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ACTTVE RC SYI\TTIIESTS OF STATE EQUAT]ONS
US]NG AN OPE.IATIOÌAL AIITPLIF]ER

Sher:ídan L" C" Schrvartz

Â tlCffrÐ /, frrit1\ iJJ J- 1\1t \/ J-

A neeessary cond.itiorl on the A matrix that it be, reali*
zabl-e as an- RC ne.twork, v*ith one d.iff erential-input voltage-

control-led oBærational amplif ier u is give-n" f t j.s. shoi¡¡n

that ff the eapacitive.sub-network is a star tree.r, then'uhis.

eonditíon is, also sufficier¡-t" A tes.t is given to d.e.ter:urj-ne

by inspeetion whether a given second-order A ma.trix is
realizable using this. c.onfiguration"

Afso,, state equations obtainecl from transfer-functi-on

na"[,rices, by Zadeh and Deso€,rts. me,thod are reallze.d- r-rsin6¡

a current-confrolled operationaf anplifíer: for the case of
a s.ingl-e output",

A eume.nt-controlled amplifier is further used to realize
a larger c-lass of seeond.-ord.er ¿\ matriees. than that whic.Ir is
reallzabl-e above." ft is seeâ that the seconcl-order A ma"Lrix

whichr results. from a voltage-controlfed amplífier reali-
zation ie, co¡rtained. in this c.Lass* An application to two-

port transfe¡*function- syr:,thesis is also given".
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lhe use of state equations of the fono

px:Ax+Bu
J=Cx*Du

for the description and analysis of systerus is u¡ell knovrn lf]
Here x denotes a col-unn matrix of state variables. (usually

capacitor voltages and inductor cu.ments. when deal-ing v,rith

linear electrical- networks)', y d,enotes a column niatrix of

responses, u a eolun¡-rr matrix of inputs,. Au E', C

and D are matrices of constants or tine function*s eclepending

upon v¡hether or not the system ís time-vari-ant) and p indi:
cates d.ifferentiatioa vvith respec'c to tj,me"

Ae is equally well- knovrn, the- e.limination of inductors

from electrical networks is higl:Iy ciesirabl-e sj-nce they are

of,ten bulSr and loss,¡¡*

Even- though a required realization nay be that of a

transfer functionr, it is often siinpler to s.ynthesiz.e. a

netv¡ork using a state-variable technique lZl" A mlninum

num-ber of capacitors mây then be u-sed. Thís ís a vaLuabl-e

feature: since capacitor.c are the most difflcult elements

to fabricate. in an integra'ced circttÍb.
An ímportant, probJ.em, then, ís the active F.C synthesls

of s.tate equations,

Solutions have been given using -í:,he classical tech-

CIiAPTtrR 1

IT{TRCDUCTION



nique of anaf.og conputer simulation by Kerwin, i'Iuelsnan

and liev¿conb fZ] ana fow þ] using integrators, vrhere n

lntegrators. are required for the realizatior:- of un oth

order set of state, e,qu-ations, À c,ontrolfed source. reali-
zation has. been given by trÍartens, F], where (n+m)2 controlled

sorJrce;s üâ) be requÍred, for: syrrthesis of an *th o"du" set of

state e,quations. with m inputs, and resporrs€,s",

Sinee. it is usually desirable. to minim.ize the number

of active, elements in a netvr'ork,, thls lvork is concerned

with e realizatioa coutaining oni-y one active e.lement".

The. operational amplifier is considerecl as it is readiÏy

arraiLable in in,'cegrated. form"

A characterization of the state equa'[ions of an RG

rre-tr,rorlc c onta inin g one diff erential* inpu'c vo1 tage-c ontro llerd

oper:ationaT anplifier is given in Chapter 2, Nece.ssa-ry

conditions on, the. seeond-ord-er A matr:ix, where the capa*

citive sub*netr'¡ork is a star treer are. al-so given in this

che.pter. It is l-ater showrr in Chapter 3 that "these conditior:.s

âre; sufficien'c for s.ueh a realiøation",

In. additiorrr, a re",lízation using a current-contrclll.ed

differential-input opef:ational- amplifier is given in Chapter:

3 forbhe. dia.gonal A. ¡nat::j.ees obtaiaed by Zadeh and Desoer: F]
from transfer-functj.on matriees". Single-output transfer-

function matrj-ces ar:e- also rea.l1zed here. Ff.nal}*v, a realization i.s

given in thie ehapter for a class of second-order .¡L matrices.

along ¡iiih- an a.pplication- to tr';o*'po:.t tra.nsfer*'fune-tion-

s¡'nthe si.s "
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ON STATE EQUATICN RE"LIZATTON
USING A SINGI,E VOLTAGE-CCNTRCLLED OPERATIONAT AXIPLIFIER

2.1 Characterization. of State E.quations for RC Networks

Gon-ta ining One D lffe r ent ial-Iop!¡! &I f q se-tlontro l-led

The use of a voltage-coatrolIed operational anpliffer

is investigated in thls, section. fn ord.er to determine the

usefullne-ss of thls d.ev1ce, the state equations for Rg

networks, containing it are characterized.

