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Abstract

This thesis addresses several research topics in the field of system identification. The

first theme is related to nonparametric specification testing applied to nonlinear block-

oriented models. It is the common approach in system identification to employ parametric

models and to design the corresponding parametric system identification algorithm. How-

ever, the question arises how well the assumed parametric structure represents the underly-

ing characteristics of the model. The nonparametric specification testing method is devel-

oped for this purpose, where the nonparametric regression estimation theory is utilized. The

proposed methodology is demonstrated in the context of the Hammerstein block-oriented

structure. Analogous nonparametric testing techniques can be also extended to other block-

oriented systems.

The second task of this thesis is concerned with the problem of selecting smoothing param-

eters in nonparametric kernel regression estimators applied to identification of the Ham-

merstein system. Commonly, some form of traditional cross-validation technique has been

applied in this context. The correlation nature of the output signal of the Hammerstein

system makes this classical cross-validation methods sub-optimal. In the thesis, several

re-sampling alternatives are proposed that reflect the statistical dependence of the observed

data.

The third goal of this thesis is devoted to adapting the high-dimensional machine learning

methods for stability analysis in large-scale power systems. The transient stability problem

is characterized by high-dimensional feature vectors since the feature space contains the

voltage magnitudes and phases observed at a large number of buses of the given power sys-

tem. The previous studies on this problem have applied classical linear regression analysis.
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In the thesis, this is extended to nonlinear regression algorithms that have capabilities to

choose the lower-dimensional solutions. The developed methodology is based on sparse

machine learning techniques that play crucial role in the modern statistical learning. The

resulting models for predicting transient stability achieve the superior performance com-

pared to the known solutions in the field.

The final topic of the thesis is about parametric testing of load models appearing in dynamic

security assessment of power systems. Using the formal statistical techniques it is shown

which load model out of possible alternatives should be selected. The real data load testing

problem is examined using observations from Manitoba Hydro radial load system. The

presented studies confirm the importance of the frequency component in load modeling.
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Chapter 1

Introduction

1.1 Outline of the Thesis

This thesis is organized in the following way.

Chapter 2 gives a brief introduction to the basic concepts of system identification. Sec-

tion 2.1 includes a selected list of science /engineering applications of system identification.

Section 2.2 provides basic concepts of system identification and points out the link between

system identification and machine learning. In the remaining part of Chapter 2 other im-

portant aspects of system identification are introduced such as curse of dimensionality,

block-oriented systems and nonparametric methods.

Chapter 3 deals with the problem of nonparametric specification testing in the context

of nonlinear block-oriented Hammerstein system. Simulation studies are developed that

support the theoretical findings obtained in [1]. The existing system identification practice

is confined to parametric modeling. Hence, the developed nonparametric tests can find an

important application in the model validation step in the process of designing the proper

model.

Kernel regression estimates have been commonly used in nonparametric identification

1



CHAPTER 1. INTRODUCTION 2

of block-oriented dynamical systems [2]. The critical parameter controlling the accuracy

of the kernel algorithms is the so called smoothing parameter. Commonly, some form of

cross-validation technique has been applied to choose the smoothing parameter. These

techniques, however, do not take the statistical dependence structure of training data into

account. In Chapter 4, several re-sampling alternatives are proposed that reflect the sta-

tistical dependence of the observed data in the context of identification of the important

block-oriented structure referred to as the Hammerstein system. Our findings reveal that the

particular method named Partitioned Cross Validation outperforms the others re-sampling

techniques.

Chapter 5 is about a practical machine learning problem which arises in the power en-

gineering industry. This is named the transient stability problem. This problem is very

high dimensional in nature, making the application of machine learning /system identifica-

tion approaches challenging. In [3] the celebrated Lasso regression approach was applied

to the stability problem yielding the improved accuracy compared to the previous pro-

posed algorithms. In this thesis, these results are further extended to nonlinear regression

algorithms that have capabilities to choose the reduced-dimensionality solutions. The de-

veloped methodology is based on sparse machine learning techniques including the sparse

version of additive models and the sparse extension of single index models. The resulting

various models for predicting transient stability achieve the superior performance com-

pared to the previous solutions in the field. It is worth noting that a wide variety of learning

algorithms is useful to examine as it is well-known fact that there is no a single learning

method that works best for all different data sets [4].

Chapter 6 deals with parametric statistical testing of load models appearing in dynamic

security assessment of power systems. Using the formal statistical techniques it is shown

how to choose the proper parametric model. The real data load testing problem is examined
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using observations from Manitoba Hydro radial load system. The presented studies confirm

the importance of the frequency component in load modeling.

1.2 Contributions of the Author

The original contributions presented in this thesis are the following:

• In Chapter 3, the simulation study work on parametric specification testing is novel.

• In Chapter 4, it is the first time in nonparametric system identification to study the

improved bandwidth selection techniques.

• In Chapter 5, the applications of additive modeling as well as single index model-

ing in transient stability prediction are novel. It is worth mentioning that the Lasso

algorithm was also used for the first time by the author in this field in [3].

• In Chapter 5, the proposed way to solve single index model (SIM) in high-dimensional

systems, namely to incorporate Lasso and SIM, is novel, and has never appeared in

any other works before.

• In Chapter 6, the author applied the F-test for first time in the field of load modeling.

1.3 Publications of the Author
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Chapter 2

Introduction to Machine Learning and

System Identification

2.1 System Identification Problem and Significance

The goal of system identification is obtain a model of an unknown system that is merely

represented by a finite set of input-output data. The fundamental problem of system identi-

fication is to specify a proper class of models and then based on the available data design a

system identification algorithm that is able to converge to the best possible model within the

given class. As such the system identification task can be considered from the perspective

of the machine learning paradigm.

In practical applications system identification provides powerful techniques for building

models that can be utilized in communication, signal processing, control, power engineer-

ing, and biomedical engineering as well as in financial volatility processes [5–13].

The following is a selected list of system identification applications.

• transient stability boundary prediction in power engineering [3, 12],

6



CHAPTER 2. INTRODUCTION TO MACHINE LEARNING & SYSTEM IDENTIFICATION7

• characterization of robot behavior [14–16],

• identification for space weather and magnetosphere [17, 18],

• detecting and tracking iceberg calving in Greenland [19],

• detecting and tracking time-varying causality for EEG data [20, 21],

• analysis of fly photoreceptors [22, 23],

• real-time diffuse optical tomography for monitoring brain haemodynamics [24],

• identification of hysteresis effects in metal rubber damping devices [25],

• identification of the Belousov-Zhabotinsky reaction [26, 27],

• dynamic modeling of synthetic bioparts [28],

• forecasting high tides in the Venice Lagoon [29–31].

We also refer to [32–35] for the overview of a state-of-the art of system identification

methodology and methods.

2.2 System Identification and Machine Learning

As a historical example of applying system identification, the Italian physicist, mathemati-

cian, astronomer and philosopher Galileo Galilee established the law of falling bodies based

on the empirical observations of distance and time elapsed during the process when an ob-

ject fell from a ramp.

In the 1960s, in the field of automation and control, the development of model-based con-

trol design [36,37] marked the start of modern system identification. Back then, the control



CHAPTER 2. INTRODUCTION TO MACHINE LEARNING & SYSTEM IDENTIFICATION8

design was mostly based on single-input-single-output (SISO) models. Later, the applica-

tion of such models began to extend beyond the field of electrical engineering and mechan-

ical engineering [38], and they were applied in areas such as biological and biomedical

systems, transportation systems, and environment systems. Since that time, system identi-

fication has began to be viewed as the statistical learning problem. One of the early work

that used statistical approach to system identification is [38], in which the maximum likeli-

hood method was used. As a result, system identification has bee considered as the problem

that is blending the approximation theory with the statistical inference. The approximation

part corresponds to the task of finding the best model within the assumed class of models.

The statistical part is aiming at the designing estimation procedure for recovering the best

model.

This point of view is illustrated in Fig. 2.1. The input-output pairs {(Un, Yn)} of

the true systems are observed, where Un is a d-dimensional signal that often reveals the

stochastic nature. The observed output signal Yn is related to the input signal by the fol-

lowing relationship

Yn = f ?(Un,Un−1, · · ·) + εn

where f ?(·) defines the input-output mapping that takes into account the whole past history

of the system prior to the time n. The process {εn} is interpreted as the measurement

noise. The model of the system is excited by the system input {Un} and this generates the

model output Ŷn. The goal of the predictive system identification is to find the best possible

model that the prediction error residuals Yn − Ŷn are small. The latter requirement can be

quantified by defining some measure of the smallness of the residuals.

In recent years, with the advent of the big data age, system identification has been

merged with the machine learning methodology. This is due to a natural link between the

two areas. In fact, recovering the model is equivalent to the problem of learning from
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Figure 2.1: The output-error system identification paradigm as the machine learning prob-
lem.

data. The relevant problem in machine learning concerns estimating the so-called regres-

sion function that represents the optimal L2 predictor of the dependent random variable

as a function of the other independent random variable. In system identification this cor-

responds to understand how the output signal (which plays role of the dependent random

variable) changes as a function of the input signal being now the independent random vari-

able. This relationship is reflected by our model and many cases in system identification

can be formulated as the regression function estimation problem.

Section 5 of this thesis shows how the machine learning strategy can be applied to the

practical problem of prediction of transient stability boundary in large-scale power systems

described in Section 5.5.

2.3 Regression Analysis and System Identification

In the context of statistical sciences, regression analysis refers to the derivation of relation-

ship among variables. Specifically, it aims to build up the relationship between the response

variable (called “predictor”) and the observational variables (called “regressors”). It helps
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to understand how the response variable changes while one of the observational variables

changes, while the other ones remain the same. Naturally, regression analysis is widely

used in prediction and forecasting.

Although both “system modeling” and “regression analysis” refer to the studies of re-

lationship between input and output signals/processes, the former term appears more of-

ten in application areas, while “regression analysis” appears mostly in statistical contexts.

In other words, in a narrow sense, regression analysis often refers to a statistical task,

while practical system modeling can often include a wide range of statistical [39] and non-

statistical [40] techniques.

Regression analysis needs to identify a function representing the mapping between the

predictor and the regressors. The regression function can be either a linear one or a nonlin-

ear one, corresponding to the case of linear regression or nonlinear regression. In the case

of nonlinear regression, the mapping function can either be represented by finite numbers of

parameters (called “parametric regression”), or not be represented by any class parameters

(corresponding to “nonparametric regression”), or can be characterized by a combination

of them (called “semiparametric regression”). On the other hand, system modeling often

processes complex structures, in which different blocks can be separately represented by

distinct mapping functions. This is the character that marks system modeling more com-

plex than the narrow sense of regression analysis.

This thesis discusses various issues of system modeling in the context of regression

aspects. Chapter 5 studies a high-dimensional static problem, in which the formulation

finally comes down to regression problems. To the best of our knowledge, such formulation

of high-dimensional models has not been addressed in literature. Chapter 4 investigates the

regularization parameter selection problem related to nonparametric regression in the static

part of a system modeling problem. Chapter 6 examines the parametric testing aspect of
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the regression function in the modeling, and Chapter 3 addresses the nonparametric testing

problem of the regression function in the static part of a particular form of system model.

2.4 Taxonomy of Machine Learning and System Identification Prob-

lems

The efficiency of the existing techniques in machine learning and system identification is

strongly influenced by the input-output data dimensionality as well as the length of the

underlying system memory. This leads to the following classification of machine learning

and system identification problems:

• Single-Input-Single-Output (SISO) systems with the short and long memory length,

• Multiple-Input-Single-Output (MISO) systems with the short and long memory length,

• Multiple-Input-Multiple-Output (MIMO) systems with the short and long memory

length.

The MIMO systems can be viewed as the parallel combination of the MISO systems.

Hence, the problem of MISO machine learning is the most important in practical applica-

tions. In this thesis, Section 3 and Section 4 address some theoretical studies on the block-

oriented SISO Hammerstein system with the long memory. The nonparametric methods

studied there can be easily adapted to other block-oriented systems. On the other hand,

Section 5 and Section 6 focus on two concrete engineering applications of machine learn-

ing for MISO system identification.

Yet another important taxonomy of machine learning is related to the assumed a priori

knowledge about the form of the selected class of models. Hence, there are three basic

approaches to machine learning as applied to system modeling: parametric modeling, non-



CHAPTER 2. INTRODUCTION TO MACHINE LEARNING & SYSTEM IDENTIFICATION12

parametric modeling and the semiparametric strategy being the compromise between the

first and the second approach.

(a) Parametric Modeling: The system output depends on the infinite history of the input

signal and this dependence takes the parametric form. Hence, Ŷn = f(
−→
Un|θ), where

Un is the d−dimensional input signal and
−→
Un = (Un,Un−1,Un−2, · · ·) are the past

input signals that represent the system history till the time n.

In the parametric modeling strategy, the input-output mapping f(•) is specified up

to some unknown parameters, i.e., θ ∈ Θ, where Θ is a set of admissible values of

θ [33]. In many applications, the input-output mapping is assumed to be linear, or

polynomial of a finite order. A simple example of single-input parametric structure

is the following linear autoregressive model of order p

Ŷn =

p∑
i=0

aiUn−i.

Its logical extension is the nonlinear quadratic autoregressive model of order p

Ŷn =

p∑
i=0

aiUn−i +

p∑
i=0

p∑
j=0

ai,jUn−iUn−j.

In the above parametric models the goal of system identification is to estimate the

unknown parameters {ai, ai,j} from the measured data set of the input-output signals.

Section 5.2 and Section 6 in this thesis are concerned with some aspects of parametric

identification

(b) Nonparametric Modeling: In contrast to the parametric modeling, the nonparametric

approach does not make any assumptions on the shape of the input-output mapping.

Hence, we have Ŷn = f(
−→
Un).
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As an example, one can use the nonparametric autoregressive model of order p

Ŷn = f(Un, Un−1, . . . , Un−p),

where we wish to identify the p+ 1−dimensional function f(•). This task is unreal-

istic in practical situations unless the memory length p is small. If this is not the case,

we must resort to some low dimensional approximations such as the nonparametric

additive model

Ŷn =

p∑
i=0

gi(Un−i),

where gi(·), i = 0, . . . , p are some unknown univariate functions. The nonparametric

approach to system identification is thoroughly studied in [2]. Section 3 and Section

4 in this thesis are concerned with nonparametric identification.

(c) Semiparametric Modeling: In parametric methods we specify the model up some un-

known parameters. In nonparametric techniques neither is specified. The modelling

strategy that lies between these two extremes is called semiparametric. Hence, we

have

Ŷn = f(
−→
Un|θ, g(·)),

where θ is a vector of unknown parameters and g(·) represents some set of unknown

typically univariate functions. The main goal of semiparametric modeling is to place

additional structure on the nonparametric model in order to avoid the celebrated curse

of dimensionality problem and yet to enjoy some nonparametric flexibility. The fol-

lowing represents the semiparametric autoregressive model of order p

Ŷn =

p∑
i=1

aiUn−i + g(Un),
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where one would like to estimate the unknown 1-dimensional function g(·) and pa-

rameters {ai}. Yet another extension of the linear autoregressive model is the fol-

lowing single-neuron structure

Ŷn = g

(
p∑
i=0

aiUn−i

)
,

where again g(·) is the univariate function and {ai} are the model parameters.

The semiparametric approach to system identification is studied in [2]. Section Sec-

tion 5.4 in this thesis is concerned with semiparametric identification.

To measure the quality of the selected model in the given experimental set-up one needs

to define the proper risk function. The commonly used is the quadratic risk that is defined

as follows

Q = E{|Yn − Ŷn|2}.

This represents the average distance between the output Yn of the true system and the output

Ŷn of the model. The properties of the quadratic risk for the aforementioned modeling

strategies will be discussed in the next section.

2.4.1 Parametric Modeling

The parametric modeling begins with the choice of a certain class of parametric models.

Hence, let S = {f(·|θ),θ ∈ Θ} be the selected class of models parametrized by θ ∈ Θ.

Then, the risk associated with the model is given by

Q(θ) = E{|Yn − f(
−→
Un|θ)|2}. (2.1)
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Let us assume that the true system follows the following equation

Yn = f ∗(
−→
Un) + εn, (2.2)

where {εn} represents the noise process being independent of {Un}. Then, the basic risk

decomposition is

Q(θ) = E{|f ∗(
−→
Un)− f(

−→
Un|θ)|2}+ E|εn|2. (2.3)

Here the first term is the modeling error, whereas the second one is the irreducible value of

the noise level. Clearly, the modeling error becomes smaller if the selected parametric class

is closer to the unknown true system. For a given class S = {f(·|θ),θ ∈ Θ} one would

like to choose θ? ∈ Θ that would minimize Q(θ). This value would define the best model

f(·|θ?) in the class and would lead to the lowest value of the risk denoted as Qparametric.

It is worth noting that the existence of the unique optimal θ? is not a trivial question and

this issue has been resolved for some particular classes of parametric models. Furthermore,

the value θ? is not attainable as we do not know the distribution of the underlying random

variables. However, we have a training set

DN = {(U1, Y1), (U2, Y2), · · · , (UN , YN)} (2.4)

of the input-output observations of the system in (2.2). From this empirical information we

would like to estimate θ?. Let θ̂N be such a generic estimate and let

Q(θ̂) = E{|Yn − f(
−→
Un|θ̂N)|2}
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be the corresponding risk. Then, owing to (2.2) and recalling the decomposition in (2.3)

we obtain the corresponding decomposition for Q(θ̂N)

Q(θ̂N) = E{|f ∗(
−→
Un)− f(

−→
Un|θ?)|2}+ E{|f(

−→
Un|θ̂N)− f(

−→
Un|θ?)|2}+ E|εn|2. (2.5)

The first term measures the average loss of using the model f(·|θ?) (the best model in the

parametric class) instead of the true system. This defines the approximation error. The

second term, in turn, represents the estimation error of using the estimator θ̂N instead of

the best value θ?. This term may tend to zero with the increasing sample size N if one is

able to find a consistent estimate θ̂N of θ?, i.e., when θ̂N → θ? as N → ∞ in a certain

probabilistic sense.

Hence, the fundamental question arises how to design the estimate with the convergence

property. One universal approach for obtaining such estimates is based on the concept of

the empirical risk. Hence, let

Q̂N(θ) =
1

N

N∑
i=1

|Yi − f(
−→
Ui|θ)|2,

be the empirical counterpart of QN(θ). A natural estimate of θ? is defined as

θ̂N = arg min
θ∈Θ

Q̂N(θ).

The convergence of θ̂N to θ? has been examined in [39,41]. The essential required property

for the convergence is the following uniform weak law

P(sup
θ∈Θ
|Q̂N(θ)−Q(θ)|> δ)→ 0 as N →∞,
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for δ > 0. In further studies, some additional smoothness conditions on the parametric

class {f(·|θ),θ ∈ Θ} have been imposed yielding the convergence θ̂N → θ∗ with the

corresponding parametric rate, i.e.,

θ̂N = θ∗ +OP (N−1/2),

where OP (·) denotes the convergence in probability.

There exists the machine learning theory that provides a finite sample size bounds for

P(supθ∈Θ |Q̂N(θ)−Q(θ)|> δ). However, this issue is beyond the scope of this thesis.

To summarize the above discussion we illustrate in Fig.2.2 the decomposition of the risk

Q(θ̂N) in (2.5) associated with the estimate θ̂N . The risk consists of two main components,

namely, the modeling error and the estimation error. These are represented by the first and

second terms in (2.5), respectively. These two errors contribute to the overall distance

(measured by the risk) from the estimated model f(·|θ̂N) to the true system characteristic

f ∗(·). It is important to note that by enlarging the assumed model class we can decrease

the modeling error at the expense of increasing the estimation error. This defines the key

trade-off for designing system identification learning algorithms. The choice of the optimal

compromise between these two conflicting errors is the fundamental problem of the system

identification theory.

2.4.2 Nonparametric Modeling

In contrast to the previous section, where the parametric models were employed to specify

predictors, here nonparametric modeling will be discussed. In the nonparametric approach

one puts minimal requirements on the model structure in order to avoid the modeling error

inherent with parametric models. Hence, let (2.2) again be the true system. Suppose that

we wish to use the nonparametric class F = {f(·)} of models consisting of mappings from
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Figure 2.2: Relationship between the errors in parametric modeling.

the input space to the output one such that the history of the system is well represented. The

risk corresponding to f ∈ F is given by

Q(f) = E{|Yn − f(
−→
Un)|2}.

Analogously to (2.3) the risk associated with the class F has the following decomposition:

Q(f) = E{|f ∗(
−→
Un)− f(

−→
Un)|2}+ E|εn|2. (2.6)

The approximation error (the first term) can be reduced to zero if one selects the unrestricted

class of mappings F . This corresponds to the fully nonparametric case for which we have

Qnonparametric = E|εn|2.
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In this situation we note ( due to (2.2)) that

f ∗(
−→
Un) = E{Yn|

−→
Un}. (2.7)

Hence, the problem of system recovering is equivalent to the problem of nonparametric

regression function estimation. This is unavailable task as the system characteristic is a

highly-dimensional mapping. In this situation any nonparametric regression estimate re-

veals a very slow-rate of convergence implying that the required training data size for ac-

curate estimation is enormous. In fact, let us assume that the system output depends only

on the last p input signals, i.e.,

f ∗(
−→
Un) = f ∗(Un,Un−1, . . . ,Un−p).

This memory truncation can be justified by the so-called memory fading effect being the

property shared by many physical systems [42]. In this case, using the training data DN

in (2.4), we can use the existing nonparametric regression function estimates (kernel esti-

mates, orthogonal series methods, k− nearest neighbor techniques) to recover f ∗(·). Let us

denote such a generic estimate as f̂N(·). Then, it can be shown [43] that under some mild

smoothness conditions on f ∗(·) any such an estimate can achieve the following optimal

rate of convergence

f̂N(u0,u1, · · · ,up) = f ∗(u0,u1, · · · ,up) +OP (N−
2

4+d(p+1) ), (2.8)

where OP (·) denotes the convergence in probability. It is clear that this is a very slow rate.

In fact, for d = 1 (one dimensional input signals) and p = 10 (memory size) we get the

rate N−
2
15 . Hence, in order to get the estimation error within the range 10−4 one needs to
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use at least N = 1030 data points.

This shortcoming of the fully nonparametric strategy calls for considering some restricted

class of nonparametric models.

An important example of the restricted nonparametric models is a class of additive models.

To define this model, let us consider the single-input system of order p

Yn = f ∗(Un, Un−1, . . . , Un−p) + εn.

The additive predictive model takes the form

Ŷn = f0(Un) + f1(Un−1) + · · ·+ fp(Un−p),

where fi(·) are nonparametric univariate additive components of the model. The modeling

error related to this representation is controlled by the proximity of the additive model

fadd(u) =
∑p

i=0 fi(ui), u ∈ Rp+1, to the true p + 1− dimensional mapping f ∗(·). The

additive approximation helps to overcome the curse of dimensionality problem inherent in

long memory MIMO systems. Indeed, one can estimate the additive components with the

one-dimensional rate OP (N−2/5). Let f̂addN (u) =
∑p

i=0 f̂iN(ui) be the estimated additive

model. Then, the risk corresponding to this estimate is as follows:

Q(f̂addN ) = E{|f ∗(Un)− fadd(Un)|2}+ E{|f̂addN (Un)− fadd(Un)|2}+ E|εn|2, (2.9)

where Un = (Un, Un−1, . . . , Un−p). As before the second term in the decomposition de-

scribes the estimation error. The first term, on the other hand, measures the distance be-

tween the true system characteristic and its additive approximation. The degree of this

approximation has been rarely discussed in the machine learning literature. Ideally, one
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would like to choose the additive approximation that minimizes the approximation error

and moreover to design a learning algorithm that is able to converge to this optimal choice.

The decomposition of possible errors appearing in the fully nonparametric system model-

ing is shown in Fig. 2.3.

Figure 2.3: Relationship between the errors in nonparametric modeling.

In Fig. 2.3, the shaded area corresponds to the all admissible function space not

parametrized by any class characteristics. It is also worth noting that the empirical risk

Q̂N(f) =
1

N

N∑
i=1

|Yi − f(Ui)|2

associated with the nonparametric class of models F = {f(·)} does not provide any useful

estimate of the system characteristic as it minimized by any function that interpolates the

data, i.e., the resulting complex model shows the overfitting property. To overcome this

problem one must penalize Q̂N(f) by the penalty term that measures the complexity of the

class F . This is called a penalized regression that provides the reduced complexity model

with a good fitting to the data.
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2.4.3 Semiparametric Modeling

The semiparametric modeling is a logical compromise between the fully parametric mod-

elling and fully nonparametric strategy. The semiparametric model is characterized by the

pair (θ, g(·)), where θ represents the parametric part of the model and g(·) is the non-

parametric one. The nonparametric component of the model is commonly confined to a

few low-dimensional functions, i.e., the arguments to these nonparametric functions are

usually only one or a few features. Analogously to the previous sections, the risk of the

semiparametric model is

Q(g(·),θ) = E{|Yn − f(
−→
Un|θ, g(·))|2}. (2.10)

has the decomposition into the modeling error and the irreducible noise level, i.e.,

Qsemiparametric = E{|f ∗(
−→
Un)− f(

−→
Un|θ∗, g∗(·))|2}+ E|εn|2,

where by (θ∗, g∗(·)) we indicate the best semiparametric model minimizing the approxi-

mation error. The characterization of such optimal semiparametric models is a challenging

problem with a few known solutions. In contrast, the estimation methodology for semi-

parametric models can be done in the efficient way by using the empirical risk approach.

Hence, let

Q̂N(g(·),θ) =
1

N

N∑
i=1

|Yi − f(
−→
Ui|θ, g(·))|2

be the empirical error corresponding to (2.10). The generic semiparametric identification

algorithm can be proposed based on the concept of model profiling. Here, one chooses

an initial value for the parametric part θ of the semiparametric model and then estimates

the nonparametric part g(·). Hence, the characteristic g(·) is estimated as if the parametric
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part of the model were known. Hence, the parametric and nonparametric components of

the model interact with each other. To emphasize this we write g(·) = g(·;θ). The above

described strategy can be summarized by the following iterative algorithm.

