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Abstract
The propagation of ultrasound through two- and three-dimensional strongly scattering
media, with either random or ordered internal structures, has been investigated through
experiments and finite element simulations.

All media investigated have strong scattering

resonances, leading to novel transport behaviour.
nylon rods immersed in water.

The two-dimensional samples consist of

When the nylon rods are arranged in a triangular lattice to form

two-dimensional phononic crystals, very unusual dispersion properties are observed when the
lattice constant is adjusted so that Bragg and hybridization gaps overlap in frequency.

This

behaviour is attributed to the competition between two co-existing propagating modes, leading to
a new method for tuning bandgap properties and adjusting the transmission by orders of
magnitude.

The scattering resonance of the nylon rods also leads to unusual Dirac cone

properties at the K point of the triangular lattice. The three-dimensional media were fabricated
by brazing aluminum beads together to form a disordered porous solid network, with either
vacuum or air in the pores, depending on the experiment.

This system is of particular interest

because it has been shown to exhibit Anderson localization of ultrasound.

Two experimental

approaches were developed to investigate previously unstudied properties of this system.

By

directly counting the modes in the frequency domain, the density of states was measured.

At

intermediate frequencies, the density of states was found to be approximately independent of
frequency, while at higher frequencies, the frequency dependence was consistent with traditional
density-of-states models.

The level statistics of the modes was also investigated to determine

the conditions under which level repulsion occurs. By using a laser interferometer to measure
the ultrasonic displacements on the surface of a large slab-shaped sample, sub-diffusive
behaviour was observed, demonstrating the feasibility of using such measurements to investigate
ii

the transition to Anderson localization in these samples.
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Introduction

1

We can find waves all around us.

Without radio waves and microwaves, people would

find themselves isolated from modern societies in the 21st century; moreover, even without
modern technologies, everyone uses sound waves to talk directly to each other, although few
people probably stop to think about their reliance on wave properties in this everyday experience.
With its rich array of fundamental physics and novel applications, wave phenomena have been
extensively studied in science and applied to various technologies (Sheng 2006).

In complex

media, many challenges to understanding wave phenomena remain, motivating the research
reported in this thesis.

1.1

Past and modern research
The best known wave phenomena are interference and diffraction, which undergraduate

students are usually taught right after they are introduced to what transverse and longitudinal
waves are. However, waves also can diffuse in a multiple scattering environment!

Intuitively,

wave diffusion is a surprising concept since diffusion usually describes the random motion of
particles from high to low concentration regimes, but the diffusion approximation can also
describe successfully the propagation of the energy density carried by multiply scattered waves.
Just as for particles, a wave diffusion coefficient can be defined; it is given by DB = vEl* / 3,
where vE is the energy velocity and l* is the transport mean free path, which is the average
distance travelled in the medium before the direction of propagation is randomized by scattering
(Page et al. 1995).

In other words, the description of the energy transport by multiply scattered

waves can be treated as a random walk process with equal probabilities for scattering into all
directions. For multiple scattering, the diffusion of waves has introduced a different perspective
to pre-existing wave theories on wave transport, since all phase information is neglected.
2

Experimentally, the diffusion coefficient for multiply scattered ultrasound waves was measured
in 1995 by Page et al. by applying diffusion approximation to the time dependent of the
transmitted intensity in pulsed measurements (Page et al. 1995); later, the actual energy transport
rate, vE, was measured (Schriemer et al. 1997). The energy velocity vE was determined after
performing pulsed measurements of multiply scattered waves to determine diffusion coefficient
DB and continuous-wave measurements of the thickness dependence of the absolute transmitted
intensity to determine l*. Thus they were able to demonstrate the connection between the
velocities of energy transport by diffusive and ballistic waves, the latter being the unscattered or
forward scattered wave that propagates coherently through the medium.

The speed of coherent

pulse propagation, the group velocity vG, was experimentally studied in ref (Page et al. 1996;
Cowan et al. 1998).

Moreover, the group velocity can be greatly affected by strong scattering,

especially when it is influenced by resonances at certain frequencies.

Resonant scattering can

also cause the transmittance to drop precipitously and this can lead to the formation of band gaps
(Xiaodun Jing, Ping Sheng 1992; Yang et al. 2002; Zhang et al. 2006; Croënne et al. 2011).
Wave propagation through complex media with strong scattering resonances has been
studied for its rich physics and many challenges. In some strongly scattering media, gaps can
be created by coupling between a scattering resonance and the propagating mode of the
embedding medium.

In the context of phononic crystals, this type of bandgap has been called a

“hybridization gap”.

An interesting physical phenomenon with hybridization gaps was shown

in measurements of the dispersion curve for poly-methyl-methacrylate (PMMA) colloidal
spherical particles (Liu et al. 1990; Jing et al. 1991; Xiaodun Jing, Ping Sheng 1992).

In fact,

this is the first example of hybridization gaps that I know of; it occurred in a random system
consisting of plastic spheres in a fluid.

At moderate volume fractions Ф of spheres, Jing et al.
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found two longitudinal quasimodes – fast and slow modes as shown in Figure 1.1. The origin
of the slow mode was attributed to the coherent coupling of Stoneley wave resonances on
adjacent scatterers.

Moreover, when the slow mode is most clearly observed, the coupling

between the scattering resonances and the propagating modes of the suspension were shown to
produce a gap.

More recently, the observation of propagating resonant modes and hybridization

gaps has been made in a similar system in the ultrasonic frequency range by Cowan et al.
(Cowan et al. 2011). An effective medium model was developed to extend the coherentpotential-approximation that is valid in the long wavelength regime to the intermediate frequency
regime where the size of the scatterers is comparable to the wavelength. Such approach is now
called the spectral function approach.

In 2006, Zhang et al. extended the spectral function

approach developed by Jing et al. to two dimensions (Zhang et al. 2006).

Figure 1.1: Measured dispersion curve for PMMA colloidal suspensions at two concentrations,
0.38 and 0.51.

The diameter of the solid spheres is d = 370 nm.

The two solid straight lines

are the dispersion curves for the longitudinal wave in the solid phase and the compressional
wave in the liquid phase, as noted.

Copyright (1992) by the American Physical Society

(Xiaodun Jing, Ping Sheng 1992).
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In fact, much of the recent interest has focused on ordered materials such as photonic
and phononic crystals, where the propagation of wave can be inhibited with Bragg gaps. These
Bragg gaps arise from destructive interference due to the periodicity of the crystals that prohibits
wave propagation for a range of frequencies, either in a certain direction (stop band) or in all
directions (band gap). Wave propagation was found to depend dramatically on both frequency
and incident direction. At frequencies outside Bragg gaps, phononic crystals can also cause
negative refraction effects, which can lead to the sub-wavelength focusing (Yang et al. 2004;
Page et al. 2005; Sukhovich et al. 2008; Sukhovich et al. 2009).

Recently, the coexistence of a

hybridization gap and a Bragg gap at different frequencies in a three dimensional phononic
crystal has been reported (Still et al. 2008). Of greater interest is the possibility that Bragg
scattering and hybridization effects can be overlapped in frequency to result unusual behaviour.
In three-dimensional binary systems made up of steel spheres in polyester, deep absolute elastic
band gaps were predicted due to the combined influence of Bragg and hybridization effects over
a wide range of frequency, with the width of such gaps depending on the geometry of the
structure (Sainidou et al. 2002). Such behaviour was also observed experimentally (Page et al.
2005).

A similar effect has been reported in phononic crystals with gas inclusions (Leroy et al.

2009); in this case, the first gap has a deep and wide transmission minimum due to the combined
effects of Bragg reflections and bubble resonances.

The common feature of these last three

studies is that the periodicity of the phononic crystals was adjusted so that the frequency of the
Bragg bandgap coincided with the local resonance, thereby creating efficient bandgap materials
with wide and deep gaps.
Another fundamental property of waves in condensed matter systems is their density of
states.

The density of states of a system describes the number of states per interval of energy or
5

frequency that are available to be occupied by electrons, phonons, or photons. In this study, we
use it to quantify the number of vibrational states per frequency in a unit volume. This property
attracted our attention because the density of states can strongly influence the propagation of
elastic waves in a disordered solid system, such as a porous network of sintered particles (Page et
al. 2004).

The elastic wave can transport the energy through the network of sintered particles in

form of vibrations.

At low frequencies, where the wavelength is much longer than substructure

determined by the size of the sintered particles, the medium appears uniform and the phonons
propagate ballistically, but with a reduced velocity that reflects the weak the structure of the
sintered network.

At intermediate frequencies, where the wavelength is comparable with the

particle size, the scattering can become very strong and the nature of wave propagation is
substantially modified; wave propagation is expected to become diffusive.

When the

wavelengths are less than the particle size at high frequencies, phonons propagate freely inside
the particles and their character is expected to be similar to uniform bulk materials.

When

particles are sintered together, the weak elastic coupling effects between the modes of each
particle can lead to the formation of pass bands, allowing the vibrational the energy to be
transported through the elastic network.

The pass bands are formed for the network around the

modes of a particle. When aluminum beads are sintered together in a relatively large sample,
the frequencies of pass bands are a little above the eigenmodes of a single bead.
between pass bands, there can be band gaps due to lack of modes.

At frequencies

The frequencies of the band

gaps in the sintered particles can be predicted from the nature of the modes of a single particle,
although the width of the band gaps is controlled by the strength of the coupling among particles
(Turner et al. 1998).

This is analogous to the formation of band gaps in the tight binding model

for electronic systems.
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Inside the pass bands, separations between the frequencies of the nearest modes of
vibration of the structure show weak fluctuations around the average spacing. The spectra
exhibit stronger regularity than if the frequencies were randomly distributed.

It was realized

that this is feature of the eigenvalues of random symmetric matrices. Random-matrix theory
was developed by Wigner (Wigner 1967) to deal with the statistics of eigenvalues and
eigenfunctions of complex many-body quantum systems.

The theory was successfully applied

to the description of the spectral fluctuation properties of atomic nuclei and complex molecules,
and can also be applied to the complex networks of sintered beads in my case.

The

development of the random matrix theory has been summarized in the literature (Brody et al.
1981; Guhr et al. 1998).

One prediction of random matrix theory is the phenomenon of level

repulsion, which is related to the separations between the nearest modes.
an ensemble of real symmetric matrices.

The theory considers

For such matrices, the separation of successive

eigenvalues has a probability density is governed by the Gaussian orthogonal ensemble (GOE)
which is
  s2 
s 
PGOE  s     exp  
,
 2 
 4 

where s is the spacing normalized by the mean, thereby satisfying the following normalization
condition:


s 

 sP  s  ds  1

s 0

This probability density predicts that there is zero probability of having zero separation between
two successive eigenvalues, meaning that the level repulsion is exhibited.

On the other hand, if

the separations of successive eigenvalues are randomly distributed, the probability density is
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governed by the Poisson distribution which is

PPoisson  s   exp  s  .
In fact, the Gaussian orthogonal ensemble and Poisson distribution follow from an assumption of
maximum and no correlation, respectively.

Consequently, there have been many studies to

apply this type of statistical analysis to study the transition between the diffusive regime with the
maximum correlation and the localized regime without correlation (Coy and Lehmann 1987;
Altshuler et al. 1988; Poilblanc et al. 1993; Hsu and Angles d’Auriac 1993; Shklovskii et al.
1993).
Anderson first suggested in 1958 the possibility of electron localization inside a
disordered semiconductor with random energy variations from site to site (Anderson 1958). He
predicted that electrons moving in a random potential will be localized if either the variation in
potential is larger than a threshold value or the energy of the particles is low enough at given
random potential.

Indeed, Anderson’s model of electron localization was the first theory to

provide an understanding of the metal-insulator transition in disordered lattices by suggesting the
mechanism responsible for the absence of electron diffusion on the insulating side of the
transition (Mott 1978).

This idea was quite innovative at that time and was specifically

mentioned in his Nobel Prize citation in 1977.

Even though the theories of localization were

initially suggested and developed for electrons, effects of localization of electrons were difficult
to observe experimentally because of the presence of inelastic scattering due to electron-electron
and electron-phonon interactions. Once it was realized that localization is an effect due to
coherent multiple scattering and interference, it was proposed that it might be advantageous to
investigate the localization of classical waves, since in a linear medium there are no interaction
effects (John 1991).

However, there is another fundamental obstacle for classical waves that
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can hinder the observation of localization.

That obstacle is absorption. Anderson localization

requires long path lengths from multiple scatterings.

Intuitively, it is easy to see that absorption

sets a limit for the path length so that localization can be suppressed by the presence of
absorption.
The first experiment that suggested evidence for the localization of light in three
dimensions was based on an approach based on the predictions of the scaling theory of
localization (Abrahams et al. 1979). The method involved measuring the transmittance as a
function of sample thickness L and searching for different signatures of localized states and the
extended states. When the transmittance is probed in the localized regime for different L
beyond the localization length ξ, it is predicted to drop exponentially, whereas it is proportional
to L-1 in the extended regime.

With this approach, evidence for the localization of light in a

disordered medium was presented in 1997 by Wiersma et al (Wiersma et al. 1997).

However,

these static transmission measurements at a single frequency can be blurred by the presence of
absorption, since the exponential decay signature of localization in the scaling theory is similar
to the effect of absorption. Despite careful efforts to minimize absorption in their samples, the
conclusion that the localization was observed has been controversial (Scheffold et al. 1999;
Wiersma et al. 1999), and the data are now believed to be explained by absorption rather than
localization
One of the clearest signatures of localization can be found in time-dependent
transmission measurements (Chabanov et al. 2003; Aydin et al. 2004; Aegerter et al. 2006;
Störzer et al. 2006). By the nature of localization, localized waves can be seen as being
“trapped” inside a medium assisted by closed multiple scattering loops.

Then, these trapped

waves require more time to escape from a medium than diffusive waves; therefore, the
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transmission of localized waves at long time t must be greater than diffusive waves.

This

behaviour is often explained by a time-dependent reduction of the effective diffusion coefficient
(Chabanov et al. 2003; Aydin et al. 2004; Aegerter et al. 2006; Störzer et al. 2006). Indeed, near
the mobility edge, the deviation from diffusion theory in time-dependent transmittance is shown
as a non-exponential decay of the intensity at long times, so that the transmittance is indeed
above the exponential tail that would be predicted by diffusion theory.

This non-exponential

decay has also been observed in ultrasonic experiments (Hu 2006; Hu et al. 2008).

In these

experiments, the observed behaviour was interpreted with the self-consistent (SC) theory, which
was extended to include the effects of a spatially dependent diffusion coefficient.

The excellent

agreement that was found between theory and experiment provides an important validation of the
new SC model.

Some of the merits of using the non-exponential decay to determine whether

localization was achieved are that this behaviour cannot be explained by absorption, sample
geometry, or reduction in transport velocity. However, quantitative interpretation of the data
still has to account for absorption, which complicates the analysis. Also, surprisingly large
values of the energy velocity that were obtained from the comparison of SC theory with these
ultrasonic experiments suggest that further theoretical or experimental work is needed to resolve
this puzzle.
Another significant development has been the development of a new technique, which
is completely independent of absorption, for assessing whether or not localization is present in
three-dimensional samples.

In this approach, now called the transverse confinement technique,

a point source is used and the time-dependent transmittance is measured in the near field at
various transverse distances r on the opposite side of the sample (Hu 2006; Hu et al. 2008).

In

the diffuse regime, this method has been used to measure the diffusion coefficient without the
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complications of absorption and boundary conditions by measuring the ratio I(r, t)/I(0, t), which
is given by exp(-r2/4DBt) (Page et al. 1995).

This ratio simply expresses the fact that diffusive

waves spread out from a point with a mean square displacement that is proportional to travel
time (i.e. as a random walk process with equal probabilities for scattering into all directions),
leading to a transverse width of the diffuse “halo” given by w2 = 4DBt. By contrast, for
localized waves, Hu et al. discovered that this transverse spreading of the beam is cut off, which
leads to a saturation of the width wr(t) (Hu et al. 2008).

This effect is completely different from

the linear dependence of w2 on t for diffuse waves; thus, this experiment provides a way of
probing the property of localized waves that their intensity decays exponentially with the
localization length.

This effect was accounted for quantitatively in theoretical calculations of

the saturation of wr2(t) in the SC theory (van Tiggelen et al. 2000; Skipetrov and van Tiggelen
2006), giving an excellent description of the experimental data (Hu et al. 2008).

The

uniqueness of this approach is not only that a new signature of localization was shown but that
the combination of theory and experiment allows the determination of ξ, which was found to be
comparable to wr(t) in magnitude in the first sample investigated. Also, this analysis is
unaffected by absorption, since the absorption factor, exp(-t/τa), cancels out in the ratio
I(r, t)/I(0, t) from which wr(t) is measured.

Thus, even though absorption may still be present,

as long as absorption is low enough to allow localization to take place, the conclusion that
localization was observed can be correctly reached using this method.
Also, a statistical approach to Anderson localization has been made, based on the large
fluctuations in intensity that are characteristic of localization. In this approach, the variance of
the fluctuations is suggested a way of measuring the dimensionless conductance g, since g can
determine the variance of the speckle intensities and the total transmission, as well as the
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distributions of both intensity and transmission (Chabanov et al. 2000).
These fluctuations arise from the fact that, in the localized regime, the intensity near the
surface of a sample is greatly enhanced near the positions of localized waves within a sample.
This idea can be formulated more precisely by noting that, when the intensity Iab for a certain
input mode a and output mode b is normalized with respect to the average intensity Iab, the
variance var(sab) of the normalized intensity sab = Iab / Iab will be much larger in the localized
regime than in the extended regime.

Then, var(sab) can be related to the Thouless conductance

g, giving var(sab) = 4/(3g) + 1; thus, if g < 1, var(sab) is large (Chabanov et al. 2000).

One way

of experimentally investigating these fluctuations is to direct a plane wave pulse on a sample and
map the intensity on the other side of the sample; then, a large value of var(sab) can be seen to
result from sharp spectra with widely spaced peaks in the localized regime, which can be seen
even in absorbing samples (Hu 2006).

Also, the difference in var(sab) between the localized and

the extended regimes implies different probability distributions of sab since there must be a
higher probability to observe high sab for the localized states (Nieuwenhuizen and van Rossum
1995; Stoytchev and Genack 1997; Stoytchev and Genack 1999; Hu et al. 2008). For diffusive
waves, the probability distribution of sab decays exponentially as a function of sab, a result which
is called the Rayleigh distribution; by contrast, the probability distribution P(sab) must be
different for localized waves, because of the presence of usually large values of sab.

Thus,

investigations of the large fluctuations that occur in the localized regime provide another method
for distinguishing between localized and diffuse states.

12

1.2

Goals, perspective, and approaches
This thesis aims to contribute to the field of ultrasonic wave physics by providing better

understanding of how the waves propagate through complex media with strong scattering
resonances.

The thesis contains new information on the propagation of waves in two- and

three-dimensional disordered and/or ordered media when resonances can strongly influence
wave transport by forming or dramatically altering bandgaps or pass bands.

Since the questions

addressed in this thesis all concern fundamental properties of waves in complex strongly
scattering media, the results should also be expected to be relevant for studies with other types of
classical waves, such as light and microwaves.
Throughout the thesis, the starting point for gaining new knowledge about wave
transport in complex media has been the design and implementation of new ultrasonic
experiments.

In all cases, this involved the fabrication of new samples, with structural

components at the mesoscale that were selected in order to explore novel aspects of wave
transport.

Some of the questions that have been addressed were motivated by existing

theoretical work that had not been validated experimentally.

In all cases, the results of the

experiments have been compared with theoretical predictions and/or simulations, not only in
cases where it is important to investigate the accuracy or applicability of prior theories, but also
in cases where additional insight from simulations was needed to understand the unexpected
behaviour that was discovered experimentally.
The first goal of the research reported in this thesis was to use ultrasound to investigate
wave transport through a two-dimensional random medium of inclusions with strong scattering
resonances. This type of material was expected to exhibit band gaps due to the hybridization
mechanism that is becoming of increasing interest in the context of acoustic metamaterials, so
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that it was reasonable to expect that experiments on such a system might give new information
that is relevant for this actively growing field of research.

Additional motivation for this project

came from previous work on similar three-dimensional systems, where unusual two-mode
behaviour was found, and published theoretical predictions based on an effective medium model
that suggested similar behaviour might occur in two dimensions as well. The experiments that
are reported in chapter 4, supported by simulations and the correction of a calculational error in
the theory, have answered this question about possible two-mode behaviour in this twodimensional system and enabled the accuracy of the effective medium theory to be assessed.
A second and related goal was the investigation of the effects of arranging the resonant
two-dimensional scatterers in a crystalline array, thereby enabling the combined effects of Bragg
and hybridization effects to be studied.

While previous work suggested that this type of

combined band gap mechanism might be very effective in producing the wide and deep
bandgaps that can be important for controlling wave propagation in phononic materials, it was
not known if any other type of interesting wave behaviour might occur.

One of the highlights

of this thesis has been the discovery of a novel mechanism for the formation of tunable band
gaps, in which the transmission can be varied by orders of magnitude with small changes in
properties of scatterers. An in-depth understanding of the mechanism responsible for this novel
behaviour was made possible by finite element method simulations, providing an excellent
example of the advantages of combining experiments and simulations to explore new wave
physics.

This is a key element of the approach followed in my thesis.
To complement this research on two-dimensional materials, the third and fourth goals of

this thesis were to investigate previously unexplored aspects of a three-dimensional material in
which the Anderson localization of ultrasound has been demonstrated. The goals here were to
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demonstrate different unique capabilities of ultrasound experiments for increasing our
understanding of this fundamental phenomenon. Specifically, the third goal was to investigate
the behaviour of the density of states in the approach to Anderson localization. The initial
motivation was to answer a question about the magnitude of the energy velocity deduced from
fitting predictions of the self-consistent theory to previous experiments.

In addition to

answering this question, the experiments and simulations reported in this thesis have added
considerably to understanding the role of resonances in determining the properties of the samples
in which Anderson localization has been demonstrated. A fourth goal was to show how laser
ultrasound techniques could be used to investigate the approach to the localization of classical
waves in a closed system, where leakage of the waves to the surroundings is prohibited.

One of

the advantages of this method was demonstrated, namely a direct measurement of the
renormalization of the diffusion coefficient as the localization threshold was approached. By
meeting this goal, the potential for using this laser ultrasound method in future experiments on
Anderson localization was established, opening up new opportunities for studying this
phenomenon experimentally.
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1.3

Thesis structure
The purpose of this section is to provide a concise description of the contents of my

thesis. In Chapter 2, the main relevant theories are presented.
solid rod surrounded by fluid is described in Section 2.2.1.

First, scattering by a single

Then, the propagation of wave

through randomly positioned solid rods embedded in fluid is described using the spectral
function approach in Section 2.2.2. After that, some major concepts from solid state physics
are presented to describe the propagation of waves through phononic crystals in Section 2.3.
The method of simulation for ultrasonic wave propagation through ordered and disordered
assemblies rods embedded in fluid is explained in Section 2.4.

The relevant theories for density

of states and Anderson localization are discussed in Sections 2.5 and 2.6.
Chapter 3 describes the samples and experimental apparatus used to collect the data.
Since there are four distinct topics involving new research results, they are discussed in separate
chapters. First, the propagation of waves through samples of randomly positioned solid rods
embedded in fluid is discussed in Chapter 4. Then, the propagation through different volume
fractions of phononic crystals is discussed in Chapter 5. The density of states of sintered Al
beads is discussed in Chapter 6. Finally, the investigation of Anderson localization with laser
ultrasonics is discussed in Chapter 7.
The conclusions are presented in Chapter 8.
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2.

Theory

Equation Chapter (Next) Section 1
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2.1.

Overview
Propagation of ultrasound through two different types of strongly scattering media is

studied in this thesis. One case involves propagation through nylon rods embedded in water
and the other is propagation through brazed aluminum beads.

Appropriate theories to describe

the propagation of ultrasound through each medium will be explained.

2.2.

Two dimensional disordered systems
The first section will describe how ultrasound propagates through a system of parallel

nylon rods embedded in water.

The positions of the rods in the plane perpendicular to their

length are as random as possible, given the limit on randomness that arises from the fact that that
the rods have a finite size, which limits how close together the rods can be in practice.

The rods

are considered infinitely long and the propagation direction is perpendicular to the axis of the
rods.

Therefore, as an incident planar wave is scattered off the rods, there is no scattering along

the height of rods and the medium appears two-dimensional to the waves even though it is made
up from three-dimensional objects.
The aim was to study a two-dimensional medium with strong scattering resonances in
order to investigate the effects of resonant scattering on ultrasonic wave propagation in both
random and ordered geometries. For inclusions in water, it had been shown previously that
plastic scatterers are interesting in this regard, since they have lower ultrasound velocities than
harder materials (such as steel) and this favours stronger scattering resonances. This occurs
because less similar velocities and densities mean that there is less impedance mismatch with
water, so that energy can be coupled into plastic inclusions from water more easily rather than
18

mostly reflected.
First, the scattering of the incoming planar wave by a single infinitely long elastic
cylinder will be described.
cross section.

This will allow us to calculate the differential and total scattering

Then, wave transport in a dispersive random medium with a strong scattering

resonance will be described in the intermediate frequency regime, where the circumference of
the scatterer is comparable to the wavelength of the incoming planar wave.

A spectral function

approach to calculating coherent transport in two-dimensional media will be introduced.

2.2.1.

Scattering cross section by a cylindrical cylinder
This section outlines the calculation of the scattering amplitude at a certain frequency as

a function of scattered angle for a single cylindrical scatterer (Faran 1951; Doolittle and Überall
1965).
section.

The magnitude of this quantity squared is known as the differential scattering cross
By integrating the differential scattering cross section over all angles, the total

scattering cross section, which determines the total scattering strength, can be evaluated as a
function of frequency.
For the given geometry of the scatterer, it is natural to adopt cylindrical coordinates (r, ,
and z) with the centre of the scatterer placed at the origin of the coordinates as defined in Figure
2.1.

In general, the displacement vector u is written as
u       A ,

(2.1)

where the scalar potential  describes compressional (pressure) waves and the vector potential A
describes shear (plane strain) waves.

Each potential must satisfy different conditions:
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Figure 2.1: The choice of coordinate axes for scattering by cylinders.

2 

1 d 2
vL2 dt 2

1 d 2A
 A 2
vT dt 2

(2.2)

2

Since the medium is a fluid, there are only compressional waves.

At the interface between the

solid and fluid, the pressure in the fluid must be equal to the normal component of stress in the
solid.

The normal component of displacement is continuous everywhere, and the tangential
The pressure is taken as p = pi + ps with an incident

components of shearing stress are zero.
planar wave pressure pi


pi  Po  i n n J n  k1r  cos  n 
n 0

and a scattered pressure ps
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(2.3)



ps  Po  i n nbn H n1  k1r  cos  n 

(2.4)

n 0

with

1 for i  0
2 for i  1

i  

(2.5)

Also, the solutions of the potentials are given by

  P0  i n n cn J n  k L r  cos  n 


A Z  P0  i  n en J n  kT r  sin  n 

(2.6)

n

n 0

With the boundary conditions, these equations lead to three linear equations with three unknowns:
bn, cn, and en. The solution can be found using the following linear system.
11 12 14  bn   1 

   
 21  22  24  cn     2 
 0  32  34   en   0 

The elements are listed here.

(2.7)

Notations are adopted from Doolittle (1965) (Doolittle and

Überall 1965).

11  R 2 H n1  k1R 
12  2   k L R  J n"  k L R  R    k L R  J n  k L R 
2

2

14  2  n  kT RJ n '  kT R   J n  kT R  
 21  k1RH n '  k1R 
 22  1 2k L aJ n '  k L R 

(2.8)

 24  n1 2 J n  kT R 
32  2n  k L RJ n '  k L R   J n  k L R  
34  kT2 RJ n''  kT R   kT RJ n'  kT R   n 2 J n  kT R 
1  R 2 J n  k1R 
 2  k1RJ n '  k1R 
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Table 2.1: A list of material parameters used in numerical calculations.

Density (g / m3)

Longitudinal velocity (m/s)

Water

1000

1500

Air

1.20

343

Steel

7800

5700

3000

Nylon

1150

2400

1000

Transverse velocity (m/s)

For the scattered far field, by calculating bn, the scattering amplitude for a cylindrical rod can be
found, and is given by

f  ,0  

1 i

0



 b cos  n  .
n0

n n

(2.9)

for each mode κ0. Then, the total cross section is given by

 td 

2



f  ,0  d  
2

 0


4
Re  nbn .
k0 n0

(2.10)

The scattering amplitude has been evaluated for 0.46-mm-diameter nylon and steel rods
embedded in both water and air, with sets of parameters given in Table 2.1. The nylon rod of a
diameter of 0.46 mm exhibits many resonances, whereas a steel rod has much less pronounced
resonance behaviour. Surprisingly, at the lowest resonance of the nylon rod, the differential
cross section shows quadrupolar behaviour instead of dipolar characteristics, as shown in Figure
2.2. A couple of interesting features arise due to the density ratio of scatterer to fluid. First,
when water is replaced by air, the scattering amplitude is identical for steel and nylon rods at
below 5 MHz for the rod as shown in Figure 2.3.

With the density of air being less than three

orders smaller than that of nylon and steel, the acoustic impedance mismatch is too large, so the
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two materials are equally too hard for the acoustic field in air to excite strong scattering
resonances.
In fact, structures in the total scattering cross section are due to elastic resonances which
can be separated into a rigid and an elastic contribution. Physically, the rigid contribution is a
property of a perfect-impenetrable scatterer, whereas the elastic contribution accounts for the
resonances due to elasticity of the scatterer and its geometry.

Therefore, the scattering

amplitude can be written as

f    f Rigid    f Elastic  

(2.11)

Then, the total scattering cross section becomes

 td 

2

 f  , 

0

0

2

*
d   Rigid   Elastic  2Re  f Rigid
f Elastic d

(2.12)

Magnitude (mm)

0
330
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0.4
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300
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0.0 270
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240
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150
180

Figure 2.2: Differential cross section of nylon rods in water at the lowest resonance at 1.065

MHz.
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Derode et al. (Derode et al. 2001) separated these two effects and showed this cross
term is very significant in the steel rod case that they investigated. The scattering resonances
are the signatures of elastic surface waves propagating around the cylinder and reradiating a
scattered wave into water. When waves are reradiated by the surface waves, there is a phase
difference between the rigid and elastic contributions due to the nature of these effects. The
rigid response would be instantaneous, but the elastic contribution must be delayed by the
response time for the scatterer to react to the incoming wave. This dwell time of the surface
wave around the scattered can be linked to the finite width of the resonance.

Therefore,

depending on the phase relation of two contributions, the resonance can show up as either a dip
or peak. Derode et al. also considered the effect of polydispersity in the radius R, which shifts
the resonance frequencies of each rod by a factor that depends on the diameter of the rod; then, a
small variation in radius can cause resonances to be broadened and weakened, so that the peaks
at 3.98 and 4.53 MHz in Figure 2.3, for example, can be smeared away.
2.0

0.9
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Figure 2.3: Total cross section for nylon and steel rods with a diameter of 0.46 mm in a) water

and b) air. Note : the frequency range is scaled with respect to the velocity of sound in air and
water.
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Figure 2.4: The total cross section (in mm) with different losses in a) nylon and b) steel rods

There is also loss at the interface between fluid and scatterer in form of dissipation,
which reduces the effects of the resonance on the peaks of the scattering cross section (Figure
2.4). In the calculation, the percentage of loss was defined by the imaginary part of the Young’s
modulus with respect to the real part. In nylon, the resonance features are somewhat smeared
out by this mechanism.

The magnitude of the scattering cross section at frequencies between

resonances is affected as well. By contrast, the scattering cross section of steel rod is not
affected by loss below 3 MHz. This implies that below 3 MHz, there is very small component
that propagates through the steel rod. This is due to large impedance mismatch.

2.2.2.

Spectral function approach
We will now look at how the wave would propagate through the media when there is a

large number of scatterers (Sheng 2006). We will introduce the spectral function approach to
predict coherent propagating modes in a dispersive random medium with strong scattering
resonances in the intermediate frequency regime where the sizes of scatterers are comparable to
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the wavelength.

Conventional effective medium theories such as the coherent-potential-

approximation approach can provide the dispersion relation of wave propagation through
complex media, but only when the wavelength is much larger than the scale of random
inhomogeneities. This is called the long wavelength limit. The spectral function approach can
overcome such a limit. The approach was extended from three-dimensions to two-dimensions
by Zhang et al. (Zhang et al. 2006).
First, the random medium is approximated using the effective medium model as shown
in Figure 2.5. Each scatterer is surrounded by a layer of fluid and embedded in the effective
The speed of wave propagation, e, in this effective medium is determined by the

medium.

condition to minimize the scattering amplitude. Intuitively, with strong scattering, there would
be a very weak mode, so in this approach we search for the condition for the minimum scattering
amplitude; hence, the dispersion relation in such a medium can be evaluated.
We can start from the scalar wave equation for waves of a given frequency. It is given
by



2

  2  t, r   0

(2.13)

2
where   2 for classical waves, with  being the wave speed. When a source is excited at

2

time t by a point at r and detected at r, the right hand side is replaced by  (t)  (r-r), and the
solution is given by the Green’s function G.

Since all frequency components are equally

excited by the point source, when Eq. (2.13) is Fourier transformed into the frequency domain
(integrated over all time t), the wave equation becomes
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Figure 2.5: a) Modelling of each scattering unit to define effective medium and b) modelling of

a group of scatterers



2

  2  G  , r , r'     r  r' 

(2.14)

In general, κ2 includes spatial disorder  (r) in the medium, so κ2 can be expressed as a
fluctuation due to disorder around the wavevector in the uniform medium κ02

 2   02    r 

(2.15)

In the uniform medium case of  (r) = 0, κ2 = κ02, the Green’s function depends on the relative
separation r-r between the source and detector rather than the absolute positions of both source
and detector. Therefore, Eq. (2.14) becomes



2

  02  G 0  , r  r'     r  r' 

(2.16)

The solution can be evaluated for the spatial frequency component G0(, k) by writing

G0 , r  r' 

Ld
N

dk

  2 

d

exp ik   r  r'  G0 , k 
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(2.17)

and

  r  r'  

dk

 2 

d

exp ik   r  r' 

(2.18)

where d is the spatial dimensionality, Ld is the sample volume, and N is the number of scatterers
in the sample. When Eq. (2.17) and (2.18) are substituted to Eq. (2.16) it becomes

Ld
N

dk

  2 

d

exp ik   r  r'   k 2   02    G0 , k   

dk

 2 

d

exp ik   r  r' 

(2.19)

For each k component on both sides, we have the simple equation
Ld 2
 k   02    G0  , k   1

N

(2.20)

Then, G0 for the response of the homogeneous medium is given by
G0  , k  

1

N
    k Ld
2
0

2

(2.21)

Eq. (2.21) may be transformed back to real space, controlling the divergence by adding an
imaginary constant i to the denominator. The added constant is taken at the limit approaching
zero after transformation. Now, Eq. (2.21) is written as
G0  , k   lim
 0

1
N
1
N
N
P 2
 i  02    k 2  d
2
2
d
d
    k  i L
 0    k L
L
2
0

(2.22)

where  indicates outgoing (+) and incoming (-) waves and P indicates that we take the principal
value of [κ02(ω) - k2]-1 as this quantity diverges. At this point, one of unique properties of the
Green’s function arises: the delta function in the imaginary part of G0 picks out the exact modes
of the system. Then, the number of modes can be counted from the delta function in G0. Then,
the number of modes in a unit volume, the density of states D0(ω), is
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D0   

d 02
d

dk

  2 

d

  02    k 2 

(2.23)

This thesis is mainly concerned with classical waves in d = 2, therefore, D0() =  / 2v02. We
can rewrite Eq. (2.23) in terms of the Green’s function,
d  02 1
D0   
Im G0   r  r'
d 

(2.24)

Likewise when there is a fluctuation in local density of states due to disorder  (r), Eq. (2.24)
becomes
d 02 1
D  r   
Im G    r  r'
d 

(2.25)

This is a general fact that D can be obtained from the negative imaginary part of the Green’s
function, which picks out the resonant modes of the system from the divergence the Green’s
function. Let us focus back on the Green’s function Eq. (2.22). The transformation back to
real space can be computed through a contour integration in the upper complex k plane, giving
for d = 2,
G0  , r  r'  

i 1,2 
H 0  0 r  r'  ,
4

(2.26)

where H0(1,2) denotes the zeroth-order Hankel function of the first kind for (+) and the second
kind for (-). For the simplicity, let us consider a system with minimum disorder first. That is a
uniform medium with a single spherical scatterer with a radius R. Now, Eq. (2.14) with Eq.
(2.15) becomes



2

  02  G  , r  r'     r  r'     r  G  , r  r' ,

(2.27)

where the left hand side and the first term on the right hand side represent the uniform medium
and the second term represents deviation due to impurity and/or disorder. It is worth noting that
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the subscript is dropped on G with presence of the disorder. One possible form of the solution
can be written as
G , r,r'  G0 , r  r'   G0  , r  r1    r1  G  , r1 ,r  dr1

(2.28)

where r1 is a dummy variable over the volume of a system. Eq. (2.28) can be rewritten in
operator notation as

G  G0  G0 VG

(2.29)

.

