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Abstract 
 
 
PET (positron emission tomography) scans are still in the experimental phase, as one of 

the newest breast cancer diagnostic techniques. It is becoming the new standard in 

neurology, oncology and cardiology. PET, like other nuclear medicine diagnostic and 

treatment techniques, involves the use of radiation. Because of the negative impact of 

radioactivity to our bodies the radiation doses in PET should be small.  

 
The existing computing algorithms for calculating PET images can be divided into two 

broad categories: analytical and iterative methods. In the analytical approach the relation 

between the picture and its projections is expressed by a set of integral equations which 

are then solved analytically. The Fourier backprojection (FBP) algorithm is a numerical 

approximation of this analytical solution. Iterative approaches use deterministic (ART = 

Algebraic Reconstructed Technique) or stochastic (EM = Expectation Maximization) 

algorithms. 

 
My proposed kernel density estimation (KDE) algorithm also falls also into the category 

of iterative methods. However, in this approach each coincidence event is considered 

individually. The estimate location of the annihilation event that caused each coincidence 

event is based on the previously assigned location of events processed earlier. To 

accomplish this, we construct a probability distribution along each coincidence line. This 

is generated from previous annihilation points by density estimation.  It is shown that this 

density estimation approach to PET can reconstruct an image of an existing tumor using 

significantly less data than the standard CT algorithms, such as FBP. Therefore, it might 

be very promising technique allowing reduced radiation dose for patients, while retaining 

or improving image quality.  
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Abbreviations and Frequently Used Symbols 

 
(In alphabetical order) 

 
AMISE asymptotic mean integrated square error 
ART  algebraic reconstruction technique 
ARTIST algebraic reconstruction techniques intended for storage tubes 
BGO  bismuth germinate 
C   contrast ratio 
CDF  cumulative distribution function 
CT   computed tomography 
DSE   square distance error 
EM  expectation maximization 
FDG  fluorodeoxyglucose 
FBP  filtered backprojection 
FOV   field of view 
FWHM full width at half maximum 
KDE  kernel density estimation 
LOR  line of coincidence (response) 
MISE  mean integrated square error 
MRI   magnetic resonance imaging 
MSE  mean square error 
MTF  modulation transfer function 
N  total number of points (phantom sample size) 
Ntum  number of points inside a tumor 
NEMA  National Electrical Manufacturers Association 
PDF  probability density function 
PET  positron emission tomography 
PFS  point spread function 
ROI  region of interest 
r   tumor radius 
SNR  signal to noise ratio 
SSE  successive square error 
SPECT single photon emission computed tomography 
SUV  standardized uptake value 
TOF  time of flight 
w   tube width (width of a “wrapping” around a LOR) 
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1 Introduction 
 
Positron emission tomography, also called PET imaging or a PET scan, is a branch of 

nuclear medicine. Unlike X-ray, ultrasound, and magnetic resonance imaging, nuclear 

medicine imaging techniques do not map an anatomical structure of the body but instead 

produce pictures of the body's basic biochemistry or function. Nuclear medicine plays an 

important complementary role in medical diagnostics considering the fact that most 

pathological conditions are often initiated by a change in the basic biochemistry of tissue 

long before the changes in physical properties of the tissue occur. Many diseases that 

show no gross structural changes or abnormalities on ultrasound or MRI have been 

revealed with molecular studies with PET [1].  

 
The history of using radiation in medicine began in 1895, when Wilhelm Roentgen 

(Nobel prize in 1901) discovered “a new kind of rays” which he called X-rays [2]. The 

nature of X-rays as short wave electromagnetic radiation was established by Max von 

Laue (Nobel prize in 1914) and soon opened up the way for its use in medicine.  

Roentgen found out that this new kind of radiation could travel through various kinds of 

materials and was attenuated in a different, material specific way. In particular, X-ray 

attenuation is very efficient in bone, but less so in soft tissues. The surprising part of the 

discovery was that, the X-rays could, like light, be captured on a photographic plate. The 

first “Roentgen picture” of a hand was made only a few months after the discovery of the 

X-rays.  

 
X-ray radiography is the oldest imaging technique in which X-rays from a source pass 

through the patient and are detected on the opposite side of the body. In conventional X-
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ray radiography the cross-sectional images represent the X-ray attenuation properties of 

the body. To a high approximation, the image has intensity given by Beer’s law: 

xeIxI µ−= 0)(                                                      (1.1) 

where I0 is the intensity of the incident X-ray beam, and I(x) is the X-ray intensity after 

passing through the material, and x is distance that the light travels through the material 

without interaction.  The parameter µ is the linear attenuation coefficient of the tissue 

measured in cm-1. 

 
The three-dimensional spatial distribution of the X-ray attenuation coefficients (which are 

a function of three variables (x,y,z) is projected into a two-dimensional image. Planar X-

ray radiography is used for a number of different purposes: from detecting diseases of the 

lung and broken ribs (chest radiography), to studying the liver, bladder, abdomen, pelvis, 

and detecting many different genitourinary and gastrointestinal diseases including kidney 

stones. 

 
However, planar X-ray radiography of overlapping layers of soft tissue and bones can 

often be difficult to interpret. For example, lung tumors, which have a higher density than 

surrounding normal tissue, may be obscured by a more dense rib that projects onto the 

same area in the radiograph. The limited utility of conventional radiography can be 

overcome by computed tomography (CT) systems.  

 
The term tomography refers to the general class of procedures for producing two-

dimensional cross-sectional images of a three-dimensional object. Mayer was the first to 

suggest in 1914 the idea of tomography [3]. The basic principle of CT is that the X-ray 

source and detectors rotate together around the patient, producing a series of one-
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dimensional projections at a number of different angles. Based on all the measurements, 

an estimate of the actual attenuation at each point inside the patient is calculated. 

Reconstruction of a function from its projection was first formulated by Neils Henrik 

Abel for the axisymmetric case in 1823 [4] and by Johann Radon in 1917 for the general 

case [5], whereas the first clinical X-ray CT system was marketed in 1972 by Geoffrey 

Hounsfield [6]. 

  
Although different imaging modalities such as ultrasound, magnetic resonance, PET or 

SPECT (single photon emission computed tomography) also represent a kind of 

computed tomography, the term CT is commonly used just for X-ray computed (axial) 

tomography. CT images can have a very high spatial resolution and contrast between 

tissues, which is sufficient to for diagnostic interpretation by a radiologist. Recent 

developments in spiral CT and sequential scanning have been enabled the acquisition of 

three-dimensional images. The major disadvantage of X-ray and CT imaging is the fact 

that both use ionizing radiation which can cause tissue damage. Therefore, there is a limit 

to the total radiation dose per year to which a patient can be subjected.  

 
A conventional X-ray is taken by passing X-rays through a person and onto a film. This 

"shadow" image shows some structures in the body, such as cartilage and bone. A CT 

scanner uses fine streams of X-rays. By firing them through the body from several 

directions, the CT scanner is able to build up a composite picture of anatomical details 

within a "slice" through the person. In contrast, the PET scanner and other nuclear 

medicine techniques utilize radiation emitted from the patient to develop images. Each 

patient is given a trace amount of a radioactive pharmaceutical that closely resembles a 
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natural substance used by the body. One example is 2-fluoro-2-deoxy-D-glucose (FDG), 

which is similar to a naturally occurring sugar, glucose, with the addition of a radioactive 

fluorine atom. The tracer is recognized by the body and gets involved in a metabolic 

process. The unstable isotopes decay producing gamma rays, which allow measuring the 

concentration of the tracer molecule in the body (as a function of position and time).  

 
Nuclear medicine imaging techniques are an important part of clinical diagnosis today 

because they are sensitive to early biochemical changes. Nuclear medicine originated 

with the study of radioactive isotopes for medical purposes in 1920 [7]. Radioactivity is 

an intrinsic property of particular isotopes that have unstable nuclei. Isotopes of a given 

element have the same number of protons, but vary in the number of neutrons in the 

nucleus. Some radionuclides emit electromagnetic rays during radioactive decay. These 

rays fall into the same frequency range as X rays and are therefore physically 

indistinguishable from them. However, conventionally electromagnetic rays that originate 

from nuclei are referred as to gamma rays. There are many ways in which an unstable 

isotope can decay. Depending on the decay mode, one or a pair of gamma rays can be 

emitted in each decay event. The unstable isotopes decay producing gamma rays, which 

allow measuring the concentration of the tracer molecule in the body as a function of 

position and time. In the 1940s and the early 1950s attempts were undertaken to image 

the radionuclide concentration in the human body, and in the late 1950s Hal Anger 

developed the first gamma camera [7]. Anger introduced an approach that is still being 

used in the design of all modern cameras – a two-dimensional planar detector to produce 

a two-dimensional image without scanning (the Anger scintillation camera).  
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The Anger camera can also be used for tomography. The projection images can be used 

to compute the original spatial distribution of the radionuclide within a slice or volume, 

in a process similar to reconstruction in X-ray tomography. In the 1970s the Radon’s 

method for reconstruction from projections published 50 years earlier was re-discovered 

and applied to medical imaging – first to CT, and next to nuclear medicine [7]. The first 

nuclear medicine tomographic system developed was a SPECT (Single Photon Emission 

Computed Tomography) scanner, in which an Anger camera is rotated about the patient 

to obtain multiple views. Anger et al. also showed that two scintillation cameras can be 

combined to detect photon pairs originating after positron emission [8]. This principle is 

the foundation of PET, which detects photon pairs. Similar to SPECT, PET is a 

tomographic technique that is used to measure physiology and function, rather than gross 

anatomy. However, the fact that two gamma rays are detected, rather than one as in 

SPECT, allows for the better optimization of the instrumentation used in PET; and as a 

result the images produced by PET have much higher SNR (signal to noise ratio) and 

spatial resolution (typically ~3-5mm) than SPECT images (~1-1.5 cm). A unique aspect 

of PET is that the ring of detectors surrounding the object to be imaged (also called PET 

camera) allows simultaneous acquisition of a complete data set; no rotation of the PET 

scanner is required.  

 
PET was formally introduced to the medical community in the 1970’s when Ter-

Pogossian et al [9] built the first dedicated PET system, which was used for phantom 

studies. At that time, however, it was seen as an exciting new research modality that 

opened doors through which medical researchers could watch, study, and understand the 

biology of human disease. PET has been in clinical use since the early 1990’s and is one 
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of the fastest growing imaging modalities in modern clinical diagnosis. In 1992, Phelps, 

Hoffman et al. [10] built the first PET scanner for human studies. The major disadvantage 

of PET is its high cost, typically $1.5- 5 million for a system. Another disadvantage is the 

need to have a cyclotron on-site to produce positron-emitting nuclides, because the half-

lives of the nuclides are short.  

 
PET has been shown to be useful to physicians in the care of patients with many types of 

diseases. Specifically, PET is useful in the diagnosis and management of cancer [11], 

certain neurological disorders, and heart disease [12]. It also represents a new step 

forward in the way scientists and doctors look at the brain and how it functions. An X-ray 

or a CT scan shows only structural details within the brain whereas the PET scanner 

gives us a picture of the brain at work.  

 
Even in diseases, such as Alzheimer's disease, where there is no gross structural 

abnormality, PET is able to show a biochemical change. In fact, a PET scan can detect 

mild physiological changes in the brain even when no signs or symptoms of Alzheimer's 

disease are evident and before severe damage to brain cells and memory loss occur [13]. 

PET scanning can also provide visual images of activity in the brain when a person is 

asked to read, talk or listen to music [14]. Such uses of a PET scan may help scientists to 

better understand the progression of Alzheimer's disease in different areas of the brain. 

PET scanning can also be a valuable tool in differentiating Alzheimer's disease from 

other types of dementia disorders, such as Parkinson's disease and Huntington's disease 

[15]. PET scans are often combined with magnetic resonance imaging (MRI) to create 

three-dimensional images of the brain, making it possible to measure the rate at which 
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various regions of the brain use, deposit and metabolize certain chemicals [16], [17]. The 

value of a PET scan is enhanced when it is part of a larger diagnostic work-up. This often 

entails comparison of the PET scan with other imaging studies, such as CT or MRI, so-

called multimodality imaging [18]. Today PET scanners are often made with PET and CT 

scanning devices combined in one gantry, i.e., PET / CT [18]. 

 
In a typical PET scan, 106 to 109 positron decaying events will be detected [13]. Not all 

of these events are “valid” and useful in the process of forming an image. In fact only a 

small fraction of all detected events are stored for future use. This is because a significant 

portion of all events are so called false events which are detected as a result of a number 

of errors. They include: random, scattered, multiple and single coincidences. These false 

events must be discarded and only the correct ones are used in reconstruction process.  

  
The existing computing algorithms for PET can be divided into two broad categories: 

analytical and iterative methods. In the analytical approach the relation between the 

image and its projections is expressed by a set of integral equations which are then solved 

analytically. The analytical methods are based on the Fourier backprojection 

reconstruction method (FBP) and it is briefly discussed in Chapter 5.  Iterative methods 

can be further divided into deterministic and stochastic approaches. The ART (Algebraic 

Reconstructed Technique) [19] is an example of deterministic technique. The algorithm 

was developed and first used by Gordon et al in the reconstruction of biological materials 

in the early 1970s [20].  

 
The stochastic approach, such as the EM (expectation maximization) algorithm, is based 

on the assumption that radioactive emissions follow Poisson statistics. The algorithm 
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combines unique properties of the Poisson process and the maximum likelihood method 

of estimation [21]. There are potential advantages over the Fourier back-projection 

algorithm such as reduction of statistical noise; however, its implementation is currently 

difficult and scanner dependent.  

 
The new approach proposed in this thesis falls also into the category of iterative methods. 

Its precursor was the ARTIST (Algebraic Reconstruction Techniques Intended for 

Storage Tubes) algorithm, introduced by Gordon in 1975 [22], [23]. ARTIST was the 

first algorithm which made use of previously estimated annihilation locations. The 

algorithm estimated a probability density distribution in a form of run-length histogram. 

The density estimation algorithm proposed here extends this concept by using more 

powerful density estimators than histogram as recently described in [24]. Rather than 

counting events it takes into account all previously estimated positron emission locations. 

The algorithm is not strictly dependent on the detector width. This is because density 

estimation PET is not limited by the statistics of the coincidence counts per detector pair. 

Thus spatial resolution need not be compromised during data collection. The additional 

advantage is that it is physically intuitive: it assigns one point along each coincidence line 

as an estimate of where that annihilation event occurred. 
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2 Positron Emission Tomography (PET) 
 

2.1 Radioactivity 
 
Radioactivity is a natural property of isotopes that have unstable nuclei. Isotopes are 

atoms with the same atomic number (number of protons) but different mass number (the 

sum of number of protons and neutrons). The nucleus is held together by two opposing 

forces: one is attractive force between nucleons and another is repulsive electromagnetic 

force between the positively charged protons. If a nucleus has either an excess number of 

protons or neutrons, it is unstable and prone to radioactive decay. Such nuclei are known 

as radionuclides. The result of radioactive decay is a change in the number of protons or 

neutrons in the nucleus. Changing the number of protons in the nucleus changes the 

atomic species, for example, as a result of radioactive decay oxygen (18O) changes to 

fluorine (18F).  

 
There are many ways in which an unstable isotope can decay. A common way is through 

positron emission (also known as beta-plus decay). A proton of the unstable nucleus is 

converted into a neutron and a positron (an anti-electron, e+, has the same mass as the 

electron but opposite electric charge). The positron is ejected from the nucleus, along 

with a neutrally charged neutrino. The neutrino is a particle which has little or no mass, 

no charge, and travels at near the speed of light. The positron that is ejected has a very 

short life in electron-rich material such as tissue. It slows down and soon collides with a 

nearby electron converting all their mass of the positron and electron into energy [25]. 

This is known as an annihilation process. The annihilation phenomenon has a number of 

very important properties advantageous for imaging and is the basis of PET.  
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Radionuclides can also decay by electron capture. The nucleus with an excess number of 

protons captures an orbital electron and converts a proton into a neutron decreasing the 

atomic number (number of protons in an atom) by 1. Again, a neutrino is released in the 

process. Decay by electron capture is more common in heavy atoms (with high atomic 

number) whereas decay by positron emission is characteristic for atoms with low atomic 

number. This form of radioactivity is less desirable in PET because the decay energy is 

too small for positron emission. The third common process of radioactivity is beta-minus 

decay. In this process, a neutron is transformed into a proton and an electron (called a 

beta-minus particle) causing increase of the atomic number by 1 (opposite to the electron 

capture process). Beta-minus emissions have no diagnostic value. Moreover beta particles 

damage the tissue ([1], [7]). 

In nuclear medicine, the imaging process is often considered to be a stochastic one. The 

rate in which radioactive isotopes decay is proportional to their amount. So, we can write 

( ) ( )tA
dt

tdA α−=                                                   (2.1) 

where A(t) is the number of radioactive isotopes at time t and α  is decay probability per 

unit time. So, the expected value of radioactivity A(t) decreases in exponential fashion:  

( ) ( ) teAtA α−= 0                                                           (2.2) 

where A(0) is the radioactivity at initial time 0. The half-life (T1/2) is  the time required for 

half the atoms in the radioactive isotope to decay. It follows from this equation that the 

half-life equals α)2ln( . Therefore, we can eliminate the unknown probability alpha from 

the equation and rewrite it as: 

 

 24



 ( ) ( ) { }2/1*)2ln(exp0 TAtA −=                                             (2.3) 

Radioactivity is measured in units of the number of decays per second. In the metric 

system (SI) the unit of radiaoactivity is 1 bequerel (Bq) equal to one decay per second. 

Traditional units of the curie (Ci) are still frequently used. The conversions are: 

1 mCi  (millicurie) = 37 * 106 Bq 

1 MBq  (megaBq) =  27 * 10-6 Ci 
 
Typical radioactivity doses in nuclear medicine are in the order of several hundred MBq. 

The average amount of activity administrated to PET patients is 370 MBq (10 mCi) 

according to [26]. In small-animal PET (microPET), however, the radioactivity amount 

ranges from 7.4 MBq to 9.3 MBq (0.2mCi to 0.25 mCi) [27]. In reporter gene imaging 

([13], [28]) the injected radioactivity is as small as order of 10-8 Ci [13]. 

2.2 Annihilation 
 
The positron released in beta-plus decay does not last long in electron-rich material such 

as tissue. Positrons can be emitted with a range of energies, from zero up to maximum 

endpoint energy Emax [13]. Emax is characteristic for a radionuclide. The mean kinetic 

energy of the emitted positrons is approximately: 0.33xEmax). Therefore, a positron travels 

a short distance (typically 10-1 to 10-2 cm [13]) within the tissue losing its kinetic energy. 

After most of its energy is dissipated it combines with a nearby electron and soon (after 

about 10-10 seconds [13]) annihilates, which means the mass of the electron and the 

positron is converted into electromagnetic energy. The energy released comes mostly 

from the mass of the electron and positron because both particles are almost at rest in the 

coordinate system of the patient. Using Einstein’s mass-energy formula E = mc2, it can be 

shown that energy released in this annihilation is 1.022 MeV.  
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Conservation of energy and momentum dictates that the momentum of the system before 

annihilation (which is almost zero since the positron and electron are almost at rest) be 

the same as the momentum of the system following annihilation. The most typical final 

system state which is allowed under these conditions is one in which the two photons 

travel off in nearly opposite directions (so the net momentum of the system is zero), and 

each has an energy corresponding to half the energy of the initial system. Higher order 

annihilation (in which more than 2 photons are emitted) are also possible, however occur 

very rarely (about 0.003% of all annihilations [13], [29]). The latter process is of no 

interest in PET applications, since the three photons cannot easily be used to reconstruct 

the annihilation point.  

 
Since the rest mass of the positron and electron are identical, each photon has half of 

1.022 MeV that is 511keV of energy. However, more precisely, there is a small amount 

of kinetic energy and non-zero net momentum in the initial system when annihilation 

occurs, and this has to make its way into the final system. Therefore, the photons fly off 

at not quite 180o from each other, and have energies a little off the ideal 511keV rest state 

annihilation value. For the purposes of this thesis these deviations are small and will be 

ignored. The average angular deviation from 180o is about ± 0.25o ([13], [25]). 

 
The annihilation process forms the basis for PET imaging. This is because it has a 

number of important properties that are advantageous for imaging. According to [13]: 
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1. The annihilation photons are very energetic, roughly a factor of ten higher in energy 

than diagnostic x-rays. This means they have a good chance of escaping the body and 

being detected externally. 

