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Abstract 

The purpose of this study is to contribute to the area of mechanism design and 

optimization of a single-degree-of-freedom leg mechanism. The leg mechanism is 

considered to be very energy efficient especially when walking on rough terrains. 

Furthermore, the mechanism requires very simple controls since a single actuator is 

required to drive the leg. Previous work in this area had common focuses. First, the 

optimization was set up to change the length of each link directly. This can be time 

consuming since there is no structure other then changing the lengths and seeing how it 

affects the outcome. Second, a static analysis was used to determine the forces acting on 

the links and joints as well as the torque applied to the crank. This study focuses on the 

use of mechanism design theory to synthesize each solution, which is then used to 

determine the configurations of the links. The use of mechanism design theory is seen as 

beneficial since returned solutions will satisfy a defined motion and avoid analysing 

solutions that are far from being acceptable. As a result, with mechanism design there is 

more control over the outcome of each solution. Furthermore, a dynamic analysis is 

performed to evaluate the joint forces and crank torques of each solution, thus taking into 

account inertia forces in the design. The combination of the mechanism design theory and 

the dynamic analysis formulates the necessary tools to perform the optimization. The 

optimization results will show that a large decrease in the energy of the system, as well as 

decreasing the maximum driving torque is obtained when compared to an initial design. 

A physical prototype is also constructed to demonstrate the design as a working machine 

and to verify the computer generated motion of the mechanism. 
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Chapter 1 

 

1. Introduction 

 

1.1 Introduction 

It has been established that legged, off-road vehicles exhibit better mobility, obtain higher 

energy efficiency and provide more comfortable movement than those of conventional 

tracked or wheeled vehicles while moving on rough terrain [1]. In the last several decades 

a wide variety of leg mechanisms have been researched for the applications of legged 

locomotion, such as planetary exploration, walking chairs for the disabled and for 

military transport, rescue in radioactive zones for nuclear industries and in other hostile 

environments. Because these leg mechanisms require a fairly large number of links to 

provide high mobility, it is extremely complicated for the type selection and dimensional 

synthesis of leg mechanisms. Although significant progress has been made in the last few 

decades, there are still a number of design problems that remain unsolved, and thus 

requires further research. 

 

1.2 Literature Survey  

In 1770, Richard Edgeworth tried to construct a wooden horse with 8 legs to jump over 

high walls [2], however 40 years of experimentation was unsuccessful in constructing 

such a mechanism. In 1968, General Electric developed a walking truck that was capable 
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of walking 5 mph [3], and in 1976, Frank and McGhee made the first computer 

controlled walking machine [4]. More recently, a Mechatronics Research Group from the 

University of Southern Queensland created a pneumatically powered quadruped [5], and 

Applied Motion Inc, created a Spring Walker bipedal exoskeleton [6]. A more detailed 

list mentioning milestones in legged robots can be seen at reference [7]. 

Type synthesis has been one of the focuses for the early research on design of leg 

mechanisms, where slider-crank mechanisms [8] and multiple cam mechanisms [9] have 

been used.  It was recommended to use only revolute joints for leg walking machines due 

to the difficulties in lubrication and sealing of the sliding joints, which is essential for the 

machines to walk outdoors [8]. Many pin-joined legged mechanisms have been designed, 

which are often compound mechanisms consisting of a four-bar linkage and a pantograph 

[8,10-13]. The potential advantages of such compound mechanisms are fast locomotion, 

minimal energy loss, simplicity in control design, and the slenderness of the leg as 

discussed in reference [14,15].  

There have been many investigations on the adequate degrees-of-freedom (DOF) for each 

leg mechanism. Depending on the desired functional requirements (flexibility, speed, 

etc.) and walking environment, the legged walkers can have up to eight legs and a total of 

eighteen active DOF [16]. Another example is the Adaptive Suspension Vehicle, 

developed by Ohio State University, which has six legs and eighteen DOF [15,17]. In 

general, it has been accepted that three DOF for each leg is required to provide high 

mobility, one for providing back-and-forth, one for up-and-down motion of the foot and 

one for turning, [11,14,18]. However, it has been discussed that unlike a ground-based 

manipulator that can be operated with an off-board power supply, a walking machine has 
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to carry the entire power supply in addition to the external payload and the weight of the 

machine body. Thus, it is desirable to use a small number of actuators to reduce the body 

weight and to simplify the motion coordination [12]. A number of six-link and seven-link 

leg mechanisms have been designed with one degree-of-freedom [11-14,19]. Rigorous 

research has been carried out on their mobility and energy loss through kinematic and 

structural analysis. Two important findings have been documented: (1) a crank as an 

input link with continuous rotation motion should be used to achieve fast motion with 

minimum control [11,12,14,18], and (2) an ovoid foot path is necessary to step over small 

obstacles without raising the body too much [12,14,18]. These two requirements are 

important for designing single-DOF (SDOF) leg mechanisms for mobility and energy 

efficiency. 

While the leg walking mechanisms have high potential in mobility and energy efficiency 

on rough terrain, they often involve a large number of geometrical dimensions, which 

makes it necessary to resort to optimization to achieve high quality design. Reducing 

energy loss has always been the interest in designing leg mechanisms. Other objectives 

include minimizing the leg height, mass, and the maximum joint torques [12,14,18]. In 

some research, springs were added to reduce and store the energy and to reduce the 

actuating torque [14]. In the process of energy optimization, force analysis of the 

designed mechanism is needed. Due to the complexity of the mechanisms, in previous 

research, the force analysis has been restricted to static analysis [12,14,19], thus 

neglecting the dynamics of the system. The true dynamic analysis of the mechanism has 

important impact on energy optimization especially when fast locomotion is to be 

created. Each of the optimizations seen in these papers had a common aspect of using the 
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link lengths of the leg as variables to control their optimization. By modifying the length 

of the links directly, the optimization can be compared to shooting at a target in the dark, 

where there is poor control on where the shot is taken and it can be very time consuming 

to find the bulls eye (optimal point). 

While legged walking mechanisms have been designed and built based on engineering 

theories, they have also attracted much attention from the art fields. The kinetic sculpture 

“Wind Beast” is a multi-legged walking mechanism powered by wind. It was created by 

Mr. Theo Jansen, a Dutch kinetic sculptor. The mechanism has many advantages from 

the design viewpoint, such as: it has a SDOF, a crank as an input link and an ovoid foot 

path. Also, two legs are in pair and are mirrored, where they share the same crank as the 

input link.  This is beneficial because a central shaft can be used to operate all the legs 

without adding extra actuators.  

 

1.3 Objectives 

In this work, using the leg mechanism used in Mr. Jansen’s “Wind Beast”, the following 

objectives are desired: 

1) To design the leg using mechanism design theory 

2) To derive the dynamics of the system 

3) To optimize the leg mechanism 

I will design the leg mechanism using the mechanism design theory because it gives 

greater control on the returned mechanisms, and can improve the efficiency of an 
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optimization process, which is unseen in previous research. Constraints will be applied to 

each solution to evaluate its validity. For evaluation purposes I derived and calculated the 

kinematics for each solution. The kinematic solutions are useful for two aspects of the 

evaluation: i) the derivation of the angles allows us to examine its motion and is 

necessary to evaluate the constraints, ii) the acceleration of the links is critical in the 

evaluation of the dynamics of the system. I then derived and evaluated the dynamics of 

the leg mechanism because the inertia forces of each link need to be considered, which 

was ignored in previous work as well. Dynamics is used to evaluate the energy 

consumption of the system and is used to help rank solutions during the optimization 

process. Finally the optimization is applied to the problem to improve the performance of 

the leg mechanism and to demonstrate that an optimization process can be successful 

with the use of mechanism design theory. 

The thesis is organized as follows.  Chapter 2 describes the design of Theo Jansen’s 

mechanism as well as constraints imposed on the system. The complete design of the leg 

is separated into two main stages, where the second stage is dependent on the outcome of 

the first stage. The free choices defining the problem are also discussed. Chapter 3 

describes the analysis used on the leg mechanism. There are two main categories of 

analysis, first is the complete kinematics of each link and second is the dynamics 

describing the system. Chapter 4 discusses the optimization of the leg mechanism, 

including the objective functions and any additional constraints imposed on the system. 

The objective functions focus on reducing energy and increasing the stride length. 

Chapter 5 discusses the results of the optimization when compared to the trial-and-error 

results. It goes into detail about the defining of the constraints as well as the selection of 
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certain constants and mass of the links. Furthermore, both results are compared and then 

the physical prototype is discussed. Lastly, Chapter 6 discusses the final conclusions and 

recommendations for future work. 
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Chapter 2  

 

2. Design of a Leg Walking Mechanism  

 

2.1 Introduction 

In this chapter, the design of Theo Jansen’s mechanism will be discussed. Overall, the 

design of the mechanism can be accomplished in two main stages. Initially when Theo 

Jansen designed his leg mechanism he used an optimization program that changed the 

lengths directly, which as a result could be very time consuming.  To improve on the 

effectiveness of an optimization process, the use of linkage design principals were chosen 

to be used because each generated solution must pass through the chosen precision 

points. As a result, the linkage design theory will return solutions that pass through 

desired positions and points on a trajectory. The optimization eliminates the examination 

of solutions that would not fall within the area of interest; therefore, it becomes more 

efficient when searching because it will not be examining solutions that would never be 

acceptable. 

Once a solution is found it must then satisfy certain constraints imposed on it to ensure 

that the components and behaviour of the mechanism behaves in a desired manner for the 

needs of the leg mechanism. Also, by examining the constraints for each solution it can 

determine if the mechanism is unfit before it passes on to any analysis, thus reducing 

computational time even further.  
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The chapter is organized in the following manner. First it describes Theo Jansen`s 

mechanism in detail by identifying each sub component of the mechanism, as well it 

describes the desired behaviour of the mechanism. Second it goes into detail of the design 

of the mechanism which is broken down into two main steps. The first step is the design 

of two four-bar subcomponents, and the second is the design of a parallel four-bar 

mechanism which is explained in greater detail later in the chapter. These include the 

detailed theory used to synthesize each component, as well as the number of free choices 

needed by the user for each solution. The last section describes the constraints imposed 

on the system with a description of their purpose and reasons as to why they are used. 

 
Figure 2.1: (a) Leg Mechanism and (b) Foot Profile 

(a) 
(b) 
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2.2 Mechanism Description 

The planar SDOF mechanism inspired by Mr. Theo Jansen’s kinetic sculpture is an eight-

bar mechanism shown in Figure 2.1a, which consists of a pair of mirror-imaged four-bar 

mechanisms, A0ABB0 and A0AEB0, augmented with another four-bar linkage B0CDEF, 

where DEF forms one rigid link. The eight-bar linkage is equivalent to a six-bar 

mechanism from a design viewpoint since the four-bar linkages A0ABB0 and A0AEB0 are 

identical in dimensions.  For convenience, an X-Y coordinate system is used for this 

mechanism with the x and y-axes pointing to the horizontal right and upwards where its 

origin is located at A0 as shown in Figure 2.1a.   

To use this mechanism as a walking machine, link A0A serves as an input link and link 

DEF serves as an output link with F as the tracer point, which is also called the foot-

point. The leg mechanism is designed to generate an ovoid walking path for two reasons: 

(1) the ovoid path enables the walking mechanism to step over small obstacles without 

having significant elevation changes of the hip or without applying an additional DOF 

motion, and (2) it can also minimize the slamming effect caused by the inertia forces 

during walking as discussed in [11,14]. The foot-point path is composed of two portions 

(Figure 2.1b).  First is the propelling portion, which is the flat portion of the path located 

between points F1 and F2. During this portion of the path, the foot-point F is in contact 

with the ground. The second is the returning portion, where the foot-point F is not in 

contact with the ground. The length of portion F1 to F2 is the stride length, and the height 

H is the maximum height of an obstacle that the walking machine can step over. Since 

the trajectory of the foot-point relative to the hip (A0B0) is a closed curve and A0B0 is 
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located outside the curve, a crank-rocker mechanism must be designed as discussed in 

[8]. Thus, in this work, A0A is designed as a crank. 

 

2.3 Mechanism synthesis 

The complete synthesis of the mechanism is comprised of two steps. The first is the 

synthesis of the function generator (A0ABB0 and A0AEB0) using three precision points, 

and the second is the parallel mechanism and the foot coupler (B0CDEF) using four 

precision point path generation. To simplify the notations of each link, a new convention 

of labelling is shown in Figure 2.2, where Zi represents the length of the link, θi is the 

direction angle of the link Zi, θc is the angle separating the links Z4 and Z8, and θF is the 

angle separating link Z10 and Z12. 

Figure 2.2: New Labelling Convention of the Links (Note: the 
angles are positive in the counter clockwise direction) 



11 
 

2.3.1 Function Generator-3 Precision Points 

The first step is the synthesis of the four-bar linkages Z1Z2Z3Z4 and Z1Z2Z5Z6 (Figure 

2.2), which are treated as a function generator, where Z2 is the common input link (a 

crank), and Z4 and Z6 are the output links (rockers). The relationship between the input 

motion angle, and output motion angle is chosen to be described by a sinusoidal function, 

i.e.,  

  ݂ሺݔሻ ൌ ݕ ൌ ݔsinሺܣ െ ሻܤ ൅ ,ܥ ଴ݔ ൑ ݔ ൑ x୬ାଵ  (2.1) 

where ݔ଴ ൑ ݔ ൑ x୬ାଵ is the range of the function, n is the number of precision points 

being considered, and to be consistent with the literature [20 pg. 341-343], φ represents 

θ2 in the synthesis equations and ψ represents θ4 or θ6. The selection of a sinusoidal 

function for the function generator is based on the consideration that the human hip 

motion can be approximated as a sinusoidal function. To design a mechanism with low 

vertical movement and to a certain extent, similar to the human hip motion, it was 

desirable to have the input and output motion to satisfy eq. (2.1) as discussed in reference 

[8]. Three coefficients A, B and C are used as free choices in the synthesis. Their 

selections will be discussed later. 

