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ABSTRACT 

 

Positron emission tomography (PET) is a powerful metabolic imaging modality, which is 

designed to detect two anti-parallel 511 keV photons origniating from a positron-electron 

annihilation. However, it is possible that one or both of the annihilation photons undergo 

a Compton scattering in the object. This is more serious for a scanner operated in 3D 

mode or with large patients, where the scatter fraction can be as high as 40-60%. When 

one or both photons are scattered, the line of response (LOR) defined by connecting the 

two relevant detectors no longer passes through the annihilation position. Thus, scattered 

coincidences degrade image contrast and compromise quantitative accuracy. Various 

scatter correction methods have been proposed but most of them are based on estimating 

and subtracting the scatter from the measured data or incorporating it into an iterative 

reconstruction algorithm. 

By accurately measuring the scattered photon energy and taking advantage of the 

kinematics of Compton scattering, two circular arcs (TCA) in 2D can be identified, which 

describe the locus of all the possible scattering positions and encompass the point of 

annihilation. In the limiting case where the scattering angle approaches zero, the TCA 

approach the LOR for true coincidences. Based on this knowledge, a Generalized Scatter 

(GS) reconstruction algorithm has been developed in this thesis, which can use both true 

and scattered coincidences to extract the activity distribution in a consistent way. The 

annihilation position within the TCA can be further confined by adding a patient outline 

as a constraint into the GS algorithm. An attenuation correction method for the scattered 

coincidences was also developed in order to remove the imaging artifacts. A geometrical 
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model that characterizes the different probabilities of the annihilation positions within the 

TCA was also proposed. This can speed up image convergence and improve 

reconstructed image quality. Finally, the GS algorithm has been adapted to deal with non-

ideal energy resolutions. In summary, an algorithm that implicitly incorporates scattered 

coincidences into the image reconstruction has been developed. Our results demonstrate 

that this eliminates the need for scatter correction and can improve system sensitivity and 

image quality. 
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Chapter 1: Rationale 

 

Various non-invasive diagnostic imaging modalities, such as computed tomography (CT), 

ultrasound (US), magnetic resonance imaging (MRI), single photon emission computed 

tomography (SPECT), and positron emission tomography (PET), can provide anatomical 

and/or functional information about the object being scanned. PET, which evolved from 

traditional planar nuclear medicine, was developed around the unique decay characteristic 

of radionuclides known as positron emitters (e.g.11C, 13N, 15O, 18F, 64Cu, etc.). These 

radionuclides can be produced in a cyclotron and then used to label compounds of 

biological interest. These positron labeled radiopharmaceuticals are usually injected 

intravenously into the patients, which will concentrate within the body based on the 

metabolic activity being explored. The principle of PET is based on the simultaneous 

detection of two 511 keV anti-parallel photons produced when an emitted positron loses 

its kinetic energy and annihilates with an electron. If the photons produced by such an 

annihilation do not interact, the annihilation position can be found along the straight line 

known as the line of response (LOR), defined by connecting the position of the two 

detectors that record the annihilation photons. 

Current clinical application of PET, almost exclusively with 18F-fluorodeoxyglucose 

(FDG) at present, is being used in three important areas of clinical diagnosis and 

management [1]: 1) Cancer diagnosis and management, since PET can provide an earlier 

diagnosis and more accurate staging of malignant diseases than can conventional 

anatomical imaging modalities; 2) Cardiology and cardiac surgery [2], and 3) Neurology 
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and psychiatry [3]. Figure 1.1 gives an example of a PET scanner and PET/CT images for 

a thyroid cancer patient. As shown in this figure, the tumor can be localized in PET 

images while this information has been obscured in the CT images. 

 

Figure 1.1 (a) Siemens Biograph 16 PET/CT Scanner; (b) 50 years old female patient with thyroid cancer. 

(Upper: PET image. Lower: CT image.) (Figure 1.1 (b) courtesy of Dr. A. L. Goertzen, University of 

Manitoba)  

(a) 

(b) 
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When a positron annihilates in the body, it is possible that one or both of the photons from 

the same annihilation undergo a Compton scatter interaction in the body or in the 

detectors. The scatter fraction typically ranges from about 10-20% in 2D mode with slice-

defining septa. This issue becomes more serious for 3D tomography or for large patients, 

where the scatter fraction can be as high as 40-60% [4-6].  

 
Figure 1.2 A diagram of a Compton scattering event in the patient. The two annihilation photons are 

generated at the yellow dot with one photon observed at A, the other undergoes a Compton scattering and is 

observed at B.  

When one or both of the annihilation photons scatter, the defined LOR is no longer 

collinear with the site of annihilation and the real activity distribution is misrepresented as 

shown in Figure 1.2. If an image is reconstructed without effective scatter correction, 

there will be an apparent migration of activity from hot to cold regions, and this results in 

a loss of resolution and image contrast. Scattered coincidences, which are generally taken 

as noise in the conventional PET imaging reconstruction algorithms, degrade image 

contrast and compromise quantitative accuracy. Thus, various approaches for estimating 

and correcting scattered events from the measured data have been proposed [4, 7-9]. 

Detector A 
Detector B 
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These approaches can be broadly classified into four categories: 1) empirical approaches; 

2) multiple-energy-windows (or spectral-analytic) approaches [10-16]; 3) 

convolution/deconvolution-based approaches [17, 18]; 4) simulation-based scatter 

correction approaches [19-25]. Most of these techniques are based on estimating and 

subtracting the scatter from the measured data or incorporated it in the projector of an 

iterative reconstruction algorithm. Inaccuracy in the estimation of the scatter sinogram 

will introduce significant biases in the activity distribution [6]. The subtraction based 

correction methods destroy the Poisson nature of the data, reduce the system’s sensitivity 

and amplify image noise [4]. 

The limited spatial resolution (~6-8 mm) of PET images, as well as a lack of anatomic 

context, makes attenuation correction and the interpretation of the precise location of the 

radiotracer, difficult. Attenuation corrections can be carried out using simplistic and often 

inaccurate approaches or by coupling the PET to an x-ray CT or MRI system [26, 27]. 

Although the combination of PET and CT is used in commercial scanners, PET-CT has 

several limitations. Its main drawback is that the imaging is performed sequentially rather 

than simultaneously, which may introduce artifacts when registering the functional and 

anatomical imaging content. In addition, radiation dose to patients is increased because of 

the CT scanning. Combining PET and MRI is challenging, as the detectors used in the 

conventional PET systems are sensitive to the magnetic fields, and it is difficult to relate 

MRI images to the coefficients required to correct for attenuation of the PET annihilation 

photons. 

Improvements in PET detector technology make it feasible to use the energy of individual 

photon in the imaging reconstruction process. The energy of the detected photons carries 
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some probabilistic information about the spatial distribution of the annihilation positions. 

By taking advantage of the photon energy and the kinematics of Compton scattering, the 

scattered coincidences can be used to extract the PET activity distribution and build an 

anatomical map. To achieve these goals, this scattering reconstruction project intends to 

develop methods to estimate the activity distribution and to build an anatomical map from 

scattered coincidences. This thesis will focus on developing, optimizing and evaluating a 

2D Generalized Scatter (GS) reconstruction algorithm to extract activity distribution. The 

approach to build an anatomical map from scattered coincidences is given in Appendix A.  

The second chapter of this thesis will provide the physics background needed for this 

project. Chapter 3 evaluates the feasibility of reconstructing PET images from scattered 

coincidences in a 2D simulated small animal PET system with ideal energy resolution. 

Chapter 4 investigates further improvements to PET image quality by adding a 

patient/phantom outline as a constraint in the GS algorithm. Chapter 5 develops the 

attenuation correction method for the scattered coincidences in the PET GS reconstruction 

algorithm. Chapter 6 describes a geometrical model to characterize the different 

probabilities of annihilation positions associated with scattered coincidences based on 

Monte-Carlo (MC) simulations. Chapter 7 explores the dependency of the image quality 

on the energy resolution, and adapts the proposed method for non-ideal energy resolution 

scenarios. The final chapter summarizes and concludes this work and identifies future 

areas of research. 
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Chapter 2: Introduction to Positron Emission Tomography 

 

 

The successful development of the PET system would be impossible without the 

innovations from various fields, including physics, engineering, and biology. In the 

1950’s, a group at the Massachusetts General Hospital finished the first development of 

PET technology and the demonstration of annihilation radiation for medical imaging. In 

the late 1950s, David E. Kuhl, Luke Chapman, and Roy Edwards introduced the concept 

of emission and transmission tomography. The early design of a PET system consisting of 

two 2-dimenional detector arrays was completed and reported in the late 1960s and the 

early 1970s. To maximize the efficiency of detecting annihilation photons, the ring 

system design was proposed by James Robertson and Zang-Hee Cho and became the 

prototype of the current geometry for PET scanners. The development of positron 

emission radiopharmaceuticals by the Brookhaven group has expanded the scope of PET 

imaging rapidly [28].  

The protocol for generating a PET image is firstly to inject a positron emitting 

radiopharmaceutical into the patient. The labeled radionuclides are unstable and prone to 

emit a positron to achieve a more stable state. PET is designed to detect the two 

annihilation photons that are created when the positron loses its kinetic energy and 

combines with an electron. The measured coincidences are processed and reconstructed 

by a computer to generate the activity distributions. This process is illustrated in Figure 

2.1. 
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Figure 2.1 Schema of a PET imaging acquisition process. 

(http://www.sepscience.com/Sectors/Pharma/Articles/429-/Radio-IC-for-Quality-Control-in-PET 

Diagnostics) 

This chapter introduces the physical principles behind positron decay and annihilation, 

radiation interactions and detection, data processing, and tomographic imaging 

reconstruction principles. An overview of the physical principles, basic features and 

performance parameters of nuclear medicine instrumentation, and the practical issues can 

be found in [1, 29, 30]. 

2.1 Positron decay and Annihilation 

 

The atom is a basic unit of matter that consists of a dense central nucleus surrounded by a 

cloud of negatively charged electrons each with a mass of 9.11×10-31 kg and an electric 

charge of 1.6×10-19 Coulomb (C). The nucleus is generally composed of positively 

charged protons (each with a mass of 1.67×10-27 kg (or 938.27 MeV) and an electric 

http://en.wikipedia.org/wiki/Matter
http://en.wikipedia.org/wiki/Atomic_nucleus
http://en.wikipedia.org/wiki/Electron_cloud
http://en.wikipedia.org/wiki/Electric_charge
http://en.wikipedia.org/wiki/Electrons
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charge of 1.6×10-19 C) and electrically neutral neutrons (each with a mass of 1.67×10-27 

kg (or 939.57 MeV) and an electric charge of 0 C). When a nucleus has either an excess 

number of protons or neutrons, it is unstable and prone to decay and reach a more stable 

configuration by changing the number of protons or neutrons. The amount of activity of a 

radionuclide can be characterized by the number of decays per unit time. The unit of 

radioactive activity in the International System of Units (SI) is the becquerel (Bq), which 

is defined as one transformation (or decay or disintegration) per second. An older unit of 

radioactivity is the Curie (Ci), which is equal, by definition, to a disintegration rate of 

3.7×1010 Bq, so that 1 Ci=3.7×1010 Bq. The nuclei spontaneously undergo radioactive 

decay in an exponential fashion given by the decay equation: 

𝑁(𝑡) = 𝑁0𝑒
−𝜆𝑡………………(2.1) 

where N0 is the initial number of active radionuclides, N(t) is the number of radionuclides 

at time t, and 𝜆 is the decay constant. The decay constant can be related to the half-life 

(T1/2), which is the time it takes for the activity of a given amount of a radioactive 

substance to decay to half of its initial value, as following: 

𝜆 =
𝑙𝑛2

𝑇1/2
=

0.693

𝑇1/2
……………...(2.2) 

Among the various kinds of radionuclide decay, one common mechanism for a proton-

rich atom X to achieve stability is by converting a proton into a neutron and ejecting a 

positron 𝛽+1
0 , which is the antiparticle to the electron with the same mass but opposite 

electric charge. 

𝑋𝑍
𝐴 → 𝑌𝑍−1

𝐴 + 𝛽+1
0 + 𝑣 + 𝑄…………….(2.3) 
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where v is a neutrino and Q is the energy. This energy will be shared between the 

daughter nucleus, the positron, and the neutrino. Therefore, the energy of the emitted 

positron ranges from zero up to a maximum endpoint energy Emax. This endpoint energy 

corresponds to the mass difference between the parent and the daughter nucleus as 

required by the conservation of energy. The average energy of the emitted positrons is 

approximately 1/3 of the maximum energy Emax [30]. Table 2.1 shows a selected list of 

these radionuclides that commonly decay by positron emission and encountered in 

relation to PET imaging. This table also contains the maximum ranges Rmax for the 

emitted positrons, and the root mean square ranges Rrms [31]. The β+ branching ratio is the 

percentage of total decays resulting in positron emission instead of electron capture. 

Table 2.1 A list of radionuclides that decay by positron emission and are relevant to PET imaging [31]. 

Radionuclide T1/2 Emax (MeV) Rmax (mm) Rrms (mm) β+ branching ratio (%) 

11C 20.4 min 0.96 3.9 0.4 99 

13N 9.97 min 1.20 5.1 0.6 100 

15O 122 s 1.73 8.0 0.9 100 

18F 109.8 min 0.63 2.3 0.2 97 

22Na 2.60 y 0.55 15 1.6 98 

62Cu 9.74 min 2.93 15 1.6 98 

64Cu 12.7 h 0.58 2.0 0.2 18 

68Ga 67.6 min 1.89 9.0 1.2 88 

76Br 16.2 h 3.7 19 3.2 54 

82Rb 1.27 min 3.38 18 2.6 95 

86Y 14.7 h 1.4 6.0 0.7 32 

124I 4.17 d 1.5 7.0 0.8 22 
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An alternate decay mode by which a proton-rich radionuclide can achieve a stable state is 

through electron capture, in which the nuclide absorbs an inner atomic electron, changes a 

nuclear proton into a neutron, and simultaneously causes the emission of an electron 

neutrino. Decay by positron emission and electron capture compete with one another, 

with positron emission usually being more likely in low Z nuclei, and electron capture 

being the dominant process in higher Z nuclei. This thesis will focus on the radionuclides 

that decay predominantly by positron emission, which is preferred for PET imaging. 

Following a positron decay the ejected positron travels a short distance and loses most of 

its kinetic energy and combines with an electron and forms a positronium, which is a 

hydrogen-like state. This state is unstable, and the positronium will generate two 

antiparallel 511 keV photons after an average lifetime of 125 picoseconds. This process 

as illustrated in Figure 2.2 is called annihilation and forms the basis for PET imaging.  

 

Figure 2.2 The diagram of positron emission and subsequent positron-electron annihilation resulting in 

generating two 511 keV antiparallel photons. 

+ 
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The high energy photons produced in the annihilation process gives some advantages for 

imaging in PET [29]. Firstly, these photons with high energy have a higher probability of 

escaping the body. Secondly, a precise anti-parallel relationship (referred to as electronic 

collimation) increases the detection efficiency leading to the capability of rapid 

tomographic imaging. Thirdly, all positron-emitting radionuclides, independent of the 

elements involved, can generate the same back-to-back 511 keV photons. However, this 

also limits the ability to perform simultaneous dual-radionuclide studies in PET.  

A PET scanner is designed to detect these two anti-parallel annihilation photons 

simultaneously from which a straight line of response known as the LOR is used to 

localize the position of the radionuclide. However, the ability of PET imaging systems to 

accurately determine the source position is limited by two characteristics. The first of 

these characteristics is the positron range. Since the positron is emitted with non-zero 

kinetic energy, it will travel a tortuous path to dissipate this energy before annihilating 

with an electron as shown in Figure 2.3. The distance from the site of positron emission to 

the site of its annihilation is known as the positron range, which can be up to several 

millimeters. The effective positron range, or error due to the positron range, which is 

defined as the perpendicular distance from the emission site to the line defined by 

connecting the two annihilation photons, causes mis-positioning and blurring in the PET 

images. 
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Figure 2.3 The process of positron emission and subsequent annihilation results in two 511 keV annihilation 

photons emitted. Since the positron is emitted with non-zero kinetic energy, it will travel in a tortuous path 

before annihilating with an electron. The distance from the positron emission site to the annihilation site is 

known as the positron range, which is dependent on the energy of the emitted positron. 

The second effect is the non-colinearity that occurs when the positron and electron are not 

completely at rest when they annihilate. As a result, the law of conservation of 

momentum dictates that the two 511 keV photons will not be exactly 180o apart, as is 

illustrated in Figure 2.4. Since the positron typically loses most of its kinetic energy 

before it can annihilate, this effect is independent of radionuclide and the initial energy of 

the positron. Statistically, the distribution of the emitted photons angles roughly fit a 

Gaussian function, with a full width at half maximum (FWHM) of 0.5o [31, 32]. However, 

PET systems still assume the measured two annihilation photons with an exact back-to-

back relationship, resulting in a small error in locating the line of annihilation. 

+ 
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Figure 2.4 The diagram of non-colinearity of the two 511 keV annihilation photons emitted following a 

positron annihilating with an electron. Because of some residual momentum associated with the positron, 

the two annihilation photons are not emitted with exactly 180o, but with a small deviation. 

 

2.2 Radiation Interactions and Attenuation 

2.2.1 Radiation interactions 

 

When the two 511 keV anti-parallel photons are generated following an annihilation, they 

will travel some distance in the object before being detected. In this process, they may 

interact with the surrounding substances. Depending on the energy of the electromagnetic 

radiation, high-energy photons interact with matter by three main mechanisms. They are 

(i) photoelectric effect, (ii) Compton scattering, and (iii) pair production. Other 

mechanisms such as coherent (Rayleigh) scattering, an interaction between a photon and 

a whole atom which predominates at energies less than 50 keV; triplet production and 

photonuclear reactions, where high energy gamma rays induce decay in the nucleus, and 

which require energies of greater than ~10 MeV, are not discussed here. This thesis will 
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focus on the three main mechanisms, which dominate at the energies of interest in 

imaging in nuclear medicine. 

Photoelectric Effect 

The photoelectric effect is an interaction of photons with inner orbital electrons in an 

atom as illustrated in Figure 2.5. The photon transfers all of its energy to the electron, 

which is used by the electron to overcome the binding energy of the electron and the 

remaining energy is transferred to the electron as kinetic energy. When an outer orbital 

electron occupies the vacancy of the ejected electron, the differences in the binding 

energy lead to the emission of a characteristic X-ray or a second electron (Auger electron). 

The photoelectric effect dominates in human tissues at energies less than approximately 

100 keV, which is particularly important for X-ray imaging, and photon detection. The 

probability of photoelectric interaction per unit distance strongly depends on the atomic 

number of the medium and is roughly proportional to Z3 at 511 keV. 
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Figure 2.5 A schematic of the photoelectric effect. The incident photon transfers all of its energy to an inner 

shell electron, the electron then is ejected with some kinetic energy equal to the energy of the incident 

gamma ray diminished by the binding energy of the electron. 

Compton Scattering 

Compton scattering is the interaction between a photon and a loosely bound orbital 

electron as shown in Figure 2.6. The electron can be considered to be essentially free due 

to being so loosely connected to the atom. 

Eγ 
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Figure 2.6 The schematic of Compton scattering in which the incident photon transfers part of its energy to 

an electron, deviating its initial direction, and the electron is ejected from the atom. 

In this process, the photon transfers some of its energy to the electron and deviates from 

its initial direction, and the electron is ejected from the atom. The scattered photon energy 

(Eγ´) can be related to the scattering angle (𝞱) by Compton equation: 

𝐸𝛾
′ =

𝐸𝛾

1+
𝐸𝛾

𝑚𝑒𝑐
2(1−cos𝜃)

  …………….(2.4) 

where Eγ is the energy of the incoming photon, me is the electron rest mass and c is the 

speed of light (299,792,458 m/s). In terms of units of electron volts for energy, mec
2 

equals to 511 keV.  

The scattered photon energy as a function of the scattering angle for a primary photon 

with energy 511 keV is plotted in Figure 2.7.  

Eγ E’γ 
θ 
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Figure 2.7 The scattered photon energy as a function of the scattering angle for an annihilation photon with 

a primary energy of 511 keV. 

Compton scattering dominates in human tissue at energies above approximately 100 keV 

and less than ~2 MeV. This effect is not equally probable at all energies or scattering 

angles. The probability of Compton scattering per unit length of the absorbing medium is 

linearly proportional to the electron density of the medium. The angular distribution of 

the scatter photons is described by the Klein-Nishina equation as shown in Figure 2.8.  
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Figure 2.8 The angular probability distribution vs. the scattering angle for the 511keV annihilation photons. 

Among the detected scattered events within a tissue-equivalent material in PET, Monte 

Carlo results have shown that more than 80% of the scattered photons have only 

undergone a single scattering interaction [1, 33]. 

Pair Production 

In pair production, photons with an energy greater than 1.022 MeV will, in the vicinity of 

a nucleus, spontaneously convert to an e-/e+ pair as shown in Figure 2.9. Above the 

threshold of 1.022 MeV, the probability of pair production increases as the incident 

photon energy increases. 
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Figure 2.9 The schematic of pair production in which a photon passes in the vicinity of a nucleus and 

spontaneously forms a positron and an electron. 

2.2.2 Photon attenuation 

 

The aforementioned photon interactions with matter will lead to fewer photons being 

detected, caused by the phenomenon known as photon attenuation. The photon 

attenuation can take the form of a simple exponential relationship for a well-collimated 

source of photons and detector: 

𝐼𝑥 = 𝐼0𝑒
−𝜇𝑥 …………(2.5) 

where I0 and Ix refer respectively to the unattenuated and measured beam intensity after 

passing through a material of thickness x with the linear attenuation coefficient μ. The 

attenuation coefficient accounts for the probability per unit distance that an interaction 

will occur. For the 511 keV photons in PET, the attenuation coefficient is a function of 

Eγ 

e- 

e+ 
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the photon energy and the electron density of the medium, which is largely made up of 

components due to photoelectric absorption (τ) and Compton scattering (σC).  

𝜇 ≈ 𝜏 + 𝜎𝐶   .…………..(2.6) 

The linear attenuation coefficient for some common materials at 140 keV and 511 keV 

are listed in Table 2.2.  

Table 2.2 The linear attenuation coefficients for some common materials at 140 keV and 511 keV [1]. 

Material Density (ρ) 

(g.cm-3) 

µ (140 keV) 

(cm-1) 

µ (511 keV) 

(cm-1) 

Adipose tissue 0.95 0.142 0.090 

Water 1.0 0.150 0.095 

Lung 1.05* ~0.04-0.06 ~0.025-0.04 

Smooth muscle 1.05 0.155 0.101 

Perspex (Lucite) 1.19 0.173 0.112 

Cortical bone 1.92 0.284 0.178 

Pyrex glass 2.23 0.307 0.194 

NaI(TI) 3.67 2.23 0.34 

Bismuth germanate (BGO) 7.13 ~5.5 0.95 

Lead 11.35 40.8 1.75 

* This is the density of non-inflated lung. 

As PET uses coincident detection to assign a LOR to describe the possible source position, 

a valid event should result in the simultaneous measurement of the two annihilation 

photons as shown in Figure 2.10.  
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Figure 2.10 A successful coincident event in which the two annihilation photons are measured by Detector 

A and B respectively. 

As shown in this figure, the probability Pa for an incident photon measured by Detector A 

from the source is e-µa, and the probability Pb measured by Detector B is e-µb. The 

coincident count rate Ct for the source with intensity C0 is given by the product of the 

probability of measuring the two annihilation photons simultaneously: 

𝐶𝑡 = 𝐶0𝑃𝑎𝑃𝑏 = 𝐶0𝑒
−𝜇𝑎𝑒−𝜇𝑏 = 𝐶0𝑒

−𝜇𝑎𝑒−𝜇(𝑑−𝑎) = 𝐶0𝑒
−𝜇𝑑  …….(2.7) 

where d is the total thickness of the object. As shown in the Equation (2.7), the total count 

rate observed for a true coincidence is independent of the position of the source in the 

object, and only depends on the total thickness of the object. 

 

2.3 Radiation detection 

 

By making use of the interactions of the annihilation photons with matter, PET detectors 

measure the photons that escape from the object. The detectors convert the total energy 

Detector A Detector B

d

ba

𝑒−𝜇𝑎 𝑒−𝜇𝑏
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lost or deposited by the high-energy photons into a measurable electrical signal or charge, 

as they pass through the detector. The integral of the signal is, therefore, proportional to 

the total energy deposited in the detector by the radiation. The ability of the radiation 

detector to accurately measure the deposited energy and provide precise information on 

the spatial location of the interaction as well as timing information is of importance for 

most of its uses. 

Based on the different design and operating principles, radiation detectors can be 

classified into three broad categories: proportional (gas) chambers, semiconductor 

detectors, and scintillation detectors. 

2.3.1 Proportional Chambers 

The proportional chamber is a type of gaseous ionization detector, which can be used to 

measure the ionization produced by radiation as it passes through a gas chamber. To 

collect the particles of ionizing radiation, a high strength electric field is applied within 

this chamber to accelerate the electrons produced by the ionizing radiation. Subsequently, 

these highly energetic electrons collide with the neutral gas atoms resulting in secondary 

ionization. Hence, a cascade of electrons is eventually collected at the cathode after some 

initial energy deposition by the incident radiation. The disadvantage of these detectors for 

use in PET is the low density of the gas, leading to a reduced stopping efficiency for 511 

keV photons, as well as poor energy resolution.  

2.3.2 Semiconductor 

Semiconductor or solid-state detectors are a class of radiation detectors, which consist of 

a p-n junction within such a device. When an incident photon strikes the detector, it may 

have sufficient energy to liberate electrons so that they are free to migrate within the 
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crystal. The vacancy left behind by the electrons, known as holes, have the properties of a 

net positive charge. An applied electric field will then result in a flow of charge through 

the detector after the initial energy deposition by the photons. Semiconductor detectors 

have excellent energy resolution, but the low stopping efficiency for the 511 keV photons 

may limit their use in PET. 

2.3.3 Scintillation detectors 

The third category of radiation detector is a scintillation device, which forms the basis for 

almost all PET scanners in use today. These detectors consist of a dense crystalline 

scintillator material, which emits visible (scintillation) light photons after the interaction 

of photons within the scintillator. A photo-detector is used to detect and measure the 

number of scintillation photons emitted by an interaction, which is generally proportional 

to the energy deposited within the crystal. 

