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Abstract 

Ultrasonic wave transport in strongly scattering, disordered media is investigated via 

analysis of the multiply-scattered transmitted field.  Measurements of transverse 

confinement, statistics, and correlations of the intensity were performed on an aluminum 

mesoglass, where aluminum beads were brazed together to form a porous slab sample.  

Comparison of the transverse confinement measurements with the self-consistent theory of 

localization was used to identify and locate a mobility edge in the sample at f = 1.1011 MHz, 

enabling a measurement of the critical exponent ν characterizing the Anderson transition, 

ν ≈ 1.6–2.  Infinite-range C0 correlations were observed, and observed to grow dramatically 

near the mobility edge, along with the C2 and C3 correlations.  Measurements of the 

multifractal exponent Δ2 were able to confirm the link between C0 correlations and Anderson 

localization.  Experiments using the aluminum mesoglass with ethanol-filled pores showed 

evidence of two nearly-independent propagating modes, one of which appears to be 

characterized by a strongly renormalized diffusion coefficient.  The density of states and 

level spacing statistics were investigated using a different mesoglass, constructed by 

sintering glass beads percolated on a random lattice.  Direct measurements of these 

quantities were obtained by cutting small samples of this mesoglass, allowing individual 

vibrational modes to be resolved.  The density of states showed a plateau extending well into 

the expected Debye regime, and evidence of a Boson peak was observed at low frequencies.  

The level spacing statistics indicated that transport in the frequency ranges measured was 

on the diffusive side of the mobility edge, showing agreement with the predictions of the GOE 

from random matrix theory.  The dynamics of a suspension of bubbles were investigated 

using phase-based Diffusing Acoustic Wave Spectroscopy, where phase correlations were 

found to give additional information beyond traditional field- and intensity-based 

correlation measurements. 
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While the basics of classical wave propagation are simple, wave transport in a disordered 

medium is fundamentally complex.  On a microscopic scale, when the details of the scattering 

potential and boundary conditions can be known exactly, the wave transport properties of 

the system, sensitive to these exact details, can be determined analytically.  However, as the 

size of the system under consideration increases, the potential becomes increasingly 

complex, and an exact solution to the problem becomes impossible.  At the macroscopic 

scale, the observed transport characteristics of the medium are governed by an average over 

the many possible microscopic realizations of the scattering potential, and are no longer 

sensitive to the exact details of the system configuration.  Thus, the system size (L) is 

intimately related to the nature of the observed wave transport characteristics.  The length 

scale of the disorder in a system is characterized by the mean free path1 (ℓ), which is the 

average distance waves can travel before scattering.  The relative scale of ℓ with the 

wavelength (λ) largely determine the strength of the scattering.  The relationship between 

these three length scales (ℓ,λ,L) largely determine the wave transport characteristics of the 

medium.  In this thesis, I am primarily concerned with the mesoscopic regime, where the 

wavelength and mean free path are comparable (leading to strong scattering), and the 

system size is many mean free paths (but not infinite). 

The mesoscopic regime is unique in that interference effects play a large role, leading 

to coherence effects that survive despite ensemble averaging (over realizations of the 

disorder), and giving rise to many interesting physical phenomena.  This points to two 

                                                        

1 For simplicity, the symbol ℓ is used here (and in much of Chapter 2) to refer to the mean 

free path without making the distinction between scattering and transport mean free paths 

(c.f. §3.2.2).  
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requirements: First, the average transport properties must be gleaned through the 

observation of many samples or systems, as each specific realization of the disorder may 

differ in its details.  This points to the need to focus on the statistics and correlations of wave 

transport in mesoscopic systems, in order to better understand the prevailing characteristics 

of the system as a whole.  Second, because the interference plays such a strong role in 

mesoscopic systems, phase is of paramount importance.  Experiments that can measure the 

phase directly, or those designed to be sensitive to its effects, are excellent candidates for 

investigating mesoscopic systems.  For this reason, ultrasonic experiments are well-suited 

to the task.  The convenient length (wavelength ~ mm) and time (period ~ μs) scales of 

ultrasonic waves make them suitable for experiments that are benchtop-sized while still 

allowing easy, direct access to phase information.  At the Ultrasonics Research Lab at the 

University of Manitoba, ultrasonic wave transport in strongly scattering disordered systems 

has been under investigation for some time, and the chapters contained in this thesis are 

linked in a reverse chronological fashion.   

The final chapter of this thesis contains the earliest work presented.  This chapter 

focusses on the use of phase in Diffusing Acoustic Wave Spectroscopy to probe the dynamics 

of a suspension of bubbles.  Pioneering work on the simple acoustic system of glass beads 

suspended in a fluid established that multiple scattering of ultrasonic waves can be well 

described by the diffusion approximation if the scattering is not too strong (Page et al. 1995).  

This enabled a quantitative understanding of the behaviour of the basic parameters that 

govern diffusion of waves (D,ℓ*), and the relation between these parameters and the 

parameters that govern ballistic transport (vp,vg,ℓs) (Page et al. 1996; Schriemer et al. 1997).  

The understanding of diffusive transport in suspensions of particles in a fluid enabled the 
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development of Diffusing Acoustic Wave Spectroscopy (Cowan et al. 2002) – a new approach 

to measuring the dynamics of strongly scattering media in which traditional imaging 

techniques break down.  Chapter 6 investigates what can additionally be learned about the 

dynamics of strongly scattering media by considering the phase of the multiply scattered 

waves. 

While the experiments on ultrasonic wave diffusion in suspensions of particles in a 

fluid laid many foundations for the work presented in this thesis (and established important 

experimental techniques for investigating multiply scattered wave transport), this system 

suffered from two drawbacks: the absorption was quite considerable and the scattering was 

not strong enough to investigate the interesting phenomenon of Anderson localization – 

where the scattering is so strong that energy ceases to propagate.  This motivated studies on 

solid systems, to avoid the dissipation associated with the interface between solid scatterers 

and fluid.  The first of these to be studied here was the system of sintered glass beads, with 

bead sizes chosen to make the strong scattering regime accessible to experiments.  New 

insights were obtained into wave transport (Schriemer, Pachet, and Page 1996), including 

measurements of a plateau for the diffusion coefficient (Page et al. 2004) with frequency, 

believed to be a characteristic of atomic glasses but never measured on its own before. 

A remaining question was the behaviour of the density of states (DOS) in such 

systems.  In my MSc thesis, a plateau was observed for the DOS in the strong scattering 

regime, providing additional insight into the properties of atomic glasses through this 

analogous system.  The penultimate chapter of this thesis extends the range of 

measurements of the DOS to lower frequencies, and evidence of a Boson peak (another 

feature of atomic glasses) is observed, and found to lead to a plateau in the thermal 
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conductivity at low temperature – both additional features of atomic glasses.  The level 

spacing statistics of this medium are also examined, in order to investigate Anderson 

localization in this system. 

Despite progress using sintered glass beads as a medium, dissipation in this system 

is appreciable, motivating the fabrication of a different type of mesoglass made from 

aluminum beads.  This development led to the first unambiguous demonstration of Anderson 

localization of classical waves (Hu et al. 2008), and set the stage for the research reported in 

Chapter 3 and Chapter 4.  In these chapters, a mobility edge (the transition point between 

diffusive and localized behaviour) is identified, and measurements near this point allow for 

a measurement of the critical exponent ν characterizing the Anderson transition.  Long- and 

infinite-range correlations of the intensity are also observed and found to grow dramatically 

near the mobility edge, and corresponding measurements of multifractality link these 

correlations with Anderson localization.   

A broad theory section, applicable to many or all of the subsequent chapters, is 

presented first.  Following this, each chapter focusses on one set of experiments on one type 

of medium, and an introduction and background for each is included therein.  Enjoy! 
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2.1 Overview 

In this chapter, some of the theoretical concepts that relate to several areas of the thesis are 

developed.  The intention is to provide a good background to the theory and the 

mathematical structures involved, without going into the details specific to each experiment.   

2.2 Green’s functions and multiple scattering1 

In order to understand mesoscopic phenomena conceptually, some of the background of 

wave transport in disordered media should first be understood.  Monochromatic scalar 

waves in a homogenous medium obey the wave equation 

       2 2
0 , 0k r . (2.1) 

Here 2  is the Laplacian operator and k0 is the wave number given by the dispersion relation 


22 2

0k c , where c is the velocity of the wave.  The transport of waves in a homogenous 

medium is given by the Green’s function equation, where the Green’s function G represents 

the response of the system at a point r′ to a delta-function source at point r; i.e. 

           2 2
0 0 , ,k G r r r r . (2.2) 

This equation yields two solutions: the so-called advanced (G−) and retarded (G+) Green’s 

functions, which represent outgoing and incoming spherical waves: 

  
 





 

  


0

0

exp
,

4

ik r
G r

r
. (2.3) 

Note that these solutions only depend on the relative source-detector distance   r r r .  

When the system is time-reversal invariant,   *G G  in the frequency domain, and 

                                                        

1 c.f. (Akkermans and Montambaux 2007; Sheng 2006) 
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     G t G t  in the time domain.  In the presence of disorder, the position-dependent 

scattering potential  V r  is added to the Green’s function equation (2.2) to yield 

                  2 2
0 , , , ,k G V Gr r r r r r r . (2.4) 

The Green’s function G can be written in terms of a recursion relation from the free-space 

Green’s function G0 (homogenous solution): 

                  0 1 0 1 1 1, , , , , ,G G d G V Gr r r r r r r r r r . (2.5) 

Physically, this can be can be understood as the scattered Green’s function being composed 

of two parts: the free-space Green’s function propagating from the source to the detector, 

and the free-space Green’s function propagating from the source to a scatterer at point r1, 

and the scattered Green’s function propagating from there to the detector.  If we substitute 

(2.5) into itself, we obtain the series 

 

         

         

   

  

      

   







0 1 0 1 1 0 1

1 2 0 1 1 0 1 2 2 0 2

, , , , ,

, , ,

...

G G d G V G

d d G V G V G

r r r r r r r r r r

r r r r r r r r r r , (2.6) 

or, in operator notation,     0 0 0 0 0 0 ...G G G VG G VG VG  (2.7) 

or   0 0 0G G G TG . (2.8) 

It is now easy to see the series in terms of the ballistic, single scattering, double scattering, 

etc. contributions to transport.  In equation (2.8), the scattering matrix T represents the sum 

of all the multiple scattering.  Equations (2.6) and (2.7) are often expressed as a series of 

diagrams for convenience (Figure 2.1), where a dotted line with an  represents interaction 

with a scattering point. 
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Figure 2.1: Diagrammatic representation of a Green’s function in a multiple 

scattering medium. 

As mentioned, the details of the scattering potential V(r) are often too complex to be 

considered exactly.  Instead, one often adopts a model for the disordered scattering potential, 

where V(r) is characterized by some distribution.  Generally, V(r) is chosen such that 

  0V r , since any non-zero average can be incorporated into k.  On the macroscopic scale, 

we are concerned with the transport properties given by the average Green’s function G .  

Here we assume that the system as a whole is ergodic—that the macroscopic properties of 

the system are given by averaging over all possible configurations, or all possible realizations 

of the disorder.  The integrals in (2.6) then involve the products of free space Green’s 

functions and the potential distributions.  Because of the symmetry of V(r), all unpaired 

potentials vanish after configurational averaging, and only even terms that involve the 

correlations of the scattering potential       i j i jB V Vr r r r  persist.  This yields the 

following equation (also represented by the diagram in Figure 2.2): 

                 0 1 2 1 2 0 1 0 1 2 0 2, , , , , ...G G d d B G G Gr r r r r r r r r r r r r r . (2.9) 
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Figure 2.2: Diagrammatic representation of the averaged Green’s function. 

When the wavelength λ is much larger than the length scale of the scattering potential 

(or ℓ, the mean free path), we can make the approximation that these scattering potential 

correlations are simply constant (i.e. the scattering is independent of length scale).  In this 

case, we can rewrite the exact Green’s function in terms of the configurationally averaged 

Green’s function, which is a uniform medium Green’s function with respect an effective 

medium, wherein the waves propagate ballistically, but with a new, effective medium 

velocity, and the scattering losses from the forward direction.  That is, 

     0 0 0 e e e eG G G T G G G G T G , (2.10) 

with  , 0e eG G T . (2.11) 

In this Coherent Potential Approximation, or CPA, the transport through the medium is simply 

approximated as ballistic transport through a lossy, but uniform effective medium, with no 

scattering on average.  This simple approximation can nevertheless yield useful information 

about wave scattering and transport in the long-wavelength limit.  The effective medium 

Green’s function is then simply a free-space Green’s function with an exponential decay: 

  
 

 



   



exp
, exp /2

4
eik r

G r r
r

. (2.12) 
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2.3 Diffusion and Diffusons1 

While until now we have been concerned with transport of the field through the scattering 

medium, one may often wish to understand the transport of intensity, which from *I    

we can see is the product of two fields.  Therefore, to obtain information about transport 

beyond the effective medium picture, higher moments of the configurationally averaged 

Green’s functions need to be considered, that is, not only 

G , but *GG  must be calculated.  It is conceptually useful to consider these two Green’s 

functions as independent objects which each travel along their own path within the medium, 

and combine to yield the intensity. 

To investigate the transport of intensity, consider the propagation of a pulse (initially 

at r) through the scattering medium.  The average pulse intensity, or diffusion probability at 

a given point r′ and time t, is given by 

     
2

, , , ,P t G tr r r r . (2.13) 

Writing the advanced and retarded Green’s functions as Fourier transforms: 

        


   1 1 1

1
, , , , exp

2
G t G i t dr r r r  (2.14) 

        


  
*

2 2 2

1
, , , , exp

2
G t G i t dr r r r , (2.15) 

we obtain 

  
 

     
2

1 2 1 22

1
, , , , , , exp

2
G t G G i t d d    



    r r r r r r , (2.16) 

                                                        

1 c.f. (Akkermans and Montambaux 2007; Sheng 2006; van Tiggelen 1999) 
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where we now have 1 2     which is the frequency of the interference “beats” between 

the advanced and retarded Green’s functions, and is the relevant frequency to associate with 

the travel time of the intensity pulse. 

The equivalent to the CPA in terms of intensity is simply to consider the average 

intensity transport from the coherent, effective medium Green’s functions.  That is, 

      
2

, , , , , ,G t G t G t
 

  r r r r r r . (2.17) 

From equation (2.12), we then have 

  
 

0 2

exp /
,

4
eik r r

P r
r




 
 


. (2.18) 

In electronic systems, this is known as the Drude-Boltzmann approximation, and leads to the 

well-known Drude electrical conductivity. 

Beyond this approximation, one needs to consider correlations between the 

advanced and retarded Green’s functions which may influence the transport of intensity.  

Consider the scattering path taken by the two Green’s functions in Figure 2.3.  Here, the 

advanced and retarded Green’s functions follow different scattering paths, and on average 

have no phase relationship with each other.  They are uncorrelated, and will not contribute 

to the intensity transport beyond the Drude-Boltzmann approximation discussed earlier.  

However, consider the trajectories shown in Figure 2.4.  Along these identical trajectories, 

the two Green’s functions remain exactly in phase, thus contributing to the transport of 

intensity.  This pairing of Green’s functions is an object known as a diffuson.  In the diffuson 

approximation, only the diffusons contribute to the intensity transport. 
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Figure 2.3: Possible trajectories of the advanced (dashed) and retarded (solid) 

Green’s functions. 

 

Figure 2.4: Identical trajectories of the advanced and retarded Green’s functions; a 

diffuson. 

Along these identical trajectories, the two Green’s functions remain exactly in phase, 

thus contributing to the transport of intensity.  This pairing of Green’s functions is an object 

known as a diffuson.  In the diffuson approximation, only the diffusons contribute to the 

intensity transport.  Similarly to Figure 2.1, this process is often represented 

diagrammatically, as shown in Figure 2.5.  This diagram can be broken down into three 

separate processes.  First there is effective-medium, free propagation from the source r to r1 

(given by equation (2.18)) where the first scattering event occurs, then we have the sum of 

all the multiple scattering in the system from r1 to r2, represented by the “ladder” in the 

diagram, followed by free propagation again from the final scatterer r2 to the detector at r .   
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Figure 2.5: Ladder diagram representing a diffuson.  The diagram is equivalent to 

that of Figure 2.4. 

This diagram represents the integral 

        0 1 1 2 0 2 1 2, , , , , , ,dP P P d d    r r r r r r r r r r , (2.19) 

where the sum of all the multiple scattering contributions in the ladder diagram is known as 

the vertex function  .  Equation (2.19) and the diagram in Figure 2.5 are also sometimes 

represented as: 

 

Figure 2.6: Another diagram representing the diffuson.  The central portion Γ is the 

vertex function. 

 

Figure 2.7: Series expansion of the vertex function.   Each term in the series 

represents the sum of all the single, double, triple, etc. scattering trajectories of 

diffusons between r1 and r2. 
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The expansion in Figure 2.7 shows the vertex function in terms of the contributions due to 

single, double, and higher order multiple scattering events with respect to the effective 

medium.  Similarly to equation (2.7), the vertex function can be expressed in operator 

notation as 

      : : : : : : ...           e e e e e eU U G G U U G G U G G U  (2.20) 

or  : :   e eU U G G  , (2.21) 

where  signifies the outer product and    :   A B C D AC DB .  In these expressions, 

U is known as the irreducible vertex function, and it represents the entire single scattering 

contribution from the system1.  As in the single Green’s function case, we again have an 

iterative equation to find the transport through the system, though in this case it represents 

the transport of the intensity rather than the field. 

The calculation of Γ (and therefore Pd) is somewhat involved; however, it can be 

shown that in the weak-scattering limit (  or 1k ), Pd satisfies the equation 

      2 , ,di D P  
     r r r r r  (2.22) 

where D is known as the diffusion coefficient, and D v d  in d dimensions2.  Equation (2.22) 

is the Fourier transform of the familiar diffusion equation with a source term: 

    2 , , ( )D P t t
t

 
 

     
 

r r r r . (2.23) 

                                                        

1 This has been called “super single scattering” (van Tiggelen 1999) and it should be kept in 

mind that it differs from simply a single scattering event.  The same applies to higher order 

“super scattering” terms. 
2 Note that the relevant velocity here is the energy velocity vE.  v is used here in order to 

present the arguments of this chapter in a simple fashion. 
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Thus, the diffuson approximation, wherein all intensity transport is accomplished 

through paired Green’s functions with identical trajectories, combined with the short-

wavelength diffusion approximation, yields the familiar diffusive transport of energy for 

classical waves in a multiple-scattering disordered system. 

2.4 Introduction to Anderson localization1 

In 1958, P. W. Anderson originally proposed the idea of what we now know of as Anderson 

localization.  In this paper, entitled Absence of Diffusion in Certain Random Lattices, he 

anticipated the existence of systems wherein electron diffusion2, and transport all together, 

would cease.   In particular, Anderson’s original theory was a perturbation theory of the 

tight-binding approximation for electrons on a lattice with the addition of a randomly-

varying potential on each site.  Anderson found that, for a certain electron energies and 

widths of the random potential distribution, stationary Green’s functions (not decaying with 

time, as in the case of absorptive losses) that do not propagate spatially could be found.  

Paramount to Anderson’s arguments was the careful consideration of the probability of an 

electron, along its multiple-scattering path, to return to the same point more than once.  More 

specifically, the contribution to transport of successive multiple scatterings between two 

adjacent sites was removed, leading to localization for sufficiently strong disorder.  Another 

way to view this is that successive multiple scatterings from the same site(s) should be 

                                                        

1 c.f. (Anderson 1958; Thouless 1970) 
2 While Anderson’s original paper was inspired by work on quantum spin diffusion (Feher 

and Gere 1959), he considers charge diffusion equivalently in this work. 
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correlated (and preserve some coherence effects), the probability of transport is reduced 

when these repeated scatterings occur. 

This means that the random walk trajectory of paired Green’s functions, as shown in 

Figure 2.4, must be modified when the scattering path forms a closed loop, that is, when two 

of the successive scattering sites are the same.  Though it was not considered until several 

years later, Anderson’s ideas apply to the transport of classical waves as well (Anderson 

1985; John, Sompolinsky, and Stephen 1983; John 1984).  In the following sections, we will 

see how these closed loops affect classical wave transport in multiple-scattering systems. 

2.5 Cooperons, crossed diagrams, coherent backscattering1 

Consider the diagram of Figure 2.4 for the special case when r r ; we then have the path 

1 2  r r r r .  If the system is time-reversal invariant, there is an equivalent path 

2 1  r r r r .  Thus, an advanced Green’s function along one path can be paired with a 

retarded Green’s function along the time-reversed path and experience the identical phase 

shift, and therefore interfere constructively. 

 

Figure 2.8: The pairing of a Green’s function trajectory with its time-reversed partner 

(known as a Cooperon). 

                                                        

1 c.f. (Akkermans and Montambaux 2007; Sheng 2006) 
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This pairing of time-reversed Green’s functions is known as a Cooperon, and results 

in an enhanced return probability to the source.  In the case of r r (as shown in Figure 2.9), 

the Cooperon contribution is short-range, since there is a phase change between the 

advanced and retarded Green’s function trajectories. 

 

Figure 2.9: Cooperon contribution for r r . 

A diagrammatic representation of the Cooperon contribution shown in Figure 2.9 can 

be obtained by reversing the path of one of the Green’s functions in the diagram of Figure 

2.5.  The resulting diagram (below) is known as a maximally crossed diagram. 

 

Figure 2.10: A maximally crossed diagram representing a Cooperon. 

 The most common example of the Cooperon contribution to intensity transport is the 

coherent backscattering effect (see Figure 2.11 and Figure 2.12).  This phenomenon occurs 

when a strongly scattering sample is illuminated with a plane wave.  Because of the 

constructive interference of reciprocal paths, there is an enhancement in the reflected 

intensity in the 0   direction (directly back to the source). Because (in the backscattering 
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direction), for every scattering path there exists an exact reciprocal scattering path, the 

reflected intensity is enhanced by exactly a factor of two.  This enhancement, however, falls 

off quickly as θ is increased due to the rapid dephasing of non-identical advanced and 

retarded Green’s function trajectories, exemplifying the short-range nature of the Cooperon 

contribution1. 

 

Figure 2.11: Illustration of coherent backscattering effect.  When 0  , the two 

Green’s functions travel exactly reciprocal paths, resulting in enhanced reflection. 

 

Figure 2.12: Coherent backscattering effect measured for ZnO powder. Note that the 

width of the cusp is inversely proportional to the scattering strength 

( 1w k ).  (Wiersma 1995) 

                                                        

1 We will later see how Cooperon effects also can be long-range. 
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The coherent backscattering effect is a manifestation of what is known as weak 

localization, which refers to the Cooperon correction to diffusion, but where the disorder is 

insufficient to produce localized states.  These effects will be discussed in more detail in the 

next section. 

2.6 Hikami boxes and renormalized diffusion1 

The coherent backscattering effect is one example of how, through “closed-loop” trajectories 

(like that of Figure 2.8), Cooperons can affect the transport in multiple scattering systems.  

Such closed loops can occur whenever a scattering trajectory revisits the same spot. 

 

Figure 2.13: Closed loop trajectory permuting advanced and retarded Green’s 

functions via a Hikami box.  This diffuson self-crossing leads to a correction to 

diffusion.  (Akkermans and Montambaux 2007) 

Because the Green’s functions can be time reversed in any closed loop (provided the 

system is time-reversal invariant), the pairing of Green’s functions can be permuted at the 

revisited spot, so in addition to the standard diffuson trajectory, a trajectory also exists 

where the diffuson is temporarily converted to a Cooperon while traversing the loop.  This 

permutation of Green’s functions (which converts diffusons to Cooperons) is known as a 

                                                        

1 c.f. (Akkermans and Montambaux 2007; Hikami 1981; van Rossum and Nieuwenhuizen 

1999; Sheng 2006) 
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Hikami box.  Diagrammatically, the ladder diagrams of Figure 2.5 and the maximally crossed 

diagrams of Figure 2.10 are often represented by the diagrams of Figure 2.14, where the 

solid and dashed lines represent the advanced and retarded Green’s functions, and the 

shaded area represents the paired multiple scatterings, or ladder.  The Cooperon diagram is 

quite similar, only the Green’s functions cross, and the arrow on one of the Green’s functions 

is reversed.  The diffuson diagram may also be represented by straight (rather than wavy) 

lines, and often the arrows are omitted, unless needed for clarity. 

   

Figure 2.14: Another representation of a diffuson (left) and a Cooperon (right). 

The Hikami box is often represented by the diagram of Figure 2.15.  Here, the solid 

and dashed lines on the paired Green’s functions follow the solid and dashed lines of the 

Hikami box, and thus the pairing of Green’s functions is permuted.  The process of Figure 

2.13 would thereby be represented as shown in Figure 2.16.  Note that there are also higher-

order corrections due to these self-crossings, which would be represented as several of these 

diagrams connected in series. 

 a)  b)  

Figure 2.15: a) A Hikami box, b) connected to 4 paired Green’s functions. 
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Figure 2.16: Diagram of the self-crossing of a diffuson.  Equivalent to Figure 2.13. 

As in Anderson’s original argument, the effect of these revisited spots is to decrease 

the probability of transport.  This correction to the diffusion coefficient is known as 

renormalized diffusion.  The magnitude of this correction is proportional to the probability 

of a diffuson self-crossing occurring in the time it takes for waves to diffuse through the 

sample.  The characteristic time it takes for a wave to diffuse through a sample of size L is 

known as the diffusion time, and is given by 

 2 2
D L D  , (2.24) 

where D is the diffusion coefficient.  We will assume (for now) that the Cooperon correction 

is only a small correction to the normal Boltzmann diffusion coefficient D v d .  The 

diffuson/Cooperon path can be thought of as a convoluted “tube” in d dimensions, having a 

cross-sectional area 1d   and length Dv .  The probability of a self-intersection ( p


) (to first 

order) will be roughly given by the ratio of the tube volume to that of the entire sample 

( dV L ): 

 
 

21 1

12

1
dd d

D
dd d

v d
p

L L Lk

  
 

 

 
    

 
 (2.25) 

It is worthwhile here to introduce the concept of the dimensionless conductance, often 

denoted as g (c.f. (Akkermans and Montambaux 2007; Chabanov, Stoytchev, and Genack 
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2000)).  g describes the real conductance in electronic systems, and is related to the total 

transmission for classical waves.  Since p


 is related to the probability of a diffuson returning 

to the same spot (i.e. self-crossing), the transmission is inversely proportional; i.e. 1g p


 .  

The right-most form in equation (2.25) is useful in that it emphasises the three important 

factors in the Cooperon correction to diffusion: the scattering strength kℓ, the length scales 

in the sample ℓ/L, and the dimensionality of the system d.  It is worthwhile to note at this 

point that for a 1D system (d = 1), the probability of a self-crossing diverges as L , while 

it is constant in 2D and vanishing in 3D.  Though we have introduced the self-crossings as a 

correction to diffusion (weak localization), we will later see how it can lead to the existence 

of localized states, which is highly dependent on dimensionality. 

If we consider what we will call the Boltzmann irreducible vertex function UB of 

equation (2.20), we see the need to also include the contributions of the Cooperons, or 

maximally crossed diagrams, so we write the complete irreducible vertex function as 

 B C U U U , (2.26) 

where UC is the irreducible vertex function due to the Cooperon contribution.  UC represents 

all the possible closed loop paths in the system, so U (which represents one entire “single 

scattering” contribution) must also contain all the possible maximally crossed diagrams 

representing return paths to the single scattering event.  The Cooperon diagrams can be 

constructed identically to the ladder diagrams, with the condition that r r  (or more 

frequently k k , as the calculations are usually done in k-space), and UC is constructed in a 

similar way to the vertex function Γ, and is given by the recursion relation 

      : : : : : : ...C B B B B B
          e e e e e eU U G G U U G G U G G U , (2.27) 
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and can be shown by the diagram 

. 

Figure 2.17: The contribution of the maximally crossed diagrams to the irreducible 

vertex function.  This represents all closed-loop scattering paths within the system. 

The contribution of the Cooperon irreducible vertex function to the diffusion coefficient UC 

is then included as a correction term.  The magnitude of the correction to diffusion can be 

calculated in the weak-scattering limit (Sheng 2006), and is given by 

 BD D D  , (2.28) 

where 
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, (2.29) 

and DB is the previously mentioned Boltzmann diffusion coefficient.  Localized states (that is, 

the absence of diffusion) will occur when D = 01.  The critical system size for this to occur is 

known as the localization length ξ.  Setting D = 0 and L = ξ in equations (2.28) and (2.29), we 

find 
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. (2.30) 

                                                        

1 Note that this derrivation is approximate, and intended to convey the general concept of 

the effect of the dimensionality on localization.  We will see later that more rigorous 

calculations lead to a finite value of D even within the localization regime when L ≥ ξ. 
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In this approximation, the localization length always exists for any finite amount of scattering 

in one and two dimensions.  In 3D, there must exist some critical scattering strength kℓc 

where the transition to localized behaviour occurs – i.e. the mobility edge.  From equation 

(2.30), the localization length is only finite and positive if 

 3 1ck k    . (2.31) 

This is known as the Ioffe-Regel criterion for localization (Ioffe and Regel 1960; Mott 1974). 

2.7 Scaling theory of Localization1 

While the preceding arguments were conceptually useful in understanding the mechanisms 

leading to Anderson localization, they are only applicable for the description of diffusion and 

low-order corrections.  The cases of diffusion (extended states) and localization can be 

considered two different phases of transport in strongly scattering systems, and the 

transition between these phases is a critical phenomenon.  Based on the success of scaling 

theory to describe phase transitions and near-critical behaviour, the scaling theory of 

localization was developed to investigate the so-called Anderson transition.  Rather than a 

microscopic theory of transport, as discussed so far, the scaling theory is a phenomenological 

approach to understanding transport in strong-scattering disordered systems. 

For a system of finite size L, the width in frequency of a given mode of the system (δω) 

will be related to the time it takes for energy to be transported through the system.  This is 

known as the Thouless time Th , and we have: 

                                                        

1  c.f. (Abrahams et al. 1979; Kramer and MacKinnon 1993; Sheng 2006; Thouless and 

Edwards 1972; Thouless 1974, 1977; van Tiggelen 1999) 
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Th

1



 . (2.32) 

This mode width can also be thought of as the shift in frequency of a given mode due to a 

change in boundary conditions, as this is similarly related to the time it takes for a boundary 

condition change to propagate through the sample.  In the absence of internal reflections (c.f. 

§3.2.4), the Thouless time is equivalent to the diffusion time, and from equation (2.24): 

 2L   (extended). (2.33) 

In the localized regime, when the sample is larger than the localization length (L > ξ), a 

localized mode will be only evanescently coupled to the boundaries.  This results, on average, 

in an exponentially decaying probability of transport with increasing distance from the 

localized mode.  We expect then, that the time for energy to be transported through the 

sample will increase exponentially with sample size, i.e., 

 
Th

1
exp( / )L 


    (localized). (2.34) 

In order to quantify the frequency shift resulting from a change in boundary 

conditions, δω must be compared to the average spacing of the modes Δω.  The ratio of mode 

width to separation is known as the dimensionless Thouless conductance1, and is given by 

 Thg






. (2.35) 

                                                        

1 The symbol gTh is used to differentiate it from g, the usual dimensionless conductance 

introduced in §2.6.  Note that while in some cases, Thg g , this is not generally valid, and 

depends on dimensionality and geometry.  Thanks to Sergey Skipetrov for valuable 

correspondence on this matter. 
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The average mode spacing is inversely proportional to the density of states, which is 

proportional to the volume of the system, so in both regimes we have 

 dL   . (2.36) 

The parameter gTh is a measure of how well-separated the modes are, and is crucial to 

understanding the behaviour of the system as L is scaled.  Consider now coupling two 

samples together to make one larger sample.  If gTh is large, the modes in each original sample 

will overlap considerably, forming a nearly continuous spectrum (c.f. Figure 2.18). 





 Extended

      





 Localized

 

Figure 2.18: Example spectra for large/small (left/right) values of gTh.  The states are 

extended for large gTh and localized for small gTh. 

When the samples are brought into contact, the modes from one sample will also overlap 

with modes from the other, and these modes will then couple and extend throughout the 

new, larger sample.  Thus, the states will be extended when gTh is large.  If gTh is small, the 

modes in each original sample will be well-separated, and will be unlikely to overlap in 

frequency with the other’s modes when the samples are brought into contact, and therefore 

the modes will not couple.  Thus, the states will be localized when gTh is small.  Note that this 

also implies that states that are localized spatially will also be localized in frequency, thereby 

predicting an effect of localization on the level spacing statistics by eliminating level 



30 
 

repulsion due to coupled modes.  When the modes are extended, gTh scales with system size 

as 

 2
Th

dg L   (extended). (2.37) 

When the modes are localized, the exponential decay in the numerator of gTh overwhelms 

the power law behaviour in the denominator, and we have 

  Th exp Lg    (localized). (2.38) 

These formulae have important consequences concerning the dimensionality of the 

system.  For d = 1, gTh is continuously decreasing as L is increased.  This means that in 1D, all 

states are localized, provided the sample is sufficiently large.  This is in agreement with our 

previous conclusion that the localization length ξ always exists in 1D.  For d = 2, gTh is 

constant at this level of approximation, but a more detailed treatment also shows that gTh 

decreases with increasing L, and again all states are localized, and ξ exists.  However, in 3D, 

the scaling behaviour of gTh is different, increasing for extended states and decreasing for 

localized states as L is increased (that is, as L increased, small values of gTh get smaller, and 

large values of gTh get larger).  There must then exist a critical value gc which separates 

localized from extended systems in 3D.  These scaling properties are captured by the 

parameter 

 Thln

ln

gd

d L
  , (2.39) 

and the preceding arguments show that 
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This behaviour is shown in Figure 2.19. 

The consequences of this theory are quite striking, for such a seemingly simple set of 

approximations.  Without going into the details of the calculations, I will summarize some of 

the results here.  First, as we have already discussed, there is only a transition between 

extended and localized states in 3D, and all states in 1D and 2D are localized.  Second, we 

have assumed a smooth transition of β through the critical point, and this implies similar 

scaling behaviour just above and below the transition. 

 

Figure 2.19: Scaling function (β) behaviour for different dimensionalities.  The 

arrows show the direction of variation as L is increased.  (Sheng 2006) 

Near gc, but still in the regime of extended states, ξ is replaced with the correlation length ζ 

in the sample.  For convenience of notation, we will substitute ζ → –ξ, so that ξ alone 

characterizes the degree of localization, with negative values implying a positive correlation 

length in the diffuse regime.  Near the critical point, the scaling theory then yields 

(Sheng 2006)1 

                                                        

1 In (Sheng 2006), s is replaced with 1/s.  The more common format is used here. 

3D 

2D 

1D 

β(ln gTh) 

ln gTh 
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s

 


 , (2.41) 

where ε is a measure of the gTh-distance from the critical point and s is the single critical 

exponent controlling the transition 1 .  Furthermore, the function β behaves as a one-

parameter scaling function, that is, its behaviour should depend solely on gTh, and any 

dependence on the degree of randomness in the sample can be compensated by changing L.  

Thus, gTh is a function of only one parameter, namely the ratio L/ξ.  Because of the relation 

of gTh to the total transmission through the sample (c.f. footnote page 28), many of the 

predictions of the scaling theory can be tested experimentally.  The scaling theory of 

localization also predicts that the diffusion coefficient in the extended-but-near-critical 

regime should be renormalized such that it scales as 1/L, and therefore the diffusion time 

grows as L3 instead of the usual L2 dependence.  Finally, this scaling theory is well-suited to 

testing via numerical simulations.  Thus, the scaling theory of localization is a useful and 

testable theory in predicting several aspects of the behaviour of strongly scattering systems. 

2.8 The self-consistent theory of localization2 

In the preceding sections dealing with the microscopic theory of transport in strongly 

scattering systems and the Cooperon corrections to transport, we have already laid much of 

the groundwork for understanding what is known as the self-consistent theory of 

localization. 

                                                        

1  The correlation length exponent on the localized side is often denoted ν.  In 3D, it is 

predicted that ν = s (c.f. §3.2.7).  
2 c.f. (Sheng 2006; Skipetrov and van Tiggelen 2006; van Tiggelen, Lagendijk, and Wiersma 

2000; van Tiggelen 1999; Vollhardt and Wölfle 1980a, 1980b, 1992) 
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In equation (2.27), the Cooperon irreducible vertex function UC was calculated from 

a sum of time-reversed ladder diagrams, that is, as a function of UB.  This ignores all successive 

closed-loop diagrams that may occur along a scattering path.  Instead of introducing UC as a 

correction to the diffusion coefficient in the weak scattering limit, based on UB, the self-

consistent theory of localization calculates UC iteratively from the sum UC + UB.  In other 

words, the correction to diffusion is calculated not only based on the Boltzmann diffusion, 

but iteratively from the corrected diffusion itself.  So, where in equation (2.28), we 

previously had  BD D D  , we now have  D D D  .  Because D is no longer calculated 

from the weak scattering/long wavelength approximation, D is now allowed to vary with 

frequency, yielding D(ω).  D(ω) can be calculated from first principles diagrammatically, but 

it is instead simpler to write the self-consistent equation: 
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, ,
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P
D D k





  r r

r
. (2.42) 

Here,  , ,P  r r   represents the return probability for the point r, and is similar to  , ,P  r r  

in equation (2.19), with r r .  To find  , ,P  r r , we solve the diffusion equation 

      , , ,i D P          r r r r r  (2.43) 

Note that in equation (2.42), D is also allowed to vary with position (hence D = D(ω,r)), which 

accounts for the fact that D may be modified near the boundaries, since the contribution from 

closed loops will be affected by internal reflections as well as leakage through the surface. 

The benefits of the self-consistent theory are that it allows us to calculate, starting 

from a microscopic model, the behaviour of transport near the Anderson transition, and also 

well into the localized regime, since no weak-scattering approximations have been made.  
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This allows for a comparison with the results from scaling theory, as well as providing a 

means to compare with experimental results in this regime.  Since we know that all systems 

of sufficient size have localized states in 1D and 2D, this provides an excellent opportunity 

to test the results.  Furthermore, because the diffusion coefficient now contains both 

temporal (through its ω-dependence) and spatial information, more accurate predictions of 

the dynamics of transport in localized systems can be made.  
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Transverse Confinement near a Mobility Edge 
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3.1 Overview and History1 

The effects of Anderson localization are often inherently difficult to measure (especially in 

3D systems), as they are concerned with a regime in which transport ultimately ceases, and 

even small amounts of dissipation in the system can easily obscure these effects.  As 

discussed in §2.7, a transition from diffusive to localized behaviour (i.e. mobility edge) does 

not occur in 1D and 2D systems, making 3D systems of particular interest, especially in the 

vicinity of this transition.  The first convincing evidence of Anderson localization of classical 

waves in a 3D system (Hu et al. 2008) was obtained using the technique of transverse 

confinement, in which the effects of absorption cancel, removing this ambiguity.  In this 

chapter, I will describe the technique of transverse confinement, and how results from these 

measurements can be fit using the self-consistent theory of localization.  The results of my 

experiments will be presented, and we will see how this technique can be used to 

characterize the wave transport near a mobility edge. 

As discussed in §2.4, Anderson’s original theory was proposed for electron 

localization in a random system, and it was only later considered that localization could 

occur for classical waves.  While the electronic case is complicated by electron-electron 

interactions, finite temperatures, and magnetic field effects, Anderson localization of 

classical waves is a considerably simpler problem to understand.  Though experimental 

evidence of electronic localization existed (perhaps most notably via the quantum Hall effect 

(Klitzing, Dorda, and Pepper 1980)), the effects of Anderson localization were quite indirect, 

and interpretation relied on information that was imprecisely known.  Convincing 

                                                        

1 c.f. (Abrahams 2010) 
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experimental evidence of classical wave localization also remained elusive for some time, 

due to the complicating effects of absorption, which can both hamper, and be difficult to 

distinguish from, Anderson localization. 

The relationship between the average transmission through a strong scattering 

system and the dimensionless conductance (gTh or g) (c.f. §2.6 and footnote p. 28) allows one 

to predict the sample-size dependence of the transmission via equations (2.37) and (2.38).  

Experiments have been performed in quasi-1D (Chabanov et al. 2000) and 3D (Aegerter, 

Störzer, and Maret 2006; Wiersma et al. 1997) that measure the average transmission 

through samples of various thicknesses, and a notable example is shown in Figure 3.1. 

      

Figure 3.1: Transmission as a function of L in the diffusive (left) and localized (right) 

regimes.  Note that while the results look promising, the effects of absorption could 

be the cause of the behaviour shown on the right.  (Wiersma et al. 1997) 

These results, obtained for transmission of light through GaAs powders (3D system), 

show the predicted L-1 dependence for large kℓ (extended states) and exponential 

dependence for small kℓ (localized).  However, absorption effects also result in an 

exponential decay with L, so the results were have been viewed as questionable (van der 

Beek et al. 2012; Scheffold et al. 1999). 
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Experiments in 1D and 2D were performed that could measure the field directly at 

every point, which showed evidence of Anderson localization by mapping the localized 

modes (Billy et al. 2008; Dalichaouch et al. 1991; He and Maynard 1986).  However, such 

experiments were not possible in a 3D geometry.  Statistical signatures of localization 

(Chabanov et al. 2000) and time-dependent departure from diffusion (Störzer et al. 2006) 

were also observed, but direct, convincing evidence of Anderson localization in 3D still 

remained elusive. 

To cancel the effects of absorption, experiments were designed to measure the 

transmission of a focussed ultrasonic pulse through a slab-shaped sample as a function of 

both time and position 1  (see Figure 3.2 and Figure 3.3).  In these experiments, the 

transmission measured at a point directly opposite the source (on-axis) is compared to the 

transmission at an offset point (off-axis).  Because the time-dependent intensities are 

measured at both points, they should both be affected equally by absorption, which will then 

cancel when the ratio of off-axis to on-axis intensity is measured.  The effect of localization 

in these experiments is that the width of the “diffuse halo” grows more slowly than predicted 

by diffusion, and eventually saturates in the case of Anderson localization.  Through of its 

inclusion of time- and positional-dependent effects, the self-consistent theory of localization 

is capable of calculating the same behaviour theoretically, and fits to the data could be found, 

providing convincing experimental evidence of Anderson localization in 3D (Hu et al. 2008). 

                                                        

1 This technique was originally used to measure absorption-free diffusion coefficients in 

multiply-scattering acoustic systems (Page et al. 1995). 
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Figure 3.2: Schematic of configuration to measure the time-dependent width of a 

pulse transmitted through a slab sample.  Adapted with permission from (Cherroret, 

Skipetrov, and van Tiggelen 2010). 

 

Figure 3.3: Transverse confinement due to Anderson localization.  The width of the 

intensity profile saturates at long times.  (Hu et al. 2008) 

In my experiments and analysis, this technique is used to characterize the transport 

(diffusive or localized) and measure the localization length ξ, thereby locating the mobility 

edge and quantifying the transition from diffusion to localization.  As discussed in §2.6, a 

transition between diffuse and localized behaviour is only expected in 3D systems, and the 

transition is controlled by the scattering strength parameter kℓ.  In my experiments, kℓ is 

varied by changing the frequency at which the experiment is conducted, usually through 
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digital filtering of the results (c.f. §3.5.2.4).  Parameters such as k, ℓ, v, etc. should be 

considered to be the values for a particular frequency. 

