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ABSTRACT

In some regression models, our interest is on estimating only some

parameters instead of all the parameters in the model. Ds-optimality is

used for this purpose.

We start with a broad review of some important optimal design the-

ories, some popular design criteria along with their properties. We then

determine the optimality conditions for our optimization problems. Af-

ter explicitly introducing the Ds-optimality and exploring its properties,

we construct Ds-optimal designs for polynomial regression models in one

and two design variables. We construct the optimal designs using a class

of multiplicative algorithms, indexed by a function which depends on the

derivatives of the criterion function. We also develop strategies for con-

structing Ds-optimal designs and investigate techniques for improving

convergence rates by using the properties of the directional derivatives.

Finally we provide some concluding remarks and a discussion of some

potential future work.
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Chapter 1

Introduction

In order to satisfactorily answer different kinds of questions of research interest in

a reliable and valid way, a statistician can properly design an experiment. Before

conducting an experiment, we must choose values of inputs. After that, we observe

a measurement on the interested variables. Most importantly, we must decide the

number of observations taken at each combination of the inputs (the essence of an

optimal design). This defines a design.

Designing an experiment means deciding how the observations of measurements

should be taken to answer a particular question in a valid, efficient and economical

way (Kumar and Chaudhry, 2006). A statistical model is chosen according to

certain experimental purposes in advance so as to make a synthetic analysis with

high credibility and to achieve the optimal solutions at greatest rapidity. The design

and the final analysis are inseparable in the sense that a proper way of analyzing

the data exists only if the experiment is well designed. The conclusions from an

ill-designed experiment is not trustworthy or dependable.

There are some basic principles in the design of experiments, which are ran-

domization, replication and local control (blocking). Randomization is an essential

component of an experiment, and it reduces or eliminates the bias of the estimators.

The independence of errors is one of the important assumptions for an analysis of
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variance model. However, randomization itself is not sufficient for the validity of

an experiment. The second essential principle is the replication. A treatment is

more reliable by repeating a few times than just a single observation. If we take

a close look at the expression of variance of a sample mean, we will find out that

increasing the number of replications is the the most effective way to increase the

accuracy of an experiment. Replication broadens the scope of the experiment by

including different types of experimental units. However, increasing the replication

number beyond a certain number is not practical. We will see later on that if we can

efficiently design an experiment (using the theory of optimal design) we can have

an efficient design even if the replication number is not large. Replication with local

control is used to reduce the experimental error. In a replicated experiment, the

randomization may be restricted in such a manner that a portion of the total varia-

tion may be eliminated from the error. In the simplest case, the experimental units

are divided into homogeneous groups or blocks. The variation among these blocks

is eliminated from the error, thereby efficiency is increased in the experiment.

1.1 Optimal Design

There is a problem about design that needs to be solved. How can we be sure

that the implemented design is the most efficient one for our design purposes? How

can we be sure that our design is a good design that is capable of estimating the

treatment effects as precisely as we can with minimal cost? Maybe optimal design

theory give us some hints. We may apply optimal design theory to find the best

design for a specific problem with fewer observations but still with high efficiency by

using numerical algorithms based on the current information. Optimal designs are

the best designs which are constructed for a specific statistical model with respect

to a particular optimality criterion which is usually a function of the dispersion

matrix or the information matrix (Berger and Wong, 2009).
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The general theory of optimal design was originally developed for the linear mod-

els. In this thesis, we will start with a general description of optimal design theory,

followed by some popular optimality criteria such as D-, G-, A- and E-optimality.

Then we will determine the optimality conditions in terms of the directional deriva-

tives. Specificly we would like to focus on Ds-optimality in this thesis, and we will

construct Ds-optimal designs in polynomial regression models with both one vari-

able and two variables, and confirm the Ds-optimal designs by plotting the variance

functions.

Let’s start by considering a probability model:

y ∼ π(y|x, θ, σ) (1.1)

where

• y is the response variable

• x = (x1, x2, ..., xm)T are design variables or explanatory variables which can

be chosen by the experimenter, x ∈ X ⊆ R. X is called the design space.

Typically it will be continuous but can be discrete.

• θ = (θ1, θ2, ..., θk)
T is a k-dimensional vector of unknown parameters,

θ ∈ Θ ⊆ Rk.

• σ is a nuisance parameter, which is fixed and unknown but is not of primary

interest.

• π(.) is a probability model.

The experimental conditions can be chosen from the experimental domain X

according to different research purposes. For each x in the design space X , i.e. for

x ∈ X , we observe the outcome variable y = y(x) with var(y(x)) = σ2.
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In linear regression models, we further assume that y(x) has the expectations:

E(y|x, θ, σ) = fT (x)θ

(1.2)

or, E(y|v) = vT θ

where f(x) = (f1(x), f2(x), ..., fk(x))T is a vector of k real-valued functions defined

on design space X ; v ∈ V , V = {v ∈ Rk : v = f(x) = η(x), x ∈ X} with η(x) =

(η1(x), η2(x), ..., ηk(x))T . As V is the image under a set of regression functions η of

X , it is called the induced design space.

Here comes the question: what values of x shall we take observations in order

to yield a best inference for all or some of the parameters. We call this allocation

of n observations to the elements of X as an optimal regression design.

It is noteworthy that usually we take more than one observation at each x.

Suppose that y’s are independent but with equal variance σ2. For linear models,

we have

E(Y ) = Xθ

(1.3)

D(Y ) = σ2In

where Y = (y1, y2, ..., yn), X is the n× k matrix whose (i, j)th element is fj(xi). In

is the n× n identity matrix and D(Y ) is the dispersion matrix of Y .

In linear models, the best linear unbiased estimator (BLUE) of the regression

coefficients is given by the ordinary least squares (OLS) estimator, in which the

dispersion matrix of θ̂ is minimized, i.e., we minimize D(θ̂) = E[(θ̂ − θ)(θ̂ − θ)T ].
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The estimators θ̂ are the solutions of the normal equation:

(XTX) θ̂ = XTY. (1.4)

The larger the matrix (XTX), the less is the variation; thus giving larger informa-

tion in the experiment. If (XTX) is non-singular, there is a unique solution for θ̂;

otherwise, the solutions for θ̂ are infinite. The solution is given by

θ̂ = (XTX)−1XTY (1.5)

with

E(θ̂) = E[(XTX)−1XTY ] = (XTX)−1XTE(Y ) = (XTX)−1XTXθ

= θ

D(θ̂) = (XTX)−1XTD(Y )X(XTX)−1 = (XTX)−1XTσ2InX(XTX)−1

= σ2(XTX)−1.

We may clearly notice from above that the dispersion matrix D(θ̂) does not

depend on θ but is proportional to the unknown parameter σ2. In general, the

efficiency and accuracy of an estimator increases as its variance decreases. In order

to have more information in an experiment and to obtain a better inference for θ,

we should try to maximize the matrix (XTX), which means to minimize the inverse

matrix (XTX)−1 to achieve the goal.

1.2 Discretizing the Design Space

As we showed in the equation (1.2), choosing a vector x in the design space X

is equivalent to choosing k-vector v in the closed bounded k-dimensional space
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V = f(X ). The design space is typically continuous, but for practical purposes

we can assume that V is discrete. Therefore we can see that it is reasonable to

discretize a continuous design space. The finer the discretization, the better are the

approximations of the design points.

After discretization, the design problem is more precise, and we can write V =

{v1, v2, ..., vJ}. We wish to find out at which of the points or vertices vj observations

should be taken on y and, how many observations, nj, should be taken at these

points vj in order to obtain a best least squares estimators of θ given that n is total

number of observations, i.e.,
∑J

j=1 nj = n.

Given all these conditions above, we can express the matrix (XTX) as:

XTX = M(n) =
J∑
j=1

njvjv
T
j = V NV T (1.6)

where n = (n1, n2, ..., nJ)T , V = (v1, v2, ..., vJ) and N = diag(n1, n2, .., nJ).

As we mentioned before, we want the matrix (XTX) to be as big as possible.

We need to obtain the values of nj’s optimally. This is an integer programming

problem since that the nj’s must be integers. From the design aspect, it is termed

as an exact design problem.

In practice, we discretize all the design spaces for implementation. That is

because we assign the whole units to the different design points (Berger and Wong,

2009). In order to cope with the integer programming problem, we first wish to

find a proportion pj to the total observations, i.e., pj = nj/n instead of directly

choosing nj. Such a problem is called approximate design problem as long as the

conditions pj ≥ 0 and
∑J

j pj = 1 are satisfied. It is not hard to realize that the

relationship between M(n) and M(p) is as follows:

M(n) =
J∑
j=1

njvjv
T
j = n

J∑
j=1

pjvjv
T
j = nM(p) (1.7)
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where M(p) =
∑J

j=1 pjvjv
T
j = V PV T ; P = diag(p1, p2, ..., pJ), p = (p1, p2, ..., pJ)

represents the resultant distribution on V and pj = nj/n. After we derive the nj by

the proportion pj, we round it to the nearest integer. — This is the reason why it is

called the approximate design. Naturally an approximate design would be preferred

to the original exact design.

However, working with exact designs usually is not an easy task and it leads to a

difficult integer programming problem in the end. Kiefer (1985) gave some powerful

reasons for working with approximate design instead of exact designs. Optimal

exact designs are very difficult to solve and they are dependent on a specific value

of n. This means that we will have different allocations for nj for different values

of n. On the other hand, approximate design avoids having this problem since we

do not have to solve another problem for a different value of n. Although there is a

rounding error involved in an approximate design, it can be shown that the results

of an approximate design is always close to the exact design and the difference

of two designs vanishes eventually if n gets larger and larger. In addition, exact

designs require more complicated computational algorithms and some problems

cannot be found for exact designs. However, we can find approximate designs by

using computer algorithms or even in some analytical way. Hence we prefer an

approximate design to an exact design. See Berger and Wong (2009) for further

details.

If we look the expression of the information matrix M(p) closely, we notice that

it is actually the expectation of (vvT ) by viewing p as a probability distribution on

V :

M(p) = Ep(vv
T ) (1.8)

where P (v = vj) = pj.

Thus we can think of a design as defined by a set of weights or probabilities
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pj, pj being assigned to vj. Those points vj that are not the support points of the

design are assigned zero weights.

1.3 Design Measure

At the beginning of the experiment, we need to determine the total sample size

n. After selecting the appropriate values for x from the original design space X ,

that is, choose xj ∈ X , we find the probability distribution p = (p1, p2, ..., pJ) on

V , which corresponds to the xj on the original design space X such that
∑
pj = 1

and 0 < pj < 1. A full statement can be written as:

ξ =

x1 x2 x3 ... xJ

p1 p2 p3 ... pJ

 (1.9)

where the first line indicates the locations of the design points with pj the corre-

sponding design weights on the second line respectively. Note that we also use the

notation p for a design measure in this thesis. So the two notations p and ξ mean

the same.

1.4 Support of a Design Measure

From the design aspect, we consider those vertices vj which have nonzero weights

under p, and accordingly we define the support of the design measure ξ in the design

space V as given by:

Supp(ξ) = {vj ∈ V : pj > 0, j = 1, 2, ..., J}. (1.10)

Often there will be an optimal design, say ξ∗ such that Supp(ξ∗) is a strict subset

of V .

For computational convenience, a popular chosen scale of the support points is
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to have them in-between -1 and 1, that is, −1 ≤ xj ≤ 1. But sometimes we have

different scales, for example, the dosage levels in medical experiments are properly

scaled at dosages 1, 2, 3, ... , n (n is an integer). In order to have the design points

to be within the (−1, 1) scale, usually we need to do a linear transformation on the

original support points in the range xMin ≤ xj ≤ xMax:

x′j =
xj − x̃
xMax − x̃

(1.11)

where x̃ = xMin + xMax−xMin

2
.

In this way, the support points can be re-scaled to values within the interval

−1 ≤ x′j ≤ 1. Nevertheless, some characteristics of a design may change after re-

scaling. Discussions of the scale standardization can be found in Berger and Wong

(2009).

1.5 Standardized Variance of the Predicted Re-

sponse

For the linear regression model y(x) = f1(x)θ1 + f2(x)θ2 + ...fk(x)θk, we know that

the predicted value at given x is:

ŷ(x) = f1(x)θ̂1 + f2(x)θ̂2 + ...fk(x)θ̂k

= fT (x)θ̂ (1.12)

and the least squares estimator for θ is θ̂ = (XTX)−1XTY . From Section 1.2, we

also know that the dispersion matrix of θ̂ is D(θ̂) = σ2(XTX)−1, where σ2 is fixed

and unknown and M(n) = XTX = nM(p). Given all the information above, we

could express the standardized variance of the predicted response on y at x for the
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design (1.9) as:

D(ŷ(x)) = D(fT (x)θ̂)

= fT (x)D(θ̂)f(x)

= fT (x)σ2(XTX)−1f(x)

= σ2fT (x)M(n)−1f(x)

= σ2fT (x)(nM(p))−1f(x)

=
σ2

n
fT (x)M(p)−1f(x)

=
σ2

n
d(x, p) (1.13)

where d(x, p) = fT (x)M(p)−1f(x), and is called the standardized variance of the

predicted response at given x.

As we also use the notation ξ for a design measure, both d(x, p) and d(x, ξ)

denote the variance function.

1.6 Properties of the Information Matrix M(p)

From the definition of the information matrix M(p) given in (1.7) and (1.8), we can

express it as:

M(p) =
J∑
j=1

pjvjv
T
j = Ep(vv

T ) = V PV T (1.14)

where P = diag(p1, p2, ..., pJ) and V = (v1, v2, ..., vJ).

