however restricted to small t and m.l-

For normal Rayleigrh Schrödinger perLurbation treatments,

í.e. perturbation v : Ix3+mx4 and H,.,: (L/2)p2*kt2, it has been
U

point.ed out by Bender urrd w,-r[42] that the energy perlurbation

series diverges asymptotically for any m. Other possible

partitionings of the anharmonic oscillator have been

considered by Patnaik l43l , and Hal-riday 14a1 . For example, in

the case of Patnaik's work on the quartic oscillator (l=0),

the Hamiltonian is partitíoned using a l-adder operator

technique. The resurting zero order eigenfunction basis was

truncated to an arbitrary number of 19 functions. A RayJ-eigh

Schrödinger perturbation treatment of the energy was then

carried out to third order. Such a calculation is not simple

because of the two steps Ínvolved and relatively large basis

set used. Even so his final resul_ts as will_ be seen in
Chapter 3. are not satisfactory.

Recently KilJ-ingbeck[45'46] has apptied the hypervirial
theorem to the anharmonic oscil-l-ator to obtain an energy

expansion. The value of this method is that no wave function

is required and therefore there is no basis set

incompl-eteness problem. After ewaluating the KiIIingbeck, s

energy expansion to t.he 32'th order Lai and Madan l4'l ' 4Bl

calculated the IB,B] Pade approximants. However, even at this

Q =tna I



very high l-eveI of
accuraLe only to the

resulLs are compared

in this t.hesis.

theory, the finaf

t.hird decimal- for

in Chapter 3 with

results obtained are

small I and m. These

the theory developed

l-0



Chapter 2 Theory

2.0 fntroduction

In this Chapter a mul-t.i-reference constant. denominator

perturbation theory ís deveJ-oped for singJ-e part.icle
Hamiltonians. rn the first step of this theory a basis set of
several- zero order reference states is selected by a

variational cal-culation with the Hamiltonian. Once this model

space has been constructed a perturbation treatment which

uses the crosure condition to comprete the basis is then

carríed ouL separat.ely for each of these reference states.
The v/ave function and energy corrections obtained, however,

are dependent upon the constant denominator 
^e 

used in the
cafculation. This 

^e 
can be optimarly chosen using an

variatj-onar meLhod, which gives an exact upper bound for the
ground state and approximate ones for the excited states.
Arternatively, Pade approximants can al-so be used to obtain
resul-ts for the energy which are reratively independent of
the Âe walues.

We begin by reviewing perturbation theory and its
relationshíp t.o the In,n-1] pade approximants (Section 2.I) .

This j-s fol-lowed by the development of the multi-reference
constant. denominator perturbation theory for one particJ-e

Hamiltonians (section 2.2) . The method for the wariational-

optimization of t.he constant denominator is then derived
(section 2.3) . Einatry for the application to anharmonic

oscill-ator detail-s of the construction of the model reference

11



space are outlined (Section 2.4).

2.I Perturbation Theory and the In,n-]-l Pade Approximants to
Fifth Order

Suppose we want to sol-we the eigenval-ue problem

HlÕ,> (HO+v) lÕir : rrlo1> (2.I.Ia)

where we know the eiqenfunctions and eigenvalues of HO.

Hgldi>: e1ld1> or Holi>: eili> (2.1.1b)

If projection operators P' and 0' are defined as

The wave function lOit and Schrödinger equation can be

rewrit.ten as

P' I it.i I

e' : I, ln><nlnrr

lÕit : løit*e'lÕit

(€-Ho) lo, > : ({-er+v) lor>

(2.7 .2)

(2.L.3)

(2 .L .4)

Q.L.5\

where { is an arbitrary constant.

Substitut ion of (2.1,.4) int.o (2.I.5) followed by iteration

with

T2



lÕir : ldit as an initial- gruess yietds

co

r lú_>
Q:0 Y

{ R(€-ei+v) }qløit

lo,> :lf

lúqt :

(2 .r .6)

(2.L.1)

(2 .7 .9)

(2.r.r0)

(2.r.n)

(2.1,.]-2)

(2.L.L3)

(2.L.L4)

where R, the resol-vent is given by

R - Q' (€-Ho) -10' (2.L.8)

The corresponding energy is obtained, through the use of the
j-ntermedlate normal_ization condition <Õ11d1> : 1 with

c.:: <d. lHlÕ.> = I E^.l- 'fr r I 
ã:Oq

Eq*1 <di lv{ R (€-e , +v) } 
qløi>

For Brilfouin wigner perturbation theory E is set to "í,
and the resulting expressions for wave function to second

order and energy to fifth order become

2

lpt:Ilú_,
--^ 'a\4- V

lúot= l[(.r/ (e, -err) ) In><nlvl 
qløi>

Y n;¿i r

5
e.: I E

.I a^ Oq:U I

Eq*l : <øi lvl-,I*r(t / (e, -er-,) ) ltt"lvlqldi>

rn the case of Rayleigh Schrödinger perturbation theory €

set to e0. The first. and second hrave function corrections

r_3

r_s



and corresponding perturbation energies

state I it are then given as

to fifth order for

(2.r.r6)
(2 .t .11)

(2 -r.rB)

(2.L.r9)

(2.r.20)

(2.r.2r)

(2.r.22)

r.23)

and 
^W

.1.23)

lúrr : I ,l.><r lvl i>/ (e , -err) (2 . 1 . 1s)
nrl

l!z, : ,I ,l^t.r lvl(rr> / (e , -er.,) -ErI , l.t.r lúÌ / (er-er.,)
n*l- n*l_

Er : <i lvli>

E2 : <i lvl ú1>

E3 = <,/tlv-E11,/1>

E q = <ú1 
l 
v-n, lrlt Zr-EZ.t! ._lttl Ì

E5 : <rlt 2lv-nr I ú2>-nr<ú1 I ú1>-EZ.útl,þ Zr-EZ.ú2\ú L>

Now consider the trial function

lúrt : løOt*.r lrttr>+crlrltr>

Fol-lowing' the Rayleigh Ritz variational- prj-nciple

*-<úr lHlør>/<ú1 lúr>= eO

2(crc2) : eo*er*frlr"n"n*r 
ntn#ol€ 

-HolÚqt"p"q

22
;ä=;%lvlúqt'pcq+ ^w nå:i*olúqt"p"q 

(2

where Âw : €'_w (c' cr)

For Rayleigh Schödinger pertuËbation theory E': "0
is then usualIy negative. One can define equation Eq.(z

74



without the last term, i.e.

w r (c' cr)

where generaÌ1y

If "2:0 ,

known as the [1,

"0*.1 
+er(Zcr-cl, +e3

)2
+en (2crcr-c)) +cle,

w 2 
(cI, 

"2) = w (cI, c2)

the variation of

0l Pade, that is

w, (c'r, 0) : 
"0 

+er+c're,

rcl+2"2-2c rcr)

With "í: t/ (I-er/er)

(2.L.24)

(2.1.24) produces what is

0, the variation of

(2.7.2s)

(2.r.26)

(2.1.24)

E[1,0] =

Similarly

produces the

if c1*0 and

12,Il Pade.

c2*

El2,Il : W^(c ^ \ -¿ 7'"2t

Since the [1,0] and [2,I
the perturbation expansion

based on these Pades which

**
.0+u1 +cIe2+c2e3 (2 .r .21)

WÍth Ie, (en-e5)-e3 (er-en ) ] / I (er-er) (en-er)- {er-en) 2l

(2 -I.2Ba)

ana cl Ie, (er-e3) -e2 (ea-en )1/ t(e2-e3) (er-er) - {ea-en) 2]

*
"1

(2.1,.28b)

] Pade are usually upper bounds on

one can define a new energy series

will be generalì-y well- behaved

e0 +e1:e0 +e 
1

*

"2 = w2(c'r,0) -(eO+er)

(2.L.29)

(2.r.30)

t_5



"3 
: W2(c'cr)-wZ(ci,0)

If we once again apply the Pade approximant

serj-es at the [1,0] l-evel- we obtain

*****
W [ ]-, 01 : e0+e1+e2 / (L-er/ er)

This procedure wil-I be ca}led the doubl-e Pade

(2.r.3r)

method on this

(2.r.32)

t 49l

2.2 MuIti-Reference Constant Denominator Perturbation Theory
tror One Particle Hamilt.onians

The first step in multi-reference theory

incomplete basis set called the model space

This basis set satisfies the conditions

<ilj>: uij

<i¡Hlj ):

where H is the Hamil-tonian of the one

Projectíon operat.ors are then defined by

}S

(li
to define an

); i=Or...rM).

(2.2.r)

(2 .2.2)

particle system

(2.2.3)

(2 .2.4)

ð,,e,l-l l-

Mp : I lit.il
I _^J-_U

M

0 : 1--I lit.i I
I _^.L_U

or jlQ : I ljt.j:M+1

where I is unit operator and states I jt form an orthonormal-

complement to the model space. In order to avoid confusion

later oû, the difference bet.ween these projection operators

and the primed ones given in equat.ions (2.I.2) and (2.I.3) of
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Section 2.7 should be carefully noted.

FoIIowing the constant denomínat.or .pp.ou.h [29]

outside the model space have the average energfy

results in a zero order Hamil_tonian of t.he form

M
Hn : I e,lit.il

" i:0t

V - H-H^ : H-(
U

M
:H-e-I(e

i:0

++e0

M

I er li><il+
I_U

,<

i-e ) li><il

states

This

(2.2.s)

(2.2.6)

v¡ave function

energies to

Section 2.I.

perturbation

in the model

(2.2-1)

have been used.

(2.2 .8)

)k

c

The corresponding pert.urbation operator is then

*eo)

The resulting Ray1eígh Schrödinger perturbat.íon

corrections to second order and corresponding

fifth order are given in eq. (2.1,. 15) - (2.L.21,) of
fn order to solve these equations consider the

acting on an intermediate state lt'tr ( n s M )

space.

