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Abstract 
 

This thesis focuses on numerical study of a longitudinally pumped continuous wave (CW) 

Nd:YVO4 laser by high power VCSEL modules. Two VCSEL pump modules (6 W and 15 W) 

were compared. The performance of Nd:YVO4 crystal was found to be better than that of 

Nd:YAG crystal. Our numerical results indicate that VCSELs can serve as efficient pump 

sources for the end-pumped CW Nd:YVO4 lasers. 

Internal cavity loss (Li) is an important parameter in the modeling and optimization of laser’s 

performance. A new method for the calculation of the Li for longitudinally pumped lasers was 

introduced. This method can be conducted without making any changes to the CW laser cavity 

and it also can be performed faster compared to the widely used method called Findlay-Clay 

analysis. A successful experiment was conducted to find the Li based on both methods with good 

agreement between the two.   
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Chapter1 

Introduction 
 

1.1 Motivation  
 

An essential part of an engineering design process is modeling and parameterization of a system. 

Modeling can lead us to optimization of a design.  

Let’s consider a situation that we have a pump source with known parameters. For designing an 

optimized continuous wave CW laser, in addition to a mathematical model for longitudinally 

pumped (CW) lasers, a step by step procedure will be needed. Later on this optimized CW laser 

can be used as a starting point for making efficient short or ultra short pulse lasers. 

VCSELs (vertical cavity surface-emitting lasers) have several advantages compared to the 

standard edge emitting lasers. To the best of our knowledge VCSELs have not been used as a 

pump source for longitudinal pumping of CW lasers. Therefore, in this work we numerically 

investigated applicability of VCSELs to serve as a excitation source in longitudinally pumped 

continuous wave Nd:YVO4 and Nd:YAG lasers. 

In addition, performance of all types of lasers are greatly affected a parameter called internal 

cavity loss (Li). Although there is already a method that is widely used for the measurement of 

such losses called Findlay-Clay analysis, it has some disadvantages. These disadvantages led us 

to propose and demonstrate a new, simpler method for estimation of the intracavity losses Li.    
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1.2 Objectives  
 

In this work a model of longitudinally pumped CW solid state laser will be discussed in details. 

Besides, physical interpretation of all mathematical terms in the model will be presented. Using 

this model for an engineering optimized design of a solid-state CW laser is one of the main 

purposes of this thesis. Additionally, the design process will be used with high power VCSEL 

modules serving as longitudinal pump sources to design CW Nd:YVO4 and Nd:YAG lasers. 

 A new method for the measurement of internal losses Li will be presented.  An experiment was 

conducted to compare the new method with the well-known Findlay-Clay analysis. 

1.3 Contributions  
 

In this work the following contributions have been made so far: 

 A general CW laser design methodology when this process starts with a given pump 

source was presented. 

 The presented methodology was applied for the modeling of a CW Nd:YVO4 laser 

longitudinally pumped by high power VCSEL modules at 808 nm. It is worth mentioning 

that Nd:YVO4 and Nd:YAG crystals were compared as possible candidates to be 

longitudinally pumped by VCSEL modules. In addition, commercially available 6W and 

15W VCSEL modules were compared as a pump source for both of the laser crystals. To 

the best of our knowledge, this is the first time that VCSELs were considered for 

longitudinal pumping of a CW laser. The results of this work were presented at the 

Photonics West 2014 conference [1] and published in conference proceedings [2].  
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  A new method for the internal cavity loss measurement in all longitudinally pumped 

lasers was introduced. This method is faster and it can be conducted without several 

realignments of a laser cavity.  

 A successful experiment for the measurement of the internal cavity loss parameter was 

designed and implemented. In this experiment the new method and the Findlay-Clay 

were implemented and compared.    

1.4 Outline of the thesis 
 

Main laser engineering concepts used in this thesis will be explained in Chap. 2. Moreover a new 

device called VCSEL will be described. Chap. 2 starts with a solution of Helmholtz equation for 

a paraxial wave called Gaussian beam. The main parameters of the Gaussian beam will be 

discussed in this chapter. Next, a famous model for CW operation of a solid state laser 

longitudinally pumped by a pump with Gaussian distribution will be explained. Final results of 

the model are a function called f function and an equation for output power as a function of input 

power and the f function. The f function shows the intracavity power as a function of a ratio of 

the pump power to the threshold power. This function can be evaluated for different laser media, 

different pump and laser beams overlap, and pump distribution.  

In addition in Chap.2, a parameter called 10% confocal parameter will be introduced. This 

parameter will be used in Chap.3 for finding an optimum value for the gain medium length. Final 

part of Chap.2 is devoted to VCSEL and some of its properties. 

In Chap. 3, a step by step methodology for designing an optimized longitudinally pumped CW 

laser when the parameters of the pump source are known will be discussed. Next, this 

methodology will be used for designing a longitudinally pumped CW laser.     
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In Chap. 3, the f function defined in previous chapter will be generated for a 4 level gain medium 

and certain pump distribution with specific laser and pump beams overlap. In this chapter 

longitudinal pumping of a CW Nd:YVO4 laser by high power VCSEL modules will be 

numerically modelled for an equal laser and pump beams overlap.  

In the numerical model presented in Chap.3, commercially available 6W and 15W VCSEL 

modules will be studied as potential pump sources and the performance of Nd:YVO4 and 

Nd:YAG crystals as two possible candidates to be longitudinally pumped by them will be 

investigated.  To the best of our knowledge, this is the first time that VCSELs were considered 

and analyzed for longitudinal pumping of a CW laser. In addition for both pumps and gain 

media, the optimum output couplers, slope efficiency, maximum output power and optical-to-

optical efficiency were determined.   

The selected VCSEL modules have a beam with high divergence. Therefore as it will be 

discussed in Chap.3 the10% confocal parameter is a useful tool for finding an optimized value 

for the gain medium length. 

 In modeling of CW lasers, the losses in the cavity are assigned to two parameters; the loss due to 

the transmission of an output coupler and a loss introduced by the imperfection of the mirrors 

called internal cavity loss. In Chap.4 a new method for the measurement of the internal cavity 

loss parameter will be introduced. This method has some advantages compared to the previous 

method called Findlay-Clay analysis (explained in Chap.2). 

 In addition, an experiment was designed to measure internal cavity loss using the new method 

and the Findlay-Clay method. The new method is based on the model explained in Chap.2. Since 

the beam distribution of the pump used in the experiment is closer to a top-hat than to a 
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Gaussian, an f function will be generated for the designed CW laser longitudinally pumped with 

a top-hat beam. Finally, the possible sources of errors in the experiment will be discussed.     

Chap.5 of the thesis is assigned to the conclusions and possible future work.   
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Chapter2 

Background information 
 

2.1 Overview 
 

In this chapter the main concepts which will be used in the next chapters, are reviewed. In 

addition, a device called VCSEL is briefly explained. 

This chapter starts with definition of a Gaussian beam and introducing some of its properties.  

Next section starts with describing the rate equations of a laser. This will lead us to the 

fundamental principles of operation of a CW laser. In section 2.3, a model for CW operation of a 

laser called Risk model will be explained in detail. In this model laser beam and pump beam are 

assumed to be Gaussian beams.  

Section 2.4 is devoted to modeling of the laser output power and defining efficiencies of a laser 

in continuous wave regime. These are useful for comparison of CW operation of different lasers. 

In section 2.5, an experimental method for finding internal cavity loss, which is an important 

parameter in modeling of CW lasers, will be explained.  

Last section of this chapter is about VCSEL device and its properties.  

2.2 Gaussian beam 
 

A light with constant properties traveling in free space can be considered as an ideal source for 

many applications, for example pumping (i.e. excitation) of a laser medium. Considering the 

wave nature of light, a plane wave can provide this condition for us. When a plane wave travels 



7 
 

 
 

the amplitude of field distribution (i.e. A0) stays constant. If the direction of propagation is along 

the z axis, then a plane wave can be represented as    
    .  In real situation, however, small 

transverse variation of optical field distribution will result in the modulation of plane waves. 

Mathematical representation of a traveling plane wave modulated by an envelope is called a 

paraxial wave. Paraxial waves in cylindrical coordinates can be represented as follows [3and 4]:  

  (     )   (   )   (   )      , (2.1) 

where  (   ) is the modulating envelop which depends on position. Here, r is the distance from 

the z axis in the transverse direction [4]. In the case above an axial symmetry is assumed [4]. 

An important solution to the Helmholtz equation for a paraxial wave is as follows: [3,4] 

  (   )    
  

 ( )
      

  

  ( )
             

  

  ( )
   ( )   , (2.2) 

where  

  ( )    √  (
 

  
)
 

 , (2.3) 

  ( )   [  (
  

 
)
 

], (2.4) 

  ( )        

  
, (2.5) 

    √
   

 
, (2.6) 

 

and  (   )is called a Gaussian beam.  
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In the above equations,   is the wavelength, z is the distance along the direction of propagation 

of radiation (i.e. axial distance).W (z) represents the beam radius function with respect to z and 

W0 is called the beam waist radius which is the minimum beam radius of a Gaussian beam. z0 is 

called the Rayleigh range. The Rayleigh range is a certain distance at which the beam’s radius 

function W(z) increases to √   . Figure 2.1 shows a schematic representation of a Gaussian 

beam and its main parameters. A distance which is twice the Rayleigh range is called the depth 

of focus or confocal parameter. This is a distance where the beam waist radius stays smaller than 

the √    [3].  

 

Figure 2.1  Rayleigh range and depth of focus (confocal parameter) 

Gaussian beams have several properties which can be obtained from the above equations. In our 

analysis, the beam waist, depth of focus (or confocal parameter) and beam quality factor (M
2
) 

will be used. 

2.2.1 Beam quality factor (M2) 
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M
2
 (reads as “M squared”) is a parameter that quantitatively gives us an idea about the quality of 

a Gaussian beam, i.e. whether it is multimode or not. In practical terms, M
2
 factor shows 

divergence of a Gaussian beam.  

Considering equation 2.3 in the far field (i.e     ) for an ideal Gaussian beam by substituting 

z0 from the equation 2.6, a relation between the angular divergence and the beam spot can be 

found as follows: 

  ( )    
   

    
     . (2.7) 

Therefore:  

    
  

    
  (2.8) 

where    is angular divergence of an ideal Gaussian beam profile. It is clear that     is the 

divergence angle of an ideal Gaussian beam [3].Therefore in an ideal Gaussian beam a product 

of the beam waist and the angular divergence is constant (i.e.        
   

  
). 