Io facilftate. finding a neces.sary cor1dition on' a- set

of ståte equåtions that it be reallzable as an* ttC ne.twork

witÌ¡" one. diff erent j-aI-input vol tage-con.trolled operationaf.

arnpllflerr, the following tb.eoreo wÍll first be p.rovedt

Theorem, f':
For an¡¡ proper tree* of au RC netw,ork with voÏ-tage

sûurees, the resistive braaeÌ¡. voltagea are af,ways expressib'le

ag 1-in.ear eonbi-nations ef the capaeitive and eource vof,-tages.

Proof ¡

Let Ypr Va aad V, be ttrei eolr¡mn matrfcee otr resistive

branch, capaeitfve and e.ouree voÏtagesr, respectivel|¡r- The

Ope¡ationaf- Anplifiaq

CITAPTER 2

co:rresponding curren"t matrises, are fpr ft and' fS.

tet v* and I"o be the rnatrlces of chorÔ voltagee and

euræe¡tte- (fhe onX¡f chrorfle whieh exist are reeistive. )

*' Proper trees, onll are considered.r, a*s. excess capacitors are
supãrflgolleo Only n capacito¡g are required for realÍzation
of an nttr order sy.etem-



Then, partitioning the fundamental cut.-set ma'crix

of the network yields [t]
in* u 0 *ì,î" \

t \i 'h\
/ Go.., o u o iro \ =ol-"*lùl
\n"o"ii\:"1

'\ta/
where IJ ls the unÍt matrix*

From the se,cond of the above. eystem of equations
T '=-ô T*R o2i*ch

Also, partÍtioning the fundamental cfrcuit matrix

for:' the netv¡ork yieLd.s [S]
( u B::z Brs B:;q ) /u*n\ = o

1,, II 'S i

1.,'. Ii 'R I\t
\vc J

(r)

( et)

(3)

G)

(s)t (aT, ql,. al, 
'\ 

= ol:;:l
[,0 u)

vch= - Btevs - Btavn * Bt¿vG

SÍnc.e

(6)

( diagonal.) natrices of cond.uct,jve

ero$ = o [t],
( u Brz Brg B:.+

From. Equation (5) s

^TQär : ": Ela

Let G* a-nd RC ba the.



bæanchee and resistive ehord.s-

lhen

and

IR: GSVA

ot¡

and

v,ch: R"r.h

Equatione C6), (4)t (1O) t (Z') and. (9) ray then- be

combfned. (where substitutio'rs are rnad.e in tbe ord.er indicated)

vR - RgIR

to yleÏd. after premuX-tiplyiag b¡r Gr;

rch: G"v"b

or

Gsvn = - qãcc( q-zvs + o[v* - Bl¿vc ),

5'

and

( ce + aÐcsafi Iv* = Qztcc( Btz

ecB + azlccaär) = (u eer) ( o" o\lu \
( o ",)þä,/

The natrÍ:r fO" O \ is d.iagonal with Bositive entries-

\o o"/

Q)

therefore (cB f QefGCaL) is pos,itive definite CLe"q 6-L2'

of [e] I and tåerefore this ¡natrir is non-glngular.

Thenr. from ( 11 ) :

(8)

(e)

(ro)

vR = CcB + azrcsaä"1-1o"rcc(tz

Br¿ ) lvs\ (1r)

\"'l

t¿) /"= \
\o* /

(12)



Thus the resistive branch voltagee are related to
capacitlve-branch and so.urce. voltages-

The nec-essarJi condltion- wilï. be found by consÍdering

the state equations for a general* RC aetwork with one

d iffe re.rrtial-inprrt vo ï ta ge.-c. on.trolled o p era t i ona I ampl if ie r .
Kuh and Rohrer fa] bave cheracterized the state e.quatfons

of an- ELC network witla source,e. fhey have showta that d.eri-

vativeg of capaeitor voltages nay be expresse.d, as linear
combinatioas. of capacitor voltages and sounce voltages as

fo1lowe,tl

where. ! and E are transfer ¡oatrice.e de,ternined. by

and elensr,t vaf.ues,- of the resistive. slub-netw.ork;

nat¡¡ix of capacitanc'es ls d.enoted. by (r.

nyg - -@-trv, -ø-1 *s

Partltioning Vgr the voltage source matrix:

vs - /rtvo - "q,)\ ¡
\"" /

whe¡e K(yn - "n) ie the d.ependent voltage source (o,f the

operatlonal anp].iflerÞ witlr gain- K and VU represents the

sounce voltages.- The nod-e voltage," "p and. vO are then. the

controlling voltages for the operatlonaL amplifier.
AIso partitioaing E i¡c, (13) l the followlng equatioa

re,s¡rÏts.:

6

(13)

the topology

the dlagonal

pYs= -g-lrvc -¿-r(Hu Hre,)

fhe, prevÍous assumptlo'a of tlre. existence o'f a proper tree
fs stfil r:åde -

[rc", - vn) \
(;;''- 

"q" 

)



7

(14Ìpvs = -å-lrv, -6\rrcr -.)/"0\ -Ø-rltzvv

\"tJ
SÌnce the variable" rp and vn are neither capacftor

voïtages (state sariables) no.r source voltagesn they ¡auet

nou be elininatqð fron tTre- above expre.ssion- lhis nay be

d.one by exBresslrg these node voltages as U.near eombinatlons

of alL tre-e.-brancb voltages. [S]- H.oreeverr. âe has been show¡r

in fheorem. L, the- resistive hanctr voltages are theneelves

X-Lnear co¡ubinations of capaci.tive, and sou.rcei voltages.

