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Abstract

In this thesis, wall-resolved and wall-modeled large-eddy simulation (LES) have been

employed to investigate turbulent flow and dispersion around a single and a group

of wall-mounted bluff bodies which are partially and fully submerged in developing

boundary layers, respectively. The dispersion is caused by a continuous release

of a passive scalar from a ground-level point source located within the matrix of

obstacles. The results have been validated through comparisons against the available

experimental measurement data. Thorough physical analysis including investigation

of the spatial evolution and temporal cascades of the kinetic and scalar energies,

flow structures and their influences on dispersion of the concentration plume in the

context of highly disturbed flows, and study of turbulence statistics for the flow and

concentration fields have been performed to provide deeper insights into turbulent

flow and dispersion in domains with complex geometries.

An in-house code based on FORTRAN programming language, parallelized

with MPI libraries has been developed, modified and optimized for conducting the

simulations. The simulations have been conducted on public-domain supercomputers

of West-Grid, specifically Orcinus and Grex, and also the local 256-core cluster system

of the CFD LAB at the University of Manitoba.
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Chapter 1

Introduction

1.1 Background and Motivation

The massively developing urban areas with different buildings in proximity of each

other along with the safety requirements for areas with dense human habitation,

make it an important topic to study wind engineering and turbulent dispersion of

contaminants in built-up (urban) environments. Intensive flow-structure interactions

and complex vortical patterns, sharp local gradients in flow properties, presence of

obstacles in the flow domain and dispersion of contaminant through the complex

geometries are among the factors which increase the degree of challenge of wind

engineering in urban environments. With respect to the importance of this topic and

its inherent complexities, extensive experimental and numerical studies have been

conducted to investigate turbulent flows and dispersion over a single or a group of

wall-mounted obstacles and buildings.

1.1.1 Previous Experimental Studies

1.1.1.1 Single obstacle flow

Several experimental studies have been performed to investigate the three-dimensional

(3-D) vortical structures and wakes behind bluff bodies [1–3]. Castro and Robins [4]

studied the flow physics and wake characteristics of flow around a wall-mounted cube
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based on wind-tunnel experiments. They examined two types of approaching flows,

namely, irrotational uniform flow and turbulent shear flow, and revealed that the

wake size is reduced when the approaching flow is a turbulent shear flow rather

than a uniform flow. Hunt et al. [5] conducted a series of wind-tunnel and water-

channel experiments and studied the vortical structures of turbulent wakes behind

wall-mounted obstacles. They could identify the topological pattern of different

vortices in the wake region of a typical surface-mounted obstacle. Based on their

wind-tunnel experiment, Park and Lee [6] observed that for a circular wall-mounted

cylinder, there was a direct relation between the cylinder aspect ratio and its shedding

frequency. They also observed that the peaks of turbulence intensity were relocated

farther from the cylinder as the cylinder aspect ratio was decreased. Sumner et

al. [1, 3] and Adaramola et al. [7] conducted wind-tunnel experiments to investigate

the wake structures of circular wall-mounted cylinders with different aspect ratios

partially immersed in a boundary layer. They showed that the wake pattern and

the power spectra exhibit similar behavior for aspect ratios between 5 and 9, but

deviate significantly from those for aspect ratio 3. Hussein and Martinuzzi [8] studied

the three-dimensional flow structure around a wall-mounted cube in a water-channel

experiment. They defined four critical regions of the flow, i.e.: 1) upstream region

in which the obstacle effect was insignificant, 2) evolving shear layer on the top edge

of the cube, 3) horseshoe vortex regions in the cube’s wake region, and 4) far wake

region in which the flow adjusts itself to a far wake. Wang et al. [9] investigated

the interaction between the approaching boundary layer and a wall-mounted cylinder

with aspect ratio of 5 (AR = 5) in a water-tunnel experiment. They observed that

an increase in the boundary layer thickness could result in an enhanced base vortex

which further acts to weaken the shear layer and tip vortex at the cylinder free-end.

Later, Wang and Zhou [10] and Wang et al. [11] conducted follow-up experiments

using particle image velocimetry (PIV) and hot-wire velocimetry to study the wake

region of square cylinders of different aspect ratios. They investigated the interactions

between the tip, base and Kármán vortices, and their influences on the dynamics of

the wake flow. Araújo et al. [12] studied the effects of asymmetrically mounted trip
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wires on the flow behind circular cylinders of different aspect ratios, and observed

that the presence of a tripped wire could cause delay in boundary layer separation

and thus alter the wake structures.

Okajima [13] investigated the velocity field and Strouhal number of rectangular

cylinder flows. He studied a wide range of Reynolds numbers varying from 70 to 2×104

in a water channel and a wind tunnel. In his experiments, Okajima observed that there

existed a special range of Reynolds numbers and AR values, within which the flow

patterns (including the vortical structures and reattachment points) abruptly changed

accompanied with a discontinuity in the Strouhal number. Lim et al. [14] investigated

the effects of Reynolds number on the characteristics of turbulent flows over a cubical

bluff body based on wind-tunnel experiments. They observed that the mean flow

quantities are independent of Reynolds number while the fluctuating quantities are

Reynolds number dependent. Sumner et al. [15] studied the behavior of Strouhal

number for two circular wall-mounted cylinders in different positions relative to the

free-stream flow. They showed that when two cylinders were close to each other, the

flow pattern was similar to a single bluff body while when cylinders were moderately

separated, two different Strouhal numbers were observable depending on the incidence

angle of the connecting line between two cylinders. However, when two cylinders

were separated by a distance more than 2.5 cylinder diameter, the Strouhal numbers

were close to that of a single cylinder. Martinuzzi et al. [16] studied the dynamics of

turbulent flow around bluff bodies mounted in thin and thick boundary layers based on

hot-wire measurements. They observed that for both boundary layers, the normalized

ground plane pressure distribution in the wake region can be scaled with respect to

the length scale measured from the upstream origin of the separated shear layer to the

reattachment point. Based on their PIV measurements, Bourgeois et al. [17, 18] and

Sattari et al. [19] investigated the large scale vortical structures and quasi periodical

shedding flow pattern in the wake region of a wall mounted obstacle with AR =

4. They observed two dominant vortex shedding regimes dominated by Kármán

alternating vortex shedding and two co-existing vortices in the obstacle leeward with

low pressure fluctuation amplitudes. Martinuzzi and Havel [20] investigated the vortex
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shedding from two surface-mounted cubes in a tandem configuration using hot-wire

velocimetry in a wind tunnel. They revealed that for a specific range of separation

lengths between the two cubes, the Strouhal number based on the distance between

obstacles is constant due to the fact that the shedding frequency adjusts itself and

typically decreases as the distance between the cubes increases.

1.1.1.2 Flow and dispersion for a group of obstacles

In order to investigate the flow and pollutant dispersion in urban environments, a

number of large-scale field experiments have been performed, including URBAN 2000

meteorological and tracer field campaign conducted in Salt Lake City, Utah [21],

Basel UrBan Boundary Layer Experiment (BUBBLE) which measured the wind

flow through and above a homogeneous urban area [22], and Mock Urban Setting

Trial (MUST) conducted at US Army Dugway Proving Ground which studied the

contaminant plume dispersing through an array of building-size obstacles [23]. Besides

the MUST field trials, Yee et al. [24] and Hilderman and Chong [25] conducted several

sets of scaled water-channel experiments to acquire high-quality data for investigation

of flow and dispersion in modeled urban environments. They used fiber-optic laser

Doppler anemometry (LDA) and laser induced fluorescence (LIF) to measure the

velocity and concentration fields, respectively. Brown et al. [26] conducted a set of

high resolution measurements using pulsed wire anemometer (PWA) in a boundary-

layer wind tunnel over different arrays of building-like obstacles. They studied the

first- and second-order flow turbulence statistics along the centerline plane of a two-

dimensional (2-D) array of wide obstacles and a three-dimensional (3-D) array of cubic

obstacles immersed in a simulated atmospheric boundary layer (ABL). MacDonald

et al. [27] and MacDonald [28] derived simple empirical models for estimation of the

drag force and mean velocity profile in different arrays of wall-mounted obstacles

based on simplified analytic expressions. They validated their models against several

experimental studies and could obtain good agreement with experimental data.
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1.1.2 Previous numerical studies

Besides the achievements in experimental studies reviewed above, the past two

decades have also witnessed a significant progress in numerical simulation of bluff

body and urban flows in the context of turbulent boundary layers. Numerical

simulation of turbulent flow and pollutant dispersion in an urban area has been a

challenging subject owing to the fact that the geometry of the computational domain

is usually complex, the Reynolds numbers of the approaching flow are typically

high, and the interaction of instantaneous concentration field with the dynamically

evolving coherent flow structures occur over a wide range of spatial and temporal

scales. In view of these challenges, major approaches that have been used for

numerical modeling of urban flow and dispersion are the Reynolds-averaged Navier-

Stokes (RANS), direct numerical simulation (DNS) and large-eddy simulation (LES)

approaches.

1.1.2.1 RANS and DNS of bluff body flows

In RANS approaches, use of numerical models has been primarily focused on predic-

tion of the first- and second-order flow and concentration statistics. Andronopoulos

et al. [29] investigated the dispersion field at the cross-junction of two street canyons

by explicitly solving the transport equation for the concentration variance and used

the so-called gradient transfer assumption for closing the concentration variance

equation. Milliez and Carissimo [30] introduced an algebraic model for closure

of the concentration variance equation and validated their model performance by

comparing the obtained results against MUST measurement data. Wang et al. [31]

used a non-linear k-ǫ model for simulating instantaneous release of contaminant from

a ground-level point source. They proposed a so-called dissipation length-scale model

required for closure of the concentration variance equation. In their follow-up study

of length scale models for the concentration variance dissipation rate, Wang et al. [32]

and Yee et al. [33] simulated turbulent dispersion of a passive scalar released from

a continuous ground-level point source in a cubic array of obstacles using the k-ǫ
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approach for solving the flow field. Based on the experimental study of Brown et

al. [26], Lien et al. [34] compared the predictive performances of four different k-

ǫ models in their numerical simulation of disturbed flows over and through a 2-D

array of rectangular buildings immersed in a deep turbulent boundary layer. They

showed that the non-linear k-ǫ model had the best performance among the tested

RANS models. In a follow-up simulation, Lien and Yee [35] studied turbulent flow

over an array of 3-D buildings using two versions of k-ǫ model. They could obtain

good agreement with the experimental results for mean velocities but underpredicted

the turbulent kinetic energy (TKE) above the buildings. Santiago et al. [36] used

the standard k-ǫ model to study the turbulent flow over a regular array of cubes

submerged in a simulated urban ABL. They observed that the center of the vortex

formed in the canyon region was located at 3/4 of the cube height and the downwash

flow dominated the upwash flow inside the canyon region. Kim and Baik [37] used a

RANS approach to investigate the effect of wind direction on the spatial distribution

of a passive scalar in an idealized urban area. They showed that when the flow

direction was perpendicular to windward faces of modeled building obstacles, a high

concentration zone is formed right behind them, however, the mean concentration

level was diagonally symmetric when the incident angle was 45◦. Majumdar and

Rodi [38] conducted numerical simulations over wall-mounted circular cylinders based

on a RANS method. They were able to reproduce some important flow physical

features such as horse-shoe and Kármán vortices. They also reported high sensitivity

of flow patterns to the developing boundary layer, especially in the leeward of the

cylinder. Hsieh and Lien [39] simulated fully developed turbulent flow over a matrix

of wall-mounted obstacles using standard k-ǫ model with a length scale correction

in the ǫ equation. They compared their results with the experimental measurements

of Drain and Martin [40] and observed improvement in prediction of mean flow and

turbulence quantities as the result of the length scale correction.

With the fast advancement of computational technology, high-resolution 3-D

numerical simulations have become more and more accessible. However, conducting

DNS is still, in general, limited to flows at low and moderate Reynolds numbers. To
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name some of the recent studies, we can consider the DNS studies of Saha et al. [41]

and Saha et al. [42] on 2-D and 3-D vortex dynamics behind a square cylinder at low

Reynolds numbers, Sohankar et al. [43] for turbulent flow over a wall-mounted square

cylinder for 150 ≤ Re ≤ 500 under uniform inlet boundary condition and Hwang

and Yang [44] who used DNS approach to investigate the effect of Reynolds number

on the flow structure around a wall-mounted cube. Yakhot et al. [45, 46] studied the

turbulent wake and vortex dynamics behind a wall-mounted cube in a fully-developed

channel flow using DNS based on an immersed boundary method. They thoroughly

investigated the unstable interactions between two side horse-shoe vortices and the

arch-type vortex tube behind the cube. Saeedi et al. [47] conducted DNS to study

turbulent wake behind a wall-mounted square cylinder with AR = 4. They could

obtain very good agreement with the experimental measurement data and showed

the dominance of the tip and Kármán vortices in the wake region. Dousset and

Pothérat [48] performed DNS to study the shedding of hairpin vortices in the wake

of a finite wall-mounted square cylinder for Reynolds numbers close to the critical

threshold of the onset of vortex shedding. They could identify a series of Ω-shaped

vortices due to the streamwise orientation of the legs of hairpin vortices.

Coceal et al. [49] performed DNS over staggered and aligned arrays of wall-

mounted cubes at a relatively low Reynolds number. They revealed the importance of

the layout of obstacles and highlighted the need to consider three-dimensionality of the

flow in urban-like configurations. Lee et al. [50] conducted DNS to investigate the 3-D

turbulent boundary layer roughened with a staggered array of cubes and compared

that with a boundary layer flow over a 2-D rod roughened wall. It was shown in their

study that the friction velocity over a wall with 3-D roughness elements was smaller

than that with 2-D roughness. Lee et al. [50] conducted DNS to investigate a 3-D

turbulent boundary layer roughened with a staggered array of cubes and compared

their test case with the flow over a 2-D rod-roughened wall of Ashrafian et al. [51].

It was shown in their study that the friction velocity of the cube-roughened wall

is smaller than that of the rod-roughened wall, and correspondingly, the downshift

of the mean streamwise velocity profile from the conventional log law of the wall
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(characteristic of a zero-pressure gradient boundary flow) is smaller in the cube-

roughened case.

1.1.2.2 LES of bluff body flows

As reviewed above, traditionally, numerical studies have mainly relied on the RANS

approach, which however, cannot provide detailed temporal and spatial information

of the dynamically evolving flow and concentration fields. Also, in spite of some

previous studies based on DNS of turbulent flows around a single or a group of

bluff bodies, conducting DNS of urban flows at high Reynolds numbers of practical

interest can be prohibitively expensive due to the very high computational demand

for spatial and temporal resolutions. Furthermore, detailed flow information at the

finest Kolmogorov scales obtained from DNS is not always necessary in engineering

practice. In view of this, LES can be considered as an optimum tool for transient

simulation of turbulent flow and dispersion over an idealized urban area. Rodi [52]

conducted a comparative study on the performances of LES and RANS in numerical

simulation of turbulent flows over wall-mounted square cylinders. In this early work

of Rodi, he showed that the turbulent fluctuations were severely underpredicted when

a RANS method was used while LES could capture more flow details as a transient

simulation tool. Cheng et al. [53] compared the effectiveness of LES and RANS

approaches in their numerical study of turbulent flow over a matrix of cubes at a

relatively low Reynolds number. They observed a better performance of LES over

RANS especially in terms of the prediction of the resolved Reynolds stresses and

spanwise mean velocity. Salim et al. [54] compared the predictive performances

of the RANS and LES approaches in their study of a concentration field released

from two parallel line sources within an urban street canyon. They observed that

the LES results tend to have a better agreement with wind-tunnel data in terms of

the predicted mean concentration profiles. Schmidt and Thiele [55] studied complex

3-D flow structures over wall-mounted cubes using different modeling approaches

(including RANS, LES and detached eddy simulation (DES)), and demonstrated the
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effectiveness of DES in resolving the dominant flow patterns. Xie and Castro [56]

compared the performances of LES and RANS in numerical simulation of turbulent

flow over staggered and random arrays of wall-mounted cubes and reported that the

RANS results were not satisfactory as those of LES due to the inherent unsteadiness

of the flow. They also concluded that turbulent flow over building-like obstacles is

mainly large-scale dependent rather than viscous scale dependent (except in regions

very close to the wall) and consequently, even at low Reynolds numbers, a wide range

of inertial subrange could be observed.

Shah and Ferziger [57] studied the flow over a wall-mounted cube (with AR=1)

at high Reynolds numbers using LES, and compared their simulation results against

the experimental measurement data of Martinuzzi and Tropea [58] and demonstrated

the capability of LES in solving complex 3-D bluff body flows. Fröhlich et al. [59]

conducted LES of flow past a circular cylinder at Reynolds number 140,000 (based

on the cylinder diameter and free-stream mean velocity) which was, at its time,

the highest Reynolds number for this type of simulation. They showed an excellent

agreement between their numerical results and experimental data, and demonstrated

the superiority of LES over RANS in simulating turbulent flows over bluff bodies. In a

follow-up study, Fröhlich and Rodi [60] performed LES of turbulent flow over a circular

cylinder at a lower Reynolds number 43,000 (based on the cylinder diameter and

free-stream mean velocity) with AR = 2.5. They studied the vortex dynamics behind

the cylinder and revealed that the relatively low aspect ratio of the cylinder caused

the Kármán vortices to bend and distort downstream of the cylinder. Breuer [61]

investigated the effects of different discretization schemes and subgrid-scale (SGS)

models on the predicted turbulence statistics for the flow over a circular cylinder with

a relatively low Reynolds number (i.e. Re = 3, 900 based on the cylinder diameter and

free-stream mean velocity). He could obtain very good agreement with the existing

experimental data using the central differencing scheme for the convective terms and

the dynamic Smagorinsky model as the SGS stress model. Later, Breuer [62] showed

that the dynamic Smagorinsky model also performed well for a high Reynolds number

flow (i.e. Re = 140, 000) over a circular cylinder. Catalano et al. [63] conducted LES
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of turbulent flow over a circular cylinder at very high Reynolds numbers up to 2×106

which was possible with the aim of wall modeling. They reported that the LES was

able to correctly predict the boundary layer separation point and the lift and drag

coefficients of the cylinder. Kim et al. [64] performed LES of turbulent flow past a

square cylinder confined in a channel. They reported that compared to the cylinder

flow in an infinite domain, the size of the recirculation region behind the cylinder was

decreased and a higher drag force was observed in the confined cylinder flow. Afgan

et al. [65] conducted LES of turbulent flow over a wall-mounted circular cylinder

with aspect ratios 6 and 10, and showed that the effect of the downwash flow at the

cylinder free-end on the wake region was stronger for lower aspect ratios. Lysenko et

al. [66] performed LES to study turbulent flow structures past a circular cylinder and

found good agreement with the available experimental and DNS data.

Nićeno et al. [67] studied the flow over a matrix of wall-mounted heated cubes

using LES and showed that the total heat transfer from the cubes to the fluid is

significantly influenced by the coherent vortical structures around the cubes. Hanna et

al. [68] performed LES of turbulent flows over different types of arrays of wall-mounted

cubic obstacles immersed in a fully-developed boundary layer. They compared regular

and staggered arrays of obstacles and showed that the flow quickly approached a

quasi-equilibrium state in both configurations after the third or fourth row. Shi et

al. [69] performed LES of wind field over a group of modeled building obstacles in a

staggered arrangement and observed that the predicted turbulent fluctuations would

be considerably lower than the experimental values if no perturbation was used at

the inlet of the computational domain. As a remedy to this problem, they imposed

time-correlated random fluctuations on the inlet boundary following the approach of

Hanna et al. [68]. Liu et al. [70] conducted LES to predict the flow field and pollutant

dispersion from ground-level line-sources located in 2-D modeled street canyons. They

observed a higher pollutant concentration inside street canyons when the aspect ratio

of obstacles was increased. In their follow-up LES study, Cheng and Liu [71] further

investigated the pollutant dispersion in a 2-D urban model with a distributed ground-

level pollutant source.
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It should be noted that for wall-resolved LES, the grid resolution requirement is

as demanding as DNS in the near-wall regions, as in both approaches, the near-wall

flow field must be fully resolved (at viscous scales). In fact, conducting wall-resolved

LES of turbulent flow and dispersion in a complex urban environment at Reynolds

numbers of practical interests is still prohibitively expensive. Although LES has been

used by a number of researchers to study urban flow and dispersion, some of the

studies reviewed above are not rigorous in terms of the grid resolution required for

resolving near-wall dynamics. For example, in the LES study of Shi et al. [69], only

7 grid points were used across an individual obstacle for a highly-turbulent flow at

Re=22,400 (defined based on the mean velocity and the obstacle height). In the LES

study of Nićeno et al. [67], the computational expenses have been significantly reduced

by considering a portion of a full array of obstacles submerged in the boundary layer.

This is based on the observation that flow quickly becomes self-similar after the first

several rows of obstacles; such that use of the assumption of fully-developed boundary-

layer flow is justified and periodic boundary conditions can be applied to both the

streamwise and spanwise directions. In view of the high demands involved in wall-

resolved LES for either complex flows or high Reynolds number flows, the method of

wall-modeled LES has been developed and become more and more popular over the

past two decades [72–76]. Although wall modeling has been primarily used in simple

geometries such as plane channel flows and flat-plate boundary layer flows [73,76,77],

a number of attempts have been also made towards applications to more complex

geometries with flow separations. For instance, Mason and Callen [72] proposed a

wall model for rough surfaces, Wang and Moin [75] applied a stress-balance model

with and without the pressure gradient term for simulating turbulent flow over an

asymmetric airfoil with strong streamwise pressure gradient, and Xie and Castro [56]

utilized the log-law to infer boundary condition on the shear stresses over an array of

wall-mounted cubes.
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1.2 Objectives of the Thesis

The major objectives of this research have been summarized as:

• Establishing, testing and validating the computational code required for

conducting numerical simulation (including DNS and LES) of turbulent flow and

dispersion in complex geometries (namely modeled urban environments). This

objective also includes reviewing, testing and assessment of numerical schemes

and models such as subgrid-scale models, wall models and inlet boundary

conditions.

• Testing different subgrid-scale models for LES of turbulent flow and dispersion

in various configurations of bluff body flows.

• Studying different wall models which have been used for LES of turbulent flows

in different configurations. Since we aim at performing LES of turbulent flows

over wall-mounted obstacles which include complex vortical patterns and flow

separation, it will be tried to select a wall model appropriate for the specific

flow conditions considered in the current research.

• Studying the currently available methodologies of producing inlet conditions

required for LES of turbulent flows over a group of wall-mounted obstacles.

Different methodologies based on synthetic turbulence and physical inlet

conditions will be studied and tested in the context of bluff body flows. With

respect to the very high turbulence level of flows over urban canopy models, a

method for reproducing physical turbulence at the inlet boundary of this type

of flows will be also proposed.

• Conducting thorough physical analysis of turbulent wakes of wall-mounted

obstacles, partially and fully immersed in turbulent boundary layers. In

this step, the physics of turbulent flows which are highly influenced by the

presence of a single or a group of wall-mounted obstacles will be investigated.

Characteristics of turbulent wakes behind bluff bodies will be investigated
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using different approaches to provide a deep physical insight of turbulent flows

associated with interactions between the wind fields and human-made objects.

• Testing different discretization schemes for discretizing the passive scalar

transport equation in the context of turbulent dispersion from a localized source.

Turbulent dispersion from a localized source deals with the special challenge of

very high local gradient around the point source, which needs special treatments

in discretizing the passive scalar transport equation. Thus, a number of existing

schemes will be studied to select the optimum one for the specific configuration

used in the current research.

• providing solid and in-depth understanding into the physics of turbulent

dispersion from a localized source located within a matrix of wall-mounted

cubes. In this step, the concentration field over a matrix of wall-mounted

obstacles will be investigated from different points of view. The evolution of

dispersion field and its physical characteristics will be thoroughly studied.

1.3 Outline of the Thesis

The remaining of this thesis is organized as following:

in chapter 2, the mathematical formulations and governing equations will be

introduced including the Navier-Stokes and scalar transport equations, filtering

operation and filtered governing equations for LES, subgrid-scale models and a brief

discussion on turbulence statistics and time-averaging.

In chapter 3, the numerical algorithms applied in our computational code will be

demonstrated including the discretization schemes, integration schemes of the partial

differential equations, boundary conditions and validation of the LES code based on

bench-mark test cases. A brief review of parallel computing will be also provided.

In chapter 4, turbulent wake behind a wall-mounted obstacle will be analyzed

using wall-resolved LES approach.
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In chapter 5, wall-modeled LES approach will be used to thoroughly investigate

the turbulent flow over a matrix of regular wall-mounted cubes and demonstrate the

capability of our LES code in simulating turbulent flows over complex geometries.

In chapter 6, turbulent dispersion from a ground-level localized source located

within a matrix of regular wall-mounted cubes (the same configuration used in chapter

5) will be investigated using LES approach.

Chapter 7, provides a summary of the main findings and outcomes of this research,

and introduces suggested steps for continuing the research on the topic of turbulent

flow and dispersion in urban areas and complex geometries.
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Chapter 2

Mathematical framework

2.1 Governing equations

The continuity and momentum equations, as two coupled partial differential equations

(PDEs), and also the passive scalar transport equation for a Newtonian fluid, together,

form a system of governing equations which, for an incompressible flow, takes the

following form in a Cartesian coordinate system (see for example Mathieu and

Scott [78]).
∂ui
∂xi

= 0 , (2.1)

∂ui
∂t

+
∂

∂xj
(uiuj) = −

1

ρ

∂p

∂xi
+ ν

∂2ui
∂xj∂xj

, (2.2)

∂c

∂t
+

∂

∂xj
(ujc) = α

∂2c

∂xj∂xj
, (2.3)

in which ui, p and c represent the velocity, pressure and scalar fields, respectively,

xi represents coordinates, ρ and ν are the density and kinematic viscosity of the

fluid, respectively, and α is the is the molecular diffusivity of the scalar. The above

system of transport equations can fully determine the velocity, pressure and passive

scalar fields for turbulent flow and dispersion without the need to any modeling or

extra equation. In fact, for DNS of turbulent heat and fluid flow, one should solve

the above system of equations with proper boundary conditions and grid resolution.

Among different approaches for numerical simulation of turbulent flows, DNS provides
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the most accurate and reliable results which can be used for the most sophisticated

physical analysis of the flow field.

With the presence of variety of well-established numerical methods for solution

of the above system of equations in different geometries and under different circum-

stances (see for example [79–81]), conducting a DNS may seem to be a straightforward

task to implement. However, there are special challenges for conducting DNS

of turbulent flows (e.g., proper inflow boundary conditions, minimizing numerical

dissipation and capturing all the scales of the flow) which make it an open subject to

many researchers in the area of fluid dynamics. DNS is very intensive in computation

as all turbulent scales need to be directly resolved temporally and spatially. In fact,

conducting DNS at a high Reynolds number of practical interest can be prohibitively

expensive due to the demand for high-resolution mesh required for capturing all

the scales of fluid motion. Furthermore, detailed flow information at the finest

Kolmogorov scales obtained from DNS is not always necessary in engineering practice.

In view of this, the idea of LES looks to be an optimum approach for conducting three-

dimensional unsteady flow simulations with a considerably reduced computational

demand. In the next section, the basic principles of LES and its governing equations

have been introduced.

2.2 Large-eddy simulation (LES)

The main goal of large-eddy simulation (LES) is to obtain simulation data of turbulent

flows based on transient 3-D simulations at considerably lower computational costs in

comparison with that of DNS. As such, the majority of the computational load should

be removed which makes the use of models a necessary part of LES. Fortunately, in a

fully resolved simulation (i.e., DNS), the major computational cost is spent to solve

the small scales of the flow field which are nearly isotropic and very universal in

character [82]. The idea of LES is to separate the scales of the flow to the small scales

(or the so-called subgrid scales (SGS)), which are assumed to be universal, isotropic
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FIGURE 2.1: Schematic of the turbulent energy spectra.

and independent of the flow boundary conditions, and large scales which are mainly

dominated by the geometry and boundary conditions of the flow. For the small scales

with universal and non geometry-dependent behavior, a model can be used to describe

their behavior and to reproduce their net effect without directly solving the flow at

these scales. This will lead to a high computational saving for LES compared to

DNS in which all the scales of the flow should be directly resolved. Thus, in LES of

turbulent flows, the large energy-containing scales of the flow at low wave numbers

are directly resolved and the effects of the high-wave-number small scales (the SGS

part of the flow) are modeled. Figure 2.1 schematically shows the turbulent energy

spectra and the cut-off wave number at which the resolved and modeled scales are

separated in LES.

The separation of the flow scales can be accomplished by applying a low-pass

spatial filter to the governing equations of fluid flow. The classical definition of a

filtered quantity [83], denoted by an overbar, is

φ(α) =

∫ +∞

−∞

G(α− β)φ(β)dβ , (2.4)

where G(α− β) is the kernel function which specifies the type of the filter. Since
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equation 2.4 is a non-local operator, it is necessary to define a local discrete

approximation to make it applicable for numerical simulations. In view of this, the

Taylor expansion of φ(β) around the point α can be introduced as

φ(β) = φ(α) +
∞∑

i=1

(β − α)n

n!
φ(α)(n) , (2.5)

in which φ(α)(n) is the nth derivative of φ at point α. Inserting the expression 2.5

into the equation 2.4 will result in the following differential form

φ(α) = φ(α) +

∞∑

i=1

Mn

n!
φ(α)(n) , (2.6)

where Mn is the moment of the order n of the kernel G defined as

Mn =

∫ +∞

−∞

G(ξ)ξndξ . (2.7)

The differential from of the filter given in equation 2.6 is well-posed if and only if

|Mn| < ∞ for all values of n. Assuming ∆̄ to be the cut-off length scale (associated

with the cut-off wave number) in LES, two classical filters which are commonly used

in LES [83] and satisfy the above condition are the box filter defined as

G(α− β) =





1
∆̄

if |α− β| ≤ ∆̄
2

0 otherwise
, (2.8)

and the Gaussian filter defined as

G(α− β) =
( γ

π∆̄2

)
exp

(
−γ |α− β|2

∆̄2

)
. (2.9)

For all the simulations presented in the current thesis, the box filter has been used

for conducting the filtering process in LES studies.

18



2.2.1 Governing equations for LES

Theoretically, by applying a filter to the fluid flow governing equations introduced in

the previous section, the filtered continuity, momentum and scalar transport equations

will be obtained as
∂ūi
∂xi

= 0 , (2.10)

∂ūi
∂t

+
∂ūiūj
∂xj

= −
1

ρ

∂p̄

∂xi
+ ν

∂2ūi
∂xj∂xj

−
∂τij
∂xj

, (2.11)

∂c̄

∂t
+

∂

∂xj
(ūj c̄) = α

∂2c̄

∂xj∂xj
−
∂hj
∂xj

, (2.12)

in which ūi, p̄ and c̄ represent the filtered velocity, pressure and scalar fields

respectively, and τij and hj are the so-called SGS stress tensor and SGS scalar flux

vector, respectively. The SGS stress and scalar flux are appearing in the governing

system of equation as results of the filtering process and are defined as τij = uiuj−ūiūj

and hj = ujc − ūj c̄. In order to close the above system of governing equations, we

essentially need to model the SGS stress tensor and SGS scalar flux vector. In the

next subsections, the SGS models considered in this research are briefly introduced.

2.2.2 SGS stress models

Accurate prediction of the SGS stress tensor is crucial for reliable and robust LES

of turbulent flows. Several SGS stress models have been proposed during the past

decades (see for example [84], [85], [86] and [87]), and many comparative studies have

been conducted to investigate the performances of different SGS models in different

flow conditions [88–92]. In this research, two SGS stress models have been considered

which are presented in the following.

(1) Dynamic Smagorinsky model (DSM)

The DSM proposed by Lilly [93] and Germano et al. [94], is the most widely used SGS

stress model in LES of turbulent flows due to its mathematical simplicity, robustness
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and self-calibrating mechanism. The DSM expresses the SGS stress tensor as

τ ∗ij
def
= τij −

τkk
3
δij = −2Cs∆̄

2|S̄|S̄ij , (2.13)

where S̄ij
def
= (∂ūi/∂xj + ∂ūj/∂xi)/2 is the filtered strain rate tensor, |S̄|

def
=
√
2S̄ijS̄ij

is the norm of S̄ij , δij is the Kronecker delta, and the asterisk superscript denotes the

trace-free form of a tensor. The dynamic model coefficient Cs can be obtained using

the least squares method, viz.