 
2. If both photons can be detected externally, the line joining the detected locations 

passes directly through the point of annihilation, giving a good indication of where the 

radioactive atom was in the body (point of annihilation is very close to the point of 

positron emission). A PET scanner is designed to detect and localize the annihilation 

photons, which is slightly different than the positron emission location (see the Section 

2.4). In a typical PET scan many millions of annihilation photons will be detected from a 

compound that is tagged with the positron-emitting radionuclide injected to the body.  

 
3. All positron-emitting radionuclides lead to emission of two 511 keV photons, 

independent of the element involved or the energy of the emitted positrons. That allows 

for designing a PET scanner optimized at this single energy.  

2.3 Time of Flight vs. Computer Tomography 
 
Two approaches can be used to form an image that reflects the location of the 

annihilation. One involves measuring the difference in arrival time of two photons at the 

detectors. It is clear that if annihilation occurs closer to detector 1 than detector 2, then 

the annihilation photon directed towards detector 1 will be detected earlier than the 

annihilation photon detected at the other end (detector 2). In vacuum, photons travel with 

the speed of light. The refractive index (of a particular material) is the factor by which 

electromagnetic radiation is slowed down (relative to vacuum) when it travels inside the 
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material. Knowing the difference in arrival time, the location of the annihilation can be 

calculated as 

n
ctd

2
×∆

=                                                            (2.4) 

where d is the distance between the annihilation location and the point being exactly half-

way between two detectors, and c is the speed of light (see Figure 2.1), ∆t is the 

difference in time of arrival of the two gamma photons, and n is the refractive index of 

the gamma rays (for water and body tissue, n is close to 1 [31]). 

 

 
Figure 2.1. Schematic drawing of time of flight (TOF) concept.  

 
The time-of-flight (TOF) approach, however conceptually simple, is difficult to use 

because of the very small time differences involved. With currently available detector 

technology, TOF method does not yield the desired accuracy of a few millimeters, and is 

not implemented in currently manufactured PET scanners. Present technology gives a 

TOF positioning accuracy of 1.5 cm [13]. 

 
 
The PET imaging approach that is now widely used is computed tomography (CT). By 

measuring the total radioactivity along lines that pass through the object at many different 

angles, mathematical algorithms (like Fourier backprojection, ART, EM and others [13]-

[25], are used to compute cross-sectional images that reflect the concentration of the 

positron-emitting radionuclide in tissues throughout the body. Ordinarily the lines are 
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taken as the strips between the detectors. One disadvantage of the CT approach is that all 

CT algorithms are sensitive to noise in the data ([7], [13]). Because the arrival of gamma 

ray pairs is a Poisson process, the variance in their count is equal to its mean. Thus many 

photon pairs per detector pair are needed for reliable image reconstruction. If the detector 

size reduces, the strips are narrower, and the noise increases. The CT algorithms place a 

more stringent limit on attainable resolution than detector technology. 

2.4 Errors in Positron Emission Location 
 
Two types of errors arise in determining the line along which a positron emitting 

radionuclide is to be found. The first is known as positron range and results from the 

difference between positron emission location and annihilation location. Studies have 

shown the ability to reduce positron range by using strong magnetic fields (MagPET) 

[25].      

 
The second error comes from noncolinearity effect, i.e. the fact that the positron and 

electron are not completely at rest in the coordinate frame of the patient when they 

annihilate and the annihilation photons are not exactly 180o apart. The average angular 

deviation ( 0.25± o) is relatively small compared with the detector resolution in most 

clinical scanners. This error is proportional to the scanner diameter and can be estimated 

as: 0.0022xD, where D is the diameter of the PET scanner [13]. So, the error increases 

linearly with the diameter of the scanner, consequently it is even more negligible in PET 

scanners used for small animals.  

 

2.5 Photon Attenuation 
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A significant portion of emitted photons are not detected because of their interaction with 

matter on their way out of the body. They can be either completely absorbed by the 

surrounding medium or lose some energy. There are two major mechanisms by which 

511-keV photons interact with matter: photoelectric absorption and Compton scattering. 

In the photoelectric effect, the photon interacts with an atom in the surrounding medium 

and is completely absorbed by transferring all of its energy to an orbital electron. The 

probability of photoelectric absorption per unit distance is relatively small and strongly 

depends on the atomic number of the medium in which the photon is propagating. (At 

511keV, it is roughly proportional to the third or even fourth power of the atomic number 

[13]). In Compton scattering, the photon also interacts with a free or loosely bound 

electron in the surrounding medium but a portion of its energy is transferred to an 

electron, changing the photon’s direction in the process. The maximum energy that can 

be imparted to the electron occurs when the photon is scattered through 180o. The 

probability of Compton scattering per unit length is higher than photoelectric absorption 

and is linearly proportional to the atomic number of the medium [13].  

 
Photon interactions in the body attenuate the signal by redirecting annihilation photons 

that would otherwise strike a particular detector pair. The redirected photons still escape 

the body and may be detected in the PET scanner but if not filtered out by their energy, 

the annihilation event will be incorrectly located. 

 
The attenuation (absorption or scattering) of annihilation photons in homogeneous 

material depends on its thickness and decreases in exponential fashion, given by formula 

(1.1). The linear attenuation coefficient (combining effects of photoelectric absorption 
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and Compton scattering) determines the probability per unit distance that an interaction 

will occur. The major form of interaction for 511 keV photons in tissue is Compton 

scattering. Therefore, many photons will be redirected, incorrectly detected in the PET 

scanner and their annihilation points consequently incorrectly located.  However, photons 

that undergo Compton interaction in the body have less energy and usually PET scanners 

are able to recognize them and reject these scattered photons.  
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3 PET System Configuration  
 

3.1 PET Clinical Procedure 
 
PET imaging consists of the following steps:  

 
1. Radiopharmaceutical: Labeling is a process of attaching some kind of identifying tag 

to the compound you want to follow which will later let you identify where the 

compound has gone. One of the advantages of PET is that the atoms which can be labeled 

(turned into positron emitters) are the same atoms which naturally comprise the organic 

molecules utilized in the body. These atoms include oxygen, carbon and nitrogen and 

other atoms occur naturally in organic compounds.  A second important attribute of PET 

is that it can follow labeled compounds in trace quantities and for that reason they are 

called tracers. This means that the labeled compounds can be introduced into the body 

without affecting the normal processes of the body. For example, labeling a pound of 

sugar and ingesting that sugar would be a good example of a non-trace quantity of 

labeled compound. At these quantities, blood chemistry would be altered (e.g. insulin 

produced in response to rising blood sugar levels). PET is sensitive enough to detect trace 

amounts of labeled compound and so is well suited to this kind of investigation. 

 
2. The radiopharmaceutical is introduced into the patient (usually injected into the 

circulation).  

 
3. A waiting period is required between tracer injection and scanning. This can vary 

depending on radionuclide half-time and on the specific type of PET examination the 
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patient is undergoing, between 30 min to 2 hours [13] while the metabolically active 

molecule becomes concentrated in tissues of interest.  

 
4. Placing a patient into the PET scanner. The patient is placed on a flat table that moves 

in increments through “donut” shaped housing (imaging scanner). The short-lived isotope 

decays, emitting a positron. After traveling up to a few millimeters the positron 

annihilates with an electron, producing a pair of annihilation photons moving in opposite 

directions. This scanner contains the circular gamma ray detector array, which has a 

series of scintillation crystals (being able to convert gamma rays to light). The gamma 

rays emitted from the patient are converted to photons of light, and then converted into 

electrical signals.  

 
5. Generate images. The electrical signals are amplified and then processed by the 

computer to generate images (using various CT algorithms). The process is then repeated 

with the scan’s table slightly moved, resulting in a series of thin slice images of the 

region of interest (e.g. brain, breast, liver). These thin slice images can be assembled into 

a three dimensional representation of the patient's body. 

3.2 PET Scanner 
 
The PET scanner consists of two or more detectors. Usually, a complete PET system uses 

a large number of detectors placed around the object to be imaged. The most common 

detector configuration is the ring geometry. The ring diameter is referred to as transaxial 

dimension of the scanner, whereas the term axial is used in the direction perpendicular to 

the detector plane. 
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Figure 3.1.  PET detector ring and a few of coincidence lines. The smaller circles inside indicates a 
tumor within an aperture (larger circle). The black dots indicate positron emission inside a body 
(phantom). 

 
The function of the PET scanner (illustrated in Figure 3.1) is to detect high energy (511-

keV) photons that escape the body without interaction. Therefore, the detector material 

should be very dense with high linear attenuation coefficient µ to be able to stop these 

photons. An example of such a material is bismuth germinate (BGO) with coefficient µ 

equal to 0.96 cm-1. The detectors also need to be several centimeters thick to be efficient 

at stopping high energy photons (see formula (2.5)). It is important to give precise 

information of the spatial location of the photon-detector interaction because it influences 

directly the spatial resolution of the image. This can be accomplished either by using a 

large number of small detectors or by using a larger area detectors that have built-in 

position sensing capability.  
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A very important feature of a PET scanner is the ability to determine when a photon 

struck the detectors, so that the time of detected events can be compared to determine 

which ones arrived closely enough in time to correspond to an annihilation pair. The 

ability of a detector to determine the time difference in photon arrival is known as the 

timing resolution. It is typically on the order of 2 to 6 ns with BGO [13]. Another 

necessary PET scanner feature is the ability to identify lower energy photons that might 

have undergone Compton interaction prior to reaching a detector.  This is known as 

energy resolution.   

 
Typical PET scanners consist of a large ring of small (~ 4 mm x 4 mm area x 25 mm 

thick) scintillation crystals. The transaxial diameter is about 70 cm to 1 m for whole body 

scanners and about 15 – 30 cm for scanning small animals [13]. Early PET scanners had 

only a single ring of detectors; hence the acquisition of data and subsequent 

reconstruction was restricted to a single transverse plane. Modern scanners include 

multiple rings, essentially forming a cylinder of detectors.  

 
There are two approaches to reconstructing data from such a scanner: the first treats each 

ring as a separate entity, so that only coincidences within a ring are detected, the image 

from each ring is then reconstructed individually (2-D reconstruction). The second allows 

coincidences to be detected between rings as well as within rings, with reconstruction of 

the entire volume (3-D reconstruction). 3-D techniques have better sensitivity (because 

more coincidences are detected and used) and therefore relatively less noise, but are more 

sensitive to the effects of scatter and random coincidences, as well as requiring greater 

computer resources ([13], [34]). 
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3.3 Data Collection 
 
Unlike other nuclear imaging techniques, PET does not rely on absorptive collimation to 

determine the direction and location of the emitted photons. The technique that is used 

instead is known as coincidence detection. Because all annihilation photons are emitted 

approximately 180o apart, a recorded coincidence indicates an annihilation occurred 

somewhere along the line (or more accurately, the volume) connecting the two detectors. 

This line is usually referred to as a coincidence line or a line of response (LOR). To 

reconstruct a complete cross-sectional image of the object, a large number of LORs are 

collected and then processed accordingly to a specific image reconstruction algorithm. 

Even the way in which data are collected may be algorithm specific. For example, in 2D 

Fourier reconstruction algorithms LORs are collected at different angles and radial 

offsets that cover the field of view of the system. In the proposed density estimation 

algorithm, detector size is assumed so small that it is possible to store almost every 

individual LOR (as pairs of points corresponding to pairs of detectors). Modern 3D PET 

systems use several rings of detectors stacked next to each other or two-dimensional 

continuous detector with large axial dimensions. This way many slices of data can be 

acquired simultaneously providing “depth” information which is lost in 2D images.  

 
In general, the annihilation events are recorded in one of two ways: list mode and 

histogram mode.  In list mode, each coincidence event is individually written to a file, 

with information about the two detectors at which the annihilation photons interacted and 

the time at which the event occurred. In histogram mode, each detector pair (or each 

LOR) is assigned a memory location which is incremented by 1 each time a valid event is 

detected in that LOR [13]. There are a number of different CT algorithms for PET, each 
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based on the list or histogram data acquisition mode. They can be broadly divided into 

two categories: analytical (based on Radon and Fourier transform) approach and iterative 

methods. The density estimation approach proposed in this thesis falls into the list mode 

category. 

3.4 Types of Coincidence Events  
 
Ideally, only true coincidences would be recorded, that is, only such events where the two 

detected photons are from the same annihilation event. However, because of detector 

limitations as well as photon-tissue interaction, some undesirable events are also recorded 

by the PET scanner. They have a degrading effect on the reconstructed image and should 

therefore be corrected. These false events include: scattered, random and multiple 

coincidences.  

 
A scattered coincidence is one in which at least one of the detected photons has 

undergone Compton scatter interaction before reaching the detector pair. Since the 

direction of the photon is changed during the Compton scattering process, it is highly 

likely that the resulting coincidence event will be assigned to the wrong LOR. The 

fraction of scattered events detected can range from 15% to 50% in a typical PET system 

depending on the size of the object, its attenuation characteristics, as well as the geometry 

and energy resolution of the camera [13].  

  
Random coincidences occur when two photons not arising from the same annihilation 

event are incident on the detectors within the coincidence time window of the system. 

Such a situation is possible due to the finite time resolution of the detectors. A 

relationship between the number of random coincidences assigned to an LOR NR, and the 
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numbers of single events incident upon the relevant detectors N1 and N2, respectively can 

be expressed as ([34]): 

212 NNN R ×= τ                                                        (3.1) 
 

where τ  is the width of the logic pulses produced when a photon is absorbed in the 

detector. This relation is true provided that the singles rate is much larger than the rate of 

coincidence events, and that the singles rates are small compared to 1/cτ  (τ  is measured 

in nanoseconds).  

 
Multiple coincidences occur when more than two photons are detected in different 

detectors within the coincidence resolving time. These events are often composed of a 

true coincidence together with a single photon from another annihilation. Because it is 

not possible to determine the LOR to which the event should be assigned such events are 

usually rejected by PET scanners.  

 
A separate category of false events is so called single events, in which one of the two 

annihilation photons is registered but the second did not reach any detector within the 

timing window. These single events (which can measure about 90% [13] of all detected 

events) are not accepted by the PET scanner, but their appearances potentially increase 

the number of random and multiple events.  

 
Among all events detected by the coincidence circuit in a PET scanner, only the true 

events carry spatial information regarding the distribution of the radiotracer. Therefore, it 

is necessary to estimate the number of measured coincidences which arise from scattered, 

random or multiple events for each LOR and make appropriate data corrections [13]. 

Multiple coincidences can contain some information about the quantity and spatial 
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location of positron emissions because they are often composed of a true annihilation 

event and a single photon from an unrelated decay. In such a situation, from three 

possible LORs one will be correct. Therefore, in some circumstances, it may be better to 

randomly select one of the possible LORs than to completely discard the event.  On the 

other hand, scattered and random coincidences contain no spatial information about 

positron emission. Both being uniformly distributed across the field of view introduce 

noise into the image. Therefore, a number of statistical corrections need to be applied to 

the data in order to minimize the degrading effect of false coincidences. 

3.5 System Sensitivity 
 
The system sensitivity is a key factor in obtaining high-quality images. It is defined as the 

number of events (counts per second) detected per unit of radioactive concentration 

(Bq/ml) in a specific phantom [13]. The system sensitivity depends on several factors, 

which include the efficiency of the detectors at 511 keV, the solid angle coverage of the 

detectors, the location of the radioactivity with respect to the detectors, and the timing 

and energy windows. All terms are defined below [13]:  

 
detection efficiency  –  the product of probability of detection of an incoming photon in 

the detector volume and fraction of these events,Φ , that fall into the selected energy 

window (typically 350-650 keV [13] to be sure of including all 511 keV photons, and 

then accepting only events that deposit energy close to 511 keV). The detection 

efficiency ε  is: 

 

( ) Φ×−= − de µε 1                                                     (3.2) 
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where µ is the attenuation coefficient of the detector material and d is the thickness of the 

detector. To improve the detection efficiency in modern PET scanners, the detectors 

usually extend several cm in the axial direction by stacking several rings next to each 

other [13].  

 
solid angleΩ , subtended by the detectors of a circular system for a point source placed at 

the center is given by:  

( ))/(tansin4 1 DA−=Ω π                                                  (3.2) 

where D is the diameter of the detector ring and A is the height of the detector in the axial 

direction. 

 
packing fraction  – the ratio of detector element area: width x (axial) height to the total 

surface area including of the detector. This total surface area includes, co called, dead 

space – a small gap between the detector elements due to need for reflective material on 

the walls and/or detector encapsulation. The packing fraction ϕ  is expressed as: 

)()( deadspaceheightdeadspacewidth +×+
heightwidth×

=ϕ                              (3.4)

 
eometric efficiency  –  the product of solid angle and packing fraction: 

 

g ϕ×Ω . 

 
sitivityThe overall system sen η , is a product of the square of detection efficiency ε  and 

geometric efficiency: 

                                                                 (3.5) εη ×Ω×= 2

η

ϕ

 is often expressed as a percentage, as: 

π
ϕεη

4
100

2Ω
×=                                                                (3.6) 
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The single ring PET scanner has rather low sensitivity. Even when a complete ring of 

detectors surrounds the patient and high-efficiency detectors (ε  close to 1) are used the 

sensitivity often does not exceed 0.5% [13].  

3.6 Data Correction 
 
To produce a good quality PET image, a number of corrections need to be applied to the 

raw data. They include: correction of individual detector efficiencies, attenuation 

correction, false events (multiple, random and scattered) correction and dead time (time 

after a detector detects a photon, during which it cannot respond to the next incoming 

photon) correction. Data correction is a very important pre-step in the process of image 

reconstruction and is broadly discussed in [13]. For the purpose of the density estimation 

algorithm development we assume that this pre-step has been done already, so the 

number of points in the computer generated phantom (Chapter 4) denotes the number of 

the corrected annihilation events (counts).  
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4 Phantom Generation  
 
A tumor is the mass caused by a concentration of cells, either benign or malignant. 

Warburg [35] - [36] found that cellular respiration is not efficient in tumor cells and they 

depend on simpler glycolysis process. He further postulated that this is a fundamental 

difference between normal and cancer cells. Therefore, there is increased metabolism and 

glucose uptake in tumor cells. PET is able to image the metabolic differences between 

normal and malignant cells using tumor-seeking tracers. Therefore after a time, an 

equilibrium is established and the concentration of a radioactive tracer within a tumor 

will be different (generally greater) than in the surroundings. The uptake of a radioactive 

tracer can be normalized by correcting differences in the total injected dose and body 

weight. The normalized uptake in terms of activity concentration (radioactivity in the 

tissue region per its volume) is called the standardized uptake value (SUV) and is defined 

as: 

 

BodyWeight

Since an activity concentration is measured in Bq/cm

tedDoseTotalInjec
rationityConcentTumorActivSUV =

 

ameter (after dividing SUV by 

ensity of tissue which is often assumed to be ~ 1g/cm3). 

 

                                           (4.1) 

3 or Ci/ml, the unit of SUV is the 

same as density (i.e. g/cm3). Variations occur with the definition and the use of SUV 

([37] - [38]); sometimes it is expressed as a unitless par

d

One of the advantages of PET is that it can estimate the activity concentration of the 

radiotracer within the volume. In order to do this, the system must be calibrated such that 
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it is possible to convert the image count density (measured in decays/volume/sec) into an 

activity concentration. The two quantities are directly proportional [13]: 

 

nFactorCalibratio
tyCountDensi ractionBranchingFnncentratioActivityCo ∗
=                (4.2) 

where branching fraction is the fraction of decays that occur via positron emission for the 

radionuclide of interest and c

 

alibration factor is a PET system parameter obtained 

xperimentally (most commonly by scanning a uniform cylindrical phantom with a 

known activity concentration). 

 

stead of volume, and define a contrast ratio C as the 

uotient of the number of counts within a target per target area and the total background 

ounts per total (defined) ROI area.  

 

e

The common approach to estimate the concentration of a tracer in a given region from 

PET images is by defining a region of interest (ROI) on an image. The concentration of 

tracer can be calculated in one region of interest relative to another ROI (e.g. tumor and 

background). For 3-D images a volume of interest (VOI) is defined by incorporating 

several ROIs defined on multiple planes into a single VOI.  The unitless SUV can be 

expressed in terms of annihilation event counts rather than activity concentration. With 

the help of (4.2), it can be seen that the ratio of target activity concentration and total 

injected dose per body weight is the same as the ratio of the number of counts within a 

target (tumor) per tumor volume and the total background counts per body volume. In 2-

D image analysis we consider area in

q

c

TumorArea
TotalAreasTumorCountC ∗=                                          (4.3) 

 
CountsBackground

 43



Figure 4.1 represents a simple 2-D phantom, where the smaller darker color disk 

indicates a tumor and bigger disk the body cross-section. Darker color indicates a larger 

number of counts within the tumor than within its surroundings.  

