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Abstract 

This research presents seven different control strategies for an inverter-based compemaîor used to 

achieve W-acting reactive current compensation. Two feedfiorward schemes and five 

feedforward/feedback are analyzed. The Fint Woorward ccafiguratim uses phase 

rhifk control (or simply 6-control) and resuhs h m  shifhg the fundamental component of a fixed 

pulse-wmh square wave an angle S wRh respect to the srnusoicial aetwork vohage. The second 

feedforward scheme uses phase-shiftlpulse-width control (or simply Wpcontml) and allows, in 

addition to the phase-shift, a variation of the pulse-width parameterized by p. One 

f e e d f o ~ f f e e b a c k  scheme uses phase-shifi control and the remaining feeûforward/feedback 

schemes use phase-shiftlpulse-wictth control. 

A linearized average model that only considers the fundamental components of the circuit 

variables, and an exact model that takes into account al1 the non-linearities of the system are 

developed. The former model is suitable for control synthesis and stability analysis whiie the 

latter is us& to benchmark the average model and to evaluate the effect of neglecbng the 

higher-order hannonics. 

Al1 the control structures are examineci in dynamic conditions by analyzing the transition 

fiom a capacitive to inductive mode of compensation, and vice-versa The feedfonvard 

stmctures are also evaluated under stationary conditions in inductive and capacitive 

compensation modes. The performance achieved by each control strategy is evaluated by 

examinmg the compensator's dyaamic respoose, using performance meanûes. The simulation 

resdts indicate that the variation of the pulse-wiciîh enabIes keeping a constant Link voitage, and 

ttiat tùe best performance is achieved with the U p  feedtorward As-fèedback to 6 control- 
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CHAPTER 1 

INTRODUCTION 

1. I Background 

The investigation of feedfonvard-feedback control of an inverter-based compensator 

evolves Eom a previous investigation developed by [ I l .  In this research, an approximate 

linearized model was developed in order to characterize the hndarnental fiequency 

behaviour of the compensator. This average model uses one parameter of control 

denominated as 6, and represents a phase shifl between the network voltage and the 

fundamental component of the inverter voltage. The control aigorithm installed on the 

actual laboratory prototype was implemented using a TMS320C30 digital signal 

processor. The experimental results of [l] showed that the approximate average model 

represented very welI the tùndarnental fiequency behaviour of the laboratory prototype 

under stationary and dynamic conditions. Nevertheles, one of the problems found by [1] 

in the laboratory prototype was the inability of the compensator to maintain a unique 

constant value for the link voltage in a l l  the operability range of 6. 



The present investigation explores strategies to overcome some of the problems 

encountered in the compensator built by [Il .  It also extends the theoretical knowledge 

about the behaviour in stationary and dynamic conditions of the actual laboratory 

prototype and explains in greater detail the results achieved by [I l .  The drawbacks 

encountered in the previous research are overcome by including one more variable of 

control. Since the system is modeled not only by considenng the fundamental fiequency 

components, but also by using other mathematical techniques that make no 

approximation, the results achieved with the latter model validate the results obtained 

with the former. Furthemore, when the parameten and control strategies of the resultant 

exact mathematical model are set equal to the actuai laboratory prototype, the theoretical 

results achieved with the former model agree with the results of the compensator 

developed by [l]. This investigation expands the previous research in the following 

iopics: 

Implication of including another variable of control. 

Development of an exact model considering d l  the non-linearities of the system. 

Development of general dynamic transfer funetions fkom the average model. 

Detailed r w t  locus anaiysis of the dynamics transfer functions. 

Analysis of seven different controls structures. 

Determination of best instant for current and voltage sampling. 

Developrnent of equations to find the appropriate current and voltage reference values 

Variable correlation between the exact and the linearized average model. 



1.2.1 Implication of Another Control Variable 

The control scheme of the compensator studied in the previous work only used one 

variable of control; therefore, only a feedforward phase-shift and feedfomardlfeedback 

phase-shift control scheme were anaiyzed and irnplemented. The modelling in the 

present work involves two variables of controls: One variable pararneterized by p that 

permits width variations of the square wave; the second variable parameterized by 6 

allows a phase-shifi between the fundamental component of a square wave and the 

sinusoidal network voltage. The use of the latter variable alone yields to a phase-shifi 

control strategy while the use of the two variables yields to a phase-shift/puise-with 

control strategy. The last type of control permits the investigation of another variable in 

the behaviour of the compensator in dynamic and stationary conditions. It dso gives 

different alternatives for control schemes depending on the feedback loop signal. 