thus. it is, pos.sihle to, erpress vp and, vO ae linear' eomb,ina-

tfons- of capacitÍve. aad sollrce voltagee- This re:latlonship

u¡ay be expreseed by a partitioned ¡oatrlx F¡

/=nì - Ft Ftz ".r\ [o" \
\"o / - |,",* rzz ,r* )l "" I

\rc"n -"rt /
( 15)

'(:ù

(16 )

E.z\ lo.\ ¡rfrrr\cr
Ezz / [ç/ \"*)

iÐ(ï)
the above equatfon

rr [z] nae shown" it
K, elementary rsw

(t - Grg ffirs \l"nl_/þr,
( - or, 1 + *rJþ-, )= þr,

the e,oefficienr mat¡ix "t(";) t"

no¡r-eingular- For if r, âs Dervisogl

singular fon'a partÍcular eholce of

[;:)= (i;t
and.

1g

LS



operations wÍIÏ prod,uce at least one row of Zê-ros¡ ThJe

resu1ts in- at least one e;qüati.oa containing onl-y V, and Vyr

f¡nçlying that the two are. not lndependent. But, since

etate variable,s and. source voltages are necessarily inde-
pendent, the coefflclent matæix ls always rrorr-eirrgular-

Ihenr, fro¡a (.t6):

/ "À_/ 1 - ffirg

( "t-(*,,
I

r+r(r28,-Fra)

Substituting (1?) Ínto

Fvc = -b-t f' +

t
_a_t f w1-

[= +

The fol-Lowlng u¡åy now

Theore¡o- 2,:

ffitg
t.

r,
1{

0'

I

t
11.I
iG

)
K

1I

KI'.

11

Feg

,-t /",
I u,,2

+

F

ffizsFtt

(", t ffiæFrz - or*"rÀ ool

footzrF¿z-orrrrr) j

ï) (i)
ffirsEz{ vc

ÆreFzr)Ill| -2L

.A- necessaey cond,itiorL orL a set of state equatÍons

that lt be realizabf.e ae an- RG ae,tu¡ork with. one. dÍfferential-
fnpiut voltage-controlled. operationsl anplifier is that tt

tÞ erpressÍble in- the form of equation (LB)-

C14) and s{mplÍfying;

K%rcEIl -tzû lq
r + Kcr'zs - Frs )

Krrt(Frz - Ezz) +

r+Kcrzs,-rrg)
ow be stated,¡

]

Hl

l.

(1?I

(18 )



ff the capaeitive. sub-ne'Lwork f.s,a star tree, thenu

each, of F* aad FrO in (f5) wil.T' contaín a 1., and all
other entrie.e in 'i;hese tv¡o matrices u'ill be. ãePos'

tlpon. defining a ne.vr eonstant term-u

(l.g) becomeg:

Bvg

K-l-

Henee o the f ollov¿ing nay be stated;

Corol}gqJå

r f K('F23 - rrs )

K

A necess.ar3' conditj-o-ÍL on a se't of state, equations tha.t

it be realizable. as aû RC networku. v¡here ti:e. capacj-tors. form

a star: tre.eu, and one, differentiaf-input voltage-controlled

operati-onal amplifier is that it be. expressible in the form

of e,quation ( 19 ) *

-øutrn*(Frz * Fzz) + nr{ v,
+ K'H',(O *@õ CIì I 0 eeoQ -l 0 e'oo$) YC

Çt

2"2 Necessarv Cond.itions for Second-0::d.er A $.[atrices

Let Vl

varl"abäee) r

corrtrof.led voltage (anplifier our'cpu.t),. and fL, IZ and fg

the curre.rrt-s, en-tering nodes define.d by Vt, V, and Vgi then-

up.on- re-mcrval of capacitors. from the netv'¡o::k, the follolving

node-admittanee equ-ations uÌåy be v¡rittenl

bea

Yzu
coJ,umr¡- matrix

cofumn matrix

(]e )

OI

of

capacitor voltages (state

souïce voT-'uagee, Vg the



/ r,.\ /n\
/ 'r\- "l vz 

)\"J \"-I
Îfl the capacitors. forrn

teke¡.. as posi.tive, then

Ieaving the nod.esr. and.

It: -Ø pvf

Subetituting (.21) into
ds,

are

ally

ylel

- ØpYt: TLTVI - YTZYZ - l'gVg

If tlre amplifier ínpute are. etate variablesn theri the

outButr. Vg., wilï be l

Vg: K(O "'O I O e . O -L O Go'. OIVI

wlrere tt¡-e f-ocations, of the; rrerr-zêxo entrfee in the ebove

rom rnatrix are de-termined by the capacltor voltages which

are ampr1if ie.r ÌrrButs. ( Since onJ.y one amplif ier fnput Íe,

alaon'.ed, efther the I or the -I nay not apBear 1a the above

e¡.püres,sÍon-)

a gtar tree, and all node voltagee

the eapac.itor currents are actu-

10

the first equation of (20)

( 20)

Sube,tltuting (ZA) fnto (22, yielde

-8Pvr= ftt +Kf1g(o '1'¡ o 1 o "r' o

and.

