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Abstract

A numerical simulation of steady and unsteady two-dimensional flows past cylin-

der with dimples based on highly accurate pseudospectral method is the subject of

the present thesis. The vorticity-streamfunction formulation of two-dimensional in-

compressible Navier-Stokes equations with no-slip boundary conditions is used. The

system is formulated on a unit disk using curvilinear body fitted coordinate sys-

tem. Key issues of the curvilinear coordinate transformation are discussed, to show

its importance in properly defined node distribution. For the space discretization

of the governing system the Fourier-Chebyshev pseudospectral approximation on a

unit disk is implemented. To handle the singularity at the pole of the unit disk

the approach of defining the computational grid proposed by Fornberg was imple-

mented. Two algorithms for solving steady and unsteady problems are presented.

For steady flow simulations the non-linear time-independent Navier-Stokes problem

is solved using the Newton’s method. For the time-dependent problem the semi-

implicit third order Adams-Bashforth/Backward Differentiation scheme is used. In

both algorithms the fully coupled system with two no-slip boundary conditions is

solved. Finally numerical result for both steady and unsteady solvers are presented.

A comparison of results for the smooth cylinder with those from other authors shows

good agreement. Spectral accuracy is demonstrated using the steady solver.
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Chapter 1

Introduction

Problems that involve fluid (liquid or gas) flows arise from many science and engineer-

ing applications including design of vehicles and other technical devices, sport aero-

and hydrodynamics etc. The motion of any fluid is described by the Navier-Stokes

equations, hence these equations play the key role in any fluid dynamic simulations

(http://www.navier-stokes.net/). The system of Navier-Stokes equations can

be solved analytically only in some simple cases. In general Navier-Stokes equations

are solved numerically by approximating the solution at finitely many points using

a numerical method and solving the resulting linear system of equations on a com-

puter. Development of numerical methods with high order of approximation and

geometrical flexibility are of main interest in many of todays researches.

This project is devoted to the numerical simulation of the laminar viscous fluid

flow past a cylindrical body with dimples. The numerical method is based on the

application of the Fourier-Chebyshev pseudospectral (spectral collocation) method.

Spectral methods are known for giving highly accurate numerical solutions and in

fluid mechanics they are usually applied for spatial discretization, while lower order

methods are used for time schemes. In this project we focus on the high order approx-

imations in space and use 2-4 order finite difference methods for time integration.

One of the reasons for this project is an application of pseudospectral simulation

to the flow in complex geometry and obtaining solution with spectral accuracy. By

experimenting with geometry (number and size of dimples on the cylinder) we study

1
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how flow characteristics are changed.

1.1 External flow problems

External flow problems arise from many engineering and science applications: flow

past electrical wires, sport balls, vehicles etc. The control of the flow over a bluff

body for drag reduction is one of the major issues in fluid mechanics. Flows over a

cylinder (2-dimensional bluff body) and a sphere (3-dimensional bluff body) are two

of the most studied bluff body problems. To control the flow past these bodies two

distinct approaches are used: active, using external forcing [27], and passive, using

shape modifications [1, 3, 32].

Bluff body problems are studied experimentally or by direct numerical simula-

tions. Numerical simulations are based on the solution of the Navier-Stokes system

of equations. In many applications the media can be considered as an incompressible

viscous fluid and the Navier-Stokes system of equations, that describes its motion,

includes the momentum equations:

∂u

∂t
+∇u · u− 1

Re
∆u = −∇p

and the equation of continuity (or equation of mass conservation):

∇ · u = 0

Here u is a velocity vector, p-pressure, and Re is a Reynolds number defined by

Re = ρLa/µ, where L, a are the characteristic length and velocity of the fluid flow

(or a bluff body) and ρ, µ are density and dynamic viscosity of the fluid. Reynolds

number determines the flow regime. For instance the flow past a cylinder at low
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Re (between 5 and 50) performs the steady regime with the steady wake forming

two symmetrically placed vortices on each side of the wake, for higher Re > 50

the flow becomes unsteady with an oscillatory wake containing a regular array of

vortices moving downstream, known as the von Karman vortex street. With a further

inctrease in Re, the flow becomes turbulent.

The reason why the flow over a cylinder is considered is because it is a model

problem for a range of bluff body flow problems. A study of a flow past cylindrical

bodies provides a general picture of the phenomenon of flow separation and bluff body

wakes. By simulating the flow past the dimpled cylinder the effect of geometrical

shape on the flow characteristics is studied. Since the problem is 2-dimensional

the vorticity-streamfunction formulation of the Navier-Stokes system is used as an

alternative of the primitive variables formulation. It reduces the total number of

unknown functions from 3 (2 velocity components and pressure) to 2 (vorticity and

streamfunction). In cartesian coordinates the system is the following

∂ω

∂t
− 1

Re
∆ω =

∂ψ

∂x

∂ω

∂y
− ∂ψ

∂y

∂ω

∂x

ω = −∆ψ

Since it is difficult and in most cases even impossible to solve the Navier-Stokes

system analytically, a variety of numerical methods has been developed to solve it

numerically. One can divide numerical methods into two groups: local methods like

finite difference methods (FDM), finite volume methods (FVM) and finite element

methods (FEM), which are based on local approximation of derivatives of a function,

and global methods such as spectral methods, where the approximations are global

functions.
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1.2 Spectral methods

Spectral methods represent a high order alternative to more standard methods like

FDM and FEM. For smooth solutions, the discretization error of a spectral method

for a decreases faster than any power of the resolution N (spectral convergence).

Spectral methods use truncated series of smooth global functions for representation

of the solution of a partial differential equation (PDE). In other words, the unknown

function u(x) is approximated by the truncated sum of global basis functions φk(x):

u(x) ≈ un(x) =
n∑
k=0

akφk(x)

Basis functions ψk in spectral methods are global orthogonal polynomials. The

best choice for the basis functions depends on the type of the spatial domain, bound-

ary conditions and the type of PDEs. Fourier polynomials are used as basis functions

for problems periodic boundary conditions, and eigenfunctions of singular Sturm-

Liouville problem are applied for non-periodic problems [18, 4]. For PDEs in bounded

regions, Chebyshev and Legendre polynomial based spectral methods are used, while

Laguerre (singular) and Hermite (non singular Sturm-Liouville problem) polynomials

can be applied on unbounded regions [4, 16].

There are three types of spectral methods: spectral Galerkin, spectral Tau and

spectral collocation (pseudospectral) methods. Consider the differential equation

Lu(x) = f(x) x ∈ X

where L is the differential operator. Substituting the approximation uN of the solu-
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tion into the differential equation we define the residual:

RN(x) = LuN(x)− f(x).

Residual minimization strategy and the type of test functions define the type of spec-

tral methods. Galerkin and Tau methods are two weighted residual methods where

for some set of test functions ψk the scalar product (ψk, RN(x)) = 0, k = 0, 1, ..., N .

In these methods coefficient of global expansion ak are unknown. In the Galerkin

method trial functions are some linear combinations of orthogonal polynomials that

fulfill the boundary conditions. In the Tau method test functions ψk don’t need

to satisfy boundary conditions and are chosen to be the same as the spectral basis

functions. Pseudospectral method (PSM) is based on the interpolation at a set of

N + 1 collocation points {xk}Nk=0, in other words the residual function

FN(xk) = 0 k = 0, 1, ..., N.

In PSM we take the grid point values of the approximate solution uN(xk) as unknowns

instead of the series coefficients ak.

uN(xj) =
∑n

k=0 uN(xk)φk(xj) j = 0, 1, ..., N.

The set of collocation points depends on the chosen basis set. The following condition

must be satisfied ψk(xj) = δkj. PSM is the simplest among all spectral methods and

allows the maximum flexibility while maintaining the good convergence properties

of spectral approximations.
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1.3 Solution on the infinite domain

In most cases, numerical methods are applied for bounded regions, where fluid flow

around a solid body is considered within a finite area and boundary conditions are

imposed on the external boundary. For exterior flows various boundary conditions

are based on prediction of behavior of media far from the immersed body and some-

times have low order of accuracy. In order to get an accurate solution, the domain

around the solid body has to be large enough to have a uniform flow on the outer

boundary. High order method such as spectral methods are very sensitive to the

accuracy of farfield boundary conditions.

Choosing a farfield boundary conditions, one can consider the whole infinite re-

gion around the body. One possibility is to map the infinite physical domain onto

some bounded computational domain.

In this project, the pseudospectral method based on Fourier and Chebyshev ex-

pansions is used for spatial discretization of the Navier-Stokes system. Because of

their global approximation spectral methods give highly accurate solutions on rela-

tively small grids, but the basic version is restricted to simple geometries. To handle

problems with complex geometries spectral elements [49] or other multidomain tech-

niques [37, 38] are often used. These methods give geometrical flexibility, but appear

to be difficult to implement. In cases when a complex domain can be mapped onto

a simple rectangular and circular domain, a less expensive single domain spectral

method can be implemented.

In this work, the physical domain is semi-infinite and has complex boundary (dim-

ples). The transformation of the semi-infinite domain onto a unit disk is performed
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and the Navier-Stokes system is rewritten in the new curvilinear coordinate system

using metric tensor components. It gives flexibility in defining the transformations

between coordinate systems. The importance of a properly defined transformation

for the accuracy of results will be shown by numerical experiments.

1.4 Organization

This project is organized as follows. Chapter 2 gives a literature survey of spectral

methods applied to fluid mechanics. Chapter 3 is devoted to the formulation of

the problem on the unit disk. First, the problem, including governing system of

equations in vorticity-streamfunction formulation and all boundary conditions, is

defined. Then, the formulation of the problem on the unit disk is obtained in metric

tensor form. At the end of the chapter 3, formulas for the computation of the drag

and lift using numerical values for the vorticity are obtained.

Chapter 4 is devoted to the numerical method, it contains two parts. In the first

part, we discuss the space discretization, in the second part solution techniques for

the steady and unsteady problems are presented. The space discretization of the

governing system on the unit disk is based on the Fourier-Chebyshev pseudospectral

method. The computational grid on the unit disk is defined using Fornberg’s strat-

egy [14], which avoids a clustering of grid points near the origin and the coordinate

singularity at the origin. Trefethen’s implementation of Poisson solver on the unit

disk in Matlab [47] is used as a base to construct matrices of pseudospectral approx-

imation of the governing system. Then, solution of the resulting linear system of

equations and the preconditioning with finite difference method is described.
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Newton’s method is implemented to solve the non-linear steady problem and

semi-implicit Adams-Bashforth/Backward differentiation scheme is applied to the

unsteady problem. The vorticity-streamfunction formulation leads to an overdeter-

mined PDE for the streamfunction, while the vorticity equation has no boundary

condition. To overcome this problem, both the streamfunction and vorticity equa-

tions are solved simultaneously.

In chapter 5, results of both steady and unsteady simulations are presented. For

the numerical validation of the algorithm for the steady flow problem, spectral ac-

curacy is demonstrated, and results of simulations of the steady flow past a smooth

cylinder are compared with results previously obtained experimentally and numer-

ically by other authors. Then, some steady simulation of the flow past dimpled

cylinder are discussed. To test the unsteady code, simulations of flow past a smooth

cylinder are also compared with results of other authors. After that, some results

for the dimpled cylinder are obtained and discussed. In chapter 6, the main results

and future work are discussed. We believe that we have the most accurate numeri-

cal results in the literature for flow over a smooth cylinder. We also have accurate

numerical results for the dimpled cylinder case.