1.2.2 Developrnent of an Exact Model and General Dynamic Transfer Functions 

In order to validate the results of the approximate linear, time-invariant L n  continuous- 

time model, an exact model that considers al1 the non-linearities of the system is 

developed. The mathematical development involves calculation of convolutions requiring 

computer numerical compilations. Even though, the answer fiom this model is precise, it 

is not usefùl for control synthesis. On the other han& the average model is not precise 

but pemiits the application of conventional control theory and it also ailows statespace 

representation. This mathematical representation of a multiple-input, multiplesutput 

syaem permits the development of several dynamic transfer functions, which facilitates 

the analysis of the system by examining the resultant singiainput, single-output systerns 



1.2.3 Detailed Root Locus Analysis 

The behaviour of a control system can only be understood with the appropriate control 

tool. Among the techniques available, the root locus method is simple, accurate and 

precise for the present analysis. The method is used to accomplish the following: 

Obtain the critical and optimal gain of the system. 

Determine the dynamics of the system as the control variables are changed in al1 their 

O perability range. 

Comprehend the behaviour of the compensator in al1 its modes of operations. 

Resolve the dynamics of the closed-loop poles for a given optimal gain. 

Predict when possible, the response of the system to step changes in reactive current 

from one mode of operation to another. 

1.2.4 Control Strategies 

Feedforward and feedforward/feedback controls are the two main control schemes of the 

present research. The feedfonvard control structures are analyzed using two strategies: 

the phase-shift control with p held constant at 120", and the phase-shiWpulse-width 

control. The feedforward/feedback schemes are analyzed using feedback voltage loop 

and feedback current loop. Four of these structures are analyzed using of phase- 

shifVpulse-width control and one using phase-shifi control with p held constant at 120". 

in al1 cases, a proportionai control law is implemented. 



1 .X Signal Sampling Issues and Reference Values. 

One of the problems encountered in the preceding research was how to calculate the 

reference voltage value for the laboratory prototype. This problem was solved by a 

piecewise linearization of a nonlinear experimental cuve [l]. The present investigation 

presents precise equations to calculate the reference voltage and current values for the 

exact model. This model is used to represent the actual laboratory prototype. It also 

analyzes the consequences of sampling at the wrong tirne and suggeas the appropriate 

criteria to overcome this particular problem. 

1.3.6 Mode1 Correlation 

Throughout this research, the correlation between the exact and the linearized average 

model is discussed. These correlations include, among others, the relationship between 

the input parameter values of the two models, reference values and step response. Due to 

the solution dependency on software packages of the exact model, in many cases the 

equations of the linearized average mode1 facilitate finding new and less dificuit 

expressions for the exact model. in other cases, the deveiopment of these expressions are 

found by solving, first, the equations of the exact model with the aid of cornputer 

prograrns and later finding analytical expressions to match the results. 

1.3 ïhesis Objectives 

The main objectives of the present investigation are as follows: 

A solution to overcome the wide link voltage fluctuation of the inverter-based 

compensator dewloped in [Il, when submitted to step changes in reactive current. 

11 



An analysis of dflerent feedforward and feedback controls. 

A determination of the best control strategy using performance measures such as, 

percent overshoot, time to rise, time to peak, steady state emor and settling tirne. 

1 -L 01-itline o f  the Thesic 

A bnef introductory chapter provides the background, the objectives of the thesis and an 

enlargement of  the work in comparison to the previous investigation. 

Chapter Two describes the mathematical modelling of the compensator using two 

different approaches. The resulting linearized average model uses basic circuit theory, 

Fourier analysis, linearization methods and state-space representation. On the other hand, 

the exact mode1 relies on the mathematical solution of the systems' vector differential 

equations. 

The feedfonvard control strategies are analyzed in Chapter Three. Two mategies are 

analyzed: the &feedfonvard control and the 6 4  feedfonuard control. The chapter ends by 

showing the correlation between the exact and the average mode1 in tenns of the variable 

P. 