It is obvious that the information matrix M(p) is symmetric from the expression

above. Moreover, M(p) is nonnegative definite. The following is the verification of

the nonnegativeness of the M(p):

xTM(p)x = xTEp(vv
T )x = Ep(x

TvvTx) = Ep((x
Tv)2) ≥ 0. (1.15)
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The determinant of the information matrix is zero if a design has less than k

(number of parameters) support points, which we try to avoid. Since the inverse

matrix of a dispersion matrix is the information matrix, we conclude that minimiz-

ing the variance is equivalent to maximizing the information. We will see that many

of the design criteria are real valued functions of the information matrix M(p) or

the dispersion matrix M−1(p).

1.7 Design Criteria and Their Properties

As we emphasized before, the information matrix M(p) plays a key role in optimal

design theory and in obtaining best inference for all or some of the unknown pa-

rameters θ ∈ Θ. Therefore we maximize some real valued function φ(p) = ψ{M(p)}

in order to make the matrix M(p) large. Such a φ function is called the criterion

function, and the criterion defined by the function φ is usually called φ-optimality.

A design maximizing φ(p) is called a φ-optimal design. Atkinson et al. (2007,

Chapters 10 and 11) reviewed the most familiar design criteria and their properties.

In this section, we review some most familiar design criteria which are grouped

into two cases. In the first case, we are considering all of the parameters θ of the

linear model. Possible criteria in this case include D-optimality, A-optimality, G-

optimality and E-optimality. In the second case, we are only interested in some of

the unknown parameters or some linear combinations of the parameters of the linear

model. In this case we discuss the DA-optimality, DS-optimality, linear optimality,

c-optimality and EA-optimality.

1.7.1 D-optimality

D-optimality is the most popular and important design criterion in applications.

In D-optimality, we maximize the determinant of the information matrix M(p), or

its logarithm logdet{M(p)}. In other words, minimizing the determinant of the

15



dispersion matrix M−1(p) is equivalent to minimizing the generalized variance of

the parameter estimates. The criterion function is given by:

φD(p) = ψD{M(p)} = logdet{M(p)} = −logdet{M−1(p)} (1.16)

Some useful properties and theorem(s) of D-optimality are needed to be ex-

plored:

• There is an interesting connection between D-optimality and the standardized

variance of the predicted response. Suppose for a given model with a design

variable x and let p∗ be the D-optimal design, then

su
x
p d(x, p∗) = k (1.17)

where d(x, p) is the standardized variance of the predicted response (1.13) and

k is the number of parameters (J.Kiefer and J. Wolfowitz, 1960).

• The volume of the confidence ellipsoid for the parameters is proportional to

the D-optimal criterion. Assuming the normality of the errors in the linear

model, the joint confidence region for the vector of unknown parameters θ ∈ Θ

is described by an ellipsoid of the form:

{θ : (θ − θ̂)TM(p)(θ − θ̂) ≤ c}, for some critical value c (1.18)

where θ̂ is the least squares estimate or the maximum likelihood estimate of

θ. This ellipsoid is centred at θ̂ and its volume is 2πk/2

kΓ(k/2)
ck[det(M(p)−1)]1/2.

The value of [log det(M(p))] is finite if and only if M(p) is non-singular. So

it is clear that this volume is proportional to [det(M(p)−1)]1/2. Generally

speaking, the smaller the volume of the confidence region, the more accurate

are the estimators.
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The D-optimality can be also related to eigenvalues of the information ma-

trix M(p). Let the eigenvalues of M(p) be λ1, λ2, ..., λk. Then by spectral

decomposition, the symmetric and nonnegative M(p) can be factorized into:

M(p) = PΛP ′ =
k∑
i=1

λieie
′
i = λ1e1e

′
1 + λ2e2e

′
2 + ...+ λkeke

′
k (1.19)

where P is a matrix made up by orthogonal column vectors which are eigen-

vectors, i.e. P = [e1|e2|...|ek], Λ is a diagonal matrix whose diagonal elements

are the eigenvalues, i.e Λ = diag(λ1, λ2, ..., λk) and λi and ei are eigenvalues

and eigenvectors of M(p) respectively.

Therefore, keeping the meaning of elements the same as M(p), M−1(p) can

be decomposed into :

M−1(p) = PΛ−1P ′ =
k∑
i=1

1

λi
eie
′
i (1.20)

The half lengths of the axes of the confidence ellipsoid are in the form of

c
√

1/λi. So the eigenvalues of M−1(p) are proportional to the squared of

the lengths of the axes of the confidence ellipsoid. Therefore, the D-optimal

design in this sense minimizes the product of the eigenvalues of M−1(p), i.e.∏k
i=1

1
λi

.

• The D-optimal criterion ψD is a concave function of the positive definite sym-

metric matrices.

• The criterion function φD is differentiable whenever it is finite, and the first

partial derivatives are given by:

dj =
∂φD
∂pj

= vTjM
−1(p)vj. (1.21)

• ψD is invariant under a non-singular linear transformation of V . This property
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can be easily proved using (1.7).

Proof. Suppose we transfer V = (v1, v2, ..., vJ) toW = (w1, w2, ..., wJ) linearly

by wj = Avj, where A is a k × k non-singular matrix. Then the information

matrix of a design assigning weight pj to wj is :

Mw(p) =WPWT = AV PV TAT

Then,

ψD{Mw(p)} = logdet{Mw(p)}

= logdet{AV PV TAT}

= log[det(A)det{V PV T}det(AT )]

= log[det{V PV T}det(A)det(AT )]

= log[det{V PV T} × det{A}2]

= logdet{M(p)}+ logdet{A}2

= ψD{M(p)}+ constant (1.22)

Thus, maximizing ψD{M(p)} and ψD{Mw(p)} are equivalent.

Theorem 1. The sum of the weighted standardized variances of the predicted re-

sponse d(x, p) over all points of the design p is equal to the number of parameters

k. i.e.

J∑
j=1

pjd(xj, p) = k. (1.23)

Proof. According to (1.13), we can write d(xj, p) as

d(xj, p) = fT (xj)M
−1(p)f(xj)
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Then,

J∑
j=1

pjd(xj, p) =
J∑
j=1

pjf
T (xj)M

−1(p)f(xj)

= tr{M−1(p)
J∑
j=1

pj[f(xj)f
T (xj)]}

= tr{M−1(p)M(p)}

= tr(Ik)

= k.

The references of this area can be found in Kiefer (1959), Fedorov (1972), Silvey

(1980), Berger and Wong (2009), Atkinson et al. (2007), Mandal and Torsney

(2006) among many others.

1.7.2 A-optimality

A-optimality is defined by maximizing the following criterion function:

φA(p) = ψA{M(p)} = −Trace{M−1(p)}. (1.24)

Again, because of the reciprocity property of the covariance matrix and the in-

formation matrix, an A-optimal design desires to minimize the sum of the variances

of the parameter estimators or their average variance, but ignores the correlation

structures of these estimators.

Some properties of A-optimality are given in the following:

• ψA is an increasing function over the set of positive definite symmetric matri-

ces.
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• ψA is a concave function on M, where M is the set of all possible positive

definite symmetric matrices.

• φA is differentiable whenever it is finite and the first derivative is given by:

dj =
∂φA
∂pj

= vTjM
−2(p)vj. (1.25)

Comparing A-optimal criterion with other criteria from the computational as-

pect, it is simpler since it only requires addition of the k diagonal elements of the

matrix M−1(p).

However, there are two drawbacks of A-optimality. A major drawback is that,

in general, this criterion is not invariant under a non-singular linear transformation

of V , that is, changing scale of the design variables may lead to another optimal

design. But for certain design problems such as block designs, this is not a concern

since we do not do the linear transformation on the effects in the blocks. Moreover,

we do not take the correlation structures into consideration in this criterion, so

we may ignore the correlations between the parameter estimators and lose some

important information. Discussions of this criterion can be found in Elfving (1952),

Atkinson et al. (2007) and Berger and Wong (2009).

1.7.3 G-optimality

G-optimality is also called global optimality. It is useful when we focus on effi-

ciency of predicting the outcome variable. It is defined by maximizing the criterion

function:

φG(p) = ψG{M(p)} = −Max
v∈V

vTM−1(p)v. (1.26)

We want to obtain an accurate and efficient prediction of the outcome variable,

so we expect to minimize the maximum value of the standardized variance of the
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predicted response. Kiefer and Wolfowitz (1960) showed the equivalency of this

criterion and D-optimal criterion. It is known that the standardized variance for a

G-optimal design, say p∗ is always less than or equal to the number of parameters

k in the model, i.e. d(x, p∗) ≤ k with equality at the support points. This coincides

with the equation (1.17) for D-optimal design. Therefore, this inequality can be

used to check whether a design is D-optimal or not.

Properties of G-optimality:

• ψG is an increasing function over the set of positive definite symmetric matri-

ces.

• ψG is a concave function on M.

• φG is invariant under a non-singular linear transformation of V . If the as-

sumption remains the same as the proof in D-optimality, the verification of

this property is similar to the proof in D-optimality.

• Suppose that uniquely vTjM
−1(p)vj = Max

t
vTt M

−1(p)vt, then φG has unique

partial derivatives corresponding to positive weights:

dj =
∂φG
∂pj

= [vTjM
−1(p)vj]

2 (1.27)

otherwise, φG is not differentiable.

1.7.4 E-optimality

The “E” in E-optimality means the (extreme) largest axis of a confidence ellipsoid.

This criterion minimizes the maximal eigenvalue of the dispersion matrix. The

criterion function is defined by:

φE(p) = ψE{M(p)} = −λMax[M
−1(p)] (1.28)
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where λMax[M
−1(p)] is the largest eigenvalue of the matrix M−1(p) (Kiefer, 1974).

We know that the volume of the confidence ellipsoid of the estimator θ̂ is propor-

tional to the determinant of M−1(p) and the half length of the axis of the ellipsoid

is c
√

1/λi, where λi is the ith eigenvalue of M(p). Therefore, we minimize the

squared length or half length of the largest (extreme) axis of the ellipsoid. Thus, we

minimize the variance of worst parameter estimators in the direction of the largest

(extreme) axis.

Some properties:

• ψE is an increasing function over the set of positive definite symmetric matri-

ces.

• ψE is a concave function on M.

• Let λ1 ≥ λ2 ≥ ... ≥ λk be the eigenvalues of M(p), φE has unique first partial

derivative if λ1 is unique; otherwise, φE is not differentiable.

The drawback of this criterion is easy to see: E-optimality criterion only con-

siders the “extreme” axis of the ellipsoid and does not involve all the information

provided by the matrix M(p) in this criterion.

1.7.5 Relative Efficiency

Relative efficiency is a measure or a function to compare the efficiencies of two

designs. It applies to any design criterion. Suppose we are interested in D-optimal

design p∗ of k parameters and p is another design. Then the relative efficiency of

the design p with respect to the D-optimal design p∗ is:

RED =

{
Det M(p)

Det M(p∗)

}1/k

(1.29)

We also call this as D-efficiency of the design p. Taking kth root of the ratio

gives us an efficiency measure that is proportional to design size, irrespective of the
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dimension of the model.

Similarly, E-efficiency is in the form of:

REE =

{
λMaxM

−1(p)

λMax M−1(p∗)

}
(1.30)

where p∗ is E-optimal design and p is some other design.

1.7.6 DA-optimality and Ds-optimality

In the previous sections, we discussed the D-, A-, G-, and E-optimality criteria,

which are based on the matrix M(p) for all k parameters. Nevertheless, in reality we

may not be interested in all the parameters but some of them or some combinations

of them. A natural modification of the D-, A-, G-, E-optimality criteria can be

adjusted based on the matrix M(p) for these purposes. One of the D-optimality

criteria for estimating a subset or a linear function of the parameters is referred to as

the DA-optimality criterion. Suppose our study is focussed on s linear combinations

of the parameters θ1, θ2, ..., θk. We name these s linear combinations as the elements

of the vector α = Aθ, where A is a s× k matrix of rank s ≤ k.

If the matrix M(p) is non-singular, the dispersion matrix of the estimates of

α = Aθ is proportional to AM−1(p)AT :

D(α̂) = D(Aθ̂) = AD(θ̂)AT =
σ2

n
AM−1(p)AT (1.31)

The criterion function is called DA-optimality by Sibson (1974) to emphasize

that the design is dependent on the coefficient matrix A. We maximize the criterion

function which is defined by:

φDA(p) = ψDA{M(p)} = −logdet{AM−1(p)AT} (1.32)

Some properties of the DA-optimality:
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• ψDA is an increasing function over the set of positive definite symmetric ma-

trices.

• The DA-optimal criterion ψDA is a concave function of the positive definite

symmetric matrices.

• The criterion function φDA is differentiable, and the first partial derivatives

are given by:

dj =
∂φDA
∂pj

= vTjM
−1(p)AT [AM−1(p)AT ]−1AM−1(p)vj (1.33)

Ds-optimality is a special case of DA-optimality, the details of which will be

discussed in the next chapter.

1.7.7 Linear Optimality and c-optimality

If we are interested in the linear combination of the parameters by using A-optimality

criterion, linear optimality is a good choice. It is linear in the elements of the disper-

sion matrix M−1(p). In linear optimal design, we maximize the following criterion:

φL(p) = ψL{M(p)} = −Trace{M−1(p)L} (1.34)

where L is a k × k matrix of coefficients.

In fact, there is a connection between linear optimal design and DA-optimal

design. If L is of rank s ≤ k, then the linear optimality criterion function can be

written as:

φL(p) = −tr{M−1(p)L} = −tr{M−1(p)ATA} = −tr{AM−1(p)AT} (1.35)

where L = ATA and A is a s× k matrix of rank s.

The relationship between these two designs is easy to find out from the above
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expression. In linear optimality, we minimize the trace of the matrix AM−1(p)AT

while we minimize the log determinant of the same matrix AM−1(p)AT in DA-

optimal design. Additionally, If this matrix of coefficients L is an identity matrix

I, then this criterion is simply A-optimality criterion.