V is called the impurity potential operator. In fact, this equation is valid regardless of whether

we are in the real r or wavevector domain. Physically, V represents only a single scattering
event; therefore, by iterating G with V, the operator for a multiple scattering operator T can be
evaluated as follows:
G  G 0  G 0 V  G 0  G 0 V  G 0  G 0 V ...    G 0  G 0 VG 0  G 0 VG 0 VG 0  ...

(2.30)

G  G0  G 0TG 0
where
T  V  VG 0 V  VG 0 VG 0 V  ......  V  I  G 0 V 

1

  I  G 0V  V
1

(2.31)

Therefore, T includes all orders of V, which is the effect of multiple scattering. G in bra and
ket notation with operators can be rewritten as

G  G0  G0 V0 G  G 0  G0 V0 G 0  G0 VG0 V G 0  ...  G 0  G0 T  G 0

(2.32)

Then, the Green’s function in real space from Eq. (2.32) is
G  r   exp  iκ 0  r    r G 0 r1 r1 t  r2 exp  iκ 0  r2 
r1

(2.33)

r2

where r1 and r2 are dummy indexes and t+ represents multiple scattering from the single scatterer
for the outgoing wave. When the detecting position r is far from both the source position r and
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the scatterer, a far-field approximation can be made. Eq. (2.26) can be expanded

G0 , r  r'  

i
2 exp  i 0 r  r1 
 i 
exp 

4  0
r  r1
 4 

i
2 exp  i 0 r   4 
G , r  r'  
exp  iκ '0  r1 
4  0
r

(2.34)


0

Now, Eq. (2.34) is substituted to Eq. (2.33),

  r  
 exp  iκ 0  r  
r 

exp  i 0r   4 
i
2
κ '0 t  κ 0
4  0
r

(2.35)

Now, we can define the scattering amplitude f  κ '0 , κ 0  which physically represents the
amplitude of wave scattered from κ0 to κ0 from Eq. (2.35)

f  κ '0 , κ 0   

i
2
 
κ '0 t  κ 0 exp  i 
4  0
 4 .

(2.36)

The   term in Eq. (2.36) can be solved analytically and after straightforward mathematical
computation, the final solution is evaluated as


κ '0 t  κ 0  4i  Dn exp  in 

(2.37)

n 

with

Dn 

 J n  R  J n  0 R   0 J n  R  J n  0 R 
 0 H n 0 R  J n  R    0 H n  0 R  J n  R 

(2.38)

where Hn is the Hankel function of the first kind of order n, and Jn is the Bessel function of order
n.

The detailed solution to find Eq. (2.37) can be found in the literature (Sheng 2006).

However, it is sufficient enough to take the leading order in the expansion to evaluate the
scattering amplitude, so
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2  0 R 
f  κ , κ 0   i
4
0

2

'
0

   2 
 
1     exp  i 
 4
   0  

(2.39)

It is worth to noting that total scattering amplitude can be approximated only with the
forward scattering amplitude, which is κ0 independent. κ0, which is the wavevector of the
scattered wave, is cancelled out while taking the leading order in the expansion of Dn. In fact,
the direct calculation of the cross section of the elastic cylindrical scatterers was shown in the
previous section (section 2.2.1).
Now, let us increase the complexity by increasing the number of scatterers from one to
infinity. It becomes impossible and inefficient to attempt to evaluate the exact G by evaluating
the exact multiple scattering operator T.

As long as the ergodic hypothesis is valid, the

behaviour of configurationally averaged TC is the same as that of the infinite-time average of
the single-configuration. Then, the configurationally averaged Green’s function GC from TC
can provide enough information about the wave propagation through an inhomogeneous medium
with multiple scattering. Then, GC can be obtained from Eq. (2.29)

G

C

 G0  G0 T C G0

(2.40)

C

 V  I  G0 V 

(2.41)

with

T

1
C

Since G0 is a solution for a homogeneous medium without σ(r), it is not affected by the
averaging. In the process of averaging, the TC naturally invokes a self-energy Σ operator,
which is given by


N
T
Ld

C

I 
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T

C

G0 

1

(2.42)

Physically, the self-energy represents effects of multiple scattering in an inhomogeneous medium.
This also can be interpreted as an effective mass due to interaction. Now GC for the spatial
frequency component becomes
G

C

 , k  

N
1
d
2
L  0     k 2    , k 

(2.43)

For the low frequency regime where  ≫ R, the first efficient approach to evaluate Eq. (2.43)
was made using the coherent-potential approximation (Lax 1951). In this regime, the selfenergy is only a function of frequency (). The idea is that in an effective uniform-medium,
the Green’s function can be recovered by renormalizing 02 with respect to the self-energy;
therefore, e*2() = 02 -  (). This means the self-energy vanishes in the renormalized
medium, so TC = 0 from Eq. (2.42). Effectively, the homogeneous medium condition is
recovered. Then, the zeroes in the denominator of the Green’s function represent the modes of
system directly as in Eq. (2.25). Unfortunately, in the intermediate frequency regime where the
wavelength is of order the sizes of scatterers, this approach cannot be applied. This is because
of the non-vanishing self-energy (, k) obtained by the renormalization. Consequently, zeroes
in the denominator of Green’s function do not accurately indicate the modes. It is important to
note that only the direct relation between poles and modes is lost, but the coherent propagating
modes are still at the peaks of Green’s function. Jiang et al. (1991) generalized the coherentpotential-approximation to intermediate frequencies using a spectral function approach, which
determines the propagating modes from the spectral function, which represents the density of
states as a function of both wavevector and frequency. At low frequencies, the spectral function
has delta functions at the poles of Green’s function, which recover the condition of the
coherence-potential approximation. In the intermediate frequency regime, the delta functions
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are replaced by peaks with finite widths which indicate the propagating quasimodes. The
imaginary part of Green’s function GC with respect to the normalizing medium with subscript e
in Eq. (2.43) can be written in following manner:
 Im G

C



N
 Im 
d
L  2  k 2  Re  2   Im  2
e

(2.44)

The aim of the normalization is to match κe to k by adjusting the normalized medium wave speed

e =  / κe so κe2 = k2. Then, Eq. (2.44) becomes
 Im G

C



N
 Im  '
1
 Im
2
2
d
L  Re  '   Im  '
'

(2.45)

where  is evaluated with respect to the renormalized medium with e and Re′ « Im′. The
local maxima of spectral function are points where the self-energy is very small. Eq. (2.42)
can then be approximated to


N
T
Ld

(2.46)

C

Intuitively, the least scattering would give the best condition for the existence of a quasimode.
Consequently, small TC can be approximated by the sum of tC for each scatterer. Therefore,


N
T
Ld

C 
k



N
Ld


i

ti

C 
k

N
N
 4  d   f i  0      d
L  i
L
k


 4 n f  0  

k

(2.47)

where the index i runs over all the scatterers, fi (0) indicates the amplitude of the forward
scattering due to an individual scatterer, f (0) is mean of fi (0), and n is the volume density of
scatterer.

Now, the spectral function can be defined using the imaginary part of Green’s

function
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 S D  , k    Im

1
n f 0 
k

By sacrificing accuracy where SD is small, the problem is effectively reduced to calculating the
forward scattering amplitude of a single scatterer and extracting useful information from the
most relevant frequencies and wavevectors where SD is large; hence, the dispersion relation can
be extracted. In the numerical calculation of the spectral function, the ratio of radii of scatterer
and fluid coating in Figure 2.5a) determines the volume density of the scatterer, so the mean
distance between nearest neighbouring scatterers is accounted for. The fluid is defined by the
density 1 and wave velocity c1, and the solid scatterer is defined by Lame elastic constants, 
and . The longitudinal and transverse wave velocities inside the scatterer are given by

T2   2 ; L2       2

(2.48)

Therefore, wavevectors are defined accordingly by ki =  / ci where i is 1, L, or T. Here 1
stands for longitudinal waves in the fluid, and L and T indicate longitudinal and transverse waves
in the solid scatterer, respectively. The effective medium density is determined by the volume
fraction weighted average of the densities of the scatterer and fluid.
With the sets of parameters in Table 2.1, the spectral functions were evaluated for 40 %
of 0.46-mm-diameter nylon or steel rods embedded in water; these results are shown in Figure
2.6. The systems are assumed to be lossless. The spectral function is compared with the
scattering cross section.
The peaks of the spectral function represent the mode(s) of the system.

All peaks of the

spectral functions are highlighted in this figure with white dots. As in Cowan et al (Cowan et al.
1998), the peaks are identified by finding the peak wavevector at each frequency, since this
corresponds to the experimental situation in an ultrasound experiment where the frequency or
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frequencies of the waves are specified and the corresponding wavevector determined from the
measured wave speed. For both systems, there is one dominant propagating mode, for which
the peaks of the spectral function are well defined and reasonably narrow, and lie relatively close
to the water line. The finite width of the peaks and their decreasing height as frequency
increases indicates that the modes have a finite lifetime due to scattering, and therefore, strictly
speaking, should be considered as quasi-modes. In addition, there appears to be a second
propagating mode suggested by low amplitude broad peaks that occur at higher wavevectors.
This behaviour is examined in Figure 2.7, where the spectral function is plotted as a function of
wavevector at three representative frequencies. At 0.7 and 1.5 MHz, the dominant peaks are
large and narrow, with peak magnitude that is more than ten times larger than the background.
These peaks clearly represent coherent mode(s) of propagation. However there are also weaker
peaks at high wavevectors for both frequencies, and at 1.0 MHz, where the spectral function for
the dominant mode drops markedly, suggesting a band gap, there are two weak peaks. As can
be seen in Figure 2.6, the weak large wavevector peaks suggest the existence of a second highly
attenuated propagating mode, with propagation low velocities. This mode appears similar to
the slow mode that has been seen in random suspensions of plastic spheres in a fluid, but in the
2D case investigated here, the peak magnitudes appear lower and it is not clear whether or not
such weak peaks actually correspond to modes that can be resolved experimentally. Since the
accuracy of this spectral function approach is greatly reduced when SD is small, such weak peaks
may not actually represent modes.

In addition, there are some additional peaks at low

wavevectors that suggest evanescent bands with slightly negative slopes; since these modes are
not seen experimentally and their physical origin is not well established, these additional peaks
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Figure 2.6: Spectral functions for spectral functions are evaluated for 40 % of 0.46-mm-diameter

a) nylon and b) steel rods embedded in water and compared with the scattering cross section of a
single rod. The colour scale for the spectral functions is saturated so that the behaviour at small
values of the spectral function is visible. The white dots indicate the peaks of the spectral
function, and correspond to the predicted effective medium dispersion curves. The upper and
lower sloping dashed grey lines indicate the dispersion relations for the solid inclusions (nylon or
steel) and water, respectively.
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will not be considered further in this thesis.
The behaviour of the dispersion curves deduced from the dominant peaks in the spectral
function in Figure 2.6 will now be discussed for the two systems. For the steel/water system,
without resonance behaviour in this frequency range there is no obvious relation between the
oscillations seen in the dispersion relation and the smooth frequency dependence of the
scattering cross section.

By contrast, in the nylon/water system, at resonance frequencies

indicated by sharp peaks in the scattering cross section, there are kinks in the dispersion curve.
Moreover, the dispersion curve has negative slopes at some scattering resonances. This means
that the group velocity is predicted to be negative at resonance. This behaviour is called
“anomalous dispersion” and will be discussed in more detail with the experimental data in
Chapter 4. At this point it is clear that the propagating mode is strongly influenced by the
scattering resonance and that the coupling between wave propagation in the fluid and the
resonances of the nylon rods creates kinks in the dispersion curve. This coupling can lead to
the formation of a band gap in a random system called a “hybridization gap”. In other words, a
collection of non-touching rods with scattering resonances in a random geometry can form a
band gap that prohibits the propagation.
There is another interesting feature that is predicted by the spectral functions. The
propagating mode of the steel rods embedded in water lies below the water dispersion line,
whereas that of nylon rods embedded in water lies between the water and nylon dispersion lines
at frequencies above 1 MHz. Due to the large acoustic impedance mismatch between the steel
scatterers and fluid, the incoming wave scatters strongly from the steel rods with very little
penetration of energy into the rods. Consequently, the elastic component through the steel rods
is negligible and the propagating mode dwells only in the water and the direct path is blocked by
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the rods. Such behaviour usually is described with a tortuosity argument. The group velocity
of the mode is slower than the velocity of sound in water.

With nylon rods, where the

impedance mismatch with water is much less, the acoustic field in water can couple into
displacements on the surface of nylon rods; then, the faster longitudinal velocity of sound in
nylon relative to water directly contributes to the faster phase velocity of the propagating mode
in the system.

0.7 MHz
1.0 MHz
1.5 MHz

Magnitude
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Figure 2.7: Magnitude of peaks in spectral function at 0.7, 1.0, and 1.5 MHz as a function of

wavevector.
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When water is replaced by air, the spectral function approach breaks down. The
spectral function calculated by this method fails to predict propagating modes. The maximum
magnitude of spectral function in Figure 2.8 is 1.208 and is found near the origin. There are
several resonance-like features at 175, 348, and 518 kHz.

As shown in Figure 2.3b), at around

180 kHz, the scattering cross section rises rapidly but not at the other frequencies. A further
assessment will be done in Chapter 4 with experimental data.

Figure 2.8: Spectral function for 40 % of 0.46-mm-diameter nylon rods embedded in air.
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2.3.

Two Dimensional Phononic Crystals
In this case, the acoustic field still propagates through the nylon rods in water, but the

rods are arranged periodically to form a crystal. Such crystals are called phononic crystals, by
analogy with photonic crystals for photons. The propagation of waves through both photonic
crystals (for photons) and phononic crystals (for phonons) can be described by similar theory.
With repeated, periodic structures, the behaviour of wave propagation must reflect the
nature of the repeated structure. Hence, from the smallest repeating unit in the crystal, the
propagation of a wave can be accurately predicted analytically. Therefore, the first step is to
describe the space mathematically. This forms the basis for introducing another mechanism
besides the hybridization effect to form a band gap from periodicity. Of course, in the real
world, a size of the crystal system is finite, so we cannot know everything just from the smallest
unit. We will study the finite size effects with experimental data and simulations.

2.3.1.

Description of the space
An ordered medium consists of a periodic array of atoms or structural units. For a

phononic crystal such as the ordered system nylon rods in water discussed in this thesis, the rods
take the place of atoms for atomic crystals, and one can describe the structure using the same
concepts that were introduced in solid state physics during the last century. In solid state
physics, the positions of atoms that are arranged periodically in a crystal are described with the
concept of a Bravais lattice. This is an infinite array of discrete points generated by a set of
discrete translation operations. Mathematically, it is defined with position vector R:

R  n1a1  n2a2  n3a3 ,
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(2.49)



where n is an integer number, and a is called the primitive vector of a given Bravais lattice.



The components ai of the primitive vector a define the underlying lattice on which the atoms
are arranged. All space occupied by atoms must be filled completely by a multiple of the
smallest unit, which called a primitive cell, so for any given vector r in real space, it can be
translated by R. The primitive vectors with discrete translation operations can define an infinite
set of points in space that make up the real space lattice. All possible positions within the unit
cell that the atoms can occupy are determined by the so-called basis. There is one lattice point
(or a single atom, if there is only one atom in the basis) per primitive cell, so the volume of the
cell is given by a1  a2  a3 .

For d= 2, n3 = 0 and a3  zˆ , where ẑ is a unit vector

perpendicular to the plane of the 2D lattice. Possible choices of the primitive vectors for
different 2D arrays are shown in Figure 2.9. It is worthwhile to note that the second case b) in
Figure 2.9 is more commonly known as the triangular lattice, since the space can be filled with
equilateral triangles. However, the primitive unit cell is a parallelogram in order for the unit
cell to contain a complete scattering unit.
The above concept of a primitive cell describes an array of points in real space that
enable the atomic positions to be described. Now, it is useful to define another lattice to
describe wave propagation in wavevector space, which is called the reciprocal lattice. It is
essentially used in all studies of wave phenomena in crystals. Similar to ai , there are the
primitive vectors of the reciprocal lattice, bi , which can be constructed from ai using

bi  2

a j  ak
ai  a j  ak

(2.50)

with cyclic relations among i, j, and k. Also, there is a reciprocal lattice vector G R which is
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a)

b)

c)

Figure 2.9: Examples of different 2D arrays, showing the primitive lattice vectors (Prolineserver
2008).

a) Oblique lattice, b) Hexagonal and c) square lattices and primitive vectors.

Note, the

hexagonal lattice in b) is also call a triangular lattice; however, the equilateral triangle with  =
60 contains only half the space needed to accommodate a single scatterer, so it is not a primitive
cell.

given by

G R  v1b1  v2b2  v3b3
where vi are integers.

(2.51)

The two kinds of primitive vectors have the property

bi  a j  2 ij
where ij = 1 if i = j and ij = 0 if i ≠ j.

(2.52)

Therefore, there is a relation between R and G

which satisfies the condition:

exp  G R  R   1

(2.53)

The reciprocal lattice for two commonly used direct lattices, square and triangular, are
shown in Figure 2.10 and Figure 2.11.
Brillouin zone.

The red regions in the reciprocal lattice indicate the first

The reciprocal lattice for a square direct lattice is also square.

The reciprocal

lattice for the triangular direct lattice is also triangular; the first Brillouin zone shows directly the
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Figure 2.10: a) The square direct lattice and corresponding b) reciprocal lattice with the first

Brillouin zone marked in red.

b1

a1

a)

M


b2

K

a2

b)

Figure 2.11: a) The triangular direct lattice and corresponding b) reciprocal lattice with the first

Brillouin zone marked in red.

hexagonal symmetry.
We can define the repeating unit in reciprocal space by drawing planes to bisect the
lines joining a particular point of a reciprocal lattice with all other points. These are known as
Bragg planes. Then, we can define the smallest repeating unit defined by these planes to be the
first Brillouin zone. A small wavevector k in the long wavelength limit would be near the
centre of the zone. As k increases, it crosses the boundary of the zone and reaches the next
Brillouin zone. However, k can be translated back into the first Brillouin zone by subtracting a
suitable reciprocal lattice vector. Likewise, all k can be described within the first Brillouin
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zone. The first Brillouin zone is a fundamental concept for describing the properties of the
solids because the general form of wave functions in a periodic lattice, as given by Bloch’s
theorem, enables all waves to be described in terms of a wavevector in the primitive Brillouin
zone because of the periodicity of the structures.

2.3.2.

Properties of phononic crystals - bandgaps
Initially, this description of the real and reciprocal spaces was developed for an

electronic system in a solid. Hence, the influence of the lattice structure on the energies of
electrons in the atoms within a solid can be defined. As atoms come close together to form a
crystal, the atomic orbitals overlap; then, the energy levels of the electrons broaden and form
continuous ranges of energy known as energy bands. The electrons may be free to move
around if the energy band is partially occupied. There may be forbidden bands where no
electronic energy levels exist. This happens at the edge of the Brillouin zone when there is
Bragg scattering, so the edges of the energy bands occur for wavevectors that define a set of
planes in real space that are called Bragg planes. In quantum mechanics, this may be seen as
the destructive interference of the wave function - there is zero probability of having electrons in
the band gap of an infinite system.
The concept of lattices is not restricted to the electronic system, but applies to all
periodic structures, and can therefore be used to describe the properties of phononic crystals. In
this case, the formation of forbidden bands is usually explained in real space, enabling a simple
description of Bragg scattering to be used. Bragg gaps occur when the phase delay of waves
traveling between two layers of the structure is equal to a multiple of  (Bragg scattering). The
reflected waves from each layer are then in phase to interfere constructively. A schematic
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diagram of Bragg scattering is shown in Figure 2.12, from which the condition on the phase
delay for constructive interference of reflected waves can be seen to yield the relation
n   2 d sin 

(2.54)

where n is an integer that can be used to identify the gap, d is the separation between layers,  is
the wavelength, and  is the angle of an incoming plane wave. This condition can be satisfied
only if   2d. Each layer contributes to Bragg scattering, and as the number of layers increases
to infinity, all waves are reflected with no transmission; therefore, a gap is formed. In the
crystal structure, the destructive interference of waves scattered from planes of periodically
arranged scatterers can occur to prohibit wave propagation for a range of frequencies, either in a
certain direction (stop band) or in all directions (band gap). This is called the Bragg gap. In
the ideal infinite crystal, at the gap, there is no propagation through the system for a certain range
of frequencies and there is no phase change with frequency across the gap. There is a standing
wave formed inside the system with no energy transport. In a finite system, there are very small
phase changes over the range of frequencies at Bragg gap, and the group velocity is positive
finite and large.

Figure 2.12: A schematic diagram of Bragg diffraction.
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2.4.

Simulation of the two-dimensional systems
The propagation of wave through nylon rods embedded in water can be simulated.

The commercial program COMSOL Multiphysics was used. It is a finite element domain
simulation.

Essentially, it divides space in to smaller portions and the software evaluates

numerical solutions at every boundary among the divided portions.

When results from

simulation agree with the experimental result, the simulation can provide more insight into the
physics by providing additional information to that acquired in the experiments. For example,
simulations can be used to map the wave field inside a sample, including both the pressure in the
fluid and the ultrasonic displacements inside the scatterers. This information on the ultrasound
waves inside the crystal could not be obtained experimentally for our crystal system. Also, this
thesis will show how simulations can help to validate the accuracy of the spectral function
calculations.
Now, a brief description about the rules of physics used in COMSOL will be shown.
Physically, normal velocities and normal mechanical stresses are continuous across the interface
between fluid and solid. For pressure waves in water, particle velocity is related to the pressure
field via the linearized Euler equation. Its normal component at the interface can be extracted
and the direct relationship between the normal stress and pressure implemented. For elastic
waves in solid scatterers, a key variable is the local displacement.

The velocity can be

evaluated from the first derivative of the local displacement and the normal mechanical stress is
related to the displacement via standard elasticity theory, which can be viewed as a
generalization of Hooke's law.

In fact, this is essentially the same condition that was

implemented above for the single rod scattering cross section calculation, which also involves
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the coupling of a pressure wave in a fluid with the modes of vibration in a solid.
In COMSOL, expressions for normal velocities and normal mechanical stress are
defined separately for each domain, fluid or solid, using different modules. In the elastic
module, the boundaries are defined with a normal force which is related to the pressure field in
the sample,
-p  nx_acpn

(2.55)

where p and nx_acpn are the pressure field in the fluid and the normal to the interface,
respectively.

The boundaries for the pressure field module are defined with a normal

acceleration related to the displacement in the solid,
-4  2  freq 2  (u  nx_acpn+v  ny_acpn)

(2.56)

where u and v correspond to the two components of the displacement for ‘nx_acpn’ and
‘ny_acpn’, respectively. COMSOL prefers to use the normal acceleration as opposed to the
normal velocity, since it is more convenient for evaluating the force in the monochromatic case
and there is a simple relation between acceleration and velocity. This is also very similar to the
scattering cross section calculation in the previous section.
For phononic crystals, there are several kinds of simulations that were performed.
First, the eigenvalue problem can be simulated from the smallest repeating unit. When the
periodic boundary conditions are applied in all boundaries, the eigenmodes of an infinite system
can be evaluated. This yields the band structure. When one pair of boundaries along the
desired propagating direction is replaced with a finite number of scatterers, the propagation
modes for a crystal of a given thickness can be studied with a perfectly planar wave. The
system is still taken to be infinitely large in the transverse direction by imposing periodic
boundaries.

With periodic boundaries, the large system can be simulated relatively fast and
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with little memory.

When all periodic boundaries are replaced with a finite number of

scatterers, the experimental situation can be simulated for an input beam with finite width.

A

point source can be used. Absorbing layers, which are called perfectly matched layers (PML)
in COMSOL, are placed around the domain of the simulation to prohibit the scattered wave from
reentering the region of interest.

a)
b)

c)
Figure 2.13: Simulations with a) two pairs of periodic boundaries for PC 40, b) one pair of

periodic boundaries for PC 20, and c) without any periodic boundaries. The scatterers are
drawn with circles.
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2.5.

Density of states of sintered aluminum beads
The density of states of an electronic system describes the number of states per interval

of energy that is available to be occupied by electrons. In this study, the density of states
measures the number of vibrational states per interval of frequency in a unit volume. In fact, it
can influence the nature of wave propagation so modes of vibration have been studied in many
other fields. For instance, when a rocket is launched, vibrations in the walls of an emptied fuel
tank can disrupt the planned trajectory of the rocket. Also, architects have been interested in
the modes of vibration of structures since the collapse of the Tacoma Bridge in 1940. In this
case, the resonance of the world’s third largest suspended bridge at that time was excited by wind.
On a larger scale, the modes of vibration of the Earth are studied in geophysics and seismology
(Hanyk et al. 1999).
Since my study involves the propagation of elastic waves in brazed Al bead samples, the
eigenmodes of a sphere will be considered. The first complete solution for the modes of the
vibration of an elastic sphere was made by Lamb in 1882 and developed for other geometries
such as a shell and cylinder (Lamb 1881).

In general, the displacement on any three-

dimensional surface has three components which can be divided into angular and radial
components in a spherical coordinate system.

The displacement directed at right angles to the

radial direction is without a radial component and causes the sphere to be twisted. These modes
are called torsional modes. The modes of vibration involving the radial component are called
spheroidal modes. Such displacements can be visualized in terms of a breathing sphere. The
first general solutions were given by Niordson and A.E.H. Love (Love 1906). Essentially, they
are solutions to a differential equation problem with closed boundaries. The important physics
was outlined in Love’s solution but it is not complete, so the solutions were not correct. There
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have been many attempts to evaluate the complete analytical solutions (Nishiguchi and Sakuma
1981; Niordson 1984; Bastrukov 1994; Bastrukov and Podgainy 1998; Ye 2000). The complete
solution was obtained by Saviot and Murray in 2005 (Saviot and Murray 2005).

In all

approaches, the solution starts with the Navier’s equation in equilibrium in a homogeneous,
isotropic medium with the absence of body forces; this equation is given by

   2       u        u     2 u

(2.57)

where  and  are the Lamé's first and second parameters, respectively and u is the displacement
field. Note that the subscript i runs over the dimensions (x, y, z). For a mode with angular
frequency ω, the displacement of material point r from its equilibrium position is given by
u  r , t   u  r  exp  it 

(2.58)

Then, there is no external force applied to the surface of the sphere, and therefore some of the
components of the stress tensor must vanish there. The frequency of the lowest torsional mode
is  = ωr / vT = 2.502. For a 4 mm-diameter aluminium sphere with vL = 6380 m/s, vT = 3120
m/s, and density of 2700 kg/cm3, the lowest torsional spheroidal mode occurs at 621 kHz.
Since the mode corresponds to an angular momentum component of l = 2, there is a degeneracy
of 5 for each eigenmode. The lowest vibrational mode of a sphere occurs at a wavelength
comparable to the radius.
The simulation to evaluate eigenmode of a sphere in COMSOL is a simple task even
though the underlying physics and computation are difficult. Small displacements are assumed
so that the normal strain components and the shear strain components are approximated to the
first order by
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1  ui u j 

,
2  x j xi 

 ij  

(2.59)

where i and j are dummy indices for axes which are 1, 2, and 3, and ui is displacement along the
xi axis. When i and j are the same, we have normal strain. When i and j are different we have

shear strain. The relationship between stress, , and strain is expressed in terms of the elasticity
matrix C by (Kittel 2005)
  C

(2.60)

Then, by setting the total work done by stress and strain components in a linear material to be
zero, and assuming a harmonic displacement field, the eigenfrequency equations are obtained.
The total displacements of the lowest torsional and spherical modes are shown in Figure 2.14 and
Figure 2.15, respectively. The arrows show the direction, with length and colour scale being
proportional to the magnitude of the displacement. As shown in Figure 2.14, all the arrows are
along the tangential direction for the torsional mode. On the other hand, for the spherical mode
in Figure 2.15, all the arrows are along the radial direction.

Arrows for the inward

displacement are not shown since they are under the surface. When the shape of the bead is
deformed according to the displacement, the sphere is squeezed or stretched for the spherical
mode but twisted for the torsional mode. Consequently, the spherical shape is conserved.
When two identical spheres are brought into contact, the each bead excites vibrations in
the other bead. As a result, the number of modes is doubled. For a cluster of beads, the
number of modes is proportional to the number of beads. For the modes at higher frequencies,
the problem quickly becomes very complicated, and it is challenging to solve for the exact
modes of the vibration. There are general known predictions for the number of modes with
frequency in terms of the density of states. There are two commonly used conventional models.
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Figure 2.14: The lowest torsional mode at 620 kHz. The colour and size of arrows indicate the

magnitude, and the direction of each arrow indicates the direction of the displacement.

Figure 2.15: The lowest spherical mode at 658 kHz. The colour and arrow size indicate the

magnitude, and the direction of each arrow indicates the direction of the displacement.
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The first one is called the Debye model [e.g., see (Kittel 2005)]. For a porous network of beads,
the prediction for the density of states for bulk aluminum is reduced by the volume fraction Ф of
aluminum in the sample.

When expressed in terms of frequency in MHz, the expression

becomes

12 f 2
N (f)
D( f ) 

V
 D3

(2.61)

where D(f) is the density of states per unit volume, N ( f ) is the number of modes per unit
frequency range,  D is Debye velocity which is given by  D3   1 3 L3   2 3T3  , V is
1

The average  D is 3.5 mm/s in aluminum.

A second

conventional model is the Weyl model (Weaver 1989; Ellegaard et al. 1995).

The Weyl

volume, and f is frequency.

prediction for n spheres per unit volume having a volume Vsphere and a surface area Ssphere is
2
4
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(2.62)

The critical difference is that the Weyl model includes surface modes and the Debye model does
not. Consequently, the Weyl model prediction is greater than the Debye prediction. These two
models will be used in chapter 6 to interpret experimental and simulation results for the density
of states of samples made from brazed aluminum beads.
In addition to density of states, another quantity of interest for samples made from a
large number of beads is the spacing between the frequencies of the eigenmodes.

When the

energy transport by elastic waves is diffusive in the pass bands, the eigenmodes tend to overlap,
and repel each other. All modes are correlated so they tend to fill the frequency space evenly.
This effect is called level repulsion. The separation between neighbouring modes exhibits
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different probability distributions depending on the level of correlation.

If the correlation

among modes is a maximum, the probability distribution of nearest-neighbour spacings, when
are normalized by the mean spacing, is governed by the Gaussian orthogonal ensemble (GOE):
  s2 
s 
PGOE  s     exp  

 2 
 4 

(2.63)

Here s is the spacing normalized by the mean to satisfy following normalization condition


s 

 sP  s  ds  1 .

(2.64)

s 0

The modes below the lowest eigenmodes of a single bead are generally diffusive modes. These
modes represent the vibrations of the whole elastic network of beads, without internal motions of
the beads, with the energy of the vibrations being transported from one bead to bead diffusively
so that each mode of the system extends over the entire network. Therefore, the probability
distribution is expected to be governed by the GOE. Consequently, as the modes have spread
themselves out through the diffusive regime in frequency, the number of modes would be
expected to be constant with frequency.
On the other hand, if there is no correlation among modes, there will be maximum
randomness in the frequencies of the modes. Hence, there is then a much higher chance for two
modes to be very closely spaced in frequency, as level repulsion effects are no longer present.
Then, the distribution is governed by Poisson distribution which is given by

PPoisson  s   exp   s  .

(2.65)

This behaviour is expected for localized modes which do not know about the existence of the
others, since they are spatially separated from each other. Such behaviour might be expected at
some frequencies in the brazed aluminum samples (Hu et al. 2008). In fact, the system must be
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perfectly correlated or completely non-correlated to be explained by either the GOE or Poisson
distribution. In reality, the distribution has often been found to be between the two distributions,
and it is a non-trivial task to evolve from the Poisson to the GOE by increasing the correlation
(Coy and Lehmann 1987; Altshuler et al. 1988; Poilblanc et al. 1993; Hsu and Angles d’Auriac
1993; Shklovskii et al. 1993).

2.6.

Anderson localization
Anderson localization is generally regarded as one of the most fascinating fundamental

problems involving strong scattering in random media. Anderson first suggested in 1958 the
possibility of electron localization inside a disordered semiconductor with random energy
variations from site to site (Anderson 1958). He predicted that electrons moving in a random
potential will be localized if either the variation in potential is larger than a threshold value, or if
the energy of the particles is low enough at given random potential. Indeed, Anderson’s model
of electron localization was the first theory to provide an understanding of the metal-insulator
transition in disordered lattices, by suggesting the mechanism responsible for the absence of
electron diffusion on the insulating side of the transition. This idea was quite innovative at that
time and was specifically mentioned in his Nobel Prize citation in 1977.
Meanwhile, Ioffe and Regel provided a guide for determining whether or not
localization occurs - the so-called Ioffe-Regel criterion. It says that waves can be localized
when kl is approximately unity or less, where k is the wavevector (k = 2π / λ, where λ is the
wavelength) and l is the scattering mean free path (Ioffe and Regel 1960).

Physically, it

emphasizes the comparison of the magnitude of λ and l. When the wave is scattered before it
propagates a wavelength in a medium, wave propagation breaks down and the wave can be
56

localized; otherwise, it diffuses through.
Since Anderson’s proposal, many additional theoretical breakthroughs have been made,
with the scaling theory and the self-consistent theory of localization being of particular
significance (Edwards and Thouless 1972; Licciardello and Thouless 1975; Abrahams et al. 1979;
Vollhardt and Wölfle 1980; Vollhardt and Wölfle 1982; van Tiggelen et al. 2000; Skipetrov and
van Tiggelen 2006).

Scaling theory provides a good phenomenological description of

localization. This theory is based on the idea that a localized wave should be insensitive to
changes in the boundary conditions when the sample size L is increased beyond a length scale
given by the localization length ξ, whereas a diffusive wave is always sensitive to the magnitude
of L (Edwards and Thouless 1972; Vollhardt and Wölfle 1982). In electronic systems, this
sensitivity can be characterized by the behaviour of the dimensionless conductance g = δω / Δω,
where δω is the difference in the eigenvalues when the boundary condition is changed, and Δω is
the average separation between neighbouring eigenvalues. For a diffusive wave, δω > Δω, so if
a number of small-identical samples are joined together to form a larger sample with a volume,
the states of the small samples are coupled together to form extended states in the larger sample.
Whereas for a localized wave, δω < Δω, so the coupling between states of smaller samples is not
effective when samples are joined; thus, the states remain isolated and localized within each
small sample. Therefore, the theory predicts localization to occur at g ~ 1. Moreover, this
transition from extended to localized states, or vice-versa, at g ~ 1 is called a mobility edge.
The name of the theory refers to the scaling of g with system size L, which can
determine the localization behaviour in different dimensions, d. Physically, δω can be thought
of as the frequency width that corresponds to the time scale required for changed boundary
conditions to communicate with the wave function throughout the sample; this time is given by
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the diffusive transport time, so that δω ~ L-2. The eigenvalue separation Δω is inversely
proportional to the density of states in a sample, so Δω ~ L-d. Therefore, the ratio g = δω / Δω is
proportional to Ld-2. In one dimension, localization is always possible, since the scaling relation
g ~ L-1 implies g continuously decreases as L increases thus g must become less than 1 at some L,

which is equal to the localization length ξ. In other words, when L < ξ, all states are extended
but when L > ξ, all states are localized. Also, through the Einstein relation, g can be related to
the electronic conductance; thus, g can predict the behaviour of the transmittance as a function of
L. For localized states, δω must decrease exponentially as L increases, expressing the rapid

reduction in sensitivity of the wave function to changes in boundary conditions, whereas the
behaviour of Δω remains the same; then, g must also decrease exponentially. Therefore, the
scaling theory predicts that the transmittance will drop from a 1 / L dependence for extended
states to an exponential decrease for localized states. However, in two dimensions, the relation,
g ~ Ld-2, implies that g is constant for diffusive waves, so that scaling theory in this level of

approximation does not predict whether the states are extended or localized. In two dimensions,
more rigorous work with the scaling function β = d(lng) / d(lnL) is required to show the
behaviour of g as a function of L precisely. Then, in two dimensions, the theory predicts that all
states can be localized when L > ξ, as in one dimension as shown in Figure 2.16. However, in
three dimensions the theory predicts the existence of a mobility edge, separating
extended/metallic from localized/insulating regimes.

For this reason, localization in three

dimensions is especially interesting.
The scaling theory does not provide any details about the physical mechanisms that can
lead to localization. The self-consistent theory, which was first developed by Vollhardt and
Wölfle, provides a link between wave interference and localization in the Anderson model
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(Vollhardt and Wölfle 1980; Vollhardt and Wölfle 1982). The basic idea of the theory is that
constructive interference on closed multiple scattering paths enhances the probability for the
wave to return to the same spot, and this effect is explained by a renormalization of the diffusion
coefficient that initiates the localization.