Step 1. Select the initial estimate θ̂(intial) and form the nonparametric estimate ĝ(·; θ̂(intial)).

Step 2. Obtain the new estimate θ̂(new) by minimizing the profiled risk

Q̃N(θ) =
1

N

N∑
i=1

|Yi − f(
−→
Ui|θ, ĝ(·; θ̂(intial)))|2.

Use θ̂(new) to replace ĝ(·; θ̂(intial)) by ĝ(·; θ̂(new)).

Step 3. Iterate between the above steps until some convergence takes place.

This algorithm produces the estimate θ̂ of θ. This, in turn, when is plugged into the non-

parametric estimate of g(·) yiels the final estimate of g(·)

ĝ(·) = ĝ(·; θ̂).

As a result we obtain the complete recovery of the semiparametric model characterized by

the pair (θ̂, ĝ(·)).

The efficiency of the above algorithm depends critically on the possibility of forming the

nonparametric estimate ĝ(·;θ) for a given θ. This fortunately is the case for many popular

semiparametric models as it is argued in Section 5.4 of this thesis.

The decomposition of the errors in semiparametric modeling is shown in Fig. 2.4.

The aforementioned discussion implies the following order of the three modelling strate-

gies (parametric, nonparametric, and semiparametric) in terms of the risk values

Qnonparametric ≤ Qsemiparametric ≤ Qparametric. (2.11)
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Figure 2.4: Relationship between the errors in semiparametric modeling.

It is important to note that the above order describes only the approximation capabilities of

the given modeling strategy with the nonparametric choice having the zero ( or very small

for restricted nonparametric models) value of the approximation error.

The above hierarchy of the models can be altered when one is estimating the assumed

model from a finite data set. Here the risk associated with the learned model includes also

the estimation error in addition to the approximation error. Depending on the data dimen-

sionality, sample size, complexity of the underlying system there is no clear cut which

modeling strategy is the best. Often the fully nonparametric modeling is rejected due its

inherent strong dependence on the data dimensionality. The parametric strategy is the

parsimonious choice but it often experiences the large mis-modeling error. Therefore, by

choosing a proper semiparametric model of the system we can achieve a good compromise

between the low estimation error and the reduced approximation error. The semiparametric

system identification theory has been rarely examined in the literature. Section 5.4 of this

thesis implements this appealing approach in the context of a practical power engineering

system modeling.
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2.5 Block-Oriented Models

As we have already mentioned the accuracy of identification algorithms strongly depends

on the assumed class of models. The most frequent employed models are linear time-

invariant (LTI) systems due to their simple structure and clear interpretation [33].

Nevertheless, the linearity assumption is the exception rather than the rule as many real-life

systems reveal some degree of the nonlinearity. Nonlinear system identification has been

recently an active area of research with models ranging from simple linear-in-the-parameter

structures to complex nonparametric NARMAX models [13].

There is, however, an already noted trade-off between the model complexity and the statis-

tical accuracy of the proposed identification algorithm. In fact, more complex models can

better approximate the unknown system but they are more difficult to recover from a finite

training set. A parsimonious strategy for nonlinear system identification is based on the

concept of block-oriented models which are characterized by the separation between static

nonlinearities and linear dynamical models [44]. This separation property implies that the

stability of the block-oriented model can be easily verified just by checking the stability

of its linear subsystem. Among a large possible combinations of nonlinear/linear elements

that define block-oriented models, the so-called Hammerstein/Wiener cascade structures

and parallel models are the most popular. They find numerous applications in the areas

as: brain theory, neurological processes, biological systems, chemical and petrochemical

industries, wireless communication and financial volatility processes [44–48]. Examples

of the popular block-oriented models are shown in Fig. 2.5.

The Hammerstein structure is the most commonly used block-oriented model. This model

is of the form of a series connection of a nonlinear static characteristic followed by a lin-

ear dynamical system. This configuration defines the basic building block for other more

involved block-oriented structures and has been extensively applied in nonlinear system
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Figure 2.5: Examples of block-oriented models.

modeling [49–52]. The model is named after the German mathematician Hammerstein,

who studied the nonlinear integral equation which is closely related to the Hammerstein

model structure. The single-input-single-output (SISO) Hammerstein model is shown in

Fig. 2.6. In Fig. 2.6, m∗(·) represents the nonlinear subsystem, whereas the linear sub-

Figure 2.6: SISO Hammerstein model with general nonlinearity and infinite impulse re-
sponse dynamical subsystem.

system is represented by the infinite impulse response {λ∗i }, where “∗” denotes the true

characteristics. Also {εn} is the output noise. The relationship between the input, output

and intermediate signals are depicted by the following equations:

Vn = m∗(Un), Gn =
∞∑
i=0

λ∗iVn−i, Yn = Gn + εn. (2.12)

The system identification problem is to recover the nonlinear and linear subsystems from

the input-output observations {(Un, Yn)}. The intermediate signals Vn and Gn are not

observed.

Yet another commonly employed block-oriented model is the Wiener structure. In contrast
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to the Hammersteim model, the Wiener model forms a cascade connection of a linear dy-

namical system followed by a nonlinear static characteristic. This model is depicted in Fig.

2.7.

Figure 2.7: SISO Wiener model with general nonlinearity and infinite impulse response
dynamical subsystem.

The natural generalization of the aforementioned cascade connections is the so-called sand-

wich model that forms the series model with the static nonlinearity sandwiched between

two linear subsystems [53]. The structure of this model is shown in Fig. 2.8.

Figure 2.8: SISO sandwich model with general nonlinearity and two linear subsystems.

There are two distinct strategies for identification of block-oriented models. The first one is

making use of the rich a priori information assuming the parametric form of the unknown

system characteristics. For example, the system nonlinearity is a finite order polynomial,

whereas the linear part is a finite impulse response system. The second approach is non-

parametric, where the goal is to make the minimal assumptions on the system characteris-

tics and yet be able to obtain a consistent identification algorithm, i.e., the algorithm that

converges to the true characteristics of the system as the size of training data increases. The

nonparametric approach was originally introduced in [54] and since then has received an

increasing interest in the control and signal processing literature [2, 55]. A comprehensive
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review of various nonparametric techniques for identification of block-oriented models can

be found in [2].

2.6 Nonparametric Identification of MISO Hammerstein Models

In many real-life applications of system identification the input signal is of the multi-

dimensional nature, i.e., multiple inputs influence the system output. In this case one must

use some multi-input models. The multiple-input, single output (MISO) version of the

Hammerstein model is shown in Fig. 2.9. The input-output relationship of the MISO Ham-

Figure 2.9: MISO Hammerstein model with general multivariate nonlinearity and infinite
impulse response dynamical subsystem

merstein system is given by

Vn = m∗(Un), Gn =
∞∑
i=0

λ∗iVn−i, Yn = Gn + εn, (2.13)

where Un = (Un,1, Un,2, · · · , Un,d)T is the d-dimensional input. Note that (2.13) is the

multi-input counterpart of the model in (2.12). Some aspects of identification of the MISO

Hammerstein model is to be introduced in Section 2.6.1 and Section 2.6.2. It is worth

noting that the multivariate nature of the function m∗(u) defining the MISO Hammerstein

model makes the identification problem difficult due to often mentioned curse of dimen-

sionality. One of possible way to alleviate this problem is to use some low-dimensional
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approximation of m∗(u) such as the additive structure. Hence, one can replace m∗(u) by

m∗(u) ≈
d∑
i=1

gi(ui),

for some univariate functions {gi(ui)} [46, 47].

2.6.1 Identification of Linear Subsystem

In order to identify the linear subsystem of the Hammerstein model let us assume that the

input signal {Un} is a sequence of i.i.d. random variables. We first examine the SISO

Hammerstein model.

A simple identification approach is the correlation method, which is based on the following

relationship

λ∗i =
cov(Yn+i, Un)

cov(Yn, Un)
, (2.14)

for i > 1 where the normalization λ∗1 = 1 is assumed. The proof of (2.14) is shown in

Section 2.7.

The relationship in (2.14) suggests the following estimate of λ∗i

λ̂i =
1
N

∑N−i
j=1 Yj+iUj

1
N

∑N
j=1 YjUj

, (2.15)

where the data set is {(U1, Y1), · · · , (UN , YN)} and, without loss of generality, we assume

that E(Un) = 0.

In the case of the MISO Hammerstein system, the formula in (2.14) cannot be directly

applied and must be modified. Let η : Rd → R be any function selected by the user, such

that E(m∗(Un))η(Un)) 6= 0. Then, the linear subsystem can be identified based on the
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following relationship

λ∗i =
cov(Yn+i, η(Un))

cov(Yn, η(Un))
, (2.16)

for i > 1 and where again we use the normalization λ∗1 = 1. The proof of (2.16) is also

shown in Section 2.7. The relationship in (2.16) suggests the following estimate of λ∗i

λ̂i =
1
N

∑N−i
j=1 Yj+iη(Uj)

1
N

∑N
j=1 Yjη(Uj)

, (2.17)

where the data set is {(U1, Y1), · · · , (UN , YN)}, and, without loss of generality, we assume

that E(η(U)) = 0. It was shown in [2] that:

λ̂i = λ∗i +OP (N−1/2). (2.18)

Hence, the convergence of the λ̂i to the true value λ∗i follows the parametric convergence

rate, despite the dimensionality of the input signal.

2.6.2 Identification of the Nonlinear Subsystem

As we have already pointed out there are two distinct methods for identification of the

nonlinearity of the Hammerstein model. The first is the parametric, where one assumes that,

e.g., the system nonlinearity is a finite order polynomial. In contrast, the nonparametric

strategy allows much larger flexibility by no making any parametric assumption on the

model nonlinearity. The nonparametric approach is relying on the theory of nonparametric

regression function estimation [2]. To do so in the context of the Hammerstein model we

make an important observation that the true nonlinear characteristic m∗(·) is equal to the

regression function of the output signal onto the input one. In fact, we have

m∗(u) = E(Yn|Un = u), (2.19)
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where the required assumptions are λ∗0 = 1 and E{m∗(U)} = 0. The proof of (2.19)

is shown in Section 2.7. Note that the proof in Section 2.7 reveals that the assumption

E{m∗(U)} = 0 can be easily relaxed.

The identity in (2.19), proofs that m∗(u) can be recovered by applying nonparametric esti-

mation methods. Some of these methods are listed below:

1) Classical kernel estimate

m̂(u) =

∑N
i=1 YiK( ||u−Ui||

h
)∑N

i=1K( ||u−Ui||
h

)
, (2.20)

where K(·) is the one-dimensional kernel function, e.g., Gaussian kernel, and h is a

smoothing parameter (bandwidth). The following are some examples of applicable

kernel functions

– the parabolic kernel

K(u) =


3

4
(1− u2) , for |u|< 1

0, otherwise,

– the Gauss–Weierstrass kernel

K(u) =
1√
2π
e−u

2/2,

– the Cauchy kernel

K(u) =
1

π

1

1 + u2
,

– the Fejér kernel

K(u) =
1

π

sin2 u

u2
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– the Laplace kernel

K(u) =
1

2
e−|u|.

The conditions for a function to be an applicable kernel can be found in Appendix

A.2 of [2].

It is worth noting that the expression in the denominator in (2.20), i.e., 1
N

∑N
i=1K( ||u−Ui||

h
)

estimates fU(u) - the density of the input signal.

When input {Un} to the system is one-dimensional, (2.20) has the following form

m̂(u) =

∑N
i=1 YiK(u−Ui

h
)∑N

i=1K(u−Ui
h

)
.

2) Local linear kernel estimate. For one-dimensional input, local linear kernel estimate

has the following form:

m̂(u) =

∑N
i=1 YiK(u−Ui

h
)∑N

i=1 K(u−Ui
h

)
+ (u− Ū(u))

∑N
i=1 Yi(Ui − Ū(u))K(u−Ui

h
)∑N

i=1 Yi(Ui − Ū(u))2K(u−Ui
h

)
, (2.21)

where

Ū(u) =

∑N
i=1 UiK(u−Ui

h
)∑N

i=1 K(u−Ui
h

)

is the local weighted average of {Ui}.

The first term in (2.21) is just the same as the classical kernel estimate in (2.20),

while the second term is the local linear correction term. Noticeably, the correctly

tuned local linear kernel estimate is typically more accurate compared to the classical

kernel estimate. The computational cost of this estimate is however higher. The

multi-dimensional version of the local linear kernel estimator can be expressed in the

matrix form, see [56].
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3) Convolution kernel estimate (order statistics kernel estimate).

The convolution kernel estimate only applies to one-dimensional input systems. Let

the input support be [a, b], and let U(1), U(2),···, U(N) be the ordered version of input

observations U1, U2,···, UN , i.e., U(1) ≤ U(2) ≤ · · · ≤ U(N). Let U(0) = a, U(N+1) =

b. Let {(U(1), Y[1]), · · · , (U(N), Y[N ])} be the input-output re-arranged version of the

training set {(U1, Y1) · · · , (UN , YN)}. Then the convolution kernel estimate has the

following form:

m̂(u) =
N+1∑
i=1

Y[i](U(i) − U(i−1))h
−1K(

u− U(i)

h
), (2.22)

or

m̂(u) =
N∑
i=1

Y[i]

(U(i+1) − U(i−1))

2
h−1K(

u− U(i)

h
), (2.23)

It is worth mentioning that Y[i]’s are not ordered among themselves, they are merely in

pair with U(i)’s. Comparing to the other kernel estimators, one advantage of the con-

volution kernel estimators is they avoid the random denominator problem intrinsic

to the classic and local linear kernel estimates. Nevertheless, the convolution kernel

estimate can only be applied for univariate inputs, since multivariate data cannot be

easily ordered.

4) Orthogonal series estimate

m̂(u) =

∑T
k=0 b̂kψk(u)∑T
k=0 âkψk(u)

, (2.24)

where {ψi(·)} is an orthonormal basis system defined on the support D that includes
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the support of Un, i.e.:

∫
D

ψi(u)ψj(u)du =

{
1, for i = j

0, for i 6= j.

The parameter T defines the number of terms that are taken into account, and

b̂k =
1

N

N∑
n=1

Ynψ(Un),

âk =
1

N

N∑
n=1

ψ(Un).

It is worth mentioning, that the smoothing parameter h in (2.20), (2.21), and (2.22), (2.23),

as well as the truncation parameter T in (2.24) need to be properly specified. In practice,

h and T depend on the size of the training data and the point where the estimates are eval-

uated. The methods to select them include cross-validation and plug-in types of methods.

The latter approach is based on some asymptotic formulas of the nonparametric estimates.

The aforementioned nonparametric estimates for the recovery of the nonlinear part of the

MISO Hammerstein model can reveal the following rate of convergence [2]

m̂(u) = m∗(u) +OP (N−
2

4+d ), (2.25)

where d is the dimensionality of the input signal, and the unknown nonlinear characteristic

m∗(·) is assumed to be twice differentiable.

The formula in (2.25) shows the relationship between the nonparametric convergence rate

and the input dimensionality. For instance, for the univariate input, the convergence rate is

OP (N−2/5) while for the d-dimensional input, the convergence rate is OP (N−
2

4+d ). Let N1

and Nd be the data size for the univariate and multivariate cases, respectively. In order to
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achieve the same level of the estimation accuracy, we should have

N
− 2
d+4

d ' N
− 2

5
1 .

This gives

Nd ' Nα·d
1 ,

where α = d+4
5d

. As α ' 1/5 for large d then in order to achieve the same estimation

accuracy, the multivariate input case needs much larger training set compared the univariate

case. This again illustrates the already mentioned curse of dimensionality in the context of

nonparametric estimation.

2.7 Auxiliary Proofs

Proof of (2.14)and (2.16) Note these proofs can also be found in [2].

For the MISO Hammerstein system in Fig. 2.9, the input-output relationship is the

following

Yn =
∞∑
j=0

λ∗jm
∗(Un−j) + εn.

Therefore we have

cov(Yn+i, η(Un)) = cov(
∞∑
j=0

λ∗jm
∗(Un+i−j) + εn+i, η(Un))

= cov(λ∗im
∗(Un), η(Un)) + cov(

∞∑
j=0,j 6=i

λ∗jm
∗(Un+i−j), η(Un))

= λ∗i cov(m∗(Un), η(Un)) +
∞∑

j=0,j 6=i

λ∗jcov(m∗(Un+i−j), η(Un)).
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Due to the independence of {Ui}, cov(m∗(Un+i−j), η(Un)) = 0 for i 6= j. Therefore

cov(Yn+i, η(Un)) = λ∗i cov(m∗(Un), η(Un)).

Since λ∗0 = 1 and cov(Yn, η(Un)) = λ∗0cov(m∗(Un), η(Un)), we obtain

λ∗i =
cov(Yn+i, η(Un))

cov(Yn, η(Un))
.

This proves the relationship in (2.16), as well as the relationship in (2.14).

Proof of (2.19) Since {Un} is an i.i.d process, relation E(m∗(Ui)|U0) = E(m∗(Ui))

holds for i 6= 0. Thus,

E(Yn|Un = u) = E(
∞∑
j=0

λ∗jm
∗(Un−j) + εn|Un = u)

= λ∗0m
∗(u) + Em∗(U)

∞∑
i=1

λ∗i .

Under the condition Em∗(U) = 0 and λ∗0 = 1, we have E(Yn|Un = u) = m∗(u), therefore

(2.19) has been proved.

If we write the input-output relations of a Hammerstein system in the following way

Yn = m∗(Un) +
∞∑
i=1

λ∗im
∗(Un−i) + εn

= m∗(Un) + ξn + εn. (2.26)

Since ξn =
∑∞

i=1 λ
∗
im
∗(Un−i) is independent of Un, we can view ξn as the “system noise”

incurred due to the linear system memory, in contrast to the external measurement noise

εn.
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Let us consider the case E[m?(U)] 6= 0 and λ?0 = 1. Then, due to (2.26) we have

E[Yn|Un = u] = m?(u) + c,

where c = E[m?(U)]
∑∞

j=1 λ
?
j . Since

E[Yn] = E[m?(U)]
∞∑
j=0

λ?j

then we can easily conclude that the constant c is equal to

c = E[Yn](1− 1/λ),

where λ =
∑∞

j=0 λ
?
j . The constant λ is typically non-zero as the most physical systems

have the low-pass nature dynamics. Moreover, λ represents the overall gain of the linear

subsystem and this can be easily recovered from the estimated transfer function of the

linear subsystem. As E[Yn] is estimated by the empirical mean, therefore the constant c

can be fully determined from the training data. We refer to [57] for further discussion on

the analogous problem.



Chapter 3

Testing Parametric Assumptions for

Hammerstein Models

3.1 Testing Parametric Hypothesis for Hammerstein Models

It is shown in Section 2.6.1 that identification for the linear subsystem within a Hammer-

stein model requires simple correlation methods, thus it is more important to study the iden-

tification of the nonlinear subsystem. Due to the “curse of dimensionality” shown in Sec-

tion 2.4.2 and Section 2.6.2, nonparametric identification algorithms for the nonlinear iden-

tification are usually slow, particularly in the case of large dimensional input signal cases.

As a comparison, parametric methods usually converge with the rate OP (N−1/2) [33], de-

spite the input dimension. Thus parametric identification, if it is correct, converges faster

than the nonparametric approach, and is less sensitive to data dimensionality. On the other

hand, parametric estimations intrinsically carry a risk of using imprecise models, i.e., mis-

specifying the models so that the error between the parametric function class and the true

nonlinear function could be considerable. This can arise from using a wrong parametric

class to represent the nonlinear subsystem, or the nonlinear characteristic might not be

38
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completely representable by any parametric classes. In fact, the implementation of para-

metric system identification problem should be accompanied by some parametric assump-

tion checking. This validation is different from the model structure validation, and has

rarely been addressed in the system identification literature. This issue is examined in this

research by the approach of hypothesis testing in the context of Hammerstein system.

Thus, the problem is formulated as follows. For the SISO Hammerstein model in

Fig. 2.6, suppose one wants to represent m(u) by m(u; θ), namely assuming the non-

linear subsystem can be represented by certain parametric class indexed by θ. Then sup-

pose the admissible sets for m(u; θ) and {λk} are M = {m(u; θ) : θ ∈ Θ ⊂ Rp} and

L = {λk(δ) : δ ∈ ∆ ⊂ Rq}, where Θ, ∆ are some compact sets. Then in the parametric

testing problem, one wishes to test the null hypothesis

H0 : m ∈M and {λk} ∈ L

against the general alternative

Ha : m /∈M or {λk} /∈ L.

It was shown in Section 2.6 that the nonlinear and linear subsystem identification can

be separated, and the latter one is easier. Therefore in this research, the focus is mainly on

testing the nonlinear part only, i.e., to test

H0 : m ∈M versus Ha : m /∈M,

The meaning of the null hypothesis is that m(u) is equivalent to m(u; θ0) for some

θ0 ∈ Θ, where θ0 can well represent the nonlinear function m(u), i.e, the modeling error
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in Fig. 2.2 is zero. The meaning for the alternative hypothesis is that we can not find any

m(u; θ) that can represent m(u), θ ∈ Θ.

With no loss of generality [2], it is assumed that Em(Un) = 0 and Em2(U) <∞. The

test statistics are formulated by using the Hermite polynomial estimate described in Section

3.2.

3.2 Orthogonal Series Estimation Using Hermite Polynomials

This section will be using Hermite polynomials as an orthogonal polynomial expansion.

Hermite polynomials define an infinite dimensional function space with respect to a Gaus-

sian weight [2, 58], and they are widely applied in physics, statistics, numerical analysis,

system identification, etc. One way to define the Hermite polynomials is the following

Hn(u) = (−1)neu
2 dn

dun
e−u

2

,

and they satisfy the following orthogonal property [58]

∫ ∞
−∞

Hk(u)Hl(u)w(u)du =

{√
π2kk! , for k = l

0, for k 6= l
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where w(u) = e−u
2 . The first several such Hermite polynomials are:

H0(u) = 1

H1(u) = 2u

H2(u) = 4u2 − 2

H3(u) = 8u3 − 12u

H4(u) = 16u4 − 48u2 + 12

H5(u) = 32u5 − 160u3 + 120u

H6(u) = 64u6 − 480u4 + 720u2 − 120

H7(u) = 128u7 − 1344u5 + 3360u3 − 1680u

H8(u) = 256u8 − 3584u6 + 13440u4 − 13440u2 + 1680

H9(u) = 512u9 − 9216u7 + 48384u5 − 80640u3 + 30240u

H10(u) = 1024u10 − 23040u8 + 161280u6 − 403200u4 + 302400u2 − 30240.

It is worth noting that given the initial two terms H0(u) = 1, H1(u) = 2u, the Hermite

polynomials defined above can also be generated by the following recursive formula

Hn+1(u) = 2uHn(u)− 2nHn−1(u), n ≥ 1.

Defining hk(u) = Hk(u)/
√

2kk!
√
π, then one can write

∫ ∞
−∞

hk(u)hl(u)w(u)du =

{
1, for k = l

0, for k 6= l.

The above defined Hermite polynomials are sometimes called “physicists’ Hermite

polynomials”. On the other hand, another definition is called “probabilists’ Hermite poly-
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nomials”, and the k− degree of such Hermite polynomial is defined asHk(u) = (−1)ke
u2

2
dk

duk
e−

u2

2 .

The first several of them are

H0(u) = 1

H1(u) = u

H2(u) = u2 − 1

H3(u) = u3 − 3u

H4(u) = u4 − 6u2 + 3

H5(u) = u5 − 10u3 + 15u

H6(u) = u6 − 15u4 + 45u2 − 15

H7(u) = u7 − 21u5 + 105u3 − 105u

H8(u) = u8 − 28u6 + 210u4 − 420u2 + 105

H9(u) = u9 − 36u7 + 378u5 − 1260u3 + 945u

H10(u) = u10 − 45u8 + 630u6 − 3150u4 + 4725u2 − 945.

These polynomials satisfy the following orthonormality property

∫ ∞
−∞

Hk(u)Hl(u)
1√
2π
e−

x2

2 = k! δkl,

where δkl is the Kronecker delta function, i.e., δkl = 1 if k = l and δkl = 0 otherwise. It

is worth noting that given the initial two terms H0(u) = 1, H1(u) = u, the “probabilists’

Hermite polynomials” defined above can also be generated by the following recursive for-

mula

Hn+1(u) = uHn(u)− nHn−1(u), n ≥ 1.
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From the descriptions above, it can be seen that the two different versions of Hermite

polynomials are orthogonal with respect to the different Gaussian weight.

In this chapter, we use the form of the first version of definition, namely, the “physicists’

Hermite polynomials”. Let φk(u) = hk(u)e−u
2/2 be the orthonormal Hermite function,

f(·) being the probability density function of the input,
∫
f 2(u)du < ∞, and a function

m(·) satisfies
∫
m2(u)f 2(u)du <∞, then this function can be represented by the Hermite

polynomial expansions:

m(u) '
∑∞

k=0 bkφk(u)∑∞
k=0 akφk(u)

, (3.1)

where

bk =

∫ ∞
−∞

m(u)f(u)φk(u)du, (3.2)

and

ak =

∫ ∞
−∞

f(u)φk(u)du. (3.3)

It is worth noting that the numerator part in (3.1) is equal to m(u)f(u), while the denomi-

nator part in (3.1) is equal to f(u).

The Parseval’s formula is one that reveals the relationship between the “time-domain”

function and the “frequency domain” coefficients for orthogonal polynomial series. For the

Hermite polynomials, it is in the following form

∫ ∞
−∞

(m(u)f(u))2du =
∞∑
k=0

b2
k,

∫ ∞
−∞

f 2(u)du =
∞∑
k=0

a2
k.