A) B)

Figure 4.1.  A)  Phantom (continuous model).  B) Sample phantom of 800 points (counts). 

The phantom from Figure 4.1A is an idealized model. In reality, the tumor and the 

aperture will have more complex shapes. However, it is sufficient for “proof of concept” 

and computations are much simpler. By selecting a random sample of points from the 

tumor and its surroundings we obtain a discrete model of annihilation locations. 

Assuming that random sampling follows a uniform distribution, the contrast ratio in the 

discrete model is the same as the continuous one, so we should have a higher 

concentration of points in the tumor area and lower in the aperture (see Figure 4.1B). 

Statistically, we can say that our discrete phantom is a random sample from a population 

of annihilation points belonging to the continuous model. It will be further referred to as a 

sample phantom or a phantom. The sample phantom can be numerically constructed in 

two steps: first a number of points within the big circle (aperture) are generated and next 

a (d

 

ifferent) number of points within a smaller circle (tumor). If we denote the number of 
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points generated within the tumor as m and the number of points generated within the 

whole body by M, then the total number of points generated N will be the sum of m and 

M. 

A) B) 

Figure 4.2. Construction of a phantom of 800 points from Figure 4.1B. A) m=400 points are 
randomly generated within the tumor of phantom. B) M=400 points are randomly generated in the 
whole aperture of phantom.  Under the assumption about the number of points generated inside the 

constructed phantom is equal to 17. 
tumor and in the whole aperture and the aperture and tumor geometry, the contrast ratio for the 

 
The phantom presented in Figure 4.1B consists of

ody (ignoring the tumor) and points generated inside the tumor only. For the assumed 

 all points generated within the whole 

b

phantom geometry, we can express contrast ratio as: 

⎟⎟
⎠

⎜⎜
⎝

−
−

= 12rnN
C                                                       (4.4) 

where r is a radius of the tumor, R is the radius of the aperture (big circle), and 

⎞⎛ 2Rn

 

 2

2

R
Mr

+≅ mn                                                               (4.5) 

is the number of points inside the tumor. Note that 2

2

R
Mr

generated within the whole body that fall within the tumor and the equality (4.5) holds 

only in the statistical sense (in average). In fact, t

 is the fraction of points 

he contrast ratio C for a given phantom 
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configuration and geometry is not known and varies from phantom to phantom therefore 

it can be treated as a random variable. Its average value can be obtained if we substitute 

formula (4.5) into formula (4.4). After algebraic simplification, the average (or 

theoretical) value of the contrast ratio is given by 

12

2

+=
r
R

M
mCavg                                                           (4.6) 

For all other quantities fixed, the theoretical contrast ratio Cavg is an increasing function 

of the number of points generated in the tumor m (see Figure 4.3). The smallest 

theoretical value of Cavg is 1, which corresponds to the situation when there is no tumor 

yielding and m=0 and M=N.  

 

 

 
Figure 4.3. Left: Contrast ratio as a function of number of points generated in a tumor. Right: An 

generated in the tumor, the theoretical contrast ratio is equal to 1. 
enlargement of the origin corner area of the picture on the left illustrating the fact that for no points 
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Similarly, we can analyze contrast ratio as a function of tumor radius r. The behavior of 

Cavg with respect to tumor radius is illustrated in Figure 4.4.     

 
The contrast ratio will be discussed later in the thesis as an important parameter for 

measuring quality of reconstructed images. Because of the conceptual similarity of 

contrast ratio and SUV definitions, it is natural to expect similar range of values for both 

quantities. Some average values of SUV corresponding to different diseases have been 

stablished ([37] et al). These may be used as a reference values for the contrast ratio. 

e average values of SUVs 

ven corresponding to the same disease may vary significantly (see Table 4.1).  

                                                          
 

e

Under our (arbitrary) assumptions, the theoretical contrast ratio Cavg for the phantom 

from Figure 4.3 is equal to 17. According to [37] and [38], th

e
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Figure 4.4. Left: Contrast ratio as a function of tumor size (radius). Right: An enlargement of the 
right bottom corner area of the picture on the left illustrating that the curves do not tend to zero 
when tumor radius tends to its maximal value (the limiting value is 1). 

 
 

Table 4.1. Average SUVs for 18F-FDG PET in various tissues and tumors (data 
from [37]).
Category Number of patients Average SUV 
Non-Hodgkin’s 
lymphoma 

21 
22 
22 

8.0 
9.2 
12.5 

Breast cancer 41 

 

3.5 

12.8 

24 
36 
26

4.5 
5.1 

Pancreatic cancer 42 

23 

3.2 

6.5 
34 4.4 

Head and neck 48 

37 

3.2 

9.4 
squamous cell cancer 22 6.3 

Normal liver 82 

37 

1.7 

2.7 
24 2.5 
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5 Phantom Reconstruction by the Fourier 
Backprojection Algorithm  

Let us consider the same sample phantom of 800 points from Figure 4.3 placed inside a 

PET scanner (Figure 5.1). We can associate each annihilation point with a line of 

response (LOR) going through it and crossing the detector ring at two points. The two 

crossing points M

 

n be observed by a pair of 

etectors surrounding the organ. The data set collected by PET detectors consists of all 

M N

i and Ni corresponding to the i-th line ca

d

crossing points ( i and i) corresponding to all annihilation points.  

 
Figure 5.1. Coincidence line MiNi corresponding to the annihilation point inside the tumor. Sample 
phantom of 800 points is placed inside a PET scanner consisting of 36 detectors. Two crossing points 
Mi and Ni are detected by detector pair D6 and D21. 

 

Detector width is an important factor of image quality in the Fourier backprojection 

algorithm. All points falling into a certain detector “tube” (region between two imaginary 
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lines connecting a pair of detectors Di-Dj) are integrated as an event count corresponding 

ally deal with “tubes”, obscuring details about crossing points Mi and Ni. All of these 

LORs will be integrated in the Fourier backprojection algorithm of PET image as one 

thick “line” or tube and stored as a number of counts corresponding to the Di-Dj detector 

pair. For this reason it is desirable to have small detectors.  Figure 5.2 presents the same 

phantom (from Figure 4.3) again with a number of coincidence lines detected by a one 

pair of detectors (D6-D21) in a 36 detector imaging system .  

 
The image is formed in the following way [13]. First, an image matrix (typically 128 x 

128 pixels for PET) is defined. Next, for each valid tube (e.g. D6-D21) a line is drawn 

between the detectors and through the image matrix. The value of N6-21 x wf  is added to 

each pixel that is intersected by the line, where N6-21 is the number of all corrected counts 

detected by the detector pair D6-D21 and wf is a weighting factor proportional to the path-

h the pixel. 

 

 more configurations of detector pairs (D11-D41, D11-D42, D12-D41 and 

 “th the tubes 

to this tube. As a result, there is information loss because instead of lines of response we 

re

length of the line throug

When we use 72 detectors, however, we can see (Figure 5.3) that the collection of LOR’s 

lit intois now sp

D12-D42). Note that if the total number of counts is the same as previously (for 36 

detectors), each of the corresponding Ni-j as well as the corresponding weighting factors 

must be smaller reducing the signal/noise ratio. Therefore increasing the number of 

detectors must go with increasing the number of total counts and can be done by 

increasing the acquisition time and/or radioactivity dose. Using even larger number of 

detectors (and therefore further reducing their size) causes further inning” of 
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and eventually the tube approximates “a line” almost allowing for detection of a 

particular LOR (see Figure 5.4 for illustration). 

 
Figure 5.2. Detector “tube” D6-D21. All points detected by a certain detector “tube” (indicated by 

 
dashed lines) are integrated.  
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Figure 5.3. Lines of coincidences from Figure 5.2 (corresponding to the detector tube D6-D21) placed 

 ring of 72 detectors. in the

 

phantom of 800 points is placed inside a PET scanner consisting of 360 detectors (compare with 
Figure 5.3).   

Figure 5.4. Coincidence line MiNi corresponding to the annihilation point inside the tumor. Sample 
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The simplest way to reconstruct the PET image is by the simple summation method, 

which is based on sinogram data representation. Sinograms are obtained by the Hough 

transform ([5], [39]-[41]), which is a standard tool in image analysis; it allows 

recognition of global patterns in an image space by recognition of local patterns (e.g. a 

point) in a transformed parameter space. The Hough transform associates each point 

(xi,yi) belonging to a line with sinusoidal curve in the parameter ( θρ , ) – plane: 

θθρ sincos ii yx +=                                                 (5.1) 

on transform ([5], [44]). The Radon transform is related to the Hough 

 
Each point in the spatial domain becomes a sine curve in the parameter domain; hence 

the use of the name sinogram.  

 
Simple backprojection of the acquired projections corresponds to direct implementation 

of the Rad

transform and is defined as the integral along a straight line defined by its distance from 

the origin and its angle of inclination  

 
( ) ( ) ( )dxdyyxyxfr

x y

ρθθδθρ −+=                                (5.2) 

where the Dirac

∫ ∫ sincos,,

δ function defines integration only over the line. As in the Hough 

transform, the Radon operator maps the spatial domain (x,y) to the projection domain 

( θρ ,

Conversely,

doma

), in which each point corresponds to a straight line in the spatial domain. 

 each point in the spatial domain becomes a sine curve in the projection 

m is in fact a projection of the intensity (radioactivity) 

function f(x,y) onto a plane (

in. The Radon transfor

θρ , ). 
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For each image pixel (x,y), and each projection angle θ, the ρ -coordinate of the 

sinogram that will contribute data to this pixel is calculated. In general, this calculated 

value of ρ  will not fall exactly on one of the sinogram elements, and linear interpolation 

is used between adjacent elements to calculate the contribution to added to pixel (x,y) 

[13]. The calculation proceeds as a loop over all the projection angles θ  (see Figure 5.5) 

for each image pixel. The intensity of those pixels can initially be the same (equally 

divided value of projection corresponding to that LOR). An image is then reconstructed 

as a sum of all LOR projections (intensity of the overlapping pixels is just added to each 

other). 

 
tion angles (0 and 30 deg). Normally all 

 lines outline the image that will be formed.   

e back-projection has poor quality due to 

lex object, the back-projection will result in a 

Figure 5.5. Detector tubes viewed under different projec
projections from 0 deg to 180 deg are taken. Dashed

 
Unfortunately, the reconstructed image by simpl

a significant amount of noise. For any comp

blurred esentation of the object because counts are distributed equally along the LOR 

from which they originated. The blurring in back-projection is proportional to 

 repr

ρ/1 , 
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where ρ  is a radial offset from th

artifacts associated with simple back-projection makes use of the projection slice theorem 

struct o  

 

 

corresponding numbers of counts detected by the detector pair Di-Dj. Table 5.2 is not a 

 

 

of rows the same as Table 5.2 (number of projection angles) and number of columns 

 

 

 

and each element has the same value (the corresponding one from Table 5.2 divided by 

 

 

edious and not 

A faster method is given by Phelps [13]: the data in each row in a sinogram comes from 

 

e source. Significant improvement that reduces the 

[44] and filtering (filtered backprojection [45] – [47]).  

 
Let us try to recon ur phantom of 800 points (see Figure 4.3 or Figure 5.1) using

the Fourier backprojection method. The list of all possible detector pairs viewed under

different projection angles is summarized in Table 5.1. Table 5.2 contains the

sinogram yet. It violates the Fourier backprojection assumption that the distance between

each two parallel projection rays should be the same. One way to construct a sinogram is 

to define a new matrix (corresponding to fixed-length projection rays) which has number

equal to the number of projection rays. The values form Table 5.2 are incorporated into

the new matrix in the following way: if the distance d between the projection rays is less

than a detector tube Di-Dj, the corresponding column of Table 5.2 is split into d columns

d). If d is larger than a detector tube then the element from Table 5.2 is integrated with a

portion of the neighborhood element from the adjacent column. Otherwise, the original

v

p

alu

rac

e 

tic

fro

al.

m 

  

Table 5.2 is used in the new matrix. This method is rather t

 

the two adjacent rows of the detector pair’s matrix that are interleaved together. The

samples from the “next” angle fall exactly half way between those from the “previous” 
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angle. This approach, although deviating from the strict definition, leads to projection 

views that closely approximate parallel lines, particularly near the center of the scanner 

where the patient is located.  Note that such a data arrangement results in twice the 

samples by a factor of 2. The final step in forming a sinogram is matrix truncation which 

removes the columns corresponding to the detector pairs which are far away from the 

The sinogram is presented in Table 5.4. Figure 5.6A displays the sinogram as an age, 

number of detectors, such as 36, the quality of the reconstructed image is very poor and 

the existence of a tumor is barely indicated. However its location is accurate. Increasing 

for 36 detectors, and the tumor is hardly visible at all. To improve the quality of Fourier 

reconstruction imaging by increasing the number of detectors must go together with 

 

sampling near the center of the scanner, reducing at the same time the number of angular 

center of the scanner (see Table 5.3).  

 
im

which leads directly to the phantom reconstruction (Figure 5.6B). Note that for a small 

the number of detectors does not improve the situation; Figure 5.7 presents reconstructed 

phantom for 72 and 240 detectors. The quality of these reconstructions is even worse than 

increasing the total number of points N. 



   

Table 5.1. List of all detector pairs (tubes) arranged in a matrix of 36-detector PET system (Figure 5.1) at a specific angle (0-175 deg). Each row 
corresponds to a projection of the radioactivity within the object at a specific angle. The other 180 deg configuration of the tubes is redundant. Each 
column represents the radial offset from the center of the scanner. 

0 deg 18-19 17-20 16-21 15-22 14-23 13-24 12-25 11-26 10-27 9-27 8-29 7-30 6-31 5-32 4-33 3-34 2-35 1-36 
5 deg 19-19 18-20 17-21 16-22 15-23 14-24 13-25 12-26 11-27 10-28 9-29 8-30 7-31 6-32 5-33 4-34 3-35 2-36 

10 de 0 1 3 15 6 12 1 9 -31 2 6-  -34 4 5 3-  -1g 19-2  8-21 17-22 16-2  -24 14-25 13-2  -27 11-28 0-2  9-30 8  7-3  33 5  -3  36 2  
15 de 0 1 3 16 6 13 9 10  3 2 7-  3 4-  1g 20-2  9-21 18-22 17-2  -24 15-25 14-2  -27 12-28 11-2  -30 9- 1 8-3  33 6- 4 5-35 36 3-  
20 de 1 1 4 16 7 13 0 10  -32 3 7-  -35 5 4-1 2g 20-2  9-22 18-23 17-2  -25 15-26 14-2  -28 12-29 11-3  -31 9  8-3  34 6  -36 3-  
25 d e 1 2 4 17 7 14 0 11 3 8-  3 2g 21-2  0-22 19-23 18-2  -25 16-26 15-2  -28 13-29 12-3  -31 10-32 9-3  34 7- 5 6-36 5-1 4-  
30 d e 2 2 5 17 8 14 1 11 4 9-  3 -3g 21-2  0-23 19-24 18-2  -26 16-27 15-2  -29 13-30 12-3  -32 10-33 9-3  35 7- 6 6-1 5-2 4  
35 de 2 2 5 18 8 15 1 12 4 9-35 -36  -3g 22-2  1-23 20-24 19-2  -26 17-27 16-2  -29 14-30 13-3  -32 11-33 10-3 8  7-1 6-2 5  
40 d e 3 2 6 18 9 15 2 12 5 9-  -1  -4g 22-2  1-24 20-25 19-2  -27 17-28 16-2  -30 14-31 13-3  -33 11-34 10-3  36 8  7-2 6-3 5  
45 de 3 2 6 19 9 16  -3 2 13 5 0  -1  -4g 23-2  2-24 21-25 20-2  -27 18-28 17-2  -30 15 1 14-3  -33 12-34 11-3  1 -36 9  8-2 7-3 6  
50 de 4 2 7 19 0 16 3 13 6 10  -2  -5g 23-2  2-25 21-26 20-2  -28 18-29 17-3  -31 15-32 14-3  -34 12-35 11-3  -1 9  8-3 7-4 6  
55 d e 4 2 7 20 0 17 3 14 6 -  -5g 24-2  3-25 22-26 21-2  -28 19-29 18-3  -31 16-32 15-3  -34 13-35 12-3  11-1 10 2 9-3 8-4 7  
60 de 5 2 8 20 1 17 4 14 1 11  - -6g 24-2  3-26 22-27 21-2  -29 19-30 18-3  -32 16-33 15-3  -35 13-36 12-  -2 10 3 9-4 8-5 7  
65 d e 5 2 8 21 1 18 4 15 12 1-3 9- -6 g 25-2  4-26 23-27 22-2  -29 20-30 19-3  -32 17-33 16-3  -35 14-36 13- 1 -2 1  10-4 5 8
70 de 25-26 2 9 21 2 18 5 15  -  2 12 - 9 7 g  4-27 23-28 22-2  -30 20-31 19-3  -33 17-34 16-3  -36 14 1 13- -3 11 4 10-5 -6 8-
75 d e 6 2 9 22 2 19 5 16  5-1 1  1 5 10  -7g 26-2  5-27 24-28 23-2  -30 21-31 20-3  -33 18-34 17-3  -36 1  4- 2 13-3 12-4 1-  -6 9  
80 d e 7 2 0 22 3 19 6 -  10  8g 26-2  5-28 24-29 23-3  -31 21-32 20-3  -34 18-35 17-3  16-1 15 2 14- 3 13-4 12-5 1 61-  -7 9-  
85 de 7 2 0 23 3 20 6 -  3 14  - 11  -8g 27-2  6-28 25-29 24-3  -31 22-32 21-3  -34 19-35 18-3  17-1 16 2 15-  -4 13  5 12-6 -7 10  
90 d e 8 2 1 23 4 20  1 6-3 4 14-5 3- 6 1 7 0-9g 27-2  6-29 25-30 24-3  -32 22-33 21-3  -35 19-36 1 -8  17-2 1  15- 1   2-  11-8 1  
95 d e 8 2 1 24 4 21 1 -  4 15  - 12  -9g 28-2  7-29 26-30 25-3  -32 23-33 22-3  -35 20-36 19-  18-2 17 3 16-  -5 14  6 13-7 -8 11  
100 de 9 2 2 24 5 21 0-1 2 1  15 4- 7 12 -1g 28-2  7-30 26-31 25-3  -33 23-34 22-3  - 63  2 1 -9  18-3 17-4 6- 5 -6 1  13- 8 -9 11 0 
105 de 9 2 2 25 5 22 1- 2  16- - 3 1g 29-2  8-30 27-31 26-3  -33 24-34 2 33-  - 63  2 1 2 -0  19-3 18-4 17- 5 6 15 7 14- 8 1 -   9 12- 0 
110 de 0 2 3 25 6 2  1- 3  16  - 3 1g 29-3  8-31 27-32 26-3  -34 24-35 23-3  2-1 2 2 20-  19-4 18-5 17- 6 -7 15 8 14- 9 1 -10 12- 1 
115 de 0 2 3 26  36 2-2 3 1  17  6- 8 4 1g 30-3  9-31 28-32 27-3  -34 25-35 24-  23-1 2 21-  20-4 19-5 8- 6 -7 1  15- 9 1 -10 13- 1 
120 de 1 2 4 26 1 2  2- 4  17  - 1 0 4 1g 30-3  9-32 28-33 27-3  -35 25-36 24-  3-2 2 3 21-  20-5 19-6 18- 7 -8 16 9 5-1 1 -11 13- 2 
125 de 1 3 4 27  1 24  3-3 4 1  18  7- 1 0 5 1g 31-3  0-32 29-33 28-3  - 53  26-36 25-  -2 2 2 -2  21-5 20-6 9- 7 -8 1 9 6-1 1 -11 14- 2 
130 de 2 3 5 27  6- 2 3-  18  -1 1 1 5  1g 31-3  0-33 29-34 2 38-  - 63 2 1 25-  24-3 2 4 22-5 21-6 20-7 19- 8 -9 17 0 6-1  1 -12 14- 3 
135 de 2 3 5 28  7- 2 2  4-  19  -1 1 1 6  1g 32-3  1-33 30-34 29-3  -36 2 1 26-  5-3 2 4 23-5 22-6 21-7 20- 8 -9 18 0 7-1  1 -12 15- 3 
140 de 3 31  36 7-  3 25  4-5 6 22  1-8  9 9 1 2 6  1g 32-3  -34 30-35 29-  28-1 2 2 26-  -4 2 23-  -7 2  20-  1 -10 18-11 7-1  1 -13 15- 4 
145 de 3 3 6 2  8- 3 2  5- 6 2  -  9 0 1 2 7  1g 33-3  2-34 31-35 30-3  9-1 2 2 27-  6-4 2 5 24-  3-7 22 8 21-  2 -10 19-11 8-1  1 -13 16- 4 
150 de 34 32  1-3 1 2  8-  4 26  5-6 7 23  - 0 0  -1 1 3 7  1g 33-  -35 3 6 30- 9-2 2 3 27-  -5 2 2 -4  -8 22 9 21-1  2 -11 19 2 8-1  1 -14 16- 5 
155 de 4 3  - 1 9- 4 2  6- 7 2  - 0 1  -1 1 3 8  1g 34-3  3 5-3 32 36 31- 30-2 2 3 28-  7-5 2 6 2 -5  4-8 23 9 22-1  2 -11 20 2 9-1  1 -14 17- 5 
160 deg 5 33-36 32-1 31-2 30-3 29- 25-8 24-9 23-1  1 21-1  20-1  19-14 18-1  34-3  4 28-5 27-6 26-7 0 22-1 2 3  5 17-16 
165 deg 35-35 34-36 33-1 32-2 31-3 30-4 29-5 28-6 27-7 26-8 25-9 24-10 23-11 22-12 21-13 20-14 19-15 18-16 
170 deg 35-36 34-1 33-2 32-3 31-4 30-5 29-6 28-7 27-8 26-9 25-0 24-11 23-12 22-13 21-14 20-15 19-16 18-17 
175 deg 36-36 35-1 34-2 33-3 32- 4 31-5 30-6 29-7 28-8 27-9 26-10 25-11 24-12 23-13 22-14 21-15 20-16 19-17 
 
 
 



 
 

Table 5.2. Matrix of annihilation counts for phantom of 800 points corresponding to Table 5.1. 

