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ABSTRACT 

Scheduling problems have been studied for many years for optimizing resource allocation as 

scheduling plays a critical role in many manufacturing and service industries. During last two 

decades, two-agent scheduling problems have been used in many systems, such as railroad 

allocation system, aircraft landing system and so on. This thesis considers various two-agent 

scheduling problems with a single machine, which is responsible for processing jobs from two 

agents. The research of single machine with two-agent scheduling models can be classified into 

two main categories: minimality model and feasibility model. The feasibility model based two-

agent scheduling problems are studied in this thesis. In a feasibility model, the scheduling problem 

is objective to minimize the objective function of one agent while keeping the objective function 

of the other agent within a pre-specified level. In the present thesis, mathematical models, 

heuristics, and Ant Colony Optimization based meta-heuristics are proposed for solving the 

problems studied in this thesis. Furthermore, this thesis also provides a detailed and systemic 

survey (literature review) of the two-agent scheduling problem literature on models with a given 

due date. In the chapter of survey of two-agent scheduling problems with due date, the 

computational complexity and proposed algorithms for the due-date-related two-agent scheduling 

problems are list. The two-agent scheduling problems studied and proposed algorithms in this 

thesis are extremely useful for improving the productivity and efficiency of the manufacturing 

environment in a supply chain system. 
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Chapter One: Introduction 

1.1 Introduction to Scheduling 

The scheduling study is an optimization method and a decision-making process (Pinedo, 2012). 

Scheduling theories and algorithms have been utilizing for decades in various industries, the 

manufacturing industry and service industry, in particularly. In manufacturing industry, the 

scheduling studies help the production system to increase facility utilizations, and further reduce 

the in-process inventory level and operational costs (Burnwal & Deb, 2013). In terms of the service 

industry, the human resource is treated as processing resource in scheduling studies. 

In general, scheduling studies help operators to optimize their objectives via efficient planning and 

allocating limited resources over the time domain (J. Liu & MacCarthy, 1996; Pinedo, 2012). In a 

real manufacturing environment, a job may consist more than one parameter, for example, 

processing time, priority-level-based weight factor, release date and due date. A scheduling 

problem will consider one or more one parameters and various structure of machine into its 

consideration. According to Graham, Lawler, Lenstra, and Kan (1979), the machine structure can 

be classified to single machine model, parallel machine model, flow shop and flexible flow shop, 

job shop and open shop. Different scheduling problems consider different combinations of job 

settings and machine settings. The scheduling theories and algorithms have been utilizing for 

decades in real world environments, in order to increase production efficiency and reduce costs. 

1.1.1 Single Machine Scheduling Models 

The single machine scheduling problem is a fundamental and a special case of machine structure 

setting (Ow & Morton, 1989; Pinedo, 2012). In a single machine scheduling production 

environment, it includes only one production stage, and only one processor is available for 
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processing all jobs (Graves, 1981). It has been proposed and studied by Jackson (1955) and Smith 

(1956). 

In terms of its processing complexity, although the single machine scheduling problem looks like 

very simple, it is significant important for scheduling studies. Apparently, the research 

achievements of single machine studies provide understandings and promote developments in its 

own study area. However, its contributions on other machine settings should not be ignored as 

well. The studies on other complicated machine environments could get basis from the single 

machine scheduling problem studies (Pinedo, 2012). The most common example is that many 

complex manufacturing structures, such as the parallel machine problem, they can be simplified 

to the single machine scheduling problem. 

1.1.2 Parallel Machine Scheduling Models 

The parallel machine scheduling problem is a one-stage scheduling model, like the single machine 

scheduling problem. However, the jobs may be required to be processed by any of the parallel 

processors. In other words, all jobs are executed by one of  𝑚 machines in the parallel. It includes 

three types of machine settings: identical machines in parallel, machines in parallel with different 

speeds, and unrelated machines in parallel (Pinedo, 2012). The parallel machine scheduling models 

play a critical role in the scheduling study, because it has significant contributions on both 

theoretical level and practical level. The applications of parallel machine scheduling are very 

common in the production environment and our daily life. For example, sea-dock loading and 

unloading system (K. H. Kim & Park, 2004) at port container terminals, cranes are processors to 

load or unload containers. 
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The parallel machine scheduling problems have a tight relationship with the single machine 

scheduling problems and flow shop scheduling problems. It is generated from the single machine 

scheduling problem, and it is also a special case of the flexible flow shop scheduling models 

(Mokotoff, 2001). After the job allocating work finished, each machine has several jobs need to 

be processed (Pinedo, 2012). Then, it can be treated as a single machine production environment 

and to schedule the jobs, in order to achieve objectives. 

1.1.3 Flow Shops 

In flow shop scheduling models, machines are available for processing 𝑛 jobs, but all jobs are 

required to be processed on each one of those machines. Apart from the typical flow shop 

environment, the flexible flow shop is another type of flow shop scheduling models. Different with 

flow shop, it involves 𝑐 production stages, and a bank of identical machine in each of stages. All 

jobs will follow the same route in flow shop or flexible flow shop manufacturing systems (i.e. 

machine 1 / stage 1, machine 2 / stage 2, … machine  𝑚 / stage 𝑐). In fact, the flexible flow shop 

is also called “flow shop with parallel machines (FSPM)” (Nowicki & Smutnicki, 1998): it is not 

hard to understand that the flexible flow shop is hybrid of flow shop and parallel machines. 

This production model has a remarkable positive effect on improving the production rate in mass 

productions. The production line, one of the most famous production theory, it is based on the flow 

shop scheduling models (Garey, Johnson, & Sethi, 1976), in essence. The Ford Motor is a pioneer 

in application domain of flow shop manufacturing models, and this company promoted the 

productivity and received incredible success in the automobile manufacturing industry. 

1.1.4 Job Shops 
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The job shop is a manufacturing system which involves 𝑚  machines. These machines are 

responsible for processing jobs. The machine setting in job shop scheduling models is similar with 

the flow shop models, however, the jobs in job shop scheduling problems are following various 

predetermined routes (R. Cheng, Gen, & Tsujimura, 1996; Pinedo, 2012). and these routes are 

decided by each job itself. In addition, each job may visit a processor more than one time. In terms 

of the flexible job shop scheduling models, it is a combination of flexible job shop and parallel 

machines. The work centers replaced the original role of machines in job shop. Jobs can be 

processed by any one of machines in one work center, and following their own routes. 

The job shop scheduling problems are considered as the most hardest scheduling models 

(Applegate & Cook, 1991; Garey et al., 1976), and just because of this, the job shop scheduling 

problems have been attracting considerable number of studies. Because of the fact that job shop 

scheduling problems are combinatorial optimization problems (Nakano & Yamada, 1991; L. Wang 

& Zheng, 2001), researchers utilize various heuristics and meta-heuristics as alternative to solve 

job shop scheduling problems, such as the genetic algorithm (Chen, Ihlow, & Lehmann, 1999; 

Della Croce, Tadei, & Volta, 1995; Gonçalves, de Magalhães Mendes, & Resende, 2005), tabu 

search (Brandimarte, 1993; Dell'Amico & Trubian, 1993), simulated annealing (Van Laarhoven, 

Aarts, & Lenstra, 1992) and large step optimization (Martin, Otto, & Felten, 1991). 

1.1.5 Open Shops 

The open shop scheduling problems are strongly related with the job shop scheduling problems. 

The most striking feature of open shops is that no restrictions for job’s chain of operations. 

Different jobs can have their own different routes, and the processing time of one job on same 

machines may equal to zero. 
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1.2 Objective Functions 

Objective functions represent the objective need to be minimized in scheduling problems. The 

most common functions considered are including makespan, total completion time, tardiness and 

earliness, maximum lateness, number of tardy jobs and so forth (Pinedo, 2012). The weight factor 

plays an important role in the scheduling problems, because it represents the importance degree of 

each jobs. The weight factor has many patterns of manifestation, for instance, penalties in the 

earliness/tardiness problems. 

Depending on the different problem complexities, one or more than one objectives will be 

considered in objective functions. On one hand, some objectives are used as the solo objective in 

a scheduling model. For example, the makespan objective is considered in most of flow shop 

scheduling problems for increasing the machines’ utilization (Sayadi, Ramezanian, & Ghaffari-

Nasab, 2010; Zegordi, Itoh, & Enkawa, 1995). The common (or possible) objective functions are 

illustrated as follows: 

Total Completion Time (∑ 𝐶𝑖)
𝑛
𝑖=1  

The total completion time objective indicates the sum of jobs’ completion time. One job’s 

completion time includes waiting time and its processing time. Thus, minimizing the completion 

time can reduce the costs on holding and inventory (Biskup & Cheng, 1999; Pinedo, 2012). In 

some studies, the weight factor is also considered to calculate the total weighted completion time. 

Total Tardiness / Earliness (∑ (𝐸𝑖 + 𝑇𝑖))
𝑛
𝑖=1  

For the most of studies which are considering the due date element, they take the tardiness and 

earliness into consideration. The tardiness is defined as 𝑇𝑖 = max{0, (𝐶𝑖 − 𝑑𝑖)} , where 𝑑𝑖  is 

denoted as the 𝑖𝑡ℎ job’s due date. Similar with the definition of tardiness, the earliness is defined 
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as 𝐸𝑖 = max{0, (𝑑𝑖 − 𝐶𝑖)}. Moreover, the tardiness and earliness cannot happen on one job at 

same time.  

The tardiness and earliness related scheduling problems are studies for decades, and these studies 

are closed connecting to the applications, such as the railroad track allocation problem (Brewer & 

Plott, 1996), Material Requirements Planning (MRP) (Vig & Dooley, 1991) and aircraft landing 

problem (Soomer & Franx, 2008). The tardiness and earliness based objective functions are not 

only having a wide range application, but also helping to reduce the manufacturing costs, inventory 

costs significantly. 

Number of Tardy Jobs (∑ 𝑈𝑖)
𝑛
𝑖=1  

The number of tardy jobs is a dichotomous variable (zero-one distribution): if the 𝑖𝑡ℎ  job’s 

completion time is greater than its due date, then 𝑈𝑖 = 1; otherwise, the value of 𝑈𝑖 is equal to 

zero. It makes easier for schedulers to record tardy jobs (Pinedo, 2012). Many due-date-related 

scheduling problems consider the number of tardy jobs in their objective functions as well. Also, 

it has many applications in real world environments. For instance, if food productions are not sold 

before expire-dates, then the waste can be accounted into the number of tardy jobs. 

The Makespan (𝐶𝑚𝑎𝑥) 

The makespan represents the completion time of the job which is the last one to leave a 

manufacturing system. This objective is widely considered in various scheduling models, the 

parallel machine models in particular. In parallel machine models, studies consider the total 

completion time from two perspectives, with or without pre-emptions. Also, the maintenance 

during the production process impacts on the total makespan (Sadfi, Penz, Rapine, Błażewicz, & 

Formanowicz, 2005). 
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1.3 Two-agent Scheduling Problems 

The two-agent scheduling problem is an innovative and practical study in the scheduling research 

area. In this section, the basic concepts of two-agent scheduling problem are illustrated briefly. In 

addition, the second part of this section displays the various applications of two-agent scheduling 

problem. 

1.3.1 Introduction 

The two-agent scheduling problem has been proposed by Baker and Smith (2003). They 

considered the multi-agent scheduling problem with different objectives. Allesandro Agnetis, 

Mirchandani, Pacciarelli, and Pacifici (2004) studied two-agent scheduling problems with 

different objective functions (i.e. total completion time, total weighted completion time and 

number of tardy jobs). Compared with the traditional scheduling problem which has only one 

criterion, two-agent (or multi-agent) scheduling problem allows multiple scheduling criteria, with 

different objectives for different customers (Baker & Smith, 2003). In a single machine with two-

agent scheduling problem, a single processor is responsible for processing the jobs from two agents. 

Based on the different objective functions, some parameters of job will be considered, such as 

processing time, weight, setup time, release time and due time. 

The two-agent scheduling problem plays a fundamental role in multi-scheduling problems. Some 

theories are not only employed for solving two-agent-based scheduling problems, but also for 

solving those complicated multi-agent scheduling problems. In order to address the conflicting 

nature of objectives, Suresh and Chaudhuri (1996) proposed two different approaches: a) to assign 

weight to each agent and to minimize the weighted objective functions; b) to minimize the 

objective function of one agent while keeping the objective function of the other agent within a 
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pre-specified level. T. E. Cheng, Ng, and Yuan (2008) named these two types of single machine 

with multi-agent scheduling problem as “minimality model” and “feasibility model”, respectively. 

Alessandro Agnetis, Pacciarelli, and Pacifici (2007) studied a set of multi-agent scheduling 

problems. They considered objective functions that maximum of regular functions, number of late 

jobs and total weighted completion time. Baker and Smith (2003) and Allesandro Agnetis et al. 

(2004) considered the single machine two-agent scheduling problem. Baker and Smith (2003) 

introduced various single machine scheduling problem with multiple objectives. They employed 

the method that assigning weights to all objectives and to minimize the weighted sum of the 

objectives. On the other hand, Allesandro Agnetis et al. (2004) analyzed the complexity of several 

two agent scheduling problems with different objectives and provided algorithms for some of 

problems.  

Although the single machine with two-agent scheduling problem proposed approximately one 

decade ago, many papers studied two-agent-based single machine scheduling problems from 

directions: weighted sum of objectives and minimizing one agent’s objective with the restriction 

for another agent.  

By contrast with the first direction, there is an increasing body of literatures considered second 

direction to solve two-agent-based scheduling problem. W.-C. Lee, Wang, Shiau, and Wu (2010) 

proposed a branch-and-bound algorithm and three heuristics to solve a scheduling problem that 

minimizing one agent’s total weighted completion time with the restriction that the number of 

tardy jobs of the other job agent. Yin, Wu, Cheng, and Wu (2012) took the parameter of release 

date into consideration. They considered to minimize the tardiness of one agent and subject to an 

upper bound on the lateness of the other agent. Apart from the papers mentioned above, numbers 

of papers also studied the two-agent scheduling problems in the way that minimizing the objective 
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of the first job agent and subject to an upper bound on the second job agent (D.-C. Li & Hsu, 2012; 

P. Liu & Tang, 2008; C.-C. Wu, Wu, Chen, Yin, & Wu, 2013; Zhao & Lu, 2013). 

Some studies considered the learning effect in single machine with two-agent scheduling models 

and proposed corresponding heuristics and meta-heuristics (T. E. Cheng, Wu, Cheng, & Wu, 2011; 

D.-C. Li & Hsu, 2012; Wen-Hsiang Wu, Cheng, Wu, & Yin, 2012). Furthermore, several papers 

studied the effects from the job pre-emption in the single machine two-agent scheduling problems 

(Alessandro Agnetis et al., 2007; Leung, Pinedo, & Wan, 2010). 

1.3.2 Applications 

Although two-agent scheduling problems just proposed approximate a decade ago in the 

scheduling study area, it has a wide range of applications and affects our daily life. For example, 

the Drive-thru customers and the customers in McDonald’s. These two types of customers can be 

considered from two job agents, and the kitchen plays a role of processor. The kitchen would like 

to finish orders as soon as possible and reduce the waiting times for both types of customers. 

Meanwhile, the Drive-thru waiting line can not be too long due to limited length of waiting line. 

Thus, it is necessary for kitchen’s scheduling system to set an upper bound of waiting time for 

customers in the Drive-thru line and to minimize the waiting time for customers in the restaurant. 

Academia is aware of the implication of the connection between theoretical researches and field 

applications. To bridge the gap between those two perspectives, many papers studied applications 

of scheduling theories and algorithms to variable industries. Brewer and Plott (1996) studied the 

allocation of the right to use railroad tracks. Banverket was planning to privatize part of railroad 

resource, and allowing private firms to access railway. In this competitive process. On one hand, 

Banverket would like to improve the utilization efficiency; on the other hand, the start time (i.e. 
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release time) and end time (i.e. due time) of a certain time period for one user are two critical 

variables for improving the efficiency. The optimized start and end times have a significant effect 

on the operation safety and other users’ schedules. Soomer and Franx (2008) studied the aircraft 

landing scheduling problem. They employed an optimized measure to improve the runway’s 

utilization efficiency, and received the date that their method can reduce costs significantly, when 

it compares with the current schedule method (i.e. First-In-First-Service method). In this case, 

because of the strong correlation between the airline operations and costs and arrival delays, the 

scheduling optimization plays a pivotal role in safe and efficient airport/airlines operations to 

reduce the delay-caused costs. If this problem is extended to consider both landing and taking off, 

simultaneously, then, it becomes a two-agent scheduling problem. 

Apart from the applications in traditional industries, the Information-Technology industry utilizes 

scheduling theories as well. For instance, Fry, PHILIPOOM, and MARKLAND (1989) analyzed 

the Material Requirements Planning (MRP) system, the Bill of Materials (BOM) system, and the 

Master Production Schedule (MPS) system. 

Recently, many papers have been studying the applications of scheduling theory in the cloud 

computing area. Cloud computing extends parallel computing, distributed computing and grid 

computing and provides data storage and net computing service (Mezmaz et al., 2011; Selvarani 

& Sadhasivam, 2010). The main contribution of cloud computing is increasing data storage space 

and computing capability, while decreasing costs (Fang, Wang, & Ge, 2010). Many papers have 

been studying scheduling algorithms in the cloud computing environment from the resource 

allowance perspective. Furthermore, most of these papers proposed algorithms to minimize the 

makespan and some of these papers considered the balance between makespan minimization and 

energy consumption.  
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Chapter Two: Total Completion Time 

2.1 Introduction 

Scheduling is considered as a decision-making tool to utilize limited resources by optimizing job 

schedules (Cardoen, Demeulemeester, & Beliën, 2010; Pinedo, 2012). This chapter considers two 

agents (agent A and B) each of which has a set of jobs which are processed on a single machine. 

We examine two research directions in terms of objective function considered in two agents 

scheduling problem. In the first direction, each agent’s objectives are assigned some weights and 

the weighted objectives are minimized (Baker & Smith, 2003). The second direction minimizes 

objective function of one agent subject to an upper bound on the objective function for the other 

agent (Alessandro Agnetis, de Pascale, & Pacciarelli, 2009; Allesandro Agnetis et al., 2004). We 

follow the second research direction in which the objective of the first agent is minimized while 

keeping the objective of the second agent at pre-specified level. Two objectives are considered. 

The first objective is to minimize the total completion time, and the second objective is to minimize 

the total weighted completion time. Depending upon the objective function of agents, three 

different problems are considered. These three problems are described in section 2.3. 

This chapter is organized as follows. Section 2.2 provides an overview of literature contributions 

related to this research. We describe the problems studied in this chapter in section 2.3. Section 

2.4 explains the exact algorithm are proposed in section 2.5. In section 2.6, we present the 

numerical results of proposed heuristics and compare them with the optimal solution. Section 2.7 

offers conclusions and solutions of this chapter. 

2.2 Literature Review 
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Two comprehensive and systemic studies on the problems associated with single machine with 

two-agent scheduling problems were initially published by Baker and Smith (2003) and Allesandro 

Agnetis et al. (2004). In multi-agent related scheduling problem, the crucial factor is the 

“determination of non-dominated schedule” (Alessandro Agnetis et al., 2007; Wan, Vakati, Leung, 

& Pinedo, 2010). Allesandro Agnetis et al. (2004) illustrated the polynomial time algorithm and 

NP-hardness proof for various problems. Furthermore, Alessandro Agnetis et al. (2009) addressed 

different bounding schemes for the same two-agent scheduling problem. 

Many published papers have considered the two agents model in a machine scheduling 

environment (Nong, Cheng, & Ng, 2011). S. Li and Yuan (2012) studied algorithms for solving 

objective functions in which job families are both incompatible and compatible. Many researchers 

have introduced the aging effect and the learning effect in their papers (T. E. Cheng, Wu, et al., 

2011). Yin, Cheng, and Wu (2012) considered release dates in their paper in order to minimize the 

total tardiness. They further considered minimizing the earliness penalties as the objective. A 

number of papers considered impacts of pre-emptive jobs, such as papers by Yin, Cheng, et al. 

(2012). The single machine scheduling problem with objective of minimizing total completion 

time of jobs from agent A subject to an upper bound on makespan of agent B was studied by Gajpal, 

Dua, and Sahu (2014). 

The two-agent based single machine scheduling problem to minimize total completion time of one 

agent subject to an upper bound on the total completion time of the other agent was considered by 

Allesandro Agnetis et al. (2004). They proved that this problem is a binary NP-hard problem. They 

also illustrated that it can be solved using a pseudo polynomial-algorithm-based dynamic 

programming. In this chapter, we consider this problem and design two heuristics for this problem 
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specifically. We also introduce an extension of this problem and provide an exact algorithm, 

heuristic algorithms and a meta-heuristic algorithm for the extended problems. 

2.3 Problem Description 

In our study, jobs from two agents (agent A and agent B) are processed by a single machine. Each 

agent has job sets 𝐽𝐴  and 𝐽𝐵  for agent A and agent B, respectively. Job set 𝐽𝐴 =

{𝐽1
𝐴, 𝐽2

𝐴,𝐽3
𝐴……𝐽𝑛𝐴

𝐴 } consists of 𝑛𝐴  jobs from agent A and job set 𝐽𝐵 = {𝐽1
𝐵, 𝐽2

𝐵,𝐽3
𝐵 ……𝐽𝑛𝐵

𝐵 } 

consists of 𝑛𝐵 jobs from agent B.  Without loss of generality we assume that two job sets have 

been indexed on the basis of schedule obtained by using the shortest processing time first rule 

(SPT) or weighted shortest processing time first rule (WSPT). The processing time of job 𝐽𝑙
𝐴 and 

𝐽𝑚
𝐵  are denoted by 𝑝𝑙

𝐴 , and 𝑝𝑚
𝐵 , and weights are denoted by  𝑤𝐴  and 𝑤𝐵  for agent A and B, 

respectively. We assume the same weight for all jobs of agent A and the same weight for all jobs 

of agent B. However, the weights of agent A and B are different. The completion time of 𝑖𝑡ℎ A-

job and 𝑗𝑡ℎ B-job is denoted by 𝐶𝑖
𝐴 and 𝐶𝑗

𝐵, respectively. Total completion time and total weighted 

completion time of 𝐽𝐴/𝐵  can be denoted by ∑ 𝐶𝑖/𝑗
𝐴/𝐵

(𝜎)
𝑛𝐴/𝑛𝐵
𝑖/𝑗=1  and ∑ 𝑤𝐴/𝐵𝐶𝑖/𝑗

𝐴/𝐵
(𝜎)

𝑛𝐴/𝑛𝐵
𝑖/𝑗=1 , 

respectively, for a given job sequence 𝜎. The upper bound of each problem instance is denoted by 

𝑄, and it is considered to be a fixed value. Three scheduling problems are considered in this chapter 

and described as follows: 

Problem 1: This problem considers the objective function of agent A to be the total completion 

time as 𝑓𝐴(𝜎) = ∑ 𝐶𝑖
𝐴(𝜎)

𝑛𝐴
𝑖=1  and the objective function of agent B to be the total completion time 

as 𝑓𝐵(𝜎) = ∑ 𝐶𝑙
𝐵(𝜎)

𝑛𝐵
𝑙=1 . The problem can be denoted as 1|∑ 𝐶𝑗

𝐵(𝜎)
𝑛𝐵
𝑗=1 ≤ 𝑄|∑ 𝐶𝑖

𝐴(𝜎)
𝑛𝐴
𝑖=1 . 
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Problem 2: This problem considers the objective function of agent A to be the total weighted 

completion time as 𝑓𝐴(𝜎) = ∑ 𝑤𝐴𝐶𝑖
𝐴(𝜎)

𝑛𝐴
𝑖=1  and the objective function of agent B to be the total 

completion time as  𝑓𝐵(𝜎) = ∑ 𝐶𝑙
𝐵(𝜎)

𝑛𝐵
𝑙=1 . The problem can be denoted as 1|∑ 𝐶𝑗

𝐵(𝜎)
𝑛𝐵
𝑗=1 ≤

𝑄| ∑ 𝑤𝐴𝐶𝑖
𝐴(𝜎)

𝑛𝐴
𝑖=1 . 

Problem 3: This problem considers the objective function of agent A to be the total completion 

time as 𝑓𝐴(𝜎) = ∑ 𝐶𝑖
𝐴(𝜎)

𝑛𝐴
𝑖=1  and the objective function of agent B to be the total weighted 

completion time as  𝑓𝐵(𝜎) = ∑ 𝑤𝐴𝐶𝑙
𝐵(𝜎)

𝑛𝐵
𝑙=1 . The problem can be denoted as 

1|∑ 𝑤𝐵𝐶𝑗
𝐵(𝜎)

𝑛𝐵
𝑗=1 ≤ 𝑄| ∑ 𝐶𝑖

𝐴(𝜎)
𝑛𝐴
𝑖=1 . 