 

2.3.1.1 Chebyshev Spacing 

In the synthesis of the function generator, three precision points are used. One difficulty 

is the selection of the precision points because it affects the ability of the solution to 

replicate the desired function. An excellent initial approximation can be found with the 

use of Chebyshev spacing [20, pg. 341-343, 21, pg. 262-263]. By using Chebyshev 
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spacing, the structural error (difference between the actual and desired function) is 

minimized. However, if greater accuracies are needed then other methods should be used. 

Chebyshev spacing is defined as follows for n precision points, 

௜ݔ  ൌ ଵ

ଶ
ሺݔ௡ାଵ ൅ ଴ሻݔ െ ଵ

ଶ
ሺݔ௡ାଵ ൅ ଴ሻݔ cos

ሺଶ௜ିଵሻగ

ଶ௡
, ݅ ൌ 1,2, … , ݊  

 
(2.2) 

Where the precision points yi are calculated by inserting the values of xi back into the 

equation, 

௜ݕ  ൌ ݂ሺݔ௜ሻ ൌ ௜ݔsinሺܣ  െ ሻܤ ൅ ,ܥ ݅ ൌ 1,2, … , ݊ 
 

(2.3) 

After finding the precision points xi and yi, a desired range is given or chosen for the 

problem, which defines the specific range that the input (Z2) and output (Z4 or Z6) link 

will occupy during its motion, 

 ߶଴ ൑ ߶ ൑ ߶௡ାଵ ܽ݊݀ ߰଴ ൑ ߰ ൑ ߰௡ାଵ 
 

(2.4) 

where φ is the angle of the input link and ψ is the angle of the output link which is used 

for the synthesis portion of the calculations. To calculate these precision point angles the 

values of φi has a linear relationship with xi, and ψi has a linear relationship with yi. The 

basic linear relationship is seen as: 

 ߶௜ ൌ ௜ݔܽ ൅ ܾ   ܽ݊݀ ߰௜ ൌ ௜ݕܿ ൅ ݀ 
 

(2.5) 

Using the beginning and end point of each range, the unknown terms of a, b, c and d can 

be solved, thus giving the necessary equation to determine the precision points, 

 
߶௜ ൌ

߶௡ାଵ െ ߶଴

௡ାଵݔ െ ଴ݔ
ሺݔ௜ െ ଴ሻݔ ൅ ߶଴, ݅ ൌ 1,2, … , ݊ 

 
(2.6) 

 
߰௜ ൌ

߰௡ାଵ െ ߰଴

௡ାଵݕ െ ଴ݕ
ሺݕ௜ െ ଴ሻݕ ൅ ߰଴, ݅ ൌ 1,2, … , ݊ 

 
(2.7) 
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These calculated precision points can now be used with Freudenstein’s method to 

calculate the links that satisfy the function. 

 

2.3.1.2 Four-Bar Function Generation 

A great analytical method that is used for function generation is the techniques developed 

by Freudenstein. He developed a basic equation relating the input and output link of the 

four-bar mechanism, which is then used to synthesize the four-bar mechanism [21, pg. 

260-262][22, pg. 575-577]. This method requires the angle of the input link and its 

corresponding angle of the output link for each precision point. Based on Figure 2.3, 

Freudenstein’s Equation can be written in the form of φi and ψi (i=1,2,3) as: 

ଵcos߶ଵܭ  ൅ ଶcos߰ଵܭ ൅ ଷܭ ൌ െcos ሺ߶ଵ െ ߰ଵሻ (2.8) 

ଵcos߶ଶܭ  ൅ ଶcos߰ଶܭ ൅ ଷܭ ൌ െcos ሺ߶ଶ െ ߰ଶሻ (2.9) 

ଵcos߶ଷܭ  ൅ ଶcos߰ଷܭ ൅ ଷܭ ൌ െcos ሺ߶ଷ െ ߰ଷሻ (2.10) 

where K1, K2 and K3 are constants and their solution can be seen as,  

Figure 2.3: Four-Bar Mechanism Used for Function Generation  
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ଵܭ  ൌ
߱ଷ߱ହ െ ߱ଶ߱଺

߱ଵ߱ହ െ ߱ଶ߱ସ
ܽ݊݀ ଶܭ ൌ

߱ଵ߱଺ െ ߱ଷ߱ସ

߱ଵ߱ହ െ ߱ଶ߱ସ
 (2.11)  

where, 

 

 

߱ଵ ൌ cos ߶ଵ െ cos ߶ଶ 

߱ଶ ൌ cos ߰ଵ െ cos ߰ଶ 

߱ଷ ൌ െcosሺ߶ଵ െ ߰ଵሻ ൅

cosሺ ߶ଶ െ ߰ଶሻ  

 

߱ସ ൌ cos ߶ଵ െ cos ߶ଷ 

߱ହ ൌ cos ߰ଵ െ cos ߰ଷ 

߱଺ ൌ െcosሺ߶ଵ െ ߰ଵሻ ൅

cosሺ ߶ଷ െ ߰ଷሻ  

(2.12)  

ଷܭ  ൌ െ cosሺ߶௜ െ ߰௜ሻ െ ଵܭ cos ߶௜ െ ଶܭ cos ߰௜ , ݅ ൌ 1, 2,   (2.13)  3 ݎ݋

To calculate the solution, the user is required to make one free choice consisting of the 

length of link Z1. With this choice the remaining lengths (Z2, Z3 and Z4) can be calculated 

using the following:  

 
ܼସ ൌ

ܼଵ

ଵܭ
 

ܼଶ ൌ െ
ܼଵ

ଶܭ
 

ܼଷ ൌ ට2ܭଷܼଶܼସ ൅ ܼଵ
ଶ ൅ ܼଶ

ଶ ൅ ܼସ
ଶ 

(2.14)  

With the free choice of the ground spacing Z1, the lengths of Z2, Z3 and Z4 are returned. 

During the synthesis of the function generator, the relationship between the input and 

output motion defined by eq. (2.1) is not prescribed. They are determined using either 

trial-and-error or with the use of the optimization procedure discussed later.  

With function generation there are developed methods that utilize four or more precision 

points. However, when I experimented with four precision points it was found that the 

method was far less efficient for the needs of the desired mechanism. The efficiency of 
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the method was in regards to the type of mechanism that was returned. For Theo Jansen’s 

leg mechanism it is required that the two four-bar mechanisms are of the crank-rocker 

variety. When compared to Freudenstein’s method using three precision points, it was 

found that using four precision points [23] required more effort to achieve this crank-

rocker mechanism.  

 

2.3.1.3 Coupler Design, Z4Z7Z8 

Freudenstein’s method does not determine the size of the coupler Z4Z7Z8 (Figure 2.2) 

except for the length of Z4. Therefore, the user has two more free choices to define the 

size of the coupler. One is the angle separating Z4 and Z8 (θc) and the second is the length 

of Z8 (Figure 2.2). However, the choice of the angle θc has restrictions with its choice. If 

the chosen angle is too large or too small the parallelogram will reach a dead center, 

where the component Z6Z8Z9Z10 will jam. Based on the solution of the four-bar 

mechanisms, an approximate range of acceptable values can be calculated for the coupler 

angle. This is done by examining the angle ܤܤע଴ܧ (where the angle is calculated going 

counter clockwise from link Z4 to Z6) over a full crank rotation because, based on the 

assumption that the mechanism Z6Z8Z9Z10 is a perfect parallelogram, in theory the 

mechanism will always function if 0° ൑ ܧ଴ܤܤס ൑ 180°. By satisfying this range, the 

following range for θc can be found using the following criteria: 

௖௠௔௫ߠ  ൌ  ௠௜௡ܧ଴ܤܤס
 

(2.15) 

௠௔௫ܧ଴ܤܤס ݂݅  ൐ 180° ݄݊݁ݐ ௖௠௜௡ߠ ൌ ௠௔௫ܧ଴ܤܤס െ 180°    
 
௠௔௫ܧ଴ܤܤס ݂݅ ൏ 180° ݄݊݁ݐ ௖௠௜௡ߠ ൌ 0° 
 

(2.16) 
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where ܤܤס଴ܧ௠௜௡ and ܤܤס଴ܧ௠௔௫ are the minimum and maximum calculated angles over 

an entire crank rotation. ߠ௖௠௜௡ ܽ݊݀ ߠ௖௠௔௫ are the lower and higher end of the range of 

possible values which can be chosen for the free choice θc. In the situation that ߠ௖௠௜௡ ൐

 .௖௠௔௫, then no matter what choice a user makes the mechanism will not functionߠ 

 

2.3.2 Path Generator-Four Precision Points 

The second step is the design of mechanism Z6Z8Z9Z11Z12 (Figure 2.2) as a path 

generator using four precision points, where the dyad Z6Z12 and the triad Z8Z9Z11 are 

synthesized separately (Figure 2.4). The solution is obtained by solving the complex 

equations describing the change between position 1 and i (i=2,3,4) [24, pg 180-183]:  

b) a) 

Figure 2.4: Three Out of Four Positions of the a) Standard Dyad and b) Triad 
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൥
݁௜ఉమ െ 1 ݁௜ఈమ െ 1
݁௜ఉయ െ 1 ݁௜ఈయ െ 1
݁௜ఉర െ 1 ݁௜ఈర െ 1

൩ ൤
ܼ଺
ܼଵଶ

൨ ൌ ൥
ଶߜ
ଷߜ
ସߜ

൩ (2.17) 

where βi (i=2,3,4) is the change in rotation of the link Z6, αi represents the change in 

rotation of the link Z12, and δi is the displacement vector between the first and the ith 

precision points shown in Figure 2.4a. Similar equations can be derived for the triad, 

Z8Z9Z11, with four precision points.  

The synthesis of the triad Z8Z9Z11 (Figure 2.4b) is performed using a slight modification 

to eq. (2.17) because an additional rotating link Z8 is a part of the synthesis problem, 

however the length and position of Z8 is known. The base equations used for the triad is 

seen below: 

 
൥
݁௜ఉమ െ 1 ݁௜ఈమ െ 1 ݁௜ఊమ െ ݁௜ఊభ

݁௜ఉయ െ 1 ݁௜ఈయ െ 1 ݁௜ఊయ െ ݁௜ఊభ

݁௜ఉర െ 1 ݁௜ఈర െ 1 ݁௜ఊర െ ݁௜ఊభ

൩ ൥
ܼଽ
ܼଵଵ
଼ܼ

൩ ൌ ൥
ଶߜ
ଷߜ
ସߜ

൩ (2.18) 

where γ is the angle of link Z8, βi is the change in rotation of the link Z9, and αi is the 

change in rotation of link Z11. Moving the known elements of eq. (2.18) over to the right 

side I get: 

 

൥
݁௜ఉమ െ 1 ݁௜ఈమ െ 1
݁௜ఉయ െ 1 ݁௜ఈయ െ 1
݁௜ఉర െ 1 ݁௜ఈర െ 1

൩ ൤
ܼଽ
ܼଵଵ

൨ ൌ ቎
ଶߜ െ ଼ܼሺ݁௜ఊమ െ ݁௜ఊభሻ
ଷߜ െ ଼ܼሺ݁௜ఊయ െ ݁௜ఊభሻ
ସߜ െ ଼ܼሺ݁௜ఊర െ ݁௜ఊభሻ

቏=቎
ଶߜ

כ

ଷߜ
כ

ସߜ
כ
቏ (2.19) 

where ߜ௜
 represents the modified right side of the equation and eq. (2.19) is in the כ

suitable form where the synthesis procedure can be applied. For this method it is required 

that αi and δi (i=2,3,4) are predefined with the free choice of β2. The free choice β2 is 

chosen separately for the synthesis of the dyad and triad, where αi and δi are the same 
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values for both. With this information the following equations are used to solve for the 

unknown angles β3 and β4:  

 
Δଶ ൌ ቤ

݁௜ఈయ െ 1 ଷߜ

݁௜ఈర െ 1 ସߜ
ቤ 

Δଷ ൌ െ ቤ
݁௜ఈమ െ 1 ଶߜ

݁௜ఈర െ 1 ସߜ
ቤ 

Δସ ൌ ቤ
݁௜ఈమ െ 1 ଶߜ

݁௜ఈయ െ 1 ଷߜ
ቤ 

(2.20) 

 Δଵ ൌ െΔଶ െ Δଷ െ Δସ (2.21) 

 Δ ൌ Δଵ ൅ Δଶe୧βమ (2.22) 

 
cos θଷ ൌ

|Δସ|ଶ െ |Δଷ|ଶ െ |Δ|ଶ

|2ΔଷΔ|
 (2.23) 

 sin θଷ ൌ |ሺ1 െ cosଶ ଷሻߠ ଵ/ଶ | ൒ 0 (2.24) 

 
ଷߠ ൌ tanିଵ sinθଷ

cosθଷ
 (2.25) 

ଷߚ  ൌ argΔ ൅ θଷ െ argΔଷ (2.26) 

 
cos θସ ൌ

|Δଷ|ଶ െ |Δସ|ଶ െ |Δ|ଶ

|2ΔସΔ|
 (2.27) 

 sin θସ ൌ |ሺ1 െ cosଶ ସሻߠ ଵ/ଶ | ൒ 0 (2.28) 

 
ସߠ ൌ tanିଵ sinθସ

cosθସ
 (2.29) 

ସߚ  ൌ argΔ ൅ θସ െ argΔସ (2.30) 

The angles β3 and β4 are solved in a way that the three linear equations found within 

eq. (2.17) or eq. (2.19) will behave like 2 linear equations. Therefore, all of the unknowns 

in eq. (2.17) or eq. (2.19) are known except for Z6 and Z12 or Z9 and Z11. These unknowns 
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can be solved directly by solving two of the three equations within eq. (2.17) or 

eq. (2.19), where the solution will also satisfy the third linear equation. 

One difficulty with the synthesis is that the desired or optimal path or motion is not 

defined or known. Therefore, the four precision points (P1, P2, P3 and P4) have to be 

chosen as well as the rotations (α2, α3 and α4) of link Z12 and Z11, where αi is the rotation 

from position 1 to position i of link Z10Z11Z12 (Figure 2.2).  