Cs = −
MijLij

MmnMmn
, (2.14)

where Lij is the resolved Leonard type stress defined as Lij
def
= ˜̄uiūj − ˜̄ui ˜̄uj, and

Mij
def
= αij−β̃ij is a differential tensor. Here, αij

def
= 2 ˜̄∆2| ˜̄S| ˜̄Sij and βij

def
= 2∆̄2|S̄|S̄ij are

the test-grid and grid level base stress tensors, respectively. The resolved quantities

at the grid level are denoted using an overbar, while quantities filtered at the test-grid

level for the dynamic procedure are denoted using a tilde. In order to perform the

dynamic modeling procedure, the filter size ratio between the grid and test-grid levels

is set to 2, i.e. ˜̄∆/∆̄ = 2.

(2) Dynamic nonlinear model (DNM)

The DNM proposed by Wang and Bergstrom [95] is based on an explicit non-

linear quadratic tensorial polynomial constitutive relation originally proposed by

Speziale [96] for modeling the Reynolds stress tensor in the Reynolds-averaged Navier-

Stokes (RANS) approach. It employs three model coefficients dynamically calibrated

using the local instantaneous velocity field. The DNM models the SGS stress tensor

as

τ ∗ij = −CSβij − CWγij − CNηij , (2.15)

where the base tensors are defined as γij
def
= 4∆̄2(S̄ikΩ̄kj + S̄jkΩ̄ki) and ηij

def
=

4∆̄2(S̄ikS̄kj − S̄mnS̄nmδij/3) (analogous to the definition of βij). Here, Ω̄ij
def
=

(∂ūi/∂xj −∂ūj/∂xi)/2 is the filtered rotation rate tensor. Following the least squares
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procedure, the local dynamic model coefficients can be obtained, viz.




MijMij MijWij MijNij

WijMij WijWij WijNij

NijMij NijWij NijNij


 ·




CS

CW

CN


 = −




L∗
ijMij

L∗
ijWij

L∗
ijNij


 , (2.16)

where Wij
def
= λij − γ̃ij and Nij

def
= ζij − η̃ij are differential tensors, respectively

(analogous to the definition of Mij); and λij
def
= 4 ˜̄∆2( ˜̄Sik

˜̄Ωkj +
˜̄Sjk

˜̄Ωki) and ζij
def
=

4 ˜̄∆2( ˜̄Sik
˜̄Skj −

˜̄Smn
˜̄Snmδij/3) are base tensors at the test-grid level.

The constitutive relation of Eq. (2.15) includes three tensorial constituent

components, i.e., βij, γij and ηij . The first term βij is the well-known Smagorinsky

component that primarily relates to the SGS dissipation and forward scatter of

kinetic energy (KE) from the filtered to SGS motions; the second term, γij, does

not make any contribution to the KE transfer between the filtered and subgrid scales,

but it significantly improves the correlation between the exact τij extracted from

a DNS database and that predicted by the nonlinear model; and the third term

ηij contributes considerably to the backscatter of KE from the subgrid to the filtered

scales [95]. The three features mentioned above; namely, an adequate SGS dissipation

level, a high correlation coefficient between the modeled and exact SGS stresses in

a priori LES test, and a realistic representation of the KE backscatter, are among

the most important criteria for developing a high-fidelity SGS stress model. It has

been observed that owing to its robustness, the DNM can be applied locally without

any local averaging (or, clipping) techniques in calculation of its three coefficients

in several test cases for low Reynolds number turbulent channel flows with and

without heat transfer [97–99], for turbulent flows under system rotations [100], and

for unsteady pulsatile transitional flows [101].

2.2.3 SGS scalar flux models

In order to close the filtered scalar transport equation, the so-called SGS scalar flux

vector should be modeled. Two SGS scalar flux models considered in this research
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have been presented in the following.

(1) Eddy diffusivity model (EDM)

The EDM proposed by Moin et al. [102] is based on a linear constitutive relation

analogous to Fouriers law for describing molecular heat conduction, and assumes

that the SGS scalar flux vector is instantaneously proportional to and aligned with

the negative of the resolved temperature gradient. The EDM expresses SGS scalar

flux vector as

hj = −Cθ∆̄
2|S̄|

∂c̄

∂xj
. (2.17)

Following the dynamic procedure, the model coefficient can be obtained as

Cθ = −
LjMj

MiMi

, (2.18)

in which Lj
def
= ˜̄uj c̄ − ˜̄uj ˜̄c is the resolved scalar flux vector which can be directly

computed from the filtered scalar field and Mj
def
= aj − b̃j is a differential vector in

which bj and aj are two base vectors at the grid-level and test-grid-level, respectively,

defined as bj
def
= ∆̄2|S̄| ∂c̄

∂xj
and aj

def
= ˜̄∆2| ˜̄S| ∂˜̄c

∂xj
.

(2) Dynamic full linear tensor diffusivity model (DFLTDM)

The DFLTDM proposed by Wang et al. [103] is based on a combination of the EDM

and a dynamic homogeneous linear tensor diffusivity model and expresses the SGS

scalar flux vector as

hj = −CθE∆̄
2|S̄|

∂c̄

∂xj
− CθS∆̄

2S̄jk
∂c̄

∂xk
.

The dynamic model coefficients can be obtained by minimizing the residual of

the Germano identity using the least-square approach as


 PjPj PjQj

QjPj QjQj


 ·


 CθE

CθS


 = −


 LjPj

LjQj


 , (2.19)
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where Pj
def
= aEj − b̃Ej and Qj

def
= aSj − b̃Sj are two differential vectors. The grid-

level and test-grid-level base vectors are defined as bEj
def
= ∆̄2|S̄| ∂c̄

∂xj
, bSj

def
= ∆̄2S̄jk

∂c̄
∂xk

,

aEj
def
= ˜̄∆2| ˜̄S| ∂˜̄c

∂xj
and aSj

def
= ˜̄∆2 ˜̄Sjk

∂˜̄c
∂xk

.

2.3 Statistical analysis and time-averaging

In order to analyze the results obtained from transient numerical simulation

(specifically LES) of turbulent flows, the instantaneous and averaged results can be

investigated. However, as pointed out by Durbin and Pettersson Reif [104], turbulent

phenomena are reproducible and subject to systematic studies at the statistical

level. Thus, different averaged quantities are used for describing turbulent flows and

providing physical insights and robust understanding into the mechanisms governing

the flow structures and their evolution. In the context of statistically stationary

turbulence (i.e., mean quantities are invariant under any translation in time), all

the mean quantities are based on time-averaging. In the next subsection, some

considerations required for conducting the time-averaging are briefly discussed.

2.3.1 Transition from initial condition

All the turbulent flow fields considered in this thesis are statistically stationary

which implies that their statistical quantities are independent of any translation

in time. However, the time window used for conducting the time-averaging must

be properly selected to obtain the statistical data which can represent the correct

physical behavior of the flow field. One of the issues in selecting the averaging time

window is the starting time for collecting the flow statistics which should not be

influenced by the initial condition. In fact, one should ensure that the flow is fully

developed and has reached a statistically stationary state to start collecting the flow

statistics. Therefore, the unphysical initial condition must not be taken into account

for conducting the time-averaging.

In order to demonstrate the evolution of the flow solution from the initial state
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FIGURE 2.2: Time-history of the resolved streamwise velocity component in a
turbulent plane channel flow at the half channel height, evolving from the initial
condition to the statistically stationary state (Reτ = 2, 000).

to the fully-developed state, wall-modeled LES of turbulent plane channel flow at

Reτ = 2, 000 has been selected. For conducting the LES, at the initial stage, the

solution is started from laminar flow condition with random numbers superimposed

onto the initial velocity field. The instantaneous resolved velocity at the central point

of the channel has been recorded from the starting time. Figure 2.2 shows the time-

history of the resolved streamwise velocity component at the central point of the

channel. The resolved velocity and time have been non-dimensionalized as u∗ = ū
Ub

and t∗ = tUb

δ
, respectively, in which Ub is the channel bulk velocity and δ is the half-

channel height. As is evident in Fig. 2.2, it takes approximately 60 t∗ for the flow to

pass the unphysical initial stage and evolve to the statistically stationary state. This

clearly indicates that for this particular case, the flow statistics must be collected

after t = 60 t∗. The same consideration has to be applied in other simulations.

Sufficient duration of the time window over which the averaging is performed is

another important factor for conducting the time-averaging. Depending on the flow

configuration, the duration of the time window can be characterized based on different

time-scales. For instance, for a plane channel flow, the time required for the flow field
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to travel the streamwise length of the channel (the so-called flow-through time), or

the non-dimensional time-scale based on the channel bulk velocity and channel height

(t∗ in the above example) can be considered as the proper time-scale based on which

the duration of the time window can be defined. For the turbulent flow around a bluff

body, the duration of one vortex shedding cycle can also be considered as a proper

time-scale. Typically, the time window for conducting the time-averaging must be

long enough such that the time-averaged results do not change by increasing the time

duration which is an indication of converged time-averaged statistics.
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Chapter 3

Numerical algorithms

3.1 Spatial discretization scheme

The set of second-order non-linear partial differential equations of continuity,

momentum and scalar transport, presented in the previous chapter, is very difficult

to solve analytically. Only a limited number of exact solutions for this set of

equations exist such as the solution of Ethier and Steinman [105] for a 3-D cavity

flow under special assumptions. In order to numerically solve the governing equations

of the fluid flow, a discrete system of equations analogous to the exact differential

equations should be provided. The solution of the discretized equations will present an

approximation of the exact solution. The accuracy level of this approximate solution

depends on the discretization schemes and its local truncation error, the resolution of

the discretized physical domain and boundary conditions prescribed at boundaries of

the computational domain. In the following subsections, the discretization schemes

for the mass, momentum and scalar transport equations will be briefly introduced.

3.1.1 Mass and momentum equations

In this research, a second-order energy-conserving finite difference method proposed

by Ham et al. [106] based on a non-uniform staggered grid system has been applied

to the discretization of the governing equations. The method proposed by Ham

et al. [106] has an advantage of conserving the kinetic energy as well as the mass
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and momentum. Most of the numerical schemes only focus on conserving mass and

momentum which are sufficient to provide a solution for the governing equations of

fluid flow. As pointed out by Morinishi et al. [107], by the time of their work, none of

the existing high order schemes could simultaneously conserve mass, momentum and

kinetic energy. Since the kinetic energy can be derived from the momentum equation,

proper selection of discrete operators can implicitly conserve both momentum and

kinetic energy.

A finite difference discretization is fully conservative if it can be written as

δ1ψ

δ1t
+
δ1Fi(ψ)

δ1xi
= 0 , (3.1)

in which ψ is a typical flow property, Fi(ψ) is the flux of ψ and the one-delta (δ1) is

the second-order central-difference operator which is spatially defined in x direction

as
δ1ψ

δ1x
|i,j,k=

ψi+ 1

2
,j,k − ψi− 1

2
,j,k

xi+ 1

2
,j,k − xi− 1

2
,j,k

, (3.2)

where i, j, k represents the nodal location and i + 1
2
and i− 1

2
are the corresponding

east and west faces, respectively. Similar definition can be presented for the one-delta

(δ1) operator in time. If the equation 3.1 is integrated over a finite volume V using

discrete integration, we will obtain

∑

V

(
δ1ψ

δ1t
+
δ1Fi(ψ)

δ1xi

)
∆V =

δ1
δ1t

(
∑

V

ψ∆V

)
+
∑

S

Fi(ψ)ni∆S = 0 , (3.3)

where ∆V is the cell volume element, ∆S is the cell surface element and ni is the

unit-normal vector of the cell surface. It should be noted that in the first term of

the right-hand side of the equation 3.3, the time differencing commutes with the

integration and in the second term, the divergence theorem is used to convert the

spatial differencing to normal flux vector. In equation 3.3, the integral of ψ over the

cell volume is balanced by the net transport of ψ through all the cell surfaces which

makes it spatially conservative. In the following, the interpolation operators used to

discretize the governing equation will be briefly reviewed.
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The interpolation schemes for a generic variable ψ, stored at cell faces, are the

simple, linear and volume averaging. The simple averaging is defined as

ψ
1x

|i,j,k,n=
ψn
i+ 1

2
,j,k

+ ψn
i− 1

2
,j,k

2
, (3.4)

in which superscript 1x represents one delta operator in the x direction. The Linear

or geometric interpolation is defined as

ψ
1x̂

|i,j,k,n=
(xi − xi− 1

2

)ψn
i+ 1

2
,j,k

+ (xi+ 1

2

− xi)ψ
n
i− 1

2
,j,k

xi+ 1

2

− xi− 1

2

, (3.5)

and volume averaging is defined as

ψ
1x̌

|i,j,k,n=
(xi+ 1

2

− xi)ψ
n
i+ 1

2
,j,k

+ (xi − xi− 1

2

)ψn
i− 1

2
,j,k

xi+ 1

2

− xi− 1

2

. (3.6)

These operators can be applied at the node and face locations for a staggered grid

arrangement. Since the node is cell-centered, these operators are all equivalent and

second order in node locations. However, when evaluated at face locations, only

the linear interpolation is second order accurate. It should be noted that on a

non-uniform mesh, the difference and simple averaging operators only commute in

different directions (e.g., in time and a spatial direction or in two different spatial

directions) while the difference and linear and volume averaging operators commute

in all directions.

Using the presented discrete operators, the compact discretized form of the

continuity and momentum equations used in this research can be written as

δ1ui
δ1xi

= 0 , (3.7)

δ1ui
δ1t

+
δ1uj

1t
1x̌i

ui
1t
1xj

δ1xj
= −

−1

ρ

δ1p
1t

δ1xi
+ ν

δ1
δ1xj

(
δ1ui

1t

δ1xj
) . (3.8)

If the above discretization is applied to the mass and momentum equations, the result

will be a set of linear algebraic equations which can be solved by numerical solvers
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(e.g., point or line iterative solvers, multigrid solvers, etc.).

3.1.2 Scalar transport equation

For the scalar transport equation, different discretization schemes can be applied to

obtain the set of algebraic equations. Since the scalar transport equation is a linear

equation without any decoupling or checkerboard problem, its discretization process

and its solution are, in general, relatively straightforward in comparison with the

solution of the mass and momentum equations. However, under specific configurations

such as problems with very high local gradients (e.g., release of concentration from

point or line sources), the solution of the passive scalar transport equation is a

challenging topic. One common method for discretizing the convective and diffusive

terms of the passive scalar transport equation, is the second-order central differencing

scheme demonstrated by Eq. 3.2. However, for the convective terms, this scheme

cannot be used in problems with high local gradient as it encounters unphysical

oscillations. Pure upwinding scheme and exponential differencing schemes (based on

the cell Peclet number) will not exhibit the unphysical oscillations but are first-order

accurate. As a remedy to this problem, a second-order total variation diminishing

(TVD) scheme [108] is used for discretizing the scalar transport equation. In the TVD

scheme used in this research, the face value of the quantity is first approximated by

the simple upwinding approach. The upwinding approach can be demonstrated in

the x direction as

ψi+ 1

2
,j,k = βψi + (1− β)ψi+1;





if (u < 0), β = 1 ,

if (u ≥ 0), β = 0 .
(3.9)

Since the upwinding scheme is only first-order accurate and consequently numerically

dissipative, a so-called flux-limiter function is utilized to increase the accuracy to

the second order without compromising the stability of the numerical scheme. The

flux-limiter function is introduced to the source term of the discretized equation as

a deferred correction term and its full description is presented in appendix B. The
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compact discretized form of the scalar transport equation can be written as

δ1c

δ1t
+
δ1uj

1tc1t

δ1xj
= α

δ1
δ1xj

(
δ1c

1t

δ1xj
) . (3.10)

In the above equation, velocity is a known value obtained from the solution of mass

and momentum equations. Since the velocity is solved based on a staggered grid

arrangement, it is already stored at the cell faces of the computational grid used

for the scalar transport equation. As a consequence, the convective fluxes can be

calculated without the need to any spatial averaging.

3.2 Time advancement

In this research, a fully implicit four-level fractional step method of Choi and

Moin [109] coupled with a second-order Crank-Nicolson scheme has been used to

advance the velocity field over a single time step. Fractional step methods are very

popular in solving the unsteady Navier-Stoke equations and different variants of them

have been developed (See for example Ferziger and Perić [80]). The fully implicit

method allows us to use larger time steps. In comparison with semi-implicit methods,

Choi and Moin [109] observed a factor of 5 in saving the CPU time required for DNS

of turbulent flow over riblets when using a fully implicit method. However, the

disadvantage of implicit methods compared to explicit ones is that a coupled system

of linear equations has to be solved at each single time step which makes the use

of efficient solvers necessary. The fully implicit fractional step method used in this

thesis has been presented as follows:

u∗i − uni
∆t

+
1

4

∂(unj + u∗j)(u
n
i + u∗i )

∂xj
= −

1

ρ

∂pn

∂xi
+
ν

2

∂2(uni + u∗i )

∂xj∂xj
, (3.11)

(u∗∗i − u∗i )

∆t
=

1

2ρ

∂pn

∂xi
, (3.12)

∂2pn+1

∂xi∂xi
=

2ρ

∆t

∂u∗∗i
∂xi

, (3.13)
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(un+1
i − u∗∗i )

∆t
=

−1

2ρ

∂pn+1

∂xi
. (3.14)

Here, uni and un+1
i are the velocities at the previous and current time steps,

respectively, u∗i and u∗∗i are two intermediate velocity components, and pn and pn+1

are the old and new pressures, respectively. In the first step, an intermediate velocity

based on the pressure of the previous time step is calculated using an alternative

directional implicit (ADI) solver; and then in the second step, it is further modified

to a second intermediate velocity by removing half of the old pressure gradient. In the

third step, the Poisson equation is solved using a four-level V-cycle multigrid method

to obtain the new pressure field. Finally, half of the new pressure gradient is used to

update the velocity field.

Once the velocity field is obtained, it is used to update the coefficients of the

algebraic form of the scalar transport equation. Similar to the mass and momentum

equations, the Crank-Nicolson time advancement scheme is used for the scalar

transport equation. Only one step is required to solve the scalar transport equation

which is demonstrated in the following semi-discretized (discretized in time and not

in space) equation

cn+1 − cn

∆t
+

1

4

∂(unj + un+1
j )(cn + cn+1)

∂xj
=
α

2

∂2(cn + cn+1)

∂xj∂xj
. (3.15)

The detailed discretization steps for the mass, momentum and scalar transport

equations have been presented in appendix B.

3.3 Boundary conditions

Appropriate prescription of boundary conditions is critically important to obtain

correct and reliable results from a numerical simulation. Different types of boundary

conditions have been used in this research which are explained in the following

subsections.
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3.3.1 Solid wall

Wall boundary condition is one of the fundamental boundary conditions which is

always encountered in simulation of wall-bounded flows. If the simulation is based

on DNS or wall-resolved LES approaches, no-slip boundary condition has to be used

at solid surfaces. With no-slip boundary condition, all the velocity components are

explicitly set to zero at all solid surfaces. In DNS, the dynamics of the flow near

the solid walls, like other regions of the flow field, are directly resolved. In wall-

resolved LES, although the simulation is utilizing the SGS model instead of directly

resolving the small scales of the flow, the near wall dynamics still has to be directly

resolved. This is because SGS models are inoperative in regions close to the solid

walls and can no longer provide a reduction of degrees of freedom while ensuring

a proper representation of flow driving mechanisms, turbulence production and the

consequent backward energy scatter near the solid walls [110].

In order to resolve the near wall dynamics, typically, the non-dimensional

distance off the solid surface should be kept less than one which is computationally

expensive for practical engineering problems at high Reynolds numbers. Based

on an estimation of Chapman [111], the number of grid points (N) required for

conducting a wall-resolved LES of a flat-plate boundary layer is proportional to

Re1.8Lx
, while the wall-modeled LES requirement is much less demanding (N ∝ Re0.4Lx

).

Chapman’s estimation was revisited by Choi and Moin [112] for a high Reynolds

number boundary-layer flow. In another estimation of the resolution requirement

for wall-resolved LES [113], it was estimated that the number of grid points

required to conduct a wall-resolved LES on a clean wing at moderate Reynolds

number is approximately 1011, which is a massive number regarding the current

computational technology. This illustrates that conducting a wall-resolved LES will

become prohibitively expensive when dealing with high Reynolds number flows. Thus,

wall modeling can be considered as an affordable solution to emulate the near-wall

dynamics.
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3.3.1.1 Wall modeling

In wall modeling, the so-called wall model is used to mimic the near-wall dynamics

instead of directly resolving them. Several attempts have been done during the past

decades to optimally model the wall layer effects (see reviews by Cabot and Moin [114],

Piomelli and Balaras [74], Piomelli [115, 116] and Spalart [117]).

There are two major approaches to model the near wall effects in LES. The first

approach considers a sublayer near the solid boundary over which the RANS equations

are solved to obtain an effective kinematic viscosity (νeff). This RANS-based νeff is

then used as the kinematic viscosity for the first node of the LES zone over which

filtered Navier-Stokes equations are solved. Hybrid RANS/LES and detached-eddy

simulation (DES) fall into this category. DES was first proposed by Spalart [118]

and has been attracted much attention since then. Many researchers have conducted

DES and hybrid RANS/LES for different applications such as turbulent flow in a

cavity [119], over a hydrofoil [120] and past a circular cylinder [121]. Despite of all

the advantages of DES, it has its own problems. One of the main disadvantages of

DES and hybrid RANS/LES is the logarithmic mismatch [117, 122] which is caused

due to an artificial buffer layer formed above the RANS zone and generally leads to

underprediction of the wall shear stress [123].

The second approach for modeling the near wall effects directly deals with the wall

stress and calculates the wall stress based on a simplified version of the momentum

equation. This group of models shall be referred as wall-stress models. Many versions

of wall-stress models are based on the assumption that the wall-parallel velocity

component obeys the log law, from which the wall stress can be estimated. The log

law of the wall, valid for attached zero-pressure-gradient boundary layers, expresses

the non-dimensional velocity near the solid surface as

u+ =
1

κ
ln(y+) +B , (3.16)

in which u+
def
= u

uτ
and y+

def
= y

ν/uτ
are the non-dimensional velocity and wall
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coordinate, respectively, with uτ as the friction velocity and ν as the kinematic

viscosity of the fluid. κ is called the Kármán constant, κ ≈ 0.4, and B is the log law

intercept, B ≈ 5.0 [114]. As one of the first attempts for considering the lag law in

modeling the near wall dynamics, Deardroff [124], in his turbulent plane channel flow

simulation, considered the following equations for the second velocity derivatives at

the first node off the wall

∂2ū

∂y2
= −

1

κ

4

∆y2
+
∂2ū

∂z2
, (3.17)

∂2w̄

∂y2
=
∂2w̄

∂x2
, (3.18)

where x, y and z are the streamwise, wall normal and spanwise directions, respectively,

and u, v and w are their corresponding velocity components. An overbar denotes the

filtered (or large-scale) quantity. The results obtained from Deardorff’s simulation

did not match very well with previously reported experimental data of Laufer [125]

due to lack of enough resolution [74], which was a consequence of computational

restriction of his time. Schumann [126] proposed a wall model for plane channel flow

simulation in which he assumed that the mean velocity field obeyed the log law and

the longitudinal velocity component was in phase with the instantaneous wall shear

stress. When the value of the mean wall shear stress 〈τw〉 is known a priori from the

nominal pressure gradient, the following conditions is obtained for the first node off

the wall

τw1(x, z) =
ū(x,∆y, z)

〈ū(x,∆y, z)〉
〈τw〉 , (3.19)

v̄(x, 0, z) = 0 , (3.20)

τw3(x, z) =
2

Reτ

(
w̄(x,∆y, z)

∆y

)
, (3.21)

in which ∆y is the height of the first node off the wall, 〈.〉 represents the averaged

quantity in the plane parallel to the wall and τw1 and τw3 are the streamwise

and spanwise components of the wall shear stress. Equation 3.19 assumes that

the streamwise velocity component at the first grid point is in phase with the
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instantaneous wall shear stress and equation 3.20 stands for the impermeability

condition. Equation 3.21 requires the value of the pressure gradient a priori for

specifying Reτ . The results reported by Schumann showed good agreement with

the experimental data and was the first practical proof of the feasibility of wall-

modeled LES [74]. However, the Schumann’s model was only applicable for pressure

driven flows in channels and annuli in which the mean wall shear stress was known

a priori. Various modifications were proposed based on the Schumann’s model to

remove the limitation of knowing the pressure gradient a priori (e.g., Rajagopalan

and Antonia [127] and Grötzbach [128]).

Mason and Callen [72] proposed the following approximate boundary condition

for rough surfaces

ū(x,∆y, z) = cos θ[uτ (x, z)/k] ln(1 + ∆y/y0) , (3.22)

v̄(x, 0, z) = 0 , (3.23)

w̄(x,∆y, z) = sin θ[uτ (x, z)/κ] ln(1 + ∆y/y0) , (3.24)

in which the y0 is the roughness height, ∆y is the height of the first grid point off the

wall and θ is the angle between the wall shear stress and the streamwise direction. It is

assumed in the above model that the averaged and friction velocities are proportional.

As another approximate wall boundary condition based on Schuman’s model, the so-

called ejection model was proposed by Piomelli et al. [73] for plane channel flow with

and without transpiration. This model was based on the observation that the wall

shear stress was significantly influenced by the high speed fluid motion toward and

away from the solid wall during sweep-ejection events, and could improve the accuracy

of the predicted wall shear stress. Balaras et al. [77] also tested the model of Piomelli

et al. [73] for plane channel flows at high Reynolds numbers and demonstrated good

agreement between the wall-modeled LES results and the experimental and DNS

data.

The wall-stress models reviewed above, are based on the validity of log law in

35



the near wall region. In a more general approach, one can solve a simplified set of

Navier-Stokes equations to obtain the wall shear stress. One of the commonly used

approaches is to solve the thin boundary layer equations (TBLE) in the near wall

region. TBLE, given in equation 3.25, are the simplified version of Navier-Stokes

equations neglecting the wall-parallel viscous diffusion terms and fixing the pressure

gradient to the outer flow value (based on the assumption of zero-pressure-gradient

across the thin boundary layer). For a flat-plate boundary layer, the TBLE, for the

streamwise and spanwise velocity components, take the following form [114]

∂ūi
∂t

+
∂ūiūj
∂xj

+
∂P

∂xi
=

∂

∂y

[
(ν + νt)

∂ūi
∂y

]
, (3.25)

where ūi is the velocity, P is the near wall pressure taken from the outer flow (LES

solution) and νt is the turbulent eddy viscosity. For calculating the νt, on can use the

simple mixing length model as

νt = κyuτD
2, D = 1− exp(−y+/A+) , (3.26)

where κ is the Kármán constant, uτ is the friction velocity, y+ is the non-dimensional

normal distance from the wall, and A+ is the van Driest constant. Different values of

A+ are proposed by different researchers ranging from 17 to 25. Several researchers

have used TBLE in the near wall region as the wall model for LES [129–131] and

obtained improved results for both attached and separated flows. For solving TBLE,

no slip boundary condition is assumed at solid walls and the velocity taken from

the outer LES solution is used as the boundary condition at the interface between

the TBLE and LES regions. As pointed out by Cabot and Moin [114], unsteady

boundary-layer equations are approximately half as expensive to solve as the full

Navier-Stokes equations for the same number of grid points. In order to reduce the

computational costs of TBLE models, some of the terms of the equation 3.25 can

be neglected to build simpler models. If the left-hand side of the equation 3.25 is

set to zero, a simplified model, the so-called stress-balance model [114], is obtained

which only considers the viscous and turbulent diffusion terms. In that case, the
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equation becomes an ordinary differential equation (ODE) in the form of an initial

value problem assuming zero velocity at the solid wall. The stress-balance model can

be written as
d

dy

[
(ν + νt)

du||
dy

]
= 0 , (3.27)

in which u|| is the wall-parallel velocity component. Combining equation 3.26 and 3.27

will result in the following equation

u+ =

∫ y+

0

2dy+

1 +

√
1 + 4κ2y+2(1− e

−y+

A+ )2
, (3.28)

which is an ordinary differential equation and can be easily solved using robust

numerical methods such as Runge-Kutta method. Kawai and Larsson [76, 123,

132, 133] applied the stress-balance model with some conceptual modifications on a

compressible turbulent boundary layer over a zero-pressure-gradient flat plate. They

stated that the wall model did not necessarily need to be applied between the first

grid point and the solid wall. Thus, the proper height for the wall model should

be dynamically chosen based on the flow physics, and the grid resolution below this

height should be refined until the numerical errors are small enough. This approach

was reported to result in an improvement of the prediction of skin friction coefficient

by 15% for an attached turbulent boundary layer.

Although different forms of stress-balance models look very attractive (since they

can be easily implemented and are computationally inexpensive), they are not valid

for flows with separation or large pressure gradients. Another approximation of the

TBLE can be obtained by only considering the pressure gradient term on the left-

hand side of the equation 3.25. In this case, as proposed by Wang [134] and Wang

and Moin [75], the following analytical solution can be obtained for the wall shear

stress

τwi = µ
∂ūi
∂xn

∣∣∣∣
xn=0

=
ρ

∫ δ

0
dxn

ν+νt

(
ūiδ −

1

ρ

∂p̄

∂xi

∫ δ

0

xndxn
ν + νt

)
, (3.29)

in which δ is the height of the first grid point off the wall, n denotes the wall-normal

direction, uiδ is the wall-parallel velocity component at the height δ taken from the
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outer LES solution, and νt is the turbulent eddy viscosity which can be obtained from

the mixing length model given in equation 3.26. Wang [134] and Wang and Moin [75]

applied the stress-balance model with and without the pressure gradient term for

turbulent flow over an asymmetric airfoil with strong streamwise pressure gradient

and unsteady flow separation. They showed that including the pressure gradient term

will improve the results of wall-modeled LES for the separated region and a better

agreement with the experimental result could be obtained. Chen et al. [135] applied

the stress-balance model with the pressure gradient and the time derivative term

into the simulation of turbulent plane channel flow at high Reynolds numbers (up

to Reτ = 20, 000) and could obtain satisfactory results for the mean velocities and

Reynolds stress components even on coarse grids.

Nicoud et al. [136] proposed a wall model based on optimal control theory to

overcome the numerical and subgrid modeling errors in the unresolved near wall

region for attached turbulent flows at high Reynolds numbers. In their approach, the

LES solution from the outer layer is forced to a desired value using the nominal wall

stress as the controlling parameter. Shih et al. [137] proposed a wall model based on

the combination of the log law and pressure scaling law of Tennekes and Lumley [138]

and reported a universal functionality of their model for both attached and separated

flows.

In this research, we deal with turbulent flows over wall-mounted obstacles which

naturally include high pressure gradients and flow separations. Also, since the

Reynolds number of our test cases are typically high, the computational cost of

the wall model is critically important and can have a great influence of the overall

computational efficiency of simulations. In view of this, the wall model proposed by

Wang and Moin [75, 134] (equation 3.29) has been chosen to be used in our wall-

modeled LES studies.
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3.3.2 Inflow

The importance of the inlet boundary condition and its influence on the accuracy

turbulent flow statistics have been numerically and experimentally studied by many

researchers for different flow configurations (e.g., zero-pressure-gradient flat plate

boundary layer [139], round-jet flow [140], turbulent shear-layer mixing [141] and

turbulent flow over a single an array of wall-mounted obstacles [91, 142]) and is still

an open subject in the field of numerical simulation of turbulent flows. In fact,

prescribing a proper inflow condition at the inlet boundary of the computational

domain is a practical challenge for DNS and LES of turbulent flows. Since the exact

time-dependent flow condition is not fully known at the inlet boundary, the boundary

condition should be applied in such a way that ensures the most realistic statistical

representation of the real turbulent flow. Several methods have been introduced to

provide realistic inflow condition for DNS and LES of turbulent flows (see the review

by Tabor and Baba-Ahmadi [143]) which will fall into one of these major categories:

(1) imposing synthesized turbulence at the inlet boundary, also known as stochastic

reconstruction from one-point statistics, and, (2) deterministic computation which

is based on the use of a separate solution of Navier-Stokes equations at the inlet

boundary. These two approaches are reviewed in the following subsections.

