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I

O. ABSTRACT

Given a vector of ungracluated values g" = (rîr... rrr;)t
and a constant À > 0, the lVhittaker-Henderson graduation

method f inds the optimal values uÀ = t"ì,...,,r]) t, called
the graduated values, which minimize f (g) + LS(E) over aII
g = (uI, ..rurr)T, where F is a measure of the lack of fit
of u to g" and S is a measure of the lack of smoothness

of the val-ues ir E. Thispaper gives a generalization of
the l¡lhittaker-Henderson graduation method. F and S are

defined in terms of g_-norms and f,_-norms respectively,pq
where I :
values in

examples

obtained

gracluated

P, q _< @. Methods of finding gra.duated-

each case are investigated. and some numerical

are given. Sets of graduated values thus

are"compared. ltfonoLone properties of the

values are established.
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and a constant

Type B method

which minimize

1. TNTRODUCTTON: CLASSIFICATION

Given a vector of ungraduated values u" = (rï,...,ui) r,

" the well-known Whittaker-Henderson

the graduated values uÀ = ("i,... rrrrX)'

+ Às (g) over all g - (rt r. o -,rrr) t. F

follows:

À>0

finds

)

x)(gF

ux

(gF

and S are defined as

n
I \.i-xx=-L

-r-r 
tt

x
2u

and

where

z-Ll:

(nz
n-z

t
x=1

0 are weights assigned to ul and

2
S (g

w
X

)

^zu 
are thex

differences of u

The formula for the graduated values is obtained

el.egantly by Greville [3-'], using linear algebra, and by

Shiu tl0:ì using advanced calculus
n

Schuette f g I uses the measures F (u) = x. w" lu|-u* i ancl
X=-L

Tt-z
s(g) = x- lo'""1 and shows that gÀ can be obtained by

x:I

formulating the problem as a Iinear programming problem

In his discussion of Schuetters paper l4), Grevill.e

suggested "It woul-d Ì¡e most interesting anC- rrrorth-

whil-e i-f someone would perform the same task for tlie

Chebyshev norm that Schuette has done for the l,r-norm""
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some other suggestions are given in the discuss.ion of
Schuetters paper lgf , for exampì_e, to use the g'-norm

for fit and the Chebyshev norm for smoothness, or use

the .Q,r-norm for f it and. the Î,2-norm for smoothness,... retc.
This paper gives a generarization of the whittaker-

Henderson method by using gp-norms (the definition and

properties of norms are given in Chapter l). We use

u -u" ¡n and
ft-z

XX t l¡zu ¡9.t xrX=I

ïn case p and c equal infinity, \¡Iewhere

define

F_ (g) = rnax l"ll-"_, Io l<xcn' X x'

We classify the above

into categories which can

diagram:

q-1

corner

so (g))pF u
n
Xw.XX=I

1 Í p, çf ( æ

and S (u
æ ) max

1<x<n-z
Inzu*1.

cases (for different p and o)

be explained by the following

1 < q (æ I = t't¡

P=1

p

r t_m

corneT

rl_m1<p(æ

@ corner cornet:

Proof of existence of an optimal sorution, or graduated

values*and, in some cases, uniqì-teness of the optimal
solution are given in chapter r. rt is shown that the

optimal solution is unique when I < Ð < @.

rl_m

interior

rl_m
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The methods of finding graduated values in each

case are investigated in Chapters 4 to 6. The "corner"

cases are discussed in Chapter 4. The graduated val_ues

are obtained by means of linear programmirg, which perhaps

is the most widely used optimization model in operations

research. Chapter 5 considers the "interior" cases.

We dif ferentiate n'n (g) + f So (g) and obtain the graduated

values by solving the equation ni{e) + rsi{g) = g. The

remaining casesr we call them "rim" cases, "++hi-edr are

more complicated. They are discussed in Chapter 6.

Chapter 7 gives some numerical examples for each

case and the resulting giraduated values are compared.

Monotone properties of the optimal solutions are

obtained in Chapter 3. I¡te show that rn(gÀ) + rso(gÀ)

ana fO(gÀ) are nond.ecreasing functions of À and that tn(ts

is a nonincreasing function of À. (The special case

when p = q = 2 h'as been treated by Chan, Chan and

Irfead tfl.)

Althouqh in actuaria-1 applications the graduated

val-ues are normally required to be positive, v/e allow

them to be negative in this paper. It turns out that,

in most cases, the graduated values will be positive if

the ungraduated values are positive, even Lhough we

do not impose non-negativity constraints.

À
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2 " NORMS, EXISTENCE AND UI{TQUENESS OF SOLUTTON

We generalize the Whittaker-Henderson graduation

method as follows:

lain Fo(g) + Àso(ts) (wH,P,Q)
u

where

uttxup

¡ n'rr* lq

n
Xw

-Xx=l.
pF

and

withw >0

Before

definition s

Given

I < p,

define

some

p

F_ (g) and

properties

n
t

x=1

-ux

S u(
n-z

x
x=1q

and

we

and

q (æ

a vector y (Yl' "',Yn ) in Rt,

L/p

S* (g) , r^re f irst give the

of norms.

the 9" -nctttm ofp

I is defined as I l¿l ln = 
t

p
.X where 1 : p < æo

fn case p -, the .C -norm ofø y is defined as

Tt ís intuitively clear that thevllvll*

following

LE}4MA I.1

property hol-ds :

ll¡ll-

l-im
p->*

max
1 <x<n

lv* I

Proof: ft suffices to show that llvll* max
1<xcn

V-l¿ andì

llvll* : max
1<xcn

v-- l. Let k be the co*ordinate for

value r,nax 
I

1<x<n
v

J(vrhich lvu I a-tta-ins the We have
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ll¡lln =

for each p. Therefore,

( lvr I 
v¡L/v = lvo I

nJ 
l/n

)

j

(n
[,:, l"* = max V

1<xcn

max
1<x<n

Conversely,

I l¡l l--yx ( 2a)

p where

llvlln = 
t

n
J.

x=1
yx (r,l yr p¡t/v = ,,1/P lyo I

n)"o

r/p max
1<xcn

The ineouality still holds if we take lírnits on both sides:

Vn

ll¿ll- = ]Ìill¡llo : ]im.,1/P-*'* lv*l = -max lr*p+* . p+* l5xcn I<xcn

Therefore, the eouality follorvs immediatellz from (2a)

t.
(2b)

and (2b) .

More generally, we can define the weighf¿d g"p-notLm

L/p
of y, with weights w* ;' 0, as

n
Xw-xX=I

-x

1 : p < æ. Therefore, en(g) and Sn(S) r âs defined above,

can be considered as the p-th power of the weiqhted

.Q,*-norm of u"-u and the q-th power of the l,_-norm ofp --- r--"-- '"p 'r"*"' "-
.ZA-u respcctively.

The weighted l.--norm of y is def ined as

r/p
lim
p+-

lim
p->æ

n
max
<x <n

V*X
(n
t.-I ). r,^/

lx:l x
p

for rvhich a m-odi f -ication of Lernna t .I is valid:

r/
Iw

x=l- x
v

p p

I
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The proof of this equality is cruite simifar to the proof
of Lemma 1-1: Let k be the co-ordinate for rvhich

lv¡ I = max
1<xcn

and j be the co-ordinate for which

yx

\^7 .

f
max

1<x<n

Since

ancl

n
X \^/

X=I

t/p
V"X

p (wo lv¡ P¡t/v = *I/n I v¡ I ,

taking limits on both sides, we get

Therefore, we define n*(g)

lv*l

(nw, ) t/o 
loo I .

