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Abstract 

Servo control of pneumatic actuators is difficult due to the high compressibility and non-

linear flow of air. Friction as well as uncertainties in the parameters and model character-

izing dynamics of the pneumatic systems further contribute to control challenges. These 

drawbacks cause stick-slip motion, larger tracking error and limit cycles, which degrades 

the control performances. Selection of a controller that satisfies requirements of the per-

forming tasks is thus crucial in servo-pneumatic applications. This thesis focuses on the 

design and experimental evaluation of a model-based, nonlinear controller known as Dy-

namical Adaptive Backstepping-Sliding Mode Control (DAB-SMC). Originally designed 

for chemical process control and applied only in simulations, the DAB-SMC is adopted 

in this thesis and applied to the new area of servo-pneumatic control of a single-rod, dou-

ble acting pneumatic cylinder and antagonistic pneumatic artificial muscles (PAMs). The 

controller is further enhanced by augmenting it with LuGre-based friction observers to 

compensate the adverse frictional effect presents in both actuators. Unlike other research 

works, the actuators are subject to a varying load that influences control operations in two 

different modes: motion assisting or resisting. The implementation of DAB-SMC for 

such servo-pneumatic control application is novel. The mass flow rates of compressed air 

into and out of the actuators are regulated using one of the following valve configura-

tions: a 5/3-way proportional directional valve, two 3/2-way or four 2/2-way Pulse Width 

Modulation (PWM)-controlled valves. Over the entire range of experiments which in-

volve various operating conditions, the DAB-SMC is observed to track and regulate the 

reference input trajectories successfully and in a stable manner. Average root mean 

square error (RMSE) values of tracking for cylinder and PAMs when the compressed air 

is regulated using the 5/3-way proportional valve are 1.73mm and 0.10°, respectively. In 

case of regulation, the average steady-state error (SSE) values are 0.71mm and 0.04°, re-

spectively. The DAB-SMC exhibits better control performance than the standard PID and 



classical SMC by at least 33%. The DAB-SMC also demonstrates robustness for up to 

78% in uncertainty of load parameter. When the control valve is replaced by the PWM-

controlled valves of 3/2-way and 2/2-way configurations, performance is slightly com-

promised.  
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Chapter 1 

Introduction 

1.1 Motivation 

The term pneumatic originates from the Greek word pneumatikόs meaning “breath” or 

“wind”. In modern-day, pneumatics is referred as a branch of technology that utilizes 

compressed air as the power transferring medium to perform mechanical work for solving 

engineering problems [1]. The history of pneumatics can be traced as far back as 2000 

years ago [1]. Ctesibius, a Greek inventor in ancient Greece who earned the title “father 

of pneumatics”, described the use of pneumatic cylinders to accelerate an arrow of a cat-

apult. A temple doors which automatically opened and closed by means of hot air was 

developed by a Greek mathematician known as Heron of Alexandria. In the early 1600s, 

a German scientist named Otto von Guericke invented a vacuum pump that can be used 

to draw air or gas out of any vessel it was attached to. He had demonstrated how the vac-

uum pump could be used to separate pairs of copper enclosures called hemispheres using 

pressurized air. Late 19th century commemorated the introduction of pneumatics in indus-

trial sectors on large scale when a center compressor station was installed in Paris to sup-

ply the city with compressed air. By 1950s, the use of pneumatics in the automation ap-

plications especially in production and assembly lines was commenced.  

     Since then, the field of pneumatics has experienced tremendous advancement. Today, 

pneumatics occupies many different areas of applications including packaging, food pro-
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cessing, pharmaceutical, electronics industries, robotics [2] and biomedical engineering 

[3-5]. One of the most popular applications of pneumatics is in materials transportation 

over a relatively short distance. It was reported that the pneumatic systems are conceiva-

bly the most economical solution for transferring masses of up to 20kg with required 

power of up to 3kW over distances of up to one meter as compared to its counterpart 

power systems, that is, the hydraulics and electric motors [1]. The reasons for the exten-

sive use of pneumatics are that it offers high power to weight ratio actuators, high-speed 

output response, relatively low-cost and less-maintenance components. Besides, the flex-

ibility in routing the flow of compressed air, safe and environmental friendly fluid medi-

um are other significant factors contributing to the utilization of this technology in those 

applications.   

     Despite the aforementioned advantages, servo control of pneumatic actuators is chal-

lenging. This is due to the inherent problems associated with the natural characteristics of 

air such as high compressibility and nonlinear flow phenomenon when passing through 

the pneumatic system components. In addition, friction presents in the pneumatic actua-

tors and uncertainties in the parameters and model characterizing the dynamics of pneu-

matic systems further contribute to the existing problems. These drawbacks cause larger 

steady-state and tracking errors, stick-slip motion and limit cycles, which degrade the 

control performance. As a consequence, the practical implementation of pneumatics is 

still largely around pick-and-place positioning, which requires only two end positions of 

an actuator stroke [6]. However, as the deployments of pneumatic actuators in robotic 

manipulators and in mechatronics applications increase over the years, the demand to 

have accurate position tracking ability and arbitrary positioning between the two end po-

sitions of actuator stroke is becoming greater than ever. To achieve a good positioning 

performance in such a demanded application, it is necessary to implement a controller 

that is capable of dealing with the problems associated with pneumatic systems. This re-

search, thus, focuses on the design and experimental evaluation of a controller that con-

sists of control elements that capable of dealing with the issues of nonlinearities, paramet-

ric/model uncertainties and friction for servo-pneumatic positioning applications. 
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1.2 Research Objectives 

Objectives of this research are: 

(i) To design a controller that is capable of dealing the problems associated with 

pneumatic systems, that is, nonlinearities, parametric/model uncertainties and 

friction, for servo-pneumatic positioning applications.  

(ii) To experimentally investigate the effectiveness of the proposed controller in 

accomplishing the positioning tasks, that is, tracking and regulating, under 

various operating conditions using commonly used actuator-valve setups. 

In order to achieve the above objectives, four research questions are addressed: 

(i) Which type of controller is more appropriate for a pneumatic system; linear or 

nonlinear?  

(ii) How the proposed controller does perform when the pneumatic actuator is 

subject to a varying external load operating in two different modes of motion 

assisting and resisting? 

(iii) Can performance of the proposed controller be maintained if the pneumatic 

system utilized a different combination of actuator-valve setups? 

(iv) How effective is the proposed controller in comparison to the other well-

established control schemes? 

1.3 Scopes of Research 

The research focuses on the design, implementation and experimental evaluation of a 

controller applicable only to the servo-pneumatic positioning applications of both track-

ing and regulating tasks. The controller is designed using a systematic design methodolo-

gy adopted from the literature. The proposed controller is equipped with control elements 

that are capable of directly dealing with the issues related to pneumatic systems, that is, 
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nonlinearities, model/parametric uncertainties, and friction in the actuators, and thus suit-

able for servo-pneumatic positioning applications. 

    An experimental test rig is developed and used as a performance evaluation platform. 

The test rig consists of a different combination of actuator-valve setups commonly found 

in the literature. The utilized actuators are a single-rod, double-acting pneumatic cylinder 

and antagonistically paired pneumatic artificial muscles (PAMs). The valves include a 

5/3-way proportional directional control valve, two 3/2-way and four 2/2-way Pulse 

Width Modulation (PWM)-controlled valves. The PWM-controlled valves are employed 

to investigate the possibility of cost reduction. It has been reported that, the application of 

PWM-controlled valves contributes to cost reduction of up to 60% as compared to using 

proportional valves [7, 8]. The test rig is also equipped with a mechanism that enables the 

actuators to be exposed to a varying external load operating in two different modes of 

motion resisting and assisting. A pneumatic simulator is also developed to assist the per-

formance evaluation process. Using the simulator, simulation of various positioning tasks 

using the proposed controller on setups similar to the experimental test rig can be con-

ducted. In this research, the simulator is mainly used to verify the proposed controller and 

determine appropriate controller gains for producing acceptable performance. 

     The effectiveness of the proposed controller in positioning of a mass attached to the 

actuators is evaluated by measuring its tracking and regulating performances. The per-

formances are characterized using two performance indices, that is, the Root Mean 

Square Error (RMSE) and Steady-state Error (SSE), respectively. Seven different criteria 

are considered during performance investigation: (1) performance under nominal operat-

ing condition1 with the mass flow rates of compressed air regulated by a 5/3-way propor-

tional directional control valve; (2) effectiveness of the friction compensator; (3) influ-

ence of tracking frequency; (4) impact of varying external load operating in both motion 

assisting and resisting modes; (5) robustness to parametric uncertainty; (6) improvement 

                                                 

1 The nominal operating condition refers to the condition where the controller is tuned to operate best when 

the actuators are subject to an external load operating in both motion assisting and resisting modes and the 

mass flow rates of compressed air regulated by a 5/3-way proportional directional control valve. Note that, 

the external load is originated from a mass attached to the actuators. 



1.4 Significance of Research  5 

 

 

over other well-established control schemes, that is, Proportional+Derivative+Integral 

(PID) and Sliding Mode Control (SMC), and (7) performance compromise when using 

PWM-controlled valves.  

1.4 Significance of Research 

The greater demand in an accurate arbitrary servo positioning, that is, tracking and regu-

lating between the two end positions of the pneumatic actuators justifies the need for 

more effective controllers. This research, thus, provides an alternative controller that can 

be used for such servo-pneumatic positioning applications. The outcome of this research 

also helps in uncovering the critical issues associated with the pneumatic systems. By un-

derstanding these issues, challenges that one has to face in an attempt to utilize the tech-

nology can thus be appreciated. The experimental test rig developed for this research is 

also unique. Unlike other research studies, the test rig has been designed in such a way 

that a varying external load originating from a mass attached to the actuators can either 

assist or resist the motion. This circumstance is often encountered in practical applica-

tions such as in robot manipulators. Therefore, realizing such an operating condition is 

desirable. The test rig is also equipped with a different combination of actuator-valve set-

ups. The performance evaluation and comparison of the proposed controller, on a setup 

similar to what is found in the literature can thus be emulated. Besides, the findings from 

this research work are also reliable as the results are equitably compared on the same ex-

perimental setup. The pneumatic simulator, also developed in this research, contributes 

greatly to the pneumatic research community. Researchers from other universities can use 

the simulator to evaluate the performance of their controller on the simulated setups simi-

lar to what are available in the test rig. The graphical user interface (GUI) equipped with 

the simulator provides a user-friendly environment and thus eliminates the effort needed 

to understand the computer programs written in the background. This will speed up the 

evaluation process of controllers’ performance.  
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1.5 Thesis Organization 

The thesis consists of eight chapters. The rest of the chapters are organized as follow: 

     In Chapter 2, a review of literature related to servo-pneumatic positioning systems is 

presented. In this chapter, architecture of the considered pneumatic systems, the operating 

principle and system components are described. Besides, problems associated with the 

pneumatic systems are also highlighted. In addition, previously developed control strate-

gies relevant to servo-pneumatic positioning applications are overviewed.  

In Chapter 3, description of the experimental test rig, developed for performance 

evaluation of the proposed controller is given. The experimental test rig offers a different 

combination of actuator-valve setups and capable of exposing the actuators with a vary-

ing external load operating in both motion assisting and resisting modes. Mathematical 

modeling of the considered setup is also provided in this chapter.   

Chapter 4 introduces a pneumatic simulator that is developed specifically for this re-

search. The simulator is equipped with a graphical user interface (GUI) that provides a 

user-friendly environment and capable of simulating all the setups available in the exper-

imental test rig. 

In Chapter 5, derivation and stability proof of the proposed controller is documented 

in detail. Besides, descriptions of other well-established controllers, that is, standard PID 

and classical SMC, involved in performance comparison with the proposed controller are 

briefly given.   

In Chapters 6 and 7, performances of the proposed controller are evaluated. Chapter 6 

focuses on the servo positioning of the pneumatic cylinder while Chapter 7 is dedicated 

to servo positioning of antagonistically paired pneumatic artificial muscles. The effec-

tiveness of the proposed controller in performing tracking and regulating tasks under var-

ious operating conditions using both proportional and PWM-controlled valves is ana-

lyzed. In addition, performance of the proposed controller is also compared with the PID 

and SMC schemes. 

Chapter 8 presents the concluding remarks. The main contributions of this research 

are summarized and suggestions for future study are proposed.     
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Chapter 2 

Overview of Servo-pneumatic Positioning 

Systems  

 

The goal of this chapter is to describe a typical servo-pneumatic system for positioning 

applications, understand the challenges in utilizing it and study the relevant control strat-

egies proposed in the literature. This chapter is divided into four sections. Section 2.1 de-

scribes architecture of the considered servo-pneumatic positioning system. Components 

that making up the system including their operating principle are also explained. Section 

2.2 identifies the challenges associated with the servo-pneumatic positioning systems. 

Relevant control strategies proposed in the literature are presented in Section 2.3. The 

advantages and disadvantages of these control strategies are also discussed. Summary of 

the chapter is provided in Section 2.4. 

2.1 Architecture and Operating Principle 

Figure 2.1 shows block diagram of a servo-pneumatic positioning system considered in 

this research. The system is made up of the controller, control valve(s), actuator and sen-

sors. The control valves utilized in this research are a 5/3-way proportional directional, 

two 3/2-way, and four 2/2-way Pulse Width Modulation (PWM)-controlled valves.  
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Figure 2.1: Block diagram of servo-pneumatic positioning system. 

Figure 2.2 shows schematic diagram of the utilized 5/3-way proportional direction valve. 

The valve comprises of a spring, a solenoid (armature and coil) and a valve spool. The 

spring holds the armature in its initial neutral position. When an electric current is applied 

to the coil, magnetic flux is induced and force is generated. This applied force moves the 

armature and since it is coupled to the valve spool, it also displaces the valve spool from 

its initial neutral position. As the valve spool moves, the spring acts as feedback by exert-

ing a restoring force upon the armature. When the restoring force becomes equivalent to 

the force exerted by the armature, the valve spool comes to a rest in which its position is 

proportional to the magnitude and corresponding polarity of the applied current in the 

coil.  

 

Figure 2.2: Schematic of solenoid-driven, spool-type, 5/3-way proportional directional 

control valve. 
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As the position of valve spool is proportional to the applied current, the proportional di-

rectional control valve inherits unlimited number of stable states of flow paths between 

the start (minimum) and the end (maximum) positions. Likewise, architecture of the 

PWM-controlled valves are similar to the proportional valve. However, the valves can 

only have one of the two stable states of flow paths which are no flow or maximum flow. 

This is due to the nature of applied PWM signal which is either on or off.   

     In this work, a single-rod, double-acting pneumatic cylinder and two pneumatic artifi-

cial muscles arranged in an antagonistic configuration are used. The pneumatic cylinder 

is employed to achieve linear positioning while the muscles are for rotational positioning 

applications. Figure 2.3 shows the picture of a typical single-rod, double-acting pneumat-

ic cylinder. The cylinder consists of moveable elements such as a piston and piston rod. 

The piston divides the cylinder barrel into two chambers while the piston rod serves as a 

link between the actuator and external load. To move the piston, one side of the cylinder 

chamber is pressured with compressed air through a port and the other is depressurized. 

The seals are used to prevent the compressed air from leaking out of the cylinder while 

the cushions are used to reduce impact of collision between the piston and cylinder ends.  

 

Figure 2.3: Typical single-rod, double-acting pneumatic cylinder. 

Figure 2.4 shows the picture of a typical pneumatic artificial muscle. The muscle is 

composed of an air-tight inner rubber tube placed in a flexible hollow braided mesh 

construction called membrane. It is also equipped with an appropriate metal end fitting 

for external attachments and compressed air pressurization. Pressurizing the muscle 
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inflates the inner rubber tube, causing its diameter to increase and its axial length to 

shorten. At the same time, a corresponding contracting force is generated. When 

depressurized, the muscle returns passively to its initial condition. Therefore, like a 

human muscle, the pneumatic muscle is a unidirectional actuator and ideal for 

applications related to bio-inspired robotics [2]. In addition, the pneumatic muscles also 

offer many good characteristics such as natural compliance, mimicking behavior of 

human muscles, high power per volume ratio, compactness and high speed action. 

Developed by J.L. McKibben in 1950’s, pneumatic muscles were used the first time in an 

artificial limb for polio patients [9]. This application however, required a relatively heavy 

CO2 tank that made it impractical. In 1980s, pneumatic muscle regained its popularity 

when the Bridgestone’s engineers re-developed and introduced it to a robotic application 

that mimics natural skeletal-muscle of human [10]. Today, there are various versions of 

pneumatic muscles available in the market. 

 

Figure 2.4: Typical pneumatic artificial muscle. 

With reference to Figure 2.5, the positioning of the pneumatic cylinder can be achieved 

as follows. The input command subject to the control valve displaces the valve spool to 

the right or left and causes high pressure supply port of the compressed air to be connect-

ed to one of the pneumatic chambers while the exhaust port to the other. As a result, a 

pressure difference between the cylinder chambers is created and the cylinder’s piston is 

then moved to the left or right, accordingly.  
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(a) (b) 

Figure 2.5: Positioning of pneumatic cylinder: (a) extending, (b) retracting. 

With reference to Figure 2.6, the positioning of the pulley connected to the antagonistic 

pneumatic artificial muscles can also be achieved in a similar way. By manipulating the 

unbalance contracting forces created from the pressurized and depressurized muscles, the 

positioning of the pulley in both directions, that is, counter clockwise and clockwise can 

be achieved.  
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(a) (b) 

Figure 2.6: Positioning of antagonistic pneumatic artificial muscles: (a) counter clock-

wise, (b) clockwise. 

2.2 Challenges 

Pneumatic systems offer many advantages such as good power to weight ratio actuation, 

high-speed output response, relatively low-cost and less-maintenance components, flexi-

bility in routing the flow of compressed air, safe and environmental friendly fluid medi-

um. However, servo control of pneumatic actuators is difficult because of several rea-

sons. First, the pneumatic systems are highly nonlinear. This is due to property of the uti-

lized fluid medium, that is, compressed air. Air is compressible and exhibits highly non-

linear phenomenon when passing through the valve’s orifice areas. Figure 2.7 shows an 

F1 
F2 F1 

F2 
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example of the theoretical calculations and experimental results of mass flow rate of the 

compressed air when flows through a control valve at 72.5 Psi supply pressure. As can be 

seen from Figure 2.7, the mass flow rate of the compressed air is nonlinear. A good 

mathematical model that can adequately describe behavior of the compressed air is thus 

needed [1].   

 

(a) 

 

(b) 

Figure 2.7: Theoretical and experimental mass flow rates at 72.5 Psi (gauge) supply pres-

sure: (a) supply pressure to control valve, (b) flow versus pressure ratio for spool dis-

placement, 𝑥𝑣 = 0.23mm (reproduced from [11]). 

            



2.2 Challenges  14 

 

 

The second problem associated with controlling the pneumatic systems is the uncertain-

ties in parameters and/or model characterizing the dynamics of pneumatic systems. Both 

types of uncertainty if not properly accounted, can impose strong adverse effects on the 

control system. Parametric uncertainty enters into the mathematical model from various 

sources. It may come from the model parameters that are the inputs to the mathematical 

model but their exact values are unknown or impossible to be acquired in a real-life ap-

plication. It may also arise because of inability to infer exact values of the parameters. In 

addition, parametric uncertainty may also come from the variability of input variables of 

the model. The effect of parametric uncertainty can be exemplified by taking variation in 

temperature during operation of pneumatic systems. Air is composed of approximately 

78% nitrogen, 21% oxygen and 1% of some fourteen other gases by volume. Although 

the composition remains substantially the same between sea level and at altitude of up to 

20 km, its density varies as pressure and temperature changes. When the temperature 

changes, value of the mean velocity of gas molecules also change. Consequently, the rate 

of collision that is responsible for the pressure exerted by air is modified. Hence, as tem-

perature influences the pressure and air density, consistency in system’s performance is 

affected. Besides, parametric uncertainty also affects the accuracy of the pneumatic mod-

el. For example, an accurate model of pressures inside the cylinder chambers is difficult 

to achieve as air temperature varies considerably during the charging and discharging 

processes of pneumatic cylinder [12]. Both processes were found to be neither isothermal 

nor adiabatic but somewhere in between. Similarly, as the sliding piston seals soften at a 

higher temperature [1], effect of friction in the pneumatic actuators is also changing and 

become less predictable. Measuring the temperature variations during operations by 

means of temperature sensors is possible, but will increase the cost of pneumatic systems 

and therefore is undesirable. Model uncertainty (also known as structural uncertainty) 

causes inadequacy, bias and discrepancy in the employed mathematical model. It origi-

nates from the lack of knowledge of the underlying true physics or from the purposeful of 

a simplified representation of the system’s dynamics. This type of uncertainty depends 

upon how close a mathematical model is to the true system in a real-life application, re-

specting the fact that mathematical models are always approximations to real systems. An 
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example, would be a model describing the process of a free falling object neglecting dy-

namics of air resistance. The model itself is inaccurate and contains unmodeled dynam-

ics, since it does not account for air resistance which always exists. In this case, even if 

all other parameters are known in the model, a discrepancy still lies between the model 

and true physics. Implementing highly accurate nonlinear models may be possible; but it 

is undesirable since the complexity as well as number of the immeasurable parameters 

will be tremendously increased [13]. To deal with this issue, a controller that is robust 

and able to maintain performance of the system in the presence of parametric and model 

uncertainties is necessary.   

     The third issue related to pneumatic systems is friction. Friction is an impediment to 

servo control and if it is not properly dealt with, will substantially degrade performance 

of the pneumatic systems. Hysteresis, instability, slow response, large tracking and 

steady-state errors, and limit cycles are among the adverse effects created by friction. In 

pneumatic cylinder, friction occurs as a result of relative motion between the contacting 

surfaces of cylinder wall and piston-rod’s seals. Similarly, in pneumatic artificial mus-

cles, a relative motion between the air tight inner rubber tube and flexible hollow braided 

mesh (membrane) construction causes friction (also called thread-to-thread friction [14]). 

In order to effectively deal with the adverse effect of friction, it is important to first un-

derstand its phenomenon.  

     Friction is created as a result of relative motion between the surface contacts. The 

phenomenon can be explained using different friction models as proposed in the literature 

[15-17]. In this thesis, the Stribeck friction model shown in Figure 2.8 is used, as it can 

sufficiently describe the friction phenomenon. With reference to Figure 2.8, friction is 

said to be in a static friction regime before the motion commences. In this regime, friction 

is referred as static friction and is determined by a very small displacement between the 

contacting surfaces. The relative motion between the contracting surfaces in this regime 

is considered to be zero. As an actuating force becomes greater than the static friction, a 

relative motion commences and friction enters into the dynamic regime. In this regime, 

friction is referred as dynamic friction (also known as Coulomb friction) and is a function 

of relative velocity of the contracting surfaces. Note that, the Stribeck friction model as-
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sumes that engineering surfaces are lubricated, which is true for most engineering appli-

cations. Hence, unlike friction models of dry and unlubricated contacting surfaces, which 

has discontinuous [16] transition, the transition from static into dynamic friction regime 

in Stribeck model takes place in a continuous form with its magnitude continuously de-

creasing while the relative velocity of contacting surfaces continuously increasing [15]. 

This phenomenon is known as Stribeck effect and the resulting continuous transition 

curve in referred as Stribeck curve. As a result of changes in friction magnitude, a stick-

slip motion is created. In pneumatic systems, stick-slip motion commonly occurs at the 

beginning of actuators’ motion and when the actuators move at very low speed. This re-

duces the ability of controllers to accomplish an accurate position control of pneumatic 

actuators as well as preventing a consistent and repeatable performance. For further phys-

ical understanding of friction behavior, refer to Appendix A1.  

     Conventionally, the effect of friction can be reduced by increasing the stiffness of the 

control mechanisms [15, 16]. However, due to the compliance nature of the pneumatical-

ly operated system, an alternative approach based on friction compensation techniques is 

always preferred [15, 18-20]. These techniques which are based on the knowledge of 

suitable friction model, predict the real friction presents in the actuators and then supplies 

the controller with the corresponding control effort for an appropriate control action.  

 

Figure 2.8: Stribeck friction model. 
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2.3 Control Strategies 

The control of pneumatic systems can be achieved using two major approaches. The first 

approach is to use a linear control method augmented by additional schemes such as 

adaptive [21-24], fuzzy logic [25-27], gain scheduling [28-30] and neural network [31-

33]. These schemes help linear controllers deal with nonlinearities by modulating the 

controller parameters. The effectiveness of these schemes, however, is restricted by the 

slow updating of controller parameters in comparison to the relatively fast nonlinear dy-

namics of the systems [34]. As a result, only limited compensation can be achieved and 

performance of the systems may show significant degradation or instability as the sys-

tems rely on a linearized model which is inaccurate. 

     The second approach is to implement a nonlinear controller. There are three main ad-

vantages of using the nonlinear over the linear controller: (1) consistent performance up-

on larger operation range can be achieved due to the employment of a more accurate non-

linear model, (2) applicable to non-linearizable systems with discontinuous behavior and 

(3) provide high tolerance to uncertainties as these problems are intentionally accounted 

and incorporated in the controller [35]. Derivation of the nonlinear controllers can be ac-

complished through a traditional Lyapunov design method. In the Lyapunov design 

method, a scalar positive energy-like function, 𝑉(𝒙), of the system states, 𝒙, called con-

trol Lyapunov function (CLF) is first formulated. An appropriate control law that satisfies 

the Lyapunov stability criteria to make the CLF decreases along the system trajectories is 

then chosen. Figure 2.9 illustrates the CLF, 𝑉(𝒙), of two state variables 𝑥1 and 𝑥𝑠 plotted 

in a 3-dimensional space. The CLF, 𝑉(𝒙), typically corresponds to a surface looking like 

an upward cup with the lowest point of the cup located at the origin. As the states, 𝒙, 

moves towards the equilibrium point at the origin, the CLF contour curves also move to 

the corresponding lower values of 𝑉(𝒙). This indicates that the energy is dissipated from 

the system and stability condition will be eventually achieved.  
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Figure 2.9: Illustration of Lyapunov stability criteria satisfied Control Lyapunov Function 

(CLF) (reproduced from [35]). 

The drawback of the traditional Lyapunov design method is that, it is difficult to find the 

suitable control law that satisfies Lyapunov stability criteria of the system as this method 

solely relies on one’s intuition and experiences. Therefore, this method is only suitable 

for systems with the order of one or two (i.e., the control input can be separated from the 

output of interest by one or two integrations). For systems with higher order, the design 

obstacle can be avoided via order reduction [36]. The traditional Lyapunov design meth-

od can then be applied on the cascading lower-order subsystems. Such a control approach 

is called cascade control and had been introduced for servo control of pneumatic actuator 

by Guenther et al. [18]. Figure 2.10 shows a pneumatic system described as two inter-

connected subsystems, that is, pneumatic and mechanical. The mechanical subsystem is 

assumed to be driven by a force generated from the pneumatic subsystem. 

 

Figure 2.10: Pneumatic system in cascading representation (reproduced from [18]). 
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Alternative to the cascade control method is to use the well-established nonlinear control-

ler design procedure called backstepping. Introduced by Kristic et al. [37], the backstep-

ping procedure enables application of the traditional Lyapunov design method to be ex-

tended to a nonlinear system with higher-order. The procedure provides a recursive de-

sign methodology for the construction of both controllers and associated CLFs in a sys-

tematic manner [38]. The procedure begins by first defining a scalar equation of the out-

put of interest which is separated from the control input by a number of integration. A 

suitable virtual control law is then selected to stabilize an appropriate CLF established 

from the corresponding output of interest. The procedure is repeated for the subsequent 

system states until the final control law is determined. Note that, the Lyapunov-based 

controllers synthesized using this procedure are globally stable and capable of asymptoti-

cally tracking of a reference signal [39]. This procedure has been used in [40-42] to con-

struct a nonlinear controller for a servo control of the pneumatic actuators.  

     In general, the performance of nonlinear controllers is superior to the linear ones [43]. 

However, the effectiveness of the controllers heavily relies upon the accuracy of the em-

ployed nonlinear model. Implementing highly accurate nonlinear models even though 

may be possible, it is undesirable since the complexity as well as number of the unmeas-

urable parameters will be tremendously increased [13]. Consequently, simpler nonlinear 

models of pneumatic systems such as those applied in [44-46] are often preferred. To ac-

count for the imprecise model and parametric uncertainty, robust control schemes such as 

sliding mode controls [47-49] and nonlinear adaptive controls [50-52] can be applied or 

incorporated into the control schemes.  

    The concept of sliding mode control (SMC) originates from the variable structure con-

trol (VSC) theory of variable structure systems (VSSs). It was first introduced by Utkin 

in 1977 [53]. The basic idea behind SMC scheme is that the controller is allowed to de-

liberately change its structure, that is, to switch at any instant from one to another set of 

possible functions of the states in order to achieve robust performance with respect to 

bounded modelling imprecision. Using this approach, high performance control systems 

that are reliable can be implemented at low cost [54] and stability of the control systems 

can be preserved. Figure 2.11 shows block diagram of a control system utilizing the SMC 
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scheme. The SMC scheme is composed of a sliding surface, s, and two control compo-

nents: equivalent and robust. The sliding surface represents the dynamics of the control 

systems in which the actuator is supposed to track the desired position trajectory. The 

equivalent control component is similar to a feedback linearizing or inverse control law. 

The robust control component is responsible for dealing with parametric and model un-

certainties. To ensure the system’s trajectory is always on the sliding surface, the applied 

robust control component has to satisfy the sliding condition.  

 

Figure 2.11: Sliding mode control system. 

The sliding condition can be interpreted as a condition where the squared “distance” to 

the surface, as measured by 2s , decreases along all system trajectories as illustrated in 

Figure 2.12. The robust component forces the trajectories outside the sliding surface to-

wards the surface and once on it, the system trajectories will remain there. In short, satis-

fying the sliding condition makes the surface an invariant set and thus guarantees conver-

gence of the system trajectory to the sliding surface. When the system trajectories are on 

the sliding surface, s, the systems are said to be on sliding regime or sliding mode. The 

incorporation of robust control component into SMC controller, however, causes a 

switching phenomenon known as chattering. Figure 2.13 illustrates the chattering phe-

nomenon which is due to the introduction of a discontinuous term across the sliding sur-

face in the SMC control law. In practice, chattering is undesirable as it involves high con-

trol activity and may excite the neglected high frequency dynamics of the system model 

[35]. Chattering can be reduced if not completely eliminated at the expense of less track-

ing precision, by adjusting the boundary layer’s thickness of the switching surface. 
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Therefore, when using the SMC controller, an optimal trade-off between the control 

bandwidth and tracking precision has to be determined. The implementation of SMC con-

troller for servo-pneumatic positioning applications has been documented in [55-57]. 