In Chapter Four, the pefiormance of the compensator, using voltage feedback loops is 

analyzed. The three strategies irnplemented in the exact and the average model are the 6- 

fdorward /U,-feedback control with p= 120, the 6/p-feedforward RT.-feedback to 6 

control and the S/p-feedforward Gfeedback to p control. Ali the control structures 



involve the determination of the optimal controI gain through root locus adysis. The 

expressions to calculate the voltage reference values for the exact model are also 

developed in this section. The system response is analyzed under stationary and dynamic 

conditions and the pedormance measures are estirnated b y submitting the compensator to 

step changes in reactive current. 

In Chapter Five, the performance of the compensator using current feedback loops is 

analyzed. The two strategies implemented in the exact and the average model are the 

6/pfeedforward IIs-f-feedback to 6 control and the 6/p-feedforward IlJeedback to p 

control. Al1 the control stmctures involve the determination of the optimal control gain 

through root locus analysis. The expressions to calculate the current reference values for 

the exact modei are also developed in this section. The system response is analyzed 

under stationary and dynamic conditions and the performance measures are estirnated by 

submitting the cornpensator to step changes in reactive current. 

Chapter 6 provides the conclusions of the investigation and presents material for future 

work. 



CHAPTER 2 

SYSTEM MODELLING 

2.1 System Description 

The switching sequence used to generate the 3-level voltage waveform, depicted in 

Figure 2.1 as 4, is achieved by means of genetic switching elements represented in the 

graph as Si, St S3. and S4. Ca Un, L, and R symbolize the other circuit parameters such 

as the dc capacitance, the network voltage, the inverter-coupling inductance and its 

associated resistance, respectively. The amplitude of the inverter voltage u, is detennined 

by the capacitor voltage U, and the input panimeters 6 and p. The former parameter is 

the phase angle between the fundamental component of u, and the network voltage Un. 

The parameter p is the width of the ac square wave generated by the switching devices. 

cpl and cpi hlly determine the shape of the link voltage u+ They also integrate the input 

parameten 6 and p. 



The main objective of the present work is to investigate the controls of an inverter-based 

compensator with the aid of the conventional control theory. Thus, in order to apply the 

control concepts, the system is modeled only using the fundamental components of the 

circuit variables. Nevertheless, the resulting average model does not take into account 

the non-linearities; therefore an exact mode1 that considers dl the non-linearities of the 

system is also developed. The exact model is used to evaluate the effects of neglecting 

the high order harmonies and to benchmark the results of the control stiategies obtained 

with the average model. 

Figure 2.1 . Circuit model of a single-phase inverter based compensator. 



2.2 System Equations 

The steady-state operation of the system comprehends a cyclic process determined by the 

switching scheme. When the switches Si and S3 conduct, it can be seen fiorn Figure 2.1 

that the system can be described by the following equations: 

When the switches Si and Sz conduct, the system equations become: 

The other combinations of switching states described in Figure 2.1 (S24 and SM) yield 

respectively to either the fira set of equations or to the second set. Therefore, the system 

can be described in terms of the circuit parameters by the following expressions: 

d u o  
io = Co- 

di 



Here the state of the switching sequence in conjunction with Uo and i, determines the 

vatue of us and i,. 

7-3 Average Model 

in order to apply the control theory and to investigate the stationary and dynamic 

behaviour of the synem., an average mode1 will be developed. The first step of this 

process is to find the fùndamental component of the ac square wave fomed by the 

switching devices depicted in Figure 2. i . 

The expression for the fundamental component of the inverter voltage is as a function of 

6 and p, as follows. 

The application of KirchofYs current law yields the expression for the fundamental 

component of the current, denoted by <i>i. 

Where: 

Equation 2.8 can be expresseci as follows: 



This result shows that the current can be expressecl as the summation of two components: 

one in parallei with the network voltage and the other one in quadrature. It is convenient 

to denote these currents as hi for the former and TL for the latter 1:: cm be thought as the 

active current and IL as the reactive current. 

Taking the derivative of Equation (2.19), equating the result with expression (2.5) and 

collecting common tems in sin(ot) and cos(wt), yields the following non-linear 

differential equations. 

dii R P l i n  - =--III+&--sin(-)cos(&+- 
dl L ItC, 2 L 

haiyring the behaviour of the capacitor permits the developrnent of expression for the 

capacitor voltage. Averaging the power delivered into die inverter terminids and dividing 

by the dc component of U, results in the foilowing expression. 