M
Vlr> : [H-I e+j:0,

= (H-e )l'n'l

I j><j | -e QJ ln>

n>

where the properties
Hence

<ili> : ð, . and Qlrt : 0r_l

Er: (i lvl i> = (i I H-ei I i>:0

Now l-et 0 act on Vln>

QVln> : Q(H-en) l.>

T1

: (1-e¡Hlr>



M

QVln> : (H- I ljt.jlsl l">j:0

= (H-er.,) In> (2.2.9)

Hence QVln> = Vln> (2.2.r0)

Now the first. order wave functíon correction lúft can be

obtained as

lúrt : I,ln><nlvli>/ (er-er.,)
n+r

M)k: I,ln><nlvli>/ (er-e',) + (1/ (er-e ) )evli>nìÉa Q.2.rr)
Definingr Âe : e., -ê* and using the rel-ation

l_

<"lvlÍ>: <nlH-erli>:0 (2.2.12)

equation (2.L.L1-) finally becomes

lúrt : Q/Le) (H-ei) li> : (1/^e)vli> (2.2.:-3)

In order to sofve for the corresponding second and third
order energy correclions, equations (2.1.18) and (2.I.1-9) ,

)
consider vlúf > or (L/te)V'li>

v2

,r2lit : H2ltt jif jHlj>< j li> -e*He'tìË0. j ljt. j lHli>+
M ^ * *2+I el I j><j 

I i> -e*enl i>+e* ol i>
-l_^ J
J_TJ

2??x: (H'-e.H-ei+el-e QH) I i>

M*M)k
= (H-I e.lj><jl -e Q) (H- I e+lj><jl-e 0 )

-:-^ J' -l-^ J'J:U _ J_\,
, IvI * M M ) * *2

= H--I e*Hlj><jl -e HQ-I e+lj><jlu+¡ ellj><jl -e QH+e Or_^ , t:O , j:O JJ-v J-v J-\r e.2.I4)
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: (g2-e. H-"*H*"*er) | i>

Therefore vlúf > = [H-ei + Q/ te) (n2-2",r*.f ) ] lj->

(2.2.]-5)

(2 .2 .r1)

(2.2.L6)

The resulting energy expressions for the second and third
order corrections are then

Ez: .ilvl út, : 0/Le) <il (n-er) 2¡it

E3 = <,/1lv-E11,/1> - <i,rrlvlúrt

: (1/^e)<il (u-er) t (H-ei) + (1/¡e) (H-ei)2lit

: (L/Le) t<il {H-e,)2¡it* (r/Le)<il (H-ei)3litl (2.2.r8)

Equation (2.2 -L6) can also be used t.o construct the second

order vrave function, lúZr. Decomposing (2.1,.16) int.o íts p

and Q space components yields

M

lúzr: I. lr><.lvl('L>/ (er-er.,) +evlú1>/^e
nÉl_

: I, ln><nlvl,lr>/ (er-er.,) + (I/Le)vlúr>- G/Le) l^ In><nlvlúrtn+i n:0

MM
=-I. ln><nlvl:{'r>/ (er-err) + (1/^e) (1-I lrt.rl)vl'/1>n*j- n:0

MM

(2.2.19)

where inre have used relation (2 .2 .8) .

rf now (2.2.I6) is substituted int.o (2.2.L9) the final
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result is

lúzr:-.il tH-e, l21ir1(¡e)2li>+(H-e1) / (ae) li>+t (H-ei) /ae1'lt,
M.)

+1, In><nl (H-er)'lit[1/ (er-er,)-1 /te¡1 ¡¡¿ (2.2.20)
n*l

For the determination of the fourth and fifth order energ-y

corrections let V act on (2.2.l.6) and (2.2.19) .

v21'!'r> :
.Mxx(H-e -I ^(e_,-e ) lj>< j l)vl,lr>j:0 )

M
: (H-e, +¡e)vl'/1>-I 

^(e 
,-e, +¡e) lj>< j lvlú1>j=0

: (H-ei) (^e+H-e ¡2 / n"1i,

M

- (1/¡e) I (.i-", +¡e) I jt< j | (u-e, l'li, (2.2.2r)
j=0 ) L

Simi Iarly
M2M

v lú Z> : ¿ .,tl n><n lvlttr r> / ( e, -er.) +v' / Lel úr t- e / 
^e) 

I y I .t.r I vl úrt- n+l- - n:0
(2.2.22)

substituting (2.2.7) , (2.2.]-6) and (2.2.2L) resut_ts in

M
vlúz> : i-, 1H-er",) l.t.r lvl,t,r> / (er-err) *v2 / t"l,!,r,

n;Él-

M

- (L/^e) I _ 
(H-e") In><nlvlú I*_^II_ U

M): I, (H-er.,) In><n l (H-e . )'lf> / [ (e , -er.,) Âe ì
n*r

)M)
-1,/ (Le) -I 

- 
(H-e, +^e) In><nl tH-e, )'li>

n=0

+1/ (^e) 2 (H-ui ) (H-e , +^e) 2 
¡ i> (2 :2 .23)
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fn Lhe case of the fourth order energy, the two terms in
equatíon (2.I.20) become

<ú,lv-n tlú2> - <VrLlvlúz>

= (t-l^e) = Il,.rl (H-e, ¡ 1H-err) l.t.rl tH-e, )21r>rc/(er-er-,)
nrt_

M ?. ) 2-I^<il (H-e, ) (H-en) In><nl tH-e, )'lí>+<il (H-e, )' (H-e,+le)'lí>
n:0

M

-I^<il tH-e, ) (er.,-e, +Âe) In><nl tH-e, I 
2¡it1

-_^1l-u

: (L/^et 3 ril, l<i | (H-ei) 2 
¡,'t 12ne/ (ei-en,-il tcil (H-e, ¡'lnrl'

nÉl- n;¿I

-<il (H-e r)21ir2*<il (H-er) 4¡i>*zne<il (H-er) 3¡it

+ (¡e) 2 <i | (H-e, l21irl ( 2.2.24)

Ez.útlúrt: e/te)3t<il tn-e, l2¡ir12 (2.2.25)

Therefore

Eq : <ú1 lv-n, lúzr-Ez.r/llr/l

: (r/^e,t lil lcil (H-ei) 2l,,tl2 (o./ (ei-en) -1)-2<il {H-e, )'lrrt
nrJ-

+<il (H-er) a¡i>+zÂe<il (H-e, ) 3¡i>* (¡e)2<il (H-erl2¡i-t1
(2.2.26)

Similarly in the case of the fifth order energy, the four

terms found in equation (2.I.21) are given by the following

expressions.

Ez.,!, 1lú ¡:y,2t<il (H-ei ) 
2¡ it+<il (H-e, ) 3¡i>/1" 

I / (te)z

:[<il {H-e, )21ir2*rll (H-er)3¡i><il {u-e, t2iirto"l / (ae)3
(2 ..2 .21)
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E3.úrlúrt:t<il (H-e ,)21ir2*<il (H-er) 3¡ir.il tH-e, )2yir¡¡"t / (¡e) 3

(2.2.28)

and
<,! 2lv-nrlú z, : <,!2lvl,!z>

:- (z/ (Le) 4) <il (H-er)2¡i><il tH-e,l3lir-3<il (H-e :,)2lir2l (ne)3

+ (r/ rel 2# t l<i | (H-er) 'lnt 12 nl (er-e', ) -r/ 
^el 

l2+2(ei-en) /nel
nrI

+2 lU (ei-en) -1l^eJ <i | (H-e1) 3 
¡nt.r,1 (H*e, )2 1i, ¡ ¡"

- (er.,-e,+ae) l<il(u-e, )2¡r.ry2/ {nÐ21 +3<il tH-erl41i>/ (¡e)3

+3<il {n-e,13¡i>/ (¡e) 2+<il (H-e, )2¡i>/n"+<il (H-erls¡i>/ (^e)4
(2.2.29)

Details of the rather lengthy derivation of thís last. Lerm

(2.2.29) are given in Appendix 1.A'. The resulting fifth order

enerqy is t.hen

E 5=.V 2l V-E r lrþ Zr-E l.ú yl,lt r>-Zn r<r!,Wt 2>

:-s<i | (u-er) 2 ¡it.i I tH-e. I 3 ¡i>/ (¡e) 4-6<i 
| (H-e ,)21ir2l (¡e) 3

^M+ (l-l^el 2'f', 
t | <i | (H-ei) 2 

lr,t 12 tt t (er-er.,) -1, / 
^el t2+2(er-er.,) /ae J

n#l-

+2lrl (e, -err) -r/1,e1<il (H-e1) 3¡r,>..,1 (H-e. )21i>/n"

- (e',-er+^e) l<il tH-e, ) 
2lnt 

12 / (n") 2)+3<il {H-e. )4 1i>/ (¡e) 3

+3<if {H-erl 3¡i>/ (¡e) 2+<il (H-e, )21i>/t"+<il (H-erl s¡i>/ (¡e) 4

<z.z.zol
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2.3 Variatíonal optimization of the constant DenomÍnator

As pointed out in t.he íntroduction the choice of the

constant denominator , Lê, resuJ-ting from the partitioning of
H into H0 and v is rather arbitrary. rn this section an

approximate variationar method is deveJ-oped for finding an

optímal 
^e.

Assume that. states Itjt (j:0, . . ., i-1) are exact eigenstates

of H wit.h {eri (j : 0,...,i-1) being the corresponding

eigenvarues. Then the foÌIowing wariationar principle is
true.

r-1
t-<úr I (H-,I 

^ri lo jt.t j | ) l(tr>/ <{tr lúT>= eexacr
j:0 r

(2.3.r)

second order

where e^__-^- is t.he exacL eigenvalue of i't.h state.exact
If lj> and uj (j : 0,...,i-1) are not far from the exact

eiqenstates and corresponding eigenvalues. Then Itjt and ,j
(j:0,...,i-1 ) in (2.3.I) can be subst.ituted by ljt and ej to
ewaluate an approximat.e Âe.

Now choose as the trial function the
pert.urbation wave function

lúrr : lit+lúr>+lú2>

: t1- (1 /t")2<i¡

+ (L / Let 
2 tu-e, )

i>l I i>+2 (H-ei) /nel i>

n><n | (n-e, l2li, [ 1/ (er-er.,)

1H-erl 2 
|

^M
'l tt*I I

n+i

-L/Lel/te e.3.2)

Here the equations (2.2.1,3) and (2.2.20) have been used. The
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corresponding norm, <,/TlúT> ís then given as

<,/rlVrr> : e/Ae) 4 t-<il (H-e, )21ir2*.il (H-erl nlit

M

I, l <r'l (H-e, ) 'l it 12)*+.il (H-e , ) 
3 

¡ itla"3
n;¿í ¿

+ (r/ 
^e¡2 ¡a.il (H-e. I 

2¡ it*f, l.nl (H-ei l2¡iry2
n+ l_

)x(r/ (ei-er.,)') I +1 (2.3.3)

Detaifs of the int.ermediate st.eps used to obtain equation
(2.3.3) can be found in Appendix 18.