For the Hammerstein system in Fig. 2.6, the identity in (2.19) allows one to build the

nonparametric estimate ofm(·) using the Hermite expansions similar to (3.1). Hence, given
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the data set {(U1, Y1), · · · , (UN , YN)} available, one can write

m̂(u) =

∑T
k=0 b̂kφk(u)∑T
k=0 âkφk(u)

, (3.4)

where

b̂k =
1

N

N∑
n=1

Ynφk(Un), (3.5)

and

âk =
1

N

N∑
n=1

φk(Un), (3.6)

are the estimated coefficients, T is the truncation parameter that needs to be selected.

It is worth mentioning that we use Hermite polynomial base, due to the fact that the

support for the residuals in our problem is (− inf, inf). If the researcher deals with residuals

with other support, then other orthogonal polynomial base should be used instead.

3.3 Hermite Polynomial Representation for Residual Processes

Revisiting the parametric testing problem described in Section 2.4.1, the residual process

under the parametric assumption case can be written as

Rn = Yn −m(Un; θ0), (3.7)

for n = 1, . . . , N and θ0 is the “true parameter” within the parametric model under the null

hypothesis, then under H0:

Rn = m(Un; θ0) + e0
n −m(Un; θ0) = e0

n,

where e0
n =

∑∞
i=1 λim(Un−i; θ0) + εn.
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Under Ha:

Rn = m(Un)−m(Un; θ0) + e0
n,

for any m(·) /∈ {m(u) = m(u; θ)}.

For the residual process Rn, let r(u) = E{Rn|Un = u} be the regression function.

Analogous to the m̂(u) in (3.4), one can write

r̂(u) =

∑T
k=0 b̂kφk(u)∑T
k=0 âkφk(u)

, (3.8)

where

b̂k =
1

N

N∑
n=1

Rnφk(Un), (3.9)

and

âk =
1

N

N∑
n=1

φk(Un), (3.10)

are the estimated coefficients, and T is the truncation parameter that needs to be selected.

3.4 Testing Statistics

In this section, firstly, let us continue to assume the input observations are i.i.d. Then let us

look at the following discrimination index [59]

D = E{Rnr(Un)f(Un)}. (3.11)

Note that under H0, Rn = e0
n, and D = E(en)E(r(Un)f(Un)) = 0. On the other hand,

under the Ha assumption, (3.11) becomes E{Rn|Un} = m(Un)−m(Un; θ0) and then D =

E{[m(Un) − m(Un; θ0)]2f(Un)} > 0. Therefore, D can be viewed as the discrimination

index indicating whether the hypothesis H0 is true. Consequently, the empirical version
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of D in (3.11) can be used as the testing statistic to distinguish between the null and the

alternative hypothesis. The empirical version of (3.11) is the following

DN(T ) = N−1

N∑
i=1

Rir̂(Ui)f̂(Ui),

where r̂(u) and f̂(u) are some kind of nonparametric estimate of r(u) and f(u) imple-

menting all the observed data. However, in data science, it is generally not good to use

the same data twice, i.e., in forming the averaging process and in forming the regression

function r(u). Instead, the solution is using the leave-one-out version of r̂(u) in forming

the test statistics

DN(T ) = N−1

N∑
i=1

Rir̂−i(Ui)f̂−i(Ui), (3.12)

where f̂−i(u) is the leave-one-out version of f̂(u), and r̂−i(u) is the leave-one-out version

of the estimate in (3.8), i.e.,

r̂−i(u) =

∑T
k=0 b̂k,iφk(u)∑T
k=0 âk,iφk(u)

, (3.13)

where

b̂k,i =
1

N

N∑
n=1,n6=i

Rnφk(Un), (3.14)

and

âk,i =
1

N

N∑
n=1,n 6=i

φk(Un), (3.15)

Hence, r̂−i(u) is the version of the nonparametric estimate which uses all the data except

the observation (Ui, Yi).

Plugging (3.13) into (3.12), one can obtain the test statistics DN(T ) in the following
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kernel form

DN(T ) =
2

N(N − 1)

N∑
i=1

N∑
j=i+1

RiRjKT (Ui, Uj), (3.16)

where

KT (u, v) =
T∑
k=0

φk(u)φk(v) (3.17)

is the kernel, and as defined before, φk(u) = hk(u)e−u
2/2.

In this research another test statistics is examined. Besides the statistics DN(T ) men-

tioned above, one can also examine the smallness of the residual regression function r̂(u)

using its L2 norm. Defining

LN(T ) =

∫ ∞
−∞

r(u)f(u)du, (3.18)

then the Parseval’s formula suggests that LN(T ) can be expressed by

LN(T ) =
T∑
k=0

b̂2
k. (3.19)

Plugging b̂k in (3.8) into the formula in (3.19), one can express the test statistic LN(T ) by

the following equation

LN(T ) =
1

N2

N∑
i=1

N∑
j=1

RiRjKT (Ui, Uj), (3.20)

where KT (u, v) is the Hermite kernel the same as in (3.17).

When the null hypothesis H0 is true, i.e., when m(u) = m(u; θ0), the test statistics

DN(T ) and LN(T ) will take small values. The overview of recent statistical tests in the

context of nonparametric analysis can be found in [60], while the classical nonparametric

tests can be found in [61].
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So far, the Rn terms in the test statistics have suggested the assumption that the true

parameter value θ0 under the null hypothesis is known. In practice, θ0 can be replaced by

the estimate θ̂ by any existing parametric estimation algorithm [44]. Denote the estimated

version of Rn in (3.7) by the following estimated residual process

R̂n = Yn −m(Un; θ̂), (3.21)

for n = 1, . . . , N .

Under H0:

R̂n = m(Un; θ0)−m(Un; θ̂) + e0
n.

It is worth noting that the term m(Un; θ0) − m(Un; θ̂) reflects the estimation error within

the H0 class.

On the other hand, under Ha:

R̂n = m(Un)−m(Un; θ̂) + e0
n

= m(Un)−m(Un; θ0) +m(Un; θ0)−m(Un; θ̂) + e0
n,

and while the term m(Un; θ0)−m(Un; θ̂) reflects the estimation error within the H0 class,

the term m(Un)−m(Un; θ0) indicates the departure from the H0 model.

Furthermore, using R̂n to replace Rn in the formula of DN(T ) and LN(T ), denote their

corresponding versions by D̂N(T ) and L̂N(T ), namely

D̂N(T ) =
2

N(N − 1)

N∑
i=1

N∑
j=i+1

R̂iR̂jKT (Ui, Uj), (3.22)

L̂N(T ) =
1

N2

N∑
i=1

N∑
j=1

R̂iR̂jKT (Ui, Uj), (3.23)
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It is shown in [1] that as long as

θ̂ = θ0 +OP (N−1/2), (3.24)

where OP (·) indicates the convergence in probability, the difference between D̂N(T ) and

DN(T ), as well as the difference between L̂N(T ) and LN(T ), will be asymptotically neg-

ligible small. Note that the rate N−1/2 that the estimate θ̂ converges to θ0 is the optimal

parametric rate, see [44] for the parametric Hammerstein system identification methods

that lead to this optimal convergence rate.

Due to the discussions above, the aforementioned nonparametric specification test can

be formulated in the following way: reject H0 if D̂N(T ) > cα (or L̂N(T ) > cα if using the

LN statistics instead), where cα is a pre-specified constant ensuring the size of the test is α,

namely,

P(Test Reject H0|H0) = α. (3.25)

The expression in (3.25) means that when the null hypothesis is actually true, D̂N(T ) >

cα (or L̂N(T ) > cα) happens with the probability α. This concept is also equivalent to say

the false rejection rate, or the Type I error of the statistical test is α. In practice, α is usually

pre-specified as α = 0.05 or α = 0.01.

Similarly, the power of the statistics test refers to

β = P(Test Reject H0|Ha), (3.26)

namely, the power means that when the null hypothesis is actually not true, the probability

that the statistical test can reject the H0 is equal to β. Actually, the quantity 1 − β is

equivalent to the false acceptance rate, or the Type II error of the statistical test. The ideal

statistical test would be such that for a certain predefined significance level α of the test,
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the power should be as large as possible.

The asymptotic properties of the proposed test statistics will be discussed in Section

3.5.

3.5 The Asymptotic Theory of the Test Statistics

The following is a reproduction from [1] with the author’s consent. Other details can also

be found in [1].

In this section we summarize the basic asymptotic properties of the aforementioned test

statistics. This includes the formula for the asymptotic value of the control limit cα and the

consistency of our tests, i.e., the convergence of the power of the tests to one. The control

limit cα is determined by pre-setting the false rejection rate to α ∈ (0, 1) and then choosing

cα = min{c : P{D̂N(T ) > c|H0} ≤ α}. (3.27)

Theorem 1. Suppose that the null hypothesis H0 : m(u) = m(u; θ0), for some θ0 ∈ Θ, is

satisfied. Let the estimate θ̂ of θ0 meet the condition in (3.24). If T = T (N) → ∞ and

T (N)/N → 0 as N →∞ then

N√
T
D̂N(T )⇒ N(0, σ2

D),

where the asymptotic variance is

σ2
D =

2
√

2

π
σ4
e

∫
f 2(u)du, (3.28)

with σ2
e = var[m(U)]

∑∞
i=1 λ

2
i + σ2

ε .

The proof of this theorem is quite technical and can be found in [1]. It is worth noting,
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however, that the first fundamental fact we establish (under the condition in (3.24)) is the

following approximation of the test statistic

D̂N(T ) = DN(T ) +OP (N−1). (3.29)

Hence, it suffices to examine the asymptotic behavior of DN(T ) instead of the composite

statistic D̂N(T ). The proof of Theorem 1 also reveals that E{D̂N(T )|H0} = O(N−1).

Hence, the statistic D̂N(T ) is virtually unbiased.

Remark 1. Theorem 1 allows us to select the asymptotic value of the control limit cα as

it defined in (3.27). In fact, due to Theorem 1, the false rejection probability P{D̂N(T ) >

c|H0} is asymptotically equal to 1 − Φ( cN√
TσD

), where Φ(·) is the distribution function of

the standard normal law. This yields

cα =

√
TσD
N

Q1−α, (3.30)

where Q1−α is the upper 1− α quantile of the standard normal distribution.

In order to use the formula in (3.30) we need to estimate the unknown variance σ2
D. It

can be verified that the following

σ̂2
D =

4

N(N − 1)

N∑
i=1

N∑
j=i+1

R̂2
i R̂

2
jK

2
T (Ui, Uj) (3.31)

is asymptotically consistent estimate of σ2
D. The remaining problem is to specify the proper

value of the truncation parameter T . One can use several values of T and choose the one

that gives the largest value of the test power. The latter is defined as P{D̂N(T ) > c|Ha},

where c can be specified as in (3.30). This value, for a fixed value of T , can be evaluated
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using the bootstrapping resampling method. The details of this strategy will be discussed

in Section 3.6. Instead, let us present the consistency result, i.e., the asymptotic behavior

of D̂N(T ) under the alternative hypothesis Ha. First, it can be shown that

DN(T )→ D (P),

where D = E{[m(Un) −m(Un; θ0)]2f(Un)} > 0 is the index defined in (3.11). This and

(3.29) imply that
N√
T
D̂N(T ) =

√
T

T/N
DN(T ) + oP (1).

Since T → ∞, T/N → 0, then we can obtain the following consistency property of the

normalized test statistic N√
T
D̂N(T ).

Theorem 2. Let the conditions of Theorem 1 be satisfied. Suppose that the alternative

hypothesis Ha : m(u) 6= m(u; θ), for all θ ∈ Θ, holds. Then for any positive c we have

P

{
N√
T
D̂N(T ) > c|Ha

}
→ 1

as N →∞.

Comments. Hence, the properly normalized test statistic D̂N(T ) gives the testing method

that is able to detect that null hypothesis is false, i.e., the power of N√
T
D̂N(T ) tends to

one. This takes place (asymptotically) for an arbitrary small departure from the parametric

model m(u; θ).

Let us now turn to the L2-norm test statistic L̂N(T ) defined as in (3.20) withRi replaced

by R̂i. As in (3.29) it suffices to examine LN(T ) defined in (3.20). First, we can observe



CHAPTER 3. PARAMETRIC TESTING FOR HAMMERSTEIN MODELS 53

that LN(T ) can be decomposed into two non-overlapping terms, i.e., the diagonal term

BN(T ) =
1

N2

N∑
i=1

R2
iKT (Ui, Ui), (3.32)

and the off-diagonal term

AN(T ) =
2

N2

N∑
i=1

N∑
j=i+1

RiRjKT (Ui, Uj). (3.33)

It is clear that the term AN(T ) is directly related to DN(T ), i.e., we have

AN(T ) = (1− 1/N)DN(T ). (3.34)

This readily implies that the asymptotic behavior of AN(T ) can be infer from the limit dis-

tribution ofDN(T ), i.e., the results of Theorem 1 can be used. In particular,E{AN(T )|H0} =

O(N−1). On the other hand, the term BN(T ) contributes mostly to the bias of LN(T ). In

fact, it can be shown that E{BN(T )|H0} = O(T/N). As a result, LN(T ) reveals larger

bias than DN(T ). This suggests that we can consider the following bias reduced test statis-

tic

L̄N(T ) = L̂N(T )− B̂N(T ), (3.35)

where B̂N(T ) is defined as in (3.32) with Ri replaced by R̂i. All these considerations give

the following limit distribution of L̄N(T ).

Theorem 3. Let all the conditions of Theorem 1 be satisfied. Then, we have

N√
T
L̄N(T )⇒ N(0, σ2

D),
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where the asymptotic variance is σ2
D the same as in Theorem 1.

Comments. Recalling the discussion in Remark 1 we can specify the following asymp-

totic approximation of the critical value cα for the test statistic L̄N(T )

c∞α =

√
TσD
N

Q1−α. (3.36)

The formulas in (3.30) and (3.36) give asymptotic approximations of the true critical value

cα for our test statistics. This may result in some reduction of the power of the tests.

In practice, one can evaluate the finite sample distribution of the test statistics using the

bootstrapped data and obtain a more reliable approximation of cα. Such practical imple-

mentations of our tests is left for future studies.

Finally, by the reasoning leading to Theorem 2 we can obtain the following result on the

consistency of the test L̄N(T ).

Theorem 4. Suppose that all the conditions of Theorem 2 hold. Then for any positive c we

have

P

{
N√
T
L̄N(T ) > c|Ha

}
→ 1 as N →∞.

Comments. Let us mention again that the centered L̂N(T ) gives that the statistic L̄N(T )

in (3.35) with the asymptotic properties comparable to D̂N(T ). The statistics D̂N(T ) and

L̄N(T ), however, can take some negative values, whereas L̂N(T ) is always positive. There-

fore, the limit distribution of L̂N(T ) should be rather of the χ2 type. This may give a better

asymptotic approximation of the distribution of L̂N(T ) than the one obtained in Theorem

3.
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3.6 Bootstrapping and Testing Procedures in Practice

Given a data set representing the input-output observations from a certain system in which

we wish to test whether its nonlinear characteristics belongs to a certain parametric class,

we can calculate the value of D̂N (or L̂N ) and compare it to the limit term cα. In order

to find cα, one needs to know the distribution of D̂N (or L̂N ) for the null hypothesis. In

practice, one can use the bootstrapping method introduced in this section to achieve this

aim. The so-called naı̈ve bootstrapping algorithms for the D̂N statistics is introduced in

Algorithm 1. One can write the version of this algorithm for L̂N statistics analogously.

Note that the truncation value T should be specified beforehand. The discussions about the

selection of T is postponed to Section 3.7.3.

Algorithm 1 Naı̈ve Bootstrapping for finding the limit value cα

1: Let r̂i = Yi − m(Ui; θ̂), i = 1, · · · , N be the residuals, where m(·; θ) is the assumed
parametric model under null hypothesis H0, and θ̂ is an estimate of the unknown pa-
rameter θ0 using some parametric estimation method. Then center these residuals so
that they are with zero mean R̂i = r̂i − 1

N

∑N
i=1 r̂i, i = 1, · · · , N

2: repeat
3: Draw randomly with replacement from the residual sequence {R̂1, · · · , R̂N} for N

times, and record the obtained sequence by {R̂∗1, · · · , R̂∗N}. This is called one boot-
strapped residual set. Then form one bootstrapped training set by

Y ∗i = m(Ui; θ̂) + R̂∗i , i = 1, · · · , N

This gives the bootstrapped training set: {(U1, Ŷ
∗

1 ), · · · , (UN , R̂∗N)}.
4: Calculate D̂∗N(T ), where D̂∗N(T ) is calculated similarly to D̂N(T ) except using Y ∗i

to replace Yi in (3.22), i.e., the bootstrapped test statistic D̂∗N(T ) is determined by the
bootstrapping training set.

5: until We obtain a large number (B times) of bootstrapped test statistics
{D̂∗[1]

N (T ), · · · , D̂∗[B]
N (T ),

6: Find the 1− α quantile of {D̂∗[1]
N (T ), · · · , D̂∗[B]

N (T )}, this gives the value of cα.

From Step 3 in Algorithm 1, one can see that for bootstrapping the training sets {(U1, Ŷ
∗

1 ),

· · · , (UN , R̂∗N)}, they indeed comply withH0 hypothesis, and their noise level are preserved
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Algorithm 2 Wild Bootstrapping for finding the limit value cα

1: Let r̂i = Yi − m(Ui; θ̂), i = 1, · · · , N be the residuals, where m(·; θ) is the assumed
parametric model under null hypothesis H0, and θ̂ is an estimate of the unknown pa-
rameter θ0 using some parametric estimation method. Then center these residuals so
that they are with zero mean R̂i = r̂i − 1

N

∑N
i=1 r̂i, i = 1, · · · , N

2: repeat
3: for i=1:N do
4: Generate R̂∗i = riRi, where

ri =

{
1−
√

5
2
, with probability 1+

√
5

2
√

5
1+
√

5
2
, with probability 1− 1+

√
5

2
√

5

5: end for
6: Formulate the residual sequence {R̂∗1, · · · , R̂∗N}. This is one bootstrapped residual

set. Then form one bootstrapped training set by

Y ∗i = m(Ui; θ̂) + R̂∗i , i = 1, · · · , N

This gives the bootstrapped training set: {(U1, Ŷ
∗

1 ), · · · , (UN , R̂∗N)}.
7: Calculate D̂∗N(T ), where D̂∗N(T ) is calculated similarly to D̂N(T ) except using Y ∗i

to replace Yi in (3.22), i.e., the bootstrapped test statistic D̂∗N(T ) is determined by the
bootstrapping training set.

8: until We obtain a large number (B times) of bootstrapped test statistics
{D̂∗[1]

N (T ), · · · , D̂∗[B]
N (T ),

9: Find the 1− α quantile of {D̂∗[1]
N (T ), · · · , D̂∗[B]

N (T )}, this gives the value of cα.

in accordance with the original training set {(U1, Y1), · · · , (UN , YN)}.

Nonetheless, it is known in statistics that another modified version of bootstrapping

works much better comparing to the naı̈ve bootstrapping when the error terms exhibit het-

eroscedasticity. This leads to the so-called wild bootstrapping described in Algorithm 2.

The key step in Algorithm 2 is to bootstrap the residuals multiplied with a random term

with mean 0 and standard variance 1, rather than drawing with replacement in Algorithm

1.
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3.7 Simulation Studies

In the simulation studies, we are going to examine the scenario when the nonlinear function

to test is a deadzone class.

In this section, we are given a data set of observations from a Hammerstein system

with the following nonlinear characteristics shown in Fig. 3.1. We wish to test whether it

belongs to the parametric class

m(u; θ) = γ(u− τ)1(u > τ) + γ(u+ τ)1(u < −τ),

where θ = (γ, τ), γ, τ > 0, and 1(·) is the indicator function. It is worth noting that the

Figure 3.1: The underlying function characteristics

underlying true function in Fig. 3.1 is actually

m(u) = m(u; θ0) + 0.3 sin (πu) 1(|u|≤ 1) (3.37)

where θ0 = (1, 1). Besides, the input of the Hammerstein is i.i.d. U(−
√

3,
√

3). The linear

part of Hammerstein system is a finite impulse response of order 3 (FIR(3)), and the noise

at the output has variance σ2
ε = 0.1.



CHAPTER 3. PARAMETRIC TESTING FOR HAMMERSTEIN MODELS 58

3.7.1 Obtaining the Critical Value cα

In order to perform the test, one need to find the value cα. The most apparent approach, is

to use the wild bootstrapping method introduced in Section 3.6.

One data set renders one value of cα according to the aforementioned procedure. There-

fore, it is meaningful to repeat the simulation result by many data sets and observe the av-

erage of cα. We examine both the D̂N(T ) and L̂N(T ) case for various values of T . We also

examine data sets with length ranging from N = 80 to N = 500. The result is shown in

Table 3.1.

Table 3.1: The average critical limit cα for the D̂N(T ) and L̂N(T ) found using wild boot-
strapping as the sample length changes from N = 80 to N = 500.

N
cα for D̂N(T ) cα for L̂N(T )

α = 0.05 α = 0.01 α = 0.05 α = 0.01

T=10

80 0.0032 0.0055 0.0066 0.0092
150 0.0017 0.0031 0.0036 0.0050
300 0.0009 0.0016 0.0018 0.0026
500 0.0005 0.0010 0.0011 0.0015

T=20

80 0.0039 0.0067 0.0092 0.0123
150 0.0021 0.0038 0.0050 0.0067
300 0.0011 0.0019 0.0025 0.0034
500 0.0007 0.0012 0.0015 0.0021

3.7.2 Size and Power of the Statistics Tests

After examining the average value of cα, one wishes to see the size and power of the

proposed D̂N and L̂N statistics. The size and power of a statistical test have both been

introduced in Section 3.4. A good test statistic would lead to size close to the pre-specified

significance level α and power as large as possible.

In order to examine that, we generate data from two different Hammerstein models.

One is with nonlinear function the same as in (3.37). Generate a large number (L = 200)
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of the data sets, and obtain D̂N (or L̂N ), and compare them with the cα obtained by wild

bootstrapping in Section 3.6. The percentage of rejecting H0 is actually the power of the

statistical test for D̂N (or L̂N ).

If we repeat the same procedure for data sets from Hammerstein system with nonlinear

function

m(u) = m(u; θ0), (3.38)

where θ0 = (1, 1), and m(u; θ0) is the same as the term within (3.37), the percentage of

rejecting H0 would be correspondingly the size of the two statistical tests.

For different training sets with length ranging from N = 80 to N = 500, the size and

power for the aforementioned D̂N(T ) and L̂N(T ) statistics are shown in Table 3.2.

Table 3.2: The size and power of the test statistics D̂N(T ), L̂N(T ) as the sample length
changes from N = 80 to N = 500. Both α = 0.05 and α = 0.01 cases are shown.

N
Size for D̂N (T ) Size for L̂N (T ) Power for D̂N (T ) Power for L̂N (T )

α = 0.05 α = 0.01 α = 0.05 α = 0.01 α = 0.05 α = 0.01 α = 0.05 α = 0.01

T=10

80 0.052 0.016 0.058 0.016 0.662 0.464 0.658 0.475
150 0.046 0.008 0.044 0.008 0.924 0.786 0.914 0.86
300 0.042 0.01 0.042 0.01 1 0.998 1 0.99
500 0.046 0.012 0.048 0.012 1 1 1 1

T=20

80 0.06 0.016 0.052 0.01 0.608 0.39 0.582 0.366
150 0.042 0.008 0.042 0.012 0.882 0.744 0.868 0.718
300 0.044 0.01 0.05 0.012 1 0.992 1 0.99
500 0.044 0.012 0.044 0.012 1 1 1 1

3.7.3 Power of the Tests vs Truncation Parameter T

The aforementioned testing procedures rely on the selection of truncation parameter T in

D̂N(T ) or L̂N(T ). However, there is no strict rule in selection of T . In this section, we are

going to implore the optimal T that lead to maximum power.

For the same Hammersteim system introduced before, we examine the power vs trun-
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cation parameter T . We use the wild bootstrapping method for finding cα. The result for

N = 80 case is shown in Fig. 3.2. Note that we also plot the average value of cα as a

function of T .

(a) (b)

(c) (d)

Figure 3.2: Power and cα vs truncation parameter T when N = 80, (a) Power for the
D̂N (T) statistic, (b) cα for the D̂N (T) statistic, (c) Power for the L̂N (T) statistic, (d) cα for
the L̂N (T) statistic.

As a comparison, we also plot the result for a larger training set, namely, N = 160 case,

in Fig. 3.3.

Comparing Fig. 3.2 and Fig. 3.3, one can see that for larger values of N , the optimal

T that optimize the tests also increase. Besides, when the training data size N increases,

the power also improves significantly. This is in accordance with the result in Table 3.2.

Fig. 3.2 and Fig. 3.3 also suggests for a wide range of N values, the selection of T being

around 10 to 20 is a relatively good choice.
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(a) (b)

(c) (d)

Figure 3.3: Power and cα vs truncation parameter T when N = 160, (a) Power for the
D̂N (T) statistic, (b) cα for the D̂N (T) statistic, (c) Power for the L̂N (T) statistic, (d) cα for
the L̂N (T) statistic.

3.7.4 Size of the Tests vs Truncation Parameter T

In Section 3.7.3, the power versus the truncation parameter T were examined for both the

D̂N(T ) and the L̂N(T ) statistics. As a contrast, it is meaningful to check the size of these

tests as a function of the truncation parameter T . Therefore for the same linearity, the same

noise level, and the nonlinear function as in (3.38), we perform a similar procedure as in

Section 3.7.3, the rejection rate in this case is in fact the size of the statistical test. For

N = 80 case, the results for both test statistics are shown in Fig. 3.4, and for N = 80 case,

the results for both test statistics are shown in Fig. 3.5.

From Fig. 3.4 and Fig. 3.5, it can be shown that for the D̂N(T ), the size is rather not
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(a) (b)

Figure 3.4: Size vs truncation parameter T when N = 80, (a) Size for the D̂N(T ) statistic,
(b) Size for the L̂N(T ) statistic.