Another difficulty with the second stage of the synthesis is that it is dependent on stage 

one. Hence, the lengths and directions of Z6 and Z8 are already determined. Therefore, for 

each precision point, the direction of link Z6 and Z8 needs to be known because with the 

synthesis of the dyad, the returned length and direction of Z6 must be the same as 

precision point one to satisfy the first stage of the design. With the triad, the length and 

direction of Z8 must be known so that the loop closure equation describing the triad can 

be put in the form needed for the synthesis method. To choose the direction of the links 

Z6 and Z8 the direction of the crank (Z2) can be defined for each of the four precision 

points (θ2a, θ2b, θ2c, θ2d are the chosen crank angles at precision points P1, P2, P3 and P4). 

Since the mechanism has a SDOF, the angles of every link can be determined when the 

direction of the crank (Z2) is defined. 

To define the precision points I defined the length and angle of Z12 at each of the four 

desired crank directions for each precision point. Since the direction of Z6 is known, the 

location of the precision point is the addition of the link Z6 and Z12. The value for αi is the 

difference in the chosen angles for the link Z12 between precision point 1 and i. 
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2.3.3 Free Choices 

Together with the design of the function generator, there are a total of nineteen free 

choices which are the three parameters A, B, and C as shown in eq. (2.1), the desired 

ranges of the input and output links, ߶଴ ൑ ߶ ൑ ߶௡ାଵ ܽ݊݀ ߰଴ ൑ ߰ ൑ ߰௡ାଵ, the ground 

link Z1 of the function generator, the coupler angle θc, the length Z8, the four angles 

defining the direction of Z12 at each precision point, the length of Z12 and the four crank 

angles corresponding to each precision point. Once these free choices are selected, the 

dimensions of the legged mechanism (Figure 2.2) can be determined using the previously 

mentioned methods. In this work, such free choices will be selected using two separate 

methods: trial-and-error and optimization as discussed later. A set of constraints must be 

satisfied in order to exhibit acceptable motion, which is discussed in the following 

section. 

 

2.4 Constraints  

Each time a solution is found it must satisfy a set of constraints to be considered an 

acceptable solution. Mechanism constraints are criteria that are imposed on the geometry 

of the linkage, stride length, mechanism type, etc.   

Constraint #1 - Grashof Criteria  

The two four-bar mechanisms used in the leg mechanism must be crank-and-rocker 

mechanisms to be successful. This is verified by checking the Grashof criterion [25, pg. 
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27-28] where two properties need to be satisfied. The first is that the crank must be the 

shortest link: 

1ܥ  ؔ ܼଶ ൑ min ሾܼଵ, ܼଷ, ܼସሿ (2.31) 

Constraint #2 - Grashof Criteria 

The second property is the sum of the shortest and longest link must be smaller than the 

sum of the remaining two links: 

2ܥ  ൌ׷ ଵݔ ൅ ଶݔ ൏ ଷݔ ൅  ସ (2.32)ݔ

where x1 and x2 are the shortest and longest links, x3 and x4 are the remaining two links. 

Constraint #3 - Stride Length  

The stride length, as previously mentioned, is the distance between the points F1 and F2 

(Figure 2.1b). To avoid unsatisfactory designs, the stride length must be above a specified 

amount (HC1), if not the design is rejected: 

3ܥ  ൌ׷ ଵܨ|  െ |ଶܨ ൒  (2.33) 1ܥܪ

Constraint #4 - Z6Z8Z9Z10 Inner Angles  

Some designs for the Z6Z8Z9Z10 mechanism component (Figure 2.2) of the leg can return 

solutions where the mechanism will jam when the mechanism exceeds its range of 

motion. Therefore, the angle in the four inner corners of the Z6Z8Z9Z10 mechanism is 

checked throughout the cycle. If it goes below or above a set range the mechanism is 

rejected: 

4ܥ  ൌ׷ 2ܥܪ ൑ ,௉ߠ ,ொߠ ,ோߠ ௌߠ ൑  (2.34) 3ܥܪ
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where θp is the angle separating link Z6 and Z8, θQ separates link Z8 and Z9, θR separates 

link Z9 and Z10, and θS separates link Z6 and Z10.   

Constraint #5 - Stride Path Behaviour  

The foot path needs to be checked to ensure that two events occur: a) the foot path along 

the ground needs to be flat and b) the foot does not come into contact with the ground 

during its return path.  To check if the foot path is along the ground, the program finds 

the lowest vertical point (F3 - Figure 2.1b) along the foot path. Any point that is within a 

very small vertical range (HC4) of the point is considered along the ground because some 

deviation is expected while it is walking. Therefore, the program checks if any points 

between the calculated extremities lift off the ground, if so then the solution is rejected. 

The crank angles corresponding to the two extremities of the path along the ground are α1 

and α2, where α1 is when the foot makes contact with the ground and α2 is when the foot 

leaves the ground: 

5ܥ  ൌ׷ ிܻ|ఈୀఈభ՜ఈమ
൑ ிܻ௠௜௡ ൅  (2.35) 4ܥܪ

where YF represents the y coordinates of the foot path.  

Constraint #6 - Return path behaviour  

Similar to constraint #5, the return path needs to be checked to see if any points are 

considered to be in contact with the ground during the return path. If so then the solution 

is rejected: 

6ܥ  ൌ׷ ிܻ|ఈୀఈమ՜ఈభ
൒ ிܻ௠௜௡ ൅  (2.36) 4ܥܪ
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Constraint #7 – Component behaviour Z6Z12  

It is desired that the leg mechanism design will have the parallel mechanism component 

(Z6Z8Z9Z10, Figure 2.2) in each design.  However, this cannot be achieved for all 

solutions because it is based on the solution returned from the synthesis. As previously 

mentioned, the synthesis of the parallel mechanism and the foot coupler requires one free 

choice for each dyad and triad and the user specification of the angles αi. Prior to the 

synthesis, the direction and length of Z6 and the location of the precision points are 

known.  An exhaustive search is performed in Matlab on the free choice β2 to calculate a 

solution that matches the same length and direction of Z6 in its first precision point 

orientation, where β2 is the rotation of link Z6 from precision point one to two. The 

exhaustive search weighs the solutions based on the difference between the real and 

desired values: 

 ݉݅݊ሼ7ܥ ൌ׷ |ܼ଺ௗ௘௦௜௥௘ௗ െ ܼ଺௔௖௧௨௔௟| ൅ ଺ௗ௘௦௜௥௘ௗߠ| െ |଺௔௖௧௨௔௟ߠ ൅

1ௗ௘௦௜௥௘ௗܿ݁ݎܲ| െ   1௔௖௧௨௔௟|ሽܿ݁ݎܲ
(2.37) 

where Prec1 are the coordinates of the first precision point. 

Constraint #8 - Component behaviour Z8Z9Z11 

Very similar to constraint #7, the same occurs for the dyad Z9 and Z11, where Z9 should 

be the same length and angle as Z6 but it is not as critical. β2 is now the rotation of link Z9 

from precision point one to two. The exhaustive search weighs the solutions based on the 

difference between the real and desired values: 

  ݉݅݊ሼ8ܥ ൌ׷ |ܼ଺ௗ௘௦௜௥௘ௗ െ ܼଽ௔௖௧௨௔௟| ൅ ଺ௗ௘௦௜௥௘ௗߠ| െ |ଽ௔௖௧௨௔௟ߠ ൅
1ௗ௘௦௜௥௘ௗܿ݁ݎܲ| െ   1௔௖௧௨௔௟|ሽܿ݁ݎܲ

(2.38) 
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2.5 Summary 

This chapter describes the theory and techniques needed to design the leg mechanism 

using engineering principals. The benefits of using this theory is that it is more efficient 

at returning acceptable solutions that behave in a desirable manner when compared to 

strictly changing the lengths of the links as used in previous work. This avoids the tedious 

analysis of unsuitable mechanisms that would never be considered. The linkage design 

theory requires a larger amount of variables for the problem than that of just changing the 

link lengths directly. However, the higher efficiency of returning more suitable solutions 

outweighs the larger number of variables needed to design the leg.  

The constraints of the system are very important in the design and optimization of the 

mechanism. Previous works with optimizations all included constraints to help force a 

solution to satisfy specific requirements and can be used to identify if a solution is 

acceptable for the design goals. By identifying if a solution is unacceptable, the analysis 

portion of the optimization can be ignored, thus saving computational time.  

Furthermore, the linkage design theory allows the user to have a greater influence on the 

solution output. These can be certain specifics associated with the path behaviour of the 

foot. The choice of the precision points allows the user to specify certain behaviours such 

as a higher height of the foot path, or separating the precision points to achieve a longer 

step length. However, some experience is needed, because after examining the effect of 

changing the precision points, one can notice that certain sets of precision points will 
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return more or better solutions than others. Like many design problems, some knowledge 

and experience on the choice of these precision points aids with their selection.  
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Chapter 3  

 

3. Analysis 

 

3.1 Introduction 

After a solution is obtained using the mechanism design theory, the question of “is the 

solution valid and how well does it perform?”  is always asked. Chapter 2 discussed the 

application of constraints on the system to check if it was valid. However, to examine 

some of the constraints additional analysis is required. In terms of the constraints, it needs 

a positional analysis to examine the motion of all the links as well as the tracer path of the 

foot. Motion analysis is also required to estimate the acceptable range of the coupler 

angle (θc, Figure 2.2) that can be made as a free choice by the user. 

Looking further into the analysis, it is desirable to evaluate the mechanism in a way that 

examines the energy consumption of the leg mechanism. In previous work, the research 

only examines static forces, thus neglecting dynamic effects. As a result, to examine the 

dynamics of these systems it is first necessary to calculate the kinematic information 

(direction, velocity and acceleration) of each link for the given kinematics of the crank 

over an entire cycle of the system. Second, with the use of this information, the dynamics 

of the system can be calculated. However, the dynamic equations describing the 

mechanism need to be derived for each individual link. The equations can then be added 

together to form a full matrix representing the total system. One problem that arises is 
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that there are too many unknowns for equations. More specifically, there are two 

unknowns that need to be defined. These are the x and y-component reaction forces 

between the foot and the ground, however these unknowns become zero when the foot is 

in the air. The equations can be solved with an assumption about the reaction forces 

acting between the ground and the foot which is a similar problem in previous research 

[11,12,14,19].  

The organization of this chapter is as follows; first the chapter will describe the kinematic 

equations used to determine all the unknown angles, velocity and acceleration for each 

link. Second there is a discussion on the dynamics of the system, where it mentions the 

assumptions applied to the mechanism as well as the generic dynamic equations for both 

the binary and tertiary link situation. Then the complete derivation for each link is given. 

 

3.2 Kinematic Analysis 

The kinematic analysis is very important to understand the motion of the mechanism and 

is needed to perform the dynamic analysis discussed in Section 3.3. The positional 

analysis is performed by separating the mechanism into three separate loops (Z1Z2Z3Z4, 

Z1Z2Z5Z6 and Z6Z8Z9Z10, Figure 3.1-3.3).  Writing the loop closure equation for each loop 

[26, pg. 120-125], the complete kinematic information can be determined for each link.  

However, the complete kinematics of a single link needs to be known to perform the 

analysis. In this case the crank is defined as having a constant angular velocity. Since the 

kinematics of the crank are defined, the kinematics of loop 1 (Z1Z2Z3Z4) and loop 2 
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(Z1Z2Z5Z6) need to be solved first before solving loop 3 (Z6Z8Z9Z10). The complete 

derivations are described in the following sections. 

3.2.1 Kinematics Loop 1 – Z1Z2Z3Z4 

Based on the kinematic information of the crank, the kinematics is solved using the 

following equations which are separated into three separate sub-analyses: angular 

direction, angular velocity and angular acceleration. 

Angular Direction Analysis: 

Using the equation describing the position of the upper four-bar Z1Z2Z3Z4 (Figure 3.1): 

 ܼଵ݁௜ఏభ ൅ ܼସ݁௜ఏర ൌ ܼଶ݁௜ఏమ ൅ ܼଷ݁௜ఏయ (3.1) 

where θi is the direction angle of link Zi. I can compute the unknown angles of θ3 and θ4. 