Mathematically speaking, the M
2
 shows deviation of a beam under test from an ideal Gaussian 

beam profile [3]. Therefore, for a beam with the waist of      and the angular divergence of the 

   , the M
2
 factor can be defined as follows [3]: 

    
       

       
 

       
   

  

 
     

  

  

, (2.9) 

and therefore,  

    
   

   
. (2.10) 
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Figure 2.2  Relationship between θm, M
2
, λ and Wm [5] 

Figure 2.2 shows the angle    of a propagating Gaussian beam. To see the effect of M
2
 on a 

Gaussian beam, three Gaussian beams with different M
2
 factors were compared. Figure 2.3 

shows Gaussian beams emitted by a laser diode with wavelength of 808 nm, emission area of 2.6 

mm (i.e. Wm=1.3 mm) for different M
2 

factors. To imagine a real situation, one can consider the 

center of the laser diode emission area at the origin z=0.  
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Figure 2.3 Gaussian beams emitted by a laser diode with wavelength of 808 nm, emission area of 2.6 mm for different M
2
 

factors 

As can be seen in the above graph if the M
2
 is close to 1, the divergence of the Gaussian beam 

will be very small. Therefore M
2
=1 is an ideal case for a Gaussian beam. As the value of the M

2
 

is getting larger the beam diverges faster. This means that it is hard to keep a beam with high M
2
 

focused over a certain distance. 

In some datasheets of laser devices such as diodes or VCSELs only numerical aperture (NA), 

and the size of the emitting area (   ) are provided. Finding M
2
 for these devices using 

provided datasheets (without doing the beam width measurement) requires an equation to relate 

the numerical aperture and the minimum beam waist. 

Considering a relation for numerical aperture         ( ) where n is the refractive index (for 

propagation of light in the air     ) results in: 
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         (  ). (2.11) 

Using Taylor’s series first truncation, for small angles we can use      ( )    approximation, 

where angle   is measured in radians. Therefore, for small angles equation 2.10 can be re-written 

as follows  

    
    

    
. (2.12) 

However, doing an experiment to find the beam quality through the beam waist measurements 

would provide more accurate result for M
2
.  

The M
2
 factor of a laser with a Gaussian beam can be found by measuring the beam’s width at 

different distances along the z axis and then by fitting this data with the following equation: 

  ( )    √  (
     

    
 )

 

. (2.13) 

2.2.2 Propagation of a Gaussian beam inside a medium  

 

Equation 2.13 can be used if the Gaussian beam propagates in the air. As we know, the light 

propagates inside a medium with        at a lower speed than that of free space. To take into 

account this fact, for a propagating light with Gaussian distribution inside a medium, the 

wavelength should be divided by the refractive index of the medium. Therefore equation 2.13 

would become: 

  ( )    √  (
    

 
 

    
 )

 

. (2.14) 
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Considering the propagation of light inside a medium with refractive index of n, equation 2.12 

also can be re-written as: 

    
    

     
. (2.15) 

2.2.3 Depth of focus (in general and our definition of 10%) 

 

In CW regime, a pump is used to make population inversion in a laser gain medium. There are 

mainly two methods of pumping, called side pumping and end pumping (or longitudinal 

pumping). In our work, the end pumping will be considered. The main sources of longitudinal 

pumping are laser diodes. The beam generated by laser diodes is usually modeled as a Gaussian 

beam. Pump beams have their own M
2
 regardless of the generated laser beam. Considering the 

beam divergence of the pump sources, we defined a 10% depth of focus parameter. This is a 

distance over which the beam waist increases only by 10%.  This distance is about 46% of the 

depth of focus or confocal parameter defined earlier. Figure 4 shows a schematic of a Gaussian 

beam and the 10% depth of focus parameter.  

 

Figure 2.4 10% depth of focus parameter 
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 We can say that over this length the pump beam waist will remain almost constant. In the next 

chapters, the 10% depth of focus parameter will be used to determine the optimum length for the 

crystal which will be pumped by a particular pump. 

2.3 Model of a CW laser  
 

Models of CW lasers presented in articles [6, 7 and 10] are based on rate equations. Therefore 

we start this section with a brief review of these equations. Then, the Risk model [6] will be 

explained in more details. The final results of this model are two equations for finding laser’s 

threshold pump power and output power. These equations will be used in the next chapters.   

2.3.1 Rate equations  

 

Rate equations provide information about population of photons inside of a laser resonator and 

population of electrons on atomic scale inside a gain medium [3]. These equations will allow us 

to find mathematical expressions for threshold pump power and steady state operation of a laser 

in a CW regime. In addition, rate equations also can be used for modeling of the Q-switched 

lasers [9, 10]. 

First equation 

 

Intuitively, this equation establishes a relation between the total population of electrons in the 

upper laser level with respect to time, which is affected by electrons generated by the pump as 

well as by stimulated and spontaneous emission of photons [11].   

 
  

  
       

 

 
. (2.16) 
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 We have partial derivative due to having a certain pump distribution inside a gain medium [12 

and 6]. 
  

  
 stands for changes in electron population in the upper laser level with respect to time 

(i.e. number of electrons in the upper state level at a certain moment).    is the number of 

electrons in the upper state level which were brought by the pump (i.e. excitation) with respect to 

time (population generated by the pump with respect to time). W is the absorption rate. The 

product    represents a number of electrons which are converted into the photons through 

stimulated emission. And  
 

 
 stands for a number of electrons which decay to a lower laser level 

by spontaneous emission, where   is the upper state lifetime. As can be seen from the above 

equation, pump energy increases the population of electrons in the upper laser level (  ) while 

stimulated emission and spontaneous emission (   and 
 

 
 , respectively ) decrease their 

population [11]. 

Second equation 

 

Second rate equation expresses the rate of change in the total number of photons in the cavity 

with respect to time [11]: 

 
  

  
 ∫     

 
 

 

   
, (2.17) 

where   is the total number of cavity’s photons and    is the photon’s lifetime.  ∫     
 

 

stands for number of photons generated inside the gain medium due to the stimulated emission. 

As can be seen, in this expression we have integration over a volume. It is the volume occupied 

by the laser mode inside the gain medium. It is worth mentioning that the time dependency of 

this expression is embedded inside the WN product [11]. 
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The term 
 

   
 represents the rate with which photons disappear in the cavity due to the losses [11]. 

In a laser cavity we have two kinds of losses. The first loss is called internal cavity loss which is 

caused by imperfections of optical elements like mirrors and lenses. This loss is an undesired one 

and which is always tried to be eliminated from a cavity. The second type of loss is generated 

due to the transmission of an output coupler. This loss is a desired loss which provides the output 

laser radiation. Conceptually, by introducing this loss into a cavity we are extracting a fraction of 

the intracavity power out of the laser cavity. 

2.3.2 Risk model 

 

In the Risk model described in [6], similar rate equations are used. However, population is 

defined as a function of spatial coordinates in the gain medium. In addition, the pump and laser 

distributions are related spatially. That is why this model is considered as a space dependent 

model [11]. Spatial dependency of electron population N is shown by a cylindrical coordinate 

system with a fixed angle   (i.e.       ) and variables r and z, which are the radius of a circle 

(angular coordinate in a cylindrical coordinate system or  ) and distance along the laser axis 

(longitudinal axis in a cylindrical coordinate system or z), respectively. It is worth mentioning 

that in the W. P. Risk’s article the expressions are written such that the time dependency is not 

clear but as explained in the previous section the rate equations are a variation of population with 

respect to time.    

First rate equation 

 

Figure 2.5 shows a schematic of a laser level system modeled by the Risk. In this model, it has 

been assumed that the relaxations from N3 to N2 and from N1 to N0 are very fast. Ground level 
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(N0) depletes due to pump distribution and there is a small thermal population in level N1
1
. 

Having population of electrons in the upper laser level (N2) and the lower level (N1) it can be 

assumed that we have a two level system.  

Equation 2.18 establishes a relation for the unpumped population inversion between the two 

level system (   ) which corresponds to a non lasing condition. 

        
    

 . (2.18) 

 

Figure 2.5  Schematic of the laser levels in the Risk model 

The first rate equation was written by Risk only for the levels N2 and N1 (equations 2.19 and 2.20 

respectively) [6] and steady-state conditions (i.e. 
   (   )

  
 

   (   )

  
  ) [3]: 

                                                           
1
 Considering thermal population in level N1, makes Risk’s model different from a typical 4 level 

system.[6]  
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   (   )

  
      (   )  

  (   )   
 

 
 –

       (   )   (   ) 

 
   (   )   , (2.19) 

 
   (   )

  
       (   )  

  (   )   
 

 
 

       (   )   (   ) 

 
   (   )   . (2.20) 

Considering a two level system, in the above equations f1 and f2 represent a fraction of the 

excited electrons in the N2 (upper laser level) and N1 (lower laser level), respectively. 

Let’s compare equation 2.19 with the first rate equation in section 2.3.1 (i.e. equation 2.16). 

We can say that the term      (   ) is the fraction of the electrons in the upper laser level (N2) 

brought to level N2 through pumping with respect to time and spatial pump distribution   (   ). 

R is the rate of electrons inside the gain medium excited by the pump, i.e. it is the number of 

absorbed pump photons per unit time. Therefore,   
    

   
 where    is the incident pump power, 

    is the energy of a pump photon,   is the Planck’s constant and    is the pump frequency.    

is the absorption efficiency which is an exponential decaying function 

         (   ), (2.21) 

where   is the pump absorption coefficient which is a function of wavelength, and l is the length 

of a gain medium (i.e. laser crystal). It is worth mentioning that       is simply an absorbed 

pump power.  

To take into account the spatial pump distribution, pump is assumed to be a circular Gaussian 

beam in its fundamental mode. Rewriting equation 2.2 for a circular Gaussian beam which is 

normalized for ∭  (   )     yields:  
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   (   )  
  

     
  
     ( 

   

  
 )    (   ), (2.22) 

where    is the pump beam waist which depends on z coordinate. 

It is worth mentioning that in the Risk model only oscillation of the fundamental laser mode 

inside the cavity was considered.  

Comparing equations 2.19 and 2.16, we can say that the term 
  (   )   

 

 
 represents the rate of 

spontaneous emission. The term    (   )    
  is the effective population in the upper state 

which is available for spontaneous emission. As before,   is the lifetime of the upper manifold. 

  (   ) is the pumped population inversion and   
  is the unpumped population inversion 

initially residing in the upper laser level. 

Considering equations 2.19 and 2.16, we can say that the term  
       (   )   (   ) 

 
   (   ) in 

the equation 2.19 is represented as the product    in the equation 2.16. Both of these 

expressions correspond to the rate of change of population in the upper state which is caused by 

the stimulated laser emission, where c is the speed of light in the free space and   is the emission 

cross section of the gain medium at the lasing wavelength. Since the light propagates with slower 

speed inside the gain medium, the speed of light is divided by the refractive index of the gain 

medium n.   is the total number of laser photons in the cavity with respect to time which can be 

calculated from   
     

    
, where   is the intracavity laser power in one direction. Considering a 

full round trip in a cavity,   should be multiplied by a factor of 2. By dividing the total internal 

cavity power (i.e.    ) by the energy of a laser photon (i.e. 
 

