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Abstract

Future wireless networks are expected to be highly heterogeneous and ultra dense
with different types of small cells underlaid with traditional macro cells. In the
presence of hundreds of different types of small cells, centralized control and manual
intervention in network management will be inefficient and expensive. In this case,
self-organization has been proposed as a key feature in future wireless networks. In
a self-organizing network, the nodes are expected to take individual decisions on
their behavior. Therefore, individual decision making in resource allocation (i.e.,
Distributed Resource Allocation) is of vital important. The objective of this thesis is
to develop a distributed resource allocation framework for self-organizing small cell
networks.

Game theory is a powerful mathematical tool which can model and analyze inter-
active decision making problems of the agents with conflicting interests. Therefore, it
is a well-appropriate tool for modeling the distributed resource allocation problem of
small cell networks. In this thesis, I consider three different scenarios of distributed
resource allocation in self-organizing small cell networks i.e., ). Distributed downlink
power and spectrum allocation to ensure fairness for a small cell network of base sta-
tions with bounded rationality, ii). Distributed downlink power control for an ultra
dense small cell network of base stations with energy constraints, iii). Distributed
joint uplink-downlink power control for a small cell network of possibly deceitful nodes
with full-duplexing capabilities. Specifically, I utilize evolutionary games, mean field
games, and repeated games to model and analyze the three aforementioned scenarios.

I also use stochastic geometry, which is a very powerful mathematical tool that can



model the characteristics of the networks with random topologies, to design the payoff

functions for the formulated evolutionary game and the mean field game.
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Chapter 1

Introduction

1.1 Small Cell Networks

A simple communication system is composed of a transmitter, receiver and a commu-
nication channel. When it comes to wireless communications, electromagnetic radio
spectrum acts as the communication channel. History of wireless communications
runs back to pre-industrial age; however, early stages of wireless communications did
not provide much system capacity due to the inefficient usage of radio spectrum [1].
Later with the development of the revolutionary idea of cellular concept by AT&T
Bell Laboratories, capacity of the wireless communication systems increased substan-
tially. Cellular concept takes the advantage of the property of electromagnetic signals
that their power decay exponentially with the propagation distance. Due to this prop-
erty, same frequencies can be spatially reused without having significant interference.
A cellular network is composed of a set of fixed transceivers (which are called base
stations) to which the several mobile devices in the vicinity are connected. The spa-
tial coverage area of a base station is called a cell. After the development of this cell

concept, by far cellular wireless has become one of the most fastest grown industries



Chapter 1. Introduction

in the history.

Figure 1.1: Traditional cellular grid model.

Traditional grid cellular model is as shown in Fig. 1.1. The actual network
deployment may not be composed of ideal hexagon shaped cells as shown in the
figure, however the idea is similar. This type of a traditional cellular network is
called as a homogeneous network as the characteristics (transmit power, coverage
area etc.) of all base stations are almost identical.

However, the recent evolution of smart phones and various other mobile devices
have caused a significant enhancement in wireless traffic demand due to the expansion
of bandwidth craving mobile applications such as video streaming, video chatting, and
online gaming. This tremendous increase in wireless traffic demand has posed enor-
mous challenges to the design of future wireless networks. Traditional homogenous
cells (i.e., macro cells) will not be able to provide the increasing demand. Therefore,
in-addition to the homogeneous traditional cellular networks which has been used so

far, deploying different types of small cells (e.g., pico, micro, and femto) has been
2



Chapter 1. Introduction

proposed as an efficient and cost effective solution to support this constantly rising
demand. Due to the reduced distance between the transmitter and the receiver, link
quality would be higher in small cells. They would also provide more efficient spatial
reuse [2].

Small cells can also deliver some other benefits such as offloading the macro net-
work (traditional cellular network) traffic, providing service to coverage holes and the
regions with poor signal reception (e.g., macro cell edges). Following this trend, future
wireless networks [3, 4] are expected to be composed of hundreds of interconnected
heterogeneous small cells. Fig. 1.2 shows how different types of small cells can be
underlaid with a traditional macro cell. In addition to the small cells, as shown in the
figure, there also can be D2D communications. Moreover, the network is no longer

homogeneous; hence this type of networks are identified as heterogeneous networks

(HetNets).

D2D (

' (A’)\n

Picocell

b

Femtocell

Marco Base Station

Picocell

Mobile Core Network

1 >g <
Femtocell -1 e

Figure 1.2: Small cells underlaying a macrocell.

Different from the cautiously planned traditional homogeneous networks, the ar-
3
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chitecture of a HetNet is random and unpredictable due to the increased density of
small cells and their impromptu way of deployment. In this case, manual intervention
and centralized control used in traditional network management will be highly inef-
ficient and expensive. Instead, self-organization has been proposed as an essential
feature for future heterogeneous small cell networks. [5,6]. Next section will provide

a comprehensive introduction to self-organizing small cell networks.

1.2 Self-Organizing Small Cell Networks

The basis of any self-organizing system is its autonomous and intelligent adaptivity,
i.e., the ability to respond to external environmental changes. Many literature in
the context of wireless networks suggest that a self-organizing network should learn
the environmental dynamics and adapt accordingly [7-9]. Specifically, for small cell
networks, detecting the environmental dynamics can be done based on local interac-
tions with other nodes and/or through spectrum sensing. In [10], the authors explain
that the adaptive behavior of each member of a self-organizing set should also lead
the whole system to form a global pattern which is called as the emergent behavior.
Each network node ! is expected to take individual decisions on their behavior, i.e.,
distributed control.

Based on the above notions, the basic cornerstones of a self-organizing network

are identified as follows:

e Autonomous and intelligent adaptivity
e Ability to learn from the environment

e FEmergent behavior

LA network node can be a base station or a user equipment.

4



Chapter 1. Introduction

e Distributed control.

Specifically, when it comes to HetNets composed of thousands of small cells, self-

organization is preferred due to the following reasons.

e Numerous network devices with different characteristics are expected to be in-
terconnected in HetNet. Nonetheless, these devices are expected to be with the
‘plug and play’ capability. Therefore, the initial pre-operational configuration

has to be done with minimum involvement of expertise.

e The spatio-temporal dynamics of the networks is now more unpredictable than
traditional systems due to the unplanned nature of the small cell deployment.
For example, the small cells can be deployed by the customer and in that case
the locations of those small cells are unknown to the operator. Therefore,

intelligent self adaptation by the network nodes is necessary.

e Centralized control will be highly inefficient and time consuming for a dense net-
work due to the high computational power and the huge amount of information
exchange required. Instead, small cell base stations (SBSs) should be capable

of taking individual decisions on resource allocation based on local interactions.

e Self-organization of the network will also prevent possible human mistakes in
configuration and network management which can drastically degrade the per-

formance of the network and can result the extensively long recovery times.

e Self-organization of the network could also reduce a considerable amount of
operational and capital expenditure (OPEX/CAPEX) due to all aforementioned

reasons.
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Self-Organizing Functionalities

In general, the self-organizing process of a small cell network can be divided into three
phases, i.e., pre-operational phase, operational phase, and failure recovery phase.
These three phases are called as self-configuration, self-optimization, and self-healing
respectively. These are also referred to as self-X functionalities [5,11,12].

A brief overview of the operation and associated functions of each phase of self-

organization is given below.

e Self-configuration: Self-configuration is performed in the pre-operational
process. During this phase, the small cell base stations connect to the network
and execute their initialization algorithms automatically. This functionality is
composed of basic set-up of the base station and the initialization of network

parameters.

e Self-optimization: The main task of self-optimization is to adapt automat-
ically with the network dynamics for the optimal performance. In order to
perform self-optimization, the network nodes need to measure certain network
parameters (e.g., number of users, traffic patterns, and traffic load) and collect
the information about the network conditions (e.g., channel gains). User ad-
mission, scheduling and resource allocation are some of the notable functions of

self-optimization phase.

e Self-healing: The network’s ability to detect, diagnose, compensate, and re-
cover from failures is identified as self-healing. The self-healing process is mainly
composed of three functions [13], i.e., fault detection, fault diagnosis, and fault

recovery.
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1.3 Distributed Resource Allocation for Self-organizing

Small Cell Networks

1.3.1 Owerview

As explained above, self-organizing network nodes are expected to take individual
decisions on their behavior including the decisions on resource allocation. Conse-
quently, distributed resource allocation is a primary requirement for self-organizing
small cell networks. Resource allocation belongs to self-optimization and self-healing
phases of the above explained self-x functionalities. Significant and necessary features
of a resource allocation scheme for a self-organizing small cell network are explained

below.

o Stability: Stability of the algorithm is defined as its ability to converge within

acceptable iterations.

e Robustness: Robustness is the ability of an algorithm to reach back to a stable
state within a bounded duration of time in case of an unexpected change in the

system or environment which makes the system deviate from a stable sate.

e Scalability: The complexity of self-organizing algorithms should not increase in
an unbounded manner with the increase of network size. Less complex algo-
rithms which occupy less computation resource could make the network more
scalable. Also, the amount of information exchange should not increase un-

bounded with increase in the number of network nodes.

e Less computation cost: Some SBSs may not have high processing power as
that of traditional macro base stations. In this case, complex algorithms which

require high computation power may not be suitable for small cells.
7
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o Withstand imperfect information: With certain self-organizing algorithms, the
SBSs are expected to exchange information with nearby nodes (i.e., local inter-
actions). However, this information can be distorted due to the noisy backhaul
and can be delayed due to the time taken in processing and transmission. Chan-
nel State Information (CSI) can also be distorted or temporally unavailable due
to the fading experienced by feedback channels. Moreover, if the status of each

channel is estimated by spectrum sensing, the sensing result can be inaccurate.

e Limited backhaul: Unlike macro base stations which have a separate backhaul,
SBSs such as femto base stations connect to the core network via a IP-based
backhaul such as DSL. The same backhaul link may also be used for inter-
cell coordination and periodic information exchange required by self-organizing

algorithms.

1.3.2  Challenges 1in Designing Distributed Resource Allocation

Schemes for Self-Organizing Small Cells Networks

Designing of distributed resource allocation schemes for HetNets self-organizing small
cell networks which are with above explained features is challenging mainly due to

the following reasons:
e Increased interference

e Spatio-temporal interference dynamics are more random than in traditional
marcocellular networks as a result of the unpredictable deployment of small

cells.

e Increased amount of information has to be exchanged among network nodes.
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e Complexity of the resource allocation algorithms increases with the density of

network nodes.
e Interconnection of different types of small cells.

Moreover, there are only a very few mathematical tools which are capable of mod-
eling and analyzing distributed resource allocation problems; nevertheless implement-
ing all aforementioned properties may not be possible. Moreover, different networks
have different features and limitations; for example, some networks are ultra-dense,
some may composed of network nodes with limited energy (battery-powered base
stations) and some network nodes may have very limited backhaul capacity. Also,
network operators are also with different objectives such as ensuring fairness, min-
imizing total cost, or prevent cheating. Some network operators may interested in
resource allocation considering the instantaneous profit and on the other hand some
network operators may consider maximizing the profit over a certain period of time.
To this end, the mathematical tool modeling the resource allocation problem has to
be selected considering the characteristics of the network and the requirements of the
network operator.

Designing the properly fitting cost/payoff function (i.e., objective function) con-
sidering all these aspects is also challenging. Specifically, defining the cost functions
based on the network performance metrics (e.g., achievable data rate, delay, and
transmit power), modeling the network dynamics (e.g., randomness of the wireless
channel, randomness of the user locations and base station deployment, and mobility
of the users), meeting the requirements defined by the standards and realizing of the
self-organizing network characteristics have to be considered within the scope of the

mathematical tool used to model the resource allocation problem.
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1.4 Motivations and Objectives

1.4.1 Motivations

Motivated by the significance of implementing self-organizing techniques for future
heterogeneous networks, I aim at developing a rigorous scheme for distributed re-
source allocation of self-organizing small cell networks. Optimization is one possible
tool that can be used to model resource allocation problems in wireless networks.
However, once optimization is used, the problem is modeled in a centralized man-
ner and resultant resource allocation schemes would be centralized; hence, it is not
suitable for solving the resource allocation problems distributively at each node as
needed by self-organizing networks. Therefore, I adopt game theory to model the
distributed resource allocation problem as game theory provides a rich set of math-
ematical tools for modeling and analyzing distributed interactive decision making
problems of agents with conflicting interests. Main motivations of using game theory
to model the interactions of network nodes in self-organizing small cell networks are

summarized below.

e The heterogeneous network nodes in small cell networks can be deployed by
different operators/users and will be composed of multiple tiers (i.e., macro,
femto, pico, micro). The performance of one tier could be easily affected by the
behavior of other tiers. Therefore, modeling of interactive behavior is required.
Game theory models provide a mathematical framework to analyze the com-
petitive or cooperative interactions among the players in a multi-player system.
As a result, game theory is a good candidate for devising resource allocation

schemes for Self-Organizing Networks (SONs).

e Different network nodes could have different QoS requirements and can be self-
10
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interested. Each node takes individual decisions to meet her own requirements
rather than optimizing the system-wide performance. In this case, these nodes
may have conflicting interests. Such self-interested behavior can be easily mod-

eled by using game theory.

e The basic keystones of a self-organizing network are ability to learn from enuvi-
ronment, autonomous adaptivity, emergent behavior capability and distributed
control. In the context of game theory, the players could adapt their decisions to
obtain a better payoff (i.e., autonomous adaptivity). Also, after several adap-
tation iterations, the game could reach the equilibrium (emergent behavior). In
addition to that, players take the individual decisions based on the information

they have (i.e., distributed control).

e Game theory provides a natural tool to develop distributed self-organizing al-
gorithms as it allows local interactions and individual decision making. Local
interactions will reduce the amount information exchange among the nodes and
as a result the network becomes scalable and capable of operating with limited

backhaul conditions.

Many types of games which are applicable in different settings have been developed
so far in game theory (e.g., non-cooperative games, cooperative games, Stackelberg
games, Bayesian games, differential games, evolutionary games, etc.). The notion of
equilibrium can be different for different types of games. A comprehensive introduc-
tion to game theory is presented in next chapter.

Furthermore, I exploit stochastic geometry to design the payoff functions. Stochas-
tic geometry is a very powerful tool to analyze networks with random topologies (e.g.,
to evaluate interference experienced at a network node). Network nodes are modelled

via point processes that reflect their spatial locations.
11
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1.4.2  Objectives

The main objective of this research is to develop a new distributed resource allocation
framework for self organizing dense small cell networks underlaying macro-cellular
networks. However, as different small cell networks can have different features and
limitations, network operators may have different objectives for resource allocation.
Therefore, in particular, I study several system models of small cell networks with dif-
ferent characteristics and different objectives. Throughout this work, game theory is
used to model and analyze the interaction of the network nodes in each system consid-
ered. Subsequently, based on the game theoretic modeling and analysis, distributed
resource allocation techniques are proposed for each system model. The research also
analyze the convergence of the algorithms and effect of imperfect information/delay
to ensure the stability and robustness.

Particularly, in this work, I address three scenarios with different resource alloca-

tion objectives as noted below.

1. Downlink power-subcarrier allocation to ensure fairness among base
stations with bounded-rationality : Rational network nodes make rational
choices by evaluating possible outcomes of every other node in the network.
However, in a dense network there might be circumstances in which they are
unable to make rational choices individually, since rationality requires the nodes
to take the choices of all other nodes connected to the network into account. To
this end, I first consider distributed downlink joint power-subcarrier allocation
for a dense network with bounded-rational base stations who are not capable of
tracking the moves of all the other base stations in the network. Moreover, for
such a system, ensuring fairness is important as base stations may not individ-

ually try to maximize their performances due to bounded rationality.

12
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2. Downlink power control for ultra-dense networks of base stations with
limited energy: Due to irregular deployment and increased density, small cell
base stations may not be connected to the grid power supply all the time. In-
stead, some small cell base stations may be battery operated, which necessitates
frequent recharge, or they can be powered through energy harvesting, which is
inherently opportunistic and random. For such a dense network of small cells
with non-guaranteed and limited energy supply, rather than spending energy
without considering future transmissions, it is important to consider maximiz-
ing each SBSs performance over a certain period of time considering the limited
energy it owns. In this case, network nodes have to take individual rational de-
cisions. Therefore, as the second scenario, I consider distributed energy aware
downlink power control for an ultra dense small cell network where each SBS

tries to maximize its performance over a given period of time.

3. Joint uplink-downlink power control for a small cell network of pos-
sibly deceitful nodes with full-duplexing capabilities: Full-duplex trans-
mission is a newly emerging technology in wireless communications where users
and base stations can receive and transmit simultaneously using the same fre-
quency band. Moreover, there can be some situations where network nodes are
not truthful to each other, but are deceitful and provide inaccurate informa-
tion to obtain more benefit than other nodes. As the third scenario, I consider
deriving a cheat-proof distributed power control technique for small cells with

full-duplexing capabilities.

Chapters 3, 4, and 5 of this thesis present each of the aforementioned scenarios.
Precise features of the system models and proposed resource allocation techniques

will be explained in each chapter. I discuss the related work in each chapter. That is,

13
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the related work for each system model and the corresponding game used to model
the system is presented and the novelty of the research presented in this thesis is

emphasized.

1.5 Contributions and Scope of the Thesis

In this thesis, I exploit different types of games to model small cell networks with dif-
ferent characteristics and different requirements. More specifically, three game models
are adapted and extended to model three different distributed resource allocation sce-
narios for self-organizing small cell networks, which have not been addressed in the
existing literature. In the following, a short discussion on the contributions of this

thesis is presented considering the each type game model used.

1. Evolutionary game-based distributed downlink subcarrier and power allocation

to ensure fairness for network nodes with bounded rationality

Distributed downlink power and subcarrier allocation problem in self-

organizing small cell networks is formulated as an evolutionary game.

e A stochastic geometry-based approach is used to analyze the utilities of
the players in terms of average achievable SINR and average achievable

rate.

e A distributed algorithm of linear time complexity which ensures fairness

among the base stations is proposed to reach the evolutionary equilibrium.

e Stability of the equilibrium point and the effect of the delay in information

exchange is analyzed.

2. Mean field game based energy aware power control for ultra-dense networks

14
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e Downlink power control problem of a dense small cell network is formulated
as a differential game and extended to a mean field game for an ultra-dense

scenario.

e Using stochastic geometry-based analysis, two cost functions for the mean
field game are derived in such a way that the mean field game setting

becomes valid.

e Existence of the equilibrium is proven for the differential game and the

sufficient conditions for the uniqueness of the mean field game are derived.

e An offline algorithm is proposed to obtain the mean field equilibrium, i.e.,

energy aware power control algorithm.

3. Repeated game based cheat-proof power control for full-duplex small cells

e Joint downlink-uplink power control problem for a full-duplex small cell
networks is formulated as a non-cooperative repeated game with imperfect

public monitoring.

e Theoretical characterization of perfect public equilibrium of the formulated

repeated game is provided.

e A distributed learning algorithm with linear time complexity is provided

to achieve perfect public equilibrium distributively.

e A deviation detection and punishment policy is implemented in order to
prevent selfish network nodes deviating from the desired operating point

for their own benefit.

A more detailed discussion on the contribution will be provided in latter chapters

of the thesis.
15
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1.6 Organization of the Thesis

In Chapter 2, I present a high level overview on the basics of the mathematical tools
used in this thesis, i.e., i). an introduction to game theory and how different game
models have been used to solve various problems in wireless communications, ii). a
brief introduction to stochastic geometry. Then, Chapter 3, Chapter 4, and Chapter
5 present the core contribution of this thesis. Specifically, Chapter 3 explains the
evolutionary game based distributed resource allocation scheme. Chapter 4 and 5,
respectively, discuss the mean field game based power control for ultra-dense networks
and repeated game based cheat-proof power control for full-duplex small cell networks.
Chapter 6 summarizes and concludes the research presented in this thesis and explore
some directions for future research. Symbols and notations used throughout the

chapters are given in a table at the beginning of each chapter.
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Chapter 2

Game Theory for Self-Organizing
Small Cell Networks

2.1 Fundamentals of Game Theory

Game theory provides a strong set of mathematical tools for modeling and analyzing
interactive decision making problems in which the interests of agents (i.e., players)
may conflict with each other. It is a well developed area in applied mathematics and
has been used primarily in economics to model competitions in markets. In recent
years, game theory has also been widely adopted to solve many problems in the area
of wireless communications [14,15]. A number of works have explored the applications
of game theory for the analysis and optimization of various issues in wireless systems,
in most cases to solve resource allocation problems in a competitive environment.

A game is a process in which the agents select certain strategies from their own
strategy sets and obtain payoffs according to the strategies of all agents. The choice of
a strategy can be made both simultaneously and non-simultaneously. In addition, an

agent may make decisions multiple times according to the game rule. A game consists

17
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of a set of players, a set of strategies available to those players, and a specification of

payoffs for each combination of strategies.

1. Set of players N: The set of decision makers involved in the game. The players
are assumed to be rational or bounded rational depending on the type of the

game.

2. Set of strategies (S;),c\: Strategies are the options that a player can select
depending on the state of the game. Here S; denotes the set of strategies of
player i € . A player’s strategy could contain a single action, multiple actions,
or probability distribution over multiple actions. As common in game theory,
S_; denotes the strategies of all players other than i. The state of a game
depends on the strategies taken by all the players (i.e., [s;,s_;]). Note that

different players could have different strategy sets.

3. Payoff m;: The payoff represents the preference of each player under the current
strategy profile. The payoff could be modelled as a cost function ¢;(s;, s_;), a
utility function w;(s;, s_;), or a combination of both (e.g., in the form of equa-
tion (2.1)), where the cost function represents the cost of performing certain
strategies (e.g., transmit power) which needs to be minimized, the utility func-
tion represents the gain (e.g., profit of service providers) which needs to be
maximized.

mi(8i,8_i) = u(s;, 8_;) — c(8i, 8_). (2.1)

It is straightforward to see that a player’s payoff depends not only on her own

strategy but also on the strategies of all other players.
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2.2 Types of Games

As explained in Section 1.4, game theory is a well-fitting mathematical tool to model
distributed resource allocation problems in wireless networks. Different game mod-
els (e.g., non-cooperative/cooperative, static/dynamic) can be used to address dis-
tributed resource allocation problems in small cell networks the choice of which de-
pends on the characteristics of the network, applications, and also the objectives.
Different game theory models may differ considerably in structure from many as-
pects, e.g., number of players, number of strategies, and payoffs. The number of
players may vary in different games; i.e., finite or infinite. If a game has only one
player, the game becomes an optimization problem. In different games, the number
of strategies for players can be either finite (e.g., in a rock-scissor-paper game) or
infinite (e.g., in a pricing game). The analysis of a finite strategy game and an in-
finite strategy game are different. The summation of payoffs of all players may also
differ in different models. In general, this summation can be zero, a non-zero constant
number, or any arbitrary value. The game process is an important aspect in the game
structure. The players in a game may take actions simultaneously, in a certain order,
or in a repeated fashion, according to which the game can be referred to as a static
game, a dynamic game, and a repeated game, respectively.

Moreover, the assumptions of players’ rationality are different. Most of the game
theory models assume perfect rationality of players, while some models consider that
the players are with limited rationality (i.e., bounded rationality). According to the

above analysis, game models can be divided into the following categories.
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Non-cooperative vs. cooperative games

Non-cooperative games are the most popular type of games. In non-cooperative
games, the players are commonly considered to be rational and self-interested who
have fully or partially conflicting interests. Each player selects the strategy to opti-
mize her own payoff function. For non-cooperative games, the most commonly used

solution concept is Nash Equilibrium the definition of which is given as follows:
Definition Nash FEquilibrium: Let s; € S; and s_; € S_;. Then the NE strategy
profile (s}, s*;) is defined as

e (s* s* ) > m; (si, s” ) (2.2)

199 —4 —1

for all s, € S; and for all i € .