The above equation determines the average current into the capacitor, but this current can 

also be fond  with the following well-known equation: 

Combining Equation (2.12) and (2.13) yields the followins expression: 

The average model is now tùlly represented by Equations (2.10), (2.1 1) and (2.14). 

While the equations detennine the behaviour of the compensator, it is described by a set 

of non-linear differential equations; therefore, a linearized average model must be 

developed in order to apply the conventional control theory. 

2.4 Stationary Solution 

In steady state, at any given operating point associated with the parameters 6* and p* the 

terms dIice/dt, d1</dt and duoe/dt, of Equations (2.1 O), (2. i 1) and (2.14) respectively, are 

equal to zero. This yields a system described by a set of 3 equations and 3 unknowns. 

Solving the resultant system yields the aeady state operating point of the single-phase 

inverter based compensator. 



Equations (2.15) and (2.16) show that both the active and the reactive current are 

independent of the parameter p. On the other hand, expression (2.17) shows that the 

voltage is a tùnction of both pararneters, 6 and p. 

1.5 Linearized Average Mode1 

So far the system has been described by Equations (2. IO), (2. 1 1) and (2.14). Al1 these 

expressions are fùnctions of the active current I l i ,  the reactive current IL, the capacitor 

voltage Uo and the input parameters 6 and p. These equations are repeated here for 

convenience. 



Since there is no general theory for the analysis and design of non-linear systems and it is 

clear that the above is non-linear, it is necessary to obtain a linear model. The 

lineariration around an operating point can be found by obtaining the Jacobian of the 

system, which bears the following results. 

Notice that the elements of this matrix are formed by circuit variables andor the input 

parameters 6 and p. It is also convenient to note that the variables 111 IL and U, are not 

part of the elements of this matrix. 

w * o  p*  
sin (-)sin@*) 

A s  2 
4 U * O  p* 

sin (-) cos(6*) 
dJ 2 

The above result shows that, udike matrk 4 the elements of matrix B involve circuit 

variable, input parameters and the variables IN, IL and Uo. 



An analysis of Equations (2. la), (2.19) and (2.20) in conjunction with the Jacobian 

perrnits the representation of the system by the state space form. 

(2.2 1)  

Where Tl 1 represents the perturbation fkorn stationary conditions (1'1 i), similarly for TL 

and u-,. 

7.6 Dynarnic Transfer Functions 

The state-space mode1 represented by Equation (2.2 1) describes a multiple input, multiple 

output syaem where the perturbecl state variables Til, TL and U. forrn the state vector 

and the perturbed input parameters lY and p' compose the control vector. 6 And p will be 

aiso referred to as the control parameters. The system's transfer fùnction rnatrix is: 

The elements of this matrix relate the state variables with the control parameten 6- and 

CI-. For instance, the element GZi(s) relates the aate variable TL and the control 

parameter F, while the element Gtl(s) relates TL and K. The capacitor voltage is related 



to the parameter parameters 6- and y through the elements G~,(S) and G&) The 

following are the two last rows of the matrix operation described above. 

I,W - $ kk'Jrsin$)s' + ( KyYs cm 6. + K3RssinSo + ~ ~ ~ Y p i n S ) - s  + K , I , R , J ~ ~  + KI I,i; cas 6.1 
G,(s) =-= 

p w  
L Y ~ B , ~ '  + 4 . Y s ~ , , ~ s 2  +(K,'rC, + LY~B,  + 2 ~ ~ ~ 5 ) s  + RSK,?. 

Co ( S I  -K , [ ( .Y; I , )s '  + ( ~ s , R , I , ) Y + ( s ;  + R ; ) I ,  - K,L.,s,] 
G,, ( s )  = - = 

S( 3) 
>s;B,s' + J . Y , B , R , ~ '  + ( K ~ s ,  + ~ . Y ; B ,  + z B , R ; ) s  + R , K ~  

where, 

1, = I , ,  sin6 + IL cos6 

1? = III cos6 - I r  sin 6 



The above set of Equatiom (2.22) to (2.25) descriies the dynarnic transfer functions of 

the system It can be seen that they al1 have the same denominator. This result shows 

that the open-loop poles of al1 these transfer functions are the same. Each one of these 

transfer tùnctions will be the base of the control structure in later chapters. The 

applicability of each control structure will be determined by andyzing the behaviour of 

the compensator when submitted to step changes in the reactive curent set point. 