(g) as follows:

Iim
p+-

n
Xw

-Xx=_L

r/p

-tr tt

lvo I

J lvol

-X
p

l_ = max
1<x<n

Conversely,

n
Iw

x:1 x
r/p

-x
p

= max
l- <x <n

: {nwi lv¡ P )r/P

r/p

Taking limits on both sidesr wê get

l-im
p-+-

p

lu

\7*x
tllt_lLwlx:l x

uq

max
1<xcn

and S æ

\/*x

u
æ

F

max
I <x <n-z

lt
X

I ,Zl^
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f-(ts) is the [*-norm of

f, -norm of zA u. Note that

g"-g and S-(g) is the

the weights disappear in

outside the subset D

the term n_ (g)

We are no\^r going to show the existence and_,

for the case that 1 < p < @, the uniqueness ofthe ôptimal

solution of (VlH, p, g) 
"

It is obvious that rn (E) and tO (E) are continuous

functions of g. Therefore nn(S) + f sn(ts) is al-so contin-

uous. We show the existence of an optimal solution by

the continuity of Fn(g) + f So(ts) and the following theorem:

THEOREI'I Any continuous function defined on a closed

bounded subset in Rn attains its minimum (and maximum)

values on that closed bounded set.

The proof of this theorem can be found in al-most any text

mathematical -analysis (e .,g.' t 5 ' p. 101J ) -

Let ÀSn(g") = c > 0 (in case c = 0, g" is obviously

the optimal sol-ution) . Define

D, = {y e Rnt lv*-uil : r, x = 1,...,n}.

æ

We can

is not

implies

Fp

findr>0

an optimal

that

(u") + ÀS(u").

orr

such that any u

solution, that isF (g) ¡ cr which
r

p

>c=F

CWe can take Y P = *lljp<øm1n
X

r:cwe take

w
X

r/p
v

if In case
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Therefore, the existence

foll-ows from the continuitY of

being a closed bounded subset.

We will now show thatuif

solution is u.nique. Þle Prove

convexity of the function tn (g

Recall that a function G:

c(ßx+(t-ß)y*) : eG(v)

for all y, y* in Rn and ß e

convex.if

of an optimal solution

rn (g) + Àsq (E) and f rom D,

1<p<

this by

) when

*t the optimal

using the strict

1 < p < -.

RD * R is convex if

c(ßy+(r-g)y*)

for alt yt y* in Rn

+ (r- ß ) c.(x* )

[0,1]" G is strictlY

< gc(y) + (I-ß)G(y*)

wíth y I y* and ß e (0,1). Also,

= lylP, p > t. Then

for any y e R and, excePt when

we have the following properties: if G' H are convex

functions and ß ì 0, then ßG and G*H are also convex- If'

in addition, one of G ano H is strictly convex, then

so is G+H.

when p and o equal 1 or infinity, it can be easily seen

from the above definitions that F- (u) and S^(u) are convexp(l
functions of u.

When I < p < @t we can show that F u ) is strictlY

lve need theconvex and

f ollorving

LtrMMA L.2

is convex. For the proof
p

sn (p)

y=0

femma:

Let c (y)

ssn(v)plvlP-lc' (y)
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and p a 2, G"(y) =

The function

I

sgn (Y)

p(p-t)lvlP-2.
sgn (y) is defined as

ify>0

ifY=00

-1 if y < 0.

This can easily be proved by considering the iases y ¡ 0,

y=0andy<012,pp.I131.

Note that G" (y) ì 0, (the = sign applying only when

y = 0) and G'(y) is strictly increasing. Using facts in
elementary mathematical analysis 12, pp.I13l, we can

conclude that G(y) = lVlp is strictly convex.

THEOREI\I T.1 Fp 
(g) is strictly convex when I < p < @

an¡L an(E) is convex for all I I q : @. (Hence,

F- (g) + ÀS_ (-q) is strictly corrvex. )p q-
Proof: Let Sr g* e Rn and ß e i0,11. Since C(y) = lVlq

have

is convex f-or I < q < @ (in fact, it is strictly convex), \47e

n-z
I

x=1
sn(ßg+G-09*) ln'{o{, ) )+ (1-ß) (u|) lqX

n'z
r I g (Âzu-)

x:l
(r-ß) lnzu|) lq+

TI. Z

+x
X:1

n-z
t sl¡zu ¡9' I vla .\

x-J-
:

OÕpù
q

(t-ß) ¡n="|lq

(g) + (.r-ß) s (u*).
q

In case g equals,l or Ínfinity, it can be easily

that tn(g) is convex.

seen
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grE*€R"withEIgtandÊ

strictly convex and p I g*,

least some x, we have

n

*lr_** 
I ß'l*+ (1-e) 

''t*-t* lPp (09+(1-ß)g*)

By Theorem

THEOREM I.2

1.1

The

Consider e (0,1).

that is,

Since

G(Y) =

u #u*x' x

lvlP is
for at

F

x.r* I ß (u*-u" ) + (r-ß) (u{-uï) 
I 
P

x=l-

n

n

when 1

Proof:

optimal

Fp

< P < æ'

We prove this

solutions with

n

+Às (u*).q

< ß x.w*lu*-uilo* t.r*(r-ß) lu|-u*lp
X=I X=I

= ßFn(g) + (1-ß)ro(g*).

r wê obtain the following:

optimal solution of (tr{H, p, q) is unigue

by contradiction. Let þr g* be two

tsIE*and
(g)+Àsq(g)=M=nn(p*)

Consider the point l O * I e..

by the strict convexity ofF

I ,r*) J 1C
q

+ | r'n(un).lr (u)¿prnt| e +

F (1 "+p

p

t|**
g).

I u*)

Therefore,

I rrntgl + rso(g) 1
I

f_,2

-M*M-rø22-',

Ir'p (u*) + Às q
(u* ) .l



T2

This contradicts the fact that

F (g) + Às u Mql_nM

u
p
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3. MONOTONE PROPERTÏES

ÀOptimal solutions of u of th.e probiem

MinF(u)+ÀS
u

have a;" monotoníc
ìF (u") + ÀSo(gp-

F (gÀ) is a nondecreasing function of ),,p

tn(gn) is a nonincreasing function of À.

ïf sn (gr ) t 0, then rn {gÀ ) + rsn (tsÀ ) is an increasing

function of À. If, in addition, l. p, q < @, then

r'*(\4À) ís an increasing function of À and to(E^) is ap'-
decreasing function of À.

These monotone properties can be used to check if

errors were made in the calculations of the t.tÀ when

several À values are used.