3.3.2.1 Synthetic turbulence

In this approach, a synthesized fluctuating field is generated based on the known

first- and second-order statistical properties of the turbulent flow field. Lee et al. [144]

developed a method for generating stochastic inflow condition with a prescribed power

spectrum. In their approach, the flow was assumed to be spatially developing in

the streamwise direction and homogeneous in other directions. They could obtain

turbulence statistics in good agreement with the experimental measurement data

for isotropic decaying turbulent flow. Le et al. [145], in a DNS of turbulent flow

over a backward facing step, also applied the method of Lee et al. [144] where

the flow was not homogeneous in the vertical direction. Li and Wang [146] used
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a spectral line processor to generate inflow condition for a free-surface channel

flow. They considered a target energy spectra obtained from previously measured

experimental data and constructed the random filed such that it could reproduce the

target energy spectra at the inlet plane. Smirnov et al. [147] proposed a method

for random flow generation in which synthesized divergence-free vector filed was

generated based on Fourier harmonics. Their method was also applicable to non-

homogeneous anisotropic flows and could satisfy the continuity equation. Hanna

et al. [68] employed the Monte-Carlo method to generate time-correlated random

fluctuations to be superimposed onto a mean power-law profile to simulate a neutrally

stratified atmospheric boundary layer. In their approach, time correlation was

achieved through a simple exponential autocorrelation function. Klein et al. [148]

introduced the concept of using a digital filter to generate artificial velocity field

which could be prescribed as the inflow condition. In their approach, they were able

to specify the second-order one-point statistics (Reynolds stress components) as well

as the autocorrelation functions. This method received much attention through the

turbulence modeling community and some similar procedures have been recommended

based on digital filter concepts (see works by di Mare et al. [149], Veloudis et al. [150]

and Xie and Castro et al. [151]). Glaze and Frankel [152] proposed a version of

the so-called weighted amplitude wave superposition method to generate stochastic

inlet condition for a fully-developed jet flow. They compared the performance of

their proposed method with that of Gaussian random forcing and reported that their

method was able to reproduce the self-sustaining inlet turbulence while Gaussian

random inlet fluctuations dissipated immediately. Sandham et al. [153] introduced

a semi-stochastic method in which known dynamical features of the inner and outer

regions of a boundary layer were reproduced to generate a fully-developed turbulent

boundary layer within a short distance from the inlet boundary. They could obtain

good agreement with the previously reported DNS results for turbulent boundary

layers over flat plates. Druault et al. [154,155] prescribed the inflow condition for LES

of turbulent flows based on interpolation and extrapolation of measured experimental

data on a limited number of measuring points. Their reconstruction method was based
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on linear stochastic estimation (LSE) combined with proper orthogonal decomposition

(POD) to estimate the coherent structures of the velocity filed based on two-point

correlations and time histories obtained from the experimental. They applied this

method for a plane turbulent mixing layer and showed its superiority over using

simple random fluctuating field in predicting the streamwise evolution of Reynolds

stress components.

3.3.2.2 Deterministic computation

The first approach for prescribing inflow condition discussed in the previous subsection

has some disadvantages. One major problem is that the generated fluctuation field

is not based on physical flow characteristics and does not satisfy the fluid flow

governing equations which can potentially introduce a new source of errors to the

simulation. As reported by Keating et al. [156] who conducted a priori and a

posteriori tests on different inflow conditions for LES, it takes a relatively long

distance for spatial development of the inlet fluctuations until the flow can damp

out the errors (while remaining perturbed) and become physically realistic. As an

example, this distance was approximately 10 step-heights in a DNS of flow over

a backward facing step reported by Le et al. [145]. One of the remedies towards

minimizing the mentioned errors is to conduct a separate simulation (the so-called

precursor simulation) for generating realistic and physical inlet conditions. This

procedure can almost completely eliminate the errors associated with using unphysical

random numbers for generating inflow turbulence [110]. However, conducting a

separate simulation may drastically increase the total cost of the simulation. This is

considered as the only major drawback of using a precursor simulation for prescribing

inlet boundary condition.

Several researchers have used this strategy to produce proper inlet boundary

conditions for their turbulent flow simulations. Na and Moin [157] conducted DNS of

a detached turbulent boundary layer over a flat plate and used an existing DNS data

of a frozen field [158] for their inflow condition. They randomized the amplitude of the
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existing DNS fluctuating field while kept its phase angle constant and superimposed

it at the inlet boundary of the main simulation. Lund et al. [159] extracted

instantaneous velocity fields from an auxiliary simulation of a zero-pressure-gradient

boundary layer and used them as the inflow condition for a spatially developing

boundary layer. The auxiliary simulation also needed prescribing a separate inlet

boundary condition which was obtained by rescaling a plane of instantaneous flow

field at the rear region of the domain and re-introducing that plane to the inlet

boundary. Ferrante and Elghobashi [160] used a modified version of Lund’s method

in which they imposed a targeted energy spectra on the plane of the instantaneous flow

field extracted from the the auxiliary simulation before rescaling and re-introducing

that plane to the inlet boundary. With this approach, they could produce sustained

TKE production in near-wall regions. Schlüter et al. [161] used an unsteady RANS

solver to generate inflow condition for the LES of a confined jet in an axisymmetric

expansion with and without swirling. They rescaled the generated data set to

account for the desired turbulence statistics and could obtain good agreement between

numerical results and previously reported experimental measurement data. Wu and

Moin [162, 163] conducted DNS of turbulent boundary layer over a zero-pressure-

gradient flat plate with and without surface heat transfer. For the inlet boundary

condition, they introduced patches of isotropic decaying turbulence to trigger the

boundary layer and accelerate the transition. The isotropic decaying turbulence had

been generated a priori using a separate simulation in which the desired energy

spectra was set as the initial condition and simulation was stopped at the required

turbulence intensity. Saeedi and Wang [91] conducted LES over an array of wall-

mounted cubes submerged in a simulated neutrally stratified atmospheric boundary

layer. They tested several inlet boundary conditions (including the use of a precursor

simulation) to generate the high turbulence level of the approaching flow. However,

since the approaching flow had a very high turbulence level, the conventional methods

were not able to generate the desired level of sustainable turbulence. Thus, they

proposed a method of generating inlet turbulence which was based on mounting a

solid grid close to the inlet boundary, to trigger the flow instability, and superimposing
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random fluctuations in regions above the wall-mounted obstacles. In this approach,

physical flow perturbations could be obtained at the inlet boundary and the instability

level could be increased in desired regions based on artificial energy injection.

In the current research, depending on the required level of inlet turbulence,

the method of Hanna et al. [68], based on superimposing time-correlated random

fluctuations on the inlet velocity profile, and the method of Saeedi and Wang [91],

based on mounting a solid grid close to the inlet boundary, have been used to produce

the desired level of inlet turbulence.

3.3.3 Outflow

If the outlet boundary has been placed sufficiently far from any source of perturbations

in the flow domain, it can be assumed that the flow has reached the fully-developed

state at the outlet boundary. For turbulent flow over a group of wall-mounted

obstacles, the flow instabilities, separated boundary layers and vortex shedding

induced from the last row of obstacles should be significantly decayed before the

flow reaches the outlet boundary. In that case, the zero-gradient boundary condition

(known as Neumann boundary condition) can be prescribed for the outlet boundary.

In the Neumann boundary condition, the derivative of the flow properties with respect

to the streamwise direction (or perpendicular to the outlet boundary) is set to zero

as
∂φ

∂x
= 0 , (3.30)

in which the φ is the flow property (e.g., different velocity components) and x is the

streamwise direction normal to the outlet boundary.

3.3.4 Periodic boundary condition

If the flow is homogeneous in a specific direction, turbulence statistics are unchanged

under any translation in that direction. As an example, turbulent plane channel

flow is homogeneous in the streamwise and spanwise directions. In such cases, if the
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flow domain is large enough to account for the largest turbulent structures and eddies,

periodic boundary condition can be applied to the domain boundaries in homogeneous

directions. For turbulent flows over a single or a group of wall-mounted obstacles,

if the flow domain has a repeating pattern or domain boundaries are sufficiently far

from the wall-mounted obstacles, periodic boundary condition can be used at the

domain boundaries. The periodic boundary condition for a typical flow property can

be expressed as

φkmin−1 = φkmax
, φkmin

= φkmax+1 , (3.31)

in which φ is the flow property and k is the grid-point index in the periodic direction.

It should be noted that indices kmin − 1 and kmax + 1 refer to fictitious grid points

outside the real flow domain.

3.3.5 Slip boundary condition

This type of boundary condition is usually used to describe the free-surface flow

conditions such as open channels and canals. Thus, in cases such as free-surface

water channel, the interface boundary between the water and the surrounding air

can be described by slip boundary condition. In that case, the velocity component

perpendicular to the boundary is set to zero to maintain the impermeability condition

while for other velocity components, the normal gradient are set to zero as

∂u

∂y
= 0, v = 0,

∂w

∂y
= 0 , (3.32)

in which, y is the normal direction to the slip boundary, v is the perpendicular velocity

component and u and w are the velocity components parallel to the slip boundary.

3.3.6 Boundary conditions for the scalar transport equation

For the scalar transport equation which describes the concentration field, the value

of the scalar field has been set to zero at the inlet boundary. Zero-gradient condition
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has been assumed in the spanwise, upper and outlet boundaries of the domain. Zero-

flux Neumann condition has been assumed at all the solid surfaces to warrant the no

penetration condition.

3.4 Parallel computing

Within the past several decades, computational fluid dynamics (CFD) has been one

of the most demanding fields of engineering and science which required significant

computational power for simulating increasingly complex flows with reliable accuracy.

The computational power is crucially important when dealing with three-dimensional

simulation of turbulent flows at high Reynold numbers. For such cases, although LES

is much more affordable than DNS as discussed in the previous chapter, it still needs a

power which is beyond the capability of regular computers. As such, the employment

of supercomputers is a necessary part of LES (and obviously DNS) of turbulent flows

at high Reynolds numbers.

3.4.1 Supercomputers

Modern supercomputers generally achieve their high computational power through

synergism of the power of several single computers. Different types of architectures

through which the single computers are linked together can be categorized into three

main groups: uniform memory access (UMA), non-uniform memory access (NUMA)

and no-remote memory access (NORMA). In UMA, all the processors can have equal

access to a central shared memory, while in NUMA, each processor has been assigned

a local memory. At the same time and upon necessity, they are also able to have

access to the non-local memory (shared or other processor’s memory) which is slower

than the access to their local memory. In NORMA, each processor has its own specific

individual memory and the data is only transferred between the processors through

explicit communications.

A common type of NORMA architecture is called “cluster” which consists of

45



Number of processors

S
pe

ed
up

0 32 64 96 128
0

32

64

96

128

Linear speedup
Actual speedup

FIGURE 3.1: parallel code scalability based on the execution time required for one
single time step.

several individual off-the-shelf computers connected through fast local area networks

(LAN). As a rule of thumb, the computational power of single CPUs doubles in every

two years as the result of increasing number of transistors stored in a single CPU

(known as the Moore’s law). This implies that clusters can take advantage of the

super-fast modern CPUs and provide considerable computational power at moderate

costs. In the current research research, we take advantage of cluster systems, as high-

performance computational tools, to conduct the computations required for numerical

simulation of turbulent flows at high Reynolds numbers.

3.4.2 Message passing interface

In order to use a supercomputer with parallel computing capability for solving a

fluid flow problem, it is required to provide the software background consistent to

the architecture of the specific supercomputer. This implies that the main problem

should be broken into several sub-problems (the so-called decomposition process) to

be solved by each single processor of the supercomputer when using a cluster system.

Two common types of decomposition are functional and domain decompositions [164].

In the functional decomposition, which is often used in weather forecasting programs,
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FIGURE 3.2: Schematic of the physical domain of a plane channel.

TABLE 3.1: Details of the domain size and grid resolution for the plane channel flow.

Reτ = 300 Reτ = 2000

Lx × Ly × Lz 5πδ × 2δ × 2πδ 5πδ × 2δ × 2πδ
Nx ×Ny ×Nz 160× 64× 160 160× 64× 160

∆x+ 29.4 196.3
∆y+ 5.4 -11.4 36 -76
∆z+ 11.8 78.5

each processor is assigned a different type of data operation according to a different

model (e.g., atmospheric model, oceanic model and etc.). However, in the domain

decomposition approach, processors are assumed to perform similar computations

and the physical domain is divided to several sub-domains which are distributed and

assigned to different processors.

In the current thesis, the second approach (i.e., domain decomposition) has been

selected for decomposition of the problems and the computational code is parallelized

using the libraries of Message-passing interface (MPI). MPI is a standard and portable

message-passing system whose first version was released in 1994, as MPI-1, by a

group of researchers mainly from US and Europe. The MPI libraries are supported

by several programming languages including C, C++ and FORTRAN. MPI has been

tried to be an optimum design for being expressive, efficient and portable [165]. One

of the advantages of MPI over other message-passing libraries is its portability as it

has been implemented on many distributed-memory architectures. As a summary,

MPI is an attempt to collect the best features of different message-passing systems,

improve them where appropriate and standardize them [165].
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FIGURE 3.3: Isopleths of the streamwise velocity in three typical x-y, x-z and y-z
planes, respectively, at Reτ = 300.

3.4.3 Parallel efficiency

The parallel code speedup result can be evaluated using equation S = T1/TN , where

T1 is the execution time of the code on one processor and TN is the execution time

running on N processors. In order to measure the parallel efficiency of the code, a

plane channel flow at a relatively high grid resolution has been chosen to conduct the

tests and measure the scalability of the code. The results of the speedup tests has

been shown in Fig. 3.1. The optimal line corresponds to a 1-to-1 speedup. The figure

shows that the code scales fairly well (with the tested grid resolution) up to at least

128 processors. The speedup does not exhibit a limiting value or negative slope. If

higher grid resolution is chosen (e.g., the cases which have been studied in follow up

chapters), higher number of processors can be used for lower execution time. For the

grid system of 1603 when using 128 processors, as is evident in Fig. 3.1, the speedup

is 94.6 times the nominal execution time using a single processor.
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FIGURE 3.4: Comparison of the resolved first- and second-order turbulence statistics
obtained from wall-modeled LES with the DNS results at Reτ = 300.

49



3.5 Preliminary tests based on plane channel flow

In this section, a geometrically simple wall-bounded turbulent flow has been chosen as

the first benchmark test case to ensure about the performance of the computational

code and to conduct some preliminary validation studies. Fully-developed turbulent

plane channel flow (turbulent flow between two parallel infinite planes) has been

selected as the benchmark test case. There are a vast number of studies conducted by

different researchers based on turbulent plane channel flow and a rich knowledge of the

physics of turbulent flow in plane channels is available in the literature. Although it

has a simple geometry and is homogeneous in two directions, turbulent plane channel

flow is a sensitive test case for testing LES codes and accurate prediction of its

turbulent statistics is a challenging problem. Figure 3.2 schematically shows the

geometry and coordinate system of a plane channel.

The flow is considered to be homogeneous in x and z directions and the boundaries

in y direction are supposed to be solid walls. Thus, periodic boundary condition has

been considered for the domain boundaries in x and z directions and wall boundary

condition is assumed for the lower and upper walls. The DSM (equation 2.13 in

section 2.2.2) has been used as the SGS stress model and the stress-balance model

(equation 3.28) is considered as the wall model. In order to conduct the simulation,

a relatively coarse grid (160×64×160 in x, y and z directions respectively) has been

considered for domain discretization. Table 3.1 summarizes the grid data based on

wall coordinate system for two Reynolds numbers tested. To conduct an assessment

on the accuracy of the numerical simulation, the flow field and the first- and second-

order turbulence statistics at Reynolds number Reτ = 300 (based on the friction

velocity and half channel height) have been presented and compared with the DNS

results of Iwamoto et al. [166].

Figure 3.3 shows the isopleths of the resolved streamwise velocity extracted from

a typical instantaneous snapshot in three perpendicular planes. In these figures, the

irregular pattern of the flow structures and the evolution of turbulent patches from

wall regions to the central region of the channel are qualitatively observable.
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Figure 3.4 compares the first- and second-order turbulence statistics obtained

from wall-modeled LES with those of DNS study of Iwamoto et al. [166]. As shown

in Fig. 3.4a, for the mean streamwise velocity, there is an excellent agreement between

the LES and DNS results and they both collapse on the classical law of the wall. This

shows that the computational code is functioning properly and its different parts

(e.g., discretization, solver, communication, post processing and etc.) have been

consistently implemented. With respect to the fact that the LES-predicted values

at the first grid point off the wall and also at grid points in the core region of the

channel are in very good agreement with the DNS results, it can be concluded that the

wall model and the SGS stress model are properly functioning and well implemented

into the computational code. In Figs. 3.4b-d, profiles of the non-dimensionalized

streamwise, wall-normal and spanwise root-mean-square (RMS) velocities have been

presented. As shown in Fig. 3.4b, the resolved streamwise RMS velocity obtained

from LES has a very good agreement with the DNS result and the difference between

LES and DNS results for the wall-normal and spanwise RMS velocities are less than

10%. Figure 3.4e, presents the profile of the non-dimensionalized resolved Reynolds

stress −〈ū′′v̄′′〉+ and compares it with the Reynolds stress computed by DNS. Good

agreement between the LES and DNS results can be observed. The value of the

resolved shear stress in the wall region and in the central region of the channel are in

very good agreement with the DNS results and the maximum value of the shear stress

has been slightly overpredicted by LES. In general, the errors associated with low grid

resolution, and the modeling effects are responsible for the difference between the LES

and DNS results. It is worth to mention that these differences between LES and DNS

results are indeed the costs that should be paid to gain the vast computational savings

arising from the coarser grid requirement in LES compared to DNS.

Since there exists an analytical solution for the mean streamwise velocity of the

turbulent plane channel flow (the law of the wall), a very high Reynolds number

(i.e., Reτ = 2, 000) has been also simulated to test and compare the resolved

mean streamwise velocity profile against the analytical solution. The same domain

configuration used for the previous case at Reτ = 300 is used for Reτ = 2, 000,
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FIGURE 3.5: Resolved mean streamwise velocity at Reτ = 2, 000.

while corresponding driving force (pressure gradient) has been adjusted to achieve

the desired Reynolds number. This, in turn, means that a much lower grid resolution

is used for the higher Reynolds number. The details of the grid resolution are given

in table 3.1. Figure 3.5 presents the non-dimensionalized resolved mean streamwise

velocity (〈u〉+) obtained from wall-modeled LES and compares it with the standard

law of the wall. As is evident in Fig. 3.5, the profile of the resolved mean streamwise

velocity has a very good agreement with the standard law of the wall at the high

Reynolds number Reτ = 2, 000. The value of 〈u〉+ at the first node agrees well with

the blended linear-log law profile and the value of 〈u〉+ at the next grid-points fully

collapse on the log-law line.

It should be noted that the purpose of this section and the presented results was

not to thoroughly investigate the physics associated with turbulent plane channel

flow and only preliminary assessment of the computational code was intended. Thus,

with the numerical tests conducted on the turbulent channel flow at two Reynolds

numbers, the general performance of our in-house code in simulating turbulent flows

has been confirmed. In the next chapters, more rigorous tests will be conducted in the

context of more geometrically complex flow domains and the results will be compared

against the available wind-tunnel and water-channel measurement data.
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Chapter 4

Wall-resolved LES of turbulent wake

behind a surface-mounted square cylinder

Wall-resolved LES of turbulent flow and structures dynamically evolving around a

square cylinder represents an interesting and challenging topic in computational fluid

dynamics. Owing to the need to resolve fine-scale viscous motions in the vicinity of

solid surfaces and to precisely calculate the dynamic interactions between the tip and

Kármán vortices, the computational cost involved in a wall-resolved LES procedure

is typically demanding which makes the use of parallel processing necessary. As the

aspect ratio of the square cylinder increases, the vortical motions of the flow become

more energetic and complex, which demands a significant increase in the size of the

computational domain in order to properly capture the temporal and spatial evolution

of all energy containing eddies.

The current chapter aims at investigating the turbulent wake behind a wall-

mounted square cylinder with AR = 4 using wall-resolved LES. In comparison with

the classical cube flow case (for AR = 1) of Yakhot et al. [45, 46], the relatively high

aspect ratio (AR = 4) of the cylinder in the current test case based on the recent wind-

tunnel experiments of Bourgeois et al. [17, 18] and Sattari et al. [19] results in more

energetic vortex motions and interactions, which further imposes a greater challenge

to numerical simulations to capture properly eddy motions of all relevant scales with

a much larger computational domain. This test case has been identified non-trivial

in term of computational efforts and used as one of two “challenge cases” in two
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FIGURE 4.1: Schematic of the computational domain and coordinate system for the
wall-mounted square cylinder flow.

consecutive Annual Conferences of the CFD Society of Canada hosted in Canmore,

Alberta in 2012, and in Sherbrooke, Quebec in 2013.

4.1 Test case and computational domain

The test case for current LES is based on an experiment recently conducted by

Bourgeois et al. [17,18] and Sattari et al. [19] in a boundary-layer wind tunnel. In their

experiment, a free-stream flow with velocity of U∞ = 15 m/s and 0.8% turbulence

intensity struck the sharp leading edge of a flat plate on which the obstacle was

mounted. The obstacle had a square cross-section with a side length of d = 0.0127 m

and height of h = 4d. The Reynolds number based on the free-stream velocity and

obstacle side length was 12,000. The obstacle was located 4h downstream of the flat

plate leading edge such that it was partially submerged in a thin boundary layer.

The boundary-layer thickness at the obstacle location was approximately 0.18h on

a similar flat-plate with no obstacle. The aspect ratio for the square cylinder was

AR = 4, which is significantly larger than that of the classical cube flow case (for

AR = 1) tested by Rodi [52], Shah and Ferziger [57] and Yakhot et al. [45,46]. Owing

to the relatively high AR value and high Reynolds number tested, the interaction

between the flow and the cylinder becomes very intense. As a result, energetic tip
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and Kármán vortices are generated from the top and two sides of the cylinder, which

dynamically evolve and highly interact with each other in the downstream region of

the cylinder.

In order to conduct our LES, the energetic motions and flow structures have to be

directly resolved. This requirement dictates the dimension of the domain to be large

enough to include the largest eddies of the flow (which is of the order of the obstacle

size in this case). Therefore, a relatively large computational domain is chosen for

conducting the simulation. The schematic of the domain, surface-mounted cylinder

and coordinate system are shown in Fig. 4.1. The obstacle is located along the central

line of the domain, 6.2d away from each side boundary in the spanwise direction, 5d

below the free surface of the flow in the vertical direction, 4d downstream of the inlet

and 23d upstream of the outlet. It should be noted that the outlet boundary should

be sufficiently far from the obstacle to avoid any interference on the result in the

wake region. In the classical work of Shah and Ferziger [57] and Yakhot et al. [45,46]

on a single wall-mounted cube, the outlet was placed 7d and 10d downstream of

the cylinder, respectively. However, in their parametric study of a 2-D of cylinder,

Sohankar et al. [167] indicated that the outlet should be placed at least 20d from the

obstacle when Neumann boundary condition is used in the simulation.

Since in our simulation the distance between the obstacle and the inflow boundary

is set to 4d, the inflow boundary condition needs to be carefully treated in order to

reproduce the exact boundary-layer thickness at the obstacle location (i.e., 0.18h at

the location 4d downstream of the inlet) observed during the experiments [17–19]. In

view of this, the inlet turbulent velocity profile is approximated using a power law at

the inlet boundary to generate the desired boundary-layer thickness, viz.





if y < 0.15h, 〈ū〉 = U∞

( y

0.15h

)0.16
,

if y ≥ 0.15h, 〈ū〉 = U∞ ,

(4.1)

where y is the vertical distance from the ground and U∞ = 15 m/s is the free-stream

velocity. This inlet condition ensures that the boundary-layer thickness is 0.18h at the
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FIGURE 4.2: Grid distribution in streamwise, vertical and spanwise directions.

obstacle location to match the measured value. In order to synthesize the turbulence

intensity level (0.8%) of the approaching flow in the experiment, time-correlated

random fluctuations with zero mean, standard deviation of one and magnitude of

0.8% of the local mean velocity have been superimposed onto the inlet velocity profile

(for all three components) following the method of Hanna et al. [68] and Shi et al. [69].

At the outlet and free surface, zero-gradient boundary condition is applied. Periodic

boundary conditions are applied to the side boundaries in the spanwise direction.

No-slip boundary condition is applied to all solid surfaces of the square cylinder and

bottom plate.
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The dynamic Smagorinsky model (DSM) of Lilly [93] and Germano et al. [94]

(equation 2.13 in section 2.2.2) has been used as the subgrid-scale model to close

the system of filtered mass and momentum equations. The computational domain

was discretized using 14.3 million computational cells (448× 160× 200 in x, y and z

directions, respectively). In order to perform parallel computing, the computational

domain was divided into 4× 5× 5 sub-domains (in x, y and z directions, respectively).

Correspondingly, 100 processors were used to solve the flow field at each time step.

All the computations were performed using the computer cluster based on Intel Xeon

X5650 2.66 GHz chip technology. The total computing time spent on solving the flow

field and collecting the statistics was over 40,000 CPU-hours. Before the flow statistics

are collected, it is important to ensure that the flow has reached a statistically

stationary state. In our simulation, the code was first run for approximately 3 flow-

through times (the time required for the mean flow to travel from the obstacle location

to the outlet plane) to allow the flow field to fully evolve to a statistically stationary

state. Then the flow statistics were collected through a course of approximately 5.5

flow-through times. During the simulation, the time step was 1 × 10−6 s and the

maximum CFL number was approximately 0.26. The convergence criterion for the

solution of governing equations was set to 1×10−6 for the maximum difference in each

velocity component (normalized by the spatially-averaged value of the same velocity

component obtained in the previous time step).

Figures 4.2a-4.2c show the grid distribution in the streamwise, vertical and

spanwise directions, respectively. As the distance from the wall increases, the grid

size is stretched gradually with a stretching rate kept less than 10%. A slow growth

rate of the grid size is required in general in order to maintain a global second-

order truncation error in non-uniform grid systems [168]. To effectively resolve the

anisotropic and small-scale flow motions near solid surfaces, the wall coordinate value

for the first node off all the solid surfaces has been kept less than one (specifically,

0.80, 0.59 and 0.51 for ∆x+, ∆y+ and ∆z+, respectively).
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FIGURE 4.3: Time-averaged streamlines and contours of non-dimensionalized
resolved streamwise velocity in x-z planes at two different elevations for y/d = 0.03
and y/d = 3.

4.2 Results and discussions

In this section, the qualitative and quantitative results obtained from the numerical

simulation are thoroughly analyzed. Characteristics of the instantaneous pressure

field, time-averaged streamlines and boundary limits of the recirculation region behind

the cylinder, turbulence kinetic energy (TKE) production rate and its distribution in

the domain, SGS kinetic energy dissipation rate and SGS viscosity are investigated.

The first- and second-order turbulence statistics obtained from the simulations are

also compared against the experimental results of Bourgeois et al. [17,18] and Sattari

et al. [19].

4.2.1 Flow structures

Since the geometry of the domain and flow conditions are symmetrical in the spanwise

direction, the mean flow field is expected to be symmetrical as well. In order to obtain

a statistically stationary mean flow field, the sampling time for collecting turbulence
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statistics should be long enough to take all turbulent motions of different temporal and

spatial scales into account. In the present work, the sampling time is approximately

12 shedding periods (or, approximately 5.5 flow-through times). Figure 4.3 shows the

time-averaged streamlines and the resolved streamwise velocity contours (top view) in

the x-z plane at two different elevations. As shown in both figures, the time-averaged

resolved velocity field is symmetrical with respect to the central line of the domain

(z/d = 0). Figure 4.3a shows that very close to the wall (at y/d = 0.03), an apparent

horseshoe vortex pattern is formed in front of the obstacle. The horseshoe vortex is

due to the adverse pressure gradient in front of the obstacle and is one of the major

characteristics of a bluff body flow. The appearance of the so-called saddle, nodal and

focal points in the horseshoe vortex (marked as points ‘a’, ‘b’ and ‘c’, respectively)

is consistent with the previous classical experimental and numerical studies on the

formation of horseshoe vortex around bluff bodies [5, 44, 169]. Figure 4.3b shows the

streamlines at an elevation well above the lower ground (y/d = 3). In comparison

with Fig. 4.3a, it is clear that the time-averaged streamline pattern is sensitive to

the elevation for a cylinder with large AR value. As shown in Fig. 4.3b, at a higher

elevation, the horseshoe vortex pattern is no longer apparent, instead, there are two

large counter-rotating vortices in the rear region of the obstacle and two small vortices

adjacent to the side walls.

In order to develop a deeper understanding of the flow pattern shown in Fig. 4.3b,

Figs. 4.4a and 4.4b are used to present the instantaneous and time-averaged vector

plots of the resolved velocity field in the x-z plane located at the same elevation for

y/d = 3. The highly intermittent velocity field and interactions of turbulent eddies at

different scales are apparent in Fig. 4.4a. Also, the strong shear layers issued by the

two sides of the cylinder (located at z/d = ±0.5) and the vortex shedding downstream

of the cylinder are evident in this figure. From the time-averaged vector plot shown

in Fig. 4.4b, two small recirculation regions adjacent to the side walls of the cylinder

and two large counter-rotating vortices behind the cylinder are clearly observed.

Furthermore, the boundary of the recirculation region can be readily identified based

on the velocity vector patterns.
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FIGURE 4.4: Top view of the instantaneous and time-averaged vector plots of the
resolved velocity field in the x-z plane at elevation y/d = 3.

x/d

y/
d

-2 0 2 4 6
0

2

4

6

(a) instantaneous

x/d

y/
d

-2 0 2 4 6
0

2

4

6

(b) time-averaged

FIGURE 4.5: Side view of the instantaneous and time-averaged vector plots of the
resolved velocity field in the central x-y plane at z/d = 0.

The instantaneous and time-averaged vector plots of the resolved velocity field

in the central x-y plane of the domain (located at z/d = 0) are shown in Fig. 4.5.

The turbulent flow pattern downstream of the cylinder shown in Fig. 4.5a is a direct

result of interactions between the downwash flow induced by the cylinder free-end
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and Kármán vortices issued by the cylinder sides. Also, a shear layer formed on the

rooftop of the cylinder is clearly observed in this figure. The time-averaged vector plot

shown in Fig. 4.5b, demonstrates the large recirculation region behind the cylinder

and the interactions of downwash, upwash and the reverse flow near the ground. Both

Figs. 4.5a and 4.5b show that there exists a small recirculation region on the cylinder

top, which is formed due to the direct strike of the free-stream flow at the cylinder

top front edge and follow-up separation of the boundary layer from the top surface.

In Figs. 4.6a, 4.6b and 4.6c (corresponding to elevations y/d = 1, 2 and 3,

respectively), the spanwise profiles of the mean resolved streamwise velocity at

multiple downstream locations of the obstacle are compared. Through a careful

analysis of these figures, the boundary of the recirculation region behind the obstacle

can be identified. As previously shown in Fig. 4.3b, there is a recirculation bubble in

the rear region of the obstacle where two large counter-rotating vortices are present.

Inside the recirculation bubble and along the central streamline (z/d = 0), there is

a reverse flow with negative streamwise velocities. As the downstream distance from

the cylinder increases, the magnitude of the reverse velocity decreases, and right

at the boundary of the recirculation bubble along the central streamline, the mean

streamwise velocity is zero. This boundary of the recirculation bubble varies with

the elevation. As shown in Fig. 4.6a, at y/d = 1, the boundary of the recirculating

bubble where the value of the mean streamwise velocity is zero is located at x/d = 3.5.

However, as shown in Figs. 4.6b and 4.6c, for elevations y/d = 2 and y/d = 3, this

boundary is located at x/d = 3.2 and x/d = 2.3, respectively. As such, it is clear that

the bubble is larger at a lower elevation and becomes smaller at a higher elevation.

Right at the wall (zero elevation), this boundary is at x/d = 3.8, which is the location

of the so-called reattachment point. The formation and size of the recirculation bubble

are primarily due to the effect of tip vortices shed from the free-end of the cylinder

and further extended along with the downwash flow caused by the pressure difference

between the front and rear regions of the cylinder.

Figure 4.7 shows the time-averaged streamlines and contours of the resolved

streamwise velocity in the central x-y plane located at z/d = 0. This figure clearly
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FIGURE 4.6: Spanwise profiles of the mean resolved streamwise velocity at 3 different
elevations and multiple streamwise locations within the recirculation region (in order
to make the figure more readable, data points are labeled using symbols at segments
with the length of 3% of the total height of the frame).

grasps the low and negative velocity region and the large vortex formed behind the

cylinder. The recirculation bubble boundary inferred previously from Fig. 4.6 is now

vividly demonstrated by the streamlines. Clearly, the boundary of the recirculation

region extends from higher to lower elevations associated with the downwash of the

flow behind the cylinder.

Figure 4.8 shows the instantaneous resolved pressure field in the central x-y plane
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FIGURE 4.7: Time-averaged streamlines and contours of the mean resolved
streamwise velocity in the central x-y plane located at z/d = 0.