Scintillator 

The selection of a scintillator for PET detector application depends on its four main 

properties: 1) the stopping power for 511 keV photons, 2) signal decay time, 3) light 

output, and 4) the intrinsic energy resolution. The stopping power is the efficiency of a 

scintillator to stop (or absorb) a photon, which is characterized by the mean distance 

(attenuation length=1/µ) before it undergoes an interaction . The stopping power of a 

scintillator depends on its density and the effective atomic number. Heavier nuclei will 

stop photons better than light nuclei. Besides, the photoelectric effect goes up with the Z-

number as well. Crystals are often made from a few different elements. Denser materials 

have higher stopping power since they have more elements packed in the same amount of 

space. The decay constant is the time required for scintillation emission to decrease to e-1 
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of its maximum, which affects the timing characteristics of the scanner. A short decay 

time is needed to process each pulse individually at high counting rates, as well as to 

reduce the number of random coincidences. Light output is the coefficient of conversion 

of ionizing radiation into light energy. A high-output scintillator can help achieve good 

spatial resolution with a high encoding ratio and attain good energy resolution. The 

energy resolution of a PET scanner depends on the scintillator light output as well as the 

intrinsic energy resolution of a scintillator. The intrinsic energy resolution arises due to 

inhomogeneities in the crystal growth process as well as non-uniform light output for 

interactions within it. Table 2.3 [1] lists some of the properties of scintillators that have 

application in PET. 
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Table 2.3 The Physical properties of commonly used scintillators in PET [1].  

 

Property 

Sodium 

iodide 

[NaI(TI)] 

Bismuth 

Germanate 

(BGO) 

Lutetium 

Oxyorthosilicate 

(LSO:Ce) 

Yttrium 

Oxyorthosilicate 

(YSO:Ce) 

Gadolinium 

Oxyorthosilicate 

(GSO:Ce) 

Barium 

Fluoride 

(BaF2) 

Density (g/cm3) 3.67 7.13 7.4 4.53 6.71 4.89 

Effective Z 50.6 74.2 65.5 34.2 58.6 52.2 

Attenuation length 2.88 1.05 1.16 2.58 1.43 2.2 

Decay constant (ns) 230 300 40 70 60 0.6 

Light output (photons/keV) 38 6 29 46 10 2 

Relative light output to 

NaI(TI) 

100% 15% 75% 118% 25% 5% 

Wavelength (𝜆) 410 480 420 420 440 220 

Intrinsic ΔE/E (%) 5.8 3.1 9.1 7.5 4.6 4.3 

Energy resolution (%) at 511 

keV 

6.6 10.2 10 12.5 8.5 11.4 

Index of refraction 1.85 2.15 1.82 1.8 1.91 1.56 

Hygroscopic? Yes No No No No No 

Rugged? No Yes Yes Yes No Yes 

µ (cm-1) at 511 keV 0.3411 0.9496 0.8658 0.3875 0.6978 0.4545 

µ/ρ (cm-1/gm) at 511 keV 0.0948 0.1332 0.117 0.853 0.104 0.0929 
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Photo-detector 

A photo-detector is needed to convert the scintillation light into an electrical current. The 

photo-detectors used in PET scintillation detectors can be generally divided into two 

categories: 1) photo-multiplier tubes (PMTs) and 2) semiconductor-based photodiodes.  

A PMT consists of a thin photocathode layer at the entrance window and a series of 

dynodes (electrodes) in an evacuated glass tube. Each of the dynodes is coated with an 

emissive material and held at a greater voltage with a resistor chain. An incoming 

scintillation photon deposits its energy at the photocathode and triggers the release of a 

photo-electron into the tube, and these electrons are accelerated by a potential difference 

to the first dynode. After acceleration, the electron with increased energy will lead to the 

emission of multiple secondary electrons. The process of acceleration and emission is 

then repeated through several dynodes structures lying at increasing potentials, leading to 

a gain of more than a million at the final dynode. This process is illustrated in Figure 2.11. 

 
Figure 2.11 Schematic diagram of a photomultiplier tube in a PET scintillation detector. 
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This high gain obtained from a photomultiplier tube leads to a good signal-to-noise ratio 

(SNR) and is the primary reason for the success and applicability of photomultiplier tubes 

for use in scintillation detectors. The other advantages of photomultiplier tubes include 

their stability and ruggedness, and their fast response. The drawback of a photomultiplier 

tube is the low efficiency of the emission and the escape of photo-electrons from the 

cathode after the deposition of energy by a single scintillation photon. This property is 

called the Quantum Efficiency (QE) and is typically 25% for most of the photomultiplier 

tubes [1]. 

Photodiodes, on the other hand, also can be used to detect scintillation photons. 

Photodiodes are developed typically in the form of PIN diodes, where PIN refers to the 

three zones of the diode: P-type, Intrinsic, and N-type. Incident scintillation photons 

produce electron-hole pairs in the detector and an applied electric field then results in a 

charge flow, which can be measured through an external circuit. This semiconductor-

based design has improved the detector’s sensitivity for detecting the significantly lower 

energy scintillation photons. A significant drawback of the photodiode is the low SNR 

due to the thermally activated charge flow and low intrinsic signal amplification. The 

Avalanche Photo Diode (APD) is a type of photodiode that provides an internal 

amplification of the signal, thereby improving the SNR. Even though the gains have been 

amplified, they are still several orders of magnitude lower than the photomultiplier tube. 

The APD gains are also sensitive to small temperature variations, as well as to changes in 

the applied bias voltage. To overcome these drawbacks, a new variant of APD known as 

Geiger-mode APD (G-APD), which are specifically designed to operate with a reverse-

bias voltage well above the breakdown voltage, have been developed. G-APDs are 

https://en.wikipedia.org/wiki/Reverse_bias
https://en.wikipedia.org/wiki/Reverse_bias
https://en.wikipedia.org/wiki/Breakdown_voltage
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sensitive to single photons and, depending on the intrinsic setup, can have higher photon 

detection efficiency than PMTs. They are insensitive to magnetic fields and operate at a 

low voltage but with a high gain [34]. 

Block detector 

The scintillator crystals can be arranged and coupled to photo-detectors for signal readout 

in a PET scanner in two main ways: one-to-one coupling or block detectors. In the one-to-

one coupling design, a single crystal is glued to an individual photo-detector. The spatial 

resolution of this design is limited by the sizes of discrete crystal and PMTs. The inherent 

complexity and cost of such PET detectors limits their use, at present, to research 

tomography. Block detectors consist of a rectangular parallelepiped of scintillator, 

sectioned by partial saw cuts into discrete detector elements to which usually four PMTs 

are attached as shown in Figure 2.12.  
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Figure 2.12 A schematic drawing of block detector. The scintillator is segmented into an 8×8 array with a 

unique saw cuts. By looking at the ratio of signals shared in these four PMTs, the detector element struck 

by the incident photon can be determined. (b) A flood histogram generated by irradiating the front surface 

of a block detector [29]. 

The scintillator crystals are cut with different depths to allow the scintillation light to be 

shared by varying degrees between the four PMTs, depending upon the position of the 

crystal in which the interaction took place. By comparing the intensities of signals in the 

four PMTs, the detector element (X, Y) struck by the incident photon can be calculated 

using: 

X =
𝑆𝐴+𝑆𝐵−𝑆𝐶−𝑆𝐷

𝑆𝐴+𝑆𝐵+𝑆𝐶+𝑆𝐷
 ………………… (2.8a) 

Y =
𝑆𝐴+𝑆𝐶−𝑆𝐵−𝑆𝐷

𝑆𝐴+𝑆𝐵+𝑆𝐶+𝑆𝐷
 .………………….(2.8b) 

where SA, SB, SC and SD are the four PMT signals as shown in Figure 2.12 (a). The block 

detector is a cost-effective approach to the manufacture of a PET detector, as it allows 64 

crystals or many more in newer systems to be decoded from four PMTs. A modification 

Segmented 
scintillator block 

Four single channel 
photomultiplier tubes 

SA SC 

SB SD 

(a) (b) 
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of the block design, called a quadrant-sharing block design, can accommodate smaller 

crystals by straddling a PMT over four block quadrants (see Figure 2.13). Compared with 

the standard block detector, this design can achieve a better spatial resolution with almost 

double the encoding ratio, but suffers from increased detector dead time due to the use of 

nine PMTs for signal readout from an event. 

 
Figure 2.13 The quadrant sharing design as seen from the top through the crystals, which enables detector 

elements to be decoded using a smaller number of larger diameter PMTs. 

 

 

2.3.4 PET scanner design 

 

PET uses a pair of radiation detectors to simultaneously measure and identify two 

incident photons originating from the same annihilation (a coincidence). A straight line 

Scintillator block 

PMTs 
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(or a tube) known as a Line of Response (LOR) can be defined by connecting the two 

photon detected positions to describe the possible annihilation position. To detect 

annihilation photons efficiently, most PET systems place a large number of detectors 

around the object to be imaged. A simple and low-cost PET scanner can be designed by 

using two opposing partial ring or large-area flat detectors. To improve overall detection 

efficiency, a modern PET scanner usually stacks several rings of detectors to create a 

stationary block ring design that extends 15 cm or more in the axial direction. Because 

PET systems with ring block detector geometry have become the dominant design, this 

thesis will focus on full ring PET systems in the following sections. 

2.3.5 Coincidence detection 

 

When an incident photon strikes a detector and deposits some or all of its energy, the 

detector will generate a signal. This signal is amplified by a signal amplifier and analyzed 

by the pulse height analyzer (PHA) to determine whether the energy of this signal is 

within the predefined energy window. The energy window used is closely related to the 

energy resolution of the detector, which is a function of the relative light output and the 

intrinsic energy resolution for a scintillation detector. A valid event will be passed to a 

coincidence processor and result in a trigger pulse, which marks the start of the 

coincidence window with a predetermined width 2τ (where τ is the pulse width). A 

coincidence (AND) circuit will be open and search for the other valid event during the 

length of the coincidence window. This process is illustrated in Figure 2.14.  
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Figure 2.14 Diagram of a basic coincidence circuit. The two photons are observed by Detector A and 

Detector B individually, and then the two signals will be amplified by signal amplifiers and further 

processed by the pulse height analyzer to determine whether the energy within the predefined window. If 

the two pulses are still valid, they will go through the coincidence circuit to check whether these two pulses 

are measured within the time window (2τ), where τ is the pulse width. 

The ability of the detectors to determine the time difference of the arrival of the 

annihilation photons, known as timing resolution, plays an important role because it 

affects the ability of the system to identify if two photons originate from a single 

coincident event. A PET scanner needs to detect two coincident photons emitted from 

anywhere within the scanner field of view (FOV). The selection of a coincidence timing 

window needs to consider the distance difference (and corresponding to the time 

difference) traveled by these two photons. Thus a typical timing window used in PET 

scanner is set to 2 to 3 times the time resolution (on the order of 2-6 ns), resulting in 
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values ranging from 4 to 18 ns, so as to not reject annihilation photon pairs. With the 

advent of fast electronics and scintillators, time-of-flight (TOF) PET scanners can achieve 

a resolution of 0.5 ns or better, thus a much narrower time window (~4 ns) can be 

employed. 

If two incident photons meet both the energy and timing criteria, the coincidence circuit 

will generate a logic pulse, which will be fed into a counter for registration of the 

coincidence. A valid coincident event will be written to a file in a list-mode or histogram 

mode. In list-mode, each coincidence will be individually written to a file, with the 

information about the measured positions, photon energies and time information of the 

two photon. In histogram mode, each LOR is assigned to a unique position in the 

sinogram space as indicated in Figure 2.15. Once a valid event is detected in a LOR, the 

corresponding position in the sinogram will be increased by one. This integrated number 

of events detected in each LOR provides an efficient manner to store the coincidences 

data. 
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Figure 2.15 Schematic representations of a line projection and its corresponding point in the sinogram. 

2.3. 6 Types of measured events 

 

The premise of PET is to simultaneously detect two annihilation photons, derived from a 

single positron-electron annihilation, that do not interact significantly with surrounding 

atoms. This is referred to as a true coincidence. Only true coincidences provide the 

geometrical relationship obtained by assigning a line connecting the two detectors known 

as LOR, which pass through the annihilation positions. However, the non-ideal detectors 

used in PET lead to the measured events being contaminated with unwanted events, 

which includes scattered, random and multiple coincidences as shown in Figure 2.16. 

Scattered events arise when one or both of the photons from a single positron annihilation 

that are detected within the coincidence-timing window have undergone a Compton 

interaction. The Compton Effect causes the photon to lose some of its energy and deviates 

from its original direction. The inadequate energy resolution limits the system’s ability to 
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discriminate scattered events from true events, resulting in inconsistencies in the 

projection data and decreased contrast and inaccurate quantification of PET images. A 

random coincidence occurs when two nuclei decay at approximately the same time and 

only two of these four photons from different annihilations are counted and are 

considered to have come from the same positron annihilation while the other two are lost. 

Random coincidences are spatially uncorrelated with the distribution of the tracer. 

Multiple events are similar to random events, except that three photons from two or more 

annihilations are detected within the coincidence-timing window. Due to the ambiguity in 

deciding which two of these three photons are from the same annihilation, this kind of 

event is usually disregarded. 

 

Figure 2.16 The various coincident events that can be recorded in PET are shown diagrammatically for a 

full-ring PET system. 

(a) True Coincidence  

(d) Multiple Coincidence (c) Random Coincidence 

(b) Scattered Coincidence 
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The coincident events that meet the time and energy criteria and are measured by a PET 

scanner are called prompt coincidences, which includes true, scattered, and random 

coincidences. In a conventional PET reconstruction algorithm, the fraction of the 

scattered, and random events relative to the prompt events for each LOR need to be 

estimated and subtracted to yield the net true coincidences. 

2.4 Data Corrections 

 

To obtain quantitative accurate PET images, a number of sources of measurement errors 

in PET need to be corrected. These include the normalization, the involvement of random 

and scattered coincidences, the reduced measured counts due to photon attenuation, the 

dead time of detectors, and partial volume effect due to the signal dilution from small 

structures. 

2.4.1 Normalization 

 

Different LORs in a PET scanner have different sensitivities due to the variations in 

detector efficiency, geometrical variations (the different solid angle subtended), detector 

electronics, and summation of neighboring data elements. Figure 2.17 illustrates the 

effects of normalization on image uniformity. In order to reconstruct the quantitative 

accuracy and artefact-free images, these individual detector efficiencies as well as any 

geometrical efficiency variations should be measured and removed prior to reconstruction. 

The process of correcting these effects is known as normalization. The normalization 

correction methods can be classified into the direct normalization method and the 

component-based model method.  
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Figure 2.17 The effect of normalization on image uniformity of a uniform cylindrical source (a) without the 

normalization correction and (b) with the normalization correction [1]. 

The direct normalization is the simplest and most straightforward method to determine 

the normalization correction factors. Here all possible LORs are illuminated with a 

uniform plane source or rotating line source. This method can directly measure the 

relative variation in coincidence detection efficiencies between all the LORs in a PET 

scanner. The normalization correction factors are assumed to be proportional to the 

inverse of the counts in each LOR. To avoid dead time, and pile-up effects, a relatively 

low activity source is employed. However, the method needs to collect adequate counts 

per LOR to reduce the statistical noise, resulting in scan time typically lasting several 

hours. 

An alternative method is to model the total normalization factor as the product of several 

individual components, including individual detector efficienciesε and geometrical 

factors g. The normalization correction factors ni,j for detector pair (i, j) can be written as 

[29]: 

(a) (b) 
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𝑛𝑖,𝑗 =
1

𝜀𝑖×𝜀𝑗×𝑔𝑖,𝑗
………… (2.9) 

The individual detector efficiency is used to account for the intrinsic detector efficiency 

due to effects such as crystal non-uniformity and variations in PMT gain. The individual 

detector efficiency can be measured by using a uniform cylindrical source. The 

geometrical factors in 2.9 include both the transaxial and axial components, which 

account for different LOR efficiencies, photon incidence angles, and detector positions 

within the block as well as for different ring combinations. The geometrical factors can be 

determined by employing a rotating rod source. 

2.4.2 Random correction 

 

Due to the finite width of the electronic time window, two uncorrelated single events 

occurring sufficiently close together in time can be mistakenly identified as a true 

coincidence. This is known as random coincidences or accidental coincidences. 

Mathematically the random rate Ci,j will be given by 

𝐶𝑖,𝑗 = 2𝜏𝑟𝑖𝑟𝑗…………….. (2.10) 

where ri and rj are the rate of single events on channel i and j. If the small difference 

between channels is ignored, the randoms are roughly proportional to the square of the 

activity distribution.  

The random coincidences contain no spatial information about the source position and 

distribute quite uniformly within the FOV, which can degrade image contrast and 

introduce significant image artifacts without any effective correction. There are three 

random correction approaches.  
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The Tail fitting method assumes that the distribution of random coincidences slowly 

changes in the projection space. Thus, the distribution of random coincidences within the 

object can be estimated by fitting a function to the tails falling outside the object. This 

method can be used to correct for both scatter and randoms simultaneously [35].  

The second method to estimate the randoms rate can be obtained from single counting 

rates for a given detector pair and the coincidence time window as indicated by Equation 

(2.10). Then the estimated random rate can be subtracted from the measured counts for 

each LOR.  

Lastly, the currently most commonly implemented method for estimating random 

coincidences is the delayed coincidence channel method. A duplicate data stream 

containing the timing signals from one channel is delayed by several times the duration of 

the coincidence window before being sent to the coincidence processing circuitry. The 

delay has removed the correlation between pairs of events arising from actual 

annihilations so that the detected coincidences are all randoms. The resulting 

coincidences are then subtracted from the coincidences in the prompt channel to yield the 

random corrected coincidences rate. However, this method can increase the overall 

system dead time and amplify the noise in the subtracted data. 

2.4.3 Attenuation correction 

 

When the annihilation photons travel through the object, they will interact with 

surrounding materials and photons will be absorbed or scattered out of the FOV. In such a 

case, this coincidence will be lost. This photon attenuation phenomenon can cause severe 
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distortions in PET images. Quantitatively accurate and artefact-free PET images require 

compensation for attenuation.  

The probability of detecting a true coincidence depends on the combined path of both 

photons arising from the same annihilation, which is independent of source position on 

this combined path as illustrated in Figure 2.10 and Equation (2.7). The attenuation for a 

given LOR can be corrected by either direct measurement or using a mathematical model. 

The first method to determine the attenuation correction is through direct measurements. 

The attenuation correction factors for each LOR are given by the ratio of the count rate 

from a transmission scan, obtained by placing a positron-emitting source outside the 

object, with that of an unattenuated count rate. This is obtained from a blank scan, which 

uses the same source, but with no patient in the scanner. Either a set of ring sources or a 

rotating rod source can be used in this measuring process. This method can directly 

measure the attenuation without any assumptions about the shape of the object or the 

distribution of attenuation coefficients. Therefore, it is the most accurate method. 

However, if an adequate number of counts for each LOR is not obtained, the transmission 

scan will suffer statistical errors.  

The calculated attenuation correction method is an alternative approach based on 

Equation (2.7). This method assumes a regular geometric body outline and constant tissue 

density within this object. The attenuation factors are calculated for each LOR, based on 

the constant attenuation coefficient along a chord through the object. This method can 

produce images that are free of attenuation artifacts, but is prone to underestimating the 

attenuation [36].  



41 
 

With the advent of dual modality scanners like PET/CT or PET/MR, efforts have been 

made to use CT or MRI data for PET attenuation correction. The advantages of these 

approaches are the statistical quality and spatial resolution of CT or MRI images. 

However, CT scanning may cause substantial artifacts in the reconstructed images 

because CT provides a snapshot of respiratory motion while PET is a time-averaged 

image. Since the FOV of CT is typically smaller than that of PET, the truncated CT 

images may cause additional problems when calculating the attenuation map for PET. 

Due to the different energies used in PET and CT, the attenuation map measured at CT 

energies must be rescaled to the appropriate emission energy for PET attenuation 

correction [37]. For MR there is no a simple scaling relationship between MR images and 

a PET attenuation map because MR images are dependent on the characteristics of 

protons while PET attenuation is affected by electron density [38]. This problem may be 

solved by segmenting MR images into different tissue types and attributing the average 

tissue-dependent attenuation coefficients for PET attenuation correction. 

 

2.4.4 Scatter correction 

 

When a positron annihilates in the body, it is possible that one or both of the annihilation 

photons will undergo a Compton scattering in the body or the detector. Compton 

scattering degrades the image contrast and compromises quantitative accuracy in PET [22, 

39]. The scatter fraction refers to the proportion of accepted coincidences which have 

undergone Compton scattering. The scatter fraction depends on several factors, including 

the geometry of PET scanners, the energy window and the size and density of scanned 
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object. The scatter fraction typically ranges from 15-20% in a ring tomograph with slice-

defining septa, to as high as 40-60% [4-6] when the scanner operates in 3D mode or with 

large patients.  

The goal of this thesis is to investigate whether better use can be made of the scatter 

coincidences to improve the functional imaging content as well as to extract anatomical 

information. In order to put the scatter based approach into context, this section will 

introduce the conventional scatter correction based reconstruction methods. The 

approaches for estimating and correcting scattered coincidences in PET can be generally 

divided into four main categories: empirical scatter corrections [40], multiple energy 

window techniques [10, 11, 15], convolution and deconvolution approaches [18], and 

simulation-based scatter correction methods.  

Empirical scatter correction methods make use of the unique differences between 

scattered events and true coincidences. These methods include a fitting scatter tail 

approach and a direct measurement technique. Fitting the scatter tail is the simplest 

approach to estimating the scattered distribution. This method takes advantage of the 

observation that coincidences recorded outside the object are entirely due to scattered 

events, and its distribution varies slowly across the FOV. Thus, the scattered distribution 

can be estimated by fitting the scatter tail outside the object in the projection space using 

a smoothly varying function. For example, a second order polynomial and 1D Gaussian 

curve have been used to fit the scatter tails. Then the scatter corrected data can be 

obtained by deconvolving or subtracting the fitted function from the measured data. This 

method can be used to correct for both scatter and randoms simultaneously in some 

systems. It is simple to implement and computationally very efficient. This method has 
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been used for scatter correction in the neurological PET imaging, in which the scatter 

recorded outside the object can be reduced to approximately zero. Besides, it inherently 

corrects for scatter arising from activity outside the axial field of view, while some of the 

more complex approaches are unable to do. The drawback of this method is that the 

scatter distribution is not always well approximated by a smooth analytical function, 

leading to over- or under-subtraction of scatter. Another approach in this category is the 

direct measurement technique, which takes advantage of the difference between scatter 

distributions with the septa extended or retracted. Thus this method is only applicable to 

PET scanners with retractable septa. The first step for this method is to make a 

measurement of the same object with septa extended and with septa retracted. Then the 

septa extended projections need to be scaled to account for differences in detection 

efficiency due to septa shadowing. The scatter contribution for the direct plane can be 

generated by subtracting the septa extended and retracted projection data. The advantages 

of this method are that few assumptions are made, and it is relatively simple to implement. 

It enables to measure the scatter distribution in complex objects, which can help better 

understanding of scattering in 3D PET or validating other scatter correction methods. 

However, this method requires an additional measurement, which may be impractical and 

only applicable to PET scanners with retractable septa. Another problem is that the 

method ignores the scatter that is already present in the direct planes measured with the 

septa extended. 

Multiple energy window techniques are based on the observation that a greater proportion 

of Compton scattered events are recorded below the photopeak in the single photon 

energy spectrum, and above a critical energy only unscattered photons are recorded (see 
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Figure 2.18). Thus, data recorded in energy windows set below or above the photopeak 

window, or both, can be used to derive an estimate of the scatter contribution. This 

method has been widely employed and investigated in SPECT. The dual energy window 

method uses an upper window that contains scattered and unscattered photons, and a 

lower window that contains only scattered photons. Then some fraction of the counts 

recorded in the low-energy window is subtracted from the high-energy window counts. 

By making use of measurements in auxiliary energy window, two distinct approaches 

have been developed to the use of dual energy windows for scatter correction. The dual 

energy window method uses an energy window set below the photopeak and abutting it. 

The other approach known as the estimation of trues method uses an energy window with 

the lower level discriminator set above 511 keV and overlaps the upper portion of the 

photopeak window. The main advantage of the dual energy window methods is that they 

take into account scatter arising from activity beyond the axial FOV. The drawback of 

this method is that both the energy windows contain a mixture of both unscattered and 

scattered events, and the low energy window may contain multiple scattered events. The 

accuracy of the dual energy window depends on the object sizes. The triple energy 

window method is a straightforward extension of the dual energy window, which 

introduces a modification factor to account for source size and distribution dependencies 

of scattered events. The multiple energy window method is not straightforward to 

implement and requires specialized hardware and extensive measurement to characterize 

the scatter component. 
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Figure 2. 18 The energy spectra for the total, true and scattered coincidences. The upper and lower energy 

windows for the dual energy window scatter correction are also illustrated in this figure. 

Different from the energy window methods that derive scatter distribution from auxiliary 

measurements, the convolution and deconvolution approaches model the scatter 

distribution with an integral transformation of the true activity distribution with a scatter 

response function. Since the true activity distribution cannot be measured, it is usually 

substituted by the measured projection data in the photo-peak window to achieve a 

reasonable degree of accuracy. The scatter response function is assumed to be position-

dependent and is measured by using a line source positioned at regular intervals across 

the scanner’s FOV. The scatter corrected data can be obtained by subtracting the scatter 

estimate from the measured projections. This approach has performed reliably in 

neurological studies where the scattering medium is relatively homogeneous, and can 

achieve comparable results to energy window based methods. Since the scatter estimate 

in this approach is essentially noise-free, it does not contribute additional noise to the 
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scatter-corrected projections. However, the assumptions break down in both the SPECT 

and PET cases when more complex objects are involved. 

Simulation-based scatter correction is the most accurate scatter correction method so far, 

which is developed based on the well-understood physics principles that govern photon 

interactions in matter. The first step of this method is to reconstruct the initial estimate of 

the source distribution with an attenuation map, then the scatter can be simulated, either 

using a simple single scatter model [24, 33], or using a Monte Carlo simulation [19, 22]. 

In an analytical simulation, it is assumed that only one of the annihilation photons in a 

coincidence accepted within the photopeak undergoes a Compton interaction. Then the 

single scatter coincidence rate at each LOR can be calculated. It has been shown that this 

method can yield estimates of the scatter distribution that are reasonably accurate under 

most circumstances. However, the computational demand is very large if the volume is 

integrated over every possible scattering point and the scatter contribution calculated for 

every LOR. This problem can be practically solved by sampling the object volume on a 

regular grid of sparsely spaced scattering points and calculating the scatter for only a 

subset of all LORs. Then the full scatter distribution can be interpolated from the 

calculated LORs with little bias. The advantage of this model-based method is that it 

makes use of the well understood physical principles to produce accurate scatter estimates. 

The main drawbacks are the complexity of implementation and the high computational 

demand. The second method in this category is the Monte Carlo simulation method, 

which can not only accurately estimate the scatter distribution but also allow separation of 

the simulated scattered and unscattered contributions to the projections. Furthermore, this 

method can be used for any specified emission and attenuation distribution as well as 
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several different PET scanner geometries. Similar to the analytical simulation, Monte 

Carlo techniques are based on well understood physical principles that govern photon 

interactions in matter. In this technique, photon pairs are generated at their point of origin, 

which is defined by the initial estimate of the activity distribution. Then these photons 

will travel with random orientation and be “tracked’ as they traverse through the 

scattering medium, which may be defined by the attenuation map. Tracked photons have 

a random chance of interaction in each voxel they traverse. The type and the probability 

of interaction are determined by the different photon interaction cross-sections. To get 

accurate enough simulation results, sufficient counting statistics should be guaranteed in 

the Monte Carlo simulations. This method is potentially a very accurate and practical 

approach to scatter correction in PET. 

