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ABSTRACT 

The tracking of moving objects in video sequences, also known as visual tracking, 

involves the estimation of positions, and possibly velocities, of these objects. Visual 

tracking is an important research problem because of its many industrial, biomedical, and 

security applications. Significant progress has been made on this topic over the last few 

decades. However, the ability to track objects accurately in video sequences having 

challenging conditions and unexpected events, e.g., background motion, object shadow, 

objects with different sizes and contrasts, a sudden change in illumination, partial object 

camouflage, and low signal-to-noise ratio, remains an important research problem. To 

address such difficulties, we adopted a multi-scale Bayesian approach to develop robust 

multiple object trackers.  

We introduce a novel concept in the field of visual tracking by adaptively fusing 

tracking results obtained from a fixed or variable number of wavelet subbands, 

corresponding to different scene directions and object scales, of a given video frame. 

Previous approaches to visual tracking were based on using the full- resolution video frame 

or a smoothed version of it. These approaches have limitations that were overcome by our 

multi-scale approach that is described in detail in this thesis. This thesis describes the 

design and implementation of four novel multi-scale visual trackers that are based on 

particle filtering and the adaptive fusion of subband frames generated using wavelets. 

We developed a robust multi-scale visual tracker that represented a captured video 

frame as different subbands in the wavelet domain. This tracker applied N independent 
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particle filters to a small subset of wavelet subbands that changed with each captured frame. 

Then it fused the output tracks of these N independent particle filters (tracker fusion) to 

obtain final position tracks of multiple moving objects in the video sequence.  

To reduce the computational cost needed for our first multi-scale visual tracker, we 

developed a second single cross-section particle filter based robust visual tracker that 

sequentially fused our adaptively chosen wavelet subbands (data fusion). 

We also developed a third robust visual tracker that represented a captured video 

frame using the Dual-Tree Complex Wavelet Transform (DT-CWT). As most real-valued 

discrete wavelet transforms suffer from shift variance and low directional selectivity, we 

used the DT-CWT, instead of a real-valued wavelet transform, to overcome such 

shortcomings.  

Finally, we developed a robust visual tracker that used a cross-section particle filter 

process a variable number of frame wavelet packet subbands that were adaptively chosen 

for every video frame (data fusion). These variable number of wavelet packet subbands are 

equivalent to a sparse representation of a current video frame. The use of wavelet packets, 

instead of wavelets, for visual tracking is advantageous because it promotes more sparse 

frame representations, and more directional selectivity for detection of object boundaries.  

We evaluated the performance of our novel trackers using different video sequences 

from the CAVIAR and VISOR databases. Compared to a standard full-resolution particle 

filter-based tracker, and a single wavelet subband (LL)2 based tracker, our multi-scale 

trackers demonstrate significantly more accurate tracking performance, in addition to a 

reduction in average frame processing time. 
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Introduction 

Tracking of moving objects in video sequences, also known as visual tracking, 

typically involves estimating the position and velocity of a single object or a group of 

moving objects. Visual tracking is an important research problem because of its many 

industrial, biomedical, and security applications. These applications can be grouped into 

six main areas [1]: 

1. Tele-collaboration and interactive gaming: for example, on-desk video 

conferencing or an Xbox gaming console’s Kinect software—wherein standard 

cameras are augmented with visual tracking software to localize and follow users. 

2. Medical applications and biological research: for example, using a visual tracker 

to estimate the position of particular soft tissues or instruments, such as needles, 

during surgery.  

3. Media production and augmented reality: for example, the use of a camera tracker 

can enable the addition of computer graphic components and special effects to an 

originally captured shot by estimating 3D information about the scene, such as the 

camera’s position and orientation, over time. 

4. Robotics and unmanned vehicles. For instance, a visual tracker can be used to 

estimate global motion for environmental exploration and mapping using 

unmanned aerial vehicles (UAVs). 
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5. Surveillance and business intelligence. One example of this application is retail 

intelligence wherein a visual tracker is used to estimate the trajectories of 

customers in retail places to determine where they spend their time and how they 

interact with different products. 

6. Art installations and performances; for instance, tracking technology that allows 

museum-goers to interact with visual installations. 

In this chapter, Section 1.1 discusses the motivation for this thesis, while Section 1.2 

states its objective, and Section 1.3 details its contributions to the development of robust 

visual trackers. Finally, Section 1.4 outlines the organizational structure of this thesis. 

1.1 Thesis motivation 

There has been much progress in the development of visual tracking technology over 

the last few decades. However, robust visual tracking is still an open research problem [2, 

3]. Robust visual tracking refers to the ability to track objects accurately in video sequences 

that are characterized by unexpected events and challenging conditions [2-4]. Such 

unexpected events and challenging conditions could include:  

 Presence of background motion and object shadows.  

 Presence of objects with different sizes.  

 Presence of objects with different contrast levels.  

 low signal-to-noise (SNR) ratio. 

 Sudden changes in illumination. 

 Presence of partial object camouflage. 

 Real-time processing requirement. 
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1.2 Objective 

The main objective of this thesis is to design and implement robust multiple-object 

visual trackers that address most of the previously introduced challenges, and that can track 

moving targets in the FOV (Field of View) of one sensor (video camera). 

1.3 Thesis contributions  

We utilize a multi-scale Bayesian approach and a Bayesian approach to design and 

implement robust multiple-object trackers. We introduce a new concept in the field of 

visual tracking that is the adaptive fusion of a chosen number, N, or even a variable number 

of wavelet subbands from different directions and scales. The previous related approaches 

were based on utilizing a full-resolution video frame or lower resolution, i.e., a smoothed 

version, of a full-resolution video. These approaches have problems that are addressed by 

our multi-scale approach as discussed in detail in Section 3.2.5. 

This thesis describes four novel multi-scale video trackers that are based on particle 

filtering and adaptive choice of subband frames: 

 A robust multi-scale visual tracker that represented a captured video frame as 

different subbands in the wavelet domain. This tracker applied N independent 

particle filters to a small subset of wavelet subbands that changed with each 

captured frame. Finally, this tracker fused the output tracks of these N independent 

particle filters to obtain final position tracks of multiple moving objects in the 

video sequence (tracker-fusion). 



4 

 

 A robust multi-scale visual tracker that used a single particle filter to fuse our 

adaptively chosen wavelet subbands (data-fusion) sequentially. 

 A robust visual tracker that represented a captured video frame using the Dual-

Tree Complex Wavelet Transform (DT-CWT). As most real-valued discrete 

wavelet transforms suffer from shift variance and low directional selectivity, we 

used the DT-CWT, instead of a real-valued wavelet transform, to overcome such 

shortcomings.  

 A robust visual tracker that used a sparse video frame representation obtained using 

a Fast Best Basis Selection algorithm applied to its wavelet packet tree. A single 

particle filter sequentially fused the subbands that were adaptively chosen from the 

wavelet packet tree of the captured video frame (data-fusion). Wavelet packets are 

advantageous, compared to orthogonal or biorthogonal wavelets, for visual 

tracking because they allow more directional selectivity in the detection of object 

boundaries. 

1.4 Thesis outline 

This thesis consists of eight chapters. Chapter 2 provides a detailed background and 

literature review for Bayesian visual tracking, while Chapter 3 presents the background 

and literature review for robust visual tracking approaches, including wavelet transform 

and data fusion. Chapter 4 describes our robust multiple-object visual tracker that uses an 

adaptive fusion of subband particle filters. Chapter 5 presents our robust multiple-object 

visual tracker that uses an adaptive sequential fusion of N frame subbands with a single 

particle filter. Chapter 6 presents our DT-CWT based visual tracker, while Chapter 7 
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describes the development of our wavelet packet transform based robust visual tracker. 

Finally, Chapter 8 presents our conclusions and suggestions for future research.
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Background and Literature Review of Bayesian Visual Tracking 

2.1 Introduction  

Many different techniques for visual tracking have been proposed [5, 6]. Visual 

tracking can be classified into three categories: point tracking, kernel-based tracking, and 

silhouette-based tracking [4, 7, 8]. Also, approaches to point tracking can be sub-divided 

into either deterministic or statistical. In this thesis, we focus on the Bayesian statistical 

approach for visual tracking. Kalman filters and particle filters have proven to be powerful 

and reliable methods for visual tracking, and they can be viewed as information fusers [9] 

due to their ability to combine observational data and a dynamic model for a given object 

into one mathematical framework. Moreover, this ability can be extended to provide a 

consistent framework for data fusion [10], which is why they are an attractive option for 

visual tracking even though their computational cost tends to increase as the number of 

tracked objects increases [6]. 

In this chapter, Section 2.2 briefly outlines the general approaches to visual tracking, 

while Section 2.3 describes the Bayesian approach to multiple-object tracking, including a 

review of the relevant literature. Finally, Section 2.4 provides a chapter summary. 

2.2 General approaches to visual tracking 

 There are several object-tracking techniques: point tracking, kernel-based tracking, 

and silhouette-based tracking. Figure 2.1 shows a tree diagram depicting the various 
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divisions and sub-divisions of visual tracking, which are discussed in the following 

subsections. 

 

2.2.1 Point tracking 

In the point tracking approach, objects are represented by points, and tracking can be 

formulated by finding the correspondence of these points across frames. The 

correspondence of the object points between consecutive frames is based on the previous 

object state; namely, the object’s position and acceleration. Point tracking can be divided 

into two approaches [5]: 

 Deterministic tracking. 

 Statistical tracking.  

 

Figure 2.1. Main approaches to visual tracking 
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The deterministic tracking approach uses qualitative motion heuristics to constrain 

the correspondence problem, e.g., the maximum velocity and acceleration of the object. On 

the other hand, the statistical tracking approach—also known as probabilistic tracking —

explicitly takes the uncertainties of measurement and motion model into account to 

establish point correspondence [4]. Typically, the statistical tracking approach is comprised 

of a Bayesian framework, e.g., Kalman filters, particle filters, or Multiple Hypothesis 

Tracking (MHT). 

2.2.2 Kernel tracking 

In the kernel tracking approach, objects are represented by primitive shapes, such as 

ellipses or rectangles. Kernel tracking is performed by computing the motion of the object 

region across frames [5]. The object motion is generally in the form of parametric, e.g., 

translation, rotation, and affine, motion. Visual tracking techniques using this approach 

differ depending on the appearance representations or methods used to estimate the object’s 

motion. Kernel tracking can be divided into two approaches based on the selected 

appearance representation: 

 Template and density-based appearance models. 

 Multi-view appearance models. 

In the template and density-based models approach, the appearance model, which 

could be a simple template or a color histogram model, is usually generated online from 

the most recent video frames. Using this simple template, visual tracking is performed by 

a brute force search to find a region in the current video frame that best matches a reference 
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image template—usually an object region from the previous video frame. In the color 

histogram model, which is typically generated from an ellipsoidal or rectangle region 

containing an object, visual tracking can be performed by using a Mean Shift method to 

find the area in the current video frame that provides the color histogram distribution that 

is most similar to the object color histogram model from previous frame [11].  

If object view changes dramatically during tracking, appearance models, such as 

simple template and color histogram, may no longer be valid and the object track might be 

lost. Therefore, in the multi-view appearance models approach, different views of the 

object can be generated offline and used for tracking. Both the eigenvector-based tracker 

in [12], and the classifier-based tracker using a Support Vector Machine (SVM) [13], are 

examples of using this approach.  

2.2.3 Silhouette tracking 

The use of simple geometric shapes, such as rectangles, may not be suitable for 

representing objects with complex shapes, for example, hands, fingers, and shoulders. 

Silhouette visual tracking offers accurate shape-representation models for objects with 

complex shapes [5]. In this approach, visual tracking is performed by finding the object 

region in the current frame that best matches the object model obtained from the previous 

frame. There are two approaches for Silhouette tracking: 

 Shape Matching. 

 Contour Tracking. 
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Shape matching can be performed like the template-matching-based tracking method 

described in Section 2.2.2. To start visual tracking, an object reference model, or an edge 

map, is obtained from the previous frame. Once this has been done, a similarity measure is 

computed between each candidate object region in the current video frame and this 

reference model.  The region with the best match becomes the new object region. To cope 

with changes in the object's appearance, the reference model is reinitialized with the model 

obtained from this region. 

In the contour tracking approach, an initial contour representing an object in the 

previous frame iteratively evolves to the new position in the current frame. This contour 

evolution requires that a portion of the object in the current frame be overlaid with the 

object region in the previous frame. Contour tracking can be implemented using two 

different approaches. The first approach uses state-space models to model the contour’s 

shape and motion [14]. The second approach uses direct minimization techniques to 

directly evolve the contour by minimizing its energy functions [4]. The advantage of 

silhouette tracking is its adaptability in managing a  wide range of different object shapes 

[5]. 

2.3 Bayesian approach to multiple object tracking 

Visual tracking can be formulated as a sequential Bayesian state estimation problem 

[10, 15, 16]. The state vector of  𝑛 ∈ {1, … , 𝑁} objects to be tracked is represented as  𝑋𝑖 =

(𝑥𝑖
1, 𝑥𝑖

2, … , 𝑥𝑖
𝑁)𝑇. where 𝑥𝑖

𝑛 refers to the state vector of the 𝑛𝑡ℎ object at discrete-time 𝑖 ∈

{1, … , 𝑡}  , and ( )𝑇 denotes the transpose operator. Typically,  𝑥𝑖
𝑛 contains values of 

kinematic variables such as position, velocity, and acceleration. Sequential Bayesian state 
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estimation aims to determine the a posteriori distribution of the current state vector, 𝑋𝑡, 

given the range between the first video frame and the current one, 𝑍1:𝑡 = {𝑍1, 𝑍2, … , 𝑍𝑡}. 

The time evolution of the state vector is described by a discrete-time stochastic model [15], 

which is given by, 

 𝑋𝑡 = 𝐹𝑡(𝑋𝑡−1, 𝑣𝑡−1) 
(2.1) 

where 𝐹𝑡() represents a priori knowledge of the object dynamics and 𝑣𝑡−1 represents 

system noise. This motion model could also be written as a transition probability density 

function,  𝑝(𝑋𝑡|𝑋𝑡−1). The state vector at time t is related to the video frame at time t using,  

 𝑍𝑡 = 𝐻𝑡(𝑋𝑡, 𝑤𝑡) 
(2.2) 

where  𝐻𝑡() represents a measurement model and 𝑤𝑡 represents measurement noise. This 

model is typically known as the likelihood function. For sequential Bayesian state 

estimation, a state prediction step and a state update step are required. 

The state prediction step uses the object dynamics model, Eq. (2.1), to predict the 

state vector’s evolution from time 𝑡 − 1 to time 𝑡. Let the a posteriori distribution of the 

state vector 𝑝(𝑋𝑡−1|𝑍1:𝑡−1) at time 𝑡 − 1 be known, and let the object dynamic model be 

available as a transition probability density function, 𝑝(𝑋𝑡|𝑋𝑡−1). Using the Chapman-

Kolmogorov equation, a prediction of the current state vector 𝑋𝑡 is given by, 

 𝑝(𝑋𝑡|𝑍1:𝑡−1) = ∫ 𝑝(𝑋𝑡|𝑋𝑡−1) 𝑝(𝑋𝑡−1|𝑍1:𝑡−1) 𝑑𝑋𝑡−1  
(2.3) 
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The state update step uses 𝑍𝑡, which is the frame at time t, to update the estimate of 

the state vector obtained from the prediction step. Using Bayes’ rule, an updated estimate 

of the current state vector 𝑋𝑡 is given by, 

 𝑝(𝑋𝑡|𝑍1:𝑡) =
𝑝(𝑍𝑡|𝑋𝑡) 𝑝(𝑋𝑡|𝑍1:𝑡−1)

𝑝(𝑍𝑡|𝑍1:𝑡−1)
 (2.4) 

where the denominator in Eq. (2.4) is an integral that represents a normalizing constant. 

Both Eq. (2.3) and Eq. (2.4) are considered the foundation of sequential Bayesian state 

estimation. 

Optimal filters, or suboptimal filters, could be used to exactly, or approximately, to 

solve the integrals in Eq. (2.3) and Eq. (2.4), respectively. Optimal filters and suboptimal 

algorithms are described in the next sections. 

2.3.1 Optimal filters 

Under certain assumptions, optimal filters can be employed to obtain the exact 

solution of a sequential Bayesian state estimation problem. For example, assuming 

Gaussian statistics and F and H being linear functions, the Kalman filter becomes the 

optimal filter for solving the integrals in Eq. (2.3) and Eq. (2.4) ; however, if the state space 

is discrete and consists of a finite number of states, an optimal solution is the Grid-based 

method. 

2.3.1.1 Kalman filtering 

Under highly restrictive assumptions; namely, linear-Gaussian assumptions, which 

entail the assumption of Gaussian statistics and 𝐹 and 𝐻 being linear functions. Under these 
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assumptions, the Kalman filter can produce an optimal estimate [17], These linear-

Gaussian assumptions imply the following conditions: 

 The probability distribution of the objects’ state vector at any time, 𝑡, is Gaussian. 

Furthermore, the probability distribution of the objects’ state vectors for any finite 

set of times is a multivariate Gaussian distribution,   

 The measurements are linear functions of the objects state vector, 

 The measurent errors are represented as additive Gaussian noise, and are 

independent of the objects’ state at the time of the measurement, and independent 

of the measurement errors at all other times. 

Therefore, a posteriori distribution at any time, 𝑡, is Gaussian that is only 

characterized by its mean vector and its covariance matrix. Thus Eq. (2.3) and Eq. (2.4) 

could be written as,  

 𝑋𝑡 = 𝐹𝑡 𝑋𝑡−1 + 𝑣𝑡−1 (2.5) 

 𝑍𝑡 = 𝐻𝑡 𝑋𝑡 + 𝑤𝑡 (2.6) 

where 𝐹𝑡 and 𝐻𝑡 are known linear matrices that define the linear functions. The covariances 

of 𝑣𝑡−1 and 𝑤𝑡 are 𝑄𝑡−1 and 𝑅𝑡, respectively. Based on Eq. (2.5) and Eq. (2.6), the Kalman 

filter provides a straightforward and efficient recursion for computing the mean and 

covariance of the Gaussian a posteriori distribution of the object’s state at the current time 

𝑡 given the measurement at 𝑡. In addition, it also provides the mean and covariance of the 
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a posteriori distribution of the object’s state at 𝑡 − 1 as shown in the following recursive 

relationship 

 𝑝(𝑋𝑡−1|𝑍1:𝑡−1) =  Normal(𝑋𝑡−1; 𝑚𝑡−1|𝑡−1, 𝑃𝑘−1|𝑘−1) 
(2.7) 

 𝑝(𝑋𝑡|𝑍1:𝑡−1) =  Normal(𝑋𝑡; 𝑚𝑡|𝑡−1, 𝑃𝑡|𝑡−1) 
(2.8) 

 𝑝(𝑋𝑡|𝑍1:𝑡) =  Normal(𝑋𝑡; 𝑚𝑡|𝑡 , 𝑃𝑡|𝑡) 
(2.9) 

where, 

where Normal(𝑋; 𝑚, 𝑃) refers to a multivariate Gaussian density with argument 𝑋, mean 

vector 𝑚, and covariance matrix 𝑃; 𝑚𝑡|𝑡−1 and 𝑃𝑡|𝑡−1 are the mean and covariance of 

Gaussian a posteriori distribution at the current time t given all measurements up to the 

previous time 𝑡 − 1; and 𝐾𝑡 is called the Kalman gain. If the highly-restrictive assumptions 

of Gaussian statistics and F and H being linear functions hold, the Kalman filter will be the 

optimal solution to the sequential Bayesian state estimation problem [17].  

 𝑚𝑡|𝑡−1 = 𝐹𝑡 𝑚𝑡−1|t−1 
(2.10) 

 𝑃𝑡|𝑡−1 = 𝑄𝑡−1 + 𝐹𝑡 𝑃𝑡−1|𝑡−1𝐹𝑡
𝑇 

(2.11) 

 𝑚𝑡|𝑡 = 𝑚𝑡|𝑡−1 + 𝐾𝑡(𝑧𝑡 − 𝐻𝑡𝑚𝑡|𝑡−1) 
(2.12) 

 𝑃𝑡|𝑡 = 𝑃𝑡|𝑡−1 − 𝐾𝑡  𝐻𝑡𝑃𝑡|𝑡−1 
(2.13) 

 𝐾𝑡 = 𝑃𝑡|𝑡−1𝐻𝑡
𝑇(𝐻𝑡𝑃𝑡|𝑡−1𝐻𝑡

𝑇 + 𝑅𝑡)
−1

 
(2.14) 
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2.3.1.2 Grid-based methods 

Grid-based methods give optimal solutions to the sequential Bayesian state estimation 

problem if the state space is discrete and comprises a finite number of states. Assuming the 

state space is composed of discrete states  𝑋𝑡−1
𝑖  at time t - 1, where 𝑖 ∈ {1, … , 𝑀} and 𝑀 is 

the total number of states, then the conditional probability at state 𝑋𝑡−1
𝑖 , given 

measurements up to 𝑡 − 1, is 𝑝(𝑋𝑡−1 = 𝑋𝑡−1
𝑖 |𝑍1:𝑡−1) = 𝑤𝑡−1|𝑡−1

𝑖 . Therefore the a 

posteriori distribution at 𝑡 − 1 can be obtained by,   

 𝑝(𝑋𝑡−1|𝑍1:𝑡−1) = ∑ 𝑤𝑡−1|𝑡−1
𝑖

𝑀

𝑖=1

 𝛿(𝑋𝑡−1 − 𝑋𝑡−1
𝑖 ) (2.15) 

where δ(. ) refers to the unit impulse function. By substituting Eq. (2.15) into Eq. (2.3) and 

Eq. (2.4), the prediction and update equations can be written as, 

 𝑝(𝑋𝑡|𝑍1:𝑡−1) = ∑ 𝑤𝑡|𝑡−1
𝑖

𝑀

𝑖=1

 𝛿(𝑋𝑡 − 𝑋𝑡
𝑖) (2.16) 

 𝑝(𝑋𝑡|𝑍1:𝑡) = ∑ 𝑤𝑡|𝑡
𝑖

𝑀

𝑖=1

 𝛿(𝑋𝑡 − 𝑋𝑡
𝑖) (2.17) 

where, 

 𝑤𝑡|𝑡−1
𝑖 = ∑ 𝑤𝑡−1|𝑡−1

𝑗

𝑀

𝑗=1

 𝑝(𝑋𝑡
𝑖|𝑋𝑡−1

𝑗
) (2.18) 

 𝑤𝑡|𝑡
𝑖 =

𝑤𝑡|𝑡−1
𝑖  𝑝(𝑍𝑡|𝑋𝑡

𝑖)

∑ 𝑤𝑡|𝑡−1
𝑗

 𝑝(𝑍𝑡|𝑋𝑡
𝑗
)𝑁

𝑗=1

 (2.19) 
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We note that Grid-based methods do not require either 𝑝(𝑋𝑡
𝑖|𝑋𝑡−1

𝑗
) or 𝑝(𝑍𝑡|𝑋𝑡

𝑖) to 

have a particular distribution. They will provide an optimal solution to the sequential 

Bayesian state estimation problem, if the state space is discrete and comprises a finite 

number of states. 

2.3.2 Suboptimal filters 

In many problems, the above assumptions are unrealistic and difficult to hold, so 

suboptimal filters can be used to approximate the integrals in Eq. (2.3) and Eq. (2.4). These 

suboptimal Bayesian filters include:  

 Extended Kalman Filter. 

 Approximate Grid-based methods. 

 Particle filters. 

2.3.2.1 Extended Kalman Filter 

In the case of nonlinear 𝐻 or 𝐹 functions, i.e., 𝑓 or ℎ, the Extended Kalaman Filter 

(EKF) replaces these functions with their linear approximations. For example, local 

linearization can be used to approximate these functions, then a Kalman filter can be used 

to find an approximate a posteriori Gaussian distribution as follows 

 𝑝(𝑋𝑡−1|𝑍1:𝑡−1) ≈ Normal(𝑋𝑡−1; 𝑚𝑡−1|𝑡−1, 𝑃𝑘−1|𝑘−1) 
(2.20) 

 𝑝(𝑋𝑡|𝑍1:𝑡−1) ≈ Normal(𝑋𝑡; 𝑚𝑡|𝑡−1, 𝑃𝑡|𝑡−1) 
(2.21) 

 𝑝(𝑋𝑡|𝑍1:𝑡) ≈ Normal(𝑋𝑡; 𝑚𝑡|𝑡 , 𝑃𝑡|𝑡) 
(2.22) 
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where, 

 𝑚𝑡|𝑡−1 = 𝑓𝑡  (𝑚𝑡−1|t−1) 
(2.23) 

 𝑃𝑡|𝑡−1 = 𝑄𝑡−1 + �̂�𝑡  𝑃𝑡−1|𝑡−1�̂�𝑡
𝑇 

(2.24) 

 𝑚𝑡|𝑡 = 𝑚𝑡|𝑡−1 + 𝐾𝑡(𝑧𝑡 − ℎ𝑡(𝑚𝑡|𝑡−1)) 
(2.25) 

 𝑃𝑡|𝑡 = 𝑃𝑡|𝑡−1 − 𝐾𝑡  �̂�𝑡 𝑃𝑡|𝑡−1 
(2.26) 

 
�̂�𝑡 =

𝑑𝑓𝑡(𝑋)

𝑑𝑋
|

𝑋= 𝑚𝑡−1|𝑡−1 

 
(2.27) 

 
�̂�𝑡 =

𝑑ℎ𝑡(𝑋)

𝑑𝑋
|
𝑋= 𝑚𝑡|𝑡−1 

 
(2.28) 

where �̂�𝑡 and �̂�𝑡 are the local linearization of the non-linear functions, 𝑓𝑡(. ) and ℎ𝑡(. ). 

These approximate linearizations use the first term only of the Taylor expansions of 𝑓𝑡(. ) 

and ℎ𝑡(. ). A higher-order EKF could use higher terms of these Taylor expansions. This 

higher order EKF could lead to more accurate linearizations, but its additional complexity 

could be an obstacle to practical implementation.  

2.3.2.2 Approximate Grid-based methods 

In the case of a continuous state space that can be decomposed into 𝑀 cells, i.e., a 

state space consisting of discrete states 𝑋𝑡
𝑖 and 𝑖 ∈ {1, … , 𝑀}, an approximate Grid-based 

method can be used to approximate the a posteriori distribution. Assuming that an 

approximation of the a posteriori distribution at the previous time 𝑡 − 1 is given by 
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 𝑝(𝑋𝑡−1|𝑍1:𝑡−1) ≈ ∑ 𝑤𝑡−1|𝑡−1
𝑖𝑀

𝑖=1  𝛿(𝑋𝑡−1 − 𝑋𝑡−1
𝑖 ). (2.29) 

Eq. (2.29) can be substituted into Eq. (2.3) and Eq. (2.4) to obtain the following prediction 

and update equations  

 𝑝(𝑋𝑡|𝑍1:𝑡−1) ≈ ∑ 𝑤𝑡|𝑡−1
𝑖

𝑀

𝑖=1

 𝛿(𝑋𝑡 − 𝑋𝑡
𝑖) (2.30) 

 𝑝(𝑋𝑡|𝑍1:𝑡) ≈ ∑ 𝑤𝑡|𝑡
𝑖

𝑀

𝑖=1

 𝛿(𝑋𝑡 − 𝑋𝑡
𝑖) (2.31) 

where,  

 𝑤𝑡|𝑡−1
𝑖 = ∑ 𝑤𝑡−1|𝑡−1

𝑗

𝑀

𝑗=1

 ∫ 𝑝(𝑋|�̅�𝑡−1
𝑗

)
 

𝑋∈𝑥𝑡
𝑖

 
(2.32) 

 𝑤𝑡|𝑡
𝑖 =

𝑤𝑡|𝑡−1
𝑖  ∫  𝑝(𝑍𝑡|𝑋)

 

𝑋∈𝑋𝑡
𝑖 𝑑𝑋 

∑ 𝑤𝑡|𝑡−1
𝑗

 ∫ 𝑝(𝑍𝑡|𝑋)
 

𝑋∈𝑋𝑡
𝑗 𝑑𝑋𝑁

𝑗=1

 
(2.33) 

where �̅�𝑡−1
𝑗

 is the center of the 𝑗𝑡ℎ cell at time 𝑡 − 1. Since grid cells represent regions of 

a continuous state space, the probabilities in Eq. (2.32) and Eq. (2.33) must be integrated 

over these grid cells. The weight of the cell 𝑋𝑡
𝑖 is computed at its center, �̅�𝑡−1

𝑖 , as a further 

approximation in order to simplify the computation of weights: 

 𝑤𝑡|𝑡−1
𝑖 ≈ ∑ 𝑤𝑡−1|𝑡−1

𝑗

𝑁

𝑗=1

 𝑝(�̅�𝑡
𝑖|�̅�𝑡−1

𝑗
) (2.34) 

 𝑤𝑡|𝑡
𝑖 ≈

𝑤𝑡|𝑡−1
𝑖  ∫  𝑝(𝑍𝑡|�̅�𝑡

𝑖)
 

𝑋∈𝑋𝑡
𝑖 𝑑𝑋 

∑ 𝑤𝑡|𝑡−1
𝑗

 ∫ 𝑝(𝑍𝑡|�̅�𝑡
𝑗
)

 

𝑋∈𝑋𝑡
𝑗 𝑑𝑋𝑁

𝑗=1

 (2.35) 
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However, approximate grid-based methods have some limitations. The grid must 

have a sufficiently large number of cells to produce a good approximation of the continuous 

state space, but the computational cost can increase dramatically with the dimension of the 

state space. Also, the state space grid must be a priori defined, so it cannot be dynamically 

redefined to obtain a higher resolution partitioning of the state space. 