Although these properties may be intuitively clear'

we prove Theorems 3"1 and 3.2:

THEOREM 3 " I LetÀ>À*
1 )*> 0 and u" and u" denote the

q
(WH 

' 
p, q)

prLo frQ-tLtLQ-^ |

^) is a nondecreasing function of À,

)u

corresponding optimal- solution of (!'lH,prq) . Then

r^(gÀ) + rs^(gÀ) ì r^(gÀo) + À*s.r{gÀ*),p'- q'- p

and S uF ( u ÀÀ
ì c{

a¿

up (g" ) : rn (g^*) .
p

Proof : Sínce À > À*, vre obtain the folloi.ving inegualities:



1*
un (g" )

T

)+Às uq

L4

(3.la)

l-s

À*. The

(3.lb)

(3.Ic)

the first

and the

l,*so (gÀ )

Adding

(3. tb) ,

0

+

< (À-À*) [s

À

p

p

F

F

5 u

u

( +

À

À*The first inequality comes from the fact that u

the optimal solut.ion of (irlH,p,q) corresponding

second inequality is obvious since À > À*.

Similarly, we obtain

rn{tsÀ) + rso(BÀ) i Fp(g^*) + Lso{gÀ*).

the first inequality

we obtain

in (3.la) ancl the ineouality

inequality of (3.l-a), implY

proof is complete.

rn(g^)r.

since À

that F

to

À

1?k

q(9" )

1?t
to (8" )

rso (gÀ )

That is, tn (g

THEOREM 3.2

> Àrr. This, and

F À
'\ :k(9" )

+ 
^nrn 

(ts^* ) .

r+s (u" ).q'-

l*(s" )

'\*
u" )

upp

À*

corresponding

(a) rf rq (E^

F (uÀ) +
p

LetÀ>

solutions

) > 0, then

Àrrsì0andg

of (VlH,p,g).

and B denote the

implies that the

ineouality. There-

F (rrÀn )p

(b) If , in additíon, I < Pr q 1 *t then

F

Proof:

second

fore,

n 
(gÀ ) t ,p (g^* ) and

(a) The assumption

inecuality in (3.1a)

uo{g^) +lsn(uÀ) >rn(

sn {gÀ )

À
S u

a

)'o
strict
+ À*s q

G

IS

by (3.la) .
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(b)

the
Àu

This

first
À:k

can be obtained if we can show uÀ I E^* and

inequality in (3.la) is strict. We first show

rvhich can be seen easillz: From the result

in Chapter 5, we have

ÀSr (uq + À*s (s À+ q

we have

Its
obta-ined

n; (sÀ)

ro {gÀ* )

^)=9=F
*

å 
tu^* 

'
À À*.Suppose

À r*s' (uq-

and thus Srq

If we denote

(see Chapter 4 for

À*

u=u

À( u 0 since 
^ 

I À*.

the differencing matrix of order z by R

definition), we have

zÀun-z

Theorem 5.f). Since K is of rank n-z (see

1sl (u") =v

(see Chapter 5

Chapter 4) ,

r.Jl ¡""i la-l=gr' (nzul), . . .,ql A tq=å"r fuf;-,)tx,

,

0

for alt x = 1,.. . tn-z. This wiII imply

contradicts our assumption.

Now, we will use an indirect proof

first inequality in (3.la) ís strict.

I o'"1 | =s' t nzull

s., {gÀ ) 0- which

to shov¡ that the

Assume that
)dru")

.\

F (u") -f À*S- (up q-
À+ À*s (q'

À*ÀThen, since E lp there v,¡ould

)+À*S

not be a unicrue solution

) , which is ato the minimization of F

contradiction.

uup q
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Therefore,

with the fi-rst

we obtain s-{gÀ)g

strict inequality

). Therefore the

< s^(g^*). This, togetherq'-
in (3.1a) , implies

proof is complete.rn{gr*) IF up
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IV. THE ''CORNER'' CASES ( 1or or *)

In this chapter¡ we find the optimal solutions of
F (g) + Às (s)q

by using linear programming for the cases when p, aqd q are equal

to I or infinity"

Case (i ) :

q=1

l-nM
u

p

This

solved the

Min IF
ts

p=q=1

case is proposed and solved by Schuette t8l. He

problem

I (g) + rs, (g) 1 (wH, 1,1)

by formulating it

l-n
Minl x w (P

[x=r x' x

äs a linear programming uroblem:

n-z I+ À r_ (n*+r*) |x=r- l

+N)

subject to the constraints

+ Rx T

and

x I12r...rn-?,

and negat"ive

tz(p -N ).XX'

N__ ¡ 0, R__ 2 0,XXP* Ì o,

z

^
tl tt

I

T

(Px and N* represent the positive

of r"-rll respectively, that. is, P* =

and P-- = 0 if u -rl" < 0; l.I = -lu -u"XXXXIXX

u -ut' if u -uttXXXX
litu-u"<o'xx

parts

ì0
and

theN* = 0 if.*-ri ì 0. Similarly, R* and T" represent

positive and negative parts of Azu*.)



Case (ii):

This case is suggested by Greville in the discussion

of Schuette's PaPer t4l.

tr{e solve the Problem:

Min r- (E) + l,s- (E) (wH, -' *)
g

where

p = q = æô

= max
1 <x <n-z

problem:

(LPT )

TB

(a .la)

(4.rb)

n-22-L columns

n- (g) = max w
1<xcn

by formulating it

Min [f + Às-l

P,f,s
subject to

Iu"-u I and S (u)
x' x x' @

as a linear Programming

the constraints

lo'u

u -tlt'

-u *uttxx

<fì

=fi
n
I u.kIXIr=I

x = lr... rn

x

u.k . <
l- xl-

k are the coefficients
XI

matrix K of order z, and K can

z*L ccrlumns

the (n-z ) xn d-if f erence

expressed as:

Iz'L
-( z-L

<S

0

I12r.-.tr\-z.

l-

n

=l_

of

be

(-1) z

0

t-tl"-r rll eL)z-' ,7,

?Ðz (*r) z-t ,i,

0

I

z

0

0

-(-1)'...-( )I
0 z-L

n-22-I columns

0

z*L columns
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vector Azu = (Lz Lr- ) can be obtainedtr-z'The

bya

can be

tl_r...rA

from u

which

rnatrix mul-tiplication: Azu = Ku

seen from the expressior, f,ot K:

to the (WH, *, -¡ problem.

gÀ be the optimal solution of the

THEOREM 4.1 The linear programming problem (LPl) is

equivalent

Proof: Let

problem

Iinear

F-

Since

(gÀ, F-

(4. rb) .