BVT -

(n,

- ø-'þ, +

- QltYtzvz

fhe follorr,lng may the¡- be stated.s

(22J

Kïig(O "o O i' O "G O -X O -oo OrJO,

(23)

-r o ..- rlt iY:.r¿I¿,

(24},



fhe-qrem 3:

A sufficieat conditÍon. on the" A ¡natrix that lt be

realizable ae, an- actfve RC netv¡ork ueing on-e differentfal-
fnput roltage-controlled operatlonaT. anplffier ie that Ít be

e:r¡rxessible Ín the folf-owing form *:
-'l'1A- - ø--JYir f lffl3(O 'G' CI L O .'o

L
where 5.f , Taa and T* are eub'matrices of a reaIlza,ble

node, ad,roittance natrlr

lY.,.- Yrz rrÀ
r-lfr, rzz "rrì o

\tT- ë* Yæ)

fhus tb,e. rrecessarJr eonditfon

fn' (L9,), ig a1-go eufflcfent.
[s there are n etate variabl

inputs, the connection nay be, mad

fhe f.irst inBut nay be on-e of a c
Cn - f) voltagee.. Therefore tlre

Cn - I) )capasitor voltage-e- If' b

totaf,- d nCn. - I} Bos.sÍbitittea e

Fowerveæ r. either the non-in¡re

uay be .used alone r, ¡rieldlng anothr

totaX.r, thenr. ie n(n. + I) for aa n

The seconð-oæder A ¡nat¡i.x is
The s.1x se-co¡rd-ord,er cases are:

["" Ytz

r-l{, rzz

\'T- ë*
fhus, tb,e. necessarJr eo.

(L9,), ig a1-go errfflcfen
.&s tïrere are n etate

uts, the connection nay

' f.irgt inBut nay be on-e

- I) voltagee.. Therefo:

- I) )capiacitor voltage-s

af,- of nCn. - L} Dos.sÍbit

11

o -r. o '.. rt

o¡r the À natrlx" gÌve.a

(2s)

* As prrevlousl¡' raeatioaedr efther
abgent-

erai.l

voï

nput

ts. a

fnv

sgib

twa amçrï.Íffeæ

different ura¡fs.t
1t
L
L

ar

re

bi
st
rl.E

tages, Leavlng

traS be oae of
e usedr, a

rtir¡g input

Iitfes. fhe

êItr-

d in detaÍf,'-

the L or the, -I nay be



T2

r. a- -g-tftr, f ffirs(l -r)J
zn a- - ,-t l"rr. + ffirgC-t 1ü

3. a-: - Ø-'L"r1 + Kh3(1 o)1

4n A: - U-L t"r' I KTrs(o rlj
5. A: - 8-L l"r, + KT,,(-t o)j

6- a: - b-!- ["r, I ffire(o -r)3

Case 1-;

a,: - d-t {"rr. {- rffIs(1 -1 tl
I[eces.sery forme fon Y-r, and \, arer. respestfveÌyl

(. ;) 
and (:: 

)

c26 )

where.

e t d(a
and



where, the, a*.: are entries of A*1J

si.ac"e alr variab'le-s are non-negatíve, the f o11or,¿ing

necessary eonditions may immed.iate:l¡¡ be noted (s1, 
"2, and

K' areu in. faeto pos.itiv€,) :

"erlo
and.

AddÍngl

.tt * *tZ= sr(s - a)

Since g É a, r1(g * a) É CI; the-refore;
tu- f orz< o"

Sinil.ar1y

uzzlQ

ÇeÊ_e _al

A = - f-t t"tt + Iffrs(*r t)3
This d.iffers. frora Case. L in that the inpu,cs to the

auplifier have been. revef,sed, This is equivalent to consi-
dering the two s,tate variabl-e.e as be.ing interchange.d.- Theno,

j't is onTy ne.cessary to interchange. the rows. and. columns of
the a matrix Ín cas.e 1, and. thr-e necessary conditj-ons areî

utzT o'

ar, .(. 0 r

.Ll 4 uLZ.{ ou

and

uZyfarrSe',"

uZt i aZZS 0-

1ô
I()



@se 3l

r : - 6t F* f Krxs(I orJ

then, from (26,)

Â : (-''" - Kdl "ts\
\, sr(s f Ke) -sra /

The ne.cesaary condÍtions then are=

aa27 O t

â2a ) Or

2 ^2,1 C))'

@se 4l

{ - ''-L(o' 
'?

= - {- tttt + KhB(o t) J
fhÌs differs. f,¡on Case 3, i¡r' thåt the, inp¡rte to the

auptriffer bave been revereed- Onee agaln eonsÍd.ering the

etate vari.abLee., and hence rows. and colunr¡s crf the A natrix
as being i¡:-terchaaged,, the ne,ceesarJr eosditions are:

"2r ) o,

ax2 ) or

and.

"tt 4 O.

L4

C27't

Case. 6:

{: - ?;L [tt. + Khs(-r ttJ

Thie is. equival-eat to considering K ae no.w beìng negative



in- Câse 3..

Frou (ZZ¡, 1f K ls, negatfve" the following necessarJf

eondÍtiona result:
orI- ( ot

412 ) Or

and.

ar, 1Q,.