Some useful properties of linear optimality:

• ψL is an increasing function over the set of positive definite symmetric matri-

ces.

• ψL is a concave function on M.

• The first partial derivatives of φL are given by:

dj =
∂φL
∂pj

= vTjM
−1(p)ATAM−1(p)vj. (1.36)

One special case of linear optimality is the c-optimality. In c-optimality, we

treat L = c cT , where c is a k × 1 vector. For reference, see Elfving, (1952). Thus,

this criterion seeks to maximize the criterion function:

φc(p) = −cTM−1(p)c. (1.37)

We can easily see from the expression of the criterion that the c-optimal design

is appropriate for estimating the linear function cT θ with minimum variance since

cTM−1(p)c is the variance of cT θ̂.

As a special case of linear optimality, c-optimality has similar properties as A-

and linear optimality. The first partial derivatives of φc are given by:

dj =
∂φc
∂pj

= [cTM−1(p)vj]
2. (1.38)
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1.7.8 EA-optimality

The EA-optimality is also constructed based on the length of the major or extreme

axes of the confidence ellipsoid. The EA-optimality criterion is defined by maximiz-

ing

φEA(p) = ψEA{M(p)} = −λMax[AM
−1(p)AT ] (1.39)

where λMax[AM
−1(p)AT ] is the largest eigenvalue of the matrix AM−1(p)AT and

A is a s× k matrix of rank s ≤ k (Pazman, 1986).

The properties of criterion function φ(EA) are similar to E-optimality.

We organize the rest of the chapters as follows: In Chapter 2, we determine

the optimality conditions for our optimization problems and discuss a class of algo-

rithms. Ds-optimality is explicitly introduced and explored with its properties in

Chapter 3. In Chapters 4 and 5, we construct Ds-optimal designs for polynomial

regression models in one and two design variables using a class of multiplicative

algorithms, indexed by a function which depends on the derivatives of the crite-

rion function. We also develop strategies for constructing Ds-optimal designs and

investigate techniques for improving convergence rates by using the properties of di-

rectional derivatives. Chapter 6 concludes with some final remarks and a discussion

of some potential future work.
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Chapter 2

Optimality Conditions and A

Class of Algorithms

From previous chapter, we know that we can obtain a best inference for the pa-

rameters θ by making the information matrix M(p) large. Therefore we seek to

maximize some real valued function of M(p), i.e., maximize φ(p) = ψ{M(p)}. The

function φ is called the criterion function. The criterion defined by φ is called φ-

optimality. For instance, we can treat φ as the Ds-optimality criterion, the criterion

of interest in this thesis. Generally, our problem is to maximize a criterion φ(p)

subject to pj ≥ 0, j = 1, 2, ..., J and
∑J

j=1 pj = 1, which is referred as our general

problem in Chapter 3. Basically, we have two approaches to solve the optimization

problems. In the first approach, we seek out an optimizing p∗ directly and then

find the corresponding optimizing x∗. In the second approach, we determine an

optimizing x∗ first and then find the corresponding p∗. Usually we prefer the first

approach since the second approach is quite complicated in practice.

We determine the optimality conditions for an optimization problem in terms of

point to point directional derivatives. The directional derivatives of Whittle (1973)

are derived by applying a differential calculus approach. This directional derivative

plays a crucial role in our optimization problems (Mandal and Yang, 2015).
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2.1 Directional Derivatives

The directional derivative Fφ{p, q} of a criterion function φ(p) at p in the direction

of q is defined as:

Fφ{p, q} = lim
ε↓0

φ{(1− ε)p+ εq} − φ(p)

ε
(2.1)

where φ(.) is a criterion function (Whittle, 1973).

The derivative Fφ{p, q} exists even if φ(.) is not differentiable. If φ(.) is differ-

entiable, (2.1) can be simplified as:

Fφ{p, q} = lim
ε↓0

φ{(1− ε)p+ εq} − φ(p)

ε

= (q − p) lim
ε↓0

φ{(1− ε)p+ εq} − φ(p)

ε(q − p)

Taking the limit of the right hand side, we obtain Fφ{p, q} = (q − p)T ∂φ
∂p

.

Let Fj = Fφ{p, ej}, where ej is the jth unit vector in RJ and dj = ∂φ
∂pj

, the

partial derivative of φ with respect to pj. Then,

Fj = Fφ{p, ej} =
J∑
i=1

(qi − pi)di

=
∂φ

∂pj
−

J∑
i=1

pi
∂φ

∂pi

= dj −
J∑
i=1

pidi (2.2)

This Fj is called the vertex directional derivative of φ(.) at p (Mandal and

Torsney, 2006). Here we show some properties of the directional derivatives.

Property 1.
∑

j pjFj = 0 where Fj is the vertex directional derivative of φ(.) at p.
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Proof.

∑
j

pjFj =
∑
j

pj[dj −
∑
i

pidi]

=
∑
j

pjdj −
∑
j

pj
∑
i

pidi

=
∑
j

pjdj −
∑
i

pidi

= 0

Property 2. If p, q ∈ S, where S is a convex set, then so does {(1 − ε)p + εq)},

which is clearly an advantage if one wishes Fφ{p, q} only for p, q ∈ S.

Property 3. Fφ{p, q} ≥ φ(q)− φ(p) if φ(.) is concave.

Proof.

Fφ{p, q} = lim
ε↓0

[φ{(1− ε)p+ εq)} − φ(p)]/ε

≥ lim
ε↓0

[(1− ε)φ(p) + εφ(q)− φ(p)]/ε by the definition of concavity

= φ(q)− φ(p)

Property 4. Fφ{p, p} = 0, a desirable property since no change is effected in φ(.)

if one does not move from p.

This property could be easily verified from the simplified form of the directional

derivatives.

There is an interesting coincidence that the form of the directional derivative

is exactly the same as the expression of an influence curve. In the context of the

influence curve, the term φ(p, q, ε) is called contaminated φ(p). The influence curve

of an estimator measures how much an individual observation changes the value of

the estimator. It plays an important role in the asymptotic theory.
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2.2 Optimality Conditions

If φ(.) is differentiable at an optimizing distribution p∗, then the first-order condi-

tions for φ(p∗) to be a local maximum of φ(p) in the feasible region of the general

problem are

F ∗j = Fφ{p∗, ej}


= 0 if p∗j > 0

≤ 0 if p∗j = 0

. (2.3)

General Equivalence Theorem in optimal design theory (Kiefer, 1974) states

that if φ(.) is concave on the feasible region, then the above first-order conditions

are both necessary and sufficient for optimality.

2.3 A Class of Algorithms

Constructing the optimizing distributions often requires an algorithm since it is

typically not always possible to obtain an optimal solution analytically. A class of

algorithms which neatly satisfy the basic constraints of the optimal weights (non-

negative and summation to unity) take the form

p
(r+1)
j ∝ p

(r)
j f(d

(r)
j ) (2.4)

where d
(r)
j = ∂φ

∂pj
at rth iterate p = p(r) and the function f(.) satisfies certain

conditions and may depend on a free positive parameter δ.

Torsney (1977) first proposed this type of iteration by choosing the function

f(d) = dδ with positive partial derivatives. Torsney and Alahmadi (1992), Mandal

and Torsney (2000) and Torsney and Mandal (2001) explored other choices of f(.).

Silvey, Titterington and Torsney (1978) considered different choices of δ for the same

f(x) with x = d. Torsney (1977, 1988) published a discussion on the choices of f(.)

and the parameter δ. Torsney and Mandal (2001) studied constrained optimal
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design problems. For further developments of the algorithm based on a clustering

approach, see Mandal and Torsney (2006). By using a clustering approach, the

support points of a discretized design space can be viewed as consisting of some

clusters of design points. We have also used the above algorithm to construct Ds-

optimal designs in our paper Mandal and Yang (2015).

The choice of the free positive parameter δ can affect the convergence rates.

There is no fixed pattern of δ to fasten the convergence rates. We need to find

out a range of δ and try to seek out the best one. In Chapter 4, we will consider

different choices of f(.) and δ and the argument on their rates of convergence in

finding optimal measures for different polynomial regression models.
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Chapter 3

Optimizing Distribution and the

Ds-optimality

We wish to find an optimizing distribution when we consider a class of optimiza-

tion problems. Optimal regression design (such as Ds-optimality) is a particular

example. We now consider the following general problem:

Maximize φ(p) over:

P ≡ {p = (p1, p2, ..., pJ) : pj ≥ 0,
J∑
j=1

pj = 1} (3.1)

where φ(p) is a criterion function. From this section in this chapter, we treat φ(p) as

the Ds-optimality criterion as we considered in our paper Mandal and Yang (2015).

An example of the above general problem is a general optimal linear regression

design problem. We wish to find a probability distribution to maximize the criterion

function φ(p) while satisfying the constraints in the above general problem.

3.1 Ds-optimality

As we know, we may not be interested in all the parameters all the time. Some-

times we may just focus on estimating some of the unknown parameters or some
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linear combinations of the parameters for the sake of efficiency or different research

purposes. We introduced this kind of criteria such as DA-optimality criterion in

Chapter 1. As a special case of DA-optimal design, Ds-optimality is appropriate

for estimating a subset of s parameters as precisely as possible. Suppose we are

interested in s linear combinations which are elements of Aθ, where A is an s × k

matrix of rank s ≤ k. From Chapter 1, we know that cov(θ̂) ∝ M−1(p), where

M(p) is the information matrix given in (1.14) and θ̂ is the least squares estima-

tor of θ. Therefore the covariance matrix of the least squares estimator of Aθ is

D(Aθ̂) = σ2AM−1(p)AT/n. Thus it is clear that cov(Aθ̂) ∝ AM−1(p)AT . In this

case, we should minimize some real valued functions of the matrix AM−1(p)AT in

order to get more efficiency and accuracy of the estimators of Aθ. In DA-optimality

(1.32), we minimize the determinant of AM−1(p)AT . In particular, when A is writ-

ten as a combination of identity matrix and zero matrix, such as [Is : O] where Is

is the s × s identity matrix and O is the s × (k − s) zero matrix, only the first

s parameters are of interest to us. If A = [Is : O], we partition the information

matrix M(p) as follows:

M(p) =

M s×s
11 M

s×(k−s)
12

MT
12 M

(k−s)×(k−s)
22

 . (3.2)

Then the matrix (AM−1(p)AT )−1 can be expressed as (M11 − M12M
−1
22 M

T
12)

(Rhode, 1965). Therefore, maximizing φDA in (1.32) in this particular case is equiv-

alent to maximizing the following criterion function:

φDs(p) = logdet{(M11 −M12M
−1
22 M

T
12)}. (3.3)

The above criterion is called the Ds-optimality criterion, which can be found

in Karlin and Studden (1966), Atwood (1969), Silvey and Titterington (1973) and

Silvey (1980).
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Since Ds-optimality is closely related to the D-optimality and DA-optimality,

they share most of the properties. However, unlike D-optimality, Ds-optimality

may not be always invariant under a non-singular linear transformation of V .

3.2 Optimizing Distribution

Since the criterion function is a real valued function of the information matrix M(p)

or the dispersion matrix M−1(p), we now can add some structures to the general

problem (3.1).

We maximize ψ(z) over the convex hull (of vertices or pointsG(v1), G(v2), ..., G(vJ)),

CH{G(V)} = {z = z(p) =
J∑
j=1

pjG(vj) : p = (p1, p2, .., pJ) ∈ P} (3.4)

where G(.) is a given one to one function and V = {v1, v2, ..., vJ} is a known set of

vector vertices of fixed dimension.

From the expression of z(p), we observe that z(p) = Ep[G(v)], assuming that

G(v) is a random variable with probability distribution p.

Problem (3.4) is based on the matrix z(p) instead of the vector p in (3.1).

Comparing with the general problem (3.1), the problem (3.4) is more like a practical

optimal regression problem. Carathéodory’s Theorem guarantees that the optimal

solutions must exist in the discretized design space (Silvey, 1980). We wish to find

the optimizing support points x∗ and the corresponding optimizing weights p∗.

Now we add the above structures to some polynomial regression problems. The

polynomial regression model with one variable of order k − 1 is given as:

E(y|x) = vT θ (3.5)

where v = η(x) = (1, x, x2, ..., xk−1)T , x ∈ [−1, 1], θ = (θ0, θ1, ..., θk−1)T , v ∈ V =

{v : v = η(x) = (1, x, x2, ..., xk−1)T ,−1 ≤ x ≤ 1}, the induced design space.
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We consider the following with regarding to the problem (3.4):

• G(v) = vvT , where v ∈ V ⊆ Rk

• z = M , a symmetric k × k matrix

• z(p) = M(p) =
∑J

j=1 pjvjv
T
j , the information matrix

• ψ(z) = ψ(M) = φDs(p), the Ds-optimality criterion function in (3.3)

We want to find the optimal measure p∗ which is typically on the boundary of

convex hull CH{G(V)}, especially when V is discretized from a continuous space.

Since we map from the original design space X to the new design space V , it is

obvious that choosing x ∈ X is equivalent to choosing v ∈ V = η(X ), where η is

the vector valued function (η1, η2, ..., ηk)
T . We replace a continuous design space

with a discretized design space for practical purposes according to Carathéodory’s

Theorem (Silvey, 1980). Ideally, the continuous design space X could be discretized

by some form of uniform grid. Thus, we approximate the design space by a grid of

J points equally spaced at intervals between the end points of the design space.

Otherwise, some of the optimal solutions may be skipped by unequal spacing.

We determine the optimizing distribution by maximizing the Ds-optimal criterion

φDs(p) = logdet{(M11 −M12M
−1
22 M

T
12)}. In the following chapter, we will consider

multiplicative algorithms to solve the above optimization problems.