F

and (g*, f*, s* ) the optimal . solution

programming problem (tPl). We need

(p^) + Às* (uÀ) = ft( + ).s*.

of

(I^lHr@r-)

the

show thatto

(g^) = max 
I

lcxcn

(gÀ), s*{gÀ))

Therefore,

(g^) + Ls- (gÀ

,rtt-rrÀ |x x' and S_ (g max
I <x <n-z

¡r'ull,À
F )

æ

satisfies the constraints (4.Ia) and

f* t" Às*

optimal solution of (LPl) " Conversely,s:ince (g*rf*rs*) is the

Ì,ve have

F. u ) + Às_(g

max
1<x<n

ÀÀ

I utt-u*'xx

) : F*(g*) + rS (p* )

max I

1<x <n-z

the fact

+À

The first inequality comes from
't{"E Ê4¿þrar.S ç^-.t*n.-

zatíon of (I^IH, -, * ) þæob&ern extends over
,L

that

alJ- ts

the minimÍ-
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Case aaa . p:1 ,Ç..=æ.

lrle formulate

utt -uXXnMi
u

n
xw-xx=l-

+Àmax lo't*l

problem:

(wHr 1, *¡

(r,ez ¡

as the following linear

I <x <n-z

programming

n
Min X w* (P*+N*) +Às

x I

subject to the constraints

s
n
I u.k . <t- xl-f-=l
n
X u.k

i:l- l- xa

0ìSN > 0,
XP

x = Ir2r...rn-z
S

P+N=u-utt x = I12r...rrt
x x

and

I 0,

where k is the el ernent in t.h.e x-th rors and the i-th colunn
xl-

of the d-ifference matrix K of z-L]n order-

This formul_ation is in fact a combination of those

in case (i) and case (ii) and the proof that (\nlFI,l, *¡ and

(f.eZ¡ are esuivalent proceeds along the same lines.

Case (iv): p = *r q = 1.

This case is quite simj.Iar to case (iii). We formulate

It{in
.u

as the

lu" -u II x x'max
l<xcn

+À
n-z

I
x=l

ln'u fa

following linear programming problem:

(ÞiH,-rI)
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+fn¡ri

utt<fx

+utt<f
V

ì 0n

I
À

n-z
T (R+T-^^x=l-

(LP3 )

and

ux

-u

Rx

Rx

subject to the constraints

x I12r...rn

T ¿-\

z x: L12r...rn-zx

It can

equivalent.

T > 0,, f > 0x
be easily seen that (I{H,-,1) and (tP3) are

u
X
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v THE "INTERIOR" CASES (f < P < @, 1<g<æ)

Consider the following problem

wherel<prq<æ.

I{e differentiate F +p

obtain the optimal solution of

(I^fH, p, g)

fso (g) with respect to u and

(wg,p,q) by solving the

Min
n
Xw-xx=l

n-z
t

x=l
u lt
x ,r lP + Àxl l¡2, ¡at xl

u

)u

eguations rl (g)-p ÀS'(u) = 0.q

optimal solution of (I^IH, p, g) . Then

F' (up-

À

) ÀS' (uq

Let be the

+

Conversely,

+ Àsr (g
g

S

+

E

À

r'; rrÀ )

À

À

g

2

is also a sufficient condition for the optimality of gÀ.

This is a property of convex functions and the details

can be found in 12, pp.1161. Hence, the solution of the

equation ni{X) + rs{(U) = 0 gives the unigue opt.imal

solution to the (WH, p, cr) problem

Before we compute the derivative ri {g) + fSi (g),

we need some preliminaries.

Let A: Rr -t Rs be a function. Define

AAI âAI
âYt ðv

AA drl
5

âv

A' (Y)

ayl



23

where

a(y) = (At(y),...,a=(V)).

If A is a linear transformation and thus can be

represented by a matrix M, i"e. ' e(V) - My, tuhere

rl*rr mr

t.l[= Il'
IL*=r ' *=

then

a' (Y) = M-

If A: Rr * Rs and B: Rs

composite function: Rr * Rt,

can be generalized as

c' (y) = B' (A(y) )a' (y) .

-t Rt, and C = B(A)

the Chain Rule I 2,

t

Y

I

is the

pp.L227

T}IEOREM 5.1 F (g) and S (g) are differentiable at
p q

._nevery g in R" and their derivatives are

F'
[-a lnlp
L-i

p-1
= nt lur-ui lP-r=gr,(ur-ui), . . ., l.r, -utt sqn (u -u" ) lWnn

u
âFlpl
âul

n_l

n unl
ãu I

nJ

Ilslqr\

tp

n

uS I
g

= e[ | nzu,, I 
9-r=gr, (¡'r]- ), . - ., I L'u,.-'rl t-f=gr, (lzurr-r) lK,

where W is the nxn diagonal matrix with elernents

tlr"""rWn
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Proof: Let

a (g)

a' (g)

and

B'(y)

So, by the

Let

l.'r-"ilP
and B (y)

p Itr-tï lP-I"gr, (ur-ui )

0

It"'rtr]

lP-Irgr, (urr-ui)pl u -uttn n

expressed as B (K (g) ) and

+ we

n
I

x=l
t*Yt i

lu -.r" ¡Pr ¡1 n'

then F (g) can be written as (B(A) ) (g). Hence,p

0

=[w
Chaín RuIe:

q

Then S (u) can bewj-th y u Rn-z

B' (y) =

uri {u) B' (A (g) )a

te lur-ui lP-]=gn trrr-,rrl , . . . ,p lrrr-r' lP-I=gr, (urr-ur.) Jw.

)

vB
n-z

T

x=1
-x

iglnzu, la-I=gr, (¡"1) , . . . ,q I¡"rr,-, lo-tsgn (azurr-") 1K-

Having computed the derivative ri {e)

solve the equation ti (

Raphson algorithm 171.

the second derivative

I by using the }trewton-

do this, however, we need

(u).q-

)u + ÀS' (u) :

order toTn

pofF (g) + Às
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THEORE¡4 5.2 F (g) and s (g) are twice differentiablep g

at g êxcept when t* = u' or Azu* : 0 for some x and p < 2

or q < 2.) Their second derivatives (if they exist) are

F' (u)
p

f a2v I_t p 
I- 

Lã,\ãujl

lr'r-'j lP-2
0= p(p-f)

âu. âu
l-

W,
0

lr' -utt P-2n

a2s
s[ {r)

I nzu, I 
a-2

0
= q (q-1) xr

Proof: The matrix

K

I ¡',-r I çl-2' r]^-z'

can be expressed as p (W(A) ) (g),

0

(ri (u) ) r

where

Irr-rï lP-]"gr, (ur-ui )

l .,rÐ-lu -r1 " l'I n n' sqn (u -u" )n n'

Then, by the Chain RuIe,

Ftt

uA

I

wher:e

p
(g) = p (p-I)ÞlA' (g) = p(p-1)A' (g)trt
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l,-.r-'i lP-2
0

A'(g)
0

I u -,r" lP-2' n n'

The expression

Using the

the following:

THEOREM 5.3

denote the

k+1ts=
rf u

1-N

for s[{S) can be similarly derived.

Newton-Raphson algorithm l7f, we obtain

Let uo be an initial- trial sol-ut.ion ,and u

after k iterations, so that" solution"

k tnn iUk k

k

+u rsi (sk) l-1rr; tuk) + rså (E ).1.

À Ilim
k+-

the equation

exist for all k"

of (V/H, p, q) with I

Itrotice that S

it -is nonnegative def inite. n; tgk)

it is a diagonal ma-trix. rfr.r"fore,

nonnegative d-ef iníte . l4oreover, Uä (

exists, then E is the unique sol-utíon of

(s 0,

k

k -1Às" (uq I

That is, u is the unique optimal solution

< Pr q < @.

i (rrk) is a symmetric matríx; therefore,q'-

u

+

ÀF'(u) + S'pq

provided

and-

n¡ tgk) ÀS" (uq--

kIF" (u
ìf

+

),

ís also nonneoative since

Ft'(up'-

tsk) -F

t-
J1.