First, separating eq. (3.1) into its real and imaginary components: 

Figure 3.1: Loop Closure Diagram, Loop 1 (Z1Z2Z3Z4) 
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 ܼଵcosߠଵ ൅ ܼସcosߠସ ൌ ܼଶcosߠଶ ൅ ܼଷcosߠଷ (3.2) 

 ܼଵcosߠଵ ൅ ܼସsinߠସ ൌ ܼଶsinߠଶ ൅ ܼଷsinߠଷ (3.3) 

Rearranging eq. (3.2) and eq. (3.3) I get: 

 ܼସcosߠସ ൌ ܥ ൅ ܼଷcosߠଷ (3.4) 

 ܼସsinߠସ ൌ ܦ ൅ ܼଷsinߠଷ (3.5) 

where, 

ܥ  ൌ ܼଶcosߠଶ െ ܼଵcosߠଵ  

ܦ  ൌ ܼଶsinߠଶ െ ܼଵsinߠଵ  

If I square and add eqns. (3.4) and (3.5) I will then get: 

 ܼସ
ଶ ൌ ଶܥ ൅ 2ܼଷܥcosߠଷ ൅ ܼଷ

ଶ ൅ ଶܦ ൅  ଷ (3.6)ߠଷsinܼܦ2

Rearranging eq. (3.6) and grouping the known values together will give: 

 2ܼଷܥcosߠଷ ൌ ܧ ൅  ଷ (3.7)ߠଷsinܼܦ2

where, 

ܧ  ൌ ଶܥ ൅ ܼଷ
ଶ െ ܼସ

ଶ ൅   ଶܦ

If I replace cosߠଷ ൌ ඥ1 െ sinଶ θଷ in eq. (3.7) and squaring the equation will give: 

 4ܼଷ
ଶܥଶሺ1 െ sinଶ ଷሻߠ ൌ ଶܧ ൅ ଷߠଷsinܼܧܦ4 ൅ ଶܼଷܦ4

ଶ sinଶ  ଷ (3.8)ߠ

Rearranging eq. (3.8) gives: 
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 0 ൌ asinଶ ଷߠ ൅ ܾsinߠଷ ൅ ܿ (3.9) 

where, 

 ܽ ൌ 4ܼଷ
ଶሺܼଶ

ଶ െ 2ܼଵܼଶ cosሺθଵ െ θଶሻ ൅ܼଵ
ଶሻ 

 ܾ ൌ 4 ܼଷሺܼଶsin ଶߠ െ ܼଵsinߠଵሻሺܼଶ
ଶ െ 2ܼଵܼଶ cosሺθଵ െ θଶሻ ൅ܼଵ

ଶ ൅

ܼଷ
ଶ െ ܼସ

ଶሻ  
 

 ܿ ൌ ሺܼଶ
ଶ െ 2ܼଵܼଶ cosሺθଵ െ θଶሻ ൅ܼଵ

ଶ ൅ ܼଷ
ଶ െ ܼସ

ଶሻଶ െ  

4ܼଷ
ଶሺܼଶ

ଶ cosଶ ଶߠ െ 2ܼଵܼଶ cos ଵߠ cos ଶߠ ൅ ܼଵ
ଶ cosଶ  ଵሻߠ

 

Using the quadratic formula to solve for θ3 in eq. (3.9): 

 
ଷߠ ൌ sinିଵ ቈ

െܾ േ √ܾଶ െ 4ܽܿ
2ܽ

቉ (3.10) 

Assuming that θ3 is calculated I can then solve for θ4 by rearranging eq. (3.4) that will 

return: 

 
ସߠ ൌ cosିଵ ൤

ܼଶcosߠଶ െ ܼଵcosߠଵ ൅ ܼଷcosߠଷ

ܼସ
൨ (3.11) 

Therefore all the angles would be known within loop 1.  

Angular Velocity Analysis: 

Taking the time derivative of eq. (3.1) gives the equation describing the velocity of Loop 

1: 

ሶସܼ݅ସ݁௜ఏరߠ  ൌ ሶଶܼ݅ଶ݁௜ఏమߠ ൅  ሶଷܼ݅ଷ݁௜ఏయ (3.12)ߠ
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Separating eq. (3.12) into its imaginary components: 

ସߠሶସܼସcosߠ  ൌ ଶߠሶଶܼଶcosߠ ൅  ଷ (3.13)ߠሶଷܼଷcosߠ

Rearranging, I get the equation describing the velocity ߠሶସ as a function of the 

unknown ߠሶଷ: 

 
ሶସߠ ൌ

ଶߠሶଶܼଶsinߠ ൅ ଷߠሶଷܼଷsinߠ

ܼସsinߠସ
 (3.14) 

Separating eq. (3.12) into its real components: 

ସߠሶସܼସsinߠ  ൌ ଶߠሶଶܼଶsinߠ ൅  ଷ (3.15)ߠሶଷܼଷsinߠ

Inserting eq. (3.14) into eq. (3.15): 

ଶߠሶଶܼଶsinߠ  ൅ ଷߠሶଷܼଷsinߠ ൌ tanߠସሺߠሶଶܼଶcosߠଶ ൅  ଷሻ (3.16)ߠሶଷܼଷcosߠ

Rearranging eq. (3.16) to isolate for ߠሶଷ: 

 
ሶଷߠ ൌ

ଶߠሶଶܼଶሺsinߠ െ tanߠସcosߠଶሻ
ܼଷሺcosߠଷtanߠସ െ sinߠଷሻ

 (3.17) 

Solving for the velocity ߠሶଷ will allow the calculation of eq. (3.14) to find ߠሶସ. Therefore, 

all the velocities in loop 1 can be solved. 

Angular Acceleration Analysis: 

Taking the time derivative of eq. (3.12) gives the equation describing the acceleration of 

loop 1: 
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 ܼସ൫െߠሶ
ସ
ଶ ൅ ሷସ݅൯݁௜ఏరߠ ൌ ܼଶ൫െߠሶ

ଶ
ଶ ൅ ሷଶ݅൯݁௜ఏమߠ ൅ ܼଷ൫െߠሶ

ଷ
ଶ ൅  ሷଷ݅൯݁௜ఏయ (3.18)ߠ

Separating the real components from eq. (3.18): 

 ܼସ൫ߠሶ
ସ
ଶcosߠସ ൅ ସ൯ߠሷସsinߠ

ൌ ܼଶ൫ߠሶ
ଶ
ଶcosߠଶ ൅ ଶ൯ߠሷଶsinߠ ൅ ܼଷ൫ߠሶ

ଷ
ଶcosߠଷ ൅ ଷ൯ߠሷଷsinߠ

(3.19) 

Rearranging to isolate for ߠሷସ: 

 
ሷସߠ ൌ

ܣ ൅ ܼଷߠሷଷsinߠଷ

ܼସsinߠସ
 (3.20) 

where A represents the known variables in the equation: 

ܣ  ൌ ܼଶ൫ߠሶ
ଶ
ଶcosߠଶ ൅ ଶ൯ߠሷଶsinߠ ൅ ܼଷߠሶ

ଷ
ଶcosߠଷ െ ܼସߠሶ

ସ
ଶcosߠସ (3.21) 

Separating the imaginary components from eq. 3.18: 

 ܼସ൫െߠሶ
ସ
ଶsinߠସ ൅ ସ൯ߠሷସcosߠ

ൌ ܼଶ൫െߠሶ
ଶ
ଶsinߠଶ ൅ ଶ൯ߠሷଶcosߠ ൅ ܼଷ൫െߠሶ

ଷ
ଶsinߠଷ ൅ ଷ൯ߠሷଷcosߠ

(3.22) 

Rearranging to isolate for ߠሷସ: 

 
ሷସߠ ൌ

ܤ ൅ ܼଷߠሷଷcosߠଷ

ܼସcosߠସ
 (3.23) 

where B represents the known variables in the equation: 

ܤ  ൌ ܼଶ൫െߠሶ
ଶ
ଶsinߠଶ ൅ ଶ൯ߠሷଶcosߠ െ ܼଷߠሶ

ଷ
ଶsinߠଷ ൅ ܼସߠሶ

ସ
ଶsinߠସ (3.24) 

Setting eq. (3.20) equal to eq. (3.23): 
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ܣ  ൅ ܼଷߠሷଷsinߠଷ

ܼସsinߠସ
ൌ

ܤ ൅ ܼଷߠሷଷcosߠଷ

ܼସcosߠସ
 (3.25) 

Rearranging to isolate for ߠሷଷ: 

 
ሷଷߠ ൌ

ସߠtanܤ െ ܣ
ܼଷሺsinߠଷ െ cosߠଷtanߠସሻ

 (3.26) 

With the calculation of eq. (3.26), the eq. (3.23) or eq. (3.20) can be used to calculate ߠሷସ 

to solve all the accelerations in loop 1. 

3.2.2 Kinematics Loop 2 – Z1Z2Z5Z6 

The derivations of the kinematics are derived in the same manner as loop 1, except the 

terms for links Z4 and Z3 are replaced with Z6 and Z5 (Figure 3.2). The basic loop closure 

equation describing loop 2 is:  

 ܼଵ݁௜ఏభ ൅ ܼ଺݁௜ఏల ൌ ܼଶ݁௜ఏమ ൅ ܼହ݁௜ఏఱ (3.27) 

Figure 3.2: Loop Closure Diagram, Loop 2 (Z1Z2Z5Z6) 
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Based on eq. (3.27) and the methods used in Section 3.2.1, the following equations 

describing the kinematics are derived: 

Angular Direction Analysis: 

 ܽ ൌ 4ܼହ
ଶሺܼଶ

ଶ െ 2ܼଵܼଶ cosሺθଵ െ θଶሻ ൅ܼଵ
ଶሻ 

 ܾ ൌ 4 ܼହሺܼଶsin ଶߠ െ ܼଵsinߠଵሻሺܼଶ
ଶ െ 2ܼଵܼଶ cosሺθଵ െ θଶሻ ൅ܼଵ

ଶ ൅

ܼହ
ଶ െ ܼ଺

ଶሻ  
 

 ܿ ൌ ሺܼଶ
ଶ െ 2ܼଵܼଶ cosሺθଵ െ θଶሻ ൅ܼଵ

ଶ ൅ ܼହ
ଶ െ ܼ଺

ଶሻଶ െ  

4ܼହ
ଶሺܼଶ

ଶ cosଶ ଶߠ െ 2ܼଵܼଶ cos ଵߠ cos ଶߠ ൅ ܼଵ
ଶ cosଶ  ଵሻߠ

 

 
ହߠ ൌ sinିଵ ቈ

െܾ േ √ܾଶ െ 4ܽܿ
2ܽ

቉ (3.28) 

 
଺ߠ ൌ cosିଵ ൤

ܼଶcosߠଶ െ ܼଵcosߠଵ ൅ ܼହcosߠହ

ܼ଺
൨ (3.29) 

Angular Velocity Analysis: 

 
ሶ଺ߠ ൌ

ଶߠሶଶܼଶsinߠ ൅ ହߠሶହܼହsinߠ

ܼ଺sinߠ଺
 (3.30) 

 
ሶହߠ ൌ

ଶߠሶଶܼଶሺsinߠ െ tanߠ଺cosߠଶሻ
ܼହሺcosߠହtanߠ଺ െ sinߠହሻ

 (3.31) 

Angular Acceleration Analysis: 

ܣ  ൌ ܼଶ൫ߠሶ
ଶ
ଶcosߠଶ ൅ ଶ൯ߠሷଶsinߠ ൅ ܼହߠሶ

ହ
ଶcosߠହ െ ܼ଺ߠሶ

଺
ଶcosߠ଺ (3.32) 
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ܤ  ൌ ܼଶ൫െߠሶ
ଶ
ଶsinߠଶ ൅ ଶ൯ߠሷଶcosߠ െ ܼହߠሶ

ହ
ଶsinߠହ ൅ ܼ଺ߠሶ

଺
ଶsinߠ଺ (3.33) 

 
ሷହߠ ൌ

଺ߠtanܤ െ ܣ
ܼହሺsinߠହ െ cosߠହtanߠ଺ሻ

 (3.34) 

 
ሷ଺ߠ ൌ

ܤ ൅ ܼହߠሷହcosߠହ

ܼ଺cosߠ଺
 (3.35) 

where A and B represents the known variables in the equation. 

3.2.3 Kinematics Loop 3 – Z6Z8Z9Z10 

The derivations of the kinematics are derived in the same manner as loop 1, except the 

terms for links Z1, Z2, Z3 and Z4 are replaced with Z8, Z6, Z10 and Z9. The basic loop 

closure equation describing loop 3 (Figure 3.3) is:  

 ܼଵ଴݁௜ఏభబ ൅ ܼ଺݁௜ఏల ൌ ଼ܼ݁௜ఏఴ ൅ ܼଽ݁௜ఏవ (3.36) 

Figure 3.3: Loop Closure Diagram, Loop 3 (Z6Z8Z9Z10) 
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Based on eq. (3.36) and the methods used in Section 3.2.1, the following equations 

describing the kinematics are derived: 

Angular Direction Analysis: 

 ଼ܼ݁௜ఏఴ ൅ ܼଽ݁௜ఏవ ൌ ܼ଺݁௜ఏల ൅ ܼଵ଴݁௜ఏభబ (3.37) 

 ܽ ൌ 4ܼଵ଴
ଶ ሺܼ଺

ଶ െ 2଼ܼܼ଺ cosሺθ଼ െ θ଺ሻ ൅଼ܼ
ଶሻ 

 ܾ ൌ 4 ܼଵ଴ሺܼ଺sin ଺ߠ െ ଼ܼsin଼ߠሻሺܼ଺
ଶ െ 2଼ܼܼ଺ cosሺθ଼ െ θ଺ሻ ൅଼ܼ

ଶ ൅

ܼଵ଴
ଶ െ ܼଽ

ଶሻ  
 

 ܿ ൌ ሺܼ଺
ଶ െ 2଼ܼܼ଺ cosሺθ଼ െ θ଺ሻ ൅଼ܼ

ଶ ൅ ܼଵ଴
ଶ െ ܼଽ

ଶሻଶ െ

4ܼଵ଴
ଶ ሺܼ଺

ଶ cosଶ ଺ߠ െ 2଼ܼܼ଺ cos ଼ߠ cos ଺ߠ ൅ ଼ܼ
ଶ cosଶ   ሻ଼ߠ

 

 
ଵ଴ߠ ൌ sinିଵ ቈ

െܾ േ √ܾଶ െ 4ܽܿ
2ܽ

቉ (3.38) 

 
ଽߠ ൌ cosିଵ ൤

ܼ଺cosߠ଺ െ ଼ܼcos଼ߠ ൅ ܼଵ଴cosߠଵ଴

ܼଽ
൨ (3.39) 

Angular Velocity Analysis: 

The derivation for the velocity and acceleration will differ from the rest since all four 

links are mobile. Taking the time derivative of eq. (3.37) gives the equation describing 

the velocity of Loop 3: 

ሶ଼଼ܼ݅݁௜ఏఴߠ  ൅ ሶଽܼ݅ଽ݁௜ఏవߠ ൌ ሶ଺ܼ݅଺݁௜ఏలߠ ൅  ሶଵ଴ܼ݅ଵ଴݁௜ఏభబ (3.40)ߠ

Separating eq. (3.40) into its imaginary and real components, the unknown velocities can 

be solved giving the following: 
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ሶଽߠ ൌ

ఏሶ ల௓లୱ୧୬ఏలା୲ୟ୬ఏభబ൫ఏሶ ఴ௓ఴୡ୭ୱఏఴିఏሶ ల௓లୡ୭ୱఏల൯ିఏሶ ఴ௓ఴୱ୧୬ఏఴ

௓వሺୱ୧୬ఏభబିୡ୭ୱఏవ୲ୟ୬ఏభబሻ
  (3.41) 