When the game reaches a Nash equilibrium, none of the players can improve her
payoff by changing strategy unilaterally. There are also other solution concepts such
as correlated equilibrium which can be considered as a generalized version of NE [16],
evolutionary equilibrium and dominant-strategy equilibrium.

There can be situations that players may make agreements to cooperate. Cooper-
ative game provides analytical tools to model and analyze the cooperative behavior of
rational players who may form coalitions. In this case, the members of each coalition
cooperate to maximize the coalition payoff and the competition is among coalitions

instead of among individual players.

Static vs. dynamic games

A static game is one in which a single decision (time irrelevant but may contain

multiple actions) is made by each player, and each player has no knowledge of the
20
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decisions made by other players before making her own decision. Decisions are made
simultaneously (or their order is irrelevant). A game is dynamic if the order in which
the decisions are made is important or the strategy itself is time-dependent. For
dynamic games, the dynamics can be abstracted from different aspects which lead to
different types of dynamic games listed as follows:

(i) Dynamic nature in games’ play order: The dynamic nature in games’ play (de-
cision) order leads to the development of multi-stage game (e.g., Stackelberg game).
In this case, the decisions are made asynchronously and the games’ play order is im-
portant. The players who move later can observe the decisions of the players who
move first and then make the decisions accordingly. Note that if multiple players
exist in one stage, the competition within this stage is usually formulated as a stage
game.

(ii) Dynamic nature in time dependency: The dynamic nature in the time de-
pendency leads to the development of differential game and evolutionary game. For
differential game, the strategy of a player is time-dependent (i.e., function of time
t). That is, the player seeks a best response strategy considering the entire time
horizon. For evolutionary game, the players adapt their strategies according to the

time-varying system state.

2.3 Design of Payoff Functions

Game theory was initially proposed and developed for economics and social sciences.
Therefore, properly fitting game models in the context of wireless communication is
challenging.

The payoff function should quantify the perceived preference or the satisfaction

level of a player. In the context of wireless networks, the user satisfaction level may
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depend on one or multiple performance metrics given as follows:

e Individual performance (e.g., rate, SINR, and delay)

Global network performance

Interference level caused to other network nodes

Power /energy consumption
o User fairness

As self-organizing small cell technologies are still in its infancy, there is no well-
defined framework for designing the payoff functions. However, after a comprehensive
study on how game theory has been used in the existing literature to solve resource
allocation problems in traditional cellular networks and small cell networks, I intro-
duce some general approaches on how payoff functions can be designed for various
applications and objectives in the context of self-organizing small cell networks.

A payoff function 7(x) is expected to satisfy the following criteria.

1. The non-stationary property: % > 0, which states that the payoff increases

with the preference or satisfaction.

d?7(x)

2. The risk aversion property: =

< 0, which states that the payoff function
is concave. In other words, the marginal payoff of satisfaction decreases with

increasing level of satisfaction.

Depending on the objective, behavior, and rationality of the network nodes, dif-
ferent payoff functions are defined in the wireless communications literature. The
payoff/utility functions which can be applied in the context of small cell networks are

discussed below.
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1. Payoff functions for power consumption

Power /energy conservation is crucial in small cell networks as they might be
operated in energy-limited environment (e.g., power supplied by a battery). [17]

defines a simple energy aware payoff function as follows:

mile) = 2t (2.3)

€;

where FE,, is the total energy available for each player and e; is the energy
required by player ¢ for transmission. Players would try to achieve a higher

payoff by reducing the transmission power.

2. Payoff functions for individual performance Instead of direct power minimiza-
tion as that in equation (2.3), it is more appropriate for self-organizing algo-
rithms to perform power control in such a way that the desired performance
can be satisfied. The following logarithmic payoff function with individually
perceived SINR as the input parameter can capture the self-interest of network

nodes and is used for power control in [18,19]:

(i, 8-i) = log(i(si, 8-4)), (2.4)

where ~; is the SINR of the i** player. Such a logarithmic payoff function and
its extensions are most popular payoff functions used in the context of resource
allocation due to its simplicity and mathematical tractability [20]. For example,
such form of payoff can be used for subcarrier allocation (in OFDMA networks)

and joint power-subcarrier allocation as well.

Another widely used payoff function is the Shannon capacity or the maximum
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achievable rate which can be considered as an extended version of logarithmic

function of SINR as shown below:
7T7;<S7;, S,Z') = 111(1 -+ ’YZ'<SZ', 371'))- (25)

3. Fairness utility function

One of the desired objectives of resource allocation is to provide fairness among
users instead of obtaining the optimum performance. The most widely used

payoff function which guarantees fairness is given below:

%, if a <0,
u(xr) = (2.6)

logz, ifa=0,

where a < 0. By twice differentiation of (2.6) with respect to z the following

can be obtained:

du(z) 297t if a # 0,

L ifa=0,
x

and

d*u(z (a—1)z7%, if a #0,
d;): (2.8)

=, if a = 0.

It can be observed that the function given in equation (2.6) has both non-

du

stationary and risk aversion properties for all x > 0 since % > (0 and dz;# <

0.

4. System payoff functions

In self-organizing enabled small cell networks, a group of densely deployed small
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cells could form a cluster and cooperate with each other to enhance the per-
formance of the cluster [21]. In addition to that, cooperative games can also
be formulated to design self-organizing algorithms for small cells. Accordingly,
cooperative payoff functions, which reflect the overall network/cluster perfor-

mance, are required.

The simplest and most intuitive cooperative payoft function would be the sum

capacity /rate of the cluster/network as shown below:

m(s)= 3" Cyls) (2.9
JEN;
where N is the set of players in the i'* cluster who cooperates with each other

and Cj is the capacity of the j player.

5. Multi-dimensional payoff function
The payoff function can be designed considering multiple performance metrics.
In such cases, these multiple metrics could appear in the payoff function (most
case in a product form). One typical example is given as follows:

del
7 = e e, (2.10)

6. Payoff function with cost

For a strategy adopted by a player, there could be a cost associated with it
(e.g., cost of using bandwidth, power consumption) or it may affect the perfor-
mance of other players (e.g., cause interference). This issue can be modelled by
introducing certain cost functions into the payoff function. In particular, the

payoff function (some may refer to this as net utility) can be defined to reflect
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both the satisfaction of the player (modelled by utility function) and the cost

(e.g., price per unit resource) as follows:

mi(Si, $—i) = wi(si, §_;) — muz, (2.11)

where wu;(s;, 8_;) is the utility based on the user satisfaction and m is the price

paid for each resource z.

[22] uses a net utility function with logarithmic payoff as given below:

71—2'(32'7 S_i) = a; log (]. + 71(5};, 8_2')> — bzm%(sl, S—i); (212)

where 7; is the SINR of the i** user, a; and b; are weighting parameters and m is
the cost for the received SINR. The gain of maximizing ~; could be neutralized

by the cost associated with the received SINR.

Guaranteeing the existence of equilibrium is one of the essential features of any
game formulation. It is straightforward that the existence of equilibrium, conver-
gence, and stability of the equilibrium is highly related to the payoff function and
the structure of the game. Therefore, special payoff function can also be designed to
fit the game model into special structures (e.g., super-modular, potential). Polyno-
mial time computability is another important feature of a payoff function. Besides,
when it comes to self-organizing small cell networks, the ability to compute with local

information or with reduced information exchange is also highly desirable.
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2.4 Game Models for Distributed Resource Allocation in

Small Cell Networks

Eventhough game theory has been used widely to solve various problems in wireless
networks, distributed resource allocation for self-organizing small cells is relatively a
new and less addressed problem by the research community. In this section, I provide
few examples on how various game models have been used to develop distributed
resource allocation techniques in existing literature. A detailed discussion on related
work for each scenario considered in this thesis and corresponding game is provided

in each chapter.

2.4.1 Related Work

Game theory has been used to address the resource allocation and interference man-
agement problem in wireless networks [23-28] extensively. A two-tier resource allo-
cation problem is formulated as a Stackelberg game in [25], where the macro base
station (MBS) acts as the leader and the femto base stations are the followers. Then
a distributed algorithm is proposed to achieve the equilibrium. In [29], game theory
is used for resource allocation in an OFDMA-based small cell network. The authors
investigate the performance of two games. The first is a non-cooperative game where
the macro and the femto users try to improve their individual payoffs in a selfish
manner. The second is a hierarchical game where the players try to improve the
overall network efficiency. The hierarchical game model relies on the perfect knowl-
edge of the channel state information at the leader side which is not realistic in a
practical situation. Therefore, the authors propose a reinforcement learning process.

In [30], the authors propose a reinforcement learning algorithm which converges to an
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€ Nash equilibrium. The equilibrium is achieved through the smoothed best response
(SBR) dynamics. The convergence of the SBR algorithm to an ¢ Nash equilibrium
is guaranteed for a payoff function which depends on the sum rate of the entire net-
work. [31] presents a non-cooperative potential game formulation for decentralized
interference control in the downlink of an OFDMA network. Subcarrier allocation in
this scheme is based on a game theoretic approach and power allocation is done by
an optimization approach. This scheme also relies on the availability of all channel
gains. Achieving Nash equilibria in a distributed manner based on fictitious play
under certain conditions has been studied in [32] and [33].

A summary on how different game models have been used to solve several other

resource allocation problems in small cells distributively is provided in Table 2.1.

2.4.2 Stochastic Geometry for Payoff Function Design

As explained in the previous chapter, network geometry of future wireless networks
will be random due to the unplanned nature of the deployment of small cells. Network
geometry has a substantial impact on the interference and hence on SINR experienced
by each network node. Moreover, most of the performance metrics of the network
such as maximum achievable rate, outage probability, energy efficiency and spectral
efficiency are direct functions of SINR at network nodes. When applying game theory
to model resource allocation problems in small cell networks, as explained in Section
2.3 payoff has to be defined as a function of one or few of these performance metrics.
Thus, modeling and approximating the interference experienced at each network node
is significant in designing payoff functions for self-organizing small cells. In this regard,
I use stochastic geometry as a mathematical tool to model the network topologies and

approximate the performance metrics such as interference, SINR and rate in order to
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design payoff functions.

Stochastic geometry is a branch of mathematics which studies of random spatial
point patterns. Recently, stochastic geometry has been used as a mathematical tool
to model and analyze the networks with random topologies such as ad hoc networks
and multi-tier HetNets [44]. In stochastic geometry analysis, based on the network
topology, different point processes are used to model the positions of the network

nodes.

Point Processes

A stochastic point process is a type of random process of which each realization is
composed of a set of isolated points either in time or geographical space, or even in
more general spaces. In stochastic geometry modeling, point processes are used to
abstract the spatial deployment of network nodes. Different point process such as
Poisson point process (PPP), Binomial point process (BPP), Hard core point process
(HCPP) and Poisson cluster process (PCP) are used in literature to model different
wireless networks. Among all this, in this thesis I use PPP to model the spatial
distribution of network nodes. The formal definition of a Poisson point process is as

follows.

Definition Poisson Point Process
let ® be a point process in R with intensity A\. ® is a Poisson point process if and

only if following conditions are satisfied.

1. The number of point which belongs to ® in any compact set C C RY is a

Poisson random variable.

2. Numbers of points in any two disjoint sets in R" are independent.
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Probability of number of points of ® in any compact region of area A (i.e., N(A))
being equal to k is given by the following equation.

(AA)F e=2ad

Pr(N(A) = k) = ==

(2.13)

It is reasonable enough to abstract the spatial distribution of small cell base sta-
tions and users by PPPs due to their independent and random way of deployment.
Further, it has been shown that the results obtained using PPP assumption are within
1-2 dB accurate with the actual measurements of heterogeneous LTE networks [45].
PPP is also more analytically tractable than other point processes.

The mathematical tools introduced above will be used throughout this thesis.

Next three chapters present the core contribution of the thesis.
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Chapter 3

An Evolutionary Game for

Distributed Resource Allocation

In this chapter, I propose an evolutionary game theory (EGT)-based distributed re-
source allocation scheme for small cells underlaying a macro cellular network. EGT is
a suitable tool to address the problem of resource allocation in self-organizing small
cells since it allows the players with bounded-rationality to learn from the environ-
ment and take individual decisions for attaining the equilibrium with minimum in-
formation exchange. EGT-based resource allocation can also provide fairness among
users. | have shown how EGT can be used for distributed subcarrier and power al-
location in orthogonal frequency-division multiple access (OFDMA )-based small cell
networks while limiting interference to the macrocell users. Two game models are
considered, where the utility of each small cell depends on average achievable signal-
to-interference-plus-noise ratio (SINR) and data rate, respectively. For the proposed
distributed resource allocation method, the average SINR and data rate are obtained
based on a stochastic geometry analysis. Replicator dynamics is used to model the

strategy adaptation process of the small cell base stations and an evolutionary equi-
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librium is obtained as the solution. Based on the results obtained using stochastic
geometry, the stability of the equilibrium is analyzed. I also extend the formulation by
considering information exchange delay and investigate its impact on the convergence
of the algorithm. Numerical results are presented to validate the theoretical findings
and to show the effectiveness of the proposed scheme in comparison to a centralized

resource allocation scheme.

3.1 Introduction

3.1.1 Qwverview

In this chapter, I utilize evolutionary game theory (EGT) [46] to develop a dis-
tributed subcarrier and power allocation scheme for downlink transmission in or-
thogonal frequency-division multiple access (OFDMA)-based small cell networks un-
derlaying a macro cellular network. The SBSs are considered to be self-interested each
of which aims to improve its own performance (e.g., in terms of signal-to-interference-
plus-noise ratio [SINR] or average achievable rate) while limiting interference to the
macrocell network. Each SBS takes individual decisions on the selection of a subcar-
rier and a power level for its downlink transmission. Since simplicity is an important
requirement for distributed resource allocation in self-organizing networks, the SBSs
are considered to be with only bounded-rationality!. Different from the traditional
game models, in the EGT model, each player (i.e., an SBS) selects a strategy by
replication and can adapt its selection for a better payoff (i.e., evolution). Accord-
ingly, EGT focuses on the dynamics of the strategy adaptation in the population. A

population is the set of players involved in the game. The behavior of the population

I This is different from the traditional rationality assumption used in noncooperative game models
to obtain the Nash equilibrium. The rationality implies complete information and strong computa-
tion capability of each player to calculate the best response to other players’ strategies.
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can be described by the numbers of its members choosing each pure strategy.

The key features of this EGT-based solution are its simplicity and reduced amount
of information exchange among the network nodes. Also, the EGT-based resource
allocation can provide fairness among all SBSs. The proposed algorithm does not
rely on the perfect knowledge of real-time channel state information, which makes it

suitable for densely deployed small cell networks.

3.1.2 Contribution

The main contributions of this chapter can be summarized as follows:

1. T formulate the distributed power and subcarrier allocation problem in self-
organizing small cell networks as an evolutionary game with the SBSs as the
players. The strategy adaptation process of the SBSs is modelled by replicator
dynamics and the evolutionary equilibrium is obtained as the solution. Specif-
ically, I formulate two games based on two different utility functions for the

players.

2. A stochastic geometry-based approach is used to analyze the utilities of the
players in terms of average achievable SINR and average achievable rate. The

accuracy of the analytical results is validated by simulations.

3. A distributed algorithm is proposed to reach the evolutionary equilibrium and
its performance is compared with that of an optimization-based centralized

resource allocation scheme.

4. Based on the results obtained from stochastic geometry-based analysis, the
stability of the equilibrium is analyzed for the case when the utility of the users

is given by their achieved average SINR.
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5. I extend the formulation by considering information exchange delay and study

its impact on the convergence of the algorithm.

3.2 Related Work

Recently, EGT (Evolutionary Game Theory) has been adopted to solve wireless com-
munications and networking problems. Application of evolutionary coalitional game
theory to solve various problems in wireless networking can be found in [47]. The pa-
per also explains the open issues and trends in the field. [48] proposes a reinforcement
learning-based distributed mechanism for strategy and payoff learning in wireless
networks. The stability of the learning algorithm is discussed based on evolutionary
game dynamics. An EGT-based method is used in [49] to solve the problem of net-
work selection in an environment where multiple networks are available. In [50], the
authors present an EGT-based framework to analyze the interaction of mobile users
in a WCDMA system. In [51], the service selection in small cell networks is modeled
and analyzed by using evolutionary game theory.

EGT-based resource allocation for small cell networks is proposed in [52]. The
problem of subcarrier and power allocation for small cell networks underlaying a
macro network is formulated as an evolutionary game. The authors propose two
techniques to attain the evolutionary equilibrium. One is based on replicator dynam-
ics and the other is based on reinforcement learning. They also study the ‘replication
by imitation” approach to reach the equilibrium. In [53], the authors propose an inter-
cell interference coordination technique inspired by evolutionary games. Interference
mitigation is done by power allocation and the proper selection of subcarriers for each
base station. They also compare the performance of EGT-based resource allocation

with different reinforcement learning algorithms. In this chapter, I develop an EGT-
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based distributed resource allocation scheme for self-organizing small cell networks
with a more rigorous and detailed analysis. Different from the other related work in
the literature, I use a stochastic geometry-based approach to analyze the stability of
the equilibrium of the evolutionary game. I also investigate the effect of information
exchange delay on the convergence performance of the distributed resource allocation

algorithm.

3.3 System Model and Assumptions

I consider the downlink transmission of an OFDMA-based two-tier cellular network
composed of macrocells and a set of underlaying self-organizing small cells. The
macro network is considered to be infinite and modeled by an infinite homogeneous
Poisson point process (PPP) ®,, in R2. The density of ®,, is given by \,,. For resource
allocation, I focus on a generic small cell cluster (see Fig. 3.1) which is located inside a
macrocell. T assume that the cluster is highly dense and the propagation environment
has a high path-loss exponent. Due to the high path-loss exponent and the low
transmit power of the small cell base stations, the interference is significant only from
transmitters located in a small area around the receiver. The interference coming from
the further small cell base stations is negligible. Therefore, for a generic user inside
the small cell cluster, the total aggregate interference due to the SBSs (inside and
outside of the cluster) would be approximately same as the interference only due to
the base stations inside of the cluster. In other words, due to the low transmit power
and high path-loss, the small cell cluster has the similar effect as a large network to
a generic user inside the cluster. The spatial distribution of a large number of points
which are randomly distributed over a large area can be well approximated by an

infinite homogeneous Poisson point process (PPP) [54,55]. Following this, to analyze
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the effect of interference, the small cell cluster is also approximated by an infinite
homogeneous PPP denoted by ®,. The density of ®, is given by ;.

Moreover, I assume that the average channel gain from a generic SBS inside the
cluster to the macro user(s) within the same macrocell receiving on the same subcar-
rier is known. For simplicity, it is also assumed that each SBS serves only one user at

a time which is at a distance rs (equal to the small cell radius) from its serving SBS.

500

400
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-500 ‘ n I L
-500 0 500

Figure 3.1: A cluster of small cells considered for resource allocation.

The macrocell and the small cells share the same set N' = {1,2,..., N} of orthog-
onal subcarriers for downlink transmission. In the context of self-organizing small
cell networks, each SBS selects one subcarrier from the available subcarriers. 2 They
are also capable of selecting a transmit power level from a finite set of values. Let
£=1{1,2,..., L} denote the set of power levels [30].

Each SBS should select a suitable subcarrier-power combination which is referred
to as the “transmission alignment” of that SBS. For each subcarrier n, there is a

threshold for the maximum aggregate interference that can be caused by the entire

2Considering the case where the SBSs select multiple subcarriers will require us to consider a
larger strategy set in the game formulation. This issue will be further discussed in Section 3.4.
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small cell cluster to the macro users. The maximum allowable aggregate interference
depends on the user’s QoS constraint (e.g., SINR constraint) and the channel gain
between the base station and the user. This threshold is a pre-defined value denoted
by T™. An SBS may receive a penalty or reward depending on whether the interfer-
ence constraint for macro users is violated or not. The penalty or reward is modeled
in the payoff function which will be explained in Section 3.4.

For SBS k, the transmit power vector is defined by P, = (p,il),p,g2), ...,p,gN)),

where each element pén) is the transmit power level of the k" SBS over subcarrier

n. If subcarrier n is not used by SBS k, then p,(fn) = (. Since I assume that each
SBS selects only one subcarrier for its transmission, only one element of Py will be
non-zero.

The received SINR of the small cell user served by a generic SBS k over subcarrier

n with power level [ can be written as follows:
i
No+ 3 R D (), (n)’
0 meI;na(”) gm7kpm jeISV(n) g]7k; p]

k

SINR™ = (3.1)

where gﬁ) is the channel gain between the transmitter j and receiver k over subcarrier
n, and Ny is the variance of the additive white Gaussian noise at the receiver. The
subscript m denotes the macro base station (MBS)/macro user. Z™ and Z;""
denote the set of interfering MBSs and SBSs, respectively, on subcarrier n. Note that
QJ('?Z) incorporates the path-loss and fading for which Rayleigh fading is considered. p,,
denotes the transmit power of the MBS and p; denotes the transmit power of an SBS
which uses power level [. It is also assumed that at any given time instant, the MBSs

transmit on all subcarriers with the same power level p,,.3

3This can be considered as the maximum transmit power at a macro BS. That is, for simplicity,
I do not consider downlink power control at the macro BSs, which would depend on the subchannel
and power allocation methods adopted by the macro BSs as well as the locations of the macro users
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The interferer set I,Zn’(") can also be modelled by the point process ®,,,. Specifically,
®,,, is modelled by a Poisson Point Process (PPP). Denoted by A™ the intensity of

the small cell interferer set IZ’("). The value of A\ is given by

L
A = ), x (Z xl”)> , (3.2)
=1

where ), is the intensity of the SBSs and xl(”) is the proportion of SBSs who transmit
on subcarrier n with power level [.

It is also assumed that the small cell users have a perfect delay-free feedback
channel to their base stations. Later in this chapter, I will relax this assumption by
extending the formulation to explicitly consider the delay due to information exchange
between users and the corresponding SBSs.

All the symbols that are used in the system model and the rest of the chapter are
listed in Table 3.3.

3.4 Evolutionary Game Formulation

In this section, I first give the evolutionary game formulation for distributed resource
allocation in self-organizing small cell networks. The replicator dynamics is used to
model the strategy adaptation process. The evolutionary equilibrium is considered
to be the solution of the formulated game and its stability is analyzed. I also extend

the formulation by considering information exchange delay.

and their channel conditions.
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Table 3.1: Chapter 3: Symbols

Symbol \ Description

Q Path-loss exponent

D, PPP which represents the spatial distribution of MBSs
b, PPP which represents the spatial distribution of SBSs
Am Density of ®,,

Ag Density of ®,

T Payoff of an SBS selecting action a

T Delay in information exchange

A Set of transmission alignments (actions)

A, Area of the small cell cluster

d; Distance between the BS 7 and user k

Fl(n) Number of SBSs on subcarrier n and power level [

gj(.;? Channel gain between BS j and user k& on subcarrier n
I,T’(") Set of interfering MBSs for user k on subcarrier n
I,i’(") Set of interfering SBSs for user k on subcarrier n

K Number of SBSs

k, Number of SBSs selecting action a

£ Set of power levels

L@ (v) | Laplace transform of f(x)

N Set of subcarriers

Ny Noise variance

p,(:) Transmit power of SBS k on subcarrier n

D Transmit power of an SBS using power level [

Pm MBS transmit power

T Radius of a small cell

rl(") Achievable rate of an SBS on subcarrier n, power level [
T Interference threshold for macro users on subcarrier n
w1, Wa Biasing factors

Tq Proportion of SBSs using action a

xl(n) Proportion of SBSs using subcarrier n, power level [
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3.4.1 Game Formulation

The adaptive subcarrier-power allocation among bounded-rational SBSs can be for-
mulated as an evolutionary game as follows:

Set of players (K): The set of small cell base stations K = {1, 2, ..., K} denote the
set of players of the game.