+

Às" (u
Cf

À t'S t' (u
cl '- AS

k

v
) is non-
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ksingular

for ,rk I
X,

for some

so as to have rn {U)

Greville's t3 l

is nonsingular, which is the case

x = lr...rn. (If tk = u,,xx
always change ,rk to u'+e with e I o

nonsingular. )

well--known graduatecl. values for the

be obtained immediately from Theorem

+ Àså (go) l

2 ÀKrK {go ) t

Wu" l

that p* ('¡k) + rs^ (gk) is risua-l-J,y
P '- -cr 'r

not be inverted . In s'L.ead,

if F" up

utt for all

)

x, we can

case

5. 3.

P-q=2can
Tn this case,

rj (s) + rsj (s) 2w(u-u") + 2ÀxÏxg,

and

ft

2
ÀSI (u) 2VT + 2ÀKTK,+

which is pos-itive definite and hence nonsingular. Then,

for any

rr) (go) + rs) (go) l-rln; (go)

t 2w + 2 ÀKrK I -f i zvl (go-g', ) -

[w + ÀKrx]-lt (rnr + ÀKrK) (go)

go + (w + ÀKrx)-llnrrr"

r 
-'lÀK 'K) -wg" 

I

)uF

ogl

ouu

uo

o

which is independent of
VJe shoulri. point out

a huge matrix and should

u

u

o

(w+

ou
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h/e can find uk+l

t3l to solve the

by using the Chol,eski sguare-root method

equations
k k+1kIF" (up'- ÀS" (uq'- ) ltu+ l

IF" (up'-
k +

An APL program for the computation

procedure is provided on the next

+

by the Newton-Raphson

page.

lsn (sk) I tgk: k k[F'(up.- ÀSr (u
(T'ru ):r"
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30

lor-)

The

Min

5
are more

They are:

Case (i)

Case (ii )

Case (iii)

Case (ív)

We formulate

Case (i): I < p <

remaining cases for the solution of
ro(E) + Àso(g) (I^rH,p,Q)

complicated and will be discussed in this chapter.

I < p ( -, q = *,

p = L,

1<p(-rq 1,

(R +T'XX

r)

I < t < æ,

-, I < q < æ-

these (WH,p,q¡ problems as follows:
*r q = 1.

it{-i-n

subject to

A
z

ln
I t-çlu*-u*lP
lv:l

+^
n-z

L

x=l
,]

u= R T

lu -rr" ¡P + l=l. X X. I

x = 1r.. . În-zx

F.

Case (ii) :

n
Xw

-Xx:I

0

T > 0.
X

l- < p 1 *, q = æ.

Min 
I

9, s'

subject to
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azu <s IXI
>

-az 'o < s fx)
x = I12r.-.rn-z

Case (iii): p I

Min
f-n

[:,
subject to

Px

Case (iv) :

, I < g < @.

i.zAuxw(P+N)x'x x'

1
J

+À
n-z

v

x=l

XXx uN tl tt x - I12r.."rn

P >0x

N > 0"x

14Ín
B'f

n-z
ÀA

x=Ik + q

P = *r I < q < @

uxlo'

subject to
uu
^

-u 'l-
x

¡1 <f ìxt
Ll"<fI

X)

lr...rn.

From the above four formulations we see that we have

in fact combinations of the methods used in chapter 4 and

chapter 5 " we can use the method of Lagrange Mu].tipriers
to find the optimal solutions for the abot,e cases. In
practice, however, these calculations are guite complicated

since the constr:aints are inequalities rather than equalities.
Thereforer wê have consiclered only exampres for which

p - 2 in cases (i) and (ii) and q = 2 ín cases (iii) ancl
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(iv), which allows us

by using much simpler

to compute the optimal sol-utions

quadratic progranìming methods.
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VIÏ. EXAJI,IPLES

Numerical examples are given in this chapter. The

19 ungraduated values and weights given by Miller

t6l are graduated using z = 3.

Tables I 5 give the graduated values of the

special cases p : q = 1, p = q = 2, p = cl = 3, p = q = 5

and p = q = -, respectively. Some patterns of the

graduated values can be detected from observation of the

results for the cases p = q = 2, p = q = 3 and p = q - 5"

Graduated values of the other cases are also given.

Tables 6 - 9 show the graduated values of the cases

(P = 1, q = -), (p = *r q: 1), (p = 2, q - 4) anä

(p = 4, q = 2), respectively"

The graduated values of the "rim" cases are also

shov¡n. Tables l-0 and 11 give the graduated values of

the cases (p = 2, q = 1) and (p = 2t q - -), respectively.

These graduated values werecomputed b1' meairs of

qr-radratic programming methotls.W
FiSu-:ae I compares val-ues with the graduated values

QLI ø

for the cases p = W*+*, 
p = q = 2 anci p = cI - - when

z:3 and À - 3. *ig;"f* 2 compares the ungraduaLed

values for (p,q) = (1,-), (p,q) = ("b,i) , (p,q) = (2,4)

and (p,q) = (4,2) when z :3 ancr ) = l.
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Different values of À are chosen in each

that a Ìarge range of the values nn(tsÀ) and tn

covered. Notice that the Monotone properties

optimal sol-utions (discussed in Chapter 3) are

in the above cases.

case so

.L(u)as

of the

satisfied
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TABLE T

Graduated- Values when p = L, q = 1 and z = 3

Ungraduated
VaIues

uttx

Weights À 1 l.=2 
^

À3 6 À = 10

wX ÀGraduated Values ux

l_

2
3
4
5

6
I
B

9
10

11
T2
13
I4
15

16
I7
}B
19

34
24
31
40
30

49
4B
4B
67
5B

67
75
76
76

r02

100
101
1r5
L34

3
5
I

t0
I5

20
23
2A
15
l3

11
10
I
9
7

34.00
24.00
31. 00
40.00
30.00

49.00
48.00
48.00
67.00
58.00

67.00
75.00
76.00
76.00

102 " 00

34"00
24 .00
31.00
37.50
43"50

49 .00
48.00
48"00
5L.61
s8,00

67 .00
75. 00
76. 00
81.92
92 "75

34.00
29.00
31.00
40.00
46.00

49.00
48.00
48.00
5I .67
58.00

67.00
73.00
76.00
82.14
9r -43

15"90
24.O0
3I.00
36.90
4I-70

4s.40
48.00
5I .46
55.78
60 .96

67.O0
72"CL
76.00
BT "26
87.79

95.59
r04.66
115.00
l.26 .6L

22 "32
26 "68
31.00
35.29
39 "56

43.79
48.00
52"I8
56.73
61.68

5
5
3
t

r00.00 100.00 100.00
r01.00 r03.67 107. B6
112.33 r15 " 00 l]s " 00
134 .00 134.00 r2L.43

67.00
72.7L
7B"BO
85.27
92.r3

99.37
107.00
115.00
123.39

ÀFj-t

Smoo thne ss
1

F, (u" )

uF I 8.00 5BB. B3 69L.r4

415.33 76 " 00 35.33

423 .33 1 40 . 83 7 97 .r4

833.20 872.63

6 .r4 0.41

870.07 876.76+ rs. (uÀ)
tN
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TABLE 2