2.3.2.3 Particle filter 

A particle filter approximates the a posteriori distribution,  𝑝(𝑋𝑡|𝑍1:𝑡), using a point 

mass function representation, i.e., a weighted sum of samples called particles, {𝑋𝑡
(𝑖)

}
𝑖=1

𝑁𝑠
 

associated with weights {𝑤𝑡
(𝑖)

}
𝑖=1

𝑁𝑠
. These samples are obtained using a simple update of 

samples at time t – 1, and these weights are calculated using the principle of importance 

sampling [18]. The particle filter then obtains the a posteriori mean from this approximate 

distribution using the Law of Large Numbers [19, 20]. This type of filter has many names; 

for example, it is also known as a sequential Monte Carlo filter, a bootstrap filter, or the 

condensation algorithm.  

A particle filter boasts a simple parallelizable implementation that is independent of 

both the dimensions and linearity of Eq. (2.3) and Eq. (2.4). Also, it can be viewed as 

information fuser due to its ability to combine observational data and a dynamic model for 

a given object into one mathematical framework. Moreover, this ability can be extended to 

provide a general framework for data fusion. 
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2.3.2.3.1 Mont Carlo sampling 

The Monte Carlo (MC) method is considered the basis for particle filters. The MC 

method is a numerical integration method that uses finite summations to estimate difficult 

definite integrals. Consider the function 𝑔(𝑋), which is dependent on a random variable 𝑋. 

Then its expected value,  

 𝐸[𝑔(𝑋)] = ∫ 𝑔(X) 𝑝(X) 𝑑𝑋 
(2.36) 

where 𝑝(X) 𝑑𝑋 is the probability of the random variable 𝑋, has a value within 𝑑𝑋 of about 

𝑋. If 𝑔(𝑋) is a complicated function, then it will be difficult to evaluate the expected value, 

𝐸[𝑔(𝑋)]. The MC method can be used to approximate 𝐸[𝑔(𝑋)] by a set of independent 

and identically distributed (IID) samples also known as particles. The MC method 

estimates 𝑔(𝑋) as 

 �̂� =
1

𝑀
∑ 𝑔(𝑋𝑚)

𝑀

𝑚=1

 
(2.37) 

where 𝑋𝑚~ 𝑝(. ), and 𝑀 is the total number of particles. Consequently, the expected value 

of the MC estimate is  

 

𝐸[�̂�] = 𝐸 [
1

𝑀
∑ 𝑔(𝑋𝑚)

𝑀

𝑚=1

]               
 

 

 =
1

𝑀
𝐸 [ ∑ 𝑔(𝑋𝑚)

𝑀

 𝑚=1

] 
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=
1

𝑀
∑ 𝐸[𝑔(𝑋𝑚)]

𝑀

𝑚=1

 
 

 
= 𝐸[𝑔(𝑋)]                

(2.38) 

Based on the strong law of large numbers [19, 20], the MC estimate converges to the 

true value of 𝐸[𝑔(𝑋)] as 𝑀 →  ∞. However, the MC method cannot be used alone in 

sequential Bayesian estimation problems, as the distribution 𝑝(. ) from which samples are 

drawn is unknown. This problem is handled via importance sampling, which will be 

introduced in the next section. 

2.3.2.3.2 Importance sampling 

When it is difficult to draw directly samples from a target distribution 𝑝(), 

importance sampling (IS) aims to represent a 𝑝() by drawing weighted particles {𝑋𝑡
(𝑖)

}
𝑖=1

𝑁𝑠
 

associated with weights {𝑤𝑡
(𝑖)

}
𝑖=1

𝑁𝑠
. This is achieved by drawing samples from a proposal 

distribution 𝑞(), also called an importance distribution, where 𝑝() ∝ 𝑞(). Consider the 

following integral 

 ∫ 𝑔(𝑥)𝑝(𝑥) 𝑑𝑥 =  ∫ 𝑔(𝑥) 
𝑝(𝑥)

𝑞(𝑥)
𝑞(𝑥)  𝑑𝑥 (2.39) 

Based on the MC method, 𝑝(𝑥) is represented as,  

 𝑝(𝑥) ≈  ∑ 𝑤𝑚 𝛿(𝑋 −

𝑀

𝑚=1

𝑋𝑚) 
(2.40) 
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 𝑤𝑚 =
𝑝(𝑋𝑚)

𝑞(𝑋𝑚)
 

(2.41) 

where 𝑤 is the importance weights. The MC estimate of 𝑔(𝑋) is shown in Eq. (2.42), where 

the weight is normalized to ensure that ∑ �̃�(𝑋𝑚) 𝑀
𝑚=1 = 1. 

 �̂� =
1

𝑀
∑ �̃�(𝑋𝑚) 𝑔(𝑋𝑚)

𝑀

𝑚=1

 (2.42) 

 �̃�(𝑋𝑚) =
𝑤(𝑋𝑚)

∑ 𝑤(𝑋𝑚) 𝑀
𝑚=1

 
(2.43) 

For Bayesian filtering, the a posteriori distribution 𝑝(𝑥𝑡|𝑧1:𝑡) can be represented by 

a weighted set of particles {𝑥𝑡
(𝑖)

, 𝑤𝑡
(𝑖)

}
𝑖=1

𝑁𝑠
, which are drawn from a known proposal 

distribution 𝑞(𝑥𝑡|𝑧1:𝑡−1). The weights of this set of particles are calculated as in Eq. (2.41). 

Hence, the a posteriori distribution at 𝑡 can be approximated based on Eq. (2.44). A 

sequential importance sampling (SIS) is then used to recursively propagate the weighted 

particles. A description of an SIS is introduced in the next section. 

 𝑝(𝑥𝑡|𝑧1:𝑡) ≈ ∑ 𝑤𝑡 
(𝑖)

 𝛿(𝑥𝑡 − 𝑥𝑡
(𝑖)

)

𝑁𝑠

𝑖=1

 (2.44) 

 𝑤𝑡 
(𝑖)

∝
𝑝(𝑥𝑡

(𝑖)
|𝑧1:𝑡)

𝑞(𝑥𝑡
(𝑖)

|𝑧1:𝑡)
           𝑖 = 1, … , 𝑁𝑠 (2.45) 

2.3.2.3.3 Sequential importance sampling particle filter 

The aim of SIS is to find the weighted set of particles {𝑥𝑡
(𝑖)

, 𝑤𝑡
(𝑖)

}
𝑖=1

𝑁𝑠
 at the current 

time 𝑡 that represents the a posteriori 𝑝(𝑥𝑡|𝑧1:𝑡) given weighted particles {𝑥𝑡−1
(𝑖)

, 𝑤𝑡−1
(𝑖)

}
𝑖=1

𝑁𝑠
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at the previous time 𝑡 − 1, which in turn represent the previous a posteriori 𝑝(𝑥𝑡−1|𝑧1:𝑡−1). 

To find the current a posteriori distribution, a prediction and an update step are required. 

The prediction step propagates the particle {𝑥𝑡
(𝑖)

}
𝑖=1

𝑁𝑠
from time 𝑡 − 1 to time 𝑡 by selecting 

the factorized importance density via 

 𝑞(𝑋0:𝑡|𝑍1:𝑡) = 𝑞(𝑋𝑡|𝑋0:𝑡−1, 𝑍1:𝑡) 𝑞(𝑋0:𝑡−1|𝑍1:𝑡−1) 
(2.46) 

Eq. (2.46) implies that the samples 𝑥0:𝑡
(𝑖)

~ 𝑞(𝑋0:𝑡|𝑍1:𝑡) are obtained by augmenting the 

previous samples 𝑥0:𝑡−1
(𝑖)

~ 𝑞(𝑋0:𝑡|𝑍1:𝑡−1) with the new state 𝑥𝑡
(𝑖)

~ 𝑞(𝑋𝑡|𝑋0:𝑡−1, 𝑍1:𝑡). The 

update step computes the weights {𝑤𝑡
(𝑖)

}
𝑖=1

𝑁𝑠
 using the newly-introduced measurement 𝑍𝑡. 

The a posteriori distribution is represented as 

 𝑝(𝑋0:𝑡|𝑍1:𝑡) =
𝑝(𝑍1:𝑡|𝑋0:𝑡) 𝑝(𝑋0:𝑡)   

𝑝(𝑍1:𝑡)
                 

                                =
𝑝(𝑍𝑡|𝑋0:𝑡 , 𝑍1:𝑡−1) 𝑝(𝑍1:𝑡−1|𝑋1:𝑡)𝑝(𝑋0:𝑡)

𝑝(𝑍𝑡|𝑍1:𝑡−1)𝑝(𝑍1:𝑡−1)
  

                                              =
𝑝(𝑍𝑡|𝑋0:𝑡 , 𝑍1:𝑡−1) 𝑝(𝑋0:𝑡|𝑍1:𝑡−1) 𝑝(𝑍1:𝑡−1) 𝑝(𝑋0:𝑡)

𝑝(𝑍𝑡|𝑍1:𝑡−1) 𝑝(𝑍1:𝑡−1) 𝑝(𝑋0:𝑡)
  

          =
𝑝(𝑍𝑡|𝑋𝑡) 𝑝(𝑋0:𝑡|𝑍1:𝑡−1) 

𝑝(𝑍𝑡|𝑍1:𝑡−1) 
  

                                             =
𝑝(𝑍𝑡|𝑋𝑡) 𝑝(𝑋𝑡|𝑋0:𝑡−1, 𝑍1:𝑡−1) 𝑝(𝑋0:𝑡−1|𝑍1:𝑡−1)

𝑝(𝑍𝑡|𝑍1:𝑡−1) 
  

                                  =
𝑝(𝑍𝑡|𝑋𝑡) 𝑝(𝑋𝑡|𝑋0:𝑡−1) 𝑝(𝑋0:𝑡−1|𝑍1:𝑡−1)

𝑝(𝑍𝑡|𝑍1:𝑡−1) 
  

                                      ∝ 𝑝(𝑍𝑡|𝑋𝑡) 𝑝(𝑋𝑡|𝑋0:𝑡−1) 𝑝(𝑋0:𝑡−1|𝑍1:𝑡−1) 
(2.47) 
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By substituting Eq. (2.46) and Eq. (2.47) into Eq. (2.45), the updated weight can be 

represented as, 

 𝑤𝑡 
(𝑖)

∝
𝑝(𝑍𝑡|𝑋𝑡 

(𝑖)
) 𝑝(𝑋𝑡 

(𝑖)
|𝑋0:𝑡−1 

(𝑖)
) 𝑝(𝑋0:𝑡−1 

(𝑖)
|𝑍1:𝑡−1)

𝑞(𝑋𝑡 
(𝑖)

|𝑋0:𝑡−1 
(𝑖)

, 𝑍1:𝑡) 𝑞(𝑋0:𝑡−1 
(𝑖)

|𝑍1:𝑡−1)
                          

              = �̃�𝑡−1
(𝑖) 𝑝(𝑍𝑡|𝑋𝑡 

(𝑖)
) 𝑝(𝑋𝑡 

(𝑖)
|𝑋0:𝑡−1 

(𝑖)
)

𝑞(𝑋𝑡 
(𝑖)

|𝑋0:𝑡−1 
(𝑖)

, 𝑍1:𝑡) 
           𝑖 = 1, … , 𝑁𝑠 (2.48) 

where �̃�𝑡−1
(𝑖)

 is the normalized weight, i.e., �̃�𝑡−1
(𝑖)

=
𝑤𝑡 

(𝑖)

∑ 𝑤𝑡 
(𝑖)𝑁𝑠

 𝑖=1

 . The a posteriori 𝑝(𝑥𝑡|𝑧1:𝑡)  is 

then approximated by 

 𝑝(𝑥𝑡|𝑧1:𝑡) = 𝑝(𝑥𝑡|𝑧1:𝑡) ≈ ∑ 𝑤𝑡 
(𝑖)

 𝛿(𝑥𝑡 − 𝑥𝑡
(𝑖)

)

𝑁𝑠

𝑖=1

 (2.49) 

2.3.2.3.4 Sequential importance resampling particle filter 

Unfortunately, after a few iterations of running a sequential importance sampling 

particle filter, all but one particle will have almost zero weight. This is called Degeneracy 

problem [17]. Consequently, a high computational effort is required to update particles that 

have negligible weights and that do not contribute to the correct approximation of the a 

posteriori distribution. Resampling is one method of mitigating this effect, and it does so 

by eliminating particles that have small weights and concentrating on those with large 

weights. 
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Table 2.1 shows the complete sequential importance resampling (SIR) particle filter 

in which the importance distribution, 𝑞(𝑋𝑡|𝑋0:𝑡−1, 𝑍1:𝑡), is the prior distribution, 

𝑝(𝑋𝑡|𝑋𝑡−1
(𝑖)

) [14]. 

 

Step 1: Initialization step, t=0 

- For 𝑖 = 1, … , 𝑁𝑠  sample 𝑋𝑡
(𝑖)

~ 𝑝(𝑋0)  

- Set  𝑡 = 1 

Step 2: Propagation step  

- For  𝑖 = 1, … , 𝑁𝑠  sample 𝑥𝑡
(𝑖)

~ 𝑝(𝑋𝑡|𝑋𝑡−1
(𝑖)

)  

Step 3: Importance sampling step 

- For 𝑖 = 1, … , 𝑁𝑠  compute the importance weights 𝑤𝑡 
(𝑖)

= 𝑝(𝑍𝑡| 𝑋𝑡
(𝑖)

) 

- Normalize the importance weights   ∑ �̃�𝑖 𝑡

(𝑖)
= 1 

Step 4: Resampling step 

- According to the normalized weights, resample with replacement 𝑁𝑠 

particles {𝑋𝑡
(𝑖)

}
𝑖=1

𝑁𝑠

 from {�̃�𝑡
(𝑖)

}
𝑖=1

𝑁𝑠

 . 

- Set  𝑡 = 𝑡 + 1   and go to Step 2 

 

2.3.2.4 Limitations of the particle filter for robust visual tracking 

While the standard particle filter is a typical method used for visual tracking, it has 

many limitations when tracking multiple objects in the presence of the challenging 

conditions and unexpected events mentioned in Section 1.1. For example: 

 the presence of background motion or object shadows can lead to additional 

Table 2.1. Standard particle filter using sequential importance resampling 
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(spurious) likelihood modes, 

 the presence of objects with different sizes or contrast levels can lead to a dominant 

likelihood problem, where a posterior probability distribution will be dominated 

by a single object (likelihood mode) with the largest size or highest brightness, 

 the presence of high noise levels in video frames can create additional (spurious) 

likelihood modes,  

 sudden changes in illumination can cause sudden changes in the likelihood 

function, and 

 the presence of partial object camouflage can lead to sudden changes in the 

likelihood modes. 

 In the next chapters, we will introduce our novel approaches that can be combined 

with the standard particle filter to overcome these limitations. 

2.3.3 Literature review for Bayesian visual tracking 

A variety of different visual trackers that are based on the Bayesian approach have 

been proposed. This section represents a general literature review of the existing visual 

trackers using a Bayesian approach. We will emphasize particle filter-based visual trackers 

because they can handle nonlinear models and non-Gaussian models, and can focus on 

higher-density regions of the state space as discussed in Section 2.3.2.3. Also, these particle 

filter-based trackers are parallelizable and easy to implement. Furthermore, particle filter-

based trackers typically provide better tracking performance than other Bayesian Bayesian 

trackers using Kalman Filters, EKFs, and grid-based methods. 
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Kalman filter based visual trackers 

The authors in  [21]  used an Extended Kalman Filter to estimate the motion model 

parameters of a rigid body in a sequence of noisy images. They modeled the dynamics of 

an object as a nonlinear function of time before estimating the parameters of this motion 

model. We note that the motion model described two types of object motion, including 3-

D rotation and translational motion. 

In  [22], the authors introduced a visual tracker that is capable of categorizing 

different types of object motion. They used a 3-D linear trajectory model in conjunction 

with an Extended Kalman Filter to estimate the 3-D motion trajectories for objects based 

on their 2-D motion. Using the obtained 3-D trajectory, they were able to construct 

stabilized views of the moving object, which allowed them to recognize various dynamic 

human activities, such as running, walking, roller skating, and cycling. 

The authors in [23] described a visual tracker based on the Hough transform [24] and 

an Extended Kalman Filter. The Hough transform could be used as a feature extraction 

technique that identifies imperfect instances of objects, usually parametrized in polar 

coordinates, within particular classes of shapes, e.g., ellipses, circles, and lines. The authors 

used an EKF to model the parameters and motion of a set of lines detected in Hough space. 

The use of the Hough transform increased the tracker’s resilience to noise and partial 

occlusion, and the EKF reduced the computational load required for line detection. 

The work in [25] presented a visual motion tracker for 3-D objects that overcomes 

the uncertainty of varying noise statistics due to the poor quality of the camera sensor. The 

authors used an Adaptive Extended Kalman Filter after adding more variables to be 
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estimated by the filter, e.g., noise statistics. These additional variables allowed real-time 

adaptation to the time-varying statistics of both state and observation noise. 

The authors in [26] introduced a stereo camera-based visual tracker, wherein real-

time stereo information could be used for 3-D continuous detection and tracking, even in a 

cluttered scene. They applied a Kalman filter for predicting and updating the object’s 

position in the current frame. After using a stereo-processing unit to perform the area-based 

correlation, objects were then detected using a background subtraction technique.  

The authors in [27] proposed a corner feature-based visual tracker using an Adaptive 

Kalman Filter. This tracker represented a moving object using a set of corners. It then used 

the variation in the number of occluded corner points across consecutive frames to 

automatically adjust the parameters of the Kalman filter. 

The work in [28] presented a two-stage visual tracker that combined template-

matching and contour methods. In the first stage, a Kalman filter predicted the initial object 

position. Then it used a template-matching method where a color histogram model was 

extracted from a candidate region centered at the position predicted by the Kalman filter. 

A mean shift algorithm then found the object’s new position by maximizing the 

Bhattacharyya coefficient between the extracted color histogram and color histograms of 

different frame regions. In the second stage, the active contour representing the object was 

evolved to improve tracking precision. 

The authors in [29] introduced a visual tracker based on Kalman filtering, online 

feature selection, and a mean shift algorithm. An object was defined by its positions in x 

and y, scale, and orientation where changes these characteristics were tracked. First, a 
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Kalman filter estimated the object’s state. Then using color pixel values in the R, G, and B 

frames 28 features were then constructed, followed by online feature selection that best-

distinguished objects and background scenes. Finally, the mean shift algorithm was used 

to find the new location of the object. 

The work in [30] described a 3-D visual tracker that used a sequence of depth images 

obtained by a Microsoft Kinect camera. Two visual trackers were developed based on 

motion image segmentation, and a mean shift tracking algorithm, respectively. A Kalman 

filter was then used to fuse the two resulting motion tracks. 

The authors in [31] developed a visual tracker for use in Micro Aerial Vehicles 

(MAVs). This tracker used an Extended Kalman Filter to estimate the state, i.e., position 

and velocity, of moving objects on the ground. This EKF initialized the state ground objects 

using an object detection algorithm. The EKF then predicted the object’s state and used a 

nonlinear measurement model to update it. 

Grid-based visual trackers 

The authors in [32] presented a visual tracker that utilized Channel-Based Bayesian 

Tracking, which is a generalization of grid-based methods [33]. This approach reduces 

computation cost of the grid-based method by using grids with fewer cells. The used 

samples were overlapped due to sampling with smoothed kernel functions instead of 

impulse functions.   

The work in [34] presented a visual tracker that used a grid-based method to track 

leukocytes in vivo and to observe vehicles from an Unmanned Aerial Vehicle (UAV). 
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Assuming smooth objects’ motion trajectories, it generated a deterministic set of samples 

in ellipsoidal areas centered at the object positions predicted by a motion model. These 

samples were then weighted by their distances from the predicted position of the object, 

and visual features, e.g., object boundary, were detected using a radial edge detector. This 

tracker was able to handle background movement, image clutter, and occlusion. However, 

the movement of an object cannot be erratic, i.e., its velocity cannot change abruptly, 

because of the smoothness constraint on its trajectory. To handle the possibility of erratic 

motion of the objects described in [34], another grid-based visual tracker was developed in 

[35]. If an object moves erratically, it will tend to escape the coverage of its ellipsoidal grid 

area. Therefore, if the difference between the predicted and updated positions is large, an 

erratic motion is detected, and the motion model will be modified accordingly. 

Particle filter-based visual trackers 

Many visual trackers using different features, e.g., shape and/or color, and different 

versions of the particle filter, e.g., Interacting Multiple Model (IMM) particle filter, 

Auxiliary particle filter, or Markov Chain Monte Carlo (MCMC) particle filter.  

The authors in [36] introduced a multiple-object visual tracker based on a particle 

filter that could handle the presence of occlusion, clutter background, and changes in an 

object’s appearance by considering the objects’ predicted trajectories using a dynamic 

model and likelihood functions. The likelihood function was based on a color histogram 

model, where a measure of similarity was evaluated based on the Bhattacharya coefficient 

between a reference color histogram model for the object and a color histogram model from 

a candidate object region. We note that the authors updated the reference object model in 
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each frame, and concluded the presence of occlusion if the distance between any pair of 

tracked objects was less than a specific value. In the case of object occlusion, object 

positions were updated based on the motion model only. 

The authors in [37] developed a 2-D visual tracker for articulated objects, e.g., a 

human body, using a particle filter. They used a partition-sampling method to divide a high-

dimensional space into two or more subspaces, before tracking the object in each sub-

space. Also, the authors developed a new Belief Propagation (BP) method that enabled a 

set of particles to fulfill several constraints on, e.g., the distance between neck and shoulder. 

The work in [38] proposed a real-time hybrid visual tracker that could cope with the 

presence of objects in a crowded scene. It integrated a blob-based tracker and a color-based 

particle filter tracker. The blob-based tracker was the main component, while the color-

based particle filter tracker was only invoked in cases of object merging and/or occlusion. 

In the blob tracker, a motion map of the objects was extracted using a background 

subtraction method. Once this motion map has been extracted, the current map was 

compared to the previous map to determine one of four events, i.e., a new object, an 

existing object, blob splitting, or blob merging. If a merging blob event were detected, the 

tracker would invoke the particle filter tracker. The likelihood function used by this particle 

filter evaluated a similarity score based on the Bhattacharya coefficient between a reference 

color histogram model, obtained from the previous frame, and a color histogram model 

from a candidate object region. This particle filter assumed that occluded objects had the 

same color appearance model as before their occlusion. 
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The authors in [39] introduced a visual tracker to track humans in 3D. They used a 

progressive particle filter that used hierarchical searching to decrease the computational 

costs for human body configurations with high degrees of freedom. They used a likelihood 

function based on silhouette masking, edge distance mapping, contour distance mapping, 

and skin color mapping. Also, they used a mean shift algorithm to increase state estimation 

accuracy by moving each particle toward the location with the highest probability of 

posture. 

The work in [40] introduced a visual tracker based on a modified particle filter for 

tracking pedestrians using infrared video sequences. It constructed two likelihood 

functions, one based on an intensity histogram model, and another based on an edge model; 

then it combined them using an adaptive weighted sum strategy.  

The authors in [41] introduced a visual tracker, where they implemented an efficient 

particle filter’s resampling step using Particle Swarm Optimization (PSO) [42]. They used 

the PSO algorithm to explore the area around the object’s previous position, where, to 

achieve diversity and convergence, particles were distributed using two different base 

points. We note that the used likelihood function was based on a color histogram model 

and a histogram of the gradients of the object’s orientations. 

The work in [43] described a visual tracker that used a particle filter that sampled 

particles from the object’s posterior distribution using an MCMC sampling method. This 

avoided the sample impoverishment problem and enhanced the robustness of the particle 

filter. In this tracker, each particle was propagated based on both its history in addition to 

information from other particles. 
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The authors in [44] described a particle filter based visual tracker that used adaptive 

integration of both object color histogram, and object contour information obtained using 

a Sobel operator, in the likelihood function. This likelihood function computed the 

similarity between an object’s color histogram and contour information and candidate 

object positions using a Bhattacharyya distance. 

The work in [45] presented a visual tracker that used an object color histogram and 

Harris corners to obtain an object’s rough location. Then it extracted the object’s contours 

with the help of a region-based object contour extraction algorithm. Next, this tracker used 

object contours with a particle filter to obtain the object’s accurate location based on this 

rough location. 

The authors in [46] developed a visual tracker based on object Scale Invariant 

Feature Transform (SIFT), and object color histogram features. SIFT features provide a 

key feature that is invariant to image scaling, translation, and rotation, and can be used for 

object matching and localization. First, the user selected an object region by drawing a 

rectangle around it, where SIFT features were extracted for object representation and 

localization in the next frame. Second, this tracker applied a particle filter using a color 

histogram model to estimate object positions in the following frame. 

In [47], the authors introduced a visual tracker that built a reference model for an 

object in a manually selected region. They then divided this chosen region into N sub-

regions where they extracted SIFT features from all of them. These SIFT features were 

used to construct a multi-part SIFT reference model for this object. Afterward, they applied 

a particle filter that used this SIFT-based likelihood function. In every frame, this SIFT-
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based likelihood function was updated by replacing its object reference model by the object 

model from the previous frame with the highest matching score. 

The authors in [48] compared different trackers with particle filters using color 

histogram based likelihood functions. They considered several color spaces, including 

RGB, HSV, and YCbCr. Their comparison demonstrated that the HSV color space is 

optimal for tracking objects with scale variation, occlusion, in backgrounds exhibiting 

illumination change. 

The work in [49] described a visual tracker to track a selected object in an 

environment with multiple moving objects. To detect the presence of moving objects, an 

initial background extraction through averaging video frames for a particular time period 

and background subtraction was used. After object detection, only a single object was 

selected to be tracked. They used a particle filter to estimate the selected object’s position. 

The likelihood function computes the similarity between a reference window around the 

selected object and a window around a candidate object region. We note that the 

background was updated in every frame to ensure accurate detection of moving objects. 

The authors in [50] described a particle filter based visual tracker that represented 

objects based on regions that were homogeneous in color. The object tracking algorithm 

segmented its shape in all frames of the video sequence. This image segmentation allowed 

for updating the object model, and for dealing with change in both color and shape of the 

object. 

The author of  [51] described a visual tracker that used a mean shift algorithm to 

construct the likelihood function of the particle filter. This mean shift algorithm maximized 
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the Bhattacharyya distance between the color histograms of regions where an object is 

located in the current and previous frames [52]. The performance of this tracker, however, 

degraded significantly during long periods of partial object occlusion. 

 The visual tracker discussed in [53] used a color-based object appearance model. The 

coefficients of this color model were included in the state vector of the object (augmented 

state vector) and were updated adaptively, along with the original state vector, upon the 

arrival of a new frame. To avoid the potential curse of dimensionality due to the 

augmentation of the object’s state vector, a Rao-Blackwellized particle filter [20] was used 

to estimate both the state and coefficients of the object’s color model. A Rao-Blackwellized 

particle filter allows the color model’s coefficients to be computed analytically and the 

object’s state to be estimated numerically. This tracker, however, required intensive 

computational effort. 

To cope with an abrupt change of illumination and the presence background motion, 

the work in [54] fused different object features into a single likelihood function. These 

features consisted of color histogram distribution, edge information, and structure 

information. The structure information was built using a boosted multi-view shape detector 

[55] for particular types of objects, such as human faces. Therefore, to track a different 

kind object, such as cars, the boosted multi-view shape detector required another offline 

training.  

The work documented in [56] was oriented towards handling changes in illumination. 

To this end, the authors designed a visual tracker that fused an object’s appearance and 

shape models using a particle filter. At each time instance, the tracker described the 
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object’s appearance using two features, i.e., the color histogram distribution, and the 

object’s contours. It then applied a particle filter to process both features sequentially, re-

used the estimate, estimated the posterior, and then produced one feature as initial input 

for the next feature processing step. The final object position track was the product of the 

estimated posterior densities. 