3.2 Theory 

3.2.1 Overview 

In this section, I will present the underlying theoretical concepts relevant to the calculations 

necessary to fit the self-consistent theory of localization to the measured transverse 

confinement results.  While more detail will be given in the Experiments section of this 

chapter (§3.4), a basic understanding of the geometry and technique will be useful in 

understanding and motivating the theoretical discussions. 

The configuration considered is one of a 3D slab of a disordered medium.  The slab is 

sufficiently large to be considered infinite in two dimensions, while confined between the 

planes z = 0 and z = L in the third (i.e. a semi-infinite slab of thickness L).  The length scale of 

the disorder is approximately that of the mean free path ℓ, and the slab is many mean free 

paths thick ( L ).  A pulse is incident on one face of the slab, defining the on-axis position 

and constituting the source point (at t = 0, z = 0, and r = 0, where r z  in cylindrical 

coordinates).  The time-dependent transmitted fields are measured at the opposite face of 

the slab, to obtain  , ,L t r .  From this, the time-dependent transmitted intensity  ,T t r  

(often referred to as the time-of-flight, or TOF, profile)1 can be obtained, and this is the 

quantity with which the connection to the theoretical calculations can be made. 

                                                        

1 Often this is used to refer to the time-dependent intensity due to plane wave excitation (and 

therefore not a function of r).  We use the term more generally in this document. 
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3.2.2 ℓ, ℓs, and ℓ* 

Until this point, a single variable ℓ has been used to denote the mean free path of the waves.  

However, in the case of anisotropic scattering, there are two different mean free paths to be 

considered.  The scattering mean free path (ℓs) is defined as the average distance travelled 

by the waves before a scattering event occurs.  If, say, forward scattering is preferred, the 

wave may undergo several scattering events before its direction is randomized.  The 

transport mean free path (ℓ*) is the average distance travelled by the waves before their 

direction is randomized.  The transport and scattering mean free paths are related through 

the relation (Lenke and Maret 2000) 

  * 1 coss 
  , (3.1) 

where 
 cos

cos

d
d

d
d

d
d


















, (3.2) 

d d   is the differential scattering cross section, θ is the polar angle in spherical 

coordinates, and d is a solid angle element.  Thus *
s  (for usual case where forward 

scattering dominates over backscattering), with the two quantities only being equal in the 

case of isotropic scattering.  Both types of mean free paths enter into the theory at various 

points, so it is worthwhile to keep their difference in mind (Schriemer et al. 1997). 

3.2.3 Reflection coefficient and equipartition 

In order to calculate theoretical results from the self-consistent theory in our system (c.f. 

§2.8 and §3.2.4), we need to calculate the average internal reflection coefficient for the 

intensity.  The method of calculating the reflection coefficient for elastic waves was 
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developed by James Beck (unpublished), and is based on the work of (Page et al. 1995; 

Papanicolaou, Ryzhik, and Keller 1996; Turner and Weaver 1995; Zhu, Pine, and Weitz 

1991).  A detailed description of the calculation will not be given here, but we will discuss 

some of the important approximations and results. 

In these calculations, equipartition of energy between all polarizations is assumed, 

and should occur after only a few scattering events (Hennino et al. 2001; Papanicolaou et al. 

1996; Weaver 1982).  Only displacements normal to the interface between the sample and 

surrounding water will be partially transmitted, while all other displacements will be 

completely reflected.  The energy transport inside the sample is assumed to be diffusive, with 

a diffusion coefficient given by (Papanicolaou et al. 1996; Ryzhik, Papanicolaou, and Keller 

1996; Trégourès and van Tiggelen 2002) 

 
2 2 2 2

21 1

3 1 2
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D
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. (3.3) 

where vL and vT are velocities of longitudinal and transverse polarizations, respectively.  

Here it has been assumed (for simplicity) that the medium scatters isotropically (ℓs = ℓ*) and 

is non-dispersive (vp = vg).  We can use equation (3.3) to relate to the familiar form for the 

Boltzmann diffusion coefficient (c.f. §2.3).  We can define an effective velocity by using the 

energy-density-weighted velocities (via the density of states) as 
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Using 3eff effD v , this yields 
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The significance of the calculation of R and the effective velocity and mean free path to the 

self-consistent theory calculations will be further discussed in §3.5.1. 

3.2.4 Extrapolation length and effective thickness 

It will be useful to define the extrapolation length z0, given by (Page et al. 1995; Zhu et al. 

1991): 

 
 
 

*
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3 1

R
z
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. (3.6) 

z0 can be thought of as the effective increase in sample size due to the free propagation of the 

wave (over the distance ℓ*) and the internal reflections at the sample boundaries.  This gives 

the samples an effective thickness of  

 02effL L z  . (3.7) 

This provides the link between the diffusion time τD (§2.6) and the Thouless time τTh (§2.7); 

since the Thouless time defined as the time for energy to transfer across the sample, the real 

thickness is used: 
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 .  (3.8) 

However, for a slab geometry, the diffusion time can be thought of as a leakage rate of energy 

from the sample, wherein the internal reflections play a role, so it is defined in terms of the 

effective thickness: 
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 .  (3.9) 

This distinction between Thouless and diffusion times is often ignored; however, for large 

values of R (as in our systems) it becomes significant.  The definitions given here are not 
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universal in the literature, but are believed to be an important distinction, and are provided 

here for clarity. 

3.2.5 Self-consistent theory in open media 

From the self-consistent theory of localization discussed in §2.8, we need to calculate the 

frequency- and position-dependent diffusion coefficient  ,D  r  and the diffusion 

probability  , ,P  r r  in order to compute  ,T r t .  In a finite, open system, the self-

consistent equations (2.42) and (2.43) need to be solved with the appropriate boundary 

conditions, i.e. 

      0, , , , , 0B zP z L D z D P      r r r r  (3.10) 

at z = 0 and z = L (Skipetrov and van Tiggelen 2006).  The diffusion coefficient  ,D  r  and 

the diffusion probability (i.e. intensity Green’s function)  , ,P  r r  are calculated for all 

, , r r  via iterations of equations (2.42) and (2.43).  We then compute the leakage function 

 ,T  u , from  ˆ , , ,P z z u where i    , u is the square of the spatial Fourier 

transform variable for x,y (or r,θ in cylindrical coordinates), and P̂ is the spatial Fourier 

transform of P in the x,y  plane (Skipetrov and van Tiggelen 2006): 
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, (3.11) 

evaluated with z L  and *z  as the detector and source positions, respectively.  We use 

*z   as the source location rather than 0z   because the source in our experiments is 

coherent, and the waves must travel a distance of ℓ* into the sample before their direction is 
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randomized; that is, ℓ* is the location of the diffusive source.  In the diffuse regime,  ,T  u  

is a sum of poles along the α-axis (i.e. along the imaginary axis in the complex ω plane).  In 

transforming back to the time domain, these poles are included via contour integration, 

which is the reason for the ε→0 limit.  Since ω is then purely imaginary, the time-dependence 

is obtained through the Laplace (rather than Fourier) transform of  ,T  u , and along with 

the spatial Fourier transforms with respect to u, the time- and position-dependent 

transmission  ,T t r  is obtained, which can be compared with experimental results (van 

Tiggelen et al. 2007).  The special case of 0u  also yields the plane wave transmission 

perpendicular to the slab. 

3.2.6 Transverse width 

As discussed earlier (c.f. §3.1, Figure 3.2), the effects of absorption (which may obscure 

localization effects) can be cancelled by considering the ratio of the off-axis ( 0r  ) to on-axis 

( 0r  ) transmission, thereby giving a measure of the transverse width of the pulse.  The 

mean-square width of the pulse can be defined according to the second moment of the 

transmission (Cherroret et al. 2010): 
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If the wave propagation is diffusive, the spatial intensity profile will be Gaussian: 
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with  2 4 Bw t D t  (Hu et al. 2008; Page et al. 1995).  As localization effects become more 

important, the spatial intensity profile will no longer be Gaussian.  Nevertheless, following 

equation (3.13), a transverse width can be defined according to 
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, (3.14) 

where the transverse width is now dependent on r. 

 We see that in the diffusive case, the width squared grows linearly with time.  As the 

transition to localization is approached, the width squared begins to saturate, and grows 

subdiffusively with time.  At the localization threshold ( 0L   ), the width squared should 

saturate at approximately the sample thickness ( 2 2 1w L  ), and this saturation value should 

become smaller as the waves become increasingly localized, i.e. when L/ξ increases. 

3.2.7 Critical behaviour and stationary wave transport in the Anderson regime 

We will see that despite the many advantages of the self-consistent theory of localization, 

there are a few shortcomings, most notably in characterizing critical behaviour near the 

mobility edge (Cherroret et al. 2010). The critical exponent ν characterizes the localization 

length near the Anderson transition, via 

 0f f





  ,  (3.15) 

where the frequency f here plays the role of the disorder parameter, and f0 is the mobility 

edge.  Note the similarity of this equation to (2.41); here the frequency difference quantifies 

the distance from the mobility edge, and ν replaces s.  On the diffuse side of this transition, ξ 

represents the correlation length, with the transition is characterized by the exponent s, and 
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it is predicted by many studies that s = ν (Kramer and MacKinnon 1993; Sheng 2006).  A 

critical exponent of ν = 1 results from the self-consistent theory (Vollhardt and Wölfle 1982), 

but numerical simulations of Anderson localization have frequently reported varying results.  

Results closer to ν ~ 1.5 have been reported for simulations of electron localization 

(MacKinnon and Kramer 1983; Slevin and Ohtsuki 1999).  Simulations for acoustic (Pinski, 

Schirmacher, and Römer 2012) and elastic (Sepehrinia, Tabar, and Sahimi 2008) wave 

localization have yielded ν ≈ 1.57 and 1.89 respectively.  By fitting our experimental data to 

the self-consistent theory, we have already implicitly assumed ν = 1, and our fits cannot 

objectively measure this critical exponent.  An attempt has been made to combine the self-

consistent theory with the scaling theory of localization, and a value of ν = 1.5 emerges 

(García-García 2008).  It would be an interesting direction for future work to compare this 

theory to the results of the experiments described in this thesis.  Here, a simple theoretical 

model is presented1 to calculate wave transport through a slab in the localized regime, based 

on very general considerations that do not rely on the self-consistent theory.  This model is 

a stationary wave transport model, that is, it describes the continuous-wave (non-time-

dependent) transport of the modes of the system. 

The model is based on the simple consideration that the wave intensity should decay 

exponentially in the localized regime (c.f. §2.7), according to the localization length.  If we 

introduce the following propagator (to describe the intensity transport from r′ to r)2: 

                                                        

1 This model is courtesy of a private communication with Sergey Skipetrov. 
2 This propagator is motivated by a simple physical meaning: the wave diffuses as for weak 

disorder (~1/|r-r′|) for distances less than ξ, and is exponentially trapped beyond this. 
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(where C is an arbitrary constant), the plane-wave transmission through any slab segment 

within an infinite medium can be calculated by integrating over all source positions (r′) 

perpendicular to the direction of propagation z (where  ,r zr , with r z , as before): 
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z z
P z z d r P C



 
     

 
 r r , (3.17) 

which gives the expected exponential decay. 

We can then use the familiar method of images from electrostatics to account for the 

boundaries, as illustrated in Figure 3.4.  This method has also been used to calculate the 

transmission of diffuse waves (Carslaw and Jaeger 1959). 

 

Figure 3.4: Illustration of method of images.  The positive and negative sources cause 

the intensity to cancel at the extrapolated planes (dashed lines). 

We would like to measure the intensity at the position z = L, as indicated in the diagram.  To 

account for the internal reflections, the sample is effectively extended on each side by the 

z = 0 

L 

L+2z0 L+2z0 

z′ -z0 
-(2z0+z′) 

Detector at z = L 
 “Positive” sources (z = 2n(L+2z0) + z′) 
 “Negative” sources (z = 2n(L+2z0) – 2z0+z′) 
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extrapolation length z0, as discussed in §3.2.3, and the source is again at z′ = ℓ*.  We would 

like the intensity to vanish at the extrapolated boundaries, so we first introduce a “negative” 

source at –(2z0+z′) to cancel the intensity at the –z0 plane, and a second negative source at 

2(L+2z0) – (2z0+z′) to cancel the intensity at the L + z0 plane.  We then add another “positive” 

source at 2(L+2z0) – (2z0+z′) to cancel the effect of the first negative source at the L + z0 plane, 

and so on, ad infinitum.  We then obtain for the propagator: 

  
 

   

1 0

1 0 0
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,2 2 2n

P z n L z z
P z z
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 ,  (3.18) 

which we can rewrite more symmetrically by shifting the origin to –z0 as 
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where we have identified this propagator with the plane wave transmission, and added the 

subscript ω to emphasize that we are measuring the single-frequency transmission. 

We can also use this method to predict the shape of the transmitted intensity profile 

for the case of a point source.  In this case, we apply the method of images directly to equation 

(3.16), and add the appropriate source and detector positions to obtain 
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Some examples of the results of these calculations are shown in Figure 3.5. 
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Figure 3.5: Examples of stationary wave transport theoretical calculations.  Plane 

wave transmission is shown on the left, while the transmitted intensity profile for a 

point source is on the right.  The following parameters were used for the calculations: 

R = 0.67, ℓ* = 6 mm, L = 14.5 mm, and L/ξ = 1 was used for the right figure. 

3.3 Disordered bead network samples and mounts 

The samples investigated were disordered networks of aluminum beads, weakly brazed 

together to form slabs, an example of which is shown in Figure 3.6.  The brazed samples 

formed cylindrical slabs that were 12 cm in diameter and of varying thicknesses. These 

samples were created by Hefei Hu, and more details about their construction can be found 

in his thesis (Hu 2006).  The beads used were monodisperse and 4.01 mm in diameter, and 

the samples have a 45% porosity, consistent with random loose packing.  These samples 

exhibit strong scattering with low absorption in the frequency range investigated 

(≈ 0.5–2.5 MHz), and have previously shown convincing evidence of Anderson localization 

at some frequencies and diffusive behaviour at others (Hu et al. 2008), making them a good 

candidate to investigate localization effects near a mobility edge.   
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Figure 3.6: Example of one of the samples used in transverse confinement 

experiments.  Entire slab after being cleaned and polished (left), and a close-up taken 

before cleaning and polishing (right).  The small “necks” connecting the beads are 

clearly visible.  (Photo credit: Hefei Hu © University of Manitoba) 

The beads were brazed together sufficiently weakly that the spherical bead structure 

was relatively unchanged, with only small necks connecting the beads.  Due to the exclusion 

volume of the beads, some short-range order is unavoidable in the disordered bead network.  

Furthermore, while the beads were stirred before brazing, the mould used in the brazing 

process had flat sides, and some additional self-ordering may have taken place.  

Nevertheless, the resulting brazed network is largely disordered, with only short-range 

order visible in a few areas. 

 This medium is frequently referred to as a “mesoglass”, as it serves as a mesoscopic 

model of an atomic glass.  The individual aluminum beads play the role of the atoms in the 

glass, and the necks connecting the beads are analogous to the bonds.  This analogy provides 

a link to microscopic systems from ultrasonic experiments at a convenient scale. 
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Because the experiments were performed in a water tank, the samples were mounted 

into acrylic holders (such as the one shown in Figure 3.7) and waterproofed with plastic 

walls (that is, within the sample there is only aluminum and air, and the water is present 

outside the sample to couple ultrasonic waves into and out of the sample). 

 

Figure 3.7: Sample mounted in acrylic holder.  The slight yellowing on the surface of 

the sample is the remainder of the old epoxy, previously used to bond the walls to the 

sample.  The connection to evacuate the sample pores is visible on the right. 

In the earlier sample mountings, the walls were made of a sheet of acetate, and the sample 

was bonded to the walls using epoxy.  The surfaces of the slab are polished flat to ensure that 

the faces are parallel and to make good contact with the flat waterproofing wall.  Later 

experiments were also performed with the air evacuated to further reduce the absorption in 

the samples, and to prevent any possible path for the waves to be transmitted except for 
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through the aluminum matrix.  This allowed for the use of thinner, more flexible, 

waterproofing walls.  In these later iterations of the holders, the walls were made from cut-

up Ziploc bags, which were held to the sample surface by the reduced pressure (weak 

vacuum) in the sample pores.  Ultrasonic coupling was improved by applying a thin layer of 

vacuum grease to the inside of the wall material before attaching the wall to the acrylic 

sample holder.  The walls were affixed to the sample holder using a cyanoacrylate adhesive1.  

The sample holders were then wrapped in Teflon tape in order to absorb any stray signals 

that might be transmitted without going through the sample.  Some experiments were also 

performed with the sample pores filled with ethanol, in order to investigate the transport 

properties of this binary composite. 

3.4 Experiments 

3.4.1 Overview 

As roughly shown earlier in Figure 3.2, the experiments were performed in a water tank with 

a focussed ultrasonic pulse incident on the sample, with the transmitted waves measured in 

the near field on the opposite side using a miniature hydrophone detector.  A more detailed 

diagram is presented in Figure 3.8.  The signal was measured at several positions relative to 

the signal axis, so that the off-axis to on-axis intensity ratio could be used to measure the 

pulse width in a manner free from absorption effects.  In earlier experiments, seven detector 

                                                        

1 Commonly known as Super Glue.  Finding the correct combination of adhesive and wall 

material was crucial to getting this wall configuration to hold and not leak.  The 

cyanoacrylate adhesive (CA) bonds best when the adhesive layer is very thin, so the sample 

holder should be polished flat and smooth with the wall sheet laid on top.  The CA has a very 

low viscosity, and can be used to fill small cracks or leaks through capillary action.   
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positions were used (  0, ±15, ±20, ±25 mmr  ), while in later experiments 13 detector 

positions were used, in order to improve the statistics: 

                 , 0,0 , 15,0 , 20,0 , 25,0 , 0, 15 , 0, 20 , 0, 25 mmx y        . 

 

Figure 3.8: Point source experimental configuration.  From (Page 2011a), with kind 

permission of Società Italiana di Fisica. 

Ensemble averaging was accomplished by translating the sample, so that the entire 

set of detector positions was measured for many source positions on the sample surface.  

Usually, about 3000 source positions (55x55) were used for a given experiment.  The source 

positions were separated by about one wavelength, in order to utilize the maximum number 

of independent source positions available for each sample, while still staying near enough to 

the centre of the slab to avoid any possible edge effects.  For each pair of source/detector 

positions, the signal was repeated about 4000 times and averaged, in order to reduce any 

random fluctuations, such as electronic noise.  Where these details vary for specific 

experiments, they will be noted along with the results presented. 
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Because the scattering in these samples is so strong, the transmitted signals can be 

very weak.  Great care was taken to ensure that only signals that were actually transmitted 

through the sample were detected by the hydrophone.  To this end, a cone-shaped aperture 

was present at focal spot in order to block any side lobes or other stray signals that might be 

present on the input face of the sample.  A large baffle (with an opening for the sample – 

c.f. §3.3) was placed between the source side and detection side of the sample, to further 

block any possible stray signals. 

In each experiment, the input signal to the transducer was a Gaussian pulse with a 

large bandwidth, centred on the nominal frequency of the transducer (the results are later 

filtered digitally, in order to analyze the behaviour at specific frequencies).  This input signal 

was chosen in order to: a) maximize the power delivered to the transducer while, b) utilizing 

the entire bandwidth available, in order to obtain results for a large range of frequencies, 

and c) keep the input pulse short in time so that the time-of-flight intensity profiles could be 

easily measured. 

The details of the electronics and equipment will be discussed in several following 

sections. 

3.4.2 Electronics 

A basic block diagram of the signal path is shown in Figure 3.9. 

 

Figure 3.9: Block diagram of signal electronics. 

AWG 

Power Amplifier 

Digitizing 
Oscilloscope 

Computer 

Receiver Amplifier 

Experimental set-up 
(c.f. Figure 3.8) 

Trigger Signal 
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The following sub-sections deal with each step along the signal path in the order of 

propagation.  Since these experiments were performed over the course of several years, the 

data acquisition procedure and electronics used were modified as the experiments were 

improved.  Note that since RF signals were being used throughout these experiments, input, 

output and cable impedances had to be matched. 

3.4.2.1 AWG 

The input signal was generated using an Agilent 33220A Arbitrary Waveform Generator 

(AWG).  The signal used was the saved waveform labelled ‘GAUSS2’, which is a Gaussian 

pulse centred about the desired central frequency (fc) containing about two oscillations.  An 

example of one of the input signals is shown in Figure 3.10. 
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Figure 3.10: Sample input signal generated by AWG.  This example has a peak-to-

peak amplitude of 70 mV with a central frequency of 1 MHz.  Input signals of other 

amplitudes and frequencies have the same shape and relative bandwidth. 

The output amplitude of the AWG was between 60 and 600 mV (peak-to-peak), depending 

on the gain of the power amplifier used.  A pulse repetition time of 10 ms was used in these 
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experiments, in order to ensure that any echoes from the previous pulse had died off before 

the next pulse was produced. 

3.4.2.2 Power Amplifier 

Throughout the course of the experiments, several power amplifiers were used, depending 

on availability; however, the main features of the output signal were similar for all 

experiments.  The amplifiers used for these experiments were an Amplifier Research Model 

250L (operated in continuous wave mode), a Ritec High Power Gated RF Pulse Amplifier Model 

GA-2500A) (pulse amplifier – gating electronics were added to experimental set-up), or an 

E&I Instruments 2200L (continuous wave amplifier).  In each case, the output signal sent to 

the generating transducer was around 100-300 V (peak-to-peak).  

For the earliest experiments, the signal was amplified using the Amplifier Research 

broadband RF amplifier.  The input and output impedances of this amplifier are specified to 

be 50 Ω, but the input impedance appeared to be matched properly only when the gain was 

set to maximum (otherwise, cable reflections were observed).  The amplifier is quite robust, 

and is capable of operation without damage using any input or load impedance, and can be 

used in pulsed or continuous-wave mode.  Though a pulse was sought, significant distortion 

was introduced when using a gating/blanking signal, therefore, the amplifier was used in 

continuous wave mode, and the pulsing was accomplished by the signal generation 

electronics, as described in the previous section.  The amplifier is operated at its maximum 

gain setting, which yields a gain of approximately 62 dB.  When this amplifier was used, the 

AWG output amplitude was set to 100 mV p-p, for a signal of about 125 V sent to the 

transducer. 
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Some later experiments (after the Amplifier Research was no longer working) used 

the Ritec pulse amplifier, which had the advantage of considerably less noise produced 

(outside of the pulse window), but again the gating signal required additional electronics, 

and some distortion was introduced by the gating pulse.  The most recent experiments (those 

primarily featured in this thesis) used the E&I continuous wave amplifier, which had output 

gain and signal-to-noise ratio similar to the Amplifier Research, and did not require a gating 

input. 

Because the analysis of these experiments requires narrow bandwidth filtering of the 

data and ratios of signals, the exact pulse shape and amplitude are unimportant to the 

results, and will not be further discussed here. 

3.4.2.3 Transducers and aperture 

In these experiments, the transducers used were piezoelectric immersion transducers made 

by Panametrics.  A schematic diagram of these transducers and the field pattern they 

produce is shown in Figure 3.11. 

 

Figure 3.11: Schematic of focussing transducer and field pattern.  D is the transducer 

diameter and F is the designed focal length. 

While the -6 dB envelope shown above is the designed field pattern, there are other artifacts 

in the actual field pattern produced.  Because these experiments depend on having a single 
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point source, an aperture must be added to remove any side lobes and create a good point 

source at the sample surface (c.f. Figure 3.8). This will be discussed further in §3.4.3.  

3.4.2.4 Hydrophone detector 

The detector used in these experiments was an Onda HNC-0200 needle hydrophone (or 

similar older model).  This hydrophone features a small-diameter (~ 200 µm), high 

sensitivity piezoelectric element.  This detector is significantly smaller than one wavelength 

in our experiments, allowing a true measurement of the field at a single spot to be made.  The 

angular acceptance of the hydrophone is approximately Gaussian, with a standard deviation 

of σ ≈ 30° (as listed by manufacturer).  In our experiments, the distance from the hydrophone 

detector to the sample surface is less than one wavelength, ensuring that we are collecting 

the field originating from only a small area on the surface of the sample.  In the remainder of 

this chapter, we consider the hydrophone to be a perfect point-source detector on the sample 

surface (though the finite size does have an effect in some later experiments (c.f. §4.2.1.7). 

3.4.2.5 Digitizing oscilloscope computer 

The signals are acquired on a Tektronix TDS5052 digitizing oscilloscope computer.  This is an 

oscilloscope with a built in computer with a Windows operating system.  The data acquisition 

is automated by a Matlab program, which controls both the oscilloscope functions as well as 

the connected stepper motor controllers, which translate the sample and detector as 

described in §3.4.1. The signal averaging is done within the oscilloscope functionality of the 

device, and while the acquisition resolution of the scope is only 8-bit, the averaging is 

performed on a 16-bit resolution scale, which greatly improves the usable dynamic range for 

the acquired signals.  As discussed earlier, the signal-to-noise ratio is very small (≪1 in a 
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single acquisition) in these experiments, so care must be taken so that the unaveraged 

signals are not clipped (beyond the input range of the scope), even when the averaged signals 

appear quite small on the oscilloscope.  

3.4.3 Source and reference measurements 

In order to get an idea of the spatial extent and symmetry of the source, the signal emitted 

by the focussing transducer was scanned in the x-y plane (perpendicular to the transducer 

axis) near the funnel aperture at approximately the same distance as the usual distance 

between the funnel tip and the source plane of the sample.  The directivity of the source was 

also measured by performing a scan in the x-z plane.  Examples of the x-y and x-z source 

patterns are shown in Figure 3.12 and Figure 3.13. 

  

Figure 3.12: Example of the source field pattern in the x-y plane (parallel to the slab 

surface) at 1 MHz.  The figure is a map of the Fourier transform magnitude squared 

at a single frequency. 
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Figure 3.13: Example of the source field pattern in the x-z plane at 1 MHz. 

Other source maps will be shown in the results section where they pertain to specific 

experiments.  From these figures, one can see that there is some asymmetry to the source, 

despite our efforts in using the funnel aperture.  This may be due to diffraction effects and/or 

misalignment of the transducer axis with the aperture.  The peak of the source is also located 

about 0.7 mm diagonally from the centre of the grid.  This also could suggest a misalignment 

of the transducer axis with the aperture, or it may simply indicate a misalignment of the 

detection grid with the transducer axis.  The field map in the x-z plane shows that the source 

is not quite an ideal point source, as it has some directivity. 

For each experiment, a reference signal was recorded with the sample removed and 

the detector at the on-axis position.  The purpose of this signal is to determine the 0t   

point in the experiment – the time when the source pulse was incident on the sample, which 

allows one to properly set the time axis when looking at the time-of-flight and spatial 

intensity profiles (c.f. §3.2.6).  The reference signal also serves to measure the input 
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frequency and temporal profiles.  One example of a reference signal and its Fourier transform 

is shown in Figure 3.14. 
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Figure 3.14: Example of a reference signal and its Fourier transform.  Note the 

structure and overtones compared to the input signal of Figure 3.10. 

The reference signal shows significantly more structure and overtones in the Fourier 

transform than the input signal (c.f. Figure 3.10).  This could be due to imperfections in the 

transducer construction, or ringing due to imperfect damping of the transducer.  The strong 

overtones in this pulse may also be an indication that the detector was being saturated when 

this particular reference signal was acquired.  There could also be some artifacts due to 

reflections or misalignment within the funnel.  However, since the data are filtered with a 

narrow bandwidth, these are not of much concern, and the reference shows a pulse that is 

significantly broadband and temporally short.  The reference signal in these experiments is 

primarily used to determine the t = 0 point of the experiment (when the pulse is incident on 

the sample surface), and this purpose is easily served (c.f. 3.5.2.5). 
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3.4.4 Ballistic measurements 

Some of the parameters relevant to the analysis of these experiments can be determined 

experimentally if a ballistic signal can be measured.  This is accomplished using the setup 

shown in Figure 3.15.  In these experiments, the set-up and signals are basically the same as 

described in §3.4.1, except that the usual focussing transducer and aperture are replaced 

with a flat transducer in the far field to create a quasi-plane-wave input.  The transmitted 

field is scanned by the hydrophone in the near field.  While the scattered field will create a 

speckle pattern measured by the hydrophone, some portion of the field will pass through the 

sample ballistically, without being scattered.  When the field is averaged over all detector 

positions, the scattered signals will cancel, while the ballistic signal will survive.  When 

combined with a reference field map (with no sample present), the phase velocity (and thus 

k) and scattering mean free path ℓs can be measured. 

 

Figure 3.15: (Quasi) plane wave source experimental configuration, used for ballistic 

measurements.  Adapted with permission from (Schriemer 1997). 
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3.5 Results and Analysis 

3.5.1 Fortran calculations 

The position- and frequency-dependent diffusivity  ,D  r  (which becomes  ,D z  for the 

transformed frequency variable and due to the symmetry of the slab geometry) and the 

leakage function  ,T  u  are calculated iteratively from equations (2.42) and (2.43), as 

described in §3.2.4.  These calculations are performed using a Fortran program that was 

originally written by Sergey Skipetrov, and was later modified and improved by Lauren 

Hayward, Fabrice Lemoult, and myself.  There are a few useful things to know about 

obtaining reliable results from these programs, should the reader want to carry on this work. 

The user must select the physical parameters for each calculation performed.  These 

parameters along with their meaning are shown in Table 3.1.   

Table 3.1: Physical input parameters to self-consistent theory Fortran calculations. 

Parameter Meaning 

kℓs 
Scattering strength (c.f. Chapter 2).  Often can be determined 
from ballistic measurements. 

kℓc 
Localization threshold.  Of order unity (Ioffe-Regel criterion), 
calculated for a given kℓs and estimated L/ 

ℓs 
Scattering mean free path.  Often can be determined from ballistic 
measurements. 

ℓ* Transport mean free path.  Must be estimated. 

L Sample thickness. 

R 
Reflection coefficient.  Often can be estimated from ballistic 
measurements. 

 

In the ideal case, many of the parameters can be deduced from ballistic measurements (such 

as R, k (via the phase velocity vp), and ℓs – c.f. §3.2.3), requiring the user to only “guess” at the 
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values of L/ and ℓ* to fit the experimental data.  Note that the value of L/ is not directly 

input, but rather is calculated from kℓs and kℓc (c.f. §2.6).  The values of these parameters are 

not known exactly, but rather are simply used as a method to quantify the proximity to the 

mobility edge.  The relationship between L/ and kℓs and kℓc is given by the following 

equation (Skipetrov and van Tiggelen 2006)1: 

 
   

2 2
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, (3.21) 

where χ = kℓs/kℓc.  These calculations, when performed with sufficient rigour to be reliable, 

can take on the order of a week to complete.  This makes traditional grid-search least-

squares fitting methods wildly impractical, and a good sense of the behaviour of the 

calculation results, as well as reliable experimentally-determinable parameters, are 

paramount to success in finding good fits to the data. 

In addition to the physical parameters described above, the user must choose 

parameters that influence the way in which the calculation is performed, such as the 

resolution along the z-axis, given by the parameter m (the entire thickness L is divided into 

2 1m points), the range and resolution of  and u values to include, as well as the 

“convergence criterion” and the maximum number of allowed iterations.  These parameters 

must be chosen to give the calculation sufficient rigour to be reliable, at the expense of long 

calculation time.   

The basic routine of the program is as follows.  Starting with the largest value of  

                                                        

1  The equation in the given reference assumes ℓ = ℓ*, and kℓc = 1.  This more general 

expression is courtesy of a private communication with Sergey Skipetrov. 
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(corresponding to small t),  ,D z  is calculated across the sample thickness. This is chosen 

as a starting point because at short times, D should be minimally renormalized from the 

standard Boltzmann diffusion coefficient DB, which therefore is used as the starting value for 

the iterative calculations of the self-consistent equations (2.42) and (2.43).  At each iteration, 

 ,D z  is compared with that of the previous iteration, and if the percentage difference for 

each z value falls below the specified convergence criterion,  ,D z  is deemed reliable, 

 ,T  u  is calculated, and the calculation moves on to the next step in .  The previous 

 ,D z  is then used as the starting point for that of the current .  As the calculation moves 

to smaller values of alpha, it takes increasingly more iterations to converge, so a maximum 

number of iterations is also specified in order to keep the calculation from going on 

indefinitely.  Results in which the convergence criterion was not reached for some values of 

alpha may still be reliable, but they should be treated with caution.  Results in which  ,D z  

oscillates strongly as a function of z, or  ,T  u  oscillates strongly with alpha, are also red 

flags, indicating that the results of those calculations should be viewed somewhat skeptically, 

and they may need to be refined or ignored. 

In the diffuse regime,  ,T  u  is characterized by poles, where the position of the nth 

pole along the alpha axis is proportional to n2 (Skipetrov and van Tiggelen 2006).  As the 

mobility edge is approached, these begin to broaden and eventually overlap.  This behaviour 

is shown in Figure 3.16 and Figure 3.17, along with some examples of the behaviour of 

 ,D z  (Figure 3.18), so that the reader can get some sense of how these functions behave 

before they are transformed into functions that can be fit to experimental data. 
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Figure 3.16: Result of Fortran calculation in diffuse regime.  In this example, kℓc = 1, 

kℓs = 5, L = 14.5 mm, ℓs = 2 mm, ℓ* = 6 mm, R = 0.67.  This yields L/ξ ≈ -90.  These 

parameters were chosen to be near to those of our experiments while still yielding 

relatively diffuse results.  The diffusion poles are clearly visible.  The inset shows the 

predicted n2 scaling of the pole positions. 

Because of the long time-scale required to perform the Fortran calculations, it is 

worthwhile to note some of the trends in the transformed data, and how they relate to the 

input parameters1.  The transforms of the Fortran calculations yield the transmission as a 

function of r and time, so that they can be fit to experimental data.   

                                                        

1 The summer research report of Lauren Hayward provides additional information on the 

trends of the fit results with respect to the input parameters, beyond the general trends 

discussed here. 
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Figure 3.17: Result of Fortran calculation in the localized regime.  In this example, 

kℓc ≈ 1.71, kℓs = 1.7, L = 14.5 mm, ℓs = 0.76 mm, ℓ* = 6 mm, R = 0.67, which yields 

L/ξ = 2.  These parameters were chosen from measured ballistic data to fit 

experiments near 1 MHz.  The diffusion poles have broadened into an oscillating, 

decaying function.  The inset shows that the oscillations, while quite small, persist 

even to high values of α. 

The transforms of the data in Figure 3.16 and Figure 3.17 are shown in Figure 3.19 and 

Figure 3.20, along with their calculated width-squared. 
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Figure 3.18: Examples of the real part of D(α,z) in the diffuse (left) and localized 

(right) regime.  Results are shown at a few representative values of α.  The parameters 

used in the calculations are the same as those of Figure 3.16 and Figure 3.17. 
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Figure 3.19: Calculated time-of-flight (TOF) and width profiles in diffuse regime.  

These data come from the transformed data of Figure 3.16.  Note the exponential 

decay of the TOF profiles.  The width squared grows sub-linearly (inset shows width-

squared data on a log-log scale), but does not appear to saturate at long times. 
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Figure 3.20: Calculated time-of-flight and width profiles in localized regime.  These 

data come from the transformed data of Figure 3.17.  The width squared quickly 

saturates at a small value. 

In the diffuse regime, the decay of the time-of-flight profiles is well-described by an 

exponential function.  The curves for different r-values converge as time evolves, which leads 

to continuous growth of the width-squared.  The width-squared grows sub-linearly, showing 

a departure from purely diffusive behaviour (Page et al. 1995) even for parameters that are 

well-within the diffuse regime ((kℓs-kℓc)/kℓc = 4, L/ξ ≈ -90).  At longer times, the width-

squared calculated for different r-values also differs, indicating a departure from a Gaussian 

intensity pattern, which also means some departure from purely diffusive behaviour. 

In the localized regime, the time-of-flight profiles decay much more slowly than in the 

diffusive case.  At short times, the width-squared grows more slowly than the linear 

behaviour seen for diffusion.  At longer times, the time-of-flight curves remain well-

separated for the different r-values, causing the width-squared to saturate.  The large 

separation of the width-squared for different values of r indicates a significant deviation 

from Gaussian intensity profiles. 
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In general, greater values of L/ξ (i.e. more localized) cause the widths to become 

saturated more quickly and at smaller values of w2/L2 – this is the primary parameter that 

we are attempting to determine in fitting the data.  Additionally, greater values of ℓ* cause 

the widths at different r-values to separate by a greater amount.  The effect of changing the 

reflection coefficient R is to stretch out (or squeeze together) the curves in time, and is mostly 

compensated for by the corresponding change in diffusion time τD.  If the ballistic parameters 

can be reliably determined, the only remaining fit parameter is the diffusion time τD, which 

can be found using usual least-squares fitting methods.   

3.5.2 Results near mobility edge – experiments at 1 MHz 

3.5.2.1 Overview 

As discussed in previous sections, convincing experimental evidence of Anderson 

Localization was found for our samples using the technique of transverse confinement (c.f. 

§3.1, 3.1, 3.3).  This result was obtained at a frequency of 2.4 MHz, while at 200 kHz the wave 

propagation was well-fit by diffusion theory (Hu et al. 2008).  In between these frequencies, 

at least one mobility edge must exist, motivating our experiments around 1 MHz that seek to 

learn more about this transition.  These experiments were performed with Hefei’s sample 

#5 (as described in §3.3), with a thickness of L = 14.5 mm.   

3.5.2.2 Ballistic measurements 

As described in §3.4.3, ballistic measurements were performed on the sample to obtain some 

of the parameters useful for fitting the data.  First, a map of the plane-wave-source 

transmission is obtained in the method described.  However, because the source is not a 

perfect plane wave, these data need to be adjusted to obtain the true ballistic signal.  To 
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accomplish this, a map of the input signal in the source plane was also recorded, which serves 

as a reference signal as well.  An envelope of the signals at each position is used to determine 

both the peak time and amplitude of the input signal.  These results are shown in Figure 3.21. 

 

Figure 3.21: Peak time (left) and peak amplitude (right) patterns.  These data are 

used to correct the plane wave transmission to obtain the ballistic signal. 

The peak times and amplitudes are then used to correct, or “flatten”, both the 

reference (input) itself and the signals transmitted through the sample.  Once the signals 

have been corrected for the imperfect planar nature of the source, the fields recorded for all 

detector positions can be averaged together to obtain the reference and ballistic signals.  

These averaged fields are shown in Figure 3.22.  The graph on the right in this figure shows 

that the coherent portion of the signal (solid black) is very small compared to the multiply 

scattered signals measured at each detector position (dotted, coloured curves).  Ideally, if 

there is no ballistic signal present, the multiply scattered signals should completely cancel 

and average to zero.  However, since we have a finite number of detector positions, the 

residual signal present in the average may simply be the result of an incomplete cancellation 
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of the multiply scattered fields.  We would like a criterion to differentiate a true ballistic 

signal from incomplete cancellation of random fields. 
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Figure 3.22: Averages of time- and amplitude-corrected plane wave transmission 

signal and reference (left).  Note that the signal arrives earlier than the reference 

because the velocity through the sample is greater than that of water.  The graph on 

the right shows the signal recorded at a few randomly chosen detector positions, 

along with the average. 

Consider a collection of N random fields ψi(t).  Since the fields add linearly, and are 

then squared to obtain the total intensity, we have: 
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 , or,   1t N  .   (3.22) 

If the fields are completely coherent, we also know that 
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t t   . (3.23) 

Therefore, we can use the following criterion (which we will call the ballistic criterion, or BC) 

to determine if the measured average signals are actually ballistic: 
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The results of this analysis are shown in Figure 3.23. 
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Figure 3.23: Analysis to determine presence of ballistic signal for 1 MHz experiment 

(inset shows data before taking ratio on a log scale).  At early times, there is clear 

evidence for the presence of a ballistic signal.  The reason for the periodic fluctuations 

is unclear. The ballistic parameters are obtained from the average signal truncated to 

the region indicated by the × symbols. 

Before the signal arrives, we see BC on the order of 1/N, as expected for white noise.  

At early times, BC shows a huge enhancement above 1/N, indicating that a ballistic signal is 

present, and not just an incomplete cancellation of the multiply scattered random fields.  At 

later times, though the signals are clearly above the noise level, BC is again of order 1/N, 

indicating that the signals are only due to multiple scattering.  There also appears to be a 
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periodic fluctuation at early times.  The time between these peaks is approximately 4 μs, 

which seems to be too short to be due to the presence of multiple reflections of the ballistic 

signal within the sample (~ 10 μs), while still being significantly longer than the duration of 

the input pulse (~ 2 μs).  The reason for these periodic peaks is not known, but nevertheless, 

this analysis indicates a strong coherent component to the average field at early times. 

In order to extract the ballistic parameters (and ignore any other possible 

interference effects), the average transmitted signal is truncated to only the range of times 

contained within the first ballistic peak, as shown in Figure 3.23. 

By comparing the Fourier transform phase and amplitude of the ballistic pulse to that of the 

reference, the phase velocity and scattering mean free path1 can be measured as a function 

of frequency.  The transit time of the pulse envelope through the sample also allows us to 

measure the group velocity.  These results are shown Figure 3.24.  Note that these 

parameters are calculated from the Fourier transform of a very narrow pulse in time, so their 

frequency dependence may be considerably “smeared out”, and the results appear very 

smooth, even for frequencies where the ballistic signal is difficult to discern (c.f. caption 

Figure 3.24).  Near the centre of this frequency range, we calculate a value for the reflection 

coefficient of R ≈ 0.67 (c.f. §3.2.3 and §3.5.1), which we use as an estimate for the entire 

frequency range fit.  The effects of these ballistic parameters on the fitting results will be 

further discussed in subsequent sections. 

                                                        

1 The actual quantity measured by this analysis is the parallel sum of the scattering mean 

free path and the absorption length.  Since the absorption length is much greater than the 

mean free path, the contribution of absorption to the measured scattering mean free path is 

negligible (ℓa ≫ ℓs); listed data for aluminum states: α ≈ 0.01dB/cm → ℓa ~ 4 m (Mordfin 

2002)).  
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Figure 3.24: Frequency dependence of ballistically measured parameters.  The 

“tentative” results are indicated at frequencies where there was ballistic signal 

somewhat discernable from the 1/N analysis (as in Figure 3.23), but not significantly 

above the level of the fluctuations.  The “questionable” results are for frequencies 

where there was no clear evidence for a ballistic signal. 

3.5.2.3 Transmission spectrum and band gaps 

The experimental setup used to measure ballistic signals can also be used to estimate the 

total transmission through the sample as a function of frequency, which we will later find to 

be useful in understanding our results.  The amplitude transmission coefficient (shown in 

Figure 3.25) is calculated by dividing the average Fourier transform magnitude of the entire 

transmitted signal (as opposed to only the ballistic portion, as in the previous section) by 

that of the reference signal.   

The transmission coefficient shows a few clear band gaps in the frequency range 

investigated.  These band gaps are not due to Bragg scattering, as may be the case for 

phononic crystals (Yang et al. 2002), but rather arise from the coupling of the individual bead 

resonances.   
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Figure 3.25: Amplitude transmission coefficient from plane wave experiments.  The 

resonant frequencies of the individual (un-brazed) beads are indicated by the red 

arrows.  The data have been processed to remove the effects of known local AM radio 

stations, and have been 3-point adjacent-averaged to smooth out rapid fluctuations 

(more information on noise effects and removal can be found in §4.4.2.1). 

