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Abstract 

 

Rotors are extensively used to transfer energy from one part to other parts of a mechanical 

system. During the service life of the rotors, they are subjected to different faults like the rotor 

crack, coupling misalignment, rotor bow, rotor-stator rubbing and unbalance. One of the important 

aspects of these faults is their interconnection. Presence of one fault can accelerate the growth of 

the other. If these faults are not identified timely, costly breakdown of the rotor system can occur. 

The presence of these faults changes the overall nature of the system dynamics from the linear to 

nonlinear one. This aspect can be used to identify the presence of these faults. Various system 

components like ball bearings and journal bearings also make the overall dynamics of a healthy 

rotor system nonlinear. Hence, it is not easy to detect the presence of faults based on the vibration 

signal. Transient response-based crack detection technique has been developed and verified using 

simulation techniques. 

Rotor dynamics with transverse crack, coupling miss-alignment and rotor-stator rubbing can 

be represented using ordinary differential equations with time-periodic coefficients and 

intermittently varying coefficients. A new fault detection strategy based on short time Fourier 

transformation has been developed to detect the presence of crack and rotor stator rubbing even if 

the both coexist simultaneously.  Due to the presence of unbalance, rotor systems with constant 

spinning speed are subjected to steady-state vibrations that can accelerate the crack growth or 

chances of rotor/stator rubbing action. During changes of the spinning speed, transient vibrations 

corresponding to resonance frequencies are also generated. To compensate both types of 

vibrations, a hybrid controller is successfully developed. Electromagnetic actuators are used to 
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generate required control forces. From the spectrum of the control signal, rotor faults like 

transverse crack and coupling miss-alignment can be efficiently diagnosed. 

Applications of rotor dynamics can also be seen in machine tools. The spindle and ball screw 

drives are important examples of their applications. In the spindle, transverse and torsional 

vibrations are produced. However, in the ball screw drives, axial vibrations are generated. For 

precision control of the drives, a hybrid controller is proposed to increase command tracking 

efficiency and reduce the dynamic deflection of the carriage during metal cutting process. 

Experimental verification of the proposed controller has been done to verify its effectiveness. The 

dynamics of cutting tools is represented in the form of time-delay systems. Different time-domain 

algorithms are used to identify stable regions of machining operations. To improve the depth of 

cut, the active chatter control of turning and boring operations is carried out. Experimental results 

verify the effectiveness of the proposed active chatter control strategies. Based on the relative 

motion between the workpiece and cutting tool (during boring operation), cutting operations can 

be divided into different categories. The dynamics of such systems is represented using delay 

differential and time-periodic delay differential equations. Feasibility of active chatter control for 

each category is analyzed in detail. The effect of eccentricity and workpiece ovality on the 

dynamics of boring operations is thoroughly investigated. Linear Parameter Varying controllers 

are proposed to compensate for the changing dynamics of the system due to continuous metal 

removal in turning operations. Fractional-order proportional derivative controllers are designed 

using response optimization techniques and implemented in boring operations. Experimental 

results verify that these controllers save the control energy in active chatter control applications.  

Machine learning techniques are used for online chatter detections in milling operations. 

Various chatter indicators are proposed.  Improved dynamic equations are proposed for milling 
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operations to find the behaviour of vibrations during chatter conditions. Simulated data are used 

to train Convolutional Neural Networks that are then used to detect chatter in an online manner. 

Experimental results verify the effectiveness of the proposed technique. 
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Chapter 1  

1. Introduction 
 

1.1. Introduction to rotor dynamic systems 

Rotors are machine elements transferring torque and power from one component to the other. 

They are integrated with components like bearings, couplings, belts and pulleys. The rotor in 

combination with other components is called a rotor system. Rotors are subjected to torque and 

bending moments either constant in magnitude or time-varying. Due to the flexibility of rotors, 

they are subjected to vibrations. To find the rotor response at a particular point, modelling of the 

dynamic rotor system is necessary. Analytical, semi-analytical and numerical techniques are 

generally used to set up dynamic governing equations of motion of the system. Normally, the 

dynamics of healthy rotor systems can be represented using ordinary differential equations. 

1.2. Faults in rotor dynamic systems 

Due to the cyclic nature of the applied torque or bending moment, certain types of cracks are 

developed in rotors. Dynamic torque produces ‘Slant’ cracks while dynamic bending moments 

cause ‘Transverse’ cracks. Rotor bearing systems are generally encountered with ‘Transverse’ 

cracks. With the passage of time, these cracks propagate and pose other instability problems as 

shown in Figure 1.1. This is the first type of faults in rotating machinery. However, there can be 

other faults like rotor/stator rub, coupling misalignment, rotor bow and bearing malfunctions. For 

the purpose of condition monitoring, different techniques are applied to detect the presence of 

various faults. However, vibration signal-based condition monitoring is best suitable due to its 

online nature. Due to the presence of these faults, the dynamics of rotor systems become nonlinear. 
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In the presence of multiple faults, it becomes difficult to detect the type of faults. The dynamics 

of the cracked rotor can be represented using ordinary differential equations with time-periodic 

coefficients. 

 

Figure 1.1 Rotor with crack (Lalanne and Ferraris, 1990) 

   

The clearance between the rotor and stationary housing or stator should be reduced to increase 

the efficiency and leakage prevention in rotating machinery. Unbalanced masses are unavoidable 

in the rotating machinery. This raises the chances of contacts between the rotor and housing 

(stator), which is called rotor-stator rubbing. This is the second main fault in rotating machinery 

as shown in Figure 1.2. Depending on the type and severity of rubbing, the amount of damage can 

vary from cosmetic damage to the full destruction of the equipment. 

Flexible rotor

Ball bearing

Rigid disc

Stator

 

Figure 1.2 Rotor/stator rubbing 

There are different states associated with the rubbing viz. damped, divergent and self-

maintained actions. In the first kind, the contact disappears with the passage of time. In the 
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divergent mode (second kind), the amplitude of vibration increases constantly with time. In the 

self-maintained mode, the contact does not disappear with time. When the clearance between the 

rotor and stator is fixed and the rotor spins at different frequencies, different characteristics are 

observed. There is a need for early detection of rotor/stator rub if it occurs. Dynamics of the rotor 

in the presence of rub must be thoroughly studied. The dynamics of the rotor system under these 

conditions is represented as a piecewise linear or hybrid system. There is a strong need to develop 

rub identification strategies based on the vibration response of the rotor dynamic system. 

1.3. Active vibration control of rotor dynamic systems 

For safety as well as service life considerations, it is important to reduce the vibration level of 

any rotor-bearing system. The most common cause of the rotor vibrations is the unbalanced mass 

which remains up to a certain extent even with precision balancing. The application of damping at 

rotor supports acts, as a mean of reducing the rotor vibration. Active as well as passive damping 

techniques have been reported in the literature to reduce the vibration level. In passive techniques 

flexible damped supports, squeeze-film dampers and viscoelastic bearing supports are common. 

Active magnetic bearing (AMB) supports a load using the magnetic levitation. AMB supports 

moving parts without physical contacts as shown in Figure 1.3. For instance, the moving parts are 

able to levitate a rotating shaft and permit relative motion with very low friction and no mechanical 

wear. Magnetic bearings support the highest speed of all kinds of bearings. Apart from supporting 

the load, they reduce rotor vibrations to some extent. In these conditions, they work like 

electromagnetic actuators. 
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Eddy current sensor

AMB
Ball bearing

Flexible rotor

Ball bearing

Rigid disc

Crack

 

Figure 1.3 Schematic of the experimental setup for AMB 

AMBs are used in industrial applications such as the electrical power generation, petroleum 

refinement, machine tool operation and natural gas handling. They are also used in the Zippe-type 

centrifuge, for uranium enrichment and in turbomolecular pumps, where oil-lubricated bearings 

would be a source of contamination. In case of the active vibration control, transient as well as 

steady-state vibrations can be reduced quickly in amplitude. 

1.4. Applications of rotor dynamic systems in machine tools 

Flexible rotors are also applied in machining operations. Principles of rotor dynamics are 

applicable for modelling and design of these systems (Figure 1.4). The dynamics of these systems 

can be represented in the form of time-delay systems. 
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Figure 1.4 Conventional applications of rotor dynamic systems and applications in machine 

tools 

1.4.1. Applications in ball screw drives of Computer Numerical Control (CNC) machines 

CNC machines are extensively used in the manufacturing industry. Ball screw drives (BSD) 

and spindle units are the main components of CNC machines. BSD is used to convert the rotary 

motion to the linear motion. Due to the finite stiffness of ball bearings and driving shafts, axial 

vibrations reduce the command tracking efficiency of BSD (Figure 1.5). When designing 

controllers for this application, the axial flexibility of the driving shaft must be considered. 

 

Figure 1.5 Schematic diagram of the ball screw drive 
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1.4.2. Active chatter control in turning operations 

While turning flexible shafts, the flexibility of the cutting tool and shaft (i.e. workpiece) plays 

an important role (Figure 1.6). Due to this flexibility, for certain combinations of spinning speed 

of the shaft and depth of cut, self-excited vibrations of the tool and workpieces are produced. This 

phenomenon is called chatter. It can significantly reduce the surface finish of the workpiece and 

reduce the useful life of the cutting tool. Hence active as well passive chatter prevention techniques 

are applied to get rid of the problem. 

 

Figure 1.6 Conventional turning operation 

1.4.3. Active chatter control in boring operations 

Chatter vibrations reduce the depth of cut at a particular spindle speed of machine tools 

and hence the machining efficiency. Figure 1.7 shows an application of electromagnetic actuators 

for actively controlling self-excited vibrations produced during machining in boring operations. 

The dynamics of the boring operation can be represented using ordinary differential equations with 

time delay. If the eccentricity or ovality is taken into consideration, these systems are changed into 

time-periodic time-delay systems. 



 
 

7 | P a g e  
 

Boring barBoring bar

Sliding bearing

Lathe bed

TurretHolder
Workpiece Electromagnetic 

actuator

Electromagnetic 
actuator

Spindle

 

Figure 1.7 Active chatter control in boring operation 

1.4.4. Chatter detection in milling operations 

In milling operations, due to the intermittent nature of cutting forces, forced vibrations are 

always present in the system. Suitable online techniques are desirable to detect the presence of 

chatter. Once chatter is detected, suitable measures can be taken to move the system into the 

chatter-free zone from chatter conditions. In the past, different online and offline chatter detection 

techniques have been developed to enhance the productivity of milling operations. 

1.5. Research problems 

Following research problems are identified to form the research objectives.    

I. There is a lack of improved techniques for the modelling of transverse rotor crack and 

robust online crack detection strategies in case of rotor systems. The multiple harmonics 

are generated in the presence of rotor faults when the rotor is spinning at a particular rotor 

spin frequency.  It becomes difficult to pin point the type of the fault based on these steady 

state vibrations. There are no techniques available to differentiate between rotor crack and 
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other rotor faults (like rotor/stator rubbing action and coupling mis-alignment) based on 

this vibration response.  

II. It is known that feedback controllers are partially effective in suppression of harmonic 

steady state vibrations in rotor systems, but there are very few control design techniques 

for suppressing these vibrations. 

III. High control forces are required to impart active damping in case of active chatter control 

applications. There are no active chatter suppression techniques which require small size 

actuators to be used with the low energy consumption.  

IV. There are very less online chatter detection strategies available for milling operation to 

increase the productivity. Machine learning techniques are not applied for these types of 

applications. 

V. There is a lack of applying concepts of rotor dynamics to machine tools and metal cutting 

dynamics for the precision control of machine operations and improvement of machining 

efficiency. There is a lack of control design strategies for robust, energy efficient and 

precision control of machine tools (like ball screw drive unit of the CNC machines). 

1.6. Research objectives and methods 

 Research objectives and methods of this thesis are as follows. 

I. Modeling of transverse cracks and rotor/stator rubbing, and development of a crack 

detection strategy for rotor systems based on vibration signals. A switching control strategy 

in combination with short time Fourier transform (STFT) will be investigated for the crack 

detection.  
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II. Development of a hybrid controller that combines feedback and feed forward controls to 

reduce the transient and steady state rotor vibrations. Mu-synthesis based robust control 

technique will be applied to obtain the robust stability and robust performance.   

III. Controllers based on H-infinity control theory, interpolation of controllers at the grid points 

(i.e. Linear Parameter Varying controller) and fractional calculus will be developed for 

active chatter controls of the metal cutting processes.  

IV. Development of an online chatter detection strategy using machine learning techniques to 

improve the workpiece surface finish and tool life. 

V. Development of high precision and energy efficient control of machine tools (ball screw 

drive unit of the CNC machines). 

1.7. Connectivity of various parts of the dissertation 

Figure 1.8 shows the connectivity of different parts of the dissertation. The modelling, fault 

detection and active vibration control of rotor systems were investigated under classical 

applications of rotor dynamic systems. These applications are high-end applications and can be 

seen in the power generation, jet engines and other aerospace structures. However, applications of 

rotor dynamic systems can also be found in machine tools. The spinning cutting tool of a milling 

or boring machine represents a rotor dynamic system with cutting forces acting on the tip of an 

over-hanging rotor. The dynamics of such a rotor system can be represented with time-delay 

differential equations. To enhance the material removal rate during metal cutting operations, active 

damping needs to be imparted in the form of active chatter control. The control forces are provided 

using electromagnetic actuators. Apart from transverse vibrations, sometimes axial vibrations are 

also generated in rotor systems. The ball screw drive of CNC machines is an important example 
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in this regard. For precise command tracking, the active vibration control of these resonant axial 

modes is required.   

Rotor dynamics
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Figure 1.8 Connectivity of different parts of the dissertation 

1.8. Structure of the dissertation 

The dissertation contains 10 chapters. Chapter 1 introduces the research background and 

highlights the importance of the research, objectives and research deliverables.  

Chapter 2 discusses the literature survey on various aspects of rotor dynamics and applications in 

machine tools. The research directions based on the literature review are then presented. 
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Chapter 3 introduces modelling of rotor dynamic systems along with various faults like transverse 

cracks. The modelling of ball bearings is also presented. 

Chapter 4 presents modelling of rotor systems in rotor/stator rubbing actions. Various signal 

processing techniques are investigated to detect the presence of rotor/stator rubbing actions based 

on the vibration response. 

Chapter 5 presents the active vibration control of rotor systems for coupling faults as well as rotor 

cracks. The amplitude of vibrations is reduced in case of transient and steady-state vibrations. The 

Mu-synthesis based robust control technique is proposed along with the feed-forward cancellation 

technique. 

Chapter 6 discusses the hybrid (LPV+PPI) control of ball screw drives of CNC machines. The 

experimental apparatus and controller synthesis are explained in detail. 

Chapter 7 describes the active chatter control of turning operations. An LPV controller is 

developed to obtain robust stability for the total span of the shaft. 

Chapter 8 introduces the active chatter control of the boring process using fractional order PD 

controllers. It can significantly reduce control forces compared to robust controllers. Small-sized 

electromagnetic actuators are proposed to maintain closed-loop stability. The effect of eccentricity 

and ovality on the stability lobe diagrams is investigated. Feasibility of active chatter controls for 

revolving boring bar systems is verified. 

Chapter 9 presents the online chatter detection in milling operations using machine learning 

techniques. An automatic spindle speed adjustment algorithm is designed and implemented to drag 

the system from chatter to chatter-free conditions. 
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Chapter 10 summarizes this research and outlines possible extensions for further research. 
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Chapter 2 

2. Literature Review 

 
2.1. Overview  

Rotors are used to transmit the mechanical energy from one part of the system to the other. A 

rotor system consists of bearings and couplings along with rotors. In this chapter, literature is 

reviewed regarding different faults in rotor systems, active vibration control of rotor systems and 

applications of rotor systems in machine tools. Gaps in the literature are presented with research 

directions for this dissertation.  

2.2. Faults in rotor dynamic systems 

In the last three decades, researchers have developed different crack detection techniques. Chen 

and Zhang (2011) presented a comprehensive introduction to this subject. Wauer (1990), Gasch 

(1993) and Dimarogonas (1996) analyzed the nonlinear dynamics of rotor systems with fatigue 

cracks. It was observed that nonlinear vibrations are produced in rotors in the presence of a 

transverse crack. The permanently open cracks represent asymmetrical rotor and pose stability 

problems. These types of cracks are generally found in rotors with the low weight. Under the 

weight dominance, the crack opens as well as closes repeatedly representing a breathing crack.  

Hinge models of the cracked rotor were reviewed (Gasch, 1993). Breathing crack model of the 

flexible rotor was proposed in the early time (Jun et al., 1992). The comparison of these two models 

is available in papers by Patel and Darpe (2008a, 2008b) and Cheng et al. (2011). In case of a 

cracked rotor system, the stability of periodic motion was used to detect the presence of cracks 

(Sinou, 2007, Chen et al. 2007, Han and Chu, 2012, Collins et al., 1991, Babu et al., 2008). Apart 
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from simple two-DOF systems used to model the rotors, various analytical, semi-analytical 

techniques, as well as finite element techniques have been used to model rotors with cracks. 

In double row angular contact ball bearings, the restoring forces are a function of quadratic 

terms of displacement. Ishida et al. (1990) investigated forced oscillations of rotor-bearing systems 

in the presence of these nonlinearities. A simple Jeffcott type of rotors was considered in this work 

and experimental results validated theoretical results regarding the shape of resonance curves. A 

detailed model of the ball bearing system considering the parametric excitation effect was however 

considered. Ji et al. (1998) used perturbation methods for the analysis of transient and steady-state 

vibrations of the nonlinear rotor-bearing system. A nonlinear model of restoring forces generated 

by bearings was considered. However, parametric excitation considerations and other important 

modelling aspects of ball bearings were not studied in this work.  

Chen (2009) studied an ideal Jeffcott rotor considering three nonlinear factors of ball bearing 

systems. First is the nonlinear Hertzian contact force between balls and races, second is the 

clearance of bearings, and third is the varying compliance (VC) vibrations. Villa et al. (2008) 

studied the stability of nonlinear systems in the frequency domain. A finite element method was 

used to discretize equations of the motion. In the above study, the steady-state behaviour of 

nonlinear systems with a very large number of the degrees-of-freedoms was studied using 

condensation techniques. However, no attention was paid to calculate the transient response of the 

overall system.  

Hou et al. (2016) studied the dynamics of a simple Jeffcott rotor mounted on ball bearings in 

the presence of a transverse crack. In case of a Jeffcott rotor, bearings are mounted on the 

shaft/rotor edges, giving less contribution of nonlinear bearing effects to the overall dynamics of 

the system. This is probably the most recent paper in the field of rotor dynamics, investigating the 
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combined effect of bearing nonlinearities and rotor cracks.  It is also observed that the Jeffcott 

rotor does not represent the real rotor-bearing system with multiple rigid disks, couplings, flexible 

bearing supports and centrally located ball bearings. All these parameters demand a high order 

model of the system to represent the exact dynamics of the real rotor.  

The presence of cracks in a revolving rotor converts a linear system into a nonlinear system 

with varying system parameters due to the parametric excitation. Historically, the 2X (where X is 

the critical or resonance frequency) response of a revolving rotor system in sub-harmonic and 

super-harmonic regions has been used to detect the presence of cracks. This process can be used 

in both frequency and time domains. Markert et al. (2001) applied the same approach in the time 

domain to identify a crack and its location in a flexible rotor. In this regard, Kulesza et al. (2011) 

designed a set of observers to find out the presence and location of a crack in a rotor. Sawicki et 

al. (2011a) used auxiliary harmonic excitations (AHE) to detect the presence of cracks in the rotors. 

They observed the dynamic response of the rotor under sinusoidal excitation. They noticed that 

the spectrum of vibration response of a cracked rotor contains multiple frequencies. These 

frequencies are a function of the rotor spin speed and external excitation frequency. The parametric 

excitation effect caused by rotor cracks is responsible for the generation of these frequencies. This 

is a form of nonlinearity. The same concept was used by the authors and their co-workers in other 

publications (Sawícki et al., 2011, Kulesza, 2014). These methods are quite recent and are being 

used frequently. Some of the researchers detected the rotor crack based on the transient response 

of the revolving rotor. Darpe et al. (2004b) studied the transient vibration behaviour of a cracked 

Jeffcott rotor while crossing the critical or resonance speed. They studied the orbit plots near sub-

harmonic resonances to analyze the effect of critical speeds on the orbit orientation. Babu et al. 

(2008) applied Hilbert-Huang Transformations (HHT) to analyze the transient response of the 
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cracked Jeffcott rotor. They emphasized that HHT gives better results compared to the continuous 

wavelet transform and Fast Fourier transform (FFT) for crack detection in a rotor based on the 

transient response. The main emphasis was on the transient response of the rotor when passing 

through a critical frequency. Silani et al (2013) investigated the ability of the short-time Fourier 

transform (STFT) to detect the presence of small cracks based on the transient response 

calculations. Yang et al. (2015) investigated the role of Empirical Mode Decomposition for 

analyzing cracks based on the transient response. The existing research in references (Babu et al., 

2008, Silani et al., 2013, Yang et al., 2015) is mainly based on the application of STFT for the 

response in resonance regions. This high amplitude in resonance regions can increase the crack 

propagation speed. However, working in pre-resonance regions (where the vibration amplitude is 

much less than the amplitude in resonance regions) is advantageous.  

The rubbing of the rotor and stationary stator is also a common fault in rotating machinery. In 

this concern, Jacquet-Richardet et al. (2013) presented a detailed literature survey on the 

rotor/stator rub phenomena. Elastic collision theory and impact energy models are quite helpful in 

the analysis of rotor/stator rub. Based on that, Cong et al. (2011) evaluated the severity of the rub 

impact fault. Some researchers presented numerical simulations along with experimental results 

and established the correlation between them (Torkhani et al., 2012). Light, medium and heavy 

rub conditions were analyzed theoretically and experimentally in their work. Behzad et al. (2013) 

also used contact mechanics principles in modelling rotor/stator contact. Ma et al. (2013, 2015) 

modelled a rotor-bearing system by using the Lagrange Multiplier method for the contact 

formation. Ma et al. (2014, 2015) extended his previous work and modelled the rotor-stator rub 

under different loading conditions and stator configurations. Recently, Varney et al. (2015) 

investigated a two-degree-of-freedom asymmetrically supported rotor-stator contact system under 
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the effect of gravity. They obtained the various type of vibration responses including periodic, 

quasi-periodic and chaotic behaviours. 

There are other physical phenomena related with the rotor/stator rub like jump phenomena, 

synchronous full annular rub (FAR), partial forward whirl (PFW), partial backward whirl (PBW), 

chaotic response and dry whip (WHIP) (Jiang and Ulbrich, 2004). In a WHIP, the frequency 

remains constant and the amplitude increases dramatically. This is a dangerous state of affairs and 

harmful to the equipment. 

 It has been observed that WHIP can be initiated without the external stimulus if the right 

combination of rotor spin frequency and unbalanced mass is achieved. Shang et al. (2011) studied 

analytically the global vibration characteristics of rotor/stator rubbing systems. Patel and Darpe 

(2008b) investigated rotor-stator rubbing in a cracked rotor using a full spectral analysis. Lee and 

Han (1998) used the concept of planar motion to diagnose the rubbing induced faults. Patel et al. 

(2009) and Zhao et al. (2012) studied the application of Hilbert-Huang transformations and 

wavelet transformations to vibrations produced during coasting up of a rotor with rotor/stator rub. 

Generally, the rub phenomena are reproduced by simulations without considering the effect of 

gravity. The effect of gravity needs to be studied in full detail along with the presence of a 

transverse breathing crack. Also, there is an urgent need to derive new techniques of diagnosing 

cracks and rubbing faults based on the vibration response, even if these two faults coexist. 

2.3. Active vibration control of rotor dynamic systems 

Due to the absence of frictional contacts, active magnetic bearings (AMB) have a long service 

life. These bearings are robust in nature and require very less maintenance. Hence, they are used 

in many areas like flywheels (Park 2014; Ren et al. 2013; Fang et al. 2013a, 2013b), control 

moment gyros and turbopumps (Abrahamsson et al. 2014; Yi et al. 2008). The optimal control is 
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an important technique of feedback controllers. An optimal solution was obtained in terms of 

control energy and error (Jastrzębski et al. 2009). However, system uncertainties were not 

considered in the design of the controller. Robust control techniques like H∞ and µ-synthesis are 

worth considering when designing the controller for an uncertain system (Mushi et al. 2012). 

Stability properties of the closed-loop system with such controllers are better than that with optimal 

controllers. Proportional – Integral – Derivative (PID) controllers tuned using the multi-objective 

optimization were also used (Wei et al. 2016). 

A gain phase modifier was used to adaptively suppress vibrations caused by the unbalance 

(Fang et al. 2013a). This method was capable of handling the trouble created by low pass 

characteristics of the power amplifier. Chen et al. (2015) used a double loop compensation method 

to suppress unbalanced vibrations.  

Zheng et al. (2016) presented an unbalanced vibration reduction scheme using the PID 

controller for a magnetically suspended centrifugal compressor. An adaptive notch filter (ANF) 

was used for the frequency estimation. Other methods of the frequency estimation include adaptive 

observer structures, frequency locked loop (Rodriguez et al. 2011), marginal median discrete 

Fourier Transform (Djurovic, 2007), and neural network theory. Adaptive Notch Filter is well 

known in the field due to its simple structure and small computational burden (Mojiri et al. 2004). 

The biggest advantage of this technique is that its efficiency remains intact even in the presence 

of power system disturbances (Yazdani et al. 2009; Chu et al. 2011). Yazdani et al. (2009) and 

Chu et al. (2011) used ANF for reducing the unbalanced vibrations of magnetically levitated rigid 

rotors. 
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2.4. Applications of rotor dynamic systems in machine tools 

2.4.1. Control ball screw drives of CNC machines 

CNC machines have three important units: i) ball screw drives (BSDs) for the linear motion 

of the table or carriage, ii) spindle units for giving rotary motion to cutting tools, and iii) control 

unit for the overall control of the CNC machine. In BSDs, the rotary motion of the motor is 

converted into a linear motion of the carriage by a ball screw nut system. The BSD shaft is mounted 

on ball bearings. It can be preloaded to avoid any backlash. Due to axial flexibility of the shaft and 

finite stiffness of balls of the nut and bearings, axial vibrations are generated in the BSD system. 

The coupling between the motor and shaft also contributes to these vibrations. These are also called 

structural resonances. Structural resonances inhibit the performance of BSD in many ways 

(Altintas et al., 2011, Varanasi and Nayfeh, 2004, Pritschow and Croon, 2013). Mainly, they lower 

the bandwidth of the control system by lowering the gain and phase margins of the overall system 

(Gordon and Erkorkmaz, 2013). The particular shape of the required reference motion trajectories 

excites these flexible structural modes. The ultimate goal of a servo control system is to dampen 

these flexible modes and to increase the bandwidth of the overall system (Kamalzadeh and 

Erkorkmaz, 2007).  

Different active, as well as passive techniques, are available to reduce the structural resonance. 

In passive techniques, the main approach is to reduce the excitation of flexible modes by 

aggressive motion commands. The reference trajectories are optimized and pre-filtered to generate 

desirable frequency contents (Sencer et al., 2015). Input pre-shaping is an important passive 

damping technique to reduce undesirable structural vibrations (Singhose et al., 1996). In this 

technique, smooth trajectory commands are generated to reduce undesirable structural vibrations. 

Optimal reference commands can be generated using filtered B-splines (Duan et al., 2018). The 
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robustness of the overall system can also be enhanced by optimizing the frequency spectrum of 

reference commands in a particular band (Sencer and Tajima, 2016). 

In active techniques, active damping can be provided to dampen flexible modes. For such 

systems, a pole placement control strategy provided quite favourable results (Gordon and 

Erkorkmaz, 2013). The sliding mode control strategy was used to control the rigid body and 

flexible mode of the BSD system (Kamalzadeh and Erkorkmaz, 2007, Sencer and Tajima, 2016). 

In addition, the sophisticated LPV control strategy was used to compensate time-varying dynamics 

generated due to removal of mass during metal cutting (Sepasi et al. 2012). Combination of the 

pole placement and loop shaping was used (Hanifzadegan and Nagamune, 2015) to safeguard the 

performance of a closed-loop system against disturbances caused by cutting loads. An LPV 

controller was implemented for the stiffness variation and mass removal due to cutting.  

Feedforward control is another control strategy used for the control of ball screw drives. A 

zero-phase error tracking controller (ZPETC) is widely used for this purpose (Tomizuka, 1987). 

In this direction, Chen et al. (2006) used a hybrid controller made by combining the ZPETC 

controller with cross-coupling controller. Erkorkmaz and Altintas (2001) used a controller made 

by the combination of disturbance estimator, friction compensator and a ZPETC. The main 

problem with feedforward controllers is that the plant dynamics must be known with certainty. 

This problem was solved by Uchiyama (2008). He used an adaptive two-DOF controller to feed 

tool drives. The system parameters were updated to achieve desired performance in the presence 

of uncertain reference signals. To compensate for position-dependent dynamics of the ball screw 

drive, a controller composed of modal characteristic modifier and adaptive tuning algorithm was 

used (Liu et al., 2017a, 2017b). Artificial neural networks were used for adaptive tuning. It is 
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obvious from the above work that hybrid controllers are better suitable for satisfying multiple 

requirements. 

Although robust H∞ controllers require no special hardware for the control implementation, 

they have not gained wide acceptance in the industry. In industry, a cascade PPI controller is 

normally used (Sun et al., 2016). Here P is the proportional controller and I is the integral 

controller. PI controller is implemented in the motor speed loop and P controller is implemented 

in a table position loop. Pritschow et al. (2003) modified this controller by additional acceleration 

feedback. A semi-active damper between the table and machine bed was used to enhance the 

closed-loop performance (Verl and Frey, 2012). A feed drive mechanism with soft axial bearing 

and strong parallel damper was used to enhance the performance (Pritschow and Croon, 2013). 