3.3 Standardized Variance of the Predicted Re-

sponse for Ds-optimality

From Chapter 1, we know that the standardized variance for D-optimal design is

d(x, p) = fT (x)M−1(p)f(x) and one property of D-optimality is that the supreme

of d(x, p∗) is the number of parameters. However we need to adjust this variance
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function in the case of Ds-optimality since it is one of the special cases of D-

optimality, in particular a special case of DA-optimality. In Ds-optimal design,

we are interested in estimating a subset of the parameters as precisely as we can.

Therefore, we need to adjust the standardized variance of the predicted response.

We follow the derivations of this variance function as considered by Atkinson et al.

(2007). We divide the terms of the regression model into two groups as follows:

E(Y ) = fT (x)θ = fT
1

(x)θ(1) + fT
2

(x)θ(2) (3.6)

where θ(1) are the s parameters of interest while the remaining k − s parameters

(denoted by θ(2)) are treated as nuisance parameters.

Similarly, we are going to partition the information matrix M(p) as we do in

(3.2) to obtain the expression of the related variance function. The s× s upper left

submatrix M11 contains the information of the parameters of interest. On the other

hand, M22, the lower right corner part of M(p), does not involve any information

on our interested parameters.

If we define the covariance matrix for the least squares estimate θ̂
(1)

as M11(p),

then

M11(p) = [M11(p)−M12(p)M−1
22 (p)MT

12(p)]−1. (3.7)

The Ds-optimal design for θ(1) then maximizes the determinant

|M11(p)−M12(p)M−1
22 (p)MT

12(p)| = |M(p)|
|M22(p)|

. (3.8)

The above equation (3.8) leads to the expression for the adjusted variance func-

tion

d(x, p) = fT (x)M−1(p)f(x)− fT2 (x)M−1
22 (p)f2(x). (3.9)
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As we are considering the Ds-optimality, the variance function satisfies the fol-

lowing:

d(x, p∗) ≤ s (3.10)

with equality at the support points, where s is the number of parameters of interest.

This inequality can be used to check whether a design is a Ds-optimal design.

For example, the design measure (obtained in the following chapter) of the model

E(y|x) = θ0 + θ1x + θ2x
2 + θ3x

3 for θ3 is p∗ =

 −1 −0.5 0.5 1

0.1667 0.333 0.333 0.1667

.

We wish to find out the variance function of the model.

We now divide the terms into two parts

E(y|x) = fT
1

(x)θ(1) + fT
2

(x)θ(2)

where

θ(1) = (θ3), θ(2) =


θ0

θ1

θ2

 , f 1
(x) = (x3), f

2
(x) =


1

x

x2

 .
Thus, we obtain

ds(x, p
∗) = fT (x)M−1(p∗)f(x)− fT2 (x)M−1

22 (p∗)f2(x)

=

[
1 x x2 x3

]


3 0 −4 0

0 11 0 −12

−4 0 8 0

0 −12 0 16





1

x

x2

x3


−
[
1 x x2

]
3 0 −4

0 2 0

−4 0 8




1

x

x2


= (16x6 − 16x4 + 3x2 + 3)− (8x4 − 6x2 + 3)

= 16x6 − 24x4 + 9x2.
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3.4 Some Analytic Solutions for the Construction

of Ds-optimal designs

For some cases, once we are given the support points for a polynomial regression,

we can obtain the optimal weights analytically for Ds-optimality. The following

chapter shows the results of the Ds-optimal designs (both the support points and the

corresponding weights), which are done by running the multiplicative algorithms.

In this section, we are going to verify theoretically some of these results for optimal

weights given the corresponding support points.

We first work on a quadratic regression model for the design space [−1, 1], and

construct the Ds-optimal design for the parameter θ2. We know that the support

points are (-1, 0, 1). We now prove that the optimal weights corresponding to these

three support points (-1, 0, 1) are (1/4, 1/2, 1/4).

Proof.

The model is given by E(y|x) = θ2x
2 + θ1x+ θ0.

Let the weights corresponding to the three support points be p1, p2 and p3. Then

we write the design measure as:

ξ∗ =

−1 0 1

p1 p2 p3

 .

As we are considering the parameter θ2 for the above model, the corresponding A

matrix and the vertices (see Sections 3.1 and 3.2) will be

A =

[
1 0 0

]
, vj =


x2
j

xj

1

 , j = 1, 2, 3.
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We now obtain the information matrix:

M(p) =
3∑
j=1

pjvjv
T
j =

3∑
j=1

pj


x2
j

xj

1


[
x2
j xj 1

]

=
3∑
j=1

pj


x4
j x3

j x2
j

x3
j x2

j xj

x2
j xj 1



= p1


1 −1 1

−1 1 −1

1 −1 1

+ p2


0 0 0

0 0 0

0 0 1

+ p3


1 1 1

1 1 1

1 1 1



=


p1 + p3 p3 − p1 p1 + p3

p3 − p1 p1 + p3 p3 − p1

p1 + p3 p3 − p1 p1 + p2 + p3



=


p1 + p3 p3 − p1 p1 + p3

p3 − p1 p1 + p3 p3 − p1

p1 + p3 p3 − p1 1

 .

As we explained in Section 3.1, we partition the matrix M(p) as follows:

M11 = p1 + p3

M12 =

[
p3 − p1 p1 + p3

]

M21 =

p3 − p1

p1 + p3


M22 =

p1 + p3 p3 − p1

p3 − p1 1

 assuming that M22 is invertible.
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M12M
−1
22 M21 =

[
p3 − p1 p1 + p3

]
det−1(M22)

 1 p1 − p3

p1 − p3 p1 + p3


p3 − p1

p1 + p3


=

[
p3 − p1 + (p1 + p3)(p1 − p3) (p3 − p1)(p1 − p3) + (p1 + p3)2

]

det−1(M22)

p3 − p1

p1 + p3


=

[
p3 − p1 + p2

1 − p2
3 4p1p3

]
1

(p1 + p3)− (p3 − p1)2

p3 − p1

p1 + p3


=

1

(p1 + p3)− (p3 − p1)2
(p3 − p1)(p3 − p1 + p2

1 − p2
3) + 4p1p3(p1 + p3)

=
1

p1 + p3 − p2
3 − p2

1 + 2p1p3

(p2
3 − p3

3 + p2
1 − p3

1 − 2p1p3 + 5p2
1p3 + 5p1p

2
3).

M11 −M12M
−1
22 M21 = p1 + p3 −

p2
3 − p3

3 + p2
1 − p3

1 − 2p1p3 + 5p2
1p3 + 5p1p

2
3

p1 + p3 − p2
3 − p2

1 + 2p1p3

.

Now we obtain the Ds-optimal criterion:

φDs(p) = logdet{M11 −M12M
−1
22 M21}

= logdet

{
4p1p3 − 4p1p

2
3 − 4p2

1p3

p1 + p3 − p2
3 − p2

1 + 2p1p3

}
= log

{
4p1p3 − 4p1p

2
3 − 4p2

1p3

p1 + p3 − p2
3 − p2

1 + 2p1p3

}
.

∂φDs(p)

∂p1

=
p1 + p3 − p2

3 − p2
1 + 2p1p3

4p1p3 − 4p1p2
3 − 4p2

1p3

[
(4p3 − 4p2

3 − 8p1p3)(p1 + p3 − p2
3 − p2

1 + 2p1p3)

(p1 + p3 − p2
3 − p2

1 + 2p1p3)2

−(1− 2p1 + 2p3)4p1p3(1− p1 − p3)

(p1 + p3 − p2
3 − p2

1 + 2p1p3)2

]
=

p3 − 2p2
3 + p3

3 − 3p2
1p3 − 2p1p3 + 2p1p

2
3

p1(1− p2 − p2
3 − p2

1 + 2p1p3)
= 0
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∂φDs(p)

∂p3

=
p1 + p3 − p2

3 − p2
1 + 2p1p3

4p1p3 − 4p1p2
3 − 4p2

1p3

[
(4p1 − 4p2

1 − 8p1p3)(p1 + p3 − p2
3 − p2

1 + 2p1p3)

(p1 + p3 − p2
3 − p2

1 + 2p1p3)2

−(1− 2p3 + 2p1)4p1p3(1− p1 − p3)

(p1 + p3 − p2
3 − p2

1 + 2p1p3)2

]
=

p1 − 2p2
1 + p3

1 − 3p1p
2
3 − 2p1p3 + 2p2

1p3

p3(1− p2 − p2
3 − p2

1 + 2p1p3)
= 0.

Thus we have:

p3 − 2p2
3 + p3

3 − 3p2
1p3 − 2p1p3 + 2p1p

2
3 = 0

p1 − 2p2
1 + p3

1 − 3p1p
2
3 − 2p1p3 + 2p2

1p3 = 0

p1 + p2 + p3 = 1

⇒ p1 = 1/4, p2 = 1/2, p3 = 1/4.

Hence the optimal design is:

ξ∗ =

−1 0 1

1/4 1/2 1/4

 .

Since the above equations are too complicated to be solved by hand, we reached

the answer by using the package MAPLE.

We now construct the Ds-optimal design for the parameters (θ1, θ2) of the above

model and consider the same design space [−1, 1]. We know that the support points

are (−1, 0, 1). We now prove that the optimal weights corresponding to these three

support points (-1, 0, 1) are (1/3, 1/3, 1/3).

Proof.

The model is given by E(y|x) = θ2x
2 + θ1x+ θ0.
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Let the weights corresponding to the three support points be p1, p2 and p3. Then

we write the design measure as:

ξ∗ =

−1 0 1

p1 p2 p3

 .

As we are considering the parameters (θ1, θ2) for the above model, the corresponding

A matrix and the vertices will be

A =

1 0 0

0 1 0

 , vj =


x2
j

xj

1

 , j = 1, 2, 3.
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Now we obtain the information matrix:

M(p) =
3∑
j=1

pjvjv
T
j =

3∑
j=1

pj


x2
j

xj

1


[
x2
j xj 1

]

=
3∑
j=1

pj


x4
j x3

j x2
j

x3
j x2

j xj

x2
j xj 1



= p1


1 −1 1

−1 1 −1

1 −1 1

+ p2


0 0 0

0 0 0

0 0 1

+ p3


1 1 1

1 1 1

1 1 1



=


p1 + p3 p3 − p1 p1 + p3

p3 − p1 p1 + p3 p3 − p1

p1 + p3 p3 − p1 p1 + p2 + p3



=


p1 + p3 p3 − p1 p1 + p3

p3 − p1 p1 + p3 p3 − p1

p1 + p3 p3 − p1 1

 .

We partition the matrix M(p) as follows:

M11 =

p1 + p3 p3 − p1

p3 − p1 p1 + p3


M12 =

p1 + p3

p3 − p1


M21 =

[
p1 + p3 p3 − p1

]
M22 = 1
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M12M
−1
22 M21 =

p1 + p3

p3 − p1

 1

[
p1 + p3 p3 − p1

]

=

(p1 + p3)2 p2
3 − p2

1

p2
3 − p2

1 (p3 − p1)2



M11 −M12M
−1
22 M21 =

p1 + p3 p3 − p1

p3 − p1 p1 + p3

−
(p1 + p3)2 p2

3 − p2
1

p2
3 − p2

1 (p3 − p1)2


=

p3 + p1 − (p1 + p3)2 p3 − p1 − p2
3 + p2

1

p3 − p1 − p2
3 + p2

1 p1 + p3 − (p3 − p1)2


Now we obtain the Ds-optimal criterion:

φDs(p) = logdet{M11 −M12M
−1
22 M21}

= logdet

p3 + p1 − (p1 + p3)2 p3 − p1 − p2
3 + p2

1

p3 − p1 − p2
3 + p2

1 p1 + p3 − (p3 − p1)2


= log{[p1 + p3 − (p1 + p3)2][p1 + p3 − (p3 − p1)2]− (p3 − p1 − p2

3 + p2
1)2}

= log(4p1p3 − 4p2
1p3 − 4p1p

2
3)

∂φDs(p)

∂p1

=
4p3 − 8p1p3 − 4p2

3

4p1p3 − 4p2
1p3 − 4p1p2

3

= p3 − 2p1p3 − p2
3 = 0 (3.11)

∂φDs(p)

∂p3

=
4p1 − 4p2

1 − 8p1p3

4p1p3 − 4p2
1p3 − 4p1p2

3

= p1 − p2
1 − 2p1p3 = 0 (3.12)
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Now by (3.11)-(3.12), we have:

p3 − 2p1p3 − p2
3 − (p1 − p2

1 − 2p1p3) = 0

⇒ p3 − p1 − (p2
3 − p2

1) = 0

⇒ p3 − p1 − (p3 − p1)(p3 + p1) = 0

⇒ (p3 − p1)(1− p3 − p1) = 0

⇒ (p3 − p1)p2 = 0 since p1 + p2 + p3 = 1

Therefore we have p1 = p3. We substitute p3 for p1 in (3.11):

p3 − 2p2
3 − p2

3 = 0

p3(1− 3p3) = 0

⇒ p3 = 1/3

⇒ p1 = p3 = 1/3

⇒ p2 = 1− p1 − p3 = 1− 1/3− 1/3 = 1/3

Hence the optimal design is:

ξ∗ =

−1 0 1

1/3 1/3 1/3



We now construct the Ds-optimal designs for several regression models using a

class of multiplicative algorithms in the following chapter.

45



Chapter 4

Construction of Ds-optimal Designs

using a Class of Algorithms

We construct Ds-optimal designs in some polynomial regression models (3.5), in

particular, we consider the quadratic, cubic and quartic regression models. For the

sake of simplicity, we choose the popular design interval [-1,1]. In this chapter, we

construct the Ds-optimal designs using a class of multiplicative algorithms, indexed

by a function based on the derivatives of the criterion function. The function sat-

isfies certain conditions and may depend on a free positive parameter. We develop

strategies for the construction of Ds-optimal designs and our goal is to achieve bet-

ter convergence of the algorithm using the properties of the directional derivatives

of the criterion function (Mandal and Yang, 2015). In addition, the Ds-optimal

designs are confirmed by the property of the variance functions.