 

2.4.5 Dead time correction 

 

In a PET scanner, a minimum amount of time is required to process successive 

coincidences in order that they can be registered as separate events. This includes the time 

spent for integrating charge from the photomultiplier tubes arising from a scintillation 

flash in the detector crystal, the reset time for the detector electronics as well as the time 

for processing a coincidence event. This effect reduces the number of coincidences 

counted by the PET scanner, and the linear response of the system is compromised at 

high-count rates. This phenomenon is characterized by the dead time. The fractional dead 

time of a system at a given count-rate is defined as the ratio of the measured count-rate 

and the count-rate that would have been obtained for an ideal system. The most common 

way to characterize dead time is to separate it into the paralyzable and non-paralyzable 
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components. The paralyzable component models the situation for a system that accepts 

new events during a fixed amount of time τ after each event, the dead time will extend for 

every new incoming event and will eventually be paralyzed.. The relationship between 

the measured event rate m and the actual event rate n is given by 

𝑚 = 𝑛𝑒−𝑛𝜏……………………..(2.11) 

where τ is the dead time constant. 

In contrast to the paralyzing case, the non-paralyzing models situation that the system is 

rendered dead after each event for a time τ, during which no other event can be accepted. 

After the fixed dead time, the system will be able to process the next incoming event.. 

The relationship between the measured count m and the actual event rate n in the non-

paralyzing models is given by 

𝑚 =
𝑛

1+𝑛𝜏
………………………(2.12) 

The measured true counts as a function of the actual true counts in the paralyzing and 

non-paralyzing models can be seen in Figure 2.19 [29]. 
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Figure 2.19 The measured counting rate as a function of ideal true event rate. The solid line shows the fit of 

the data to a paralyzable dead time model. The dashed line shows the corresponding fit for a nonparalyzable 

dead time model [29].  

 

2.4.6 Partial volume correction 

 

Ideally, a PET image should depict the distribution of the radiotracer uniformly and 

accurately throughout the FOV. However, due to the limited spatial resolution of PET 

systems, decays from an infinitely small point source will be smeared out and will appear 

in the reconstructed image as a finite-sized blob of lower activity concentration. This 

effect, known as the partial volume effect, reduces the image contrast between high and 

low uptake regions. The correction for this effect is of particular importance in the 

quantitative characterization of small lesions or structures. There are several possible 

approaches to correcting or at least minimizing the partial volume effect. These methods 

include resolution recovery or using anatomical imaging data. The resolution recovery 

method attempts to improve the resolution of the reconstructed images by using an 

inverse filtering in an analytical reconstruction method or by extending the imaging 
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model to include the resolution effects in an iterative reconstruction regime. The 

anatomical imaging method convolves high-resolution anatomical data with the scanner’s 

point spread function (PSF). The PET images can be divided into a discrete number of 

tissue domains, each of which contains a uniform radiotracer concentration. The mean 

value within each tissue domain is modeled as the weighted sum of the true activity 

values in the surrounding voxels belonging to the same domain. The weights can be 

determined based on the PSF. Region-based partial volume correction approaches are 

mainly based on a key study by Rousset et al. [41] in what is commonly referred to as the 

geometric transfer matrix (GTM) method. In this method, partial volume effect is 

modeled with the geometric interactions induced by the PET scanner between the regions 

in which a PVE-corrected mean value is searched. The initial work proposed estimation 

of the geometric interaction factors through a projection, followed by a tomographic 

reconstruction of the anatomic regions under study. An alternative approach to that of 

modeling the PET scanner PSF is to incorporate information from anatomical imaging 

into the reconstruction model [41, 42].  

 

2.5 Image Reconstruction 

 

A PET image is a quantitative representation of the cross-sectional distribution of the 

radioactive tracer. The integrated radioactivity along the line joining the two detectors, 

which is referred to as line integral data, is proportional to the total number of counts 

measured by a particular detector pair. Image reconstruction converts the line integrals 

data measured at many different angles around the object into an image that quantitatively 
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reflects the distribution of positron-emitting atoms, and therefore, the molecule to which 

it is attached. In a 2D reconstruction, the image is a slice through the object parallel to the 

detector plane. Much attention has been paid to the reconstruction of images from 

projections, and many analytical and iterative reconstruction schemes exist. Analytic 

reconstruction methods relate the line integral measurements to the activity distribution in 

the object by utilizing the mathematics of computed tomography. The iterative methods 

model the data collection process and attempt, in a series of successive iterations, to find 

the image that is most consistent with the measured data. 

2.5.1 Analytical image reconstruction 

 

The Radon transform is the mathematical operator mapping a function onto its line 

integrals. If a function f(x,y) represents an unknown density, then the Radon transform 

represents the projection data obtained as the output of a tomographic scan.  

𝑅𝑓 = ∫ 𝑓(𝑥, 𝑦)𝛿(𝑥 cos 𝜃 + 𝑦 sin 𝜃 − 𝑡)𝑑𝑥𝑑𝑦
 

𝑅2
…………..(2.13) 

Hence the inverse of the Radon transform R*, known as backprojection, can be used to 

reconstruct the original density from the projection data, and thus it forms the 

mathematical underpinning for tomographic reconstruction, also known as image 

reconstruction. 

Tomographic reconstruction can be developed using Fourier analysis. The Fourier 

transform of a function f(x,y) is given by 

(𝐹𝑓)(𝑣𝑥 , 𝑣𝑦) = 𝐹(𝑣𝑥, 𝑣𝑦) = ∫ 𝑑𝑥 𝑑𝑦 𝑓(𝑥, 𝑦)𝑒−2𝜋𝑖(𝑥𝑣𝑥+𝑦𝑣𝑦)
 

𝑅2
……(2.14) 
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and the inverse Fourier transform F(x,y) is obtained by changing the sign of the complex 

exponential: 

 

(𝐹−1𝐹)(𝑥, 𝑦) = 𝑓(𝑥, 𝑦) = ∫ 𝑑𝑣𝑥 𝑑𝑣𝑦 𝐹(𝑣𝑥, 𝑣𝑦)𝑒
2𝜋𝑖(𝑥𝑣𝑥+𝑦𝑣𝑦)

 

𝑅2
………(2.15) 

where vx and vy are the frequencies associated with x and y respectively.  

A key property of the Fourier transform is the convolution theorem, which states that the 

Fourier transform of the convolution of two functions f and h, 

(𝑓 ∗ ℎ)(𝑥, 𝑦) = ∫ 𝑑𝑥′ 𝑑𝑦′
 

𝑅2
𝑓(𝑥′, 𝑦′)ℎ(𝑥 − 𝑥′, 𝑦 − 𝑦 , )…………….(2.16) 

is equal to the product of their Fourier transforms: 

(𝐹(𝑓 ∗ ℎ))(𝑣𝑥, 𝑣𝑦) = (𝐹𝑓)(𝑣𝑥, 𝑣𝑦) ∙ (𝐹ℎ)(𝑣𝑥, 𝑣𝑦)…………………(2.17) 

In signal- or image-processing terms, convolving f with h amounts to filtering f with a 

shift-invariant PSF h. The convolution theorem simplifies convolution by reducing it to a 

product in frequency space. 

The Central Section Theorem, also called the Projection Slice Theorem, states that the 1D 

Fourier transform of a projection with respect to the radial variable s is related to the 2D 

Fourier transform of the image f by  

𝑃(𝑣, 𝜃) = 𝐹(𝑣𝑥 = 𝑣 cos 𝜃, 𝑣𝑦 = 𝑣 sin 𝜃)………(2.18) 

where  

𝑃(𝑣, 𝜃) = (𝐹𝑝)(𝑣, 𝜃) = ∫ 𝑑𝑠
 

𝑅
𝑝(𝑣, 𝜃)𝑒−2𝜋𝑖𝑠𝑣…………(2.19) 

and v is the frequency associated with the radial variable s. This theorem is illustrated in 

Figure 2.20. 
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Figure 2.20 The illustration of the Central Section theorem. It states the 1D FT of a projection taken at 

angle θ equals to the central radial slice at angle θ of the 2D FT of the original object. 

The discrete implementation of the inversion formula combining Equations (2.19), (2.18) 

and (2.14) is referred to as the direct Fourier reconstruction. This algorithm need firstly 

take the 1D Fourier transform of the first row in a sinogram, then interpolate and add onto 

a 2D rectangular grid F(vx,vy).The same process needs to repeat for all subsequent rows in 

the sinogram. Lastly an image f(x,y) can be found by taking the inverse 2D Fourier 

transform. This algorithm is numerically efficient but the interpolation required to map 

the polar grid onto the square grid before taking the inverse Fourier transform is 

computationally intensive and sensitive to interpolation errors. 
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By reformulating the Central Section Theorem in the spatial rather than frequency domain, 

a more elegant approach known as the Filtered Backprojection (FBP) algorithm can be 

achieved, which has become the standard algorithm for tomography. It is given by 

𝑓(𝑥, 𝑦) = (𝑋∗𝑝𝐹)(𝑥, 𝑦) = ∫ 𝑑𝜃𝑝𝐹
𝜋

0
(𝑠 = 𝑥 cos 𝜃 + 𝑦 sin 𝜃 , 𝜃)………(2.20) 

where the backprojection operator X* maps pF onto f and is the dual of the Radon 

transform. Geometrically, (X*pF) (x, y) is the sum of the filtered data pF for all lines that 

contain the point (x, y) [1]. 

The filtered projections pF are 

𝑝𝐹(𝑠, 𝜑) = ∫ 𝑑𝑠′
𝑅𝐹

−𝑅𝐹
𝑝(𝑠′, 𝜑)ℎ(𝑠 − 𝑠′)………..(2.21) 

and the ramp filter kernel h(s) is defined as 

ℎ(𝑠) = ∫ 𝑑𝑣|𝑣|𝑒2𝜋𝑖𝑠𝑣
∞

−∞
………………..(2.22) 

A drawback of ramp filter is that it amplifies the noise associated with high frequencies. 

To eliminate high-frequency noise, various filters have been designed. All of them are 

characterized by a maximum frequency, called the Nyquist frequency, which gives an 

upper limit to the number of frequencies necessary to describe the sine or cosine curves 

representing an image projection. 
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Figure 2.21 Three reconstruction filters that are commonly used in filtered backprojection. 

 

Compared with the direct Backprojection in Equation (2.15), the only difference is that 

the projections have been modified by a filter, which is where the name “Filtered 

Backprojection” comes from. FBP is a fast method for PET image reconstruction because 

it is linear. On the other hand, it is sensitive to the measured data and an arbitrarily small 

perturbation of projection due to measurement noise can cause a large error in the 

reconstructed image.  

2.5.2 Iterative image reconstruction 

 

Iterative reconstruction is an alternative approach, which is playing an increasingly 

important role in clinical PET image reconstruction. One of the strengths of iterative 

algorithms is that they are largely independent of the acquisition geometry. In iterative 

methods of image reconstruction, an initial estimate of an image is made, and the 
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projections are computed from the image and compared with the measured projection. If 

there is a difference between the estimated and measured projections, properly formulated 

adjustments are made to improve the current estimated image, and a new iteration is 

performed to assess the convergence between the estimated and measured projections. 

Iterations are continued until the convergence criteria are met. This process is illustrated 

in Figure 2.22. 

 
Figure 2.22 a Basic flowchart for iterative image reconstruction process. 

An iterative reconstruction algorithm generally includes four ingredients: data model, 

image model, the system matrix, and the cost function. Instead of using a simple line 

integral of activity along LOR in an analytical algorithm, any linear physical effects, like 

attenuation and scatter, gaps in the detectors, non-uniform resolution of the detectors, etc., 

can be modeled in the sensitivity function for each LOR in the data model. The statistical 
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distribution of the measured raw data around its mean for each LOR is typically modeled 

using a Poisson distribution. The image model in an iterative algorithm is represented as a 

linear combination of basis functions. In most algorithms, contiguous and non-

overlapping pixels basis functions are used. Combining the data model and the image 

model, a set of linear equations can be generated which is known as the system matrix. 

The system matrix characterizes the probabilities that the annihilation photons emitted in 

pixel i are detected in jth LOR. The cost function, also known as optimization algorithm, 

is a function that gives a measure of the difference (or similarity) between the estimated 

and measured projections and is the function which will be minimized (or maximized) in 

an iterative way. The differences between different types of iterative algorithms are how 

the cost function is defined and how to search or update the cost function to its minimum 

or maximum as quickly as possible. 

The various possible choices for these four ingredients generate many different types of 

iterative algorithms that differ in some aspect of their formulation and implementation. 

The most widely used iterative reconstruction algorithm in PET is the maximum-

likelihood expectation maximization (ML-EM) algorithm [43, 44] and its accelerated 

version OSEM (Ordered Subset EM). The cost function in the ML-EM and OSEM 

algorithms is the Poisson likelihood. The ML-EM algorithm updates the image during 

each iteration using: 

𝑓𝑖
𝑛+1

= 𝑓𝑖
𝑛 1

∑ 𝑎
𝑗′,𝑖

𝑁𝐿𝑂𝑅

𝑗′=1

∑ 𝑎𝑗,𝑖
𝑝𝑗

∑ 𝑎
𝑗,𝑖′

𝑃

𝑖′=1
𝑓
𝑖′
𝑛

𝑁𝐿𝑂𝑅
𝑗=1     𝑖 = 1,… , 𝑝……(2.23) 

Usually, the algorithm starts with an initial estimate of the image f as a uniform 

distribution. The sum over i’ in the denominator of the second factor in the right-hand 
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side is a forward projection: therefore, the denominator is the average value < 𝑝𝑗
𝑛 > that 

would be measured if fn were the true image. The sum over j in the numerator is a 

multiplication with the transposed system matrix and represents the backprojection of the 

ratio between the measured and estimated data. Finally, the denominator in the first factor 

is equal to the sensitivity of the scanner for pixel i. This method requires many iterations 

to achieve an acceptable agreement between the estimated and the measured image 

demanding a lengthy computation time. To circumvent this problem, the OSEM 

algorithm has been introduced, which is a modification of ML-EM, in that projections are 

grouped into subsets around the object separated by some fixed angle and only one subset 

is updated in each iteration. 

Generally, iterative methods can produce images with better SNR and reduced streak 

artifacts. One disadvantage of iterative reconstruction is the long computational time 

involved but this problem can be solved by the increased computer speed and acceleration 

techniques. Another comment is the nonlinear relationship modeled in the iterative 

reconstruction, which makes the behaviour of the algorithms and reconstructed image 

difficult to predict.  

2.5.3 3D reconstruction 

 

Reconstruction of images from 3D data is, particularly in a multi-ring scanner, 

complicated by a large volume of data. Processing and storage of such a large amount of 

data is challenging for routine clinical applications. FBP can be applied to 3D image 

reconstruction with some manipulations. The 3D data sinograms are considered as a set of 

2D parallel projections, and FBP is applied to these projections by the Fourier method 
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[45-49]. The iteration methods also can be generally applied to the 3D data. However, the 

complexity, large volume, and incomplete sampling of the data due to the finite axial 

length of the scanner are some of the factors that limit the use of the FBP and iterative 

methods directly in 3D reconstruction. 

To circumvent these difficulties, a modified method of handling 3D data is commonly 

used. This involves the rebinning of the 3D acquisition data into a set of 2D equivalent 

projections. Rebinning is achieved by assigning axially tilted LORs to transaxial planes 

intersecting them at their axial midpoints. This is equivalent to collecting data in a multi-

ring scanner in 2D mode, and is called the single slice-rebinning algorithm (SSRB) [45, 

48]. This method works well along the central axis of the scanner, but steadily becomes 

worse with increasing radial distance. In another method called the Fourier rebinning 

(FORE) algorithm [49], rebinning is performed by applying the 2D Fourier method to 

each oblique sinogram in the frequency domain. This method is more accurate than the 

SSRB method because of the more accurate estimate of the source axial location. After 

rebinning of 3D data into 2D data sets, the FBP or iterative method is applied. 
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Chapter 3: Evaluation of the Feasibility and Quantitative Accuracy of a Generalized 

Scatter 2D PET Reconstruction Method 

 

 

The material in this chapter has been reprinted and adapted from ISRN Biomedical 

Imaging, Volume 2013, Hongyan Sun, Stephen Pistorius, “Evaluation of the Feasibility 

and Quantitative Accuracy of a Generalized Scatter 2D PET Reconstruction Method,” 

Copyright (2013), with permission from Hindawi Publishing Corporation. 

 

3.1 Introduction 

 

Compton scattering degrades image contrast and compromises quantitative accuracy in 

PET [22, 39]. Scattered coincidences are typically considered as noise, which reduces 

PET image quality. This issue is more serious when operating in 3D mode without slice-

defining septa and in large patients, where the scatter fraction can be as high as 40-60% 

[1, 4-6]. Consequently, a number of approaches for estimating and correcting scattered 

coincidences in PET data have been proposed [4, 7-16, 19, 21, 50], which have been 

reviewed in Section 2.4.4 in this thesis. Most of these techniques estimate a scatter 

sinogram, which is used to subtract the scatter from the projection data [18] in pre-

correction methods [51] or as a constant additive term incorporated in a iterative 

reconstruction algorithm [52-54]. Inaccuracy in the estimation of the scatter sinogram will 

introduce significant biases in the activity distribution [6]. The subtraction based 

correction methods will destroy the Poisson nature of the data, reduce the system’s 

sensitivity and amplify image noise [4, 55].  
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With list-mode acquisitions available in modern PET scanners and the improved detector 

technology, the use of the energy of individual photons becomes feasible and some 

authors have proposed new approaches that includes the energy information of the 

measured photons in the estimation of the scatter distribution and image reconstruction 

process [6, 56-58]. These approaches attempt to improve the accuracy of the rejection of 

scattered coincidences from the measured data but are limited by the energy resolution of 

the detectors [59].  

Since the energy of detected photons also carries some probabilistic information about the 

spatial distribution of the annihilation positions and by taking advantage of Compton 

scattering, scattered coincidences are also a potential source of latent information for PET 

image reconstruction. Incorporating scattered coincidences directly into reconstruction 

eliminates the need for scatter correction, and also could improve both image quality and 

system sensitivity, since a lower energy threshold can be selected. In this work, a 

reconstruction method has been proposed, which is similar to that of Conti et al. [60] that 

directly includes scattered photons in the PET image reconstruction algorithm instead of 

correcting for them as do conventional emission imaging methods. 

An important difference between this work and that of Conti et al. [60] is that the method 

proposed by Conti et al. makes use of both TOF information and the energy of individual 

photons to reconstruct scattered, and unscattered PET coincidences [61]. This chapter 

focuses on a non-TOF PET algorithm, which does not make use of the time difference 

between the two detected annihilation photons. Another difference is that this work uses 

the Compton kinematics to predict the locus of all possible scattering positions to confine 

the annihilation position instead of using a pixel-driven approach, which can reduce the 
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computational workload. This work has been presented, in part, at the World Congress on 

Medical Physics and Biomedical Engineering in 2012 [62]. 

This chapter will evaluate the feasibility, the effects of the scatter fraction and the choice 

of a new coincidence selection threshold, which uses both the scatter photon energy and 

detector position for each coincidence, on the image quality obtained using a novel PET 

scattering reconstruction algorithm.  

 

3.2 Methods and Materials 

 

3.2.1 Reconstruction Theory 

 

In clinical PET scans, more than 99.7% of the interacted events in water are Compton 

scattering events [63]. Coherent scattering is neglected because of its small contribution 

to the total cross section for the energies of interest in nuclear medicine [55]. In 

approximately 80% of detected scattered coincidences, only one of the two annihilation 

photons undergoes a single Compton interaction [1, 8, 64]. This assumption has been 

validated by both MC simulations and experiment measurements in the single-scatter 

simulation (SSS) technique [24, 25]. 
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Figure 3.1 A diagram of a Compton scattering event in a patient. The two anti-parallel photons are 

generated at the annihilation position X shown by the green dot. The unscattered photon is observed by 

detector A while the other photon suffers a Compton scattering event at S, deviates from its initial path by 

an angle  and is detected by detector B. This figure also illustrates the two circular arcs (TCA), shown as 

blue dotted curves, which describe the locus of possible scattering locations and also enclose the 

annihilation position. 

Figure 3.1 illustrates a scattered coincidence in a patient. The two annihilation photons 

are generated at source X, the unscattered photon is detected at A while the other photon 

undergoes a Compton scattering interaction at S and is detected at B with energy E´. The 

scattering angle θ can be related to the scattered photon energy E´ by the Compton 

equation: 

cos 𝜃 = 1 +
𝑚𝑒𝑐

2

𝐸
−

𝑚𝑒𝑐
2

𝐸′
………………….(3.1) 

where the scattering angle θ is defined as the angle between the directions of the incident 

and the scattered photon, mec
2 is the electron rest mass energy equal to 511 keV; E is the 
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incident photon energy and E´ is the scattered photon energy in keV. The energy of the 

scattered photon decreases as the scattering angle increases with the energy of the 

scattered photon ranging from ~170 to 511 keV, corresponding to backscatter and 

forward scatter respectively. By taking advantages of the kinematics of Compton 

scattering, a 2D surface described by two circular arcs (TCA) connecting the coincidence 

detectors (rather than the conventional straight-line assumption which is true only for true 

coincidences), which scribes the possible scattering locus and encompasses the 

annihilation position, can be identified as illustrated in Figure 3.1. The accuracy of the 

locus defined above ignores the positron range and is closely related to the energy 

resolution of the detectors.  

The size and shape of the TCA is a function of the scattering angle, and the two 

coincident photon detected positions. As shown in Figure 3.2, in the limit where the 

scattering angle approaches zero and the energy of the scattered photon approaches 511 

keV, the shape of TCA approaches the LOR for true coincidences. Thus, the true 

coincidences can be considered as a subset of the scattered coincidences with zero 

scattering angles. We therefore, propose a Generalized Scatter (GS) approach that 

generalizes the concept of the conventional meaning of scatter and can include both true 

and scattered events into the PET imaging reconstruction in a consistent way. 

The work in this thesis is carried out in two dimensions, although the same approach can, 

in general, be implemented in three dimensions where it will ultimately be of greater 

value. 
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Figure 3.2 The TCA shapes versus the scattering angles for the same two detectors. Each TCA consists of 

two symmetrically circular arcs. The inner to the outer arcs correspond to scattering angles of 0, 30, 60, 90, 

120, 150 degrees respectively. When the scattering angle is smaller than 90 degrees, the TCA is made up of 

two minor arcs; when the scattering angle is 90 degrees the TCA is a circle; when the scattering angle is 

larger than 90 degrees the TCA is made up of two major arcs. As the area encompassed by the TCA 

increases with scattering angle, the ability to accurately determine the annihilation position decreases. 

 

3.2.2 The generalized scatter algorithm 

 

<PAB (θ)> represents the mean number of coincidences, where the unscattered photon is 

observed at A while the other annihilation photon undergoes a Compton scattering 

through an angle  and is observed at B (see Figure 3.1). It can be calculated using the 

following equation: 

〈𝑃𝐴𝐵(𝜃)〉 =τ∮ [∫ 𝑓𝑥
𝑆

𝐴
𝑑𝑥] ∙ 𝜌𝑒(𝑆) ∙

𝑑𝜎𝐶
𝐾𝑁

𝑑𝜃

1

4𝜋
𝑒−(∫ 𝜇𝑑𝑙

𝑆

𝐴
+∫ 𝜇,𝑑𝑙

𝐵

𝑆
)𝑑𝑠

𝐵

𝐴
……………..(3.2) 

The inner integral in the above expression calculates the total photon flux that can reach 

one of the possible scattering points (say S) due to the source fx lying on the line segment 
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AS. Once these photons arrive at one of the possible scattering positions S, the possibility 

of photons suffering a Compton interaction with a scattering angle  is linearly 

proportional to the differential Klein-Nishina electronic cross section 
dσ

C

KN

dθ
 and the 

electron density ρe at this point. The outer integral sums the scattered coincidences over 

all the possible scattering positions along the TCA. Tau (τ) is the acquisition time, μ and µ′ 

are the linear attenuation coefficients for the unscattered and scattered photons.  

Considering the sparse number of coincidences contributing to each <PAB(θ)>, the 

maximum-likelihood expectation maximization (ML-EM) [43, 44, 65] in a list-mode 

form was derived, in which each coincidence will be stored and calculated successively. 

Thus: 

𝑓𝑖⃗⃗⃗
𝑛+1

= 𝑓𝑖
𝑛 1

∑ 𝑎
𝑗′,𝑖

𝑁

𝑗′=1

 ∑ 𝑎𝑗,𝑖
1

∑ 𝑎
𝑗,𝑖′

𝑓
𝑖′
𝑛𝑝

𝑖′=1

𝑁
𝑗=1      𝑖 = 1, … , 𝑝……………(3.3) 

where p is the total number of pixels in the image, N is the total number of detected 

coincidences and aj,i is the element of system matrix representing the probability, 

weighted by the Compton differential cross section that the annihilation photons detected 

in the jth coincidence (whether scattered or not) were emitted from Pixel i. In practice ai,j 

is proportional to the Compton cross section if the ith pixel falls within the jth TCA and is 

zero if Pixel i is outside the TCA. The main difference between this GS method based 

ML-EM algorithm (GS-MLEM) and the conventional ML-EM algorithm (LOR-MLEM) 

is that the summation for each coincidence is over the area confined by the TCA, instead 

of along the LOR. This algorithm also can account for random coincidences R by adding 

them to the projector as follows: ∑ 𝑎
𝑗,𝑖′

𝑓
𝑖′
𝑛𝑝

𝑖′=1
+ 𝑅𝑗. The GS-MLEM was implemented 

as shown in Figure 3.3. The ratio of the measured number of coincident events (which is 
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1 with a list-mode algorithm) to the sum of the pixel values within each TCA for the 

current estimate is back projected into a “ratio” matrix. This backprojection is repeated 

for all coincident events. The “ratio” matrix is used to modify the current estimate. This 

process is repeated in an iterative fashion, updating the current image until a good 

convergence is obtained.  

  

Figure 3.3 The GS-MLEM algorithm flow chart. The additions and changes to the conventional MLEM 

(LOR-MLEM) algorithm are highlighted by the boxes with a black thick outline. 
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3.2.3 The GATE platform and Phantom measurements 

 

The proposed algorithm was evaluated on a 2D small animal PET system simulated by 

the Geant4 Application for Emission Tomography (GATE) [66-68]. GATE is an object-

oriented Monte Carlo simulation platform based on Geant4 libraries [68]. The simulated 

PET scanner had a 24 cm diameter detector ring made up of 42 detector blocks. Each 

detector block is arranged in a 9×5 lutetium oxy-orthosilicate (LSO) crystal array. Each 

crystal element had a surface area of 2×2 mm2 and was 18 mm thick. The energy 

resolution of the simulated scanner in this preliminary investigation was 0.1% FWHM at 

511 keV, and a 170-512 keV energy window, in which all single scattered coincidences 

can be selected, was used. Noise and dead time were not included in the simulation 

process in order to focus on the role that scattered coincidences played in the image 

quality. 