Consider no* H*lVrr> where

, i-1
H : H-I e. l:><j Ii:n r

)v

Let. H* act on (2.3.2) and use equation s (2.2.I) and (2.2.2)

*))H lúrt = e,[1-(I/^e) -<iltH-e.)'lit]lit

2. )+l2er/te+ (1-<Íl (n-e. )'lí>/ (ae)') I (H-ei) lít

+ [ei / (Le)2+z/¡e] (H-er) 2¡i>+ (r/Le) 2 (n-eil 3lit

M)
+I, (H-ei) In><n[ (H-er)'litt1_/ (er-er,) -1/ne] /te
t*tt

*.iï. lrt.rl {H-e, ) 2litt1l (er-e.,) -1 /tel /ne
n+l- 

i- 1 )
- (r/Ae),I 

^ei lj>< j | (u-e. )'lí>/ (er-er) (2.3. s)j:0,

then the corresponding expectation value of ú, with H* is

<,/rlH*1,/r> : til¿el 4{-urcil tH-e, )2¡ir2-zcil (H-e, l2lr,

(2.3.4)
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x<il (H-er) 3¡i>+". <il (H-er) 4 
¡i>+<il (H-erl5 ¡it

M

-zL ..il (n-e , ) 
3 

¡.r>.r,1 (H-e , l'li,
nÉl_

M
*i. ¡.il (H-e. ) 2lr,tl2 ter.,-2er) Ì
n+l-

+ (1/^e) 3i-¿.i-l (H-e, ) 2¡it*a.,<il (H-er) 3¡it

+4<il tH-e. I 
nlrt*# Í21<il tH-e, )2¡nr¡2*z.il (H-er) 3¡,-,t

n*l-

xcnf (H-e rl21ir¡ (er-err) JÌ

+ (1/^e) 2{¿.,.i1 (H-e, ) 
2¡i>*6<il (H-ei) 3lit

M

1I-. i3l (er-err) +eíl (ei-en) 2l ¡.il (H-e, ) 2 ¡r,rltn.inr l-

r-I
,lI*ui l<j I (H-ei) 2¡it 

12 / t"r-erl2 t +4<íl (H-e, )2¡i>/ t"
]:U

(2 .3 .6)

Again detail-s of the intermediate steps used to obtain
(2.3.6) can be found in Appendix t_8. Substituting (2.3.3) and

(2.3 .6) back into (2.3. i-) finatly yields an expression for W

in terms of variable parameter 
^e.

The solut.ion of dW/d (le¡:g wil-l- then give an approximate

optimal- constant denominator, 
^e. 

This sol-ut.ion is obtained

direct.ly by the computational symboÌic program, Maplet5O¡.

The det.ail-s of the deduct j-on of W and dw/d (^e) by Map1e can

be found in Appendix 3.
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2.4 Anharmonic Oscil-lator

For the harmonic oscilrator the schrödinger equatJ-on can be

sorved analytical-ry, t.he resurting first fiwe eigenfunctions

are t.hen

where the

For smaII

approximate

Ni (i = 0, L, 2,

l- and m, the

eigenfunctions

3, 4) are normal-

functions above

of the anharmonic

(2.4 .r)

(2 .4 .2)

(2.4.3)

(2 .4 .4)

(2 .4 .5)

ization fact.ors.

can be taken as

oscil-l-ator

do : Noexp (-*2 /z)

ór: Nrxexp (-*2 /z)

ó2: N2 (-r+2x2) exp (-*2 /z)

Q3: N3 (-3x+2x3)exp (-*2 /z)

þ4 : N4 ß-L2x2 +4x4) exp (-*2 /z)

H - (L / 2) p2 + (r / 2) x2 +t*3***4 (1.4.1)

If t.he exponential- coefficienLs can be variationally changed

and the functions are kept orthonormal, an improved set of

approximate eigenfunctions is obtained with

øo : Noexp 1-to*2 /z)

øI : Nrxexp 1-rrxz /z)

a2 = N2 [1- (ro+r ) *2] exp {-rr*2 /z)

Q3 = N3 [x- (rt+tr) *3/3] exp l-t=*2 /z)

o4 : N4 lr+brxz+bn*nl exp l-r nx2 /z)

(2.4 .6)

(2.4.7)

(2.4.8)

(2.4.9)

(2 .-4 . r0)
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where bZ and bq determined by orthogonatíty conditions are

given by

The nonl

..,4\ is

principle

W. :I

bz - (6r nrrro*atf;tr*t ntl*z'f,to

( r4 rO *ro t r-zr|+srf;+sr nr r)

-'l' o*o'f;' n*a'f;r 2+sr3) /

b¿ : - (ro+rn )2 /s* (l /3) (r0+r4 ) (61 4t 2t o+atf,r0*14 t|*2t1, 
o

--2- -o-) ' 
t ,,- re -.2'- 

2''
- 2- O, .-ir n+Arirr+5r[ ) / (r qt0*t0 t 2-2rj+Srfi+3r Or r)

(2.4.L2)

of the exponents { tiì i:0,

ng Map1e and the variational

lo r> / <ø, 10.>

><d¡ 
I d1>

inear optimization

carried out usi

(2.3.r) .

i-1
<di I (H-¡ 

^'i ld-i><dj l)- j:0-, -

r-,1
<di 

I H loit-Lîl <ø ilí 1l:u -

(2 .4 .rr)

(2.4 .L4)

(2 .4.]-5)

= <o,lHløi> (2 .4 .]-3)

where the orthonormal property <dildi>: uij has been used.

Detail-s of this symboJ-ic computation are given in Appendix

3G. Once this optimized set of basis functions has been

determined the corresponding zero order reference functions

which form the model space can be' obtained by lj-near

variation.

ei: (ilHli>/<ili>

A
I

lir : ,I Pit lcjt (i:0, . . . ,4)j:0 *'
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Matríx element.s required in equation (2 . 4 .14) can be

obtained by the íntegral progiram inttl in Appendix 3C. The

diagonalization program used to obt.ain corresponding

eig'enwarues and eigenvectors is given by the Fortran program

eisg in Appendix 2.
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Chapter 3 Results and Discussíon

3.0 Introduction

In Chapt.er 2 mul-ti-reference constant denominator

perturbation theory (CDPT) was developed. The g.eneraÌ purpose

of this theory is to reduce incomplete basis set errors
arising when sorving the schrödinger equation with a finite
basis set. As a first step, the theory derived, has been

restricted to one particle Hamiltonians. Since this is a

perturbation method, a major interest is then in its
converg-ence. fn order to examine this question/

anharmonic osci-l-l-at or

the

H : p2 /2+x2 /2 +l-x3+ mx4 (1.4.1)

has been studied in five different cases using the reference

functions given in Section 2.4. First, Lhe effect.s of the

size and t.ype of perturbation used are examined both for the

variational- choice of 
^e 

and the Padé approximant method.

Secondly, the effects of the size of the mul_ti-reference

model space employed in thÍs method are examined for the

ground state. FínaÌly, conclusions as well_ as suggestions of
how this multi-reference CDPT approach can be extend.ed to
many part.icle systems are discussed

3.l- Ef fects of The Size and Type of Pert.urbation on The

Convergience of CDPT

A: Variational- Results

cal-culated to fifth order are pres'entedEnergy corrections

29



in Tabres 3 . i-a and 3 . 1b for the symmetric pot.entiars l-=0,

m=0.1; I=0, m:10 and asymmetric potential-s f:0.1, m:0.1,.

l:1.0, m : 1.0 respectively. pl-ots of t.hese potentials alongr

with the harmonic case I - 0, m = 0 are shown ín Fig. 3.1.
The average energy 

^e 
used in t.hese cal-culation is f rom

variationaf method with trial_ function úr: rltO+úfú2.

From the resul-ting pert.urbat.ion series it can be seen that
the first five energy corrections converge rapidJ_y,

especially t.he fifth energy correct.ion, E5. comparing the sum

of the first five enerqy correct.ions with variational
results, w, we can see that such a energiy correction series
converges to a val-ue slightly better than the variationar
result while still- an upper bound. to the exacL energiy.

Although in the model space five functÍons (see eqn.

(2.4.6) - (2.4.15) in Section 2.4) have been used, in the
quart.ic oscil-l-ator case (i.e. I - 0), onty 3 functions make

cont.ríbutions to the ground and. second excj-ted state energies

while 2 functions figure Ín the first excited state due to
symmetric restrictions. For m = 0.1 it is seen that the

convergence is much better than the m : 10 case no matter
whether ground or excited is bej-ng calculated. For example,

the g-round state energy for m : 0 .1, improves aft.er
perturbation by more than 2 orders of magnitude. However the

corresponding result for m : r0 shows a markedty smaller

improvement of about a factor twent.y. This result is due to
two rel-ated factors. The first. is t.hat the starting point.

E.*Ej_ determined by the reference st.ate in the model space is
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Table 3.1a The Energy Corrections of CDPT for the Anharmonic
Oscil-lator havíng a Symmetric Potential-

I - 0 , m : 0.1

Eo*Et
E'"2
E-

J
E-

4
Er

Sum

W

F-'aa!
!AÕLL 0.55914633 r .1695026

Iì: O

0 .55 92201 I
-0.60568377x10
-0.10638020x10
-0.21312457x10
-0 .4200L122x10

0 .55 9r468r
0 .55 914682

I1 :1

I.1132529
_2

-0.28331 632xI0 '
-0.61 352L41xIO-3
-0 .25310562x10-3

O -722510B3x1-0-6
r.1695532
r .7 695537

n:2
3.L468516

-O .623L7 408x10-2

-0. 1 33g6620xI0-2
-0.55 052507x10-3

-0.55738406x10-6
3.1381302
3.1381322
3.1386240

_A

=

-5
_B

I - 0 , m : 10

Eo*Et
Ér

¿
E

3̂
F"4
Er

Sum

W

Exact

n:0
1 .50 93s03

-0.2890799x10
-0.8190135x10
-0.4629495x10
-0 .71-85399x10

1 .50s17 68

1 .5051-77 6

l_.50 4912

n:1
5.37 6371 6

-0.3581007x10-1
-0.99098 24xI0-z

a

-0.6 661 632xI0-'
0.8485106x10-/
5.3246L92
5.3246453
5 -32160 B

Il:2

10.445903

-0.65 Bg216x10-1

-0.1 1 62156x10-1

-0.1111389x10-1
0.14 98332xI0-4

10.35]-2904
10.3513s76
10.34706

-2
-3
-3
-6

Note: 1 . The averagie energy 
^e 

used in the calcul_ation is
from Rayleigh Ritz variational principle with trial- funct.ion

,ttT : rltO+rltr+r¡t,

2. Sum = EO*E'+E2+E3+E4+E5

3.W Ís the variational energ.y.