4.1 Algorithms

As discussed in the previous chapter, problems (3.1) and (3.4) have a distinctive

set of constraints on the design weights p1, p2, ..., pJ . The iteration (2.4) with its

properties satisfies these constraints deftly. The function f(.) in the algorithm
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may depend on a free positive parameter δ. We should carefully and appropriately

choose the function f(.) and the parameter δ, otherwise the convergence rate could

be slow, i.e., the number of iterations needed could be very large. Some ingenious

strategies and techniques are required to acquire better convergence performance of

the algorithm for constructing Ds-optimal designs. The full form of the algorithm

is given by:

p
(r+1)
j =

p
(r)
j f(x

(r)
j , δ)∑J

j=1 p
(r)
j f(x

(r)
j , δ)

(4.1)

where f(x, δ) is a positive and strictly increasing function in x and x
(r)
j = d

(r)
j or

F
(r)
j , the partial derivatives of the criterion function or the directional derivatives

of the criterion function. These are defined as:

d
(r)
j =

∂φ

∂pj

∣∣∣∣
p=p(r)

(4.2)

and

F
(r)
j = d

(r)
j −

J∑
i=1

p
(r)
i d

(r)
i , the vertex directional derivatives at p = p(r). (4.3)

We discussed in Chapter 2 that several authors have used this algorithms for con-

structing optimal designs. We use this algorithm for constructing our Ds-optimal

designs and also develop strategies for constructing Ds-optimal designs and inves-

tigate techniques for improving convergence rates by using the properties of the

directional derivatives of the criterion function.

For the above iteration (4.1), there are some important properties:

• p(r) is always feasible.

• An iterate p(r) is a fixed point of the iteration if the derivatives d
(r)
j corre-

sponding to nonzero p
(r)
j are all equal, in which case we obtain the optimal

design.
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To obtain better convergence of the algorithm, the choice of f(.) along with

the parameter δ plays an important role. We know that the vertex directional

derivatives are Fj = dj −
∑J

i=1 pidi, which implies that
∑J

j=1 pjFj = 0. As this

weighted average is zero, a criterion such as Ds-optimal criterion has both positive

and negative vertex directional derivatives. From this point of view, we may choose

a symmetric function around zero to improve the convergence rates. Recall that

the first order conditions for a local maximum φ(p∗) are:

Fj

{
= 0 for p∗j > 0

≤ 0 for p∗j = 0

. (4.4)

The conditions along with the property
∑J

j=1 pjFj = 0 suggest that we can

improve the convergence if we choose a function which is centred at zero and changes

reasonably quickly about F = 0. Thereby, this function with the appropriate choice

of δ will assist in jumping to the optimal solutions quickly. The directional derivative

Fj is a good choice for the function f(x), which neatly satisfies the above conditions

as we view the positive and negative Fj symmetrically.

However, a function f(x) with x = d, the partial derivatives, is not symmetric

or centred at zero. The suggestions from the first order conditions and the property

of the directional derivatives give us high level of motivations to replace dj by Fj in

the function f(x, δ). Thus, the form of the algorithm with the choice of f(x) with

x = F is:

p
(r+1)
j =

p
(r)
j f(F

(r)
j , δ)∑J

j=1 p
(r)
j f(F

(r)
j , δ)

(4.5)

where F
(r)
j are the vertex directional derivatives at p

(r)
j and f(F ) satisfies all the

conditions in (4.1).

Perhaps f(x, δ) = Φ(δx), the normal cumulative distribution function, is a good

choice satisfying all the requirements above. This function Φ(δx) changes quickly
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at x = F = 0. Another potential choice of f(x, δ) satisfying the above requirements

is the logistic function with x = F : f(F ) = exp(δF )
1+exp(δF )

. Note that if we take x = d

(the partial derivatives of the Ds-optimal criterion) instead, the convergence rates

could be disappointing since the Ds-optimal derivatives are not centred at zero.

The value of the free positive parameter δ also drastically affects the convergence

rates too. We will explore these various choices for different polynomial models in

the following sections.

Besides the choices of f(F ) = Φ(δF ) and f(F ) = exp(δF )
1+exp(δF )

, we may have another

possible choice f(x) = exp(δx). Nevertheless, an iteration with the function of

exp(δx) is independent on the choice of x. So there is no difference in performance

of the algorithm for either x = d or x = F . We prove this result in the following:

Proof.

eδFj = eδ(dj−
∑
pidi)

=
eδdj

eδ
∑
pidi

p
(r+1)
j =

p
(r)
j f(F

(r)
j , δ)∑J

j=1 p
(r)
j f(F

(r)
j , δ)

=
p

(r)
j

e
δd

(r)
j

eδ
∑
pidi∑J

j=1 p
(r)
j

e
δd

(r)
j

eδ
∑
pidi

=
p

(r)
j eδd

(r)
j∑J

j=1 p
(r)
j eδd

(r)
j

=
p

(r)
j f(d

(r)
j , δ)∑J

j=1 p
(r)
j f(d

(r)
j , δ)

As we discussed earlier, we discretize the design space in an ideal way, which is

to be in some form of uniform grid on the continuous design space. In the following

49



sections, we approximate the design interval by a grid of points equally spaced at

intervals of 0.01. We first report the performance of algorithm (4.1) by taking f(x, δ)

as x = d, the partial derivatives of the Ds-optimal criterion. In particular, we choose

f(d) = Φ(δd), f(d) = dδ, f(d) = exp(δd), f(d) = exp(δd)
1+exp(δd)

and f(d) = ln(e+δd). In

order to improve the convergence rate, we thereby replace d by F , the directional

derivatives of the Ds-optimal criterion, for some choices of f(.). The advantages of

replacing d by F are already discussed above. In all cases, we start with the initial

design p
(0)
j = 1/J , j = 1, 2, ..., J . We report the results in the following tables. In

the tables, the relative best choices for δ are given in bold font. For each regression

model, different choices of f(.) yield the same optimal design.

4.2 Quadratic Regression for the Parameter θ2

For quadratic regression in model (3.5), we have k = 3, and v = η(x) = (1, x, x2)T ,

x ∈ [−1, 1], θ = (θ0, θ1, θ2)T . We construct Ds-optimal design for the parameter

θ2. We first take x = d, the partial derivatives of Ds-optimal criterion in algorithm

(4.1). The following Tables 4.1 - 4.7 show the number of iterations needed to achieve

max
1≤j≤J

{Fj} ≤ 10−m, for m = 1, 2, 3, 4, 5, 6, 7. The first five Tables 4.1 - 4.5 are based

on the choice of f(x) with x = d and the rest of two Tables 4.6 - 4.7 are constructed

according to the choice of {f(x) : x = F}.

From the Tables 4.1 - 4.7, we can see the advantages of using f(x) with x = F

instead of x = d. For example, in the quadratic regression model, f(x) = Φ(δx)

with x = d and δ = 0.85 and m = 7, the number of iterations needed is 76284 (see

Table 4.1), whereas using x = F , for δ = 1.25 this number reduces to 22526 (see

Table 4.6). If we look at the results for f(x) = exp(δx)
1+exp(δx)

in Tables 4.3 and 4.7, we see

that we need only 23042 iterations (with x = F ) instead of 80702 iterations (with

x = d) to achieve the optimal design. Also note that the choice of f(x) = exp(δx)

with x = d or x = F seems to perform well.

50



Table 4.1: f(d) = Φ(δd)

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

0.5 30 192 1959 17800 42776 65611 88245

0.7 29 170 1731 15718 37769 57929 77911

0.85 30 167 1696 15392 36982 56720 76284

1.25 39 191 1960 17765 42668 65435 88001

1.5 50 231 2405 21789 52324 80238 107905

Table 4.2: f(d) = exp(δd)

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

0.2 31 243 2488 22648 54442 83513 112326

0.25 25 194 1991 18118 43554 66810 89861

0.35 18 139 1422 12942 31110 47722 64186

0.5 13 98 996 9060 21777 33405 44931

0.6 11 81 830 7550 18148 27838 37442

0.7 9 70 711 6471 15555 23861 32093

0.8 11 61 622 5662 13610 20878 28081

Table 4.3: f(d) = exp(δd)
1+exp(δd)

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

0.5 38 258 2640 24001 57686 88483 119009

0.85 31 192 1960 17805 42787 65628 88267

1.1 30 179 1817 16499 39644 60804 81778

1.25 31 176 1796 16283 39124 60005 80702

1.5 33 179 1827 16568 39803 61045 82099
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Table 4.4: f(d) = dδ

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

0.25 31 197 1998 18132 43564 66816 89862

0.5 16 99 1000 9067 21783 33409 44932

0.85 10 59 589 5334 12814 19653 26431

0.9 10 56 556 5038 12102 18561 24963

0.95 16 39 527 4772 11465 17584 23649

Table 4.5: f(d) = ln(e+ δd)

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

1.75 28 188 1907 17323 41626 63846 85870

1.95 28 181 1841 16717 40171 61614 82867

3 25 163 1660 15064 36197 55517 74667

4 25 157 1598 14502 34844 53441 71874

6 25 155 1572 14263 34269 52559 70687

7 25 155 1578 14312 34384 52736 70925

8 25 156 1588 14406 34612 53084 71393

Table 4.6: f(x = F ) = Φ(δF )

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

0.5 19 123 1250 11358 27297 41869 56313

0.7 15 88 894 8114 19499 29907 40224

0.85 13 73 736 6683 16058 24630 33126

1.1 11 57 570 5165 12409 19033 25597

1.25 10 50 502 4546 10921 16749 22526
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Table 4.7: f(x = F ) = exp(δF )
1+exp(δF )

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

0.5 28 195 1993 18122 43557 66812 89861

0.75 20 131 1329 12083 29039 44542 59908

0.85 19 115 1173 10662 25623 39302 52860

1.25 14 79 799 7252 17425 26726 35945

1.5 12 66 666 6044 14521 22272 29955

1.75 11 57 571 5181 12447 19091 25676

1.95 11 50 513 4650 11171 17133 23042

No matter what choice we have for f(x), the solution eventually converges to

the support points (−1, 0, 1) with the corresponding optimal weights (0.25,0.5,0.25).

That is, we obtain the optimal design as given by:

ξ∗ =

 −1 0 1

0.25 0.5 0.25

 .

In all the cases, the directional derivatives are zero for the three support points but

negative for other points, which is exactly the case of the first-order conditions. By

using the properties of the directional derivatives, the performance of convergence

of the algorithms improves quite a lot.

4.3 Cubic Regression for the Parameter θ3

For cubic regression in model (3.5), we have k = 4 and v = η(x) = (1, x, x2, x3)T , x ∈

[−1, 1], θ = (θ0, θ1, θ2, θ3)T . We construct Ds-optimal design for the parameter θ3.

Similarly, We first take x = d, the partial derivatives of Ds-optimal criterion in al-

gorithm (4.1). The following Tables 4.8 - 4.13 show the number of iterations needed
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to achieve max
1≤j≤J

{Fj} ≤ 10−m, for m = 1, 2, 3, 4, 5, 6, 7, 8. The first four Tables 4.8 -

4.11 are based on the choice of f(x) with x = d and the rest of two Tables 4.12 -

4.13 are constructed according to the choice of {f(x) : x = F}.

Table 4.8: f(d) = Φ(δd)

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7 m=8

0.5 25 194 1960 10113 17907 25470 33012 40552

0.7 25 172 1732 8931 15811 22488 29146 35802

0.8 25 169 1699 8759 15505 22052 28580 35137

1.25 34 195 1961 10095 17863 25400 32916 40430

1.5 45 237 2406 12383 21904 31143 40356 49567

Table 4.9: f(d) = exp(δd)

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7 m=8

0.25 21 195 1991 10292 18231 25934 33616 41297

0.35 15 139 1422 7352 13022 18525 24012 29498

0.5 11 98 996 5146 9115 12967 16808 20648

0.75 9 64 663 3430 6076 8643 11203 13763

0.77 12 62 645 3341 5917 8417 10910 13403

From the Tables 4.8 - 4.13, we can see the improvement by using f(x) with

x = F instead of x = d. For example, in the cubic regression model, f(x) = Φ(δx)

with x = d and δ = 0.8 and m = 8, the number of iterations needed is 35137 (see

Table 4.8), whereas using x = F , for δ = 1.25 this number reduces to 10352 (see

Table 4.12). If we take a look at the results for f(x) = exp(δx)
1+exp(δx)

in Tables 4.10 and

Table 4.13, we realize that we need only 10376 iterations (with x = F ) instead of

37078 (with x = d) to achieve the optimal design. Also note that the choice of
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Table 4.10: f(d) = exp(δd)
1+exp(δd)

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7 m=8

0.8 26 199 2012 10381 18380 26144 33885 41625

1.25 26 178 1795 9252 16378 23294 30189 37083

1.3 26 178 1795 9252 16376 23290 30185 37078

1.4 27 179 1805 9301 16464 23414 30345 37274

1.5 28 182 1827 9415 16663 23697 30711 37723

Table 4.11: f(d) = ln(e+ δd)

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7 m=8

0.85 30 263 2663 13747 24343 34625 44879 55131

1.25 25 216 2183 11266 19947 28372 36773 45173

1.75 23 189 1908 9842 17425 24784 32123 39459

1.95 22 183 1841 9498 16816 23918 30999 38079

2.05 22 180 1814 9356 16563 23558 30533 37507

6 20 156 1573 8105 14346 20403 26442 32480

10 21 161 1617 8332 14747 20972 27180 33386

Table 4.12: f(x = F ) = Φ(δF )

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7 m=8

0.5 16 124 1250 6453 11427 16254 21067 25879

0.8 12 78 783 4035 7143 10159 13167 16174

1.1 9 57 570 2935 5196 7389 9576 11763

1.2 9 52 523 2691 4763 6774 8778 10783

1.25 9 38 456 2584 4572 6503 8427 10352
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Table 4.13: f(x = F ) = exp(δF )
1+exp(δF )

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7 m=8

0.7 18 141 1425 7355 13024 18526 24012 29498

0.85 15 116 1174 6058 10726 15257 19775 24292

1.25 12 80 799 4120 7295 10376 13448 16519

1.97 9 48 508 2616 4630 6584 8533 10482

1.99 9 40 490 2590 4583 6518 8447 10376

f(x) = exp(δx) with x = d or x = F performs well, too.