Another robust visual tracker based on the fusion of multiple object features was 

developed in [57] to address the presence of objects with different sizes or contrast levels 

and the presence of partial object camouflage. The likelihood function of this tracker’s 

Bayesian model represented human motion using multiple object features, including color 

and edge shape. Because the models for these object features were generated off-line 

before the tracking started, this tracker was limited to tracking a single type of object, for 

instance, a human body.  

Another work in [58] introduced a real-time robust visual tracker based on the fusion 

of data from multiple sensors. This visual tracker demonstrated robustness in tracking 

randomly moving objects in real-time. The sensors included a pan-tilt camera and sixteen 

sonar sensors. However, it failed to track fast-moving objects as they passed out of the 

camera’s field of view.  

2.4 Chapter summary 

This chapter described three main approaches to visual tracking: point tracking, 

kernel-based tracking, and silhouette-based tracking. It mainly focused on Bayesian 

statistical approaches to point tracking. An extensive review of the literature on Bayesian 

visual trackers was presented. As discussed, particle filter based visual trackers can handle 
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nonlinear motion and/or nonlinear measurement models, and/or non-Gaussian statistics. 

Compared to other statistical approaches, e.g., Kalman Filters, EKFs, and grid-based 

methods, particle filter based visual trackers are easier to implement and offer better 

tracking performance.  
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Robust Visual Tracking  

3.1 Introduction 

Over the past few decades, there have been remarkable advances in visual tracking. 

Nonetheless, robust visual tracking remains an active research topic [3, 4]. Robust visual 

tracking refers to a tracking device’s ability to avoid tracking failures [59], and to track 

objects accurately in video sequences that have unexpected events and challenging 

conditions [2, 10]. These difficult circumstances could include 1) the presence of 

background motion and shadows; 2) the presence of objects with different sizes and 

contrast levels; 3) the presence of partial object camouflage; 4) sudden changes in scene 

illumination; 5) low signal-to-noise (SNR) ratios; and 6) real-time processing 

requirements. 

To address these conditions, we discuss three approaches to robust visual tracking: a 

multi-scale approach using wavelets, a fusion based approach as well as machine learning 

based approach. 

 In this chapter, Section 3.2 discusses and reviews the literature on multi-scale 

approach to robust visual tracking in the wavelet domain. Section 3.3 discusses fusion 

approach for robust visual tracking. Section 3.4 discusses machine learning approach for 

robust visual tracking.  Finally, we summarize the contents of this chapter in Section 3.5. 
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3.2 Multi-scale approach using wavelet domain for robust visual tracking 

The wavelet transform is important for multi-scale analysis, also known as multi-

resolution analysis (MRA), of signals or images [60, 61]. The wavelet transform represents 

an image using different resolution levels. Therefore, different features in a full-resolution 

image can be analyzed at different image scales [61]. The discrete wavelet transform was 

used in many applications, such as image denoising [62], image compression [63], and 

image texture classification [64]. 

In the following sub-sections, the discrete wavelet transform is introduced, and the 

advantages of multiple-object tracking in the wavelet domain are discussed. 

3.2.1 Discrete wavelet transform 

The wavelet transform represents a signal, 𝑓(𝑥), in the space-frequency domain as a 

weighted sum of space-frequency atoms with different scales [65, 66]. To perform a 

wavelet transform, a scaling function, ∅(𝑥), is used to generate a series of approximations 

of the original signal. An additional function, known as a wavelet function, 𝜓(𝑥), is used 

to represent the difference between two successive approximations [61, 67]. 

3.2.2  Bases, frames and linear expansions of signals 

A linear vector space 𝑉 could be spanned by a set of vectors, 𝑝𝑘(𝑥), if any element 

or function, 𝑓(𝑥), in the space can be expressed as a linear of combination of this set [10] 

as shown in Eq. (3.1).  

 𝑉 = { 𝑓(𝑥) =  ∑ 𝛼𝑘𝑝𝑘(𝑥)

𝑘

} 
(3.1) 
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Where 𝛼𝑘 are the coefficients of this expansion. The set, {𝑝𝑘(𝑥)}, is called a basis for a 

given space 𝑉 if  𝛼𝑘 are unique for the given 𝑓(𝑥) ∈ 𝑉. The closed span of {𝑝𝑘(𝑥)} refers 

to all possible functions 𝑓(𝑥) ∈ 𝑉 that can be expressed by as a linear combination of 

{𝑝𝑘(𝑥)}, and can be written as  

 
𝑉 = 𝑠𝑝𝑎𝑛{𝑝𝑘(𝑥)}. (3.2) 

The computation of the expansion coefficients 𝛼𝑘 depends on the expansion set. Typically, 

there are three cases for {𝑝𝑘(𝑥)} [61, 68]: 

Case 1: The expansion functions are orthonormal, i.e.,  

 〈𝑝𝑗(𝑥), 𝑝𝑘(𝑥) 〉 = 𝛿𝑖𝑘 = {
0   𝑗 ≠ 𝑘
1   𝑗 = 𝑘

 
(3.3) 

where 〈 〉 denotes inner product. Therefore, the expansion coefficients 𝛼𝑘  are given by the 

inner products of { 𝑝𝑘(𝑥)} and 𝑓(𝑥)  

 𝛼𝑘 = 〈𝑝𝑗(𝑥), 𝑓(𝑥) 〉 (3.4) 

Case 2: The expansion functions are linearly independent but are not orthonormal, i.e., 

 〈𝑝𝑗(𝑥), 𝑝𝑘(𝑥) 〉 ≠ 0       𝑗 ≠ 𝑘 (3.5) 

The expansion coefficients, α𝑘, can be computed using a dual basis set, {�̃�𝑘(𝑥)}, whose 

functions are also linearly independent but not orthonormal, and satisfy the following 

condition 

    〈𝑝𝑗(𝑥), �̃�𝑘(𝑥) 〉 = 𝛿𝑖𝑘 (3.6) 
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In this case, the basis set and its dual basis are referred to as biorthogonal and the expansion 

coefficients, 𝛼𝑘 , are computed as 

 𝛼𝑘 = 〈𝑓(𝑥), �̃�𝑘(𝑥) 〉 
(3.7) 

Case 3: The expansion functions and their duals are redundant, and comprise a frame that, 

for all 𝑓(𝑥) ∈ 𝑉, satisfies  

 
𝐴‖𝑓(𝑥)‖2  ≤  ∑|〈𝑝𝑘(𝑥), 𝑓(𝑥) 〉|2

𝑘

≤ 𝐵‖𝑓(𝑥)‖2 
(3.8) 

where 𝐴 > 0 and B < ∞ . If 𝐴 = 𝐵, this expansion set is known as a tight frame and any 

function 𝑓(𝑥) ∈ 𝑉 can be represented as 

 
𝑓(𝑥) =

1

𝐴
 ∑〈𝑝𝑘(𝑥), 𝑓(𝑥) 〉

𝑘

 𝑝𝑘(𝑥) 
(3.9) 

3.2.3 Scaling functions 

In this section, we will consider basis functions, with integer translation 𝑘 and integer 

scaling factor 𝑗, called scaling functions  

 
∅𝑗,𝑘 (𝑥) = 2

𝑗
2∅(2𝑗𝑥 − 𝑘) (3.10) 

The position of the scaling function ∅𝑘 (𝑥) is determined by 𝑘, its width along the x-

axis is determined by 2𝑗, and its amplitude is given by 2
𝑗

2. If 𝑗 increases, ∅𝑗,𝑘 (𝑥) becomes 

narrower and is translated in smaller steps, and therefore it can represent finer signal details. 

On the other hand, if 𝑗 decreases, ∅𝑗,𝑘 (𝑥) becomes wider and is translated in larger steps, 

and therefore it can represent coarser signal information [66, 69]. 
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If 𝑗 is set to a specific value, and the set {∅𝑗,𝑘 (𝑥)} spans the space 𝑉𝑗, i.e.,    

 
𝑉𝑗 = 𝑆𝑝𝑎𝑛𝑘{∅𝑗,𝑘 (𝑥)}, (3.11) 

then any given 𝑓𝑗(𝑥) ∈ 𝑉𝑗 can be expressed as,  

 𝑓𝑗(𝑥) =  2
𝑗

2 ∑ 𝛼𝑘∅(2𝑗𝑥 − 𝑘)𝑘 . (3.12) 

 

As per Mallat’s observation that “subspaces spanned by scaling function at low scales 

are nested within those spanned at higher scales” [60], i.e., 𝑉−∞ ⊂⋅⋅⋅  𝑉−1 ⊂ 𝑉0 ⊂ 𝑉1 ⊂

𝑉2 ⊂⋅⋅⋅⋅ 𝑉∞, the basis functions of subspace 𝑉𝑗 ,i.e., {∅𝑗,𝑘 (𝑥)} can be expressed in terms  of 

scaling functions of subspace 𝑉𝑗+1, i.e., {∅𝑗+1,𝑛 (𝑥)}, as 

By substituting ∅𝑗+1,𝑛 (𝑥) from Eq. (3.10) into Eq. (3.13) and changing the variable 

𝛼𝑛 to ℎ∅(𝑛), we get the refinement equation,  

 ∅(𝑥) = √2 ∑ ℎ∅(𝑛)∅(2𝑥 − 𝑛)

𝑛

 (3.14) 

where ℎ∅ (𝑛) are called the scaling function coefficients. The relationship between different 

nested spaces that are spanned by scaling functions is shown in Figure 3.1. 

 
∅𝑗,𝑘 (𝑥) = ∑ 𝛼𝑛∅𝑗+1,𝑛 (𝑥)

𝑛

 (3.13) 
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3.2.4 Wavelet functions 

A set of wavelet functions, {𝜓𝑗,𝑘(𝑥)}, defined by Eq. (3.15), can be used to span the 

space, 𝑊𝑗, which is the difference between two adjacent subspaces, 𝑉𝑗 and 𝑉𝑗+1, i.e., Vj+1 = 

Vj⊕ Wj , where ⊕ corresponds to space union [61]. 

 It is clear from Fig. 3.2, that spaces 𝑊𝑗 and 𝑉𝑗  are orthogonal.  

 𝜓𝑗,𝑘 (𝑥) = 2
𝑗

2𝜓(2𝑗𝑥 − 𝑘)  
(3.15) 

Similar to scaling functions, any wavelet function 𝜓𝑗,𝑘(𝑥) can be expressed using a 

refinement equation. 

  
V0 

V2  

V1  

Figure 3.1. Nested spaces spanned by scaling functions 

 
 

V0 W0 W1 

V2 = V1= V0⊕ W0⊕ 

V1 = V0⊕ W0 

Figure 3.2. Difference between two adjacent subspaces is spanned by wavelet functions 
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𝜓(𝑥) = √2 ∑ ℎ𝜓(𝑛)𝜓𝑘(2𝑥 − 𝑛)

𝑛

 
(3.16) 

where ℎ𝜓 (𝑛) are called the wavelet function coefficients.  

 Let 𝑙2 (𝑅) be the space of all square integrable functions,  

 𝑙2 = V𝑗0
⊕  W𝑗0

⊕  W𝑗0+1 ⊕ … (3.17) 

then any function 𝑓(𝑥) in 𝑙2  can be presented as  

 𝑓(𝑥) = ∑ 𝑎𝑗0
(𝑘)

𝑘
∅𝑗0,𝑘 (𝑥) + ∑ ∑ 𝑑𝑗(𝑘)

∞

𝑗=𝑗0

𝜓𝑗,𝑘 (𝑥)
𝑘

 (3.18) 

where  𝑗0 is an arbitrary starting scale, and 𝑎𝑗0
(𝑘) and 𝑑𝑗(𝑘) are the coefficients of the 

DWT for the signal𝑓(𝑥).  

3.2.5 Advantages of multiple object tracking in the wavelet domain 

Multiple object visual tracking in the wavelet domain has many advantages: 

 Video frames with coarse resolution (large scale) are more suitable for tracking 

large objects, and/or objects with high contrast, while video frames with fine 

resolution (small scale) are more suitable for tracking small objects and/or objects 

with low contrast [61]. Therefore, the wavelet transform of an original video frame 

produces subband frames with different resolutions (scales) that are suitable for 

tracking different types of objects that could be present in this same frame. 

 The wavelet transform is a natural edge detector that can detect boundaries of 

objects in various directions. The one-dimensional discrete wavelet transform 
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(DWT) could be easily extended to two dimensions, where the resulting separable 

functions,  𝜓𝐻(𝑥, 𝑦) = 𝜓(𝑥) ∅(𝑦),  𝜓𝑉(𝑥, 𝑦) = ∅(𝑥)𝜓(𝑦) and   𝜓𝐷(𝑥, 𝑦) =

𝜓(𝑥) 𝜓(𝑦), would be sensitive to the horizontal, vertical, and diagonal edges, 

respectively [61, 70]. 

 Wavelet denoising of images in the wavelet domain is simple and is typically 

performed by either hard or soft thresholding the DWT coefficients [71]. Instead 

of denoising white Gaussian noise only, a nonlinear multi-scale transform that 

combines the DWT with a median filter could be used to also reduce both speckle 

noise and salt and pepper noise [72]. 

3.2.6 Review of literature on robust tracking using the wavelet transform 

The authors in [73]  described a visual tracker that assumed a fixed object size. After 

selecting a region where the object occupied, they computed energies of the coefficients of 

a biorthogonal wavelet transform in this region. Then they compared them to candidate 

object regions in the next frame, where the region that gave the best match would become 

the new region for this object.  

A robust tracker to cope with the presence of background motion and changes in 

illumination was described in [74]. A two-dimension Discrete Wavelet Transform (DWT) 

was applied to the given video sequence, but only the low-low subband of the third scale, 

i.e., (LL)3 was used by this tracker. A visual tracker based on a similar idea, i.e., using 

lower resolution frames, to cope with the change of illumination and background motion 

was introduced in [75].  
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 A low pass filter, 2 × 2 averaging filter, was applied to generate lower resolution 

frames by replacing each pixel value of the original image with the average value of itself 

and its neighbors. However, this averaging filter led to a more blurred frame compared to 

the  (LL)3 wavelet subband frame, thus decreasing tracking performance [75].    

 A similar visual tracker was also developed using the (LL)2 wavelet subband, where 

a direct LL-mask band scheme (DLLBS) was used to speed up computation. The DLLBS 

scheme efficiently implements 2-D symmetric mask-based discrete wavelet transform 

(SMDWT) [76]. As effective tracking of objects with different contrasts and different sizes 

would require information from different DWT scales [61], robust tracking of such 

challenging objects would be unlikely using this method. 

A multi-scale approach for detecting moving objects in a video was introduced in 

[77]. Optical flow was estimated at different scales via a quad-tree structure, where each 

node was represented as a linear combination of its parents. Even though this optical flow-

based approach was effective in detecting moving objects in the video, it would be difficult 

and computationally intensive for real-time visual tracking [78].  

In [79], the author proposed a rigorous formulation for visual tracking through 

multiple scales, developing a multi-scale tracker based on dynamic Markov networks and 

a pyramid decomposition of the video frames. The author performed a bi-directional 

propagation of the object’s posteriors on different scales; that is, the tracking process in 

each scale interacted with its corresponding process in the previous and current time and 

its higher and lower scales at the same time. A color histogram distribution similar to the 
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one in [80] was used to model the likelihood function of the particle filter. However, the 

construction and maintenance of a dynamic Markov network require intensive computation 

that limited the use of this tracker to simple tracking scenarios.   

The authors of [81] tried to reduce computation costs in comparison to the multi-scale 

tracker in [79]. They used sequential Bayesian filtering to propagate the object’s posteriors 

across different resolution scales that were generated by pyramid decomposition. 

3.3 Robust visual tracking using fusion 

Fusion could be a possible solution for developing a more accurate and robust visual 

tracker [10, 82, 83] because it can be implemented using a fusion of  

 Different visual features from a video frame. This visual feature fusion uses 

multiple features from a video frame to represent an object to cope with possible 

changes in its appearance [10, 83]. 

 Measurements from multiple sensors. This data fusion uses independent 

measurements from multiple sensors to develop a single visual tracker [1]. 

 Different object motion models. This motion model fusion switches between 

several prior object motion models inside a single visual tracker via Interactive 

Multiple Models (IMM) [84].   

 Tracking paths resulting from several visual trackers. This tracker fusion involves 

running several (parallel or series) visual trackers, then combining their resulting 

tracking paths to obtain a final tracking path. These different trackers can operate 
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independently [16, 85, 86] or they can interact together [87].  

 Different strategies could be applied to perform any of the above types of fusion. For 

example, 1) a weighted sum rule [86, 88]; 2) a product rule [89, 90]. Using a weighted sum 

rule, the final outcome is obtained as a weighted average of outcomes due to the individual 

variables to be fused together. Using a product rule, dependencies between different 

variables to be fused are ignored, and their marginal probabilities are combined into a 

single joint probability distribution.  

3.4 Robust visual tracking based on machine learning 

Machine learning could be another possible approach to obtain robust visual trackers, 

where object tracking is formulated by learning different object views. Learning 

mechanisms aim to generate a function that maps inputs to desired outputs based on a set 

of features that will discriminate object classes. This set of features could contain object 

area, object orientation, and object appearance. These learning mechanisms could be 

divided into supervised learning or unsupervised learning mechanisms. 

1. supervised learning: a sequence of labeled objects is used as input during the 

training process. The goal of the is to learn to produce the correct decision for a 

given new input. There are different supervised learning methods such as neural 

networks [91], adaptive boosting [92], decision trees [93], and support vector 

machines [94].  

2. unsupervised learning: a sequence of unlabeled objects is used in training. The 

goal here is to build representations of the input object regions that can be used for 
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decision-making, predicting future candidate object. In a sense, unsupervised 

learning can be thought of as finding patterns in the input data and beyond what 

would be considered pure un-structured noise. Three examples of unsupervised 

learning are data clustering, data dimensionality reduction, and deep-learning. 

3.4.1 Review of literature on robust tracking using deep-learning 

Deep-learning have recently attracted considerable attention in the field of machine 

learning [95] [96], it has been successfully applied to many computer vision applications 

including visual object tracking [97]. Deep-learning aims to replace hand-crafted features 

with high-level and robust features learned from raw pixel values, which is also known as 

unsupervised feature learning. Many deep learning-based trackers were developed using 

different network models such as: SAE, i.e., stacked auto-encoder, CNN, i.e., 

convolutional neural network, RNN, i.e., recurrent neural networks, DRL, i.e., deep 

reinforcement learning, in addition to their different combinations.    

In [98], the authors introduced a robust discriminative deep-learning based visual 

tracker by effectively using an image representation that was learned automatically.  

Through an offline training step, this visual tracker trained an SDAE, i.e., stacked 

denoising auto-encoder, to learn generic image features. The essential building block of an 

SDAE is a one-layer neural network. After the offline training step, the encoder part of the 

SDAE was used a feature extractor to train a neural network to identify a tracked object 

from the background. Eventually, both the feature extractor and classifier were further 

tuned to adapt to appearance changes of the moving object. 
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The authors in [99] used a CNN architecture in the design and implementation of a 

structured output deep-learning based visual tracker (SO-DLT). This implementation 

included an offline pre-train and online steps to fine-tune the CNN architecture. While the 

accuracy and performance of this visual tracker demonstrated much improvement over 

other state-of-the-art visual trackers, some failed visual tracking cases were reported. Such 

tracking failures were likely when 1) an initial object bounding box was not specified 

correctly, 2) distractors existed in the background, or 3) a tracked object was occluded. 

Better mathematical models have been examined in [100], to eliminate or reduce the 

previously mentioned failed tracking cases, and to increase tracking accuracy. The authors 

described a robust tracker based on a CNN, trained in a multi-domain learning framework, 

known as a multi-domain network (MDNet). This network consists of shared layers and 

branches of domain-specific layers. To obtain a representation of a generic object, this 

tracker pre-trained the MDNet using a broad set of video sequences with known tracking 

ground-truths. The entire network was pre-trained offline, and the fully connected layers 

including a single domain-specific layer were fine-tuned online.  

Most CNN-based trackers, handle visual tracking as a classification problem. But 

these trackers are sensitive to distractors because their CNN models mainly focus on inter-

class classification. To cope with this problem, the work in [101], used self-structure 

information of an object to distinguish it from possible distractors. Specifically, SANet 

uses a recurrent neural network (RNN) to model object structure and incorporate it into the 

CNN to improve its robustness in the presence of distractors.  
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To overcome sudden changes in the appearance of objects, in [102] the authors 

developed a robust visual tracker based on a template selection strategy constructed by 

deep reinforcement learning methods to update the object’s appearance model online. This 

tracking algorithm used this strategy to choose the best template for object tracking in a 

given frame. This template selection strategy was self-learned using a simple gradient 

method applied to many training videos that were randomly generated from a visual 

tracking benchmark dataset. Although this tracking algorithm effectively decided on the 

best object template to be used, its accuracy still needed improvement. 

3.5 Chapter summary  

In this chapter, three approaches to robust visual tracking in challenging conditions 

and unexpected events were introduced: a multi-scale approach using wavelet domain, a 

fusion approach, and machine learning approach. These challenging conditions and 

unexpected events could include 1) the presence of background motion and shadows; 2) 

the presence of objects with different sizes and contrast levels; 3) the presence of partial 

object camouflage; 4) sudden changes in scene illumination; 5) a low signal-to-noise 

(SNR) ratio; and 6) real-time processing requirements. A review of the literature on robust 

visual tracking methods using a multi-scale approach, in addition to a brief discussion of 

fusion, were presented.   
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Robust Tracking of Multiple Objects in Video by Adaptive Fusion of Subband 

Particle Filters 

4.1 Introduction 

Significant progress has been made on visual tracking in the last few decades. 

However, the ability to track objects accurately in video sequences characterized by 

challenging conditions and unexpected events remains an important research problem. To 

address such difficulties, we developed a robust multi-scale visual tracker that represents a 

captured video frame as different subbands in the wavelet domain. This multi-scale tracker 

then applies 𝑁 independent particle filters to a small subset of these subbands, with the 

choice of these wavelet subband subsets changing with each captured frame. Finally, the 

tracker fuses the outputs of these 𝑁 independent particle filters to obtain the final position 

tracks of multiple moving objects in the video sequence. To demonstrate the robustness of 

our multi-scale visual tracker, we applied it to four example videos that exhibited different 

combinations of background motion, changes in illumination, varied object size, object 

shadow, and partial object camouflage. When compared to a standard full-resolution 

particle filter-based tracker, and a single wavelet subband, (LL)2, based tracker, the results 

obtained from our multi-scale tracker demonstrate significantly more accurate tracking 

performance, as well as a reduction in average frame processing times. 

This chapter is organized as follows: Section 4.2 describes the development of our 

robust multi-scale visual tracker. Section 4.3 provides a performance evaluation of our 

multi-scale tracker. Finally, Section 4.4 presents a chapter summary. 
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Figure 4.1. Implementation of our multi-scale visual tracker 
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4.2 Implementation of the Adaptive Fusion of Subband PFs multi-scale tracker  

To start visual tracking, we built a background frame from the full-resolution video 

sequence. We then generated the subband frames by applying the discrete wavelet 

transform to both the background frames and the current frames. Next, we obtained 

difference frames by subtracting the subbands of the background frame from the 

corresponding subbands in the current frame. Once the difference frames had been 

obtained, we applied a sequential particle filter to process the three chosen subbands, which 

changed with each captured frame. Eventually, we fused the position tracks that were 

produced from the sequential processing of the three subbands to obtain our final position 

tracks. A flow chart demonstrating the implementation of our proposed robust visual 

tracker is represented in Figure 4.1. 

4.2.1 Initial background extraction and update 

Our first task was to detect the presence of moving objects by extracting a reference 

frame representing the background. To do so, we chose the Long-Term Average 

Background Modeling (LTABM) background extraction method [103], which is a fast 

technique that is suitable for real-time application. We obtained an initial background 

frame, 𝐵0, by calculating the average of the first T video frames.  

 
𝐵0 =

1

𝑇
 ∑ 𝑍𝑡

𝑇

𝑡=0

 
(4.1) 

Before being used, 𝐵0 was transformed to the wavelet domain to obtain 𝐵0
𝑠. The initial 

background subband frames each had different s scales, and at every time instant, 𝑡 > 𝑇, 
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these background subband frames were updated to obtain the current background subband 

frames, 𝐵𝑡
𝑠. We modeled each pixel (𝑖, 𝑗) of each subband frame having scale s comprising, 

𝐵𝑡
𝑠 , as an independent Gaussian probability density whose mean was updated in time as 

 
𝐵𝑡

𝑠(𝑖, 𝑗) = 𝛼 𝐵𝑡−1
𝑠 (𝑖, 𝑗) + (1 −  𝛼) 𝑍𝑡

𝑠(𝑖, 𝑗)  
(4.2) 

where 𝛼 is an empirical weight that controls the background update rate.  

4.2.2 Generation of subband frames using a multi-scale median transformation 

Although many wavelet basis functions could be used to perform a wavelet transform, 

the selection of the proper wavelet basis is necessary. One must take into account wavelet 

properties such as symmetry, orthogonality, and the number of vanishing moments to 

enhance the detection of objects’ edges at different orientations and scales. Symmetric 

wavelets are desirable for edge detection, as edges are obtained by differentiating a 

smoothed video frame. As there is also a trade-off between orthogonality and a wavelet’s 

symmetry properties, we chose for our implementation the zbo6.6 wavelet [104], which is 

a  symmetric biorthogonal wavelet. The zbo6.6 wavelet’s decomposition filters are shown 

in Eq. (4.3).  
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(4.3) 
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g= {0.004, −0.223,0.441, −0.441,0.223, −0.004} 

where ℎ̃ and  g̃  are the low-pass decomposition coefficients and high-pass decomposition 

coefficients, respectively. Because of its symmetry, obtaining a wavelet transform using 

the zbo6.6 wavelet could be more computationally efficient compared to other possibly 

asymmetric wavelets with the same support. 

In visual tracking, one aims to preserve video frame edges and to reduce the effects 

of noise and outlier pixel values. However, there is a conflict between noise reduction and 

edge preservation [105]. Therefore, it has become common to use wavelet domain 

thresholding methods to reduce Gaussian white noise while not significantly reducing edge 

sharpness [106]. Instead of generating our subband frames using only a zbo6.6-based 

DWT, we generated them using a combination of a zbo6.6-based DWT and a multi-scale 

median filter [72]. This approach is advantageous because thresholding the coefficients of 

this multi-scale median transformation will still reduce white Gaussian noise, and its 

inherent multi-scale median filter will also reduce both speckle noise and salt and pepper 

noise. 

4.2.3 Generation of subband difference frames, adaptive subband frame selection 

At every time, 𝑡 > 𝑇, we generated subband difference frames, 𝐷𝑡
𝑠(𝑖, 𝑗) = 𝑍𝑡

𝑠(𝑖, 𝑗) −

 𝐵𝑡
𝑠(𝑖, 𝑗), where 𝑠 belongs to the set of available subband frames in levels one and two of 

the wavelet tree as shown in Figure 4.2. These subband difference frames were generated 

by subtracting the current background 𝐵𝑡
𝑠 from the current frame 𝑍𝑡

𝑠. After calculating the 

𝐿1 norm for each subband difference frame, we retained the three subband difference 
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frames with the highest 𝐿1 norm values and discarded the rest. We did not use the 𝐿2 norm, 

which is the exact signal energy; instead, we used the 𝐿1 norm, or the approximation of the 

signal energy, in order to avoid the additional computational cost as shown in Eq. (4.4). 

 
𝐸(𝐷𝑡

𝑠) = |𝐷𝑡
𝑠|1 =   ∑ ∑ |𝐷𝑡

𝑠(𝑖, 𝑗)|

𝐽

𝑗

𝐼

𝑖

 
(4.4) 

 Since features of a moving object such as size, shape, and orientation affect the 

energy distribution of the subband frames, this adaptive selection of the difference frames 

would be matched to the features of the moving object at each time instance 𝑡 > 𝑇. For 

example, if the orientation of a moving object is horizontal, then the energy of the (LH) 

subband difference frame will be higher than all others. In contrast, if the orientation of a 

moving object is vertical, then the energy of the (HL) subband difference frame will be the 

higher than all others. This was observable when the chosen subbands were (HL), and 

(LH). 
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4.2.4 Frame denoising 

A robust tracker should have the ability to cope with video sequences that have a low 

signal-to-noise ratio. The regular median filter is better than linear filters for removing 

noise while preserving the presence of edges [107]. However, the window size of the 

regular median filter affects its ability to preserve edges [108]. Fortunately, a multiscale 

median filter could better preserve image details. Therefore, we selected a multi-scale 

median transform for denoising the video frames. We combined wavelet transformation 

and multi-scale median filtering, will inherently reduce both speckle noise and salt and 

pepper noise. By only keeping the three subband difference frames with the highest 

energies, we reduced the white Gaussian noise originally present in the full-resolution 

Figure 4.2. Subband frames from level 1 and 2 used in our tracker 

LPF 2
(LL)2 

LPF 2

HPF 2

LPF 2

HPF 2

LPF 2

HPF 2
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frame via hard thresholding.  