4. The exact resul-ts are from ref .39.
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Table 3.1b The Energy corrections of cDpr for the Anharmonic
OscÍllator having an Asymmetric potent.ial

I - 0.1 , rTt: 0.1

Eo*E1

Eẑ

"3
F

4
F]"5
Sum

W

ExacL

n:0
0.5s360114

-0.66552910x10
-0. i-32231,22x1,0

-0.397II597xlj
-0.24159471x10

0 . 5535 L7 14

0 . 5535 11 16

0 . s535161_B

l-l:1

7 .1 415L13

-0.1 410I598x10

-0.30143279x10
-0.15110I62xI0
-0.L2585386x10

t.1455807s
r.145s8207
r.1455093

n:2
3.1086418

-0.g4541810x10-2
-0.2I5g6189x10-2
-0 . 1 I2'73851x10-2

-0.43687582x10-5
3.09s89619
3.09589619
3.0953912

-/l

-5
-6

a
-1,

-3
-3
-5

1 - 1.0 , rTr = 1.0

Eo*81
E2

E3

Eq
Er"5
Sum

W

Exact

n=0
0.72135734

-0.553754x10
-0.l-78945x10
-0 . 1 04622xL0

-0.1593 x10

0.72051986
0.72052003
0.7204630s

n:1
2.5032680

-0.13125x10
-0.3 682-lxlj
-0.15981x10
-0.28195x10
2.50L421r
2.5014275
2.5013595

n2
4 .96893420

-0.06860951
-0 .022941 99

-0.0L66107r
-0.41506x10-3

4 .8602909
4.8608645
4. B3B677B

-3
-3
-3
-6

a
-1,

-3
-3
-6

Not.e: 1 . The

from Rayteigh

VtT : úO*út*úZ

average energy 
^e 

used in the calculation is
Ritz varÍational- princíple wíth trial function

2. Sum : EO+E'*82+E3+E4+E5

3.W is the variational energ.y.

4.The exacL results are from ref.39.
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\^/orse for m: l-0. The second is that the perturbation for m

10 is much larger. since the functionar form of the modef

space basis set is derived from the eigenfunctions of
the harmonic oscillator, one can take the difference between

ei-gienvalues of harmonj-c and anharmonic oscillators as a rough

measure of the size of the pert.urbation. For t.he harmonic

oscillator, t.he first three energy eigenvalues are 0.5, 1.5

and 2-5- In comparison for m:0.1 the exact energies are

higher by 0.05914633 , 0.2695026 and 0.638624, SimiJ-arly for
m:10, the differences are 1.004912 , 3.821608 and 1.84l.06.

one might therefore expect sl-ower convergence for the J-arger

anharmonicity. This al-so exprains why the ground state has

a faster converqence than the excited states.
In Table 3. 1b t.he change of convergience with I and m is a

stightly different from that. in Table 3.1a. The excited
states, especialty, have much \^rorse convergence than the

ground state. For example, the second excited state, in the

case of l-:0.1,'m:0.1-, has an improved enerqy by more than two

orders of magnitude. However, for the I - 1.0; m:1.0 case,

only an improvement of l-ess than one order of magnitude has

been achieved aft.er the perturbat j-on treatment.

The effects of I and m on convergence are more serious than

for the symmetric potential. Consider the two cases I:0.1,
m:0.1 Ín Tabl-e 3.1b and 1=0, m=0.1 in Table 3.1a. Although

the asymmetric case has an energy closer to the harmonic

oscil-rator than the symmetric case, the perturbation series

for the symmetric case has the faster converg-ence rate. For

instance, in the case of the g'round states of the two cases/
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the energy corrections for the symmetric case give one more

order of improvement than the asymmetric case. The

explanation for this courd be that the more complicated

potential ( see Fig. 3 . 1) shoul-d hawe a more complÍcated

eigenfunction whích is more difficult to approach in a

perturbation treatment \^¡ith the model space used.

B:Pade Approximant Resui_ts

In Table 3.2 results with different constant denominators

Âê, are shown to see how Ae affects the rate of convergence.

One quantity, pt used to measure the rel_atiwe remaining

incomplete basis set error is defined as

(fina1 result-Exact) x100/ (Startinçr value-Exact) (3.1. 1)

Consider the second excit.ed state of I : 0.1 and m : 0.1 in
Tabre 3 .2 as an exampre. The resuJ-ting energy perturbation
expansions are wery much dependent on the average energy 

^e
used. The first. series with 

^e 
: -6.00 is fluctuat.ing and

its perturbation energy at fifth order has a p of 14.15%.

In other words the incomplete basÍs set error has been

reduced by 100%-14.15% : 85.85%. The second series with Âe :

-8.465 which is from the variational- method gives the best

resul-t. The third series with 
^e 

: -10 is a smooth

monotonically decreasing series which has removed. the

incomplete basis set error at fifth order by 95.02e". Although

these three different. expansions give three different
resul-ts, the application of Pade approximants to these series
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Table 3.2. The Perturbatj-on Energy Corrections with Different
Average Energy Âe and the Results after pade

The ground state of I - 0.1,m : 0.1

^e
E^+E-ul_
R"2
Ea
!^ J
E.,

4
E-
Sum

pI
E[1,0]
E12,Ll
w[1,0]
Exact
p2

a

-9.000
0.5s360114

-0.83420759x10
0.361'78-Ì52x70

-0 .264825'7 6xL0

0.21326362xL0
0.55351817
2.34402
0.55351801
0 . 5535 1617

0.55351675
0.5535r-61_B

0.66112

b
*_TI.28I

0 .553 601r_4

U

-13.000
0.55360114

-0.5 1152363x10-4

-0.1 15g4170x10-4

-0.18271,209x10-5
-0.1 821I209x10-5

0 . 5535 L1'7 3

_A
=

-6
-5
-5

_U

-0
-0
-0

0

1

0

0

0

0

0

_/1
=

-4
-5
-6

. 66552 90 9x1 0

.13223I22x]-0

.391]-1597x1-0

.24I594'7 2xl0
.55351715
.r4372
.5s3sr_809

. 5535 L61 6

.5535].614

.553516r-B

.6590%

L .82252
0.ss351809
0 . 5535 L61 6

0 . 5535 161 3

0.5535161-B

0 .65242

The first excited st.ate of I - 0.1,m : 0.1

^eEo*Et

z
F

R-4
E-

Sum

pI
E[1,0]
EL2, rl
vü[1,0]
Exact
p2

1.

-0.
0.

-0.
0.
t_.

1,7 .

1.
1.
l_.

1.
)

a

-6.000
7475L73
2L6847 49xL0-2
3 6l- 15 63 0x10 -3

35ggL203x10-3
504440 60x1-0-3

7 45 8545 1

19189

1 4565842
7455581_ 9

7 4555248
74550 93

15043

b
+

-8.8s0
1,.7 4751,73

-0.L4'Ì 01598x10

-0.30143279x1,0
-0 . 1577 0L62xL0

-0.12585386x10
1.7455807s

5581%

7 4565842
14555671,

1.74555083

-10.000
L.1475r73

3.
1.
1.

-2
-3
-3
-5

-0.
-0.
-0.
-0.

1.
4.
1.
1.

13010940x10-2
39041.225xI0-3
18189980x10-3
5051111.8xL0-4
7 4559338

1871%

1 4565842
7 4555 61 0

1.745550r_4

7455093

0340%

1.
¿.

7455093

0680å

1

2
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Tabl-e 3.2 (continued)
with Different Average

The Perturbation
^e 

and the Resul-ts
energy Corrections

after Pade

The second excited state of I : 0.1-rm : 0.1

^eEo*Et
E."2
E-

J
Eq

E5

Sum

pL

E[1,0]
E12,rl
w[1,0]
Exact
p2

a

-6.000
3.1086418

-0.13338267x10
0.11810638x10

-0.18851850x10
0.261I6645x10
3 .091 21 r0B

L4.r4B2Z
3.09638852
3.09570475
3.09s66358
3.0953912
2 .07l.22

b
*

-8.465
3.r-08641_B

-1 -o.g4s41B1oxr-o
-2 -o.2rsg6i89x1o
-2 -0.1L2'13851x1o
-2 -o.436BT5B2xr-o

3.09s89618
3.1675%

3.09638853
3. 09s 69130

3.09565591
3.0953972
r-.9538*

-10.000
3.1086418

-0. B OO2g664x1O-2

-0 .21'759913x70-2

-0.134'74865x10-2
- 0 . 4 5 B 6 0 1 9 4 x 1 0 

- 3

3 . 0 9605675
4 .91 9BZ

3.096388s3
3.09569300
3.0956s115
3 - 0953912
7 .9r132

-¿
-2
-2
-5

Note: 1. The average energy 
^e 

with star is from wariational-

method with trial function r/, = rltO+rltr+r¡tr.

2. Sum : EO*Er+E2+E3+E4+E5.

3.p1 (Exact-Sum)xl-00/ (Exact- (80+E1) ) .

4.p2 : (Exact-W[1, 0] )x100/ (Exact- (E'+Ef) )

5.Exact resul-t.s are from ref.39.

yields resul-ts with almost

E [ 1, 0 ] which invol-ves energy

seen that this Pade approximant

denominator shifts. This can

the same energy. For the case of

corrections to thírd order, from

is strictl-y invariant to any

be seen in Tabl-e 3.2. The

the equations (2.2.1,7) and (2.2 .L8) in Chapt.er 2, it can be

3'7



fourth and fifth order energy corrections, Eq and E5,

however, are dependent on the al-} reference functions in the
model- space. Hence the El2,1,l pade whích uses these

corrections shows a slight variance with Âê, especiarly for
excited states. The double pade, W[1,0], defined by

eq- (2 -r.25) - (2.r.32) is found to be the most successfur
method for removing the incomptete basis set error. rt al_so

shows very l-itt.]e dependence on t.he Âe warue. Take the second

excÍted state of I : 0.1 and m:0.l- as an exampJ-e again, The

incomplete basis set error has been reduced by about gTz

after the application of the double pad,e. The doub.l_e pade not.

onry j-mproved the results for the rrarr and rrc'r serj_es but arso

for the trb" series which uses 
^e 

from the variational- method.

This fact. shows that. the double pade Ís a grood technj_que to
process the perturbation serj-es to obtain an accurate

estimate of the energy.

C: General- Results

Tabl-e 3.3a present.s the energies of the first three states
for five different potentiars whj-ch incrude the symmetric

cases (l : 0, m : 0.1, 1.0, 1_0) and asymmetric cases (l = 0.1,
m : 0.1; I - 1.0, m : 1.0) in (1_.4.1) .

For symmetric cases if m increases the rel-ative remaining

incomprete basis set error p increases. For excited st.ates

almost the same val-ues of p are observed. rn generar for the

symmetric potentials in Table 3.3a the relative incomplete

3B
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basis set errors of the ground state and the the excited
states have been reduced by 98-992.

For the asymmetric potentiar, results are inferior to those

found in the symmetric cases. Again the excited state
energíes are not as accurate as t.he giround state. The worst

case is the second excit.ed state of I - I.0, m =1.0, which

has a 0.130256 energy difference between startingi and exact

points. rts rerative incomprete basis set error, however,

still has been reduced by 89.45%.

The results of patnaik[43] and Lai,

in Table 3.3a for comparison.

s [48] .r. arso presented

In Patnaik's work, a two step method is used, in which 19

basis functíons are optimally selected and. then a

perturbation treatment is carried out to third order. Below

\^/e compare his results with ours at third order for the case

l-:0, m:0.1 with variational optimized 
^e 

(See Tabl-e 3.3b) .