Recently, the theory has been extended by

incorporating boundary conditions realistically and allowing the diffusion coefficient D(r, ) to
vary with position (Skipetrov and van Tiggelen 2004).

(Here  is the Fourier transform

variable of time). The self-consistent theory is based on a classical diffusion equation for the
intensity Green’s function G(r, r ', t-t')
  t  D  2  G (r , r ', t  t ')   (r  r ') (t  t ')

(2.66)

where the source is located at position r' and releases energy at time t'. Here, the diffusion
coefficient needs to be expressed as a function of the position inside the medium. Then, the
suppressed diffusion due to the return of energy to the starting point is determined by
1
1
1


G (r , r ,  )
D (r ,  ) DB vE  ( E )

(2.67)

where ρ(E) is the density of states and G(r, r, f) is the Fourier transform of G(r, r, t), which
describes the intensity that has returned to the source point (r = r') at time t. Eq. (2.67) states
that the diffusion is suppressed relative to the case without interference (described by the
unnormalized diffusion coefficient DB), and that this reduction of the diffusion coefficient is
governed by the “returned” intensity Green’s function G(r, r, f), which is also involved in the
diffusion process in Eq.(2.66) (Figure 2.17). The name, self-consistent, was given since these
two equations must be solved simultaneously.
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1

-1

Figure 2.16: The calculated scaling function β = d(lng) / d(lnL) for d = 1, 2, and 3. The arrows

indicate the directions of the derivative with the system size.

Figure 2.17: A schematic diagram showing the scattered wave returning to the same spot
through scattering.
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3.1

Overview
In this chapter, samples and experimental apparatus used to collect the data are

described. After describing the materials from which the samples were made, the fabrication
methods used to construct samples with relevant mesoscale structures are presented. The local
structural properties of these samples are also outlined, and illustrated, since these properties
form important background information for understanding the new research results that are
described in subsequent chapters. While these results are grouped according to four distinct
topics, the experiments that were carried out mostly involve common electronics and equipment.
Therefore, the rest of this chapter is focused on describing the apparatus that was used for
experiments throughout the thesis, leaving the description of methods that are specific to each
research topic for later chapters.

3.2

Two-dimensional samples

3.2.1

Material: mono filament nylon fishing lines
0.46-mm-diameter nylon fishing lines (Redwolf fishing; 9.1kg/274m) under tension are

used as nylon rods. The fishing line was used as no other type of commercial 0.5-mm-diameter
plastic rod was available. Nylon fishing line is monofilament. It is made by melting and
mixing the polymers and then extruding the mixture through tiny holes, forming a single strand
of fishing line, which is then spun into spools of various thicknesses. The extrusion process
also controls the thickness of the line as well. The relevant material properties of nylon at room
temperature are: density  = 1.15 g/cm 3 , longitudinal and transverse sound speeds
vL = 2.4 mms, vT = 1.0 mms.
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3.2.2

Sample fabrication
Nylon “rods” are held in place by polyvinyl chloride (PVC), printed circuit board (PCB),

or aluminium plates in which a random or regular pattern of holes was drilled, as shown in
Figure 3.1b) and c).

Stainless steel plates are placed in between these templates in order to

avoid deformation of the drilled patterns of holes due to the tension in the fishing lines.
width and height of all samples is 100 and 150 mm, respectively.

The

Effectively, the samples are

considered as 2-dimensional objects in this thesis even though samples are three dimensional
objects, as shown in Figure 3.1a). There is no variation over the height so that they behave as
2-dimensional objects for wave propagation in the plane perpendicular to the axis of the rods.
All the samples are listed in Table 3.1.
The regular hole patterns are made in a triangular (also known as hexagonal) 2D crystal
lattice, with different lattice constants a to achieve different volume fractions of rods.
random patterns were created using a Fortran 90 random number generator.

The

After choosing the

first hole position, the next hole positions were chosen according to the random number
generator, with new positions being rejected if they caused the holes to overlap. In fact, in
order to ensure that the resulting template structure remained rigid, the exclusion area centred on

a)

b)

c)

Figure 3.1: Pictures of a) PC20 and support plates for b) PC 10 and c) RS 33, showing the
arrangements of the drilled holes.
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Table 3.1: List of samples with nylon rods. PC and RS stands for the phononic crystal and

random system, respectively.
b
(mm-1)

Propagating
orientation

1.385

5.24

M

6/7

0.98

7.4

M

6.86

14

0.98

7.4

K

0.400

3.60

6

0.693

10.47

M

PC 50

0.500

3.18

6

0.612

11.85

M

RS 10

0.112

8.00

RS 20

0.203

4.47 / 8.00

RS 33

0.336

4.00

Variable Volume
Fraction

0.192-0.777

3.17-8.00

Sample
name

Volume
fraction
of nylon

Thickness Number of
a
(mm)
(mm)
Layers

PC 10

0.100

7.20

6

PC 20

0.200

5.09/5.94

PC 20

0.200

PC 40

each hole was increased slightly in order to leave a minimum thickness of the solid shell around
each hole; this minimum thickness was 0.16 mm. Using this simple algorithm, the maximum
area fraction of the random patterns that could be achieved was 33%, which is much lower than
the known maximum random close packing ratio (Boll et al. 2000). This limitation on the
maximum area fraction was partly due to the necessity of having a minimum separation distance
between closest neighbour holes to maintain the rigidity of the rod support structure.
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In

addition, two special samples were constructed. One has an external frame to control and vary
the tension of the fishing lines by pulling the plates holding the lines apart with a hydraulic
cylinder. In order to withstand the high tensions involved, the hole pattern was drilled on a 10mm-thick aluminium plate instead of PVC or PCB plates.

The other special sample was

designed to achieve higher volume fractions for the random system. First, the support plates for
holding the rods in place were drilled for a hole pattern with 20% area fraction. The dimensions
of the sample were 200 by 550 mm, so that the length of each rod between the support plates was
550 mm. At 450 mm from one support plate, the fishing lines were pinched inwards to be in
contact with each other, so as to obtain maximally jammed states. As a result, the sample has
different volume fraction as a function of a height, ranging from 20% to approximately 90%.

3.3

Three dimensional samples

3.3.1

Material: Aluminum beads
The aluminum samples have strong scattering and low absorption, so they are a very

good candidate to observe Anderson localization.
aluminum beads with diameter of 4.1 mm.

All samples were constructed using

Beads were obtained from Abbott Ball Company

Inc, (model - 1100H16 and grade - 2000). A single bead contains at least 99.75% aluminum
and a maximum concentration of 0.2% of copper and 0.05% manganese.

The density of

aluminum is 2.7 g/cm3 and the longitudinal and transverse velocities of elastic waves in
aluminum are vL = 6.38 mm/s and vT = 3.12 mm/s. The aluminum beads were brazed
together to form a porous elastic network.

3.3.2

Sample construction: process of sintering
Each sample was constructed with monodisperse spheres and has a density of ~ 1.55
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g/cm3, which corresponds to about 15.3 beads per cubic centimeter. The packing fraction of
beads in the samples (0.57%) is very close to that of random loose packing, which is ~ 0.55.
The density of states measurements require small samples so that the total number of modes is
reduced sufficiently that the individual modes can be resolved. The current samples have cubic
or cylindrical shapes with different numbers of beads up to 52 beads. To study the propagation
of elastic waves through the porous elastic network of Al beads, larger samples were constructed
as well. Experiments were performed on a disk shaped sample with a diameter of 120 mm and
a thickness of 14.8 mm.
Sintering is a process that can be used to construct a three dimensional “mesoglass”
with a porous elastic network. The process involves heating the beads to a temperature below
the melting temperature of the beads, allowing material to flow into the contact points between
the beads to form elastic “necks” between the particles. While this process works well for silica
glasses, for the aluminum beads the process needs to be a little more complicated to form well
controlled neck sizes, and involves a process that is more correctly referred to as brazing. For
aluminum, the transition from solid to liquid as a function of temperature does not involve an
intermediate glassy phase that can flow with a viscosity that can be controlled by temperature.
Therefore, an intermediate layer has to be introduced between the beads that can flow at a
temperature below the melting temperature of aluminum; this is the brazing process. Since the
technical distinction between sintering and brazing is frequently not emphasized, the more
general term “sintering” will often be used in place of “brazing” in this thesis.
Aluminum beads are brought in contact with an Al-Si eutectic alloy formed on the
surface of the beads using Nocolok powder as a brazing agent to allow Si and Al. The first step
in sample fabrication is to clean the beads with NaOH to remove the oxide layer on the surface.
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Then, the beads are coated with silicon (Si) and Nocolok powder. Water is added during
coating to have even layer of Si and Nocolok. After the beads have dried by allowing the water
to evaporate, the coated beads are placed inside a mold in which the inside walls have randomly
positioned dimples to minimize ordering and to achieve maximally randomly close-packed
monodisperse spheres. Both the lateral positions and depths of the dimples in the mold were
varied as randomly as possible, while respecting the condition that beads cannot overlap but
should touch each other. The templated mold containing the beads is placed inside a retort
where all oxygen is pumped out and an overpressure of nitrogen gas is then maintained during
the sintering process. The furnace with the retort inside is heated up to 670 °C for 10 to 15 min
depending on the size of the sample. The mold is placed on a thermally insulating material
(carbon plate) inside the retort so the heat is transported from the retort to the template via
convection. As a result, the template is heated sufficiently uniformly.

The samples were made

using the same furnace that Hefei Hu had used (Hu 2006). The heating profile was identical.
Pictures of samples containing a small number of beads are shown in Figure 3.2. In the figure,
one can see that the surfaces are roughed in the process of sintering. Also, the thin necks
needed to form the network are shown clearly.

a)

b)

c)

Figure 3.2: Pictures of samples a) b03, b) b07, and c) b21. The sample names all begin with

the letter b followed by the number of beads contained in the sample.
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3.4

Equipment

3.4.1

Signal generation
The electric waveform signal was generated using an Agilent 33220A Arbitrary

Waveform Generator (AWG). Usually, a pulsed waveform was generated every 10 to 20 ms,

which is a much longer length of time than the record length of the data acquired, to avoid
interference effects from stray ultrasound noise signals or echoes.

A single sine wave

oscillation at the central frequency of the transducers is multiplied with Gaussian envelope to
adjust the duration of the pulse and its bandwidth in frequency. The bandwidth varied from 10
to 50% of the central frequency. The maximum peak-to-peak voltage from the AWG is 10 V.
This was sufficiently large for the experiments on the 2-dimensional systems (transmission
measurements in water).

3.4.2

Ultrasound generation and detection with piezoelectric immersion
transducers
The primary method for generation and detection of the ultrasound signals for my thesis

research employed piezoelectric immersion transducers. Basically, they are the analogues of
speakers and microphones in air for ultrasound in water. The piezoelectric materials are used to
convert electronic signals to ultrasound signals and vice-versa. The transducers are designed
for underwater usage, and are therefore acoustically impedance-matched to water.

Each

transducer has a nominal central frequency which corresponds to the peak response frequency, so
that transmission experiments need to be performed with a pair of identical transducers. These
immersion transducers were also used for contact measurements on the three-dimensional
samples when the surroundings were either vacuum or air.
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With Al beads, there was no

significant issue with performing experiments due acoustic impedance mismatch between the
transducers and Al beads. The central frequencies of the transducers used were 0.5, 1.0, and
2.25 MHz, with element sizes ranging from ¼” to 1”. All of these transducers were purchased
from Panametrics (now owned by Olympus).

3.4.3

Detecting vibrations on the surface of a solid with a laser interferometer
In order to measure the normal displacement on the surface of a solid sample due to

ultrasound, a laser interferometer was used.

The laser ultrasonic receiver (TEMPO-2D,

produced by Bossa Nova Technologies) produces an analog signal which is directly proportional
to surface displacement, with a typical sensitivity being 100 mV per nanometer. After my
measurements were completed, the interferometer was upgraded to measure both the out-ofplane and in-plane displacements simultaneously. For the measurements reported in chapter 7,
only the out-of-plane component of the displacement could be recorded.
The laser ultrasound spectrometer uses a photorefractive interferometer, which has the
advantage, relative to other types of interferometer, of having higher sensitivity and a better
signal-to-noise ratio for measurements on optically rough surfaces. In the interferometer, the
scattered light from a spot on the sample surface is mixed with a reference beam in the
photorefractive crystal to create a pair of output beams, a local oscillator beam and a signal
beam from the sample. The two beams then interfere on a photodetector to produce a
photocurrent that is proportional to the ultrasonic displacement of the sample surface. By
scanning the position of the sample, a map of the displacements as a function of position on the
surface is obtained.
In Figure 3.3, the results of the first measurement on a polished aluminum bead sample
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are shown. The figure shows a contour plot of the magnitude of the ultrasound displacement
normal to the sample surface.

The smooth variations in modal structure show that the

displacement measurements were not affected by irregularities in the surface (pits and defects)
that occurred during polishing of the sample.

3.4.4

Amplification of source and detector signals
More power is required to drive the piezoelectric transducers for the experiments on the

3-dimensional system of Al beads. Depending on the availability, either an Amplifier Research
broadband RF amplifier (Model 250L) or E&I Broadband Power Amplifier (Model 2200L) was

used. These power amplifiers are capable of operation with linear amplification from 0.1 to 10
MHz without damage using any input or load impedance.

The Amplifier Research (AR)

amplifier can be used in pulsed or continuous mode, while the E&I amplifier (E&I) does not
have a pulsed option. The amplifiers were operated at their maximum gain settings, which
yield a gain of approximately 62 dB with an input of 200 mV peak-to-peak for AR and 53 dB
with an input of 800 mV for E&I. For some experiments, another amplifier was used: Ritec
High Power Gated RF Pulse Amplifier (Model GA-2500A). This amplifier requires a gated

input and only operates in pulsed mode. The maximum gain depends on the frequency and
ranges from 30 to 50 dB with an input of 800 mV.

Also, the opening and closing of the gate

can produce additional voltage spikes unless the timing of the gate signal is optimally matched to
the input waveform, and these spurious spikes can be a nuisance for precise transmission
experiments.
Especially in highly attenuating samples, the output voltage from the detecting
ultrasound transducer can be too small to display on an oscilloscope. In such cases, a Ritec
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Model Broadband Receiver (Model BR-640A) with a Ritec Broadband Preamp (Model PAS-0.120) was used.

The Ritec receiver has adjustable gain and low and high pass filters, allowing

optimization of signal to noise.

In most cases, the gain of the Ritec receiver was sufficient to

produce large enough signals for display on the oscilloscope, and then the broadband preamp
was not used.
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a)

b)
Figure 3.3: a) Contour plot showing the magnitude of the normal component of the ultrasound
displacement on the surface of a polished sample of aluminum beads at 2.4 MHz.

The colour

scale is such that red indicates large displacements and blue small displacements, with the purple
region denoting the air-filled region around the beads where there is no ultrasonic signal.
size of each pixel is 50.8 m (0.002”).

b) A photograph of the sample surface.
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The

3.4.5

Signal recording
The signals were acquired using a digitizing oscilloscope, so that they could be

averaged and downloaded for analysis. Initially, a Tektronix TDS 544A Digitizing Oscilloscope
was used to capture and average the signals. This oscilloscope has a resolution of 8 bits, and
can perform up to 10,000 averages. Later, another oscilloscope, Tektronix TDS 5052/5032B
Digitizing Oscilloscope, was used for higher resolution of the digitization. The signals were

captured in 8 bits for a single acquisition and averaged to increase the resolution to 11 bits. In
other to maximize accuracy of the digitization, an attenuator, Telonic Berkeley Inc. (Model
8143A, 50 OHM), was used to adjust the height of the pulse to fit on the screen.

When the faster averaging was required, a Gage Compuscope CS14200/CSE1621
digital oscilloscope card was used with Gagescope Professional software to acquire the signals.
The Gage cards also have 12-bit resolution for a single acquisition but can achieve 32-bit
resolution for the saved wave in ‘co-add’ mode. The ‘co-add’ mode acquires a sum of repeated
measurements instead of performing real-time averaging.

As a result, this Gage card can

increase both speed and precision compared with other options in the laboratory.
Both the Gage card and oscilloscope were synchronized with the signal generation from
the AWG electronically.

When available, they are also synchronized through a 10 MHz clock

to eliminate any possible phase jitter. In general, the Gage card acquisition requires precise
synchronization with a 10 MHz clock.
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3.4.6

Other minor devices

3.4.6.1 Thermistor
A thermistor is a type of resistor that incorporates a semiconducting element whose
resistance varies significantly with temperature. The resistance of the thermistor used (TJ3644033-1/8-12, OMEGA Engineering, INC.), for which the sheath diameter and length are 0.125”
and 12”, respectively, was measured with a digital multimeter (Agilent 34401A) and recorded in
a computer using MATLAB at the time of the measurement. The electrical connections to the
thermistor were waterproofed so that it could be placed in the water tank for experiments using
immersion transducers. The resistance at 25.00.1 C is 2252  and the maximum temperature
is 75 C. In general, the temperature of water can be calculated from the measured resistance
using the relation
3
T   A  B ln R  C  ln R  



1

where A = 1.46810-3, B = 2.38310-4, and C = 1.00710-7. Temperature, T, and resistance, R,
are in Kevin and Ohms, respectively. The manufacturer’s calibrated constants, A, B, and C
were determined from three temperature test points.

3.4.6.2 Vacuum pump and chamber
The density of states experiments was performed under vacuum in order to eliminate the
signal propagating through air and to reduce losses. The vacuum chamber, shown in Figure 3.4,
was adapted for these experiments from parts initially made in the Department’s Mechanical
shop for use in the Cyclotron. A mechanical pump, Duo Seal Vacuum Pump (model 1402), was
used to pump the air out of the chamber during the measurement to keep the pressure less than
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180 mTorr. Actual experimental set up is shown. There is a sample between the transducers
held in place between the top and bottom brass plates. The holder is placed inside a vacuum
chamber. There is a transparent window with electrical connections through which there is
access to the inside part of the chamber.

Figure 3.4: Vacuum Chamber – The sample, transducers and holders can be seen through the

chamber window. Electrical pass-through and vacuum connections are also visible.
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Random system of nylon rods under water
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4.1

Overview
In this chapter, studies of the propagation of ultrasound through samples of randomly

configured parallel nylon rods embedded in water will be presented. Initial motivation was
interest in testing experimentally a two dimensional version of an effective medium theory that
had been development recently, based on a highly successful 3D model (Xiaodun Jing, Ping
Sheng 1992). In previous work on 3D materials, PMMA (poly-methyl-methacrylate) spheres
had been used (Xiaodun Jing, Ping Sheng 1992), showing strong scattering resonances and
interesting wave physics. The system is considered to be two dimensional even though the
actual samples are three dimensional, since the incident the sample is investigated using plane
waves with propagation direction perpendicular to the rod axes. Note that since the rods are
parallel and of uniform diameter, there is negligible scattering of waves out of the plane
perpendicular to the rods, so that the system appears two-dimensional from the wave point of
view.
First, the experimental setup and the method of data acquisition are described,
incorporating the apparatus from the last chapter. The fundamental analysis of these data will
then be described, and the experimental results discussed in the light of theoretical predictions
and numerical simulations (Liu et al. 1990; Jing et al. 1991; Cowan et al. 2011). Hence, the
existence of the hybridization gaps in random systems will be demonstrated and the properties of
the hybridization gaps in experiments, theoretical predictions, and simulations will be compared
to validate the theoretical predictions.
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4.2

Experimental set-up and analysis
The most fundamental experiment for the two-dimensional systems in my thesis is a

transmission measurement of ultrasound with plane wave front. The experiment is carried out
at room temperature under water.

A schematic diagram is shown in Figure 4.1.

The

transmission measurements were performed for all random samples. Three identical pairs of
planar transducers, with central frequencies of 1.0, 2.25, and 3.5 MHz, were used to span the 0.5
to 4.5 MHz range. In all experiments, the sample was placed at or beyond the near-field
distance of the transducers, so that near-field transducer effects were avoided and the incident
wave was an excellent approximation to a plane wave. To minimize the randomly scattered
(temporally and spatially incoherent) waves, the transmission was averaged over 11 different
positions separated by 0.5 cm along the surface of the samples. Typical experimental data
acquired with the 1 MHz planar transducers are shown in the Figure 4.2. The reference pulse
was taken without a sample before and after the transmission measurement to ensure the stability
of the environment.
The first step is to determine the pulse that was incident on the sample from the
reference pulse. This is done by shifting the reference pulse forward in time by an interval
equal to time taken for ultrasound to travel through a distance in water equal to the thickness of a
sample. Since there is no change in amplitude of the pulse as it travels through this relatively
short distance in water, this procedure determines the incident pulse. The phase delay Δ due
to propagation through the sample can be evaluated directly by comparing the incident and
transmitted pulses. It is worth noting that in Figure 4.2 where this adjustment to determine the
incident pulse has not been made, the reference pulse arrives at the detector later in time than the
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Figure 4.1: Schematic setup for a transmission measurement under water. Note: znf >> L
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Figure 4.2: Typical data set for RS 20 with 1 MHz planar transducer. Top panel: reference pulse;

Middle panel: transmitted pulses over different region of sample; Bottom panel: averaged
transmitted pulse.
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transmitted pulse, indicating that the speed through the sample is faster than water, as predicted
by the spectral function in Chapter 2.
Obtaining the incident pulse from the reference pulse requires knowledge of the velocity
of sound in water at the measurement temperature. For these calculations, I used the data for
the temperature dependence of the velocity (Lubbers and Graaff 1998; Del Grosso and Mader
2005). I later checked these values by measuring the velocity of the water in the tank in which
the samples were immersed during the experiments. This was done by measuring the time shift
due to placing the detecting transducer 1 cm further from the generating transducer.

The

measured velocity only differed by 1% from the velocity that was calculated from the tabulated
values in reference (Lubbers and Graaff 1998; Del Grosso and Mader 2005) for pure water at the
same temperature. Since this difference is less than the uncertainty in measuring the thickness
of my random samples, this discrepancy had an insignificant effect on the data reported in this
chapter. For most of the measurements, the temperature of the water was recorded so that the
rather large changes in water velocity with temperature could be accounted for. During the
course of a given experiment, the fluctuation of temperature was less than  0.1 C.

4.2.1

Phase Delay, wavevector, and phase velocity
It is convenient to perform the analysis in the frequency domain by taking the fast

Fourier transforms (FFT) of both incident and transmitted pulses.

The phase delay Δ is

evaluated from the difference between the FFT phase of the incident and transmitted pulses as a
function of frequency.

In fact, phase has a periodicity of 2π; therefore, to determine the

cumulative phase delay that is proportional to the travel time through the sample, a phase shift
must be added that is a multiple of 2π. The correct multiple was found in the low frequency
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regime (~ 0.5 MHz) where the phase velocity is similar to the group velocity of the wave in the
medium.

There is no ambiguity in this long wavelength limit since then only one multiple of 2π

is physically appropriate. From the condition that the phase delay evolves smoothly (without
discontinuous jumps) as the frequency is increased, the correct multiple of 2π is determined for
all frequencies. From the phase delay, we can evaluate the wavevector k and phase velocity vP as
a function of frequency.

k       Lsample

P    

(4.1)

L

 sample
k     

(4.2)

Here Lsample is the thickness of the sample and ω is angular frequency. Figure 4.3 shows the
phase delay and phase velocity for RS 20, measured using planar 1MHz transducers.
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Figure 4.3: a) Transmitted phase and b) phase velocity for RS 20 measured with 1 MHz

transducer.
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4.2.2

Transmission coefficient
The transmission coefficient T() is straightforward to determine from the measured

pulses, and contains a lot of significant information. It is evaluated from the square of the
magnitude ratio of the transmitted to incident pulse FFTs.
T     Atrans   Aincident   

2

(4.3)

Here A stands for the amplitude. In fact, the transmission coefficient only takes into account
the magnitudes of the two pulses, so that the time shift for determining the incident pulse from
the reference pulse is not needed here. The FFTs of reference and average of transmitted waves
and their ratio for RS 20 are shown in Figure 4.4.
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Figure 4.4: a) FFT of reference and average of transmitted waves and b) the ratio of them for RS

20.
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4.2.3

Group velocity
The group velocity vG is usually interpreted as an energy transport velocity. In an

isotropic linear medium, it is the speed at which the envelope of the pulse travels through space.
For a sample of known thickness Lsample, it can be expressed as

G 

Lsample
ttransit

(4.4)

where Δttransit is the time difference between the peaks of the incident and transmitted pulse
envelopes. This definition is valid so long as the pulses are symmetric and undistorted. In the
presence of scatterers, the group velocity depends on frequency; therefore, to evaluate the transit
time for each frequency, a digital filtering technique was used. The FFT of the transmitted and
incident pulses was taken and a Gaussian filtering function with narrow bandwidth was applied;
then, the filtered FFT data were transformed back to the time domain. The bandwidth was
narrow enough to limit dispersive spreading of the pulses while keeping the width in time of the
pulses short enough for the peaks of the filtered pulses in the time domain to be accurately
identified.

In other words, the filtered transmitted pulse must maintain the well-defined

Gaussian shape of the filtered input pulse in the time domain. The difference between the peaks
of filtered incident and transmitted pulses in time yields Δttransit. The filtered data with a central
frequency at 0.96 MHz and a bandwidth of 0.05 MHz are shown for both incident and
transmitted pulses in Figure 4.5 a), which also shows the envelopes of the pulses. The sample
is RS 20.

The group velocities for all frequencies are shown in Figure 4.5 b). The divergent

character of the group velocities near 1.1 and 1.6 MHz will be discussed in following section.
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Figure 4.5 a) Digitally filtered signals at 0.96 MHz for RS 20 (w d /cl = 1.87). The group delay

of Δt = 0.42 s corresponds to a group velocity of 1.3 mm/s. b) Group velocities for all
frequencies.

4.3

Experimental Results

4.3.1

Propagating modes with hybridization gaps
The dispersion curves and transmission coefficients are plotted in Figure 4.6 for the

random samples with three different nylon volume fractions described in section 3.2. The
dispersion curves for all samples lie in between the water and nylon dispersion lines. As the
nylon volume fraction increases, the dispersion curves move away from the water line and
toward the nylon line, since the waves spend a greater amount of time in nylon when the nylon
concentration is higher. As explained before, in these random systems with strong scattering,
hybridization gaps can be produced by the coupling between a scattering resonance and the
propagating mode of the embedding medium.

Experimentally, hybridization gaps can be

identified when there are the kinks in the dispersion relation and dips in the transmission
coefficient. This type of gap arises from single rod resonance behaviour so it should not depend
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Figure 4.6: Dispersion curves and transmission coefficient for RS 10, 20, and 33. The broken

grey lines indicate nylon and water dispersion lines, respectively. For nylon, a velocity of 2300
m/s was used.

upon the volume fraction of nylon, so long as the average number of scattering rods across the
thickness of the sample remains the same. Indeed, this expectation is consistent with the
experimental results that the frequencies at which the gaps occur and the magnitudes of the dips
in transmission are the very similar for the three samples.

4.3.2

Anomalous dispersion at hybridization gaps
The one of the most interesting properties of hybridization gaps is the negative slope

that is usually observed in their dispersion relation. This means that the group velocity is
negative. In other words, the peak of the transmitted pulse through the sample arrives faster
than that of the incident pulse. In optics, this is referred to as “superluminal light” transmission,
which is a situation where the group velocity exceeds the vacuum speed of light. In the Figure
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4.7, the peaks of the digitally filtered incident and transmitted pulses are compared, showing that
the peak of filtered transmitted pulse arrives before that of the incident pulse, which results in the
negative time difference. In fact, this is due to destructive interference occurring at the trailing
edge, so that the peak of envelope shifts forward in time. It is important to note the vertical
scale of Figure 4.7. The amplitude of the transmitted pulse at a given time is always smaller
than the incident pulse; therefore, causality is not violated.

As the peak of the filtered

transmitted pulse shifts forward in time as the hybridization gap is approached, the group
velocity diverges as the transit time decreases from positive to negative values, due to division
by zero. This behaviour is also shown in the dispersion curve, where the slope of the tangent
line of the curve varies continuously so it diverges to positive infinity then negative infinity as
the frequency is increased. The negative group velocity with smallest magnitude corresponds
to the most forwardly shifted peak in time. Despite the fact that negative group velocity does
not represent the rate of energy transfer by the wave in this case, the group velocity accurately
describes the pulse propagation when the bandwidth is sufficiently narrow, as the anomalous
dispersion relation describes the propagation of the wave such that there is destructive
interference mostly in the later part of the pulse.
The general behaviour in transmission coefficients of RS 10 is very similar to RS 20 as
shown in Figure 4.8. RS 20 is about half of the thickness of RS 10 with the total numbers of
scatterers being very similar in each sample, as there are 539 and 546 rods in RS 10 and 20,
respectively. As a result, the numbers of scattering events are similar. Therefore, a similar
fraction of the incident wave amplitude is transmitted through RS 10 and 20. However, RS 20
has more scatterers per area than RS 10; therefore, the attenuation coefficient of RS 20 is larger
than RS 10 as shown in Figure 4.8. Consequently, the smaller mean distance between nearest
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neighbour rods in RS 20 yields different coupling between resonating scatterers, which may
explain why the kinks in the dispersion curve at hybridization gaps are more noticeable in RS 20.
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Figure 4.7: Filtered incident (top) and transmitted (bottom) pulses at f = 1.07 MHz (w d /cl =

2.08), vG = 1.28 mm/s with RS 20.
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Figure 4.8: Attenuation coefficient of three random samples
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3

In fact, the different attenuation coefficients are proportional to the volume fraction for
RS 10 and 20. However, RS 33 seems to be different from RS 10 and RS 20.

Even though

there are 808 rods, which corresponds to about 60% more than in RS 10 and 20, the transmission
is very similar at the first hybridization gap. The ‘zigzag’ shape of dispersion curve in RS 33 at
the first hybridization gap is different to that of RS 10 and 20. The mean distance between
nearest neighbour rods is small enough to excite different couplings between the resonating
scatterers, thus modifying the dispersion characteristics.
Since the hybridization gap arises from single rod resonances, the orientation of the
incident beam with respect to the slab-shaped sample is not expected to have a big effect on the
transmission characteristics.

Thus for a slab configured sample, an incoming beam at an

oblique angle probes the same dispersion relation, and the gaps occur at the same frequencies.
In other words, the dispersion relation is isotropic. One might expect that the gaps will become
deeper with a larger oblique angle, because the effective thickness larger and the wave
encounters more scatterers when the sample is rotated. Figure 4.9 shows experimental results
for the transmission coefficient over a range of incident angles from 0 to 30° for sample RS 33.
The central frequency of the gap does not exhibit any angular dependence over the range of
angles that were accessible due to the finite width of the sample, consistent with the dispersion
relation being isotropic. However, for this range of angles, the increase in effective thickness is
only 15%, and better signal to noise would be needed to see the expected effect of this increased
thickness on the minimum value of the transmission coefficient.

If desired in a future

experiment, the required reduction in noise could be achieved through more averaging of the
time-domain signals during data acquisition.

87

Transmission Coefficient

1

0.1

0.01

1E-3

1E-4

1E-5

Angle of
Rotation (0)
00
05
10
15
20
25
30
0.8

0.9

1.0

1.1

1.2

1.3

1.4

Frequency (MHz)

Figure 4.9: Transmission coefficient of RS 33 at different incident angles.

4.4

Comparison of the experimental results with predictions
of the two-dimensional spectral function approach
One of the initial motivations for conducting these experiments to investigate the

acoustic properties of random configurations of nylon rods in water was to investigate the
accuracy of an effective medium theory based on the spectral function approach in two
dimensions. (See chapter 2 for a description of the model). This theoretical approach in three
dimensions was found to be remarkably accurate (Page et al. 1996; Cowan et al. 2011), but
whether or not this method would be as successful for predicting the results of ultrasonic
experiments in two dimensions was not known before I started my research on this topic. The
model is a relatively simple theory for describing wave transport in the notoriously challenging
intermediate frequency regime, so that there are obvious advantages to using the theory if its
validity can be established.
Since I was not able to measure directly the longitudinal and shear velocities in the
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nylon used to make the rods, this comparison of theory and experiment had to be carried out by
treating these velocities as unknown parameters.

At least, these parameters could be

constrained by the likely range of values suggested by measurements on other nylon materials.
The following graphs show the comparison of theory and experiment for two sets of nylon
parameters. Figure 4.10 shows the predictions of the spectral function approach for the three
volume fractions with nylon longitudinal and shear velocities of vL = 3000 m/s and vT = 1100
m/s. The next figure (Figure 4.11) shows the results for vL = 2300 m/s and vT = 950 m/s. The
density was taken to be 1.15 g/cm3 for all calculations.
As it can be seen from these figures, the spectral function predicts the general behaviour
correctly, but fails to describe well all the features of the experimental data with a single set of
parameters. As the volume fraction of nylon increases, the dispersion curves move away from
the water line. Both experiment and theory show anomalous dispersion in the gaps, but the
theoretical predictions show more extreme variations.

In particular, the spectral function

approach does predict negative group velocities at the hybridization gaps (e.g., see Figure 2.6a)).
There are at least two reasons why the effective medium theory predicts more rapid
variations in the dispersion curves than are seen in the experiments. First, the effective medium
is lossless in the calculation, whereas in practice nylon is a fairly lossy material for ultrasound at
these frequencies. As was demonstrated for the three dimensional version of the theory, losses
have the effect of rounding the kinks in the dispersion curve, in better agreement with
experiment (Cowan et al. 2011). Second, the theory accounts for the effects of neighbouring
scatterers by replacing the disordered local environment around each scatterer by a uniform
average effective medium. In practice, of course, there is a distribution in distances between
nearest neighbour rods and therefore the local environment around each scatterer varies
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Figure 4.10: Spectral functions overlaid with the experimental data for a) RS 10, b) RS 20, and c)

RS 33 with nylon and water dispersion lines in white dashed. vL = 2300 m/s, vT = 950 m/s, and 
= 1.15 g/cm3.
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considerably. By contrast, the calculation only considers the mean separation between the
closest neighbours, as parameterized by the volume fraction. These effects cause variations
with frequency at the gaps in the dispersion curves to be less rapid experimentally than in the
theory, and the experimental gaps to be wider in frequency.
A more serious discrepancy between the spectral function and the experimental data
concerns the frequencies of the first and second hybridization gaps around 1.0 and 1.6 MHz.
There is no single set of parameters of the nylon that enables both frequencies of hybridization to
be matched simultaneously between the spectral functions and experiments. When the shear
velocity is adjusted to fit the theory for the first hybridization gap (vT = 1100 m/s) to the data, the
other hybridization gaps in the spectral function are higher than experiments in frequency (see
Figure 4.10). By contrast, when the shear velocity is lowered to vT = 950 m/s (Figure 4.11), the
predictions for the first gap are lower in frequency than experiment, but the predictions for the
higher frequency gaps are closer to the experimental values.
Also, in order to overlap the peaks of the spectral function with the dispersion curve
from the experiment, the spectral function requires a longitudinal velocity of sound in nylon of
approximately 3000 m/s.

The dominant effect of the longitudinal velocity of nylon is to

determine the general overall slope of the dispersion curves, whereas the shear velocity
determines the resonant frequencies of nylon. It is not impossible that the longitudinal velocity
is this large, given that the exact material composition of nylon fishing line is unknown, but the
value 3000 m/s is higher than some standard tabulated values for nylon (e.g., vL = 2600 m/s for
nylon 6/6 (Onda 2003)). However, the longitudinal velocity in nylon of 2300 m/s at room
temperature was found to give better agreement between simulations in COMSOL and the
experiments reported in chapter 5 on phononic crystals of the same nylon rods in water.
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Given the discrepancy between the data and the effective medium predictions for the
hybridization gap frequencies, it is interesting to compare the experimental gap frequencies with
the calculated resonance frequencies for an isolated single rod in water. As shown in Figure
4.12, the frequencies of the resonances of a non-coated single rod agree well with peaks in the
attenuation coefficient from the experiments. For these calculations, the nylon velocities were
for vL = 2300 m/s and vT = 950 m/s (these are the same velocities as those used for Figure 4.10).
The much better agreement between the experimental gap frequencies and the single rod
resonant frequencies than between the spectral function and experiment is striking.

This

appears to suggest that, at the relatively low volume fractions used in the experiments, the
spectral function calculation overestimates the effect of the neighbouring scatterers on the
resonances of the nylon rods. This conclusion is rather surprising given the success of the
spectral function approach in describing the properties of three dimensional suspensions of
spherical scatterers over a very wide concentration range (Page et al. 1996; Cowan et al. 2011).
Also, the coupled resonators excite the Stoneley wave to create the second propagating mode
which arises from the first hybridization gap in three-dimensional system but not in twodimensional system. This implies the coupling between the resonators is much weaker than that
in three-dimensional system.