 

Figure 2.12: Illustration of sliding condition (reproduced from [35]). 

 

Figure 2.13: Illustration of chattering phenomenon caused by control switching (repro-

duced from [35]). 

The adaptive control on the other hand, achieves robustness by estimating the uncertain 

plant parameters or the corresponding controller parameters from the measured system 

signals using an on-line parameter estimator. The estimated parameters are then em-

ployed in the control input computation. There are two main approaches for constructing 

an adaptive controller based on how the on-line parameter estimator (also known as adap-
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tive law) changes the control gains in response to the changes in the plant and disturbance 

dynamics. These approaches are: (1) model-reference adaptive control (MRAC) and (2) 

self-tuning regulator (STR). The MRAC method utilizes a direct control approach where 

the plant model is parameterized in terms of the controller gains. Using this method, the 

parameterized model is estimated directly without intermediate calculations of the plant 

parameter estimates. Adjustment of parameters continues until the tracking errors con-

verge to zero. The MRAC can be schematically represented by Figure 2.14. The control 

system consists of four elements: a plant with unknown parameters, a reference model for 

specifying the desired output of the control system, a control law with adjustable parame-

ters, and an adaptation mechanism for updating the adjustable parameters. The STR on 

the other hand, is realized using indirect control approach. As illustrated in Figure 2.15, 

the plant parameters are estimated on-line and used to calculate the controller gains. Un-

like the MRAC, parameter estimation in the case of STR can be simply understood as the 

process of finding a set of parameters that fits the available input-output data from a plant 

[35]. Example of research works that employed adaptive control approach for servo 

pneumatic system can be found in [58-60]. 

 

Figure 2.14: Model-reference adaptive control system. 
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Figure 2.15: Self-tuning adaptive control system. 

The problem of friction in pneumatic actuators can be dealt by incorporating an appropri-

ate compensation scheme into the control schemes. In many friction compensation tech-

niques, a dynamic friction model is often utilized in comparison to a static friction model. 

This is because, the static friction models although provides good representations for stat-

ic friction, Coulomb friction, and viscous friction, are lacking of the dynamic friction be-

haviors such as Stribeck effect, static friction variation, hysteresis, and friction lag. 

Therefore, to achieve relatively accurate friction compensation and better control perfor-

mances, the dynamic friction models are always preferable. One of the most commonly 

applied friction compensation scheme for servo control of pneumatic actuators is the Lu-

Gre-based friction compensator [18, 19, 61]. This friction compensation scheme is popu-

lar for control applications due to the utilization of a type of dynamic friction model 

called LuGre friction that is capable of: (1) capturing many friction behaviors such as 

Stribeck effect, varying breakaway force and frictional lag, (2) adequately representing 

the real friction behavior that occurs between the lubricated contacting surfaces of pneu-

matic actuators’ components, (i.e., the transition from static to kinetic friction is modelled 

as a continuous process), and (3) providing a dynamic behavior of the friction internal 

state at low-speed motion which is essential for construction of the adaptive laws to com-

pensate the adverse effect of the stick-slip motion. The LuGre friction model is an exten-

sion of the Dahl model and was developed for the purpose of simulating control systems 

with friction. In LuGre friction model, friction on contacting surfaces of two rigid bodies 
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is visualized as elastic bristles [15, 17]. The bristles are assumed to deflect like springs 

when a tangential force is applied as depicted in Figure 2.16.  

 

Figure 2.16: Bristles on contacting surface. 

As the deflection is becoming sufficiently large, the bristles begin to slip. The average de-

flection force of these elastic bristles which is considered as an internal state, z, is used to 

represent friction. The dynamics of the internal state, z, is given as follows. 

�̇� = 𝑣𝑟 − 𝜎0
|𝑣𝑟|

𝑔(𝑣𝑟)
𝑧 

 

(2.1) 

 

where 𝑣𝑟  and 𝜎0 are the relative velocity of sliding surface and stiffness of the bristles, 

respectively. Function 𝑔(𝑣𝑟) which models the Stribeck effect can be expressed as fol-

lows: 

𝑔(𝑣𝑟) = 𝐹𝑐 + (𝐹𝑠 − 𝐹𝑐)𝑒
(−(

𝑣𝑟
𝑣𝑠
)
2
)
 (2.2) 

In equation (2.2), 𝐹𝑠  and 𝐹𝑐 denote the static and Coulomb friction, respectively. 𝑣𝑠 is the 

Stribeck velocity, beyond which the average bristles deflection become sufficiently large 

and breakaway occurs. As the breakaway takes place, friction suddenly drops and stick-

slip motion occurs. The stick-slip motion eventually disappears at the higher relative ve-

locity,𝑣𝑟, as the Coulomb friction,  𝐹𝑐, starts to dominate the Stribeck effect. The total 

friction force for the LuGre friction model including viscous friction, 𝜎2, is given as fol-

lows:  
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𝐹𝑓 = 𝜎0𝑧 + 𝜎1�̇� + 𝜎2𝑣𝑟  (2.3) 

where 𝜎1 is the bristles damping coefficient. The parameters 𝜎0, 𝜎1, and 𝜎2 can be cali-

brated through systematic experimental identifications, which may involve considerable 

work [62]. These parameters may vary slowly as a result of temperature changes, lubrica-

tion conditions, material wear, and the normal acting forces between contact surfaces. In 

real applications however, small changes in the parameters may cause a significant im-

pact on the systems. To overcome this problem, the parameters can be adjusted on-line 

during operation using the aforementioned adaptive control scheme. The remaining pa-

rameters 𝐹𝑠, 𝐹𝑐 , and 𝑣𝑠 on the other hand, are normally estimated by mapping the meas-

ured friction to velocity during the steady-state motions [63]. To incorporate the LuGre-

based friction compensation scheme in the controller, the actuators should be assumed to 

have fast and accurate force response, which is not true for most of the pneumatic actua-

tors. For that, the cascade control strategy as was explained earlier is employed to sepa-

rate the pneumatic system into two subsystems: mechanical and pneumatics. By assum-

ing that the mechanical subsystem is driven by a force generated from the pneumatic sub-

system, the LuGre-based friction compensation scheme can then be applied at the force 

level without having to make any assumption about the actuator force response [18]. 

     The advantages offered by the nonlinear controllers presented earlier can be obtained 

and realized using a control algorithm called dynamical adaptive backstepping-sliding 

mode control (DAB-SMC). Proposed by Rios-Bolivar [64], the DAB-SMC scheme is a 

combination of dynamical adaptive law, backstepping, cascade and sliding mode control. 

It was originally developed to simulate regulation of chemical processes having uncer-

tainties [65]. Although good tracking performance was reported [66], as the study only 

involved simulations, the controller lacked of any experimental validation to prove its ca-

pability on the real physical systems. To the best of author knowledge, the practical im-

plementation of the DAB-SMC scheme for servo positioning of pneumatic actuators is 

also lacking. Liang He [67] was the first to adopt DAB-SMC scheme for such an applica-

tion, that is, servo positioning of a double-rod, double-acting, pneumatic cylinder. In his 

attempt, Liang had demonstrated that better performance can be achieved with the DAB-
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SMC scheme than when using the individual cascade, backstepping and sliding mode 

control schemes. Nevertheless, his work was also limited to simulation and thus lack of 

any practical value. In this thesis, the work of Liang He [67] is extended to servo posi-

tioning of two different pneumatic actuators: (1) a single-rod, double-acting pneumatic 

cylinder, and (2) antagonistically paired pneumatic artificial muscles. Unlike the work of 

Liang He [67], the performance of the DAB-SMC scheme is evaluated using both simula-

tion and experiments. Implementing the DAB-SMC scheme on such actuators, however, 

introduces new challenges that need to be carefully considered. The challenges include 

increases in complexity of the controller derivation as the mathematical model represent-

ing a single-rod, double-acting pneumatic cylinder and antagonistically paired pneumatic 

artificial muscles are more intricate than the double-rod, double-acting pneumatic cylin-

der. Furthermore, determination of parameters associated with pneumatic muscles are 

relatively difficult than the cylinder. Besides, unlike the DAB-SMC scheme employed in 

[67], two sets of LuGre-based friction observer are required to monitor thread-to-thread 

frictions occur in each of the two pneumatic muscles, in order to account for the hystere-

sis behavior. In addition, the tuning of controller gains also requires more rigorous efforts 

as the DAB-SMC scheme is experimentally evaluated. This is because, the DAB-SMC 

scheme is now subject to more uncertainties (experiment and interpolation) and non-

idealities (limited precision and noisy feedback signals of position encoder and pressure 

transducers) of the test rig. The experimental uncertainty (also known as observation er-

ror) comes from the variability of experimental measurements. The experimental uncer-

tainty is inevitable and can be noticed by repeating a measurement for many times using 

exactly the same settings for all inputs/variables. Interpolation uncertainty on the other 

hand, occurs as a result of a lack of available data collected from experimental measure-

ments. For input settings that do not have enough experimental measurements, one must 

interpolate or extrapolate in order to predict the corresponding responses. The interpola-

tion uncertainty can be observed during the conversion of position feedback from posi-

tion encoder into the velocity and acceleration information.   
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2.4 Summary 

In this chapter, architecture of a typical servo-pneumatic positioning system is introduced 

and its operating principle is described. Challenges associated with the pneumatic sys-

tems that hinder controllers from achieving good positioning performance are also ex-

plained. In addition, relevant control strategies are reviewed. In the following chapter, de-

scription of the test rig developed for performance evaluation of the considered control-

lers is presented. Derivation of mathematical model of the corresponding servo pneumat-

ic systems using appropriate physical laws is also given.   
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Chapter 3 

Experimental Test Rig and Modelling 

This chapter describes the experimental test rig and the corresponding mathematical 

model. In Section 3.1, the description of experiment test rig which is developed to facili-

tate performance evaluation of the considered control schemes for servo-pneumatic posi-

tioning applications is given in detail. Section 3.2 shows derivation of the mathematical 

model required for designing the control schemes. The derived mathematical model is 

then expressed in a standard control canonical form in Section 3.3. Section 3.4 summa-

rizes the chapter.  

3.1 Description of Test Rig 

An experimental test rig as shown in Figure 3.1 has been developed to facilitate the per-

formance evaluation of different control schemes applied to servo-pneumatic positioning 

systems. The test rig has been designed in such a way that the actuator-valve setups can 

be reconfigurable. For that, a modular design approach, which allows for functional parti-

tioning between the modules, has been utilized. With this flexibility, the performance of 

the control schemes operated under different actuator-valve setups, similar to what could 

be found in the literature can be studied. The test rig consists of five modules: air service 

unit, actuator, control valve, sensors and information processing unit. The relationship 

between the modules can be illustrated using a mechatronic system representation shown 
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in Figure 3.2. The red (solid) and green (dash) arrows represent the flow of energy 

(pneumatic and mechanical) and information (electrical), respectively. With reference to 

Figure 3.2, the air service unit is used to ensure the quality of compressed air is at an ac-

ceptable level and meets the requirements of standard pneumatic operation. The control 

valve is utilized to regulate the mass flow rate of compressed air into and out of the ac-

tuator. The actuator will then convert the potential energy of compressed air into the cor-

responding kinetic energy of mechanical motion. Sensors gather information on the state 

of the actuator. The information will be used in the information processing unit to deter-

mine an appropriate control input to the control valve(s) module. 

 

Figure 3.1: Overall view of experimental test rig. 

 
Figure 3.2: Mechatronic system representation of experimental test rig. 
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3.1.1 Air service unit 

The air service unit consists of four components: air filter, mist separator, pressure regu-

lator and air reservoir. Figure 3.3 shows a close-up view of the air service unit including 

its schematic diagram. The air filter and mist separator responsible for removing all the 

contaminants and moisture of the compressed air coming from the pressure supply. The 

pressure regulator keeps the operating pressure along the pneumatic lines at the desired 

level. Air reservoir on the other hand, assists the pressure regulator to reduce pressure 

fluctuations during system operations. Table 3.1 lists details of the components. 

Table 3.1: Components in air service unit. 

Item Component Maker Model 

1. Air filter SMC Pneumatics  AF20-N02C-CZ [68] 

2. Mist separator SMC Pneumatics AFM20-N02-CZ [69] 

3. Pressure regulator SMC Pneumatics ITV1050-31N2CS4-Q [70] 

4. Air reservoir FESTO Inc. CRVZS-0.75 [71] 

 

 

(a) 

 

(b) 

Figure 3.3: Air service unit: (a) close-up view, (b) schematic diagram. 

(4) (3) 

(1) (2) 
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3.1.2 Control valve module 

The control valve module shown in Figure 3.4 is equipped with proportional and servo 

valve. In this thesis however, only proportional valves of 5/3-way, 3/2-way and 2/2-way 

are utilized. The valves are of spool type and arranged in three most commonly used cir-

cuit configurations. Schematic diagrams of the respective circuit configuration including 

picture of the utilized valve are shown in Figure 3.5. The first circuit configuration con-

sists of one 5/3-way valve while the second and third are established using two 3/2-way 

and four 2/2-way valves, respectively. Table 3.2 lists details of the valves.  

 

Figure 3.4: Close-up view of control valve module. 

 

Table 3.2: Components in control valve module. 

Item Component Maker Model 

1. 5/3-way proportional  FESTO  MPYE-5-1/8-LF-010-B [72] 

2. 3/2-way proportional  SMC  VEF3121-4 [73] 

3. 2/2-way proportional  SMC  VEF2121-3 [73] 
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(a) 

                 

(b) 

     

(c) 

Figure 3.5: Circuit configurations: (a) one 5/3-way valve, (b) two 3/2-way valves, (c) four 

2/2-way valves. 
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3.1.3 Actuator module 

Two types of actuators are provided in the actuators module: pneumatic cylinder and 

pneumatic artificial muscles (PAMs). Figure 3.6 shows a close-up view of the actuator 

setup including its schematic diagram. The setup consists of a pneumatic cylinder, two 

PAMs and a beam that provides connection to an external mass. It has been designed in 

such a way that the actuators can be operated independently or cooperatively for position-

ing tasks. With reference to Figure 3.6, positioning of the mass is achieved as the cylin-

der’s rod extending or retracting due to the pressures difference between the cylinder’s 

chambers. In the case of PAMs, positioning is accomplished as one of the PAMs is pres-

surized while the other is depressurized simultaneously to create a coordinated motion. 

Note that, during the positioning tasks, a load originated from the external mass influ-

ences the control operations by either assisting or resisting the motion of actuators. Figure 

3.7 shows how the force/torque from the load changes its mode of operation in four-

quadrant workspace for both actuators. The external load assists motion of the actuators 

in Quadrants 1 and 3 while resists in Quadrants 2 and 4. Evaluating performance of the 

control schemes under such condition is desirable as it often encountered in practical ap-

plications such as in the case robot manipulators. Table 3.3 lists details of the provided 

actuators.   

 

Table 3.3: Components in actuator module. 

No. Component Maker Model 

1 Pneumatic cylinder  FESTO  DNC-40-303-PPV [74] 

2 Pneumatic artificial muscle  FESTO  DMSP-40-238N-RM-CM [75] 
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(a) 

 

(1) Pneumatic cylinder                       (2)  Pneumatic artificial muscles 

(3) Pressure transducer                       (4)  Position encoder 

(b) 

Figure 3.6: Actuators module: (a) close-up view, (b) schematic diagram. 

(1) 

(2) 

(3) 

(4) 

Frame #1 

Base 

Beam 

Frame #2 

Shaft #2 

Shaft #1 

Rod 
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(a) 

 

 (b) 

Figure 3.7: External load in four-quadrant workspace: (a) pneumatic cylinder, (b) pneu-

matic artificial muscles. 
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3.1.4 Sensors module 

The sensors module is equipped with two types of sensor: rotary encoder and pressure 

transducer. Figure 3.6 shows how the sensors are attached to the actuators. The encoder 

has a resolution of 0.3 degree. The control board used in the test rig (see next section) in-

terpolates (at 1000Hz) between the two steps of encoder readings, thus, enhancing the 

resolution to 0.0003 degree. The pressure transducers on the other hand, are applied to 

measure pressures inside the actuators. Both information are required by the control 

schemes to achieve the positioning tasks. Table 3.4 lists details of the sensors.   

Table 3.4: Components in sensors module. 

No. Component Maker Model 

1 Rotary encoder  BOURNS  ENC1J-D28-L00128L [76] 

2 Pressure transducer  ASHCROFT T27M0210E0200#G [77] 

3.1.5 Information processing unit 

The information processing unit is a place where the control schemes are implemented. It 

is also a platform in which interfacing with the test rig takes place. Figure 3.8 illustrates 

architecture of the information processing unit used in this thesis. The architecture em-

ploys two computers wherein one functions as a host machine while the other acts as a 

target machine. The host machine has a 2.99GHz of CPU clock rate (Intel Core2 Duo), 

4GB of RAM and runs on Windows 7 operating system. It is installed with 

Matlab/Simulink software and QuaRC Simulink Development Environment (SDE) [78] 

from QUANSER. The Matlab/Simulink is used to implement the control schemes. The 

QuaRC SDE which is a real-time control package on the other hand, is required to gener-

ate real-time codes of the created MATLAB/Simulink models. The target machine has a 

935MHz of CPU clock rate (Intel Pentium III), 64MB of RAM and runs on QNX Neutri-

no real-time operating system (RTOS) [79]. It is installed with QuaRC target manager 

which is needed to run the generated codes of MATLAB/Simulink models, downloaded 

from the host machine. The QNX RTOS ensures that these models are executed in a real-
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time (i.e., within the allotted time span) manner. The target machine is interfaced with the 

test rig through a High-Performance Hardware-in-the-Loop (H.I.L) Control Board. Ana-

log inputs of the terminal board are used to obtain information from the pressure trans-

ducers. The control signals to the control valves are sent through the analog output. The 

encoder input is used to acquire information from the position encoder. Note that, all 

communication between the host and the target machine are established through a Local 

Area Network (LAN) using Transmission Control Protocol/Internet Protocol (TCP/IP). 

This implies that the test rig can be remotely controlled and monitored from anywhere 

provided there is an internet connection between the two machines. 

    

Figure 3.8: Architecture of information processing unit. 

3.2 Mathematical Model  

The experimental test rig described earlier can be represented in a schematic diagram 

shown in Figure 3.9. For computer simulation and controller design purposes, a mathe-

matical model of the actuator and control valve modules are required. The actuator and 

control valve modules which constitute plant of the servo-pneumatic system can be de-

picted in a functional block diagram of Figure 3.10. With reference to Figure 3.10, the 

plant operates when the valve(s) is subject to valve commands, 𝑢𝑣. Changes in the valve 

spool, 𝑥𝑣, position allows the valve(s) to modulate the mass flow rates, �̇�, of compressed 
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air from the pressure supply into and out of the actuator. Consequently, an unbalanced 

force/torque is created due to the pressure difference between the pneumatic cylinder’s 

chambers and inside the muscles. Positioning of the piston, 𝑥𝑝, and shaft, 𝜃𝑠, can thus be 

respectively achieved. Mathematical model of the plant that includes all the existing non-

linearities can be represented using five dynamic equations [34]: (1) valve dynamics; (2) 

flow dynamics; (3) pressure dynamics; (4) force dynamics and (5) load dynamics. 

 

Figure 3.9: Schematic of experimental test rig. 

 

Figure 3.10: Functional block diagram of plant. 
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3.2.1 Valve dynamics 

The relationship between the valve command and the valve spool according to a relevant 

manufacture’s literature can be adequately modeled using the first-order dynamic equa-

tion as follows [80]: 

�̇�𝑣 = −
𝑥𝑣
𝜏
+
𝑘𝑣
𝜏
𝑢𝑣 (3.1) 

where τ and 𝑘𝑣 are the time constant and spool gain, respectively. The displacement of 

valve spool determines the valve orifice area, 𝐴𝑣. As the valves are of proportional-type, 

the following linear equation is used to relate the orifice area, 𝐴𝑣, to the valve spool dis-

placement, 𝑥𝑣:  

𝐴𝑣 = 𝑤𝑥𝑣 (3.2) 

where w  is the orifice area gradient of the corresponding valves. 

3.2.2 Flow dynamics 

Opening of the valve orifice allows the mass flow rate of compressed air to pass through 

a valve from either the pressure supply to the actuator or vice versa. The mass flow rate is 

a nonlinear function of multiple variables, that is, upstream pressure, 𝑃𝑑, downstream 

pressure, 𝑃𝑑, and valve orifice area, 𝐴𝑣. It can be expressed as follows:  

�̇�𝑖(𝑖=1,2) = 𝐴𝑣𝜓𝑖(𝑖=1,2)(𝑃𝑢,𝑃𝑑) (3.3) 

where 𝜓𝑖(𝑖=1,2)(𝑃𝑢,𝑃𝑑) is the normalized mass flow rate of the fixed area of valve orifice. 

The subscript 𝑖 = 1,2 represents the cylinder chamber/muscle 1 and 2, respectively. Dur-

ing charging, the upstream pressure, 𝑃𝑢, is equivalent to the supply pressure, 𝑃𝑠, while the 

downstream pressure, 𝑃𝑑, is corresponding to the pressure inside the cylinder cham-

ber/muscle, 𝑃𝑖. In the case of discharging, the upstream pressure, 𝑃𝑢, becomes pressure 

inside the cylinder chamber/muscle, 𝑃𝑖,  and the downstream pressure, 𝑃𝑑, is the atmos-

pheric pressure, 𝑃𝑎𝑡𝑚. The switching between the charging and discharging of the actua-
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tor chambers depends on the sign of the valve orifice area, 𝐴𝑣, and can be mathematically 

described as follows: 

𝜓𝑖(𝑖=1,2)(𝑃𝑢,𝑃𝑑) = {
𝜓(𝑃𝑠,𝑃𝑖(𝑖=1,2))       , 𝐴𝑣 ≥ 0       (charging)

𝜓(𝑃𝑖(𝑖=1,2),𝑃𝑎𝑡𝑚) , 𝐴𝑣 < 0 (discharging)
 (3.4) 

As the charging and discharging of the actuators occur simultaneously, equation (3.4) can 

be rewritten as follows: 

�̇�1 =     𝐴𝑣𝜓1(𝑃𝑢,𝑃𝑑)

�̇�2 = −𝐴𝑣𝜓2(𝑃𝑢,𝑃𝑑)
 (3.5) 

Based on the previous work [11], the normalized mass flow rate, 𝜓𝑖(𝑖,1,2)(𝑃𝑢,𝑃𝑑) of the 

applied control valve can be sufficiently expressed using a nonlinear model proposed by 

Sanville [81]. The model can be expressed as follows: 

Ψ𝑖(𝑖=1,2)(𝑃𝑢, 𝑃𝑑)

=

{
 
 

 
 𝐶𝑑𝑃𝑢

√𝑇
√
𝛾

𝑅
(

2

𝛾 + 1
)

(𝛾+1) (𝛾−1)⁄

,
𝑃𝑑
𝑃𝑢
≤ 𝑃𝑐𝑟  (sonic)       

𝐶𝑑𝑃𝑢

√𝑇
√
𝛾

𝑅
(

2

𝛾 + 1
)

(𝛾+1) (𝛾−1)⁄

√1 − (
𝑃𝑑 𝑃𝑢 − 𝑃𝑐𝑟⁄

1 − 𝑃𝑐𝑟
)

(𝛾−1) 𝛾⁄

,
𝑃𝑑
𝑃𝑢
> 𝑃𝑐𝑟 (subsonic)

 

(3.6) 

where 𝑇 is the absolute temperature of the air and 𝐶𝑑 is the discharge coefficient of valve 

orifice. γ and R denote the ratio of specific heats and ideal gas constant, respectively. 𝑃𝑐𝑟 

is the critical pressure which differentiates between the sonic and subsonic flow regimes. 

In sonic (chocked flow) regime, where the pressure ratio, 𝑃𝑑 𝑃𝑢⁄ , is less than or equal to 

the critical pressure, the flow depends only on the upstream pressure. The valve orifice 

area at this regime is said to be saturated. As the pressure ratio goes beyond the critical 

pressure, the mass flow rate enters into a subsonic (unchocked flow) regime and become 

a function of both upstream and downstream pressures.  
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3.2.3 Pressure dynamics 

Pressure varies as the mass flow rate of compressed air is charging and discharging into 

and out of the actuators. The charging process can be best described by an adiabatic pro-

cess whereby the discharging is isothermal [82, 83]. However, the practical difference be-

tween the two models is small and can thus be negligible [84]. To model the pressure dy-

namics inside the actuator chambers, a brief review of thermodynamics is necessary. As-

suming: (i) the gas is ideal, (ii) the pressures and temperature are homogenous, and (iii) 

the kinetic and potential energy are negligible, pressure dynamics inside one of the cylin-

der chambers/muscles can be modeled using the ideal gas law (equation of state), conser-

vation of mass (continuity) and energy equations. The resulting pressure differential 

equation can be applied equally to the other chamber/muscle. The ideal gas law for a con-

trol volume of cylinder chamber/muscle, V, can be written as: 

𝑃𝑉 = 𝑚𝑅𝑇 (3.7) 

where P is the pressure and m is the mass of the air inside the cylinder chamber/muscle. 

Alternatively, the ideal gas law given in Eq. (3.7) can also be expressed in terms of the air 

density, ρ: 

𝑃 = 𝜌𝑅𝑇 (3.8) 

The ideal gas constant, R, is related to specific heat by the following equation: 

𝑅 = 𝑐𝑝 − 𝑐𝑣 (3.9) 

where the terms 𝑐𝑝 and 𝑐𝑣 are defined as specific heats at constant volume and pressure, 

respectively. Using conservation of mass (continuity) equation given as follows: 

�̇� =
𝑑

𝑑𝑡
(𝜌𝑉) (3.10) 

the mass flow rate of air entering and leaving the cylinder chamber/muscle can be ex-

pressed as: 
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�̇�𝑖𝑛 − �̇�𝑜𝑢𝑡 = �̇�𝑉 + 𝜌�̇� (3.11) 

The rate of change in internal energy �̇�, of air inside the cylinder chamber/muscle can be 

expressed using the following energy equation [82]: 

�̇� =
𝑑

𝑑𝑡
(𝑐𝑣𝜌𝑉𝑇) = 𝑐𝑝�̇�𝑇 − 𝑃�̇� + �̇� (3.12) 

The 𝑐𝑝�̇�𝑇 term in equation (3.12) represents the energy of air flows into and out of the 

actuators, 𝑃�̇� is the rate of change in the work and �̇� is the rate of heat transfer across the 

actuators’ wall. 

    Assuming that both the charging and discharging process are adiabatic, that is, �̇� = 0, 

equation (3.12) can then be rewritten as: 

�̇� =
𝑑

𝑑𝑡
(𝑐𝑣𝜌𝑉𝑇) = 𝑐𝑝�̇�𝑇 − 𝑃�̇� (3.13) 

Substituting equation (3.8) into (3.13) yields 

𝑑

𝑑𝑡
(
𝑐𝑣
𝑅
𝑃𝑉) = 𝑐𝑝�̇�𝑇 − 𝑃�̇� (3.14) 

Expanding the term on the left-hand side of equation (3.14) yields:  

𝑐𝑣
𝑅
(�̇�𝑉 + 𝑃�̇�) = 𝑐𝑝�̇�𝑇 − 𝑃�̇� (3.15) 

Rearranging equation (3.15), the pressure dynamics inside the cylinder chamber/muscle 

can be expressed as: 

�̇� =
𝑐𝑝𝑅𝑇

𝑐𝑣𝑉
�̇� −

𝑅

𝑐𝑣
(1 +

𝑐𝑣
𝑅
)
𝑃

𝑉
�̇� (3.16) 

 

Note that in an adiabatic process, 𝑐𝑝 and 𝑐𝑣 can be expressed as the ratio of specific heat 

as follows: 

𝛾 =
𝑐𝑝

𝑐𝑣
 (3.17) 
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Given the relationships in equations (3.9) and (3.17), equation (3.16) can be simplified as 

follows: 

�̇� =
𝛾𝑅𝑇

𝑉
�̇� −

𝛾𝑃

𝑉
�̇� (3.18) 

The volume, 𝑉, and volumetric change rate, �̇�, of the cylinder’s chamber and muscle in 

equation (3.18) can be determined as follows: 

(i) Pneumatic cylinder 

Figure 3.11 shows a schematic diagram of the pneumatic cylinder setup. By taking the 

datum of piston displacement, 𝑥𝑝, at the middle of cylinder stroke, volume, 𝑉𝑖(𝑖=1,2), of 

both cylinder chambers can be expressed as: 

𝑉1 = 𝑉01 + 𝐴1 (
𝐿

2
+ 𝑥𝑝)

𝑉2 = 𝑉02 + 𝐴2 (
𝐿

2
− 𝑥𝑝)

 (3.19) 

where 𝑉01 and 𝑉02 denote the fixed volumes of compressed air trapped in the pneumatic 

tubes between the valve(s) and the respective cylinder chambers. 𝐴𝑖(𝑖=1,2) is the piston 

annulus area and L is the length of full cylinder stroke. The volumetric change rate 

�̇�𝑖(𝑖=1,2), on the other hand, can be obtained by taking the first time derivative of equation 

(3.19): 

�̇�1 =     𝐴1�̇�𝑝 

�̇�2 = −𝐴2�̇�𝑝 
 (3.20) 

where �̇�𝑝 is the velocity of piston. Substituting equations (3.19) and (3.20) into equation 

(3.18), the final equations representing pressure dynamics inside both cylinder chambers 

can be written as follows: 
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�̇�1 =
𝛾𝑅𝑇

𝑉01 + 𝐴1 (
𝐿
2 + 𝑥𝑝)

�̇�1 −
𝛾𝑃𝐴1

𝑉01 + 𝐴1 (
𝐿
2 + 𝑥𝑝)

�̇�𝑝 

�̇�2 =
𝛾𝑅𝑇

𝑉02 + 𝐴2 (
𝐿
2 − 𝑥𝑝)

�̇�2 +
𝛾𝑃𝐴1

𝑉01 + 𝐴1 (
𝐿
2 − 𝑥𝑝)

�̇�𝑝 

 (3.21) 

 

 

Figure 3.11: Setup of pneumatic cylinder. 