Set of actions (A): The SBSs (i.e., the players) are interested in selecting a suitable
transmission alignment (i.e., subcarrier-power level combination). According to the
system model, each player has C' = |£| x |[N]| transmission alignments. Accordingly,
[ define the action set for each player as A = {ay, ..., ac} which includes all possible
transmission alignments.

Note that it is also possible to consider the case where each SBS selects multi-
ple subcarriers. Then the number of actions available for a player will be equal to
SN (™)]€|". For simplicity of analysis, in this work I assume that each SBS selects
only one subcarrier for transmission.

Population: In the context of an evolutionary game, the set of players also con-
stitutes the population. Denote by K and k, the total number of SBSs in the cluster
and the number of SBSs selecting action a € A, respectively. Then the frequency of

action a used in the population is given by
(3.3)

where the frequency z, is also referred to as the population share of action a. The
population share of all actions constitute the population state denoted by a vector
X =[xy zy .- x|A|]T. Note that xl(n) = x,, where action a corresponds to the

selection of subcarrier n and power level [. In the remaining of this chapter, I use
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2" and z, interchangeably.

Payoff function: The payoff of an SBS quantifies its satisfaction level of selecting
action a for which two components are considered. The first component measures the
utility of an SBS when certain transmission alignment is used. The second component
is a penalty (or reward) term depending on whether the aggregate interference from
the small cell cluster to the macro user receiving on the selected subcarrier exceeds
the threshold or not. In this case, the protection to the macro users can be provided.

Specifically, the payoff of an SBS selecting action a is defined as
7o =" = wy (USINR™)) = wy (I = T), (3.4)

where w; and wy are biasing factors which can be determined based on which network
(i.e., macro or small cell network) should be given priority in resource allocation.
U (SINRZ(") ) is a utility function measuring the achieved performance. 7™ is the

interference threshold for subcarrier n. I is the aggregate interference caused by

(n

the small cell cluster which needs to be estimated. Denote by F, ) the number of

n)

SBSs transmitting using subcarrier n and power level (. 1™ can be approximated by

the following expression:

K
=> g (3.5)
k=1
or equivalently,
L
Z " PGy, = i, Achs chz") L, (3.6)

where A, is the area of the small cell cluster, gi%@ is the average channel gain from

a generic SBS to the macro user receiving on subcarrier n, and :vl(n) is the fraction of
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SBSs transmitting on subcarrier n with power level [.

Specifically, I consider two utility functions as follows?:
Uy (SINR{") = E [SINR{"] (3.7)

and

Us(SINR™) = E [r,(”)} . (3.8)

Accordingly, for an SBS selecting action a, corresponding payoff functions for each of

the above utilities 71'((11) and m(zz) can also be written as follows:

w) = O = ol B[SINRY] — uf? (1) - 7)), 39
and
7 = ()" = wE [r"| - wf (157 - 7). (3.10)

With the above definitions, two evolutionary games G' and G? are defined as

follows:

G' = (K, A=), (3.11)
and

G* = (K, A,7?)). (3.12)

Hereafter, superscripts “(1)” and “(2)” will be used in payoff (m,), utility (u), and

population share (z,) to denote games G' and G2, respectively.

4Later in this chapter I will show that these two utility functions result in different convergence
behaviors of the proposed resource allocation algorithm and also different amount of average in-
terference caused to macro users. Also, these functions can correspond to two different types of
application requirements.
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3.4.2  Dynamics of Adaptation of Transmission Alignment

In the context of the evolutionary game for transmission alignment selection, each
SBS will adapt its strategy according to its received payoff. This is referred to as the
evolution of the game during which the strategy adaptation of SBSs will change the
population share, and therefore, the population state will evolve over time.

In this case, the population share x, and population state x are functions of time ¢
which can be denoted as x,(t) and x(t), respectively. The strategy adaptation process
and the corresponding population state evolution can be modeled and analyzed by

replicator dynamics, which is a set of ordinary differential equations defined as follows:
ta(t) = xa(t) (ma(t) — 7(1)) (3.13)

for all a € A, with initial population state x(0) = xg € X, where X is the state
space which contains all possible population distributions. 7, is the payoff of each
SBS choosing transmission alignment a and 7 is the average payoff of the entire

population. The average payoff 7 is given by

T = Zﬂ'al‘a. (3.14)

acA

The replicator dynamics governs the rate of strategy (i.e., transmission alignment)
adaptation of the population. As the game (either G! or G?) is repeated, each SBS
observes its own payoff and compares it with the average payoff of the system. Then,
in the next period, the SBS randomly selects another strategy if its payoff is less than
the average. According to the replicator dynamics, the number of SBSs selecting
transmission alignment a will increase if the corresponding payoff is higher than the
average (i.e., m, > 7).
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Lemma 3.4.1. With the replicator dynamics defined in (3.13), the summation of all
population shares of all strategies in A can be guaranteed to be equal to one during the

evolution of transmission alignment selection. Also, each population share x4 strictly

falls in [0,1].

Proof. The summation of the variation of rate of all population shares can be obtained

as

Al Al | Al

D da(t) =Y wa(t)ma(t) = > wa(t)F(L). (3.15)
According to the definition, 7(t) = Z'aﬂl 24 (t)ma(t). Therefore, with the initial condi-
tion ZLAl z4(0) = 1, we have ZLA‘ %4(t) = 0 which indicates that the summation of all
population shares does not vary with time. Also, we have #,(t) < 0 with x,(t) = 1,
and Z,(t) > 0 with z,(t) = 0. Therefore, x,(t) € [0,1] can be guaranteed for all

t €10, 00). O

3.4.3 Delay in Replicator Dynamics

In the evolutionary game of transmission alignment selection, the payoff of an SBS
at a particular time depends on the strategies of all players in the population (i.e.,
the population state) at that time. However, in practical networks, the information
about the population state and average payoff may be delayed due to the latency in
the signaling channels. Therefore, there is a gap between the time that a population
state arises and the time that the population state impacts the payoffs of the SBSs.
In that case, the SBSs have to make their decisions based on the previously received
data. Denote by 7 the delay in information exchange. Then the decisions of SBSs

on transmission alignment selection at time ¢ are made according to the population
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state at ¢ — 7. This delay impacts the strategy adaptation process (i.e., replicator
dynamics). Specifically, the rate of variation of population share adopting a particular
strategy is proportional to the difference between the delayed payoff for that strategy
and the delayed average payoff of the population. In this case, the replicator dynamics
with delayed information can be written as a set of delayed differential equations as

shown below:

o =x,(t = 7) (Mot —7) —7(t — 7)) . (3.16)

With delayed replicator dynamics, I investigate the impact of information ex-
change delays on the convergence of strategy adaptation process to the equilibrium.
To quantify the players’ payoff functions in the game formulation presented above,
in the following section, I use stochastic geometry-based analysis to obtain average
SINR and average transmission rate for a user served by a generic SBS with a certain

transmission alignment.

3.5 Analysis of Average SINR and Achievable Rate

At each step of the population evolution of the game G' and G2, due to the bounded
rationality of the players, the selection of transmission alignment is random. During
the population evolution of the game, the penalty term in the payoff function affects
how many SBSs selects a particular transmission alignment. However, the spatial
distribution of the SBSs transmitting on each subcarrier is still random. Therefore,
a PPP can be used to model their spatial distribution.

According to Slivnyak’s theorem [56], the statistics for a PPP is independent of
the test location. Therefore, the analysis holds for any generic small cell user located
at a generic location.

By explicitly incorporating the distance gain, the instantaneous SINR for a generic
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user served by SBS k in (3.1) can be rewritten as

h,(f,zr s P

No+ Yiqgo i dip”

SINR!"™ = (3.17)

where hz(,? and d;j are the channel gains due to fading and the distance between
the base station ¢ and user of SBS k, respectively, a is the path-loss exponent, and
I,in) denotes the union of the two interferer sets. That is, the interfering set I,gn) is
composed of two sets, i.e., the set of macro interferers Z,T’(”) and the set of small cell

interferers I,i o(n)

3.5.1 Awverage Received SINR

The expected average SINR of a user attached to SBS k, receiving on subcarrier n

with power level [, is given by

hr oy

e (3.18)
P SN 4 Zielé”) hz(,j?d;,?pgn)

E [SINR{"| = B

Since the expectation of any positive random variable X is given by E[X] =

JooPr (x> t) dt,

dt| |

. . T <N0+I,§”))t
E [SINR("| = E, /t:O Pr (A" > pl

(3.19)

where [ ,in) = Zid(n) h%)di_,?pl(-n) is the aggregate interference at the receiver served
k b b

by SBS k on subcarrier n.
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Assuming Rayleigh fading, which results in exponentially distributed channel

power gains (i.e., h,(gnlz ~ exp(p)),

00 T’? (NO—FIIE:n))t

E[SINRZ(H)] :EieI,im /t() exp | —u > dt| . (3.20)

By averaging over all possible interferers, the following can be derived.

< tron,
E [SINRI(")] - / exp (—“ s 0)
t=0 2

o 'S»(n)
Ty, .5,(n)\ 1:8,(n)
exp | ————— | from iy )diy
/i',i’(")EIZ’(n) ( D ) LAk k

Oé'mz(n)

trSZ -m,(n -m,(n

/ oxp | —E ) f o () dim ™ dt. (3.21)
i Megm Di k

Let v = ”;—7;?. Then

a;m,(n)
P, m,(n)y 1-5,(n)
expl ———— f m,(n) |2 d'l

i ,(n) ez—m,(n) k
k k

where £ [ (v) is the Laplace transform of the Probability Density Function (PDF)
of aggregate interference® coming from macro network (i.e., cross-tier interference) at
a generic user k receiving on subcarrier n.

Similarly, integration over the set Z™ in (3.21) can be reduced as £ e (v) which

is the Laplace transform of the interference caused by the small cell network (i.e., co-

5For notational convenience, this is simply referred to as the Laplace transform of the aggregate
interference.
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tier interference) at the user k on subcarrier n. Substituting into equation (3.21), the

following can be derived.

[e.e]

E [SINRl(”)] _ /to exp (—0No) L0 (1)L (v) . (3.22)

The derivation of the Laplace transform of the aggregate interference has been
well explained in several previous work [57], [58]. However, since these works assume
constant transmit power, the derived expressions in these work cannot be directly used
for the analysis in this case. For this system model, the expectation of the Laplace
transform has to be taken with respect to the point process for the interferers, the
Rayleigh fading gain, and also the transmit power.

Recall that I,f’(n) denotes the point process representing the spatial distribution

of the interfering small cell base stations. Then £ . (v) can be expressed as follows:
k

EIZ,W(U) = EIZ,(n) [exp (—v],j’(n))]

= EIZMOE}ZEZ@)EM exp | —v Z pld;’?hl(’rl?

ieIZ’(n)
EIZ,(n) [HiGIZ’(mEhE"L)Epi [exp <_Upidi_,l?hl(';?>” ,

(3.23)

where p; denotes the transmit power of an SBS (p; € {p1,p2,-- ,pL})
Due to the random selection of transmission alignments at each step of the pop-

(n)

ulation evolution, Z;”" can also be modeled by a PPP with the intensity given by

(3.2). The Probability Generating Functional (PGFL) of a 2D PPP & can be written
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as follows [57]:
Eolco f(2)] = exp (—)\ /}R (- f@) daz> | (3.24)

where A is the intensity of the point process. Therefore, £ . (v) can be written
k

follows:

EIZ,(n)(v) = exp (—)\g”) /]R2 <1 - Ehgj;)Epi[exp(—vpid;,?hg?;))w)

— exp (—27r)\§”) / (1 ~E,0E, [exp(—vpid;,ghgj,?)]) d; . ddi,k> ,
d b

k=0

(3.25)

where A" is the intensity of interfering SBSs on subcarrier n. Note that although the
lower limit of the integration over d, j is considered as zero in this work, there can be
a minimum separation between the base stations in practical networks. However, in
that case the expression in (3.25) will have an incomplete gamma function and hence
the expression for average SINR will not be simplified into a closed form.

By simplifying the expression given in (3.25) (see Appendix A.1l), the Laplace
transform of the aggregate interference caused by the small cell network is given by

equation (3.26) as follows:

«

‘Cl,j’(”)(v) = exp {—ﬂ)\g ) E,, [pél]Eh%) [h;k) JoeT (1 — —) } ,

(3.26)

where I'(z) is the complete Gamma function given by, I'(z) = [=,t*'e~"dt, and p,
is the transmit power of a generic SBS in the interferer set.

Recall that all MBSs transmit on all subcarriers with uniform power p,,. By
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following a similar derivation as above the following can be obtain

2 n % 2 2
;CI;n,(n) (v) = exp {—m\m pﬁbEh;’jfk [hfn’)k JoaT (1 — a) } : (3.27)

By substituting the expressions obtained in (3.26) and (3.27) into equation (3.22),

equation (3.28) can be obtained as follows:

E [SINRl(")] - / " exp (—uNo)
t

=0
2 (n) 2 2 2
exp {—W)\m p,%Ehm)k [hm,ka]var (1 — a) }
2 n % 2 2
exp { =m0 B, B 17 1o (1 2) ]

(3.28)

Since I consider a dense network, the network will be interference limited. Hence,
the effect of noise can be considered negligible compared to the interference. I also
assume « = 4 for analytical simplicity. Then by simplifying the expression given in

(3.28) the following can be obtained (see Appendix A.2 for derivation):

n 8
E [SINRl( >] - P . (3.29)
42 (/B + NB [V7))
where A = 722,
The Probability Mass Function (PMF) of the transmit power of any interferer
(i.e., ps in (3.29)) can be directly obtained from the proportions of the population

selecting each action. For transmission alignment corresponding to subcarrier n and
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power level [, the PMF of the transmit power of a generic interferer is given as follows:

k(™
: o
=, g #FL
Pr (ps = p;) = Z%ﬁnl)ﬁ 171
—— if j =1
LA /
or equivalently,
i
; e
L I("),L’ lf.]%la
Pr (ps = p]) = thln)t_i K
Lk if j =1,

L _(n)_1>
DT K

where /{:]( ) is the number of players selecting subcarrier n and power level j and

(n)
() = % Therefore, for a user receiving on subcarrier n and power level I, E|,/ps]

Zj K
can be calculated as follows:

(n)

P12y D2y
E[VP]ZZL 1 yE w1 T

=12 T F =1Lt T K

(n)
. (3.30)

bi <$l(n) - %

L n
El:t mg -

The value of A is given by (3.2).

3.5.2  Average Achievable Rate

The average achievable rate of a generic small cell user for transmission on subcarrier

n using power level [ is given by

(3.31)
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Same as in Section 3.5.1, the expectation has to be taken w.r.t. the channel gain and

interfering nodes. Therefore,

(n),—a
by s “pu
Er™ =E . o |In|1+ Rk
] hy") i€z No+ S, ) ) d e p™)

_ o0 (n) _ re(et=1)(No+I™)
- Eiezl(cn) |:j;:0 Pr (hk,k > - o+1} ) dt:| .

Since h,(fnlz ~ exp(u), by following the same steps as in the analysis of SINR in Section
3.5.1, I obtain
E [rl(”)} — / exp(—uNo) L yn (v) Lo (v)dt, (3.32)
t=0

pre (et ~1)

— By simplifying the above expression for an interference-limited

where v =

network and o = 4, the following can be obtained:

E [ }”)} —/Ooexp (2\/_( /D + AVE [ /p3]) et—l) dt, (3.33)

where A = 722,
In the next section, I will use the derived expressions in (3.29) and (3.33) to

analyze the stability of the evolutionary equilibrium of the game model.

3.6 Evolutionary Equilibrium and Stability Analysis

3.6.1 FEvolutionary Equilibrium and It’s Existence

Evolutionary equilibrium, which is defined as the fixed points of the replicator dy-
namics [49], is considered to be the solution of the evolutionary games G' and G? for
transmission alignment selection. That is, at the equilibrium point, the population

state will not change, which implies that the rate of strategy adaptation will be be
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Z€ro (xl(") = 0). Once the evolutionary equilibrium is reached, no player has the
willingness to change its strategy since all SBSs have the same payoff as the average
payoff of the population. In this way, the evolutionary equilibrium can also provide

fairness among the SBSs.

(1)

Using the expressions given in (3.29) and (3.33), the replicator dynamics &, and

2 of the games G! and G2, respectively, can be expressed as in (3.34) and (3.35),

for all a € A.
i = @
(n) wi'8p M [ ~(n) .
— @) sl (A0 AN Y ) p, - T -
A2 (A + B [y7]) !

> Z(ml)g%gm) . (3.34)

neN qel

= (@) / exp(2 7 O /D + APE [V5)) m) dt
t
— (@) <gé7,2@ACAS > (@®)p, — T“”) — @)D (@) al

q=1 neN qel

(3.35)

According to the definition, obtaining the evolutionary equilibrium is equivalent to
solving a system of algebraic equations given by setting the left hand side of replicator
dynamics (3.34) and (3.35) to zero (i.e., let 9'51(") =0).

Note that in the replicator dynamics defined in (3.34) and (3.35), two types of
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evolutionary equilibrium, namely, boundary evolutionary equilibrium and interior
evolutionary equilibrium exist. The boundary evolutionary equilibrium corresponds
to the case where there exists a population share z, = 1, while x;, = 0 for allb # a € S.
The interior equilibrium x* corresponds to the case where x, € (0,1),Va € S. The
boundary equilibria are not stable in the sense that any small perturbation will make

the system deviate from the equilibrium state.

3.6.2 Stability of Evolutionary Equilibrium

To evaluate the stability of the interior evolutionary equilibrium, the eigenvalues of the
Jacobian matrix corresponding to the replicator dynamics need to be evaluated. The
system is stable if all eigenvalues have a negative real part [59]. With the analytical
expressions obtained from the stochastic geometry-based analysis, the stability of the
equilibrium is analytically tractable in some cases. In the following, I analyze the
stability of the equilibrium of game G! for a system with two subcarriers and uniform
power as an example. The stability of the game G? is not analyzed since L{Q(SINRgn))
is not available in closed form. However, the results on the stability (i.e., convergence)
of G? will be obtained by simulations in Section 3.8.

Specifically, I consider a system with two subcarriers and all SBSs transmitting
on the same power level. In this case there are two transmission alignments. Denote
the two transmission alignments by a; and as, which correspond to the selection of
subcarrier 1 and subcarrier 2, respectively. m(ﬁ) and m(é) are the corresponding payoffs
and mgll) and 3:((112) are the corresponding population shares in G!.

For the case where x[(lll), x%) # 0, from (3.2),

A = A2, (3.36)
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Also, E [\/]_7} will be simplified to /p since I assume uniform power for all SBSs. By

substituting the values for E [,/p] and A" into (3.29), we obtain

(g
CI wy '8p — w§” (GrmANaDp —T™),  (3.37)

" 42 (/B + Asy/Blat)) i

and

(g
7T(1) = w1 P - wgl) (gh,mAc)\swglz)p - T(n)) . (338)

" A2 (Am\/m + AS\/ﬁ(xf}z))) i

For any subcarrier with zero population will result in zero payoff. Then

W wy 8p D (GhmAdp —TM) . (3.39)
ﬂ-i or z.l = = —w gh,m C Sp - . .
(oo =) 7 2 By

For the stability of the system, the following Theorem can be stated.

Theorem 3.6.1. For a network with two orthogonal subcarriers and one transmit

power level, the interior evolutionary equilibrium in game G' is asymptotically stable.

Proof. The replicator dynamics can be derived as follows:

H) = ) (nl) — anf) — afdnl)

= 2O (7 (1 — 2®) — 2070

al al az a2

= 2070 (z0) _ 7 )

a1 a2 ay as
— o (1-afd) (= - )

(3.40)

where the 37 step follows from the fact that (z("),, 4+ (2(M),, = 1.
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For the system to have a stable equilibrium point, all eigenvalues of the Jacobian
of the system of equations should have a negative real part. As there is one system
equation, an equivalence to this condition is that the Jacobian should be negative

definite [60]. To this end, I first denote by f the right hand side of (3.40). Accordingly,

df @ ' dry)  dml)
= z,/(1— fl ) x = — 2|+ 71'((11) — WC(LI) 1-— 2:10((11)
dxgll) 1 ( 1 ) dxéll) dl‘z(z? ( 1 2 ) ( 1 )

(1)

dm

— M 2 a1
= z,/ (1 —-x,’) % —
' ( 1) (dxgll) d:zc((lll)

al as as

)
¢ ) + (7D = 70) (o) — 2l?) (3.41)

According to the definition, m%,) = mg) at the equilibrium point. Hence,

<7T(1) — (1)) (xé,) — ( ) = 0. Then ﬁ?f) and < (1) can be calculated as in equa-

ai a2

tions (3.42) and (3.43).

dm(ﬁ) —w(1)16p%)\8 _
) - 1 3 wél) (gh,mAc)\sp) . (342)
dvar 42 (A + Ao/t

w(l)s .
drly ¢ (A2(A JITI+AP\/13 oy w5 G m Ao p + wi T )>
7Ta2 . m m s ]JGQ
del) e
al ar
(1)8 B .
‘ ( 42 (Amy/PrtAs ;(1 oL — W GnmAN(1 — 28))p + wi T )>
B dzY
ai
(1), 3
wy  16p2 Ag -
- : 3 + wél) (gh,mAc)‘sp) . (343)

A2 </\m\ /om + A /(1 — a:é?))

Note that w§1) and wgl) are positive values. From (3.42) and (3.43), it is obvious
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W ol
that for any xgl),x,(u > 0, I have Oma (1) >0 and 2 (1) < 0. For any ; =0, m; = 0 and

Lay Lag

(1) (1)
the other m; where j # i is a constant as in equation (3.39). Hence, (dﬂ—‘ﬁ) — jﬂ%) <
(1)

0. And from (3.41), (1) < 0 for any non-zero xg,’. This proves that (1) is strictly

negative for any non-zero value of xéll) and x . Hence x( )

evaluated at any interior

equilibrium point is negative. This completes the proof. O]

Note that the stability analysis for more than two transmission configurations can
be done following a similar procedure. However, this would be computationally more

involved.

3.6.3 Stability of Delayed Replicator Dynamics

It is worth noting that the stability of the original replicator dynamics does not
always hold for its delayed counterpart due to the impact of delay. Specifically,
the evolutionary equilibrium is stable for small delays. However, when the delay is
larger than a certain bifurcation point, the evolutionary equilibrium will not be stable
under the delayed strategy adaptation. Analytical quantification of this bifurcation
point is done in [51] for systems with linear delayed replicator dynamics by analyzing
the characteristic equations of the system. However, a similar technique cannot be
used to analyze this system due to the high non-linearity of the delayed replicator
dynamics. To analyze the stability of delayed differential equations, there are several
methods used in the literature such as Lyapunov method [61] and those using fuzzy
models [62]. In the first method, characterization of the stability is done in terms
of Lyapunov function. The second approach is based on modeling the nonlinear
delay system as TakagiSugeno (TS) fuzzy sub-models with time delay. However,
the numerical evaluation of the bifurcation point is always possible with extensive

simulations. In Section 3.8, I will show the effect of delay on the convergence of the
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proposed EGT-based resource allocation algorithm numerically.

3.7 EGT-Based Resource Allocation Algorithm

3.7.1 Algorithm

The evolutionary equilibrium is achieved through strategy adaptation. To this end,
all players initially play a randomly selected strategy. At each iteration, each player
compares her own payoff with the average payoff of the population and selects a
different strategy if the current payoff is less than the population average.

Based on the replicator dynamics of the EGT, I develop a resource allocation
scheme to attain the evolutionary equilibrium. The following steps summarize the

algorithm.

o Step 1 (Initialization): The SBSs choose a transmission alignment randomly

and set ¢ = 1.
e loop

— Step 2 (Exploitation): Each SBS transmits on the selected transmission
configuration and observes the received utility. The utility and the trans-

mission alignment information are then sent to a central controller.