When the aluminum beads are weakly connected by brazing, much of the spherical structure 

remains, and the bead resonances couple to broaden into pass bands at and above the 

original resonant frequencies.  If the coupling is sufficiently weak, band gaps remain between 

the broadened resonant frequencies (c.f. (Hu et al. 2008; Turner, Chambers, and Weaver 

1998)).  These band gaps may in fact be beneficial in seeking to characterize the Anderson 

transition.  Near the upper edges of the pass bands, where the density of states decreases, 

mobility edges between extended localized states may be expected (John 1987). 
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3.5.2.4 Frequency filtering and convolution 

Because we wish to investigate the Anderson transition by varying the frequency (c.f. §2.6 

and §3.1), we need to filter the results of our experiments with a sufficiently narrow 

bandwidth to observe frequency-dependent effects.  To do this, the time-dependent 

transmitted fields were Fourier transformed and the field was multiplied by a Gaussian filter 

of the form: 

 
 

2

2
exp c

f

f f

w

  
 
  

 , (3.25) 

where fc is the specified central frequency of the filter, and wf is a parameter characterizing 

the width in frequency (this is proportional to a full-width-half-maximum (FWHM) of 

2 ln2fw ).  This product was then transformed back to the time domain, and time-domain 

envelope of the field was squared to obtain the intensity.  Note that multiplication by this 

filter in the frequency domain is equivalent to convolution of the time-dependent intensity 

with square of the Fourier transform of equation (3.25), which has the form: 

  
2

exp 2 fw t 
  

.  (3.26) 

This convolution kernel has a FWHM of 2ln2 fw , and has the effect of “smearing out” the 

time-domain signals.  The width should be chosen to optimize the trade-off between 

sufficiently narrow frequency filtering to observe the change in behaviour with frequency, 

without broadening the time-dependent features too much.  Generally, a width of wf = 15 kHz 

is used when filtering the data.  The kernel of equation (3.26) must also be convolved with 

the theoretical TOF calculations (such as those shown in Figure 3.19 and Figure 3.20) in 

order to properly account for the effect that the filtering has on the experimental data. 
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Because the transmission varies greatly as a function of frequency (c.f. Figure 3.25), 

actual frequency content of the filtered data may not be centered on the design frequency fc 

of the filter.  To account for this “frequency pulling” effect, the frequency-dependent intensity 

(similar to the square of Figure 3.25, calculated from the average intensity for the experiment 

being analyzed) is multiplied by the filter of equation (3.25) and the mean frequency of the 

filtered data fm is calculated from the first moment of this product.  This is illustrated in 

Figure 3.26. 
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Figure 3.26: Example of frequency pulling effect.  The mean frequency of the filtered 

data is shifted from the specified frequency of the filter. 
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3.5.2.5 Time-of-flight and width-squared analysis procedure 

As discussed in §3.2.1 and §3.2.6, the experimental quantities that we want to compare to 

theoretical calculations are the time- and position-dependent transmitted intensity 

(  ,T t r , or TOF profile – c.f. footnote p. 41) and the transverse width-squared ( 2 2w L ).  This 

section discusses the necessary steps to extract these experimental data. Recall that the 

experiments are done in the point-source configuration explained in §3.4.1.  Whereas 

previously, the transmitted fields were denoted  , ,L t r  (with the first variable indicating 

that the field was measured at the output surface of the sample, i.e. in transmission), we will 

now denote the transmitted fields as  , ,t r r  , where r′ refers to the position of the source 

with respect to the sample, and r refers to the transverse position, with r = 0 still indicating 

the on-axis field, relative to the source position. 

In the experiments, t = 0 is defined as the time at which the centre of the Gaussian 

input pulse is incident on the sample.  To measure this, a reference signal is recorded without 

the sample in place.  The time at which the reference pulse arrives at the detector occurs 

when the pulse has travelled the distance of the sample thickness (L) in water.  Using the 

known velocity of ultrasound in water, the t = 0 point can be calculated, and the time scale 

for the experimental data should be adjusted accordingly. 

Some ballistic transport may be present in these experiments (c.f. §3.4.3), and we 

would like to only consider the multiply scattered signals in our analysis.  To remove this 

signal, the time-dependent fields for each detector position are averaged over all source 

positions and subtracted; i.e. 

      , , , , , ,
r

t r r t r r t r r  


    .  (3.27) 
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The fields are then filtered as described §3.5.2.4, and the envelopes of the filtered 

fields are squared to obtain the time- and position-dependent intensities  , ,fI t r r , where f 

refers to the filter frequency.  These intensities are averaged over all source positions (and 

all detector positions with the same transverse displacement) to obtain the TOF profiles: 

    , , ,f f r
T t r I t r r


 .  (3.28) 

The standard deviations (over source position) of the intensities are also calculated, and 

divided by N  (where N is the number of source positions) in order to provide meaningful 

uncertainties that can be used in the fitting process. 

The same analysis as above can be also performed on the signals that are recorded 

before t = 0, in order to measure the contribution to the measured intensity due to electronic 

noise.  This noise level should be subtracted from the TOF profiles so that their behaviour 

can be observed for longer times, when the signals have nearly died away, without being 

swamped by noise. 

The width-squared profiles are then calculated from the ratio of off-axis (r ≠ 0) to on-

axis (r = 0) TOF profiles, according to 
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,  (3.29) 

with uncertainties propagated from the TOF profiles. 

3.5.2.6 Time-of-flight and width-squared fitting results 

The frequency range focussed on for the fitting was that of the central pass band shown in 

Figure 3.25: 0.86–1.135 MHz.  Many of the physical input parameters for the Fortran 

calculations were able to be determined from the ballistic measurements described earlier, 
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and the parameters relating to the grid spacing of the calculation itself were determined to 

be reliable through trial and error (c.f. §3.5.1)  The parameters used in the Fortran 

calculations used for fitting are shown in Table 3.2. 

Table 3.2: Input parameters for Fortran calculations. 

Parameter Meaning 

Frequency Range (MHz) 0.86 – 1.135 

kℓs 1.7 

ℓs (mm) 0.76 

ℓ* (mm) 6.0 

L (mm) 14.5 

R (reflection coefficient) 0.67 

m 1601 

Number of α-values 800 

Number of u-values 1200 

 

Over the range of frequencies investigated, the actual values kℓs varied from about 

1.6–1.8, and ℓs varied from about 0.7–0.8; the values in the table above were the calculated 

means.  A few tests showed that the results of the Fortran calculations did not depend 

strongly on these parameters over this range of values, so the same calculations could be 

used to fit the entire range. 

The parameter ℓ* was chosen mostly through trial and error.  The primary effect that 

ℓ* has on the calculations is to change the separation of the w2 curves (see fits below).  I found 

that ℓ* = 6 mm was the minimum value that gave sufficient separation between these curves.  

Larger values of ℓ* may be unphysical, as it means the sample is only a few multiples of ℓ* in 

thickness (though very strong multiple scattering is still observed), and it places the diffuse 
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source quite far from the input surface (c.f. §3.2.4) 1 .  ℓ* = 6 mm was used for all the 

calculations shown here. 

In order to map out the behaviour of L/ξ as a function of frequency, Fortran 

calculations were performed for the following values: {-70, -60, -50, -40, -30, -20, -15, -10, -

7, -5, -4, -3, -2.75, -2.5, -2.25, -2, -1.75, -1.5, -1.25, -1, -0.75, -0.5, -0.25, -0.125, 0, 0.125, 0.25, 

0.5, 0.75, 1, 1.25, 1.5, 1.75, 2, 2.25, 2.5, 2.75, 3}.  As previously mentioned (§3.5.1), L/ξ here 

provides a convenient parameterization for the fitting, and corresponds to values of 

(kℓs-kℓc)/kℓc = {-0.01–1.3}. 

The fitting was performed for each possible combination of filter frequency (for the 

data) and L/ξ (for the theory).  As described in §3.4.1, the detector positions used give three 

independent values of r = {0, 15 mm, 20 mm, 25 mm}.  This yields four TOF curves and three 

w2 that were fit simultaneously.  The output of the Fortran calculations has time scaled in 

units of 
Dt   (c.f. §2.6), and arbitrary intensity units.  For both the TOF and w2 curves, τD is a 

fit parameter used to scale the time axis, and is common to all curves.  For the TOF curves, 

there are two additional parameters, both of which cancel out in the ratio used to calculate 

the width-squared.  First, there is a multiplicative scaling factor to match the theory to 

experiment, and has no physical significance.  Second, the parameter τa is the absorption 

time, which is used to include the effects of absorption in the TOF theoretical calculation, by 

multiplying them by a factor of 

 exp
a

t



 
 
 

.  (3.30) 

                                                        

1 Thanks to Bart van Tiggelen and Sergey Skipetrov for helpful conversations on this subject. 
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Note that this is related to a different absorption length than discussed in §3.5.2.2, which was 

the absorption length of the ballistic pulse.  Here, we have 2
a a BL D   , where La is the 

absorption length associated with the multiple scattering component.  

A few characteristic examples of the fit results are shown in the figures below, and a 

table summarizing the results of the fitting follows.  For all the fits, early times were not 

included in the fit, as there are known problems with the theoretical calculations at early 

times.  These problems are exaggerated for larger values of r, so the range of fitting differed 

for different r-values.  The actual fitting range used can be seen from the graphs, as the fit 

results at early times are only displayed over range used for fitting.  In all cases, the latest 

time included in the fit was 275 µs, as the noise/fluctuations become extremely large at 

longer times.  Data in the range of 175–240 μs are shown in the following examples with 

open symbols.  This is done because of an artefact in the acquired signals: at just beyond 

200 μs, the acoustic signal from the generating transducer has been reflected off the front 

surface of the sample, and travelled back to the generating transducer.  This acoustic signal 

induces a small voltage in the piezoelectric generator, and this voltage is picked up 

electromagnetically by the receiving hydrophone (this exemplifies the extremely high 

sensitivity we have in our experiments, which is necessary to measure signals in such a 

strong scattering system).  Because of the relatively narrow bandwidth filtering used in the 

analysis, this pick-up signal is broadened significantly in time, so a large range of times (as 

indicated) is contaminated by this signal.  While the artefact is only visible in the data when 

the signals are small (near the band gap), the data have been omitted from the fitting at all 

frequencies for consistency. 
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Figure 3.27: Best fit result at fm = 1.0271 MHz.  The best fit at this frequency was 

found for L/ξ = -50, or (kℓs-kℓc)/kℓc = 0.34.  The parameters for this fit were 

τD = 185 µs and τa = 53 µs, with χ2ν = 10.6. 

The theory curves shown in Figure 3.27 were from the most diffuse (most negative) 

value of L/ξ that was calculated and fit the data.  The self-consistent theory calculations may 

not be so reliable in this regime – the program was designed for fitting near the mobility 

edge.  This is evidenced by the artefacts at the early times (t < 50 μs) in the theory (despite 

already cutting out more significant errors at even earlier times)1 , as well as very long 

diffusion time and small absorption time.  Still, we can qualitatively infer from these results 

that at this frequency, the transport character is well into the diffusion regime.  We attempt 

to better understand the behaviour at this frequency using fits to diffusion theory, shown in 

Figure 3.28. 

                                                        

1 A noticeable artefact is due to the finite time-resolution of the Fortran calculations.  Since 

the diffusion time is so long, the spacing between points in the original calculation is almost 

20 μs (10 points/τD).  The convolution gives a higher density of points, but the non-smooth 

behaviour at early times persists. 
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Figure 3.28: Results of diffusion fitting at fm = 1.0271 MHz.  The width-squared 

results (50–225 μs) were first used to determine D = 0.65 mm2/μs.  With this fixed, 

only the on-axis data was used for the TOF fit, yielding τa = 42.9 μs, with χ2ν = 3.7 

(ℓ* = 6 mm and R = 0.67 held for the fit).  The TOF diffusion calculations for all values 

of r are plotted (Fit courtesy of John Page). 

The width-squared results are first fit to a straight line, yielding 

D = 0.65 mm2/μs.  This is then held fixed (along with ℓ*, R, and z0), and only the on-axis TOF 

data is fit.  The off-axis TOF results are then calculated from diffusion theory using these 

parameters.  The diffusion coefficient of D = 0.65 mm2/μs gives the correct transverse 

spreading at long times, which according to equation (3.9), gives the very long diffusion time 

of 471 μs, which is several times larger than was found from the SC theory fitting (though 

the absorption time of 42.9 μs is similar).  The Thouless time of equation (3.8) gives 

τTh ≈ 33 μs, which roughly corresponds to the arrival time of the on-axis peak, as expected.  

We see that while this yields a good fit for the on-axis time-of-flight data, the off-axis 

behaviour is not well-described by this theory, especially at early times.  If instead the fits 

are performed individually on the TOF data for different values of r, allowing the parameters 

to vary independently, much better early-time fits can be obtained, but the diffusion 
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coefficient then varies greatly (by a factor of ~2) between the different r-values.  This 

disagreement between fit results and the data at early times, and as a function of r, indicate 

that D is not constant even at this diffuse-looking frequency, and is significantly 

renormalized, so  ,D  r  (c.f. §2.8) must be considered.  Neither the SC nor diffusion theory 

seem to entirely capture the behaviour, but even this far from the mobility edge, it is clear 

that corrections to diffusion are necessary. 

As we move closer to the mobility edge, the fit results become more reasonable.  

Figure 3.29 shows the results for L/ξ = -4, for which the best fit result occurs at 

1.0938 MHz. 
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Figure 3.29: Best fit result at fm = 1.0938 MHz.  The best fit at this frequency was 

found for L/ξ = -4, or (kℓs-kℓc)/kℓc = 0.014.  The parameters for this fit were 

τD = 26.7 µs and τa = 208 µs, with χ2ν = 4.8. 

The best fit frequency can be located with a high precision because the filtering is performed 

at frequencies separated by a very small step size.  An example of a plot of reduced chi-

squared versus frequency, used to determine the best-fit frequency, is shown in Figure 3.30. 
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Figure 3.30: χ2ν versus frequency for L/ξ = -4.  The minimum can be precisely 

identified at fm = 1.0938 MHz. 

One notable objective (more on this later) in fitting these transverse confinement 

data is the identification of the mobility edge in our system, and the some examples for the 

best fits at and around L/ξ = 0 are shown in several figures below. 
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Figure 3.31: Best fit result at fm = 1.0988 MHz.  L/ξ = -1 ((kℓs-kℓc)/kℓc = 0.0035), 

τD = 19.9 µs, τa = 165 µs, χ2ν = 8.3.  Here the bump in the data around 200 μs due to 

the electromagnetic pick-up is starting to become visible. 
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Figure 3.32: Best fit result at fm = 1.1000 MHz.  L/ξ = -0.5 ((kℓs-kℓc)/kℓc = 0.0017), 

τD = 18.1 µs, τa = 142 µs, χ2ν = 9.0. 
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Figure 3.33: Best fit result at fm = f0 = 1.1011 MHz.  L/ξ = 0 (i.e. at the mobility edge), 

τD = 17.0 µs, τa = 139 µs, χ2ν = 9.4. 



91 
 

0 50 100 150 200 250 300

 r = 0 mm

 r = 15 mm

 r = 20 mm

 r = 25 mm

 fit (L/ = 0.5)

Time (s)

1E-8

1E-7

1E-6

1E-5

1E-4
N

o
rm

a
li

ze
d

 I
n

te
n

si
ty

 
0 50 100 150 200 250 300

0.0

0.5

1.0

1.5

 r = 15 mm

 r = 20 mm

 r = 25 mm

 fit (L/ = 0.5)

Time (s)

w
2
/

L
2

 

Figure 3.34: Best fit result at fm = 1.1023 MHz.  L/ξ = 0.5 ((kℓs-kℓc)/kℓc = -0.0017), 

τD = 16.1 µs, τa = 128 µs, χ2ν = 9.5. 

The results of the fits are not perfect; the theory does not account for the kink in the 

behaviour of the data at around 75 μs, and the width-squared profiles are separated more 

than allowed within the range of reasonable parameters (c.f. §3.5.1).  Nevertheless, these 

results provide a reasonable estimate of the mobility edge, and provide a qualitative picture 

of how the TOF and width-squared results change as the mobility edge is crossed. 

The data can also be fit further into the localization regime (c.f. Figure 3.35).  Going 

up in frequency, fitting becomes increasingly difficult for two reasons.  First, the Fortran 

calculations take longer to perform – the highest value of L/ξ calculated was 3, and this took 

approximately 20 days to complete, running full-time on a 12-core processor1.  Second, 

above the mobility edge, the transmission through the sample drops rapidly (c.f. Figure 

3.25), and soon the signal-to-noise ratio becomes too low to make reliable measurements. 

                                                        

1 This particular calculation was run in 2 sections on the Orcinus server of WestGrid.  The 

processors are Intel Xeon E5650, each having 6 cores running at 2.66 GHz, with 2 sockets 

per node. 
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Figure 3.35: Best fit result at fm = 1.1094 MHz.  L/ξ = 2.75 ((kℓs-kℓc)/kℓc = -0.0093), 

τD = 7.7 µs, τa = 179 µs, χ2ν = 7.9.  Here the signals have become so small (especially 

off-axis) that the electromagnetic pick-up has a large effect. 

The results of the fitting for the entire frequency range analyzed are summarized in 

Figure 3.36.  The behaviour is closer to localized at the lower band edge, becomes more 

diffusive near the band centre, and crosses back over to localized near the upper band edge.  

The χ2ν values suggest that reasonable fits were obtained, except at the lower band edge. 

0.90 0.95 1.00 1.05 1.10

-50

-40

-30

-20

-10

0

L/ (left axis)

L
/

Frequency (MHz)

0

20

40

60

 


2 (right axis)




2

0.90 0.95 1.00 1.05 1.10

10

100

1000

10000

 Diffusion time (
D
)

 Absorption time (
a
)


s

Frequency (MHz)  

Figure 3.36: Fitting results for entire frequency range.  The graph on the left shows 

the resulting values of L/ξ and the χ2ν.  The graph on the right shows the diffusion and 

absorption times. 



93 
 

3.5.2.7 Critical Behaviour 

The fit values of L/ξ near the mobility edge were initially thought to be of particular interest, 

as they may reveal something about the critical behaviour of the Anderson transition.  The 

results near the mobility edge analyzed for critical behaviour are shown in Figure 3.37. 
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Figure 3.37: Critical plots for frequency dependence of ξ near the mobility edge, from 

fits to the self-consistent theory.  The inset shows L/ξ near the ME on a linear scale.  

f0 was found from the fits to be 1.1011 MHz.  The power law of ν = 1 predicted by the 

self-consistent theory is shown for reference.  A power law of about x0.95 actually 

provides a slightly better fit to the data on both sides of the mobility edge. 

At first, this graph seems promising, suggesting that these measurements could be used to 

measure the critical exponent that describes the transition.  However, there are some 

concerns.  As discussed in §3.2.7, the self-consistent (SC) theory assumes a critical exponent 

of ν = 1 in the localized regime.  Figure 3.37 shows a power-law dependence of ξ very close 

to this value on both sides of the mobility edge.  While this serves as some reassurance that 
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our results are consistent with the SC theory, it does not provide an objective measurement 

of the localization length ξ nor the critical exponent ν1. 

Clearly, another method is required to determine critical exponents of the Anderson 

transition.  We instead look to the simplified theoretical model described in §3.2.7.  The 

identification of the mobility edge from the transverse confinement experiments fit to the 

self-consistent theory allows us to measure ξ using equation (3.19) and (3.20).  We first 

attempt to measure ξ near the mobility edge using the static point-source transmitted 

intensity profile (equation (3.20)).  The transmitted intensity profiles were calculated from 

the data used for the transverse confinement calculations (but Fourier transformed rather 

than frequency filtered), and from maps of the transmitted intensity for a single point source 

(c.f. §4.4.2.4).  The intensities were averaged and binned according to their off-axis distance 

r for each frequency.  The results and fits for a few frequencies are shown in Figure 3.38. 

We notice a few things from this graph.  First, the fit is very strongly weighted by the 

points that are calculated from the transverse confinement data (r = 0, 15, 20, 25 mm) 

compared to the point source field map data.  This is because the transverse confinement 

data contains many more points, and should be statistically more reliable.  Still, it is 

encouraging to see that the point source map data is in agreement to approximately the 

magnitude of the fluctuations.  Second, notice that the value of L/ξ at 1.1017 MHz (just above 

the mobility edge frequency calculated from the self-consistent theory fits: 1.1011 MHz) is 

significantly larger than one would obtain from the SC fitting alone (which yields L/ξ ≈ 0.2 at 

1.1017 MHz – c.f. inset Figure 3.37). 

                                                        

1 Thanks to Sergey Skipetrov for helpful conversations on this subject. 
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Figure 3.38: I(r) for a few frequencies near the mobility edge.  The parameters for 

the fit are L = 14.5 mm, ℓ* = 6 mm, R = 0.67, as well as those given in the legend.  The 

error bars are the uncertainties due to the standard deviations of the data. 

This may be because the time-dependent experiments previously described were designed 

so that the effects of absorption would cancel out, whereas in the static analysis of the data, 

the absorption may still be a factor.  We expect the absorption to contribute to the effective 

localization length in the following way: 

 
1 1 1

aL 
 


,  (3.31) 

where ξ′ should replace ξ in equation (3.16) (c.f. §3.5.2.6).  We can then attempt to correct 

for the absorption by using equation (3.31) with the results of both the I(r) and the 

(dynamic) transverse confinement fitting.  From the result at 1.1017 MHz, we obtain 
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La ≈ 5.6 mm.  An attempt was also made to correct the data first in the time domain (before 

taking the Fourier transform), according to equation (3.30); however, increased noise due 

to this correction1 overwhelms any possible benefits.  

Critical behaviour can be investigated using the mobility edge found from the 

transverse confinement experiments and the results of the I(r) fits.  These results are shown 

in Figure 3.39. 
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Figure 3.39: Critical plot for ξ above mobility edge, as determined from I(r) (and the 

theory of §3.2.7).  The power law dependences of ν = 0.3 and 0.7 are shown, 

corresponding to estimates of the power-law trend for the localization length for both 

the effective and corrected (for absorption) data respectively. 

                                                        

1  Since the noise is time- and frequency-dependent, it is magnified at long times and at 

frequencies where the signals are small. 
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We see that ξ seems to have a relatively weak frequency dependence, even when the 

correction for the absorption length (as above) is applied.  It may be the case that for these 

measurements, the absorption may be sufficiently strong that it effectively masks the more 

subtle frequency dependence of I(r), where the relevant fits include large values of r near the 

band gap, where the signal-to-noise ratios are already quite small. 

To attempt to overcome some of the aforementioned difficulties, the critical 

behaviour can be analyzed using the plane-wave transmission data with equation (3.19).  

This is done by first setting the value of the constant C such that ξ = ∞ at the mobility edge, 

and then finding the value of ξ that corresponds to the transmission at frequencies above the 

mobility edge.  The results near the mobility edge, from the I(r) fits, can be used to estimate 

the absorption length La as before, and apply this correction to the measured localization 

length.  The results of this analysis are shown in Figure 3.40.  There is a small bump in the 

intensity just above the mobility edge, likely due to a very bright mode at that frequency, 

which survives the averaging (due to the plane-wave source and averaging over detector 

positions).  The uncorrected data seem to follow a power law of approximately ν = 1.6, while 

after the correction for the absorption length, a power law of around ν = 2 better describes 

the trend in the data.  These results will be further discussed in §3.6. 
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Figure 3.40: Critical plot for ξ above mobility edge, as determined from the plane-

wave transmission data (and the theory of §3.2.7).  The inset shows the intensity from 

which ξ was calculated, with a vertical line indicating the mobility edge.  The 

“corrected” data use an absorption length of La = 5.6 mm with equation (3.31).  Power 

law trends are estimates shown for reference. 

3.5.3 Results near 2 MHz with ethanol 

3.5.3.1 Overview 

It was previously shown that these samples exhibited localized behaviour at 2.4 MHz (Hu et 

al. 2008).  In order to investigate the effect of LDOS/scattering contrast (c.f. §4.4.3.3), the 

sample pores were filled with ethanol, and both ballistic (plane-wave input) and transverse-

confinement-type experiments were performed.  These results could then be compared to 
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those of the standard experiments with the evacuated/air-filled pores (“vacuum 

experiments”). 

3.5.3.2 Ballistic measurements 

The plane-wave experiments were analysed in the same manner as described in §3.5.2.2.  In 

the frequency range of interest (~ 2.0–2.8 MHz), the ballistic parameters were relatively 

constant, and measured to be ℓs = 1.0 mm, vp = 1.6 mm/μs, vg ≈ 1.7 mm/μs, which yield values 

of kℓs ≈ 9.4 and R ≈ 0.2 at ~2.4 MHz.  Compare this with the values found in vacuum 

experiments (Hu et al. 2008): ℓs = 0.6 mm, vp = 5 mm/μs, vg ≈ 5.2 mm/μs, kℓs = 1.8, and 

R = 0.82.  The ethanol-filled sample appears from these measurements to be much further 

from localized behaviour (since kℓs ≫ 1). 

3.5.3.3 Time-of-flight results 

The transverse-confinement-type measurements were analyzed as in §3.5.2.4 and §3.5.2.5.  

Because the behaviour was qualitatively similar over a wide frequency range, a large 

bandwidth could be used in the analysis.  The TOF and width-squared results are shown in 

Figure 3.41 and Figure 3.42, along with the results from the vacuum experiments.  Here we 

see that despite the fact that the ballistic parameters suggest that we should be well into the 

diffuse regime, we see what looks like a saturation of the width in the ethanol data.  No 

theoretical calculations from the self-consistent theory were found to come anywhere close 

to fitting these data with any reasonable parameters.  Our model does not appear to account 

for the behaviour of the wave transport in the ethanol-filled system.  This will be further 

explored in the discussion section of this chapter. 
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Figure 3.41: Time-of-flight profiles at fc = 2.4 MHz for ethanol and vacuum 

experiments.  Data have been filtered with a bandwidth of 100 kHz.  Results are only 

shown to 140 μs; beyond this, the profiles are near the noise threshold, and spurious 

signal reflections exist.  Raw vacuum data is the same set as used in (Hu et al. 2008). 
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Figure 3.42: Width-squared profiles, calculated from the data of Figure 3.41. 
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3.6 Discussion 

We have seen that in the 1 MHz range, the self-consistent theory can provide reasonable fits 

to the data, and can also identify the location of the mobility edge.  There are, however, a few 

concerns that should be noted regarding this fitting. 

First, as previously mentioned, while k, ℓs, and R are changing slightly (< 10%) over 

the range of frequencies being fit, the same values are used in all the theory calculations.  

While the changes in the theory (in a few test calculations) have seemed small for the range 

that these parameters vary, the effect may be significant enough to alter the fit frequencies, 

and may change the exact location of the mobility edge and therefore alter the criticality 

graphs above.  Furthermore, these parameters are increasingly difficult to determine near 

the band edge, and it may not be possible to measure them precisely.  Nevertheless, the most 

significant parameter in the Fortran calculations is L/ξ (which characterizes the distance 

from the mobility edge via equation (3.21)) rather than the exact values of k and ℓs.  The 

reflection coefficient R also primarily has the effect of stretching the calculated results in 

time, and therefore only significantly alters the diffusion time from the fits, and not the 

mobility edge location. 

The absorption is found to generally increase (smaller τa) near the band centre 

(where the transport is most diffuse), and the reason for this is not well-understood.  We 

also see that the diffusion time is decreasing as the transport becomes more localized, which 

is contrary to the intuitive idea that as transport slows, the waves become more localized.  

These effects may, to some extent, be due to the shape of the TOF and w2 curves not being 

perfectly described by the theory.  If one considers the curves shown in Figure 3.29 though 

Figure 3.34, one notices a bit of a “kink” in the w2 data at around 75 μs that is not shown in 
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any of the theory calculations.  To try to fit these data, the diffusion time is pushed to smaller 

values, in order to better match the slope of the early-time behaviour (where w2/L2 is 

growing most rapidly).  This short diffusion time causes the TOF profiles of the fits to decay 

more rapidly, which means less of an absorption effect needs to be included to fit the data, 

pushing the absorption time to larger values.  Because this feature in the data seems to be 

more prominent near the mobility edge, the values of τD and τa are most influenced here. 

The bandwidth used in filtering the time-of-flight data is also a concern.  As stated, 

the bandwidth wf used in this analysis was 15 kHz, corresponding to a Gaussian σ of 

10.6 kHz.  This means that even though we are stepping through frequencies in steps of 

100 Hz to find the best fit, we are still averaging the behaviour over a significantly wider 

range.  We may easily be smoothing out effects in our analysis that occur on a smaller 

frequency scale than this width.  Another concern regarding the finite bandwidth is that the 

different r-values actually have slightly different frequency content, based on the average 

transmission for each r-value.  This means the true central frequency of the filtered data (for 

a particular specified filter frequency) is actually different for each r-value.  For example, at 

the specified mobility edge of 1.1011 MHz (where the mean frequency fm is calculated from 

the average transmission), the on-axis mean frequency is actually 1.1020 MHz, while the 

r = 25 mm mean frequency is 1.0977 MHz.  This means that we are, in a sense, dividing the 

results from one frequency with those from another when calculating the width-squared, 

and are fitting slightly different frequencies simultaneously.  I attempted to correct for this 

by interpolating the data for each r-value independently, so that the mean frequency at each 

was the same.  However, one may notice that the separation between w2/L2 results at 

different r had equal spacing in the theoretical calculations, and that using the data from the 



103 
 

interpolated frequencies destroyed this feature in the data, and made for much worse fits 

than were shown here.  Thus, an equal treatment of the data for each r-value (i.e. being 

filtered by the same central frequency for fitting) gave much more reasonable results than 

trying to compensate for the differing frequency-pulling effects as a function of r, so it is likely 

that this effect also does not have a large negative effect on the quality of the results 

presented.  

So, despite these possible concerns, the SC theory still provides a good description of 

the data, and allows the mobility edge to be found.  As previously mentioned, the SC theory 

alone cannot be used directly to investigate the critical behaviour, but a measurement of the 

mobility edge is crucial to attempt to look at critical behaviour using the stationary wave 

transport theoretical arguments.  In the point-source measurements of this nature, 

absorption was seen to have a very large effect at large transverse distances, which may 

mask the frequency-dependent critical behaviour sought.  While the aluminum bead 

network with evacuated pores is a relatively low-loss system, the waterproofing walls are 

made from a soft plastic, which may be responsible for significant absorption.  Furthermore, 

the coupling between the walls and bead network was enhanced by applying a thin layer of 

vacuum grease to the inside of the walls.  While this had positive effects on the signal-to-

noise ratio, the grease may have introduced additional losses into the system.  This could be 

potentially improved by the omission of the vacuum grease; however, this would result in 

lower signal-to-noise ratios and therefore require additional averaging, increasing the time 

required to perform these already-long experiments. 

The plane-wave stationary wave transport data seems more promising as a method 

of determining the critical behaviour.  Without correcting for the absorption length, we 
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measure a critical exponent of ν ≈ 1.6, which is very close to the results of simulations for 

acoustic waves (ν = 1.57, c.f. (Pinski et al. 2012)), and still quite close to several other 

predictions and simulations for electron localization, where ν ≈ 1.5 (García-García 2008; 

MacKinnon and Kramer 1983; Slevin and Ohtsuki 1999).  If we include the correction for 

absorption, we get a value of ν ≈ 2 – consistent with the result obtained for an elastic wave 

simulation, where ν = 1.89 ± 0.17 (Sepehrinia et al. 2008).  Because the absorption length La 

is determined here only from the point-source stationary results, it is difficult at this stage 

to exactly determine the correct value of ν, but the results are within the range of theoretical 

predictions and numerical simulations, and further experiments and analysis along the lines 

of those presented in this chapter could finally provide an experimental measurement of this 

elusive parameter. 

The experiments with ethanol-filled pores also merit some further discussion.  The 

intensity profiles are not well-described by self-consistent theory, and appear to show the 

saturation effects of localization despite large values of kℓs measured from the ballistic data.  

Based on these data, we have considered the idea of the presence of two nearly-independent 

sets of paths (i.e. propagating modes) in the strong multiple scattering regime – one 

primarily confined to the solid aluminum network and one primarily confined within the 

fluid – that are only weakly coupled, due to the large impedance mismatch of the materials.  

The simultaneous existence of two sets of modes has been observed for coherent 

propagating modes in several solid-fluid systems, such as suspensions of plastic spheres 

(Cowan, Page, and Sheng 2011) and in animal bones (Hosokawa and Otani 1997; Mizuno et 

al. 2011), and multi-modal transport may also occur in strong multiple scattering systems 

such as ours.  The TOF profiles shown in Figure 3.41 may be showing that the intensity 
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transport decays quickly at first (through the ethanol network, where the leakage through 

the boundaries is strong due to good impedance matching), and then at longer times decays 

more slowly, with an exponent similar to that of the evacuated aluminum network.  The 

preliminary results presented in this thesis have motivated additional experiments and 

analysis, which are being carried out by Sébastien Kerhervé. 

3.7 Conclusions 

The results presented in this chapter represent a monumental task.  The experiments rely 

on extracting extremely small signals, only discernable above electronic noise due to 

considerable signal averaging, and the statistical trends in the data are only observed by a 

large amount of ensemble averaging as well.  The fitting of these sorts of experiments to 

theoretical calculations was originally done by our theorist colleagues in Grenoble, and 

prompted this response upon a viewing of my results1: 

I am really impressed by the incredible amount of work that you have performed and 

the great care to details in the analysis.  I actually always thought that making fits at different 

frequencies to obtain meaningful curves ξ(f) was unreasonably laborious enterprise but now 

you did it and that is very impressive! 

Measurements of the ballistic transport through a strongly-scattering medium have 

been used to determine the parameters necessary to calculate the theoretical results (in a 

reasonable time frame), and a method of determining the validity of the ballistic results has 

been established through the ballistic criterion (c.f. §3.4.3). 

                                                        

1 Sergey Skipetrov, private communication. 



106 
 

Significant progress has been made in the Fortran calculations and fitting of the self-

consistent theory results, paving the way for future analysis using these methods.  Trends 

were identified and programs were optimized to increase the efficiency of these very-long 

calculations.  An extensive library of functions related to batch-processing the data, fitting to 

multiple theoretical calculations, and viewing the results was written1, making this huge 

endeavour possible. 

We have seen that ultrasonic, transverse-confinement-type experiments can be 

performed to observe the absorption-free transport of classical waves in strongly scattering 

disordered systems, from the diffuse regime, through the mobility edge, and into the 

Anderson localization regime.  We also see that the self-consistent theory of localization can 

be calculated, and provides a reasonable good description of the transport near the mobility 

edge.  Even in the most diffusive results observed in these experiments the self-consistent 

theory incorporates important corrections to diffusion, needed to explain experimentally 

observed behaviour.  Even when we observe linear growth of the mean-square width as a 

function of time (c.f. Figure 3.27 and Figure 3.28 ), there exists some renormalization of the 

diffusion coefficient D that is not captured within the diffusion approximation. 

Fitting to the self-consistent theory has also yielded an experimental determination 

of the mobility edge for classical waves in a three-dimensional disordered system – a result 

that has been elusive to show convincingly.  While this result alone is significant, it also adds 

significant meaning to many other measurements, as other observed phenomena can be 

                                                        

1 Thanks to Laura Cobus for all her assistance in this task. 
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identified as occurring within (or not) the localized regime, and correlated with their 

proximity to the mobility edge. 

While the critical exponents on either side of the mobility edge (s, ν) were not directly 

measurable from the SC theory fitting results, we nevertheless see that our results indeed 

suggest that s = ν (c.f. Figure 3.37), in agreement with theoretical predictions.  By combining 

the measured mobility edge from the SC theory with the results from a stationary wave 

transport analysis, a preliminary experimental measurement of ν was obtained.  We see that 

our data yields a value in the range of ν ≈ 1.6 (when absorption is neglected) to ν ≈ 2 (with 

absorption correction) (c.f. Figure 3.40); these results are comparable to the results of 

several theoretical models (c.f. §3.2.7), and further experimentation and analysis may be able 

to refine these results. 

Transverse confinement measurements on a two-component system (with sample 

pores filled with ethanol) show some preliminary evidence for the coexistence of two 

diffusive modes of transport, and this has already sparked further investigation on this 

subject.  

Thus, the results of this chapter represent significant progress in the techniques used 

to observe and quantify the effects of Anderson localization of classical waves.  These results 

are the first of their kind, providing an absorption-free experimental determination of the 

mobility edge using the technique of transverse confinement.  They have also enabled a first 

measurement of the critical exponent of the Anderson transition for ultrasonic waves.  The 

methodologies presented provides a good foundation for future experiments on other 

systems or samples, and the results presented add important context to other experimental 

results. 
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Speckle Correlations and Distributions 
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4.1 Overview 

In the previous chapter, wave transport through a strongly scattering disordered system was 

characterized by considering the average transmission (as a function of time, and position 

with respect to the source).  In this chapter, we will see that the transport can also be 

characterized by considering the fluctuations in the transmitted fields.  By analyzing the 

correlations and statistics of the transmitted speckle pattern, new insight into the nature of 

the wave transport and the Anderson transition can be gained. 

Previous experiments measuring the speckle correlations in multiple scattering 

systems (de Boer, van Albada, and Lagendijk 1992; Scheffold et al. 1997; Sebbah, Pnini, and 

Genack 2000) observed long-range intensity correlations, which are characteristic of a 

departure from simple diffusion.  However, these systems still lie in the regime of relatively 

weak disorder, and correlations have previously been largely unexplored near the and into 

the Anderson localization regime.  We will see how the local density of states (LDOS) 

fluctuations are also related to the intensity correlations, and some studies have used 

measurements of the LDOS fluctuations to gain information about the correlations 

(Birowosuto et al. 2010; García et al. 2012; Krachmalnicoff et al. 2010; Sapienza et al. 2011), 

in some cases for localized systems.  The results presented in this chapter are the first known 

to directly measure the intensity correlations directly near the mobility edge and into the 

localization regime.  The connection with the LDOS fluctuations is also made experimentally 

though measurements of the speckle pattern statistics via Multifractality. 

The results presented in this chapter are from experiments that are quite similar to 

the transverse confinement experiments, and in fact some of the data from the exact same 

experiments are used, but analyzed in a new way.  This allows for a meaningful comparison 
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of the different methods used to characterize wave transport, eliminating any possible 

experimental discrepancies.  While most of the transverse confinement analysis used time-

dependent measurements to counteract the effects of absorption, the analysis presented 

here takes place in the frequency domain, from Fourier transformed data.  Though we lose 

the advantage of absorption-free measurements, the frequency resolution is not limited by 

finite-time bandwidth effect, and comparison with theoretical predictions in the frequency 

domain is possible. 

4.2 Theory 

4.2.1 Correlations 

The detailed expressions for the various correlation functions given in the following sections 

were primarily derived by Sergey Skipetrov, and were published in our paper together 

(Hildebrand et al. 2014), and are largely not reproduced here – this paper and associated 

supplemental material are referred to often, and are included as an appendix.  Rather, in this 

section I provide a reader with a conceptual understanding of the underlying mechanisms 

leading to the various contributions to the correlations and the general behaviour of the 

resulting functions.   

4.2.1.1 Overview 

In §2.3, the concepts of diffusion and diffusons were introduced through the second moment 

of the Green’s function *GG , and the ensuing self-consistent theory was built from a 

perturbative approach, where diffusion was renormalized through coherent scattering 

effects.  In this section, further information about transport is obtained though consideration 
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of the fourth moment of the Green’s function * *GG GG , which represents the intensity 

correlations.  In general, the intensity correlations of the system are given by1 
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The correlations are written in this way to emphasise that they represent the combination 

of four fields (or Green’s functions, equivalently).  The labels a, a′ and b, b′ represent the input 

and output “channels”, and could refer to frequency, position, or angle, depending on the sort 

of correlations being investigated.  A schematic representation of the transport of these fields 

through a sample is shown: 

 

Figure 4.1: Schematic representation of four-field transport through a strong-

scattering sample.  The a’s and b’s are the input/output channels, different possible 

scattering trajectories are shown. 

Note that in Figure 4.1 (and subsequent similar diagrams), the dashed lines are the 

complex conjugate fields of the solid lines (or retarded and advanced Green’s functions for 

solid and dashed, respectively) (c.f. §2.5).  The fields ψ(a, b) and ψ*(a, b) share the same input 

and output channels, emphasised by the parallel nature of the incident or exiting lines for a 

                                                        

1 Note that this differs from equation (1) in (Hildebrand et al. 2014) by an offset = 1.  This is 

done to note the contribution of the background intensity (§4.2.1.2) and to compare with the 

results from multifractality via equation (4.22). 



114 
 

given channel.  Within the sample, the scattering trajectories of the complex conjugate pairs 

may differ, leading to interference effects in the correlations (similar to the Cooperon 

contribution to intensity transport).  The different pairings of these fields within the sample 

leads to different classes of correlations of the intensity, the sum of which yields the total 

correlation of the intensity, i.e. 

 1 2 3 01C C C C C       (4.2) 

Each term in this sum corresponds to a different sort of field pairing, represented by different 

diagrams.  Following the diagrammatic representation already developed, we will see how 

these different correlations arise, and what measureable effects each term has. 

From an experimental point of view, it is often convenient (especially in ultrasonics) 

to measure the spatial intensity correlations for one source measured at two detection 

points.  In this case, a = a′, and Caabb′ is generally a function only of the separation of the 

detector points, yielding    aabbC C b C r
    .  We also compute frequency correlations, 

where a, a′, b, b′, represent frequencies instead of positions. This situation may be a little 

more difficult to visualize, but generally one can consider the correlations between cases 

where an input and output index are always in pairs, i.e. a = b and a = b′, or a = b′ and a′ = b, 

such that Δa = Δb, yielding    ,aabbC C a b C
     , where Ω represents the frequency 

difference rather than a positional difference. 
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4.2.1.2 Background intensity (the “1” term)1 

When each field trajectory is paired with its complex conjugate trajectory through the 

sample, the diagram of Figure 4.2 is obtained.  This diagram simply represents the average 

intensity transport through the sample, equivalent to the pure diffuson contribution 

previously discussed.  Because the correlation function is normalized by the average 

intensities, this simply contributes a value of unity.  It is worthwhile to note that because the 

primed and unprimed fields are never mixed, the range of “1-term” in the correlations is 

infinite; that is, a, a′ and b, b′ can be arbitrarily far apart, and the contribution is unchanged. 

 

Figure 4.2: Diagram representing the background intensity contribution to the 

correlation.  (Akkermans and Montambaux 2004) 

4.2.1.3 C1 correlations2 

Each primed field can also be paired with an unprimed field to obtain the diagram in Figure 

4.3.  When a = a′ and b = b′, the diagram is identical to that of Figure 4.2, and the contribution 

to the correlation is exactly unity in magnitude.  As a, a′, b, b′ are separated, the paired input 

and output fields begin to differ in phase and rapidly decorrelate.  This is the basis of the 

“speckle” in the intensity pattern of waves transmitted through multiple scattering systems.   

                                                        

1 c.f. (Akkermans and Montambaux 2007) 
2 c.f. (Akkermans and Montambaux 2007; Sebbah et al. 2000; Shapiro 1986) 
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Figure 4.3: Diagram representing the C1 correlations.  (Akkermans and Montambaux 

2004) 

The effect of C1 is therefore short-range, and for spatial correlations in a bulk, disordered 

medium, C1 is given by (Akkermans and Montambaux 2007; Hildebrand et al. 2014; Shapiro 

1986) 
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In a finite medium, a Bessel function correction term must be included to account for 

boundary effects.  The full expression used can be found in (Hildebrand et al. 2014), and for 

convenience of notation, we define the spatial C1 correlation term for intensities on the 

surface of a slab geometry sample to be 

    1 ,C r h k r k   .  (4.4) 

For frequency correlations, we have (Hildebrand et al. 2014; Sebbah et al. 2000): 
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where   ThL i      (written in this form to remind the reader of the dependence of 

α on Ω), and 2 2
Th D L   is the Thouless frequency ( Th Th1    , c.f. §2.7 and §3.2.4).  