(ii) Pneumatic artificial muscles 

Figure 3.12 shows schematic diagram of the pneumatic artificial muscles (PAMs) setup 

and its simplified geometrical model. The model is used to calculate volume, 𝑉, and vol-

umetric change rate, �̇�, of the PAMs. Assuming the thread of braided mesh is inextensi-

ble and its length stays constant (𝑏0 = 𝑏 = constant), volume, 𝑉, of each PAM can be 

calculated using the simplified geometrical model of Figure 3.12(b) as follows:  

𝑉 =
1

4
𝜋𝐷2𝐿 (3.22) 
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where L is the length of PAM and D is the diameter. The terms L and D can be expressed 

as a function of thread angle, θ, as follow: 

𝐿 = 𝑏𝑐𝑜𝑠𝜃 (3.23) 

𝐷 =
𝑏𝑠𝑖𝑛𝜃

𝑛𝜋
 (3.24) 

n in equation (3.24) is the number of thread’s turns. Substituting equations (3.23) and 

(3.24) into equation (3.22), the volume, 𝑉, of each PAM can be expressed as follows: 

𝑉 =
𝑏3

4𝜋𝑛2
𝑠𝑖𝑛2𝜃𝑐𝑜𝑠𝜃 =

𝑏3

4𝜋𝑛2
(1 − 𝑐𝑜𝑠2𝜃)𝑐𝑜𝑠𝜃 (3.25) 

Length of the PAMs, 𝐿𝑖 (𝑖=1,2), can also be expressed as a function of shaft angular dis-

placement, 𝜃𝑠, (see Figure 3.12(a)) as follows: 

𝐿1 = 𝐿0 − 𝑟𝑠𝜃𝑠cos (𝜙𝑠 − 𝜃𝑠)
𝐿2 = 𝐿0 + 𝑟𝑠𝜃𝑠cos (𝜙𝑠 + 𝜃`𝑠)

 (3.26) 

where 𝑟𝑠 and 𝐿0 are the radius of the shaft and initial length of PAMs at rest, respectively. 

The term 𝜙𝑠  ≈ 0.8727 rad is the inclination angle of PAMs when the shaft is at its initial 

position, that is, 𝜃𝑠 = 0. Since the thread angle, θ, is not a measurable state variable of 

the system, the term 𝑐𝑜𝑠𝜃 ins equation (3.23) can better be expressed as a function of 

shaft angular displacement, 𝜃𝑠. Substituting equation (3.26) into Eq. (3.23), the term 𝑐𝑜𝑠𝜃 

for both PAMs can be rewritten as follows: 

𝑐𝑜𝑠𝜃1 = 𝐿1/𝑏
𝑐𝑜𝑠𝜃2 = 𝐿2/𝑏

 (3.27) 

where 𝜃1 and 𝜃2 are the thread angle of PAM 1 and 2, respectively.  



3.2 Mathematical Model  46 

 

 

 
 

                              (a)                                                                          (b)  

Figure 3.12: Pneumatic artificial muscles: (a) setup, (b) simplified geometrical model. 

Substituting equation (3.27) into (3.25), the volumes of PAM 1 and 2 can thus be ex-

pressed as follows:  

𝑉1 =
𝐿1[𝑏

2 − 𝐿1
2]

4𝜋𝑛2

𝑉2 =
𝐿2[𝑏

2 − 𝐿2
2]

4𝜋𝑛2

 (3.28) 

Taking the first time derivative of equation (3.28), volumetric change rate, �̇�𝑖(𝑖=1,2) for 

both PAMs can be expressed as follows: 

�̇�1 = −
[𝑏2 − 3𝐿1

2]

4𝜋𝑛2
𝑟𝑠�̇�𝑠 (cos(𝜙𝑠 − 𝜃𝑠) + 𝜃𝑠 sin(𝜙𝑠 − 𝜃𝑠))

�̇�2 =    
[𝑏2 − 3𝐿2

2]

4𝜋𝑛2
𝑟𝑠�̇�𝑠 (cos(𝜙𝑠 + 𝜃𝑠) − 𝜃𝑠 sin(𝜙𝑠 + 𝜃𝑠))

 (3.29) 

where �̇�𝑠 is the angular velocity of shaft. Substituting equations (3.28) and (3.29) into 

equation (3.18) the final equations representing pressure dynamics inside both PAMs are: 
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�̇�1 =
4𝛾𝑅𝑇𝜋𝑛2

𝐿1(𝑏2 − 𝐿1
2)
�̇�1 +

𝛾𝑃1(𝑏
2 − 3𝐿1

2)𝑟𝑠�̇�𝑠 (cos(𝜙𝑠 − 𝜃𝑠) + 𝜃𝑠 sin(𝜙𝑠 − 𝜃𝑠))

𝐿1(𝑏2 − 𝐿1
2)

�̇�2 =
4𝛾𝑅𝑇4𝜋𝑛2

𝐿2(𝑏2 − 𝐿2
2)
�̇�2 −

𝛾𝑃2(𝑏
2 − 3𝐿2

2)𝑟𝑠�̇�𝑠(cos(𝜙𝑠 + 𝜃𝑠) − 𝜃𝑠 sin(𝜙𝑠 + 𝜃𝑠))

𝐿2(𝑏2 − 𝐿2
2)

 (3.30) 

3.2.4 Force dynamics 

The equations representing force dynamics of the actuators are derived as follow. 

(i) Pneumatic cylinder 

Due to the pressure difference between the cylinder chambers, a corresponding actuating 

force, 𝐹𝑎, is created. The force can be expressed as follows: 

𝐹𝑎 = 𝑃1𝐴1 − 𝑃2𝐴2 (3.31) 

(ii) Pneumatic artificial muscles 

Likewise, pressurizing the pneumatic muscles creates a corresponding contracting force. 

As the muscles are attached to a shaft that can freely rotate, the unbalanced contracting 

forces created between the muscles produces a corresponding actuating torque, 𝑇𝑎 (see 

Figure 3.12(a)). The torque, 𝑇𝑎, can be expressed as follows:  

𝑇𝑎 = 𝐹1𝑟𝑠cos (𝜙𝑠 − 𝜃𝑠) − 𝐹2𝑟𝑠cos (𝜙𝑠 + 𝜃𝑠) (3.32) 

where 𝐹1and 𝐹2 are the contracting forces of PAMs 1 and 2, respectively. In this thesis, 

the PAMs forces, 𝐹1 and 𝐹2 are derived using a model proposed by Chou and Hannaford 

[14]. Note that, the same model was also applied by Shen in his work [34]. The model is 

derived based on a simplified geometrical model of PAM (see Figure 3.12(b)) using a 

principle of virtual work. The derivation starts by assuming the change in input work, 

𝑊𝑖𝑛, is perfectly converted into the change in output work, 𝑊𝑖𝑛, as follows: 

𝑑𝑊𝑜𝑢𝑡 = 𝑑𝑊𝑖𝑛 (3.33) 
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The terms 𝑑𝑊𝑜𝑢𝑡 and  𝑑𝑊𝑖𝑛 represent works related to force-length and pressure-volume 

processes, respectively. They can be mathematically expressed as follows: 

𝑑𝑊𝑜𝑢𝑡 = −𝐹𝑑𝐿 (3.34) 

                  𝑑𝑊𝑖𝑛 = (𝑃 − 𝑃𝑎𝑡𝑚)𝑑𝑉 (3.35) 

Substituting equations (3.34) and (3.35) into (3.33) and rearrange it, yields the following 

expression: 

𝐹 = −(𝑃 − 𝑃𝑎𝑡𝑚)
𝑑𝑉

𝑑𝐿
 (3.36) 

Alternatively, equation (3.36) can also be expressed as follows: 

𝐹 = −(𝑃 − 𝑃𝑎𝑡𝑚)
𝑑𝑉/𝑑𝜃

𝑑𝐿/𝑑𝜃
 (3.37) 

Taking the first derivative of equation (3.25) with respect to thread angle, 𝜃, yields:  

𝑑𝑉

𝑑𝜃
=
𝑏3𝑠𝑖𝑛𝜃

4𝜋𝑛2
(3𝑐𝑜𝑠2𝜃 − 1) (3.38) 

Similarly, taking the first derivative of equation (3.23) with respect to thread angle, 𝜃, 

yields:  

𝑑𝐿

𝑑𝜃
= −𝑏𝑠𝑖𝑛𝜃 (3.39) 

Substituting equation (3.38) and (3.39) into (3.37), a general equation describing con-

tracting force of the PAMs is obtained: 

𝐹 =
𝑏2(3𝑐𝑜𝑠2𝜃 − 1)

4𝜋𝑛2
(𝑃 − 𝑃𝑎𝑡𝑚) (3.40) 

Replacing the term 𝑐𝑜𝑠𝜃 with equation (3.27), the contracting forces for both PAMs can 

be expressed as follows.  
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𝐹1 =
[3𝐿1 − 𝑏

2]

4𝜋𝑛2
(𝑃1 − 𝑃𝑎𝑡𝑚)

𝐹2 =
[3𝐿2 − 𝑏

2]

4𝜋𝑛2
(𝑃2 − 𝑃𝑎𝑡𝑚)

 (3.41) 

Substituting equation (3.41) into (3.32), the actuating torque, 𝑇𝑎, can now be expressed as 

follows: 

𝑇𝑎 =
[3𝐿1 − 𝑏

2]𝑟𝑠cos (𝜙𝑠 − 𝜃𝑠)(𝑃1 − 𝑃𝑎𝑡𝑚)

4𝜋𝑛2

−
[3𝐿2 − 𝑏

2]𝑟𝑠cos (𝜙𝑠 + 𝜃𝑠)(𝑃2 − 𝑃𝑎𝑡𝑚)

4𝜋𝑛2
 (3.42) 

3.2.5 Load dynamics 

(i) Pneumatic cylinder 

Cylinder’s piston moves as a result of the actuating force, 𝐹𝑎. The piston dynamics can be 

represented in the following equation: 

𝑀�̈�𝑝  = 𝐹𝑎 − 𝑃𝑎𝑡𝑚𝐴𝑟 − (𝐹𝑓 + 𝐹𝐿) (3.43) 

where M  is the total mass including external mass, beam, piston and rod. �̈�𝑝 signifies the 

acceleration of piston. 𝐴𝑟 = 𝐴1 − 𝐴2 denotes the cross-sectional area of the piston rod.  

𝐹𝑓 is the friction while 𝐹𝐿 is the force originating from the external mass attached to the 

beam (see Figure 3.11). In this thesis, a well-established LuGre friction model is chosen 

to represent the friction. The model is chosen as it is capable of capturing most of the 

friction characteristics such as the Stribeck effect, hysteresis, varying break-away force 

and frictional lag. Furthermore, LuGre friction model is well-suited for control applica-

tions as it can be easily incorporated into the controllers and uses as friction compensator 

[61]. The LuGre model visualizes friction as two rigid bodies that make contact through 

elastic bristles [15, 17] (refer to Figure 2.16). The total friction force, 𝐹𝑓, including the 

viscous friction presents in the pneumatic cylinder can be described as follows: 

𝐹𝑓 = 𝜎0𝑧 + 𝜎1�̇� + 𝜎2�̇�𝑝 (3.44) 
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where 𝜎0 and 𝜎1 are the spring and damping coefficient of bristles, respectively. 𝜎2 

signifies the viscous friction coefficient and 𝑧 is the internal state of bristles. The average 

deflection of bristles, �̇�, can be expressed as follows: 

�̇� = �̇�𝑝 −
|�̇�𝑝|

𝑔(�̇�𝑝)
𝑧 (3.45) 

where 𝑔(�̇�𝑝) is a continuous decreasing function of �̇�𝑝 describing the Stribeck effect. The 

function is given as follows: 

𝑔(�̇�𝑝) =
1

𝜎0
(𝐹𝑐 + (𝐹𝑠 − 𝐹𝑐)𝑒

−(
�̇�𝑝
𝑣𝑠
)
2

) (3.46) 

In equation (3.46), 𝐹𝑠  and 𝐹𝑐 denote the static and Coulomb friction, respectively. 𝑣𝑠 is the 

Stribeck velocity, beyond which the average bristles deflection become sufficiently large 

and break-away occurs. This results in a sudden drop of friction. Note that, as the piston 

velocity, �̇�𝑝, increases, Stribeck effect is eventually dominated by Coulomb friction, 𝐹𝑐. 

     The external load, 𝐹𝐿, on the other hand, can be represented using the following math-

ematical equation.  

𝐹𝐿 = {

−𝑀𝑔
𝑟𝑏

(𝑟𝑎 + 𝑟𝑏)
|𝑠𝑖𝑛(𝑥𝑝 𝑟𝑏⁄ )cos (𝜙𝑝 + 𝑥𝑝 𝑟𝑏⁄ )| for Q1 and Q2

   𝑀𝑔
𝑟𝑏

(𝑟𝑎 + 𝑟𝑏)
|𝑠𝑖𝑛(𝑥𝑝 𝑟𝑏⁄ )cos (𝜙𝑝 + 𝑥𝑝 𝑟𝑏⁄ )| for Q3 and Q4

 (3.47) 

where 𝑔 represents the gravity. 𝜙𝑝  ≈ 0.2618 rad is the inclination angle when the piston 

is at the initial position, that is, at the middle of cylinder stroke. 𝑟𝑎 and 𝑟𝑏 denote the 

length from the external mass to the actuator and from the actuator to position encoder, 

respectively. Note that, the magnitude and direction of the external load, 𝐹𝐿, in equation 

(3.47) varies as the piston moves from one quadrant to the other. 

(ii) Pneumatic artificial muscles 

The actuating force, 𝑇𝑎, rotates a shaft in which the muscles are attached. The shaft’s dy-

namics can be described in the following equation: 
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𝐼�̈�𝑠 = 𝑇𝑎 − (𝑇𝑓 + 𝑇𝐿) (3.48) 

where �̈�𝑠  is the shaft angular acceleration and 𝐼 represents the total moment of inertia of 

the attached mass, shaft and beam. 𝑇𝑓 and 𝑇𝐿 represent torques due to friction inside the 

PAMs and load originating from the external mass, respectively. The frictional torque, 

𝑇𝑓, can be represented as follows:  

𝑇𝑓 = 𝐹𝑓1𝑟𝑠𝑐𝑜𝑠(𝜙𝑠 − 𝜃𝑠) + 𝐹𝑓2𝑟𝑠𝑐𝑜𝑠(𝜙𝑠 + 𝜃𝑠) (3.49) 

Similar to the pneumatic cylinder, the LuGre friction model is utilized to represent the 

friction inside the PAMs. The total friction force, 𝐹𝑓𝑖(𝑖=1,2), presents inside each PAM in-

cluding the viscous effect can be described as follows: 

𝐹𝑓1 = 𝜎0𝑧𝑓1 + 𝜎1�̇�𝑓1 + 𝜎2𝑟𝑠�̇�𝑠𝑐𝑜𝑠(𝜙𝑠 − 𝜃𝑠)

𝐹𝑓2 = 𝜎0𝑧𝑓2 + 𝜎1�̇�𝑓2 + 𝜎2𝑟𝑠�̇�𝑠𝑐𝑜𝑠(𝜙𝑠 + 𝜃𝑠)
 (3.50) 

The average deflection of bristles, �̇�𝑓𝑖 (𝑖=1,2), for both muscles can be mathematically 

described as follows. 

�̇�𝑓1 = 𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠) −
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
𝑧𝑓1

�̇�𝑓2 = 𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠) −
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
𝑧𝑓2

 (3.51) 

where the functions 𝑔𝑓𝑖(𝑖=1,2)(�̇�𝑠), describing the Stribeck effect are given as follows: 

𝑔𝑓1(�̇�𝑠) =
1

𝜎0
(𝐹𝑐 + (𝐹𝑠 − 𝐹𝑐)𝑒

−(
𝑟𝑠�̇�𝑠 cos(𝜙𝑠−𝜃𝑠)

𝑣𝑠
)

2

)

𝑔𝑓2(�̇�𝑠) =
1

𝜎0
(𝐹𝑐 + (𝐹𝑠 − 𝐹𝑐)𝑒

−(
𝑟𝑠�̇�𝑠 cos(𝜙𝑠+𝜃𝑠)

𝑣𝑠
)

2

)

 (3.52) 

On the other hand, the external torque,  𝑇𝐿, with the magnitude and direction varies as the 

load moves from one quadrant to another can be represented as follows: 
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𝑇𝐿 = {
−𝑀𝑔|𝑠𝑖𝑛(𝜃𝑠)|(𝑟𝑎 + 𝑟𝑏)  for Q1 and Q2

   𝑀𝑔|𝑠𝑖𝑛(𝜃𝑠)|(𝑟𝑎 + 𝑟𝑏)  for Q3 and Q4
 (3.53) 

3.3 Representation in Standard Control Canonical Form 

The dynamics of the plant derived previously can be expressed in a standard control 

canonical form as follows:  

𝑥(𝑛) = 𝑓(𝒙) + 𝑏(𝒙)𝑢 (3.54) 

where scalar 𝑥 is the controlled variable and superscript n is order of the system. 𝑢 is the 

control input to valve and 𝒙 corresponds to the state vector. 𝑓(𝒙) and 𝑏(𝒙) represent the 

nonlinear functions of the system dynamics and control gain, respectively. The following 

subsections describes the procedure to represent the plant in a standard control canonical 

form. 

(i)  Pneumatic cylinder 

To incorporate the pressure dynamics of equation (3.21) into the piston dynamics, 

equation (3.43) is differentiated. Differentiating equation (3.31) and substituting it into 

the previously differentiated equation (3.43) yields the following expression: 

𝑀𝑥𝑝 = �̇�1𝐴1 − �̇�2𝐴2 − (�̇�𝑓 + �̇�𝐿) (3.55) 

where 𝑥𝑝 is the jerk motion of the piston. Equation (3.21) of pressure dynamic can now 

be substituted into (3.55) to yield the following expression: 

𝑥𝑝 =
𝐶1
𝑀
�̇�1 −

𝐶2
𝑀
�̇�2 −

𝐾

𝑀
�̇�𝑝 −

(�̇�𝑓 + �̇�𝐿)

𝑀
 (3.56) 

where 

𝐶1 =
𝛾𝑅𝑇𝐴1

𝑉01 + 𝐴1 (
𝐿
2 + 𝑥𝑝)

 (3.57) 
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𝐶2 =
𝛾𝑅𝑇𝐴2

𝑉02 + 𝐴2 (
𝐿
2 − 𝑥𝑝)

 (3.58) 

and 

𝐾 = 𝛾(
𝑃1𝐴1

2

𝑉01 + 𝐴1 (
𝐿
2 + 𝑥𝑝)

+
𝑃2𝐴2

2

𝑉02 + 𝐴2 (
𝐿
2 − 𝑥𝑝)

) (3.59) 

Substituting equation (3.5) into (3.56) yields 

𝑥𝑝 =
(𝐶1𝜓1 + 𝐶2𝜓2)

𝑀
𝐴𝑣 −

𝐾

𝑀
�̇�𝑝 −

(�̇�𝑓 + �̇�𝐿)

𝑀
 (3.60) 

Equation (3.60) represents the third order system. The nonlinear dynamic of pneumatic 

cylinder can then be rewritten in the standard control canonical form as follows: 

𝑥𝑝 = 𝑓(𝒙) + 𝑏(𝒙)𝐴𝑣 (3.61) 

where  

𝑓(𝒙) = −
𝐾

𝑀
�̇�𝑝 −

(�̇�𝑓 + �̇�𝐿)

𝑀
 (3.62) 

and 

𝑏(𝒙) =
(𝐶1𝜓1 + 𝐶2𝜓2)

𝑀
 (3.63) 

The state vector, 𝒙, of equation (3.61) consists of position, velocity and acceleration of 

the cylinder piston, as well as pressures inside both cylinder’s chambers. 

𝒙 = [𝑥𝑝 �̇�𝑝 �̈�𝑝 𝑃1 𝑃2]
𝑇
 (3.64) 

(ii) Pneumatic artificial muscles 

Differentiating equation (3.48) yields: 

𝐼𝜃𝑠 = �̇�𝑎 − (�̇�𝑓 + �̇�𝐿) (3.65) 
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where 𝜃𝑠 is the jerk angular motion of shaft. Differentiating equation (3.32) and 

substituting into (3.65) yields:  

𝜃𝑠 =
1

𝐼
(�̇�1 𝑟𝑠cos(𝜙𝑠 − 𝜃𝑠) + 𝐹1𝑟𝑠𝑠𝑖𝑛(𝜙𝑠 − 𝜃𝑠)�̇�𝑠 − �̇�2 𝑟𝑠cos(𝜙𝑠 + 𝜃𝑠)

+ 𝐹2𝑟𝑠𝑠𝑖𝑛(𝜙𝑠 + 𝜃𝑠)�̇�𝑠 − (�̇�𝑓 + �̇�𝐿)) (3.66) 

where the terms �̇�1 and �̇�2 are obtained by differentiating equation (3.41) and given as 

follows: 

�̇�1 = [
3𝐿1

2 − 𝑏2

4𝜋𝑛2
] �̇�1 −

3𝐿1(𝑃1 − 𝑃𝑎𝑡𝑚)𝑟𝑠�̇�𝑠(cos(𝜙𝑠 − 𝜃𝑠) + 𝜃𝑠 sin(𝜙𝑠 − 𝜃𝑠))

2𝜋𝑛2

�̇�2 = [
3𝐿2

2 − 𝑏2

4𝜋𝑛2
] �̇�2 +

3𝐿2(𝑃2 − 𝑃𝑎𝑡𝑚)𝑟𝑠�̇�𝑠(cos(𝜙𝑠 + 𝜃𝑠) − 𝜃𝑠 sin(𝜙𝑠 + 𝜃𝑠))

2𝜋𝑛2

 (3.67) 

Substituting equations (3.30) of pressure dynamic and (3.67) into (3.66) yields:  

𝜃𝑠 =
𝐶1
𝐼
�̇�1 −

𝐶2
𝐼
�̇�2 −

𝐾

𝐼
�̇�𝑠 −

(�̇�𝑓 + �̇�𝐿)

𝐼
 (3.68) 

where 

𝐶1 =
𝛾𝑅𝑇(3𝐿1

2 − 𝑏2)𝑟𝑠𝑐𝑜𝑠(𝜙𝑠 − 𝜃𝑠)

𝐿1(𝑏2 − 𝐿1
2)

 (3.69) 

𝐶2 =
𝛾𝑅𝑇(3𝐿2

2 − 𝑏2)𝑟𝑠𝑐𝑜𝑠(𝜙𝑠 + 𝜃𝑠)

𝐿2(𝑏2 − 𝐿2
2)

 (3.70) 

and  

  𝐾 =
3𝑟𝑠

2 cos(𝜙𝑠 − 𝜃𝑠)𝐿1(𝑃1 − 𝑃𝑎)(cos(𝜙𝑠 − 𝜃𝑠) + 𝜃𝑠 sin(𝜙𝑠 − 𝜃𝑠))  

2𝜋𝑛2
  

         +
3𝑟𝑠

2𝑐𝑜𝑠(𝜙𝑠 + 𝜃𝑠)𝐿2(𝑃2 − 𝑃𝑎)(cos(𝜙𝑠 + 𝜃𝑠) − 𝜃𝑠 sin(𝜙𝑠 + 𝜃𝑠))

2𝜋𝑛2
 

+  
𝛾𝑃1𝑟𝑠

2cos (𝜙𝑠 − 𝜃𝑠)(3𝐿1
2 − 𝑏2)

2
(cos(𝜙𝑠 − 𝜃𝑠) + 𝜃𝑠 sin(𝜙𝑠 − 𝜃𝑠))

4𝜋𝑛2𝐿1(𝑏2 − 𝐿1
2)

+
𝛾𝑃2𝑟𝑠

2 cos(𝜙𝑠 + 𝜃𝑠)(3𝐿2
2 − 𝑏2)

2
(cos(𝜙𝑠 + 𝜃𝑠) − 𝜃𝑠 sin(𝜙𝑠 + 𝜃𝑠))

4𝜋𝑛2𝐿2(𝑏2 − 𝐿2
2)

−
𝑟𝑠[(3𝐿1

2 − 𝑏2)(𝑃1 − 𝑃𝑎)𝑠𝑖𝑛(𝜙𝑠 − 𝜃𝑠) + (3𝐿2
2 − 𝑏2)(𝑃2 − 𝑃𝑎)𝑠𝑖𝑛(𝜙𝑠 + 𝜃𝑠)]

4𝜋𝑛2
 (3.71) 



3.4 Summary  55 

 

 

Substituting equation (3.5) into (3.68) yields: 

𝜃𝑠 =
(𝐶1𝜓1 + 𝐶2𝜓2)

𝐼
𝐴𝑣 −

𝐾

𝐼
�̇�𝑠 −

(�̇�𝑓 + �̇�𝐿)

𝐼
 (3.72) 

The nonlinear dynamic of muscles which is also third order can then be rewritten in a 

standard control canonical form as follows: 

𝜃𝑠 = 𝑓(𝜽) + 𝑏(𝜽)𝐴𝑣 (3.73) 

where 

𝑓(𝜽) = −
𝐾

𝐼
�̇�𝑠 −

(�̇�𝑓 + �̇�𝐿)

𝐼
 (3.74) 

and 

𝑏(𝜽) =
(𝐶1𝜓1 + 𝐶2𝜓2)

𝐼
 (3.75) 

The state vector, 𝜽, of equation (3.73) can be identified as angular position, angular 

velocity and angular acceleration of the shaft as well as pressure in the two PAMs. 

𝜽 = [𝜃𝑠 �̇�𝑠 �̈�𝑠 𝑃1 𝑃2]
𝑇
 (3.76) 

3.4  Summary 

In this chapter, an experimental test rig developed to facilitate performance evaluation of 

control schemes for servo-pneumatic positioning applications was described. A mathe-

matical model of the plant which reflects the valve-actuator setup of the test rig was de-

rived using the relevant governing physical laws. The derived plant model was expressed 

in a standard control canonical form. It is highly nonlinear due to the friction, pressure 

and flow dynamics. This suggests the control of the pneumatic system can be better 

achieved using nonlinear control schemes rather than the linear one. The derived mathe-

matical model will be used in the subsequent chapter for controller design. 
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Chapter 4 

Pneumatic Simulator 

This chapter describes the development of a pneumatic simulator that is capable of simu-

lating actuator-valve setups similar to the experimental test rig described previously. The 

main objective for developing the simulator is to assist performance evaluation of various 

control schemes including those developed in this thesis. The simulator also helps other 

researchers who do not have access to the experimental test rig, examine their controllers 

in simulation. For that, a user-friendly graphical user interface (GUI) that allows easy use 

of the simulator is provided. The general architecture of the simulator is described in Sec-

tion 4.1. Section 4.2 illustrates the layout of the GUI. A simulation program that is re-

sponsible for executing the simulation model is explained in Section 4.3. In Section 4.4, 

the MATLAB Executable-file (MEX-file) gateway routine which is used to establish 

communication between the GUI and simulation program is described. Section 4.5 out-

lines the process for running the simulator. Validation of the mathematic model including 

parameters used in the simulation model is provided in Section 4.6 

4.1 General Architecture 

Figure 4.1 shows architecture of the developed pneumatic simulator. The simulator con-

sists of three main components: (i) Graphical User Interface (GUI), (ii) simulation pro-

gram, and (iii) MATLAB Executable-file (MEX-file) gateway routine. The GUI is devel-
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oped using MATLAB Graphical User Interface Development Environment (GUIDE) 

platform. Through the GUI, simulation process including task selection, parameters en-

tering and simulation commencement can be accomplished in a very effective way. In 

addition, information provided by the GUI, in the form of graphs, assists users in analyz-

ing performance of the simulated servo-pneumatic positioning system. The simulation 

program on the other hand, is a place where simulation model of the considered servo-

pneumatic positioning systems is located. The program which is coded in C programming 

language is also responsible for execution of the model. Communication between the 

GUI and simulation program is established through a MEX-file gateway routine.  

     The simulation process starts with the compilation of related C program files which 

then is converted into the corresponding MEX files. Parameters provided by users in the 

GUI are then passed to the MEX files through the gateway routine. Subsequently, com-

putation of the simulation model is performed. Upon completion, the simulator then gen-

erates the corresponding results in the form of excel files. The results depict performance 

of the evaluated controller on the selected actuator-valve setup. The simulator uses the 

available information from the generated excel files and presents it to users in the form of 

graph plots.  

4.2 Layout of Graphical User Interface  

Figure 4.2 shows layout of the Graphical User Interface (GUI) developed for the simula-

tor. The layout consists of seven selection modules: (1) actuator, (2) friction model, (3) 

control valve, (4) compressed air properties, (5) type of control system, (6) controller, 

and (7) input signal. 

4.2.1 Actuator selection 

With reference to Figure 4.3, setup of each actuator offered in the simulator can be seen 

by clicking on the “View actuator setup” push button. Parameters related to the selected 

actuator can be entered by clicking on the “Actuator parameters” push button. Clicking 
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the “Confirm values” push button located at the bottom of actuator parameters window 

changes the background color of “parameter confirmation” textbox from red to green. 

This indicates that all the necessary parameters have been correctly entered. As can be 

seen in Figure 4.3, the simulator provides users with the default value for each parameter 

of the selected actuator. The values are obtained from the actual actuator used in the ex-

perimental test rig. 

 

Figure 4.1: Architecture of pneumatic simulator. 
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Figure 4.2: Graphical user interface. 

  

Figure 4.3: Actuator selection module. 
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4.2.2 Friction model selection 

The default friction model provided by the simulator for both actuators (pneumatic cylin-

der and pneumatic muscle) is the LuGre friction. Parameters of the friction can be entered 

by clicking on the “Friction parameters” push button (see Figure 4.4). The simulator also 

allows users to use a self-customized friction model written in C programming language. 