— Step 3 (Learning): The central controller calculates the average payoff of

the population and the population state and broadcasts it to all SBSs.

— Step 4 (Update): Each SBS compares its own payoff with the average
payoff of the population. If the payoff is less than the average, the SBS
randomly selects another subcarrier and power level for transmission.

— Seti=1-+1.
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e if i+ > Max;, end loop; otherwise go to Step 2.

Max; is the maximum number of iterations that the algorithm can execute which
depends on the length of the transmission interval (e.g., a time slot) and the processing
power of the SBS.

Note that the strategy adaptation process in the proposed EGT-based algorithm
does not rely on the knowledge of the strategy selection of the other players. To
calculate the payoff, a player who played action a needs to know x, and for the
evolution it requires the average payoff of the entire cluster of small cells. Therefore,
the amount of information exchange is reduced. The central controller (e.g., a femto
gateway in a two-tier macrocell-femtocell network) is only expected to calculated
the average payoff of the system while the decisions on subcarrier and power level
selection are taken distributively at each SBS. The proposed algorithm provides an
identical payoff to each SBS at the equilibrium point. However, note that both the
games G' and G? can have multiple interior equilibrium points. Solution refinement
techniques are not included in the EGT algorithm as it requires the algorithm to run

several times and hence increases the complexity and also the convergence time.

3.7.2  Comparison with Centralized Resource Allocation

For comparison purpose, I consider a centralized resource allocation in the same
setting. The performance of the proposed EGT-based algorithm is compared with
a centralized resource allocation algorithm based on optimization. Under the same
system model, the optimization problem formulation to maximize the sum payoff

(equivalent to G!) of the small cell network is given as follows:
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(1) (n)

K N L
- Wy "Gy, kpl
Maximize E g g Thom,l

(Z (Z xk,n,l) pl) — T(n)> (344)
=1 k=1

subject to
N L
DD ks = 1,VE, (3.45)
n=1 [=1
Tiny € {0,1}, Y, VE, VI, (3.46)
where z,; = 1 if SBS k is transmitting on subcarrier n with power level [. The

objective function is given by (3.44) which is the same as the payoff function of game
G'. The constraint in (3.45) guarantees that each small cell base station selects no
more than one subcarrier and one power level. The solution for the above optimization
problem gives an upper bound for the sum payoff of the small cell network. An
equivalent optimization problem for the game G? can be obtained by replacing (3.44)
with (3.10). The performance of the EGT-based algorithm will be compared with

this upper bound.

3.8 Numerical Results and Discussion

3.8.1 Simulation Parameters for EGT based Resource Allocation

Scheme

This section presents simulation results to validate the theoretical findings and to

evaluate the performance of the proposed algorithm. Some of the important simula-
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Table 3.2: Chapter 3: Simulation parameters

’ Parameter \ Value ‘
Am 4 base stations/km?
Small cell cluster radius | 200 m
Small cell radius, 10 m
MBS Tx power, p,, 45 dBm
SBS Tx power, p; 5, 7,10 dBm
Path-loss exponent, « 4
wgl), wgl), w%Q), wéQ) 1

tion parameters are given in Table II. Simulations are averaged over 3000 iterations.

I also select the interference threshold values (7™) to assure an SINR of 5dB at
the macro receiver. Recall that the values of the weighting factors in (3.9) and (3.10)
have to be decided considering the network parameters. I convert SINR, aggregate
interference, and interference threshold into decibels before calculating the payoff in
order to bring all the terms into the same range. The weighting factors are then set

to 1 in order to give equal significance to both components in the payoff function.

3.8.2  Validation of the Theoretical Results

I first validate the stochastic geometry-based analysis for the average signal-to-
interference ratio (SIR) of a user of a generic small cell, as given in equation (3.29).
For this purpose, I consider a system with two subcarriers. The user association to
the MBSs is assumed to be based on the maximum average received power. The
macrocell boundaries are defined by the Voronoi tessellation [63]. For simulations,
only the interference caused by the small cells inside the cluster is taken into account.
The simulation environment is as shown in Fig. 3.1.

I compare the actual values of SIR obtained by simulations (averaged over 3000
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Figure 3.2: Effect of SBS intensity A, = A\, on SIR (for \,, = 4 base stations/km?,
x1 =04, 25 = 0.6).

realizations) with the theoretical value in (3.29). The values obtained by simulations
are quite close to the theoretical values (which are based on an infinite network)
specially for the higher values of A, i.e., for a dense small cell network. This is due
to the fact that the PPP assumption to model the spatial distribution of interfering
SBSs inside the cluster holds only for a dense network. For a sparse network, the
effects of the small cells outside the cluster can be significant. Therefore, the average

SINR obtained from simulation is smaller than that obtained from analysis.

3.8.8 Convergence of the Proposed EGT Algorithm

To analyze the convergence of the algorithm, I first consider a system with two sub-
carriers and all SBSs transmit using the same power level of 10 dBm. Fig. 3.3 plots
the payoff received by an SBS selecting each transmission configuration, i.e., each sub-
carrier in this case. It can be observed that the system converges to the equilibrium
after several iterations. The figure also indicates that at the equilibrium all SBSs
achieve the same payoff which shows the fairness of the proposed resource allocation
scheme.

For a network with 5 subcarriers and 2 power levels, i.e., N =5, L = 2 and the set

63



Chapter 3.  An Ewvolutionary Game for Distributed Resource Allocation

1
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Figure 3.3: Convergence of the algorithm to the evolutionary equilibrium (for N =
2, L =1, A =60\,).

of possible power levels given by £ = {10 dBm, 7 dBm}, Fig. 3.4 shows the variation
of the payoff of an SBS with the number of iterations (obtained by simulations). It
can be seen that the algorithm converges within several iterations even for a higher
number of transmission configurations.

It can be observed from Figs. 3.3-3.4 that game G? converges faster than G'. In
fact, the number of iterations required for convergence depends also on the initial state
of the population as well as the intermediate states it follows during the iterations
until convergence. Hence, by observing one instance, it is impossible to decide under
which game (i.e., G' or G?) the algorithm is more efficient. Therefore, in Fig. 3.5, I
plot the Cumulative Distribution Function (CDF) of the required number of iterations
for convergence of both games. It is evident from the figure that G2 converges faster
than G'.

In order to analyze the effect of the number of transmission configurations on the
convergence of the algorithm, I plot the CDF of the required number of iterations
for convergence under different transmission alignments for both G! and G?. Figs.
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Figure 3.4: Convergence of the algorithm to the evolutionary equilibrium (for N =
5, L =2, A\s = 60\,).
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Number of Iterations to Converge

Figure 3.5: CDF of the number of iterations to converge (for N = 2, L = 1, A\, =
60\,).

3.6-3.7 show the results for G! and G?, respectively, for systems with two subcarriers
and five subcarriers. The number of SBSs is 30 for both the cases. It is evident from
the figures that the larger the number of transmission configurations, the higher is

the number of iterations it takes to converge.
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3.8.4  FEwolution of the Population

The trajectories of the proportion of SBSs selecting each strategy for G! are illustrated
in Fig. 3.8. It can be seen that the proportions eventually converge to the equilibrium.
However, I do not obtain smooth trajectories due to the randomness of the strategy

adaptation process (see step § of the EGT-based algorithm given in Section 3.7).

3.8.5 Comparative Performance Fvaluation

In Figs. 3.9-3.10, I compare the results with the upper bound obtained by solving

the centralized optimization problem in Section 3.7. It can be seen from these figures
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that the gap between the maximum payoff and the payoff obtained by the EGT-based
algorithm increases in both games with the number of base stations. Due to the full
corporation among base stations in the centralized scheme, it results in better pay-
offs than that of the distributed EGT algorithm. However, the main advantage of
using EGT algorithm in this regard is its simplicity and less information exchange.
Specifically, EGT-based algorithm has a linear time complexity, i.e., O (Maz;). On
the other hand, the complexity of solving the optimization problem grows exponen-
tially with the number of SBSs in the network. The optimization problem is a binary
integer programming problem. I solve the problem by an exhaustive search. In that
case, there are (N x £)K number of distinct patterns of transmission configuration
selection by SBSs. In addition, to solve the optimization problem, the central con-
troller should have information about the channel gains between all the users and

their interfering and serving base stations.

—e— Payoff gained by EGT Algorith|

—&— Maximum Achievable Payoff

Number of Small Cells Per Cluster

Figure 3.9: Performance of the EGT algorithm with varying number of SBSs (for
game G' with N =5, L = 1).
I also investigate the effect of the weighting factors on the performance of the

macro network. Fig. 3.11 shows the variation of the average interference caused by

the small cell cluster at a macro user with wél). The simulation results are obtained
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Figure 3.10: Performance of the EGT algorithm with varying number of SBSs (for
game G? with N =5, L = 1).

for a network with N =5, L =1, and \;, = 40,,,. For both the games, the interference
caused to the macro network decreases with increasing wéi). It is also interesting to
note that G! provides more protection to the macro user than G2 even though G2 has

better convergence performance.

\ A

Figure 3.11: Performance of the EGT algorithm with varying number of SBSs (for
game G2 with N =5, L = 1).

3.8.6 Impact of Information Exchange Delay on Convergence

I also investigate the impact of information delay on the convergence of the replica-
tor dynamics. The delay 7 indicates that at iteration n, all base stations have the
information corresponding to iteration n — 7 (see equation (3.16)). The information

at n = 0 is used to compute the values corresponding to n < 0. Delay is assumed
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to be constant throughout all the iterations. As it can be seen from Figs. 3.12-3.13,
the larger the delay, the larger is the number of iterations it takes to converge and
the system becomes less stable. Under a small delay, the system can still converge to
the equilibrium. However, when the delay is larger than a certain bifurcation point,
the system will diverge. Another important observation is that even-though game G*
converges to the same equilibrium point with 7 = 2, G? converges to different equi-
librium points. Hence, with delayed information exchange, for system with multiple
equilibrium points, there is no guarantee that the system will converge to the same

equilibrium point as that for the delay-free system.

e
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Figure 3.12: Effect of delay on the Figure 3.13: Effect of delay on the
convergence of algorithm G' (for convergence of algorithm G? (for N =
N=3,L=1,\ =40)\,). 3, L =1, =40\,).

In order to further characterize the effect of delay, I plot the CDF of the number
of iterations required for the convergence of the algorithm in Figs. 3.14-3.15 for a
network with two subcarriers and one power level. It can be observed that the higher
the delay, the higher is the number of iterations required for convergence in both the
games. As the resource allocation algorithm is expected to converge within a certain

period of time, the delayed information can lead to a very poor network performance.
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3.9 Chapter Summary

In this chapter, I have presented an evolutionary game theory-based algorithm to
solve the problem of distributed resource allocation in self-organizing small cell net-
works underlaying macrocell networks. The available set of subcarrier-power level
combinations at each small cell base station has been defined as the strategy set and
the replicator dynamics is used to model the strategy adaptation process of the small
cell base stations. The evolutionary equilibrium, which is the fixed point of the repli-
cator dynamics, has been considered to be the solution of the formulated evolutionary
game. Based on the average achievable SINR of a small cell user derived based on
stochastic geometry analysis, the stability of the equilibrium point has been analyti-
cally proven for a system with two subcarriers. For larger system configurations, the
stability of the equilibrium point has been shown by simulations. I have also consid-
ered the impact of delayed information exchange on the convergence of the proposed
algorithm. Simulation results have been presented to validate the analytical develop-
ments and illustrate the performance of the proposed algorithm when compared to a

centralized resource allocation algorithm. Also, the effect of information delay on the
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equilibrium has been investigated by simulations.

The resource allocation scheme presented in this chapter ensures fairness among
the small cells however; it assumes players are bounded rational and consider instan-
taneous payoff when taking decisions. Despite that, some network operators may
interested in resource allocation considering maximizing the payoff or minimizing the
cost (i.e., network nodes are rational) for a certain period of time. Moreover, small
cell base stations may be battery operated, hence with energy limitations. Consider-
ing these aspects, in next chapter, I present a distributed energy aware power control
scheme for ultra dense small cell networks which consider maximizing the payoft over

a pre-defined period of time.
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Chapter 4

A Mean Field Game for
Energy-Aware Power Control in

Ultra-Dense Small Cell Networks

In this chapter, a novel energy-aware distributed power control paradigm is proposed
for dense small cell networks co-existing with a traditional macrocellular network.
The power control problem is first modelled as a differential game and the existence
of the Nash Equilibrium is proven. Then I extend the formulated stochastic game to
a mean field game (MFG) considering a highly dense network. An MFG is a special
type of differential game which is ideal for modeling the interactions among a large
number of entities. I also analyze the performance of two different cost functions for
the mean field game formulation. Both of these cost functions are designed using
stochastic geometry analysis in such a way that the cost functions are valid for the
MFG setting. A finite difference algorithm is then developed based on the Lax-
Friedrichs scheme and Lagrange relaxation to solve the corresponding MFG. Each

small cell base station can independently execute the proposed algorithm offline, i.e.,
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prior to data transmission. The output of the algorithm shows how each small cell

base station should adjust its transmit power in order to minimize the cost over a
predefined period of time. Moreover, sufficient conditions for the uniqueness of the
mean field equilibrium for a generic cost function are also given. The effectiveness of

the proposed algorithm is demonstrated via numerical results.

4.1 Introduction

4.1.1  Overview

Since classical games have to model the interaction of each player with every other
player, analysis of a system with a large number of players can be complex. Therefore,
when it comes to a dense network of interconnected base stations, solving the power
control problem based on classical game theory becomes very hard and sometimes
impossible due to the large number of players. In this context, the theory of mean
field game (MFG) [64-66], which has been used for solving a variety of problems in
different research areas [67-71], can be used.

MFGs can be considered as a special form of differential games applicable for
a system with a large number of players. While classical game theory models the
interaction of a single player with all the other players of the system, an MFG models
the individual’s interaction with the effect of the collective behavior (mass) of the
players. This collective behavior is reflected in the mean field. Individual player’s
interaction with the mean field is modeled by a Hamilton-Jacobi-Bellman (HJB)
equation. The motion of the mass according to the players’ actions is modelled by
a Fokker-Planck-Kolmogorov (FPK) equation [64]. These coupled FPK and HJB

equations are also called backward and forward equations, respectively. The solution
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of an MFG can be obtained by solving these two equations. When modelled as

an MFG, since the system can be completely defined by two equations (which are
also called the mean field equations), analysis of the system becomes much easier.
Moreover, solutions to the MFGs can be obtained distributively and behaviors of all
the players can be described by one control. In addition, MFGs can take the stochastic
nature of the system into account. All of the aforementioned properties make MFG
appropriate for modeling the power control problem for dense self-organizing small
cell networks. However, modeling the collective effect of the players (i.e., the effect of
mass/mean field) has to be done in a realistic way. Accurate modeling of the effect
of the mass is a major challenge when adopting MFGs to solve problems in wireless
communications.

In this chapter, I formulate the downlink power control problem of a dense small
cell network underlaying a macrocellular network as an MFG. The small cell base
stations (SBSs), when battery-operated, are assumed to be constrained by a finite
energy. To model the mass (or mean field), I adopt a stochastic geometry approach.
Specifically, I consider minimizing a cost function under certain constraints over a
pre-defined period of time. The cost function is derived by using a stochastic ge-
ometry approach in such a way that it reflects the signal-to-interference-plus-noise
ratio (SINR) at the receivers and the interference caused to the macro cellular net-
work. I propose a finite difference technique to solve the mean field equations for
the formulated MFG. The key feature of the proposed algorithm is that it can be
executed offline. By executing the algorithm, each base station can obtain a power
policy which depends on the initial energy distribution among the SBSs. The SBSs
can then use that power control policy for data transmission for a pre-defined period

of time. Another advantage of the algorithm is, it minimizes the cost over a certain
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period of time instead of taking decisions only based on the instantaneous cost.

4.1.2  Contribution

The contributions of this chapter can be summarized as follows.

1. The downlink power control problem of a small cell network underlaying a tra-
ditional macro network (i.e., for a system model consisting of multiple transmit-
ters and multiple receivers) is formulated as a differential game and extended

to a mean field game for a dense scenario.

2. The existence of a Nash Equilibrium for the formulated differential game is

proven.

3. Using stochastic geometry-based analysis, two cost functions for the mean field
game are derived in such a way that the mean field game setting becomes valid.

In this way, it combines the theory of MFG with that of stochastic geometry.

4. The forward and backward equations of the mean field game are solved based

on the finite difference technique proposed in [72].

5. An algorithm is proposed to obtain the mean field equilibrium for the formulated

game.

6. The sufficient conditions are given for the uniqueness of the mean field equilib-

rium for a generic cost function.

4.2 Related Work

Implementing most of the existing game theory based distributed resource alloca-

tion algorithms in the literature for a ultra-dense network would require an extensive
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amount of information exchange among the base stations. Recently, mean field game

has gained the attention of the research community as a tool to model dense hetero-
geneous networks (or small cell networks). In [70,73-75], the power control problem
is modelled as mean field games for scenarios where multiple transmitters transmit
to a single receiver (e.g., uplink transmissions in a cellular network). The problem is
first formulated as a stochastic differential game and then its convergence to a mean
field game is shown for a very large number of transmitters. In [70], the authors
show the power control policy obtained at the mean field equilibrium. [73] and [74]
present the sufficient conditions for the uniqueness of the respective games formulated
in these papers. The work presented in [68] formulates the power control problem in
a cognitive radio network as a hierarchical mean field game. The mean field game
formulations in all of the aforementioned papers consider scaled interference (i.e., in-
terference at the receiver is normalized by the number of transmitters) only which
may not be valid for a large-scale small cell network. In addition, none of the above
papers presents any technique for solving the mean field equations, which is also very

challenging.

4.3 System Model and Assumptions

4.3.1 Network and Propagation Model

I consider an infinite small cell network underlaying an infinite macrocell network. In
practice, the spatial distribution of SBSs is random and independent of each other, as
most of the time the SBSs are deployed opportunistically in an unplanned manner.
Also, the deployment of macro base stations in practical LTE networks is closer to a

random deployment than the hexagonal grid model [76]. A network with an infinite

76



Chapter 4. A Mean Field Game for Energy-Aware Power Control in Ultra-Dense
Small Cell Networks

number of nodes, which are randomly and independently distributed in a large area,

can be abstracted by a Poisson Point Process (PPP) [77,78]. Therefore, I model
the spatial distributions of the SBSs and MBSs by two independent PPPs denoted
by ®, and ®,,, respectively. The intensities of &, and ®,, are given by A, and A,
respectively. Users are connected to the base station from which they receive the
highest average pilot signal power. The transmit powers of the pilot signals of SBSs
and MBSs are given by ps pitor and pu, piot, respectively. When users are associated to
the base station from which they receive the highest average pilot signal power, the
cell boundaries can be shown by a weighted Voronoi tessellation [79]. The pilot powers
of SBSs are lesser than those of MBSs. Although several users may be associated with
a base station, I assume that each base station serves only one user at a particular
time instant. For downlink transmission, scheduling of users in a small cell can
be performed by using schemes such as proportional fair or round-robin scheduling
schemes.

I consider the problem of downlink transmit power control at the SBSs. Co-
channel deployment is considered, i.e., both the MBSs and SBSs transmit on the
same channel. Power control is done in order to minimize the average cost of each
SBS over a given finite time horizon 7. I will define the cost function later. Each SBS
k is assumed to be with a finite amount of energy, denoted by Ej, 142, to spend within
the given period of time, T. In this way, I can take the heterogeneity of the small
cell base stations into account, i.e., different types SBSs can have different initial
energy levels or energy constraints. To consider any SBS £ with an infinite amount of
energy in the same setting, Ej .4, can be set to a large value, i.e., Ej oz >> Dmazl,
where pq. is the maximum allowable transmit power for an SBS. The users served

by each SBS £ have a minimum SINR requirement denoted by I'y. In this way, this
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system model captures heterogeneity of the mobile users in-terms of their QoS (i.e.,

different users can have different SINR requirements). ! The channels between all the
transmitters and all the receivers are assumed to experience i.i.d. Rayleigh fading.

The SINR at the user served by SBS £ at time ¢ is given by

() G ()70 ()~
I () + L g (t) + Ny’

SINRy(t) = (4.1)

where I, 1, (t) = 32 cxc 12, PUE) Gk (01 (8) ™ and Lo (8) = D vcw,, Pmme(£)rm ()™
denote the interference caused by small cell and macro cell networks, respectively.
gk is the fading power gain between transmitter [ and receiver k (i.e., user served
by the base station k), r; is the distance between the transmitter [ and the receiver
k , Ny is the noise power and « is the path-loss exponent. The following inequality

should hold for any SBS to satisfy its QoS constraint:

Pie() G ()70 (£) 7

> Ty, Vkel, 4.2
Lox(®) + L) + Ny = F (4.2)

which can be expressed as follows:
pk(t)ghk(t)?“hk(t)_a — Fk ([s,k(t) + Ln,k(t) + No) Z 0, Vk € K. (43)

The major symbols that are used throughout this chapter are given in Table 4.1

4.3.2  Cost Function of an SBS

The cost function of SBS k at time t is composed of two components as follows:

ILater, it can be seen that both user and base station heterogeneity can be considered in the
differential game formulation. However, the mean field game formulation can only take the hetero-
geneity of the base stations into account.
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Table 4.1: Chapter 4: Symbols

’ Symbol \ Description
« Path-loss exponent
[y SINR requirement for the users of SBS k
d,, PPP which represents the spatial distribution of MBSs
D, PPP which represents the spatial distribution of SBSs
A Density of &,
As Density of &,
cx(t) Value of the cost at SBS k at time ¢
& State space (i.e., possible energy levels) of SBS k
ex State of the system at time ¢
ex(t) Available energy of SBS £ at time ¢
Bk maz Maximum available energy of SBS &
Ikl Fading channel gain between transmitter k£ and receiver [
I () Interference caused to the nearest macro user by SBS k at time ¢

I (1), Ln i (t)

Interferences caused by small cell network and
macro cell network at the user served by SBS k at time ¢

Ny Variance of noise power

K Set of SBSs

Pr Set of all possible transmit powers of SBS k
pr(t) Transmit power of SBS k at time ¢

Dm MBS transmit power

Prmaz Maximum transmit power for SBSs

P, pilot s Ps pilot

Pilot signal power of MBSs and SBSs

Tk, Distance between transmitter k and receiver [
T Time period during which power control is done
ug(t) Value function of SBS k at time ¢

v(t, e) Lagrange multiplier at time ¢ and energy e

w1, W Biasing factors

XY Number of discretization levels in time axis

and energy axis, respectively
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e The cost associated with the satisfaction of the QoS constraint (I'y), denoted

by f,gl) (t), and

e The cost associated with the interference caused to the nearest macro user,

denoted by f,EQ) (t).
Based on (4.3), f,gl)(t) is defined as follows:

2

() = (Tr (Lo (t) + Lk (t) + No) — pr(t) gr e (£)res(t) ™). (4.4)

Minimizing f; will attempt to satisfy the QoS constraint, but it will also discourage
further increase of transmit power after satisfying the QoS constraint. A similar cost
function is also used in [80] and [81] for uplink power control. On the other hand,
f,§2) (t) is defined as the interference caused at the nearest macro user at time ¢, which

is given by I™(t), as follows:

F2(8) = I™(t) = Pr() GrmT i om- (4.5)

Accordingly, the cost function of SBS & at time ¢ (i.e., cx(t)) is defined as a linear

combination of above two functions:

cr(t) = wi £V (1) + wa £ (1), (4.6)

where w; and w, are biasing factors which bring the above two terms into one scale.
The network operator has the freedom to set these biasing factors.