It is possible that above discrepancies can be treated more

accurately with better modelling of the effective medium in two-dimensional system.
To further test the spectral function approach under conditions of quite extreme contrast
between scatterers and the embedding medium, experiments were also performed with the water
surrounding the rods replaced by air. I found that there is indeed a propagating mode through
RS 33 in air (Figure 4.13 (a)). As expected from the tortuosity argument, which predicts a
slowing down of the speed of propagation when the waves are forced around the nylon rods due
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Figure 4.12: Comparison of the measured attenuation with the calculated cross section of a

single rod, showing good agreement between the peak frequencies of the attenuation and
scattering cross section.

to the large impedance mismatch with air, the mode lies below the air line. The dispersion line
of nylon is out of the range of the plot, since the slope is about seven times greater than that of air.
Surprisingly, there are narrow features of the dispersion curve that suggest hybridized resonances
with negative group velocities. These effects seem to be real but their origin is not understood
yet, since in this range of frequencies there is no scattering resonance of a single rod in air.
While in most cases, the spectral function approach successfully extends the limit of the
conventional coherent-potential-approximation to the intermediate frequency regime, the method
breaks down for the nylon-air system where the densities of the scatterer and surround medium
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differ by three orders of magnitude. As shown in Figure 4.13 b), no peaks in the spectral
function can be found to indicate a propagating mode. Instead there are weak nearly horizontal
bands that do not seem to be connected to the experimental results, unless they have something
to do with the narrow kinks seem in the experimental dispersion curve. While further work will
be needed to understand this nylon air system better, the comparison of experiment and theory
does serve to indicate a limitation of the spectral function approach for high contrast systems.
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Figure 4.13: (a) Dispersion curve and transmission coefficient of RS 33 in air. (b) Spectral

function with experimental data overlaid. The material parameters used in simulation are mass
density  = 1.15 g/cm3, vL = 2300 m/s, and T = 955 m/s for nylon at 20 C of air with 0 % of
humidity ( = 1.2041 g/cm3, vL = 343.21 m/s).
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4.5

Simulation studies with COMSOL
Finite element simulations were performed to gain further insight into the acoustic

properties of the random nylon rod in water system. One goal was to examine the behaviour at
higher volume fractions than could be accessed in the experiments. It was also hoped that
simulations could help to elucidate the discrepancies noted in the previous section between the
predictions of the spectral function approach and the experimental data.
The sample dimension in the simulation was 7.20 by 24.00 mm. Each realization of randomly
positioned rods had a 47% volume fraction of nylon, with the random patterns of rod
configurations being created with the random number generator in Matlab.

The packing

fraction used in the simulations of 47% is much lower than the random close-packed fraction,
which is around 80% (Boll et al. 2000), and hexagonal close packing, which is 

2 3 



0.9069. This packing fraction of 47% was chosen because higher packing fractions are harder
to create with the software that was available. In fact, a restriction on the maximum achievable
packing fraction is imposed during sample fabrication as well, as explained in chapter 3. The
volume fraction of 47% was naturally chosen to create denser patterns than the experimental
samples in order to see if closer spacing of the rods would lead to greater coupling between their
resonances, and hence to an observable slow mode. A source with a Gaussian intensity width
profile normalized to have unity magnitude at its maximum is placed at the left wall. Then,
perfectly matched layers (PML) surround the simulation domain to prevent re-entry of scattered
waves from the boundaries. The transmitted field was averaged over 1200 realizations to
cancel the incoherent multiply scattered signals and conserve a smooth wave front.

The

material parameters used in the simulation are mass density  = 1.15 g/cm3, vL = 2300 m/s, vT =
96

955 m/s, and loss tangent 5% for nylon at 20 C of water.
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Figure 4.14: For a single realization of a system with 47% volume fraction, the simulated a) real

part of complex field and b) magnitude at 0.80 MHz.
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Before examining the averaged fields, it is instructive to look at the results for a single
realization of disorder.

This is illustrated in Figure 4.14, which shows the real part and

magnitude of the simulated complex field at 0.80 MHz for a one realization. An interference
pattern is observed between the backwardly scattered (reflected) and the incident source field.
When the source field is subtracted to view only the scattered field on the source side, as shown
in Figure 4.15, it can be seen that most of the incident field propagates through the sample and
the reflected field is weak. This is the case below the resonance frequency. At the resonance
frequency, as shown in Figure 4.16, the field decays very rapidly as it propagates through the
sample and the back reflection is very large.
The rod displacements for a single realization are shown in Figure 4.17. This figure shows a
zoom of the simulated displacement fields for several rods near the input surface of the sample.
The frequency is 0.97 MHz, which is close to the resonant frequency and was chosen since the
dispersion curve was found to vary most steeply at this frequency (see Figure 4.22 below). The
displacements are not the identical for all rods due to the randomness of their positions which
causes the fields incident on each scatterer to differ widely. For rods on the surface, they are
illuminated by a planar wave. There is quadrupolar behaviour which is consistent with the
differential cross section calculation for a single rod, and the quadrupolar displacements on
different rods are oriented in the same way, consistent with excitation by a plane wave. Deeper
into the sample, the orientations of the quadrupolar resonances on different rods vary depending
on proximity to adjacent rods. This reveals that there is coupling between the resonances on
different rods, but the randomness of their quadrupolar axes suggests that this coupling may not
strongly influence a coherent propagation mode through the sample, since the forward scattered
phases will likely be scrambled. One can look separately at each component of the quadrupolar
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displacements to find out the directions of the displacement. For the x-component, the positive
displacement in rods near the surface is on the left of the rods and the displacement is negative
on the right.

This is squeezing.

For the y-component of displacement, the positive

displacement is on the top and the negative displacement is at the bottom. This is elongation.
For a half cycle later of the wave oscillations, the positive and negative displacements are
reversed.
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field and b) magnitude at 1.04MHz with the incident beam subtracted.
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The dispersion curves and the transmission coefficients for 10 realizations are shown in
Figure 4.18. These results were determined from the transmitted field averaged over a range of
y values from y = -5 to +5 mm for a value of x far from the crystal. Each realization shows

similar behaviour away from the hybridization gap when the transmission is high, whereas, in the
gap when the transmission is low, there are large fluctuations among realizations. For one of
the realizations (blue curve), the transmission becomes so low near 1 MHz that the phase
information became lost in the noise at this frequency, and as a result the dispersion curve bends
away from the other simulations at higher frequencies.

Therefore, simulations for many

realizations were repeated and the results averaged to obtain smoothly varying behaviour around
the gap.
The averaged scattered complex field over 1200 realizations shows essentially planar
waves as shown in Figure 4.19 and Figure 4.20. The averaged field shows only a single
propagating mode at all frequencies, such as 1.04 MHz (in the first gap, Figure 4.19 (a)) and 1.40
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MHz (at a higher frequency in a pass band, Figure 4.19 (b)). If there were two or more modes
with different velocities, there would be interference patterns, which are not seen. Because of
attenuation in the sample, the colour scale for Figure 4.19 and Figure 4.20 is saturated to show
the transmitted waves on the far side of the sample, opposite the source.
In order to confirm the linearity of the analysis that was performed, the averaged
dispersion curve was evaluated in two different ways. First, the spatial FFT was taken of the
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Figure 4.18: a) Dispersion curves and b) transmission coefficients of 10 realizations.
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averaged complex field inside the sample. Second, the spatial FFT was taken of the complex
field for each realization and then averaged in the Fourier domain. These methods of analysis
are compared in Figure 4.21 and Figure 4.22, respectively. Both analyses predict the same
dispersion curves, with the centre of the hybridization gap slightly above 1.00 MHz. Indeed,
the two contour plots appear identical, confirming that the average of the field yields results that
are equivalent to the average of the FFT.
Generally, the overall behaviour seen in the experiments, spectral function, and simulated results
are consistent with each other. The frequency of the scattering resonances strongly depends on
the shear velocity of nylon, and when there is a scattering resonance for a single rod, there is a
hybridization gap. The zigzag shape at the first hybridization gap in the simulations is less
pronounced compared to the spectral function and experiments. The slope of the dispersion
relation at the hybridization gap is most negative for the spectral function, while it is positive for
the simulations. The largest contributing factor causing this difference in slope is loss. The
spectral function approach does not include any loss in nylon, whereas the loss is 0.5% in the
simulations.

Losses reduce the scattering strength and decrease the quality factor of the

resonances that give rise to the gaps, reducing the rapid variation in the dispersion curve.
Compared with the experiments at room temperature, the 0.5% loss that was used in the
simulations appears to be an underestimate.

Also, when the each realization is evaluated

separately, the transmission coefficients and dispersion curves are not only very noisy at the
hybridization gaps but also there are also smaller variations in wavevector at a given frequency
below and above the gaps. This reflects the fact that there are small variations in the volume
fraction of nylon for regions through which the wave propagates. As a result, the negative
group velocity in the bandgaps that is predicted in the spectral function and seen in the
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experiments is much less pronounced in these simulations even when the losses are
underestimated.
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Figure 4.19: The simulated a) field and b) magnitude at 1.04 MHz without the source field

averaged over 1200 realizations of the system with 47% volume fraction.
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averaged over 1200 realizations of the system with 47% volume fraction.
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Figure 4.21: Spatial FFT magnitude of the averaged complex field inside the randomly

configured samples for 47% volume fraction. The average was taken over 1200 realizations.
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Despite this limitation of the simulations, it is worth emphasizing that they are
successful in predicting the frequencies at which the bandgaps occur in the experiments. This
agreement can be inferred from the fact that the predicted frequencies of hybridization gaps are
very similar between the simulations and the single rod scattering cross section calculations,
which were noted above to be in excellent agreement with the experimental results. By contrast,
when the same parameters are used in the spectral function calculations, the predicted band gap
frequencies are not in such good agreement, as noted above and further confirmed in Figure 4.23,
which is calculated at the same 47% nylon volume fraction that was used in the simulations. As
can be seen, the hybridization gap occurs around 0.9 MHz, while it is centred on 1.05 MHz in the
simulations.
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Figure 4.23: The spectral function calculated with the same material parameters used in

COMSOL simulation. They are  = 1.15 g/cm3, vL = 2300 m/s, vT = 955 m/s, and loss tangent
0% for nylon at 20 C of water.
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The method of studying random systems with simulations demands a lot of computer
memory and it is also very time consuming to repeat calculations for many realizations. For
that reason, other methods based on physical models are beneficial. While it was expected that
the two-dimensional spectral function would be capable of making accurate predictions for my
system, thereby providing a useful alternative to simulations, the limitations of the spectral
function approach shown above are somewhat disappointing. By contrast, in three-dimensional
systems, it was found that the spectral function approach predicted very accurate results
(Xiaodun Jing, Ping Sheng 1992) with low cost in computing time; this is especially important
for three dimensional systems, where it would be nearly impossible to perform a similar study in
COMSOL.

4.6

Existence of two acoustic quasimodes
Finally, I return to the question motivated by the observations, as discussed in the first

chapter, of two propagating longitudinal quasimodes in colloidal PMMA suspensions in 1991
(Jing et al. 1991) and more recently in larger plastic spheres in the same range of frequencies as
my expeirments (Cowan et al. 2011). When I started my research on random dispersions of
nylon rods in water, similar behaviour was predicted in 2D by Zhang et al. using the spectral
function approach (Zhang et al. 2006). In their paper, there was a prediction for the existence of
a second slow mode starting in frequency at the 1st hybridization gap and persisting at higher
frequencies as a quasimode.

The two modes were predicted from the calculated spectral

function to have different group velocities; therefore, I tried to resolve the presence of these two
modes in time.

However, in transmission experiments with either a broadband pulse, or even a

narrow-band pulse centred on the lowest gap frequency, for sample RS 20 in water, only one
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coherent pulse was detected. The slow mode could not be resolved. To separate the two
possible modes more in time, I constructed a thicker sample with the same concentration (RS 20
with twice the thickness: 4.47  8.00 mm) but no sign of a second slow mode was found.
In seeking an explanation for this discrepancy, I eventually discovered with Charles
Croënne that there was a mistake in the spectral function that was calculated by Zhang et al.
(Zhang et al. 2006). In their code, the imaginary part of the forward scattering amplitude for
the lowest order of angular momentum was not summed due to an incorrect declaration in their
fortran77 code. Once the calculations were evaluated with the corrected code, the peaks for the
slow mode in spectral function were found to be smaller relative to the fast mode than in the
original calculation.

This reduction in the predicted peak magnitude for the slow mode

suggests that the slow mode is too weak to be detected in an ultrasonic experiment, where the
signal at any frequency will be dominated by the larger fast mode.

This conclusion is

confirmed by the simulations, which indicate that the slow mode is even smaller in magnitude
than predicted by the spectral function approach (see Figure 4.24). Thus, especially as the
experiments were performed at lower volume fractions of rods than the simulations and theory
shown in Figure 4.23 and Figure 4.24, leading to weaker coupling between resonant scatterers, it
is not surprising that the slow mode was too small to be observed in the experiments. Thus, this
aspect of the spectral function and simulation predictions is consistent with my experimental
observations.

109

1.8

1

Frequency (MHz)

1.6

1.4
0.1
1.2

1

0.8

0

5
10
Wave vector (rad/mm)

15

0.01

Figure 4.24: Magnitude of the averaged complex spatial FFTs of the simulated field inside the

randomly configured samples for 47% volume fraction. This contour plot shows the results of
the same simulations as shown in Figure 4.22, but for a larger range of wavevectors.

4.6.1

Achieving higher volume fraction
Until 2009, the maximum volume fraction that could be achieved by drilling randomly

positioned holes on a PVC plate in the departmental workshops was 20 %. I therefore devised
the following method to make a sample with higher volume fractions of nylon rods. The
system consists of three plates instead of two. First, the top and bottom plates were drilled to
have the maximum volume fraction 20 % over a given width and length and the lines were held
together by a middle plate with smaller width and length. Then, in between the middle and
bottom plates, the volume fraction varies as a function of the height of the sample, with the rods
being only in contact with each other at the middle plate. The sample is shown in Figure 4.25
and has a volume fraction that varies from 19.2 to 77.7 %. The sample is the so-called
“variable volume fraction” sample. The dispersion curves from different heights of the sample
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Figure 4.25: Picture of the variable volume fraction sample.
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are shown in Figure 4.26.

Indeed, at higher positions, the dispersion curves have greater

average group velocities as the curves move closer to the nylon dispersion line. However, the
zigzag shape of the hybridization gap at 1 MHz is smeared out because of the variation in
concentration with height over the finite area at which the transmitted waves were detected.
Furthermore, because of the angle of inclination of the rods, the sample cannot be treated as a
strictly two-dimensional system anymore. The out-of-plane scattering was sufficient to degrade
the transmitted signal and the most interesting parts of the dispersion curves were washed out.
In fact, the data presented in Figure 4.26 were measured with a focusing transducer so that the
incident pulse illuminated a smaller area of the sample and reduced the influence of the variation
in height on recorded data. The use of a focusing transducer did not make any difference in
normal samples such as RS 20.

However, it requires more averaging over different positions

along the sample surface than a planar transducer, so it was not used. Because of the data taken
with this sample were found to be less accurate than the results for the other samples, because the
influence of the concentration variation with height was found to be more important than initially
expected, the data for this sample will not be discussed further in this chapter.

4.7

Summary
When nylon rods are surrounded by water, they exhibit strong scattering resonances.

In such an environment, the nylon scattering resonance can couple with the propagating mode
through water to create a bandgap (Liu et al. 1990; Jing et al. 1991). This is a called a
hybridization gap (Croënne et al. 2011). The ultrasonic experiments reported in this chapter
demonstrate the existence of such hybridization gaps in samples with different volume fractions:
11, 20, and 33%, and show that the hybridization gaps occur at frequencies near the scattering
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resonances of a single rod. Anomalous dispersion with negative group velocities was observed
at the lowest frequency hybridization gap. This anomalous dispersion is explained as follows.
As a pulse travels through the sample, there is destructive interference at the tailing edge of the
pulse so that the pulse is effectively reshaped to shift the peak of the pulse forward in time.
The general behaviour that was observed in the experiments on wave propagation
thorough this system was shown to correspond to predictions from the spectral function, which
was calculated using an effective medium theory. However, the model was not found to be able
to make accurate predictions for the details of the dispersion curves. Higher values of both the
longitudinal and shear velocities of nylon were needed in the spectral function to match
theoretical predictions with the experimental results than the fitted values for the single rod
scattering amplitude calculation and the simulations with COMSOL.

Also, it was found that

the spectral function fails to match the behaviour of both the first and second hybridization gaps
at 1.1 and 1.6 MHz simultaneously. These discrepancies were suspected to be caused by an
overestimate of the average coupling between resonating rods at the hybridization gaps in the
effective medium calculations of the spectral functions for this two dimensional system.
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5

2D Phononic Crystals

Equation Chapter (Next) Section 1
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5.1

Overview
In this chapter, the scatterers are arranged periodically such that the arrangement of the

rods introduces another mechanism, namely Bragg scattering, that can form bandgaps (Yang et al.
2002; Page et al. 2005). Thus, as explained in chapter 2, when scatterers with strong scattering
resonances are arranged periodically, the system can have both hybridization and Bragg gaps.
Recently, the coexistence of hybridization and Bragg gaps at different frequencies has been
reported in three dimensional phononic crystals (Still et al. 2008). In this thesis, the focus is on
two-dimensional phononic crystals. First, the coexistence of Bragg and hybridization gaps at
different frequencies is demonstrated (section 5.2), and their different physical origins is
investigated.

Further confirmation of the different character of band gaps due to strong

scattering resonances and Bragg effects in crystal structures is made by shifting the Bragg gaps
by adjusting the lattice constant (sections 5.3 and 5.4). The lattice constant is the distance
between the nearest neighbour scatterers in a triangular lattice, which is the crystal structure used
here. It is shown that the frequencies of the gaps can be finely tuned by adjusting the material
properties of nylon and water. This effect is demonstrated through experiments and simulations
on several phononic crystals, which were constructed with a different number of layers and
lattice constants to investigate the influence of crystallization on the bandgap properties.
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5.2

Phononic crystals with a volume fraction of 40% nylon
surrounded by water
The volume fraction of 40% nylon was chosen because the first Bragg gap and first

hybridization gap are well separated and display their distinct properties at different frequencies
in a single system.

Along the M direction in PC 40, the first Bragg gap occurs at a

wavevector of 5.24 mm-1 (b1 = 10.47 mm-1), which corresponds to a frequency of approximately
1.45 MHz, whereas the hybridization gap occurs around 1 MHz. This separation allows us to
investigate the different origins of the two kinds of gaps - single rod resonance and
crystallization. This was the highest volume fraction phononic crystal that could be constructed
from templates made in the Mechanical Shop at the time of fabrication.

5.2.1

 direction
The experimental setup for transmission measurements with phononic crystals is the

same as for the random system, except that the transducers are placed at a greater distance from
the sample than the near field distances of transducers in order to eliminate the effect of
diffraction orders from outer layers.
In Figure 5.1, the first hybridization gap at 1 MHz and the first Bragg gap at 1.4 MHz
are well separated. The anomalous dispersion associated with the lowest hybridization gap is
measured and is consistent with the behaviour seen in the random systems.

The experimental

data are compared with the results of simulations, in which the dispersion curve and transmission
coefficient are determined in the same way as in the experiments, namely from the phase and
magnitude of the transmitted pressure field. The simulation agrees well with the experimental
data for the reasonable set of parameters given by  = 1.15 g/cm3, vL = 2300 m/s, vT = 965 m/s,
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and a loss tangent of 4% for nylon. Since the exact nylon composition in the fishing line is
unknown, the material parameters of the fishing line could not be determined independently, so
these values are best fit parameters. The parameters of the water are fixed by the measured
temperature. In the fitting procedure the longitudinal velocity of nylon can be found first. The
longitudinal nylon phase velocity was determined by matching the slopes of the simulated
dispersion curves to the experimental data at frequencies well away from the bandgaps. Then,
the shear velocity of nylon dictates the frequencies of the scattering resonances. Finally, the
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Figure 5.1: a) Dispersion relation and b) transmission coefficient from experiments (blue

symbols) and simulation with the COMSOL finite element method (red lines) at 20.2 C with PC
40. The vertical dashed line is the first Brillouin zone boundary. The material parameters
used in the simulation are mass density  = 1.15 g/cm3, vL = 2300 m/s, vT = 965 m/s, and loss
tangent 4% for nylon.
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percent of loss determines the level of the transmission coefficient and rapid changes in the
dispersion curve near the first bandgap. Simply, the shape of the zigzag curve at the first
hybridization gap is fitted by adjusting the percent loss.
The Bragg gap in PC 40 coincides with the second hybridization gap at 1.7 MHz
producing a single very broad gap at the Brillouin zone boundary. As the second hybridization
gap is weaker than the first, this joint gap appears to be dominated by Bragg scattering effects,
with the shape of the dispersion relation preserving the character of a wide Bragg gap in a crystal
of finite thickness.

5.2.1.1 The Bragg gap and hybridization gap at different temperatures
Depending on the experimental conditions, the second hybridization gap around 1.7
MHz can be overwhelmed by the first Bragg gap. Whether or not this occurs is determined by
the temperature of the crystal, which was monitored by measuring the water temperature with a
thermistor during the experiments. In Figure 5.2, the second hybridization gap is well separated
only at the lower temperatures.

This behaviour can be understood by noting that the

frequencies of the hybridization and Bragg gaps are affected differently by changes in the
velocity of sound in water and nylon.

The velocity of sound in water increases with

temperature from 10 to 30 C, causing the wavelength of the pressure field in water to match the
periodicity of the layers at a higher frequency. In other words, the frequency of the Bragg gap
shifts up since the mode crosses the Brillouin zone boundary at a higher frequency. For the
hybridization gap, it is not as obvious why the frequency shifts down with an increase in
temperature.

At lower temperatures, the nylon becomes harder, and the acoustic field is

sensitive to this change. There are two main effects: changes with temperature in the nylon
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shear velocity and changes in the dissipation of acoustic energy in the nylon. The decrease in
nylon shear velocity as the temperature is increased determines the shift downwards in the gap
frequency.

Furthermore, the size of zigzag in the dispersion curve is larger at lower

temperatures.

This indicates that the loss in nylon is reduced.

Therefore, at lower

temperatures, the second hybridization and the first Bragg gaps are not only separated more in
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Figure 5.2: a) Dispersion curves and b) transmission coefficients from experiments in solid lines

and simulation with the COMSOL finite element method in dashed lines at 15.1, 20.2 and 27.7
C with PC 40. The vertical dashed line is the first Brillouin zone boundary. The sets of
material parameters used in the simulation of experiment at 15.1 and 27.7 C are (vL = 2300 m/s,
vT = 995 m/s, loss tangent 3%) and (vL = 2300 m/s, vT = 915 m/s, loss tangent 5%) for nylon,

respectively.
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frequency but the hybridization gap is stronger at lower temperatures. Therefore, temperature
can be used as controlling parameter to tune the Bragg and hybridization gaps finely for a given
lattice constant.
The fits for experimental data at different temperatures are shown in Figure 5.2. The
apparent disappearance of the 2nd hybridization gap at higher temperatures is not only due to its
downward shift in frequency (causing it to be merged with the Bragg gap) but may also be
affected by the larger percentage of loss (causing the hybridization gap to be weakened). In the
1st hybridization gap, the effect of loss is shown as well in the transmission coefficient, which
drops more than an order of magnitude with a 15 to 27 C change in temperature. It is worth
noting that there are measurable changes in the Bragg gap, but the frequency of the Bragg gap is
not affected as much as that of the hybridization gaps by temperature.

5.2.1.2 Measurement of Young’s Modulus to verify changes in properties of nylon
with temperature
The temperature affects material properties of both nylon and water; as a result,
frequencies of the first Bragg and second hybridization gaps can be separated in PC 40 by
controlling temperature. The speed of sound in pure water has been studied and measured
(Lubbers and Graaff 1998; Del Grosso and Mader 2005).

For water, there is a simple

relationship between material parameters and speed

L 

K



where K is the bulk modulus and  is the density of water. The temperature dependence of the
speed for pure water has been measured accurately since water provides such a stable medium
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for sound; results are shown in Figure 5.3. When the speed of sound increases, the wavelength
at a given frequency increases. Since the first Bragg gap arises when half the wavelength in a
medium is the same as the thickness of a single layer, the centre of the Bragg gap shifts with
frequency proportionally to changes in the speed of sound in water. The situation is more
complicated for nylon because there is shear component of the velocity for any solid. There are
well defined relationships between material parameters and the speeds of sound which are given
by:

3L2  4T2
E   ,L ,T   
 L2 T2
2
T

 L ,T  

1 L2  2T2
2  L2  T2

Young’s modulus

Poisson's ratio

where  and E are Poisson’s ratio and Young’s modulus, respectively. These relationships can
be used to evaluate any of the elastic moduli for an isotropic material, as there are only two
independent moduli in this case. In PC 40 with nylon, the uncertainty in the material properties
comes from the unknown composition of nylon and the influence of the manufacturing process
on its elastic moduli. Therefore, the two velocities of sound in the nylon fishing lines used in
the sample are only known approximately at room temperature. I was unable to measure the
velocities of the fishing lines directly, but only the static Young’s modulus.

From the

measurement of Young’s modulus, a relation between the longitudinal and transverse velocities
of sound for a given density and temperature was obtained, but not the individual longitudinal
and shear velocities independently.
The evaluation of Young’s modulus was done by measuring the deflection of a free
nylon rod due to small force. A schematic diagram is shown in Figure 5.4. The moment of
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inertia for a rod is

I   r4 4
where r is a radius of a rod. The deflection due to the load on a supported rod with two free
ends is:

Fa2  L  a 

3EIL

2

The parameters in this equation are defined in the caption to Figure 5.4. The radius of the nylon
rod was 0.28 mm. Aluminum beads with a diameter of 4.01 mm and a mass of 98.7 mg were
used as a small load. The deflection was recorded with a digital camera (Canon EOS 5D mark
II with Sigma APO 180mm F3.5 EX DG macro lens) and analyzed with ImageJ software.
These measurements of deflection were performed at temperatures of 6 and 22 C as measured
with a thermocouple positioned in air near the point where the loads were added.

The

temperature of nylon was assumed to be the same as that of air surrounding the rod.
The Young modulus changes from 4.6 GPa at 6 C to 3.6 GPa at 22 C. The effect on
density of nylon due to change in temperature is negligible. Therefore, the variation of the
modulus is only from the changes in transverse and longitudinal velocities.

When the

longitudinal velocity is much larger than the transverse velocity, the value of Young’s modulus is
largely determined by the transverse velocity via the proportionality factor vT2 in the defining
equation for E given above. Thus, even though there is considerable experimental uncertainty
in these Young’s modulus measurements (due, for example, to uncertainties in temperature
between the nylon and air, as well as uncertainties in the measured deflection due to parallax
errors), the large variation that is observed in Young’s modulus with temperature provides a clear
indication that the transverse velocity also changes significantly over this temperature range.
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Figure 5.3: Longitudinal velocity of sound in pure water as a function of temperature.

Figure 5.4: Schematic diagram of a Young’s modulus bending beam experiment for a beam

supported by loose ends separated by L. A load is applied at distance a away from one end with a
force of F. The beam is deflected by .
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Figure 5.5: The deflection measured at 6 C as a function of load.

The evaluated Young’s

modulus was 4.6 GPa. The gap at 2 g is due to loading two beads at once.

This variation in shear velocity is determined approximately by the square root of the ratio of
Young’s modulus, indicating a variation of about 10% over this temperature range.

The

variation in the longitudinal velocity is less well known from these measurements, but may be
comparable.
Thus, the fact that the Young’s modulus measurements indicate a variation in the
transverse velocity of order 10% is consistent with the results of my simulations, where
transverse velocities of 900 to 1000 m/s were used with COMSOL to match the experimental
results on the phononic crystals in this range of temperature.

5.2.1.3 Changes in the properties of nylon due to swelling
One undesired processes during our experiments is the swelling of nylon in water. The
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swelling happens when water molecules penetrate inside the polymer to fill gaps in polymer
chains. The process of swelling starts with wetting the surface; then, water diffuses below the
surface. As the wet layer grows in depth, phase separation occurs simultaneously to form water
droplets inside the polymer. As more water layers penetrate into the polymer, the droplets
diffuse deeper below the surface (Geoghegan and Krausch 2003). As a result, the swelled
nylon is heavier and may have a different density and/or dimensions.
The process of swelling is continuous as a function of time; therefore, the continuous
changes in behaviour can be monitored. As the swelling only affects the scatterers and not the
embedding medium, the frequency of the Bragg gap is fixed, and only the hybridization gap is
shifted.
Figure 5.6 shows the dispersion curves and transmission coefficients for different
amounts of swelling. As the rods swell more, the scattering resonance frequency shifts down.
This indicates that the shear velocity decreases. In dispersion curves, the zigzag shape at
hybridization gap is smaller for the swelled rods, and the transmission coefficient becomes also
becomes smaller. The amount of loss is greater. The weaker scattering amplitude yields more
transmission, not only at hybridization gap, but at Bragg gap as well. The effect of swelling in
nylon is similar to that of increasing the temperature of nylon and water.
In this system, it is difficult to quantify the exact amount of water inside the swelled
rods under tension as a function of time; however, for a loose rod of the same fishing line, the
mass of the swollen rod can increase by up to 7% and it recovers its original weight when it is
dried. If the change in resonance frequencies of swelled rods is due to an increase in diameter
of the rods with a constant density, the diameter must increase by 0.015 mm (3 %). Then, the
single rod resonance frequency would shift down by only 3 %. This is not sufficient to explain
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the behaviour shown in Figure 5.6. Therefore, the swelling of nylon rods must involve changes
in the moduli of the material rather than only the physical dimensions.
The longitudinal velocity of sound in nylon is approximately the same for swelled rods,
since the slope of the dispersion curves of the swelled rods in Figure 5.6 is very similar below
the 1st hybridization gap and above the Bragg gap. The effect of swelling can be successfully
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Figure 5.6: a) Dispersion and b) transmission coefficients from experiments (solid lines) and

simulation with the COMSOL finite element method (dashed lines) for PC 40 at different
amounts of time under water and therefore different amounts of swelling. The vertical dashed
line is the first Brillouin zone boundary. The sets of material parameters for nylon used in the
simulation of the experiment after 3 and 23 hours of swelling are (vL = 2300 m/s, vT = 935 m/s,
loss tangent 5%) and (vL = 2300 m/s, vT = 785 m/s, loss tangent 8.5%), respectively.
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simulated by adjusting the shear velocity and the percent of loss in nylon, and having a constant
density and longitudinal velocity of sound in nylon. This modelling of swelled rods assumes
that the penetrated water is distributed evenly throughout the rods. At this stage, there is no
observable discrepancy.

5.2.1.4 Additional information obtained from the COMSOL simulations
Once the result from the simulation agrees with the experimental result, simulations can
be used to investigate properties of the system not accessible previously in experiment. First of
all, the simulation can provide visual representations of the propagation of the pressure field
through the sample as well as the displacements inside the rods. Figure 5.7 – 5.10 show the real
parts and magnitudes of the pressure fields and the total displacements of rods at room
temperature without (or minimally in the experiment) swelling at 0.80 MHz. This is below the
first hybridization gap.

The pressure and the displacement are normalized to their own

maximum values. The planar wave source is placed on the left wall. The pressure field
propagates through the sample without much attenuation, so the magnitude of the simulated field
is similar everywhere. Also, there is an interference pattern between the reflected field and the
source field shown in Figure 5.8. When the source field is subtracted from the simulated field,
there is only a reflected field on the left side of the sample as shown in Figure 5.9. Figure 5.10
clearly shows that most of the pressure wave is transmitted through the sample and the reflection
is weak. Since it is below the first resonance, the displacements of the rods do not show any
noticeable resonant behaviour.
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Figure 5.7: Real part of simulated complex pressure field and rod displacement at 0.80 MHz.
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Figure 5.8: Magnitude of simulated complex pressure field and rod displacement at 0.80 MHz.
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Figure 5.9: Real part of simulated complex pressure field and rod displacement, with the source

field subtracted, at 0.80 MHz.
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Figure 5.10: Magnitude of simulated complex pressure field and rod displacement, with the

source field subtracted, at 0.80 MHz.
The next figures show the behaviour at 0 97 MHz in the first hybridization gap, and at
1.41 MHz in the Bragg gap (from Figure 5.11 to Figure 5.14). At the first hybridization and
Bragg gaps, the pressure fields and displacement of the rods are rapidly attenuated through the
sample, so a logarithmic scale was used in Figure 5.12 and Figure 5.14. Both gaps produce a
large reflection (Figure 5.12 to 5.14). At the first hybridization gap, the large reflection is
consistent with the behaviour of the differential scattering cross section of a single rod, such that
the back scattering is as large as the forward scattering. It is worth noting that the displacement
of the rod is quadrupolar, as is expected from the cross section, and as is shown for a rod in the
first layer in Figure 5.15.

With the attenuated pressure field through the sample, the

displacements of the rods become much weaker with distance into the crystal.

Still, the

quadrupolar behaviour is common to the rods in the different layers, as shown in Figure 5.15 to
5.17. This suggests that the fields between the layers of rods are planar enough to excite similar
displacement of rods, although with different magnitudes. At the Bragg gap at 1.4 MHz, there
are dipolar rod displacements oriented along the direction of propagation, as shown in Figure
5.18. Likewise, similar displacements of the rods are excited in different layers, so basically the
layers move back and forth because of the pressure field due to Bragg scattering between layers.
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Figure 5.11: Real part of simulated complex pressure field and rod displacement with the source

field subtracted at 0.97 MHz.
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Figure 5.12: Magnitude of simulated complex pressure field and rod displacement, with the

source field subtracted, at 0.97 MHz in logarithmic scale.
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Figure 5.13: Real part of simulated complex pressure field and rod displacement, with the

source field subtracted, at 1.41 MHz.
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Figure 5.15: The displacements of rods at the first hybridization gap at the 1st layer. Each plot

is normalized by its own maximum displacement, which is 2.8326  10-13 m for an input pressure
of 1 Pa.
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Figure 5.16: The displacements of rods at the first hybridization gap at the 3rd layer. Each plot

is normalized by its own maximum displacement, which is 2.6061  10-14 m for an input pressure
of 1 Pa.
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Figure 5.17: The displacements of rods at the first hybridization gap at the 5th layer. Each plot

is normalized by its own maximum displacement, which is 2.4196  10-14 m for an input pressure
of 1 Pa.
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Figure 5.18: The displacements of rods at the Bragg gap at the 1st layer.

Each plot is

normalized by its own maximum displacement, which is 1.673 10-13 m for an input pressure of
1 Pa.

One of the properties of the Bragg gap is the standing wave condition inside the sample.
The planes of anti-nodes in the transverse direction between layers are clearly shown in the
magnitude plots. When a phase delay of /2 is applied to the pressure field, the real part of the
field almost vanishes. This is shown in Figure 5.19.

When a delay of /2 is applied again, the

sign of the real part is changed. With the presence of the nodal planes, these changes in field
patterns due to phase evolution clearly support the presence of a standing wave at the Bragg gap.
The displacements of rods are compatible with the differential scattering cross section
calculation at the first two resonances, as shown in Figure 5.20 and Figure 5.21. In fact, the
frequency of the minimum in transmission in the first hybridization gap does not coincide
exactly with the resonance of the single rod, even though the mode of vibration in nylon should
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Figure 5.19: Real part of field with phase shifts at the Bragg gap shows the standing wave

condition. There is a nodal plane along the planes of the rods and the field almost vanishes
with appropriate phases.
be the same.

The likely cause of this frequency shift is coupling between the scattering

resonances on adjacent rods in the crystal.

5.2.1.5 Band Structure calculation
This is a calculation for identifying possible wave propagating modes from the
symmetry and nature of the system.

It is not possible to measure the band structure directly

because it describes the eigenmodes of an infinite system, which is not accessible experimentally.
Nonetheless, the frequency-wavevector relations in the propagating bands of a finite phononic
crystal can been determined experimentally from the transmitted phase, and these measured
dispersion relations have been shown to be accurately described by the calculated band structure
provided that the crystal is larger than a surprisingly small number of lattice constants (Yang et al.
2002; Page et al. 2005). Band structures have also been investigated directly with surface
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Figure 5.20: The displacements of rods at 1.050 MHz in the 1st layer is shown above and the

differential cross section at the 1st scattering resonant frequency at 1.075 MHz is shown at the
bottom. The displacement is normalized to 1.2847  10-13 m.
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Figure 5.21: The displacements of rods at 1.63 MHz in the 1st layer is shown above and the

differential cross section at the 2nd scattering resonant frequency at 1.695 MHz is shown at the
bottom. The displacement is normalized to 4.3945  10-14 m.
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acoustic waves (Profunser et al. 2009). As mentioned previously, the study of band structures
was first developed for electrons (and phonons) in a solid, where the system is essentially
infinitely large, as an atomic crystal can contain typically Avagodo’s number of unit cells. The
bands are obtained by solving the eigenvalue problem with periodic boundary conditions in all
directions, and the results may provide accurate information about the conducting and forbidden
energy bands, depending on the model used to describe the periodic potential seen by the
electrons. A similar procedure can be followed for a classical wave travelling through a crystal.
This calculation by finite element simulations is relatively simple in terms of memory and
computational time.
Figure 5.22 shows a comparison of my experimental data for the dispersion relation and
the band structure calculated with COMSOL. When the experimental data (black lines) are
overlaid with the band structure, there are branches for which the experimental data and
simulated band structure agree well. This means that the sample with 6 layers has enough
periodicity to be compared meaningfully with an infinitely large system. This is not a general
conclusion, but is appropriate for PC 40. Some of the bands are not excitable by the incoming
planar wave due to symmetry. For instance, the real part of the complex pressure field and the
displacement of the rods of the third, blue (circle) and red (upward-triangle) branches are shown
at a wavevector of 4.0 rad/mm in Figure 5.23. At 4.0 rad/mm, the blue (circle) branch is at
1.194 MHz and the red is at 1.119MHz. The rod displacements in the red (upward-triangle)
branch are the same along the transverse direction of the incoming wave; whereas, the
displacements of the blue (circle) branch alternate in direction. While it is true that a planar
wave incident at an oblique angle and/or a point source can excite the blue (circle) branch, a
plane wave at normal incidence cannot. The red (upward-triangle) branch has both a negative
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slope part and positive slope part, with a minimum frequency at around 3.5 rad/mm. The
positive part, for which k is greater than 3.5 rad/mm, is excited and describes the dispersion of
the propagating mode.