Using the concept proposed in references (Pritschow et al., 2003, Verl and Frey, 2012, Pritschow 

and Croon, 2013), the increased bandwidth was obtained but additional sensors or actuators were 

required. Very recently, Sun et al. (2018) increased the bandwidth of the position loop without 

using any additional actuator, with the help of a disturbance observer. Li et al. (2018) used a 

feedforward compensation method for dynamic mechanical tracking errors. A dynamic model was 

proposed to offset position commands given to the controller. Dumanli et al. (2018) used the 

acceleration and jerk feedback to improve the bandwidth of controllers. Linear Quadratic 

Regulator was used to position poles at certain specified positions.  

2.4.2. Active chatter control in turning operation 

Merritt (1965) described the basics of the regenerative chatter (Marui et al., 1983, Kato and 

Marui, 1974). Jen et al. (1996) described the dynamic interaction of workpiece and lathe structure. 

In this work, the flexibility of the cutting tool and workpiece was studied in combination to 

generate stability lobe diagrams. Shawky et al. (1998) used a model predictive control-based 
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strategy for enhancing the accuracy of bar turning. They used the Kalman filter-based state 

estimation with online measurements. Yu et al. (2008) conducted the stability analysis of flexible 

shafts (uniform and stepped). They emphasized on the location-dependent stiffness of the shafts 

and related it with the stability lobe diagrams of stepped shafts. Normally the cutting dynamics is 

represented as a single-DOF system. However, the two and three-DOF systems are more suitable 

to represent the cutting dynamics of flexible shafts. Rao et al. (1999) used a 3-DOF model to 

represent the dynamics of the turning process. This analysis was more suitable than that presented 

by Wang and Cleghorn (2002). The work on stability analysis of turning of a long slender shaft 

was extended by Li et al. (2012). In certain circumstances, the flexibility of workpiece and cutting 

tools need to be considered. In this case, the compliance between the two was considered by Otto 

et al. (2015). Recently, the stability analysis of long flexible shafts was also presented by Stepan 

et al. (2017). 

Active chatter control (ACC) for turning operations was presented by Ganguli et al. (2007).  

They used frequency-domain methods for checking the stability of turning operations. To validate 

theoretical results, experiments were conducted and presented (Ganguli et al., 2005). The concept 

of an active dynamic absorber was introduced by Tewani et al., (1995). Apart from turning 

operations, the ACC of the boring process has undergone tremendous progress. Recently magnetic 

actuators were used in ACC of the boring process (Lu et al., 2014). ACC for the turning process 

with the experimental validation is reported by Shiraishi et al. (1991) to implement an optimal 

control method. A combination of frequency and time domain methods was used to study the 

stability of cutting systems (Mei et al., 2005, Lu et al., 2018). Ma et al. (2017) emphasized that it 

is difficult to measure the structural parameters of the cutting system. With the passage of time, 

these parameters are bound to change also. They used an Adaptive Sliding Mode Control for ACC. 
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They theoretically proved the stability of the proposed controller and experimentally validated the 

effectiveness of the controller. These show state of the art of techniques for chatter prevention in 

turning operations. 

There is a trend in combining passive and active techniques to enhance the overall efficiency 

of the process. Meng et al. (2015) used a sinusoidal spindle speed variation in the combination 

with a state feedback controller. After the thorough study, it was observed that the ACC control 

has been implemented for preventing chatter for fixed-parameter systems. The dynamics of 

stepped shafts with the location-dependent flexibility is quite complicated. As the material is 

removed, natural frequencies of the shaft change drastically. Hence, the ACC designed for one 

particular set of parameters loses stability for another set of parameters.  

2.4.3. Active chatter control in boring operation 

From time to time several passive techniques were devised to enhance the depth of cut without 

chatter in boring operations. The research of Klein et al. (1975) provided the theoretical foundation 

for enhancing the chatter stability by means of the active chatter control strategy. Tanaka et al. 

(1994) used piezoelectric actuators for enhancing the chatter stability of boring operations. Wang 

et al. (2001) used electrorheological fluids for actively controlling the chatter in boring operations. 

Pratt et al. (2001) investigated theoretically and experimentally the stability of a slender boring bar 

under regenerative chatter conditions. Andréne et al. (2003) installed a piezo actuator into a turning 

tool holder for vibration control. Chen et al. (2014) used magnetic actuators for controlling the 

chatter in boring bars. Mei et al. (2009) used a magnetorheological fluid controlled boring bar for 

reducing the chatter.  

Experimental results were also discussed (Ganguly et al., 2005). Parameters of machines are 

subjected to change during their service life. Designed controllers must be robust enough to bear 
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these uncertainties. In this regard, Sliding Mode Control (SMC), Linear Quadratic Regulators 

(LQR) and H∞ controllers have been applied for active control applications (Tewani et al., 1995). 

Ma et al. (2017) observed that in designing all these controllers, the proper estimation of machine 

tool parameters is required, which is difficult to measure. Considering these limitations, an 

adaptive SMC was implemented in their work.  

2.4.4. Chatter detection in milling operation 

The sensor cost is decreasing day-by-day giving a push to online chatter detection technology. 

Researchers have developed methods for online chatter detection using vibration, sound and power 

signals obtained from different types of sensors. 

Rahman and Ito (1986) diagnosed the onset of chatter based on the horizontal deflection of 

the cutting tool. Liao and Young (1996) proposed the spindle speed regulation to control chatter 

when it has just started. They collected the dynamic cutting force signal from the dynamometer. 

They used fast Fourier transform of collected signals to determine the new spindle speed. (During 

chatter, due to the interaction of cutting tool and workpiece, a particular sound is generated. A 

microphone is a good sensor to catch that sound. Delio et al. (1992) used the audio signal for 

detection and control of chatter. Schmitz et al. (2001) extended this idea because microphones are 

economical compared to dynamometers, displacement probes and accelerometers. In their work 

(Schmitz et al. 2002, 2003), they worked on the once per revolution audio signal variance as an 

indicator of chatter. They also worked on the statistical evaluation of the audio signal. The energy 

of the measured sound signal, when exceeds a certain threshold level, can be considered as an 

indicator of chatter (Weingaertner et al., 2006). Ismail and Ziaei (2002) worked on a 5-axis milling 

machine. They conducted a sound analysis of the machining process in combination with offline 

scheduling of process parameters and online spindle ramping. Tsai et al. (2009, 2010) worked on 
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the signal obtained from acoustic sensors and proposed a spindle speed compensation technique. 

Okuma (2006) presented a commercial chatter detection solution. They used microphones that 

were connected to NC machines through a USB port to give acoustic feedback. He also presented 

a software downloadable tool to NC machines, which can suggest the new spindle speeds for 

online adaption. However, the limitation of the audio-based signal techniques is that the sound 

from other machines can interact with the machine under consideration.  

 Faassen et al. (2006) used accelerometers for the detection of chatter in machine tools. 

Doppenberg et al. (2006) used the algorithm proposed by Faassen et al. (2006) to adjust the spindle 

speed to move the system into a chatter-free zone. Tansel et al. (2012) worked on the chatter 

detection on a milling machine with index-based reasoning using a torque-based signal from a 

rotary dynamometer. They used a lookup table approach for classification of input signals. The 

chatter detection in case of turning is easy compared to milling operations. For the turning 

operation chatter detection, Tangjitsitcharoen and Moriwaki (2008), and Tangjitsitcharoen (2009) 

proposed the use of power spectral density of the tool deflection. Kuljanic et al. (2008, 2009) 

developed a multi-sensor chatter detection system. They compared the sensitivity of displacement 

sensors, accelerometers and dynamometers for chatter detection applications. Vela et al. (2010) 

used a detrended fluctuation analysis (DFA) technique adopted for the time-frequency domain to 

detect chatter instabilities from data obtained from accelerometer sensors. DFA has additional 

advantages over the traditional spectrum analysis. These can deal with nonstationary and nonlinear 

signals efficiently. Yao et al. (2010) used wavelets and support vector machines for chatter 

detection. Zhang et al. (2010) used a combination of hidden Markov models (HMM) and artificial 

neural networks (ANN) for chatter monitoring. In their work, HMM were used for temporal 

modelling of features extracted from time-varying signals and ANN were used for integrating 
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inputs. Eppel et al. (2010) used optical sensors for measuring the milling tool deflection. Based on 

the signal obtained, they developed a technique for differentiating between chatter and non-chatter 

conditions.  

Cao et al. (2013) combined wavelet packets and Hilbert Huang Transformations (HHT) for 

the chatter identification in end milling operations. Wavelets were used to denoise the signal and 

HHT were used to analyse the time-frequency distribution of the signal obtained from 

accelerometers mounted on the spindle unit of the milling machine. Wang et al. (2009) emphasized 

that Fourier transform is not capable of differentiating transition in non-stationary signals, hence 

is not suitable for online detection of chatter onset. They presented a statistical chatter detection 

algorithm based on the statistical analysis of discrete wavelet transforms. Choi and Shin (2003) 

presented a wavelet-based maximum likelihood parameter estimation technique for the chatter 

identification in turning and milling operations. Yoon and Chin (2005) emphasized that detailed 

coefficients in the wavelet transform can give some indications of the chatter in milling operations.  

The use of accelerometers and other sensors increases the cost and complexity of CNC 

machines. Hence researchers have tried to detect the chatter based on the signal obtained from the 

servo system of the spindle unit. Kakinuma et al. (2011) used disturbance observer theory to detect 

the self-excited and forced vibrations developed during chatter. Shimoda et al. (2017) also used 

disturbance observer theory to detect the presence of chatter from the signal obtained from the 

drive unit (i.e. linear encoders) of CNC machines. In these techniques, they used bandpass filters 

to detect chatter frequency. With this method, it becomes easy to isolate the structural dynamics 

of the cutting tool. However, the chatter frequency is not known a priory and hence it is difficult 

to determine the cut-off frequencies of these filters. Manual intervention becomes necessary based 

on cutting conditions. This is however detrimental to online chatter detections. To overcome this 
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difficulty, frequency domain chatter detection techniques were developed to use the total spectrum 

of the available signal from sensors (Liu et al. 2018). Recently, Aslin and Altintas (2018) used the 

machine tool drive unit current obtained from a servo system for the detection of chatter. They 

removed the forced vibration component and used a Fourier Transform of the remaining signal to 

detect the presence of chatter.  

For applications of machine learning in machine health monitoring, Hoang et al. (2019) 

presented a thorough survey of applications of deep learning techniques for the roller bearing fault 

diagnosis. For more detail, references therein can be referred to Zhao et al. (2019). They discussed 

the applicability of different machining learning methods for machine health monitoring. They 

considered the gearbox fault detection, induction motor fault detection and tool wear prediction of 

CNC milling machines. They used statistical, frequency domain and time-frequency domain 

results in the analysis. Oleaga et al. (2018) proposed a machine learning-based solution for chatter 

prediction in a heavy-duty milling machine. They used regression trees for prediction of the chatter 

frequency. However, they emphasized on prediction instead of detection, especially on an online 

basis. It is a known fact that collecting experimental data is a costly affair. Bearing this in mind, 

Sobie et al. (2018) used a simulation-driven machine learning approach for bearing fault 

classification. They used data collected from high-resolution dynamic simulations of ball bearings. 

These data were used to train machine learning algorithms. They used convolutional neural 

networks for the bearing fault classification. After an extensive search, it was realized that the 

literature available in the field of chatter detections using the machine or deep learning is scant. 
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2.5. Research gaps and directions  

Based on the literature survey, following gaps are noticed and research directions are 

identified. 

 There is a need to show the impact of the ball bearings in the rotor system on the efficiency 

of crack detection techniques based on the steady-state vibration response. 

 There is a need to devise a transverse crack detection strategy, which can be used in the 

presence of ball bearings in the rotor system. 

 There is a need to identify and quantify these faults simultaneously. 

 The effect of gravity needs to be studied in full detail along with the presence of a transverse 

breathing crack for rotor/stator rubbing. Also, there is an urgent need to derive new 

techniques of diagnosing cracks and rubbing faults based on the vibration response, even 

if these two faults coexist.  

 An effort should be made such that the fault detection can be done in an online manner. 

 There is a need to apply hybrid controllers (a combination of feedback and adaptive 

feedforward cancellation) to reduce the amplitude of steady-state as well as transient 

vibrations. The control strategy should also be capable of identifying the rotor system faults 

(like rotor crack and coupling misalignment) using the power spectral density of applied 

control inputs. 

 There is a great need to implement principles of rotor dynamics to machine tools. There is 

a need for applying hybrid controllers to enhance the command tracking efficiency as well 

as the performance of the BSD during metal cutting operations. 

 There is a need to apply Linear Parameter Varying (LPV) controllers for updating 

controller parameters during the total span of the shaft during turning operations. 
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 Due to the flexibility of the boring bar in all directions, there is a need for the 3D model 

for the cutting process in case of boring operations. Heavy forces are required to maintain 

stability during active chatter control applications. There is a need for controllers to require 

small control forces for ACC applications. There is also a need to consider the effect of 

ovality of the workpiece as well as the eccentricity of the boring bar during the modelling 

process so that stability lobe diagrams can be constructed accurately. 

 There is a need to derive the dynamic model for stationary bar (SB) and rotating bar (RB) 

boring operations and to investigate the difference between the two. Feasibility analysis of 

ACC for RB boring operations must also be carried out. 

 There is strong need of developing an online chatter detection technique for turning, boring 

and milling operations. An algorithm is required for the automatic spindle speed regulation 

so that a system can be dragged to the chatter-free zone from chatter conditions (without 

using ACC). 

Based on the gaps found in literature and identified research directions, research has been 

conducted. Following chapters will introduce theoretical as well as experimental work done in this 

thesis to fill these gaps. 
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Chapter 3 

3. Modelling and fault detection in rotodynamic systems 
 

3.1. Overview  

In case of simple Jeffcott rotors, bearings lie on edges of the rotors, hence bearing 

nonlinearities are not properly absorbed in the dynamic response. Real rotors containing multiple 

disks, flexible bearing supports, centrally located ball bearings and couplings are far more complex 

in terms of their dynamic response than simple Jeffcott rotors. Nonlinear dynamic modelling of 

the flexible rotor with centrally located ball bearing has been developed along with transverse 

crack and used for simulation purposes. It has been observed that crack detection techniques based 

on the steady-state vibration response work well for simple Jeffcott rotors only. The presence of 

ball bearings and other system nonlinearities inhibit the direct application of steady-state dynamic 

response-based crack detection techniques for real rotor-bearing systems condition monitoring. 

However, transient response-based crack detection techniques can be successfully applied to work 

in the presence of system nonlinearities. Crack propagation is enhanced during high amplitude 

vibrations, hence, instead of working in the resonance region, working in pre-resonance regions is 

advantageous due to lower vibration amplitudes. Switching control strategy based on a 

combination of active vibration control and Short Time Fourier Transform is proposed in this 

work. The proposed technique basically operates on the signal in pre-resonance regions (with low 

vibration amplitude) hence avoids chances of the crack propagation. This technique can be used 

to detect the presence of even small cracks and works well in the presence of bearing nonlinearities 

and flexible bearing supports that are inherently present in real rotor-bearing systems and 

qualitatively change dynamics of the overall system.  
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3.2. Mathematical Modelling 

 Many techniques are available for mathematical modelling of cracked flexible rotors. 

Analytical techniques are slightly difficult to apply; however, the generated mathematical models 

are low in the order. They can only be applied to simple geometries. Finite element methods can 

be applied to complex geometries, but the resulted models are high in the order. In this research, a 

discrete mass spring damper element-based model (DMSDM) of the real rotor system is developed 

compared to the finite element model (FEM). To obtain better accuracy, parameters of the low 

order DMSDM are fine-tuned to match its results with a high order FEM. The resulted model is 

then used for simulation purposes. 

3.2.1. Finite Element Model of flexible Rotor systems 

A shaft is discretized into several finite elements. Each element contains two nodes with 4 

degrees-of-freedom at each node. For discretization, Timoshenko beam elements are used. 

Elemental governing equations of the motion are as follows (Lalanne and Ferraris, 1990, Vashisht 

et al., 2018) 

   RotorΩe e e e e e e e e

T R i R R i B i iM + M x + C -  G x + K x = Q                                                                                (3.1) 

where e

TM  and  e

RM are translational and rotary elemental mass matrices. e

RC , e

RG  and  e

BK  are 

elemental damping, gyroscopic, and stiffness matrices respectively. e

iQ  defines a gravity force 

vector for the element. e

ix  is the displacement vector for the element. RotorΩ  is the rotor spin 

frequency. For the sake of simplicity, classical damping is considered by using Rayleigh’s 

expression: ( )e e e

T R BM M K   e

RC , where   and   are constants.  The dynamic model of the 

rigid discs is given by the following relations (Lalanne and Ferraris, 1990). 

   RotorΩ  d d d d d d d

T R i R i i iM + M x + - G x = Q + F                                                                                          (3.2) 
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where d

TM , d

RM and d

RG  are the translational mass, rotary mass, and gyroscopic matrices, 

respectively. d

iQ  and d

iF are the weight of the disk and the unbalance forces respectively. The 

unbalanced mass is attached to the disk 2. The bearings are mounted on flexible bearing supports 

as shown in Figure 3.1 (Sections A and B). A coupling shown in Section C of Figure 3.1 is located 

at the right extreme of the flexible shaft. Bearing supports are modelled as two-node linear elastic 

spring elements. These bearing supports considerably change the dynamics of the overall system 

and are formulated in the form of following equations of motion (Lalanne and Ferraris, 1990, 

Vashisht et al., 2018). 

i

s s s s s

i iM x + K x = F                                                                                                                         (3.3) 

where s
M , s

K and s

iF are the elemental mass matrix, stiffness matrix, and external load vector, 

respectively. The effect of bearing stiffness is accommodated by placing the stiffness coefficients 

at appropriate locations. The global dynamics of the complete rotor system is represented in the 

matrix form as follows. 

  ( )d

Rotor R R d s d s d d s

T T R R R B(M + M + M + M + M ) x + C x + (K + K ) x = (Q + Q + F + F )G G    

(3.4) 

The system of equations can be presented in a compact form: 

 RotorΩ  Q WM x + C- G x + K x = F + F                                                                                                 (3.5) 

where M and G are the global mass and gyroscopic matrices respectively. The global damping 

and stiffness matrices are represented by C and K respectively. The global vector of the gravity 

and imbalance forces are represented by 
QF  and WF  respectively.  
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Figure 3.1 Schematic of the finite element model of a rotor-bearing system 

 

Equations (3.1-3.5) are used in this work to obtain the FEM of a rotor system. The rotor is lying 

horizontally and has two rigid disks. The effect of gravity is given due consideration. The rotor is 

divided into 20 discrete elements. The bearings, disks and coupling are assumed to be located on 

nodes. However, due to the purpose of clarity, some of these components cover some of the 

elements in Figure 3.1. The overall length and diameter of the rotor are 1478 mm and 40 mm 

respectively. The mass of the Disk 1 is 5 Kg and Disk 2 is 19.4 Kg (Figure 3.2). The rotor is 

mounted on two bearings. A flexible coupling connects the rotor at the right-hand side. Left-hand 
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side bearing support contains a linear bearing with stiffness 7x108 N/m with a mass of the bearing 

pedestal or support as 6 Kg. The stiffness of the bearing support is 3.8x106 N/m. Right-hand side 

bearing support contains a ball bearing with bearing stiffness 4.6x107 N/m and a mass of the 

bearing pedestal as 6 Kg having the same stiffness of the bearing as the left-hand side support. The 

rotor-bearing system is assumed being made of various spring-mass dampers connected. Figure 

3.2 represents the equivalent discrete spring-mass system and shows various physical parameters 

of the rotor-bearing system. This figure represents these connected elements in one plane. The 

important physical parameters of the complete system along with mechanical properties are shown 

in Table 3.1 (Villa et al., 2008). 

Table 3.1 Physical parameters and mechanical properties of the rotor bearing system 

 

Notation Description Value 

D Shaft Diameter of the shaft  0.04 m 

L Shaft Length of the shaft  1.478 m 

 ρ Density  7800 Kg/m3 

E Young’s modulus of elasticity  210 x 109 N/m2 

 α First Rayleigh damping coefficient  1.36  

 β Second Rayleigh damping coefficient  1.75 x 10-5 

 ϵ Eccentricity of the mass unbalance  0.2 m 

 m Imbalance mass  3 x 10-3  Kg 
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Table 3.2 Damping parameters of the discrete mass representation of rotor bearing system 

Notation Description Value 

 c1  Damping coefficient of the first bearing support  90 Ns/m 

 c2 Damping coefficient of the first bearing element  90 Ns/m 

  c3 Damping coefficient of length section L2  12 Ns/m 

 c4 Damping coefficient of length section L3  12 Ns/m 

 c5 Damping coefficient of second bearing element  90 Ns/m 

 c6 Damping coefficient of second bearing support   90 Ns/m 

 c7 Damping coefficient of length section L4  12 Ns/m 

         c8 Damping coefficient of length section L5  12 Ns/m 

         c9 Damping coefficient of coupling  90 Ns/m 

 

3.2.2. Discrete Mass spring damper element-based Model 

The DMSDM has reduced order with high computational efficiency. Figure 3.3 represents the 

DMSDM of the overall system in the horizontal direction. For the vertical direction, a similar 

system can be generated. Equations of motions can be derived using the force method or energy 

method.  

In this research, the energy method is used. The kinetic energy T and potential energy U subjected 

to lateral vibrations in the horizontal direction can be written as follows (Lalanne and Ferraris, 

1990, Vashisht et al., 2018). 

   
2 2 2 2 2 2 2

1 1 2 2 3 3 4 4 5 5 6 6 7 7

1
    u    

2
T m u m u m u m m u m u m u                                                            (3.6) 

2 2 2 2 2

1 1 2 1 2 3 2 3 4 3 4 5 4 5

2 2 2 2

6 5 7 4 6 8 6 7 9 7

 ( )  ( )  ( )  ( )  ( )1

2  ( )  ( )  ( )  ( )

k u k u u k u u k u u k u u
U

k u k u u k u u k u

        
  

       

                                     (3.7) 

The kinetic and potential energy in the vertical direction can be obtained in a similar manner. 

Using the Lagrange method, equations of motions in horizontal and vertical directions can be 

calculated. Lagrangian (L) is defined as follows (Lalanne and Ferraris, 1990, Vashisht et al., 2018). 

L=T-V                                      (3.8) 
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The Euler-Lagrange equation is given as follows (Lalanne and Ferraris, 1990, Vashisht et al., 

2018). 

d L L

dt q q

  
 

  
                                                                                                                 (3.9) 

Using this equation and incorporating the appropriate damping (shown in Table 3.2), the following 

equations of the motion are derived: 

1

2

3

1 1 1 2 1 2 2 1 2 1 2 2

2 2 2 1 2 3 2 3 3 2 1 2 3 2 3 3

3 3 3 2 3 4 3 4 4 3 2 3 4 3 4 4

4 4 4 3 4 5 7 4 5 5 7 6 4 3 4 5

( ) ( )

( ) ( )

( ) ( )

( ) (

u

u

u

m u c c u c u k k u k u F

m u c u c c u c u k u k k u k u F

m u c u c c u c u k u k k u k u F

m u c u c c c u c u c u k u k k k

      

        

        

         
4

5

6

7

7 4 5 5 7 6

5 5 5 4 5 6 5 5 4 5 6 5

6 6 7 4 7 8 6 8 7 7 4 7 8 6 8 7

7 7 8 6 8 9 7 8 6 8 9 7

)

( )  ( )

( ) ( )

( ) ( )

u

u

u

u

u k u k u F

m u c u c c u k u k k u F

m u c u c c u c u k u k k u k u F

m u c u c c u k u k k u F

  

      

        

      

         (3.10) 

 

K1=3.80 x 106 N/m

K2=7.0 x 108 N/m

k3
k4

K5=4.6 x 107N/m3/2

K6=3.8 x 106 N/m

k7 k8

K9=5.75 x 104 N/m

M1=6Kg

M2=1.5 Kg M3=5Kg
M4=1.5 Kg

M5=6Kg

M6=19.4 Kg M7=1Kg

0.7 m 0.436 m 0.146 m 0.196 m

 

Figure 3.2 Equivalent physical model of the discrete mass model of the rotor bearing system in 

one plane (not to scale) 
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m3

M2=4.5 Kg

K3=1.96 x 105 N/m
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Figure 3.3 Phenomenological model of the discrete mass model of the rotor bearing system in 

one plane (not to scale) 

where us are deflections, cs are damping coefficients, ks are the stiffness’s and uF s are the forces 

acting in the horizontal direction. The equations of motion in the vertical direction are given as 

follows.  

1

2

3

1 1 1 2 1 2 2 1 2 1 2 2

2 2 2 1 2 3 2 3 3 2 1 2 3 2 3 3

3 3 3 2 3 4 3 4 4 3 2 3 4 3 4 4

4 4 4 3 4 5 7 4 5 5 7 6 4 3 4 5

( ) ( )

( ) ( )

( ) ( )

( ) (

v

v

v

m v c c v c v k k v k v F

m v c v c c v c v k v k k v k v F

m v c v c c v c v k v k k v k v F

m v c v c c c v c v c v k v k k k

      

        

        

         
4

5

6

7

7 4 5 5 7 6

5 5 5 4 5 6 5 5 4 5 6 5

6 6 7 4 7 8 6 8 7 7 4 7 8 6 8 7

7 7 8 6 8 9 7 8 6 8 9 7

)

( )  ( )

( ) ( )

( ) ( )

v

v

v

v

v k v k v F

m v c v c c v k v k k v F

m v c v c c v c v k v k k v k v F

m v c v c c v k v k k v F

  

      

        

      

          (3.11) 

where vs are deflections in the vertical direction and vF s are forces acting at individual masses in 

the vertical direction. Equations (3.10-3.11) are used to construct the DMSDM of the rotor-bearing 

system used in this research. To match the modal parameters of the full and reduced order model, 

the genetic algorithm-based multi-objective optimization is performed. If ˆ
r (x) and 0ˆ ( )

N

r R x
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(for r=1…H) are modal frequencies and mode shape components at the N0
th degrees-of-freedom 

respectively (for the first H modes), corresponding to parameter x, we need to solve following 

eigenvalue problem (Lalanne and Ferraris, 1990, Vashisht et al., 2018). 

2 ˆˆ[ ( ) ( )] ( )r r   0x (x) x xK M                                                                                                                            (3.12) 

where K(x) and M(x) represent the stiffness and mass matrices respectively of the reduced-order 

DMSDM with parameter x. The optimization problem can be set up to minimize the following 

objective function. 

1( ) { ( ),... ( )}n   x x x                                                                                                                                    (3.13) 

where 

2
2

2 2

ˆ ( )ˆ ( )
( ) , 1,...,

i ii i

i

i i

i H
  

 


   

xx
x . Here 

2 Tz z z is the usual Euclidian 

norm. H is the number of modes considered. The modal frequencies and mode shapes for the ith 

mode of the full order system are represented by i  and 
i , respectively. The original shaft 

stiffness parameters were calculated using the strength of material formulas. These modified 

coefficients are available in Figure 3.3. Figure 3.4 shows the frequency response functions of both 

models at Disks 1 and 2 for the vertical response. It is evident that only the first two modes are 

sufficient to calculate the overall response of the system. The contribution of higher modes is 

negligible. Table 3.3 shows the comparison of un-damped natural frequencies of both models. The 

first two frequencies match well and are of interest. 
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Table 3.3 The comparison of natural frequencies 

Mode  Finite Element Model Discrete Mass Model 

1 35.2 Hz 34.7 Hz 

2 46.2 Hz 45.5 Hz 

3 89.0 Hz 98.3 Hz 

4 150.3 Hz 169.0 Hz 

5 232.5 Hz 244.0 Hz 

   

 

 

Figure 3.4 Bode plot for the different modeling techniques at Disk1 and 2 

3.2.3. The Ball Bearing Model 

Figure 3.5 shows a ball bearing. Ball-bearing 6014 is used in this work. Table 3.4 shows the 

parameters of the ball bearing. The ball bearing is modelled as a two-degrees-of-freedom system 

(one in horizontal and the other in the vertical direction) with the radial clearance and Hertz contact 

between races and spherical balls. While formulating the dynamical equations of motion it was 

assumed that the outer race of the ball bearing is fixed to the flexible bearing support. However, it 

is assumed that the inner race is fixed to the flexible rotor. The rotor and cage rotate at different 
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frequencies. The purpose of the cage is to maintain a constant separation between balls. The 

relation between the cage rotational velocity and shaft rotational velocity is given by the following 

relation (Harsha et al., 2004, Tiwari and Gupta, 2000). 

i

i o

R

R R

 
   

 
cage rotor=                        (3.14) 

where  and i oR R represent the inner and outer cage radius of the ball bearing respectively. rotor  

is the rotor spin velocity. 
cage  is the spinning velocity of the cage. bN  is the number of balls in 

the bearing. The angular space between two balls is equal to   
2

bN


  . The angle between balls 

is given by the following relation (Harsha et al., 2004, Tiwari and Gupta, 2000, Vashisht et al., 

2018a). 

b

2
( 1) ,         k=1,....,Nk cage

b

k t
N


                                                                                     (3.15) 

The relative radial distance k between the inner and the outer races at the kth ball position can 

be expressed as follows (Harsha et al., 2004, Tiwari and Gupta, 2000, Vashisht et al., 2018a). 

k 0 i k i 0 k b=(u -u )cos( ) +(v -v )sin( )       k=1,....,N                                                                (3.16) 
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Figure 3.5 Ball bearing system 

The horizontal and vertical displacements of the inner and outer races are given by 

i 0 i 0u , u ,  v  and  v  respectively. k is the position at the kth ball. Based on the position of each ball 

and the local Hertzian contact, the restoring force can be estimated by using the following relation 

(Harsha et al., 2004, Tiwari and Gupta, 2000). 

k

k

( )     

0                      

n

k

k

 



     
  

 
                                                                                             (3.17) 

where   is the radial clearance between races and balls.   is the effective stiffness. It can be 

obtained by combining the effects of all the balls. It shows in Figure 3.5 that the ball bearing 

stiffness Z actually represents stiffness k5 as follows (Harsha et al., 2004, Tiwari and Gupta, 2000). 