0 deg 0 0 0 0 1 1 3 14 3 2 1 1 0 0 0 0 0 0 
5 egd 0 0 0  2 5  1 1 0  0  0 1 10 7 0 0 0 0 0 

10 d 0 0 0  3 9  1 2 0  eg 0  1 3 3 3 2 0 0 0 0 
15 d 0 0 0  0 1  4 1 0  eg 0  0 1 6 4 2 0 0 0 0 
20 d 0 0 0  2 3  0 0 0  eg 0  1 1 4 4 0 1 0 0 0 
25 d 0 0 0  0 4 0  1 0 0  eg 0  0 1 1  9 2 0 0 0 0 
30 d 0 0 0  0 4  2 0 0  eg 0  1 1 13 2 1 0 0 0 0 
35 d 0 0 0  0 0  2 1 0  eg 0  0 1 7 5 0 0 0 0 0 
40 d 0 0 0  0 0  1 0 0  eg 0  0 2 11 5 1 0 0 0 0 
45 d 0 0 0  0 2  1 1 0  eg 0  0 4 12 9 2 0 0 0 0 
50 d 0 0 0  1 2  2 2 0  eg 0  0 2 11 9 2 0 0 0 0 
55 d 0 0 0  0 4 11 6 0 0  eg 0  0 0 3 1 0 0 0 0 
60 d 0 0 0  0 4  3 0 0  eg 0  0 1 5 7 0 1 0 0 0 
65 d 0 0 0  0 0  8 0 0  eg 0  0 0 2 8 0 0 0 0 0 
70 d 0 0 0  1 1 11 4 0 0  eg 0  0 2 1 2 0 0 0 0 
75 d 0 0 0  1 1  10 2 0  eg 0  0 1 1 4  2 2 0 0 0 
80 d 0 0 0  1 0 13 10 0 0  eg 0  0 0 1  1 0 0 0 0 
85 egd 0 0 0 2 1 1 0 0  0 0 0 2 1 3 0 0 0 0 
90 deg 0 0 0 0 0 0 4 1 3 1 5 0 1 0 0 0 0 0 
95 deg 0 0 0 0 0 0 0 2 2 3 7 4 1 1 0 0 0 0 
100 deg 0 0 0 0 1 0 2 1 1 4 2 2 0 0 0 0 0 0 
105 deg 0 0 0 0 0 0 1 2 1 1 11 9 1 0 0 0 0 0 
110 deg 0 0 0 0 0 1 0 0 2 5 11 2 0 0 0 0 0 0 
115 deg 0 0 0 0 0 2 3 0 1 3 4 6 2 0 0 0 0 0 
120 deg 0 0 0 0 0 1 3 1 3 3 7 2 0 0 0 0 0 0 
125 deg 0 0 0 0 0 0 2 2 0 6 4 8 1 1 0 0 0 0 
130 deg 0 0 0 0 0 1 1 1 1 1 3 4 3 0 0 0 0 0 
135 deg 0 0 0 0 0 3 1 4 0 0 10 7 2 1 0 0 0 0 
140 deg 0 0 0 0 0 1 1 0 1 2 9 6 0 0 0 0 0 0 
145 deg 0 0 0 0 0 0 0 1 1 0 6 9 1 1 0 0 0 0 
150 deg 0 0 0 0 0 0 0 3 2 5 6 5 1 0 0 0 0 0 
155 deg 0 0 0 0 0 0 0 1 1 3 10 7 2 1 0 0 0 0 
160 deg 0 0 0 0 0 0 5 2 2 3 8 3 1 1 0 0 0 0 
165 deg 0 0 0 0 0 0 1 1 2 2 5 10 0 1 0 0 0 0 
170 deg 0 0 0 0 1 0 1 2 2 10 9 5 1 0 0 0 0 0 
175 deg 0 0 0 0 0 1 2 1 3 2 7 6 1 0 0 0 0 0 
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Table 5.3. Formation of a sinogram based on the 36 detector PET system according to Phelps [13]. The first and last column from the original matrix 
(Table 5.1) are removed (as they contain no data) and the detector pairs are rearranged in such a way that now each row combines two rows of the 
original matrix. This data rearrangement results in twice the sampling near the center of the scanner (again each column represents the (new) radial 
offset from the center of the scanner – light shaded column), at the expense of reducing the number of angular samples by a factor of 2 (each row 
corresponds to a projection of the radioactivity within the object at a specific angle).   
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 of the nogram matrix based on the 36 detector PET system corresponding to the phantom of 800 points. Shaded column indicates center
 

0 0 0 0 1 2 1 1 3 5 14 10 3 7 2 1 1 0 1 1 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 1 0 3 1 3 1 9 6 3 4 3 4 1 2 2 1 2 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 1 0 2 1 1 4 3 10 4 9 4 1 0 2 0 0 0 0 0 0 0 0 1 0 0 
0 0 0 0 0 0 1 0 0 1 1 0 4 7 13 5 2 2 2 0 1 1 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 4 2 2 0 12 11 9 5 1 1 2 1 1 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 1 0 2 4 2 3 11 11 9 6 2 1 2 0 2 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 1 0 4 2 5 8 7 8 3 0 0 0 0 0 0 0 0 0 1 0 0 
0 0 0 0 0 0 0 1 1 1 2 1 1 1 1 4 11 10 4 2 2 2 0 2 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 1 2 0 1 0 3 1 2 13 1 10 1 1 0 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 4 2 1 2 3 3 1 7 5 4 0 1 1 1 0 0 0 0 0 0 0 
0 0 0 0 0 0 1 0 0 1 2 2 1 1 1 1 4 11 2 9 2 1 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 2 1 3 0 0 0 1 2 3 5 4 11 6 2 2 0 0 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 1 2 3 2 1 0 3 6 3 4 7 8 2 1 0 1 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 3 1 1 1 4 1 0 1 0 1 10 3 7 4 2 3 1 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 1 0 1 1 0 1 1 0 2 6 9 9 6 1 0 1 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 0 0 1 3 1 2 3 5 10 6 7 5 2 1 1 0 0 0 0 0 0 0 
0 0 0 0 0 0 0 0 0 1 5 1 2 2 2 2 3 5 8 10 3 0 1 1 0 0 0 0 1 0 0 
0 0 0 0 0 0 1 1 0 2 1 1 2 3 2 2 10 7 9 6 5 1 1 0 0 0 0 0 0 0 0 

 

 
 
Table 5.4. Si
scanner.
0 0 
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   A)       B

recons

) 

Figure 5.6.  A o   on  36 detector PET system corresponding to the phantom of 800 poin e e B ur n truction of 
the phantom o  p s  on  detectors. Image resolution: 20x20. 

 

 

ts (se Tabl 5.4). ) Fo ier backprojectio the
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) Sin gram based
f 800 oint based

 



 

 
 

 

 
ure 5.7.  Fourier backprojection reconstruction of the same phantom (800 points) like in Figure 
for different number of detectors: 72 (top) and 240 (bottom). Image resolution: 36x36 (top), 

Fig
5.1 
102x102 (bottom). 

 
 
 

   



6 Density Estimation Algorithm  
 
The kernel density estimation (KDE) 

lgorithm is not based on event counts per detector pair; instead it assumes that the 

algorithm proposed in this thesis claims to provide 

good quality images using small detector size and relatively small radiation dose. The 

a

location of the annihilation event on a given LOR is a random variable. The probability 

distribution of this random variable is not known and needs to be estimated. The data for 

estimation are the previously located annihilations using an iterative process. The 

algorithm starts with the collection of all coincidence lines (see Figure 6.1).  

 
Figure 6.1.  All coincidence lines MiNi corresponding to the sample phantom of 800 points. 

At first, for each LOR we choose a hypothetical emission origin at rando
 

m (i.e. according 

to a uniform probability distribution along the line between points M and N. For each 

coincidence line we consider a small w-width “wrapping” (smaller than detector width) 
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and project all the points inside the w-wrapping line onto the coincidence line. Therefore 

each LOR is associated with a number of randomly scattered points on that line. We try 

to estimate the underlying probability density function from those points. This is the 

ajor and crucial step of the algorithm. There are a number of choices for selection of the 

annihilation point, from the simplest parameters such as a sample average or median, to 

applying sophisticated probability density estimation techniques. Of course the image 

quality of the reconstructed pictures will vary.  Having the probability density function 

estimated we can estimate the positron emission location as a random quantile [48]. 

 
In summary, the steps of the algorithm are as follows: 

 
1. Choose a line MN (MiNi) and consider a small w-width “wrapping” around it (a tube in 

3D). 

2. Find all points inside the neighborhood and project them onto the line segment MN. 

3. Find the parametric representation: for each data point (x,y) on the line segment MN 

find the coordinate t on the interval [0,1], such as: 

x(t) = Mx(1-t) + Nxt                                            (6.1a) 

y(t) = My(1-t) + Nyt                                           (6.1b) 

4. Use kernel density estimation to construct a probability distribution f along the line for 

which these points are a reasonable sample. 

 location tq along the line as a sample value from the distribution f, i.e. take 

m

5. Choose the

any number q between 0 and 1 and estimate the origin of emission as position tq along 

the line segment [0,1], such as 
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qdllf
qt

0

q q

q y q y q

We process all of the coincidence lines i

=∫ )(                                                       (6.2) 

(t0 is called as a quantile of order q, see section 10.2). 

6. Find the corresponding location (x ,y ) on the line MN as 

xq = Mx(1- tq) + Nx tq                                        (6.3a) 

y  = M (1- t ) + N  t                                         (6.3b) 

where subscripts x and y denote x- and y- coordinates of the points M and N, respectively. 

 
n the same manner to get the approximate 

locations of all emission points. The process is then repeated iteratively (in the next 

iteration all “old” locations are replaced w me 

onvergence criteria are met (e.g. no significant changes in emission locations). Kernel 

estimation was chosen to estimate the probability density function as a compromise 

between making no assumptions about the formal structure of the data (purely 

nonparametric approach) and making very strong assumptions (parametric approach). 

The method is discussed in greater detail in many statistical books and papers about 

nonparametric estimation ([48] – [59]). 

 
In this approach, the role of detector tube is replaced by the w-width projection tube. 

Consequently, instead of dealing with detector size (width) as a “control” parameter we 

deal with projection tube width w. The tube width w should be selected carefully to 

balance geometric error of projection and noise reduction. Too large a w will introduce 

sult in not enough data for estimation. Note that tube width w and the detector width are 

independent; w can be either greater or smaller than the detector width.  

ith the new estimated ones) until so

c

geometric error, especially close to the border of the ROI, whereas too small a w will 

re
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The other important parameter that influences the algorithm performance and resulting 

image quality is the previously defined contrast ratio C. The effect of layer width on the 

algorithm performance is studied later in the thesis. 

 
The algorithm starts with the random approximation. A “zero-order” estimation of the 

unknown PET image consists of a randomly (uniformly) chosen location along the each 

LOR (Figure 6.2). The process of selecting an LOR and constructing some small w-width 

bounds around it is illustrated in Figures 6.3 and 6.4. For every coincidence line we 

consider only those points that fall into the defined w-neighborhood (Figure 6.5).  

 
Figure 6.2.  Random (or “zero-order”) approximation of the sample phantom of 800 points - 
starting point. 

 
The next step of the algorithm is to obtain the projection of all points belonging to a w-

neighborhood onto the LOR (see Figure 6.6). The projected points are the data from 

 x- which we construct the probability density function. However, instead of dealing with
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and y- coordinates for each point, it is more convenient to use a parametric representation 

representation, the coordinates (x,y) of all points along the line 

res 6.6 and 6.7). Therefore, the scattered points on the line segment [0,1] are 

ur sample data for which we try to estimate the PDF. Next, randomly choosing a 

number q, between 0 and 1, we find tq - the quantile of order q. Finally, using the 

relationship 6.3a and 6.3b, we obtain the estimated positron emission location along the 

line segment MN (see Figures 6.8 and 6.9). 

of a line. According to this 

segment MN can be expressed as a function of some parameter t (equations 6.1a and 6.1b, 

see also Figu

o

 
Figure 6.3.  Random approximation (Figure 6.2) and a selected LOR. 
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distance between bounds is w). 
Figure 6.4.  Line of coincidence (LOR) with bounds. Dashed lines indicate w-neighborhood (the 

 

 
Figure 6.5.  LOR and points surrounding it. 
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Figure 6.6.  Projection of points within the w-neighborhood onto the line segment MN. 

 

 
Figure 6.7.  Parametric representation of the projected points on MN line. For every t betwee
1 there is a corresponding point ((x(t),y(t)) along the line MN such that its coordinates are: 

n 0 and 
x(t) = 

x(1-t) + Nxt and y(t) = My(1-t) + Nyt. The value t=0 corresponds to point M and t=1 corresponds to 
oint N.  

M
p

 69



 
 

 
Figure 6.8.  a) Density curve obtain corresponding for points from Figure 6.7 obtained by kernel 
estimation. b) Estimation of the location tq of the parameter axis as a quantile of order q.  

 

 

 
Figure 6.9.  Actual and estimated positron emission location on the given LOR: MN. The actual 
(unknown) positron emission locations denoted by P, S0 is chosen randomly along MN line segment, 
and S  (S = M (1-t ) + N  t , S = M (1- t ) + N  t ) is the result of kernel density estimation after the 1 1x x q x q 1y y q y q
first iteration. 
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7 Statistical Background: Kernel Density Estimation 

In general, there are two approaches to density estimation: parametric and 

nonp the 

underlying process, i.e., specif r the underlying density. In 

contrast, t ct  the data. By linking 

inference c m le. 

However,  if the assumed model is (at least approximately) true. If the 

assumed model is not correct, inferences are useless and moreover can lead to grossly 

misleading interpretations of the data. Therefore, a good practice is to start with simple 

nonparametric methods that do not require any assumptions about the formal structure of 

the underlying data. A plain histogram with equally spaced bins is the classical example 

of nonparametric estimation. However, the significant weakness of density estimators 

obtained by simple univariate density estimation methods is that they are not smooth.  

 
Nonparametric density estimation can be roughly divided into two categories: simple 

density estimation and smoothing methods. The smoothing methods provide a 

compromise between making no assumptions on formal structure (a purely nonparametric 

approach) and making very strong assumptions (a parametric approach). Smoothing 

methods are able to extract more information from the data than is possible purely 

onparametrically and are free from the “parametric straightjacket” of rigid distributional 

ever, as long as the (relatively weak) assumption 

 

arametric. The first (classical) method, assumes a parametric model for 

ying a particular formula fo

he nonparametric analysis assumes no formal stru ure to

to a specifi (para etric) model, great gains in efficiency are possib

 this works only

n

assumptions. This approach works, how

of smoothness is reasonable. Our analysis is restricted to kernel density estimation. The 

kernel approach ([49]–[51]) is conceptually simple, deriving naturally from the 
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histogram. However, there are other approaches to density estimation like orthogonal 

ental concept in probability and 

alysis. Let X be a random variable that has probability distribution function 

f(x), which satisfies the following relation:  

)       (7.1) 

where Pr(a<X<b) is a probability that the random variable X h

refer to the letter x as the argument of the probability 

By definition the PDF is a derivative of the cumulative distribution function F(x): 

 

series, local likelihood and semi-parametric methods [52].  

 

7.1 Simple Density Estimation  
 
The probability density function (PDF) is a fundam

statistical an

( ) (Pr
b

a

a X b f t dt< ≤ = ∫   

as a value between a and b. 

 
According to the standard notation in statistics, capital letter X usually denotes random 

variable, whereas the letter x denote a particular value a random variable X can take. 

Therefore, in this chapter we 

distribution function f(x) of the random variable X. Also, the symbol f  will be used to 

denote whatever density estimator is currently being considered. 

∧

 

h
xF

dx
xf

h
lim)()(

0

d xFhxF )()( −+
≡≡

→
    (7.2) 

 
A natural finite-sample analog construction of the distribution function F (Equation 7.2) 

 to divide the line into a set of H equisized bins with small bin widt

F(x) with the empirical CDF (cumulative distribution function):  

  

h h and to replace is
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∧

                                                       (7.3) 

where (x1,...,xn) represents a random sample of size n (n is the total number of 

observations) from the probability density f and the expression in the numerator denotes 

the number of those xi that are less  than or equal to x. 

 
This leads to the histogram estimate of the density within a given bin: 

 

nh
bxbx

xf jiji }{#}{#
)( 1 ≤−≤
= +

∧

 ,    x ∈(bj, bj+1]                            (7.4) 

 
where (bj, bj+1] defines the boundary of jth bin. 

 
Figure 7.1.  Selected LOR and points inside w-tube. 

The histogram is often used to summarize the distribution of observed values (the 

assumption is made that these observed values are random samples from an (usually 

unknown) density. As an example, le

 

t us consider the first three steps of the 

construction of 800-phantom reconstruction (see previous chapter). The parametric re
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representation of all points within the w-neighborhood of a selected LOR (Figure 7.1) is 

presented in Figure 7.2. The values of parameter t are also gathered in Table 7.1. The 

corresponding histogram is presented in Figure 7.3. 

 
Figure 7.2. Parametric representation of points from Figure 7.1 projected onto the LOR.  

 
Table 7.1.  Values of parameter t for a selected LOR. 

0.51 0.66 
0.62      0.69 0.62 0.66 0.61 0.71 0.59 0.84 0.65 0.75 

0.63      0.57 0.50 0.89 0.55 0.71 0.86 0.73 0.75 0.67 

0.81 0.78 0.60 0.70 0.69 0.69 0.70      0.63   

0.69      0.28 0.60 0.67 0.76 0.60 0.61 0.55 0.67 0.72   
0.56      0.58 0.51 0.66 0.70 0.81 0.88 0.35 0.54 0.83   

0.67 0.52 
 

 
Figure 7.3.  Histogram of data from Table 7.1. 
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Evaluation of the Density Estimator 
 
When considering estimation at a single point x, a natural measure of the discrepancy of 

the density estimator  from the true density f is the mean square error (MSE), defined 

by: 

                                           (7.5) 

where the expectation is with respect to the sampling distribution of

 
By elementary properties of mean and variance, MSE can be expressed as the sum of the 

squared bias and the variance at x:  
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                                         (7.6a) 
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There is a trade-off between the bias and the variance terms in (7.6); the bias can be 

reduced at the expense of increasing the variance, and vice versa, by adjusting the amount 

oothing (see Figure 7.4).  

ator of f is 

(MISE), introduced by Rosenblatt [51]: 
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of sm

 

The most widely used way of measuring the global accuracy of
∧

f as an estim

the mean integrated square error 

 

∫
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ince the integrand in (7.7) is non-negative, the order of integration and expectation can 

be reversed to give the alternative form: 

 

dxxfxfEfMISE )()()(
2

S

∫∫
∞

∞−
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∧∧

=⎟
⎠
⎞
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⎝
⎛ −= dxfMSEx )(                      (7.8) 

 
Figure 7.4. Example of variance (decreasing), bias squared (increasing) and their sum MSE, 

 
equation 7.6 (MSE has a local minimum). All three have the same units. 