Experimentally, this means that the C1 correlations die off within the range of the size of one 
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speckle, and provide a method to measure the wavelength or diffusion coefficient in the 

sample, via k or D.   

4.2.1.4 C2 and C3 correlations1 

The C2 correlations occur as a result of the crossing of two diffusons within the sample, so 

that the Green’s functions are permuted by a Hikami box (c.f. §2.6).  There are two diagrams 

that contribute to C2: 

 

Figure 4.4: The two diagrams representing the C2 correlations.  C2a is on the left, and 

C2b on the right.  (Akkermans and Montambaux 2004) 

As in the Cooperon diagrams (Figure 2.13 and Figure 2.16), these diagrams each contain one 

Hikami box, and their contribution will be proportional to the probability of a diffuson 

crossing, as in equation (2.25).  The magnitude of the C2 contribution will therefore be of 

order2 1/(kℓ*)d-1.  The range of C2 depends somewhat on the nature of the experiment, and 

on which C2 diagram is being considered.  In the case where a=a’, the left diagram in Figure 

4.4 (C2a) yields a short range correlation, as the fields at b, b’ will rapidly decorrelate for 

0b  .  The other diagram, C2b gives a long range correlation when a=a’, because the output 

                                                        

1  c.f. (Akkermans and Montambaux 2007; Pnini and Shapiro 1989; Stephen and Cwilich 

1987) 
2 In our development of the theory in §2.6, only isotropic scattering was considered.  ℓ* is the 

relevant parameter here (c.f. (Hildebrand et al. 2014), supplemental material, and references 

therein). 

  (a) (b) 
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fields are paired with their complex conjugate partner.  The functional form of the C2 

correlation is quite complicated, and depends on several experimental details; however, it 

yields the following approximations in 3D for spatial correlations (Hildebrand et al. 2014): 
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For frequency correlations, the functional forms are also quite complex, but we can make the 

following approximations (de Boer et al. 1992; Hildebrand et al. 2014): 
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C3 correlations are the result of two diffuson crossings within the sample, and yield 

the diagrams shown in Figure 4.5. 

 

Figure 4.5: The four diagrams representing the C3 correlations.  All of the diagrams 

are of the same order and range.  (Akkermans and Montambaux 2007) 

Because these diagrams involve two diffuson crossings, they will be of order1 1/(kℓ*)2(d-1).  

Due to the paired complex conjugate of both input and output fields, the C3 correlations will 

always be long-range, and this mechanism is what gives rise to universal conductance 

fluctuations in electronic systems.  As the diagrams suggest, when a=a′ the functional form 

of C3 will have the same structure as that of C2 (equations (4.6) and (4.7)).  Because of the 

 (a) (b) (c) (d)  
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dependence on 1/kℓ*1, the C2 and C3 correlations are expected to grow with the approach to 

Anderson localization.   

4.2.1.5 C0 correlations2 

It was originally thought that all intensity correlations would belong to one of the preceding 

classes, with higher order diagrams than those shown included as corrections.  More 

recently, a new type of intensity correlation was predicted, known as C0 

(Shapiro 1999).  These correlations correspond to the diagrams in Figure 4.6.  

 

Figure 4.6: C0 diagrams.  Originally, only the first diagram (C0a) was considered, and 

the second (C0b) was later considered.  A consideration of the final two diagrams was 

first given in (Hildebrand et al. 2014).  For spatial correlations with a=a’, only C0a is 

infinite in range.  ((Akkermans and Montambaux 2004), dotted line overlays added.) 

In these diagrams, the dotted line with the × represents the interaction with a single 

scattering site, in particular, the first or last scattering event in the trajectory.  The 

interpretation of the first diagram (C0a) is that the incoming coherent waves first scatter from 

some common site, and then continue on their diffusive paths through the sample.  This first 

diagram is short-range in Δa; if a ≠ a′ we have a diagram similar to that of Figure 4.2, modified 

                                                        

1 Frequently, the magnitude of the C2 correlations is predicted to be of order 1/g, where g is 

again the dimensionless conductance based on the total transmission.  While this is often 

equivalent to our expression (as in 1D), it is not necessarily true, and its use is avoided here.  

The same can be said for C3 of order 1/g2.  c.f §2.6. 
2 c.f. (Retzker and Shapiro 2002; Shapiro 1999) 

  (a) (b) (c) (d)  
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by interaction with the first scattering event.  However, if a = a′, the intensity correlations 

will be infinite-range in, and independent of, Δb – similar to how the background intensity 

term (Figure 4.2) has infinite range.  (The same can be said of C0b with a and b interchanged.)  

By comparison with Figure 4.3, we can easily see that the final two C0 diagrams are short-

range, and similar to C1.  Full expressions for the C0 correlations are again given in 

(Hildebrand et al. 2014), but note that the C0 contributions are the only ones that have 

infinite-range contributions (for a point source input)1.  From the asymptotic value of the 

measured correlations at long range, the magnitude of the C0 terms should be easily 

identifiable. 

A simple way to understand an infinite-range correlation conceptually is as follows.  

When a = a′, the origin of C0a is the local density of states (LDOS) fluctuations near the source, 

and indeed it has been shown that (Cazé, Pierrat, and Carminati 2010; van Tiggelen and 

Skipetrov 2006) 
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exactly, where ρ(r) is the LDOS.  The infinite-range nature of the intensity correlations due 

to C0a are more easily understood in terms of these LDOS fluctuations.  If one considers some 

wave source incident on a point in the sample, if the LDOS is high(low), more(less) energy 

will be coupled into the sample, and the transmitted speckle pattern as a whole will be 

brighter(dimmer).  Thus, the intensity correlations due to the LDOS fluctuations at the 

                                                        

1 Universal conductance fluctuation are infinite in range and occur as a result of C3 for a plane 

wave input. 
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source are infinite in range, since the intensity at all detection points, no matter how large 

Δr is, is affected in the same way. 

As shown in the diagrams of Figure 4.6, the C0a and C0c diagrams depend on the 

interaction with a scattering site (and therefore the LDOS) near the source, and so we denote 

the constant determining the magnitude of these terms C0(in).  Likewise, the C0b and C0d 

diagrams depend on the LDOS near the detector, and the constant determining the 

magnitude of these terms is C0(out).  The basic form of the C0 correlations is as follows 

(Hildebrand et al. 2014).  For spatial correlations, 
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where fb and fd are short-range functions involving exponential integrals.  Note that the C0c 

term has the same functional form as the C1 correlations.  For frequency correlations, we 

have: 
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Note that only the LDOS fluctuations at the source contribute to the infinite-range spatial 

correlations.  However, since the frequency correlations always have a = a′ as well as b = b′, 

there is symmetry between input and output (and diagrams (a) with (b), and (c) with (d) in 

Figure 4.6), so the LDOS fluctuations at both the source and the detector contribute to 

infinite-range frequency correlations. 
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4.2.1.6 Full expressions for the correlation functions 

Combining the contributions of all the correlations according to equation (4.2) and the 

expressions in the previous sections, we can write down the correlation functions in full 

form: 
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          * * (in) (out)
1 2 2 0 0 11 2 , 0, 1f f fC C A F L L F L C C C                , (4.12) 

where As and Af are constants proportional to 1/(kℓ*)2 (to leading order), and F2s and F2f are 

intermediate-range functions due to the spatial and frequency (respectively) C2 and C3 

contributions.  Since the F2 functions are normalized explicitly, and h(Δr = 0) and C1(Ω =0) 

are both unity, we find: 

   (in) (out)
0 00 1 2C A C C      ,  (4.13) 

where the appropriate A is used for either the frequency or spatial correlations.  It will later 

be shown that    0 0C r C     (c.f. equation (4.29)), which implies that As = Af.  More 

specifically from the theory (Hildebrand et al. 2014), 
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However,    * *
2 20, 0,s fF L F L , so the unknown constants of (4.14) are not the same for 

spatial and frequency correlations.  It will be useful to later refer to these expressions of this 

section when considering the various contributions to the correlation function. 
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4.2.1.7 Accounting for the finite detector size 

The full expression for the spatial correlation given by equation (4.11) is derived for a point-

like detector.  While the detector used in our experiments is quite small (subwavelength, c.f. 

§3.4.2.4), its finite size must be considered, because the correlation function is changing 

quite rapidly for small values of Δr.  To account for this, we must integrate the expression for 

the correlation function over all possible pairs of points contained with the two detector 

areas being correlated.  This is illustrated in Figure 4.7.  

 

Figure 4.7: Illustration of integration to account for the finite size of the detector. 

For a given detector separation Δr, we integrate the spatial correlation function 

evaluated at Δr′ = |r′2 - r′1| for all possible r′1 and r′2 contained within the detector areas.  

That is (Hildebrand et al. 2014), 
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where b(r) denotes a disk of radius b centered at r. 

The frequency correlations should also be corrected to account for the finite size of 

the detector.  To do this rigorously, an equation that depends on both Ω and Δr (combining 

both frequency and spatial correlations into a single result) would be required; however, we 
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do not have this result.   Because the spatial correlation function decays from Δr = 0, this 

integration reduces the value of C(Δr = 0).  Still, we know that the values of C(Δr = 0) and 

C(Ω = 0) must be equal, if we assume that the frequency and spatial correlations decouple, 

and we can use the magnitude of this reduction as an approximate method to correct the 

value of the frequency correlations.  From theory, the uncorrected value of 

C(Δr = 0) -1 = 1 + 2[As + C0(in) + C0(out)].  We take the ratio of this value to the corrected value 

of C(Δr = 0), and divide the frequency correlations theory by this ratio.  

4.2.2 Speckle distributions – Multifractality 

In the previous section, it was shown that the long- and infinite-range correlations of the 

intensity may be related to Anderson localization as the magnitude of their effects become 

important for small values of kℓ (c.f. §2.6).  The arguments of scaling theory (c.f. §2.7) can 

also be applied to the spatial distributions of the intensity (speckle patterns) to predict how 

they might scale with system size (Castellani and Peliti 1986; Janssen 1994; Wegner 1980).  

As in the case of other critical phenomena, the divergence of the correlation/localization 

length ξ at the Anderson transition (see equation (2.41)) implies a self-similarity of the 

system with respect to length scale (Aoki 1983; Soukoulis and Economou 1984), which is 

characteristic of a fractal pattern (Mandelbrot 1982).   

Because the intensity is never identically zero at any point in the system, the fractal 

dimension (which simply measures the scaling of the probability of occupation of a box of 

size b in a system of size L) of the intensity distribution is always identical to the Euclidian 

dimension d (Janssen 1994).  Instead, the scaling of the participation of the intensity in a box 

of size b is used to characterize the self-similarity of the system.  Specifically, the generalized 

inverse participation ratio (gIPR) is used, defined as 
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This represents the q-th moment of the normalized intensity Î  (such that the total integrated 

intensity is unity) for a system of size L divided into boxes of size b, such that 

P1 ≡ 1 and P0 ≡ n.  The scaling behaviour of Pq is given by the exponent τ(q), such that 

   q

qP L b


 ,  (4.17) 

where the angle brackets denote configurational averaging.  In the diffuse regime, the gIPR 

should scale just as if the intensity was homogeneously distributed (for box sizes larger than 

about a wavelength), i.e.  1q d q   , while deep in the localization regime (far from 

criticality), we expect τq = 0 (Evers and Mirlin 2008).  In the critical regime, however, the 

moments of the intensity scale with a different dimensionality, such that 

  1q qd q    ,  (4.18) 

where Δq is known as the anomalous dimension.  This is analogous to the anomalous length 

scaling of fractals, but the anomalous dimension may scale differently for each moment 

(value of q), hence the term multifractality.  Numerical simulations (Mildenberger et al. 

2007) and experimental measurements (Faez et al. 2009; Morgenstern et al. 2003) of the 

gIPR have been performed, wherein non-zero values of Δq have been observed approaching 

and within the localization regime.   

Conceptually, it is easy to see the connection between the q=2 gIPR and the spatial 

correlations of the intensity, as they both involve the spatial variation of the squared 

intensity.  In fact, the q=2 gIPR has a direct relation to the local density of states fluctuations 

(Gruzberg et al. 2011; Krachmalnicoff et al. 2010; Murphy, Wortis, and Atkinson 2011), 
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which we have already seen to be equivalent to the infinite-range C0 correlations.  Equation 

(4.16) for q = 2 can be rewritten as: 
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where Ib is the integrated intensity in a box of size b.  Here we have assumed that a single 

mode dominates for each pair of source/detector positions (due to their point-like nature), 

and that all modes contribute equally to the local intensity, making it proportional to the 

local density of states.  Combining (4.19) with (4.8), we see that 
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From (4.17) and (4.18), we have 

 2
2

dP L 
 ,  (4.21) 

so, we obtain (as in (Hildebrand et al. 2014)): 

  0 2log 1C   .
  (4.22) 

4.3 Experiments 

4.3.1 Overview 

The experimental configuration to measure correlations is identical to that of the previous 

chapter – a focussing transducer creates a pulse on one surface of a sample, the transmitted 

field is recorded by a hydrophone in the near field on the opposite side, as shown in Figure 

3.8, and the electronics are as described in §3.4.2.  The samples are the same disordered bead 

networks described in §3.3.  In fact, much of the raw data is the same as that used for the 
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transverse confinement analysis.  For the correlations, two different types of experiments 

are performed, described in the next two subsections. 

Experiments were performed on Hefei’s Sample 5 (L = 14.5 mm) for 500 kHz, 1 MHz 

and 2 MHz ranges, and with Hefei’s Sample 6 (L = 23.5 mm) for the 1 MHz range.  These are 

the two samples that have previously shown localized behaviour(Hu et al. 2008), one of 

which was the same as analysed in §3.5.2. 

The samples used in these experiments are good candidates to observe the effects we 

are interested in.  In addition to the benefits mentioned in §3.3, long- and infinite-range 

correlations are expected to increase near a mobility edge (c.f. §4.2.1), which we know exists 

due to the results of Chapter 3.  The surface of the sample has regions of either aluminum or 

air/vacuum (c.f. Figure 4.14), providing very high LDOS contrast, which should increase the 

infinite-range C0 correlations according to equation (4.8). 

4.3.2 Scanned-source experiments 

In these experiments, the transmitted signal was recorded at several detector positions for 

each source position.  The detector positions used were the same as in the transverse 

confinement experiments:  0, ±15, ±20, ±25 mmr  in earlier experiments, with more 

detector positions used in later experiments to improve statistics: 

                 , 0,0 , 15,0 , 20,0 , 25,0 , 0, 15 , 0, 20 , 0, 25 mmx y        . 

Also as before, ensemble averaging was accomplished by translating the sample, so 

that the entire set of detector positions was measured for many source positions on the 

sample surface, with on the order of 3000 source positions being used for a given 

experiment.  This sort of ensemble averaging is necessary to observe the infinite-range C0 
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spatial correlations (due to the C0(in) term) because multiple source positions must be used 

in order to sample the equivalent LDOS fluctuations of the source (c.f. equation (4.8)).  Note 

that from equations (4.11) and (4.12), the asymptotic (infinite-range) values of the spatial 

and frequency correlations can give the following information: 

   (in)
01  (scanned source)C r C    ,  (4.23) 

   (in) (out)
0 01  (scanned source)C C C    .  (4.24) 

4.3.3 Single-source experiments 

Single-source experiments were also performed, in which the source was not scanned, and 

the correlations between each pair of over 3000 detector positions were calculated.  Because 

the source was not scanned, no LDOS fluctuations were present at the source, supressing any 

C0(in) correlations shown in equations (4.11) and (4.12).  From the asymptotic values of the 

correlations, we then expect the following results: 

   1 (single source)C r   ,  (4.25) 

   (out)
01  (single source)C C   .  (4.26) 

In order to obtain better statistics, the single-source experiment was repeated for several 

different detector positions; however, the results of these experiments were averaged 

together only at the final stage of analysis so that the C0(in) correlations would remain 

suppressed. 

To compare the results from the single- and scanned-source experiments, it is 

imperative that the characteristics of the source and detector are the same for both 

experiments.  Since the same transducer, hydrophone, and other electronics are used in both 

experiments, the most important parameter to control are the distances between the 
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source/detector and the sample.  To accomplish this, the single- and scanned-source 

experiments were performed immediately following each other, and the source and 

hydrophone positions relative to the sample surface were maintained. 

4.3.4 Ethanol experiments 

A few experiments were also performed with the pores of the sample filled with ethanol, 

rather than air/vacuum.  These experiments were motivated by a desire to understand the 

role of the LDOS contrast between the two components of the sample, while maintaining the 

exact same scattering geometry.  The ethanol filling was performed by first evacuating the 

sample and then allowing ethanol to flow into the evacuated pores.  All other factors in these 

experiments were kept as similar as possible to the previous ones. 

4.4 Results and Analysis 

4.4.1 Overview 

In referring to these experiments, we use the variable x to denote the source position and r 

to denote the detector position relative to on-axis (as before). 

Data acquired at each (x,r) were Fourier transformed to obtain the spectral intensity

 , ,I f x r .  For the scanned-source experiments, spatial and frequency correlations were 

calculated according to: 

  
   

   

, , , ,
,  (scanned source)

, , , ,
x

x x r

I f x r I f x r r
C f r

I f x r I f x r r


 


,  (4.27) 

  
   

   

2, , 2, ,
,  (scanned source)

2, , 2, ,
x

x x r

I f f x r I f f x r
C f f

I f f x r I f f x r

 
 

 
,  (4.28) 
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where we have moved away from the angular frequency units of the theory section of this 

chapter (with 2 f   and 2 f  ), in order to compare more directly with experimental 

results.  Note the zero-separation correlation for both spatial and frequency correlations are 

equivalent, and related to the intensity variance via 

      , 0 , 0 var , , 1C f r C f f I f x r         .  (4.29) 

For the single-source experiments, the results for different source positions were 

only averaged together at the last step, to remove the C0(in) contribution (c.f. §4.2.1.5), and so 

the correlations were calculated according to: 

  
   

   

, , , ,
,  (single source)

, , , ,
r

r r x

I f x r I f x r r
C f r

I f x r I f x r r


 


,  (4.30) 

  
   

   

2, , 2, ,
,  (single source)

2, , 2, ,
r

r r x

I f f x r I f f x r
C f f

I f f x r I f f x r

 
 

 
.  (4.31) 

The error bars shown for the correlations shown in the subsequent graphs simply 

correspond to the statistical uncertainty in the mean of the measured data.  Note that both 

of these calculations treat all source positions as independent, even though the fields due to 

adjacent sources may be somewhat correlated.  This would mean that the number of effective 

source positions is fewer than the total number of source positions, and this may make the 

error bars shown (based on the statistical uncertainty in the mean of the data) slightly 

smaller than they should be. 

A measure of the noise level in the experiment was also possible by taking the Fourier 

transform of the recorded waveform before the initial signal arrived.   Because we are looking 

for intensity correlations above that of (Gaussian) noise, we want to avoid regions where the 
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signal-to-noise ratio (SNR) is very low.  We calculate    , , ,
x

I f r I f x r and first subtract 

the average noise level.  After this subtraction we compare the remaining signal to the 

average noise level itself, and then ignore  ,f r  combinations where remaining signal is less 

than the noise level (which corresponds to when the SNR < 2).  This generally occurs for 

frequencies in a band gap and/or large values of r (far from the source axis). 

4.4.2 Sample 5 (L = 14.5 mm), 1 MHz range 

4.4.2.1 Average transmission – scanned-source experiments 

First of all, it is useful for reference to have a picture of the average transmitted intensity 

through the sample as a function of frequency for various values of r, as shown in Figure 4.8.  

As we saw in Chapter 3, a mobility edge exists at around 1.1 MHz, near an upper band edge.  

We might expect, then, that the behaviour of the correlations could be closely related to band 

structure, as revealed by the transmitted intensity.  In the subsequent analysis, it may 

frequently be useful to refer to Figure 4.8 to help understand the results. 

There are a few features to note in this figure.  First, one immediately sees that the 

noise is not simply a flat background, but rather contains large spikes (with side-lobes) at a 

few frequencies.  By considering the specific frequencies at which these spikes occur, I 

conclude that they are due to local AM radio stations (680, 810, 990, 1050, 1250, 1290 kHz). 

This electronic “noise” was picked up strongly when the hydrophone was immersed 

in the water tank, and was observed to be greater when the water started to become dirtier, 

likely due to the increased conductivity of water when dissolved ions are present1. 

                                                        

1 Thus, efforts should be made to keep a clean water tank, with filtration whenever possible! 
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Figure 4.8: Average measured transmitted intensity and noise level for different 

values of r in sample 5 around 1 MHz, from the scanned-source experiment (bottom).  

The on-axis reference signal is shown for comparison (top).  The vertical scales are 

not normalized, in order to better observe the signal level compared to the noise 

baseline.  Note that the scale ranges for the top and bottom panes span the same 

number of decades per unit height. 

The side lobes are present because the limited record length (≈ 200 μs) of recorded noise 

signal is smaller than the average coherence time of an AM radio signal (≈ 400 μs)1.  The 

Fourier transform of this nearly-perfect sinusoidal signal convolves a sharply-peaked 

function with a sinc function, corresponding to the record length of the noise signal.  

                                                        

1  Most AM radio stations limit their audio bandwidth to about 2.5 kHz, to minimize 

interference problems with adjacent frequencies. 
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Evidence of the AM radio pickup can also be seen in the actual transmission measurements.  

To remove the effects of this noise (when necessary), a sinc function centred on each of the 

AM radio frequencies was subtracted from the spectra, with the amplitude chosen by eye to 

best remove the noise spike.  Because the subtraction is imperfect, the spectra were then 

smoothed to remove the remaining glitches.  (This same process was done for the plane-

wave transmission measurements described in §3.5.2.3, and the resulting, de-noised 

spectrum is shown in Figure 3.25.) 

Second, we see that the off-axis signals will fall below our signal-to-noise ratio 

threshold in the band gap.  This means that over a limited range of frequencies, we are unable 

to measure any spatial correlations, and can only measure the frequency correlations (and 

the variance) with a reduced number of points. 

4.4.2.2 Average transmission and ring averaging – single-source experiments 

In both the single- and scanned-source experiments, the transmitted intensity decreases 

with distance from the on-axis position, as one might expect.  In the scanned-source 

experiments, because only a few discrete detector positions are used, and because of the 

order of the averaging performed, the intensities are naturally normalized correctly by the 

denominators in the correlation calculations of equations (4.27) and (4.28).  In the case of 

the single-source calculation, however, all possible pairs of detector positions are used to 

calculate the correlations.  If we naively apply the averages in the denominators of equations 

(4.30) and (4.31) over all points, we treat all detector positions as equal, and ignore the 

gradual drop-off of intensity with distance from the source.  We are not interested in this 

gradual decorrelation of the intensity; rather, we would like to separate out the statistical 

decorrelation of the fluctuating speckle pattern.  To remove this gradual drop-off, the speckle 
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pattern is divided into “rings”.  The two terms in the denominator used to calculate these 

correlations are the average intensities of the rings from which each of the two points in the 

numerator came.  The size of the rings was chosen in a range where the results of the 

correlation calculations did not depend strongly on the ring size.  It was found that when 

using ring radii increments of 4, 8, and 12 points, the correlation results agreed to within 

their uncertainties; therefore, the data were divided into rings with inner and outer radii of 

eight point increments.  The average transmitted intensity for each of the rings is shown in 

Figure 4.9, along with the mean radius for each ring (calculated by averaging the radial 

distance of all points included in a ring). 
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Figure 4.9: Average measured transmitted intensity and noise level for different 

values of r in sample 5 around 1 MHz, from the single-source experiment.  The 

frequency dependence of the source (reference signal) is the same as for Figure 4.8.  

The entire field pattern is divided into rings and averaged – <r> is the mean radius of 

the associated ring. 
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The signal and noise levels for the various radii are similar to what was seen for the scanned-

source data, and similar features as a function of frequency are seen. 

4.4.2.3 Correlations and fitting results 

The correlations over the entire frequency range available were calculated according to 

equations (4.27), (4.28), (4.30), and (4.31), and several frequencies were fit according to the 

theoretical expressions found in §4.2.1.6.  Because the detector geometry is the same for both 

the single- and scanned-source experiments, a joint fit is performed where the value of C0(out) 

is constrained to have the same value for both curves.  For fitting the single-source data, the 

parameter C0(in) is set to zero, since it does not contribute there.  Calculation of the theoretical 

results to fit the data is a significant undertaking in numerical integration and curve fitting.  

The expressions for C2 and C3, and C0 for the spatial correlations, involve complicated, infinite 

integrals (c.f. §4.2.1.6 and (Hildebrand et al. 2014)).  For the spatial correlations, these 

results must again be integrated, to account for the finite size of the detector (§4.2.1.7).  In 

order to accomplish these integrations in a reasonable amount of time for many input 

parameters (for curve fitting), approximations and limits for these numerical integrals had 

to be carefully considered.  The integrations and fitting were performed in Igor Pro, wherein 

functions were written to use simplified asymptotic approximations for some of the 

integrands, with crossovers and integration limits set dynamically by the parameters used.  

Because Igor Pro compiles user procedures, and has built-in joint curve fitting capabilities, 

it proved to be an ideal tool for this undertaking.  The procedures and functions written 

yielded greater than a 100-fold increase in speed of fitting over initial “brute force” 

integration and fitting, moving this endeavour into the realm of possibility.   
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The results of the correlation calculations and the fitting are shown in Figure 4.10 for 

a few frequencies, and the fit parameters are given in Table 4.1. 

Table 4.1: Fit parameters for correlations.  The uncertainties (in parentheses) are 

given by the standard deviation of the parameters.  The additional parameters needed 

for these expressions, such as k and ℓ, were determined from the ballistic 

measurements described in §3.5.2.2.  (Hildebrand et al. 2014) 

Parameter 0.97 MHz 1.07 MHz 1.11 MHz 

Spatial Correlations 

As (single source) 0.48 (0.02) 1.29 (0.04) 1.59 (0.06) 

As (scanned source) 0.8 (0.2) 6 (1) 6 (3) 

C0(in) 0.42 (0.02) 1.06 (0.08) 7.8 (0.5) 

C0(out) 0.8 (0.2) 1.5 (0.4) 7 (1) 

χ2ν 2.8 3.7 18 

Frequency Correlations 

Af (single source) 0.2 (0.2) 0.8 (0.3)  

Af (scanned source) 0.7 (0.1) 5.2 (0.8)  

C0(in) 0.32 (0.03) 0.9 (0.3)  

C0(out) 0.62 (0.06) 1.3 (0.1)  

ΩTh / 2π (kHz) 4.35 (0.09) 7.2 (0.1)  

χ2ν 0.53 0.03  
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Figure 4.10: Spatial (a) and frequency (b) correlations near 1 MHz.  For both plots, 

data have been averaged over a bandwidth of 25 kHz, except at 1.11 MHz, where the 

data are changing too rapidly with frequency to be meaningfully averaged. These 

rapid variations with frequency near 1.11 MHz also complicate measurements of 

frequency correlations, which are therefore not shown here. The error bars are the 

standard deviations associated with the data’s statistical fluctuations.  Lines show the 

fits using the parameters given in Table 4.1.  (Hildebrand et al. 2014) 
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There are a few features that are worthwhile to note in Figure 4.10 and the fit 

parameters in Table 4.1.  First of all, the theoretical expressions are found to fit the data 

within statistical uncertainties for most points.  The uncertainties in the frequency 

correlations tend to overestimate the fluctuations, but clearly the functional form fits well.  

The spatial correlations seem to be subject to larger fluctuations, and there appear to be 

some trends not captured in the theory.   Some of these can be explained by considering 

which data points were involved in calculating the correlations for a particular value of Δr.  

For example, the point at Δr = 10 mm was only calculated using 4 pairs of points, none of 

which involved the on-axis position:            , 15,0 , 25,0 , 0 15 , 0 25 mm.x y        

Similarly, the point at Δr = 35.4 mm was only calculated using 4 points, all at the furthest 

distance from the source:       , 0, 25 , 25,0 mmx y    .  One can see that the error bars at 

these points are relatively large, and the point at Δr = 35.4 mm for 1.11 MHz was removed 

because the signal-to-noise ratio was too small (since the transmission here is significantly 

smaller; c.f. Figure 4.8).  Similar considerations for other points help explain some of the 

fluctuations in the uncertainties.   

Notice that the C0(in), C0(out), and A terms are increasing with frequency over this small 

range (we will come back to this result shortly when comparing to the transmission and 

transverse confinement results).  The values of the fit parameter A, which quantifies the 

magnitude of the C2 and C3 contributions, are different for the single-source and scanned-

source cases.  This is because the C2 and C3 correlations also (like C0(in)) contain contributions 

due to scattering in the vicinity of the source, which are supressed in the single-source 

experiments. 
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One must also be careful in comparing the values of the fit parameters between the 

spatial and frequency correlations.  The measured spatial correlation function is calculated 

for only one frequency, and the distance between points is varied, but the different 

source/detector locations on the sample are ideally statistically equivalent.  With the 

frequency correlations, however, as Ω increases, the two frequencies being correlated are 

necessarily different from each other, and both differ from the central frequency reported, 

according to equations (4.28) and (4.31).  At the two frequencies being correlated, the 

transport properties may be fundamentally different, so the validity in correlating these two 

values may be questionable.  For this reason, the frequency correlation at 1.11 MHz is not 

shown in Figure 4.10, as the data are changing too rapidly with frequency for the frequency 

correlations to be meaningful (again, see Figure 4.8 for reference). 

We see finite asymptotic values due to the various C0 terms, as predicted by equations 

(4.23)–(4.26).  In much of the subsequent analysis concerning C0, we will only use the 

average of the long-range results (Δr ≥ 25 mm, Ω/2π ≥ 30 kHz), where all other contributions 

to the correlations have died off, and consider these to be the infinite-range results.  We can 

get a good idea of the general behaviour of the C0 correlations by comparing the transmission 

to these long-range averages, as shown in Figure 4.11.  The single-source results show 

negligible infinite-range correlations at any frequency, as expected.  The scanned-source 

correlations show a clear trend – the infinite-range correlations are well above zero, and 

gradually grow through the pass bands, increasing dramatically near the upper band edges.  

Despite the issues mentioned earlier in comparing the results of the frequency 

correlations to those of the spatial correlations, the values for C0(in) and C0(out) obtained from 

the four types of experiments are comparable, as illustrated in Figure 4.12 and Figure 4.13.   
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Figure 4.11: Comparison of measured long-range spatial correlations (top) with 

transmission (bottom, as in Figure 3.25).  The dotted line represents the mobility 

edge, as identified in §3.5.2.  The error bars represent the statistical fluctuations in 

the data.  The points at frequencies associated with AM radio have been removed 

from both panels, and the data have been smoothed over a bandwidth of 25 kHz.  

(Hildebrand et al. 2014) 

First, from Figure 4.12, we see that despite the differences in source and detector geometry, 

and the fact the input and output surfaces of the sample may differ slightly (the density of 

beads on one surface was noticed to be less than the other), C0(in) and C0(out) are quite similar 

near the band centres, where the fluctuations are small.  Near the band edges, the 

fluctuations in C0 become larger, and C0(in) and C0(out) are no longer the same.  Part of this may 

be explained by the fact that the frequency correlations near the band edges may not be so 

reliable, since the distance to the mobility edge is different for the two frequencies that are 

being correlated, especially at large Ω.  We will also see later that C2 and C3 have very long 
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range contributions near the band edges, making it more difficult to determine the infinite-

range C0 contribution, as reflected by the large error bars.  Note also that the behaviour 

between 0.88-0.98 MHz may be largely influenced by the partial band gap at 0.92 MHz (as 

seen in the previous transmission graphs). 
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Figure 4.12: Comparison of C0(in) (measured from the single-source frequency 

correlations) and C0(out) (measured from the scanned-source spatial correlations).  

The error bars and treatment of noise are again as in Figure 4.11 (top). 

One can compare the measured value of the total C0 (C0(tot)) from the scanned-source 

frequency correlations to the sum of C0(in) and C0(out) (C0(in) + C0(out) = C0(sum)) from the 

scanned-source spatial correlations and the single-source frequency correlations.  These 

results are shown in Figure 4.13, and show that C0(sum) and C0(tot) agree relatively well, 

showing the consistency of results between the experiments.  We see that there is a finite 
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value of C0 even near the band centres, where the transverse confinement measurements 

show that the transport is well within the diffuse regime (c.f. Figure 3.36). 
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Figure 4.13: Comparison of C0(tot) with C0(sum).  The sum of the C0 contributions from 

two experiments equals the total C0 contribution measured in the third experiment, 

as expected. 

As previously mentioned, the sample surface has regions consisting of one of the two 

components – aluminum, if the surface position investigated is “on-bead”, or vacuum, if the 

position is “off-bead”.  To better understand the relationship between the surface structure, 

the LDOS contrast, and the infinite-range correlations, an additional calculation was 

performed.  Photographs of the sample surfaces were taken and “binarized”, such that black 

or white regions represented on- and off-bead regions, respectively, as shown in Figure 4.14.  

A simple argument can be devised to estimate the contribution of these “binary” correlation.  

Consider some binary surfaces, such as the one shown in Figure 4.14 (right), as the input and 

output surfaces used to measure the correlations. 
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Figure 4.14: Photograph of the sample surface (left) and corresponding binary image 

(right).  Surrounding some of the beads, regions are visible that show the remains of 

epoxy once used to bond the sample to the plastic walls, in a previously used method 

of mounting the sample.  This epoxy slightly increases the contact area with the 

existing walls, i.e. the on-bead area. 

If we call the position of the source x and the detector positions y1 and y2, the scanned source 

spatial correlation function becomes 

 
   

   
1 2

1 2

binary

1 2
,

, ,

, ,
x

x x y y

I x y I x y
C

I x y I x y
 ,  (4.32) 

when the positions are treated as random, and ignoring any of the structure leading to short-

range correlations.  Now consider the case where each intensity term is zero, unless both the 

source and detector are at an on-bead position, in which case we assign it a value of unity.  

That is,  

      ,I x y f x f y  , where (4.33) 

  
0  off-bead

1  on-bead
f x


 


. (4.34) 
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If we assign a probability p to being at an on-bead position, then we see that   2,I x y p .  

The numerator in (4.32) becomes 

                
2

1 2 1 2 1 2, ,I x y I x y f x f y f y f x f y f y  ,  (4.35) 

so that     3
1 2, ,I x y I x y p , and therefore binary 1C p .  This “binary surface correlation” 

may help explain why we observe a finite value of C0 even near the band centre, where the 

transport is still quite diffusive.  Based on the pictures shown in Figure 4.14, our samples 

have a value of p ≈ 50%, which should yield a baseline value of about unity for C0 (C0 +1 ≈ 2).  

We see from Figure 4.12 that a lower value than this of C0 is often observed.  We attribute 

this to the “smearing out” effect caused by the finite wavelength of ultrasound in water, the 

acceptance angle of the hydrophone detector, and the finite extent of the point source.  Still, 

this gives a qualitative explanation of the contribution of the surface geometry to the baseline 

C0 value.  The dependence of C0 on frequency, however, is likely unrelated to this binary effect 

(apart from the small change in the “smearing”), and must instead be due to the changing 

nature of the transport. 

So far, we have focussed primarily on the infinite-range results and the C0 

correlations.  We can also make some observations about the long-range correlations related 

to the C2 and C3 correlations.  For the spatial correlations, a dependence on 1/Δr is predicted 

to occur at long range, as given by equation (4.6).  We can see this behaviour occurring by 

plotting the single-source correlations (so that C0 is supressed) on a log-log scale with the 

uninteresting background intensity contribution (the “1” term, c.f. §4.2.1.2) subtracted.  

These results are shown for several frequencies in Figure 4.15. 
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Figure 4.15: Single-source spatial correlations and 1/Δr behaviour. 

The predicted 1/Δr behaviour is clearly visible, especially at frequencies near the band 

centre, where the transport is more diffusive.  As the band gap is approached (and near the 

mobility edge), some deviations from the expected power law are observed. 

Similarly, we can observe the 1/√Ω behaviour predicted by equation (4.7) (since

  1    ) by plotting the single-source frequency correlations on a log-log scale, as 

shown in Figure 4.16.  The single-source frequency correlations show 1/√Ω behaviour when 

well within the pass bands, but begin to deviate from this behaviour as the band gap is 

approached.  When considering this behaviour, one must keep in mind the band gaps in the 

transmission, as discussed earlier.  As the band edge is approached, the frequency 

correlations may in fact be correlating two frequencies where the behaviour is qualitatively 

different in terms of localization effects – one frequency may be within the pass band, and 

the other may already be in the band gap.  The frequency correlation centred at the band gap 
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minimum (1.15 MHz) is actually correlating two frequencies on either side of the gap when 

Ω is large.  Nevertheless, the correlations are very long range, indicating that the speckle 

patterns may even be correlated across a band gap.  It is difficult to imagine that the observed 

deviations from 1/√Ω behaviour are simply an artifact, so the data are most likely indicating 

interesting new behaviour.  Note also that at frequencies within the band gap, the 

correlations have not yet decayed to an asymptotic value at 30 (or even 100) kHz, and so our 

long-range average of the frequency correlations to determine C0 may be incorrect in the 

band gap. 
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Figure 4.16: Single-source frequency correlations and 1/√Ω behaviour. 

Note also that the magnitude of the C2 and C3 are growing rapidly with frequency in the range 

shown in Figure 4.15 and Figure 4.16 – The coefficients multiplying the power-law trend 

lines are steadily increasing.  These coefficients should be proportional to the parameters As 
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and Af described in the theory.  While we cannot directly infer values for kℓ* from these 

coefficients (or even from A, c.f. equation (4.14)), their dependence on frequency should give 

a reasonable indication of the growth of 1/kℓ* in this pass band.  A plot of these coefficients 

vs. frequency is shown in Figure 4.17.  Very rapid growth is seen, with a power-law 

dependence of approximately f 10.  Since  A ~ (kℓ*)-2 to leading order, this seems to suggest 

kℓ* ∝ f -5. 
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Figure 4.17: Magnitude of C2 and C3 contributions as a function of frequency (from 

the multiplying coefficients for the power laws of Figure 4.15 and Figure 4.16).  The 

log-log graph has both left and right scales spanning exactly a decade, so the power-

law dependences can be compared.  A power law of approximately f 10 shows the 

trend of the data. 

Until now, we have only been considering correlations of the intensity, which show 

much of the interesting behaviour near the localization transition.  The field correlation 

function was also measured, and compared with theory.  Since the field correlations only 
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involve two fields (as opposed to the four fields of the intensity correlations), only the 

diagram of Figure 4.3 (actually only one half of the diagram) will contribute to the 

correlations, as all the subsequent diagrams involve interactions between more than two 

fields.  The theoretical expression corresponding to the field correlation function will simply 

be the square root of the C1 intensity correlation function, as in (Hildebrand et al. 2014): 

  
     00

* *
0

exp 2 sin

1 2
sr k r J k rz

C r
z k r k r



   
   

   
,  (4.36) 

where, J0 is the 0th Bessel function of the first kind.  Note that there is actually no dependence 

on ℓ* in this expression, as it is contained in z0 (equation (3.6)) and cancels.  Thus, the r 

dependence of the field correlation function is governed by k and ℓs, enabling these key 

parameters to be determined by comparing experiment and theory.  An example of one of 

the field correlations and the fit to theory is shown in Figure 4.18.  From this fit, we see that 

the phase velocity and scattering mean free path found are similar to those found from the 

ballistic measurements (c.f. Figure 3.24).  The values of vp and ℓs found from the field 

correlation function fitting are shown in Figure 4.19. 

We can see that there are large fluctuations in the parameters determined from the 

field correlation function fitting.  Nevertheless, the parameters are in a range consistent with 

the results of the ballistic measurements, providing some confirmation of our results.  Over 

the frequency range shown, we find a value of vp = 2.4 ± 0.4 mm/μs (determined from the 

mean and standard deviation of the results), which agrees relatively well with the ballistic 

measurement results.  The results for ℓs are quite scattered as well, but do show some 

interesting trends.  The values seem to be increasing, on average, through the pass band, and 

then dropping quite sharply above the mobility edge located at 1.1 MHz. 
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Figure 4.18: Field correlation and fit at 0.97 MHz.  The reflection coefficient was held 

constant for this fit at a value of R = 0.67.  The resulting parameters are 

vp = 2.30 ± 0.02 mm/μs, ℓs = 0.78 ± 0.01 mm. 

 

0.9 1.0 1.1 1.2
0.0

0.5

1.0

1.5

2.0

2.5

3.0

3.5

v p
 (

m
m

/
s)

Frequency (MHz)
0.9 1.0 1.1 1.2

0.0

0.5

1.0

1.5

2.0

2.5

ℓ s (
m

m
)

Frequency (MHz)  

Figure 4.19: Fit parameters from field correlation function fits.  Extreme outliers 

(where the fitting was unsuccessful) have been removed. 
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4.4.2.4 Speckle statistics results 

As discussed in §4.2.2, the statistics of the speckle patterns can provide complementary 

measurements to the correlations of the previous section.  Even without any quantitative 

analysis of the speckle statistics, the speckle patterns change qualitatively with the nature of 

the transport.  An example is shown in Figure 4.20. 

  

Figure 4.20: Speckle patterns at 0.97 MHz (left) and 1.11 MHz (right).  Note the 

difference in vertical scales.  Near and within the localization regime, the speckle 

pattern is characterized by only a few bright speckles against a dim background. 

These speckle patterns were obtained from one of the intensity maps used to calculate the 

single-source correlations of the previous section.  In the diffuse regime, where the disorder 

is relatively weak, the speckle pattern looks more “even”, with speckles of various intensity 

distributed across most of the pattern.  The speckles all overlap, and the contrast is limited.  

As the localization regime is approached (in our case by increasing the frequency and 

thereby the effective disorder), the speckle pattern becomes increasingly characterized by 

only a few bright speckles against a relatively dim background.  The few speckles are isolated 
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from one another, and the speckle contrast (characterized by the variance in normalized 

intensity) increases.  The variance of the speckle patterns (Figure 4.21) characterizes these 

changes, and makes the connection with the correlations via equation (4.29). 
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Figure 4.21: Variance of on-axis transmission and speckle patterns.  The on-axis 

transmission variance is calculated from the scanned-source experiments, and the 

speckle pattern variance is calculated from the single-source experiments (like those 

of Figure 4.20).  Error bars are as in previous figures. 

The variance increases greatly near and in the band gaps, i.e. frequencies shown by the 

transverse confinement and correlation measurements to be near and within the localization 

regime.  The on-axis transmission variance is greater than that of the speckle patterns, due 

to the additional contribution of the C0(in) terms (c.f. §4.2.1.5 and §4.3.3), which are supressed 

in the single-source experiments. 
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The gIPR (Pq) are calculated as described in §4.2.2 from the Fourier transforms of the 

intensity maps of the single-source experiments, for several frequencies and values of q.  For 

each, the logarithms of the gIPR are plotted against the logarithms of box size b, and a linear 

fit is performed, yielding the exponents τq(ω).  These resulting fit parameters, from the maps 

from all of the single-source experiments, are averaged together (weighted by their 

uncertainties from the fits). The factor  1d q   is then subtracted to yield the anomalous 

dimensions Δq(ω).  The results for q = 2 (which are interesting because of their relation to 

the C0 correlations) are shown in Figure 4.22. 
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Figure 4.22: Anomalous dimension Δ2 calculated from single-source experiments.  