3/2 3/2

1

1 1

i oK K

 



                                                                                                                 (3.18) 

Global bearing reaction forces can be calculated by adding the individual restoring force from each 

ball of bearings. Afterwards, the total restoring force components u  and v in X and Y directions 

can be represented respectively as follows (Harsha et al., 2004, Tiwari and Gupta, 2000). 
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k

k=1

 cos( )
bN

u k                                                                                                                    (3.19) 

k

k=1

 sin( )
bN

v k                                       (3.20) 

Equations of the motion for the DMSDM in the horizontal direction are modified as follows. 

4

5

4 4 4 3 4 5 7 4 5 5 7 6 4 3 4 7 4 7 6

5 5 5 4 5 6 5 6 5

( ) ( )  ( )

( )  +  ( )

u u

u u

m u c u c c c u c u c u k u k k u k u F

m u c u c c u k u F

             

      
       (3.21-3.22) 

with k 4 5 k 4 5 k b=(u -u )cos( ) +(v -v )sin( )       k=1,....,N   

Similarly, equations of motion of the DMSDM in the vertical direction are modified as follows. 

4

5

4 4 4 3 4 5 7 4 5 5 7 6 4 3 4 7 4 7 6

5 5 5 4 5 6 5 6 5

( ) ( )  ( )

( )  +  ( )

v v

v v

m v c v c c c v c v c v k v k k v k v F

m v c v c c v k v F

             

      
           (3.23-3.24)  

with k 4 5 k 4 5 k b=(u -u )cos( ) +(v -v )sin( )       k=1,....,N  . Equations (3.21-3.24) are used to 

accommodate the presence of ball bearings in the overall rotor-bearing system. 

u

v
 

Figure 3.6 Cracked Rotor model 
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Table 3.4 Geometric properties of 6014 Ball Bearing (Tiwari and Gupta, 2000) 

Notation  Description Value 

Rd Ball radius  5.953 mm 

Ro Outer race radius  38.993 mm 

Nb Number of balls  16 

δ Radial clearance 20 μm 

 m2, m4 Bearing-element mass  1.5 Kg 

 Z=k5 Load–deflection factor for contact point  4.6x107 N/m3/2 

 

3.2.4. Cracked rotor model compatible with Discrete Mass Spring Damper based model 

Equations of motions of a rotor system with the two-degree-of-freedom in stationary Cartesian 

coordinates can be written as follows (Mayes and Davies, 1984). 

2
cos( )0 0

  
sin( )0 0

rotor u

rotor

rotor v

t Fm u c u u
(t) m

t Fm v c v v






             
                               

K                  (3.25-3.26) 

where u and v are displacements of the disc in the horizontal and vertical directions, respectively, 

in a stationary coordinate system. The stiffness matrix of the cracked shaft is represented as K(t). 

‘m’, ‘c’, ‘ε’ and ‘β’ are the equivalent mass of the system, viscous damping coefficient, eccentricity 

and attitude angle of the disc imbalance force vector, respectively. ‘Ωrotor’ represents the rotational 

speed of the rotor system. Figure 3.6 shows all these parameters. When a cracked rotor rotates 

slowly under its own weight, the crack will open and close once periodically. Therefore, the 

stiffness matrix of the shaft K (t) varies periodically during the operation due to the crack presence. 

The stiffness matrix K (t) in the inertial coordinates reads as follows (Mayes and Davies, 1984, 

Vashisht et al., 2018). 

( )
uu uv

vu vv

k k
t

k k

 
  
 

K           (3.27) 

In rotating coordinates, the stiffness matrix for a cranked shaft can be written as follows (Mayes 

and Davies, 1984). 
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00
( ) (  )

00
rotor

kk
t f t

kk





  
         

RK                              (3.28) 

where k, represents the stiffness of the uncracked rotor. Variations of the rotor stiffness in  and 

  directions can be represented as k and k  respectively (Figure 3.6). The crack function 

( )rotorf t  depends on the angular orientation of the crack as follows (Mayes and Davies, 1984). 

1 cos( )
( )

2

rotortf t
  

          (3.29) 

The stiffness matrix K (t) in the inertial coordinates reads as follows (Mayes and Davies, 1984). 

1
cos( ) sin( )

( ) ( ) ,    
sin( ) cos( )

rotor rotor

R

rotor rotor

t t
t t

t t


   

   
  

K T K T T .      (3.30) 

By incorporating the appropriate element into the overall system, the dynamic equations are given 

as: 

4

6

4 4 4 3 4 5 7 4 5 5 7 6 4 3 4 4 4 6 4 6

6 6 7 4 7 8 6 8 7 8 6 8 7 4 6 4 6

( )  ( ) ( ) ( )

( ) ( ) ( )

u uu uv u

uu uv u

m u c u c c c u c u c u k u k u k u u k v v F

m u c u c c u c u k u k u k u u k v v F

               

          
 

                           (3.31-3.32) 

Similarly, the dynamic equations of motion in the vertical direction are given as follows.   

4

6

4 4 4 3 4 5 7 4 5 5 7 6 4 3 4 4 4 6 4 6

6 6 7 4 7 8 6 8 7 8 6 8 7 4 6 4 6

( )  ( ) ( ) ( )

( ) ( ) ( )

v vv vu v

vv vu v

m v c v c c c v c v c v k v k v k v v k u u F

m v c v c c v c v k v k v k v v k u u F

               

          

                                                           (3.33-3.34)

  

Equations (3.31-3.34) are used to accommodate the effect of cracks on the overall dynamics of 

the rotor-bearing system. The purpose to construct the DMSDM is that theoretical results should 

well match experimental results while maintaining the low order of the overall system. This low 

order model will be useful for obtaining the transient response of the system in Section 3.4. The 
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effect of ball bearing nonlinearities is accurately absorbed in this low order model. Results 

presented in Section 3.4 are obtained by simulating this reduced-order model.  

3.3. Conventional crack detection techniques based on the steady-state dynamic response  

By using certain excitation signals externally and observing the produced response, various 

conceptual conclusions can be drawn. These techniques are discussed in Appendix A. The negative 

effect of the presence of ball bearing on the crack detection efficiency is also discussed in detail. 

3.4.  Proposed Crack Detection Technique based on Transient Response  

 

 The steady-state response of flexible bearings can be affected by ball bearing nonlinearities. 

Transient response methods provide better crack detection capabilities without losing performance 

in the presence of ball bearing nonlinearities. The torque is applied to the rotor system starting 

from rest conditions in such a manner that it provides a particular acceleration to the rotor. In this 

study, the rotor spin frequency is increased from zero to 60 Hz in 15 seconds. This acceleration 

can be varied depending upon the transient response of the system. When the system starts at zero 

initial conditions, due to the presence of gravity, the system vibrates in the vertical direction. It 

comes to a certain lower amplitude in a certain time interval depending on the inherent damping 

of the system. For convenience, the total time period of 15 seconds is divided into three regions. 

The first region (denoted as Region I) is that a portion in which initial transients die in 0 to 4 

seconds. The second region (Region II) is that a portion in which the average excitation frequency 

covers half the first and second critical frequency of the overall system. This region is also termed 

as a pre-resonance region (4 to 7.5 seconds). The third region is the resonance region in which 

the system vibrates at its first and second critical frequencies. This region is denoted as Region III 

(7.5 to 15 seconds). Since the present system contains the first two closely spaced modes (34.75 

Hz and 45.54 Hz), region II should cover half of these critical frequencies. Region III covers the 
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first two critical frequencies. Figure 3.7(c) shows these regions on the timescale. It is also obvious 

from the figure that when the spin frequency of the rotor passes through half of the critical 

frequencies (Region II), the vertical amplitude of the system increases (in case of the cracked rotor 

only). However, the amplitude in the horizontal direction remains constant (for both healthy and 

cracked rotors). It is also obvious that, in the resonance region, the vibration amplitude of the 

cracked rotor is much more than the amplitude of the healthy rotor. The figure is self-explanatory.  

Silani et al., (2013) shows the application of STFT for the vertical response at Disk 1 or 2. First 

of all the STFT of the signal for Disk 2 (with the rigid bearing supports) is presented in Figure 3.8.  

 

Figure 3.7 Horizontal and vertical responses of the rotor bearing (Healthy and Cracked) system 

at disks 1 and 2 
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Figure 3.8 Spectrogram of the rotor-bearing system with rigid bearing support (at disk2) 

The reason for this is that the crack is near Disk 2 and the rigid bearing supports have been 

considered so that our rotor nearly represents the Jeffcott rotor. The healthy bearing shows a single 

inclined line in the spectrogram. Figure 3.8 represents the system response corresponding to the 

linearly varying rotor spin frequency. In case of a cracked rotor, multiple such lines are observed 

(Part b). The findings of this work are matched that of reference (Silani et al., 2013). However, 

Part (c) shows that an additional line is also observed due to the presence of bearing nonlinearities. 

But that line is not continuous. For the cracked rotor with ball bearings, two additional lines are 

observed (Part d). For the cracked rotor, the number of inclined lines is decreased. The intensity 

of the lines is also decreased. This shows the negative effect of the bearing nonlinearity on the 

crack detection capability based on transient response also. This problem can be partially tackled 

by considering the response at Disk 1 instead of Disk 2 which contains fewer distortions caused 

by ball bearings (although not shown for the purpose of brevity). 
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To further enhance the crack detection capability, the segmented approach is used in this 

work. As discussed earlier, the total response has been divided into three different regions. Now, 

to minutely study the system response, we draw the spectrum by using STFT for the data pertaining 

to region II as shown in Figure 3.9. For a healthy rotor, there are two lines: one corresponding to 

the linearly varying rotor spin frequency and the other line showing the prolonged effect of initial 

transients excited due to initial conditions of the system. To clearly see the response due to the 

cracked rotor, this must be eliminated. 

 

Figure 3.9 Spectrogram of the rotor Ball Bearing system with flexible bearing support (at disk1) 
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Figure 3.10 Open and closed-loop responses of the 40% Cracked rotor with the robust 

controller 

Figure 3.10 shows the time response of the 40% cracked rotor during the run-up. To reduce the 

amplitude and vibrations in horizontal and vertical directions, a controlled signal through AMB is 

applied on Disk 1. In this study, a simple ‘Robust Feedback Controller’ is applied.  

3.5. Active Vibration Control using Robust Control Methodology 

Due to the presence of nonlinearities caused by ball bearings and rotor cracks, the overall 

system is not purely linear. There is a need to apply the robust control theory to compensate for 

these weak nonlinearities.  
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Figure 3.11 Spectrogram of the healthy rotor and 10% cracked rotor with ball bearings at disk 1 

(closed-loop response) (in region II) 

3.6. Switching Control Strategy 

By applying the robust controller and increasing the speed of the rotor progressively, it is 

observed that the initial transients die out quickly. The spectrum of the system in region II is shown 

in Figure 3.11. A single line corresponding to the spin frequency of the rotor is shown for the 

healthy rotor. For a 10% cracked rotor, an additional line is observed that shows the excitation of 

first and second modes when the spin frequency passes through half of the first and second critical 

frequencies. The frequency response spectrum of the vertical vibration response of Disk 1 (in 

region II) is obtained by using the simple Fourier Transform of data as shown in Figure 3.12. The 

system nonlinearities are obvious in this figure. The dominant part of the graph represents the rotor 

spin frequency. The second mode excitation is more predominant during the less percentage of the 

crack depth in the rotor system. However, with the increase in the crack percentage, both the modes 

get equally affected.  
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Figure 3.12 Frequency domain response of the rotor ball bearing system at disk 1 (in region II) 

using negative velocity feedback controller as a function of crack severity 

This excitation of the first and second modes can be further enhanced by the reverse application 

of a closed-loop controller. In normal conditions, we use a ‘negative feedback controller’. The 

purpose is to reduce the vibration amplitude. By converting this ‘negative feedback controller’ to 

‘positive feedback controller’, instead of suppressing the amplitude of vibrations in region II, these 

modes get excited. To do this, a switching controller concept is used. According to this concept, 

the same ‘negative feedback controller’ used in regions I and III is converted to ‘positive feedback 

controller’ in region II. The important thing worth mentioning is that, for the healthy rotor, no 

signal is generated in region II, hence the feedback controller is not effective at all i.e. it does not 

excite the system. 

Figure 3.13 shows a flowchart of the switching controller. For a given set of mass, stiffness and 

damping matrices, the system is simulated using ‘ode45’ command of MATLAB. The relative and 

absolute tolerances are settled as 1x10-9 for obtaining the accurate numerical results.  
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Figure 3.13 Architecture of the switched control 



 
 

53 | P a g e  
 

 

Figure 3.14 Response of the 10% cracked flexible rotor with active and switching control 

The gyroscopic matrix is not considered in the system as it works on very low spinning speeds. As 

time passes, the rotor spin frequency is linearly increased as a function of time in the form of a 

linear chirp. The rotor acceleration term is chosen in such a manner to obtain the well-separated 

regions I, II and III. Data are analyzed for different rotor accelerations. However, these parameters 

have a negligible effect on results as long as all the three regions are well separated. A robustly 

designed controller using ‘negative feedback’ is applied to the system. The maximum simulation 

time is settled as 15 seconds for the well-separated regions I, II and III. For regions, I and III, a 

‘negative feedback controller’ is applied to suppress vibrations. For region II, a ‘positive feedback 

controller’ obtained by reversing the sign of the ‘negative feedback controller’ is applied. Here 

instead of suppressing vibrations, the controller excites the system based on the vibration 

amplitude in this region. It is worth noting that the ‘positive feedback controller’ only excites the 

system in this region for a cracked rotor. In case of a healthy rotor, no vibrations are produced in 

this region hence no excitation of the system takes place. This fact makes the difference.  
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Figure 3.15 Spectrogram of the healthy rotor and 5% cracked rotor with ball bearings at disk 1 

(closed-loop response) (in region II) using switching control strategy 

3.7. Application of Switching Control and STFT based Spectrum 

With the application of active control, the amplitude of vibration decreases in the pre-resonance 

region. However, with the application of switching control strategy, the vibration amplitude 

increases in the pre-resonance regions. Figure 3.14 shows the comparison of the vibration response 

of the 10% cracked rotor with the application of active control and with switching control. It is 

obvious that the vibration amplitude at the first mode is enhanced with the switching control 

strategy. This increase is obvious in the STFT based spectogram also. 

Generally, the measurement signal is corrupted by the noise that is made up of a high-frequency 

signal. Using a low pass filter with a certain cutoff frequency, the required signal can be made 

noise-free for analysis. Figure 3.15 shows the spectrum of a 5% cracked rotor. Initial transients are 

suppressed in region I. In region II, the cracked rotor system is excited. First and second modes 

get more excited revealing the presence of a small crack. The first and second mode excitation is 

obvious in the STFT based spectrum. For a healthy rotor, this effect is not obtained.  Results show 
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in Figure 3.16 with a 30% crack depth (with switching control strategy). The third inclined line 

also appears in the picture although faint. The colour of the lines depends upon the amplitude of 

vibrations. For a lower amplitude, the blue colour is dominated. As the amplitude increases, the 

colour changes from blue to white and then to yellow. Based on these colours, the amount of crack 

depths can be estimated easily. 

 

Figure 3.16 Spectrogram of the healthy rotor and 30% cracked rotor with ball bearing at disk 1 

(closed loop response) (in region II) 

3.8. Concluding remarks 

 A Jeffcott rotor mounted on bearings with the linear restoring force characteristics differs 

significantly in the dynamic response from real rotors. The real rotors have multiple sources of 

nonlinearity like ball bearings, rotor-stator rub, rotor bow and misalignment. By modelling the ball 

bearing nonlinearities as an integral part of the system dynamics and then simulating the overall 

system, follows are concluded. 
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 Ball bearings or other system nonlinearities inhibit the direct application of crack detection 

techniques based on a steady-state dynamic response for real rotor-bearing systems. 

 Flexible bearing supports negatively affect the crack detection capabilities of the AHE and MSE 

based techniques (see Appendix A). 

 Transient dynamic response-based crack detection techniques are more suitable compared to 

steady-state dynamic response-based techniques in the presence of different system 

nonlinearities.  

 If the rotor spin frequency is varied from zero to resonance frequencies, certain amazing 

characteristics are observed in the vertical dynamic response of the flexible rotor system. 

Different time-frequency analysis techniques like Short Time Fourier Transform have a great 

potential for detecting the interesting characteristics hidden in a frequency varying signal.  

 Dynamic characteristics related to cracks can be enhanced by applying a switching control 

strategy.  

  It is obvious that there is a need to investigate the practical utility of the proposed technique. Also, 

there is a strong need to develop other signal processing techniques working on the signal in pre-

resonance regions to reveal another interesting dynamic characteristic related to the cracked rotor. 

To practically implement the proposed methodology on a real-life rotor, the experiment is required. 

Measurement of noise is inevitable in an experimental setup. Also, there is a possibility of steady-

state direct current components in the signal. The use of High-Pass and Low-Pass filters can 

eliminate this problem. 
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Chapter 4 

4. Modelling and detection of rotor stator rubbing action 
 

4.1. Overview  

  Due to unbalance present in a rotating machinery, fluctuating stresses are generated leading 

to the formation of transverse cracks in rotors. The cracks propagate with the passage of time and 

increase the amplitude of vibration. High vibration amplitudes can produce rotor/stator rubs. 

During the rubbing phase, the crack propagation gets enhanced due to the interconnected nature 

of these faults. If left unattended, these faults can cause the premature failure of machine 

components. Hence, there is a need to develop fault detection mechanisms based on the vibration 

response so that these faults can be diagnosed during initial stages. The effect of gravity and the 

presence of cracks significantly change vibration characteristics of the rotor, which is thoroughly 

investigated in this research for a two-degrees-of-freedom Jeffcott rotor. It has been observed that 

during rubbing, higher harmonics are excited. These harmonics are integer multiple of the rotor 

spin frequency. A similar type of response is also observed due to the presence of a transverse 

rotor crack. It is difficult to distinguish the type of faults based on the steady-state dynamic 

response only. Instead of working on a steady-state vibration response, the transient vibration 

response during coasting up of the rotor is considered. During coasting up of the rotor, high 

harmonics are excited for both the crack as well as rotor/stator rubbing. The excitation of higher 

harmonics starts at much earlier stage in the spectrogram of the vertical response for the cracked 

rotor compared to that of rubbing. This fact is used in the development of a fault diagnosis 

technique based on Short Time Fourier Transform of the vibration response. The proposed 

technique can efficiently distinguish different types of faults even if multiple faults coexist. 
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Unbalance is not avoidable even in a very precise rotating machinery. During the service life 

of revolving machinery, it is prone to the development of other faults like cracks and rotor-stator 

rubs. The cracks are generated due to fatigue stresses caused by fluctuating bending moments. 

Faults in rotating machinery are inter-related and the generation of one may lead to the 

development of the other fault. Unbalanced mass tries to enhance these defects.  For example, if a 

crack is developed, the vibration amplitude increases and rubbing action between the rotor and 

stator start due to the limited amount of clearance between rotating parts and the stationary 

housing. The rubbing action in some cases can dramatically increase the vibration amplitude which 

facilitates the crack growth. The other type of faults in rotating machinery are coupling 

misalignment and rotor bow. The existence of these faults cannot be denied. It is important to study 

the dynamics of a system in the presence of multiple faults simultaneously. 

4.2. Mathematical Modelling  

4.2.1. Modelling of rotor-stator rub 

 A flexible rotor supported on rigid supports is shown in Figure 4.1. The rotor position is 

represented by two degrees-of-freedom, i.e. horizontal displacement x and vertical displacement 

y. The shaft rotates at a rotor spin frequency n.  Governing equations of the motion of such a 

system are given as follows (Varney and Green, 2015) 

2       cos( )M x c x k x m n ntxx                                                                               (4.1)    

2       sin( )M y c y k x m n nt Mgyy                                                                                     (4.2) 

where M is the mass of the rigid disk on a flexible massless rotor, m is the unbalanced mass lying 

at a distance   from the central axis, c is the damping coefficient, xxk is the stiffness in the x-

direction and yyk is the stiffness in the y-direction and g is the acceleration due to gravity. There 
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is a stationary housing called stator covering the rotor with a clearance . The rotor/stator contact 

occurs when the rotor deflection 
2 2r x y  exceeds the clearance. When the contact occurs, 

two forces are generated. One being the normal force FN and other is tangential frictional force FT. 

The normal force is given as follows (Varney and Green, 2015). 

0            if 

( - )   if 

r
F

N k r rs



 


 


                                                                              (4.3) 

where sk is the stiffness of the stator. The frictional force is as follows. 

  F F
T N

                                                                                                                                          (4.4) 

Consulting Figure 4.2, it is obvious that 

cos( )
x

r
                                                                                (4.5) 

 sin( )
y

r
                                                                                                                                            (4.6) 

 Decomposing tangential and normal forces in x and y-directions as follows (Varney and Green, 

2015). 

sin( ) cos( )F F Fx T N
                                                                                                                     (4.7) 

cos( ) sin( )F F Fy T N
                                                                                                        (4.8) 

Considering Equations (4.5-4.8), it is obvious: 
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( )
r

F k y xy s
r





                                                                                 (4.10) 



 
 

60 | P a g e  
 

z

Y

G

C

rotor

stator

crack

 

Figure 4.1 Schematic of the 2-DOF rotor stator system (Front view) 

 

Figure 4.2 Schematic of the 2-DOF rotor stator system (side view) 
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Figure 4.3 Cracked rotor model 

where sk is the stiffness of the stator. By considering Eqs. (4.1-4.10), we obtain (Varney and Green, 

2015): 

2   ( )   cos( )
r

M x c x k x k x y m n ntxx s
r


 


                                                               (4.11) 

2   ( )   sin( )  
r

M y c y k y k y x m n nt M gyy s
r


 


                                                           (4.12) 

Since we have to consider the dry friction backward whirling and whip phenomena, the governing 

equations of self-excited vibrations are given as follows (Jiang and Ulbrich, 2004, Vashisht et al., 

2019b). 

2   (  ( ) )   cos( )
r

M x c x k x k x sign v y m n ntxx s relr


 


                                                    (4.13) 

2   (  ( ) )   sin( )  
r

M y c y k y k y sign v x m n nt M gyy s relr


 


                                            (4.14) 
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where 2 2   with v n r n r r x ywrel disk
    is the relative velocity between the disk and stator 

at the contact point. r
disk

is the radius of the disk and nw is the whirling frequency of the rotor. 

This frequency is positive when the rotor whirls in the forward direction and negative when whirls 

in the backward direction. In some cases, the relative velocity can even become negative. During 

this stage, the direction of frictional force changes. In case of a dry friction backward whirl, the 

rotor whirls at a constant backward whirl frequency. The supplied rotational energy will be 

continuously transferred to the rotor in the form of the energy required for the lateral vibration of 

the rotor. In this case, the amplitude of the rotor response increases to a high value. This stage is 

dangerous and can damage the equipment.  

4.2.2. Modelling of 2-DOF cracked rotor  

In case of a cracked rotor, equations of the motion of the rotor system in stationary Cartesian 

coordinates can be written as follows (Mayes and Davies, 1984, Vashisht et al., 2018). 

0 0 cos( ) 02  
0 0 sin( )

M x c x x nt
(t) m n

M y c y y nt Mg






             
               

              
K                                 (4.15) 

In the above expression, x and y represent horizontal and vertical displacements of the disc in 

the stationary coordinate system. K (t) is the time-varying stiffness matrix of the cracked rotor. 

Parameter β represents the angle of the disc imbalance force (Figure 4.3). The crack opens and 

closes periodically under the effect of gravity and behaves like a breathing crack. Therefore, the 

stiffness matrix of the shaft (i.e. K (t)) varies periodically due to the crack effect. The stiffness 

matrix K (t) in the stationary coordinates is given as follows (Mayes and Davies, 1984, Vashisht 

et al., 2018). 

( )
k kxx xy

t
k kyx yy

 
  
  

K                                                                                                                        (4.16) 
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The stiffness matrix of a cracked shaft, in rotating coordinates, can be written as follows [30]. 

00
( ) ( )

0 0

kkxx
t f nt

k kyy





  
   

    

K
R

                                                                                       (4.17) 

where diagonal elements in the first matrix represent the stiffness of the uncracked rotor in 

horizontal and vertical directions. Diagonal elements in the second matrix represent variations in 

rotor stiffness 𝑘𝜁  𝑎𝑛𝑑 𝑘𝜂  𝑖𝑛 𝜁 𝑎𝑛𝑑 𝜂 directions, respectively (Figure 4.3). Function 𝑓(𝑛𝑡) is a 

crack function. Its value depends on the angular orientation of the crack as follows.  

1 cos( )
( )

2

nt
f nt

 
                                                                                                            (4.18) 

where represents the crack orientation. Its value is taken as zero in this research. Stiffness matrix 

K (t) in the stationery coordinates is as follows (Mayes and Davies, 1984, Vashisht et al., 2018). 

cos( ) sin( )1( ) ( ) ,
sin( ) cos( )

nt nt
t t

R nt nt

    
 

K T K T T                                                                      (4.19) 

4.3. Simulation model 

For a two-degree-of-freedom rotor system, it is assumed that the 5 Kg mass disk is supported 

by a massless rotor of stiffness 1x105 N/m. An eccentric (unbalanced) mass of 3x10-3 Kg lies on 

the disk at a distance of 150 mm from the centroid. The damping coefficient of the system is 225 

Ns/m. The stiffness of the stator is 10 times that of the rotor. The clearance of 15x10-6 m ( ) is 

provided between the rotor and stator. The natural frequency of the rotor is 22.5 Hz. When the 

rotor and stator are in contact with each other, the natural frequency of the combined rotor/stator 

system is 71.17 Hz. In this way, the rotor stiffness varies as a function of time. These systems are 

called hybrid systems. The dynamics of these systems is inherently nonlinear in nature. 
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4.4. Detection of transverse crack and rubbing action 

 Responses of the system are evaluated at rotor spin frequencies of 30 Hz, 37 Hz, 47 Hz and 

61 Hz. There is no frequency below the natural frequency of the rotor. Figure 4.4 shows the 

spectrum and locus of the rotor at these frequencies. When the rotor is in the vertical position, the 

effect of gravity is not considered. At 30 Hz of the rotor spin frequency, the response is forward 

annular rub (FAR). The spectrum shows a single frequency in the spectrum i.e. the rotor spin 

frequency. At 37 Hz, the response changes to partial forward whirl (PFW). The response contains 

two frequencies, the rotor spin frequency and other components of 62 Hz (whirling frequency). 

This frequency component changes with the rotor spin frequency. At 47 Hz, the spectrum contains 

two frequencies i.e. the rotor spin frequency and 58 Hz (whirling frequency) component. The 

amplitude of the system is moderate at this rotor spin frequency. This is a case of the partial 

backward whirl (PBW).  

At 61 Hz, the amplitude increases dramatically. The system vibrates solely at a frequency of 

73 Hz, near the natural frequency of the combined rotor/stator system. This is a dangerous state as 

a dry whip (WHIP) is very harmful to the equipment due to its high amplitude vibrations 

characteristics. 
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Figure 4.4 Comparison of vibration characteristics at different rotor spin frequencies for 

vertical and horizontal rotors 

4.5. Effect of different factors on rotor/stator rubbing action 

4.5.1. Effect of gravity on whirling and whip 

 The primary aim of this work is to establish the effect of gravity and rotor cracks on the 

vibration characteristics of the overall system. Due to the presence of gravity, there is a static 

deflection of 490x10-6 m. For the analysis of the rotor/stator system,  =490x10-6 m+15x10-6m is 

taken for the system. It has been observed through simulations that responses of the system at 30 

Hz to 47 Hz rotor spin frequencies contain multiple harmonics that are an integer multiple of the 

rotor spin frequency. We have named this state as the multiple harmonics generation (MHG). If X 

is the spin frequency of the rotor, the spectrum of the horizontal rotor contains X, 2X, 3X…, 

frequency components. Column (d) in Figure 4.4 shows the locus of the rotor. However, at 61 Hz, 
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the response of the system changes to multi-periodic (MP). At this rotor spin frequency, the 

response appears not only at X, 2X, 3X…, frequencies but at 
3

, ...,
2 2

X X
frequencies also. It 

produces a period 2 vibration response. 