With the solution to the velocity of link Z9 the velocity of link Z10 can be solved: 

 
ሶଵ଴ߠ ൌ

଼ߠሶ଼଼ܼcosߠ െ ଺ߠሶ଺ܼ଺cosߠ ൅ ଽߠሶଽܼଽcosߠ

ܼଵ଴cosߠଵ଴
 (3.42) 

Acceleration Analysis: 

Taking the time derivative of eq. (3.40) gives the equation describing the acceleration of 

loop 3: 

 ଼ܼ൫െߠሶ
଼
ଶ ൅ ሷ଼݅൯݁௜ఏఴߠ ൅ ܼଽ൫െߠሶ

ଽ
ଶ ൅ ሷଽ݅൯݁௜ఏవߠ

ൌ ܼ଺൫െߠሶ
଺
ଶ ൅ ሷ଺݅൯݁௜ఏలߠ ൅ ܼଵ଴൫െߠሶ

ଵ଴
ଶ ൅ ሷଵ଴݅൯݁௜ఏభబߠ

(3.43) 

Separating eq. (3.43) into its imaginary and real components, the unknown accelerations 

can be solved giving the following: 

 
ሷଵ଴ߠ ൌ

ଽߠtanܤ െ ܣ
ܼଵ଴ሺsinߠଵ଴ െ cosߠଵ଴tanߠଽሻ

 (3.44) 

 
ሷଽߠ ൌ

ܤ ൅ ܼଵ଴ߠሷଵ଴cosߠଵ଴

ܼଽcosߠଽ
 (3.45) 

ܣ  ൌ ܼ଺൫ߠሶ
଺
ଶcosߠ଺ ൅ ଺൯ߠሷ଺sinߠ ൅ ܼଵ଴ߠሶ

ଵ଴
ଶ cosߠଵ଴ െ ଼ܼ൫ߠሶ

଼
ଶcos଼ߠ ൅

ሻ଼ߠሷ଼sinߠ െ ܼଽߠሶ
ଽ
ଶcosߠଽ  

(3.46) 

ܤ  ൌ ܼ଺൫െߠሶ
଺
ଶsinߠ଺ ൅ ଺൯ߠሷ଺cosߠ െ ܼଵ଴ߠሶ

ଵ଴
ଶ sinߠଵ଴ െ ଼ܼ൫െߠሶ

଼
ଶsin଼ߠ ൅

ሻ଼ߠሷ଼cosߠ ൅ ܼଽߠሶ
ଽ
ଶsinߠଽ  

(3.47) 
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where A and B represents the known variables in the equation. 

 

3.3 Dynamic Analysis 

The most critical step involved with the calculation of the energy is the dynamics, which 

is used to calculate the torque needed to turn the crank at a specified velocity and 

acceleration. It also returns all the joint forces in the leg mechanism.  To perform the 

dynamic analysis some assumptions need to be made. Furthermore, generic dynamic 

equations can be formulated for the binary and tertiary link. Then using these equations 

the dynamic equations can be derived for each link. 

 

3.3.1 Dynamic Assumptions 

 As mentioned earlier, certain assumptions need to be formulated to perform the dynamic 

analysis. The assumptions made for the system are: 

1) The links are rigid. 

2) The friction in the joints are ignored. 

3) It is assumed that the hip of leg mechanism will be travelling at a constant 

velocity. Therefore, I use the assumption that the leg is hanging from a frame, 

where any acceleration effects of the moving frame is ignored. 

4) When the leg comes into contact with the ground it is assumed to have zero 

impact. 
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5) When there is a rapid change in the torque at the crank it is assumed that the 

motor driving the crank is strong enough to overcome it and continue to drive the 

crank at a constant angular velocity. 

6) To estimate the x component of force acting between the foot and the ground I 

examined the leg mechanism as a whole instead of each link separately. 

Furthermore, I analyzed the foot of the leg as having zero slip along the ground.  

In this case the mass of the hip moving forward is considered to be the amount 

that each leg would support, which is the weight of two leg mechanisms.  

Furthermore, the relative acceleration between the frame and the foot can be 

calculated.  For the case of the stationary foot, this acceleration would 

approximately be the acceleration that the center of gravity of the leg mechanism 

would experience.  Therefore, the x component of force would be equal to the 

amount of traction force needed to accelerate the center of mass forward at the 

calculated foot acceleration. 

7) The y component of force is defined as the amount of force needed to provide 

the necessary amount of friction to counteract the x component of the force seen 

at the foot. 

As mentioned previously, when the foot is in contact with the ground there are too many 

unknowns than equations. In total, the dynamics will return 21 linear equations with 23 

unknowns, where two of the unknowns are the reaction forces on the ground. As a result, 

assumptions need to be formulated to estimate these forces. Assumption 6 and 7 that 
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were mentioned prior, are my assumptions used to estimate these forces. Furthermore, the 

forces at the foot become zero when the foot lifts off the ground. 

 

 

3.3.2 General Dynamic Equations 

The derivation of the dynamic equations is performed with the use of the superposition 

method [22, pg. 321-329], where the derived equations are linear in the inertia forces. 

The leg mechanism is broken down into individual free body diagrams for each link, and 

then they are superimposed to represent the total system. The free body diagram returns 

three equations for each link.  There are two different links used in the leg mechanism, 

one is the binary link and the other is the tertiary link. General equations were formed for 

each type of link. Figure 3.4 shows the free body diagram of a binary link, where three 

linear equations can be derived. These are the summation of the x and y component of 

Figure 3.4: Free Body Diagram a Binary Link 



41 
 

forces is equal to zero, and the sum of the moment about the center of gravity (gi) is equal 

to zero. Summing the x-component of forces gives: 

 
෍ ௫ܨ ൌ 0 ൌ ෍ ௝௜௫ܨ

௝೙

௝భ

൅ ෍ ௞௜௫ܨ

௞మ

௞భ

൅  ௜௫ (3.48)ܨ

where the subscript i is the number of the link, k and j are an array (ex: j=[j1, j2…jn-1, jn]) 

containing the number of each link attached to the corresponding end of the link. 

Therefore, the summation begins with the first number (j1 and k1) in the array and 

continues until the last number (jn and kn) is used. Fji and Fki are the reaction forces 

between the attached links where Fji=-Fij.  Fig is the gravitational force of the mass of the 

link (mi) acting at the center of gravity (gi), and Fi is the linear inertia forces acting at the 

center of gravity where Fi is described as: 

௜ܨ  ൌ െܣ௚௜݉௜݁௜ఏಲ೔ (3.49) 

where Agi and θAi is the magnitude and direction of the linear acceleration at gi. 

Separating eq. (3.49) into its x and y-components gives: 

௜௫ܨ  ൌ െܣ௚௜݉௜cosߠ஺௜  and   ܨ௜௬ ൌ െܣ௚௜݉௜sinߠ஺௜ (3.50) 

Summing the y-component of forces gives: 

 
෍ ௬ܨ ൌ 0 ൌ ෍ ௝௜௬ܨ

௝೙

௝భ

൅ ෍ ௞௜௬ܨ

௞మ

௞భ

൅ ௜௬ܨ ൅  ௜௚ (3.51)ܨ

Taking the summation of the moments about the center of gravity gives: 
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෍ ܯ ൌ 0 ൌ ௜ܶ ൅ ௦ܶ ൅ ௜ݎ ෍ൣܨ௞௜௫sinߠ௜ െ ௜൧ߠ௞௜௬cosܨ

௞೙

௞భ

൅ ሺ1 െ ௜ሻݎ ෍ൣെܨ௝௜௫sinߠ௜ ൅ ௜൧ߠ௝௜௬cosܨ

௝೙

௝భ

 

(3.52) 

where ri is the distance from one end of the link to the center of mass (gi – Figure 3.4). Ts 

is the torque exerted on the link from an attached shaft and Ti is the rotational inertia, 

which can be seen as: 

 ௜ܶ ൌ െܫ௚௜ߙ௜ (3.53) 

where Igi is the inertia about the center of gravity and αi is the angular acceleration of the 

link. 

The second type of link seen on the leg mechanism is the tertiary link seen in Figure 3.5. 

The link differs in the sense that the center of gravity is not conveniently located along a 

link, thus it is necessary to find its location along with the lengths ri, Ci, Di and angles 

߶෨௜, ෨߰௜ and β෨୧ as seen in Figure 3.5. Again three equations can be derived and are shown 

as follows: 

 
෍ ௫ܨ ൌ 0 ൌ ෍ ௝௜௫ܨ

௝೙

௝భ

൅ ෍ ௞௜௫ܨ

௞మ

௞భ

൅ ෍ ௟௜௫ܨ

௟೙

௟భ

൅  ௜௫ (3.54)ܨ

 
෍ ௬ܨ ൌ 0 ൌ ෍ ௝௜௬ܨ

௝೙

௝భ

൅ ෍ ௞௜௬ܨ

௞మ

௞భ

൅ ෍ ௟௜௬ܨ

௟೙

௟భ

൅ ௜௬ܨ ൅  ௜௚ (3.55)ܨ



43 
 

 
෍ ܯ ൌ 0 ൌ ௜ܶ ൅ ௜ݎ ෍ൣܨ௝௜௫sin߶෨௜ െ ௝௜௬cos߶෨௜൧ܨ

௝೙

௝భ

൅ ௜ܦ ෍ൣെܨ௞௜௫sinߚ෨௜ ൅ ෨௜൧ߚ௞௜௬cosܨ

௞೙

௞భ

 

൅ܥ௜ ෍ൣെܨ௟௜௫sin ෨߰௜ ൅ ௟௜௬cosܨ ෨߰௜൧

௟೙

௟భ

 

(3.56) 

These general equations can then be applied to each link of the leg mechanism to get the 

dynamic equations describing the entire system.   

 
Figure 3.5: Free Body Diagram a Tertiary Link 
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3.3.3 Dynamic Equations 

The following gives detailed derivations of each link. These include the free body 

diagram showing the forces acting on each link. These equations are derived using the 

general equations described in Section 3.3.2. 

Dynamics of Link Z2 (Figure 3.6) 

Summing the forces: 

 ෍ ܨ ൌ 0 ൌ ଴ଶܨ ൅ ଵଶܨ ൅ ଷଶܨ ൅ ହଶܨ ൅   ଶ௚௬ܨ

Separating into the x and y-components of force yields with the known constants on the 

left of the equal sign: 

଴ଶ௫ܨ  ൌ െܨଵଶ௫ ൅ ଶଷ௫ܨ ൅ ଶହ௫ (3.56)ܨ

Figure 3.6: Free Body Diagram, Link Z2 
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଴ଶ௬ܨ  ൅ ଶ௚௬ܨ ൌ െܨଵଶ௬ ൅ ଶଷ௬ܨ ൅ ଶହ௬ (3.57)ܨ

Summing the moment about the center of mass (Counter clockwise moment is positive) 

with the known constants on the left of the equal sign: 

 ∑ ܯ ൌ 0 ൌ ଴ܶଶ ൅ ଶߠଵଶ௫sinܨ଴ଶሺݎ െ ଶሻߠଵଶ௬cosܨ ൅ ሺܮ଴ଶ െ

ଶߠଷଶ௫sinܨ଴ଶሻሺെݎ ൅ ଶߠଷଶ௬cosܨ െ ଶߠହଶ௫sinܨ ൅ ଶሻߠହଶ௬cosܨ ൅ ௦ܶ  

 

Rearranging: 

 ଴ܶଶ ൌ ଶߠଵଶ௫sinܨ଴ଶ൫െݎ ൅ ଶ൯ߠଵଶ௬cosܨ ൅ ሺܮ଴ଶ െ  ଴ଶሻݎ

ሺെܨଶଷ௫sinߠଶ ൅ ଶߠଶଷ௬cosܨ െ ଶߠଶହ௫ܴ଴ଶsinܨ ൅ ଶሻߠଶହ௬cosܨ ൅ ௦ܶ 
(3.58)

Dynamics of Link Z3 (Figure 3.7) 

 

 

Figure 3.7: Free Body Diagram, Link Z3 
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Summing the forces: 

 ෍ ܨ ൌ 0 ൌ ଴ଷܨ ൅ ଶଷܨ ൅ ସଷܨ ൅ ଷ௚ܨ  
 

Separating into the x and y-components of force yields with the known constants on the 

left of the equal sign: 

଴ଷ௫ܨ  ൌ െܨଶଷ௫ ൅ ଷସ௫ (3.59)ܨ

଴ଷ௬ܨ  ൅ ଷ௚௬ܨ ൌ െܨଶଷ௬ ൅ ଷସ௬ (3.60)ܨ

Summing the moment about the center of mass with the known constants on the left of 

the equal sign: 

 ∑ ܯ ൌ 0 ൌ ଴ܶଷ ൅ ଷߠଶଷ௫sinܨ଴ଷ൫ݎ െ ଷ൯ߠଶଷ௬cosܨ ൅ ሺܮ଴ଷ െ

ଷߠସଷ௫sinܨ଴ଷሻሺെݎ ൅   (ଷߠସଷ௬cosܨ

 

Rearranging: 

 ଴ܶଷ ൌ ଷߠଶଷ௫sinܨ଴ଷ൫െݎ ൅ ଷ൯ߠଶଷ௬cosܨ ൅  

ሺܮ଴ଷ െ ଷߠଷସ௫sinܨ଴ଷሻሺെݎ ൅  ଷሻߠଷସ௬cosܨ
(3.61)

Dynamics of Link Z4Z7Z8 (Figure 3.8) 

Summing the forces: 

 ෍ ܨ ൌ 0 ൌ ଴ସܨ ൅ ଵସܨ ൅ ଷସܨ ൅ ଽସܨ ൅   ସ௚௬ܨ

Separating into the x and y-components of force yields with the known constants on the 

left of the equal sign:  
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଴ସ௫ܨ  ൌ െܨଵସ௫ െ ଷସ௫ܨ ൅ ସଽ௫ (3.62)ܨ