2.7 Exact Model 

For any power electronic circuit mode1 consisting of interconnections of linear, time- 

invariant (LTI) elements, ideal switches and ideal sources, it is straightforward to obtain 

an exact mathematical representation of the evolution of the state variables descnbing the 

circuit. [2]. An analysis to Figure 2.1 permits the determination of the evolution of the 

state variables of the circuit. This progress cm be found with the aid of Figure 2.2, which 

descnbes the syaem's states evolution. It can be seen that the circuit altemates between 

two states and that due to the switching sequence, it is sufficient to analyre a complete 

half cycle determined by the interval O< ot CR. During this interd the system 

progresses through two distinct states, represented in the graph by SB 1 and SB2. State 

SB1 is defined in the sub-interval O< mt < cpi, while State SB2 is defined in the sub- 

interval cpi< cot < (pz. 

Using the fact that power electronic circuits are designed in a way that presemes 

continuity of the state variables, the final state in the i-th configuration becomes the 

initial state for the (i+l)-th configuration. [2]. Cousidering the cyclicd behaviour of the 



system, it is straigh~oward to Mly andyze the circuit using its two modes of opedon 

and Equations (2.1), (2.2), (2.3) and (2.4). 

State SB1 State SB2 

Figure 2.2. System evolutions according to the switching sequence. 

ïhe first mode of operation defined by the state SB 1 is descnbed by Equation (2.1) and 

(2.2). These equations allow the state-space representaîion given by the following 

expression: 

Equation (2.26) has the solution given by: 



w here, 

~ ( 0 )  denotes the initial condition of i. and y. 

The second mode of operation defined by state SB2 is described by Equation (2.3) and 

(2.4). These equations dso allow the state-space representation given by the following 

expression: 

Equation (2.28) has the solution given by: 



w here, 

and ~(9,) denotes the initial condition of i, and at 91. 

The system retum now to the fint mode of operation, but this time the initiai conditions 

are given at time <pz. Therefore, the solution at the end of the interval is given by the 

fo llowing expression: 

w here, 

%((PZ) denotes the initiai condition of i, and u, at cp2. 

By piecing together the above solutions we can relate the extremes of the interval as 

falIows: 



The values of pl and cp.2 are determined by the control parameten 6 and p. Thus 5 and 5 

are functions o f  6 and p. At any permissible operating values of 6* and p* it is possible 

to exploit the fact that under stationary conditions, i, is an altemating current while the 

voltage across the capacitor is a dc voltage. It follows then, from Equation (2.3 1 )  that the 

value of the state variables at the endpoints of the interval are related by the following 

equation: 

Substituting Equation (2.34) into (2.3 1 )  and solving for the state vector at O, yields to the 

expression: 



This mathematically ngorous approach makes no approximation and thus is generally 

applicable, even in systems where the assumptions made in obtaining the averaged mode1 

do not hold. [3]. Neverthelws, the solution is absolutely dependent on numericd 

packages like MATLAB. 



CHAPTER 3 

FEEDFORWARD CONTROL 

3. l Benchmark System Parameters 

In this section the behaviow of the compensator is analyzed with the aid of the two 

models developed in Chapter 2. The models are tested under stationary and dynamic 

conditions. Two types of control strategy are implemented in each model-(i) the S 

feedfonvard control developed also in a previous thesis, and (ii) the 6-p feedforward 

control proposed in the present work. 

In order to make a fair cornparison between the two types, several performance measures 

are evaluated. The estimation of these performance measures is achieved by submitting 

the compensator to step changes in reactive current from inductive to capacitive and vice- 

versa. These measures show the performance of the compensator under dynamic 

conditions. Both models use the same circuit parameter values. The rating of the 

capacitor is Co=2400 pF, Uo=450 V. The reactor rating is L ~ 1 0  mH, XdEb7.2; note 



that the resistance is determineci by the ratio XslRs, which gives the quality factor of the 

inductor. The network voltage is set to have a fixeci value of ~n=-d2*120 V and the 

system's frequency is assumed to be 60 Hz. 