A simplified Deluxe Jaszczak phantom [69, 70] was simulated as shown in Figure 

3.4.This cylindrical water phantom has a diameter of 80 mm and contains 3 hot disks 

(with diameters of 3 mm, 6 mm, 9 mm) and 1 cold disk (with diameter of 12 mm). The 

hot-to-background ratio was set to 4:1 in this simulation. Attenuation correction was 

ignored in this chapter due to the small phantom being used. 
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Figure 3.4 A simplified Deluxe Jaszczak phantom. The three yellow circles represent hot disks with 

diameters of 3 mm, 6 mm and 9 mm respectively. The black circle represents a cold area with diameter of 

12 mm. The red area represents the 40 mm radius cylindrical water phantom. The hot-to-background ratio is 

4. 

Images were reconstructed within a 99× 99 pixel matrix, with a pixel size of 1×1 mm2. 

The contrast recovery ratio of the reconstructed images was analyzed using the mean 

value of the disks relative to the local background while the noise was calculated using 

the relative standard deviation (RSD) of a 10 mm diameter circular region of interest 

(ROI) located in the center of the phantom image. Two concentric circular ROI with 

diameters of 6 mm and 8 mm were defined within the #3 and #4 disks respectively. 

Annular ROI with a 20 mm outer diameter and an inner diameter of 9 mm and 12 mm 

respectively were drawn in the background around disks #3 and #4. The local contrast 

recovery coefficient (CRC local) was defined by 

𝐶𝑅𝐶𝑙𝑜𝑐𝑎𝑙 =
𝐻

𝐵
−1

𝑅−1
………………(3.4) 

where H is the average values within the ROI in the hot disk, B is the average value in the 

annulus around the disk, and R is the experimental set-up hot-to-background ratio. For the 

cold source, CRClocal is defined by 

𝐶𝑅𝐶𝑙𝑜𝑐𝑎𝑙 = 1 −
𝐶

𝐵
……………(3.5) 
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where C was the average value of the ROI in the cold disk.  

For the purpose of evaluation, a point on the CRC curve was determined which was the 

shortest distance from the CRC curve to the point (0,1) defined by an ideal CRC of 1 and 

a RSD of 0. 

As comparisons, the same data were also reconstructed by using the conventional ML-

EM (LOR-MLEM) method, which is developed based on the single scatter simulation 

approach. Firstly, the spatial distribution of single scatter events will be estimated by 

Monte Carlo method. Then the estimated scatter is scaled globally to ensure a good fit 

between the estimated scatter and the measured projections. Lastly the true coincidences 

can be obtained by subtracting the scatter event events from the prompt coincidences and 

reconstructed in MLEM algorithm interactively. 

3.2.3.1 The feasibility test of images reconstructed from only scattered coincidences 

 

To illustrate that scattered coincidences can be used to reconstruct PET images, 106 

scattered coincidences were simulated to reconstruct PET images by using the GS-

MLEM method. As comparisons, these 106 scattered coincidences as well as another 106 

true coincidences were also reconstructed respectively by using the conventional ML-EM 

(LOR-MLEM) method.  

3.2.3.2 Comparison of images reconstructed by using GS-MLEM and LOR-MLEM with different 

scattering fractions 

 

The scatter fraction is a function of the geometry of scanner, the density and the size of 

the patient as well as the energy window employed. To compare images reconstructed 

with different scatter fractions, we simulated 3×105 true coincidences and added scattered 
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coincidences to obtain the required data with scatter fractions ranging from 0-60% using 

the same phantom. The simulation data we used are more artificial than real; however, it 

serves the goal of this research to investigate the relative value of the proposed algorithm 

for different fractions of scattered coincidences to the image quality while at the same 

time removing unwanted complexities resulting from more realistic simulations. 

3.2.3.3 Evaluation the different energy thresholds of scattering coincidences on image quality 

 

The scatter fraction affects contrast and noise of images. As more scattered coincidences 

are included in the image reconstruction, the noise will decrease but so will the contrast. 

However, the strength of the proposed method lies in its ability to recover contrast while 

keeping noise low. The trade-off between contrast and noise (for a particular scatter 

fraction) can be adjusted by varying the scattered photon energy threshold. Photons 

scattered through large angles may still be of value close to the periphery of the phantom. 

In this work, the TCA area threshold defined based on the intersection of the area 

encompassed by the TCA and the image matrix has been proposed. This is similar to 

using a scattered energy threshold, but enables both energy and spatial information to be 

involved to full advantage. A total of 6×105 coincidences with a scattering fraction of 50% 

were used to test how the varying thresholds enable the GS method to trade-off between 

the contrast and noise. By setting different thresholds and calculating the intersection 

areas between the TCA and the image matrix, the data were generated and used for 

reconstruction. 
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3.3 Results 

3.3.1. Feasibility test of reconstructing PET images from only scattered coincidences 

 

 

Figure 3.5 (a) The image reconstructed from106 true coincidences by using the LOR-MLEM with 36 

iterations. (b) The image reconstructed from 106 scattered coincidences by using the LOR-MLEM approach 

which assumes these events are true coincidences. (c) The image reconstructed from the same scattered 

coincidences dataset as in (b), but by using the GS-MLEM approach with 62 iterations. The second row 

plots the profiles through above images in the horizontal and vertical direction passing through the center of 

the images respectively. 

Figure 3.5 (a) displays a typical image reconstructed from true coincidences by using the 

conventional ML-EM (LOR-MLEM) algorithm. Figure 3.5 (b) shows that the same 

algorithm was incapable of producing recognizable images from only scattered 

coincidences since the LOR assigned for each scattered coincidence no longer pass 
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through the annihilation position. This figure illustrates why scattered photons are 

traditionally considered contributing only noise to the resultant image and are, where 

possible, typically eliminated. The initial experiments as shown in Figure 3.5 (c) 

demonstrated that the proposed algorithm was capable of producing an image entirely 

from scattered coincidences. While this figure is not as good as the image in Figure 3.5 

(a), it still adequately represents the activity distribution. There is still blurring evident in 

the scattered photon reconstruction and image converges at least 2-3 times slower. From 

the profiles under the corresponding images, the image reconstructed from only scattered 

events has a decreased contrast and noisier background compared with that from true 

coincidences. Figure 3.5 (c) was used to illustrate the feasibility of reconstructing an 

image from only scattered coincidences. However, in practice, an image would be 

reconstructed by incorporating both true and scattered events instead of only from 

scattered coincidences. We hypothesize that including scattered coincidences in the 

reconstruction provides greater advantages than simply rejecting them, and the results 

will be shown in the next section.  

3.3.2 Comparison of images reconstructed by GS-MLEM and LOR-MLEM with different scatter 

fractions 

 

Figure 3.6 shows the CRC curves for the #3 (largest hot disk) versus the relative standard 

deviation of the background obtained by varying the number of iterations. Figure 3.7 is 

similar except that it shows the results for #4 (the cold) source. The CRC curves for 

images reconstructed by using the GS-MLEM algorithm were always above those 

generated by the LOR-MLEM algorithm. Unlike the CRC curves for the LOR-MLEM 

algorithm that decrease with increasing scatter fraction, the CRC curve for the GS-

app:ds:hypothesise
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MLEM algorithm generally increased with increasing scatter fraction. For the hot disk, 

this trend reversed beyond the point where the CRC curve for the GS-MLEM intersected 

with that of the CRC for reconstructions from only true coincidences. For the cold disk, 

this reversal was not observed. This reduction in CRC was small and occurred only for 

iterations beyond the evaluation point. For scatter fractions from 10% to 60%, the 

evaluation points on the CRC curve for the hot disk were 0.5%-3.0% greater than those 

obtained using only true coincidence data and were 3.0%-24.5% greater than the 

corresponding curves reconstructed by using the LOR-MLEM algorithm. The noise was 

reduced by 0-1.7 % in comparison with the true coincidences data and was 2.0%-12.0% 

less than that produced by LOR-MLEM method with the same scatter fraction. For scatter 

fractions between 10% and 60%, the evaluation points for the cold disk had a CRC 0-3.5% 

greater than the curves calculated using only true coincidences and were 4.0%-24.0% 

greater than the LOR-MLEM method. The noise at the evaluation point was 0-1.6% less 

than that obtained using only true coincidences and was 0.5%-8.3% less than that 

calculated using the LOR-MLEM method with the same scatter fraction. This trend is 

consistent with the position that the scattered coincidences contribute to noise in the 

conventional PET image reconstruction and that as the scatter fraction increases, the 

image quality deteriorates.  
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Figure 3.6 The CRC curves for # 3 disk versus the relative standard deviation of the background  by varying 

the number of iterations. The CRC curves shown with filled symbols represent the images reconstructed by 

GS-MLEM with different scattering fractions. The void symbols in the same style correspond to images 

with the same scattered fraction, reconstructed by LOR-MLEM. The CRC for true coincidences is shown as 

a solid line for comparison. The diamonds reflect the optimal points on the CRC-RSD curves. 
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Figure 3.7 The CRC curves for the #4 (cold) disk versus the relative standard deviation of the background 

by varying the number of iterations. The CRC curves shown with filled symbols represent the images 

reconstructed using the GS-MLEM with different scattering fractions. The void symbols in the same style 

correspond to images with the same scattered fraction, reconstructed by LOR-MLEM. The CRC for the true 

coincidences is shown as a solid line for comparison. The diamonds reflect the optimal points on the CRC-

RSD curves. 

3.3.3. Evaluation the different energy thresholds of scattered coincidences on image quality 

 

Figure 3.8 plots the CRC of #3 (the largest source) for different TCA area thresholds as a 

function of the relative background standard deviation obtained by varying the number of 

iterations. Figure 3.9 is similar, except that it shows the results for the #4 (cold) source. 

The results show that the value of the CRC for images reconstructed by using the GS-

MLEM method were always greater than those obtained with a conventional LOR-
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MLEM. For the GS-MLEM method, the evaluation point (Point #1 in Figure 3.8) for the 

hot disk had a CRC that was 2.5% better than images reconstructed with true coincidence 

data only (which is an idealistic upper limit on existing algorithms) (Point #2 in Figure 

3.8), and was 13.0% greater than images reconstructed by using the conventional LOR-

MLEM algorithm (Point #3 in Figure 3.8). The image noise was 2.0 % less (Point # 1 in 

Figure 3.8) than the ideal reconstruction from trues (Point #2 in Figure 3.8) and was 7.0 % 

less than the LOR-MLEM approach (Point #3 in Figure 3.8). For the cold source, the 

evaluation point for the GS-MLEM approach (Point #1 in Figure 3.9) had a CRC that was 

5.0 % greater than the CRC obtained with the ideal true coincidence calculation (Point #2 

in Figure 3.9) and 18.0 % greater than the LOR-MLEM method (Point #3 in Figure 3.9). 

For the cold source, the noise at the evaluation point by using the GS-MLEM method 

(Point #1 in Figure 3.9) was 2.0 % less than the ideal reconstruction from trues (Point #2 

in Figure 3.9) and was 8.0 % less than the LOR-MLEM approach (Point #3 in Figure 3.9). 

Virtually no difference was found between the CRC curves for thresholds of 91.8% and 

100%. The evaluation CRC/noise point for the hot source occurred for thresholds close to 

100% of the matrix size while the evaluation point for the cold source was optimal when 

the threshold was set to 10.2% of the matrix size. The evaluation of the contrast recovery 

point for the hot disk approached the true value as the threshold approaches zero, but the 

CRC for the cold source still showed an improvement for thresholds approaching 100%. 

Figure 3.10 (a) displays the image reconstructed from 3×105 true coincidences using the 

conventional LOR-MLEM method. Figure 3.10 (b) shows the image reconstructed from 

the same true 3×105 coincidences plus 3×105 scattered coincidences that fall into the 350-

511 keV energy window and reconstructed using the conventional LOR-MLEM 



78 
 

algorithm as a comparison. Figure 3.10 (c) shows the image produced by 6×105 

coincidences with 50% scatter fraction and a threshold of 100% reconstructed using the 

GS-MLEM method.  

 

Figure 3.8 The CRC curves for the #3 (largest hot) disk calculated from only trues, with 50% scatter 

fraction calculated using the conventional LOR-MLEM approach, and with the GS-MLEM approach using 

different thresholds defined by the ratio of the area of intersection between the TCA and image matrix to 

the total image matrix area. These curves were obtained by varying the number of iterations. Points #1, #2 

and #3 identify the evaluation points for reconstructions using GS-MLEM method, only trues and the LOR-

MLEM respectively. 
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Figure 3.9 The CRC curves for the #4 (cold) disk calculated when only trues are present and with 50% 

scatter fraction calculated using the conventional LOR-MLEM approach and with the GS-MLEM approach 

using different thresholds defined by the ratio of the intersection area between the TCA and image matrix to 

the total image matrix area. These curves were obtained by varying the number of iterations. Points #1, #2 

and #3 identify the evaluation points for reconstruction using GS-MLEM method, only trues and the LOR-

MLEM respectively. 
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Figure 3.10 (a) The image using 3×105 true coincidences reconstructed by using a LOR-MLEM 

reconstruction algorithm. (b) The image using the same true 3×105 coincidences plus 3×105 scattered 

coincidences that fall into the 350-511 keV energy window reconstructed by using the conventional LOR-

MLEM algorithm as a comparison. (c) The image using 6×105 coincidences with a 50% scatter fraction 

reconstructed by using the GS-MLEM algorithm. The second row shows the profiles of above images along 

horizontal and vertical direction passing through the center of the images respectively. 

 

3.4 Discussion 

 

A novel PET reconstruction algorithm has been proposed, which can incorporate both 

true and scattered coincidences into the reconstruction process. The initial results have 

shown that including scattered coincidences in the reconstruction is more advantageous 

than simply rejecting them in the ideal energy resolution scenario.  
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It has been shown that the activity distribution can be extracted from only scatter events 

as shown in Figure 3.5 (c). The image in Figure 3.10 (c) is still idealistic and far from 

optimized, but these results show that the proposed method produces an image with a 

more homogeneous background, sharper edges, reduced noise and with improved contrast 

(for both hot and cold disks), relative to both conventional algorithm (which degrades in 

the presence of scatter) and the idealistic situation (only true events used). Algorithms 

that incorporate scatter correction will move closer to the idealistic response curve but 

will never exceed it. Thus, including scattered photons directly into the reconstruction 

could eliminate the need for (often empirical) scatter corrections required by conventional 

algorithms and increase image contrast and SNR. This could be used to either improve 

the diagnostic quality of the images and/or to reduce patient dose and 

radiopharmaceutical cost. 

The results in Section 3.3.3 show that an additional advantage of the GS-MLEM 

algorithm is that a threshold can be used to adjust contrast and noise in order to optimize 

the role that scattered coincidences play in the image reconstruction process. At the 

optimal threshold, adding scattered coincidences into image reconstruction appears to 

result in minimal (if any) loss in spatial resolution while significantly improving the SNR 

and contrast recovery. The results show that by appropriately including a greater number 

of scattered photons in the reconstruction, improvements in both contrast and noise can be 

achieved. In addition, this threshold also can remove partial coincidences scattered within 

detectors or in the gantry, which usually have relatively larger scattering angles and 

unusually short distances between scattering position and detector positions. The TCA for 

these situations usually covers the whole image space and can be removed from the 
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reconstruction dataset by employing the proposed TCA area threshold.  

Similar to conventional energy-based scatter correction methods, the accuracy of the 

proposed method is limited by the energy resolution of the detector. In conventional 

scatter correction based methods, the ability to distinguish and reject scattered 

coincidences is limited by energy resolution. In this proposed method the energy 

resolution of detectors determines the confidence with which the TCA can be defined for 

each scattered coincidence, which in turn affects the locus of the possible scattering 

positions and hence the annihilation position. The locus is sensitive to the energy of the 

detected photons and a small uncertainty in the energy of the scattered photon can result 

in a significant difference in the shape of the TCA and the position of the source. For 

example, if the detector’s energy resolution is 4% at 511 keV, the maximum uncertainty 

in the calculated area between the TCA is approximately 21% for a scattered photon 

energy of 450 keV. Thus developing a detector with high energy resolution and weighting 

the spatial probability distribution of the annihilation position by using both the patient 

outline [71, 72] and the energy resolution of the detector will be important future work.  

Guerin et al. [6] indicated that neglecting the effect of multiple scattered coincidences 

was not a serious source of error. In practice, multiple scattered events cannot be 

distinguished from single scattered events on the basis of the energy of the scattered 

photons. Even though the relation between scattered energy and scattering angle cannot 

be connected by Compton scattering equation for multiple scattered coincidences, we can 

propose to use a synthetic scattering angle for multiple scattered events based on the 

scattered photon energy. In addition, the uncertainty in the energy of the detected photon 

as a result of the limited energy resolution of the detector is more challenging for multiple 
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scattered events when trying to determine the locus of possible scattering positions. 

Corrections for randoms can be addressed by adding a factor to the forward projection in 

the algorithm as do most existing methods. The data model used to derive the 

reconstruction algorithm can be improved by including the electron density and tissue 

attenuation. The impact of these on the quality of the reconstructed images is beyond the 

scope of this chapter and will be the focus of a separate study. Since the TCA is a 

function of scattering angle and detector positions, which will be calculated for each 

detected coincidence in the reconstruction algorithm, the computational time is currently 

3-4 times longer when compared with a conventional MLEM algorithm. However, this 

algorithm still needs to be optimized for calculation efficiency. 

In summary, considering the challenges mentioned above, the following chapters will be 

arranged as following: Chapter 4 will investigate further improvements to PET image 

quality by adding a patient/phantom outline as a constraint in the GS algorithm. The 

uniform attenuation phantom used in this chapter is simple in comparison to 

anthropomorphic phantoms and may not reflect the complexity of scatter in humans, 

which will be addressed in Chapter 5. Chapter 6 will introduce a geometrical model to 

characterize the different probabilities of annihilation positions within TCA to further 

improve the imaging quality. Chapter 7 will explore the dependency of the image quality 

on the energy resolution, and adapts the proposed method for non-ideal energy resolution 

scenarios. The final chapter summarizes and concludes this work and identifies future 

areas of research. 
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3.5 Conclusion 

 

A new method that includes scattered coincidences directly into PET reconstruction has 

been presented and evaluated in this chapter. The results of the phantom study have 

shown that PET images can be reconstructed from only scattered coincidences. Including 

scattered coincidences into the reconstruction eliminates the need for scatter corrections 

while increasing image contrast and reducing noise. A threshold, which depends on both 

energy and detector positions, is used to adjust the trade-off between noise and contrast in 

this chapter. The optimal threshold was different for hot and cold sources, but the 

variation in CRC for the cold source was only weakly dependent on the threshold. 

Improvements in the CRC and noise for both hot and cold sources could be obtained by 

maximizing the use of all scattered events. 
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Chapter 4: Image Quality Improvements When Adding Patient Outline Constraints 

into a Generalized Scatter PET Reconstruction Algorithm 

 

 

The material in this chapter has been reprinted and adapted from ISRN Biomedical 

Imaging, Volume 2013, Hongyan Sun, Stephen Pistorius, “Evaluation of Image Quality 

Improvements When adding Patient Outline Constraints into a Generalized Scatter PET 

Reconstruction Algorithm,” Copyright (2013), with permission from Hindawi Publishing 

Corporation. 

 

 

4.1 Introduction 

 

In Chapter 3 we have shown that true coincidences can be considered to be a subset of 

scattered coincidences and a GS-MLEM algorithm has been developed to estimate the 

source distribution from both true and scattered events [73]. This method takes advantage 

of the kinematics of Compton scattering by connecting the coincidence detectors with two 

arcs in 2D, which describe the locus of scattering. It can be shown that the annihilation 

position is encompassed in 2D by TCA or, in 3D by a surface, described by the rotation 

of these arcs around an axis connecting the detectors. See Figure 3.1. 

The annihilation position within the TCA can be further confined by using the patient 

outline (or a geometrical shape that encompasses the patient outline) as a further spatial 

constraint. Adding this constraint into the GS-MLEM algorithm speeds up the image 

convergence and improves the image quality. This work has been presented, in part, at the 

2012 IEEE Nuclear Science Symposium and Medical Imaging Conference [72]. 
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This chapter will describe how the patient/phantom outline constraint is introduced into 

the GS-MLEM algorithm, and will evaluate the contrast and noise properties of the 

constrained GS-MLEM algorithm as well as the dependency of the proposed method on 

the accuracy of the patient/phantom outline constraints employed. 

 

4.2 Methods and Materials 

4.2.1 Outline Constraint Reconstruction Theory 

 

In PET, the three main sources of photon scatter are 1) patient, 2) detectors, or 3) the 

gantry and surrounding environment. Patient scatter generally dominates in human 

imaging, and this work assumes the patient is the only scattering source and ignore the 

relatively small contribution due to scattering in the gantry and detectors [14, 74].  

In such a scenario as illustrated in Figure 4.1, the possible annihilation positions can be 

further constrained by connecting the intersection points between the TCA and the patient 

outline, C (furthest from the unscattered photon Detector A) and D (closer to the 

unscattered photon Detector A) with the unscattered photon Detector A. The position of 

annihilation is confined to the area encompassed by the TCA, the patient/phantom outline 

and the line AC (Area CDE as shown in Figure 4.1). If both circular arcs of a TCA for a 

coincidence intersect with the patient/phantom outlines, the areas used to confine the 

annihilation positions can be calculated for each circular arc separately in a similar way. 



87 
 

 

Figure 4.1 In this case, one of the TCA interacts with the patient at Point D (closer to A) and C (further 

from A). If the extent of the scatter volume is known (the patient outline), the possible annihilation area 

may be further confined to the area C-D-E encompassed by line CA, TCA, and the outline of the patient. 

The patient outline can be estimated in a variety of ways. One approach is to use an 

external x-ray source or optical system (either laser-based or photogrammetric). In 

PET/CT or PET/MRI systems the anatomical image provided by the CT or MRI could be 

used. Alternatively, it may be possible to estimate the constraints using an approximation 

of the patient outline based on initial iterations or by using a basic geometric shape (say a 

circle or ellipse) as shown in Figure 4.2. The size of the circle could be chosen from a 

simple measurement (or estimate) of the patient size or based on earlier iteration images. 

This resembles the concept of Chang’s attenuation correction [75] in PET and SPECT 

brain imaging. 

Detector A 

Detector B θ 

C 

D 

E 
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Figure 4.2 The patient outline is replaced by an ellipse which is slightly larger than the patient outline and 

intersects with TCA at point C (furthest to the unscattered photon detector) and point D (closer to the 

unscattered photon detector). The possible annihilation positions are confined to the area C-D-E 

encompassed by line CA, TCA and the ellipse calculated in the same way as the case of patient/phantom 

outline. 

4.2.2 Constrained GS-MLEM algorithm 

 

The expected number of coincidences in which an unscattered photon is observed at A 

while the other photon is observed at B following a Compton scattering through an angle 

θ, is determined from: 

〈𝑃𝑎𝑏(𝜃)〉 =τ∮ [∫ 𝑓𝑥
𝑆

𝐴
𝑑𝑥] ∙ 𝜌𝑒(𝑆) ∙

𝑑𝜎𝐶
𝐾𝑁

𝑑𝜃

1

4𝜋
𝑒−(∫ 𝜇𝑑𝑙

𝑆

𝐴
+∫ 𝜇′𝑑𝑙

𝐵

𝑆
)𝑑𝑠

𝐵

𝐴
………(4.1) 

 

In the above expression the total number of photons which could reach the scattering 

point S is obtained by integrating the source fx from line segment A to C. The possibility 
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that the photons at S undergo a Compton scattering event, is proportional to the electron 

density at this point weighted by the differential Klein-Nishina electronic cross section. 

The outer integral sums over all possible scattered points which have been constrained by 

the patient outline. τ is the acquisition time, µ and µ′ are the linear attenuation coefficients 

for the unscattered and scattered photons. 

To reduce the large computational workload, the expected number of detected 

coincidences is assumed to be linearly proportional to the product of the differential 

Klein-Nishina electronic cross section and the total activity within area CDE as given by: 

〈𝑃𝑎𝑏(𝜃)〉 = 𝐶 ∙ 𝜌𝑒̅̅ ̅ ∙
𝑑𝜎𝐶

𝐾𝑁

𝑑𝜃
∬ 𝑓𝑥
 

𝐶𝐷𝐸
𝑑𝑦…………….(4.2) 

where C is a constant and   𝜌
�̅�
 is the mean electron density. Putting this data model into 

the system model and following the same maximization process as in [1], we can derive 

the constrained GS-MLEM algorithm in list-mode [43, 44, 65]: 

𝑓𝑖⃗⃗⃗
𝑛+1

= 𝑓𝑖
𝑛 1

∑ 𝑎
𝑗′,𝑖

𝑁

𝑗′=1

 ∑ 𝑎𝑗,𝑖
1

∑ 𝑎
𝑗,𝑖′

𝑓
𝑖′
𝑛𝑝

𝑖′=1

𝑁
𝑗=1      𝑖 = 1, … , 𝑝……………(4.3)  

where p is the total number of pixels in the image, N is the total number of coincidences, 

n is the iteration number, and aj,i is the system matrix accounting for the probability that 

the jth coincidence detected in the list mode entry comes from Pixel i. To incorporate the 

patient outline as a constraint in the algorithm, the sum over i is only calculated within the 

confined areas, instead of the whole area within the TCA. 

4.2.3 Phantom Measurement 

 

To make the comparison consistent with Chapter 3 [73], the same PET scanner and 

phantom (see Figure 3.4) are simulated by GATE [66, 68] in this chapter. The simulated 
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system had a perfect energy resolution with the energy window set to 170 to 512 keV. 

Noise and dead time were not modeled in the simulation process. 

In this initial evaluation of the proposed method, only the coincidences scattered within 

the phantom were used in the reconstruction. The image quality was evaluated using CRC 

and RSD, which are defined in Section 3.2.3. 

An evaluation point on the CRC curves was determined by the shortest distance from the 

CRC curve to the point (0,1) defined by the ideal CRC=1 and RSD=0. 

As comparisons, the same data were also reconstructed by using the conventional ML-

EM (LOR-MLEM) method, which is developed based on the single scatter simulation 

approach. Firstly, the spatial distribution of single scatter events will be estimated by 

Monte Carlo method. Then the estimated scatter is scaled globally to ensure a good fit 

between the estimated scatter and the measured projections. Lastly the true coincidences 

can be obtained by subtracting the scatter event events from the prompt coincidences and 

reconstructed in MLEM algorithm interactively. 