No matter what choice we have for f(x), the solution eventually converges

to the support points (−1,−0.5, 0.5, 1) with the corresponding optimal weights

(0.1667,0.333,0.333,0.1667). That is, we have the optimal design as given by:

ξ∗ =

 −1 −0.5 0.5 1

0.1667 0.333 0.333 0.1667

 .

In the above cases, the directional derivatives for the four support points are zero

and negative for the rest, which satisfy the first-order conditions. The properties of

the directional derivatives help us to get faster convergence rates of the algorithms.

4.4 Cubic Regression for the Parameters (θ2, θ3)

Let’s consider the cubic regression model again. However, instead of considering a

single parameter, we construct Ds-optimal design for a set of parameters (θ2, θ3) in

this section. These two parameters correspond to the terms x2 and x3 respectively.

Similarly, we first take x = d, the partial derivatives of the Ds-optimal criterion

in algorithm (4.1). The following Tables 4.14 - 4.20 show the number of iterations

needed to achieve max
1≤j≤J

{Fj} ≤ 10−m, for m = 1, 2, 3, 4, 5, 6, 7. The first five Tables
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4.14 - 4.18 are based on the choice of f(x) with x = d and the rest of two Tables

4.19 - 4.20 are constructed according to the choice of {f(x) : x = F}.

Table 4.14: f(d) = Φ(δd)

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

0.2 44 436 4305 25213 61987 133366 220813

0.3 39 356 3514 20572 50573 108806 180147

0.4 39 334 3293 19276 47382 101939 168775

0.5 43 341 3368 19710 48447 104225 172559

0.6 50 372 3680 21530 52915 113834 188466

Table 4.15: f(d) = exp(δd)

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

0.2 25 245 2418 14165 34828 74935 124071

0.3 17 163 1612 9443 23218 49957 82714

0.35 15 140 1382 8094 19901 42820 70898

0.4 13 122 1209 7082 17413 37467 62035

0.43 14 112 1123 6586 16197 34852 57705

From the Tables 4.14 - 4.20, we can also see the advantages of using f(x) with

x = F instead of x = d. For example, f(x) = Φ(δx) with x = d and δ = 0.4

and m = 7, the number of iterations needed is 168775 (see Table 4.14). But this

number reduces to 51833 for δ = 0.6 using x = F (see Table 4.19). If we look at the

results for f(x) = exp(δx)
1+exp(δx)

in Tables 4.16 and 4.20, we see that we need only 49629

iterations (with x = F ) instead of 178253 iterations (with x = d) to achieve the

optimal design. Also note that the choice of f(x) = exp(δx) with x = d or x = F

performs well.
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Table 4.16: f(d) = exp(δd)
1+exp(δd)

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

0.4 42 396 3903 22849 56173 120856 200098

0.5 40 365 3600 21074 51805 111455 184532

0.55 40 357 3525 20632 50717 109113 180655

0.6 41 354 3486 20405 50159 107913 178667

0.65 41 353 3479 20359 50044 107663 178253

0.8 45 365 3605 21091 51841 111527 184648

Table 4.17: f(d) = dδ

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

0.5 21 197 1938 11337 27867 59951 99257

0.7 15 141 1384 8098 19905 42822 70898

0.8 14 124 1212 7086 17417 37469 62036

0.9 12 110 1077 6299 15482 33306 55143

1 13 99 969 5669 13934 29976 49629

Table 4.18: f(d) = ln(e+ δd)

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

1.25 35 339 3340 19546 48048 103372 171148

1.5 34 327 3219 18838 46307 99625 164945

2.15 33 313 3081 18026 44311 95330 157833

2.5 33 311 3056 17881 43953 94560 156558

2.85 33 310 3048 17835 43839 94313 156150

3.5 33 311 3059 17896 43988 94634 156680
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Table 4.19: f(x = F ) = Φ(δF )

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

0.3 22 205 2022 11838 29102 62613 103667

0.4 18 154 1517 8879 21827 46960 77750

0.5 15 124 1214 7104 17462 37568 62200

0.55 14 112 1104 6458 15875 34153 56546

0.6 13 103 1012 5920 14552 31307 51833

Table 4.20: f(x = F ) = exp(δF )
1+exp(δF )

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

0.8 15 123 1211 7085 17416 37469 62036

0.85 15 116 1140 6669 16392 35265 58387

0.9 14 110 1077 6298 15481 33306 55143

0.95 14 104 1020 5967 14667 31553 52241

1 13 99 969 5669 13933 29975 49629
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For all the choices we have for f(x), the solution eventually converges to the sup-

port points (-1,-0.41,0.41,1) with the corresponding optimal weights (0.2,0.3,0.3,0.2).

That is, we obtain the optimal design as given by:

ξ∗ =

−1 −0.41 0.41 1

0.2 0.3 0.3 0.2

 .

The first-order conditions are satisfied since the directional derivatives corre-

sponding to the four support points are zero and negative for other points. It is

clear that the convergence of the algorithms performs better by using the properties

of the directional derivatives.

4.5 Quartic Regression for the Parameters θ4

For quartic regression in model (3.5), we have k = 5, and v = η(x) = (1, x, x2, x3, x4)T ,

x ∈ [−1, 1], θ = (θ0, θ1, θ2, θ3, θ4)T . We construct Ds-optimal design for the parame-

ter θ4. As before, We first take x = d, the partial derivatives of Ds-optimal criterion

in algorithm (4.1). The following Tables 4.21- 4.27 show the number of iterations

needed to achieve max
1≤j≤J

{Fj} ≤ 10−m, for m = 1, 2, 3, 4, 5, 6, 7, 8. The first five Ta-

bles 4.21- 4.25 are based on the choice of f(x) with x = d and the rest of two Tables

4.26 - 4.27 are constructed according to the choice of {f(x) : x = F}.

From the Tables 4.21 - 4.27, we can see the advantages of using f(x) with x = F

instead of with x = d. For example, in the quartic regression model, f(x) = Φ(δx)

with x = d and δ = 0.8 and m = 8, the number of iterations needed is 30178 (see

Table 4.21). However, this number reduces to 8908 for δ = 1.25 using x = F (see

Table 4.26). For f(x) = exp(δx)
1+exp(δx)

with x = d and δ = 1.25, we need 31867 iterations

to achieve the optimal design (see Table 4.23). But we only need 9111 iterations

for x = F and δ = 1.95 instead (see Table 4.27). Also note that the choices of

f(x) = exp(δx) with x = d or x = F and f(x) = dδ do good jobs.
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Table 4.21: f(d) = Φ(δd)

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7 m=8

0.25 32 302 3077 13069 22680 33426 44144 54860

0.5 21 192 1954 8291 14421 21235 28032 34827

0.7 21 170 1726 7322 12754 18769 24769 30767

0.8 22 167 1694 7181 12516 18414 24297 30178

0.9 23 168 1697 7196 12548 18456 24349 30241

1.25 30 193 1954 8277 14453 21243 28016 34786

1.5 40 236 2397 10152 17744 26067 34368 42666

Table 4.22: f(d) = exp(δd)

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7 m=8

0.1 50 485 4963 21096 36540 53893 71202 88506

0.25 21 195 1986 8439 14609 21550 28474 35395

0.3 17 162 1655 7033 12170 17954 23724 29492

0.4 13 122 1241 5275 9116 13454 17782 22108

0.5 10 97 993 4220 7278 10749 14211 17672

0.6 8 81 827 3516 6046 8938 11823 14707

0.7 7 68 707 3012 5123 7602 10075 12547
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Table 4.23: f(d) = exp(δd)
1+exp(δd)

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7 m=8

0.2 56 540 5514 23434 40625 59899 79122 98340

0.4 32 304 3095 13146 22814 33623 44404 55182

0.8 22 197 2006 8511 14801 21795 28771 35746

1.25 22 176 1789 7586 13211 19441 25655 31867

1.5 24 180 1821 7719 13450 19787 26107 32426

Table 4.24: f(d) = dδ

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7 m=8

0.2 25 246 2491 10560 18329 27000 35649 44295

0.4 13 124 1246 5280 9167 13502 17826 22150

0.5 11 99 997 4225 7334 10803 14262 17721

0.7 8 71 713 3018 5241 7718 10189 12660

0.8 8 62 624 2641 4587 6755 8917 11079

0.9 10 56 554 2347 4080 6007 7929 9850

0.95 14 49 525 2224 3868 5694 7514 9335
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Table 4.25: f(d) = ln(e+ δd)

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7 m=8

0.95 26 246 2496 10594 18381 27088 35772 44453

1.25 22 215 2177 9237 16031 23621 31192 38762

2.5 18 170 1717 7282 12642 18624 24590 30554

5 16 156 1572 6662 11569 17040 22497 27952

6 16 155 1568 6646 11540 16996 22439 27880

7 17 156 1573 6668 11579 17054 22515 27974

10 17 160 1612 6832 11863 17472 23066 28659

Table 4.26: f(x = F ) = Φ(δF )

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7 m=8

0.25 26 244 2490 10579 18355 27054 35730 44404

0.5 14 123 1247 5291 9201 13550 17887 22224

0.8 10 77 780 3308 5766 8483 11194 13904

1 9 62 625 2647 4619 6793 8961 11129

1.25 8 153 657 2117 3701 5440 7174 8908

Table 4.27: f(x = F ) = exp(δF )
1+exp(δF )

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7 m=8

0.8 14 123 1243 5277 9177 13515 17841 22166

1.25 10 79 797 3378 5888 8663 11431 14199

1.5 9 66 664 2816 4912 7225 9531 11837

1.75 8 57 570 2414 4214 6196 8173 10150

1.9 8 53 525 2224 3884 5709 7530 9350

1.95 8 55 512 2167 3785 5563 7338 9111
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The solution eventually converges to the five support points (−1,−0.71, 0, 0.71, 1)

with the corresponding optimal weights (0.125,0.25,0.25,0.25,0.125) for all the choices

of f(x). That is, we obtain the optimal design as given by:

ξ∗ =

 −1 −0.71 0 0.71 1

0.125 0.25 0.25 0.25 0.125

 .

The first-order conditions are satisfied. In addition, the convergence rates are

greatly improved by using the properties of the directional derivatives.

4.6 Quartic Regression for the Parameters (θ3, θ4)

If we consider the quartic regression model again, however, instead of considering

a single parameter, we are interested in a set of parameters (θ3, θ4). These two

parameters correspond to the terms x3 and x4 respectively. We construct Ds-

optimal design for the parameter (θ3, θ4). Similarly, we first take x = d, the partial

derivatives of Ds-optimal criterion in algorithm (4.1). The following Tables 4.28

- 4.34 show the number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m, for

m = 1, 2, 3, 4, 5, 6, 7, 8. The first five Tables 4.28 - 4.32 are based on the choice of

f(x) with x = d and the rest of two Tables 4.33 - 4.34 are constructed according to

the choice of {f(x) : x = F}.

From the Tables 4.28 - 4.34, we can see the improvement by using f(x) with

x = F instead of with x = d. For example, f(x) = Φ(δx) with x = d and δ = 0.4

and m = 8, the number of iterations needed is 85856 (see Table 4.28), whereas

using x = F , for δ = 0.6 this number reduces to 26368 (see Table 4.33). If we look

at the results for f(x) = exp(δx)
1+exp(δx)

in Tables 4.30 and 4.34, we see that we need only

26575 iterations (with x = F ) instead of 90882 iterations (with x = d) to achieve

the optimal design. Also note that the choices of f(x) = exp(δx) with x = d or

x = F and f(x) = dδ are good choices as well.
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Table 4.28: f(d) = Φ(δd)

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7 m=8

0.25 40 385 3914 19683 34671 50449 74701 99128

0.3 37 356 3617 18190 32040 46631 69043 91617

0.4 33 333 3390 17043 30018 43710 64707 85856

0.5 34 340 3466 17427 30692 44712 66182 87805

0.8 63 513 5311 26701 47010 68596 101486 134608

Table 4.29: f(d) = exp(δd)

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7 m=8

0.1 52 490 4979 25049 44132 64146 95014 126108

0.2 27 245 2490 12525 22066 32068 47502 63048

0.25 21 196 1992 10020 17653 25651 37998 50434

0.3 17 163 1660 8350 14711 21372 31660 42024

0.35 14 140 1422 7157 12609 18312 27130 36013

Table 4.30: f(d) = exp(δd)
1+exp(δd)

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7 m=8

0.2 64 610 6205 31212 54985 79964 118425 157165

0.4 41 395 4017 20204 35589 51785 76679 101752

0.6 35 353 3588 18042 31778 46266 68494 90882

0.7 35 353 3600 18097 31873 46417 68712 91167

0.8 35 364 3710 18649 32842 47841 70815 93953

1 42 409 4183 21026 37026 53961 79862 105947

1.25 56 511 5259 26435 46545 67873 100436 133229
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Table 4.31: f(d) = dδ

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7 m=8

0.2 48 490 4985 25060 44136 64236 95108 126202

0.4 25 246 2493 12530 22069 32117 47552 63099

0.5 20 197 1995 10024 17655 25693 38041 50478

0.7 15 141 1425 7161 12611 18352 27171 36054

0.8 13 123 1247 6266 11035 16058 23775 31547

0.9 13 110 1109 5569 9809 14273 21133 28042

Table 4.32: f(d) = ln(e+ δd)

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7 m=8

0.8 40 387 3935 19785 34850 50702 75078 99630

1 37 359 3648 18342 32308 47007 69605 92365

1.25 34 339 3438 17283 30441 44295 65587 87032

1.75 32 319 3237 16272 28660 41708 61754 81945

2.25 31 311 3161 15891 27988 40732 60308 80025

3 31 309 3137 15770 27775 40425 59852 79419

4 31 312 3169 15928 28052 40831 60452 80215

5 31 318 3225 16211 28550 41557 61527 81640
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Table 4.33: f(x = F ) = Φ(δF )

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7 m=8

0.25 26 246 2497 12560 22125 32187 47663 63251

0.3 22 205 2081 10467 18438 26828 39724 52713

0.4 17 154 1562 7851 13829 20127 29799 39541

0.5 13 123 1250 6281 11063 16107 23844 31638

0.6 11 103 1042 5235 9220 13426 19874 26368

Table 4.34: f(x = F ) = exp(δF )
1+exp(δF )

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7 m=8

0.7 15 141 1424 7159 12610 18356 27176 36059

0.8 13 123 1246 6265 11034 16065 23782 31554

0.9 12 110 1108 5569 9808 14282 21142 28051

0.95 11 104 1050 5276 9292 13532 20030 26575

1 11 103 859 4371 12373 21515 30905 40377
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For all the choices of f(x), the solution converges to the five support points

(−1,−0.65, 0, 0.65, 1) with the corresponding optimal weights (0.15,0.25,0.2,0.25,0.15).