A close inspection of Equation (2.17) shows that holding p and Un constant indicates a 

relation between the variables 6 and Uo. This means that as soon as 6 is changed, the 

correspondent value of Uo is known. The knowledge of the amount of disturbance in 

advance suggests the use of feedfonvard control in order to reduce the transient error. 

The application of Equation (2.17) to the exact model will yield a response with an error 

that will be analyzed in the last section of this chapter. 

3.2.1 Control Description 

The control structure irnplemented in the exact and in the Iinearized average mode1 is 

depicted in Figure 3.1. The upper scheme determines the control structure to be 

irnplemented in the exact model while the lower scheme depicts the contml structure for 

the linearized average model. Matrix A corresponds to the Jacobian matrix of Chapter 2, 

with p held constant at 120". Matrix & is the first column vector of matrix B of Chapter 

2, with p held constant at 1200. 



Figure 3.1. Feedforward (FF) control structures for the exact and linearized average 
model. 

3 2 . 2  Stationary Behaviour 

The behaviour of the compensator in inductive mode with 6 = - 2" and p = 1200 is 

depicted in Figure 3.2. The solid line illustrates the result using the average model, 

(Equations 2.15 to 2-17') while the solution achieved with the exact mode4 (Equation 

2.35,) is described by a doned line. The operation of the compensator in capacitive mode 

with 6 = 2 O  and p = 1200 is also depicted in Figure 3.2. Both models show the 

dependency of the capacitor's voltage on the control parameter 6 when p is held constant 

at 120". This dependency can be clearly seen with the aid of Equation (2.17) in Section 

2.4, which shows that when p and Un are held constant, the capacitor voltage Uo is not 



ody uniqwty dependent on 6 but dso diectly proportional to cus(<p - 6). Therefore, 

when &O, the term - 6) is doser to 900 and the voltage decreases; on the other 

han& when Dû,  the term cos(q - 6) is closer to zero and thus the voltage increases. 

Figure 3.2 also shows how well the average model represents the fbndamental frequency 

behaviour of the compensator in stationary conditions. 
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Figure 3.2 Stationary solutions for inductive mode (lefi) and capacitive modes (right), 
achieved wîth averaged model (solid line) and exact model (dotted line). 

When the system is analyzed with the exact model, even though the fundamental 

component of the current is clearly a sinusoidal wave, regardless of the mode of 

operation, the shape of the system's current varies depending on the compensation mode. 

The difference in the shape of the m e n t  signai will become a key factor in the analysis 

of the control structures involving feedback current. It is also important to note that with 

the exact modei, the voltage waveform changes as well, depending on the mode of 

compensation. Again, in the exact model, the difference in the shape of the capacitor dc 

voltage signal will be a key factor when analyzing control structures involving feedback 

voltage. 



3 2 . 3  Dynarnic Behaviour 

The respoose of the compensator to a step change in current from 1 1.3 1 A peak inductive 

to 11.31 A peak capacitive, (holding p constant at 1200) is depicted in Figure 3.3. The 

right side illustrates the response using the exact model, while the left describes the 

response of both models but highlights the response of the average model. The current 

evoiution from inductive to capacitive mode is easily viewed on the graph by observing 

its 180 phase-shift. 

Figure 3 -3 Dynarnic behaviour to a step change in current fiom 1 1.3 A inductive to 
1 1.3 11 A capacitive obtained with the average model (left) and with the 
exact model (right). (Step change in 6 )  

The response of the system for the inverse transition, this is, from inductive operation at 6 

= -2" to capacitive operation at 6 = +T, is descnbed in Figure 3.4. Both figures highlight 

the voltage dependence of the system on the control parameter 6 when p is held constant 

at 1200. This voltage fluctuation not only forces the capacitor to operate at different 

voltage levels, but yields to voltage reference accordmg to the value of the parameter 6. 



Thus, in order to maintain the voltage Uo at a constant level, the parameter p must enter 

Figure 3.4. Dynamic behaviour to a step change in 6 Eiom +2O to -20 obtained with the 
exact and average model (left) and with the exact model (right). 

3.2.4 Performance Measures 

The progress of the reactive cumnt during the transients from inductive to capacitive and 

vice-versa are depicteci in Figure 3 .S. This figure also shows the voltage transient across 

the capacitor. The performance meanires associated with these aep changes in reactive 

current are show in Tables 1 and 2. Both tables show the performance meames for the 

transients related to the voltage and to the current. The fint table is associated with the 

change nom inductive to capacitive while the second is associated with the change from 

capacitive to inductive. 