4.2.3.1 Evaluation of images reconstructed by using the proposed method with different scatter fraction 

data 

The image quality reconstructed with the phantom outline constraint was compared to the 

results obtained by using the GS-MLEM algorithm without the phantom outline 

constraint and to the conventional LOR-MLEM method given in Chapter 3 [73]. 

Coincidences with scatter fractions ranging from 0 to 60% were randomly simulated by 

GATE. To be consistent with the previous results, 3×105
 true coincidences and scattered 

coincidences with the required scatter fraction were generated. Here, the actual phantom 
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outline (a circle with a radius 40 mm) was employed in the reconstruction process as the 

outline constraint.  

4.2.3.2 Evaluation of image quality using different outline constraint approximations  

 

The improvement in the contrast and noise properties of the reconstructed images was 

related to the accuracy of the patient/phantom outline used. When the phantom outline 

constraints chosen are smaller than the actual phantom outline, the confined area may not 

encompass the annihilation position, which will reduce the image contrast and introduce 

artifacts. Thus, the minimum, but still most accurate outline constraint should be the 

actual patient/phantom outline. A larger area can be used to constrain the annihilation 

position, but will not be optimal. When the constraint outline approaches that of the 

detector positions, the outline constraint-based GS-MLEM algorithm will approach the 

non-outline constraint-based algorithms. To evaluate the effect of different constraint 

sizes on the reconstructed image quality, the patient/phantom outline size is characterized 

as a function of the ratio of differences between the tested outline constraint and the 

actual phantom outline size relative to the actual phantom outline size. Therefore the 

effect of various phantom outline constraints was tested by using a circle with diameters 

of 84 mm, 90 mm, 100 mm, 120 mm, being 5%, 12.5%, 25%, 50% larger than the actual 

phantom outline respectively. A total of 6×105 coincidences, with a 50% scatter fraction, 

were generated by GATE and were used by the proposed method with the different 

outline constraints to reconstruct the activity maps. The images were also reconstructed 

using the same dataset, but with the GS-MLEM algorithm without the phantom outline 

constraint and with the conventional LOR-MLEM algorithm, as well as with 3×105 true 

coincidences by using the conventional LOR-MLEM algorithm as a comparison. 
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4.3 Results 

 

4.3.1 Evaluation of images reconstructed by using the proposed method with different scatter fraction 

data 

To illustrate the performance of the constrained GS-MLEM algorithm, the CRC vs. RSD 

for different methods/or data for the #3 (largest hot) disk was plotted in Figure 4.3 and the 

#4 (cold) disk was plotted in Figure 4.4, respectively. The results show that the CRC 

curves for images reconstructed by using GS-MLEM with phantom outline constraint 

approach are always above those of the unconstrained GS-MLEM approach and the 

conventional LOR-MLEM algorithm. The optimal CRC curve for the conventional LOR-

MLEM method is at zero scatter fraction, and the curves decrease with increasing scatter 

fraction. In contrast to that, the CRC curve for the GS-MLEM, both with and without 

phantom outline constraint, generally increases with increasing scatter fraction. This 

trend, for the hot disk, changes beyond the point where the CRC curves for the 

constrained and unconstrained GS-MLEM intersect. However, this reduction in contrast 

is not obvious and occurs beyond the evaluation point. The same trend for the cold disk is 

not observed. For the hot disk as shown in Figure 4.3, the GS-MLEM algorithm with 

phantom outline constraints improved the CRC properties of the reconstructed images by 

0.6% to 3.8% compared with the GS-MLEM algorithm without the phantom outline 

constraint for scatter fraction ranging from 10%-60%. For the same scatter fractions, the 

results were 4% to 28.6% greater than the corresponding curves reconstructed by using 

the LOR-MLEM algorithm. The noise of images reconstructed using the GS-MLEM 

algorithm with phantom outline constraint was 0.7% to 2.6% lower than the 

corresponding curves using an unconstrained GS-MLEM algorithm and was 2.4% to 
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14.7% less than that produced by the LOR-MLEM method. For the cold disk, with a 

scatter fraction of 10% to 60%, the evaluation point for the cold disk using the GS-

MLEM algorithm with phantom outline constraint had a CRC 1.1% to 11.6% greater than 

the curves calculated only using the GS-MLEM algorithm and was 5.1% to 40% greater 

than the LOR-MLEM method for the corresponding scatter fraction. The noise at the 

evaluation point for images reconstructed using GS-MLEM with phantom outline 

constraint was 0.5% to 3.6% less than that obtained using an unconstrained GS-MLEM, 

and was 1.5% to 11.8% less than that calculated using the LOR-MLEM method with the 

same scatter fraction.  
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Figure 4.3 The CRC curves of #3 (largest hot) source calculated by using the GS-MLEM with (red lines) 

/without (green lines) phantom outline constraints, and the conventional LOR-MLEM approach (blue lines) 

for the scatter fraction ranging from 0-60%. 
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Figure 4.4 The CRC curves of #4 (cold) source calculated by using the GS-MLEM with (red lines) /without 

(green lines) phantom outline constraints, and the conventional LOR-MLEM approach (blue lines) for the 

scatter fraction ranging from 0-60%. 

Figure 4.5(a) displays the image reconstructed from 6×105 coincidences with a scatter 

fraction of 50% using the GS-MLEM method with the phantom outline constraint. Figure 

4.5(b) shows the image produced using the same number of coincidences and algorithm 

as in (a) but without the outline constraint. As a comparison, the same 3×105 true 

coincidences were combined with scattered coincidences from a 3×105 dataset and 

reconstructed using a conventional LOR-MLEM algorithm with a 350 to 512 keV energy 

window. The results as shown in Figure 4.5 demonstrate that constrained GS-MLEM 

(Figure 4.5(a)) can achieve a more uniform background and sharper edges than that of the 

unconstrained GS-MLEM method (Figure 4.5(b)), which in turn is superior to that the 
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conventional LOR-MLEM method (Figure 4.5(c)). 

 

Figure 4.5 (a) The image using 6×105 coincidences with a  scatter fraction of 50% by using the GS-MLEM 

with patient/phantom constraint method. Figure 4.5(b) The image using the same data as (a) and by the 

unconstrained GS-MLEM method; Figure 4.5(c) The image from the same true 3×105 coincidences plus 

3×105 scattered coincidences that fall into the 350 to 511 keV energy window and was reconstructed using 

the conventional LOR-MLEM algorithm as a comparison. The second row shows profiles of above images 

passing through the center of the images in the horizontal and vertical directions respectively. 

4.3.2 Evaluation of the dependency of the proposed algorithm on the accuracy of the outline 

constraints  

 

Images with different phantom outline constraints were also reconstructed to evaluate the 

dependency of the proposed algorithm on the accuracy of the phantom outline constraints. 

The CRC curves of the #3 (largest hot) disk for different phantom outline constraints as a 

function of the relative background standard deviation were obtained by varying the 

number of iterations as shown in Figure 4.6. The same result for the #4 (cold) disk can be 
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seen in Figure 4.7. For the hot disk, the CRC curves for the GS-MLEM method with 

phantom outline constraints decrease as the phantom outline constraints increase up to the 

point where the CRC curves for the GS-MLEM method intersect with that of true 

coincidences. This intersection was not observed for the cold disk, but the same trend was 

observed. All the CRC curves with phantom outline constraints were above those that did 

not use phantom outline constraints. The CRC and RSD for the evaluation points on each 

CRC curve are plotted as a function of the relative increase of radii of the phantom 

outline constraints to the phantom’s actual radius, for the hot and cold disks in Figure 4.8 

and Figure 4.9 respectively. As the relative radius increase from 5% to 50%, the CRC for 

the hot disk reduced by 2% while noise increased 0.5%. For the cold disk, the CRC 

reduced by 4.5% and noise increased by 1.3%. For both the hot and cold disks, the CRC 

varied slowly when the relative radius was increased by less than 12.5% (corresponding 

to an outline constraint with radius 45 mm), when compared to the change for the relative 

radius increase from 12.5% to 50%.  
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Figure 4.6 The CRC curves of #3 (largest hot) disk calculated using the GS-MLEM with different phantom 

outline constraints. The CRC for 3×105 true coincidences and 6×105 coincidences with 50% scatter fraction 

by using the conventional LOR-MLEM were also reconstructed as a comparison. 
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Figure 4.7 The CRC curves of #4 (cold) disk calculated using the GS-MLEM with different phantom 

outline constraints. The CRC for 3×105  true coincidences and 6×105 coincidences with 50% scatter fraction 

by using conventional LOR-MLEM were also reconstructed as a comparison. 
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Figure 4.8 The CRC and noise properties of #3 (largest hot) disk as a function of relative increase of radii of 

the phantom outline constraints for the evaluation points in Figure 4.6. 
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Figure 4.9 The CRC and noise properties of #4 (cold) disk as a function of relative increase of radii of the 

phantom outline constraints for the evaluation points in Figure 4.7. 

4.4 Discussion 

 

Chapter 3 [62, 72, 73, 76] and this chapter have demonstrated that scattered coincidences 

can be used in the PET imaging reconstruction by taking advantage the individual photon 

energy. Conti et al. [60] have taken of advantage of the time difference of scattered 

photons in a time of flight PET and applied this knowledge to refine the physics model to 

describe the annihilation position. This work included the patient/phantom outline as a 

constraint to the physics model to further confine the possible annihilation position. The 

results have shown that the contrast of the reconstructed image was improved while noise 

was reduced. Since this method no longer considers scatter coincidences as noise, more 
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data is available, and a lower energy window can be applied, thus improving both the 

system sensitivity and image quality. 

The improvement in the reconstructed image quality is due to the annihilation position 

being confined into a more accurate area (or volume in 3D) by adding the patient outline 

as a constraint. As expected, the contrast and noise properties will degrade as the 

accuracy of the patient outline constraint continues compromising, which is illustrated in 

Figure 4.8 and Figure 4.9. However, the results for the evaluation of different outline 

constraints on image quality have shown that uncertainties in defining the 

patient/phantom outline are not a significant obstacle when implementing the proposed 

method. As the uncertainty of the patient outline further increases, the benefit to the 

reconstructed image quality will be lost. 

This method is based on the assumption that the patient scattering dominates detector, 

gantry and surrounding environment scattering, which is true in human imaging [4]. In 

this initial test of the proposed method, we carried out this work in 2D and only the 

coincidences scattered within phantom were selected to show the principle of the 

proposed method and at the same time reduce the complexity of the mathematics. This 

approach could be implemented in 3D where it could be of even greater value.  

As discussed in Chapter 3, the TCA are calculated using the detector positions and the 

scattering angle which is closely related to the scattered photon energy. The accuracy 

with which the locus of the TCA assigns the possible scattering positions and 

encompasses the annihilation position will, therefore, depend on the energy resolution of 

the detectors. The area defined using scattered photon energy with a large uncertainty 

may not encompass its annihilation position or may overestimate the confined area, 
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resulting in artifacts or blurring of the reconstructed images. The effects of energy 

resolution on the proposed method will be investigated in Chapter 7.  

 

4.5 Conclusion 

 

Previous work demonstrated that scattered coincidences can be directly included into the 

reconstruction process. The results of this chapter show that further improvements in the 

contrast and noise properties of the reconstructed images can be made by including the 

patient outline into the reconstruction algorithm as a constraint.  
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Chapter 5: Attenuation Correction for a PET Generalized Scatter Reconstruction 

Algorithm 

 

 

5.1 Introduction 

 

In Chapter 3 and Chapter 4, we proposed a generalized scatter (GS) reconstruction 

algorithm which considered true coincidences as a subset of scattered coincidences and 

uses both true and scattered events in a self-consistent way to extract the activity 

distribution [73]. 

In order to obtain quantitatively accurate PET images, adequate correction of detected 

events for the attenuation caused by different tissues is essential [1, 77]. Traditionally, the 

attenuation coefficients are measured by employing a transmission rod source or by using 

data provided by an x-ray CT or MR system [63]. CT data can provide accurate 

attenuation coefficients at diagnostic energies. The energy difference between PET and 

CT requires the diagnostic CT image to be converted, in a non-linear fashion, to electron 

density in order to obtain an accurate PET attenuation correction [37]. Some attempts 

have been made to produce attenuation maps from MR sequences [38]. However, there is 

no direct relationship between the MR image and the PET attenuation map, as MR 

images are a function of proton spin while PET attenuation is dependent on electron 

density. In this chapter, the process of generating the PET attenuation map is not 

considered, and it is assumed that an effective method exists. Once the distribution of 

attenuation coefficients in the tissue is known, the attenuation correction of PET images 

created using true coincidences is straightforward [78].  
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Similarly, artifacts will appear in the images reconstructed from scattered coincidences if 

the attenuation of the scattered photons is not taken into account. As the size of the object 

increases, this effect becomes more pronounced. The conventional strategies for the 

attenuation correction of true coincidences are not directly applicable to scattered 

coincidences. For a scattered event, the two annihilation photons travel along a ‘broken’ 

LOR, and the scattering position cannot be singularly determined. Only the scattering 

locus (TCA) can be assigned as shown in Figure 3.1. To our knowledge, no effective 

attenuation correction method for PET scatter has been published. This chapter will report 

on the methods developed to correct for the attenuation of scattered coincidences and 

evaluates the reconstructed image quality obtained with the proposed attenuation 

correction.  

5.2 Methods and Materials 

5.2.1 Attenuation correction and reconstruction theory 

 

The expression for the mean number of the detected scattered events <PAB(θ)> in 

Equation (3.1) works for a small PET scanner when evaluating the feasibility of the GS 

reconstruction algorithm. To adapt this expression to the human-size PET system, more 

factors need to be taken into account. As illustrated in Figure 3.1, the new expression of 

<PAB(θ)> following the single scatter simulation (SSS) algorithm [24, 79] has been 

updated as:  

〈𝑃𝐴𝐵(𝜃)〉 = 𝜏∫ 𝜖𝐴𝑆𝜖𝐵𝑆
′ (

𝜎𝐴𝑆𝜎𝑆𝐵

4𝜋𝑅𝐴𝑆
2 𝑅𝑆𝐵

2 ) ∙ 𝜌𝑒(𝑆) ∙
𝑑𝜎𝐶

𝐾𝑁

𝑑𝛺
∙

 

𝑇𝐶𝐴

𝐼𝑠 ∙ 𝑒
−(∫ 𝜇𝑑𝑙

𝑆

𝐴
+∫ 𝜇′𝑑𝑙

𝐵

𝑆
)
𝑑𝑉𝑠 

…………………………………………………………………………..……………..(5.1) 
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where Tau (τ) is the acquisition time. ϵAS and ϵ’BS represents the detecting efficiencies for 

Detectors A and B, which depend on the angle of the photon incidence and the photon 

energy. The geometrical cross sections are denoted by σAS and σSB for the photon incident 

to Detector A along AS and for the photon incident to Detector B along SB, while their 

distance from the scatter point are RAS and RSB respectively. 𝜌 e(S) is the electron density 

at one of the possible scattering points S and d𝝈 KN
C/d𝞱  is the Klein-Nishina electronic 

cross-section. μ and μ' are the linear attenuation coefficients for the unscattered and 

scattered photons respectively. Is represents the coincident photon fluence that reaches 

one of the possible scattered positions S, calculated by integrating the source activity f(x) 

from A to S: 

𝐼𝑠 = ∫ 𝑓(𝑥) 𝑑𝑥
𝑆

𝐴
………………(5.2) 

 

Different from the single scatter simulation (SSS) algorithm [24, 79] , Equation (5.1) only 

integrates along TCA which depicts the locus of all the possible scattering positions in 

2D. 

Successful detection of a scattered coincidence requires the simultaneous observation of 

both the unscattered and scattered photons, which depends on the combined paths AS and 

SB. AS is the path of the unscattered photon. The probability that the two photons are 

detected in a coincidence is independent of the source position on this path. SB is the path 

for the scattered photon, and the attenuation coefficient for materials on this path was 

obtained by linear interpolation of the published NIST data [80]. The attenuation 

coefficient at S can be integrated along the two broken LORs, AS and SB. The mean 

attenuation coefficient for a scattered coincidence were obtained by averaging the 
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attenuation for all possible scattering positions scribed by the TCA, weighted by the 

photon fluence and electron density at each scattering position: 

𝐴𝑡𝑡̅̅ ̅̅ =
∫ 𝜖𝐴𝑆𝜖𝐵𝑆

′
(
𝜎𝐴𝑆𝜎𝑆𝐵
𝑅𝐴𝑆
2 𝑅𝑆𝐵

2 )∙𝜌𝑒(𝑆)∙
 

𝑇𝐶𝐴
𝐼𝑠∙𝑒

−(∫ 𝜇𝑑𝑙
𝑆
𝐴 +∫ 𝜇′𝑑𝑙

𝐵
𝑆 )

𝑑𝑉𝑠

∫ 𝜖𝐴𝑆𝜖𝐵𝑆
′
(
𝜎𝐴𝑆𝜎𝑆𝐵
𝑅𝐴𝑆
2 𝑅𝑆𝐵

2 )∙𝜌𝑒(𝑆)∙
 

𝑇𝐶𝐴
𝐼𝑠𝑑𝑉𝑠

…..…(5.3) 

 

In the above equation, the parameters that are not specific to the scattering point S have 

been cancelled out. To reduce the computational load further, we assumed that the 

variations of the detector efficiencies, photon incident cross-sections, the photon fluence 

fs and electron density 𝜌e at each scattering position were not significant. With this 

assumption, a simplified attenuation coefficient can be approximately calculated by 

averaging the attenuation coefficients over all the possible scattering positions along the 

TCA: 

 

𝐴𝑡𝑡 =
∑ 𝑒−(∫ 𝜇𝑑𝑙

𝑖
𝐴 +∫ 𝜇′𝑑𝑙

𝐵
𝑖 )𝑀

𝑖

𝑀
…………………..(5.4) 

 

where M is the total number of pixels along the TCA for a scattered coincidence in the 

image matrix. This simplification will be evaluated and compared with that in Equation 

(5.3). 

When the scattered photon energy approaches 511 keV, the attenuation correction 

calculated by this method approaches that for true coincidences calculated using the 

conventional approach. 

Thus, the data model in Equation (5.1) was defined using the calculated attenuation 

coefficient: 
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〈𝑃𝑎𝑏(𝜃)〉 = 𝐴𝑡𝑡̅̅ ̅̅ ∙
𝑑𝜎𝐶

𝐾𝑁

𝑑𝛺
∙ 𝜏∫ 𝜖𝐴𝑆𝜖𝐵𝑆

′ (
𝜎𝐴𝑆𝜎𝑆𝐵

4𝜋𝑅𝐴𝑆
2 𝑅𝑆𝐵

2 ) ∙ 𝜌𝑒(𝑆) ∙
 

𝑇𝐶𝐴
𝐼𝑠𝑑𝑉𝑠………………(5.5) 

 

Incorporating this attenuation coefficient into the GS-MLEM reconstruction algorithm in 

list-mode [43, 44], we get: 

 

𝑓𝑖⃗⃗⃗
𝑛+1

= 𝑓𝑖
𝑛 1

∑ 𝑎
𝑗′,𝑖

𝑁

𝑗′=1

∑ 𝑎𝑗,𝑖
1

∑ 𝑎
𝑗,𝑖′

𝑓
𝑖′
𝑛 ∗𝐴𝑡𝑡̅̅ ̅̅ ̅𝑝

𝑖′=1

𝑁
𝑗=1            𝑖 = 1, … , 𝑝………….(5.6) 

where p is the total number of pixels in the image, N is the total number of detected 

coincidences and aj,i is the element of the system matrix representing the probability 

detected in the jth coincidence (whether scattered or not), were emitted from Pixel i. 

The main difference between this Generalized Scatter (GS) based ML-EM algorithm 

(GS-MLEM) and the conventional ML-EM algorithm (LOR-MLEM) is that the 

projection/back-projection process is applied over the area confined by the TCA based on 

photon energy and detector positions instead of along the LOR. When including the 

patient/phantom outline as a constraint into the reconstruction algorithm, the summation 

is further confined to the area CDE as shown in Figure 4.1. 

 

5.2.2 Evaluations based on GATE simulations 

 

To evaluate the proposed method, a clinical PET scanner was simulated by GATE [67]. 

The PET scanner is a 24 ring system with 35 detector block per ring; each block is a 

12×24 LSO crystal array with dimensions of 6.3×6.3×30 mm3. The detector covers a total 

70 cm transaxial FOV and 15.7 cm axial FOV. The detector efficiency was set to be 

homogeneous for all crystals, photon energy, and different incident photon directions. 
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The detectors have been shielded by lead slab, and only a slit with width of 20 mm was 

left for 2D acquisition. The system operates with an ideal energy resolution (0.1% 

FWHM at 511 keV). The energy window was set to 170-512 keV in order to detect all the 

true and single scatter coincidences. The spatial position and energy information were 

recorded for each measured coincident events. The total activity was kept below 3.7 MBq 

to reduce the number of randoms [81].  

Two phantoms have been simulated in this work. The spatial resolution of the attenuation 

corrected images was obtained by simulating a 2 mm in diameter line source located at 

the center of a uniform 20 cm diameter cylindrical water phantom. The reconstructed 

images of a line source known as the PSF represent the different imaging system 

responses to the true and scattered events. The FWHM of the PSF of the line source was 

measured as a method of evaluating the spatial resolution.  

The second simulated phantom was the National Electrical Manufacturers Association 

(NEMA) NU 2-2012 phantom [82], which was used to evaluate the accuracy of the 

attenuation correction and quantitatively analyze the image quality. This phantom 

contains four hot spheres (inner diameters 1.0, 1.3, 1.7 and 2.2 cm respectively) and two 

cold spheres (inner diameters 2.8 and 3.7 cm respectively) in a warm background. The 

ratio of the activities in the hot sphere to the background was set to 4:1. The attenuation 

correction was measured by placing a 5 cm diameter insert with an attenuation coefficient 

approximately equal to the average value in the lung (density 0.30 g/mL) at the center of 

the phantom.  
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The reconstructed image qualities were evaluated using the NEMA NU 2-2012 Standard 

[82]. ROIs with diameters equal to the physical inner diameters of the spheres were 

drawn on the spheres and throughout the background to evaluate the image quality. In 

addition, the accuracy of the attenuation correction was assessed by drawing an ROI in 

the region of the lung insert. The RSD as a measure of the background variability was 

calculated from the standard deviation of the mean relative to the mean in the background 

ROI values for each sphere size. The hot contrast recovery coefficient (CRChot) is 

calculated as: 

𝐶𝑅𝐶ℎ𝑜𝑡 =

𝐶ℎ𝑜𝑡
𝐶𝑏𝑘𝑔𝑑

−1

𝑎ℎ𝑜𝑡
𝑎𝑏𝑘𝑔𝑑

−1
……………….(5.7) 

 

where Chot and Cbkgd are the average counts in the hot sphere ROI and the average of the 

counts in all background ROIs, respectively. ahot/abkgd is the ratio of the activities in the 

hot sphere and background. The cold sphere CRC (CRCcold) is calculated as: 

𝐶𝑅𝐶𝑐𝑜𝑙𝑑 = 1 −
𝐶𝑐𝑜𝑙𝑑

𝐶𝑏𝑘𝑔𝑑
……………..(5.8) 

 

where Ccold is the average of the counts measured in the cold sphere ROI. The residual 

error (∆Clung) in the lung insert is calculated as: 

∆𝐶𝑙𝑢𝑛𝑔 =
𝐶𝑙𝑢𝑛𝑔

𝐶𝑏𝑘𝑔𝑑
× 100%.................(5.9) 

 

where Clung is the average of the counts in the lung insert ROI. 

As comparisons, the same data were also reconstructed by using the conventional ML-

EM (LOR-MLEM) method, which is developed based on the single scatter simulation 

approach. Firstly, the spatial distribution of single scatter events will be estimated by 



111 
 

Monte Carlo method. Then the estimated scatter is scaled globally to ensure a good fit 

between the estimated scatter and the measured projections. Lastly the true coincidences 

can be obtained by subtracting the scatter event events from the prompt coincidences and 

reconstructed in MLEM algorithm interactively. 

 

5.3 Results 

5.3.1 Spatial resolution comparison between true and scattering reconstruction 

 

 

Figure 5.1 The PSFs generated by back-projecting a line source in a 20 cm diameter uniform water phantom 

using (a) true coincidences, (b) scattered coincidences without patient outline constraint, and (c) scattered 

coincidences with patient outline constraint. The corresponding profiles passing through the center of the 

above images are also shown under each image. The pixel size of the reconstructed images is 0.2 mm. 

Figure 5.1 shows the PSFs of a line source and the corresponding profiles generated by 

back-projecting  true and scattered events under the ideal energy resolution scenario 

respectively, which represents the different responses of the imaging system to true and 

scattered coincidences. The FWHM of the PSF for the scattered photons without the 
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patient outline constraint in Figure 5.1(b) is 8 mm at 0.1% energy resolution while the 

FWHM for the trues in Figure 5.1(a) is 4 mm at the same energy resolution. When using 

the patient outline as a constraint, the FWHM of the PSF for the scattered photons in 

Figure 5.1(c) has reduced to 6 mm but still 50% larger than that from true events. 
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5.3.2 Image quality of NEMA phantom 

5.3.2.1 Image quality evaluation using scattered only 

 

 
Figure 5.2 (a) image reconstructed from only scattered coincidences without applying any attenuation 

correction; (b) image reconstructed from only scattered coincidences with the attenuation correction 

(d)(c)

(a) (b)
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calculated using the full physics model (Equation (5.3)); (c) image reconstructed from only scattered 

coincidences with the attenuation correction calculated using the simplified model (Equation (5.4)); (d) 

image reconstructed from scattered coincidences with the attenuation correction calculated using the full 

physics model plus phantom outline constraint employed. The profiles (blue line) passing along the center 

of the above images and the actual activity distribution (red line) in the horizontal direction are also shown 

under the corresponding images. 

Figure 5.2 shows the transaxial images of the NEMA phantom reconstructed using only 

scattered coincidences with and without attenuation correction applied. Figure 5.2(a) 

illustrates the reconstruction without any attenuation correction and shows regions in the 

center of the phantom that are void of tracer while high activities are observed around the 

edges of the phantom. The image shown in Figure 5.2(b) is reconstructed from scattered 

coincidences only and with attenuation coefficients calculated using the full physics 

model (Equation (5.3)) while Figure 5.2(c) shows a similar image except that the 

attenuation coefficients are calculated using the simplified model (Equation (5.4)). Even 

though the contrast and noise properties of the images shown in Figure 5.2(b) and Figure 

5.2(c) are not optimal, they still adequately represent the actual activity distribution. 

Three of four hot spheres (except the 1-cm hot sphere) and all three cold spheres were 

both observable in Figure 5.2(b) and Figure 5.2(c). The high intensity near the outline 

seen in Figure 5.2(a) has disappeared with attenuation correction in Figure 5.3(b) and 

Figure 5.2(c). The images, as well as the profiles, show little difference between Figure 

5.2(b) and Figure 5.2(c). However, the attenuation coefficients calculated using the full 

physics model involved more parameters in the calculation process and result in a 2-3 

times larger computational load compared with the simplified model. Figure 5.2 (d) 

illustrates that when the attenuation and the outline constraint are taken into account all 
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four hot spheres, including the 1-cm hot sphere, were observable. Similar results are 

obtained irrespective of which attenuation correction approach was used. The 

corresponding profile matches better the actual activity distribution compared with these 

in Figure 5.2(b) and Figure 5.2(c).  