Àddrng:

air + aw-- h(s - a-) + hKð

Sinse g < an "I(g - aÌ J O;; and ae K < O¡

"'' + al.éO.
gìmila¡l¡¡

aZJtaa.',---<O-

Case 6:

A - - 6'L ["o + Iffr'(o -tü
lhls d.iffers from Caee 5 la that the ÍnButs to the

anEilÍfier have been reversed- Once again consf.derÍng the tu¡o

etate variables, and. henee the rows and colu¡sne of the A

natrix as beîng lnterchanged, tþ resulting necessary cqn-

d.Ítlone are:

"221. 
Q,

"UI ) Or

8r'r < ot

"tt I arr( o

15



aEd

azr I tn,< o.

fhe necessary conditions on, the A uatrtr for real'izabl'-

X.:[ty are su¡¡manized in Tabf.e 1. the sufficfeney of' these

cond,itfo¡rs is sho$rl in- Seetion 4 of Chapter 3-

llable I Neces.sary condÍtfons for Eealizabflity of seeond.'-

Ner A Mat¡ricêeo

Caee I

Case 2

Poslti-ve

L6

"zL

Case 3

aLz

Case 4

Negative

tr.2

a?f't

"zz

Gase. 5

e11

"r.2.an

@s€ 6

Non-Positive

"14

*rr f "retzr * ^zz

^?2

^zr

"1Ì i "r.z
"el t azz

"1T'

"lI
"zz

"r.].
"zz

"tr- f ttetzr * 'zz

"rr t trz
^zt | 'zz,



ON STATE EQUATION REATTZATTCÍN
USING A SINGI^E CURRENT-CONTROT,T,TID OPEEATIOIVAL AMPtTTTER

A Brocedure for realizing a set of etate equatlons

fron a transferduactio'r¡, natrlx E(o)., wbere aIT. elemeate of

ECs,) are rational and" have eÍmple pol.es, hae beea givere b¡¡

Zadeh and Deeoer [t] - The æesultant A natrix ls dfagonal

wltb negative. e.atri.es- It is, here shol,yrr- that any sucTr- A.

natrir nay be realized witb, an- BC network and one current-

controll.ed opeæational amplifier-

It ie. further ehourn that i"f IÌ(s) fe a sÍngIe-output

mr'litip]-e-lngut transfec-functÍorr matrlxr then itr, too r.

is realizable:.

CHAPTER 3

A. realization of a larger cJ-aee of second.-ord.er A.

nat.lrfees thsn- tÀat reallzed" above and, its apBI.icatÍoa to
two-Bort sgnthe,sis ie als.o glvea in. this chapter,

3 -f," ltle twork Confieuratlon

Ä s,tar tree of capacitors is usedn and ttre. anpl.ifier

output is connec.ted. to each eapaeitor through a ¡¡e's.istor.

fhis, however, is equivale¡rt to connecting a cument source

and resistor in" para11etr ulth- eac.b capaeitor- If t¡r*e anpli-
ffer output f e e, and, .f is the e-olu¡nn. natrlr of curce.nt

sourcee, then

tr=GLe (r)



IB

a c.oluxûn- natrix of eonductances, and the con-

is corulected. between ttre anplifÍer output and.

f'
f,et the voltage of C, (witt¡- respect to d,atum); be xr.

The state. vec-tor ie then X;; its dime.nsion 1s rL.

If a eonduc.t"*"* g{ ig connested- be.twee.n capacitor C,

and the non-i¡rverting inBut of the amplÍfierr. and a corr-

duetance g] is, conrlected between. cåpaeitor C, and, the

laverting fnput of, the amplifler, then

e = K(gl - ei et - ez ... Þo. ¡ sl - s;)x

where K is the, gain constant of the amgllfler-

Substitutfng (21 into (I):

J - %K(sl - si eå - eã. o -l G;' o sI - el)x

I,et V be a coiLr¡¡on natrlx of eource voltages; uBorl- re-
noval- of capacltors fro¡o the networnkrr it nay be d.escribed

þ¡ the folÏ"owing. node-adnittanee equations¡

lt* * "T\ _ ["o "rr\ /* \(+ )- I'i, ",u t) ( " /
where f__ is the coAumn- ¡oatrjx of currento enteringx

nodes.whose voltageg âtiê; s.tate variables-

ff Gl Íe a d.iagonal ¡aatrix whose ii eleme:rt Ís G1r

G* is, a dÍagonaX. natrix shose 1i eleueat Ís gl, G- ie a

diagonaf,. natrfx wb.ose ii eleme¡lt is Si ana G fs a nod,e-

admlttance natrix e.ontaÍning additionail eondueta¡rces,r. theu-

Y,',: % t c+ + G- + c

(2)

(3)

rubere G, le
ductanc* Gi

eapae.ltor C

c4)

(5)



since the node voltagee are taken. ae. positlve., tlre

capacitor currerrts are leavirlg the aod'eer' and

rx- - 6px

where ê t" ^ diagonal- ¡oatrfx of capacitanceg-

Subs.tituting (3'),r (5): ând' [6]' lnto the flrst of the

two natrfr equations Ín (A):

-|px - (GD + e+ + G- t Glx

-%K tu| - sI er- - e;. o" o- 4 - e[)x

+hzv

or

nx - - Çttoo + et + e- + c - IC%sc+ + rcosc-)x - Ø-rvtzv

shere S 1s. arr ruûL patrix. whose entries' are all X.

3,.2 Realfzatforr of Diagonal A Matrices ll¡ith Negative Entríee--

Fro¡a (71 t.