Error bars are from uncertainties in weighted average of fit parameters.  Unreliable 

measurements (due to poor signal-to-noise ratio) are shown with open symbols. 

These results share some similar features with the C0 results of §4.4.2.3.  As before, 

we see a finite baseline value across all frequencies, and an increase (in –Δ2) across the pass 



153 
 

bands and especially near the upper band edges.  For these measurements, the frequencies 

where the signal-to-noise ratio is very small have not been filtered out, and we can get some 

idea of the behaviour within the band gaps (however, the signals are quite small, and the 

results in these regions may not be trustworthy).  The results of C0, Δ2, and the transmission 

coefficient are shown for comparison in Figure 4.23. 
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Figure 4.23: Comparison of C0 (top), Δ2 (middle), and transmission (bottom).  As in 

Figure 4.11.  The Δ2 results have been truncated where the signal-to-noise ratio was 

below threshold.  The vertical dotted line represents the mobility edge.  (Hildebrand 

et al. 2014) 
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We can see the similarity between the infinite-range spatial correlations (C0 +1) on a 

log scale and Δ2, as predicted by equation (4.22).  Furthermore, the rapid increase of C0 near 

the mobility edge (as measured in Chapter 3) suggest that C0 is sensitive to critical effects. 

4.4.3 Sample 5 (L = 14.5 mm), 2 MHz range 

The scanned-source experiments were performed by Hefei Hu (Hu 2006) and Anatoliy 

Strybulevych, and produced the first measurement of Anderson localization through the 

technique of transverse confinement (Hu et al. 2008) (c.f. Chapter 3).  Because the scanned-

source correlation measurements can be derived from the same data set, the same data were 

used for the results presented in this section.  These were the first correlation calculations 

of this sort that were performed in my analysis, and were intended to observe the behaviour 

of the correlations in a regime where Anderson localization was known to occur. 

The single-source experiments were performed by Anatoliy Strybulevych, and were 

used to observe multifractality in Anderson localization of ultrasound (Faez et al. 2009) 

(c.f. §4.2.2).  Again, these data were used because the correlations can be calculated from the 

same data set.  However, because the single- and scanned-source measurements in this 

frequency range were performed at different times, the exact distance between the sample 

and hydrophone detector may have been different for the two experiment types, and the 

results may not be compared as meaningfully. 

4.4.3.1 Average transmission 

Similar to the previous section, it is useful to have a picture of the average transmission 

through the sample as a function of frequency, shown in Figure 4.24. 
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Figure 4.24: Average measured transmitted intensity and noise level for different 

values of r in sample 5 around 2 MHz, from the scanned-source experiment (bottom).  

The on-axis reference signal is shown for comparison (top).  The scales are as 

described for Figure 4.8. 

These experiments were performed using a 2.25 MHz transducer as a source.  This 

transducer has a bandwidth that extends down into the range of the 1 MHz experiments, and 

we see the same band gaps as in Figure 4.8.  As before, we see a relatively flat noise 

background, with peaks at a few frequencies.  The peaks in the noise are broader than those 
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of the same frequency in the transmitted intensity, because the record length to record the 

noise was significantly shorter (c.f. §4.4.2.1).  The peak at 2.5 MHz is not an AM radio signal, 

but is a standard time and frequency signal (STFS) broadcast by the National Institute of 

Standards and Technology1.  The origin of the 2.56 MHz peak is not known, but is a standard 

oscillator frequency for desktop computer CPUs, and is likely due RF pickup.  There is a large 

range of frequencies (2–2.5 MHz) where the transmission is relatively constant, and the 

signal-to-noise ratio is good.  The statistics are not quite as good for this experiment (due to 

a reduced number of source and detector positions), but we can compensate for this by 

averaging over a wider bandwidth, without including regions near band edges.  The 

transmission and noise levels are similar for the single-source experiments. 

4.4.3.2 Correlations and fitting results 

The spatial intensity correlations calculations and fitting were again performed as described 

in §4.4.2.3.  The results are similar to what was seen there, and are shown for 

2.4 MHz in Figure 4.25.  In this case, the single- and scanned-source experiments may have 

been performed with slightly different detector geometries, so the fits were performed 

separately for each curve (rather than joint fits).  The ballistic parameters used for these fits 

were again obtained from plane-wave experiments, with values of R = 0.82, vp = 5 mm/μs, 

and ℓ* = 2 mm, as in (Hu et al. 2008).  These fits yield values for the parameters of 

C0(in) = 1.1 ± 0.2, C0(out) = 0.5 ± 0.2 (from the single-source correlations), and As = 0.52 ± 0.02 

and 2.6 ± 1.0, for the single- and scanned-source measurements respectively.  Note that the 

value of C0(out) is not so reliable from this experiment alone, since it only has short-range 

                                                        

1 c.f. http://tf.nist.gov/stations/wwvh.htm 
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effects for the spatial correlation function, where the contributions are less clear (for the 

scanned-source spatial correlations, the dependence on C0(out) is even weaker, due to the lack 

of points at short range).  These results are similar in magnitude to what was found near the 

upper band edge near 1 MHz.  Even though we know that at this frequency the transport is 

within the localization regime, we see that the parameters characterizing the long-range (C2 

and C3 via As) and infinite-range (C0) correlations have not changed dramatically from what 

was found near the band centre in the 1 MHz range. 
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Figure 4.25: Spatial intensity correlations at 2.4 MHz.  The inset shows the single-

source correlations on a log-log scale, and the expected 1/Δr dependence, as in 

Figure 4.15.  Data have been averaged over a bandwidth of 750 kHz, and the error 

bars are the standard deviations associated with the data’s statistical fluctuations.  

The open symbols for the scanned-source data represent positions where the 

measurements are not as reliable because of a smaller signal-to-noise ratio.  Lines are 

fits to the theory, with parameters as given in the text.  (Hildebrand et al. 2014) 
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The frequency correlations in this frequency range were also calculated and fit, as 

shown in Figure 4.26.  The fitting is qualitatively not as good as we saw for the 1 MHz range, 

but can still give a good idea of the relevant parameters.  From the single-source frequency 

correlations, we obtain C0(out) = 0.63 ± 0.03, and from the scanned-source frequency 

correlations we have C0(in) + C0(out) = 2.7 ± 0.1.   
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Figure 4.26: Frequency intensity correlations at 2.4 MHz.  The inset shows the 

correlations on a log-log scale, and the expected 1/√Ω dependence, as in Figure 4.16.  

The bandwidth and error bars are the same as those of Figure 4.25.  (Hildebrand et 

al. 2014) 

This sum does not agree with the results for C0(in) and C0(out) separately, which may be 

indicative of the inconsistencies between the single- and scanned-source experiments.  We 
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see the predicted 1/√Ω dependence for the single-source correlations; interestingly, this 

seems to describe the data better than the theoretical fit.  The values of Af obtained from the 

fitting are also somewhat strange: Af = 0.3 ± 0.2 and 0.6 ± 0.8, for the single- and scanned-

source measurements respectively.  Since the 1/√Ω dependence originates from the C2 and 

C3 terms (quantified by Af), it is surprising that the best fits for the correlations yield such 

small values of Af. 

4.4.3.3 Ethanol experiments 

As discussed in §3.5.3, experiments on Sample 5 in the 2 MHz range were also performed 

with the sample pores filled with ethanol.  One of the purposes of these experiments was to 

investigate the role of the surface reflectivity contrast in the observed correlations.  As we 

have done previously, we first consider the average transmission through the sample, shown 

in Figure 4.27.  We can see from this figure that the transmission is very broadband, and 

lacks the band gaps observed when the sample pores are empty.  This suggests that the bulk 

of the transmission is occurring via propagation through the ethanol, rather than the 

aluminum bead network.  The signal-to-noise ratio at lower frequencies is worse than was 

seen in Figure 4.24.  As mentioned in §3.5.3, because the signals were dominated by the 

ethanol transmission, which was strong near the centre of the transducer response and at 

early times, less averaging was used to acquire the signals, compared to that of the non-

ethanol-filled experiment.  The correlations for the ethanol experiments were calculated and 

fit as in the previous section, and are shown in Figure 4.28 and Figure 4.29. 



160 
 

0.5 1.0 1.5 2.0 2.5 3.0 3.5A
ve

ra
ge

 T
ra

n
sm

it
te

d
 I

n
te

n
si

ty
 (

a.
u

.)

Frequency (MHz)

 r = 0

 r = 15 mm

 r = 20 mm

 r = 25 mm

 Noise

 

Figure 4.27: Average measured transmission and noise level for different values of r 

in ethanol-filled sample 5 around 2 MHz, from the scanned-source experiment.  The 

frequency dependence of the source (reference signal) is the same as for Figure 4.24.  

Note the usual AM radio peaks, though the STFS (c.f. p. 156) peak at 2.5 MHz seems 

to be absent. 
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Figure 4.28: Spatial intensity correlations for ethanol-filled sample at 2.4 MHz.  

Bandwidth, fitting, and error bars are as in previous 2.4 MHz calculations.  The dotted-

line fit for the scanned-source correlations has C0(out) fixed at 0.5. 
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Figure 4.29: Frequency intensity correlations for ethanol-filled sample at 2.4 MHz.  

Bandwidth, fitting, and error bars are as in previous graph. 

By comparing these graphs with Figure 4.25 and Figure 4.26, we see that the correlations at 

all ranges are significantly reduced when the ethanol is present in the sample pores.  While 

the results are much closer to the purely diffuse case (wherein the variance is unity and the 

long-range results go nearly to zero), there are clearly still measurable infinite-range 

correlations.  The ballistic parameters used for these fits were again obtained from plane-

wave experiments, with values of R = 0.2, vp = 1.9 mm/μs, and ℓs = 1 mm.  The results of the 

fitting are shown in Table 4.2.  A first attempt at fitting (trial “a”) was performed, wherein 

C0(out) for the scanned-source spatial correlations needed to be fixed at zero to keep it from 

taking on negative (unphysical) values. 
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Table 4.2: Fit parameters for correlations in ethanol experiments. The uncertainties 

(in parentheses) are given by the standard deviation of the parameters.  The types of 

correlations being fit are abbreviated, with “1S” denoting single-source experiments, 

“SS” denoting scanned-source experiments, “SC” indicating spatial correlations, and 

“FC” indicating frequency correlations.  The suffixes “a” or “b” represent the different 

attempts at fitting, with the parameter C0(out) held at different values. 

Parameter 1SSC 1SFC SSSCa SSFCa SSSCb SSFCb 

A 0.3 (0.03) 0.3 (0.1) 0.85 (0.07) 0.33 (0.07) 0.39 (0.07) 0.36 (0.08) 

C0(in) - - 0.16 (0.02) - 0.18 (0.02) - 

C0(out) 0.5 (0.1) 0.55 (0.04) 0 (held) - 0.5 (held) - 

C0(sum) - - - 0.68 (0.02) - 0.70 (0.02) 

ΩTh/2π (kHz) - 16 (3) - 11.1 (0.9) - 11.1 (0.9) 

χ2ν 129 0.71 3.0 0.11 8.9 0.10 

 

Noticing that the other fitting results gave a value for C0(out) of around 0.5, the fitting was 

performed again with this parameter fixed (trial “b” – dotted-line fit in Figure 4.28).  At the 

expense of a slightly higher χ2ν, this produced a much more consistent set of parameters, as 

we might expect from a joint fit.  Note that the primary deviations in this fit from the data 

occur at Δr = 5, 10 mm.  Similar to what has been discussed previously, these points are 

calculated from only off-axis detector positions, which may be less reliable than data points 

where some on-axis positions are included. 

We see that the long- and infinite-range correlations are significantly reduced, 

compared to the experiment with the sample without ethanol in the pores.  The transverse 

confinement analysis on these experiments (c.f. §3.5.3 and §3.6) suggests the simultaneous 

existence of two sets of propagating modes.  In this case, the Fourier transform would be 

dominated by the large-amplitude initial arrivals through the ethanol matrix, and the 
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frequency-domain experiments would be unlikely to be sensitive to the slower mode 

propagating through the aluminum bead network, and dominated by diffusion.   

4.4.3.4 Plane wave experiments  

Measurements were performed on Sample 5 (L = 14.5 mm) in the 2 MHz range using 

a (quasi-) plane wave source.  The resulting spatial correlations are compared to the point 

source correlations presented earlier, and shown in Figure 4.30. 
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Figure 4.30: Plane-wave-source spatial correlations at 2.4 MHz (overlaid on Figure 

4.25).  The range of the correlations is less than the single-point-source results, and 

no 1/Δr trend is observed. 

It was initially assumed that the plane wave source would only show evidence of C1 

correlations, and allow for a better separation of the C2 and C3 contributions.  The large 

source area would correspond to a large effective dimensionless conductance g (c.f. §2.6), 

and the C2 and C3 correlations are often written in the form where they scale as 1/g and 1/g2 
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respectively.  As discussed previously (c.f. footnote p. 119), however, this parameterization 

can sometimes be misleading.  A more detailed examination of the theory (c.f. supplementary 

material (Hildebrand et al. 2014)) predicts that the correlations due to a plane wave source 

should be identical to those for a single source in the form of a tightly focussed beam (as in 

the preceding experiments).  The data show that the plane-wave-source correlations do 

seem to have a shorter range than the single-point-source experiments, and no 1/Δr 

behaviour characteristic of C2 and C3 correlations is observed.  Experiments of this sort may 

yet prove to be useful in separating out the effects of C2 and C3 from the other correlations, 

but a more detailed investigation of the theory and experimental considerations would be 

required. 

4.4.4 Other experiments 

In the course of this project, several other experiments were performed that have not yet 

been presented.  In these experiments, the results showed there was some experimental 

problem, or the analysis was not as promising the preceding focus.  The preliminary results 

of these experiments are mentioned here, as a motivation for further investigation. 

4.4.4.1 Sample 6 (L = 23.5 mm), 1 MHz range 

Sample 6 was also investigated in the 1 MHz range, with the hope of probing the sample-size 

dependence of the correlations, as well as to confirm the results found for Sample 5.  The 

average transmitted intensity is shown in Figure 4.31. 
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Figure 4.31: Average transmitted intensity and noise level for different values of r in 

sample 6 around 1 MHz, from the scanned-source experiment (bottom).  The on-axis 

reference signal is shown for comparison (top).  The scales are as in Figure 4.8. 

Note the similarity in the transmission to that of Sample 5 (c.f. Figure 4.8), with a few 

exceptions.  First, the noise pick-up due to AM radio stations is significantly less than in the 

Sample 5 experiment.  The reason for this is not well-known; the electronic pickup of the 

receiving electronics seems to be very sensitive to small changes in grounding, water 

conductivity, and even weather!  More importantly, though, is the reduced signal levels in 

the band gaps.  Even for the on-axis signals, the strong scattering and larger sample thickness 
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prevent any measurable signal above the noise levels.  A comparison of the spatial 

correlations for Samples 5 and 6 is shown in Figure 4.32. 

0 10 20 30 40

1

10

2

15

/  0.97 MHz (Sample 5)

/ 1.07 MHz (Sample 5)    (solid/open symbols =

/ 0.97 MHz (Sample 6)     scanned/single source)

/ 0.36 MHz (Sample 6)

 

 
C

(
r)

r (mm)
 

Figure 4.32: Comparison of spatial correlations for Samples 5 and 6 in the 1 MHz 

range.  Data have been averaged over a bandwidth of 25 kHz.  Overlaid on Figure 4.10. 

The spatial correlations for Sample 6 are quite similar to those of Sample 5, frequently 

agreeing to within statistical uncertainty.  The long range portion of the correlations (i.e. C0) 

is shown in Figure 4.33.  The long-range spatial correlations also show very similar 

behaviour for the two samples; however, the C0 correlations in Sample 6 are consistently 

greater than those of Sample 5, as indicated by their ratio.  The similarity in the frequency 

dependence of the results of the two samples provides confirmation of the results, and the 

consistently larger C0 correlations in Sample 6 may be indicative of sample-size dependence 

for this quantity. 
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Figure 4.33: Comparison of measured long-range spatial correlations for Samples 5 

and 6.  The top pane shows the ratio of the C0 contributions for the two samples, 

calculated from the scanned-source measurements using  0 1C C r    .  The 

bottom pane shows the transmission for Sample 5 (as in Figure 4.11), though the 

shape of the frequency-dependence of the transmission for Sample 6 is nearly the 

same, differing primarily in magnitude. 

4.4.4.2 Sample 5 (L = 14.5 mm), 500 kHz range 

Experiments were also performed in the 500 kHz range.  Previous experiments in this 

sample have shown that the transport in this sample was well-described by diffusion near 
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200 kHz (Hu et al. 2008), and it was hoped that additional information about correlations in 

the diffusive regime for this sample could be obtained.  A graph of the transmitted intensity 

for this experiment is shown in Figure 4.34.  Note that there is a dip in the reference signal 

just below 750 kHz, which is responsible for the diminished transmitted intensity around 

that frequency as well.  Unlike the results of previous experiments (c.f. Figure 4.8, Figure 4.9, 

Figure 4.24, and Figure 4.31), the signal level in the bandgaps (~ 500 kHz and 800 kHz) drops 

to an approximate constant baseline level, but one that is significantly above the calculated 

noise level. 
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Figure 4.34: Average transmitted intensity and noise level for different values of r in 

sample 5 around 500 kHz, from the scanned-source experiment (bottom).  The on-

axis reference signal is shown for comparison (top).  The scales are as in Figure 4.8. 
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The suspected reason for this is there may have been some echoes or stray signals that were 

transmitted around the sample baffle (c.f. Figure 3.7), which were not attenuated by the 

bandgap through the sample material.  Nevertheless, the correlations in this experiment may 

still be worth investigating, and the results for the spatial correlations for this experiment 

are shown in Figure 4.35. 
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Figure 4.35: Spatial correlations in the 500 kHz range.  Data have been averaged over 

a bandwidth of 25 kHz.  Fit lines and error bars are as in Figure 4.10. 

The results at around 960–970 kHz can be compared to those for the 1 MHz range 

experiment, and it is encouraging to see that the results are quite similar, and often agree 

within statistical uncertainties.  At lower frequencies, however, there appears to be a large 

increase in both the range and magnitude of the correlations from the single- and scanned-

source experiments, beyond the expected scaling due to increased wavelength.  This may 

indicate proximity to a mobility edge at these low frequencies, on both sides of the band gap 
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near 500 kHz.  The infinite-range correlation estimates (similar to Figure 4.11) are also 

considered, shown in Figure 4.36.   
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Figure 4.36: Comparison of measured long-range spatial correlations (top) with on-

axis signal amplitude.  The 500 kHz-rang data line up reasonable well with the 1 MHz-

range data only at higher frequencies.   

The data again seem to line up best with that of the 1 MHz range experiment only at 

the higher end of the frequencies shown.  Large infinite-range correlations are observed to 

occur even at very low frequencies, and may indicate that there is a mobility edge at the 

lower end of the ~ 500 kHz band gap.  More concerning, however, is the lack of agreement 

with the results in the overlapping frequency range around 700 kHz.  Since the same sample 

and detector are being used in these two experiments, it may be that the difference is due to 

the frequency content or the spatial profile of the source used, or it could be due to the stray 

echoes discussed earlier.  In addition, there may be an additional explanation for the large 



171 
 

observed correlations at low frequencies.  Consider the speckle pattern (due to a point 

source excitation) shown in Figure 4.37.  Because of the larger wavelength at low 

frequencies, there are only a few speckles that are being considered when correlating the 

intensities.  This finite-size effect may in fact be of interest on its own, or it may be indicating 

that larger area samples and experiments are required to obtain better data on the 

correlations at these low frequencies. 

  

Figure 4.37: Speckle pattern due to point source at 360 kHz. 

4.5 Discussion 

We have successfully measured long- and infinite-range correlations of the intensity of 

ultrasonic waves in a strongly scattering, 3D disordered medium, and these measurements 

are consistent with the predictions derived from diagrammatic theory.  The infinite-range 

correlations, indicative of C0 correlations, are found to increase dramatically near the upper 

edges of the pass bands in our samples, where in one case a mobility edge has been identified 

by the transverse confinement measurements of Chapter 3.  These increased correlations 
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also indicate large local density of states fluctuations, and suggest that C0 correlations may 

be sensitive to critical effects. 

Measurements of the anomalous multifractal dimension Δ2 also show behaviour 

consistent with expectations for an Anderson localization transition, significantly decreasing 

near the upper band edges.  The connection between C0 and Δ2 predicted by equation (4.22) 

has been verified experimentally, as seen in Figure 4.23.  Thus, the link between C0, Δ2, and 

LDOS fluctuations has been confirmed experimentally.  Due to the experimentally observed 

connection between the infinite-range correlations and the Anderson transition, as well as 

their link theoretically through multifractality, the possibility of investigating the Anderson 

transition via the scaling of C0 near a mobility edge has excellent potential for future 

research. 

A few details regarding the results and analysis presented are worth some further 

discussion.  First, the role played by the surface structure of the samples has come up several 

times in this chapter.  The binary-type (aluminum/void) structure of the medium provides 

extremely high LDOS contrast on the sample surface.  In the case of the experiments where 

the sample pores were evacuated, this contrast can actually be infinite (and only slightly less 

in the case of air-filled pores), which is a unique advantage of ultrasonic experiments over 

similar measurements using electromagnetic waves, where the minimum index is unity.  The 

correlations due to the structure of the surface alone were considered (c.f. Figure 4.14), and 

while this contribution is important, it is insufficient to explain the frequency dependence of 

the measured C0 correlations, which are enhanced by the strong scattering effects also 

relevant to Anderson localization.   
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A consideration of the role of the surface structure also motivated the experiments 

where the pores of the samples were filled with ethanol.  This new medium still provided 

relatively strong surface contrast and the infinite-range correlations, while significantly 

reduced, were still finite.  The transverse confinement measurements on this system (c.f. 

§3.5.3), were not able to definitively characterize the behaviour using the self-consistent 

theory of localization, and the ballistic measurements yielded parameters well-within the 

diffuse regime.  This confusion motivated the theory that there may be two, nearly-

independent, propagating modes in this system.  Further experiments and theoretical 

investigation into this interesting phenomenon are ongoing. 

The 2.4 MHz data were first analyzed because at the time, the transverse confinement 

analysis in the 1 MHz range was not yet complete, and we wanted to investigate the 

correlations in a regime known to be localized (Hu et al. 2008).  At this frequency, L/ξ ≈ 1, 

and we find from the correlations that C0 ≈ 1 here also.  In the 1 MHz range, L/ξ ≈ 1 at about 

1.1 MHz (c.f. Figure 3.37), but at this frequency, C0 ≈ 3 (from Figure 4.11).  This suggests that 

the magnitude of C0 does not correlate directly with the degree of localization in the system, 

but likely a more complex relationship exists.  Furthermore, the measurements of C0(in), 

C0(out), and C0(tot) do not agree here.  Fits at this frequency also yielded values of the parameter 

A that were much smaller than those found in the 1 MHz range.  Since A quantifies the C2 and 

C3 contributions, which were found to grow with the approach to localization, it is surprising 

to find such a small value within the localization regime.  This complexity could be due in 

part to the influence of the structural contrast discussed earlier, whose effect depends on 

wavelength.  Another factor could be the distances between the source/detector and the 

sample, and their relationship to the wavelength.  This may cause the source and detector to 
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have different effective areas on the sample surface (larger at higher frequencies), which 

may play a large role in the measured correlations.  These results should motivate additional 

investigation of the behaviour of the correlations in this range, and into the details of the 

relationship between C0 and Anderson localization. 

Another interesting consideration for future work is further investigation of the C2 

and C3 contributions.  To do this, it would be useful to design an experiment wherein the 

effects of C2 and C3 can be separated from the other correlations as well as from each other.  

This, along with a better theoretical understanding of the constants contained in the A 

parameter, could help to better quantify the relationships between C2, C3, and the approach 

to Anderson localization.  The measurements presented earlier implied a very strong 

dependence of the transport parameter kℓ*on frequency – around 1/kℓ* ∝ f 5 – a result which 

also warrants further investigation.  

The experiments on Sample 6 were intended to corroborate the results of the Sample 

5 experiments, as well as to probe the sample size dependence of the correlations.  The 

frequency-dependence of the results from the two samples did indeed show very similar 

behaviour, and there was a small, but noticeable, trend showing increased C0 correlations for 

the larger sample.  This effect may be small, since the effective thickness of the two samples 

is not appreciably different.  From equation (3.7), the effective thicknesses of Samples 5 and 

6 are about 55 mm and 64 mm respectively (using ℓ* = 6 mm and R = 0.67 as in the transverse 

confinement fits).  This difference of <20% may make it difficult to discern the differences 

between the two samples. 

The 500 kHz-range experiment, despite its problem with stray signals, also provides 

useful information about future work.  Because of the larger speckle sizes at these 
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frequencies, samples with a larger effective area would be needed to provide better statistics 

for a more meaningful analysis.  The increase in the measured long-range correlations at 

frequencies that overlap with the 1 MHz range experiments must be due to either a 

difference in the source (as a different focussing transducer is used here, with a different 

spot size), or due to the stray signals, but the results are puzzling as there is better agreement 

at higher overlap frequencies.  At the lowest end of the frequency range measured, the 

insufficient sample size (and therefore poor statistics) may be playing a role in increasing 

the measured correlations.  Nevertheless, the large measured correlations suggest a mobility 

edge exists even at these low frequencies, and warrants further investigation. 

4.6 Conclusion 

The results presented in this chapter (and associated paper (Hildebrand et al. 2014)) are 

believed to be the first of their kind.  No other experiments are known to measure C0 

correlations directly, and the independent measurements linking these to the multifractal 

exponent Δ2 reveals that C0 can indeed be used to probe the Anderson transition.  The 

progress contained in this chapter lies not only in the results, but also in the methods and 

procedures used to analyze the results.  As one can see from the supplementary material in 

(Hildebrand et al. 2014), the theoretical expressions required to fit the experimental 

correlations are quite complex, involving several integrals.  The joint fitting procedures are 

non-trivial, and this work required significant development of the algorithms to perform 

these calculations in a time frame reasonable for curve fitting.  The magnitude of the data 

required for good statistics, and the calculations required to process these, both required 

many weeks of acquisition or processing, and the automation procedures developed to 

handle these are a valuable resource for future work. 
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We have seen that the long- and infinite-range correlations are well-described by 

theory, and grow dramatically with the approach to localization, and the link to 

multifractality has been confirmed.  While some questions remain, this work paves the way 

for further investigation into the link between phenomena, and the possibility of using 

measurements of these correlations to investigate the critical behaviour of the Anderson 

transition. 
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Density of States and Level Spacing Statistics 
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5.1 Overview 

This chapter builds upon the results of my MSc thesis: Density of states of elastic waves in a 

strongly scattering porous “mesoglass” (Hildebrand 2009).  While the samples and 

techniques used here are different than those of Chapters 2-4, these experiments reveal 

complementary information about wave transport in strongly scattering disordered media.  

The work contained in this thesis extends both the range of frequencies investigated, and the 

depth of analysis.  Details of the theory, samples, experiments, and analysis already 

contained in my MSc thesis will not be reproduced here, and only a brief summary will be 

given of these items. 

5.2 Background1 

The behaviour of the density of states in strongly scattering, disordered systems is not well-

understood, despite being an important property that influences energy transport in such 

systems across a huge range of length scales.  In these experiments, a direct approach to 

measuring the density of states is taken: samples are constructed of sufficiently small size so 

that the individual normal vibrational modes of the system are few and far-between enough 

to be resolved and counted.  By averaging over many statistically equivalent samples, we can 

determine the average density of states and level spacing statistics of our medium. 

5.2.1 Disordered glass bead network samples 

The medium was made from glass beads with diameters ranging from 

106–149 μm.  To prepare the sample, the glass beads were mixed randomly with iron beads 

                                                        

1 c.f. (Hildebrand 2009) 
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in the same size range in a 1:1 volume ratio.  The iron was used as a temporary filler, to 

increase the porosity of the medium, and would later be removed1.  This mixture was packed 

into a mould and sintered to form a slab, by heating the mixture to near the softening 

temperature of the glass, so that the glass had begun to flow together but not melted entirely 

(at this temperature, the iron is still well below melting).  Once the material had cooled, the 

iron was etched out using an acid bath, leaving a highly porous random network of glass. 

Many more details of the sample construction can be found in my MSc thesis (Hildebrand 

2009).  Some of the transport properties of this medium were previously obtained from 

ballistic measurements through these slab samples, as shown in Figure 5.1. 

Using a diamond wire saw, small samples were then cut from the slab to have volumes 

ranging from 0.6–5.8 mm3, as calculated from the density of the porous slab and the masses 

of the cut samples.  The sample was then imaged using x-ray tomography, and reconstructed 

images of the sintered slab and a single sample are shown in Figure 5.2.  One can see that the 

original beads used are no longer discernable; rather than a structure of interconnected glass 

beads fused together at their interfaces, a more continuous glass structure exists, and the 

spherical impressions left from the iron beads are visible.  These glass sinters therefore differ 

from the aluminum samples (§3.3) in that they have pores that look like a network of spheres 

– nearly the inverse of the previous aluminum structure.  The over-sintering and iron filler 

particles also lead to a wider distribution of pore sizes in the glass samples.  A summary of 

the sample properties is given in Table 5.1. 

                                                        

1 Note that this also resembles a percolated system on a random lattice, where each site can 

be occupied (glass bead) or vacant (iron bead). 
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Figure 5.1: ℓs, kℓs, vp, and vg for samples of various thicknesses (L).  Samples 

fabricated by Russell Holmes; measurements by James Beck.  (Hildebrand 2009) 
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Figure 5.2: 3-D reconstruction of x-ray tomography of a single sample (left) and a 

larger slab of material (right).  (Hildebrand 2009) 

Table 5.1: Summary of sintered glass sample properties.  (Hildebrand 2009) 

Bulk Material Soda-Lime Silica Glass 

Bulk Material Density 2.5 g/cm3 

Bulk Material Longitudinal Velocity (vL,bulk) 5.6 mm/μs 

Bulk Material Transverse Velocity (vT,bulk) 3.4 mm/μs 

Bead Diameter 106 – 149 μm 

Mixing Ratio (Percolation Probability) 1:1 (q = 0.5) 

Volume Fraction 0.332 ± 0.007 % 

Sample Density 0.83 ± 0.02 g/cm3 

Sample Volume 0.6 – 5.8 mm3 

Effective Medium Phase Velocity1 (vp,L,eff ) 1.63 + 0.42 f 

Effective Medium Group Velocity1 (vg,T,eff ) 1.3 + 1.2 f 

Effective Medium Longitudinal/Transverse 
Velocity Ratio2 ( /L Tv v  ) 2  

                                                        

1 c.f. Figure 5.1 
2 Estimated from experiments in a similar system (Schriemer et al. 1996). 

≈ 200 μm ≈ 2 mm 
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5.2.2 Previous results and motivation 

We call the medium used in these experiments a “mesoglass” because it is intended to serve 

as a mesoscopic model of an atomic glass, as discussed in (§3.3).  Three distinct frequency 

regimes are predicted in this medium: a low-frequency “effective medium” regime, an 

intermediate-frequency “strong scattering” regime, and a high-frequency “bulk material” 

regime, with the crossovers between these regimes determined by the wavelength relative 

to the pore and solid network length scales.  These regimes were determined through fractal 

analysis of the x-ray microtomography data, and the results are shown in Figure 5.3. 
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Figure 5.3: Fractal box counting results.  The crossover lengths and fractal dimension 

are determined from this analysis.  (Hildebrand 2009) 

Previous ballistic measurements on this medium showed that the scattering is very 

strong (kℓ ≈ 1 – c.f. Figure 5.1).  Other transmission experiments on the slab samples also 

showed that there is a plateau in the diffusion coefficient in the intermediate-frequency 
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regime, as shown in Figure 5.4, similar to the results of numerical simulations in (Sheng, 

Zhou, and Zhang 1994).   
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Figure 5.4: Diffusion coefficient DB (bottom), measured from the time-of-flight 

profiles (examples above) for two similarly prepared samples (of thickness L).  A 

plateau is found in the strong-scattering regime.  The low-frequency crossover to this 

regime corresponds to the average radius of the largest pores in the medium, and is 

estimated from results of Figure 5.3.  (Hildebrand 2009) 
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The measurements of my MSc thesis (Hildebrand 2009) showed that the density of states 

(DOS) exhibited a plateau in the intermediate-frequency regime, and this plateau extends 

much further than expected into the low-frequency regime (shown in Figure 5.5). 
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Figure 5.5: Comparison of measured density of states with estimates (Hildebrand 

2009).  The measured density of states at low frequencies is significantly greater than 

the prediction of the Debye model.  In the strong scattering regime, the density of 

states agrees fairly well with the value estimated from conservation of modes 

(c.f. (Hildebrand 2009)).  The mean density of states measured in this range is 

ρ = 47.1 ± 0.3 MHz-1 mm-3, and a power-law fit yields ρ ∝ f 0.01 ± 0.04.  The crossover 

frequencies are calculated from the results of Figure 5.3. 
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The results of Figure 5.5 motivate additional experiments and analysis of this system.  

The enhancement of the density of states above the predicted value at low frequencies may 

be an example of the so-called “Boson peak”, thought to be responsible for the anomalous 

thermal conductivity in glasses at low temperatures (Allen et al. 1999), the origin of which 

has been the subject of considerable debate (c.f. (Nakayama 2002) and references therein).  

At sufficiently low frequencies, the Debye prediction for the DOS should apply, and my new 

experiments explore these lower frequencies, in hopes of observing this crossover and better 

understanding this low-frequency enhancement.  The plateau in the DOS, along with the 

observed fractal behaviour of Figure 5.3, suggest that the modes in the intermediate-

frequency regime may be localized (Aharony et al. 1987; Alexander and Orbach 1982) (c.f. 

§2.4), and an analysis of the level spacing statistics may prove useful investigating this. 

Attempts were also made to use the techniques of transverse confinement to 

investigate the possibility of localized behaviour in these porous, sintered glass samples.  

These experiments are significantly more difficult than the ones described in Chapter 3 for a 

few reasons; most notably that glass samples suffer from much more absorption than the 

aluminum ones, making it difficult to obtain data with a useful signal-to-noise ratio up to long 

time scales.  One example of these results in shown in Figure 5.6 (experiments and analysis 

performed by Sintia Bejatovic, Anatoliy Strybulevych, and John Page).  These results are 

somewhat puzzling, as they seem to show a very quick initial rise (comparable to that 

expected from diffusion alone), but then sharply bend over, but continue to grow, albeit more 

slowly.  There is also a very strong r-dependence, indicating a large departure from a 

Gaussian transverse profile.  We see that there is a significant departure from simple 
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diffusion, but the saturation characteristic of localization (near values of w2/L2 ~ 1) does not 

occur, suggesting that at this frequency the behaviour is close to localized, but not there yet. 
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Figure 5.6: Width-squared results for sintered glass slab sample of thickness 

L = 3.69 mm at 4.5 MHz.  The bandwidth of the digital filter used was 10%, or 450 kHz.  

The dashed line is the expected behaviour based on the diffusion coefficient D 

measured from plane-wave transmission time-of-flight data.  Data have been masked 

to show only the meaningful points (i.e. where the noise does not obscure the data). 

5.3 Theory 

5.3.1 Debye prediction for the density of states 

In the low-frequency regime (where the wavelength is much larger than size of the 

inhomogeneities), the samples should behave as an effective homogenous medium (with 

appropriate effective-medium velocities).  The Debye model is based on a standing-wave 
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argument, which quantizes the vibrational modes of the system (c.f. (Hildebrand 2009; Kittel 

2005)).  This model predicts the following frequency dependence for the DOS: 
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,  (5.1) 

where V is the sample volume, and the v(f) refer to the phase and group velocities, with 

longitudinal and transverse polarizations.  The frequency dependence of the velocities is 

explicitly written to remind the reader that the predicted DOS will depart from the standard 

f2 prediction if the velocities are frequency dependent.  Note also that V is the volume of the 

effective medium, and therefore includes the volume of the pores as well. 

5.3.2 Fractal prediction for the density of states1 

Figure 5.3 showed that the samples exhibited fractal behaviour over a range of length scales.  

Vibrational excitations on a fractal structure have been referred to as fractons, and the 

corresponding fracton dimension (đ) is defined by the frequency scaling of the density of 

states (Alexander and Orbach 1982), where 

    1đ
f f


 .  (5.2) 

For homogenous, non-fractal structures, the fractal, fracton and Euclidian dimensions are all 

equal, and thus, for a three-dimensional structure, the standard result of   2f f   is 

recovered. 

Several predictions have been made for the value of đ in a fractal structure.  Based on 

a scalar elasticity model on a percolated network (Born and Huang 1954), a value of 4 3đ   

                                                        

1 as in (Hildebrand 2009) 
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was conjectured by (Alexander and Orbach 1982), along with the further conjecture that all 

vibrational modes on a fractal will be localized.  This is consistent (Aharony et al. 1987) with 

the Ioffe-Regel criterion (c.f. §2.6).  A more sophisticated bond-bending model for a 

percolated lattice (Webman and Grest 1985) gives a prediction of 0.72 < đ <0.93 for a 

structure with the measured fractal dimension from Figure 5.3. 

5.3.3 Thermal conductivity 

As discussed in §5.2, the density of states is directly related to thermal conductivity, and our 

meso-scale model of an atomic glass may help to better understand the thermal properties 

of such materials.  The thermal conductivity can be written as 

      
0 B

T C D d
k T


    

  
  

 
 ,  (5.3) 

where T is the temperature, C is the heat capacity per mode, and D is the diffusion coefficient, 

and the heat capacity per mode is given by (Sheng and Zhou 1991) 
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.  (5.4) 

Note that this function cuts off the integral at large Bx k T , so the high-frequency 

behaviour of D and ρ are unimportant to the low-temperature thermal conductivity.  We 

have the diffusion coefficient from the measurements shown in Figure 5.4, and D can be 

estimated at even lower frequencies from Rayleigh and boundary scattering1.  That is, at the 

lowest frequencies, the sample size limits the ballistic wave propagation rather than the 

                                                        

1 Thanks to Matthew Hasselfield for his help with this model. 
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usual mean free path, so we have  0 3ED v L  , where the energy velocity vE can be 

estimated by extrapolating ballistic measurements (Figure 5.1).  At slightly higher 

frequencies (once L > ℓ*), Rayleigh scattering is assumed and ℓ* ∝ ω-4.  This result is then 

smoothly connected with the measured diffusion coefficient shown in Figure 5.4.  The 

thermal conductivity can then be calculated using the measured density of states with the 

preceding equations. 

5.3.4 Level spacing statistics 

The frequencies of vibrational modes of a disordered system (where the transport is in the 

diffuse regime) can be characterized by the eigenvalues of random matrices (Mehta 2004; 

Weaver 1989).  In particular, a specific class of random matrices, known as the Gaussian 

orthogonal ensemble, or GOE, are applicable.  The distribution of nearest-neighbour spacings 

s between eigenvalues of these matrices are well-approximated by (Mehta 2004): 

  
2

GOE exp
2 4

s s
P s

   
   
   

,  (5.5) 

where s is normalized by the average spacing (such that 1s  ).  This distribution has the 

feature of a vanishing probability of mode spacings as s → 0.  This is due to what is known as 

level repulsion, which is the tendency for modes to separate and avoid “accidental” 

degeneracies in the spectrum. 

Level repulsion only occurs when the modes of the system overlap spatially, and can 

interact.  Therefore, if the modes of the system are localized, level repulsion should be 

destroyed.  In the limit of this case, the modes of the system should be randomly distributed 

in frequency (analogous to a Poisson process), and the distribution nearest-neighbour level 
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spacings should be described by Poisson statistics, and simply given by an exponential, i.e. 

    Poi expP s s  .  (5.6)1 

This argument is based on one of the ideas incorporated in the scaling theory of localization 

described in §2.7. 

By comparing the measured level spacing statistics to the GOE and Poisson 

predictions, we can get some idea of how close to localized or diffuse behaviour the statistics 

are.  These curves are shown in Figure 5.7.  Using the property that the GOE and Poisson 

curves cross at around s = 2, the crossover from GOE to Poisson behaviour can be 

characterized by a single parameter (Sade et al. 2005; Shklovskii et al. 1993): 
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,  (5.7) 

where γ = 0 when the behaviour is completely GOE-like (diffuse), or γ = 1 when the behaviour 

is completely Poisson-like (localized).  The disadvantage of this approach experimentally is 

that it depends only on the s > 2 region of the curves, where the number of data points is 

fewest.  An attempt was made to improve upon this result by defining a similar parameter 

for mid-range values of s: 
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,  (5.8) 

                                                        

1 In the context of level spacing statistics, this is often referred to as the Poisson distribution, 

but should not be confused with the function of the same name corresponding to the rare-

event approximation to a binomial distribution (though both distributions may, in some 

cases, be used to characterize aspects of the same phenomenon, such as in some cases of 

nuclear decay). 
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which should have the same properties for diffuse or localized behaviour as γ. 
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Figure 5.7: Comparison of GOE and Poisson predictions for nearest-neighbour level 

separations. 

5.3.5 Mode shapes 

In my MSc thesis, I discussed the difficulty of fitting multiple peaked functions, such as 

Lorentzians, to the spectra in order to determine the correct mode frequencies.  A simple 

model of three coupled harmonic oscillators was constructed, and the solutions of the 

corresponding differential equations for a particular set of parameters (mass, damping, 

coupling, and driving force) are shown in Figure 5.8.  Clearly, a simple sum of real-valued 

Lorentzians would not suffice to fit these spectra.  Note the seemingly strange features such 

as the “shoulder-shaped” mode observed in the amplitude of the third oscillator, and the 

peak in the phase derivative at approximately the sum of the frequencies between the first 

and third mode.   
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Figure 5.8: Frequency response of mass-and-spring model of three coupled 

harmonic oscillator in 1D.  System properties for each oscillator (mass, damping, 

coupling, and driving force) were chosen arbitrarily.  The different curves represent 

the responses measured at each oscillator.  (Hildebrand 2009) 

Nevertheless, experiments with microwaves have reported success using a sum of complex 

Lorentzians to fit their spectra (Wang and Genack 2011), i.e., 
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 ,  (5.9) 

where cj are complex amplitudes, ωj are the resonant frequencies, and Γj are the widths.  By 

using this form, we can construct something that looks qualitatively very similar to the 

results of differential equation model, as shown in Figure 5.91. 

                                                        

1 Both models were developed for qualitative illustration only.  The exact parameters leading 

to the curves above are without much meaning, and cannot be quantitatively compared. 
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Figure 5.9: Sum of three complex Lorentzians (according to equation (5.9)).  Mode 

frequencies, widths, amplitudes, and phases were chosen to mimic the response of 

Oscillator 3 shown in Figure 5.8. 

We see that similar features to those found from the mass-and-spring model (using 

differential equations) can be obtained using the sum of complex Lorentzians.  Based on this 

success, attempts were made to use a multi-peak fitting approach1 (rather than the more 

empirical method, c.f. §5.5.2), combined with a genetic algorithm, as a way of locating the 

individual modes.  However, the situation is complicated by the finite-record-length effects 

of the pulsed experiments.  Equation (5.9) would need to be convolved with a sinc or other 

window function, and no analytic solution was found to convolve our window function with 

                                                        

1 This work was performed by summer student Cody Friesen. 
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the sum of complex Lorentzians.  This means the convolution would need to be performed 

using numerical integration, and since n modes means 3n parameters for the fitting, this 

would make the time required for fitting unfeasible (our spectra often have several hundred 

modes).  Because of the long time required for the calculations, the ambiguity of this method, 

and the influence of noise on the data, this method was abandoned (c.f. §5.6). 