Tabre 3.3b The comparison of Perturbation Energies at rhe
Third order

a

b

Exact

0.
0.

0.

1.
1.

n:0

55914729
5592002

5591_ 4633

n:1

16996418s

n:2

r-3B91332

7703405
3

3 1,444814

L.1695026 3. 1_3]-3992

Note: l.Results of type'at' are from the developed CDPT in
Chapter 2 and the denominator 

^e 
is from wariational- method

with trial function úr:úg+úr.

2.Resul-ts of type t'brt are from Patnaik's work

40



For the deweJ-oped cDpr perturbation up to third order in
chapter 2 only one reference function is invol_wed for each

state in the carculation of the energy corrections. Although

this theory is much simpler than patnaík's work, comparison

of resul-ts shows the deveJ-oped cDpr met.hod. has much more

accuracy.

The other results shown in Tabre 3 . 3a are I B, B ] pade

approximants from Lai's workt4Bl. As reviewed in section r.4
such a cal-culat.ion based on the hypervirial- Lheorem involves
the enerqy expansion in t.erms of the quartic coefficient m to
the 32'th order. However these resurts are stil_r unreriabre.

The Effect of Perturbation Order

rf only one wave funct.ion correction is used in the
carculation, the energy perturbatÍon can be carried out to
third order with trial- funct.ion r¿, = úo*út. (see Appendix 3F)

Table 3 .4 presents such resul_ts for the l-:1 . 0, m=1 . 0

asymmetric potentiar and compares them with those found from

the two \^rave function corrections \þT: irO+Vtfttr2. In both

types the averagie denominator, 
^e 

has been variationarry
optimized. rn addition the same model- space is used hence

both have the same starting point E0+E1. For the
pert.urbation treatments to third order the second. order
energy corrections, 82, are larger in magrnitude than those

found in perturbation treatments carried out to fift.h order
because of the different variational- 

^e 
used. A]-so the

4I



Table 3.4 .

Third Order
The Comparison

and Fifth Order
of Perturbat.ion Energies between
in the Case f :1 . 0, m:1- . 0

n:0 11 I

Eo*Et
E

¿̂
F

J

4
E-

5
Sum

W

E [1,0]
w[1,0]
Exact

p

3rd Order
0.12135734

-0.818094x10
-0.36 x10

0.1205392s
0.1205392r
0.12053921

0.12046305
B.5t622

5th Order
0.12135734

-0.553754x10
-0.118945x10
-0.104622xL0
-0.1593 x10

0.12051986

0 .120 48222

0.12046305
2.14922

3rd Order
2 . s032680

_)
-0.1 824BxI0 '

_â
-0.41 x10 "

5th Order
2.5032680

--c

-0.13125x10 -

-0.3 6B21xI0-3
-0.15981x10-3

_â
-0.28195x10 '

2.50I421r
2.50r4215

-z
-7

-3
-3
-3
-6

0.120s2003 2.50r4438
0.12053921 2 .50\4436

2.50r4436

2.50 13595

4 .40539"

2.50r4436
2.5013863
2.5013595
r .431,r%

n=2

Eo*E1
F"2
Er
!ô

J
E.

4
E-

5
Sum

W

E[1,0]
w[1,0]
Exact

p

3rd Order
4 .96893420

-0 . 1 0222012

-0.86250x10-3

4.865851
4.8661L35
4.86s8436

4.83867:78
2 0 . 8557å

5th Order
4 .96893420

-0.06860951
-0.02294799
-0.0l.661017
-0.41506x10

4 .8602909
4.8608645
4 . B 6s8438

4.85243]-1
4.8386118
10.5591%

-3

Note.1. p: (E[1, 0]-Exact)x100/

order perturbation.
p: (W [ 1, 0 ] -Exact ) x700 /
order perturbation

(E0+E1-Exact )

(EO+E1-Exact )

for the third
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resulting third order energy corrections, E3, in the former

case almost give no contribution to the energy. The E[1,O]

Pade approximants which are invariant t.o denominator shifts
give identicat energies for the two perturbatlon expansions.

Comparing the values of p, the rel_ative remaining-

incomplete basis set errors, one finds these hawe been

reduced by a factor of between two and four as one goes from

third to fifth order.

For excit.ed states the accuracy of the third ord.er series

is much worse than the fifth order series compared with the

ground st.ate resurts. This is due to the slower convergence

caused by a worse starting point and great.er anharmonicity in

the excited states.

3.2 The Effect of Starting Point

fn the l-ast severar sections it has been observed that the

starting point. greatly influences the final resul_t. fn this
section this point. is examined for the grround state of

anharmonic oscirrator. rn Tabl-e 3.5 resurts are presented for
single reference and multi-reference modef spaces. For the

single reference model space (type "atr and rrbrr ) the greneral

function

f (x) : N(1+c1x+c2*2¡u*p (-r*2) (3 .2.r)
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Tabre 3.5 The Effect of starting point on the Ground states
Energy

"o'" l
w[1,0] Exact

J-=0 . 0,

m:0 . 1,'

0 . s 60307 0 . 55 9151a

b 0 . 55 9409

0 .55 92201 B

0 .55 9151

0 .55 9L4653

0.55914633 0.94142
0 . ss 974633 4 .LB25Z
0.559l-4633 0.2686e"

1:0.0, a

b

m:l . 0,' c

0.812500 0.80410s
0.807415
0.80499637

0. B0 4081

0.803'784L5

0.80311066
0.80311066
0.80311066

3.82632
8.671_B%

1.1006%

r:0 . 0,

m:10 ;

.5312s0

.5r-Ì445
5 0 6410

506231
1.50 4912

1.50 4912

1.5049'72

À-^-ô¿] t ¿J6

L420%

ss5B%

5

10

1

a1
b1
c1

1.
1.

s093s03 1.5050401

r:0 . 1,

m:0 . 1;

560307

. ss39s3

.553 60L74

0.s54640
0 .5s353s
0 . 5535 167 4

a0
b0
c0

0

0

0

55351 618 16.5513%

55351618 4.3418?"
5s3s1618 0.6590%

1:1 . 0,

m:1 . 0;

a0
b0
c0

812500 0.750664
.7 29612

.12135134
0 .1210 B 1

0.1204822

0.120463
0.120463
0.120463

32.8140e"

6.7108%

2.14922

Note: 1.W[1,0] is doubl_e pade result.
2.p= (W[1,0] -Exact) x100 / {nO+Er-Exact.) .

3.Exact results are from ref.39.

is used. For type "atr model space found in Tab1e 3.5 ,

and "2 are set t.o

type I'bt' model space, al , c2 and r are optimized. Type t'c'

uses the five reference functions from chapter 2, section
?A

consider t.he first three symmet.ric potent.iar cases.

Although type trbrr has a bet.ter starting poÍnt than type ,'a'

the val-ues of w[1,0] for both types are al-most. same. Hence,

in terms of the val-ues of p which gives a rouqh measure.of the

zero and the exponent. is optimized..

t1

For
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convergience of the perturbation expansion rel-ative to the
startingi poÍnt, type rrbtr has the worst convergience. rn
comparison, the best starting reference functj_on is the

mufti-reference one, type "c". This Lype always gives the

best resul-ts in terms of relative convergence, p and energy/

w[1,0] .

For the rast two asymmet.ric potential cases, the effect of
st.arting point is much more criticar than in the symmetric

cases. For example, the case I - 1.0, m:1-0, the third type

of reference functions gives improvement of accuracy by two

decimal points with rel-ative remaining error p 2.I4922.
However the first type of reference function gives one

decÍma1 improvement. to accuracy with relative remaining.

error p : 32.8L4%. The possibte reason is that more

complicated potential wirl be more sensitive to the starting
point.

3.3 Concfusions

In this thesis we have demonstrated that the deveJ-oped CDPT

can be successfuJ-ly appJ-ied to t.he anharmonic oscirf at or
(1.4.1). The advantage of this theory is that very few basis

functíons are needed and al-l- calcurations if carried out to
high enougrh order in :n" perturbation treatment effectivery
use a complete basis set since the crosure rel-ation is used.

N
ff Lhe trial function is úf=, I^ úi in the developed CDPT and

I:U
average energy Âe is obtained by the variational_ method, the

energy correct.ions cal-culated to the 2N+1'th order converge

The mosL accuraLe estimates are however the Pade approx.imant
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methods especiarly the double pade. one interestinq point of
this theory is that in contrast to singre reference
perturbation theory multi-reference perturbation expansions

have higher order [n, n-1] pade's (n=1) which are noL

invariant to scarings of the enerqy denominators. This

resufts from the high order perturbation energy corrections
being inhomoqeneously dependent on ae (see Eq. (2.2.26) and

(2.2.30) ) .

considering t.he goal- of the theory, inspection of Tables

3.2 through to 3.4 shows that the incomprete basis set error
has been greatry reduced by the cDpr method. The choice of
starting functions (or mode] space) is still very important
since the only input ínto this theory is the basis set. The

results of Tab]e 3.5 have demonstrated this.

Further research of this multi-reference CDPT method could

be done in two areas. one is the extension of the theory
developed in chapter 2 to the mul-ti-particl-e case. A possibre

approach might be to get an effective potential for each

part icle and then reduce the Hamiltonian to a sum of
effect.ive one particJ-e operators. After this step the cDpr

could then be appJ_ied.

An exampre of this approach is the appJ-ication of cDpr to
the Hartree Fock method for atomic and mol-ecul-ar cases.

AJ-though the Hartree Fock operator is a one particle
operator, there is a síngurarity problem in the calcuratj-on.