For that, users have to use the provided template shown in Figure 4.5. In addition, a sim-

pler friction model called Karnopp is also included in the options when users choose to 

use a pneumatic cylinder as an actuator. Description about Karnopp friction model can be 

found in Appendix A.2. 

 

Figure 4.4: Friction model selection module. 
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Figure 4.5: Template for using customize friction model. 

4.2.3 Control valve selection 

The Control valve selection module offers simulation using proportional or solenoid 

(PWM-controlled) valves. These valves are available in three different configurations: (1) 

One five-port, three-position (5/3-way) proportional (Configuration 1), (2) two 3/2-way 

proportional (Configuration 2a), (3) two 3/2-way solenoid (Configuration 2b), (4) four 

2/2-way proportional (Configuration 3a), and (5) four 2/2-way solenoid (configuration 

3b). With reference to Figure 4.6, setup of the selected l valve configuration can be 

viewed by clicking on “View valve configuration setup” push button. Again, by clicking 

on the “Control valve parameters” button, parameters of the selected valve configuration 

can be entered. 
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Figure 4.6: Control valve selection module. 

4.2.4 Compressed air properties 

With reference to Figure 4.7, the simulator provides users with the default values of com-

pressed air parameters. Users, however, can easily change the value of each parameter. 

4.2.5 Type of control system 

The simulator provides two types of simulation: (1) closed-loop control, and (2) open-

loop response. The closed-loop control is offered for users to evaluate performance of the 

control schemes understudy. The open-loop response on the other hand, is used to ob-

serve the dynamics of the pneumatic system of interest. In this thesis, the open-loop re-

sponse is used to validate the simulation model. This is to ensure the employed model is 

sufficiently accurate to represent the real physical experimental test rig. In addition, the 
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simulator also provides users with the block diagram of the selected system type. To view 

the block diagram, click on the “View system setup” push button and a window as shown 

in Figure 4.8 will appear. 

 

 

Figure 4.7: Compressed air properties module. 
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Figure 4.8: Type of control system module. 

4.2.6 Controller selection 

The simulator offers four control schemes for performance evaluation. These control 

schemes are: (1) Proportional+Integral+Derivative (PID), (2) Sliding Mode Control 

(SMC), (3) Backstepping-Sliding Mode Control (B-SMC) and (4) Dynamical Adaptive 

Backstepping-Sliding Mode Control (DAB-SMC). Note that, the B-SMC is the DAB-

SMC with deactivated friction observer. Description of each control scheme will be pro-

vided in the next chapter. Also, the simulator provides default values of the controller 

gains for each control scheme. The values were determined through controller tuning 

process and confirmed by the experimental results conducted on the test rig. Neverthe-

less, users can freely change the values by clicking on the “Controller parameters” push 

button shown in Figure 4.9. In addition, users can also use their custom developed con-
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troller written in a C programming language. This can be done using the provided custom 

controller template as shown in Figure 4.10. 

4.2.7 Input signal selection 

Two input signals that cover different scenario of position tracking and regulating are of-

fered in the simulator: There are: (1) sinusoidal with constant/decreasing amplitude, and 

(2) multiple-step polynomial trajectory. The sinusoidal input signal is used to evaluate 

tracking performance. The multiple-steps polynomial input is utilized for regulating per-

formance evaluation. Upon clicking on the “Input signal parameters” push button, an in-

put signal parameter window as shown in Figure 4.11 will appear. Users can change the 

input parameters accordingly. 

 

Figure 4.9: Controller selection module. 
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Figure 4.10: Template for custom controller. 

 

Figure 4.11: Input signal selection module. 
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4.3 Simulation Program 

The simulation program is a place where the simulation model is located and is responsi-

ble for simulating the servo-pneumatic positioning system of interest. With reference to 

Figure 4.12, the simulation program is organized into several function modules to allow 

easy debugging, testing and modification of the program. Fourth-order Runge-Kutta 

method with a fixed integration time step of 1ms was used for integration of the differen-

tial equations describing the model.  

 

Figure 4.12: Simulation program 
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4.4 MEX-File Gateway Routine 

Communication between the GUI and simulation program is established through 

MATLAB Executable-file (MEX-file). MEX-file provides a gateway routine for the sim-

ulator to call the compiled simulation program dynamically just exactly like the 

MATLAB built-in functions. It also allows the parameters entered by the users in the 

GUI to be directly passed without having to rewrite the simulation program as M-files.  

To create a MEX-File, a gateway routine called mexFunction has to be defined (see Fig-

ure 4.13). The gateway routine acts as an entry point for the GUI to pass the parameters 

to the simulation program.  

 

Figure 4.13: MEX-File gateway routine. 
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4.5 Simulation Run 

The simulation can only be run after parameters in each module have been correctly and 

completely entered. Upon completion of the simulation, a window depicting a simulation 

result in the form of graph plots will appear (see Figure 4.14). The window contains eight 

graphs: (1) actuator position vs time, (2) actuator velocity vs time, (3) tracking error vs 

time, (4) chamber pressures vs Time, (5) external load vs time, (6) friction vs actuator ve-

locity, (7) input signal vs time, (8) controller output vs time, and (9) valve command vs 

time. 

 

Figure 4.14: Typical simulation result. 
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4.6 Validation of Simulation Model 

To run the simulation, parameters of the system are required. The parameters provided in 

the simulator were obtained from either the relevant previous works [80, 85, 86] or from 

the available manufacturer catalogs [72-75]. Using these parameters, simulation model of 

the considered servo-pneumatic positioning system is validated. This is accomplished by 

comparing the simulation and experimental results of an open-loop response of the servo 

system.  

     Figures 4.15 to 4.17 show comparison between the simulation and experimental re-

sults of an open-loop response for a pneumatic cylinder subject with a sinusoidal input. 

The mass flow rate of compressed air into and out of the cylinder is regulated using pro-

portional control valve of 5/3-way, 3/2-way and 2/2-way configurations. The figures 

which depict cylinder position, velocity and pressure in both chambers, represent the best 

possible comparison after undertaking a recursive parameters adjustment process. In gen-

eral, a good agreement between the simulation and experimental results were achieved.  

     Figures 4.18 to 4.20 show comparison between the simulation and experimental re-

sults of an open-loop response for the pneumatic artificial muscles. Likewise, the simula-

tion and experimental results were observed to have a good agreement with each other for 

all three valve configurations. Table 4.1 lists the parameters and their nominal value used 

in validating the simulation model. 

   Plot of supply pressure for typical experiments shown in Figures 4.15 and 4,18 are also 

provided as is seen in Figure 4.21. The incorporation of air reservoir in the test rig helps 

to reduce the pressure fluctuation. 
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Figure 4.15: Open-loop response of pneumatic cylinder regulated by 5/3-way valve: (a) 

actuator position, (b) actuator velocity, (c) pressure in chamber 1, (d) pressure in chamber 

2. 
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Figure 4.16: Open-loop response pneumatic cylinder regulated by 3/2-way valves: (a) ac-

tuator position, (b) actuator velocity, (c) pressure in chamber 1, (d) pressure in chamber 

2. 
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Figure 4.17: Open-loop response of pneumatic cylinder regulated by 2/2-way valves: (a) 

actuator position, (b) actuator velocity, (c) pressure in chamber 1, (d) pressure in chamber 

2. 
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Figure 4.18: Open-loop response of pneumatic artificial muscles regulated by 5/3-way 

valve: (a) shaft angular position, (b) shaft angular velocity, (c) pressure inside muscle 1, 

(d) pressure inside muscle 2. 
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Figure 4.19: Open-loop response of pneumatic artificial muscles regulated by 3/2-way 

valves: (a) shaft angular position, (b) shaft angular velocity, (c) pressure inside muscle 1, 

(d) pressure in muscle 2. 
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Figure 4.20: Open-loop response of pneumatic artificial muscles regulated by 2/2-way 

valves: (a) shaft angular position, (b) shaft angular velocity, (c) pressure inside muscle 1, 

(d) pressure inside muscle 2. 
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Table 4.1: System parameters. 

Parameter Description         Value Unit 

Pneumatic cylinder: 

𝑀𝑝 Mass of beam, piston and rod 6 kg 

A1 Piston effective area – side #1 12.6 x 10-4 m2 

A2 Piston effective area – side #2 10.6 x 10-4 m2 

V01 Inactive volume – chamber #1 2.52 x 10-5 m3 

V02 Inactive volume – chamber #2 2.12 x 10-5 m3 

L Piston stroke length 0.303 m 

ra Beam length 1 0.36 m 

rb Beam length 2 0.41 m 

Pneumatic artificial muscles: 

I Inertia of shaft and beam 1.3 kg m2 

𝐿0 PAM initial length 0.238 m 

𝑏 Thread length 0.387 m 

n Number of thread turns 2 - 

𝑟𝑠 Shaft radius 0.0762 m 

Control valve: 

w Valve orifice area gradient 22.6 x 10-3 m2/m 

Kv Valve spool position gain   

                                0.25 x 10-3 (5/3-way), 0.32x 10-3 (3/2-way and 2/2-way)      m/V 

Cd Valve coefficient of discharge   

                                  0.18 (5/3-way), 0.2 (3/2-way and 2/2-way) - 

τ Time constant   

                        0.0042 (5/3-way), 0.0189 (3/2-way and 2/2-way) s 

Compressed air: 

Ps Supply pressure 0.6 MPa 

Patm Atmospheric pressure 0.1 MPa 

R Ideal gas constant 287 J/kg 

K 

γ Ratio of specific heats 300 K 

Pcr Critical pressure ratio 0.528 - 

Friction: 

𝜎0 Spring constant 3000 (cylinder), 10000 (PAMs) N/m 

𝜎1 Damping coefficient 93.13 Ns/m 

𝜎2 Viscous coefficient 40 (cylinder), 15 (PAMs) Ns/m 

𝑣𝑠 Stribeck velocity 0.02 m/s 

Fs Static friction 38.5 (cylinder), 10 (PAMs) N 

Fc Coulomb friction 32.9 (cylinder), 20 (PAMs) N 

PAMs, pneumatic artificial muscles. 
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(a) 

  
(b) 

Figure 4.21: Supply pressure pertaining experiments shown in (a) Figure 4.15, (b) Figure 

4.18 

4.7 Summary 

The pneumatic simulator developed during the course of this research was presented in 

this chapter. The simulator is equipped with a feature that enables users to use their own 

custom friction model and controllers. The simulation model including the parameters 

employed in the simulator was experimentally validated. The simulation results of open-

loop responses were observed to be closely matched with the one obtained from the ex-

periments. The results confirm that the simulator is sufficiently accurate to simulate the 

actuator-valve setups of the experimental test rig. The simulator will be used to assist per-

formance evaluation of the controllers considered in this thesis. The results obtained from 

the simulator will be utilized as a preliminary finding before embarking to experimental 

evaluation on the experimental test rig for confirmation. 
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Chapter 5 

Controllers Design 

This chapter focuses on the design of proposed model-based, nonlinear controller known 

as Dynamical Adaptive Backstepping–Sliding Mode Control (DAB-SMC) for servo-

pneumatic positioning applications. In addition, other control schemes considered for per-

formance comparison with the DAB-SMC are also presented in this chapter. In Section 

5.1, the widely used Proportional+Integral+Derivative (PID) controller is briefly de-

scribed. Section 5.2 presents a well-established nonlinear robust controller known as 

Sliding Mode Control (SMC). The design of the aforementioned DAB-SMC is described 

in details in Section 5.3. Summary of the chapter is provided in Section 5.4. 

5.1 Proportional+Integral+Derivative (PID) 

Proportional+Integral+Derivative (PID) controller is a model-free, linear type controller. 

It is the most commonly used controller in industry. The controller is well-accepted for 

its functional simplicity which allows for a straightforward operation. The PID algorithm 

consists of three basic control components, that is, Proportional, Integral and Derivative. 

The gains of each component need to be tuned for an optimal performance. Figure 5.1 

shows block diagram of a closed-loop system utilizing PID controller.   
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Figure 5.1: PID controller. 

The output of PID controller, 𝑢, subjects to the plant can be written in time-domain as 

follows: 

𝑢(𝑡) = 𝐾𝑝𝑒(𝑡) + 𝐾𝐼∫𝑒(𝑡) 𝑑𝑡 + 𝐾𝐷
𝑑𝑒(𝑡)

𝑑𝑡
    (5.1) 

where 𝐾𝑝, 𝐾𝐼 and 𝐾𝐷 are the proportional, integral and derivative gains of the controller, 

respectively. The variable 𝑒(𝑡) represents error between the desired input and output.  

5.2   Sliding Mode Control (SMC) 

Sliding Mode Control (SMC) is one of the well-established and commonly used 

nonlinear robust controller for servo-pneumatic positioning applications. The block 

diagram of a closed-loop system utilizing SMC controller was depicted in Figure 2.11. 

Derivation of the SMC controller adopted in this thesis follows the standard design 

procedure proposed by Slotine and Li [35].  
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5.2.1 Application to pneumatic cylinder 

The derivation of SMC starts by defining the desired sliding surface, s, in which the 

pneumatic cylinder is supposed to track the desired position trajectory, that is, 𝑥𝑝(𝑡) ≡

𝑥𝑑(𝑡). In this thesis, the commonly used integral sliding surface [46] is chosen. The slid-

ing surface is defined as follows:  

 
𝑠 = (

𝑑

𝑑𝑡
+ 𝜆)

3

∫ 𝑒 𝑑𝜏
𝑡

0

= �̈� + 3𝜆�̇� + 3𝜆2𝑒 + 𝜆3∫ 𝑒 𝑑𝑡
𝑡

0

 (5.2) 

where 𝜆 is the positive constant representing the controller bandwidth. 𝑒 is the error 

between actual, 𝑥𝑝, and desired piston position, 𝑥𝑑, and given as follows: 

 𝑒 = 𝑥𝑝 − 𝑥𝑑 (5.3) 

Substituting equation (5.3) into (5.2) and taking the first time derivative of equation (5.2) 

yields: 

 �̇� = 𝑥𝑝 − 𝑥𝑑 + 3𝜆(�̈�𝑝 − �̈�𝑑) + 3𝜆
2(�̇�𝑝 − �̇�𝑑) + 𝜆

3(𝑥𝑝 − 𝑥𝑑) (5.4) 

Substituting equation (3.61) into (5.4) yields 

 �̇� = 𝑓(𝒙) + 𝑏(𝒙)𝐴𝑣 − 𝑥𝑑 + 3𝜆(�̈�𝑝 − �̈�𝑑) + 3𝜆
2(�̇�𝑝 − �̇�𝑑) + 𝜆

3(𝑥𝑝 − 𝑥𝑑) (5.5) 

Considering the uncertainties present in 𝑓(𝒙) and 𝑏(𝒙), the best approximation of a 

continuous control law for the equivalent control component, �̂�𝑣,𝑒𝑞, that would achieve 

�̇� = 0, is 

 
�̂�𝑣,𝑒𝑞 =

𝑥𝑑 − 𝑓(𝒙) − 3𝜆(�̈�𝑝 − �̈�𝑑) − 3𝜆
2(�̇�𝑝 − �̇�𝑑) − 𝜆

3(𝑥𝑝 − 𝑥𝑑)

�̂�(𝒙)
 (5.6) 

where 𝑓(𝒙) and �̂�(𝒙) are the estimates of functions 𝑓(𝒙) and 𝑏(𝒙), respectively. The 

estimation error of both functions is assumed to be bounded by the following conditions:  

 |𝑓(𝒙) − 𝑓(𝒙)| ≤ 𝐹(𝒙) (5.7) 

and   
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𝛽−1 ≤

𝑏(𝒙)

�̂�(𝒙)
≤ 𝛽 (5.8) 

where 𝐹(𝒙) is some known boundary function that limits the estimation error on 𝑓(𝒙) 

and 𝛽 is the gain margin of the designed controller. In order to accommodate the 

uncertainties, a robust control component, 𝐴𝑣,𝑟𝑏 is added to the control law. 

 𝐴𝑣 = �̂�𝑣,𝑒𝑞 + 𝐴𝑣,𝑟𝑏 (5.9) 

In this thesis, a commonly applied robustness control component,𝐴𝑣,𝑟𝑏, defined as 

follows is selected. 

 
𝐴𝑣,𝑟𝑏 = −

𝐺

�̂�(𝒙)
𝑠𝑖𝑔𝑛(𝑠) (5.10) 

where 𝐺 is the robustness gain. "𝑠𝑖𝑔𝑛(∙)" represents the signum function and is defined as 

follows: 

 

𝑠𝑖𝑔𝑛(𝑠) = {
−1 if 𝑠 < 0
0 if 𝑠 = 0
1 if 𝑠 > 0

 (5.11) 

To guarantee convergence of the system trajectory towards the sliding surface, the control 

law, 𝐴𝑣, has to satisfy the following sliding condition. 

 1

2

𝑑

𝑑𝑡
𝑠2 ≤ −𝜂|𝑠| (5.12) 

where 𝜂 is a positive constant and represents the rate of the convergence. This can be 

achieved by choosing the robustness gain, 𝐺, that satisfy the following inequality [35]: 

 𝐺 ≥ 𝛽(𝐹 + 𝜂) + (𝛽 − 1)|�̂�(𝒙)�̂�𝑣,𝑒𝑞| (5.13) 

Implementation of the control switching in robust control component, 𝐴𝑣,𝑟𝑏, leads to 

chattering problem which is undesirable. Chattering involves high control activity and 

may excite high frequency dynamics neglected during modeling [35]. To reduce 



5.2 Sliding Mode Control (SMC)  83 

 

 

chattering, the control switching is smoothed out by incorporating a thin boundary layer 

neighboring the sliding surface. Equation (5.10) can thus be redefined as follows: 

 
𝐴𝑣,𝑟𝑏 = −

𝐺

�̂�(𝒙)
𝑠𝑎𝑡 (

𝑠

Φ
) (5.14) 

where Φ is the thickness of the boundary layer. “𝑠𝑎𝑡(∙)” represents the saturation 

function and is defined as follows: 

 

𝑠𝑎𝑡 (
𝑠

Φ
) = {

𝑠

Φ
|𝑠| ≤ Φ

 𝑠𝑖𝑔𝑛(𝑠) |𝑠| > Φ
 (5.15) 

The final SMC control law, 𝐴𝑣, of a servo-pneumatic system for positioning of a 

pneumatic cylinder is given as follows: 

𝐴𝑣 

=
𝑥𝑑 − 𝑓(𝒙) − 3𝜆(�̈�𝑝 − �̈�𝑑) − 3𝜆

2(�̇�𝑝 − �̇�𝑑) − 𝜆
3(𝑥𝑝 − 𝑥𝑑)

�̂�(𝒙)
−

𝐺

�̂�(𝒙)
𝑠𝑎𝑡 (

𝑠

Φ
) 

(5.16) 

The corresponding controller output, u, can be found as follows. Since the bandwidth of 

the control system is much less than the control valves, the spool dynamics in equation 

(3.1) can be neglected without causing any significant modeling error [48, 87]. The valve 

dynamics of equation (3.1) can thus be rewritten as a simple linear function. 

𝑥𝑣 = 𝑘𝑣𝑢 (5.17) 

Substituting equation (5.17) into (3.2) yields: 

𝐴𝑣 = 𝑤𝑘𝑣𝑢 (5.18) 

Rearranging equation (5.18), the corresponding controller output, u, is related to the 

control law, 𝐴𝑣, by the following equation: 

𝑢 =
𝐴𝑣
𝑤𝑘𝑣

 (5.19) 
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5.2.2 Application to pneumatic artificial muscles 

The SMC control law applied to a servo-pneumatic system for positioning of the 

pneumatic muscles can be derived using the same procedure presented earlier. In this 

case, 𝑒 is defined as the error between actual, 𝜃𝑠, and desired shaft angular position, 𝜃𝑑. 

 𝑒 = 𝜃𝑠 − 𝜃𝑑 (5.20) 

Following the same derivation steps as was outlined in equations (5.2) to (5.15), the final 

SMC control law, 𝐴𝑣, for the aforementioned system can be written as follows: 

 𝐴𝑣 

=
𝜃𝑑 − 𝑓(𝜽) − 3𝜆(�̈�𝑠 − �̈�𝑑) − 3𝜆

2(�̇�𝑝 − �̇�𝑑) − 𝜆
3(𝜃𝑠 − 𝜃𝑑)

�̂�(𝜽)
− (

𝐺

�̂�(𝜽)
) 𝑠𝑎𝑡 (

𝑠

Φ
) 

 (5.21) 

The corresponding controller output, 𝑢, can be obtained from equation (5.19), that is, 𝑢 =

𝐴𝑣 𝑤𝑘𝑣⁄ . 

5.3 Dynamical Adaptive Backstepping - SMC 

In this subsection, derivation of the DAB-SMC scheme is described in details. Note that, 

applications of the proposed control scheme for servo positioning of a single-rod, double-

acting pneumatic cylinder and antagonistic pneumatic artificial muscles is novel and has 

not been reported in any literature. The DAB-SMC schemes is a combination of 

Lyapunov, cascade and sliding mode controllers. In addition, it is enhanced with a 

dynamical adaptive LuGre-based friction observer to deal with the problem of friction 

present in the actuators. Using the dynamical adaptive control strategy, the unknown 

friction states and parameters associated with the actuators can be properly estimated. To 

implement the friction observer, the employed actuator should have fast and accurate 

force response which is not true for the actuators. For this, the cascade control strategy is 

applied to separate the pneumatic system of interest into two interconnected subsystems, 
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that is, mechanical and pneumatic subsystems. The mechanical subsystem is assumed to 

be driven by a force generated from the pneumatic subsystem. This separation allows the 

friction observer to be applied at the force level and the assumption about the actuator 

force response can thus be neglected [18]. The sliding mode control is added to provide 

robustness against uncertainties (i.e., model and parametric). These controllers and 

friction observer are systematically combined into one single control algorithm using the 

backstepping design procedure. The procedure begins by first defining a scalar equation 

of the output of interest which is separated from the control input by a number of 

integration. A function known as control Lyapunov function (CLF) is then constructed 

from the corresponding output of interest. A suitable virtual control law is then selected 

to stabilize the CLF (i.e., to satisfies the Lyapunov stability theorem). The procedure is 

repeated for subsequent system states until the final control law is determined. Note that, 

the controllers synthesized using this procedure are globally stable and capable of 

asymptotically tracking of a reference signal [35]. Detailed derivation of the DAB-SMC 

scheme applied to each actuator is shown as follows: 

5.3.1 Application to pneumatic cylinder 

The derivation starts by constructing the first Control Lyapunov Function (CLF) as 

follows: 

𝑉1 =
1

2
𝑒1
2 (5.22) 

where 𝑒1 is the tracking error with respect to piston displacement and given as follows: 

𝑒1 = 𝑥𝑝 − 𝑥𝑑 (5.23) 

Taking the first time derivative of 𝑒1, equation (5.23) becomes: 

�̇�1 = �̇�𝑝 − �̇�𝑑 (5.24) 
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The first virtual control law, 𝛼1, is chosen and defined as follows: 

𝛼1 = �̇�𝑑 − 𝑘1𝑒1 (5.25) 

where 𝑘1 is a positive constant representing the first controller gain. The second tracking 

error, 𝑒2, with respect to piston velocity is then defined as follows: 

𝑒2 = �̇�𝑝 − 𝛼1 (5.26) 

Given equations (5.23) to (5.26), the time derivative of 𝑉1 is  

�̇�1 = 𝑒1 ∙ �̇�1 = 𝑒1𝑒2 − 𝑘1𝑒1
2 (5.27) 

Substituting equation (5.25) into (5.26), and taking the first time derivative of 𝑒2, yields: 

�̇�2 = �̈�𝑝 − �̈�𝑑 + 𝑘1�̇�1 (5.28) 

Considering equation (3.31) to (3.35), the time derivative of 𝑒2 can be expressed as 

follows: 

�̇�2 =
1

𝑀
[𝑃1𝐴1 − 𝑃2𝐴2 − 𝑃𝑎𝑡𝑚𝐴𝑟 − (𝜎0𝑧 − 𝜎1

|�̇�𝑝|

𝑔(�̇�𝑝)
𝑧 + (𝜎1 + 𝜎2)�̇�𝑝) − 𝐹𝐿]

− �̈�𝑑 + 𝑘1�̇�1 (5.29) 

Defining 𝜎12 = 𝜎1 + 𝜎2  and 𝑧0 and 𝑧1 to represent the internal state 𝑧 associated with the 

parameters 𝜎0 and 𝜎1 of the LuGre friction model, respectively, equation (5.29) can be 

rewritten as:  

�̇�2 =
1

𝑀
[𝑃1𝐴1 − 𝑃2𝐴2 − 𝑃𝑎𝑡𝑚𝐴𝑟 − (𝜎0𝑧0 − 𝜎1

|�̇�𝑝|

𝑔(�̇�𝑝)
𝑧1 + 𝜎12�̇�𝑝) − 𝐹𝐿] − �̈�𝑑

+ 𝑘1�̇�1 (5.30) 

By representing the internal friction state 𝑧 as 𝑧0 and 𝑧1, a dual observer structure as 

proposed in [19] can be established. The dual observer structure allows different 

nonlinear effects associated with the motion dynamics to be captured in parallel [20]. 

Assuming the estimated friction parameters of 𝜎0, 𝜎1, and  𝜎12 are �̂�0, �̂�1, and �̂�12 and the 

estimated friction state 𝑧0 and 𝑧1 are �̂�0 and �̂�1, respectively,  equation (5.30) can be 

rewritten as: 
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�̇�2 

=
1

𝑀
[𝑃1𝐴1 − 𝑃2𝐴2 − 𝑃𝑎𝑡𝑚𝐴𝑟 − (�̂�0�̂�0 − �̂�1

|�̇�𝑝|

𝑔(�̇�𝑝)
�̂�1 + �̂�12�̇�𝑝) − 𝐹𝐿] − �̈�𝑑 

+𝑘1�̇�1 −
1

𝑀
[𝜎0(𝑧0 − �̂�0) − 𝜎1

|�̇�𝑝|

𝑔(�̇�𝑝)
(𝑧1 − �̂�1)] 

−
1

𝑀
[�̂�0(𝜎0 − �̂�0) − �̂�1

|�̇�𝑝|

𝑔(�̇�𝑝)
(𝜎1 − �̂�1) + �̇�𝑝(𝜎12 − �̂�12)] 

(5.31) 

Defining estimated errors pertaining to friction states and parameters as: 

     �̃�0 = 𝑧0 − �̂�0        
      �̃�1 = 𝑧1 − �̂�1         
     �̃�0 = 𝜎0 − �̂�0       
     �̃�1 = 𝜎1 − �̂�1       
�̃�12 = 𝜎12 − �̂�12

 (5.32) 

and substituting equation (5.32) into (5.31) yields: 

�̇�2 

=
1

𝑀
[𝑃1𝐴1 − 𝑃2𝐴2 − 𝑃𝑎𝑡𝑚𝐴𝑟 − (�̂�0�̂�0 − �̂�1

|�̇�𝑝|

𝑔(�̇�𝑝)
�̂�1 + �̂�12�̇�𝑝) − 𝐹𝐿] − �̈�𝑑 

+𝑘1�̇�1 −
1

𝑀
[𝜎0�̃�0 − 𝜎1

|�̇�𝑝|

𝑔(�̇�𝑝)
�̃�1] −

1

𝑀
[�̂�0�̃�0 − �̂�1

|�̇�𝑝|

𝑔(�̇�𝑝)
�̃�1 + �̇�𝑝�̃�12] 

(5.33) 

The second CLF, 𝑉2, is constructed with respect to the first CLF, 𝑉1, tracking error 

variable, 𝑒2, estimation error of the unknown friction states (�̃�0 and �̃�1), and parameters 

(�̃�0, �̃�1, and �̃�12). 