I9

er

a : -Ø-ltco + c+ + c- + c - K%sc+ + KGDsc-)

K(sc+ - sc-l = olt(8r + 5 + G+ + G- + c)

Ihe rows, of ttre. natrfuc on the left hand s'ide of the

above equatloll- are' identical- Since A ig a d.iagonal' natrirt

ØA i" aleo d.iagonal, and, the only off-diagonal conteibutioa

to the rfght hand, eide of (8) mt'st come from G- fhÍs coß-

öition is certainly satisfied if all entries ( os both

sf.des of C8Ì ) are id.er:-tÍcaf'-.

(6)

n)

(8)



fo realize thie eond,ition, ï.et
!r-¿!g': gi- tà

E : 81 = 82 o"o-' 
= 8O'

Furthermore, let eac.h off-dÍagonal- entr¡l of G be -Br
the i1 eotry b" gii + (n - l)'g and. aIL entlrÌes of G, be L.

Since al]. entries in- (e) must be id,entical,

r(et - 8-): -s (9)

and

cf,"f. + 1 + et + e- i gri I (n - r}g = -Br i = r.r'i", rr
CICI}

where. ar'ls the ii entry of A, Cana ie negatíveÌ.

From ClO ) '
GÍ= Etti 8r fe-+rf ng 

(r.1)

zø

€i

Substitutlng (9) into (Ll);

Valuee are nqw cho,sen for Brrr I and gfn and. the C,

are ôetermìned.- trt ls oecessarJ' to. choose g sr¡ffÍclent1y

I.argeæ than- g+ euclr that all C, are positlve- CThe value

pboeen- for g+ may be zêroo) Tlquatica (9Ì then deterroÍnes g-

: git È g-(lr + rß)*#: etcr - nK) + I
cf

3.S Realization- of Transfer-Function Matrlces.

*i

From. ( 7) r

(32)



and

B: - 6""r,

Ih- usfng the procedure of Zad,eh and Desoer for obta5nfng

a set of gtate e.quations fron a singtr-e-output transfer-function
natrlx, the entries of C na¡r be ehose& arbitrarily" but

th,ese the,n. determine the. entries of B.

If tlre entries of C are ehosen to be id.entical" theo

tlre anpl,f,fie¡ output nay be taken" as the. system output:

y = e = K(gf - g- gf - g- o----. gf - g-)X

+ r(gf, - g; oìO¡3Õ gt _ gf )v (14)
^I -I ^m tm

wh.e¡e D Íe reaLized, b¡: conne.eting suftable conduet.o"." g1
^k

and. S;f* , k.=1, r o.' ¡rr. betwee,n. the tn sources and amptifier inputs.
K

From (.14)tn since g > gt, the entæles of C are nega-

tive. ff the entrles of the desired C are positive, therr

the lnverte.d output of the ampliffer nay be used.* (It ts

aseumed that the. operationaf,, anplifier has an fnverted.

ouþut as w.eJ.l as a non-inverted one;, if notr a voltage

anplifier with. gai:r -1 nay be add.ed.. )

Once € ft"" been- found., T* is determlned from (13).

For reaLizabilitlt it te nece.ssary that.

Y''Z= - AB

21

(13 )

[L

-= l¡tt¡l < aii,r_r I _l

.i *i
where q înpute are preseat "tt¿ Jij ie a typfeal entr¡t

Y!Z- that thÍs Ín-equality nay always be satisfied is
of

now.



22

desonstrated.
ÅIf g' = Or the¡r all en-triee qf C uay be. chosea equaL

to Kg-. Ther-, a typical entr¡t of B becomes bf j/fgl, where

tlre b= - are the entrlee of B obtained by the Zad.etr and. Desoer'u
me,thod provlded the entries of C are chosen equal to l.

fhen, tuom (I3:)

J*¡ = - 
ctbrj

-rJ- 

-
Kg

tlpon, substltuting CLZ), into the above equatlon" thea

substituti-ng the resultj-ng expression- for y* irrto the

lnequality and s,implÍfyiag:

( 15)s-cr + nK) + I .ã bt¡ É urr6 - .c or, \
:- j.lt -a ---? I

"rKs- ¿+i \ i¡t"r*)
A suff,icient1y large g- will çrrod,uce a positive right
gid.e. for (I5Ì- Clearlyn it ts then alwaye possÍble to

gs g1i eufflclentÌy Iarge to satisfy (X.5)-

fhe design procedure is sumnarlzed. ae fol-I.ou¡sî

I. Chooee a sufflclently large g- to prod.uce a positlve

right hand. sid.e for (15).

Zn Chooee sufficlently large 811 to satisfy (15)-

3. TIsê (l-2) to d.etermlne. the Cr.

4- [Iee (S) to d.ete¡nine. g..

5. üse (13) to de.ternine ÍLZ.

6. Realize D by chooeing euitåbT,e conduct"rr.".* gftk
an.d. gî , k : I¡ ''' o ".Þ IILr lL Cl4)-

^k

hand

choo



The general netrvork eon:figuratíon is sholvn in Figure ln

(,ù.