(a) (b)

Figure 3.5: Size vs truncation parameter T whenN = 160, (a) Size for the D̂N(T ) statistic,
(b) Size for the L̂N(T ) statistic.
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dependent very much on the choice of T . However, this is not true for the L̂N(T ) statistics.

3.7.5 Power of the Tests in Consideration of Linear Subsystem’s Influence

So far we have examined scenarios with a fixed linear subsystem. The question arises,

naturally, how can a linear subsystem influence the performance of the aforementioned

statistical tests. Hence, we examine the power of tests when the linear part is AR(1),

namely,

Gn = ρ ·Gn−1 + Vn, ,−1 < ρ < 1,

rather than the linear subsystem used in the previous sections. We also make sure for

different value of ρ, the signal-to-noise level are the same. The result is shown in Fig. 3.6.

It is worth mentioning that N = 80 and T = 10.

(a) (b)

Figure 3.6: Testing power under influence of different linear subsystems, (a) the D̂N(T )
statistics, (b) the L̂N(T ) statistics.

From Fig. 3.6, it can be seen that the less dynamic there exists in the linear subsystem,

the better the testing performs. In order to improve the performance, perhaps higher order

of residuals need to be used instead, e.g., Rn = Yn −m(Un; θ0)− λ1m(Un−1; θ0).
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Table 3.3: Power of the statistics tests for various input densities. “G”, “U”, “L” stand for
Gaussian, Uniform, Laplace, respectively.

α = 0.05 N
Power for D̂N(T ) Power for L̂N(T )
G U L G U L

T=10

80 0.626 0.662 0.56 0.606 0.658 0.526
150 0.908 0.924 0.82 0.89 0.914 0.808
300 1 1 0.988 1 1 0.988
500 1 1 1 1 1 1

T=20

80 0.584 0.608 0.518 0.556 0.582 0.486
150 0.87 0.882 0.784 0.862 0.868 0.754
300 0.998 1 0.974 1 1 0.976
500 1 1 1 1 1 1

α = 0.01 N
Power for D̂N(T ) Power for L̂N(T )
G U L G U L

T=10

80 0.434 0.464 0.362 0.408 0.43 0.318
150 0.76 0.786 0.638 0.746 0.768 0.614
300 0.992 0.998 0.952 0.994 0.994 0.95
500 1 1 1 1 1 0.1

T=20

80 0.39 0.39 0.336 0.338 0.366 0.262
150 0.722 0.744 0.61 0.7 0.718 0.568
300 0.994 0.992 0.936 0.994 0.99 0.926
500 1 1 1 1 1 1

3.7.6 Robustness of the Tests with respect to Input Densities

In the previous sections, we have been examining the U(−
√

3,
√

3) density. For the robust-

ness of the tests, in this section, we try to also examine when the input to the system follow

the other distributions, namely, Gaussian distribution and Laplace distribution with mean 0

and variance the same as the U(−
√

3,
√

3) density that has been used. Then we examine

the power of the tests for both the D̂N(T ) and L̂N(T ) statistics when data length ranges

from N = 80 to N = 500. The result is shown in Table 3.3. It is worth noting that part of

the result in the table (about the Uniform input density case) is reproduced from previous

sections.

From Table 3.3, one can see that both D̂N(T ) and L̂N(T ) can work well for all the
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three input cases. It can also be observed that D̂N(T ) performs slightly better than L̂N(T ).

Among the three input densities, it seems the Uniform density corresponds to the highest

power, while Laplace corresponds to the smallest power. The reason can be due to the fact

that between Gaussian and Uniform, only the latter one has finite support, while between

Laplace and Gaussian, the former has even heavier tails in density.

3.8 Discussions and Conclusions

In this research, a way of testing the parametric assumptions in Hammstein models have

been introduced, and simulation studies have been performed [62]. This methodology can

also be modified and be applied to more block-oriented systems, e.g., Wiener systems, etc.

It is worth noting that the author has examined more classes of functions other than the

deadzone characteristics used in this section. The findings are that both D̂N(T ) and L̂N(T )

work for all these functional characteristic examined. These will not be included in this

thesis.

In practice, in the process of dealing with some practical processes (physical, biomedi-

cal, environmental, chemical, etc), after identifying the system through the widely applied

parametric approaches, one can use the the methods to validate the parametric class as-

sumption of the model. However, in some applications, often limited data are available. If

one can only make use of one data set, he/she can obtain either a rejection or acceptance

after performing the test, yet the power of the test would be hard to know. However, if this

system/process can be repeated and multiple training sets are available, then the user also

can find out the power of the test.



Chapter 4

Smoothing Parameter Selection for

Nonparametric Hammerstein System

Identification

4.1 Introduction

System identification is a useful tool and provides insightful techniques for solving prob-

lems in various fields of science and engineering, e.g., communication, signal processing,

control, power engineering, biomedical engineering, chemical processes, and even finan-

cial volatility processes, [5, 10, 11, 50, 52]. There have been numerous books about various

aspects of system identification [2, 13, 33, 34, 44, 55]. In recent years the so-called block-

oriented models are widely used in system identification. Among them, the most popular

ones are Hammerstein model, Wiener model, Sandwich model, parallel model, etc.

Hammerstein models play an important role in control engineering and chemical engi-

neering [8, 63–68]. A Hammerstein model is a cascade structure consisted of a nonlinear

memory-less part followed by a linear dynamic part. Fig. 4.1 is an illustration of a Single

66
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Input Single Output (SISO) Hammerstein model.

Figure 4.1: SISO Hammerstein model

The input-output relationship of Fig. 4.1 can be expressed by:

Vi = m(Ui), Wi =
∞∑
k=0

λkVi−k, Yi = Wi + Zi,

where {(Ui, Yi), i = 1, · · · , n} are input-output pairs observed from the model, Ui are i.i.d

random variables satisfying E{m2(Ui)} <∞, Vi andWi are some unobservable intermedi-

ate signals, and Zi are some noise process. Note that the relationship describing the linear

dynamic subsystem can also be expressed by the following state-space descriptions

Xi = AXi−1 + bVi, Wi = cTXi + dVi,

where Xi is a state vector at time i. A is a a matrix, b and c are vectors, and d is a scalar.

The identification of a Hammerstein model’s linear/nonlinear parts are not unique un-

less some constraints are put onto the linear subsystem. Thus, we assume λ0 = 1 in the

above relationship throughout this section. Under this condition,

Yi = m(Ui) +
∞∑
k=1

λkm(Ui−k) + Zi. (4.1)

Since {Ui} is a white process, then we have

E{Yi|Ui = u} = m(u). (4.2)
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Therefore the nonlinear subsystem of the Hammerstein model can be identified indepen-

dently from the estimation of the linear subsystem. Without much pre-assumption of its

shape, the nonlinear function can be estimated by nonparametric regression methods, e.g.,

kernel estimate, orthogonal series estimate [2], [69], nearest neighbor estimate [57], regres-

sion splines, B-splines, etc.

A book particularly dedicated for various advanced nonparametric methods in system

identification is [2]. Our research on the issue of smoothing parameter selection could be

viewed as a supplementary to [2].

The Nadaraya-Watson kernel estimate is the most classic nonparametric kernel regres-

sion technique [2]. Based on (4.2), this kernel estimate has the following form

m̂h(u) =
n−1

∑n
j=1 YjKh(u− Uj)

n−1
∑n

j=1Kh(u− Uj)
, (4.3)

where Kh(·) = h−1K(·/h), K(·) is the kernel function, and h is the bandwidth, or called

smoothing parameter.

The linear part of the Hammerstein models can be estimated by many methods [3], see

also Section 2.6.1, therefore the main identification issue of a Hammerstein system comes

down to the nonlinear subsystem.

In kernel estimation of the nonlinear subsystem, the smoothing parameter h plays a

critical role. If h is selected too small, then few local data points will be effectively included

into the local averaging in the kernel estimator, and the estimated nonlinear function m̂h(·)

would have too many spikes (too much variance). On the other hand, if h is selected

too large, then too many local data points would be included into the local averaging in

the kernel estimator, and the estimated nonlinear function m̂h(·) would be “too smooth”

(too much bias). Both of these two scenarios would lead to imprecise models with higher

prediction error for future observations. Therefore properly selecting h would be crucial
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for the practical aspect of kernel estimation.

For the statistical regression model Yi = m(Ui) + εi, if εi are i.i.d noise, then the clas-

sical leave-one-out cross-validation (CV) could be used in selecting smoothing parameter

h. Some statistical properties (such as consistency and asymptotic normality) of the band-

width h selected by this leave-one-out CV method could be found in [70]. Besides, there

have been many other methods proposed and studied in literature. These methods usually

fall into two categories: cross-validation type methods and plug-in type methods [71–74].

These methods usually work with the regression model when {εi} is a white process. When

{εi} are correlated, then these methods can not lead to statistically optimal bandwidth. It

will be either larger or smaller than the optimal bandwidth depending on the positive or

negative nature of the autocorrelation of the {εi} sequence. To accommodate with such

scenarios, many modified methods have been proposed [75–81]. However, in most of these

papers, the input has been assumed to be fixed design, and {εi} is usually assumed to be

some mixing process.

The Hammerstein model (4.1) can be viewed similarly to the aforementioned regression

model Yi = m(Ui)+εi with εi =
∑∞

k=1 λkm(Ui−k)+Zi. Therefore, the equivalent “virtual

noise” εi does not only contain the actual noise Zi of the system, but also contains the influ-

ence of the linear memory, the nonlinear subsystem, as well as the past input values. Thus

this kind of “noise” is much more complicated comparing to the aforementioned scenario

that the statistical literature [75–81] were dealing with. Not to mention that the typical ran-

dom design nature of input in system identification is also different from these statistical

literature scenarios. In our research, we are going to describe three cross-validation types

of methods for bandwidth selection. Due to the complicated nature in the system identifi-

cation, their statistical properties would be difficult to establish, therefore we are going to

evaluate these three methods by simulation studies in the context of Hammerstein models
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with various nonlinear and linear structures.

The rest of the chapter will be organized as follows. In Section 4.2, different bandwidth

selection methods are described. Section 4.3 compare these methods by simulation studies.

The discussions and conclusions are in Section 4.4.

4.2 Data-driven Bandwidth Selectors

The classical leave-one-out CV [82] is to minimize

CV (h) = n−1

n∑
i=1

[Yi − m̂h,−i(Ui)]
2, (4.4)

where

m̂h,−i(u) =
(n− 1)−1

∑n
j=1,j 6=i YjKh(u− Uj)

(n− 1)−1
∑n

j=1,j 6=iKh(u− Uj)
. (4.5)

Note m̂h,−i(u) is merely the estimator m̂h(u) in (4.3) except that it does not make use

of the i-th observation. This is to ensure that those data used in forming the estimator and

those used in evaluating the CV error would be independent of each other when {εi} is

a white process. The classical leave-one-out CV will be used as a reference method with

which we compare the various methods we examine in this research.

4.2.1 Modified Cross-Validation (MCV)

The leave-one-out CV ensures Yi and m̂h,−i(Ui) are independent of each other only when

{εi} is a white process. When {εi} is not white, one way of modification is called modified

cross-validation (MCV), where

MCV (h) = n−1

n∑
i=1

[Yi − m̂mcv(Ui; l)]
2 (4.6)
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is minimized, and

m̂mcv(u; l) =
(n− 2l − 1)−1

∑n
j:|j−i|>l YjKh(u− Uj)

(n− 2l − 1)−1
∑n

j:|j−i|>lKh(u− Uj)
. (4.7)

In the formation of m̂mcv(u; l), the data points that are within length “l” from next to the

i-th observation are not taken into account. This is actually the “leave-(2l+1)-out” version

of classical Nadaraya-Watson estimator. Actually, if {εi} is a MA(l) process, then Yi and

m̂mcv(u; l) will be still independent of each other, and similar to the leave-one-out CV for

i.i.d εi, optimal h would be selected using this method.

In other more general scenarios, since the autocorrelation sequence of {εi} usually

decays fast (e.g., sometimes exponentially), then l can be viewed as an integer that indicates

when the data can be handled as being close to independent in this way.

When l = 0, MCV becomes ordinary classical leave-one-out CV.

Some literature about MCV can be found in [76].

4.2.2 Partitioned Cross-Validation (PCV)

Another method of modification for the correlated error case is called “partitioned cross-

validation” (PCV). For any g ≥ 1, the PCV method splits the whole data into g subgroups

by taking the observations that are every length g away into the same subgroup, then cal-

culates the leave-one-out CV error for each subgroup for a given value of bandwidth h,

and then averages them to get the final loss function. Namely, the PCV methodology first

minimize

PCV (h) = g−1

g∑
k=1

CV(k)(h), (4.8)

where CV(k)(h) is the ordinary leave-one-out CV value using the data from the k-th sub-

group.
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Let ĥ′pcv be the bandwidth that optimize (4.8), then ĥ′pcv is actually the bandwidth

selected for the averaged subgroup, which is 1/g length of the total n observations. The

optimal bandwidth for the whole data set selected by PCV should be be ĥpcv = ĥ′pcv · g−1/5

[83].

If {εi} is a MA(g) process, then PCV(g) can ensure that within each of the g subgroups,

the data are independent of each other. That is how PCV method could reduce dependence

of residuals in its formula and lead to better bandwidth comparing to the leave-one-out

CV methodology. For the cases with more general noise, the dependence of data in each

subgroup of PCV criterion is also considerably reduced.

When g = 1, PCV is also equivalent to the ordinary leave-one-out CV.

The PCV method has been studied in [75, 76]. Particularly, the statistical properties

including the convergence rate and CLT of the PCV method are studied in [76].

4.2.3 Corrected Cross-Validation

The so-called correlated cross-validation methods are developed by N.S. Altman [77].

They are modifications from the least square cross-validation (CV) and generalized cross-

validation (GCV) criterions by taking into account the correlations among the errors. The

error process {εi} is assumed to be a stationary process with corr(εi, εj) = σ2ρ(|i − j|).

Then Altman derives the so-called “direct” and “indirect” methods for both CV and GCV

criterion. The correlated cross-validation approach can be viewed as the estimators of the

expected squared prediction error based on a correction by considering the correlation of

the residuals.

The original work in [77] deals with the fixed design case using Pristley-Chao kernel

estimator. If we map it into the system identification case using Nadraya-Waltson kernel

estimator with the randomly distributed input, the correlated cross-validation methods are
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the following:

For the CV criterion corrected by direct method, the methodology is to minimize

DCV (h) =
n∑
i=1

ε̂2
i

(1−
∑n

j=1Wh,j(Ui)ρ̂n(|j − i|))2
, (4.9)

where ε̂i = Yi − m̂h(Ui) are the estimated residuals, and m̂h(·) is the same as in (4.3),

ρ̂n(|j − i|) is the estimated autocorrelation between the residuals that are |j − i| distance

away, and Wh,j(u) =
Kh(u−Uj)Yj∑n
j=1Kh(u−Uj) .

For the GCV criterion corrected by direct method, the methodology is to minimize

GDCV (h) =
n∑
i=1

ε̂2
i

(1− (1/n)tr(WnRn))2
, (4.10)

where Wn is the n × n matrix with the (i, j)-th component being Wh,j(Ui), and Rn is the

n× n matrix having the (i, j)-th component with ρ̂n(|j − i|).

The direct methods can be viewed as the modification of CV and GCV by reducing the

bias.

For the CV criterion corrected by indirect method, the methodology is to minimize

ICV (h) =
n∑
i=1

ε̂′
2

i

(1−Wh,i(Ui))2
, (4.11)

where ε̂′ are the components of R−1/2
n (ε̂1, · · · , ε̂n)T .

For the GCV criterion corrected by indirect method, the methodology is to minimize

GICV (h) =
n∑
i=1

ε̂′
2

i

(1− (1/n)
∑n

i=1Wh,i(Ui))2
. (4.12)

The indirect methods can be viewed as the modification of CV and GCV by transform-

ing the residuals in order to reduce the correlations among them.
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4.3 Simulation Studies

To investigate the performance of the aforementioned bandwidth selection methods in sys-

tem identification, we apply them in various Hammerstein systems with different nonlinear

and linear characteristics.

Firstly input signals {Ui} are generated as i.i.d N(0,1) random variables. We then con-

sider the systems with the following nonlinear functions:

(N1) Polynomial Type: m∗(u) = 0.5976(u3 + u),

(N2) Deadzone Type: m∗(u) = 1.2866((u− 0.2)1(u ≥ 0.2) + (u + 0.2)1(u ≤ −0.2)),

(N3) ArcTan Type: m∗(u) = 1.0808 arctan(2u),

(N4) ArcTan Type: m∗(u) = 0.6995 arctan(20u),

(N5) Pointwise Constant Type: m∗(u) = 1.1599[0.75 · 1(0.2 ≤ u ≤ 0.5) + 1(u >

0.5)− 0.75 · 1(−0.5 ≤ u ≤ −0.2)− 1(u ≤ −0.5)],

where 1(·) is an indicator function previously defined in Section 3.7. Among these non-

linear functions, (N5) is one with many discontinuities; (N4) is continuous, but its value

changes significantly at around u = 0, where it is very close to a remarkable discontinuity;

(N1), (N2) and (N3) are much “smoother” compared to (N4) and (N5). Note all these five

nonlinear functions satisfy E(m(u))2 = 1. An illustration of these functions are shown in

Fig. 4.2.

We consider the systems with the following linear characteristics:

(L1) AR(1): Wi = ρWi−1 + Vi with ρ = −0.8,

(L2) AR(1): Wi = ρWi−1 + Vi with ρ = −0.3,
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Figure 4.2: An illustration of nonlinear characteristic (N1)-(N5) we are to examine.

(L3) AR(1): Wi = ρWi−1 + Vi with ρ = 0,

(L4) AR(1): Wi = ρWi−1 + Vi with ρ = 0.3,

(L5) AR(1): Wi = ρWi−1 + Vi with ρ = 0.8,

(L6) A 3rd-order low-pass Butterworth filter with cut-off frequency 0.5π rad/sample. The

state-space expression hasA =


0 −0.3333 0

1 0 0

0 1 0

 , b = [1, 0, 0]T , c = [0.75, 0.6667, 0.25]T ,

d = 0.25. The corresponding transfer function isH(z) =
0.25+0.75z−1+0.75z−2+0.25z−3

1+0.3333z−2 ,

(L7) A 3rd-order high-pass Butterworth filter with cut-off frequency 0.6π rad/sample.

The state-space expression has A =


−0.5772 −0.4218 −0.0563

1 0 0

0 1 0

 , b = [1, 0, 0]T ,c =



CHAPTER 4. BANDWIDTH SELECTION FOR HAMMERSTEIN SYSTEMS 76

[1.388,−1.0004, 0.4099]T , d = −0.388. The corresponding transfer function is

H(z) =
−0.388+1.164z−1−1.164z−2+0.388z−3

1+0.5772z−1+0.4218z−2+0.0563z−3 .

Note the Hammerstein model that has (L3) linear subsystem is actually a nonlinear mem-

oryless system. All the linear subsystems above have λ0 = 1 in their corresponding IIR

expressions.

We are to examine the Hammersteim systems with every combination of the aforemen-

tioned nonlinear/linear subsystems. For the purpose of making each above cases compara-

ble, in all these cases the noise {Zi} are i.i.d Gaussian and the level of the noise corresponds

to E(Z2
i )

E(W 2
i )

= 0.01, which is equivalent to a 20 dB signal-to-noise ratio for the Hammerstein

system. With the data set {(U1, Y1), · · · , (Un, Yn), n = 200}, we want to estimate the non-

linear characteristic by using the kernel estimate method. The kernel function we used is

K(u) = 15
16

(1 − u2)21(|u|< 1). It is worth noting that one can use other form of kernel

functions [2]. Then we compare the following bandwidth selection methods:

(M1) Leave-one-out CV,

(M2) MCV with different value of l,

(M3) PCV with different value of g,

(M4) GDCV,

(M5) GICV.

We denote the bandwidth selected by these methods by hcv, hmcv(l), hpcv(g), hgdcv and hgicv.

We want to evaluate the following Mean Integrate Square Error (MISE):

MISE =

∫
(m∗(u)− m̂ĥ,n(u))2fU(u)du
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where m̂ĥ,n(u) is the average nonparametric estimate value using certain bandwidth se-

lection method above for training data of size n. More specifically, ĥ refers to one of hcv,

hmcv(l), hpcv(g), hgdcv or hgicv here. In order to approximate the MISE, we need to generate a

very long testing set {(U t
1, Y

t
1 ), · · · , (U t

N , Y
t
N)} (N is a large value) and generate many (say,

L) data sets of size n. Denote them by Ds, s = 1, · · · , L, then for a given bandwidth se-

lection method, we obtain ĥ, and calculate the estimated value m̂ĥ,n(U t
i ;Ds), i = 1, · · · , N

using one set of training data. Repeat the same process for all L sets of training data of size

n and obtain the following expression:

MISE ≈ 1

NL

N∑
i=1

L∑
s=1

(m∗(U t
i )− m̂ĥ,n(U t

i ;Ds))
2. (4.13)

In our simulation studies we conduct experiments for n = 200 and use N = 2000 and

L = 500, we examine the candidate values of h on a grid of points 0.05, 0.1, 0.15, · · · , 1.5

when we calculate different methods to select the bandwidth.

We also find bandwidth h that minimize MISE asymptotically by simulation studies.

More specifically, we calculate MISE(h) ≈ 1
NL

∑N
i=1

∑L
s=1 (m∗(U t

i ) − m̂h,n(U t
i ;Ds))

2,

where m̂h,n is the nonparametric estimate for a given h. We further calculate h∗ = arg min
h

MISE(h).

Then MISE(h∗) corresponds to the minimum MISE for the kernel estimation using all pos-

sible bandwidths for data of size n. In practice, we would not know h∗ or MISE(h∗), but

by simulation we can obtain them. MISE(h∗) is the ideal value that any bandwidth selec-

tion methods desire to achieve. Then for Hammerstein systems with various nonlinear and

linear parts we show the tables bearing results for selected bandwidth and corresponding

MISE using different methods. Together we show h∗ and MISE(h∗) for comparison pur-

pose. The value l in MCV and g in PCV also need to be specified beforehand. We only

show the results of a few values of l and g, which correspond to small, medium and large

value of l (or g) cases.



CHAPTER 4. BANDWIDTH SELECTION FOR HAMMERSTEIN SYSTEMS 78

If we define ∆(hcv, h
∗) = MISE(hcv)−MISE(h∗) and ∆(ĥ, h∗) = MISE(ĥ)−MISE(h∗),

where ĥ corresponds to bandwidth selected by one of hmcv(l), hpcv(g), hgdcv or hgicv, then

S = ∆(hcv ,h∗)−∆(ĥ,h∗)
∆(hcv ,h∗)

is an indicator reflecting how each method could reduce the MISE

from using leave-one-out CV relatively comparing to the difference between MISE(h∗) and

MISE(hcv). Thus for different methods, the larger value its corresponding S is, the better

that method performs. Actually if S value is close to 1, the corresponding method leads

to a prediction error very close to the minimum MISE (i.e., MISE(h∗)); if S is positively

close to 0, then this corresponding method would have little improvement from using the

leave-one-out CV; if S < 0, then it indicates that this method performs even worse than

leave-one-out CV and therefore is useless. Thus by plotting the S value for each cases and

each methods, we can visually compare these techniques.

For nonlinear characteristic (N1)-(N5), Table 4.1-4.5 show the average value of the

bandwidth selected by the aforementioned methods as well as the MISE corresponding to

each methods. We see that PCV could greatly decrease the MISE. In most cases, MCV

could increase the estimation accuracy, but not as much as PCV. As for GDCV and GICV

methods (“corrected cross-validation”), they perform even worse than leave-one-out CV.

Fig. 4.3 to Fig. 4.7 show the S-value for applying MCV and PCV to Hammerstein

systems with nonlinear characteristic (N1)-(N5). For most of these figures, PCV with g =

2, 5, 10, 15 are shown. However, in Fig. 4.6, only g = 2 case is shown. The reason is that

other values of g do not lead to very elegant result as the g = 2 case, as is shown in Table

4.4,. We do not show the S-value for GDCV or GICV methods in these figures because

they do not perform very well, as shown in Table 4.1, 4.2, 4.3, 4.4, and 4.5.
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Table 4.1: Hammerstein model with (N1) nonlinear subsystem and various linear subsys-
tems. Average ĥ (×10−1) and corresponding MISE (×10−1, in brackets) are shown.

L1 L2 L3 L4 L5 L6 L7
Optimal 10.5[1.15] 9.5[0.90] 9.5[0.89] 10.0[1.03] 11.0[2.12] 10.0[1.10] 10.5[1.11]

leave-1-out CV 8.5[1.38] 6.1[1.15] 5.6[1.23] 6.2[1.52] 8.7[2.40] 7.2[1.45] 10.1[1.47]
MCV (l=2) 8.6[1.37] 6.2[1.15] 5.6[1.23] 6.2[1.53] 8.5[2.41] 7.2[1.45] 10.3[1.40]
MCV (l=5) 8.7[1.37] 6.3[1.15] 5.7[1.22] 6.2[1.52] 8.5[2.42] 7.3[1.44] 10.3[1.44]

MCV (l=10) 8.7[1.37] 6.4[1.14] 5.8[1.20] 6.3[1.51] 8.4[2.44] 7.3[1.43] 10.2[1.46]
MCV (l=15) 8.8[1.37] 6.4[1.13] 5.9[1.20] 6.4[1.49] 8.5[2.42] 7.4[1.42] 10.4[1.42]
PCV (g=2) 9.1[1.31] 6.9[1.07] 6.6[1.09] 6.9[1.41] 9.1[2.33] 7.7[1.37] 10.9[1.36]
PCV (g=5) 9.9[1.24] 7.8[1.01] 7.5[1.01] 7.9[1.27] 9.9[2.25] 8.4[1.29] 11.8[1.29]

PCV (g=10) 10.7[1.22] 8.2[0.97] 8.0[0.96] 8.3[1.19] 10.7[2.23] 9.0[1.23] 12.6[1.29]
PCV (g=15) 11.2[1.22] 8.4[0.95] 8.2[0.94] 8.6[1.17] 11.1[2.21] 9.3[1.21] 13.3[1.32]

GDCV 8.2[1.45] 4.2[1.34] 2.1[1.91] 4.2[1.81] 8.1[2.54] 6.1[1.59] 10.2[1.91]
GICV 8.7[1.55] 4.2[1.36] 2.2[1.91] 4.2[1.81] 9.0[2.52] 6.2[1.61] 10.0[2.06]

Table 4.2: Hammerstein model with (N2) nonlinear subsystem and various linear subsys-
tems. Average ĥ (×10−1) and corresponding MISE (×10−1, in brackets) are shown.