However, the negative sloped part is highly susceptible to losses, so it is

nearly impossible to observe it in an experiment.

As a result, there is always only one

propagating mode in the first Brillouin zone in this range of frequencies. As mentioned before,
mathematically, this is the solution of an eigenvalue problem with periodic boundary conditions.

5.2.1.6 Picking up the dispersion relation at the gaps
The band structure is calculated for an infinite-sized lossless system with periodic
boundary conditions. It is a non-trivial task to pick out the possible branches to be excited by
the planar incident field at higher frequencies. One way to resolve such issues is to simulate a
finite system by replacing the calculation based on a single unit cell (with boundary conditions in
the propagation direction consistent with Bloch’s theorem) by a calculation for the full number of
layers of scatterers in the finite crystal. A spatial FFT of the simulated complex field inside a
very thick sample can be evaluated to pick out the dominant wavevectors excited by the planar
wave at a given frequency. A thicker sample will result in finer resolution in wavevector space.
Since the shape of the simulation domain becomes very long, narrow and rectangular, the total
area of simulation can remain relatively small and require manageable amounts of memory.
First, the lossless system is simulated and compared with the band structure calculations.
When the logarithm of the magnitude of the spatial FFT at each frequency is overlaid with the
band structure, shown in white open circles, they agree with each other, as shown in Figure
5.24a). The magnitude is normalized to the maximum magnitude of peaks in the spatial FFTs.
The gray vertical dashed line represents the first Brillouin zone boundary. The source is a
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perfect planar wave so not all branches will be excited. With the presence of 2.5% loss, there
are even fewer modes, as shown in Figure 5.24 b), and the spatial FFT picks out better the
propagating modes of the planar incident wave from the band structure calculation.

As

expected, regardless of loss, there are two highly attenuated modes: one is around 1 MHz due to
the scattering resonance and one is around 1.4 MHz along the zone boundary due to the Bragg
gap.
The negative slope of the dispersion curve can be delineated at the hybridization gap by
connecting the peaks of the magnitude of the FFT. This is a simple way to view the real part of
the wavevector of the highly attenuated mode clearly. It is straightforward to evaluate the
attenuation coefficient of the simulated complex field, which is a single exponential decay
function with distance as long as there is only one propagating mode at a given frequency.
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Figure 5.24: Magnitude of windowed spatial FFT of the simulated complex field inside an 80

layer sample, plotted on a logarithmic scale. Here density  = 1.15 g/cm3, vL = 2300 m/s, vT =
955 m/s, and loss tangent is a) 0% and b) 2.5 %for nylon.
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Using the attenuation coefficient to determine how to compensate for the loss in signal
as it propagates through the crystal, one can normalize the simulated field inside the sample; then,
the magnitude of the field becomes unity throughout the sample and the real part of the
wavevector is more clearly identified. The sharp peaks at the gaps in the magnitude of the
spatial FFT are shown in Figure 5.25 using the normalized field. This treatment is valid only
when there is one dominant propagating mode with exponential decay, and works well in
identifying the dominant propagating modes for the case illustrated in Figure 5.25, which has 2.5%
loss. In the case of zero loss, additional modes occasionally appear that are artifacts of the
calculation, and in this case the method of using the attenuation of the dominant mode can break
down. However, since there are always some losses present in any real sample, this case does
not present any difficulties for interpreting experimental data, where it is important to include the
appropriate amount of loss to correspond to the system investigated. Since the loss varies with
swelling and temperature, it is important to quantify the loss at the gaps. As the loss increases,
as shown in Figure 5.26 and Figure 5.27, the negative group velocities at both 1st and 2nd
hybridization gaps are reduced. In fact, the 2nd hybridization gap is almost smeared away in the
dispersion curve containing 5.0 % loss. Also, the Bragg gap is shifted away from the zone
boundary as the loss is added. Here, the standing wave condition is disrupted because of the
loss, causing small cumulative phase variations with frequency (Yang et al. 2002; Page et al.
2005).
Another way to observe the wavevector at the gaps is to calculate the complex band
structure, in which the complex wavevectors are determined at each frequency. This analysis
provides very powerful results.

At all frequencies, including gaps, wavevectors can be

calculated; moreover, the attenuation coefficient of each branch can be evaluated as well, from
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Figure 5.25: Magnitude of the windowed spatial FFT of the normalized complex field inside an

80 layer sample, plotted on a logarithmic scale. Here density  = 1.15 g/cm3, vL = 2300 m/s, vT
= 955 m/s, and loss tangent is 2.5% for nylon.

only the geometry of the problem and the scattering properties of the nylon rods in water. For
this system, the complex band structure calculations were performed by Vincent Laude with the
set of parameters,  = 1.15 g/cm3, vL = 2300 m/s, vT = 950 m/s, and a loss tangent of 0% for
nylon. In Figure 5.28, the complex bands are plotted in red and green dots for the real and
imaginary parts, respectively. The classical band structure is plotted in blue dots. The shape
of the dispersion curve in Figure 5.25 shows the same behaviour as the real part of the complex
band structure.

At the hybridization gap near 1 MHz, a solution for the real part of the

wavevector is found (unlike the classical band structure result), displaying the negative group
velocity that is characteristic of this gap. Furthermore, the imaginary part of the wavevector is
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no longer zero (as it is for the dominant propagating mode at lower frequencies), and is given by
the green points that start and end at zero over the frequency range near 1 MHz where the red
hybridized mode exists. Thus, one can calculate the attenuation coefficient at the hybridization
gap from the corresponding imaginary wavevector. The same procedure can be easily applied
for the Bragg gap and the second hybridization gap. In fact, there are many more possible
solutions in the complex domain, so it is not always straightforward to read the complex band
structure. For instance, there are bands at the  and M points below 0.9 MHz; those bands have
large imaginary wavevectors. Such modes are overwhelmed by the propagating mode, and
would never be seen in an experiment.
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Figure 5.26: Magnitude of the windowed spatial FFT of the complex field inside an 80 layer

sample with different percent loss in nylon. Here a) 2.5, b) 5.0, c) 7.5, and d) 10% loss.
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layer sample with different percent loss in nylon. Here a) 2.5, b) 5, c) 7.5, and d) 10% loss.

5.2.2

 direction - simulation study only
Unfortunately our studies in the K direction are limited to simulations.

The

simulations are beneficial for understanding the PC 20 K system, where the first resonance
occurs near the zone boundary resulting in more complex behaviour compared to the other
direction M. Also, PC 40 with nylon rods will be compared with PC 40 with steel rods, where
there is no scattering resonance. Such a system has been studied intensively by Sukhovich at
the Ultrasonics Research Laboratory at the University of Manitoba, so the behaviour is wellunderstood (Sukhovich 2007; Sukhovich et al. 2008; Sukhovich et al. 2009). It is worth noting
that for normal incidence, there is no perpendicular plane spacing equal to one half of the
wavelength at the K point; however, if one continues in the same direction in k-space until one
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Frequency (MHz)
Normalized Wavevector (ka / 2)
Figure 5.28: The complex band structure for PC 40 in M direction.
parts of the complex bands are plotted with red and green dots.

The real and imaginary

The classical band structure is

plotted in blue dots. The complex band structure calculations were performed by Vincent
Laude.

reaches the M point, the magnitude of the wavevector is equal to the layer separation of a / 2.
This adds complexity but interesting behaviour at K point.
The full band structure of PC 40 with nylon and steel rods is shown in Figure 5.29 and
Figure 5.30, respectively.

Along the K propagation direction for the steel crystal, the

propagating mode passes through the K point until it reaches the M point as the frequency is
increased, whereupon there is no mode of the right symmetry to which an incident plane wave
can couple; therefore there is a gap from 1.3 to 2.7 MHz.
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In PC 40 with nylon rods, the band

structure is modified by scattering resonances. The resonance creates a propagating mode
through the wide band gap and two gaps related to the scattering resonances at 1.1 and 1.6 MHz
are created. It is worth noting the difference in the group and phase velocities below the first
gaps in PC’s with nylon and steel rods. For the same concentration, the propagating mode lies
above the water line in PC’s with nylon rods, but below the water line in PC’s with steel rods.
The same behaviour has been observed in spectral functions for disordered systems.
It is rather surprising that the frequencies of the hybridization gaps are different in the
K and M directions as shown in Figure 5.29. The quadrupolar resonance shown in Figure
5.20 must be excited by a planar incident field in the K direction as well. Yet, the staggered
rods in the neighbouring rods are oriented differently in the K and M directions. As a result,
the same scattering resonance excites different field patterns for these two directions.
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Figure 5.29: Full bandstructure of PC 40 with nylon rods.
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Figure 5.30: Full bandstructure of PC 40 with steel rods.

Consequently, the shapes of the dispersion curves are different at the hybridization gap
in the two directions. There is no zigzag shape at the hybridization gap in the K direction as
shown in Figure 5.31. The negative slope at the hybridization gap at the same resonance of
rods is observed not only in the M direction but also in the random systems. In fact, there is
no branch with negative slopes at the hybridization gap in the complex band structure calculation
in Figure 5.32. Instead, there seems to be a mode that arises from the highest part of the black
(square) branch. This mode is overwhelmed as soon as the red (triangle) branch emerges at the
 point. Moreover, as the loss in the nylon increases, the flat part of the red (triangle) branch
smears out in Figure 5.31. Then, eventually with much larger loss, the black (square) branch
will join the red (triangle) branch smoothly with the negative slopes in between them. It is
worth to make a note that, in PC 40 along M directions, there is a branch with negative slope to
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join two branches of the hybridization gap as shown in the complex bandstructure in Figure 5.28
without any loss in nylon.

5.3

Phononic crystals with a nylon volume fraction of 20%
So far, we have studied the behaviours of the Bragg and hybridization gaps in strong

scattering media separately. Now, we adjust the lattice constant a of the phononic crystal so
that the frequencies of the first Bragg and hybridization gaps overlap. Intuitively, with stronger
scattering, Bragg gaps should have stronger attenuation and/or a wider width in frequency.
These effects have observed for many kinds of scatterers in different types of phononic crystals
(Sainidou et al. 2002; Page et al. 2005; Still et al. 2008; Leroy et al. 2009; Kaina et al. 2013).

5.3.1

 direction
With a 20% nylon volume fraction, samples were constructed for both principal

propagation directions. In both directions, the lowest scattering resonance intersects the water
line near the first Brillouin zone boundary. First, propagation along the M direction is studied.

5.3.1.1 The effect of temperature
In order to investigate the different interactions between scattering resonances and
Bragg scattering, the transmission measurements were performed at different water temperatures.
In general, the hybridization and Bragg scattering are merged together to create a single gap in
the transmission coefficient as shown in Figure 5.33 b) and d). When the cumulative phases are
measured from the transmitted pressure fields at different temperatures, the propagating modes
switch between apparently different wavevectors which differ by multiples of 2, as shown in
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Figure 5.31: Magnitude of the windowed spatial FFT of the normalized complex field inside a
Here we have a) 0.0, b) 2.5, c) 5.0, and d) 7.5% loss.
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Figure 5.32: Complex band structure for PC 40 along K with nylon.
structure calculations were performed by Vincent Laude.
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The complex band

Figure 5.33 a) and c).
Around and below room temperature, hybridization and Bragg scattering effects merge
to create one gap which is very wide in frequency and deep in transmission compared to any
hybridization and/or Bragg gaps in PC 40 and the random systems. When the resonance and
Bragg scattering mechanisms merge to create a single gap, the dispersion relation bends over and
crosses the 1st zone boundary smoothly, with no indication at this wavevector of the steep
vertical rise indicative of a Bragg gap. The minimum of the transmission coefficient is very
sharply defined compared the hybridization and Bragg gaps, and the shape is asymmetric with
respect to the minimum of the transmission coefficient.
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Figure 5.33: a) Dispersion curve and b) transmission from experiment and c) dispersion curve

and d) transmission from COMSOL simulation with PC 20 with 6 layers at different
temperatures. The parameters corresponding to temperature at 7.0, 13.1, 28.3, and 33.5 C are
shown in the legend from top to bottom.
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Despite the fact that two mechanisms are merged to create a single gap, it is unusual for
the propagating mode to cross the zone boundary without suffering from Bragg scattering. This
is due to the scattering resonance. This quadrupolar resonance creates a propagating mode, and
the displacement of rods in the first layer, shown in Figure 5.34, excited by the planar incident
field, modifies the pressure fields near the rods, and these modified pressure fields due to the
resonance in the first layer then excite the resonance in the next layer. As a result, the standing
wave condition, which would be set by the Bragg scattering, is disrupted. By contrast, in PC 40
at the Bragg gap shown in Figure 5.18, the displacement of the rods is dipolar along the
propagating direction, which indicates back and forth movement of the plane of rods due to
Bragg scattering.
When the temperature increases above 30

C, frequencies of hybridization and Bragg

mechanisms are separated far enough in frequency to create two dips in the transmission
coefficient (red stars in Figure 5.33). The scattering resonance shifts down in frequency to
create a hybridization gap in the first Brillouin zone, and a Bragg gap develops around the zone
boundary. In this case, the hybridization gap does not exhibit a zigzag shape and the group
velocity remains positive, likely because of the influence of the nearby Bragg effect. The
higher loss that is expected at 30 ºC relative to lower temperatures may also contribute to a
smearing out the zigzag shape that would be expected for an isolated hybridization gap. The
magnitude of the second minimum in transmission associated with the Bragg gap is similar in
magnitude to transmission minimum observed at the Bragg gap in PC 40 at this temperature
Figure 5.2
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5.3.1.2 The effect of swelling
As the rods become swelled, the frequencies of scattering resonances shift down and
switching behaviour is again observed as a function of swelling time (Figure 5.35).

The

behaviour is similar to that observed when the temperature of the crystal increases. However,
there is a small difference. There is larger loss for the same shear velocity of nylon. At the
longest swelling time, the scattering resonance is sufficiently weakened that the hybridization
effect no longer causes the dispersion curve to continue to bend over smoothly as it continues
into the second Brillouin zone, but instead a Bragg-like dispersion develops at the zone boundary.
None-the-less, the hybridization and Bragg mechanisms are still coupled to create a merged gap,
although its character appears to have changed substantially, as indicated by the transmission
properties.
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Figure 5.35: Dispersion curves and transmission coefficients with 6 layers of PC 20 with

swelled rods at room temperature. In the caption, H and M stand for hours and minutes,
respectively.

5.3.1.3 Effect of varying the number of layers in the crystal
The surprising switching behaviour at the merged gap was also investigated by
measuring the transmission through crystals with different numbers of layers. The transmission
measurements were performed as each layer of the phononic crystal was added and the result is
shown in Figure 5.36.
PC 20 with a single layer acts as a simple diffraction grating where the separation is
equal to the lattice constant. Since the separation is less than the wavelength at frequencies
near the first resonance, only the zeroth-order diffraction peak is observed, and there is only a
hybridization gap due to the scattering resonance.

With three layers, the effect of Bragg

scattering becomes important and the switching behaviour is observed. Above the merged gap,
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Figure 5.36: a) Dispersion curves and b) transmission from experiment and c) dispersion curves

and d) transmission from COMSOL simulation of PC 20 with different numbers of layers at
room temperature.

the dispersion curve is only 2 shifted in phase. The sample is thin so the 2-shift in phase
causes a larger shift in wavevector than in thicker samples. For samples with 5 and 7 layers, the
behaviour is similar to PC 20 with 6 layers. For all samples, the dip of the transmission is
sharply defined.

In this experiment, the water temperature was held constant at room

temperature; therefore, all samples are expected to have the same resonance frequency.
However, the increase in the number of layers strengthens the Bragg effects, and the competition
between Bragg scattering and hybridization leads to switching behaviour in apparently rather
unpredictable directions.
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5.3.1.4 Band structure
To look for the physical mechanism responsible for this unusual switching behaviour, it
is useful to start by considering the band structure. The band structure calculation for PC 20 at
room temperature which was calculated with  = 1.15 g/cm3, vL = 2300 m/s, and vT = 955 m/s, at
20 C Figure 5.37. At low frequencies, the black (squares) branch is excited and reaches the
first zone boundary. As for PC40, the next two branches (red circles, orange triangles) are
associated with the first resonance, with the lower branch having the right symmetry to couple to
an incoming plane wave, but the upper one not. The magenta (downward triangles) branch is
also a propagating band for an incoming plane wave.

One can then expect that in a

transmission experiment the transmitted waves follow that black (square) and red (circle)
branches, and above that there is a small bandgap before propagation resumes in the magenta
(downward triangles) branch. This picture resembles the behaviour seen in Figure 5.33 at room
temperature (blue squares), except that the dispersion curve does not extend all the way to the 2nd
Brillouin zone boundary, and the vertical part starting at 1.04 MHz is in the middle of the 2nd
Brillouin zone rather than near the 1st Brillouin zone boundary. However, the band structure
cannot explain why switching occurs as the number of layers in the crystal is varied, and a more
detailed analysis appropriate to crystals of a finite thickness is needed.

5.3.1.5 Modal decomposition
Simulations predict two modes at the merged gap, prompting us to perform the
decomposition of two wavevectors with experimental data. In Figure 5.38, the incident and
transmitted pulses through 5 layers at 16.8 C with a 1 inch/1 MHz planar transducer are shown.
When the pulses are digitally filtered at 20 kHz, the shape of filtered pulses appears to be
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Figure 5.37: Band structure calculation for PC 20 along M. The M point is at 3.7 rad/mm.
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157

Gaussian above and below the first scattering resonance.

However, at the dip of the

transmission coefficient, the shape of filtered pulses is not only distorted, but it displays a
destructive interference pattern from more than one mode. This agrees with the simulation of
two highly attenuated modes at the merged gap.
Although the bandstructure calculation is not sufficient to explain the origin of the
switching behaviour, it does suggest that the presence of the resonant branch (red circles) may be
involved. To gain more insight into the mechanism involved, the experimental data was reexamined to look for a feature that could provide the missing clue. In Figure 5.39, the incident
and transmitted pulses through 5 layers at 16.8 C with a pair of 1-inch-diameter 1 MHz planar
transducers are shown. When the pulses are digitally filtered with a narrow 20 kHz Gaussian
bandwidth, the shape of filtered transmitted pulses is also Gaussian above and below the
frequency of the first scattering resonance. In addition, at frequencies away from the resonant
frequency, such as 1.15 and 0.95 MHz in Figure 5.39, the width of the transmitted pulses
matches the reference pulse through water. However, near the resonant frequency where the
minimum in the transmission coefficient occurs (1.04 MHz in Figure 5.39), the shape of filtered
pulse is not only distorted, but it displays a destructive interference pattern suggesting the
interference of two modes with different phase and group velocities.
In order to extract two modes from the filtered pulse, a fitting program that fits the sum
of two Gaussian pulses to the transmitted pulse was developed. The width of each pulse in the
time domain was set initially in the fit by the bandwidth of the filter, with the relative amplitudes,
phases and group velocities being additional adjustable parameters. Therefore, we can find the
amplitude, time delay, central frequency, filter width, and phase of each mode from the fitting
procedure. In fact, there are five variables to fit, so one can argue that there are many possible
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Figure 5.39: PC 20 transmitted filtered pulses at different frequencies.

solutions, especially when there are ten parameters for two modes at a given frequency.

When

there is a single propagating mode, there is one resulting fit that is identical to that with the
Fourier analysis. When there are two interfering modes, the fitting procedure works best when
the two modes interfere destructively (middle panel of Figure 5.39).
There are important restrictions that can be applied to limit the number of free
parameters in the fit, in order to obtain an unbiased robust fit. The width and the central
frequency of the pulse are fixed by the filtered input pulse. The group velocity that determines
the delay of the pulse must agree with the rate of change in the phase delay with frequency.
This was possible since the phases of the filtered pulses are well defined. By fitting the filtered
pulses at three closely spaced frequencies simultaneously, the rate of change of phase with
frequency can be determined for each mode, so that the group delay of each constituent pulse is
fixed by the phase behaviour. Good fits were obtained when the fitting was performed every
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Figure 5.40: Fitted pulse (orange circles) overlaid on the experimental filtered transmitted pulse

(thick black curve) at 1.0362 MHz.

100 Hz and the bandwidth of the filtered pulses was further narrowed to 5 kHz. The solution
set for the previous frequency was used as the initial values for the next fit.
Figure 5.40 shows the results of this fitting procedure at 1.0362 MHz near the centre of
the transmitted pulse, where the two constituent pulses interfere destructively. As shown in
Figure 5.40, the fitted pulse from the sum of two mode fits (orange dots) agrees well with the
measured filtered pulse (black squares). As long as the two modes are not too different in
magnitude, the fits are able to resolve the two modes, and the sum of the fitted pulses agrees very
well with the filtered pulse. The individual pulses for the two modes are compared with the
measured filtered pulse in Figure 5.41. The faster blue mode is in phase with the measured
160

a)

Arb. field

1.0362 MHz

1

1

1

0.5

0.5

0.5

0

0

0

-0.5

-0.5

-0.5

-1
-50

b)

-49

-48

-47

-46

-1
12

-45

c)

13

14 15
time ( m)

16

-1
60

17

61

62

63

64

65

d)

Figure 5.41: a) The experimental filtered transmitted pulse (black open squares) is compared

with two fitted pulses representing the two modes (blue triangles and red circles), near the
switching frequency at 1.0362 MHz over the full range of time. The plot is zoomed in to show
the phase oscillations clearly for b) early, c) middle, and d) later times.

pulse at early times, whereas the slower red mode is in phase with the measured pulse at late
times; in the middle, the two modes are out of phase with each other, and since their magnitudes
are equal at this frequency, their sum cancels, in agreement with the near zero amplitude of the
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measured pulse at this time. The peaks of two modes are separated by about 30 m, so the blue
(triangle) mode dominates the earlier time behaviour while the red (circle) mode dominates at
later times.
The frequency dependence of the intensities and phases of the two fitted modes are
plotted with that of the filtered pulses in Figure 5.42. The modal intensities vary strongly with
frequency. The red (circle) mode decreases and the blue (triangle) mode increases in magnitude
as the frequency increases. The modes cross near 1.036 MHz with opposite phases; therefore,
the resultant phase makes a sudden jump. The phase of the filtered pulse can be reconstructed
from the sum of phases of two fitted modes with corresponding amplitudes, so the interference of
the two modes can explain the unusual switching behaviour.
When there are two peaks at a given frequency, the transmission measurement in the
experiment can only measure the resultant cumulative phase from the interference of the two
modes.

When the relative phase difference of the two complex modes is larger than 2, the

measured dispersion curve above the crossover frequency may be shifted by a multiple of 2 in
phase, since the resultant wave from interference of two waves is not sensitive to a phase
difference between the two waves greater than 2.
Additional information on the presence of the two simultaneously propagating modes
can be obtained through simulations. A spatial FFT of the complex field inside a thick crystal is
a very effective way of analyzing this propagation. The results of simulating the complex
pressure field inside a crystal consisting of 100 layers with the results of the bandstructure shown
in Figure 5.37 were compared. As shown in Figure 5.43, for the lossless system with 100
layers, the black (square), red (circle), and magenta (downward-triangle) branches are clearly
excited but the orange (upward-triangle) branch is not. At the gap, the red (circle) branch
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extends towards the second zone boundary in the extended zone scheme, while the magenta
(downward-triangle) branch starts from the first zone boundary. The magnitude of the FFT
with 2.5% loss is plotted in Figure 5.44 and when the magnitude is plotted at a given frequency
as a function of wavevector (Figure 5.45), the existence of two modes at the same frequency is
shown over a narrow range of frequencies from 1.05 to 1.08 MHz. Near 1.06 MHz, the two
modes have the same amplitude. Below this frequency, the higher wavevector mode (the red
circle mode) dominates, while above this frequency, the lower wavevector mode dominates, and
is close to the first zone boundary. Thus, this simulation clearly shows the existence of two

Normalized
Intensity

modes, in qualitative agreement with the experiments.
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Figure 5.42: Intensities and phases from fitting results. The two modes are shown in blue and

red. The black curve is evaluated from the FFT analysis of the total transmitted pulse.
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merged gap.

Here the loss of nylon is set to be 2.5% at frequencies near the switching

frequency.

To compare simulations and experiments more quantitatively, a rigorous method was
developed with Charles Croënne to extract the two modes from the simulated complex fields.
This method was able to extract the two modes from the complex pressure or displacement fields
in a smaller crystal of 30 layers, and therefore could be employed over a wider frequency range.
The complex field for a given frequency is read at one position in the unit cell from each layer,
as shown in Figure 5.46a). Since the two modes are highly attenuated, their magnitudes drop
exponentially [see Figure 5.46b), which shows data at 1032 kHz]. Then the spatial FFT of 30
cells is taken; there are two wide peaks, as shown in Figure 5.47. This Fourier transform is
fitted with the FFT of two damped sinusoidal waves sampled every lattice period, as shown in
Figure 5.48. When the fit is successful, the complex wave vector for the two modes, as well as
the corresponding field values in the first cell at the position under study, are obtained. This
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process is repeated for all positions in the unit cell, as well as all simulated frequencies.

Several

correction procedures are introduced to improve the fit for points that exhibit non-physical
results (for instance imaginary wave vector with incorrect sign, or values larger than a given
threshold). Also, when one mode converges to the wave vector of the filtered transmitted pulse,
the multimode decomposition is stopped.

For the remaining points where a fit has not been

found yet, the results for the neighbouring points are used as a guideline.

The modal

decomposition procedure stops when all but a few points in the cell give the same fitted wave
vectors for the two modes, at all frequencies. The output is then two complex wave vector
spectra, as well as complete field maps of the two modes in the first cell.

Note that, even

though Figure 5.46 to 5.48 only show pressure data, corresponding to points located in the fluid,
the method is also applied to points located inside the nylon rods, for which the simulation data
is the complex displacement vector field.

a)

b)
Figure 5.46: The complex pressure field a) from a position from the unit cell in each layer and b)
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values in different layers.
The result of this modal decomposition is shown for dispersion curves and transmission
coefficients in Figure 5.49. The black (square) curve for the experimental case is evaluated from
the Fourier analysis of the total transmitted pulse.

The modal decomposition was performed for

a wider range of frequencies in the simulation than in the experiment.

Below the resonance, the

red (circle) mode dominates and above the resonance, the blue (triangle) mode dominates, as in
the experiments.

Plots of the displacements in a rod, and the real part of the pressure fields are

shown in Figure 5.50 at a frequency of 1.032 MHz, where the two modes have equal magnitude.
In this figure, the total displacement and pressure is shown on the left, with the displacement and
pressure for red (circle) mode in the middle, and for the blue (triangle) mode on the right.

Here

the propagation direction is vertically upward and the size of arrows and colour show the
magnitude and direction of the displacement.

Figure 5.47: a) Amplitude and b) phase of the FFT of the pressure field from 30 cells.
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Figure 5.48: Two arbitrary damped sinusoidal waves are created and the FFT of their sum was
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taken the same manner as for the simulated complex field.
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Figure 5.49: The dispersion curves and attenuation for the total pressure field analyzed assuming
only one mode (black squares), for the red (circle) mode and for the blue (triangle) mode.

The

results for the experiments are shown in the top panels, and results from the simulations in the
lower panels.
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Both modes show quadrupolar resonances. For a resonance of this symmetry, the
critical coupling directions for interactions between rods are parallel and perpendicular to the
propagation direction. The pressure fields show how the resonances in the rods are coupled in
different ways for the two modes.

The influence of Bragg scattering can be seen in the

magnitudes and phases of pressure field.

With positions of the rods being staggered in

successive layers, the coupling between the rod resonances allows for two modes with different
wavevectors and comparable magnitudes. As a result, for the red (circle) mode, the wavelength
of the pressure field is comparable to the separation between layers, which is the condition
imposed on the wavelength at the second zone boundary; on the other hand, for the blue (triangle)
mode, the wavelength is about the twice of the separation which is the condition at the first zone
boundary. This behaviour is shown in Figure 5.51, where the magnitude and phase of the
simulated pressure fields is shown over a larger region of the crystal, including many unit cells

a)

b)

c)

Figure 5.50: Displacement of rods and real part fields at 1.032 MHz for a) total, b) red (circle)

and c) blue (triangle) modes. The propagation direction is vertically up for the field.
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a)

b)

c)

Figure 5.51: Magnitude and phase of the simulated fields at 1.032 MHz for a) total (square), b)
red (circle) and c) blue (triangle) modes.

The propagation direction is vertically up for the field.

5.3.1.6 Changes that can be made by controlling the tension of the rods
When the nylon rods are swelled, reduced tension is observed.

The elongation with

swelling was not measurable, but it was enough to reduce the tension noticeably with finger
pressure. This suggests that changes in material parameters could be due to the external stress
that is holding the rods in place.
To investigate this effect, a new sample holder was designed and built in which the
tension in the rods could be controlled and varied.
plates, which hold the fishing lines, apart.

The tension was controlled by pulling the

A hydraulic cylinder with a digital pressure gauge

was used to exert force. Aluminum plates were used instead of PVC to minimize deformation.
Due to sharp edges around the holes, thin plastic pads were placed on top of the aluminum plates
to avoid cutting the lines before reaching the elastic limit of the nylon.
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Experiments were

performed after the tension stabilized to ensure that equilibrium was reached. The tension of
the rods was estimated using the pressure of the hydraulic cylinder and the number of rods, each
of which had a known diameter.
First, the experiment was carried out on a PC 20 crystal with 6 layers of swelled rods.
The swelled nylon rods have increased loss, so the dispersion due to resonance will be much
weaker. Still, the change in the scattering resonance will be measured under static conditions.
The saturation of swelling was determined when the scattering resonance frequency did not
change with time.
There are two dips in the transmission coefficient plot in Figure 5.52. For the saturated
rods, the attenuation due to scattering is much weaker, so the transmittance is high compared to
other systems with different conditions. When the rods are stretched, the first dip, which is
dominated by the scattering resonance, is shifted up in frequency, while the second dip due to
Bragg scattering is stable. It is possible that the penetrated water could have been squeezed out
when the rods stretched, thereby reducing the loss and increasing the depth of the Braggdominated minimum of the transmission coefficient.
The controlled tension experiment was repeated for dry rods and the results are shown
in Figure 5.53. The lines are tight at the initial separation of the end plates when the rods are
dry so the elastic constant is almost twice that of the previous case. In fact, among deep sea
fishermen, monofilament fishing line is not advisable because it can absorb water more readily,
resulting in loose knots and decreased sensitivity. In order to minimize the effect of swelling in
the following experiments, the rods were left in air to dry overnight without tension. The
drying time was long because the actual drying time required was not known. For the same
pressure in the cylinder, the dry rods were stretched by almost half the amount of the swelled
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rods. Despite not knowing the exact value of the elastic constants, this is enough to show that
the characteristics of swelled rods are sufficiently different from those of dry rods that the
resonance frequencies can be different. For the merged gap, only the resonance related part is
affected. The dip at the gap is sharper when the rods are stretched. This does not necessarily
mean stronger scattering with lower loss, but this change could also be explained by a small
change in the resonance frequency, if the two modes have the equal magnitude and if the phase
difference between the two modes becomes closer to an odd multiple of .
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Figure 5.52: Transmission coefficients before (broken black curve) and after (solid red curve)

the stretching with swelled rods.
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Figure 5.53: a) The dispersion relation, transmission and reflection coefficients at two tensions

for a crystal of 6 layers. Zoomed-in transmission at b) the merged gap and c) the second
resonance frequency. The rods are stretched from ‘T01’ states with 168 psi to ‘T02’ states with
598 psi. Assuming no frictional losses in the system, the difference in tensions in each rod is
0.49 N per line.
The effect of changing the tension in the rods is not as strong as expected, but it has
some control on the properties of scatterers so we could in principle investigate the competition
between the two propagating modes by varying the tension. In fact, with higher tension, the
frequency of the scattering related portion of the merged gap is shifted down, while the second
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hybridization gap at 1.6 MHz shifted up. This is similar to the swelled case, and can be due to
reduced loss, which increases the scattering strength.
Whether the rods are swelled or not, the change in tension on the rods causes
approximately a 30 kHz shift in resonance frequency. The effect due to tension is very small
compared to the effect due to differences in temperature and swelling. The completely swelled
rods have a resonance near 0.82 MHz, as shown in Figure 5.52. Changing the temperature of
water from 10 to 30C shifts the resonance from 0.90 to 1.10 MHz. This was shown in Figure
5.33. Moreover, extending the length of the rods can cause a change in radius. The relation
between the change in length and radius is given by Poisson’s ratio ,

r
L
 
r0
L0
Thus, a value of Poisson’s ratio equal to 0.5 amounts to a 3.0 % extension in length causing a
1.7 % reduction in radius; hence the scattering cross section shifts up by 1.7 %. This would be
the possible maximum change as 0.5 is the maximum value of Poisson’s ratio as determined
from the condition that the elastic constants must be positive. In fact, the nylon rods typically
have a Poisson ratio in the range from 0.4 to 0.43, making the change in radius somewhat smaller.
Therefore, the controlled tension experiments prove that when the elasticity of nylon is changed
in the experiments that vary temperature and/or swelling, the much larger shifts in the scattering
resonance frequencies that are observed under these conditions cannot be influenced by any
changes in tension. In other words, it is not dimensional changes of the support structure and
the resulting external stresses that cause the changes observed in the temperature variation and
swelling experiments. Moreover, this also proves that it is valid to assume that the tension of
the rods is similar enough in all samples that it has no observable effect on these measurements.
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5.3.1.7 Tunable bandgap
It has been shown that there are two propagating modes at the same frequency that
interfere with each other when the hybridization and Bragg gaps occur at the same frequency.
The case where two modes are out of phase has been analysed thoroughly. By controlling the
properties of the rods, this competition can be tuned precisely. In Figure 5.54, there are three
different apparent wavevectors above the resonance frequency when the temperature is varied,
and the transmission properties are quite different at these temperatures. Even more extreme
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Figure 5.54: Atypical dispersion curves (a) and intensity transmission coefficients (b) measured

(symbols) and simulated (lines) from the phase and amplitude of the transmission through a 5cell-thick phononic crystal of nylon rods in water. Results for three temperatures are shown.
The dashed vertical lines indicate the first and second Brillouin zone boundaries.
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Figure 5.55: Atypical dispersion curves (a) and intensity transmission coefficients (b) measured

(symbols) and simulated (lines) from the phase and amplitude of the transmission through a 7cell-thick phononic crystal of during swelling of the nylon rods in water every 4 min. The
transmission axis ranges from 5 × 10−9 to 1 × 10−4, and a 1 m/s change in vT is sufficient to
switch between the left- and right-bending dispersion curves at the crossover point. The dashed
vertical lines indicate the first and second Brillouin zone boundaries.

switching behaviour can be seen in Figure 5.55, which shows variations due to swelling. Since
the swelling is a spontaneous and continuous process, when the transmission measurements with
the sample in water are repeated at regular closely-spaced time intervals, dramatic changes in the
transmission coefficient due to destructive interference can be found for small changes in the
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properties of the nylon rods. For the data shown in Figure 5.55, the measurement was repeated
every 4 minutes. Very smooth and continuous changes in behaviour are observed. With only
a 1 m/s change in the shear velocity of nylon, the transmission differs by more than an order of
magnitude. This demonstrates that large changes in the transmission properties of the crystal
can result from tuning the resonant properties of the rods by only a very small amount,
demonstrating a novel mechanism that can be used in bandgap engineering.
Also, two modes can be in phase when they are comparable in magnitude, so they can
interfere constructively. Since both modes are already highly attenuated when they interfere,
the transmission is small despite the constructive interference. Still, in both simulation and
experiments, it is possible to extract two modes even when they are in phase. This results in
one relatively large and wide Gaussian pulse. Since the width of the filtered transmitted pulse
is much larger than the width defined by the filter, the phases in the early and later parts of the
pulse are well-defined and different, as they can be associated with the two constituent pulses.