଴ସ௬ܨ  ൅ ସ௚௬ܨ ൌ െܨଵସ௬ െ ଷସ௬ܨ ൅ ସଽ௬ (3.63)ܨ

Summing the moment about the center of mass with the known constants on the left of 

the equal sign: 

 ∑ ܯ ൌ 0 ൌ

଴ܶସ ൅ ଵସ௫sin߶෨ସܨ଴ସሺݎ െ ଵସ௬cos߶෨ସሻܨ ൅ ଷସ௫ܨସሺെܥ sin ෩ସߖ ൅

ଷସ௬ܨ cos ෩ଷሻߖ ൅ ସሺܦ െ ଽସ௫ܨ sin ෨ସߚ ൅ ଽସ௬ܨ cos   ෨ସሻߚ

 

Rearranging: 

 ଴ܶସ ൌ ଵସ௫ܨ଴ସሺെݎ sin ߶෨ସ ൅ ଵସ௬ܨ cos ߶෨ସሻ ൅ ଷସ௫ܨସሺܥ sin ෩ସߖ െ

ଷସ௬ܨ              cos ෩ସሻߖ ൅ ସሺܦ െ ସଽ௫ܨ sin ෨ସߚ ൅ ସଽ௬ܨ cos   ෨ସሻߚ
(3.64)

Figure 3.8: Free Body Diagram, Link Z4Z7Z8 
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Dynamics of Link Z5 (Figure 3.9) 

Summing the forces: 

 ෍ ܨ ൌ 0 ൌ ଴ହܨ ൅ ଶହܨ ൅ ଺ହܨ ൅ ଵ଴ହܨ ൅   ହ௚௬ܨ

Separating into the x and y-components of force yields with the known constants on the 

left of the equal sign: 

଴ହ௫ܨ  ൌ െܨଶହ௫ ൅ ହ଺௫ܨ ൅ ହଵ଴௫ (3.65)ܨ

଴ହ௬ܨ  ൅ ହ௚௬ܨ ൌ െܨଶହ௬ ൅ ହ଺௬ܨ ൅ ହଵ଴௬ (3.66)ܨ

Summing the moment about the center of mass with the known constants on the left of 

the equal sign: 

Figure 3.9: Free Body Diagram, Link Z5 
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 ∑ ܯ ൌ 0 ൌ ଴ܶହ ൅ ଶହ௫ܨ଴ହሺݎ sin ହߠ െ ଶହ௬ܨ cos ହሻߠ ൅ ሺܮ଴ହ െ

଺ହ௫ܨ଴ହሻሺെݎ sin ହߠ ൅ ଺ହ௬ܨ cos ହߠ െ ଵ଴ହ௫ܨ sin ହߠ ൅ ଵ଴ହ௬ܨ cos   ହሻߠ

 

Rearranging: 

 ଴ܶହ ൌ ଶହ௫ܨ଴ହሺെݎ sin ହߠ ൅ ଶହ௬ܨ cos ହሻߠ ൅ ሺܮ଴ହ െ  ଴ହሻݎ

ሺെܨହ଺௫ sin ହߠ ൅ ହ଺௬ܨ cos ହߠ െ ହଵ଴௫ܨ sin ହߠ ൅ ହଵ଴௬ܨ cos  ହሻߠ

(3.67)

Dynamics of Link Z6 (Figure 3.10) 

Summing the forces: 

 ෍ ܨ ൌ 0 ൌ ଴଺ܨ ൅ ଵ଺ܨ ൅ ହ଺ܨ ൅   ଺௚ܨ

Separating into the x and y-components of force yields with the known constants on the 

left of the equal sign: 

 
Figure 3.10: Free Body Diagram, Link Z6 
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଴଺௫ܨ  ൌ െܨଵ଺௫ െ ହ଺௫ (3.68)ܨ

଴଺௬ܨ  ൅ ଺௚௬ܨ ൌ െܨଵ଺௬ െ ହ଺௬ (3.69)ܨ

Summing the moment about the center of mass with the known constants on the left of 

the equal sign: 

 ∑ ܯ ൌ 0 ൌ ଴ܶ଺ ൅ ଵ଺௫ܨ଴଺ሺݎ sin ଺ߠ െ ଵ଺௬ܨ cos ଺ሻߠ ൅ ሺܮ଴଺ െ

ହ଺௫ܨ଴଺ሻሺെݎ sin ଺ߠ ൅ ହ଺௬ܨ cos   ଺ሻߠ

 

Rearranging: 

 ଴ܶ଺ ൌ ଵ଺௫ܨ଴଺ሺെݎ sin ଺ߠ ൅ ଵ଺௬ܨ cos ଺ሻߠ ൅  

ሺܮ଴଺ െ ହ଺௫ܨ଴଺ሻሺݎ sin ଺ߠ െ ହ଺௬ܨ cos  ଺ሻߠ

(3.70)

Dynamics of Link Z9 (Figure 3.11) 

 

Summing the forces: 

Figure 3.11: Free Body Diagram, Link Z9 
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 ෍ ܨ ൌ 0 ൌ ଴ଽܨ ൅ ସଽܨ ൅ ଵ଴ଽܨ ൅   ଽ௚ܨ

Separating into the x and y-components of force yields with the known constants on the 

left of the equal sign: 

଴ଽ௫ܨ  ൌ െܨସଽ௫ ൅ ଽଵ଴௫ (3.71)ܨ

଴ଽ௬ܨ  ൅ ଽ௚௬ܨ ൌ െܨସଽ௬ ൅ ଽଵ଴௬ (3.72)ܨ

Summing the moment about the center of mass (Counter clockwise moment is positive) 

with the known constants on the left of the equal sign: 

 ∑ ܯ ൌ 0 ൌ ଴ܶଽ ൅ ସଽ௫ܨ଴ଽሺݎ sin ଽߠ െ ସଽ௬ܨ cos ଽሻߠ ൅ ሺܮ଴ଽ െ

ଵ଴ଽ௫ܨ଴ଽሻሺെݎ sin ଽߠ ൅ ଵ଴ଽ௬ܨ cos   ଽሻߠ

 

Rearranging: 

 ଴ܶଽ ൌ ସଽ௫ܨ଴ଽሺെݎ sin ଽߠ ൅ ସଽ௬ܨ cos ଽሻߠ ൅  

ሺܮ଴ଽ െ ଽଵ଴௫ܨ଴ଽሻሺെݎ sin ଽߠ ൅ ଽଵ଴௬ܨ cos  ଽሻߠ

(3.73)

Dynamics of Coupler Z10Z11Z12 (Figure 3.12) 

Summing the forces: 

 ෍ ܨ ൌ 0 ൌ ଵ଴ܨ̀ ൅ ହଵ଴ܨ ൅ ଽଵ଴ܨ ൅ ௅ܨ ൅   ଵ଴௚௬ܨ

Separating into the x and y-components of force yields with the known constants on the 

left of the equal sign:  
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ଵ଴௫ܨ  ൅ ௅௫ܨ ൌ െܨହଵ଴௫ െ ଽଵ଴௫ (3.74)ܨ

ଵ଴௬ܨ  ൅ ଵ଴௚௬ܨ ൅ ௅௬ܨ ൌ െܨହଵ଴௬ െ ଽଵ଴௬ (3.75)ܨ

Summing the moment about the center of mass (Counter clockwise moment is positive) 

with the known constants on the left of the equal sign:  

 ∑ ܯ ൌ 0 ൌ

ଵܶ଴൅ܥଵ଴ሺെܨ௅௫sin ෨߰ଵ଴ ൅ ௅௬cosܨ ෨߰ଵ଴ሻ ൅ ହଵ଴௫ܨଵ଴ሺݎ sin ߶෨ଵ଴ െ

ହଵ଴௬ܨ cos ߶෨ଵ଴ሻ൅ܦଵ଴ሺെܨଽଵ଴௫ sin ෨ଵ଴ߚ ൅ ଽଵ଴௬ܨ cos   ෨ଵ଴ሻߚ

 

Rearranging: 

 ଵܶ଴൅ܥଵ଴ሺെܨ௅௫sin ෨߰ଵ଴ ൅ ௅௬cosܨ ෨߰ଵ଴ሻ ൌ ହଵ଴௫ܨଵ଴ሺെݎ sin ߶෨ଵ଴ ൅

ହଵ଴௬ܨ cos ߶෨ଵ଴ሻ ൅ ଽଵ଴௫ܨଵ଴ሺܦ sin ෨ଵ଴ߚ െ ଽଵ଴௬ܨ cos   ෨ଵ଴ሻߚ
(3.76)

There are two comments regarding the dynamic equations. First, when examining link Z2, 

the forces exerted by link Z3 and Z5 act directly on link Z2 and not directly upon each 

Figure 3.12: Free Body Diagram, Link Z10Z11Z12 
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other. However, they still do have an impact on each other because the effect between the 

two links is accounted for in the equations for link Z2. The same occurs for link Z5 where 

it attaches to link Z6 and Z10. The forces of link Z6 and Z10 act through link Z5 and not 

directly upon each other. (Note: Link 1 is considered to be the frame of the leg, hence F12 

is the reaction force between the frame (ground) and Z2.) 

 

3.4 Summary 

The analysis methods in this chapter are extremely important in improving the 

performance of the leg mechanism. The derivation of all the kinematic information gives 

the ability to check the constraints and the initial success of the leg mechanism. The 

second portion which depends on the kinematic solutions is the dynamic equations. These 

dynamic equations take into account the inertia forces of the rotating links, something 

that is not seen in previous work. The dynamics gives insight into the energy and 

efficiency of the leg mechanism. More importantly, with the ability to calculate the 

dynamics and energy, it is possible to optimize the mechanism to lower the amount of 

energy used. The optimization of this energy is discussed in the next chapter. 

Furthermore, the dynamic equations give lots of insightful information regarding all the 

reaction forces between links, as well as the driving torque needed on the crank to drive 

at a specified speed and acceleration of the crank.   



54 
 

Chapter 4 

  

4. Optimization 

 

4.1 Introduction 

Optimization techniques are a widely used tool applicable to a wide range of problems. 

Currently many techniques and programs exist which creates an easy user interface to set 

up and run an optimization for a given problem. Depending on the problem, there can be 

many additions to the problem to satisfy numerous criteria, such as constraints, the search 

range of the variables, etc. This thesis is an optimization problem that needs to satisfy 

imposed constraints on the design. One difficulty is that optimizations usually depend on 

how the problem is set up and what choices are made in terms of the objective functions 

and constraints.  

This chapter is organized as follows; the first section discusses the objective functions 

that will be utilized for this problem, and the second section discusses any additional 

constraints that are needed for the problem. 

 

4.2. Objective Functions 

In every optimization there always needs to be goals and objectives that the optimization 

strives to achieve. These can be single or multi objective problems. However, the 



55 
 

addition of extra objectives increases the difficulty of finding the optimized solution, 

because in many cases a change that improves one objective can decrease another. 

Furthermore, the objective function can be very difficult to choose because some 

objectives will return very poor results while others can be very efficient. A great deal of 

thought needs to be put into each objective to try and possibly predict its effect on the 

overall problem.  

Initially the only objective that was considered was the minimization of the energy in the 

system. When I thought about what would occur during the optimization it came to mind 

that it would most likely move towards a smaller foot path that required minimal 

movement of the links. This prediction was made because a system that makes minimal 

movements would most likely require less energy than a system with a larger path and 

one where the links move through a greater range of angles. To overcome this predicted 

trend, the maximization of the stride length was added to the optimization problem. As a 

result, in this section three separate objectives are discussed for this specific problem. 

First is a very important objective which is the minimization of energy, second is the 

maximization of the stride length, and third is the combination of the two objectives to 

create one objective for convenience purposes when using the Matlab software. 

 

4.2.1 Objective One: Minimizing the Energy 

The first objective of the optimization is the minimization of the energy over the cycle. 

This is calculated by integrating the torque squared over the complete cycle of the crank. 

To do this, the analysis techniques described in Chapter 3 are used. With the known 
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information of the links (mass, location of the center of mass, etc), the kinematic 

information of the crank, and the forces acting on the foot, the 21 linear equations can be 

solved to find the reaction forces acting at the joints, as well as the torque being applied 

to the crank. The torque is then found at each small increment of the crank to find the 

torque profile. One area of caution is the step increment of the crank, because if the 

increment is too large then the integral of the torque squared will have some errors when 

compared to a very fine increment. A very fine increment is not used because it requires a 

greater amount of computational time. Therefore, an increment was used that had 

minimal error when compared to the fine increment, yet it is still computationally quick. 

The integral of the torque squared over the cycle is seen in the following: 

 
ܱ1: ൌ න ܶଶ݀ݐ

ఛ

଴
 (4.1) 

where τ is the amount of time it takes to complete a full rotation of the crank and T is the 

torque being applied to the crank.  

 

4.2.2. Objective Two: Maximizing the Stride Length 

In legged locomotion the stride length per cycle is important along with the energy 

consumption.  The stride length is calculated by calculating the displacement of the foot. 

Two extremities are found where the leg leaves and makes contact with the ground.  The 

equations for calculating the positions of the footpath (Figure 4.1) are: 

 ܻ_ܱܲܵ ൌ ܼ଺sinߠ଺ ൅ ܼଵଶsinሺߠଵଶሻ (4.2) 
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 ܺ_ܱܲܵ ൌ ܼ଺cosߠ଺ ൅ ܼଵଶcosሺߠଵଶ) (4.3) 

Since the foot path between the two extremities is flat, the stride length is approximated 

by the horizontal distance between the two points (Figure 2.1b) seen as: 

 ܱ2 ൌ׷ ଵܨ| െ  ଶ| (4.4)ܨ

 

4.2.3. Objective Three: Combination of objectives 

For convenience purposes a single objective was created because it is much easier to set 

up the Matlab software for one objective. I decided to combine the two objective 

functions to create a single objective. The combined objective was decided to be a 

minimization problem. This was done by dividing objective one by objective two because 

it is more applicable to examine how much energy is used for a travelled distance. In 

other words I calculate the energy used per unit of travel: 

Figure 4.1: Foot Path Calculation 
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03 ൌ׷

׬ ܶଶ݀ݐ
ఛ

଴

ଵܨ| െ |ଶܨ
 

(4.5) 

Therefore, as the step length increases the objective function will decrease. 