𝑉2 = 𝑉1 +
1

2
𝑒2
2 +

1

2
𝜎0�̃�0

2 +
1

2
𝜎1�̃�1

2 +
1

2
𝛾0�̃�0

2 +
1

2
𝛾1�̃�1

2 +
1

2
𝛾12�̃�12

2 (5.34) 

where 𝛾0, 𝛾1and 𝛾12 are the positive constants representing adaptation gain. Taking the 

time derivative of 𝑉2, yields 

�̇�2 = �̇�1 + 𝑒2�̇�2 + 𝜎0�̃�0�̇̃�0 + 𝜎1�̃�1�̇̃�1 + 𝛾0�̃�0�̇̃�0 + 𝛾1�̃�1�̇̃�1 + 𝛾12�̃�12�̇̃�12 (5.35) 
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Substituting the time derivative of equation (5.32) into (5.35) yields, 

�̇�2 = �̇�1 + 𝑒2�̇�2 + 𝜎0�̃�0(�̇�0 − �̇̂�0) + 𝜎1�̃�1(�̇�1 − �̇̂�1) + 𝛾0�̃�0(−�̇̂�0) + 𝛾1�̃�1(−�̇̂�1)

+ 𝛾12�̃�12(−�̇̂�12) (5.36) 

Again, substituting equation (5.27) and (5.33) into (5.36), �̇�2 becomes 

�̇�2 = 𝑒1𝑒2 − 𝑘1𝑒1
2

+ 𝑒2 (
1

𝑀
[𝑃1𝐴1 − 𝑃2𝐴2 − 𝑃𝑎𝑡𝑚𝐴𝑟

− (�̂�0�̂�0 − �̂�1
|�̇�𝑝|

𝑔(�̇�𝑝)
�̂�1 + �̂�12�̇�𝑝) − 𝐹𝐿] − �̈�𝑑 + 𝑘1�̇�1

−
1

𝑀
[𝜎0�̃�0 − 𝜎1

|�̇�𝑝|

𝑔(�̇�𝑝)
�̃�1] −

1

𝑀
[�̂�0�̃�0 − �̂�1

|�̇�𝑝|

𝑔(�̇�𝑝)
�̃�1 + �̇�𝑝�̃�12])

+ 𝜎0�̃�0(�̇�0 − �̇̂�0) + 𝜎1�̃�1(�̇�1 − �̇̂�1) + 𝛾0�̃�0(−�̇̂�0) + 𝛾1�̃�1(−�̇̂�1)

+ 𝛾12�̃�12(−�̇̂�12) (5.37) 

Replacing �̂�0�̂�0 − �̂�1
|�̇�𝑝|

𝑔(�̇�𝑝)
�̂�1 + �̂�12�̇�𝑝 by a term �̂�𝑓 and rearranging equation (5.37), �̇�2 can 

be rewritten as: 

�̇�2 

= −𝑘1𝑒1
2 + 𝑒2 (

1

𝑀
[𝑃1𝐴1 − 𝑃2𝐴2 − 𝑃𝑎𝑡𝑚𝐴𝑟 − �̂�𝑓 − 𝐹𝐿] + 𝑒1 − �̈�𝑑 + 𝑘1�̇�1) 

+�̃�0 (−
1

𝑀
𝑒2𝜎0 + 𝜎0(�̇�0 − �̇̂�0)) + �̃�1(

1

𝑀

|�̇�𝑝|

𝑔(�̇�𝑝)
𝑒2𝜎1 + 𝜎1(�̇�1 − �̇̂�1)) 

+�̃�0 (−
1

𝑀
𝑒2�̂�0 − 𝛾0�̇̂�0) + �̃�1 (

1

𝑀

|�̇�𝑝|

𝑔(�̇�𝑝)
𝑒2�̂�1 − 𝛾1�̇̂�1) 

+�̃�12 (−
1

𝑀
𝑒2�̇�𝑝 − 𝛾12�̇̂�12) 

(5.38) 

The term, �̂�𝑓, in equation (5.38) is used as the observer to estimate friction in the 

pneumatic cylinder during positioning tasks. The observer assists in compensating the 

adverse friction effect by contributing to the control efforts of DAB-SMC scheme. Note 

that the internal states and friction parameters of �̂�𝑓, are dynamically updated. To achieve: 

�̇�2 =  −𝑘1𝑒1
2 − 𝑘2𝑒2

2 − 𝜎0
|�̇�𝑝|

𝑔(�̇�𝑝)
�̃�0
2 − 𝜎1

|�̇�𝑝|

𝑔(�̇�𝑝)
�̃�1
2 (5.39) 
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it is desired to have:  

1

𝑀
[𝑃1𝐴1 − 𝑃2𝐴2 − 𝑃𝑎𝑡𝑚𝐴𝑟 − �̂�𝑓 − 𝐹𝐿] + 𝑒1 − �̈�𝑑 + 𝑘1�̇�1 = −𝑘2𝑒2     (5.40) 

       −
1

𝑀
𝑒2𝜎0 + 𝜎0(�̇�0 − �̇̂�0) = −𝜎0

|�̇�𝑝|

𝑔(�̇�𝑝)
�̃�0 (5.41) 

1

𝑀

|�̇�𝑝|

𝑔(�̇�𝑝)
𝑒2𝜎1 + 𝜎1(�̇�1 − �̇̂�1) = −𝜎1

|�̇�𝑝|

𝑔(�̇�𝑝)
�̃�1 (5.42) 

−
1

𝑀
𝑒2�̂�0 − 𝛾0�̇̂�0 = 0 (5.43) 

1

𝑀

|�̇�𝑝|

𝑔(�̇�𝑝)
𝑒2�̂�1 − 𝛾1�̇̂�1 = 0     (5.44) 

−
1

𝑀
𝑒2𝑣𝑝 − 𝛾12�̇̂�12 = 0 (5.45) 

The positive constant 𝑘2 of equation (5.39) represents the second controller gain. With 

reference to equation (5.40), the second virtual control law, 𝛼2, is chosen as:  

𝛼2 = 𝑀(�̈�𝑑 − 𝑒1 − 𝑘1�̇�1 − 𝑘2𝑒2) + 𝑃𝑎𝑡𝑚𝐴𝑟 + �̂�𝑓 + 𝐹𝐿 (5.46) 

Substituting �̃�0 = 𝑧0 − �̂�0 and �̇�0 = �̇�𝑝 −
|�̇�𝑝|

𝑔(�̇�𝑝)
𝑧0 into equation (5.41) yields the following 

adaptation law for internal state observer, �̂�0: 

�̇̂�0 = �̇�𝑝 −
1

𝑀
𝑒2 −

|�̇�𝑝|

𝑔(�̇�𝑝)
�̂�0 (5.47) 

Similarly, substituting �̃�1 = 𝑧1 − �̂�1 and �̇�1 = �̇�𝑝 −
|�̇�𝑝|

𝑔(�̇�𝑝)
𝑧1 into equation (5.42) yields the 

following adaptation law for internal state observer, �̂�1: 

�̇̂�1 = �̇�𝑝 +
𝑒2
𝑀

|�̇�𝑝|

𝑔(�̇�𝑝)
−

|�̇�𝑝|

𝑔(�̇�𝑝)
�̂�1 (5.48) 

Rearranging terms in equations (5.43) to (5.45) yields the adaptation laws for friction 

parameters shown below: 

�̇̂�0 = −
1

𝛾0

𝑒2
𝑀
�̂�0 (5.49) 
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        �̇̂�1 =
1

𝛾1

𝑒2
𝑀
 
|�̇�𝑝|

𝑔(�̇�𝑝)
�̂�1 (5.50) 

�̇̂�12 = −
1

𝛾12

𝑒2
𝑀
�̇�𝑝 (5.51) 

The third tracking error, 𝑒3, with respect to actuating force is defined as follows: 

𝑒3 = (𝑃1𝐴1 − 𝑃2𝐴2) − 𝛼2 (5.52) 

Substituting equation (5.46) into (5.52), yields  

𝑒3 = (𝑃1𝐴1 − 𝑃2𝐴2) − (𝑀(�̈�𝑑 − 𝑒1 − 𝑘1�̇�1 − 𝑘2𝑒2) + 𝑃𝑎𝑡𝑚𝐴𝑟 + �̂�𝑓 + 𝐹𝐿) (5.53) 

Given equations (5.40) to (5.53), equation (5.38) becomes 

�̇�2 = −𝑘1𝑒1
2 − 𝑘2𝑒2

2 +
1

𝑀
𝑒2𝑒3 − 𝜎0

|�̇�𝑝|

𝑔(�̇�𝑝)
�̃�0
2 − 𝜎1

|�̇�𝑝|

𝑔(�̇�𝑝)
�̃�1
2 (5.54) 

The time derivative of equation (5.53) is 

�̇�3 = (�̇�1𝐴1 − �̇�2𝐴2) − (𝑀(𝑥𝑑 − �̇�1 − 𝑘1�̈�1 − 𝑘2�̇�2) + �̇̂�𝑓 + �̇�𝐿) (5.55) 

The third CLF,  𝑉3, is constructed with respect to the second CLF and sliding surface. 

𝑉3 = 𝑉2 +
1

2
𝑠2 (5.56) 

The sliding surface, s, is defined as 

𝑠 = 𝛤1𝑒1 + 𝛤2𝑒2 + 𝑒3 (5.57) 

where 𝛤1 and 𝛤2 are the positive constants representing controller bandwidth. Given equa-

tion (5.54), the time derivative of 𝑉3 becomes 

�̇�3 = −𝑘1𝑒1
2 − 𝑘2𝑒2

2 +
1

𝑀
𝑒2𝑒3 − 𝜎0

|�̇�𝑝|

𝑔(�̇�𝑝)
�̃�0
2 − 𝜎1

|�̇�𝑝|

𝑔(�̇�𝑝)
�̃�1
2

+ 𝑠(𝛤1�̇�1 + 𝛤2�̇�2 + �̇�3) (5.58) 

Taking the time derivative of equation (5.26) and substituting it along with equations 

(5.28) and (5.55) into (5.58) yields 
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�̇�3 = −𝑘1𝑒1
2 − 𝑘2𝑒2

2 +
1

𝑀
𝑒2𝑒3 − 𝜎0

|�̇�𝑝|

𝑔(𝑣𝑝)
�̃�0
2 − 𝜎1

|�̇�𝑝|

𝑔(𝑣𝑝)
�̃�1
2

+ 𝑠 (𝛤1�̇�1 + 𝛤2(�̈�𝑝−�̈�𝑑 + 𝑘1�̇�1) + (�̇�1𝐴1 − �̇�2𝐴2)

− (𝑀 (𝑥𝑑 − �̇�1 − 𝑘1(�̈�𝑝 − �̈�𝑑) − 𝑘2(�̈�𝑝−�̈�𝑑 + 𝑘1�̇�1)) + �̇̂�𝑓

+ �̇�𝐿)) 
(5.59) 

Separating the term associated with �̈�𝑝 , equation (5.59) can be rewritten as 

�̇�3 = −𝑘1𝑒1
2 − 𝑘2𝑒2

2 +
1

𝑀
𝑒2𝑒3 − 𝜎0

|�̇�𝑝|

𝑔(�̇�𝑝)
�̃�0
2 − 𝜎1

|�̇�𝑝|

𝑔(�̇�𝑝)
�̃�1
2

+ 𝑠 (𝛤1�̇�1 + (𝛤2 +𝑀𝑘2)(𝑘1�̇�1−�̈�𝑑) + (�̇�1𝐴1 − �̇�2𝐴2)

− 𝑀(𝑥𝑑 + 𝑘1�̈�𝑑 − �̇�1) + (𝛤2 +𝑀𝑘1 +𝑀𝑘2)�̈�𝑝 − �̇̂�𝑓 − �̇�𝐿) (5.60) 

Following the procedure in [65], the subsequent expression can be achieved: 

�̇�3 = −𝑘1𝑒1
2 − 𝑘2𝑒2

2 +
1

𝑀
𝑒2𝑒3 − 𝑘3𝑠

2 − 𝐺|𝑠| − 𝜎0
|�̇�𝑝|

𝑔(�̇�𝑝)
�̃�0
2 − 𝜎1

|�̇�𝑝|

𝑔(�̇�𝑝)
�̃�1
2 (5.61) 

The following equation is established by relating equation (5.60) to (5.61) 

𝛤1�̇�1 + (𝛤2 +𝑀𝑘2)(𝑘1�̇�1−�̈�𝑑) + (�̇�1𝐴1 − �̇�2𝐴2) − 𝑀(𝑥𝑑 + 𝑘1�̈�𝑑 − �̇�1)

+ (𝛤2 +𝑀𝑘1 +𝑀𝑘2)�̈�𝑝 − �̇̂�𝑓 − �̇�𝐿 = −𝑘3𝑠 − 𝐺𝑠𝑖𝑔𝑛(𝑠) (5.62) 

Rearranging equation (5.62) yields 

(�̇�1𝐴1 − �̇�2𝐴2)

= 𝑀(𝑥𝑑 + 𝑘1�̈�𝑑 − �̇�1) − (𝛤2 +𝑀𝑘1 +𝑀𝑘2)�̈�𝑝 − 𝛤1�̇�1

− (𝛤2 +𝑀𝑘2)(𝑘1�̇�1−�̈�𝑑) + �̇̂�𝑓 + �̇�𝐿 − 𝑘3𝑠 − 𝐺𝑠𝑖𝑔𝑛(𝑠) (5.63) 

The left side of equation (5.63) represents pneumatic while the right hand side represents 

the mechanical subsystem. The following relation is established by equating equation 

(3.55) to (3.61):  

𝑥𝑝 = 𝑓(𝒙) + 𝑏(𝒙)𝐴𝑣 =
�̇�1𝐴1 − �̇�2𝐴2 − (�̇�𝑓 + �̇�𝐿)

𝑀
 (5.64) 
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Assuming the designed friction observer, �̇̂�𝑓, is convergent, and substituting equation 

(5.63) into  (5.64) and when rearranged, the final control law of DAB-SMC for servo po-

sitioning of a pneumatic cylinder can be expressed as follows: 

𝐴𝑣 =
1

�̂�(𝒙)
(
1

𝑀
(𝑀(𝑥𝑑 + 𝑘1�̈�𝑑 − �̇�1) − (𝛤2 +𝑀𝑘1 +𝑀𝑘2)�̈�𝑝 − 𝛤1�̇�1

− (𝛤2 +𝑀𝑘2)(𝑘1�̇�1−�̈�𝑑) − 𝑘3𝑠 − 𝐺𝑠𝑖𝑔𝑛(𝑠)) − 𝑓(𝒙)) (5.65) 

Similar to the SMC presented in the previous subsection, a thin boundary layer is added 

to the sliding surface, 𝑠, to reduce the chattering effect coming from the utilization of 

signum function. Equation (5.65) can then be rewritten as follows: 

𝐴𝑣 =
1

�̂�(𝒙)
(
1

𝑀
(𝑀(𝑥𝑑 + 𝑘1�̈�𝑑 − �̇�1) − (𝛤2 +𝑀𝑘1 +𝑀𝑘2)�̈�𝑝 − 𝛤1�̇�1

− (𝛤2 +𝑀𝑘2)(𝑘1�̇�1−�̈�𝑑) − 𝑘3𝑠 − 𝐺𝑠𝑎𝑡 (
𝑠

Φ
)) − 𝑓(𝒙)) 

(5.66) 

The equivalent controller output, 𝑢, can be obtained from equation (5.19), that is, 𝑢 =

𝐴𝑣 𝑤𝑘𝑣⁄ . The following condition is necessary for the controller to maintain its stability. 

Following the procedure outlined in [65], equation (5.61) can be rewritten as: 

�̇�3 = −𝒆
𝑇𝑄𝒆 − 𝐺|𝑠| − 𝜎0

|𝑣𝑝|

𝑔(𝑣𝑝)
�̃�0
2 − 𝜎1

|𝑣𝑝|

𝑔(𝑣𝑝)
�̃�1
2 (5.67) 

where 𝑄 is a symmetric matrix and 𝒆 = [𝑒1  𝑒2 𝑒3]
𝑻 is an error vector.  In this particular 

case, 𝑄 has the following form: 

𝑄 =  

[
 
 
 
 
𝑘1 + 𝑘3𝛤1

2 𝑘3𝛤1𝛤2       𝑘3𝛤1            

𝑘3𝛤1𝛤2     𝑘2 + 𝑘3𝛤2
2 −

1

2𝑀
+ 𝑘3𝛤2

𝑘3𝛤1        −
1

2𝑀
+ 𝑘3𝛤2 𝑘3                 ]

 
 
 
 

 (5.68) 

According to Sylvester’s theorem [65] the necessary and sufficient condition for 𝑄 to be a 

positive definite matrix is that all the principal minors should be strictly positive, that is, 
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𝑘1 + 𝑘3𝛤1
2 > 0                                                            

|
𝑘1 + 𝑘3𝛤1

2 𝑘3𝛤1𝛤2      

𝑘3𝛤1𝛤2     𝑘2 + 𝑘3𝛤2
2| > 0                                

|
|

𝑘1 + 𝑘3𝛤1
2 𝑘3𝛤1𝛤2       𝑘3𝛤1            

𝑘3𝛤1𝛤2     𝑘2 + 𝑘3𝛤2
2 −

1

2𝑀
+ 𝑘3𝛤2

𝑘3𝛤1        −
1

2𝑀
+ 𝑘3𝛤2 𝑘3                 

|
|
> 0 

 (5.69) 

Satisfying condition (5.69), guarantees that 𝑠�̇� ≤ 0, and thus a sliding mode is generated 

on the sliding surface, 𝑠 = 0 [65]. As a consequence of the generated sliding mode, sta-

bility of the control system is guaranteed and asymptotic tracking is achieved. The track-

ing errors 𝑒1, 𝑒2, and 𝑒3 will converge to zero as time goes to infinity. Furthermore, the 

control system exhibits a certain degree of insensitivity (robustness) to the bounded dis-

turbances. 

5.3.2 Application to pneumatic artificial muscles 

The DAB-SMC scheme derived earlier is extended to a servo-pneumatic system for 

positioning of antagonistically paired pneumatic artificial muscles. Such a new 

application, however, introduces new challenges that need to be carefully considered. The 

challenges include increases in complexity of the controller derivation as the 

mathematical model representing the muscles is more intricate than the pneumatic 

cylinder. In addition, determination of muscle’s model parameters is more difficult than 

the pneumatic cylinder. Besides, unlike the DAB-SMC scheme applied to pneumatic 

cylinder, two sets of LuGre-based friction observer are required to monitor the thread-to-

thread frictions that occur in each of the two PAMs, in order to account for the hysteresis 

behavior. This will further add to the complexity of the controller derivation. 

     Derivation of the DAB-SMC applied to pneumatic muscles however, is described in 

brief as to avoid any redundancy with the equations presented in the previous subsection 

(Section 5.3.1). The derivation starts by constructing the first CLF equivalents to the one 

applied in equation (5.22). Following the same derivation procedure as was outlined in 
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equations (5.23) to (5.28), with the terms, 𝑥𝑝, �̇�𝑝, 𝑥𝑑 and �̇�𝑑 are replaced by 𝜃𝑠, �̇�𝑠, 𝜃𝑑 

and �̇�𝑑, respectively, the time derivative of the second tracking error, 𝑒2, can be expressed 

as follows: 

�̇�2 =
1

𝐼
[𝑇𝑎 − 𝐹𝑓1𝑟𝑠 cos(𝜙𝑠 − 𝜃𝑠) − 𝐹𝑓2 𝑟𝑠cos(𝜙𝑠 + 𝜃𝑠) − 𝑇𝐿] − �̈�𝑑 + 𝑘1�̇�1 (5.70) 

where 𝑇𝑎 is the actuating torque caused by the imbalance contracting forces created by 

the muscles (refers equation (3.42)).  Incorporating equation (3.50) into (5.70) yields: 

�̇�2 =
1

𝐼
[𝑇𝑎 − (𝜎0𝑧𝑓1 + 𝜎1�̇�𝑓1 + 𝜎2𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)) 𝑟𝑠cos(𝜙𝑠 − 𝜃𝑠)

− (𝜎0𝑧𝑓2 + 𝜎1�̇�𝑓2 + 𝜎2𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)) 𝑟𝑠cos(𝜙𝑠 + 𝜃𝑠) − 𝑇𝐿]

− �̈�𝑑 + 𝑘1�̇�1 (5.71) 

Substituting  �̇�𝑖(𝑖=1,2) of equation (3.51) into (5.71) yields: 

�̇�2 =
1

𝐼
[𝑇𝑎 − (𝜎0𝑧𝑓1 − 𝜎1

|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
𝑧𝑓1

+ (𝜎1 + 𝜎2)𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)) 𝑟𝑠cos(𝜙𝑠 − 𝜃𝑠)

− (𝜎0𝑧𝑓2 − 𝜎1
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
𝑧𝑓2

+ (𝜎1 + 𝜎2)𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)) 𝑟𝑠cos(𝜙𝑠 + 𝜃𝑠) − 𝑇𝐿] − �̈�𝑑

+ 𝑘1�̇�1 (5.72) 

Similar to DAB-SMC applied to pneumatic cylinder, the term 𝜎12 is used to represent 

(𝜎1 + 𝜎2) while 𝑧𝑓𝑖 (𝑖=1,2)0  and 𝑧𝑓𝑖 (𝑖=1,2)1 represents the friction internal state associated 

with 𝜎0 and 𝜎1, respectively. Equation (5.72) then becomes: 
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�̇�2 =
1

𝐼
[𝑇𝑎 − (𝜎0𝑧𝑓10 − 𝜎1

|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
𝑧𝑓11

+ 𝜎12𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)) 𝑟𝑠cos(𝜙𝑠 − 𝜃𝑠)

− (𝜎0𝑧𝑓20 − 𝜎1
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
𝑧𝑓21

+ 𝜎12𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)) 𝑟𝑠cos(𝜙𝑠 + 𝜃𝑠) − 𝑇𝐿] − �̈�𝑑 + 𝑘1�̇�1 
(5.73) 

By assuming �̂�0, �̂�1, and �̂�12 are the estimated friction parameters of 𝜎0, 𝜎1 and 𝜎2, 

respectively, and �̂�𝑓𝑖 (𝑖=1,2)0and �̂�𝑓𝑖 (𝑖=1,2)1 are the friction state observer for 𝑧𝑓𝑖 (𝑖=1,2)0 

and 𝑧𝑓𝑖 (𝑖=1,2)1, respectively, equation (5.73) can be rewritten as: 
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�̇�2 =
1

𝐼
[𝑇𝑎 − (�̂�0�̂�𝑓10 − �̂�1

|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
�̂�𝑓11

+ �̂�12𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)) 𝑟𝑠cos(𝜙𝑠 − 𝜃𝑠)

− (�̂�0�̂�𝑓20 − �̂�1
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
�̂�𝑓21

+ �̂�12𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)) 𝑟𝑠cos(𝜙𝑠 + 𝜃𝑠) − 𝑇𝐿] − �̈�𝑑 + 𝑘1�̇�1

−
1

𝐼
[𝜎0(𝑧𝑓10 − �̂�𝑓10)

− 𝜎1
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
(𝑧𝑓11 − �̂�𝑓11)] 𝑟𝑠cos(𝜙𝑠 − 𝜃𝑠)

−
1

𝐼
[𝜎0(𝑧𝑓20 − �̂�𝑓20)

− 𝜎1
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
(𝑧𝑓21 − �̂�𝑓21)] 𝑟𝑠cos(𝜙𝑠 + 𝜃𝑠)

−
1

𝐼
[�̂�𝑓10(𝜎0 − �̂�0) − �̂�𝑓11

|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
(𝜎1 − �̂�1)

+ (𝜎12 − �̂�12)𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)] 𝑟𝑠cos(𝜙𝑠 − 𝜃𝑠)

−
1

𝐼
[�̂�𝑓20(𝜎0 − �̂�0) − �̂�𝑓21

|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
(𝜎1 − �̂�1)

+ (𝜎12 − �̂�12)𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)] 𝑟𝑠cos(𝜙𝑠 + 𝜃𝑠) 
(5.74) 

Defining the estimation error variables as follow: 

�̃�𝑓10 = 𝑧𝑓10 − �̂�𝑓10
�̃�𝑓11 = 𝑧𝑓11 − �̂�𝑓11
�̃�𝑓20 = 𝑧𝑓20 − �̂�𝑓20
�̃�𝑓21 = 𝑧𝑓21 − �̂�𝑓21
�̃�0 = 𝜎0 − �̂�0    
�̃�1 = 𝜎1 − �̂�1    
�̃�12 = 𝜎12 − �̂�12  

 (5.75) 
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and substituting it into equation (5.74) yields: 

�̇�2 =
1

𝐼
[𝑇𝑎 − (�̂�0�̂�𝑓10 − �̂�1

|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
�̂�𝑓11

+ �̂�12𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)) 𝑟𝑠cos(𝜙𝑠 − 𝜃𝑠)

− (�̂�0�̂�𝑓20 − �̂�1
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
�̂�𝑓21

+ �̂�12𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)) 𝑟𝑠cos(𝜙𝑠 + 𝜃𝑠) − 𝑇𝐿] − �̈�𝑑 + 𝑘1�̇�1

−
1

𝐼
[𝜎0�̃�𝑓10 − 𝜎1

|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
�̃�𝑓11] 𝑟𝑠cos(𝜙𝑠 − 𝜃𝑠)

−
1

𝐼
[𝜎0�̃�𝑓20 − 𝜎1

|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
�̃�𝑓21] 𝑟𝑠cos(𝜙𝑠 + 𝜃𝑠)

−
1

𝐼
[�̂�𝑓10�̃�0 − �̂�𝑓11

|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
�̃�1  

+ �̃�12𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)] 𝑟cos(𝜙𝑠 − 𝜃𝑠)

−
1

𝐼
[�̂�𝑓20�̃�0 − �̂�𝑓21

|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
�̃�1

+ �̃�12𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)] 𝑟𝑠cos(𝜙𝑠 + 𝜃𝑠) 
(5.76) 

Similar to equation (5.34), the second CLF, 𝑉2, is constructed with respect to the first 

CLF, 𝑉1, the second control error variable, 𝑒2, estimation error of the unknown friction 

internal states (�̃�𝑓𝑖(𝑖=1,2)0 and �̃�𝑓𝑖(𝑖=1,2)1), and parameters (�̃�0, �̃�1, and �̃�12): 

𝑉2 = 𝑉1 +
1

2
𝑒2
2 +

1

2
𝜎0�̃�𝑓10

2 +
1

2
𝜎1�̃�𝑓11

2 +
1

2
𝜎0�̃�𝑓20

2 +
1

2
𝜎1�̃�𝑓21

2 +
1

2
𝛾0�̃�0

2

+
1

2
𝛾1�̃�1

2 +
1

2
𝛾12�̃�12

2 (5.77) 

Taking the first time derivative of equation (5.77) yields: 

�̇�2 = �̇�1 + 𝑒2�̇�2 + 𝜎0�̃�𝑓10 �̇̃�𝑓10 + 𝜎1�̃�𝑓11 �̇̃�𝑓11 + 𝜎0�̃�𝑓20 �̇̃�𝑓20 + 𝜎1�̃�𝑓21 �̇̃�𝑓21 + 𝛾0�̃�0�̇̃�0
+ 𝛾1�̃�1�̇̃�1 + 𝛾12�̃�12�̇̃�12 (5.78) 
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Substituting the time derivative of equation (5.75) into (5.78) yields: 

�̇�2 = �̇�1 + 𝑒2�̇�2 + 𝜎0�̃�𝑓10(�̇�𝑓10 − �̇̂�𝑓10) + 𝜎1�̃�𝑓11(�̇�𝑓11 − �̇̂�𝑓11)

+ 𝜎0�̃�𝑓20(�̇�𝑓20 − �̇̂�𝑓20) + 𝜎1�̃�𝑓21(�̇�𝑓21 − �̇̂�𝑓21) + 𝛾0�̃�0(−�̇̂�0)

+ 𝛾1�̃�1(−�̇̂�1) + 𝛾12�̃�12(−�̇̂�12) (5.79) 

Substituting equations (5.27) and (5.76) into (5.79) leads to the following expression: 

�̇�2 = 𝑒1𝑒2 − 𝑘1𝑒1
2

+ 𝑒2 (
1

𝐼
[𝑇𝑎

− (�̂�0�̂�𝑓10 − �̂�1
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
�̂�𝑓11

+ �̂�12𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)) 𝑟𝑠cos(𝜙𝑠 − 𝜃𝑠)

− (�̂�0�̂�𝑓20 − �̂�1
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
�̂�𝑓21

+ �̂�12𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)) 𝑟𝑠cos(𝜙𝑠 + 𝜃𝑠) − 𝑇𝐿] − �̈�𝑑 + 𝑘1�̇�1

−
1

𝐼
[𝜎0�̃�𝑓10 − 𝜎1

|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
�̃�𝑓11] 𝑟𝑠cos(𝜙𝑠 − 𝜃𝑠)

−
1

𝐼
[𝜎0�̃�𝑓20 − 𝜎1

|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
�̃�𝑓21] 𝑟𝑠cos(𝜙𝑠 + 𝜃𝑠)

−
1

𝐼
[�̂�𝑓10�̃�0 − �̂�𝑓11

|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
�̃�1  

+ �̃�12𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)] 𝑟cos(𝜙𝑠 − 𝜃𝑠)

−
1

𝐼
[�̂�𝑓20�̃�0 − �̂�𝑓21

|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
�̃�1

+ �̃�12𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)] 𝑟𝑠cos(𝜙𝑠 + 𝜃𝑠)) + 𝜎0�̃�𝑓10(�̇�𝑓10 − �̇̂�𝑓10)

+ 𝜎1�̃�𝑓11(�̇�𝑓11 − �̇̂�𝑓11) + 𝜎0�̃�𝑓20(�̇�𝑓20 − �̇̂�𝑓20)

+ 𝜎1�̃�𝑓21(�̇�𝑓21 − �̇̂�𝑓21) + 𝛾0�̃�0(−�̇̂�0) + 𝛾1�̃�1(−�̇̂�1)

+ 𝛾12�̃�12(−�̇̂�12) (5.80) 
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Using the terms �̂�𝑓1 and �̂�𝑓2 to represent (�̂�0�̂�𝑓10 − �̂�1
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠−𝜃𝑠)|

𝑔𝑓1
�̂�𝑓11 +

�̂�12𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)) and (�̂�0�̂�𝑓20 − �̂�1
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠+𝜃𝑠)|

𝑔𝑓2
�̂�𝑓21 + �̂�12𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)), 

equation (5.80) can be rewritten as follows: 

�̇�2 = 𝑒1𝑒2 − 𝑘1𝑒1
2

+ 𝑒2 (
1

𝐼
[𝑇𝑎 − �̂�𝑓1 𝑟𝑠cos(𝜙𝑠 − 𝜃𝑠) − �̂�𝑓2 𝑟𝑠cos(𝜙𝑠 + 𝜃𝑠) − 𝑇𝐿]

− �̈�𝑑 + 𝑘1�̇�1

−
1

𝐼
[𝜎0�̃�𝑓10 − 𝜎1

|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
�̃�𝑓11] 𝑟𝑠cos(𝜙𝑠 − 𝜃𝑠)

−
1

𝐼
[𝜎0�̃�𝑓20 − 𝜎1

|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
�̃�𝑓21] 𝑟𝑠cos(𝜙𝑠 + 𝜃𝑠)

−
1

𝐼
[�̂�𝑓10�̃�0 − �̂�𝑓11

|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
�̃�1  

+ �̃�12𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)] 𝑟cos(𝜙𝑠 − 𝜃𝑠)

−
1

𝐼
[�̂�𝑓20�̃�0 − �̂�𝑓21

|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
�̃�1

+ �̃�12𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)] 𝑟𝑠cos(𝜙𝑠 + 𝜃𝑠)) + 𝜎0�̃�𝑓10(�̇�𝑓10 − �̇̂�𝑓10)

+ 𝜎1�̃�𝑓11(�̇�𝑓11 − �̇̂�𝑓11) + 𝜎0�̃�𝑓20(�̇�𝑓20 − �̇̂�𝑓20)

+ 𝜎1�̃�𝑓21(�̇�𝑓21 − �̇̂�𝑓21) + 𝛾0�̃�0(−�̇̂�0) + 𝛾1�̃�1(−�̇̂�1)

+ 𝛾12�̃�12(−�̇̂�12) (5.81) 

As was in equation (5.38), the term �̂�𝑓𝑖(𝑖=1,2) in equation (5.81) represents friction 

observer. It is employed to assist compensating the adverse hysteresis effect in the 

muscles.  
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With reference to equation (3.49), equation (5.81) can be simplified as follows: 