   
) and multiplying it by the time it 

takes for a laser photon to travel the whole length of the crystal (i.e.
  

 
), we can find the total 
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number of laser photons in the cavity with respect to time. Function   (   ) is the spatial 

distribution of the laser photons which is normalized according to the ∭  (   )     

relation. Risk model assumed that the generated laser beam is a circular Gaussian beam which is 

a function of space (i.e. in cylindrical coordinates system it is a function of    ) as follows: 

   (   )  
 

   
  

    ( 
   

  
 ), (2.23) 

where   is the generated laser’s beam waist which depends on z. [8] 

Now let’s compare equations 2.20 and 2.16. The term  
       (   )   (   ) 

 
   (   ) represents 

the rate of change of population of  electrons which emitted laser photons by going down to the 

lower laser level (N1). As can be seen, it is the only expression on the right hand side of equation 

2.20 which has a positive sign. This means that it is the only source of electron generation in the 

lower laser level (N1).  

Considering equation 2.18, the term       (   ) is a fraction of the electrons in the lower laser 

level (N1) with respect to time and spatial pump distribution   (   ), removed from the level N1 

by pumping. Similar to equation 2.19, the term 
  (   )   

 

 
 corresponds to the rate of 

spontaneous emission but for the lower laser level N1. Spontaneous emission from it is 

instantaneous, i.e. very fast that keeps it empty. 

Second rate equation 

 

The second rate equation has been written in the Risk’s paper as follows: 
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∭  (   )   (   )   

 

  
  . (2.24) 

In equation 2.24 the term 
  

  
 represents the rate of change in the total number of photons in the 

cavity. 

Let’s compare equation 2.17 with equation 2.24. The term 
  

 
∭  (   )   (   )    

represents the total number of photons generated inside the gain medium through stimulated 

emission.  

As before, the term   
 

  
 stands for the rate with which photons disappear in the cavity due to the 

presence of losses. These losses are introduced either by the output coupler or the internal cavity 

loss.     is called the cold cavity photon life time and it can be found from    
   

 (    )
 

expression, where T is the loss introduced by the transmission of the output coupler and Li is the 

internal cavity loss introduced due to the imperfections of the optical elements.  

Population inversion  

 

The first rate equations 2.19 and 2.20 represent populations of electrons in the levels N2 and N1, 

respectively. Considering a two level system, the population inversion (with respect to time) can 

be found by subtracting the population of the level N1 (lower level) from the population of the 

level N2 (upper level). Therefore, 

 
  (   )

  
 (     )   (   )  

  (   )    

 
 –

(     )    (   )

 
   (   )   . (2.25) 

Equation 2.25 represents a spatial distribution of the population inversion with respect to time. 

Similar to the previous discussion, the terms on the right hand side of equation 2.25 represent the 
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rates of change in population generated through the pump (i.e. the term  (     )   (   ) ), 

spontaneous emission (i.e. the term  
  (   )    

 
) and stimulated emission (i.e. the 

term  
(     )    (   )

 
   (   )). 

It is worth mentioning that in the thermal equilibrium the unpumped (i.e. initial) population of 

the level N1 is much larger than that of level N2 (i.e.  
    

 ). This means that equation 2.18 

can be re-written as       
 . 

 Population inversion with respect to threshold 

 

In this part the rate equations are considered for two cases in which the laser either is working 

bellow threshold or at threshold and above it. 

Bellow threshold, we don’t have laser photons  . The first rate equation can then be used for this 

condition. As we saw before, the population inversion equation resulted from the first rate 

equation. Equation 2.25 for the population inversion in thermal equilibrium (   ) can be 

written as follows: 

   (   )   (     )   (   )    
 . (2.26) 

In equation 2.26, if there wasn’t unpumped population in the level N1 (i.e.   
   ), the spatial 

distribution of the population inversion would be same as the pump’s spatial distribution. Having 

such unpumped population, the spatial distribution of the population inversion decreases 

uniformly in the gain medium.  
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Let’s consider the first rate equation for the threshold and above the threshold. In thermal 

equilibrium   
    

  and we can say that   
   . Therefore equation 2.25 can be written as 

follows: 

      (   )  
  (   )   

 

 
 

      (   )

 
   (   ). (2.27) 

where         . Multiplying both sides by   yields:  

        (   )    (   )    
  

       (   )

 
   (   ). (2.28) 

Therefore, the spatially dependent population inversion at threshold and above the threshold can 

be written as following: 

   (   )  
      (   )   

 

  
     

 
   (   )

. (2.29) 

Since the second rate equation is dealing with the rate of change in the total number of laser 

photons, it could only be considered at threshold or above the threshold. Let’s rewrite equation 

2.24 as follows: 

 
  

 
∭  (   )   (   )   

 

  
. (2.30) 

Simplifying equation 2.30 yields: 

 ∭  (   )  (   )   
 

    
. (2.31) 

In equation 2.31 the spatial distribution of the population inversion in the laser mode area (i.e. 

left hand side of the equation) is equal to a threshold value from equation 2.29.  
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Ratio of a pump beam waist to a laser beam waist  

 

Let’s define   as a ratio of a pump beam waist    to a laser beam waist   . 

Equation 2.29 shows that below gain saturation level the spatial distribution of population 

inversion   (   ) can change as a function of the pump distribution    (   ) and the laser 

distribution   (   ).  

If   is much smaller than 1 the gain medium will be saturated approximately uniformly. [See 

figure 2 a and b in the Ref.6]. If   is larger than 1, the gain medium will be saturated mainly in 

the middle. However there are unsaturated regions around the center of the gain medium. [See 

figure 2c in the Ref.6] 

In addition, the term ∭  (   )   in the equation 2.31 shows the variation of population 

inversion inside the gain medium. This means that the total population inversion (or gain) above 

the threshold depends on a [6].  

In the equation 2.31 if    , the term   (   ) will be approximately constant over the spatial 

distribution of population inversion. Therefore, according to the equation 2.31, the total 

population inversion stays at the threshold value [6]. 

In the equation 2.31 if    , the laser spatial distribution will saturate the gain medium only in 

a small area. Outside of that area in the gain medium there would be unsaturated parts. This 

means that by increasing the pump the gain will increase [6].  

In the equation 2.31 if        (i.e.   has intermediate value) the gain highly depends on 

pump. By increasing the pump power above the threshold the population inversion starts to 
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increase from its threshold value to the point that the pump saturates the gain medium even far 

away from its center [6]. 

It is worth mentioning that, as can be seen from equation 2.29, the spatially dependent population 

inversion    (   ) is a function of the laser intensity and it also depends on population in the 

lower laser level. This explains the reabsorption loss phenomena introduced by having a 

thermally populated lower laser level [6]. 

Threshold and the f function   

 

The final goal is to find a relationship between the pump and internal laser power. Having 

internal laser power as a function of the pump power, will lead us to a relationship between the 

pump power and the laser output power. One way is to consider the results obtained from both 

rate equations together. In order to do that the population inversion from equation 2.29 can be 

substituted into equation 2.31. By solving this, the relationship can be found. However, Risk’s 

paper proceeds with another method which covers different approaches to longitudinally pumped 

CW laser modeling [6].  

The gain of a laser as a function of space can be found as follows: 

  (   )    (   ). (2.32) 

Substituting equation 2.29 into 2.32 yields: 

  (   )  
      (   )

  
    

 
   (   )

 
   

 

  
    

 
   (   )

. (2.33) 
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In equation 2.33, the term 
      (   )

  
    

 
   (   )

 represents a saturable gain and the term 
   

 

  
    

 
   (   )

 

represents a saturable loss introduced by reabsorption loss caused by the thermally populated 

lower laser level. As can be seen, the first term depends on the pump’s spatial distribution and 

laser’s spatial distribution while the second term only depends on the laser’s spatial distribution. 

It is worth mentioning that taking into account the reabsorption loss is an advantage of the Risk’s 

model. 

One-way laser intensity per one round trip can be defined by the following equation: 

  (   )  (
    

  
)   (   ). (2.34) 

Multiplication of the laser gain function by its one-way intensity function results in variation of 

the one-way laser intensity inside the gain medium with respect to laser axis: 

  
  (   )

  
  (   ) (   ). (2.35) 

Writing equation 2.35 for the unsaturated gain
2
 yields: 

  
  (   )

  
 

  (   ) (   )

     (   )
. (2.36) 

In equation 2.36, the factor of 2 represents two passes of the one-way laser intensity and s is the 

saturation parameter   
   

   
.  

                                                           
2
 Writing the first rate equation in steady-state conditions for both upper and lower level in a general laser system 

and considering the population inversion relation (i.e.        ), the relation between the gain and the 
population (i.e.     ), and by doing mathematical simplification equation 2.36 can be found . 
 
It is worth mentioning that the steady-state conditions for rate equations is a condition in which  there is an equal 
number of upward (pump excitation) and downward (cased by stimulated and spontaneous emission) transitions 

[9](i.e. (
   (   )

  
 

   (   )

  
  )[3]  )   
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Comparing equation 2.36 with equation 2.33 yields: 

   (   )        (   )     
 . (2.37) 

Considering a condition when the gain balances the loss yields: 

 ∫    ( )          
  ∫

   ( )

  
     (    )

 

 
. (2.38) 

where PL is the average laser power inside the cavity which approximately stays the same under 

the condition that we have a small loss.  PL(z) is the power in the location z along the laser axis 

and can be found as follows: 

   ( )    ∫  (   )   
 

 
. (2.39) 

Substituting equation 2.39 into 2.38 yields: 

   ∫
 ∫  (   )   

 
 

  
     (    )

 

 
. (2.40) 

Substituting equation 2.36 into 2.40 yields: 

   ∫ ∫
  (   ) (   )

     (   )
        (    )

 

 

 

 
. (2.41) 

In equation 2.38, losses (i.e. Li and T) are considered to be small. In case that we have larger 

values for the loss (for instance if the output coupler’s transmission larger than 15 % was used) 

the loss should be replaced by logarithmic losses. Therefore, for large output couplers expression 

–   (   ) should be used [11]. 

In the Risk’s paper, the following parameters were defined: 
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 , (2.42) 

   
   

   

    
, (2.43) 

   
       

      
 (    )

, (2.44) 

   
     

    
  

, (2.45) 

where, F and S are normalized parameters which are proportional to the pump power and the  

intracavity laser power, respectively. 

Re-writing equation 2.41 based on the above parameters and equations 2.34, 2.37 yields:   

    ∫
[   (  ) 

   

   
]    (    )

        (   )
    

 

 
. (2.46) 

Solving equation 2.46 for F yields: 

   
  

 

   
  (     )

  ∫
   [ (    ) ]

         (    )
  

 
 

 . (2.47) 

When intracavity laser power is close to zero, the laser is working around the threshold. 