5.4 Experiments 

Most of the experiments presented here follow the same measurement techniques as were 

described in my MSc thesis.  The samples were placed in contact with two ultrasonic 

transducers, and a short, broadband pulse was produced by one of the transducers to excite 

the vibrational modes of the sample.  The other transducer in contact was used to record the 

transmitted elastic wave.  Each transducer was in contact with only one or a few points on 

the sample, in order to minimize the damping and coupling between the transducers and the 

sample.  The recorded signals were Fourier transformed so that the modes of the system 

could be identified and counted.  The experimental configuration is shown in Figure 5.10. 

The experiments were performed in a vacuum chamber in order to reduce absorption 

and losses to the air, as well as to eliminate the multiply-reflected signal propagation directly 

through the air between the transducers.  Pairs of transducers with central frequencies 

ranging from 500 kHz–5 MHz were used in these experiments.  As previously mentioned, 

one of the primary goals in continuing these experiments beyond the results of my MSc thesis 

was to better understand the behaviour of the density of states at lower frequencies (nearing 

the effective medium regime), so additional samples at the larger end of the volume range 

were cut and primarily studied (samples whose dimensions were much smaller than one 

wavelength were not useful for these experiments).  For each sample investigated, the 
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experiment was repeated several times with different pairs of contact points with the 

transducers. 

 

 

Figure 5.10: Diagram and photographs of sample holder with sample mounted.  The 

sample is in contact with a generating and receiving transducer at a few points.  The 

transducer spacing is controlled by springs and micrometers in order to make light 

contact with the sample.  The dashed red box on the top left diagram is the region 

shown in the bottom photograph, where the diameter of the transducers is about 

7 mm.  (Hildebrand 2009) 

There may be nodes at some points on the sample surface (or the displacement 

perpendicular to the transducer face may be very weak), and this provides a statistical basis 

for inferring the total number of modes.  More detailed information about these experiments 
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and the equipment used can be found in my MSc thesis (Hildebrand 2009).  Additional 

experiments were performed1 using a continuous wave input, verifying that the results were 

not being affected by the pulsed nature of the experiments.   

5.5 Results and Analysis 

5.5.1 Overview 

When the elastic modes of a sample are excited by a short ultrasonic pulse, peaks are found 

in the Fourier transform of the transmitted signal, indicating the normal modes of vibration 

of the system.  If the sample is small enough, the peaks corresponding to the individual 

modes will be sufficiently well-separated to be resolved.  Once these modes are located, they 

can be counted and binned to yield the density of states, and their nearest-neighbour spacing 

can be used to obtain the level spacing statistics. 

5.5.2 Density of states measurements at low frequencies 

While most of the analysis is as described in my MSc thesis, a few changes have been 

implemented since its writing.  The basic analysis steps will be outlined here, along with 

examples, and any notable changes will be mentioned.  There are several parameters that 

need to be chosen to yield optimal results, and the methods of choosing these parameters 

will be discussed following a description of the analysis steps. 

                                                        

1 Thanks to Alexandria Frik for her help with these experiments. 
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5.5.2.1 Acquired signals and windowing 

For this set of experiments, signals were averaged 100,000 times in order to reduce any 

significant electronic noise contributions.  The signals were then truncated and windowed 

using a -74 dB 4-term Blackman-Harris window (Harris 1978) in order to reduce any side-

lobes due to finite record length with minimal peak broadening.  An example of one of the 

signals along with its Fourier transform is shown in Figure 5.11.  Even though there is still 

clearly signal above the pre-trigger noise level at long times, it was observed that truncating 

to a shorter record length helped to reduce the noise.  The truncation point was chosen to 

achieve a balance between noise level and peak broadening.  While the noise looks negligible 

on a linear scale, it is clearly noticeable on a log scale, and can make it difficult to discern 

modes from noise at the upper and lower ends of the spectrum, where the peak amplitudes 

are much smaller. 
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Figure 5.11: Example of signal acquired and windowed (left), and Fourier transform 

of windowed result (right) (inset shows log scale).  The noise is very small, and the 

observed modes are easily resolvable. 
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5.5.2.2 Low-frequency limit 

As described in my MSc thesis, there is a low-frequency limit to the range of my experiments, 

due to the acoustic signals that travel through the transducer holders themselves, rather 

than through the sample.  It was found that below 150 kHz, there were resonances observed 

in the received spectrum, even with no sample in place.  One example of this measurement 

is shown in Figure 5.12.  Due to this limitation, results were limited to measuring signals 

above 150 kHz only. 
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Figure 5.12: Signal and Fourier transform with no sample present.  Vertical scale for 

Fourier transformed data (right) is the same as that of Figure 5.11. 

5.5.2.3 Noise baseline and peak finding 

The method of distinguishing peaks from noise was slightly different than that used in my 

MSc thesis.  The method presented here is somewhat simpler, and led to equally reliable 

results. 

A noise baseline was empirically observed to have the functional form as follows: 

   10 10A Bb f f  ,  (5.10) 
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where A and B are constants chosen to best fit the observed noise baseline in the data.  The 

peaks were then found by locating local maxima in the smoothed (smoothing described in 

§5.5.2.6) Fourier transform.  A peak threshold was set, such that the magnitude at the peak 

was required to be greater than the set multiple of the noise baseline.  One example of a 

spectrum along with the noise baseline and mode locations is shown in Figure 5.13. 

200 300 400 500 600 700 800 900

F
F

T
 m

ag
n

it
u

d
e 

(a
.u

.)

Frequency (kHz)

 FFT magnitude

 Noise baseline

 Peak locations

 

Figure 5.13: Example of FFT magnitude with noise baseline and peak finding results 

(top: log scale, bottom: linear scale).  The baseline shown is according to equation 

(5.10), with A = 1.6, B = -7.  The peaks were found using 5-point adjacent averaging.  

The minimum peak amplitude threshold is 9 times the baseline.  
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On a log scale, it can sometimes be difficult to discern the peaks from the noise, and 

the choice of threshold is clearly very important in correctly determining the peak locations.  

The methods used to reliably determine the density of states will be discussed in the next 

section. 

5.5.2.4 Statistical mode counting 

As discussed in my MSc thesis, it is difficult to know with certainty that all the modes are 

counted in any given trial.  The optimal threshold value is not an obvious choice, and some 

peaks may be missed due to this.  Slight changes in the experiment (such as contact pressure 

between the transducers and sample, for example) may cause the modes to shift slightly in 

frequency, making it difficult to determine if one is observing the same mode, or two 

different modes, in two trials on the same sample.  Trials on the same sample are often done 

with different sets of contact points, so a given vibrational mode may not have significant 

displacement (perpendicular to the transducer surface) at the contact points used, which 

may cause a mode to be missed.  These concerns motivated the statistical method of mode 

counting presented in my MSc thesis and a subsequent paper (Hildebrand, Cobus, and Page 

2010). 

The basic argument starts by assuming that in any one trial on a sample, there is a 

random probability p of detecting any one of the total n modes that occur within a given 

frequency range.  The probability P of detecting x of the n modes is then given by the binomial 

distribution: 
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By performing many trials on the same sample, we can obtain a mean and standard deviation 

for the observed number of modes in a given frequency range.  This yields the total number 

of modes n (and uncertainty) as a function of the mean μ and standard deviation σ: 
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,  (5.12) 
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where N is the number of trials used to determine μ and σ.  This gives the number of modes 

(with uncertainty) for a given frequency range for one sample.  Even for statistically 

equivalent samples, there will be no correlation for the exact mode frequencies between 

them, and therefore there may be inherent fluctuations in the number of modes counted 

(even if we could measure them perfectly).  Therefore, when combining results from several 

samples together, an addition contribution to the uncertainty in n should be included, to 

account for the expected variance in the density of states between statistically equivalent 

samples.  This contribution is estimated from random matrix theory (Mehta 2004; Weaver 

1989), and is added in quadrature to equation (5.13) to yield: 
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.  (5.14) 

It may be the case that for a given frequency range for a particular sample, no modes 

are counted in any of the trials.  In this case, the above equations would yield indeterminate 

results, even though there is a finite probability of this occurring in our experiments.  To 

account for this situation, a statistical argument was presented in (Hildebrand et al. 2010; 
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Hildebrand 2009) that assigns values to n and Δn in the case of “empty bins”.  These 

arguments yield: 
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These expressions give the necessary tools to combine the results from several trials per 

sample, and from several samples, to obtain a measurement of the density of states of the 

system. 

5.5.2.5 Setting threshold levels 

The arguments of the preceding section allow for a measurement of the true density of states, 

even in the case where some modes may be missed in any given trial.  Still, the task remains 

to choose an appropriate threshold level that is within the range of acceptable values that 

will yield correct results; if too high or low a threshold is chosen, even the statistical 

treatment presented will be unable to correctly calculate the density of states. 

Because the arguments allow for a certain percentage of modes to be missed, there 

should be a range of threshold values that yield nearly the same calculated number of modes 

n even though the actual number of modes counted is changing.  We can plot the μ and n as 

a function of the peak threshold, and look for a plateau in n, indicating that this is the 

acceptable range of threshold values for this experiment.  One example from the current low-

frequency analysis is shown in Figure 5.14.  In this example, the plateau effect is visible, 

though somewhat subtle.  A more dramatic example can be found in (Hildebrand et al. 2010).  
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We see from this example that choosing a threshold value between 6 and 9 yields nearly the 

same results for the number of modes calculated, indicating that this is the correct range of 

threshold values.  It was often found “by eye” that choosing threshold values near the upper 

end of the acceptable range yielded the best-looking and most reliable results.  This is likely 

due to the fact that at the upper end of the peak threshold, the probability of including peaks 

due to noise in the analysis should be minimized. 
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Figure 5.14: Mean number of peaks measured and calculated number of modes for 

one sample.  Results have been binned over the entire 150–900 kHz range.  The quasi-

plateau in n shows that threshold values from about 6–9 should yield the correct 

result for the density of states. 

5.5.2.6 Interactive analysis GUI 

In the previous sections, there were several quantities that were chosen in order to optimize 

the analysis.  When there are so many degrees of freedom available in the analysis, it can be 
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difficult to explore all the possibilities and understand their impact on the final results of the 

analysis.  To better explore the details of the analysis, and to ensure that the final results 

were not unfairly influenced by any of the parameters chosen, an interactive analysis GUI 

was made in Igor Pro.  A screenshot of the GUI is shown in Figure 5.15.  This GUI allows the 

user to update any of the parameters used in the analysis, and view the results of the entire 

set of experiments updated in real time. 

 

Figure 5.15: Screenshot of density of states interactive analysis GUI.   
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In the example shown, we are currently adjusting the parameters for the sample 

labelled “AF”.  The results shown in Figure 5.11, Figure 5.13, and Figure 5.14 are all the 

outputs for the set of parameters shown here.  Note that some of the parameters shown apply 

to all trials of a particular sample, while others apply globally (to all trials of all samples).  In 

order to give the reader a sense of the logical process involved in optimizing these 

parameters, the normal work flow used when operating the GUI will be presented, and is as 

follows: 

1. Data from experiments are loaded into Igor Pro using a series of menu-driven 

macros.  All trials from a single sample are stored in a single matrix (which 

can be added to if more trials are needed).  The input matrix (and 

corresponding sample mass) is selected in the GUI, to determine which 

sample to work with. 

2. The start and end positions are selected to choose the truncation region for 

the time-domain signals (as shown in Figure 5.11), and the target frequency 

range is set.  The corresponding Fourier transform (e.g. Figure 5.13) is 

updated in real time as these parameters are adjusted.  This allows the user 

to easily determine the best compromise between noise level and peak width.  

Note that the start and end positions are applied to all trials of a particular 

sample, as we may expect that the time-dependent decay (influencing how 

quickly the signal-to-noise ratio decreases) may differ for samples of different 

sizes.  The target frequency range is a global setting, to be consistent 

throughout the analysis. 
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3. The number of points to be used for adjacent-average smoothing of the 

Fourier transform is set.  This smoothing should be sufficient to minimize 

point-to-point fluctuations, without washing out any potential peaks due to 

real modes.  This is a per-sample setting. 

4. A noise baseline should be set when viewing the FFT on a log scale.  Note that 

the 3rd parameter/term in the noise baseline equation is no longer used.  This 

is a per-sample setting. 

5. The user should now look through all the trials for the sample being studied, 

to ensure that there are no spurious or duplicate results.  Trials to be ignored 

can be selected using the check box.  This provides a convenient way to 

compare certain data that may be taken under different conditions, but 

should not be included in the final analysis. 

6. The peak threshold should then be adjusted to the minimum and maximum 

values of possibly reasonable results.  These can be then used to set the range 

of values used to generate graphs like Figure 5.14 (by using the “Run 

threshold loop” button).  Based on the threshold loop graph, and observing 

the found peaks in the FFT, a threshold can be set.  This threshold applies to 

all trials of one sample. 

7. This process should then be repeated for all samples used in the analysis.  

Once all samples have been processed once, the final results for the density of 

states can be viewed. 

When all the parameters have been set, it is a good idea to test their reliability, and 

the robustness of the final results.  This was done in a somewhat ad-hoc way:  the parameters 



208 
 

were slightly varied while the final results were viewed in real time.  The result was 

determined to be reliable when changing any one parameter within a reasonable range, or 

removing any one sample from the analysis, caused no change in the final results larger than 

the order of magnitude of their uncertainties. 

5.5.2.7 Low-frequency density of states results 

Following the analysis procedure described, the density of states at low frequencies was 

measured to be as shown in Figure 5.16. 
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Figure 5.16: Density of states at low frequencies. 

These results were obtained from five separate samples, ranging in mass from 2.5–4.6 mg, 

with 12–18 trials per sample.  From these results, a decrease in the density of states at low 

frequencies is finally seen.  Recall from Figure 5.5 that the density of states did not cross over 

to the predictions of the Debye model at low frequencies, but rather remained constant, even 
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when well below the expected effective medium crossover frequency.  The new results at 

even lower frequencies show that the density of states finally does begin to decrease below 

about 350 kHz.  We can put these results in the context of our previous results and 

predictions, as shown in Figure 5.17. 
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Figure 5.17: Comparison of density of states at low frequencies to theoretical 

predictions and previous results.  A power-law fit of the old and new data together 

(excluding the four lowest-frequency points) yields ρ ∝ f 0.09 ± 0.02 (χ2ν = 0.44). 

We first of all notice that the new results agree with the previous ones in the range 

where they overlap.  A power-law fit of the plateau region including the new data yields the 

revised value of đ = 1.09 ± 0.02 – slightly increased from the previous measurements.  Even 

at the lowest frequencies, the density of states is significantly above the predictions from the 

Debye model, and is decreasing with a weaker power law, closer to an exponent of 1.2 rather 



210 
 

than 2.  The density of states is also plotted in reduced format (Figure 5.18), as is often done 

to show evidence of a Boson peak.  While the reduced density of states shows a large increase 

at low frequencies, no actual peak is seen.  These results will be further discussed in §5.6 
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Figure 5.18: Reduced density of states ρ(f)/f 2. 

5.5.3 Thermal conductivity calculations 

As discussed in §5.3.3, the measured density of states can be used in conjunction with the 

measured diffusion coefficient (c.f. Figure 5.4) to calculate the thermal conductivity at low 

temperatures, as shown in Figure 5.19.  The observed plateaus in both D and ρ produce the 

observed plateau in κ.  These results resemble the measured thermal conductivity in real, 

atomic-scale glasses (especially amorphous silicon and silica), as shown in Figure 5.20, and 

will be further discussed in §5.6. 
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Figure 5.19: Calculated thermal conductivity of the mesoglass.  Note the DOS 

enhancement above the Debye model contributes significantly to the partial plateau 

in κ. 

       

Figure 5.20: Measured thermal conductivity in several glasses.  Left: Amorphous Si 

(Allen et al. 1999).  Right (from top to bottom): Amorphous SiO2, Amorphous Se, 

PMMA, Epoxy (Sheng and Zhou 1991). 
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5.5.4 Level spacing statistics 

The level spacing statistics presented here are the results of analyzing both the newly 

acquired low-frequency data presented in §5.5.2, as well as the higher frequency mode-

counting data presented in my MSc thesis. 

Since we already have the resonant frequencies for each trial from the density of 

states measurements, it is simple to compute and normalize the nearest-neighbour level 

spacings to obtain P(s) (c.f. §5.3.4).  However, to meaningfully compare our results with 

theory, some adjustments need to be made to account for the limits of working with 

experimental data.  First, consider what would happen in the case of an experimental data 

set where the statistics were in fact purely governed by a known theoretical distribution.  In 

any experiment, the modes will have a finite width, so there will be a minimum measurable 

mode separation smin.  Because the measurements are done on a finite sample over a finite 

frequency range, there will be a limit to the maximum measurable mode separation smax.  

Now, in order to compare with the theoretical distributions, the data are normalized so that 

1s   and   1P s ds  .  These same minima and maxima need to be applied to the theory, 

which must be normalized appropriately to be able to make an accurate comparison.  First, 

the new first moment of the truncated function is: 

    ,
b

a

A a b P s sds  ,  (5.17) 

where a = smin, b = smax.  The distribution is then normalized using 
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so that the new theoretical distribution becomes: 
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For the Poisson and GOE distributions equations (5.5) and (5.6), these normalization 

parameters become: 

      Poi , 1 1a bA a b e a e b     ,  (5.20) 
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where      1 , 1 1a bf a b e b e a    ;  (5.22) 
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These distributions are now normalized over the same range as the experimental data.  The 

parameters γ and γm of equations (5.7) and (5.8) also should be modified to account for these 

finite effects.  To do this, we simply calculate the modified GOE and Poisson distributions 

from equation (5.19), find the points at which they cross sc1 and sc1 (previously these were 

at s = 1 and s = 2, respectively), and use these as bounds for the integrals, with the modified 

distributions, in the calculation of γ; i.e. 

    1,2 1,2, , , ,GOE c Poi cP s a b P s a b  ,  (5.25) 
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One example of the level spacing statistics (LSS), calculated from the recent low-

frequency results presented in §5.5.2, is shown in Figure 5.21. 
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Figure 5.21: Level spacing statistics calculated from newest low-frequency 

experiments, from the modes measured in the range 150–900 kHz.  From this 

distribution, we find γ′ = 0.19 and γ′m = 0.10. 

The data in this figure are calculated from the measured resonances of three samples, over 

the entire measured range of 150–900 kHz.  In this example (and similar following), the 

average over samples of different sizes (and different average spacings) is performed by first 

normalizing all the level spacings by the average for that sample, and these normalized level 

spacings are then binned to create the histogram.  γ′(m) is then calculated from the resulting 
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distribution.  While the distribution appears to exhibit some level repulsion, the statistics are 

somewhat in between the predictions of the Poisson and GOE distributions, and the 

parameters γ′ = 0.19 and γ′m =0.10 indicate that the results are closer to that of the GOE, 

which is what one would expect at such low frequencies, where the transport should be 

primarily diffuse.  Also note that the finite range correction of equation (5.19) only shifts the 

theoretical curves slightly from their original distributions, as can be seen by comparing the 

solid and dashed lines in Figure 5.21. 

We should consider the factors (other than a departure from diffusive transport) that 

may be responsible for skewing the statistics away from the GOE prediction.  For one, in 

computer simulations of the LSS of elastic resonances in small samples of brazed aluminum 

beads (constructed similarly to the samples of Chapter 3 and Chapter 4), it was found that 

for very small samples, the LSS became closer to the Poisson prediction, in the same 

frequency range that larger samples agreed well with the GOE prediction (Lee 2014).  This 

effect is potentially problematic for our experiments, as we rely on using small samples to 

ensure that the modes are sufficiently separated to be resolved.  The GOE statistics predicted 

by random matrix theory refer also to a spectrum that has a constant average spacing 

(Weaver 1989), and we see from Figure 5.16 that the density of states (and therefore the 

average mode spacing) is indeed increasing slightly over the range used for Figure 5.21.  

Before moving on with using the LSS to characterize the transport, these effects should be 

investigated more closely. 

Consider first the results in the 2 MHz range, where the density of states is nearly 

constant (from Figure 5.17), satisfying the requirement of a constant average spacing over 

the range considered.  The LSS and γ′(m) parameters are calculated for each sample 
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independently, to investigate the sample-size dependence.  The overall results for the LSS 

and the sample-size dependence of γ′(m) in this frequency range are shown in Figure 5.22, 

and two examples of the LSS for a small and large sample are shown in Figure 5.23. 
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Figure 5.22: Left: Level spacing statistics calculated from ~ 2 MHz experiments 

(average over all samples, from the modes measured in the range 1.0–2.4 MHz).  From 

this distribution, we find γ′ = 0.025, γ′m = -0.16.  Right: γ′(m) vs. sample volume for the 

same samples and range. 
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Figure 5.23: Level spacing statistics for two individual samples in the 2 MHz range.  

Left: small sample – V = 0.59 mm3, γ′ = 0.46, γ′m = 0.29.  Right: large sample – 

V = 3.2 mm3, γ′ = -0.74, γ′m = -0.60. 
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When the entire range and all samples are considered as a whole (Figure 5.22, left), 

the distribution appears to be in relatively good agreement with the predictions of the GOE.  

However, from Figure 5.22 (right) and Figure 5.23, there is a strong sample-size dependence 

for the LSS; γ′(m) tends to decrease with sample size, and even becomes negative for some of 

the larger samples.  Note that the attempt to improve upon the reliability of the parameter 

γ′ by formulating a mid-s-range version γ′m seems to yield somewhat similar results.  No 

specific advantage (or bias) seems clear between these parameters, and while they do not 

yield identical results in most cases, their difference may simply serve to provide an 

indication of a range estimate for these parameters.  A negative value for γ′(m) seems to 

suggest that the level repulsion is even stronger than that predicted by the GOE, resulting in 

a peaked distribution with a height well-above that of the GOE distribution, as is visible in 

Figure 5.22 (left) and Figure 5.23 (right).  Also note from Figure 5.22 (right) that γ′(m) has a 

clear sample-size dependence.  Likely there are two effects occurring here.  First, the small 

samples may have an increased γ′(m) due to the effects discussed in (Lee 2014), where the 

modes are sufficiently separated in frequency to interact minimally and not experience level 

repulsion; however, the samples where this effect was seen in (Lee 2014) had much fewer 

modes per unit frequency in the range investigated, so the magnitude of this contribution is 

questionable here.  While the peaked nature of the histogram in Figure 5.23 (left) suggests 

some level repulsion is present, it may be reduced to the small sample size.  Second, the 

larger samples are more likely to have modes that are missed in our analysis.  While it was 

found in (Lee 2014) that randomly missing modes did not have a large effect on the LSS, it 

may easily be that we are preferentially missing modes that have a small separation from 

adjacent ones.  Indeed, in Figure 5.23 (right) we see that in the first few bins there are a few 
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spacings observed, but it appears there are very few compared to either of the predictions.  

Our modification of the theory in equation (5.19) does assume that there is a minimum 

measurable separation, but does not account for a reduced probability of measuring a mode 

above this minimum threshold.  Missing these small separations would have the effect of 

pulling the entire distribution toward smaller s-values (due to the normalization of 1s  ), 

which would in turn cause a dearth in the values above s ≈ 2, which causes the measured 

distribution to fall even below the lower, GOE prediction at large s, leading to negative values 

of γ′(m).  These sample-size considerations make it difficult to reliably characterize the level 

spacing statistics (and thereby the nature of the transport), and especially difficult to extract 

any frequency-dependent effects. 

Thus, there are several significant challenges to a meaningful analysis of these level 

spacing statistics results.  First and foremost, the sample-size dependence of the level 

spacing statistics results impede unambiguous measurements of γ′(m) to characterize the 

transport from these data.  Even if the range of sample sizes is limited to (say) those that are 

on the order of 1 mm3 (which are in the range of positive γ′(m) in Figure 5.22 (right)), in order 

to increase the absolute average mode spacing and minimize missed small-separation 

modes, the experiments at higher frequencies are more likely to have the problems of 

missing modes even in this range of sizes (due to decreased signal-to-noise and increased 

absorption in this range).  Experiments at lower frequencies require larger samples for 

meaningful results (as previously discussed), so only samples in some optimal range of sizes 

for a given frequency range can be considered.  If the number of samples (from the existing 

finite set) from which the LSS is calculated is so limited, the statistics become poorer, and the 

results become more scattered and difficult to interpret.  Similarly, if one attempts to 
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characterize the frequency dependence by measuring the LSS for narrow frequency ranges 

independently, the statistics quickly become too poor to yield meaningful results. 

The results of the LSS calculations, and the sample-size dependence of γ′(m), for each 

remaining frequency range are shown in several figures below.  From these figures, we see 

that across all frequency ranges measured, the LSS results are much closer to the predictions 

of the GOE than to Poisson statistics.  γ′(m) is always closer to zero than to unity, and becomes 

increasingly negative with higher frequencies and larger samples, likely due to the effects 

mentioned earlier, as shown in Figure 5.27. 
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Figure 5.24: Left: LSS from older low frequency (~ 0.5 MHz) experiments (average 

over all samples, from the modes measured in the range 0.3–0.6 MHz).  From this 

distribution, we find γ′ = γ′m = 0.15.  Right: γ′(m) vs. sample volume.  Data for these 

samples and range are shown along with the γ′(m) associated with Figure 5.21. 
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Figure 5.25: Left: LSS from ~ 1 MHz experiments (average over all samples, range 

0.5–1.2 MHz): γ′ = -0.05, γ′m = -0.11.  Right: γ′ vs. sample volume (same samples and 

range). 
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Figure 5.26: Left: LSS from ~3 MHz experiments1 (average over all samples, range 

2.5–3.5 MHz): γ′ = -0.27, γ′m = -0.45.  Right: γ′ vs. sample volume (same samples and 

range). 

                                                        

1 These experiments were conducted using the set of transducers with nominal frequencies 

of 5 MHz.  The reduced transmission at higher frequencies limited the results to this range. 
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Figure 5.27: γ′(m) as a function of frequency.  These results are compiled from the 

average γ′(m) results and mean frequencies of the preceding graphs. 

The trend of the results to agree more closely with the predictions of the GOE are 

consistent with the results of the transverse confinement measurements of Figure 5.6.  While 

there are significant corrections to diffusion, the modes are not localized, and can therefore 

interact and level repulsion can occur.  The negative values of γ′(m) observed at higher 

frequencies indicate that the mode widths are increasing (likely due to absorption), and 

more of the closely-spaced modes are being missed in the analysis, as was also seen for the 

sample-size dependence shown in the preceding graphs. 

5.6 Discussion 

The method presented for measuring the density of states directly, through mode counting 

experiments, has proven to be reliable when the statistics to account for the missing modes 

have been included.  While the method of fitting the acquired spectra to a sum of complex 
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Lorentzians, as in (Wang and Genack 2011) and discussed in §5.3.5, showed some promise, 

some issues prevented the usefulness of this method.  Most notably, the addition of a mode 

to the sum used to fit a particular spectrum always served to improve the fit quality (by 

adding additional parameters), making it difficult to unambiguously determine the correct 

number of modes in a given spectrum.  This problem was also exacerbated by the levels of 

noise in our acquired spectra.  Due to this, the finite-record-length convolution effects, and 

the difficulty in the fitting procedure (c.f. §5.3.5), the direct mode counting experiments were 

found to be a more useful and reliable method of measuring the density of states.  However, 

the results from the simple model of three coupled harmonic oscillators, and the qualitatively 

similar results from the sum of complex Lorentzians do show that some very strange mode 

shapes can occur due to the coupling.  When attempting to fit spectra involving coupled 

modes, one must exercise caution in adding additional peaks to try and fit abnormal-looking 

features in a spectrum. 

The results found for the density of states in the low frequency regime are quite 

interesting (c.f. Figure 5.17).  We clearly observe an enhancement of the density of states 

above the Debye prediction at low frequencies – the so-called Boson peak.  One might expect 

that the wavelength at the lowest frequencies measured should be sufficiently large 

(compared to the scale of the inhomogeneities in the samples) to treat the mesoglass as an 

effective homogenous medium, where the Debye prediction should apply.  However, 

measurements of the Boson peak in atomic glasses show that it occurs at frequencies 10-100 

times smaller than the Debye frequency (Nakayama 2002).  In our mesoglass samples, the 

analogue to the Debye frequency for the low-frequency modes is given by the Fractal-Bulk 

crossover (c.f. Figure 5.3), which was estimated to be at 14.2 MHz.  The effective medium 
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crossover we calculated was ~1 MHz, as determined by the percolation correlation length of 

240 μm shown in Figure 5.3 (Hildebrand 2009).  From the analogy to the atomic glasses, 

however, the predicted Boson peak in our samples could be as low as ~ 140 kHz.  This is just 

below the minimum frequency measured of 150 kHz, and would not be unreasonable from 

the reduced density of states results shown in Figure 5.18.  Perhaps it is not so surprising, 

then, that the results presented here show a significant DOS enhancement at even the lowest 

frequencies measured.  This anomalous density of states within what should be the effective 

medium regime was also noticed in (Lobkis and Weaver 2001). 

From Figure 5.19, we see the partial plateau observed in the calculated thermal 

conductivity nearly entirely due to the Boson peak.  This is not in agreement with (Allen et 

al. 1999), where it is suggested that the Boson peak is not a necessary ingredient to explain 

the thermal conductivity; however, the simulations of (Vitelli et al. 2010) find a relationship 

between the Boson peak and thermal conductivity plateau similar to the results presented 

in §5.5.3.  These results provide experimental insight to this relationship at easily accessible 

length and time scales. 

In my MSc thesis, the fractal structure of the medium was observed, and a near-

constant density of states was measured within the frequency regime corresponding to the 

fractal behaviour, giving a fracton dimension (c.f. §5.3.2) of đ ≈ 1.  The new low-frequency 

measurements confirm, though, that this same frequency dependence extends in frequency 

significantly below (to ~ 400 kHz) the regime where a fractal structure is observed (1.0–

14.2 MHz).  A power-law fit to this new plateau region found a slightly larger fraction 

dimension of đ ≈ 1.1.  This is further from the bond-bending model on a fractal (Webman and 

Grest 1985) and closer to the “4/3 conjecture” (Alexander and Orbach 1982) compared to 



224 
 

the previous result (c.f. §5.3.2), though this could in part be due to a gradual crossover from 

the low frequency behaviour of ρ ∝ f 1.2.  These interesting features should help to motivate 

further investigation into the behaviour of the density of states on fractal structures. 

Unfortunately, the measurements of the level spacing statistics did not show the same 

robustness as the density of states measurements.  As mentioned, this is likely due to the 

sample-size dependence of the results, combined with the inability of the analysis to account 

for closely-spaced modes being missed in the larger samples.  Nevertheless, we can still gain 

some useful information from the presented results.  We see that over the entire frequency 

range measured, the results are much closer to the predictions of the GOE than those of 

Poisson statistics (c.f. §5.5.4), suggesting that the transport is much closer to diffusive than 

localized behaviour at these frequencies.  The results of the transverse confinement 

measurements (Figure 5.6) suggest a significant departure from diffusive transport; 

however, even with sub-diffusive transport, the modes are still not localized and interact 

with each other, giving rise to level repulsion and GOE statistics.  Thus, the level spacing 

statistics may be able to provide additional insight into the nature of the transport, beyond 

what can be learned from transverse confinement measurements alone. 

The physical origin of the Boson peak is still not well-understood (Chumakov et al. 

2011).  It is often attributed to soft, or physically localized, vibrations of the structure – due 

to a weakly connected local substructure (Buchenau, Nücker, and Dianoux 1984; Duval, 

Boukenter, and Achibat 1999; Foret et al. 2002; Nakayama 2002), but this may not explain 

the ubiquity of this feature (Ciliberti 2004).  It has also been thought (c.f. Klinger and 

Kosevich 2001) that the modes contributing to the Boson peak may be localized modes; 

however, the level spacing statistics results of this thesis suggest that this is not the case, in 
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agreement with (Schirmacher, Diezemann, and Ganter 1998).  The detailed knowledge of the 

structures that has been obtained for the samples investigated in the experiments presented 

here could help shed additional light on this question. 

5.7 Conclusion 

Building on the results of my MSc thesis, the density of states in a strongly scattering, porous 

mesoglass has been measured to low frequencies, below the expected crossover to Debye-

like behaviour, and the thermal conductivity and level spacing statistics have been calculated 

from the results of both new and previous experiments.  An improved, interactive way of 

setting analysis parameters and viewing results in real time was developed, and proved 

exceedingly useful, and necessary for analysis such as presented here, where there are a 

large number of parameters, with some subjective components, and a robust, reliable, and 

reasonable region of this parameter space must be found. 

We see that there is a significant enhancement in the density of states that occurs 

well-below the expected crossover frequency to effective medium (and Debye-like) 

behaviour.  We also see that this Boson peak appears to be the prime contributor to the 

plateau-like behaviour in the calculated low-temperature thermal conductivity in our 

mesoscopic analogue of atomic glassy systems.  The level spacing statistics suggest that the 

modes both of the Boson peak and in the intermediate frequency regime are not localized 

modes, and are consistent with the predictions of the GOE for diffusive transport.   

These experiments have been able to answer some outstanding questions about the 

nature of vibrational modes in strong-scattering, disordered systems.  Some questions 

warrant further investigation:  Careful consideration of sample sizes and properties (such as 

absorption), based on the results presented, may help provide a more detailed picture of the 
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level spacing statistics (and their dependence on frequency and sample size).  Additional 

low-frequency experiments may reveal more about the density of states enhancement and 

transition to Debye-like behaviour.  Details of the sample structures can be observed by x-

ray microtomography, which may help shed light on the origin of the Boson peak.  The data 

analysis procedures used here help to account for experimental considerations when 

comparing results to theoretical predictions.  Thus, the methods developed and results 

presented in this chapter present both direction and processes for future research. 

  



227 
 

 

  

Phase Correlations in Diffusing Acoustic Wave Spectroscopy 
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6.1 Background 

The subject of this chapter differs from the previous ones primarily in that here a dynamic 

system is being considered.  Instead of a concern with the transport properties of the 

ultrasonic waves through the system, these experiments are concerned with using ultrasonic 

waves as a tool to characterize the motion of the scatterers in the system.  Still, these 

experiments are similar to those of the previous chapters in that they involve using statistics 

and correlations of multiply scattered ultrasonic waves to understand complex systems.  The 

experiments and analysis of this chapter build upon the work of a previous student in the 

lab, whose thesis will be referred to frequently (Cowan 2001). 

The technique of Diffusing Acoustic Wave Spectroscopy (DAWS) is based on the 

optical technique of Diffusing Wave Spectroscopy (DWS c.f. (Maret and Wolf 1987; Pine et al. 

1988)), which uses multiply scattered light to measure the dynamic properties of a collection 

of scatterers.  DAWS is the acoustic counterpart to DWS, and was developed at the 

Ultrasonics Research Lab here at the University of Manitoba (Cowan 2001; Cowan et al. 

2002; Cowan, Page, and Weitz 2000; Page, Cowan, and Weitz 2000).  DAWS provides some 

advantages over DWS; not only can optically opaque systems be probed, but because of the 

time scale of ultrasonic waves and the nature of the detectors, the field (rather than intensity 

only) can be measured directly.  This not only allows for measurements that do not rely on 

the Siegert relation (which is only applicable for certain particle dynamics – c.f. (Akkermans 

and Montambaux 2007; Cowan 2001)), but also allows one to use the correlations and 

statistics of the phase of the ultrasonic waves (Cowan et al. 2007) to gain additional more 

detailed information about the scatterer dynamics.  Because these techniques utilize 

multiply scattered waves, the path lengths travelled by the waves are extremely long, making 
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the experiments very sensitive to small changes, and many applications, ranging from 

seismology and geophysics to non-destructive testing of structures to monitoring 

environmental changes (c.f. (Snieder and Page 2007) and references therein). 

Previous experiments and analysis at the Ultrasonics Research Lab used DAWS to 

characterize the motions of a fluidized bed of glass beads.  The experiments and analysis 

presented in this chapter use DAWS to characterize a suspension of bubbles (which are 

found to have some different dynamical characteristics), and to further develop and explain 

the use of phase in DAWS. 

6.2 Overview 

The basic configuration for DAWS1 is to produce an acoustic pulse incident on a collection of 

moving scatterers, and to record the multiply scattered signal at a point (this can be done in 

reflection or transmission) (c.f. Figure 6.1).  A short time later, the pulse is repeated, and the 

scatterers have each moved a small amount, causing a change in the field at the detection 

point, and the rate of change of the fields can be used to gain information about the motion 

of the scatterers. 

At this point, it is worthwhile to note the different time scales involved in the 

experiment.  The first is the propagation time (t), (also known as field time) which is the time 

scale of a single pulse scattering through the system.  The time when each pulse occurs can 

be thought of as t = 0, and the field for a single pulse is recorded as a function of t. 

                                                        

1 In this thesis, only the pulsed version of DAWS is considered and used.  Continuous wave 

versions of DAWS and DWS also exist, and though they may be more convenient 

experimentally, their analysis is more complex, less revealing of the long-time-scale 

dynamics, and subject to artefacts due to stray reflections (c.f. (Cowan 2001)). 
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Figure 6.1: Basic DAWS set-up. In this case, the collection of moving scatterers is a 

suspension of bubbles. From (Page 2011b), with kind permission of Società Italiana 

di Fisica. 

For small values of t, only the ballistic and single-scattering components can be observed, 

and as t increases, signals from longer multiple scattering paths (corresponding to a larger 

number of scattering events) are recorded.  This time scale is on the order of microseconds, 

and the movement of the collection of scatterers should be much slower than this, so that the 

specific configuration (realization of disorder) can essentially be considered fixed 

throughout the span of the field time. 

The second time scale involved in the experiment is the evolution time (T), also 

sometimes called the lab time, or fluctuation time.  This is the time scale of the motion of the 

scatterers, typically on the order of milliseconds or even seconds.  The repetition time of the 

pulses is set so that the multiply scattered signals (as a function of propagation time) can be 

observed to change smoothly with evolution time.  Thus, we obtain the field as a function of 

two times: ψ(T,t).  An example of this is shown in Figure 6.2.  Usually, the acquired field is 

sampled at a particular value of t, and its evolution is analyzed as a function of T to 

characterize the motion of the scatterers. 

Ultrasonic Transducer 

Bubble Cell 

Hydrophone Detector 
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Figure 6.2: An example of some DAWS signals, to illustrate the time scales involved 

in the experiment.  We see that the multiply scattered signal is changing with 

evolution time.  In this case, the sample is a bubbly liquid, and the repetition time for 

this experiment was set to 2 ms. 

6.3 Theory 

6.3.1 Basic pulsed DAWS theory 

As previously mentioned, analysis of these experiments is usually performed by correlating 

the measured field as a function of evolution time T for a particular propagation time t.  In 

the theory presented here, t will often not be explicitly denoted, and it should be assumed 

that the results as a function T are for a particular, fixed value of t, which is somewhere within 

the multiple scattering range of times. 

The field correlation function is defined as: 



233 
 

  
   

 

   

 

**

2 2

T

T

T TT T dT

T dT T
C

    


 


 



,  (6.1) 

where τ is the time difference in terms of evolution time1,2.  The second form presented 

(using averages rather than integrals) will generally be used, as it more closely related to the 

analysis process actually used.  The field can be written (c.f. (Cowan 2001; Cowan et al. 2002) 

for more detail on the following theory) as a sum of the fields due to all possible scattering 

paths in the sample: 

      path path
path path
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  ,  (6.2) 

where the subscript path refers to a single scattering path through the sample, and φpath is 

the path phase.  In the second form, the amplitude A of each scattering path has been assumed 

to be equal, as the total distance travelled through the medium is the same for each scattering 

path for a given propagation time t (and this factor cancels in the normalization).  Referring 

to Figure 6.3, after a time T → T + τ, each particle p has moved a distance Δrp, and the phase 

change of one scattering path (with n scattering events) is given by 
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,  (6.3) 

                                                        

1 Frequently, the g1(τ) is used to refer to the field correlation function.  Here, Cψ(τ) is used 

instead, to avoid confusion with the dimensionless conductance g of the earlier chapters. 
2  This, and many of the other correlations that will be presented, have the form of an 

autocorrelation function, but are simply referred to as correlation functions because they 

correlating the scattered fields from different configurations of scatterers. 
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where the first and last term are separated because the source and detector (p = 0,n) are not 

moving, and Δrrel is the relative motion of scatterers separated by one transport mean free 

path ℓ* (note also that n depends on the particular propagation time t observed; for large t, 

more scattering events will have occurred in the transit through the sample).   

 

Figure 6.3: Diagram of a multiple scattering path with moving scatterers.  The open 

circles are the scatterer positions at T = 0, and the closed circles are their positions at 

T = τ (Cowan et al. 2002). 

From equations (6.1) and (6.2), it can be shown (Cowan 2001) that for uncorrelated motion 

of the scatterers, 

    pathexpC i        ,  (6.4) 

where the average is performed over all scattering paths in the sample.  Using a cumulant 
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expansion, (6.4) can be written in terms of the path phase variance: 

    2
path

1
exp

2
C   

 
   

 
.  (6.5) 

Due to our source/detector geometry, the incident and transmitted sound are in the same 

direction, so 0nk k  and with equations (6.3) and (6.4) we have (again assuming no 

correlations between scattering events): 
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,  (6.6) 

since the first and last scattering events are roughly separated by the sample size L.  When n 

is large (which can be obtained by choosing a sufficiently long propagation 

time t at which to perform the measurement), the second term in equation (6.6) is 

comparatively small, and can be ignored.  Using a cumulant expansion and average over all 

possible wavevectors (c.f. (Cowan 2001)), we then have: 
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,  (6.7) 

so that with (6.5) we have 

    2 2 2
path rel

1

3
nk r     .  (6.8) 

The number of scattering events n is related to the propagation time t via 

   *
En t v t ,  (6.9) 

where vE is the energy velocity (c.f. (Schriemer et al. 1997)) of the acoustic waves.  If the 

motion of the scatterers is ballistic (which is relevant on a short time scale; the scatterers 

move in a straight line with constant velocity until they collide), then Δrrel can be related to 

the average (RMS) relative velocity Vrel of particles separated by ℓ* through 
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    2 * 2 * 2
rel rel,r V    .  (6.10) 

From this, we define the DAWS time as 

 2 2
DAWS rel1 nk V   ,  (6.11) 

such that, for short time scales,  
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To account for behaviour on longer time scales, an empirical model can be used, 

similar to (Cowan et al. 2002, 2007, 2000), wherein at longer times, the average relative 

particle separations are sub-ballistic due to inter-particle interactions: 
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In this model, τc is the characteristic crossover time from ballistic to sub-ballistic behaviour, 

and the exponent m controls the power law behaviour.  For example, if m = 1, the relative 

particle separations become diffusive at longer times1.  Thus, in this model, Cψ becomes 
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.  (6.14) 

Some examples of the resulting correlation function are shown in Figure 6.4. 

                                                        

1 This ballistic-diffusive crossover model is used throughout the remainder of the chapter.  

This model makes physical sense (similar to Brownian motion), and gives reasonable results.  

While other models may be applicable (c.f. (Menon and Durian 1997)), our experiments are 

not sufficiently sensitive to these distinctions, as different m-values merely change the fit 

value for τc. 
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Figure 6.4: Examples of the field correlation function (equation (6.14)) with m = 1.   

Note the very subtle difference between the results for different crossover times, especially 

at long times, that could be easily obscured by noise in a real experiment.  Even with this 

crossover model, the long-time-scale dynamics are not easily revealed by the results of the 

field correlations.   