Graduated Values when p = 2, q 2andz=3

-X Ungraduated
Values

ultx

Weiqhts À 1 À 2^ 3 I=6 ¡,-10
I^/x ÀGraduated Values ux

1
2
3
4
5

6
7
B

9
10

11
I2
l-3
T4
15

16
I7
1B
19

67
75
76
76

r02

3
5
B

10
15

20
23
20
15
13

11
10

9
9
l

34
24
31
40
30

49
4B
4B
67
5B

31.65
27 .57
30. 98
34.86
35. 95

45 .4A
48.T6
5r.38
6r.04
62.19

66 .86
72.65
75.63
81.75
94.76

100.69
104 .18
1r4.00
L32.07

31.17
28.31
30.76
34.28
36.93

44 .66
48.2r
52.10
59.98
62 .68

67.O0
72.06
75.98
82.60
93"53

100. r1
10s.08
114 . ss
130. 36

30 "94
28 .6I
30.68
34.08
37.33

44.30
48.25
52 .44
59.53
62 -83

67.05
71. B6
76"2I
82.94
92 "93

99. B0
l_05.55
114 . B9
I29.38

30.58
28.96
30 .64
33.91
37.76

43.85
48.30
52.87
s8.99
62.90

67 .r0
7L.12
76.s8
83.30
92 -r0

99.37
106.20
rrs.40
l-21 .98

30.30
29.r2
30.69
33.88
37.93

43.62
48.33
53.09
58.73
62.88

67 .IL
7r.73
76.8I
83 "44
91.66

99.I3
106.53
1ts.6B
r27 .25

100
101
t_15
134

5
5
3
1

Fit uz (g^

Smoothness tz (gr

r', {gÀ ) + rs2 (gÀ

2903.96 3979.98 4s01.05 5164.62 5490.81

1235 .52 452 .15 236 .62 7 3 .20 29 .96

4139.48 4884.27 5210.90 s603. B2 5790.43
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TABLE 3

Graduated valfus whenp=3,q 3andz=3

x Ungraduated Weights
VaIues

tl" **
x Graduated Values u

|=1 T 2^ 3À 6 À = I0

À

x

1
2
3
4
5

6
7
B

9
10

34
24
31
40
30

49
4B
4B
67
5B

67
75
76
76

L02

100
101
1r5
134

3
5
I

l0
15

20
23
20
15
13

11
t0

9
9
7

30 "
33.
36.

30.9r
28.00
30"97
34 .46
36.14

44.3r
48"43
52.64
60.95
62.82

66 .39
7L.39
74"72
82.24
94.92

IOL.62
105.46
113.64
r3 0. 07

30.71
28.24
30.73
34 "r4
36.53

43.98
48 .43
52 .98
60.s6
63.07

66 .46
7L. D9
74.97
82.7 4
94.34

LOI.22
105.93
rr4.22
I29 -36

30,60
28.36
30.63
34.00
36.72

43. 81
48 .44
53.16
60 .37
63. IB

66. s1
70-96
75, r3
82.99
94.03

101 " 00
106.19
LI4 "57
129.03

30 .42
28.53

30.29
2B "64
30.45
33.71
37 " -1-3

43.43
48 .47
53.57
59.92
63.38

66.72
70. B3
75.68
83.52
93.25

100.51
106. BB
1r5 .5r
r28.22

51
81
9B

11
L2
13
T4
15

16
L1
IB
19

5
5
3
I

43.57
48.46
53.41
60.09
63.31

66.60
70.85
75.44
83.33
93.56

100.69
r06.60
1r5 .15
128 .55

À 33295.01

335.08

36645. BB

Fit.

Smoothne ss
1

F- (u" )
JN

F^ (u

S
3

u À

(r.tÀ )

)

20104.45 24600.43 2707r.49 30874 -67

584s.65 2593.11 1575"18 652.77

25950.09 29786.64 3L797 .02 3479L.32+Às
J
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TABLII 4

Graduated Values when p = 5, q = 5 and z = 3

Ungraduated
Values

ut'x

Weights I I À 2 T 3 À 6 À = 10x
I¡7x IGraduated Values ux

I
2
3
4
5

11
I2
13
L4
t5

I6
T7
1B
19

34
24
3I
40
30

49
4B
4B
67
5B

67
75
76
76

L02

100
10r
tr5
r34

3
5
B

10
15

20
23
20
15
I3

l_l
10

9
9
7

30.12
28 .49
31.60
34.33
36.10

43.63
48.56
53.33
60 .99
63.27

66.63
7 0.L9
73.3r
82 .47
95.14

r02.57
106 .4i
113 .45
128.85

30.03
28 .60
31.45
34.L9
36 -27

43.47
48.57
53.48
60.82
63 .42

66.90
7 0.02
73-42
82.70
94.88

102.30
r06.65
113.90
L2B.6L

29.99
28 .65
31.36
34.11
36.36

43.39
48.s7
53.56
60.73
63.49

66 .97
69.94
73.51
82.83
94 "73

102 .15
106.78
I14 . r5
r2B .47

29.92
28.72
3r.22
33.99
36.50

43.26
48.s4
s3.70
60.60
63.58

66.94
69.83
73.74
83.03
94.49

10r.93
107.01
l_14.56
l.28.25

29.89
28-76
3L.L2
33.92
36.59

43.L7
48.51
53.79
60.52
63.61

66 .84
69.78
73.95
B3.l-7
94.3r

101 .7 9

L07 .L7
114. B3
128.09

6
7
B

9
10

5
5
3
1

Fir
Smoothne ss

.\

F- (u" )

F (l¿

Õ

5

5

À

À

805003 937766

189895 94220.74

994899 LL26207

Lr4B647 l.244947

3015 6. B5 r757 9 .92

1329589 r4207 46

r0r5917

62095 .7 3

l-202204

u

À
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TABLE 5

Graduated Values when p = *, q : * and z = 3

Ungraduated
Values

tl tt

x

Weights À t À 2^ 3À 6 À = 10x
wx ÀGraduated Values ux

1
2
3
4
5

6
7
B

9
IO

34
24
3t
40
30

1
1
I
I
1

t
1
1
I
I

1
I
I
I
I

I
I
l-
I

24 .94
27.07
30. 31
34 .40
39.06

43.99
48.93
53.58
57.94
62.28

66 .89
72.03
77.99
B5 " 06
92.94

101.37 1
l-10. 06 I
ItB .73 r
I27 .66 I

24.8I
27.4L
30.79
34.78
39.19

43. B6
48.60
53.26
57. BI
62.44

67 .32
72.62
78.52
85.19
92.8L

10,1
L9 .6
29 .6

24.56
27.68
3L.26
35. 21
39 .44

43"86
48.38
52.92
57 .56
62 .40

67 -5L
73.00
78.94
Bs .44
92.56

0 r00.24
9 108.37
0 116.87
2 r25.66

24 -39
27 .90
3r .64
35.55
39.61

43.79
48.I2
52.64
57 .39
62.39

67.68
73.29
79.26
85.61
92.39

24.39
27 .9L
31.64
35.56
39.61

43.79
48.L2
52.64
57 .39
62.39

67.68
73.29
79 "26
85.61
92 .39

99.62
07 .34
15.59
24.39

49
4B
4B
67
5B

1I
I2
13
I4
15

16
I7
1B
19

67
75
76
76

l.02

10c
101
tl5
r34

2
4I
9l
9T

201 99 "6
107.3
115 .5
r24.3

Fir
SmooLhness

n* {gÀ )