Therefore, solving equation 2.47 to find F for S=0 results in the following equality: 

     
(    )(   )

  
. (2.48) 

Substituting   
  

  
 and equations 2.43 and 2.44 into equation 2.48, results in  
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 (   )

 
(  (

  

  
) )(  

   
   

    
)

  
. (2.49) 

Equation 2.49 holds for the threshold pump power therefore the incident threshold pump power 

is: 

     
    (  

    
 )(        

   )

        
. (2.50) 

The next step is to find variation of the intracavity laser power with respect to the pump power. 

Since F and S are normalized parameters which are proportional to the pump power and 

intracavity power, respectively, derivative of S with respect to F results in an expression for 

variation of the intracavity laser power with respect to the pump power. 

Therefore, taking derivative of equation 2.47 with respect to S yields: 

 

  

  
 

  
 

   
  (     )

  
   ∫

[   (  ) 
   

   
]    (     )

[        (    )]
    

 
 

. 
(2.51) 

As can be seen in equation 2.51, dS/dF can be found numerically for different ratios of F/Fth and 

fixed values of B,   and   . On the other hand, F/Fth is the same as the ratio of the pump power to 

the threshold power. Therefore we can define an f function as a special solution of dS/dF when 

equation 2.51 is numerically solved for different ratios of the pump power to the threshold power 

for fixed values of B    and   .  

2.4 Output power and efficiencies  
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In this section, an equation corresponding to the output power of a CW laser is introduced. Based 

on this equation, the slope and optical to optical efficiencies will be defined.    

Equation 2.52 represents the output power of a laser in a continuous wave regime [11, 6]:  

      
    (   )

   (   )    
 

  

  
        (

      

   
)  (           ). (2.52) 

The f function shows a change in the ratio of the intracavity power to the pump power as a 

function of the incident pump power Pp,inc divided by the threshold pump power Pth. This 

function is denoted as dS/dF in the W. Risk’s paper.
 

By simplifying equation 2.52 for small output coupler values, we have a familiar expression of 

the output power: 

       
 

    
 

  

  
        (

      

   
)  (           ). (2.53) 

By multiplying the absorption efficiency    to the incident pump power and threshold power, 

equation 2.48 can be re-written for the absorbed pump power as follows: 

       
 

     
 

  

  
    (

      

   
)  (               ). (2.54) 

Considering equation 2.52, we have the following expression for the slope efficiency η: 

   
    (   )

   (   )    
 

  

  
        (

      

   
). (2.55) 

 Figure 6 shows a simple schematic of an ideal CW laser output versus input pump power graph. 

As can be seen from equation 2.55 the slope efficiency is not a linear function. However, in a 
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practical situation especially well above the threshold the slope efficiency is very close to a 

linear function. This will be discussed further in Chap.3.   

 

Figure 2.6 Simple schematic of an ideal CW laser output versus input pump power graph 

To find out how much of laser output power will be generated by providing a certain amount of 

optical pump power, another parameter, called optical to optical efficiency, can be defined. This 

efficiency is the ratio of the output power to the pump power. Therefore, the optical to optical 

efficiency is   

        
     

      
. (2.56) 

2.5 Internal cavity loss (Findlay-Clay method) 
 

As we saw in section 2.3, there are two losses in a laser cavity: the loss introduced by an output 

coupler (T) which extracts the internal cavity power and the internal cavity loss (Li) cased by the 

imperfections of the optical elements. This section is devoted to an experimental method called 

Findlay-Clay method [12]. This method can be used to find internal cavity loss in a laser cavity.  
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Since internal cavity loss (or resonator loss) is caused by imperfection of various optical 

elements it is always considered as an undesired loss. Finding internal cavity loss is helpful for 

optimization of laser efficiency [9]. 

Consider a two mirror laser cavity (optical resonator) and a condition that we have a photon 

density due to the amplification of a gain medium (optical amplifier) [9]. The photon density 

after a round trip will see two losses introduced by the two mirrors. Still some part of that energy 

will be reflected back by the first and second mirrors denoted as R1 and R2 respectively. In the 

real cavities, R1 is related to reflection of all mirrors in the cavity at the working wavelength 

(except for an output coupler) and R2 stands for the reflection of the output coupler. Therefore, in 

general we have losses introduced by the optical resonator and a gain introduced by the gain 

medium.  

 Laser threshold is a condition in which the gain balances the loss [9]. Mathematical expression 

of this condition is as follows [9]. 

         (   )   , (2.57) 

Where g is the gain of the optical amplifier at threshold, l is the length of the gain medium, and   

is an effective loss introduced by scattering, absorption or reflections from all cavity elements. 

This loss is called distributed or effective absorption coefficient which is proportional to the 

length of the gain medium or laser cavity [9]. Since a round trip is considered (there are two 

passes of the gain medium) there is a factor of 2 in the above equation.  

Therefore, the gain at threshold can be found from the above equation as follows: 
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   . (2.58) 

The gain of a laser has a relation with the population inversion and emission cross section  . 

Considering the gain at threshold, equation 2.32 can be written as follows: [12] 

      , (2.59) 

where Nt is the population inversion generated between the upper laser level and the lower laser 

level at threshold. Considering equations 2.58 and 2.59 together, the population at threshold can 

be found as follows: 

    
 

 
[
 

  
  

 

    
   ]  (2.60) 

Equation 2.61 is a relation between the pump energy at threshold (Et) and Nt introduced in the 

Findlay and Clay article [12]. 

       , (2.61) 

where A is a constant which is proportional to a duration of excitation pulse. Substituting 

equation 2.60 into equation 2.61 yields: 

    
 

  
[

 

  
  

 

    
   ]. (2.62) 

We can proceed to the final equation by defining     
 

  
 which is the energy at threshold for a 

zero output coupler. Therefore [12]: 

        
 

   
  

 

    
   . (2.63) 
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R2 is the reflection of an output coupler and T is the transmission of an output coupler, therefore 

R2 = 1-T. R1 is the reflection of the other mirror. In a laser cavity transmission (or loss) of the 

internal cavity power is expected only by its output coupler. However, there would be some loss 

introduced by the other optical elements. Therefore,        where   is a logarithmic internal 

cavity loss. Since loss inside the cavity and loss due to the transmission of output coupler are 

small, the above equation can be simplified as follows 

        
 

   
(    )    , (2.64) 

where Li is the internal cavity loss. 

Considering equation 2.64, it can be seen that by changing the output coupler and measuring the 

corresponding threshold energy, a value for the internal cavity loss can be found from this linear 

relationship. This is the main idea of the Findlay-Clay analysis. 

As we can see in the Findlay and Clay article [12], a relation between the threshold energy, 

output coupler and internal cavity loss had been established. This relation is useful for finding 

internal cavity loss in a laser pumped by a lamp working in pulsed regime. However, nowadays 

longitudinal pumping by laser diodes is very popular. To find internal cavity loss in these lasers a 

relation between the threshold pump power, output coupler and internal cavity loss should be 

used. 

 In section 2.3.2, a relation was found for internal cavity power. According to it when the internal 

cavity power is zero (S=0), we are working around the threshold. Therefore, an equation for 

threshold pump power was introduced (equation 2.50). When   
    (a case of 4-level lasers) 

this equation can be re-written as follows  
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        (    ), (2.65) 

where    
    (  

    
 )

      
 . Therefore, by changing the output coupler and measuring the 

corresponding threshold pump power and fitting the data to the equation 2.65, a value for the 

internal cavity loss can be found. To be more accurate, T can be replaced by a logarithmic 

expression of loss due to the transmission of the output coupler (e.g.   
 

  
     (   ) ). This 

yields 

        (     (   )). (2.66) 

 

Figure 2.7 Findlay Clay method for a 4 level laser longitudinally pumped by a laser diode 

Figure 2.7 schematically shows Findlay-Clay method for finding internal cavity loss of a 4 level 

laser longitudinally pumped by a laser diode. In this figure the red signs are the measured 

threshold powers for different output couplers. The blue line is a linear fit for the equation 2.66. 

As can be seen, the point where the blue line crosses the vertical axis corresponds to the internal 

cavity loss value.  

2.6 VCSEL 
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In this section the vertical cavity surface-emitting lasers (VCSELs) are briefly introduced. In the 

next chapter VCSEL’s parameters will be used to numerically explore its applicability as a pump 

source. 

In 1979 Professor Kenichi Iga started research on a new laser device called VCSEL and in 1979 

first article [13] on VCSEL was published [14]. In 1988 Professor Iga reported room temperature 

operation of VCSEL and after that other groups started research on VCSEL [15]. Nowadays, the 

production of VCSELs has become the second largest among the semiconductor laser industry 

[14]. Edge emitting laser diodes are replaced by VCSELs in optical disk drives and also in 

multimode fiber based optical communication for Giga bit per second data transmission [14] and 

it is continuing to show its advantages over the edge emitting laser diodes.    

 2.6.1 Device geometry  

 

VCSELs have two main parts: active region and two distributed brag reflectors (DBR). Figure 

2.8 shows the basic schematic of VCSELs and edge emitting lasers. As can be seen, in VCSELs 

there are bottom and top mirrors which are DBRs and also a region called active region. The 

structure of edge emitting lasers can also be divided into the same two main parts. It is worth 

mentioning that in edge emitting lasers the cleaved surface of a facet acts as a mirror. 

Active region is consisting of one or more quantum wells. The thickness of the active region 

affects the threshold current density. To have reasonable threshold current density the active 

region should be small enough [16]. Therefore, with a thinner active region a lower threshold 

current is achievable. Likewise, with a thicker active region a higher output power can be 

reached [14]. Moreover, the diameter of the whole device will affect the threshold current [16]. 

The smaller the diameter of the device is, the lower the threshold current will be. In addition, 
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having a small diameter (on the order of few microns) will result in having a single transverse 

mode [14]. 

Having a thin active region, means that the gain path in the laser cavity is small (around 1%). 

Therefore, a high reflectivity (more than 99%) of the DBRs is very critical to maintain laser 

operation [16 and 17].  

DBRs are made by putting consequent layers with low and high refractive indices on top of each 

other and the thickness of DBRs are λ/4 where λ is the laser wavelength [14]. Each layers of 

DBR partially reflects the incident light and finally these reflections will be added constructively. 

This means that having a higher number of layers results in higher reflectivity of DBR. Typically 

more than 20 pairs of layers are required. [14]   

 

Figure 2.8 Basic schematic of VCSELs and edge emitting lasers 

It is worth mentioning that the fabrication process of VCSEL is done by the Molecular beam 

epitaxy (MBE) or Metal–organic chemical vapor deposition (MOCVD) with precise growth rate 

[17]. 

2.6.2 Features   
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In fabrication process of the traditional edge emitting laser diodes one step is dicing. Having this 

step means integration of this device with the other optoelectronics is hard and also 

manufacturing process is relatively expensive compared to that one of VCSELs [15].  