4.2.5  Frame binarization and object labeling 

Both frame binarization and object labeling step aim to create labeled groups of pixel 

regions that contain candidate moving objects in a subband frame. Labeling is especially 

necessary when the scene contains more than one moving object [109]. We generated 

binary frames from the three selected difference frames via thresholding, where pixels with 

values above a positive threshold, k, were categorized as foreground. This is illustrated in 

the below inequality, 

 |𝐷𝑡
𝑠|𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 = |𝑍𝑡 

𝑠 − 𝐵𝑡 
𝑠 | > 𝑘 

(4.5) 

where |𝐷𝑡
𝑠|𝑡ℎ𝑟𝑒𝑠ℎ𝑜𝑙𝑑 are the binary frames and 𝑑 refers to the threshold level. The resulting 

white pixels in the binary frame would then refer to candidate moving objects. After 

generating these binary frames, morphological operations that include dilation and fill 

operations were implemented to enhance the shapes of present objects. A labeled frame 

was then obtained by scanning the binary frame, pixel by pixel from left to right and top 

to bottom, to identify the present connected pixel regions.  
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Figure 4.3. Result of subband generation and frame binarization for the adaptively chosen subbands 

(LL)1, (HL)1, and (HL)2 for the 4th frame in ‘‘OneLeaveShopReenter2front” video sequence. (a) 

Background, current, and binary frames, respectively, for the (LL)1 subband (upper row); (b) 

Background, current, and binary frames, respectively, for the (HL)1 subband (middle row); and (c) 

Background, current, and binary frames, respectively, for (HL)2 subband (bottom row) 

Figure 4.3 shows the result of frame binarization of the 4th frame in 

‘‘OneLeaveShopReenter2front” video sequence. For this particular frame, the chosen 

subbands were (LL)1, (HL)1, and (HL)2, and the orientation of the moving objects was 

vertical. Therefore, the energy of the (HL) subband difference frame was the higher than 

the others as is demonstrated in Section 5.3.   

(b) 

(a) 

(c) 



61 

 

4.2.6 Implementation of our subband particle filters  

We implemented three independent particle filters, where each filter processed one 

of the three labeled binary frames obtained in Section 4.2.5. These subband particle filters 

continuously updated the kinematic states of the objects present in these labeled binary 

frames. We note that we used a linear motion model similar to the one described in [110], 

and a measurement model based on motion cues similar to the one described in [111]. 

4.2.6.1 Likelihood model  

Typically, a likelihood model uses a visual feature, e.g., color, shape, texture, edge, 

or motion. In the case of a static camera, it is common to use motion cues [112]. In our 

visual tracker, the likelihood model used a motion cue. Hence, instead of using the pixels 

of the captured frame to generate the likelihood function, we instead used the binary 

labeled frame, 𝐿𝑡
𝑠. As with the work in [111], we defined our likelihood model by 

evaluating white pixels associated with each object 𝑛 and belonging to a boundary box 𝑅 

located around spatial position 𝑢 of state the vector 𝑋𝑡. Thus, the higher the number of 

labeled pixels contained in the boundary box, the higher likelihood score. This relationship 

is shown in Eq. (4.6). 

 

𝑝(𝐿𝑡
𝑠|𝑋𝑡 ) ∝ ∑ 𝑤𝑛

𝑁

𝑛=1

 

𝑤𝑛 = ∑ 𝐿𝑡
𝑠

𝑖,𝑗∈𝑅

(𝑖, 𝑗) 

(4.6) 
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where 𝑖 and 𝑗 are the spatial coordinates of a white pixel inside the boundary box 𝑅 

associated with object 𝑛 where 𝑛 ∈ {1, . . , 𝑁} and 𝑁 is the number of objects.  

4.2.6.2 Prior motion model 

The motion model describes the temporal evolution of the system state statistics  𝑋𝑡 =

(𝑥𝑡
1, 𝑥𝑡

2, … , 𝑥𝑡
𝑁)𝑇. The vector 𝑥𝑡

𝑛 can be expressed as 𝑥𝑡
𝑛  =  [𝑢𝑡

𝑛, 𝑣𝑡
𝑛]𝑇where 𝑢𝑡

𝑛 and 𝑣𝑡
𝑛 are 

the position and the velocity of the object 𝑛. A linear motion model describes the temporal 

evolution as shown in Eq.(4.7).  

 𝑢𝑡+𝛿𝑡
𝑙 = 𝑢  𝑡

𝑙 + 𝑣𝑡
𝑙  𝛿𝑡 + 𝑓 

𝑣𝑡+𝛿𝑡
𝑙 = 𝑣𝑡

𝑙   + 𝑤 (4.7) 

where 𝛿𝑡 is the time step between successive frames, and 𝑓 and 𝑤 are the excitation forces 

modeled by a uniform variable in a certain range, which relates to expected change in the 

object’s position and velocity. 

4.2.7 Fusion of position tracks from our subband particle filters  

Our subband particle filters produced three sets of position tracks corresponding to 

multiple moving objects. To obtain the final set of position tracks, we performed an object 

confirmation step (explained in Section 5.7.1), which was followed by an averaging of the 

confirmed objects’ position tracks.  

4.2.7.1 Intra-frame Object confirmation 

Object confirmation is an intra-frame data association step wherein the presence of 

an object in a predefined region is asserted by majority voting. If the majority of our 

subband particle filters agreed that there was an object in a predefined region, then this 
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object would be confirmed. As a result, phantom objects that could be falsely detected and 

tracked by a minority of subband particle filters would be discarded. 

4.2.8 Inter-frame Data association 

To preserve consistent identities of tracked objects over time, we performed one, or 

possibly two, inter-frame data association steps. The first step, position gating, imposes a 

constraint that an object 𝑖 at time 𝑡 can be associated with an object 𝑗 at time 𝑡 − 1 if the 

distance between them is less than a defined gate size. 

4.2.8.1 Inter-frame Data association 

If the position gating step failed to associate an object, 𝑖, at time 𝑡 with an object, 𝑗, 

at time 𝑡 − 1, we resorted to a gray-scale histogram comparison step. We started by 

matching the area, 𝐴𝑖
0, of the unidentified object, i, in the full-resolution frame to its area, 

𝐴𝑠, in our chosen subband frames. We then evaluated a normalized histogram of the gray 

levels, 𝑞�̃�, in the area, 𝐴𝑖
0, in addition to a normalized histogram of the gray levels, 𝑞�̃�, of 

each object 𝑗 in the previous frame. Then, a similarity measure, 𝑑, based on the 

Bhattacharyya distance, p, between the two normalized histograms distributions was 

computed as, 

 

𝑝 = ∑ √𝑞�̃�(𝑏)𝑞�̃�(𝑏)

𝐵

𝑏=1

 

𝑑 = √1 − 𝑝 (4.8) 
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where b is an index representing the B histogram bins used. Based on the value of the 

distance d between an object, 𝑖, at time 𝑡 and an object, 𝑗, at time 𝑡 − 1, the current object 

was assigned the identity of one of the objects present at 𝑡 − 1, or it was assigned a new 

object identity. 

4.3 Performance evaluation of our robust multi-scale visual tracker 

In the following examples, we show that our visual tracker overcame the presence of 

challenging conditions in four video sequences. Moreover, we show that our tracker 

demonstrated better tracking performance compared to a typical visual tracker using a 

standard full-resolution particle filter-based and single wavelet subband (LL)2 based 

tracker. 

4.3.1 Example demonstrating partial object camouflage and object shadow  

To demonstrate the improved performance of our multi-scale subband particle filters 

tracker, we applied it to an “Intelligentroom_raw” video sequence that included the 

presence of object shadow and partial object camouflage. This video sequence depicted a 

man walking around a conference room. The true position track of the object, i.e., our 

ground truth, was also available via the VISOR database. 

4.3.1.1 Comparison of resulting position tracks 

Figure 4.4 shows the position tracks of objects obtained using the standard particle 

filter-based visual tracker, the single wavelet subband (LL)2 tracker, and our multi-scale 

subband particle filter tracker. Figure 4.4 (a), Figure 4.4 (b), and  Figure 4.4 (c) show the 

true position tracks of the object, as well as those generated by the standard full-resolution 
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particle filter-based tracker, the single wavelet subband (LL)2 based tracker, and our multi-

scale tracker, respectively. We note that the differences between the position paths 

generated by our multi-scale tracker and the true position paths are significantly smaller 

than when a standard full resolution particle filter-based tracker was used.  

Figure 4.4.  Position tracks of true objects in the video “Intelligentroom_raw” using: (a) a standard full-

resolution particle filter-based tracker; (b) a single wavelet subband (LL)2 based tracker, and (c) our 

multi-scale tracker  

Figure 4.5. Position tracks of phantom objects generated by: (a) the standard full-resolution particle 

filter-based tracker; (b) the single wavelet subband (LL)2 based tracker, and (c) our multi-scale tracker  

(b) (a) (c) 

(b) (a) (c) 
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Figure 4.5 shows the position tracks of phantom objects generated by the standard 

full-resolution particle filter-based tracker and the single wavelet subband (LL)2 based 

tracker. These phantom objects may have appeared due to the presence of the object’s 

shadow or partial object camouflage. We note that our multi-scale tracker generated no 

phantom objects, while the standard full-resolution particle filter-based tracker and the 

single wavelet subband (LL)2 based tracker generated many.  

To quantitatively compare the performance of these three visual trackers, we will 

define a detection frame of a specific object as a frame where this particular object was 

correctly detected by these three trackers. As shown in Table 4.1,  the object in this video 

appeared in 214 detection frames, with cumulative track errors of 982 pixels, 2024 pixels, 

1025 pixels using 1) standard full resolution particle filter, 2) single wavelet subband (LL)2, 

and 3) our multi-scale tracker, respectively.  

We note that due to the presence of challenging conditions and unexpected events in 

this video sequences, .e.g., object shadow; partial object camouflage; and low signal-to-

noise ratio, standard full resolution particle filter-based tracker generated 90 phantom 

objects, also the single wavelet subband (LL)2 based tracker generated 11 phantom objects, 

while our multi-scale tracker overcame the presence of these challenging conditions and 

unexpected events and generated no phantom objects. These values are a solid 

demonstration of the superior performance and robustness of our multi-scale tracker 

compared to the other two trackers.  
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Table 4.1. Number of missed object events, average position track errors, and number of 

phantom object events 

Visual tracker type 

Missed object 

(event/300 

frames) 

Average position 

track error 

(pixel/detection 

frame) 

Standard 

deviation of 

tracking 

errors  

Phantom object 

(event/300 

frames) 

Full resolution 

particle filter 

tracker 

0 4.635 5.5 90 

(LL)2 subband 

tracker 
2 9.547 5.8 11 

Our multi-scale 

tracker 
0 4.8 2.86 0 

 

4.3.1.2 Demonstrating challenging video conditions 

Partial object camouflage: Figure 4.6 (a), Figure 4.6 (b), and Figure 4.6 (c) show 

the binary frames generated from the 265th video frame using the full-resolution frame, 

subband (LL)2, and subband (HL)2 — that is, one of the three chosen in our multi-scale 

tracker— respectively. We note that the red boxes in Figure 4.6 (a), and Figure 4.6 (b) 

highlight the division of an object into two due to partial object camouflage. 

Figure 4.7 (a), Figure 4.7 (b), and Figure 4.7 (c) show visual tracking results, 

superposed onto the 265th video frame, generated by the standard full-resolution particle 

filter-based tracker, the single wavelet subband (LL)2 based tracker and our multi-scale 

tracker, respectively. We note that the standard full-resolution particle filter-based tracker 
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and single wavelet subband (LL)2 based tracker generated two phantom objects due to the 

object division in Figure 4.6 (a), and Figure 4.6 (c), while our multi-scale tracker overcame 

the presence of partial object camouflage in the 265th video frame. 

 

Figure 4.6. Binary frames generated from the 265th frame using: (a) the full-resolution frame; 

(b) subband (LL)2; (c) subband (HL)1 

Object shadow: Figure 4.8 (a), Figure 4.8 (b), and Figure 4.8 (c) show the binary 

frames generated from the 100th video frame using the full-resolution frame, subband 

(LL)2, and subband (HL)1 — that is, one of the three chosen subbands for this frame in our 

proposed multi-scale tracker—, respectively. 

 Figure 4.7. Visual tracking results for 265th video frame using: (a) the standard full-resolution 

particle filter-based tracker; (b) the single wavelet subband (LL)2 based  tracker, and (c) our 

multi-scale tracker            

(c)  (b)  (a)  

  

(a) (c) (b) 
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We note that the red box in Figure 4.8 (a) highlights an artifact due to the presence of 

object shadow. Figure 4.9 (a),  Figure 4.9 (b), and Figure 4.9 (c) show visual tracking 

results, superposed onto the 100th video frame, generated by a standard full-resolution 

particle filter-based tracker, a single wavelet subband (LL)2 based tracker, and our multi-

scale tracker, respectively. We note that the standard full-resolution particle filter-based 

tracker generated a phantom object due to the presence of the artifact in Figure 4.8 (a), 

while our multi-scale tracker and the single wavelet subband (LL)2 based tracker overcame 

the presence of object shadow in the 100th video frame. 
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4.3.2 Example demonstrating background motion, object shadow, and partial object 

camouflage 

To demonstrate the improved performance of our multi-scale subband particle filter 

tracker, we applied it to the “OneLeaveShopReenter2front” video sequence that included 

background motion, object shadow, and partial object camouflage. In this video sequence 

example, two people walk past the front of a store, while another person exits the store and 

then re-enters. The true position tracks of these objects, i.e., our ground truth, were also 

available via the CAVIAR database. 

 

Figure 4.8. Binary frames generated from the 100th frame using: (a) the full resolution frame; 

(b) subband (LL)2; (c) subband (HL)1 

 

Figure 4.9. Visual tracking results for 100th video frame using: (a) the standard full-resolution 

particle filter-based tracker; (b) the single wavelet subband (LL)2 based tracker, and (c) our 

multi-scale tracker            

(c)  (b)  (a)  

 

(a) (b) (c) 
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4.3.2.1 Comparison of resulting position tracks 

Figure 4.10 shows the position tracks of objects obtained using the standard particle 

filter-based visual tracker, the single wavelet subband (LL)2 based tracker, and our multi-

scale tracker. Figure 4.10 (a)-( c), Figure 4.10 (d)-(f), and Figure 4.10 (g)-(j) show the true 

position tracks of the three objects, as well as those generated by the standard full-

resolution particle filter-based tracker, the single wavelet subband (LL)2 based tracker, and 

our multi-scale tracker, respectively.  

We note that the differences between the position paths generated by our multi-scale 

tracker and the true position paths are significantly smaller than the differences generated 

by the standard full-resolution particle filter-based tracker. Moreover, we note that the 

number of times that a real object failed to be tracked was 55, 80, and 23 for the standard 

full-resolution particle filter-based tracker, the single wavelet subband (LL)2 based tracker, 

and our multi-scale tracker, respectively. 
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(e) (d) 

(h) (g) (i) 

(a) (c) (b) 

(f) 

Figure 4.10. Position tracks of true objects (a) - (i) in the ‘‘OneLeaveShopReenter2front” video 

using a standard full-resolution particle filter-based tracker (right column), an LL-based tracker 

(middle column), and our multiscale tracker (left column) 
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Figure 4.11 shows the position tracks of phantom objects generated by the standard 

full-resolution particle filter-based tracker. These phantom objects may have appeared due 

to the presence of background motion, object shadows, or partial object camouflage. We 

note that our multi-scale tracker generated no phantom objects, while the standard full-

resolution particle filter-based tracker generated many and the single wavelet subband 

(LL)2 based tracker generated two. This disparity further demonstrates the robustness of 

our multi-scale tracker. 

As shown in Table 4.2,  object 1 in this video appeared in 58 detection frames, with 

cumulative track errors of 381 pixels, 474 pixels, 309 pixels using 1) standard full 

resolution particle filter, 2) single wavelet subband (LL)2, and 3) our multi-scale tracker, 

respectively. Object 2 in this video appeared in 470 detection frames, with cumulative track 

errors of 1876 pixels, 3407 pixels, 2149 pixels using 1) standard full resolution particle 

filter, 2) single wavelet subband (LL)2, and 3) our multi-scale tracker, respectively. Object 

 

(b) (a) (c) 

Figure 4.11. Position tracks of phantom objects generated by: (a) the standard full-resolution particle 

filter-based tracker; (b) the single wavelet subband (LL)2 based tracker, and (c) our proposed 

multiscale 
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3 in this video appeared in 121 detection frames, with cumulative track errors of 1595 

pixels, 1510 pixels, 805 pixels using 1) standard full resolution particle filter, 2) single 

wavelet subband (LL)2, and 3) our multi-scale tracker, respectively. These values are a 

solid demonstration of the superior performance and robustness of our multi-scale tracker 

compared to the other two trackers. 

Table 4.2. Number of missed object events, average position track errors, and number of 

phantom object events 

Visual tracker 

Missed 

object 

(event/558 

frames) 

Average position 

track error 

(pixel/detection 

frame) 

Standard deviation of 

track errors 

Phantom 

object 

(event/558 

frames) 
Obj.1 Obj.1 Obj.1 Obj.1 Obj.1 Obj.1 

Full resolution 

PF tracker 
55 6.56 3.99 13.18 3.6 3.12 5.58 469 

(LL)2 subband 

tracker 
80 8.17 7.24 12.47 3.84 2.97 3.41 2 

Our multi-

scale tracker 
23 5.32 4.57 6.65 2.68 2.37 2.82 0 

 

4.3.2.2 Demonstrating challenging video conditions 

Background motion: Figure 4.12 (a), Figure 4.12 (b), and  Figure 4.12 (c) show the 

binary frames generated from the 6th video frame using the full-resolution frame, subband 

(LL)2, and subband (HL)2 — that is,  one of the three chosen subbands for this frame in our 

multi-scale tracker— respectively. 
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 We note that the red box in Figure 4.12 (a) highlights an artifact due to the presence 

of background motion. Figure 4.13 (a), Figure 4.13 (b), and Figure 4.13 (c) show visual 

tracking results, superposed onto the 6th video frame, generated by the standard full-

resolution particle filter-based tracker, the single wavelet subband (LL)2 based tracker, and 

our multi-scale tracker, respectively. We note that the standard full-resolution particle 

filter-based tracker generated a phantom object due to the presence of the artifact in Figure 

4.13 (a) and the single wavelet subband (LL)2 based tracker lost one object as it used only 

 

Figure 4.12. Binary frames generated from the 6th frame using: (a) the full resolution frame; (b) 

subband (LL)2; (c) subband (HL)2 

 

Figure 4.13. Visual tracking results for the 6th video frame using: (a) the standard full-resolution 

particle filter-based tracker; (b) the  single wavelet subband (LL)2 based tracker, and (c) our 

multi-scale tracker 

 

(c)  
 

(b)  (a)  

(a) (b) (c) 
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one subband at fixed scale (LL2); conversely, our multi-scale tracker succeeded in tracking 

both objects and overcame the presence of background motion in the 6th video frame. 

Object shadow: Figure 4.14 (a), Figure 4.14 (b), and Figure 4.14 (c) show the binary 

frames generated from the 116th video frame using the full-resolution frame, subband 

(LL)2, and subband (HL)1 — that is,  one of the three chosen subbands for this frame in our 

multi-scale tracker— respectively. We note that the red box in Figure 4.14 (a) highlights 

an artifact due to the presence of object shadow. 

Figure 4.14. Binary frames generated from the 116th frame using: (a) the full-resolution frame; 

(b) subband (LL)2; (c) subband (HL)1 

(c)  (b)  (a)  
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Figure 4.15 (a), Figure 4.15 (b), and  Figure 4.15 (c) show the visual tracking results, 

superposed on the 116th video frame, generated by the standard full-resolution particle 

filter-based tracker, the single wavelet subband (LL)2 based tracker, and our multi-scale 

tracker, respectively. We note that the standard full-resolution particle filter-based tracker 

generated a phantom object due to the presence of the artifact in Figure 4.14 (a), while our 

multi-scale tracker overcame the presence of object shadow in this 116th video frame. 

Partial object camouflage:  Figure 4.16 (a), Figure 4.16 (b), and Figure 4.16 (c) 

show the binary frames generated from the 427th video frame using the full-resolution 

frame, subband (LL)2, and subband (HL)2  — that is,  one of the three chosen subbands for 

this frame in our multi-scale tracker—  respectively. We note that the red box in Figure 

4.16 (a), and Figure 4.16 (b) highlights the division of an object into two due to the presence 

of partial object camouflage.  

Figure 4.15. Visual tracking results for the 116th video frame using: (a) the standard full-

resolution particle filter-based tracker; (b) the  single wavelet subband (LL)2 based tracker, and 

(c) our multi-scale tracker            

(a)  (b)  (c)  
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Figure 4.17 (a), Figure 4.17 (b), and Figure 4.17 (c) show the visual tracking results, 

superposed onto the 427th video frame, generated by the standard full-resolution particle 

filter-based tracker and our multi-scale tracker, respectively. We note that standard full-

resolution particle filter-based tracker generated two phantom objects due to the object 

division in Figure 4.16 (a) and the object shadow, and the single wavelet subband (LL)2 

based tracker generated a phantom object due to the object division in Figure 4.16 (b). 

However, our multi-scale tracker was able to overcome the presence of partial object 

camouflage in the 427th video frame. 

Figure 4.16. Binary frames generated from the 427th frame using: (a) the full-resolution frame; 

(b) subband (LL)2; (c) subband (HL)2 

(c)  (b)  (a)  
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4.3.3 Example demonstrating a sudden change in illumination and presence of objects 

with different sizes  

The video sequence in this example, “Meet_WalkTogether2”, is from the CAVIAR 

database. In this video sequence, two people meet and walk together. The true position 

tracks of these objects, i.e., our ground truth, were also available via the CAVIAR database. 

4.3.3.1 Comparison of resulting position tracks 

Figure 4.18 shows the position tracks of objects obtained using the standard particle 

filter-based visual tracker, the single wavelet subband (LL)2 based tracker, and our multi-

scale subband particle filters tracker.  Figure 4.18 (a) - (c), Figure 4.18 (d) - (f), and Figure 

4.18 (g) - (i) show the true position tracks of the three objects, as well as those generated 

by the standard full-resolution particle filter-based tracker, the single wavelet subband 

(LL)2 based tracker, and our multi-scale tracker, respectively. We note that the differences 

between the position paths generated by our multi-scale tracker and the true position paths 

Figure 4.17. Visual tracking results for the 427th video frame using: (a) the standard full-

resolution particle filter-based tracker; (b) the  single wavelet subband (LL)2 based tracker, and 

(c) our multi-scale tracker            

(a) (c) (b) 
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are significantly smaller than the differences generated by the standard full-resolution 

particle filter-based tracker and single wavelet subband (LL)2 tracker.  

Figure 4.19 shows the position tracks of phantom objects generated by the standard 

full-resolution particle filter-based tracker. These phantom objects may have appeared due 

to the presence of background motion, object shadows, or partial object camouflage. We 

note that our multi-scale tracker generated no phantom objects, while the standard full-

resolution particle filter-based tracker generated many. This is a further demonstration of 

our multi-scale tracker’s robustness.  

 

 



81 

 

 

(b) 

(d) 

(h) (g) (i) 

(a) (c) 

(e) (f) 

Figure 4.18. Position tracks of true objects (a) - (i) in the “Meet_WalkTogether2” video using 

a standard full resolution particle filter-based tracker (right column), single wavelet subband 

(LL)2 based tracker (middle column), and our multiscale tracker (left column) 
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Table 4.3 shows that object 1 in this video appeared in 109 detection frames, with 

cumulative track errors of 721 pixels, 738 pixels, 547 pixels using 1) standard full 

resolution particle filter, 2) single wavelet subband (LL)2, and 3) our multi-scale tracker, 

respectively. Object 2 in this video appeared in 8 detection frames, with cumulative track 

errors of 72 pixels, 101 pixels, 80 pixels using 1) standard full resolution particle filter, 2) 

single wavelet subband (LL)2, and 3) our multi-scale tracker, respectively. Object 3 in this 

video appeared in 60 detection frames, with cumulative track errors of 718 pixels, 1023 

pixels, 653 pixels using 1) standard full resolution particle filter, 2) single wavelet subband 

(LL)2, and 3) our multi-scale tracker, respectively.  

These values are a solid demonstration of the superior performance and robustness of 

our multi-scale tracker compared to the other two trackers. 

 

(b) (a) (c) 

Figure 4.19. Position tracks of phantom objects generated by: (a) the standard full resolution 

particle filter-based tracker, (b) the single wavelet subband (LL)2 based tracker, and (c) our multi-

scale tracker 
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Table 4.3. Number of missed object events, average position track errors, and number of 

phantom object events 

Visual tracker 

Missed 

object 

(event/827 

frames) 

Average position 

track error 

(pixel/detection 

frame) 

Standard deviation of 

track errors 

Phantom 

object 

(event/827 

frames) 
Obj.1 Obj.1 Obj.1 Obj.1 Obj.1 Obj.1 

Full resolution 

PF tracker 
81 6.6 9.04 12 7.94 3.91 3.19 122 

(LL)2 subband 

tracker 
62 6.7 12.7 17.05 451 2.45 3.70 0 

Our multi-

scale tracker 
45 5.0 10.05 10.8 3.52 0.69 3.39 0 

 

We note that the differences between the position paths generated by our multi-scale 

tracker and the true position paths are smaller than those generated by the standard full-

resolution particle filter-based tracker and the LL-based tracker. Moreover, we note that 

the number of times that a real object failed to be tracked was 81, 62, and 45 for the standard 

full-resolution particle filter-based tracker, the single wavelet subband (LL)2 based tracker, 

and our multi-scale tracker, respectively.  

4.3.3.2 Demonstrating challenging video conditions. 

Sudden change in illumination: Figure 4.20 (a), Figure 4.20 (b), and Figure 4.20 (c) 

show the binary frames generated from the 56th video frame using the full-resolution frame, 
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subband (LL)1, and subband (LH)2  — that is,  one of the three chosen subbands for this 

frame in our multi-scale tracker—  respectively. 

 

Figure 4.20. Binary frames generated from the 56th frame using: (a) the full-resolution frame; 

(b) subband (LL)2; (c) subband (LL)1 

We note that the red box in Figure 4.20 (a) highlights an artifact due to a sudden 

illumination change in the video frame.  Figure 4.21(a), Figure 4.21 (b), and Figure 4.21 

(c) show the visual tracking results, superposed on the 56th video frame, generated by the 

standard full-resolution particle filter-based tracker, the single wavelet subband (LL)2 

Figure 4.21. Visual tracking results for the 56th video frame using: (a) the standard full-

resolution particle filter-based tracker; (b) ) the single wavelet subband (LL)2 based tracker; and 

(c) our multi-scale tracker            

(c)  (b)  (a)  

 

(a)  (b)  (c)  
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based tracker, and our multi-scale tracker, respectively. We note that the standard full-

resolution particle filter-based tracker generated a phantom object due to the artifact in 

Figure 4.20 (a), while our multi-scale tracker overcame the effect of the sudden change in 

illumination in the 56th video frame.  

 

Presence of objects with different sizes: Figure 4.23 (a), Figure 4.23 (b), and Figure 

4.23 (c) show the binary frames generated from the 201st video frame using the full-

Figure 4.22. Binary frames generated from the 201st frame using: (a) the full-resolution frame; 

(b) subband (LL)2; (c) subband (LH)2 

 

Figure 4.23. Visual tracking results for the 201st video frame using: (a) the standard full-

resolution particle filter-based tracker; (b) the single wavelet subband (LL)2 based tracker, and 

(c) our multi-scale tracker 

(c)  (b)  (a)  

 

(a)  (b)  (c)  
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resolution frame, subband (LL)2, and subband (LH)2  — that is,  one of the three chosen 

subbands for this frame in our multi-scale tracker—  respectively. We note that the object 

sizes in Figure 4.23 (c) are closer to each other than the object sizes in Figure 4.23 (a). 

 Figure 4.23 (a), Figure 4.23 (b), and  Figure 4.23 (c) show the visual tracking results, 

superposed onto the 201st video frame, generated by the standard full-resolution particle 

filter-based tracker, the single wavelet subband (LL)2 based tracker, and our multi-scale 

tracker, respectively. We note that, due to the presence of a large object, the standard full-

resolution particle filter-based tracker not only failed to track the smaller object, but it also 

exhibited a problem with partial camouflage. Also, the single wavelet subband (LL)2 based 

tracker failed to track the small object due to using only one subband in a fixed scale: the 

second scale. Conversely, our multi-scale tracker was able to overcome these problems and 

successfully tracked both the large and small objects. 