4.5.2. Effect of breathing crack on dry friction whirling and whip 

 A breathing crack model is considered in this work. This action takes place in a situation 

where weight dominance is present. The 30% crack depth is taken for the analysis. Again, the 

vibration characteristics are investigated at 28 Hz, 47 Hz and 61 Hz rotor spin frequencies as shown 

in Figure 4.5. All the frequencies are above the resonance frequency. At 28 Hz, the system behaves 

as MP with the period 2 vibration. However, as it moves away from the resonance i.e. (22.5 Hz), 

this behaviour diminishes and gradually converts into MHG. At 61 Hz rotor spin frequency, the 

crack presence converts the vibration characteristics from MP to MHG as shown in Figure 4.5 

with the presence of gravity only. For results in Figures 4.6, the clearance was settled as 15x10-

6m, however, the vertical static deflection was considered. 
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Figure 4.5 Effect of gravity and presence of crack on vibration characteristics of the horizontal 

rotor (spin frequencies above the resonance) 

 

Figure 4.6 Effect of gravity and presence of crack on vibration characteristics of the horizontal 

rotor (spin frequency below the resonance) 
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Below the resonance frequency, for clearance of 15x10-6m, different types of responses are 

possible for the horizontal rotor in the presence of a breathing crack and rubbing. The rotor was 

spun at a frequency of 12 Hz. With the presence of rubbing, the response of the system is MHG 

with a significant amplitude at first 6 harmonics as the integer multiple of rotor spin frequency 

(Figure 4.6, c and d). With a breathing crack but no rubbing, MHG takes place as shown in Figures 

4.6e and 4.6f. However, the first two harmonics have a significant amplitude. Under the effect of 

both rubbing and transverse crack, the response is shown in parts g and h. 

 The secondary aim of this research is to develop a crack and rub diagnosing system based 

on signal processing technology. Time-frequency analysis is an important part of the vibration 

analysis for non-stationary signals (whose parameters vary with time). Short-Time Fourier 

Transform is one of the methods used for the time-frequency analysis to present the signal 

(transient response) in a graphical format as a function of time. Normally, this graph is called the 

spectrogram. 
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Figure 4.7 Vibration characteristics of the vertical rotor during coasting up as varied clearance 

amplitudes 

 

Figure 4.8 Vibration characteristics of the horizontal rotor during coasting up as varied 

clearance amplitudes 



 
 

70 | P a g e  
 

    Figure 4.7 shows the response, as well as spectrogram of the vertical rotor (without considering 

gravity) during coasting up. With a 10-microns clearance, the vibration amplitude increases during 

the time period of 6 to 12 seconds as shown in parts c and d of Figure 4.7. However, by further 

reducing the clearance level to 6 microns, the vibration response converts into WHIP as shown in 

parts e and f of Figure 4.7. The spectrogram of the response shows that after 16 seconds, the 

whirling frequency of 72 Hz comes into picture and system vibrates at this frequency only, 

independent of the rotor spin frequency. 

For the vertical response of the horizontal rotor without cracks, the effect of gravity comes 

into the picture shown in Figure 4.8. It is obvious that even with 10- and 4-microns clearance, the 

system response never turns into a WHIP. Here the static deflection is considered due to gravity. 

The system response is MHG and the higher harmonics at 2X, 3X.., appear in the system response, 

which is obvious in the form of inclined lines (acute angle) in the spectrogram. These inclined 

lines start appearing in the spectrogram at 4 seconds and remain up to 7 seconds for the 10 microns 

clearance. By further reducing the clearance to 4 microns, these lines are available up to 23 

seconds.  
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Figure 4.9 Vibration characteristics of the cracked horizontal rotor during coasting up as varied 

clearance amplitudes (part 1) 

 

Figure 4.10 Vibration characteristics of the cracked horizontal rotor during coasting up as 

varied clearance amplitudes (part 2) 
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 Figure 4.9 shows the response of the system with a breathing crack. In the first row of this 

figure, the rubbing is absent. MHG takes place from the time period 4 to 7 seconds. Multiple 

inclined lines appear in the spectrogram. This response appears similar to that obtained from 

rubbing. However, there is a difference. The first few inclined lines start from zero in case of a 

cracked rotor. If both the crack and rubbing, with a 40-microns clearance, are present in the system, 

more and more inclined lines start from the origin. For the cracked rotor, if the clearance level is 

further reduced to 10 and 4 microns (Figure 4.10), the number of the inclined lines further 

increases. Apart from inclined lines at an acute angle, inclined lines at an obtuse angle with respect 

to the horizontal also appear in the spectrogram in case the crack and rubbing co-exist. This aspect 

can be used as a diagnostic tool for crack and rub identification. 

4.6. Concluding remarks 

 Based on the simulated results, the following conclusions has been drawn. 

 The dry whip phenomena can easily be generated in the absence of gravity through simulations 

but it is difficult to produce under the effect of gravity (even with extremely high unbalanced 

mass). 

 Generation of the multiple harmonics is quite general in case of rotor/stator rubbing for a wide 

range of rotor spin frequencies and clearance levels under the effect of gravity. Hence this 

aspect can be used to detect the presence of rotor/stator rub in case of a healthy rotor based on 

the steady-state response of the flexible rotor. 

 In the presence of a breathing crack, multiple harmonics are also generated in the vertical 

response of a flexible horizontal rotor. But this feature is also very common in the presence of 

rotor/ stator rub. Hence, the steady-state response of the system alone cannot be used to 

distinguish between the two types of faults and there is a strong need to work on the analysis of 
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the transient response of a flexible rotor under coasting up, the situation in which the rotor spin 

frequency is increased at a constant acceleration. 

 The Short-Time Fourier Transformation based time-frequency analysis of the transient 

vibrations (during coasting up) presents several diagnosis features, which can be used to detect 

the presence of multiple types of faults in rotating machinery. Multiple inclined lines starting 

from zero time appear in the spectrogram of the vertical response of the cracked flexible rotor. 

 Multiple offset lines inclined with respect to the horizontal axis, starting at large distances 

from zero time, appear in the spectrogram for the vertical response of the horizontal rotor in 

which rotor/stator rubbing takes place. 

 In case of a cracked real rotor, when the rotor spin frequency reaches half of the resonance 

frequency, the corresponding mode gets excited. This particular phenomenon is beautifully 

captured in the spectrogram of the vertical response of the flexible rotor. An inclined line with 

respect to the horizontal at roughly 600 appears in the spectrogram. 

 There is a need to improve the model by considering the Hertzian contact and viscous friction 

(as well as the nonlinear friction model) between the rotor and stator in future. The inherent 

nature of the considered system is the multi-physics and multi-scale. It involves dynamical and 

thermo-mechanic responses, effects of a high speed of rotation and strong coupling between 

dynamics and tribological characteristics. There is also a need to integrate the coupling of 

thermal, mechanical and wear components. Although experimental results for simple Jeffcott 

rotors have been compared to theoretical results through simulations, it is necessary to extend 

the experimental results to real rotor/stator systems. 

 

 



 
 

74 | P a g e  
 

Chapter 5 

5. Active vibration control of rotor dynamic systems 
 

5.1. Overview 

An adaptive hybrid controller is proposed for reducing the unbalanced vibration response of 

a flexible rotor/active magnetic bearing system. It is observed that conventional adaptive 

feedforward controller (AFFC) normally used in the active noise control are very sensitive in 

performance for changes in rotor spin frequencies. Although frequency updating is a part of their 

architecture, a small variation in the rotor spin frequency can reduce its effectiveness drastically. 

A smart combination of the adaptive notch filter and Goertzel filter is proposed for the frequency 

estimation. During changes of the rotor spin frequency, fundamental harmonics of the flexible 

rotor are excited. By using a hybrid controller that combines feedback control and AFFC, the 

amplitude of these fundamental harmonics is reduced significantly. By applying the multi-

harmonic hybrid control, the multiple harmonics generated due to coupling misalignment are 

compensated efficiently. Fourier Transform of the control signal is further used to detect the 

presence of the coupling misalignment. 

5.2. Mathematical modelling of a rotor system 

A flexible rotor system contains multiple rigid disks, multiple bearings with flexible bearing 

supports (Figure 5.1a). Geometrical and physical parameters are described in Table 5.1. The 

structure consists of certain discrete elements, 16 elements in the present case. The global mass 

matrix (𝐌) and stiffness matrix (𝐊) for the structure of the rotor system can be derived based on 

the geometry of the structure (Villa et al. 2008). The damping matrix (𝐂) can be derived from mass 

and stiffness matrices. The effect of rotational spin frequency (Ω) of the rotor can be considered 
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via gyroscopic matrix (𝐆). Dynamic equations of motion of the complete system are as follows 

(Vashisht et al., 2019c)  

𝐌�̈� + (𝐂 − Ω𝐆)�̇� + 𝐊𝐱 = 𝐅𝐮 + 𝐅𝐀𝐌𝐁 + 𝐅𝐂𝐨𝐮𝐩𝐥𝐢𝐧𝐠                                               (5.1a) 

where 𝐱, �̇�  and �̈� are global vectors of displacement, velocity and acceleration. 𝐅𝐮 , 𝐅𝐀𝐌𝐁 and 

𝐅𝐂𝐨𝐮𝐩𝐥𝐢𝐧𝐠 are vectors of forces generated by unbalanced masses, by active magnetic bearings and 

at misaligned coupling, respectively. These coupling forces are as follows (Jalan et al. 2009). 

:

0

 sin(  t)+  sin(2  t)+  sin(3  t)

 cos(  t)+  cos(2  t)+  cos(3  t)

0

:

FX FX FX

FX FX FX

 
 
 
   

  
   

 
 
 

couplingF                                                             (5.1b) 
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Figure 5-1 Rotor/bearing/coupling system  

Details of these forces can be found in reference (Jalan et al. 2009 and Vashisht et al., 2019c). 

Figure (5.1b) shows the parallel and angular misalignment in coupling. In this work, it is assumed 

that mixed-coupling misalignment (a combination of parallel and angular misalignment) is present 

in the system. Apart from coupling misalignment, there are other parameters of the system which 
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can be changed during the service life of the rotor-bearing system. For example, the bearing 

support stiffness plays an important role (parameters k1 and k6 in table 5.1, for the detailed model, 

refer to chapter 3). The bolt looseness is an important factor which can reduce the bearing support 

stiffness. With this, the natural frequencies of the rotor system are subject to change. So, there is a 

need to use a robust controller which is suitable for a range of parameters. 

Finite element models are of large order. To reduce the order of the overall system, modal 

analysis is carried out. Equation (5.1) can be reduced into the following form. 

�̃� �̈� + (�̃� − Ω 𝐆)�̇� + �̃� 𝐪 = 𝚽𝐓 (𝐅𝐮 + 𝐅𝐀𝐌𝐁 + 𝐅𝐂𝐨𝐮𝐩𝐥𝐢𝐧𝐠)                                               (5.2)  

𝐱 = 𝚽 𝐪                                                                                                                                        (5.3) 

 

where �̃� = 𝚽𝐓𝐌 𝚽, �̃� =  𝚽𝐓𝐂 𝚽,    �̃� =  𝚽𝐓𝐆 𝚽,   is the modal matrix obtained during the 

modal analysis. By considering the first ‘r’ modes, Equation (5.2) in the absence of gyroscopic 

effect (for a small variation of spinning speed, the change in gyroscopic effect is negligible) can 

be written as follows. 

[
1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ 1

] �̈� + [
2ξ1ω1 ⋯ 0

⋮ ⋱ ⋮
0 ⋯ 2ξrωr

] �̇� + [
ω1

2 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ ωr

2
] 𝐪 = [

ϕ1
1 ⋯ 0
⋮ ⋱ ⋮
0 ⋯ ϕn

r
] (𝐅𝐮 + 𝐅𝐀𝐌𝐁 +

𝐅𝐂𝐨𝐮𝐩𝐥𝐢𝐧𝐠)                                                                                                                                     (5.4) 

[

𝑥1

𝑥2

⋮
𝑥𝑚

] =

[
 
 
 

𝜙1
1 𝜙1

2 …

𝜙1
1 𝜙1

1 …
⋮ ⋮ ⋱

   
𝜙1

𝑟

𝜙2
𝑟

⋮
𝜙𝑚

1 𝜙𝑚
1 … 𝜙𝑚

𝑟 ]
 
 
 
[

𝑞1

𝑞2

⋮
𝑞𝑚

]                                                                                  (5.5) 

In the above matrices, there are ‘m’ number of sensors and ‘n’ number of actuators. r is the rth 

natural frequency, r is the rth damping ratio and r

n is the mode shape for the rth mode and nth 

location. 
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Table 5.1 The physical parameters and mechanical properties of the rotor bearing system 

Notation Description Value 

D Shaft Diameter of the shaft  0.04 m 

L Shaft Length of the shaft  1.7 m 

L1 First length section of the shaft  0.222 m 

L2 Second length section of the shaft  0.7 m 

L3 Third length section of the shaft  0.436 m 

L4 Fourth length section of the shaft 0.146 m 

L5 Fifth length section of the shaft 0.196 m 

 ρ Density  7800 Kg/m3 

E Young’s modulus of elasticity  210 x 109 N/m2 

 α First Rayleigh damping coefficient  1.36  

 β Second Rayleigh damping coefficient  1.75 x 10-5 

 m3 Mass of left-hand side rigid disk 5 Kg 

 m6 Mass of right-hand side rigid disk 19.4 Kg 

 ϵ Eccentricity of the mass unbalance  0.2 m 

 m2 First bearing-element mass 1.5 Kg 

k2  First bearing-element stiffness 7.0 x 108 N/m 

 m4 Second bearing-element mass  1.5 Kg 

KH  Load–deflection factor for point contact  4.6 x 107N/m3/2 

 m1 First bearing support mass 6 Kg 

 k1 First bearing support stiffness 3.80 x 106 N/m 

m5  Second bearing support mass 6 Kg 

 k6 Second bearing support stiffness 3.8 x 106 N/m 

 m7 Flexible coupling mass  1.0 kg 

 k9 Flexible coupling stiffness  5.75 x 104 N/m 

      

 

5.3. Mu-synthesis using D-K iterations 

For any structured uncertainty Δ, the stability of the overall system and the performance should 

obey the following conditions (Gu et al., 2005, Vashisht et al., 2019c). 

 Robust Performance 1

M   for uncertainty Δ                                                                 (5.6) 

 Robust Stability 11 1

M      for uncertainty Δ          (5.7)  

 Nominal Performance 22 1

M                                                                                  (5.8) 
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 Nominal Stability M is internally stable 

For the robust stability and robust performance, it is required to find a stabilizing controller K such 

that: 

sup ( , )( ) 1
R

j


 


M P K                                                                                                            (5.9) 

A D-K iteration method for µ-synthesis is used (Gu et al. 2005). It is based on solving the final 

optimization problem for a stabilizing controller K and diagonal scaling matrix D. 

1

( ) D
inf  sup   inf   ( , ) ( )

s R

j


 

K
D M P K D                                                                                  (5.10) 

The D-K iteration method for µ-synthesis is as follows (Gu et al., 2005). 

1. Start with an initial value of D=I, where I is the identity matrix. 

2.     Fix D and solve for K using the H-infinity optimization
( )

inf    ( , )
s

F


 l
K

K P K  

          3.      Fix K and solve the following convex optimization problem                        

                  1

D
( ) inf   ( , ) ( )j F j   lD D P K D  

          4.      Curve fit ( )jD to get a stable minimum phase D(s). Go to step 2 and repeat until a 

pre-specified convergence tolerance is achieved. 

 

5.4. Conventional Adaptive Feedforward Control with an internal estimation of frequency 

 

Effect of impulsive disturbances can be reduced using a feedback type of controllers. In the 

case of periodic disturbances, feedforward controllers are suitable.  Let m be the mass of the 

unbalanced part,   be the distance of the unbalanced mass from the centre of rotation and 1 is 

rotational frequency of the rotor in radian per second, the unbalanced force is given by: 

2

1  F m                                                                                                                                (5.11) 
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This force will be acting in the horizontal as well as vertical directions with phase angle  such 

that in discrete-time it can be presented as follows (Shimada et al. 1999, Vashisht et al., 2019c). 

1 1( ) ( )cos ( )sin
s s

n n
d n n n

F F

 
 

   
    

   
                                                                                  (5.12) 

where sF is the sampling frequency and n is the instant of time. If u(n) is the control force, the 

system output in terms of error signal e(n) is given by: 

 ( ) ( ) ( ) ( )e n G z u n d n                                                                                                           (5.13) 

where G(z) is the transfer function in z-domain. The error signal will be zero when the estimate of 

d(n) is equal to ( )u n i.e. ˆ( ) ( )u n d n , ˆ( )d n is the estimate of disturbing force as follows.  

 1 1ˆ ˆˆ( ) ( )cos ( )sin
s s

n n
d n n n

F F

 
 

   
    

   
                                                                                                 (5.14) 

For updating coefficients, the instantaneous cost function 
2( )J e n is used. If w(n) at time n is 

defined as ˆˆ( ) ( ) ( )
T

w n n n  
 

the gradient of the cost function J becomes (Shimada et al. 

1999): 

1

1

2 ( )cos

( )
( )

2 ( )sin

s

s

n
e n

FJ
n

w n n
e n

F





  
  

   
  

   
  
   

                                                                                         (5.15) 

Such that  

1

1

ˆ ˆ( ) ( 1) 2 ( )cos

ˆ ˆ( ) ( 1) 2 ( )sin

s

s

n
n n e n

F

n
n n e n

F






   


   

 
    

 

 
    

 

                                                                                 (5.16) 
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where   is the updating coefficient and  is the phase angle of the flexible rotor system at 

frequency 1 . In case the frequency 1  is not certain or time-varying, it must be updated at each 

instant of time. Parameter updating equations are modified as follows (Shimada et al. 1999, 

Vashisht et al., 2019c) 

 
 

 

ˆ ˆ( ) ( 1) 2 ( )cos ( 1)

ˆ ˆ( ) ( 1) 2 ( )sin ( 1)

n n e n n

n n e n n





   

   

     

     
                                                                         (5.17) 

    
11 1
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               (5.18) 
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                                                                                                                (5.19) 

1 1( ) ( )ˆˆ( ) ( )cos ( 1) ( )sin ( 1)
s s

n n
u n n n n n

F F

 
   

   
            

   
                                (5.20) 

5.5. External Frequency estimation  

Adaptive Notch Filter (ANF) is a second-order adaptive filter used to estimate the frequency 

of a sinusoidal signal. Dynamic equations of the filter are as follows (Yoon et al. 2017) 

�̈�(𝑡) + 2𝜉𝜔1(𝑡) �̇�(𝑡) + 𝜔1
2(𝑡)𝑥(𝑡) = 2𝜉𝜔1

2(𝑡)𝑒(𝑡)                                                              (5.21) 

�̇�1(𝑡) = 𝛾 𝑥(𝑡)[2 𝜉 𝜔1
2(𝑡) 𝑒(𝑡) − 2 𝜉 𝜔1(𝑡) �̇�(𝑡)]                                                                (5.22) 

where x(t) is the filter state, 1( ) t is the natural frequency of the filter or the frequency to be 

estimated for the signal e(t),  is the damping ratio of the filter,  is the estimation gain. The 

estimated frequency 1( ) t converges to a fixed value when the right-hand side of Equation (5.22) 

becomes zero. This presentation is for a continuous-time system. However, for the real-life 

implementation, it must be discretized using bilinear transformations. 
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5.6. Results with conventional Adaptive Feedforward controller  

Section 5.4 explains conventional AFFC. The schematic is shown in Figure 5.2 (a). Figure 5.3 

shows the response of the system with AFFC. The rotor spin frequency is fixed at 10 Hz. Equation 

(5.16) is used to apply AFFC. If the rotor spin frequency is kept at 19.995 Hz, the performance of 

the closed-loop system deteriorates. If the rotor spin frequency is further changed to 19.95 Hz, the 

control effectiveness becomes nearly zero (not shown for the purpose of brevity). This aspect 

shows that the effectiveness of AFFC is fully dependent on the frequency. If the frequency tracking 

capability of AFFC is activated by using Equations (5.17-5.20), the control effectiveness is 

regenerated. If the frequency gap is increased i.e. the difference between the actual frequency and 

starting frequency, convergence takes a lot of time. Up to a certain extent, convergence speed can 

be improved by increasing the value of adaptation coefficients. By arbitrarily increasing these 

values, the closed-loop system becomes unstable. 

Based on the real-life scenario, the rotor spin frequency is increased from 20 Hz to 25 Hz. 

This increase in value starts at 20 second and ends at 30 second. The conventional AFFC with high 

adaptation coefficients is used. It is obvious that the conventional AFFC cannot cope up such a big 

change (i.e. 5 Hz) (Figure 5.4). 

Obviously, the next choice is to use frequency estimators in combination with conventional 

AFFC. Adaptive Notch Filters are best suited for the frequency estimation. However, they have 

limitations in case of the low-cost instrumentation where low sampling rates are available. At 

higher sampling frequencies (in several kHz), the error is virtually zero. However, at 200 Hz, the 

error in estimation is quite large especially at higher frequencies as shown in Figure 5.5. 
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Figure 5.2 Comparison of conventional and proposed control architecture 

 

 

Figure 5.3 Time domain response by conventional Adaptive Feedforward Control at 20 Hz 

Spinning speed 
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Figure 5.4 Time domain response by Adaptive Feedforward Control with time varying frequency 

component applied to rotor system 

 

Figure 5.5 Comparison of actual and estimated frequencies by Adaptive Notch Filter at sampling 

frequency of 200 Hz 
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The Goertzel filter-based computation of Discrete Fourier Transform (DFT) is free from these 

errors. Very accurate estimation is made with this filter.  Based on the sequence length of the 

signal, the desired resolution in the frequency domain is possible. An online version of the Goertzel 

filter is also available (Manngård et al. 2017). However, the computational load of these filters is 

quite heavy. They are not suitable for the online frequency estimation with low sampling rates 

(e.g. 200 Hz). The combination of ANF and Goertzel filter is beneficial in this situation.  Hence 

both the frequency estimators are used to design the proposed AFFC. 

5.7. Proposed Hybrid controller with an external estimation of frequency 

From Figure 5.4 it is obvious that when the frequency of a signal changes (although at a 

moderate rate), the fundamental harmonics are excited. Their amplitude is much higher than the 

steady-state amplitude at non-resonant frequencies. Hence feedback controllers are required to 

reduce these high amplitudes of vibration.  

5.7.1. Adaptive Feedforward Control 

The proposed AFFC uses the ANF and Goertzel filter (Figure 5.2b). The flowchart shown in 

Figure 5.6 describes the complete architecture of the proposed controller. ANF is used for online 

frequency estimation. If the rotor spin frequency of the flexible rotor is changed, ANF can detect 

this change. There is a steady-state error in the estimation of the frequency but the frequency 

change can be well detected. The number of time steps N is fixed based on the general experience. 

If frequency variations are frequent, N is small and vice-a-versa. During frequency changes, AFFC 

is totally useless in terms of vibration reduction. Hence, the controller is switched off during 

periods of the frequency variation.  

If the frequency variation continues, the controller remains switched off and data points are 

collected. ANF is used to detect the frequency variation and rough frequency estimation only. 
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When the frequency variation is ceased, the Goertzel filter roughly estimates the current frequency 

of the signal (in the vicinity of the estimate made by ANF). When the rough estimate is completed, 

the resolution of the Goertzel frequency can be refined. Discrete Fourier transformation (DFT) 

coefficients are calculated in the vicinity of the rough estimate made by the Goertzel filter. Not all 

of the DFT coefficients need to be calculated. This reduces the computational burden. After the 

refined estimate of the current frequency is done, this frequency can be used as an initial point for 

conventional AFFC. Now the AFFC controller is switched on. 

 



 
 

87 | P a g e  
 

Start

Set the adaptation coefficients

Feedback receiver

Set k=1

Measure output at kth instant of time

Calculate control input at kth instant of time

Apply control input 

Increment k= k+1

Is
 k<N  ?

Using ANF calculate the frequency f(k) 

Is
f(N)-f(1)> delta  ?

Calculate DFT coefficients using Goertzel filter

Collect data for further P points

Reduce frequency resolution 

Calculate DFT coefficients using Goertzel filter

Calculate the frequency of the signal

Is
Shut down requested  ?

Stop

Feedback receiver

No

Yes

Yes

No

Yes

No

CO
N

TR
O

LL
ER

 O
FF

CO
N

TR
O

LL
ER

 O
N

Calculate DFT coefficients using Goertzel filter

Collect data for further P points

Reduce frequency resolution 

Calculate DFT coefficients using Goertzel filter

Calculate the frequency of the signal

Set the initial frequency for AFFC

 

Figure 5.6 Flow chart for proposed adaptive feedforward controller 
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5.7.2. Mu-synthesis based Robust Feedback Control 

To achieve the desired performance of the disturbance rejection, it is necessary to satisfy 

inequality  
1

1.pw I GK




   Singular values of sensitivity function  
1

I GK


 over the 

frequency range must lie below 
1

pw
 (Gu et al., 2005). This is achieved by using MATLAB’s 

Robust control toolbox. From the frequency response function of the flexible rotor system, it is 

obvious that the first two modes are dominant. Figure 5.7 shows the frequency response of the 

nominal system, required model of the system, control weighting function and performance 

weighting function. Singular values of the closed loop system are shown in Figure 5.8. It is obvious 

that the closed loop system achieves the nominal performance as well as robust performance 

(Figure 5.8). Controller order reduction is completed before implementation. The order of the full 

system is 29 compared to the reduced system with order 10.  

 

Figure 5.7 Frequency response function of different systems 
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Figure 5.8 Robust stability, performance and other parameters 

5.7.3.  Hybrid controller 

The hybrid controller is shown in Figure 5.2 (b) is used in this work. The proposed controller 

is a combination of the feedback and AFFC controller. The proposed controller can attenuate 

multiple harmonics at a time. In the case of coupling misalignment, multiple harmonics that are 

integer multiple of rotor spin frequency are developed. The proposed hybrid controller shown in 

Figure 5.9 is used for the desired task. 
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Figure 5.9 Multi-harmonic hybrid control architect 

5.8. Experiment 

 The experimental setup contains the following parts as shown in Figure 5.10. 

 For acquiring data, a USB based card NI-USB-6212 from National Instruments is used. It is 

compatible with software LabView to acquire data as well as signal generation. Its input and 

output ranges are from -10 volts to +10 volts. For acquiring the data only, the sampling rate 

of a few kHz can be easily obtained. However, for the controller implementation and 

calculating the control signal, a certain time is consumed. This restricts the sampling rate to 

lower values. In this research, the 200 Hz sampling rate is fixed. All the calculations for the 

controller implementation are processed in this period of time. However, using real-time 

engines, much higher sampling rates can be obtained but the high cost of these real-time 
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engines restricts their applications. The cost of National Instruments based PXI- Real-time 

engines varies from 10 to 15 times for the NI-USB-6212 data acquisition card. 

 Eddy current probes from Bently Nevada are used as sensors. The gap up to a few microns 

can be easily measured with this sensor system. It has 8 volts voltage drop per millimetre of 

gap. 

 An AC amplifier is used to increase the amplitude of current signals emerged from the 

computer.  

 For generating control forces, a home-made electromagnetic actuator is used. Details are 

available in next sub-section. 

Rotor

AMB

Amplifier DAQ-card Computer

AC amplifier

Eddy current probe

 

Figure 5.10 Experimental setup for active vibration control for rotor system 
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Here i0 represents the bias current and i is the control current. The force produced by this current 

is given by: 

𝐹𝐴𝑀𝐵 = 𝑘 [
(𝑖+𝑖0)2

(𝑔𝑎𝑝−𝑥)2
−

(𝑖−𝑖0)2

(𝑔𝑎𝑝+𝑥)2
]                                                                                                (5.23) 

where x is the displacement of the workpiece from the equilibrium position, ‘gap’ is the distance 

between the core and the workpiece under equilibrium conditions. The value of the coefficient k 

is given by: 

𝑘 =
1

4
 𝜇0 𝑛

2𝐴                                                                                                                            (5.24) 

where  𝜇0 is the permeability of the air, n is the number of winding turns and projected area of the 

core. The value of different parameters of electromagnetic actuators is given in Table 5.2. 

Table 5.2 Physical Parameters of Electromagnetic actuator 

Sr Parameter Notation Value 

1 Permeability of air 0  1.256x10-6 N/A2 

2 Area of iron core A 40 mm x 40mm 

3 Number of winding turns n 500 

4 Nominal air gap gap  4 mm 

5 Bias current i0  3 A 

    

 

5.9. Results  

It was observed that Proportional-Integral-Derivative (PID) based feedback controllers have 

extensively used to remove the steady-state vibrations from literature. However, this technique did 

not work in the present rotor system. A proportional and simple derivative controller is proposed 

to reduce the steady-state vibrations in the present rotor system with multiple flexible modes. This 

technique works well for rigid rotors as well as simple Jeffcott rotor system with the single 

dominant mode. However, in the presence of multiple modes, the efficiency reduces drastically.  
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The next question arises regarding the application of advanced robust control techniques like 

Loop Shaping and Mu-synthesis controller. The performance comparison is done between Mu-

synthesis and a derivative type feedback controller. If the high gain derivative controller was 

applied, the requirement of control forces raises to a high value. The value of gain is chosen in 

such a way that the response with this controller matches exactly with that obtained by Mu-

controller. If the low gain derivative controller is used, the control force requirement is 

comparatively less. However, with this controller, there is an initial rise in response.   

Another advantage of using the Mu-controller is that the vibration response at Disk 2 (notice 

that control actuator is applied at Disk 1) is less than that obtained by using a derivative type 

feedback controller (Figure 5.11). At lower gains, the amplitude difference is quite significant 

(30% fall). These factors prove the superiority of the Mu-controller compared to Derivative 

feedback controller. The same trend follows for PID type feedback controllers. Using robust spatial 

control techniques, this superiority can be further enhanced.  