Note that for the formulation of the mean field game, in Section 4.5, I will general-
ize the cost function for any generic SBS such that interchangeability (or permutation)

of the states among the SBSs does not affect the outcome of the game.
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4.8.83 State, Action Space, and Control Policy of an SBS

The state of SBS k at time t is defined by the amount of available energy at that
time, which is given by, ex(t). Therefore, the state space & of SBS k can be written

as follows:

= [0, ex(0)] = {ex(t) € R0 < en(t) < ex(0)}, (4.7)

where e, (0) is the available energy of SBS k at time 0.

[ also define the state of the system at time t, e(t) as follows:

e(t) = [ex(t)u] - (4.8)
The set of actions for SBS k includes all possible transmit powers as follows:

'Pk = [0,pmam] y (4.9)

where p,,q. 1 the maximum allowable transmit power of any SBS. The transmit power
of SBS k at time ¢ is denoted by pg ().

The evolution of the state (in this case, available energy) over time is decided by a
control, which in this case corresponds to the transmit power given by pi(t) € [0, Prnaax)-

Consequently, the state equation of the system is defined as follows.

Definition (State equation): The state of SBS k is given by the random variable

ex(t) € [0, ex(0)] whose evolution is defined by the following differential equation:
dep(t) = —pp(t)dt, 0<t<T. (4.10)

The control policy is a mapping of the state to an action. This is defined over the

given period of time, 7. I denote the control policy of player k over the time period
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T by pi (0 = T'). An optimal power control policy, pj (0 — T'),,, should minimize the

average cost of each player k over the given finite time horizon, T'. Therefore, I write
p; (0 — T) as follows:

pi(0—T)=arg min E [/OT c(t)dt + ck(T)] ,

pk(0—>T)

where ¢, (7T) is the terminal cost (i.e., cost at the end of time period T').

The objective is to obtain the optimal power control policy distributively at each
SBS in order to minimize the average cost over time interval 7. This can be seen as an
optimal control problem [82], but with several controllers (each SBS is a controller in
this case). Such a problem can be formulated as a differential game [14]. Differential
games can be seen as a generalization of the optimal control problems for the cases
where there are more than one controller. A mean field game is an extention to a
differential game when the system has a large number of players. In the next two
sections, I show the differential game formulation and its extension to a mean field
game (denoted by G, and G,,, respectively). The set of SBSs I = {1,2,..., K'} is the

set of players in these game models.

4.4 Differential Game Formulation

In this section, I formulate the differential game to model the downlink transmit power
control problem for the system model described above. To formulate the differential
game denoted by G, I define the value function uy(t) as follows:

ug(t) = min E {/tT ce(T)dr +c(T)|, tel0,T] (4.11)

pr(t—T)

where ¢;(T) is the terminal cost.
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According to Bellman’s principle of optimality [83], an optimal control policy

should have the property that whatever the initial state and initial decision are, the
remaining decisions must form an optimal policy with regard to the state resulting
from the first decision [72,84]. Accordingly, the optimal power control policy can

then be defined in-terms of the value function as follows.

Definition (Optimal control): The power profile p; (t — T') is the optimal power
control policy for SBS k if for any ¢t € [0, 7], E [ftT c(Pr(m)dr + i (T)| = ui(t), te
[0, T].

This value function should satisfy a partial differential equation which is in the
form of a Hamilton-Jacobi-Bellman (HJB) equation [85]. The HJB equation corre-
sponding to the optimal control problem given in equation (4.11) satisfying the state

equation (4.10) can be written as follows:

a“gf 2 min (Ck (i(1)) = pk(t)alge(t)) =0, (4.12)

where H (e;&t),%) = min,, o <ck(t) —pﬂt)%) is called the Hamiltonian.

Now, the Nash equilibrium of the game G, is defined as follows.

Definition (Nash equilibrium of game G):

A power profile
p*=[pi(0—=T1),p3(0 = T),...,pp(0 = T), ..., pjc (0 = T)]
is a Nash equilibrium of the game G, if and only if

T
pi(0 = T) = arg min E[/ ek (pu(t), poy) dt + ()|, Vk (4.13)
pr(0—T) 0
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subject to

dep(t) = —pp(t)dt (0<t<T), Vk (4.14)
where p*, denotes the transmit power vector of the SBSs except SBS k.

When the above condition is satisfied, none of the players can have a lesser cost by
deviating unilaterally from the current power control policy. Hence, it is equivalent to
the Nash equilibrium of game G,. The Nash equilibrium of the above differential game
can be obtained by solving the HJB equation associated with each player given in

equation (4.12) [86]. I state following theorem on the existence of the Nash equilibrium

for G,.

Theorem 4.4.1. There exists at least one Nash equilibrium for the differential game

Gs.

Proof. Existence of a solution to the HJB equation in (4.12) ensures the existence of
the Nash equilibrium for the game G,. It is known that there exists a solution to the
HJB equation if the Hamiltonian is smooth [73,87]. The Hamiltonian for equation

(4.12) can be written as in (4.15).

— min (Ck(t) - pk(t)algét))

pi(t)

H (ek(t), mgf))

- g:g)l [wl (Th (L (t) + L i (8) + No) — pi(t)gren ()7 (1))
(‘3uk(t)] |

2

+ s (pr(t)GrmTrm) — Pr(t) e

(4.15)

The first, second, and third derivatives of the Hamiltonian w.r.t. pg(t) can be
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written as follows:

oH
= -2 (T (I 4 (t I, .(t N,
(D) W19k kT ke (Tk (Ls o (t) + L k() + No)
o o Oug
— k() g ()78, (1) ™) + WoGkmT oo — e’ (4.16)
TH o, (grares)” (4.17)
Opr(1)? = 2Wi \Gk kT k) > .
PH
= 0. 4.18
PN (4.18)

For any n > 3, 65i

O 0. The function has derivatives of all orders, hence it is
smooth. Therefore, it can be concluded that there exists at least one Nash equilibrium
for the differential game gj.

[]

Obtaining the equilibrium for game G, for a system with K players involves solving
K simultaneous partial differential equations (PDEs). However, for a dense small
cell network, obtaining the Nash equilibrium by solving G would be difficult (if not
impossible) due to the large number of simultaneous PDEs. Therefore, for modeling
and analysis of a dense small cell network, I propose a mean field game formulation
where the system can be defined solely by two coupled equations. In the next section,

I show the extension of game G, to the mean field game G,,.
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4.5 Formulation of Mean Field Game

4.5.1 Assumptions

First, the mean field is defined as follows:

Definition (Mean field)

m(e,t) = lim — Z Liep(t)=e} (4.19)

K~>oo
Vkel

where 1 denotes an indicator function which returns 1 if the given condition is true

and zero otherwise.

For a given time instant, mean field is the probability distribution of the states over
the set of players.
The general setting of mean field games is based on the following four assumptions

88]:
1. Rationality of the players,
2. The existence of a continuum of the players (i.e., continuity of the mean field),

3. Interchangeability of the states among the players (i.e., permutation of the

states among the players would not affect the outcome of the game), and
4. Interaction of the players with the mean field.

The first assumption is generally applied in any type of game to ensure that the players
can take logical decisions. The presence of a large number of SBSs in the system model
ensures the existence of the continuum of the players. I derive the cost function
(which will be shown in next subsection) in order to ensure the interchangeability of
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the actions among the players. The idea of the fourth assumption is that each player

interacts with the mean field instead of interacting with all the other players.

4.5.2  Deriwing the Cost Function

A cost function, which depends only on control (and/or state) and mean field, would
ensure that the third assumption of the mean field game setting is valid. To derive
such a cost function for G,,, I follow a stochastic geometry-based approach. In this
case, for simplicity, I assume an interference-limited network setting (i.e., Ny = 0).
This assumption can be justified due the fact that the network is highly dense. It is
also assumed that all SBSs have the same QoS constraint given by ~.

By taking the spatial averages over the point process, I generalize f,gl)(t) and
f,gz)(t) for any generic player which transmits with power p(t) at time ¢ as follows. I
denote the new functions by f(:m€am)(t) and f(2™€)(t). The function f(1mea) () is

given by

plimenn (g — (—p(t)E[gk,ka)]Em,k(t)]“rEzs,gl,km,pl(t) [sza)g,,k(t)m,k(t)‘“]

IE€Zs

2
+ TEz, g, c®)pm(®) [Z pm(t)gm,k(t)rm,k(t)_“] ) ,

mEI'm

(4.20)

where Z; and Z,,, are the sets of interfering SBSs and MBSs, respectively. The function

f@mean) () for any generic SBS is given by

fEmean(t) = p(t)Eg, [gem] Eo,, [rem] ™ (4.21)

87



Chapter 4. A Mean Field Game for Energy-Aware Power Control in Ultra-Dense
Small Cell Networks

Then the cost function for a generic SBS can be written as follows:

c(t) = wy fLmean(4) 4 g f2ME (1) (4.22)

Derivation of f(mean) ()

Derivation of E [I4(t)] and E [1,,(t)]:

I derive E[I,(t)] = Ez, [Y,c7. pi(t) g1 (t)rix(t) ] for a generic SBS k at the origin.
According to Slivnyak’s theorem [89], the statistics for a PPP is independent of the
test location. Therefore, the analysis holds for any small cell user at a generic location.
Since the channel gains and the transmit powers of the interferes are independent of

the point process P,

E [I(t)] = Elpr ()| E[ht (1) Es,

Z Tz,k(t)a] . (4.23)

leTs

For Rayleigh fading, assuming h;, ~ exp(l) for Vk,l € ®,, by using Campbell’s

theorem [90], we have the following:

E[I(t)] = E[pk(t,t)]/ rik(t) " d(R). (4.24)

RQ

Since the received power cannot be larger than transmit power, the path-loss is as-
sumed to be 1 when r;x(¢) < 1. Then, the average interference at a generic user at

the origin can be derived as follows:

E[L(1)] = E[pk@)]zm[

1 00
rdr —|—/ r‘lrdrl ,
1

T ) . (4.25)

1
2 a—2

S~

— SAE[p() (
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By following similar steps, the average interference caused from the macro network

can also be derived as follows:

E (L, (8)] = 2Apim (% + ﬁ) | (4.26)

Derivation of E [ry x(t)]:

Each small cell user is assumed be connected to the nearest SBS. It is also known
that the distance to the nearest base station from any generic point is Rayleigh
distributed [91]. Therefore, the probability density function (PDF) of ry x(¢) can be

written as: f,, ,(r) = 2 Asre~ ™= dr. Therefore, the average distance is the given by:

E [T’}%k(t)] == . (427)

Derivation of f(2mean)

In order to determine (¢ T need to determine PDF of the distance to the nearest
possible macro user (i.e., ry ) from any generic small cell user. The nearest macro
user can be just beyond the edge of coverage area of the small cell. In practice, cell
edges can be created both due to MBSs and SBSs. However, due to the limited
transmit power of the small cell base stations, the coverage area of small cells may
not overlap. For analytical tractability, in this case I assume that the small cells do
not overlap with each other. Therefore, the edges of the small cells are formed only
due to the MBSs.

PDF of 7y, can be derived as follows. Considering the cell edge between an SBS

and an MBS, we can write,

ps,pilotR_a = pm,pilot(X - R>_a> (428)
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where R is the distance from SBS to the closest cell edge and X is the distance to

the nearest MBS. Since the distribution of MBSs follows a PPP with intensity A,
the cumulative distribution function (CDF) Fg, ,, (7xm) and PDF fg, (7km) of 7k m
are given by

FRhm (Tk,m) —1— 6—>\m7rb27~27

TR (Theom) = 2 A rbPe AT (4.29)

1
where b = [1 + Ma} )

ps,pilot

The above equations imply that 7, is Rayleigh distributed and the expected

value is given by
1

2VXZP+<&ﬂﬁ>ﬂ'

Ps,pilot

EmEqu [rk,m] - (430)

I assume that the path-loss exponent « is equal to 4. By substituting the values
from equations (4.25), (4.26), (4.27), and (4.30) for f(:mea) and f(Zmean) in expression
(4.22), the cost function of a generic SBS transmitting with power p(t) at time ¢ can
be written as follows:

1174
. 4
1+<&M@0 p4m)
ps,pilot
(4.32)

c(t) = wy (=16X2p(t) + 27T [pdm + B [p(8)] As])? + wa16p(£)A2,

For a generic cost function, the control (i.e., transmit power) of time ¢ would only
depend on the state of the SBS. Hence, the expectation of the transmit power over all

interfering SBSs can be written in terms of the mean field. Then, the above equation
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can be re-written as follows:

2
c(t,e) = wy (—16)\§p(t,e) + 271 {pm/\m + /\5/ p(t,e)m(t,e)de])
ec

4

3

1
. 4
1+ (pm,pzlot>
Ds.pilot

For comparison purpose, I also introduce another cost function? denoted by ¢(¢, e),

+ wyl6p(t, e)\2, (4.33)

which is similar to that in Chapter 3, as follows:

é(t7 6) = _UAle%@m [SINRk(p(tv :)7 m(ta ))]

+2pi (1) Eg, [gkm] Eg,, [Trm] (4.34)

where w; and w, are weighting factors.

This cost function does not take the QoS constraint into account. The SBSs can
increase their transmit powers even after satisfying the QoS constraint. A perfor-
mance comparison of these two cost functions will be shown in Section 4.7.

The first term of ¢(¢,e) is derived using stochastic geometry analysis in previous

chapter (in (3.29)) and then ¢(¢,e) can be written as follows:

8p(t,e)
A2 (Am\/m + As foce /P @M, ) de)

1174
i
il
1+(&@2ﬂ . (4.35)
Ds,pilot
2We will see later in the chapter that these two cost functions result in different power control
policies.

é(t,6) = —UA11

+ db16p(t, )\,
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4.5.8 Mean Field Equations

Since the cost functions now only depend on the mean field and the control, the
optimal control problem given in equation (4.11) is similar for all the players in the

system. The HJB in equation (4.12) can then be modified as follows [67]:

8u(0tt’ 2 min (c (p(t,e),m(t,e)) — p(t, e)aué: 6)) =0, (4.36)

where min,) (¢ (p(t, €), m(t,e)) — p(t,e)%) is the Hamiltonian, generally denoted

by H (e, m(t,e), 8“8(:6)>, and u(t,e) is the value function. The same equations are

applicable for ¢(t,e) as well. The HJB equation models an individual player’s inter-

action with the mass (i.e., mean field). This is also called the backward equation.
The motion of the mean field corresponds to a Fokker-Planck-Kolmogorov (FPK)

equation which is called as the forward equation. The forward equation of game G,,

is given as

om(t,e) 0 OHY\
o + e (m(t, G)E) =0, (4.37)

where z = g—“.
e

It was proven that %—f can be replaced by the control [72], which is in this case

p(t,e). Hence, the modified FPK equation can be written as

amgi’ e _ % (m(t, e)p(t, €)) = 0. (4.38)

The mean field equilibrium (MFE) can be obtained by solving the two coupled
PDEs given in equations (4.36) and (4.38).
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4.6 Solution of the Mean Field Game: Mean Field Equilib-

rium

4.6.1 Mean Field Equilibrium (MFE)

The solution of the MFG, namely, the mean field equilibrium (MFE) can be obtained
by solving the mean field equations. There is no general technique to solve the mean
field equations. In this section, I propose a finite difference technique to obtain the
MFE based on the method proposed in [72]. The coupled equations (4.36) and (4.38)
are iteratively solved until the equilibrium is achieved. The convergence point of
the algorithm is guaranteed to be the optimal solution (i.e., MFE) if the objective
function of the optimal control problem, E [ ftio c(t,e)dt + c(T)] is convex.

As T propose a finite difference method, the time axis [0,7] and the state space
0, Enas] are discretized into X x Y spaces. Hence, there are X + 1 points in time

and Y + 1 points in state space. I also define

max

T
ot = e and de =

Solution to the forward equation

The forward equation is solved using the Lax-Friedrichs scheme to guarantee the
positivity of the mean field. The Lax-Friedrichs scheme is first order accurate in both
space and time [92]. By applying the Lax-Friedrichs scheme to equation (4.38), we

have

M(i+1,5) = 5[M(i,j 1)+ MGi,j+1)
+% [P(i,j +1)M(i, j+1) = P(i,j — 1)M(i,j — 1)] ,(4.39)
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where M (7, j) and P(i, j) denote, respectively, the values of the mean field and power

at time instant ¢ and energy level j in the discretized grid.

Solution to the backward equation

The existing finite difference techniques to solve partial differential equations can not
be applied directly to solve the HJB equation due to the Hamiltonian. Therefore, I
reformulate the problem by writing the HJB equation as its corresponding optimal
control problem with the forward equation as a constraint. The reformulated problem

is as follows:

win B [ /t " bt + c(T)] ,

p(t,e),m( =0

subject to
—— — — (m(t,e)p(t,e)) =0, V(t,e) € [0,T] x [0, Epa]

and

/ m(t,e)de =1, Vt €1[0,T]. (4.40)
ec&

The second constraint is to guarantee that the mean field gives the PDF of the state
distribution over SBSs at each time instant.

Then, the Lagrangian L (m(t,e),p(t,e),v(t,e)) for the above problem with the
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Lagrange multiplier v(t, e)y . can be written as follows:

L(m(t.e),p(t,e),u(t,e)) = E MT c(t,e)dt} +

[ s [Pt ot ] o
N tTo /eE: m(t,e)c(t, e)de dt
+ § /e:m o(t,e) {3m8(7;, e) 8(m(t,862p(t,e))] ded.

(4.41)

where I have assumed the terminal cost ¢(T) to be equal to zero.

As I use a finite difference scheme to solve the forward equation (i.e., first con-
straint in the reformulated optimization problem), I also discretize the Lagrangian
to solve the above given optimal control problem. The discretized Lagrangian Lp is
given as in (4.42), where V' (i, ) and C(i,j) denote the Lagrange multiplier and the

value of the cost function at point (4, ) on the discretized grid.

Lp = de &ZZ [M(i,j)g(m> V(L) (M(i+ 1,j) = 0.5(M(§'£j+ 1)+ M(i,j - 1)))
V(i) (P(z’,j +1)M (4,5 + 1)256P(i,j —1)M(i,j — 1))} |

The optimal decision variables (given by P*, M* V*) must satisfy the Karush-
Kuhn-Tucker (KKT) conditions. For an arbitrary point (,7) in the discretized grid,

9Lp_ — (), T deduce the following

by evaluating and re-arranging the KKT condition, 3 NG
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equation to update V:

V(i—1,5) = 05[V(i,j—1)+V(i,j+1)]—6tC(i,7) — 6tz (M(i,j)%)
MPUI) G5 —1) - VGG + ).

(4.43)

If V(N +1,:) is known, the values of the Lagrange multipliers can be updated itera-
tively using the above equation.

Assume an optimization problem whose objective function is given by f(x) and has
[ equality constraints each denoted by hi(m)ie{m 77777 ;- It is known that the following

relationship exists at the optimal solution [93]:

l

ZICHES Z v; 7 hi(z"), (4.44)

=1

where x* is the optimal solution and v; is the Lagrange multiplier corresponding to
h;.

Let (p™(t,€),m* (£, €))y(r.e)c(0,7%[0,Bma,] d€nOtE the solution for the optimal control
problem given in (4.40). Now, consider the optimal control problem given below for

any arbitrary €’ at time 71"

T
min T,e),m(T,e)) =E c(t)dt +c(T) ] ,
i (T m(Te) =B | [ s om)
subject to
om(T,€e) 0 , o
5 9 (m(T,ep(T,e")) =0. (4.45)

According to Bellman’s principle of optimality [83], it can be concluded that the
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optimal solution to the above problem (4.45) is given by p*(T,¢’). As ¢(T) = 0,

Vfr(p(T,e),m(T,e')) = 0. Assuming that the derivative of the first constraint is
non-zero at the optimal point and from equation (4.44), it can be concluded that
v(T,e) = 0 for all e. Hence, by setting V(T,e) = 0,Ve € &, and then using the
expression in equation (4.43) the values of the Lagrange multipliers can be updated.

Next, I consider the KKT condition, 222~ = 0 for any arbitrary point (i,7) in

’ OP(i,g)
the discretized grid. Then
Y+1 - . - =
o 80(27]) M(Z7]) - - _

j=1

Equation (4.46) has to be solved for P(i,j) to obtain the transmit power at point

(4,7)-

Obtaining the MFE

The equations (4.39), (4.43), and (4.46) can be solved iteratively until the convergence
point is obtained. The complete algorithm to obtain the converging point is given
in Algorithm 1. I state the following theorem regarding the convergence point

assuming that the Lax-Friedrichs scheme is accurate for ¢(¢,e),

Theorem 4.6.1. The convergence point of the given algorithm is the mean field

equilibrium of game G, with cost function, c(t,e).

Proof. The Hessian w.r.t. P(i,j) and M (i, j) of the discretized version of the objective
function of the optimization problem given in equation (4.40) can be proven to be
positive for any arbitrary (i,j). Hence, the problem given in equation (4.40) is a
convex optimization problem. Since the KKT conditions are necessary and sufficient

conditions for the optimal solution of a convex optimization problem, the convergence
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point of the algorithm is equivalent to the MFE of game §,, with cost function,

c(t,e). O

Algorithm 1 Computing the mean field equilibrium
1. Initialization: Initialize M(0,:), V(N+1,:), iteration = 1
2: repeat
33 foralli=1:1:X do

4: for all j € {1,....,Y} do

5: Calculate M (i + 1, 7) using equation (4.39)
6: end for

7. end for

8: if P(i,M +1) =0 then

9: MGE+1,Y+1)=M(,Y +1)

10:  else

11: M@GE+1,Y+1)=0

12:  end if

13: Vi, Normalize M
14: foralli=X+1:—-1:1do

15: for all je{1,...Y +1} do
16: Update V(i — 1, j) using equation (4.43)
17: end for

18: end for
19: foralli=1:1:X+1do

20: for all je{1,...Y +1} do
21: Update P(i,j) using equation (4.46)
22: end for

23: end for
24: iteration = iteration + 1
25: until iteration > Iter, ..

4.6.2  Uniqueness of the MFE

In the following theorem, I state the sufficient conditions for G to have a unique

solution.

Theorem 4.6.2. The game G has a unique solution if the following conditions are

satisfied:
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1. aimH(p,z,m) >0,

2. £ (mp) >0,

3. %H(p, z,m) >0,

where z = g—“.
€

Proof. Assume that (mg(t,e), uo(t,e)) and (mq(t,e),ui(t,e)) are two different solu-
tions for the game G. Here I use the notation z(t, e) to denote a continuous function

of t € [0,7] and e € [0, Eppaz]. Consider the following integration:

I(1) = %/eg (ur(t,e) — up(t,e)) (my(t,e) — my(t,e)) de. (4.47)

The above integration is rearranged as follows:

= [ (P - 2D e e) - ol e e
+ / _(n(t.e) ~ () (amla(tt’ o) _ 8m°£’e)> de.
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After substituting equations (4.36) and (4.38), we obtain

() :/ H(e molt, ¢). 8“06(2’6>) (ma(t, €) — mo(t, €)) de

(e ma(t, e), ‘9“16(2’ e)) (ma(t, €) — mo(t, ) de

+

H
8
8_ 1(t,e)pi(t,e)) (ui(t,e) —uo(t,e))de

9]

@

/eeg 82 (mo(t, e)po(t, €)) (ua(t, €) — uo(t, ) de
/eeg " (e,mo(t, ) 316%(2, €>) (ma(t,e) —me(t,e))de
- /eeg H (e’ mi(t e), %) (ma (t,€) — mo(t, €)) de

[ ot ot ) ( Lusttse) = Luglt ) ) de
/eeﬁ (86 Oe

[ et ( Lunitse) = Lty e) ) de.
/eeé' (36 Oe )

Let Y(t,e), my(t,e) = mo(t,e) + 0 (mi(t,e) —mo(t,e)) and uy(t,e) = up(t,e) +
6 (ui(t,e) —up(t,e)).