The Problem 1 can be described as 𝑀𝑖𝑛 ∑ 𝐶𝑖
𝐴(𝜎)

𝑛𝐴
𝑖=1 𝑠. 𝑡. ∑ 𝐶𝑗

𝐵(𝜎)
𝑛𝐵
𝑗=1 ≤ 𝑄. The Problem 2 can be 

converted to Problem 1 by modifying the Problem 2 as  𝑀𝑖𝑛𝑤𝐴∑ 𝐶𝑖
𝐴(𝜎)

𝑛𝐴
𝑖=1 𝑠. 𝑡. ∑ 𝐶𝑗

𝐵(𝜎)
𝑛𝐵
𝑗=1 ≤

𝑄. The solution of Problem 1 and Problem 2 will be the same for a given problem instance, but the 

objective function value of Problem 2 will be 𝑤𝐴 times of object function value of Problem 1. The 

Problem 3 can be converted to Problem 1 by modifying the Problem 1 as 

𝑀𝑖𝑛 ∑ 𝐶𝑖
𝐴(𝜎)

𝑛𝐴
𝑖=1 𝑠. 𝑡. ∑ 𝐶𝑗

𝐵(𝜎)
𝑛𝐵
𝑗=1 ≤

𝑄
𝑤𝐵⁄ . Although the solution of Problem 1 and Problem 3 

might be different for a given problem instance, the algorithm designed for Problem 1 can be used 

to solve Problem 3. The problems considered in this chapter hold WSPT property which helps to 

develop an exact algorithm. When the weighted completion time objectives are considered for 

each agent, the WSPT property does not hold for optimal solution. Thus, this chapter does not 

consider weighted completion time objective of agents with different weight assigned to each job. 

A separate study will be needed for this particular problem. 

2.4 The Exact Algorithm 
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The pseudo polynomial time algorithm was introduced by Allesandro Agnetis et al. (2004) to solve 

Problem 1. However, there was no numerical results reported by them using this algorithm. We 

provide detailed description of the exact algorithm and some boundary condition missing from the 

paper of Allesandro Agnetis et al. (2004). The property 2.1 can be easily proved for two-agent 

scheduling problem considered in this chapter. 

Property 2.1: In an optimal schedule 𝜎∗ , jobs of agent A and agent B appears in the non-

decreasing order of their process time. 

The proof is clear and it can be obtained by simple exchange of jobs. This property is used to 

design exact algorithm. Let 𝑃(𝑙,𝑚) denote the sum of the processing times of first l shortest jobs 

in agent A and first m shortest jobs in agent B. The job set of l shortest job of agent A can be 

denoted by 𝐽𝑙 = {𝐽1
𝐴,𝐽2

𝐴, …,𝐽𝑙
𝐴}. And the job set of m shortest job of agent B can be denoted by 

𝐽𝑚 = {𝐽1
𝐵,𝐽2

𝐵, …,𝐽𝑚
𝐵 }. The term 𝑃(𝑙,𝑚) represents “the sum of the processing times of the l 

shortest A-jobs and the l shortest jobs from agent B”. 

Let 𝐹(𝑙,𝑚, 𝑞) represents the optimal solution for the problem considered in this chapter with first 

l jobs from agent A and first m jobs from agent B. The range of value of q can be conditioned to 

[0, Q], and all of the value of 𝑞 should be integer. According to Agnetis et al. (2004), we can use 

the dynamic programming formula: 

𝐹(𝑙,𝑚, 𝑞) = 𝑚𝑖𝑛{𝐹(𝑙 − 1,𝑚, 𝑞) + 𝑃(𝑙 − 1,𝑚) + 𝑝𝑙
𝐴, 𝐹(𝑙,𝑚 − 1, 𝑞 − 𝑃(𝑙,𝑚). 

The last job in the optimal schedule could be from agent A or agent B. Two situations need to be 

considered in optimal solution. First, if the last job is 𝐽𝑙
𝐴, then, the completion time of 𝐽𝑙

𝐴 can be 

denoted by 𝑃(𝑙 − 1,𝑚) + 𝑝𝑙
𝐴. This formula means the completion time of the preceding job of 𝐽𝑙

𝐴 

plus the processing time of 𝐽𝑙
𝐴. Second situation is that the last job is 𝐽𝑚

𝐵 .  
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The optimal value of the problem can be found on 𝐹(𝑛𝐴𝑛𝐵𝑄). The following boundary condition 

is provided by Agnetis et al. (2004).  

𝐹(0, 0, 𝑞) = 0,𝑖𝑓𝑞 = 0; 

𝐹(𝑙,𝑚, 𝑞) = +∞,𝑖𝑓𝑞 < 0. 

The boundary conditions for the case when problem consists with the jobs of agent A only or the 

case where the problem consists with the jobs of agent B only are not provided by Agenetis et al. 

(2004). The boundary condition for the case with only B jobs can be represented as follows: 

𝐹(0,𝑚, 𝑞) =

{
 
 

 
 +∞, ∑𝐶𝑘

𝐵(𝜎)

𝑚

𝑘=1

> 𝑞

0, ∑𝐶𝑘
𝐵(𝜎)

𝑚

𝑘=1

≤ 𝑞

 

In this case, the problem consists with the j job from agent B and no jobs from agent A. If 

∑ 𝐶𝑘
𝐵(𝜎)𝑚

𝑘=1 ≤ 𝑞  the schedule is feasible, and the objective function ∑𝐶𝑖
𝐴(𝜎) will be zero. On the 

other hand, if ∑ 𝐶𝑘
𝐵(𝜎)𝑚

𝑘=1 > 𝑞, then the solution will be infeasible and thus 𝐹(0,𝑚, 𝑞) is +∞ to 

show that the problem is infeasible. 

Another extreme case: when the problem consists with the jobs from agent A only is: 

𝐹(𝑙, 0, 𝑞) = ∑ 𝐶ℎ
𝐴(𝜎)𝑙

ℎ=1   

The term 𝐹(𝑙, 0, 𝑞) represents the problem in which there is no job of agent B. In this case, 

∑𝐶𝑗
𝐵(𝜎) = 0 and thus ∑𝐶𝑗

𝐵(𝜎) will always be less than q. Hence, the optimal solution for the 
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function above should equal to the total completion time of jobs from agent A if all jobs in the 

sequence are coming from agent A. 

As mentioned earlier, Problem 2 and Problem 3 can be converted to Problem 1. Therefore, all three 

problems hold the Property 1 described below. Although the DP algorithm for Problem 1 is 

available and Problem 2 and 3 can be solved by converting them to Problem 1, we provide DP 

formulation for these problems to solve them independently.  

The DP formation and other boundary conditions for Problem 2 and for Problem 3 can be found 

in table 2.1: 

Table 2.1. The Dynamic Programming algorithm and boundary condition for Problem 2 and 

Problem 3. 

 Problem 2 Problem 3 

Recursive 

Equation  

𝐹(𝑙,𝑚, 𝑞) = min{𝐹(𝑙 − 1,𝑚, 𝑞) +

(𝑃(𝑙 − 1,𝑚) + 𝑝𝑙
𝐴) × 𝑤𝐴,

𝐹(𝑙,𝑚 − 1, 𝑞 − 𝑃(𝑙, 𝑚)}. 

𝐹(𝑙,𝑚, 𝑞) = 𝑚𝑖𝑛{𝐹(𝑙 − 1,𝑚, 𝑞) +

𝑃(𝑙 − 1,𝑚), 𝐹(𝑙,𝑚 − 1, (𝑞 −

𝑃(𝑙,𝑚) × 𝑤𝐵}. 

Boundary 

Condition  

𝐹(0,𝑚, 𝑞)

=

{
 
 

 
 +∞, ∑𝑃(0, 𝑘)

𝑚

𝑘=1

> 𝑞

0, ∑𝑃(0, 𝑘)

𝑚

𝑘=1

≤ 𝑞

 

𝐹(𝑙, 0, 𝑞) = ∑𝑃(ℎ, 0) × 𝑤ℎ
𝐴

𝑙

ℎ=1

 

𝐹(0,𝑚, 𝑞)

=

{
 
 

 
 +∞, ∑𝑃(0, 𝑘) × 𝑤𝐵

𝑚

𝑘=1

> 𝑞

0, ∑𝑃(0, 𝑘) × 𝑤𝐵

𝑚

𝑘=1

≤ 𝑞

 

𝐹(𝑙, 0, 𝑞) = ∑𝑃(ℎ, 0)

𝑙

ℎ=1
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2.5 The Proposed Algorithms 

We propose two heuristics and one ant colony algorithm to solve the proposed single machine 

scheduling problems. The heuristic method generates solutions in a few seconds, but usually the 

solution quality is not very good. Therefore, we also used ant-colony-algorithm-based meta-

heuristic to solve the problem.  

2.5.1 Heuristic 1 

In this heuristic, we assume that all jobs from agent B are processed together continuously and that 

these jobs are considered as a single job 𝐽𝐵. First, the A jobs are sequenced according to WSPT 

rule and then B jobs are inserted in this sequence such that the total completion time or total 

weighted completion time of B-jobs is less or equal to Q. The detailed procedure and algorithm is 

illustrated as follows: 

Step 1: The jobs from agent A are scheduled in SPT rule, to get sequence: 𝜎𝐴 = {𝐽1
𝐴 − 𝐽2

𝐴 −𝐽3
𝐴 −

⋯− 𝐽𝑛𝐴
𝐴 }.  

Step 2: The jobs from agent B are scheduled in SPT rule, to get sequence: 𝜎𝐵 = {𝐽1
𝐵 − 𝐽2

𝐵 −𝐽3
𝐵 −

⋯−𝐽𝑛𝐵
𝐵 }.  

Step 3: Let 𝑇𝐶𝑇𝐵 and 𝑇𝑊𝐶𝑇𝐵 represent the total completion time and total weighted completion 

time of agent B for sequence 𝜎𝐵. Insert 𝜎𝐵 into the sequence 𝜎𝐴 to get the final sequence 

𝜎. Let 𝐽𝑝𝑟𝑒𝑐
𝐴  and 𝐽𝑠𝑢𝑐𝑐

𝐴  represent the sets of jobs processed before 𝐽𝐵 and after 𝐽𝐵 in final 

sequence 𝜎, respectively. The sequence 𝜎𝐵 is inserted in 𝜎𝐴 in such a way that the total 

processing time of jobs in 𝐽𝑝𝑟𝑒𝑐
𝐴  is less or equal to (𝑄 − 𝑇𝐶𝑇𝐵)/𝑛𝐵 (for Problem 1 and 2) 

and (𝑄 − 𝑇𝑊𝐶𝑇𝐵)/𝑛𝐵𝑤
𝐵 (for Problem 3).  
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Step 4: Calculate the total completion time or total weighted completion time of jobs from agent 

A for sequence 𝜎. 

2.5.2 Heuristic 2 

In this heuristic, the jobs from agent A and agent B are arranged together in WSPT rule. Without 

loss of generality, we assume that all jobs without weights are considered to be with weight one. 

The detailed procedure and algorithm are illustrated below: 

Step 1: The jobs from agent A and agent B are scheduled together in WSPT rule to build sequence 

𝜎. If a solution is infeasible, then go to step 2; otherwise, go to step 3. 

Step 2: Make the schedule feasible by moving the jobs from agent B towards the beginning of the 

sequence. We move the first job from agent B towards beginning, position by position, 

until the restricted condition is satisfied (i.e. sequence 𝜎 becomes feasible). If this restricted 

condition can not be satisfied, then we move other jobs of agent B towards beginning until 

sequence 𝜎 becomes feasible. If a feasible solution is found, go to step 4. 

Step 3: Improve the objective function by moving the jobs from agent B towards the end of the 

schedule direction. We move the last B-job towards the end of the schedule, position by 

position, until the upper bound Q for 𝑓𝐵(σ) is not violated. If the upper bound Q is not 

violated, then we move other jobs of agent B in a backward direction as long as the 

sequence 𝜎 remains feasible. And then, go to step 4. 

Step 4: Calculate the total completion time or total weighted completion time of jobs from agent 

A for sequence 𝜎. 

2.5.3 Ant Colony Algorithm 
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This chapter also designs an ant colony algorithm (ACO) to solve the three scheduling problems. 

The ACO algorithm was proposed by Dorigo, Maniezzo, and Colorni (1991). It was inspired by 

the ant’s foraging behavior, and it has been used to solve different combinatorial optimization 

problems. The ant colony algorithm iteratively works in two steps: in the first step, a solution is 

generated using trail intensity, and in the second step, trail intensities are updated based on 

previous solutions.  

The ACO algorithm used in this chapter uses the algorithm proposed by Gajpal, Rajendran, and 

Ziegler (2006) for solving the flow shop scheduling problem. Therefore, the ant generation process 

was not exactly applicable for the problem considered in this chapter. The ant generation process 

of Gajpal et al. (2006) generates infeasible solutions for our problem. Therefore, we use a two-

phase approach to solve the problem. In phase one, ant-sequences are generated by using the same 

method proposed by Gajpal et al. (2006), and in phase two, we transform infeasible solutions as 

feasible solutions by moving the B-jobs in a forward direction iteratively. The procedure of 

proposed ant colony optimization algorithm can be described as follows: 

Step 1: Initialize trail intensities, and set maximum trail intensity and minimum trail intensity, 

based on the result of Heuristic 2. 

Step 2: Use following two phases to generate ant solutions. 

Step 2.1: Generate ant sequence solutions based on trail intensity. 

Step 2.2: Convert infeasible solutions into feasible solutions. 

Step 3: Update trail intensities and the best solution. 
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Step 4: Return the best solution found so far if stopping criteria is met; otherwise, go back to step 

3. 

Step 5: Report the best solution found. 

In this algorithm step 2.2 is different from the previous ant colony algorithm. In this step, the ant 

solutions obtained at step 2.1 are converted to a feasible solution. The feasible solution is achieved 

by repositioning (i.e., scheduling) a job to another position in such a way that the magnitude of 

infeasibility is reduced. First a job is randomly selected for repositioning. The selected job is 

repositioned in to a place where the maximum reduction in the magnitude of infeasibility is 

achieved. The procedure is repeated with other randomly selected jobs until solution remains 

infeasible.   

2.6 Numerical Analysis 

We generated two types of data set and refer to them as “small data set” and “bigger data set”. The 

small data set varies from 5 to 18 jobs while the big data set varies from 20 to 150 jobs. The 

processing time and weight of jobs from two agents are generated from a uniform distribution in 

the range of [1, 10] and [1, 5], respectively. In order to make our final schedule feasible, the value 

of Q has been set by 𝑄 = α𝑓𝑚𝑖𝑛
𝐵 + (1 − α)𝑓𝑚𝑎𝑥

𝐵 , where α was assigned randomly between 0.4 to 

0.6. For evaluating the performance of our heuristics, we calculated the optimal solution for our 

research problems; as well, we compared our heuristics’ results with the optimal solution.  

The proposed algorithm was coded in C/C++ and was implemented on AMD Opteron 2.3 GHz 

with 256GB RAM. We use the absolute percentage deviation (APD) and relative percentage 

deviation (RPD) to evaluate the performance of proposed heuristics and ant colony algorithm. The 
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value of APD and RPD can be calculated as: 𝐴𝑃𝐷𝑖𝑗 =
𝐻𝑗
𝑖−𝑂𝑃𝑇𝑗

𝑂𝑃𝑇𝑗
× 100% and 𝑅𝑃𝐷𝑖𝑗 =

𝐻𝑗
𝑖−𝐵𝑗

𝐵𝑗
×

100% , respectively. Here 𝐴𝑃𝐷𝑖𝑗 and 𝑅𝑃𝐷𝑖𝑗 represent APD and RPD for 𝑖𝑡ℎ algorithm of the 𝑗𝑡ℎ 

problem instance. Furthermore, 𝐻𝑗
𝑖 denotes the solution of 𝑖𝑡ℎ algorithm in 𝑗𝑡ℎ problem instance 

and the 𝐵𝑗 denotes the best solution in 𝑗𝑡ℎ problem instance. We use following notations for result 

reporting: 

OPT: Optimal solution for the problem;  

ABS: Absolute value of the solution obtained by the heuristic; 

APD: Absolute percentage deviation;  

RPD: Relative percentage deviation. 

2.6.1 Numerical Results for Problem 1 

Table 2.2 reports the optimal solution, the results of the heuristics and ant colony algorithm, and 

the absolute performance deviation of the proposed algorithms. We do not report CPU time of 

heuristic execution because all the results are obtained in fraction of seconds. The optimal 

algorithm can solve the problem up to 18 jobs, because the application of proposed dynamic 

programming is confined by the memory of C programming language. The proposed dynamic 

programming required A Bn n Q 
 memory allocations which restricted our dynamic 

programming to solve the problem up to 18 jobs only. The result presented in table 2.2 shows that 

the ant colony algorithm’s performance is the best among the three proposed algorithms, it is away 

from the optimal solution by just 0.11%. Heuristic 1 and Heuristic 2 are away from the optimal 

solution by 20.45% and 3.36% respectively. The performance of Heuristic 2 is better than the 

performance of Heuristic 1. Furthermore, we notice that with the increasing number of jobs, the 
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value of APDs of algorithms does not exhibit any trend. This observation indicates the robustness 

of the algorithms. 

Table 2.3 shows the relative performance of the proposed algorithms. These results show that the 

ACO algorithm still has the best performance. The performance of Heuristic 1 is poor with 16.16% 

RPD value, while the result of Heuristic 2 is better than the result of the Heuristic 1 under all 

problem instances. Heuristic 2 fully exploits the WSPT rule for single machine scheduling problem. 

In Heuristic 2, all jobs are scheduled together according to the SPT rule followed by two-step 

adjustment procedure. The first adjustment aims at ensuring the feasibility of the sequence, and 

the second step aims at minimizing the total completion time of the first agent. 

Table 2.2. Numerical results of Problem 1 (small problem instance) 

nA/nB Q OPT 

Heuristic 1 Heuristic 2 ACO 

ABS APD ABS APD ABS APD CPU Time 

5 108 84 101 20.24 98 16.67 84 0.00 0.07 

6 236 163 187 14.72 165 1.23 163 0.00 0.07 

7 307 211 275 30.33 213 0.95 211 0.00 0.09 

8 344 263 288 9.51 272 3.42 263 0.00 0.14 

9 319 210 273 30.00 215 2.38 210 0.00 0.17 

10 612 503 539 7.16 573 13.92 503 0.00 0.44 

11 490 449 558 24.28 453 0.89 450 0.22 0.4 

12 898 826 976 18.16 833 0.85 827 0.12 0.6 

13 1002 535 698 30.47 541 1.12 535 0.00 0.49 

14 942 622 794 27.65 626 0.64 623 0.16 0.59 

15 1005 942 1117 18.58 957 1.59 946 0.42 0.96 

16 1429 826 1011 22.40 836 1.21 826 0.00 0.73 

17 1305 1016 1145 12.70 1023 0.69 1020 0.39 1.25 

18 1287 1059 1272 20.11 1074 1.42 1061 0.19 1.46 

Average   20.45  3.36  0.11  

 

Table 2.3. Numerical results of Problem 1 (big problem instance) 

nA/nB Q 

Heuristic 1 Heuristic 2 ACO 

ABS RPD ABS RPD ABS RPD CPU Time 
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20 1961 1877 11.39 1686 0.06 1685 0.00 2.12 

30 4504 3789 14.64 3325 0.61 3305 0.00 7.08 

40 7479 6525 14.65 5691 0.00 5693 0.04 13.34 

50 9341 8775 19.60 7524 2.55 7337 0.00 27.48 

60 18344 12463 16.47 10737 0.34 10701 0.00 28.3 

70 21824 18536 16.12 15963 0.00 16012 0.31 60.0 

80 28694 24859 14.95 21626 0.00 21636 0.05 92.18 

90 34347 28951 18.61 24532 0.51 24408 0.00 135.08 

100 46819 38725 17.58 33165 0.70 32936 0.00 183.65 

110 56425 42389 18.06 36419 1.43 35905 0.00 149.16 

120 65577 47500 19.69 39861 0.44 39687 0.00 193.35 

130 78725 60848 20.07 50895 0.43 50678 0.00 247.73 

140 96754 72888 17.06 62588 0.52 62267 0.00 281.12 

150 85755 78036 16.16 67182 0.00 67314 0.20 996.27 

Average  16.79  0.54  0.04  

 

2.6.2 Numerical Results for Problem 2 

Table 2.4 presents the optimal result and the heuristic and ant colony algorithm result for small 

problem instance. The ACO algorithm is away from the optimal solution by 0.25 only, while the 

Heuristic 1 and 2 are away from the optimal solution by 21.81% and 6.99%, respectively. Using 

Table 2.5, we can see that ACO algorithm performs better than Heuristic 1 and 2 in all problem 

instances, and that the RPD of Heuristic 1 and 2 are 17.44% and 8.59% for big problem instances, 

respectively. Although two outliers are found in APDs of Heuristic 2 (i.e. 14.30% and 0.15%), no 

trend was found from the column of RPD in Heuristic 1 and 2. This observation indicates the 

robustness of heuristics on solving bigger problem instances.  

Table 2.4. Numerical results of Problem 2 (small problem instance) 

nA/nB Q OPT 

Heuristic 1 Heuristic 2 ACO 

ABS APD ABS APD ABS APD CPU Time 

5 125 198 303 53.03 234 18.18 198 0.00 0.06 

6 235 825 935 13.33 840 1.82 825 0.00 0.09 

7 294 1100 1375 25.00 1185 7.73 1105 0.45 0.12 
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8 340 798 864 8.27 843 5.64 798 0.00 0.19 

9 335 618 819 32.52 621 0.49 621 0.49 0.17 

10 611 1512 1617 6.94 1872 23.81 1527 0.99 0.44 

11 573 393 505 28.50 397 1.02 393 0.00 0.3 

12 997 737 897 21.71 743 0.81 738 0.14 0.45 

13 962 2835 3490 23.10 3095 9.17 2840 0.18 0.66 

14 830 2888 3480 20.50 3240 12.19 2896 0.28 1.08 

15 1033 2766 3351 21.15 2913 5.31 2775 0.33 1.33 

16 1208 949 1084 14.23 962 1.37 951 0.21 0.99 

17 1365 974 1145 17.56 983 0.92 976 0.21 1.31 

18 1281 2130 2544 19.44 2330 9.39 2136 0.28 2.56 

Average   21.81  6.99  0.25  

 

Table 2.5. Numerical result of Problem 2 (big problem instance) 

nA/nB Q 

Heuristic 1 Heuristic 2 ACO 

ABS RPD ABS RPD ABS RPD CPU Time 

20 2232 6612 11.99 6348 7.52 5904 0.00 2.22 

30 4778 13820 11.63 13640 10.18 12380 0.00 6 

40 8569 23412 19.23 21456 9.27 19636 0.00 10.71 

50 11252 21483 25.21 18657 8.74 17157 0.00 16.28 

60 19150 24220 20.10 22060 9.39 20166 0.00 22.07 

70 20368 39466 13.41 39774 14.30 34798 0.00 284.12 

80 28555 74577 14.25 72777 11.49 65277 0.00 234.85 

90 32866 149295 17.04 139775 9.58 127560 0.00 473.69 

100 49819 73154 19.03 65868 7.17 61460 0.00 96.39 

110 54965 217175 18.10 197860 7.59 183895 0.00 229.35 

120 62105 50080 18.02 42499 0.15 42435 0.00 312.2 

130 82931 286865 20.20 256415 7.44 238660 0.00 178.25 

140 96194 145776 16.27 136202 8.63 125382 0.00 260.54 

150 102294 264336 19.73 240108 8.75 220784 0.00 245.09 

Average  17.44  8.59  0.00  

 

2.6.3 Numerical Results for Problem 3 

The numerical results for Problem 3 reported in Table 2.6 and Table 2.7 have the similar analysis 

as Problem 1 and Problem 2. The results presented in Table 2.4 show that three proposed 

algorithms are away from the optimal solution by 21.46%, 5.99% and 0.23%, respectively. 
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According to Table 2.4, the average RPD of Heuristic 1 is 17.33%, while the average RPD of the 

other heuristic is 5.59%. Still, the ACO algorithm performs better than the other two heuristics in 

every problem instance. Heuristic 2 fully exploits the properties of the SPT and WSPT rule of the 

single machine scheduling problem. It is evident from Table 2.2 to Table 2.7 that the Heuristic 2 

is better than Heuristic 1, and the CPU time is much less than the ant colony algorithm.  