In comparison with edge emitting laser diodes, penetration of the optical field into the multilayer 

structure and also having a small gain path (i.e. small active region) affects the threshold and 

output of VCSELs [14]. In VCSELs the active region can be fabricated to be short and 

consequently the losses introduced by the cavity should be very small. Having short cavity with 

low amount of loss makes threshold of VCSEL small compared to the edge emitting laser diodes 

[18]. It is worth mentioning that having a short cavity will results in oscillation of one 

longitudinal mode inside the VCSEL [19]. 

Due to the geometry of VCSEL structure, its beam shape will be circular. Therefore, unlike edge 

emitting laser diodes we can have equal M
2
 in both vertical and horizontal directions. 

The wavelength shift due to the temperature variations in VCSELs happens as a result of 

changes in the geometrical size of the cavity and also in the effective refractive index [14]. This 

means that the thermal shift of the wavelength depends on the properties of the materials used in 

the fabrication of VCSELs [14]. 

2.7 Conclusion 
 

This chapter can be divided into the three main parts: modeling of a 4 level CW laser with 

longitudinal pumping, internal cavity losses and overview of the VCSEL.  

This chapter started with the Helmholtz equation and its solution which was a Gaussian beam. 

Considering a CW laser pumped by a pump with Gaussian distribution and using the Risk model, 
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parameters defined by the rate equations were connected to the longitudinal pumped laser. The 

final results of the Risk model were equations for the output power and the threshold pump 

power of a longitudinally pumped CW laser. It is worth mentioning that the output power 

equation is related to the f function. This function depends on ratios of the pump power to the 

threshold power for fixed values of B    and   . The equations that the f function can be found 

from were obtained for a condition that the laser and pump beams were assumed to have a 

Gaussian intensity distribution.       

An important parameter in the model is the internal cavity loss. An experimental method called 

Findlay-Clay method for finding this parameter was explained. 

The final part of this chapter was devoted to a device called VCSEL. Basic parts of the device 

and some of its features were briefly discussed. 
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Chapter 3 

Design of a longitudinally pumped continuous wave laser 
 

3.1. Introduction and motivation 
 

In chapter 2, the Risk model was explained in detail. In this chapter, this model will be used for 

modeling of a CW Nd:YVO4 and Nd:YAG lasers longitudinally pumped by high power VCSEL 

modules at 808 nm. Having known properties of the pump and the gain medium, the presented 

method in this work can be used to design an optimized CW laser.  

Recent progress in high power vertical-cavity surface-emitting lasers (VCSEL) [20] and their 

unique features make them a good alternative to the edge emitting laser diodes for longitudinal 

pumping of solid-state laser gain media. In comparison with edge emitting laser diodes, VCSELs 

have low threshold current, [14] low fabrication cost, and wavelength stability with temperature 

variation [21]. The latter feature of VCSELs results in a simplified cooling system of laser 

pumps as well as increased laser reliability when operating at high temperatures. In addition, 

having a circular beam shape, VCSELs can become efficient pump sources due to the uniform 

excitation of a gain medium [22]. 

On the other hand, among the variety of Nd-ion based gain media, crystals of Nd:YVO4 have 

relatively high absorption cross section and relatively broad absorption line width at 808 nm [9]. 

Therefore, narrow emission bandwidth and wavelength stability of VCSELs against changes in 

temperature make them an attractive optical pump source for longitudinal excitation of Nd:YVO4 

lasers at 808 nm.  
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Previously, VCSEL end-pumped [22] and QCW side-pumped [23] Q-switched Nd:YAG lasers 

were demonstrated. In this study, commercially available 6 W and 15 W VCSEL modules were 

studied as the pump sources for a CW Nd:YVO4 laser. To the best of our knowledge, this is the 

first time that VCSELs were considered and analysed for longitudinal pumping of a CW laser. 

For each case the optimum output couplers were determined. Next, the calculations of slope 

efficiency, maximum output power and optical-to-optical efficiency were carried out. In 

addition, a comparison with pumping of a Nd:YAG crystal has also been presented. 

3.2. General laser design considerations  

This section discusses general laser design guidelines when this process starts with a given pump 

source. In this case optical characteristics of a pump source such as M
2
, N.A, emission area and 

an output power have direct effect on the choice of a gain medium as well as on achievable pump 

spot size. Both of these factors, i.e. the gain medium (and its refractive index) and the pump spot 

size, put constraint on the required length of the gain medium through the confocal parameter.  

Taking these factors into account one can determine the gain medium, the pump spot size and the 

crystal’s length. Figure 3.1 shows a general procedure of designing of a CW laser which starts 

with characteristics of the pump source.    
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Figure 3.1 A general CW laser design procedure 

It is worth mentioning that selecting a longer crystal than that determined by the 10 % confocal 

parameter can be reasonable when more efficient thermal management is needed. In addition, the 

pump absorption efficiency of the crystal should be considered for determining the optimized 

value for the crystal’s length.   

After selecting the crystal’s length, the optimum OC and the required threshold pump power for 

the selected pump spot size can be found. The output power, slope efficiency and optical to 

optical efficiency can be determined in the next step. In each step one can return back to the first 

place and change the pump spot size or the gain medium and its length to reach a specific 

characteristic of a CW laser.  

For example, for a certain pump source, if A1 is selected as an initial spot size then B1 can be 

selected through the 10% confocal parameter as an initial optimized crystal length for a gain 

medium C1. Then for this laser system the threshold pump power, optimum OC, output power 
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and efficiencies can be calculated using the Risk’s model for a longitudinally pumped CW laser. 

Consider a case where it is required to have a design with a lower threshold pump power. 

Therefore one can return to the first step and change either the pump spot size or the gain 

medium (or its doping level). For instance, consider a situation when the gain medium cannot be 

changed. Thus an A2 can be assigned as a newly selected value for the pump spot size and 

consequently an optimized length of B2 would be selected for the gain medium C1.This process 

can be repeated several times until a final optimized design will be found for the CW laser.  

3.3. Model and parameters  
 

In our numerical model, an a-cut Nd:YVO4 (1.1% ) and Nd:YAG (1%) crystals, as two 

candidates to be pumped by VCSEL modules, were compared. The values used in this work for 

the crystals parameters are shown in Table 3.1. The value of the absorption coefficient at 808 nm 

for Nd:YVO4 given by different companies is around 31.2 cm
-1

. However, due to the fact that 

Nd:YVO4 is naturally birefringent and the output of VCSEL modules is not polarized, half of 

this value was used in the model. According to Turri, et al. work [24]
 
we also have different 

values for the emission cross section of Nd:YVO4. As a precaution, the lowest value has been 

selected. The value of the internal cavity loss was set to be 2%. 

Table 3.1 Parameters of the a-cut Nd:YVO4 (1.1% ) and Nd:YAG (1%) crystals 

 Nd:YVO4(a-cut) Nd:YAG 

Laser wavelength(nm) 1064 1064 

Pump wavelength (nm) 808 808 

Absorption coefficient (cm
-1

) 15.6 4 

Emission cross section  11.5 ×          [24]
 

(For π polarization) 

2.8 ×          [9]
 

Fluorescence lifetime(µs) 99 [25]
 

230 [9] 

Nd doping 1.1% 1% 

Refractive index 2.165 [26] 1.82 [9] 

Crystal length (mm) 1 1 
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There are several models for continuous wave operation of lasers [11]. In this work, a space 

dependent model based on work of W. Risk [6]
 
was considered. Let’s consider equation 2.52 in 

section 2.4: 

      
    (   )

   (   )    
 

  

  
        (

      

   
)  (           ). (3.1) 

This equation represents the output power of a laser in continuous wave regime [6 and11].  

As it was explained in chapter 2, the f function shows a change in the ratio of the intracavity 

power to the pump power as a function of the incident pump power Pp,inc divided by the 

threshold pump power Pth [6]. This function is denoted as dS/dF in the W. Risk’s paper [6].
 
The 

beam distribution of the VCSEL modules is assumed to be a circular Gaussian. 

Considering equation 2.50 in Chap.2 and assuming a zero value for the reabsorption loss (i.e. 

  
 =0 and B = 0), the threshold pump power of a 4 level laser is given by the equation 3.2. It is 

worth mentioning that in this equation the   
  term was replaced by the     

  term. 

      
      (    ) (  

 ) (      (   ))

        
. (3.2) 

In order to have a high efficiency, a good overlap between the pump and laser modes is a logical 

assumption (e.g. a=1) for a CW laser. From the experimental viewpoint, by selecting an 

appropriate length for the crystal we can assume that a=1. By substituting this into equation 3.2 

we get  

      
       (      (   ))

        
, (3.3) 
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where   is the beam waist of the pump and cavity modes inside the crystal . 

In a 4 level laser the reabsorption loss is zero (i.e.   
 =0) and therefore B=0 (see equation 2.43 in 

section 2.3.2). Considering the above assumptions and a 4 level laser (    ) pumped by a 

Gaussian beam with a=1, the equation 2.51 in section 2.3.2 can be re-written as follows [6]:   

  (
      

   
)  

  

  
 

 

  ∫
    (  )    (   )

       (  )  
   

 
 

.         (3.4) 

As we saw before, equation 2.47 is a relation between the F and S parameters. For a 4 level laser 

(i.e.     and     ) and     this equation can be rewritten as follows: 

   
 

 ∫
        

       (  )
  

 
 

 .   (3.5) 

The required f function was generated through numerically solving equations 3.4 and 3.5 

together (see figure 3.2). As can be seen from figure 3.2, a dramatic change in the function f 

occurs when Pp,inc/Pth has relatively small values and the variation of the f function after Pp,inc/Pth 

 10 is very small. 
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Figure 3.2 Calculation of the f as a function of Pp,inc/Pth for a=1 and four level laser. 

3.4. VCSEL modules 

  
In this work, parameters of two VCSEL modules from Princeton Optronics, shown in Table 3.2, 

were used. According to the Table 3.2, VCSELs have a small wavelength shift due to the 

changes in their temperature. Therefore, we assumed that the pump wavelength will stay 

constant at different output powers. This results in having a constant pump absorption 

coefficient. The values of the pump and the laser wavelength used in the calculations are 

mentioned in Table 3.1. 

As can be also seen, these VCSEL modules have high beam quality M
2
 values; this will result in 

highly divergent pump beams. Considering the beam divergence of these pumps, the 10% depth 

of focus parameter defined in section 2.2.3 can be used. This parameter is a distance over which 

the beam waist increases only by 10%. This will ensure that over this length the pump beam 
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waist will remain almost constant. Therefore, the ratio of the pump beam waist and the laser 

beam waist will approximately stay the same along the full crystal length. In other words, the 

10% depth of focus parameter determines the optimum length for the crystal which will be 

pumped by a particular VCSEL module. Figures 3.3-3.6 illustrate the 10% depth of focus 

parameters for 6 W and 15 W VCSEL modules for both Nd:YVO4 and Nd:YAG crystals versus 

the chosen pump beam radius.  