Chapter 2

Literature review

2.1 Spectral methods

Although spectral methods were founded and studied for a long time before com-

puters, they became popular for applications to complex nonlinear problems in fluid

mechanics and meteorology around the late 1970s. In 1977, modern spectral meth-

ods were reviewed by Gottlieb and Orszag in their monograph [18], where the theory

on the Galerkin and Tau spectral methods was presented and application to fluid dy-

namical problems were discussed. Later, a further development of a theory of spectral

methods, with focus on the pseudospectral method was presented in proceedings of a

symposium on Spectral Methods for Partial Differential Equations edited by Voigt,

Gottlieb and Orszag [51].

Since then, several other books have appeared. Among them Funaro’s [16] which

is devoted to spectral methods based on orthogonal polynomials. Boyd’s book

[4] gives an extensive description on the Fourier and Chebyshev spectral methods

(600 pages long!) and their applications to eigenvalue, boundary value and time-

dependent problems. In addition to Chebyshev and Fourier polynomials the book

also discusses other possible basis functions for spectral approximations. Fornberg’s

in his book [14] showed, that pseudospectral methods can be viewed as special cases

of FDM.

Pseudospectral methods employ collocation points which are specific for every

9
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set of polynomial functions. Hence collocation grid can be defined for simple rect-

angular and circular domains. Pseudospectral methods can be applied on irregular

domain using coorinate transformation. Since there are many cases where a smooth

domain can be mapped onto the unit disk, the problem of solving PDEs on the unit

disk was widely studied in the literature. In particular the solution of the Poisson

equation is involved in many applications, for example the steamfunction equation

in ω−ψ formulation of the Navier-Stokes system. Several solvers were developed for

the Poisson problem on a unit disk. The Poisson equation on the unit disk is usually

solved in polar coordinates using Chebyshev (or Legendre) expansions in radial di-

rection and Fourier expansions in angular direction [5, 21, 22, 44]. The main problem

in solving PDEs in polar, cylindrical and spherical geometries is a singularity at the

pole. The numerical treatment of these singularities have been studied and a variety

of approaches is available in literature [4, 22, 26, 46]. One way is to consider the

pole as a boundary point and impose numerical boundary conditions at it. Huang

and Sloan [22] used differential equations to impose pole conditions. Pole conditions

applied to Navier-Stokes equations on a unit disk can be found in [26, 46]. Pole

conditions are also discussed in Boyd [4].

Using pole conditions leads to some numerical difficulties such as the necessity of

clustering grid point near the pole in radial direction. The maximum allowable time

step in explicit and semi-explicite schemes is controlled by Courant-Friedrichs-Lewy

(CFL) number [4]. It is observed that the clustering of nodes near the boundaries

has an impact on the maximum CFL number. Hence, avoiding of clustering points

near the pole gives an improvement on the CFL number [14]. A proper redefining

of the numerical domain solves the problem with unwanted clustering. Different
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strategies of redefining the domain were suggested by Fornberg [14] and by Heinrichs

in [21], in both cases no polar conditions are needed because the point r = 0 is not in

the computational domain. In [14] Fornberg suggested the strategies for both polar

and spherical coordinates, where instead of taking Chebyshev expansions on the half

interval [0, 1] expansions on the full interval [−1, 1] are applied with even number of

collocaton points, and then using the symmetry condition:

u(r, θ) = u(−r, (θ + π) mod 2π)

the actual computations are reduced to the half interval [0, 1]. The MATLAB im-

plementation of the Poisson solver on the unit disk using Chebyshev expansions over

the interval [−1, 1] was presented by Trefethen in [47]. Heinrichs in [21] suggested

the diameter approach where standard Chebyshev nodes defined on [−1, 1] are used

in radial direction and overlapping of collocation points is avoided by a special def-

inition of nodes in angular direction. As in Fornberg’s approach by using an even

number of Chebyshev nodes an application of pole condition is avoided. In addition

to that, another spectral collocation scheme for the Poisson problem on the unit disk

was introduced in [21]. Heinrichs also suggested a direct mapping of the unit square

onto the unit disk by means of an interpolation technique [21]. In this case the polar

singularity problem is avoided. Heinrichs also shows how his approaches (diameter

and unit square approach) work for more complex geometries. Torres and Coutsias

in [46] also use the diameter approach in the spectral Tau method.

Matrices resulting from spectral approximation of differential equations have large

condition number that grows with the number of nodes. In [17] Funaro and Hein-

richs showed that the matrix of one-dimensional Chebyshev (or Legendre) spectral
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approximation of the biharmonic operator has a very large condition number grow-

ing as O(N8), where N is the maximal degree of interpolating polynomials. Later

Heinrichs proposed to apply a recombination of the basis of Chebyshev (Legendre)

polynomials {pN} such that basis functions satisfy the homogenous boundary con-

ditions. He applied polynomials of the form (1−x2)(1− y2)pN−2 to elliptic equation

and (1− x2)2(1− y2)2pN−2 to a biharmonic equation in two-dimensional space, and

showed that condition number for the second order problem is reduced to O(N2)

and for the fourth order problem to O(N4) by the stabilizing technique [19].

Pseudospectral matrices are dense, due to global approximation, and have large

condition number: it is O(N2p) for Chebyshev and Legendre matrices of p-th or-

der differential equations. Hence, the linear system of equations that arises from

the pseudospectral approximation is usually solved using a preconditioned iterative

technique. In 1980, Orszag suggested the usual second order second order finite

difference approximation of the same differential operator as a preconditioner [35].

The main problem here is that an uneven distribution of collocation nodes is used in

non-periodic case. The second order finite difference approximations of the first and

second derivative of a function for unevenly distributed nodes can be found in [4].

Another option is to use an algorithm for finding weights of an approximation of any

derivative of a function on any arbitrary set of unrepeated points is presented in [14].

This algorithm can be used to find finite difference coefficients of approximations of

any order derivatives with different order of accuracy, depending on a number of

nodes in a stencil. Finite difference preconditioning is also discussed in [20], where

the FD operator is defined for boundary points using an outer point. Among other

ways of preconditioning, the FEM can also be used [10].
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2.2 Spectral methods in fluid mechanics

Spectral methods provide an advance approach to simulating fluid flow. Since 1970s

application of spectral methods to various fluid flow problems was extensively studied

by many researches. Among recent books on this subject one can find [12, 37].

In most applications, spectral methods are used for the special discretization of

the Navier-Stokes equations, and finite difference methods are used for the time

integration. Peyret in his book [37] describes an application of spectral methods to

viscous fluid flow. He discusses solution techniques for the Navier-Stokes problems

in the primitive variables pressure-velocity (p − u) and in vorticity-streamfunction

(ω − ψ) using spectral approximation in spatial domain, and covers various time

integration methods. Nowdays development of high-order methods which can be

applied to flow problems with some complex geometry is one of the main interests

of researches in this area [12, 21, 35, 41, 49]. The book written by Deville, Fischer

and Mund [12] provides an advance survey on implementation of spectral methods

to modeling fluid flows in irregular domains.

Solutions of various formulations of Navier-Stokes equations can be found in

literature. However most three-dimensional problems are solved in the primitive

(p − u) variables. A Fourier–Chebyshev spectral collocation simulation of three-

dimensional incompressible flow past an elliptic cylinder [33] was implemented by

Mittal and Balachandar, and later a flow past spheroid was presented by Mittal

in [34]. In both works, the semi-infinite domain around bluff body was truncated

to the finite computational domain and special boundary conditions were posed

on the inflow and outflow portions of the outer boundary. Solution of the p − u
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formulation of the Navier-Stokes equations in cylindrical geometries using spectral

methods can be found in [30, 31, 39]. Lopez, Marques and Shen [30] implemented the

spectral-Galerkin method for simulation of three-dimensional incompressible flows in

a cylinder. Priymak and Miyazakiy [31, 39] used a pseudospectral method base on

Fourier and Chebyshev expansions to study turbulent pipe flows.

In the two-dimensional case it is advantageous to use the ω − ψ formulation of

the Navier-Stokes system, because two differential equations are solved comparing

with three equations in p−u formulation. Solutions of the vorticity-streamfunctions

formulation in polar coordinates using Fourier-Chebyshev expansions can be found

in [46, 8]. In rectangular geometries either Chebyshev expansions [37] or Legen-

dre expansions [2] are used in both directions. Parallel implementations of two-

dimensional flow simulation by Fourier-Galerkin pseudospectral method were stud-

ied in [56]. Huang and Tang solved steady Navier-Stokes equations inside a circular

boundary using Legendre collocation method in radial direction [23]. On the other

hand, the ω − ψ formulation leads to an overdetermined Poisson equation for the

stream-function and raises a question of finding a proper boundary condition for the

vorticity. An influence matrix method is often used to impose boundary conditions

[37].

In streamfunction formulation the non-linear fourth order (biharmonic) equa-

tion with two boundary conditions is solved. Schultz, Lee and Boyd [43] solved the

driven cavity problem in the pure streamfunction formulation. Heinrichs [20] ap-

plied spectral multigrid method to the fourth-order equation for the streamfunction,

splitting the equation into system of two stokes equations. Multidomain technique

was applied to the pure streamfunction formulation of the Navier-Stokes equation
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on the L-shape domain by Phillips and Malek in [38]. Karageorghis and Tang in [26]

studied spectral domain decomposition method for solution of steady Navier-Stokes

equation in circular geometries and noted, that reliable solutions in the streamfunc-

tion formulation can be obtained for a much smaller Reynolds number, than in the

vorticity-streamfunction formulation.

Solution of Navier-Stokes equations in vorticity-velocity (ω − u) variables using

spectral method was first presented by Clercx [7]. Spectral element method was

implemented to ω − u formulation for both two- and three-dimensional problem by

Trujillo and Karniadakis [49], in particular, two- and three-dimensional flow past a

cylinder were studied.

Since the Navier-Stokes equations are non-linear and time dependent various

schemes for the time integration have been developed. These methods can be di-

vided into 3 groups: explicit, semi-implicit and fully-implicit schemes. For different

order time discretization methods used in spectral methods for fluid flow problems

and stability analysis see Peyret’s [37]. As a result of studying different schemes,

k − th order Adams-Bashforth/Backward-Differentiation (AB/BDIk) schemes are

recommended for the semi-implicit time discretization and the fourth order Runge-

Kutta/Crank-Nicolson as an explicit time integration. However classical AB/BDIk

time discretization of the Navier-Stokes equations provide severe restrictions on the

time step, when applied for high-Reynolds number flows. One can avoid that using

the splitting method [55], where the full problem is split into an explicit transport

step where for example Runge-Kutta scheme can be applied, and an implicit diffusion

step, which can be discretized with an implicit k−th order Backward-Differentiation.

In spectral methods the influence matrix method is commonly used to impose
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apriori unknown boundary conditions for pressure in the p−u formulation or vorticity

in the ω − ψ and ω − u formulations computation in the solution of the Navier-

Stokes system. The main idea of the influence matrix method is to consider the

solution as a superposition of solutions of elementary problems with known boundary

conditions. This technique can be successively applied to Stokes (linear) problems,

which arise from the semi-implicit time-discretization of the Navier-Stokes system.

Kleiser and Schumann introduced this technique for pressure-velocity equations [28,

51]. An application of the influence matrix method to the vorticity-streamfunction

formulation was introduced in [50]. Applications to the vorticity-velocity formulation

can be found in [7, 49]. Basic principles of the influence matrix method and different

aspects of its application to both ω − ψ and p − u formulations can be found in

[37]. A technique very similar to the influence matrix method was applied by Chou

for a steady vorticity-streamfunction formulation of the Navier-Stokes system in [6].

One of the main disadvantages of the influence matrix method is that it requires a

lot of memory and it becomes especially difficult in three-dimensional unsteady flow

applications. For some solutions of storage problem see [37].