(located at z/d = 0) at two different moments of time. The resolved pressure is non-

dimensionalized as Cp = (p̄ − p̄∞)/q∞, where p̄∞ is the free-stream resolved static

pressure, q∞ is the free-stream dynamic pressure defined as q∞ = 1
2
ρU2

∞ and Cp

represents the resolved pressure coefficient. This figure vividly shows that the flow

strikes the top front edge of the cylinder and tip vortices are generated on the top

(free-end) surface. These tip vortices then entrain the wake region behind the obstacle

where the recirculation flow patterns dominate. Three distinct pressure regions are

observable in Figs. 4.8a and 4.8b: firstly, the stagnation region which is formed in front

of the obstacle due flow impingement and has the highest static pressure; secondly,

the recirculation wake region into which the tip vortices are shed and is located

immediately behind the obstacle and features the lowest pressure of the flow field;

and thirdly, the outer region which is located above the recirculation region and has

a pressure similar to the free-stream pressure. The pressure difference between front

and rear surfaces causes a net form drag acting on the cylinder and makes the high
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(a) (b)

FIGURE 4.8: Tip vortex shedding visualized using the instantaneous non-
dimensionalized resolved pressure field in the central x-y plane located at z/d = 0
(the pressure coefficient is defined as Cp = (p̄− p̄∞)/q∞). The time step between the
two snapshots is 0.004 s.

(a) T=0.132 s and φ = 1.014 (b) T=0.136 s and φ = 4.155

FIGURE 4.9: Kármán vortex shedding visualized using the instantaneous non-
dimensionalized resolved pressure field near the cylinder in the x-z plane located
at y/d = 1 (the pressure coefficient is defined as Cp = (p̄− p̄∞)/q∞).

pressure fluid entrain the low pressure regions which further triggers flow instability

to produce complex alternating vortical patterns in the downstream region.
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Figures 4.9a and 4.9b show two instantaneous snapshots of the non-dimensionalized

pressure field in the horizontal x-z plane at y/d = 1. The time and phase differences

between these two snapshots are ∆t = 0.004 s and ∆φ = π rad, respectively.

Following the method of Bourgeois et al. [17, 18], to define the shedding period, the

pressure signal on the side surface of the cylinder (specifically, at point x/d = 0,

y/d = 1 and z/d ≈ 0.5) has been extracted and analyzed. A vortex shedding

period/cycle is then defined based on the time difference between two consecutive

peaks of the instantaneous pressure. Once a vortex shedding period is defined, the

instantaneous shedding phase, φ ∈ [0, 2π), can be determined accordingly. The

presence of the Kármán vortex street is evident in both figures. The low pressure

vortices are shed into the wake region at frequency f = 125 Hz. Corresponding to this

characteristic frequency, the Strouhal number (based on the free-stream velocity and

cylinder side length) is Sr = fd
U∞

= 0.106, which is in agreement with the experimental

result of Bourgeois et al. [17, 18].

Figure 4.10 shows the 3-D vortical structures formed around the edges and behind

the cylinder visualized using low pressure iso-surfaces. As is evident in Figs. 4.10a

and 4.10b, two alternating vortex tubes (designated as “low pressure tubes 1 and 2”

in these two figures) are shed from the two cylinder sides, twist around each other and

gradually approach the ground plane as they are carried by the main stream. Near

the ground, where the first half loop of the low pressure tubes is just completed, the

vortex tubes interact with the boundary layer and their rotation axes are deflected

off the ground to start the second half loop pattern. The vortical structures observed

in these figures are consistent with the experimental results reported by Bourgeois

et al. [17, 18]. In Fig. 4.10c, the vortex tubes generated at the sharp edges of the

cylinder are demonstrated. As shown in this figure, the vortex tubes evolve spatially

and shed to the rear region of the cylinder. The coherent structures downstream of

the cylinder and the complex vortex patterns are results of motions and interactions

of tip vortices from the cylinder free-end, Kármán vortices shed from the cylinder

side walls, and the developing and separating boundary layers from solid surfaces.

In order to obtain more physical insights into the flow behavior in the wake

65



(a) top view (Cp = −0.3) (b) angled view (Cp = −0.3)

(c) cylinder edges (Cp = −1.1)

FIGURE 4.10: Three-dimensional vortical structures in the wake region and around
the cylinder edges visualized using instantaneous resolved low pressure iso-surfaces
(the pressure field has been non-dimensionalized and is represented by the pressure
coefficient defined as Cp = (p̄− p̄∞)/q∞).

region, instantaneous resolved pressure contours in 12 consecutive y-z planes behind

the cylinder are demonstrated in Figs. 4.11a-4.11l. All the planes are extracted from

a single snapshot at locations which vary uniformly from x/d = 0.5 to x/d = 6. The

most striking feature in all figures relates to the negative pressure regions inside the

wake. These low pressure spots represent the cores of vortices shed from the cylinder.

It should be clarified here that a negative resolved pressure refers to a resolved pressure
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(a) x/d = 0.5 (b) x/d = 1 (c) x/d = 1.5

(d) x/d = 2 (e) x/d = 2.5 (f) x/d = 3

(g) x/d = 3.5 (h) x/d = 4 (i) x/d = 4.5

(j) x/d = 5 (k) x/d = 5.5 (l) x/d = 6

FIGURE 4.11: Contours of instantaneous non-dimensionalized resolved pressure in
y-z planes at 12 consecutive streamwise locations (the pressure coefficient is defined
as Cp = (p̄− p̄∞)/q∞).
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lower than the free-stream static resolved pressure p̄∞. The negative pressure behind

the cylinder creates a suction effect and forms the recirculation bubble (due to the

difference between the local pressure and the static pressure of the approaching free-

stream flow, i.e. (p̄ − p̄∞)). In the remainder of the thesis, the negative resolved

pressure on the leeward side of the cylinder will be also referred to as suction. In

Fig. 4.11, the suction varies from −1.8q∞ to 0. As shown in Fig. 4.11a, at x/d = 0.5,

a band of low resolved pressure with suction of approximately −0.8q∞ is formed

around the cylinder. Clearly shown in Fig. 4.11, as the distance from the cylinder

increases, the low resolved pressure band becomes more and more irregular in shape.

The location of the low resolved pressure spots alternates from side to side reflecting

the vortex shedding dynamics. As shown in Fig. 4.11d, at x/d = 2, a large suction

effect is observed, where large fluid parcels entrain the recirculation bubble. Further

downstream of the cylinder for x/d > 2, the suction strength decreases gradually

and the low resolved pressure band around the cylinder gradually merges with the

main stream background. This process continues until x/d = 4, where the negative

resolved pressure band almost vanishes, indicating that the end of the recirculation

region has been reached. In far downstream regions for x/d > 4, the alternating

vortex shedding patterns are still apparent, however, the flow becomes dominated by

the main stream and the strength of low-pressure vortices has significantly decayed

due to turbulent mixing, diffusion and dissipation.

For sustainable turbulence, it is required that TKE is generated through turbulent

motions in order to balance the viscous dissipation effects. The local resolved TKE

production rate is defined as Pr = −〈u′′i u
′′
j 〉

∂〈ui〉
∂xj

in which 〈u′′i u
′′
j 〉 is the resolved

Reynolds stress tensor and ∂〈ui〉
∂xj

is the resolved velocity gradient tensor based on time-

averaged resolved velocity components. Figures 4.12a and 4.12b show the contours of

the resolved TKE production rate (non-dimensionalized using the maximum resolved

TKE production rate) in two typical lateral and horizontal planes. In order to

demonstrate the effects of sharp edges of the cylinder on the Pr level, the contour

patterns have been magnified locally in small figure panels based on different contour

legend scales. As is evident in Fig. 4.12a, the maximum resolved TKE production
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(a) x-y plane at z/d = 0

 

 

(b) x-z plane at y/d = 2

FIGURE 4.12: Contours of the resolved TKE production rate in two typical x-y and
x-z planes (non-dimensionalized using the maximum resolved TKE production rate
in the same planes, respectively).

rate occurs at the top front edge of the cylinder where tip vortex shedding starts.

At this special location, the flow directly strikes the obstacle and the top front edge

of the cylinder. The shear layer separates and further triggers flow instability. As

the flow goes forward, the strength of the resolved TKE production rate reduces but

remains significant in the wake region behind the cylinder. Figure 4.12b shows the
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FIGURE 4.13: Slices of resolved TKE contours along the streamwise direction (the
resolved TKE value has been non-dimensionalized using U2

∞).

contours of the resolved TKE production rate in a horizontal plane located at half

cylinder height (y/d = 2). Similarly, the sharp side edges of the cylinder create the

maximum resolved TKE production rate. The shear layer separation occurs on both

sides, which further triggers flow instability leading to the Kármán vortex shedding

pattern. Owing to the strong shear layers on both sides of the cylinder and active

vortex motions and interactions, the level of Pr remains high downstream of the

cylinder. As shown in Fig. 4.12b, the distribution of Pr is symmetrical in the cross-

stream direction, reflecting its intrinsic time-averaged property (by definition) and

geometrical symmetry of the domain. As the distance from the cylinder increases,

the strength of Pr decreases, indicating a reduced turbulence level and well-mixed

eddy motions in the far downstream region of the cylinder.

Figure 4.13 demonstrates the spatial evolution of the resolved TKE (defined as

k = 1
2
(〈ū′′2〉 + 〈v̄′′2〉 + 〈w̄′′2〉) with ū′′, v̄′ and w̄′ being resolved fluctuating velocities)

in the streamwise direction. In the figure, the resolved TKE value has been non-

dimensionalized using U2
∞. The slices are distributed uniformly in the streamwise

direction, and in order to effectively demonstrate energetic eddy motions (with high

TKE levels) in the low TKE background, the lowest resolved TKE threshold used

for plotting contours was set to 0.02U2
∞. As shown in this figure, at x/d = 0, there
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is a thin layer in proximity of the obstacle where the resolved TKE level is up to

0.06U2
∞. This layer is produced due to the strong resolved TKE production rate on

the top and two sides of the cylinder and triggering of the energetic vortices shown

previously in Figs. 4.12a and 4.12b. As the downstream distance from the cylinder

increases, the spread of the resolved TKE becomes wide in the cross-stream direction

primarily due to the interactions and motions of eddies. Also, there is a downwash of

resolved TKE to the wall in the wake region immediately behind the cylinder. The

maximum resolved TKE occurs at approximately x/d = 4.0 and y/d = 2.0, and has

a value about 0.22U2
∞. Further downstream of the cylinder, due to the dissipation

and spatial transport of TKE, the peak value of the resolved TKE keeps decreasing

until it drops below 0.02U2
∞ for x/d > 18d. By comparing Figs. 4.12 and 4.13, it is

clear that the maximum values of the resolved TKE k and resolved TKE production

rate Pr are tightly coupled. The exact relationship between these two quantities is

described by the transport equation of the resolved TKE. Although the production

term contributes significantly to the resolved TKE level, there are other influencing

factors such as the advection and diffusion mechanisms. For this reason, the exact

locations for the maximum values of Pr and k shown in Figs. 4.12 and 4.13, do not

fully overlap.

4.2.2 Turbulence statistics

In this subsection, the first- and second-order turbulence statistics obtained from the

numerical simulation are analyzed to further understand the dynamics of the wake of

the cylinder flow. The obtained numerical results are compared against the available

wind-tunnel experimental data of Bourgeois et al. [17, 18] and Sattari et al. [19].

Figures 4.14a-4.14d compare the mean streamwise and spanwise velocity profiles

(non-dimensionalized using the free-stream velocity U∞) obtained from the numerical

simulation with experimental data [17–19] at two locations (corresponding to two

streamwise locations x/d = 2 and x/d = 3.5 and the same elevation y/d = 3). Based

on the size of the recirculation bubble discussed in the previous subsection, the first

71



z/d

<
u>

/U
∞

-6 -3 0 3 6
-0.4

0

0.4

0.8

1.2

1.6 Present LES
Wind-tunnel experiments
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(d) 〈w̄〉/U∞ at x/d = 3.5

FIGURE 4.14: Time-averaged resolved streamwise and spanwise velocity profiles
downstream of the obstacle at elevation y/d = 3, and two streamwise locations for
x/d = 2 and x/d = 3.5.

location (x/d = 2 and y/d = 3) is in the middle of the recirculation bubble and

the second location (x/d = 3.5 and y/d = 3) is outside of the recirculation bubble

(see also Figs. 4.3, 4.6 and 4.7). As shown in Fig. 4.14, the streamwise and spanwise

profiles are symmetrical and anti-symmetrical, respectively, about the central plane

of the domain (z/d = 0). From Fig. 4.14a, it is seen that at location x/d = 2, the

resolved streamwise velocity (〈ū〉/U∞) is negative (with a small magnitude) within

−0.5 < z/d < 0.5, reflecting the recirculation pattern inside the cylinder wake.
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However as exhibited in Fig. 4.14b, no negative value is observed in the mean resolved

streamwise velocity profile at x/d = 3.5, indicating that the location is outside of the

recirculation bubble. There are two pairs of peaks in Fig. 4.14c. The pair of outer

large peaks of 〈w̄〉/U∞ shows the deviation of streamlines from the straight path in

side regions of the obstacle and the pair of inner small peaks of 〈w̄〉/U∞ indicates

the presence of counter-rotating vortices in the wake region. The magnitudes of

small peaks are one order smaller than that of large peaks, indicating a relatively low

velocity magnitude inside the recirculation bubble. However, at x/d = 3.5, only one

pair of peaks are observed in Fig. 4.14d, indicating that the counter-rotating vortices

are no longer present outside the recirculation bubble. These results are consistent

with the previous observations in Figs. 4.3 and 4.7. As shown in Fig. 4.14, the profiles

obtained from numerical simulation are in general agreement with the experimental

measurements, especially for the resolved spanwise velocity component. However,

as shown in Figs. 4.14a and 4.14b, the mean resolved streamwise velocity is slightly

overpredicted by numerical simulation outside the range −1 < z/d < 1.

Figures 4.15a-4.15d compare the resolved streamwise and spanwise RMS velocities

(or turbulence intensities) with the wind-tunnel measurement data of Bourgeois et

al. [17, 18] and Sattari et al. [19] at the elevation y/d = 3 and streamwise locations

x/d = 2 and x/d = 3.5. The RMS velocities have been non-dimensionalized using U∞.

Figures 4.15a and 4.15b compare the predicted and measured averaged cross-stream

profiles of the streamwise RMS velocity inside and outside of the recirculation bubble

(at the same elevation y/d = 3), respectively. As shown in Figs. 4.15a and 4.15b, at

location x/d = 2 and x/d = 3.5, the resolved streamwise RMS velocity profiles clearly

exhibit dual-peak patterns. As shown in these two figures, the peaks (corresponding

to the highest streamwise turbulence intensity component) are located approximately

at z/d = 1 and z/d = −1 (0.5d away from the cylinder side walls). The profiles of

ūrms/U∞ are symmetrical about the central x-y plane (z/d = 0) due to the symmetry

of the computational domain and statistically stationary alternating vortex shedding

patterns from both sides of the cylinder. By comparing Figs. 4.15a with 4.15b, it is

clear that as the location moves from x/d = 2 (inside the recirculation bubble) to
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(d) w̄rms/U∞ at x/d = 3.5

FIGURE 4.15: Cross-stream profiles the resolved streamwise and spanwise RMS
velocities at elevation y/d = 3, and two streamwise locations for x/d = 2 and
x/d = 3.5.

x/d = 3.5 (outside the recirculation bubble), the resolved streamwise RMS velocity

profile still keeps its dual-peak pattern, however the magnitude of the peaks have

become attenuated. Figures 4.15c and 4.15d compare the predicted averaged cross-

stream profiles of w̄rms/U∞ with the measured spanwise RMS velocity inside and

outside the recirculation bubble, respectively. As shown in Fig. 4.15c, the dual-peaks

observed in the profile of ūrms/U∞ also exist in the profile of w̄rms/U∞, however, their

magnitude is much reduced. Outside the recirculation bubble, as shown in Fig. 4.15d,

the dual-peak pattern vanishes and the profile of w̄rms/U∞ exhibits a Gaussian
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pattern. It should be indicated that in Figs. 4.15a-4.15d, although the predicted

resolved RMS velocities (urms/U∞ and w̄rms/U∞) are in good agreement with the

measurement data in the central region, their magnitudes have been underpredicted

in two far side regions (for |z/d| > 2). The small discrepancies in the far side regions

may be contributed by the differences in the blockage ratio and domain size between

the experiment and numerical simulation. Figure 4.15 compares the cross-stream

resolved RMS velocity profiles with the experimental data at only two streamwise

locations (for y/d = 3). A comprehensive presentation of the evolution of cross-

stream resolved RMS velocity profiles at 10 different streamwise locations will be

presented later in Fig. 4.17.

In Fig. 4.16, the streamwise profiles of the non-dimensionalized resolved stream-

wise mean and RMS velocities (i.e., 〈ū〉/U∞ and ūrms/U∞) in the central x-y plane

(z/d = 0) are compared against the experimental measurements at two different

elevations. As is evident in Figs. 4.16a and 4.16b, a negative velocity region is observed

at both elevations reflecting the presence of the recirculating flow immediately behind

the cylinder. The exact point at which the velocity is zero indicates the boundary of

the recirculating region, which is x/d ≈ 3.5 at y/d = 1 and x/d ≈ 2.3 at y/d = 3

(consistent with the previous discussion of the size of the recirculation bubble). The

velocity then increases until it reaches the free-stream velocity in the far downstream

region. For the resolved streamwise RMS velocities shown in Figs. 4.16c and 4.16d, it

is observed that at both elevations, the maximum resolved streamwise RMS velocity

(or turbulence intensity) occurs at x/d ≈ 2.5 and then smoothly decays as the

streamwise distance from the cylinder increases. In comparison with the first-order

statistics (mean velocity) shown in Fig. 4.16a and 4.16b, the agreement between

numerical and experimental results on the second-order statistics (RMS velocity) is

less satisfactory in Figs. 4.16c and 4.16d. In comparison with the measurement data,

the value of ūrms at its peak location has been very well reproduced by LES. However,

in the region far downstream of the cylinder (where the turbulence level is attenuated),

the value of ūrms has been underpredicted at a lower elevation (y/d = 1) and slightly

overpredicted at a higher elevation (y/d = 3) by the numerical simulation. The above
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(d) ūrms/U∞ at y/d = 3

FIGURE 4.16: Streamwise profiles of the resolved streamwise mean and RMS
velocities at two different elevations in the central x-y plane (z/d = 0).

characteristics of the streamwise and spanwise RMS velocity profiles (associated with

Figs. 4.15 and 4.16) are intriguing, and in the following text, efforts will be made

towards a detailed analysis of the streamwise evolution of the RMS velocity profiles

and physical mechanisms underlying their characteristics.

Figures 4.17a-4.17d demonstrate the resolved mean streamwise and spanwise

RMS velocities in the recirculation and far downstream regions (at elevation y/d = 2).

As shown in Fig. 4.17a, in the recirculation region, there is an apparent dual-peak

pattern in the resolved streamwise RMS velocity profiles. The peaks in ūrms/U∞ are
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FIGURE 4.17: Cross-stream profiles of the resolved streamwise and spanwise RMS
velocities in the recirculation and far downstream regions at elevation y/d = 2. Data
points are labeled using symbols at segments with the length of 3% of the total height
of the frame.

results of the strong shear layers formed on both sides of the cylinder, where large

mean velocity gradients (∂〈ūi〉/∂xj) and high turbulent shear stress levels are present.

This inevitably leads to a high TKE production rate on both sides of the cylinder,

resulting in dual-peak patterns in the cross-stream profiles of urms/U∞ in Fig. 4.17a.

The very low level of the predicted resolved RMS velocities in the outer flow region

(for |z/d| > 2) is a result of the low production rate Pii = −2〈ū′′i ū
′′
k〉

∂〈ūi〉
∂xk

(summation

convention is applied to k but not to i). The small values of Reynolds shear stress
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components and small mean velocity gradients in the far side regions directly result

in a low level of the production term Pii, which further leads to a low level in resolved

RMS velocities for |z/d| > 2.

As shown in Fig. 4.17b, in the far downstream region, the dual-peak pattern is

still preserved. However, as the distance from the cylinder increases (as the value

of x/d increases), the distance between the dual peaks in the cross-stream direction

increases too. Furthermore, it is interesting to observe that the magnitude of ūrms/U∞

decreases in the central region but increases in the far side regions (for |z/d| > 2).

This is because as the flow evolves streamwise, the flow TKE spreads in the cross-

stream direction due to the turbulent, pressure and viscous diffusion mechanisms.

Figure 4.17c shows the profile of the non-dimensional resolved spanwise RMS

velocity (w̄rms/U∞) in the recirculation region. In comparison with Fig. 4.17a, it

is observed that the maximum value of w̄rms/U∞ which occurs at x/d = 4.0, is

approximately 30% higher than the maximum value of ūrms/U∞. This is consistent

with the previous discussion of Fig. 4.13 that the peak value of TKE occurs also at

x/d = 4.0, indicating that the spanwise velocity fluctuations make the most significant

contribution to TKE at this special streamwise location. Furthermore, it is observed

from Fig. 4.17c that the dual-peak pattern is only strongly expressed in the immediate

downstream region of the square cylinder. As shown in Fig. 4.17c, as the distance

from the cylinder increases, the magnitude of w̄rms/U∞ increases monotonically within

the recirculation region. However, as the boundary of the recirculation bubble is

approached (see Fig. 4.7), the dual-peak pattern becomes less apparent. As shown

in Fig. 4.17d, this trend continues in the far downstream region, and in effect, the

profile of w̄rms/U∞ becomes exclusively Gaussian-like. Similar to Fig. 4.17b, as the

value of x/d increases, the magnitude of w̄rms/U∞ decreases in the central region and

increases in the two far side regions due to diffusion mechanisms.

Figures 4.18a and 4.18b compare the numerical predictions and experimental

measurements of the non-dimensionalized mean resolved Reynolds stress component

〈ū′′w̄′′〉, at two streamwise locations x/d = 2 and x/d = 3.5, at the same elevation
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(b) x/d = 3.5

FIGURE 4.18: Cross-stream profiles of the non-dimensionalized mean resolved
Reynolds stress component 〈ū′′w̄′′〉 at elevation y/d = 3, and two streamwise locations
for x/d = 2 and x/d = 3.5.

y/d = 3. The profiles are anti-symmetric about the central plane of the domain

(z/d = 0). An excellent agreement between numerical and experimental results is

observed. From both figures, it is observed that the maximum Reynolds stress occurs

at the same location where the maximum turbulence intensity exists (z/d ≈ ±1)

and the shear production is the strongest due to boundary-layer development and

separation from both side walls (associated with Kármán vortices). In two side regions

far from the cylinder (|z/d| > 2), 〈ū′′w̄′′〉 becomes very small, which clearly indicates

that the turbulent shear stresses are closely related to vortex motions and interactions,

and strong shear layers immediately downstream of the two cylinder sides. In the

following context, the streamwise evolution of the resolved Reynolds shear stress will

be analyzed in a detailed manner.

Figure 4.19 shows the cross-stream profiles of the non-dimensionalized resolved

Reynolds stress component 〈ū′′w̄′′〉 in the recirculation and far downstream regions,

respectively (at elevation y/d = 2). In total, 10 different streamwise locations are

selected to conduct the comparative study, which ranges from x/d = 1 to 15. For all

the streamwise locations studied, the maximum resolved Reynolds stress occurs at

the spanwise locations z/d ≈ ±1 and decays significantly at z/d ≈ ±2. As shown in
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FIGURE 4.19: Cross-stream profiles of the non-dimensionalized mean resolved
Reynolds stress component 〈ū′′w̄′′〉 in the recirculation and far downstream regions
at elevation y/d = 2. Data points are labeled using symbols at segments with the
length of 3% of the total height of the frame.

Fig. 4.19a, the maximum resolved Reynolds stress occurs at the streamwise location

x/d = 3.0. In the far downstream region, (see Fig. 4.19b), the profile of 〈ū′′w̄′′〉 still

keeps its dual-peak pattern at all locations, however, the magnitude of its peak values

keeps decaying as the distance from the cylinder increases. This trend continues and

eventually at x/d = 15, the resolved Reynolds shear stress becomes trivial across the

domain, indicating that the energetic turbulent motions and interactions induced by

the cylinder decay gradually and turbulence level eventually drops to the background

level in the far downstream region.

The time frequency spectra Eij of the resolved instantaneous turbulent flow can

be determined through the following equation

Eij(f) =
2

π

∫ fc

0

Rij(s) cos(fs)ds , (4.2)

where f represents the frequency, fc is the cut-off frequency, Rij(s)
def
= 〈ū′′i (t)ū

′′
j (t+s)〉

is the so-called temporal autocovariance, and s is the time interval based on which

the autocovariance is calculated. The equation implies that the resolved turbulence

kinetic energy (TKE) k is equal to one half the integral of the trace of Eij (i.e., Eii,
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FIGURE 4.20: Non-dimensionalized temporal energy spectra for the resolved
streamwise velocity component in the central plane (z/d = 0), at the elevation y/d = 4
and two streamwise locations x/d = 2 and x/d = 3.5.

the temporal energy spectra) over the entire range of resolved frequencies, viz.

k =
1

2
〈ū′′i (t)ū

′′
i (t)〉 =

1

2
Rii(0) =

1

2

∫ fc

0

Eii(f)df . (4.3)

Figures 4.20a and 4.20b show the temporal energy spectra for the resolved streamwise

velocity fluctuations at the elevation y/d = 1 and streamwise locations x/d = 2 and

x/d = 3.5 in the central plane of the domain (z/d = 0). In the figure, the energy

spectra has been non-dimensionalized as Eii/(U∞d). The frequency has also been non-

dimensionalized and is represented by the Strouhal number defined as Sr = fd/U∞.

According to Tennekes and Lumley [138], three distinct subranges are expected to

appear in the energy spectra: the first subrange contains the flow TKE at very small

time frequencies (spatially, corresponding to energetic large-scale eddy motions); the

second part is the so-called inertial subrange where the energy cascade conserves

across each frequency and the spectrum slope features a constant value, -5/3, following

the well-known “Kolmogorov’s -5/3 law” (or, “K41 theory”); and the third part is

the viscous dissipation subrange corresponding to high-frequency turbulent motions

(spatially, corresponding to less energetic small-scale eddy motions). By comparing
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FIGURE 4.21: Cumulative distribution function for the resolved streamwise velocity
component in the central plane (z/d = 0), at the elevation y/d = 4 and two streamwise
locations x/d = 2 and x/d = 3.5.

Figs. 4.20a and 4.20b, it is observed that the patterns of the spectra of the resolved

streamwise velocity fluctuations at two locations x/d = 2 and x/d = 3.5 are similar

to each other, however, the resolved TKE level of the streamwise contributions at

x/d = 3.5 is higher than that at x/d = 2, especially at low frequencies. As is evident

in Figs. 4.20a and 4.20b, the spectra at both locations show that the energy cascades

from large- to small-scales eddies, going through the inertial subrange. This indicates

that the simulation has been able to resolve most of the energy of turbulent eddies

(i.e., energy containing eddies), implying that the resolution is fine enough to capture

the dominant flow features.

The resolved instantaneous velocity field analyzed above based on the temporal

energy spectra can be further studied using the cumulative distribution function

(CDF) defined as

Fα(β) =

∫ β

−∞

fα(γ)dγ , (4.4)

where CDF Fα(β) is the integral of the probability density function (PDF) fα of a

random variable α, which describes the probability that the value of α is less than

or equal to β (i.e., Fα(β) = P (α ≤ β)). Figures 4.21a and 4.21b show the CDF for
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the streamwise velocity component at same locations used for Fig. 4.20. As shown

in Fig. 4.21a, the CDF corresponding to ū = 〈ū〉, is 38.5%. This indicates that at

x/d = 2, the number of fluctuations causing the instantaneous resolved streamwise

velocity below the mean value 〈ū〉 is smaller than that causing ū to be above the

mean value. As a consequence, the amplitudes of oscillations causing ū to be below

〈ū〉 must be larger than those causing ū to be above 〈ū〉. This further implies that a

significant portion of the streamwise contribution to the TKE comes from oscillations

causing the instantaneous resolved velocity ū to be below the mean value 〈ū〉 (with

higher oscillating amplitudes). As shown in Fig. 4.21b, at x/d = 3.5, the CDF

corresponding to ū = 〈ū〉 is 46.2%. This shows that as the streamwise distance

increases from x/d = 2 to 3.5, the CDF gradually evolves towards a symmetric shape

and the numbers of fluctuations causing ū to be below and above the mean value

are close to each other. Through a perusal of Figs. 4.21a and 4.21b, it is evident

that the tails of the CDF profile at x/d = 2 are much flatter in comparison with

those at x/d = 3.5. This indicates that at x/d = 2, the magnitude of velocity

fluctuations are very close to that of the mean value and all the velocity fluctuations

are trapped through a very narrow band. However, at x/d = 3.5, oscillations with

higher amplitudes are permitted. This is consistent with the previous analysis of the

energy spectra that the TKE level at x/d = 3.5 is higher than that at x/d = 2.

4.2.3 SGS effects

In this subsection, the SGS dynamics and the effect of SGS modeling on the resolved

flow are studied. The streamwise evolution of the SGS stress and SGS viscosity, and

the kinetic energy transfer rate between the resolved and subgrid scales are thoroughly

analyzed.

Figure 4.22 shows the cross-stream profiles of the non-dimensionalized mean

SGS stress component 〈τ13〉 (as the SGS counterpart of the resolved Reynolds stress

component 〈ū′′w̄′′〉 previously shown in Fig. 4.19) in same locations as for Fig. 4.19.

Among all the streamwise locations studied, the highest magnitude of the SGS stress
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FIGURE 4.22: Cross-stream profiles of the non-dimensionalized mean SGS shear
stress τ13 in the recirculation and far downstream regions at elevation y/d = 2. Data
points are labeled using symbols at segments with the length of 3% of the total height
of the frame.

is up to 8% of the local resolved Reynolds stress 〈ū′′w̄′′〉. As shown in Fig. 4.22a,

the maximum value of the SGS stress 〈τ13〉 occurs at x/d = 1.0 and its magnitude

continues to decrease as the streamwise distance from the cylinder increases. In the

recirculation region, the highest magnitude of the SGS stress occurs at z/d ≈ ±1 and

decays significantly in the far side region for |z/d| > 2 (similar to the trend observed

in the profile of the resolved Reynolds stress in Fig. 4.19). This indicates that far

from the cylinder in the spanwise direction, the effects of the turbulent shear layers

induced by the two sides of the cylinder is much reduced, and consequently, both the

resolved turbulent shear stresses and the SGS shear stresses decay significantly. In

the far downstream region (see Fig. 4.22b), the magnitudes of the peak values of 〈τ13〉

decrease and the corresponding peak locations move in the spanwise direction from

z/d = ±1.5 to z/d = ±3.5 as the streamwise distance from the cylinder increases from

x/d = 5 to x/d = 15. As the flow runs downstream, the turbulent shear layers and

eddy motions triggered by the cylinder spread in the cross-stream direction, which

further facilitates the transport SGS shear stresses in the spanwise direction.

The SGS kinetic energy (KE) dissipation rate is defined as εsgs
def
= −τ ∗ijS̄ij, which

represents the local transfer of KE between the filtered and subgrid scales, functioning
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as a KE sink to the large resolved motions and a KE source to the SGS motions.

Figure 4.23 demonstrates the streamwise evolution of the mean SGS dissipation rate

〈εsgs〉 at different elevations in the central x-y plane (located at z/d = 0). In

the figure, the mean SGS KE dissipation rate has been non-dimensionalized using

U3
∞/d. A general feature shown in Fig. 4.23 is that the streamwise profiles peak in

the immediate downstream region of the obstacle and then decay gradually in the

streamwise direction. By definition, the magnitude of εsgs is directly influenced by

τ ∗ij (which reflects the SGS activities and turbulence level) and S̄ij (which reflects the

gradients of the resolved velocities). From the previous analysis, we understand that

the flow dynamics in the immediate downstream region of the obstacle feature a low

pressure recirculation pattern and are affected significantly by the three strong shear

layers issued by the top and two side surfaces of the cylinder. These three strong

shear layers trigger flow instability, enhance local turbulence level and create large

velocity gradients around them. As a consequence, the value of 〈εsgs〉 peaks in rear

of the cylinder. From the figure, the highest peak is observed at location y/d = 3

and x/d ≈ 3.1. As shown previously in Fig. 4.7, this particular location is close

to the envelope of the recirculation bubble, where the flow is highly turbulent and

velocity gradients are large. As a result, the KE transfer between the large resolved

and subgrid scales is maximized at this location. Above the cylinder at y/d = 5,

the values of 〈εsgs〉 is much reduced in comparison with those at lower elevations. In

order to clearly demonstrate its trend, the streamwise profile of 〈εsgs〉 at y/d = 5

is enlarged separately using a subfigure. Figure. 4.23 clearly shows that the mean

local KE transfer rate (as represented by 〈εsgs〉) between the resolved and subgrid

scales is the highest within the immediate wake of the cylinder (for y/d < 4 and

x/d < 6). However, in the region above or far downstream of the cylinder, the value

of 〈εsgs〉 decays significantly, implying that the SGS activities are much reduced in

the background turbulence. This further clearly indicates that the enhanced SGS

activities in this flow is a direct result of the turbulent wake induced by the cylinder,

whose strength decays as the distance from (or above) the cylinder increases.