Histogram 

The histogram is the most commonly used univariate density estimator. Its advantages 

are ease and simplicity of construction as well simplicity of interpretation. Therefore, it is 

important to understand its strengths and weaknesses (limitations). 

 
 is clear from formula (7.4) that the histogram depends on the bin width h (or, 

equivalently, on the number of bins, H). For small values of h (large H), the histogram 

 

It

 76



tends to be undersmoothed (too bumpy), while for large values of h it is oversmoothed 

and might not resemble the true density function. In the first case (undersmoothing) the 

stimator has a small bias and large variability. The latter case (oversmoothing) is just the 

reverse - large bias and small variability.  

 
t ram (Figure 7.3) of the data from Figure 7.1 corresponds to the number of bins 

=10 (and bin width h=0.0608). Figure 7.5 illustrates the fact that the histograms 

corresponding to the same data might look different for different bin widths. Often 

width is optimal. 

 
For a histogram, MISE is given by [49]: 

e

The his og

H

because we do not know the underlying distribution, we cannot determine which bin 

( )32
'2

)()(1)( hnhOfRhfMISE +++= −
∧

                                  (7.9) 

 

where ∫

12nh

∞

∞−

= dttuuR )()( 2  is the quantity that measures the roughness of the underlying 

density function u and determines the accuracy of the histogram estimate. The leading 

term of MISE is commonly named AMISE (asymptotic mean integrated squared error). 

 77



A)

B)

igure 7.5. Histogram of the same data points as in Table 7.1: A) for number of bins=19 
ber of bins=7 (corresponding bin width 

F
(corresponding bin width h=0.0320) and B) for num
h=0.0868). 
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Therefore AMISE for a histogram is given by: 

12
)(1)(

'2 fRh
nh

fAMISE +=
∧

                                                  (7.10) 

 
The tradeoff of bias versus variance previously noted (see Figure 7.4) can be seen in 

mula (7.10). The bin width h is directly related to the integrated squared bias for

h2R( 'f )/12 and inversely related to the integrated variance (nh)-1. That is, narrower bins 

give an estimator that is less biased but more variable; making the bins wider increases 

the number of observations per bin, reducing variance, but increasing the bias. 

 
Optimal Bin Width 
 
The minimization of AMISE balances the bias and variance of the histogram estimate 

through the choice of the bin width hopt: 

3/1
3/1

' )(
6 −

⎟⎟
⎠⎝ fR

 
The resulting minimum value of AMISE provides the convergence rate of a histogram 

estimate and is given by: 

⎞
⎜⎜
⎛

= nhopt                                                (7.11) 

3/2
'

min 16
)(9 −
⎟⎟
⎞

⎜⎜
⎛

= nfRAMISE                                        (7.12) 

    

3/1

⎠⎝

Equations (7.11) and (7.12) show that the roughness odf the underlying density measured 

by R(f'), determines the optimal level of smoothing and accuracy of the histogram 

s, i.e. with small value of R(f') are easier to estimate and 

 

estimate.  Smooth densitie

require a wider bin, while bumpy densities, with larger R(f') are more difficult to estimate 

and require a narrower bin. 
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Equation (7.11) provides an unambiguous rule for choosing the bin width h of a fixed 

bin-width histogram. Unfortunately, this rule involves the density f, which is to be 

estimated. Therefore it is of limited usefulness.  

 
Frequency Polygon 
 
Histograms are useful in the presentation of data, especially as a starting summary tool. 

However, because of their inherent piecewise constant nature, they do not provide an 

adequate description of a smooth density function. A simple way to make a smoother 

estimator than the histogram is to connect mid-bin value

ontinuous estimator is called a frequency polygon. It is still not smooth, however, since 

its derivative is not defined at the mid-bin points.  

 
tation as for histograms, i.e. {b0,...,bH+1} representing bin edges with 

width h, with {n1,…nH} being the number of observations 

c0,...,cH+1} to be the midpoints of the bin intervals. That is, cj = (bj+bj+1)/2, j=1,...,H, with 

0 1 H+1 H+1

s by straight lines. The resultant, 

c

Using the same no

falling in the bins, we define 

{

c = b -h/2 and c = b +h/2.  

 
The frequency polygon is then defined for each x∈(cj,c j+1) as 

( ) ( )( )1 1 12

1ˆ
j j j j j jf x n c n c n n

nh + + += − + − x    (7.13) 

where . 

It turns out that this simple strategy of connecting bin midpoin

onvergence rate than the histogram. Proceeding in a manner analogous to that for 

histogram gives us the form of the AMISE: 

 

0 1 0Hn n += ≡

 
ts results in a better 

c

 80



2880
)(492 ''4 fRhAMISE +=                                              (7.14) 

    
3nh

The first term of formula (7.14) corresponds to the variance and the second term 

corresponds to squared bias. As was true for histograms (see formula (7.10)), the first 

rm (variance) varies inversely with bin size, while the second (bias) varies directly with 

2. The remarkable change is that the squared bias term is now O(h4) instead of O(h2). 

Bias reduction affects in turn the optimal bin width and the corresponding AMISE error 

[49]: 

te

h
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    (7.15) 

 

( ) 1/ 5
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12 15

R f
AMISE n−′′⎛ ⎞

= ⎜ ⎟
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    (7.16) 

omparison o  (7.12) shows that the optimal 

bin width of a frequency polygon is as tically large /3) than that of a 

histogram, whereas ng convergence rate increases (n-4/5> n-2/3).  The 

frequency polygon density estimator for the data from Table 7.1 is plotted in Figure 7.6. 

 

 
C f equations (7.15) with (7.11) and (7.16) with

ympto r (n-1/5> n-1

the correspondi
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Figure 7.6. Frequency Polygon of the data points from Table 7.1 for number of bins=10 

orresponding bin width h=0.0591). 

closely represent 

e need better, possibly smoother, and necessarily more 

a 

ightly different (but equivalent) way: 

 

(c

 

7.2 Kernel Estimator 
 
These simple density estimators, however informative in highlighting interesting 

structure in data, may not be adequate in general, because they cannot 

smooth density functions. W

complex, methods of density estimation.  

 
A kernel density estimator can be derived from the definition of the density function. 

Consider again the definition of the probability density function f(x), expressed in 

sl

h
hxFhxFxF

dx
dxf

h 2
)()(lim)()(

0

−−+
≡≡

→
                             (7.17) 
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Recall, that the histogram estimates f (given by formula (7.17)) by dividing the line into 

bins. Another approach might be to estimate it separately at each point x. Replacing F(x) 

with the empirical CDF gives 

( )
( ),

1
2

ix x h x h

f x
nh ∈ − +

=
1ˆ ∑     (7.18) 

 
This can be rewritten as 

( )
1

1 n

i

ˆ ix x
nh h=
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⎝ ⎠

where K(x) = 1/2, for 

f x K= ⎜ ⎟∑     (7.19) 

 
, and K(x) = 0, otherwise. 

The additive form of the kernel density estimator (formula (7.17)) implies that the 

estimate

11 ≤<− x

 
The form of Equation (7.19) is called a kernel density estimator, with kernel function K. 

Note that the kernel function K is a uniform density function on the interval (-1,1) 

(therefore it is also called the uniform kernel). Figure 7.7 presents the uniform kernel 

estimate for our test data (corresponding to the Table 7.1). 

 

f̂ retains the continuity and differentiability properties of K. Since the uniform 

density is discontinuous, so is the kernel density estimate based on the uniform kernel 

function. In order to obtain a more reasonable estimate of a smooth density function, the 

uniform kernel should be replaced with a different (smoother) one ([49] - [52], [54]). 
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Figure 7.7. Uniform kernel estimate of the data points from Table 7.1 with bandwidth h=0.08. 

 

parameter or bandwidth, plays an analogous role to the bin width in simple density 

stimation. That means it has a strong effect on the appearance of : for small h the 

estimator tends to be undersmoothed (large variability) and for large h's it is 

oversmoothed (large bias). Once again, the tr

quantified through a measure of accuracy , such as MISE.  

 

The parameter h of kernel density estimator (see Equation 7.17), called a smoothing 

e f̂

adeoff of bias versus variance can be 

f̂

                                                                                                                                                                              
Optimal Kernel Function 
 
We can define a more general kernel function as the one satisfying the following 

conditions (see [49] for details): 
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Assuming that the underlying density is sufficiently smooth (i.e. f'' being absolutely 

continuous and f''' being square integrable), and that 0→h  with ∞→nh  as ∞→n , the 

Taylor Series expansion gives: 
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implying minimal AMISE: 
⎝ ⎠
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( )( ) ( )( )4 / 5 1/ 5 4 / 55
min 4 KAMISE R K R f nσ −′′=    (7.25) 

 
Only the term )]([ KRKσ  is under control of the data analyst. Recall that the term R(f'') 

depends on the underlying unknown true 

5/4

density function and obviously cannot be 

K is to minimize 5/4)]([ KRKσ . If K is 

restricted to be a proper density function, the minimizer is a scaled version of a quadratic 

function, often called the Epanechnikov kernel: 

controlled. Therefore, the “best” way of choosing 

( ) ( )1
4

23K t t= −   for 1 1t− < ≤ , and ( ) 0K t =  otherwise. 

 
Relative Inefficiency 

The value 5/4)]([ KRKσ  for the Epanechnikov kernel is 
 

3/(5 5) . Thus, the value of 

5/4)]([ KRσ  for other kernel functions divided by K 3/(5 5)  provides a measure of the 

relative inefficiency of using kernel functions other than Epanechnikov. This ratio is the 

multiplicative factor for the equivalent sample size needed to achieve the same AMISE. 

.  Commonly used kernel functions.

The Table 7.2 presents the commonly used kernel functions together with their relative 

inefficiencies. 

 
Table 7.2

Kernel Form Inefficiency 
Epanechnikov ( )21 t−  1 3

4

Biweight ( )2215 1
16

t−  1.0061 

Triweight ( )3235 1
32

t−  1.0135 

Gaussian ( ) 21/ 2 / 22 teπ − − 1.0513  

Uniform 1/2 1.0758 
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It can be seen plainly that AMISE error is insensitive to the choice of the kernel, so K 

should be chosen based on other issues, for example ease of computation or useful 

properties of 
∧

f .  

 
Figure 7.8.  Epanec width h=0.08. hnikov kernel estimate of the data points from Table 7.1 with band
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e 7.1 with bandwidth h=0.08. 

best” Epanechnikov kernel is that since it is 

e assumption that three 

representing kernel density estimates for Epanechnikov and Gaussian kernels, 

respectively. 

 
Bandwidth Selection

Figure 7.9.  Gaussian kernel estimate of the data points from Tabl

 
In particular, an argument against using “the 

not everywhere differentiable, neither will
∧

f , despite th

derivatives of f exist. Figures 7.8 and 7.9 illustrate

 
 
Selection of the bandwidth (parameter h) is a much more important task than selection of 

a kernel function. The shape of the estimated density is relatively insensitive to the choice 

of the kernel, however it depends strongly on h. Figure 7.10 illustrates this dependence. 

 

 the fact of kernel insensivity, 
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The simplest way to choose the bandwidth h is by using a reference density for f and 

substituting into formula (7.24). For example, if the reference density is Gaussian with 

variance 2σ , and a Gaussian kernel is used, then [49]: 

1/5
, 1.059opt Gh nσ −=      (7.26) 

 
To implement this rule in practice one must substitute an estimate forσ . Although the 

rule (7.26) assumes use of a Gaussian kernel, it is straightforward to convert a rule based 

on one kernel function to any other kernel using formula (7.24). For example, plugging 

the biweight kernel into to rule (7.24) we obtain the asymptotically optimal bandwidth for 

a biweight kernel  5/15/1
, 778.2)059.1)(623.2( −− == nnh Bopt σσ . 

 
Because of the assum Gaussian, rule (7.26) is of limited value. In 

general, choosing an optimal bandwidth from data is a major research topic in density 

estimation (e.g. see [49], [52] - [59]). One of the approaches is a plug-in principle, where 

the asymptotically optimal bandwidth is es ated by substituting an estimate of R(f'') in 

(7.26). The current “state of the art” of this approach appears to be the method of 

Another approach, called double kernel has been proposed by 

entation of the KDE algorithm for PET, however, uses the 

formula (7.26).  

 

Sheather and Jones [57]. 

Devroye [58]. The first implem

ption that true density is 

tim



 
Figure 7.10.  Gaussian kernel estimate of the same data points as in Table 7.1 for various h. 

 

 
Figure 7.11. Gaussian kernel estimate of the same data points as in Table 7.1 for optimal h 
(according to the rule 7.25). 

 90



8 Simulation Experiments with Sample Phantoms 

The phantom consists of a number of points  in which every point simulates an 

 size). The values of the other parameters 

are constant. In particular, the radius of the aperture RA = 1 and the radius of the tumo

on the PET 

pplication the activity of the tracer and the corresponding counts N (according to the 

 testing. We will start with 4 different settings of total 

counts N (equal 400, 800, 1600 and 3200, r ly

 
All the following computations have been performed for phantoms similar to the one in 

Figure 4.1. That means that all sample phantoms have the same tumor location as well as 

the same radius of the aperture.  Therefore, our sample phantom is fully characterized by 

three parameters: sample size N – number of annihilation events recorded, tumor radius r 

and contrast ratio C. Of course, there are infinitely many phantoms having the same three 

parameters. We will study just a few of them and then generalize our conclusions to the 

whole population of such phantoms. 

 
N

annihilation event. In this experiment we observe algorithm performance with respect to 

the total number of generated points (phantom

r r = 

1/4. The N is chosen arbitrary, but with some physical and medical rationale. Table 8.1 

relates the radioactivity and number of observable counts. Depending 

a

formula (2.3)) can differ significantly.  

 
In our simulation experiments, the total number of counts N corresponds to the number of 

corrected counts in Table 8.1. It seems reasonable to choose N being of order of hundreds 

as a starting value for algorithm

espective ) in order to study the pattern in 

algorithm behavior.  
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Table 8.1. Variabilit of injected activity and corresponding number of counts. 
Calculation based on the data used in Example 2-15 of [13] of PET reporter genes. The 

might possibly be sm
image reconstruction.

y 

question marks in the third and fourth row denote non-identified PET application that 
all animal or whole body when low dose KDE algorithm is used for 
 

PET 
Application 

Activity of 
the tracer 

(Fluorine-18) 
[Bq] 

Activity at 
1h after 
injection 

[Bq] 

Acquisition 
time [min] 

Number of System Number of 
uncorrected 

counts 
sensitivity 

[%] 
corrected 

counts 

Reporter genes 2.3*10 1.6*10 144 10 0.5 720 2 2 15 * 3

Small animal 8*106 5.5*106 15 495*107 0.5 248*105

Whole body 37*107 25*107 15 225*109 0.5 113*107

? 8*103 5.5*103 15 495*104 0.5 248*102

? 8*10 5.5*10 15 495*10 0.5 248*104 4 5 3

 
The next issue is contrast ratio. From Table 4.1 for SUV values, it follows that there 

might be considerable variation among the values that can be seen even for the same type 

of illness. We will start from a large value for contrast ratio (C=17) and then lower it. The 

reconstructed phantoms (10 first iterations) of 400, 800, 1600 and 3200 points are 

Figures (6.1 – 6.4) indicate that the shape of the tumor in the reconstructed images 

etter results; for example in the case of N = 1600- or 3200, even the first iteration shows 

e tumor. However, increasing the number of points (counts) is not generally desirable if 

 results from a higher radiation dose applied to a patient. Therefore, we must look for a 

c

acceptable identification tumo s reco cti

presented in Figures (8.1 - 8.5), respectively. Starting with the random emission 

locations, the phantom reconstruction is obtained in an iterative process.  The tube width 

has been fixed at w = 0.1 in this experiment. 

 

becomes visible early, starting at the 3rd - 5th iteration. For higher iterations (4th – 10th) 

there is a relatively small further improvement in the reconstruction of the phantom. Of 

course, reconstructing a phantom consisting of a larger number of points gives visually 

b

th

it

ompromise between choosing a large number of data point in the phantom and 

 of a r in it nstru on.   
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It is interesting to esti and e results of reconstruction change for different 

(sma r) values o umo and contrast ratio. These issues will be addressed in the 

Sections 8.5 and 8.6.  

 

 inv gate if  how th

lle f t r size 
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Figure 8.1.  Phantom (N=400, r=1/4, C =17) and its kernel density estimation reconstructions for tube width w=0.1. 
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Figure 8.2.  Phantom (N=800, r=1/4, C=17) and its kernel density estimation reconstructions for tube width w=0.1. 
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Figure 8.3.  Phantom (N=1600, r=1/4, C =17) and its kernel density estimation reconstructions for tube width w=0.1. 
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Figure 8.4.  Phantom (N=3200, r=1/4, C=17) and its kernel density estimation reconstructions for tube width w=0.1.

 



8.1 Accuracy Measure 
 
The mean integrated square error MISE of the kernel density estimation given by (7.23) is 

hard to measure because it is expressed in terms of the underlying unknown PDF we are 

trying to estimate. The cross-validation technique ([49], [59]) can be helpful in order to 

eliminate unknown PDF; however, in general case the calculations become intractable 

[59]. Instead, alternative numerical error measures are proposed to determine the 

accuracy of the algorithm. One reconstruction “goodness of fit” criterion is the number of 

points inside the tumor in the reconstructed image: Ntum (usually expressed in percentage 

compared to the total number of points N). Another is the distance between the true 

(unknown) and estimated location of annihilation points, denoted as DSE (= Distance 

Square Error): 

   ( ) ( )[ ]∑ =
−+−=

N

i iiii PyyPxx
N

DSE
1

221     (8.1) 

 
where (xi,yi) are the estimated locations for the current iteration and (Pxi,Pyi) are the true 

annihilation locations and N is number of total points in a sample phantom. 

 
Since these true locations are unknown, the practical meaning of the DSE error measure 

is limited. Instead, we can consider a similar error measure that, instead of taking the 

difference between true and estimated location, takes the distance between the estimated 

locations in two consecutive iterations. This yields a definition of the Successive Square 

   

Error (SSE): 

( ) ( )[ ]∑ = −− −+−=
N

i iiii yyxx
N

SSE
1

2
1

2
1

1                               (8.2) 

 

   



where (xi,yi) are the estimated locations for the current iteration and (xi-1,yi-1) are the 

estimated locations from the previous iteration. 

 
Also, knowing the Ntum we can, for a given phantom configuration, estimate the actual 

contrast ratio CR as: 

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
−

−
= 12

2

r
R

NN
N

CR
tum

tum                                                     (8.3) 

 
The reconstruction accuracy measurements (errors): Ntum, DSE, SSE and CR for the 

reconstructed phantoms from Figures 8.1 – 8.4 are summarized in Table 8.2 and plotted 

in Figures 7.1 – 7.4, respectively.  We can observe that the number of points inside the 

tumor Ntum and the observed contrast ratio CR carry roughly the same information about 

 to iteration is almost 

identical.  

not change significantly (see more in the section 8.3). 

 

the reconstructed image. Their changing pattern from iteration

 
The behavior of DSE and SSE errors is also similar, however SSE tends to be always 

smaller than DSE. Moreover, they differ more for smaller size sample phantoms 

(compare all Figures: 8.1 – 8.4).  Because of random nature of the algorithm, DSE nor 

SSE do not approach zero as number of iterations increases. Therefore, by looking at the 

dynamics of SSE we can make some inference about the possible quality of the 

reconstructed image and develop some stopping criteria for the algorithm, for example: 

stop computation when SSE does 
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Table 8.2.  Error measurements for the reconstruction of the phantoms from Figures 8.1 – 8.4. 