Consider the intergral

1) - /eeg {H <e,m0(t,e), %{?e)) _H (e,mg(t,e), 8“9(,)52’ e))} (mo(t, €) — mo(t, ) de

i / ce (%ua(t, €) = %Uo(t, 6>) (mo(t, €)po(t, €) — ma(t, €)pa(t, €)) de.
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Next, we write

1(6)

Juy(t, e)
5 = .
6

9 ) (my(t,e) —mg(t,e))de

Lo
- [ (e, mo(t, ), 22 e)) (ma(t, €) — mo(t, ) de
0.

e,my(t,e),

Ode

" /eeg aeurlte) = _“0(’5 6>) mol(t, e)polt, e)de
N /665 (%ulﬁ e) = %uo(t, €)> me(t, e)po(t, e)de.

Using the chain rule, we have

d@:af(e)amg 01() 0z
9 — omg 00 ' 0z 06’

where z = %.
e
1(9)

By evaluatmg —g—» We can write

d@ c d a
de ecf e f b
where a = my(t,e) — meo(t,e), b = Dui(te) — Luglt,e),
c = —%H <e mg(t,e), 8“98—(;’6)>, = —6%7“ (mg(t,e)pa(t,e)), e =
~-2H (e,mg(t, e), a“"a(te ) and d = —py(t,e).
It can also be deduced that @‘9 =0. If d;—(ew < 0, @ , < 0 and hence
=0 =1

I(1) < 0. From equation (4.47),

G | (t0) ot e)) (ma(t, ) = moft, ) de < 0.

According to the definition m4(0,:) = mg(0,:) and uy(7,:) = uo(7,:). Assuming
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Table 4.2: Chapter 4: Simulation parameters

’ Parameter \ Value ‘
Am 0.00005 base stations/m?
As 50\,

Pmy Pm pilot 43 dBm
Pmaz 10 dBm
Ds,pilot 13 dBm
wy , Wa 1000, 50000
T 0.5s,1s

that m and u are monotone functions, then

dt Jeee (ur(t, €) —uo(t,e)) (ma(t, ) —mo(t, e)) de = 0.

c d

Therefore, if is negative all the time wui(t,e) = ug(t,e) and my(t,e) =
e f
mo(t,e), V(t,e) € [0,T] x [0, Epqz). Hence, the solution is unique.

4.7 Numerical Results and Discussion

This section presents numerical results on the performance of the proposed algorithm.
I also validate the stochastic geometry-based expressions derived in Section 4.5.2. The

values of the main simulation parameters are given in Table 4.2.
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Figure 4.1: Average interference experienced by a generic small cell user (for Ay =

50Am).

4.7.1 Validating the FEzxpressions Derived by Stochastic Geometry
Analysis

First, I validate the expressions derived by stochastic geometry analysis. To validate
the average interference given in equation (4.25), I only consider the interference
caused due to the SBSs (i.e., only one PPP is considered for simulation). The same
result would hold for the interference caused by the macro network. A comparison
of the simulation results with those obtained based on the expression in (4.25) is
shown in Fig. 4.1. In Fig. 4.2, I validate the expression for the average distance
to the closest possible macro user given in equation (4.30). The exact match of the

theoretical and simulation results validates the accuracy of the derived expressions.

4.7.2  Behavior of the Mean Field at Equilibrium

In this section I observe the behavior of the mean field at the equilibrium. First, I set

Erae = 0.1J, Prge = 0.01W, and T = 0.5 (i.e., 50 LTE frames). The initial energy
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Figure 4.2: Variation of the distance to the closest edge of an SBS with \,,.

distribution m(0, :) is assumed to be uniform. The mean field at the equilibrium for

cost function ¢, is shown in Fig. 4.3.
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Figure 4.3: Mean field at the equilibrium for ¢(¢,e) with uniform initial energy dis-
tribution.

It can be seen from the figure that the number of SBSs with higher energy levels
decreases with time. The probability of base stations having zero energy increases

at the beginning of the time frame and later settles to a constant. This means,
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Figure 4.4: Cross-section of the mean field at equilibrium for ¢(¢, e).

although some SBSs empty their battery while transmission, all SBSs do not empty
their batteries. This is because, the quadratic term (i.e., f(}™¢™ in (4.20)) of the
cost function ¢ discourages the SBSs to increase their transmit power after satisfying
the QoS constraint. Therefore, the SBSs which start transmission with higher initial
energy do not empty their batteries throughout the transmission.

For illustration, I also plot several cross-sections of the mean field in Fig. 4.4,
which shows the variation of the probability distribution of SBSs having a certain
energy with time. Since the initial distribution is uniform, the initial probabilities
are similar for all energy levels. After the transmission starts, there is no SBS with
full energy as everybody transmits with non-zero power. Therefore, the probability
of SBSs with maximum energy (i.e., 0.1 J) drops to zero right after the start of the
transmission. The probability of SBSs having zero energy increases for sometime, as
SBSs who had smaller initial energy would eventually empty their batteries.

In Fig. 4.5 and Fig. 4.6, I show the MFE considering ¢(¢,e) in equation (4.35).
wy and wy are set to 1. Unlike in the previous cost function ¢(t, e), this cost function

does not discourage the SBSs to increase transmit power after satisfying the QoS
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Figure 4.5: Mean field at the equilibrium for ¢(¢,e) with uniform initial energy dis-
tribution.

constraint. Therefore, the SBSs tend to use more energy during 7" and result in a
different mean field behavior. (Note that in this case, there are SBSs with a higher
energy than the previous case as Fy,,, = 2J.) It can be seen in Fig. 4.5 that, the
probability of an SBS having zero energy is equal to one at the end of the time period
T (i.e., m(T;0) = 1). This means all the SBSs have emptied their energy allowance
during the transmission and have zero available energy at the end of the considered
time frame 7. Therefore, it can be concluded that the cost function c(t, ) performs

better than the cost function ¢(t, e) in terms of energy saving.

4.7.8  Power Control Policy at the Mean Field Equilibrium

I show the transmit power policies for the game G,, with both cost functions c(t, e)
and ¢(t,e). Once the power policy is calculated, an SBS can decide on the transmit
power based on its available energy at each time instant. Re-computation of the
power policy is needed at the beginning of each time interval T' (i.e., 0, T, 2T, 3T,

...) only if the probability distribution of allowable energy changes.
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Figure 4.6: Cross-section of the mean field at equilibrium for ¢é(t, e).

Fig. 4.7 shows the equilibrium power policy for the cost function c¢(t,e). A uni-
form initial energy distribution is considered. All SBSs start transmission at low
power levels. The SBSs with lower energy may empty their batteries after sometime
decreasing the average interference caused to the other users. Then, the SBSs, which
have sufficient energy to transmit throughout 7', increase their transmit power. As
the cost function c(¢, e) discourage the SBSs to increase power after satisfying the QoS
constraint, the transmit power remains almost constant. However, the cost function
¢(t, e) results a different system behavior.

Fig. 4.8 shows the transmit power policy at the equilibrium for cost function ¢. I
also consider a uniform distribution of initial energy. This figure also shows that, the
SBSs with higher energy start transmitting with maximum allowable transmit power
while the SBSs with lower energy start with lower power. However, the SBSs with
lower energy tend to increase their transmit power after some time. A cross-section
of the power policy plot is shown in Fig. 4.9 for energy levels 2.J,0.2J,0.05J, and 0.J.

The figure shows that the SBSs with higher energy start transmitting with maximum
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Figure 4.7: Equilibrium power policy for ¢(t, e) with uniform initial energy distribu-
tion.
allowable transmit power while the SBSs with lower energy start with lower power.
However, the SBSs with lower energy tend to increase their transmit power after some
time.

The above phenomenon is illustrated more in Fig. 4.10 where I show the transmit
power policies with three different initial energy levels. The SBSs who start the game
with an initial energy of 0.05J do not transmit at higher power at the beginning of
the time period T'. They increase the transmit power later in the time slot. By that
time, the SBSs who started the game with higher energy have spent most of their
energy and lowered their transmit power. The SBSs with less initial energy can have
a better cost by increasing their transmit power later in time period 7" due to reduced
interference. In an actual implementation, the pre-defined time 7" is composed of a
certain number of LTE frames. In simulations I have used 7" = 0.5s and T" = 1s which
is equivalent to 50s and 100 LTE frames respectively. The proposed power control

algorithm determines the transmit power over 7' for each base station in such a way
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Figure 4.8: Equilibrium power policy for ¢é(t, e) with uniform initial energy distribu-
tion.

that it minimizes the total cost for the time period T'. Therefore, after the execution
of the algorithm, the transmit power for each LTE frame in time T is known. When
several users are connected to the base station, each user may get a certain number
LTE frames out of the total number of frames in time 7. The number and the order
of the frames given to a user depends on the scheduling scheme used. The scheduled
user at each LTE frame is served on the corresponding transmit power decided by the
proposed algorithm for that frame. When a new user is admitted to the base station,

service for that user can be started in the next 7" time period.

4.7.4  Comparison With Uniform Transmit Power Policy

Several works in the literature proposed solutions to the downlink power control
problem for two-tier cellular networks. However, providing a numerical comparison
(by simulation) of the proposed mean field game based solution with existing solutions
would be unrealistic as different works have used different system models and different

network parameters. However, a qualitative comparison among the different schemes
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Figure 4.9: Cross-section of the power policy for é(¢, e).

is provided in Table 4.3.
To illustrate the performance of the proposed algorithm numerically, I use uniform
transmit power setting as a benchmark algorithm. In this case, the uniform transmit

power pi of an SBS k with initial energy e (0) equals to e’“T(O). Fig. 4.11 plots the

variation of average SINR with A for both uniform transmit power setting and the
proposed algorithm for cost function ¢(¢,e). The results show that the transmit
power policy given by the proposed algorithm performs better when the network
becomes more dense. The variation of average SINR over T' with A for c(t,e) is
compared with the uniform transmit power policy in Fig. 4.12. Also, in this case the
proposed algorithm outperforms the uniform power policy. However, the SINR does

not increase after satisfying the QoS constraint.

4.8 Chapter Summary

I have proposed an energy-aware distributed power control algorithm for self-
organizing small cell networks. The power control problem for a small cell network
underlaying a macrocell network (i.e., in a co-channel deployment scenario) is first
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formulated as a differential game. The differential game for power control is then
extended to a mean field game for a dense network. An iterative finite difference tech-
nique is proposed to solve the mean field equations based on Lax-Friedrichs scheme
and Lagrange relaxation. I also have shown the sufficient conditions for the uniqueness
of the mean field equilibrium. The performance of the algorithm has been analyzed
for two cost functions. The main advantage of the proposed algorithm is that it

can be distributively executed offline. Also, the algorithm considers minimizing the
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Figure 4.12: Variation of SINR at the receiver of a generic user with SBS density.

cost over a pre-defined period of time, instead of minimizing the running cost. Nu-
merical results have been presented to demonstrate the performance of the proposed
algorithm.

In this chapter and in Chapter 3, I have considered half-duplex small cells. How-
ever, full-duplex transmission technology is also a recently emerging technology in
wireless communications. In next chapter, I consider distributed power control for
small cells with full-duplexing capabilities. Moreover, both evolutionary game and
mean field game based resource allocation techniques proposed in this thesis by far,
assume that the network nodes are truthful to each other. Both these resource alloca-
tion algorithms fail if the network nodes are deceitful and send inaccurate information
to other network nodes to manipulate the resource allocation scheme in such a way
that deceiving nodes can obtain more benefit than others. In next chapter, I also
address this problem and derive a cheat-proof distributed power control technique for

small cells with full-duplexing capabilities.
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Chapter 5

A Repeated Game for Cheat-Proof
Distributed Power Control in

Full-Duplex Small Cell Networks

In this chapter, I address the problem of distributed power control in a two-tier cel-
lular network, where full-duplex small cells underlay a macro cell in a co-channel
deployment scenario. I first formulate the distributed power control problem as a
non-cooperative game and then extend it to a repeated game with imperfect public
monitoring. The repeated game formulation prevents deceitful small cells from deviat-
ing from the social optimal solution for their own benefit. I establish the existence and
uniqueness of the Nash equilibrium in the formulated non-cooperative game. I also
characterize the set of perfect public equilibrium for the repeated game. A two-phase
distributed algorithm is proposed to achieve and enforce a Pareto optimal transmit
power profile. The solution obtained by this algorithm is also social optimal. Phase
1 of the algorithm is a fully-distributed learning phase based on Perturbed Markov

Chains, where each base station individually learns a Pareto optimal operating point.
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Phase 2 is composed of two rules: i) Detection rule based on Page-Hinckley test to

detect cheating, and ii) Punishment rule to motivate cheating base stations to co-
operate. Through theoretical analysis, I prove that the proposed distributed power
control mechanism achieves a public perfect equilibrium point of the formulated re-
peated game. The power control algorithm is also cheat-proof and needs only a small
amount of information exchange among network nodes. The effectiveness of the al-
gorithm is shown through numerical analysis. The proposed model, algorithm, and

analysis are also valid for a half-duplex system as a special case.

5.1 Introduction

5.1.1 Owerview

Full-duplex transmission (i.e., transmitting and receiving at the same time in the
same frequency band)! is an emerging technology which has a potential to signifi-
cantly increase the spectral efficiency and hence the network capacity. Recent stud-
ies show that full-duplex technology works better for low-power transmission nodes,
since self-interference can be reduced to the noise power level [100]. Therefore, de-
ployment of full-duplex small cells is expected to be an important feature of next
generation cellular networks. Most of the existing power control schemes including
two methods proposed in previous chapters of this thesis, are either for uplink or
downlink resource allocation, i.e., applicable only for half-duplex systems. When it
comes to full-duplex systems, uplink and downlink transmissions cannot be analyzed
separately, since uplink and downlink transmissions are mutually dependent due to

self-interference. Consequently, the existing solutions are not applicable for a full-

ISimultaneous transmission and reception in the same frequency band is referred to as in-band
full-duplexing and simultaneous transmission and reception in different frequency bands is referred
to as out-of-band full-duplexing. In this work, I consider in-band full-duplex transmission.
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duplex system unless perfect self-interference cancellation is possible. To date, only

a small number of research works have addressed the problem of distributed resource
allocation for full-duplex small cells. In [101], the authors propose a stable match-
ing game for subcarrier allocation in full-duplex single-tier small cells. However, no
theoretical analysis is performed. In [102], joint uplink-downlink resource allocation
problem for a full-duplex single cell is modelled as a non-cooperative game and solved
for NE. Most importantly, a great majority of the existing distributed resource allo-
cation mechanisms are based on different types of non-cooperative one-shot games;
that is, the resource allocation game is played only once. However, the resource allo-
cation processes are inherently repeated. Taking this fact into account, it is natural
to model the resource allocation problems by repeated games [103] instead of one-shot
games. In a repeated game, a base game (called the stage game) is played a finite
number of times or infinitely many times. In such a setting, every player is able to
take decisions based on previous joint action profile of players as well as previous out-
comes. Therefore, decisions produced by repeated games differ fundamentally from
those of one-shot games. Power control and spectrum sharing problems of wireless
systems are modelled as repeated games in [104], [105], [106] and [107], among others.
However, those works rely on the availability of perfect information of each player’s
history (also called Perfect Monitoring). In [108], repeated games with imperfect
public monitoring are used to develop a TDMA-based spectrum sharing scheme for

a cognitive radio network.

5.1.2  Contribution

In this chapter, I study the problem of distributed and cheat-proof joint downlink-

uplink power control for a two-tier network with multiple small cells underlaying a
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macro cell. This game model, developed based on a new payoff function, is applicable

to full-duplex systems in which uplink and downlink transmissions are coupled. Also,
in this model, I relax the assumption of perfect monitoring and only assume imperfect
monitoring of a public signal (Imperfect Public Monitoring). In order to solve the
formulated game, I propose a distributed power control algorithm that consists of two
phases. In Phase 1, each network node (either a small cell base station (SBS) or a
small cell user) distributively learns the equilibrium. In Phase 2, the following two
steps are executed: 1) Cheating detection, which is performed by the macro cell base
station (MBS) to monitor the system and to detect any deviation from the learned
equilibrium point, and ii) Punishment, which is implemented to motivate the cheating
nodes to cooperate with the system (incentive-compatibility). The main contributions

of this chapter can be summarized as follows:

I consider the joint downlink-uplink power control problem in a co-channel
deployed two-tier network with full-duplex small cells underlaying a macro cell.
I model the problem by a non-cooperative game, which accommodates the power

control for both macro and small cell tiers.

e [ establish the existence and uniqueness of the NE of the formulated non-

cooperative stage game.

e [ extend the formulated one-stage non-cooperative game to a repeated game
with imperfect public monitoring to obtain a solution which Pareto dominates

the NE of the stage game.

e Through theoretical analysis, I characterize the perfect public equilibrium

(PPE)? payoff set of the formulated repeated game.

2The perfect public equilibrium (PPE) is equivalent to the concept of subgame perfect equilibrium
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e [ develop a distributed learning algorithm with linear time complexity to find

the social optimal operating point. The convergence of the proposed learning
model to the social optimal is proven theoretically. Moreover, it is also shown

that the convergence point of the learning model is Pareto optimal.

I implement a deviation detection and punishment policy in order to prevent
selfish network nodes from acting in their own benefit and deviating from the
social optimal operating point. The deviation detection algorithm is based
on the Page-Hinckley test. Moreover, the following punishment strategies are
studied: 1) grim-trigger (punish forever) strategy and ii) punish and forgive

strategy.

I design a distributed power control scheme based on the aforementioned learn-
ing algorithm, deviation detection algorithm, and punishment policy. The con-
vergence of the power control scheme to a PPE point of the formulated repeated

game is proven theoretically.

I also evaluate the performance of the proposed power control technique through

extensive numerical analysis.

The main symbols that are used throughout this chapter are listed in Table 5.1.

5.2 System Model and Assumptions

I consider a network consisting of K small cells. In each small cell, an SBS and a

user communicate with each other in a full-duplex manner using the same channel.

A small cell can have multiple users in its coverage area; however, in a particular

in repeated games with perfect monitoring. The formal definition of PPE will be given in Section

IV.
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Table 5.1: Chapter 5: Symbols

’ Symbol \ Description
« Path-loss exponent
0 Weighting factor of small cell k£’s payoft function
0 Discount factor for repeated game G,
n Interference measurement error at the macro user
v Learning rate of Phase 1 of power control algorithm
Tk Payoff of player k£ in game G,
ay Action of player k
a9 Pareto optimal payoff of game G,
¢() Self-interference function
K Set of base stations
h(t) History at step t of game G,
Loa Interference threshold at the marco user
Iter ox Maximum number of iterations of Phase 1
m(t) Public message at step ¢
my () Mood of player k at step ¢
Ny Variance of noise power
pol pPt Uplink, downlink transmit power of base station k
Tij Distance between node 7 and j
Sk Public strategy of player k
SINRkUL , SINRkD L1 Uplink, downlink SINR of base station k
Vg, Payoff of player k£ in game G,
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time interval (or time step), only one user communicates with the corresponding

SBS. All small cells underlay a macrocell in which the MBS serves a macro user in
the downlink in a time interval using half-duplex communication mode®. Each base
station and the user served by this base station during a certain transmission interval
are considered as one entity. The set of cells is denoted by K = {0,1,2,..., K},
where 0 stands for the macro cell and 1,2, ..., K are used to denote the small cells.
Co-channel deployment is included in the model; that is, all base stations including
the MBS transmit through the same channel. Downlink and uplink transmit powers
of each base station k € {0,1,2,..., K} are denoted by pV’ and pP respectively.
Small cells can operate in any of the following three modes: i) full-duplex mode when
pY L pPL > 0, ii) half-duplex mode when either pY% or pP* is zero, and iii) OFF mode
when p{¥ = pP% = 0. T assume that the link between the MBS and the macro user
is half-duplex and consider only downlink transmission from the MBS to the macro
user (i.e., p¥ = 0). For simplicity, only long-term signal attenuation due to path-loss
is considered. However, it is straightforward to include fading in the model, and the
analyses presented in the later sections remain valid.

The downlink signal-to-interference-plus-noise ratio (SINR) at the user and the

uplink SINR at the base station of a generic cell k are respectively given by

kaLTI;ak:
SINRPE = i , 5.1
b N+ IVE+ IPE - e(pYt) (5:1)
and
Uera
SINRVE = Pr Tk by (5.2)

Ny + I7E+ IPF + C(pPt)’

3Uplink transmissions from the macro users to the MBS are not considered here. For a commu-
nication link between a base station and a user, in a repeated game set up, a complete transmission
interval consists of multiple time steps during which the power control algorithm is executed until
it converges.
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where Ny is variance of noise power and « is the path-loss exponent. Moreover, k,

and k; denote the user and base station of cell k, respectively. In addition, r; ; denotes

the distance between network nodes* ¢ and j. Also,

o I/t =3k o piFr; ¢ is the interference caused by the uplink transmissions

of all the other users at the network node [,

° IZDL = Zjelcf o p]DLrjﬁ is the interference caused by the downlink transmis-

sions of the other base stations at the network node [, and

e ¢ (p) is the self-interference at a network node which transmits at power p.

The above equations are valid for the macro cell as well. In particular, SINRg =9
and €(pYL) = 0, since according to this system model p{L = 0. Tt is also assumed
that each network node selects its transmit power from a pre-defined finite set.

The MBS is capable of obtaining a noisy measurement of the interference caused
by small cells to the macro user being served during a transmission interval. After
each transmission step, the MBS broadcasts a public message based on the measured
interference to all SBSs on a delay-free channel. I also assume that all users have a
perfect delay-free feedback channel to their base stations. Thus, users can update the
base stations about their performances at each step. Moreover, the initial location

information of the small cell network nodes is available at the MBS.

5.3 Stage Game and Analysis of Nash Equilibrium

5.3.1 Stage Game, G,

In the following, I first formulate the stage game §;.

4A network node is either a user or a base station.
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Set of players, K: Each base station and its associated user are considered as one

player of Gs. Thus the set of players is denoted by K = {0, 1,2, ..., K'}.

Set of actions for player k, Ai: Downlink and uplink transmit powers of each

base station-user pair k € K — {0} is drawn from a finite set of power levels given by

_ {0 UL,1 UL2’ ULmax} and P _ {0 DL,1 DL27 “’kaL,mam}’

respectively. Note that for player £ = 0 (i.e., the MBS according to the system
model), PY* = {0}. PP is similar to other players, as given above. The action
of any player k (denoted by ay) is the combination of uplink and downlink transmit
powers. This is also called the transmit power profile (i.e., py) of player k. The action

of player k thus yields

a,=pr= (" p"). (5.3)

In addition, a_j, represents the actions of all players other than k. The joint action
profile of the system is thus given by a = p =[ag a; ... ag] € A = Agx A1 X ... X Ak.
The size of the action set of each player is given by: |Ax| = |PYE||PPE|. T will use
the symbols a and p interchangeably in the rest of this chapter.

Payoff function of player k, m: For small cells underlaying a macro cell network,

the following payoff function for a small cell &k € K —{0} is generally used ( [109,110]):

Payoff, = F; (SINR}", SINR}") — F» Z Py rk Lt Z pP rk“ . (5.4)
JEX—{k} jeK—{k}

Note that the argument in the second term of the right-hand-side of (5.4) is the

interference caused by small cell &k (i.e., player k, where k # 0) to the macro user and

other small cell nodes. Thus, the payoff function consists of two terms: i) F; () that

corresponds to the gained utility and depends on the SINR at receivers, and ii) F (-)
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that corresponds to the cost or penalty for causing interference to the other network

nodes. Although including such penalty factor might assist theoretical analysis, it
is virtual and thus does not cause any actual performance reduction to small cells.
As a result, dishonest small cell nodes may continue increasing their transmit powers
in order to increase the real positive utility, neglecting the increase in the virtual
penalty. This might result in a performance reduction for the macro network as well
as other small cells.