That is, we obtain the optimal design as given by:

ξ∗ =

 −1 −0.65 0 0.65 1

0.15 0.25 0.2 0.25 0.15

 .

The directional derivatives for the five support points are zero and negative for

others, which satisfy the first-order conditions. We greatly improve the convergence

performance by using the properties of the directional derivatives.

4.7 Quartic Regression for the Parameters (θ2, θ3, θ4)

Let’s consider the quartic regression model again. We are interested in a set of

parameters (θ2, θ3, θ4) in this section. These three parameters correspond to the

regression terms x2, x3 and x4 respectively. We construct Ds-optimal design for

the parameter (θ2, θ3, θ4). Similarly, we first take x = d, the partial derivatives

of Ds-optimal criterion in algorithm (4.1). The following Tables 4.35 - 4.41 show

the number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m, for m=1,2,3,4,5,6

or 7. The first five Tables 4.35 - 4.39 are based on the choice of f(x) with x = d

and the rest of two Tables 4.40 - 4.41 are constructed according to the choice of

{f(x) : x = F}.

From the Tables 4.35 - 4.41, we can see the advantages of using f(x) with x = F

instead of with x = d. For example, for f(x) = Φ(δx) with x = d and δ = 0.28 and

m = 6, the number of iterations needed is 121990 (see Table 4.35), whereas using

x = F , for δ = 0.45 and m = 7 this number reduces to 64598 (see Table 4.40).

If we look at the results for f(x) = exp(δx)
1+exp(δx)

in Tables 4.37 and 4.41, we see that

we need only 66268 iterations (with x = F ) for m = 7 instead of 129034 iterations

(with x = d) for m = 6 to achieve the optimal design. Also note that the choice of
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Table 4.35: f(d) = Φ(δd)

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6

0.25 51 500 5121 26393 48147 123031

0.28 50 496 5078 26170 47740 121990

0.3 50 498 5096 26263 47907 122418

0.32 50 503 5148 26530 48395 123663

0.35 51 516 5287 27245 49697 126992

Table 4.36: f(d) = exp(δd)

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

0.1 51 487 4982 25687 46868 119766 231945

0.2 26 244 2491 12844 23434 59883 115972

0.25 20 195 1993 10275 18747 47906 92777

0.27 19 180 1845 9513 17358 44357 85904

0.28 17 173 1778 9173 16737 42772 82836

Table 4.37: f(d) = exp(δd)
1+exp(δd)

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6

0.4 53 526 5384 27749 50620 129350

0.43 53 525 5372 27682 50497 129034

0.45 53 526 5382 27734 50592 129278

0.47 53 528 5406 27859 50818 129855

0.5 53 534 5467 28170 51385 131303
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Table 4.38: f(d) = dδ

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

0.4 37 366 3740 19271 35153 89825 173956

0.6 25 245 2494 12848 23436 59883 115971

0.8 19 184 1871 9636 17577 44912 86978

1 16 147 1497 7709 14062 35930 69582

1.1 15 134 1361 7008 12783 32664 63257

Table 4.39: f(d) = ln(e+ δd)

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

0.8 52 510 5208 26840 48963 125114 242299

1.1 49 479 4896 25230 46025 117607 227759

2 47 461 4707 24254 44243 113052 218938

3 47 469 4794 24702 45059 115137 222976

3.5 48 476 4862 25052 45698 116770 226138

5 50 497 5080 26175 47745 122001 236269

Table 4.40: f(x = F ) = Φ(δF )

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

0.2 32 305 3123 16099 29371 75052 145348

0.3 22 204 2083 10733 19581 50034 96898

0.35 19 175 1786 9200 16784 42887 83055

0.4 17 153 1563 8051 14686 37526 72673

0.45 15 136 1389 7156 13054 33356 64598
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Table 4.41: f(x = F ) = exp(δF )
1+exp(δF )

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

0.4 26 244 2493 12846 23435 59883 115971

0.45 23 217 2216 11419 20831 53229 103085

0.47 22 208 2122 10933 19944 50964 98698

0.5 21 195 1994 10277 18748 47906 92776

0.6 18 163 1662 8565 15623 39922 77313

0.7 15 140 1425 7341 13391 34218 66268

f(x) = dδ performs well.

The solution eventually converges to the support points (−1,−0.63, 0, 0.63, 1)

with the corresponding optimal weights (0.175,0.2,0.25,0.2,0.175). That is, we ob-

tain the optimal design as given by:

ξ∗ =

 −1 −0.63 0 0.63 1

0.175 0.2 0.25 0.2 0.175

 .

The first-order conditions are satisfied, that is, the directional derivatives cor-

responding to the five support points are zero and negative for other points. The

results show that the properties of the directional derivatives play essential role in

achieving better convergence of the algorithms.

We investigated several optional choices of δ for each of the example. Only the

best choices of δ are in bold font. We approximated the design interval by a grid

of points at intervals of 0.01 for the above results. We may obtain better approxi-

mations with finer intervals of 0.001. However, there is a tradeoff. Unfortunately,

it takes a huge number of iterations to obtain the optimal design. For example, in

the case of cubic regression for (θ2, θ3), we obtain the more accurate support points

as given by (−1,−0.408, 0.408, 1), and the corresponding weights are the same as
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reported above. But the cost of better approximation is millions of the iterations.

4.8 Graphical Displays

In this section, we provide some plots of the standardized variance of the predicted

response (also called the variance function) and the optimal weights. We obtain the

expressions for the variance functions for the above designs and confirm that the

optimal designs are Ds-optimal designs. As we discussed in Section 3.3 of Chapter

3, we first divide the regression model into two groups:

E(Y ) = fT (x)θ = fT
1

(x)θ(1) + fT
2

(x)θ(2)

Accordingly, we obtain the expressions of the variance functions

d(x, p) = fT (x)M−1(p)f(x)− fT2 (x)M−1
22 (p)f2(x).

Then we will show that the variance functions of our Ds-optimal designs satisfy the

following condition

d(x, p∗) ≤ s

with equality at the support points, where s is the number of parameters of interest.

The variance functions for the above cases are given as follows:

• Quadratic regression for the parameter θ2:

ds(x, p
∗) = 4x4 − 4x2 + 1

• Cubic regression for the parameter θ3:

ds(x, p
∗) = 16x6 − 24x4 + 9x2

• Cubic regression for the parameters (θ2, θ3):
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ds(x, p
∗) = 17.9444x6 − 23.865341x4 + 6.409144x2 + 1.511763

• Quartic regression for the parameter θ4:

ds(x, p
∗) = 64.008608x8 − 128.017218x6 + 80.009688x4 − 16.001077x2 + 1

• Quartic regression for the parameters (θ3, θ4):

ds(x, p
∗) = 71.89397x8 − 131.71695x6 + 72.264648x4 − 12.441684x2 + 2

• Quartic regression for the parameters (θ2, θ3, θ4):

ds(x, p
∗) = 75.5001x8 − 136.32985x6 + 73.07956x4 − 12.249816x2 + 3

Each of the Figures 4.1 - 4.6 shows two graphs for each Ds-optimal design. The

figures (positioned left) give the plots of the variance functions against the design

points, whereas the figures (positioned right) give the plots of the weights against

the design points. The red horizontal line in each of the variance function plots

indicates the number of parameters of interest in each case.

In each of the variance function plots, we can see that maximum value of s

occurs at the support points. For example, in Figure 4.3, the maximum value of

s = 2 occurs at the support points (-1, -0.41, 0.41, 1).

The plots of the weights (positioned right) show the optimal weights against the

support points. For example, in Figure 4.6, the optimal weights are

(0.175,0.2,0.25,0.2,0.175) corresponding to the support points (-1, -0.63, 0, 0.63, 1).
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Figure 4.1: Quadratic Regression for θ2
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Figure 4.2: Cubic Regression for θ3
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Figure 4.3: Cubic Regression for (θ2, θ3)
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Figure 4.4: Quartic Regression for θ4
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Figure 4.5: Quartic Regression for (θ3, θ4)
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Figure 4.6: Quartic Regression for (θ2, θ3, θ4)

−1.0 −0.5 0.0 0.5 1.0

1.
0

2.
0

3.
0

Design Points: x

d(
x,

p)

−1.0 −0.5 0.0 0.5 1.0

0.
00

0.
15

0.
30

support points: x

W
ei

gh
t

75



Chapter 5

Ds-optimal Designs for Regression

Models with Two Design Variables

We may not be interested in only one design variable when we work on the statistical

models. Sometimes it is also of interest to work with more than one design variable.

In this chapter, we work on the polynomial regression model with two variables

with interaction terms. Let the two design variables be x1 and x2. We take the

standardized case of the design space to be the cube, −1 ≤ xi ≤ 1, i = 1, 2.

The model is given by

E(y|x1, x2) = θ0 + θ1x1 + θ2x2 + θ3x1x2 + θ4x
2
1 + θ5x

2
2 = vT θ (5.1)

where v = η(x) = (1, x1, x2, x1x2, x
2
1, x

2
2)T , xi ∈ [−1, 1], θ = (θ0, θ1, θ2, θ3, θ4, θ5)T ,

v ∈ V = {v : v = η(x),−1 ≤ xi ≤ 1}, the induced design space.

We construct Ds-optimal design for several combinations of the parameters of

the above model, namely, (θ3), (θ4, θ5) and (θ3, θ4, θ5). In this model, we approxi-

mate the design interval by a grid of points equally spaced at intervals of 0.1 for

each variable xi. We then consider the discretized design space consisting of all

pairs (x1, x2) arising when the values for each xi, i = 1, 2 are those between -1 and

1 taken at steps of 0.1. That is, the space consists of (21)2 = 441 pairs (x1, x2).
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We will report the results in the similar way as we did in Chapter 4. Here

also we attempt to improve the convergence rates of the algorithms by using the

properties of the directional derivatives. We compare the results for x = d and

x = F , and choose the functions: f(d) = Φ(δd), f(F ) = Φ(δF ), f(d) = exp(δd),

f(d) = exp(δd)
1+exp(δd)

and f(F ) = exp(δF )
1+exp(δF )

. We already proved the equality of x = d and

x = F for f(x) = exp(δx). We take the initial design p
(0)
j to be 1/J , j = 1, 2, ..., J .

In all the tables, the relative best choices for δ are given in bold font.

5.1 Parameters (θ4, θ5) for the Square Terms

For the model (5.1), we construct the Ds-optimal design for the parameters (θ4, θ5).

We first take x = d, the partial derivatives of Ds-optimal criterion in algorithm

(4.1). The following Tables 5.1 - 5.5 show the number of iterations needed to

achieve max
1≤j≤J

{Fj} ≤ 10−m, for m = 1, 2, 3, 4, 5, 6, 7. The first three Tables 5.1 - 5.3

are based on the choice of f(x) with x = d and the rest of two Tables 5.4 - 5.5 are

constructed according to the choice of {f(x) : x = F}.