Table 2.6. Numerical results of Problem 3 (small problem instance) 

nA/nB Q OPT 

Heuristic 1 Heuristic 2 ACO 

ABS APD ABS APD ABS APD CPU Time 

5 604 71 101 42.25 83 16.90 71 0.00 0.05 

6 633 182 222 21.98 190 4.40 182 0.00 0.06 

7 828 236 275 16.53 249 5.51 236 0.00 0.09 

8 1189 298 327 9.73 312 4.70 298 0.00 0.2 

9 986 207 273 31.88 215 3.86 209 0.97 0.17 

10 2795 409 460 12.47 479 17.11 410 0.24 0.3 

11 976 451 558 23.73 462 2.44 452 0.22 0.51 

12 895 829 976 17.73 833 0.48 833 0.48 0.58 

13 836 677 780 15.21 682 0.74 679 0.30 0.63 

14 1807 655 794 21.22 684 4.43 656 0.15 0.69 

15 1247 793 975 22.95 798 0.63 794 0.13 0.62 

16 5122 906 1084 19.65 954 5.30 908 0.22 0.82 

17 6178 1070 1231 15.05 1188 11.03 1073 0.28 1.83 

18 5507 978 1272 30.06 1040 6.34 980 0.20 1.48 

Average   21.46  5.99  0.23  

 

 

Table 2.7. Numerical results of Problem 3 (big problem instance) 

nA/nB Q 

Heuristic 1 Heuristic 2 ACO 

ABS RPD ABS RPD ABS RPD CPU Time 

20 1998 1877 13.41 1658 0.18 1655 0.00 1.83 

30 14193 3622 15.72 3308 5.69 3130 0.00 5.33 

40 21845 6749 15.17 6225 6.23 5860 0.00 24.54 

50 21875 7161 20.54 6243 5.08 5941 0.00 15.8 

60 72915 12816 18.82 11592 7.47 10786 0.00 24.73 

70 72524 16541 18.12 14975 6.93 14004 0.00 36.53 

80 32617 21751 17.28 18673 0.68 18547 0.00 60.25 
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90 32866 26227 20.88 22957 5.81 21697 0.00 64.83 

100 149118 36577 18.76 32609 5.88 30798 0.00 91.33 

110 55104 42912 16.91 37115 1.12 36704 0.00 175.66 

120 252347 49435 18.68 44708 7.33 41655 0.00 220.48 

130 347360 67103 15.09 62972 8.00 58306 0.00 1354.56 

140 474250 73654 15.59 68651 7.74 63722 0.00 286.45 

150 470683 71313 17.60 66750 10.08 60638 0.00 326.9 

Average  17.33  5.59  0.00  

 

In regarding to the CPU time, while ant colony algorithm performs better than the other two 

heuristics, it takes more time to solve the problems, particularly, in the big problem instances in 

particularly. However, the computing time of ACO algorithm is acceptable (about one second) 

when it is used to cope with small problem instances. To sum up, ant colony algorithm can be 

utilized to solve the problem if the solution quality is important. On the other hand, if the CPU 

time is given first consideration, then Heuristic 2 can be used to solve the problem. 

2.7 Conclusions 

We have considered three single machine scheduling problems with two competing agents. Two 

objectives were considered: one was to minimize the total completion time and another one was 

to minimize the total weighted completion time. Depending on the objectives, three different 

problems were considered. Problem 1 considered the problem that minimizes total completion 

time of agent A subject to an upper bound on total completion time of agent B. The second problem 

considered the problem that minimizes total weighted completion time of agent A subject to an 

upper bound on total completion time of agent B. The third problem studied in this chapter 

minimized total completion time of agent A subjective to an upper bound on total weighted 

completion time of agent B. Also, the weights considered in Problem 2 and Problem 3 are same 

for all jobs of agent A and same for all jobs of agent B. We propose a dynamic programming based 

exact algorithm to solve these problems. We also propose two heuristics and one ant colony 
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algorithm to solve these problems. According to the numerical results, the ant colony algorithm 

has the best algorithm, and the performance of Heuristic 2 is found to be better than the 

performance of Heuristic 1. 
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Chapter Three: Total Weighted Completion Time 

3.1 Introduction 

Scheduling problems have been studied for many years for optimizing resource allocation, as 

scheduling plays a critical role in many manufacturing and service industries. Furthermore, in 

manufacturing and service industries, the scheduling decision can have a significant impact on 

improving the productivity and efficiency of the production system. 

During last two decades, two-agent scheduling problem have been used in many systems, such as 

railroad allocation system (Brewer & Plott, 1996), aircraft landing system (Soomer & Franx, 2008), 

telecommunication system (Peha, 1995), cloud computing system (Pandey, Wu, Guru, & Buyya, 

2010) etc. Baker and Smith (2003) first time considered two-agent scheduling problem. In this 

problem, two agents compete for limited production resources. Each agent has a set of jobs to be 

processed in a common processing resource. Also, each agent may have different objectives at a 

time. For instance, the objective functions could be the minimization of weighted tardiness and 

earliness (S.-R. Cheng, 2014; Gerstl & Mosheiov, 2013), the minimization of total completion 

time (Allesandro Agnetis et al., 2004; Belouadah, Posner, & Potts, 1992) and the minimization of 

number of tardiness jobs (Leung et al., 2010; J. Moore, 1968).  

The two-agent scheduling problem faces the dilemma of minimizing two conflicting objectives 

associated with two agents. The objective of two agents could be in conflict because the completion 

time of jobs for two agents who are mutually independent. In the present chapter, the objectives of 

two-agents are in conflict because the completion time of jobs for two agents are mutually 

independent. To address the conflicting nature of objective functions, Suresh and Chaudhuri (1996) 

suggested two approaches. The first approach is to assign some weights and minimize the weighted 
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objectives. Another approach is to minimize the objective function of one agent subject to an upper 

bound on the objective function for the other agent. The two approaches suggested by Suresh and 

Chaudhuri (1996) proposed two measures: (1) to assign weight to each agent and to minimize the 

weighted objective function; (2) to minimize the objective function of one agent while keeping the 

objective function of the other agent within a pre-specified level. T. E. Cheng, Ng, et al. (2008) 

named these two types of single machine with multi-agent scheduling problem as “minimality 

model” and “feasibility model”, respectively. The problems studied in the this chapter are 

feasibility model, in which the objective function of one agent is minimized, while keeping the 

objective function of the other agent within a pre-specified limit.  

In the present chapter, we study three two-agent scheduling problems with total weighted 

completion time and completion time objectives. In these problems, all jobs are from two agents 

which are processed by a common machine. The processing time and weight of each job is given. 

The problem involves finding a schedule that minimizes the objective function of one agent, 

subject to an upper bound on the objective function of the other agent. In this chapter, depending 

upon the combination of objectives, three versions of the problem are considered.  

Problem 1: The objective here is to minimize the total weighted completion time of the first agent, 

subject to an upper bound on the total weighted completion time of the other agent. 

Problem 2: The objective here is to minimize the total weighted completion time of the first agent, 

subject to an upper bound on the total completion time of the other agent. 

Problem 3: The objective here is to minimize the total completion time of the first agent, subject 

to an upper bound on the total weighted completion time of the other agent. 
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In this chapter, two heuristic algorithms and an Ant Colony Optimization (ACO) based meta-

heuristic algorithm are developed to solve the considered scheduling problem. The proposed 

algorithms are motived by the Shortest Processing Time First (SPT) rule and Weighted Shortest 

Processing Time First (WSPT) rule. The ACO algorithm is designed to obtain a better-quality 

solution.  

The chapter is structured as follows. The Section 3.2 reviews the relevant literature and provides 

a general review of previous works. Section 3.3 offers a problem description and mathematical 

formulation of the two-agent scheduling problems. In Section 3.4, we present the proposed 

heuristic algorithms used for solving the scheduling problems studied in this chapter. In Section 

3.5, a numerical experiment is preformed and the corresponding results are reported. Section 3.6 

provides a conclusion of this chapter.  

3.2 Literature Review 

The single machine with two agents scheduling problem was introduced by Baker and Smith 

(2003). They examined three basic objective functions: minimizing makespan, maximum tardiness, 

and weighted completion time. The various problems studied by Baker and Smith (2003) are 

considered to be NP-hard, as proved by Allesandro Agnetis et al. (2004), and Alessandro Agnetis 

et al. (2009).  

There are number of papers published after the work of Baker and Cole Smith (2003) and 

Allesandro Agnetis et al. (2004). These papers studied various two-agent scheduling problem from 

the perspectives of computational complexity and algorithms. C. Ng, T. E. Cheng, and J. Yuan 

(2006b) investigated the complexity of a two agents scheduling problem on a single machine, 

where the objective is to minimize the total completion time of the first agent, subject to an upper 
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bound on the number of tardy jobs of the second agent. Alessandro Agnetis et al. (2009) studied 

different two-agent scheduling problems with objective function of total completion time, total 

weighted completion time, maximum lateness and makespan. T. E. Cheng, Ng, and Yuan (2006) 

studied a two agents scheduling problem, where the objective is to minimize the total weighted 

number of tardy jobs for both agents. K. Lee, Choi, Leung, and Pinedo (2009) proposed several 

approximation algorithms for solving two agents scheduling problems, where the objective is to 

minimize total weighted completion time. A number of other papers considered the learning effect 

on processing time (T. E. Cheng, Cheng, Wu, Hsu, & Wu, 2011; T. E. Cheng, Wu, & Lee, 2008; 

D.-C. Li & Hsu, 2012). 

The Problem 1 studied in this chapter was considered by Alessandro Agnetis et al. (2009). They 

proved that this problem is NP-hard and proposed a Lagrangian-based branch and bound method 

that can solve the problem up to 60 jobs.  

To be best of our knowledge, there is no heuristic or meta-heuristic algorithm proposed for these 

three problems. Also, we believe that the Problem 2 and Problem 3 have never been considered in 

literature. The aim of this chapter is to introduce three new problems and develop heuristics and 

meta-heuristics, and introduce some benchmark problem instances for future research. 

3.3 Problem Description and Notations 

This section provides a description of the problems considered in this chapter. In this chapter, we 

consider that jobs from two agents (agent A and agent B) are scheduled at a single machine which 

is responsible for processing a number of jobs that are supplied by two agents. The pre-emption of 

job is not allowed. Each job has a given processing time and a weight associated with it. The 

problem considered in this chapter involves finding a sequence for these jobs in such a way that 
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the objective function of agent A is minimized, while keeping the objective function of agent B 

within a pre-specified level. We use the following terminology to provide mathematical 

formulation for the problem. 

𝑛𝐴 / 𝑛𝐵    number of jobs in agent A / agent B, respectively 

𝑛               total number of jobs to be processed, 𝑛 = 𝑛𝐴 + 𝑛𝐵 

𝑙                index for A-jobs; 

𝑚              index for B-jobs; 

𝑝               the position of job in a sequence, 𝑝 = {1, 2, 3, … , 𝑛}. 

𝐽𝐴 / 𝐽𝐵     job set of agent A / agent B, respectively, where 𝐽𝐴 = {𝐽1
𝐴,𝐽2

𝐴,𝐽3
𝐴, …,𝐽𝑛𝐴

𝐴 }; 𝐽𝐵 =

{𝐽1
𝐵,𝐽2

𝐵,𝐽3
𝐵, …,𝐽𝑛𝐵

𝐵 }. We call “A-job” and “B-job” the jobs from two agents.  

𝑝𝑙
𝐴 / 𝑝𝑚

𝐵     processing time of each jobs from agent A / agent B, respectively. 

                  𝑙 = 1, …… , 𝑛𝐴 ,𝑚 = 1, …… , 𝑛𝐵 

𝑤𝑙
𝐴 / 𝑤𝑚

𝐵    weight of jobs in agent A / agent B, respectively. 

                   𝑙 = 1, …… , 𝑛𝐴,𝑚 = 1, …… , 𝑛𝐵 

𝛿𝑙
𝐴 / 𝛿𝑚

𝐵      density of jobs in agent A / agent B, respectively.  

                    𝛿𝑙
𝐴 =

𝑤𝑙
𝐴

𝑝𝑙
𝐴⁄ ,  𝛿𝑚

𝐵 =
𝑤𝑚
𝐵

𝑝𝑚𝐵
⁄  

𝐶𝑙
𝐴 / 𝐶𝑚

𝐵      completion time of jobs in agent A / agent B, respectively. 

𝜎                 ordered set of jobs already scheduled. 
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𝑓𝐴(𝜎)        for given sequence 𝜎, the value of objective function for agent A. 

𝑓𝐵(𝜎)        for given sequence𝜎,  the value of objective function for agent B. 

𝑄                upper bound, a constant number. 

𝑇𝐶𝑇𝐴/𝑇𝐶𝑇𝐵    total completion time of A-jobs and B-jobs, respectively. 

𝑇𝑊𝐶𝑇𝐴/𝑇𝑊𝐶𝑇𝐵    total weighted completion time of A-jobs and B-jobs, respectively. 

In this chapter, we now consider the following three problems: 

Problem 1:  

1 |∑ 𝑤𝑚
𝐵𝐶𝑚

𝐵

𝑛𝐵

𝑚=1

≤ 𝑄|∑𝑤𝑙
𝐴𝐶𝑙

𝐴

𝑛𝐴

𝑙=1

 

Problem 1 considers finding a schedule which minimizes the total weighted completion time of 

the A-jobs such that the maximum total weighted completion time of the B-jobs is within the upper 

bound 𝑄 . By setting weights of all jobs to one, the problem reduces to  

1|∑ 𝐶𝑚
𝐵𝑛𝐵

𝑚=1 ≤ 𝑄|∑ 𝐶𝑙
𝐴𝑛𝐴

𝑙=1 , which has been proved to be NP-hard by Allesandro Agnetis et al. 

(2004). Therefore, Problem 1 is also NP-hard. 

Problem 2: 

1 |∑ 𝐶𝑚
𝐵

𝑛𝐵

𝑚=1

≤ 𝑄|∑𝑤𝑙
𝐴𝐶𝑙

𝐴

𝑛𝐴

𝑙=1

 

Problem 3:  
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1 |∑ 𝑤𝑚
𝐵𝐶𝑚

𝐵

𝑛𝐵

𝑚=1

≤ 𝑄|∑𝐶𝑙
𝐴

𝑛𝐴

𝑙=1

 

Problem 2 considers finding a schedule which minimizes the total weighted completion time of 

the A-jobs such that the maximum total completion time of the B-jobs doesn’t exceed the upper 

bound 𝑄. Problem 3 considers finding a schedule which minimizes the total completion time of 

the A-jobs such that the maximum total weighted completion time of the B-jobs doesn’t exceed 

the upper bound 𝑄. All three problems studied in this chapter are NP-hard. The Problem 2 and 

Problem 3 can be considered as a special case of Problem 1. Therefore, the algorithms developed 

for Problem 1 can be used to solve Problem 2 and Problem 3 as well. 

3.4 The Proposed Algorithms 

In this section, we introduce two heuristics and an Ant Colony Optimization (ACO) algorithm to 

solve the Problem 1. As mentioned before, these algorithms can also be used to solve all three 

problems. 

3.4.1 Heuristic 1 

Heuristic 1 is based on the weighted shortest processing time first rule and it schedules all B-jobs 

consecutively. This heuristic involves two phases: 

In phase one, the jobs from agent A and agent B are arranged in non-increasing order of densities 

𝛿𝑙
𝐴/𝛿𝑚

𝐵  independently to generate two sequences 𝜎𝐴 and 𝜎𝐵 for agent A and agent B, respectively. 

In phase two, the sequence 𝜎𝐵 is inserted in the sequence 𝜎𝐴 in such a way that the total weighted 

completion time (Problem 1 and Problem 3) and total completion time (Problem 2) is within the 

upper bound𝑄. The resultant sequence can be represented by 𝜎 = 𝜎𝑝𝑟𝑒
𝐴 𝜎𝐵𝜎𝑠𝑢𝑐𝑐

𝐴 . Here, sequence 
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of A-jobs processed before B-jobs is denoted by 𝜎𝑝𝑟𝑒
𝐴 , similarly, the sequence of A-jobs processed 

after B-jobs is denoted by 𝜎𝑠𝑢𝑐𝑐
𝐴 . The best position of sequence B in sequence A is the position 

where the total processing time of jobs for sequence 𝜎𝑠𝑢𝑐𝑐
𝐴  is less than or equal to 

𝑄 − 𝑇𝑊𝐶𝑇𝐵
𝑆𝑤𝐵
⁄  (for Problem 1 and Problem 3), or 

(𝑄 − 𝑇𝐶𝑇𝐵)
𝑛𝐵⁄  (for Problem 2). Here 𝑆𝑤𝐵 

represents the sum of weights of B-jobs in sequence. 

3.4.2 Heuristic 2 

In Heuristic 2, all jobs are arranged together in non-increasing order of densities. The resulting 

sequence can be either feasible or infeasible. If the resulting sequence is found to be infeasible, 

then an attempt is made to make the solution feasible. If the resultant sequence is found to be 

feasible, then an attempt is made to improve the sequence. The steps of Heuristic 2 are as follows: 

Step 1: Arrange the set of A-jobs and B-jobs in non-increasing order of their densities (𝛿𝑙
𝐴 =

𝑤𝑙
𝐴

𝑝𝑙
𝐴⁄ , 𝛿𝑚

𝐵 =
𝑤𝑚
𝐵

𝑝𝑚𝐵
⁄ ) together to create the initial sequence𝜎0 . If the sequence𝜎0  is 

infeasible then go to Step 2; otherwise, go to Step 3. 

Step 2: Adjust the position of B-jobs to make the solution feasible. In sequence 𝜎0, move the first 

B-job towards the beginning of the sequence, one step at a time, until the schedule becomes 

feasible or this B-job is moved to the first position of the sequence. The procedure is 

repeated with other B-jobs in the sequence till the problem remains infeasible, and then, go 

to step 4. 

Step 3: Move the last B-jobs towards the end of the sequence, until the schedule remains feasible. 

This step improves the objective function of agent A.  

Step 4: Return to the solution. 
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3.4.3 Ant Colony Optimization Algorithm 

Ant Colony Optimization (ACO) algorithm is a computational intelligence approach and it is 

utilized for solving combinatorial optimization problems. ACO algorithm was inspired by the 

foraging behavior of the ant species. Colorni, Dorigo, and Maniezzo (1991) investigated an 

interesting phenomenon that the blind ants use shortest route while seeking food from their nest. 

ACO has been used to solve many scheduling problems such as job-shop scheduling problem 

(Blum & Sampels, 2004; Colorni, Dorigo, Maniezzo, & Trubian, 1994; J. Zhang, Hu, Tan, Zhong, 

& Huang, 2006), two-agent scheduling problem (C.-C. Wu et al., 2013). 

The main idea of ACO algorithm is to use artificial ants to solve combinatorial optimization 

problems. At first, every ant selects one route randomly. The pheromone is released by ants when 

they walk from one place to another place. The density of pheromone then influences the path of 

following ants. As time goes by, the density of pheromone becomes higher on the shorter route. 

The increasing amount of pheromone on shortest path attracts more and more ants to follow the 

path. It is well known, in the end, most of ants follow the shortest path. 

In the present section, taking the solution produced by Heuristic 2 as an initial solution. The 

proposed ACO algorithm employs the Max-Min Ant System (MMAS) to avoid the local extreme 

value. The brief introduction of proposed ACO algorithm is presented below followed by its 

detailed description. 

Step 1:  Use Heuristic 2 to obtain a solution.  

Step 2: Initialize the trail intensities 𝜏𝑖𝑝 and parameters; Set the lower bound of trail intensities 

(𝜏𝑚𝑖𝑛) and the upper bound of trail intensities (𝜏𝑚𝑎𝑥). 
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Step 3:  If the termination condition is not met, then do the following. 

 Generate 𝑀 feasible ant-sequence by using trail intensities and principles of ACO 

algorithm.  

 Update the best solution. 

 Update the trail intensity. 

Step 4: Return to the best solution we found so far. 

The main features of the proposed ant colony optimization algorithm are presented below. 

3.4.3.1 Parameter Initialization 

The trail intensity is denoted by 𝜏𝑖𝑝, where 𝜏𝑖𝑝 represents the trail intensity of scheduling job 𝑖 in 

the position 𝑝. Initially, all 𝜏𝑖𝑝 is set to 1 (1 − 𝜌) × 𝑇𝑊𝐶𝑇𝐴𝐻2
⁄ . The term 𝜌 is the persistence of 

the trail and it is set to 0.75. The term 𝑇𝑊𝐶𝑇𝐴𝐻2 represents the solution produced by Heuristic 2. 

This chapter uses Max-Min Ant System (MMAS) introduced by Stützle and Hoos (1996) as an 

improvement plan for ACO algorithm. In MMAS, the trail intensities 𝜏𝑖𝑝 is always maintained in 

the range between 𝜏𝑚𝑖𝑛 and 𝜏𝑚𝑎𝑥 (i.e.𝜏𝑚𝑖𝑛 ≤ 𝜏𝑖𝑝 ≤ 𝜏𝑚𝑎𝑥). The 𝜏𝑚𝑖𝑛 is set equal to 
𝜏𝑖𝑝

100⁄  and 

𝜏𝑚𝑎𝑥 is set equal to 𝜏𝑖𝑝 × 100.  

3.4.3.2 Generating Ant Sequence 

In this chapter, a two-phase solutions generation method, as present below, it is used to generate 

ant sequence. In phase one, artificial ants are utilized to seek possible solutions based on initialized 

trail intensities. This phase, in the process, may generate infeasible solutions. In such a case, phase 

two is designed to make the solution feasible. 

Phase 1: Establish an ant sequence 
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In this phase, an ant starts establishing an ant-sequence by scheduling jobs one by one. A job 𝑖 is 

selected for scheduling a position 𝑝 according to the following probability rule. Let 𝐸𝐽𝑆 be a set 

of jobs that are eligible for scheduling at position 𝑝. Note that we assume that the jobs of each 

agent is indexed according to their non-increasing order of density. Therefore, job 𝐽𝑖
𝐴/𝐵

 is eligible 

for scheduling at position 𝑝 only if job 𝐽𝑖−1
𝐴/𝐵

 has already been scheduled before position 𝑝.  

Phase 2: Find the feasible solution 

The main purpose of this phase is to convert an infeasible solution into a feasible solution  by 

shifting the jobs from their original position to another position in such a way that the magnitude 

of infeasibility is reduced. We now consider a job selected randomly and insert it on all other 

positions for possible shifting. The best shifting position is the one which minimizes following 

objective function. 

𝑇𝑊𝐶𝑇𝐴 + 𝐵𝑖𝑔𝑀 × 𝑀𝑎𝑥(0, 𝑇𝑊𝐶𝑇𝐵 − 𝑄)(1)              

where the 𝐵𝑖𝑔𝑀 is defined as a very big value, 𝑇𝑊𝐶𝑇𝐴 represents the total weighted completion 

time of A-jobs, and 𝑀𝑎𝑥(0, 𝑇𝑊𝐶𝑇𝐵 − 𝑄) represents the magnitude of infeasibility violation.   

3.4.3.3 Trail Intensities Updating 

The trail intensities are updated using current ant sequence as well as best sequence found so far. 

Let 𝐾𝑐𝑢𝑟𝑟𝑒𝑛𝑡
𝑖  denote the value of objective function of the current sequence and 𝐾𝑏𝑒𝑠𝑡 denote the 

value of objective function of the best sequence obtained so far. The tail intensities are updated as 

follows: 

𝜏𝑖𝑝
𝑛𝑒𝑤 = 𝜌 × 𝜏𝑖𝑝

𝑜𝑙𝑑 +∑𝐿𝑖𝑝
𝑐 + 𝐿𝑖𝑝

𝑀

𝑐=1

,(2) 
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where 

𝐿𝑖𝑝
𝑐 = {

1
𝐾𝑐𝑢𝑟𝑟𝑒𝑛𝑡
𝑖⁄ , 𝑖𝑓𝑗𝑜𝑏𝑖𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑑𝑎𝑡𝑝𝑖𝑛𝑐𝑡ℎ𝑐𝑢𝑟𝑟𝑒𝑛𝑡𝑎𝑛𝑡𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒;

0,𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒;
 

𝐿𝑖𝑝 = {
1
𝐾𝑏𝑒𝑠𝑡
⁄ , 𝑖𝑓𝑗𝑜𝑏𝑖𝑖𝑛𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛𝑝𝑖𝑛𝑡ℎ𝑒𝑏𝑒𝑠𝑡𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒;

0,𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒;
 

In equation (6), ∑ 𝐿𝑖𝑝
𝑐𝑀

𝑐=1  represent the influence from the current sequence obtained so far, and 

𝐿𝑖𝑝
𝑏  represents the influence from the best sequence.  

3.5 Numerical Results and Analysis 

In this section, numerical experiments and analysis are conducted in order to assess the 

performance of the proposed heuristics and Ant Colony Optimization algorithm. The branch-and-

bound method of Allesandro Agnetis et al. (2004) is used to calculate the lower bound. Though 

the branch-and-bound provides optimal solution, yet it is stopped during the execution. The lowest 

lower bound value from open branch is reported as the lower bound value for the problem. 

3.5.1 Problem Instance Generation 

In this chapter, we generate 290 problem instances for each problem. There are 10 problem 

instances for each problem size. The number of jobs in each agent varies from 5 to 150. The 

processing time of jobs from two agents are generated from a uniform distribution in the range 

given by the interval [1, 10]. Similarly, the weight of jobs from two agents are generated from a 

uniform distribution in the range given by the interval [1, 5]. The value of upper bound Q is 

generated according to the procedure provided by Alessandro Agnetis et al. (2009), as 𝑄 =

𝛼𝑓𝑚𝑖𝑛
𝐵 + (1 − 𝛼)𝑓𝑚𝑎𝑥

𝐵 , where 𝛼 was assigned randomly between 0.4 and 0.6. The 𝑓𝑚𝑖𝑛
𝐵  represents 

the total weighted completion time or total completion time of agent B when all B-jobs are 
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scheduled in WSPT or SPT rule at the beginning of the schedule. On the other hand, the 𝑓𝑚𝑎𝑥
𝐵  is 

denoted as the total weighted completion time or total completion time of agent B when these jobs 

are scheduled after completion of all A-jobs. 

3.5.2 Numerical Results 

The performance of proposed algorithms is evaluated with respect to the solution and CPU time. 