 Table 3.2 VCSEL modules data 

VCSEL 

power 

(W) 

M
2 

Threshold 

current 

( ) 

Operating 

current 

( ) 

Maximum 

Wavelength 

shift 

(    ) 

N.A. Emission 

area 

(   ) 

Beam 

waist 

radius 

(  ) 

Spectral 

width 

(FWHM) 

(  ) 

15 761.27 4 18 0.070 0.15 2.6 2.6 1.3 0.8 

6 439.19 1 7 0.070 0.15 1.5 1.5 0.75 0.8 

 
Figure 3.3 Calculation of the 10% depth of focus and the incident threshold pump power for Nd:YVO4 crystal with optimum 

OC as a function of the beam waist radius for 6 W VCSEL. 
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Figure 3.4 Calculation of the10% depth of focus and the incident threshold power of Nd:YVO4 with optimum OC as a function 

of the beam waist radius for 15 W VCSEL.

 

 
Figure 3.5 Calculation of the 10% depth of focus and the incident threshold power of Nd:YAG with optimum OC as a function 

of the beam waist radius for 6W VCSEL. 
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Figure 3.6 Calculation of the 10% depth of focus and the incident threshold power of Nd:YAG with optimum OC as a function 

of  the beam waist radius for 15W VCSEL.

By decreasing the pump beam waist, the threshold pump power will decrease and consequently 

the output power will increase. However, in this case due to the high M
2
 values, it would be hard 

to keep the pump beam focused inside the crystal. To be reasonable we assumed that it will be 

possible to decrease the pump beam waist up to the half of its original size as specified by the 

manufacturer. Thus, the pump beam waist diameters of 6 W and 15 W VCSEL modules were set 

to 0.75 mm and 1.3 mm, respectively. Therefore our working points were selected to be at the 

beam waist radii equal to 0.375 mm and 0.65 mm, respectively. According to the figures 3.3 and 

3.4, at these working points the 10% depth of focus parameters will be 2.5 mm and 4.3 mm for 6 

W and 15W modules, respectively. This means that if we select a crystal with the length that is 

shorter than 2.5 mm for 6 W VCSEL and 4.3 mm for 15 W VCSEL, the pump beam waist will 

stay approximately constant along the whole crystal length. For this work we selected the 

crystals with the length of 1 mm. 
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Also shown in figures 3.3-3.6 are plots of the threshold pump powers for the corresponding 

pump beam radii. The threshold pump power for each pump beam waist radius was calculated 

using an optimum value of the output coupler T. This is the value at which a particular pump 

spot will result in the highest output power. The values of the optimum output couplers for each 

pump beam size were calculated in the following way. By substituting the threshold pump power 

expression from equation 3.3 into equation 3.1, we have: 

      
   (   )

   (   )    
 

  

  
        (

      

   
)  (       

       (     (   ))

        
 ). (3.6) 

In equation 3.6 considering a fixed pump power value and a specific beam waist, by changing 

the T from 0% to 100% and taking into account dependence of the function f on T (through Pth) 

we can generate a curve which shows the output power as a function of the transmission of the 

output coupler. In this curve, for a certain output coupler, called the optimum output coupler, we 

can find the maximum output power for the selected beam waist. An example of this curve for 

the Nd:YYO4 crystal is shown in figure 3.7 for a fixed pump power of 15 W and a beam waist 

radius equal to 0.650 mm.  As can be seen, for an optimum value of OC around 10% the output 

power reaches its maximum. This process was repeated for every beam waist and two fixed 

pump powers. These pump powers corresponded to the nominal power provided by the VCSEL 

modules, i.e. 6 W and 15 W. 
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Figure 3.7 Calculated output power from Nd:YYO4 crystal as a function of the OC for a beam waist equal to 0.65 mm and 

pump power of 15 W. 

The threshold pump power was then calculated for various beam waist radii using equation 3.3 

and by substituting the calculated values of the optimum output couplers. Figures 3.3 and 3.4 

show the results for the Nd:YVO4 crystal pumped by the 6 W and 15 W VCSEL modules, 

respectively, and figures 3.5 and 3.6 show similar results for the Nd:YAG crystal. At our 

working points, as illustrated in figures 3.3-3.6, both 6 W and 15 W VCSEL modules have high 

enough pump powers to work well above the lasing threshold.   

In general, figures 3.3-3.6 present our justifications of selecting a particular working point by 

taking into account the pump parameters such as the beam quality and the available power.  

3.5. Results and discussions  
 

In previous section, the crystal medium lengths were selected to be 1 mm long and also we 

showed that both VCSEL modules have enough of pump power to work well above the 

threshold. In addition, a method to find the optimum output couplers was discussed. Dashed lines 

in figures 3.8-3.11 show the optimum output couplers for the chosen range of pump beam waist 

radii for both crystals pumped by 6 W and 15 W VCSELs. 
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In this section, we will present our results on calculations of maximum achievable output 

powers, as well as slope and optical-to-optical efficiencies of 1 mm long Nd:YAG and Nd:YVO4 

crystals pumped by the considered VCSEL modules. Then, for our selected working points the 

comparison between both crystals pumped by both VCSEL modules will be presented. 

The calculations of the maximum achievable output powers were carried out using equation 3.1 

and by substituting the corresponding calculated values of the optimum output couplers and 

threshold pump powers. Solid lines in figures 3.8-3.11 show the results of these calculations. It is 

worth mentioning that all assumptions made in section 3.4 were also used in this section and, in 

particular, the dependence of function f on T was considered.  According to these figures, at the 

selected working points, the maximum output power from the Nd:YVO4 crystal pumped by 6 W 

and 15 W VCSELs was calculated to be 2.5 W and 6 W, respectively, using a 10 % output 

coupler. These powers for the Nd:YAG crystal were calculated to be 0.7 W and 1.6 W, 

respectively, using a 4 % output coupler. Comparing the two crystals, it can be seen that with the 

same pump beam radius, crystal length and pump power, the maximum achievable output 

powers from the Nd:YVO4 lasers are more than 3 times higher. 
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Figure 3.8 Calculated output power using the optimum OC and the optimum OC as a function of the pump beam radius in 

Nd:YVO4 crystal pumped by 6 W VCSEL. 

 

Figure 3.9 Calculated output power using the optimum OC and the optimum OC as a function of the pump beam radius in 
Nd:YVO4 crystal pumped by 15W VCSEL. 
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Figure 3.10 Calculated output power using the optimum OC and the optimum OC as a function of the pump beam radius in 

Nd:YAG crystal pumped by 6 W VCSEL. 

 
Figure 3.11 Calculated output power using the optimum OC and the optimum OC as a function of the pump beam radius in 

Nd:YAG crystal pumped by 15W VCSEL. 
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We had the following expression for the slope efficiency η in section 2.4:  

   
    (   )

   (   )    
 

  

  
        (

      

   
). (3.7) 

In equation 3.7, Li,      and    are constants. Considering the nominal values for the incident 

pump powers and substituting the calculated values of the corresponding optimum output 

couplers, threshold powers, and f functions into equation 3.7, calculations of the slope efficiency 

versus the pump beam waists were carried out. In these calculations, the dependence of function 

f on T was also considered. Solid lines in figures 3.12-3.15 show the slope efficiency as a 

function of the pump beam radius in Nd:YVO4 and Nd:YAG crystals. According to these 

figures,  at the selected working points, the slope efficiency for the Nd:YVO4 crystal pumped by 

6 W and 15 W VCSELs was calculated to be 48% and 47%, respectively, using the 10% output 

coupler. These slope efficiencies for the Nd:YAG crystal were calculated to be 16% and 15%, 

respectively, using the 4% output coupler. Comparing the two crystals it can be seen again that 

the slope efficiencies of the Nd:YVO4 crystal are about 3 times higher than those of the Nd:YAG 

crystal.  

Optical to optical efficiency is the ratio of the output power to the pump power. This ratio was 

calculated by dividing the value of each point of the solid lines in figures 3.8-3.11 by their 

corresponding nominal pump power. Dashed lines in figures 3.12-3.15 show the optical to 

optical efficiency as a function of the pump beam radius in Nd:YVO4 and Nd:YAG crystals. 

According to these figures,  at the selected working points, the optical to optical efficiency for 

the Nd:YVO4 crystal pumped by 6 W and 15 W VCSELs was calculated to be 42% and 40%, 

respectively, using the 10% output coupler. These optical to optical efficiencies for the Nd:YAG 
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crystal were calculated to be 11% and 10%, respectively, using the 4 % output coupler. As can 

be seen, optical to optical efficiencies of the Nd:YVO4 crystal with the same pump beam radius, 

crystal length and pump power are about 4 times larger than those of the Nd:YAG crystal. 

 
Figure 3.12 Calculated slope efficiency and optical to optical efficiency as a function of the pump beam radius in Nd:YVO4 

crystal pumped by 6 W VCSEL. 
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Figure 3.13 Calculated slope efficiency and optical to optical efficiency as a function of the pump beam radius in Nd:YVO4 

crystal pumped by 15 W VCSEL. 

 

 
Figure 3.14 Calculated slope efficiency and optical to optical efficiency as a function of the pump beam radius in Nd:YAG 

crystal pumped by 6 W VCSEL. 
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Figure 3.15 Calculated slope efficiency and optical to optical efficiency as a function of the pump beam radius in Nd:YAG 

crystal pumped by 15 W VCSEL. 

 

In general, as depicted in figures 3.8-3.15, decreasing of the pump beam radius results in higher 

output power, slope and optical to optical efficiencies. However, the M
2
 value of the pump beam 

puts a limit on our ability to decrease the pump beam radius. This shows the importance of the 

10% confocal parameter.  

Considering equation 3.1 for a fixed pump beam waist and a fixed optimum output coupler, we 

can generate the output power versus pump power plots for both laser crystals and VCSEL 

modules. As was discussed in section 3.4, our working points were selected to be at the beam 

waist radii equal to 0.375 mm and 0.65 mm, for 6 W and 15 W VCSEL modules, respectively. 

Shown in figures 3.16 and 3.17 are the output powers as a function of the pump power for the 

both the Nd:YVO4 and Nd:YAG crystals pumped by 6 W and 15 W VCSEL modules.  As can be 

seen from these figures, we can achieve a higher power and a higher slope efficiency using 
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Nd:YVO4 crystal. It is worth mentioning that the value of the f function depends on the value of 

the incident pump power. This dependency has been taken into account in our calculations. 