This probrem. arises from the couromb potentiar r/r. fn the

calcul-ation of enerqy by CDPT in Chapter 2 the integral <Hn>

( n: 1,2,3,..) cannoL be avoided hence the int.egral ..t/tn,
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appears and gives the singurarity probrem. one vray to remove

this sing'uJ-arity is to use a variabl-e d.enominator ae instead

of a constant one. rf so this theory courd be extended and

made more flexible. such an approach limited to third. order

has been tríed by Kirtm..,.,[31] .
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Appendix 1: The Deduction of the Fifth Order Perturbation

Energy Correct.ion and Variational- Energy

A: Deduction of the fift.h order energy correction

In Chapt.er 2 the wave corrections lútr, lrþ2, and the

vlúf >, vlr/Z> are obtained as

lúrt (1/^e) (H-ei) lit

lrþ2, - Q/Le)2 (.il tH-e,12¡it) li>+ (L/Le) (H-ei) li>

+ (1/ne) 2 (n-eit 2¡ it*f,lrt..l tH-e, I 2 
¡ it

ntI

xlL/ (er-err) -I/ L,e) / ne

(A.1)

(A.2)

vlúr>:i(H-e¡_)+(H-ei)2/t"1ir1 (A.3)

M
2vlúz> : I , 

(H-en) In><nl {H-e. )'lr>/ [ (er-er.,) nei
n*l_

- ( i- /^e) 'l ^,"-"rr) In><n | (H-e . ) 
2 

¡ itn:0

+L/Le) 2 t (s-"i¡ 3+2ae (H-ei¡ 2+ 
1ae) 

2 (n-.i) I li>

+(1/^e)'il^(en-e.+^e) In><n[(H-e.12¡it (4.4)
n:0

The norm of the first order wave function and its
corresponding overlap v¡ith the second order r¡¡ave function are

then given by

<tylúf= (L / 
^e)2 

<il tH-e, I 
2 

I it

4B

(A..s)



<U,rlrl,2> : t<il (H-er) 2¡it*.il (H-er) 3¡it7¡. 
I / (nr.;2 qe.6)

Theref ore the renormalization Lerms E2<,lt1lrlt2> and E3<ú1 lú1>

found at fifth order in equatÍon (2.I.2L) become

Bz.útlúzr:t<i | (H-e ¡2 1rr2 *<il (H-er) 3 
¡ i><i | {H-e, l2 li, / tel / (¡e) 3

(A.7)

E3.úrlúrt=tcil (H-e ,)2¡ir2+<il (H-er) 3¡it.il tH-e. )21ir16"1 71nu)3

qe. B)

The remaining fifth order term <ú2lN-Y,ìlú2, is obtained by

<,ltrlv-n 
tl,þ z, <,þ 2lvl,þ 2>

:- (1 /te)4<il {H-er) 2¡itt<il (H-er) 3¡ir*z^e<il tH-e, ) 2¡ir1

+ (1/^e) 3.i 
| (H-e ,)21ir2* (L/^el'It,lcil (H-e ¡2lnr12

n;Él-

xlL/ (e, -e. ) -1l^el'an'

- (r/ 
^e) 

3<il tH-e, )2 1ir2* (r/Le) 3 t.il (H-e. I a¡ it

+2¡e<í | {H-e, ) 3 
¡i>+ (¡e) 2<i 

| (u-e, I 'litl

+ (L/^el 31, 
f <il (ll-er) 3¡.r>+ (e,-er.) <il (H-e, )2ln lcnl (H-erl2¡it

n*a

xlr/ (ei-er,) -1 /te1- (-/Le) 4.il (H-e, )3¡itcil tn-e, 121i,

+ (L/ 
^e) 

4 t<i | (H-e , ) 
5 

¡i>+zaeci | (H-ei) a 
¡i-t* (¡e) 2<i 

| (H-e , I 
t 
lttl

- (L / 
^e) 

oil^ (er.,-e , +ae) lci I tH:e , l'lnrl'
n=0

AO



MM
+I I trl (er-e',) -I/^eJ<il (H-er)2¡nt.nl (H-em) l*t..1 (H-ei)2lit
m*in*i

xll/ (e,-e-)-7/Lel /te'am'

"M+ (r/Lel if ttl (ei-en)-r/^eJ <il (H-ei)2lr,t[<nl (H-ei) 3lit
n*i

+2^ecnl (H-e, 12 ltrl - (1/¡") 3IM #.f 1/ ier-er., ) -r/ 
^et 

<i | (H-ei) 2 
l,-,tn*im:O r

x(nlm><ml tH-e, 121i, (e*-er+ae)

= -2/ (^e) 4.il (H-ei)2li><il (H-erl3¡it-3<il (H-e ,)21trzl (¡e)3

ôM
+ (1/^e l2f t l<i | (H-ei) 2 

1r,t 12 ftl (er-er., ) -r/ ^el l2+2(er-er.,) /ne1
nr¿ i

+2lrl (ei-en) -1l^el <il (H-er) 3¡r,><r,l tH-e, )21fr¡¡u

- (er.,-e, +^e) l<il (H-e1) 2¡.rr 
12 / <n"lzl +3<il (H-e, )a¡i>/ 1n.) 

3

+3<il (H-e, I 3lit / (te)2*.il (H-e, )21i>/n"+<il (H-.il s¡ i>/ (ae¡ 4

(A.9)
Finally substituting' equations (.A.7) , (4. B) and 1a.9) resufts
in

E5 : <ú2 
I 
v-n, lú zr-B l.,lt rl,lt r>-zv r<ú 1lú 2>

=-5(il (n-e. ) 
2¡t><il (H-e. 1 

3¡i>Z (¡e) 4-6<il (H-e,)2¡irzl (¡e) 3

+ (1/^e)tË,, t<il (H-er)21.,t 12 nt (er-err) -1-/a,e) t2+z(er-e.,) /ael
n+I

+2lLl (er-er-,) -r/Lelcil (H-e1) 3¡r,><.,1 {H-e, )21i>/n"

- (err-e, +^e) l<il (H-er) 2lnt 
12 / tn"l2 \

+3<i| (H-e,Ia1i,¡ (¡e)3+3<i| (H-e,l3¡r,¡ (¿e)2+<iI fn-e. )21i>/n"

+<il(H-er)s¡it7 1n.)4
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B: Deduction of W : <úTlH l,!r>/<Utrlúr>
In Section 2.3 the operator H and trial function tþT are

defined as

* i-1
H : H-I e.lj><jl

j:0 r

lúrt:li>*lttrÌ+ltþ2>

= [1-<il tH-e, l21ir¡ (¡e) 2J 
li>+z (H-ei) /nel i>

))M)
+ (H-ei)'/ (ne)'li>+¡ ,lrt..l (u-e. )'lit [1/ (er-er,)-1 /te] /ne

n# l-

Then 
(B ' 1)

H* lúrt e, [1 - (L/Le)2.r1 (H-ei) 2 
I i>] I i>

))
+ [2e, /te+ (1-<il tu-e. )'lí>/ (^e) -) ] (H-et) lit

2)t?+[ei / $e)'+2/¡e] (H-e1) -li>+ (r/Le) - (H-ei)-lit
M )+I (H-ei) In><nl (H-e, ) - I it [1/ (er-er,) -1 /nel /te

n*i
M2

+e1I, lrt.rl tH-e, ) "lit [1/ (er-e.,) -l /te] / te
nta 

i-1 )
- (L/ 

^e)_,!^" j I jt. j I tH-e. )'lL>/ (er-ei) (8.2)
J-v

Substitution of (8.1) and (8.2) into <,/"lH*l{rr> results in

<úrlH lúrt:., tl-- (l- /t")2<il (H-e. l2¡ir12

+[1- (1/^e) 2.i¡ t"-.i) 2litJ te, / (Le't2+z/te]

xcil (H-er) 2¡i->*t1- (1 /te)2<il (H-e. )2lirl

xci | (H-erl 3 
¡ ir7 (ne)2 + (2 / Le't
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x[ (2e, /ae)+(1-<il tg-e. l2¡ir¡ (¡e)2) ]<il (H-e, )2¡it

+ (2/ te2) tei /ne+2ì <il (H-er) 3¡ i>*z<il (H-e, l4 1i>/ (ne) 3

+ e/ne2lil. l.il (H-e. ) 2¡.,t 
l2 nt (ei-en) -rl¡el

nr¿i

+ (ei /Le2) [r-<íl (H-e, l2¡i>/ (te)2ì<il (H-ei) 2lit

+12e, /te+ (1-<il {H-e, l21tr¡ (ne)2) l<il (H-erl3¡it ¡ 1nÐ2

+ [ei /te+2] <il (H-e r)a1i>/ ne3+<il (H-er) 5¡ itln"a

+ e/nel 3il,.i1 tH-e, )3¡r,><.'l {H-e, l21rr[1/ (e, -er.,)-1lne]
n*1
,M

+ (eil¡e3) il,l.tl tH-e. )2 ¡nrl2 ttl (er-e,.,) -r/ 
^el

^T:ï
- (r / 

^e, ' .f ].-, ¡.i | (H-e, t2 ¡)rl2 / te r-e.tj:0,
^M+[ (ei /ne+2) /^e2li-,f r/ (er-erl) -L/Le] l<il (H-ei¡'lnrl'

n;êl

+ (1/^e) til,,r-l (er-er.) -r/L,eJcil (H-er)3¡.,t..,1 tH-e, 121i,
n*r

+ trZ¡e) 2l- t1l (er-er,) -1 /t"12 (er,-".) l<il (li-e, l'lnrl'
n+l-

^M
+ (ei / LezlI. f r/ (er-err) -r/ 

^el 
2 l.il {H-e. l'lnrl'

nìÉI

- (L/^e,t:tþi/ (er-ej) t1l (ei-ej) -1laeJ [<j I tH-e, t2lir¡z
l=u -

(8. 3a)

Regrouping terms in equation (8.3a) accordingr to pol^rers of

Ae and making appropriate cancellations yieJ-ds
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<úrlH lúrt

: (L/ 
^e) 

4 {-.. <i¡ tH-erl 2 
|

-2<íl {H-er) 2 
¡ it.il tH-e, I 3lit._2L2

d+e.<il(H-e,)'li>+<il
M?

-ZL,<il (H-er) -ln><nl
n*l

M
*f . lci | (u-e ,t'lnrl'nrI

+ (r/^el 3t-4<il (H-e r)21tr*ae. <il (H-e. I 3¡it

+4<il (H-e.la¡ir*f,t-21<il tH-e, )2¡.,t 12+z<il (H-e, ) 
3¡.,,

nta

xcnl (H-e rl2¡t>/ (er-erì) J)

| (H-e, ) 2¡i>*6<il (H-erl 3¡it

(H-eilslit

(H-eil2lit

(e -2e, ) ì' n f'

)
+ (I / te)'

M
+t 13 / (e.

-Ln*r
i-1
-f e.l.jl
j=o r

+e.
I

{4e /:
].