4.3.4 Example demonstrating presence of objects with different sizes and partial 

object camouflage 

The The video sequence in this example, “ATCS” is from the Visor database (288 X 

384 pixels, 30 fps, 1313 frames). This video sequence shows three moving people. 

4.3.4.1 Comparison of resulting position tracks 

Figure 4.25 shows the position tracks of objects obtained using the standard particle 

filter-based visual tracker, the single wavelet subband (LL)2 based tracker, and our multi-

scale subband particle filters tracker Figure 4.25 (a) - (c), Figure 4.25 (d) - (f), and Figure 

4.25 (g) - (i) show the true position tracks of the three objects, as well as those generated 
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by the standard full-resolution particle filter-based tracker, the single wavelet subband 

(LL)2 based tracker, and our multi-scale tracker, respectively. We note that the differences 

between the position paths generated by our multi-scale tracker and the true position paths 

are significantly smaller than the differences generated by the standard full-resolution 

particle filter-based tracker and single wavelet subband (LL)2 tracker.  

Figure 4.24 shows the visual tracking results for a sample of four video frames using 

our multi-scale tracker. We note that our multi-scale tracker generated no phantom objects, 

while the standard full-resolution particle filter-based tracker generated many. This is a 

further demonstration of our multi-scale tracker’s robustness.  

Table 4.4 shows that object 1 video appeared in 385 detection frames, with 

cumulative track errors of 2177 pixels, 5320 pixels, 3893 pixels using 1) standard full 

resolution particle filter, 2) single wavelet subband (LL)2, and 3) our multiscale tracker, 

respectively. Object 2 in this video appeared in 156 detection frames, with cumulative track 

errors of 1446 pixels, 2456 pixels, 1892 pixels using 1) standard full resolution particle 

filter, 2) single wavelet subband (LL)2, and 3) our multiscale tracker, respectively. Object 

3 in this video appeared in 289 detection frames, with cumulative track errors of 1621 

pixels, 3730 pixels, 2463 pixels using 1) standard full resolution particle filter, 2) single 

wavelet subband (LL)2, and 3) our multiscale tracker, respectively. These values are a solid 

demonstration of the superior performance and robustness of our multiscale tracker 

compared to the other two trackers.  
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(b) 

(d) 

(h) (g) (i) 

(a) (c) 

(e) (f) 

Figure 4.25. Position tracks of true objects (a) - (i) in the “ATCS” video using a standard full 

resolution particle filter-based tracker (right column), single wavelet subband (LL)2 based 

tracker (middle column), and our multiscale tracker (left column) 

 

Figure 4.24. Visual tracking results for four video frames using our multi-scale tracker  
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 We note that the differences between the position paths generated by our multi-scale 

tracker and the true position paths are smaller than those generated by the standard full-

resolution particle filter-based tracker and the LL-based tracker. Moreover, we note that 

the number of times that a real object failed to be tracked was 83, 34, and 15 for the standard 

full-resolution particle filter-based tracker, the single wavelet subband (LL)2 based tracker, 

and our multi-scale tracker, respectively.  

Table 4.4. Number of missed object events, average position track errors, and number of 

phantom object events 

Visual tracker 

type 

Missed 

object 

(event/1313 

frames) 

Average position 

track error 

(pixel/detection 

frame) 

Standard deviation of 

track errors 

Phantom 

object 

(event/1313 

frames) 
Obj.1 Obj.1 Obj.1 Obj.1 Obj.1 Obj.1 

Full resolution 

PF tracker 
83 5.65 7.34 5.61 2.95 3.60 4.53 31 

(LL)2 subband 

tracker 
34 13.81 15.76 12.90 5.03 4.59 3.90 0 

Our multi-

scale tracker 
15 10.11 12.13 8.52 3.91 3.49 3.26 0 

 

4.3.5 Comparison with correlation filter based visual tracker  

Recently, visual trackers based on correlation filters have gained considerable 

attention, as these trackers achieved 1) fast real-time tracking performance, i.e., low 

computation cost, and 2) robust tracking performance.  
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However, these correlation filter based visual trackers are challenged when  dealing 

with 1) object scale variations, i.e., change in the size of the object, and 2) partial or full 

object occlusion [113-115]. In comparison, where our multi-scale visual tracker 

demonstrated excellent performance in the presence of partial object camouflage, and 

object scale changes, as shown in Section 4.3.2 - example 2.  

A correlation filter estimates a similarity measure between two objects by evaluating 

the inner product for each potential alignment using a learned object template, also known 

as filter template. Using the Fast Fourier Transform, the computation cost of correlation 

filter-based visual trackers could be considerably reduced. 

Different modifications were applied to a correlation filter based visual tracker to 

address the limitation above. For example, to handle object scale variations, an adaptive 

multi-scale correlation filter was introduced in [116] using learned templates that were 

represented as an image pyramid. Furthermore, the correlation filter was combined with 

particle filter in the implementation of the robust tracker developed in [115]. These multi-

scale and Bayesian approaches used in correlation filters based visual trackers further 

confirms the validity and importance of our multi-scale Bayesian based visual trackers that 

are described in this thesis. 

4.3.6 Practical applicability and average frame processing times 

 In addition to demonstrating the robustness of our multi-scale tracker, we confirmed 

its practical applicability by examining its average frame processing times. Even though 

we increased the number of independent subband particle filters, the number of pixels in 

each subband decreased geometrically as the scale increased.  
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Video sequences 
Data-

base 

Standard PF 

tracker 

(sec / frame) 

Single wavelet 

subband (LL)2 

based tracker 

(sec/ frame) 

Multi-scale 

tracker 

(sec/ frame) 

1000 

Particle 

3000 

Particle 

1000 

Particle 

3000 

Particle 

1000 

Particle 

3000 

Particle 

Intelligentroom_raw Visor 0.0377 0.0438 0.0179 0.0193 0.0370 0.0379 

OneLeaveShopReenter

2front 
Caviar 0.0506 0.0598 0.0205 0.0342 0.0505 0.0582 

Meet_WalkTogether2 Caviar 0.0523 0.067 0.020 0.0283 0.0509 0.0556 

Atcs Visor 0.0512 0.0552 0.0259  0.0287 0.0495 0.0549 

 

 We obtained our results using Matlab R2016 running on a 2.6 GHz Intel R Core™ 

i7 with 16 GB RAM. In Table 4.5, we compare the average frame processing times for a 

standard tracker that utilizes a full-resolution frame, a single wavelet subband (LL)2 based 

tracker, and our multi-scale tracker. 

We note that the average frame processing times for our multi-scale tracker were 

always comparable or better than those of the standard full-resolution particle filter-based 

tracker. Because of the independence of our subband particle filters, they could also be 

Table 4.5. Average frame computation times using single wavelet subband (LL)2 based tracker, 

a standard full- resolution particle filter-based tracker, and our proposed tracker 
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implemented on a parallel computer to further reduce computational times, and could, 

therefore, be comparable to the single wavelet subband (LL)2 based tracker that uses only 

one subband. Further, Table 4.6 shows the computational complexities of the different 

steps used in our multi-scale particle filter visual tracker using N subbands. We note that 

the overall computational complexity of our multi-scale N subband particle filter based 

tracker is comparable to the computational complexity of a full resolution particle based 

visual tracker. 

Table 4.6. Computational complexity of our multi-scale N subband particle filters-

based tracker 

No. Step name 
Computational 

complexity  
Notes 

1  
Initial background 

extraction step 
𝑂(𝑇 ∗ 𝑁𝑟 ∗ 𝑁𝑐) 

𝑇, 𝑁𝑟, and 𝑁𝑐 are the number of 

averaged frames, number of row 

pixels and column pixels in the 

video frame, respectively.  

2  DWT step 𝑂(𝑁𝑟 ∗ 𝑁𝑐) 
The complexity of fast DWT is 

𝑂(𝑁𝑟 ∗ 𝑁𝑐)  operations [66].  

3  
Object detection 

step 
𝑂(𝑁𝑟 ∗ 𝑁𝑐) 

Subtract all pixels of current and 

reference frames, to obtain the 

difference frames.  

4  
Frame denoising 

step 
𝑂 (𝑟2 𝑙𝑜𝑔 𝑟)  

𝑟 is the kernel radius of the median 

filter. 

5  
Select subbands 

adaptively step 
𝑂(𝑁𝑟𝑠 ∗ 𝑁𝑐𝑠) 

𝑁𝑟𝑠, and 𝑁𝑐𝑠 are numbers of row 

pixels and column pixels in the 

subband frame, respectively 

6  
Binarize subband 

frames 
𝑂(𝑁𝑟𝑠 ∗ 𝑁𝑐𝑠) 

Apply a thresholding operation to 

all pixels.  

7  
Subband particle 

filters step 
O(𝑁 ∗ 𝑁𝑆) 

𝑁𝑆 is the number of particles in a 

single subband particle filter. 
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4.4 Chapter summary 

We developed a robust multi-scale visual tracker that represents a captured video 

frame as different subbands in the wavelet domain. Our tracker then applies 𝑁 independent 

particle filters to a small subset of these subbands, which change with each captured frame. 

Finally, our tracker fuses the outputs of these N independent particle filters to obtain at the 

final tracks of multiple moving objects in the video sequence. To demonstrate our tracker’s 

robustness, we applied it to four example videos that exhibit different combinations of 

background motion, sudden illumination change, objects with different sizes, object 

shadow, and partial object camouflage. Compared to a standard full-resolution particle 

filter-based tracker and a single wavelet subband (LL)2 based tracker, our multi-scale 

tracker demonstrated significantly more accurate tracking performance.  

Our multi-scale tracker overcame the presence of object shadow, sudden illumination 

change, and background motion because of 1) applying object confirmation at the intra-

frame level, i.e., using more than one adaptively chosen subband frames, and fusing the 

output position tracks obtained from multiple subband particle filters. Therefore, a truly 

8  
Tracker level fusion 

step 

𝑂(𝐷𝑖 ∗ 𝐷𝑗) 

 

𝐷𝑖 and 𝐷𝑗  are the highest two 

numbers of tracked objects, whose 

subband indices are i and j, where 

1 ≤ 𝑖, 𝑗 ≤ 𝑁.  

9  

Perform inter-

frame data 

association step 

O(𝑁𝑟𝑜 ∗ 𝑁𝑐𝑜 + 𝐷𝑝 ∗ 𝐷𝑐) 

𝑁𝑟𝑜 and 𝑁𝑐𝑜 are the numbers of 

row pixels and column pixels in 

the largest tracked object. 𝐷𝑝 and 

𝐷𝑐   are the numbers of tracked 

objects in the previous frame 

current frame, respectively. 
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detected and tracked object would be verified, while a falsely detected and tracked object 

by a minority of the subband particle filters would be discarded, as discussed in Section 

4.2.7.1. Also, 2) the frame denoising step, discussed in Section 4.2.4, decreased the impact 

of the presence of challenging conditions, mentioned above, in the video sequence. 

We also note that the ability to handle a long shadow of an object in a full resolution 

frame is improved when tracking using a coarser scale frame. Also, using a denoised 

coarser scale frame, instead of a full resolution frame, could reduce the effect of partial 

object camouflage. 
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Robust Tracking of Multiple Objects in Video by Adaptive Fusion of N frame 

Subbands Using a Cross-section Particle Filter 

5.1 Introduction 

In this chapter, to reduce the computational cost of our visual tracker described in 

Chapter 4, we develop a robust multi-scale visual tracker that adaptively fuses N frame 

subbands using a single cross-section particle filter. In this cross-section particle filter-

based tracker we represent a captured video frame in the wavelet domain, and then apply 

a cross-section particle filter to a small subset of its wavelet subbands. The choice of this 

subset of wavelet subbands adaptively changes with each captured frame.  

We applied our cross-section particle filter-based tracker to example videos that 

exhibit different combinations of challenging conditions and unexpected events. Compared 

to the results obtained by a standard particle filter-based tracker, our results demonstrate 

significantly more accurate tracking performance. Furthermore, our cross-section particle 

filter-based tracker requires a computational cost of approximately 50% of that required by 

our multi-scale tracker described in Chapter 4. 

This chapter is organized as follows: Section 5.2 describes the implementation of our 

cross-section particle filter-based tracker. Section 5.3 presents a performance evaluation 

of our cross-section particle filter-based tracker. Finally, Section 5.4 provides a chapter 

summary. 
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5.2 Implementation of our cross-section particle filter-based tracker 

To reduce the computational cost of our visual tracker described in Chapter 4, we 

developed a robust multi-scale visual tracker that used only a single particle filter that used 

cross-section estimation [117] to adaptively fuse N frame wavelet subbands. Figure 5.1 

shows a flowchart of the implementation of our cross-section particle filter-based tracker. 

Most steps that were used to implement this tracker, e.g., discrete wavelet transform, 

current frame denoising, background extraction, intra-frame object confirmation, and inter-

frame data association, were identical to the steps used in our robust multiscale tracker 

described in Chapter 4. The most important differences between this tracker and the multi-

scale tracker described in Chapter 4 were 1) adaptive choice of the N frame wavelet 

subbands, and 2) the design and implementation of the particle filter used for the actual 

object tracking step. As described in Section 5.2.1, instead of choosing the three subband 

frames with the highest energies, we chose the three subband frames with highest energy 

densities. Also, instead of applying N independent standard particle filters to N frame 

subbands to generate N independent object tracks, we used a single cross-section particle 

filter that was sequentially applied to N frame subbands to generate N dependent object 

tracks. At every one of these N applications, previously generated particles, i.e., the 

posterior distribution resulting from a current frame subband, were used as the prior 

distribution for the subsequent application of this filter to the subsequent current frame 

subband. This would lead to a more accurate and faster estimation of object tracks from a 

subsequent current frame subband. The sequential application of a single cross-section 

particle filter to the chosen N frame subbands is equivalent to data fusion. The use of a 
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single cross-section based particle filter, instead of N independent standard particle filters, 

could result in significant reduction in the computational cost of our cross-section particle 

filter-based visual tracker. We will describe the design and implementation of this cross-

section particle filter in Section 5.2.2   

As shown in Figure 5.1, we first generated a background frame from the full-

resolution video sequence. We then generated the subband frames by applying the discrete 

wavelet transform using a zbo6.6 wavelet to both background and current frames. Next, 

we obtained difference frames by subtracting the background subband frames from their 

corresponding current subbands in the current frame. Once we obtained the difference 

frames, we sequentially applied a single cross-section particle filter to three difference 

frames with the highest energy densities. Lastly, we generated the final object position 

tracks by fusing the three position tracks that were generated during the sequential 

processing of these three subbands. 

In the following subsections, we describe our method for the adaptive selection of 

subband difference frames based on their energy densities. We also describe a Sequential-

estimation technique for fusing N subbands, as well as a standard particle filter for fusing 

subbands that is based on a Sequential-estimation technique. 

5.2.1 Adaptive selection of subband difference frames 

Characteristics of a moving object, such as size, shape, and orientation influence the 

energy density of the subband difference frames. Thus, the adaptive selection of subband 

difference frames could be adapted to the features of moving objects.  
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The difference frames, 𝐷𝑡
𝑠 ,  were generated by subtracting the current background 

from the current frame, 𝐷𝑡
𝑠(𝑖, 𝑗) = 𝑍𝑡

𝑠(𝑖, 𝑗) −  𝐵𝑡
𝑠(𝑖, 𝑗), where 𝑠 belongs to the set of 

available subband frames in wavelet level-one and level-two (shown in Figure 4.2). To 

approximate difference frame energy, we computed the 𝑙1 norm for all of the difference 

frames. We then obtained the energy densities of the difference frames using 

 

𝐸(𝐷𝑡
𝑠) =

1

(𝐼 𝐽)
 |𝐷𝑡

𝑠|1 =
1

(𝐼 𝐽)
  ∑ ∑ |𝐷𝑡

𝑠(𝑖, 𝑗)|

𝐽

𝑗

𝐼

𝑖

 
(5.1) 

Unlike our subband selection method described in Section 4.2.3, we used difference 

frames’ energy densities, rather than their energies. This subband selection method would 

allow more selection of subbands from wavelet level-two. As the number of pixels in 

wavelet level-two frames is one fourth the number of pixels in wavelet level-one frames, 

more selection of subbands from wavelet level-two could result in significant reduction in 

the computational cost of our cross-section particle filter-based visual tracker.   
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. . . 

- Propagate step, 

- Importance sampling, 

- Resampling. 
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process subband 1 process subband 2 process subband N 

Cross-section particle filter 

Figure 5.1. Flowchart of our cross-section particle filter-based tracker 
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5.2.2 Cross-section estimation technique to fuse N subband frames 

One possible data fusion technique is cross-section-estimation [117]. At each current 

frame time point, time is frozen to sequentially process 𝑁 subband frames.  

The state vector estimate, 𝑝(𝑋𝑡|𝑍1:𝑡
𝑛−1), that is obtained by processing the n - 1 

subband frame is used as an initial esimate of the state vector when processing the 

subsequent n subband frame, thereby yielding amore accurate estimate  𝑝(𝑋𝑡|𝑍1:𝑡
𝑛 ). Figure 

5.2 demonstrates this cross-section estimation technique; Figure 5.2 (a) shows the 

processing of the 𝑁 subband frames while the current frame time is frozen at time 𝑡, and 

Figure 5.2(b) shows cross-section estimation over the timeline. 

Figure 5.2. Cross-section estimation technique (a) current frame time is frozen to process N 

subband frames; (b) Cross-section estimation over the timeline 

(b) 
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5.2.3 Particle filter for fusing N subbands based on cross-section estimation technique 

We used a cross-section particle filter that employs the above cross-section 

estimation technique to estimate the state vector by fusing the data from the N chosen 

subband frames. Table 5.1 lists implementation details of this cross-section particle filter 

[112]. 

Table 5.1. Cross-section particle filter algorithm 

With the particle set {𝑋𝑡−1
(𝑖)

, 𝑤𝑡−1
(𝑖)

}
𝑖=1

𝑁𝑠

at the previous time 𝒕−𝟏 proceed as follows at time 𝒕: 

Step 1: Initialization step 𝑁𝑠  particles:  

{𝑋0(𝑖), 𝑤0(𝑖)}
𝑖=1

𝑁𝑠
= {𝑋𝑡−1

(𝑖)
, 𝑤𝑡−1

(𝑖)
}

𝑖=1

𝑁𝑠

  

Step 2: Repeat for N subbands: 

1- Propagation 

- For 𝑖 = 1, … ,  𝑁𝑠  Sample 𝑥𝑡
𝑛(𝑖)

~ 𝑝𝑛(𝑋𝑛|𝑋𝑛−1(𝑖), 𝑍𝑡
𝑛)  

2- Importance sampling  

- For 𝑖 = 1, … ,  𝑁𝑠  compute the importance weights 𝑤𝑡 
𝑛(𝑖)

= 𝑝(𝑍𝑡
𝑛| 𝑋𝑛(𝑖))  

- Normalize the importance weights:  ∑ �̃�𝑖 𝑡

𝑛(𝑖)
= 1 

3- Resampling 

- According to the normalized weights, resample with replacement 𝑁𝑠 

particles {𝑋𝑡
𝑛(𝑖)

}
𝑖=1

𝑁𝑠

 from {�̃�𝑡
𝑛(𝑖)

}
𝑖=1

𝑁𝑠

 

- Set  𝑛 = 𝑛 + 1   and go to Step 2 

Step 3: terminate step: 

- {𝑋𝑡
(𝑖)

, 𝑤𝑡
(𝑖)

}
𝑖=1

𝑁𝑠

=  {𝑋𝑁(𝑖), 𝑤𝑁(𝑖)}
𝑖=1

𝑁𝑠
 

- Set  𝑡 = 𝑡 + 1   and go to Step 1 
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We note that the estimate of the state vector that is obtained from processing a 

subband frame could be made more accurate after processing a subsequent subband [112]. 

Furthermore, the cross-section particle filter could save the computation cost of generating 

a new set of particles when a new subband frame is selected at time 𝑡 and was not chosen 

at time 𝑡 − 1 (i.e., the initialization step of the standard particle filter). The sequential 

particle filter is able to do this because it uses the set of particles collected during the 

previous processing as initialization for the current processing step. Conversely, our former 

multi-scale subband particle filters tracker had to perform the initialization step each time 

a new subband was chosen. 

Furthermore, when a new subband frame is chosen at time t , while its corresponding 

subband was also chosen at time 𝑡 − 1, our cross-section particle filter could avoid the 

computation cost of generating a new set of particles at time t by reusing the available 

corresponding particles from time t -1. This could significantly reduce the overall 

computation cost of our cross-section particle filter based visual tracker.  

5.3 Performance evaluation of our cross-section particle filter based tracker 

We evaluated the performance of our cross-section particle filter based tracker by 

comparing it to 1) a standard full-resolution particle filter-based tracker, and 2) our multi-

scale tracker that we introduced in Chapter 4. We chose to compare our cross-section 

particle filter based tracker to a standard full-resolution particle filter-based tracker to 

demonstrate the former’s superior performance and robustness in the presence of 

challenging video conditions and unexpected events. We also chose to compare it to our 

earlier multi-scale tracker to demonstrate its reduced computational cost without sacrifice 
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of visual tracking performance. We used four video sequences examples from VISOR and 

CAVIAR databases that exhibit different combinations of challenging conditions and 

unexpected events.  

5.3.1 Example demonstrating object shadow and partial object camouflage 

We applied our cross-section particle filter based tracker to a video sequence that 

included the presence of object shadow and partial object camouflage. The video sequence 

in this example is “Intelligentroom_raw,” and the true position track of the object, i.e., our 

ground truth, was also available via the VISOR database. 

5.3.1.1 Comparison of resulting position tracks 

We examined the resulting trajectories of our cross-section particle filter based 

tracker and our earlier multi-scale tracker to demonstrate that the cross-section particle 

filter based provides similar tracking performance while significantly reducing average 

frame processing times.  Figure 5.3 shows the position tracks of objects obtained using the 

standard particle filter-based visual tracker, our multi-scale subband particle filter tracker, 

and our multi-scale sequential tracker. Figure 5.3 (a), Figure 5.3 (b), and Figure 5.3 (c) 

show the true position tracks of the object, as well as those generated by the standard full-

resolution particle filter-based tracker, our multi-scale tracker, and our cross-section 

particle filter based tracker, respectively. We note that the differences between the position 

paths generated by our cross-section particle filter based tracker and the true position paths 

are significantly smaller than those generated by the standard full-resolution particle filter-

based tracker. 
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As shown in Table 5.2, the object in this video appeared in 217 detection frames, with 

cumulative track errors of 982 pixels, 1025 pixels, 1352 pixels using 1) standard full 

resolution particle filter, 2) our multi-scale tracker, and 3) our cross-section particle filter 

based tracker, respectively.  

We note that due to the presence of challenging conditions and unexpected events in 

this video sequence, e.g., object shadow; partial object camouflage; and low signal-to-noise 

ratio, standard full resolution particle filter-based tracker generated 90 phantom objects, 

while both our new trackers overcame the presence of these challenging conditions and 

unexpected events by not generating any phantom objects. 

 

 

Figure 5.3. Position tracks of true objects in the video “Intelligentroom_raw” using: (a) a standard full-

resolution particle filter-based tracker; (b) our multi-scale tracker; and (c) our cross-section particle filter-

based tracker 

(b) (a) (c) 
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Table 5.2. Number of missed object events, average position track errors, and number of 

phantom object events 

Visual tracker type 

Missed object 

(event/300 

frames) 

Average position 

track error 

(pixel/detection 

frame) 

Standard 

deviation of 

tracking 

errors  

Phantom object 

(event/300 

frames) 

Full resolution PF 

tracker 
0 4.63 4.51 90 

Our multi-scale 

tracker 
0 4.8 2.86 0 

Our cross-section 

PF based tracker 
0 6.37 2.34 0 

 

5.3.1.2 Demonstrating challenging video conditions 

Partial object camouflage: Figure 5.4 (a), Figure 5.4 (b), and Figure 5.4 (c) show 

the binary frames generated from the 267th video frame using the full-resolution frame, 

subband (LH)2 which is one of the three chosen subbands for this  267th video frame in our 

implementation of our multi-scale tracker, and subband (HL)2 , which is one of the three 

chosen subbands for this  267th video frame in our implementation of our cross-section 

particle filter based tracker, respectively.  

We note that the green box in Figure 5.4 (a) highlights the division of the present 

object into three objects due to partial object camouflage. Figure 5.5 (a), Figure 5.5 (b), and 

Figure 5.5 (c) show visual tracking results, superposed onto the 267th video frame, 
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generated by a standard full-resolution particle filter-based tracker, our multi-scale tracker, 

and our cross-section particle filter based tracker, respectively. We note that the standard 

full-resolution particle filter-based tracker generated two phantom objects due to the object 

division in Figure 5.4 (a), while both our multi-scale trackers overcame this presence of 

partial object camouflage. 

 

Figure 5.4. Binary frames generated from the 267th frame using: (a) the full-resolution frame; 

(b) subband (LL)2; (c) subband (HL)1 

 Figure 5.5. Visual tracking results for the 267th video frame using: (a) the standard full-

resolution particle filter-based tracker; (b) our tracker; and  (c)   our cross-section particle filter 

based tracker 

(c)  (b)  (a)  

 

(a) (c) (b) 
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Object shadow: Figure 5.6 (a), Figure 5.6 (b), and Figure 5.6 (c) show the binary 

frames generated from the 240th video frame using the full-resolution frame, subband (LL)1 

which is one of the three chosen subbands for this 240th video frame in the implementation 

of our multi-scale tracker, and subband (HL)2, which is one of the three chosen subbands 

for this 240th video frame in the implementation of our cross-section particle filter based 

tracker, respectively. The green box in Figure 5.6 (a) highlights an artifact due to the 

presence of object shadow.  

 

Figure 5.6. Binary frames generated from the 240th frame using: (a) the full-resolution frame; 

(b) subband (LL)1; (c) subband (HL)2 

Figure 5.7. Visual tracking results for the 240th video frame using: (a) the standard full-

resolution particle filter-based tracker; (b) our multi-scale tracker; and (c) our cross-section 

particle filter based tracker 

(c)  (b)  (a)  

 

(a) 
(b) (c) 
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 Figure 5.7 (a), Figure 5.7 (b), and Figure 5.7 (c) show the visual tracking results, 

superposed on the 240th video frame, obtained by the standard full-resolution particle filter-

based tracker, our multi-scale tracker, and our cross-section particle filter based tracker, 

respectively. We note that the standard full-resolution particle filter-based tracker 

generated a phantom object due to the artifact in Figure 5.6 (a), while our multi-scale 

trackers overcame the presence of object shadow. 

5.3.2 Example demonstrating partial object camouflage and background motion 

For this example, we used the “OneLeaveShopReenter2front” video sequence from 

the CAVIAR database. In this video sequence, two people walk past the front of a store, 

while another person exits the store and then re-enters it.  

5.3.2.1 Comparison of resulting position tracks 

We examined the resulting object trajectories of our cross-section particle filter based 

tracker, and our multi-scale tracker to confirm that our cross-section particle filter based 

tracker provides comparable tracking performance, but with significantly improved 

average frame processing times. We note that the true position tracks of the moving 

objects, i.e., our ground truth, in the “OneLeaveShopReenter2front” example were 

available from the CAVIAR database.  

Figure 5.8 shows the position tracks of objects obtained using our multi-scale tracker 

and our cross-section particle filter based tracker. Figure 5.8 (a) - (c) and Figure 5.8 (d) - 

(f) show the actual position tracks of the three objects, superposed on position tracks 
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obtained by our multi-scale tracker, and our cross-section particle filter based tracker, 

respectively.  

Table 5.3 shows that object 1 in this video appeared in 57 detection frames, with 

cumulative track errors of 364 pixels, 316 pixels, 505 pixels using 1) standard full-

resolution particle filter, 2) our multi-scale tracker, and 3) our cross-section particle filter 

based tracker, respectively. Object 2 in this video appeared in 470 detection frames, with 

cumulative track errors of 1874 pixels, 797 pixels, 3706 pixels using 1) standard full 

Figure 5.8. Position tracks of true objects (a) - (f) in the ‘‘OneLeaveShopReenter2front” video 

using our multi-scale tracker (upper row), and our cross-section particle filter based tracker 

(lower row) 

(a) (c) 

(e) (d) (f) 

(b) 
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resolution particle filter, 2) our multi-scale tracker, and 3) our cross-section particle filter 

based tracker, respectively. Object 3 in this video appeared in 120 detection frames, with 

cumulative track errors of 1583 pixels, 797 pixels, 1211 pixels using 1) standard full 

resolution particle filter, 2) our multi-scale tracker, and 3) our cross-section particle filter 

based tracker, respectively. These values are a solid demonstration of the superior 

performance and robustness of our multiscale trackers compared to the other two trackers.  