 

4.3 Constraints Functions-Maximum Foot Force 

The optimization uses the same constraints as previously discussed in Section 2.4, 

however there is one additional constraint that is added to the optimization problem. The 

reaction force on the foot is bounded by the mass of the leg.  The maximum amount of 

force in the x-component (FLx) of the force is equal to the maximum amount of mass that 

the foot would support times the coefficient of friction.  If the x-component of force 

exceeds this amount then the solution is rejected. 

9ܥ  ൌ׷ ௅௫ܨ ൑ ௅௬௠௔௫ܨ כ  ௙௥௜௖௧௜௢௡ (4.6)ߤ

where FLymax is the maximum possible force that can be experienced at the foot which 

would be the force needed to support two times the mass of a leg, and μfriction is the 

coefficient of friction. 

 

4.4 Optimization Program 

Matlab optimization toolbox was used to perform the optimization. The program was 

setup to operate in the following manner. First, the variables of the optimization as 

discussed in Section 5.3 are defined. Next, the first stage of the design is performed, 

which is the design of the four-bar mechanism (Z1Z2Z3Z4 and Z1Z2Z5Z6, Figure 2.2) and 
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the free choice of θc and Z8 are defined. The constraints C1 and C2 are then verified to 

ensure that the four-bar is a crank rocker. Next the second stage of the design is 

performed. During this portion of the design, the constraints C7 and C8 are minimized to 

ensure the solution does not violate the first stage of the design and to try and force the 

mechanism Z6Z8Z9Z10 (Figure 2.2) to perform as a parallel mechanism, however it is only 

preferred and is not necessary that it behaves in this manner.  Following the complete 

design of the leg configuration, the constraints C3, C4, C5 and C6 are examined to verify 

if the foot path behaves in a desirable manner, and to monitor the behaviour of Z6Z8Z9Z10 

mechanism. If all the constraints are satisfied, then the complete kinematics of each link 

is calculated followed by the calculation of the dynamics of the leg mechanism. With the 

dynamics, the objective function eq. (4.5) is calculated to numerically define the 

performance of the leg design. Then the optimization software changes the variables 

based on this result and the process is repeated.  

 

4.5 Summary 

The optimization described in this section is critical to the improvement of the leg 

mechanism. The addition of setting certain variables as constants creates a more feasible 

optimization problem. The most critical aspect of the optimization is the defined 

objective functions because the success of the optimization is based on these objectives. 

This problem contains two main focuses of optimization, which is the reduction of energy 

used during a cycle and the maximization of the step length. By optimizing these two 
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aspects it is believed that the final mechanism will be more efficient in terms of energy 

and will maintain an acceptable foot path while improving on the step length. 
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Chapter 5  

 

5. Results and Discussion 

 

5.1 Introduction 

To evaluate the success of the optimization, the optimized results are compared to trial-

and-error results that were achieved prior to the application of the optimization process. 

While performing the trial-and-error calculations there was a different goal being 

pursued. The main goal was to achieve a foot tracer path that had a long flat profile while 

maintaining a continuous foot path with a valid mechanism that can operate through a full 

crank rotation. The goal of the optimization was to show that these results can be greatly 

improved with the use of mechanism design, and the energy and dynamics of the system. 

However, like many multi objective optimization problems there is usually a compromise 

between the successes of each objective.  

 

5.2 Trial-and-Error Results 

The trial-and-error portion was performed by changing variables and examining how it 

affects the mechanism tracer path and then making a judgement on which variables to 

change for the next iteration of the process. The variables changed during these iterations 

are the ones discussed in Section 2.3.4. After a substantial amount of time an excellent 

looking mechanism and tracer path was found. For the constraints imposed on the system 
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a minimum stride length (HC1) of 9 cm was chosen. All the angles within the corners of 

the parallel mechanism (Z6Z8Z9Z10, Figure 2.2) needs to be between 5° (HC2) and 175° 

(HC3), and the vertical offset (HC4) used to define the stride length was set at 0.002m. 

For the best achieved result, the function that was used for the function generator 

was, ݕ ൌ 30° ݔሺ݊݅ݏ െ 65°ሻ ൅ 105°. With this function the free choice of the ground 

spacing Z1 was chosen to be 15cm and the desired range of the input link (φ) and the 

output link (ψ) are chosen to have a one to one relationship with the equation, therefore 

φi=xi and ψi=yi. This was chosen to eliminate four of the free choices which are the 

desired ranges of the input and output links. As a note, the ground spacing was kept the 

same throughout the trial-and-error analysis to eliminate any scaling effects. Furthermore, 

the four-bar component Z1Z2Z3Z4 was chosen to be identical to Z1Z2Z5Z6 (Figure 2.2) 

because then the function generator is only performed once, thus lowering the free 

choices, where good results were still obtained.  Next, a coupler angle of 60° was chosen 

for θc and a length of 10cm was chosen for Z8. For the second stage of the design a length 

of 19cm was chosen for the length of Z12, and the chosen leg angles at the four precision 

points are -98°, -102°, -74° and -46°.  

The results using these free choices can be seen in Table 5.1 which lists the lengths of the 

links of the trial-and-error mechanism. Looking at how well the mechanism satisfied the 

constraints it was found that the stride length (F1F2 – Figure 2.1b) was 11.68cm. Further 

analysis shows that the highest obstacle that can be cleared (H – Figure 2.1b) is 6.5cm. 
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5.3 Optimization Results 

To find the global optimal geometric design for the leg mechanism would be very 

computationally heavy and time consuming because the amount of variables becomes 

very large.  However, a constrained multi-objective problem [27] simplifies the task 

making it more realistic to apply an optimization process. When performing the trial-and-

error analysis certain trends were noticed where certain variables could be kept the same 

while finding many solutions. As a result, to simplify the problem some changes and 

steps used for the trial-and-error analysis are modified to reduce the computational time. 

The first change involves the four-bar function generator, because there are currently five 

free choices involved with the synthesis of the four-bar. Instead I decided to have three 

free choices where I change the lengths Z2, Z3 and Z4 while holding the ground spacing 

(Z1) at a constant length throughout the optimization to exclude the effects of scaling. 

Modifying these three links changes the entire profile of the four-bar mechanism, 

therefore it is more efficient to have three changing parameters rather than five. The other 

remaining variables are the same as previously mentioned in Section 2.3.  To simplify the 

problem some of the variables were set as constant values. During the trial-and-error 

search, preliminary results demonstrated that a crank angle range of 270° to 150° worked 

well for the region where the four precision points are contained.  Chebyshev spacing 

[20, pg. 341-343] was used to calculate the values of θ2a, θ2b, θ2c, θ2d within the given 

range.  Although Chebyshev spacing is used for function generation, good results were 

found with these crank directions and were chosen to be used for the remainder of the 

optimization process.  When choosing the precision points there are endless possibilities 

and combinations for the locations of the four precision points used for the synthesis of 
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the mechanism. I found that I could find numerous solutions when I keep the angle of 

link Z12 at a constant value for each precision point.  Therefore, the location of the 

precision points will differ based on the changing profile of the four-bar mechanisms and 

the length of Z12. It was also found that when I kept the precision points in the same 

location, the amount of acceptable solutions were greatly reduced, thus giving reason to 

keeping the leg angles constant instead. With setting these variables to constant values 

the optimization problem is greatly reduced in complexity leaving a more realistic 

problem that uses 6 variables (Z2, Z3, Z4, Z8, Z12, θc).  

It is desired that a successful optimized solution will show a decrease in the amount of 

energy used as well as trying to increase the stride length. This problem has 6 variables as 

well as a short internal search to find the free choice β2 (eq. (2.17) and eq. (2.19)) for both 

the dyad and the triad during the synthesis portion of the program.  It was found that 

when looking at preliminary results for the optimization process that many local 

minimums exist over the search range. To ensure that this was true, trials were performed 

with different starting points as well as modifying the search ranges of each variable. In 

all cases, the problem of many local minimums was found. The possibility of using a 

genetic algorithm global optimization program was discussed, however it was decided 

that these techniques can sometimes be inconsistent and time consuming. Instead it was 

decided that finding the absolute maximum was not the main objective of the research. 

Therefore, a coarse exhaustive search was performed over a defined range for each 

variable. With the best found configurations I performed a local optimization at each of 

the results. I used fmincon (constrained non-linear minimization) toolbox for Matlab, 
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Table 5.1: Trial-and-Error and 
Optimization Results 

 Lengths 
Link 
Number 

Trial-and-
error 

Optimized 
 

Z1 15 cm 15 cm 
Z2 4.17 cm 2.78 cm 
Z3 20.33 cm 20.02 cm  
Z4 12 cm 12.05 cm  
Z5 20.33 cm 20.02 cm  
Z6 12 cm 12.07 cm  
Z7 11.14 cm 12.30 cm  
Z8 10 cm 7.01 cm  
Z9 11.89 cm 12.08 cm  
Z10 10 cm 6.84 cm  
Z11 26.11 cm 22.31 cm  
Z12 19 cm 19.54 cm  

which can accept a large amount of variables with the ability to define certain constraints 

and regions of interest for each variable.   

The goal of the optimization is to optimize or improve upon the initial trial-and-error 

design, where the focus was to achieve an acceptable foot profile that had a flat path 

along the ground. With the inclusion of minimizing the energy, improvements were seen 

with the very first optimization run. However, as stated prior local minimums were 

found.  

For the optimization, the constraints were set as follows: a minimum stride length (HC1) 

of 10cm was chosen, all the angles within the corners of the parallel mechanism 

(Z6Z8Z9Z10) needs to be between 10° (HC2) and 170°, and the offset used to define the 

stride length was kept the same. The constraint values for the optimization were changed 

because with the software it was feasible to use greater restrictions than that of the trial-

and-error situation.  
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When performing the calculations of the dynamics, the amount of data points has a large 

impact on the computational time needed. As a result, we used 400 data points and when 

compared to the use of 10000 data points there was 0.6% error with the calculated stride 

length and 0.05% with the calculated energy. This allows the calculations to finish with 

an acceptable amount of time and the error. 

 

The leg angles for each precision point and the crank angle at each precision point are  

chosen to be the same as the solution found in the trial-and-error analysis. For the 

dynamic analysis the constants needed for these calculations need to be defined. 

However, some thought was needed with the mass of the links because a conceptual 

layout of the physical design needed to be considered. As a result, it was found that with 

pin joints a single link would have to be pinned to two identical links one on each side 

(Figure 5.1). This layout would prevent binding in the joint by balancing the force on 

each side of the single link. Following this layout certain links will be doubled in mass 

due to the necessity to prevent binding in the joints with a real prototype.  

Therefore, the links Z2, Z3, Z5, Z6, Z9 need to be doubled in mass while Z4, Z7, Z8, Z10, 

Z11 and Z12 remain the same. The remaining parameters that were chosen for the analysis 

are as follows: (i) the links are uniform with a density of 0.5 kg/m; (ii) a friction 

Figure 5.1: Pin Joint Layout for Two Attached Links  
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coefficient of 0.5 is experienced between the foot and the ground; (iii) a constant crank 

velocity of 180°/sec (π rad/s); (iv) the length of Z1 is kept constant for all designs to avoid 

any scaling effects. Furthermore, a set of legs are paired across from each other sharing 

the same crank, therefore with the assumption that one leg is in contact at all times then 

the leg will support a maximum of double the weight of a single leg, which comes into 

consideration when I calculate the x-force acting on the foot and the maximum possible 

traction force.  

 

With the application of the coarse exhaustive search with the optimization software being 

applied to the best results, substantial improvements on the objective functions and the 

mechanisms performance was obtained. Since large improvements were found, the 

optimization process was ended when the magnitude of improvements on the objective 

function are smaller than 10-6. The results from the optimization can be seen in Table 5.1 

Figure 5.2: a) Comparison of Leg, b) Foot trajectories 

           Initial ‐‐‐‐‐‐‐    optimized  

     a) 

    b) 
          Initial ‐‐‐‐‐‐‐    optimized  
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with the results from the trial-and-error. Looking at the performance of the optimized 

model it had a stride length of 10.56cm. Further analysis shows that the highest obstacle 

that can be cleared is 2.11cm. 

 

5.4 Comparison of Results 

In Figure 5.2a the optimized (solid line) and the trial-and-error (dashed line) leg designs 

are shown demonstrating the difference in configurations. Some aspects of the leg had 

minor changes while others are very noticeable. The major differences are seen with the 

links Z2, Z8, Z10 and Z11. It was expected that the length of Z2 would be shorter because a 

smaller crank outputs more force for a given torque, therefore if the crank can be reduced 

in a system it would require less torque to provide the same magnitude of force at the tip. 

Figure 5.2b shows the foot trajectories of both designs. Notice that both designs have the 

similar flat profile along the ground. The big difference between the two trajectories is 

the return path. The optimized design’s return path is shorter in height and in overall 

travel length, and thus less energy is used to overcome gravity and to move the links.  

Some further speculations can be made when examining the kinematic analysis. Figure 

5.3 to Figure 5.14 show the angle and velocity profiles of each link for the optimized 

(solid line) and the trial-and-error (dashed line) leg designs. When examining the angle 

profile of each link, the optimized solution’s links have less amplitude of travel. The 

smaller amplitude indicates that the links will travel less distance, therefore less work is 

required. When examining the velocity profiles it was found that the amplitude of the 

optimized design was also less. Therefore, the acceleration of the link will be less as well, 
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which in return will indicate the inertia forces exerted on each link will be less for the 

optimized design. Although the change in inertia on each link might be small in 

magnitude, the contribution of each link added together can have a significant effect on 

the total amount of energy needed. 