N=400,  r=1/4,  C=17 N=800,  r=1/4,  C=17 Iteration # 

Ntum (%) DSE SSE CR Ntum (%) DSE SSE CR 
0 13 -------- -------- 2.24 14 -------- -------- 2.42 
1 19 0.3538 0.4748 3.52 24 0.3243 0.4317 4.80 
2 28 0.3069 0.3160 5.76 30 0.2653 0.2982 6.35 
3 30 0.3005 0.2567 6.28 33 0.2319 0.2404 7.47 
4 7.94 32 0.2918 0.2284 6.98 35 0.2480 0.2071 
5 34 0.2675 0.2074 7.81 35 0.2466 0.2032 7.90 
6 8.62 37 0.2350 0.2136 8.62 37 0.2390 0.1884 
7 38 0.2354 0.1624 9.00 38 0.2402 0.1859 9.00 
8 40 0.2489 0.1785 9.79 37 0.2245 0.1947 8.72 
9 42 0.2453 0.1639 10.75 37 0.2431 0.2069 8.86 

10 42 0.2515 0.1650 10.75 37 0.2396 0.2102 8.90 
11 44 0.2591 0.1483 11.55 39 0.2397 0.1975 9.69 
12 42 0.2349 0.1571 10.86 37 0.2277 0.1823 8.95 
13 42 0.2608 0.1903 10.75 38 0.2199 0.1783 9.29 
14 43 0.2288 0.1721 11.20 36 0.2572 0.2033 8.39 
15 41 0.2333 0.1508 10.32 39 0.2252 0.2014 9.49 
16 39 0.2520 0.1689 9.59 36 0.2477 0.1964 8.58 
17 39 0.2562 0.1663 9.59 37 0.2375 0.1980 8.76 
18 8 39 0.2670 0.1716 9.59 3 0.2466 0.1871 9.10 
19 39 0.2345 0.1591 9.49 34 0.2488 0.1897 7.56 
20 7.35 39 0.2633 0.1721 9.59 33 0.2431 0.2115 

Phantom 53 -------- -------- 17.09 54 -------- -------- 17.69 
N=1600,  r=1/4,  C=17 N=3200,  r=1/4,  C=17 Iteration # 

 Ntum (%) DSE SSE CR Ntum (%) DSE SSE CR
0 14 -------- -------- 2.38 15 -------- -------- 2.57 
1 24 0.3251 0.4590 4.72 24 0.3482 0.4642 4.64 
2 29 0.3039 0.3434 6.11 30 0.2963 0.3463 6.53 
3 31 0.2640 0.2912 6.64 34 0.2720 0.2898 7.60 
4 33 0.2774 0.2701 7.22 35 0.2700 0.2606 8.20 
5 33 0.2624 0.2421 7.37 36 0.2681 0.2500 8.37 
6 36 0.2556 0.2428 8.32 38 0.2551 0.2299 9.01 
7 36 0.2453 0.2279 8.48 38 0.2585 0.2380 9.00 
8 35 0.2533 0.2219 8.14 37 0.2755 0.2479 8.94 
9 9.02 36 0.2621 0.2209 8.28 38 0.2740 0.2472 

10 35 0.2530 0.2099 8.12 38 0.2602 0.2415 9.08 
11 35 0.2430 0.2194 9.02 8.08 38 0.2618 0.2365 
12 35 0.2546 0.2239 8.19 39 0.2576 0.2360 9.49 
13 35 0.2519 0.2174 7.92 39 0.2562 0.2441 9.51 
14 36 0.2452 0.2309 8.44 39 0.2464 0.2174 9.68 
15 36 0.2403 0.2164 8.30 39 0.2596 0.2210 9.54 
16 36 0.2532 0.2316 8.53 39 0.2529 0.2311 9.78 
17 37 0.2539 0.2188 8.62 39 0.2615 0.2373 9.51 
18 37 0.2460 0.2300 8.65 39 0.2657 0.2502 9.46 
19 37 0.2489 0.2301 8.65 39 0.2636 0.2347 9.55 
20 0.2175 9.73 35 0.2575 0.2306 8.14 39 0.2536 

Phantom 53 -------- -------- 16.75 53 -------- -------- 16.89 
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Figure 8.5. Reconstruction errors of kernel density estimation algorithm for phantom of 400 points 
(from Figure 8.1). 

 
Figure 8.6. Reco uction errors of ker ensity tion algorithm for tom of 800 points 
(from re 8.2)

nstr nel d estima  phan
 Figu . 
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Figure 8.7.  Reconstruction errors of kernel density estimation algorithm for phantom of 1600 
points (from Figure 8.3). 

 
Figure 8.8.  Reconstruction errors of kernel density estimation algorithm for phantom of 3200 
points (from Figure 8.4). 
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8.2 Statistical Approach 
 
Because we consider the location of the positron emission on a line as a random variable, 

it is not enough to investigate the results of one run of the algorithm. Instead the 

algorithm should be performed a number of times and the average performance should be 

considered. For each of the four cases N = 400, 800, 1600 and 3200 the algorithm has 

been performed 10 times including generating a new phantom every time. The Figures 

8.9 - 8.11 show the average values of Ntum, DSE and SSE together, respectively, with the 

corresponding values of these errors for the phantoms analyzed in the previous chapter.  

 

 
Figure 8.9.  Average of Ntum error of kernel density estimation reconstruction of different size 
phantoms (r=1/4, C=17). The tube width w=0.1 for all cases. Dashed lines correspond to values for a 
particular phantom and solid lines to the average.  
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Figure 8.10.  Average of DSE error of kernel density estimation reconstruction of different size 
phantoms (r=1/4, C=17). The tube width w=0.1 for all cases.  Dashed lines correspond to values for a 
particular phantom and solid lines to the average.  

 
Figure 8.11.  Average of SSE error of kernel density estimation reconstruction of different size 
phantoms (r=1/4, C=17). The tube width w=0.1 for all cases.  Dashed lines correspond to values for a 
particular phantom and solid lines to the average.  
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The error values for the particular phantom are consistent with the average values, 

tween two curves are more significant indicating that 

small size phantoms (e.g. N=400) might be inadequate to represent a continuous 

phantom. However, from the computational point of view small sample size is desirable 

because of the quadratic computing complexity (see Chapter 9); therefore some 

compromise must be obtained. This is discussed in the sections 8.7 and 8.8. 

8.3 Number of Iterations (Stopping Criteria) 
 
The number of iterations used in kernel density estimation has been arbitrarily chosen at 

20. However, it can be observed both visually (see Figures 8.1 – 8.4) and by studying the 

behavior of the errors Ntum, DSE and SSE (see Figures 8.9 – 8.11) that it is sufficient to 

use much smaller number of iterations (less than 10). To emphasize this fact, the phantom 

of 1600 points has been reconstructed by kernel density estimator algorithm up to 350 

iterations. The reconstructions corresponding to different iterations are presented in 

Figure 8.12. The corresponding errors are plotted in Figures 8.13 and 8.14. The results 

are consistent with the previous statement that after a few iterations, further increasing 

the number of iterations does not improve the accuracy errors or visual quality of the 

reconstruction. This is a definite advantage because being able to reconstruct an image 

from small number of iterations is a desirable feature of any algorithm.  

 
Based on the SSE error we can develop an empirical criterion for selecting the “best” 

reconstruction. Run the algorithm up to several (10 -12) iterations and observe the SSE 

error. At the beginning it systematically decreases but after a number of iterations it starts 

especially for larger phantom size (see Figures 8.10-8.12). For small sample size (e.g. 

400 points) the discrepancies be
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to fluctuate. We can pick the iteration corresponding to the first change from this 

decreasing pattern. For our sample phantom of 400 points (Figure 8.1), the “best” 

reconstruction is produced by iteration number 5, for the 800 point phantom (Figure 8.2) 

– iteration number 7, for the 1600 point phantom (Figure 8.3) – iteration number 5, and 

for the 3200 point phantom (Figure 8.4) – the 6th iteration (refer to Table 8.2). 
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Figure 8.12. Sample phantom (N=1600, r=1/4, C=17) and its kernel density estimation 
reconstruction (various iterations).  
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Figure 8.13.  Accuracy measures of kernel density estimation phantom reconstruction (up to 350 
iterations) of the phantom from Figure 8.12 (N=1600, r=1/4, C =17). 

 
Figure 8.14.  Fragment of Figure 8.13 (corresponding to 1-35 iterations). 
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8.4 Tube Width 

) or very small (containing just a 

w points - by construction each tube contains at least 1 point). In practice, tube width 

should not be smaller than positron range [13]. When tube width is large the 

reconstruction results are not good because this introduce geometrical error. At the other 

extreme, very small tubes introduce significant estimation error due to an insufficient 

number of points for estimation.  

 
Ranges for the values of the tube width depend on the phantom geometry and sample 

size. Figure 8.15 represent a phantom of 400 points and its various reconstructions 

corresponding to different tube widths. The “best” reconstruction for a given layer width 

has been chosen using the strategy described in the previous section (the iteration 

corresponding to the smallest value of SSE [sometimes DSE or Ntum] before its increase). 

Similarly, the results of reconstructing phantoms of 800, 1600 and 3200 points are 

presented in Figures 8.16 – 8.18, respectively. Looking at these figures we can conclude 

that we can obtain visually good reconstructions of the phantom for several values of w 

within a certain range (it cannot be too small). A larger tube width means longer 

computation (more data points to process), therefore, providing satisfactory quality of 

reconstruction one should select a smaller tube width.  

 
A statistical analysis of the kernel density estimation phantom reconstruction suggests 

that for each sample size of the phantom there is an “optimal” value of the tube width w 

according to one, two and all three accuracy measures Ntum, DSE and SSE. Keeping 

 
Tube width is one of the parameters that influence reconstruction accuracy. It can be 

chosen very large (containing all points of the phantom

fe
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phantom settings (contrast ratio and tumor geometry) the same as previously (r = 0.25, C 

= 17), the kernel density estimation algorithm has been performed for different sample 

sizes N (400, 800, 1600 and 3200) and different w (range from 0.2 to 10-4). The average 

values of Ntum, DSE and SSE have been calculated after 10 different runs of the algorithm. 

These values are plotted in Figures 8.19 - 8.30 (Top), respectively. These values vary 

over iterations; however, in most cases we can distinguish the “best” tube width that is 

consistently better than others. We look for such a value for w which would give the 

largest average Ntum and at the same time smallest DSE and SSE. It is difficult to select a 

unique value of w; however, values optimal according to one criterion are close to 

optimal according to another criterion (see Table 8.3 below).  

 
Table 8.3. “Suboptimal” tube widths for different size phantoms 

Phantom 
size N 

Largest  
average Ntum

Smallest average 
DSE 

Smallest average 
SSE 

400 w = 0.010 w = 0.050 
or     w = 0.020

w = 0.020  
or    w = 0.010 

800 w = 0.005 w = 0.020 
or    w =  0.010

w = 0.010  
or    w = 0.005 

1600 w = 0.002 w = 0.010 
or     w = 0.005

w = 0.005 

3200 w = 0.002 
or     w = 0.001

w = 0.005 
or     w = 0.002

w = 0.002 

  
 
An interesting pattern follows from Table 8.3. First, all criteria indicate roughly similar 

values w for a given N, and secondly, for the largest sample size N (3200 points) a 

common value (0.002) appears in all three columns. This value can be assumed to 

provide an optimal tube width corresponding to a given N (3200 points).   

nt of the iteration, we can average Ntum, DSE and SSE 

 
In order to define one characteristic value of Ntum, DSE and SSE which would correspond 

to a given tube width independe
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over all iterations, obtaining so-called overa  averages. These overall averages of are 

, consistently indicating an optimal value of w for 

ach sample size. This is an important observation, as SSE is the only error we can 

measure in practice. Therefore we can “trust” the SSE error measure as one leading to the 

correct solution. The “optimal” values of the tube width w according to three different 

criteria based on the overall average (over 35 iterations and 10 different runs) are 

summarized in Table 8.4.  

 

 
 
It follows from Table 8.4  that independent of the phantom sample size N, there is an 

upper bound of the kernel density reconstruction accuracy - the fraction of points that fall 

in the tumor area in the reconstructed phantom is about 42% (for the phantom this 

number is equal to 53%). Also both DSE and SSE do not decrease when sample size 

increases. So from the mathematical point of view, for given phantom geometry and 

contrast ratio, the results of reconstruction are independent of phantom sample size (see 

Figures 8.31 and 8.32). This is a no intuitive result because larger sample size phantoms 

result in visually “better” (more visible) reconstructions. This may be explained by noting 

that it is easier to see a structure consisting of more points than of fewer points. Secondly, 

the distribution of points in the reconstructed phantom is no longer uniform. The majority 

Table 8.4. Maximal Ntum and minimal DSE and SSE for different size phantom 
reconstruction (w* denotes the corresponding optimal value of the tube width). 

ll

plotted in Figures 8.19 - 8.30 (Bottom), respectively.  Note, that the average behaviors of 

DSE and SSE follow each other closely

e

Ntum criterion DSE criterion SSE criterion N Ntum (%) 
(phantom) w*  Ntum (%) w*  DSE w*  SSE 

400 53 0.01 42 0.02 0.23 0.02 0.12 
800 53 0.005 42 0.01 0.22 0.01 0.13 
1600 53 0.002 41 0.005 0.22 0.005 0.13 
3200 53 0.001 42 0.002 0.22 0.002 0.13 
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of points tend to cluster closer the tumor area, making distinguishing an actual tumor 

boundary more difficult for smaller N.  

 

Figure 8.15.  Sample phantom (N=400, r=1/4, C=17) and its kernel density reconstructions obtained 
r different tube width and different iterations.  fo
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Figure 8.16. Sample phantom (N=800, r=1/4, C=17) and its kernel density reconstructions obtained 
for different tube width and different iterations.  
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Figure 8.17. Sample phantom (N=1600, r=1/4, C=17) and its kernel density reconstructions obtained 
for different tube width and different iterations.  
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Figure 8.18. Sample phantom (N=3200, r=1/4, C=17) and its kernel density reconstructions obtained 
for different tube width and different iterations.  
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Figure 8.19. Top: Replication average of Ntum vs. number of iterations for reconstructing of the 
phantoms of N=400, r=1/4, C=17. Bottom: Overall average of Ntum for reconstructing of the phantom 
sample of N=400, r=1/4, C =17. Both averages have been calculated over 10 different runs of the 
kernel density estimation algorithm. 

   



 

 
Figure 8.20. Top: Replication average of DSE vs. number of iterations for reconstructing of the 
phantoms of N=400, r=1/4, C=17. Bottom: Overall average of DSE for reconstructing of the 
phantom sample of N=400, r=1/4, C =17.  Both averages have been calculated over 10 different runs 
of the kernel density estimation algorithm. 
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Figure 8.21. Top: Replication average of SSE vs. number of iterations for reconstructing of the 
phantoms of N=400, r=1/4, C=17. Bottom: Overall average of SSE for reconstructing of the phantom 
sample of N=400, r=1/4, C =17.  Both averages have been calculated over 10 different runs of the 
kernel density estimation algorithm. 
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Figure 8.23. Top: Replication average of DSE vs. number of iterations for reconstructing of the 
phantoms of N=800, r=1/4, C=17. Bottom: Overall average of DSE for reconstructing of the 
phantom sample of N=800, r=1/4, C =17.  Both averages have been calculated over 10 different runs 
of the kernel density estimation algorithm. 
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Figure 8.24. Top: Replication average of SSE vs. number of iterations for reconstructing of the 
phantoms of N=800, r=1/4, C=17. Bottom: Overall average of SSE for reconstructing of the phantom 
sample of N=800, r=1/4, C =17.  Both averages have been calculated over 10 different runs of the 

ernel density estimation algorithm. k
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Figure 8.25. Top: Replication average of Ntum vs. number of iterations for reconstructing of the 
phantoms of N=1600, r=1/4, C=17. Bottom: Overall average of Ntum for reconstructing of the 
phantom sample of N=1600, r=1/4, C =17.  Both averages have been calculated over 10 different runs 
of the kernel density estimation algorithm. 
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Figure 8.26. Top: Replication average of DSE vs. number of iterations for reconstructing of the 
phantoms of N=1600, r=1/4, C=17. Bottom: Overall average of DSE for reconstructing of the 

ple of N=1600, r=1/4, phantom sam
o

C =17.  Both averages have been calculated over 10 different runs 
f the kernel density estimation algorithm. 
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Figure 8.27. Top: Replication average of SSE vs. number of iterations for reconstructing of the 
phantoms of N=1600, r=1/4, C=17. Bottom: Overall average of SSE for reconstructing of the 
phantom sample of N=1600, r=1/4, C =17.  Both averages have been calculated over 10 different runs 
of the kernel density estimation algorithm. 
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Figure 8.28. Top: Replication average of Ntum vs. number of iterations for reconstructing of the 
phantoms of N=3200, r=1/4, C=17. Bottom: Overall average of Ntum for reconstructing of the 
phantom sample of N=3200, r=1/4, C =17.  Both averages have been calculated over 10 different runs 
of the kernel density estimation algorithm. 

 

   



 
Figure 8.29. Top: Replication average of DSE vs. number of iterations for reconstructing of the 

Bottom
phantom sample of N=3200, r=1/4, C =17.  Both averages have been calculated over 10 different runs 

 

phantoms of N=3200, r=1/4, C=17. : Overall average of DSE for reconstructing of the 

of the kernel density estimation algorithm. 
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Figure 8.30. Top: Replication average of SSE vs. number of iterations for reconstructing of the 
phantoms of N=3200, r=1/4, C=17. Bottom: Overall average of SSE for reconstructing of the 
phantom sample of N=3200, r=1/4, C =17.  Both averages have been calculated over 10 different runs 
of the kernel density estimation algorithm. 
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Figure 8.31. Overall average of Ntum for reconstructing of different size phantom samples (r=1/4, C 
=17) for various tube width w. The average has been calculated over 10 different runs of the kernel 
density estimation algorithm. 
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 A)                                     

B)

Figure 8.32.  A) Overall average of DSE for reconstructing of different size phantom samples (r=1/4, 
C =17) for various layer width w. B) Overall average of DSE for reconstructing of different size 
phantom samples (r=1/4, C =17) for various layer width w. Both averages have been calculated over 
10 different runs and 35 iterations of the kernel density estimation algorithm. 
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8.5 Tumor Size  
        
Let us consider a sample phantom that has the same contrast ratio (C=17) but the tumor 

size is half (r=1/8). In this case we observe significant degradation in phantom 

reconstruction. Figure 8.33 illustrates this fact: two different phantoms of 400 points, one 

having tumor of 1/4, and the second 1/8, are reconstructed using a kernel density estimate 

under the same (optimal) tube width. In the case of a bigger tumor, we observe a larger 

concentration of points in the tumor area, whereas in the second case the tumor can not 

be distinguished. It appears that in order to improve reconstruction quality for small size 

tumors we would need to increase the contrast ratio (see Figure 8.34). This is of course 

not realistic because we cannot control this parameter as mentioned in the previous 

section. 
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Figure 8.33. Top: Phantoms of 400 points (r=1/8, C=17) and its kernel density estimation 
reconstruction. Bottom: Phantoms of 400 points (r=1/4, C=17) and its kernel density estimation 
reconstruction.  

 

  
Figure 8.34. Sample phantom of 400 points (r=1/8, C=65) and its kernel density estimation 
reconstruction for w=0.01 (6th iteration). 
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The average behavior of error measures has also been studied for small tumor phantoms. 

Two sample sizes, N = 400 and N = 800 points, have been considered. Kernel density 

estimator has been run 10 times for various values of layer width and the average values 

of Ntum, DSE and SSE calculated as in the previous section. The shapes of all curves are 

very similar, however numerical values are changed. This is most visible in the Ntum (see 

Figures 8.19 and 8.22 and compare them with Figures 8.35 and 8.38, respectively). 

Values of Ntum with respect to the phantom are about (10/21 = 45%) for small tumor 

phantoms and (42/53 = 79%) for larger tumor phantoms.  Also, we observe that average 

values of DSE and SSE also larger than their corresponding values for the reconstructed 

phantom with a larger tumor (compare Figures 8.20 - 8.21 with Figures 8.36 - 8.37, and 

Figures 8.23 – 8.24 with 8.39 – 8.40, respectively). Table 8.5 shows the optimal values of 

the tube width for reconstruction phantoms with smaller and larger tumors.  

 
Table 8.5. Maximal Ntum and minimal DSE and SSE for different size phantom 
reconstruction and different tumor radius (w* denotes the corresponding optimal value 
of the tube width). 