-er.,) +erl (er-er.,l 2l 
¡<il {n-e, l'lnrl'

(H-eil 2 
I it 12 / t" r-"-)2 \ *a.tl rH-e. )21ir¡ ¡"

(8.3b)

Simil-iarly the norm of the trial function is giwen by

<úrlúr>: [ 1-<í | (H-e. )2 ¡i, / t"' ]' *[1-<i | (H-e, )2 ¡i, ¡ 6"2 1

xcif (H-e ,\2¡i>/n.2*4.íl (H-er)2¡r>/n"2+2<Ll (u-e. ) 
3¡i>/1"3

+ [ 1-<i t (H-e, )2 ¡r> / rc'].il (H-e . )21r> / n"2

+2<il (H-e. )3¡i>/ne3+<il (H-e, )4iir/t"4
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"M+ 1z/ ne3)f ,l.i | (H-er) 2 
l,.t 12 ftt (e, -e,.,) -r/ 

^e)no. i

"M+ (r/ 
^e) 

tf 
,l <nl (H-erl 2 

I it 12 ttt (er-e,.,) -t/ tel2
n+i

= (i-l^e) n [-.il (H-er)21rr2*.il (H-er)nlit

M

-f, l."l tH-e, l2lir¡zJ*+.il (H-e. ) 3¡it/au3
n+l_

+ 1rlne ¡2 ¡+.il tH-e,12¡it*ff,lcnl (H-ei)2lit 12 / t"r-un)2)
n+1

+1 (8.4)

Hence the final result for the varj-ational energy, W is

w:<úr lH l,ltr> / <rltrlrlr>

:{-e.<il (H-e, l2¡t, -2<íl (H-e. ) 2¡i><il tH-e, I 3¡it

+e, <il (H-e, ) 4¡i>*<il (H-e, I 5¡it-z¡"<il (H-e, ) 3¡r,t.r,l (H-e, l2 1r,n*r
M

*f, ¡.il (u-e. ) 
2lr'tl2 terr-zer)

n+l-

+ [-4<il tu-e. )2¡rr2*+e. <il {H-e. I 
3l It

+4<il (H-e. t a¡it*ff 
.ç|cil (H-er) 2lnt 

12*z.il (H-e. ) 3¡.,t
nìÉl

xcnt (H-e ,121i>/ (er-err) ) l¡e+ [4e. <il (H-e. ) 2¡i>+6<il (H-ei) 3lit

.Ë. f 3+erl (er-e',) ) / (ei-en) l<il(H-ei l?6>¡2
nìÊ l-

rI

:1" ei lcjt (H-etl 2¡it 
12 / t"r-"r)21t"2*4<i (H-e. ) 

2¡i>n"3+e.¿e4)

J-u
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/ {-<Ll tH-e , )21i>2+<' | (H-erl a 
¡it-¡M,lcnl (H-e ,l'lrrl'ntl_

+4<il tH-e. ) 
3¡ ira.* t4<il (H-eil 2¡ it

*f, ¡.nl (H-e, )21rr12t" / (e -e )21o"2*o"4) (8.5)
n+a

In order to sofwe for W let {ai} and {bi} (i:0, -..,4} be

the coefficients of numerator and denominator respectively in

equation 1e.5) and let x:Ae W is then written as

44
w=ra,*t/rb,xr

1uli:0 - i:0
Therefore

1e. 6)

dw/dx : - {-arb.*r0b1 + (-2arbO+2a'br) x+ (arbr+3a.br-3aab' -arbr) x2

+ (2arbr+4aObn-4anbO-2arb1) *3+ (-aabr+3arbn-3arbr+arbr) x4

Lr-)- 5 6 4 -' ^-r t- za obr+2arb n) *t+ (-a4br+arb4 ) xo ) / {I^brxt)'
r-u 

(8. 7 )

The solutions of dW/dx = 0 give approximate average energy

Ae.
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c

c

program eisg

This prog-ram can calculate eigenvalues and eigienvect.ors

by the Jacobi plane rotation method

implicit double precision (a-h,o-z)

dimension a (n, n) , s (n, n) , âp (n) , aq (n)

read(5, *) n, (a(i, j), j=i,n),i:1,n)

n by n is the size of matrix a

a is the matrix whose eigenval-ues will- be cal-cul-ated

5

mm=l00000

error:1.0d-6
do 4 i:l,n
do 4 j:i,n
a(j,i)=a(i,j)
do 5 i:1,n-1
s (i, i):1 .0d0
do 5 j:i+l,n
s(i'j):0-0d0
s(j,i):s(i,j)
continue
s (n, n):1.0d0
do 100 iP=1,0-1
do 90 k:1,mm
call maxv (n, â, ip, iq,
if (sl.Ie.error) go

r= (â (iq, iq) -a (íp, ip)
d:dsqrt (1.0d0+r*r)
d1:-r+d
d2:-r-d
d1]-:dabs (d1)

d22=dabs (d2)

s1)

to 100

) / (2.0d0*a (ip, iq)
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10

15

if (d11.l-e .d22) go to 10

d=d2
gro to 15

d:d1
c:1 . 0/dsqrt (1. 0d0+d*d)
b=c*d
h:d*a (ip, iq)
t:b/ (1.0d0+c)
a (ip, ip) =a (ip, ip)-h
a (ie, iq):a (iq, iq) +h

a (iP, iq):0.0d0
a (ig, iP):0.0d0
do 20 i:1,n
if (i. eq. iq) go to 20

if (i. eq. ip) go to 20

ap (i):a (ip, i)-b* (a (iq, i) +t*a (ip, i) )

aq (i):a (iq, i) +b* (a (ip, i) -t*a (iq, i) )

20 conLinue
do 30 i:l,n
all:s (i, ip)
a22=s ( i, ig)
s (i, iP):a11*c-a22*b
s (i' iq):a11*b*a22*c

30 continue
do 25 i:l,n
if (i.eq. iq) go to 25

if(i.eq.ip) go to 25

a (ip, i):ap (i)
a (ig, i) =aq (i)
a (i, ip):a (ip, i)
a (i, iq) =a (iq, i)

25 conti-nue
90 continue
100 continue

do 110 i:1,n
write (6,r20) i, a (i, i)

I20 format (7x,' i:' , í3,'eig'enval-ue:, ,el-l .

ça
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write (6,L25) (s ( j, i), j:1,n)
I25 format (1x,3 (Ix,'eigenvector:' , êI6.1) )

110 continue
stop
end

subroutÍne maxv (n, a, ip, Íq, s1)
implicit. double precision (a-h, o-z)
dj-mension a (n, n)

s1:0.0d0
do 10 i:ip+l,n
s2:dabs (a (ip, i) )

if (sZ. Ie. s1) go to 10

5J--5¿

iq:i
10 continue

return
end

tro
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Appendix 3 CDPT Program in MAPLE

A. Int.roduction
The procedure for the

this thesis can be given
mult i-re ference
by the following

CDPT cal-culation
diagram

tn

Step 1

Step 2

St.ep 3

Step 4

Step 5

Step 6

Step 7

Step I

get t
by

int.t 1

e optimize
I f=

hop (fu, J-, m,

( fu, r0 , rI, 12,

ei)
13,

and

r4)

Start

9i: d{rt) i:0 to 4

di(ti) is in Section 2-4

get trle matrrx elements
<gilHlqj> (i,j:o to 4) by
hop (fu,1,m, ei) and

inttl (fu , r0, rI, 12, 13, r4, )

usl-ngi program rn Appendix

Let ei:e, lfi>=li> (i:0 to 4)
save t.hem-in result.m

use rr_pen (

fifth order
CDPT enegy c
(i:0 t.o 5) a

i,l-rmrei) to get
ulti-reference
'rrections 8., (Âe)
d w(¡e) *

use trlden ( tl_, 1, m, ei ) to
get third order CDPT

energy corrections
E, (Âe) (i:0 t.o 3) & W (^e)

get the optimized Ae and obtain
energy corrections

do CloubJ.e Pade calculatron by
the program ín Appendix 3.5

End
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fn this appendix t.hose calcurat.ions in MApLE are given by the

following,

B hop (fu, I,m, ei)

This subrouti-ne is used to calculate t.he intermediate state
after t,he operator , l- e/2)v2* (L/Ð x2+I*3***4-eiJ , acts on

state I fr>.

Tnput parameters of subroutine hop

fu function is to be acted on by operator.
I the coefficient of cubic Lerm of potentíal
m the coefficient of quartic term of potential
ei starting eigenval-ue of ith unperturbed state.

hop ::proc (fu, l-rm, ei),'
ftt ::-díff (fu, X, X) /2+ (x^2/2+l*x^3*m*x^4) * fu-ei*fu;
ftt. ::radsimp (ftt);
€+F.ILL¡

end;
save'result.m';

C . Int.egraI Program inttl ( fu, r0, r1 , 12, r3, 14 )

This integral program inttl uses one subroutine

l-mk (fu, r, itg) which uses resul-ts saved in feco.m. In the

following results feco.m and subroutine Imk are given before

intt 1 .

I. feco.m
This process is used to cal-cul-ate integral

^*co 2n 2.J -- x--'exp (-rx-) = co [n] (n : 1, . . .,18)
;;2ano J exp(-rx ) - cu
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co ::array (1. .18) ;
c0 ::(pí/r)^(L/2);
co [ 1] : =c0 / (2"r) ;
for i from 2 to 18 do

co Ii ] : = (2* í- 1) *co ti-11 / (2*r) od;
savetfeco.mtr'

fI. Subroutine lmk (fu, r, itg)
This subroutine is used to calculate íntegral_

^*coJ_l exp (-rx') fudx+itg
-co

L1 znfu:I a^x-" and itg = input constant
*-^ 11
II_U

Imk ::proc (fu, r, itg) ;
h ::array (1. .18) ;
readtfeco.mt,'
htll ::coeff(fu,x,0);
for i from 2 to 18 do

htil ::coeff(fu,x,2x(i-1) ) od;
itg ::itgr+c0 *h [ 1] ;
for i from 1 to I'l do

itg ::itg+coIi] *hti+11 od;
.:È--
Lu9 t

^-1.çr1Llt

save 'result .m';

III. fntegral Program int.tl (fu, r0, r1 , 12, 13, r4, 15)
This program is used t.o calculate integral

rli r" o"

n ?-fu - I x..a_ - ,êxp[-(r,+r_*)x-] (n:0 to I1 ; i, j:0 to 4)_ ? , ftrLtJ _t- )'D, ar ]
int.t1'=proc (fu, r0, 11-, 12, 13, r4) ;

read'feco. m' ;
gr0 : :exp (-r0xx^2 / 2) ;
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gL

g2

g3

g4

ff
l0
m0

n0
jo
k0

t01
l-m

Ìn
1j
tk
m01

mn

mj
mk

n01

nj
nk
j01
jk
itg
itg
itg
itg
itg

itg

itg

itg

itg

:exp (-rlxx^2/2) ;
:exp (-r2xx^2/2) ;
:exp (-r3*x^2/2) ;
:exp (-r4xx^2/2);
:expand (fu) ;
:coeff.(ff ,g0,2);
:coeff (ff,gL,2);
:coe ff (ff,92,2) ;
:coeff (ff,93,2);
:coeff (ff,q4,2);
::coeff ( ff, 90, 1 )

:coeff(107,91-,I)
:coeff (f 0I,92, I)
:coeff (101,93,1)
:coef f (l-01, g4,I)
::coeff (ff,gI,I)
:coef f (m01, g2 , 1)
:coef f (m01, g3, 1)
:coeff (m0I,94,L)
: :coe ff (ff , g2 , I)
:coef f (n01, 93, 1 )

:coef f (n01, g4 , 7)

::coeff (ff,93,1)
=coeff(j01, g4,I)
=Imk (10, r0,0) ;
=Imk (m0, 11, itg)
:lmk (n0, 12, itg)
:Imk (j0, 13, itg)
=lmk (k0, r4, itg)

(r0+r1,) / 2;
: :lmk ( Im, r, itg) ;
(r0+r2) /2;
:=Imk (ln, r, itg) ;
(r0+r3) /2;
::l-mk (J-j, r, itg) ;
(r0+r4) / 2;
::l-mk (lk, r, iXg) ;

oz



r :: (rL+r2) / 2 ;
itg ::f mk (mn, r, itg ) ;
r .: (r1+r3) /2;
itq ::l-mk (mj, r, itg) ;

r .: (11 +r4) /2;
itg ::l-mk (mk, r, itg) ;

r :=(r2+r3) /2ì
itg ::Imk (n j, r, itg) ;
r 7:1ç2+r4) /2;
itg ::lmk (nk, r , íiug) ;
r i: 1y3+r4) / 2;
Ítg:=lmk(jk,r,íXg);
-:ts--rLVr

end;
savetresult.m\,'

D. The Program for Mul_t.i-reference CDPT to Fifth Order

This is t.he CDPT main program by which the variational
energy W and perturbation energy corrections of the j,th
state to fifth order are calcui-ated. fn addition, Lhe trial
function :{tT is formed by the sum of the f irst two vrave

funct.ion corrections and starting function.
Before calling the subroutine fipen, the fíwe unperturbed

states, corresponding energies, and the integral programs

inttl given above as well as the subrout.ine hop(fu,l,m,ei)
should be stored (or saved) in result.m.