Figure 4.24 shows the spanwise profiles of the non-dimensionalized mean SGS
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dissipation rate 〈εsgs〉 in the recirculation and far downstream regions (at elevation

y/d = 2). As shown in Fig. 4.24a, in the recirculation region, a strong dual-

peak pattern (with peak locations at z/d ≈ ±1) is observed, which is a direct

consequence of two strong shear layers issued by the two cylinder sides accompanied

with Kármán vortex shedding. The highest peak of 〈εsgs〉 occurs at x/d = 1, and as

the streamwise distance from the cylinder increases, the magnitude of the dual peaks

decays monotonically. As is evident in Fig. 4.24b, in the far downstream region,

as the streamwise distance from the cylinder increases from x/d = 5 to x/d = 15,

the magnitude of 〈εsgs〉 decreases significantly, which is consistent with the pattern

shown in Fig. 4.23. Furthermore, in comparison with the profiles of 〈εsgs〉 shown in

Fig. 4.24a, the distribution of 〈εsgs〉 becomes much wider in the spanwise direction

and the dual-peak pattern becomes less apparent in Fig 4.24b, indicating that as

the streamwise distance from the cylinder increases, the flow becomes less turbulent

and gradually recovers spanwise homogeneity (as for an open channel flow without

cylinder). As a result, the SGS activities as indicated by 〈εsgs〉 also become reduced

in magnitude and homogeneous in spanwise direction in the far downstream region.

In order to further evaluate the strength of SGS activities and how it varies in the

downstream region of the cylinder, the magnitude of the SGS viscosity relative to the

kinematic viscosity of the fluid can be studied. For the DSM tested, the SGS kinematic

viscosity can be defined as νsgs
def
= Cs∆̄

2|S̄|. Figure 4.25 shows the streamwise profiles

of 〈νsgs〉/ν at different elevations downstream of the cylinder. As shown in the figure,

right on the leeward surface (x/d = 0.5) of the cylinder, the value of 〈νsgs〉/ν is zero,

identically. This is because τij ≡ 0 right on a solid surface. Under the cylinder height

(y/d ≤ 4) in the immediate downstream region (0.5 < x/d < 6) of the cylinder,

the SGS shear stress level increases significantly due to enhanced turbulent activities

(see Fig. 4.22 for the streamwise evolution of the SGS stresses). The pattern that

the SGS stress level (as well as the value of 〈νsgs〉/ν) enhances and peaks within

the immediate wake of the cylinder (for y/d < 4 and x/d < 6) is consistent with

previous observation of the increased local KE flux from large resolved to subgrid

scales in Fig. 4.23. However, in the region above (for y/d = 5) or far downstream
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FIGURE 4.26: Cross-stream profiles of the ratio of the SGS viscosity to the kinematic
viscosity of the fluid (〈νsgs〉/ν) at elevation y/d = 2. Data points are labeled using
symbols at segments with the length of 3% of the total height of the frame.

(for x/d > 10) of the cylinder, both the SGS stress level and the value of 〈νsgs〉/ν

decrease, reflecting much reduced SGS activities in these regions. It should be noted

that although the grid resolution becomes coarser in the far downstream region of the
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cylinder which tends to increase the value of νsgs, the turbulence level significantly

drops in this region which tends to decrease the value of νsgs.

Figure 4.26 demonstrates the spanwise profiles of 〈νsgs〉/ν in the recirculation

and far downstream regions (at elevation y/d = 2). Similar to the pattern shown

previously in Fig. 4.24a for the mean SGS dissipation rate 〈εsgs〉, a dual-peak pattern

is evident in Fig. 4.26a. The highest value of SGS viscosity occurs at x/d = 1.0

and z/d ≈ ±1, which is about 〈νsgs〉/ν ≈ 17, indicating that the SGS effects are

substantial in comparison with the viscous effects. These two peaks are due to the

strong shear layers issued by both vertical sides of the obstacle, which significantly

enhance local turbulent and SGS activities. As shown in Fig. 4.26a, at the same

streamwise location (x/d = 1), the value of 〈νsgs〉 becomes trivial for |z/d| > 2. This

implies that at this downstream location, in regions far away from the cylinder sides,

the flow is not influenced by the vortex shedding and both the turbulence level and

SGS viscosity value are relatively low. As shown in Fig. 4.26b, as the distance from

the cylinder increases, the peak value of 〈νsgs〉 decreases monotonically and its profile

spreads wider in the spanwise direction as a result of the growth of turbulent wake.

4.3 Closure

Wall-resolved LES of turbulent wake behind a wall-mounted square cylinder with

aspect ratio 4 and Reynolds number 12,000 has been performed. In comparison with

the classical single cube flow case (for AR = 1) of Rodi [52], Shah and Ferziger [57]

and Yakhot et al. [45,46], the current test case represents a challenging case for LES

because of its relatively high aspect ratio and Reynolds number. Owing to the high

aspect ratio of the cylinder, the flow is highly unsteady and exhibits complex vortex

dynamics due to the motions and interactions of tip vortices from the cylinder free-

end, Kármán vortices shed from the cylinder sides, and the developing and separating

boundary layers over solid surfaces.

The instantaneous and mean structures of the resolved flow have been investigated
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using a variety of visualization methods based on the instantaneous resolved pressure

and velocity fields and TKE and TKE production rate. The frequency of Kármán

vortex shedding has been well captured in the simulation and the predicted Strouhal

number is 0.106, which is in excellent agreement with the reported measurement

value [17–19]. In regions close to the sharp edges of the cylinder (top front edge and

side edges), the resolved TKE production rate reaches its maximum. This is because

in these special regions, the flow directly strikes the sharp edges of the cylinder,

which generates large mean velocity gradients, triggers flow instability and shear

layer separations, induces tip and Kármán vortices, and hence, increases the resolved

Reynolds stress levels and the resolved TKE production rate. The resolved TKE

level of the flow is tightly coupled with the resolved TKE production rate, and the

maximum value of resolved TKE occurs behind the obstacle at x/d = 4.0 and y/d =

2.0.

In a horizontal plane very close to the ground (at y/d = 0.03), a horseshoe vortex

has been observed based on time-averaged streamlines, which is an important feature

for cylinder flows. The so-called saddle, nodal and focal points inside the horseshoe

vortex are consistent with the previous classical studies on the formation of horseshoe

vortex around bluff bodies [5,44,169]. However, at a higher elevation (y/d = 3), two

large counter-rotating vortices in the wake region and two small vortices adjacent

to the obstacle side walls have been observed (based on time-averaged streamlines).

The spatial extension of the recirculation bubble has been carefully investigated. It is

observed that the streamwise length of the recirculation region increases as the ground

wall is approached. Within the recirculation bubble, the largest suction effect (with

the maximum negative pressure) occurs at x/d = 2.0. However, as the distance from

the cylinder increases, the suction strength decreases gradually and the band of low

resolved pressure around the cylinder gradually merges with the main background

stream. In far downstream regions for x/d > 4, the alternating vortex shedding

patterns are still apparent, however, the flow is mainly dominated by the main stream

and the strength of low-pressure vortices decays significantly due to turbulent mixing,

diffusion and dissipation.
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Turbulence statistics including the resolved mean velocity profiles, Reynolds shear

stress and turbulence intensities obtained from the simulation have been carefully

compared against the experimental data of Bourgeois et al. [17, 18] and Sattari et

al. [19]. Profiles of the non-dimensionalized resolved Reynolds stress component

〈ū′′w̄′′〉 have been investigated in the recirculation and far downstream regions. It is

observed that a dual-peak pattern consistently appears in the profile of 〈ū′′w̄′′〉 at all

the streamwise locations. The maximum resolved Reynolds stress occurs at z/d ≈ ±1

where the shear production is the strongest due to the presence of the large velocity

gradient, and boundary-layer development and separation from the two side walls.

However, the resolved Reynolds stress decays quickly in the cross-stream direction

as the distance from the cylinder increases. In far side regions of the cylinder (for

|z/d| > 2), the value of 〈ū′′w̄′′〉 is significantly reduced. Furthermore, the maximum

stress decays as the streamwise distance from the cylinder increases, and eventually

for x/d ≥ 15, the resolved Reynolds shear stress becomes trivial. This indicates that

significant turbulent shear stress levels are direct consequences of the interactions of

the flow with the cylinder, which however, all decay (together with the strengths of

induced vortices and TKE production rate) to the background turbulence level in the

far downstream regions.

In the recirculation region, the resolved streamwise RMS velocity (ūrms) profile

exhibits a dual-peak pattern as a result of the formation and separation of the

strong shear layers on both sides of the cylinder. However, in the far downstream

region, as the distance from the cylinder increases, the distance between the dual

peaks in the cross-stream direction also increases. For the resolved spanwise RMS

velocity (w̄rms) profile, it is observed that the dual-peak pattern is only strongly

expressed in the immediate downstream region of the cylinder. As the distance

from the cylinder increases, the magnitude of w̄rms increases monotonically within

the recirculation region. However, as the boundary of the recirculation bubble is

approached, the dual-peak pattern in w̄rms profile becomes less apparent, indicating

that alternating vortices generated from the two sides of the cylinder have spread

spatially and reached a fully interactive and mixing state. For both streamwise and
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spanwise RMS velocity profiles in the far downstream region, it is observed that the

magnitude of RMS velocities decreases in the central region but increases in the far

side regions, indicating that the flow TKE spreads in the cross-stream direction due

to the turbulent, pressure and viscous diffusion mechanisms. It is observed that the

maximum value of the resolved spanwise RMS velocity is approximately 30% higher

than that of the streamwise RMS velocity, and the maximum resolved TKE and the

maximum resolved spanwise RMS velocity occur approximately at the same location

(x/d = 4.0). This indicates that the spanwise velocity fluctuations make the most

significant contribution to the resolved TKE at this special location.

By analyzing streamwise profiles of the mean SGS dissipation rate (〈εsgs〉)

in the central x-y plane downstream of the cylinder, it was observed that at

different elevations, the peak value of 〈εsgs〉 is located within the immediate wake

of the cylinder. It is observed that the streamwise profiles peak in the immediate

downstream region of obstacle and then decay gradually in the streamwise direction.

This is mainly due to the large velocity gradients created by the strong shear layers

issued by the top and two sides of the cylinder. The highest peak of 〈εsgs〉 occurred at

location y/d = 3 and x/d ≈ 3.1 which is close to the envelope of the recirculation zone,

where the flow is highly turbulent and velocity gradient is large. Among the horizontal

profiles for elevations lower than or equal to the cylinder height (i.e., y/d ≤ 4), the

profile at the elevation y/d = 4 has the lowest peak which is approximately 50% of

the highest peak at y/d = 3. Above the cylinder at y/d = 5, the value of 〈εsgs〉 is

much reduced in comparison with those at lower elevations. This indicates that the

enhanced SGS activities in this flow are direct results of the turbulent wake induced by

the cylinder. For the spanwise profiles of 〈εsgs〉, a strong dual-peak pattern is observed

which is a direct consequence of two strong shear layers issued by the two cylinder

sides accompanied with Kármán vortex shedding. As the streamwise distance from

the cylinder increases, the dual-peak pattern of the SGS dissipation profiles decays

monotonically and the distribution of 〈εsgs〉 becomes much wider in the spanwise

direction. This indicates that as the streamwise distance from the cylinder increases,

the flow becomes less turbulent and gradually recovers spanwise homogeneity (as
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for an open channel flow). As a result, the SGS activities as indicated by 〈εsgs〉

also become reduced in magnitude and homogeneous in spanwise direction in the far

downstream region.
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Chapter 5

Wall-modeled LES of turbulent flow over

a matrix of wall-mounted cubes

submerged in a simulated atmospheric

boundary layer

In this chapter, we aim at performing wall-modeled LES of turbulent flow over an

array of 3-D wall-mounted obstacles using the wall model proposed by Wang and

Moin [75]. The matrix of cubes is fully submerged in a modeled urban atmospheric

boundary layer (ABL). An inlet boundary condition has been proposed to reproduce

the high turbulence level of the approaching flow based on generation of grid

turbulence. The spatial evolution of flow structures and temporal cascades of the

kinetic energies have been examined in terms of their transport equations and resolved

spectra. In order to validate the LES approach, numerical predictions of turbulence

statistics have been thoroughly validated against a set of comprehensive water-channel

measurement data.
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FIGURE 5.1: Schematic of the matrix of 16 × 16 wall-mounted cubes and the
coordinate system. The side length of the cube is d = 31.75 mm.
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FIGURE 5.2: Locations in cell 1 and cell 6 selected for comparison of the predicted
and measured velocity profiles. The non-dimensional coordinate (x/d) in these two
subfigures specifies the streamwise location with respect to the coordinate system
defined in Fig. 5.1.
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5.1 Test case and computational domain

The test case is based on the water-channel experiments of Yee et al. [24] and

Hilderman and Chong [25]. In their experiments, a regular array of 16 × 16 wall-

mounted cubes with side length of d = 31.75 mm were immersed in an emulated

neutrally stratified urban ABL. Figure 5.1a shows the schematic of the array of wall-

mounted cubes in the water-channel experiment. The cubes were strictly aligned

with a uniform spacing of d in the streamwise and spanwise directions. The Reynolds

number based on the cube’s side length and free-stream velocity (U∞ = 0.38 m/s)

was Re
def
= U∞d

ν
= 12, 005. Here, ν is the kinematic viscosity of the fluid.

The velocity field was measured using a 4-beam 2-component TSI fiber-optic LDA

powered by an argon-ion laser. Titanium dioxide was used as seed particles for the

LDA, and the data rate for the LDA measurements was typically 50–500 Hz. Velocity

measurements (including mean and fluctuating velocities) were made along vertical

lines at different locations in two central cells in the first and sixth rows. Here, a “cell”

represents the repeating unit required for generating the regular array of obstacles

which occupies an area of 2d× 2d in the x-z plane with the cube placed in its upper-

left quadrant. Four locations in the first- and sixth-row cells have been chosen for

comparison of the predicted and measured velocity profiles. Figure 5.2 schematically

shows the first- and sixth-row cells and the selected four measurement locations. In

Fig. 5.2a, point A1, represents the location on top of the obstacles, points B1 and C1

represent locations in the streamwise canyon street and point D1 is inside the canyon

at the midpoint between the first and second rows of obstacle. Here, subscript 1 refers

to cell 1. Similar measurement locations in cell 6 are demonstrated in Fig. 5.2b and

subscript 6 is used to indicate cell 6.

Given the fact that the flow conditions are symmetric in the spanwise direction

and in order to moderate the computational cost, only the 5 central columns of cubes

have been considered in the simulation. The range of the computational domain is:

x/d ∈ [−22.5, 47], y/d ∈ [0, 7] and z/d ∈ [−5, 5]. This implies that an inlet fetch of

22.5d is added before the first row of cubes, and an outlet fetch of 16d is considered
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FIGURE 5.3: Grid distribution in streamwise, vertical and spanwise directions,
respectively.

after the last row of cubes. In total, 1232 × 80 × 304 grid points have been used to

discretize the domain in the streamwise, vertical and spanwise directions, respectively.

Figure 5.3 shows the non-uniform grid distribution in the streamwise, vertical and

spanwise directions. As demonstrated in this figure, the grid resolution is refined

near all solid surfaces in all three directions, and the grid size is smoothly stretched

(with a stretching rate kept less than 10% to avoid numerical instabilities arising

from sudden change in the grid sizes). According to Madabhushi and Vanka [168], a

slow growth rate of the grid size is required in order to maintain a global second-order
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truncation error in non-uniform grid systems. In order to perform parallel computing,

the computational domain is divided into 11× 10× 2 sub-domains in the x, y and z

directions, respectively, and 220 processors have been used accordingly.

The SGS stress model used for closure of the system of filtered mass and

momentum equations is the dynamic non-linear model (DNM) (equation 2.15 in

section 2.2.2) proposed by Wang and Bergstrom [95]. In this simulation, the code

was first run for approximately 2 flow-through times (the time required for the mean

flow to travel throughout the domain) to allow the flow field to fully evolve to a

statistically stationary state. The flow statistics were then collected through a course

of approximately 10 flow-through times. During the simulation, the time step was set

to 3×10−4 s and the maximum CFL number was approximately 0.3. The convergence

criterion for the solution of flow governing equations was set to 10−6 for the maximum

difference between two time steps in each quantity in calculation (i.e., ū, v̄ and

w̄) normalized by its spatially-averaged value obtained in the previous time step.

The simulation was conducted on a local 252-core computer cluster. In total, more

than 100,000 CPU-hours have been spent to perform the simulation and collect the

statistics.

5.1.1 Boundary conditions

In order to estimate the wall shear stress, the wall model of Wang [134] and Wang

and Moin [75] (equation 3.29in section 3.3.1.1) has been applied to solid surfaces.

Since the purpose of the original water-channel experiment was to simulate a

modeled rough-wall ABL, the approaching flow had an exceptionally high turbulence

level. In fact, the lowest turbulence intensity at the inlet and above the cubes was

approximately 10% of the magnitude of the mean flow velocity. Indeed, reproducing

such high turbulence level typical of a developing urban ABL of practical interests

using numerical method is a very challenging topic. As reviewed in chapter 3, many

research works have been devoted on developing effective inflow conditions for DNS

and LES, based on either synthetic turbulence [144, 146–150, 153], or deterministic
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FIGURE 5.4: Effects of 4 different inlet conditions on the predicted streamwise RMS
velocity level at the measurement locations D1 and D6.

(a) approaching region prior to obstacles (for −22.5 < x/d < 0)

(b) obstacles region (for 0 < x/d < 22.5)

FIGURE 5.5: Contours of the resolved instantaneous streamwise velocity in the
central x-y plane (located at z/d = 0).

computations using precursor simulations and rescaling methods [145, 157, 159–162].

In the context of urban flow simulation, a simple treatment is to assume that the

flow is fully-developed such that a periodic boundary condition can be used in the

streamwise direction (e.g., Cheng et al. [53], Xie and Castro [56], Coceal et al. [49]
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and Nićeno et al. [67]). However, it will be demonstrated in the following context

that this simplified treatment method significantly underestimates the TKE level for

an urban ABL flow of practical interests, which typically features high turbulence

levels (10% and above) and is typically developing (rather than fully-developed) in

the streamwise direction. In order to mimic such high turbulence level of a realistic

developing urban ABL flow, it is seen in literature that some unphysical perturbations

are superimposed to the flow field. For instance, in the studies of Hanna et al. [68]

and Shi et al. [69], at the inlet of the boundary-layer flow, time-correlated random

fluctuations are prescribed. In contrast to the previous methods based on either

periodic boundary conditions or unphysical perturbations, in the present work, we

aim at generating a simulated highly turbulent urban ABL flow by using a physical

inlet conditions. In order to refine the research, a comparative study is conducted,

which includes tests of four different inlet boundary conditions: 1) prescribing the

mean turbulent velocity profile with no fluctuations following the approach of Schlüter

et al. [161]; 2) applying periodic boundary condition to the streamwise direction

following the approach of Cheng et al. [53]; 3) using a turbulent plane channel flow

simulation as a precursor following the approach of Lund et al. [159]; and 4) using

a solid grid at the inlet plane to trigger the flow transition and facilitate turbulent

fluctuations. The solid grid placed at the inlet consists of a set of horizontal and

vertical lines fitted on the computational grid. In this research, the blockage ratio for

the grid was approximately 19%.

In order to evaluate the performances of these four inlet boundary condition

methods, the profiles of the resolved streamwise RMS velocity predicted by LES at

position D1 (at x/d = 1.5, in cell 1) and D6 (at x/d = 11.5, in cell 6) are compared

against the experimental data. As is evident in Figs. 5.4a and 5.4b, classical methods

1 and 2 totally failed in a sense that they were not able to produce more than 0.5%

of turbulence in regions above the cubes. Also as a classical approach, method 3

performed slightly better than methods 1 and 2, and was able to generate up to

3% of turbulence level in regions above the cubes. In contrast to the unsatisfactory

performances of classical methods 1, 2 and 3, the proposed method (i.e.,method 4)
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FIGURE 5.6: Time-averaged streamlines around obstacles in different rows,
demonstrated in the central x-y plane at z/d = 0.

was able to produce the highest turbulence intensity (up to 7%) in the present work.

For method 4, it is needed to extend the approaching fetch of the domain (between

the inlet and the first row of the cubes) long enough to avoid any direct interference

of the immediate wakes produced at the inlet plane with the wall-mounted cubes, and

also to allow the flow to reach to a sustainable turbulence level. Once a sustaining

turbulence level is achieved, the time-averaged velocity profile obtained is expected

to match to the measured one, with the presence of a constant level of fluctuations.

Based on several numerical experiments, it is observed that the required distance

between the inlet and the first row of cubes should be kept at least 20d. However,

since the grid resolution in the approaching region does not require to be considerably

high, the additional computational cost arising from the extended inlet fetch is only

approximately 10%. Figures 5.5a and 5.5b show the instantaneous streamwise velocity

contour in the central x-y plane located at z/d = 0 in the approaching and cube

regions, respectively. As is evident in Fig. 5.5a, significant turbulence is triggered right

behind the solid grid located at x/d ≈ −22, reaching a stable sustainable level. As

the distance from the inlet increases, the turbulent patches quickly become uniform.

Then, at the x/d = 0, the turbulent flow starts to strike the first row of obstacles.
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FIGURE 5.7: Horseshoe vortex in front of the first-row obstacle in the central column,
visualized using time-averaged resolved streamwise velocity, pressure coefficient and
streamlines in the x-z plane at elevation y/d = 0.25.

The outlet boundary has been located 16d away from last row of the cubes and

the Neumann boundary condition has been applied to the outlet boundary. Slip

condition has been considered for the upper free-surface boundary.

5.2 Results and discussions

In this section, the LES results will be presented to analyze characteristics of the

instantaneous and mean flow field. The flow structures and their evolution and

transport of kinetic energies will be thoroughly studied. Turbulence flow statistics

obtained from the numerical simulation will be also compared against the available

water-channel measurement data of Yee et al. [24] and Hilderman and Chong [25].

5.2.1 General description of the flow field

The characteristics of the highly-disturbed flow within and above the cubic obstacles

have been demonstrated vividly using the contours of the resolved instantaneous

velocity in Fig. 5.5b, which has been briefly discussed in the previous subsection.

From the viewpoint of boundary-layer theory, the flow field studied here can be
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classified as a ‘d’-type rough-wall flow (or, a skimming flow), since the ratio of the

downstream pitch (or, length of a cell) to the height of cubes arrays is only 2d/d = 2.

Above the canopy, the high-speed flow is highly turbulent and quickly skims over

the cubic obstacle array. Within the canopy, however, the speed of the flow is much

reduced and recirculation patterns may exhibit (indicated by negative streamwise

velocities). These features can be better viewed in Fig. 5.6, which shows the time-

averaged streamlines in the central x-y plane around the first seven rows of obstacles.

As shown in Fig. 5.6a, a large vortex is observed in the stagnant region (impinging

zone) in front of the first row of obstacles. This is the signature of the horseshoe vortex

formed in front of the first row of obstacles, which will be thoroughly discussed in the

next paragraph. Also, a small recirculation region has been formed only above the

rooftop of the first obstacle which is due to the strike of the flow at the sharp front

edge of the obstacle. At the rooftop of the first obstacle, a strong shear layer and

large mean velocity gradient form, which further trigger flow instability and induce

boundary layer separation. It is also clearly observed in Figs. 5.6a and 5.6b that the

vortical structures (in terms of the location and size of recirculating vortices between

the cubes) in the canyon regions gradually evolve towards a self-similar state as the

distance from the first row increases. The size and pattern of recirculating vortices

between two adjacent cubic obstacles become increasingly similar after the fifth row.

In order to analyze the structure of the horseshoe vortex formed around the

first row of cubes, a top view of contours of the time-averaged resolved streamwise

velocity 〈ū〉 in the central column (for −1 < x/d < 2 and −1 < z/d < 1) at elevation

y/d = 0.25 is shown in Fig. 5.7a. In Fig. 5.7b, contours of the time-averaged pressure

coefficient in the same location is demonstrated, superimposed with time-averaged

streamlines. As is evident in Fig. 5.7a, there are five distinct flow zones around the

first-row obstacles: a) a stagnant zone formed in the immediate adjacency of the

windward face of the first-row obstacles due to the impingement of the flow onto the

obstacle; b) an arch-shaped negative velocity zone located in front of the stagnant

region; c) a pair of acceleration zones formed symmetrically on the two sides of

the obstacle, in which the streamwise velocity drastically increases due to the local
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FIGURE 5.8: Contours of the time-averaged resolved streamwise velocity and time-
averaged streamlines in x-z planes at elevation y/d = 0.5 and different streamwise
regions.

blockage effects; d) a pair of small recirculation zones formed immediately adjacent

to the side walls (under the acceleration zones) due to boundary layer separation;

and e) a large recirculation zone formed behind the obstacles. The five flow regions

mentioned above and the characteristic horseshoe vortex pattern around a first-

row obstacle are also clearly shown using time-averaged streamlines in Fig. 5.7b.

Corresponding to the five flow regions shown in Fig. 5.7a, the pressure distribution
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FIGURE 5.9: Top view of the time-averaged vector plot of the resolved velocity field
around the last-row obstacle of the central column, in the x-z plane at elevation
y/d = 0.5.

shown in Fig. 5.7b exhibits an opposite trend in terms of its magnitude. Zone a

centers around the stagnation point, where the pressure reaches the highest value.

The high stagnation pressure then causes the reverse flow towards zone b. It shows

intuitively in Fig. 5.7b that the horseshoe streamline pattern in the front of the

obstacle is a result of this reverse flow and the approaching flow from the upstream.

Also from Fig. 5.7b, it is clear that due to the acceleration of the flow on both sides

of the obstacle, the pressure value drops significantly in zone c. Further according

to Prandtl’s classical boundary-layer theory, the pressure gradient in the z-direction

(vertical to the mean flow direction) is trivial within the boundary layer. As such,

the pressure in zone d is close to that in zone c, and therefore, also maintains at a

low level. In comparison with the high pressure level in zone a, the pressure level

in zone e is much lower. This pressure difference between the front and the rear of

the obstacle is the exact cause of the form drag in building aerodynamics and wind

engineering.

Figure 5.8 shows the time-averaged resolved streamwise velocity contours and

time-averaged streamlines in the horizontal plane at half-cube height (y/d = 0.5)

in three streamwise regions (inlet, self-similarity and outlet regions). In Fig. 5.8a,

the time-averaged streamlines shows that the free-stream flow strikes at the first-

row obstacles, and vortical structures behind the cubes gradually evolve towards a
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self-similar state. The local acceleration of the flow caused by the blockage of the

first-row obstacles in their side regions is well captured by the mean streamwise

velocity contours. From the figure, it is also observed that the boundary layer

separation on the two sides of the first-row obstacles induces two small recirculation

bubbles. In Fig. 5.8b, it is evident that the flow has reached a self-similar state and

a repeating pattern in the recirculation flows behind the cubes is clearly observed.

Figure 5.8c shows the streamlines around the last two rows of obstacles. Due to

a lack of a downstream restriction, the counter-rotating vortices behind the last-

row obstacles are apparently different than those in the upstream region between

two rows of cubes. The streamlines passing through the streets diverge towards the

recirculation region behind the last row of obstacles, exhibiting a clustered and parallel

pattern. Meanwhile, this local divergent pattern of the streamlines results in a local

deceleration along the streamwise street canyons immediately downstream of the last

row of obstacles. In order to refine the study of the flow field in the outlet region, the

vector plot around the cubic obstacle of the last row in the central column is shown

in Fig. 5.9. The counter-rotating vortex pairs before and behind this obstacle can be

clearly identified in the figure. The deceleration of the flow in the street canyon and

redirection of the mass towards the wake region of the obstacle are consistent with

the pattern observed previously in Fig. 5.8c.

In order to obtain more physical insights into the canyon flow in the self-similar

region, the instantaneous and time-averaged vector plots and streamlines of the

resolved velocity field between rows 7 and 8 in the central plane (z/d = 0) are

displayed in Fig. 5.10. As shown in Fig. 5.10a, the high-speed flow skimming over the

obstacles interacts intensively with the windward face of the cube (especially around

the top edge), creating turbulent eddies and a downwash flow pattern. This downwash

flow along the windward face further drives the flow to recirculate within the canyon.

In Fig. 5.10b, four stable vortices are observed, with one large vortex (or primary

vortex) marked as ‘a’ in Fig. 5.10b, and three small vortices (or secondary vortices)

at three corners marked with ‘b’, ‘c’ and ‘d’. The four eddies observed in Fig. 5.10b

can be better visualized using streamlines shown in Fig. 5.10c. The formation of these
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FIGURE 5.10: Lateral view of the instantaneous and time-averaged vector plots and
streamlines of the resolved velocity field inside the canyon in the self-similar region
(between rows 7 and 8). The plots are made in the central x-y plane located at
z/d = 0.

four vortices in the canyon region resembles the classical rectangular lid-driven cavity

flow which have been well studied by many researchers (e.g., Ghia et al. [170] and

Shankar and Deshpande [171]).

Figures 5.11a-5.11c show the temporal energy spectra for the streamwise, vertical

and spanwise resolved velocity fluctuating components, respectively, at position x/d =

13.5, y/d = 1 and z/d = 0 (located in the central plane of the domain between rows

7 and 8 at the rooftop elevation). At this point, flow has reached the self-similar

state and is dominated by a very strong shear layer formed from the rooftop of the

107



Sr
10-3 10-2 10-1 100 101 10210-5

10-4

10-3

10-2

10-1

100

-5/3
E

/(
U

∞
d)

11

(a) streamwise

Sr
10-3 10-2 10-1 100 101 10210-5

10-4

10-3

10-2

10-1

100

-5/3

E
/(

U
∞

d)
22

(b) vertical

Sr
10-3 10-2 10-1 100 101 10210-5

10-4

10-3

10-2

10-1

100

-5/3

E
/(

U
∞

d)
33

(c) spanwise

FIGURE 5.11: Non-dimensionalized temporal energy spectra for the streamwise,
vertical and spanwise velocity components at position x/d = 13.5, y/d = 1 and
z/d = 0 (located within the self-similar region between rows 7 and 8 at the rooftop
elevation in the central plane of the domain).

upstream (seventh row) obstacle. In the figure, the energy spectra has been non-

dimensionalized as Eii/(U∞d). The frequency has also been non-dimensionalized and

is represented using the Strouhal number defined as Sr = fd/U∞. By comparing

Figs. 5.11a-5.11c, it is observed that the pattern of the spectra of three resolved

velocity fluctuation components is similar to each other; however, the resolved TKE

level of the streamwise component is slightly higher than those of the vertical and
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FIGURE 5.12: Cumulative distribution function for the streamwise, vertical and
spanwise velocity components, respectively, at x/d = 13.5, y/d = 1 and z/d = 0.

spanwise components, especially at low frequencies. As is evident in Figs. 5.11a-5.11c,

the spectra of all three resolved TKE components show that the energy cascades from

large- to small-scales eddies, going through the inertial subrange. This indicates that

the simulation has been able to resolve most of the energy of turbulent eddies (i.e.,

energy containing eddies), implying that the resolution in all directions is fine enough

to capture the dominant flow features at the selected position.

Figures 5.12a-5.12c show the CDF for the streamwise, vertical and spanwise
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velocity components, respectively. As shown in Fig. 5.12a, the CDF corresponding

to ū = 〈ū〉, is 52.8%. This indicates that the streamwise velocity component

fluctuates above and below its mean value with approximately an equal number of

random events, implying that the magnitude of oscillations below and above the

mean value are of approximately equal strength and contribute equally to TKE. For

the vertical velocity component, as shown in Fig. 5.12b, the CDF corresponding to

v̄ = 〈v̄〉, is 50.2%. This also indicates that for the vertical velocity component, the

numbers of fluctuations below and above the mean value are approximately equal.

However, since the mean value of the vertical velocity component is negative, a portion

(approximately 25%) of the fluctuations above the mean value (i.e., v̄ > 〈v̄〉) still

have amplitudes lower than the mean amplitude (|v̄| < |〈v̄〉|). As a consequence,

the oscillations below the mean value must have higher amplitude than those above

the mean value. This further implies that for the vertical velocity component, a

significant portion of its contribution to the TKE comes from oscillations below the

mean value with higher oscillating amplitude. For the spanwise velocity component,

the CDF corresponding to w̄ = 〈w̄〉, is 59.3%. This implies that for the spanwise

velocity component, the number of random fluctuations below the mean value is

slightly higher higher than that above the mean value.