2.3 Fluid flow past bluff bodies

The flow past bodies immersed in a fluid has been studied for a long time because

of its importance in aero- and hydrodynamic applications. A flow over a cylinder is

considered as a model problem for a range of bluff body flow problems. A study of a

flow past cylindrical bodies provides a general picture of the phenomenon of flow sep-

aration and bluff body wakes. Flow behind a circular cylinder has been extensively
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studied experimentally and numerically by many authors (see Williamson’s review

[54]). The flow over a cylinder is also is used as a benchmark to test new numerical

methods [36, 40]. There are works devoted to numerical simulations of symmetric

(steady) flow over the circular cylinder, see, for example, Fornberg [13] and Dennis

and Chang [11]. Among others, simulations of unsteady flows past circular cylinder

were presented in [27, 36]. The Fourier-Chebyshev spectral collocation simulation of

three-dimensional incompressible flow past an elliptic cylinder were implemented by

Mittal and Balachandar [33].



Chapter 3

System of equations and boundary conditions

3.1 Formulation of the problem on the physical domain

The flow of an incompressible viscous fluid is described by the Navier-Stokes equa-

tions. In cartesian coordinates the two-dimensional pressure-velocity formulation of

the system is

∂u

∂t
+ u

∂u

∂x
+ v

∂u

∂y
− 1

Re
∆u = −∂p

∂x
, (3.1)

∂v

∂t
+ u

∂v

∂x
+ v

∂v

∂y
− 1

Re
∆v = −∂p

∂y
, (3.2)

∂u

∂x
+
∂v

∂y
= 0, (3.3)

here u = (u, v) is the velocity vector and p is the pressure. The Reynolds number

for the circular cylinder with diameter d, based on the radius a = d/2 is

Re =
ρUa

µ
, (3.4)

here ρ and µ are density and dynamic viscosity of a fluid, and U is a uniform velocity

of a flow at infinity.

The pressure in (p−u) formulation is computed from the incompressibility condi-

tion (3.3) using velocity boundary conditions. The pressure in this case is defined up

to a constant and the constant is evaluated by the additional constraint
∫
S
pds = 0 (S

is the entire region of the problem). For the two-dimensional problem, the vorticity-

streamfunction formulation of the Navier-Stokes system, where the streamfunction

18
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ψ and vorticity ω are defined by

u =
∂ψ

∂y
, v = −∂ψ

∂x
, ω =

∂v

∂x
− ∂u

∂y
, (3.5)

replaces the two momentum equations by one equation. It also eliminates the pres-

sure from calculations and the incompressibility condition (3.3) is satisfied automat-

ically by the construction:

∂u

∂x
+
∂v

∂y
=

∂2ψ

∂x∂y
− ∂2ψ

∂x∂y
= 0.

The vorticity momentum equation is obtained from (3.1), by taking ∂/∂y of the

first equation and −∂/∂x of the second equation and adding them together. Then,

using definitions of the vorticity and streamfunction (3.5), it can be shown that:

∂ω

∂t
− 2

Re
∆ω = G(ω, ψ), (3.6)

where

G(ω, ψ) =
∂ψ

∂x

∂ω

∂y
− ∂ψ

∂y

∂ω

∂x
=

∣∣∣∣∣∣∣
∂ψ
∂x

∂ψ
∂y

∂ω
∂x

∂ω
∂y

∣∣∣∣∣∣∣ . (3.7)

For the streamfunction the Poisson equation is obtained

ω =
∂v

∂x
− ∂u

∂y
= −∂

2ψ

∂x2
− ∂2ψ

∂y2
= −∆ψ. (3.8)

To state the problem we need to define the domain, where the system (3.6-3.8)

is satisfied. For simplicity the dimpled surface is represented by the cosine function

parameterized by the polar angle θ:

γ(θ) = 1 + ε cos(cθ), 0 ≤ θ < 2π, (3.9)

here c is the number of dimples and ε is their size (depth).
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In most cases the flow past cylinder is considered within a truncated bounded

region with farfield boundary condition [33]. Also for accurate results the distance

between the cylinder and the outer boundary has to be large enough. When a global

spatial discretization is applied, the influence of the lateral boundary is even more

important and choosing appropriate outer boundary conditions (inflow and outflow)

is a challenge. As an alternative we consider a semi-infinite domain instead and

impose the boundary condition at infinity.

Let Ω be a semi-infinite domain with the boundary Γ, defined by

Γ = (Γx,Γy) = (γ(θ) cos(θ), γ(θ) sin(θ)). (3.10)

On the solid boundary no-slip conditions are imposed. In the ω − ψ formulation

there are two boundary conditions for the streamfunction:

ψ =
∂ψ

∂~n
= 0 on Γ, (3.11)

where ~n is an outer normal vector to the boundary (3.10), and no boundary condi-

tions for the vorticity. The flow at the infinity is uniform so that the velocity vector

is u∞ = (ψy,−ψx) = (1, 0). Hence for the streamfunction we get the following

condition

ψ → y + C, ω → 0 as r =
√
x2 + y2 →∞. (3.12)

To determine the constant C, consider the streamline that ends up at the stagnation

point (the heavy line on fig.3.1). The value ψ is constant along this line and from

the boundary condition (3.11) ψ = 0 at stagnation point. Then at the infinity along

the zero streamline we get ψ = C = 0.
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Figure 3.1: Streamline to the stagnation point

3.2 Formulation on the unit disk

The problem (3.6,3.8,3.11) is defined on the semi-infinite domain Ω with irregular

boundary Γ. Collocation grid in pseudospectral method can be defined only on

simple geometries such as unit disk. Hence, the problem (3.6,3.8,3.11) has to be

rewritten for the unit disk.

In this section the transformation between the unit disk E = {(R, θ), 0 ≤ R ≤ 1,

0 ≤ θ ≤ 2π} and the semi-infinite domain Ω is defined. The transformation is such

that the center of the unit disk (the origin) corresponds to the infinity in Ω and the

boundary of the unit disk corresponds to the boundary Γ.

Let (x, y) ∈ Ω be the point in the physical domain and (R, θ) ∈ E be the point

in the computational domain. The transformation from the computational domain

to the physical domain W : E → Ω is defined by

W (R, θ) = (x, y) = [f(R)γ(θ)] (cos θ, sin θ). (3.13)

The transformation (3.13) states that if we define the position of the point using polar

coordinates, then the point along the line with fixed angle θ is mapped by changing

the radius: R → f(R)γ(θ). Here γ(θ) produces dimples and f(R) maps R ∈ [0, 1]
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Figure 3.2: The map from the unit disk to the semi–infinite domain around dimpled
cylinder

to f(R) ∈ [1;∞). Hence the map f(R) must satisfy the following constrains:

f(1) = 1,

limR→0 f(R) = ∞,

∂f
∂R

< 0.

(3.14)

The exact functional f(R) is discussed in section 4.1.3.

Now we write the Jacobian of the transformation (3.13):

J =

∂Rx ∂θx

∂Ry ∂θy

 =

f ′(R)γ(θ) cos θ f(R)γ′(θ) cos θ − f(R)γ(θ) sin θ

f ′(R)γ(θ) sin θ f(R)γ′(θ) sin θ + f(R)γ(θ) cos θ

 , (3.15)

here ∂R = ∂
∂R

, ∂θ = ∂
∂θ

.

Then the induced covariant metric tensor of the embedding (3.13) is

g = JTJ =

 f ′(R)2γ(θ)2 f(R)f ′(R)γ(θ)γ′(θ)

f(R)f ′(R)γ(θ)γ′(θ) f(R)2(γ(θ)2 + γ′(θ)2)

 =

gRR gRθ

gθR gθθ

 . (3.16)

Note that the metric tensor g is symmetric and positively definite and its determinant
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is

|g| = gRRgθθ − g2
Rθ = γ(θ)4f ′(R)2 = |J |2. (3.17)

The Laplacian in the tensor form is

∆ =
1√
|g|
∂j

[√
|g|gij∂i

]
, i, j = R, θ, (3.18)

here gij are components of the inverse of the covariant metric tensor, which is also

called the contravariant metric tensor. Since we are dealing with a two-dimensional

space, the components of the contravariant metric tensor can be derived from

gRR = gθθ

|g| = γ(θ)2+γ′(θ)2

γ(θ)4f ′(R)2
,

gRθ = gθR = −gRθ

|g| = − γ′(θ)
γ(θ)3f(R)f ′(R)

,

gθθ = gRR

|g| = 1
γ(θ)2f(R)2

.

(3.19)

Components of the covariant, contravariant metric tensor and the Laplacian for a

given embedding can be computed in Maple (see http://www.aere.iastate.edu/

ave/viscous_flow/files/maple.html).

Using (3.17-3.19) we derive

∂R(
√
|g|gRR) =

(γ(θ)2 + γ′(θ)2)(f ′(R)2 − f(R)f ′′(R))

γ(θ)2f ′(R)2
,

∂θ(
√
|g|gRθ) =

γ′(θ)2 − γ(θ)γ′′(θ)

γ(θ)2
,

∂R(
√
|g|gRθ) = 0, ∂θ(

√
|g|gθθ) = 0.

Then plugging to (3.18) we reduce the number of elements in the Laplacian:

∆ = gRR
∂2

∂R2
+ 2gRθ

∂2

∂Rθ
+ gθθ

∂2

∂θ2
+ gR

∂

∂R
, (3.20)
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where

gR =
1√
|g|

[
∂R(

√
|g|gRR) + ∂θ(

√
|g|gRθ)

]
. (3.21)

The condition at infinity (3.12) provides that

ψ → f(R)γ(θ)sin(θ) as R→ 0.

Since limR→0 f(R) = ∞, the resulting solution for the streamfunction will blow up

at the origin of the unit disk E. As an alternative we define the function

φ = ψ − y. (3.22)

From the above definition, the condition (3.12) becomes

φ→ 0, ω → 0 as
√
x2 + y2 →∞, or R→ 0. (3.23)

Since ∆y = 0, the Poisson equation for the new function isn’t changed and the

Navier-Stokes system is reformulated as follows

∂ω

∂t
− 1

Re
∆ω = G(ω, φ), (3.24)

ω = −∆φ, (3.25)

where

G(ω, φ) =
∂(φ+ y)

∂x

∂ω

∂y
− ∂(φ+ y)

∂y

∂ω

∂x
=

∣∣∣∣∣∣∣
∂(φ+y)
∂x

∂(φ+y)
∂y

∂ω
∂x

∂ω
∂y

∣∣∣∣∣∣∣ . (3.26)

No-slip boundary conditions (3.11) become

φ = −y on Γ,

∂φ
∂~n

= − ∂y
∂~n

on Γ.
(3.27)
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Now the convective term (3.26) in new coordinate system is obtained. First we

note that ∂Rψ ∂θψ

∂Rω ∂θω

 = J

∂xψ ∂yψ

∂xω ∂yω

 .
Then by taking the determinant of both sides we get

G(ω, φ) =
1

|J |

∣∣∣∣∣∣∣
∂R(φ+ y) ∂θ(φ+ y)

∂Rω ∂θω

∣∣∣∣∣∣∣ =
1

|J |

∣∣∣∣∣∣∣
∂Rφ+ J21 ∂θφ+ J22

∂Rω ∂θω

∣∣∣∣∣∣∣
or

G(ω, φ) =
1

|J |

(
∂φ

∂R

∂ω

∂θ
− ∂φ

∂θ

∂ω

∂R

)
+
J21

|J |
∂ω

∂θ
− J22

|J |
∂ω

∂R
. (3.28)

In present computations, it is necessary to know the expressions for the normal and

tangential derivatives on the boundary. These formulas are obtained using metric

tensor components:

∂

∂~n
|Γ =

1√
gRR

(
gRR

∂

∂R
+ gRθ

∂

∂θ

)
|R=1, (3.29)

∂

∂~τ
|Γ =

1
√
gθθ

∂

∂θ
|R=1. (3.30)

From the Dirichlet condition for the streamfunction we can say that ∂ψ/∂~τ = 0

on the boundary as well, here ~τ is a tangential vector to the boundary (3.10). Since

bothR and θ derivatives are linear combinations of normal and tangential derivatives,

we may conclude that derivatives ∂ψ/∂R = ∂ψ/∂θ = 0 on the boundary. Hence to

simplify the second no-slip boundary condition one can take

∂ψ

∂R
|R=1 = 0.