F(u À

À

9.06 9.19

0. 17

9.54

9 "43

0.09

9.70

9.6r

0. 03

9. B1

9.6r

0.03

9.95

S o.2B

+ rs* {gÀ ) 9.34

u
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TABLE 6

Graduated Va1ues when p = 1, q = - and z = 3

Ungraduated
Values

r.r 
tt

x

Weights À tÀ 5 À=10 |=15 |=20x
wx ÀGraduated Va1ues ux

1
2
3
4
5

1I
I2
13
I4
15

I6
L7
1B
19

34
24
31
40
30

49
4B
4B
67
5B

67
75
76
76

L02

100
10r
1r5
134

3
5
B

10
15

20
23
20
15
13

11
10

9
9
,l

34.00
24.00
31.00
40.00
30.00

49.00
48.00
48.00
67.00
58.00

34.00
24.00
31.00
40.00
30.00

4 9. 00
48.00
48.00
67.00
58.00

34.00
24.00
3l-.00
40.00
30.67

49.00
48.00
48.00
67.00
5B .00

67.00
75.00
76.00
76.00
99 .67

100.00
101_.00
I15.00
r34.00

34 " 00
24.00
31.00
40.00
41.33

4 9 " 00
48"00
48.00
s6.33
s8.00

67.00
7s.00
76.00
76.00
89"00

r00.00
103.67
r15.00
r34 .00

34.00
26 .63
31.00
39.23
43 .45

49.00
48.00
48.00
53.96
s8.00

67.00
75.00
76.00
77 .BB
BB.5O

r00.00
I06.20
115 . 00
134.00

6
7
B

9
TO

5
5
3
t

67 .00 67.00
75.00 75.00
76.00 7 6.00
76 " 00 76.00

102.00 100.33

100.00 100.00
I01.00 101.00
115 " 00 11s .00
r34.ú0 134.00

Fir
Smoothness

F- (u
-L

S(u

0.00 11.66

54.00 49.00

54 .0 0 256 .66

26.33

47.00

496.33

434 .33

15.00

659.33

555.66

7 .BB

7t3.r6r, {gÀ ) -t- Ls- (tsÀ )



4I

TABLE 7

Graduated Values rvhen p = *t q = I and z = 3

X Ungraduatetl
Values

uttx

Inleights À - 0.I I 0.3 À 0.5 À tÀ 2

\,\Ix À

xGraduated Values u

I
2
3
4
5

1l-
I2
13
I4
15

16
I7
1B
19

34
24
31
40
30

49
4B
4B
67
5B

67
75
76
76

r02

100
101
115
l_34

1
I
1
1
1

I
I
I
1
I

I
1
I
I
I

I
I
t
I

26 .85
27 .69
29.69
32 "85
37.r5

42.62
49.23
54.98
59.85
63.84

66.96
69 "2r
74.6L
83.15
94. B5

103.18
108.r5
116.04
126 . 85

24.52
27.97
3L .42
35.19
39.24

43"59
48.23
52.95
57.76
62 .65

67.62
72.67
78. s5
85.24
92.76

101.09
110.03
L20 .02
r30. 85

24.52
27 .97
3l-.62
35.45
39"48

43.70
48.L2
52.72
57 .52
62 -5L

67 "69
73.07
79.00
85.48
92 "52

r00.11
108.26
l-l-6.96
126.22

25.35
28.57
32.01
35 "67
39.57

43.69
48.04
52 .62
57.43
62-46

67.73
73.22
79.L7
85.57
92.43

99.75
L07 -52
115.75
r24.43

25 -35
28.57
32.01
3s.67
39 .57

43.69
48.04
52.62
s7.43
62 .46

67.73
73.22
79.r7
85.57
92.43

99.74
r07 .52
1r5.7s
L24.48

6
7
B

9
10

Fir F* (gÀ )

Smootlrne ss s, {gÀ )

n*(r¿À) + rsa(gÀ)

7 .r5

18. B2

9 .04

q )¿,

0 .94

9 .52

9 .48

0.36

9.66

9.57

0.23

9-80

9.57

0.23

10 " 03
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TABLE B

Graduated Values when p = 2, g = 4 and z = 3

X Ungraduated
Values

utt
X

Sleights | = 0.1 ) = 0.3 À 0.5 À t À=2
\dx IGraduated Values ux

1
2
3
4
5

11
L2
13
L4
t5

16
T7
1B
19

34
24
31
40
30

49
4B
4B
67
5B

67
75
76
76

L02

100
101
115
134

3
5
B

IO
15

20
23
20
15
t3

t_ l_

10
9
9
7

31.38
28.L9
30.33
34.34
37 .72

44 "06
48.23
52 .67
59.20
62 .68

66 .99
72 .08
76.34
83.30
92 .63

99 "40
105.51
114. B8
130.17

30.95
2B .48
30.39
34.2I
37 .92

43. B3
48.26
52.90
58.94
62.76

67.00
7r.90
76.s6
83.52
92.2L

99.r4
t05. B7
115 .2 3
I29.22

30.78
28.59
30 .44
34.18
37 "99

43"73
48.27
52.98
58"85
62.78

67.00
71. B5
76.65
83.59
92 -04

99.06
106.02
115 " 37
128-83

30.54
28 "73
30.50
34.I4
38.06

43.62
48.28
53,08
58.74
62.80

67.01
7r.79
76.76
83.65
91. B4

89.97
L06.20
115.53
128.35

30.31
28. B5
30.58
34 .11
38.L2

43.52
48.29
53.15
58.65
62 .81,

67 .04
7L.76
76. 85
83.69
9I.66

98"90
106.37
115.66
I27.93

6
7
B

9
10

5
5
a
J

1

rir n, {gr )

Smoothness s, {pÀ )

r, {gÀ ) + isn {gÀ )

4746.86 51I6.96 5257.08

3072.96 772.34 404.56

5054.16 5348.66 5459.36

5419.5s 5554 .51

167 .69 69 .29

5587 .24 5693. l0
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TABLE 9

Graduated Values when p - 4, q 2 and z=3

x Ungraduated Weights
Values

ll" t*
x

À I ,tr=10 À-100À-200 |=300

ÀGraduated VaÌues u
X

I
2
3
4
5

34
24
31
40
30

3
5
B

10
15

20
23
20
15
13

11
IO

9
9
7

32 .66
25 .48
32.13
38.02
31.98

47.38
48.39
49 .60
65 .04
59.80

65.96
73.8s
74.63
78.1.0
99.70

101.75
I02.30
113.63
134 .7 9

31. 36
27 "03
32.39
36.39
33.71

45.94
48.48
sI.04
63.33
6r.29

65.79
72.37
73.99
79.82
97 -85

29.94
28 "75
31 "59
34"42
35"88

44 "09
48.48
52 .89
6I " 19
63 "07

66.38
70.62
74.26
82.03
95-42

29.70
29.05
3I.28
33.97
36 .4I

43 .62
48.48
53.36
60.68
63 .41

66.51
70.34
7 4 .68
82.66
94 -65

101.89
106.69
1r4 .8 3
r28.23

29.6I
29 "16
31 .11
33.77
36.66

43 .40
48.48
s3.60
60.43
63.52

66.56
70.29
7 4 .98
82.98
94.22

r}t.62
107.09
115.30
I27.83

6
7
B

9
IO

49
4B
4B
67
5B

t1
I2
13
L4
15

16
L7
1B
19

67
75
76
76

702

100
101
11s
134

5
tr
J

3
t

I02.70 102"33
r03 .7 4 105 . 96
112. B3 114 .00
131. BB l-2B "97

Fir
Smoothness

l_60539

297 .33

220005

189039

I7 9 .29

242824

s' (uÀ )