 

Figure 5.11 Comparison of Mu- controller and Derivative controller for Disk 2 
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For the application of the proposed hybrid controller, simulation results show open and closed-

loop responses of the rotor system rotating at 20 Hz frequency. At 20 s, the spinning speed starts 

increasing and it increases up to 25 Hz in next 10 s. From 20-30 s, the transient vibrations take 

place. Figure 5.12 shows the experimental response of the rotor system along with control forces 

in terms of amplified control voltages. Since AC voltage amplifier is used, it becomes easy to 

measure the control voltage. With the change of temperature, parameters of the electromagnetic 

actuator (EA), as well as voltage amplifier (VA), are subjected to change. One of the biggest 

advantages of the AFFC controller is that it can take care of changing parameters of EA and VA. 

 

Figure 5.12 Response of rotor system with the proposed hybrid controller (Experimental) 

The AFFC controller is efficient for a particular rotor spin frequency. In the case of coupling 

misalignment, multiple frequency components (an integer multiple of the rotor spin frequency) 

appear in the spectrum. The multi-harmonic hybrid controller shown in Figure 5.13 is used for this 

purpose. The frequency of the first harmonic is estimated only. Figure 5.13 shows the open and 

closed-loop responses of the rotor system with coupling misalignment at 20 Hz rotor spin 
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frequency. The response contains 40 Hz and 60 Hz signals also. With applications of the proposed 

controller, the amplitude at all the harmonics reduces considerably (Figure 5.13 (a)). Figure 5.13 

(b) shows the spectrum of applied control signals. It clearly shows three harmonics i.e. 20 Hz, 40 

Hz and 60 Hz.  

It is obvious that the feedback controller is nearly useless at other frequencies (i.e. other than 

natural frequencies). AFFC is suitable for these frequencies. By using the combination of multi-

harmonic AFFC and robust feedback control (i.e. hybrid control), the magnitude reduction at 

natural as well as at other frequencies is possible.  

 

 

Figure 5-13 The response of the rotor system with coupling misalignment using proposed 

controller (Experimental) 
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5.10. Concluding remarks 

An adaptive hybrid controller is proposed and implemented. Simulation and experimental 

results have authenticated the superiority of the proposed method. Based on the results following 

conclusions are drawn. 

 Conventional AFFC cannot tolerate sharp rotor spin frequency changes. External frequency 

estimators need to be applied for improving the performance of these controllers.  

 ANF provides unacceptable results at low sampling rates, however, it can be used to indicate 

that frequency changes are occurring in the system. 

 Goertzel filter is computationally demanding, however, it can be used efficiently when a small 

number of DFT coefficients is needed for computation. 

 Combination of ANF and Goertzel filter can be used efficiently to estimate changing rotor 

spin frequencies. 
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Chapter 6 

6. Precision control of ball screw drives 
 

6.1. Overview 

This chapter presents a hybrid controller by combining the interpolating gain scheduled 

loop shaping (IGSLS) controller and cascade PPI controller. It achieves active vibration damping 

as well as high bandwidth disturbance rejection for a ball screw drive system (BSD). The IGSLS 

controller is designed based on loop shaping principles for the non-collocated system from the 

motor torque to carriage/table position. It is observed that by increasing gains of controllers, the 

closed-loop stability margins are reduced although the command tracking efficiency increases. 

High gain controllers also cause a large variation in motor torque when BSD is used in the 

machining process. From time and frequency domain analysis, it is found that the proposed hybrid 

controller has high command performance efficiency along with better performance during the 

machining process. For machine drives in the absence of pre-loading, the system parameters vary 

over a large range, depending upon the carriage/table mass and location. The BSD system can be 

modelled as a linear parameter varying (LPV) system using the mass and location of the carriage 

as scheduling parameters.  It is also observed that fixed gain robust controllers cannot maintain the 

closed-loop stability for the total range of system parameters of the BSD. Based on the transient 

response, the carriage mass can be estimated online with sufficient accuracy. Using this 

information and table location, IGSLS controllers can be implemented in real-time using 

interpolation techniques. Simulations and experimental results confirm the performance of the 

proposed controller in command tracking, the variation of motor torque during machining and 

disturbance rejection. 



 
 

98 | P a g e  
 

6.2. Mathematical Modelling 

The ball screw drive is actuated by a servo motor. The torque is applied through the flexible 

coupling. The rotary motion of the ball screw is converted into translational motion of the carriage. 

The flexibility of the carriage plays an important role in the overall dynamics of the system.  

6.2.1. Modelling of ball screw drives 

Figure 6.1 shows a two-dimensional representation of the ball screw drive. The balls and the 

lead screw are flexible. The stiffness of the ball near the left-hand side stopper has a stiffness 𝑘𝑏1 

and stiffness of the ball near the right-hand side stopper 𝑘𝑏2. The stiffness of the coupling is 𝑘𝑐. 

The stiffness of the carriage balls is 𝑘𝑛. The total length of the lead screw is L. The lead of the lead 

screw is l. If 𝜃(𝑡) is the actual angle of rotation of the motor (𝑥1(𝑡) is the virtual displacement), 

T(t) is the actual torque applied at the motor (𝐹1(𝑡) is the virtual force), they are related to each 

other with the following expressions as shown in Figure 6.1 (Varanasi and Nayfeh, 2004 ). 

𝑥1(𝑡) = (𝑙/2𝜋)𝜃(𝑡) (see Figure 6.1)                                                                                                    (6.1) 

𝐹1(𝑡) = (2𝜋/𝑙)𝑇(𝑡) (see Figure 6.1)                                                                                                   (6.2) 

Figure 6.1 represents the various stiffnesses related to the ball screw drive. The equivalent 

stiffness of the overall system is given as follows (Varanasi and Nayfeh, 2004). 

1
2

1 2

1 1 1

2
t

n c

l c
k

k k k k GJ



   
      

     

                                                                                      (6.3) 

where c is the distance of the carriage from the left-hand side stopper, G is the modulus of rigidity, 

J is the polar moment of inertia, kn is the stiffness of balls near the carriage (on the left and right 

of the carriage) and:  

1
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                                                                                                                          (6.4) 
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                                                                                                                      (6.5)     

where E is the modulus of elasticity, I is the bending moment of inertia, kb1 and kb2 are the 

stiffnesses of balls on the left and right sides of the ball screw system. The details of modelling 

can be seen in reference (Varanasi and Nayfeh, 2004). This modelling uses a distributed parameter 

approach for the LPV representation. 

 

 

Figure 6.1 Two-dimensional representation of the ball screw drive 
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Figure 6.2 Simplified model of the ball screw drive 

Let x2 (t) be the displacement of the carriage and F2 (t) be forces acting on the carriage, using the 

Galerkin type weighted residual method (Varanasi and Nayfeh, 2004), the dynamic equations of 

motion are represented as follows. 

1 1 1 1

2 2 2 2

( ) ( ) ( ) ( )
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M C K                                                                            (6.6) 

Where 

11 12

21 22

m m

m m

 
  
 

M                                                                                                                         (6.7) 

With  

2

11 11

2

12 12

21 12

2

22 22

( )

c

m n J J m

m n J m

m m

m n J m m

  

 



  

                                                                                                                 (6.8) 

where J is the second polar moment of the screw, mc is the mass of the carriage and the value of 

other parameters can be found in reference (Varanasi and Nayfeh, 2004). The damping matrix of 

the system is as follows. 
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C                                                                                                                 (6.9) 
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Where C1 is the motor damping and C2 is the damping coefficient between slides and the carriage. 

The stiffness matrix is given by Varanasi and Nayfeh (2004)  

1 1

1 1
tk

 
  

 
K                                                                                                                      (6.10) 

It is obvious that the overall stiffness of the ball screw system is dependent on parameter c. 

Hence the dynamic system represented by Equation (6.6) is dependent on parameter c. In the 

transfer function of the system dynamics can be represented as follows (Figure 6.2) in the form of 

a discrete mass system for controller design purpose as follows. 
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6.2.2. Simulation model 

Parameters in Table 6.1 are used for conducting simulations as well as experiments. The 

material of the ball screw is steel with Modulus of Elasticity 210x09 N/m2, Modulus of Rigidity 
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78x09 N/m2 and density 7850 Kg/m3. The carriage mass is allowed to vary from 25 Kg to 45 Kg. 

The damping coefficients C1 and C2 are measured experimentally as 0.001 and 0.01, respectively.  

 

Table 6.1 Important parameters of the ball screw drive 

No. Parameter Symbol Value 

1 Ball screw average diameter d 16 mm 

2 Ball screw lead l 5 mm 

3 Ball screw length between bearing supports L 920 mm 

4 Stiffness of the balls near the carriage kn 260 MN/m 

5 Left hand side ball stiffness at the start of ball 

screw 

kb1 50 MN/m 

6 Right hand side ball stiffness at the end of 

ball screw 

kb2 50 MN/m 

7 Torsional stiffness of the coupling kc 690 Nm 

8 Motor inertia J 8 x 10-5 Kg m2 

9 Carriage mass mc 25-45 Kg 

 

Based on Equation (6.6), the state-space model of the system can be expressed as follows. 
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                                                                                                 (6.14 a, b) 

where C is a unity matrix. F1 and F2 are control forces at the motor and carriage. A and B are 

system matrices as follows. 
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                                                                                                 (6.15 a, b)  

6.2.3. The framework of LPV modelling  

As the carriage load is increased, the first resonance frequency of the BSD is decreased. Under 

certain circumstances, the preload applied to the BSD may vanish also. The ball bearing clearance 

plays a major role in this regard. If the clearance on the right-hand side ball bearing increases, 

there is a drastic change in the resonance frequency of the BSD as shown in Figure 6.3 (because 

now it is in the form of a fixed free bar instead of a fixed-fixed bar). As the carriage mass changes, 

the resonance frequency of the BSD also varies significantly. 

 
Figure 6.3 Effect of location and mass of the carriage on the first natural frequency (with 

bearing clearance) 

 

Equation (6.6) shows the dynamic model of the BSD. Elements of the mass and stiffness 

matrix vary as a function of location and mass of the carriage. It is obvious that the dynamics of 

the overall system can be represented as an LPV system as follows. 
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where mBSD and lBSD are the mass and location of carriage from the left-hand side respectively, and 

C is a unity matrix. Matrices BSD BSDm ,lA( )  and BSD BSDm ,lB( )are as follows. 
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The next section shows that any fixed-gain controller cannot meet stability requirements for this 

LPV system. Hence, an LPV controller (in this case it is IGSLS controller) is designed and 

implemented to obtain robust stability and robust performance. 

6.3. Design and Implementation of Hybrid Controller 

There are different techniques for tracking the desired trajectory. Robust control, adaptive 

control and model-free control techniques can be used for desired trajectory tracking. In the next 

sub-sections, we will explain cascaded PPI controllers, fixed-gain loop shaping and IGSLS 

controllers. 

6.3.1. Cascaded PPI controller 

It is a model-free controller (not in the strict sense). Here P is the proportional controller and 

I is the integral controller. P controller is applied for the carriage position feedback. Combination 

of P and I controllers is applied for the motor speed feedback. The efficiency of PPI can be further 
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enhanced with a table/carriage velocity feedback. This idea has been implemented recently and is 

state of the art in case of model-free controllers. The main disadvantage of such a control system 

is that there is a need for additional sensors. Even then, these controllers are extensively used in 

the industry. These controllers are extremely robust. However, there is a limit to the performance 

of these model-free controllers. Model-based controllers are rich in terms of performance, but their 

robustness is limited in case of large plant/system parameter variations. Coefficient Kp1 for the 

carriage position feedback is 12x106. Coefficients Kp2 and Ki for the motor velocity feedback are 

34000 and 1000 respectively. The coefficients are determined by optimization in the frequency 

domain. Details have been omitted for the purpose of brevity. 

6.3.2. Fixed gain loop shaping controller 

Practical systems deviate considerably from the nominal model derived using system physics. 

There are uncertainties entering the nominal system. These uncertainties enter the nominal system 

in the form of additive perturbations, inverse additive perturbations, multiplicative uncertainties 

etc. Uncertainties may be structured (parametric) as well as unstructured (complex).  To maximize 

the robust stability of a closed-loop system, one must minimize follows (Gu et al., 2005). 

𝛾 = ‖[
𝑲(𝑰 − 𝑮𝑲)−𝟏𝑴−𝟏

(𝑰 − 𝑮𝑲)−𝟏𝑴−𝟏 ]‖
∞

                                                                                                     (6.18) 

Theoretical details for synthesizing the controller can be found in reference (Gu et al., 2005). 

6.3.3. Hybrid Controller Design and Implementation 

In the present analysis, the weight of the carriage is assumed to vary from 25 Kg to 45 Kg 

with grid points [25, 30, 35, 40, 45] Kg. The carriage travel length varies from 20 mm to 920 mm 

with grid points [20, 100, 200, 300, 400, 500, 600, 700, 800, 920] mm. Overall 5 x 10 =50 grid 

points are generated at which the Loop shaping controller is designed. The compensator with 
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transfer function 7 2 1
1 10
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is chosen for the low gain controller and 8 2 1

1 10
0.9 0.1

s
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 is 

chosen for the high gain controller. For convenience, 
81 10x is termed as a loop shaping factor in 

the rest of the chapter. Now a general procedure is described for interpolation of the controller. 

Any linear parameter varying (i.e. IGSLS) system for interpolation can be represented as follows. 
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                                                                                                          (6.19)   

where  A ,  B ,  C  and  D are system matrices. These matrices are parameterized 

using a homogeneous polynomial of degree g. Here  is taken as time-varying scheduling 

parameter. Details can be found in reference (Gu et al., 2005). The above algorithm is implemented 

in MATLAB/SIMULINK block LPV. The interpolating controller is implemented as shown in 

Figure 6.4. There are two scheduling parameters viz. the mass and location of the carriage.  The 

carriage mass can be identified from the transient response of the system. 
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Figure 6.4 Simulink implementation of Hybrid controller 

 

6.4. Experiment 

A single-stage ball screw drive shown in Figure 6.5 is used. A home-made ball screw with 

16 mm pitch and 950 mm length is used. Guideways are used to support the carriage. The servo 

motor is driven by a pulse width modulator amplifier. The carriage position is measured by a linear 

encoder with a resolution of 100 nm. An analog DC accelerometer (PCB 3711E1110G) with a 

bandwidth of 1000 Hz is attached to the carriage acceleration. In addition, a rotor encoder with 

resolution 0.001 degrees is used to measure the angle of rotation. A DSpace board DS-1103 is used 

to implement the controller. The stiffness of balls of the bearing and carriage nut is calculated 

using the process in reference (Gu et al., 2005) 
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Figure 6.5 Experimental setup for ball screw drive 

 

6.5. Theoretical and experimental results 

To verify the efficiency of the proposed control strategy, simulations, as well as 

experimentations, are conducted. The performance of the BSD system for various control 

techniques is discussed in the following sections. 

6.5.1. Performance comparison of fixed gain loop shaping design procedure (LSDP) 

controller with Cascaded PPI controller 

 

Frequency domain analysis plays a vital role in accessing the stability of any closed-loop 

system. The loop transfer function, Nyquist stability criteria, sensitivity function and cross-over 

frequency can be used to design controllers based on frequency-domain results. For a fair 

comparison between LSDP and PPI controllers, these controllers are tuned to possess similar 

stability margins. In the industry, this limit is normally held between 1.5-2. Figure 6.6 shows the 

sensitivity magnitude with different controllers. This figure is also used to represent the bandwidth 

of the overall system with a particular controller. 
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Figure 6.6 Loop sensitivity with different controllers 

With the PPI controller, disturbances at the motor input can be effectively suppressed from 0-

40 Hz and >220 Hz. The LSDP controller can suppress input disturbances from 0-35 Hz and >220 

Hz. However, with the hybrid controller, the limit is increased up to 0-55 Hz and >220 Hz (Figure 

6.6 a). This means the hybrid controller has more overall bandwidth than the other counterparts. 

However, disturbances at input get amplified above 230 Hz if the shaping factor is increased 

above 1x107 (Figure 6.6b). It can reduce input disturbances above 375 Hz only (this limit varies 

based on shaping factor used). Although by increasing the shaping factor above 1x107, its 

bandwidth increases for lower frequencies i.e. 0-70 Hz only, disturbances at input get amplified in 

the range 240-375 Hz. It can reduce or mitigate input disturbances above 375 Hz only. Hence, 

controller gains cannot be increased beyond a certain limit. 
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Figure 6.7 Loop magnitude with different controllers and loop shaping factor 

The loop transfer function for the PPI controlled system is given by: 

 2
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                                                                                            (6.20) 

Based on the loop magnitude results shown in Figure 6.7a, it is clear that the tracking ability 

of LSDP is better than PPI controller due to higher low-frequency gains. The cross-over 

frequencies are the same (40 Hz-230 Hz). This means the controllers can actively damp the axial 

vibrations of the BSD in the same range. The hybrid controller has high crossover frequencies i.e. 

75 Hz-230 Hz as well as high gains of the low frequency.  

There is a limit to the performance of PPI controlled systems (even after controller parameter 

optimization). But this limit can be extended in case of the LSDP controlled system by increasing 

the loop shaping factor (Figure 6.7b). However, additional problems are developed by increasing 

the shaping factor as will be seen shortly during a metal cutting operation, i.e. when the dynamic 

cutting forces are applied at the table/carriage as shown in Figure 6.9. 

One thing worth mentioning here is that as the carriage is moving away from the motor, the 

axial resonance frequency of the BSD decreases. The PPI controller is robust in terms of the 

closed-loop stability for a large range of parameters. However, LSDP is less robust in terms of 
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closed-loop stability. The stability of the LSDP controller is also dependent on the loop shaping 

factor. For higher loop shaping factor values, the LSDP controller is less stable (in terms of the 

frequency range where input disturbances get mitigated) (Figure 6.7b).  

The open-loop transfer function from table disturbances d2 to carriage position x2 is given by 

transfer function G23 (s). The closed-loop disturbance transfer function for the system with the PPI 

controller is given as follows. 
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                                                                              (6.21) 

The hybrid controller is best in achieving lower level amplitude of vibrations for the external 

disturbances acting at the carriage (normally the cutting forces). For the time domain command 

tracking performance of different controllers, Part a of Figure 6.8 shows the reference trajectory 

to be achieved. From this figure, it is obvious that there is an abrupt start. This type of trajectory 

is intentionally chosen to quantify the effectiveness of the different control algorithms for non-

smooth trajectories. With the PPI controller, there is a less transient error at the start. The 

movement of the carriage is 150 mm from the start (from the motor end). Hence there is very less 

change in system parameters up to this carriage movement. Although model base controllers are 

high in performance for the robust stability, parameters of the system should remain within a 

tolerable limit. For example, the mass of the carriage varies based on the mass of the workpiece 

mounted on it. As discussed earlier, the dynamics of the system depends on the location of the 

carriage also. Based on these factors, it is a general practice in the industry to use model-free 

controllers like cascaded PPI controllers that are robustly stable for very large values of 

carriage/table mass and location. To compare the performance of the model-free controllers with 

model-based controllers, the trajectory is designed in such a way that the carriage remains near the 
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motor side (maximum amplitude 150 mm).  In this way, the effect of change of dynamics with the 

carriage location is minimized. 

 

Figure 6.8 Time domain analysis for command tracking with different controllers (Simulation 

results) 

The maximum error between the reference and achieved trajectory is 115 microns (after initial 

transient errors are over) with the PPI controller. With the low gain LSDP (if used alone), the error 

is much more. However, with the hybrid controller, the error is 73 microns (Figure 6.8). By using 

a high gain LSDP controller, the trajectory error further reduces to a small value. But, as discussed 

earlier, higher controller gains are not suitable when BSD is undergoing the metal cutting process. 

In the above figures, the efficiency of the controllers is tested in the absence of metal cutting 

forces (i.e. rapid movement of the BSD). For testing the efficiency of the controller during the 

metal cutting process, a milling process was performed. A milling cutter of diameter 19.04 mm 

was used for metal cutting. The spinning speed of the milling tool was fixed at 2150 r.p.m. The 

milling tool has only one tooth to avoid the problem of runout. The feed rate of the BSD was fixed 

at 3.58 mm/s. The tooth pass frequency of 2150/60=35.8 Hz was realized during experimentation. 
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Multiple harmonics that are integer multiple of tooth pass frequency are present in the spectrum. 

Figure 6.9 shows the performance of various controllers. Parts a, b and c represent the table 

position error, motor velocity and torque applied at the motor respectively with low gain LSDP 

controller (with shaping factor 1x107). The performance of the LSDP controller and cascaded PPI 

controller is almost the same in terms of table position error, motor velocity variation and applied 

torque (Parts d, e and f). With the hybrid controller, the table position error is relatively low and 

motor velocity variation is minimum (Parts g, h and i). The table position error was also a 

minimum. 

Parts j, k and l (Figure 6.9) show that if a high gain LSDP controller is used (with shaping 

factor 1x108), the table position error is maximum, motor velocity variation is maximum as well 

as applied torque amplitude varies between extreme limits. The torque amplitude variation is 4 

times as compared to the low gain LSDP controller (with shaping factor 1x107). 

The variation is harmful to the motor life. The energy efficiency also decreases with an 

increase in torque amplitude variation. Hence, there is a limit for increasing the shaping factor (in 

other words the controller gains). It is obvious that to increase the overall efficiency (i.e. BSD 

motion during metal cutting and rapid movements), a combination of cascade PPI and low gain 

LSDP is the best alternative. 

Afterwards, to check the robustness of PPI and LSDP controllers in the time domain, both 

controllers are applied to the BSD when the starting point of the reference trajectory is 350 mm 

from the start (i.e. motor side). The PPI controller maintains closed-loop stability under the 

changing dynamics. However, The LSDP controller becomes unstable. There is the continuous 

chattering of the carriage around some nominal points. The magnitude of chattering depends upon 
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the saturation limit of the motor. Here the need of the IGSLS controller arises i.e. the system should 

remain stable for the large variation in system parameters. 

 

Figure 6.9 Performance of various controllers during metal cutting (Experimental results) 

 

6.5.2. Comparison of fixed gain LSDP controller with IGSLS controller 

It is obvious that as gains of the controller are increased (i.e. using a high loop shaping factor), 

the stability margins of the closed-loop system for the total range of system parameters are 
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decreased. However, the system performance improves with gains of the controller (for rapid 

movement of BSD). The stability of the closed-loop system also depends on various other factors. 

These factors include the unmodelled dynamics, accuracy with which the system parameters are 

modelled and the actuator nonlinearities. Depending on the accuracy limit of the carriage/table 

mass estimation, the loop shaping factor plays an important role. In the present work, 
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1 10

0.9 0.1
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 is fixed as the loop shaping factor for the controller design. The closed-loop 

stability is retained even if the carriage mass is estimated as 30 Kg instead of 25 Kg (i.e. exact 

value). 

In the next simulation, the carriage or table is moved from the extreme left to extreme right 

(l=920 mm). To prevent sudden acceleration, the desired trajectory was filtered out by curve 

fitting. The curve fitting was done by 7th order sinusoidal such the displacement as a function of 

time. Figure 6.10 shows the performance of different controllers. The carriage mass of 25 Kg was 

taken for the analysis. The PPI controller is stable for the total travel of the carriage. However, the 

performance is not satisfactory as a large difference between reference and obtained trajectory. 

With the PPI controller, the maximum trajectory error is 66 microns (after the transients are over 

for 0-0.08 seconds). With the IGSLS controller (if used alone), the error is high and with the hybrid 

controller, the error is 43 microns, i.e. 54% increase in the command tracking efficiency.  
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Figure 6.10 Comparison of performance with LPV and other controllers (Simulation results) 

 

6.6. Concluding remarks 

Based on time and frequency domain results following conclusions can be drawn. 

 Robust stability of LSDP controllers cannot be maintained for a large variation of system 

parameters. 

 Cascaded PPI controllers are robustly stable; however, their command tracking performance 

is limited, and bandwidth is smaller than high gain LSDP controllers.  

 High gain LSDP controllers cause large variations in the motor velocity and torque applied at 

the motor. This factor reduces the useful life of the motor and enhances energy losses at the 

motor. Hence controller gains cannot be increased arbitrarily. The only option left to increase 

the command tracking performance (during rapid movement of BSD) and decrease torque 

variation (during metal cutting operation) is to use hybrid controllers. Command tracking 

performance of the hybrid controller made by joining PPI and LSDP controllers in parallel is 

much better than the case when they are used individually.  
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 The bandwidth and performance (during rapid movement and metal cutting) of the hybrid 

controller is much higher than PPI and LSDP controllers (if used alone). 

 Using interpolation-based IGSLS controllers, the closed-loop stability and performance can 

be maintained for the complete range of parameters. The performance and bandwidth are 

further enhanced by connecting the PPI controller in parallel with the IGSLS controller (i.e. 

using a hybrid controller). 
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Chapter 7   

7. Active chatter control of turning operations 
 

7.1. Overview 

The stability requirement in turning operations limits the cutting depth. The common trend is 

to generate stability lobe diagrams to avoid chatter regions. However, flexibility of shaft results in 

the low material removal rate due to the limited stable depth of cut. Normally the workpiece is 

considered rigid and active chatter control techniques are applied to reduce vibrations of flexible 

cutting tools. In this work, both the workpiece and cutting tool are considered flexible in 

appropriate directions. The novelty of the work is the combination of theory and practical 

applications. As the material is removed during cutting, natural frequencies of the shaft are 

changed. Fixed parameter controllers lose their effectiveness under these changing conditions. 

Linear Parameter Varying controller is designed and implemented so that the cutting stability can 

be maintained in the total range of parameters. Due to the non-contact nature of electromagnetic 

actuators, control forces can be applied from a distance and hence stability can be maintained. 

Theoretical solutions are investigated for the feasibility of the control process through simulations. 

The results are verified experimentally. The productivity is improved as the cutting depth is 

increased from 72 microns to 250 microns in a case study. 

7.2. Active chatter control using an electromagnetic actuator 

7.2.1. Schematic for active chatter control 

For active chatter controls, additional damping has to be provided to the system. In the active 

control nomenclature, this is called electronic damping. An electromagnetic actuator (EA) is used 

for applying control forces. Figure 7.1 shows a general case for the flexible shaft processed by a 
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lathe machine. The EA is installed on the tool post of the lathe machine along with the cutting tool. 

An eddy current probe which acts as the sensor is also applied near the actuator for a collocated 

sensor/actuator system. Figure 7.2 shows a schematic of the overall system.  

L1 L2 L3 L4 L5
ɸ1 ɸ2 ɸ3 ɸ4 ɸ5

L

Tool Post

Cutting tool

Z-axis

X-axis

Electromagnetic 
actuator
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Lathe dog
Chuck
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Figure 7.1 Active chatter control architecture for flexible stepped shaft 

7.2.2. Dynamics of the electromagnetic actuator 

In the case of an EA, control forces are related to the actuator current as follows (Vashisht et 

al., 2019d). 

2 2

0 0

2 2

( ) ( )

( ) ( )
EA

i i i i
F k

x x

  
  

    
                                                                                                      (7.1) 

where   represents the gap between the shaft and EA in the equilibrium position, x is the distance 

between the core of the EA and flexible shaft. The instantaneous current is represented as i and the 

bias current is represented by i0. The constant k is given as follows. 

2

0

1

4
k n A                                                                                                                                 (7.2) 
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In the above relation µ0 is the permeability of the air, n is the number of winding turns and A is 

the area of the shoe on which winding is attached. Table 7.1 shows the properties of the EA. 

 

Table 7.1 Physical Parameters of Electromagnetic actuator used 

No. Parameter Notation Value 

1 Permeability of air 0  1.256x10-6 N/A2 

2 Area of iron core A 20 mm x 10mm 

3 Number of winding turns n 500 

4 Nominal air gap    3 mm 

5 Bias current i0  3 A 

 

Electric resistance R and inductance L can be measured for the circuit. The voltage applied v 

to the EA bears the following relation with the current i. 

 
di

v R i L
dt

                                                                                                                              (7.3) 

The control voltage generated from the computer can be stepped up using the voltage amplifier 

so that high voltage and hence the high current can be applied for generation of control forces. 

7.2.3. Schematic of the experiment 

The experimental setup contains the following hardware components (Figure 7.2). The detail 

of the components is introduced in Chapter 5. 

The force generated by the electromagnetic actuator depends on the applied current as well as 

gap between the shaft and actuator. To approximate this nonlinear phenomenon (i.e. the relation 

between applied current and the generated force), artificial neural networks (ANN) are used. The 

input layer of the ANN contains 2 neurons, the output layer contains one neuron and the hidden 

layer contains 20 neurons. After training, the ANN is used as a Simulink block.   
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Figure 7.2 Schematic of the overall control system for turning operation 

7.3. Dynamic modelling for turning of the stepped shaft  

7.3.1. Structural dynamics of the stepped shaft 

Let Fx, Fy  and Fz are forces acting in x, y and z axes, respectively on the cutting tool, 

displacements caused by these forces are given as follows (in Laplace domain). 

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) ( )

xx xy xz x

yx yy yz y
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                                                                                (7.4) 
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where  xx s is the transfer function of the structural system from input  xF s to output x(s). It is 

expressed as   2 2
1 2

m
ai si

xx

i i i i

s
s s


  

 


 
 , where m  are the number of modes considered, ai  is 

the mode shape at the actuator location, si  is the mode shape at the sensor location, i and i are 

damping ratio and natural frequency for the ith mode considered. Similarly, the transfer function in 

other directions can be formulated. Forces 𝐹𝑥 , 𝐹𝑦  𝑎𝑛𝑑 𝐹𝑧 also act on the workpiece. If the 

workpiece is flexible, the corresponding deflections will be experienced by the workpiece. In this 

work, it is assumed that the cutting tool has enough rigidity along x-axis and y-axis (see Figure 

7.1). The movement of the cutting tool is possible only along the z-axis. However, the shaft is 

considered flexible with the shaft movement along x-axis and y-axis due to limited rigidity. The 

finite element method is used to determine dynamic equations of motion of the flexible shaft as 

below. 