To compare the similarity between the reconstructed images with the actual activity 

distribution, 2D correlation coefficients between the reconstructed images and the 

ground-truth activity distribution were calculated and are shown in Figure 5.3. A similar 

trend to that illustrated in Figure 5.2 can be seen. The image without attenuation poorly 

correlated with the standard activity distribution with a correlation coefficient of less than 

0.3. The correlation improves to better than 0.81 with the inclusion of attenuation 

correction while adding the outline constraint improved the correlation by another 6%. 

The correlation coefficient of the image shown in Figure 5.2(d) is 0.87, which is 

comparable to the value of 0.92 obtained with the image reconstructed only using true 

coincidences. 
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Figure 5.3 The correlation between the standard activity distribution and images reconstructed using only 

scattered coincidences without/with attenuation correction applied as well as the phantom outline 

constraint. The correction for the images reconstructed from true coincidences is also calculated as a 

comparison. 

One drawback of the images reconstructed only from scattered coincidences is that a 

background has been added to the activity, which may degrade image contrast. However, 

in practice, both true and scattered coincidences are used simultaneously, and the 

performance of the algorithm will be evaluated in the following section. 

5.3.2.2 Evaluation of image quality reconstructed by the GS method with attenuation correction 

 

Figure 5.4(a) shows the image reconstructed from the simulated data with a scatter 

fraction of 50% by using the GS-MLEM algorithm. The attenuation coefficients were 

calculated using the full physics model and the patient outline constraint was also applied 

in this figure. When incorporating both true and scattered events into the reconstruction, 

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1.0

Different methods/data

     True

coincidence

Phantom

 outline

Simplified

    model

Im
a

ge
 C

o
rr

e
la

ti
o

n

  Without 

attenuation

Full physics

    model



117 
 

the base added to the activity has removed compared with that only using scattered events 

in Figure 5.2. Figure 5.4(b) shows the image reconstructed only from the same number of 

the true coincidences used in Figure 5.4(a), representing the optimal image that would be 

obtained by scatter correction based methods. Figure 5.4(c) shows the image 

reconstructed using the same measured data as in Figure 5.4 (a) and using the 

conventional LOR based (LOR-MLEM) algorithm. The corresponding profiles passing 

through the center of the reconstructed image (blue line) and the ground-truth activity 

distribution (red line) for each image are also shown in the second row. Compared with 

Figure 5.4(b) and (c), all the four hot and the two cold spheres were observable in Figure 

5.4(a). While the PSF of the scattered events is broader than that from true events as 

shown in Figure 5.1, incorporating scattered events into the reconstruction did not 

compromise the image spatial resolution. In contrast, the noise has been reduced when 

including the scattered events into the reconstruction. 

 

 

 

 

 

 

 

 



118 
 

 
Figure 5.4 (a) An image reconstructed from the simulated data with a 50% scatter fraction using the GS-

MLEM algorithm. The attenuation coefficient was calculated using the full physics model and the patient 

outline constraint was also applied; (b) image reconstructed from only true coincidences, which represents 

the optimal image with the scatter correction based method; (c) image reconstructed from the same data as 

in (a) using a conventional scatter correction based method. The profiles (blue line) along the center of the 

above images and the ground-truth activity distribution (red line) in the horizontal direction are also shown 

under the corresponding images. 

To evaluate the reconstructed image quality, the CRC and RSD (represented by the error 

bar for each data point), were calculated for the six different spheres in Figure 5.5. When 

including both true and scattered coincidences into the reconstruction (Figure 5.4(a)), the 

CRC for hot spheres with diameters of 1-2.2 cm increased by 3-11% compared with that 

using only true events (Figure 5.4(b)) and by 9-24% against conventional scatter 

correction based methods (Figure 5.4(c)). For the two cold spheres, the CRC for Figure 

5.4(a) increased by 5% and 11% with respect to Figure 5.4(b) and by 18% and 23% 

compared with Figure 5.4(c) respectively. At the same time, the RSD has decreased by 

4% and 3.5% for the hot and cold spheres respectively compared with Figure 5.4(b). 

Compared with Figure 5.4(c), the RSD has decreased by 6% and 5% for the hot and cold 

(a) (b) (c) 
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spheres respectively. The residual errors in the lung insert (largest cold sphere in the 

center of the phantom) in the Figure 5.4(a) have decreased by 17% and 21% compared 

with Figure 5.4(b) and Figure 5.4(c), respectively. 

 
Figure 5.5 The contrast recovery coefficients of the spheres with different diameters for images 

reconstructed from both true and scattered coincidences using the GS algorithm (solid line+square symbol), 

the same true and scattered events reconstructed using the conventional scatter correction based method 

(dash-dot line+triangle symbol), and only from true coincidences using the conventional scatter correction 

based method (dot line+circle symbol). The relative standard deviation represented by the error bar at each 

data point is also shown in this figure. 
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5.4 Discussion 

 

The benefits of including scattered coincidences into PET imaging reconstruction are 

twofold. Firstly, it eliminates the need for the scatter correction procedure carried out in 

the conventional PET reconstruction methods; Secondly, it improves the contrast and 

noise properties of the reconstructed images, as well as the system sensitivity. However to 

successfully implement the proposed method on clinical PET scanners, some issues still 

need to be addressed. Firstly, the TCA used to describe the scattered locus is closely 

related to the scattered photon energy. As such, the performance of this method is limited 

by the energy resolution of the PET detectors. This can be addressed by developing novel 

PET detectors with better energy resolution. Alternatively, by assigning the true and 

scattered probabilities to the measured event, the generalized scattered reconstruction 

algorithm can be made less sensitive to the energy resolution of the detector. This work 

will be described in more detail in Chapter 7. Secondly, the inter-crystal, inter-block, and 

multiple scattered events cannot be distinguished from those scattered within the object 

based only on the scattered photon energy. In this study, the septa added to simulate a 2D 

scanner will increase the inter-crystal and inter-block scattered events. A method to 

address the inter-crystal and inter-block scattered events by summing the photon energies 

in adjacent detectors within a defined time stamp has been proposed [83]. The lower 

energy threshold of 170 keV can also increase the detection of multiple scattered events. 

The area within the TCA increases as the scattered photon energy decreases and thus the 

contribution from these events are small. The trade-off between the available scattered 

counts and the lower energy threshold has been investigated in Chapter 3, and an energy 

threshold of ~350 keV can give a good compromise [73]. Thus in practice a higher energy 
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threshold will typically be used. As the goal of this chapter was to develop an effective 

photon attenuation correction method for all single scattered events, the lower energy 

window of 170 keV was selected.  

As illustrated in Figure 5.1, the point spread function extracted from only scattered events 

is broader than that calculated from trues. This result is expected as the area of the TCA 

used to confine the source position for scattered events is larger than that LOR for true 

events. The detail in the images reconstructed from only scattered photons as shown in 

Figure 5.2(b) and 5.2(c) demonstrates greater blurring than when reconstructed from only 

trues. The blurring can be reduced by introducing additional constraints to further refine 

the possible annihilation area. As shown in Figure 5.2(d), the image quality has been 

improved when the phantom outline is used to confine the annihilation positions. This is 

consistent with the narrower PSF in Figure 5.1(c). In practice, both trues and scattered 

photons are used in the reconstruction and the broader PSF due to the scattered photons 

has little impact on the resolution as shown in Figure 5.4(a). This is due to the ratio used 

to update the image in the next iteration being inversely proportional to the area confined 

by the TCA. For the TCA with large scattering angle, the contribution to the imaging 

reconstruction has been reduced. On the other hand, the inclusion of the scattered 

photons, as shown in Figure 5.5, improves the contrast by 3-11% compared with a 

reconstruction using only true events and by 9-24% against conventional methods. In 

addition, the noise has been decreased by 4% and 6% respectively.  

As demonstrated in Figure 5.2(a), severe distortions of activity distribution are observed 

without effective attenuation correction of the scattered photons. These artifacts can be 

removed by using the attenuation coefficients calculated with either the full physics 
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model or the simplified model. The correlation coefficients calculated between the 

reference image and Figure 5.2(b) and Figure 5.2(c) differ by less than 3%. However, the 

attenuation coefficient calculated using the full physics model in Figure 5.2(b) needs 

more apriori information and takes 2-3 times longer to compute than the simplified 

model. Thus calculating the attenuation coefficients for scattered coincidences by 

averaging the attenuation coefficient over the scattering locus is efficient and sufficiently 

accurate for reconstruction using scattered photons.  

 

5.5 Conclusion 

 

Two methods to calculate the attenuation coefficients for scattered coincidences have 

been proposed. While both methods are suitably accurate, the simplified model is more 

efficient. The artifacts due to scattered photon attenuation have been removed, and the 

image contrast and noise properties have been improved by incorporating scattered 

coincidences into the PET imaging reconstruction.  
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Chapter 6: A Geometrical Model to describe Annihilation Positions associated with 

Scattered Coincidences in PET: A Simulation-based study 

 

6.1 Introduction 

 

In the previous chapters, we have developed the GS reconstruction algorithm in PET to 

extract the activity distribution from both true and scattered coincidences in a consistent 

manner [71, 73]. The previous work has shown that the activity distribution can be 

extracted from only scattered coincidences, and incorporating scattered coincidences into 

PET reconstruction can improve both the image quality attributes of contrast and noise 

[71, 73]. 

The probability of the annihilation position within TCA in our previous work however 

was not modeled in the GS reconstruction algorithm, and only a uniform distribution 

within the TCA is assumed. In reality, this probability is constrained by the source 

distribution and the scanned object size. If this probability could be accurately modeled 

and built into the reconstruction algorithm, we assume that the image can converge faster 

to the activity distribution and the corresponding reconstructed imaging quality could be 

further improved. Kazantsev et al. [84] have derived a mathematical model of single 

scatter in PET for a detector system possessing excellent energy resolution in both 2D and 

3D cases. However, this model depends on the distance between the two photon detected 

positions, which is generally different for each scattered coincidence. Besides, only a 

single source was exploited in this work. Different from the work of Kazantsev et al. , the 

goal of this chapter is to propose a geometrical model in a normalized coordinate to 

characterize the distribution of the annihilation positions associated with scattered 
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coincidences, and investigate the dependency of this distribution on the source 

distribution and scanned object size based on the Monte-Carlo simulations. 

6.2 Methods and Materials 

6.2.1 The Geometrical model to describe the annihilation positions associated with scattered 

coincidences 

 

In this work, the term of scattered coincidences refers to the event in which only one of 

the two annihilation photons undergoes a single Compton interaction in the object. This 

assumption has been validated by a number of Monte Carlo simulations, in which the 

single scattered events account for more than 80% of the measured scattered events [1, 

33]. With the knowledge of the scattered photon energy E´, the scattering angle θ for a 

photon with the primary energy of 511 keV undergoing a Compton interaction can be 

calculated by using the Compton equation: 

𝑐𝑜𝑠𝜃 = 2 −
511

𝐸′
 …………….(6.1) 

With this scattering angle, the TCA can be identified as illustrated in Figure 6.1(a) by 

connecting the two coincident photons measured positions with two arcs. The scattering 

angle, and the distance between the two photon-measured positions are generally different 

for different scattered coincidences. In order to describe the annihilation positions for all 

the scattered coincidences within the same geometrical model, we have normalized the 

distance AB between the detector pair (A, B) and the perpendicular distance CO from the 

TCA to the center of AB as unity. Thus, the annihilation point S for a scattered event can 

be expressed by using the ratio of AD relative to AB as the abscissa, and the ratio of SD 

relative to CO as the ordinate in this normalized coordinate, as illustrated in the Figure 

6.1(b).  
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Figure 6.1 Diagram of a scattered coincidence in the object. Two anti-parallel 511 keV photons are 

generated at S, with the unscattered photon observed at A and the scattered photon observed at B. Two 

circular arcs (TCA), shown as blue dotted curves, which describe all the possible scattered positions and 

encompass the annihilation position, can be identified. O is the center of AB and CO is perpendicular to AB 

and intersects one-half TCA at C. (b) The annihilation position S in the normalized coordinates can be 

obtained by normalizing AD relative to the distance AB as the abscissa and the ratio of SD relative to CO as 

the ordinate. The geometrical model to describe the distribution of the annihilation positions (black solid 

line) and normalized TCA (blue dotted line) are also illustrated in this figure. 

Limited by the size of the scanned object and the radiopharmaceutical distribution, the 

probability of the annihilation position is not uniform within the TCA. We have proposed 

a geometrical model (black solid line) as shown in the Figure 6.1(b) to describe the 

distribution of the annihilation positions. The upper curve of this geometrical model is 

confined by the normalized TCA (blue dotted line), which describes all the possible 

scattered positions and are the outer edge of the annihilation positions in this new 

coordinate. The locus (x', y') of this normalized TCA is given by: 

𝑦′ =
1

1−𝑐𝑜𝑠𝜃
(√1 − 4[(𝑥′−0.5) ∙ 𝑠𝑖𝑛 𝜃]2 − 𝑐𝑜𝑠 𝜃) …………..(6.2) 
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The derivation of this equation is given in Appendix B. Initially the upper curve of this 

geometrical model coincides with the normalized TCA. As the upper curve continues 

extending downward, it gradually deviates from the normalized TCA and the distance 

between the left and right edges continues to increase until a maximum value is achieved. 

The deviation is due to the annihilation positions within the TCA being limited by the 

size of the scanned object and the distribution of the radioactive source. The maximum 

distance between the left and right edges can be characterized by a linear function of the 

largest distance from the source to the center of the FOV. The bottom edge of this 

geometrical model can be described by a straight line passing through the origin of the 

normalized coordinate, with a slope which depends on the size of the scanned object. For 

a point source located in the center of the FOV, the straight line will pass through point 

(0.5, 1) with a maximum slope of two. As the phantom size increases, the slope of the 

lower line decreases to zero as the radius of the scanned object (if a cylindrical shape is 

assumed) approaches the radius of the PET scanner. Thus, mathematically the slopes S of 

the bottom line can be characterized by a linear relationship with the ratio of the radius r 

of the scanned object (if cylindrical phantoms assumed) relative to the radius R of the 

PET scanner: 

𝒔 = −𝟐 ∙
𝒓

𝑹
+ 𝟐 ……………. (6.3) 

 

The probability density of annihilation positions within the geometrical model depends on 

both the radioactive source distribution and the size of the scanned object. This 
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dependency on the radioactive source and scanned objects was explored using MC 

simulations. 

6.2.2 GATE simulation 

 

To investigate the distribution of annihilation positions within the normalized TCA as a 

function of the radioactive source and the scanned object size, a PET scanner with ideal 

energy resolution (0.1% FWHM at 511 keV) was simulated using GATE [66, 68]. The 

system consists of 24 detector rings of 35 detector modules placed on a ring with radius 

44.3 cm, each module is composed of a 12×24 LSO crystal array of 6.3×6.3×30 mm3. To 

acquire the measured data in 2D, the detectors have been shielded by lead slab, and only a 

slit with width of 20 mm was left. A 6 ns coincidence window and a 3.2 ns time 

resolution were also modeled. All simulations were made for an energy window of 170-

512 keV to detect all the true and single scatter coincidences. The detected positions, 

annihilation position, and photon energy will be recorded for each coincidence in list-

mode in the GATE simulations.  

Four sets of simulations have been set up to evaluate the dependency of the proposed 

geometrical model on the phantom sizes and the source distributions. The phantoms are 

always placed at the center of the FOV in these simulations. 

i) A line source with radius of 2 mm located at the center of the cylindrical water 

phantoms with radii 10 cm, 20 cm, 30 cm, 40 cm respectively; 

ii) A 25 cm radius cylindrical water phantom with a line source with radius of 2 mm 

located at 5 cm, 10 cm, 15 cm, 20 cm to the center of the phantom individually; 



128 
 

iii) Two 25 cm radius cylindrical water phantoms, one with a centered ring source (with 

inner and outer radii of 9.8 cm and 10 cm), and one with a 10 cm radius cylindrical source 

respectively, were simulated. These two simulations will be compared with that of the 25 

cm radius cylindrical water phantom with a line source with radius of 2 mm located at 10 

cm to the center of FOV as simulated in (ii). This set of simulations is used to validate 

that the maximum distance between the left and right edges of the proposed geometrical 

model is only dependent on the largest distance from the radioactive source to the center 

of the FOV. 

iv) Cylindrical water phantoms with radii 10 cm, 20 cm, 30 cm and 40 cm, and with 

uniform source distribution.  

Only the events undergoing a single Compton scattering within the phantom were 

selected from the coincident files. Then the TCA for each scattered coincidence was 

identified, and the annihilation position relative to the TCA in the normalized coordinate 

was calculated and plotted in a 2D histogram. Since the number of the scattered 

coincidences generated in each simulation is different, the analysis of the intensity of the 

distributions is limited within each figure and is not comparable between different 

simulations.  

To quantitatively evaluate the geometrical model, we measured a series of points along 

the upper edge of the distribution in (iv) set simulations, and the positions were compared 

with the calculated TCA in the normalized coordinate system. We also evaluated 1) the 

slopes of the straight lines along the lower edges of the distribution as a function of 
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phantom size; 2) and the relationship between the width of the distribution in the 

normalized coordinate and the largest distance from the source to the center of the FOV. 

To validate that the proposed geometrical model can be used to predict the distribution of 

the annihilation position and can also improve the reconstructed image quality, the 

NEMA NU 2-2012 phantom [82] was simulated. The maximum width of the cross 

section of NEMA phantom is 30 cm, and the height is 23 cm. Since the distribution relies 

on the largest distance from the source to the center of the FOV in this geometrical model, 

we selected the half-maximum width (15 cm) to calculate the outline of distribution to 

test the accuracy of the proposed model. To evaluate the reconstructed image quality, a 

total of one million scattered coincidences were generated by GATE using a NEMA 

phantom and reconstructed with and without introducing the distribution of the 

annihilation positions as a constraint into the GS-MLEM algorithm. 

 

6.3 Results 

 

Figure 6.2 shows the 2D histogram of the annihilation positions associated with scattered 

coincidences in the normalized coordinate for the first set of different radii cylindrical 

water phantoms with a line source located in the center. The distributions of annihilation 

positions are narrow for the line source located in the center of phantoms. The widths 

between the left and the right edge of the distributions are almost the same for these four 

simulations, which are independent of the size of the cylindrical phantom. The radius of 

the phantom only determines the vertical length of the distribution, which becomes longer 

as the radius of the phantom increases. This vertical length can be characterized by the 
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slope of a straight line passing through the origin and the bottom of the distribution, 

which will be obvious for a distributed source. The high-intensity area tends to 

concentrate at the lower end of these distributions and becomes increasingly needle-like 

as the radius of the phantoms increases.  

 

Figure 6.2 The 2D histogram of the annihilation positions associated with scattered coincidences in the 

normalized coordinate for a line source in the center of the cylindrical water phantoms with radius (a) 10 

cm, (b) 20 cm, (c) 30 cm and (d) 40 cm respectively. 

Figure 6.3 shows the 2D histogram of annihilation positions associated with scattered 

coincidences in the normalized coordinate for the same cylindrical phantom with a radius 

of 25 cm but with a line source located at 5 cm (Figure 6.3(a)), 10 cm (Figure 6.3(b)), 15 
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cm (Figure 6.3 (c)), and 20 cm (Figure 6.3 (d)) from the center of the phantom. As 

indicated in this figure, the distance between the left and right edges of the distributions 

are dependent on the largest distance from the source to the center of FOV. When the 

sources are located further away to the center of FOV, the upper edges of the distribution 

extend further downward, and the distribution of annihilation positions becomes wider. 

The slopes of these bottom lines are the same within a reasonable uncertainty (3%) for 

this set of simulations, which indicates that the slopes of these lines are only dependent on 

the phantom size for a specific PET scanner geometry and are independent of the source 

distributions. The intensities of the distribution of annihilation positions in the normalized 

coordinate are not uniformly distributed; high intensities are concentrated at the left and 

right bottom edges except in Figure 6.3 (d) in which high intensity is also seen to 

concentrate at the upper center of the distribution.  
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Figure 6.3 The 2D histogram of the annihilation positions associated with scattered coincidences in the 

normalized coordinate for a 25 cm radius cylindrical phantom with a line sources located at (a) 5 cm, (b) 10 

cm, (c) 15 cm, and (d) 20 cm from the center of the FOV. 

These results have shown that the width of the distribution of the annihilation positions in 

the normalized coordinate is only dependent on the largest distance from the source to the 

center of the FOV. To further validate this conclusion, the 2D histograms for a 25 cm 

radius cylindrical water phantom with a ring source with an inner radius 9.8 cm and an 

outer radius of 10 cm are shown in the Figure 6.4 (b), and a cylindrical source with a 

radius of 10 cm shown in the Figure 6.4 (c), are generated. These two distributions were 

compared with the same cylindrical water phantom but with a line source located at 10 
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cm from the center of the FOV as shown in Figure 6.4(a) (same as Figure 6.3 (b)). As 

shown in Figure 6.4, the width of the distribution of the annihilation positions are the 

same for these three different source configurations, and only the intensities of these 

distributions are impacted by the source configurations. The slopes of the straight lines 

along the bottom edges in Figure 6.4 are not dependent on the different source 

configurations, which is only a function of the phantom size. 

 

Figure 6.4 The 2D histogram of the annihilation positions associated with scattered coincidences in the 

normalized coordinate for a 25 cm radius cylindrical phantom with (a) a line sources located at 10 cm from 

the center of the FOV, (b) a ring source with inner radius 9.8 cm and outer radius 10 cm, and (c) a 

cylindrical source with radius 10 cm. 

Figure 6.5 shows the 2D histogram of the annihilation positions in the normalized 

coordinate for the 10 cm (Figure 6.5(a)), 20 cm (Figure 6.5(b)), 30 cm (Figure 6.5(c)) and 

40 cm (Figure 6.5(d)) radius cylindrical water phantoms with uniform source distribution. 

As the radius of the phantoms increases, the distribution of annihilation positions 

stretches to a larger area within the normalized TCA. The upper curve of this distribution 

also extends lower as the radius of phantoms increases. As indicated in the previous 

results, the slopes of the lines along the bottom edges are a function of the phantom size 

for a specific PET scanner geometry. When the radius of the phantom becomes larger, the 
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slope of the straight line along the bottom edge becomes smaller. For a uniform source 

distribution within most of the phantoms, the high-intensity areas are concentrated in the 

upper center of the distribution in the normalized coordinate system and decrease toward 

the left, right and lower edges. However, in the case of the 40 cm radius phantom (Figure 

6.5(d)) the high-intensity area is concentrated in the lower left of the distribution with 

coordinates equal to (0.2, 0.1). 

 

 

Figure 6.5 The 2D histogram of the annihilation positions in the normalized coordinate for (a) 10 cm, (b) 20 

cm, (c) 30 cm and (d) 40 cm radius cylindrical water phantoms with uniform source distribution. 
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To validate the accuracy of the proposed geometrical model, we calculated the 

normalized TCA with scattering angles of 0.01𝞹 and 0.5𝞹 using Equation (6.1). These 

are plotted in Figure 6.6. The curves of the normalized TCA are a function of the 

scattering angle, which broadens as the scattering angle increases. The points along the 

upper curves of the distribution of the annihilation distributions in Figure 6.5 were 

measured and plotted in this figure. For the cylindrical phantom with a 10 cm radius, the 

edge of the upper curve of the distribution is more consistent with the normalized TCA 

with scattering angle of 0.5𝞹. As the radius of the cylindrical phantom increases, the top 

curve approaches the normalized TCA calculated with scattering angle of 0.01𝞹. 

 

Figure 6.6 The curves of TCA with scattering angles of 0.01𝞹 (dash line) and 0.5𝞹 (dotted line) are 

calculated and plotted in the normalized coordinate. The points on the top curves of the distribution of the 

annihilation position in Figure 6.5 were sampled and plotted in this figure. 
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The slope of the bottom line of the annihilation distribution as a function of the phantom 

size was calculated and plotted in Figure 6.7. The phantom sizes have been normalized 

relative to the radius of the PET scanner. The relationship can be fitted with a straight line 

with a negative slope of -1.91 with an uncertainty 3.7%. The slope and intercept of the 

fitted line deviate from the predicted values by 4.5% and 3.4% respectively. The result 

shows that the slope of the straight line along the bottom of the distribution of 

annihilation positions in the normalized coordinate decreases linearly as the radius of the 

phantom increases.  

 

Figure 6.7 The slopes of the bottom lines of the annihilation distribution as a function of the phantom size. 

The phantom sizes have been normalized to the radius of the PET scanner in this plot. 
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The distance between the left and right edges of the annihilation positions distribution in 

the normalized coordinate were calculated and plotted as a function of the largest distance 

from the sources to the center of the FOV in Figure 6.8. The data is fit by a straight line. 

The result indicates that the relationship between the relative width of the distribution of 

the annihilation positions and the largest distance from the source to the center of FOV is 

strongly linear with R2=0.99. 

 

Figure 6.8 The relationship between the width of the distribution and the furthest distance from the 

radioactive source to the center of the FOV. 
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distribution. This is because the NEMA phantom has a distorted ellipse-like shape and the 

source is distributed within the phantom. The geometrical outline calculated using the 

proposed model is also plotted with a red dash-dot line in this figure. The predicted 

outline fits with the actual distribution of the annihilation positions except the aberration 

at the left bottom.  

 

Figure 6.9 The 2D histogram of the annihilation positions associated with scattered coincidences for the 

NEMA phantom in the normalized coordinate. The outline calculated based on the proposed geometrical 

model is also plotted with red dash-dot line in this figure. 

Figure 6.10 shows the images reconstructed from only scattered coincidences without and 

with the introduction of the annihilation position distribution model as a constraint in the 

GS-MLEM algorithm. Compared to the image without the annihilation distribution 

constraint, as shown in Figure 6.10(a), the contrast and noise properties of the image 

shown in Figure 6.10(b) have improved by 6% and 4% respectively. 
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Figure 6.10 (a) Image reconstructed from only scattered coincidences by using the GS-MLEM algorithm; (b) 

image reconstructed from the same scattered coincidences with introduction of the geometrical distribution 

into the GS-MLEM algorithm. The profiles (blue line) along the center of the above images and the 

phantom (red line) in the horizontal direction are also shown under the corresponding images. 

6.4 Discussion 

 

In this chapter, a geometrical model associated with scattered coincidences in PET has 

been proposed to describe the distribution of the annihilation positions in a normalized 

coordinate system. This model can reveal the dependence of the distribution of the 

annihilation positions for scattered coincidences on the phantom size and source 

distribution. Introducing this  annihilation position map into the GS-MLEM 

reconstruction algorithm, the actual activity distribution has converged about 2 times 

faster compared with that without using this map. As shown in Figure 6.10, the contrast 

(a) (b)
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and noise properties have improved compared to those obtained without using this 

geometrical constraint.  