5.2.2 Statistics of the velocity field

In this subsection, the predicted first- and second-order flow statistics are analyzed

and validated against the available experimental data. The measurement locations

(A-D) for the mean velocity and its root-mean-square (RMS) values in two cells (i.e.,

cells 1 and 6) of the cubic obstacle array in the water-channel experiment have been

introduced previously in section 4.1 (see Fig. 5.2 for the geometries). Figures 5.13

and 5.14 compare the numerical predictions of the resolved time-averaged streamwise

velocity against the measurement data in cells 1 and 6, respectively. As is evident

in both figures, the LES predictions match very well with the experimental data.

Figure 5.13a shows the profile of 〈u〉/U∞ at location A1 (which is on the rooftop
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FIGURE 5.13: Vertical profiles of the non-dimensionalized mean streamwise velocity
at different locations in cell 1.

of the first-row obstacle). From the figure, it is observed that in the vicinity of the

top surface of the obstacle (y/d ≈ 1), a small region with negative mean velocities is

predicted by LES, which is consistent with the previous analysis of the boundary layer

separation and the concomitant recirculation pattern near the rooftop of the first-row

obstacle demonstrated in Fig. 5.6. Immediately above this small recirculation region,

a very strong shear layer (corresponding to a sharp vertical velocity gradient d〈u〉
dy

)

appears, which has been well captured by LES. Figures 5.13b and 5.13c show the

velocity profiles in the street canyon at locations B1 and C1. Figure 5.13d shows the

111



<u>/U∞

y/
d

-0.3 0 0.3 0.6 0.9 1.2 1.5
0

1

2

3

4

5

6

7
Simulation
Experiment

(a) location A6

<u>/U∞

y/
d

0 0.3 0.6 0.9 1.2 1.5
0

1

2

3

4

5

6

7
Simulation
Experiment

(b) location B6

<u>/U∞

y/
d

0 0.3 0.6 0.9 1.2 1.5
0

1

2

3

4

5

6

7
Simulation
Experiment

(c) location C6

<u>/U∞

y/
d

-0.3 0 0.3 0.6 0.9 1.2 1.5
0

1

2

3

4

5

6

7
Simulation
Experiment

Reverse
flow

(d) location D6

FIGURE 5.14: Vertical profiles of the non-dimensionalized mean streamwise velocity
at different locations in cell 6.

mean velocity profile at location D1. As is evident in this figure, the reverse flow (for

〈u〉/U∞ < 0) under the canopy (for y/d < 1) has been correctly predicted by LES,

which is consistent with the analysis of the recirculation pattern shown previously in

Figs. 5.6a, 5.7a and 5.8a. Figures 5.14a-5.14d compares the predicted and measured

velocity profiles at four locations (A-D) in cell 6 (which is located in the self-similar

region of the flow). Although Figs. 5.13 and 5.14 share some general flow features,

a careful comparison of these two figures indicates that some differences present in

the mean velocity profiles between cells 1 and 6. Specifically, as shown in Fig. 5.14a,
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FIGURE 5.15: Vertical profiles of the non-dimensionalized RMS streamwise velocity
at different locations in cell 1.

the small recirculation region near the rooftop of the first-row obstacle (at location

A1 in cell 1) observed in Fig. 5.13a is no longer present at location A6 in cell 6.

This indicates that the boundary-layer separation which leads to flow recirculation

on rooftop of the first-row obstacle is a result of direct strike of the approaching free-

stream flow at the sharp-edged cubic obstacle. This striking and blockage effect is

much attenuated in the following-up downstream rows, and the mean flow gradually

becomes self-similar to reflect the characteristics of a fully-developed d-type rough-

wall boundary layer. This observation is consistent with the streamwise velocity
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FIGURE 5.16: Vertical profiles of the non-dimensionalized RMS streamwise velocity
at different locations in cell 6.

contours presented in Fig. 5.5 and streamline pattern shown in Fig. 5.6.

Figures 5.15 and 5.16 compare the profiles of the non-dimensionalized resolved

streamwise RMS velocity ūrms/U∞ at four different locations in cells 1 and 6,

respectively. As is evident in Fig. 5.15a, the RMS velocity reaches its maximum

around the top of the canopy (y/d = 1). The large mean velocity gradient at the

rooftop (shown previously in Fig. 5.13a) results in a strong shear production rate

for TKE, which then drastically increases the TKE level. As such, the magnitude

of RMS velocity peaks at this special elevation at both location A1 (cf. Fig. 5.15a)
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and its downstream location D1 (cf. Fig. 5.15d). Because of the vertical spreading

and dissipation of TKE, the elevation of the peak increases while the magnitude of

the peak decreases as the fluid flows from location A1 to location D1. By comparing

the numerical results with the water-channel measurement data, it is seen that this

physical feature has been reproduced by the simulation. It is especially satisfying to

see in Fig. 5.15a that both the elevation (near the top of the canopy) and magnitude

of the maximum RMS velocity have been correctly reproduced in the simulation.

However, in regions above the cubes (y/d > 1), the magnitude of the RMS velocity

has been underpredicted by the simulation. This is due to the exceptionally high

turbulence level in this region discussed in section 5.1.1. As shown in Figs. 5.15b

and 5.15c, the maximum value of the RMS velocity has been shifted down to the

ground-level at locations B1 and C1. Owing to vertical turbulent dispersion of the

TKE, the elevation of the peak at location C1 is higher than that at its upstream

location B1. In Figs. 5.16a-5.16d, the profiles of the streamwise RMS velocity at

four measurement locations in cell 6 are presented. In general, the profiles of the

streamwise RMS velocity in cell 6 are similar to those at corresponding measurement

locations in cell 1 presented in Fig. 5.15, except that the magnitude of the maximum

RMS velocity peak in location A6 is about 40% lower than that in location A1, and

shape of peaks at B6 and C6 is wider than that at B1 and C1. This is consistent

with the previous discussion that the free-stream flow strikes the windward side and

rooftop of the obstacles of the first row much more intensely than does the sixth row,

resulting in a stronger shear layer (see Figs. 5.13a and 5.14a) and boundary-layer

separation at the rooftop of the first-row obstacles. After all, as flow passes from

cell 1 to cell 6, spatial transport of TKE takes place due to convection, diffusion and

dissipation, and inevitably, the profiles of the RMS velocity evolve in the streamwise

direction due to these mechanisms.
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FIGURE 5.17: Budget of the time-averaged resolved kinetic energy (kr) at x/d = 13.5
within −1 < z/d < 1, at three different elevations. All the quantities shown in the
figures have been non-dimensionalized using U3

∞/d.

5.2.3 Budget of the resolved kinetic energy

In the previous subsection, the resolved turbulent fluctuations in terms of the profiles

of the streamwise RMS velocity have been analyzed. In this subsection, we further

extend this discussion by investigating the transport process and budget balance of

the resolved kinetic energy (KE) and TKE of the flow. The filtered KE of the flow

(defined as E
def
= 1

2
uiui) can be decomposed into the resolved and SGS kinetic energy
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FIGURE 5.18: Profiles of the time-averaged SGS KE dissipation rates (〈εsgs〉) at
x/d = 13.5 within −1 < z/d < 1, at three different elevations. All the quantities
shown in the figures have been non-dimensionalized using the averaged viscous
dissipation rate 2ν〈SijSij〉.

as

Ē = kr + ksgs , (5.1)

in which kr
def
= 1

2
uiui is the resolved KE of the flow and ksgs

def
= 1

2
(uiui − uiui) is the

SGS KE. It can be shown that the transport equation for the time-averaged resolved
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KE of the flow takes the following form [97]

〈
uj
∂kr
∂xj

〉

︸ ︷︷ ︸
advection

= −
1

ρ

〈
uj
∂p

∂xj

〉

︸ ︷︷ ︸
pressure
diffusion

+2ν

〈
∂Sijui
∂xj

〉

︸ ︷︷ ︸
viscous
diffusion

− 2ν〈SijSij〉︸ ︷︷ ︸
viscous

dissipation

−

〈
∂τ ∗ijui

∂xj

〉

︸ ︷︷ ︸
SGS

diffusion

+ 〈τ ∗ijSij〉︸ ︷︷ ︸
SGS

dissipation

.(5.2)

Figures 5.17a-5.17c show the budget balance of kr across the stream in the self-

similarity region at mid-point (x/d = 13.5) between rows 7 and 8 and behind the

central column (−1 < z/d < 1) at three different elevations for y/d = 0.5, 1 and 1.5 (at

the half-cube height, rooftop and above the canopy, respectively). All the terms shown

in these figures have been non-dimensionalized using U3
∞/d. Also, all the budget terms

on the right-hand side (RHS) of Eq. 5.2 shown in Figs. 5.17a-5.17c have included

the addition/subtraction signs in Eq. 5.2. As such, the pressure diffusion, viscous

dissipation and SGS diffusion terms shown in the budget balance in these figures

are −1
ρ

〈
uj

∂p
∂xj

〉
, −2ν〈SijSij〉 and −

〈
∂τ∗ijui

∂xj

〉
, respectively. As shown in Fig. 5.17a, at

elevation y/d = 0.5, the advection, pressure diffusion and SGS dissipation rate are the

dominant terms in the transport equation of kr, and furthermore, the advection term

is primarily balanced by the pressure diffusion and SGS dissipation terms. The peak

values of advection and pressure diffusion occur at z/d ≈ ±0.5, directly downstream

of the two sides of the obstacle. At these locations, the flow in the canyons strikes

the two vertical side edges of the cubic obstacle, forming a strong shear layer on

each side which further triggers the flow instability and entrains the recirculating

region immediately behind the cube. As a consequence of the enhanced turbulence

level due to the pressure difference between side and rear regions of the obstacle

and strong shear layers formed on both sides of the obstacle, the magnitudes of the

pressure diffusion and advection terms peak around z/d ≈ ±0.5. The highest value

in the magnitude of the SGS dissipation rate occurs at z/d ≈ ±0.35, which is slightly

displaced from the location of the advection and pressure diffusion peaks towards

the recirculation bubble behind the obstacle. As shown previously in Fig. 5.8, at

these special locations, strong shear layers intensely interact with a pair of counter

rotating recirculating vortices. At z/d = 0 (inside the recirculation region), the level
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of the advection and pressure diffusion are generally low while the SGS dissipation

rate reaches it absolute minimum. This is because all these three dominant terms

respond positively to high turbulence levels caused by pressure difference, convection,

shear instability and intense interaction of eddies of different scales, and all these

effects are relatively weak at the center of the recirculation bubble trapped between

two cubes (see, Fig. 5.10). The overall influence of viscous diffusion and viscous

dissipation rate are not significant in comparison with other terms, because this flow

(with exceptionally high free-stream turbulence level and strong disturbances from

cubes) is dominated by inertial forces rather than viscous forces. LES is an excellent

tool for simulating this flow which features high TKE levels at large resolved scales.

As shown in Fig. 5.17a, the level of SGS diffusion is much smaller than that of

SGS dissipation. This is because the SGS dissipation term 〈τ ∗ijS̄ij〉 represents KE

transfer between the large resolved and small subgrid scales, or interaction of eddy

motions of these two different scales. The cascade of KE can be positive and negative,

representing backward and forward scatter of energy between the two scales. The

effect of SGS dissipation becomes stronger as the Reynolds number increases. The

SGS dissipation rate reflects a major feature of SGS dynamics, as it represents a key

physical quantity that determines the cascade of energy in LES. In contrast, the SGS

diffusion represents diffusion (or, re-distribution) of KE due to SGS shear stresses

(which are much smaller than resolved turbulent shear stresses), and its value is

expected to be smaller than that of the SGS dissipation rate. The SGS dissipation

rate will be further thoroughly investigated later in this subsection.

Figure 5.17b shows the cross-stream budget balance of the resolved kinetic energy

kr at the same streamwise location but at the rooftop elevation y/d = 1. At this

elevation, the three separated boundary layers from the rooftop and two sides of

cube interact with the reverse flow in the canyon region and significantly enhance

turbulent mixing. As shown in Fig. 5.17b, the advection, pressure diffusion and

SGS dissipation rates dominate the transport process of kr which is similar to that

observed in Fig. 5.17a (under the canopy for y/d = 0.5). As mentioned above,

these three terms reflect enhanced turbulence activities caused by pressure gradients,
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convection, shear instability and intense mixing of eddies of different scales, and all

these effects are strong at this special location. The cascade of the resolved TKE as

a result of eddy motions and interactions at this special location has been analyzed

using the energy spectra shown previously in Fig. 5.11. Although in both Figs. 5.17a

and 5.17b, the transport of kr is dominated by advection, pressure diffusion and SGS

dissipation terms, the profiles of these three dominant terms exhibit different patterns

at these two elevations (for y/d = 0.5 and 1). The magnitude of the advection term

is the largest among all terms. By comparing Figs. 5.17b and 5.17a, it is observed

that although two local maxima are still preserved at z/d ≈ ±0.5 to reflect strong

instable shear layers from both cube sides, the largest peak of the advection term

appears around the midspan (at z/d = 0) for y/d = 1, which is in sharp contrast

to Fig. 5.17a (in which the advection term reaches its local minimum around the

midspan). This largest peak in the magnitude of the advection term is a consequence

of the strong instable shear layer from the rooftop (at y/d = 1) and accompanied

boundary-layer separation and turbulent mixing at the top of the canopy. Also by

comparing Fig. 5.17b with 5.17a, it is interesting to observe that the value of the

advection term has generally increased by a factor of approximately 2.5, indicating

that as the elevation increases from y/d = 0.5 to 1, the convection and its effects on

the transport of kr has increased drastically, especially around the midspan. Also as

a response to the enhanced convection level at the top of the canopy, the magnitude

of the SGS and viscous dissipation rates have also increased in comparison with their

counterparts at the half cube height shown in Fig. 5.17a.

In Fig. 5.17c, the cross-stream budget balance of kr is shown at an elevation above

the canopy (y/d = 1.5). As is evident in Fig. 5.17c, the advection term is primarily

balanced by the pressure diffusion term. The impact of the SGS dissipation rate on

the transport of kr still ranks the third, however, its magnitude has reduced as the

elevation increases from y/d = 1 to 1.5. In this figure, the effects of the shear layers

from the cube sides is much reduced in comparison with those shown in Figs. 5.17a

and 5.17b, and no local maxima are observed for the advection and pressure diffusion

terms around the cube sides located at z/d ≈ ±0.5. However, there is an increasing
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trend in the across-stream distribution of the advection and pressure diffusion terms

that their magnitudes reach maximum in the midplane (z/d = 0). This indicates

that at this elevation above the canopy, in terms of the transport of kr, the flow is

still significantly influenced by the strong instable shear layer formed on the rooftop

(through vertical spreading), but no longer directly sees the two strong instable shear

layers formed by the two cube side faces (as they are buried deeply under the canopy).

It is interesting to observe that the profile of the SGS dissipation term is evolving

towards a horizontal line, implying that the eddy motions and interactions represented

by this SGS term are becoming increasingly homogeneous in the spanwise direction

above the canopy. Furthermore, in comparison with Fig. 5.17b, it is observed that the

value of the advection term has significantly increased at the ‘boundaries’ (center of

the street canyon on both sides of the cube, at z/d = ±1) in Fig. 5.17c, indicating that

although the advection term is still influenced by the rooftop, it also tends to becomes

homogeneous in the spanwise direction as the elevation increases. The flow is highly

disturbed by the cubes and is highly heterogeneous under the canopy; however, the

influence of cubes is expected to reduce as the elevation above the canopy increases,

and eventually vanishes allowing the flow to reach a spanwise homogeneity state in

regions far above the canopy.

The local KE transfer between the resolved and unresolved (subgrid) scales can

be quantified using the SGS KE dissipation rate, which appears in both the resolved

KE (kr) equation (i.e., Eq. 5.2) as τ ∗ijS̄ij and the SGS KE (ksgs) equation as −τ ∗ijS̄ij .

As such, it functions as a KE sink term to the large resolved motions and a KE

source term to the SGS motion. Define εsgs
def
= −τ ∗ij S̄ij. The value of εsgs can be

either positive or negative, representing forward and backward scatter of local KE

between the resolved and subgrid scale motions, respectively. In Figs. 5.18a-5.18c,

the time-averaged cross-stream profiles of SGS KE dissipation rate 〈εsgs〉 are displaced

at streamwise location x/d = 13.5, across the spanwise range of −1 < z/d < 1 at

three elevations for y/d = 0.5, 1 and 1.5. In order to gain some deeper insights

into the relative strength of the SGS and viscous dissipation rates, the value of the

SGS dissipation rate has been non-dimensionalized with the value of the local viscous
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dissipation rate 2ν〈S̄ijS̄ij〉 (see, Eq. 5.2). In the context of the conventional SGS eddy

viscosity (Smagorinsky) modeling approach, it can be shown that the ratio between

the SGS dissipation rate and the viscous dissipation rate is equivalent to the ratio

between the SGS and molecular viscosities (i.e., νsgs/ν). Although the concept of

SGS eddy viscosity is not directly applicable to the SGS stress model (DNM) used

in this research, this ratio reflects the effective SGS dissipation rate over the viscous

dissipation rate [97]. In Fig. 5.18, the forward scatter (〈ε+sgs〉) and backscatter (〈ε−sgs〉)

of local KE flux have been separated. Naturally, these two quantities must verify

〈εsgs〉 = 〈ε+sgs〉+ 〈ε−sgs〉. As shown in Figs. 5.18a-5.18c, the magnitude of the forward

scatter is approximately 4 times larger than that of the backward scatter, resulting

in a net KE transfer from the resolved to unresolved scales. At the half cube height

(y/d = 0.5), as shown in Fig. 5.18a, the maximum value of the SGS dissipation rate

and forward scatter occurs at z/d ≈ ±0.3. As shown in Figs. 5.18b and 5.18c, as

the elevation increases to y/d = 1.0 and 1.5, the location for the maximum values

approaches the center of the domain (at z/d ≈ 0). Under the canopy, as shown in

Fig. 5.18a, the local KE flux is significantly influenced by the two strong shear layers

formed on two vertical sides of the cube (at z/d = ±0.5) and their interactions with

the recirculating zone behind the cube (see, Fig. 5.8). This is the reason that the KE

flux peaks exhibit a symmetrical pattern in the spanwise direction behind the cube.

However, these two vertical shear layers are immersed under the canopy and their

influence on flow decreases significantly in regions above the canopy (when y/d > 1).

In the region at or immediately above the canopy, the flow is influenced by the shear

layer formed at the rooftop of the cube and the concomitant intense eddy motions

associated with it. As shown in Fig. 5.18b, this mechanism tends to elevate the KE

flux magnitudes (in comparison with the KE flux magnitudes under the canopy shown

in Fig. 5.18a).

In order to complement the discussion of the resolved KE transport equation,

we can also analyze the transport of the resolved TKE. Different from the resolved

KE kr and SGS KE ksgs, the resolved TKE of the flow is defined as k
def
= 1

2
〈u′′i u

′′
i 〉

where u′′i is the resolved fluctuating velocity obtained based on the following general
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FIGURE 5.19: Budget of the time-averaged resolved TKE (k) at x/d = 13.5 within
−1 < z/d < 1, at three different elevations. All the quantities shown in the figures
have been non-dimensionalized using U3

∞/d.

decomposition method for a filtered variable φ

φ̄′′ = φ̄− 〈φ̄〉 . (5.3)

The time-averaged resolved KE 〈kr〉 relates to the resolved TKE k as

〈kr〉 =
1

2
〈ui〉〈ui〉+ k . (5.4)
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It can be shown that the transport equation of k takes the following form

〈uj〉
∂k

∂xj︸ ︷︷ ︸
advection

= −〈u′′i u
′′
j 〉
∂〈ui〉

∂xj︸ ︷︷ ︸
production

−
1

2

∂

∂xj

〈
u′′i u

′′
i u

′′
j

〉

︸ ︷︷ ︸
turbulent diffusion

−
1

ρ

〈
u′′j
∂p′′

∂xj

〉

︸ ︷︷ ︸
pressure
diffusion

+2ν
∂

∂xj
〈S

′′

iju
′′
i 〉

︸ ︷︷ ︸
viscous diffusion

− 2ν〈S
′′

ijS
′′

ij〉︸ ︷︷ ︸
viscous

dissipation

−
∂

∂xj
〈u′′i τij〉

︸ ︷︷ ︸
SGS diffusion

+ 〈τ ∗ijS
′′

ij〉︸ ︷︷ ︸
SGS

dissipation

. (5.5)

Figures 5.19a-5.19c show the budget balance of k at the streamwise location x/d =

13.5 across the spanwise range −1 < z/d < 1 at three elevations for y/d = 0.5, 1

and 1.5. All the budget terms on the RHS of Eq. 5.5 shown in Figs. 5.19a-5.19c

have included the addition/subtraction signs in Eq. 5.5. For instance, the production

term and the viscous dissipation term shown in the budget balance in Fig. 5.19 are

−〈u′′i u
′′
j 〉

∂〈ui〉
∂xj

and −2ν〈S
′′

ijS
′′

ij〉, respectively. At y/d = 0.5, as shown in Fig. 5.19a,

the advection term is primarily balanced with the production, turbulent diffusion,

pressure diffusion and SGS dissipation terms. The maximum TKE production rate

occurs at z/d ≈ ±0.5, directly downstream of the two vertical sides of the obstacle.

At this special location, strong shear layer with sharp velocity gradients is formed

on each side of the cube which triggers the flow instability and increases the TKE

production rate. As shown in Figs. 5.19a-5.19c, at all three elevations, there are

three local minima in the cross-stream profile of the TKE production rate, which

are located at z/d = 0 (corresponding to the central x-y plane of the domain) and

z/d ≈ ±1 (corresponding to the central x-y plane of the neighboring street canyon).

At these three special spanwise locations, the cross-stream mean velocity profile is

locally symmetrical, and therefore, the spanwise mean velocity gradient is trivial.

This further results in a significant reduction in the TKE production rate. As shown

in Fig. 5.19b, the magnitudes of the turbulent advection, TKE production and SGS

dissipation rate have been increased by a factor of approximately 3 at the rooftop

level (for y/d = 1) in comparison with their values at half cube height (y/d = 0.5).

This is an indication of increased turbulent activities as the elevation is increased

from y/d = 0.5 to y/d = 1.0 (consistent with the vertical profiles of ūrms/U∞ in the
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self-similar region shown in Fig. 5.16). The locations of the peak values of pressure

diffusion, TKE production and SGS dissipation rates have been shifted towards the

center of the domain (to z/d ≈ ±0.3, z/d ≈ ±0.2 and z/d ≈ ±0.1, respectively).

At this elevation (y/d = 1), the separated shear layers from the side edges and

top surface of the cube both considerably contribute to transport of resolved TKE,

and all these three shear layers interact directly with the recirculation zone behind

the cubic obstacle. Above the canopy at y/d = 1.5, as shown in Fig. 5.19c, the

magnitudes of different terms of the TKE transport equation have decreased by a

factor of approximately 6 in comparison with their counterparts at y/d = 1. This is

an indication of decayed turbulence activities above the cube’s rooftop, which is in

agreement with the previous observation of decreased streamwise turbulence intensity

levels in the vertical profiles of ūrms/U∞. As the elevation increases above the canopy,

the disturbances from the cubes are much reduced and flow becomes increasingly

homogeneous in the spanwise direction.

In general, it can be concluded from the analysis of the KE and TKE transport

equations that at the half-cube height, the flow in the canyon region is mainly

influenced by the instable shear layers and boundary layer separation formed on the

side edges of the cube, while at the rooftop level, the dominant dynamic phenomenon

is the separated boundary layer from the cube’s rooftop surface. At higher elevations,

however, the level of turbulence activities are significantly reduced as the obstacles

have no direct and dominant influence of the flow field.

5.3 Closure

Turbulent flow over a matrix of wall-mounted cubic obstacles at Reynolds number

12,005 has been studied using wall-modeled LES. The statistics and spectra of the tur-

bulent flow field, spatial evolution of flow structures, and transport mechanisms of the

kinetic energy have been thoroughly analyzed. One of the major challenges involved

in the simulation is to reproduce the highly turbulent (with turbulence intensity of
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at least 10%) approaching boundary layer of the water-channel experiment using the

numerical method. Based on a comparative study of four inlet boundary conditions,

we selected a method that utilizes a solid grid at the inlet of the computational domain

to trigger the flow instability and produce physical perturbations. This approach

enabled us to generate a highly turbulent boundary layer similar to that in the water-

channel experiment with a stable sustainable turbulence level up to approximately

7% in regions above the wall-mounted cubes.

Due to the intense interaction of the approaching highly turbulent boundary

layer with the cubic obstacles, the flow exhibits complex patterns, which dynamically

evolve within and above the cubic obstacle array and have a significant impact on the

transport of the momentum. The spatial flow evolution has been carefully analyzed

using the time-averaged resolved velocity contours, streamlines and vector plots. A

horseshoe vortex is observed in front of the first-row obstacles at low elevations (e.g.,

y/d ≈ 0.25) as a result of the adverse pressure gradient in the windward face of

obstacles in the first row. Five different zones have been observed in the horseshoe

vortex region: a) a stagnant zone formed in the immediate adjacency of the windward

faces of the first-row obstacles; b) an arch shape negative velocity region in front of

zone a; c) a pair of acceleration zones in side regions of the obstacles; d) a pair of

small recirculation zones in the immediate adjacency of the side walls; and e) a large

recirculation zone formed behind the obstacles. It is observed that after the fifth row

of obstacles, the flow quickly reaches a self-similar state featuring a repeating pattern

in time-averaged vortical structures around an obstacle.

The first- and second-order flow statistics obtained from the simulation have

been compared against the available experimental measurement data. Excellent

agreement are observed between the predicted and measured mean velocities at

different locations in the first- and sixth-row cells. Above the rooftop and behind the

cubes, the strong shear layer is formed at y/d ≈ 1. However, at different locations in

the streamwise street, the shear layer is shifted down to the ground level (y/d ≈ 0)

due to absence of any solid obstacle. For the streamwise RMS velocity (or turbulence

intensity), the magnitude and location of the peak values are correctly captured by
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the simulation. However, the simulation shows underprediction for the RMS velocity

in regions above the obstacles which is due to the exceptionally high turbulence level

in the original experiment.

The resolved instantaneous flow field in the self-similar region, at a point inside

the canyon region and at the rooftop level, is analyzed using energy spectra and CDF.

The so-called inertial subrange where the spectrum slope features a constant value

of -5/3 is well captured for all three velocity components. It is observed from the

analysis of the CDF of the instantaneous velocity field that for the streamwise and

spanwise velocity components, the random fluctuations occurring below and above

their mean value have approximately equal contribution to the TKE. However, for

the vertical velocity component, a significant portion of its contribution to the TKE

comes from oscillations below the mean value with higher oscillating amplitude.

Different terms of the resolved KE and TKE transport equations have been

analyzed behind a typical obstacle located in the self-similar region at three different

elevations. For the transport of the resolved KE of the flow at half cube height

(y/d = 0.5), the advection term is mainly balanced with the pressure diffusion and

SGS dissipation rate. Also, the peak values of advection and pressure diffusion

occur at z/d ≈ ±0.5 due to the separated shear layers from the cube sides which

trigger the flow instability and entrain the recirculating region immediately behind

the cube. However, at the rooftop elevation, the largest peak in the magnitude of

the advection term occurs at z/d ≈ 0 due to the strong instable shear layer formed

on the rooftop and accompanied boundary-layer separation and turbulent mixing on

top of the canopy. The magnitude of the SGS dissipation rate in the middle of the

canyon region is lower than that at the rooftop elevation. It is also observed that the

magnitudes of the advection, pressure diffusion and SGS dissipation terms increase by

a factor of approximately 2.5, as the elevation increases from y/d = 0.5 to 1, indicating

that the convection and its effects on the transport of kr increase drastically, especially

around the midspan. Above the canopy at y/d = 1.5, the advection term is primarily

balanced by the pressure diffusion term. The impact of the SGS dissipation rate on

the transport of kr is still important, however, its magnitude reduces as the elevation
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increases from y/d = 1 to 1.5. In other word, at this elevation, the effect of the

separated shear layer from the cube sides is much reduced in comparison with that

at lower elevations.

The local KE transfer between the resolved and unresolved (subgrid) scales has

been also studied at same elevations as for the resolved KE. Although the SGS

dissipation rate has a higher value at the rooftop level compared to other elevations,

the relative strength of the SGS dissipation rate to the viscous dissipation rate does

not show a considerable change at different elevations. It is observed that at all three

elevations tested, the magnitude of the forward scatter is approximately 4 times larger

than that of the backward scatter resulting in a net KE transfer from the resolved to

unresolved scales. By analyzing the budget balance of the TKE transport equation,

it is found that the TKE advection is primarily balanced with turbulent diffusion,

TKE production and SGS dissipation rate. Under the canopy at half-cube height, the

peak values of the TKE production term occur at z/d ≈ ±0.5 directly downstream of

the two vertical sides of the obstacle. At the rooftop level, the separated shear layers

from the side edges interact intensely with that issued from the top surface of the

cube, and all considerably contribute to the transport of resolved TKE. Above the

canopy at y/d = 1.5, the magnitudes of all budgetary terms of the TKE transport

equation decrease by a factor of approximately 6. This is an indication of the decay

of turbulence activities as the elevation increases above the cube rooftop. As the

elevation increases above the canopy, the disturbances from the cubes are much

reduced and flow becomes increasingly homogeneous in the spanwise direction.
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Chapter 6

LES of turbulent dispersion from a

localized source within an urban canopy

model

In this chapter, the results of the LES of turbulent dispersion of passive scalar within

a matrix of wall-mounted cubes will be presented and analyzed. The concentration

field is produced through a continuous release of a passive scalar from a ground-level

point source located within the matrix of cubes. The configuration of the matrix of

obstacles is the same as presented in the previous chapter shown in Fig. 5.1. The

concentration field is analyzed based on the statistics of the instantaneous field of the

first and second orders, temporal spectra, transport equation of the scalar energy, and

the CDF of the resolved concentration. The numerical predictions are also validated

against the available water-channel measurement data.

6.1 Test case and computational domain

The test case is based on the same water-channel experiments of Yee et al. [24] and

Hilderman and Chong [25] presented in the previous chapter. The concentration

field was generated by continuous release of sodium fluorescein dye from a ground-

level point source located in the central (specifically, the eighth) column and between

the first and second rows of obstacles. The schematic of the source location and
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FIGURE 6.1: Schematic of the ground-level point source located in the central (or,
eighth) column of the matrix of the obstacles.

coordinate system of the central column of the cubes are shown in Fig. 6.1. In the

experiment, a one-dimensional (1-D) laser induced fluorescence (LIF) linescan system

was used for measuring the instantaneous concentration field in the dispersing plume.

Sodium fluorescein dye was continuously released from the point source at a rate

of 12 ml min−1, and illuminated using a laser beam powered by an argon-ion laser.

The dye source was released from a small vertical stainless steel tube (with an inner

diameter d0 = 2.8 mm). A Dalsa monochrome digital linescan CCD camera (1024×1

pixels) with 12-bit (4,096 gray levels) amplitude resolution was used to measure the

intensity of the dye fluorescence at a sampling rate of 300 Hz.

For simulating the concentration field, the scalar transport equation must be

solved along with the flow governing equations whose solution was presented in

the previous chapter. In order to close the filtered scalar transport equation,

both dynamic eddy diffusivity model (EDM) of Moin et al. [102] (equation 2.17 in

section 2.2.3) and dynamic full linear tensor diffusivity model (DFLTDM) of Wang

et al. [103] (equation 2.19 in section 2.2.3) were tested for the current simulation.

However, the EDM showed a more robust and stable behavior and consequently was

used for modeling the the SGS scalar flux vector. The concentration release from the

point source was activated when the flow had reached a fully-developed stage, and

an additional period of approximately 2 flow-through times were spent to ensure that

the scalar field had also become fully-developed. The concentration statistics were

then collected through a course of approximately 10 flow-through times. The time

step was 3× 10−4 s during the simulation. The convergence criterion for the solution
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of the scalar transport equation was set to 10−6 for the maximum difference between

the new and old value of the scalar field (c̄) normalized by its spatially-averaged value

obtained in the previous time step. In total, more than 100,000 CPU-hours have been

spent to collect the concentration statistics.

In the simulation, the value of the scalar field has been set to zero at the inlet

boundary. Zero-gradient condition has been assumed in the spanwise, upper and

outlet boundaries of the domain. Zero-flux Neumann condition has been assumed at

all solid surfaces to warrant the no-penetration condition.