From (3.27) using (3.13) we obtain boundary conditions in the new coordinate sys-
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tem.

φ|R=1 = −γ(θ) sin(θ) = q(θ), (3.31)

∂φ

∂R
|R=1 = −f ′(1)γ(θ) sin(θ) = h(θ). (3.32)

3.3 Computations of drag and lift coefficients

A solid body immersed in the fluid experiences a net force ~F due to the action of the

fluid. For a viscous flow there are two components to the net force acting on a solid

surface: forces due to pressure and to skin-friction. The first one is a contribution

due to the fluid pressure differences over the surface of the body, it acts normally

to the solid body surface. The second is due to shear stress and acts parallel to the

surface of the body. The net force on the surface of the cylinder Γ resulting from

shear stress σw and pressure p is

~F = ~Fpressure + ~Fskin−friction, (3.33)

where

~Fpressure = −
∫

Γ

p~nds (3.34)

and

~Fskin−friction =

∫
Γ

σw~τds. (3.35)

Tangential ~τ and normal ~n vectors can be obtained from the definition of the bound-

ary (3.10). Shear stress σw on the solid wall in two-dimensional case can be defined

by

σw = µ
∂uτ
∂n

= −µω. (3.36)
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Note the last equality in (3.36) is due to the definition of the vorticity ω = ∇× u =

∂un

∂τ
− ∂uτ

∂n
and the fact that ∂un

∂τ
= 0 on the solid wall.

Now using (3.36) we express the skin-friction force via vorticity

~Fskin−friction = −µ
∫

Γ

ω~τds. (3.37)

The component of the net force (3.33) parallel to the direction of motion is called

the drag force FD, and the force component perpendicular to the direction of the

motion is the lift force, FL. Directions of lift and drag forces for the dimpled cylinder

are shown on fig.3.3. In computations the dimensionless lift and drag coefficients are

Figure 3.3: Drag and lift forces acting on the golf ball

evaluated instead of the forces themselves. The relations between dimensional drag

FD and lift FL forces and their dimensionless coefficients are

CD =
2FD
ρU2d

, CL =
2FL
ρU2d

.

Taking the x and y components of the net force we get the following formulas for
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the drag and lift coefficients

CD = −
∫

Γ

pnxds−
1

Re

∫
Γ

ωτxds, (3.38)

CL = −
∫

Γ

pnyds−
1

Re

∫
Γ

ωτyds. (3.39)

Note that the vorticity ω and pressure p in (3.38) are dimensionless quantities mean-

ing quantities without any physical units, while in (3.34-3.37) they are dimensional.

Now we rewrite formulas (3.38) to evaluate drag and lift coefficients using data

obtained from the numerical solution of the problem (3.24-3.27). Let Γ′i = dΓi

dθ
,

i = x, y, then the unit tangent vector on the boundary Γ is

~τ = (τx, τy) =
1√

Γ′2x + Γ′2y
(Γ′x,Γ

′
y) (3.40)

and the unit outward normal vector is

~n = (nx, ny) = (τy,−τx) =
1√

Γ′2x + Γ′2y
(Γ′y,−Γ′x). (3.41)

Now using (3.40-3.41) and applying the formula for line integral on a curve with

ds =
√

Γ′2x + Γ′2y dθ to the (3.38), we get

CD = −
∫ 2π

0

pΓ′y(θ)dθ︸ ︷︷ ︸
CDp

− 1

Re

∫ 2π

0

ωΓ′xdθ︸ ︷︷ ︸
CDf

, (3.42)

CL =

∫ 2π

0

pΓ′x(θ)dθ︸ ︷︷ ︸
CLp

− 1

Re

∫ 2π

0

ωΓ′ydθ︸ ︷︷ ︸
CLf

. (3.43)

To evaluate the pressure terms CDp and CLp using numerical data for the vorticity,

obtained by solving the problem, the relation between the pressure and the vorticity

is needed. Therefore consider the momentum equation of the Navier-Stokes system:

∂u

∂t
+∇u · u− 1

Re
∆u = −∇p.
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Using the vector identity ∇×(∇×u) = ∇(∇·u)−∆u, continuity equation ∇·u = 0

and vorticity definition one can get that ∆u = −∇×ω. Now since u = 0 on the solid

boundary, then from the momentum equation we get the following relation between

pressure and vorticity on the boundary:

∇p = − 1

Re
∇× ω.

Taking the dot product on both sides with ~τ

~τ · ∇p = − 1

Re
~τ · ∇ × ω

we get, that on the boundary

∂p

∂~τ
|Γ =

1

Re

∂ω

∂~n
|Γ. (3.44)

From (3.19) we get that

gθθ = |g|gRR.

Then plugging the above expression to (3.29) and using the result in the relation

(3.44), we obtain

∂p

∂θ
|R=1 =

√
|g|
Re

(
gRR

∂ω

∂R
+ gRθ

∂ω

∂θ

)
|R=1. (3.45)

The last result can be applied in the evaluation of the pressure components of the

drag and lift coefficients using the integration by parts:∫ 2π

0

pΓ′idθ = pΓi|2π0 −
∫ 2π

0

∂p

∂θ
Γidθ = −

∫ 2π

0

∂p

∂θ
Γidθ, i = x, y.

Now we obtain final formulas for the drag and lift coefficients by employing formulas
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from integration by parts and using (3.45):

CD = − 1

Re

∫ 2π

0

(√
|g|gRR ∂ω

∂R
+

√
|g|gRθ ∂ω

∂θ

)
|R=1Γydθ︸ ︷︷ ︸

CDp

−

1

Re

∫ 2π

0

ωΓ′x(θ)dθ︸ ︷︷ ︸
CDf

(3.46)

CL =
1

Re

∫ 2π

0

(√
|g|gRR ∂ω

∂R
+

√
|g|gRθ ∂ω

∂θ

)
|R=1Γxdθ︸ ︷︷ ︸

CLp

− 1

Re

∫ 2π

0

ωΓ′y(θ)dθ︸ ︷︷ ︸
CLf

(3.47)

For a flow over a circular cylinder or a sphere the drag coefficient, which is a function

of Re number, behaves similarly. For Re ≤ 1 there is no flow separation on the

downstream side of the body and the drag is high and is predominantly friction

drag. As Reynolds number increases, the drag coefficient decreases, at the same

time the pressure force becomes larger and viscous effects become smaller (except

near boundary). Flow begins to separate, the point of separation on the body surface

is a point at which ∂uτ

∂~n
= 0, and hence the shear stress σw = 0. First two stationary

eddies appear behind the sphere (or cylinder) and as Re increases, the eddies become

unstable and start to break away in periodic fashion. For periodic flow the pressure

force dominates the shear force.

The shape of the body determines the relative magnitudes of the two force com-

ponents. Thus adding dimples to a surface of the solid body will change the drag

and lift. For unsteady flows with large Re ∼ 105 − 106 dimples reduce the drag by

lowering the critical Re at which flow becomes turbulent ([1, 3, 15, 32]), this result

is applied for instance in the golf ball production.



Chapter 4

Numerical method

4.1 Space discretization

4.1.1 Spectral collocation method

Among all spectral methods pseudospectral method became the most popular. It is

the easiest and most flexible in terms of implementation and yet provides spectral

convergence for smooth solutions. Pseudospectral methods are based on choosing

the set of collocation points and making the residual function to be zero at these

points. Consider an interpolating polynomial to the unknown function u(x) for the

set of n+ 1 collocation points {xj}nj=0

Pnu(x) =
n∑
j=0

u(xj)qj(x), (4.1)

where qj(x) are polynomials, satisfying qj(xi) = δji. Differentiating (4.1) s times at

collocation point xk we get a pseudospectral approximation of s-order derivation of

the function u(x) at this point:

dsPnu(xk)

dxs
=

n−1∑
j=0

u(xj)

[
ds

dxs
qj(x)

]
xk

=
n−1∑
j=0

u(xj)D
(s)
kj ,

here D
(s)
kj are entries of a pseudospectral differentiation matrix of the s-order deriva-

tive D(s).

Now we apply pseudospectral method to our problem. Since it is formulated

on a unit disk, the Chebyshev collocation method is used in radial direction while

31
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the Fourier collocation method is used in angular direction. Consider a unit disk

E = {(R, θ), 0 ≤ R ≤ 1, 0 ≤ θ < 2π}. The discrete domain EnM is defined, using

Fornberg’s pseudospectral approach for polar geometries [14]. In radial direction

consider N +1 Chebyshev Gauss-Lobatto nodes defined on the entire interval [−1, 1]

instead of the half-interval [0, 1]:

Rj = cos

(
πj

N

)
, j = 0, 1, ..., N, (4.2)

here N = 2n + 1 is an odd number. In this case nodes are clustered only near

the boundary R = 1 and unnecessary clustering of nodes near the origin R = 0

is avoided. There are several advantages of such node distribution (see [14]): CFL

condition is improved by avoiding clustering near the origin, so a larger time step

can be used in computations, also by taking an even number (N + 1) of Chebyshev

nodes the polar singularity problem is avoided, because the origin is excluded from

the discrete domain EnM , so that no additional polar conditions are needed. In the

angular direction consider M = 2m Fourier collocation nodes:

θk =
2πk

M
, k = 0, 1, ...,M − 1. (4.3)

Chebyshev pseudospectral differentiation matrix for an even number of nodes

defined by (4.2) can be found for example in [51] and is the following:

Dkj =



(−1)k+j

Rk−Rj

ak

aj
, k 6= j

− Rk

2(1−R2
k)
, 1 6 k = j 6 N − 1

2N2+1
6

, k = j = 0

−2N2+1
6

, k = j = N

, where aj =


2, j = 0, N

1, 1 ≤ j < N

(4.4)
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From (4.4) one may see that the Chebyshev pseudospectral derivative matrix is nei-

ther symmetric nor antisymmetric, that causes difficulties in computing the solution

of the algebraic linear system, resulting from Chebyshev pseudospectral approxima-

tion. For the second order derivative D(2) = (D)2 can be used.

The Fourier pseudospectral matrix for an even number of collocation nodes is:

DFkj =


0, k = j

(−1)k−j

2
cot((k − j)h

2
), k 6= j

The resulting matrix DF is antisymmetric. Entries of the Fourier pseudospectral

differentiation matrix of the second order for the same set of collocation nodes DF
(2)
kj

are

DF
(2)
kj =


− π2

3h2 − 1
6
, k = j

(−1)(k+1−j)

2 sin2( (k−j)h
2 )

, k 6= j

Note that DF (2) is a symmetric matrix.

Now we have all pseudospectral differentiation matrices to define approximations

for all differential operators of the problem (3.24-3.31).

4.1.2 Pseudospectral approximation of differential operators

To obtain pseudospectral approximation matrices for all differential operators ∂
∂R

, ∂
∂θ

and L = −∆ we use Trefethen’s approach [47], implemented for the Laplacian opera-

tor on the unit disk using tensor product operation for matrices (Kronecker product).

The mesh defined by (4.2-4.3) is such that the map from (R, θ) to (x, y) is 2-to-1

(see fig. 4.1 ). Using the symmetry condition

u(R, θ) = u(−R, (θ + π) mod 2π) (4.5)
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half of the domain [−1, 1]× [0, 2π] can be ignored, two options are shown on fig.4.2.