 
Figure 3.16 Calculated output power as a function of the pump power for the Nd:YAG and Nd:YVO4 laser crystals pumped by 

6 W VCSEL. 

 
Figure 3.17 Calculated output power as a function of the pump power for the Nd:YAG and Nd:YVO4 laser crystals pumped by 

15 W VCSEL. 
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Comparing these two crystals (see figures 3.16, 3.17 and the above discussion), it can be seen 

that with the same pump beam radius, pump power and crystal length, the Nd:YVO4 crystals 

pumped by 6 W and 15 W VCSELs will have higher output powers, slope and optical to optical 

efficiencies. There are several reasons behind this. Firstly, the value of the      in the 

denominator of the threshold pump power expression is higher for the Nd:YVO4 crystal 

compared to the Nd:YAG crystal [9]. This results in a lower threshold pump power for the 

Nd:YVO4 (see figures 3.16 and 3.17). Secondly, with a small value for the threshold pump power 

and the same value for the incident pump power results in a higher value of the f function, i.e. in 

a higher slope efficiency. Thirdly, considering the value of the absorption coefficient, one will 

have a larger absorption efficiency for the Nd:YVO4 crystal in comparison with the Nd:YAG 

crystal of the same length. The absorption efficiency of the pump for the 1 mm long Nd:YVO4 

and Nd:YAG crystals was calculated to be 79% and 33%, respectively. According to the 

equation 3.1, a low threshold pump power value and a high slope efficiency will result in a 

higher output power from the Nd:YVO4 crystal compared to the Nd:YAG.     

Equation 3.1 can be also written in another form. By substituting η from equation 3.7 into 

equation 3.1 we get a familiar expression of output power:  

        (           ) (2.8) 

As discussed in section 3.2, variation of the f function after Pp,inc/Pth 10 becomes very small. 

Therefore, by increasing the incident pump power high enough above the threshold, the f 

function can be approximated by a fixed value. Considering a fixed pump and laser wavelength 

and a particular output coupler, the slope efficiency of the output power–pump power 

characteristic curve described by equation 3.8 then becomes a constant. The linear trend of the 
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curves in figures 3.16 and 3.17 shows the accuracy of this statement. Table 3.3 shows the 

summary of the obtained results for the selected working points. 

Table 3.3 Summary of the results. Beam waist radii are equal to 0.375 mm and 0.65 mm for the 15 W and 6 W VCSEL 
modules, respectively.  

 Pump 

power 

Maximum 

output 

power 

Slope 

efficiency 

Optical to 

optical 

efficiency 

Depth 

of focus  

10% 

Optimum 

OC 

Nd:YVO4 6 W 2.5 W 48% 42% 2.5 mm 10% 

15 W 6 W 47% 40% 4.3 mm 9% 

Nd:YAG 6  W 0.7 W 16% 11% 2 mm 4% 

15 W 1.6 W 15% 10% 3.6 mm 4% 

   

3.6. Conclusions 
 

In conclusion, results of the numerical modeling of longitudinal pumping of the continuous wave 

(CW) Nd:YVO4 and Nd:YAG lasers by high power VCSEL modules were presented. For 

Nd:YVO4 crystal, for the 6W VCSEL module, the maximum output power reached 2.5W with a 

slope efficiency of 48% using a 10% output coupler. In this case the optical-to-optical efficiency 

was found to be 42%. For the 15W VCSEL module, using a similar output coupler, the 

maximum output power of 6W was reached with a slope efficiency of 47% and optical-to-optical 

efficiency of 40%. Comparison with a Nd:YAG showed superior performance of the Nd:YVO4 

crystal. Our results therefore indicate that VCSELs can serve as efficient pump sources of the 

CW Nd:YVO4 lasers. In general, the presented methodology in this work can be thought of as a 

step by step process of the designing of a CW laser with optimized output power–pump power 

characteristic curve. 
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Chapter 4 

Internal cavity loss measurement 
 

4.1 Introduction 
 

Internal cavity loss (i.e. Li) is an important parameter that directly affects laser performance. 

High internal loss results in a reduced output power, therefore degrading laser efficiency. 

Knowing the value of the internal cavity loss in a laser cavity would be useful for its 

optimization [9]. As it was discussed in section 2.5, the Findlay-Clay method is a widely used 

experimental way of finding the internal cavity loss. However, this method has its own 

drawbacks.  

Implementing the Findlay-Clay method would require replacement of different output couplers. 

This means that for each output coupler realignment of the cavity would be necessary. This is the 

first disadvantage of the Findlay-Clay method. In addition, the Findlay-Clay method needs a 

value of the threshold power for each output coupler. In real situations, the laser would be 

optimized to get the highest possible power. However, to perform the Findlay-Clay analysis 

optimization of a laser threshold is needed which usually results in a slightly changed cavity. 

Moreover, Findlay-Clay analysis returns internal loss values that are obtained at the threshold of 

laser operation, i.e. not at full output power which is the usual working point of a laser.  

In this section, a new method will be introduced. In this method only one measurement in a 

certain working point of a longitudinally pumped CW laser is required. This means, as opposed 

to the Findlay-Clay method, that there is no need to do a separate experiment with a changed 
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cavity optimized only for the threshold. The new method can be performed at any output power 

of a longitudinally pumped CW laser. 

It is worth mentioning that the new method covers all longitudinally pumped lasers while the 

original article of Findlay-Clay only considered a 4 level gain medium. However, considering 

the equation derived for the threshold power of all longitudinally pumped CW lasers in the Risk 

article, the Findlay-Clay method can be revised to be used for all longitudinally pumped CW 

lasers.   

 4.2 New method for finding internal cavity loss  
 

Let’s consider equation 2.54 in section 2.4 again 

       
 

     
 

  

  
    (

      

   
)  (               ) (4.1) 

In the above equation for an input power and its corresponding measured output power, the 

internal cavity loss can be found. It is worth mentioning that this equation is valid for a 

longitudinally pumped CW laser which is oscillating in its fundamental TEM00 Gaussian mode. 

As can be seen, equation 4.1 depends on the f function value. As it was discussed in the previous 

chapters, the f function depends on the overlapping of the pump and laser modes inside the 

crystal (i.e. a parameter, mode size ratio) and also the B parameter. However for a fixed value of 

the a parameter and the B parameter, the f is a function of the pump power and threshold power. 

In the Risk’s article, the pump distribution is considered to be a circular Gaussian beam. 

Therefore, the calculated f function in that work is valid for a CW laser longitudinally pumped 

by a pump with a circular Gaussian beam distribution (e.g. VCSEL). However in many lasers the 

pump distribution is much closer to a top-hat beam (e.g. light from fiber-coupled laser diodes). In 
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the Taira, et al. article [7], an expression has been derived for the f function for a case that the 

pump has a top-hat beam distribution.  

It is worth mentioning that in the Taira’s work [7], a procedure similar to that of the Risk article 

[6] has been used. The only difference was that the   (   ) was defined for a top-hat distribution 

as follows: 

   (   )  
 

     
  
     (   ). (4.2) 

In Taira’s article the above equation was represented in another form: 

   (   )  
   

 

      
  
   (   ), (4.3) 

where   
  is the cavity’s optical path length defined as [7] 

   
     (   ) , (4.4) 

and where     is the cavity length. As it was defined in Chap.2,   and   are the refractive index 

and the length of the gain medium, respectively.  

To generate the f function for a 4 level laser (B=0) pumped by a beam with a top-hat intensity 

distribution, equations 4.5 and 4.6 (equation 18 and 14 respectively in the reference [7]) were 

numerically solved together.    
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where C parameter was defined as 

   
    

   
 

 
, (4.7) 

 and this parameter is a normalized factor for laser photon distribution in the cavity.  Figure 4.1 

shows the results for a=1, 1.1 and 1.2. As can be seen from the figure 4.1, a dramatic change in 

the f function occurs when the pump power is around the threshold. 

 

Figure 4.1 Calculation of the f in a 4 level laser as a function of Pp,inc/Pth for different a values 

To see the difference between the f function of a Gaussian pump and a top-hat pump, both f 

functions were plotted for a fixed B and a. Figure 4.2 shows a comparison between the 

calculated f functions for a 4 level laser (i.e. B=0) with a=1when the pump has the Gaussian 

distribution (blue line) and the top-hat distribution (red line). As can be seen, the f function for 

the top-hat pump has a more dramatic change near the threshold compared to that one of the 

Gaussian pump.    
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Figure 4.2 Comparison of the f function for the top-hat and Gaussian pump beam distributions with a=1 in a four level laser 

 

 4.3 Experimental results  

  
In this section, the new method and the Findlay-Clay method will be practically investigated in a 

diode-pumped Nd:YVO4 laser. Therefore, a laser was designed for an internal cavity loss 

measurement. Then, the Findlay-Clay method and the new method were performed and 

compared.   

4.3.1 Laser cavity and measurements  

 

A laser cavity was designed to have an equal pump beam waist and a laser beam waist along the 

length of a gain medium. Figure 4.3 shows a schematic of the designed cavity. The gain medium 

used in this work was Nd:YVO4 crystal which is a 4 level medium (i.e. B=0). The gain medium 



67 
 

 
 

used in this work was a 0.5% doped and a-cut crystal with the length of 12 mm and cross section 

of 3×3 mm
2
. The water cooling system positioned on the top and bottom of the crystal, kept its 

surface at 16˚C. Moreover, the cavity was designed such that the changes in the thermally 

induced lens inside the gain medium did not affect the laser beam overlap inside the gain 

medium. The investigated Nd:YVO4 laser had a thermal lens ranging from approximately 800 

mm (at about 5 W of pump power) to 500 mm (at about 9W of pump  power) [27].  

 

Figure 4.3 Experimental setup 

As can be seen in the figure 4.3, we have three curved mirrors (i.e. CR1, CR2 and HR3).The 

HR2 mirror reflects the laser beam but lets the pump pass through.  It is worth mentioning that 

the main part of the pump power after exciting the gain medium will leave the cavity from the 

CR2. However, to remove any possible residual pump another mirror similar to HR2 has been 

used (HR3). 

The pump was a fiber-coupled laser diode. Since the pump was fiber-coupled, its beam 

distribution was closer to the top-hat. In addition, the wavelength of the pump changed with the 

input current. This means that by increasing the pump power, the wavelength of the pump 

increased. Our practical test showed the change of the pump wavelength from around 905 nm to 

914 nm when the power was increased from 1W to 17 W.   
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The electrical power supply used for feeding the pump had a fixed voltage and a variable current. 