Note: Thj-s program can be used only for starting functions as

described in Chapter 2, Section 2.4.

Input parameters of subroutine fipen:
f j j'th unperturbed stat.e
I the coeffícient of cubic term in potentiaf
m the coefficient of quartíc term in potential
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ej unperturbed energy of j'th state

fipen ::proc ( fj, f, m, ej ) i
read 'result . m' ;
hf1 :=hop(fj,1,fr,0),'
ln2fL ::hop (hf l-, l, m, 0 ) ;

fu ;:(hf1-ej*fj);
pf 1 ::fu/dn,'
vpf1 ::fu* (h2fL-2*ej*hfl+e)^2*fj) /dn;
a0 ::intt1 (f0*vpfl, r0, rI, 12, 13, T4) ;
a1 ::intt1 ( f 1*rrpf 1, r0, r1 , 12, 13 , r4) ;

a2 ::inttI (f2*vpfl , r0, rI, 12, r3, r4) i
a3 ::intt1 (f3*vpf1, r0, r1, 12, 13, r4) ;
a4 : :intt L (f4 *vpf1 , r0 , TI , 12 , 13 , r 4) ;
pf2 ::vpf1 /dn;
error : =0.00001;

=hop ( f 0, l-, m, e0 ) ,'

:hop(f1,lrmre1);
:hop (f2 | I rm, e2) ;
:hop(f3rlrmre3),'
:hop (f 4 | L, m, e4) ;

Wfz ::hop (rrpf 1 ,I,(o, e j-dn) / dn;
if abs (e0-ej) >error

then pf2 3:pf2*a0,k f0 / (e j-e0 ) ;
Wf2 ::wpf2+aO*hfO / (ej-eO);

elif abs (e1-ej) >error
then pf2 :=pf2*a1-*fI/ (ej-e1);

vpf2 z:vç>f2+a1*hf1 / (e3-e1) ;

elif abs (e2-ej) >error
then pf2 :=pf2ra2*f2/ (ej-e2);

'upf2 :=vpf2+a2xhf2/ (e)-e2) ;

elif abs (e3-ej) >error
then pf2 ;:pf2*a3*f3/ (ej-e3) ;

'v.pfz ;:¡¡pf2+a3*hf3 / (el-e3) ;
elif abs (e4-ej) >error
then pf2 .=pf2*a4xf4/ (el-e{);

wpf2 z:vpf2+a4*hf4 / (e)-eî) ;

hf0
hfl
]:If2

hf3
hf4
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b0

b1

b2

b3

b4

d0

d1

d2

d3

d4

ft
pe2

pe3

u1

u2

pe4

u3:
u4:
pe5

et:
hfr
nf:
end;

sawe \hi1

fí;
pf2 . =pf2- (a0*f0+aLxfL+a2*f2+a3*f3+a4 *f4) / dn;
vpfZ ::vpf2- (a0*hfQ+a1*hf1+a2*¡'1.2+a3*hf3+a4 *hf4 ) / ¡'n;
wpf2 2:wpf2- ( (ej-e0+dn) *a0*f0+ (ej-el+dn) *a1*f1

+ (ej-e2+dn) xa2xf2+ (ef-e3+dn) *a3*f3
+ (ej-e4+dn) *a4*f4) /dn;

:intt1 (f0*pfl, r0, r1 ,12,13,r4) ;
:intt1 (f1*pf1, r0, 1L, 12, 13, r4) ;
:intt L (f2 *pf1, r0, r1 , 12, 13, r4) ;
:intt1(f3*pf1, r0, r1 ,12,13,r4) ;
:inttJ. (f4*pf1, r0, r1 ,12,13,r4) ;
=intt.1 (f0*pf2, r0, r1 ,12r13,r4) ;

=intt1 (f1*pf2, r0, rl-, 12, 13, r4) ;
:intt L (f2*pf2, r0, r1- , 12, 13 , r4) ;
:inttl (f3*pf2, r0, rL, 12, 13, r4) ì
:int.t1 ( f 4 *pf2, r0 , rI, 12, 13, r4) ;
:fj+pf1+pf2;
::intt1 (fj*wpf1, r0, 11 ,12,13,r4) ¡

::inttl- (pf 1*rrpf 1, r0 , 1L, 12, 13, r4) ;
:intt1 (pf2 *vpf1, r0 , rt , 12, 13 , r4) ;
:intt1 (pf1*pf1, r0, rl-, 12, 13, r4) ;
: =u1-pe2 *u2;
:int.t.1, (pf2*vpf2, r0, rt, 12, 13, r4) ;
=intt1 (pf1*pf2, r0, rL, 12, 13, 14) ;
: =u3 -pe3 * u2-2* pe2xu{ ;
:e j +pe2+pe3+pe4+pe5;

::hop (ft,1,mr 0);
:int.t.f ( ft*ft., r0, rL, 12, 13, r4) ;

.mt;

E. Double Pade Proqram in MAPLE

This prog'ram is used to do the doubl-e pade cal-culation.

e1-0 ::e0e1+e2 / (T-e3 / e2) ;
bottom ;=(s2_e3) * (e4_e5)_ (e3_e4)^2;
e2L ::e0e1+ (e2* (e4-e5) -e3* (e3-e4) ) *e2lbottom
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+ (e3* 1e2-e3) -e2* 1e3-e4) ) *e3lbottom,.
w2 ::e10-e0e1;
w3 z:e21-e10,'
w10 :=e0e1+w2/ (1,-w3/w2) ;
save 'hi2 . m';

F- CDPT Program to Third Order in MAPLE

This is the CDPT program by which the variational energy

and perturbation energy can be cal-culated to third order. The

trial function VrT is formed by the sum of the first ord.er

wave function correction and starting function.

Before caJ-Iing subroutine thden the integral programs

intt1, hop, and five unperturbed states with eigenvalues

should be read.

Note: Again this progiram can be used onJ-y for starting

functions described as Chapt.er2, Section 2.4.

Input parameters of subroutine t.hden:
f) j'th unperturbed state
l- the coefficient of cubic term in potential
m the coefficient of quart.ic term in potential_
ej j'th unperturbed eigenvalue

thden ::proc (fj, 1, m, ej ) i
hfl- ::hop (fj,1,m,0);
hr2f1- :=hop (hf1, 1rm, 0) ;

wf t- : :dn*pf 1+ (h2f L-2*e j *hf 1+ el^2" f j) / dn;
h3f1 :=hop (hzfL, 1,m,0) ;
h2 ::intt1 ( f j *h2f1,, r0 , 11-, 12, 13, 14, ) ì
h3 ::intt1 (fj*h3f1, r0, 1L, 12, 13, r4) ;
\áI :: (e j+2* (h2-ej^2) /dn+ (hI3-2*ej*h2+h j^3) /dn^2) ;
w ::w / (1+ (h2-e )^2) / dn^2) ;
dw ::di f f (w, dn) ;
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pe2 :: (h2-e j^2) / dn;
pe3 :: (hr3-2*e j*h2- (h2-e j^2) * (e j-dn) +e j^3) ;
pe3 ::pe3 /dn^2;
et ::ej+pe2+pe3;
dw;

end;
save 'hi3 . m' ;

G. Calculation Examples

Now we can giwe calculation examples accordingi to the

procedure shown in the diaqram at the beginning.

Step 1. Let gi be i'th function d1 (r,) in Section 2.4.

:exp (-r0*x^2/2) ;
:lmk (90 *90, r0, 0 ) ;
:1/ (n0) ^ (l_ /2);
:n0 *90 ;

Step 2. Optimize.i (i:0,...,4)
e. g. calcul-ate optimized rO

hqO ::hop(90,f,m,0);
w0 ::inttl (90*h90, r0, rI, 12, 13, r4) ;
dwO ::dif f (w0, r0 ) ,'

solut.íon ::so1ve (dwO, r0) ;
r0 ::solution;

Step 3. Get matrix elements <gi lHlgj> (i, j:0 , . . . ,4)
e.g. calcutate <g0lHlg0>
hgO : =hop (90, 1, m, 0 ) ;
h00 ::inttl- (90*hgO , r0, rL, 12, 13, r4) ;

Step 4. Use program in Append.ix 2 t.o get eigenval-ues and

corresponding eigienwectors t{er} ,cij ij:0,...,4l .

Step 5. Define reference functions and starting point

- e.g. the first reference funct.ion l0>
e0 ::e0;
f0 r:"01*90+cO1*91*.02x92+cO3*g3+cO 4*g4 ;

e.g
g0

n0

n0

qr0
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Step 6. Do CDPT perturbation cal_cul_ation
e.g. do perturbation to ground state l0>
fípen (f0, l, m, e0) :

w : :intt 1 ( ft *hft , r0 , rI , 12 , 13 , r 4) :

w z:w/nf:
dw ::dj-f f (w, dn) :

sol-ution ::solve (dw, dn) ;
dn ::solutíon,'

or do the third order cDpr calcul-at.ion only substituting
thden into fipen subroutine above.

Step 7. Pade cal-culation
e.g. do cal_cul-ation t.o ground st.ate
read'hi2 . m';
e0e1 ::e0,'
o2 .:aa).

. Ì'vL,

e3 ::pe3;
e4 ::pe4;
e5:=pe5;
e10 ,'

e2I;
w10 ;
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