We use the Percentage Deviation (PD) to compare the performance of different algorithms 

presented in Section 3.4. The PD is calculated by using following formula: 

𝑃𝐷 =
𝐻𝑖 − 𝐵

𝐵
× 100% 

where, 𝐻𝑖  is denoted as the solution of the percentage deviation of 𝑖𝑡ℎ  algorithm and 𝐵  is 

denoted as the solution found by the branch-and-bound algorithm. Note that, in the present analysis, 

we stop the branch and bound algorithm after 8000 branches, and report the lower bound obtained 

at the branch of termination. Note that some of these problems are solved optimally. We use the 

following notation for reporting results: 

𝑂𝑏𝑗.: Objective function value. 

𝐿𝐵: The absolute value of the lower bound obtained by the branch and bound algorithm. 

𝐶𝑃𝑈𝑇𝑖𝑚𝑒: Running time of proposed algorithms. 

𝑃𝐷: Percentage deviation. 

3.5.2.1 Effects of Update Methods on ACO 

The trail intensity update approach plays a critical role in guiding ants to choose a route, which 

ultimately helps to find a good solution. An experiment is performed, on the trail intensity updating 
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criteria with three schemes named as Scheme 1, Scheme 2 and Scheme 3, respectively. The three 

schemes represent the trail intensity update approach as follows: 

Scheme 1: Update trail intensity based on the current ant solution  

                    (i.e.𝜏𝑖𝑝
𝑛𝑒𝑤 = 𝜌 × 𝜏𝑖𝑝

𝑜𝑙𝑑 + ∑ 𝐿𝑖𝑝
𝑗𝑀

𝑗=1 ); 

Scheme 2: Update trail intensity based on the best solution found so far 

                   (i.e. 𝜏𝑖𝑝
𝑛𝑒𝑤 = 𝜌 × 𝜏𝑖𝑝

𝑜𝑙𝑑 + 𝐿𝑖𝑝
𝑏 ); 

Scheme 3: Update trail intensity based on both current solution and the best solution 

                   (i.e. 𝜏𝑖𝑝
𝑛𝑒𝑤 = 𝜌 × 𝜏𝑖𝑝

𝑜𝑙𝑑 + ∑ 𝐿𝑖𝑝
𝑗𝑀

𝑗=1 + 𝐿𝑖𝑝
𝑏 ). 

Table 3.1. A comparison between different trail intensity update approaches. 

 Problem 1 Problem 2 Problem 3 

 

Avg. 

Result 

Avg. 

PD 

Avg. 

Result 

Avg. 

PD 

Avg. 

Result 

Avg. 

PD 

Scheme 1 32031.63 0.67 33804.06 0.72 12786.36 0.36 

Scheme 2 31997.91 0.70 33832.54 0.83 12787.34 0.50 

Scheme 3 32007.98 0.48 33800.51 0.59 12782.31 0.26 

 

In Table 3.1, average result over 290 problem instances are reported for three schemes. The 

numerical results reported in Table 1 shows that the average PDs of Scheme 3 are relatively better 

than other schemes. Therefore, the Scheme 3 is used in the proposed Ant Colony Optimization 

algorithm. 

3.5.2.2 Numerical Results for Problem 1 

Table 3.2 reports the relative performance of proposed algorithms. The average of percentage 

deviations (PDs) show that the ACO algorithm has the best performance among the proposed 
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heuristics. The objective function values of ACO algorithm are less than other two heuristics in all 

problem instances. The average PD of ACO algorithm is 0.48% only which is considered to be 

very good for any meta-heuristic. 

The objective function value of Heuristic 1 and Heuristic 2 are away from lower bound value by 

25.71% and 6.05% respectively. The performance of Heuristic 2 is about four times better than 

heuristic 1. The average PDs of Heuristic 2 vary from 3.28% to 8.43%, while the performance of 

Heuristic 1 varies from 20.67% to 37.03%. Heuristic 2 fully explored the weighted shortest 

processing time rule and it has a better performance than Heuristic 1. When problem size increases 

the average PD of heuristics does not show the increasing trend of average PD, which indicate that 

the performance of heuristics is stable with increase in size of problem instances. 

In terms of CPU time, all problem instances can be executed in seconds by Heuristic 1 and 

Heuristic 2. Therefore, we do not report average CPU time for those two heuristics. On the contrary, 

the Ant Colony Optimization (ACO) algorithm spends much more CPU time, but it provides an 

extremely good result compared to heuristics. Heuristic 2 has stable performance, and it can be 

used to solve the scheduling problem in a very short time, even for big problem instances. 

The average PD of ACO algorithm is 0.48%, far less than Heuristic 1 and Heuristic 2. Although it 

costs more time than Heuristic 2, it can generate better results. It is difficult for branch and bound 

method to generate solutions in a limited time period, because the CPU time increases 

exponentially. Therefore, it becomes practically impossible to solve the bigger problem. On the 

other hand, ACO provides near optimal solution which can be just 0.48% bigger than the optimal 

solution in reasonable CPU time. These facts justify the use of ACO for solving problems 

considered in this chapter. 
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In the real application, the various criteria impact the decision of using algorithm to solve the 

problem. The two important criteria are the CPU time and solution quality. The ACO algorithm 

should be chosen, if the criterion is the solution quality. On the other hand, if the CPU time is 

considered as the criterion, then Heuristic 2 can be used to solve the problem. Heuristic 2 not only 

has small PD of 6.05%, but it also has a very stable performance with the increase in the size of 

problem instances. 

Table 3.2. Computational results for proposed algorithms and lower bound in Problem 1 

  
Branch-and-Bound Heuristic 1 Heuristic 2 ACO 

No. 

Num 

Job LB CPU Time Obj. PD Obj. PD Obj. PD CPU Time 

1 5 229.30 0.00 316.40 34.85 240.30 5.05 229.70 0.12 0.05 

2 6 365.50 0.00 480.60 32.88 386.30 5.89 366.00 0.12 0.07 

3 7 536.70 0.00 729.80 37.03 564.70 4.84 538.40 0.29 0.11 

4 8 572.90 0.00 708.40 23.38 616.10 8.43 576.50 0.69 0.17 

5 9 797.30 0.04 1026.90 28.83 821.70 3.28 799.80 0.36 0.22 

6 10 675.40 0.04 915.80 36.60 709.60 5.58 679.10 0.51 0.27 

7 11 961.00 0.19 1162.50 20.67 1018.50 6.59 966.90 0.83 0.35 

8 12 1228.90 0.41 1577.90 29.20 1276.30 3.94 1233.20 0.33 0.45 

9 13 1501.30 2.16 1928.20 28.02 1583.40 5.86 1509.40 0.56 0.54 

10 14 1501.20 10.37 1817.60 21.16 1592.30 6.93 1509.10 0.61 0.68 

11 15 1742.50 2.67 2154.60 24.12 1844.20 6.08 1749.90 0.43 0.81 

12 16 2056.90 3.92 2660.50 29.79 2140.20 4.30 2066.90 0.49 0.88 

13 17 2422.60 9.51 3064.80 25.85 2543.90 5.11 2439.20 0.66 1.12 

14 18 2594.00 23.47 3283.50 26.70 2713.10 5.06 2604.50 0.42 1.23 

15 19 3113.20 15.37 3904.90 25.88 3310.20 6.48 3130.30 0.56 1.38 

16 20 3097.60 24.79 3865.60 24.97 3279.60 6.31 3109.80 0.41 1.55 

17 30 6944.80 401.45 8599.60 23.61 7219.40 4.41 6980.50 0.51 5.31 

18 40 11746.30 1018.28 14623.70 24.76 12391.00 5.77 11809.10 0.57 13.14 

19 50 18003.40 2941.57 22210.00 23.35 19099.60 6.26 18090.50 0.49 21.74 

20 60 27471.10 6853.55 33606.20 22.20 29378.50 7.07 27598.30 0.46 32.41 

21 70 34041.60 5290.80 42279.30 24.04 36352.40 6.99 34218.80 0.54 48.28 

22 80 44108.90 17445.44 53656.80 21.79 47537.90 7.80 44335.40 0.52 67.62 

23 90 61965.60 19609.66 75903.30 22.42 65410.90 5.68 62272.10 0.50 104.49 

24 100 69305.90 35334.76 84644.50 22.10 74650.30 7.88 69641.80 0.49 129.17 

25 110 85442.20 107943.37 104289.30 22.02 91489.40 7.23 85926.80 0.60 167.79 

26 120 101315.40 57929.46 123206.00 21.55 108699.10 7.40 101854.40 0.54 186.25 

27 130 125760.30 62421.15 153888.20 22.22 133498.40 6.30 126369.20 0.49 222.17 

28 140 152221.20 70120.15 186333.20 22.47 161040.70 5.93 152663.60 0.30 434.27 

29 150 162120.00 67587.44 199604.10 23.06 173381.20 7.04 162962.20 0.52 266.63 

Average       25.71   6.05   0.48   
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3.5.2.3 Numerical Results for Problem 2 

Table 3.3 below reports the result of proposed algorithms and their relative performances for 

Problem 2. Heuristic 1 and Heuristic 2 provide the results that are differ from the lower bound by 

19.48% and 13.82%, respectively. Conversely, since the average PD of ACO algorithm is 1.32% 

only, the ACO algorithm performs as good as its performance in Problem 1. Other observations 

are similar to the observation of Problem 1. 

Table 3.3. Computational results for proposed algorithms and lower bound in Problem 2 

  Branch-and-Bound Heuristic 1 Heuristic 2 ACO 

No. 

Num 

Job LB 

CPU 

Time Obj. PD Obj. PD Obj. PD CPU Time 

1 5 269.50 0.00 343.30 30.07 278.20 3.35 270.00 0.32 0.05 

2 6 392.00 0.00 499.90 26.57 417.00 7.08 392.00 0.00 0.09 

3 7 507.60 0.03 648.70 28.01 556.20 10.48 509.30 0.27 0.14 

4 8 668.40 0.04 791.40 18.63 734.80 9.36 670.20 0.32 0.19 

5 9 810.60 0.09 995.30 24.14 908.20 12.56 813.30 0.31 0.27 

6 10 909.10 0.19 1094.20 21.03 1010.90 11.60 912.80 0.38 0.33 

7 11 1148.30 0.63 1372.30 20.21 1293.60 13.06 1153.30 0.41 0.44 

8 12 1042.30 4.59 1274.60 22.29 1180.40 12.35 1047.80 0.53 0.56 

9 13 1568.30 11.07 1991.70 26.31 1732.10 10.95 1575.00 0.43 0.70 

10 14 1702.10 2.52 2086.50 22.88 1952.50 15.75 1713.80 0.71 0.94 

11 15 1901.30 16.40 2288.60 21.27 2118.50 11.22 1912.00 0.57 1.12 

12 16 2227.20 23.35 2665.90 19.75 2605.30 17.01 2245.20 0.81 1.27 

13 17 2279.20 19.52 2725.10 20.19 2583.20 12.56 2297.40 0.80 1.31 

14 18 2782.60 35.44 3426.40 23.47 3139.00 13.22 2800.40 0.64 1.78 

15 19 3037.90 56.52 3635.70 19.42 3589.20 17.81 13906.20 21.90 2.24 

16 20 3510.20 62.04 4154.70 18.22 4011.70 14.17 3530.70 0.59 2.58 

17 30 7346.70 429.42 8450.60 15.20 8271.50 12.21 7395.80 0.67 7.07 

18 40 11489.20 964.15 13403.10 16.36 13668.80 18.64 11569.20 0.70 18.57 

19 50 18908.70 3515.09 22139.00 16.85 21940.70 16.06 19014.30 0.57 48.43 

20 60 27399.10 4317.88 31607.90 15.43 31955.60 16.38 27590.50 0.72 75.05 

21 70 36553.80 4773.63 42059.50 15.03 42256.90 15.37 36821.90 0.76 115.64 

22 80 51421.80 12654.26 59871.50 16.37 60055.50 16.42 51679.30 0.51 405.89 

23 90 63800.70 16266.29 73537.00 15.16 74468.40 16.57 64169.40 0.60 383.69 

24 100 83995.80 14284.21 97425.70 15.88 96747.40 15.25 84496.20 0.59 587.85 

25 110 95797.20 29993.74 110716.90 15.57 111238.50 15.84 96486.20 0.76 972.62 

26 120 108480.40 31079.73 124810.40 15.02 123180.10 13.62 109230.80 0.71 479.25 
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27 130 122684.30 63120.27 141341.50 15.26 141520.00 15.07 123750.60 0.89 687.83 

28 140 148631.60 80432.12 170474.00 14.76 176596.70 18.53 149925.80 0.94 2200.74 

29 150 171902.50 69186.52 198277.30 15.43 203831.30 18.36 173178.60 0.77 2351.36 

Average       19.48   13.82   1.32   

 

3.5.2.4 Numerical Results for Problem 3 

Table 3.4 below represents the computational results for Problem 3. It may be observed that 

Heuristic 2 has a good and stable performance, the average PD of Heuristic 2 is 6.20%, while the 

Heuristic 1 is 28.03%. The ACO algorithm has the best performance with average PD of ACO 

algorithm is 0.26% only. Other observations are same as observation of Problem 1. 

Table 3.4. Computational results for proposed algorithms and lower bound in Problem 3 

  Branch-and-Bound Heuristic 1 Heuristic 2 ACO 

No. 

Num 

Job LB CPU Time Obj. PD Obj. PD Obj. PD CPU Time 

1 5 99.80 0.00 122.50 22.15 105.30 6.15 99.80 0.00 0.05 

2 6 123.10 0.00 162.40 32.18 128.90 5.41 123.30 0.19 0.07 

3 7 195.30 0.00 250.20 28.74 203.90 5.11 195.50 0.14 0.10 

4 8 224.10 0.06 289.80 30.21 235.50 5.12 224.80 0.33 0.13 

5 9 289.30 0.04 381.20 32.29 307.70 6.94 290.30 0.37 0.18 

6 10 333.40 0.19 433.90 30.09 356.60 7.03 334.00 0.18 0.24 

7 11 422.60 1.01 569.10 35.84 435.10 2.78 422.90 0.09 0.29 

8 12 463.10 0.92 597.80 29.52 490.20 5.95 464.40 0.29 0.37 

9 13 475.20 3.34 643.50 35.63 504.30 6.31 476.30 0.23 0.46 

10 14 646.10 7.04 833.70 29.80 681.30 5.43 647.30 0.19 0.57 

11 15 819.90 11.46 1027.60 25.52 860.00 4.97 821.90 0.24 0.77 

12 16 780.10 7.32 1043.10 34.15 822.90 5.63 782.30 0.28 0.71 

13 17 950.80 13.94 1213.70 28.43 1016.00 6.66 953.80 0.30 0.97 

14 18 966.70 11.73 1228.50 27.62 1022.10 5.80 968.70 0.21 1.07 

15 19 1101.70 29.12 1405.20 28.40 1188.00 7.93 1106.90 0.50 1.39 

16 20 1275.50 51.24 1607.70 26.84 1362.80 6.93 1279.70 0.33 1.63 

17 30 2546.90 281.83 3187.10 25.06 2740.40 7.60 2555.50 0.34 3.96 

18 40 5106.60 523.90 6413.50 26.03 5403.70 5.79 5121.00 0.29 10.54 

19 50 7614.40 1638.78 9729.80 28.07 8019.10 5.27 7635.30 0.27 16.58 

20 60 9840.40 2534.18 12408.20 26.02 10427.50 6.03 9869.20 0.29 21.81 

21 70 14581.50 3362.46 18282.70 25.33 15581.30 6.94 14616.60 0.25 40.02 
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22 80 19122.40 7261.63 23802.70 24.59 20304.50 6.15 19171.10 0.26 49.10 

23 90 24132.90 11061.80 30568.30 26.74 25683.10 6.38 24195.20 0.26 68.13 

24 100 27582.70 16653.80 34609.00 25.37 29387.90 6.59 27648.80 0.24 88.10 

25 110 35851.70 23212.25 45322.60 26.53 38126.50 6.33 35929.70 0.22 110.41 

26 120 40863.00 22932.57 51594.30 26.36 43673.60 6.85 40972.60 0.27 147.50 

27 130 48180.70 38109.33 60300.50 25.17 51564.20 7.02 48321.20 0.29 177.46 

28 140 59985.50 35640.55 74758.90 24.80 64240.40 7.07 60123.60 0.23 238.83 

29 150 65137.70 50206.23 81557.80 25.39 70119.70 7.60 65335.20 0.32 275.45 

Average       28.03   6.20   0.26   

 

3.6 Conclusions 

Chapter 3 considers single machine with two-agent scheduling problems. Two objectives 

considered in this chapter are the minimization of total weighted completion time and 

minimization of total completion time. According to the different combinations of objective 

functions, three different problems are considered to minimize the objective function of agent A 

subject to an upper bound on the objective function of agent B. Two heuristic algorithms and one 

meta-heuristic are proposed to solve the problems. The heuristics are motived by the weighted 

shortest processing time first rule. The meta-heuristics are based on ant colony optimization 

algorithm. Numerical experiments are performed on randomly generated problem instances. The 

ACO can produce the solution within 1.32% of the optimality which can be considered as a good 

performance for any meta-heuristic. Compared to Heuristic 1, Heuristic 2 has a better and stable 

performance. Considering the application of proposed heuristic algorithms, the ACO algorithm 

can be utilized if good quality of solution is required. On the contrary, Heuristic 2 can be employed 

if less CPU time is required. 
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Chapter Four: Survey and Classification of Due-date Determination Method 

4.1 Introduction 

Due date represents one job’s committed completion date or shipping date (Pinedo, 2015), and 

due-date-based problems are widely considered by scholars and production managers in both 

research areas (e.g. scheduling, purchasing management and inventory management) and real 

production environments. During last three decades, a large number of due-date determination and 

other due-date-related research papers have been published. 

The most important reason why due-date relevant problems attract remarkable attention is cost-

related consequences. The tardiness caused penalties in the aerospace industry will be up to million 

dollars every day (Soomer & Franx, 2008), due to a variety of different reasons, even a small 

components. According to the Just-In-Time (JIT) theory, one of the most famous and successful 

inventory management concept, both jobs completed before (i.e. early job) and after (i.e. tardy job) 

the due date will generate costs (Baker & Scudder, 1990). In other words, JIT considers to 

minimize the penalties for both tardy jobs and early jobs (Kubiak, 1993; Lauff & Werner, 2004; 

C.-Y. Lee, Danusaputro, & Lin, 1991; D. Wang, 1995). Apart from the JIT, many manufacturing 

systems also treat the due-date determination as a critical element in in the job scheduling process 

(Soroush, 1999), such as the Flexible Manufacturing System (FMS) and the Material 

Requirements Planning (MRP) system (Vig & Dooley, 1991). T. Cheng and Gupta (1989) 

summarized the costs caused by early/tardy job: earliness consumes limited storage resources; on 

the contrary, tangible and intangible costs will be generated by tardy jobs, such as employee’s 

work and opportunity costs.  
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In this chapter, we consider the due-date as a decision variable. Conway (1965) is a pioneer 

researcher who systematic studied various due-date determination methods. After him, T. Cheng 

and Gupta (1989) classified variable due date assignment methods into two categories – exogenous 

(i.e. CON and RAN) and endogenous (i.e. TWK, SLK, NOP and others). Besides, a number of 

researchers spend effort researching different due date assignment models in a systemic and 

comprehensive way (T. Cheng & Gupta, 1989; V. S. Gordon, J.-M. Proth, & C. Chu, 2002; Y. 

Gupta, Bector, & Gupta, 1990; Y. P. Gupta, Gupta, & Bector, 1989). 

The due-date-based scheduling studies are not only considering them from a theoretical perceptive, 

but also combining the scheduling theories and algorithm with practical applications (Sethi & Sethi, 

1990). Moreover, in real operating and manufacturing environments, researchers have been 

studying the due-date involved scheduling problems for many years. Many papers study the 

different due-date-involved scheduling problems and their applications together. More especially, 

the most representative application is the wafer fabrication manufacturing process, and many 

papers made a special research for it (Chang, Hsieh, & Liao, 2001; Chiang & Fu, 2012; Chiu, 

Chang, & Chiu, 2003; Y.-D. Kim, Kim, Lim, & Jun, 1998).  

All due-date determination methods are obtaining the basic assumptions as follows: 

a. all jobs are available simultaneous. The release times of all jobs are equal to zero; 

b. the single machine cannot process two or more than two jobs simultaneously; 

c. the pre-emption jobs are not allowed; 

d. the idle times are not allowed. 

4.2 CON Due Date Determination Method 
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Constant due date (CON) determination method is giving a constant flow allowance to all jobs (Y. 

Gupta et al., 1990) in scheduling problems. The pre-emption job is not permitted. This is a most 

fundamental and crucial due date determination method among all methods. The due date of jobs 

can be defined by 𝑑𝑖 = 𝑘, 𝑖 = {1, 2, … , 𝑛}, if the release time of each job is equal to zero. In other 

words, all jobs’ due date is 𝑘 in this determination method.  

Many scholars studied the CON due date determination method. V. Gordon, J.-M. Proth, and C. 

Chu (2002) provided a completed survey in terms of common due date assignment scheduling 

problems. The important properties can be found in V. Gordon et al. (2002). In terms of the 

objectives, literature considers the costs on earliness penalty, tardiness penalty, number of tardy 

jobs and due-date assignment.  

4.3 RAN Due Date Determination Method 

Another type of due date determination method in exogenous category is random due date 

assignment method. The due dates are assigned to 𝑛 jobs randomly (T. Cheng & Gupta, 1989), but 

the due dates are normally following one probability distribution (V. Gordon et al., 2002) or 

randomly assigned flow allowance within a designated range (Vig & Dooley, 1991). These jobs’ 

due date can be defined by 𝑑𝑖 = 𝑒𝑖, 𝑖 = {1, 2, … , 𝑛, if all jobs are released at time zero. Although 

some due-date-determination-related survey papers considered the random allowance method 

(Baker & Scudder, 1990; T. Cheng & Gupta, 1989; V. Gordon et al., 2002; Tsai, Chang, & Li, 

1997), papers which are considering the RAN due date assignment are still rare.  

4.4 TWK Due Date Determination Method 

Total work (TWK) due date determination method represents a total-work-content-based method, 

and it includes two sub-types, TWK due dates and TWK-power due dates. Under TWK due date 
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determination method, schedulers in the production process are responsible for assigning due dates 

to jobs, rather than an independent external agency, like CON and RAN (Conway, 1965; Y. Gupta 

et al., 1990). In this determination method, the due date of 𝑖𝑡ℎ job can be defined by 𝑑𝑖 = 𝑘𝑝𝑖,𝑖 =

{1,2, … , 𝑛}, if all jobs are release to the manufacturing system at time zero. In the expression 𝑑𝑖 =

𝑘𝑝𝑖, 𝑘 ≥ 0, and 𝑘 represents the constant due date multiple factor. T. Cheng (1987b) studied the 

TWK-power due date determination method. The due dates in TWK-power due date assignment 

method can be defined by 𝑑𝑖 = 𝑘𝑝𝑖
𝑚, 𝑖 = {1, 2, … , 𝑛}, where 𝑚 is the given exponent factor, and 

𝑚 ≥ 1.  

Property 4.1: For any specified sequence 𝜎, an optimal value of multiple factor 𝑘 exists, which 

coincides the ratio of completion time and processing time of exactly one of the jobs in 𝜎. 

Conway (1965) investigated different priority rules’ effect upon the TWK due date in various 

objectives (i.e. lateness, number of tardy job and shop time). In Conway’s paper, the experimental 

results indicated that the shortest processing time first (SPT) rule is an effective procedure for 

improving algorithm’s performance. Baker and Bertrand (1981) also examined the various 

combinations between the TWK due-date determination method and two dispatching rules (i.e. 

EDD and SPT). They sequencing objective is minimizing the average tardiness. The experimental 

results indicated that the combination of TWK/SPT has a better performance when the allowance 

factor 𝑘 is a small value, and the combination of TWK/EDD has a better performance when the 

allowance factor 𝑘 increased.  

The general TWK due date determination method (i.e. 𝑑𝑖 = 𝑘𝑝𝑖,𝑖 = {1,2, … , 𝑛} ) has been 

considered in many papers. T. Cheng (1984) considered to find the optimal value of 𝑘 for both 

deterministic and random processing time situations, in order to minimize the squared sum of 
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earliness and tardiness. When the objective is to minimize the total earliness and tardiness,  T. 

Cheng (1988) proposed that constructing a linear programming (LP) formulation for the problem, 

and calculating the optimal solution by using linear programming duality. Another linear-

programming-based TWK due date determination method was considered by Y. Gupta et al. 

(1990). With the different from T. Cheng (1988)’s paper, they considered the weight factor (i.e. 

unit penalty for early/tardy jobs) in their objective function. However, they failed to propose any 

algorithms to solve the problem. Moreover, because of the importance of due-date determination, 

T. Cheng (1991) considered the cost of due-date determination in the paper.  

Property 4.2: For any given objective in TWK due-date determination problem, it will be 

minimized by using the earliest due date first (EDD) rule or the shortest due date first (SPT) rule. 

Property 4.3: For any given processing-time exponent 𝑚, it exists only one combination of 𝑘 and 

𝑚 in the optimal solution. 