The minimum increment step and maximum current value of the current supply were 100 mA 

and 10 A respectively. Since in the equation 4.1 the absorbed input power is used, two 

experiments were conducted to find out the absorbed power by the crystal for different pump 

powers. The first experiment was conducted to determine the absorbed pump power by the 

crystal for different pump input current levels (see figure 4.4(a)).In addition, another separate 

experiment was conducted for conversion of the pump diode’s input current to the absorbed 

pump power by the crystal. Figure 4.3(b) shows the result of this conversion. Although the same 

input current values were used in both experiments, there is an uncertainty of ±100mA in all 

measured points due to the accuracy of the current supply. As can be seen, the graphs are not 

linear as expected. Considering dramatic variation of the absorption cross section of the 

Nd:YVO4 around 914 nm,  the pump diode’s wavelength shift with increasing output power was 

the main reason that caused the obvious nonlinearity of the graphs. Therefore, the data presented 

in figure 4.4 should be considered as only approximate relationships between the diode’s current, 

output and the absorbed powers. Because of the number of different effects involved it is 

difficult to put a specific error bar on these measurements. The lasing wavelength of the laser 

was 1064 nm. 
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(a)  

 

(b) 

Figure 4.4 (a) Absorbed power (W) by gain medium as a function of pump input current (A) (b) Absorbed power (W) by gain 
medium as a function of pump power (W) 

 

4.3.2 Findlay-Clay method 

 

Accurate measurement of the threshold pump power is a critical step in the Findlay-Clay 

method. Therefore, spectrometer and a sensitive florescence card have been used to detect the 

threshold power. Practically when blinking of the laser was seen we accepted this value of the 

pump power as the threshold power.  

As it was discussed in section 2.5 of Chap.2, in the Findlay-Clay method the threshold pump 

power for different output couplers should be measured. A plot of –ln(R) versus Pth is made. 

Then by drawing a trend line the internal cavity loss can be found at the intercept with the –ln(R) 

axis. Figure 4.5 shows the measurement results (black dots) and the calculated trend line (red 

line).  
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Figure 4.5 Findlay-Clay method 

It should be mentioned that measured values of the absorbed threshold power in the figure 4.5 

have an uncertainty cussed by the conversion of the input pump current to the absorbed pump 

power.  

The trend’s line equation is y= 0.19761x-0.0293, where x and y are horizontal and vertical axes 

that correspond to the plotted -ln(R) and Pth values. Therefore, the internal cavity loss according 

to the Findlay-Clay method can be found as 2.93%.  

4.3.3 New method 

 

The maximum absorbed pump power which could be obtained in the experiment was 4.2 W. The 

designed laser cavity with 1.6% output coupler was optimized at the maximum pump power to 

get the highest output power which was 1.3W as shown in Fig 6. It is worth mentioning that the 
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optimized cavity had the threshold pump power of 3W. Let’s consider the highest output power 

as a working point for finding the internal cavity loss using the new method. 

The pump had a beam with top-hat distribution. Therefore, considering the calculated f functions 

in the section 4.2, the one for the top-hat pump and a 4 level gain medium (where B=0 and a =1) 

should be selected (i.e. the red line in figure 4.1). Considering equation 4.1, all parameter and the 

f function are known at the working point. Therefore, the internal cavity loss value was found 

using the new method to be 2.4%. As can be seen, the Findlay- Clay method and the new method 

have almost the same result for this working point.  

4.3.4 Investigation of the new method  

 

In the previous section, the internal cavity loss parameter was found using both the Finlay- Clay 

and the new method. In this section the determined value for the Li parameter will be used in the 

longitudinally pumped CW laser model for comparison with experimental results.  

In the figure 4.6 the black dots show the measured output power values versus the input pump 

power of the laser with 1.6 % output coupler when it was optmized to get the highest output 

power. It is worth mentioning that the optimization was done at the highest absorbed pump 

power. As can be seen, the black dots don’t have a linear trend as expected. The reason behind 

this is the nonlinear variation of the absorbed pump power (see figure 4.4(a) and 4.4(b)) caused 

by the pump wavelength shifts with the pump power.  

The lines in figure 4.6 show the calculated trends based on the equation 4.1.The threshold value 

used in the calculations was measured to be 3W. The red line shows the modeling result when Li 

was calculated using the new method. The highest absorbed power was used as a working point 

for the internal cavity loss calculation. The blue line is also the modeling result based on 

equation 4.1 and the measured threshold pump power but the Li parameter which was used in the 
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calculation was found from the Findlay-Clay method (see section 4.3.2 ). It is worth mentioning 

that the f fuction which was used for finding the red and blue lines was calculated for the top-hat 

pump, 4 level gain medium (B=0 ) and a =1 (i.e. red line in figure 4.1).     

 

Figure 4.6 Black dots are the measured output power values. The red line is the calculated output power in which the Li was 
calculated from the new method. The blue line is the calculated output power in which the Li was calculated from the 

Findlay-Clay method. 

It is worth mentiong that the recorded values for the absorbed pump power used in the 

caclulation of the    with the help of the new method and figure 4.6 have an uncertainty due to 

the conversion of the pump input current to the absorbed pump power as was explained earlier in 

section 4.3.1. 

For further investigation of the new method, the internal cavity loss for different measured 

working points was calculated using this method. The measured working points are absorbed 

pump powers and their corresponding measured output powers shown in figure 4.6. In figure 4.7 
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the black squares show the calculated values for the internal cavity loss for each working point. 

Working points in figure 4.7 are represented by the absorbed pump power and can be linked to 

the corresponding output power with the help of figure 4.6.  

 

Figure 4.7 Calculation of the internal cavity power for all measured points 

As can be seen from figure 4.7 the value of the internal cavity loss changes for different working 

points. The value of the internal cavity loss is 2.4% at the highest absorbed pump power and 

about 7.5% around the threshold. This significant change of the calculated internal cavity loss for 

different working points is not reasonable and can be explained by the uncertainty in the 

relationship between the absorbed pump and the laser output powers (see figure 4.4).  



74 
 

 
 

Additional errors that could have come from the gain medium itself could be caused by the 

thermal lens of the Nd:YVO4 and pump saturation at the higher pump power levels. Possible 

double pass of the pump through the gain medium can be also counted as a laser cavity error.   

In our calculations, the variation of the pump wavelength with the diode’s current was neglected 

and was assumed to be 914 nm.  

In the design of the cavity, the thermally induced lens in the gain medium was taken into account 

and also in the measurement a time period of 2 minutes was allowed for stabilization of the laser. 

However, due to the presence of thermal lens this timing can affect the final result.  

 4.4 Conclusions and future work 
 

In this work a new method of determining the internal cavity loss for longitudinally pumped CW 

lasers was introduced.  An experiment was conducted for comparing the Findlay-Clay method 

with the new method and the sources of possible error in the internal cavity loss measurement 

were discussed.   

In the new method, having one set of output power data at any absorbed pump power level and 

the pump threshold value are the only measured data that are required for the calculation of the 

internal cavity loss. As opposed to the Findlay-Clay method there is no need to change the output 

couplers in the cavity and re-do the alignment of the laser to find out the internal cavity loss.  

The conducted measurements have some error sources coming from the pump and the gain 

medium, and the laser cavity design. These errors can be caused by wavelength shift of the 

pump, measurement of the residual pump in addition to the real laser output power, thermal 

lensing in the gain medium.  
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In future work, the discussed errors can be better managed or to be removed. For example, since 

the wavelength shift of the VCSEL is more controllable compared to that of the edge emitting 

laser diodes used in this work, VCSELs will be the good candidates to remove the pump errors in 

the measurement. The measurement setup should be designed in a way that the double pass of 

the pump is eliminated and the residual pump is removed. 
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Chapter 5 

Conclusions and future works 
 

The core of this thesis was application of the Risk model for longitudinally pumped continuous 

wave lasers. The model was used for a numerical study of a CW operation of Nd:YVO4 laser 

longitudinally pumped by high power VCSEL modules. In addition, based on the model a new 

experimental method for determination of the internal cavity loss (Li) value was introduced. It is 

worth mentioning that the methodology used in Chap.3 can be considered as a step by step 

design process for an optimized longitudinally pumped CW laser given that the parameters of the 

pump are known. 

This work started with detailed explanation of the model and the Findlay-Clay method. In 

addition, VCSEL was explained and proposed to be used for longitudinal pumping of a CW 

laser. 

In this study, Nd:YAG and  Nd:YVO4 gain media were compared as possible candidates to be 

longitudinally pumped by the VCSEL modules. Two commercially available VCSEL pump 

modules (6 W and 15 W) were compared as a pump source for the end-pumped CW lasers. The 

maximum output power from a Nd:YVO4 crystal using these pump modules was calculated to be 

2.5 W and 6 W, respectively, using a 10 % output coupler. The slope and optical-to-optical 

efficiencies in both cases were around 47% and 40%, respectively.  The performance of 

Nd:YVO4 crystal was found to be better than that of a Nd:YAG crystal. Our numerical results 

indicate that VCSELs can serve as efficient pump sources for the end-pumped CW Nd:YVO4 

lasers.  
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In future, the methodology introduced in Chap.3 can be used universally. For this purpose a 

software tool can be developed for determination of the required pump, gain medium and the 

output coupler for a certain end-pumped CW laser characteristics. For instance, characteristics 

such as threshold power, slope and optical-to-optical efficiencies and maximum output power 

would be given to the software as inputs and it would return the pump parameters (such as N.A. 

and M
2
), gain medium parameters (from a predefined list) and its optimum length, and an 

optimum output coupler with acceptable value of the internal cavity loss. 

In future, a CW laser which is optimized through the provided methodology in this study can be 

experimentally studied. In addition, VCSEL can be experimentally tested for the longitudinal 

pumping of an optimized CW laser. This optimized laser pumped by a VCSEL can be used as a 

starting point for building of the efficient mode-locked and Q-switched lasers.  

In addition, in this work a new method for determining the Li value in a longitudinally pumped 

CW laser was introduced and compared with the Findlay-Clay method.  An experiment was 

conducted for finding of the Li of a diode-pumped laser using both methods. The experimental 

errors introduced by the pump, gain medium and laser cavity were discussed in details.    

The errors in the internal cavity loss measurement discussed in Chap.4 can be removed in new 

experiments. More controllable wavelength shift of the VCSELs compared to that of the edge 

emitting laser diodes makes them a good candidate for removing pump errors from the 

experiment.  

The pump distribution in the Risk model is assumed to be an ideal Gaussian, however in a real 

situation the pump distribution is a Gaussian with a certain M
2
. This means that the pump 

distribution have a deviation from that of an ideal Gaussian. This assumption can be thought of 
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as a source of error in the agreement of the model with experimental results. Therefore, in future, 

considering the same method used in the Risk’s model, a new equation for generating of the f 

function based on a pump distribution with a certain M
2
 can be derived for the longitudinally 

pumped CW lasers.  

In addition, in the Risk’s model, the ratio of a pump beam waist to a laser beam waist (i.e.  ) is 

not space dependent parameter. However, in a real situation due to having different M
2
 factors 

for the laser and pump beam distributions, this ratio is a space dependent parameter. Although 

the defined 10% confocal parameter can solve the problem for many cases, a new, more general 

model for longitudinally pumped CW lasers can be proposed in future for more accurate results.
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