�̇�2 = 𝑒1𝑒2 − 𝑘1𝑒1
2

+ 𝑒2 (
1

𝐼
[𝑇𝑎 − �̂�𝑓  − 𝑇𝐿] − �̈�𝑑 + 𝑘1�̇�1

−
1

𝐼
[𝜎0�̃�𝑓10 − 𝜎1

|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
�̃�𝑓11] 𝑟𝑠cos(𝜙𝑠 − 𝜃𝑠)

−
1

𝐼
[𝜎0�̃�𝑓20 − 𝜎1

|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
�̃�𝑓21] 𝑟𝑠cos(𝜙𝑠 + 𝜃𝑠)

−
1

𝐼
[�̂�𝑓10�̃�0 − �̂�𝑓11

|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
�̃�1  

+ �̃�12𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)] 𝑟cos(𝜙𝑠 − 𝜃𝑠)

−
1

𝐼
[�̂�𝑓20�̃�0 − �̂�𝑓21

|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
�̃�1

+ �̃�12𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)] 𝑟𝑠cos(𝜙𝑠 + 𝜃𝑠)) + 𝜎0�̃�𝑓10(�̇�𝑓10 − �̇̂�𝑓10)

+ 𝜎1�̃�𝑓11(�̇�𝑓11 − �̇̂�𝑓11) + 𝜎0�̃�𝑓20(�̇�𝑓20 − �̇̂�𝑓20)

+ 𝜎1�̃�𝑓21(�̇�𝑓21 − �̇̂�𝑓21) + 𝛾0�̃�0(−�̇̂�0) + 𝛾1�̃�1(−�̇̂�1)

+ 𝛾12�̃�12(−�̇̂�12) (5.82) 

where �̂�𝑓 is the torque caused by frictions inside the PAMs. To achieve the following ex-

pression for the time derivative of the second CLF,  

                �̇�2 = −𝑘1𝑒1
2 − 𝑘2𝑒2

2 

  −𝜎0
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
�̃�𝑓10

2 − 𝜎0
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
�̃�𝑓20

2 

 −𝜎1
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
�̃�𝑓11

2 − 𝜎1
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
�̃�𝑓21

2 
(5.83) 

the following conditions have to be satisfied: 

1

𝐼
[𝑇𝑎 − �̂�𝑓 − 𝑇𝐿] + 𝑒1 − �̈�𝑑 + 𝑘1�̇�1 = −𝑘2𝑒2 (5.84) 

−
1

𝐼
𝑒2𝜎0 𝑟𝑠cos(𝜙𝑠 − 𝜃𝑠) + 𝜎0(�̇�𝑓10 − �̇̂�𝑓10) = −𝜎0

|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
�̃�𝑓10 (5.85) 
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−
1

𝐼
𝑒2𝜎0𝑟𝑠cos(𝜙𝑠 + 𝜃𝑠) + 𝜎0(�̇�𝑓20 − �̇̂�𝑓20) = −𝜎0

|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
�̃�𝑓20   (5.86) 

1

𝐼
𝑒2𝜎1

|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
𝑟𝑠cos(𝜙𝑠 − 𝜃𝑠) +𝜎1(�̇�𝑓11 − �̇̂�𝑓11) 

                                                                                    = −𝜎1
|𝑟𝑠�̇�𝑠 cos(𝜙0 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
�̃�𝑓11 

(5.87) 

1

𝐼
𝑒2𝜎1

|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
𝑟𝑠cos(𝜙𝑠 + 𝜃𝑠) + 𝜎1(�̇�𝑓21 − �̇̂�𝑓21) 

                                                                         = −𝜎1
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
�̃�𝑓21 

(5.88) 

 −
1

𝐼
𝑒2�̂�𝑓10 𝑟𝑠cos(𝜙𝑠 − 𝜃𝑠) −

1

𝐼
𝑒2�̂�𝑓20 𝑟𝑠cos(𝜙𝑠 + 𝜃𝑠) − 𝛾0�̇̂�0 = 0 (5.89) 

1

𝐼
𝑒2�̂�𝑓11

|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
𝑟𝑠cos(𝜙𝑠 − 𝜃𝑠)     

+
1

𝐼
𝑒2�̂�𝑓21

|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
𝑟𝑠cos(𝜙𝑠 + 𝜃𝑠) −𝛾1�̇̂�1 = 0 

(5.90) 

         −
1

𝐼
𝑒2𝑟𝑠

2�̇�𝑠 cos
2(𝜙𝑠 − 𝜃𝑠) −

1

𝐼
𝑒2𝑟𝑠

2�̇�𝑠 cos
2(𝜙𝑠 + 𝜃𝑠) − 𝛾12�̇̂�12 = 0 (5.91) 

With reference to equation (5.84), the second virtual control law, 𝛼2, is chosen as  

𝛼2 = 𝐼(�̈�𝑑 − 𝑒1 − 𝑘1�̇�1 − 𝑘2𝑒2) + �̂�𝑓 + 𝑇𝐿 (5.92) 

Substituting �̃�𝑓10 = 𝑧𝑓10 − �̂�𝑓10 and �̇�𝑓10 = 𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠) −
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠−𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
𝑧𝑓10 into 

equation (5.85) yields 

�̇̂�𝑓10 = −
1

𝐼
𝑒2 𝑟𝑠cos(𝜙𝑠 − 𝜃𝑠) + 𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠) −

|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
�̂�𝑓10 (5.93) 

Similarly, substituting equations �̃�𝑓20 = 𝑧𝑓20 − �̂�𝑓20 and �̇�𝑓20 = 𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠) −
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠+𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
𝑧𝑓20 into equation (5.86) yields 

�̇̂�𝑓20 = −
1

𝐼
𝑒2 𝑟𝑠cos(𝜙𝑠 + 𝜃𝑠) + 𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠) −

|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
�̂�𝑓20 (5.94) 

 



5.3 Dynamical Adaptive Backstepping - SMC  102 

 

 

Next, incorporating equations �̃�𝑓11 = 𝑧𝑓11 − �̂�𝑓11 and �̇�𝑓11 = 𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠) −
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠−𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
𝑧𝑓11  into equation (5.87) yields  

�̇̂�𝑓11 =
1

𝐼
𝑒2
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
𝑟𝑠cos(𝜙𝑠 − 𝜃𝑠) + 𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)

−
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
�̂�𝑓11 

(5.95) 

Subsequently, inserting equations  �̃�𝑓21 = 𝑧𝑓21 − �̂�𝑓21 and �̇�𝑓21 = 𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠) −
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠+𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
𝑧𝑓21  into equation (5.88) yields  

�̇̂�𝑓21 =
1

𝐼
𝑒2
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
𝑟𝑠cos(𝜙𝑠 + 𝜃𝑠) + 𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)

−
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
�̂�𝑓21 

(5.96) 

The following equations are achieved after rearranging equations (5.89) to (5.91): 

�̇̂�0 = −
1

𝛾0

1

𝐼
𝑒2𝑟𝑠[�̂�𝑓10 cos(𝜙𝑠 − 𝜃𝑠) + �̂�𝑓20 cos(𝜙𝑠 + 𝜃𝑠)] (5.97) 

�̇̂�1 =
1

𝛾1

1

𝐼
𝑒2𝑟𝑠 [�̂�𝑓11

|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
cos(𝜙𝑠 − 𝜃𝑠)            

+ �̂�𝑓21
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
cos(𝜙𝑠 + 𝜃𝑠)] 

(5.98) 

�̇̂�12 = −
1

𝛾12

1

𝐼
𝑒2𝑟𝑠

2�̇�𝑠[cos
2(𝜙𝑠 − 𝜃𝑠) + cos

2(𝜙𝑠 + 𝜃𝑠)] (5.99) 

The third control error variable, 𝑒3, is defined as follows: 

𝑒3 = 𝑇𝑎 − 𝛼2 (5.100) 

Substituting equation (5.92) into (5.100), yields:  

   𝑒3 = 𝑇𝑎 − (𝐼(�̈�𝑑 − 𝑒1 − 𝑘1�̇�1 − 𝑘2𝑒2) + �̂�𝑓 + 𝑇𝐿) (5.101) 
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Given equations (5.84) to (5.101), equation (5.82) becomes 

              �̇�2 = −𝑘1𝑒1
2 − 𝑘2𝑒2

2 +
1

𝐼
𝑒2𝑒3 

−𝜎0
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
�̃�𝑓10

2 − 𝜎0
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
�̃�𝑓20

2 

−𝜎1
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
�̃�𝑓11

2 − 𝜎1
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
�̃�𝑓21

2 
(5.102) 

The time derivative of equation (5.101) is 

�̇�3 = �̇�𝑎 − (𝐼(𝜃𝑑 − �̇�1 − 𝑘1𝑒1̈ − 𝑘2�̇�2) + �̇̂�𝑓 + �̇�𝐿) (5.103) 

The third CLF, 𝑉3, is constructed with respect to the second CLF, 𝑉2, and sliding surface, 

𝑠, as defined in equation (5.56). Note that the same sliding surface used in equation (5.57) 

is employed. Given equation (5.102), the time derivative of 𝑉3 is 

        �̇�3 = −𝑘1𝑒1
2 − 𝑘2𝑒2

2 +
1

𝐼
𝑒2𝑒3 

−𝜎0
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
�̃�𝑓10

2 − 𝜎0
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
�̃�𝑓20

2 

−𝜎1
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
�̃�𝑓11

2 − 𝜎1
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
�̃�𝑓21

2 

+𝑠(𝛤1�̇�1 + 𝛤2�̇�2 + �̇�3)                                                                      (5.104) 

Substituting time derivative of the second tracking error, that is, 𝑒3 = �̈�𝑠 − �̈�𝑑 + 𝑘1�̇�1, 

and equation (5.103) into (5.104) yields 

�̇�3 

= −𝑘1𝑒1
2 − 𝑘2𝑒2

2 +
1

𝐼
𝑒2𝑒3 

−𝜎0
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
�̃�𝑓10

2 − 𝜎0
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
�̃�𝑓20

2 

  −𝜎1
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
�̃�𝑓11

2 − 𝜎1
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
�̃�𝑓21

2                       

 +𝑠 (𝛤1�̇�1 + 𝛤2(�̈�𝑠 − �̈�𝑑 + 𝑘1�̇�1) + �̇�𝑎

− (𝐼 (𝜃𝑑 − �̇�1 − 𝑘1(𝜃�̈�−�̈�𝑑) − 𝑘2(�̈�𝑠 − �̈�𝑑 + 𝑘1�̇�1)) + �̇̂�𝑓

+ �̇�𝐿))                                                                      (5.105) 
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Separating the term associated with �̈�𝑠, equation (5.105) can be rewritten as 

�̇�3 

= −𝑘1𝑒1
2 − 𝑘2𝑒2

2 +
1

𝐼
𝑒2𝑒3 

−𝜎0
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
�̃�𝑓10

2 − 𝜎0
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
�̃�𝑓20

2 

 −𝜎1
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
�̃�𝑓11

2 − 𝜎1
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
�̃�𝑓21

2                       

+𝑠 (𝛤1�̇�1 + (𝛤2 + 𝐼𝑘2)(𝑘1�̇�1−�̈�𝑑) + (𝛤2 + 𝐼𝑘1 + 𝐼𝑘2) 𝜃�̈� + �̇�𝑎

− 𝐼(𝜃𝑑 − �̇�1 + 𝑘1�̈�𝑑) − �̇̂�𝑓 − �̇�𝐿) 
 

(5.106) 

The subsequent expression can be achieved 

�̇�3 = −𝑘1𝑒1
2 − 𝑘2𝑒2

2 +
1

𝐼
𝑒2𝑒3 − 𝑘3𝑠

2 − 𝐺|𝑠| 

−𝜎0
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
�̃�𝑓10

2 − 𝜎0
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
�̃�𝑓20

2 

−𝜎1
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
�̃�𝑓11

2 − 𝜎1
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
�̃�𝑓21

2 
(5.107) 

using the following relation: 

�̇�𝑎 + 𝛤1�̇�1 + (𝛤2 + 𝐼𝑘2)(𝑘1�̇�1−�̈�𝑑) − 𝐼(𝜃𝑑 + 𝑘1�̈�𝑑 − �̇�1) + (𝛤2 + 𝐼𝑘1 + 𝐼𝑘2)�̈�𝑠

− �̇̂�𝑓 − �̇�𝐿 = −𝑘3𝑠 − 𝐺𝑠𝑖𝑔𝑛(𝑠) (5.108) 

Rearranging equation (5.108) yields 

�̇�𝑎 = 𝐼(𝜃𝑑 + 𝑘1�̈�𝑑 − �̇�1) − (𝛤2 + 𝐼𝑘2)(𝑘1�̇�1−�̈�𝑑) − 𝛤1�̇�1 − (𝛤2 + 𝐼𝑘1 + 𝐼𝑘2)�̈�𝑠

+ �̇̂�𝑓 + �̇�𝐿 − 𝑘3𝑠 − 𝐺𝑠𝑖𝑔𝑛(𝑠) (5.109) 

The left-hand side of equation (5.109) represents the pneumatic while the right-hand side 

represents the mechanical subsystem. The following relation can be established by equat-

ing equation (3.65) to (3.73): 

𝜃𝑠 = 𝑓(𝜽) + 𝑏(𝜽)𝐴𝑣 =
�̇�𝑎 − (�̇̂�𝑓 + �̇�𝐿)

𝐼
 (5.110) 
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Substituting equation (5.109) into (5.110) and rearranging it, the final control law of 

DAB-SMC applies to pneumatic artificial muscles can be expressed as follows: 

𝐴𝑣 =
1

�̂�(𝜽)
(
1

𝐼
[𝐼(𝜃𝑑 + 𝑘1�̈�𝑑 − �̇�1) − (𝛤2 + 𝐼𝑘2)(𝑘1�̇�1−�̈�𝑑) − 𝛤1�̇�1

− (𝛤2 + 𝐼𝑘1 + 𝐼𝑘2)�̈�𝑠 − 𝑘3𝑠 − 𝐺𝑠𝑖𝑔𝑛(𝑠)] − 𝑓(𝜽)) (5.111) 

Again, the chattering effect caused by the control switching of “signum” function in 

equation (5.111) is reduced by adding a thin boundary layer to the sliding surface, 𝑠. 

Equation (5.111) can then be rewritten as: 

𝐴𝑣 =
1

�̂�(𝜽)
(
1

𝐼
[𝐼(𝜃𝑑 + 𝑘1�̈�𝑑 − �̇�1) − (𝛤2 + 𝐼𝑘2)(𝑘1�̇�1−�̈�𝑑) − 𝛤1�̇�1

− (𝛤2 + 𝐼𝑘1 + 𝐼𝑘2)�̈�𝑠 − 𝑘3𝑠 − 𝐺𝑠𝑎𝑡(𝑠)] − 𝑓(𝜽)) 
(5.112) 

The controller output, 𝑢, can then be obtained from the relationship in equation (5.19), 

that is., 𝑢 = 𝐴𝑣 𝑤𝑘𝑣⁄ . Again, following the same procedure outlined in [65], equation 

(5.107) can be rewritten as: 

        �̇�3 = −𝒆𝑇𝑄𝒆 − 𝐺|𝑠| 

−𝜎0
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
�̃�𝑓10

2 − 𝜎0
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
�̃�𝑓20

2 

−𝜎1
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 − 𝜃𝑠)|

𝑔𝑓1(�̇�𝑠)
�̃�𝑓11

2 − 𝜎1
|𝑟𝑠�̇�𝑠 cos(𝜙𝑠 + 𝜃𝑠)|

𝑔𝑓2(�̇�𝑠)
�̃�𝑓21

2 

 

(5.113) 

The matrix 𝑄 in equation (5.113) has the following form 

𝑄 = 

[
 
 
 
 
𝑘1 + 𝑘3𝛤1

2 𝑘3𝛤1𝛤2       𝑘3𝛤1            

𝑘3𝛤1𝛤2     𝑘2 + 𝑘3𝛤2
2 −

1

2𝐼
+ 𝑘3𝛤2

𝑘3𝛤1        −
1

2𝐼
+ 𝑘3𝛤2 𝑘3                 ]

 
 
 
 

 (5.114) 

As was explained in the previous subsection, satisfying the following condition 

guarantees stability of the control system and asymptotic tracking of the reference 

trajectories. 
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𝑘1 + 𝑘3𝛤1
2 > 0                                                            

|
𝑘1 + 𝑘3𝛤1

2 𝑘3𝛤1𝛤2      

𝑘3𝛤1𝛤2     𝑘2 + 𝑘3𝛤2
2| > 0                                

|
|

𝑘1 + 𝑘3𝛤1
2 𝑘3𝛤1𝛤2       𝑘3𝛤1            

𝑘3𝛤1𝛤2     𝑘2 + 𝑘3𝛤2
2 −

1

2𝐼
+ 𝑘3𝛤2

𝑘3𝛤1        −
1

2𝐼
+ 𝑘3𝛤2 𝑘3                 

|
|
> 0 

 (5.115) 

5.4 Summary 

Derivation of the Dynamical Adaptive Backstepping–Sliding Mode Control (DAB-SMC) 

applied to servo-pneumatic systems for positioning of a single-rod, double-acting pneu-

matic cylinder and antagonistically paired pneumatic artificial muscles has been present-

ed in details in this chapter. Note that, the application of DAB-SCM scheme on such ser-

vo-pneumatic systems is novel. In addition, the Proportional-Integral-Derivative (PID) 

control and the Sliding Mode Control (SMC) are applied to the same servo-pneumatic 

systems and their performances are compared with the DAB-SMC. In the subsequent 

chapter, the implementation and performance evaluation (simulation and experiment) of 

the controllers will be presented.  
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Chapter 6 

Positioning of Pneumatic Cylinder 

 

In this chapter, effectiveness of the DAB-SMC scheme developed in this thesis, for servo 

positioning of a single-rod, double-acting pneumatic cylinder is presented. The chapter is 

organized as follows: Section 6.1 outlines the applied test procedures and evaluation cri-

teria used to characterize the control performances. The experimental results including 

performance comparison with other control schemes and different valve configurations 

are discussed in Section 6.2. Section 6.3 summarizes performance of the DAB-SMC 

scheme with respect to servo position tracking and regulation of the cylinder. 

6.1 Test Procedures and Evaluation Criteria 

Performances of the proposed DAB-SMC scheme are experimentally evaluated for its ef-

fectiveness in servo position tracking and regulation of a pneumatic cylinder. The cylin-

der is attached to a varying load that operates in both motion assisting and resisting 

modes. The varying load is originated from an attached external mass. As the cylinder’s 

rod extends and retracts during positioning operations, the magnitude of weight compo-

nent of the external mass is also changed (refer to Figures 3.6 and 3.7(a)). The mass flow 

rate of compressed air into and out of the cylinder is regulated in a continuous fashion by 

a proportional directional control valve of 5/3-way configuration. To employ the DAB-

SMC scheme, slight modification to the embedded LuGre-based friction observer is re-



6.1 Test Procedures and Evaluation Criteria  108 

 

 

quired. The modification is necessary as the term 
𝑑

𝑑𝑡
|�̇�𝑝| in the time derivative of friction, 

�̇�𝑓, in the DAB-SMC scheme is theoretically undefined. For this, a smooth function 

𝑠𝑚(�̇�𝑝) suggested by Guenther and Perondi et al [18] is applied to substitute function 

|�̇�𝑝|. The smooth function 𝑠𝑚(�̇�𝑝) can be expressed as follows: 

𝑠𝑚(�̇�𝑝) =
2

𝜋
�̇�𝑝tan

−1 (𝑘𝑠𝑚�̇�𝑝) 
   (6.1) 

where 𝑘𝑠𝑚 is a positive constant. To have a good approximation of the original function 

|�̇�𝑝|, a large value of 𝑘𝑠𝑚 is recommended. In both numerical simulations and experi-

ments, 𝑘𝑠𝑚= 10000 is chosen. The derivative of the smooth function 𝑠𝑚(�̇�𝑝) then be-

comes: 

𝑑

𝑑𝑡
𝑠𝑚(�̇�𝑝) = (

2

𝜋
tan−1 (𝑘𝑠𝑚�̇�𝑝) +

2

𝜋
�̇�𝑝

𝑘𝑠𝑚�̇�𝑝

1 + 𝑘𝑠𝑚�̇�𝑝
) �̈�𝑝    (6.2) 

Having this modification, �̇�𝑓 in the LuGre-based friction observer can now contribute to 

the control effort.  

   The control scheme was implemented on the host computer of the information pro-

cessing unit (refer to Figure 3.8). The control schemes are programmed using 

MATLAB/Simulink and are executed at a sampling frequency of 1 kHz. Measurements 

of the cylinder’s piston displacement (𝑥𝑝), and chamber pressures (𝑃1 and 𝑃2) required by 

the DAB-SMC scheme are obtained from the position encoder and pressure transducers, 

respectively. The velocity (�̇�𝑝) and acceleration (�̈�𝑝) of the piston are calculated using a 

20-point linear regression method of the measured displacement (𝑥𝑝). The 20-point re-

gression method uses the set of last 20 sampled data of interest with their corresponding 

time and fits a least-squares line through the points [88]. The slope of the line represents 

derivative of the measured data, that is, velocity or acceleration. The general expression 

for n-point regression given a set of the last n measurements of time, t, and displacement, 

x, is as follows: 

�̇�𝑖 =
𝑛∑ 𝑥𝑘𝑡𝑘

𝑖
𝑘=𝑖−𝑛+1 − ∑ 𝑥𝑘

𝑛
𝑘=𝑖−𝑛+1 ∑ 𝑡𝑘

𝑛
𝑘=𝑖−𝑛+1

𝑛∑ 𝑥2𝑘
𝑖
𝑘=𝑖−𝑛+1 − (∑ 𝑥𝑘

𝑛
𝑘=𝑖−𝑛+1 )2

    (6.3) 
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where i is the current sample number of the total number of samples, n.  

     Servo positioning of the cylinder is achieved through two reference input trajectories 

illustrated in Figure 6.1: (1) sinusoidal wave with tracking frequency of 0.1Hz (≈ 

0.6283rad/s) and (2) multiple-step polynomial input consisting of five smooth motion 

segments separated by two seconds of steady-state segments having different amplitudes. 

The sinusoidal trajectory is employed to study the tracking performance. The multiple-

step polynomial input on the other hand is applied to establish comparison between track-

ing and regulating performance of the PAMs. Besides, in addition to exposing the pro-

posed controller with significant variations in angular velocity and acceleration during 

the smooth transition, the multiple-step polynomial input also allows transition between 

the two tasks to be evaluated 

 
(a) 

 
(b) 

Figure 6.1: Reference input trajectories applied to pneumatic cylinder: (a) sinusoidal, (b) 

multiple-step polynomial. 

The sinusoidal trajectory is defined as follows: 

𝑥𝑑 = 𝐴𝑠𝑖𝑛(𝜔𝑡)  (6.4) 
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where 𝑥𝑑 is the desired position.  𝐴 is the amplitude of sinusoidal wave and is set to 0.1m 

when experimenting with cylinder.  The terms ω and 𝑡 denote the tracking frequency and 

time, respectively. The smooth transition segments of the multiple-step polynomial input 

is created from a 7th –order polynomial function defined as follows: 

𝑥𝑑 = 𝐿𝑆𝐹 [−2 (
𝑡 − 𝜏𝑆𝐹
2

)
7

+ 7(
𝑡 − 𝜏𝑆𝐹
2

)
6

− 8.4 (
𝑡 − 𝜏𝑆𝐹
2

)
5

+ 3.5 (
𝑡 − 𝜏𝑆𝐹
2

)
4

] (6.5) 

where 𝐿𝑆𝐹 is a scaling factor that determines the magnitude of the transition and 𝜏𝑆𝐹 de-

notes a shift factor that represents the starting time of each transition. In this thesis, the 

cylinder is subject to the following multiple-step polynomial input: 

xd = −[2 (
t

2
)
7

+ 7(
t

2
)
6

− 8.4 (
t

2
)
5

+ 3.5 (
t

2
)
4

] 0 ≤ 𝑡 < 2sec 

𝑥𝑑 = 0.1 2 ≥ 𝑡 < 4sec 

𝑥𝑑 = 0.1 − 0.5 [2 (
𝑡 − 4

2
)
7

+ 7(
𝑡 − 4

2
)
6

− 8.4 (
𝑡 − 4

2
)
5

+ 3.5 (
𝑡 − 4

2
)
4

]  

 4 ≥ 𝑡 < 6sec 
𝑥𝑑 = 0.05 6 ≥ 𝑡 < 8sec 

𝑥𝑑 = 0.05 − 0.25 [2 (
𝑡 − 8

2
)
7

+ 7(
𝑡 − 8

2
)
6

− 8.4 (
𝑡 − 8

2
)
5

+ 3.5 (
𝑡 − 8

2
)
4

] 

 8 ≥ 𝑡 < 10sec 

𝑥𝑑 = 0.025   10 ≥ 𝑡 < 12sec 

𝑥𝑑 = 0.025 − 0.125 [2 (
𝑡 − 12

2
)
7

+ 7(
𝑡 − 12

2
)
6

− 8.4 (
𝑡 − 12

2
)
5

+ 3.5 (
𝑡 − 12

2
)
4

]  

 12 ≥ 𝑡 < 14sec 

𝑥𝑑 = 0.0125   14 ≥ 𝑡 < 16sec 

𝑥𝑑 = 0.0125 − 0.125 [2 (
𝑡 − 16

2
)
7

+ 7(
𝑡 − 16

2
)
6

− 8.4 (
𝑡 − 16

2
)
5

+ 3.5 (
𝑡 − 16

2
)
4

]   

 16 ≥ 𝑡 < 18sec 

𝑥𝑑 = 0.0 (return to initial position) 𝑡 > 18sec 

 (6.6) 
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The Root Mean Square Error (RMSE) value of tracking for control operation of 20 sec-

onds is used to characterize the tracking performance of sinusoidal input. The RMSE val-

ue is calculated using the following equation: 

RMSE = √
1

𝑛
∑𝑒𝑖2
𝑛

𝑖=1

  (6.7) 

where 𝑒𝑖 are the tracking errors between the actual and desired cylinder’s piston dis-

placement for the current sample. The regulating performance of multiple-step polynomi-

al input on the other hand, is characterized by an average value of Steady-State Error 

(SSE) computed at the steady-state segments. To observe the repeatability in control per-

formance, each experiment is repeated five times. 

     The tuning of DAB-SMC controller gains is achieved by trial-and-error method using 

first the developed pneumatic simulator. The tuning process is started by first setting the 

control gains associated with sliding mode control and adaptive laws to zero. At this 

stage, the tuning is limited to gains associated with the backstepping control component, 

that is, 𝑘1, 𝑘2 and 𝑘3. Through observation, the iterative tuning process continues until 

satisfactory performance is achieved. The gains are then kept constant. Next, gains 𝛾1, 𝛾2 

and 𝛾3 of the adaptive laws are turned on to activate the friction observer. The gains are 

repetitively tuned until satisfactory performance is attained. Finally, gains G, 𝛤1 and 𝛤2 of 

sliding mode control component are turned on and tuned until the control schemes are 

perceived to operate at their best possible performance over both reference input trajecto-

ries. The observed performance includes response time, tracking smoothness, tracking er-

ror and stability (satisfying condition of equation (5.69)). Note that, the tuning process is 

conducted under the presence of 9kg external mass attached to the 6kg beam connected to 

the cylinder. After obtaining satisfactory performance from simulation, the control 

scheme is then implemented on the experimental test rig for confirmation. The PID and 

SMC schemes are also tuned in a similar way. Table 6.1 lists the controller gains of each 

control scheme obtained from the tuning process. 
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 Table 6.1: Controller gains for PID, SMC and DAB-SMC schemes (pneumatic cylinder). 

Parameter Description Value Unit 

     PID scheme:  

𝐾𝑝 Proportional gain 75 - 

𝐾𝐼 Integral gain 0.1 1/s 

𝐾𝐷 Derivative gain 3 s 

      SMC scheme: 
λ Control bandwidth 10 rad/s 
G Robustness gain 100 m/s3 
Φ Boundary layer 10 m/s2 

      DAB-SMC scheme: 
k1 Control gain 1 65 rad/s 
k2 Control gain 2 10 rad/s 
k3 Control gain 3 100 rad/s 
Γ1 Control bandwidth 1 0.001 kg/s2 
Γ2 Control bandwidth 2 0.02 kg/s 
G Robustness gain 100  m/s3 
Φ Boundary layer 10 kg m/s2 
γ0 Adaptive gain 1 0.00007 m2s2/kg2 
γ1 Adaptive gain 2 0.00007 m2s2/kg3 
γ12 Adaptive gain 3 0.00007 m2/kg2 

PID, proportional+integral+derivative; SMC, sliding mode control; DAB-SMC,           

dynamical adaptive backstepping-sliding mode control. 

 With the controller gains kept constant, performance of the DAB-SMC scheme is further 

evaluated with respect to six other criteria: (1) effectiveness of the adaptive LuGre-based 

friction compensation scheme, (2) influence of the sinusoidal input frequency, (3) impact 

of the external load (4), robustness to parametric uncertainty, (5) effectiveness over the 

PID and SMC schemes, and (6) performance compromises when the mass flow rate of 

compressed air is regulated with PWM-controlled valves of 3/2-way and 2/2-way config-

urations.  

     For experiments involving the PWM-controlled valves, the controller output, 𝑢, is first 

modulated into the corresponding Pulse Width Modulation (PWM) signal, 𝑢𝑃𝑊𝑀. The 

PWM signal, 𝑢𝑃𝑊𝑀, is realized by comparing the synthesized controller output, u, with a 

high frequency saw-tooth carrier wave, 𝑢𝑐𝑤, having an amplitude of 𝑉𝑝 and time period 

of 𝑇𝑝. Using the following mathematical condition, an appropriate PWM signal, 𝑢𝑃𝑊𝑀, 

having an amplitude of 𝑢𝑝 is produced: 
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𝑢𝑃𝑊𝑀(𝑡) = {

𝑢𝑝 |𝑢(𝑡)| ≥ 𝑢𝑐𝑤(𝑡)

0 |𝑢(𝑡)| < 𝑢𝑐𝑤(𝑡)
    (6.8) 

   

Figure 6.2 shows the principle of PWM signal generation adopted [89] in this thesis, and 

the timing diagram of the variables concerned.  