T. Cheng (1987a), T. Cheng (1987b) and T. Cheng and Li (1989) considered the work-content-

power due-date assignment and sequencing problems from two perspectives: only the multiple 

factor 𝑘 is the decision variable; both 𝑘 and the processing-time exponent 𝑚 are decision variables. 

In order to minimize the multiple-factor-caused due-date-assignment cost and the 

earliness/tardiness, T. Cheng (1987a) formulated this problem in a linear programming 

formulation, and utilized LP duality theory. The function which is used for determining optimal 

value of multiple factor 𝑘 was represent by T. Cheng (1987b). In this paper, author also cleared 

that the optimal sequence is arranged in SPT order. Meanwhile, according to the given 𝑘 

determination function, only one combination of 𝑘 and 𝑚 existing to generate the optimal solution. 

T. Cheng and Li (1989) developed and extended T. Cheng (1987b)’s research. It is not only taking 
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the average flowtime into consideration, but also considering both processing-time exponent 𝑚 

and multiple factor 𝑘 as the decision variables.  

4.5 SLK Due Date Determination Method 

The SLK due date determination method is giving the equal amounts of waiting slack 𝑞 to each 

job. In other words, the due date is determined by the job’s processing time and the common slack 

𝑞. The due date in SLK assignment method can be defined by 𝑑𝑖 = 𝑝𝑖 + 𝑞, 𝑖 = {1, 2, … , 𝑛}, when 

all jobs are release to the manufacturing system at time zero, simultaneously. In this determination 

method, the schedulers determinate the due date by predicting the job flow time (V. S. Gordon et 

al., 2002) and all jobs are sharing one common slack 𝑞. The key to find the optimal solution of 

objective function is to determinate the optimal slack allowance 𝑞. 

Property 4.4: in the optimal schedule, the sequence is a “V-shaped” sequence. It is based on the 

ration of job’s processing time and unit penalty; 

Property 4.5: the waiting time of the job before the first tardy job in the optimal sequence coincides 

with the optimal slack 𝑞. 

4.6 NOP Due Date Determination Method 

Similar with the TWK due date determination method, the NOP is another way to estimate the 

allowance (Conway, 1965). However, the NOP determination method considers the required 

number of operations of the jobs, instead of the job’s processing time. Based on the study finished 

by Conway (1965), the combination of shortest imminent processing time (SI) rule and NOP due 

date determination method is the most effective combination and it will bring an excellent 
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performance. The due date of jobs in this determination method is defined by 𝑑𝑖 = 𝑘𝑁𝑖, 𝑖 =

{1, 2, … , 𝑛}, where 𝑁𝑖 represents the number of operations in job 𝑖, if all jobs are released to the 

system at time zero, simultaneously.  

The NOP determination method is often considered with another endogenous method, the TWK 

determination method together. The relevant due date determination problem was considered by 

T. Cheng (1986). The due in “TWK+NOP” method can be defined by 𝑑𝑖 = 𝑘𝑝𝑝𝑖 + 𝑘𝑁𝑁𝑖, 𝑖 =

{1, 2, … , 𝑛}, wher 𝑘𝑝 and 𝑘𝑁 represent the multiple factor for the processing time and for number 

of operations, respectively.  

4.7 JIQ Due Date Determination Method 

The Jobs in Sequence (JIQ) due date determination method is an endogenous method to assign a 

flow-time allowance and determinate due dates by considering the current queue lengths (i.e. the 

number of jobs waiting to be processed) in the system. This problem considered by Eilon and 

Chowdhury (1976) first. Primary consideration in this paper is to minimize the average of job 

flow-times. The JIQ method determined due date can be defined by 𝑑𝑖 = 𝑘𝑝𝑝𝑖 + 𝑘𝑄𝑄𝑖, 𝑖 =

{1, 2, … , 3}, where 𝑄𝑖 represents the number of jobs in waiting sequence that in queue at machines 

job 𝑖 will visit. The release time of jobs in this method are equal to zero. In other words, the release 

time factor is not considered in this paper. 

4.8 JIS Due Date Determination Method 

The Jobs in System (JIS)  due date determination method takes the job’s information (i.e. the 

processing time, the average waiting time and the standard deviation of waiting in the system) into 

consideration. Weeks (1979) considered this due date determination method by utilized the 
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computer simulation, in order to predicate the due date. It helps the scheduler to provide more 

attainable due dates in an easier way, because many updated and related information is considered 

in this due date assignment method, such as the flow-time and congestion information. 𝑑𝑖 = 𝑝𝑖 +

𝐷 + 𝛼(𝐽)𝜎𝐷 , 𝑖 = {1, 2, … , 𝑛} can be defined as the due date in the JIS due date determination 

method. The 𝐷, 𝐽 and 𝜎𝐷 can be denoted by the average waiting time, the number of jobs in the 

system when the release time is zero. 
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Chapter Five: Survey of Single-Machine with Two-Agent Scheduling Problems with Due 

Date 

5.1 Introduction 

Scheduling problems have been studied for many years for optimizing resource allocation. 

Nowadays, in both manufacturing and service industries, scheduling is playing a critical role, since 

the scheduling related decisions have a significant impact on improving the productivity and 

efficiency of the production system. In a two-agent scheduling problem, two agents compete for 

limited processing resources. Each agent has a set of jobs to be processed using a common 

processing resource. Furthermore, each agent may have different objective functions at a time (for 

instance, the minimization of weighted tardiness and earliness, the minimization of total 

completion time, and the minimization of number of tardy jobs). The primary purpose of setting 

these objective functions is to assess the performance of the schedules from multiple perspectives. 

Baker and Cole Smith (2003) and Allesandro Agnetis et al. (2004) introduced the two-agent 

scheduling problem, in which a single machine is being used by two agents. The two-agent 

scheduling problem faces the dilemma of minimizing two conflicting objectives associated with 

two agents. The objectives of two agents are in conflict because the completion time of jobs for 

two agents are mutually independent. To address the conflicting nature of objective functions, 

Suresh and Chaudhuri (1996) suggested two measures. The first measure is to minimize the 

objective function of one agent subject to an upper bound on the objective for the other agent. The 

second measure is to assign some weights and to minimize the weighted objective functions. The 

two measures suggested by Suresh and Chaudhuri (1996) set the two research directions in two-

agent scheduling problem. The work of Baker and Cole Smith (2003) suggests a set of two-agent 
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scheduling problem with the first research direction and the work of Allesandro Agnetis et al. 

(2004) considers a set of two-agent scheduling problem with the second research direction.  

Furthermore, during the last decades, there has been an increase in interest in single-machine two-

agent scheduling problems. The applications of single-machine two-agent scheduling have been 

considered and studied in literature after the work of Baker and Cole Smith (2003) and Allesandro 

Agnetis et al. (2004). We provide several applications of the two-agent scheduling problem: 

 Brewer and Plott (1996) explored the allocation of rights in using railroad tracks. In this 

problem, Sweden central rail administration allocates access to the railroad tracks to private 

firms. They studied this project for the purpose of improving the efficiency of railroad 

network operation. 

 Soomer and Franx (2008) studied an airline landing operation problem. They presented a 

method to schedule aircraft landings. Minimizing airlines’ operation costs was considered 

as the objective in the study. The critical decision variable of this problem is the landing 

time which provides a safe and efficient aircraft landing schedule. 

 Peha (1995) explored the application of competing scheduling problem in integrated-

service packet-switched net-works while studying minimizing weighted number of tardy 

jobs and weighted completion time. The integrated network is responsible for carrying 

various data types, for instance, voice, video and image. In this type of communication 

network, the data is divided into small data packages. These divided data packages are 

transmitted by the network. 

 Pandey et al. (2010) and Mezmaz et al. (2011) studied the cloud resource scheduling 

problem. The scheduling algorithm plays a critical role in optimum utilization of cloud 
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infrastructure to deliver the economical cloud service in cut throat competition 

environment. 

 Lun, Lai, Ng, Wong, and Cheng (2011) and F. Zhang, Ng, Tang, Cheng, and Lun (2011) 

studied the due-date-based multi-agent scheduling problem in the shipping industry. In 

their study, the port was considered as a common processing machine, the container ships 

at the port were considered as the jobs to be processed. Major assume in these papers is 

that these ships belong to different shipping companies, and these shipping companies were 

considered as different agent. 

 Gerstl and Mosheiov (2014) considered the due-date-based two-agent scheduling problem 

under the Just-In-Time (JIT) manufacturing environment.  

Compared with previous literature, this chapter considers a new classification method. The 

scheduling problems reviewed in this chapter are classified into two categories based on the 

scheduling problem settings: 

a) Minimize the objective function of one agent subject to an upper bound on the objective 

function for the other agent.  

b) Assign weight to each agent and minimize the weighted objectives.  

We review the papers which were published after the work of Baker and Cole Smith (2003) 

considering due-date-related two-agent scheduling problems. The due-date-related objective 

functions considered in this survey include the maximum lateness, the earliness and lateness, the 

number of tardy jobs and the late work criteria. 
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This chapter conducts a literature review (survey) of the due-date involved single-machine with 

two-agent (DDST) scheduling problems. Since, to our knowledge, no survey paper is published on 

DDST scheduling problem, therefore, in this chapter, we attempt to do so. In this chapter, the due 

date parameter is considered as a deterministic variable, instead of a decision variable. In other 

words, the due date is taken as input to the scheduling problem. 

5.2 Notation and Classification 

This section provides the notation, terminology and the classification of the due date related single-

machine two-agent scheduling problems.  

𝑛𝐴, 𝑛𝐵 Number of jobs in agent A and agent B, respectively. 

𝑛 Total number of jobs, where 𝑛 = 𝑛𝐴 + 𝑛𝐵. 

𝑝𝑗 Processing time of job 𝑗. 

𝑑𝑗 Due date of job 𝑗. 

𝑟𝑗 Release time of job 𝑗. 

𝜎 Ordered set of job already scheduled. 

𝑓(𝜎) For given sequence 𝜎, the value of objective function. 

𝑄 Upper bound, a constant number. 

𝐶𝑗 Completion time of job 𝑗. 

𝐶𝑚𝑎𝑥 Makespan of job 𝑗. 
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𝐸𝑗/𝐿𝑗  Earliness / Lateness of job 𝑗. 

𝐿𝑚𝑎𝑥 Maximum Lateness 𝐿𝑚𝑎𝑥 = 𝑚𝑎𝑥𝑗=1,2,…𝑛{𝐿𝑗 = 𝐶𝑗 − 𝑑𝑗}. 

𝑇𝑗 Tardiness of job 𝑗 𝑇𝑗 = max{𝐿𝑗 , 0} in schedule. 

𝑉𝑗 Late work parameter 𝑉𝑗 = min{max{0, 𝐶𝑗 − 𝑑𝑗} , 𝑝𝑗}. 

∑𝐶𝑗 /∑𝑤𝑗𝐶𝑗 
Total completion time / Total weighted completion time. 

∑𝐸𝑗 /∑𝑤𝑗𝐸𝑗 
Total earliness / Total weighted earliness. 

∑𝑇𝑗 /∑𝑤𝑗𝑇𝑗 
Total tardiness / Total weighted tardiness. 

∑𝑈𝑗 /∑𝑤𝑗𝑈𝑗 
Number of tardy jobs / Weighted number of tardy jobs. 

  

The notation 𝛼|𝛽|𝛾 describes the scheduling problems reviewed in the present chapter. 𝛼 is used 

to describe the shop environment, 𝛽 describes the information of processing characteristics and 𝛾 

describes the objective to be minimized. For instance, consider a two-agent single-machine 

scheduling problem to minimize the maximum lateness of one agent, subject to the total weighted 

completion time of the jobs of the other agent does not exceed upper bound 𝑄. This problem is 

denoted by 1|∑𝑤𝑗
𝐵𝐶𝑗

𝐵 ≤ 𝑄|𝐿𝑚𝑎𝑥
𝐴 . 

In Figure 5.1 below, we provide the relationships among different objective functions, in which 

the notation used is already explained. 

Figure 5.1. Variants of Objective Function 
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As already said, this chapter considers a set of two-agent scheduling problem, in which a set of 

given jobs for each agent is processed by a common machine. Each agent has an objective function, 

which depends on the completion time of jobs. All papers reviewed in this survey chapter are 

classified into two categories, depending on the way the objective function of two agents is 

minimized. In the first category, the objective function of one agent is minimized under the 

restriction that the objective function of the other agent is within a pre-specified upper limit (i.e. 

upper-bound-based objective function). The second category includes the problem where the 

weighted objective functions are minimized by assigning some weights to the objective function 

of each agent. It is important to point out here that the most of papers reviewed in this survey 

chapter are in the first category. 
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5.3 Upper-Bound-based Objective Function Category 

The goal of this type of two-agent scheduling problem is to minimize the objective of one agent, 

subject to an upper bound on the objective of the other agent. Most of the two-agent-related 

scheduling problems follow this direction to deal with conflicting objective function. 

5.3.1 Maximum Lateness 

The maximum lateness 𝐿𝑚𝑎𝑥 is utilized to measure the worst violation of the due dates (Pinedo, 

2015). It is defined as 𝐿𝑚𝑎𝑥 = 𝑚𝑎𝑥𝑗=1,2,…,𝑛{𝐿𝑗 = 𝐶𝑗 − 𝑑𝑗}, where as already stated  𝑑𝑗 is the due 

date of job 𝑗. In a single-machine with two-agent scheduling problem, the maximum lateness can 

be minimized by arranging the jobs in Earliest Due Date first (EDD) rule. 

T. E. Cheng, Ng, et al. (2008) and Alessandro Agnetis et al. (2009) proposed and studied a two-

agent scheduling problem to minimize the weighted total completion time of the first agent subject 

to an upper bound on the maximum lateness of the other agent (i.e. 1|𝐿𝑚𝑎𝑥
𝐵 ≤ 𝑄|∑𝑤𝑖

𝐴𝐶𝑖
𝐴). T. E. 

Cheng, Ng, et al. (2008) proved that this problem is strongly NP-hard. Alessandro Agnetis et al. 

(2009) proposed that the A-jobs and B-jobs are scheduled in Weighted Shortest Processing Time 

first (WSPT) rule and Earliest Due Date first (EDD) rule in an optimal schedule, respectively. In 

addition, the jobs from agent B are scheduled consecutively in the optimal solution. On the basis 

of these properties, they proposed a Branch-and-Bound algorithm to solve the problem. 

W.-C. Lee, Chung, and Huang (2013) studied a single-machine two-agent scheduling problem to 

minimize a linear combination of the maximum lateness and total completion time of one agent, 

subject to zero tardy jobs for the other agent. This problem is denoted by 1|∑𝑈𝑗
𝐵 = 0|𝜃 ∑𝐶𝑖

𝐴 +

(1 − 𝜃)𝐿𝑚𝑎𝑥
𝐴 , where 0 < 𝜃 < 1. A Branch-and-Bound algorithm and a simulated annealing (SA) 

algorithm were proposed by W.-C. Lee et al. (2013) to solve the problem. The Earliest Due Date 
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first (EDD) rule and the Shortest Processing Time first (SPT) rule-based SA algorithms were 

designed to search near-optimal solutions. Three neighborhood generation methods were 

considered in SA algorithm: the pairwise interchange (PI), the extraction and forward-shift 

reinsertion (EFSR), and the extraction and backward-shifted reinsertion (EBSR). The SA algorithm 

was able to achieve a solution within 0.5% of the optimal solution.  

Yazdani and Jolai (2013) studied a two-agent scheduling problem with periodic unavailability. 

The objective is to minimize the total completion time of the first agent subject to an upper bound 

on the maximum lateness of the second agent. In this problem, the machine is not continuously 

available for processing the jobs from two agents. It is denoted by 1|𝑇𝑚𝑎𝑥
𝐵 ≤ 𝑄, 𝑛𝑟 − 𝑎|∑𝐶𝑖

𝐴, 

where 𝑛𝑟 represents non-resemble case and 𝑎 represents availability constraints. They proved that 

this problem is strongly NP-hard. The paper proposed a Genetic Algorithm (GA) with modified 

crossover method. Compared with the uniform crossover method, the modified crossover method 

had a better performance. Unfortunately, there was no algorithm to find the optimal solution. The 

performance of proposed modified GA algorithm was evaluated using lower bound value. 

A number of papers took the release time into consideration. The release time 𝑟𝑗 is the time when 

job 𝑗 arrives at the system. It is also referred to as the earliest time at which the job 𝑗 can be 

processed. Yin, Wu, et al. (2012) proved the problem 1|𝐿𝑚𝑎𝑥
𝐵 ≤ 𝑄, 𝑟𝑖/𝑗| ∑ 𝐶𝑖

𝐴 to be unary NP-

hard. T. E. Cheng, Chung, Liao, and Lee (2013) and Yin, Wu, Cheng, Wu, and Wu (2015) studied 

a two-agent scheduling problem to minimize the total weighted completion time of one agent, 

subject to an upper bound on the maximum lateness of the other agent. This problem is denoted 

by 1|𝐿𝑚𝑎𝑥
𝐵 ≤ 𝑄, 𝑟𝑖/𝑗| ∑𝑤𝑖

𝐴𝐶𝑖
𝐴. They proved that this problem is strongly NP-hard. The jobs in an 

optimal schedule must follow two theorems.  The first theorem states that the job 𝑖 needs to be 
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scheduled before job 𝑗, if 𝑟𝑖 + 𝑝𝑖 ≤ 𝑟𝑗. The second theorem states that 𝐶𝑖
𝐴 ≤ 𝑟𝑖+1

𝐴  for the jobs of 

the first agent and 𝐶𝑗
𝐵 − 𝑑𝑗

𝐵 ≤ 𝑄 for the jobs of the second agent. With the help of these conditions, 

a Branch-and-Bound algorithm was developed to find the optimal solution. T. E. Cheng et al. 

(2013) proposed a simulated annealing (SA) algorithm and Yin et al. (2015) proposed a Honey-

Bees Optimization (MBO) algorithm for finding the near-optimal solution. The result of` 

computational experiments in T. E. Cheng et al. (2013)’s paper showed that the Branch-and-Bound 

algorithms found optional solution for up to 24 jobs within a reasonable time. The SA and MBO 

algorithms performed quite well regarding the solution quality and stability. 

Yin, Wu, et al. (2012) and W.-C. Lee, Chung, and Hu (2012) studied a two-agent scheduling 

problem to minimize the total tardiness of the first agent subject to an upper bound on the 

maximum lateness of the second agent. Yin, Wu, et al. (2012) developed a Branch-and-Bound 

algorithm and a Mixed Integer Programming model (MIP) to find an optimal solution. They also 

developed an approximation algorithm and Honey-Bees Optimization algorithm (MBO) to find 

near-optimal solution. W.-C. Lee et al. (2012) proposed three types of Genetic Algorithms (GA) 

to solve the problem.  

Yuan, Ng, and Cheng (2015) studied a two-agent scheduling problem to minimize the maximum 

lateness of the first agent subject to an upper bound on the maximum objective value of the second 

agent. This problem can be denoted by 1|𝑓𝑚𝑎𝑥
𝐵 ≤ 𝑄, 𝑟𝑖 𝑗⁄ , 𝑝𝑚𝑡𝑛|𝐿𝑚𝑎𝑥

𝐴 . They used the pmtn-LS 

(i.e. pre-emptive list schedule) method proposed by Horn (1974) to address the problem. Yuan et 

al. (2015) proved that the problem can be solved optimally by using the algorithm pmtn-LS in 

𝑂(𝑛𝐴𝑛 log 𝑛) time. 
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D.-J. Wang, Yin, et al. (2015) studied four two-agent scheduling problems: 1|𝐿𝑚𝑎𝑥
𝐵 ≤ 𝑄|𝐿𝑚𝑎𝑥

𝐴  

(Problem 1), 1|𝐿𝑚𝑎𝑥
𝐵 ≤ 𝑄|∑𝑤𝑖

𝐴𝑇𝑖
𝐴  (Problem 2), 1|𝐿𝑚𝑎𝑥

𝐵 ≤ 𝑄｜∑𝑈𝑖
𝐴  (Problem 3) and 

1|𝐿𝑚𝑎𝑥
𝐵 ≤ 𝑄｜∑𝑤𝑖

𝐴𝑈𝑖
𝐴  (Problem 4), where the maximum of agent B is kept within a pre-

specified limit.  The optimal schedule of these problems can be found by arranging jobs in SPT-

EDD order. D.-J. Wang, Yin, et al. (2015) introduced algorithms for solving the Problem 3 and 

the Problem 4. This paper also proved that the Problem 1 and Problem 3 can be solved in 

𝑂(𝑛𝐴 𝑙𝑜𝑔 𝑛𝐴 + 𝑛𝐵 𝑙𝑜𝑔 𝑛𝐵)  time, in addition, the Problem 4 can be solved in time 

𝑂(𝑛𝐴
2min{𝑑𝑛𝑎

𝐴 , ∑ 𝑤𝑖
𝐴𝑛𝐴

𝑖=1 } + 𝑛𝐵 log 𝑛𝐵). 

Yin, Cheng, Cheng, Wu, and Wu (2013) investigated a two-agent scheduling problem with release 

dates and due dates to minimize the number of tardy jobs of the first agent subject to an upper 

bound on maximum lateness of second agent (i.e. 1|∑ 𝐿𝑚𝑎𝑥
𝐵 ≤ 𝑄,𝑟𝑖/𝑗 | ∑𝑈𝑖

𝐴). They also proved 

that the problem is strongly NP-hard. They studied two polynomial solvable cases for the problem. 

The first case considered assigning a common release time (i.e. time zero) to all jobs of the first 

agent (i.e. 1|∑ 𝐿𝑚𝑎𝑥
𝐵 ≤ 𝑄,𝑟𝑖

𝐴 = 0, 𝑟𝑗
𝐵| ∑𝑈𝑖

𝐴 ). Also, it can be solved in 𝑂(𝑛𝐴 log 𝑛𝐴 +

𝑛𝐵 log 𝑛𝐵) time. The second special case considered assigning a common processing time to all 

jobs of both agents (i.e. 𝑝𝑖/𝑗
𝑋 = 𝑝, where 𝑋 ∈ {𝐴, 𝐵}), yielding problem that can be solved in 

𝑂((𝑛𝐴 + 𝑛𝐵)
7)  time. This paper provided a Branch-and-Bound algorithm and a simulated 

annealing (SA) algorithm for finding an optimal solution and near-optimal solutions. Apart from 

these two algorithms, this paper also proposed an algorithm for calculating the lower bound. 

Summary of maximum lateness related two-agent scheduling problem is provided below in Table 

5.1. 
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Table 5.1: Summary of reviewed maximum lateness scheduling problem. 

Problem Complexity Approach/Result 

1. 1|𝐿𝑚𝑎𝑥
𝐵 ≤ 𝑄|∑𝑤𝑖

𝐴𝐶𝑖
𝐴  strongly NP-

hard 

In an optimal schedule, A-jobs are scheduled 

in WSPT order; B-jobs are scheduled in EDD 

order;  

B-jobs are scheduled consecutively; 

Branch-and-Bound method. 

2. 1|∑𝑈𝑗
𝐵 = 0|𝜃 ∑𝐶𝑖

𝐴 + (1 − 𝜃)𝐿𝑚𝑎𝑥
𝐴  , 

where 0 < 𝜃 < 1  

NP-hard Branch-and-Bound method; 

A combined Simulated Annealing algorithm: 

EDD rule and SPT rule;  

Neighborhood Generation Methods: PI, 

EFSR and EBSR. 

3. 1|𝐿𝑚𝑎𝑥
𝐵 ≤ 𝑄, 𝑟𝑖 𝑗⁄ |∑𝑤𝑖

𝐴𝐶𝑖
𝐴  NP-hard In an optimal schedule, if 𝐶𝑖

𝐴 ≤ 𝑟𝑖+1
𝐴  for the 

jobs of the first agent and 𝐶𝑗
𝐵 − 𝑑𝑗

𝐵 ≤ 𝑄 for the 

jobs of the second agent; 

Branch-and-Bound method; 

Simulated Annealing algorithm: 

EDD rule and WSPT rule; 

Neighborhood Generation Methods: PI, 

EFSR and EBSR. 

Honey-Bees Optimization algorithm. 

3′. 1|𝐿𝑚𝑎𝑥
𝐵 = 0|∑𝑤𝑖

𝐴𝐶𝑖
𝐴  strongly NP-

hard 

-- 

4. 1|𝑇𝑚𝑎𝑥
𝐵 ≤ 𝑄, 𝑛𝑟 − 𝑎| ∑ 𝐶𝑖

𝐴  strongly NP-

hard 

Genetic Algorithm with modified crossover 

method. 

5. 1|𝐿𝑚𝑎𝑥
𝐵 ≤ 𝑄, 𝑟𝑖 𝑗⁄ | ∑𝑇𝑖

𝐴  unary NP-

hard 

EDD rule; 

Yin et al. (2012) established a mixed integer 

programming model for the problem; 

Lee et al. (2012) , 𝑟𝑖 + 𝑝𝑖 ≤ 𝑟𝑖+1, in an optimal 

schedule 

Branch-and-Bound method:  

Honey-Bees Optimization algorithm; 

Genetic Algorithm. 

6. 1|𝑓𝑚𝑎𝑥
𝐵 ≤ 𝑄, 𝑟𝑖 𝑗⁄ , 𝑝𝑚𝑡𝑛|𝐿𝑚𝑎𝑥

𝐴   𝑂(𝑛𝐴𝑛 log 𝑛)  EDD rule; 

Algorithm pmtn-LS (Optimal). 