6.3.2 Phase extraction, statistics, and correlations 

To overcome the limitations of correlating the transmitted fields directly, we turn to looking 

at the phase of the transmitted fields; we expect this could be illuminating, as Cψ is directly 

related to the path phase via equations (6.4) and (6.5).  To do this, we must first extract the 

phase of the transmitted field, which is done as follows (c.f. (Cowan 2001))1: 

The acoustic pulses used in DAWS are Gaussian pulses with a central frequency ωc.  

                                                        

1 This technique is similar to the method of calculating a complex envelope by creating an 

analytic signal by adding a signal with its own Hilbert transform multiplied by i. 
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The transmitted pulses can be written as 

      , , cos ,cT t A T t t T t     ,   (6.15) 

where A and Φ are the slowly varying amplitude and phase modulating the sinusoidal 

carrier.  We can generate the real and imaginary parts of the complex envelope by 

multiplying by sine and cosine waves at the central (carrier) frequency.  That is, 
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A low pass filter is then applied to these signals to remove the high-frequency oscillations, 

and the real and imaginary components C and S of the envelope are generated: 
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From these, the amplitude and phase of the signals can be calculated: 
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Note now that the measured phase Φ differs from the previously defined path phase 

φ, in that the measured phase results from the superposition of all possible paths through 

the sample, each with their own path phase.  Fortunately, a relationship between the 

statistics of these phases can be calculated numerically (Cowan et al. 2007), i.e., 

     2 2
pathT T

f     , (6.19) 



239 
 

connecting the measured phase variance to the more fundamental path phase variance seen 

in equations (6.4) and (6.5).  This relationship is shown in Figure 6.5.  Note that the results 

differ when considering the cumulative or unwrapped phase, where the 2π jumps have been 

removed. 
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Figure 6.5: Relationship between the measured phase variance and the path phase 

variance.  The relationship is universal when using the wrapped phase (Φ ∈ (-π;π]), 

but depends on the model for Cψ used when using the cumulative phase (Cowan et al. 

2007). 

Unwrapping the phase allows the phase changes (and thereby the particle dynamics) 

to be followed for longer times. The cumulative phase is calculated from the derivatives of S 

and C, according to1 

                                                        

1 As previously in this section, measurements are performed for a particular propagation 

time t and observed to evolve with T, so the variable t is supressed.  
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where we have used the derivatives S and C directly to avoid any possible issues in removing 

the 2π jumps.  We now define the cumulative phase derivative correlation function: 
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,  (6.21) 

which is related to the cumulative phase variance through (van Tiggelen, Anache, and 

Ghysels 2006) 
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CΦ′ is also directly related to Cψ via (van Tiggelen et al. 2006) 
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Similarly, we define the cumulative phase correlation function 

      2 2c c c T
T T        ,  (6.24) 

which again can be related to Cψ via (van Tiggelen et al. 2006) 

      
2
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c C C d


       
          .  (6.25) 

These theoretical results allow for comparison with experimental results, and we will later 

show how these functions have an increased sensitivity to particle motion at long times.   
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6.4 Experiments 

6.4.1 Sample 

The system studied in these experiments was a suspension of bubbles.  This system was 

designed and previously used by Del Leary to measure the negative group velocity of 

ultrasonic pulses in a bubbly liquid (Leary 2001).  The bubbles were generated via 

electrolysis in a solution of 1% Na2SO4 and 1% Sodium dodecyl sulfate (SDS) in water (this 

solution acts as a surfactant to stabilize the bubbles).  The bubbles were created within a 

thin, slab-shaped “bubble cell”, and the cell was placed in a water tank to conduct the 

experiments.  Note that since Del’s work, the bubble cells was rebuilt by Lee Ferchoff with 

thinner, acetate walls, in order to reduce internal reflections in the cell.  A schematic diagram 

of this bubble cell is shown in Figure 6.6. 

The cell was designed such that the larger O2 bubbles created at the anode would 

simply rise to the surface without interacting with the rest of the system.  The largest of the 

H2 bubbles (created at the cathode) rose most quickly to the surface, creating the convection 

shown in Figure 6.6.  The downward flow created in the analysis area counteracted the 

buoyant forces, suspending the smaller bubbles, creating a region with a very low mean 

bubble velocity.  In my experiments, the current to the electrodes was set to 79.67 ± 0.03 mA.  

The bubble diameters were measured in a separate, similar experiment (performed by 

Mitchell Anderson), using a cell designed to create single bubbles and comparing video 

results with Stokes’ velocity law (c.f. (Leighton 1994)).  These experiments measured a mean 

bubble diameter of ~ 23 μm. 
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Figure 6.6: Schematic diagram of bubble cell (Leary 2001).  Approximate internal 

convective currents are shown by the arrows.  The regions shown in black are solid 

baffles inside the cell. 

6.4.2 Simultaneous DAWS and video recording set-up1 

The basic experimental set-up was as shown in Figure 6.1.  The signal generating and 

receiving electronics were as described in §3.4.2.  In addition, lighting and a video 

microscope with video capture card were added to the experiment, so that video of the 

scatterers could be recorded simultaneously with the acoustic DAWS data.  A schematic 

diagram and photograph of the experimental set-up are shown in Figure 6.7. 

                                                        

1 It was intended to use the video as a way to calibrate and compare the DAWS results with 

optical measurements.  This was attempted by Mitchell Anderson; however, the video 

analysis suffered from its own calibration problems (and other difficulties) and analysis 

beyond measuring the bubble size distributions was eventually abandoned.  Nevertheless, 

we will see that the video adds some interesting qualitative information to the results.   
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Figure 6.7: Schematic diagram (top) and photograph (bottom) of DAWS set-up with 

simultaneous video recording. 

A 2.25 MHz plane-wave transducer used to generate the acoustic pulse and a hydrophone 

detector used to measure the transmitted field near the surface of the bubble cell.  The output 

amplitude of the signal generator was varied in this experiment, as it was found to have an 

effect on the bubble dynamics (c.f. §6.5.1 and §6.5.4).  Note that because this was a dynamic 

experiment, signal averaging could not be performed, and the entire scattered signal from 

each “acoustic snapshot” was recorded by a computer equipped with a GageScope 

oscilloscope card, which could record up to 10,000 individual records (generating very large 
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amounts of data to be processed).  The repetition time (interval between successive pulses) 

was also varied in the experiment, as it was also found to effect the dynamics of the scatterers 

(again, c.f. §6.5.1 and §6.5.4). 

6.5 Results and Analysis 

6.5.1 Acoustic power dependence – video analysis 

It will be informative to first address the qualitative observations of the bubble suspensions 

from the video recordings.  It was surprising to find that the dynamics of the bubbles were 

very strongly influenced by the power of the acoustic probe signal.  Pictures of the bubble 

cloud at four different power levels are shown in Figure 6.8.  These photos and videos clearly 

show that the acoustic pulses are affecting the dynamics.  By increasing the amplitude of the 

acoustic pulses and/or by increasing the repetition rate of the pulses, the bubbles 

increasingly form clusters, and a change in their dynamics is observed1.  Because of the 

dependence on both the amplitude and the repetition rate, it appears that the total average 

power incident on the bubble cluster is responsible for the change in their dynamics.  It is 

thought that the observed interactions of the bubbles with the acoustic field are due to 

Bjerknes forces (c.f. (Barbat, Ashgriz, and Liu 1999; Doinikov 2005)).  A detailed 

investigation of this phenomenon and other non-linear effects is outside the scope of this 

thesis.  The acoustic pulse is intended to act as a probe in these experiments, and so in the 

                                                        

1 The clustering of the bubbles and the altered dynamics are more apparent from watching 

the actual videos, which are available in the supplementary material accompanying this 

thesis.  Note also that the videos and screen captures are somewhat blurry; at a frame rate 

of 1/30 s ≈ 33 ms, the acoustic snapshot is occurring on a much faster time scale than the 

optical one. 



245 
 

subsequent detailed analysis, only the weakest pulse amplitude and slowest repetition time 

used will be presented, in order to minimize any possible interactions.  Following this, the 

dependence of some of the measurable parameters on the acoustic input power level will be 

revisited (§6.5.4) in order to provide a brief look into these effects. 

 

  

Figure 6.8: Screen captures from videos of bubble suspensions at different power 

levels.  Bubbles appear dark on the light background because they scatter light away 

from the diffuse source behind them.  The peak-to-peak amplitude of the AWG output 

and the repetition time for each trial are shown.  Note that the magnification for each 

trial is identical.  Video sources for screen captures can be found in the supplementary 

material accompanying this thesis. 

6.5.2 Field correlations 

The data are first analyzed by calculating the field correlation using equation (6.1) directly 

(with discrete sums in place of integrals), and fit using equation (6.14).  The results shown 

50 mV, 2 ms 100 mV, 1 ms 

200 mV, 1 ms 200 mV, 0.2 ms 

~ 100 μm 
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are calculated from the average of 30 trials, each with a duration of Trun = 20 s.  As mentioned 

in §6.5.1, these results are for the lowest used input pulse power, with a repetition time of 

2 ms.  Examples of the results and fits are shown in Figure 6.9.  For these and all subsequent 

fits in this section, the range of times used for fitting was τ = 0–10 s.  The field correlation 

data has been renormalized to remove the effects of noise by setting the second point to unity 

(rather than first point, which is unity by definition of the field correlation function).  This is 

done because the main contribution of noise is point-to-point fluctuations (i.e. white noise), 

and normalizing to the second point removes this rapid decorrelation, which is unrelated to 

the bubble motion. 
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Figure 6.9: Field correlation function results at two different propagation times.  The 

best-fit parameters for these data (t = 6/14 μs) were τDAWS = 76.8/55.5 ms, 

τc = 611/467 ms (τc ≈ 8τDAWS), using m = 1.  The later field time decorrelates more 

quickly due to a larger number of scattering events between the source and detector, 

as per equation (6.9). 

Care also must be taken to minimize any finite record length effects.  The definition 
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of the field correlation function, from equation (6.1), must be modified to normalize the 

correlation function according to each portion of the signal included in the correlation 

function calculation.  For an experiment running from time T = 0 to T = Trun, the portions of 

the two fields being correlated each run only from τ ≤ T ≤ Trun and 0 ≤ T ≤ (Trun-τ).  Similar to 

the “fully symmetric” normalization used for calculating intensity correlations (Cipelletti and 

Weitz 1999), the following normalization was used: 
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(Note that the complex conjugate symbol has been omitted since the fields here are real.)  

Using these normalizations, the results of the field correlation function fitting for a wide 

range of field times are shown in Figure 6.10. 
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Figure 6.10: Field correlation function fitting results.  The right-hand scale is 8 times 

that of the left hand scale, so τc ≈ 8τDAWS.  A ballistic-diffusive crossover model (m = 1) 

was used, as it was found to give this ratio between τc and τDAWS consistently. 
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We can use the initial fit results to collapse the correlations for all field times to a 

single curve, by rescaling the time axes at each field time according to τDAWS from the fit 

results.  The resulting curve and fit is shown in Figure 6.11. 
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Figure 6.11: Average of field correlation results for all field times, after rescaling by 

τDAWS.  Using m = 1, the only remaining fit parameter was τc = 7.95 ± 0.02.  The error 

bars are calculated from the uncertainty in the mean due to the fluctuations in the 

function averaged over all field times. 

With the averaging over all field times, the fluctuations in the data have been effectively 

removed.  At later τ, there is a persistent anti-correlation visible in Cψ.  Despite the improved 

normalization of equation (6.26), this was found to also be a finite record length effect.  To 

verify this, the original data (30 trials at 20 s/trial) was divided in two (60 trials at 10s/trial) 

and re-analyzed.  The results of both the original and short-record-length data are shown in 

Figure 6.12.  It is clear from the comparison of these data that the anti-correlations is indeed 

an artifact of the finite record length of the data. 
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In the subsequent sections, results of the analysis of the same data set using phase-

based DAWS will be presented.  We will see how the phase yields additional and more 

reliable information compared to the using the field alone. 
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Figure 6.12: Scaled field correlation data at large τ for full and half record lengths.  

The correlations drop to minima of ≈ -0.015 and -0.035 for the 20 s and 10 s record 

lengths, respectively. 

6.5.3 Cumulative phase correlations 

The cumulative phase is obtained as described in §6.3.2.  It is this quantity (and its 

derivative) that will be correlated in the following sections.  A few examples of the 

cumulative phase for one particular trial are shown in Figure 6.13.  Note that the phase is 

now no longer confined to ±π, but now evolves continuously.  The unwrapping process has 

removed the 2π jumps; however some rapid jumps of order π remain.  This is not an artifact 

of the data processing, but rather is a consequence of the complex field having (nearly) zero 
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amplitude.  The trajectory of the complex field in the real/imaginary plane passes (nearly) 

through the origin and emerges with a π phase shift. 
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Figure 6.13: Cumulative phase examples, shown for one particular trial at three 

different propagation times.   

6.5.3.1 Cumulative phase derivative correlation function 

As discussed in the theory section (6.3.2), the cumulative phase derivative correlation 

function CΦ′(τ) can be calculated and fit to an analytical theory.  If a ballistic/diffusive 

crossover model is chosen (m = 1 in equation (6.14)), the theoretical expression for CΦ′(τ) 

(equation (6.23)) becomes: 
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In this case, the curves for all field times can be collapsed by rescaling the time access by 

τDAWS and multiplying the correlation function CΦ′ by 
2
DAWS .  This average and fit are shown 

in Figure 6.14. 
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Figure 6.14: Cumulative phase derivative correlation function, rescaled by τDAWS and 

averaged over all field times.  The error bars are calculated as in Figure 6.11.  The only 

remaining fit parameter is τc = 9.76 ± 0.09. 

While the fit matches the behaviour of the data to within statistical uncertainties at 

early times ( DAWS 1.5   ), the fit again cannot provide much information beyond about 

3τDAWS, because the function becomes negative, showing an anti-correlation, similar to what 

was seen in the field correlation function.  Again, this is suspected to be a record length effect, 

and is further investigated by splitting the data into half the record length and repeating the 

analysis.  These results are shown in Figure 6.15.  As in the case of the field correlations, the 

finite record length is seen to be the cause of the apparent anti-correlations. 
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Figure 6.15: Scaled cumulative phase derivative correlation data at large τ for full 

and half record lengths.  The correlations drop to minima of ~ -0.55 and -0.94 for the 

20 s and 10 s record lengths, respectively.  

So far, the cumulative phase derivative correlations do not provide any significant 

advantage over the field correlations, as the data artefacts prevent the measurement of 

anything beyond about 3τDAWS.  Still, at earlier times (as discussed above), the theory fits the 

data, providing experimental verification of the analytical relationship between Cψ and CΦ′. 

6.5.3.2 Cumulative phase correlation function 

The cumulative phase correlation function Ξc(τ) is qualitatively different than the previous 

correlation functions.  Although it looks quite similar in definition (6.24), Ξc(τ) exhibits an 

interesting “memory effect”, where the asymptotic value at large τ does not tend to zero, but 

rather depends on the history of the function at all smaller τ.  Thus, it is more sensitive to 

long-time-scale behaviour than the previous correlations we have considered, and 
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distinguishes more easily the differences between different values of the crossover time τc.  

Consider the theoretical examples shown in Figure 6.16, as calculated from equations (6.27) 

and (6.25).  Although the large-τ behaviour is quite flat beyond about 7τDAWS, the large 

differences in the asymptotic values should make it easier to determine the correct crossover 

from the experimental data. 
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Figure 6.16: Theoretical result for Ξc(τ) for several crossover times. 

Ξc(τ) is calculated from the data according to equation (6.24), and is shown compared 

to theory in Figure 6.17.  Clearly, there is a large systematic deviation from the theoretical 

predictions, suggesting that there is a physical effect that is not yet accounted for. 
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Figure 6.17: Results of Ξc(τ), compared with theoretical predictions. 

Considering that the cumulative phase continues to decorrelate at large τ, it may be 

worthwhile to look more closely at the average cumulative phase evolution with time (T).  

The cumulative phase (as shown in Figure 6.13) was averaged over all trials and field times, 

and the result is shown in Figure 6.18.  The theoretical expression for Ξc(τ) assumes that 

there is no average phase evolution; however, the theory can be modified by adding a 

correction factor. 

First, the cumulative phase shift is written in terms of the average evolution and the 

fluctuating part (  c  ): 

  
 

 c c

T

d T

dT
  


   ,  (6.28) 
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Figure 6.18: Cumulative phase evolution, averaged over all trials and field times.  

Note that there is clearly a preferred direction to the phase evolution.  The linear fit 

gives a slope of -0.3474 ± 0.0005 rad/s. 

This is substituted into equation (6.24) to obtain: 
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where the prime on the function indicates the modification due to our correction.  The two 

averages within the cross terms cancel each other out, and the second term is simply the 

original uncorrected function.  This yields: 
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This can then be easily used as a correction to the theory using the measured cumulative 

phase slope.  The experimental data with the modified theory are shown in Figure 6.19.  With 

the correction applied, the theory describes the data to well within error bars, and 

τc = 10τDAWS appears to be a reasonable estimation for the crossover time.   
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Figure 6.19: Theory with average phase evolution correction compared with 

experimental data.  Note that the correction factor in equation (6.30) was multiplied 

by  
2 2

DAWS 0.07 s
t

   in order to plot it on the unitless DAWS   scale. The average 

phase evolution was taken from Figure 6.18, leaving τc as the only remaining 

adjustable parameter in the theory. 

6.5.3.3 Average phase evolution origin 

Though the cumulative phase correlation function has been successfully corrected using the 

average phase evolution, the origin of the average phase evolution was not yet discussed.  
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One may be tempted to attribute this effect to changes in sample properties often associated 

with phase evolution, such as an average expansion or contraction (which would change the 

mean free path) or a temperature change throughout the experiment (which would change 

the velocity).  However, this evolution of the sample would need to continue throughout the 

experiments and throughout each trial, and obviously the sample cannot keep expanding or 

heating up indefinitely!  Furthermore, consider the average cumulative phase slope as a 

function of field time, as shown in Figure 6.20. 
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Figure 6.20: Top: One example of a transmitted field compared to the average field.  

The coherent part of the pulse is clear at early times.  Bottom: Cumulative phase slope 

as a function of propagation time.  The average cumulative phase for each 

propagation time was fit to a line, and the resulting slope is shown.  There is no clear 

systematic dependence on t.  
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The average phase evolution does not occur for the unscattered field, and does not seem to 

depend on the propagation time (i.e. number of scattering events).  Both dilation and 

temperature change effects would be magnified with increasing t.  One must conclude, then, 

that this effect must be related only to the first and/or last scattering event in the multiple 

scattering process.  A plausible explanation is given, based on experimental observations: 

It was noted on observing the videos that there seemed to be a slight trend to the 

average velocity of the bubbles in the upward direction, which can be observed in the videos 

found in the supplementary material.  While this alone would not suffice to produce an 

average phase evolution, if there were a concentration gradient of the bubbles parallel to the 

average velocity, this could have the effect we observe (as will be explained below).  Images 

of the bubble distributions can be used to measure the concentration gradient.  One example 

is shown in Figure 6.21. 

 

Figure 6.21: One snapshot of the bubble cloud.  Since the bubbles appear dark on a 

light background, the relative concentration in different areas of the photo can be 

analyzed by measuring the ratio of dark/light pixels. 
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The bubble distribution images can be divided horizontally into slices and the ratio 

of dark/light pixels in each slice can be used to measure the relative bubble concentration as 

a function of height in the image.  The results of analyzing the image in Figure 6.21 is shown 

in Figure 6.22. 
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Figure 6.22: Relative bubble concentration as a function of height from image 

analysis.  The concentration tends to increase with height in the imaging area. 

To see how the parallel average velocity and concentration gradient might lead to an 

average phase evolution, a simple model is proposed.  Assume that all the scatterers are 

moving in the same direction (say, upwards) and that the concentration gradient is parallel 

to this average velocity (as observed).  Consider again the formula for the single path phase 

of equation (6.3): 
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Now, because the sample is illuminated (acoustically) with a plane wave, the average 

velocity is perpendicular to the wavevector, and so the first scattering event does not 

contribute to the path phase evolution (first term in (6.31) goes to zero).  The last scattering 

event may be responsible for this effect, and it has already been determined that likely the 

first and/or last scattering events are the only candidates.  In our simple model, the bubbles 

are all moving with the same velocity, so Δrrel and the second term in (6.31) also are zero.  

Since the hydrophone acts as a point detector, the bubbles in the upper half of the sample 

would be moving away from the detector, causing a negative phase change from one pulse 

to the next.  Conversely, bubbles in the lower half of the sample would be moving toward the 

detector and cause a positive phase change.  Since there is a higher concentration of bubbles 

in the upper half, this weights the upper half more strongly in the sum over all paths, and the 

net phase evolution would be negative, consistent with our observations. 

We can use the remaining term in equation (6.31) with some estimates of the average 

velocity and concentration gradient from the pictures and videos to get an estimate of the 

phase evolution due to this effect.  The field resulting from our model is given by: 
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.  (6.32)1 

The integral is over the area effective circular detection area of the hydrophone, (x,y) is the 

position of the scatterer in the final scattering plane, d is the distance between the 

                                                        

1 Note that this model only works for small values of τ – at larger values the phase wraps 

around for larger values of k•vave in the exponent. 
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hydrophone and this plane, and  a by  is a linear approximation to the concentration 

gradient.  Using estimates for a ≈ 60% and b ≈ 10%/mm for the concentration gradient as a 

function of y from Figure 6.22, an average vertical velocity of vave = 0.4 mm/s (estimated from 

the video captures), a distance between the hydrophone and scatterer plane of 1 mm with a 

hydrophone acceptance angle of 60°, this yields an average phase slope of 

  0.25d T dT    rad/s, compared to the measured value of -0.35 rad/s.  Thus, this 

simple model seems to be a reasonable explanation for the behaviour of the data. 

6.5.3.4 Effect of average phase on Cψ 

Now that an average phase evolution has been identified, and a plausible origin given, its 

effect on Cψ might be considered.  Using the simple model for the cumulative phase evolution 

presented, with the definition of Cψ (equation (6.1)) and fields of the form of equation (6.15)

, considering we are only dealing with real measured fields, the field correlation function can 

be modified according to  

      cosC C d T dT        ,  (6.33) 

This correction could have the effect of causing the experimentally measured Cψ to 

decorrelate more quickly, and even cross zero when  d T dT n   .  However, 

considering the measured value of   0.35d T dT    rad/s, this zero crossing would only 

occur at approximately τ = 9 s.  Considering that DAWS 0.07 s
t

  , this would mean that in 

most cases this crossing would only occur at >100 τDAWS – far beyond the range of 

measurement in these experiments.  The correction of the cosine term even at ~ 10 τDAWS is 
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still only ≈ 3%, and likely not noticeable in these experiments.  Again, the cumulative phase 

correlation function provides a much more sensitive measurement of the dynamics. 

6.5.4 Acoustic power dependence revisited 

It may be of interest to look further into the effects of the acoustic input power on the bubble 

dynamics (c.f. §6.5.1) using some of the analysis tools presented in the previous sections.  For 

convenience of comparison, a power level multiplier (PL) is introduced.  This power level is 

based on the input intensity of the probe pulse and repetition frequency, compared with the 

lowest input power level (PL = 1, for which the results were presented in the previous 

sections).  For example, since the lowest power level had a probe pulse amplitude of 50 mV, 

with a repetition time of 2 ms, an experiment done at 100 mV and 1 ms would have a power 

level of 8: 4x the input intensity (i.e. 2x the amplitude), and 2x the repetition frequency.  The 

power levels for the different experiments performed are shown in Table 6.1. 

Table 6.1: Power levels for bubble DAWS experiments. 

Pulse amplitude (mV) Repetition time (ms) Power Level 

50 2 1 

50 1 2 

100 1 8 

150 1 18 

200 1 32 

200 0.5 64 

200 0.2 160 
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The field correlations for an intermediate propagation time are shown in Figure 6.23.  

It may be worthwhile to review the video captures of the bubble dynamics at different power 

levels, found in the supplementary material.   
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Figure 6.23: Field correlations for different power levels.  For each experiment, the 

field correlations were measured at a mean propagation time of t = 10.5 μs.  Each 

curve is the result of averaging over a range of propagation times of 0.4 μs, in order 

to smooth out the effects of fluctuations in τDAWS (c.f. Figure 6.10). 

We see that for the lowest two power levels, the decay of the field correlations is not 

significantly different (until later times, which may already be influenced by fluctuations).  

Likely, this is showing that at PL = 2, the bubble dynamics are not yet significantly affected 

by the probe pulse.  As the power level is increased, the bubbles appear (in the videos) to 

move more quickly, and the fields begin to decorrelate more rapidly, as expected.  It is 
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worthwhile also to note that a change of either the pulse amplitude or repetition time (c.f. 

Table 6.1) causes a change in τDAWS, suggesting that it is the total integrated input power that 

affects the bubble dynamics.  To compare this more quantitatively, τDAWS versus power level 

is shown for an intermediate propagation time in Figure 6.24. 
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Figure 6.24: τDAWS vs. input power level.  As in Figure 6.23, results are for a mean 

propagation time of 10.5 μs, averaged over a 0.4 μs window.  The linear trend on this 

semi-log plot suggests that the rate of decorrelation depends logarithmically on probe 

power level. 

Excluding the interval between the first and second power levels, there appears to be 

a logarithmic dependence of the decorrelation time with the probe power level.  Further 

investigation into this dependence may be an interesting subject for future experiments. 
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The effect of input power level on the cumulative phase evolution discussed in 

§6.5.3.2 and §6.5.3.3 may also be of interest.  The cumulative phase evolution for each power 

level is shown in Figure 6.25. 
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Figure 6.25: Cumulative phase evolution for different power levels.  Results have 

been averaged over all trials and propagation times. 

Here we see, first of all, a noticeable change in the behaviour between power levels 1 

and 2, which were not as noticeably different from the field correlations.  As the power level 

is increased, the slope of the cumulative phase evolution becomes steeper, but tends to 

lessen again as the power level is increased further.  This dependence is shown in Figure 

6.26. 
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Figure 6.26: Cumulative phase slope vs. input power level.  Results have been 

averaged over all trials and propagation times. 

The cumulative phase evolution was expected to become more rapid with increasing power, 

as the videos showed the bubbles moving faster.  However, at higher power levels, this trend 

is reversed.  Based on the model of §6.5.3.3, both an average velocity and a concentration 

gradient are required for the average phase evolution to occur.  It may be that at higher 

power levels, while the bubble velocity is increased, the concentration gradient may be 

destroyed due to the bubble interactions.  At the highest power level used, the cumulative 

phase even seems to be evolving in the opposite direction; the origin of this is not known, 

though the record length of this trial is significantly shorter, and this trend is not as well-

established as for the other trials. 
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Further analysis of the power-level dependence of the bubble dynamics is left for 

future research.  The logarithmic dependence of the decorrelation time on power level is an 

intriguing result, and the average phase evolution again shows that further insight into the 

dynamics can be gained through analysis of the phase. 

6.6 Discussion and conclusion 

These results and analysis show that the cumulative phase can provide additional and more 

robust information about the long time-scale dynamics of suspensions.  The larger, more 

persistent differences between the different crossover times in the model presented show 

that the cumulative phase correlation function is a good candidate to better discern nuances 

in the behaviour of the dynamics.  The simple field correlations, as well as the cumulative 

phase derivative correlations, are susceptible to artifacts due to the finite record length of 

the data.  While this was primarily evidenced by the observed anti-correlations at large τ, the 

subtleties between different crossover times in the theoretical calculations may be 

overwhelmed even by these small record length effects.  It has also been shown that the field 

correlations are more susceptible to amplitude-based noise (e.g. when there may be 

fluctuations in the gain of the pulse or detector amplifier (Cowan et al. 2007)).  The 

cumulative phase correlations also very clearly revealed the effects of a finite average 

cumulative phase evolution – an effect that may not have been noticed using the more 

traditional field correlations.  This in turn led to additional insight about the suspension and 

its dynamics, and a plausible model with reasonable predictions was developed.  Thus, using 

the phase – in particular, the cumulative phase correlation function – may provide significant 

improvements in analyzing the dynamics of suspensions using multiply scattered waves.  In 

addition to the application of these techniques to other systems, another possible extension 
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of this work might be to further investigate the response of the bubble suspension to the 

power of the probe pulse, as discussed in §6.5.1.  By considering the dependence of the 

dynamics (via the correlations) on the input power, additional insight could be gained into 

the properties of this and other systems that are non-linear in a similar fashion.  
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Summary and Future Directions 
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In this thesis, several experiments have been presented which use ultrasonic waves to learn 

about the physics and properties of strongly scattering, disordered systems.  In order to 

understand the characteristic properties of these complex systems, many realizations of the 

disorder were necessarily considered.  Knowledge of the fundamental properties of the 

media was obtained through averaging, correlations, and statistics of the results from 

experiments probing different realizations of the media, via the spatial or temporal location 

in the system, or through the use of discrete, separate samples. 

In the realm of mesoscopic physics dealt with herein, interference effects, and 

therefore the phase of the waves, are of paramount importance.  It is through the phase that 

a description of wave transport moves beyond the diffusion approximation, requiring 

significant corrections, and leads to the emergent phenomenon of Anderson localization.  

The effects of phase played a fundamental role in all the results investigated, whether 

directly, as in Chapter 6, or indirectly, affecting the wave transport as mentioned. 

Ultrasonic waves provide a useful and convenient tool for investigating mesoscopic 

systems.  Because of their length-scale, experiments can be small enough to be of benchtop 

size, while the details of the system can be imaged through optical microscopy or 

microtomography.  The time-scale of ultrasonics also allows the phase to be easily measured 

directly in most experiments. 

As with most experimental physics (especially with disordered systems), special 

consideration must be given to “real world” effects, that may often serve to obscure or 

confuse comparison with idealized theoretical predictions.  These effects have received 

considerable attention in this thesis.  Careful treatments of noise and stray signals, along 

with extensive signal and ensemble averaging, were required to obtain meaningful results, 
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especially in the difficult strong-multiple-scattering regime.  Finite-sample-size effects were 

fundamentally considered in formulating the scaling theory of localization, and in predicting 

the statistical behaviour of the density of states; finite size effects also made the 

measurement of the density of states possible through direct mode counting.  However, finite 

sample sizes also limited the ideal range of measurements for the level spacing statistics, 

provided difficulty in obtaining sufficient statistics in some cases, and required careful 

consideration in comparing experimental results with theoretical predictions for 

correlations and transverse confinement.  In Diffusing Acoustic Wave Spectroscopy, finite 

record length played a similar role, and several artefacts in the results were empirically 

found to be due to this.  Absorption has also (here and notoriously elsewhere) presented 

difficulty in both experiments and analysis of wave transport in strong-scattering systems. 

The transverse confinement experiments have the advantage of cancelling out the 

effects of absorption, and through comparison with the self-consistent theory of localization, 

allowed for the identification and locating of a mobility edge, separating the diffusive from 

Anderson localization regime.  In turn, this allowed for an experimental measurement of the 

critical exponent ν, a long-sought parameter to characterize this phase transition.  Work 

building on these results is already underway, using a finite-time-scaling approach to 

analysis of the transverse confinement data to more reliably determine ν.  Additional 

investigation into the critical behaviour at the Anderson transition in these samples is also 

being investigated experimentally, through the creation of several new brazed-aluminum-

bead samples of various L, to probe finite-size-scaling effects. 

Measurements of the spatial and frequency correlations (in the same system where 

Anderson localization was observed and a mobility edge was located) gave direct 
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experimental evidence of C0 correlations, and comparison with both transverse confinement 

and multifractality measurements showed the link between these infinite-range correlations 

and Anderson localization, providing a new tool to investigate critical behaviour at the 

Anderson transition.  Good agreement between theoretical predictions and experimentally 

observed correlations show the future potential for a more detailed analysis of the 

correlations in strongly scattering disordered systems.  In particular, experiments focussing 

on the isolation and quantification of the C2 and C3 correlations could be of considerable 

interest.  The sample-size (L) dependence of the correlations could also be investigated, 

again using the same samples discussed in the previous paragraph.  While the C0 correlations 

were found to rapidly increase near the mobility edge, a more detailed look into the 

correlations at both higher (~ 2.5 MHz) and lower (< 500 kHz) frequency ranges, where the 

transport has previously been measured as localized/diffuse, may help to clarify the 

connection between C0 and the localization length ξ (or proximity to a mobility edge).  Similar 

to what was found in Chapter 6, it may also be of interest to measure the correlations of the 

phase directly, to see what additional, or more reliable, information may be gleaned. 

As already discussed, the experiments performed using the brazed aluminum bead 

samples with the pores filled with ethanol has already motivated additional theory and 

experiments.  The results presented here suggest the presence of two simultaneous, weakly-

interacting propagating modes in the medium.  Further investigation into this two-

component system may yield results applicable to many similar real-life aggregates. 

The direct mode-counting experiments presented in Chapter 5 have provided 

additional insight into the transport properties of strong-scattering disordered systems.  The 

experiments presented have confirmed the extension of a plateau in the density of states to 
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significantly lower frequencies than predicted by measurements of the length scale of the 

inhomogeneities in this mesoglass.  Evidence of a Boson peak was observed, and found to be 

responsible for plateau-like behaviour of the thermal conductivity, similar to what has been 

found for glasses such as amorphous Si and SiO2.  The analysis of the level spacing statistics 

showed that the transport at the frequencies investigated was still on the diffuse side of the 

mobility edge.  This provides an interesting and complementary result to the transverse 

confinement measurements, where the results showed significant corrections to diffusive 

behaviour (without yet being localized).  The results presented help to both guide and 

motivate future experiments, wherein special consideration should be given to the sample-

size- and frequency-dependence of the level spacing statistics.  Experiments using larger 

samples at even lower frequencies could help to more distinctly identify the Boson peak, and 

observe the anticipated eventual crossover to Debye-like behaviour of the density of states.  

Additional x-ray microtomography experiments may help to identify substructures within 

the samples to explore possible explanations for the origin of the Boson peak. 

Multiply scattered ultrasonic waves were also used to analyze the dynamics of a 

suspension of bubbles, through the use of phase-based Diffusing Acoustic Wave 

Spectroscopy.  Here it was found that an analysis of the system using the phase correlations 

directly provided several advantages over traditional field- and intensity-based analyses, 

such as less sensitivity to some types of noise, and more distinctive behaviour due to long-

time-scale effects.  Additionally, through the cumulative phase correlation function, an 

unexpected feature of experimental bubble dynamics, most likely explained by a parallel 

concentration gradient and average scatterer velocity, was observed; this feature would not 

have been detected using traditional field correlation measurements.  This work has many 
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real-world applications, such as in seismology and non-destructive testing, where the 

improvements made by considering the phase correlations could be advantageous (c.f. 

(Anache-Ménier, van Tiggelen, and Margerin 2009; Nagao et al. 2009; Snieder and Page 

2007)).  Further investigation into the non-linear behaviour of the dynamics of the ultrasonic 

probe pulse power may also help to shed new light on systems that interact strongly with an 

acoustic field. 

Thus, the results presented in this thesis have made new and significant contributions 

to the understanding of wave transport in strongly scattering disordered systems.  

Experimental techniques and analysis procedures have been developed to benefit future 

studies of this nature, in these or other similar systems.  This work also provides motivation 

and direction for further research on these important topics. 
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Appendix A 

(Hildebrand et al. 2014) 

 



  



Observation of Infinite-Range Intensity Correlations above, at, and below
the Mobility Edges of the 3D Anderson Localization Transition
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We investigate long-range intensity correlations on both sides of the Anderson transition of classical
waves in a three-dimensional disordered material. Our ultrasonic experiments are designed to unambig-
uously detect a recently predicted infinite-range C0 contribution, due to local density of states fluctuations
near the source. We find that these C0 correlations, in addition to C2 and C3 contributions, are significantly
enhanced near mobility edges. Separate measurements of the inverse participation ratio reveal a link
between C0 and the anomalous dimension Δ2, implying that C0 may also be used to explore the critical
regime of the Anderson transition.

DOI: 10.1103/PhysRevLett.112.073902 PACS numbers: 42.25.Dd, 43.20.Gp, 64.60.al, 71.23.An

The phenomenon of Anderson localization—the halt of
wave transport due to destructive interferences of scattered
waves—was first discovered for electrons in disordered
solids [1–6]. John [7,8] and Anderson [9] later suggested
that it may also take place for classical waves, such as sound
or light. The latter open up new ways to study Anderson
localization that would be difficult, or even impossible, to
implement in electronic systems. Time- and position-
resolved measurements, for example, have enabled the first
unambiguous observation of three-dimensional (3D)
Anderson localization of elastic waves [10] and yield
promising results for light [11]. Further insight into this
unique regime of wave physics can be gained by investigat-
ing the correlations of the intensity fluctuations that
constitute speckle patterns. While short- and long-range
correlationsof theintensity(denotedC1,C2,C3) [12–19],and
even phase [20,21], have been predicted and observed in
the regime of weak disorder, they remain unexplored in the
localized regime and at the mobility edge (ME) where the
transition between diffuse and localized behavior occurs.
Moreover, a new type of infinite-range intensity correlation
(denoted C0), originating from scattering in the vicinity of
the source, has recently been predicted [22,23]. For a point
source embedded in a disordered medium, this correlation
was shown to be closely related to fluctuations of the local
density of states (LDOS) at the source position [24,25].
Hence, providing that an appropriate source type is used
[26], the recentmeasurements ofLDOSfluctuations [27–30]
can be considered as indirect evidence for infinite-range C0

correlations. LDOS fluctuations are expected to grow as the
states become spatially localized [28,30,31], with recent
theoretical studiesevenreporting theirvariance tobehaveasa
one-parameter scaling function of sample size and localiza-
tion length [32,33]; this means they constitute a new
tool to provide insight into the Anderson transition. In view

of theprofusionof resultsconcerningLDOSfluctuations, it is
remarkable that no direct measurement of the C0 con-
tribution to the intensity correlation function has been
reported so far [34].
In this Letter, we present the first direct experimental

evidence of infinite-range (C0) spatial and frequency
correlations of intensity above, at, and below the ME of
the Anderson transition of a disordered, strongly scattering
3D material. The experiments were performed using
ultrasonic techniques on samples in which 3D Anderson
localization of ultrasound has been demonstrated previ-
ously [10]. Comparison of experiment with theory, coupled
with complementary measurements designed to suppress
infinite-range correlations when desired, allows the C0

contribution to the correlations to be clearly separated from
the other contributions (C1, C2, or C3), unambiguously
revealing the presence of large infinite-range correlations.
We observe that these correlations grow dramatically near
the ME in our samples. Motivated by the prediction that the
LDOS fluctuations are closely related to multifractality of
the wave functions through the q ¼ 2 generalized inverse
participation ratio [28,33], we measure the anomalous
dimension Δ2 for our samples in independent experiments
and find good correspondence between this quantity and
measured C0 correlations. This clearly demonstrates the link
between multifractality, C0, and the LDOS fluctuations.
The samples investigated are disordered elastic networks

of aluminum beads, weakly brazed together to form slabs
(see Supplemental Material [35]). This porous mesoscale
structure leads to very strong scattering with low absorption
in the frequency range investigated (∼0.5–2.5 MHz ), a
crucial feature for the observation of 3D Anderson locali-
zation of ultrasound in this material. The mesoscale
structure also leads to high contrast in the density of states
of the aluminum matrix compared to that of the pores—yet
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another reason for anticipating strong fluctuations of the
LDOS. The samples were waterproofed so that the experi-
ments could be performed in a water tank with either
vacuum or air in the pores, thereby ensuring that the
detected transmitted waves had traveled only through the
aluminum bead network.
In our experiments, a tightly focused broadband ultra-

sonic pulse (with beam waist smaller than the wavelength)
is incident on the sample, and the transmitted pressure is
detected in the near field by a subwavelength hydrophone
[35]. To capture contributions to C0 due to LDOS fluctua-
tions at both the focal point of the incident wave (source
point) and the detector, we scan both the source and
detector over the surface of the sample. The recorded
pressure fields pðr; tÞ are Fourier transformed to obtain the
intensity Iðr;ωÞ ∝ jpðr;ωÞj2 as a function of frequency for
each pair of source and detector positions. The intensity
correlation function is calculated as

CωðΔr;ΩÞ ¼
hδIðr;ω − 1

2
ΩÞδIðrþ Δr;ωþ 1

2
ΩÞi

hIðr;ω − 1
2
ΩÞihIðrþ Δr;ωþ 1

2
ΩÞi ; (1)

where the angular brackets denote ensemble averaging and
δI ¼ I − hIi is the fluctuation of the intensity. Ensemble
averaging is done by scanning over many source and
detector positions corresponding to the same Δr. For
comparison, experiments with a single (stationary) source
point were also performed, in which case the ensemble
averaging was done only over all possible detector posi-
tions; this suppresses C0 correlations due to LDOS fluc-
tuations at the source. In what follows we will study spatial
correlations CωðΔrÞ ¼ CωðΔr; 0Þ and frequency correla-
tions CωðΩÞ ¼ Cωð0;ΩÞ separately.
Figure 1 shows the spatial correlations measured near

f ¼ ω=2π ¼ 2.4 MHz, the frequency at which Anderson
localization of elastic waves was demonstrated in this
sample [10]. For both types of experiments, the correlations
decay rapidly at small Δr due to C1, with a slower decay
due to C2 and C3 that extends out to Δr ∼ 10 mm, beyond
which CωðΔrÞ becomes independent of distance. For the
data where the source position is varied, an asymptotic
value of order unity is seen for the correlations, showing
clear evidence of a C0 term due to LDOS fluctuations at the
source. By contrast, no infinite-range correlations are seen
for the single-source data, consistent with the fact that the
LDOS at the source position does not fluctuate in this case.
To gain further insight into this behavior, we compare

our experimental data with theoretical calculations. We
compute C1, C2, C3, and C0 correlation functions assuming
weak disorder (kl ≫ 1, where k is the wave number in the
medium and l is the mean free path) and write the full
correlation CωðΔrÞ as a function of three fit parameters: A,
CðinÞ
0 , and CðoutÞ

0 . Although this calculation is not exact, the
parametrization into four fundamentally different classes of
speckle correlations involving phenomenological constants

should be valid even in the critical regime. The parameter A
quantifies the magnitude of C2 and C3 correlations, CðinÞ

0

characterizes the magnitude of the genuine C0 correlation
due to the LDOS fluctuations at the source point, and CðoutÞ

0

measures the amplitude of the short-range contribution to
C0 due to scattering in the vicinity of both detectors when
the latter are close to each other [35]. CðinÞ

0 is the asymptotic
value of CωðΔrÞ for Δr → ∞. The solid lines in Fig. 1
show the results of performing a joint weighted fit of these
theoretical predictions to both the single- and scanned-
source data, thereby determining the values of the param-
eters shown in Table I. In this fit, we account for the fact
that CðinÞ

0 contributes only to the scanned-source correla-
tions and set CðinÞ

0 ¼ 0 for fitting the single-source data;
also, since the detector geometry is the same for both
experiments, CðoutÞ

0 is constrained to have a common value
for the two curves. Note that for white-noise uncorrelated
disorder and a pointlike source and detector in an infinite
disordered medium, CðinÞ

0 ¼ CðoutÞ
0 ¼ π=kl [22]. In our

experiments, however, both the source and detector have
finite extent (which differs in each case [35]), and the finite
size of the aluminum beads inevitably results in some short-
range structural correlations. Therefore, we expect, in
general, that CðinÞ

0 ≠ CðoutÞ
0 ≠ π=kl [23]. Figure 1 provides

strong evidence that the large asymptotic value of
CωðΔr → ∞Þ ¼ CðinÞ

0 ∼ 1 for the scanned-source experi-
ment is due to C0 correlations.
Similar behavior, with CðinÞ

0 ∼ 1, is observed over a broad
frequency range from 1.6 to 2.8 MHz, where independent

FIG. 1 (color online). Spatial intensity correlations for the two
types of experiments at 2.4 MHz. The scanned-source data show
convincing evidence of infinite-range (C0) correlations, which are
suppressed when only a single source point is used. Lines are
theoretical fits using the values of parameters given in Table I.
The inset shows the single-source data on a log-log scale in order
to reveal the extent to which the expected 1=Δr dependence is
observed for C2 and C3 at intermediate length scales. Data have
been averaged over a bandwidth of 750 kHz, and the error bars
are the standard deviations associated with the data’s statistical
fluctuations, which are observed to be inherently large near the
Anderson transition. (The open symbols for the scanned-source
data represent positions where the measurements are not as
reliable because of a smaller signal-to-noise ratio.)
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measurements of the dynamic transverse confinement of the
transmitted intensity [10] indicate that ultrasound is still
localized, with similar values of the localization length ξ
(ξ ≈ L ¼ 14:5 mm for this sample in this frequency range).
Atlowerfrequencies,at leastoneMEmustexist,sinceprevious
measurements on these samples revealed diffusive behavior
at the much lower frequency of 200 kHz [10]. To investigate
the long-range correlations as a ME is approached, experi-
ments were performed at intermediate frequencies, between
these well-established diffusive and localized regimes [10],
with representative data near 1MHzbeingpresented in Fig. 2.
Both spatial and frequency correlations increase significantly
with frequency when a ME, which we estimate to be at
approximately 1.1 MHz, is approached. In particular, the
asymptotic value of the scanned-source spatial correlations,
CðinÞ
0 , increases from 0.4 to almost 8 over the range of

frequencies illustrated in Fig. 2(a).
The frequency correlations also show large increases inC0

over this frequency range [see Fig. 2(b)] [36]. CωðΩÞ
contains infinite-range contributions from scattering both
near the source and near the detector; i.e., bothCðinÞ

0 andCðoutÞ
0

contribute to the asymptotic value ofCωðΩÞ for largeΩ [35].
The single-source measurements [which suppress CðinÞ

0 ]
show that CðoutÞ

0 increases from 0.6 to 1.3 between 0.97
and 1.07MHz. By comparing the best-fit values (see Table I),
we see that for the scanned-source case,CðinÞ

0 andCðoutÞ
0 are of

the same order of magnitude, as could be expected from the
roughly symmetric arrangement of the experiment [37].
The C2 and C3 correlations, quantified by parameter A,

also increase with frequency around 1 MHz, as found from
the data for both spatial and frequency correlations (see

Fig. 2 and Table I). Because A ∝ 1=ðkl�Þ2 to leading order
[35], where l� is the transport mean free path, the increase
of A corresponds to a decrease of kl� as the ME is
approached. In addition, the values of A found from the
fits are always larger in the scanned-source case. Keeping
the source fixed not only suppresses CðinÞ

0 but also reduces
the magnitude of long-range C2 and C3 correlations
because the latter correlations contain contributions from
scattering in the vicinity of the source. This effect does not
preclude the clear identification of C0 that stands out by its
infinite range in both space and frequency.
The frequency dependence of the asymptotic value of the

spatial intensity correlation function between 0.6 and
1.4 MHz is shown in Fig. 3(a). These data are the average
of the measured correlations forΔr between 25 and 50 mm,
where CωðΔrÞ is found to be independent of distance,
providing accurate measurements of CωðΔr → ∞Þ ¼ CðinÞ

0

when the source is scanned. It increases rapidly with
frequency near 0.78 and 1.11 MHz, reaching values up
to 13 here, and even as high as 30 in other experiments—by

TABLE I. Fit parameters, with uncertainties in parentheses. The
uncertainties are given by the standard deviation of the
parameters. For a point source and detector, the normalized
variance, Cð0; 0Þ, depends on all three parameters: Cð0; 0Þ ¼
1þ 2½Aþ CðinÞ

0 þ CðoutÞ
0 �. By contrast, the infinite-range con-

tributions depend independently on the different contributions
to C0, with the asymptotic values of the scanned-source CðΔr; 0Þ,
the single-source Cð0;ΩÞ, and the scanned-source Cð0;ΩÞ being
equal to CðinÞ

0 , CðoutÞ
0 , and CðinÞ

0 þ CðoutÞ
0 , respectively.