5.3.1.8 Absence of two modes in simulations for a square lattice along X.
It appears to be essential to have staggered rods in successive layers in order to have the
two propagating modes around the first resonance. It is not sufficient only to have Bragg
scattering and a strong scattering resonance at the same frequency. For example, when the
same rods are arranged in a square lattice with a lattice constant of a = 0.85 mm, Bragg
scattering and the scattering resonance occur at the same frequencies for propagation along X
when the nylon volume fraction is 23 %. In a square lattice, X is parallel to one of the square
edges, and so each layer perpendicular to the propagation direction is identical. For this lattice
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geometry, no evidence for anomalous switching behaviour, due to the presence of two
simultaneously propagating modes is evident.

To demonstrate this result, a simulation in

COMSOL was performed with the following parameters:  = 1.15 g/cm3, vL = 2400 m/s,
vT = 950 m/s, and a loss tangent of 0% at 20 C.

For the same set of parameters, the transmission was simulated for many different
numbers of layers, as shown in Figure 5.56. Near the first scattering resonance, there is
anomalous dispersion which does not depend on the number of layers, and there is no switching.
At the higher frequencies, the upper part of the zigzag overlaps with the zone boundary, so the
mode is influenced by the Bragg scattering.

To further prove that two simultaneously

propagating modes do not exist in the square lattice along X, the pressure field inside a large
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Figure 5.56: a) The transmission coefficients and c) dispersion curves from the COMSOL

simulation for nylon rods in a square lattice having different numbers of layers. The nylon
volume fraction was 23%.
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crystal was simulated and examined the spatial FFT. Unlike Figure 5.45, there was only one
peak, and hence only one wavevector, in the spatial FFT at all frequencies near the combined
hybridization and Bragg gap.

5.3.2

 direction
Propagation through the other principal direction, K, has also been studied. Likewise,

the first scattering resonance occurs at a frequency that intersects the water line near the zone
boundary. Also, the pitch of the rods on the outer surfaces is larger in this direction, and this
spacing of the rods leads to diffraction of the pressure field leaving the crystal at a frequency
near the resonance, so both experiments and simulations must be performed carefully. It is
interesting to note that there is no plane of the rods perpendicular to the K direction in real space
that corresponds to the zone boundary at the K point.

All of these features suggest that

propagation along K in a crystal with 20 % volume fraction is expected to have very rich
physics.

5.3.2.1 Effect of varying the number of crystalline layers
Similar to the other direction, the propagation is expected to cross the zone boundary
near the first resonance. Therefore, the development of Bragg scattering was observed by
performing transmission measurements as each layer of the crystal was added. Also, in order to
identify the effect from the scattering resonance, the samples were swelled to lower the
frequencies of the scattering resonance.

Dispersion curves, transmission coefficients, and

reflection coefficients from experiment and simulation for different thicknesses from 1 to 14
layers at room temperature are shown in Figure 5.57 and Figure 5.58, respectively. In the
simulation, the material parameters were held constant as the number of layers was increased.
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Bragg-like features, combined with the characteristics of the resonance, develop at the zone
boundary with increasing thickness. The slope of the dispersion curve becomes steeper near 1
MHz as the thickness of the sample is increased.

When samples with 5 and 14 layers are

swelled in order to lower the resonance frequency, as shown in Figure 5.59 and Figure 5.60, the
vertical slope at the zone boundary vanishes and there is a gap after the zone boundary. This
small gap near 1.15 MHz will be discussed thoroughly in following section, where the behaviour
related to the Dirac cone is discussed. In a plot of the magnitude of the spatial FFT, with 0.5%
loss, as shown in Figure 5.61, the peaks of the dominant wavevectors near the Brillouin zone
boundary near 1.0 MHz form a band with negative slope. Bragg scattering at the zone boundary
cannot cause the dispersion curve in a finite sample to have a negative slope.

For a

hybridization gap, the negative slope in the dispersion curve does not depend on sample
thickness. For the experimental data and simulations shown in Figure 5.57 and Figure 5.58, the
slope of the dispersion relation is negative for frequencies above 1.0 MHz and varies with
thickness, with the dispersion curve bending more to the left as the frequency increases as the
frequency of the resonance (just above 1.1 MHz) is approached. Thus the dispersion relation in
the gap displays mixed characteristics that are influenced by both Bragg and hybridization effects.
Around 1.0 MHz, the two mechanisms are coupled to create a single mode; yet, the gap displays
distinctive characteristics of each mechanism. Above 1.07 MHz in Figure 5.61, there are two
peaks in the wavevector at a given frequency, indicating the presence of two simultaneous modes
as seen in the M direction. This would be expected to cause switching behaviour, although
none is seen in Figure 5.57 and Figure 5.58 as number of layers is varied. However, due to the
increase in the shear velocity of nylon with decreasing temperature, switching behaviour is seen
when the temperature is varied, as shown in Figure 5.62.
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Figure 5.57: Experimental data for the nylon rod phononic crystal with 1, 5, 6, 7, 8, 9, 14 layers

along the K direction for a 20 % nylon volume fraction at room temperature a) from 0.3 to 2.1
MHz and b) near the first resonance.
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Figure 5.58: Simulational results for different numbers of layers of nylon rods with the same

material parameters. Here  = 1.15 g/cm3, vL = 2400 m/s, vT = 950 m/s, and the loss tangent for
nylon is 2.5% at 20 C. a) Results from 0.70 to 1.75 MHz and b) near the first resonance.
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Figure 5.59: Dispersion curves, transmission, and reflection coefficients of PC 20K with 5
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Frequency (MHz)

2.0

K
M
Minimum swelling
Swell for two days

1.5

1.0

4

6
-1

k (rad/mm )

8 10-510-410-310-210-1 100 10-4 10-3 10-2 10-1 100

Transmission
Coefficient

Reflection
Coefficient

Figure 5.60: Dispersion curves, transmission, and reflection coefficients of PC 20K with 14

layers and swelling.

183

2



M

K

M

1

Frequency (MHz)

1.8

0.1

1.6
0.01
1.4
0.001
1.2
0.0001

1
0.8

0

2

4
6
Wavevector (rad/mm)

8

1e-005

Figure 5.61: Magnitude of the spatial FFT of the field inside PC 20 with 100 layers along the

K direction. Material parameters are  = 1.15 g/cm3, vL = 2300 m/s, vT = 955 m/s, and the
loss tangent is 0.5% at 20 C.
K

Frequency (MHz)

1.3

1.2
Temperature (0C)
8.0
9.3
11.0
12.2
16.1
19.6
21.8
24.1
26.2

1.1

1.0

0.9

4.0

4.5

5.0

k (rad/mm)

5.5

10-6 10-4 10-2

Transmission
Coefficient

10-3 10-2 10-1 100

Reflection
Coefficient

Figure 5.62: Dispersion curves, transmission, and reflection coefficients of PC20K with 14

layers at different temperatures.
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Around 1.7 MHz, there is the second scattering resonance which influences the
dispersion around the M point. The dispersion curves in Figure 5.57 and Figure 5.58 are
different for different thicknesses, but there is no simple trend with increasing thickness. As
shown in Figure 5.61, there is a wide gap centred at 1.6 MHz with Bragg-like characteristics in a
thick system.

Figure 5.58 shows that for thin samples, the combination of the scattering

resonance and Bragg scattering causes very complicated behaviour. Bragg scattering develops
with increasing thickness and eventually becomes the dominant effect. The second scattering
resonance has 6 poles, as shown in Chapter 4, so the coupling between neighbouring resonators
in the crystal is expected to be different than the case analyzed in detail for the first resonance in
the M direction.
It is worth taking note of the behaviour of the sample consisting of a single layer. We
expect to have two dips in the transmission coefficient near 1.1 and 1.7 MHz. In fact, there is
one more dip near 0.86 MHz, which corresponds to the so-called Rayleigh frequency. This
phenomenon is related the diffraction of the wave when the lateral separation between the
scatterers is equal to a multiple of the wavelength in water. Thus, the sample is essentially a
diffraction grating with 3 a separation. The sample is composed of finite-sized scatterers, so
there can be a coupled field in the transverse direction where there is constructive interference,
which reduces the transmission normal to the surface of the crystal.

This effect was not

observed with PC 20 M with a single layer (Figure 5.36) since the Rayleigh frequency is higher
and overlaps with the second scattering resonance.

The anisotropic displacement of the

resonating rods affects the lateral coupling, and the Rayleigh effect is not distinguished from the
hybridization effect in transmission. The Rayleigh frequency only depends on the pitch of the
scatterers on the surface of the crystal, so the dip at 0.86 MHz in the K direction is not affected
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by swelling. The two other dips in transmission are shifted down in frequency as shown in
Figure 5.63. This effect occurs at the surface layers. When the thickness of the sample is
greater than two layers, the diffraction effect at the Rayleigh frequency is weaker.
Swelling the rods with water shifts the frequencies of the scattering resonance only
downwards and increases the losses.

Therefore, to demonstrate switching behaviour

experimentally, the temperature of the water was varied to shift the frequencies of the resonances
both up and down, and extend the range of parameter space that could lead to switching being
observed. Figure 5.62 shows the results for a 14-layer sample. Due to the relative phase
difference between the mode near the K point and the resonant mode in the first zone, which
extends almost from the  point to the K point (Figure 5.61), switching behaviour was observed
as the relative amplitudes and phases of the two modes, changed with temperature. The figure
clearly shows that the upper edge of the gap shifts in frequency, which is related to the resonance,
but the lower edge does not, which is related to the periodicity.
Parametric studies of the properties of the nylon rod crystals along K were performed
with simulations for different loss and shear velocities in order to demonstrate and understand
general behaviour.

The sets of parameters span the range of values from the previous

simulations. The dispersion curves and transmission coefficients for a sample with 14 layers
with different losses are shown in Figure 5.64. The temperature of water is 20 C and the
longitudinal and shear velocities of nylon are 2400 m/s and 950 m/s, respectively. With lower
loss, the resonance mode is excited at a lower frequency. As a result, the band gap is narrower
in frequency. Also, there are phase and amplitude differences between the two modes which
lead to switching behaviour. It is also noted that the vertical part of the dispersion curve moves
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Figure 5.63: Dispersion curves, transmission coefficients, and reflection coefficients of PC 20K

with a single layer, showing the effect of swelling.

away from the zone boundary as the loss is increased, resulting in behaviour similar to the Bragg
gap but with negative slope. This change in behaviour shows the mixture of both the Bragg and
hybridization effects. When there is no loss, the Rayleigh frequency effect shows up as well.
In the other set of simulations shown in Figure 5.65, the shear velocity is varied from
870 to 990 m/s as shown in Figure 5.65. The temperature of the water is 20 C and the
longitudinal velocity of nylon is 2400 m/s with a loss of 2.5%. The experimental dispersion
curve at 12.2 C (Figure 5.62) is very similar to the simulation curve with 990 m/s. As shear
velocity is lowered, the upper edge of the gap shifts down in frequency, but the lower edge stays
relatively fixed, as can be seen from the experimental data in Figure 5.62 and from the
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Figure 5.64: PC20K with 14 layers for different losses at 20 ºC. The longitudinal and shear

velocities were fixed at the values specified in the text.
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simulations in Figure 5.65.

With a shear velocity of 870 m/s, the band gap is quite narrow and

the resonance has a more pronounced influence on the dispersion relation and the transmission
coefficient. As a result, the dispersion relation has the largest zigzag and the transmission
coefficient is most asymmetric.

Also, pushing the frequency of the resonance down by

lowering the shear velocity to 870 m/s obscures the effect of diffraction at the Rayleigh
frequency on the transmission. In this case, the displacement of rods at the Rayleigh frequency
is strongly influenced by the resonance, disrupting the diffraction along the surface.

By

contrast, at the largest shear velocities, a signature of the Raleigh frequency shows up as a kink
in the dispersion relation and a small dip in the transmission coefficient.

5.3.2.2 Dirac cone
Recently there has been considerable interest in the occurrence of linear dispersions of
classical waves across a zone boundary that form conical dispersion surfaces meeting at a single
point at the zone boundary. This interest has been fuelled by the electronic properties of
graphene at the K point of its two-dimensional triangular lattice, where this type of linear
dispersion is called a Dirac cone. This type of dispersion is also expected in two-dimensional
phononic crystals with a triangular lattice, where typically, as for example in the case of steel
rods in water, two linear dispersion relations cross at a point at the zone boundary in the K
direction.

For my nylon rod crystal, the strong scattering resonance of the nylon rods

introduces additional bands that may modify the Dirac cone behaviour. It is the purpose of this
section to investigate this effect, and to see what new physics emerges about the properties of
Dirac cones in my nylon rod crystal.
When my sample is swelled to lower shear velocity of nylon, a small gap develops after
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first zone boundary along K (around 1.2 MHz in experiments), as shown in Figure 5.59, Figure
5.60, and Figure 5.63. In simulations, with vT = 955 m/s and 100 layers, the gap is before the
zone boundary, as shown in Figure 5.61. Then, one might expect that there can be a situation
where a gap occurs in the propagating mode excited by a plane wave at the zone boundary, or
even a case where no gap occurs at all. This behaviour can be studied with a band structure
calculation.
In the band structure there are three bands that cross the zone boundary at the K point
near 1.2 MHz. Examples for different nylon parameters are shown in Figure 5.66 and Figure
5.68. It is not hard to find a set of parameters where the three branches cross the zone boundary
at the same frequency, as shown in Figure 5.66. Close to the zone boundary, all three branches
have a linear dispersion. The colours of the curves indicate branches with the same modal
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Figure 5.66: Band structure around K point along the K direction with the Dirac set.
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structure, so that the pressure field pattern has the same symmetry. The material parameters
that give this accidental degeneracy at the K point are  = 1.15 g/cm3, vL = 2400 m/s, and vT =
914.916 m/s at 20 C. With the accidental degeneracy, there is no gap through the zone
boundary and all three branches cross the K point linearly to form the Dirac cone shown in
Figure 5.67.

As the K point is crossed, the upper and lower branches exchange their

symmetries, while the middle branch (green triangles) retains the same symmetry on both sides
of the K point. Still, the exchanges occur at the K point without level repulsion, since all three
branches have different symmetries no matter what the wavevector.
For convenience, the set of parameters that gives the results shown in Figure 5.66 and
Figure 5.67 will be called the Dirac set. The temperature of crystal can be raised to reach the
Dirac-set condition in the experiment. For the experiments with swelling, there is a gap after
the zone boundary. This happens when vT is less than its value in the Dirac set, as shown in
Figure 5.68 a). On the other hand, when vT is greater than the Dirac velocity, the gap occurs
before the boundary, as shown in Figure 5.68 b).

When there is a gap either to the right or to

the left of the K point, the two branches that are approaching each other exchange their
symmetries when these branches are as close as to each other as they can get, as is indicated by
the colour coding of the branches. At the K point, there is another exchange that occurs without
level repulsion.

Modal structures for the blue (circle), green (triangle), and red (square)

branches are shown in Figure 5.69, Figure 5.70, and Figure 5.71, respectively.
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Figure 5.67: Dirac cone at K point with the Dirac set. Here the material parameters are  =

1.15 g/cm3, vL = 2400 m/s, and vT = 914.916 m/s at 20 C.

In a finite system with 20 layers, there are some small oscillations in the dispersion
curve below the zone boundary with the Dirac set. This is due to the finite-size effect. The
transmission coefficient at the K point does not depend significantly on the thickness of the
sample as shown in Figure 5.73. A gap opens up when the shear velocity deviates from the
Dirac set as shown in Figure 5.72. There is no direct relation between the attenuation and the
number of layers but these gaps attenuate more with more layers, as shown in Figure 5.74 and
Figure 5.75. The dip in transmission is deeper with higher shear velocity when the gap occurs
before the zone boundary. As we have seen, the scattering amplitude is stronger with higher
shear velocities of sound in nylon.
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Figure 5.68: The band structure near K point with the shear velocity of nylon a) 940 m/s and b)

900 m/s. Here the material parameters for both are  = 1.15 g/cm3, vL = 2400 m/s at 20 C.
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wave structure. The parameters are those for the Dirac set.
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Figure 5.72: a) The dispersion curves, b) the transmission, and c) reflection coefficients near K

point with different shear velocities of nylon. Here the material parameters for both are  =
1.15 g/cm3, vL = 2400 m/s at 20 C with 20 layers.
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The precise control of the nylon shear velocity can enable the accidental degeneracy
condition to be reached with PC 20 along the K direction. In other words, the behaviour is
very sensitive to the shear velocity and requires the right strength of scattering. With the outer
layer of rods swelled, such behaviour can be smeared. Thus it is not so easy to actually reach
the accidental degeneracy condition in experiments. However, the COMSOL simulations agree
with the experimental results, allowing one to infer that the accidental degeneracy condition can
be reached in an experiment with more careful control of the parameters, so that it should be
possible to observe experimentally the crossing of the three linear bands at the same frequency at
the zone boundary.
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Figure 5.73: a) The dispersion curves and b) the transmission coefficients near the K point with

the Dirac set, as the number of layers is increased from 10 to 20 layers.
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Figure 5.74: a) The dispersion curves and b) the transmission coefficients near the K point as a

function of the number of layers for a shear velocity in nylon of 890 m/s. Here the other nylon
material parameters are  = 1.15 g/cm3 and vL = 2400 m/s at 20 C.

5.4

Phononic crystals with a nylon volume fraction of 10%
In this section, the lattice constant a is adjusted so that the crystal has a nylon volume

fraction of 10%. This is the most diluted phononic crystal in this thesis. The wavelength of
the propagating modes at the hybridization gap is comparable to the lattice constant so the
hybridization gap occurs in the second Brillouin zone. The consequence of this feature of the
10% volume fraction regime, along with other interesting behaviours, will be presented. For
this nylon volume fraction, only propagation along the M direction will be considered.
Firstly, the transmission measurements were performed at different temperatures, which
are 11.6, 21.6, and 27.0 C in Figure 5.76. The behaviour was simulated with appropriate
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Figure 5.75: a) The dispersion curves and b) the transmission coefficients near the K point as a

function of the number of layers for the different shear velocity in nylon of 940 m/s. Here the
other nylon material parameters are  = 1.15 g/cm3 and vL = 2400 m/s at 20 C.

parameters and is shown in Figure 5.77, where the parameters used in the simulations are
specified.

In the transmission coefficient, the first scattering resonance creates a sharp

minimum, but surprisingly, the dispersion curves do not display a zigzag shape but instead they
cross the second zone boundary very smoothly. The width of the gap is narrow in frequency
since the system is dilute. To visualize the dispersion relation at the first resonance, a sample
with 100 layers was simulated for different percentages of loss at room temperature ( = 1.15
g/cm3, vL = 2300 m/s, vT = 955 m/s for nylon); the magnitude of the FFT of the field inside the
sample was taken and is shown in Figure 5.78. Near the scattering resonance, the branches
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Figure 5.76: Experimental dispersion curves, transmission, and reflection coefficients at 11.6,

21.6, and 27.0 C.

above and below the hybridization gap appear to remain disconnected, so there are no peaks
forming a negative slope curve that connects the two branches. When Figure 5.78 is zoomed
near the first resonance frequency in Figure 5.79, it can be seen that the two branches actually
overlap in frequency. There are two distinct modes with different wavevectors, but very slow
and similar group velocities at the frequencies where they co-exist. As the frequency increases
towards the hybridization gap, the lower branch nearly reaches the second Brillouin zone
boundary before the frequency is high enough for the second branch to dominate the behaviour.
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The changes in phase with frequency are similar for the two branches at the crossover frequency,
so that when the cumulative phase is measured in a transmission experiment, the measured
cumulative phase continues to increase smoothly when the jump occurs from the lower to the
upper branch, rather than decreasing discontinuously by a multiple of 2π to bring the dispersion
relation back to the middle of the Brillouin zone. Hence the measured wavevector continues
increasing smoothly through the 2nd Brillouin boundary, as seen in the experiments (Figure 5.76
and Figure 5.77), with the dispersion relation then being shifted at higher frequencies by a
multiple of 2π relative to the peaks shown in Figure 5.78 and Figure 5.79. At the crossover
frequency, the two modes interfere to produce a very sharp dip in the transmission coefficient.
Indeed, the two branches at the first resonance overlap in frequency in the bandstructure
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Figure 5.77: Simulated dispersion curves, transmission, and reflection coefficients at 11.6, 21.6,

and 27.0 C.

The sets of material parameters for nylon used in the simulations of the

experiments at 11.6, 21.6, and 27.0 C are (vL = 2400 m/s, vT = 990 m/s, loss tangent 3%), (vL =
2400 m/s, vT = 955 m/s, loss tangent 3%), and (vL = 2400 m/s, vT = 940 m/s, loss tangent 3%),
respectively.
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Figure 5.78: Magnitude of the FFT of the simulated complex field inside PC 10 with 100 layers

and 2.5% loss.
calculation in Figure 5.80. Also, the group velocity never becomes negative. In fact, when
the loss is increased, the low group velocity parts of the two branches become smeared out, and
the two branches are then connected with a negative slope part, resulting in anomalous
dispersion shown in Figure 5.81. In experiments at higher temperature, the zigzag shape of the
hybridization gap is observed, as shown in Figure 5.82.
The first Bragg gap at 0.65 MHz is very weak since PC 10 is a diluted system. At the
long wavelengths in water near 0.6 MHz, the 0.46 mm-diameter nylon rods are small relative to
the wavelength, and the strength of the scattering is reduced. In fact, the differential scattering
cross section shows that there are very weak forward and backward components to support
Bragg scattering, as shown in Figure 5.83. Even though most of the energy is transmitted
through PC 10, the Bragg gap can still be distinguished in reflection. Figure 5.76 shows that
the reflectivity is enhanced at the gap. The second Bragg gap, which is weak as well, occurs
between the first two scattering resonances at 1.3 MHz.
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5.5

Summary
The acoustic property of two-dimensional phononic crystals that exhibit both

hybridization and Bragg gaps has been studied using ultrasonic experiments and finite element
simulations.

The system selected for study consisted of periodic arrays of nylon rods

surrounded by water. To examine in detail the phenomena that can occur when the frequencies
of hybridization and Bragg effects either coincide or not, the lattice constant a was varied while
holding the diameter of the nylon rod inclusions constant. A convenient way of delineating the
different regimes of behaviour seen in these phononic crystals is to use the ratio of the diameter d
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Table 5.1: List of d/a ratios for different volumes fractions of crystals.

a(mm)

d (mm)

d/a

PC 10

1.385

0.460

0.33

PC 20

0.980

0.460

0.47

PC 40

0.693

0.460

0.66

of the scatterers to the lattice constant a. In Table 5.1, the d/a ratios for my different crystals are
listed. Analogously, the behaviour can be expressed in terms of the normalized frequency,

a/vw which allows behaviour to be scaled for any size of phononic crystal provided that the
same value of d/a is considered. Here vw is the sound velocity in the water surrounding the rods.
Since 1 MHz is a convenient frequency for experiments in Dr. Page ultrasonics lab, the size of
the rods was chosen for my thesis work to exhibit the first scattering resonance near 1 MHz.
When the d/a ratio is greater than about 0.6, the first resonance of the nylon rods occurs
at a frequency that is clearly below the frequency range of the first Bragg gap. This allowed the
different character of the hybridization and Bragg gaps to be studied independently, and the
resulting behaviour to be quantified for the nylon rod crystal system.

The effects on the

bandgaps of either varying the temperature or allowing the nylon to swell in the water bath were
both studied. These effects are key tools for fine tuning the frequencies of these gaps.
When the d/a ratio is around 0.5, the first resonance of the nylon rods occurs at a
frequency where strong Bragg scattering also occurs.

When the cumulative phase of the

transmitted pulse was measured, the wavevectors that were determined for the propagating mode
were found to be shifted by multiples of 2 at different temperatures, leading to switching
between apparently different dispersion curves. Furthermore, the transmission coefficient at
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different temperatures was shown to differ by orders of magnitude at its minimum value at the
band gap centre. This remarkable behaviour was shown to result from the competition between
two coexisting modes of propagation with different frequency-dependent complex wavevectors.
The character of the two modes is strongly influenced by the coupling between quadrupolar
resonances of the rods and the effects of Bragg scattering. When the positions of rods in
successive layers are staggered in a triangular lattice, the resonators that are one and two rows
apart can couple simultaneously to allow two propagating modes to co-exist with different
wavelengths. This gap has tunable properties so that a small change in shear velocity of sound
in nylon can result in hugely different values of the transmission coefficient (Croenne et al.
2014).
The band gap due to the scattering resonance under the influence of Bragg scattering
was investigated in the K direction as well. The slope of the dispersion curve at the gap grows
with the sample thickness like a Bragg gap but at the upper edge of the gap the slope eventually
becomes negative like a hybridization gap. Just above the gap, the scattering resonance creates
a propagating mode.

At the K point, an unusual Dirac cone was observed involving three

branches with different symmetries. All three branches reach the K point at the same frequency
when the accidental degeneracy condition is satisfied, and the Dirac cone has an “ideal” shape.
The accidental degeneracy parameters are  = 1.15 g/cm3, vL = 2400 m/s, and vT = 914.916 m/s
at 20 C. When the shear velocity is larger than that of the ideal Dirac cone, a small gap
emerges before the zone boundary. If the shear velocity is smaller, the gap emerges after the
zone boundary.
When the d/a ratio is below 0.45, the wavelength of the propagating modes at the
hybridization gap is comparable to the lattice constant and the hybridization gap occurs in the
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second Brillouin zone above the first Bragg gap. At the hybridization gap, the upper and lower
hybridization branches overlap in frequency, so there is a narrow frequency range with two
modes; the switching between the two branches as measured by the cumulative phase in
transmission does not involve the classic zigzag dispersion unless the loss is large. Also, the
Bragg gaps in this diluted system are found to be very weak, an effect that is explained for the
first Bragg gap by the anisotropy of the scattering cross section of a single rod, which results in
weak forward and backward scattering.
Overall, the combination of ultrasonic experiments and simulations has enabled an indepth study of the wave physics of phononic crystals with both hybridization and Bragg gaps.
This was made possible in part by investigating phononic crystals with a range of lattice constant
values relative to the size of the resonant scattering inclusions. The physics of the particular
system investigated, in which the scattering resonances have quadrupolar symmetry but the
lattice has triangular symmetry, has revealed a number of unusual effects, including a new
method of tuning band gap properties through the competition between resonant and Bragg-like
modes.
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6.1

Overview
In this chapter, my results on the density of states of sintered Al beads will be presented.

In this study, we investigate the vibrational density of states, which is the number of vibrational
states per unit frequency per unit volume. The density of states is a fundamental intrinsic
property of any system, and it can strongly influence the propagation of an acoustic wave in a
system with scatterers in contact. In particular, the aluminum beads were chosen since they are
a good candidate material for this study as they have strong resonances and low loss. The
modes of vibration can influence the phenomenon of Anderson localization. Indeed, a sintered
aluminum bead network was found to be the first three-dimensional system to exhibit Anderson
localization of ultrasound (Hu 2006; Hu et al. 2008). Despite this successful demonstration of
the Anderson localization, one of the surprising results that emerged from analysis of the
experimental data in 2008 was a surprisingly high energy transport velocity. Intuitively, in a
strong scattering medium, the energy transport velocity is expected to be small because resonant
scattering can delay the propagation due to the finite dwell time of waves in each scatterer.
That is why the observation of large energy velocities near the Anderson transition is surprising.
The cause of this high velocity was suspected to be a modification of the density of states from
the conventional model assumed in the calculations. To investigate this possible explanation,
the density of states of sintered aluminum beads was measured directly by counting modes
experimentally. The results of counting the modes using COMSOL simulations are presented
as well (section 6.4). Furthermore, a statistical analysis of the frequency separations between
neighbouring modes was performed, and these results are discussed in section 6.5.
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6.2

Experiments and Analysis

6.2.1

Samples and experimental Method
In the experiments, small samples were used to measure the density of states in order to

limit the total number of modes so that they could be counted unambiguously. In order to sinter
the beads together, the coated beads were placed on a small stainless steel plate with round
“potholes” or dimples inside a stainless steel cylinder with an inner diameter of 1.5 cm (see
section 3.3.2 for details).
A schematic diagram of the experimental setup is shown in Figure 6.1. A sample was
placed inside the holder having gentle contact with planar transducers. Then it was placed
inside a vacuum chamber, as shown in Figure 3.4. Enough pressure was applied to the screws
holding the sample between the transducers to couple the ultrasonic energy in and out of the

Power Amplifier
Emitting
Transducer
AWG
Trigger Signal
10 MHz Reference Clock

Sample

Gage card

Receiving
Transducer

Receiver Amplifier

Vacuum Chamber

Figure 6.1: Schematic set up
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samples. The transmitted pulses were viewed on the scope in order to find when the amplitude
of the recorded signal reached a stable magnitude with the applied pressure, indicating that good
coupling between the transducers and the sample had been achieved. Then, air was pumped out
of the vacuum chamber to have a pressure below 180 mTorr (24 Pa) in order to eliminate signals
that travel through the air and to reduce losses.
The density of states was measured from 0.05 to 1.50 MHz. As explained in Chapter 2,
there are two frequency regimes below and above the lowest eigenmode of a 4.0-mm-diameter
aluminum bead. For modes below 0.60 MHz in the intermediate frequency regime, transducers
with central frequencies of 100 and 200 kHz were used. The transducers are mismatched
purposely to reduce the natural response of the transducers at their own central frequency.
Acquisitions were done for central frequencies of 100, 250, and 400 kHz with narrow bandwidth
pulses to excite and detect as many modes as possible for as long a time as possible, since the
longer the pulse in time domain the narrower the width of peaks in the Fourier domain; hence the
resolution can be optimized. For the modes above 0.60 MHz, a pair of 1 MHz transducers was
used. The sizes of the transducers were mismatched since this was found to reduce pick-up
signals. In this frequency range, it was especially important to measure the modes over as long
a time as possible, since there are a large number of degenerate or nearly degenerate modes at
frequencies at and above the first eigenmode.

For a given orientation of a sample, acquisitions

were taken with narrow bandwidth pulses every 0.10 MHz in central frequency, in order to cover
the frequency range from 0.60 to 1.5 MHz. The orientation is defined with respect to the axis
defined by the normal to the transducer surface. Each acquisition was averaged over 80,000
times to improve the signal-to-noise ratio. The density of states was measured by counting the
number of peaks in the Fourier domain.

Then, the acquisition was repeated for different
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orientations of the same sample since there can be modes which may not be excited when the
nodes of a certain mode overlap with the contact positions on the transducers.

For each

orientation, different parts of the sample are in contact with the transducers. Note that the word
“orientation” is used to specify the way the sample is placed between the transducers to enable
different points on the sample surface to be in contact with the transducers; it does not imply that
there is any anisotropy in the elastic properties of the sample that would define an axis that
would need to be aligned with respect to the direction perpendicular to the transducer surfaces.
Then, the average number of modes is counted for all orientations for a given sample. Finally,
by binning the peak counts, the average density of states was determined as a function of
frequency. This procedure was repeated for different samples with different sizes in order to
evaluate the normalized density of states with respect to volume.

6.2.2

Data and analysis
Figure 6.2 shows typical data obtained from a single sintered bead, which was produced

unintentionally in the processes of fabricating larger samples. For illustration purposes, the pretrigger signal (shown in black) was acquired for the same length in time as the transmitted pulse
(post-trigger signal, shown in red) to show the signal-to-noise ratio. The burst period, which
corresponds to the duration between two successful triggered output signals, was 40 ms. The
transmitted pulse shown in Figure 6.2 persists for 6 ms inside a 4 mm-diameter bead. This is
rather surprising given the fact that the longitudinal velocity  L of sound in aluminum is 6.380
mm/s and the size of a bead is 4.0 mm.

With the low absorption of aluminum and the

perfectly reflecting boundary from the evacuated environment, the signal can multiply scattered
to last a very long time inside a single bead.
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With larger samples, the typical burst period of the pulses was set at 20 to 30 ms to
enable 15 to 25 ms long transmitted pulses to be measured. In Figure 6.2, the vertical scale is
large due to the way that signal averaging was done. The Gagescope card was used for fast
recording of the signals. The card stores the sum of all input signals, instead of performing the
real-time averaging function that is available on usual oscilloscopes. The vertical scale of the
averaged signal can be obtained by dividing the scale by the number of averages. In terms of
counting peaks in the FFT domain, the vertical scale is not important as long as the same number
of averages is used; therefore, the data shown in Figure 6.2 are the sum of the acquisitions rather
than the average.
In the FFT shown in Figure 6.3, a windowing function was applied in order to reduce
side lobes on the peaks due to the finite extent of the time domain signal. A detailed analysis
on the use of windowing function can be found in Harris’s work in 1978 (Harris 1978). The
truncation of the pulse in the time domain yields, during the process of taking the FFT, a
convolution of an infinitely long signal with a box function. The box function has the form of a
sinc function in the Fourier domain and is multiplied to every mode.

This increases the

complexity of counting the number of peaks because not only are there additional smaller peaks
to keep track of, but also these additional side-lobe peaks for neighbouring modes can overlap
and interact. These couplings may change not only the line shapes of the modes, but also the
relative amplitude of the peaks in the Fourier domain. In fact, there are different kinds of
windowing function with different power to reduce side lobes around the peaks. In terms of
counting the peaks in Fourier domain with small samples in my thesis, it is important to use a
suitable windowing function in taking the FFT. The Blackman method was used, but other
kinds of windowing function such as Blackman-Hanning were also found to be suitable.
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Figure 6.2: A typical transmitted pulse in a) field and b) magnitude with a logarithmic scale,

through a single sintered bead. The measurement was performed with 1 MHz transducers and
with a pulse centred at 1 MHz. The noise (in black) is superposed.
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Figure 6.3: Magnitude of the FFT of a typical transmitted pulse through a single sintered bead.

The inset shows a zoomed-in picture near 0.95 MHz.
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6.3

Experimental Results and Discussion

6.3.1

The eigenmodes of a single bead

The eigenmodes of a single Al bead are shown in Figure 6.4. The black and blue vertical bars
represent the degree of degeneracy for torsional and spheroidal modes respectively, and the small
ticks represent the measured frequencies of the modes for different samples and orientations.
The vertical bars are placed at frequencies that are calculated by Hackman (Pierce and Thurston
1993) for values of the longitudinal and shear velocities of sound in aluminum that are 6380 and
3120 m/s, respectively, and the density of aluminum equals to 2700 kg/m3 (value for pure
aluminum).

These values correspond to Young’s modulus of 70.6 GPa and Poisson’s ratio of

0.343. The notation “b01_01_01” means “the number of beads in the sample”,_“the name of
sample”_and “the orientation”.

The overall agreement between the calculation and the

experimental results are good. The eigenmodes of a single bead were identified experimentally
by measuring the peak frequencies in the Fourier domain. It can be seen that as the frequency
increases, the number of modes increases as well. The discrepancy in frequency of the lowest
eigenmode is due to the fact that the beads are composed of different materials. The calculation
was performed for pure aluminum beads. In general, the ultrasonic longitudinal and shear
velocities in aluminum may vary slightly depending on the exact alloy composition and the
method of production; also, the beads in this experiment have an additional processing stage in
which the beads were a coated layer of silicon and Nocolok powder, and heating to 630 ºC
resulted in the formation of a surface layer of silicon-aluminum eutectic alloy. Beads which
have been subjected to this brazing process will be referred to as sintered beads, reflecting the
processing conditions to which they have been subjected. Moreover, the variation between the
different beads must be largely caused by variations in the sintering conditions. The spherical
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Figure 6.4: Frequencies of modes for a single sintered bead. The black and blue vertical bars

represent the degree of degeneracy for torsional and spheroidal modes, respectively, and small
ticks represent the measured frequencies of the modes. The notation “b01_01_01” means “the
number of beads in the sample”_“the name of sample”_“the orientation”. The ticks for each
measurement are displaced vertically for display purposes.

beads were deformed with a slightly rough surface in the process of sintering.
Figure 6.5 compares the lowest spheroidal eigenmodes of a smooth unsintered bead
(blue curve with square markers) and a sintered bead (black curve).
unsintered beads will be referred to as “pure beads”.