7. 1|𝐿𝑚𝑎𝑥
𝐵 ≤ 𝑄|𝐿𝑚𝑎𝑥

𝐴   (P1), 

1|𝐿𝑚𝑎𝑥
𝐵 ≤ 𝑄|∑𝑤𝑖

𝐴𝑇𝑖
𝐴  (P2), 

1|𝐿𝑚𝑎𝑥
𝐵 ≤ 𝑄｜∑𝑈𝑖

𝐴 (P3) and 

1|𝐿𝑚𝑎𝑥
𝐵 ≤ 𝑄｜∑𝑤𝑖

𝐴𝑈𝑖
𝐴 (P4) 

P4:  

NP-hard 

For P1, P3 and P4, the B-jobs are ordered in 

the SPT-EDD order in an optimal solution. 

 

8. 1|∑ 𝐿𝑚𝑎𝑥
𝐵 ≤ 𝑄,𝑟𝑖/𝑗| ∑𝑈𝑖

𝐴  strongly NP-

hard 

Branch-and-Bound method; 

Simulated Annealing algorithms:  

SPT, SRT, EDD and WSPT rules; 

Neighborhood Generation Method: PI. 
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5.3.2 Earliness, Lateness and Tardiness 

In a Flexible Manufacturing System (FMS) and Just-in-Time (JIT) production system, all jobs are 

required to be finished at the time of due date. If a job is finished by its due date, it will incur a 

storage costs. On the other hand, if a job is finished after its due date, it will incur a penalty cost. 

The lateness of a job is defined as 𝐿𝑗 = 𝐶𝑗 − 𝑑𝑗, where 𝐿𝑗, 𝐶𝑗 and 𝑑𝑗 are as already defined. The 

positive results represent that the job is completed late, while the negative results means that this 

job is completed early. The earliness of a job is denoted by 𝐸𝑗 = max(0, 𝑑𝑗 − 𝐶𝑗), and the tardiness 

of a job is denoted by 𝑇𝑗 = max(𝐶𝑗 − 𝑑𝑗 , 0) = max(𝐿𝑗 ,0). 

S.-R. Cheng (2014) proposed and studied a set of earliness-based two-agent scheduling problem. 

He considered different objective functions, such as the total weighted earliness, the total weighted 

earliness and tardiness, and the maximum earliness. He proposed an algorithm to solve the problem 

1|𝑓𝑚𝑎𝑥
𝐵 ≤ 𝑄|max 𝑓𝑗

𝑋 (𝐸𝑗
𝑋), where 𝑋 ∈ {𝐴, 𝐵} in 𝑂((𝑛𝐴 + 𝑛𝐵)

2) time. Table 5.2 summarizes 

the objective functions studied in the paper and corresponding complexity, where 𝐴𝐷 denotes 

identical weights and reversely agreeable due date, and 𝐴𝑊 denotes identical due dates for all jobs 

and reversely agreeable weights. Here, 𝑋 ∈ {𝐴, 𝐵}.  

Table 5.2: Summary of problems and their computational complexity studied by S.-R. Cheng 

(2014) 

Problem Complexity 

1|𝑓𝑚𝑎𝑥
𝐵 ≤ 𝑄|max 𝑓𝑗

𝑋(𝐸𝑗
𝑋)  𝑂((𝑛𝐴 + 𝑛𝐵)

2)  
1|𝑓𝑚𝑎𝑥

𝐵 ≤ 𝑄|∑𝑤𝑗
𝑋𝐸𝑗

𝑋  Strongly NP-hard 

1|𝑓𝑚𝑎𝑥
𝐵 ≤ 𝑄, 𝐴𝐷| ∑𝐸𝑗

𝑋  𝑂(𝑛𝐴 log 𝑛𝐴 + (𝑛𝐴 + 𝑛𝐵)(𝑛𝐵 + 1)) 
1|𝑓𝑚𝑎𝑥

𝐵 ≤ 𝑄, 𝐴𝑊| ∑𝑤𝑗
𝑋𝐸𝑗

𝑋  𝑂(𝑛𝐴 log 𝑛𝐴 + (𝑛𝐴 + 𝑛𝐵)(𝑛𝐵 + 1)) 
1|𝐸𝑚𝑎𝑥

𝐵 ≤ 𝑄|∑𝑤𝑗
𝑋(𝐸𝑗

𝑋 + 𝑇𝑗
𝑋)  strongly NP-hard 

1|𝑇𝑚𝑎𝑥
𝐵 ≤ 𝑄| ∑𝑤𝑗

𝑋(𝐸𝑗
𝑋 + 𝑇𝑗

𝑋)  strongly NP-hard 

1|∑ 𝐸𝑗
𝐵 ≤ 𝑄|∑𝑤𝑗

𝑋(𝐸𝑗
𝑋 + 𝑇𝑗

𝑋)  strongly NP-hard 
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1|∑ 𝑇𝑗
𝐵 ≤ 𝑄|∑𝑤𝑗

𝑋(𝐸𝑗
𝑋 + 𝑇𝑗

𝑋)  strongly NP-hard 

1|∑(𝐸𝑗
𝐵 + 𝑇𝑗

𝐵) ≤ 𝑄| ∑𝑤𝑗
𝑋(𝐸𝑗

𝑋 + 𝑇𝑗
𝑋)  strongly NP-hard 

Reisi-Nafchi and Moslehi (2015) studied a two-agent scheduling problem with weighted number 

of tardy jobs and weighted lateness objectives. This problem was denoted by 1|∑𝑤𝑗
𝐵𝑈𝑗

𝐵 ≤

𝑄|∑𝑤𝑖
𝐴𝐿𝑖

𝐴 . They proved that the problem is NP-hard and proposed an integer linear 

programming model to find optimal solution. A hybrid meta-heuristic algorithm combining a 

genetic algorithm and linear programming method was developed for the purpose of solving large 

size problem instances. The performance of proposed hybrid meta-heuristic is very efficient.  

Gerstl and Mosheiov (2013) addressed a problem in which all jobs have an identical processing 

time and a common due date. This problem is denoted by 1|max(𝑤𝑗
𝐵𝐸𝑗

𝐵 + 𝑤𝑗
𝐵𝑇𝑗

𝐵) ≤ 𝑄, 𝑝𝑖
𝐴 =

𝑝𝑗
𝐵 = 𝑝, 𝑑𝑖

𝐴 = 𝑑𝑗
𝐵 = 𝑑|∑(𝑤𝑖

𝐴𝐸𝑖
𝐴 + 𝑤𝑖

𝐴𝑇𝑖
𝐴), and can be solved within time 𝑂(𝑛4). The optimal 

schedule should follow, (1) the first scheduled job starts at time zero, or (2) at least one B-job has 

cost value of the upper bound, or (3) a A-job is completed exactly at the due date. A solution 

procedure was introduced in their paper for solving each of the three above situations of the 

problem. The first and the third situations were reduced to a single linear assignment problem 

(LAP). In addition, the second situation was reduced to a series of LAPs in their paper. 

Yin, Wu, Wu, Hsu, and Wu (2013) studied a hybrid two-agent scheduling problem with maximum 

earliness and weighted earliness objectives. They denoted the problem by 1|𝐸𝑚𝑎𝑥
𝐵 ≤

𝑄|∑𝑤𝑖
𝐴𝐸𝑖

𝐴 + ∑𝑤𝑗
𝐵𝐸𝑗

𝐵. It is worth to point out that the objective of the problem considered was 

the combined objective for both agents, instead of the objective for a single agent. They proved 

that the problem is strongly NP-hard. A Branch-and-Bound method was proposed for finding an 

optimal solution. Based on the computational result, the branch-and-bound method was able to 
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solve up to 28 jobs in a reasonable time. For solving large size problem instance, they proposed 

simulated annealing (SA) algorithms. 

Wen-Hung Wu (2013) studied a two-agent scheduling problem, denoted by 1|∑𝑈𝑗
𝐵 = 0|∑𝑇𝑖

𝐴, 

with the objective of total tardiness and number of tardy jobs. Since the total tardiness scheduling 

problem without multi-agent was proved to be NP-hard, this problem is NP-hard as well. A branch-

and-bound method was proposed for searching an optimal solution, and a Genetic algorithm (GA) 

was proposed for finding near-optimal solution.  

Yin, Wu, et al. (2012) studied a two-agent scheduling problem, denoted by 1|𝐿𝑚𝑎𝑥
𝐵 ≤

𝑄, 𝑟𝑖 𝑗⁄ | ∑𝑇𝑗
𝐴,  with tardiness and maximum lateness objectives. For this problem, they presented 

a mixed integer programming model to achieve the optimal solution. A branch-and-bound method 

and a marriage in Honey-Bees optimization (MBO) algorithm were developed for searching the 

optimal solution and the near-optimal solution. The branch-and-bound method adopted Baptiste, 

Carlier, and Jouglet (2004)’s method for the propose of searching the lower bound. The EDD rule 

and SPT rule were utilized in the initialization step of the MBO algorithm. It was observed that the 

MBO algorithm performed well in both solution quality and efficiency.  

Mor and Mosheiov (2010) addressed two-maximum-earliness-based two-agent scheduling 

problems. These problems are denoted by 1|𝐸𝑚𝑎𝑥
𝐵 ≤ 𝑄|𝐸𝑚𝑎𝑥

𝐴  and 1|𝐸𝑚𝑎𝑥
𝐵 ≤ 𝑄|∑𝑤𝑖

𝐴𝐸𝑖
𝐴 . 

They proved that the problems are binary NP-hard and strongly NP-hard, respectively. They also 

proposed that in this case an optimal solution exists, if  

(1) the first job starts at time 𝐷 − (𝑃𝐴 + 𝑃𝐵), where 𝐷 represents the common due date, 𝑃𝐴 and 

𝑃𝐵 represents the total processing time of A-jobs and B-jobs, respectively, 
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(2) B-jobs are scheduled in a non-decreasing order of 𝑑𝑗
𝐵 − 𝑝𝑗

𝐵 (i.e. MST order), and  

(3) A-jobs are scheduled in MST order.  

A polynomial time algorithm with complexity 𝑂(𝑛𝐴 log 𝑛𝐵 + 𝑛𝐵 log 𝑛𝐵)  was introduced for 

solving the first problem. An efficient heuristic was developed for the second problem. In a special 

case, a common due date and identical weights were considered in the first agent.  

A summary of earliness, lateness and tardiness related two-agent scheduling problem is provided 

below in Table 5.3. 

Table 5.3: Summary of reviewed earliness, lateness and tardiness related two-agent scheduling 

problem. 

Problem Complexity  Approach/Result 

1.1|∑𝑤𝑗
𝐵𝑈𝑗

𝐵 ≤ 𝑄|∑𝑤𝑖
𝐴𝐿𝑖

𝐴  

 

strongly NP-hard Integer linear programming model; 

Hybrid meta-heuristic (Genetic algorithm and 

Linear programming method). 

 

2.1|max(𝑤𝑗
𝐵𝐸𝑗

𝐵 +𝑤𝑗
𝐵𝑇𝑗

𝐵) ≤

𝑄, 𝑝𝑖
𝐴 = 𝑝𝑗

𝐵 = 𝑝, 𝑑𝑖
𝐴 = 𝑑𝑗

𝐵 =

𝑑| ∑(𝑤𝑖
𝐴𝐸𝑖

𝐴 +𝑤𝑖
𝐴𝑇𝑖

𝐴)  

𝑂(𝑛4)  Reduce the problem to a single linear assignment 

problem (LAP). The global optimum is determined 

by the minimal-cost LAP. 

3.1|𝐸𝑚𝑎𝑥
𝐵 ≤ 𝑄|∑𝑤𝑗

𝑋(𝐸𝑗
𝑋 + 𝑇𝑗

𝑋), 

𝑋 ∈ {𝐴, 𝐵} 
 

strongly NP-hard Branch-and-Bound method; 

Simulated Annealing algorithm; 

4.1|∑𝑈𝑗
𝐵 =0|∑𝑇𝑖

𝐴  NP-hard Branch-and-Bound method; 

Genetic Algorithm. 

5.1|𝐿𝑚𝑎𝑥
𝐵 ≤ 𝑄, 𝑟|∑𝑇𝑗

𝐴  strongly NP-hard Branch-and-Bound method; 

Marriage in Honey-Bees Optimization algorithm 

(EDD and SPT rule based). 

6.1|𝐸𝑚𝑎𝑥
𝐵 ≤ 𝑄|𝐸𝑚𝑎𝑥

𝐴   binary NP-hard Observation: in an optimal schedule, the jobs from 

both agents are scheduled in MST order (non-

decreasing order of 𝑑𝑗
𝑋 − 𝑝𝑗

𝑋,𝑥 ∈ {𝐴, 𝐵}) 

7.1|𝐸𝑚𝑎𝑥
𝐵 ≤ 𝑄|∑𝑤𝑖

𝐴𝐸𝑖
𝐴  strongly NP-hard A WSPT and MST based heuristic, the running time 

is 𝑂(𝑛𝐴 log 𝑛𝐴 + 𝑛𝐵 log 𝑛𝐵) 
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5.3.3 Number of Tardy Jobs 

The number of tardy jobs refer to the unit penalty of the job. It is defined as 

𝑈𝑗 = {
1, if𝐶𝑗 > 𝑑𝑗
0, otherwise

 

J. M. Moore (1968) introduced an exact algorithm for solving the problem 1||∑𝑈𝑗 optimally in 

𝑂(𝑛 log 𝑛) time. In an optimal schedule, the first set of jobs finishes on time while the second set 

of jobs finishes after the due date. Karp (1972) proved the problem 1|| ∑𝑤𝑗𝑈𝑗 is NP-hard.  

Allesandro Agnetis et al. (2004) investigated three types of two-agent scheduling problems with  

the objective of the number of tardy jobs. These three problems were denoted by  

1|∑𝑈𝑗
𝐵 ≤ 𝑄|∑𝑈𝑖

𝐴 (Problem 1); 1|∑𝑈𝑗
𝐵 ≤ 𝑄|∑𝐶𝑖

𝐴 (Problem 2); and  1|∑𝑈𝑗
𝐵 ≤

𝑄|∑𝑤𝑖
𝐴𝐶𝑖

𝐴  (Problem 3). In the paper, they proved and summarized the computational 

complexity for these problems. The reference theorems were also given by authors. They proposed 

that the Problem 1 can be solved optimally by using the dynamic programming in 𝑂(𝑛3). In 

addition, in an optimal solution, (1) all early jobs are scheduled consecutively in EDD order at the 

beginning of the schedule, and (2) all tardy jobs are scheduled consecutively at the end of the 

schedule. The computational complexity of Problem 2 and Problem 3 are open and binary NP-

hard, respectively. C. Ng, T. C. Cheng, and J. Yuan (2006a) proposed and proved a lemma for 

Problem 2. The lemma state that the optimal solution, all A-jobs are ordered in the Shortest 

Processing Time first (SPT) rule, and all B-jobs are scheduled in the Earliest Due Date first (EDD) 

rule. Furthermore, they developed a pseudo polynomial time algorithm for the problem to search 
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an optimal solution. Ng et al. (2006a) also proved the problem 1|∑𝑈𝑗
𝐵 = 0|∑𝑤𝑖

𝐴𝐶𝑖
𝐴 is strongly 

NP-hard.  

Leung et al. (2010) extended the solutions obtained by Allesandro Agnetis et al. (2004). In the 

paper, they studied the complexity of two-agent scheduling problems: 1|∑𝑈𝑗
𝐵 ≤ 𝑄|∑ 𝐶𝑖

𝐴 

(Problem 1) and 1|∑𝑈𝑗
𝐵 ≤ 𝑄|∑𝑇𝑖

𝐴 (Problem 2). They proved that the Problem 2 is binary NP-

hard. The Problem 2 is considered as a special case of the Problem 1 with all A-jobs’ due dates are 

zero.  

The problem 1|∑𝑈𝑗
𝐵 = 0, 𝑟, 𝑝 = α + 𝛽𝑡|∑𝑤𝑖

𝐴𝐶𝑖
𝐴 was extended and studied by W.-C. Lee et 

al. (2010), where a linear deterioration assumption was taken into consideration. They assumed 

that a job’s normal processing time is 𝛼𝑗 and all jobs have a common deterioration rate 𝛽. The 

actual processing time for a job is determined by formula 𝛼𝑗 + 𝛽𝑡 , where 𝑡  denotes the job’s 

starting time. In such a case, an optimal schedule exists such that the job 𝑖 is the preceding job of 

job 𝑗  when 𝑟𝑖 + 𝑝𝑖 ≤ 𝑟𝑗 . They developed a Branch-and-Bound algorithm and three effective 

heuristics for searching the lower bound and approximate solutions, respectively.  

A summary of reviewed the number of tardy jobs related two-agent scheduling problem is 

provided below in Table 5.4. 

Table 5.4: Summary of reviewed number of tardy jobs related two-agent scheduling problem.  

Problem Complexity Approach/Result 

1. 1|∑𝑈𝑗
𝐵 ≤ 𝑄|∑𝑈𝑖

𝐴  𝑂(𝑛3)  Dynamic Programming; 

In an optimal schedule, all early jobs are scheduled 

consecutively in EDD order. 

2. 1|∑𝑈𝑗
𝐵 ≤ 𝑄|∑ 𝐶𝑖

𝐴  open In an optimal schedule, A-jobs are scheduled in SPT 

order and B-jobs are scheduled in EDD rule.  

3. 1|∑𝑈𝑗
𝐵 ≤ 𝑄|∑𝑤𝑖

𝐴𝐶𝑖
𝐴  binary NP-hard -- 

4. 1|∑𝑈𝑗
𝐵 = 0|∑𝑤𝑖

𝐴𝐶𝑖
𝐴  strongly NP-hard -- 
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5. 1|∑𝑈𝑗
𝐵 = 0, 𝑟, 𝑝 = α +

𝛽𝑡|∑𝑤𝑖
𝐴𝐶𝑖

𝐴  

strongly NP-hard Branch-and-Bound method 

A Heuristic algorithm was developed by (W.-C. Lee et al., 

2010) 

6. 1|∑𝑈𝑗
𝐵 ≤ 𝑄|∑ 𝑇𝑖

𝐴  binary NP-hard -- 

 

5.3.4 Late Work Criteria 

The late work criteria was first proposed by Blazewicz (1984). Van Wassenhove and Potts (1991) 

studied a total late work minimization problem. Potts and Van Wassenhove (1992a) proposed a 

branch-and-bound method in order to solve the problem. Hariri, Potts, and Van Wassenhove (1995) 

introduced a dynamic programming approach to solve the binary NP-hard problem 1|| ∑𝑤𝑗𝑉𝑗 in 

𝑂(𝑛2∑ 𝑝𝑗
𝑛
𝑗=1 ) time. The late work criteria is a parameter used to measure the amount of processing 

performed after the due date (Potts & Van Wassenhove, 1992b). It combines the characteristics of 

job tardiness and the number of tardy jobs (Sterna, 2011). The late work criteria (i.e. 𝑉𝑗) is defined 

as: 

𝑉𝑗 = {

0, 𝐶𝑗 ≤ 𝑑𝑗
𝐶𝑗 − 𝑑𝑗 , 𝑑𝑗 < 𝐶𝑗 < 𝑑𝑗 + 𝑝

𝑝𝑗 , 𝑑𝑗 + 𝑝𝑗 ≤ 𝐶𝑗

 

The late work related optimization problems are considered in many control systems (Błażewicz, 

Drozdowski, Formanowicz, Kubiak, & Schmidt, 2000; Potts & Van Wassenhove, 1992b), such as, 

the ERP system and MRP system. Sterna (2011) provided a systemic review of late work criteria 

related scheduling problems. The paper investigated the literature published between 1984 and 

2009. This section presents two two-agent-based late work related scheduling papers, which were 

not reviewed in Sterna (2011)’s survey. 

D.-J. Wang, Kang, Shiau, Wu, and Hsu (2015) studied the problem 1|𝐿𝑚𝑎𝑥
𝐵 ≤ 𝑄|∑ 𝑉𝑖

𝐴. They 

proved that this problem is NP-hard. To solve this problem optimally, a branch-and-bound 
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algorithm and a dynamic programming based algorithm were developed in the paper. In addition, 

a tabu search algorithm was designed to address the problem. The optimal solution for this problem 

(no pre-emption allowed) follows three properties: firstly, all early and partially early A-jobs and 

B-jobs are scheduled before all tardy A-jobs; secondly, the early and partially early A-jobs are 

scheduled in EDD order; thirdly, the B-jobs are scheduled in the non-decreasing order of 𝑄 − 𝑑𝑗
𝐵.  

Xingong and Yong (2016) studied the problem 1|𝑓𝑚𝑎𝑥
𝐵 ≤ 𝑄|∑𝑤𝑖

𝐴𝑉𝑖
𝐴. They proved that this is 

NP-hard, and it can be solved in 𝑂(𝑛𝐴
2𝑄(∑ 𝑝𝑖

𝐴𝑛𝐴
𝑖=1 + ∑ 𝑝𝑗

𝐵𝑛𝐵
𝑗=1 ) + 𝑛𝐵 log 𝑛𝐵) time. Two special 

cases of the problem were considered, the first is to assign all A-jobs with a common due date (i.e. 

1|𝑓𝑚𝑎𝑥
𝐵 ≤ 𝑄, 𝑑𝑖

𝐴 = 𝑑𝐴| ∑𝑤𝑖
𝐴𝑉𝑖

𝐴 ), and the second is to assign all A-jobs with a common 

processing time (i.e. 1|𝑓𝑚𝑎𝑥
𝐵 ≤ 𝑄, 𝑝𝑖

𝐴 = 𝑝𝐴| ∑𝑤𝑖
𝐴𝑉𝑖

𝐴). In the first case, the problem can be 

solved in 𝑂(𝑛𝐴 log 𝑛𝐴 + 𝑛𝐵 log 𝑛𝐵) time. If the pre-emptive jobs are allowed in this case, there 

exist an optimal solution that all B-jobs are scheduled in the reserved interval it is associated with. 

Furthermore, the pre-emption constraint does not impact the optimal solution. In other words, the 

total weighted late works are same, no matter the pre-emption constraint is considered or not. The 

second special case can be solved in 𝑂(𝑛𝐴
3 + 𝑛𝐵 log 𝑛𝐵) time.  

A summary of the late work criteria related to two-agent scheduling problem is provided in Table 

5.6. 

Table 5.6: Summary of reviewed late work criteria related two-agent scheduling problems. 

Problem Complexity Approach/Result 

1.1|𝐿𝑚𝑎𝑥
𝐵 ≤ 𝑄|∑𝑉𝑖

𝐴  NP-hard Branch-and-Bound method; 

A Tabu-Search Heuristic; 

In an optimal schedule, (1) All early and partially 

early jobs are scheduled before all tardy A-jobs; 

(2) The early and partially early A-jobs are 
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scheduled in EDD order; (3) The B-jobs are 

scheduled in the non-decreasing order of 𝑄 − 𝑑𝑗
𝐵. 

2.1|𝑓𝑚𝑎𝑥
𝐵 ≤ 𝑄|∑𝑤𝑖

𝐴𝑉𝑖
𝐴  𝑂(𝑛𝐴

2𝑄(∑ 𝑝𝑖
𝐴𝑛𝐴

𝑖=1 +

∑ 𝑝𝑗
𝐵𝑛𝐵

𝑗=1 ) + 𝑛𝐵 log 𝑛𝐵)  

In an optimal schedule, all B-jobs are scheduled 

in the reserved interval it associated with. 

The pre-emption constraint does not impact the 

optimal solution 

  

3.1|𝑓𝑚𝑎𝑥
𝐵 ≤ 𝑄, 𝑑𝑖

𝐴 =

𝑑𝐴| ∑𝑤𝑖
𝐴𝑉𝑖

𝐴  

𝑂(𝑛𝐴 log 𝑛𝐴 +
𝑛𝐵 log 𝑛𝐵)  

  

4. 1|𝑓𝑚𝑎𝑥
𝐵 ≤ 𝑄, 𝑝𝑖

𝐴 =

𝑝𝐴| ∑𝑤𝑖
𝐴𝑉𝑖

𝐴  

𝑂(𝑛𝐴
3 + 𝑛𝐵 log 𝑛𝐵)  

 

5.4 Weighted Objective Function 

The goal of this types of two-agent scheduling problem is to assign some weight to agents and 

minimize the weighted objectives. In other words, the overall objective is a weighted sum of 

performance measures (Baker & Cole Smith, 2003). 