+
Bi,

çir
I

I

I

Vu'n,

r¿ll

J*T*
cnl

I

L
t_

Figure 1" Netv¡or:]c for reaj-izing: a single-output m*înputtransl-'er-fun c'r,ien. ma -L,r ix-

!.4.
T t.¡l lJo 

^Ê rvt

L'l (
Jcþ'



a.n s¡¡smBle tc il,lustrate
now givera-

Exampf.e 1¡

Glven-

v _{ 2a +g
v-rffi

\e" + 3:s * 2

The resulting state equations alîe:

(:å=( I
r'=cKs- Ks- - 

[l)

the syntheeis proced.ure ls

where g+ - o-

24

Let g- = O-0Ì, B,' = EZZ= BBg= 3O and K: IOOO.

fhen, frora (te:¡,

%. = 6I'.01r % - 61.01! and' Cu = 6I'.0I
TT

From, leln
g =10

From (13),

Yrz-- -
/ø.:.o:-

f r.orot

k

rz.zoe \

l:ilî' )
T/



Tire g+ are uero since D :0, f,he netv,iork shovm ía
-À! K

Figure. 2. then re.s,ulte."

?5

g'- s

1,,-'ìf ,'* ''ti.

Vt¡

Vie

Figu:re. 2" I{e.'ti.¿o¡}e for real-izirrg the tra.nsfer*fu,rctior^
rne,trix of Exançie 1. -

9r;; ti; .å-.t û
133

.- L'l¿2.¡ t. -Jt

rÀ-
{ 3.}



3..4 Reallzation of a Glass of Second-Order A Matrices

In tt¡is section it ls shown that¡ using the conffgu-

ratlon descrlbed in Section I of this ch.ap.ter" lt fs pos=-

sl.bJ.e to reallae a mtlch larger claes of se.cond.-srder Å

maùeices than- thst reelfzable 1n Section.2- Thls cIasg

Eåy be d.efined as follows: If either dlagonal entrg ie
pooitive ori zeror) then, the off-èiagonal entry Ín- that colu.nn

must be poeitfve.. (0rr. equlvalentÌy, the contra,pos.itÍre

qf thie st&teüert; If either off-diagonal. entry Ís negatlve

or zero, then the diagonal artry 1n that coJ-u¡n must be

ne¿ativo,. ) '

Fon the seeond.-order case I ff
G are zeear. (8) become.g

-(4 - si -t - *;\.ki 
- si 'r-,i )

= (í.î^)(* :;;)-(:'

Equating eatriee irr the firet

26

al.I entrlee of the natrix

aad,

K(sl - s;) =

.)-(:t-Ð.(:t
colunn:

rcel - si) =

cz"n

G2

¿
CI"11 +c'1 *eitBr

G1

(16)

(t7)

(r.8)



From ( 18 )

+ Gr.,, f Gr , efCrc, + 1)
g* - +_

KGt-L KGt-r
and frou C17)

.Lel= %"n + si

lbe exp.re-ss"ions orr the rÍght bend sÍd.es, of (Ig) and

C20) nay then be equated,- UBon sÍmpLifying fn' order to
ÍgoLate BI:

(Kc. - I)cz?zt CCt"tr tcri (21)
ei= r

ÆGz Z-

Sfmflarly, up.o,rr equatfng entrfes fn the gecond cof,.r¡uo

ef (L6)o the equation correspondiag to (2O) f.s:
+sä = h"rz + 8z (æl

KGa

z?

KG:.

Ihe equation corre€.pqeding to C21) .is:

eã = 
(KGt - I)ctat' (cdl'z- + c'ì

2KGt

E "Z, le gositlver, therr .'' *y be. Bosftive, negatÍve

or ze.ttro.o If" how.ever¡ 421 Ls negative or zeror. then a*
nå$ onrXy be, negative. Simil.arlyr, 1f a* i,s posf tÍve r, then-

an, wy be poeitlve r, negative. or zère- Ê ^1, 1e nega^tiye

a! zero¡ the- aZZ. *X ool¡r be negati.ve..

. Ê "Þ' i" poaitive, lat G, be ch.osen- such that KGI > 1.

(re)

(2'o)

ç,æ,



tr .'" f+ negative, as någ be seeu- 1n- (21).'* a suffÍcientl¡¡
Large tn wfl'l guarantee a Boeitfve. val'ue fore gf. tr "ff fs
positive or zeror, then. a- euffiefeatly rarge C, will guarantee

a pooitÍve value for gf.

Ê 
"æ, 

fs ne.gativer. as mâX be seen fû (23J ¡. a. suffÍeteat\¡
ff a* is poeftiver, T'et G* be ehoserr. suclt that KGA > I-

Xarge G" rriT.Ji guararrtee a poeitive value for gf. ¡3 s ,, is
posf.tfve or zÊrior, thea a eufficieatT¡' large C., wiI'l- çræoduee

a pqs.ftive va].ue for gi.
Osse ei anO Sf are d.etermineôn eubstftutfon f¡¡-tc (âO)

and. C22:) ylel.ds required valuee for ef arra glr resBeetfveïy.

Sl3ce a* and. Ae are Bositfve, poeiti.ve vsirueg for gl .rtd gI
necess{E}f\y result-

É "ZI is negatlve q:l' zero, then ail Eus.t be negativer"

a4d, a sufflclertt1'J large % 'd,If resulÈ f¡¡. a Bositfve veIue,

for elr. as seea in. CZI)- Sinllar\', f "IZ Íe negative or

Eerer, the-n aZZ mr¡s.t be negativer. and a sufflclentl¡r 1arge C,

wfll rem¡Lt fa a. positive value f* {Zr.as, seerr fs (23'}-

Vâluee for gf ana e| are agaia determÍned by substf-
tl'¡tlng i¿ts C20Ì and. (22Ì, reepeetlvelgr gi and. gf- Care

rnus,t now. be takear, bær¡,eve¡, to eneure that Cl ana ef are nade

e8

suffle-teat1y large ('by eho.oeing C, and C* errfficlently large)
te produce posltiye vaI'ues for gf aaa gþ

chosen sucla ttrat KGe < I anô K% < I. Clearþ, a. solutloa fg
f %f *d "fe are both aegatfve, Gg and G, ehouÌ'd, be

then, alwaye possible for tÏ:-ig sa$e-



3.5 An. ApplicatÍon. to fwo-Port Transfer-F.unction S.yntheeis.

It is here shown- thåt the A ¡satrix realfzatlon. of the
prevloue sectio¡- may be appI.fed tø two-prort transfer-functian
eyntheeis.-