6.2 Results and discussions

In this section, the concentration field is analyzed based on the statistics of the

instantaneous field, temporal spectra, transport equation of the scalar energy, and

CDF of the resolved concentration. The numerical predictions are also validated

against a comprehensive water-channel measurement data.

6.2.1 General description of the concentration field

Figures 6.2a and 6.2b present a typical instantaneous snapshot of the concentration

field (non-dimensionalized using the source strength cs) in the central x-y plane (at

z/d = 0) and in the x-z plane located at y/d = 0.5, respectively. As shown in both

figures, as a passive scalar, the concentration field is significantly influenced by the

turbulent flow patterns. From Fig. 6.2a, it is observed that a concentration boundary

layer develops from the source location as the passive contaminant disperses through

and above the cube array. Figure 6.2b vividly shows that under the canopy (at

y/d = 0.5), concentration carried by turbulent eddies dynamically meanders through

the street canyons formed by cubes. In Fig. 6.3, the contours of the time-averaged

concentration field (non-dimensionalized using the source strength cs) are displayed in

x-z planes at two different elevations under and above the canopy (for y/d = 0.5 and

1.5, respectively). At both elevations, the concentration plume is symmetrical with
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(a) side view (at z/d = 0)

(b) top view (at y/d = 0.5)

FIGURE 6.2: Contours of the instantaneous resolved concentration field (c̄) in the
x-y and x-z planes located at z/d = 0 and y/d = 0.5, respectively. The concentration
field has been non-dimensionalized using the source strengh cs.

(a) under the canopy (at y/d = 0.5)

(b) above the canopy (at y/d = 1.5)

FIGURE 6.3: Contours of the time-averaged resolved concentration field (〈c̄〉) in x-z
planes at two different elevations below and above the canopy. The concentration
field has been non-dimensionalized using the source strength cs.

respect to the central line of the domain (z/d = 0). Above the canopy at y/d = 1.5,

no direct interference between the obstacles and the concentration field occurs and

the plume exhibits a typical Gaussian distribution across the stream.

Figure 6.4 shows the streamwise evolution of the vertical profiles of the mean

and standard deviation of the concentration field (i.e., 〈c̄〉 and c̄rms =
√

〈(c̄− 〈c̄〉)2〉,

respectively). The profiles are extracted from midpoint of 8 canyon regions starting

from the second row (x/d = 3.5) along the central column (z/d = 0). In order to

make the profiles at different locations comparable, concentrations and their standard
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deviations have been non-dimensionalized using their local maximum values along

each vertical line (that goes through the midpoint between two adjacent obstacles).

The vertical position of the maximum concentration (corresponding to 〈c〉/〈c〉max = 1)

represents the centroid of the concentration plume, and as shown in Fig. 6.4a, it

elevates as the streamwise distance from the point source increases. In fact, clean

fluid packets (upstream or above the plume) entrain the plume and contaminated

fluid packets engulf into the background clean fluid at the plume edge. This process

results in the growth of the plume size. Also because of entraining and engulfing

effects, the plume edge becomes highly intermittent, which significantly increases

the level of concentration fluctuations. A similar trend is observed for the standard

deviation profiles shown in Fig. 6.4b. However, by comparing Figs. 6.4a and 6.4b, it

is evident that the peak values of the standard deviation are above those of the

mean concentration at all streamwise locations. Similar observations have been

made by Fackrell and Robins [172] for a point source in a turbulent boundary layer

and by Lavertu and Mydlarski [173] for a line source in a turbulent plane channel

flow. As is evident from Fig. 6.4a, the maximum vertical gradient of the mean

concentration (d〈c〉/dy) occurs at elevations immediately above that of the maximum

mean concentration. This is related to the fact that the mean concentration gradient

is typically the highest at the plume edge. As a consequence, the production rate of

the concentration variance (i.e., −2〈u′′j c
′′〉∂〈c〉

∂xj
, where c′′ is the resolved concentration

fluctuation) is enhanced, further leading to an increase in the concentration variance

at plume edges.

6.2.2 Concentration statistics

In the water-channel experiments of Yee et al. [24] and Hilderman and Chong [25],

concentration statistics at three elevations are available, two under the canopy (for

y/d = 0.25 and 0.5) and one above the canopy (for y/d = 1.25). In this section,

the predicted and measured cross-stream profiles of the mean concentration at these

three elevations are thoroughly compared through Figs. 6.5-6.7. As clearly shown
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FIGURE 6.4: Streamwise evolution of vertical profiles of the mean and standard
deviation of the concentration normalized by their local maximums along the vertical
lines.

in these three figures, a good agreement between the numerical and experimental

results is observed. Figures 6.5 and 6.6 show the mean concentration profiles at four

streamwise locations under the canopy (for y/d = 0.25 and 0.5, respectively). From

both Figs. 6.5 and 6.6, it is clear that as the distance from the source increases, the

plume width increases in the cross-stream direction, however, its peak value decreases

as a result of plume dispersion. At x/d = 3.5, the strong dual-peak pattern has been

well captured by the numerical simulation. In fact, the dual-peak pattern is the

direct result of the presence of the cube immediately behind the point source (which

is located at x/d = 1.5 in the central column). The cube introduces a local blockage

into the concentration field such that the plume exhibits a distinct bimodal form as

it sweeps around both sides of the cube. Then, the concentration disperses through

the canyons on both sides of the cube. This results in a symmetric dual-peak pattern

in the cross-stream concentration profile over a long sampling time. By comparing

Fig. 6.7 with Fig. 6.6, it is clear that above the canopy (y/d = 1.25), the plume

width decreases apparently at the same streamwise locations, indicating a reduced

amount of concentration at a higher elevation. Also, due to absence of obstacles,

no apparent dual-peak pattern is observed at this elevation and the profiles tend to
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(d) x/d = 11.5

FIGURE 6.5: Cross-stream profiles of the non-dimensionalized mean concentration
at the elevation y/d = 0.25 and different streamwise locations.

exhibit a Gaussian distribution across the stream.

Figures 6.8-6.10 compare the predicted and measured cross-stream profiles of

the standard deviation (or, RMS value) of the resolved concentration field at the

same measurement locations as for the mean concentration presented previously in

Figs. 6.5-6.7. In these figures, all the concentration variance values have been non-

dimensionalized using the source strength cs. By comparing the cross-stream profiles

presented in Figs. 6.8-6.10, a general trend is observed in the streamwise evolution of

the concentration RMS values: in regions close to the source location, the magnitude

of c̄rms is high and the width of its profile is narrower, reflecting an intense turbulent
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(d) x/d = 11.5

FIGURE 6.6: Cross-stream profiles of the non-dimensionalized mean concentration
at the elevation y/d = 0.5 and different streamwise locations.

fluctuation level; however, as the distance from the source increases, the peak value

of c̄rms decays rapidly and its profile becomes wider in the cross-stream direction. As

shown in Figs. 6.8 and 6.9, at elevations lower than the cube height (i.e., y/d = 0.25

and 0.5), a distinctive dual-peak pattern with a local minimum along the mean-

plume centerline (at z/d = 0) is observed which is well captured by the simulation.

However, the simulation has underpredicted the magnitude of the peak values. The

dual-peak pattern is due to the large vertical concentration gradient on two plume

edges (see Figs. 6.5-6.7), which significantly increases the production rate for the

concentration variance (i.e., −2〈u′′j c
′′〉∂〈c〉

∂xj
). As shown in Figs. 6.10a-6.10d, above the
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FIGURE 6.7: Cross-stream profiles of the non-dimensionalized mean concentration
at the elevation y/d = 1.25 and different streamwise locations.

canopy at elevation y/d = 1.25, the dual-peak pattern for the standard deviation is

much less apparent in comparison with that shown at lower elevations, which is a

direct consequence of the absence of cubic obstacles.

6.2.3 Spectra and scalar energy

Figure 6.11 shows the temporal spectra of concentration fluctuations at the same

position (x/d = 13.5, y/d = 1 and z/d = 0, located in the central plane of the

domain between rows 7 and 8 at the rooftop elevation) as for the velocity energy
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FIGURE 6.8: Cross-stream profiles of the non-dimensionalized standard deviation of
the concentration at the elevation y/d = 0.25 and different streamwise locations.

spectra plotted in Fig. 5.11. At this particular position, the flow has reached a self-

similar state. Similar to Eq. 4.2, the spectra of concentration fluctuations relates to

the resolved turbulent scalar energy as

ks = 〈c̄′′c̄′′〉 =

∫ fc

0

Eccdf , (6.1)

where Ecc is the spectra of concentration fluctuations and ks
def
= 〈c̄′′c̄′′〉 is the resolved

turbulent scalar energy (or, scalar variance). In Fig. 6.11, the spectra is non-

dimensionalized as EccU∞/(d〈c̄〉
2). As indicated by Fackrell and Robins [172], similar
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FIGURE 6.9: Cross-stream profiles of the standard deviation of the concentration at
the elevation y/d = 0.5 and different streamwise locations.

to temporal energy spectra for the velocity field, the inertial subrange for the turbulent

scalar energy spectra also features the slope of −5/3. As shown in Fig. 6.11, the

inertial subrange characteristic of the cascade of the turbulent scalar energy has been

well captured by the current LES. This further implies that the inertial subrange and

consequently the energetic motions and interactions of the concentration plume have

been well captured by the simulation.

Figure 6.12 shows the CDF of the instantaneous concentration field extracted

from the same location as for Fig. 6.11. As is evident in this figure, the CDF

corresponding to c̄ = 〈c̄〉 is 51.8%. This shows that at this special position (x/d =
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FIGURE 6.10: Cross-stream profiles of the standard deviation of the concentration
at the elevation y/d = 1.25 and different streamwise locations.

13.5, y/d = 1 and z/d = 0), the magnitude and number of random concentration

fluctuations below and above the mean concentration value (〈c̄〉) are almost identical.

At this position (midpoint between rows 7 and 8 and at the cube height), there is

a strong shear layer from the rooftop of the upstream cube, which results in intense

concentration mixing and homogenizes the plume locally. As such, the CDF of the

concentration field exhibits a steep symmetrical profile, which corresponds to a narrow

Gaussian distribution about the mean concentration value.

Following Jiménez et al. [174], the so-called resolved scalar energy is defined as

krs
def
= c2, which is analogous to the definition of the resolved KE kr of the flow
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FIGURE 6.12: Cumulative distribution function for the resolved concentration at
x/d = 13.5, y/d = 1 and z/d = 0.

field discussed previously in section 5.2.3. It can be shown that the time-averaged

transport equation for the resolved scalar energy (SE) takes the following form

〈
uj
∂krs
∂xj

〉

︸ ︷︷ ︸
advection

= α

〈
∂2krs
∂xj∂xj

〉

︸ ︷︷ ︸
molecular
diffusion

− 2α

〈
∂c

∂xj

∂c

∂xj

〉

︸ ︷︷ ︸
molecular
dissipation

−2

〈
∂chj
∂xj

〉

︸ ︷︷ ︸
SGS

diffusion

+2

〈
hj

∂c

∂xj

〉

︸ ︷︷ ︸
SGS

dissipation

. (6.2)
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FIGURE 6.13: Budget of the time-averaged resolved scalar energy (krs) at x/d =
13.5 within −1 < z/d < 1, at three different elevations. All the terms are non-
dimensionalized using U∞c

2
s/d.

Figures 6.13a-6.13c present the budget balance of the resolved SE krs at midpoint

between rows 7 and 8 (for x/d = 13.5) behind the central column (within −1 <

z/d < 1) at three different elevations (at the half-cube height, rooftop and above the

canopy, for y/d = 0.5, 1 and 1.5, respectively). All the budget terms on the RHS

of Eq. 6.2 shown in Figs. 6.13a-6.13c have included the addition/subtraction signs in

Eq. 6.2. For instance, the molecular dissipation term and SGS diffusion term shown

in the budget balance in Fig. 6.13 are −2α
〈

∂c
∂xj

∂c
∂xj

〉
and −2

〈
∂chj

∂xj

〉
, respectively. In
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Eq. 6.2, the molecular and SGS dissipation act as sink terms for the resolved SE. In

Fig. 6.13, all the terms have been non-dimensionalized using U∞c
2
s/d. As shown in

Fig. 6.13a, under the canopy at elevation y/d = 0.5, the advection term is negative

(carrying the resolved SE away) within the range of |z/d| < 0.7 and is positive

(bringing in the resolved SE) for |z/d| > 0.7. This indicates that at the half-cube

height, the effect of the mean velocity field is to carry the resolved SE out of the rear

region of the cube (where the flow and concentration recirculate), and meanwhile,

carries the resolved SE towards the two central canyon regions. At the rooftop level

(y/d = 1), however, the advection term is constantly negative, which indicates that

the effect of the mean velocity field is to carry the resolved SE away. The minimum of

the advection term occurs at z/d = ±0.65, where the contaminated fluid is dispersed

away at the highest rate through convection mechanisms. As shown in Fig. 6.13c,

above the canopy, the convention terms are exclusively positive, indicating that the

resolved SE is carried to this elevation from ground level. In Figs. 6.13a-6.13c, the

convection term exhibits extrema for z/d ∈ ±[0.5 ∼ 1.0], which is due to the combined

effects of the following two factors: (1) there are two strong shear layers issued by

the two vertical sides of the cube (located at z/d = ±0.5), which have significant

impact on convention immediately downstream of them; and (2) the center of the

street canyon is located at z/d = ±1.0, where the streamwise convection (streamwise

velocity) is the highest under the canopy.

As shown in Fig. 6.13a, at the half canopy height (y/d = 0.5), the molecular

diffusion takes positive values across the spanwise direction. The concentration is

released from a ground-level point source located at x/d = 1.5, which then channels

through street canyons under the canopy. A positively valued molecular diffusion term

is expected at this low elevation, which shows that the effect of molecular activities

is to diffuse the resolved SE to other regions (i.e., transporting the concentration to

a higher elevation). However, as shown in Fig. 6.13b, at the rooftop level (y/d = 1),

the molecular diffusion keeps negative across the channel, showing that the net

effect of molecular activities is to carry the resolved SE c̄2 towards this region.

Negative molecular diffusion may be counterintuitive at first, which however, can
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be well-explained through the advection-diffusion equation for c̄2 (i.e, Eq. 6.2). As

discussed in the previous paragraph, at the rooftop level, the flow and dispersion is

much complicated by the three shear layers and their interactions with turbulent

eddy motions. A negatively valued diffusion term is a direct consequence of a

negatively valued advection term at this special position. Furthermore, as shown

in Fig. 6.13c, above the canopy, both the advection and molecular diffusion terms

maintain positive across the entire spanwise direction. This shows that in the region

above canopy, the effect of cubic obstacles on plume dispersion is much reduced.

Positively valued advection and molecular diffusion indicate that the contaminated

fluid packets engulf into the clean background fluid in the region above canopy, which

mechanism facilitates the growth of the plume size and elevation of its centroid in the

streamwise direction. This is consistent with the previous observation in Fig. 6.4.

Another interesting observation is that at this elevation (y/d = 1.5), the cubes

are deeply immersed under the canopy and and their disturbances to the flow and

dispersion are attenuated. As such, the profiles budget terms shown in Fig. 6.13c

tend to recover spanwise homogeneity (as in an open channel), and this tendency is

the most strongly expressed with the molecular and SGS dissipation terms.

As is evident Figs. 6.13a-6.13c, the SGS diffusion and dissipation terms play

a significant role in balancing the advection term, and their magnitudes are much

larger than that of the molecular dissipation term. Similar to the function of the

SGS dissipation term τ ∗ijS̄ij in Eq. 5.2 in the transport of the resolved KE, the SGS

dissipation term 2hj
∂c̄
∂xj

reflects the local SE flux between the resolved and subgrid

scale motions. As shown in Figs. 6.13a-6.13c, the value of 2
〈
hj

∂c̄
∂xj

〉
remains negative

across the stream at all three elevations, indicating a net forward scatter of SE from

resolved to subgrid scales.
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6.3 Closure

Turbulent dispersion of contaminant from a ground-level point source located within

a modeled urban environment has been investigated using LES. The statistics and

spectra of the concentration field, interactions of turbulent flow structures with

the dispersing plume, and transport mechanisms of the scalar energy have been

thoroughly analyzed.

By analyzing the cross-stream profiles of the mean and standard deviation of the

concentration field, it is observed that in regions close to the source location, the

magnitudes of 〈c̄〉 and c̄rms are high and the their profiles are narrower, reflecting

the high concentration zone and intense turbulent mixing close to the point source.

However, as the distance from the source increases, the peak values of 〈c̄〉 and c̄rms

decay rapidly and their profiles become wider in the cross-stream direction. A

distinctive dual-peak pattern is observed in the cross-stream profiles of the mean

concentration and its standard deviation at elevations lower than the cube height

as a direct result of the presence of solid obstacles. The cube introduces a local

blockage into the concentration field such that the plume exhibits a distinct bimodal

form as it sweeps around both sides of the cube. However, above the canopy,

a typical Gaussian pattern is observed for the cross-stream profiles of the mean

concentration. The LES results on the cross-stream profiles of the mean concentration

and concentration variance have been thoroughly compared against the available

water-channel measurement data at different streamwise locations for three elevations

(two under the canopy one above the canopy). The simulation predictions of the mean

concentration field are in excellent agreement with the water-channel measurement

data. The shapes of the cross-stream profiles of the concentration variance at different

locations are also well captured by the simulation; however, their peak values are

slightly underpredicted by the simulation under the canopy.

It is observed that the centroid of the concentration plume elevates as the

downstream distance from the point source increases. At the plume edges, clean fluid

packets (upstream or above the plume) entrain the plume and contaminated fluid
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packets engulf into the background clean fluid. This process results in the growth of

the plume size and makes plume edges become highly intermittent, which significantly

increases the level of concentration fluctuations. At all streamwise locations, the peak

values of the concentration variance c̄rms are above those of the mean concentration

〈c̄〉. This is due to the fact that the mean concentration gradient is typically the

highest at the plume edge. As a consequence, the production rate of the concentration

variance is significantly enhanced at plume edges.

The temporal spectra of concentration fluctuations computed at a typical point

in the flow self-similar region (midpoint between two consecutive cubes at the rooftop

level) shows that the inertial subrange is well captured by the simulation. The

CDF of the resolved instantaneous concentration field at this location reveals that

the magnitude and the number of concentration fluctuations below and above the

mean concentration value (〈c̄〉) are almost identical. This further implies that the

concentration plume has been developed enough such that the plume size is of the

same order or larger than energetic turbulent eddies and fluctuations are purely from

turbulent motions and internal mixing within the plume.

Through a careful analysis of the transport equation of the resolved SE c̄2, it

is observed that under the canopy at the half-cube height, the effect of the mean

velocity field is to carry the concentration out of the rear region of the cube, and

meanwhile, carrying the concentration towards the two central canyon regions. At

the rooftop level (y/d = 1), however, the advection term is constantly negative, which

indicates that the effect of the mean velocity field is to carry the resolved SE away.

A positively valued molecular diffusion is observed at the half-cube height indicating

that the effect of molecular activities is to diffuse the resolved SE to other regions (i.e.,

transporting the concentration to a higher elevation). However, at the rooftop level

(y/d = 1), the molecular diffusion keeps negative across the channel, showing that

the net effect of molecular activities is to carry the resolved SE towards this region.

Above the canopy, both the advection and molecular diffusion terms maintain positive

across the entire spanwise direction which shows the reduced effect of cubic obstacles

on plume dispersion. Positively valued advection and molecular diffusion indicates
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that the contaminated fluid packets engulf into the clean background fluid in the

region above canopy, which results to the growth of the plume size and elevation of

its centroid in the streamwise direction.
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Chapter 7

Conclusions and Future Works

7.1 Computational code

In this thesis, a 3-D finite difference CFD code written in FORTRAN 90/95 and

parallelized with MPI libraries has been modified, developed and customized to be

used in DNS/LES of turbulent flows and dispersion in complex geometries such as flow

in urban environments and around bluff bodies. The second-order energy-conserving

finite difference scheme of Ham et al. [106] has been employed for discretizing the flow

governing equations. The four-step fractional step method of Choi and Moin [109]

coupled with the second-order Crank-Nicolson scheme have been used to advance the

velocity field over a single time step. A second-order TVD scheme [108] and the

second-order central differencing scheme are used for discretizing the convective and

diffusive terms of the scalar transport equation, respectively. The Crank-Nicolson

scheme has been used for time advancement of the scalar transport equation.

The scalability of the code has been tested based on a plane channel flow with grid

resolution of 1603. It is observed that for the mentioned grid system, the speedup of

94.6 can be achieved using 128 processors. In order to conduct the final simulations,

several preliminary steps have been performed which are summarized in the following

subsections.
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7.1.1 SGS stress and scalar flux models

In order to close the system of filtered governing equations required for LES of

turbulent flows, the so-called SGS stress tensor needs to be modeled. In view of

this, different SGS stress models have been studied and tested in different flow

configurations (e.g., the study of Saeedi et al. [92]) to be embedded into the

computational code required for conducting wall-resolved and wall-modeled LES.

In summary, with respect to different influential factors including the mathematical

robustness, stability and self-calibrating mechanisms, two different SGS stress models

(i.e., the DSM of Lilly [93] and Germano et al. [94] and the DNM of Wang and

Bergstrom [95]) have been used for simulations of turbulent flows over a single and

a group of wall-mounted obstacles. For the LES of turbulent dispersion arising from

a continuous release of contaminant from a point source, the EDM of of Moin et

al. [102] has used to model the scalar flux vector.

7.1.2 Wall models

With respect to the very high computational demand of wall-resolved LES for

resolving the flow dynamics near solid surfaces, conducting wall-resolved LES for

turbulent flow over a group of obstacles is indeed prohibitively expensive. Thus,

we essentially need to model the near wall dynamics for simulating of the flow in

a computational domain which includes a large number of obstacles. Different wall

models have been studied and the wall model of Wang and Moin [75] has been selected

for the wall-modeled LES. This model is based on the simplified thin boundary layer

equations which accounts for the changes of pressure gradient. Thus, compared to

other simpler wall models, it can show a better performance for configurations with

flow separations.
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7.1.3 Inlet conditions

In order to successfully simulate turbulent flows over wall-mounted obstacles, one

of the key factors is to prescribe realistic inlet boundary conditions. In fact, the

approaching flow in real atmospheric boundary layers has a very high turbulence

level. In this research, several inlet conditions reported in the literature are tested

to prescribe the proper inflow condition. However, the desired turbulence level

can not be reproduced using existing classical methods. Thus, a method based on

generating grid turbulence at the inlet of the flow domain has been proposed which

can substantially increase the turbulence level of the approaching flow.

7.1.4 Preliminary validation

The code was initially validated by solving turbulent plane channel flow at two

Reynolds numbers Reτ = 300 and Reτ = 2, 000. Wall-modeled LES was conducted to

simulate the turbulent flow in these two test cases. The results were compared against

theory and also available DNS data of Iwamoto et al. [166]. Very good agreement

between the LES predictions and available DNS data ware observed. In the next

sections, the results of more rigorous tests over more geometrically complex domains

will be summarized.

7.2 Turbulent wake of a single wall-mounted ob-

stacle

For studying the turbulent flow in complex geometries and specifically in build-up

environments (as one of the primary objectives of this thesis), in the first step,

turbulent flow over a single wall-mounted square cylinder with AR = 4 at Re=12,000

has been selected. This configuration is based on a recent wind-tunnel experiment

of Bourgeois et al. [17, 18] and Sattari et al. [19]. In comparison with the classical

cube flow case (for AR = 1) of Rodi [52], Shah and Ferziger [57] and Yakhot et
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al. [45, 46], this test case results in more energetic vortex motions and interactions,

which further imposes a greater challenge to numerical simulations to properly capture

eddy motions of all relevant scales with a much larger computational domain. This

test case has been identified non-trivial in term of computational efforts and used

as one of two “challenge cases” in two consecutive Annual Conferences of the CFD

Society of Canada hosted in Canmore, Alberta in 2012, and in Sherbrooke, Quebec

in 2013. Local flow separation, sharp velocity gradient in regions close to the cylinder

edges and high Reynolds number are among the challenges associated for simulating

this flow configuration.

Wall-resolved LES has been chosen to investigate the turbulent wake behind

the cylinder. Over 40,000 CPU-hours have been spent to solve the flow field and

collect the turbulence statistics. Very good agreement with the available experimental

measurement data has been obtained and the flow structures have been thoroughly

analyzed. With the aim of wall-resolved LES, we have been able to capture the

sensitive flow dynamics and obtain detailed analysis of turbulent wake behind the

wall-mounted high aspect ratio obstacle. The frequency of Kármán vortex shedding

and its corresponding Strouhal number has been well captured in the simulation. It

is revealed that the highest influence of the SGS model and consequently the energy

transfer between the resolved and subgrid scales occurred within the immediate wake

of the cylinder where interactions of shear layers separated from the top and side

edges of the cylinder are highly enhanced.

7.3 Turbulent flow over a matrix of wall-mounted

obstacles

To extend our study of turbulent flows to a group of wall-mounted obstacles (which

can more realistically represent an urban area and build-up environment) the water-

channel experiment of Yee et al. [24] and Hilderman and Chong [25] has been selected

as the test case. In their selected experiment, a regular matrix of 16×16 wall-mounted
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cubes was submerged in a simulated neutrally stratified atmospheric boundary layer.

The Reynolds number based on the cube’s side length and the free-stream velocity

was 12,005. Due to the presence of several obstacles in the flow field (which means

several solid surfaces in the flow domain), conducting wall-resolved LES for this test

case, is extremely expensive. Therefore, wall-modeled LES has been selected for

conducting the simulation. Given the fact that the flow conditions are symmetric in

the spanwise direction and in order to moderate the computational cost, a regular

matrix of 5×16 cubes have been considered in the simulation. The SGS stress model

of Wang and Bergstrom [95] and the wall model of Wang and Moin [75] have been

used as the SGS stress and wall models, respectively. One of the main challenges

of this problem is to realistically reproduce the highly turbulent (with turbulence

intensity of at least 10%) approaching boundary layer. In order to select the proper

inlet condition, a comparative study between four different inlet conditions has been

conducted. Based on the performances of the studied approaches, a method based on

mounting a solid grid at the inlet of the computational domain is selected to trigger the

flow instability and produce physical perturbations. Following this approach enabled

us to reproduce the turbulence level up to approximately 7% in regions above the wall-

mounted cubes. In terms of the computational cost, over 100,000 CPU-hours have

been spent for solving the flow field and collecting the statistics. Good agreement

between the numerical prediction and experimental measurement data are obtained.

Based on the analysis of the budget balance of the resolved KE transport equation,

it is observed that below the rooftop level, the advection term is mainly balanced with

the pressure diffusion and SGS dissipation rate. The peak values of the advection

and pressure diffusion terms occur directly downstream of the cube’s side edges. This

is due to the separated shear layers issued from the cube sides which trigger the

flow instability and entrain the recirculating region immediately behind the cube.

However, at the rooftop elevation, the largest peak of the advection term occur at

z/d ≈ 0. This is due to the strong unstable shear layer formed on the cube rooftop

and the accompanied boundary-layer separation and turbulent mixing on top of the

canopy. It is observed that at all different elevations studied, the magnitude of the
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forward scatter is approximately 3 ∼ 4 times larger than that of the backward scatter

resulting in a net KE transfer from the resolved to unresolved scales.

7.4 Turbulent dispersion from a localized source

In order to study turbulent dispersion of contaminant in urban environments, we

further extended our urban flow simulation and located a ground-level point source

with continuous release of contaminant in the central column of obstacles at the

midpoint between the first and second rows. The experimental measurement data

of the concentration field was also available from the work of Yee et al. [24] and

Hilderman and Chong [25]. The evolution of the mean concentration field and its RMS

values have been well predicted by the simulation. Reasonable agreement between

the numerical prediction and experimental measurement data is observed for the

mean and standard deviation of the concentration field. In total, more than 100,000

CPU-hours have been spent to perform the simulation and collect the statistics.

By analyzing the streamwise evolution of the concentration plume, it is observed

that the centroid of the concentration plume elevates as the downstream distance from

the point source increases. Also, the peak values of the standard deviation are always

located above those of the mean concentration. This is mainly because the maximum

vertical gradient of the mean concentration is always located above the point for the

maximum mean concentration which enhances the concentration variance production.

The CDF of the resolved instantaneous concentration field at a typical point in the

velocity self-similar region (inside the canyon region and at the rooftop level) reveals

that the magnitude and the number of concentration fluctuations below and above

the mean concentration value (〈c̄〉) are almost identical. This further implies that

the concentration plume has been developed enough such that the plume size is of

the same order or larger than energetic turbulent eddies and fluctuations are purely

from turbulent motions and internal mixing within the plume. By investigating the

transport equation of the resolved SE, it is observed that under the canopy at the
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half-cube height, the effect of the mean velocity field is to carry the concentration out

of the rear of the cube, and meanwhile, carrying the concentration to this streamwise

location through canyons besides the cube. At the rooftop level (y/d = 1), however,

the advection term is constantly negative, which indicates that the effect of the mean

velocity field is to wash the concentration away. It is observed that at all elevations

studied, the molecular and SGS dissipations act as sink terms for the resolved scalar

energy.

7.5 Future works

To continue the current research on turbulent flow and dispersion in urban environ-

ments, the following suggestions are recommended:

• Investigating the effects of different influential parameters (e.g., Reynolds

number, aspect ratios and inlet turbulence) on the turbulent wake of a single

wall-mounted obstacle using wall-resolved and wall-modeled LES.

• Conducting comparative studies on the performance of different SGS stress

models for simulating turbulent wake of wall-mounted obstacles.

• Simulating the flow field in different arrangements of wall-mounted obstacles

including staggered array of cubes, obstacles with higher aspect ratios (rectangle

obstacles rather than cubic obstacles) and a combination of obstacles with low

and high aspect ratios.

• Studying the effects of different wind directions on the evolution of turbulent

flow structures in different regions around the wall-mounted obstacles.

• Placing the point source at different locations including elevations below and

above the canopy and also in different places in streamwise streets.

• Investigating the feasibility of employing a wall model for the simulation of the

dispersion field.
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• Studying the non-continuous release of the contaminant and puff release from

the point source.

• Studying the dispersion field arising from multiple point sources in the flow

domain.
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a multi-layered wall-mounted cube matrix: A large eddy simulation,” Int. J.

Heat Fluid Flow, vol. 23, pp. 173–185, 2002.

[68] S. R. Hanna, S. Tehranian, B. Carissimo, R. W. MacDonald, and R. Lohner,

“Comparisons of model simulations with observations of mean flow and

turbulence within simple obstacle arrays,” J. Atmos. Env., vol. 36, pp. 5067–

5079, 2002.

[69] R. F. Shi, G. X. Cui, Z. S. Wang, C. X. Xu, and Z. S. Zhang, “Large eddy

164



simulation of wind field and plume dispersion in building array,” J. Atmos.

Env., vol. 42, pp. 1083–1097, 2008.

[70] C.-H. Liu, D. Y. C. Leung, and M. C. Barth, “On the prediction of air and

pollutant exchange rates in street canyons of different aspect ratios using large-

eddy simulation,” J. Atmos. Env., vol. 39, pp. 1567–1574, 2005.

[71] W. C. Cheng and C.-H. Liu, “Large-eddy simulation of flow and pollutant

transports in and above two-dimensional idealized street canyons,” Boundary-

Layer Meteorol., vol. 139, pp. 411–437, 2011.

[72] P. J. Mason and N. S. Callen, “On the magnitude of the subgrid-scale eddy

coefficient in large-eddy simulations of turbulent channel flow,” J. Fluid Mech.,

vol. 162, pp. 439–462, 1986.

[73] U. Piomelli, J. Ferziger, P. Moin, and J. Kim, “New approximate boundary

conditions for large eddy simulations of wall-bounded flows,” Phys. Fluids A,

vol. 1, pp. 1061–1068, 1989.

[74] U. Piomelli and E. Balaras, “Wall-layer models for large-eddy simulations,”

Annu. Rev. Fluid Mech., vol. 34, pp. 349–374, 2002.

[75] M. Wang and P. Moin, “Dynamic wall modeling for large-eddy simulation of

complex turbulent flows,” Phys. Fluids, vol. 14, pp. 2043–2051, 2002.

[76] S. Kawai and J. Larsson, “Wall-modeling in large eddy simulation: Length

scales, grid resolution, and accuracy,” Phys. Fluids, vol. 24, pp. 015105, 1–10,

2012.

[77] E. Balaras, C. Benocci, and U. Piomelli, “Finite-difference computations of

165



high Reynolds number flows using the dynamic subgrid-scale model,” Theor.

Comput. Fluid Dyn., vol. 7, pp. 207–216, 1995.

[78] S. B. Mathieu and J. Scott, An Introduction to Turbulent Flow. Cambridge,

UK: Cambridge Univ., 2000.