L1 L2 L3 L4 L5 L6 L7
Optimal 9.5[0.62] 7.5[0.28] 7.0[0.26] 7.0[0.26] 8.5[1.45] 7.5[0.33] 10.5[0.99]

leave-1-out CV 8.6[0.80] 5.9[0.42] 5.3[0.47] 5.9[0.39] 8.7[1.61] 7.1[0.43] 10.0[1.37]
MCV (l=2) 8.6[0.80] 5.9[0.42] 5.3[0.47] 5.9[0.40] 8.5[1.61] 7.0[0.43] 10.2[1.33]
MCV (l=5) 8.6[0.80] 6.0[0.42] 5.4[0.47] 6.0[0.40] 8.4[1.62] 7.1[0.43] 10.3[1.31]

MCV (l=10) 8.8[0.78] 6.1[0.42] 5.5[0.46] 6.1[0.40] 8.4[1.62] 7.2[0.43] 10.4[1.30]
MCV (l=15) 8.9[0.78] 6.2[0.41] 5.5[0.45] 6.2[0.39] 8.5[1.62] 7.4[0.42] 10.5[1.29]
PCV (g=2) 8.9[0.75] 6.5[0.39] 6.1[0.40] 6.6[0.38] 9.1[1.56] 7.4[0.41] 10.8[1.22]
PCV (g=5) 9.5[0.71] 7.1[0.35] 6.9[0.34] 7.2[0.33] 9.6[1.54] 7.9[0.38] 11.5[1.18]
PCV (g=10) 10.1[0.69] 7.5[0.32] 7.2[0.30] 7.5[0.31] 10.2[1.55] 8.2[0.38] 12.4[1.16]
PCV (g=15) 10.6[0.70] 7.8[0.31] 7.5[0.29] 7.8[0.31] 10.8[1.58] 8.6[0.38] 13.0[1.19]

GDCV 8.3[0.81] 4.0[0.50] 2.1[0.84] 4.1[0.47] 8.0[1.66] 6.0[0.46] 10.4[1.41]
GICV 8.8[0.87] 4.0[0.51] 2.1[0.84] 4.2[0.48] 9.1[1.70] 6.0[0.46] 10.1[1.53]
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Table 4.3: Hammerstein model with (N3) nonlinear subsystem and various linear subsys-
tems. Average ĥ (×10−1) and corresponding MISE (×10−1, in brackets) are shown.

L1 L2 L3 L4 L5 L6 L7
Optimal 9.0[0.49] 6.0[0.12] 5.5[0.07] 6.0[0.11] 8.5[1.32] 7.0[0.27] 11.5[0.93]

leave-1-out CV 8.3[0.70] 5.3[0.14] 4.5[0.12] 5.5[0.13] 8.3[1.46] 6.7[0.32] 10.1[1.38]
MCV (l=2) 8.3[0.71] 5.4[0.14] 4.5[0.11] 5.4[0.14] 8.2[1.45] 6.6[0.32] 10.3[1.38]
MCV (l=5) 8.4[0.71] 5.4[0.14] 4.6[0.11] 5.4[0.14] 8.1[1.47] 6.7[0.32] 10.4[1.36]

MCV (l=10) 8.5[0.69] 5.5[0.14] 4.7[0.11] 5.5[0.14] 7.9[1.49] 6.7[0.32] 10.4[1.38]
MCV (l=15) 8.7[0.68] 5.6[0.14] 4.7[0.11] 5.6[0.14] 7.9[1.48] 6.8[0.32] 10.6[1.35]
PCV (g=2) 8.6[0.64] 5.5[0.14] 5.0[0.10] 5.7[0.13] 8.7[1.41] 6.9[0.31] 10.6[1.26]
PCV (g=5) 8.9[0.57] 5.8[0.13] 5.5[0.08] 5.9[0.13] 8.7[1.39] 6.9[0.29] 11.1[1.14]
PCV (g=10) 9.1[0.54] 6.0[0.13] 5.7[0.08] 6.1[0.12] 9.0[1.38] 7.0[0.29] 11.6[1.08]
PCV (g=15) 9.4[0.54] 6.2[0.13] 6.0[0.08] 6.2[0.12] 9.4[1.37] 7.3[0.29] 12.0[1.11]

GDCV 8.5[0.65] 4.5[0.15] 2.5[0.19] 4.5[0.15] 8.3[1.43] 6.5[0.31] 10.8[1.27]
GICV 9.0[0.73] 4.5[0.15] 2.6[0.18] 4.5[0.15] 9.1[1.49] 6.5[0.32] 10.4[1.34]

Table 4.4: Hammerstein model with (N4) nonlinear subsystem and various linear subsys-
tems. Average ĥ (×10−1) and corresponding MISE (×10−1, in brackets) are shown.

L1 L2 L3 L4 L5 L6 L7
Optimal 6.0[1.02] 2.5[0.25] 2.5[0.17] 2.5[0.23] 5.5[1.72] 4.0[0.48] 8.5[1.61]

leave-1-out CV 5.9[1.22] 2.7[0.27] 2.2[0.19] 2.7[0.25] 5.8[1.89] 3.9[0.54] 8.1[2.09]
MCV (l=2) 6.0[1.24] 2.7[0.27] 2.2[0.19] 2.7[0.25] 5.7[1.90] 3.9[0.54] 8.2[2.07]
MCV (l=5) 6.1[1.23] 2.7[0.27] 2.2[0.19] 2.7[0.25] 5.7[1.90] 3.9[0.54] 8.3[2.07]

MCV (l=10) 6.2[1.21] 2.8[0.27] 2.2[0.19] 2.7[0.25] 5.7[1.90] 4.0[0.54] 8.4[2.08]
MCV (l=15) 6.4[1.19] 2.8[0.27] 2.3[0.19] 2.8[0.25] 5.7[1.91] 4.0[0.54] 8.6[2.10]
PCV (g=2) 6.5[1.20] 3.0[0.27] 2.5[0.19] 2.9[0.25] 6.3[1.86] 4.2[0.54] 8.9[2.04]
PCV (g=5) 7.4[1.22] 3.5[0.28] 3.0[0.20] 3.5[0.26] 7.2[1.87] 4.9[0.55] 10.3[1.90]
PCV (g=10) 8.0[1.19] 4.0[0.31] 3.6[0.22] 4.0[0.29] 8.0[1.91] 5.3[0.57] 11.3[1.93]
PCV (g=15) 8.8[1.26] 4.4[0.33] 4.1[0.26] 4.5[0.32] 8.5[1.97] 5.8[0.61] 11.6[2.13]

GDCV 6.1[1.17] 2.1[0.28] 1.1[0.28] 2.2[0.26] 5.9[1.89] 3.7[0.54] 8.6[1.98]
GICV 6.2[1.23] 2.1[0.28] 1.1[0.28] 2.2[0.25] 6.3[1.91] 3.7[0.54] 8.5[2.04]
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Table 4.5: Hammerstein model with (N5) nonlinear subsystem and various linear subsys-
tems. Average ĥ (×10−1) and corresponding MISE (×10−1, in brackets) are shown.

L1 L2 L3 L4 L5 L6 L7
Optimal 7.5[0.78] 5.0[0.35] 2.0[0.29] 5.5[0.34] 7.5[1.64] 6.0[0.49] 10.0[1.30]

leave-1-out CV 7.6[0.94] 3.6[0.38] 2.7[0.32] 3.7[0.37] 7.7[1.82] 5.7[0.54] 9.4[1.74]
MCV (l=2) 7.6[0.94] 3.7[0.38] 2.7[0.32] 3.7[0.37] 7.4[1.83] 5.6[0.55] 9.5[1.75]
MCV (l=5) 7.7[0.93] 3.7[0.37] 2.8[0.32] 3.7[0.37] 7.3[1.83] 5.7[0.55] 9.5[1.78]

MCV (l=10) 7.8[0.93] 3.9[0.37] 2.9[0.32] 3.9[0.37] 7.3[1.83] 5.7[0.54] 9.6[1.77]
MCV (l=15) 7.9[0.93] 4.0[0.37] 3.0[0.32] 4.0[0.37] 7.3[1.83] 5.8[0.55] 9.8[1.74]
PCV (g=2) 7.7[0.90] 4.5[0.36] 3.8[0.31] 4.5[0.36] 7.8[1.76] 6.0[0.53] 9.9[1.66]
PCV (g=5) 8.1[0.86] 5.0[0.36] 4.5[0.32] 4.9[0.35] 8.3[1.74] 6.1[0.51] 10.9[1.52]
PCV (g=10) 8.5[0.86] 5.1[0.36] 4.7[0.32] 5.1[0.35] 8.6[1.74] 6.3[0.51] 11.3[1.53]
PCV (g=15) 8.6[0.88] 5.3[0.36] 5.0[0.32] 5.3[0.35] 8.9[1.76] 6.4[0.52] 11.9[1.61]

GDCV 7.8[0.88] 2.4[0.41] 0.7[0.62] 2.5[0.42] 7.6[1.80] 5.4[0.55] 9.9[1.65]
GICV 8.4[0.97] 2.4[0.42] 0.7[0.62] 2.5[0.41] 8.0[1.88] 5.5[0.55] 9.8[1.71]

Figure 4.3: S-Value for applying MCV with different l and PCV with different g in Ham-
merstein systems with (N1) nonlinear subsystem and various linear subsystems.
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Figure 4.4: S-Value for applying MCV with different l and PCV with different g in Ham-
merstein systems with (N2) nonlinear subsystem and various linear subsystems.

Figure 4.5: S-Value for applying MCV with different l and PCV with different g in Ham-
merstein systems with (N3) nonlinear subsystem and various linear subsystems.
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Figure 4.6: S-Value for applying MCV with different l and PCV with g = 2 in Hammer-
stein systems with (N4) nonlinear subsystem and various linear subsystems.

Figure 4.7: S-Value for applying MCV with different l and PCV with different g in Ham-
merstein systems with (N5) nonlinear subsystem and various linear subsystems.
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4.4 Discussions and Conclusions

From the simulations in Section 4.3, we see that PCV is a method that can lead to consid-

erably smaller MISE comparing to the leave-one-out CV in almost all the cases. For the

Hammersteim model with nonlinear function (N1),(N2),(N3),(N5), the optimal choice of l

are l = 10 or l = 15, and the S-Value sometimes is close to 0.8. This indicates that the PCV

method can lead to MISE very close to the optimal value MISE(h∗), and can improve the

estimation accuracy considerably from using the leave-one-out CV method. The fact that

g = 10 or g = 15 is optimal suggests it needs to reduce more amount of data dependence

in Hammerstein systems comparing to the case that only nonlinear structure exists which

has been studied in the statistical literature. However, for nonlinearity (N4), all values of

g in PCV do not perform very well except for g = 2. This can be understood intuitively:

(N4) is a function with significant changes of value around u = 0, the area that the input

happens to have the largest p.d.f. Thus splitting the data into too many subgroups will make

it more difficult to estimate correctly based on the limited amount of data in the “difficult”

area near u = 0. Yet, PCV with g = 2 still improves estimation accuracy for most of the

linear subsystems with (N4) nonlinearity. Although for (L4,N4) and (L6,N4) cases, PCV

does not perform as well as leave-one-out CV, their differences are very small.

Although (N5) is discontinuous, PCV works still very well. This can be due to the fact

that the changes in these discontinuities are not as much as the changes at u = 0 in (N4),

and the input data are not as concentrated in these places as in (N4). This shows that PCV

can adapt to nonlinear functions with discontinuities to some degree.

Therefore we can come to the conclusion that PCV can greatly improve the accuracy of

nonparametric estimation in Hammerstein system in all except a few extreme cases. Even

in these extreme cases, PCV is still not too bad.

Practically, we can choose g in PCV in the following way: In the beginning we use



CHAPTER 4. BANDWIDTH SELECTION FOR HAMMERSTEIN SYSTEMS 85

some pilot kernel estimator in the first stage (e.g., by using leave-one-out method to select

bandwidth). Then we can observe roughly the shape of this function, and make a judgment

whether this function may have jumps or significant changes of value in the area where

a lot of input data concentrate. If so, we use small values of g, i.e., g = 2; Otherwise

if the nonlinear characteristics seems rather “smooth”, we will use larger value of g, e.g.,

10 ≤ g ≤ 15; If the situation seems somewhere between these two scenarios, we can use

some medium values of g, e.g., 5 ≤ g ≤ 10.

For MCV, it seems sometimes it can reduce MISE. However when the “virtual noise”

process {εi} are mostly positively correlated, it usually does not work so well. Even when

MCV works, the corresponding S-value are usually significantly smaller than using PCV

method. Thus we can conclude using PCV is much more preferable comparing to using

MCV.

GDCV and GICV do not work well in almost all cases. The original methods were

developed in fixed design and based on assumption of simple structures of the noise pro-

cess. Hammerstein systems have much more complicated “virtual noise” process, and one

should not use these two approaches.

The conclusions about the performance of these methods in Hammerstein model are in

accordance to that in nonlinear cases in statistics [76, 81]. Thus we recommend using the

PCV strategy in nonparametric Hammerstein system identification in real industrial and

research applications.



Chapter 5

Large Scale Machine Learning with

Applications to the Prediction of

Transient Boundary in Power Systems

5.1 Introduction to Large-Scale Machine Learning for Regression Anal-

ysis

As the advent of the computer age, large quantities of data are gathered in nearly every

disciplines of sciences and engineering. As the world is drowning in information and data,

how to extract information from these data has became more and more significant. In

many applications, researchers are dealing with extremely large dimensional problems.

For instance, in cancer research, people need to build up models from 30,000 or so genes in

the human body in order to develop methods that aim to cure cancer. In such problems, the

dimension (or “number of features”) is extremely high, and classical statistical and non-

statistical methods struggle to work. Thus there comes the development of the so-called

high dimensional statistics [84].

86
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The key point that lies in the core of the high dimensional statistics is the issue of

sparsity. With limited length of observations, the optimal model consists of only a small

subset of the complete input features. For instance, the final model related to gene research

usually only consists of a few dozens or so features, rather than the 30,000 or so level. The

majority of features in the high-dimensional problems do not play a role in the final model.

In other words, efficient feature selection schemes play a great significant role here.

In this chapter, modeling schemes related to high-dimensional problems are introduced.

The main tool is called Lasso (least absolute shrinkage and selection operator). Tradition-

ally, Lasso has been developed in high dimensional linear problems. It adds a L1 penalty

of the weight term to the classic loss functions to minimize. The L1 design nature allows

a properly tuned Lasso regression to render a parsimonious structure, and feature selection

is automatically achieved at the same time of the regression analysis. Although the Lasso

approach for the linear model quite often can provide a relatively accurate result, in this

chapter, we also extend to nonlinear block-oriented structures. Additive model, as well as

the single-index model, are examined in the content of high-dimensional regression prob-

lems. The additive model consists of numerous nonlinear sub-models, which are joined by

a additive structure. It can be shown that the additive modeling can be formulated into a

Group Lasso problem, which renders a sparsity solution. In the single-index model setup,

the input features go through a linear sub-model, before entering a nonlinear structure.

In this chapter, an identification scheme is developed, so that recursive algorithms apply

combining-ly both the Lasso and nonparametric regression algorithms. Furthermore in this

chapter these modeling approaches are applied to a power system stability problem which

arises from industrial applications. The prediction performance of our modeling schemes

are demonstrated, compared to some other method (namely, kernel ridge regression) previ-

ously published in that area. The description of this industrial problem is in Section 5.5.
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5.2 Linear Modeling: Ridge Regression vs Lasso

5.2.1 Linear Regression, Ridge Regression and Lasso

In a large scale static modeling problem, the researcher is given a set of data in the following

form

Dn = {(X1, Y1), (X2, Y2), · · · , (Xn, Yn)},

where X = [X1, · · · , Xp] ∈ Rp, Y ∈ R1 are the input and output variables of a system.

Then the aim of modeling is to learn the mapping function f : Rp → R, which is the

relationship between the input and the output variables.

In statistical system identification, it is customary to standardize the data first, so that

each variable of data would have zero mean and unit variance. This can be done by subtract-

ing the mean, and then being divided by the standard deviation, across all dimensions. From

this point, with a little abuse of notation, we use Dn = {(X1, Y1), (X2, Y2), · · · , (Xn, Yn)}

to denote the data set after such standardization.

To begin with, the simple yet effective step in a high dimensional problem is to treat the

model as a linear one:

Yi =

p∑
j=1

βjXij + εi, i = 1, . . . , n (5.1)

where β = [β1, · · · , βp]T is the weight vector, and εi is the zero-mean random variables

representing the system noise, which is also referred to as the “innovation process”. The

diagram of the linear model is shown in Fig. 5.1.

The data form of the linear regression is often expressed in the following way

Y = Xβ + ε, (5.2)

where Xn×p = [X1, · · · ,Xn]T is the design matrix, Yn×1 = [Y1, · · · , Yn]T is the response
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Figure 5.1: A linear model

vector, βp×1 = [β1, · · · , βp]T is the parameter vector and εn×1 = [ε1, · · · , εn]T is the error

vector.

The most straightforward way to estimate the parameters β is through minimizing the

following least square criterion

β̂LS = arg min
β

1

n
||Y −Xβ||22, (5.3)

and the solution is the well known least square (LS) solution

β̂LS = (XTX)−1(XTY). (5.4)

The least square formula provides a solution to the linear regression problem, yet it

always shows a lack of stability, i.e., a small change in the data, such as a change in the

error process εmay result in a large change on the final estimate β̂LS . Also, it is known that

the LS solution is never sparse, even in large dimensional problem when a low dimensional

answer can give a better solution. The third problem with LS solution is that the solution

may not be unique when the design matrix X is not full rank, which often happens in

high dimensional regression scenarios. To address this problem, some constraints of the
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coefficients can be put into the minimization criterion, e.g., the so-called ridge regression

minimizes the mean square error (MSE) with L2 penalty to the weights

β̂ridge = arg min
β

( 1

n
||Y −Xβ||22+λ||β||22

)
, (5.5)

where the term λ is the regularization parameter which controls the level of the shrinkage

of parameters, and L2 norm refers to ||β||2= (β2
1 + · · ·+ β2

p)
1/2.

The same minimization problem can equivalently be written in the following primal

form

β̂ridge; primal = arg min
β;||β||2≤s

1

n
||Y −Xβ||22, (5.6)

where s is a term that can be derived from the value of the regularization parameter λ.

Similar to the LS case, the ridge regression also have the close form solution in the

following way

β̂ridge = (XTX + nλIp)
−1(XTY), (5.7)

where Ip is the p× p identity matrix.

The ridge regression was introduced in statistics around 1960 [85–88]. Another tech-

nique came to existence much later is the so-called least absolute shrinkage and selection

operator (Lasso) [89]. It was first invented in 1996. Different from ridge regression which

penalize on the L2 way, the Lasso penalize the L1 norm of the coefficients.

β̂Lasso = arg min
β

( 1

n
||Y −Xβ||22+λ||β||1

)
, (5.8)

where the L1 norm refers to ||β||1=
∑p

j=1|βj|.
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Similar to the ridge case, the Lasso estimator also has its equivalent primal form

β̂Lasso; primal = arg min
β;||β||1≤s

1

n
||Y −Xβ||22. (5.9)

Figure 5.2: Contour lines of the sum of squares of regression. Left: Ridge regression.
Right: Lasso method.

The comparison between ridge regression and Lasso regression can be demonstrated by

Fig.5.2. This figure uses a two dimensional problem as an example. The contour lines of

the sum of squares are shown. The shaded area in the figure correspond to the restraints on

the coefficients. More specifically, the L2 constraint ||β||2≤ s corresponds to the circular

shape on the left, while the L1 constraint ||β||1≤ s corresponds to the square shape on the

right. On one hand it is possible for the sum of squares in Lasso case to hit the shaded

area in the “corner” (as it is shown in this figure), which correspondingly leads to the zero

weight in one dimension in the final result. On the other hand, it is almost never possible

for the ridge regression case to achieve so. Therefore Fig. 5.2 demonstrates that the Lasso

can often eliminate unuseful features in the regression, and as a result, achieves better

prediction accuracy comparing to the ridge regression.

The regularization parameter λ controls the level of shrinkage in the Lasso in (5.8).

Larger λ will lead to fewer coefficients in the final model, while smaller λ will favor the
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opposite. In practice, one must specify the value of λ before applying the Lasso. If one

wants to perform the regression analysis more in concern of the prediction error, he can

choose λ according to some resampling method such as the cross validation [61]. On

the other hand, if one is concerned with a much reduced model, he may use a larger λ

comparing to the former scenario.

5.2.2 The Adaptive Lasso

While the Lasso came to the statistical science in 1996, a version of modification was

invented much later, in 2006. The so-called “adaptive Lasso” [90] is a re-weighted version

of Lasso

β̂adapt(λ) = arg min
β

( 1

n
||Y −Xβ||22+λ

p∑
j=1

βj

β̂init,j

)
(5.10)

where β̂init is an initial estimator for the weights, and it also has to qualify:

β̂init,j = 0 ⇒ β̂adapt,j = 0

In the adaptive Lasso, larger penalties are put onto the explanatory variables that are

with smaller weight in the previous step, therefore this methodology is able to further re-

duce the model, yielding more terms to be zero weight. At the same time, the prediction

accuracy of the adaptive Lasso is still similar comparing to the classical Lasso, if not even

better. For high-dimensional problems, the significance of the adaptive Lasso can be more

straightforward.

Analogously, one can apply the adaptive Lasso after a previous adaptive Lasso proce-

dure. Application of the adaptive Lasso multiple times is called the “multi-step Lasso”, and

it can further reduce the features in the model.
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5.2.3 Algorithm for Performing the Lasso: The Shooting Algorithm

In order to calculate the Lasso regression, one can perform the coordinate descent mini-

mization. In the Lasso criterion function (5.8), the gradient of 1
n
||Y −Xβ||22 can be easily

calculated. Therefore the coordinate descent minimization algorithm can be explicitly ex-

pressed as in Algorithm 3, and it is called the “shooting algorithm” for the Lasso.

Algorithm 3 Coordinate descent algorithm for computing the Lasso

1: Let β[0] ∈ Rp be the initial estimator. Set s = 0.
2: repeat
3: s = s+ 1
4: For j = 1, · · · , p
5: β

[m]
j =

sign(Zj)(|Zj |−λ2 )+

Σ̂jj
,

6: where Zj = XT
j (Y − Xβ

[m]
−j )/n, β[m]

−j is the same as β[m] except the j-th
component is set to zero vector, Σ̂ = n−1XTX,

7: until numerical convergence

Note that in Algorithm 3, (c)+ equals to c if c > 0, and equals to 0 otherwise.

5.2.4 Extending the Ridge Regression with the Kernel Trick

In the context of the power system problem we studied in later part of this chapter, it

is applied in [91] an extension of the ridge regression method, namely, the kernel ridge

regression.

The kernel ridge regression is based on the following extension of the linear model:

y =
n∑
i=1

αiK(xi, x), (5.11)

where K(·, ·) is a kernel function satisfying the so-called “Mercer’s Theorem”. Thus this

model reflects higher order of relationship between all the features.
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It can be shown that the kernel ridge regression has the close-form solution which can

be expressed as:

α̂i = (K + nλI)−1y, (5.12)

where K is a n × n matrix with (i, j) element equals to K(xi, xj), I is a n × n identity

matrix, and λ is the regularization parameter.

For the kernel function K(·, ·), one can use polynomial kernel, Gaussian kernel, etc.

The performance of applying this algorithm will be shown in Section 5.7.1.

5.3 Beyond Linear Models: Additive Modeling and the Group Lasso

5.3.1 The Additive Model

It will be shown in Section 5.7 that by applying the Lasso to the industrial problem, great

improvement is achieved comparing to the ridge regression method. However, it is natural

to extend from the linear models, and expect better prediction accuracy can be achieved.

One of the ways to extend from the linear models is to assume the so-called “additive

models” depicted in Fig. 5.3.

Figure 5.3: The nonlinear additive model
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The input-output relationship of the additive model is described by

Yi =

p∑
j=1

fj(Xij) + εi, i = 1, . . . , n, (5.13)

where fj(·), j = 1, · · · , p are various univariate nonlinear functions. Note that the linear

model in (5.1) is a special case of the additive model in (5.13) if the nonlinear functions

fj(xj) all become linear ones. Therefore the additive model in (5.13) is an intermediate

model between the purely linear model (5.1) and the fully multivariate nonlinear model

Yi = f(Xi) + εi, where f(·) is a Rp → R1 multivariate mapping.

5.3.2 From the Lasso to the Group Lasso

Before introducing the algorithms to identify the additive model in Section 5.3.1, let us

come back to the Lasso technique. Through the L1 shrinkage, the Lasso technique (5.8)

can automatically either select or eliminate each features. However, if we want to consider

some figures in a “group” and select or eliminate the figures in each groups as a whole

part, then we come to the “Group Lasso” approach [92, 93]. The Group Lasso estimator

can be formulated as follows. Let {βG1 , . . . , βGq} be the partition of the p−dimensional

coefficient vector β into q groups such that
⋃q
j=1Gj = {1, · · · , p} andGj

⋂
Gk = ∅, where

Gj is the set of indices. Then the Group Lasso choice is defined in (5.14).