Hereafter, smooth

This figure shows that the 5-fold

degeneracy of this mode is only partially lifted for the pure bead, whereas for the sintered bead,
the rough surface ensures that the degeneracy is completely lifted, as five distinct peaks are
found. Thus, there are two mechanisms that lead to a lifting of the degeneracy of the modes:
the effect of the pressure contact of the transducers on the bead, which changes the boundary
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conditions on the bead relative to a free-standing bead, and the effect of surface roughness,
which is relevant only for the sintered beads. In Figure 6.6, a pure bead (a) is compared with
two sintered beads, or b01’s (b and c). The pure bead (a) is more reflective with its clean shiny
surface than sintered beads (b and c) for which there can be some residue after sintering [e.g., in
Figure 6.6 c)]. In particular, the pressure contact of the transducer on the rough surface can
break the symmetry of the sphere, lifting the degeneracy. Mathematically, the experimental
observations correspond to solutions of an eigenvalue problem with slightly different boundary
conditions in different orientations; therefore, the solutions may differ a little. The variation is
small enough to be observable below 1 MHz, as shown in Figure 6.4 and Figure 6.5.Figure 6.7
shows a plot of the cumulative number of modes for a single coated bead as the frequency is
increased. This corresponds to the integrated density of states that is not normalized by volume.
Gaps where there are no modes show up as plateaus in frequency. Since the number of modes
is small, the discrete steps by which the cumulative number of modes increases with frequency
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(b01_01_02)

FFT magnitude
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Figure 6.5: Comparison of the magnitude of the FFT between the pure bead in blue, and sintered

bead in black. These data are for the lowest (l = 2) spheroidal mode.
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a)

b)

c)

Figure 6.6: Pictures of a) a pure bead, b) b01_01, and c) b01_02.
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Figure 6.7: Cumulative number of modes for a single sintered bead.

are clearly visible in the plot. As the frequency increases, the experimental data lie below the
calculated curve, with the large fluctuations between measurements being reflected in the error
bars. This implies the fact that the degeneracy is not fully lifted by the effects of sintering and
contact.
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6.3.2

Density of states of a sample with many beads - volume dependence
In experiments, as the number of beads in a sample increases, more modes are observed.

This behaviour is shown in Figure 6.8. As in Figure 6.4, the black and orange vertical bars
represent the degree of degeneracy for torsional and spheroidal modes of a single bead,
respectively, and small ticks represent the measured frequencies of the modes of the multi-bead
samples. Moreover, the vertical position of the small ticks now represents the number of beads
in a sample. As the number of beads in a sample increases, the number of modes increases
proportionately, and the ticks become more closely spaced. For sample b11, the formation of
broad pass bands, separated by band gaps, becomes evident. Interestingly, the coupled modes
of the multi-bead system shift to higher frequencies relative to the single bead, with the single
bead resonant frequencies corresponding to the lower edge of the pass bands. This is different
from the energy level splitting of degeneracies by a magnetic field in situations such as Zeeman
splitting, where the shift in energy is both above and below the unperturbed state. For an elastic
network of sintered beads, Weaver has explained this shifting of modes to higher frequencies by
arguing that each bead in the network experiences a greater stiffness than it would have in
isolation, due to the constraints imposed on its vibrations by the neighbouring beads (Weaver
1989). To a lesser extent, there is also a slight shifting downward of the frequencies due to
bead deformation (non-sphericity) as a result of the sintering. This second effect is more
evident at higher frequencies. Consequently, the band gaps are closed down mainly from the
upper pass band edge as the sample size increases and the pass bands spread upward in frequency.
The spreading of the mode frequencies across each pass band, as the modes push each other
apart, exhibits certain statistical properties, which will be discussed in the next section.
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Figure 6.8: Frequencies of modes for samples with different numbers of beads. The black and

orange vertical bars represent the degree of degeneracy for torsional and spheroidal modes,
respectively and small ticks represent the position of the modes in frequency. “b01_01_01”
means “number of beads in the sample”_“name of the sample”_“order of orientation.”

The number of modes in multi-bead samples is normalized with respect to the volume
and compared with that of the single bead in Figure 6.9. When the integrated histogram, as in
Figure 6.9, is normalized by the number of beads in the sample, there is good agreement between
experimental and calculated curves up to 1.2 MHz.

Certainly, the density of states is

proportional to the volume of the sample. The degeneracy is also fully lifted by the complex
network of beads, so virtually all the modes can be detected in the experiments, and the
221

experimental and calculated curves are closer to each other. The width of band gaps becomes
narrower for the larger samples, so the plateaus in the single bead integrated histogram are
replaced by curves in the integrated histogram plot. Since the experimental data can follow the
analytical solution based on calculations for a single bead, the total number of modes in multibead samples up to the top of each pass band can be estimated from the properties of a single
bead.
Despite the fact that the number of modes is proportional to the number of beads, above
1.2 MHz, the experimental count falls below the values predicted by the analytical calculation
for a single bead. Near 1.2 MHz, the number of modes becomes sufficiently large for the 7 and
11 bead samples that the peaks overlap, and some of the modes can no longer be resolved
experimentally. Due to the nature of the transducers used in the experiments, the spheroidal
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Figure 6.9: Integrated densities of states for samples with 7 and 11 beads.
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Figure 6.10: Densities of states for samples with 7 and 11 beads compared with the conventional

Debye and Weyl models, which were explained in Chapter 2.

modes, which have motions along the normal to the transducers, are excited and detected more
efficiently than the torsional modes, which have motions along the surfaces of the transducers.
Thus, when torsional and spheroidal modes are nearby in frequency, the torsional modes are
most likely to be missed in the total mode count.
Also, the nodal point of a certain mode may be in contact with the transducer accidently
for a given orientation. This does not only cause fluctuations in the number of counts from one
orientation to another for the same sample but it also means that the mean number of detected
modes will likely be lower than the actual value. In order to overcome this counting problem,
Hildebrand et al. (Hildebrand et al. 2010) developed a statistical approach in which the true
number of counts was estimated from the measured average and standard deviation of the counts
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measured for a large number of orientations of a given sample. They noted that the statistical
fluctuation arising from the chance of detecting a mode cannot result in a larger value than the
true count. By using properties of the binomial distribution to estimate the probability for a
mode to be detected, they estimated the true count and found that it was higher than any of the
measured values in their case. In principle, by applying this approach, the chance of missing a
mode in my counting experiments could be estimated, but as this problem was not believed to be
a dominant cause of error in my case, this procedure was not used. The justification for this is
that below 1.2 MHz my data are consistent with the expected number of modes based on the
calculation for a single bead, and above 1.2 MHz the main cause of discrepancies is modal
overlap in the frequency domain, not missing modes because of nodes at the excitation and
detection points on the surface of the samples.

6.3.3

Intermediate Frequency Regime
For a single bead, the lowest torsional mode is at around 0.62 MHz. Intuitively, when

there are two beads in contact, there can be a mode with a wavelength twice as long, so there can
be modes at lower frequency.

As explained in Chapter 2, when the network of beads is

considered as a single continuum object, there can be modes of the continuum object which are
below the lowest eigenmode of a single bead.
To investigate the density of states in this frequency regime, the samples are larger such
that each sample can have 21 to 50 beads. The measured number of modes of the system was
averaged over at least five orientations for each sample. The total measured density of states is
shown in Figure 6.11. The density of states in the intermediate frequency regime obeys volume
scaling behaviour as well. The densities of states for different sizes of sample with a similar
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level of sintering were averaged together.

In this frequency regime, we observe a large

variation in the modal frequencies originating from the level of sintering. Although the level of
sintering was not parameterized quantitatively, it was easy to observe these differences visually
and to pick out over-sintered samples, as shown in Figure 6.12. The modes of the more
strongly sintered samples are shifted up in frequency in general. This behaviour makes sense
since the more sintered samples have thicker necks between each bead, leading to a stiffer, more
rigid structure. The behaviour is analogous to a standing wave in a string, where the frequency
of the standing wave increases with tension on the string. Another relevant analogy is to a
coupled mass-spring system, with the beads playing the role of the masses and the elastic necks
between beads playing the role of the spring constants; a greater level of sintering corresponds to
an increase in the spring stiffness, and hence in the modal frequencies. Due to the shifts in
frequencies of modes, the width of the band gap just below the lowest eigenmode is narrower for
the more strongly sintered samples (Turner et al. 1998). For weakly-sintered samples, the
density of states is constant in frequency, as shown in Figure 6.11. The correlation among
modes when the wave transport is diffusive spreads the mode frequencies throughout the
intermediate frequency regime so the resultant histogram shows constant behaviour as in in
Figure 6.11. In this frequency range, wave transport has been shown to be diffusive (Hu et al.
2008) and the modes are spread out uniformly in frequency, due most likely to the underlying
structural correlations in the elastic bead network (Page et al. 2004).
In the more strongly sintered samples, there is power-law dependence in the density of
states below 100 kHz. The exponent is close to 1, so the frequency dependence is weaker than
the 2 behaviour that would be expected at very low frequencies, where Debye model behaviour
with effective medium parameters is expected (Page et al. 2004). The observed frequency
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dependence is likely characteristic of the crossover from the intermediate frequency diffusive
regime, where approximately constant density of states is found, to the low-frequency effective
medium regime, where 2 behaviour is expected only if the ballistic velocities are frequency
independent. In fact, a weaker frequency dependence would be expected near the crossover if
the effective medium velocities increase with frequency, an effect that has been observed in
glass-bead sintered solids, where measurements of the ballistic velocities near crossover led to a
prediction of 0.8 behaviour (Page et al. 2004). Thus the observed linear frequency dependence
in my data is consistent with this prediction, given that the details of the sample structure, and
hence likely the effective medium ballistic velocities, are different in these two porous media.
In future work, it will be interesting to investigate the behaviour of the density of states at even
lower frequencies to see if 2 behaviour is eventually observed at low enough frequencies.
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Such experiments would require larger samples and access experimentally to lower frequencies.
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Figure 6.11: Experimental results for the density of states over the entire frequency range

investigated. The cross-hatched vertical bars indicate the frequency range of the band gaps for
the weakly and strongly sintered samples.
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a)

b)

Figure 6.12: Pictures of a) a strongly-sintered sample with 42 beads and b) a weakly-sintered

sample with 52 beads

6.4

Simulations with COMSOL
To gain additional insight into the behaviour observed in the experiments, systems of

sintered aluminum beads were simulated using COMSOL to study the density of states. One
advantage of simulations is that it is possible to control the structure of the samples very
precisely, and in particular to define elastic necks between the beads in a well-controlled manner.
It is also possible to determine the complex field patterns in the samples in a much more
complete manner than is possible experimentally with the available equipment and realistic
experimental acquisition times.

6.4.1

Mode counting for a single bead in simulation
The simulation of the density of states was performed for a single bead first. The

longitudinal and shear velocities of sound in aluminum are 6380 and 3120 m/s, respectively.
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The density of aluminum is 2700 kg/m3. These values correspond to Young’s modulus of 70.6
GPa and Poisson’s ratio of 0.343.

The bead is placed under vacuum conditions in the

experiments, so the boundaries of the bead are free to vibrate in free space.
The number of modes of a single bead in the COMSOL simulation is shown in Figure
6.13, where it is compared with the results of the analytical calculation. The simulation and
analytical calculation agree well with each other up to 1.50 MHz, covering the range of
frequencies where the experimental data were obtained. Despite the fact that there are slight
shifts in frequencies of the eigenmodes even below 1.5 MHz, the total number of modes
determined from the COMSOL simulation accounts for the degeneracies successfully. At the
higher frequencies above 1.5 MHz, the number of analytic solutions appears to falls below the
count from the simulation, likely reflecting discrepancies in the frequencies of the modes. Due to
approximations in the analytical calculations, the solutions become less accurate at higher
frequencies. The simulation does not suffer from such problems as long as the size of mesh is
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Figure 6.13: Number of modes for a single bead from the simulation (black) and the analytical

calculations (broken cyan).
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6.4.2

Construction of samples with many beads for the simulations
For the simulations of samples with more than one bead, there are two main issues to

resolve: how to obtain a maximally jammed state and how to mimic the sintering of beads. In
reality, identical beads in a bag can be shaken several times to achieve a maximally jammed state.
There is no simple algorithm to resemble the effects of shaking in the presence of gravity to
achieve a high concentration of beads that corresponds to the experimental situation. However,
it is not too difficult to achieve a “high-enough” volume fraction in general. First, four beads
were placed in a tetrahedral configuration. The coordinate of the next bead was generated with
a random number generator in MATLAB around any randomly selected bead within a pre-set
range of centre-to-centre distances. The placement of a bead was accepted if there were more
than two neighbouring beads within the set range. Otherwise, another coordinate for the bead
was generated to look for another position. This process was repeated until a sample with
desired number of beads was constructed. The beads on the most outer layer will be in contact
with at least three other beads. Inner beads will be in contact with more neighbouring beads to
form the complex networks.
Once the coordinates of the beads are determined with the random number generator for
the desired number of beads, the beads must be coupled together.

In the simulation, the

coupling of beads was made with cylinders between the beads. Examples of the samples are
shown in Figure 6.14. The level of sintering can be modelled and controlled by adjusting the
radii of the cylinders between the beads. In order to determine adequate radii for the cylinders,
the eigenmodes of a sample in which all cylinders have identical radii of cylinder were evaluated.
The calculation was repeated for the same sample (i.e., same configuration of beads) but with
different values of the cylindrical radius.

The results are shown in Figure 6.15.
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This

comparison was performed for samples with two to eight beads. This simulation demonstrates
the same trend observed in the experiments, shown in Figure 6.11, namely that the frequencies of
the eigenmodes shift up with thicker cylinders, while the lowest eigenmode of the samples above
the first bandgap is constant at around 620 kHz and is the same as that of a single bead.
Consequently, the lowest bandgap is narrower as the neck radius increases. In other words, the
width of band gap just below the lowest eigenmode of a single bead is a good measure of the
level of sintering in the experiment. Moreover, Figure 6.15 is re-plotted to show the volume
dependence of the modal frequencies in Figure 6.16, where each graph shows the results for a
given level of sintering. As the volume increases, the modes spread both up and down in
frequency.

a)

b)

Figure 6.14: Picture of a) two beads separated by a diameter, connected with a 0.4 mm-radius

cylinder and b) a sample with 25 beads in COMSOL.
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Figure 6.15: Frequencies of the eigenmodes for different radii of the cylinders, with each graph

showing the results for a sample with a different number of beads.

Figure 6.16: Frequencies of the eigenmodes for different sizes of sample, with each graph

showing the results for a specified radius of the cylinders and hence the same coupling strength.
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6.4.3

Density of states of samples with many beads
The centre-to-centre separation between beads in the simulation samples was set to have

a range of values within 2 of the bead diameter, and the volume fraction was set to
correspond to approximately 13.5 beads per cubic centimetre. In the simulation, the sample
density is slightly less than that of the real samples, which have 15.3 beads per cubic centimetre.
It is true that, in the experiment, the number of modes is the same as long as the number of beads
in a sample is the same. Thus, to compare the results of the simulations with those of the
experiments, the simulated density of states was evaluated using the same volume scaling factor
of 15.3 beads per cubic centimetre as in the experiments.
The radius of the cylinders was allowed to vary randomly from 400 to 500 m.

The

minimum was set at 400 m because the maximum radius of the circle made at the junction of
two overlapping beads, which occurs when two beads are closest, was 398 m.

Hence, the

coupling of two beads was always determined by the size of the cylinder, and the cylindrical
necks always smoothed out the cusp that would occur at the interface between two overlapping
spheres in the absence of the cylindrical necks.

The maximum cylindrical radius was

determined so that the width of the band gap below the lowest eigenmode of a single bead would
be similar to the experiment.

For the intermediate frequency regime, simulations were

performed on samples with 4 to 18 beads, as well as 25 beads. Samples with more than 7 beads
have 999 realizations. For the high frequency regime, the properties of samples with 4 to 8 and
10 beads with 50 realizations were simulated.

With the larger numbers of modes in the high

frequency regime, 50 realizations were found to be enough statistically.
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6.4.3.1 Density of states of samples in the high frequency regime
Figure 6.17 shows total displacements of the eigenmodes of an 8-bead sample at the
frequency of the lowest torsional single-bead resonance at 620 kHz (Figure 6.17 a) and at the
frequency of the lowest spheroidal single-bead mode at 650 kHz (Figure 6.17 b).

We can

determine the nature of the modes visually. In Figure 6.17 b), the beads are vibrating radially,
so the black lines which indicate the surface with zero displacement are clearly visible; by
contrast, in Figure 6.17 a), the displacements are along directions that are tangential to the
surface, so the representation of the surface displacements covers up the most of the black lines.
Thus the character of the single bead resonances is clearly shown in the eigenmode
displacements of this multi-bead sample.
When the total numbers of modes are counted for all samples with different realizations,
the total number of modes is found to be proportional to the number of beads in the sample, as
expected. The density of states is normalized with respect to the volume and the averaged
density of states is shown in Figure 6.18.

When the width of the histogram bars is large, so that

the discrete nature of the modal frequencies for small samples is largely smoothed out, as shown
in Figure 6.19, the density of states is closer to the predictions of the conventional Debye and
Weyl models described in the theory chapter. Thus, apart from the fact that these models do not
take into account the local redistribution of the modal frequencies due to the existence of band
gaps, these conventional models can be a good approximation for large samples.
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a)

b)

Figure 6.17: Surface displacements of the eigenmodes of the 8-bead sample a) 0.62 MHz,

corresponding to the frequency of the lowest torsional mode of a single bead, and b) at 0.65 MHz,
corresponding to the lowest spheroidal mode. The exaggerated deformations of the spherical
beads are an aid to visualizing the displacements and modal symmetries. The black circles
represent zero displacement of the surfaces for reference purposes.

The displacement is

normalized to own maximum.

The histograms show additional interesting behaviour besides the proportionality
between the number of modes and number of beads. Figure 6.18 shows that when the average
number of modes in a histogram bin (red bars) is large, the density of states measured in the
smallest 4-bead sample (diamonds) is greater than the average. This generally occurs near the
frequencies of the single-bead resonances in the low-frequency part of each pass band. On the
other hand, when the average is small it is the density of states of the largest 10-bead sample
(triangles) that is above the average. This occurs near the upper edges of the pass bands. In
small samples, the number of modes is low at a given range of frequency so they are naturally
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Figure 6.18: Comparison of the simulated density of states in the high frequency regime for

samples of different sizes. The average behaviour is shown by the red bars. The width of the
histogram bins is 40 kHz.
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in the high frequency regime with histogram bin width of 100 kHz.
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relatively well-separated and the effect of level repulsion on the mode separations is weak. As
there are more modes per given frequency range, they start to repel each other and spread out to
fill the available range of frequencies. Eventually, with much larger samples, the high spike in
the density of states near the eigenmode of a single bead will be smeared out so the density of
states does not vary much with frequency within a single pass band. Hence, the growth of the
importance of level repulsion effects with sample size is shown in Figure 6.18. The properties
of the level repulsion will be studied statistically in following section.

6.4.3.2 Density of states of samples in the intermediate frequency regime
The eigenmodes in the intermediate frequency regime display much larger wavelength
as shown in Figure 6.20. A single wavelength is comparable to one of the dimensions of the
sample. Excitation of such modes must cause diffusive behaviour via vibrating all beads in a
sample through the network. The density of states from the simulation agrees with that from
experiments. The simulated samples exhibit slightly higher levels of sintering than the weaklysintered sample. In fact, this means almost all the modes were counted in the experiments up to
1.2 MHz.
The eigenmodes in the intermediate frequency regime have larger wavelengths than the
modes above the first bandgap. Examples of eigenmodes in this frequency range are shown in
Figure 6.20. Excitation of such modes causes all beads in a sample to vibrate, as each mode
extends through the elastic bead network. At these frequencies, the wave scattering is strong
and diffusive behaviour is expected in larger samples (Hu et al. 2008), and this behaviour will be
expected to be renormalized close to the first bandgap where localization may occur. In terms
of the density of states, the simulation results are in good overall agreement with the
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experimental data, as shown in Figure 6.21. From 100 to 300 kHz, the density of states in the
simulations is approximately independent of frequency, behaviour that is captured more clearly
in the weakly sintered experimental sample, for which the intermediate frequency extends to
lower frequency. The simulated samples exhibit behaviour consistent with a level of sintering
in between that of the weakly and strongly sintered experimental samples.
In the intermediate frequency regime, there are some important points to note. The
proportionality constant between the number of modes to the number of beads in a sample is an
integer number. This integer is 6. The “magic” number 6 is related to the number of degrees
of freedom for motion of each bead in three dimensions.

There are three degrees of freedom

for both rotational and translational motions. Since the sample is not clamped at any point in
space, six of the modes are at or near 0 Hz, corresponding to a uniform translation or rotation of
the sample.

Since these zero-frequency modes cannot contribute to the dynamics in the

intermediate frequency regime, they are excluded in the subsequent analysis. Thus, the total
number of modes considered here is (n-1)6 for an n-bead sample. Note that since the frequency
range is below the lowest resonant mode of a single sphere, internal degrees of freedom of a
bead do not contribute to the vibrations. This proportionality constant of 6 is a general result
that for a system with identical (or at least similar in mass) coupled particles, for which there are
no contributions from internal degrees of freedom of the particles. Since the number of modes
up to the upper edge of intermediate frequency regime is determined by the number of degrees of
freedom and the number of particles, the integrated density of states over the entire lowfrequency and intermediate frequency regimes can be accurately estimated from the number of
beads and the volume per bead. Consequently, this sets the absolute limit on total number of
modes in a given sample that are below the lowest eigenmode of a single bead. The majority o
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a)

b)

Figure 6.20: Total surface displacement of an eigenmode of a sample with 10 beads in the

intermediate frequency regime for the a) lowest eigenmode at 54 kHz and b) highest eigenmode
at 397 kHz. The displacement is normalized to own maximum.
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Figure 6.21: Comparison of density of states between the experiments and simulations in the

intermediate frequency regime.
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these modes are in the intermediate frequency regime. Below 100 kHz, a low frequency regime
is expected in which the scattering is weak and wave transport is ballistic, but to see this regime
in simulations would require larger samples than what have been simulated so far.

The

maximum sample size for the current COMSOL simulations is 25 beads, due to memory
limitations of 32 GB in the best PC available in my lab.

6.5

Level repulsion
In this section, the effect of level repulsion on the nearest-neighbour frequency

separation of the modes is examined statistically. As predicted in the theory (Chapter 2), modes
are correlated in diffusive regimes and the modes repel each other. If there is a maximum
correlation among modes, the distribution of the level separation normalized by the mean
separation is governed by the Gaussian orthogonal ensemble (GOE). On the other hand, in the
localized regime, the modes are not correlated. Therefore, there is no level repulsion and the
distribution of the normalized separation is governed by Poisson statistics. Intuitively, localized
modes are isolated spatially from each other so they do not know existence of other modes;
therefore, there cannot be any correlation among the modes in localized regime.

This

behaviour would result the maximum randomness in separations between neighbouring modes.
The eigenmodes in the intermediate frequency regime represent the vibration of the
whole system; hence, excitation of such modes in one part of sample will excite vibration
throughout the sample.
frequency range.

Diffusive behaviour has been observed around 200 kHz in this

In previous measurements of the sintered aluminum bead system in the

ultrasonics research laboratory, the intensity decay in time was described successfully with the
diffusion approximation (Hu et al. 2008). In the high frequency regime, there can be localized
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modes. However, in my study, the samples are small, and the effects of localization may not be
evident on such short length scales; hence most modes are expected to appear diffusive.
Furthermore, in the high frequency regime, band gaps are present. The two modes just below
and above the band gap are not separated by level repulsion between two modes. Therefore,
the large separations around the band gaps are excluded in calculation of the mean separations.

6.5.1

Level repulsion of modes in the high frequency simulations
Level statistics are investigated by determining the nearest neighbour separation in

frequency of the modes and normalizing this difference by the average separation. Surprisingly,
when the level repulsion statistics are evaluated in the high frequency regime, in both the
experiments and simulations, the distributions are closer to the Poisson distribution than to the
GOE distribution, as shown in Figure 6.23. This figure shows the probability of observing a
particular normalized separation for all modes observed between 0.6 and 1.5 MHz, neglecting
the large separations across bandgaps that are determined by sintering strength and are
unaffected by level repulsion. In both experiments and simulations, the value of the second
largest separation is similar to the first, while the general appearance of the distribution displays
Poisson distribution characteristics. This apparent behaviour suggests that many of the modes
could be localized with weak correlations in the modal frequencies to cause little departure from
the Poisson distribution. This is surprising since the biggest sample has only 11 beads in the
high frequency regime in experiments, and only 10 beads in the simulations.

They were

expected to be too small to exhibit localized behaviour. It is worth noting that the departure is
not related to missing any narrowly spaced modes due to a limit of the resolution in the
experiments when there are too many closely spaced modes; this effect is ruled out because the
240

0.8

Probability

Probability

1.5

11 Bead Exp
GOE
Poisson

1

0.6
0.4

10 Bead
GOE
Poisson

1

0.5

0.2
0
0

1
2
Normalized separation

a)

0
0

3

b)

1
2
Normalized separation

3

Figure 6.22: Level separation statistics for the high frequency regime from a) experiments for a

sample with 11 beads and b) simulation for samples with 10 beads, compared with the GOE and
Poisson distribution. c) Comparison of level separation statistics for the high frequency regime
from simulation and experiment.

1.5
10 Bead Simulation
11 Bead Experiment

Probability

1

0.5

0

0

0.5

1

1.5
2
2.5
Normalized separation

3

3.5
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measured density of states is very close to the expected value up to 1.2 MHz, and the agreement
between simulations and experiments in Figure 6.23 shows that the number of modes missed
above this frequency in the experiment is not a significant factor affecting the probability
distribution. The effect of missing modes is examined in greater detail at the end of this section.

6.5.2

Searching for the modes with repulsion
There are actually many numerical studies done by adjusting the strength of the

correlation (Coy and Lehmann 1987; Altshuler et al. 1988; Poilblanc et al. 1993; Hsu and Angles
d’Auriac 1993; Shklovskii et al. 1993). The last two references are especially interesting in the
context of my work, as they describe how level statistics are expected to change near the
Anderson transition for electrons. In all of these papers, the authors have observed a transition
from the Poisson distribution to the GOE as the degree of correlation is varied. According to
these papers, a Poisson-like distribution, as seen in Figure 6.23, should be interpreted as the
result of a weak correlation between the modes. However, there are other factors that should be
considered before reaching this conclusion. First, some of the samples contain a very small
number of beads, and the absence of obvious level repulsion effects could be a direct result of the
small number of modes in such small structures. For example, Figure 6.24 a) shows that for the
5-bead sample, the modes are generally well separated from each other, and one would expect
level repulsion effects to be minimal. On the other hand, Figure 6.24 b) shows that for the 11bead sample, many modes are close together in frequency, and one would expect level repulsion
effects to be more significant. Second, for all samples, the density of states fluctuates rapidly
with frequency, as is illustrated by the simulation results for the 10-bead sample shown in Figure
6.25, where a relatively narrow bin width of 20 kHz has been chosen to avoid masking the
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Figure 6.25: The density of states for b10 with histogram bin width of 20 kHz.

fluctuations. These density of states fluctuations imply that the average level separation also
varies rapidly as the frequency is varied. However, GOE statistics apply to a spectrum of
modes with a constant average level spacing (Weaver 1989), so that to compare our results with
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this distribution, it is necessary to correct the data for these large fluctuations.

This was

accomplished by treating the separations in each frequency bin of width 20 kHz by normalizing
the separations by the average level separation for that bin. These normalized level separations
were then used to construct P(s) for each bin. The probability distribution for all frequencies
between 0.6 and 1.5 MHz was then obtained by averaging the distributions for each 20 kHz
interval, weighted by the number of normalized separations in each frequency bin. The results
are shown in Figure 6.26 and Figure 6.27 for simulations and experiments respectively. There
is a strong dependence on the sample size in both experiments and simulations. For small
samples, the distributions are still Poisson-like, but for the larger samples the distributions
become more like the GOE. For all samples with more than 5 beads, there is evidence of level
repulsion, with the level repulsion effects becoming most pronounced for the 11-bead
experimental data. This suggests that for larger samples, the level repulsion statistics would be
governed by the GOE. In correcting for the fluctuations with frequency in the average level
spacing, the 20 kHz bin width was selected so that there would be statistically enough counts in
each bin, while providing a good compensation for the non-constant density of states. The
approach created a suitable spectrum of level spacings for comparison with the GOE predictions.
There is another effect that further supports the idea that it is important to evaluate P(s)
in narrow ranges of frequency. It is known from Transverse Confinement experiments on larger
samples (Hildebrand private communication; Page et al. 2004) that the character of wave
transport changes significantly as the frequency is varied across the pass bands. Approximately
in the middle of each pass band, wave transport was found to be diffusive, whereas near the
upper band edge, a transition was observed to localized modes. This suggests that the level
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Figure 6.26: Averaged level repulsion distribution in COMSOL simulation from 0.6 to 2.2 MHz

for every 20 kHz for samples with a) 4, b) 5, c) 6, d) 7, e) 8, and f) 10 beads.
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Figure 6.27: Averaged level repulsion distribution in experiments simulation from 0.6 to 2.2

MHz for every 20 kHz for samples with a) 5, b) 7, and c) 11 beads.

statistics may vary across each pass band. However, for the current data, the total number of
modes detected in each pass band is too small to detect such changes with any level of
confidence, due to statistical limitations.

It remains an interesting challenge for future

experimental work to look for such changes in the transition to Anderson localization in this type
of sample.

6.5.3

Level repulsion of modes in the intermediate frequency regime
The distribution of the normalized mode separations for the intermediate frequency
249

regime was evaluated in the same manner as for the high frequency regime, in order to
compensate for fluctuations in the density of states.

The fluctuations in the intermediate

frequency regime are much less than in the high frequency regime, but the density of states is not
constant with frequency either. Moreover, due to the low number of modes in the intermediate
frequency regime, the bin widths for the representation of the probability distribution by a
histogram are adjusted according to the number of beads in samples so that the average count per
bin is approximately constant for different sample sizes.
When the distribution of the level statistics is evaluated from simulations of samples
with 5 beads, as shown in Figure 6.28a), the distribution cannot be described by any continuous
function. Intrinsic modes of system are naturally too far apart from each other to experience
level repulsion and the number of modes is too low to be described by a smooth distribution of
the normalized separations. Indeed, there is almost zero probability of having a normalized
separation of 0.5 or 1. For larger samples with 6 (Figure 6.28b) and 7 (Figure 6.28c) beads,
there are barely enough number of modes to produce distributions which are close to the Poisson
distribution; instead there are large deviations both above and below the continuous Poisson
distribution. The modes are too far from each other in frequency to experience level repulsion,
so the normalized separations should be randomly distributed, apart from correlations in the
eigenfrequencies with mode character that show up distinctly when there are a small number of
modes. However, there is a low but finite probability of mode overlap, so there is much lower
probability of having very low separations in the evaluated distributions for these samples
compared to the Poisson distribution.

As the number of beads increased above 7, the

distribution becomes closer and closer to the GOE prediction, as shown in Figure 6.29 from a) to
c) for samples with 8, 9, and 10 beads. For the sample with 25 beads, the distribution is really
250

2
5 Bead Simulation
GOE
Poisson

Probability

1.5

1

0.5

0
0

0.5

a)

1
1.5
Normalized separation

2

2.5

1
6 Bead Simulation
GOE
Poisson

Probability

0.8

0.6

0.4

0.2

0
0
b)

0.5

1
1.5
Normalized separation
251

2

2.5

1
7 Bead Simulation
GOE
Poisson

Probability

0.8

0.6

0.4

0.2

0
0
c)

0.5

1
1.5
Normalized separation

2

2.5

Figure 6.28: The level repulsion statistics of the sample with a) 5, b) 6, and c) 7 beads

close to the GOE as shown in Figure 6.29 d).
The samples in the experiments are larger than in the simulations. As shown in Figure
6.30, for samples with 42 and 52 beads, the distributions are very close to the GOE. In fact, the
level of sintering is much higher for “b42” than “b52”, so they were averaged separately along
with other weakly and strongly sintered samples to constitute the two groups of samples shown
separately in the density of states measurements reported in Figure 6.11. However, there is no
apparent effect due to the level of sintering in the distributions of the level separations shown in
Figure 6.30. The modes are distributed over a wider range of frequencies for the high level of
sintering; therefore, the mean of the separation between the nearest neighbour modes is larger.
With the presence of level repulsion, the distribution of the normalized separations is similar
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Figure 6.29: The level repulsion statistics of the sample with a) 8, b) 9, c) 10, and d) 25 beads
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Figure 6.30: The level repulsion statistics of the experimental data for a) “b42” (strongly

sintered) and b) “b52 (weakly sintered).
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regardless of the level of sintering, with the increased average separation between the nearest
neighbour modes compensating for the larger nearest separations between individual modes.

6.5.4

Effect of missing modes on level repulsion statistics
The effect of missing modes has not been considered previously in this chapter because

the number of modes missed in the experiments is expected to be low enough to be neglected especially below 1.2 MHz.

Here, the possible effects of missing modes on the measured

distributions were examined to see if this expectation is correct. When there is one missing
mode for the reasons discussed in section 6.3.2, there is one larger separation instead of two
smaller separations, so the normalization constant is larger. Therefore, effects tend to cancel
each other.

Consequently, the distribution remains almost unaffected when the number of

missing modes is low. Under the conditions that lead to GOE statistics, if there are many
missing modes, the effect can be seen in the distribution of the normalized separations.

When

the number of missing modes is small due the limitations in the experimental resolution, the
missing modes will mostly affect the smallest separations of the distribution.

For GOE

statistics, the probability of the smallest separation is always small. Therefore, as long as
number of missing modes is small enough that the smallest separation bin in the distribution is
non-zero, the number of missing modes will not greatly affect the overall shape of the
distribution.
To investigate these points more quantitatively, the effect of a large number of missing
modes was estimated numerically for the Poisson distribution.

With the larger probability of

having closely spaced modes, such a distribution would suffer more from missing modes due to
the resolution limit of counting peaks in Fourier domain.
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Thus, the Poisson distribution

provides a more extreme test than the GOE for investigating the effect of closely spaced missing
modes on the distributions. An artificial set of modes was created with a random number
generator in MATLAB.

The modes are randomly distributed so there is maximum randomness

without any level repulsion. As expected, the distribution follows the Poisson distribution, as
shown in Figure 6.31a). The effect of missing modes was evaluated by setting a threshold
value for the separations below which all separations are excluded. Thus the threshold sets the
number of modes that correspond to those missed due to the resolution limit in experiments. At
the top of the each plot in Figure 6.31, the percentages of excluded modes due to the threshold,
relative to the total, are shown. Then, separations below a given threshold are removed from
the artificial set. By removing a mode in frequency, one large separation replaces the two
closely spaced modes, as in the experiment. Thresholds are set at 0.5, 1, 2, 5, and 10 % of the
mean separation. The distribution is re-evaluated with thresholded modes removed, as shown
in Figure 6.31b)-f). The threshold reduces the probability of finding counts at the lowest
normalized separations (first data point in the figures), which are the closely spaced modes.
The normalization of the distribution to conserve the total probability of 1 causes the
probabilities for the other normalized separations to adjust to compensate for the loss of area.
As the number of excluded modes is increased, the probabilities for the lowest separations
deviate more and more from the Poisson distribution. However, the overall distribution still
remains closer to Poisson than GOE statistics. Overall, we can conclude that, as long as the
normalization of the separations is properly performed, the percentage of missing modes can be
estimated from the probabilities for first two normalized separations of the distribution. This
result has been shown for the case of maximum randomness, and will be much less obvious for
GOE statistics.
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Figure 6.31: Level repulsion statistics of an artificial distribution created with the random

number generator. Separations below a) 0, b) 0.5, c) 1, d) 2, e) 5, and f) 10 % of mean
separations are excluded. At the top of the each plot, the percentage of excluded modes with
respect to the total is shown.
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6.6

Summary
A disordered porous solid network of aluminum beads is particularly interesting

because this system was shown to exhibit Anderson localization (Hu 2006; Hu et al. 2008).
These samples were fabricated by brazing aluminum beads together to form a disordered porous
solid network. For elastic waves in these samples, the density of states measures the number of
vibrational states per unit frequency per unit volume.
The density of states was measured by directly counting the modes in the frequency
domain. It was found that the density of states was approximately independent of frequency at
intermediate frequencies, below the first resonant frequency of a single bead; on the other hand,
the frequency dependence was found to be consistent with traditional density-of-states models at
higher frequencies.

Eigenmodes of a single bead were identified; furthermore, this

identification was shown to lead to a microscopic picture of the formation of pass bands in larger
brazed samples. This mechanism is analogous to the tight binding model of electronic energy
bands, with the coupling between the eigenmodes of individual beads in a sample leading to the
formation of pass bands for ultrasonic waves. Also, when the coupling between beads is not
too strong, band gaps are formed at frequencies between the pass bands. Such behaviour was
studied systematically by gradually increasing the number of beads in the sample. It was shown
that the total number of modes is proportional to the number of beads in a sample. This
systematic study also allowed the conditions to be determined under which level repulsion
occurs. This was investigated by investigating the level statistics of the modes. There is no
level repulsion in small samples since intrinsic modes of system are already too well separated in
frequency.

As a result, the probability distribution of normalized nearest neighbour level

separations is close to the Poisson distribution. As the sample size increases, there are more
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modes, and the modes start to overlap and repel each other so that level repulsion effects become
important.