Figure 5.15 to Figure 5.34 shows the force reaction between connected links for the 

optimized (solid line) and the trial-and-error (dashed line) leg designs. The plots are 

separated into the x and y-components of force and each figure compares both designs. A 

general observation is that the optimized force profiles are for the most part lower in 

magnitude, which means there is less of a load on the joints and links, thus the crank has 

less force to overcome.  However, some force profiles are very similar in magnitude, 

(Figures 5.26, 5.29, 5.30 and 5.34) thus showing minor improvements. When comparing 

the change in the x-component of forces to the y-component, it is found that the x-

component profiles have experienced the most improvements between the two designs. 

However, when examining the x-component of force profiles it was seen that the largest 

improvements were found when the leg was off the ground. As a result, the forces due to 

the acceleration of the hip had less of an effect than the balancing and support of the links 

while off the ground. 

Figure 5.35 shows the comparison of the torque profiles for the optimized (solid line) and 

the trial-and-error (dashed line) leg designs. When looking at this figure, the optimized 

solution is lower in magnitude where the largest improvements were achieved when the 

foot was off the ground. In the figure, there are two instances when there is a sudden 

change in the torque profile. This occurs because the analysis is examining a single leg 

and as a result it is assumed that when the leg is in the air the hip of the leg is stationary, 
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however when the leg comes into contact it suddenly accelerates the hip forward, giving 

the sudden change. In reality, the hip would be moving forward and when the foot comes 

into contact with the ground an analysis on the actual acceleration of the hip would need 

to be performed to calculate the sudden change in torque.  

To compare the results of the optimization, the objective functions of the two designs are 

considered. When examining the overall objective function (O3) it was found that the 

optimized solution had a value of 0.01381N2m·s. When examining the objective function 

representing the energy (O1) a value of 0.001455 N2m2·s was found. Examining the trial-

and-error results it was found that the calculated overall objective function was 0.08597 

N2m·s, and that the objective function representing the energy was 0.01009 N2m2·s. 

When comparing the two design performances, the overall objective function of the 

optimized design was 84% less. Examining the overall energy of the system, the 

optimized solution decreased by 85.6%, and the stride length decreased by 10%. 

Although the decrease in energy was very desirable, the decrease in the stride length was 

not, however the magnitude of the decrease was not large. The reason for the decrease 

was due to the fact that the trial-and-error result had an excellent step length with high 

energy consumption. Therefore, the energy was the dominating factor in the optimization 

and thus overpowered the maximization of the stride length. Other aspects that improved 

are the peak torque of the optimized design that decreased by 55.4% and a peak joint 

force that decreased by 7.8% when compared to the initial design. 
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Figure 5.3: Angle of the 
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Figure 5.5: Angle of Link Z
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Figure 5.6: Velocity of Link Z
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Figure 5.7: Angle of Link Z
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Figure 5.8: Velocity of Link Z
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Figure 5.9: Angle of Link Z
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Figure 5.10: Velocity of Link Z
6
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Figure 5.12: Velocity of Link Z
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Figure 5.13: Angle of Link Z
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Figure 5.14: Velocity of Link Z
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Figure 5.15: X-Direction of Force Between Link 1 and Link 2 vs. Crank Angle
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Figure 5.16: Y-Direction of Force Between Link 1 and Link 2 vs. Crank Angle
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Figure 5.17: X-Direction of Force Between Link 2 and Link 3 vs. Crank Angle

F
o

rc
e 

(N
)

 

 

Optimized

Trial-and-Error

0 50 100 150 200 250 300 350
-2.5

-2

-1.5

-1

-0.5

0

0.5

1

Crank Angle (degrees)
 

Figure 5.18: Y-Direction of Force Between Link 2 and Link 3 vs. Crank Angle
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Figure 5.19: X-Direction of Force Between Link 2 and Link 5 vs. Crank Angle
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Figure 5.20: Y-Direction of Force Between Link 2 and Link 5 vs. Crank Angle
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Figure 5.21: X-Direction of Force Between Link 3 and Link 4 vs. Crank Angle
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Figure 5.22: Y-Direction of Force Between Link 3 and Link 4 vs. Crank Angle
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Figure 5.24: Y-Direction of Force Between Link 1 and Link 4 vs. Crank Angle
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Figure 5.23: X-Direction of Force Between Link 1 and Link 4 vs. Crank Angle
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Figure 5.25: X-Direction of Force Between Link 4 and Link 9 vs. Crank Angle
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Figure 5.26: Y-Direction of Force Between Link 4 and Link 9 vs. Crank Angle
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Figure 5.27: X-Direction of Force Between Link 5 and Link 6 vs. Crank Angle

F
o

rc
e 

(N
)

 

 
Optimized

Trial-and-Error

0 50 100 150 200 250 300 350
-7

-6

-5

-4

-3

-2

-1

0

1

Crank Angle (degrees)
 

Figure 5.28: Y-Direction of Force Between Link 5 and Link 6 vs. Crank Angle
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Figure 5.29: X-Direction of Force Between Link 5 and Link 10 vs. Crank Angle
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Figure 5.30: Y-Direction of Force Between Link 5 and Link 10 vs. Crank Angle
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Figure 5.31: X-Direction of Force Between Link 1 and Link 6 vs. Crank Angle
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Figure 5.32: Y-Direction of Force Between Link 1 and Link 6 vs. Crank Angle
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5.5 Physical Prototype 

To examine the success of the research, a low-cost physical prototype (Figure 5.36) was 

built to examine if its behaviour and performance match the computer model. 

Unfortunately with this simple prototype the forces acting at the feet are not measured, 

however its motion can be video recorded as well as general observations of its 

performance. The links and the majority of the frame are made of ¾ inch EMT (electrical 

metal conduit) metal tubing. Holes were drilled into the ends of the links and a 3/16 inch 

Figure 5.35: Torque Curves 
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Figure 5.33: X-Direction of Force Between Link 9 and Link 10 vs. Crank Angle
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Figure 5.34: Y-Direction of Force Between Link 9 and Link 10 vs. Crank Angle
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metal rod was inserted and used to create the joints between the links; except for the links 

attached to the frame because they have a connector glued on the end which slides over 

the tubing. Angle and flat steel with pre drilled holes are used at each end to create a 

frame that can easily attach casters for mild support of the structure. The castors are also 

made adjustable to control the magnitude of support. A DC motor with a gear reduction 

and a variable speed control is attached at each end of the crank. The motors are 

reversible which allows the mechanism to walk in both directions. Each leg pairing is 

comprised of 22 links. In total there are three pairs of legs and a total of 66 links. To try 

and space the leg pairings evenly apart, the crank of each pair is offset by 120° to try and 

have consistent motion when being propelled forward. To increase friction between the 

feet and the ground, rubber was added at the foot. This also adds some cushioning 

between the foot and the ground to reduce impact. Furthermore, the lengths of the legs 

were chosen to be scaled 1.4 times than the optimized dimensions listed in Table 5.1. 

 
Figure 5.36: Physical Prototype of the Leg Mechanism 
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The mechanism’s overall dimensions are 149.9 cm long, by 66.0 cm wide and 64.8 cm 

high. Figure 5.37 shows progressive shots of a single leg moving. From the figure it can 

be seen that the motion of the foot performs similar to that of the computer model, thus 

justifying that the model is accurate when compared to reality. Figure 5.38 shows a 

progressive still shot of the entire mechanism moving which indicates that the prototype 

does function and works correctly. 

After building the prototype certain problems and areas of improvement were found. 

Some of the problems are caused by the low precision used to build the prototype. One 

Figure 5.37: Progressive Still Shot of a Single Leg Motion 
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area of concern is the crank that drives the system. The crank that drives each pair of legs 

is comprised of two links. The problem occurs because one of the crank links can lag 

slightly due to the low tolerances in the joint. This causes the joint to bind causing a 

significant increase in torque. To overcome this, the crank links can be welded to the 

joint rod connecting the two. However, this creates a problem when removing any of the 

links. Another way is to flatten the one end of the links that attach to the crank, because 

then the length of the crank pin is shortened which would aid in reducing the significance 

of the binding. One last method is to reconstruct a new prototype. One way is to design a 

model that utilizes tight tolerances, bearings in the joints, and a solid crank. This was 

undesirable for the first prototype because the cost would increase substantially with 

machining costs, bearings, labour costs and higher quality materials. Another way is to 

fabricate them by using the methods described by Theo Jansen [28]. Even though the 

materials used by Theo Jansen are very cheap, he does mention in his book [28] that he 

required specific tools to construct these mechanisms. It would be feasible to acquire 

such tools if many mechanisms were going to be built, however for just a few it becomes 

very unfeasible.  

 

5.6 Summary 

An optimization was applied to the leg mechanism to improve on the leg performance. 

The objective problem that describes the optimization is composed of two components: 

i) reduction of energy and ii) maximizing the step length. The results were then compared 

to a previously achieved trial-and-error solution. 
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It was found that there were large improvements on the overall objective function. This 

improvement was directly related to the reduction in energy because the performance in 

the step length decreased. However, the magnitude at which the step length decreased is 

not substantial. To demonstrate the optimized solution, a physical prototype was 

constructed to show that it works and that it behaves in a manner that was depicted by the 

computer model.  

 

 

  

Figure 5.38: Progressive Still Shot of the Leg’s Motion 
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Chapter 6 

 

6. Conclusion and Future Work 

 

6.1 Conclusions 

A SDOF leg mechanism used by Theo Jansen was redesigned using mechanism design 

theory for the purposes of optimization. The optimization of the leg mechanism required 

the following studies to be performed: a) the design of the leg using mechanism design, 

b) an initial study on improving the mechanism using trial-and-error c) the complete 

kinematic derivation describing each link, d) the complete derivation of the dynamics of 

each link and e) the creation of the objective functions representing the desired goals of 

the optimization.  

The design of the leg mechanism was separated into two main design stages. The first is 

the design of the two identical four-bar mechanisms (Z1Z2Z3Z4 and Z1Z2Z5Z6, Figure 2.2) 

and the coupler Z4Z7Z8. The four-bar mechanisms were treated as a function generator 

and were designed based on an equation describing their motion. The coupler was 

designed by free choices defined by the user. The second design stage is the design of the 

Z6Z8Z9Z10Z11Z12 (Figure 2.2) mechanism, this mechanism was treated as a path 

generator. The design was carried out using four precision point synthesis where the path 

was specified by the user. After the design was complete, constraints were formulated to 

aid in determining if the designed mechanism was acceptable. With the use of these 
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methods a trial-and-error manual optimization was performed. The parameters needed to 

design the leg were manually chosen and changed by the user until an excellent looking 

mechanism was found. 

To perform the optimization a complete analysis of the leg mechanism was needed. 

Kinematics was the first analysis since the dynamics are dependent on the solved 

kinematics.  The kinematics was solved by separating the leg mechanism into three loops. 

With the use of the loop closure equations the angle, velocity and acceleration was found 

for each link. Since the leg is a SDOF, the kinematics of one link needed to be defined to 

solve for the remaining. With the derivations of the kinematics, the dynamics of the leg 

mechanism can be solved.  

The dynamics were derived by analysing each link separately by creating a force diagram 

depicting all the forces acting on the link’s body, including inertia forces. As a result 

three equations were derived for each link. Two are obtained by summing the forces on 

the body and separating them into their respective x and y-components. The third was 

derived by summing the moments about the center of mass. As a result, 21 linear 

equations were found and with the use of superposition these equations form a matrix 

representing the dynamics of the system. However, 23 unknowns were found in the 

system making it redundant to solve. Therefore, assumptions had to be made concerning 

the ground reaction forces between the foot and the ground, which is a common 

occurrence in previous research. 

The last and sometimes the most critical step in terms of optimizations are the objective 

functions. For this problem, two critical aspects of the leg mechanisms performance were 
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chosen to be optimized. First, is minimizing the energy to improve the efficiency of the 

leg and lowering the requirement for larger motors. Second, is the maximization of the 

stride length, because a leg that travels a longer distance with lower energy is very 

desirable. Hence, I want to reduce the amount of energy per unit of travel. 

The optimization was performed using Matlab’s optimization toolbox. However, it was 

found that many local minimums exist, therefore a coarse exhaustive search was 

performed where the optimization was applied to the best found configurations. The 

results of this thesis show that a large increase in the performance of the leg mechanism 

was found. Therefore, the optimization was a success. However, the goals of this work 

was not only the optimization, but to show that mechanism design should be considered 

for optimizations of a leg mechanism, because they offer more control over the outcome 

of each solution and eliminates the analysis of impossible mechanisms that would 

otherwise be analysed. In previous studies, the link lengths were changed directly 

[12,14,18,19], thus blindly changing the lengths in hopes that the new configuration will 

be valid and have better performance. With the mechanism design theory, the chances 

that the new configuration is valid greatly increases since it must satisfy certain precision 

points defining the foot path. 

The comparison between the trial-and-error and optimization results demonstrates an 

excellent improvement in the performance of the mechanism. The mechanism design 

theory was found to be an excellent tool for determining the link lengths when 

incorporated into the optimization, because it offers a greater control on the outcome of 

each solution. The dynamic analysis was utilized in the optimization process to better 

simulate the forces in the joints and the torque on the crank. However, the dynamics is 
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highly dependent on the assumptions and would need to be tested to increase the 

confidence of the dynamic analysis model. Overall, with the combination of the 

mechanism design and the dynamics, a very successful optimization was created where 

the energy and maximum crank torque were reduced drastically. 

6.2 Future Work 

Even though the optimization was a success, there was a critical assumption made 

regarding the reaction forces seen at the foot. This is a common problem in previous 

research as well [11,12,14,19]. However, the actual forces experienced at the foot have 

not been studied. This could be due to the fact that previous work utilized the static force 

analysis techniques instead of dynamics. As a result, it is being planned to test the 

prototype of the leg mechanism with the intentions to physically measure the reaction 

forces at the foot. The measured data would then be compared to the ground reaction 

assumptions to examine its resemblance to the measured data. Then by examining these 

differences it is desirable to try and better simulate reality by adjusting these assumptions. 
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