Table 5.1: f(d) = Φ(δd)

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

0.25 77 514 992 1448 1903 2358 2812

0.4 67 449 862 1256 1648 2040 2432

0.5 69 463 884 1285 1685 2084 2483

0.6 75 509 968 1405 1839 2273 2708

0.7 86 592 1120 1623 2122 2621 3120

From the Tables 5.1 - 5.5, we can see the improvement by using f(x) with x = F

instead of with x = d. For example, f(x) = Φ(δx) with x = d and δ = 0.4 and

m = 7, the number of iterations needed to achieve the optimal design is 2432 (see
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Table 5.2: f(d) = exp(δd)

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

0.1 95 646 1256 1840 2421 3003 3584

0.25 39 259 503 736 969 1202 1434

0.3 32 216 419 614 808 1002 1195

0.4 24 162 314 461 606 751 897

0.5 20 130 252 369 485 601 717

Table 5.3: f(d) = exp(δd)
1+exp(δd)

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

0.3 91 613 1186 1734 2279 2824 3368

0.5 73 489 941 1372 1802 2231 2660

0.7 72 479 917 1334 1750 2165 2580

0.9 78 523 997 1448 1897 2345 2794

1.25 104 712 1347 1950 2550 3149 3749

Table 5.4: f(d) = Φ(δF )

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

0.25 49 327 633 924 1215 1505 1796

0.3 41 274 528 771 1013 1254 1496

0.4 31 206 397 579 760 941 1122

0.5 25 166 318 463 608 753 897

0.6 22 139 266 387 507 627 748
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Table 5.5: f(d) = exp(δF )
1+exp(δF )

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

0.3 65 434 840 1228 1615 2002 2388

0.5 40 262 505 738 970 1201 1433

0.7 29 189 362 528 693 858 1023

0.9 23 148 283 411 539 668 796

1 21 133 255 370 486 601 716

Table 5.1), whereas using x = F , for δ = 0.6, this number reduces to 748 (see Table

5.4). If we look at the results for f(x) = exp(δx)
1+exp(δx)

in Tables 5.3 and 5.5, we find that

we need only 716 iterations (with x = F ) instead of 2580 iterations (with x = d)

to achieve the optimal design. Also, the choice of f(x) = exp(δx) with x = d or

x = F performs well.

No matter what choice we have for f(x), the solution eventually converges to

the following support points with the corresponding optimal weights:

ξ∗ =


x1 −1 0 1 −1 0 1 −1 0 1

x2 −1 −1 −1 0 0 0 1 1 1

p 0.0625 0.125 0.0625 0.125 0.25 0.125 0.0625 0.125 0.0625

 .

(5.2)

The directional derivatives corresponding to the nine pairs of support points are

zero and negative for other pairs of points, which satisfy the first-order conditions.

Obviously the properties of the directional derivatives speed up the convergence

rates.
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5.2 Parameter θ3 for the Interaction Term

We construct the Ds-optimal design for the parameter (θ3) for the model (5.1) in

this section. We first take x = d, the partial derivatives of Ds-optimal criterion

in algorithm (4.1). The following Tables 5.6 - 5.10 show the number of iterations

needed to achieve max
1≤j≤J

{Fj} ≤ 10−m, for m = 1, 2, 3, 4, 5, 6, 7. The first three Tables

5.6 - 5.8 are based on the choice of f(x) with x = d and the rest of two Tables 5.9

- 5.10 are constructed according to the choice of {f(x) : x = F}.

Table 5.6: f(d) = Φ(δd)

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

0.5 32 72 117 162 208 253 298

0.6 31 69 109 151 192 234 275

0.7 31 67 106 145 184 223 262

0.8 32 67 105 142 180 218 256

0.9 33 68 105 143 180 217 254

Table 5.7: f(d) = exp(δd)

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

0.1 54 150 267 387 508 630 751

0.5 11 30 53 77 102 126 150

0.7 7 21 38 55 72 90 107

0.9 5 16 29 42 56 69 83

1.1 4 12 23 34 45 56 67

From the Tables 5.6 - 5.10, we can see the advantages of using f(x) with x = F

instead of with x = d. For example, for f(x) = Φ(δx) with x = d and δ = 0.9

and m = 7, the number of iterations needed is 254 (see Table 5.6). However, this
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Table 5.8: f(d) = exp(δd)
1+exp(δd)

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

0.9 32 72 115 159 203 246 290

1.1 32 70 110 151 192 233 273

1.3 33 70 109 149 188 228 268

1.5 35 73 112 151 191 230 270

1.6 36 74 114 154 193 233 273

1.75 38 78 118 159 199 240 281

Table 5.9: f(d) = Φ(δF )

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

0.4 23 55 92 128 165 202 239

0.6 18 39 63 87 111 136 160

0.8 15 31 49 66 84 102 120

1 13 26 40 54 68 82 96

1.25 11 22 33 44 55 66 77

1.45 10 20 29 38 48 57 69
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Table 5.10: f(d) = exp(δF )
1+exp(δF )

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

1.3 15 31 48 66 83 101 118

1.5 13 27 42 57 72 87 103

1.75 12 24 37 50 62 75 88

2 11 22 33 44 55 66 77

2.25 11 20 30 40 49 59 69

2.3 11 20 29 39 48 58 69

number reduces to 69 with x = F and δ = 1.45 (see Table 5.9). If we look at the

results for f(x) = exp(δx)
1+exp(δx)

in Tables 5.8 and 5.10, we notice that we only need 69

iterations (with x = F ) instead of 268 iterations (with x = d) to achieve the optimal

design. Note that the choice of f(x) = exp(δx) with x = d or x = F performs as

well as f(x) = Φ(δx) with x = F and f(x) = exp(δx)
1+exp(δx)

with x = F .

For all the options of f(x), the solution eventually converges to the following

support points with the corresponding optimal weights:

ξ∗ =


x1 −1 1 −1 1

x2 −1 −1 1 1

p 0.25 0.25 0.25 0.25

 . (5.3)

The first-order conditions are satisfied by the zero directional derivatives for the

four pairs of support points and negative ones for others. Moreover, we can conclude

that the properties of the directional derivatives overcome the slow convergence rates

for the choices of f(x) with x = d.
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5.3 Parameters (θ3, θ4, θ5) for both the Square and

Interaction Terms

For the same model (5.1), we construct the Ds-optimal design for the parameters

(θ3, θ4, θ5). We first take x = d, the partial derivatives of Ds-optimal criterion

in algorithm (4.1). The following Tables 5.11 - 5.15 show the number of iterations

needed to achieve max
1≤j≤J

{Fj} ≤ 10−m, for m = 1, 2, 3, 4, 5, 6, 7. The first three Tables

5.11 - 5.15 are based on the choice of f(x) with x = d and the rest of two Tables

5.14 - 5.15 are constructed according to the choice of {f(x) : x = F}.

Table 5.11: f(d) = Φ(δd)

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

0.1 158 970 1817 2633 3446 4259 5071

0.25 100 619 1155 1671 2184 2697 3210

0.4 109 693 1285 1853 2418 2983 3549

0.5 135 880 1627 2341 3052 3763 4474

0.7 176 1960 3597 5155 6705 8254 9803

Table 5.12: f(d) = exp(δd)

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

0.1 97 596 1120 1625 2128 2630 3133

0.25 39 239 448 650 851 1052 1253

0.3 33 199 374 542 709 877 1045

0.35 28 171 320 464 608 752 895

0.4 24 149 280 406 532 657 783

From the Tables 5.11 - 5.15, we can see the advantages of using f(x) with x = F

83



Table 5.13: f(d) = exp(δd)
1+exp(δd)

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

0.1 228 1404 2634 3818 4998 6178 7357

0.3 113 694 1296 1875 2452 3029 3606

0.4 105 652 1215 1757 2296 2835 3374

0.5 107 664 1235 1783 2330 2875 3421

0.7 126 797 1477 2129 2778 3427 4076

Table 5.14: f(d) = Φ(δF )

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

0.1 122 750 1406 2037 2666 3295 3924

0.25 49 302 564 816 1067 1317 1568

0.4 31 190 353 510 667 823 979

0.5 25 153 283 409 534 658 783

0.55 23 139 258 372 485 599 712

Table 5.15: f(d) = exp(δF )
1+exp(δF )

δ Number of iterations needed to achieve max
1≤j≤J

{Fj} ≤ 10−m

m=1 m=2 m=3 m=4 m=5 m=6 m=7

0.3 65 400 749 1084 1418 1752 2086

0.5 40 241 450 651 851 1051 1251

0.7 29 174 322 466 608 751 893

0.8 25 152 283 408 532 657 781

0.9 23 136 252 363 473 584 694
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instead of with x = d. For example, for f(x) = Φ(δx) with x = d and δ = 0.25 and

m = 7, we need 3210 iterations to achieve the optimal design (see Table 5.11). But

we only need 712 iterations with x = F and δ = 0.55 (see Table 5.14). If we look

at the results for f(x) = exp(δx)
1+exp(δx)

in Tables 5.13 and 5.15, we see that we need only

694 iterations (with x = F ) instead of 3374 iterations (with x = d). Also note that

the performance of f(x) = exp(δx) with x = d or x = F looks good.

For all the choices we have for f(x), the solution converges to the following

support points with the corresponding optimal weights:

ξ∗ =


x1 −1 0 1 −1 0 1 −1 0 1

x2 −1 −1 −1 0 0 0 1 1 1

p 0.1181 0.0879 0.1181 0.0879 0.1759 0.0879 0.1181 0.0879 0.1181

.
(5.4)

The first-order conditions are satisfied because the directional derivatives corre-

sponding to the nine pairs of support points are zero and negative for other pairs of

points. Here also we notice that the goal of more rapid convergence rates is achieved

by using the properties of the directional derivatives.

5.4 Graphical Displays

In this section, we have some plots of the standardized variance of the predicted

response and the optimal weights. We obtain the expressions for the variance

functions for the above designs in the same way as we did in Section 4.8 and confirm

that the optimal designs are Ds-optimal designs.

The variance functions are given as follows:

• Parameters (θ4, θ5) for the square terms:

ds(x, p
∗) = 2 + 4x4

1 + 4x4
2 − 4x2

1 − 4x2
2

• Parameters (θ3, θ4, θ5) for both the square and the interaction terms:

ds(x, p
∗) = 3 + 4.627719x4

1 + 4.627719x4
2 − 4.627719x2

1 − 4.627719x2
2
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Figures 5.2 and 5.5 show the variance functions against the design points,

whereas the Figures 5.1, 5.3 and 5.4 give the plots of the weights against the design

points.

In each of the variance function plots, we can see that maximum value of s

occurs at the support points. For example, in Figure 5.2, the maximum value of

s = 2 occurs at the support points:

x1 −1 0 1 −1 0 1 −1 0 1

x2 −1 −1 −1 0 0 0 1 1 1

.

The plots of the weights show the optimal weights against the support points.

For example, in Figure 5.3, the optimal weights are (0.25,0.25,0.25,0.25) correspond-

ing to the support points

x1 −1 1 −1 1

x2 −1 −1 1 1

.

Figure 5.1: Weights vs. Design Points: Two Variables Model for (θ4, θ5)
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Figure 5.2: Variance Function: Two Variables Model for (θ4, θ5)
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Figure 5.3: Weights vs. Design Points: Two Variables Model for θ3
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Figure 5.4: Weights vs. Design Points: Two Variables Model for (θ3, θ4, θ5)
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Figure 5.5: Variance Function: Two Variables Model for (θ3, θ4, θ5)
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Chapter 6

Conclusions

This thesis solved an important problem in optimal regression design. Construc-

tion of Ds-optimal designs plays a substantial role in a scientific research when the

experimenters are only interested in estimating some parameters instead of all of

them. Ds-optimal designs are very applicable in reality. In the field of Chemistry,

there are some models for chemical solutions similar to our quadratic regression

model. The researchers can apply Ds-optimal designs to estimate the desired sets

(especially for the quadratic terms) of the parameters in the model. Another ap-

plication could be to use Ds-optimal designs to estimate the order of a chemical

reaction (Atkinson and Bogacka, 1997).

We started with a review of optimal design theory and learnt that a design

problem would be easier for implementation and more precise after discretizing a

continuous design space. By Carathéodory’s Theorem, any continuous measure

can be replaced by at least one finite discrete probability distribution. We worked

on approximate designs instead of exact designs due to its advantages which are

discussed in Section 1.2. We also learnt how to construct an optimal design using

a class of multiplicative algorithm based on different kinds of optimality criteria.

The key point of all optimal designs is to guarantee the information matrix M(p)

as large as possible.
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This thesis has provided some methodologies for constructing Ds-optimal de-

signs using a class of multiplicative algorithms, indexed by a function depending

on the derivatives of the criterion function. The function satisfies certain condi-

tions (positive and increasing) and may depend on a free positive parameter. We

explicitly explored the Ds-optimality, its properties and constructed such designs

in polynomial regression models with both one and two design variables.

The purpose was also to develop strategies for constructing Ds-optimal designs

and to investigate techniques for improving the convergence rates by using the prop-

erties of the directional derivatives in the criterion function. The studies indicate

that the proposed method by adopting the properties of the directional derivatives

is truly capable of speeding up the convergence performance. The convergence rates

of the algorithms could be further improved by choosing a free positive parameter δ

in a reasonable and intelligent way. It was necessary and inevitable to try different

choices until we obtained a best δ to achieve the relatively fastest convergence. We

explored several examples in the thesis and constructed the Ds-optimal designs.

We summarized the points from the observations needed to be taken in a contin-

uous design space after discretizing it with an equal interval 0.01. Moreover, we

explored regression models in two design variables and constructed Ds-optimal de-

signs for different sets of parameters including the parameters for interaction and

the quadratic terms. In this case, we approximated the design interval by a grid of

points equally spaced at intervals of 0.1 for each variable, and then considered the

discretized design space consisting of all pairs of the two design variables. In all of

the cases, we obtained the expressions and provided the plots of the standardized

variance of the predicted response and the optimal weights. We then confirmed that

the optimal designs were the Ds-optimal designs. In all cases, we constructed the

designs and the variance functions using the Software R. The methodologies used

in these two applications can be applied to other design problems as well. In fact,

our methods can be used to obtain Ds-optimal design for any set of the parameters
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and for any degree of the polynomial regression models.

Some possible future work would be to construct the optimal designs in a finer

discretized space. We tried this in some examples. However, the convergence be-

comes slow and it takes a huge number of iterations to obtain the optimal design.

The convergence may be further improved by considering more objective choices of

the function in the multiplicative algorithm. For example, combining the clustering

approach of Mandal and Torsney (2006) along with the properties of the vertex

directional derivatives in this thesis and in our paper Mandal and Yang (2015)

should lead to further improvements in convergence. Further possible work could

be to explore other regression models including the nonlinear models. We hope to

explore these problems as a focus of future work.
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