Consequently, the level statistics were observed to become closer to GOE

predictions as the sample size increased.
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7.1

Overview
Philip Anderson first suggested in 1958 the possibility of electron localization inside a

disordered semiconductor with random energy variations from site to site (Anderson 1958). He
predicted that electrons moving in a random potential will be localized if either the variation in
potential is larger than a threshold value or the energy of the particles is low enough at a given
random potential.
In 2008, Dr. Page’s research group demonstrated the most convincing evidence for
Anderson localization of ultrasound in a three-dimensional system (Hu et al. 2008). In the lab,
brazed aluminum bead samples were covered with a thick waterproof coating and placed under
water to enable immersion transducers to be used to investigate the transmitted wave fields. In
later experiments, the air in the pore space around the beads was evacuated. The ultrasound in
water was coupled into the samples to excite its modes of vibration; then, the ultrasonic
vibrational waves that had crossed the sample were coupled back into the water and detected as a
pressure field. In recent experiments, both transmitted and reflected fields were recorded to
study different properties of Anderson localization (Aubry et al. 2014; Hildebrand W. K. et al.
2014). When the sample is placed under vacuum conditions, one can be certain that the energy
is transmitted only through the aluminum beads in the form of an elastic wave, but the difference
in acoustic impedance between aluminum and air is so large that even when there is air in the
pore space, air signals are entirely negligible.
In previous work, the speckle patterns were mapped using a hydrophone placed within
one wavelength of the sample surface in the near field regime.

While these experiments have

provided excellent measurements to demonstrate effects of Anderson localization, it is expected
that there could be interesting differences between the near-field pressure waves just outside the
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sample and the actual ultrasonic displacements on the sample surface.

For instance, the

displacement field has three vector components that reflect the presence of both longitudinal and
shear elastic waves, but the pressure field outside is a scalar and represents only longitudinal
waves that have escaped from the sample interface. Therefore, it was decided to directly map
the surface displacements on the surface of a similar sample using the laser interferometer.

7.2

Experiments and Analysis

7.2.1

Sample fabrication
The samples were made from 4.1-mm-diameter aluminum beads brazed together at a

volume fraction of approximately 55%. A slab-shaped sample was made that is 120 mm in
diameter and 14.80 mm in thickness.

When the sample was constructed, the procedure used

was the same as explained in Chapter 3. As in chapter 6, to increase the randomness in the
positions of beads, coated beads were placed on a dimpled ceramic plate with a random pattern
of holes as shown in Figure 7.1. The randomness in heights of the beads is shown by X-ray
tomography measurements, shown in Figure 7.2. As the laser interferometer requires a flat
surface for accurate measurements of the displacement, both surfaces of the sample were
polished.
When a bead is polished, the total number of eigenmodes is similar, but they spread up
and sometimes down in frequency with respect those of a spherical bead as shown in Figure 7.3.
In this figure, the cumulative number of modes (and the integrated density of states) is plotted as
a function of frequency for a bead with a flat polished surface when different amounts of
material have been removed. These results were obtained from finite-element simulations in
COMSOL.

When the beads are more polished, the cumulative number of modes increases
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more smoothly with frequency. For a thick multi-bead sample, the polished beads on the
surfaces will act as a transmission filter.

Consequently, the spread of eigenmodes of the

polished bead will potentially lead to enhanced surface transmission at frequencies where there is
a bandgap for the spherical beads inside the sample. This effect could somewhat reduce the
width and depth of the bandgaps, relative to a sample of equal thickness made entirely from
spherical beads.

Figure 7.1: Ceramic plate with a random pattern of holes.
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Figure 7.2: Cross-section view perpendicular to the slab surfaces obtained using X-ray
tomography of the sample built on plate with random holes.

These measurements were

performed by Dr. Andrew Goertzen (Department of Radiology), Kurt Hildebrand and Dr. John
Page.
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Figure 7.3: Effect of the polished surface for a single bead. The legend shows the percentage
lost in diameter due to polishing. Hence, ‘50 %’ means a hemisphere and ‘0%’ means a sphere.
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7.2.2

Experimental method and data acquisition
The ultrasound wave was coupled into the sample by bonding a 6-mm-diameter

Panametrics transducer to a single bead on the surface of the sample.

The ultrasonic

displacements on the opposite surface were detected with a laser interferometer (section3.4.3).
The sample is placed on a two-dimensional motorized stage while the position of the laser
interferometer is fixed. Thus the surface displacements across the surface of the sample could
be scanned. The schematic set-up of the experiment is shown in Figure 7.4.

Calibration, Light level (DC)

MATLAB

In-Plane
Gagecard

Out-of-Plane

Sync

Sample
with
holder

AWG
Amplifier

Transducer
2D
motorized
stage

Laser Interferometer

Figure 7.4: Schematic set-up of the experiments with the laser interferometer.
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When the sample is placed in air rather than water, the sample is effectively placed in a
closed environment with virtually perfectly reflecting boundaries due to the large mismatch of
the acoustic impedances between air and aluminum (longitudinal impedance ratio is 1  10-5).
Consequently, there is essentially no leakage of the energy out of the sample; moreover,
localized states can be more easily formed near the surfaces. Then, the probability of forming
localized states anywhere inside the sample is essentially the same, so the renormalization of the
diffusion coefficient is not expected to depend on position inside the sample. Thus it should be
an excellent approximation to neglect the position dependence of the diffusion coefficient that is
a key feature of the Self-Consistent Theory of localization in open media (Skipetrov and van
Tiggelen 2006; Hu et al. 2008).
The normal component of the displacement was measured for 251 by 251 positions in
the scanned area of the sample that is indicated with a (red) square in Figure 7.5. The step size
was 0.2032 mm (0.008”). An immersion transducer with a central frequency of 2.25 MHz and
with an element of 1/4” diameter was used to excite the modes of vibration. The map of the
calibration signal, which measures the light intensity detected by the interferometer and is used
to calibrate the magnitude of the surface displacements, is shown in Figure 7.6 a). When it is
compared with the actual shape of the sample in Figure 7.6 b), the parts of the surface without
beads are clearly shown in the calibration signal. Hence, the calibration signal can be used to
identify the positions of legitimate (successful) measurements on the surface beads. There is a
noticeable pattern such that the level of the calibration signal is high in the diagonal direction
(from right top to left bottom). The interferometer was focused manually on the bead identified
with a red circle in Figure 7.6 b) which is around (21, 31) mm in a). Since the focal point of the
laser was fixed, the non-uniformity of the calibration signal means that the sample was slightly
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Figure 7.5: Sample mounted on the motorized stage with a red rectangle to mark the area being

scanned
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Figure 7.6: a) Calibration signal in mV and b) scanned part of the sample
270

tilted, so only that one diagonal lies on the focal plane.
The measured fields in volts are converted to the actual displacements in nanometers by
normalizing with the calibration signal.

In order to select the positions of accurate

measurements on the surface of the beads, the displacements of positions with calibration signals
below 5 mV are set to 0 nm so that the data from these positions can be discarded. The
calibrated normal displacement is shown at a position near the central position in Figure 5.1.
Electronic noise was measured at times before the triggering signal, so that the noise level could
be determined. The figure shows clearly that the displacement at 500 s is above the noise
level before the first arrival of the pulse. When the maps of displacements are plotted at
different times, the emerging field profile is visible on the surface of the sample, as shown in
Figure 7.8. Also, it can be seen that the defects on the sample surface do not disrupt that
displacement measurements, as their effect on the raw data is successfully compensated in the
normalization process with the calibration signals. Thus, the displacements vary smoothly on
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Figure 7.7: Typical transmitted pulse near the central position after normalization. The left

axis shows the measured voltage on the oscilloscope and the right axis shows the actual
displacement.
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Figure 7.8: Actual displacement on the surface of the sample at different times. t = a) 11, b) 12,

c) 15 d) 17.5, e) 20, f) 25, and g) 150 s.

7.3

Analysis and discussion
The spatially averaged magnitude of the FFT of all successful measurements of the

surface displacements is shown in Figure 7.9. The figure shows the range of frequencies with
reasonable signal-to-noise ratios. Even though the input electronic signal to the transducer is
known, the actual ultrasonic pulse that is coupled into the sample is not known accurately. This
pulse depends on the strength of the coupling between the transducer and the sample at the
contact position.

Also, the eigenmodes of the beads in contact with the transducer can

influence this coupling as well. The typical shape of the magnitude of a reference pulse that is
transmitted into water for the same input electronic pulse to the transducer is shown in Figure
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7.10; this provides a rough idea about the frequency content of the ultrasonic pulse that is
incident on the sample. The existence of band gaps can be seen just below 1.5, 1.7, and 2 MHz
in Figure 7.9, and are related to regions of low density of states, as discussed in Chapter 6. In
fact, these dips in FFT magnitude have been shown for other samples in transmission coefficient
measurements performed under water; an example of these results is shown in Figure 7.11 for
measurements reported in 2008 (Hu et al. 2008).
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Figure 7.9: Magnitude of the averaged FFT of all the normalized signals. The notation a.u.

stands for “arbitrary units”.
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Figure 7.10: a) The pulse emitted by the transducer into water and b) the magnitude of its FFT

when the transducer is driven by the same voltage pulse, centred at 2.25 MHz, as was used in the
laser ultrasound experiments.
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Figure 7.11: Frequency dependence of the amplitude of the transmission coefficient for L = 14.5

mm. Copyright (2008) by The Nature Publishing Group (Hu et al. 2008).

The magnitudes of the displacements at different frequencies, obtained from the FFT of
the measured time-dependent displacements, are shown in Figure 7.12. The spatial structure of
the displacement magnitudes on the surface changes very rapidly with frequency. The modal
structures at 1.600 and 1.601 MHz are shown in Figure 7.12 b) and c), respectively. With only
a 1 kHz difference in frequency, the patterns show noticeable differences. Generally, there are
large displacements near the edges of the beads. Intuitively, the sharp corners at the edges of
the polished beads would be expected to vibrate with greater amplitude than the flat surfaces in
the central region of each bead. Such features cannot be resolved in experiments where the
pressure field is measured in water just outside the sample, providing an example of additional
information that can be obtained in the laser ultrasound experiments.
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Figure 7.12: Plots of the surface displacement magnitudes at different frequencies: a) 1.275, b)

1.600, c) 1.601, d) 2.200, and e) 2.725 MHz

There is another consequence of the lack of a reference pulse. The centre position (the
position of the excitation) of the grid could not be directly measured from the input beam.
Instead, the central position was estimated by assuming that the transmitted intensity at the
central position is highest, and that the spatial intensity distribution has a Gaussian profile. This
procedure gave results consistent with a measurement of the transducer position from the edges
of the sample. The coordinates of the centre position were determined to be (24.6, 28.2) mm
from the average over frequency of the data plotted in Figure 7.13. This procedure would be
more accurate in the intermediate frequency range where the modes depend much less on the
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fine structure. Unfortunately, the low frequency limit of the interferometer was 400 kHz at the
time of the experiment, so the experiment was carried out to examine the higher frequency
regime where localized states were expected.
The time-dependent displacements were filtered at 1.6, 2.2, and 2.6 MHz with a
bandwidth of 0.1 MHz.

Intensity profiles as a function of time at those three different central

frequencies are shown in Figure 7.14. For each position, the square of the envelopes of the
displacements was calculated to determine a quantity that is proportional to the intensity. The
averaged intensities over all positions where signals were detected above the threshold set by the
calibration signal are shown at three frequencies in Figure 7.9. At times after the peaks, the
intensities appear to decay exponentially with time, which is a signature of diffusive behaviour.
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Figure 7.13: The positions (x, y) where the intensity is a maximum for frequencies between 1.3

and 2.9 MHz.
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Figure 7.14: Intensity profile as a function of time at different central frequencies.

To investigate how the wave intensity spreads out from the source position as a function
of time and position along the transverse direction (parallel to the surface of the slab), an analysis
technique developed in John Page’s lab was adopted. The transmitted intensities around the
central position were averaged to evaluate the transmitted intensity opposite from the position of
the excitation, I(r, 0). For all distances r 

 x  xc    y  yc 
2

2

, where xc and yc denote the

central position, the range was chosen to have an equal number, 1200, of successful
measurements in order to achieve an equal statistical weight for each r.

From these

measurements, the ratios I(r, t) / I(0, t) were determined to probe the dynamic spreading of the
intensity in the transverse direction. Any possible absorption factor, exp(-t /a), cancels in this
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ratio. For each r, a transverse width w r(t) of spreading can be defined by assuming a Gaussian
profile and setting I(r, t) / I(0, t)  exp[-r 2 / wr2(t)]. The intensity ratio at three different times is
shown in Figure 7.15. Here the data, shown by symbols, are fitted by the ratio function,
exp[-r2 / wr2(t)], are with the result of the least square fits shown in solid lines. Thus, the square
of the transverse width of dynamic spreading of the wave intensity was evaluated. These fits
show that the spatial intensity profile is generally well described by a Gaussian. With only a
single map of the speckles, there are large fluctuations in the square of the width. Still, in
general, the rate of spreading is very similar for all three frequencies, so the diffusion coefficient
must be similar as well. The fits of the spatial intensity in Figure 7.15 agree better at long times
than at earlier times, due to the finite width of the source. If the wave propagation is diffusive,
the square of the width increases linearly with time, with the relationship being wr2(t) = 4Dt.
As shown in Figure 7.16, the dependence of the square of the width on time is sub-linear, so the
diffusion coefficient is not constant and must be written as a function of time. Then, the factor
of Dt in wr2(t) must be replaced by the integral of D(t) from 0 to t (Crank 1975). Hence, the
time-dependent diffusion coefficient, D(t), can be evaluated from [dwr2(t) / dt] / 4. Because of
the large fluctuations in the experimental data with a single speckle map, the data were
effectively smoothed by fitting wr2(t) versus t to a power law before taking the derivative. The
results for D(t) are shown in Figure 7.17. This figure shows a very significant slowing down of
diffusion with time, indicating that wave transport in the sample is subdiffusive and close to
being localized, but that the Anderson transition has not been reached at these frequencies in this
sample.
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Figure 7.15: Intensity ratio, I(r, t) / I(0, t), showing the transverse spatial profile of the intensity

at three propagation times: a) 172.5 s b) 247.5 s c) 487.5 s.
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Figure 7.17: Time dependent diffusion coefficient at different central frequencies at 1.6, 2.2, and

2.6 MHz.

In summary, the normal ultrasonic displacement on the surface of a brazed aluminum
bead sample was measured successfully with the laser interferometer. The transverse spreading
of ultrasound is it travels through the sample from a small source on the opposite side displayed
sub-diffusive behaviour at 1.6, 2.2, and 2.6 MHz, as shown in Figure 7.16. The square of the
width significantly deviates from a linear dependence on time and does not saturate within 450

s. Therefore, it can be concluded that sample does not exhibit localization but sub-diffusive
behaviour near a mobility edge.

As a result, the diffusion coefficient shows a strong

dependence on time, as shown in Figure 7.17. In a previous study by Hefei Hu, the samples
used his experiments displayed localized behaviour above 2.0 MHz (Hu 2006; Hu et al. 2008).
A suspected reason for the differences between these two experiments is the level of sintering in
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the brazed aluminum samples. It can be seen by visual inspection of the samples, as well as by
X-ray tomography (Figure 7.2), that the level of sintering is higher in my sample than in Hefei
Hu’s samples. Thus the coupling between the beads is enhanced, and the scattering strength
decreased in my sample. As a result, the scattering strength was not sufficient in my sample to
lead to Anderson localization at the frequencies investigated, although very significant
renormalization of the diffusion coefficient was observed, suggesting that the sample is close to
exhibiting localization.

It is worth noting that the use of the laser interferometer enabled

measurements to be performed on an essentially closed system, making it possible to directly
observe the slowing down of diffusion from the time-dependent transverse width without
complications due to position dependent diffusion.
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The propagation of ultrasound through two- and three-dimensional strongly scattering
media, with either random or ordered internal structures, has been investigated through
experiments and finite element simulations. All media investigated have strong scattering
resonances, leading to novel transport behaviour.
The two- dimensional samples consist of nylon rods immersed in water. First, nylon
fishing lines under tension are used as two-dimensional scatterers. Note that since the rods are
parallel and of uniform diameter, there is negligible scattering of waves out of the plane
perpendicular to the rods, so that the system appears two-dimensional from the wave point of
view for propagation in this plane.
strong scattering resonances.

When nylon rods are surrounded by water, they exhibit

In such an environment, the nylon scattering resonance can

couple with the propagating mode through water to create a bandgap (Liu et al. 1990; Jing et al.
1991). This is a called hybridization gap (Sainidou et al. 2002; Cowan et al 2011;Croënne et al.
2011). Samples were constructed with different volume fractions: 10, 20, and 33%. The
hybridization gap occurs at the same frequencies near the scattering resonances of a single rod.
At the hybridization gaps, anomalous dispersion with negative group velocities was observed.
As ultrasound propagates through the sample, there is destructive interference at the trailing edge
of the pulse so that the pulse is effectively reshaped to shift the peak of the pulse forward in time.
Causality is not violated since the amplitude of the transmitted pulses is always less than the
incident pulse at all times. The general behaviour was as predicted from the spectral function,
which was calculated using an effective medium theory. However, there are discrepancies in
the frequencies of the hybridization gaps. The shear velocity of nylon, vT, used in the spectral
function to match the theoretical prediction with the experimental result was much higher than
the values for the single rod scattering amplitude calculation and the simulations with COMSOL.
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Also, the spectral function fails to match both the first and second hybridization gaps at 1.1 and
1.6 MHz simultaneously. It was suspected that the coupling between resonating rods at the
hybridization gaps is overestimated.
When the scatterers are arranged periodicity in a triangular lattice, the system now
becomes a phononic crystal (Yang et al. 2002; Page et al. 2005). Now, there is one more
mechanism to form gaps, namely Bragg scattering, which arises, in the simplest cases, due to the
destructive interference of waves scattered between layers of the crystal when a multiple of half
the wavelength is equal to the separation between two successive rows.
With a volume fraction of 40% and for propagation along the M direction, the
hybridization and Bragg gaps are well separated and display their distinct characteristics. The
anomalous dispersion at the first hybridization gap is observed as in the random system. By
contrast, the group velocities at the Bragg gap are large but positive. Along the K direction,
the hybridization gap is seen at a slightly higher frequency in the transmission coefficient. The
gap is due to the same scattering resonance, but the periodicity is different and the lattice planes
are oriented differently with respect to the planar incident acoustic wave so different fields are
excited inside the sample.
When the volume fraction is adjusted to be 20%, the Bragg gap occurs near the
hybridization gap in frequency.

When the cumulative phase of the transmitted pulse is

measured along the M direction, the propagating mode that is deduced from this measurement
has different wavevectors, which are shifted by multiples of 2, at different temperatures, leading
to switching between apparently different dispersion curves. At the same time, the transmission
coefficient can differ by orders of magnitude in its minimum value at the band gap centre. This
behaviour is believed to be due to coupling between quadrupolar resonances of the rods, which is
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influenced by Bragg scattering. When the positions of rods in successive layers are staggered
in a triangular lattice, the resonators separated by one and two rows can couple simultaneously to
allow two propagating modes to co-exist with different wavelengths. This gap has tunable
properties so that a small change in the shear velocity of ultrasound in nylon can result in orders
of magnitude differences in transmission coefficient. The scattering resonance of the nylon
rods also leads to unusual Dirac cone properties at the K point of the triangular lattice. At this
point, the propagating mode crosses the zone boundary linearly.
With a volume fraction of 10%, the wavelength of the propagating modes at the
hybridization gap is relatively short with respect to the lattice constant so the hybridization gap
occurs in the second Brillouin zone between the first two Bragg gaps. Two branches at the first
resonance overlap in frequency.
The three-dimensional media were fabricated by brazing aluminum beads together to
form a disordered porous solid network, with either vacuum or air in the pores, depending on the
experiment. This system is of particular interest because it has been shown to exhibit Anderson
localization of ultrasound (Hu et al. 2008). Two experimental approaches were developed to
investigate previously unstudied properties of this system. By directly counting the modes in
the frequency domain, the density of states was measured. At intermediate frequencies, the
density of states was found to be approximately independent of frequency, while at higher
frequencies, the frequency dependence was consistent with traditional density-of-states models.
The total number of modes increases linearly with the number of beads in a sample.

Also, with

the identified eigenmodes of a single bead, formation of pass bands was shown to arise through a
mechanism analogous to the tight binding model of electronic band gaps. This behaviour was
studied systematically by gradually increasing the number of beads in the sample. Providing
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the coupling between beads is not too strong, band gaps are formed at frequencies between the
pass bands. The level statistics of the modes was also investigated to determine the conditions
under which level repulsion occurs. In small samples, intrinsic modes of system are already too
well separated in frequency to repel each other. As a result, the probability distribution of
normalized nearest neighbour separations level statistics is close to the Poisson distribution. As
the sample size increases, there are modes which overlap with each other and level repulsion
effects become important. Consequently, the level statistics become closer to GOE predictions
as the sample size increases.
Behaviour near Anderson localization was studied by measuring the ultrasonic
displacements on the surface of a sintered Al bead network using a laser interferometer. To
investigate how the displacements spread in the transverse direction with time, I have extended
the analysis technique (Hu et al. 2008) developed in John Page’s lab. Sub-diffusive behaviour
was observed with a large slab-shaped sample. This work has demonstrated the feasibility of
using such measurements to investigate the transition to Anderson localization in these samples.

8.1

Future Research
There can be immediate follow-up research on slightly different aspects of the work

reported in this thesis. Negative refraction in phononic crystals is well understood and this
phenomenon has opened up a new direction in meta-material research ever since the pioneering
work Pendry (Pendry 2000; Pendry 2003). In simulations, negative refraction in phononic
crystals with nylon rods has been observed due to negative wavevector in the second Brillouin
zone, but no experiments to investigate this effect have been carried out yet. There can also be
negative refraction without an effective negative index (Luo et al. 2002). Similar effects can
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be expected in PC 40 within the first Brillouin zone over a limited range of angles. However,
the existing PC 40 crystal, which is 3.60 mm thick and has only 6 layers, is too thin to observe a
lateral displacement of an oblique incident beam due to the negative refraction effect. It would
be interesting to fabricate a thicker sample to investigate this effect experimentally.
Also, PC 40 with nylon rods in air has very similar behaviour to PC 40 with steel rods
embedded in water. Such systems can exhibit accidental degeneracy at the  point (k = 0), with
three branches crossing linearly at the same frequency to form a Dirac cone (Huang et al. 2011).
Future work related to my thesis could perform experiments and simulations on crystals that
satisfy the accidental degeneracy condition, in order to investigate predictions that an incident
planar field can be transported through any shape of wave guide containing defects and still form
a planar wave on the exiting side. This can come with the possibility of cloaking behaviour.
Anderson localization is still a challenging topic and has been so ever since it was
introduced in 1958 (Anderson 1958). The brazed Al bead system has exhibited Anderson
localization of ultrasound in a three-dimensional system. An interesting follow-up on my work
would be a study of the density of states in the low frequency regime with larger samples. It
would also be interesting to investigate the behaviour of the density of states and level statistics
at the upper edge of the intermediate frequency regime in such samples, where an Anderson
transition is expected.
With the laser interferometer, I have demonstrated how the equipment can be used to
measure the ultrasonic displacements on the surface of a brazed aluminum sample and how such
measurements can be used to show sub-diffusive transport. Much more is possible in the future.
The sub-diffusive behaviour that has been shown is expected to occur near the mobility edge,
which could be reached and even crossed in new samples with a reduce level of sintering. Even
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with the existing sample, calculation of spatial and frequency correlations using the existing data
can provide new information on correlations exactly on the surface of the sample, which would
be a new regime of investigation. One useful quantity that could be determined from the spatial
field correlation function is the wavelength, which is difficult to determine from ballistic
measurements in such strongly scattering samples. Also, with the improvements that have been
made to the laser interferometer recently, measurements can be made for longer times and can
determine simultaneously both in- and out-of-plane displacements. With the design of the
holder, the sample can be rotated by 90 to measure displacements along the third axis; then, the
total displacement can be measured to investigate the equipartition of elastic energy near the
Anderson transition. It is likely that existing models of energy partition between longitudinal
and shear modes may fail to describe the behaviour near the Anderson transition, so that the
results of this proposed experiment could provide valuable new information on wave transport in
strongly scattering media.

Also, we have the capability to simulate these systems with a

controlled level of sintering to obtain additional insights.

295

296

Bibliography
Abrahams E, Anderson PW, Licciardello DC, Ramakrishnan T V (1979) Scaling Theory of
Localization: Absence of Quantum Diffusion in Two Dimensions. Phys Rev Lett 42:673–
676.
Aegerter CM, Störzer M, Maret G (2006) Experimental determination of critical exponents in
Anderson localisation of light. Europhys Lett 75:562.
Altshuler BL, Zarekeshev IK, Kotochigova SA, Shklovskii BI (1988) Repulsion between energy
levels and the metal-insulator transition. Sov Phys JETP 67:15.
Anderson PW (1958) Absence of diffusion in certain random lattices. Phys Rev 109:1492.
Aubry A, Cobus L. A, Skipetrov SE, et al. (2014) Recurrent Scattering and Memory Effect at the
Anderson Localization Transition. Phys Rev Lett 112:43903.
Aydin K, Guven K, Kafesaki M, et al. (2004) Experimental observation of true left-handed
transmission peaks in metamaterials. Opt Lett 29:2623–5.
Bastrukov S, Podgainy D (1998) Stability of the non-radial eigenmodes of a uniformly charged
elastic globe. Phys A Stat Mech its Appl 250:435–452.
Bastrukov SI (1994) Low-frequency elastic response of a spherical particle. Phys Rev E
49:3166–3170.
Boll DW, Donovan J, Graham RL, Lubachevsky BD (2000) Improving dense packings of equal
disks in a square. Electron J Comb 7:R46.
Brody TA, Flores J, French JB, et al. (1981) Random-matrix physics: spectrum and strength
fluctuations. Rev Mod Phys 53:385–479.
Chabanov AA, Stoytchev M, Genack AZ (2000) Statistical signatures of photon localization.
Nature 404:850–853.
Chabanov AA, Zhang ZQ, Genack AZ (2003) Breakdown of Diffusion in Dynamics of Extended
Waves in Mesoscopic Media. Phys Rev Lett 90:203903.
Cowan ML, Beaty K, Page JH, et al. (1998) Group velocity of acoustic waves in strongly
scattering media: Dependence on the volume fraction of scatterers. Phys Rev E 58:6626.
Cowan ML, Page JH, Sheng P (2011) Ultrasonic wave transport in a system of disordered
resonant scatterers: Propagating resonant modes and hybridization gaps. Phys Rev B
84:94305.
297

Coy SL, Lehmann KK (1987) Energy-level statistics for a relaxation Hamiltonian. Phys Rev A
36:404.
Crank J (1975) The mathematics of diffusion,2nd ed. (Clarendon Press, Oxford).pp 104-5.
Croënne C, Lee EJS, Hu H, Page JH (2011) Band gaps in phononic crystals: Generation
mechanisms and interaction effects. AIP Adv 1:41401.
Croënne C, Lee EJS, Page JH (2014) Multimode propagation in phononic crystals with
overlapping Bragg and hybridization effects. arXiv:1311.7424.
Derode A, Tourin A, Fink M (2001) Random multiple scattering of ultrasound. I. Coherent and
ballistic waves. Phys Rev E Stat Nonlin Soft Matter Phys 64:036605.
Doolittle RD, Überall H (1965) Sound scattering by elastic cylindrical shells. J Acoust Soc Am
39:272–275.
Edwards JT, Thouless DJ (1972) Numerical studies of localization in disordered systems. J Phys
C Solid State Phys 5:807.
Ellegaard C, Guhr T, Lindemann K, et al. (1995) Spectral Statistics of Acoustic Resonances in
Aluminum Blocks. Phys Rev Lett 75:1546–1549.
Faran JJ (1951) Sound Scattering by Solid Cylinders and Spheres. J Acoust Soc Am 23:405.
Geoghegan M, Krausch G (2003) Wetting at polymer surfaces and interfaces. Prog Polym Sci
28:261–302.
Del Grosso VA, Mader CW (2005) Speed of sound in pure water. J Acoust Soc Am 52:1442–
1446.
Guhr T, Mu A, Weidenmu HA (1998) Random-matrix theories in quantum physics: common
concepts. Phys Rep 299:189–425.
Hanyk L, Matyska C, Yuen DA (1999) Secular gravitational instability of a compressible
viscoelastic sphere. Geophys Res Lett 26:557–560.
Harris FJ (1978) On the Use of Windows for Harmonic Analysis with the Discrete Fourier
Transform. Proc IEEE 66:51–83.
Hildebrand WK, Cobus L, Page JH (2010) A statistical approach to direct density of states
measurements in disordered systems. J Acoust Soc Am 127:2819–24.

298

Hildebrand WK, Strybulevych A, van Tiggelen, B.A. Page JH. (2014) Observation of InfiniteRange Intensity Correlations above, at, and below the Mobility Edges of the 3D Anderson
Localization Transition. Phys Rev Lett 112:73902.
Hsu TC, Angles d’Auriac JC (1993) Level repulsion in integrable and almost-integrable quantum
spin models. Phys Rev B 47:14291.
Hu H (2006) Localization of ultrasonic waves in an open three- dimensional system. MSc.
Thesis, University of Manitoba.
Hu H, Strybulevych A, Page JH, et al. (2008) Localization of Ultrasound in a Three-Dimensional
Elastic Network. Nat Phys 4:945–948.
Huang X, Lai Y, Hang ZH, et al. (2011) Dirac cones induced by accidental degeneracy in
photonic crystals and zero-refractive-index materials. Nat Mater 10:582–586.
Ioffe AF, Regel AR (1960) Progress in Semiconductors vol 4, ed. Prog Semicond 4:237.
Jing X, Sheng P, Zhou M (1991) Theory of acoustic excitations in colloidal suspensions. Phys
Rev Lett 66:1240–1243.
John S (1991) Localization of light. Phys Today 44:32–40.
Kaina N, Fink M, Lerosey G (2013) Composite media mixing Bragg and local resonances for
highly attenuating and broad bandgaps. Sci. Rep. 3:
Kittel C (2005) Introduction to solid state physics. 8th ed. (John Wiley & Sons, Inc, New Jersey).
Lamb H (1881) On the vibrations of an elastic sphere. Proc London Math Soc 1:189–212.
Leroy V, Bretagne A, Fink M, et al. (2009) Design and characterization of bubble phononic
crystals. Appl Phys Lett 95:171904.
Licciardello DC, Thouless DJ (1975) Constancy of Minimum Metallic Conductivity in Two
Dimensions. Phys Rev Lett 35:1475–1478.
Liu J, Ye L, Weitz D, Sheng P (1990) Novel acoustic excitations in suspensions of hard-sphere
colloids. Phys Rev Lett 65:2602–2605.
Love AEH (1906) A treatise on the mathematical theory of elasticity. (Cambridge University
Press, London)
Lubbers J, Graaff R (1998) A simple and accurate formula for the sound velocity in water.
Ultrasound Med Biol 24:1065–1068.
299

Luo C, Johnson SG, Joannopoulos JD, Pendry JB (2002) All-angle negative refraction without
negative effective index. Phys Rev B 65:201104(R).
Mott SN (1978) Metal–insulator transitions. Phys Today 31:42.
Nieuwenhuizen TM, van Rossum MCW (1995) Intensity Distributions of Waves Transmitted
through a Multiple Scattering Medium. Phys Rev Lett 74:2674–2677.
Niordson FI (1984) Free vibrations of thin elastic spherical shells. Int J Solids Struct 20:667–687.
Nishiguchi N, Sakuma T (1981) Vibrational spectrum and specific heat of fine particles. Solid
State Commun 38:1073–1077.
Onda (2003) Acoustic Properties of Solids Acoustic Properties of Solids. 1–7.
Page JH, Hildebrand WK, Beck J, et al. (2004) Phonons in porous media at intermediate
frequencies. Phys Status Solidi 1:2925–2928.
Page JH, Schriemer HP, Bailey AE, Weitz DA (1995) Experimental test of the diffusion
approximation for multiply scattered sound. Phys Rev E 52:3106–3114.
Page JH, Sheng P, Schriemer HP, et al. (1996) Group velocity in strongly scattering media.
Science 271:634–637.
Page JH, Yang S, Liu Z, et al. (2005) Tunneling and dispersion in 3D phononic crystals.
Zeitschrift für Krist 220:859–870.
Pendry J (2003) Perfect cylindrical lenses. Opt Express 11:755–760.
Pendry JB (2000) Negative refraction makes a perfect lens. Phys Rev Lett 85:3966.
Pierce AD, Thurston RN (1993) Underwater scattering and radiation. (Academic Press, Inc.,
San Diego).
Poilblanc D, Ziman T, Bellissard J, Mila F, Montambaux G (1993) Poisson vs. GOE Statistics in
Integrable and Non-Integrable Quantum Hamiltonians. Europhys Lett 22:537–542.
Profunser DM, Muramoto E, Matsuda O, Wright OB (2009) Dynamic visualization of surface
acoustic waves on a two-dimensional phononic crystal. Phys Rev B 80:014301.
Prolineserver (2008) File:2d-bravais.svg, http://commons.wikimedia.org/wiki/File:2dbravais.svg.
Sainidou R, Stefanou N, Modinos A (2002) Formation of absolute frequency gaps in threedimensional solid phononic crystals. Phys Rev B 66:1–4.
300

Saviot L, Murray DB (2005) Longitudinal versus transverse spheroidal vibrational modes of an
elastic sphere. Phys Rev B 72:205433.
Scheffold F, Lenke R, Tweer R, Maret G (1999) Localization or classical diffusion of light?
Nature 398:206–207.
Schriemer HP, Cowan ML, Page JH, et al. (1997) Energy Velocity of Diffusing Waves in
Strongly Scattering Media. Phys Rev Lett 79:3166–3169.
Sheng P (2006) Introduction to Wave Scattering, Localization and Mesoscopic Phenomena:
Localization and Mesoscopic Phenomena. 2nd ed. (Springer, New York)
Shklovskii BI, Shapiro B, Sears BR, et al. (1993) Statistics of spectra of disordered systems near
the metal-insulator transition. Phys Rev B 47:11487.
Skipetrov SE, van Tiggelen BA (2006) Dynamics of Anderson Localization in Open 3D Media.
Phys Rev Lett 96:43902.
Skipetrov SE, van Tiggelen BA (2004) Dynamics of Weakly Localized Waves. Phys Rev Lett
92:113901.
Still T, Cheng W, Retsch M, et al. (2008) Simultaneous Occurrence of Structure-Directed and
Particle-Resonance-Induced Phononic Gaps in Colloidal Films. Phys Rev Lett 100:1–4.
Störzer M, Gross P, Aegerter CM, Maret G (2006) Observation of the Critical Regime Near
Anderson Localization of Light. Phys Rev Lett 96:63904.
Stoytchev M, Genack AZ (1997) Measurement of the Probability Distribution of Total
Transmission in Random Waveguides. Phys Rev Lett 79:309–312.
Stoytchev M, Genack AZ (1999) Observations of non-Rayleigh statistics in the approach to
photon localization. Opt Lett 24:262–264.
Sukhovich A (2007) Wave Phenomena in Phononic Crystals. Ph.D. Thesis, University of
Manitoba.
Sukhovich A, Jing L, Page J (2008) Negative refraction and focusing of ultrasound in twodimensional phononic crystals. Phys Rev B 77:1–9.
Sukhovich A, Merheb B, Muralidharan K, et al. (2009) Experimental and Theoretical Evidence
for Subwavelength Imaging in Phononic Crystals. Phys Rev Lett 102:1–4.
Van Tiggelen BA, Lagendijk A, Wiersma DS (2000) Reflection and Transmission of Waves near
the Localization Threshold. Phys Rev Lett 84:4333–4336.
301

Turner JA, Chambers ME, Weaver RL (1998) Ultrasonic Band Gaps in Aggregates of Sintered
Aluminum Beads. Acustica 84:628–631.
Vollhardt D, Wölfle P (1982) Scaling Equations from a Self-Consistent Theory of Anderson
Localization. Phys Rev Lett 48:699–702.
Vollhardt D, Wölfle P (1980) Diagrammatic, self-consistent treatment of the Anderson
localization problem in d≤ 2 dimensions. Phys Rev B 22:4666–4679.
Weaver RL (1989) Spectral statistics in elastodynamics. J Acoust Soc Am 85:1005.
Wiersma DS, Bartolini P, Lagendijk A, Righini R (1997) Localization of light in a disordered
medium. Nature 390:671–673.
Wiersma DS, Rivas JG, Bartolini P, et al. (1999) Reply: Localization or classical diffusion of
light? Nature 398:207.
Wigner EP (1967) Random matrices in physics. Siam Rev 9:1–23.
Xiaodun Jing, Ping Sheng MZ (1992) Acoustic and electromagnetic quasimodes in dispersed
random media. Phys Rev A 46:6513–6534.
Yang S, Page JH, Liu Z, et al. (2002) Ultrasound Tunneling through 3D Phononic Crystals. Phys
Rev Lett 88:104301.
Yang S, Page JH, Liu Z, et al. (2004) Focusing of sound in a 3D phononic crystal. Phys Rev Lett
93:24301.
Ye Z (2000) On the low frequency elastic response of a spherical particle. Chinese J Phys
38:103–110.
Zhang X, Liu Z, Wu F, Liu Y (2006) Acoustic quasimodes in two-dimensional dispersed random
media. Phys Rev E 73:3–7.

302