Figure 4.1: The map from [−1, 1]× [0, 2π] to a unit circle: two coordinate lines from
cartesian grid are mapped to the same line on the unit circle.

Now we show how it works. Consider the expansion of the k-th derivative of an

arbitrary function u in the radial direction using N + 1 collocation points, where

N = 2n+ 1:

u(s)(Rk, θ) =
N∑
i=0

D
(s)
ki u(Ri, θ) =

=
n∑
i=0

D
(s)
ki u(Ri, θ) +

N∑
i=n+1

D
(s)
ki u(−RN−i, θ) =

=
n∑
i=0

D
(s)
ki u(Ri, θ) +

n∑
i=0

D
(s)
k,N−iu(−Ri, θ) =

=
n∑
i=0

(
D

(s)
ki u(Ri, θ) +D

(s)
k,N−iu(Ri, (θ + π) mod 2π)

)
.

Here we applied the definition of Chebyshev grid points (4.2) to get RN−i = −Ri

and the symmetry condition (4.5). From the above result it is clear that only half of

Chebyshev collocation nodes is needed.
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Figure 4.2: Possible choices for computational domain

Following Trefethen, the region for R < 0 is discarded in the present work. The

collocation grid containing dim = (n+ 1)M points is defined by

EnM = {(Rj, θk), j = 0, 1, ..., n, k = 0, 1, ...,M − 1} , (4.6)

here Rj and θk are defined by (4.3) and (4.2) respectively, describes the discrete

domain, for an example of EnM see fig.4.3. Now for an arbitrary matrix A =[
a0 a1 ... an

]
with columns a0, a1, ..., an, define the operation of flipping a matrix

from left to right:

Ã =

[
an an−1 ... a0

]
.

Consider the Chebyshev pseudospectral matrix D defined in (4.4) and let D =D̄11 D̄12

D̄21 D̄22

, where D̄ij are (n + 1) × (n + 1) submatrices. Since the domain EnM

is defined for R > 0, we can discard parts D̄21 and D̄22 of the matrix D, but we

still need to include an effect of the discarded regions, and hence the submatrix

D̄12 is used in the approximation. Since the non-zero Dirichlet boundary conditions
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Figure 4.3: Mesh with collocation nodes on the unit disk

are used, values on the boundary are also included in the approximation. Define

rectangular n× (n+ 1) matrices D11 and D12, which are obtained from D̄11 and D̄12

respectively by excluding the first rows. Also define Il as identity matrices of size l,

and Zm is the zero matrix of size m. Then the approximation of the operator ∂
∂R

at

the interior points of the domain is

DR = D11 ⊗ IM + D̃12 ⊗ ÎM , (4.7)

here ÎM =

Zm Im

Im Zm

. The symbol ⊗ indicates matrix tensor product defined as
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follows: let A and B are two matrices of sizes n1 ×m1 and n2 ×m2 ,then

A⊗B =



a11B a12B ... a1m1B

a21B a22B ... a2m1B

... ... ... ...

an11B an12B ... an1m1B


is a n1n2 ×m1m2 matrix The approximation of the operator ∂

∂θ
is

Dθ = [zn In]⊗DF, (4.8)

here zn = (0, 0, ..., 0)︸ ︷︷ ︸
n

T is a zero vector.

Now we can write an approximation of the Laplacian (3.20). The Chebyshev

pseudospectral differentiation matrix of the second order is D(2) =

D̄(2)
11 D̄

(2)
12

D̄
(2)
21 D̄

(2)
22

.

Again we discard D̄
(2)
21 and D̄

(2)
22 and define D

(2)
11 , D

(2)
12 as n× (n+ 1) matrices, which

are obtained from D̄
(2)
11 and D̄

(2)
12 respectively excluding the first rows.

Now the approximation of the operator L = −∆ at inner points of the grid is

L = −[gRR](D
(2)
11 ⊗ IM + D̃

(2)
12 ⊗ ÎM)− 2[gRθ]DR(In+1 ⊗DF )−

[gθθ]([zn In]⊗DF (2))− [gR]DR,
(4.9)

here [gRR],[gRθ] and [gθθ] are diagonal matrices, where the diagonal elements are

coresponding contravariant metric tensor components (3.19) evaluated at collocation

grid points. The diagonal matrix [gR] is obtained using (3.21) at collocation grid

points.

In our problem both unknown functions ω and φ have non-zero values on the

boundary, hence all expansions include interior and boundary values. As a result
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matrix L approximating Laplacian at interior points is an nM × dim rectangular

matrix. For a non-dimpled surface ε = 0 the mixed derivative component of the

Laplacian is missing and the resulting matrix L has more zero entries than non-zero.

For a dimpled surface the resulting matrix is absolutely full (see fig.4.4). That leads

to a certain number of problems. Full O(N2) matrix requires N2 operations to fill it,

and takes a lot of computer memory space for storage, while sparse matrices resulting

from low order approximations need only O(N) operations and much less memory

space. It should be noted that the size of the grid in pseudospectral applications

is comparatively small, because of the high accuracy of the method, and hence the

size of the resulting approximation matrix is also much smaller, than those arising in

low order methods. To save storage space one can consider a matrix-vector product,

then entries of each row of pseudospectral matrix can be computed each time when

they are needed. In this case only one row at a time will be stored in memory. This

approach is very time consuming in macro-languages like Matlab, because loops are

very slow there, and it is better to store the whole matrix, than recompute row each

time. But matrix-vector product approach can be efficiently implemented in C++.

Also, when Chebyshev and Fourier polynomials are used, the so called FFT technique

can reduce the number of operation required in pseudospectral approximation to

N logN [51, 4]. The differential operator L = −∆ is positive definite (the dot

product ((Lx, x) > 0), and hence a pseudospectral approximation matrix of this

operator L has the same property.
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Figure 4.4: Sparsity of the Laplacian matrix for the problem with dimples (right)
and without dimples(left)

4.1.3 f(R) and outer collocation grid

Spectral methods based on orthogonal polynomials (Chebyshev) produce computa-

tional grids with collocation nodes that are more dense near the boundaries than in

the middle of the domain. Although this property works for boundary-layer prob-

lems, it may produce some difficulties for problems with large length scales. In the

present work the problem is solved on the infinite domain and collocation grid on

the physical domain is obtained by mapping from the unit disk. In radial direction

on the unit disk the grid spacing is 1
O(N2)

near the boundary and 1
O(N)

near the ori-

gin. To obtain grid points on the infinite domain Ω in radial direction we apply the

transform γ(θ)f(R), where f(R) maps Chebyshev nodes Rj from the half-interval

[0, 1] to the interval [1;∞) and satisfies the constrains defined in (3.14).

The easiest map f(R) = 1
R

satisfies (3.14), but gives a very inappropriate node

distribution on the infinite domain Ω. It is too dense near the boundary and doesn’t
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provide enough points away from the boundary (see fig.4.5). One can generalize it

to f(R) = 1
Ra and change the node distribution varying the parameter a, but the

resulting node distribution is still very uneven in the region close to the cylinder (2-3

diameters). To improve the grid we suggest to apply a combination of maps, one will

−5 0 5
−5

0

5
map 1/R, close look

−50 0 50
−50

0

50
map 1/R

−5 0 5
−5

0

5
map 1/R+b(1−R), close look

−50 0 50

−80

−60

−40

−20

0

20

40

60

80

map 1/R+b(1−R)

Figure 4.5: The difference in node distribution for maps f(R) = 1
R

+ b(1 − R) and
f(R) = 1

R
for the number of grid points r × θ = 41× 40.

provide nodes far from the surface of the cylinder, and another will give a more or

less even distribution of grid point near the cylinder. To get a nice spacing between

grid point near the cylinder we choose the linear map b(1−R), where the parameter

b is approximately equal to the radius of the circular domain which is covered with
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grid point, so if we want the region of 30 cylinder diameters being covered with ≈ 60

points, we take b = 30d = 60. In present study two maps were tested: one is a

combination of of the linear function and a power function:

f(R) = R−a + b(1−R), a, b > 0. (4.10)

and another is a combination of the same linear function and a logarithmic function:

f(R) = 1− a ln(R) + b(1−R), a, b > 0. (4.11)

After many experiments we concluded, that the map (4.11) gives more accurate

results, than the map (4.10), in both steady and unsteady computations.

4.2 Solution of algebraic linear systems

As result of pseudospectral approximation a system of linear equations with full,

non-symmetric and positive definite matrix is obtained:

Ax = b.

In case with no dimples A is sparse while for a dimpled domain it is full (see fig.4.4).

Solution of the system of linear equations with full matrix using direct method such

as Gaussian elimination takes at least N3 iteration for an N ×N matrix. Hence it is

sufficient to use an appropriate iterative method, which will give the solution with a

minimum number of iterations.

Iterative methods based on Krylov subspace [42] are usually used to solve linear

systems of equations. For a given initial guess x0 m-dimensional Krylov subspaces

Km are subspaces of the form

Km ≡ span{r0, Ar0, A2r0, ..., A
m−1r0}. (4.12)



CHAPTER 4. NUMERICAL METHOD 42

Here r0 = b − Ax0 is the initial residual. In simple words iterative methods based

on (4.12) find an approximation of A−1b by p(A)b, where p is a polynomial of degree

≤ m. Since pseudospectral approximation matrix is non-symmetric, Generalized

Minimum Residual Method (GMRES) can be applied. For a given initial vector x0

and the dimension of the Krylov subspace m, this method minimizes the residual L2

norm ‖ b− Ax ‖2 over all vectors x ∈ x0 +Km.

Spectral matrices based on Fourier-Chebyshev approximation are ill-conditioned,

meaning that the condition number k(A) = ‖A‖‖A−1‖ is large and grows extremely

fast with the number of nodes. In numerical linear algebra the condition number

is used to analyze convergence of the solution of the linear system, the larger the

condition number the slower an iterative method will work. For instance the condi-

tion number of the Chebyshev differentiation matrix for the second order problem

behaves like O(N4), where N is the largest degree of polynomial, where for finite

differences and finite volumes it is O(N2). In general it is difficult to give an accu-

rate estimate to the condition number for two and three-dimensional problems. As a

result of ill-conditioning it is necessary to use an effective preconditioner in iterative

methods, meaning that the preconditioned system

B−1Ax = B−1b

can be solved instead of the original one. Preconditioner B must be effective in im-

proving the condition number, cheap in computing and storing and easily invertible.

Finding the best preconditioning technique for a given linear system of equations is

usually an art. Lower order approximations such as finite differences [35, 20] and

finite elements [10] are often used as preconditioners for linear systems with pseu-
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dospectral matrices. Matrices resulting from low order approximation are sparse and

hence don’t need a lot of memory.

In the current work the second order finite difference approximations were used

for preconditioners. Finite difference matrices are the easiest and cheapest in com-

puting and storing. Inverting a finite difference matrix should be also inexpensive.

One of the simplest ways is to apply the incomplete LU factorization [42] of the

preconditioner B. Incomplete LU factorization computes sparse lower L and upper

U triangular matrices such that the residual LU − B satisfies some constrains. In

Matlab built-in incomplete LU factorization and GMRES procedure with precondi-

tioning can be used.

In this project the preconditioner for the spectral approximation matrix of the

operator L is needed. Following the same procedure, first we obtain finite difference

matrices for the first and second derivative in R and θ direction, then preconditioner

can be computed, using tensor product for matrices. The main problem is that the

same unevenly spaced grid has to be used for the finite difference approximation in

radial direction. For Chebyshev Gauss-Lobatto nodes Rj = cos(πj
N

), j = 0, 1, ..., N

define hRj = Rj+1 − Rj, j = 0, 1, ..., N , then centered second order finite difference

approximation of the first and second derivatives of some function f(R)[4] in radial

direction are

∂f(Rj)

∂R
=

[
− hRj

hRj−1(hRj−1+hRj)

]
fj−1 −

[
1

hRj−1
− 1

hRj

]
fj+[

hRj−1

hRj(hRj−1+hRj)

]
fj+1,

(4.13)

∂2f(Rj)

∂R2 =
[

2
hRj−1(hRj−1+hRj)

]
fj−1 −

[
2

hRj−1hRj

]
fj+[

2
hRj(hRj−1+hRj)

]
fj+1.