 (t) + (t) + (t) = (t)M z C z K z f                                                                                                 (7.5) 

where 𝐟(t) is the applied nodal force and z (t) is the nodal displacement vector. M, C and K are 

global mass, damping and stiffness matrix of the flexible shaft respectively. Using the modal 

analysis, natural frequencies and modes of the flexible shaft can be determined. Initial dimensions 

of the stepped shaft are given in Table 7.2.  

Table 7.2 Parameters of the flexible shaft 

Parameter Value Parameter   Value 

ɸ1 35 mm L1
 100 mm 

ɸ2 30 mm L2 100 mm 

ɸ3 25 mm L3 100 mm 

ɸ4 20 mm L4 100 mm 

ɸ5 15 mm L5 100 mm 
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The desired diametral dimensions after machining are [30 25 20 15 15] mm. Figure 7.3 shows 

the first mode shape of the flexible stepped shaft. As the tool moves from one cutting location to 

the other, natural frequencies of the flexible shaft change due to subsequent material removal. At 

the same time, the whole material cannot be cut in a single pass. At each pass, some material is cut 

and the systems natural frequencies change. If 0.25 mm material is cut in a single pass, the final 

dimensions are reached after 10 passes. 

Figure 7.4 shows natural frequencies as a function of the tool location and number of tool 

passes. To generate this figure, the cut depth is assumed as 1 mm.  

 

   

Figure 7.3 Mode shapes of flexible stepped shaft 
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Figure 7.4 Natural frequencies of the flexible stepped shaft as a function of tool location and 

pass number 

7.3.2. Location dependent stiffness of the stepped shaft 

From the configuration of the stepped shaft, it is obvious that the shaft stiffness is location-specific. 

It is minimum near the centre. Hence the critical depth of cut is minimum near the centre as shown 

in Figure 7.5. The critical depth of cut ranges from 70 to 370 microns. Hence, we cannot design a 

single controller for the whole range of parameters. 
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Figure 7.5 Stiffness and critical depth of cut as a function of tool location for the stepped flexible 

shaft 

7.3.3. Nomenclature for the cutting system 

To design a controller based on parameters of the system, dynamics of the cutting process 

need to be understood. For the turning of the flexible shaft, a single point cutting tool is used.  The 

nomenclature of the tool is discussed as follows. 
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Figure 7.6 Nomenclature and schematic of the cutting tool 

Figure 7.6 (a) shows the general schematic of a cutting tool with various angles. There are two 

types of coordinate axis viz. global (i.e. x, y and z-axis) and local (r, n and t). The tool geometry 

can be represented using certain angles of the tool. These angles include the approach angle(α),  

inclination angle (β) and normal rake angle (γ). The depth of cut (W) and thickness of the chip (F) 

are also shown along the local coordinate axis. The feed rate per revolution (f0) is along the 

negative z-axis. The actual width or depth of cut (b) is along the x-axis. The chip flows on the 

plane (r-n) in an angle (η) with the local n-axis. It is called the chip flow angle. The force acting 

along local coordinate axes (r, n and t) can be calculated accordingly. 

7.3.4. Regenerative chip model along with cutting forces 

It is obvious that the tool moves along the z-axis at a certain angle. The chip thickness (F) and 

width of cut (W) are the major parameters. Cutting forces along the local coordinate system are 

given by the following linear relationship. 

n r t n[F (t)   F (t)   F (t)] [K    K   K ] W Fr t                                                                                     (7.6) 

n  r tK ,K   and K are stiffness coefficients of the workpiece along the respective local coordinate 

system. The relation of W and F with other parameters is given by Figure 7.6 (b). 
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      F = f cos z( ) cos( ) + x(t) sin( ) z( ) cos( ) + x(t - ) sin( )
0

t t T T                              

(7.7) 

W=b cos( )                           (7.8) 

where z(t) and x(t) are the displacement of the tool at the instant of time (t) along z-axis and x-

axis respectively. z(t − T) and x(t − T) are displacements of the tool in one revolution before i.e. 

delayed by time interval T. T is the time required to complete one revolution. The physical depth 

of cut (b) along the x-axis plays a major role. 

In turning, the workpiece rotates at a certain spinning speed. Forces acting along the global 

coordinates are related to local coordinates by following relations. 

z

x

y

F (t) cos( ) 0 sin( ) cos( ) sin( ) 0 1 0 0 F (t)

F (t) 0 1 0 sin( ) cos( ) 0 0 cos( ) sin( ) F (t)

F (t) sin( ) 0 cos( ) 0 0 1 0 sin( ) cos( ) F (t)

n

r

t

   

   

   

         
         

         
                  

              (7.9) 

z 11 12 13

x 21 22 23

y 31 32 33

F (t) F (t)

F (t) F (t)

F (t) F (t)

n

r

t

a a a

a a a

a a a

     
     

     
         

                                                                                              (7.10)  

Let Kn, Kr and Kt be the stiffnesses of the workpiece along the local axes n, r, and t. Following 

relations are valid for connecting forces with material parameters. 

n nF (t)=K F W                                                                                                                                                       (7.11) 

F (t)=K F Wr r                                                                                                                                                       (7.12) 

F (t)=K F Wt t                                                                                                                             (7.13) 

    Putting the value of forces in the local coordinate system, we get: 

    

2 2

0

n n 2

b f  cos ( )+b sin ( ) cos( )x(t-T)+b cos ( )z(t-T)
F (t)=K

-b sin( )cos( )x(t)- b cos ( )z(t)

   

  

 
  
 

                                                      (7.14) 
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2 2

0

2

b f  cos ( )+b sin ( ) cos( )x(t-T)+b cos ( )z(t-T)
F (t)=K

-b sin( )cos( )x(t)- b cos ( )z(t)
r r

   

  

 
  
 

                                                   (7.15) 

      

2 2

0

2

b f  cos ( )+b sin ( ) cos( )x(t-T)+b cos ( )z(t-T)
F (t)=K

-b sin( )cos( )x(t)- b cos ( )z(t)
t t

   

  

 
  
 

                                                  (7.16) 

    Putting the results in Equation (7.10), the global forces are given by: 

    
 2 2 2

0 1 1 1 1

1

F (t)=  f  X cos  X ( )cos ( ) X ( )cos ( )  sin( )X x( )cos( )

            +b sin( )X x( )cos( )

z b b z t b z t T b t

t T

    

 

   


            (7.17) 

    
 2 2 2

0 2 2 2 2

2

F (t)=  f  X cos  X ( )cos ( ) X ( )cos ( )  sin( )X x( )cos( )

            +b sin( )X x( )cos( )

x b b z t b z t T b t

t T

    

 

   


           (7.18)   

    
 2 2 2

0 3 3 3 3

3

F (t)=  f  X cos  X ( )cos ( ) X ( )cos ( )  sin( )X x( )cos( )

            +b sin( )X x( )cos( )

y b b z t b z t T b t

t T

    

 

   


        (7.19) 

     Where, 

 

 

 

1 11 12 13

2 21 22 23

3 31 32 33

n r t

n r t

n r t

X a K a K a K

X a K a K a K

X a K a K a K

  

  

  

 

After simplifying, 

 F ( ) b f  g  z(t) g  z(t-T) g  g  x(t) + g  x(t-T)
0 21 21 21 23 23

tz                                                          (7.20) 

 F ( ) b f  g  z(t) g  z(t-T) g  g  x(t) + g  x(t-T)
0 41 41 41 43 43

tx                                                          (7.21) 

 F ( ) b f  g  z(t) g  z(t-T) g  g  x(t) + g  x(t-T)
0 61 61 61 63 63

ty                                                          (7.22) 

Where, 

           

2 2 2

21 1 41 2 61 3

23 1 43 2 63 3

g  = X cos ( ),                 g X cos ( ),                     g X cos ( )

X sin cos ,       X sin cos ,           X sin cosg g g

  

     

 

  
 

   Using these forces, the dynamics of the cutting system can be formulated. 
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7.3.5. Open-loop stability analysis 

It is obvious from Figure 7.6 that forces in x-direction and z-direction are coupled. The 

workpiece material is considered as steel with Km, Kr and Kt of 544x106 N/m2, 124x106 N/m2 and 

2881x106 N/m2, respectively (Eynian and Altintas, 2009). Values of tool angles α, β and γ are 

taken as 300 each. Values of m, c and k for the cutting tool is taken as 50 Kg, 2000 Ns/m and 2x107 

N/m respectively (Meng et al., 2017). Using Equations (7.5) and (7.20-7.22), the total dynamics 

of the system can be represented in a state-space form with delay terms as follows. 

(t)= (t)  +  (t-T)  +  (t)dX A X A X B u                                                                                                       (7.23) 

where, 

23 121

2 2

41 1 43 1

2 2

61 1 63 1

0 1 0 0 0 0

0 0 0

0 0 0 1 0 0

0 2 0 0

0 0 0 0 0 1

0 0 2

x x

y y

bggk c
b

m m m m

bg bg

bg bg



   

   

 
 

                      
 

  
    
 
 
     

A  

23 121

2

41 1 43 1

2

61 1 63 1

0 0 0 0 0 0

0 0 0 0

0 0 0 0 0 0

0 0 0 0

0 0 0 0 0 0

0 0 0 0

bgg
b

m m

bg bg

bg bg



 

 

 
 

   
   
    
 

  
 
 
 
 
 

dA , 
2

0

0

0

0

0



 
 
 
 

  
 
 
 
 

B  

     ( ) ( ) ( ) ( ) ( ) ( ) ( )
T

x x y yt z t z t q t q t q t q t   X  

                   ( ) ( ) ( ) ( ) ( ) ( ) ( )
T

x x y yt T z t T z t T q t T q t T q t T q t T         X  



 
 

130 | P a g e  
 

where q’s are modal displacements and q ’s are modal velocities, 1  is the mode shape value at the 

tool location. Matrix B is composed of mode shapes where the actuator is located. 2  is the mode 

shape value at the EA location. By using Equation (7.23), the stability lobe diagrams can be 

generated. Pseudo-Spectral methods are used to generate these diagrams. Figure 7.7 shows the 

stability boundary from 400-2400 rpm at different tool locations. Different flexibility of the 

workpiece at different locations plays a major role in terms of critical depth of cut.              

 

Figure 7.7 Stability lobe diagram as a function of tool location 
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7.3.6. Linear parameter varying system-based representation of the stepped shaft 

From Figure 7.4 it is obvious that the natural frequency of the flexible shaft is a function of 

both the tool location and number of passes of the cutting tool. Figure 7.8 shows this dependency. 

Let q1 and q2 represent tool pass and tool location parameters respectively. 

 

Figure 7.8 First natural frequency as a function of the number of cutting passes and tool 

location 

Dynamics of an open-loop system can be written in the following form. 

   

 

1 2 1 2

1 2

(t)  =  , (t)  +  , (t)

(t)   =  , (t)

q q q q

q q

X A  X B  u

y C X
                                                                                              (7.24a) 

or            

   

 

(t)  =  (t)  +  (t)

(t)   =  (t)

 



X A  X B  u

y C X
                                                                                                            (7.24b) 
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C C  

Parameter varying functions are given as follows (see Figure 7.8). 

2 2 3 2 2 3

1 1 2 00 10 1 01 2 20 1 11 1 2 02 2 30 1 21 1 2 12 1 2 03 2( , )  p  + p q  + p q  + p q  + p q q  + p q  + p q  + p q q   + p q q  + p qf q q    

(7.25) 

2 2 3 2 2 3

2 1 2 00 10 1 01 2 20 1 11 1 2 02 2 30 1 21 1 2 12 1 2 03 2( , )  r  + r q  + r q  + r q  + r q q  + r q  + r q  + r q q   + r q q  + r qf q q   

 (7.26) 

2 2 3 2 2 3

3 1 2 00 10 1 01 2 20 1 11 1 2 02 2 30 1 21 1 2 12 1 2 03 2( , )  s  + s q  + s q  + s q  + s q q  + s q  + s q  + s q q   + s q q  + s qf q q   

 (7.27) 
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When cutting forces are included, ordinary differential equations (ODE) are changed in delay 

differential equations. Using the following second-order Pade’s approximation: 

    
2 2

 

2 2

T s -6Ts+12
    

T s +6Ts+12

T se                                                                                                         (7.28) 

Delay differential equations can be again converted into ODEs. The time-varying system can 

be represented in a state-space form as below (Gu et al., 2005). 

1( ) ( ) ( )

(., ) ( ) ( ) ( )

  

   

 


 



2

1 11 12

2 21 22

x A x B w + B u

G z = C x + D D u

y = C x + D w + D u              

                                                                               (7.29) 

where  1 2( ) ( ), ( ),.... ( )mt q t q t q t   with  1( ) ,m m umq t q q . Parameter vector ( )t takes values in a 

box with corner i with i =1,2, …, q, and  q=2m. The system matrix becomes (Gu et al., 2005): 

1( ) ( ) ( )

(., ) ( ) ( ) ( )

  

   

 
 

  
 
 

2

1 11 12

2 21 22

A B B

G C D D

C D D

                                                                                            (7.30) 

With ranges in a matrix polytope with vertices  iG  . Decomposing the parameter vector 

1 1( ) .... q qt p p       with 
1

0  and 1
q

i i

i

p p


    over the corners i  of the parameter box, 

the system matrix  G  is given as follows. 

       1 1 2 2 .... q qp p p       G G G G                                                                                      (7.31) 
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7.4. Linear parameter varying controller design 

A Linear Parameter Varying (LPV) controller is designed using the Linear Matrix Inequality 

technique (Gu et al., 2005) for LPV systems represented by Equation (7.29). The linear parameter 

varying controller for this system is given by: 

( ) ( )
(., )

( ) ( )

K 


 

  
 


K

K K

A B y
K

u = C + D y

 


                                                                                               (7.32) 

It can be represented in a polytopic form as follows. 

1
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( ) ( )( ) ( )

q
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K KK K
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                                                                            (7.33) 

Such that interpolating gain-scheduled controller is given by: 
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                                                                                                       (7.34) 

This interpolation scheme yields smooth scheduling of the controller for parameter α(t). 

Details can be seen in reference (Gu et al., 2005).  

7.5. Results and Discussion 

As the natural frequency varies in a range, the Bode plot for all the systems (in an open loop) 

is shown in Figure 7.9 (a). The LPV controller has a Bode plot given by part (b) of this figure. The 

comparison of open and closed loop systems is represented by part (c) of this figure. 
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Figure 7.9 Frequency domain presentation of the perturbed system with LPV controller 

 

To calculate the time domain response, simulations are conducted in the SIMULINK/ 

MATLAB environment. In the case study, the open-loop critical depth of cut (for tool location 0.2 

m from right) is 72 microns. To enhance the cutting rate, it is decided to increase the depth of cut 

to 250 microns. For this LPV system, an H∞ LPV controller is synthesised and applied. The feed 

rate is settled as 100 microns/revolution. The spinning speed of the shaft is fixed as 600 rpm. This 

corresponds to a time delay of 0.1 seconds. During the first tool cuts the workpiece in dimensions 

of [35 30 25 20 15] mm, the response shows the control forces required to overcome the chatter as 

shown in Figures 7.10 (a) and (b). The comparison is done with the velocity feedback controller. 

It is obvious that the H∞ controller has better noise tolerance. However, if this controller (H∞ 

controller) is applied during the10th tool pass when dimensions of the shaft are [30 25 20 15 15] 

mm, the closed-loop stability of the system is lost (Figures 7.10(c) and (d)). The amplitude of 
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vibration grows as well as the amplitude of control forces. However, if the proposed H∞ LPV 

controller is applied, the closed-loop stability is preserved (Figures 7.10 (e) and (f)). 

 

Figure 7.10 Time-domain performance of the perturbed system (the 10th pass of the tool) with 

the nominal H-inf and LPV controller 

In this work, the EA is proposed for the generation of control forces. Eddy current probe is 

used for measuring displacements of the workpiece from the equilibrium position. Section 7.2 is 

devoted to actuator dynamics. With parameters shown in Table 7.1, the dynamics of the actuator 

is developed. An AC voltage amplifier is used for increasing the amplitude of control voltage 

generated by the controller (computer). Figure 7.11 shows the amplitude of control voltages for 

the ACC implementation. A feed rate of 100 microns/revolution is maintained during this 

experiment. Afterwards, the feed rate is then enhanced to 400 microns/revolution and the 

experiment is repeated. Due to the high feed rate, the steady-state deflection of the workpiece is 

increased. Figure 7.12 shows the response of the system along the x-axis and the applied control 

voltage along the x-axis. To suppress the initial transient vibrations, high control forces are 

required which can be seen in the high control voltage applied to the actuator. 
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Figure 7.11 Performance of the perturbed system with a gain scheduled/LPV controller with 

sensor and actuator in the loop 

 

Figure 7.12 Performance of the perturbed system with a gain-scheduled/LPV controller with 

sensor and actuator in the loop (feedrate 400 microns/second) 

It is observed that to maintain stability and avoid the chatter, control forces need to be applied 

along x-direction only. However, transient vibrations along the y-axis can be quenched quickly by 
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the application of control forces along the y-direction. The stiffness of the cutting tool is taken 

sufficiently high to avoid any control force requirement for quenching vibrations along the z-

direction. 

7.6. Concluding remarks 

Following conclusions are drawn from the work presented in this chapter 

 Due to the limited flexibility of long shafts, the chatter cannot be prevented even if the cutting 

tool is rigid. On the other hand, the flexibility of the stepped shaft depends on the tool location. 

With subsequent cutting passes, the material is lost and natural frequencies are subjected to 

change. Hence the controller designed for one particular tool location and cutting pass losses 

its stability for the other.  

 An LPV controller designed can stabilize the cutting system for the total range. The system 

stability is ensured for all cutting passes. Much higher cutting rate (250 microns/r) is obtained 

with the proposed method compared to open loop conditions (72 microns/r), enhancing the 

overall productivity.  
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Chapter 8 

8. Active chatter control of boring operations 
 

8.1. Overview 

Boring is a machining process to make a precise hole in a workpiece. Figure 8.1 shows two 

types of boring operations. Part (a) shows a case of the stationary bar (SB) boring operation. In this 

case, the workpiece is light and is revolving. Part (b) shows the rotating bar (RB) boring case for 

the heavy workpiece. There is a tremendous difference in dynamic modelling of these two 

processes. 

          

 

Figure 8.1 Different types of boring operations  

Due to the factor of limited rigidity of boring bars, small depths of cutting are normally applied 

for chatter-free machining. Stability lobe diagrams can truly represent this limit. However, due to 

the presence of manufacturing inaccuracies like ovality and eccentricity, these limits are 

considerably changed. Hence, considering these in modelling the cutting process, stability analysis 
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and controller design is a novel idea, hence implemented in this work. Dynamic modelling of the 

boring process is presented in detail using a 3-DOF model. Dynamics of such systems is 

represented using delay differential equations with time-periodic coefficients. The system stability 

is enhanced with active chatter control (ACC) techniques. The closed-loop system considering 

fractional-order PDλ in the loop is a nonlinear time-periodic delay differential equation system. 

Any systematic controller synthesis process for such systems is rarely available in the literature. It 

is observed that a fractional-order PDλ controller designed by using a combination of pseudo-

spectral and response optimization techniques is highly efficient in terms of the requirement of the 

low amplitude of the peak force and simplicity of implementation. Transient vibrations can also be 

quenched in a limited period of time by using this controller. Different control techniques available 

in the literature (H∞ Loop shaping and PD control) are tested and compared to the proposed 

controller for enhancing the material removal rate and surface finish of the workpiece. By using 

the ACC, the chatter can be efficiently reduced and the material removal rate can be increased. The 

critical depth of cut is increased from 0.2 mm (open loop) to 0.6 mm (closed-loop) with a limited 

actuator size in the case study for SB boring machine. 

It is also observed in this work that the open loop stable depth of cut for the RB boring process 

is much more compared to an SB boring process. It is further observed that the RB boring process 

is not a suitable candidate for ACC because much higher harmonic control forces are required for 

the minor improvement in the critical depth of cut. 

8.2. Mathematical Modelling of stationary bar boring operation 

8.2.1. The dynamic model of the boring bar 

The transfer function from the input (cutting point) to output (cutting point) locations is given 

by (Figure 8.2): 
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( )( ) ( )
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                           (8.1) 

where 1 is the mode shape at the cutting point,  is the resonance frequency and   is the damping 

ratio of the boring bar. The transfer function from the input (electromagnetic actuator) to output 

(eddy current sensor) is given by: 
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( ) ( ) 2
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y x

y s x s

F s F s s s 


 

 
                                                                                        (8.2) 

The transfer function from the input (electromagnetic actuator) to output (cutting point) is given 

by: 

1 3

2 2

( ) ( )

( ) ( ) 2
actuator actuatory x

y s x s

F s F s s s 

 
 

 
                                                                                        (8.3) 

Forces on the boring bar are entering via cutting point as well as the electromagnetic actuator. 

The relation in a transfer matrix form is given as follows (in Y-direction). 

1 31 1

2 2 2 2

3 1 3 3

2 2 2 2

( )( ) 2 2

( )( )

2 2
actuator

y

ysensor
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                                                   (8.4) 

Similarly, in X-direction, the transfer matrix is given as:  

1 31 1

2 2 2 2

3 1 3 3

2 2 2 2

( )( ) 2 2

( )( )

2 2
actuator

x

xsensor

F sx s s s s s

F sx s

s s s s

   

   

   
       
    

       
     

                                                        (8.5) 
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This model can be used to simulate the dynamics of boring operations. It actually forms a 

multi-input and multi-output system, where cutting forces act as disturbing forces and forces 

applied at actuators are controlling forces. Cutting forces to be used in Equations (8.1-8.5) are 

given by equations (7.20-7.22) in Chapter 7. By considering the cutting forces, system dynamics 

can be represented by delay differential equations. 
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Figure 8.2 Schematic of the overall boring operation 
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8.2.2. Consideration of Ovality 

It is assumed that there is ovality in the inside diameter of the workpiece as shown in Figure 

8.3 (a). The maximum radius of the inside portion is ax and minimum radius is by. The equation of 

the oval system is given by: 

2 2

2 2
1

x y

x y

a b
                                                                                                                                                                 (8.6) 

where x and y are coordinates of a point moving on the ellipse. At an angle χt, the ratio of different 

coordinates is as follows. 

 tan
y

t
x

                                                                                                                                                               (8.7) 

Solving the above equations for x and y and substituting in R i.e. instantaneous radius.  

2 2R x y  , we get 

2 2 2

2 2 2

  sec ( t) 

  tan ( t)

x y

x y

a b
R

a b







                                                                                                             (8.8) 

If Rmax is the maximum radius, the time varying depth of cut is given as: 

 

2 2 2

max 2 2 2

  sec ( t) 
( )

  tan ( t)

x y

x y

a b
b t R

a b




 


                                                                                               (8.9)  

where the varying depth or width of cut b(t) keeps on changing as the workpiece revolves i.e. the 

width of cut changes periodically. The term periodically means that the width of cut b(t) at a 

particular time is same as its value at T time ago, where T is the time period to complete one 

revolution. 
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Figure 8.3 Analysis of ovality and eccentricity 

8.2.3. Consideration of Eccentricity 

Another most common problem during metal cutting is eccentricity. The workpiece may not 

be mounted in the lathe chuck properly, causing overall eccentricity. It is assumed that there is 

eccentricity at the inside diameter of the workpiece as shown in Figure 8.3 (b). The minimum 

radius of the inside portion is aax and maximum radius is bby. The equation of the oval system is:  
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2 2

2 2
1

x y

x y

aa bb
                                                                                                                                                 (8.10) 

At an angle χt, the ratio of different coordinates is as follows. 

 tan
y

t
x

                                                                                                                                    (8.11) 

Solving the above equations for x and y and substituting in R i.e. instantaneous radius. 

2 2R x y  , we get 

     

     

22 2

22 2

sec / 2
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                                                                                                              (8.12) 

If Rmin is the minimum radius of the cavity, the time-varying depth of cut is given as: 
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                                                                                                   (8.13) 

Putting min min   and   2x yaa R b bb R b      , where b is the minimum width of cut,   Rmin is 

the inside radius of the cavity and ∆ is the eccentricity in the horizontal direction as shown in Figure 

8.3, part (b). 
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2 sec / 2

 tan / 2 + 2

R b R b t
b t R

R b t R b





   
 

   
                                                          (8.14) 

      One thing worth consideration at this point is that with time-varying width of cut b(t), forces in 

Equations (7.20-7.22) are periodically time-varying. It is observed that this factor changes the 
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ordinary delay differential equations (with constant coefficients) into time-periodic delay 

differential equations (with coefficients changing periodically). 

8.3 Mathematical modelling of rotating bar boring operation 

In the case of CNC machining centres, the workpiece remains stationary and the tool 

rotates. It is the case of RB boring operations. In terms of a global coordinate axis, cutting forces 

are given as follows (Figure 8.4). 

XX-axis

YY-axis

Workpiece

Boring bar

Tool insert

 

Figure 8.4 Forces during revolving bar boring (not to scale) 

   cos sinF F t F txx x y                                                                                                                            (8.15) 

   sin cosF F t F tyy x y                                                                                                                             (8.16) 

In the expanded form it can be written as: 
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              (8.18) 

By considering Equations (8.17 and 8.18), it is obvious that the resulting system contains time 

periodic delay terms as well as forced terms. 𝜒 represents the angular frequency of rotation i.e. 

1
2

T
 

 
  

 
  where T is the time delay, or the time required to complete one revolution is in 

seconds. 

8.4. Simulation model and formulation of delay equations 

A boring bar of length 0.6 m is considered. The diameter of the bar is 70 mm. The tool 

insert is attached at the free end. The density and Young’s modulus of elasticity are taken as 7800 

Kg/m3 and 210x109 N/m2. The first four natural frequencies are calculated as 141.15 Hz, 884.5 Hz, 

2477.3 and 4858 Hz. The damping coefficient for each mode is 0.0318. For simplicity, only one 

mode is considered for analysis. There are four DOF per element i.e. two at each node. First is the 

linear displacement and the second is the slope. After solving the eigenvalues, for the first mode, 

the mass normalised mode shape coefficient ψ1 for the linear displacement is 0.4712 Kg-1/2. The 

slope mode shape coefficient ψ2 is 1.08 Kg-1/2. The control force is applied near the fixed end at a 

distance 60 mm from the fixed end. The linear displacement mode shape ψ3 is 7.9048 x10-3 Kg-1/2. 

For properties of the workpiece material, it is considered as steel with Km, Kr and Kt as 

1544x106 N/m2, 124x106 N/m2 and 2881x106 N/m2 respectively. These values are taken from 
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reference (Eynian et al., 2009) based on practical results. The values of tool angles α, β and γ are 

taken as 300 each. Due to force acting along the z-direction, the slope of the tool inserts (i.e. tool 

bit) changes dynamically. Apart from that, there is a dynamic movement along x-axis and y-axis. 

By considering the first mode only, equations of the motion are as follows. 
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           (8.19-8.21)   

where θ(t), x(t) and y(t) represent dynamic slope changes of the cutting tool tip, its displacements 

in the x-axis and y-axis are in the global coordinate system. In these equations, parameter µ 

represents the distance of the cutting edge from the central axis of the boring bar (Figure 8.2 e). 

For stability calculations, equations of the system can be represented in the first-order form as 

follows. 

(t) (t) ( )   u(t)d t T X = A  X   +  A   X B                                                                                                     (8.22) 

where 
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                                              (8.23) 

with  (t) = ( ) ( ) ( ) ( ) ( ) ( )
T

t x t y t t x t y t  
 X   
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with  (t - T) = ( ) ( ) ( ) ( ) ( ) ( )
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B                                                                                                                                 (8.25) 

In case of ovality and eccentricity, Equation (8.22) changes to: 

(t) (t) (t) (t) ( )   u(t)d t T X = A   X   +  A   X B                                                                                            (8.26) 

where 
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8.5. Active chatter control of stationary bar boring operation 

The virtual stiffness and damping of the boring bar can be enhanced using active control 

techniques. It is a form of the closed-loop system. An electromagnetic actuator can be applied near 

the fixed end. Figure 8.5 shows the physical schematic of the system. 

Boring bar

Eddy current 
probe

Amplifier
Data acquition 

card
Computer

AC amplifier
Electromagnetic 

actuator

(b) Experimental setup

(a) Setup for boring machine

Turret

Lathe bed

rollers

Electromagnetic actuator

Eddy current probe Holder

Boring bar

Lathe spindle Chuck
Workpiece

 

Figure 8.5 Physical schematic for active chatter control 
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8.5.1. Experimental setup for active chatter control 

          Components of the experimental setup can be found in Chapters 5, 6 and 7. The physical 

parameters of the electromagnetic actuator are shown in Table 8.1. 