Typically, the following two types of dishonest behavior might be observed:

1. Small cell network nodes are dishonest to each other, but all of them are truthful
to the MBS:
In this case, the MBS can select the maximum transmit powers for all nodes
in the small cell network (i.e., pL =™ pP™™* ¥k € {1,2,..,K}) in such a
way that the interference level at the macro user is below a certain pre-defined
threshold, denoted by I,,4.. Let A" = A; x ... x A be the set of all joint
transmit power profiles of small cells. Moreover, let pgpnay = [P1 ... Px] € A
denote the transmit power vector (i.e., joint transmit power profile) of all nodes
in the small cell network. Then, before execution of the algorithm, the MBS
solves the following optimization problem, in order to decide maximum transmit
power of each node in the network:

Maxmnz/e Psmall
Psmall cA

K

subject to Z (romkbp,?L + Tou,kung) < Ias
k=1

pYE PVl >0, Vke{1,2,... K}

Note that only the initial location information of the small cell network nodes
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(which is available at the MBS) is required to solve the optimization problem.

2. Small cell network nodes are dishonest to each other and the MBS:
In this case, there is no benefit in solving the above optimization problem and
setting the maximum transmit power for each node in the small cell network.
Thus, there is no minimum interference guarantee and the MBS has to accept

the interference at the operating point.

For both the aforementioned cases, instead of considering a payoff function in
the form of (5.4), I formulate a payoff function which is only based on the utility
gained due to the SINR value at the receiver. In particular, the payoff of player k is

formulated as

log (1 + SINR}/*)
log (1 -+ SINR}/»*")

log (1 + SINR;")

log (1 + SINRkDL,max) ’ (5.5)

+ (1 —6)

Wk:‘gk

where 6, € [0,1] is a weighting factor and SINRkD Limaz and SINRgL’mam, respectively,
denote the maximum possible downlink and uplink SINR values that can be achieved
in small cell k. The maximum possible SINR is achieved when the transmitter is
transmitting at the maximum possible transmit power and the interference at the
RgL,max

receiver (caused by other nodes and self-interference) is zero. Therefore, SIN

and SINRkDL’maI can be calculated as

UL,max
SINRY D™t = Bo—, and (5.6)
pDL,max
SINR. " — kTO (5.7)

It is also worth noting that 7 has a value between 0 and 1 and equivalent to

the aggregate normalized uplink and downlink rate for Gaussian interference. Note
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that by changing the weighting factor 6y, the priority for uplink and downlink can be

changed. In other words, the uplink SINR can be prioritized by increasing 6. These
biasing factors can be set based on the system requirement prior to the execution of

the power control algorithm.

5.3.2  Analysis of Nash Equilibrium

In the following theorem, I comment on the existence and the uniqueness of the NE

of the above stage game G;,.

Theorem 5.3.1. Stage game Gs has a unique NE when the following condition is

satisfied:

o For all small cells, the self-interference cancellation technique is strong enough
such that the minimum average uplink received power at the SBS is greater than

the self-interference induced by the mazimum downlink transmit power, i.e.,

P > € (0F) k€ (1,2, K, (58)

uvkb

Moreover, the equilibrium power profile is given by Pr.ng = <p,gL’mam,kaL’mam) , Vk €

K.

Proof. Following payoff function can be written for any small cell k € {1,2,..., K'}:

log (1 i PP log 1+ P T,
No+IJE+IPEve(pyF) No+IJE+IPE+e(pPl)
(1—0) s . (5.9)

log (1 + SINR"") log (1 -+ SINR}/»"")

7Tk:(9
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For player 0, the payoff is given by

pOTOib(?Ou
log (1 + No+I&L+I(ﬁL)

" log (1 + SINRODL’”W> '

(5.10)

o

By Nash’s existence theorem [111], a game with a finite number of players and a finite
number of pure strategy actions for each player has at least one (mixed strategy)
NE. Moreover, from (5.6) and (5.7), the maximum achievable uplink and downlink
SINRs are constants. If the condition given in (5.8) is satisfied, by assuming that
prbm s pUE I and pPtmer . plUkmer gl e 11,2, K}, it can be concluded
that kaL’mmr,;bf“ku >C (pkUL’maI) , Vk e {1,2,..., K}. Then it is easy to observe that
the best response of player k for any fixed p_; is to transmit with its maximum power,
both in uplink and downlink (that is, once p_j is fixed, the larger the uplink and
downlink power, the higher will be the payoff). This means (ng’max, kaL’max) is a
strictly dominant strategy for all players. All players will play their dominant strategy
at any NE. Since there is one strictly dominant strategy for each player, the game has

only one NE. The equilibrium strategy pi yg is given by (ng’mw,kaL’mw> ,VEk €
K. O

The only NE for the above game is all nodes transmitting their maximum possible
transmit power. Therefore, at the NE, the players also experience the maximum
interference. Thus, the NE may not be the Pareto optimal power/payoff profile.
However, in the next section, I show that by formulating a repeated game, a solution

that Pareto dominates pj yr can be obtained.
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5.4 Repeated Game and Analysis of Public Perfect Equilib-

rium

5.4.1 Repeated Game, G,

I define the game G, be repeated infinitely many times and denote the corresponding
repeated game by G,.. The main components of G, are described below.

Set of players, K: Naturally, the set of players of G, is the same as that of G, i.e.,
K=1{0,1,2,...,K}.

Action set of player k, Ay: The action set of a generic player k at each step of G,

is same as the action set of that player in G,, previously denoted by A;. Moreover,

tth

the action of player k at t** step of the game G, is denoted by a(t) = py(t).

Payoff of player k, vy: The payoff of player k is defined as

M’ﬂ

(5.11)

vV = ) lim
T%oo
t:O

where 0 < § < 1 is the discount factor. The discount factor can also be seen
as the probability of not ending the game at a certain time step. Also, v =
[vov1 Ve .. W K]T is the payoff profile (payoff vector) of all players.

History at step t, h(t): History of the game G, at step t is composed of actions

played by all the players until step (¢ — 1). The action profile of the system at step ¢

is given by

a(t) = [ao(t) ay(t) ... ag(t)]".

Therefore, at time step ¢, the history is given by

h(t) = [a(1) a(2) ... a(t — 1)]. (5.12)
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Perfect monitoring requires every player to have knowledge of h(t). Thus, players

need to exchange information about their actions after each step of the game. Since
such scenario results in excessive overhead, it is not realistic for a small cell network
with limited backhaul. In order to avoid this problem, I proceed as follows: I assume
that the MBS measures the interference at its user. I denote the MBS’s measurement

on interference at its user at time ¢ by I (p_o(t)), which can be written as

I(p_o(t) = (II"+IP") +, (5.13)

where n ~ N (p, 0?) is the estimation error. Based on I (p_o(t)), the MBS transmits
a public message m(t) which is drawn from a finite set of messages given by M =

{my, my, ...,mys}. The public history at step ¢ can be then written as

hs(t) = [m(1) m(2) ... m(t — 1)]. (5.14)

Due to the broadcast nature of wireless transmission, it is realistic to assume that
this signal is heard by all network nodes. Thus, with very low overhead, the public
history becomes available at all nodes.

Public strategy of player k, si: The public strategy of player k is a mapping of

any possible public history to an action. Since §, is a repeated game with infinite
time horizon, it has an infinite number of possible public histories. Thus the public
strategy space (Sy) of each player k is also infinite. Also, the public strategy profile
of the system is given by s = [sg S1 ... Sk].

The equilibrium concept for a repeated game with public history and public strate-
gies is called perfect public equilibrium (PPE). The formal definition of PPE is given

below.
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Definition (Perfect Public Equilibrium [PPEJ): A public strategy profile § =

[S0 81 ... 8k is a perfect public equilibrium if for any public history h,.(t), the con-
tinuation public strategy given by §|h(t) is a Nash equilibrium of the continuing

subgame for all players, i.e.,

Uk(§|hpub<t)) Z Uk:(gka §_k|hpub(t)), \V/§k S Sk, Vk. (515)

5.4.2  Analysis of Perfect Public Equilibrium Set

Before characterizing the set of PPEs of game G,., I define the following terms.

Definition (Minmaz Payoff): The minmax payoff is defined for the stage game. For
any player k, the minmax payoff, Tx minmaz, 15 the maximum achievable payoff when

every other player aims at minimizing the payoff of k. Formally,

= min max 7 (ag,a_y) . (5.16)

Tk, minmaz
’ a_pEA_ ap€A;

Note that the NE of the stage game G, results in the minmax payoff for all players.

Definition (Enforceability): A payoff profile v of the repeated game G, is enforceable

if v > Tk minmaz, Vk. (Strictly enforceable if vy > Tk minmaz VK-)

Definition (Feasibility): A payoff vector v of the repeated game G, is feasible if
there exist rational, non-negative values of (,Va € A, such that v,Vk € I can be

expressed as

Z CaTi (@), where Z Ca = 1. (5.17)

acA acA

Definition (Individual Full Rank): Let Il (a_x) be a matrix of size |Ax| x |[M]. For
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an arbitrary player k and a fixed a_g, I (a_j) as follows.

Pr(mi/ay,a_y)  Pr(mg/ai,ay) ... Pr(mpag/ai,a_y)
Pr(mi/as,a_y) Pr(me/as,a—y) ... Pr(m/as, a_y)
Iy (a_y) =
Pr(mi/aja,), a-r) Pr(me/aja,ar) ... Pr(ma/aa,, a—r)

(5.18)

An action profile a has individual full rank for player k if Il (a_x) has rank |Ag|.

Folk Theorem for repeated games with imperfect public monitoring:

Let V* denote the set of feasible and enforceable payoffs of a repeated game G,.
In [112], it is shown that for any smooth subset W in the interior of V*, there exists
a 0 such that for all § € (3, 1), each point in W is a PPE, if G, satisfies the following
conditions for all players: i) Any pure action profile has individual full rank, and ii)
the number of public messages exceeds |Ay| — 1.

This means that any point in V* can be obtained as a PPE for patient players,
i.e., when 6 — 1. Thus, there can be infinitely many PPEs. My objective is to find
a desired operating point for the system which is also a PPE. The minmax action
profile can then be used as a punishment to motivate players to stay at the desired
point.

Even with the assistance of the Folk theorem, solving the formulated repeated
game is challenging. First, all players need to find a PPE operating point. Second,
the equilibrium strategy should ensure that all rational players would stay truthful,
i.e., the players should not have any incentive to deviate from the PPE operating
point. To find a PPE operating point and to implement an equilibrium strategy, I

propose a distributed mechanism that consists of the following two phases: i) learning
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phase, and ii) operating phase. Detailed analyses of these two phases are provided in

the next two sections.

5.5 Learning Phase: Finding a PPE Operating Point

5.5.1 Learning Algorithm

During the learning phase, the players are expected to learn a PPE operating point
distributively. In [113], the authors propose a distributed algorithm that converges to
a social optimal action profile (i.e., an action profile which maximizes the sum of the
payoffs of all players) for a system with a finite number of players with finite action
set. The algorithm is developed based on the theory of perturbed Markov chains.
By modifying the algorithms presented in [113] and [114], I develop a learning model
that finds a PPE operating point for the formulated repeated game G,. The proposed
learning model is entirely distributed and does not require any information exchange
among the network nodes. Each node only has access to its own historical payoffs
and actions, and decisions are made solely based on individual payoff as described
below.

Each player k has a state given by my(t), also called the mood, which can take
two values, namely, Content (C') or Discontent (D). The state or mood of a player
reflects its inclination towards experimenting new actions. More precisely, if a certain
player is Content, it will occasionally experiment new actions; in contrast, if a player
is Discontent, it will experiment new actions more often. Once the current state
my(t), current action ag(t), and the individual instantaneous payoff 7 (t) at step ¢
are known, the next action is selected according to the rules given in Algorithm 2.

In Algorithm 2, v € (0,1) and ¢ > |K| are constants. From Algorithm 2, it can be
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observed that if a certain player is in mood C, then it is more likely to stay with the

same action in the next step. A Discontent player, on the contrary, is more likely to
experiment other actions in the next step by randomizing over all actions belonging

to its action set.

Algorithm 2 Action updating algorithm

1: Initialization: Select constants v € (0,1) and ¢ > |K]|.
. if (m(t) == C) then
3:  Select ay(t + 1) according to following rule:

Pr(d) — {1 — v, if d == ay(t)

yle .
Iikﬁ’ otherwise

[N)

4: else
5:  Select ay(t + 1) according to following rule:

6: end if

The state of a player is updated based on its individual instantaneous payoff
m,(t) and current action ax(t). Once the next action ay(t) is selected by executing
Algorithm 2, the next state is updated by following the rules given in Algorithm
3.

From Algorithm 3, it can be observed that, the larger the instantaneous payoff,
the higher is the probability that the players are Content. In essence, if w,(t) =1 (i.e.,
maximum possible 7;(t)), then my(t+1) = C with probability 1 as v(!=™®) = 1. The
Content players are reluctant to experiment new actions according to Algorithm 2.
Therefore, all players are likely to stay with the actions which give higher payoffs.

All network nodes keep updating their moods and actions until the maximum
number of steps ([ter,..) for learning phase is reached or until the instantaneous

payoff does not change for a significant number of iterations (which can be predefined).
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Algorithm 3 Mood updating algorithm
1: if (my(t) == C) then

2 if (y(t+1) == ay (1)) then
3: my(t+1)=C
4: else
5:
mp(t+1) = C, with prob. p=m(®)
g B ., with prob. 1 — p(=7k(®)
6: end if
7. else
8:
mp(t+1) = C, with prob. v(-7x(®)
’ B ., with prob. 1 —p1=m(®)
9: end if

I present the complete learning method in Algorithm 4.

Algorithm 4 Complete learning algorithm

: Initialization: [lter,,,,= maximum number of iterations, select a; randomly, m; = D,
t=1,c=IK|+1

repeat

y— L1

—_

Vit
Step 1: Select ay(t) by following the rules given in Algorithm 2
Step 2: Update mood my(t) by following the rules given in Algorithm 3
t=t+1

until ¢t > Iter,,ox

P = ay

Inform p$°" to the MBS.

5.5.2  Theoretical Analysis of the Learning Phase

Before proceeding to theoretical analysis, in the following, I define the social optimal

action profile (a®?) and interdependence property of one-shot games.

Definition (Social Optimal Action Profile): A social optimal action profile, a®°, is

referred to as a pure strategy action profile of the stage game G, that maximizes the
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sum of the payoffs of all players. Formally,

a® = arg maxz (@) . (5.19)

Definition (Interdependence): Consider a finite game G with a set of players J. Any
arbitrary player j’s set of actions is denoted by .A;. The set of pure strategy action
profiles of the system is then given by a € Hje s A Let J denote a non-empty
subset of 7. The pure strategy action profile of players in subset J is shown by a7,
and the pure strategy action profile of players which do not belong to the subset J
is shown by a_j7. Then, the game G is interdependent if the following condition is

satisfied:

e For any arbitrary J and for any arbitrary action profile @ = a;Ua_;5 € A,
there is at least one player i ¢ J and an action profile a; € {IT;e7 Ax} such

that m; (a7, a_;5) # m (az,a_j).

In words, interdependency means that any subset of players has the ability to
change the payoff of at least one player outside the subset, by changing the actions
of the players inside the subset. In other words, if a game is interdependent, it is not
possible to split up players into two different sets which do not mutually affect each

other. Now the following results on the proposed learning model can be stated.
Lemma 5.5.1. Game G, is interdependent.

Proof. See Appendix B.1. ]

Theorem 5.5.1. If all players update their actions and moods according to Algo-
rithm 4 at every stage of repeated game G,., then the system’s asymptotic convergence

point has the following properties:
134



Chapter 5. A Repeated Game for Cheat-Proof Distributed Power Control in
Full-Duplex Small Cell Networks

1. The action profile at the convergence point is social optimal, i.e., a(t);— oo =

a’°.

2. All players are Content after convergence, i.e., my(t);_. = C, Vk € K.
Proof. See Appendix B.2. n

Corollary 5.5.1. If Algorithm 4 is applied to the repeated game G,., the instanta-
neous payoff profile and the action profile at the convergence point of the algorithm
are respectively equivalent to the Pareto optimal payoff profile and the corresponding

action profile of the stage game G;.

Proof. An action profile a”? is said to be Pareto optimal if the payoff profile achieved
by playing a”? is not Pareto dominated by any other any other payoff profile. Let
a®” be the action profile at the convergence point of Algorithm 4 for game G,. |

con

prove that a®” is Pareto optimal by following the method of proof by contradiction.

First, assume

a®“" # a’°. (5.20)

con

Then, a”® should Pareto dominate a®” and hence the following can be deducted:

> m(am) <Y m (a™9). (5.21)

ke ke

However, from Theorem 5.5.1 we have
a“" = a®? = arg maxz i (a) . (5.22)

Therefore, (5.21) and (5.22) contradict with each other. Consequently, the assumption

(5.20) is false. Hence, the convergence point of the algorithm is a Pareto optimal point,

PO‘ O
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Theorem 5.5.2. Any feasible payoff vector obtained by following Algorithm 4 in

G, (denoted by v*) is enforceable if the players are patient.

Proof. According to Corollary 5.5.1, if all players follow Algorithm 4, after conver-
gence, the instantaneous payoff profile is Pareto optimal. Let the system converge

after T time slots. Then, the payoff obtained by any player k in game G, can be

written as
v = (1=06) [ D (0)m(t) + Z (8)tmy (@™9) | . (5.23)

For smaller values of & (i.e., for patient players) > 2z, (6)'m, (a79) >>

Zf:0(5)t7rk(t). Hence we have

UI? = (1 - 5) f: (5)tﬂ-/€ (a’PO) = (1 - 5) M = T (a'PO) > Tk,minmaz-
- (1-=19) -
t=T+1
(5.24)
Since v,f > Thminmaz VK € K, payoff profile v is enforceable. O
From Theorem 5.5.2, it can be observed that action profile a*” (i.e., a¥®) and

payoff profile v} are together a PPE operating point if the game G, satisfies the

conditions required by Folk theorem, as stated in Section 5.4.2.

5.6 Operation Phase: Implementing an equilibrium strategy

5.6.1 Steps in the Operation Phase

Phase 2 of the learning mechanism is called the Operation Phase. The goal of this
phase is to implement an equilibrium strategy which enforces the potential PPE

operating point learned by executing Phase 1 (the learning phase) and provide the
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incentive to all players to stay at the learned operating point. This phase is composed

of the following two steps:

1. Detection: This step is performed by the MBS in order to detect if any player

is deviating from the desired operating point learned at Phase 1.

2. Punishment: In case a deviation from the desired operating point (i.e., cheat-
ing) is detected, a punishment should be given to ensure that the cheating

players do not benefit in the long run.

In next two subsections, these two steps are explained in details.

5.6.2 Step 1: Detection of the Point of Change of Interference

As mentioned in Section 5.4, at each step of G,., the MBS obtains a noisy measurement
on the interference at the macro user. The MBS then broadcasts a public message
m(t) € M = {m;,my} based on these interference measurements. The measured

interference at step ¢, I(t), can be written as

I(t) = (IgF(t) + 15 (1)) +, (5.25)

where 7 ~ N (u,0?). All small cell nodes are supposed to transmit at the power
levels learned in Phase 1. If at least one small cell node (the SBS or the small cell
user) cheats by increasing its transmit power at a certain time and continues trans-
mitting with the increased power, the statistics of the interference measurement I also
changes from that time onwards. Detection of statistical changes of a data sequence
is a fundamental problem in many applications [115]. T propose an algorithm to iden-
tify cheating by detecting the statistical changes of the interference measurements,

I(t). To this end, I take advantage of the Page-Hinkley test [116], which is a simple
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approach to detect any change point in the statistical mean of a sequence of random

variables. The proposed cheating detection rules are given in Algorithm 5.

Algorithm 5 Detection of cheating
: Initialization: Select a threshold value th, A(0) =0
repeat At each step t € {1,2,...}
m(t — 1) = 1mq
I= % Zi:l I(7) B
At) =A@t —-1)+I(t)—1(t)
Apin = min{A(7)|7 € {1,2,3, ..., t}}
until (A(t) — Apin) > th
m(t) = my
T = argmin{A(7)|T € {1,2,...,t}}

According to Algorithm 5, if no increase is detected in the statistical mean of
I, the public message sent by the MBS to the small cells equals m;. In case of
cheating, the public signal equals my. If small cells receive my as the public message,
they will trigger the punishment strategy, which will be explained in next subsection.
This algorithm also estimates the step where the player(s) started deviating from the
learned solution, a”®. This change point is denoted by 7.. Note that in Algorithm
5, th is a pre-defined threshold, based on which a change in the mean value of the
sequence of measured interferences is alarmed. Thus, the value of th affects the
algorithm’s performance measures such as the false alarm rate and the detection
delay (i.e., time taken to detect cheating). More precisely, smaller th results in faster
detection, but the probability of false alarm increases as an undesired side effect. I
will analyze this trade-off numerically in Section 5.8.

Now, I consider a simplified version of the repeated game G,, denoted by G,. In
G,, every player can select among only two actions, i.e., Ay = {a1 1, a2}, Vk € K. 1

state the following result.

Theorem 5.6.1. In G,, the payoff profile obtained by executing Algorithm 4 (i.e.,
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o) is a PPE payoff profile if public messages are selected according to Algorithm

5.

Proof. At any round t, for any arbitrary action a; j of any arbitrary player &, for any

fixed a_j and fixed sequence of interference measurements until time (¢ — 1), it can

be written
Pr(mi/a;k, a_;) = Pr(A(t) — Appin — T > 0) (5.26)
= Pr (A(t — 1)+ I(t) — %ZI(T) — min{A(0), A(1),A(2),....,A(t)} =T > 0) )

Also, from (5.25), I(t) = Lictuar(t) + 1, where Iq(t) is the actual interference the

macro user experiences at time t. Let A(t —1) + (1 — 1) Toctuar(t) — 1 SV I(r) = K,y

and Aﬁfg,j) = min{A(0), A(1),A(2), ..., A(t — 1)}, since Lnetua(t) and the sequence of

interference measurements until time (¢ — 1) are not random. By substituting in the

above equation I have

1 _ 1
Pr(mi/a;y,a_;) = Pr (K1 + (1 - ;) n— min{Agn-nl), Ky + (1 - ¥> nt—T > O) .
(5.27)
Let €2 be the sample space of the values that can be taken by 1. Consider the following

(t=1) _ DKy

two events: i) A = {7] €N n< %}7 and ii) A° = {77 €Q n> Am(ffl)}
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By applying the law of total probability,

Pr (ml/ai,k, a_k)

= Pr(A)Pr((K1+(1—%)n mln{Amm,Kl+(1—1)n} T>0)|A>

+ Pr(4°Pr (<K1 + (1 - %) n—min{A" D K+ (1 - 1) ny—T > o) | AC>

= Pr(A)Pr(—T>O)+Pr(AC)Pr(K1+(1—%)77 Animl) T>O)

A A
_PI'<77<W Pr n < (1_1)

Ki—A¢D Ki—A¢D

(17%) 1 +erf <17%)
V20 V20

1
= 1 1+ erf

(5.28)

I (a_y) for player &k of G can be written as Il (a_y) =
Pr(mi/air,a_r) 1—Pr(mi/a i, a_
(m1/as, a-1) (mu/@14, a-) We know that a_j; is fixed
PI" (ml/G,Q’k, a,_k) 1— PI“ (ml/ag,k, a_k)

and Kj is an increasing function of a,. Hence, from (5.28), it is clear that
Pr(mi/aiy,a_r) # Pr(mi/asy,a_i). Thus the determinant of II; is non-zero
and IIj, has individual full rank. By Theorem 5.5.2, v;' is enforceable. Hence,
according to the Folk theorem (see Section 5.4.2), the payoff profile obtained by
executing Algorithm 4 is that for a PPE, if public messages are selected according

to Algorithm 5. O

5.6.3 Step 2: Punishment

Step 1 is followed by Step 2 only when cheating is detected, that is, when mj is

received as the public message. A punishment is performed to prevent players from
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evaluating cheating as worthy. Generally, the two following punishment techniques

are applied in repeated games [117]: i) Grim trigger strategy and ii) punish and forgive
strategy. I will describe these two punishment rules in the following subsections, and
for the latter strategy, I will propose a novel approach to efficiently tune the duration

of punishment.