The intensity of the distribution of the annihilation positions within the TCA is a function 

of the source distribution and shape and size of the scanned object. In this study, we 

investigated this dependence using Monte Carlo simulations. The 2D histogram of the 

annihilation positions in the normalized coordinate were generated using the raw data 

simulated by GATE without accounting for the photon attenuation. The impact of the 

photon attenuation on the distribution of the annihilation positions becomes more 

significant as the phantom size increases, which is one possible reason for the 

inconsistency in the intensity distribution between Figure 6.3(d) and 6.5(d) for the same 

set of simulations. Another possible reason for the inconsistency of the distribution in 

Figure 6.3(d) and 6.5(d) is that when the simulated phantoms occupy almost the whole 

space within the scanner, part of the phantoms are outside of the FOV of the scanner, 

resulting in some coincidences being excluded from the measured data. 

As indicated in Figure 6.5(a) and 6.5(b), if the distance from the point source to the center 

of the FOV equals the radius of the ring source, the distribution in the normalized 

coordinate for a point source is the same as that for a ring source except for a 

normalization factor. This conclusion can be derived by taking the ring source as a series 

of point sources, and the ring source distribution can be obtained by using the geometrical 

symmetry. The distribution for the cylindrical source can be obtained by combining the 

distribution of a set of ring sources with radii ranging from zero to the radius of the 

cylindrical source. 
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In this chapter, the distribution of annihilation positions was generated at an ideal energy 

resolution (0.1% FWHM @ 511keV). In the non-ideal energy resolution scenario, the 

photon energy of a scattered photon may be measured whether smaller or larger than its 

actual energy, which results in a larger or smaller TCA identified. However, this energy 

uncertainty only affects the perpendicular distance CO as illustrated in Figure 6.1(a). That 

is the non-ideal energy resolution blurs the distribution of annihilation positions in the 

vertical direction. Thus the distribution of annihilation positions for the limited energy 

resolutions can be obtained by blurring the ideal energy resolution distribution with a 

Gaussian distribution with the corresponding energy resolution in the vertical direction. 

This implementation will be discussed in Chapter 7. 

6.5 Conclusion 

 

A geometrical model to describe the distribution of the annihilation positions associated 

with scattered coincidences has been proposed in this chapter. This model can describe 

the distribution of the annihilation positions in a normalized coordinate system, which can 

be used to speed the image convergence and further improve the reconstructed image 

quality.  
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Chapter 7: A Generalized Scatter Reconstruction Algorithm for Non-ideal Energy 

Resolution PET Detectors 

 

7.1 Introduction 

 

In the previous chapters, the Generalized Scatter reconstruction algorithm has been 

developed which can include both true and scattered coincidences in the PET imaging 

reconstruction [71, 73, 76]. However, the implementation of the GS reconstruction 

algorithm on clinical PET scanners currently in use today is obstructed by the energy 

resolution they achieved. Firstly, the non-ideal energy resolution limits the ability to 

distinguish scattered coincidences from true coincidences simply based on the measured 

photon energy. Secondly, the TCA defined to confine the annihilation position for a 

scattered event cannot be accurately calculated based on the inaccurate photon energy.  

In this chapter, the GS reconstruction algorithm has been adapted to the non-ideal energy 

resolution scenarios and its performance on a clinical PET scanner simulated by GATE 

[66-68] is reported.  

7.2 Reconstruction Theory 

 

Single scatter coincidences account for more than 80% of the measured scattered 

coincidences [1, 33]. Our scatter reconstruction algorithm is therefore based on the 

assumption that the measured data contains only true and single scattered events, and 

multiple scattered events are ignored in this study. 

The non-ideal energy resolution of PET scanners makes it difficult to distinguish 

scattered coincidences from the trues based on the measured photon energy. To address 

this issue, a measured coincidence will be assigned as both a true and a scattered 
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component with the probabilities Ptr and Psc, which can be estimated using the energies 

(E1, E2) of the coincidence photons:  

𝑃𝑡𝑟 =
𝑃(𝐸1|𝑡𝑟)𝑃(𝐸2|𝑡𝑟)

𝑃(𝐸1|𝑡𝑟)𝑃(𝐸2|𝑡𝑟)+𝑃(𝐸1|𝑡𝑟)𝑃(𝐸2|𝑠𝑐)+𝑃(𝐸1|𝑠𝑐)𝑃(𝐸2|𝑡𝑟)
………………..(7.1a) 

 

𝑃𝑠𝑐 =
𝑃(𝐸1|𝑡𝑟)𝑃(𝐸2|𝑠𝑐)+𝑃(𝐸1|𝑠𝑐)𝑃(𝐸2|𝑡𝑟)

𝑃(𝐸1|𝑡𝑟)𝑃(𝐸2|𝑡𝑟)+𝑃(𝐸1|𝑡𝑟)𝑃(𝐸2|𝑠𝑐)+𝑃(𝐸1|𝑠𝑐)𝑃(𝐸2|𝑡𝑟)
= 1 − 𝑃𝑡𝑟………(7.1b) 

 

where P(E|sc) and P(E|tr) are the probabilities that a photon with energy E has undergone 

a Compton interaction or not, which can be calculated based on the position of E in the 

energy spectrum as illustrated in Figure 7.1.  

𝑃(𝐸|𝑡𝑟) =
𝐻𝑡𝑟(𝐸)

𝐻𝑡𝑟(𝐸)+𝐻𝑠𝑐(𝐸)
……………(7.2a) 

𝑃(𝐸|𝑠𝑐) =
𝐻𝑠𝑐(𝐸)

𝐻𝑡𝑟(𝐸)+𝐻𝑠𝑐(𝐸)
…………….(7.2b) 
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Figure 7.1 The energy spectrums for true and single scattered photons The shape of the spectrum depends 

on the energy resolution of a PET scanner, the properties of scintillator and the scatter fraction. 

This energy spectrum is a function of the scatter fraction which in turn depends on the 

object being imaged, and the energy resolution of a PET scanner, which can be estimated 

using MC simulation. 

After assigning the probabilities for the true and scattered components, the component 

that is assigned as a true coincidence will be reconstructed as such, but with a weight Ptr 

in the reconstruction algorithm. 

For the scattered component, two methods have been proposed.  

7.2.1 The Outer-Inner Arcs Method:  

 

In the non-ideal energy resolution scenarios, the area within TCA should be as small as 

possible but still large enough to contain the annihilation position. The outer-inner arcs 

method is therefore proposed as a means to find, by trading off accuracy and blurring, the 
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most appropriate area to confine the annihilation position. Firstly, the photon with the 

lower energy in a coincidence will be taken as the scattered photon (the photon measured 

at B in Figure 7.2 as an example). If both the coincident photons have an energy higher 

than 511 keV, this coincidence will be taken as a true event, since annihilation photons 

undergoing Compton interaction must have an energy no larger than 511 keV. Otherwise 

the possible energy range for the scattered photon is modeled with a Gaussian distribution 

centered at the energy of the scattered photon and with the FWHM equal to the energy 

resolution of the PET scanner, and lower and upper energy limits will be estimated by 

minus or plus some standard deviations from the scattered photon energy. The trade-off 

between the accuracy and blurring can be adjusted by setting different standard deviations 

when estimating the lower and upper energy limits for the scattered photon. The possible 

energy range for a photon with primary energy of 511 keV undergoing a Compton 

interaction is ~170-511 keV. Thus, if the estimated upper energy is greater than 511 keV, 

it will be taken as 511 keV. And if the measured lower energy is less than 170 keV, it will 

be taken as 170 keV. Based on the upper and lower energies for the scattered photon, two 

TCAs, representing the inner and outer boundaries of the possible TCAs as shown in 

Figure 7.2, can be identified. 

Using the patient outline as a constraint [71], allows the annihilation position to be further 

confined, but the intersection points between the patient outline and TCA are sensitive to 

the scattered photon energy. As illustrated in Figure 7.2, we select the intersection Point 

C between the TCA defined using the lower energy and the patient outline, which is 

further to the higher energy photon detected position A. However, in the non-ideal energy 

scenarios, it is also possible that the scattered photon is measured at A. To address this, a 
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line defined by connecting the intersection point C and A interacts with the perpendicular 

bisector of AB at D. Then we can define another inner arc that passes through this 

intersection point D, which will be used as the inner boundary of the annihilation 

position. Thus, the area between the outer and this inner arc will be used to confine the 

annihilation position for the scattered component in the reconstruction algorithm, which 

plays the same role as the LOR for the true component. 

 
Figure 7.2 The outer arc (blue dash line) and inner arc (green dash line) are identified based on the lower 

and higher energy limits. The inner arc interacts with the patient outline at C, and the line defined by 

connecting Detector A to C interacts with the perpendicular bisector of AB at D. Another inner arc is 

defined by connecting A and B and passing through D. The area between the blue and red arcs will be used 

to confine the source position for scattered component in the non-ideal energy resolution situation. 

7.2.2 Blurred Annihilation Distribution Method: 

 

The blurred annihilation distribution method, as an alternative to the outer-inner arcs 

method, has been proposed to address the energy uncertainty of the measured photons 
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when reconstructing the scattered component in the non-ideal energy resolution scenarios. 

As reported in Chapter 6, a geometrical model has been proposed to describe the 

distribution of the annihilation positions associated with scattered coincidences in the 

ideal energy resolution scenario. Following the previous work, this section will describe 

how to generate the distribution of annihilation positions in the non-ideal energy 

resolution situations. The distribution in the non-ideal energy resolution scenarios can be 

directly generated using GATE [66-68] simulations or in a more efficient way by blurring 

the distribution of ideal energy resolution with a Gaussian distribution. The GATE 

simulation-based method is straightforward but time-consuming, due to the need to 

resimulate for each specific PET scanner and patient/phantom. The following section will 

focus on a method to blur the ideal energy resolution distribution. As illustrated in Figure 

7.3, the TCA defined based on the ideal energy resolution intersects with the 

perpendicular bisector of AB at Point C. The annihilation point S for a scattered 

coincidence in the normalized coordinate can be expressed by using the ratio of AD 

relative to AB as the abscissa and the ratio of SD relative to CO as the ordinate. Limited 

by the non-ideal energy resolution, the energy of the scattered photon may be measured to 

be higher or lower than the actual energy. This results in the calculated TCA intersecting 

the perpendicular bisector of AB either inside (at C') or outside (at C'') of the actual TCA. 

The ordinate for the annihilation position in the non-ideal energy resolution equals the 

ratio of SD relative to the new length of OC′ (or OC″). Therefore, the limited energy 

resolution of the PET scanner blurs the distribution of annihilation positions in the 

vertical direction. By modeling the scattered photon energy with a Gaussian distribution 

with FWHM equal to the corresponding energy resolution and randomly sampling the 
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possible scattered photon energies, the positions of the annihilation position in the 

normalized coordinate can be calculated and plotted into a histogram. This histogram 

describes the varying distribution of annihilation positions in the non-ideal energy 

resolutions for the scattered coincidences. Then this distribution map can be introduced 

into the reconstruction algorithm for reconstructing the scattered component with weight 

Psc.  

Since the ideal energy-resolution distribution generated is directly from the simulated 

data that already contains the information of the averaged photon attenuation, it removes 

the necessity of attenuation correction for the scattered component and only the difference 

relative to the averaged attenuation needs to apply for. The relative difference of 

attenuation ∆att can be defined for a material X as: 

∆𝑎𝑡𝑡 = 𝑒−(𝜇𝑤𝑎𝑡𝑒𝑟−𝜇𝑋)∙𝑑………………..(7.3) 

where µwater is the linear attenuation coefficients of water and d is the thickness of 

material. 
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Figure 7.3 A diagram of Compton scattering in the object. Two anti-parallel 511 keV photons are generated 

at S, with the unscattered photon observed at A and the scattered photon observed at B. TCA shown as blue 

dotted curves, can be identified to describe all the possible scattered positions and encompass the 

annihilation position. O is the center of AB and CO is perpendicular to AB and intersects one-half TCA at 

C. For the non-ideal energy situations, the measured photon energy can be lower or higher than the actual 

energy, resulting in the calculated TCA intersecting with the perpendicular bisector of AB whether at C′ 

or C″. 

Thus, a measured coincidence has been split into a true, and a scattered component 

weighted with the probabilities Ptr and Psc. These two components for each measured 

event with weights Ptr and Psc can be reconstructed in the GS-MLEM [43, 44] algorithm 

in list-mode as follows: 
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𝑓𝑖⃗⃗⃗
𝑛+1

= 𝑓𝑖
𝑛 1

∑ 𝑎
𝑗′,𝑖

𝑁

𝑗′=1

∑𝑎𝑗,𝑖
1

𝑃𝑡𝑟 ∙ ∑ 𝑎
𝑗,𝑖′

𝑓
𝑖′
𝑛 + 𝑃𝑠𝑐 ∙ ∑ 𝑎

𝑗,𝑖′
𝑓
𝑖′
𝑛𝑝

𝑖′=1

𝑝

𝑖′=1

𝑁

𝑗=1

            𝑖 = 1,… , 𝑝 

……………………………………………..……………………………………..(7.4) 

where p is the total number of pixels in the image, N is the total number of detected 

coincidences and aj,i is the element of the system matrix characterizing the probability 

that the annihilation photon detected as the jth coincidence (whether scattered or not) were 

emitted from Pixel i. 

The difference between this algorithm and the one in the ideal energy resolution case is 

that the summation for each coincidence has been split into two components with 

different weights Ptr and Psc. 

7.3 Phantom Measurements 

 

To evaluate the performance of the proposed methods, a generic 2D PET scanner has 

been simulated with GATE [66-68] with an ideal energy resolution (0.1% FWHM at 511 

keV). The PET scanner is a 24 ring system with 35 detector blocks per ring, which is 

arranged on a 44.3 cm radius ring. Each block contains a 12×24 LSO crystal array with 

dimensions of 6.3×6.3×30 mm3. The detector covers a total 70 cm transaxial FOV and 

15.7 cm axial FOV. The detectors have been shielded by lead slab, and only a slit with 

width of 20 mm was left for 2D acquisition. The energy window was set to 170-512 keV 

in order to detect all the true and single scatter coincidences. The measured photon energy 

was blurred in a post-processing step, which allowed us to generate several energy 

resolutions without having to resimulate the entire list-mode datasets. The ideal energy 
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resolution data were blurred by an energy-dependent Gaussian distribution with energy 

resolution ranging from 1% to 12% FWHM individually. 

To investigate the dependence of the spatial resolution of the reconstructed images from 

only scattered coincidences on the energy resolution of PET scanners, a 1 mm radius line 

source located at the center of a 25 cm radius cylindrical water phantom has been 

simulated. Images have been reconstructed from 3×105 scattered coincidences only by 

using the two proposed scattered component reconstruction methods. 

The reconstructed image quality was evaluated on the simulated NEMA NU 2-2012 

phantom [82], which contains four hot and two cold spheres in a warm background with a 

hot-to-background ratio of 4:1. Detail about this phantom can be found in Section 6.3.2. 

The image quality was tested using this standard. The evaluation of the proposed 

algorithm contains two parts.  

In the first part, 1.38×106 scattered coincidences have been reconstructed using the outer-

inner arcs method and the blurred annihilation distribution method respectively. This will 

be used to assess the performance of these two scattered component reconstruction 

methods before including true coincidences in the reconstruction. Images reconstructed 

from only scattered coincidences can lead to an understanding of the dependency of these 

scattered component reconstruction methods on the energy resolution of the PET scanners. 

For the outer-inner arcs method, the trade-off between the accuracy and the blurring is 

investigated by modeling the upper and lower energy limits with zero, one, and two sigma 

standard deviations from the measured photon energy in the Gaussian distribution. For 

the blurred distribution method, the distribution of annihilation position in the ideal 
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energy resolution was blurred for the non-ideal energy resolutions ranging from 1%-12% 

and used for the imaging reconstruction. 

In the second part, a total of 6×106 measured events with a scatter fraction of 50% were 

reconstructed using the proposed method for energy resolutions ranging from 1%-12% 

respectively. The CRC versus background variability, as an image-quality metric, is 

calculated for the reconstructed images, and the detailed criteria can be found in Section 

6.2.2.  

 

7.4 Results 

7.4.1 The spatial resolution evaluation 

 

Figure 7.4 shows the images of a 1 mm radius line source located at the center of a 20 cm 

radius cylindrical water phantom reconstructed from only scattered coincidences using 

the outer-inner arcs method for energy resolutions ranging from 1%-12%. The 

corresponding profiles along the center of the line sources are plotted in Figure 7.5. At the 

energy resolution of 1%, the FWHM of the line source has increased to 24 mm from the 8 

mm for the ideal energy resolution. As expected, the FWHM of the line source increases 

as the energy resolution becomes worse. The FWHM of the line source increased to 56 

mm at an energy resolution of 12%, which is about 7 times broader than that at the ideal 

energy resolution. Meanwhile, the profiles also become much noisier as the energy 

resolution decreases.  
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Figure 7.4 The images of a 1 mm radius line source reconstructed from only scattered coincidences by using the outer-inner arcs method with the energy 

resolutions ranging from 1%-12%.
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Figure 7.5 The profiles along the center of the images of a 1 mm radius line source reconstructed from only 

scattered coincidences using the outer-inner arcs method. As the energy resolution decreases, the profiles 

become broader and noisier. The pixel size of the reconstructed images is 1 mm. 

The same line source was also reconstructed from only scattered coincidences by using 

the blurred annihilation distribution method. The blurred distributions of the annihilation 

positions for the line source with the energy resolutions ranging from 1%-12% are shown 

in Figure 7.6. As illustrated in this figure, the non-ideal energy resolution impacts the 

distributions only in the vertical direction, and the horizontal direction is independent of 

the energy resolution. As the energy resolution becomes worse, the distributions of 

annihilation positions stretch longer in the vertical direction. Building these blurred 

distributions into reconstruction, the images of a line source reconstructed from only 
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scattered coincidences with energy resolutions ranging from 1%-12% are shown in Figure 

7.7. The line sources in this figure almost have the same size with sharp edge. The 

profiles along the center of the line source are also plotted in Figure 7.8. The profiles are 

overlapped together for these images with the energy resolution ranging from 1%-12%. 

The FWHM of the line source in these images is 8 mm, which equals that at the ideal 

energy resolution. Compared with the PSFs obtained using the outer-inner arcs method 

(Figure 7.5), the profiles in Figure 7.8 are less noisy. These results also indicate that for 

the blurred annihilation distribution method the PSF is independent of the energy 

resolution for a line source at the center of a cylindrical phantom.  
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Figure 7.6 The blurred distribution of the annihilation positions for a line source located in the center of a 20 cm radius cylindrical water phantom for the energy 

resolution ranging from 1%-12%. 
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Figure 7.7 The images of a line source reconstructed from only scattered coincidences when introducing the blurred distribution of the annihilation positions into 

reconstruction for the energy resolution ranging from 1%-12%. 
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Figure 7.8 The profiles along the center of the images of a line source reconstructed from scattered 

coincidences by using the blurred annihilation distribution method. The pixel size of the reconstructed 

images is 1 mm. 

7.4.2 Evaluation of images reconstructed from only scattered coincidences 

 

Figure 7.9 shows the images of the NEMA NU2-2012 phantom reconstructed from 

1.38×106 scattered coincidences using the TCA defined directly from the measured 

photon energy without accounting for the energy uncertainty. As illustrated in this figure, 

only the largest hot sphere in the NEMA phantom, with a diameter 3.7 cm, can be 

distinguished with an energy resolution better than 4%. The two cold spheres and the lung 

insert (in the center of the phantom) merge together for energy resolutions ranging from 

1%-12%. The result indicates that the non-ideal energy resolution can seriously blur the 

image contrast reconstructed from scattered coincidences, if without properly addressing 
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the energy uncertainties. This figure will also serve as a benchmark when comparing the 

image quality reconstructed by using the outer-inner arcs method and the blurred 

annihilation distribution method.  

Figure 7.10, Figure 7.11, and Figure 7.12 show the images reconstructed from the same 

scattered data as in Figure 7.9 but by using the outer-inner arcs method with the upper 

and lower energy limits estimated by plus/minus zero, one, and two sigma from the 

measured photon energy respectively. Adding the patient outline constraint to the 

reconstructions shown in Figure 7.9 improves the image quality as shown in Figure 7.10. 

As shown in Figure 7.10, Figure 7.11, and Figure 7.12, the hot spheres with diameters of 

3.7 cm and 2.8 cm can be recognized with an energy resolution better than 4%. 

Meanwhile, the two cold spheres and the lung insert can be clearly separated with energy 

resolutions of up to 3%. As expected, the contrast of the reconstructed images will 

decrease as the energy resolution becomes worse. The local details disappear with the 

energy resolution worse than 8% in these three figures, which leads to less valuable 

information from scattered events but still instead of noise contributing to the 

reconstructed images.  
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Figure 7.9 The images reconstructed from 1.38×106 scattered coincidences based on the TCA defined directly using the inaccurate photon energy for the energy 

resolution ranging from 1%-12%. 

E1% 

E12% E11% E10% 

E8% E7% E6% 

E4% E3% E2% 

E5% 

E9% 



161 
 

. 

Figure 7.10 The images reconstructed from 1.38×106 scattered coincidences by using the outer-inner arcs method with the upper and lower energy limits 

estimated by plus/minus zero sigma from the measured photon energy and with patient outline constraints for the energy resolution ranging from 1%-12%. 
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Figure 7.11 The images reconstructed from 1.38×106 scattered coincidences by using the outer-inner arcs method with the upper and lower energy limits 

estimated by plus/minus one sigma from the measured photon energy and with patient outline constraints for the energy resolution ranging from 1%-12%. 

E1% 

E12% E11% E10% 

E8% E7% E6% 

E4% E3% E2% 

E5% 

E9% 



163 
 

 

Figure 7.12 The images reconstructed from 1.38×106 scattered coincidences by using the outer-inner arcs method with the upper and lower energy limits 

estimated by plus/minus two sigma from the measured photon energy and with patient outline constraints for the energy resolution ranging from 1%-12%.
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As an alternative to the outer-inner arcs method, the blurred annihilation distribution 

method tries to characterize the distribution of annihilation positions within the TCA to 

reconstruct the scattered component for non-ideal energy resolutions. Figure 7.13 shows 

the blurred distribution maps of the NEMA phantom for the energy resolution ranging 

from 1%-12%. Building these distributions into the reconstruction, the same scattered 

coincidences data as used in Figure 7.9 was reconstructed using the blurred annihilation 

distribution method as shown in Figure 7.14.  
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Figure 7.13 The blurred distribution of annihilation positions for the NEMA phantom with the energy resolution ranging from 1%-12%. 

E1% 

E12% E11% E10% E9% E8% E7% 

E2% E6% E5% E4% E3% 



166 
 

 

Figure 7.14 The images of NEMA phantom reconstructed from only scattered coincidences using the blurred annihilation distribution method with the energy 

resolution ranging from 1%-12%.
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To quantitatively evaluate the reconstructed image quality, the correlations between the 

reconstructed images and ground-truth image as a function of the energy resolution were 

plotted in Figure 7.15. As shown in this figure, all the correlation curves decrease as the 

energy resolution becomes worse. The results with the outer-inner arcs method  are in 

better agreement with the ground truth for all the energy resolutions, than are the results 

using the measured photon energy. For the outer-inner arcs method, the curve 

corresponding to the energy uncertainty modeled with one sigma has improved the 

correlation by 1.5%-4% and 0.5%-15% compared with that modeled with zero sigma and 

two sigma. Compared with that directly using the measured photon energy method, the 

corrections have been improved by 5%-23% for the outer-inner arcs method (modeled by 

one sigma) and by 7%-21% for the blurred annihilation distribution method. 

Compared with these two scattered component reconstruction methods, the blurred 

annihilation distribution method can achieve 1%-2% better correlation when the energy 

resolution is better than 6% relative to the outer-inner arcs method modeled with one 

sigma. Beyond this energy resolution, the trend has reversed, and the outer-inner arcs 

method can bring more benefits into the scattered component reconstruction. Besides, the 

artifacts in the images reconstructed by using the blurred annihilation distribution method 

become more obvious due to the relative attenuation correction applied to the lung insert. 
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Figure 7.15 The correlation between the ground-truth image and the images reconstructed by directly using 

the measured photon energy, the outer-inner arcs methods with the energy uncertainty modeled with zero, 

one, and two sigma, as well as the blurred distribution method, as a function of the energy resolution. 

7.4.3 Reconstruction from both true and scattered coincidences 

 

Figure 7.16 shows the images reconstructed from 6×106 measured events with a scatter 

fraction of 50% as a function of the energy resolution ranging from 1% to 12%. The 

scattered component in this figure was reconstructed by employing the outer-inner arcs 

method. In contrast to the images reconstructed only from scattered coincidences, the 

dependency of the image quality on the energy resolution has been alleviated. The 

quantitative analysis of the contrast and noise properties for the four hot spheres and two 

cold spheres as a function of energy resolution was evaluated by using the CRC and RSD 
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(represented by the error bar at each data point) as shown in Figure 7.17. The contrast has 

decreased by 5%-27% for the four hot spheres and by 33%-39% for the two cold spheres 

with the energy resolution ranging from 0-12%. Compared with the hot spheres, the 

CRCs for the cold spheres are more sensitive to the energy resolution.
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 Figure 7.16 Images reconstructed from 6×106 measured events with a scatter fraction of 50% for the energy resolution ranging from 1-12% using the proposed 

method. The scattered component was reconstructed using the inner outer arc method with one sigma deviation and patient outline constraints employed. 
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Figure 7.17 The contrast recovery coefficients and the relative standard deviation (represented by the error 

bar at each data point) for the spheres with different diameters reconstructed from 6×106 measured events 

with a scatter fraction of 50% by using the GS algorithm as a function of the energy resolution from ideal 

(0%) up to 12%. The scattered component was reconstructed using the inner outer arc method with one 

sigma deviation and patient outline constraints employed. 