β̂GL = arg min
β

( 1

n

n∑
i=1

(Yi −
p∑
j=1

βjXij)
2 + λ

q∑
j=1

mj||βGj ||2
)
, (5.14)

where ||·||2 defines the L2 norm, i.e., ||βGj ||2= (
∑

s∈Gj β
2
s )

1/2. The value of mj is used

for balancing the size of different group Gj , j = 1, · · · , q, and typically one can choose

mj =
√
|Gj|, where |Gj| is the cardinality of Gj . This method can be viewed as an

intermediate approach between the Lasso and the ridge regression, since if p = q then the
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Group Lasso in (5.14) becomes the classical Lasso in (5.8); while if q = 1 then it becomes

the ridge regression in (5.5).

It will be shown in Section 5.3.3 that there is a natural link between the Group Lasso

and the additive models.

5.3.3 Series Estimators for Additive Modeling

In order to identify the nonlinear additive model in (5.13), each univariate nonlinear func-

tion fj(·), j = 1, . . . , p need to be recovered. Various techniques exist for nonparametric

function estimation, e.g., orthogonal series estimates, kernel estimates, nearest neighbor

estimates, see [2]. We noticed that if each nonlinear additive function is represented by or-

thogonal series representations, then the overall nonlinear additive model can be expressed

in the linear additive form of the transformed variables. Therefore, orthogonal series repre-

sentation naturally fits the problem. In our studies we use the orthogonal Hermite polyno-

mials for the orthogonal series representation, although some of the other polynomial basis

for representation can be also applied.

The so-called Hermite polynomials define a class of the orthogonal basis on the entire

real line. Here in this chapter, we use the second definition of the Hermite polynomials in

Section 3.2, i.e, the “probabilists’ Hermite polynomials” Hk(x) = (−1)ke
x2

2
dk

dxk
e−

x2

2 .

If moreover we write hk(x) = 1√
k!
Hk(x), then any univariate function g(x) can be rep-

resented by g(x) =
∑∞

k=0 bkhk(x). Thus if we have the observed data set {(X1, Y1), (X2, Y2),

· · · , (Xn, Yn)}, which follows the model Yi = g(Xi) + εi, then g(·) can be estimated by

ĝ(x) =
Tn∑
k=0

b̂khk(x), (5.15)

where Tn is the truncation parameter, and b̂k is the estimate of bk, and it can be derived
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from the observed data. Note that the optimal truncation parameter Tn is a function of

sample size n, i.e., the optimal value of Tn should change if the length of data set available

changes. For the consistency ĝ(x) converges to g(x), one needs the conditions such as

Tn →∞ and Tn/n→ 0 as n→∞. If, moreover, g(x) is smooth enough, e.g., has at least

two bounded derivatives then it can be shown that the mean integrated squared error of ĝ(x)

tends to zero with the rate O(n−4/5) with the truncation parameter selected as Tn = cn1/5

for some constant c, see [2] for the basic convergence theory of nonparametric orthogonal

series function estimates.

The estimate b̂k can be obtained through various ways. One can minimize the mean-

square criterion

b̂ = arg min
b

1

n

n∑
i=1

(Yi −
Tn∑
k=0

bkhk(Xi))
2, (5.16)

where b = [b0, b1, · · · , bT ]t.

Regarding to the additive model in (5.13), if each additive univariate nonlinear function

fj(·) is represented by the Hermite polynomial representation in (5.15), then for a certain

value of the truncation parameter T , the term fj(Xij) in (5.13) is approximated as follows

fj(Xij) '
T∑
k=0

bjkhk(Xij),

and the overall nonlinear additive function becomes

Yi =

p∑
j=1

T∑
k=0

bjkZijk + εi,

where {Zijk = hk(Xij)} are the transformed variables. Thus the original nonlinear additive

structure of p univaraite functions has been transformed into an additive form of p(T + 1)

linear terms.
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Next, let bj = [bj0, bj1, · · · , bjT ]t be the (T + 1) -dimensional vectors, and let Zij =

[Zij0, Zij1, · · · , ZijT ]t, then the aforementioned additive model can be written in the follow-

ing way

Yi =

p∑
j=1

btjZij + εi, (5.17)

where the coefficients {bj, j = 1, · · · , p} are the only terms that need to be determined.

Hence, the coefficients {bjk} can be grouped into p groups represented by the vectors

{bj, j = 1, · · · , p}, where in each group there are T + 1 elements. One notices that if he

applies the Group Lasso algorithm to (5.17), he can set each bj elements either entirely to

zero or entirely to non-zero. In the former case, the corresponding nonlinear function fj(·)

is eliminated from the original additive model (5.13). Therefore, by applying the orthog-

onal series representation, the original nonlinear additive model is mapped into a linear

model of the transformed variables {Zijk}. As a result, the overall p(T + 1)-dimensional

vector of parameters β = [bt1, · · · ,btp]t can be estimated and selected by the combination

of orthogonal series representation and the Group Lasso, see [84, 93] for related studies.

Owing to the discussions above, we write the Group Lasso choice, see (5.14), for the

examined nonlinear additive model as follows

b̂GL = arg min
b

( 1

n

n∑
i=1

(Yi −
p∑
j=1

btjZij)
2 + λ

p∑
j=1

√
T ||bj||2

)
. (5.18)

It is worth mentioning that the estimate b̂GL depends on the regularization parameter λ and

the truncation parameter T , which need to be specified. The data-driven selection of these

parameters is to be examined in Section 5.7.2.

The above procedure produces the estimates {b̂j, j = 1, · · · , p}, which correspond

to the Fourier coefficients {bj, j = 1, · · · , p}. Since the Group Lasso algorithm eliminates

some groups of coefficients which are unuseful or even harmful for the prediction, therefore
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only a certain subset of {b̂j, j = 1, · · · , p} are active, i.e., they are non-zero. Let this

subset be denoted by {b̂j, j ∈ Ĵ}, and let the cardinality of Ĵ be denoted as p̂. Therefore

the Group Lasso methodology allows us to reconstruct the additive function of the initial

model in (5.13) by a model with reduced dimensionality as follows

f̂p̂(x) =
∑
j∈Ĵ

f̂j(xj),

where f̂j(xj) =
∑T

k=0 b̂jkhk(xj) is the Hermite series estimate corresponding to the j-th

dimension in the original feature space. As having discussed above, the convergence for

estimating individual additive component fj(·) in the optimal convergence rate O(n−4/5)

requires the truncation parameter Tn be selected as Tn = cn1/5. Then, it is shown in [93]

that with the choice of the regularization parameter λ of order n−2/5, we can obtain the

following convergence result

E
∫

(f̂p̂(x)− fp∗(x))2dx = O(n−4/5), (5.19)

where fp∗(x) =
∑

j∈J∗ fj(xj) is the limit additive model with the intrinsic dimensionality

p∗ being the cardinality of the set J∗. The dimensionality p∗ represents the inherent number

of input variables that are needed to represent the input-output relationship.

5.3.4 Algorithms for the Group Lasso

Discussed in Section 5.2.3, the Lasso algorithm can be solved by the coordinate descent

algorithm named “shooting algorithm”. Analogously, the Group Lasso approach can be

numerically evaluated by the so-called block coordinate descent algorithm [93].

Hence, let Q(β) be the criterion function that is to be minimized in (5.18), and let ρ(β)

be the mean squared error term in (5.18) and Oρ(β) denotes its gradient vector. Further-
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more, (Oρ(β))j denotes the components of Oρ(β) corresponding to the j-th group. Let

β[s] denote the estimate of β obtained at the s-th iteration of the algorithm described be-

low. Also by β[s]
−j we denote the version of β[s], in which the j-th group elements are set

to zero. Finally, let β[s]
+j be the version of β[s], with the entries corresponding to the j-th

group replaced by the argument vector bj . This represents the current active group that is

to be optimized. Let bj represents the elements of the j-th group of β. Then the numerical

procedure for calculating the Group Lasso algorithm is shown in Algorithm 4.

Algorithm 4 Numerical algorithm for computing the Group Lasso estimate

1: Let β[0] ∈ Rp(T+1) be the initial estimator. Set s = 0.
2: repeat
3: s = s+ 1
4: For j = 1, · · · , p
5: if ||(Oρ(β

[s−1]
−j ))j||2≤ λ

√
T then set b

[s]
j = 0,

6: otherwise: b
[s]
j = arg minbj Q(β

[s−1]
+j ).

7: until numerical convergence

Note that Algorithm 4 applies to the general case when ρ(β) can be any loss function.

In our case when ρ(β) is the mean squared error loss function, the term Oρ(β) can be

calculated, then we have Algorithm 5. Note that in Algorithm 5, let X be the n× p design

matrix containing all the observational data, in which the (i, j)-th component is Xij , Y is a

n×1 response vector, then Z is the n×p(T+1) matrix with its (i, (j−1)(Tn+1)+k+1)-th

component being hk(Xij), and Zj is the n×(Tn+1) matrix with its (i, k+1)-th component

being hk(Xij), i = 1, · · · , n, j = 1, · · · , p, k = 0, · · · , Tn.

Various methods exist that can improve the computational aspects of the Group Lasso

algorithm in Algorithm 4 or Algorithm 5. For instance, in the so-called active set strat-

egy [93] rather than visiting all groups in the coordinate minimization, only those active

groups (non-zero weights) at the current iteration are visited, and the remaining groups

are less frequently visited, e.g., in every 10th iteration. This strategy was utilized in our
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Algorithm 5 Numerical algorithm for computing the Group Lasso estimate when the loss
function is mean squared error

1: Let β[0] ∈ Rp(T+1) be the initial estimator. Set s = 0.
2: repeat
3: s = s+ 1
4: For j = 1, · · · , p
5: b

[s]
j = (1− λ/2

√
Tn

||Uj ||2 )+Uj , where Uj = 1
n
Zt
j(Y − Zb

[s−1]
−j ).

6: until numerical convergence

experiments, yielding the considerable amount of computational time being saved.
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5.4 Semiparametric Single-Index Modelling

5.4.1 Single-Index Models

In Section 5.3 the nonlinear additive approach for modeling large-dimensional regression

problems was discussed. For the p−dimensional data the additive strategy requires to re-

cover p−univariate nonparametric functions. This can be a tedious process for the large

value of p. In this section we propose yet another nonlinear modelling paradigm that only

needs to estimate one univariate function and the p−dimensional parameter vector. This

model, often referred to as the single-index model, is a natural generalization of the linear

regression formula. Since the model is a fusion of the parametric and nonparametric parts

it belongs to the class of semiparametric models that has been already discussed in Chapter

2. The single-index model model has the “neuron”-type structure as the linear combination

of the input vector coordinates is passing through an one dimensional “activation” function.

The block structure of the single-index model is depicted in Fig. 5.4, whereas its input-

output relationship is given in (5.20).

Figure 5.4: The single-index model with output measurement noise.

Yi = f(βTXi) + εi, i = 1, . . . , n, (5.20)
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where the vector β = [β1, · · · , βp]T defines the parametric linear part of the model and

{εi} is the output noise being independent of {Xi} . The nonlinear part of the model is

represented by the function f(·) that we consider as nonparametric component of the model

as we do not make any parametric assumptions on the form of f(·).

In the case of low-dimensional data, the classical methods for identifying the single-index

models rely on some versions of the semiparametric least squares. Hence, one first forms

the least criterion
1

n

n∑
i=1

[Yi − f(βTXi)]
2,

assuming that f(·) is known. Finding the minimum of the above criterion, however, is not

possible since f(·) is unknown. This can be overcome by forming a suitable nonparametric

estimate of f(·). This strategy has been proposed in the seminal work of Ischimura [94],

see [95]. It is important to note that this estimation method selects the full vector β and as

such it can only be applied to low-dimensional regression problems.

In large scale modeling problems, the input vector can have dimension of hundreds or thou-

sands. In this case, it is desirable to incorporate sparsity sensitive least squares algorithms

such as Lasso. In fact, this may lead to low-dimensional solutions where some components

of the vector β will be set to zero and produce a learning algorithm with high accuracy.

This strategy has been rarely examined in the literature, see [96] for a recent contribution,

where only the parametric part of the single-index model has been estimated under the

strong assumption that the input vectorX is Gaussian with independent coordinates.

In our modeling studies a modified version of the model in (5.20) is proposed. This “noise-

in” single index model is depicted in Fig. 5.5, and its input-output relationship is given in

(5.21).

Yi = f(βTXi + εi), i = 1, . . . , n. (5.21)
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Figure 5.5: The single index model with the internal noise.

It is clear that the single index models in (5.20) and (5.21) are reduced to the linear re-

gression model if f(w) = w. The model in (5.21), however, generates a more complex

dependence structure than the model in (5.20). To illustrate this, let f(w) = w3. Then the

model in (5.20) is of the form

Yi = (βTXi)
3 + εi, i = 1, . . . , n, (5.22)

whereas for (5.21) we obtain

Yi = (βTXi + εi)
3, i = 1, . . . , n. (5.23)

Note that

(βTXi + εi)
3 = (βTXi)

3 + 3(βTXi)
2εi + 3(βTXi)ε

2
i + ε3

i .

This is clearly a more complex model than the one in (5.22). In fact, the optimal predictor,

i.e., the regression function E{Y |X} is given by (βTX)3 for (5.22), whereas for the model

in (5.23) takes the form

(βTX)3 + 3σ2
εβ

TX,
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where σ2
ε is the variance of noise and we assumed, without loss of generality, that the

distribution of noise is symmetric.

It will be shown in Section 5.4.3 that the model in (5.21) can incorporate the Lasso

algorithm as an inherent part of its identification procedure.

Furthermore, in Section 5.7.3, it will be shown by simulation studies that the single

index model in (5.21) can provide a practical solution of the transient stability boundary

prediction problem as it achieves much improved prediction accuracy compared to the

classical linear Lasso modeling as well as to other nonlinear competitors.

Let us finally point out that due to the composed structure of the aforementioned single-

index models there is a lack of the uniqueness of the input-output mapping. In fact, two

models with f(w) and f0(w) = f(w/c), some non-zero c, cannot be distinguished from

observed data. The formal conditions for the identifiability of single-index models are

given in [94, 95]. The main assumptions are that we need for the vector β = [β1, · · · , βp]T

to be constrained such that β1 = 1 and impose that the function f(w) is differentiable.

5.4.2 Identification Procedures for the Single-Index Model

To examine the modified the single index model in (5.21) we make an important assumption

that the function f(w) is monotonic with the inverse function f−1(y). This assumption

allows us to apply the inverse regression strategy and as a result be able to identify the

linear part as if f(w) were known.

Hence, by noting that Vi = Wi+ηi, where ηi = −εi, we can write the following regression

equation for the inverse function

Vi = f−1(Yi) + ηi, i = 1, · · · , n. (5.24)
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Thus, we can identify f−1(y) as the regression function

f−1(y) = E{Vi|Yi = y}. (5.25)

Since the variable Vi is not observed we cannot estimate f−1(y) by using the existing

nonparametric function estimates. Nevertheless, the profiling (relaxation) strategy can be

applied in this case by choosing some initial value for β and then using this to form a

nonparametric estimate of f−1(y). This gives an initial prediction for Wi that, in turn, can

be used for finding a new value for β by solving the following linear regression problem

Wi = βTXi + εi. (5.26)

In order to formalize such an iterative procedure let us use the notation that explicitly

indicates the dependence of Vi,Wi and f−1(y) on a given vector β, see Fig. 5.5. Hence,

we denote this as Vi(β),Wi(β) and f−1(y;β), respectively.

Our procedure begins with the choice β̂(0) being an initial estimate of β. For this choice of

β one can form the nonparametric estimate of f−1(y; β̂(0)) that is derived from the observed

data

{(Y1, V1(β̂(0))), . . . (Yn, Vn(β̂(0)))},

where Vi(β̂(0)) = β̂(0)TXi and Yi plays now the role of the input variable. Let us denote

such a generic estimate as f̂−1(y; β̂(0)).

Owing to the linear regression equation in (5.26) with Wi replaced by its nonparametric

prediction f̂−1(Yi; β̂
(0)) we can find the new value of β by solving some version of the

least squares.
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For instance, one can use the the classical least square solution

β̂(new) = arg min
β

1

n

n∑
i=1

(f̂−1(Yi; β̂
(0))− βTXi)

2. (5.27)

In this chapter we are proposing to use the sparsity prone method based on the Lasso

strategy. Hence, the new β̂(new) is found as follows:

β̂
(new)
Lasso = arg min

β

( 1

n

n∑
i=1

(f̂−1(Yi; β̂
(0))− βTXi)

2 + λ

p∑
j=1

|βj|
)
. (5.28)

The above iterative process continues, i.e., the obtained β̂(new) is plugged into the estimate

f̂−1(y;β) and the consecutive new value for β̂ is determined by using the aforementioned

least squares strategies. The success of this procedure depends on the proper choice of the

nonparametric regression estimate f̂−1(y;β) as well as the initial guess β̂(0). The latter

issue is less important and one can choose the following starting value

β̂(0) =
1

n

n∑
j=1

YjXj. (5.29)

The motivation of this choice is that if the input process is Gaussian then the estimate in

(5.29) converges to αβ?, for some unknown scalar α, where β? is the true value of β. This

fact holds for a wide class of nonlinear functions f(·), see [96] for the proof of this fact.

The problem of the proper choice of a nonparametric regression estimates is examined in

in Section 5.4.3.

5.4.3 Nonparametric Algorithms for the Single-Index Model Recovery

The issue of estimating f−1(·;β) from the regression model in (5.24) without making any

parametric assumption on the shape of f(w) is resolved by the use of one of popular meth-
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ods from the theory of nonparametric estimation. A specific issue for our algorithm is the

requirement that such estimate should possess the property of invertibility. In fact we need

to recover the function f(w) from the estimate of f−1(y) in order to obtain the complete

single-index model recovery. It should be emphasized that common nonparametric curve

estimates do not have this desirable property. Hence, it is proposed to enforce the estimate

monotonicity such that the inverse of such a modified estimate is well defined allowing

for efficient recovery of f(w). This and the iterative procedure proposed in Section 5.4.2

produce the estimates (β̂, f̂(w)) and consequently yield our final prediction of the form

Ŷ = f̂(β̂TX).

There are various nonparametric regression estimation techniques, e.g., kernel methods, or-

thogonal series estimators and nearest neighbor estimates [2,97]. For instance, the classical

Nardaraya-Watson kernel estimator of f−1(y;β) is of the following form

f̂−1(y;β) =

∑n
j=1 Vj(β)Kh(y − Yj)∑n

j=1 Kh(y − Yj)
, (5.30)

where Vj(β) = βTXj , Kh(·) = h−1K(·/h), K(·) being the kernel function and h is the

bandwidth also known as the smoothing parameter.

Yet another kernel estimate is the so-called local linear kernel regression estimator

f̂−1(y;β) =

∑n
j=1 Vj(β)Kh(y − Yj)∑n

j=1Kh(y − Yj)
+(y−Ȳ (y))

∑n
j=1 Vj(β)(Yj − Ȳ (y))Kh(y − Yj)∑n

j=1 (Yj − Ȳ (y))2Kh(y − Yj)
,

(5.31)

where

Ȳ (y) =

∑n
j=1 YjKh(y − Yj)∑n
j=1 Kh(y − Yj)

is the local mean of {Yj}. This estimate typically exhibits a better accuracy than the classi-

cal kernel estimate in (5.30) but is more computationally involved.
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The kernel estimates require the choice of the smoothing parameter h. As we have

already discussed in Chapter 4 this parameter controls the bias-variance trade-off and pro-

vides the proper smoothing level for kernel estimates. This calls for a data-driven band-

width selection that can be performed via some resampling methods. Typically there are

two approaches. The first one is based on a some type of cross-validation procedure,

whereas the second one is a plug-in type of method in which the asymptotically optimal h

is derived analytically and then properly estimated. Among many possibilities, see Chap-

ter 4, in our simulation studies conducted in this chapter we have utilized the local linear

kernel estimator in (5.31) with the bandwidth choice using the plug-in strategy proposed

in [98].

The aforementioned kernel methods provide an effective way of estimating of f−1(·;β).

Then, recalling the iterative method for recovering the linear part of the model we obtain

the resulting estimate of β denoted as β̂. Plugging this into f̂−1(y;β) we obtain our final

estimate of f−1(y) defined as

f̂−1(y) = f̂−1(y; β̂). (5.32)

Nevertheless, in order to obtain the complete single-index model recovery we need to ob-

tain an estimate of f(·). The assumed monotonicity of f(·) guarantees the existence of

f−1(·). However, this property is not shared by the estimate f̂−1(y) in (5.32) as kernel

estimates do not preserve the monotonicity property.

A version of monotonic nonparametric estimate was proposed in [99,100]. This proce-

dure applied to the estimate f̂−1(y;β) defined either in (5.30) or (5.31) needs first to form

the ordered version of {Y1, . . . , Yn}, i.e., Y(1) < · · · < Y(n). With this ordered sequence

we pair the corresponding sequence {V[1](β), . . . , V[n](β)}. Then, we define the following
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transformed version of {V[i](β)}

V ∗[i](β) = max
s≤i

min
t≥i

1

t− s+ 1

t∑
j=s

V[j](β). (5.33)

It can be shown that {V ∗[i](β)} forms a monotonically increasing sequence, i.e., V ∗[1](β) <

V ∗[2](β) · · · < V ∗[n](β), see [99,100]. Thus, after using the monotonized data {(Y(i), V
∗

[i](β))}

in (5.30) or (5.31) one can obtain the monotonic version of the kernel estimators of f−1(y;β).

The complete numerical algorithm for identifying the single index model (5.21) is pre-

sented in Algorithm 6. The outcome of Algorithm 6 is the pair (β̂, f̂(·)) that allows us to

Algorithm 6 Numerical Algorithm for the Identification of the Single Index Model

1: Let β̂(0) be an initial estimator of the parameter β. Here, one can use either the linear
model solution by Lasso (5.8) or the formula given in (5.29). Set s = 0.

2: repeat
3: Obtain Vi(β̂

(s)) = β̂(s)TXi, i = 1, · · · , n and form the training sequence
{(Y(i), V

∗
[i](β̂

(s)))} based on (5.33).

4: Form the estimate f̂−1(·; β̂(s)) based on the regression of V ∗[i](β̂
(s)) on Yi, using the

nonparametric kernel estimator (5.31).
5: Determine Wi(β̂

(s)) = f̂−1(Yi; β̂
(s)), i = 1, · · · , n.

6: Use {Xi,Wi(β̂
(s))} to solve the linear regression problem using the Lasso algo-

rithm in (5.28). This gives β̂(s+1) as the new value for the estimate of β.
7: Update β̂(s) → β̂(s+1).
8: until numerical convergence.
9: Let β̂ be the resulting estimate of β. Form the final estimate of f−1(·) as f̂−1(·) =

f̂−1(·; β̂). This is the monotonic estimate of f−1(·) and its inverse can obtained via
numerical approximation. This produces the final estimate f̂(·) of f(·).

determine the predicted value of the output signal. The first order prediction formula that

ignores the mutual dependence of the linear part of the single-index model and the internal

noise is given by

Ŷ = f̂(β̂TX). (5.34)

Recalling the fact that our model is Y = f(βTX + ε) we can propose the higher order
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prediction formula as follows

Ŷ = f̂(β̂TX) +
σ̂2
ε

2
f̂ (2)(β̂TX), (5.35)

where f̂ (2)(·) is an estimate of the second derivative of f(·) and σ̂2
ε is an estimate of the

noise variance. This prediction rule results from the Taylor expansion for f(βTX+ε) with

respect to ε. This is a more complex predictor than the one in (5.34) and its properties will

be examined elsewhere. Let us finally note that for the small noise variance the formula in

(5.35) reduces to (5.34). Furthermore, if f (2)(·) is small then the difference between (5.35)

and (5.34) is also negligible.

The single-index modeling identification algorithm will be examined in Section 5.7.3

by a power engineering problem described in Section 5.5.

5.5 Introduction to the Transient Stability Problem

In power engineering, the concept of power system stability may be broadly defined as the

capability of the power systems to remain in a state of equilibrium under normal conditions,

as well as the ability to reach a new acceptable state of equilibrium after being subject to

disturbance of some kind [101]. The issue of power system stability generally involves

voltage stability and rotor angle stability. The voltage instability occurs when a change

in the system condition causes a drop in the voltage. On the other hand, the rotor angle

stability is the ability of a system of synchronous machines to remain in synchronism. It

contains two major aspects: small signal stability, in which the disturbance are sufficiently

small so that the system equations can be approximately linearized, and transient stability,

which refers to the case when the system is subject to disturbance of severe nature, such as

loss of a generator, loss of a load, a short-circuit on a critical load component, or a fault on
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the transmission system facilities, etc.

Traditionally the transient stability has been the key issue in power system stability

studies. The worldly economic development has caused increased power energy consump-

tion in recent years, whereas expanding the existing power systems are costly, difficult, and

slow. As a result, existing power systems are more and more forced to operate close to their

stability limits. Therefore dynamic security assessment and transient stability analysis have

become more and more significant.

After a transient disturbance occurs, the fault needs to be cleared within a certain

amount of time so that the system can remain synchronous. This concept is referred to

as the critical clearing time (CCT). Thus by comparing the CCT and the actual fault clear-

ing time, one can determine whether the system is stable or not. Transient stability depends

on the nature of the fault, the topology of the given power system, and the pre-contingency

condition of the power system. Therefore, for a given fault in a given power system, the

transient stability depends entirely on the pre-contingency conditions, namely, the voltage

magnitudes and angles across all buses of the power system. For a given fault, the tran-

sient stable operation conditions are those correspond to the CCT values greater than the

actual fault clearing time. Therefore the boundary between the stable and unstable oper-

ation points defines the so-called transient stability boundary (TSB). It is what separates

between the secure and insecure operating regions.

As mentioned above, the CCT can be used to represent the transient stability index

(TSI). Given any operation condition, so far the most accurate way of determining its corre-

sponding CCT is through step-by-step time domain simulations, in which a large number of

coupled differential and algebraic equations are solved. However, this approach is usually

time consuming for each operation points, which makes immediate decisions challenging.