Ee-t a set of s.tate equations be obrtained. from the

given transfer functj-on by sf nulati-on- us.frrg fntegratore

where lategrator outpute are s.tate. variable.g ft] - The la.st

fntegrator output. is the syste¡o output" and the firet lnteg-
rator Ínput Ís the s¡¡sten input- Hence, for the seco¡ld-

order caae:

anô

C = (O l),
D=CO}

"=(:)

Subs,titutlng C2S

rre = - (r"
Io

29

A conductance Q rurst then- be connected. ¡p--tseen the

Éxü¡rce voltage aad, eaBacitor C-1r whose veLtage ie the fi¡st
ståte variabl,e- It ie the¡- neeessary to add C, to the (1rI)

entry cÉ the uod.e arlmr-ltsnce r¡atcix. 11he (I!1) entry ie
the. right hatd sid.e of, CI6) then- beeomeg

%ai'+Gr+sl+si+h

) into (13):

å(:)=-(Ð

(9.41

GI

Câ5}



or

-1

Le-t

t("rr+r)*Gr+sli*,

ft is then- neceseary to realll.e a new .4, uatrix, AIn

where

"|= ar, * r

lhe folLowing may now be stated.:

lheorem¡

Ãr = 
("!, 'rl
\"rt zz/

.é[. sufficÍent cond.itlorL o,n a gecond-order voltage-transfer

fi¡¡¡etion that Lt be reaLi.zable using the conflguratlon

described 1n Seetion- I of this chaBter ie that its Á.1 uatrix
b' a ue¡oben of the cf"ass of A uatrieiee rea].izabIe in Sectioa

4, where the state e.quatioa,e f¡sve been determined using the

Brocedrr.e de.ssribed in thfe se.ctlon.,

Itn exanpÏe te illustrate the ¡rroeedure is now givea.

ao

Eeqle-êi
6livea

En

+vt s- + st,Z .f- I
(a second.-order Butterçorttr low.-pass voltage-transfer fr¡¡ctfoa)

f .ùe reeultir¡g etate equations are:

li.



e^1'
tJ J:

/p"þ.. fo -r\/*'o\+/1V..
\'";l = (' -uåjl";i toJ 

-

vG : (o .,r:r)
\oz /

Gz = lOu

- h -l\
Ar Ë l-. : i\r -{z:/

Tf K = 1000u Gï. = Gã= I, Gl=
(zoi Þ (2?') u (ls) and (zr):

a ôaìq
é1 "* tr'c¿t¿¿

8;: sdã * o'eees

gi = 4"005

-t* r._gä"* 5¡J2 * 1"0005

The ne,tr,york s]:or,,n in Fígu::e 3

l. and.

then re.sulte"

q.,T llG | \,io
I

-"=-'-*'-'**!.",".=-*-* __*_.æ "*-...._--*_**€,e

from

Flgu:"e. 3'" lfetv¡crrk for r:e¿rJ-iz*i-ng tti.a tran.gfer fu.nction
of Exaæi:l^s 2.-

e.no

q-i 
I't
I

"Ë

\/.Yt



A necessary eonditic¡r orL the A ustrfx that ft be resLf-
sabl.e as. an- RC" netwsrk with one d.lffererrtf.aL-lnput voltage.-

eoatrolï.ed operatiqnal anplifier hae bee,n- found.. ft has

fla¡r-the¡r been- shor'/n. that if the caBacitive- eubd¡etrsork fs
a-star tre-er, th.en- thLe condition 1e af-so suffícient.

A- teet has been glven, to detero.ine by {.spestion whether

a- gfven- second-order A. ¡qatri¡ Lg thus realizable- It was

show¡r, that these resulting necessary eond.itiqns are also

srlfftcient fo:r real.ization using a ctrrrent-controlled.

operati onaJ- anpJ- ifler-
aleo r, using a curre¡rt-eontcollecl oBeratlonal ampllfler,

a realizatlon- of the d3agonaÏ. A natrice.g obtained by Zad.eh

and. Desoer from transfer-function ¡qatricee hag been- found-

It was further shown- that a larger cl-ass of second-order

Â- natrices ie realj.zable using thl.e configuration-
ABpùieations to transfer-functlon syntheels, have

ben given uslng a state.-equation reBreeentatÍoa-

fhus it is. seen. that wide classee d state equations

and transfer functions are reallzabJ-e using only one actlvs
e[eme¡rt and the nJnimnm numbgs of capacítors,, all of which

are ground.ed.-

I'be gresence of onl.y one aetive el.emerrt and, the.

rn,intrmrm nunber of eapacitore nakee. tb.i.s realizatioa attrac-
åf.ve fron- arr- econornj.c polnt of view.

æAPTEE 4

CONCLUSIONS
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