 

Figure 6.2: Principle of Pulse Width Modulator (PWM) and timing diagram [89]. 

The PWM signal, 𝑢𝑃𝑊𝑀 is then sent to the PWM-controlled valves as valve input 

command, 𝑢𝑣, via the control board. To realize similar pattern of mass flow rate as when 

the system employed a 5/3-way valve, the PWM signal, 𝑢𝑃𝑊𝑀, is distributed to the 

respective configuration of PWM-controlled valves as follows: 

1. PWM-controlled valves of 3/2-way configuration 

 𝑢𝑣1 =   𝑢𝑃𝑊𝑀
𝑢𝑣2 = −𝑢𝑃𝑊𝑀

   for 𝑢 ≥ 0 

 
𝑢𝑣1 = −𝑢𝑃𝑊𝑀
𝑢𝑣2 =    𝑢𝑃𝑊𝑀

    for 𝑢 < 0 

 

 

(6.9) 
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2. PWM-controlled valves of 2/2-way configuration 

{
 
 
 
 

 
 
 
 
𝑢𝑣1 = 𝑢𝑃𝑊𝑀      
𝑢𝑣2 =         0      
𝑢𝑣3 =         0      
𝑢𝑣4 = 𝑢𝑃𝑊𝑀      

for 𝑢 ≥ 0

𝑢𝑣1 =         0      
𝑢𝑣2 = 𝑢𝑃𝑊𝑀      
𝑢𝑣3 = 𝑢𝑃𝑊𝑀      
𝑢𝑣4 =         0      

for 𝑢 < 0

 (6.16) 

Table 6.2 summarizes the relation between the valve operational states and cylinder 

motion for different valve configurations. 

Table 6.2: Relationship between valve operational states and cylinder motion. 

Valve No. 
Cylinder motion 

Hold Extension  Retraction  

Servo system with 5/3-way directional proportional valve 

- 𝑢𝑣 = 0 𝑢𝑣 = 𝑢 > 0                  𝑢𝑣 = 𝑢 < 0                  
Servo system with two 3/2-way PWM-controlled valves 

#1 𝑢𝑣1 =  0 𝑢𝑣1 =    𝑢𝑃𝑊𝑀       𝑢𝑣1 = −𝑢𝑃𝑊𝑀       
#2 𝑢𝑣2 =  0 𝑢𝑣2 = −𝑢𝑃𝑊𝑀        𝑢𝑣2 =    𝑢𝑃𝑊𝑀         

Servo system with four 2/2-way PWM-controlled valves 

#1 𝑢𝑣1 =  0      𝑢𝑣1  =   𝑢𝑃𝑊𝑀              𝑢𝑣1 =  0                 
#2 𝑢𝑣2 =  0 𝑢𝑣2 =  0                        𝑢𝑣2 =  𝑢𝑃𝑊𝑀       
#3 𝑢𝑣3 =  0 𝑢𝑣3 =  0                 𝑢𝑣3 =  𝑢𝑃𝑊𝑀         
#4 𝑢𝑣4 =  0        𝑢𝑣4 = 𝑢𝑃𝑊𝑀                    𝑢𝑣4 =  0                

PWM, pulse width modulation. 

6.2 Results and Discussions 

6.2.1 Performance under nominal operating condition 

Figures 6.3 and 6.4 show the simulation performance of DAB-SMC scheme under a 

nominal operating condition1 for sinusoidal (amplitude of 0.1m and frequency of 0.1Hz) 

and multiple-step polynomial reference inputs, respectively. Note that, in nominal operat-

ing condition, the cylinder is connected to 6kg beam carrying 9kg of external mass with 
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the mass flow rate of compressed air is regulated by a 5/3-way proportional directional 

control valve. As can be seen from both figures, the DAB-SMC scheme was able to track 

and regulate both reference inputs smoothly and in a stable manner. The controller man-

aged to keep the tracking errors relatively small except at the beginning of piston motion 

and at the points when the piston changed its direction of motion (i.e., from Quadrant 1 to 

Quadrant 2 and from Quadrant 3 to Quadrant 4). At those points, the tracking errors were 

maximum. This happened as the DAB-SMC scheme required some time to change the 

state of inertia (from standstill to motion and vice versa) originated from the carried ex-

ternal mass. In addition, the controller had also to overcome the effect of stick friction 

that occurred between the piston, rod and cylinder wall at the beginning of motion.  As a 

consequence, the motion of cylinder’s piston always lag behind the desired reference in-

put at those particular points and causes the tracking error to be maximum.   

 

Figure 6.3: Simulation performance of DAB-SMC scheme under nominal operating con-

dition for sinusoidal input tracking (pneumatic cylinder). 
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Figure 6.4: Simulation performance of DAB-SMC scheme under nominal operating con-

dition for multiple-step polynomial input regulation (pneumatic cylinder). 

    

Figures 6.5 and 6.6 depict the experimental performance of DAB-SMC scheme operating 

under the same controller gains and operating condition. The experiment results for both 

reference inputs were approximately similar to the simulation in terms of trends in track-

ing error. The mean RMSE of tracking (sinusoidal and multiple-step polynomial inputs) 

and SSE values calculated from the experiments however, were relatively higher than the 

simulation, that is, 1.53mm and 0.53mm, respectively. This is understandable as unlike 

simulation, the implementation of a controller on a real physical system is always subject 

to imperfect conditions that contributed from uncertainties in the model (inaccurate simu-

lation model and neglected dynamics) and parametric. In addition, interpolation uncer-

tainty which is the result of lack of available data collected from experimental measure-

ments can be yet another contributor. For input feedbacks that do not have experimental 

measurements, that is, velocity and acceleration in the case of this experiments, one must 

extrapolate in order to find the corresponding responses. The experimental performance 

of DAB-SMC scheme was consistent and repeatable as the maximum deviation of each 
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test from the mean RMSE of tracking values was about 0.05mm. The control signals for 

both experiments were observed to be within ±5.0V and not saturated. Note that, with the 

introduction of a boundary layer, Φ, neighbouring the sliding surface, 𝑠, the chattering 

phenomenon of control signal was reduced. At the same time the accuracy of the control 

system was not severely compromised. Although chattering is undesirable as it may 

shorten the lifespan of the actuators and control valves, a certain level of chattering is 

beneficial as it acts as artificial dither signal that helps to reduce stiction in the valve [90].  

 

Figure 6.5: Experimental performance of DAB-SMC scheme operating under nominal 

condition for sinusoidal input tracking (pneumatic cylinder). 



6.2 Results and Discussions  118 

 

 

 

Figure 6.6: Experimental performance of DAB-SMC scheme operating under nominal 

condition for multiple-step polynomial input regulation (pneumatic cylinder). 

In both experiments, the LuGre-based friction observer designed to compensate the ad-

verse effect of friction present in the cylinder worked well. Figures 6.7 and 6.8 show the 

estimates of the friction internal states and parameters, for the sinusoidal and multiple-

step input, respectively. These estimates were obtained from the experiments. As can be 

seen from both figures, the estimates of friction internal states converged sufficiently fast.  
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Figure 6.7: Estimates of friction internal states and parameters for sinusoidal input track-

ing (pneumatic cylinder). 
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Figure 6.8: Estimates of friction internal states and parameters for multiple-step polyno-

mial input regulation (pneumatic cylinder). 
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The simulation and experimental results presented earlier, characterize the best control 

performance that the proposed DAB-SMC scheme can achieve under the nominal operat-

ing condition using the tuned controller gains. These performances are used as reference 

for comparison in the subsequent experiments.  

6.2.2 Effectiveness of friction compensation scheme 

The embedded LuGre-based friction observer is used to compensate the adverse friction 

effect present in the cylinder. To demonstrate effectiveness of the friction compensation 

scheme, the reference performance presented earlier was compared with the experimental 

results of DAB-SMC with deactivated friction observer. In the absence of friction 

compensator, the performance of DAB-SMC was degraded. This can be clearly observed 

from the experimental results shown in Figures 6.9 and 6.10. For sinusoidal tracking (see 

Figure 6.9), performance deteriorated about 15% from the reference (1.94mm), that is, 

the mean RMSE value over five tests increased to 2.23mm. Performance degradation for 

the multiple-step input was much severe in which a noticeable steady-state error was 

clearly observed over the entire motion (refer to Figure 6.10). The average SSE was 

increased to 1.77mm. These experimental results have successfully demonstrated the 

effectiveness of the friction compensator especially in the case of multiple-step input 

regulation task. 
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Figure 6.9: Comparison between experimental performance of DAB-SMC scheme with 

and without friction compensator for sinusoidal input tracking (pneumatic cylinder). 
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Figure 6.10: Comparison between experimental performance of DAB-SMC scheme with 

and without friction compensator for multiple-step input regulation (pneumatic cylinder). 
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6.2.3 Influence of tracking frequencies 

The influence of tracking frequencies over control performance was examined, by allow-

ing the cylinder to track sinusoidal trajectories having frequencies lower (0.05Hz) and 

higher (0.2Hz) than the reference (0.1Hz). Figures 6.11 and 6.12 show the experimental 

results when the cylinder was commanded to track a sinusoidal input trajectory of 0.05Hz 

and 0.2Hz, respectively. In general, the tracking error as well as control effort increased 

with the increase in reference input frequency. This suggests that the effect of inertia over 

tracking performance, at higher frequencies is more significant than the effect of dry fric-

tion at lower frequencies. 

 
Figure 6.11: Experimental performance of DAB-SMC scheme for 0.05Hz sinusoidal in-

put tracking (pneumatic cylinder). 
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Figure 6.12: Experimental performance of DAB-SMC for 0.2Hz sinusoidal input tracking 

(pneumatic cylinder). 

6.2.4 Impact of varying external loads 

Figure 6.13 compares reference performance with the experimental result of DAB-SMC 

scheme carrying an external mass of 4.4kg. For sinusoidal trajectory tracking, the mean 

RMSE value of tracking over five trials for a cylinder with 4.4kg of mass was 1.80mm. 

In the case of multiple-step input regulation (see Figure 6.14), the RMSE of tracking and 

average SSE were calculated to be 1.19mm and 0.79mm, respectively. The performance 

comparison with DAB-SMC scheme carrying an external mass of 16kg are depicted in 

Figures 6.15 and 6.16. The sinusoidal trajectory and multiple-step input achieved 
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2.26mm and 1.14mm of the mean RMSE value of tracking over five trials, respectively. 

In terms of average SSE of the multiple-step input, the value was computed to be 

0.77mm. The results clearly indicate the impact of increased load originating from the ex-

ternal mass on tracking performance, that is, to increase the tracking error. 

 

Figure 6.13: Comparison between experimental performance of DAB-SMC scheme sub-

jects to 9kg (reference) and 4.4kg of external load for sinusoidal input tracking (pneumat-

ic cylinder). 
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Figure 6.14: Comparison between experimental performance of DAB-SMC scheme sub-

jects to 9kg (reference) and 4.4kg of external load for multiple-step polynomial input 

regulation (pneumatic cylinder). 
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Figure 6.15: Comparison between experimental performance of DAB-SMC scheme sub-

jects to 9kg (reference) and 16kg of external load for sinusoidal input tracking (pneumat-

ic cylinder). 
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Figure 6.16: Comparison between experimental performance of DAB-SMC scheme sub-

jects to 9kg (reference) and 16kg of external load for multiple-step polynomial input reg-

ulation (pneumatic cylinder). 

6.2.5 Robustness to parametric uncertainty 

Robustness of the DAB-SMC scheme to the parametric uncertainty was demonstrated by 

introducing a mismatch between the nominal value of external load used in the control 

scheme, that is, 9kg and the actual one attached to the cylinder. Figures 6.17 and 6.18 

show comparison between the experimental results of reference performance and 51% 

overestimated external load (4.4kg actual load). The mean RMSE value of tracking over 

five trials was 1.42mm for sinusoidal trajectory and 0.96mm for the multiple-step input. 

This is equivalent to 14% to 27% reduction in tracking error as compared to the reference 
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performance when there was no parametric mismatch. On the other hand, Figures 6.19 

and 6.20 show the comparison between reference and performance when the applied ac-

tual load was 16kg. The mean RMSE values of tracking over five trials were calculated to 

be 3.13mm and 1.64mm for the sinusoidal trajectory and multiple-step input, respective-

ly. The average SSE was 0.77mm. From the results, it can be concluded that while the 

controller was robust to parametric uncertainty in load parameter, one has to ensure that 

the actual value of external load does not exceed the designed nominal value used by the 

controller in order to maintain the best performance. Besides, it is also desirable to limit 

the application of external load to 20kg as suggested in [1]. 

 
Figure 6.17: Comparison between experimental performance of DAB-SMC scheme sub-

jects to 9kg (reference) and 51% of overestimated external load for sinusoidal input 

tracking (pneumatic cylinder). 
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Figure 6.18: Comparison between experimental performance of DAB-SMC scheme sub-

jects to 9kg (reference) and 51% of overestimated external load for multiple-step poly-

nomial input regulation (pneumatic cylinder). 
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Figure 6.19: Comparison between experimental performance of DAB-SMC scheme sub-

jects to 9kg (reference) and 78% of underestimated external load for sinusoidal input 

tracking (pneumatic cylinder). 

 



6.2 Results and Discussions  133 

 

 

 

Figure 6.20: Comparison between experimental performance of DAB-SMC scheme sub-

jects to 9kg (reference) and 78% of underestimated external load for multiple-step poly-

nomial input regulation (pneumatic cylinder). 
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6.2.6 Performance comparison with other control schemes 

To study the effectiveness of DAB-SMC scheme over a linear controller the reference 

performance was compared with the widely used classical PID controller. The PID con-

troller was tuned to achieve its best performance through trial-and-error method using 

first, the simulator and then confirming on the experimental test rig.  Figures 6.21 and 

6.22 show the experimental comparison between the two control schemes for position 

tracking/regulation of the sinusoidal trajectory and multiple-step polynomial input, re-

spectively. As is observed from Figure 6.21, the tracking error for PID scheme is relative-

ly larger than the DAB-SMC. This is due to the presence of significant tracking lag 

throughout the tracking tasks. The RMSE value over five tests of PID scheme was about 

10.2mm. In case of multiple-step input regulation, a large steady-state error was also ob-

served (see Figure 6.22). The mean RMSE and SSE values over five tests were calculated 

to be 4.31mm and 2.29mm, respectively. The experimental results demonstrate the inef-

fectiveness of the PID scheme in servo positioning of the pneumatic cylinder. The RMSE 

of tracking and SSE values are more than four times higher for PID as compared to the 

DAB-SMC scheme.  

   The effectiveness of DAB-SMC scheme over other nonlinear control scheme was in-

vestigated by comparing with the classical SMC scheme. The SMC was also tuned using 

the same method as was mentioned previously. Figures 6.23 and 6.24 show the experi-

mental results of position tracking/regulation of the sinusoidal trajectory and multiple-

step polynomial input of both control schemes. The DAB-SMC scheme obviously outper-

formed the SMC scheme in both positioning tasks. The mean RMSE value of tracking er-

ror over five tests for the SMC scheme 4.20 mm while the average SSE over the entire 

steady-state segments of the multiple-step input was about 1.25mm. Since the SMC 

scheme utilized the integral sliding surface, it was expected that the SSE would be less 

than what is observed. However, due to the effect of stick-slip friction in the cylinder, 

overshoot occurred each time the controller (SMC) tried to reduce the SSE as can be seen 

in Figure 6.24. Overall, the performance of DAB-SMC scheme is superior to the SMC 

scheme by more than twofold. 



6.2 Results and Discussions  135 

 

 

 

 

Figure 6.21: Comparison between experimental performance of DAB-SMC and PID 

schemes for sinusoidal input tracking (pneumatic cylinder). 
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Figure 6.22: Comparison between experimental performance of DAB-SMC and PID 

schemes for multiple-step polynomial input regulation (pneumatic cylinder). 
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Figure 6.23: Comparison between experimental performance of DAB-SMC and SMC 

schemes for sinusoidal input tracking (pneumatic cylinder). 
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Figure 6.24: Comparison between experimental performance of DAB-SMC and SMC 

schemes for multiple-step polynomial input regulation (pneumatic cylinder). 

6.2.7 Performance evaluation with PWM-controlled valves 

The DAB-SMC scheme was also employed on the system where the mass flow rate of 

compressed air is regulated by the Pulse Width Modulation (PWM)-controlled valves. 

The purpose is to explore an alternative solution that offers the possibility for cost reduc-

tion. Figure 6.25 shows the experimental comparison of position tracking of a sinusoidal 

trajectory between the reference performance and when PWM-controlled valves of 3/2-

way configuration was utilized. With reference to Figure 6.25, stable position tracking 
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was achieved by the control scheme with PWM-controlled valves, despite performance 

compromise from the reference DAB-SMC. Oscillations were observed at the beginning 

of motion and the tracking error was bounded between ±10mm. The mean RMSE value 

over five tests was calculated to be 3.01mm. The maximum deviation from each test was 

about 0.3mm, showing the performance was repeatable. Figure 6.26 shows the experi-

mental comparison of a multiple-step input regulation. Again, despite degraded perfor-

mance and an overshoot during the first steady-state segment as well as lags on the other 

segments, the DAB-SMC scheme with PWM-controlled valves was able to track the tra-

jectory in a smooth and stable manner. The SSE was higher at the first steady-state seg-

ment. Nevertheless, the control scheme eventually succeeded to suppress the SSE to a 

level equivalent to the reference DAB-SMC performance as the piston moved towards 

segments with a smaller amplitude of step inputs. The lags observed at the beginning of 

each step motion were due to combined effect of inertia, stick friction and valves re-

sponse. The average SSE value of five desired steady-state segments, calculated over five 

tests, was 1.38mm.  

     The DAB-SMC scheme was then applied to the PWM-controlled valves of 2/2-way 

configuration. Figure 6.27 shows the experimental comparison for sinusoidal position 

tracking. It was obvious that the performance was also compromised as compared to the 

reference. Despite the increase in the maximum tracking error to ±13mm, the pattern of 

tracking however looks similar to the previous experimental results, that is, the DAB-

SMC scheme with PWM-controlled valves of 3/2-way configuration (refer to Figure 

6.25). The mean RMSE value of tracking over five tests was 4.62mm.  

   The experimental comparison for multiple-step input regulation is shown in Figure 

6.28. The oscillation at the beginning of motion was much severe than when using the 

PWM-controlled valves of 3/2-way configuration. This suggests that as the number of 

valves increases, the asynchronous opening/closing effect between the valves that con-

tributed to the increase of initial oscillation is also intensified. The mean RMSE of track-

ing over five tests was 2.66mm. The maximum deviation from each test was about 

0.19mm demonstrating that the performance is repeatable. The average SSE of steady-

state segments over five tests was 1.55mm, indicating that the regulation performance 
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was slightly deteriorated in comparison to the PWM-controlled valves of 3/2-way con-

figuration. 

 
Figure 6.25: Comparison between experimental performance of DAB-SMC with 5/3-way 

proportional and 3/2-way PWM-controlled valves for sinusoidal input tracking (pneumat-

ic cylinder). 
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Figure 6.26: Comparison between experimental performance of DAB-SMC scheme with 

5/3-way proportional and 3/2-way PWM-controlled valves for multiple-step polynomial 

input regulation (pneumatic cylinder). 
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Figure 6.27: Comparison between experimental performance of DAB-SMC scheme with 

5/3-way proportional and 2/2-way PWM-controlled valves for sinusoidal input tracking 

(pneumatic cylinder). 
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Figure 6.28: Comparison between experimental performance of DAB-SMC scheme with 

5/3-way proportional and 2/2-way PWM-controlled valves for multiple-step polynomial 

input regulation (pneumatic cylinder). 

 

The experimental results presented earlier are summarized in Tables 6.3 to 6.5. Tables 

6.3 and 6.4 list the experimental results of DAB-SMC scheme under various operating 

conditions using a 5/3-way proportional directional valve for sinusoidal tracking and 

multiple-step input regulation, respectively. Table 6.5 on the other hand, lists the experi-

mental comparison results with different control schemes and when using PWM-

controlled valves. 
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Table 6.3: RMSE values for sinusoidal input tracking for DAB-SMC scheme under vari-

ous operating conditions (pneumatic cylinder). 

Tracking 

frequency 

(Hz) 

External load at-

tached to cylin-

der (kg) 

External load val-

ue used in control 

scheme (kg) 

Mean RMSE 

value over 5 

tests (mm) 

Maximum devia-

tion from mean 

RMSE (mm) 

0.1 9.0 9.0 1.94 0.05 

0.05 9.0 9.0 1.77 0.11 

0.2 9.0 9.0 2.38 0.08 

0.1 4.4 4.4 1.81 0.05 

0.1 16.0 16.0 2.26 0.05 

0.1 4.4 9.0 1.42 0.02 

0.1 16.0 9.0 3.13 0.02 

RMSE, root mean square error; DAB-SMC, dynamical adaptive backstepping-sliding 

mode control. 

Table 6.4: RMSE and SSE values of multiple-step polynomial input regulation for DAB-

SMC scheme under various operating conditions (pneumatic cylinder). 

External load 

attached to 

cylinder (kg) 

External load val-

ue used in control 

scheme (kg) 

Mean RMSE 

value over 5 

tests (mm) 

Maximum devi-

ation from mean 

RMSE (mm) 

Mean SSE 

value over 5 

tests (mm) 

9.0 9.0 1.11 0.03 0.53 

4.4 4.4 1.19 0.04 0.79 

16.0 16.0 1.14 0.02 0.77 

4.4 9.0 0.96 0.03 0.70 

16.0 9.0 1.67 0.13 0.77 

RMSE, root mean square error; SSE, steady-state error; DAB-SMC, dynamical adaptive 

backstepping-sliding mode control. 
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Table 6.5: RMSE and SSE values of sinusoidal input tracking and multiple-step input 

regulation for different control schemes and valve configurations (pneumatic cylinder). 

Control 

scheme 

Valve 

configu-

ration 

Reference       

input  

Mean RMSE 

value over 5 

tests (mm) 

Max. devia-

tion from 

mean RMSE 

(mm) 

Mean SSE 

value over 5 

tests (mm) 

DAB-SMC 

5/3-way 
sinusoidal 1.94 0.05 - 

multiple-step  1.11 0.03 0.53 

3/2-way 
sinusoidal 3.01 0.08 - 

multiple-step 2.06 0.26 1.39 

2/2-way 
sinusoidal 4.62 0.08 - 

multiple-step 2.66 0.18 1.11 

DAB-SMC 

without FC 
5/3-way 

sinusoidal 2.23 0.19 - 

multiple-step  2.49 0.16 1.77 

PID 5/3-way 
sinusoidal 10.2 0.19 - 

multiple-step 4.31 0.19 2.29 

SMC 5/3-way 
sinusoidal 4.19 0.06 - 

multiple-step 3.46 0.19 1.25 

RMSE, root mean square error; SSE, steady-state error; DAB-SMC, dynamical adaptive 

backstepping-sliding mode control; FC, friction compensator; PID, proportion-

al+integral+derivative; SMC, sliding mode control. 

6.3 Summary 

Effectiveness of the proposed DAB-SMC scheme for servo position tracking and regula-

tion of a single-rod, double-acting pneumatic cylinder operating operated under two dif-

ferent modes (assisting and resisting) of an external load was experimentally evaluated. 

The experimental results showed that the DAB-SMC scheme, developed in this thesis, 

was capable of tracking and regulating the pneumatic cylinder satisfactorily and in a sta-

ble manner over various operating condition using different valve configurations. Over 

the entire range of experiments, the average root mean square error values, characterizing 

the tracking performance of both sinusoidal trajectory and multiple-step polynomial input 

were 1.73mm (average value of column no. 4 and 3 of Tables 6.3 and 6.4, respectively). 

The average steady-state errors representing the regulation performance of the multiple-

step polynomial input on the other hand were 0.71mm (average value of column no. 5 of 

Table 6.4). The application of adaptive LuGre-based friction compensator significantly 
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decreased the tracking error. The DAB-SMC scheme also exhibited better performance 

than the widely used PID and classical SMC scheme. However, performance was slightly 

compromised when implemented on the system with PWM-controlled valve. In the next 

chapter, the effectiveness of DAB-SMC scheme in servo positioning of antagonistic 

pneumatic artificial muscles will be investigated.  
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Chapter 7 

Positioning of Pneumatic Artificial Muscles 

 

 

In this Chapter, effectiveness of the DAB-SMC scheme in servo positioning of the 

pneumatic artificial muscles arranged in an antagonistic configuration is investigated. 

Positioning of the pneumatic muscles however, is more challenging than the cylinder. 

This is due to the highly nonlinear and complex mathematical model that causes 

determination of the associated parameters to become more difficult. Furthermore, it 

increases the uncertainties in both parameters and model characterizing the dynamics of 

muscles. In addition, extra set of friction observer is required to monitor the thread-to-

thread frictions occur in the two PAMs. This chapter is organized into three sections. 

Section 7.1 briefly explains the test procedures and evaluation criteria used in the 

performance evaluation. Section 7.2 presents and discusses the results obtained from the 

simulation and experiments. The overall performance of the DAB-SMC scheme with 

respect to position tracking and regulation of the pneumatic muscles is summarized in 

Section 7.3. 

7.1 Test Procedures and Evaluation Criteria 

The test procedures and evaluation criteria applied in this chapter are described in brief as 

they are similar to the one used in Chapter 6. The complete setup of interest used in this 
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chapter is shown in the schematic diagram of Figure 3.9. The shaft is rotated due to the 

unbalanced actuating forces created by the attached pneumatic muscles. The varying ex-

ternal torque is realized by attaching a mass to the beam. Figure 3.7 shows how the exter-

nal torque affects the shaft’s motion. The torque operates in assisting mode during motion 

in quadrants 1 and 3 but changes into resisting mode in quadrants 2 and 4.  

     To have the derivative of friction, �̇�𝑓, the term 
𝑑

𝑑𝑡
|𝑟�̇�𝑠| is replaced by the following 

smooth function 𝑠𝑚(𝑟�̇�𝑠) : 

𝑠𝑚(𝑟�̇�𝑠) = {

2

𝜋
𝑟�̇�𝑠cos (𝜙0 − 𝜃𝑠)tan

−1  (𝑘𝑠𝑚𝑟�̇�𝑠cos (𝜙0 − 𝜃𝑠)) for PAM 1

2

𝜋
𝑟�̇�𝑠cos (𝜙0 + 𝜃𝑠)tan

−1  (𝑘𝑠𝑚𝑟�̇�𝑠cos (𝜙0 + 𝜃𝑠)) for PAM 2

 (7.1) 

The derivative of smooth function is:    

𝑑

𝑑𝑥
𝑠𝑚(𝑟�̇�𝑠)

=

{
 
 
 
 

 
 
 
 (

2

𝜋
𝑟�̇�𝑠cos (𝜙0 − 𝜃𝑠))

′

tan−1  (𝑘𝑠𝑚𝑟�̇�𝑠cos (𝜙0 − 𝜃𝑠))

+
2

𝜋
𝑟�̇�𝑠cos (𝜙0 − 𝜃𝑠)(tan

−1  (𝑘𝑠𝑚𝑟�̇�𝑠cos (𝜙0 − 𝜃𝑠)))
′
for PAM 1

(
2

𝜋
𝑟�̇�𝑠cos (𝜙0 + 𝜃𝑠))

′

tan−1  (𝑘𝑠𝑚𝑟�̇�𝑠cos (𝜙0 + 𝜃𝑠))

+
2

𝜋
𝑟�̇�𝑠cos (𝜙0 + 𝜃𝑠)(tan

−1  (𝑘𝑠𝑚𝑟�̇�𝑠cos (𝜙0 + 𝜃𝑠)))
′
for PAM 2

 

 

(7.2) 

where 

(
2

𝜋
𝑟�̇�𝑠cos (𝜙0 − 𝜃𝑠))

′

=
2

𝜋
𝑟�̈�𝑠 cos(𝜙0 − 𝜃𝑠) +

2

𝜋
𝑟�̇�𝑠sin (𝜙0 − 𝜃𝑠)�̇�𝑠 (7.3)   

(
2

𝜋
𝑟�̇�𝑠cos (𝜙0 + 𝜃𝑠))

′

=
2

𝜋
𝑟�̈�𝑠 cos(𝜙0 + 𝜃𝑠) −

2

𝜋
𝑟�̇�𝑠sin (𝜙0 + 𝜃𝑠)�̇�𝑠 

    

(7.4) 

(tan−1 (𝑘𝑠𝑚𝑟�̇�𝑠 cos(𝜙0 − 𝜃𝑠)))
′
 

=
𝑘𝑠𝑚𝑟�̇�𝑠cos (𝜙0 − 𝜃𝑠)

1 + 𝑘𝑠𝑚𝑟�̇�𝑠cos (𝜙0 − 𝜃𝑠)
(𝑘𝑠𝑚𝑟�̈�𝑠 cos(𝜙0 − 𝜃𝑠) + 𝑘𝑠𝑚𝑟�̇�𝑠 sin(𝜙0 − 𝜃𝑠)�̇�𝑠) 

    

(7.5) 

(tan−1 (𝑘𝑠𝑚𝑟�̇�𝑠 cos(𝜙0 + 𝜃𝑠)))
′
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=
𝑘𝑠𝑚𝑟�̇�𝑠cos (𝜙0 + 𝜃𝑠)

1 + 𝑘𝑠𝑚𝑟�̇�𝑠cos (𝜙0 + 𝜃𝑠)
(𝑘𝑠𝑚𝑟�̈�𝑠 cos(𝜙0 + 𝜃𝑠) − 𝑘𝑠𝑚𝑟�̇�𝑠 sin(𝜙0 + 𝜃𝑠)�̇�𝑠) 

(7.6) 

 

Positioning of the PAMs is achieved using the same reference inputs utilized in Chapter 

6: (1) sinusoidal wave with tracking frequency of 0.1Hz (≈ 0.6283rad/s) and (2) multiple-

step polynomial input with five motion segments separated by two seconds of steady-

state segments having different amplitudes. The reference inputs are illustrated in Figure 

7.1. Note that, the amplitude for the sinusoidal wave is 5.73̊ (≈ 0.1rad). In the case of 

multiple-step polynomial, the amplitudes of the steady-state segments are in the follow-

ing order: 5.73̊ (≈ 0.1rad), 2.86̊ (≈ 0.05rad), 1.43̊ (≈ 0.025rad), and 0.72̊ (≈ 0.0125rad). 