 

The contrast and noise properties for the four hot and two cold spheres in Figure 7.17 

have been compared to their corresponding images that were reconstructed from the true 

events only, and the scattered correction based methods ignoring the energy resolution of 

the detectors. Figure 7.18, Figure 7.19, Figure 7.20, and Figure 7.21 show the 
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that reconstructed from the true coincidences only, and is always higher than the scatter 

correction based method. This is because the smallest hot sphere contains only few pixels 

and suffers more statistical variations compared to the energy resolution impact. Except 

for the smallest hot source, the CRCs for the other three hot and two cold spheres, which 

are initially higher than that reconstructed from only true events, decrease with decreasing 

energy resolution. The CRC becomes lower than that reconstructed from only true events 

at the energy resolution of 1%-3% for the three larger hot spheres, and loses the benefits 

of incorporating scattered events into the reconstruction at an energy resolution around 

8%-11% for the hot spheres. For the two cold spheres, the CRC tends to be worse than 

that reconstructed from only true events at the energy resolution of 2% and 4%, and 

inferior to the scatter correction based method at the energy resolution of 6% and 7% 

respectively.  
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Figure 7.18 The contrast recovery coefficients and the relative standard deviation (represented by the error 

bar at each data point) for the smallest hot sphere with 1cm in diameter reconstructed from 6×106 measured 

events with a scatter fraction of 50% by using the GS algorithm as a function of the energy resolution from 

ideal (0%) up to 12%. The CRC for the reconstruction using the true events only, and the scatter correction 

based methods are also plotted in this figure as comparison. 
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Figure 7.19 The contrast recovery coefficients and the relative standard deviation (represented by the error 

bar at each data point) for the hot sphere with 1.3 cm in diameter reconstructed from 6×106 measured events 

with a scatter fraction of 50% by using the GS algorithm as a function of the energy resolution from ideal 

(0%) up to 12%. The CRC for the reconstruction using the true events only, and the scatter correction based 

methods are also plotted in this figure as comparison. 

 

 

 

0% 1% 2% 3% 4% 5% 6% 7% 8% 9% 10% 11% 12%

20

30

40

50

60

70
 GS-MLEM

 True events

 Scatter correction based

C
o

n
tr

a
s
t 
R

e
c
o

v
e

ry
 C

o
e

ff
ic

ie
n

ts

Energy Resolution



175 
 

 

 

 

 

 

 

 

Figure 7.20 The contrast recovery coefficients and the relative standard deviation (represented by the error 

bar at each data point) for the hot sphere with 1.7 cm in diameter reconstructed from 6×106 measured events 

with a scatter fraction of 50% by using the GS algorithm as a function of the energy resolution from ideal 

(0%) up to 12%. The CRC for the reconstruction using the true events only, and the scatter correction based 

methods are also plotted in this figure as comparison. 
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Figure 7.21 The contrast recovery coefficients and the relative standard deviation (represented by the error 

bar at each data point) for the hot sphere with 2.2 cm in diameter reconstructed from 6×106 measured events 

with a scatter fraction of 50% by using the GS algorithm as a function of the energy resolution from ideal 

(0%) up to 12%. The CRC for the reconstruction using the true events only, and the scatter correction based 

methods are also plotted in this figure as comparison. 
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Figure 7.22 The contrast recovery coefficients and the relative standard deviation (represented by the error 

bar at each data point) for the cold sphere with 2.8 cm in diameter reconstructed from 6×106 measured 

events with a scatter fraction of 50% by using the GS algorithm as a function of the energy resolution from 

ideal (0%) up to 12%. The CRC for the reconstruction using the true events only, and the scatter correction 

based methods are also plotted in this figure as comparison. 

 

 

 

0% 1% 2% 3% 4% 5% 6% 7% 8% 9% 10% 11% 12%

30

40

50

60

70

80  GS-MLEM

 True events

 Scatter correction based

C
o

n
tr

a
s
t 
R

e
c
o

v
e

ry
 C

o
e

ff
ic

ie
n

ts

Energy Resolution



178 
 

 

 

 
Figure 7.23 The contrast recovery coefficients and the relative standard deviation (represented by the error 

bar at each data point) for the largest cold sphere with 3.7 cm in diameter reconstructed from 6×106 

measured events with a scatter fraction of 50% by using the GS algorithm as a function of the energy 

resolution from ideal (0%) up to 12%. The CRC for the reconstruction using the true events only, and the 

scatter correction based methods are also plotted in this figure as comparison. 

7.5 Discussion 

 

Reconstruction of the activity distribution from scattered coincidences by using the 

proposed method is mainly challenged by the non-ideal energy resolution of PET 

scanners in use today. When the photon energy is measured with large uncertainty, it will 

lead the defined TCA to deviate from its actual locus, which may result in the annihilation 

position being encompassed by a larger area or even lost within the area confined by TCA. 
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The outer-inner arcs method is trying to trade off this blurring and accuracy by modeling 

the scattered photon energy with a Gaussian distribution. By estimating the upper and 

lower energy limits with different standard deviations, a good trade-off can be achieved 

as illustrated in Figure 7.15. As expected, the spatial resolution and the image contrast 

reconstructed from only scattered coincidences will decrease as the energy resolution 

becomes worse. The blurred annihilation distribution method, as an alternative to the 

outer-inner arcs method, was also proposed and evaluated in this chapter. By 

characterizing the different probabilities of the annihilation position within the 

normalized TCA and built into the reconstruction, the contrast and noise properties of the 

reconstructed images in the ideal energy resolution scenario have been improved as 

demonstrated in Chapter 6. In the non-ideal energy resolution scenarios, the distribution 

of annihilation positions need to be blurred based on different energy resolution before 

being introduced into the reconstruction. The results shown in Figure 7.7 and Figure 7.8 

indicate that the spatial resolution is independent of the energy resolution for a line source 

located at the center of a cylindrical phantom. The promising result is partially due to the 

narrow distribution in the normalized TCA for a line source located in the center of a 

cylindrical phantom. As for a distributed source, the results will be compromised at some 

degree as shown in Figure 7.14. The blurred annihilation distribution method can achieve 

better image correlation compared with that the outer-inner arcs method, which is, 

however, more sensitive to the energy resolution.  

The GS reconstruction algorithm has been adapted to the non-ideal energy resolution 

scenario to incorporate both true and scatted events into reconstruction. Firstly, a 

measured event will be split into a true and a scattered component based on the position 
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of the two measured photon energy in the energy spectrum. The energy spectrum depends 

on the energy resolution of the scanner and the scatter fraction, which can be estimated 

from Monte-Carlo simulations based on a raw reconstructed image as input. As expected, 

the image quality will decrease as the energy resolution of PET scanners becomes worse, 

which is as shown in Figure 7.17. The proposed algorithm can still achieve better contrast 

and noise properties compared with the scatter correction based method when the energy 

resolution is better than ~8% for hot spheres and ~6% for cold spheres. The core idea of 

this thesis is to extract the spatial information of annihilation position from the scattered 

coincidences by using the measured photon energy as a new parameter to improve PET 

image quality. As the energy resolution deteriorates, the uncertainty of the measured 

photon increases and the benefits of using the scattered photon energy as a new parameter 

in PET reconstruction are lost. Even though the GS reconstruction algorithm has been 

adapted to the non-ideal energy resolution, development of a PET scanner with higher 

energy resolution is still of paramount importance to fully exploit the benefits of scattered 

coincidences in PET. 

7.6 Conclusion 

 

A novel PET reconstruction algorithm, which can extract the radioactive distribution from 

both true and scattered coincidences, has been adapted to the limited energy resolutions of 

PET detectors. The proposed algorithm can achieve better contrast and noise properties 

compared with the scatter correction based method ignoring the energy resolution of the 

detectors up to the energy resolution of 8% and 6% for hot and cold spheres respectively. 

Development of PET with improved energy resolution is still highly demanded to fully 

exploit the benefits of scattered coincidences in PET.  
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Chapter 8: Summary and Future work 

 

8.1 Summary 

 

Quantitatively accurate PET images need to be corrected for scattered coincidences in the 

conventional PET reconstruction algorithms. Inaccuracy in the estimation of the scatter 

sinogram will introduce significant biases into the activity distribution. The subtraction 

based correction methods may destroy the Poisson nature of the measured data, reduce 

the system’s sensitivity and amplify image noise.  

In contrast to these scatter correction based methods, a novel PET reconstruction 

algorithm has been developed in this thesis, which can use both true and scattered 

coincidences to extract the radioactivity distribution in a consistent way. With the 

knowledge of the scattered photon energy and taking advantage of the kinematics of 

Compton scattering, the TCA can be identified to describe the locus of all the possible 

scattering positions and to encompass the annihilation position. As the scattering angle 

approaches zero, the shape of the TCA approaches the LOR for the true coincidences. 

Thus, true coincidences can be considered as the limit case of scattered events.  

Chapter 3 has introduced the Generalized Scatter concept by taking the true coincidences 

as a subset of scattered coincidences and developed the Generalized Scatter 

reconstruction algorithm to incorporate both true and scattered coincidences into PET 

imaging reconstruction. This algorithm has been evaluated based on a simplified Deluxe 

Jaszczak phantom simulated by GATE [66, 67]. The results have demonstrated the 

feasibility of reconstructing PET activity distributions from only scattered coincidences. 

Compared with scatter correction based methods, the contrast and noise have improved 



182 
 

by 3%-24.5% and 0.5%-12% respectively for a scatter fraction ranging from 10%-60%. 

Thus, incorporating scattered events into PET reconstruction eliminates the need for 

scatter correction, and also improves the system’s sensitivity and image quality. The 

annihilation position within the TCA can be further confined by employing the patient 

outline as a constraint. As reported in Chapter 4, the contrast and noise of the 

reconstructed images improved by a further ~1%-11.6% and 05%-3.6% respectively, 

compared with that without using the patient outline as constraint.  

Quantitative accuracy and artifact-free PET images need to account for photon 

attenuation. Chapter 5 has reported an effective and accurate attenuation correction 

method for scattered coincidences, which can be calculated by averaging the attenuation 

coefficient over all possible scattering positions along the TCA and weighted by the 

electron density and photon flux at each possible scattering position. The results have 

shown that the artefacts due to the photon attenuation have been removed, and the 

contrast and noise properties for the NEMA phantom have been improved by 9%-24% 

and 5%-6% respectively compared to scatter correction based methods. 

In the first five chapters, the annihilation position was assumed uniformly distributed 

within the TCA. With this approximation, the activity distribution can be extracted from 

only scattered coincidences with acceptable degree, and both the contrast and noise 

properties of the reconstructed images have been improved when incorporating scattered 

coincidences into PET reconstruction. The uniform distribution of annihilation positions 

within the TCA is constrained by the radiopharmaceuticals’ distribution and the scanned 

patients. To introduce this information into the GS algorithm, Chapter 6 has proposed a 

geometrical model in a normalized coordinate to characterize the distribution of 
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annihilation positions associated with scattered coincidences. The proposed model can 

accurately reveal the dependence of the distribution of annihilation positions on the 

source distribution as well as the object sizes for scattered coincidences. When building 

this probability map of annihilation positions into the GS algorithm, it speeds up the 

reconstructed image convergence to the activity distribution and improves the image 

quality. 

Precisely defining the TCA requires accurately measuring the scattered photon energy. 

However, this ability is compromised by the energy resolution achieved by the current 

PET scanners in use. In the non-ideal energy resolution scenarios, firstly the scattered 

coincidences cannot be distinguished from true events simply based on the measured 

photon energy. Secondly, the TCA cannot be determined accurately just based on the 

measured photon energy for a scattered coincidence. Chapter 7 has described two 

methods to address the scattered components in the non-ideal energy resolution situations. 

The outer-inner arcs method was proposed to trade off the accuracy and blurring when 

using TCA to confine the annihilation position. The blurred annihilation distribution 

method was developed based on the geometrical model proposed in Chapter 6, and 

adapted to the non-ideal energy resolution by only blurring the distribution of the 

annihilation positions in the vertical direction. The blurred annihilation distribution 

method can achieve better image correlation compared to the outer-inner arcs method, 

which is, however, more sensitive to the energy resolution. The results have shown that 

the proposed algorithm can achieve better contrast and noise properties compared with 

the scatter correction based method up to the energy resolution of 8% and 6% for the hot 

and cold spheres respectively. Development of PET scanners with high energy resolution 
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is still highly demanded to fully exploit the benefits of scattered coincidences in PET 

imaging reconstruction. 

8.2 Future work 

 

This thesis has developed a Generalized Scatter PET reconstruction algorithm in 2D, 

which can use both true and scattered coincidences to extract radioactivity distribution in 

a consistent way. The benefits of including scattered coincidences into PET imaging 

reconstruction are twofold. Firstly, it eliminates the need for the scatter correction 

procedure carried out in the conventional PET reconstruction algorithms; Secondly, it 

improves the contrast and noise properties of reconstructed images, as well as the systems’ 

sensitivity. However, to successfully implement the proposed reconstruction algorithm on 

clinical PET scanners, some issues still need to be addressed. Firstly, the TCA used to 

describe the scattered locus is closely related to the scattered photon energy. Even though 

Chapter 7 has developed two methods to deal with the non-ideal energy resolutions, the 

benefits of incorporating scattered events into reconstruction decreases as the energy 

resolution worsens. Developing high-energy resolution PET scanners is still paramount 

for fully exploiting the benefits of scattered coincidences. Commercially available PET 

scanners can only achieve the energy resolution of 10-20% [85-87], as most of the 

scintillators are based on gadolinium oxyorthosilicate (GSO) crystals or lutetium 

oxyorthosilicate (LSO) / lutetium-yttrium oxyorthosilicate (LYSO). Some research in 

developing new PET detectors with higher performance, especially better energy 

resolution, shows promise. It has been reported that the cerium-doped lanthanum bromide 

doped with Cesium (LaBr3:Ce) as scintillators can achieve an energy resolution 4~5% 

[88]. The energy resolution averaged over all detector channels in a cadmium-tellurium 
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(CdTe) based PET scanner is 4.1% at 511 keV [89, 90]. It is worthy to mention that CdTe 

based brain PET scanner can achieve the energy resolution about 1.6% for 511 keV 

photons [91]. The performance of the proposed algorithm in this thesis was evaluated 

based on the GATE [67, 68, 92] simulation, and considering the improved energy 

resolution of some new scintillator based PET detectors. It is recommended to test this 

algorithm on these experimental and clinical high energy resolution PET scanners as 

future work. 

It is possible that the annihilation photon undergoes multiple Compton interactions before 

escaping from the object. The scatter fraction for the multiple scattered coincidences 

accounts for about 12% of the measured events in a whole-body PET scanner [93]. 

Besides, when a 511 keV annihilation photon escapes from the object and interacts with a 

crystal/block, preferably it will deposit all of its energy within a crystal/block. However,  

it is possible that a photon only deposits part of its energy and then is scattered out of the 

crystal/block, then deposits the remaining energy in a neighboring crystal/block. Due to 

insufficient energy being deposited, the multiple scattered, the inter-crystal and inter-

block scattered events are often rejected. However, the measured data is still 

contaminated by the inter-crystal, inter-block, and multiple scattered events, which cannot 

be distinguished from those single scattered within the object only based on the measured 

photon energy. The multiple scattered events can be reduced in the measured data by 

selecting a higher energy window. Besides, the information contributed from single 

scattered events becomes less as the scattering angle increases. Chapter 3 has investigated 

the trade-off between the available number of the scattered coincidences and the image 

quality as a function of the energy threshold, and concluded that ~350 keV as the low 
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energy window can give a good trade-off. For the inter-crystal and inter-block scattered 

events, some research has demonstrated experimentally that inter-crystal and inter-block 

scattered events may be recovered as valid events with a corrected time stamp and 

estimated position of initial interaction [83, 94]. The sensitivity of the scanner can be 

improved by recovering the inter-crystal and inter-block scattered events. However, the 

accuracy of the recovery as indicated in [95-97] also depends on the detectors’ geometry, 

the spatial and energy resolution, which needs further investigation. 

Appendix A has investigated and demonstrated the feasibility of building the electron 

density map from scattered coincidences. However, the crosstalk between the activity and 

electron density map also appeared in the reconstructed images. This artifact arose 

because the scattered position cannot be accurately determined on the TCA, and the 

projection and backprojection in the reconstruction have to be along the entire TCA. 

Additional constraints need to be introduced into the reconstruction to remove this artifact, 

which is recommended as future work. Besides, the reconstruction of the activity 

distribution and the electron density map can be implemented in an iterative way: the 

electron density map provides the attenuation correction for the activity distribution 

reconstruction; the activity distribution will provide the probability of the scattered 

position along TCA for the electron density map reconstruction. Once these two 

reconstructions have been fully developed, the simultaneous reconstruction of activity 

and electron density should be addressed. 

The GS reconstruction algorithm in this thesis is developed and tested based on 2D 

simulations. The ultimate goal is to implement this algorithm in a 3D PET scanner, where 

it will ultimately be of greater value. The implantation from 2D to 3D is straightforward, 
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although the 3D geometry is more computationally complex. The projection and 

backprojection for the measured events in each iteration are carried out in parallel, which 

implies that the reconstruction can be sped up by using a graphics processing unit (GPU).  
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Appendix A: The Feasibility of Estimating the anatomical (electron density) map 

from Scattered coincidences in PET 

 

A.1 Introduction 

 

PET is a functional imaging modality, which lacks anatomical context. An anatomical 

image correlated with the functional image is required to account for the photon 

attenuation and to aid the interpretation of the activity distribution. Attenuation 

corrections are often carried out by using simplistic and often inaccurate approaches or by 

coupling a PET scanner to an x-ray CT or MRI system [98]. By assuming a regular 

geometric body outline and assigning constant tissue density within this object, the 

photon attenuation can be calculated using Equation (2.7). This method can produce 

images that are free of attenuation artifacts. However, it is prone to underestimate the 

attenuation [36]. Although the combination of PET and CT is used in commercial 

scanners, PET/CT has some limitations. Its major drawback is that the imaging is 

performed sequentially rather than simultaneously, which may introduce significant 

artifacts when registering the functional and anatomical imaging contents. In addition, CT 

is a snapshot of respiratory motion while PET is a time-averaged image, which may cause 

substantial artifacts in the reconstructed images. Due to the different energies used in PET 

and CT, the attenuation map measured at CT energies must be rescaled to the appropriate 

emission energy for PET attenuation correction [37]. In addition, radiation dose to 

patients is increased as a result of the CT scanning. Combining PET and MRI is 

challenging, as conventional PET systems use detectors that are sensitive to magnetic 

fields. However, there is not a simple energy scaling relationship from MR to PET to 
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generate attenuation map due to MR measures aspects of protons while PET attenuation is 

affected by electron density [38]. 

The previous research has shown that it is possible to reconstruct anatomical images of 

electron density from scattered photons in CT [99-101]. As illustrated in Figure A.1, with 

knowledge of the incident photon energy, the TCA, as described in the previous chapters, 

can be identified based on the kinematics of Compton Scattering for a scattered 

coincidence in PET. These 2D circular arcs (or 3D surface by rotation of the 2D circular 

arcs around an axis connecting the two detectors), defined above, describe all the possible 

positions from which the coincident photons scattered. Different from the activity 

distribution reconstruction, the data will be projected or backprojected along the arcs (or 

surface in 3D) instead of over the area (or volume) confined by the arcs for the electron 

density map reconstruction. 

The probability of a Compton interaction occurring is linearly proportional to the electron 

density at the scattering position. Backprojecting the scattered photons along the arcs 

connecting the two detectors will allow a Compton scattering probability map to be 

estimated. This map is a function of both radioactive tracer distribution and the electron 

density of materials. The influence of the varying photon fluence can be modeled by a 

sensitivity factor that varies for each pixel in the reconstruction algorithm.  

In this appendix, it is assumed that the radioactive tracer distribution is already known. 

Once the two sets of reconstruction algorithms are fully developed, both the activity 

distribution and electron density map can be estimated simultaneously in an iterative 

manner, which will not be discussed here. This work has been presented, in part, at the 

2014 IEEE Nuclear Science Symposium and Medical Imaging Conference [102]. The 



190 
 

goal of this appendix is to investigate the feasibility of reconstructing the electron density 

map from scattered coincidences.  

 

Figure A.1 A diagram of a Compton scattering event occurring in a patient. The two anti-parallel photons 

are generated at the annihilation position X shown by the green dot. The unscattered photon is observed by 

detector A while the other photon suffers a Compton scattering at S, deviates from its initial path by an 

angle  and is detected by detector B. This figure also illustrates the two circular arcs (TCA), shown as blue 

dotted curves, which describe the locus of all possible scattering locations. 

A.2 Methods and Materials 

A.2.1 Reconstruction Theory 

 

Firstly, the mean count of the single scattered coincidences with the unscattered photon 

observed at A and the scattered photon observed at B as shown in Figure A.1 can be 

calculated by the following expression: 

〈𝑃AB(𝜃)〉 =τ∮ [∫ 𝑓𝑥
𝑆

𝐴
𝑑𝑥] ∙ 𝜌𝑒(𝑆) ∙

𝑑𝜎𝐶
𝐾𝑁

𝑑𝜃
∙
1

4𝜋
𝑒−(∫ 𝜇𝑑𝑙

𝑆

𝐴
+∫ 𝜇′𝑑𝑙

𝐵

𝑆
)𝑑𝑠

𝐵

𝐴
………(A.1) 
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where τ is the acquisition time, µ and μ′ is the linear attenuation coefficients for the 

unscattered and scattered photons. The inner integral of source fx from line segment A to 

S in the above expression represents the total photon fluence that can reach Point S. The 

possibility that the photons at S undergo a Compton scattering event is proportional to the 

electron density ρe at this point. The outer integral sums over all possible scattered points 

along the TCA.  

Substitute Equation (A.1) into the system matrix and the ML-EM [43, 44, 65] in a list-

mode form can be derived: 

𝜌𝑖⃗⃗⃗⃗
𝑛+1

= 𝜌𝑖
𝑛 1

∑ 𝑎
𝑗′,𝑖

𝑁

𝑗′=1

 ∑ 𝑎𝑗,𝑖
1

∑ 𝑎
𝑗,𝑖′

𝜌
𝑖′
𝑛𝑝

𝑖′=1

𝑁
𝑗=1      𝑖 = 1, … , 𝑝……………(A.2) 

where p is the total number of pixels in the image, N is the total number of detected 

coincidences and aj,i is the element of system matrix representing the probability, 

weighted by the Compton differential cross section that the annihilation photons detected 

in the jth coincidence were emitted from Pixel i.  

The difference between this algorithm, which reconstructs the anatomical information, 

from the one that extracts the activity distribution in Chapter 3 and Chapter 4, is that the 

summation for each coincidence is along the arcs (or the surface in 3D) instead of over 

the area (or volume) confined by the arcs. 

A.2.2 GATE simulation 

 

To test the proposed method, a PET scanner with ideal energy resolution has been 

simulated by GATE [67]. The PET scanner is a 24 ring system with 35 detector block per 

ring; each block is a 12×24 LSO crystal array with dimensions of 6.3×6.3×30 mm3. The 

detector covers a total 70 cm transaxial FOV and 15.7 cm axial FOV. Septa are also 
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simulated in the system for 2D acquisition. The energy window was set to 170-511 keV 

in order to detect all single scatter coincidences.  

Two water donut phantoms with inner and outer radii 10 and 20 cm, respectively, have 

been simulated, as shown in Figure A.2. The first one has a line source in the center. The 

other has two line sources, located 5 cm on the right and left of the center, respectively. 

The intensity ratio between the left and right line sources is set to 1:4. 

 
Figure A.2 The water donut-like phantom with inner and outer radii 10 and 20 cm, respectively, with (a) a 

line source in the center; and (b) two line sources located at 5 cm left and right of the center and with 

intensity ratio 1:4. 

A.3 Results 

 

Figure A.3 (a) shows the electron density map of a ring water phantom with a single 

source located in the center reconstructed from scattered coincidences by using the 

proposed method. The image demonstrates that the electron density map can be extracted 

from scattered coincidences for a single source. Figure A.3 (b) shows the electron density 

map of a ring water phantom with two, line sources located at 5 cm left and right to the 

center from scattered coincidences. When a phantom contains two sources or a distributed 

4 1 

(a) (b) 
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source, the crosstalk between the activity distribution, and electron density content began 

to appear. The area in the image near the sources looks brighter, which indicates that the 

crosstalk is highly related to the source distribution. 

 
Figure A.3 The electron density map (anatomical image) of a circular ring uniform water phantom with (a) 

a single point source in the center; (b) two point sources with intensity ratio 1:4 were reconstructed from 

scattered coincidences. 

 

 

A.4 Discussion 

 

The feasibility of reconstructing the electron density map from scattered coincidences in 

PET has been investigated in this chapter. The results have showed that the electron 

density map can be extracted from scattered coincidences in a single source scenario. 

However, when two or more sources are involved, the crosstalk between the activity and 

the electron density began to appear. The reason for this phenomenon is that the scattered 

position along the TCA cannot be singularly determined in the two or more source 

scenarios. Instead, the algorithm projects and backprojects the data along the TCA and 

the weight assigned is proportional to the photon fluence that can reach each possible 



194 
 

scattering position. This appendix only served as an initial feasibility study, and 

addressing the crosstalk is beyond the scope of this appendix and will be left as future 

work.  

The reconstruction of electron density from scattered coincidences appears to be 

dependent on the energy resolution of the PET scanner, due to the TCA defined based on 

the scattering angle is closely related to the scattered photon energy. The uncertainty in 

the energy of the measured scattered photons can result in a large deviation of the TCA 

from its actual locus, and the electron density map is blurred as a result of the poor energy 

resolution. 

A.5 Conclusion 

 

A method for reconstructing the electron density map from scattered coincidences has 

been proposed, which has demonstrated the feasibility of extracting the electron density 

information from scattered coincidences. However, the crosstalk between the activity and 

the electron density map for two or more sources needs to be addressed for quantitatively 

accurate reconstruction of electron density in PET. 
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Appendix B: Equation for the TCA in the normalized coordinate 

 

Figure B.1 shows half of the TCA for a scattered coincidence. One of the annihilation 

photons is detected at A, the other one undergoes a Compton scattering with the 

scattering angle θ and is detected at B. Suppose the distance between the two detectors A 

and B is d and take the center O of AB as the origin of the coordinate. Therefore, the 

radius of the circular curve TCA is: 

𝑅 =
𝑑

2sin𝜃
………………(B.1) 

The equation for the circle to depict TCA is: 

𝑥2 + (𝑦 + 𝑅 cos 𝜃)2 = 𝑅2………………..(B.2) 

By solving y in this equation and only keeping the positive solution; we can get: 

𝑦 = √𝑅2 − 𝑥2 − 𝑅 cos 𝜃………………(B.3) 

The new coordinates (x′, y′) in the normalized coordinate can be obtained by normalizing 

x, y to the distance AB and OC respectively: 

𝑥′ =
𝑥

𝑑
+
𝑑
2⁄

𝑑
=

𝑥

𝑑
+
1

2
………..(B.4a) 

 

𝑦′ =
𝑦

𝑅(1−cos𝜃)
………………..(B.4b) 

Substituting x′ and y′ into Equation (B.3), gives the equation for the TCA in normalized 

coordinates: 

𝑦′ ∙ 𝑅(1 − cos 𝜃) = √𝑅2 − 𝑑2(𝑥′ − 0.5)2 − 𝑅 cos 𝜃…………..(B.5) 

 

Using Equation (B.1), this can be reduced to: 

𝑦′ =
1

1−cos𝜃
(√1 − 4[(𝑥′−0.5)sin𝜃]2 − cos 𝜃)…………(B.6) 
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Figure B.1 A diagram of half of TCA associated with a scattered event. One of the two annihilation photons 

is detected at A, the other one undergoes a Compton scattering with the scattering angle θ and detected at B. 

O is the origin of the coordinate, and O′ is the center of the circle where TCA lies. 
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