5.4.1 Maximum Lateness 

With respect to the single-machine with two-agent scheduling problem, Baker and Cole Smith 

(2003) introduced different problems with multiple objective functions, such as maximum lateness, 

the makespan and the weighted completion time etc. This paper is the first study on the two-agent 

scheduling problem. In the paper, all problems followed the second research direction, where 

overall objective of both agents is minimized by assigning weights to each agent. The 

computational complexity of problem 1||(∑𝑤𝑖
𝐴𝐶𝑖

𝐴 , 𝐿𝑚𝑎𝑥
𝐵 ) has been proved by Baker and Cole 

Smith (2003) to be NP-complete. Soltani, Jolai, and Zandieh (2010) proposed a Genetic Algorithm 

(GA) and a Hybrid Kangaroo Simulated Annealing (HKSA) algorithm to solve the problem. The 

proposed GA algorithm applied three disparate crossover methods (i.e. uniform crossover, one-

point crossover and two-point crossover) and three disparate mutations operations (i.e. pair-wise 

interchange mutation, inverse mutation and shift mutation) for the propose of generating good 
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solutions. The problem 1||(∑𝐶𝑖
𝐴 , 𝐿𝑚𝑎𝑥

𝐵 ) was also studied by Baker and Cole Smith (2003). This 

problem can be solved optimally when the A-jobs are ordered in SPT rule and processed 

consecutively, and the B-jobs are ordered in EDD rule. 

A summary of studied scheduling problems along with computational complexity, approach/result 

is provided in Table 5.7. 

Table 5.7: Summary of two-agent scheduling problems, computational complexity and 

approach/result studied by Baker and Smith (2003). 

Problem Complexity Approach/Result 

1.1||(𝐿𝑚𝑎𝑥
𝐴 ,𝐿𝑚𝑎𝑥

𝐵 )  NP-hard Processing the jobs of two agents in EDD rule; 

Using dynamic programming to find an optimal 

solution. 

 

2.1||(𝐶𝑚𝑎𝑥
𝐴 ,𝐿𝑚𝑎𝑥

𝐵 )  𝑂(𝑛2 log 𝑛2)  Processing the jobs of the first agent consecutively; 

Processing the jobs of the other agent in EDD rule; 

Polynomial time algorithm. 

 

3.1||(∑𝑤𝑖
𝐴𝐶𝑖

𝐴 ,𝐿𝑚𝑎𝑥
𝐵 )  NP-complete Processing the jobs of the first agent may not in WSPT 

rule; 

Processing the jobs of the other agent in EDD rule; 

For a special case with equal weights, using SPT and 

EDD rule. It can be solved by using the dynamic 

programming. 

 

4.1||(𝐶𝑚𝑎𝑥
𝐴 , 𝐿𝑚𝑎𝑥

𝐵 , ∑𝑤𝑗
𝐶𝐶𝑗

𝐶)  NP-hard Processing the jobs of the first agent consecutively; 

Combing the contributions of the objectives of the first 

and third agent;  

 

A two-agent problem with release date and pre-emption was studied by Yuan et al. (2015) to 

minimize the maximum lateness of jobs from both agents simultaneously. The problem can be 

denoted by 1|𝑟𝑖 𝑗⁄ , 𝑝𝑚𝑡𝑛|(𝐿𝑚𝑎𝑥
𝐴 , 𝐿𝑚𝑎𝑥

𝐵 ). This is a Pareto Optimization problem and the aim of 

this problem is to search all the Pareto points. The Earliest Due Date first (EDD) rule was employed 
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in order to search the Pareto optimal points. Furthermore, authors proved that this problem can be 

solved by the Algorithm Pareto-List-Revising in 𝑂(𝑛𝐴𝑛𝐵𝑛 log 𝑛) time. 

5.4.2 Earliness, Lateness and Tardiness 

T. E. Cheng, Liu, Lee, and Ji (2014) addressed a weighed combination of two-agent scheduling 

problem. The objective was to minimize the weighted sum of the total completion time of one 

agent and the total tardiness of the other agent. This problem is denoted by 1||𝜃 ∑𝐶𝑖
𝐴 +

(1 − 𝜃)∑𝑇𝑗
𝐵 , where 0 ≤ 𝜃 ≤ 1. A branch-and-bound method was developed for finding the 

optimal solution. In the branch-and-bound method, the solution of one of the genetic algorithms 

was implemented in the initialization step as initial incumbent solution. And it can solve up to 40 

jobs in reasonable time. In addition, many solution methods were proposed for the purpose of 

solving the problem. These solution methods include SPT-based heuristic, EDD-based heuristic, 

simulated annealing (SA) algorithm and genetic algorithm (GA). Compared with the proposed SA 

algorithm, the GA algorithms have a better performance, since it significantly improves the quality 

of solution while consuming less CPU time.  

Wen-Hung Wu, Yin, Wu, Wu, and Hsu (2014) studied a two-agent scheduling problem with 

increasing linear deterioration of job processing time. The objective is to minimize the sum of 

maximum weighted tardiness of one agent and total weighted tardiness of the other agent. They 

proved that this was NP-hard. For solving this problem, they developed a branch-and-bound 

method, an ant colony optimization algorithm and a simulated annealing algorithm. In this paper, 

the actual processing of job 𝑗 was defined as 𝑝𝑗(𝑡) = 𝑝𝑗(𝑎 + 𝑏𝑡), where 𝑎 and 𝑏 were positive 

constants, and 𝑡 indicated the start processing time of job. 

5.5 Conclusions and Future Research 
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In this chaper, we review/survey the work done by other researchers on two-agent scheduling with 

due date that appeared since 2003. This survey classifies the literature on the two objective function 

setting methods: upper-bound-based objective function and weighted objective function. In each 

objective function setting method, we classify the scheduling problems in different objective 

functions: (1) maximum lateness; (2) earliness, lateness and tardiness; (3) number of tardy jobs; 

and (4) late work criteria. The studied scheduling problems, computational complexity and 

result/approach are reviewed and summarized in Table 5.1 – 5.7. 

The common proposed algorithms are Branch-and-Bound algorithm, Genetic Algorithm (GA), 

Simulated Annealing (SA) algorithm and Marriage in Honey-Bees Optimization algorithm (MBO). 

Apart from these algorithms, Ant Colony Optimization (ACO) algorithm, Dynamic Programming 

(DP) method and Tabu search were also considered some papers. Moreover, Reisi-Nafchi and 

Moslehi (2015) proposed an efficient hybrid meta-heuristic to solve a two agent scheduling 

problem with the objective of weighted number of tardy jobs and weighted lateness objectives.  

A vast majority of surveyed papers studied the Maximum Lateness and Earliness, Lateness and 

Tardiness objectives. Most of these problems have been solved by proposed optimal algorithms 

and meta-heuristics. In this chapter, we have not only reviewed the proposed algorithms, but also 

summarized the theorems and properties in the optimal schedules. This chapter provides a 

comprehensive picture for the future studies. Although not many papers considered the objective 

functions of the number of tardy jobs and late work criteria, these two problem categories have a 

great potentiality, the late work criteria related (i.e. 𝑉𝑗) problems in particular. As shown in Table 

5.4, the problem 1|∑𝑈𝑗
𝐵 ≤ 𝑄|∑ 𝐶𝑖

𝐴  is still open. Meanwhile, for such problems, as 

1|∑𝑈𝑗
𝐵 ≤ 𝑄|∑𝑤𝑖

𝐴𝐶𝑖
𝐴 and 1|∑𝑈𝑗

𝐵 ≤ 𝑄|∑𝑇𝑖
𝐴, in future studies, we need to propose exact 



79 
 

algorithm(s) to solve them optimally. The research on late work criteria is a new orientation in the 

two-agent scheduling study.  
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Chapter Six: Number of Tardy Jobs 

6.1 Introduction 

In recent years, though many two-agent scheduling models have been studied yet the studies 

related to release date related two-agent scheduling model are relatively limited (Yin, Cheng, et 

al., 2013). Moreover, the objective of minimizing the number of tardy jobs is considered in few 

papers only. Enlightened by the due date related two-agent scheduling literature, we consider a 

series of due date related two-agent scheduling problems in this chapter. We have considered the 

single machine scheduling problems with unequal job release date constraint to minimize the 

number of tardy job, the total weighted completion time and total completion time objectives. We 

have considered the scheduling problems of two-agent single machine which is donated as 

1|∑𝑈𝐵 ≤ 𝑄,𝑟| ∑𝑤𝐴𝐶𝐴  (Problem 1), 1|∑𝑈𝐵 ≤ 𝑄,𝑟| ∑ 𝐶𝐴  (Problem 2), 1|∑𝑈𝐵 ≤

𝑄|∑𝑤𝐴𝐶𝐴 (Problem 3) and 1|∑𝑈𝐵 ≤ 𝑄|∑𝐶𝐴 (Problem 4) with the following assumptions, 

where 𝐴 and 𝐵 represents two agents in the problem: 

 The jobs from two agents have a positive processing time. 

 The jobs from two agents have a positive release time for Problem 1 and Problem 2. 

 The jobs from agent A have a positive weight for Problem 1 and Problem 3. 

 The jobs from agent B have a positive due date for all four problems. 

 The job will not be released until it is fully processed by the common machine. 

 Pre-emption is not allowed. 

The aim of this chapter is to provide mathematical formulation of the model and to develop a meta-

heuristic to find the good quality solution. We formulate the problems as a linear programming 

model. The solution is fully obtained by suing the CPLEX solver with AMPL Optimization 

software. 



81 
 

Rest of the chapter is organized as following: Section 6.2 discusses the research done on the due 

date related single machine scheduling problems. Section 6.3 presents the description of studied 

problems, involving the notation, the problem definition and the corresponding mathematical 

model. Section 6.4 introduces the proposed Ant Colony Optimization (i.e. ACO) algorithm. 

Section 6.5 provides the result of numerical experiments, analysis and comparison between the 

proposed ACO algorithm and optimal solution generated by the AMPL software. Section 6.6 

includes the conclusion and suggests future research directions. 

6.2 Literature Review 

The single machine with two-agent scheduling problem has always been of interest to scholars 

because it relates with many existing practical applications. Previously researchers studied 

multiple aspects of single machine with two-agent scheduling problem. One of these aspects is 

related to the minimization of number of tardy jobs and total weighted completion time. In our 

literature review, we present the previous work related to the single machine with two-agent 

scheduling problems. 

Since the publication of Baker and Cole Smith (2003) and Allesandro Agnetis et al. (2004), more 

and more two-agent scheduling studies have been published. In a single machine with two-agent 

scheduling models, there are two agents, each with a set of jobs, and these jobs are processed by a 

common processing resource. Generally speaking, the research of single machine with two-agent 

scheduling models can be classified into two main categories: minimality model and feasibility 

model. Each research area has further research directions that can be classified based on their 

features. These features include different objective functions of each agent, the nature of 

processing time, weight, due date with release date, and other constraints. 
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6.2.1 The Objective of Minimizing Number of Tardy Jobs 

J. M. Moore (1968) introduced an exact algorithm to minimize the number of tardy jobs (∑𝑈𝑗) in 

the single machine environment. In an optimal schedule, the jobs are scheduled in the non-

increasing order of their due date (i.e. Earliest Due Date First Rule). Uzsoy, Lee, and Martin‐

Vega (1992) considered a problem with arbitrary release dates and due dates (i.e. 1|𝑟𝑗| ∑𝑈𝑗), and 

mentioned that this is NP-hard in the strong sense. Kise, Ibaraki, and Mine (1978) proposed a 

polynomial time algorithm to solve the problem 1|𝑟𝑗| ∑𝑈𝑗 , while this problem follows an 

assumption that 𝑟𝑖 < 𝑟𝑗  implies 𝑑𝑖 < 𝑑𝑗 . Monma and Potts (1989) proposed a dynamic 

programming algorithm to solve the problem with setup time for the purpose of minimizing the 

number of tardy jobs.  

6.2.2 Number of Tardy Jobs Related Two-Agent Scheduling Problem on a Single Machine 

Allesandro Agnetis et al. (2004) investigated three due date criteria based two-agent scheduling 

models with the objective of minimizing the number of tardy jobs. The three problems are denoted 

by 1|∑𝑈𝑗
𝐵 ≤ 𝑄|∑𝑈𝑖

𝐴 (Problem 1), 1|∑𝑈𝑗
𝐵 ≤ 𝑄|∑ 𝐶𝑖

𝐴  (Problem 2) and 1|∑𝑈𝑗
𝐵 ≤

𝑄|∑𝑤𝑖
𝐴𝐶𝑖

𝐴 (Problem 3). They proved the computational complexity for the problems above. The 

first problem can be solved in 𝑂(𝑛3) time. The third problem was proved to be binary NP-hard, 

whereas the complexity of the second problem is still open. Ng et al. (2006a) proposed and proved 

the Lemma for the problem 1|∑𝑈𝑗
𝐵 ≤ 𝑄|∑ 𝐶𝑖

𝐴 : all A-jobs are scheduled in the Shortest 

Processing Time First Rule (SPT) and all B-jobs are scheduled in the Earliest Due Date First Rule 

(EDD) in an optimal schedule. Furthermore, they developed a pseudo polynomial time algorithm 

for the problem to search an optimal solution. Ng et al. (2006a) studied the complexity of several 
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two-agent scheduling problems with the objective of minimizing the number of tardy jobs. They 

also proved that the problem is strongly NP-hard if upper bound is set equal to zero.  

Leung et al. (2010) referred to the Allesandro Agnetis et al. (2004)’s work, and proved the 

complexity of a two-agent scheduling problem with the objective to minimize the total tardiness 

of one agent while keeping total number of tardy jobs of the other agent within a pre-specified 

upper limit (i.e. 1|∑𝑈𝑗
𝐵 ≤ 𝑄|∑𝑇𝑗

𝐴) is binary NP-hard. W.-C. Lee et al. (2010) extend Ng et al. 

(2006a)’s problem (i.e. 1|∑𝑈𝑗
𝐵 = 0|∑𝑤𝑖

𝐴𝐶𝑖
𝐴): considering an actual processing time approach. 

They proposed a branch-and-bound algorithm and three heuristics to search an optimal solution 

and near-optimal solutions.  

6.3 Problem Definition and Notation 

In this section, we describe the notation and terminology we use throughout this chapter. The 

problems are formulated as a linear programming and its interpretation is also provided in this 

section. 

6.3.1 Problem Definition 

In all three problems, we consider 𝑛 jobs from two agents (i.e. agent A and agent B) that are to be 

scheduled at a single machine. Each job has a positive processing time, a release time, a positive 

weight (for A-jobs only) and a positive due date (for B-jobs only). The problems involve assigning 

jobs to the common machine and then finding sequence for the assigned job in such a way that the 

total weighted completion time or total completion time of A-jobs are minimized, while keeping 

the number of tardy jobs within a pre-specified level.  

We use the following notations to describe and formulate the problems: 
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𝑛𝐴 / 𝑛𝐵    number of jobs in agent A / agent B, respectively. 

𝑛               total number of jobs to be processed, 𝑛 = 𝑛𝐴 + 𝑛𝐵 

𝑁               set of all jobs, consisting of 𝑛 jobs. 𝑁 = {1, 2, 3, . ., 𝑛} 

𝑁𝐵              set of B-jobs, consisting of 𝑛𝐵 jobs. 𝑁𝐵 = {𝑛𝐴 + 1, 𝑛𝐴 + 2,… , 𝑛} 

𝑙                index for A-jobs. 

𝑚              index for B-jobs. 

𝑃               the position of job in a sequence, 𝑃 = {1, 2, 3, … , 𝑛}. 

𝑗𝐴  / 𝑗𝐵     job set of agent A / agent B, respectively, where 𝑗𝐴 = {𝑗1
𝐴,𝑗2

𝐴,𝑗3
𝐴, …,𝑗𝑛𝐴

𝐴 }; 𝑗𝐵 =

{𝑗1
𝐵,𝑗2

𝐵,𝑗3
𝐵, …,𝑗𝑛𝐵

𝐵 }. We call “A-job” and “B-job” the jobs from two agents.  

𝑝𝑙
𝐴 / 𝑝𝑚

𝐵     processing time of each jobs from agent A / agent B, respectively. 

                  𝑙 = 1, …… , 𝑛𝐴 ,𝑚 = 1, …… , 𝑛𝐵 

𝑟𝑙
𝐴 / 𝑟𝑚

𝐵    release date of each jobs from agent A / agent B, respectively. 

                  𝑙 = 1, …… , 𝑛𝐴 ,𝑚 = 1, …… , 𝑛𝐵 

𝑤𝑙
𝐴            weight of jobs in agent A, 𝑙 = 1,…… , 𝑛𝐴. 

𝛿𝑙
𝐴             density of jobs in agent A, 𝛿𝑙

𝐴 =
𝑤𝑙
𝐴

𝑝𝑙
𝐴⁄  . 

𝑑𝑚
𝐵              due date of jobs in agent B, 𝑚 = 1,…… , 𝑛𝐵. 

𝐶𝑙
𝐴 / 𝐶𝑚

𝐵      completion time of jobs in agent A / agent B, respectively. 

𝜎                 ordered set of jobs already scheduled. 
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𝑓𝐴(𝜎)        for given sequence 𝜎, the value of objective function for agent A. 

𝑓𝐵(𝜎)        for given sequence𝜎,  the value of objective function for agent B. 

𝑄                upper bound, a constant number. 

𝑏𝑖𝑔𝑀         a very large number 

In this chapter, we consider three problems, denoted below: 

 Problem 1: 1|∑ 𝑈𝑚
𝐵𝑛𝐵

𝑚=1 ≤ 𝑄, 𝑟| ∑ 𝑤𝑙
𝐴𝐶𝑙

𝐴𝑛𝐴
𝑙=1  

 Problem 2: 1|∑ 𝑈𝑚
𝐵𝑛𝐵

𝑚=1 ≤ 𝑄, 𝑟| ∑ 𝐶𝑙
𝐴𝑛𝐴

𝑙=1  

 Problem 3: 1|∑ 𝑈𝑚
𝐵𝑛𝐵

𝑚=1 ≤ 𝑄|∑ 𝑤𝑙
𝐴𝐶𝑙

𝐴𝑛𝐴
𝑙=1  

 Problem 4: 1|∑ 𝑈𝑚
𝐵𝑛𝐵

𝑚=1 ≤ 𝑄|∑ 𝐶𝑙
𝐴𝑛𝐴

𝑙=1  

Problem 1 is a single machine two-agent scheduling problem with arbitrary release dates and 

arbitrary weights. This problem minimizes the total weighted completion time of A-jobs subject 

to an upper bound on the total number of tardy B-jobs. Problems 2 minimizes the total completion 

time of A-jobs. Problem 3 and Problem 4 have the same objective functions as Problem 1 and 

Problem 2, respectively, but they don’t consider release date. Problem 3 considers finding a 

schedule which minimizes the total weighted completion time of A-jobs such that the maximum 

number of tardy B-jobs does not exceed the upper bound 𝑄. Problem 4 is an unweighted case of 

Problem 3. The objective of Problem 4 is to minimize the total completion time of A-jobs. 

6.3.2 NP-hardness 
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Allesandro Agnetis et al. (2004) proved that the problems 1|𝑓𝑚𝑎𝑥
𝐵 ≤ 𝑄|∑𝑤𝑗

𝐴𝐶𝑗
𝐴  and 

1|∑𝑈𝑗
𝐵 ≤ 𝑄|∑𝑤𝑗

𝐴𝐶𝑗
𝐴  are binary NP-hard. They also report that the problem 1|∑𝑈𝑗

𝐵 ≤

𝑄|∑𝐶𝑗
𝐴 is still open. Therefore, the Problem 1 is also NP-hard. 

6.3.3 The General Mathematical Model of Problems 

All four problems considered in this chapter can be formulated in a common mathematical model. 

Since Problem 2 is an unweighted case of Problem 1. By setting weighted of all jobs to one, the 

Problem 1 reduces to Problem 2. By setting the release dates of all jobs to zero, Problem 3 and 

Problem 4 can be reduced from Problem 1 and Problem 2, respectively. As a result, we are able to 

formulate a general mathematical model for all four problems.  

We use the following decision variables to formulate the problem: 

𝑋𝑖𝑗      Binary variable taking value 1, if the job 𝑖 is assigned to the machine at position 𝑗; 0, 

otherwise. 𝑖, 𝑗 ∈ [1, 𝑛] 

𝑌𝑗         Binary variable taking value 1, if the starting time of job at position 𝑗 is the completion 

time of the job at position 𝑗 − 1; taking value 0, if the starting time of job at position 𝑗 is 

its release date. 𝑗 ∈ [1, 𝑛] 

𝑈𝑖           Binary variable taking value 1, if the job 𝑖 is a tardy B-job; 0, otherwise. 𝑖 ∈ [𝑛𝐴 + 1, 𝑛]. 

𝐶𝑇1[𝑖]    Completion time of job 𝑖. 𝑖 ∈ [1, 𝑛] 

𝐶𝑇2[𝑗]    Completion time of job at position 𝑗. 𝑗 ∈ [1, 𝑛] 

𝑆𝑇[𝑗]       Starting time of job at position 𝑗. 𝑗 ∈ [1, 𝑛] 

The problem can be mathematically described as a linear programming as follows: 
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𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒∑𝐶𝑇1[𝑖] × 𝑤[𝑖]

𝑛𝐴

𝑖=1

(1) 

Subject to: 

∑𝑋𝑖𝑗

𝑛

𝑗=1

= 1;∀𝑖 ∈ 𝑁(2) 

∑𝑋𝑖𝑗

𝑛

𝑖=1

= 1;∀𝑗 ∈ 𝑁(3) 

𝐶𝑇2[1] = ∑𝑋𝑖1 × (𝑟[𝑖] + 𝑝[𝑖])

𝑛

𝑖=1

; ∀𝑖 ∈ 𝑁(4) 

𝐶𝑇2[𝑗] = 𝑆𝑇[𝑗] +∑𝑋𝑖𝑗 ×

𝑛

𝑖=1

𝑝[𝑖]; 𝑗 ≥ 2(5) 

𝑆𝑇[𝑗] ≥ 𝐶𝑇2[𝑗 − 1](6) 

𝑆𝑇[𝑗] ≥ ∑𝑋𝑖𝑗 ×

𝑛

𝑖=1

𝑟[𝑖]; 𝑗 ≥ 2(7) 

𝑆𝑇[𝑗] ≤ 𝐶𝑇2[𝑗 − 1] + 𝑏𝑖𝑔𝑀 × (1 − 𝑌[𝑗]; 𝑗 ≥ 2(8) 

𝑆𝑇[𝑗] ≤ ∑𝑋𝑖𝑗 ×

𝑛

𝑖=1

𝑟[𝑖] + 𝑏𝑖𝑔𝑀 × 𝑌[𝑗]; 𝑗 ≥ 2(9) 

𝐶𝑇1[𝑖] ≥ 𝐶𝑇2[𝑗] − 𝑏𝑖𝑔𝑀 ×(1 − 𝑋𝑖𝑗);∀𝑖, 𝑗 ∈ 𝑁(10) 

𝐶𝑇1[𝑖] ≤ 𝐶𝑇2[𝑗] + 𝑏𝑖𝑔𝑀 ×(1 − 𝑋𝑖𝑗);∀𝑖, 𝑗 ∈ 𝑁(11) 

𝐶𝑇1[𝑖] ≤ 𝑑[𝑖] + 𝑏𝑖𝑔𝑀 × 𝑈[𝑖]; ∀𝑖 ∈ 𝑁𝐵(12) 
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∑𝑈[𝑖] ≤ 𝑄;∀𝑖 ∈ 𝑁𝐵(13) 

𝐶𝑇1[𝑖] ≥ 0;∀𝑖 ∈ 𝑁(14) 

𝐶𝑇2[𝑗] ≥ 0;∀𝑗 ∈ 𝑁(15) 

𝑆𝑇[𝑗] ≥ 0;∀𝑗 ∈ 𝑁(16) 

The minimization of total weighted completion time of jobs from agent A is represented in 

equation (1). Constraint (2) and (3) ensure that each job is assigned to one position of the machine 

only. The completion time of job at position 𝑗 will be calculated using constraint (4) and constraint 

(5). In case a job is scheduled at the first position in the sequence then constraint (4) is used to 

calculate the first job’s completion time, while constraint (5) is used to calculate the rest jobs’ 

completion times. Constraints (6) (7) (8) and (9) are used to determinate jobs’ starting time. 

Constraint (6) ensures that the any job will not be scheduled at any position before the preceding 

job completed. Constraint (7) states that any job will not be scheduled at any position before its 

release date. If the job’s starting time is the completion time of preceding job, then use constraint 

(8); otherwise, use constraint (9). Constraint (10) and (11) ensure that the completion time of job 

at position 𝑗 and the completion time of 𝑖 are exactly same. Constraint (12) is used to determine 

that if job 𝑖 is a tardy job. Constraint (13) ensures that the total number of tardy B-jobs does not 

exceed the pre-specified upper bound.  

6.4 Proposed Heuristics and Ant Colony Optimization based Meta-Heuristic 

6.4.1 Proposed Heuristic 

The proposed heuristic is motived by the Weighted Shortest Processing Time first (WSPT) rule 

and the Earliest Due Date first (EDD) rule, and the steps are as follows: 



89 
 

Step 1: Arrange the set of A-jobs in non-increasing order of their densities (𝛿𝑙
𝐴 =

𝑤𝑙
𝐴

𝑝𝑙
𝐴⁄ ), and 

arrange the set of B-jobs in non-decreasing order of their due date.  

Step 2: Combine two job sets together. Schedule the A-job set before the B-job set. Consequently, 

this creates an initial sequence. If the sequence is feasible, then go to Step 4; otherwise, go 

to Step 3. 

Step 3: Move the last A-job to the next position of the first tardy B-job. If the schedule remains 

infeasible, then move the second last A-job to the next position of the first tardy job, until 

the job schedule becomes feasible or all jobs have been moved to the positions after the 

first tardy B-job.  