 
(a) 

 
(b) 

Figure 7.1: Reference input trajectories for pneumatic artificial muscles: (a) sinusoidal, 

(b) multiple-step polynomial. 

 

The Root Mean Square Error (RMSE) value of sinusoidal tracking and Steady-State Error 

(SSE) calculated at the steady-state segments of multiple-step input are used to character-

ize the tracking and regulation performance, respectively. The tuning of controller gains 

is first done in the pneumatic simulator using the process described in the previous chap-
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ter, followed by implementation on the experimental test rig for confirmation. Table 7.1 

lists the employed controller gains of the control schemes considered for performance 

evaluation in this chapter. 

     The performance of the DAB-SMC scheme in positioning of the PAMs is evaluated 

with respect to six different criteria: (1) performance when operating under nominal con-

dition, (2) effectiveness of the hysteresis compensation scheme, (3) influence of the si-

nusoidal input frequency, (4) impact of the external load (5), robustness to parametric un-

certainty, (6) effectiveness over other control scheme, and (7) performance compromises 

when the mass flow rate of compressed air is regulated with PWM-controlled valves 

(3/2-way and 2/2-way configurations).  

Table 7.1: Controller gains for SMC and DAB-SMC schemes (pneumatic artificial mus-

cles). 

Parameter Description Value Unit 

      SMC scheme: 

λ Control bandwidth 8 rad/s 

G Robustness gain 30 rad/s3 

Φ Boundary layer 10 rad/s2 

      DAB-SMC scheme: 

k1 Control gain 1 15 rad/s 

k2 Control gain 2 7 rad/s 

k3 Control gain 3 10 rad/s 

Γ1 Control bandwidth 1 0.001 kg/s2 

Γ2 Control bandwidth 2 0.02 kg/s 

G Robustness gain 30  m/s3 

Φ Boundary layer 10 kg m/s2 

γ0 Adaptive gain 1 0.00007  rad s2/kg2 

γ1 Adaptive gain 2 0.00007  rad s2/kg3 

γ12 Adaptive gain 3 0.00007 rad/kg2 

SMC, sliding model control; DAB-SMC, dynamical adaptive backstepping-sliding 

mode control. 
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7.2 Results and Discussions 

7.2.1 Performance under nominal operating condition 

Figures 7.2 and 7.3 show the simulation performance of DAB-SMC scheme when 

positioning (tracking and regulation) the pneumatic artificial muscles (PAMs) under a 

nominal operating condition. Note that, the nominal operating condition in this case 

refers to the condition where the controller is tuned to operate best when the pneumatic 

muscles is connected to 6kg beam carrying 2.2kg external mass and the mass flow rate of 

compressed air is regulated by a 5/3-way proportional directional control valve. The 

external mass generates a varying torque that operates in both motion assisting and 

resisting modes. With reference to Figures 7.2 and 7.3, the DAB-SMC scheme managed 

to smoothly track and regulate the reference input signals in a stable manner. The tracking 

error and SSE was observed to be small except at the beginning of motion or when the 

muscle changes its direction of motion. This is understandable as the PAMs is in the state 

of transient response to overcome the inertia as well as friction.  

     When implemented on the experimental test rig using the same set of controller gains 

and operating condition, a slightly degraded tracking and regulating performance was 

observed as depicted in Figures 7.4 and 7.5, respectively. The degradation was caused by 

the model uncertainty and neglected dynamics of the simulation model. In addition, it 

was also contributed by the non-ideal condition of feedback signals (angular velocity and 

acceleration) extrapolated from the angular position. The average RMSE value over five 

tests was calculated to be 0.09° and 0.07° for the sinusoidal and multiple-step input 

tracking, respectively. The average SSE over five steady-state segments of the desired 

multiple-step input was 0.03°. The control performance for both tasks was observed to be 

repeatable as the RMSE values for all tests were very close to each other. The control 

efforts for both tasks were not saturated and stayed within ±2.5V 
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Figure 7.2: Simulation performance of DAB-SMC scheme operating under nominal con-

dition for sinusoidal input tracking (pneumatic artificial muscles). 

 

Figure 7.3: Simulation performance of DAB-SMC scheme operating under nominal con-

dition for multiple-step polynomial input regulation (pneumatic artificial muscles). 
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.  

Figure 7.4: Experimental performance of DAB-SMC scheme operating under nominal 

condition for sinusoidal input tracking (pneumatic artificial muscles) 
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Figure 7.5: Experimental performance of DAB-SMC scheme operating under nominal for 

multiple-step polynomial input regulation (pneumatic artificial muscles) 

Figures 7.6 and 7.7 illustrate the estimates of friction internal states and parameters of the 

embedded LuGre-based friction observer for the reference sinusoidal and multiple-step 

input. Note that, these estimates were obtained from experiments. The friction observer 

was used to compensate the hysteresis behaviour of the pneumatic muscles. Observation 

from both figures indicates that the friction observer worked well and the estimates of 

friction internal states and parameters converge sufficiently fast. Note that the results pre-

sented here are used as a reference performance for comparison with the subsequent tests 
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Figure 7.6: Estimates of friction internal states and parameters for sinusoidal input track-

ing (pneumatic artificial muscles 1) 
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Figure 7.7: Estimates of friction internal states and parameters for multiple-step polyno-

mial input regulation (pneumatic artificial muscle 1) 
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7.2.2 Effectiveness of hysteresis compensation scheme 

To examine the effectiveness of the friction observer in improving the control perfor-

mance, that is, by compensating the hysteresis effect, the experiments were repeated us-

ing DAB-SMC scheme with deactivated friction observer. Figures 7.8 and 7.9 show the 

comparison between experimental results of both schemes (DAB-SMC with and without 

friction observer) for sinusoidal trajectory tracking and multiple-step input regulation. As 

can be clearly observed, the ability of the muscles to accurately track and regulate the 

reference input especially at the point of maximum desired angular position was severely 

compromised when the friction observer was deactivated. This is due to the inequivalent 

contraction and elongation ratio between the two muscles as a result of hysteresis. The 

average RMSE value over five tests for DAB-SMC scheme without friction observer was 

computed to be 0.63° and 0.45° for the sinusoidal and multiple-step input tracking, re-

spectively. The average SSE over five steady-state segments of the desired multiple-step 

input was 0.32°. The results successfully demonstrate the effectiveness of the friction ob-

server in compensating the hysteresis and the consequence if it is not properly accounted.  
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Figure 7.8: Comparison between experimental performance of DAB-SMC scheme with 

and without hysteresis compensator for sinusoidal input tracking (pneumatic artificial 

muscles). 
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Figure 7.9: Comparison between experimental performance of DAB-SMC scheme with 

and without hysteresis compensator for multiple-step polynomial input regulation (pneu-

matic artificial muscles). 

7.2.3 Influence of tracking frequencies 

The subsequent experiments were conducted to investigate the effectiveness of the DAB-

SMC scheme with respect to tracking frequency. Experiments using sinusoidal 

trajectories with tracking frequencies lower (0.05Hz) and higher (0.2Hz) than the one 

used in reference (0.1Hz) were conducted. Figures 7.10 and 7.11 show results of the 

experiments. The average RMSE value over five tests increased from 0.09° to 0.19° as 

the tracking frequency changed from 0.05Hz to 0.2Hz. This is understandable since a 
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higher tracking frequency contributes to a larger angular momentum which consequently 

causes a larger tracking error. Although, the control scheme was still able to maintain the 

control effort within ±2.5V, extra control effort was needed for tracking at a higher 

frequency.  

 

Figure 7.10: Experimental performance of DAB-SMC scheme for 0.05Hz sinusoidal in-

put tracking (pneumatic artificial muscles). 
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Figure 7.11: Experimental performance of DAB-SMC scheme for 0.2Hz sinusoidal input 

tracking (pneumatic artificial muscles). 

7.2.4 Impact of varying external loads 

Effect of an external load (torque) over performance of the DAB-SMC scheme was stud-

ied by subjecting the pneumatic muscles with a mass that is lesser (1.1kg) and greater 

(3.3kg) than the one used in the reference performance (2.2kg). Figures 7.12 to 7.15 show 

comparison of the experimental results with the reference DAB-SMC scheme. The track-

ing performance for both sinusoidal trajectory and multiple-step input were slightly dete-

riorated when the magnitude of external mass was increased. The average RMSE value 
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over five tests of the corresponding reference inputs were amplified from 0.09°(1.1kg) to 

0.11°(3.3kg) and 0.06°(1.1kg) to 0.08°(3.3kg), respectively. In the case of regulation, the 

performance was maintained.  The average SSE value over all steady-state segments re-

mained at 0.03° despite the increase in the magnitude of external mass. This suggests that 

the tracking performance is much more sensitive to the effect of load originating from the 

external mass than the regulation performance.  

 

Figure 7.12: Comparison between experimental performance of DAB-SMC scheme sub-

jects to 2.2kg (reference) and 1.1kg of external load for sinusoidal input tracking (pneu-

matic artificial muscles). 
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Figure 7.13: Comparison between experimental performance of DAB-SMC scheme sub-

jects to 2.2kg (reference) and 1.1kg of external load for multiple-step polynomial input 

regulation (pneumatic artificial muscles). 
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Figure 7.14: Comparison between experimental performance of DAB-SMC scheme sub-

jects to 2.2kg (reference) and 3.3kg of external load for sinusoidal input tracking (pneu-

matic artificial muscles) 
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Figure 7.15: Comparison between experimental performance of DAB-SMC scheme sub-

jects to 2.2kg (reference) and 3.3kg of external load for multiple-step polynomial input 

regulation (pneumatic artificial muscles). 

7.2.5 Robustness to parametric uncertainty 

Similar to the experiment in Chapter 6, robustness with respect to uncertainty in the value 

of load parameter were examined by creating a situation whereby the actual load attached 

to pneumatic muscles had a different value from the nominal one used in the controller.  

Figures 7.16 and 7.17 show the comparison of experimental results between reference 

performance and when the actual load was 50% less than the nominal load used in the 

controller. Figures 7.18 and 7.19 on the other hand, illustrate the experimental 

comparison of DAB-SMC when actual load was 50% more than the one used by the 
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controller. As is seen, the controller was robust towards the uncertainty in the load 

parameter for both cases, that is, overestimated and underestimated load. The average 

RMSE and SSE values over five tests for both cases are almost identical to the reference 

performance. This demonstrates that the sliding mode control component of DAB-SMC 

scheme works well and has successfully compensated the uncertainty in load parameter. 

 

Figure 7.16: Comparison between experimental performance of DAB-SMC scheme sub-

jects to 2.2kg (reference) and 50% of overestimated external load for sinusoidal input 

tracking (pneumatic artificial muscles). 
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Figure 7.17: Comparison between experimental performance of DAB-SMC scheme sub-

jects to 2.2kg (reference) and 50% of overestimated external load for multiple-step poly-

nomial input regulation (pneumatic artificial muscles). 
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Figure 7.18: Comparison between experimental performance of DAB-SMC scheme sub-

jects to 2.2kg (reference) and 50% of underestimated external load for sinusoidal input 

tracking (pneumatic artificial muscles). 
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Figure 7.19: Comparison between experimental performance of DAB-SMC scheme sub-

jects to 2.2kg (reference) and 50% of underestimated external load for multiple-step pol-

ynomial input regulation (pneumatic artificial muscles). 

7.2.6 Performance comparison with other control scheme 

Performance of the DAB-SMC scheme was also compared with other control schemes 

(i.e., PID and SMC schemes). Performance of the PID scheme however, will not be 

presented as the controller failed to track and regulate the pneumatic muscles 

satisfactorily. This is due to the difficulty in determining appropriate controller gains. 

Similar problem was also reported in [91, 92], when the PID was applied on a highly 

nonlinear actuator. Figures 7.20 and 7.21 on the other hand, show the experimental 
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comparison between the performance of the DAB-SMC and SMC schemes. With the 

reference to the figures, the tracking and regulation performance of DAB-SMC scheme 

was obviously better and smoother than the SMC. The average RMSE value over five 

tests of the SMC scheme for sinusoidal trajectory tracking was 0.14°. In terms of 

multiple-step input regulation, the average SSE, over five tests, was 0.04°. Overall, the 

DAB-SMC scheme outperformed the SMC by 33% in both tracking and regulation tasks. 

 

Figure 7.20: Comparison between experimental performance of DAB-SMC and SMC 

schemes for sinusoidal input tracking (pneumatic artificial muscles). 
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Figure 7.21: Comparison between experimental performance of DAB-SMC and SMC 

schemes for multiple-step polynomial input regulation (pneumatic artificial muscles). 

7.2.7 Performance evaluation with PWM-controlled valves 

Figures 7.22 and 7.23 illustrate the performance compromises when the DAB-SMC 

scheme was implemented on the servo-pneumatic system regulated by two 3/2-way 

PWM-controlled valves. Note that frequency of the PWM signal was 20Hz. Significant 

oscillations were observed during the first quadrant (Q1) of actuator motion for both 

tracking and regulation of tasks when the PWM-controller valves of 3/2-way configura-

tion was utilized. This is due to the effect of inertia, asynchronous opening/closing 
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amongst the valves and discrete mass flow rate as a result of PWM signal utilization. As 

the actuator moved to the second quadrant (Q2), the control scheme gradually suppressed 

the oscillation to a level that was equivalent to the 5/3-way proportional valve. The aver-

age RMSE value over five tests, calculated for the sinusoidal trajectory tracking was 

0.14°. The SSE value of multiple-step input regulation on the other hand, was computed 

to be 0.04°. This suggests that the average tracking and regulation performance of DAB-

SMC scheme have been compromised by 33% when applied on the servo system regulat-

ed by the PWM-controlled valves of 3/2-way configuration. 

 
Figure 7.22: Comparison between experimental performance of DAB-SMC scheme with 

5/3-way proportional and 3/2-way PWM-controlled valves for sinusoidal input tracking 

(pneumatic artificial muscles). 
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Figure 7.23: Comparison between experimental performance of DAB-SMC scheme with 

5/3-way proportional and 3/2-way PWM-controlled valves for multiple-step polynomial 

input regulation (pneumatic artificial muscles). 

The final set of experiments was conducted on a servo-pneumatic system regulated by 

four 2/2-way PWM-controlled valves. Note that, the employed frequency of the PWM 

signal remained at 20Hz. Figures 7.24 and 7.25 show the experimental comparison with 

the reference system (5/3-way proportional directional valve) for sinusoidal trajectory 

tracking and multiple-step input regulation, respectively. It can be observed from both 

figures that the performance of DAB-SMC scheme implemented on system with PWM-

controlled valves of 2/2-way configuration was almost equivalent to the previous one 

(i.e., when the system was regulated by PWM-controlled valves of 3/2-way 
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configuration). Calculation of the average RMSE and SSE values over five tests for 

sinusoidal trajectory tracking and multiple-step input regulation also indicated that both 

systems share the same values which are 0.14° and 0.04°, respectively. 

   

Figure 7.24: Comparison between experimental performance of DAB-SMC scheme with 

5/3-way proportional and 2/2-way PWM-controlled valves for sinusoidal input tracking 

(pneumatic artificial muscles). 
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Figure 7.25: Comparison between experimental performance of DAB-SMC scheme with 

5/3-way proportional and 2/2-way PWM-controlled valves for multiple-step polynomial 

input regulation (pneumatic artificial muscles). 

Tables 7.2 to 7.4 summarize the tracking and regulation performance for positioning of 

antagonistic pneumatic artificial muscles presented in this section. Tables 7.2 and 7.3 list 

the experimental results of DAB-SMC scheme conducted under various operating condi-

tions. Table 7.4 on the other hand, lists the experimental comparison with different con-

trol schemes and valve configurations. 
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Table 7.2: RMSE values of sinusoidal input tracking for DAB-SMC scheme under vari-

ous operating conditions (pneumatic artificial muscles). 

Tracking 

frequency 

(Hz) 

External load 

attached to 

PAMs (kg) 

External load value 

used in control 

scheme (kg) 

Mean RMSE 

value over 5 

tests (deg) 

Maximum devi-

ation from mean 

RMSE (deg) 

0.1 2.2 2.2 0.09 0.002 

0.05 2.2 2.2 0.09 0.003 

0.2 2.2 2.2 0.19 0.001 

0.1 1.1 1.1 0.09 0.003 

0.1 3.3 3.3 0.11 0.004 

0.1 1.1 2.2 0.09 0.001 

0.1 3.3 2.2 0.10 0.002 

RMSE, root mean square error; DAB-SMC, dynamical adaptive backstepping-sliding 

mode control. 

 

Table 7.3: RMSE and SSE values of multiple-step input regulation for DAB-SMC 

scheme under various operating conditions (pneumatic artificial muscles). 

External load 

attached to 

PAMs (kg) 

External load 

value used in 

control 

scheme (kg) 

Mean RMSE 

value over 5 

tests (deg) 

Maximum devia-

tion from mean 

RMSE (deg) 

Mean SSE value 

over 5 tests 

(deg) 

2.2 2.2 0.07 0.003 0.03 

1.1 1.1 0.06 0.001 0.03 

3.3 3.3 0.08 0.002 0.03 

1.1 2.2 0.07 0.001 0.04 

3.3 2.2 0.07 0.002 0.03 

RMSE, root mean square error; SSE, steady-state error; DAB-SMC, dynamical adaptive 

backstepping-sliding mode control. 
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Table 7.4: RMSE and SSE values of sinusoidal input tracking and multiple-step input 

regulation for different control scheme and valve configurations (pneumatic artificial 

muscles). 

Control 

scheme 

Valve 

configu-

ration 

Reference in-

put trajectory 

Mean 

RMSE val-

ue over 5 

tests (deg) 

Max. devia-

tion from 

mean RMSE 

(deg) 

Mean SSE 

value over 5 

tests (deg) 

DAB-SMC 

5/3-way 
sinusoidal 0.09 0.002 - 

multiple-step  0.07 0.003 0.03 

3/2-way 
sinusoidal 0.14 0.003 - 

multiple-step 0.10 0.02 0.04 

2/2-way 
sinusoidal 0.14 0.007 - 

multiple-step 0.10 0.01 0.04 

DAB-SMC 

without HC 
5/3-way 

sinusoidal 0.63 0.02 - 

multiple-step  0.45 0.009 0.32 

SMC 5/3-way 
sinusoidal 0.14 0.06 - 

multiple-step 0.10 0.006 0.04 

RMSE, root mean square error; SSE, steady-state error; DAB-SMC, dynamical adaptive 

backstepping-sliding mode control; HC, hysteresis compensator; SMC, sliding mode con-

trol.   

7.3 Summary 

In this chapter, the Dynamical Adaptive Backstepping-Sliding Mode Control (DAB-

SMC) scheme developed in Chapter 5 was verified using simulation and its effectiveness 

in servo positioning of an antagonistic PAMs-driven actuating system was experimentally 

evaluated. The PAMs were subject to a varying external load (torque) operating in both 

motion assisting and resisting modes. The mass flow rates of compressed air into and out 

of the PAMs were regulated by a 5/3-way proportional directional control valve. The per-

formance was investigated under various operating conditions. In addition, performance 

with SMC control scheme and PWM-controlled valves of 3/2-way and 2/2-way configu-

ration were also compared. The results showed that the DAB-SMC scheme exhibited a 

satisfactory and stable position tracking and regulation of PAMs despite the changes in 

operating conditions. The results also suggest that the DAB-SMC was robust to paramet-

ric uncertainty and had better performance that the SMC. The integration of Lyapunov-
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based friction observer has effectively compensated the adverse effect of hysteresis 

which originated from the thread-to-thread friction of PAMs. This is evident through a 

significant performance improvement as was clearly observed from the experimental re-

sults. The performance was however compromised by 33% when applied on systems 

regulated by PWM-controlled valves. 
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Chapter 8 

Conclusions 

8.1 Contributions 

This thesis presents the design and comprehensive performance evaluation of a model-

based, nonlinear controller known as Dynamical Adaptive Backstepping-Sliding Mode 

Control or DAB-SMC in short. Originally designed for regulating chemical processes 

having uncertainties, the DAB-SMC has been adopted as it is equipped with the control 

elements that are capable of dealing with the problems of nonlinearities, mod-

el/parametric uncertainties and friction encountered in the pneumatic systems. In this the-

sis, the DAB-SMC was applied for servo-pneumatic positioning control of a single-rod, 

double-acting pneumatic cylinder and antagonistic pneumatic artificial muscles subject to 

varying load that operates in motion assisting and resisting modes. The implementation 

of DAB-SMC on such a servo-pneumatic control application is novel and has not been 

reported prior to this work. The performance of the DAB-SMC was evaluated on the ex-

perimental test rig and pneumatic simulator developed specifically for this research work. 

The test rig consists of different actuator-valve setups established from two different ac-

tuators: a single-rod, double-acting pneumatic cylinder and antagonistically paired pneu-

matic artificial muscles (PAMs), and three different valve configurations: a 5/3-way pro-

portional directional valve, two 3/2-way and four 2/2-way Pulse Width Modulation 
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(PWM)-controlled valves. Both simulation and experimental results showed that the 

DAB-SMC was capable of tracking and regulating the actuators exposed to a varying ex-

ternal load operating in motion resisting and assisting modes, satisfactorily and in a stable 

manner. Over the entire range of experiments involving various operating conditions with 

the mass flow rates of compressed air regulated by a 5/3-way proportional directional 

control valve, the average root mean square error (RMSE) values, characterizing the 

tracking performance of both sinusoidal trajectory and multiple-step input were 1.73mm 

and 0.10° for the pneumatic cylinder and PAMs, respectively. In terms of regulating per-

formance, the average steady-state error (SSE) values of multiple-step input for the 

pneumatic cylinder and PAMs were 0.71mm and 0.04°, respectively. The adaptive fric-

tion compensator significantly reduced the tracking and steady-state errors that occurred 

in both actuators. In addition to robustness towards the uncertainty in loading parameter, 

the DAB-SMC also exhibited better performance than the well-established PID and clas-

sical SMC schemes. The performance of the DAB-SMC was slightly compromised when 

the positioning tasks were accomplished using the PWM-controlled valves. Nevertheless, 

utilization of the PWM-controlled valves would be worth considering as it benefits appli-

cations that require less demanding performance but are critical in terms of cost.  

The major contribution of this research is two-fold: 

i. The design of DAB-SMC scheme for servo-pneumatic positioning control of a 

single-rod, double acting pneumatic cylinder and antagonistic pneumatic artificial 

muscles. The controller is further enhanced by augmenting it with LuGre-based 

friction observers to compensate the adverse frictional effect presents in both ac-

tuators.  

ii. Practical implementation of the DAB-SMC scheme on different actuator-valve 

setups including analysis of the performance when operating under various condi-

tions with the actuators exposed to a varying load operating in both motion resist-

ing and assisting modes. 
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The minor contribution of this research is also two-fold: 

i. Developments of the experimental test rig which was not only beneficial for the 

performance evaluation of the proposed controller, but also can be utilized in oth-

er researches (e.g., cooperative motion control between the pneumatic cylinder 

and pneumatic artificial muscles) in the future. 

ii. Development of the pneumatic simulator which can also be used by other re-

searchers in the field of pneumatic to preliminarily evaluate their controllers be-

fore confirming the performance on the experimental test rig.  

8.2 Future Work 

This work could be extended in multitude of ways including, but not limited to, the fol-

lowing recommendations: 

i. Enhancing performance of the proposed controller by incorporating the valve 

dead-zone compensation scheme and adding an integral sliding surface. It is ex-

pected that a valve dead-zone compensation scheme could reduce the tracking er-

rors in particular at the points where the actuators change the direction of motion. 

The integral sliding surface, on the other hand, is anticipated to eliminate the 

steady-state error. 

ii. The trial-and-error method used to find optimal controller gains is time-

consuming and requires an operator with a certain level of tuning know-how and 

skills. Thus, it is desirable if the tuning process could be achieved using an opti-

mization method based on an appropriate algorithm. This will significantly reduce 

the effort and time required as well as eliminating the need of a properly trained 

and experienced operator. In addition, tuning of controller gains can be effectively 

and systematically achieved with guaranteed optimized performance. 

iii. The developed test rig can be upgraded by including high-speed solenoid valves 

or Pulse Code Modulation (PCM)-valves. Performance of the proposed controller 

implemented on these new combinations of actuator-valve setups can thus be 
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evaluated. In addition, by attaching force sensors to the actuators, applications re-

lated to force control can also be realized. 

iv. In order to make the developed pneumatic simulator more effective and attractive, 

other features can further be added. This includes real-time animation of actuator 

motion. 
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Appendices  

A.1 Physical behavior of friction 

In a mechanical system, interactions between the engineering surfaces can be categorized 

into conformal (also referred as area) and non-conformal (also referred as point or line) 

contacts. Figure A.1 illustrates the topography of the two surface contracts. In conformal 

contact, surface of the parts are kinematically matched and its apparent area is determined 

by the size of the parts (see Figure A.1 (a)). Conversely, the true surface contact of the 

parts in non-conformal contact does not kinematically match but rather occurs at the 

points or lines called asperities (see Figure A.1 (b)). The idealization of point or line con-

tacts is, although far from reality as the point or line contacts deform to create apparent 

areas of contacts, it is still useful to describe the physical behavior of friction. 

 

(a) 

 

(b) 

Figure A.1: Surface topography: (a) conformal, (b) non-conformal contacts. 
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The physical behavior of friction can be explained by dividing the Stribeck friction model 

into four different regimes as shown in Figure A.2. Each regime contributes to the dy-

namics that a controller has to confront in the process of accelerating the contacting sur-

faces away from zero velocity.  

 

Figure A.2: Stribeck friction model with four regimes. 

Regime I: static friction and presliding displacement (elastic deformation) 

The first regime is related to static friction and the pre-sliding displacement. In this re-

gime, asperities at contact junctions behave like a spring, that is, elastically and plastical-

ly deformed [93]. Figure A.3 shows an idealized contact junction between engineering 

surfaces in static friction regime. When a force is applied, the contact junction starts to 

slide. The elastic deformation which gives rise to the microscopic motion of pre-sliding 

displacement is approximately proportional to the applied force up to a critical force in 

which breakaway occurs. After the breakaway occurs, the junctions break and true sliding 

as illustrated in Figure A.4 begin. The resultant tangential force constraining the breaka-

way from occurring defines the static friction. 
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(a) (b) 

Figure A.3: Idealized contact junction of engineering surfaces in static friction and pre-

sliding displacement regime: (a) equilibrium, (b) pre-sliding. 

 

Figure A.4: Rapture of idealized asperity junctions. 

Regime II: boundary fluid lubrication 

This regime is called boundary lubrication regime as the lubricant starts to be deposited 

on the surface of sliding materials. As the contact junction in this regime slides at a very 

low velocity, it is inadequate for a fluid film to be built between the surfaces. As a conse-

quence, the stick-slip motion in this regime is dominated by a solid-to-solid contact that 

creates shearing effect between the surfaces. In general, friction generated as a result of a 

shearing process of the solids in this regime is greater in comparison to the friction creat-

ed in the subsequent regimes [16].  
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Regime III: partial fluid lubrication 

As velocity of the sliding surfaces increase, more lubricant is drawn into the contact zone 

and a fluid film is formed. The thickness of the film is however depending on the viscosi-

ty of lubricant and velocity of the motion. At lower viscosity or velocity, solid-to-solid 

contacts are still occurring as thickness of the film is less than the height of asperities. At 

greater viscosity or velocity however, the solid-to-solid contacts are reduced since the 

fluid film thickness increase. As a result, friction is reduced and acceleration of the mov-

ing parts is increased. Modeling dynamics of partial fluid lubrication with changing ve-

locity is a principle interest of control engineers. Nevertheless, it is difficult as friction 

behavior in this regime is significantly affected by surface roughness, asperity size, and 

orientation [16]. In addition, numerical investigations [94, 95] and experimental observa-

tions [96, 97] reveal that there is a time lag (also referred as frictional lag) between a 

change in velocity and a change in friction. This time lag is although small, gives a sub-

stantial impact on the stick-slip motion [98]. Figure A.5 illustrates the hysteresis phe-

nomenon caused by time lag as was observed by Hess and Soom [99]. The friction force 

was relatively lower at the decreasing velocities as compared to the increasing one. The 

hysteresis loop was also observed to be wider at lower velocities. 

 

Figure A.5: The friction-velocity relation (reproduced from [99]). 

Regime IV: full fluid lubrication 

In this regime, the contacting surface is entirely supported by the lubricant. As a conse-

quent, the solid-to-solid contact is completely eliminated. The friction is behaving well in 
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this regime and its relation with velocity of the sliding surface is almost proportional 

[100].  

A.2 Karnopp friction model 

The Karnopp friction model is relatively simpler than the LuGre model but yet sufficient 

to represent the friction effects. The friction model is numerically efficient and thus wide-

ly used for simulation and control purposes. The zero velocity interval (|�̇�𝑝| < �̇�𝑒𝑝𝑠) in-

troduced in the model solves problems of zero velocity detection and switching between 

the sticking and sliding states.  Note that, �̇�𝑝 and �̇�𝑒𝑝𝑠 represents the velocity of cylin-

der’s piston and zero velocity interval, respectively. The total friction force of Karnopp 

model including the viscous friction applies to pneumatic cylinder can be described using 

the following equation: 

𝐹𝑓 = {

𝐹0                                  if |�̇�𝑝| ≤ �̇�𝑒𝑝𝑠 and 𝐹0 < 𝐹𝑠  

𝐹𝑠 sign(�̇�𝑝)               if |�̇�𝑝| ≤ �̇�𝑒𝑝𝑠 and 𝐹0 ≥ 𝐹𝑠

𝐹𝑐  sign(�̇�𝑝) + 𝜎2�̇�𝑝 if |�̇�𝑝| > �̇�𝑒𝑝𝑠                       

 (A.1) 

where 𝐹0 is defined as follow: 

𝐹0 = 𝑃1𝐴1 − 𝑃2𝐴2 − 𝐹𝐿 (A.2) 

Details reference related to Karnopp friction model can be found in [15]. 

 

 

 

 

 