[79] S. V. Patankar, Numerical Heat Transfer and Fluid Flow. New Yrok:

Hemisphere, 1980.
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Appendix A

Derivation of the transport equations

Although the velocity, pressure and scalar fields can be fully determined by the

solution of their governing equations (i.e., mass, momentum and scalar transport

equations), there are some important quantities (e.g., turbulent kinetic energy) which

are of significant interests to fluid dynamicists. Thus, an exact analysis of different

physical mechanisms governing the transport of these quantities can be very attractive

to scientists and engineers. Such analysis is possible through investigating the specific

transport equation of the desired quantity. To derive a transport equation for a

specific quantity, we need to refer to the original governing equations of the flow and

scalar fields, apply the required mathematical operations and extract the desired

equation. In this appendix, the transport equations of four important physical

quantities in the context of LES of turbulent flows and scalar fields have been reviewed

and their derivation procedures are presented. The transport equations are time- (or

ensemble-) averaged.

A.1 Resolved kinetic energy

The filtered continuity and momentum equations for an incompressible fluid flow can

be written as
∂ūi
∂xi

= 0 , (A.1)

∂ūi
∂t

+ ūj
∂ūi
∂xj

= −
1

ρ

∂p̄

∂xi
+ 2ν

∂s̄ij
∂xj

−
∂τij
∂xj

, (A.2)
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in which S̄ij =
1
2
(∂ūi/∂xj + ∂ūj/∂xi) is the strain rate tensor. Multiplying both sides

of the equation A.2 by ūi yields

ūi
∂ūi
∂t

+ ūiūj
∂ūi
∂xj

= −
1

ρ
ūi
∂p̄

∂xi
+ 2νūi

∂s̄ij
∂xj

− ūi
∂τij
∂xj

. (A.3)

Applying the chain rule to the derivatives and neglecting the divergence of the velocity

according to the continuity equation (∂ūi

∂xi
= 0) will result in

∂(1
2
ūiūi)

∂t
+ ūj

(1
2
ūiūi)

∂xj
= −

1

ρ
ūi
∂p̄

∂xi
+2ν

∂ūis̄ij
∂xj

− 2νs̄ij
∂ūi
∂xj

−
∂ūiτij
∂xj

+ τij
∂ūi
∂xj

. (A.4)

Rearranging the termsa and taking the average of the obtained equation will give us

the transport equation of the resolved kinetic energy (kr) as

〈
uj
∂kr
∂xj

〉

︸ ︷︷ ︸
advection

= −
1

ρ

〈
uj
∂p

∂xj

〉

︸ ︷︷ ︸
pressure
diffusion

+2ν

〈
∂Sijui
∂xj

〉

︸ ︷︷ ︸
viscous
diffusion

− 2ν〈SijSij〉︸ ︷︷ ︸
viscous

dissipation

−

〈
∂τ ∗ijui

∂xj

〉

︸ ︷︷ ︸
SGS

diffusion

+ 〈τ ∗ijSij〉︸ ︷︷ ︸
SGS

dissipation

. (A.5)

A.2 Resolved turbulent kinetic energy

The filtered instantaneous velocity can be decomposed into the time-averaged and

fluctuating part as ūi = 〈ūi〉+ ū
′′
i . Inserting the decomposed form of the velocity into

equation A.2 and taking the average of the obtained equation will result the transport

equation of the resolved averaged-velocity as

〈ūk〉
∂〈ūi〉

∂xk
= −

1

ρ

∂〈p̄〉

∂xi
+ 2ν

∂〈s̄ik〉

∂xk
−
∂〈ū′′i ū

′′
k〉

∂xk
−
∂〈τik〉

∂xk
. (A.6)

aNote the rearrangement for the viscous and SGS dissipation:

s̄ij
∂ūi

∂xj

= (s̄ij
∂ūi

∂xj

+ s̄ji
∂ūj

∂xi

)/2 = (s̄ij
∂ūi

∂xj

+ s̄ij
∂ūj

∂xi

)/2 = s̄ij s̄ij

τij
∂ūi

∂xj

= (τij
∂ūi

∂xj

+ τji
∂ūj

∂xi

)/2 = (τij
∂ūi

∂xj

+ τij
∂ūj

∂xi

)/2 = τij s̄ij
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Subtracting equation A.6 from equation A.2 will obtain the transport equation for

the resolved fluctuating velocity as

〈ūk〉
∂ū′′i
∂xk

+ ū′′k
∂〈ūi〉

∂xk
+ ū′′k

∂ū′′i
∂xk

−
〈ū′′i ū

′′
k〉

∂xk
= −

1

ρ

∂p̄′′

∂xi
+ 2ν

∂s̄′′ik
∂xk

−
∂τik
∂xk

+
∂〈τik〉

∂xk
. (A.7)

Multiplying equation A.7 by ū′′j and the corresponding equation of ū′′j by ū′′i and

summation of the obtained equations will result the Reynolds stress transport

equation as

〈ūk〉
∂ū′′i ū

′′
j

∂xk
+ ū′′j ū

′′
k

∂〈ūi〉

∂xk
+ ū′′i ū

′′
k

∂〈ūj〉

∂xk
+ ū′′k

∂ū′′i u
′′
j

∂xk
− ū′′i

〈ū′′j ū
′′
k〉

∂xk
− ū′′j

〈ū′′i ū
′′
k〉

∂xk
=

−
1

ρ
ū′′i
∂p̄′′

∂xj
−

1

ρ
ū′′j
∂p̄′′

∂xi
+ 2νū′′i

∂s̄′′jk
∂xk

+ 2νū′′j
∂s̄′′ik
∂xk

−

ū′′j
∂τik
∂xk

− ū′′i
∂τjk
∂xk

+ ū′′j
∂〈τik〉

∂xk
+ ū′′i

∂〈τjk〉

∂xk
. (A.8)

Rearranging the terms and contracting the equation A.8 and dividing the result by

2, will give the transport equation of the resolved TKE (k) as

〈uj〉
∂k

∂xj︸ ︷︷ ︸
advection

= −〈u′′i u
′′
j 〉
∂〈ui〉

∂xj︸ ︷︷ ︸
production

−
1

2

∂

∂xj

〈
u′′i u

′′
i u

′′
j

〉

︸ ︷︷ ︸
turbulent diffusion

−
1

ρ

〈
u′′j
∂p′′

∂xj

〉

︸ ︷︷ ︸
pressure
diffusion

+2ν
∂

∂xj
〈S

′′

iju
′′
i 〉

︸ ︷︷ ︸
viscous diffusion

− 2ν〈S
′′

ijS
′′

ij〉︸ ︷︷ ︸
viscous

dissipation

−
∂

∂xj
〈u′′i τij〉

︸ ︷︷ ︸
SGS diffusion

+ 〈τ ∗ijS
′′

ij〉︸ ︷︷ ︸
SGS

dissipation

. (A.9)

A.3 Resolved scalar energy

The transport equation of the resolved scalar field takes the following form

∂c̄

∂t
+

∂

∂xj
(ūj c̄) = α

∂2c̄

∂xj∂xj
−
∂hj
∂xj

. (A.10)

Multiplying both sides of the equation A.10 by 2c̄ will result

2c̄
∂c̄

∂t
+ 2c̄

∂

∂xj
(ūj c̄) = 2αc̄

∂2c̄

∂xj∂xj
− 2c̄

∂hj
∂xj

. (A.11)
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Applying the chain rule to the derivatives and neglecting the divergence of the velocity

according to the continuity equation (∂ūi

∂xi
= 0) will obtain

∂c̄2

∂t
+ ūj

∂c̄2

∂xj
= 2αc̄

∂2c̄

∂xj∂xj
− 2

∂c̄hj
∂xj

+ 2hj
∂c̄

∂xj
. (A.12)

Rearranging the termsb and taking the average of the obtained equation will give the

transport equation of the resolved scalar energy (krs) as

〈
uj
∂krs
∂xj

〉

︸ ︷︷ ︸
advection

= α

〈
∂2krs
∂xj∂xj

〉

︸ ︷︷ ︸
molecular
diffusion

− 2α

〈
∂c

∂xj

∂c

∂xj

〉

︸ ︷︷ ︸
molecular
dissipation

−2

〈
∂chj
∂xj

〉

︸ ︷︷ ︸
SGS

diffusion

+2

〈
hj

∂c

∂xj

〉

︸ ︷︷ ︸
SGS

dissipation

. (A.13)

A.4 Resolved scalar variance

The filtered instantaneous scalar field can be decomposed into the time-averaged and

fluctuating part as c̄ = 〈c̄〉 + c̄′′. Inserting the decomposed form of the velocity,

which was introduced before, and also the decomposed form of the scalar field into

equation A.10 and taking the average of the obtained equation will result the transport

equation of the resolved averaged-scalar field as

∂〈c̄〉

∂t
+ 〈ūj〉

∂〈c̄〉

∂xj
+
∂〈ū′′j c̄

′′〉

∂xj
= α

∂2〈c̄〉

∂xj∂xj
−
∂〈hj〉

∂xj
. (A.14)

Subtracting equation A.14 from equation A.10 will obtain the transport equation for

the resolved fluctuating scalar field as

∂c̄′′

∂t
+ ū′′j

∂c̄′′

∂xj
+ 〈ūj〉

∂c̄′′

∂xj
+ ū′′j

∂〈c̄〉

∂xj
−
∂〈ū′′j c̄

′′〉

∂xj
= α

∂2c̄′′

∂xj∂xj
−
∂hj
∂xj

+
∂〈hj〉

∂xj
. (A.15)

bNote the rearrangement for the molecular diffusion and molecular dissipation:

2αc̄
∂2c̄

∂xj∂xj

= 2α(
∂

∂xj

c̄
∂c̄

∂xj

−
∂c̄

∂xj

∂c̄

∂xj

) = 2α(
∂

∂xj

(
∂ c̄

2

2

∂xj

)−
∂c̄

∂xj

∂c̄

∂xj

) = α
∂2c̄2

∂xj∂xj

− 2α
∂c̄

∂xj

∂c̄

∂xj
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Multiplying equation A.15 by 2c̄′′ will result in

∂c̄′′2

∂t
+ 2c̄′′ū′′j

∂c̄′′

∂xj
+ 〈ūj〉

∂c̄′′2

∂xj
+ 2c̄′′ū′′j

∂〈c̄〉

∂xj
− 2c̄′′

∂〈ū′′j c̄
′′〉

∂xj
=

α
∂2c̄′′2

∂xj∂xj
− 2α

∂c̄′′

∂xj

∂c̄′′

∂xj
− 2

∂hj c̄
′′

∂xj
+ 2hj

∂c̄′′

∂xj
+
∂〈hj〉c̄

′′

∂xj
− 2〈hj〉

∂c̄′′

∂xj
. (A.16)

Taking the average of the above equation will obtain the transport equation of the

resolve scalar variance (ks) as

〈uj〉
∂ks
∂xj︸ ︷︷ ︸

advection

= − 2〈u′′j c
′′〉
∂〈c〉

∂xj︸ ︷︷ ︸
production

−
∂

∂xj
〈u′′j c

′′c′′〉

︸ ︷︷ ︸
turbulent diffusion

+α
∂2ks
∂xj∂xj︸ ︷︷ ︸
molecular
diffusion

− 2α

〈
∂c′′

∂xj

∂c′′

∂xj

〉

︸ ︷︷ ︸
molecular
dissipation

− 2
∂

∂xj
〈hjc

′′〉

︸ ︷︷ ︸
SGS diffusion

+2

〈
hj
∂c′′

∂xj

〉

︸ ︷︷ ︸
SGS

dissipation

.

(A.17)
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Appendix B

Discretization of the governing equations

In this appendix, we demonstrate the discretization algorithms used for the momen-

tum, continuity and scalar transport equations. For the momentum and continuity

equations, we follow the scheme of Ham et al. [106] based on the finite difference

approach in a staggered grid arrangement. For the scalar transport equation, a

classical total variation diminishing (TVD) scheme is used. It should be noted

that in this appendix, we consider the original form of the continuity, momentum

and scalar transport equations (without any filtering or averaging which is used for

DNS) to demonstrate the procedure for extracting the algebraic equations required

for the numerical solution. Further modifications to the governing equations (e.g.,

embedding the SGS models or wall models) can be applied based on the original

discrete equations.

B.1 Discretization of the momentum equation

The tensorial from of the momentum equation is

∂ui
∂t

+
∂

∂xj
(uiuj) = −

1

ρ

∂p

∂xi
+ ν

∂2ui
∂xj∂xj

, (B.1)

in which ui and p represent the velocity and pressure fields, respectively, xi represents

coordinates, and ρ and ν are the density and kinematic viscosity of the fluid,

respectively. To demonstrate the algorithm, here, we consider the x-component

equation (corresponding to the index i = 1 in equation B.1). Similar procedure

can be applied for other components of the momentum equation analogously. Thus,
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FIGURE B.1: Schematic of a typical computational cell, its node, faces, indices and
neighbors in 2-D and 3-D configurations for the base grid. Note that in a staggered
grid arrangement, the grids for storing velocity components (u, v and w) are half-cell
shifted in x, y and z directions, respectively.

the x-component of the momentum equation is given by

∂u

∂t
+
∂uu

∂x
+
∂vu

∂y
+
∂wu

∂z
= −

1

ρ

∂p

∂x
+ ν

(
∂2u

∂x∂x
+

∂2u

∂y∂y
+

∂2u

∂z∂z

)
. (B.2)

In the first step of the fractional step method used in this thesis, we need to solve

the momentum equation for every single point in the discrete computational domain

(i.e., computational nodes). Figure B.1a presents the schematic of a computational

node (located in the center of a 3-D computational cell) and its neighbors in a

Cartesian coordinate system. As a convention, the computational node is denoted by

P, representing point, and the neighboring nodes are denoted by W, E, S, N, B, T,

representing west, east, south, north, bottom and top directions. Lower case letters w,

e, s, n, b, and t are used for the faces of the computational cell in same directions.

To present the spacing and indices of the computational cell more clearly, Fig. B.1b

shows the computational cells, nodes, faces and their indices in a 2-D configuration.

Following the fractional step method of Choi and Moin [109] coupled with a

second-order Crank-Nicolson scheme, the x-momentum equation will be
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u∗p − unp
∆t

+
1

4

[
∂(un + u∗)(un + u∗)

∂x

]

p

+
1

4

[
∂(vn + v∗)(un + u∗)

∂y

]

p

+
1

4

[
∂(wn + w∗)(un + u∗)

∂z

]

p

= −
1

ρ

(
∂pn

∂x

)

p

+
ν

2

(
∂2(un + u∗)

∂x∂x
+
∂2(un + u∗)

∂y∂y
+
∂2(un + u∗)

∂z∂z

)

p

, (B.3)

in which the superscript n denotes the variable at the old time level and ∗ represents

the variable at time level n + 1
2
.

The convective terms are discretized as

1

4

[
∂(un + u∗)(un + u∗)

∂x

]

p

=

ufe

uni,j,k + u∗i,j,k
2

+
uni+1,j,k + u∗i+1,j,k

2
2

− ufw

uni,j,k + u∗i,j,k
2

+
uni−1,j,k + u∗i−1,j,k

2
2

dxi + dxi+1
, (B.4)

1

4

[
∂(vn + v∗)(un + u∗)

∂y

]

p

=

vfn

uni,j,k + u∗i,j,k
2

+
uni,j+1,k + u∗i,j+1,k

2
2

− vfs

uni,j,k + u∗i,j,k
2

+
uni,j−1,k + u∗i,j−1,k

2
2

dyj + dyj
, (B.5)

1

4

[
∂(wn + w∗)(un + u∗)

∂z

]

p

=

wft

uni,j,k + u∗i,j,k
2

+
uni,j,k+1 + u∗i,j,k+1

2
2

− wfb

uni,j,k + u∗i,j,k
2

+
uni,j,k−1 + u∗i,j,k−1

2
2

dzk + dzk
, (B.6)
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in which

ufe =
dxi+1

uni+1,j,k + u∗i+1,j,k

2
+ dxi+1

uni,j,k + u∗i,j,k
2

dxi+1 + dxi+1
, (B.7)

ufw =
dxi

uni,j,k + u∗i,j,k
2

+ dxi
uni−1,j,k + u∗i−1,j,k

2
dxi + dxi

, (B.8)

vfn =
dxi+1

vni+1,j+1,k + v∗i+1,j+1,k

2
+ dxi

vni,j+1,k + v∗i,j+1,k

2
dxi + dxi+1

, (B.9)

vfs =
dxi+1

vni+1,j−1,k + v∗i+1,j−1,k

2
+ dxi

vni,j−1,k + v∗i,j−1,k

2
dxi + dxi+1

, (B.10)

wft =
dxi+1

wn
i+1,j,k+1 + w∗

i+1,j,k+1

2
+ dxi

wn
i,j,k+1 + w∗

i,j,k+1

2
dxi + dxi+1

, (B.11)

wfb =
dxi+1

wn
i+1,j,k−1 + w∗

i+1,j,k−1

2
+ dxi

wn
i,j,k−1 + w∗

i,j,k−1

2
dxi + dxi+1

. (B.12)

The discretization of diffusion terms will be

ν

2

∂2(un + u∗)

∂x∂x
= ν

(du
dx
)e − (du

dx
)w

dxi + dxi+1
, (B.13)

ν

2

∂2(un + u∗)

∂y∂y
= ν

(du
dy
)n − (du

dy
)s

dyj + dyj
, (B.14)

ν

2

∂2(un + u∗)

∂z∂z
= ν

(du
dz
)t − (du

dz
)b

dzk + dzk
, (B.15)

in which

(
du

dx

)

e

=

uni+1,j,k + u∗i+1,j,k

2
−
uni,j,k + u∗i,j,k

2
dxi+1 + dxi+1

, (B.16)
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(
du

dx

)

w

=

uni,j,k + u∗i,j,k
2

−
uni−1,j,k + u∗i−1,j,k

2
dxi + dxi

, (B.17)

(
du

dy

)

n

=

uni,j+1,k + u∗i,j+1,k

2
−
uni,j,k + u∗i,j,k

2
dyj+1 + dyj

, (B.18)

(
du

dy

)

s

=

uni,j,k + u∗i,j,k
2

−
uni,j−1,k + u∗i,j−1,k

2
dyj + dyj−1

, (B.19)

(
du

dz

)

t

=

uni,j,k+1 + u∗i,j,k+1

2
−
uni,j,k + u∗i,j,k

2
dzk+1 + dzk

, (B.20)

(
du

dz

)

b

=

uni,j,k + u∗i,j,k
2

−
uni,j,k−1 + u∗i,j,k−1

2
dzk + dzk−1

, (B.21)

and the source term is discretized as

−
1

ρ

∂pn

∂x
= −

pni+1,j,k + p∗i+1,j,k

2
−
pni,j,k + p∗i,j,k

2
dxi + dxi+1

. (B.22)

The final algebraic form of the u-momentum equation takes the following form

Apu
∗
p = AEu

∗
E + AWu

∗
W + ANu

∗
N + ASu

∗
S + ATu

∗
T + ABu

∗
B +Bp , (B.23)

in which the neighbor coefficients are
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AE = −
dxi+1

uni+1,j,k + u∗i+1,j,k

2
+ dxi+1

uni,j,k + u∗i,j,k
2

4(dxi + dxi+1)(dxi+1 + dxi+1)

+
ν

4dxi+1(dxi + dxi+1)
,

AW = +
dxi

uni,j,k + u∗i,j,k
2

+ dxi
uni−1,j,k + u∗i−1,j,k

2
4(dxi + dxi+1)(dxi + dxi)

+
ν

4dxi(dxi + dxi+1)
,

AN = −
dxi+1

vni+1,j+1,k + v∗i+1,j+1,k

2
+ dxi

vni,j+1,k + v∗i,j+1,k

2
4(dyj + dyj)(dxi + dxi+1)

+
ν

4dyj(dyj+1 + dyj)
,

AS = +
dxi+1

vni+1,j−1,k + v∗i+1,j−1,k

2
+ dxi

vni,j−1,k + v∗i,j−1,k

2
4(dyj + dyj)(dxi + dxi+1)

+
ν

4dyj(dyj + dyj−1)
,

AT = −
dxi+1

wn
i+1,j,k+1 + w∗

i+1,j,k+1

2
+ dxi

wn
i,j,k+1 + w∗

i,j,k+1

2
4(dzk + dzk)(dxi + dxi+1)

+
ν

4dzk(dzk+1 + dzk)
,

AB = +
dxi+1

wn
i+1,j,k−1 + w∗

i+1,j,k−1

2
+ dxi

uni,j,k−1 + u∗i,j,k−1

2
4(dzk + dzk)(dxi + dxi+1)

+
ν

4dzk(dzk + dzk−1)
, (B.24)
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and the central coefficient is

AP =
1

∆t

+
dxi+1

uni+1,j,k + u∗i+1,j,k

2
+ dxi+1

uni,j,k + u∗i,j,k
2

4(dxi + dxi+1)(dxi+1 + dxi+1)
+

ν

4dxi+1(dxi + dxi+1)

−
dxi

uni,j,k + u∗i,j,k
2

+ dxi
uni−1,j,k + u∗i−1,j,k

2
4(dxi + dxi+1)(dxi + dxi)

+
ν

4dxi (dxi + dxi+1)

+
dxi+1

vni+1,j+1,k + v∗i+1,j+1,k

2
+ dxi

vni,j+1,k + v∗i,j+1,k

2
4(dyj + dyj)(dxi + dxi+1)

+
ν

4dyj (dyj+1 + dyj)

−
dxi+1

vni+1,j−1,k + v∗i+1,j−1,k

2
+ dxi

vni,j−1,k + v∗i,j−1,k

2
4(dyj + dyj)(dxi + dxi+1)

+
ν

4dyj (dyj + dyj−1)

+
dxi+1

wn
i+1,j,k+1 + w∗

i+1,j,k+1

2
+ dxi

wn
i,j,k+1 + w∗

i,j,k+1

2
4(dzk + dzk)(dxi + dxi+1)

+
ν

4dzk (dzk+1 + dzk)

−
dxi+1

wn
i+1,j,k−1 + w∗

i+1,j,k−1

2
+ dxi

uni,j,k−1 + u∗i,j,k−1

2
4(dzk + dzk)(dxi + dxi+1)

+
ν

4dzk (dzk + dzk−1)
,

(B.25)

and the source term coefficient takes the following form

Bp =
2unP
∆t

+ AEu
n
E + AWu

n
W + ANu

n
N + ASu

n
S + ATu

n
T + ABu

n
B

−

pni+1,j,k + p∗i+1,j,k

2
−
pni,j,k + p∗i,j,k

2
dxi + dxi+1

. (B.26)

B.2 Discretization of the continuity equation

In the third step of the fractional step method, we need to update the pressure field so

that the velocity field in the new time step is divergence free (satisfies the continuity

equation). This is accomplished by solving the following Poisson equation
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∂2pn+1

∂xi∂xi
=

2ρ

∆t

∂u∗∗i
∂xi

, (B.27)

which can be further expanded to

∂2pn+1

∂x∂x
+
∂2pn+1

∂x∂x
+
∂2pn+1

∂x∂x
=

2ρ

∆t

(
∂u∗∗

∂x
+
∂v∗∗

∂y
+
∂w∗∗

∂z

)
. (B.28)

Applying the discretization for the first and second derivatives, a final algebraic

equation of the following form will be obtained

App
n+1
p = AEp

n+1
E +AWp

n+1
W +ANp

n+1
N +ASp

n+1
S +ATp

n+1
T +ABp

n+1
B +Bp , (B.29)

where the neighbor coefficients are

AE =
1

(dxi + dxi+1)(dxi + dxi)
,

AW =
1

(dxi−1 + dxi)(dxi + dxi)
,

AN =
1

(dyj + dyj+1)(dyj + dyj)
,

AS =
1

(dyj−1 + dyj)(dyj + dyj)
,

AT =
1

(dzk + dzk+1)(dzk + dzk)
,

AB =
1

(dzk−1 + dzk)(dzk + dzk)
, (B.30)

and the central coefficient is

AP =
1

(dxi + dxi+1)(dxi + dxi)

+
1

(dxi−1 + dxi)(dxi + dxi)

+
1

(dyj + dyj+1)(dyj + dyj)

+
1

(dyj−1 + dyj)(dyj + dyj)

+
1

(dzk + dzk+1)(dzk + dzk)

+
1

(dzk−1 + dzk)(dzk + dzk)
, (B.31)
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and the source term takes the following form

Bp =
−2ρ

∆t

[
u∗∗i,j,k − u∗∗i−1,j,k

(dxi + dxi)
+
u∗∗i,j,k − u∗∗i,j−1,k

(dyj + dyj)
+
u∗∗i,j,k − u∗∗i,j,k−1

(dzk + dzk)

]
. (B.32)

B.3 Discretization of the scalar transport equation

If the solution of the concentration field is required, along with the continuity and

momentum equations, the scalar transport equation also has to be solved at each

time step. Scalar transport equation is a linear equation which takes the following

form
∂c

∂t
+

∂

∂xj
(ujc) = α

∂2c

∂xj∂xj
. (B.33)

Since the concentration is typically considered as a passive scalar, the transport

equation for the flow and the scalar field are fully decoupled. Thus, after solving

the the continuity and momentum equations, the obtained velocity field should be

inserted into the discretized from of the scalar transport equation to form a system

of linear algebraic equation. Different schemes can be used for discretizing the scalar

transport equation out of which second order central difference scheme is a simple

and common one. However, in problems with high local gradients (e.g., point source

release of contaminant), central difference scheme will cause unphysical oscillations

in the concentration field. Thus, a more stable scheme is required for this type of

problems. For this purpose, a total variation diminishing (TVD) scheme has been

applied to the discretization of the scalar transport equation which is demonstrated

in the following.

The semi discretized from (discretized in time not in space) of the scalar transport

equation presented in equation B.33 can be expressed as

cn+1 − cn

∆t
+
∂uc

∂x
+
∂vc

∂y
+
∂wc

∂z
= α

(
∂2c

∂x∂x
+

∂2c

∂y∂y
+

∂2c

∂z∂z

)
. (B.34)

The convective terms are discretized as
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∂uc

∂x
= fe

cne + cn+1
e

2
− fw

cnw + cn+1
w

2
, (B.35)

∂vc

∂x
= fn

cnn + cn+1
n

2
− fs

cns + cn+1
s

2
, (B.36)

∂wc

∂x
= ft

cnt + cn+1
t

2
− fb

cnb + cn+1
b

2
, (B.37)

in which the superscripts n and n + 1 represents values at the old and the current

time steps, respectively. the convective fluxes are

fe =

un
i,j,k

+un+1

i,j,k

2

2dxi
, fw =

un
i−1,j,k

+un+1

i−1,j,k

2

2dxi
, (B.38)

fn =

vn
i,j,k

+vn+1

i,j,k

2

2dyj
, fs =

vn
i,j−1,k

+vn+1

i,j−1,k

2

2dyj
, (B.39)

ft =

wn
i,j,k

+wn+1

i,j,k

2

2dzk
, fb =

wn
i,j,k−1

+wn+1

i,j,k−1

2

2dzk
, (B.40)

and the value of the scalar field at cell faces are evaluated as

ce = αe

[
cP +

1

2
ψ(r+e )(cE − cP )

]
+ (1− αe)

[
cE +

1

2
ψ(r−e )(cP − cE)

]
, (B.41)

cw = αw

[
cW +

1

2
ψ(r+w )(cP − cW )

]
+ (1− αw)

[
cP +

1

2
ψ(r−w)(cW − cP )

]
, (B.42)

cn = αn

[
cP +

1

2
ψ(r+n )(cN − cP )

]
+ (1− αn)

[
cN +

1

2
ψ(r−n )(cP − cN)

]
, (B.43)

cs = αs

[
cS +

1

2
ψ(r+s )(cP − cS)

]
+ (1− αs)

[
cP +

1

2
ψ(r−s )(cS − cP )

]
, (B.44)

ct = αt

[
cP +

1

2
ψ(r+t )(cT − cP )

]
+ (1− αn)

[
cT +

1

2
ψ(r−t )(cP − cT )

]
, (B.45)

cb = αb

[
cB +

1

2
ψ(r+b )(cP − cB)

]
+ (1− αb)

[
cP +

1

2
ψ(r−b )(cB − cP )

]
, (B.46)
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TABLE B.1: Values of the α coefficients for different flow directions

αe = 1 for fe > 0 and αe = 0 for fe < 0
αw = 1 for fw > 0 and αw = 0 for fw < 0
αn = 1 for fn > 0 and αn = 0 for fn < 0
αs = 1 for fs > 0 and αs = 0 for fs < 0
αt = 1 for ft > 0 and αt = 0 for ft < 0
αb = 1 for fb > 0 and αb = 0 for fb < 0

TABLE B.2: The ratio of gradients for different flow directions and cell faces

r+e = cP−cW
cE−cP

r−e = cEE−cE
cE−cP

r+w = cW−cWW

cP−cW
r−w = cE−cP

cP−cW

r+n = cP−cS
cN−cP

r−n = cNN−cN
cN−cP

r+s = cS−cSS

cP−cS
r−s = cN−cP

cP−cS

r+t = cP−cB
cT−cP

r−t = cTT−cT
cT−cP

r+b = cB−cBB

cP−cB
r−b = cT−cP

cP−cB

in which αe,w,... shows the flow directions, r is the ratio of the upstream to downstream

gradients and ψ is the flux limiter function. The values of α coefficients and the

relationships for gradient ratios have been specified in tables B.1 and B.2, respectively.

The flux limiter function is chosen to be

ψ(r) =
r + r2

1 + r2
. (B.47)

The diffusion terms are discretized as

α
∂2c

∂x∂x
= α

(
dc
dx

)
e
−

(
dc
dx

)
w

2dxi
= α

cn
E

+c
n+1

E
2

−
cn
P

+c
n+1

P
2

dxi+dxi+1
−

cn
P

+c
n+1

P
2

−
cn
W

+c
n+1
w

2

dxi+dxi−1

2dxi
, (B.48)

α
∂2c

∂y∂y
= α

(
dc
dy

)
n
−

(
dc
dy

)
s

2dyj
= α

cn
N

+c
n+1

N
2

−
cn
P

+c
n+1

P
2

dyj+dyj+1
−

cn
P

+c
n+1

P
2

−
cn
S
+c

n+1

S
2

dyj+dyj−1

2dyj
, (B.49)

α
∂2c

∂z∂z
= α

(
dc
dz

)
t
−

(
dc
dz

)
b

2dzk
= α

cnT+c
n+1

T
2

−
cnP+c

n+1

P
2

dzk+dzk+1
−

cnP+c
n+1

P
2

−
cnB+c

n+1

B
2

dzk+dzk−1

2dzk
. (B.50)
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Applying the above discretization to the scalar transport equation, the following

algebraic equation will be obtained

Apc
n+1
p = AEc

n+1
E +AW c

n+1
W +ANc

n+1
N +ASc

n+1
S +AT c

n+1
T +ABc

n+1
B +Bp , (B.51)

in which the neighbor coefficients are

AE = max(−fe, 0) +
α

4dxi(dxi + dxi+1)
,

AW = max( fw, 0) +
α

4dxi(dxi−1 + dxi)
,

AN = max(−fn, 0) +
α

4dyj(dyj + dyj+1)
,

AS = max( fs, 0) +
α

4dyj(dyj−1 + dyj)
,

AT = max(−ft, 0) +
α

4dzk(dzk + dzk+1)
,

AB = max( fb, 0) +
α

4dzk(dzk−1 + dzk)
, (B.52)

and the central coefficient is

AP =
1

∆t

+ AE + AW + AN + AS + AT + AB

+ (fe − fw) + (fn − fs) + (ft − fb) , (B.53)
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and the source term is

BP = (
2

∆t
−AP )c

n
P

+ AEc
n
E + AW c

n
W + ANc

n
N + ASc

n
S + AT c

n
T + ABc

n
B

+
1

2
fe

[
(1− αe)ψ(r

−
e )− αeψ(r

+
e )

]
(cnE − cnP )

+
1

2
fw

[
αwψ(r

+
w )− (1− αw)ψ(r

−
w )

]
(cnP − cnW )

+
1

2
fn

[
(1− αn)ψ(r

−
n )− αnψ(r

+
n )
]
(cnN − cnP )

+
1

2
fs

[
αsψ(r

+
s )− (1− αs)ψ(r

−
s )

]
(cnP − cnS)

+
1

2
ft
[
(1− αt)ψ(r

−
t )− αtψ(r

+
t )
]

(cnT − cnP )

+
1

2
fb
[
αbψ(r

+
b )− (1− αb)ψ(r

−
b )
]

(cnP − cnB) . (B.54)
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