            This step is repeated with the rest of tardy B-jobs (according to their order in the sequence) 

till the schedule remains infeasible. 

Step 4: Identify the final schedule and the corresponding solution. 

6.4.2 Proposed Ant Colony Optimization based Meta-Heuristic 

Ant Colony Optimization (ACO) algorithm was designed by Dorigo and Di Caro (1999). This 

algorithm was inspired by an interesting phenomenon that the blind ants use shortest route while 

seeking food from their nest. Generally speaking, ACO algorithm is a computational intelligence 

approach and it is utilized for solving combinatorial optimization problems. ACO algorithm can 

be used for solving many scheduling problems, such as flow-shop scheduling problem (Rajendran 

& Ziegler, 2004; Stützle, 1998; Yagmahan & Yenisey, 2010), two-agent scheduling problem (C.-

C. Wu et al., 2013). 
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The Max-Min Ant System (MMAS) is employed in proposed algorithm. The fundamental 

procedures of the proposed ACO algorithm are listed as follows: 

Step 1: Use the proposed heuristic to obtain an initial solution. 

Step 2: Initialize the trail intensity matrix 𝜏𝑖𝑝 and parameters; Set the lower bound of trail 

intensities (𝜏𝑚𝑖𝑛) and the upper bound of trail intensities (𝜏𝑚𝑖𝑛). 

Step 3: Perform the following steps, and terminate this step while the termination condition is 

not met. 

 (Step 3.1) Generate 10 feasible ant-sequences by using trail intensities and 

principles of ACO algorithm. 

 (Step 3.2) Carry out the local search to improve the solution quality. 

 (Step 3.3) Update the best solution. 

 (Step 3.4) Update the trail intensity. 

Step 4: Return to the best solution obtained. 

The main features and detail procedures of proposed Ant Colony Optimization algorithm are 

presented as follows: 

6.4.2.1 Parameter Initialization 

The trail intensity is denoted by 𝜏𝑖𝑝, where 𝜏𝑖𝑝 represents the trail intensity of the scheduling job 𝑖 

in the position 𝑝. In this chapter, the initial trail intensity is set as 𝜏𝑖𝑝 =
1
(1 − 𝜌) ∗ 𝑅𝑒𝑠𝑢𝑙𝑡𝐻⁄ . 

Here, the 𝑅𝑒𝑠𝑢𝑙𝑡𝐻 represents the objective function value of the solution generated by proposed 

heuristic. The index 𝜌 is the persistence of the trail and it is set equal to 0.75.  
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In this chapter, we take the Max-Min Ant System (MMAS) into consideration. This is an 

improvement plan for ACO algorithm and it is designed to converge too soon in some ranges 

(Maruthanayagam & Rani, 2011). In MMAS, the trail intensities are constrained by an upper limit 

and a lower limit (i.e. 𝜏𝑚𝑖𝑛 ≤ 𝜏𝑖𝑝 ≤ 𝜏𝑚𝑎𝑥). In our proposed ACO algorithm, the lower limit of trail 

intensity is set equal to 
𝜏𝑖𝑝

200⁄  and the upper limit of trail intensity is set equal to 𝜏𝑖𝑝 × 200. 

6.4.2.2 Ant-sequence Generation 

We use 10 ants to generate 10 different solutions in ant-sequence generation step. An ant solution 

is generated in following two phases: 

 Phase 1: Generate initial ant sequences: 

We start this step with a null sequence, the trail intensities are used to determinate the job 

which is placed in position 𝑝, where 𝑝 ∈ [1, 𝑛]:  

             Generate a random number 𝑠, where 𝑠 ∈ [0, 1]. 

             if 𝑠 ≤ 0.4, assign the first unscheduled job at the best sequence obtained so far to the 

position 𝑝; 

             if 0.4 < 𝑠 ≤ 0.8, select jobs from the first five unscheduled jobs at the best sequence 

obtained so far, and set 𝑇𝑖𝑝 = ∑ 𝜏𝑖𝑞
𝑝
𝑞=1 , select the job with the maximum value 𝑇𝑖𝑝 from 

the five jobs; 

             if 𝑠 > 0.8, select jobs from the first five unscheduled jobs at the best sequence obtained 

so far, and set 휀𝑖𝑝 =
𝑇𝑖𝑝

∑ 𝑇𝑖′′𝑝𝑖′′
⁄ , where 휀𝑖𝑝 represents the probability distribution of the 

job to be selected. Here, job 𝑖′′ is belonging to the set of first five unscheduled jobs. 
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 Phase 2: Find the feasible solutions: 

The Phase 1 can generate an infeasible solution violating upper limit on upper bound of objective 

function for agent B. The Phase 2 is designed to convert an infeasible solution into a feasible 

solution. The feasible solution is achieved by shifting the jobs from their original position to 

another position. 

Move the last A-job to the next position of the first tardy B-job. If the adjusted schedule remains 

infeasible, then, move the second last A-job to the next position of the first tardy job, until the job 

schedule becomes feasible or all A-jobs have been moved to the positions after the first tardy B-

job.  

The above procedure is repeated with the rest of tardy B-jobs (according to their position) till the 

schedule remains infeasible. 

6.4.2.3 Local Search 

In each iteration, 10 ant-schedules are generated. The local search procedure is employed to 

improve the quality of the ant-schedules generated by previous step. The local search used in this 

chapter is explained with a simple numerical example as follows: 

Suppose we have a sequence, namely 𝜎0.  

Perform the following local search procedure, until the quality of schedule does not improve: 

{ 

Step 0: Initialize the job index 𝑖 and set 𝑖 = 1. 

Step 1: Choose the job 𝑖 from the sequence 𝜎0 and insert it in all possible position of the 

sequence.  
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Step 2: Choose the best sequence with respect to the objective under consideration. Then, 

update the best sequence, if the generated schedule is better than the current best schedule. 

Step 3: Let 𝑖 = 𝑖 + 1, and go to Step 1. 

Proceed until all 𝑛 jobs are checked for all possible position of the current sequence 𝜎0. 

} 

6.4.2.4 Trail Intensities Update 

The trail intensities are updated using current solution as well as the best solution found so far to 

improve the quality of solution. Let 𝐾𝑐𝑢𝑟𝑟𝑒𝑛𝑡
𝑖  denote the value of objective function of the current 

sequence and 𝐾𝑏𝑒𝑠𝑡 denote the value of objective function of the best sequence obtained so far. 

The 𝑑𝑖𝑓𝑓 is set by √|positionofjob𝑖inthebestsequenceobtainedsofar − 𝑝| + 1  . As a 

result, the new trail intensities are updated as follows: 

As a result, the new trail intensities are updated as follows: 

𝜏𝑖𝑝
𝑛𝑒𝑤 = 𝜌 × 𝜏𝑖𝑝

𝑜𝑙𝑑 +∑𝐿𝑖𝑝
𝑐 + 𝐿𝑖𝑝

10

𝑐=1

,(17) 

where 

𝐿𝑖𝑝
𝑐

= {
1
(𝑑𝑖𝑓𝑓 ×𝐾𝑐𝑢𝑟𝑟𝑒𝑛𝑡

𝑖 )⁄ , 𝑖𝑓𝑗𝑜𝑏𝑖𝑖𝑠𝑝𝑙𝑎𝑐𝑒𝑑𝑎𝑡𝑝𝑖𝑛𝑐𝑡ℎ𝑐𝑢𝑟𝑟𝑒𝑛𝑡𝑎𝑛𝑡𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒;

0,𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒;
(18) 

𝐿𝑖𝑝 = {
1
𝐾𝑏𝑒𝑠𝑡
⁄ , 𝑖𝑓𝑗𝑜𝑏𝑖𝑖𝑛𝑝𝑜𝑠𝑖𝑡𝑖𝑜𝑛𝑝𝑖𝑛𝑡ℎ𝑒𝑏𝑒𝑠𝑡𝑠𝑒𝑞𝑢𝑒𝑛𝑐𝑒;

0,𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒;
(19) 
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6.5 Numerical Results Analysis 

In numerical experiments, we evaluate the performance of proposed ACO algorithm on both small 

and large size problem instances. The results obtained by the proposed Ant Colony Optimization 

algorithm are compared with the solutions generated by using CPLEX solver with AMPL software. 

The proposed algorithm (see Section 6.4) is coded in C/C++ programming language and are 

implemented on AMD Opteron 2.3 GHz with 256 GB RAM. The linear programming based 

mathematical model is solved by AMPL software with CPLEX solver. The AMPL is running on 

an iMac desktop with 3.3GHz with 8 GB RAM. 

In this chapter, we generate 116 (29 problem instances for each problem). The number of jobs in 

each agent varies from 5 to 150. The processing time of job from two agents are generated from a 

uniform distribution in the range of [1, 15], Similarly, the weight of jobs is generated from a 

uniform distribution in the range of [1, 10]. The value of upper bound 𝑄 is generated according to 

the number of jobs in the agent B, as 𝑄 = 𝛼 ×𝑛𝐵, where 𝛼 was assigned randomly between 0.4 

and 0.6.  

The due date of each job is assigned from a uniform distribution in the range of [0.1 × ∑ 𝑝𝑖
𝑛
𝑖=1 ,

0.9 × ∑ 𝑝𝑖
𝑛
𝑖=1 ]. The value of release date of each job is generated according the formula, as 𝑟𝑖 =

max{(𝛽 × 𝑑𝑖 − 𝑝𝑖), 0}, where 𝛽 was assigned randomly between 0.75 and 1.00. 

The experiment uses the following two types of data sets: 

1. Small and medium data as explained below sets are used to compare the outcomes of the 

proposed meta-heuristic and the CPLEX result. 

2. Big data sets as explained below are used to assess the computation time of the proposed 

meta-heuristic. 
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In small and medium data sets, the number of jobs in each agent varies from 5 to 20. For larger 

size problems, the number of jobs in each agent varies from 30 to 150 (i.e. 30, 40, 50, …, 150). 

Thus, total of 116 problem instances were considered in this experiment (i.e. 29 problem instances 

in each problem). 

Due to the complexity of the problems (see Section 3.2), the mathematical model was only applied 

to solve small and medium size problem instances in a certain of time, and one hour was set as the 

time at which the mathematical model will obtain a solution. The optimal solution can be solved 

by the developed mathematical model using the AMPL software with the CPLEX solver. The 

quality of results is evaluated by using relative percentage deviation (i.e. RPD).  

The formula to calculate 𝑅𝑃𝐷𝑘 of the proposed algorithm or CPLEX result for the 𝑘𝑡ℎ problem 

instance is:  

𝑅𝑃𝐷𝑘 =
𝐻𝑘 − 𝐵𝑘
𝐵𝑘

× 100% 

Here, 𝐻𝑘  represents the proposed meta-heuristic solution in 𝑘𝑡ℎ  problem instance and 𝐵𝑘 

represents the best algorithm solution in 𝑘𝑡ℎ problem instance. 

6.5.1 Numerical Experiment with Small and Medium Data Set 

We compare the proposed ant colony optimization based meta-heuristic results with the result of 

CPLEX. The Table 6.1, Table 6.2, Table 6.3 and Table 6.4 show the solution and CPU time of the 

proposed and CPLEX result for the Problem 1, Problem 2, Problem 3 and Problem 4, respectively. 

The number with * means the optimal solution for the problem instance.  

Table 6.1. Numerical results of Problem 1 for small and medium problem instances. 
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Problem 1 

No. NumJobs CPLEX Obj. CPUTime ACO Obj. CPUTime RPD 

1 5 527* 0.383 527 0.27 0.00 

2 6 902* 1.202 902 0.5 0.00 

3 7 1382* 2.758 1382 1.08 0.00 

4 8 1105* 35.499 1105 1.73 0.00 

5 9 2451* 444.824 2574 2.61 0.00 

6 10 1885* 1777.12 1885 4.47 0.00 

7 11 3022 3600 3018 7.59 0.00 

8 12 3787 3600 3766 7.41 0.00 

9 13 3865 3600 3904 10.89 1.01 

10 14 4887 3600 4792 15.3 0.00 

11 15 3738 3600 3692 21.92 0.00 

12 16 4007 3600 3967 27.36 0.00 

13 17 5305 3600 5179 33.01 0.00 

14 18 6696 3600 6680 47.92 0.00 

15 19 5603 3600 5522 58.4 0.00 

16 20 8560 3600 8600 60.58 0.47 

Average    18.82 0.09 

 

Table 6.2. Numerical results of Problem 2 for small and medium problem instances. 

  Problem 2 

No. NumJobs CPLEX Obj. CPUTime ACO Obj. CPUTime RPD 

1 5 109* 0.356 109 0.29 0.00 

2 6 211* 2.389 211 0.48 0.00 

3 7 247* 6.069 247 1.06 0.00 

4 8 213* 25.276 213 1.79 0.00 

5 9 437 3600 442 2.46 1.14 

6 10 262 3600 262 4.35 0.00 

7 11 571 3600 567 7.53 0.00 

8 12 719 3600 719 6.9 0.00 

9 13 675 3600 674 11.12 0.00 

10 14 1044 3600 1010 15.23 0.00 

11 15 732 3600 730 22.02 0.00 

12 16 919 3600 912 30.52 0.00 

13 17 1280 3600 1315 33.53 2.73 

14 18 1430 3600 1336 49.58 0.00 

15 19 1429* 2288.91 1446 61.37 1.19 

16 20 1732 3600 1708 65.52 0.00 

Average    19.61 0.32 
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Table 6.3. Numerical results of Problem 3 for small and medium problem instances. 

  Problem 3 

No. NumJobs CPLEX Obj. CPUTime ACO Obj. CPUTime RPD 

1 5 180* 0.138 180 0.26 0.00 

2 6 867* 1.198 867 0.51 0.00 

3 7 1046* 7.719 1046 0.95 0.00 

4 8 694* 29.361 694 1.65 0.00 

5 9 1760 3600 1760 2.25 0.00 

6 10 1615 3600 1615 3.91 0.00 

7 11 1385 3600 1385 5.92 0.00 

8 12 2819 3600 2819 7.27 0.00 

9 13 2161 3600 2161 9.59 0.00 

10 14 3317 3600 3357 13.17 1.21 

11 15 2310 3600 2310 17.49 0.00 

12 16 2833 3600 2821 20.78 0.00 

13 17 4015 3600 3989 28.34 0.00 

14 18 3412 3600 3397 36.33 0.00 

15 19 3794 3600 3694 50.97 0.00 

16 20 6095 3600 6040 57.48 0.00 

Average    16.05 0.08 

 

Table 6.4. Numerical results of Problem 4 for small and medium problem instances. 

 
 Problem 4 

No. NumJobs CPLEX Obj. CPUTime ACO Obj. CPUTime RPD 

1 5 79* 0.415 79 0.24 0.00 

2 6 193* 1.227 193 0.47 0.00 

3 7 203* 28.979 203 0.85 0.00 

4 8 167* 174.682 167 1.6 0.00 

5 9 285 3600 285 2.15 0.00 

6 10 199 3600 199 3.78 0.00 

7 11 344 3600 344 5.51 0.00 

8 12 585 3600 577 6.77 0.00 

9 13 479 3600 478 9.06 0.00 

10 14 787 3600 767 11.99 0.00 

11 15 568 3600 568 16.46 0.00 

12 16 754 3600 739 19.36 0.00 

13 17 1070 3600 1037 29.65 0.00 

14 18 833 3600 826 33.92 0.00 

15 19 1106 3600 1096 48.65 0.00 



98 
 

16 20 1263 3600 1242 57.79 0.00 

Average    15.52 0.00 

 

Table 6.5. The average computation time and average relative percentage deviation of four 

problems. 

Problem # Average CPU Time Average RPD 

Problem 1 18.82s 0.09% 

Problem 2 19.61s 0.32% 

Problem 3 16.05s 0.08% 

Problem 4 15.52s 0.00% 

 

We observe from the first four tables (i.e. Table 6.1 to Table 6.4) that all small problem instances 

can be solved by the proposed meta-heuristic within one minute. Moreover, in small problem 

instances, the relative percentage deviations are very low. The average RPDs are summarized and 

showed in Table 6.5. It demonstrates that our proposed meta-heuristic can be used to solve small 

problem instances efficiently. On average, the solutions achieved by the proposed meta-heuristic 

are away from the optimal solution or near-optimal solution by 0.09%, 0.32%, 0.08% and 0.00% 

for four problems, respectively. This means that our proposed ACO based algorithm has a very 

good performance on the solution quality. 

The proposed meta-heuristic is able to reach optimal solution for small problem instances. In terms 

of the medium size problem instances, the proposed algorithm has a better performance than 

CPLEX solver with respect to both aspects of quality as well as computation time. In other words, 

the proposed algorithm can reach to a preferable solution in a short time. Furthermore, the 
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proposed algorithm has a consistent performance when it is used to solve all four problems. The 

deviation in RPDs are between 0.00% to 1.01%, 0.00 to 2.73%, 0.00% to 1.21% and 0.00%, 

respectively. For the medium problems instance, majority of the solutions which generated by Ant 

Colony based meta-heuristic are better than CPLEX solver’s solutions in a shorter period of time. 

6.5.2 Numerical Experiment with Big Data Set 

We compare the results of proposed ACO based meta-heuristic with the proposed heuristic. The 

solutions generated by heuristic are used to initialize parameters, such as trail intensities. Here, the 

RPD formula is also utilized for comparing the solution quality of two algorithms.  

Table 6.6. Numerical results of Problem 1 for big problem instances. 

  Problem 1 

No. NumJobs ACO Obj. CPUTime 

Heuristic 

Obj. CPUTime RPD 

17 30 14487 328.47 35758 < 0.2 146.83 

18 40 30270 1106.68 73276 < 0.2 142.07 

19 50 63562 2851.49 130473 < 0.2 105.27 

20 60 95950 6057.2 231016 < 0.2 140.77 

21 70 134836 8580.47 338574 < 0.2 151.10 

22 80 154136 17645.7 337444 < 0.2 118.93 

23 90 212249 26892.4 502816 < 0.2 136.90 

24 100 239602 43028.3 583422 < 0.2 143.50 

25 110 336331 58824.2 659063 < 0.2 95.96 

26 120 362957 84499.4 830265 < 0.2 128.75 

27 130 473802 116451 1049144 < 0.2 121.43 

28 140 450954 213315 1182812 < 0.2 162.29 

29 150 681858 224249 1295486 < 0.2 89.99 

Average  61833.02   129.52 

 

Table 6.7. Numerical results of Problem 2 for big problem instances. 

  Problem 2 
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No. NumJobs ACO Obj. CPUTime 

Heuristic 

Obj. CPUTime RPD 

17 30 3803 335.07 8113 < 0.2 113.33 

18 40 6311 1190.06 17579 < 0.2 178.55 

19 50 12745 2666.81 23074 < 0.2 81.04 

20 60 17168 6380.05 38695 < 0.2 125.39 

21 70 26682 8491.25 54679 < 0.2 104.93 

22 80 30934 17056 60634 < 0.2 96.01 

23 90 44443 27280.8 86965 < 0.2 95.68 

24 100 50071 45996.4 110060 < 0.2 119.81 

25 110 77673 58924.6 139835 < 0.2 80.03 

26 120 73894 90370.5 156011 < 0.2 111.13 

27 130 96304 129801 198803 < 0.2 106.43 

28 140 96574 201886 211252 < 0.2 118.75 

29 150 136447 223818 238829 < 0.2 75.03 

Average  62630.50   108.16 

 

Table 6.8. Numerical results of Problem 3 for big problem instances. 

  Problem 3 

No. NumJobs ACO Obj. CPUTime 

Heuristic 

Obj. CPUTime RPD 

17 30 9455 272.77 25181 < 0.2 166.32 

18 40 27200 909.02 48490 < 0.2 78.27 

19 50 53227 2258.94 94389 < 0.2 77.33 

20 60 65168 4494.61 117355 < 0.2 80.08 

21 70 114937 7640.4 173695 < 0.2 51.12 

22 80 124190 15215.7 215415 < 0.2 73.46 

23 90 204173 26328.3 320249 < 0.2 56.85 

24 100 191314 33066.6 317046 < 0.2 65.72 

25 110 250750 59079.4 434938 < 0.2 73.45 

26 120 258581 81903.6 468509 < 0.2 81.18 

27 130 353451 117057 592630 < 0.2 67.67 

28 140 368449 169857 702472 < 0.2 90.66 

29 150 482914 217092 882460 < 0.2 82.74 

Average  56551.95   80.37 

 

Table 6.9. Numerical results of Problem 4 for big problem instances. 
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  Problem 4 

No. NumJobs ACO Obj. CPUTime 

Heuristic 

Obj. CPUTime RPD 

17 30 2712 253.87 5975 < 0.2 120.32 

18 40 6542 895.32 10659 < 0.2 62.93 

19 50 11158 2366.22 17609 < 0.2 57.82 

20 60 12541 4315.13 20813 < 0.2 65.96 

21 70 23383 7019.26 31751 < 0.2 35.79 

22 80 24823 14966.4 39526 < 0.2 59.23 

23 90 38496 26189.8 57559 < 0.2 49.52 

24 100 39285 30475.9 59202 < 0.2 50.70 

25 110 61566 58980.4 91178 < 0.2 48.10 

26 120 53561 73547.6 88735 < 0.2 65.67 

27 130 78200 121124 116397 < 0.2 48.85 

28 140 81349 162365 134196 < 0.2 64.96 

29 150 99633 200041 157294 < 0.2 57.87 

Average  54041.53   60.59 

 

The numerical results of four problems for big problem instances are reported in Table 6.6, Table 

6.7, Table 6.8 and Table 6.9. On average, the solutions achieved by proposed meta-heuristic are 

129.52%, 108.16%, 80.37% and 60.59% better than the solutions of proposed heuristic for four 

problems, respectively. Although all problem instances can be solved in 0.2 seconds by proposed 

heuristic and their computation times are extremely shorter than the Ant Colony Optimization 

based meta-heuristic, the solution quality of heuristic is worse. In general, if there is a need for 

accurate solution and minimizing computation time is not the priority consideration, the proposed 

meta-heuristic is adopted. 

The solutions of proposed heuristic are considered as the seed solution for proposed meta-heuristic 

for the purpose of initializing parameters. Based on the results, the meta-heuristic improves the 

solution quality significantly.  

6.6 Conclusions 



102 
 

This chapter considers a set of single-machine with two-agent scheduling problem to minimize the 

total weighted completion time and total completion time of one agent, while keeping the number 

of tardy jobs of the other agent within a pre-specified level. The problems can be used for various 

applications in both manufacturing and service industries. In this chapter, we proposed a general 

mathematical model for all four problems and an Ant Colony Optimization based meta-heuristic 

to solve the problems. The proposed mathematical model is solved by using AMPL software with 

CPLEX solver.  

It can be noted from the results that the proposed meta-heuristic obtains optimal or near-optimal 

solutions, as the reported deviation between the proposed meta-heuristic’s and mathematical 

model’s outcomes are extremely low among four problems. More importantly, the proposed meta-

heuristic can achieve a better solution than CPLEX solver, and it consumes much less computation 

time than the CPLEX solver. Future research directions include developing other meta-heuristics 

in order to provide better results for larger problem instances in a shorter period of time. 
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Chapter Seven: Conclusions 

In this thesis, we studied various single machine with two-agent scheduling problems. What is 

under consideration is a set of individual jobs is involving in two agents, but processed by only 

one processing resource. To solve the proposed problems, different algorithms and methods are 

developed, such as heuristic, meta-heuristic and CPLEX.  

The first classification of problem in this chapter is to minimize the completion time. Depending 

upon the objective functions, three different problems are considered. We propose a dynamic 

programming-based exact algorithm to solve these problems. The optimal algorithm can solve 

only small problem instances. We also propose two heuristics and one ant colony algorithm to 

solve these problems. For evaluating the performance of proposed algorithms, a numerical 

experiment is performed on randomly generated problem instances. We also use bigger problem 

instances of up to 150 jobs to evaluate the performance of heuristics. In the second classification 

of problem in this thesis, we considered to minimize the total weighted completion time. A new 

ant colony optimization algorithm is proposed for solve proposed problems. Furthermore, a 

weighted shortest processing time first rule motived algorithm is developed to address the problem. 

The third classification of two-agent scheduling problem in this thesis is related to the objective of 

minimizing the number of tardy jobs. A mathematical model and an Ant Colony Optimization (i.e. 

ACO) based meta-heuristic are proposed for solving the problems. The AMPL software with 

CPLEX solver is utilized to solve the linear programming based mathematical model. Meanwhile, 

the proposed meta-heuristic is utilized to find the optimal or near-optimal solutions. 

Furthermore, we provide a literature review on due-date determination problem and a detailed and 

systemic literature review of the two-agent scheduling problem literature on models with a given 

due date. The first literature review classifies due date related scheduling problems into categories 
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on the basis of objective function. The second literature review classifies due date related two-

agent scheduling problems into two categories on the basis of the objective function setting (i.e. 

minimality model and feasibility model).  

In future studies, more constraints will be considered for the purpose of making the scheduling 

model more realistic. So far, only two criteria are considered to evaluate the performance of the 

proposed algorithm, one is solution quality and the other one is computation time. It is necessary 

to develop an index in order to assess the performance of proposed algorithm.  
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