Table 5.3. Number of missed object events, average position track errors, and number of 

phantom object events 

Visual tracker 

Missed 

object 

(event/55

8 frames) 

Average position track 

error (pixel/detection 

frame) 

Standard deviation of 

track errors 

Phantom 

object 

(event/558 

frames) Obj.1 Obj.1 Obj.1 Obj.1 Obj.1 Obj.1 

Full resolution 

PF tracker 
55 6.38 4 13.19 3.68 3.12 5.60 469 

N subband 

PFs tracker 
23 5.56 4.57 6.6 3.29 2.36 2.75 0 

Cross-section 

PF tracker 
30 8.87 7.8 10 4.12 4.29 3.95 0 

 

5.3.2.2 Demonstrating challenging video conditions 

The challenging conditions present in this video sequence were partial object 

camouflage, object shadow, and background motion. 
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Partial object camouflage: Figure 5.9 (a), Figure 5.9 (b), and Figure 5.9 (c) show 

the binary frames generated from the 88th video frame using the full-resolution frame, 

subband (LL)1 which is one of the three chosen subbands for this  88th video frame in our 

implementation of our multi-scale tracker, and subband (HL)2 , which is one of the three 

chosen subbands for this 88th video frame in our implementation of our cross-section 

particle filter based tracker, respectively. 

We note that the green box in Figure 5.9 (a) highlights the division of an object into 

two objects due to partial object camouflage. Figure 5.10 (a), Figure 5.10 (b), and Figure 

5.10 (c) show the visual tracking results, superposed on the 88th video frame, generated by 

the standard full-resolution particle filter-based tracker, our multi-scale tracker, and our 

cross-section particle filter based tracker, respectively. 

Figure 5.9. Binary frames generated from the 88th frame using: (a) the full-resolution frame; 

(b) subband (LL)1; (c) subband (HL)2 

 

(c)  (b)  (a)  
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 We note that the standard full-resolution particle filter-based tracker produced a 

phantom object due to the object division in Figure 5.10 (a), while our multi-scale trackers 

overcame the presence of partial object camouflage. 

Object shadow: Figure 5.11 (a), Figure 5.11 (b), and Figure 5.11 (c) show the binary 

frames generated from the 116th video frame using the full-resolution frame, subband (LL)1 

which is one of the three chosen subbands for this  116th video frame in our implementation 

of our multi-scale tracker, and subband (HL)2 , which is one of the three chosen subbands 

for this  116th video frame in our implementation of our cross-section particle filter based 

tracker, respectively. 

 

Figure 5.10. Visual tracking results for the 88th video frame using: (a) the standard full-

resolution particle filter-based tracker; (b) our  multi-scale filter-based tracker; and  (c)  our 

cross-section particle filter based tracker 

(a) (b) (c) 
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Figure 5.11. Binary frames generated from the 116th frame using: (a) the full-resolution frame; 

(b) subband (LL)1; (c) subband (HL)2 

We note that the green box in Figure 5.12 (a) highlights an artifact due to the presence 

of object shadow. Figure 5.12 (a), Figure 5.12 (b), and Figure 5.12 (c) show the visual 

tracking results, superposed on the 116th video frame, generated by a standard full-

resolution particle filter-based tracker, our multi-scale tracker, and our cross-section 

particle filter based tracker, respectively. We also note that the standard full-resolution 

particle filter-based tracker generated a phantom object due to the presence of the artifact 

in Figure 5.11 (a).  

Figure 5.12. Visual tracking results for the 116th video frame using: (a) the standard full-

resolution particle filter-based tracker; (b) our multi-scale tracker; and (c)  our cross-section 

particle filter based tracker 

(c)  (b)  (a)  

 

(a)  (c)  (b)  
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Background motion: Figure 5.13 (a), Figure 5.13 (b), and Figure 5.13 (c) show the 

binary frames generated from the 138th video frame using the full-resolution frame, 

subband (LL)1 which is one of the three chosen subbands for this  138th video frame in our 

implementation of our multi-scale tracker, and subband (LL)2 , which is one of the three 

chosen subbands for this  138th video frame in our implementation of our cross-section 

particle filter based tracker, respectively.  

We note that the green box in Figure 5.13 (a) highlights an artifact due to the presence 

of background motion. Figure 5.14 (a), Figure 5.14 (b), and Figure 5.14 (c) show the visual 

tracking results, superposed onto the 138th video frame, generated by the standard full-

resolution particle filter-based tracker, our multi-scale tracker, and our cross-section 

particle filter based tracker, respectively.  

Figure 5.13. Binary frames generated from the 138th frame using: (a) the full-resolution frame; 

(b) subband (LL)1; (c) subband (LL)2 

(c)  (b)  (a)  
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We also note that the standard full-resolution particle filter-based tracker generated a 

phantom object due to the presence of the artifact in Figure 5.13 (a), while our multiscale 

trackers overcame the presence of background motion. 

5.3.3 Example demonstrating illumination change, objects of different sizes, and 

partial object camouflage 

In this example, we used the “Meet_WalkTogether2” video sequence from the 

CAVIAR database. In this video sequence, two people meet and then walk together.  

5.3.3.1 Comparison of resulting position tracks 

We examined the resulting object trajectories of our cross-section particle filter based 

tracker, and our multi-scale tracker to confirm that our cross-section particle filter based 

tracker provides comparable tracking performance, but with significantly improved 

average frame processing times. We note that the true position tracks of the moving 

Figure 5.14. Visual tracking results for the 138th video frame using: (a) the standard full-

resolution particle filter-based tracker; (b) our multi-scale tracker; and  (c)  our cross-section 

particle filter based tracker 

(a) (b) (c)  
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objects, i.e., our ground truth, in the “Meet_WalkTogether2” example were available from 

the CAVIAR database.  

Figure 5.15 shows the position tracks of objects obtained using our multi-scale tracker 

and our cross-section particle filter-based tracker.  Figure 5.15 (a) – (c) and Figure 5.15 (d) 

- (f) show the actual position tracks of the three objects, in addition to ones generated by 

the multi-scale tracker, and our cross-section particle-filter based tracker, respectively.  

 

Figure 5.15. Position tracks of true objects (a) - (f) in the “Meet_WalkTogether2” video using our 

multi-scale tracker (upper row), and our cross-section particle filter based tracker (lower row) 

(a) 

(e) (d) (f) 

(c) (b) 
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As shown in Table 5.4 , object 1 in this video appeared in 109 detection frames, with 

cumulative track errors of 721 pixels, 547 pixels, 1146 pixels using 1) standard full 

resolution particle filter, 2) our multi-scale tracker, and 3) our cross-section particle filter 

based tracker, respectively.  Object 2 in this video appeared in 8 detection frames, with 

cumulative track errors of 72 pixels, 80 pixels, 72 pixels using 1) standard full resolution 

particle filter, 2) our multi-scale tracker, and 3) our cross-section particle filter based 

tracker, respectively. Object 3 in this video appeared in 59 detection frames, with 

cumulative track errors of 703 pixels, 641 pixels, 304 using 1) standard full resolution 

particle filter, 2) our multi-scale tracker, and 3) our cross-section particle filter based 

tracker, respectively. 

Table 5.4. Number of missed object events, average position track errors, and number of 

phantom object events 

Visual tracker 

type 

Missed 

object 

(event/827 

frames) 

Average position 

track error 

(pixel/detection 

frame) 

Standard deviation of 

track errors 

Phantom 

object 

(event/827 

frames) 
Obj.1 Obj.1 Obj.1 Obj.1 Obj.1 Obj.1 

Full resolution 

PF tracker 
81 6.6 9.04 11.92 7.9 3.91 3.19 122 

N subband 

PFs tracker 
45 5.2 10.05 10.8 3.52 0.69 3.42 0 

Cross-section 

PF tracker 
55 10.5 9.12 5.16 3.31 1.37 2.76 0 
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5.3.3.2 Demonstrating challenging video conditions 

The challenging conditions present in this video sequence were sudden illumination 

change, the presence of objects of different sizes and partial object camouflage: 

The presence of sudden illumination change: Figure 5.16 (a), Figure 5.16 (b), and 

Figure 5.16 (c) show the binary frames generated from the 67th video frame using the full-

resolution frame, subband (LL)1 which is one of the three chosen subbands for this  67th 

video frame in our implementation of our multi-scale tracker, and subband (LL)2 , which 

is one of the three chosen subbands for this  67th video frame in our implementation of our 

cross-section particle filter based tracker, respectively. We note that the green box in Figure 

5.16 (a) highlights artifacts due to a sudden illumination change in this video frame. Figure 

5.17 (a), Figure 5.17 (b), and Figure 5.17 (c) show the visual tracking results, superposed 

on the 67th video frame, generated by a standard full-resolution particle filter-based tracker 

and our multi-scale trackers, respectively.  

Figure 5.16. Binary frames generated from the 67th frame using: (a) the full-resolution frame; 

(b) subband (LL)2; (c) subband (LH)2 

 

 

 

 

(c)  (b)  (a)  
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We also note that the standard full-resolution particle filter-based tracker generated a 

phantom object due to the presence of the artifact in Figure 5.16 (a), while our multi-scale 

trackers overcame the effect of sudden illumination change in this 67th video frame. 

The presence of objects of different sizes and partial object camouflage: Figure 

5.18 (a), Figure 5.18 (b), and Figure 5.18 (c) show the binary frames generated from the 

202nd video frame using the full-resolution frame, subband (LH)2 which is one of the three 

chosen subbands for this  202nd video frame in our implementation of our multi-scale 

tracker, and subband (HL)2 , which is one of the three chosen subbands for this  202nd video 

frame in our implementation of our cross-section particle filter based tracker, respectively. 

We note that 1) the object sizes in Figure 5.18 (b), and Figure 5.18 (c) are closer to each 

other than the object sizes in Figure 5.18 (a); and 2) the green box in Figure 5.18 (a) 

highlights the division of an object into two objects due to the presence of partial object 

camouflage. Figure 5.19 (a), Figure 5.19 (b), and Figure 5.19 (c) show visual tracking 

results, superposed on the 202nd video frame, generated by the standard full-resolution 

 

Figure 5.17. Visual tracking results for the 67th video frame using: (a) the standard full-

resolution particle filter-based tracker; (b) our multi-scale tracker; and  (c)  our cross-section 

particle filter based tracker    

(a)  (b)  (c)  
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particle filter-based tracker and our multi-scale trackers, respectively. We also note that, 

due to the presence of a large object, the standard full-resolution particle filter-based 

tracker failed to track the smaller object. Also, the standard full-resolution particle filter-

based tracker generated a phantom object due to the presence of the object division in 

Figure 5.18 (a). 

Figure 5.18. Binary frames generated from the 202nd frame using: (a) the full-resolution frame; 

(b) subband (LH)2; (c) subband (HL)2 

 

Figure 5.19. Visual tracking results for the 202nd video frame using: ( a) the standard full-

resolution  particle filter-based tracker; (b) our multi-scale tracker; and  (c) our cross-section 

particle filter based tracker 

(c)  (b)  (a)  

 

(a)  (b)  (c)  



121 

 

5.3.4 Example demonstrating presence of objects with different sizes and partial 

object camouflage 

The The video sequence in this example, “ATCS” is from the Visor database (288 X 

384 pixels, 30 fps, 1313 frames). This video sequence shows three moving people. 

5.3.4.1 Comparison of resulting position tracks 

Figure 5.21 shows the position tracks of objects obtained using our multi-scale subband 

particle filters tracker, and our multi-scale cross section filter tracker. Figure 5.21 (a) - (c), 

and Figure 5.21 (d) - (f) show the true position tracks of the three objects, as well as those 

generated by our multi-scale subband particle filters tracker, and our multi-scale cross 

section filter tracker, respectively. We note that the differences between the position paths 

generated by our multi-scale trackers and the true position paths are almost the same. 

Figure 5.20 shows the visual tracking results for a sample of four video frames using our 

multi-scale tracker. We note that our multi-scale trackers generated no phantom objects. 

This is a further demonstration of our multi-scale tracker’s robustness.  

Table 5.5 shows that object 1 video appeared in 384 detection frames, with 

cumulative track errors of 2175 pixels, 3891 pixels, 4428 pixels using 1) standard full 

resolution particle filter, 2) our subband particle filters tracker, and 3) our multi-scale cross 

section filter tracker, respectively. Object 2 in this video appeared in 240 detection frames, 

with cumulative track errors of 1690 pixels, 2886 pixels, 3119 pixels using 1) standard full 

resolution particle filter, 2) our subband particle filters tracker, and 3) our multi-scale cross 

section filter tracker, respectively. Object 3 in this video appeared in 294 detection frames, 
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with cumulative track errors of 1655 pixels, 2580 pixels, 3139 pixels 1) standard full 

resolution particle filter, 2) our subband particle filters tracker, and 3) our multi-scale cross 

section filter tracker, respectively. These values are a solid demonstration of the superior 

performance and robustness of our multiscale tracker compared to the other two trackers.  

We note that the differences between the position paths generated by our multi-scale 

tracker and the true position paths are smaller than those generated by the standard full-

resolution particle filter-based tracker and the LL-based tracker. Moreover, we note that 

the number of times that a real object failed to be tracked was 83, 34, and 15 for the standard 

full-resolution particle filter-based tracker, the single wavelet subband (LL)2 based tracker, 

and our multi-scale tracker, respectively.  We note that the number of times that a real 

object failed to be tracked was 83, 34, and 7 for 1) standard full resolution particle filter, 
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2) our subband particle filters tracker, and 3) our multi-scale cross section filter tracker, 

respectively. 

(b) 

(d) 

(a) (c) 

(e) (f) 

Figure 5.21. Position tracks of true objects (a) - (f) in the “ATCS” video using our multi-

scale tracker (upper row), and our cross-section particle filter based tracker (lower row) 

 

Figure 5.20. Visual tracking results for four video frames using our multi-scale tracker  
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Table 5.5. Number of missed object events, average position track errors, and number of 

phantom object events 

Visual tracker 

type 

Missed 

object 

(event/1313 

frames) 

Average position 

track error 

(pixel/detection 

frame) 

Standard deviation of 

track errors 

Phantom 

object 

(event/1313 

frames) 
Obj.1 Obj.1 Obj.1 Obj.1 Obj.1 Obj.1 

Full resolution 

PF tracker 
83 5.65 7.04 5.62 2.95 3.42 4.49 31 

N subband 

PFs tracker 
15 10.13 12.02 8.59 4.1 4.08 3.30 0 

Cross-section 

PF tracker 
7 11.53 12.9 10.67 4.45 5.15 3.85 0 

 

5.3.5 Average frame processing times 

In addition to demonstrating our proposed sequential multi-scale tracker’s robustness, 

we also confirmed that it incurs less computation cost than our previous subband particle 

filter-based tracker. We examined the average frame processing times for both trackers, 

and we obtained our results using Matlab R2016 running on a 2.8 GHz Intel R Core™ i7 

with 4 GB RAM. In Table 5.6, we compare the average frame processing times for our 

previous N independent subband particle filter-based tracker and our proposed sequential 

particle filter-based tracker. We note that our proposed tracker had average frame 

processing times that were approximately 50% faster than the average times produced by 

our previous tracker. 



125 

 

 

5.4 Chapter summary 

In this chapter, to reduce the computational cost of our visual tracker described in 

Chapter 4, we developed arobust multi-scale visual tracker that adaptively fused N frame 

subbands using a single cross-section particle filter. In this cross-section particle filter-

based tracker we represented a captured video frame in the wavelet domain, and then 

applied a cross-section particle filter to a small subset of its wavelet subbands. The choice 

of this subset of wavelet subbands adaptively changes with each captured frame.  

We applied our cross-section particle filter-based tracker to example videos that 

exhibit different combinations of challenging conditions and unexpected events. Compared 

to the results obtained by a standard particle filter-based tracker, our results demonstrate 

significantly more accurate tracking performance. Furthermore, our cross-section particle 

Table 5.6.  Average frame computation times using our N subband particle filter-based tracker 

and our proposed sequential particle filter-based tracker 

Video sequences 
Data-

base 

N subband particle 

filter-based tracker  

 (sec/ frame) 

Sequential particle 

filter-based tracker  

(sec/ frame) 

3000 

Particles 

5000 

Particles 

3000 

Particles 

5000 

Particles 

“Intelligentroom_raw” Visor 0.0379 0.0436 0.0192 0.0228 

“OneLeaveShopReenter2front” Caviar 0.0582   0.0694  0.0292  0.0314 

“Meet_WalkTogether2” Caviar  0.0556   0.0636 0.0274 0.0303 
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filter-based tracker required a computational cost of approximately 50% of that required 

by our multi-scale tracker described in Chapter 4.  
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Dual-tree complex wavelet transform for robust visual tracking  

6.1 Introduction 

In this chapter, we present a robust multi-scale visual tracker that represents a captured 

video frame as different subbands of the dual-tree complex wavelet transform (DW-CWT). 

Once this has been done, the tracker then applies N independent particle filters to a small 

subset of these subbands. The choice of this subset of wavelet subbands changes adaptively 

with each captured frame. Finally, the tracker fuses the outputs of these N independent 

particle filters, i.e., tracker-level fusion, to obtain the final position tracks of multiple 

moving objects in the video sequence.  

Real-valued wavelet transforms have been previously used for visual tracking, but 

most suffer from shift variance and low directional selectivity. Therefore, we used DT-

CWT to avoid such shortcomings. To demonstrate our visual tracker’s robustness, we 

applied it to videos with challenging visual conditions. When compared to the performance 

of a standard full-resolution particle filter-based tracker, and a single wavelet subband 

(LL)2 based tracker, our DT-CWT multi-scale tracker achieved significantly more accurate 

tracking results. 

This chapter is organized as follows: Section 6.2 introduces the Dual-Tree Complex 

Wavelet. Section 6.3 presents the performance evaluation of our DT-CWT tracker. Finally, 

Section 6.4 provides a summary of this chapter. 
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6.2 Dual-Tree Complex Wavelets 

The dual-tree complex wavelet transform was introduced by Nick Kingsbury [118] 

as an enhancement of the real-valued wavelet transform [119]. Compared to the real-valued 

wavelet transform, the DT-CWT has additional superior features, including: 

 More directional selectivity features. The DW-CWT can detect the edges in an 

image along six directions at different resolution scales, compared to the DWT that 

detects edges at the vertical, horizontal and diagonal orientations only.   

 Shift invariance features. A shift in a signal does not produce a shift in the 

coefficients of the subbands. This is achieved with a limited redundancy factor of 

only 4 for 2-D images [119]. 

To address the above limitations associated with using a standard particle filter for 

visual tracking, we used the dual-tree complex wavelet transform to represent captured 

video frames, as it has several advantages for visual tracking, including: 

 A wavelet transform. The dual-tree complex wavelet transform is suitable for 

tracking objects with different sizes or contrast levels that may be present in the 

same video frame, as it produces subband frames with different resolutions 

(scales). Subband frames with a coarse resolution (large scale) are more suitable 

for tracking large objects or objects with high contrast, while subband frames with 

a fine resolution (small scale) are more appropriate for tracking small objects 

and/or objects with a low contrast [61]. 

 In visual tracking, different types of object motion, such as translational and 
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rotational motion, are detected across subsequent frames. Therefore, representing 

these motion translations using a shift-invariant transform like dual-tree complex 

wavelet transform could produce better visual tracking results [120]. 

 Dual-tree complex wavelet transform is a natural edge detector that can detect the 

boundaries of objects in various directions and is sensitive to edges along six 

different directions (±150, ±450, 𝑎𝑛𝑑 ± 750). 

 Denoising a video sequence using wavelets is relatively easy. Typically, denoising 

is performed by setting small wavelet coefficients to zero. The use of a shift-

invariant wavelet transform like the dual-tree complex wavelet transform will 

typically result in better denoising performance than a shift-variant wavelet 

transform [65]. 

6.3 Performance evaluation of our robust DT-CWT based tracker 

In the following examples, we show that our DT-CWT based tracker overcame the 

presence of challenging conditions in three video sequences. Moreover, we show that our 

tracker demonstrated better tracking performance compared to a typical visual tracker 

using a standard full-resolution particle filter-based, and a single wavelet subband (LL)2 

based tracker. 
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6.3.1 Example demonstrating object shadow, and partial object camouflage 

In this example, we used the “Intelligentroom_raw” video sequence from the Visor 

database. In this video sequence, a man walking around a conference room. We note that 

the challenging conditions present in this video sequence were: object shadow and partial 

object camouflage. 

6.3.1.1 Comparison of resulting position tracks 

Figure 6.1 shows the position tracks of objects obtained using the standard particle 

filter-based visual tracker, the single wavelet subband (LL)2 tracker, and our DT-CWT 

based tracker. Figure 6.1 (a), Figure 6.1 (b), and  Figure 6.1 (c) show the true position 

tracks of the object, as well as those generated by the standard full-resolution particle filter-

based tracker, the single wavelet subband (LL)2 based tracker, and our DT-CWT based 

tracker, respectively.  

Figure 6.2 shows the position tracks of phantom objects generated by the standard 

full-resolution particle filter-based tracker and the single wavelet subband (LL)2 based 

tracker. These phantom objects may have appeared due to the presence of the object’s 

shadow or partial object camouflage. We note that our DT-CWT based tracker generated 

no phantom objects, while the standard full-resolution particle filter-based tracker and the 

single wavelet subband (LL)2 based tracker generated many.  
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To quantitatively compare the performance of our visual tracker considered here, we 

compared it to a standard full-resolution particle filter-based tracker, and a single wavelet 

subband (LL)2 based tracker.  

Figure 6.1. Position tracks of true objects in the video “Intelligentroom_raw” using: (a) a standard 

full-resolution particle filter-based tracker; (b) a single wavelet subband (LL)2 based tracker, and (c) 

our multi-scale DT-CWT based tracker 

Figure 6.2. Position tracks of phantom objects generated by: (a) the standard full-resolution particle 

filter-based tracker; (b) the single wavelet subband (LL)2 based tracker, and (c) our multi-scale DT-

CWT based tracker 

(b) (a) (c) 

(b) (a) (c) 
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Table 6.1 shows that the object in this video appeared in 214 detection frames, with 

cumulative track errors of 987 pixels, 2032 pixels, 2032 pixels using 1) standard full 

resolution particle filter, 2) single wavelet subband (LL)2, and 3) our multi-scale DT-CWT 

based tracker, respectively.  

We note that due to the presence of challenging conditions and unexpected events in 

this video sequences, .e.g., object shadow; partial object camouflage; and low signal-to-

noise ratio, standard full resolution particle filter-based tracker generated 90 phantom 

objects, also the single wavelet subband (LL)2 based tracker generated 11 phantom objects, 

while our multi-scale DT-CWT based tracker overcame the presence of these challenging 

conditions and unexpected events and generated no phantom objects. 

 

Table 6.1. Number of missed object events, average position track errors, and number of 

phantom object events 

Visual tracker type 

Missed object 

(event/300 

frames) 

Average position 

track error 

(pixel/detection 

frame) 

Standard 

deviation of 

tracking 

errors  

Phantom object 

(event/300 

frames) 

Full resolution PF 

tracker 
0 4.635 4.5 90 

(LL)2 subband 

tracker 
2 9.5 5.8 11 

DT-CWT based 

tracker 
0 9.5 7.0 0 
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 These values are a solid demonstration of the superior performance and robustness 

of our multi-scale tracker compared to the other two trackers.  

6.3.1.2 Demonstrating challenging video conditions 

Object shadow: Figure 6.3 (a), Figure 6.3 (b), and Figure 6.3 (c) show the binary 

frames generated from the 100th video frame using the full-resolution frame, subband 

(LL)2, and one of the chosen subbands in our multi-scale DT-CWT based tracker, 

respectively. We note that the green box in Figure 6.3 (a) highlights an artifact due to the 

presence of object shadow. Figure 6.4 (a), Figure 6.4 (b), and Figure 6.4 (c) show visual 

tracking results, superposed onto the 100th video frame, generated by a standard full-

resolution particle filter-based tracker, a single wavelet subband (LL)2 based tracker, and 

our DT-CWT based tracker, respectively. We note that our visual tracker was able to 

overcome the presence of object shadow in this video frame. 

Figure 6.3. Binary frames generated from the 100th frame using: (a) the full resolution 

frame; (b) subband (LL)2; (c) one of the chosen subbands in our multi-scale DT-CWT 

based tracker 

(c)  (b)  (a)  
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 Partial object camouflage: Figure 6.5 (a), Figure 6.5 (b), and Figure 6.5 (c) show 

the binary frames generated from the 267th video frame using the full-resolution frame, 

subband (LL)2, and one of the chosen subbands in our multi-scale DT-CWT based tracker, 

respectively. We note that the green box in Figure 6.5 (a) highlights an artifact due to the 

presence of object shadow. 

 

Figure 6.5. Binary frames generated from the 267th frame using: (a) the full resolution frame; 

(b) subband (LL)2; (c) one of the chosen subbands in our multi-scale DT-CWT based tracker 

Figure 6.4. Visual tracking results for the 100th video frame using: (a) the standard full-

resolution particle filter-based tracker; (b) the single wavelet subband (LL)2 based tracker, and 

(c) our  multi-scale DT-CWT based tracker 

(c)  (b)  (a)  

(b)  (a)  (c)  
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Figure 6.6. Visual tracking results for the 267th video frame using: (a) the standard full-

resolution particle filter-based tracker; (b) the single wavelet subband (LL)2 based tracker, 

and (c) our multi-scale DT-CWT based tracker 

Figure 6.6 (a) and Figure 6.6 (b) the visual tracking results, superposed on the 267th 

video frame, generated by a standard full-resolution particle filter-based tracker and our 

visual tracker, respectively. We note from Figure 6.6 (c) that our multi-scale tracker 

overcame the presence of partial object camouflage in this video frame. 

6.3.2 Example demonstrating object shadow, and partial object camouflage 

In this example, we used the “OneLeaveShopReenter2front” video sequence from 

the CAVIAR database. In this video sequence, two people walk past the front of a store, 

while another person exits the store and then re-enters it. We note that the challenging 

conditions present in this video sequence were the presence of object shadow and partial 

object camouflage. 

6.3.2.1 Comparison of resulting position tracks 

Figure 6.7 shows the position tracks of objects obtained using the standard particle 

filter-based visual tracker, the single wavelet subband (LL)2 based tracker, and our multi-

scale DT-CWT based tracker. Figure 6.7 (a)-( c), Figure 6.7 (d)-(f), and Figure 6.7 (g)-(j) 

(a)  (c)  (b)  
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show the true position tracks of the three objects, as well as those generated by the standard 

full-resolution particle filter-based tracker, the single wavelet subband (LL)2 based tracker, 

and our multi-scale DT-CWT based tracker, respectively.  

We note that the differences between the position paths generated by our DT-CWT 

based tracker and the true position paths are significantly smaller than the differences 

generated by the standard full-resolution particle filter-based tracker. Moreover, we note 

that the number of times that a real object failed to be tracked was 55, 80, and 33 for the 

standard full-resolution particle filter-based tracker, the single wavelet subband (LL)2 

based tracker, and our multi-scale DT-CWT based tracker, respectively. 
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(e) (d) 

(h) (g) (i) 

(a) (c) (b) 

(f) 

Figure 6.7. Position tracks of true objects (a) - (i) in the ‘‘OneLeaveShopReenter2front” video 

using a standard full-resolution particle filter-based tracker (right column), an LL-based tracker 

(middle column), and our multi-scale DT-CWT based tracker (left column) 



138 

 

 Figure 6.8 shows the position tracks of phantom objects generated by the standard full-

resolution particle filter-based tracker. These phantom objects may have appeared due to the 

presence of background motion, object shadows, or partial object camouflage. 

 

As a result of detecting the edges in video frames along six directions in our DT-

CWT based tracker, it generated phantom objects due to the presence of background 

motion. We note that the generated phantom objects were 479 phantom objects, 2 phantom 

objects and phantom 28 objects using 1) standard full resolution particle filter, 2) single 

wavelet subband (LL)2, and 3) our multi-scale DT-CWT based tracker, respectively.  

As shown in Table 6.2,  object 1 in this video appeared in 54 detection frames, with 

cumulative track errors of 303 pixels, 439 pixels, 362 pixels using 1) standard full 

resolution particle filter, 2) single wavelet subband (LL)2, and 3) our multi-scale tracker, 

respectively. Object 2 in this video appeared in 456 detection frames, with cumulative track 

errors of 1820 pixels, 3296 pixels, 2829 pixels using 1) standard full resolution particle 

(b) (a) (c) 

Figure 6.8. Position tracks of phantom objects generated by: (a) the standard full-resolution particle 

filter-based tracker; (b) the single wavelet subband (LL)2 based tracker; and (c) our multi-scale DT-

CWT based tracker 
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filter, 2) single wavelet subband (LL)2, and 3) our multi-scale DT-CWT based tracker, 

respectively. Object 3 in this video appeared in 116 detection frames, with cumulative track 

errors of 1518 pixels, 1442 pixels, 632 pixels using 1) standard full resolution particle filter, 

2) single wavelet subband (LL)2, and 3) our DT-CWT based tracker, respectively.  