+ rs^ (uÀ )

r* {uÀ ) 1564.00 18156.22 IL2334

77 95 .L4 3514 .7 3 642 .7 6

9359. I4 s3303. B7 ]-766L0ÀF (u
4
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TABLE 10

Graduated Val-ues when p = 2, q = I and z = 3

X Ungraduated Weights
Values

r.rtt w*
x

À-1 I-5 À-10 À=15 À=20

Graduated Values u À

x

I
2
3
4
5

1I
I2
]3
I4
15

34
24
31
40
30

49
4B
4B
67
5B

67
75
76
76

r02

100
101
115
134

3
5
B

10
15

33. B3
24.20
31.06
39.7 0
30.27

48.85
48.00
4B .15
66.73
58.23

67.00
74.80
76.00
76.33

101.57

I00.00
101.50
114 . 33
135.50

33.r7
25.00
31"3r
38"50
31"33

48.2s
48.00
48.75
65 .67
59"15

67.00
74.00
76.00
77.67
99. B6

100"43
L02.20
113. B3
135.33

32.33
26.00
31 .63
37.00
32"66

47 .50
48.00
49 "50
64.33
60.31

67.00
73"00
76.00
79.33
97 .7L

101.10
I02 .7 0
113. B3
t-34.50

31 .50
27.00
3I.94
35.50
34.00

46.75
48.00
50.25
63.00
6r "46

67"00
12.00
76 " 00
Bl- . 00
95 .57

r0L.77
103.20
1r3.83
133.66

30 -67
28.18
3r.91
34.27
35.27

46.00
48.00
51.00
6t.57
62.67

66.80
7L.22
75 -92
82 .45
94 "24

101.37
103. B5
IL4.2T
t32 - 45

6
7
B

9
t0

20
23
20
15
13

11
10

9
9
7

16
T7
1B
19

5
5
3
t

ÀFir
Smoothness

F (u
2 ) + Às

uz (ts

S- (ul_-

I (u

À

L2.51 204.25 787 "46

5I.72 42.L4 33.52

64 .2.3 4L4 .95 Il_22 " 66

r759.44 2935.42

25 .7 5 1B .46

2I46 .L9 3304 .62À I
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TABLB 11

Graduated Values when p : 2, I= - and z = 3

X Ungraduated
Values

tl tt

x

Weights | = t À = l-0 ) = 100 | = 200 | : 300

w
X À

xGraduated Val-ues u

1
2
3
4
5

11
I2
13
14
l_5

16
I7
18
19

34
24
31
40
30

49
4B
4B
67
5B

67
75
76
76

r02

100
101
115
134

3
5
B

10
15

20
23
20
15
13

II
10
I
9
7

34.00
24.00
31.00
40.00
30"00

49.00
48.00
48"00
67.00
58.00

34.00
24.00
31. 00
39. B1
30.38

48.7L
48.07
48 "04
66.94
58.02

34.00
24 "00
31. l_ 9
37.69
34.02

46 -I4
48.10
50.59
63.18
s9.91

66-74
7s - 00
74.80
79.60
97..37

102 . 16
l-01_.00
115.00
135.00

32.87
26.04
30.49
35. 69
36. B4

44.48
4B. OB
52.30
60.33
6r.64

66 .16
73 -67
75.27
B2 .1I
94.2r

r01.04
r03.92
1r3.38
135.00

30.79
28.26
30.43
34.60
38.05

43 .49
48.2I
53.16
58. B6
62.60

67.09
7L.84
76.5r
83. B3
92.19

98.90
105.71
11s.36
130.54

6
7
B

9
10

5
5
3
I

67.00 67 .O0
75.00 75.00
7s "94 75.69
76.L7 76.93

101.79 I00. B0

l-00.10 I00.56
10r " 00 101.00
r15.00 t1s. 00
135.00 135.00

TFit

Smoo thne ss
2

s*(gÀ)

+ Às (.trÀ)
@

uF 1.65

52.70

25 -54 1165.08 3733.37 5254 .7 4

46.74 25.96 10.54 2.]L

54.35 493.24 3761.08 s483.37 6076.74T
F (u

2
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Figure 2
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Z=3 ).=L

G

R

fl
D

U

R

T
E

t
V

R

L-

U

E

130

r20

11CI

100

g0

BO

70

60

50

30

rl0

0 ? Ll 6

:-l -''E:l - €Ì

(1,-)

8 i0 12 lll 16 lE

1.". J- )

-L_._L- r

(2,4)
-t¡--*, ----r.-

20

l-F.Ct,l'jtJ; (Ji,c1)

(4 ,2)



Notice that there is inconsistency between the definition of

Lhe F- and S-functions as given in Chapter t for finite and for

infinite values of p and q: we used the Z-- norms of E B" and
v.A-4 for p and q infinite, but the pth resp. qth poulers of the

X-_- and Z_- norms f or f inite p and q.pq
This finds its origin in the fact that Whittaker used the

sums of squares, i.e. trre pth power of the Z*-norms for p = 2ìp

here we have continued using the pth poter of the Zn-norms as

a direct exLension from p = 2 to al-l values > 1; since this

is obviously impossible for p = *, we have used the Z^-normp

itself for infinite p.

A more elegant approach might have resulted from alternative

definitions of Un and Sn consistent with thoseof F- and S-i Un

would be def ined as the (wei.qhted) Z- -norm of u - It", and S-ptu^,q
as the Z-.-norm of o'E (rather than the pth or qth por"r= of these

CJ

norms):

VÏII. CONCLUDING REMARKS

4B

(8.1)

ttF 1t

p (.i.'
n-z
I

x=l

L/p
u utt

L/q

1

"'nt' = (
lnz lqLIX

ff we i-ntroduce the notation

ll il
þ-

ttS tr
cÐ

(r < p, q <

lim "F
p+-

lim "S
qr>æ

p
il

tt

@

q

we

for

see that rve need only (8"1) to define On and S

æ) .a.Ll p, q

q cons -istently
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the new definition doesNote (see Chapter II, pp, 5-7) that

not change anything for infinite p and q

"F--(u¡" = F (
æfu@ max

I<x<n
lg

S max
L<x<n-z

u

uæ

u

lnz"S-- (u) " utux

as before.

A practical

F and S wouldpq
q instead of¡ âs

1

advantage of the new definition is that the functions

be of the same order of magnitude for aII p and

before, growing exponentially with increasing
pandq

The theoretical implications of this more consistent and,

therefore, more elegant approach have, however, not been explored

here. Bu they wil-l be part of a further study.

61lrMy
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