Parameter 2.4 MHz 0.97 MHz 1.07 MHz 1.11 MHz

Spatial correlations

A (single) 0.50 (0.02) 0.48 (0.02) 1.29 (0.04) 1.59 (0.06)
A (scanned) 2 (1) 0.8 (0.2) 6 (1) 6 (3)
CðinÞ
0 1.3 (0.2) 0.42 (0.02) 1.06 (0.08) 7.8 (0.5)

CðoutÞ
0 0.4 (0.2) 0.8 (0.2) 1.5 (0.4) 7 (1)

Frequency correlations

A (single) 0.2 (0.2) 0.8 (0.3)
A (scanned) 0.7 (0.1) 5.2 (0.8)
CðinÞ
0 0.32 (0.03) 0.9 (0.3)

CðoutÞ
0 0.62 (0.06) 1.3 (0.1)

ΩTh=2πðkHzÞ 4.35 (0.09) 7.2 (0.1)

FIG. 2 (color online). Spatial (a) and frequency (b) correlations
measured near 1 MHz, showing the increase of long-range
correlations near a mobility edge. The inset shows the character-
istic 1=

ffiffiffiffi

Ω
p

behavior expected for C2 and C3 correlations. For
both plots, data have been averaged over a bandwidth of 25 kHz,
except at the highest frequency (1.11 MHz), where the data are
changing too rapidly with frequency to be meaningfully aver-
aged. These rapid variations with frequency near 1.11 MHz also
complicate measurements of frequency correlations, which are
therefore not shown here. The error bars are calculated as in
Fig. 1. Lines show the fits using the parameters given in Table I.
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far the largest values of C0 ever reported. A comparison of
these results with the amplitude transmission coefficient
[Fig. 3(c)] reveals that the frequencies where C0 increases
rapidly coincide with the upper edges of pass bands in these
disordered structures. In the band gaps, the transmission
becomes too small for long-range correlations to be
measured. As explained in Refs. [10,38], these band gaps
are not due to Bragg scattering, as in phononic crystals
[39]. Instead, they arise between pass bands formed from
coupled resonances of the beads when the coupling is
sufficiently weak.
Near the upper edges of the pass bands, where the average

density of states decreases, mobility edges between extended
and localized states may be expected [40]. Evidence that
mobility edges do indeed occur near these band edges has
been obtained through separate measurements of increased
spatial confinement of the transmitted intensity near the
upper band edges relative to the pass band centers, using the
method developed by Hu et al. [10]. This evidence is most
compelling for the ME near 1.1 MHz, which is indicated by
the vertical line in Fig. 3. Additional evidence can be inferred
from the large increases that are found in the normalized
intensity variance, CωðΔr ¼ 0;Ω ¼ 0Þ, near the upper band
edges (e.g., Fig. 2 and Ref. [10]). Thus, the large increases in
C0 near 0.78 and 1.1 MHz must be due to large LDOS
fluctuations near Anderson transitions in these samples,
suggesting that C0 is sensitive to critical effects.

This interpretation of the striking increase in C0 near the
band edges is further supported by measurements of the
anomalous multifractal dimension Δ2, which characterizes
the length-scale dependence of the inverse participation
ratio (IPR) P2 ∼ L−d−Δ2 [41]. The significant decrease in
Δ2 near the upper band edges [Fig. 3(b)] is consistent with
the expected behavior near the Anderson transition, where
Δ2 should become increasingly negative, varying from 0 in
the diffuse regime to −2 deep in localized regime [4].
Since the source and detector in our experiments are
pointlike, it is likely that a single mode dominates at any
frequency, so we expect the IPR calculated from the
intensity IðrÞ and from the LDOS ρðrÞ to be equal [28,33].
Then, P2 ¼ L−dhρ2i=hρi2 ¼ L−d½C0ð∞Þ þ 1�, and we
predict that log ½C0ð∞Þ þ 1� ∝ −Δ2. Within experimental
error, the frequency dependencies of CωðΔr → ∞Þ ¼
CðinÞ
0 and Δ2 [Figs. 3(a) and (b)] are consistent with this

prediction. Thus, not only do the infinite-range correla-
tions and the IPR show evidence of transitions from
extended to localized behavior near the upper band edges,
but the correspondence between these measurements
verifies the link between C0, Δ2, and LDOS fluctuations
experimentally.
In conclusion, infinite-range intensity correlations have

been measured directly in a strongly scattering 3D “mes-
oglass” for which Anderson localization of ultrasound was
previously demonstrated [10]. Measurements are consistent
with diagrammatic theory when large magnitudes of both
long-range (C2 and C3) and infinite-range (C0) terms are
assumed. By varying the ultrasonic frequency, we have
been able to investigate the growth not only of C2 and C3

but also of C0 near the Anderson transition. Infinite-range
correlations of order unity are found over a broad range of
frequencies, reflecting the high LDOS contrast that can be
achieved in our samples. The magnitude of these C0

correlations is seen to increase dramatically as a ME is
approached and crossed. These C0 results are mirrored by
the frequency dependence of the anomalous dimension Δ2,
which characterizes the size scaling of the inverse partici-
pation ratio. Our independent measurements of these two
quantities establish a link between C0 and Δ2, revealing
that C0 can be used to probe the Anderson transition. The
possibility of exploiting our findings to experimentally
investigate critical behavior at the Anderson transition, by
focusing on the possible one-parameter scaling of C0 near
the ME, is a promising new avenue for future research.

This work was supported by NSERC and by a PICS
program of CNRS.
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This document provides a detailed description of how the experiments were performed and a
summary of the theoretical results that were used to fit the data in the main text of the paper.
Both the experimental procedure that was followed to conduct the ultrasonic measurements and
the type of samples that were used are described. For the theory, we compute the short-, long- and
infinite-range correlation functions of intensity under assumption of weak disorder k`� 1, where k
is the wave number and ` is the mean free path due to disorder.

EXPERIMENTAL DETAILS

Samples

The samples investigated are disordered networks of
aluminum beads, weakly brazed together to form disc-
shaped slabs (see Fig. S1). The beads used are monodis-
perse and 4.11 ± 0.03 mm in diameter, and the samples
have a volume fraction of approximately 55%, consis-
tent with random loose packing. The beads were weakly
bonded together by precisely controlling the flux, al-
loy concentration, and temperature during brazing, such
that the spherical bead structure of the individual beads
remained intact, with only small necks elastically con-
necting the beads. The samples were thoroughly cleaned
to remove any surface contaminants from the beads that
could lead to spurious dissipation in the ultrasonic exper-
iments. The front and back surfaces of the samples were
lightly polished to ensure that the opposite faces of the
slabs were flat and parallel. The slabs were 120 mm in di-
ameter, much larger than the sample thicknesses, in order
that the slabs be sufficiently wide to avoid edge effects.
Anderson localization has been observed in these samples
for thicknesses L ranging from 8.3 to 23.5 mm [S1]. While
correlation measurements were also performed for several
sample thicknesses, the results shown in this paper are
all for L = 14.5 mm, which was a representative data set
for which the most complete results were obtained.

These samples exhibit very strongly scattering of ultra-
sound in the frequency range of the experiments, as we
have determined by measuring the weak coherent signal
that propagates ballistically through the sample [S1, S2].
Representative results of these measurements are shown
in Table S1. At all frequencies, the scattering mean free
path `s is considerably smaller than both the diameter of
a single bead and the measured wavelength λ inside the
samples, with the product of wave vector and mean free
path k`s being of order unity.

FIG. S1. Photograph of one of the samples. Note the small
“necks” connecting the beads, whose spherical shape is pre-
served. The lightly polished top surface is also visible.

TABLE S1. Experimentally determined parameters. The
phase velocity, scattering mean free path, wavelength, and
scattering strength are determined from ballistic measure-
ments. The focal spot size was measured by scanning the
hydrophone detector in the source plane.

Frequency 0.6 MHz 1.0 MHz 1.4 MHz 2.4 MHz

Ballistically measured parameters

`s (mm) 1.0 0.7 0.8 0.6

vp (mm/µs) 2.7 2.8 2.8 5.0

λ (mm) 4.5 2.8 2.0 2.1

k`s 1.4 1.7 2.5 1.8

Focal spot size

FWHM (mm) 1.5 1.2 0.93 0.91

Measurement procedures

The experiments were performed in a water tank to
capitalize on the flexibility of ultrasonic immersion trans-
ducer technology for controlling source and detector po-
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FIG. S2. Schematic diagram showing experimental setup.

sitions. A focused ultrasonic pulse was incident on the
sample, and the transmitted waves were measured in the
near field on the opposite side using a miniature hy-
drophone detector. A schematic representation of the
experimental configuration is shown in Fig. S2.

Because we are interested in measuring ultrasonic
transport through the solid elastic network of aluminum
beads, the samples were mounted into acrylic holders and
sealed with thin plastic walls to prevent water from enter-
ing the pore space surrounding the beads; hence, within
the pores, only air (for the measurements at 2.4 MHz) or
vacuum (for the lower frequency measurements between
0.5 and 1.5 MHz) was present. To ensure good acoustic
coupling between the front and back sample surfaces and
the flat waterproofing walls, the walls were coated with
a very thin layer of an ultrasonic couplant.

The ultrasonic pulse was generated by focusing im-
mersion transducers, which have front surfaces that are
curved to act as a lens. The central frequencies of the
transducers were either 1.0 or 2.25 MHz. The transduc-
ers were designed to have a focal length of approximately
30 cm, and a conical screen with a small aperture was
placed at the focus to remove any side lobes or other
beam artifacts. This large focal distance was selected to
enable the multiply scattered, transmitted signals to be
recorded before the arrival of any spurious echoes that
had reverberated back and forth between the transducer
and sample. Note also that this large focal distance en-
sured that the source was temporally decoupled from the
sample, since the time interval between the emission of
the pulse at the transducer and its arrival at the sam-
ple surface is very much longer than the incident pulse
width. Thus, the pulse incident on the sample surface
was a constant amplitude pressure pulse, with magni-
tude and bandwidth that was independent of the LDOS
at the focal spot. This type of source has the advantage
of simplicity for investigating the effect of LDOS fluctua-
tions at the input surface on the intensity correlations of
the transmitted signals, although its nature is quite dif-
ferent to sources in optics that have been used to inves-

tigate LDOS fluctuations themselves via the strong cou-
pling that exists in the photonic environment around the
sources and scatterers [S3]. In our experiments, for each
source/detector location, the pulse was repeated several
thousand times at a repetition rate of several hundred
Hertz (slow enough to ensure that all signals due to the
previous pulse had died completely away), so that the
recorded signals could be averaged to improve the signal-
to-noise ratio.

The conical screen was wrapped in Teflon tape to
make it acoustically opaque. The cone shape was cho-
sen so that edges of the focused beam could be effec-
tively blocked when the aperture was placed close to
the sample, while at the same time preventing signifi-
cant stray sound being reflected back towards the sample
from the screen. The pressure field at the source plane
(about 1 mm from the aperture) was mapped using the
hydrophone detector, so that the spatial extent of the
source spot on the sample surface could be determined.
The recorded signals were Fourier transformed and the
intensity maps at each frequency were fit to a Gaussian
in order to determine the source size. The results of these
measurements are shown in Table S1. Note that the fo-
cal spot size at each frequency is significantly less than
the wavelength inside the sample, and comparable to one
wavelength in water.

The hydrophone used in these experiments is a sub-
wavelength phase-sensitive detector with an active ele-
ment diameter of 400 µm. The hydrophone has a needle-
like shape, which serves to minimize reflections back to
the sample. In our experiments, the hydrophone was
placed approximately 1 mm from the sample surface (less
than one wavelength in water), and thereby records the
near-field transmission with good spatial resolution.

The intensity correlations of the transmitted ultrasonic
waves were determined by first taking the Fourier trans-
form of the recorded pressure fields p(r, t) and squar-
ing the magnitude of the Fourier transforms to obtain
signals that are proportional to the ultrasonic intensity
at each frequency. Two types of experiments were per-
formed in order to isolate the contributions to the in-
tensity correlations of fluctuations in the local density of
states at the source positions. The first set of experi-
ments was designed to directly measure the C0 correla-
tions due to these LDOS fluctuations at the source. In
these experiments, the transmitted signals were recorded
at 13 detector positions for each source location. In or-
der to get good statistics, the sample was scanned to
have the source focused on over 3000 independent loca-
tions. For each pair of detector positions, the correlations
were calculated for all source locations, and the results
of the correlations for similar values of ∆r were binned
and averaged together. In the second set of experiments,
which were designed to suppress these C0 correlations,
over 3000 detector positions were used for a single source
location. Correlations were calculated for every possible



3

pair of detector positions, and results for similar values
of ∆r were again binned. This experiment was repeated
for seven independent source locations, and the results of
each of these experiments were averaged together.

THEORY FOR SPATIAL CORRELATIONS

Definitions

We consider the spatial correlation function of inten-
sity fluctuations δI(r, ω) = I(r, ω)− 〈I(r, ω)〉:

Cω(r, r′) =
〈δI(r, ω)δI(r′, ω)〉
〈I(r, ω)〉〈I(r′, ω)〉

. (S1)

To lighten the notation, we will omit the subscript ‘ω’
from here on, keeping in mind that all measurements
are performed for waves at the same frequency ω. Typ-
ically, C(r, r′) is a decaying function of ∆r = |r − r′|
with C(r, r′ = r) = 〈δI(r)2〉/〈I(r)〉2 being the normal-
ized variance of intensity, and C(r, r′) = 0 in the absence
of intensity correlations. It is convenient to split C(r, r′)
in several parts: C = C1 + C2 + C3 + C0, each of Ci
originating from different physical processes [S4, S5].

Short-range correlation C1

In the bulk of a disordered medium and far from
boundaries, the short-range contribution to C is [S4, S6]

Cbulk
1 (r, r′) =

(
sin k∆r

k∆r

)2

exp(−∆r/`), (S2)

where k = 2π/λ, ` is the scattering mean free path. At
the surface of a disordered sample, the spatial correlation
C1 is modified due to the anisotropic angular distribution
of intensity [S7]:

Csurface
1 (r, r′) =

{
1

∆ + 1
2

[
∆

sin k∆r

k∆r
+
J1(k∆r)

k∆r

]}2

× exp(−∆r/`) = h(k∆r, k`), (S3)

where ∆ = z0/`
∗ with z0 the extrapolation length en-

tering the boundary conditions for the average intensity,
and we defined the function h(k∆r, k`) that will be used
in the following. This result is largely independent of the
spatial extent of the source (plane wave, beam of finite
size or point source) and has been tested experimentally
[S8].

The C1 intensity correlation is equal to the square of
the field correlation function, which we can measure di-
rectly since our detector records the transmitted pressure
field. Our least-squares fits of the square root of Eq. (S3)
to our experimental field correlation data yield values of
the parameters k and ` that are consistent with those ob-
tained from ballistic measurements [S2]. This indicates

that Eq. (S3), with k and ` taken from ballistic measure-
ments, gives a good description of our experimental re-
sults, which were obtained from measurements performed
just outside the sample, within one wavelength of its sur-
face. Thus, Eq. (S3) gives a reliable characterization of
our experimental data for the C1 contribution to the in-
tensity correlation, supporting our use of this expression
in our analysis of the total correlation Cω(r, r′).

A more comprehensive study of the C1 correlation
would involve taking into account near-field effects in a
way similar to a recent analysis published for electro-
magnetic waves [S9]. In any case, the precise form of C1

does not play an important role in our analysis, which
is mainly focused on the long-range correlations that are
described next. We thus postpone a detailed analysis of
C1 to a future publication.

Long-range correlation C2

In contrast to C1, the long-range contribution C2 de-
pends on the spatial extent of the source. It is not easy
to calculate for an arbitrary source. In addition, we have
to make an assumption of weak disorder (k` � 1) to
compute the diagrams corresponding to C2.

Transmission of a plane wave through a slab.
We assume that a slab of thickness L � ` and trans-
verse extent W � L is illuminated by a plane wave. The
spatial correlation of intensity is calculated at the oppo-
site side of the slab, as a function of transverse distance
∆r = |r− r′| � `∗ [S10, S11]:

Cplane wave
2 (∆r) =

3

2(k`∗)2

`∗

L

[
L

∆r
+ F

(
∆r

L

)]
'

{
3

2(k`∗)2
`∗

∆r , ∆r � L,

∝ e−π∆r/L, ∆r > L,
(S4)

where

F (x) =
1

2

∫ ∞
0

dqJ0(qx)

(
sinh 2q − 2q

sinh2 q
− 2

)
, (S5)

and `∗ is the transport mean free path.

Equation (S4) applies for ∆r � `∗, where it exhibits
the interesting slow decay, which is why this correla-
tion function is often referred to as “long-range”. How-
ever, the physical processes giving rise to this behav-
ior are at work for ∆r . `∗ as well. For ∆r = 0, for
example, they contribute to the variance of the inten-
sity fluctuations 〈δI(r)2〉/〈I(r)〉2. Physically, we expect
C2(∆r = 0) ' C2(∆r = `∗), but Eq. (S4) diverges for
∆r → 0. This divergence is an artifact of approxima-
tions made during the derivation of Eq. (S4). A more
precise shape of C2(∆r) at small ∆r . `∗ can be ob-
tained by paying more attention to large q and avoiding
the limit q`∗ � 1 which is tacitly taken in the derivation
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of Eq. (S4). We then obtain a longer but more accurate
expression for C2:

Cplane wave
2 (∆r) =

3

2(k`∗)2
F2

(
∆r

L
,
`∗

L

)
, (S6)

where

F2(x, y) =
y

2

∫ ∞
0

du
J0(ux)

(uy sinhu)2

{
sinh2(uy)

× [sinh[2u(1− y)]− 2u(1− y)]

+ sinh2[u(1− y)] [sinh(2uy)− 2uy]
}

'


1− y, x = 0,

y/x, y � x� 1,

∝ e−πx, x > 1.

(S7)

A comparison of Eqs. (S4) and (S6) is shown in Fig. S3.
The latter equation, in contrast to Eq. (S4), allows us to
obtain the value of C2 for ∆r = 0:

Cplane wave
2 (∆r = 0) =

3

2(k`∗)2

(
1− `∗

L

)
. (S8)

1.000.50 2.000.200.100.050.020.01

0.01

0.1

1

FIG. S3. Comparison of Eqs. (S4) (shown by circles) and
(S6) (shown by the solid red line) for the long-range correla-
tion function of intensity fluctuations. The dashed line shows
`∗/∆r.

Point source in the infinite medium. Even if
this geometry seems simple, the calculation of C2 ap-
pears quite involved. If we define the center of mass
R = 1

2 (r1 + r2) and the difference ∆r = r1 − r2 coordi-
nates, we can obtain simple results for ∆r ⊥ R:

Cpoint source
2 (∆r) ' ± 3

2(k`∗)2

`∗

∆r
, (S9)

with the ‘+’ sign for ∆r � R and the ‘−’ sign for ∆r �
R.

Transmission of a tightly focused beam through
a slab. This situation is realized in our experiments and

is somewhat intermediate with respect to the two previ-
ous cases (the sample is a slab, but the source is point-
like). Because the results for the plane wave incident on
a slab (S6) and the point source in the infinite medium
(S9) coincide for `∗ < ∆r < L, we expect that the same
result will also hold for the tightly focused beam. We
will therefore use:

Cfocused beam
2 (∆r) ' 3

2(k`∗)2
F2

(
∆r

L
,
`∗

L

)
,

∆r < L. (S10)

For ∆r > L, we expect Cfocused beam
2 (∆r) to be different

from both Eqs. (S6) and (S9), but because its magnitude
is already small at such large distances, it will not play
a significant role in the fits to the experimental data.

Short-range part of C2. The calculation leading to
Eqs. (S6), (S9) and (S10) also yields short-range terms
that are rarely mentioned but exist. The full expression
for C2 including both long- and short-range contributions
is

Cfull
2 (∆r) ' 3

2(k`∗)2

[
F2

(
0,
`∗

L

)
h(k∆r, k`)

+ F2

(
∆r

L
,
`∗

L

)]
. (S11)

Long-range correlation C3

The calculation of the spatial C3 correlation function
for a beam focused on the surface of a 3D disordered slab
is a complicated task that we did not succeed in accom-
plishing. However, the structure of the result may be
anticipated from the diagrams involved in the calcula-
tion [S4]: we expect short- and long-range terms similar
to C2. The magnitude of C3 is expected to be of order
1/(k`∗)4. Hence, an approximate expression for C3 may
be written as

C3(∆r) ' const

(k`∗)4

[
F2

(
0,
`∗

L

)
h(k∆r, k`)

+ F2

(
∆r

L
,
`∗

L

)]
. (S12)

Infinite-range correlation C0

Similarly to C2 and C3, C0 correlation also contains the
‘interesting’, infinite-range part and the ‘trivial’, short-
range one. The full expression is found by summing the
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FIG. S4. Diagrams contributing to C0 correlation function.
r0 is the source position. The diagram (a) is the original
long-range one [S5]; it is independent of ∆r = |r − r′|. The
diagram (b) is short-range. It was calculated in Ref. [S12].
The diagrams (c) and (d) are both short-range and were not
considered previously. A complex conjugate diagram should
be added to each of the diagrams.

diagrams of Fig. S4:

C
(a)
0 (∆r) = C

(in)
0 , (S13)

C
(b)
0 (∆r) = C

(out)
0

fb(k∆r, k`)

fb(0, k`)
, (S14)

C
(c)
0 (∆r) = C

(in)
0 h(k∆r, k`), (S15)

C
(d)
0 (∆r) = C

(out)
0

fd(k∆r, k`)

fd(0, k`)
, (S16)

where C
(in)
0 is the genuine, infinite-range correlation that

survives at large ∆r [S5]. It results from the scattering
near the source and is related to the variance of the lo-
cal density of states at r0 [S13]. In contrast, the terms

(S14) and (S16), which are proportional to C
(out)
0 , result

from the scattering near the detection points r1 and r2.
They are appreciable only at small ∆r = |r1−r2|. For the

white-noise uncorrelated disorder, C
(in)
0 = C

(out)
0 = π/k`.

In our experiment, the disorder is correlated and the sym-
metry between the ‘point-like’ excitation and the ‘point-
like’ detection may be broken because neither is actually
point-like and the effective sizes of the excitation and de-

tection areas may differ, so that C
(in)
0 6= C

(out)
0 6= π/k`.

Moreover, these parameters are not universal and will
depend on the microscopic structure of the disordered

sample [S14]. We use C
(in)
0 and C

(out)
0 as free fit param-

eters when comparing theory to the experimental data.

The functions fb(k∆r, k`) and fd(k∆r, k`) are rapidly
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FIG. S5. Functions fb and fd describing the short-range part
of C0 correlation function.

decaying functions of k∆r:

fb(k∆r, k`) =
1

2πk∆r
Re

{
i

∫ ∞
0

dx
sinx

x
e−(i+1/k`)x

×
(

Ei[−(k∆r + x)/k`]

− Ei[(2i− 1/k`)(k∆r + x)]

+ Ei[(2i− 1/k`)|k∆r − x|]

− Ei[−|k∆r − x|/k`]
)}

, (S17)

fd(k∆r, k`) =
1

πk∆r

∫ ∞
0

dx
sin2 x

x
e−x/k`

×
[
Ei

(
−k∆r + x

k`

)
− Ei

(
−|k∆r − x|

k`

)]
. (S18)

The behavior of these functions is illustrated in Fig. S5.

Full expression for the correlation function

Adding up Eqs. (S3), (S11), (S12) and (S13)–(S16)
we end up with an expression that can be used to fit



6

experimental data:

C(∆r) =
[
1 +A+ C

(in)
0

]
h(k∆r, k`)

+ A× F2 (∆r/L, `∗/L)

F2 (0, `∗/L)
+ C

(in)
0

+ C
(out)
0

[
fb(k∆r, k`)

fb(0, k`)
+
fd(k∆r, k`)

fd(0, k`)

]
, (S19)

where A = [3/2(k`∗)2 + const/(k`∗)4]F2 (0, `∗/L). A,

C
(in)
0 and C

(out)
0 are the unknown fit parameters.

Role of the finite beam waist

In our experiments, the beam of ultrasound is focused
to a small spot of size w < λ on the sample surface,
whereas theoretical results to which we compare our mea-
surements are obtained for either an incident plane wave
(C1, C2 and C3) or a point source (C1, C2, C3 and C0).
For the long-range correlations C2 and C3, this leads to
the need of adjusting the parameter A to account empir-
ically for the finite beam width when the comparison to
experiments is made. Since A decreases as w increases
[S11], our measurements underestimate the magnitude of
the C2 and C3 correlations that would be measured for
a true point-like source of waves. For the infinite-range
C0 correlation, having a source of finite size is known to

reduce the magnitude of C
(in)
0 [S14], which is not exactly

equal to the variance of LDOS anymore and will depend
on w as well. Therefore, our measurements of C0 underes-
timate the actual LDOS fluctuations, which are expected
to be even stronger. However, the analysis presented in
the main text of the paper does not rely on the magnitude
of the correlations measured experimentally, but investi-
gates their dependence on the distance between measure-
ment points [Figs. 1 and 2(a)], the frequency difference
[Fig. 2(b)], or the central frequency (Fig. 3). As a conse-
quence, our conclusions remain valid independent of the
beam waist w. A more detailed, quantitative comparison
between theory and experiment would require calculat-
ing the dependence of C2, C3 and C0 on w, so that the
number of free parameters would be reduced in the fits
presented in Figs. 1 and 2. However, such an analysis is
beyond the scope of the present work and is not required
to arrive at the conclusions that we make in the main
text of the Letter.

Accounting for the size of the detector

In the experiment, the acoustic field is measured
very close to the sample surface with a disk-shaped hy-
drophone of radius b = 0.2 mm. In order to take into
account the size of the hydrophone, we assume that the
measured quantity is not the intensity I(r) at a point r

but the intensity averaged over a disk of radius b centered
at r:

I(r) =
1

πb2

∫
b(r)

I(r′)d2r′, (S20)

where b(r) denotes a disk of radius b centered at r. The
correlation function of I(r) can be then obtained from
the correlation of I(r) by a double spatial integration:

CI(∆r = r1 − r2) =
1

(πb2)2

∫
b(r1)

d2r′1

∫
b(r2)

d2r′2

× CI(∆r′ = r′1 − r′2). (S21)

THEORY FOR FREQUENCY CORRELATIONS

Definitions

The frequency correlation function of intensity fluctu-
ations δI(r, ω) = I(r, ω)− 〈I(r, ω)〉 is defined as

Cω(r,Ω) =
〈δI(r, ω + 1

2Ω) δI(r, ω − 1
2Ω)〉

〈I(r, ω)〉2
, (S22)

where we assume that the average intensity is indepen-
dent of frequency in the frequency band under consider-
ation: 〈I(r, ω + 1

2Ω)〉 = 〈I(r, ω − 1
2Ω)〉 = 〈I(r, ω)〉. Once

again, we will omit the subscript ‘ω’ of C from here on.
The behavior of C(r,Ω) with Ω is similar to the behav-
ior of the spatial correlation function C(∆r) with ∆r: it
decays and has both short- and long-range parts.

Short-range correlation C1

The short-range part of C can be easily calculated in
transmission of a plane wave through a slab of thickness
L [S4, S8]:

C1(Ω) =

∣∣∣∣ L`∗ × sinh2(α`∗)

α`∗ sinhαL

∣∣∣∣2 , (S23)

where αL = π
√
iΩ/ΩTh, ΩTh = π2D/L2 is the Thou-

less frequency, D is the diffusion coefficient of the wave,
and we neglected corrections due to boundary conditions,
assuming L� `∗, z0.

For a point source at the origin in the infinite medium
we have

C1(R,Ω) = |exp (−αR)|2 , (S24)

with similar definitions αR = π
√
iΩ/ΩTh, ΩTh =

π2D/R2.
Both correlation functions (S23) and (S24) oscillate

and decay roughly exponentially with
√

Ω/ΩTh, so that
no correlation is left for Ω � ΩTh. We will adopt Eq.
(S23) in the following.
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Long-range correlation C2

Transmission of a plane wave through a slab.
From a calculation following Refs. [S11, S15] we found
the following result:

Cplane wave
2 (Ω) =

3

2(k`∗)2
F2

(
αL,

`∗

L

)
, (S25)

where

F2

(
αL,

`∗

L

)
=

1

2

L

`∗

∞∫
0

du u f

(
u

L
, αL,

`∗

L

)
, (S26)

f

(
q, αL,

`∗

L

)
=

4

L

 `∗∫
0

dz

(
sinh qz sinh q`∗

q sinh qL

×
∣∣∣∣ ∂∂z sinhαz sinhα(L− `∗)

α`∗ sinhαL

∣∣∣∣)2

+

L−`∗∫
`∗

dz

(
sinh qz sinh q`∗

q sinh qL

×
∣∣∣∣ ∂∂z sinhα`∗ sinhα(L− `∗)

α`∗ sinhαL

∣∣∣∣)2

+

L∫
L−`∗

dz

(
sinh q(L− `∗) sinh q(L− z)

q sinh qL

×
∣∣∣∣ ∂∂z sinhα`∗ sinhα(L− `∗)

α`∗ sinhαL

∣∣∣∣)2
]
.(S27)

Integrations in this equation can be carried out analyt-
ically, resulting in a long expression that we do not re-
produce here. Then the integral in Eq. (S26) can be
calculated numerically.

In the limit of a thick slab L � `∗, Eq. (S25) yields
a function that depends mainly on Ω/ΩTh as far as
Ω/ΩTh . 1, see Fig. S6 (top). In the limit of large
Ω/ΩTh →∞ we find

Cplane wave
2 (Ω) ∝ Cplane wave

2 (0)× `∗

L

√
ΩTh

Ω
, (S28)

as illustrated in Fig. S6 (bottom).

Point source in the infinite medium. Here we
need to introduce a spatial cut-off ∼ `∗ to avoid the path
crossing (Hikami box) being closer than `∗ to the detec-
tor. The results then should be understood as depending
on the precise value of this cutoff:

Cpoint source
2 (Ω) ' 3

4(k`∗)2
F2

(
αR,

`∗

R

)
, (S29)
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FIG. S6. Frequency correlation of intensity fluctuations C2

in transmission of a plane wave through a disordered slab for
small (top) and large (bottom) values of Ω.

where

F2

(
αR,

`∗

R

)
= 2

`∗

R


1−`∗/R∫

0

dx
exp[−2Re(αR)x]

(1− x2)2

+

∞∫
1+`∗/R

dx
exp[−2Re(αR)x]

(1− x2)2

 . (S30)

In the limit of R � `∗ that is of interest for us here, we
have

F2

(
0,
`∗

R

)
= 1, (S31)

F2

(
αR,

`∗

R

)
=
`∗

R
× 1

Re(αR)
, Ω� ΩTh (S32)

The behavior of C2 at small and large Ω is illustrated in
Fig. S7.

Transmission of a tightly focused beam through
a slab. We assume that the C2 correlation function for a
beam focused on the surface of a disordered slab is similar
to the one for the plane wave, except for the magnitude
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FIG. S7. Frequency correlation of intensity fluctuations C2

at a distance R from a point source in the infinite medium for
small (top) and large (bottom) values of Ω.

of C2 [S15]:

Cfocused beam
2 (Ω) ' const

(k`∗)2
F2

(
αL,

`∗

L

)
, (S33)

with F2(αL, `∗/L) defined by Eq. (S26).

Infinite-range correlation C0

The frequency dependence of the C0 correlation func-
tion is obtained by calculating the diagrams of Fig. S8.
We obtain:

C
(a)
0 (Ω) = C

(in)
0 , (S34)

C
(b)
0 (Ω) = C

(out)
0 , (S35)

C
(c)
0 (Ω) = C

(in)
0 C1(Ω), (S36)

C
(d)
0 (Ω) = C

(out)
0 C1(Ω). (S37)

Full expression for the correlation function

Adding up all the contributions and assuming (as in
the case of spatial correlations) that the behavior of C3

FIG. S8. Diagrams contributing to C0 correlation function.
r0 is the source position; ω1,2 = ω ± 1

2
Ω. The diagrams (a)

and (b) are independent of Ω = ω1 − ω2 as far as |Ω| � ω1,2.
A complex conjugate diagram should be added to each of the
diagrams.

as a function of frequency is similar to that of C2, we fi-
nally find the full expression for the frequency correlation
function:

C(Ω) =
[
1 + C

(in)
0 + C

(out)
0

]
C1(Ω)

+ 2A× F2(αL, `∗/L)

F2(0, `∗/L)
+ C

(in)
0 + C

(out)
0 , (S38)

where A ∼ 1/(k`∗)2. Note that the constants A and

C
(in,out)
0 here should be the same as in Eq. (S19) for the

spatial correlation.
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The following table of variables is intended to be a quick reference guide to the reader.  

Variables that recur frequently and in several places are listed here, along with the section 

number where they are first defined (if applicable).  In some cases, in order to be consistent 

with common literature on the subject, variables may have different meanings in several 

chapters.  To avoid any confusion, when the variable changes meaning, the domain over 

which the definition of each variable applies is also included in the table.  Variables are listed 

in approximate alphabetical order, to allow for easy lookup. 

Table B.1: List of recurring variables.  Shown along with the section where they are 

defined, and their domain of applicability. 

Symbol Description § defined Domain 

A, As, Af Multiplicative constants for C2 and C3 correlations 4.2.1.6 Chapter 4 

A Amplitude of analytic signal 6.3.2 Chapter 6 

a, a′ Input channel(s) 4.2.1.1 Chapter 4 

α Imaginary part of complex frequency 3.2.5 Chapter 3 

α Scaled frequency difference 4.2.1.3 Chapter 4 

b, b′ Output channel (s) 4.2.1.1 4.2.1 

b Box size 4.2.2 4.2.2 

β Logarithmic derivative of gTh with L 2.7  

C Intensity correlation 4.2.1.1 Chapter 4 

Cψ Field correlation 4.4.2.3  

C Cosine component of analytic signal 6.3.2 Chapter 6 

CΦ’ Cumulative phase derivative correlation function 6.3.2  

c Wave velocity in homogenous medium 2.2 Chapter 2 

χ kℓs/kℓc 3.5.1  

χ2ν Reduced chi-squared   

D Diffusion coefficient 2.3  
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d Euclidian dimension   

đ Fracton dimension 5.3.2  

Δq Anomalous dimension 4.2.2  

ε Measure of distance from critical point 2.7  

F2s, F2f Intermediate range functions for correlations   

f Frequency (general)   

f0 Mobility edge 3.5.2.6  

fb, fd Functions contributing to C0 correlations 4.2.1.6  

fc Central frequency of filter 3.5.2.4  

fm Mean frequency of filtered data 3.5.2.4  

Φ Phase of analytic signal 6.3.2  

φ Single path phase 6.3.1  

G, G0, Ge Green’s function, in homogenous, effective medium 2.2  

G+, G- Advanced, retarded Green’s function 2.2  

g Dimensionless conductance (general) 2.6  

gc Critical dimensionless conductance 2.7  

gTh Dimension Thouless conductance 2.7  

Γω Vertex function 2.3  

γ Level spacing statistics characterization parameter 5.3.4  

h C1 correlation contribution 4.2.1.3  

I Intensity (general)   

k Wavevector (general)   

k0, ke Wavevector in homogenous, effective medium 2.2  

kB Boltzmann’s constant   

kℓs Scattering strength   

kℓc Critical value of kℓs (mobility edge) 2.6  

κ Thermal conductivity 5.3.3  

L System size/sample thickness   

La Absorption length (multiple scattering) 3.5.2.6  
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Leff Effective thickness 3.2.4  

ℓ, ℓs, ℓ* Mean free path, scattering, transport 3.2.2  

ℓeff Effective mean free path (equipartition) 3.2.3  

λ Wavelength (general)   

m Number of points along z-axis (Fortran calculation) 3.5.1 Chapter 3 

m DAWS theory crossover exponent 6.3.1 Chapter 6 

μ Mean number of measured modes 5.5.2.4 Chapter 5 

n 
Total number of modes in one sample over 
frequency interval 

5.5.2.4 Chapter 5 

n Number of scattering events 6.3.1 Chapter 6 

ν Critical exponent at mobility edge (localized) 2.7  

P, P0 Diffusion probability, in effective medium 2.3 Chapter 2 

Pd Diffuson probability 2.3 Chapter 2 

Pq Generalized inverse participation ratio (gIPR) 4.2.2 Chapter 4 

P(s) Level spacing probability 5.3.4 Chapter 5 

p Diffuson self-crossing probability 2.6  

p Single mode detection probability 5.5.2.4 Chapter 5 

q Intensity moment in gIPR 4.2.2 Chapter 4 

R Internal reflection coefficient 3.2.3  

r Positional vector in 3D   

r 
Displacement in radial direction 
(cylindrical coordinates) 

  

Δr Displacement magnitude   

Δrrel relative particle displacement  6.3.1 Chapter 6 

ρ(r) Local density of states 4.2.1.5  

ρ Density of states (general)   

S Sine component of analytic signal 6.3.2 Chapter 6 

s Critical exponent at mobility edge (localized) 2.7 
Chapters 

2–3 

s Normalized mode spacing 5.3.4 Chapter 5 

sc1,2 Poisson/GOE distribution crossing points 5.5.4 Chapter 5 
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σ Standard deviation of measured mode counts 5.5.2.4 Chapter 5 

T, Te Scattering matrix, in effective medium 2.2 Chapter 2 

T Transmission 3.1 Chapter 3 

T Temperature 5.3.3 Chapter 5 

T Fluctuation time 6.2 Chapter 6 

t Propagation time 6.2 Chapter 6 

τ Fluctuation time interval 6.3.1 Chapter 6 

τa Absorption time (multiple scattering) 3.5.2.6 Chapter 3 

τD Diffusion time 2.6 Chapter 3 

τc Crossover time 6.3.1 Chapter 6 

τDAWS Characteristic DAWS time 6.3.1 Chapter 6 

τq Multifractal exponent 4.2.2 Chapter 4 

τTh Thouless time 2.7 
Chapters 

2–3 

U, UB, UC Irreducible vertex function, Boltzmann, Cooperon 2.3, 2.6  

u Spatial Fourier transform of r 3.2.5  

V Volume (general)   

Vrel Relative scatterer velocity 6.3.1 Chapter 6 

v velocity (general)   

vE Energy velocity 2.3  

veff Effective velocity (equipartition) 3.2.3  

vg Group velocity (general)   

vL Longitudinal velocity 3.2.3  

vT Transverse velocity 3.2.3  

vp Phase velocity (general)   

w Transverse width 3.2.6 Chapter 3 

wf Width in frequency filter 3.5.2.4  

Ω Angular frequency difference 4.2.1.1 Chapter 4 

ΩTh Thouless frequency 4.2.1.3 Chapter 4 

ω Angular frequency (general)   
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x Source position 4.4.1 Chapter 4 

 Green’s function/scattering point interaction 2.2  

Ξc Cumulative phase correlation function 6.3.2  

ξ Localization or correlation length 2.6  

ψ Field (general)   

z Distance in axial direction (cylindrical coordinates)   

z0 Extrapolation length 3.2.4  
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