Table 6.2. Number of missed object events, average position track errors, and number of 

phantom object events 

Visual tracker 

type 

Missed 

object 

(event/558 

frames) 

Average position track 

error (pixel/detection 

frame) 

Standard deviation of 

track errors 

Phantom 

object 

(event/558

frames) Obj.1 Obj.1 Obj.1 Obj.1 Obj.1 Obj.1 

Full resolution 

PF tracker 
55 5.62 3.99 13.08 2.91 3.09 5.45 469 

(LL)2 subband 

tracker 
80 8.13 7.23 12.43 3.99 3.01 3.43 2 

DT-CWT 

based tracker 
33 6.7 6.2 5.45 3.54 3.70 3.16 28 

 

6.3.2.2 Demonstrating challenging video conditions 

Object shadow: Figure 6.9 (a), Figure 6.9 (b), and Figure 6.9 (c) show the binary 

frames generated from the 305th video frame using the full-resolution frame, subband 

(LL)2, and one of the chosen subbands using our DT-CWT based tracker, respectively. 

We note that the green box in Figure 6.9(a) highlights an artifact due to the presence 

of object shadow. Figure 6.10(a), Figure 6.10(b), and Figure 6.10(c) the visual tracking 
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results, superposed on the 305th video frame, generated by the standard full-resolution 

particle filter-based tracker, the single wavelet subband (LL)2 based tracker, and our DT-

CWT based visual tracker, respectively. We note that our multi-scale tracker overcame the 

presence of object shadow in this video frame. 

 

 Figure 6.9. Binary frames generated from the 305th frame using: (a) the full resolution frame; (b) 

subband (LL)2; (c) one of the chosen subbands in our multi-scale DT-CWT based tracker 

 

Figure 6.10. Visual tracking results for the 305th video frame using: (a) the standard full-

resolution particle filter-based tracker; (b) the single wavelet subband (LL)2 based tracker, and 

(c) our multi-scale DT-CWT based tracker 

 Partial object camouflage: Figure 6.11 (a), Figure 6.11 (b), and Figure 6.11 (c) 

show the binary frames generated from the 427th video frame using the full-resolution 

(a)  (b)  

 

(c) 

(c)  (b)  (a)  
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frame, subband (LL)2, and, one of the chosen subbands in our multi-scale DT-CWT based 

tracker, respectively. We note that the green box in both Figure 6.11 (a) and Figure 6.11 

(b) highlights the division of an object into two objects due to the presence of partial object 

camouflage.  

Figure 6.11. Binary frames generated from the 427th frame using: (a) the full resolution frame; 

(b) subband (LL)2; (c) a chosen subband by multi-scale DT-CWT based tracker 

 

Figure 6.12. Visual tracking results for the 427th video frame using: (a) the standard full-

resolution particle filter-based tracker; (b) the single wavelet subband (LL)2 based tracker, and 

(c) our multi-scale DT-CWT based tracker 

Figure 6.12 (a),  Figure 6.12 (b), and Figure 6.12 (c) show the visual tracking results, 

superposed onto the 427th video frame, generated by the standard full-resolution particle 

(a) (c) (b) 

(c)  (b)  (a)  
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filter-based tracker and our multi-scale DT-CWT based tracker, respectively. We note that 

our visual tracker overcame the presence of partial object camouflage in this video frame. 

6.3.3 Example demonstrating a change in illumination and objects of different sizes 

In the second example, we used the “Meet_WalkTogether2” video sequence from the 

CAVIAR database. In this sequence, two people meet and walk together. The challenging 

conditions present in this video sequence are a change in illumination and the presence of 

objects of different sizes. 

6.3.3.1 Comparison of resulting position tracks 

Figure 6.13 shows the position tracks of objects obtained using the standard particle 

filter-based visual tracker, the single wavelet subband (LL)2 based tracker, and our DT-

CWT based visual tracker.  Figure 6.13 (a) - (c), Figure 6.13 (d) - (f), and Figure 6.13 (g) 

- (i) show the true position tracks of the three objects, as well as those generated by the 

standard full-resolution particle filter-based tracker, the single wavelet subband (LL)2 

based tracker, and our multi-scale DT-CWT based tracker, respectively. We note that the 

differences between the position paths generated by our multi-scale DT-CWT based tracker 

and the true position paths are significantly smaller than the differences generated by the 

standard full-resolution particle filter-based tracker and single wavelet subband (LL)2 

tracker.  

Figure 6.14 shows the position tracks of phantom objects generated by the standard 

full-resolution particle filter-based tracker. These phantom objects may have appeared due 

to the presence of background motion, object shadows, or partial object camouflage. We 
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note that our Figure 6.14 generated one phantom object, while the standard full-resolution 

particle filter-based tracker generated many. This is a further demonstration of our multi-

scale tracker’s robustness.  

 

(b) 

(d) 

(h) (g) (i) 

(a) (c) 

(e) (f) 

Figure 6.13. Position tracks of true objects (a) - (i) in the “Meet_WalkTogether2” video using 

a standard full resolution particle filter-based tracker (right column), a single wavelet subband 

(LL)2 based tracker (middle column), and our multi-scale DT-CWT based tracker (left column) 
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 Table 6.3 shows that object 1 in this video appeared in 115 detection frames, with 

cumulative track errors of 737 pixels, 765 pixels, 696 pixels using 1) standard full 

resolution particle filter, 2) single wavelet subband (LL)2, and 3) our DT-CWT based 

tracker, respectively. Object 2 in this video appeared in 8 detection frames, with cumulative 

track errors of 72 pixels, 101 pixels, 63 pixels using 1) standard full resolution particle 

filter, 2) single wavelet subband (LL)2, and 3) DT-CWT based tracker, respectively. Object 

3 in this video appeared in 58 detection frames, with cumulative track errors of 703 pixels, 

992 pixels, 356 pixels using 1) standard full resolution particle filter, 2) single wavelet 

subband (LL)2, and 3) our DT-CWT based tracker, respectively.  

These values are a solid demonstration of the superior performance and robustness of 

our multi-scale tracker compared to the other two trackers. 

 

(b) (a) (c) 

Figure 6.14. Position tracks of phantom objects generated by: (a) the standard full resolution 

particle filter-based tracker, (b) the single wavelet subband (LL)2 based tracker, and (c) our multi-

scale DT-CWT based tracker 
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Table 6.3. Number of missed object events, average position track errors, and number of 

phantom object events 

Visual tracker 

type 

Missed 

object 

(event/827 

frames) 

Average position 

track error 

(pixel/detection 

frame) 

Standard deviation of 

track errors 

Phantom 

object 

(event/827 

frames) 
Obj.1 Obj.1 Obj.1 Obj.1 Obj.1 Obj.1 

Full resolution 

PF tracker 
81 6.4 9.04 12 7.79 3.91 3.1 122 

(LL)2 subband 

tracker 
62 6.6 12.7 17.05 4.43 2.45 3.74 0 

DT-CWT 

based tracker 
33 6 7.8 6.15 3.31 2.60 2.77 1 

 

We note that the differences between the position paths generated by our multi-scale 

tracker and the true position paths are smaller than those generated by the standard full-

resolution particle filter-based tracker and the LL-based tracker. Moreover, we note that 

the number of times that a real object failed to be tracked was 81, 62, and 33 for the standard 

full-resolution particle filter-based tracker, the single wavelet subband (LL)2 based tracker, 

and our multi-scale DT-CWT based tracker, respectively.  

6.3.3.2 Demonstrating challenging video conditions 

Presence of illumination change: Figure 6.15 (a), Figure 6.15 (b), and Figure 6.15 

(c) depict the binary frames generated from the 31st video frame using the full-resolution 
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frame, subband (LL)2, and one of the chosen subbands in our multi-scale DT-CWT based 

tracker, respectively. 

Figure 6.15. Binary frames generated from the 67th frame using: (a) the full resolution frame; 

(b) subband (LL)2; (c) a chosen subband by multi-scale DT-CWT based tracker 

 

Figure 6.16. Visual tracking results for the 67th video frame using: (a) the standard full-

resolution particle filter-based tracker; (b) the single wavelet subband (LL)2 based tracker, and 

(c) our multi-scale DT-CWT based tracker 

(b)  (a)  (c)  

(c)  (b)  (a)  
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We note that the green box in Figure 6.15 (a) highlights an artifact due to the 

illumination change in the video frame. Figure 6.16 (a), Figure 6.16 (b), and Figure 6.16 

(c) show visual tracking results, superposed on the 67th video frame, generated by the 

standard full-resolution particle filter-based tracker, the single wavelet subband (LL)2 

based tracker, and our multi-scale DT-CWT based tracker.We note our multi-scale tracker 

overcame the effect of sudden illumination change in this 67th video frame. 

Objects of different sizes: Figure 6.17 (a), Figure 6.17 (b), and  Figure 6.17 (c) show 

the binary frames generated from the 200th video frame using the full-resolution frame, 

subband (LL)2, and one of the chosen subbands in our multi-scale DT-CWT based tracker, 

respectively. We note that the object sizes in Figure 6.9 (c) are closer to each other than 

the object sizes in Figure 6.17 (c) are closer to each other than the object sizes in Figure 

6.17 (a). Figure 6.18 (a), Figure 6.18 (b), and Figure 6.18 (c) show visual tracking results, 

superposed on the 200th video frame, generated by the standard full-resolution particle 

filter-based tracker, the single wavelet subband (LL)2 based tracker, and our multi-scale 

DT-CWT based tracker, respectively. 

 We note that, due to the presence of a large object, the standard full resolution 

particle filter-based tracker failed to track the smaller object. Also, the single wavelet 

subband (LL)2 based tracker failed to track the small object due to using only one subband 

in a fixed scale: the second scale. Conversely, our multi-scale DT-CWT based tracker was 

able to overcome these problems and successfully tracked both the large and small objects. 
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Figure 6.17. Binary frames generated from the 200th frame using: (a) the full resolution frame; 

(b) subband (LL)2; (c) a chosen subband by multi-scale DT-CWT based tracker 

Figure 6.18. Visual tracking results for the 200th video frame using: (a) the standard full-

resolution particle filter-based tracker; (b) the single wavelet subband (LL)2 based tracker, and 

(c) our multi-scale DT-CWT based tracker 

6.4 Chapter summary 

We developed a robust multi-scale visual tracker of multiple objects in a video using 

the dual-tree complex wavelet transform. A captured video frame was represented as 

different subbands using DT-CWT, and 𝑁 independent particle filters were then applied to 

a small subset of these subbands. The choice of these subbands changed adaptively with 

each captured frame. Finally, we fused the position tracks obtained from these particle 

filters in order to determine the final position tracks of multiple moving objects in the video. 

To demonstrate the robustness of our visual tracker, we applied it to videos with 

(b)  (a)  (c)  

(c)  (b)  (a)  
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challenging visual conditions. Compared to a standard full-resolution particle filter-based 

tracker and a single wavelet subband (LL)2 based tracker, our tracker demonstrated 

significantly more accurate tracking ability. 
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Robust Tracking of Multiple Objects in Video by Adaptive Fusion of a 

Variable Number of Frame Wavelet Packet Subbands    

7.1 Introduction 

In this chapter, we develop a robust multi-scale visual tracker that adaptively fuses 

data from a variable number of frame wavelet packet subbands.  

In our cross-section particle filter based tracker described in Chapter 5, we 

represented the current difference frame in a biorthogonal wavelet non-redundant 

dictionary, before fusing data from a fixed number, N, of current difference frame wavelet 

subbands. In this chapter, we generalize our design in Chapter 5 by 1) representing the 

current difference frame in a wavelet packet redundant dictionary; 2) fusing data from a 

variable number of wavelet packet subbands that are selected by the Fast Best Basis 

Selection algorithm [121]. This algorithm is used to obtain an accurate but sparse 

approximation for the difference-frame in a redundant dictionary with a tree structure; 3) 

using an explicit wavelet thresholding based denoising technique for reducing white noise 

in the current video frame.  

The main objective of these design generalizations is to obtain a more accurate 

representation of the current difference frame, compared to the representation obtained by 

our earlier design, with the least number of coefficients. In other words, we aim to obtain 

an accurate sparse representation of a current difference frame, instead of its earlier coarse 

approximation obtained by keeping an arbitrarily chosen number, N, of its wavelet 
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subbands with highest energy densities. Multiple object tracking using this accurate sparse 

representation of a current difference frame should result in more robust tracking 

performance, particularly in the presence of challenging video conditions and events, as 

we would have avoided discarding potentially useful information from the current 

difference frame.         

Our design generalizations mentioned above would obtain an accurate but sparse 

representation of a current difference frame because representing a difference frame in a 

redundant dictionary, i.e., wavelet packet, and using the Fast Best Basis Selection 

algorithm [121] to obtain its accurate approximation in a non-redundant dictionary would 

optimize the sparsity of such representation. In addition, using an explicit wavelet 

thresholding based denoising technique for reducing white noise in the current video frame 

would lead to a more accurate representation, compared to keeping an arbitrarily chosen 

number, N, of its wavelet subbands with highest energy densities.   

After obtaining an accurate representation of a current difference frame that is 

represented by a variable number of wavelet packet subbands, a number that could change 

from one video frame to another, we apply a cross-section particle filter (Section 5.2.3) to 

all selected wavelet packet subbands. Finally, we fuse the object position tracks resulting 

from processing all selected wavelet packet subbands to obtain final position tracks of 

multiple moving objects in the video sequence. 

This chapter is organized as follows: Section 7.2 describes signal denoising using 

wavelet thresholding techniques, Section 7.3 gives an overview of the wavelet packet 

transform and Section 7.4 describes the Fast Best Basis Selection algorithm. Section 7.5 
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provides a performance evaluation of our multi-scale wavelet packet based tracker. Finally, 

Section 7.6 presents a chapter summary. 

7.2 Signal denoising using wavelet thresholding techniques 

Signal denoising in the wavelet domain is usually simple. Typically, it could be 

implemented using nonlinear thresholding techniques. Wavelet coefficients with small 

absolute values are typically dominated by noise, while wavelet coefficients with large 

absolute values carry more signal information than noise. Therefore, one form of wavelet 

thresholding based signal denoising is to set to zero the wavelet coefficients of the signal 

whose absolute value is below a certain threshold.   

7.2.1 Threshold selection 

Selection of the threshold value for signal denoising is important. A small threshold 

value may produce a result close to the input signal, but could still be noisy. A large 

threshold value may produce a smooth result, but could result in a loss of details in the 

original signal. Also, there are different types of thresholding techniques including hard 

thresholding and soft thresholding. In our wavelet packet based tracker described in this 

chapter, we used a hard thresholding technique as it ensures better preservation of signal 

edges, compared to using soft thresholding [122, 123].  

7.2.2 Hard thresholding 

Hard thresholding for signal denoising was introduced by David L. Donoho [124]. 

Absolute values of the wavelet coefficients of a noisy signal are compared with a threshold 

value. As given by Eq. (7.1), if these wavelet coefficients of a signal, y(x), are less than the 
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threshold value, 𝜏, they will be replaced by zero. Otherwise, they would be kept intact. 

Figure 7.1 graphically demonstrates this hard thresholding operation.  

 

7.3 Wavelet packet transform  

The wavelet packet transform (WPT) was introduced by Coifman [125] as a 

generalization of the wavelet transform. The wavelet packet transform allows a richer range 

of possibilities for signal or image analysis. As shown in Figure 4.3, the wavelet transform 

 
𝑦ℎ𝑎𝑟𝑑(𝑡) = {

𝑥                               |𝑥| ≥ 𝜏 
  

0                             |𝑥| < 𝜏
 

(7.1) 

Figure 7.1. Hard thresholding operation, assuming the input signal was normalized to the range of 

[-1, 1] and the threshold level was set to 𝜏 =0.4: (a) original signal; (b) hard thresholded signal  

(a) (b) 
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divides a signal into approximation and detail subbands using low pass and high pass 

filters, respectively. The resulting approximation subband(s) is (are) divided further into 

higher-level approximation subbands and detail subbands. On the other hand, in the 

wavelet packet transform both approximation subband(s) as well as detail subband(s) are 

divided further.  

Another way to view the wavelet packet transform is that it generates a redundant 

dictionary, 𝐷, that is constructed by recursively splitting vector spaces (W)𝑑
𝑙 , at depth, 𝑑 , 

and position, 𝑙, into 𝑞 orthogonal subspaces up to some maximum recursion depth. We 

note that for one-dimension signal, 𝑞 = 2, i.e., a binary tree, and two-dimension signal 𝑞 =

4, i.e., a quad tree.  

Figure 7.2 shows a quadtree representing a two-dimension wavelet packet transform. 

Each node is associated with vector subspace (W)𝑑
𝑙  where 𝑑 and 𝑙 are the depth and 

position respectively. The 𝑞 children of each node correspond to an orthogonal partition of 

W𝑑
𝑙  into 𝑞 orthogonal subspaces, (W)𝑑+1

𝑞𝑙+𝑖
, at depth 𝑑 + 1, and position 𝑞𝑙 + 𝑖, where 0 ≤

𝑖 > 𝑞 [66]. This tree-structured redundant dictionary is the union of all these non-

redundant orthonormal bases of all the subspaces (W)𝑑
𝑙 , where a non-redundant 

orthonormal bases is constructed for each subspace (W)𝑑
𝑙 .  

The full wavelet packet tree provides a redundant dictionary for the whole space, 

(W)0
0, that can promote a sparse representation of any signal belonging to this space. The 

number of different non-redundant dictionaries, i.e., bases, for (W)0
0, in this redundant 

dictionary, represented by a full wavelet packet quad-tree of depth, 𝑗, is equal to the number 
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of its admissible subtrees. An admissible subtree is a subset of the full tree, where each 

node is either a leaf or has 𝑞 children [66]. 

  

7.4 Fast Best Basis Selection Algorithm 

There is a large number of possible non-redundant dictionaries, i.e., bases, for  (W)0
0 

that are given by all possible admissible subtrees within the full wavelet packet tree, which 

is a redundant dictionary. Therefore, it is possible to select within the wavelet packet tree 

the best non-redundant dictionary (basis) that will be most adapted to the time-frequency 

content of a given signal. Representing this signal using this best non-redundant dictionary 

(basis) would lead to its most sparse representation in the wavelet packet domain.  

The fast best basis selection algorithm, introduced by Coifman and Wickerhauser [65, 

126], selects the best non-redundant dictionary (basis) from a redundant tree-structured 

dictionary, e.g., a wavelet packet tree, that will be most adapted to the time-frequency 

content of a given signal. This fast selection algorithm relies on the tree structure of the 

(𝑾)𝟎
𝟎 
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𝟏𝟐 

Figure 7.2. Quad-tree representing a two-dimension wavelet packet transform 
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redundant dictionary, and it involves an optimization problem that minimizes an additive 

information cost function, e.g., Shannon entropy [127]. 

Table 7.1 describes the algorithm for Fast Best Basis Selection from redundant tree 

dictionaries. We note that this algorithm is practically applicable, i.e., numerically stable, 

for tree dictionaries whose nodes (W)𝑑
𝑙  represent subspaces with orthonormal bases. 

Therefore, in our visual tracker described in this chapter, we used the Haar orthogonal 

wavelets to generate our wavelet packet redundant tree dictionary. 

   

Table 7.1. Fast Best Basis Selection from redundant tree dictionaries 

Initialization: 

- Construct the full wavelet packet tree, 𝑇, and let 𝑊𝑙,𝑘 be the set of 

subspace basis vectors, 0 ≤ 𝑙 < 𝐿, 1 ≤ 𝑘 ≤ 2𝑙 − 1. 

- Set the initial basis selection to all the leaf nodes: 

𝑊 = {𝑊𝐿−1,1, 𝑊𝐿−1,2, … , 𝑊𝐿−1,𝑘, … , 𝑊𝐿−1,2𝐿−1} 

Repeat from the leaf level of the tree to its root: 

- Compute the entropy of a parent node ( 𝐸𝑙,𝑘) and its children 

(𝐸𝑙+1,2𝑘 , 𝐸𝑙+1,2𝑘−1).  

- Compare the entropy of the parent node, 𝐸𝑙,𝑘, with the sum of the 

entropies of its two children nodes (𝐸𝑙+1,2𝑘 + 𝐸𝑙+1,2𝑘−1), if the 

entropy of the parent is greater than the sum of entropies of its 

children, replace 𝑊𝑙+1,2𝑘 and 𝑊𝑙+1,2𝑘−1 with 𝑊𝑙,𝑘 in 𝑊. 
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 Figure 7.4. shows an example of a result obtained by the Fast Best Basis Selection 

algorithm for representing the 10th difference frame in the ‘‘OneLeaveShopReenter2front” 

video sequence. 

7.5 Performance evaluation of our multi-scale WPT based tracker 

In the following examples, we show that our multi-scale WPT visual tracker 

overcame the presence of challenging conditions in four video sequences and demonstrated 

better tracking performance compared to a standard full resolution particle filter-based 

tracker and compared to a single wavelet subband (LL)2 based tracker, results obtained 

from our multiscale tracker demonstrate significantly better tracking performance. 

7.5.1 Example demonstrating object shadow and partial object camouflage 

To demonstrate the improved performance of our multi-scale WPT based tracker, 

compared to a standard full resolution particle filter-based tracker and compared to a single 
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Figure 7.3. Example of a result obtained from the fast best basis selection algorithm (a) 10th 

difference frame in the ‘‘OneLeaveShopReenter2front” video sequence represented by its best 

wavelet packet basis; (b) best wavelet packet basis for this 10th difference frame. 

 

(b) (a) 
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wavelet subband (LL)2 based tracker, we used “Intelligentroom_raw” video sequence that 

included the presence of object shadow and partial object camouflage.  

7.5.1.1 Comparison of resulting position tracks 

Figure 7.5 shows the position tracks of objects obtained using standard particle filter-

based visual tracker, single wavelet subband (LL)2 based tracker and our multi-scale WPT 

based tracker. Figure 7.5 (a), Figure 7.5 (b), and Figure 7.5 (c) show the true position tracks 

of the object, in addition to ones generated by the standard full resolution particle filter-

based tracker, single wavelet subband (LL)2 based tracker, and our multi-scale WPT based 

tracker, respectively.  

Figure 7.6 shows position tracks of phantom objects generated by the standard full 

resolution particle filter-based tracker and single wavelet subband (LL)2 based tracker. 

These phantom objects could appear due to the presence of object’s shadow, and partial 

object camouflage. We note that our multiscale WPT based tracker generated no phantom 

Figure 7.5. Position tracks of true objects in the video “Intelligentroom_raw” using: (a) a standard full-

resolution particle filter-based tracker; (b) a single wavelet subband (LL)2 based tracker, and (c) our 

multi-scale WPT based tracker.  

(b) (a) (c) 
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objects, while the standard full resolution particle filter-based tracker and single wavelet 

subband (LL)2 based tracker generated many. This is a further demonstration of the 

robustness of our multi-scale tracker.  

As shown in Table 7.2, the object in this video appeared in 214 detection frames, with 

cumulative track errors of 987.2 pixels, 2032 pixels, 1009.1 pixels using 1) standard full 

resolution particle filter, 2) (LL)2 subband based tracker, and 3) our multi-scale WPT based 

tracker, respectively.  

We note that due to the presence of challenging conditions and unexpected events in 

this video sequences, e.g., object shadow; partial object camouflage; and low signal-to-

noise ratio, standard full resolution particle filter-based tracker generated 90 phantom 

objects, while our WPT multi-scale based tracker overcame the presence of these 

challenging conditions and unexpected events and generated no phantom objects. 

 

Figure 7.6. Position tracks of phantom objects generated by: (a) the standard full-resolution particle 

filter-based tracker; (b) the single wavelet subband (LL)2 based tracker, and (c) our multi-scale WPT 

based tracker. 

(b) (a) (c) 
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Table 7.2. Number of missed object events, average position track errors, and number of 

phantom object events 

Visual tracker type 

Missed object 

(event/300 

frames) 

Average position 

track error 

(pixel/detection 

frame) 

Standard 

deviation of 

tracking 

errors  

Phantom object 

(event/300 

frames) 

Full resolution PF 

tracker 
0 4.635 4.51 90 

(LL)2 subband 

tracker 
2 9.539 5.85 11 

WPT based tracker 0 4.7 2.61 0 

These values are a solid demonstration of the superior performance and robustness of 

our WPT multi-scale based tracker compared to the other two trackers. 

7.5.1.2 Demonstrating challenging video conditions 

Partial object camouflage: Figure 7.7 (a), Figure 7.7 (b), and Figure 7.7 (c), show 

the binary frames generated from the 265th video frame using the full-resolution frame, 

subband (LL)2, and one subband frame from the constructed best wavelet packet tree for 

this particular frame in our multi-scale tracker, respectively. We note that the red boxes in 

Figure 7.7 (a), Figure 7.7 (b) highlight the division of an object into two due to the presence 

of partial object camouflage. 

Figure 7.8 (a), Figure 7.8 (b), and Figure 7.8 (c) show visual tracking results, 

superposed on the 265th video frame, generated by a standard full resolution particle filter-



161 

 

based tracker, single wavelet subband (LL)2 based tracker, and our multi-scale tracker, 

respectively. We note that standard full resolution particle filter-based based tracker and 

single wavelet subband (LL)2 based tracker generated two phantom objects due to the 

object division in Figure 7.7 (a), Figure 7.7 (b), while our multi-scale tracker overcame the 

presence of partial object camouflage in this 265th video frame. 

Figure 7.7. Binary frames generated from the 265th frame using: (a) the full-resolution frame; 

(b) subband (LL)2; (c) a subband frame from the constructed best wavelet packet tree 

Object shadow: Figure 7.9 (a), Figure 7.9 (b), and Figure 7.9 (c) show the binary 

frames generated from the 240th video frame using the full resolution frame, using subband 

Figure 7.8. Visual tracking results for 265th video frame using: (a) the standard full-resolution 

particle filter-based tracker; (b) the single wavelet subband (LL)2 based tracker, and (c) our  

multi-scale WPT based tracker            

(c)  (b)  (a)  

  

(a) (c) (b) 
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(LL)2 subband, and using one subband frame from the constructed best wavelet packet tree, 

respectively. We note that the green box in Figure 7.9 (a) highlights an artifact due to the 

presence of object shadow. 

 Figure 7.10 (a), Figure 7.10 (b), and Figure 7.10 (c), show visual tracking results, 

superposed on the 245th video frame, , generated by a standard full resolution particle filter-

based tracker, single wavelet subband (LL)2 based tracker, and our multi-scale WPT based 

Figure 7.9. Binary frames generated from the 245th frame using: (a) the full resolution frame; 

(b) subband (LL)2; (c) subband frame from the constructed best wavelet packet tree 

 

Figure 7.10. Visual tracking results for 245th video frame using: (a) the standard full-resolution 

particle filter-based tracker; (b) the single wavelet subband (LL)2 based tracker, and (c) our 

multi-scale WPT based tracker 

(a) 
(b) (c) 

(c)  (b)  (a)  
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tracker, respectively. We note that standard full resolution particle filter-based tracker 

generated a phantom object due to the presence of the artifact in Figure 7.10 (a) while 

single wavelet subband (LL)2 based tracker and our multi-scale WPT based tracker 

overcame the presence of object shadow in this 245th video frame. 

7.5.2 Example demonstrating background motion, object shadow, and partial object 

camouflage 

To demonstrate the improved performance of our multi-scale WPT based tracker, 

compared a standard full resolution particle filter-based tracker and compared to a single 

wavelet subband (LL)2 based tracker, we applied it to “OneLeaveShopReenter2front” 

video sequence that included object shadow and partial object camouflage.  