(4.14)
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Using (4.13-4.14) finite difference matrices Dfd and D
(2)
fd are constructed.

Usual second order finite difference approximations for an evenly Fourier colloca-

tion grid θk = 2πk
M

are used to find finite difference matrices DFfd and DF
(2)
fd . Then

a finite difference approximation of the operator L is computed similar to (4.9) using

finite difference matrices.

4.3 Solution of the steady problem with Newton’s method

There are two basic methods used for numerical solutions of steady (flow doesn’t

change with time) fluid flow problems. The first one involves integrating the time-

dependent equations until the steady state solution. Another approach is to solve

the steady Navier-Stokes system using a non-linear solver.

The steady Navier-Stokes system is

Lω = ReG(ω, φ) in E,

Lφ = ω in E,

φ = q(θ) on ∂E,

∂φ
∂R

= h(θ) on ∂E,

(4.15)

here q(θ) = −γ(θ) sin θ and h(θ) = −f ′(1)γ(θ) sin θ.

One popular technique to solve steady Navier-Stokes problems is the Newton’s

method, which provides quadratic convergence, if an initial guess is close enough

to the solution. Hence, it is usually possible to obtain solutions of the discrete

equations with relatively small number of non-linear iterations. But there are several

difficulties: the initial guess can not be completely arbitrary, it should be close enough

to get convergence. Another problem is when the standard Newton’s method is
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applied, the Jacobian matrix for the linear system of equations must be recomputed

at each iteration. Hence in case of pseudospectral approximation the computation

and inverting of the Jacobian is especially expensive, because the matrix is full. As

an alternative one can implement a modification of the Newton’s method, where the

Jacobian is computed only once with an initial guess and used in all iterations, but

convergence of this method is only linear and it is even more sensitive to the initial

guess. Boyd [4] suggests that applying Newton’s method directly to a differential

equation and then approximating the result with spectral method can slightly reduce

the magnitude of the problem with Jacobian.

Let F (u) be a general non-linear differential operator, then F (u) = 0 is a system

of differential equations, that has to be solved. Newton’s method is based on the

generalized Taylor’s series of a non-linear operator F (u):

F (u+ δu) = F (u) + Fu(u)δu+O(δu2) = 0, (4.16)

where Fu(u) is the Frecher differential of the non-linear operator, defined by

Fu(u)δu = lim
ε→0

F (u+ εδu)− F (u)

ε
. (4.17)

From the Taylor’s series expansions (4.16)

δu = −F−1
u (u)F (u) + F−1

u (u)O(δu2)

and u+ δu is an approximation of the solution of F (u) = 0. Starting with an initial

guess u0 the Newton’s iteration

δun = −F−1
u (un)F (un), (4.18)

un+1 = un + δun (4.19)
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is performed until ‖δun‖ < tol, where tol - is a small enough tolerance.

Here we implement the full Newton’s method to the steady non-linear problem

(4.15). First we define the non-linear differential operator

F (ω, φ) =

 Lω −ReG(ω, φ)

Lφ− ω

 (4.20)

Now F (ω, φ) = 0 is the system of differential equations in (4.15). Taking the deriva-

tive of the operator F (ω, φ) we get

JF (ω, φ) =

L−ReGω(φ) −ReGφ(ω)

−I L

 (4.21)

Here I is an identity operator and

Gω(φ) =

(
1

|J |
∂φ

∂R
+
J21

|J |

)
∂

∂θ
−

(
1

|J |
∂φ

∂θ
+
J22

|J |

)
∂

∂R
(4.22)

Gφ(ω) =
1

|J |

(
∂ω

∂θ

∂

∂R
− ∂ω

∂R

∂

∂θ

)
(4.23)

Since the initial guess (ω0, φ0) can be far from the solution, the Newton step

Sn = −JF (ωn, φn)−1F (ωn, φn) can be large and method may diverge. An alternative

way is to use the Newton’s method with backtracking [24]:

δ[ωn, φn]T = λnSn (4.24)

here δ[ωn, φn]T = [ωn+1, φn+1]T − [ωn, φn]T . The parameter 0 < λn 6 1 is initially

set to 1 and its value decreases by the half until the condition

‖F ((ωn, φn)T + λnSn)‖2
2 < ‖F (ωn, φn)‖2

2 + αλn∇F (ωn, φn)‖2
2 · Sn (4.25)

is satisfied for some small α ∼ 10−3− 10−4. So, if the parameter λn = 1 we are close

to the solution and if λn << 1 we are far from it. Note, that

∇‖F (ωn, φn)‖2
2 · Sn = 2F (ωn, φn)T∇F (ωn, φn)(−∇F (ωn, φn)−1F (ωn, φn)) =
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−2F (ωn, φn)TF (ωn, φn) = −2‖F (ωn, φn)‖2
2 6 0.

Hence we can rewrite (4.25)

‖F ((ωn, φn)T + λnSn)‖2
2 < (1− 2αλn)‖F (ωn, φn)‖2

2 (4.26)

To implement boundary conditions the Newton’s iteration (4.24), we must take the

initial guess, that satisfies boundary conditions. Hence we should provide φ0, that

satisfies two boundary conditions in (4.15): one is a Dirichlet and another is Neuman

condition. For the Dirichlet condition we take δφn = 0 and for the Neuman ∂δφn

∂R
= 0.

To define the linear system of equations, resulting from the pseudospectral ap-

proximation of the Newton’s iteration (4.24) we represent unknown function as

ω = (ωb, ωin)
T and φ = (φb, φin)

T , where indices ”b” and ”in” denote values at

boundary and inner collocation points respectively. Then the pseudospectral ap-

proximation of the differential operator (4.20) is

F =



DRbφ− h(θb)

Lω −ReG(ω, φ)

φb − q(θb)

Lφ− ωin


(4.27)

here DRb is a pseudospectral approximation matrix of the operator ∂
∂R

at boundary

collocation points, L is a pseudospectral matrix defined in (4.9) for inner points

and G(ω, φ) is a pseudospectral approximation of the nonlinear term (3.26) at inner

points.
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The approximation of the Jacobian (4.21) is

JF =



ZM,dim DRb

L−ReGω(φ) −ReGφ(ω)

ZM,dim IM,dim

−InM,dim L


(4.28)

where ZM,dim is a rectangular M×dim zero matrix, IM,dim is a matrix that consists of

first M rows of the identity matrix of size dim, and InM,dim consists of last nM rows

of the same identity matrix, Gω(φ) and Gφ(ω) are rectangular matrices, resulting

from the pseudospectral approximation of operators (4.22-4.23), and recomputed at

each Newton step with new φ and ω. At each Newton step n the following problem

is solved

JnF

 dωn

dφn

 = −λnF n

ωn+1 = ωn + dω, φn+1 = φn + dφ

(4.29)

until the sufficient condition (4.26) is satisfied.

Damped Newton’s algorithm with backtracking:

Let n = 0 and the initial guess is (ω0, φ0)

• compute Fn = F (ωn, φn) by (4.27);

• WHILE ‖Fn‖2 > β:

1. compute the Jacobian JnF = JF (ωn, φn) by (4.28) (note, that only Gω and

Gφ in (4.28) should be recomputed at each iteration);

2. take λn = 1;
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3. solve (4.29);

4. compute Fn+1 = F (ωn+1, φn+1) by (4.27);

5. WHILE ‖Fn+1‖2
2 > (1− 2αλn)‖Fn‖2

2

– take λn = λn/2;

– solve (4.29);

– compute Fn+1 = F (ωn+1, φn+1) by (4.27);

END WHILE;

6. n = n+ 1;

END WHILE.

As we increase the Reynolds number (Re > 30) the Newton’s method with back-

tracking often diverges, unless a very fine grid is taken or the initial guess is very

close to the solution. Since taking a large grid is very expensive, so the best approach

here is to define a good initial guess. The solution for the lower Re can be used as

an initial guess. We define the initial guess by running several iterations of the time

code, it is very inexpensive, because the semi-implicit time iteration takes much less

time then Newton iteration.

4.4 Solution of the unsteady problem

4.4.1 Time discretization

The time discretization is usually based on finite difference methods. Hence, the

high order accuracy of spectral methods is restricted by the lower accuracy of the
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time integration. Very few attempts are made to derive spectral approximations in

time [18], and an obvious reason is that the computational cost, including memory

and time, is too large. To preserve the high accuracy of the spectral method it is

recommended, that at least a third order time scheme is used especially for highly

unsteady flows [37].

Solution of the second order time-dependent problems with spectral method,

using an explicit scheme, requires a very small time-step for stability (∆t ∼ Re
N4 ,

where N is the highest degree of polynomial), otherwise method will diverge. On

the other hand fully implicit methods have better stability properties. But they

are too expensive, because a set of non-linear equations has to be solved at each

time step. Implicit methods are usually applied for flows with variable density ρ

(compressible flows) or viscosity µ. When the coefficients of the linear operator

(here Laplacian) are time independent the semi-implicit are generally applied [37].

Semi–implicit methods, where diffusive term (Laplacian) of the vorticity equation

is treated implicitly and the non-linear term is treated explicitly, are a good choice

for laminar problems. Using semi-implicit methods overcomes the problem of severe

restriction on the time-step which occurs in explicite methods, where the influence of

the diffusive term is sufficient. In this project we apply Adams–Bashforth/Backward–

Differentiation method [37]. Consider the vorticity equation:

∂ω

∂t
+

1

Re
Lω = G(ω, φ) (4.30)

Linear part of the equation (4.30) is treated implicitly. An implicit k-th order

Backward-Differentiation schemes are used for the discretization of time derivative
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of the vorticity:

∂ω

∂t
=

1

∆t

k∑
j=0

ajω
l+1−j

Explicit Adams-Bashforth schemes are used for time discretization of the non-linear

part of the Navier-Stokes system. The application of the general AB/BDIk to equa-

tion (4.30) gives:

1

∆t

k∑
j=0

ajω
l+1−j +

1

Re
Lωl+1 =

k−1∑
j=0

bjG(ωl−j, φl−j) (4.31)

The table of coefficients aj and bj for 2,3,4 order AB/BDI schemes can be found

in Peyret’s book (see table 4.4 in [37]).

Let f l+1 =
∑k−1

j=0 bjG(ωl−j, φl−j) − 1
∆t

∑k
j=1 ajω

l+1−j , then the following linear

problem has to be solved at each time level:(
a0

∆t
+

1

Re
L

)
ωl+1 = f l+1 in E (4.32)

Lφl+1 = ωl+1 in E (4.33)

φl+1 = q(θ) on ∂E (4.34)

∂φl+1

∂R
= h(θ) on ∂E (4.35)

Equations (4.32) for the second,third and fourth order approximations in time

are:

k=2:(
3

2∆t
+

1

Re
L

)
ωl+1 = 2G(φl, ωl)−G(φl−1,ωl−1

) +
2

∆t
ωl − 1

2∆t
ωl−1

k=3:(
11

6∆t
+

1

Re
L

)
ωl+1 = 3G(φl, ωl)− 3G(φl−1, ωl−1) +G(φl−2, ωl−2) +

3

∆t
ωl−
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− 3

2∆t
ωl−1 +

1

3∆t
ωl−2

k=4:(
25

12∆t
+

1

Re
L

)
ωl+1 = 4G(ωl, φl)− 6G(ωl−1, φl−1) + 4G(ωl−2, φl−2)−

−G(ωl−3, φl−3)− 1

∆t

(
−4ωl + 3ωl−1 − 4

3
ωl−2 +

1

4
ωl−3

)
Although all 3 time schemes are implemented, most numerical experiments were

carried out with AB/BDI3. It means that we use a high order approximation in

space and third order in time. It allows as to get the solution for the flow past

smooth cylinder with error of accuracy ∼ 10−4 on the 41× 40 grid for the time step

0.01 ≤ ∆t ≤ 0.025.