On the other hand, with the advent of the big data age, another approach is the artificial
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intelligence approach. Compared to the time domain simulation approach, the artificial

intelligence approach typically takes some time to train the model, yet once the model has

been learned, it takes virtually no time to predict any future responses. Therefore it fits

the scenario in which the immediate decisions are necessary. More specifically, it makes

use of a database which contains the transient stability data obtained by step-by-step com-

puter simulations, the model is trained through some machine learning techniques, and the

trained model can work on any input from industrial field data, and determine whether the

operation point is classified as being stable or not.

The applied artificial intelligence approach consists of two basic categories: the ma-

chine learning algorithms [102] and the system modeling methods [2]. The machine learn-

ing approach usually apply some pattern classification rules and the output can be either

“stable” or “unstable” classes. In the context of transient stability analysis, methods rely-

ing on support vector machines [103–105], decision trees [106,107] neural networks [108]

are examples of machine learning strategies. On the other hand, the system identification

approach usually build the model aiming to predict transient stability index such as the

CCT. By comparing the predicted CCT value and the actual fault clearing time, one can

also conclude whether the input condition is transient stable or unstable. The kernel ridge

regression [91] and the Lasso regression [3,12] are examples of system modeling methods.

In the system identification approach, due to the extremely large dimensionality of the

problem, the previous studies have been relying on the linear model assumption [3,12,91].

In this chapter, extensions beyond previous linear modeling are made. Firstly, the linear

modeling and Lasso algorithms are reviewed in Section 5.2.1. Then Section 5.3 discusses

the approach to extend the modeling to the so-called additive model. Section 5.4 is about

another way of modeling, namely, the error-in single index model. Section 5.6 is about

the power engineering part regarding to how the transient stability data are generated. In
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Section 5.7, the aforementioned modeling approaches are applied to two fault cases in a

470-buses power system, and their performance are compared.

In the case of the transient stability modeling problem, the input of the system, or the

so-called “observational variables”, are the voltage magnitude and phases at all the buses

across the entire power system. On the other hand, the output of the system, or the so-called

“response variable”, is the value of CCT. Power engineering researchers are interested in

learning the mapping between them, so that for the future observations, they can predict

the response based on the system mapping function which they have already modeled.

5.6 Generation of the Transient Stability Data

We have introduced various modeling methodologies from Section 5.2 to Section 5.4. The

power engineering transient stability problem was introduced in Section 5.5. As mentioned

in Section 5.5, artificial intelligence approach usually use data generated from computer

systems to train models, which are to be applied in real field data. In this section, the

stability data is generated from a transient stability model representing a 470-bus system

under PSS/E platform using Python. The single line diagram of this system is shown in Fig.

5.6. Note this system contains 470 buses, 45 generating units, 214 loads, 482 transmission

lines, 152 fixed shunts, and 374 adjustable transformers. We refer to [109] for a detailed

description of this power system. It is also worth mentioning that this system has also been

examined in [3, 12, 91, 109, 110].

The simulated database is generated in the following way. First, we formulate a base

case. Then we randomly generate different load and generation patterns departed from

the base case. For the pre-contingency point indexed by k, the active and reactive power

consumption on the i-th load bus, as well as the active power injection and voltage at the
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Figure 5.6: Single line diagram of generators and 345 kV network of 470 bus system. The
displayed labels indicate the locations of the two cases of fault.
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ith generator bus are given by

P
(i)
L (k) = P

(i)
LO(k){1 + ∆P

(i)
L ε

(i)
PL(k)}, (5.36)

Q
(i)
L (k) = Q

(i)
LO(k){1 + ∆Q

(i)
L ε

(i)
QL(k)}, (5.37)

P
(i)
G (k) = P

(i)
GO(k){1 + ∆P

(i)
G ε

(i)
PG(k)}, (5.38)

V
(i)
G (k) = V

(i)
GO(k){1 + ∆V

(i)
G ε

(i)
V L(k)}, (5.39)

where P (i)
LO, Q(i)

LO, P (i)
GO and V (i)

GO are base case nominal real and reactive power setting at the

i-th load bus, as well as the base case active power and voltage setting in per unit at the i-th

generator bus. Moreover, ∆P
(i)
L and ∆Q

(i)
L denote the maximum percentage of perturbation

of real and reactive power allowed in the i-th load bus. ∆P
(i)
G and ∆V

(i)
G are percentage of

perturbation of real power and voltage allowed at the i-th generator bus. Besides, ε(i)
PL(k),

ε
(i)
QL(k), ε(i)

PG(k) and ε(i)
V G(k) are i.i.d. random variables uniformly distributed on the interval

(−1, 1).

In our studies we use ∆P
(i)
L = ∆Q

(i)
L = ∆P

(i)
G = 0.15, ∆V

(i)
G = 0.02. Namely,

the maximum random disturbance in active and reactive power in the load bus from base

case values, as well as the maximum random disturbance in active power injection in the

generator bus from base case values are all ±15%, and the maximum random disturbance

allowed for generator voltages is ±2%.

Next a power flow to solve each of these loads and generation patterns. The operation

points that violate voltage limits were dropped off.

The following two network contingencies are examined. The first one happens on line

1007-1025, the second occurs on line 1007-1028, while both of them are 3-phase faults.

The two faults are cleared after 12 cycles, i.e., the actual fault clearing time is 12 cycles.
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Then corresponding to each fault cases, computer simulations are performed to calculate

the CCT value according to each pre-contingency points, and those pre-contingency points

with the CCT values greater than 12 cycles are the transient stable operating conditions.

The observed data corresponding to each pre-contingency operation point is a 939 di-

mensional vector, where 470 of them correspond to bus voltages magnitudes across all the

buses, and the remaining 469 features correspond to bus angles across all the buses. Note

that there is one reference bus angle. For each fault case, corresponding to each 1×939 ob-

servation vector, there is a scalar response value representing the CCT. A training set of the

size n = 300, i.e., containing 300 such pre-contingency operation points, is generated us-

ing the aforementioned method. Let Dn = {(X1, Y1), (X2, Y2), · · · , (Xn, Yn)} denote the

training data set after normalization, see Section 5.2.1. In order to assess the performance of

the modeling and to evaluate the prediction errors, a testing set {(X̃1, Ỹ1), (X̃2, Ỹ2), · · · , (X̃n′ , Ỹn′)}

of the size n′ = 800 is also generated. Note that we use a relatively small training set in

order to demonstrate the modeling can work for small size of database available. In power

engineering, researchers typically do not prefer training data of size more than a few hun-

dred. On the other hand, with more data points available, we use the rest as the testing

set, so that a large testing test can better evaluate the performance of the different model-

ing approaches. To access the prediction accuracy, the following squared error criterion is

used.

MSE =
1

n′

n′∑
i=1

(
̂̃
Yi − Ỹi)2, (5.40)

where ̂̃Yi = f̂(X̃i) and f̂(x) is the estimated model. We will demonstrate our modeling

methodology where f(x) corresponds to the following cases:

• linear modeling solved by ridge regression,

• linear modeling solved by Lasso,
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• kernel ridge regression,

• additive modeling solved by Group Lasso,

• “Error-in” Single Index modeling solved by semiparametric approach.

In the context of dynamic security assessment and the transient stability analysis, the

kernel ridge approach has been studied in [91, 109], the ridge regression and Lasso re-

gression has been studied in [3, 12]. For the additive modeling, some other identification

approach has been studied in [110]. The backfitting algorithm that was applied in [110]

has numerical instabilities and can not be applied to high dimensional space containing all

the features. In fact, in [110], a first step linear Lasso was performed to select the features,

and the additive model was then assumed on the reduced feature space. In our studies in

this thesis, the Group Lasso approach does not have the inherent drawbacks of the clas-

sic backfitting algorithm, and we apply the additive model containing all the 939 features.

This approach of additive modeling is novel. Note that the modeling using the so-called

“error-in” single index model in this chapter is not merely novel in the field of transient

stability analysis, but to our best knowledge, this form of model as a variant version of the

classic single index model, has not been applied anywhere in other fields of science and

engineering studies.

Besides calculating the MSE in (5.40), in the result we also show the corresponding

root MSE (RMSE) which is in the unit of cycles. Moreover, we also use the following

index to evaluate the classification performance of the various ways of modeling [12, 91].

1) %FA = (
∑

# False Alarms/n′)× 100,

2) %FD = (
∑

# False Dismissals/n′)× 100,

3) %FC = %FA+ %FD,
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4) FA Range (cycles),

5) FD Range (cycles).

A false alarm (FA) happens when the modeling indicates a pre-contingency operating

point being unstable, while actually it ought to be stable; a false dismissal (FD) occurs

when the modeling indicates a pre-contingency operating point being stable, while actually

it ought to be unstable.

5.7 Modeling of the TSB Problem Using the Machine Learning Tech-

niques

In this section, the modeling of the transient stability data by various models and various

techniques will be demonstrated.

5.7.1 The Performance of Applying the Linear Models

We first apply linear modeling. The relationship between input and output is assumed to

be linear, and we apply the ridge regression described in Section 5.2.1. In order to select

the regularization parameter λ in (5.5), we perform a 5-fold cross validation (CV) for each

fault cases. Namely, split the whole training data set in 5 parts, and each time use only 4

parts of them as the training set and the remaining one as the testing set. For a certain value

of λ, the mean square errors are averaged for these 5 times, and the resultant error is the

5-fold cross-validation error for the given λ. The cross validation error as a function of λ

is shown in Fig. 5.7.

From Fig. 5.7, we can see that minimum cross validation error occurs at λ∗ = 0.4281

for the Fault 1 Case, and at λ∗ = 0.3360 for the Fault 2 Case. Then we apply λ∗ in the ridge

regression in (5.7). After the models are trained by ridge regression in each fault case, we
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(a) (b)

Figure 5.7: Cross-Validation error vs λ in applying the ridge regression, (a) Fault 1 Case,
(b) Fault 2 Case.

apply the testing set to calculate the prediction error. The prediction accuracy as well as

the classification performance are shown in Table 5.1. Note that in Table 5.1, we also show

the results of applying the kernel ridge regression, see [3] for details of applying the kernel

ridge regression in this case.

Table 5.1: Performance of applying ridge regression and kernel ridge regression to the two
fault cases in the 470 bus system.

Ridge Kernel Ridge
Fault 1 Fault 2 Fault 1 Fault 2

Training Err (×10−2) 0.37 0.33 1.03e-16 1.67e-16
MSE (×10−2) 4.94 4.90 4.77 4.71
RMSE (cycles) 0.464 0.452 0.456 0.443

#Features 939 939 939 939
% FD 4.13 4.38 4.13 4.75
% FA 0.75 0.75 0.63 0.63
% FC 4.88 5.13 4.75 5.38

FD Range 11.25-12 11.35-12 11.41-12 11.20-12
FA Range 12-12.41 12-12.46 12-12.41 12-12.46

Table 5.1 provides a reference point for comparing all the other modeling methods.

From Table 5.1, we can see that there is little improvement in performance for applying the

kernel ridge regression comparing to the ridge regression. Besides, neither ridge nor kernel
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ridge regression can achieve feature selection, as the resultant final models contain all 939

original features in both fault cases.

Next, we apply the Lasso modeling approach. In order to select the regularization

parameter λ in (5.8), the 5-fold CV is again performed. The cross validation error as a

function of λ is shown in Fig. 5.8. Note that the shrinkage level, i.e., how many features

remain in the model, is also dependent on the selection of λ. This is also illustrated in Fig.

5.8.

(a) (b)

(c) (d)

Figure 5.8: (a) Cross-Validation error vs λ in applying the Lasso regression, the Fault 1
Case, (b) CV Error vs λ in the Fault 2 Case, (c) Total numbers of features being selected vs
λ in the Fault 1 Case, (d) Total numbers of features being selected vs λ in the Fault 2 Case.

Fig. 5.8 (a) shows minimum CV error happens when λ = 0.0027 for the Fault 1 case,
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therefore we select λ∗ = 0.0027 in this case. Analogously, for the Fault 2 case, λ∗ = 0.0017

is selected. After using the selected value λ∗ in the Lasso regression, we obtain the result

in Table 5.2. Note that we also apply the adaptive Lasso in Section 5.2.2, and shows the

result of applying the 4-stage Lasso also in Table 5.2.

Table 5.2: Performance of applying Lasso and multi-step Lasso to the two fault cases in
the 470 bus system.

Lasso 4-stage Lasso
Fault 1 Fault 2 Fault 1 Fault 2

Training Err (×10−2) 1.76 1.68 1.10 1.22
MSE (×10−2) 2.11 2.03 2.37 2.14
RMSE (cycles) 0.303 0.291 0.321 0.315

#Features 111 114 57 72
% FD 3 3 2.5 3.13
% FA 0 0.13 0.25 0.25
% FC 3 3.13 2.75 3.38

FD Range 11.57-12 11.67-12 11.57-12 11.51-12
FA Range n/a 12-12.04 12-12.15 12-12.04

Comparing Table 5.2 to Table 5.1, we can see that Lasso methods can greatly improve

prediction accuracy comparing to the ridge and kernel ridge methods. We can also see

that Lasso methodology can automatically achieve feature selection, namely, eliminating a

large number of unuseful features. The ability to reduce redundant features can partially

explain its improved accuracy comparing to the ridge type of methods.

5.7.2 The Performance of Applying the Additive Model

Rather than assuming linear models in Section 5.7.1, now we assume the models to be

additive structure as in (5.13). Representing each nonlinear univariate functions by Hermite

polynomial representation, in order to estimate the model in (5.17), we need to choose the

truncation parameter Tn and the regularization parameter λ. In order to do this, for different

pairs of (Tn, λ), we perform 5-fold cross validation, and the CV errors as a function for
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these parameters are shown in Fig. 5.9.

(a) (b)

Figure 5.9: Cross-Validation error vs (Tn, λ) in applying Group Lasso in the additive mod-
eling, (a) Fault 1 Case, (b) Fault 2 Case.

Fig. 5.9 (a) shows that the smallest CV error happens at (T ∗, λ∗) = (3, 0.0028) for the

first fault case, while Fig. 5.9 (b) shows that the optimal parameter for the second fault case

is (T ∗, λ∗) = (2, 0.0046). As mentioned in Section 5.3.3, the asymptotic optimal choice of

T and λ are given by

T ∗n ∝ n1/5 and λ∗n ∝ n−2/5 (5.41)

In the process of performing the 5-fold Cross-Validation, the optimal T ∗n we obtained cor-

respond only to the 4/5th of the total size of the training data. Therefore for the com-

plete training data, one needs to adjust T ∗n according to (5.41). We have λ∗,[Overall] =

λ∗,[5CV ]× (5/4)−2/5. The values of λ∗ for the two fault cases are adjusted correspondingly.

For the T ∗n part, we have T ∗,[Overall]n = T
∗,[5CV ]
n × (5/4)1/5. Since 3 × (5/4)1/5 = 3.14,

2× (5/4)1/5 = 2.09, and T ∗n could only take integer values, we decided to use T ∗ = 3 and

T ∗ = 2 as the final orders used in the Hermite polynomial representation.

With (T ∗n , λ
∗) specified, we then apply the Group Lasso algorithm in Section 5.3.4 to

the whole training data, and the prediction and classification performance are shown in

Table 5.3. Note that we also apply the multi-step Group Lasso, and show the result using
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4-stage Group Lasso also in Table 5.3.

Table 5.3: Performance of applying additive models and the Group Lasso the two fault
cases in the 470 bus system.

Group Lasso 4-stage Group Lasso
Fault 1 Fault 2 Fault 1 Fault 2

Training Err (×10−2) 1.51 1.57 1.23 1.26
MSE (×10−2) 1.71 1.89 1.41 1.79
RMSE (cycles) 0.273 0.281 0.248 0.273

#Features 94 74 17 18
% FD 2 3 1.88 2.5
% FA 0.13 0.13 0.13 0.5
% FC 2.13 3.13 2 3

FD Range 11.67-12 11.61-12 11.62-12 11.72-12
FA Range 12-12.20 12-12.04 12-12.20 12-12.25

Comparing Table 5.3 with Table 5.1 and Table 5.2, we can see that by applying the

additive models, great improvement in prediction accuracy is achieved. From Table 5.3, we

can see that the 4-stage Group Lasso further reduce the model and achieve better prediction

accuracy comparing to the classic 1-step Group Lasso. In the end, the model learned by the

4-stage Group Lasso only contains 17 features in the first fault case, while the number is 18

in the second fault case. This is a significant reduction from the original total 939 feature

space. The shape of these individual univaraite nonlinear additive functions are shown in

Fig. 5.10.

From Fig. 5.10, we can see that some of the individual univariate functions have very

significant departure from the linear shape in both fault cases. This partially explains why

the additive modeling is a better modeling way compared to the linear modeling performed

in Section 5.7.1.

Looking back to Table 5.2, we can see that there is greater improvement in prediction

accuracy from the linear modeling case in the first fault case, comparing to the second fault

case. The explanation is probably that in model corresponding to the first fault case, there



CHAPTER 5. LARGE SCALE SYSTEM MODELING 125

(a)

(b)

Figure 5.10: The shape of all the nonlinear additive functions in the final models after
applying additive modeling and the 4-stage Group Lasso, (a) Fault 1 Case, (b) Fault 2
Case.
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Table 5.4: Performance of applying “error-in” single index models to the two fault cases in
the 470 bus system.

Error-In Single Index Model

Fault 1 Fault 2
Training Err (×10−2) 0.52 0.46

MSE (×10−2) 1.44 1.29
RMSE (cycles) 0.250 0.232

#Features 89 90
% FD 1 0.88
% FA 0.5 0.25
% FC 1.5 1.13

FD Range 11.88-12 11.88-12
FA Range 12-12.25 12-12.15

is greater nonlinearity, namely T ∗ = 3 in the first fault case while T ∗ = 2 in the second

fault case. Suppose if we have more training data available, since the asymptotic formula

in (5.41) suggests higher order of Tn can be selected, then further improvement from the

linear modeling can be achieved.

5.7.3 The Performance of Applying the “Error-In” Single Index Model

Different from Section 5.7.1, in which we assume linear models, and different from Section

5.7.2, in which we assume additive models, now we assume the model is in the structure

of the “error-in” single index models introduced in Section 5.4. We apply Algorithm 6

to identify the models, and show the prediction performance as well as the classification

performance in Table 5.4. We also plot the linear coefficients {βj, j = 1, · · · , p} and the

nonlinear function in Fig. 5.11 for the two cases of faults.

Comparing Table 5.4 with Table 5.1 and Table 5.2, we can see that our way of assuming

“error-in” single index models greatly improved the modeling accuracy and the classifica-

tion performance comparing to the linear model solved by no matter ridge regression, ker-

nel ridge regression or Lasso regression. Comparing Table 5.4 with Table 5.3, we can see
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(a)

(b)

Figure 5.11: Single index modeling results. Estimated linear weights are shown on the left
and the shape of the nonlinear function is shown on the right. (a) Fault 1 Case, (b) Fault 2
Case.
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that there the single index modeling is better comparing to the additive modeling in the first

fault case, while it is much better in the second fault case. Regarding to the classification

performance, the improvement is much more comparing to the prediction performance.

5.8 Concluding Remarks

In this chapter, we compare three models of different structure in the transient stability

analysis problem. For such a problem with high dimensionality and relatively small size of

training data set, while the current research in the power engineering field is mainly based

on the linear models [3, 12, 91, 109, 110], the research in this thesis provides two ways

of more complex modeling, which through advanced machine learning and nonparametric

modeling techniques, have lead to much more superior performance.



Chapter 6

Statistical Testing for Load Models

Based on PMU Measurement Data

6.1 Model Specification and F-Statistics

In statistical modeling, the regression analysis refers to the recovery of relationship be-

tween variables based on observation of empirical data, e.g., observing the data set Dn =

{(X1, Y1), · · · , (Xn, Yn)}, one wish to explain how the response variable Y change value

when the multivariate observation variable X changes.

The following formula reflects the general static dependence between the input Xi and

the output Yi

Yi = m(Xi; θ0) + εi, i = 1, . . . , n,

where εi is the random variable reflecting the noise process that is not observed, and

m(·; θ0) is the function of a certain class characterized by the p− dimensional parameter θ0

which needs to be estimated.

Various techniques exist for identifying such parametric models [111], and there have

129
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been numerous studies on the converging properties of these parametric techniques. How-

ever, parametric modeling is effective as long as the model is correctly specified. Thus,

identifying a model is merely the first step for a user. The next step is to validate the model,

e.g., to perform statistical testing against other possible alternative models.

Let

H0 : Y = m0(X; θ0) + ε (6.1)

describe the model under the null hypothesis model, where θ0 ∈ Rp. On the other hand

H1 : Y = m1(X; θ1) + ε (6.2)

represent the alternative model, where θ1 ∈ Rs. The two models are nested if the model

under H0 can be viewed as a special case of the model under H1. One simple example of

nested hypotheses testing commonly appeared in practice is to test the linear model

H0 : y = a0 + a1x+ ε

against the alternative quadratic model

H1 : y = a0 + a1x+ a2x
2 + ε.

In this example m0(x; θ0) = a0 + a1x, m1(x; θ1) = a0 + a1x+ a2x
2, and θ0 = (a0, a1),

θ1 = (a0, a1, a2). It is clear that the H0 model is a special case of H1 model and if a2 = 0,

then the H1 model becomes identical with the H0 model.

Another example of the nested hypothesis testing that has more complicated structure
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is the following, to test

H0 : y = a0 + a1x1 + · · ·+ ap−1xp−1 + ε, (6.3)

against

H1 : y = a0 + a1x1 + · · ·+ ap−1xp−1 + · · · ap+q−1xp+q−1 + ε, (6.4)

where x equals to (1, x1, . . . , xp−1)T in the null hypothesis model, while x equals to (1, x1, . . .

, xp+q−1)T in the alternative hypothesis model. In this case the testing comes down to

whether ai 6= 0 for at least one i = p, . . . , p+ q − 1.

In statistical research, it is common to assume the modeling error ε to be i.i.d Gaussian

distributed. Then under the general condition when H1 holds true, the regression sum of

squares
∑n

i=1(Yi − m̂1(Xi; θ1))2 should follow a χ2 distribution with n − p − q degrees

of freedom [112]. This could be intuitively understood that it is because Yi − m̂1(Xi; θ1)

are i.i.d Gaussian in this case, and the sum of i.i.d. Gaussian random variables follow χ2

distribution, and after the parametric regression process determines p + q parameters, the

sum of squares have lost p+ q degrees of freedom. We rewrite this fact by

SSE1 =
n∑
i=1

(Yi − m̂1(Xi; θ1))2 ∼ χ2
n−p−q under H1. (6.5)

Similarly, if the reduced model is good enough,

SSE0 =
n∑
i=1

(Yi − m̂0(Xi; θ0))2 ∼ χ2
n−p under H0. (6.6)

It is shown in [112] that under H0, SSE1 − SSE0 follows a χ2
q distribution, and it is

independent of SSE1.

Since it is known in statistics that the ratio of two independent χ2 distributed random
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variables follows a F-distribution, then under the null hypothesis, the test statistics

S(Dn) =
(SSE0 − SSE1)/q

SSE1/(n− p− q)
(6.7)

should be distributed according to

S(Dn) ∼ Fq,n−p−q under H0. (6.8)

Note that the test statistics in (6.8) can also be viewed as the more general form of

the so-called “generalized likelihood ratio test” statistics [113] bearing the following form

under the assumption that ε is Gaussian

log
p(Y|H1)

p(Y|H0)
,

where p(Y|H0) is the joint probability density of the observed data Y = (Y1, . . . , Yn) when

the H0 model holds, while p(Y|H1) is the probability density when the H1 model holds

true.

Statisticians usually set a significant level α before a test, and compare the numerically

calculated value of test statistics S(Dn) with the pre-specified threshold which is the 1−α

quantile of a density function which the test statistic follows under H0. Therefore, our

nested testing problem comes down to the comparison between the test statistics S(Dn) in

(6.7) and Fq,n−p−q(α), which is the 1− α quantile of a Fq,n−p−q density function. Thus

if S(Dn) > Fq,n−p−q(α),

then we conclude that we reject the reduced model H0 at a significance level of α. On the
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Figure 6.1: An illustration of performing the F-test at a α = 0.05 level.

other hand,

if S(Dn) < Fq,n−p−q(α),

then we say we accept the reduced model H0 in comparison to model H1 at a significance

level of α. This concept is illustrated by Fig. 6.1.

In practice, users often preset α to be 0.05. Sometimes, α = 0.01 or α = 0.10 can be

used instead.

Sometimes it is not only necessary to reach a conclusion, but also to show how strong

the conclusion is. The “P-Value” in this case refers to where does the value of test statistics

S(Dn) lie on the quantile of Fq,n−p−q distribution, e.g., if S(Dn) equals to the 99% quantile

of the Fq,n−p−q CDF (cumulative density function), then we say the P-Value equals to 0.99,

and by comparing the P-Value and the significant level α, we can come to the conclusion to

accept or reject the H0 model. More specifically, if a P-Value of a statistical test is smaller

than the term 1− α, then the test is rejected; and vice versa.

It is worth mentioning that the above theory relies on two assumptions: that {εi} follows
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the i.i.d. Gaussian distribution , and that both the reduced model and the full model are

linear. If the practical scenario exhibits departure from these assumptions, however, one can

still use the “F test” techniques but need to perform with care. In this case, further checking

procedures need to be performed. In fact, the F distribution that the test statistics follows

under the null hypothesis can only be viewed as being approximate. As a consequence, the

P-value calculated is actually the approximation from its true value.

The main instrument for the model verification is the so-called “Q-Q plot” (quantile-

quantile plot) based on the residuals of the regression according to the full model

ej = Yj −m1(Xj; θ̂1)

for j = 1, . . . , n.