Table 8.1 Physical Parameters of Electromagnetic actuator 

No. Parameter Notation Value 

1 Permeability of air 0  1.256x10-6 N/A2 

2 Area of iron core A 40 mm x 40mm 

3 Number of winding turns n 500 

4 Nominal air gap gap  1 mm 

5 Bias current i0  3 A 

 

8.5.2. Experimental system identification of boring bar dynamics 

The transfer function of the boring bar system in the finite element method is verified 

experimentally. For estimating the transfer function at the cutting location, a piezoelectric impact 

hammer with the force sensor is used. From input/output data, the frequency response function of 

the system is calculated using the MATLAB command ‘tfestimate’. However, to estimate the 

transfer function at the actuator location, an excitation signal is applied at the electromagnetic 

actuator location. Eddy current probes are used to measure the deflection of the boring bar. From 

the frequency response functions, the natural frequency, damping ratio and mode shape are 

calculated. Table 8.2 shows the comparison of theoretical and experimental values.  
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Table 8.2 Comparison of theoretical and experimental results 

Parameter Theoretical 

value 

Experimental 

value 

% Error 

  (First natural frequency) 141.15 (Hz) 147.1 (Hz) 04.04 

  (Damping ratio) - 0.0318 - 

1 (Mode shape at cutting location)  0.4712 Kg-1/2 0.5020 Kg-1/2 06.1 

2 (Mode shape at cutting location (slope))  1.08 Kg-1/2 1.20 Kg-1/2 10.0 

3 (Mode shape at actuator location) 8 x10-3 Kg-1/2 9.3 x10-3 Kg-1/2 13.9 

 

 

8.5.3.  Controller design 

a). Loop Shaping Design Procedure controller 

For designing the loop shaping design procedure (LSDP) controller, original delay differential 

equations are converted into ordinary differential equations by using the 5th order Pade’s 

approximation. The order of the approximate system is 11. Figure 8.6 (a) shows the comparison of 

the original and approximated systems.  

 

Figure 8.6 Design parameters and frequency response of the loop shaping design procedure 

controller 
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The LSDP controller is designed using the method in reference (Gu et al., 2015). The 

comparison of the open and closed-loop systems is shown in Figure 8.6 (b). The plot of the 

controller is shown in Figure 8.6 (d). 

b). Proportional Derivative controller 

By considering the ovality in the workpiece, delay differential equations are converted into 

time-periodic delay differential equations i.e. delay differential equations with periodically varying 

coefficients. Pade’s approximation of these types of systems is not possible and hence the robust 

control synthesis. Systematic controller design procedures for such systems are scant in literature. 

Methods for the stability analysis are used to design the controller. Proportional derivative (PD) 

controllers can be successfully designed base on this technique. The system of time periodic delay 

differential equations can be represented as: 

(t) (t) (t) (t) ( )   u(t)d t T X = A   X   +  A   X B                                                                                           (8.29) 

The integral controller is not useful for the active chatter reduction due to the presence of 

steady deflection of the tool resulting actuator saturation. The PD controller is quite suitable. By 

choosing u(t) = −KP x(t) − KDẋ(t), the above equation is modified with the following matrix.  
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(8.30) 

Parameters of the controller can be chosen based on the stability of the overall closed-loop 

system. In the section of results, it is described that the derivative controller (i.e. velocity feedback) 
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is more suitable in terms of lower peak force requirements than a proportional controller (i.e. 

position feedback). More details will be followed in the result section. 

c). Fractional order Proportional Derivative controller 

Fractional order proportional derivative (FOPD) controller can be realised by using the 

proportional and fractional-order derivative of output error e(t). In active chatter control 

applications, the output error is given as -x(t). The control force applied to the boring bar can be 

represented as follows. 

λ

p du(t)=K e(t)+K D e(t)                                                                                                                                     (8.31) 

where Kp and Kd are the proportional and derivative gains, respectively.  Dλ denotes the 

fractional-order derivative controller and is represented as: 

 λ ( )

0

1

1
D e(t)=lim ( )

t

h

h j

j

e t w e t jh
h







 
  
 
  

                                                                                               (8.32) 

with 

( ) ( ) ( )

0 1

1
w 1   and   w 1 wj j

j

  


 
   

 
                                                                                                         (8.33)    

The value of λ ranges generally from 0 to 2. In this work, 0 < λ < 1 is considered. If the value 

of λ is taken as 1, it will represent a conventional PD controller. For designing the FOPD controller 

(rough estimation), the following algorithm (Figure 8.8) is applied based on the pseudo-spectral 

method (Breda et al., 2012, Breda et al., 2014).  

Values of Kp for the FOPD controller remain the same as for ordinary PD controllers. 

However, Kd for FOPD (with λ=0.5) is given as √Kd for ordinary PD controllers. Kd obtained 

using the above method is approximate. It acts as a starting point for determining actual values by 

response optimization techniques. Figure 8.7 shows the Simulink model of the system. 
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Figure 8.7 Simulink presentation of the control system 
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Values of constants X1, X2 and X3 are dependent on material parameters (Eynian et al., 2009). 

A flowchart of designing the FOPD controller (exact parameters) is shown in Figure 8.8. The 

combination of Pseudospectral (PS) and response optimization technique is then used. 
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Figure 8.8 Flowchart for fractional order PDλ control system synthesis 
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A pattern search optimization technique is applied for optimization. The Simulink file shown 

in Figure 8.7 is executed along with constraints of the closed loop stability and the root mean 

square of control signal below a certain critical value.  

As per the flow chart, parameters Kp, Kd and λ are optimised to find such parameters with the 

minimum value of amplitude of control forces along with preserving the closed loop stability. 

Parameter λ plays an important role. Figure 8.9 shows the response of the system corresponding to 

λ =0.2. It is obvious that much lower values result in control signal fluctuations in region II as 

shown in Figure 8.9 (d). There is fluctuation in control forces although the transient vibrations are 

over. This is not desirable. 

 

Figure 8.9 Closed loop response of the boring process with fractional order PD controller 

(λ=0.2) (simulations) 
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8.5.4. Simulation and experimental results  

a).  Open loop stability analysis  

Figure 8.10 shows the stability lobe diagram for the boring operation in open loop conditions. 

The semi-discretization method (Insperger et al., 2004) and PS method are compared. The first 

column shows results by the PS method. The second column shows results by the semi-

discretization method. It is obvious that PS methods give more accurate results at lower spinning 

rates. Figure 8.11 shows the stability lobe diagram for the open loop system with and without 

ovality. The figure shows the comparison of the minimum critical width or depth of cut as a 

function of spinning speed. The spinning speed from 400 Hz – 1200 Hz is considered. This is the 

practical limit for most boring operations. In all these figures, the area below the curve is the stable 

zone (chatter free) and area above the curve is unstable region (with chatter) (Breda et al., 2012, 

Breda et al. 2014). 

 

Figure 8.10 Comparison of the semi-discretization approach and Pseudo spectral approach 
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Figure 8.11 Open-loop Stability lobe diagram for boring without and with ovality 

In case of the workpiece without ovality, the critical depth of cut is 0.28 mm. To analyse the 

effect of ovality, a particular case is used with the cavity radius 100 mm (major radius) and 99.9 

mm (minor radius). The minimum depth of cut is settled as 0.2 mm. With these parameters, the 

depth of cut varies from 0.2 mm to 0.3 mm periodically. Figures 8.11 (b) and (d) show the stability 

lobe diagram for boring operations with ovality. From the figure, it is obvious that as the spinning 

speed increases there are bigger regions of stability. If there is an eccentricity of 0.05 mm, the 

actual width or depth of cut varies from 0.2 mm to 0.3 mm periodically. The stability lob diagram 

is the same as shown in Figure 8.11 (with very minute differences, hence not shown).  

b). Performance with active control 

For the chatter stability with active damping, control forces are applied along the x-axis only. 

This ensures the overall stability of a closed-loop system. There is no need to apply forces in z-

axis and y-axis. The feedback rate of 20 microns/revolution with the depth of cut 0.6 mm is applied. 
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The closed-loop system with a stabilizing LSDP controller produces a control force of 120 Newton 

(when the tool engages with workpiece). If higher feed rates are applied, the amplitude of control 

forces increases to higher values. Experiments are also conducted with this controller and the 

pattern of results is quite matching. 

The control system should be applied from the start so that the amplitude of control forces 

does not go to very high values. Without a Band – Pass filter, the LSDP controller has integral 

action. To remove the steady-state deflection of the cutting tool, the control action is applied in a 

single direction. This will cause the actuator saturation. This difficulty is removed by using a Band 

Pass filter of appropriate configuration. 

With a stabilizing PD controller, the amplitude of control force decreases to 85 Newton. The 

PD controller increases the virtual damping of the system. The LSDP controller increases both the 

dynamic stiffness and virtual damping of the boring bar. There is a requirement of the high control 

force for the LS controller compared to the PD controller. 

 

Figure 8.12 Closed loop response the boring process with eccentricity using PD controller 

(experimental) 
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In simulations, it is assumed that there is no ovality and eccentricity in the boring operation. 

However, it is difficult to avoid these faults in real life. The presence of eccentricity makes the 

response of the system in x-direction and y-direction sinusoidal even if the transients have died. 

The magnitude of eccentricity is the same as used to construct the stability lobe diagrams. Figure 

8.12 shows experimentally measured responses of the boring bar in various directions. 

Figure 8.13 shows experimental results for the FOPD controller with 20 microns/revolution 

feed rate. The response of vibrations in various directions is not sinusoidal after transients are over. 

This is due to the reason that eccentricity and ovality were completely eliminated in this 

experimental set. The steady-state deflection approaches a constant value here. The applied force 

reaches to a virtual zero value (due to the presence of a bandpass filter in the circuit) after dying 

out of the transients. The sensor/actuator results are converted into microns/Newtons respectively 

for comparison with simulation results. From the simulated and experimental results, it is obvious 

that the FOPD controller requires much less amplitude of the control force (35 N). Also, transients 

are quenched out much quickly with this controller compared to PD and LSDP controllers. For 

detail the reference (Vashisht et al., 2020) can be referred.  

 

Figure 8.13 Performance of Fractional order PDλ controller at 20 microns/rev feed rate 

(experimental) 
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8.6. Active chatter control for rotating bar boring operation 

8.6.1. Controller design 

Similarly, the dynamics of the revolving bar boring operation (in the presence of active 

feedback control) equation (8.26) can be represented by: 

�̇�(𝑡) = 𝑨(𝑡) 𝑿(𝑡) + 𝑨𝒅(𝑡)𝑿(𝑡 − 𝑇)                                                                                           (8.36) 

With matrix in Equation (8.27) converted into the following matrix (using PD control). 
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(8.37) 

In a similar way, PDλ controller can be designed for this system as per section 8.5.3.  

8.6.2. Simulation results 

a). Open-loop stability analysis 

For RB boring operations, the critical depth of cut increases to 1.4 mm (at 600 rpm) under 

open-loop conditions (Figure 8.14).  It is obvious that there is 418% increase (at 600 rpm) in the 

critical depth of cut. Hence, it is safe to conclude that, stability margins for RB boring operations 

are much higher than SB boring operations. The simplest method to increase the stable depth of 

cut is to make the workpiece stationary and boring bar revolving. 

 



 
 

163 | P a g e  
 

 

Figure 8.14 Open-loop Stability lobe diagram for boring with revolving bar 

b). Performance with active control 

The spinning speed of the rotor is taken as 600 rpm and width of the cut as 1.4 mm. There are 

steady-state vibrations in both horizontal and vertical directions (Figure 8.15). However, the 

system is stable. Afterwards, the depth of cut is enhanced to 1.6 mm (i.e. in the chatter zone with 

14% increase in depth of cut).  The feed rate of 5 microns/revolution is fixed. The controller 

designed in Section 8.6.1 is applied. A control force with an amplitude of 290 Newton is applied 

by using this stabilizing controller (Figure 8.15, Part (c)). Even for such a low value of feed rate, 

much higher control forces are required to prevent chatter.  Part (d) of Figure 8.15 shows the 

zoomed view of the control forces applied along the x-axis.                
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Figure 8.15 Closed loop response of the boring operation (with revolving bar) using PD control 

 

 

Figure 8.16 Closed loop response of the boring operation (with revolving bar) using PDλ 

controller 
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Afterwards, fractional-order PDλ controller is applied (Figure 8.16). There is no change in the 

magnitude of control forces required for the stabilization purpose. Also, after the transients are 

over (nearly after 1.5 seconds), the harmonic component of force (nearly 60 N) remains active.  

However, this force can be reduced by switching the PD or PDλ controller gains to lower 

values (Figure 8.17) (i.e. after 2s). The feed rate is slowly increased from 5 microns/r to 20 

microns/r (from 4s-7s) (Figure 8.17). With this, the steady-state vibration amplitude keeps on 

increasing along with the applied control forces. A harmonic force of 100 N is applied to maintain 

stability and avoid chatter. Obviously, the ACC for RB boring operations above the critical depth 

is not a good candidate for the active damping treatment. For detail the reference (Vashisht et al., 

2020a) can be referred.  

 

 

Figure 8.17 Closed-loop response of the boring operation using switching control and time-

varying feedback (with revolving bar) 
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8.7. Concluding remarks 

 PS techniques are more efficient in terms of the stability analysis compared to semi-

discretization techniques. 

 PD controllers are efficient in terms of low peak force requirements. Their efficiency is better 

than the LSDP type of robust controllers. However, FOPD controllers are most efficient in 

terms of peak force requirements. The transient response with this controller is superior to 

other controllers. Hence, small size actuators are required to implement active chatter control 

using FOPD control techniques. 

 The presence of ovality and eccentricity converts the boring operation dynamics from ordinary 

time-delay equations to time-periodic delay differential equations. PS techniques can be 

successfully applied for the stability analysis and approximate FOPD controller design for 

such systems. Using response optimization techniques, the exact parameters of this controller 

can be obtained. 

 The open-loop critical depth of cut for the revolving bar boring operation is much higher than 

the stationary bar boring operation. The easiest way to increase the critical depth of cut and 

hence the material removal rate is to make the workpiece stationary and revolve the boring 

bar. 

 However, to further increase the depth of cut, high amplitude sinusoidal forces are required. 

This makes it an unsuitable candidate for the active damping treatment. 

 ACC is quite suitable for SB boring operations but not for RB boring operations. Even by 

using fractional order PDλ controller no significant improvement is observed. 
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Chapter 9 

9. Chatter detection in milling operations using Neural 

Networks 
 

9.1. Overview  

In this chapter, three chatter indicators for milling operation are provided based on Hilbert 

Huang Transformations, short-time Fourier transform and locus of the milling cutter at sampling 

frequency synchronous to per revolution frequency. Convolutional neural network (CNN) system 

based on machine/deep learning is proposed for the chatter detection based on these indicators. It 

is observed that even in the chatter-free zones, the amplitude of vibrations of the cutting tool varies 

a lot and depends on the spinning speed of milling tools. For a better surface finish of the 

workpiece, this amplitude should be kept at the minimum level. Theoretically, during chatter, due 

to the regenerative effect, the amplitude of vibrations increases infinitely. However, practically, 

due to the disengagement of the cutting tool and workpiece, the amplitude of vibrations remains 

finite. Certain modifications are presented in the dynamic equations of motion of the milling 

operation, which can be used to find the amplitude of vibrations during chatter conditions. The 

simulated data generated in this way is used to train a CNN. The trained CNN is then used to detect 

chatter in an online manner. The results show the maximum 99.8% accuracy even in the presence 

of the measurement noise with a signal-to-noise ratio of 20 dB. 

9.2. Dynamic modelling of milling operations 

The dynamic model of the milling process can be represented by the following equation 

(Insperger et al., 2004).  
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(9.1) 

 

         where x(t), ẋ(t) and x(t)̈  represent the displacement, velocity and acceleration respectively of the 

tool in the feed direction. Similarly, ys represents corresponding quantities in the direction 

perpendicular to the feed direction.   is the damping ratio and    represents the natural frequency 

of the milling cutter (tool). w is the axial width of cut and m is the modal mass. 0a is the feed rate 

(in meters/tooth pass) of the cutting tool. x(t-τ) and y(t-τ) are displacements of the cutting tool in 

the appropriate directions τ time ago in which: 
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          where N is the number of teeth in the cutter and  is the spinning speed of the cutter in revolutions 

per minute. The other quantities are given below (Insperger et al. 2004). 
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          where st  and ex are start and exit immersion angles respectively. For up milling (present case) 

0st  and arccos 1 2ex

a

D


 
  

 
. Here 

a

D
is the radial depth of cut ratio (Figure 9.1).  
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Figure 9.1 Geometric parameter representation of the milling tool 

 

 

Figure 9.2 Geometric parameters of the cutting surface when the tool leaves the workpiece 
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      When simulations are carried out using Equation 9.1, the tool displacement from the 

equilibrium position along the feed direction as well as perpendicular to the feed direction can be 

calculated. Due to the presence of delay in these equations, the simulation system becomes 

unstable for certain combinations of axial width of cut and spinning speed of the milling tool. 

Theoretically, the amplitude of vibration becomes infinite under these unstable conditions. 

However, under practical conditions, the amplitude of vibration remains finite. This happens 

because the tool leaves the workpiece during the certain portion of the cutting period and the 

amplitude of applied forces remains finite. This is called a flyover effect. By writing Equation 

(9.1) in the following form. 
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(9.7)   

         where Fx (t) and Fy (t) are the cutting forces in the feed and perpendicular to feed direction, 

respectively. Time delay terms are important and hence we are writing xT=x(t-τ) and yT=y(t-τ) in 

these equations. More precise values for xT and yT should be considered to model the flyover 

effect. That means more than one proceeding milling tool revolution must be considered in the 

analysis (Figure 9.2). In that case (Jemielniak et al., 1989): 

          xT= minimum [ x(t), a0 +x(t-2τ), 2a0+x(t-3τ), ………, n a0 +x(t-(n+1)τ) ]                                  (9.8) 

          and  

          yT= minimum [ y(t), y(t-2τ), y(t-3τ), ………, y(t-(n+1)τ) ]                                                      (9.9) 
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        Following relations are used to calculate cutting forces. 
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           with 

             
*

0 ( )Tx a x x t                                                                                                                             (9.12) 

             and 

             
* ( )Ty y y t                                                                                                                                   (9.13)  

           Figure 9.2 shows the graphical representation of selecting a delay term in the feed direction. 

In a similar way, the delay terms in the perpendicular to feed direction can be calculated. Choosing 

the cutting forces in this way, simulation results can effectively take into account the flyover effect. 

With this arrangement, through simulations, we can effectively predict the behaviour of the system 

during chatter conditions. Jemielniak et al. (1989) suggested that this effect must be taken into 

consideration for effectively designing any chatter detection strategy. The milling tool behaviour 

can be better understood using these sets of equations. The pattern of cutting forces predicted by 

this method gives new understanding to chatter phenomena.        

9.3. Comparison of simulation results with literature and experimental results 

To validate the simulation results, the experiment is conducted. Results are also compared 

with solutions in the literature (Mann, 2003, Insperger et al. 2003). 
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9.3.1. Simulation model 

A carbide end mill with a diameter 19.05 mm (3/4 inch) with a single flute is used (the second 

flute is grounded to avoid any contribution of asymmetry or runout). A radial immersion of 

a=4.515 mm is fixed so that the radial immersion ratio of 
a

D
=0.237 is used. The up-milling is 

conducted for aluminium (i.e. 7075-T6). The cutting coefficients in the tangential and normal 

direction are calculated by using Kistler rigid dynamometer. Estimated values of these coefficients 

are Kn=2.1x108 N/m2 and Kt=5.6x108 N/m2. These values are similar to those in references (Mann 

2003, Insperger et al. 2003). Modal parameters of the cutting tool (i.e. milling cutter) are in good 

agreement with these references. These values are intentionally chosen to verify the respective 

results with the previously available results. Impact testing using an impact hammer is used to 

experimentally estimate the modal parameters of the milling tool. The first modal frequency is 

estimated to be 146 Hz with modal damping ratio 0.003. The estimated modal mass is 2.6 Kg. The 

tool feed per revolution is fixed at 0.1 mm.  

9.3.2. Experimental setup 

The schematic of the experimental setup is shown in Figure 9.3. Components of the 

experimental setup can be found in previous chapters. 
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Figure 9.3 Schematic of the milling process with corresponding sensors 

9.3.3. Stability lobe diagrams 

The regenerative process in metal cutting processes is the main source of instability. In 

literature, single and two-degree-of-freedom models of the milling tool had been used for analysis. 

In this research, a two-degree-of-freedom model is built with the flexibility of the tool in feed and 

perpendicular to the feed direction. Equation (9.1) can be written in the first-order form in a state-

space form as follows. 
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X X                                                            (9.15a, 9.15b, 9.15c, 9.15d) 

The simulation model discussed in Section 9.3.1 is used for constructing stability lobe 

diagrams. The spinning speed ranging from 2900 r.p.m. to 3800 r.p.m. is considered. Same 

parameters in references (Mann 2003, Insperger et al. 2003) are taken so that a valid comparison 

can be made between simulations, our experimental results and in these references. The semi-

discretization method discussed in reference (Insperger et al., 2004) is used to construct the 

stability lobe diagram based on Equation (9.14-9.15). Two specific points at 3300 rpm and 3650 

rpm. are taken in the chatter zone (dark area) to observe the behaviour during chatter conditions. 

Figure 9.4 shows the corresponding stability lobe diagram.  
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Figure 9.4 Stability lobe diagram for a specified range 

9.3.4.  Simulation vs experimental results 

For comparing simulation results with our experimental results and those in literature (Mann 

2003, Insperger et al. 2003), Figures 9.5 and 9.6 are generated. 
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Figure 9.5 Comparison of simulation results with experimental results at 3300 rpm 
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Figure 9.6 Comparison of simulation results with experimental results at 3650 rpm. 
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First of all, results are compared at 3300 rpm. Two different sampling frequencies are used in 

the data collection. Firstly, the sampling frequency is taken as 2kHz. Parts (a), (c) and (e) of Figure 

9.5 represent the signal in the feed direction. Secondly, per revolution sampling frequency is taken 

(3300/60=55 Hz). Since the second tooth of the milling tool is grounded, it also corresponds to the 

tooth pass frequency. Parts (b), (d) and (f) represent the signal corresponding to this frequency. 

During experimentation, the feed rate is progressively increased so that the feed rate of 0.1 mm/r 

is obtained in 4 seconds starting from zero. After the steady-state, the simulated amplitude of 

vibration matches well with experimental results as well as results from the literature. Similar is 

the case with 3650 rpm, spinning speed. Period double vibrations are obvious in Figure 9.6. With 

these comparisons, it is obvious that our simulation technique is correct and can be used to design 

a suitable chatter detection strategy using simulation assisted data.                

9.4 The amplitude of tool vibrations and tool forces during chatter 

It is a common myth that chatter corresponds to high amplitude vibrations only. To investigate 

it thoroughly, the situation at points marked in a stability lobe diagram shown in Figure 9.7 is 

considered. 

 

Figure 9.7 Stability lobe diagram for the system under analysis 
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Figure 9.8 Amplitude of vibration (in x-direction i.e. feed direction) at a different spinning speed 

of milling tool 

           Two stability lobes are considered in this figure. Dark areas represent the unstable zone. 

Only points in the range 2125 -2200 rpm are stable (corresponding to 4 mm axial depth of cut). 
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This stability zone is termed as number 1. The other stability zone is termed as number 2. Another 

stability zone is in the range of 1700-1750 rpm. At other depth of cuts, there is some variation in 

spinning speed. The interest is to work in this narrow range so that that maximum axial depth of 

cut can be obtained corresponding to that spinning rate. The unstable points are considered towards 

the left and right of stability zone 1. Point B with 2075 rpm is under chatter conditions (Figure 

9.8). The amplitude of vibrations is nearly 200 microns. Similarly, at point E with 2225 rpm. the 

amplitude of vibration of the milling tool in the feed direction is near 1800 microns. The amplitude 

of vibrations is minimum at point C with 2125 rpm (stable point). However, point D with 2200 

rpm is also stable with an amplitude of vibration near 1600 microns. Hence, the amplitude of 

vibration is not the criterion for chatter. As towards the right, the amplitude of vibration decreases. 

The second column of this figure shows the response at per revolution sampling rate (also known 

as tooth pass frequency). The scattering of response is a better indicator of chatter. 

9.5.  Presence of multiple chatter frequencies 

The displacement of the cutting tool in the feed direction is simplified as follows. 

  2

0( ) 2 ( ) ( ) ( ) ( ) ( )xx

w
x t x t x t h t a x t x t

m
                                                                   (9.16) 

           Response x(t) is composed of the following components. 

           0( ) ( ) ( )px t a x t t                                                                                                                 (9.17) 

          where a0 is the feed per tooth pass, xp(t) is the forced periodic response of the system when no 

self-excited vibrations are present. For xp(t)= xp(t+τ), ( )t is the response due to self-excited 

vibrations at chatter frequencies. During chatter, this response component is as follows (Insperger 

et al. 2003). 

           2( ) 2 ( ) ( ) ( ) ( ) ( )xx

w
t t t h t t t

m
                                                                             (9.18) 
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          Stability properties of this equation can be determined by the infinite number of characteristic 

multipliers. Floquet theory for delay differential equations can be applied to determine the stability. 

If e  is a characteristic multiplier, there exists a solution of Equation (9.18) in the following 

form. 

         ( ) ( ) ( )t tt p t e p t e                                                                                                                   (9.19) 

         where ( ) ( )p t p t   is a periodic function, λ is a so-called characteristic exponent and the bar 

denotes the complex conjugates. This equation is stable if all the characteristic multipliers have 

the modulus less than 1. The characteristic multipliers of Equation (9.14) can be located in the 

following ways. 

1. In case 1, These can be located on the unit circle as complex pairs (i.e. 1,   ). This is 

equivalent to Hopf Bifurcations of autonomous systems.  

2. In case 2, 1,   these are equivalent to saddle-node bifurcations of autonomous systems. 

3. In case 3, 1,    these are called period two, flip bifurcations.  

As suggested by Insperger et al. (2003), case 2, 1,  can not arise in Equation (9.18). First of all, 

for case 1, 1   . In this case, i   is pure imaginary where 
ln( )




 . Since the complex 

function is periodic, the logarithmic function is not unique in the complex plane. Hence, multiple 

chatter frequencies exist in the solution. This shows that frequencies arising in Equation (9.18) for 

the signal ( )t are as follows (Insperger et al. 2003).  
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In the above expression, the index Hf is for secondary Hopf bifurcations. For period-doubling 

bifurcations where 1    (case 3), the characteristic exponent is given 
ln( 1)





 . Frequencies, 

in that case, are as follows (Insperger et al. 2003). 
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/PDf n rad s
 

 

 
  
 

                                                                                                         (9.21) 

where index PDf is for period-doubling bifurcations. Based on the above discussion, Figure 9.9 is 

constructed for spinning speeds of the milling cutter in the range 2200 to 2500 rpm.  

 

Figure 9.9 Chatter frequencies as a function of spinning speed of milling cutter 

 

9.6. Chatter indicators 

Based on simulated data, using various signal processing techniques, different characteristics 

are observed that can be used to indicate the presence of chatter in the machining processes. First, 

a brief introduction of these techniques is as follows. 
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9.6.1. Hilbert Huang Transformations based indicators 

Using Equations 9.1-9.13, for simulation purposes, the displacement of the milling tool in the 

feed direction is calculated. Using Hilbert Huang Transformations (HHT), the instantaneous 

frequency of the signal as a function of time is calculated at various spinning speeds of the milling 

cutter. Figure 9.10 shows that plot. Following spinning speeds are considered: 1950, 2075, 2125, 

2200, 2225, 2300, 2400 and 2500 rpm. Under noise-free simulations, instantaneous frequencies as 

a function of time are shown in this figure. As the spinning rate of the milling cutter changes, there 

are unique instantaneous frequency patterns associated with each spinning rate.  This feature can 

be used as the chatter indicator. At 2125 rpm. the instantaneous frequency ranges from 120-150 

Hz. It is a chatter-free case. The amplitude of vibrations is also minimum at this spinning rate. 

Although 2200 rpm case is also chatter-free, the amplitude of vibrations is much higher (1350 

microns compared to 175 microns) at this spinning rate (Figure 9.8).  From Figure 9.10, it is 

obvious that this pattern is independent of the displacement amplitude of the milling tool. The 

advantage of this technique is that the instantaneous frequency range can easily be calculated. 

However, there are certain limitations to this approach. The sensitivity of this approach is 

highly dependent on the noise present in the data. Figure 9.11 shows the effect of noise on the 

HHT at different spinning rates. Spinning rate of 2175 rpm. (chatter-free case) and 2225 rpm. (with 

chatter) are considered in this figure. It is observed that as the Signal-to-Noise-Ratio (SNR) 

approaches 20 dB, it becomes difficult to distinguish between the chatter-free and with chatter 

case. Discrete wavelet transformations (DWT) as well as HHT (by selectively choosing the 

Intrinsic Mode Functions) can be used to denoise the signal. However, limited success is achieved 

using these techniques. 

 



 
 

184 | P a g e  
 

 

Figure 9.10 Instantaneous frequencies as a function spinning speed of milling tool (axial depth 

of cut is 4 mm) 
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Figure 9.11 Effect of noise on instantaneous frequencies 

9.6.2. Short time Fourier Transformation based indicators 

Short time Fourier Transformation (STFT) of the displacement of the milling tool is generated. 

A sampling frequency of 2000 Hz is used to collect the signal as shown in Figure 9.12. Power 

Spectral Densities, as well as Spectrograms, are shown in this figure. Spinning speed from 1950 

to 2500 rpm is used in this analysis. In the spinning rate 1950-2075 rpm and 2225-2500 rpm chatter 

conditions prevail in the system. Multiple chatter frequencies are also present in the signal. Figure 

9.9 shows the chatter frequencies in the range 2200 to 2500 rpm. As discussed in the next section, 

convolutional neural networks can be used to classify images. A properly trained neural network 

can distinguish the chatter and chatter-free conditions. 