7.5.2.1 Comparison of resulting position tracks 

Figure 7.11 shows the position tracks of objects obtained using standard particle 

filter-based visual tracker, single wavelet subband (LL)2 based tracker and our multi-scale 

tracker. Figure 7.11 (a) - (c), Figure 7.11 (d) - (f), and Figure 4.10 (g) - (j) show the true 

position tracks of the three objects, in addition to ones generated by the standard full 

resolution particle filter-based tracker, single wavelet subband (LL)2 based tracker, and our 

multi-scale tracker, respectively. We note that the differences between the position paths 

generated by our multi-scale WPT based tracker and the true position paths are 

significantly smaller than when a standard full resolution particle filter-based tracker, and 

single wavelet subband (LL)2 based tracker were used.  
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Figure 7.12 shows position tracks of phantom objects generated by the standard full 

resolution particle filter-based tracker. These phantom objects could appear due to the 

presence of object shadows, and partial object camouflage. We note that while the standard 

full resolution particle filter-based tracker generated many phantom objects, single wavelet 

subband (LL)2 based tracker generated two. Our multi-scale WPT based tracker could use 

more subbands than our previous trackers. Therefore, it detects object boundaries in 

different directions which yield to detection of the background motion as a phantom object. 
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(e) (d) 

(h) (g) (i) 

(a) (b) 

(f) 

(c) 

Figure 7.11. Position tracks of true objects (a) - (i) in the ‘‘OneLeaveShopReenter2front” video using 

a standard full-resolution particle filter-based tracker (right column), single wavelet subband (LL)2 

based tracker (middle column), and our multi-scale WPT based tracker (left column) 
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As shown in Table 7.3, object 1 in this video appeared in 58 detection frames, with 

cumulative track errors of 345 pixels, 468 pixels, 327 pixels using 1) standard full 

resolution particle filter, 2) single wavelet subband (LL)2, and 3) our multi-scale WPT 

based tracker, respectively. Object 2 in this video appeared in 477 detection frames, with 

cumulative track errors of 1918 pixels, 3450 pixels, 2107 pixels using 1) standard full 

resolution particle filter, 2) single wavelet subband (LL)2, and 3) our multi-scale WPT 

based tracker, respectively. Object 3 in this video appeared in 122 detection frames, with 

cumulative track errors of 1610 pixels, 1530 pixels, 906 pixels using 1) standard full 

resolution particle filter, 2) single wavelet subband (LL)2, and 3) our multi-scale WPT 

based tracker, respectively. These values are a solid demonstration of the superior 

performance and robustness of our multiscale tracker compared to the other two trackers. 

 

 

(b) (a) (c) 

Figure 7.12. Position tracks of phantom objects generated by: (a) the standard full-resolution particle 

filter-based tracker; (b) the single wavelet subband (LL)2 based tracker; and (c) our multi-scale WPT 

based tracker            
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Table 7.3. Number of missed object events, average position track errors, and number of 

phantom object events 

Visual tracker 

type 

Missed 

object 

(event/558 

frames) 

Average position 

track error 

(pixel/detection 

frame) 

Standard deviation of 

track errors 
Phantom 

object 

(event/558 

frames) 

Obj.1 Obj.1 Obj.1 Obj.1 Obj.1 Obj.1 

Full resolution 

PF tracker 
55 6.56 3.99 13.18 3.63 3.12 5.58 469 

(LL)2 subband 

tracker 
80 8.17 7.24 12.47 3.84 2.97 3.4 2 

WPT based 

tracker 
23 5.32 4.57 6.65 2.68 2.37 2.82 0 

 

7.5.2.2 Demonstrating challenging video conditions 

Object shadow: Figure 7.13 (a), Figure 7.13 (b) and Figure 7.13 (c) show the binary 

frames generated from the 116th video frame using the full resolution frame, using subband 

(LL)2 and using one subband frame from the constructed best wavelet packet tree, 

respectively. We note that the red box in Figure 7.13 (a) highlights an artifact due to the 

presence of object shadow. 
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Figure 7.13. Binary frames generated from the 116th frame using: (a) the full resolution frame; 

(b) subband (LL)2; (c) subband frame from the constructed best wavelet packet tree 

Figure 7.14 (a), Figure 7.14 (b), and Figure 7.14 (c) show visual tracking results, 

superposed on the 116th video frame, generated by a standard full resolution particle filter-

based tracker, single wavelet subband (LL)2 based tracker, and our multi-scale tracker, 

respectively. We note that standard full resolution particle filter-based tracker generated a 

phantom object due to the presence of the artifact in Figure 7.13 (a), while our multi-scale 

tracker overcame the presence of object shadow in this 116th video frame. 

Figure 7.14. Visual tracking results for the 116th  video frame using; (a) the standard full-

resolution particle filter-based tracker; (b) the single wavelet subband (LL)2 based tracker, and (c) 

our multi-scale WPT based tracker             

(a)  (b)  (c)  

(c)  (b)  (a)  
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Partial object camouflage:  Figure 7.15 (a), Figure 7.15 (b), and Figure 7.15 (c) 

show the binary frames generated from the 427th video frame using the full resolution 

frame, using subband (LL)2, and using one subband frame from the constructed best 

wavelet packet tree, respectively. We note that the red boxes in Figure 7.15 (a), and Figure 

7.15 (b) highlight the division of an object into two due to the presence of partial object 

camouflage.  

Figure 7.16 (a), Figure 7.16 (b), and Figure 7.16 (c) show visual tracking results, 

superposed on the 427th video frame, generated by a standard full resolution particle filter-

based tracker, single wavelet subband (LL)2 based tracker,  and our multi-scale WPT based 

tracker, respectively. We note that standard full resolution particle filter-based tracker 

generated two phantom objects due to the presence of the object division in Figure 7.16 (a) 

and object shadow, also single wavelet subband (LL)2 based tracker generated a phantom 

object due to the presence of the object division in Figure 7.16 (b)  while our multi-scale 

tracker overcame the presence of partial object camouflage in this 427th video frame. 

Figure 7.15. Binary frames generated from the 427th frame using: (a) the full resolution frame; 

(b) subband (LL)2; (c) subband frame from the constructed best wavelet packet tree 

(c)  (b)  (a)  
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7.5.3 Example demonstrating the presence of objects with different sizes and sudden 

illumination change 

To demonstrate the improved performance of our multi-scale WPT based tracker, 

compared a standard full resolution particle filter-based tracker and compared to a single 

wavelet subband (LL)2 based tracker, we applied it to the “Meet_WalkTogether2” video 

sequence that included object shadow and partial object camouflage.  

7.5.3.1 Comparison of resulting position tracks 

Figure 7.17 shows the position tracks of objects obtained using standard particle 

filter-based visual tracker, single wavelet subband (LL)2 based tracker, and our multi-scale 

subband particle filters tracker. Figure 7.17 (a) - (c), Figure 7.17 (d) - (f), and Figure 7.17 

(g) -- (j) show the true position tracks of the three objects, in addition to ones generated by 

Figure 7.16. Visual tracking results for the 427th  video frame using: (a) the standard full-

resolution particle filter-based tracker; (b) the single wavelet subband (LL)2 based tracker, and 

(c) our multi-scale WPT based tracker            

(a) (c) (b) 
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the standard full-resolution particle filter-based tracker, single wavelet subband (LL)2 

based tracker and our multi-scale WPT based tracker, respectively.  

(b) 

(d) 

(h) (g) (i) 

(a) (c) 

(e) (f) 

Figure 7.17. Position tracks of true objects (a) - (i) in the “Meet_WalkTogether2” video using the 

standard full-resolution particle filter-based tracker (right column), the single wavelet subband 

(LL)2 based tracker (middle column), and our multi-scale WPT based tracker (left column) 
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We note that the differences between the position paths generated by our multi-scale 

tracker and the true position paths are smaller than when a standard full resolution particle 

filter-based tracker and single wavelet subband (LL)2 based tracker were used.  

Figure 7.18 show position tracks of phantom objects generated by the standard full 

resolution particle filter-based tracker. These phantom objects could appear due to the 

presence of background motion, object shadows, and partial object camouflage. We note 

the standard full resolution particle filter-based tracker generated many. Our multi-scale 

WPT based tracker could use more subbands than our previous trackers. Therefore, it 

detects object boundaries in different directions which yield to detection of the background 

motion as a phantom object. 

As shown in Table 7.4, object 1 in this video appeared in 114 detection frames, with 

cumulative track errors of 737 pixels, 755 pixels, 512 pixels using 1) standard full 

resolution particle filter, 2) single wavelet subband (LL)2, and 3) our multiscale tracker, 

respectively. Object 2 in this video appeared in 8 detection frames, with cumulative track 

 

(b) (a) (c) 

Figure 7.18. Position tracks of phantom objects generated by: (a) the standard full resolution 

particle filter-based tracker, (b) the single wavelet subband (LL)2 based tracker, and (c) our multi-

scale WPT based tracker 
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errors of 72 pixels, 101 pixels, 52 pixels using 1) standard full resolution particle filter, 2) 

single wavelet subband (LL)2, and 3) our multiscale tracker, respectively. Object 3 in this 

video appeared in 60 detection frames, with cumulative track errors of 718 pixels, 1023 

pixels, 450 pixels using 1) standard full resolution particle filter, 2) single wavelet subband 

(LL)2, and 3) our multiscale tracker, respectively.  

These values are a solid demonstration of the superior performance and robustness of 

our multiscale tracker compared to the other two trackers. 

Table 7.4. Number of missed object events, average position track errors, and number of 

phantom object events 

Visual tracker 

type 

Missed 

object 

(event/827 

frames) 

Average position track 

error (pixel/detection 

frame) 

Standard deviation of 

track errors 

Phantom 

object 

(event/827 

frames) Obj.1 Obj.1 Obj.1 Obj.1 Obj.1 Obj.1 

Full resolution 

PF tracker 
81 6.4 9.04 12 7.80 3.91 3.199 122 

(LL)2 subband 

tracker 
62 6.6 12.7 17.05 4.47 2.45 3.70 0 

WPT based 

tracker 
33 4.4 6.6 7 2.88 1.31 3.46 15 

 

We note that the differences between the position paths generated by our multi-scale 

tracker and the true position paths are smaller than those generated by the standard full-

resolution particle filter-based tracker and the (LL)2-based tracker. Moreover, we note that 
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the number of times that a real object failed to be tracked was 81, 62, and 45 for the standard 

full-resolution particle filter-based tracker, the single wavelet subband (LL)2 based tracker, 

and our multi-scale tracker, respectively.  

7.5.3.2 Demonstrating challenging video conditions. 

Presence of sudden illumination change: Figure 7.19 (a), Figure 7.19 (b), and 

Figure 7.19 (c) show the binary frames generated from the 45th video frame using the full 

resolution frame, using subband (LL)1 and using one subband frame from the constructed 

best wavelet packet tree, respectively.  

We note that the red box in Figure 7.19 (a) highlights an artifact due to a sudden 

illumination change in this video frame. Figure 7.20 (a), Figure 7.20 (b), and Figure 7.20 

(c) show visual tracking results, superposed on the 45th video frame, generated by a 

standard full resolution particle filter-based tracker, single wavelet subband (LL)2 based 

tracker, and our multi-scale tracker, respectively. We note that standard full resolution 

particle filter-based tracker generated a phantom object due to the presence of the artifact 

in Figure 7.19 (a), while our multi-scale tracker overcame the effect of sudden illumination 

change in this 45th video frame.  
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Figure 7.19. Binary frames generated from the 45th frame using: (a) the full resolution frame; 

(b) subband (LL)2; (c) subband frame from the constructed best wavelet packet tree 

Objects of different sizes: Figure 7.21 (a), Figure 7.21 (b), and Figure 7.21 (c) show 

the binary frames generated from the 201st video frame using the full resolution frame, 

using subband (LL)2 and using one subband frame from the constructed best wavelet packet 

tree, respectively. We note that the object sizes in Figure 7.21 (c) are closer to each other 

than the object sizes in Figure 7.21 (a). Figure 7.22 (a), Figure 7.22 (b), and Figure 7.22 

(c) show visual tracking results, superposed on the 201st video frame, generated by a 

Figure 7.20. Visual tracking results for 45th video frame using: (a) the standard particle filter 

full resolution based tracker; (b) the single wavelet subband (LL)2 based tracker, and (c)  our 

multi-scale WPT based tracker             

(c)  (b)  (a)  

 

(a)  (b)  (c)  
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standard full resolution particle filter-based tracker, single wavelet subband (LL)2 based 

tracker and our multi-scale tracker, respectively.  

Figure 7.21. Binary frames generated from the 201st frame using; (a) the full resolution frame; 

(b) subband (LL)2; (c) subband frame from the constructed best wavelet packet tree 

 

 

Figure 7.22. Visual tracking results for the 201st video frame using: (a) the standard full-

resolution particle filter-based tracker; (b) the single wavelet subband (LL)2 based tracker, and 

(c) our multi-scale WPT based tracker 

 

We note that, due to the presence of a large object, the standard full resolution particle 

filter-based tracker failed to track the smaller object moreover it showed partial camouflage 

problem. Also, single wavelet subband (LL)2 based tracker failed to track small object due 

to using only one subband in a fixed scale, the second scale. Our multi-scale tracker, 

(c)  (b)  (a)  

 

(a)  (b)  (c)  
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however, overcame these problems in this 201st video frame and was able to track both 

large and small objects successfully. 

7.5.4 Example demonstrating presence of objects with different sizes and partial 

object camouflage 

The The video sequence in this example, “ATCS” is from the Visor database (288 X 

384 pixels, 30 fps, 1313 frames). This video sequence shows three moving people. 

7.5.4.1 Comparison of resulting position tracks 

Figure 7.24 shows the position tracks of objects obtained using the standard particle 

filter-based visual tracker, the single wavelet subband (LL)2 based tracker, and our multi-

scale WPT based tracker. Figure 7.24 (a) - (c), Figure 7.24 (d) - (f), and Figure 7.24 (g) - 

(i) show the true position tracks of the three objects, as well as those generated by the 

standard full-resolution particle filter-based tracker, the single wavelet subband (LL)2 

based tracker, and our multi-scale WPT based tracker, respectively. We note that the 

differences between the position paths generated by our multi-scale tracker and the true 

position paths are significantly smaller than the differences generated by the standard full-

resolution particle filter-based tracker and single wavelet subband (LL)2 tracker. 

Figure 7.23 shows the visual tracking results for a sample of four video frames using 

our multi-scale tracker. We note that our multi-scale WPT based tracker generated no 

phantom objects, while the standard full-resolution particle filter-based tracker generated 

many. This is a further demonstration of our multi-scale tracker’s robustness. 
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(b) 

(d) 

(h) (g) (i) 

(a) (c) 

(e) (f) 

Figure 7.24. Position tracks of true objects (a) - (i) in the “ATCS” video using a standard full 

resolution particle filter-based tracker (right column), single wavelet subband (LL)2 based 

tracker (middle column), and our multiscale WPT based tracker (left column) 

 

Figure 7.23. Visual tracking results for four video frames using our multi-scale tracker  

 



179 

 

As shown Table 7.5, object 1 video appeared in 399 detection frames, with 

cumulative track errors of 2284 pixels, 5815 pixels, 3861 pixels using 1) standard full 

resolution particle filter, 2) single wavelet subband (LL)2, and 3) our multiscale WPT based 

tracker, respectively. Object 2 in this video appeared in 157 detection frames, with 

cumulative track errors of 1159 pixels, 2472 pixels, 1935 pixels using 1) standard full 

resolution particle filter, 2) single wavelet subband (LL)2, and 3) our multiscale WPT based 

tracker, respectively. Object 3 in this video appeared in 289 detection frames, with 

cumulative track errors of 1621 pixels, 3730 pixels, 2263 pixels using 1) standard full 

resolution particle filter, 2) single wavelet subband (LL)2, and 3) our multiscale WPT based 

tracker, respectively. These values are a solid demonstration of the superior performance 

and robustness of our multiscale tracker compared to the other two trackers.  
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Table 7.5. Number of missed object events, average position track errors, and number of 

phantom object events 

Visual 

tracker type 

Missed 

object 

(event/1313 

frames) 

Average position track 

error (pixel/detection 

frame) 

Standard deviation of 

track errors 

Phantom 

object 

(event/1313 

frames) Obj.1 Obj.1 Obj.1 Obj.1 Obj.1 Obj.1 

Full 

resolution PF 

tracker 

83   5.72 7.38 5.61 4.98 5.42 4.98 31 

(LL)2 

subband 

tracker 

34 14.57 15.76 12.90 4.93 5.42 4.87 0 

WPT based 

tracker 
3   9.67 12.32 7.83 3.74 5.69 3.57 0 

 

We note that the differences between the position paths generated by our multi-scale 

tracker and the true position paths are smaller than those generated by the standard full-

resolution particle filter-based tracker and the LL-based tracker. Moreover, we note that 

the number of times that a real object failed to be tracked was 83, 34, and 15 for the standard 

full-resolution particle filter-based tracker, the single wavelet subband (LL)2 based tracker, 

and our multi-scale tracker, respectively. 

7.6 Chapter summary 

In this chapter, we developed a robust multi-scale visual tracker that adaptively fused 

data from a variable number of frame wavelet packet subbands. We generalized our design 
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from Chapter 5 by 1) representing the current difference frame in a wavelet packet 

redundant dictionary; 2) fusing data from a variable number of wavelet packet subbands 

that are selected by the Fast Best Basis Selection algorithm; 3) using an explicit wavelet 

thresholding based denoising technique for reducing white noise in the current video frame. 

The main objective of these design generalizations was to obtain an accurate sparse 

representation of a current difference frame, instead of its earlier coarse approximation 

obtained by keeping an arbitrarily chosen number, N, of its wavelet subbands with highest 

energy densities. Then we applied a cross-section particle filter to all the selected wavelet 

packet subbands. Finally, we fused the outputs of processing these wavelet packet 

subbands to obtain final position tracks of multiple moving objects in the video sequence. 

Compared to the results obtained by a standard full resolution particle filter-based tracker, 

and a single wavelet subband (LL)2 based tracker, the results obtained from our multiscale 

WPT based tracker demonstrate significantly more accurate tracking performance.
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Conclusions and Future Work 

Tracking of multiple objects in video sequences is an important research problem 

because of its many different applications. Significant progress has been made on this topic 

in the last few decades. However, the ability to track objects accurately in video sequences 

that have challenging conditions and unexpected events, e.g., background motion and 

object shadows, objects with different sizes and contrasts, a sudden change in illumination, 

partial object camouflage, and low signal-to-noise ratio remains a challenging research 

problem. In this thesis, we designed and implemented four novel robust visual trackers to 

overcome these challenging conditions and unexpected events.  

8.1 Thesis Contributions 

We developed four robust multi-scale visual trackers in the wavelet domain using 

Bayesian approach:  

 A robust multi-scale visual tracker that represents a captured video frame as 

different subbands in the wavelet domain. It then applies N independent particle 

filters to a small subset of these subbands, where the choice of this subset of 

wavelet subbands changes with each captured frame. Finally, it fuses the output 

tracks of these N independent particle filters to obtain final position tracks of 

multiple moving objects in the video sequence (tracker-fusion). Compared to a 

standard full-resolution particle filter-based tracker and a single wavelet subband 
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(LL)2 based tracker, our multi-scale tracker demonstrated significantly more 

accurate tracking performance, as well as reduced average frame processing times. 

 To reduce the computational cost of our first visual tracker, we also developed a 

robust multi-scale visual tracker that adaptively fused N frame subbands using a 

single cross-section particle filter. Compared to the results obtained by a standard 

particle filter-based tracker, our results demonstrated significantly more accurate 

tracking performance. Furthermore, our cross-section particle filter-based tracker 

required a computational cost of approximately 50% of that required by our first 

multi-scale tracker. 

 A robust multi-scale visual tracker for multiple objects in video using subband 

frames that were adaptively selected from a Dual-Tree Complex Wavelet 

Transform (Dt-CWT). We used the DT-CWT to avoid shortcomings of real-valued 

wavelet transforms, e.g., shift variance and low directional selectivity. 

 A robust multi-scale visual tracker of multiple objects in a video that used a sparse 

representation of a current frame in the wavelet packet domain, obtained by the 

Fast Best Basis Selection algorithm. Compared to a standard full-resolution 

particle filter-based tracker and a single wavelet subband (LL)2 based tracker, our 

multi-scale tracker demonstrated significantly more accurate tracking 

performance. 
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8.2 Publications 

1- Ahmed Mahmoud and Sherif S. Sherif, “Robust Tracking of Multiple Objects in 

Video by Adaptive Fusion of Subband Particle Filters,” IET computer Vision, July 

31th, 2018. 

2- Ahmed Mahmoud and Sherif S. Sherif, “Dual-tree complex wavelet transform for 

robust visual tracking of multiple objects in video,” 11th International Conference 

on Electrical Engineering (ICEENG), Military Technical College, Cairo, Egypt, 

3-5 April, 2018.  

3- Ahmed Mahmoud and Sherif S. Sherif, “Robust Tracking of Multiple Objects in 

Video by Adaptive Fusion of N frame Subbands Using a Cross-section Particle 

Filter,” to be submitted to Computer Vision and Image Understanding, August 

2018. 

4- Ahmed Mahmoud and Sherif S. Sherif, “Robust Tracking of Multiple Objects in 

Video by Adaptive Fusion of a Variable Number of Frame Wavelet Packet 

Subbands,” to be submitted to Pattern Recognition, September, 2018. 

8.3  Possible Future Work 

The work described in this thesis could be extended in the following possible ways: 

 Use multiple motion models to represent maneuvering objects, whose dynamic 

behavior changes with time.  

 Add more visual features or cues, e.g., object contour shape, to the used particle 
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filter’s likelihood function to increase tracking robustness. 

 Use a parallel processing platform to implement different subband particle filters 

based visual trackers. By allocating a separate processor to each subband particle 

filter, the overall computation time to track multiple objects in video could be 

significantly reduced. 

 Develop stand-alone visual tracking hardware by implementing our novel multi-

scale trackers using Field Programmable Gate Arrays (FPGA), or Digital Signal 

Processor (DSP), boards.
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APPENDIX A: Multiresolution image processing 

The multi-resolution approach to image (or signal) processing and analysis is also 

known as MRA analysis. MRA aims to represent and analyze a signal (or image) at 

different resolution levels, such that features that might be ambiguous in one level may 

become evident in another. MRA approach unifies techniques from various disciplines 

including 1) pyramid image processing, 2) subband coding (filter banks) from signal 

processing, and 3) wavelet transforms. This appendix describes these different multi-

resolution approaches. 

1.     Image pyramids 

An image pyramid is a powerful and straightforward technique for representing an 

image at different resolution levels. It has been used in many applications including 

machine vision and image compression. In an image pyramid representation, a collection 

of decreasing image resolution forms a pyramid structure as shown in Figure 1. The base 

of the pyramid contains a high-resolution representation of the image, while the apex of 

level 1   

•
•

•

Level  J– 2  

Level  J– 1   

N X N  

N/2 X N/2  

4X4  

2X2  

1X1  

Level 0 (base) 

Figure 1. A pyramidal image structure 

•
•
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the pyramid includes a low-resolution approximation. The resolution, thereby, the size of 

the image, decreases while moving up the pyramid structure.  

The size of base level is 𝑁 X 𝑁 or 2𝐽 X 2𝐽, where 𝐽 = log2𝑁, an intermediate level 𝑗 

is of size 2(J−j) X2(J−j), where 0 ≤ j ≤ J. A full pyramid structure composed of 𝐽 + 1 

resolution level whose size start from 2𝐽 𝑋2𝐽 to 20 X20. Usually, pyramids are truncated 

to 𝑃 + 1 levels such that 𝐽 − 𝑃 ≤ 𝑗 ≤ 𝐽.  Therefore, the total number of elements in P + 1 

pyramid levels is: 

N2 (1 +
1

(4)1
+

1

(4)2
+ ⋯ +

1

(4)P
) ≤

4

3
N2       (1) 

Figure 2. shows a block diagram for generating image pyramids. The approximate 

image at level 𝑗 is used to obtain the next one, i.e., level j + 1 approximation, in addition 

to level j + 1 prediction. We note that level 𝑗 + 1 prediction represents the difference 

between the approximations at level 𝑗 and level 𝑗 + 1. 

Approximation  
 filter 

2↓ 

2 ↑ 

Approximation 
 filter 

- 
+ 

Downsampler 

Upsampler 

Prediction Level j input 
 image 

Level j + 1 prediction  
approximation 

Level j prediction 
 residual 

Figure 2. Block diagram for generating a pyramid representation 
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2.    Subband coding 

Another possible technique for multi-resolution analysis is subband coding. An 

image (or signal) is decomposed into a set of band-limited components, i.e., subbands that 

could be re-assembled to reconstruct the original image without error. Developed initially 

for speech and image compression, subbands are typically generated by bandpass filtering 

the input image (or signal). As the bandwidths of the resulting subbands are smaller than 

that of the original image, these subbands can be downsampled without any loss of 

information. To reconstruct the original image, one needs to sum an upsampled and filtered 

versions of the individual subbands.  

Figure 3. represents a block diagram of a two-band subband coding and decoding 

system. The input is a one dimensional, band-limited discrete time signal 𝑥(n) where n =

1, 2, … and �̂�(n) is generated by, first, the decomposition of 𝑥(n)  into y0(n) and y1(n) 

h0(n) 
2 ↓ 

g0(n) 

x(n) 

2 ↑ 

h0(n) 
2 ↓ 

g0(n) 
2↑ 

+ 
y0 (n) 

y1(n) 
Synthesis 𝐴𝑛𝑎𝑙𝑦𝑠𝑖𝑠 

�̂�(𝑛) 

Figure 3. system block diagram of two band subband coding and decoding system  
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using the analysis filters, h0(n) and h1(n), and, second, by recombination using the 

synthesis filters g0(n) and g1(n).  

3.     Haar wavelet transform 

The third technique for multi-resolution analysis is the Haar transform. This 

transform uses one of the oldest orthonormal basis functions on the real interval [0, 1], 

which was developed by Alfred Haar in 1909. The Haar wavelet transform is both 

separable and symmetric, and it could be expressed in matrix form as 

𝐓 = 𝐇𝐅𝐇                                                      (2) 

where F is, e.g., an N x N image, then the transformation matrix H would also be an N x N 

matrix. The Haar wavelet transform could be viewed as one of the simplest orthonormal 

transforms, where its mother wavelet function ψ(t) is given by: 

𝜓(𝑡) = {

1                           0 ≤ 𝑡 ≤
1

2
,

−1                           
1

2
≤ 𝑡 ≤ 1,

0                           𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

                                              (3) 

The scaling function 𝜑(𝑡) of this Haar wavelet transform is given by:  

𝜑(𝑡) = {
1                           0 ≤ 𝑡 ≤ 1,

 
0                           𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒.

                                              (4) 
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APPENDIX B: Review of probability distributions 

Uncertainty about multiple random variables could be expressed by three types of 

probabilities including joint, marginal, and conditional probability distributions. This 

appendix aims to describe these probability distributions.   

1.     Joint probability 

Given 𝑥 and 𝑦 be random variables which can take values in 𝑋 = {𝑣1, 𝑣2, … , 𝑣𝑚}, 

and 𝑌 = {𝑤1, 𝑤2, … , 𝑤𝑛}, respectively. We can consider that (𝑥, 𝑦)as a point in the vector 

product space of 𝑥 and 𝑦. For each pair of the values ((𝑣𝑖 , 𝑤𝑗), where 1 ≤ 𝑖 ≤ 𝑚, and 1 ≤

𝑗 ≤ 𝑛,  we have joint probability 𝑝𝑖𝑗 = {𝑥 = 𝑣𝑖 , 𝑦 = 𝑤𝑗}. The value of  𝑝𝑖𝑗 is non-negative, 

also the sum of possible  𝑝𝑖𝑗 is equal to 1. 

To obtain a full characterization of the pair of random variables (𝑥, 𝑦), individually 

or together, we define joint probability mass function 𝑃(𝑥, 𝑦) in which: 

𝑃(𝑥, 𝑦) ≥ 0, 𝑎𝑛𝑑 

∑ ∑ 𝑃(𝑥, 𝑦) = 1

𝑦∈𝑌𝑥∈𝑋

                                                        (1) 

 From the joint probability mass function everything about 𝑥, and 𝑦 can be computed. 

In particular, 𝑃(𝑥, 𝑦)  could be used to get a separate marginal distribution for x, and y by 

summing over the other variable, i.e., the probability for one of the variables with no 

reference to any the other variables, as shown in the following equations: 

𝑃𝑋(𝑥) = ∑ 𝑃(𝑥, 𝑦)

𝑦∈𝑌
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𝑃𝑌(𝑦) = ∑ 𝑃(𝑥, 𝑦)

𝑥∈𝑋

                                                        (2) 

  For simplification, 𝑃𝑋(𝑥), and 𝑃𝑌(𝑦) are usually referred to as 𝑃(𝑥), and 𝑃(𝑦) 

repectively.  

2.     Statistical independence 

The random variables x and y are statistically independent, i.e., the probability of one 

variable is unaffected by the value of the other, if and only if  

𝑃(𝑥, 𝑦) = 𝑃𝑋(𝑥)  𝑃𝑌(𝑦)                                                     (3) 

3.     Conditional probability 

If the two variables x, and y are statistically dependent, then the value of one them 

yields to better estimate of the value of the other one. Conditional probability describes 

this statistical dependent such that  

Pr{𝑥 = 𝑣𝑖|𝑦 = 𝑤𝑗} =
Pr{𝑥 = 𝑣𝑖 , 𝑦 = 𝑤𝑗}

Pr{𝑦 = 𝑤𝑗}
                                         (4) 

in terms of mass functions, conditional probability is expressed as 

𝑃(𝑥|𝑦) =
𝑃(𝑥, 𝑦)

𝑃(𝑦)
                                                                (5) 

In case of statistical independent of x, and y, this yields to 𝑃(𝑥|𝑦) = 𝑃(𝑥). That means 

that knowing the value 𝑦 provides no information about 𝑥 that was not already known 

from 𝑃(𝑥). 