The question of interest is whether the process {ej}, j = 1, 2, · · · is distributed close

to the Gaussian distribution. The Q-Q plot is a technique designed for comparing the

closeness of two distributions. For two distributions denoted by F1 and F2, let their quantile

functions be represented by Q1(p) and Q2(p), for 0 ≤ p ≤ 1. In other words, if the

cdf (cumulative density function) value of a random variable Z with F1 distribution is

p = P(Z ≤ z), thenQ1(p) = z, and the Q-Q plot is the graphical curve that is composed of

all the pair (Q1(p), Q2(p)) when p varies within [0, 1]. In our case, the horizontal axis of the

Q-Q plot corresponds to the Gaussian distribution, while the vertical axis corresponds to the

distribution of residuals {ej}, j = 1, 2, · · ·. A prominent visual distinction from the linear

line in the Q-Q plot suggests a considerable difference between the two distributions, while

a close-to-linear line will be a good sign that the residuals are close to follow Gaussian,

which can be viewed as a positive indicator regarding to the validity of applying of the

“F-test” to the data one is modeling.

In Section 6.4, the aforementioned testing methods will be applied to the real data
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representing a load in the Manitoba Hydro system.

6.2 The Load Modeling Problem

Constantly modeling the loads plays an important role in power engineering. However,

load modeling is complicated because the composition of loads are consisted of a large

number of devices with often time-varying characteristics. The characteristics of a load of-

ten depends on the influence of many factors including time (hours, days), season, weather

condition, energy prices, etc. On one hand, the load systems are time-varying systems in

nature; on the other hand, the load observations such as voltage, frequency, current are

actually non-stationary processes. All these considerations have made the load modeling

challenging.

Typically there exist two categories of approaches for load modeling: component-based

methods [101, 114, 115] and measurement-based methods. The former approach refers

to building up the load model based on its constituent parts such as heater, refrigerator,

air conditioner, lighting, etc, while the later approach usually model the load as a whole

despite its complicated components. The measurement-based modeling can be either static

modeling or dynamic modeling, or a combination of the two.

The so-called “ZIP model” is a popular polynomial static model describing the load in

the following way

P = a1V
2 + a2V + a3 + ε, (6.9a)

Q = a4V
2 + a5V + a6 + ξ, (6.9b)

where V is the voltage signal on the bus, P and Q are the real and reactive power of the

load, ε, ξ are modelling error processes regarded to be random variables with zero mean and

finite variance. In this model, the term a1V
2 and a4V

2 correspond to “constant impedance”
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(Z), while a2V and a5V are related with “constant current” (I), whereas a3 and a6 refer to

“constant power” (P), and that is why the model is often known and referred to as the “ZIP”

model.

Besides the aforementioned “ZIP” model, another popular load model often appeared

in literature is the exponential model described by the following equations

P = a1V
a2 + ε, (6.10a)

Q = a3V
a4 + ξ. (6.10b)

It is worth mentioning that the above models assume the active and reactive power P , Q

are only influenced by the voltage signal V , in either polynomial way, or exponential way.

In more refined models P , Q can take consideration of other factors, e.g., the frequency f .

The following models are the frequency adjusted counterparts corresponding to (6.9) and

(6.10)

P = (a1V
2 + a2V + a3)(1 + a4(f − f0)) + ε, (6.11a)

Q = (a5V
2 + a6V + a7)(1 + a8(f − f0)) + ξ, (6.11b)

and

P = a1V
a2(1 + a3(f − f0)) + ε, (6.12a)

Q = a4V
a5(1 + a6(f − f0)) + ξ, (6.12b)

where f0 is the rated frequency being 60 Hz in the North American power system. The

aforementioned coefficients a1, a2, · · · in the models are the unknown terms that need to be

determined from the observed input-output data.

It is also worth mentioning that the model in (6.11), (6.12) are to be referred to as

the extended ZIP and the extended exponential models in this chapter. They reflect the
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dependence of power on both voltage and frequency up to the first order Taylor series

expansions. Note that if a4 = a8 = 0 then the model in (6.11) reduces to the simpler model

in (6.9). Similarly the model (6.12) reduces to (6.10) if a3 = a6 = 0.

In [116, 117], the exponential model in (6.10) have been studied, while [118] applied

the frequency-dependent models (6.11), (6.12). Besides the aforementioned models, some

other ones previously appeared in literature can be viewed as models derived from these

models with slight modifications. For instance, the static model in [119] is actually an inter-

mediate model between model (6.9) and (6.11), while the EPRI LoadSyn program adopts

a model in which the real power part is a linear combination of (6.10a) and (6.12a), and

the reactive part a linear combination of two models as in (6.12b) with different parame-

ters [120]. Note this model has also been applied in [114, 120].

Composite load models can have its static part as one of (6.9), (6.10), (6.11) or (6.12).

For instance, in [121], the models (6.9), (6.10) are combined in parallel with a dynamic

part represented by an induction motor, and the overall composite models are referred to as

“ZIP-induction motor (GZIP-IM) load model” and “exponential-induction motor (Exp-IM)

load model”. Similarly, [122–126] applied composite models with a combination of (6.9)

and a motor dynamic part; while [123] applied a composite model with a combination of

(6.11) and a motor dynamic part.

Besides, a dynamic model can be extended from the basic form of static model through

other approaches. For instance, the so-called “exponential recovery model” in [127] pro-

vides such a means.

The problem of identifying the load characteristics according to either (6.9), (6.10),

(6.11), or (6.12) has been addressed in aforementioned literature. A more comprehensive

statistical aspect of the problem is to compare these models and to decide which one(s)

the user should use. In this chapter, we apply statistical testing to compare model (6.9)
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Figure 6.2: The flowchart for the applied F-test.

vs model (6.11), as well as to compare model (6.10) vs model (6.12). Since (6.9) can be

viewed as a special case of (6.11), and since (6.10) can be viewed as a special case of

(6.12), the well-known “F-test”s are performed for this nested-test purpose. With Phasor

Measurement Unit (PMU) data representing the observations of a radial load in the Man-

itoba Hydro power system, our conclusions are that the frequency component is essential

for the load modeling. It is worth mentioning that it is generally not always true that more

complicated models are better at explaining the observed data set. On one hand, we con-

jecture the same conclusion can be applied to other power loads. On the other hand, our

methodology provides a way for power engineering researchers and operators to examine

the loads of their interest. Besides, similar approaches can also be applied to test the va-

lidity of static loads with more complicated frequency or voltage structures, as well as to

design composite loads with better-grounded static parts.

To summarize, the flowchart for the aforementioned testing procedure is shown in Fig.

6.2.

The rest of the chapter is organized as follows. In Section 6.3, the methods to identify

the models are revisited. Section 6.4 focus on applying the statistical testing method to real
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industrial data representing a load in the Manitoba Hydro power system. And Section 6.4

and Section 6.5 are the conclusions and the acknowledgment of this chapter.

6.3 Identification Methods

In order to carry out the aforementioned nested model testing, one needs to identify the

full and the reduced models first. The main tool for such model identification is the linear

regression [128].

In the framework of the load models introduced in Section 6.2, the available data sets

are in the form

Dn = {(V1, f1;P1, Q1), · · · , (Vn, fn;Pn, Qn)}

of the input and output observations. A typical way in this field is to consider X = (V, f),

i.e., voltage and frequency, as the input to the load model; meanwhile the output of the

model is either Y = P or Y = Q, i.e., the real or the reactive power.

For the model in (6.9a), one can write

Y =


P1

...

Pn

 , Λ =


1 V1 V 2

1

...
...

...

1 Vn V 2
n

 , Θ =


a3

a2

a1

 , ε =


ε1

...

εn

 .

then the ZIP model (6.9a) is equivalent to

Y = ΛΘ + ε. (6.13)

Thus according to [128], the matrix solution could be formulated by

Θ̂ = (ΛTΛ)−1ΛTY. (6.14)
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Similarly, the linear regression solution of the model in (6.9b) can be found by replacing

Pi using Qi instead in the above formula.

For the model in (6.11a), the input consists of V and f , while the output is the active

power P . The model can be expressed in the linear form by writing

P = b1 + b2V + b3V
2 + b4(f − f0) + b5V (f − f0) + b6V

2(f − f0) + ε. (6.15)

If we arrange the observed data in the following arrays

Λ =


1 V1 V 2

1 (f1 − f0) V1(f1 − f0) V 2
1 (f1 − f0)

...
...

...
...

...

1 Vn V 2
n (fn − f0) Vn(fn − f0) V 2

n (fn − f0)

 ,

Y =


P1

...

Pn

 , Θ =



b1

b2

b3

b4

b5

b6


, ε =


ε1

...

εn

 ,

Then (6.15) becomes the same form as in (6.13), i.e., Y = ΛΘ+ε. This enables the model

in (6.11a) to be identified the same way as in (6.14).

It is worth noting that in (6.15) there are 6 parameters to identify, whereas in (6.11a)

there are only 4. This is only a matter of identifiability issue. If we want to come to the

exact expression of (6.11a), we need to express a1, a2, a3, a4 in terms of b1, b2, · · ·, b5.

However, with the form of (6.15), one is good enough to represent the load. In this way,

the model (6.9a) is still nested in (6.15), although the difference of parameters is 3 rather
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than 1. This impacts on the order of F distribution to compare with, which was discussed

in Section 6.1. Namely, q = 3 rather than q = 1.

The model in (6.11b) can be estimated through similar means.

It may seem that the aforementioned linear methods are not applicable to the nonlinear

model in (6.10a). However, for this model, if we treat parameter a2 an already known

value, then the term V a2 becomes a known value. Treating the whole term V a2 as an input

variable, the model (6.10a) becomes a linear model, and for the given value a2 we can

estimate a1 via the least squares method. We note this estimator by â1(a2), since it is the

estimate of a1 depending on the value of a2, and it has the following explicit formula

â1(a2) =

∑n
i=1 PiV

a2
i∑n

i=1 V
2a2
i

. (6.16)

Then the parameter a2 can be estimated by the minimization of the following least square

criterion

â2 = arg min
a2

n∑
i=1

(Pi − â1(a2)V a2
i )2, (6.17)

and the final estimate of a1 can be formulated by plug â2 found by (6.17) back into (6.16)

â1 = â1(â2) =

∑n
i=1 PiV

â2
i∑n

i=1 V
2â2
i

. (6.18)

For the model in (6.12a), it can be expressed as

P = b1V
a2 + b2V

a2(f − f0) + ε, (6.19)

where b1 = a1 and b2 = a1a3.

Similar to the identification method for the previous model, if the parameter a2 is as-

sumed to be a known value, then the whole expression can be estimated by linear regression
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method identical to (6.14). Namely, if we write

Y =


P1

...

Pn

 , Λ(a2) =


V a2

1 V a2
1 (f1 − f0)

...
...

V a2
n V a2

n (fn − f0)

 , Θ(a2) =

b1(a2)

b2(a2)

 , ε =


ε1

...

εn

 ,

then the expression in (6.19) is equivalent to

Y = Λ(a2)Θ(a2) + ε,

Note in the above formulation, the expression Λ(a2), Θ(a2), b1(a2), b2(a2) are used instead

of “Λ”, “Θ”, “b1”, “b2” in order to demonstrate that they are dependent on the value of a2.

Then by linear regression, the parameter vector can be found by

Θ̂(a2) = (Λ(a2)TΛ(a2))−1Λ(a2)TY. (6.20)

Then analogously, the estimate a2 can be found by minimizing the least square error

â2 = arg min a2|Y −Λ(a2)Θ̂(a2)|, (6.21)

and the final estimate for the other parameters can be found by plug â2 into (6.20)

Θ̂ = Θ̂(a2 = â2),

where Θ̂ = (b̂1, b̂2)T .

It is worth mentioning that the models in (6.10b), (6.12b) can be also identified by

similar means.

In practice, there exists another approach to identify the model (6.10) and (6.12). Note



CHAPTER 6. TESTING FOR LOAD MODELS BASED ON PMU DATA 143

that if we take logarithm of both sides of (6.10a)

log(P ) = log(a1) + log(a2)V + η,

where the noise η is different from the original noise ε. Then the transformed variable

log(P ) can be viewed as a linear model of input V .

The difference between the two approaches is the difference in the noise structure. In

our work, we apply the first approach, and examine the distribution of the noise structure

accordingly, the results in Section 6.4 reveal that the noise on average is close to be Gaus-

sian, which justifies the usage of the first approach in estimating the model (6.10a), (6.10b),

(6.12a) and (6.12b).

6.4 Load Models Specification for the PMU Data

The data we used in our research is from PMU observations of a load connected to a radial

feeder in the Manitoba Hydro system. In the Manitoba Hydro system, currently there are 48

stations where the PMU observations are available. We only consider the ones connected

to the 115 kV lines, and find out that there is only one load that happens to be connected

to a radial line. The PMU records the instant voltage and frequency observations in this

station, as well as the instant current and the power factor along the load. Through these

information, the active power and reactive power of the load are calculated. Note that this

load is illustrated in Fig. 6.3.

The load PMU observations are available since July 18, 2016. We studied the data

since then until March 3, 2017. Intrinsically speaking, the load is time-changing all the

time. However for a short time interval, the change is very limited and the load can then

be roughly treated as time-invariant by approximation. This time window can be neither
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Figure 6.3: An illustration of the load measurement set-up where the PMU data are ob-
tained.

too big nor too small. If it is too small, then there would not be enough data to train the

model; on the other hand if it is too big, then the system can not be viewed as time-invariant

anymore. In practice, for researchers and field operators, they can model the load based on

the past 10 mins data, obtain the characteristics, and use them to represent the actual load

for the future 10-30 mins. In this way, they only need to perform the modeling once every

10-30 mins.

In our research, we use the data of the past 10 minutes to train the model. We also

down-sample the observations at one sample per second. In this way, the data length is

n = 600.

In our studies we want to

• compare model (6.9a) with model (6.11a),

• compare model (6.9b) with model (6.11b),

• compare model (6.10a) with model (6.12a),
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• compare model (6.10b) with model (6.12b).

In order to carry out the research and reach a general conclusion about this load, we

randomly select 1000 data sets, and each of them represent 10 mins of PMU data. These

data sets are selected according to the following way. We first draw a random number

uniformly distributed on [0, 1], and map it onto the complete data set ranging from July 18,

2016 to March 3, 2017, and select the following 10 mins data correspondingly. Then the

random number was drawn 1000 times, so we can obtain 1000 such random data sets. We

find that these 1000 data sets exhibit a wide range of variety. The statistical properties of

these 1000 randomly selected data sets are shown in Table 6.1. Besides, Fig. 6.4 is the plot

demonstrating 4 random examples of such data sets used in the research.

Table 6.1: Statistical Properties of the 1000 sets of Load PMU Data

P (MW) Q (MVAR) F (Hz) V (kV) I (A) p.f.
Mean 13.608 3.2846 60.0001 115.16 71.2687 0.9430
Std 4.7557 1.4406 0.0106 0.3477 21.7035 0.0605
Min 2.1496 -1.4458 59.9666 114.20 22.5534 0.4788
Max 25.286 6.9913 60.0364 116.25 127.477 1

In Table 6.1, the maximum/minimum values as well as the mean and standard deviation

values are shown corresponding to the active power (P ), the reactive power (Q), frequency

(f ), voltage (V ), current (I), and power factor (pf ). Fig. 6.4 demonstrates that although the

input V and f of the load model are of relatively similar level for the data sets at different

time instances, the model output P and Q can be very different for these times. It is also

demonstrated in Fig. 6.4 that the input/output of the load model are non-stationary.

Before we compare model (6.9a) with model (6.11a), and compare model (6.9b) with

model (6.11b), we first identify these models based on the algorithms discussed in Section

6.3. With the residuals obtained for both the full and the reduced models, we obtain SSE0

and SSE1 and form the test statistics S(Dn) according to (6.7), which is to be compared
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(a) (b)

(c) (d)

Figure 6.4: (a)-(d): Example plots of the data sets (V, f, P,Q) for randomly selected 10
mins time interval
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with Fq,n−p−q with p = 3, q = 3 and n = 600 in the test. The look-up table, or the Matlab

software can find the values of F3,594(α) for different αs to be: F3,594(0.1) = 2.0930,

F3,594(0.05) = 2.6169, F3,594(0.025) = 3.1381, F3,594(0.01) = 3.8147. By comparing

S(Dn) and F3,594(α) for one data set, one can draw a conclusion whether to reject the full

model or not. By performing this procedure for all the 1000 random data sets, one can get

the total rejection/acceptance times of the Ha model.

Under various significance level α, Table 6.2 shows the rejection rate of the ZIP model

(6.9) in comparison to the model (6.11). The result is obtained for both the active power

and reactive power parts.

Table 6.2: Percentage of rejection of the reduced “ZIP” model (6.9) compared to the full
“ZIP-frequency” model (6.11) for respectively active and reactive power averaged over all
randomly selected data sets.

Significance Level α
0.1 0.05 0.025 0.01

Reject “ZIP” in favor of “ZIP-F” for P 90.7% 89.5% 88.4% 86.3%
Reject “ZIP” in favor of “ZIP-F” for Q 90.6% 87.9% 85.4% 82.5%

At the significance level α = 0.05, it is shown in Table 6.2 that for nearly 90% of the

data sets our test rejects the reduced model and favors the model containing the frequency

component. The rejection rates are 89.5% and 87.9% respectively corresponding to the

active power and the reactive power model.

Furthermore, it is shown in Fig. 6.5 the boxplot of the values of test statistics S(Dn),

corresponding to the active and reactive power parts. In the boxplot, the lower and upper

levels of the box correspond to the 25% and 75% quantiles of the test statistics distribution.

The median value is also indicated. The whiskers extend to the maximum and minimum of

the distribution which are not considered as outliers.

Fig. 6.5 reveals that the 25% quantiles of the tests are 8.50 and 7.38, respectively for
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Figure 6.5: Boxplot for the values of test statistics S(Dn) for comparing ZIP model (6.9)
vs ZIP model with frequency component (6.11) for active and reactive power, respectively.

the active and reactive power parts. Since the cumulative distribution of F3,594 is equal

to 0.999985 at 8.50, and equals to 0.999926 at 7.38, this means in testing the validity for

the frequency component for ZIP model corresponding to the active power part, in 75% of

the total experiments, the model without the frequency components are rejected with more

than 99.9985% certainty, while similar tests for the reactive power part suggest in 75% of

the total experiments, the model without the frequency components are rejected with more

than 99.9926% certainty. From Fig. 6.5, the median values and the 75% quantile values

correspond to much larger P-Values, which further confirm the necessity of incorporating

the frequency component in the model.

We then compare the model (6.10) with the model (6.12) for both the active and re-

active part. We first identify the load according to the reduced model (6.10) and the full

model (6.12) and obtain the residuals, from which SSE0 and SSE1 are obtained. Then

the empirical test statistics S(Dn) are calculated according to (6.7). For the null distribu-

tion Fq,n−p−q in (6.8), p = 2, n = 600, q = 1 according to the discussion in Section 6.1.

Therefore S(Dn) should be compared with F1,597(α) for the hypothesis testing.

For using different significance level to carry out the test, A look-up table or the Matlab
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software reveals that F1,597(0.1) = 2.7140, F1,597(0.05) = 3.8571, F1,597(0.025) = 5.0493,

F1,597(0.01) = 6.6775.

Then for any interval of 10 mins data, by comparing S(Dn) and F1,597(α), we can draw

a statistical conclusion whether the reduced model (6.10) can be accepted comparing to the

full model (6.12) for the active power, or for the reactive power. Among all the 1000 data

sets, the percentage of rejecting the reduced model (6.10) are shown in Table 6.3, while the

boxplot representing the test statistics is shown in Fig. 6.6.

Table 6.3: Percentage of rejection of the reduced exponential model (6.10) compared to the
full exponential-frequency model (6.12) for respectively active and reactive power averaged
over all randomly selected data sets.

Significance Level α
0.1 0.05 0.025 0.01

Reject “Exp” in favor of “Exp-F” for P 88.4% 86.8% 85.8% 84.1%
Reject “Exp” in favor of “Exp-F” for Q 89.4% 86.7% 84.6% 81.8%

Figure 6.6: Boxplot for the values of test statistics S(Dn) for comparing exponential model
(6.10) vs exponential model with frequency component (6.12) for active and reactive power
respectively.

From Table 6.3, we can see that for about 87% of the total experiments, the hypothesis

testing can not accept model (6.10) in favor of model (6.12) at a significance level α = 0.05.
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In testing the validity for the frequency component for exponential model corresponding to

the active power part, in 86.8% of the total experiments, the model without the frequency

components are rejected with more than 95% certainty, while similar tests for the reactive

power part suggest in 86.7% of the total experiments, the model without the frequency

components are rejected with more than 95% certainty.

From Fig. 6.6, we can see that the 25% quantiles are 12.71 and 11.68 respectively for

the tests corresponding to the acive power model and the reactive power model. Since the

cumulative distribution of F1,597 is equal to 0.999608 at 12.71, and 0.999327 at 11.68, this

means in testing the validity for the frequency component for exponential model corre-

sponding to the active power part, in 75% of the total experiments, the model without the

frequency components are rejected with more than 99.9608% certainty, while similar tests

for the reactive power part suggest in 75% of the total experiments, the model without the

frequency components are rejected with more than 99.9327% certainty. From Fig. 6.6,

the median values and the 75% quantile values correspond to much larger P-Values, which

further confirm the necessity of incorporating the frequency component in the model.

Finally, in order to investigate the question whether the error process is close to Gaus-

sian, we perform the Q-Q plot introduced in Section 6.1, in which the vertical axis corre-

sponds to the residual process, and the horizontal axis corresponds to the standard Gaussian

distribution. Note that for the residual process of regression on one data set, the Q-Q plot

can be very different from the Q-Q plot based on another data set. Therefore we average

them for the 1000 total data sets. Also, having been shown in Table 6.1, the residuals

according to each 10 mins data set vary significantly in variance, therefore these residu-

als were first standardized to unit variance, in order to make the comparison meaningful.

Hence, such Q-Q plots corresponding to modeling (6.9) and modeling (6.10) are shown in

Fig. 6.7 and Fig. 6.8 respectively.
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(a) (b)

Figure 6.7: Q-Q plot for residuals of fitted model (6.11): (a) active power, (b) reactive
power.

(a) (b)

Figure 6.8: Q-Q plot for residuals of fitted model (6.12): (a) active power, (b) reactive
power.

Fig. 6.7 and Fig. 6.8 show the average distribution of residuals are not too far away

comparing to Gaussian. The shapes of the curves suggest they have lighter tails com-

paring to Gaussian. Reactive models comparing to active models correspond to residuals

closer to Gaussian, and the “ZIP-frequency” model (6.11) comparing to the “exponential-

frequency” model (6.12) correspond to residuals closer to Gaussian. Therefore the “F-test”

we performed are relatively well grounded for the PMU data.
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6.5 Concluding Remarks

In this chapter, we have presented a formal statistical methodology for comparing various

models in the static load models. The methodology is applied to PMU data sets representing

a certain radial feeder load in the Manitoba Hydro system. Our modeling and testing results

reveal the strong evidence that it is necessary to incorporate the frequency component in the

model for this particular load. Although it still seems too early to draw a firm conclusion

that the frequency component being necessary for other loads in general, the developed

testing technique can be applied by researchers and power engineering operators to examine

the particular loads they are interested in [129].



Chapter 7

Extensions and Future Work

In this thesis, several special issues related to predictive modeling are studied. Thus, in

Chapter 3, we discuss the problem of testing the parametric assumption of a particular

block-oriented system. Furthermore, other hypothesis testing would be meaningful as well,

e.g., testing the structure of certain forms of block-oriented systems. For instance, a test

in which the null hypothesis assumes a nonlinear static structure, while the alternative

hypothesis is the Hammerstein structure. Another example would be the null hypotheses

being Hammerstein structure, while the alternative is a Sandwich model. Besides, one

can also formulate the problem in Chapter 5 as a hypothesis testing problem, i.e., testing

whether the system is linear vs a nonlinear additive model, or whether it is linear vs a single

index model.

Chapter 4 is about bandwidth selection problem in kernel methods for system iden-

tification. While in the thesis several cross-validation type methods in selecting optimal

bandwidth in Hammerstein models, future studies can additionally compare the plug-in

type methods. Besides, it is also worthwhile to examine the bandwidth selection meth-

ods in scenarios of other types of block-oriented systems, e.g., Wiener models, Sandwich

models, partial linear models, etc. Furthermore, similar techniques can be extended to

153
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truncation parameter selection in orthogonal series estimators. With the refined bandwidth

selection techniques (such as PCV) applied in system modeling, improvements in predic-

tion performance potentially process great significance in various science and engineering

applications.

In the transient stability problem described in Chapter 5, the work in this thesis as well

as in the previous MSc thesis [3] of the author have formulated the practical problem into

a regression problem. However, due to the natural link between the regression and pattern

recognition, it is worthwhile to use the system identification structure to form classifiers to

study the same problem. In this case, the researcher actually cares more about the classi-

fication performance, and does not obtain it from the regression aspect. On the other hand

side, it is also possible to improve the prediction accuracy by incorporating more features

beyond the ones used in this thesis.

In Chapter 6, the practical power load problem is formulated as a parametric model test-

ing problem and solved by the F-test. While in practice, different researchers use different

models in various industrial problems, the studies in this chapter shows that it is possible

to choose between models. Therefore it has great potentials to be applied in other applica-

tion areas (e.g., environmental models, mechanical systems, etc) where different ways of

modeling may exist.
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[72] W. Härdle, P. Hall, and J. S. Marron, “How far are automatically chosen regression

smoothing parameters from their optimum?,” Journal of the American Statistical

Association, vol. 83, no. 401, pp. 86–95, 1988.

[73] J. Rice, “Bandwidth choice for nonparametric regression,” The Annals of Statistics,

pp. 1215–1230, 1984.
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[93] P. Bühlmann and S. Van De Geer, Statistics for High-Dimensional Data: Methods,

Theory and Applications. Springer Science & Business Media, 2011.

[94] H. Ichimura, “Semiparametric least squares (SLS) and weighted sls estimation of

single-index models,” Journal of Econometrics, vol. 58, no. 1-2, pp. 71–120, 1993.
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