Grim trigger strategy

Once cheating is detected, all players start transmitting at maximum power both in

uplink and downlink forever, which is also the NE power profile. Formally,

pzon’ lf h(t) = [ml, mi, ..., ml]
pr(t+1) =
PrNE, Otherwise.

If for all k, 7 (p®™) > m(pNE), the grim trigger strategy causes a reduction of long-
term payoff for any cheating player. Therefore, if all players are rational, they have

con

no incentive to deviate from p®” and grim trigger strategy. Consequently, the grim

trigger strategy is stable.

Punish and forgive strategy

Once a deviation from p®” is detected, pulling the grim trigger is equivalent to playing
the stage game forever. This will substantially decrease the efficiency of the entire
system. As a solution, a punish and forgive strategy can be implemented. The idea is
that, when a deviation is detected, all players will transmit at the maximum possible

con

power for some rounds 7, and afterward the players play p“" again. The duration of

punishment, 7}, should be long enough to diminish the benefit obtained by cheating.
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Therefore, choosing T}, is critical when implementing the punish and forgive strategy.

To make any cheating worthless for players, the duration of punishment 7}, needs to
satisfy the following condition: The maximum possible benefit obtained by cheating
(denoted by b™**) should be less than the minimum possible payoff reduction (denoted
by 7™") during the punishment.

Although the proposed change detection algorithm can detect any deviation from
the desired operating point, it is incapable of identifying the dishonest player(s). In

~main

bz and 7 should be estimated. Since all players update their actions

this case,
at the end of the learning phase (see Algorithm 4), p®" is known to the MBS.
Moreover, the initial location information of the small cell nodes is known to the

MBS. Using this information, the MBS estimates the instantaneous payoft of player

k as
T (Pr> P—k)
pkL-)LTI;Djku pkUer_ua,k
log (1 + NOHgHL(pk)bH@L(pk)) log (1 * No+1gb(pk)+figb(pk))
= 0 DL max T (1 N 0) UL,max ’
log (1 + SINRP% ) log (1 + SINRVY )
(5.29)
Now, I define

0™ = max{k € {1,2,..., K|} | (7 (p}'",p°F) — 7 (05", %))}, and  (5.30)

it = min{k € {1,2,...,|K[} | (7% (i, p°7) — 7 (Y Z, pVE)) }. (5.31)

Assume that Algorithm 5 detects a deviation at time Ty, and let T, be the change

point as estimated by Algorithm 4. The punishment duration 7}, is then calculated
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as

T {(Td—:/z) bmw

p

(5.32)

TTTLZTZ

The proposed punish and forgive strategy is summarized in Algorithm 6. When

Algorithm 6 Punish and forgive strategy

1: Initialize: Set pd = 0.
2: For every step t
3: if ((m(t) == m) && (pd == 0)) then
4: pr(t+1) =p"
5: else
6: prp(t+1)=prneand pd =pd+1
7: end if
8: if (pd ==T)) then
9: pd=0
10: end if

T, is selected according to (5.32) and the actions are selected to py(t + 1) as given
in Algorithm 6, cheating players gather no benefit in the long run, since the pay-
off reduction during the punishment duration is larger than the increase in payoff
obtained by cheating. As an immediate result, if the punish and forgive strategy is
implemented, the rational players would not deviate from the social optimal action

profile.

5.7 Distributed Power Control Algorithm

In this section, I present the complete distributed power control algorithm based on
the two phases explained in the previous section. During Phase 1, the players (i.e.,
small cells) learn Pareto optimal solution (which is also the social optimal solution
in this case) by acting according to Algorithm 4. In practice, Algorithm 4 can
actually be executed at the SBSs on behalf of both base station and user. Moreover,

in Phase 1, the MBS measures the interference at its user and perform steps 4, 5, and
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6 of Algorithm 5. Note that during the learning phase, the MBS does not alarm any

change in the mean interference experienced by the macro user. At the end of Phase
1, all small cells report their current action (i.e., pi") to the MBS. I can identify
two types of dishonest behavior by small cells, after they find out the social optimal

operating point.

e Type 1. In this case, the small cells try to mislead the MBS by reporting
transmission power (by SBS and/or the small cell user) which is higher than the
true pi°". The dishonest small cell nodes start transmitting with the reported
power from the first step of Phase 2. Since the MBS has collected interference
measurements at the macro user during the learning phase (by performing steps
4,5, and 6 of Algorithm 5), this type of cheating is also detected as an increase
in the interference. However, the MBS needs p“" to calculate the appropriate
duration of punishment, which is unknown. Thus, in this case, the grim trigger

strategy is used as a punishment.

con

e Type 2: In this case, the small cells report the true values of pi" to the MBS,
but increase their transmission power at some later time during Phase 2. In this
case, the punish and forgive strategy can be used as explained in the previous

section.

The complete distributed power control algorithm is shown in Fig. 5.1. For
each step of the learning algorithm, every small cell preforms only a few simple
mathematical operations including generating random numbers. Algorithm 4 has
a constant time-complexity of O (/terp,..). The Page-Hinckley test based detection
algorithm (Algorithm 4) has a time-complexity of O (T 2), where T is the average

run length of the detection algorithm [118].
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4 )
At MBS:
/ \ Execute Algorithm 4 (Cheating detection
At all SBSs: > algorithm)
Execute Algorithm 3 | gsc inform - -
(Learning algorithm) | p,eon to MBS ¢ Public message m(t)
Reset t=1
At MBS: / At all SBSs: \
Measure I(t) If (m(t)==my && t==1)
Execute step 4,5 and 6 of Grim trigger
\ Algorithm 4 / else
Execute Algorithm 5 (Transmit power
selection)
End if

- J

Figure 5.1: Distributed power control mechanism.

5.8 Numerical Results and Discussion

In this section, I evaluate the performance of the proposed algorithm numerically. In
the first step, I consider a toy system model consisting of two small cells underlaying
the macrocell. Simulation parameters are summarized in Table 5.2. I consider the
case where small cells do not cheat on the MBS. Therefore, the MBS does not take
part in the game. The MBS transmits in the downlink direction with some fixed
transmission power. The small cell users transmit in the uplink direction with some
fixed transmit power. For the downlink transmission, SBSs select a transmission
power from the set {15, 20}. The game matrix is given in Table 5.3. From this
matrix, it can be observed that the Pareto optimal solution corresponds to both the

SBSs transmitting the lowest possible transmit power.

5.8.1 Phase 1: Learning Pareto Optimal Solution

Fig. 5.2 shows the convergence of the system during Phase 1 (Learning Phase). It
can be seen from Fig. 5.2(a) that, for both players, the learning phase converges to an

operating point that results in some payoff higher than the NE. Moreover, from Fig.
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Table 5.2: Chapter 5: Simulation parameters

’ Parameter ‘ Value ‘
(x, y) coordinates of SBS 1 (—2.8010, 5.6566)
(x, y) coordinates of user of SBS 1 | (—2.8233,7.7278)
(x, y) coordinates of SBS 2 (—5.7635, —2.8713)
(x, y) coordinates of user of SBS 2 | (—2.9953, —4.1508)
Ny 0.001 W
@ 4
Py " 2 W
PPE PPk {15, 20} W
0 0.001
J 1
6 0.7

Table 5.3: Game matrix

’ p{jLang(W) ‘ 1, T2 ‘
(15,15) (0.5659, 0.4406)
(15,20) (0.5288,0.4698)
(20, 15) (0.5909, 0.3946)
(20, 20) (0.5540,0.4241)
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(a) Payoff of each player. (b) Aggregate payoff of the system.

Figure 5.2: Phase 1: Payoff for the toy model.

5.2(b), the learning phase eventually converges to the social optimal solution, which
yields the highest aggregate payoff according to the game matrix shown in Table 5.3.
This convergence point is also Pareto optimal since it is not Pareto dominated by any

other payoff profile.

0.16

Learning algorithm
- - -NE
““““ Pareto optimal point

Total interference at the macro user

o ° °
2 o 2 o £
B 2 B B &
& & & & &

o
i
)

200 300 400 500
Step

Figure 5.3: Phase 1: Aggregate interference at the macro user for the toy model.

Fig. 5.3 plots the interference measured at the macro user during Phase 1. The
macro user experiences the highest interference if the system is at the NE, due to the
fact that all small cell nodes transmit at the maximum transmit power at the NE.
It can be seen from Fig. 5.3 that the interference at the macro user is reduced at
the operating point learned during the learning phase. For the presented toy model,
this convergence point also causes the minimum interference at the macro user since
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Average payoff of an SBS

= = Average payoff at the NE of a SBS
+++ Payoff of the MBS 1

= Payoff of the MBS at the NE

I . I I
0 200 400 600 800 1000
Step

Figure 5.4: Phase 1: Payoff for a system with two small cells and one macro cell.

both the SBSs transmit at their minimum possible transmit power. In the next step
I observe the learning phase when the macro cell also participates in the game with
the two small cells. Fig. 5.4 plots the average payoff of a small cell player and the
payoff of the macro player during the learning phase. Similar to the previous case,

the learning algorithm converges to a point which yields a payoff better than that of

the NE for all players.

Total Payoff
o
©
&

= = = Time average of the total payoff
+rv Total payoff at the NE
== Total payoff at the Pareto Opt. poin

100 200 300 400 500
Step

Figure 5.5: Phase 1: Payoff for a system with 8 small cells.

Next, in Fig. 5.5, I observe the behavior of the learning phase for a larger network
with 8 small cells. The set of actions for each player is similar to that in the toy
model. In this case also, the learning algorithm results in a social optimal payoff
better than that for the NE; nevertheless, this system shows a slower convergence

rate compared to the toy model, due to a larger number of players. Moreover, a
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smaller difference between the payoff values leads to slower convergence, due to the
following reason. In Algorithm 3, the probability of being Content (or Discontent)
at a certain step t is given by v=™®): thus, similar payoff values result in similar
probabilities. Consequently, the algorithm needs more time to distinguish those action
profiles which deliver similar payoffs. Due to the same reason, the learning mechanism
might also converge to some operating point in which the aggregate payoff is slightly

less than the social optimal payoff, but still better than that of NE.

5.8.2  Phase 2: Operation Phase

In this section, I discuss the performance of Phase 2 of the proposed power control
scheme. For all simulations, I consider the toy model described in the previous section.
Moreover, player 1 cheats by transmitting its maximum transmit power (i.e., 20
W), starting 10 rounds after the beginning of Phase 2. For simulations, I set the

interference measurement error (n) as follows:

n = [ x i x (maximum average interference at the macro user), where n ~

N (0,1).

*-- B=0.1

$=0.02
c B=0.01
‘‘‘‘‘ B=0.002
= = =B=0.001
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(a) Detection rule: Probability of false (b) Detection rule: Detection delay.

alarm.

Figure 5.6: Effect of change-threshold on the performance of Page-Hinkly test.

149



Chapter 5. A Repeated Game for Cheat-Proof Distributed Power Control in
Full-Duplex Small Cell Networks

I first show the performance of the deviation detection rule based on the Page-

Hinckley test described in Algorithm 5. In Fig. 5.6(a) I illustrate the variation of
the false alarm probability as a function of the detection threshold th. For any value
of B, smaller values of detection threshold yield higher probability of false alarm.
Moreover, it can be observed that the false alarm probability increases with the value
of 3, which can be explained as follows. For larger measurement errors, there is a
higher chance for the Page-Hinckley test to mistakenly alarm a change in the mean
interference even if there is no actual change. Therefore, in order to avoid a high false
alarm probability, one has to increase the detection threshold. However, increasing
the detection threshold th increases the delay of detecting any deviation. This is
evident from Fig. 5.6(b), which shows the variation of the detection delay® with
detection threshold. It can also be observed that detection delay is smaller for larger
values of 5. The reason is as follows. In case of cheating, for higher values of 3, the

deviation from the mean interference increases, and thus it is easily detectable.

20

Punishment Duration
= N =
S S IS

3

)

4

. . . . . . . . . .
001 0.02 0.03 0.04 005 0.06 0.07 008 009 0.1
Detection threshold

Figure 5.7: Punishment rule: Average punishment duration.

To analyze the performance of the punishment rule, I first compute the average
punishment duration, 7},. Fig. 5.7 shows the variation of the average punishment du-

ration as a function of the detection threshold, for different values of 5. For § = 0.001

5Detection delay is defined as the number of steps required to detect a deviation after the devi-
ation actually occurs.
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and for § = 0.01, if the detection threshold is larger than 0.01, the punishment du-

ration increases with the detection threshold. This can be justified by the following
argument. As discussed before, the detection delay increases when the threshold
increases. Moreover, the dishonest users gain benefits only before the cheating is
detected. As a result, the average punishment duration also increases with increasing
detection threshold, to void the effect of a larger detection delay. When the threshold
is less than 0.01, variations of the punishment duration show a different and inter-
esting behavior. we can observe that, for § = 0.01, the average punishment duration
decreases until the threshold value reaches 0.01. Moreover, when the detection thresh-
old is less then 0.01, the average punishment duration for 5 = 0.01 is larger than that
for § = 0.001. This is in fact the inverse effect of that in the previously-discussed
th > 0.01 scenario. This behavior can be explained based on the false alarm prob-
ability of the detection algorithm. Clearly, a punishment can also be triggered due
to a false alarm. On one hand, from Fig. 5.6(a), when 8 = 0.01 and th < 0.01, the
false alarm probability is non-zero. On the other hand, for § = 0.001 and th < 0.01,
the false alarm probability is almost zero. Moreover, it is clear that the false alarm
probability also decreases with th. Therefore, for § = 0.01, the average number of
punishments (hence the average punishment duration) due to false alarm decreases
with th. However, when th > 0.01, the average punishment duration increases with
th, as the false alarm probability is almost zero and larger threshold values result in
higher detection delays.

Fig. 5.8 plots the payoff of the toy model once a deviation from the optimal
solution has taken place. As previously explained, I assume that player 1 cheats at
10" round of Phase 2. I also select 5 = 0.002 and th = 0.05. For this particular

case, the deviation is detected two steps later and hence the value of punishment
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Figure 5.8: Punishment rule: Payoff for the toy model.

duration 7), is 8. Fig. 5.8(a) shows the individual payoffs of each player. In can
be observed that player 1 gains an instantaneous payoff before cheating is detected.
However, player 1’s instantaneous payoff decreases during punishment duration, and
the decrement is sufficient to reduce the average payoff to a value smaller than the
average payoff obtained before cheating. Grim trigger, in comparison, decreases the
payoffs of both the players forever. Both grim trigger and punish and forgive strategies
can incentivize rational players to cooperate. However, from Fig. 5.8(b), it can be
easily concluded that the punish and forgive strategy is more productive than the
grim trigger strategy. The objective of any rational player is to maximize its average
payoft over time. Thus, the proposed power control mechanism is cheat-proof if all

participating players are rational.

5.9 Chapter Summary

I have studied the distributed power control problem for a co-channel deployed two-
tier network with full-duplex small cells underlaying a macro cell. T have formulated
the power control problem as a repeated game with imperfect public monitoring.

The existence and uniqueness of Nash equilibrium for the stage game is established
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and the perfect public equilibrium payoff set is characterized. 1 have proposed a

distributed learning mechanism to achieve the Pareto optimal solution which, unlike
the Nash equilibrium of the stage game, is efficient in the sense of maximizing the
social welfare. I also have developed a deviation detection technique based on Page-
Hinckley test to detect any cheating and presented a punishment policy to motivate
cheating players to cooperate. It is also proven that the proposed algorithm results
in a perfect public equilibrium operating point of the formulated repeated game. To
this end, I have proposed a distributed cheat-proof power control mechanism that
not only is efficient for small cell nodes, but also satisfies the SINR requirement of
the macro user. Intensive numerical analysis also verified the algorithm’s capability
to prevent cheating if all small cell nodes (i.e., SBSs and small cell users) are rational

and protect the macro user from harmful interference caused by the small cells.
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Conclusion and Future Direction

6.1 Conclusion

In order to support the constantly rising demand for wireless traffic, future wireless
networks will be composed of thousands of different types of small cells. Due to
the increased density of base stations, their random deployment and heterogeneity,
traditional centralized network control and manual intervention will not be realistic
for future wireless networks. Consequently, self-organization has been proposed as a
significant feature for future heterogeneous wireless network, i.e., network nodes are
expected to take individual decisions. Distributed resource allocation is one of the
desirable feature for self-organizing networks. In this thesis, I proposed a framework
for distributed resource allocation in self organizing small cell networks underlaying
macro-cellular networks.

Game theory is a strong mathematical tool that can model and analyze distributed
interactions among entities with conflicting interests. Specifically, in this thesis, I have
used evolutionary games, mean field games and repeated games to model three differ-

ent scenarios of distributed resource allocation in self-organizing small cell networks.

154



Chapter 6. Conclusion and Future Direction

Moreover, stochastic geometry is used to model the spatial distribution of the network
nodes and analyze the performance metrics of the network in order to derive payoff
functions for the formulated evolutionary game and mean field game.

In summary, I have developed three distributed resource allocation techniques
for self-organizing small cell networks underlaying macro-cellular networks. The pro-
posed three resource allocation schemes are intended to be applied in three different
scenarios (i.e., small cell networks with three different requirements). Fig. 6.1 pro-
vides a comparison and a summary on the three resource allocation paradigms that

has been proposed in this thesis.
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Figure 6.1: Summary of the resource allocation techniques proposed in this thesis.

In next section, a brief discussion on practical implementation of the proposed

algorithms is given.
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Figure 6.2: Implementation of Algorithms.

6.1.1 Implementation of Proposed Algorithms in Practice

Frame length of a general LTE system is 10ms; each frame is composed of 1ms sub-
frames as shown in fig. 6.2. Each step of the proposed algorithms can be considered to
be equivalent to one LTE frame. During learning phases of each algorithm, network
nodes may transmit a test packet or same data packet as they do not achieve expected
performances until the learning duration is over; Ex: If algorithm takes 50 iterations
to converge a network node may transmit a test packet for 500 LTE frames, i.e., 0.5
s. After learning phase, actual transmission can take place, i.e., one packet per LTE
frame as shown in fig. 6.2. However, algorithm has to be reset after a pre-defined

time; Ex: 10 s (1000 LTE frames) as system parameters (such as channel gains,

distance between transmitter and receiver, etc).

6.2 Future Research Directions

Some of the potential research directions in designing distributed resource allocation

techniques for self-organizing small cell networks are outlined below.

1. Multi radio access technology (Multi-RAT):
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In future networks, different radio access technologies (e.g., Wi-Fi, different
types of small cells) are expected to be integrated in order to provide seamless
service to the user. Access control between different technologies should be done
in a self-organizing way to achieve the optimal performance. Access control is
closely related with resource allocation, since access control algorithms gener-
ally allow a new user only if there are sufficient resources to serve that user.
Therefore, distributed coordinated access control and resource allocation for
Multi-RAT to provide seamless connection to the user is an important research

direction.

2. Signaling overhead-optimal performance trade-off:
There is always a trade-off between the signaling overhead and optimal perfor-
mance of a network. A network may deliver optimal performance with complete
information but the signaling cost for implementing such algorithms would be
very high. On the other hand, the algorithms that rely on less information or
incomplete information may deliver slightly degraded performance. Address-
ing this issue and quantifying the trade-off is significant in order to achieve

near-optimal or optimal performance in self-organizing networks.

3. Context-awareness:
Context awareness, which is a powerful feature in many intelligent systems, has
recently been applied for enhancing the self-organizing features in small cell
networks. The idea is to utilize the context information, i.e., information from
the users’ environment, behavior, and social media, to enhance the provision of
services and applications. Context information can also be obtained by recently
proposed mobile crowdsensing techniques. The algorithms should be devised

considering the efficient exploitation of context aware information taken from
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different sources. The reliability of the different information sources would also

be an important issue.
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Appendix A

A.1 Laplace transform of the aggregate interference

Let
]1 = / Eth[l — e—vphzfo‘] x dz.

=0

Since the integration can be interchanged with the expectation,

I = Eth/ (1 - e_”phx7a> x dx.
=0

Substituting y = vphx™®, I; can be written as

oo 1 B
n=EE, [~ a2yt a
y=0 @
2

2 2\ Va 1 —eY
:Ep <pa>Eh (hoc);/yvOde

Let I, = f;:o 1-¢? dy. By performing integration by parts on I, we have

yat!
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Hence,

«

I, =E, <p%> E, (h*) ér (1 - 3) . (A.5)

A.2 Average SINR of a Generic User

For an interference-limited network (i.e., Ny = 0) and assuming path-loss exponent

a =4, we can derive E [SINRI(")] as in (A.6).

E [SINR{"| =

/t oo {—“m N VAANG (0.5)}

=0

exp {—mng[@]E[\/@]ﬁr (0.5)} dt. (A.6)

Since hfg’)k and hg,? are i.i.d. and they are exponentially distributed with mean p,

E [Vﬂ _ [ Vrpetdn. (A7)

h=0

By substituting x = ph, we have

E [\/ﬂ = # z: (\/Ee_z) dx
1 T
— ﬁr(m) =51/ (A.8)
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Also, after substituting the value of T' (0.5) = /7 and v = ““< in (A.6), we have ,

P

E [SINR"| =
/°° exp _7T2)\m,/pm\/fr§ exp _WzAgn)E[\/p_s]\/frz dt
=0 2V 2V
> A
exp s — Am pm—l—Ag")E Ds \/%}dt, A9
[ oo =57 (v + AE(VE) (49
where A = 722,
The expression in (A.9) has the following form:
]3 = / B_k\/%dt
0
2 [ 2 2
= i ze dx:ﬁf‘@):ﬁ, (A.10)

where the second step follows from the change of variables by substituting kv/t = z.

Hence, (A.9) can be re-written as follows:

8py

A2 (v + NVELB)

E [SINRI(”)} - (A.11)
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Appendix B

B.1 Proof of Lemma 5.5.1

Let J be any arbitrary subset of base stations, i.e., J C K. The action profiles
of J and J¢ are given by a; and a_,, respectively. Consider any base station
i ¢ J. The payoff of i is a function of the corresponding received SINRs, i.e.,
m; = F (SINRY*, SINR"). Also, from (5.1) and (5.2), it is evident that both uplink
and downlink SINRs are functions of uplink and downlink transmit powers of all
network nodes, i.e., m; = F (ay Ua_;). Therefore, any change in a; will change ;.

Therefore, game G, is interdependent.

B.2 Proof of Theorem 5.5.1

When all players play a finite game repeatedly and follow the learning rules described
in Algorithm 4, the dynamics of the system induces a perturbed Markov process
with a finite state space X = Ax MQO, with MO = ({C’, D}"C‘) being the set of mood
profiles of the system. In [113] and [119], it is shown that when any interdependent
finite game is repeated following Algorithm 4 and v — 0, a certain state T =
[@ wm] € X is stochastically stable if and only if: i) @ is the social optimal action

profile and ii) my = C, Vk € K. The game G; is finite. It is also interdependent
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according to Lemma 5.5.1. In the game G,, the players repeat the stage game G;
infinitely many times. Therefore, if all players in G, update their actions and moods
according to Algorithm 4 at every stage, it’s asymptotic convergence point is the
social optimal action profile, a®?. Moreover, the convergence of Algorithm 4 is
guaranteed when the experimenting rate (v) is time-varying and goes to zero with the
iterations [114]. Therefore, to guarantee the asymptotic convergence of the learning

model, we select v = it in Algorithm 4.

<
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