4.4.2 Influence matrix method

The vorticity-streamfunction formulation of the fluid flow problem provides two no-

slip boundary conditions for the streamfunction, but none for the vorticity. In ap-

plications of spectral methods to the Navier-Stokes problems the influence matrix

method is commonly used to impose boundary conditions for the vorticity [50, 7, 49]

or the pressure [28, 51] implicitly.

When the influence matrix method is applied, the solution (ω, φ) = (ωl+1, φl+1)

of the discrete problem

Aω = 0 in EN,M (4.36)

Lφ = ω in EN,M (4.37)

φ|(1,θj) = q(θj) (4.38)

∂φ

∂R
|(1,θj) = h(θj) (4.39)
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is decomposed by

ω = ω̃ +
M∑
k=1

ξkωk, φ = φ̃+
M∑
k=1

ξkφk (4.40)

Here (ω̃, φ̃) is the solution of the problem:

Aω̃ = f in EN,M

Lφ̃ = ω̃ in EN,M

ω̃|(1,θj) = 0

φ̃|(1,θj) = q(θj)

(4.41)

and (ωk, φk) are solutions of problems:

Aωk = 0 in EN,M

Lφk = ωk in EN,M

ωk|(1,θj) = δkj

φk|(1,θj) = 0

(4.42)

One can easily show that the final solution (4.40) satisfies the problem (4.36-4.39)

Aω = Aω̃ −
M∑
k=1

ξkAωk = f

Lφ = Lφ̃−
M∑
k=1

ξkLφk = ω̃ +
M∑
k=1

ξkωk = ω

φ|(1,θj) = φ̃|(1,θj) +
M∑
k=1

ξkφk|(1,θj) = q(θj)

and ω|(1,θj) = ω̃|(1,θj) +
∑M

k=1 ξkωk|(1,θj) = ξj. The influence of the boundary vorticity

is represented by the influence matrix. Solving the linear system with the influence

matrix the values ξj are determined. To construct the influence matrix the second

boundary condition for the stream-function (4.39) is used:

∂φ̃

∂R
|(1,θj) +

M∑
k=1

∂φk
∂R

|(1,θj)ξk = h(θj)
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or

WΞ = g (4.43)

Where Ξ = (ξ1,...,ξM)T , g = (h(θ1) − ∂φ̃
∂R
|(1,θ1), ..., h(θM) − ∂φ̃

∂R
|(1,θM ))

T , and W is the

influence matrix with entries

wj,k =
∂φk
∂R

|(1,θj) (4.44)

Note that the system (4.36-4.39) is solved only once at the beginning, and the influ-

ence matrix is computed by (4.44) and used to update the boundary values of ω by

(4.43). When the influence matrix method for the time problem was implemented,

it turned out to be very slow for our computation, especially for the case with dim-

pled geometry. The reasons are, that in addition to storing the inverted influence

matrix and solving (4.43), we need either to store matrices of solutions of homoge-

nous problem (4.42) or recompute the system (4.41) with boundary conditions for

the vorticity, obtained from (4.43). To speed up the solver, the coupled system of

equations involving two boundary conditions for φ is solved instead.

4.4.3 An alternative solution of the discretized problem

When the influence matrix method is applied to the unsteady problem, discretized

by semi-implicit AB/BDIk, the vorticity and streamfunction equations are solved

separately one after another, the solution of the same problem by including both no-

slip conditions as described for the steady problem in sec. 4.3 takes both equations

into the same algebraic linear system of equations.

Let ω = (ωb, ωin)
T and φ = (φb, φin)

T , where indices ”b” and ”in” denote values

at boundary and inner collocation points respectively and L is a pseudospectral
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approximation operator −∆(4.9). Consider the pseudospectral approximation of the

system (4.32): 

ZM,dim DRb

Dt +
1
Re
L ZnM,dim

ZM,dim IM,dim

−InM,dim L





ωb

ωin

φb

φin


=



h(θb)

f l+1

q(θb)

nM


(4.45)

First rows of upper and lower blocks of the system (4.45) represent the approximation

of two no-slip boundary condition, second rows are approximations of time discretized

equations from (4.32). As in sec.4.3, ZM,dim is a rectangular M × dim zero matrix,

IM,dim is a matrix that consists of first M rows of the identity matrix of size dim, and

InM,dim consists of last nM rows of the same identity matrix. Also Dt = a0

∆t
InM,dim

is a rectangular matrix, f l+1 =
∑k−1

j=0 bjG(ωl−j, φl−j) − 1
∆t

∑k
j=1 ajω

l+1−j
in , where

G(ωl−j, φl−j) are pseudospectral approximations of the non-linear operator (3.26)

at inner collocation points using computed values of ωl−j and φl−j from k previous

time steps, znM is a zero vector of size nM .

Solving the algebraic linear system of equations (4.45), using iterative solver

GMRES with finite difference preconditioner, at each time level l, the solution at

each time l∆t is obtained. Since the final algebraic system of equations includes

boundary values, the unknown vorticity on the boundary ωb is updated automatically

with each solution of (4.45).



Chapter 5

Numerical experiments

Numerical algorithms for steady and unsteady flow simulations were implemented in

Matlab. Because the flow past circular cylinder has a long history of experimental

and numerical studies [9, 11, 13, 45, 48, 54], it was used as a benchmark to test our

method for the steady or unsteady flow simulations.

In this chapter we present results of simulations of flows past cylinders with

different number of dimples. The major reason for numerical solutions of the steady

flow problem is to obtain the information on the nature of theoretical study as Re→

∞. Solutions, obtained by integrating the steady system (4.15), represent symmetric

flow with two steady vortices behind the cylinder even for Re, at which experimental

and unsteady flow simulations perform the Karman vortex street [11, 13, 45]. Hence,

to determine values of Re at which flows past dimpled cylinders become periodic, we

use the unsteady solver.

In our experiments we fix parameters a and b of the map (4.11). Since parameter

a contributes to the node distribution far from the cylinder we choose different value

for two flow regimes: a = 2 for the steady simulations and a = 1 for the unsteady

flow simulations. Parameter provides nearly uniform node distribution in a region

around a cylinder and is equal to 60 in all computations.

56
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5.1 Steady flow simulations

5.1.1 Spatial accuracy

To demonstrate the high order of spatial approximation a series of numerical experi-

ments for the flow past a smooth cylinder at Re = 10 were carried out. Convergence

in radial and angular direction were studied separately.

To show the convergence in angular direction the number of Chebyshev modes

and their distribution after the mapping (4.11) are fixed. We take the number of

Chebyshev nodes n + 1 = 41 and the number of Fourier nodes θk, k = 0, ..., 2m is

varied with 32 ≤ m ≤ 120. Simulations were carried out for the Re = 10 and the

vorticity at two distinct collocation points from the close to the cylinder region was

evaluated.

40 60 80 100
10

−8

10
−6

10
−4

10
−2

10
0

M

er
ro

r

– – – error at the point
(
f(cos(2π/81), π

8

)
;

——– error at the point
(
f(cos(5π/81),−π

4

)
Figure 5.1: Angular convergence of relative error |ω120 − ωM |/|ω120| on the grid
r × θ = 41×M for the flow at Re=10.
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To show the convergence in radial direction we fix the nodes distribution in the

angular direction at M = 60. Again we consider the flow at Re = 10. Since the dis-

tribution of Chebyshev points is uneven and their positions are different for distinct n

unless doubled n is taken for each experiment. Since we are using the pseudospectral

method where functions are approximated using Fourier and Chebyshev expansions

a function at any R̄ can be easily computed using its values at collocation points:

u(R̄, θk) =
n∑
i=0

[
qi(R̄)u(Ri, θk) + qN−i(R̄)u(Ri, θk+m)

]
, (5.1)

where qi are Lagrange polynomial for the set of Chebyshev collocation points {Ri}Ni=0

defined by (4.2) at which gi(Rk) = δki and m = M/2.

– – – errorω along the coordinate line with R̄ = R9 = cos(10π/201);
——– errorφ along the coordinate line with R̄ = R19 = cos(20π/201).

Figure 5.2: Radial convergence of relative errors |u100 − un|/|u100|, u = ω, φ on the
grid r × θ = (n+ 1)× 60 for the steady flow at Re=10.

Series of simulations for 40 ≤ n ≤ 100 are performed. Solution on the mesh

(n+ 1)×M = 101× 60 is taken as a reference solution. First we evaluate ω and φ
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along some fixed coordinate lines with R̄ = Rk. For 40 ≤ n ≤ 80 values of ω and φ

are interpolated to points on the coordinate line R̄ using (5.1) and the relative error

with reference solution is computed.

Results of numerical experiments show nice convergence properties of pseudospec-

tral approximation. From the experiments we conclude that the coarsest mesh pro-

viding the accurate result for the steady flow problem for Re ≤ 20 is 41 × 40. For

larger Re (20 < Re ≤ 40) one should take a mesh of size 61× 60 as a coarsest. For

the flow with zero Re (linear problem) the accuracy of the solution is ∼ 10−14 on a

mesh of any size ≥ 21× 20.

5.1.2 Steady flow past a smooth cylinder

As a benchmark of the steady solver, simulated flows were compared with experi-

mental and numerical results reported in the literature [9, 11, 13, 36, 40, 45, 48]. For

the steady fluid flow past a circular cylinder, the characteristic quantities usually

include the drag coefficient CD, the separation angle θs and the wake length Lw.

Drag is computed by (3.46) using trapezoidal rule. The reason to use trapezoidal

rule and not a higher order method, like say Simpson’s rule, is because the integrated

functions are smooth and periodic. For smooth periodic functions trapezoidal rule

is spectrally accurate, so there is no need in higher order ones [53]. As it was men-

tioned in sec.3.3 the separation angle θs can be determined from zero-vorticity at the

surface of the cylinder. The wake length, Lw is the distance between the rear of the

cylinder to the end of the separated region. The most accurate way is to use values

of the x-component of the velocity u along the x-coordinate line. The x value, at

which u changes its sign from negative to positive, gives the end point of the wake
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∗ – Dennis & Chang [11].

Figure 5.3: Vorticity on the boundary for different Re.

xs, then Lw = xs − d/2, where d is the cylinder diameter.

For small Reynolds values between 0 and 20 it is enough to take a grid of size

31 × 30 the computational grid to get convergence. As we increase Re number the

grid required for convergence becomes larger. In present simulations largest grid size

is 81× 80, that is more than enough for steady flow computations for 0 < Re < 50.

The variation of the vorticity on the cylinder surface as a function of Re is shown

on fig.5.3. Results for Re = 5, 10, 20, 40 agree with those given by Dennis and Chang

[11] and Fornberg [13] (see fig.5.3).

As a demonstration of how the steady flow changes with Reynolds number, we

show numerical results for Re = 10, 20, 40 on fig.5.4. Results indicate that the wake

behind the cylinder (see. fig.5.5) increases linearly with Re. Applying least square

fitting to numerical results of the wake length, we find the straight line equation,
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which has a form:

Lsmooth(Re) = 0.0672Re− 0.4091

The difference between the straight line and numerical data is shown on fig.5.6.