Ntum criterion DSE criterion SSE criterion N Ntum (%) 
(phantom) 

Tumor 
radius w*  Ntum (%) w*  DSE w*  SSE 

400 53 0.01 42 0.02 0.23 0.02 0.12 
800 53 

1/4 
0.005 42 0.01 0.22 0.01 0.13 

400 21 0.01 9.5 0.02 0.31 0.01 0.15 
800 21 

1/8 
0.005 10 0.01 0.30 0.005 0.15 
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Figure 8.35.  Top: Replication average of Ntum vs. number of iterations for reconstructing of the 
phantoms of N=400, r=1/8, C=17. Bottom: Overall average of Ntum for reconstructing of the phantom 
sample of N=400, r=1/8, C =17. Average has been calculated over 10 different runs of the kernel 
density estimation algorithm. 
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Figure 8.36.  Top: Replication average of DSE vs. number of iterations for reconstructing of the 
phantoms of N=400, r=1/8, C=17. Bottom: Overall average of DSE for reconstructing of the 
phantom sample of N=400, r=1/8, C =17. Average has been calculated over 10 different runs of the 
kernel density estimation algorithm. 
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Figure 8.37. Top: Replication average of SSE vs. number of iterations for reconstructing of the 
phantoms of N=400, r=1/8, C=17. Bottom: Overall average of SSE for reconstructing of the phantom 
sample of N=400, r=1/8, C =17. Average has been calculated over 10 different runs of the kernel 
density estimation algorithm. 

 

 135



 
Figure 8.38.  Top: Replication average of Ntum vs. number of iterations for reconstructing of the 
phantoms of N=800, r=1/8, C=17. Bottom: Overall average of Ntum for reconstructing of the phantom 
sample of N=800, r=1/8, C =17. Average has been calculated over 10 different runs of the kernel 
density estimation algorithm. 
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Figure 8.39.   Top: Replication average of DSE vs. number of iterations for reconstructing of the 
phantoms of N=800, r=1/8, C=17. Bottom: Overall average of DSE for reconstructing of the 
phantom sample of N=800, r=1/8, C =17. Average has been calculated over 10 different runs of the 
kernel density estimation algorithm. 
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Figure 8.40.  Top: Replication average of SSE vs. number of iterations for reconstructing of the 
phantoms of N=800, r=1/8, C=17. Bottom: Overall average of SSE for reconstructing of the phantom 
sample of N=800, r=1/8, C =17. Average has been calculated over 10 different runs of the kernel 
density estimation algorithm. 
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8.6 Contrast Ratio 
 
The goal of this section is to investigate how the reconstruction algorithm is influenced 

by contrast ratio. We observed already in the previous section, that for a given contrast 

ratio, reconstruction of small tumor phantoms is generally worse than that of larger tumor 

phantoms unless the corresponding partition coefficient of the latter is sufficiently larger. 

In this section, we keep the tumor size fixed (original r = 1/4) and compare the 

reconstruction results for contrast ratios smaller than 17. Intuitively, phantoms with 

higher contrast ratio should be “easier” to reconstruct (for purpose of tumor detection) 

than those with low contrast ratio.  For example, for a given number of counts N, 

phantom with contrast ratio of 17 is visually reconstructable whereas a phantom with 

contrast ratio of 5 might be not. 

 
However, statistical properties of reconstructed phantoms with smaller contrast ratios 

remain similar to those with larger contrast ratios. The average errors Ntum, DSE and SSE 

of reconstructed phantoms of 400 points and 800 points have been plotted in Figures 8.41 

– 8.46, respectively. The “optimal” values of these errors are summarized in Table 12.1. 

It can be observed that ranges of Ntum, DSE and SSE are the same and their dependence 

on layer width is consistent in both cases (for C = 17 and C = 5). However, reconstructed 

phantoms with smaller contrast ratios require larger sample sizes (larger N). This is 

illustrated in Figure 8.47, where emergence of the tumor shape can only be observed for a 

large sample size (N = 4000). Table 8.6 shows the optimal values of the layer width for 

reconstruction phantoms with greater and smaller contrast ratio, both having the same 

tumor size. When both small contrast ratio and small tumor size are combined even larger 

sample size N is required in order to recognize the tumor (see Figure 8.48). 
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Table 8.6. Maximal Ntum and minimal DSE and SSE for different size phantom 
reconstruction and different contrast ratio (w* denotes the corresponding optimal value 
of the tube width, tumor radius r=1/4). 

Ntum criterion DSE criterion SSE criterion N Ntum (%) 
(phantom) 

Contrast 
ratio w*  Ntum (%) w*  DSE w*  SSE 

400 53 0.01 42 0.02 0.23 0.02 0.12 
800 53 

17 
0.005 42 0.01 0.22 0.01 0.13 

400 25 0.01 21 0.02 0.32 0.02 0.15 
800 25 

5 
0.01 19 0.01 0.32 0.005 0.16 
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Figure 8.41. Top: Replication average of Ntum vs. number of iterations for reconstructing of the 
phantoms of N=400, r=1/4, C=5. Bottom: Overall average of Ntum for reconstructing of the phantom 
sample of N=400, r=1/4, C =5. Average has been calculated over 10 different runs of the kernel 
density estimation algorithm. 
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Figure 8.42.  Top: Replication average of DSE vs. number of iterations for reconstructing of the 
phantoms of N=400, r=1/4, C=5. Bottom: Overall average of DSE for reconstructing of the phantom 
sample of N=400, r=1/4, C =5. Average has been calculated over 10 different runs of the kernel 
density estimation algorithm. 
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Figure 8.43. Top: Replication average of SSE vs. number of iterations for reconstructing of the 
phantoms of N=400, r=1/4, C=5. Bottom: Overall average of SSE for reconstructing of the phantom 
sample of N=400, r=1/4, C =5. Average has been calculated over 10 different runs of the kernel 
density estimation algorithm. 
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Figure 8.44.  Top: Replication average of Ntum vs. number of iterations for reconstructing of the 
phantoms of N=800, r=1/4, C=5. Bottom: Overall average of Ntum for reconstructing of the phantom 
sample of N=800, r=1/4, C =5. Average has been calculated over 10 different runs of the kernel 
density estimation algorithm. 
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Figure 8.45.  Top: Replication average of DSE vs. number of iterations for reconstructing of the 
phantoms of N=800, r=1/4, C=5. Bottom: Overall average of DSE for reconstructing of the phantom 
sample of N=800, r=1/4, C =5. Average has been calculated over 10 different runs of the kernel 
density estimation algorithm. 
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Figure 8.46. Top: Replication average of SSE vs. number of iterations for reconstructing of the 
phantoms of N=800, r=1/4, C=5. Bottom: Overall average of SSE for reconstructing of the phantom 
sample of N=800, r=1/4, C =5. Average has been calculated over 10 different runs of the kernel 
density estimation algorithm. 
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Figure 8.47.  Phantoms (Left) and their corresponding kernel density estimation reconstructions 
(Right) for various sample size.  The tumor radius r=1/4 and contrast ratio C=5. 
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Figure 8.48.  Phantoms (Left) and their corresponding kernel density estimation reconstructions 
(Right) for various sample size.  The tumor radius r=1/8 and contrast ratio C=5. 
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8.7 Algorithm Enhancement 
 
An interesting advantage of the algorithm presented is the possibility of running it 

simultaneously for different starting (random) conditions. We will refer to this procedure 

as multi-running the algorithm. Once the lines of coincidences LORs are detected 

(locations Mi and Ni are stored) we can generate many different initial settings and obtain 

a number of reconstructions of the same phantom. It is then possible to combine these 

reconstructions to produce an enhanced image equivalent to the one that would 

correspond to a larger number of points.  

 
Figure 8.49. Effect of multi-running kernel density estimator. First row: Phantom of 800 points 
(left) and its reconstruction (right) after mulit-running the algorithm 4 times. Second row: 
Phantom of 3200 points (left) and its reconstruction (algorithm applied once). The layer width is the 
same in both cases w=0.1.  Contrast ratio C=17, tumor radius r=1/4. 
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For example, let us consider two phantoms, one consisting of 800 points and another of 

3200 points. These phantoms have been reconstructed using the KDE algorithm under the 

same conditions (same contrast ratio C = 17 and same tube width w = 0.1. The results of 

the reconstruction are presented in Figure 8.49. In the first case (N = 800), the algorithm 

has been multi-run four times whereas in the second case (N = 3200) just once. The 

results of reconstruction are visually similar in both cases. The points in the multi-run 

image are generated by adding the points from the 4 individual simulations, yielding 4N 

= 3200 displayed points in this case. Therefore, the multi-running technique allows for 

using smaller numbers of points N resulting in a potentially smaller radiation dose 

injected in a patient. This is especially useful for a low contrast ratio, where a larger 

sample size is typically required (see Figure 8.50). 

 

The low contrast ratio sample phantom of 400 points cannot be satisfactory reconstructed 

(in terms of tumor visibility) by a single run of the density estimation algorithm (see 

Figure 8.47). However, running the algorithm 15 times produces the result comparable to 

that of having a 6000 point phantom to reconstruct. Therefore, multiple runs of the KDE 

algorithm can significantly improve the tumor visibility. 
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Figure 8.50.  Effect of multi-running kernel density estimator. First row: Phantom of 400 points 
(left) and its reconstruction (right) after multi-running the algorithm 15 times. Second row: 
Phantom of 6000 points (left) and its reconstruction (algorithm applied once). The layer width is the 
same in both cases w=0.02.  Contrast ratio C=5, tumor radius r=1/4. Compare this with single-run 
KDE reconstruction in Figure 8.47. 

 

8.8 Density Estimation vs. Fourier Backprojection 
 
It is interesting to compare the results of phantom reconstruction by kernel density 

estimation with at least one of the PET algorithms currently in clinical use. The most 

commonly used algorithm is the Fourier backprojection method. Direct comparison of the 

two methods is not possible because each one uses different picture modality. Pictures 

obtained by KDE consist of points whereas typical picture diagnostic imaging, including 
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Fourier backprojection, uses pixels. Therefore, we need to convert the point 

representation of the KDE algorithm to its corresponding pixel representation.  

Image Representation: From Points to Pixels 
 
The point representation of phantom reconstructions has significant limitations when it 

comes to deal with large numbers of points (large sample size N). This is because there is 

no concept of count intensity (or brightness), i.e. there is no way to distinguish between 

one and a number of events happening at a given location – both situations are marked 

just as one point on the plane. For that reason, this representation works fine for relatively 

small numbers of events; however for large N we are not able to see as much detail (see 

Figure 8.59, where the reconstructed phantom consists of 160000 points). In such cases, 

pixelated image representation becomes helpful (refer to Figure 8.59).  

 
To obtain the pixelated image representation, first the FOV (field of view) must be 

constructed. The FOV is the square image area that contains the object of interest to be 

measured. Secondly, an image matrix (grid) should be defined. Depending on the grid 

size, different images (in terms of image resolution) of a point-phantom can be obtained. 

The term resolution is often used as a pixel count in digital imaging. For example, typical 

PET image resolution is 128 x 128 pixels [13]. In this context, the term pixel resolution is 

conventionally used. On the other hand, the spatial resolution of an image is defined as 

the smallest separation of two point sources necessary for the sources to be resolved [1]. 

Spatial resolution depends on properties of the system creating the image. For practical 

purposes the clarity of the image is decided by its spatial resolution, not the number of 

pixels in an image. 
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Having the image matrix defined, we count the number of events (points) falling into 

each matrix grid-cell (pixel). Figure 8.51 presents a phantom of 800 points and its 

different resolution image representations. Typical PET image matrix (128 x 128 pixels) 

will be used throughout for phantom reconstruction images. Note that black and white 

colors in Figure 8.51 are reversed. This follows the imaging convention that white 

denotes high intensity regions and the black low intensity regions.  

 

 
Figure 8.51.  Point and various pixelated image representations of the sample phantom (N=800, 
r=1/4, C=17). Note that black and white colors in both representations are reversed. 

 
Comparison of Results 
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In this section we compare the phantom reconstructions by Fourier backprojection (FBP) 

and kernel density estimation (KDE). We consider four cases: r = 1/4 (large tumor) and 

C= 17 (high contrast ratio), r = 1/4 (big tumor) and C = 5 (low contrast ratio), r = 1/8 

(small tumor) and C = 17 (high contrast ratio), finally, r = 1/8 (small tumor) and C = 5 

(low contrast ratio).  The results of the phantom reconstruction by both methods are 

presented in Figures 8.52 – 8.55, respectively. We summarize the tumor visibility in the 

reconstructed phantom in Table 8.7. It follows that generally KDE and FBP methods 

produce similar results, i.e. tumors that are recognizable by the first algorithm are also 

recognizable by the second algorithm and also small or low contrast ratio tumors are not 

recognizable by either method.  

 
However, if we consider multi-run enhancement of the KDE algorithm, this is no longer 

true.  For example, the sample size of 400 points or even 3200 points is not sufficient for 

Fourier backprojection algorithm to produce a satisfactory reconstruction (see Figures 

8.56 and 8.57 – third row). 

 
Table 8.7. Tumor visibility in reconstructed phantoms by kernel density estimation 
and Fourier backprojection for different configurations (contrast ratio, tumor size 
and sample size). 

N = 6000 points 
Contrast ratio Tumor radius KDE FBP (refer to) 

1/4 yes yes Figure 8.52 17 
1/8 yes yes Figure 8.54 
1/4 no no Figure 8.53 5 
1/8 no no ---------- 

N = 60000 points 
Contrast ratio Tumor radius KDE FBP (refer to) 

1/4 yes yes Figure 8.52 17 
1/8 yes yes Figure 8.54 
1/4 yes yes Figure 8.53 5 
1/8 yes yes Figure 8.55 
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On the other hand, running the KDE algorithm multiple times is like increasing the 

sample. Figure 8.56 – second row, presents the reconstruction of the phantom consisting 

of 400 points by running KDE algorithm 80 times. It means that instead of one estimated 

location per LOR we have 80 such locations. Therefore, the resulting reconstructed 

phantom consists of 32,000 points and the tumor becomes quite visible. Similar reasoning 

applies to the phantom and its reconstruction presented in Figure 8.57. Here we deal with 

the 3200 - point phantom and its KDE reconstruction with 10 times more points.  

 
So, in situations where the Fourier backprojection method fails, we can still recognize the 

shape of a tumor using multi-runs of the KDE method. Comparing Figures 8.56 and 8.57, 

we notice that although both KDE reconstructions consist of the same (32,000) number of 

points - the one in Figure 8.57 seems to be better. The 400-point reconstruction has many 

artifacts and the border of the tumor is much fuzzier than the 3200-point reconstruction. 

This means that the initial number of points (the phantom sample size N) influences the 

quality of phantom reconstruction and cannot be arbitrary small.  

 
Figures 8.58 and 8.59 again present two phantoms, one of 400 points and the other of 

3200 points, and their multi-run KDE reconstructions.  In this case, the total number of 

points in the reconstructed phantoms is 160,000. Once again we see the limited capability 

for 400-point base phantom reconstruction, whereas the quality of the 3200-point 

phantom reconstruction is quite good.  
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Figure 8.52. Phantoms (6000 and 60,000 points) with r=1/4, C=17 (first row), their kernel density 
estimation (KDE – 7th iteration) reconstructions (second row) and their Fourier backprojection 
(FBP) reconstruction (third row).  In FBP reconstruction 240 detectors were used yielding the image 
resolution 102x102 pixels. In kernel density estimation reconstruction the image resolution was 
assumed 128x128 pixels.  
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Figure 8.53.  Phantoms (6000 and 60,000 points) with r=1/4, C=5 (first row), their kernel density 
estimation (KDE – 5th iteration) reconstructions (second row) and their Fourier backprojection 
(FBP) reconstruction (third row).  In FBP reconstruction 240 detectors were used yielding the image 
resolution 102x102 pixels. In kernel density estimation reconstruction the image resolution was 
assumed 128x128 pixels. 
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Figure 8.54.  Phantoms (6000 and 60,000 points) with r=1/8, C=17 (first row), their kernel density 
estimation (KDE – 4th and 7th iteration, respectively) reconstructions (second row) and their Fourier 
backprojection (FBP) reconstruction (third row).  In FBP reconstruction 240 detectors were used 
yielding the image resolution 102x102 pixels. In kernel density estimation reconstruction the image 
resolution was assumed 128x128 pixels.  
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Figure 8.55.  Phantoms (60,000 and 120,000 points) with r=1/8, C=5 (first row), their kernel density 
estimation (KDE – 6th and 5th iteration, respectively) reconstructions (second row) and their Fourier 
backprojection (FBP) reconstruction (third row).  In FBP reconstruction 240 detectors were used 
yielding the image resolution 102x102 pixels. In KDE reconstruction the image resolution was 
assumed 128x128 pixels.  
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Figure 8.56. Effect of multi-running kernel density estimation on KDE tumor detection. First row: 
Phantom of 400 points, Second row: KDE reconstruction of the same phantom after 80 different 
runs,  Third row: FBP reconstruction of the same phantom. 
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Figure 8.57. Effect of multi-running kernel density estimation on KDE tumor detection. First row: 
Phantom of 3200 points, Second row: KDE reconstruction of the same phantom after 10 different 
runs, Third row: FBP reconstruction of the same phantom. 
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Figure 8.58. Multi-run KDE phantom reconstruction based on 400-point phantom. 
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Figure 8.59. Multi-run KDE phantom reconstruction based on 3200-point phantom. 
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9 Computing Complexity  
  
Computing time is influenced at least by two factors: phantom sample size N and tube 

width w. For a given tube width computing time is a quadratic function of phantom 

sample size N (see Figure 9.1 Top). So, roughly, if we double sample size then 

computing time increases by a factor of 4. When w increases, we have more points that 

are used to estimate the PDF corresponding to each LOR, however, the growth of the 

average number of points per tube is linear with N (Note that w is fixed in a given 

computation - see Figure 9.1 Bottom).  

 
Figure 9.1. Top: Dependence of computing time (per iteration) on phantom sample size N for 
various tube widths w. Computing time is a quadratic function of a sample size: roughly, if we double 
sample size then computing time increases by a factor of 4. Bottom:  Average number of points per 
tube versus phantom sample size N.  Note that w is fixed in a given computation. 

 
The basic formula for the computing time is: 
 

T = a x N 2 x w                                           (9.1) 

   



 
where a depends on details of the software and hardware used.  
 
Figure 9.2 presents the dependence of computing time on the tube width. It is a linear 

dependence for most reasonable values of w (there is some nonlinearity only for very 

small w). The number of points inside a tube of width w also depends linearly on w (see 

Figure 9.3). Associating the number of points in a phantom N with the corresponding 

optimal value of w* (see section 8.4) allows to predict computing time for arbitrary N 

regardless of w).  This prediction is based on the assumption that for every N there is an 

optimal value of w* that should be used (see Figures 9.4, 9.5 Bottom and 9.6). 

 

 
Figure 9.2. Linear dependence of computing time (per iteration) on layer width w for various 
phantom sample size N.  
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Figure 9.3.  Number of points inside the tube versus its width w. The dependence is linear. 

 

 
Figure 9.4.  Optimal tube width w* as a function of phantom sample size N (both quantities on 
logarithmic scale). 

 

 166



All simulations presented in this thesis have been done using the MATLAB programming 

language. In recent years, MATLAB has achieved widespread acceptance throughout the 

engineering community. The popularity of MATLAB is partly due to easy-to-use 

interactive environment and its huge compactness. A big advantage of MATLAB is that 

it is available for MS Windows and Macintosh personal computers and for UNIX and 

Open VMS systems and is compatible across all these platforms. However, for 

commercial use MATLAB is too slow. Using faster programming tools as C++ could 

speed up computations about 100 of times.  

 
Because of the quadratic time complexity with respect to N, the multi-run enhanced 

version of the KDE algorithm is especially useful. Assuming a certain “base” phantom 

sample size Nbase, the computing time T then scales as:  

T(N) = a x number of runs x Tbase                                         (9.2) 
 
where Tbase is the computing time corresponding to Nbase (calculated according to formula 

(9.1) for corresponding optimal w*). 