However, the measurement noise is inevitable. In the noise presence, the difference in 

spectrogram characteristics (with and without chatter) drastically reduces. Figure 9.13 represents 

a particular case showing the effect of noise on the power spectral density. Spinning speeds of 

2175 rpm (chatter-free case) and 2225 rpm (chatter conditions) are considered in the analysis.  
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Figure 9.12 STFT as a function of spinning speed of milling tool (at 4 mm axial depth of cut) 
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Figure 9.13 Effect of noise on power spectral density 

 

Figure 9.14 Effect of noise on Spectrogram 
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A signal with 20 dB SNR is distinguished from the noise-free case. Figure 9.14 shows the 

Spectrograms of the signal under the noisy condition and noise-free case. Obviously, it is 

comparatively difficult to distinguish between chatter and chatter-free cases even with trained 

convolutional neural networks. On the other hand, when the spinning rate gap between chatter and 

non-chatter conditions increases, chatter becomes easy to detect even at lower SNR values. 

9.6.3. Locus of milling tool (at synchronous per revolution frequency)-based indicators 

Chatter indicators indicated in the above two sub-sections require only one sensor measuring 

the tool displacement (in the feed direction). Due to the problem of measurement noise, their 

efficiency is not up to the mark. In this section, we discuss a two-sensor approach (one along feed 

direction and the other perpendicular to feed direction) collecting data at sampling frequency 

synchronous to tooth pass frequency. In this work, due to the presence of only one tooth for cutting, 

tooth pass frequency is equal to the milling tool spinning frequency. For example, at 2075 rpm the 

sampling frequency should be integer multiple of 2075/60 Hz. The integer is chosen as 100, so the 

sampling frequency is 
2075

x100 3458.3 
60

Hz . The collected data in x and y-direction are used to 

plot the locus of the milling tool. Figure 9.15 shows loci/paths at 2075 (chatter), 2125 (chatter-

free), 2175(chatter-free) and 2225 rpm (chatter).  
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Figure 9.15 Milling tool locus as a function spinning speed of milling tool (noise free cases) 

 

At 2075 rpm the response of the system is equivalent to period two bifurcations. At 2225 rpm, 

the response is equivalent to Hopf Bifurcations. During other chatter-free conditions (2125 and 

2175 rpm), the response is a hollow tilted circle. Fortunately, the response pattern in the presence 

of measurement noise does not change. Figure 9.16 shows the locus of the cutting tool in the 

presence of measurement noise (i.e. 20 dB SNR). 

 

Figure 9.16 Effect of noise on locus of milling tool at different spinning speeds 
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In this case, neural networks can be used to classify the response of the system. 

9.7. Online chatter identification based on Convolutional Neural Networks 

Convolutional Neural Networks as shown in Figure 9.17 are used for image classification. It 

contains convolutional layer, pooling layer, fully connected layer and classification layer (Zhao et 

al., 2019). 

 

256x256 
image

Convolution Convolution
Convolution Convolution

Max Pooling Max Pooling

Fully connected

Classification

 

Figure 9.17 Architecture of convolutional Neural Networks 

For training of CNN, simulation-based data are used to reduce the cost of experimental data. 

Based on the quality of the machine, the response of the system at higher spinning rates can be 

predicted. In this work, the rpm of the milling cutter is assumed to vary between 1500-2800. The 

axial depth of cut is fixed in the range 0.5-4 mm. From the stability lobe diagram (Figure 9.18), 

the cutting space is divided into 12 (A to L) x 20 =240 points. All depths of cuts as well as spinning 

speeds are covered in the required range. Using a computer program, the tool displacement data in 

the feed as well as perpendicular to feed direction are calculated for a certain period of time. It is 

observed that for the first 0.6 seconds, the initial transients are over and the steady-state response 

is achieved. Hence simulation data are created for the first 2 seconds. The images of the milling 

tool locus are made with a pixel density (227x227). For training of the CNN, 3 categories are 

considered. The first category contains type I chatter (corresponding to period-doubling 

bifurcations), the second category contains type II chatter (corresponding to Hopf Bifurcations) 
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and the third category is chatter-free vibrations. The neural network is trained on Intel core i7-

8550 CPU based laptop with 8GB RAM. 

 

 

Figure 9.18 Training points for simulation assisted deep learning 

9.7.1. CNN for Short Time Fourier Transformation based chatter detection 

All the 240 images are classified into these three categories. All the images are infected with 

20 dB SNR noise. It is observed that after 400 iterations, there is no significant improvement in 

results. It takes almost 30 minutes to complete these iterations. The configuration of the CNN in 

the MATLAB toolbox for Deep Learning is used (after certain hit and trials) as follows. 

Input [227x227]-64Convolution [3x3]-64Pooling[3x3]-BatchNormalization-ReLU-

128Convolution[3x3]-128Pooling[3x3] -BatchNormalization-ReLU-256Convolution[3x3]-

256Pooling[3x3] -BatchNormalization-ReLU- 

320Convolution[3x3]-320Pooling[3x3] -BatchNormalization-ReLU- 

384Convolution[3x3]-384Pooling[3x3] -BatchNormalization-ReLU-FullyConnected-

FullyConnected-Softmax-Classification. 
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An accuracy of 80% is obtained with an SNR of 20 dB after training the network. It is also 

observed that it is easy to distinguish between type I chatter and chatter-free conditions (than with 

type II chatter and chatter-free conditions) with STFT based images. This is due to a large number 

of additional chatter frequencies in the spectrogram. Unfortunately, type II chatter is more 

dangerous which is difficult to detect with this method. The confusion matrix for this system 

(STFT-based detection) is given as Table 9.1. Class 1 represents no chatter, class 2 represents type 

I chatter and class 3 represents type II chatter. 

Table 9.1 Confusion matrix for STFT based detection 

 

9.7.2. CNN for Tool locus-based chatter detection 

In tool locus-based chatter detection, 240 images are infected with white Gaussian noise 

corresponding to the 20 dB SNR. After 500 iterations, CNN is converged to an accuracy of 99.8%. 

It takes an average time of 35 minutes to complete the task. All the 240 images are classified into 

these three categories. The configuration of the CNN in the MATLAB toolbox for Deep Learning 

is used (after certain hit and trials) as follows. 
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Input [227x227]-64Convolution [3x3]-64Pooling[3x3]-BatchNormalization-ReLU-

128Convolution[3x3]-128Pooling[3x3] -BatchNormalization-ReLU-256Convolution[3x3]-

256Pooling[3x3] -BatchNormalization-ReLU-384Convolution[3x3]-384Pooling[3x3] -

BatchNormalization-ReLU-FullyConnected-FullyConnected-Softmax-Classification. 

 

The biggest advantage of tool locus-based chatter detection is that it is easy to detect type II 

chatter which is more dangerous. The confusion matrix for this system (tool locus-based detection) 

is given as Table 9.2. Class 1 represents no chatter, class 2 represents type I chatter and class 3 

represents type II chatter. 

Table 9.2 Confusion matrix for tool locus-based detection 

 

9.8. Concluding remarks 

In this work, CNN based algorithms are proposed for online chatter detection. A CNN is 

trained using images formed by simulation based on the locus of the milling cutter. This trained 

CNN is then used to detect chatter on an online basis. Various chatter indicators are introduced for 

chatter detections. Following conclusions are drawn from this work. 
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 Mathematical techniques to model the flyover effect can predict the amplitude of vibrations 

during chatter conditions with sufficient accuracy hence are useful to create simulated data. 

Generated simulated data can be used to train the CNN. 

 The amplitude of vibrations is not always high during chatter conditions. At certain spinning 

rates, the amplitude of vibrations during chatter-free conditions is several times higher than 

under chatter conditions. 

 Type II chatter is much dangerous than type I. But, fortunately, it is easy to detect type II 

chatter using a tool locus method. The reverse is also true for the STFT based method. 

 HHT and STFT based chatter detection requires only one sensor but efficiency is prone to 

measurement noise. CNN for detecting chatter is less accurate using the image based on STFT. 

The second method based on tool locus at synchronous per revolution sampling frequencies 

requires two sensors but is quite tolerant to measurement noise. 

 CNN has remarkable accuracy in terms of the image classification and is quite useful to detect 

chatters during milling process on the real-time basis using tool locus method, however, short-

time Fourier transformation-based methods provide average chatter detection results. 
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Chapter 10 

10. Research conclusions, contributions and future 

recommendations 
 

10.1. Conclusions 

Mathematical modelling, fault detection and active vibration control of rotor dynamic systems 

with applications in machine tools have been discussed in this dissertation. First of all, the 

mathematical modelling of the cracked rotor is presented. Based on simulation results, it shows 

that different components of the rotor system like ball bearings transform the linear dynamics of 

the rotor system to nonlinear dynamics. It is observed that the different crack detection techniques 

based on the steady-state vibration response start losing their effectiveness in the presence of 

nonlinearities caused by ball bearings. The transient vibration response-based techniques are better 

suitable under these conditions. Switching control strategy can enhance the dynamic 

characteristics related to the transverse crack. Short-time Fourier transform techniques can be 

effectively used for detecting the interesting characteristics hidden in a frequency varying signal 

during the run-up of the rotor. However, there are certain limitations in the proposed technique 

(based on switching control). In the presence of other faults like coupling misalignment and 

rotor/stator rub (in certain specific circumstances), similar results are obtained. Under these 

circumstances, it is difficult to pinpoint the type of fault. 

Rotor/stator rubbing phenomena are modelled mathematically. The phenomena of the dry 

whip, partial forward whirl and partial backward whirl are easily observed in case of vertical rotors 

under the absence of gravity. However, for horizontal rotors (under the influence of gravity), it is 

very difficult to observe these phenomena. For horizontal rotors, multiple harmonics are generated 
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when the rotor is running at a constant spinning speed. This aspect can be used as a rubbing 

detection indicator. However, a similar response is observed in the case of cracked flexible rotors. 

Hence, it is concluded that it is difficult to pinpoint the type of fault based on steady-state vibration 

response. On the other hand, transient vibration responses during run-up can easily differentiate 

between rotor crack and rubbing action using the short-time Fourier transform.  

A hybrid controller, made by combining Mu-synthesis based feedback controller and adaptive 

feedforward cancellation controller, is used to quench the steady-state as well as transient 

vibrations of the flexible rotor system. Due to the external frequency estimator, the controller is 

effective when the spinning speed of the rotor is changed to a large extent. The single input, single 

output and multi-input, multi-output control architecture is investigated theoretically as well as 

experimentally. Excellent experimental results are obtained. The biggest advantage of the 

proposed controller is that multiple harmonics can be quenched efficiently. This aspect can be used 

to detect the presence of rotor crack and coupling misalignment from the Fourier transform of the 

control signal. However, this technique has one shortcoming also i.e. it cannot pinpoint the type 

of fault. We may not be able to distinguish whether the fault is coupling misalignment or rotor 

crack.  

The precise control of ball screw drives used in CNC machines has been carried out. Due to 

the axial flexibility of the rotating screw, the resonance modes are excited. For better command 

tracking efficiency, the active vibration control of these resonant modes is necessary. In the 

absence of pre-loading, there is a drastic change in the dynamics of the ball screw drive as the 

table/carriage moves from one extreme end to the other. The conventional robust control design 

techniques cannot maintain stability under these conditions. PPI controllers are normally used in 

industry for the large variation in system parameters. However, they have limited command 
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tracking efficiency. A hybrid controller made by combining conventional PPI controller and linear 

parameter varying controller is investigated theoretically as well as experimentally. The resulting 

controller is high in bandwidth and efficient in closed-loop command tracking. It is observed that 

gains of linear parameter varying controllers cannot be increased arbitrarily.  

For the active chatter control of turning operations in flexible shafts. Improved depth of cuts 

and hence productivity is obtained using active chatter control applications. The main difficulty in 

active chatter control of these systems is that there is a large variation in dynamic parameters as 

the material is removed. Linear parameter varying controllers designed with H-infinity 

optimization and interpolation techniques provide robust stability and performance under these 

conditions. Experimental implementation of the proposed controller confirms its efficiency.  

For the feasibility analysis of active chatter control for boring operations, stationary and 

revolving bar boring operations are analysed in detail. Mathematical modelling of both types of 

boring operations is discussed in detail. The fractional-order PD controllers are tested for active 

chatter control applications. The experimental implementation of these controllers confirms their 

efficiency. The effect of workpiece ovality and eccentricity on the stability of the system has been 

investigated theoretically and experimentally. It is observed that small size electromagnetic 

actuators are required for maintaining the closed-loop stability during active chatter controls using 

these controllers. It is observed that although the rotating bar boring operation is more stable in 

open-loop conditions, it is not a suitable candidate for active chatter controls.  

Convolutional neural networks are applied for online chatter detections in milling operations. 

Various chatter indicators have been suggested for online implementations. It is observed that the 

milling tool locus is a better chatter indicator efficiently to distinguish chatter from non-chatter 

conditions in an online manner. On the other hand, the spectrogram of the milling tool deflection 
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is not that much efficient for distinguishing chatter conditions from stable machining conditions 

in the presence of measurement noise. Apart from that, it is observed that by using certain 

modifications in dynamic equations of milling operations, the system behaviour during chatter 

conditions can be predicted to a reasonable accuracy. Experimental results confirm the accuracy 

of simulation equations. They are successfully used to train the convolutional neural networks for 

the system classification.  

10.2 Research contributions 

Contributions of this thesis work are as follows. 

 Efficiency of the state-of-the-art crack detection techniques is verified in the presence of ball 

bearings in rotor systems. 

 Transient response-based crack detection strategies using the combination of short-time Fourier 

transform and switched control are proposed and tested. 

 The effect of gravity and rotor configurations on the dynamic behaviour of the rotor system in 

the presence of rotor/stator rubbing action is investigated.  

 Short Time Fourier transformation-based strategy is proposed to distinguish different faults 

such as transverse crack and rotor/stator rubbing action for a two-degree-of-freedom rotor 

system. 

 Model-based determination of size and location of a crack in a rotor system is proposed using 

wavelet transformations and pattern search optimization techniques. 

 Active vibration control of rotor systems in the presence of rotor crack and coupling 

misalignment is developed theoretically as well as experimentally. A hybrid controller made by 

joining feedback and adaptive feedforward cancellation control is implemented to reduce the 

transient and steady-state vibrations. 
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 A hybrid controller made by joining the PPI and Linear Parameter Varying controller is 

developed theoretically and experimentally to improve the command tracking efficiency of the 

ball screw drive used in CNC machines. Better performance is achieved using the proposed 

technique for the BSD system during the metal cutting process. 

 A Linear Parameter Varying (LPV) controller based on H-infinity optimization and 

interpolation techniques is developed theoretically and practically for active chatter controls in 

turning operations. 

 A fractional-order proportional derivative (PDλ) controller is evaluated theoretically and 

experimentally for active chatter controls of the boring process. It is observed that using the 

proposed control strategy, small size electromagnetic actuators can be used in robust controllers. 

Feasibility of active chatter control for revolving bar boring operation is investigated. 

 Online chatter detection techniques for milling operations using convolutional neural networks 

are developed theoretically as well as experimentally. An algorithm is implemented to 

automatically adjust the spindle speed so that the system moves from chatter zone to chatter-

free conditions. 

10.3 Further recommendations 

Follows are recommendations of the further work. 

 The experimental verification of the proposed crack detection techniques in rotor dynamic 

systems is recommended as a future research direction. Further work is also needed to 

differentiate different types of fault present in the rotor system. 

 The experimental verification of theoretical facts for rotor/stator rubbing actions is 

recommended as a future research direction. 
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 It is needed for developing control strategies to not only quench the steady-state and transient 

vibration but pinpoint the type of fault in the rotor system also. Using fractional calculus, certain 

controllers can be developed to quench the rotor vibrations with the minimum control energy 

utilization. Development and experimental implementation of such controllers are 

recommended as future work. 

 There is a need to develop controllers that are high in bandwidth and do not produce large 

variations in torque applied at the motor when the ball screw drive is used for metal cutting 

operations. 

 One of the limitations of LPV controllers is that they require high-cost hardware (like DSPACE 

boards) for experimental implementation. It is needed for the implementation of these 

controllers using low-cost data acquisition boards. 

 There are certain limitations in the proposed fractional-order controllers for active chatter 

control in boring operations. These controllers are low in bandwidth. Hence, there is a clear 

need for improving the bandwidth of these controllers in future so that experimental 

implementation poses fewer problems. 

 It is recommended for the online prediction of chatter using Long Short-Term Memory 

networks. These neural networks can efficiently classify the pattern/sequence of signals and 

hence can be used in combination with the current signal from ball screw drives for online 

chatter detection. 
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Appendix A 

By using certain excitation signals externally and observing the produced response, various 

conceptual conclusions can be drawn.  

A.1. Auxiliary Harmonic and Multi-Sine Signals  

Suppose the shaft is additionally excited by Active magnetic bearing (AMB), the dynamics of the 

overall system can be represented as follows. First of all, the auxiliary harmonic excitation 

technique will be explained in brief. If i  is the critical or resonance frequency of the rotor, rotor

is the rotor spin frequency or rotor velocity, the auxiliary harmonic excitation frequencies 2 can 

be obtained by the following relation (Sawicki et al., 2011 a, b) 

2 ,  1, 2,...rotor in n                                                   (A.1) 

Based on the excitation frequency (at the AMB) and the rotational speed of the rotor, the frequency 

spectrum of the rotor vibration response will include different frequency components given as 

below (Sawicki et al., 2011a, b) 

2c rotorr s                                                                                                                               (A.2) 

The simple sine test can verify the nonlinear behaviour of the system based on the presence of 

high-frequency components in a vibration spectrum. There are other methods like the correlation 

coefficient-based method, coherence function method, complex stiffness method and Hilbert 

transform method, which can also be used to measure the effect of nonlinearities in a given system. 

However, in the present research, the vibration response of the rotor ball bearing system with a 

sinusoidal excitation signal will be studied. The concept behind the multi-sine excitation method 

is to use specially designed periodic excitations (also called multi-sine excitations) given as follows 

(Kulesza, 2014) 
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                                                                                           (A.3) 

with Q is the vector of the amplitude of forces, ω is the vector of their harmonic components,   is 

the vector of their phases, and nh is the number of frequency components. The signal is called even 

multi-sine if it is composed of even numbers. Similarly, the odd-multi-sine signal can be presented. 

The harmonic vector in which every other odd harmonic is left can be shown as follows (Kulesza, 

2014) 

r = [1, 5, 9, 13, 17, 21….]                                                                                                        (A.4) 

When a linear system is excited by the above multi-sine excitations, the response will be available 

at the input frequencies only. However, multiple frequencies will appear in the response spectrum 

for a nonlinear system. In this work, two different odd signals are utilized. One was developed by 

McCormack et al., (1994) and contains the following harmonics. 

r = [1, 3, 7, 11, 15, 19….]                                                                                                        (A.5) 

and the other was developed by Schoukens et al., (2001) and contain the following harmonics: 

r = [1, 3, 9, 11, 17, 19….]                                                                                                         (A.6) 

The dynamic response of the system with the above mentioned is studied in the present work. The 

crack induced nonlinearity in the overall system can be detected by analyzing the dynamic response 

of the system. 

A.2. Application of Auxiliary Harmonic Excitation 

Sawicki et al., (2011a, 2011b) introduced the above-mentioned technique for crack detection in 

rotors. For a healthy rotor, the Fourier Transform of the dynamic response will show a single peak 

corresponding to rotor spin frequency. In case of a cracked rotor, multiple frequencies (i.e. nX, 

where n is an integer and X is the frequency of the revolving rotor) observed in the Fourier 

Transform of the dynamic response (Figure A.1). The nonlinearity caused by parametric excitation 
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(i.e. time-varying stiffness of the cracked rotor) is responsible for this amazing behaviour. 

However, in reference (Sawicki et al., 2011a, Figure 20), similar results were reported for a healthy 

rotor also. Experimental results are given in that figure. Nothing has been mentioned in that 

reference regarding the reason for this behaviour. Our results indicate that ball bearing 

nonlinearities are the primary cause of this behaviour. This behaviour may be due to rotor/stator 

rubbing action also.  However, our model predicts this type of behaviour even in the absence of a 

crack in the rotor. This type of behaviour has been resulted due to bearing nonlinearities. Figure 

(A.1 b) depicts this behaviour. In this figure (i.e. Figure A.1, parts a-d), the bearing supports are 

kept flexible. It has been observed that flexibility of bearing supports influences the system 

dynamics to a large extent (Figure A.1, parts e-h).  

 

Figure A.1: Vertical response of the system at 27 Hz rotor spin frequency for different system 

conditions 

The bearing supports are considered as rigid as well as flexible (depending on requirement). By 

this act, the system behaves like two Jeffcott rotors (mounted on flexible bearing supports) 

connected together side by side (however, not exactly). In this situation, for a 40% cracked rotor 
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with linear bearing characteristics (with flexible bearing supports) only first two harmonics are 

generated, the higher harmonics excited reach up to 4 i.e. 1X to 4X in presence of rigid bearing 

supports. For a healthy rotor (using flexible bearing supports) in the presence of ball bearings, only 

first 2 harmonics are generated. Similar is the case of a 40% cracked rotor. However, for the 

cracked rotor mounted on rigid bearing supports, in the presence of ball bearings, 3 harmonics are 

generated.  Figure A.1 is self-explanatory in this regard. The overall effect of the ball bearing is to 

reduce the number and amplitude of excited harmonics. 

To extensively observe these characteristics, the procedure discussed in ref. Sawicki et al., (2011) 

was followed.   For n=2, 3 and 4, in Equation (A.1), auxiliary harmonic excitation frequencies (

2 ) at 18 Hz, 45 Hz, and 72 Hz were applied one by one. In the ideal case, for a system having 

nonlinearities, the following frequencies should appear in the spectrum as per Equation (A.2)  

[9, 18, 27, 36, 45, 54, 63, 72, 81, 90, 99, 108, 117, 126, 135, and 144 Hz] 

Figure A.2 shows multiple response frequencies. The rotor spin frequency was held at X=27 Hz. 

Auxiliary excitation frequency was fixed at 18 Hz. In this figure, the abbreviation LB represents 

the linear bearing (i.e. bearings with linear restoring forces) and BB represents the ball bearing (i.e. 

bearings with nonlinear restoring forces). The AMB is located at disk1. For a 40% cracked rotor 

using a linear bearing with flexible bearing supports, the response is shown in part (a). It contains 

45 Hz harmonics only apart from input frequencies and nX harmonics. In further discussion for 

the purpose of simplicity, we will write Y as a summation of input frequencies and nX harmonics. 

The healthy rotor system mounted on ball bearings contained frequencies 9 Hz, 36 Hz, 45 Hz apart 

from Y (Part b). No other frequencies were observed. The ball bearing nonlinearities are the basic 

cause of this behaviour. Part (c) represents the response of the system for a 40% cracked rotor in 

the presence of a ball bearing. The corresponding values of the magnitude with and without cracks 
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are shown in the same Figure. It is obvious that there is a marginal difference in response 

amplitudes with such a high crack percentage. This fact reduces the significance of AHE as a crack 

diagnostic technique. 

Rigid bearing supports are considered for the next case (parts d, e, and f in Figure A.2). A number 

of nX harmonics were generated (part d). However, in the presence of ball bearings, these 

harmonics are reduced. Parts (e and f) show the response of the system with healthy and a 40% 

cracked rotor respectively in the presence of ball bearings. Only 36 Hz and 45 Hz harmonics were 

generated apart from Y. No other frequencies at 9, 18, 36, 45, 54, 63, 72, 81, 90, 99, 117 Hz were 

observed.  

To further investigate the discrepancy, the AHE at disk 2 was applied instead of disk 1. The reason 

for doing that lies in the fact that the crack is assumed to be lying near disk 2. It cannot be done 

practically as AMB is located at disk 1. However, for theoretical investigation, excitation was 

applied at Disk 2. With this act (i.e. applying excitation at disk 2), the response spectrum contains 

frequencies at 9, 45, 72, 99 Hz apart from Y (Part g of Figure A.2) for a rotor with the linear 

bearing. For a healthy rotor with ball bearing, the dynamic response contains frequencies at 9Hz 

and 45 Hz apart from Y. Parts (h and i) show that there is very less difference in magnitude at these 

frequencies when healthy and cracked rotors mounted on ball bearing are compared. Hence, it is 

clear that the effectiveness of the technique under consideration is limited. 
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Figure A.2: Vertical responses of the system at 27 Hz rotor spin frequency and 18 Hz auxiliary 

harmonic excitation frequency  

Figure A.3 shows the response of the system with AHE frequencies of 45 Hz and 72 Hz.  At 45 

Hz AHE, the rotor mounted on the linear bearing (Parts a), the observed frequencies were 18 Hz, 

36 Hz, and 72 Hz apart from Y for the 40% cracked rotor. However, for the healthy rotor with a 

ball bearing (part b), the response contained 18 Hz harmonics apart from Y. Part (c) contains the 

response of the 40% cracked rotor supported on the ball bearing. 18 Hz and 72 Hz frequency 

components were seen in the response apart from Y. However, the magnitude is negligible. With 

the small amount of measurement noise, this is unobservable.  

Figure A.3 (parts d, e, and f) shows the response of the system with 72 Hz AHE. For the rotor with 

the linear bearing (Parts d), the observed frequency was 45 Hz apart from Y for the 40% cracked 

rotor. However, for the healthy rotor with a ball bearing, the response contains no frequency 

components apart from Y.  Similar is the case for the 40% cracked rotor on ball bearings. It can be 

safely concluded that this technique has limited practical utility for the real rotor system with 

multiple ball bearings (i.e. having nonlinearities) and flexible bearing supports. 
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Figure A.3: Vertical responses of the system at disk 1 at 27 Hz rotor spin frequency and 45 Hz 

and 72 Hz auxiliary harmonic excitation frequency  

A.3. Application of Multi-Sine Excitation (MSE) 

In this method, the excitation signal contains more than one sinusoid. However, the properly 

designed signal should contain a sinusoid equal to rotor spin frequency Ω.  The numerical analysis 

has been performed for the following two constant spin speeds i.e.  Ω =27 Hz and Ω =30 Hz 

For Ω =27 Hz and ω = [3, 15, 27, 39] Hz. Phase shifts of the harmonics are selected as follows: ϕ 

(1) =0o, ϕ (2) = 90o, ϕ (3) =180o, and ϕ (4) =270o (Kulesza, 2014). 

For Ω=30 Hz and ω= [2, 6, 14, 22, 30] Hz. Phase shifts of the subsequent harmonics is selected in 

a similar way, i.e. ϕ (1) =0o, ϕ (2) =90, ϕ (3) =180o, ϕ (4) =270o, ϕ (5) =360o (Kulesza, 2014). 

Figure A.4 (a, b and c) shows vertical vibration responses of the rotor for the first multi-sine 

frequency series, i.e. for ω = [3, 15, 27, 39] Hz. In this figure, LL represents the linear bearing and 

BB represents the ball bearing. The rotor spin frequency is 27 Hz. The excitation was applied at 

Disk 1. In the ideal case, the response spectrum should contain 12 Hz, 24 Hz, 42 Hz, 54 Hz, 66 

Hz, 78 Hz and 90 Hz frequencies under the influence of crack (Kulesza, 2014). However, the rotor 

0 10 20 30 40 50 60 70 80 90 100
-6

-4

-2

0

(a) 40% cracked rotor with LB at AHM frequency of 45Hz
lo

g
(A

m
p

li
tu

d
e 

(m
))

0 10 20 30 40 50 60 70 80 90 100
-6

-4

-2

0

(b) Healthy rotor with BB at AHM frequency of 45Hz

lo
g

(A
m

p
li

tu
d

e 
(m

))

0 10 20 30 40 50 60 70 80 90 100
-6

-4

-2

0

(c) 40% Cracked rotor with BB at AHM frequency of 45Hz

lo
g

(A
m

p
li

tu
d

e 
(m

))

Frequency (Hz)

0 10 20 30 40 50 60 70 80 90 100
-6

-4

-2

0

(d) 40% cracked rotor with LB at AHM frequency of 72Hz

0 10 20 30 40 50 60 70 80 90 100
-6

-4

-2

0

(e) Healthy rotor with BB at AHM frequency of 72Hz

0 10 20 30 40 50 60 70 80 90 100
-6

-4

-2

0

(f) 40% Cracked rotor with BB at AHM frequency of 72Hz

Frequency (Hz)

X X

X X

X X

2X 2X

2X

2X2X

45Hz

45Hz

45Hz

72Hz

72Hz

72Hz

72Hz36Hz
18Hz 45Hz

18Hz

18Hz 72Hz



 
 

viii | P a g e  
 

with linear bearing characteristics contains 12 Hz and 66 Hz as well as Y frequencies only in the 

spectrum. This happens due to the effect of flexible bearing supports. Under the influence of ball 

bearing nonlinearities, 24 Hz and 78 Hz frequencies are emerged in the spectrum apart from Y 

(Figure A.4 b) for rotor under healthy conditions. Part (c) shows that for a 40% cracked rotor only 

12 Hz, 24 Hz, 66 Hz and 78 Hz frequencies appear in the spectrum apart from Y. However, the 

amplitude at 12 Hz and 66 Hz is considerable. In case of healthy rotor, these frequencies were not 

available in the spectrum. But to justify the presence of crack based on these two frequencies is 

not logical. 

Figure A.4 (d, e, f) shows the response of the system for second multi-sine series i.e. ω = [2, 6, 14, 

22, 30] Hz. The rotor spin frequency of 30 Hz was fixed in this case. In case of a 40% cracked 

rotor, mounted on linear bearings no specific frequency components apart from Y were available 

in the spectrum. However, 8 Hz, 16 Hz, 32 Hz, 44 Hz, 52 Hz frequencies appear in the spectrum 

apart from Y for both healthy and cracked rotor mounted on ball bearings. Unfortunately, the 

magnitude of vibration at these frequencies is practically same for the healthy and cracked rotor. 

Hence this series of MSE has extremely limited efficacy. 
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Figure A.4: Vertical responses of the system at disk 1 at different rotor spin frequencies and multi-

sine excitation   
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