The decaying of the drag coefficient CD and the grows of the angle of separation are

shown on fig.5.1 and fig.5.7 respectively. These results have a good agreement with

results of other authors.

Re = 20 Re = 40
CD θS Lw/d CD θS Lw/d

Tritton [48] (exp) 2.22 - - 1.48 - -
Coutanceau &
Bouard[9] (exp) - 44.8 0.93 - 53.5 2.13

Takami & Keller[45]
(num) 2.0027 43.65 0.935 1.5359 53.55 2.325

Dennis & Chang [11]
(num) 2.045 43.7 0.94 1.522 53.8 2.345

Fornberg [13]
(num) 2.0001 - 0.91 1.4980 - 2.24

Ramšak et al. [40] (num)
N(bound. elem.)=112.500 2.14 43 0.94 1.59 53.3 2.27
Pacheco et al. [36] (num) 2.08 - 0.91 1.53 - 2.28

current study 2.1126 43.27 0.9236 1.5119 53.1 2.24

Table 5.1: Experimental and numerical results of the drag coefficient CD, separation
angle θS and the ratio of the wake length Lw over the diameter d for Re=20,40

For flows at Re ≤ 40 the same results are obtained by running the unsteady code

with the same parameters (grid size and coefficients in the transformation f(R)).

5.1.3 Steady flow past a dimpled cylinder

Here we present several experiments for dimpled cylinder. In order to have enough

memory space to store dense matrices experiments were carried for the number of
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Re=10. Grid size R× θ = 50× 60.

Re=20. Grid size R× θ = 60× 60.

Re=40. Grid size R× θ = 60× 80.

Streamlines (left) and vorticity (right) contours at Re=10,20,40. Stream contours
are -2: 0.2: 2, -0.1: 0.02: 0.1, and -0.002: 0.0002: 0.002(Re=10), -0.01: 0.002:

0.01(Re=20), -0.016: 0.008: 0.016(Re=40). Vorticity contours are -2: 0.1: 2 for all
cases.

Figure 5.4: Steady flow past a smooth cylinder.
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Figure 5.5: The wake length as a function of Re for a smooth cylinder.

0 10 20 30 40 50
0

0.5

1

1.5

2

2.5

3

Re

L w

− · − - numerical data;
− - fitting line Lls for numerical data

Figure 5.6: Numerical results for the wake length vs the linear function, obtained
using least squares for the numerical data, for the steady flow past a smooth cylinder.
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∇ - Coutanceau & Bouard[9].

Figure 5.7: The separation angle as a function of Re for the steady flow past a
smooth cylinder.
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Figure 5.8: The drag coefficient as a function of Re for the steady flow past a smooth
cylinder.
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dimples 4 ≤ c ≤ 12. For the larger amount of dimples the grid size has to be large

enough to handle small scale vortices, which are formed by small size dimples. It

was observed that the number of grid point per dimple in angular direction M has

to be 5 or 6 in order to obtain reasonable results with good resolution of the flow.

First we perform flow pictures at fixed Re = 10 for different number of dimples

c with the size of dimples, computed by

ε =
π

4c

which means the depth of each dimple (= 2ε) is 2 times smaller then its width (= π
c
).

Resulting flow picture are presented on fig.5.9.

To study the influence of dimples on a steady state flow characteristics we per-

formed series of computations: a. for c = 4 and b. for c = 8, with ε = π
c2

in both

cases. Varying the 10 ≤ Re ≤ 40 we recorded the drag coefficient CD, the separation

angle θs and the wake length Lw (see fig. 5.10, 5.11 an 5.12).

Applying least square fitting to numerical results for the wake length behind

dimpled cylinders, we find the straight line equations. The line for the cylinder with

4 dimples is

Lc=4(Re) = 0.1070Re− 0.4499,

and for for the cylinder with 8 dimples it has the following equation

Lc=8(Re) = 0.0645Re− 0.3167
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c=4:
Streamfunction Vorticity

c=8:
Streamfunction Vorticity

c=12:
Streamfunction Vorticity

Figure 5.9: The flow past dimpled cylinders with various number of dimples c and
size of dimples ε = π

4c
at Re=10.



CHAPTER 5. NUMERICAL EXPERIMENTS 67

10 15 20 25 30 35 40
20

30

40

50

60

70

80

Re

θ s

-∗- -smooth cylinder;
-O- - test a;
-∇- - test b.

Figure 5.10: The separation angle of the steady flow past smooth and dimpled
cylinders.
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Figure 5.11: The drag coefficient of the steady flow past smooth and dimpled cylin-
ders.
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Figure 5.12: The wake length of the steady flow past smooth and dimpled cylinders.

5.2 Simulations of the unsteady flow

For the unsteady periodic flow Re=100 is taken for the numerical validation and

comparison with numerical results from other publications [27, 29, 36]. The charac-

teristic quantities that were compared are the drag CD and lift coefficient CL, which

were computed by (3.46-3.47), and the Strouhal number St. The dimensionless fre-

quency, known as the Strouhal number, is given by St = fd
U

, where D is the cylinder

diameter and U is the freestream velocity. The parameter f is the frequency of the

vortex shedding. To measure this quantity the values of the x-velocity at a point

downstream of the cylinder at each time iteration were used. The easiest way, to

compute the frequency f is to use the time between peaks of the x-velocity. An

alternative way is to use a Fast Fourier Transform (FFT) of the x-velocity data over

a given number of iterations, which easily can be done in Matlab.

The evolution of the flow past a smooth cylinder at Re = 100 is presented on fig.
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CD CL St
Ramšak et al. [40]

N(bound. elem.)=112.500 1.286 0.149 0.168
Pacheco et al. [36] 1.41 - 0.167
Kim and Choi [27] 1.336 0.233 -
St̊alberg et al. [29] 1.32 0.33 -

Present study 1.3373 0.215 0.1639

Table 5.2: Numerical result for the lift and drag coefficients and Strouhal number at
Re = 100

5.15-5.14. The grid size here is 41×60 and the time step is 0.02. If we take too small

time step periodical flow oscillations get dumped, the same behavior of the flow is

mentioned in [40].
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Figure 5.13: Drag (left) and lift (right) coefficients for the flow past smooth cylinder
at Re=100

In the unsteady case the flow is non-uniform at large distances from the cylinder

and has a complex structure. Hence to simulate this flow the grid should be more

dense, than in the steady case. The smallest grid used in spectral discretization of

the cylinder flow problem in literature is 81 × 100 [33]. In our tests we used grids

with sizes from 41× 40 to 61× 60.

Now we present some flow simulations for dimpled cylinders. A flow past cylinders
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Figure 5.14: Evolution of the flow past smooth cylinder at Re=100
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Figure 5.15: Evolution of the flow past smooth cylinder at Re=100(continue)
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with 4 and 12 dimples were considered. The size of dimples ε was computed fromthe

relation ε = π/c2, where c in the number of dimples. The grid size was 51× 48. The

flow at Re = 45 was simulated for the cylinder with 4 dimples (see fig. 5.17 and

5.16), and at Re = 50 for the cylinder with 12 dimples.

t=231 t=234

t=237 t=240

Figure 5.16: Evolution of the flow past a cylinder with 4 dimples at Re=45: vorticity.
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Figure 5.17: Evolution of the flow past a cylinder with 4 dimples at Re=45: stream-
function.
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Figure 5.18: Evolution of the flow past a cylinder with 12 dimples at Re=50: stream-
function.
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Conclusions and future work

The contributions of this thesis are the following:

• The highly accurate pseudospectral method was applied to the external flow

problem with irregular semi-infinite geometry. The collocation grid was defined

on the unit disk using Fourier nodes in angular direction and Chebyshev nodes

in radial direction. To solve the problem the transformation from the unit disk

to the irregular semi-infinite domain was presented.

• The problem of flow past a dimpled cylinder was formulated on the semi-

infinite domain instead of using truncated domain [33, 36, 40]. As a result we

avoided the problem of choosing the size of the domain around a cylinder and

formulating outer boundary conditions. High order method like pseudospectral

methods are very sensitive to the accuracy of farfield boundary conditions and

the distance of the farfield boundary from the body. Hence solving the problem

on the entire semi-infinite region plays an important role in the accuracy of the

solution.

• In this thesis we proposed the method which has a certain geometrical flex-

ibility. Different shapes of cylinders can be taken by varying the boundary

function γ(θ) as long as it is symmetric with respect to the origin.

• Also our method has certain flexibility in defining an outer collocation grid.

75
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Coordinate transformations are written in general form using metric tensor

components. The distribution of outer collocation nodes in radial direction

cab by varied by changing the map f(R) : [0, 1] → [1,∞]. It was found in this

project that proper definition of the function f(R) plays an essential role in the

solution of the problem. After carrying out many numerical experiment with

different functions f(R) it was noticed that the best were obtained when the

function of the form 1 − aln(R) − b(1 − R) was used. This function provides

a mesh which is nearly uniform in a region close to a cylinder (the area of

≈ b radiuses of a cylinder) and sparse enough far from the body. Hence the

mesh has a good resolution in a region with vortices and yet takes into account

the flow far from a cylinder. We don’t claim that it is the very best choice,

but result of experiment with this function showed good agreement with other

authors.

The steady solver has been validated by computing flow past a smooth cylinder

and good agreement of characteristic parameters, like wake length, separation angle

and drag coefficient is obtained with established experimental and numerical results

[9, 11, 13, 36, 40, 45, 48]. Furthermore, the spectral accuracy has been shown in

both angular and radial directions.

The unsteady solver has been tested by computing the Strouhal number, drag

and lift coefficients for a flow past a smooth cylinder, and showed good agreement

with results in [27, 29, 36, 40].

The following future work can be done as a continuation of this project:

• A better research and analysis in defining the outer grid and the function f(R)
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can be done.

• Further improvement of the presented method can be done by defining an

uneven distribution of angular nodes. Then we can get finer grid for the region

behind a cylinder, then for the front area. One way of defining an uneven

distribution for periodic problems is to use arctan / tan map suggested by Boyd

[4]. For a function that is periodic in θ with period 2π such map has a form:

ξ(θ) = 2 arctan

(
K tan

θ

2

)
, θ ∈ [−π, π]

here K is a stretching parameter. If we take evenly spaced θk, then ξ(θk)

will give us an unevenly spaced grid points with clustering near 0. Hence we

can get finer grid behind a cylinder, where flow has a complex structure, and

coarser grid elsewhere. We believe, that this should improve the efficiency of

the present method in term of memory, because the total number of grid points,

required to get an accurate result will be smaller.

• Presented method for the steady flow simulations can be used to find critical

Reynolds number at which symmetric steady flow becomes periodic. It is well

known that transition to periodic behavior as Re varies corresponds to a Hopf

bifurcation where a complex pair of eigenvalues of the Jacobian matrix of the

Navier-Stokes equations crosses the imaginary axis. This problem was studied

using low order method, for example Jackson in [25] determined critical Re

for the smooth cylinder using FEM. The critical Reynolds number for dim-

pled cylinder of various shapes and convergence of Rec with the number of

collocation point can be studied.
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• It is also important to address the problem of stability of the unsteady solution

for the flow past dimpled cylinders.

• Flow past rotating cylinder with dimples can be simulated.

• Simulation for large Re > 200 can be studied. In this case three-dimensional

model has to be considered [54].

This work shows that using global approximation methods over an entire domain

is very expensive in terms of CPU time and computer memory. As an alternative to

get high order approximations of PDEs either spectral element [4, 37, 49] or spectral

volume method [52] can be employed. These methods are based on unstructured grids

with curvilinear elements, where spectral approximations are used on each element.

These methods are geometrically flexible and approximation matrices are sparse with

full blocks, which correspond to spectral elements. This work is an important step

for the further research in high order methods for problems with complex geometry.
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