 
Let us consider Nbase equal to 10,000 and 20,000 points. The corresponding computing 

times (per iteration) are then:  T100000 = 29 sec and:  T200000 = 94 sec (see Figure 9.6).  
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Figure 9.5. Top: Computing time (per iteration) vs. phantom sample size N for different layer width 
w. Bottom:  Computing time vs. phantom sample size N after optimal selection of w. Note that the 
curve at the bottom passes through points denoted as star (*) belonging to the different curves at the 
top. The equation of the fitted curve is: 1.8x10-7N2 + 10-3 N - 0.02. 
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Figure 9.6. Predicted computing time (per iteration) for large values of phantom sample size N 
based on fitted the curve 1.8x10-7N2 + 10-3 N - 0.02 (see Figure 9.5).  Computing times corresponding 
to N=10,000 and 20,000 points are denoted by *. 

 
Figure 9.7 Top presents the predicted computing time up to 2,000,000 points based on 

fitting the curve 1.8x10-7N2 + 10-3N - 0.02 (see Figure 9.5). The bottom part of the Figure 

9.7 gives the predicted computing time for the same range of N using multi-running 

version of the algorithm and Nbase = 20,000 points (see formula 9.2, a=1). We observe 

that the multi-running can speed up the computation 103 times.  

 
Figure 9.8 presents the computing time (per iteration) based on fitted curve 1.8x10-7N2 + 

10-3 N - 0.02 (see Figure 9.5) and based on multi-running version of the algorithm (Nbase = 

20,000 points) for very large N (up to 109 events, as observed in clinical cases). The 

predicted time in both cases is absurdly long (it would take several months even with the 

multi-running algorithm) and therefore not acceptable. Even taking into account the 
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potential 

170

a = 10-2, does not change the situation much. However, the bottom line is that 

with using KDE algorithm we never have to deal with such large numbers. The total 

number of events N scales as R2 so assuming that N = 3200 is adequate to reconstruct a 

phantom with radius R = 1, the N = 320,000 should be enough in a case of R = 10 (small 

animal scanner). Therefore, it would be sufficient to use 105 instead of 109 events, which 

cuts computation time from months to seconds.  



 
Figure 9.7. Top: Predicted computing time for large values of phantom sample size (of order 107) N 
based on fitted curve 1.8x10-7N2 + 10-3 N - 0.02 (see Figure 9.5). Bottom: Predicted computing time 
for the same range of N using multi-running version of the algorithm (Nbase = 20,000 points - see 
formula 9.2, a=1). 
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Figure 9.8.  Top: Predicted computing time for large values of phantom sample size (of order 109) N 
based on fitted curve 1.8x10-7N2 + 10-3 N - 0.02 (see Figure 9.5). Bottom: Predicted computing time 
for the same range of N using multi-running version of the algorithm (Nbase = 20,000 points - see 
formula 9.2, a=1). 
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10   Algorithm Analysis 
 
The major advantage of the KDE algorithm is that it makes possible low dose PET 

imaging. While the results of reconstruction might be visually satisfactory, it is 

nevertheless difficult to introduce a universal measure of quality of reconstruction.  

 
In general, the best reconstruction results are obtained for high contrast ratios as well as 

large tumor sizes (tumor radius). Those two parameters are related inversely. In practice 

the contrast ratio is given as a fixed a priori parameter dependent on the uptake rate of a 

radioactive tracer in a certain tissue region that cannot be manipulated. 

 
However, it is surprising that if the theoretical contrast ratio C is low then the difference 

between the empirical contrast ratio Ce (contrast ratio of the reconstructed phantoms) and 

C is less than in case of a phantom with higher contrast ratio. Figure 10.1 illustrates this 

fact. Phantoms with higher C appear to be more distant from their reconstruction than 

those with low C. This seems like a paradox; however, the fact is that for very high 

contrast ratios, the reconstruction converges to the phantom. This fact can be made more 

visible if instead of the empirical contrast ratio we plot number of points inside the tumor 

(Figure 10.2). 
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Figure 10.1. Empirical contrast ratio vs. theoretical contrast ratio for two different tumor sizes 
(r=1/4 and r=1/8). 
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Figure 10.2. Typical number of points inside tumor in reconstructed phantom vs. number of points 
inside tumor in original phantom for two different tumor sizes (r=1/4 and r=1/8). 

 
Therefore, “distance from the phantom” cannot be assumed as a quality measure of the 

reconstructed phantoms, especially in the low range of C that is clinically interesting. 

Numerical computations prove the algorithm is able to detect tumors for phantoms with 

C = 5 and C = 9 (for tumor size r=1/4 and r=1/8, respectively) for N = 8000 counts. 

 
Another measure of reconstruction quality might be through comparing concentrations of 

points inside the tumor and concentration of points outside the tumor. For our phantom, 

there are two different levels however, for reconstructions there is no obvious separation 

(the concentration varies from tumor to background in a continuous way). Let us consider 

disks concentric with the tumor (see Figure 10.3). For a given reconstruction we can 

calculate the percentage of the number of points falling into each concentric disk. The 
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typical plot looks like the one in Figure 10.4. For a phantom, we observe two different 

quadratic curves (meeting at the tumor radius), and for the reconstructed phantom – one 

continuously increasing curve. For small contrast ratios, this curve is flat (nearly linear) 

and the tumor cannot be detected. However, for higher contrast ratio, the curve increases 

rapidly at the beginning and then plateaus. The value of radius ρ  for which this change 

happens estimates the radius of the reconstructed tumor (usually higher than original). 

 
 The vertical distance between the reconstruction curve and the phantom curve is a 

measure of non-uniformity of the distribution of points between a phantom and its 

reconstruction. Lack of uniformity in the reconstructed phantom additionally contributes 

to difficulty in tumor detection.  

 
Figure 10.3. Tumor outline and possible concentric disks within and outside tumor. 
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In the ideal case of the “point source” phantom (all points generated inside a small size 

tumor, with the background identically zero) the KDE algorithm converges very fast (see 

Figures 10.5 – 10.7 for 100, 1000 and 10,000 point phantoms, respectively.). More than 

90% of all points in the reconstructed image are attracted back to the tumor starting from 

the 7P

th
P iteration (in all three cases). This is illustrated (for 1000 points) in Figures 10.8 

and 10.9. However, since the KDE algorithm places counts outside the boundary (tumor), 

the reconstructed image will result in a blurred representation of the object.   

 
The simple additive or summation algorithm for computed tomography ([60]-[62]) also 

known as unfiltered backprojection, leads to hyperbolic blurring of a two dimensional 

image for an infinite number of parallel projection angles, i.e., a point spread function of 

1/r, where r P

2
P = x P

2
P+yP

2
P. It is clear, since most estimated annihilation points are pulled into 

the region of the phantom, with sufficient iterations, that the KDE algorithm results in a 

much sharper image than the summation algorithm. However, because it leaves a few 

points outside the convex hull (in our case the disk of the phantom), it is not quite as 

sharp as the MART algorithm [63] (with a zero background phantom). 
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Figure 10.4. Typical number of points inside the disk having the same center as the tumor for 
different radii ρ . Three cases of contrast ratios are shown. Dash lines correspond to phantoms and 
solid lines correspond to density estimation reconstruction. The tumor radius is r=1/4 (above) and 
r=1/8 (below).  
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Figure 10.5.  “Point source” phantom of 100 points (all generated inside the tumor) and its KDE 
reconstruction: a) phantom, b) random approximation, c) 1P

st
P iteration, d) 2P

nd
P iteration, e) 3P

rd
P 

iteration, f) 4P

th
P iteration, g) 5P

th
P iteration, h) 6P

th
P iteration, i) 7P

th
P iteration, j) 8P

th
P iteration, k) 9P

th
P iteration, 

l) 10P

th
P iteration. 
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Figure 10.6. “Point source” phantom of 1000 points (all generated inside the tumor) and its KDE 
reconstruction: a) phantom, b) random approximation, c) 1P

st
P iteration, d) 2P

nd
P iteration, e) 3P

rd
P 

iteration, f) 4P

th
P iteration, g) 5P

th
P iteration, h) 6P

th
P iteration, i) 7P

th
P iteration, j) 8P

th
P iteration, k) 9P

th
P iteration, 

l) 10P

th
P iteration. 
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Figure 10.7.  “Point source” phantom of 10,000 points (all generated inside the tumor) and its KDE 
reconstruction: a) phantom, b) random approximation, c) 1P

st
P iteration, d) 2P

nd
P iteration, e) 3P

rd
P 

iteration, f) 4P

th
P iteration, g) 5P

th
P iteration, h) 6P

th
P iteration, i) 7P

th
P iteration, j) 8P

th
P iteration, k) 9P

th
P iteration, 

l) 10P

th
P iteration. 
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Figure 10.8. Concentration profile for “point source” 1000-point phantom (Figure 10.6a) 
corresponding to 2P

nd
P, 3P

rd
P and 6P

th
P iteration.  

 
This good performance can be explained in the following way. Consider an annihilation 

point that is placed outside the phantom. It is on a coincidence line that must go through 

the phantom, if the background is identically zero. As, empirically, most of the points 

come to lie within the phantom disk, this means that the estimated distribution in the tube 

around the coincidence line will peak over the disk. Thus the probability is highest that 

the stray point will be moved into the disk. Once there, because the number of stray 
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points continuously diminishes, the probability that it will leave the disk in a later 

iteration is constantly diminishing. Thus we conclude that, given enough iterations, all 

points will eventually be drawn into the phantom’s disk. We leave it for future work to 

estimate the rate of convergence towards this condition. However, it does mean that the 

algorithm, at least for the zero background case, will converge to the same result as the 

MART algorithm: all density will become assigned to the convex hull of the phantom. In 

other words, at convergence, the KDE algorithm shows no 1/r blurring at all. 
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Figure 10.9.  Concentration profile for “point source” 1000-point phantom (Figure 10.6a) 
corresponding to 7P

th
P, 9P

th
P and 10P

th
P iteration. 

 

10.1 Scalability 
 
It would be interesting to establish how the phantom cases studied in the thesis relate to 

real-life PET scanning in terms of spatial resolution that can be achieved. Although the 

spatial resolution generally increases with the grid size, this relationship has some 

limitations. For a given FOV and signal intensity, increasing only a pixel resolution will 
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cause the overall signal intensity have to be split into more picture elements degrading 

the image quality.  

 
The spatial resolution limitation is related to FWHM (full width at half maximum) of the 

PSF (point spread function). The FWHM is an expression of the extent of a function, 

given by the difference between the two extreme values of the independent variable at 

which the dependent variable is equal to half of its maximum value [64]. 

 
The PSF is an impulse response of a (PET) system. It determines the mathematical 

relationship between the reconstructed image and the object being imaged [1]. Among 

commonly used PSF is Gaussian function. The criterion for resolution states that, if the 

two point sources are separated by a distance greater than FWHM of point spread 

function, then they can be resolved. Therefore FWHM defines the highest possible 

resolution for a given system [1].  

 
The final PET system resolution is a convolution of all the resolution response functions, 

including the positron range, photon noncolinearity, and intrinsic detector resolution, as 

well as geometric and physical factors [13].  Assuming that detector resolution, positron 

range, and photon noncolinearity can be approximated by Gaussian functions, the system 

resolution is given by: 

222
det posncsys FWHMFWHMFWHMFWHM ++≈                      (10.1) 

 
where FWHM Bdet B= detector width/2 is the intrinsic detector resolution, FWHM Bpos Bis the 

blurring due to positron range and  FWHM Bnc B=0.0022 x ring diameter is the blurring due 

to photon noncolinearity. 
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Assuming that the radius of our scanner (~1.41) corresponds to 15 cm (small animal 

scanner), the phantom radius R = 1 will correspond to 10.63 cm. Consequently, tumor 

radius r = 0.25 will correspond to 2.66 cm and r = 0.125, to 1.33 cm. Further, in order to 

obtain a spatial resolution of the “real-life” small animal PET scanner less than 8 mm, our 

phantom scanner with KDE algorithm should be able to reconstruct the tumor radius, 

which radius is less than 0.08.  

 

 
Figure 10.10. Top: Phantom of 3200 points and its multi-KDE reconstruction (r=0.075, C=10). 
Bottom: Phantom of 80,000 points and its KDE reconstruction (r=0.075, C=10). 
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Figure 10.10 presents a phantom with tumor of radius r = 0.075. It illustrates that such a 

small tumor can still be reconstructed using the kernel density estimate provided that the 

contrast ratio is about 10.  

10.2 Does Estimation Really Matter? 
 
In the KDE reconstruction the density estimation is naturally the major and crucial step of 

the algorithm. Let us recall “step 4” of the algorithm: “Use density estimation to 

construct a probability distribution f along the LOR for which these points are a 

reasonable sample” (see Chapter 6). We can imagine that the density estimation step 

could be replaced by some simpler strategies. In this section we introduce such 

alternatives and compare the reconstruction quality. This way we try to answer the 

question about the importance of density estimation in the proposed algorithm.  

 
A very simple strategy of locating an annihilation event along a particular LOR could be 

estimating it by a sample mean. That means, after finding points inside the neighborhood 

and projecting them onto the line, instead of constructing the PDF we simply compute 

their average. All other algorithm features remain the same. The results of multiple mean 

reconstructions are presented in Figure 10.11. Two cases have been considered: 400 point 

phantom and 3200 point phantom, with the same contrast ratio C = 5. Although in both 

cases the total number of points used for reconstruction is 160,000, the reconstruction of 

3200 point phantom gives better results. This is consistent with KDE reconstruction. In 

both cases we observe is that the reconstructed tumor is dislocated towards the center of 

the phantom. 
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Figure 10.11. Mean reconstruction. 

 
Instead of sample mean we can try to use the sample median. The median of the random 

variable X is a value x satisfying the inequalities: 

( )
2
1Pr ≥≤ xX         and    ( )

2
1Pr ≥≥ xX  

 
The median is denoted by x B1/2B, and can be estimated in the following way: when we have 

a random sample of n elements from a population under study, we arrange the collection 

of values xB1 B, xB2 B,…, xBn B in increasing order. The element xBmB, such that the index BmB = [n/2] + 

1, is called the sample median. For odd n we take the central element (with respect to the 

magnitude) of the characteristic under investigation and for even n = 2k, we take (k+1)-st 

element, hence the second of two central elements.  
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Figure 10.12. Median reconstruction. 

 
The median reconstruction (see Figure 10.12) results are similar to the mean 

reconstructions. The tumor seems to be closer to the center than the original tumor.  

 
The median is a special case of the class of parameters called quantiles. In fact, the 

median is the quantile of order 1/2. In general, a quantile of order q is the value x 

satisfying the inequalities: 

( ) qxX ≥≤Pr       and    ( ) qxX −≥≥ 1Pr  
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When we deal with sample population x B1 B, x B2 B,…, x Bn B of the random variable X, we arrange 

them in increasing order and take the one which has index k= [n*q] + 1, where q is an 

arbitrary real number such that 0<q< 1. Then the statistics xBkPB

(n) 
Pis called a sample quantile.  

 

 
Figure 10.13. Sample quantile reconstruction. 

 
Quantile reconstruction is more like KDE; however the image obtained by KDE is 

brighter (compare Figure 8.59 and Figure 10.13). On the other hand, the KDE 

reconstruction seems to be noisier than quantile reconstruction. Applying the appropriate 

filtering can result in significant noise reduction.  
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Figure 10.14 illustrates the dislocation of the reconstructed tumor to the actual one for 

mean, median, quantile and KDE reconstruction, respectively. Mean reconstruction 

introduces the biggest deviation. In median reconstruction this deviation is still present, 

whereas quantile and KDE reconstructions locate the tumor correctly.  

 
Summarizing, mean and median reconstructions are not adequate for PET image 

reconstruction. The question of whether sample quantile reconstruction can be an 

alternative to KDE requires more detailed studies. 



   

 
Figure 10.14. Deviation between the actual tumor (outlined) and tumor reconstructed by mean, median, quantile and KDE reconstruction. Top: 
Results for 400 point phantom. Bottom: results for 3200 point phantom. Contrast ratio C = 5 in all cases. 

 



   

11   Conclusions and Future Work 
 
The density estimation algorithm for positron emission tomography promises a 

significant reduction of radiation dose in positron emission tomography. Table 8.1 

presents typical clinical values of N for small animal and whole body PET scanners, 

respectively (second and third row). Kernel density estimators can visually detect tumors 

from a relatively small number of detected events compared to the number that are 

needed for the clinically used FBP algorithm. A unique feature of the density estimation 

algorithm is that it allows multiple uses of the same measurements in the process of 

image reconstruction leading to multi-run KDE. Therefore the number of annihilation 

events detected can be at least 10 times smaller than in traditionally used techniques (the 

exact ratio depends on N and is to be determined yet).  

 
There are a number of directions the proposed study on the density estimation for PET 

can go. One is to optimize the algorithm for small size and low contrast ratio tumors and 

explore the scalability problem (briefly mentioned in Chapter 10) in higher depth. Also 

programming code (see Appendix) needs to be improved and optimized, possibly re-

written in faster programming language such as C++. The KDE algorithm is highly 

parallelizable, though how to do this deserves additional research. The trivial 

parallelization corresponds to the multi-run case. The single run KDE can also be 

optimized by grouping lines of response into chunks and processing them independently. 

Estimating the general image characteristics such as signal-to-noise (SNR) ratio and 

modulation transfer function (MTF) could also direct future algorithm improvement. 
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The other is to consider different phantom configurations. So far the algorithm has been 

tested and optimized for one simple type of phantom (with one tumor).  

 
Figure 11.1. Phantom with two tumors and its kernel density estimation reconstruction.  

 
A next step would be extension the algorithm to different situations, e.g. when two or 

more tumors are present in the region of interest. Figure 11.1 illustrates such a situation. 

A phantom having two different sized tumors and two contrast ratios CB1 B and CB2 B was 

reconstructed by kernel density estimation. Both tumors can be recognized in the 

reconstructed image. As expected, the bigger and larger contrast ratio tumor appears 

brighter in the reconstructed image. 

 
Figure 11.2.  NEMA phantom with three tumors. 
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Another algorithm extension would be considering non-circular region of interest like the 

one presented in Figure 11.2. The shape of the phantom is from the International 

Electrotechnical Commission body phantom set specified by the NEMA (National 

Electrical Manufacturers Association) protocol [65]. 

 
Lastly, from the density estimation point of view, the algorithm improvement can be 

achieved by using more advanced statistical methods of bandwidth selection and/or by 

adapting two-dimensional density estimation ([49], [59]) to the PET problem. 
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Appendix:  Program Pseudo-Code 
 
All computations have been done in MATLAB programming language. Below are listed 
two main pseudo-codes implementing kernel density estimation (KDE) algorithm: 
multiKDE for multi-run KDE and kerEstGauss for single-run KDE. Multi-run KDE runs 
kerEstGauss program a number of times in a loop.  
 
 
UPseudo-code for multiKDE.m 
DEFINE PHANTOM (specify phantom shape, tumor radius, number of total 
counts N, contrast ratio) 
GENERATE PHANTOM (generate N points within the defined phantom) 
GENERATE LORs 
SPECIFY NUMBER OF RUNS 
FOR ALL RUNS 
    kerEstGauss   
END (ALL RUNS) 
 
UPseudo-code for kerEstGauss.m 
SET THE TUBE WIDTH (w) 
SPECIFY NUMBER OF ITERATIONS 
ALLOCATE RANDOM ANNIHILATION LOCATION TO EACH LOR 
FOR ALL ITERATIONS 
 FOR ALL LORs 
  CONSTRUCT THE w-WIDTH TUBE 
            GET THE w-NEIGHBOTHOOD POINTS  
   (previous annihilation locations) 
  PROJECT w-NEIGHBORHOOD POINTS INTO PARTICLAR LOR 
  GET THE PARAMETRIC REPRESENTATION OF THE LOR 
  KERNEL DENSITY ESTIMATION 
   SELECT THE KERNEL (GAUSSIAN) 
   SELECT THE BANDWIDTH (formula 7.26) 
   CONSTRUCT KERNEL ESTIMATOR 
  CONSTRUCT EMPIRICAL CDF OF THE KERNEL ESTIMATOR 
   (use numerical integration – trapezoidal method)  
  CHOOSE RANDOM NUMBER p between 0 and 1 
  FIND A MAX INDEX j SUCH THAT CDF<P 
   THEN j IS THE NEW ANNIHILATION LOCATION 
   (for the parametric representation of the LOR) 
  REVERSE THE PARAMETRIC REPRESENTATION 
   (get x- and y- coordinates corresponding to j) 
 END (ALL LORs) 
 CALCULATE ERRORS: Ntum, DSE, SSE 
END (ALL ITERATIONS) 
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