An important feature of this type of control encountered by [l] and verified in this 

section, is the voltage variation across the capacitor. In the present work, the inclusion of 



the control parameter p diminishes this voltage fluctuation, as wiil be seen in subsequent 

sections. 

Figure 3.5. Step change in current from inductive to capacitive (lefi) and for 
capacitive to inductive (right ). 

Table 3.2 6 = + 2' to - 2' and p = 120" 



3.3 The 6 / p Feedfonvard Control 

A close examination of Equation (2.17) shows that in order keep U. at a constant value, 

the parameter in wntd p must be aliowed to change. This change yields a unique 

correspondence between 6 and p. But it also suggests again the use of feedfoward 

control, since the undesireci effect of the disturbance and its correction is known in 

advance. In this section, the value of p for the exact model is found with the aid of 

Equation (2.17) and correcteci using Equation (3.1) in Section 3.4 

3 1 Control Description 

The control structure implemented in the exact and in the linearized average model is 

depicted in Figure 3.6. The upper scheme determines the control structure implemented 

in the exact model while the lower scheme describes the control scheme implemented in 

the linearized average model. Notice that in the exact model the value of p depends on 

the variable u,' and 6'. Matrix A is the Iacobian matrix of the system evaluated with the 

proper values of 6 and p. Matrix Bd is the first column vector associateci with Iacobian 

matrk B. Gi is the feedforward transfer function given by Equation (2.24). 



Figure 3.6. 6-y Feedfonvard control schemes for the exact and the linearized average 
model. 

1 * 2 Stationary Behaviour 

The behaviour of the compensator with the 6-p feedforward control, under stationary 

conditions is depicted in Figure 3.7. The first interesting result that cornes to light is the 

ability of the compensator to maintain the voltage at a constant level, regardless of the 

mode of operatioo. The straight solid lines at 220 V on the upper graphs are associated 

with the results of the linearized average model while the dotted lines are associated with 

the exact model; the effective voltage value of the response signal obtained with the exact 

mode1 is exactly 220 V. Nevertheless, in the capacitive mode, the peak voltage is higher 

than in the inductive mode; therefore, care must be taken when denning the moment of 

sampling when implementing feedback cwent loops. 
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Figure 3.7. Stationary behaviour of the compensator in inductive mode (left) and in 
capacitive mode (right), obtained with the linearized average model (solid 
line) and with the exact mode1 (dotted line). 

The behaviour of the system's current is also depicted in Figure 3.7. It is clear from the 

average model response (i.e., solid line) that the control parameter p has no influence on 

the current, as was expected from the mathematical results in Chapter 2. On the other 

hand, it is also clear from the exact model that the deviation of the control parameter p 

fiom the value 1200 increases the current harmonic content. Another interesting result 

associated with the exact model response is the difference in the peak cument, which in 

inductive mode is about 20 A, while in capacitive mode is around 15 A. This difference is 

not small and thus it cannot be neglected. In generai, in the inductive mode, the peak 

current is higher than in the capacitive mode. It will be shown in later chapters that there 

is a dependency between the parameter 6 and the peak curent 

3.3.3 Dynarnic Behaviour 

The ability of the compensator to reduce the voltage fluctuation during a transition 

associated with a step change in current 6om inductive to capacitive (and vice-versa,) 



when using the 6-p feedfonvard control is depicted in Figure 3.8. The right side of the 

figure shows the exact response of the compensator to a change in current £tom 1 1.3 1 1 A 

peak inductive to 11 -3 11 A peak capacitive. The lefi side shows the responses obtained 

with both models but highlights the linearized average model. The voltage drop in the 

capacitor can be explained with the aid of an RLC senes circuit with a variable 

capacitance. In stationary conditions, the voltage across the capacitor and the reactor are 

fixed and their summation equals the network voltage. At the moment of the transition 

the capacitive component current is increased and the inductive component of the current 

is decreased. Since the current across the reactor is not allowed to change immediately, 

the storage flux creates an electromagnetic force in order to maintain the inductive 

current constant. This emf adds to the steady-state voltage across the reactor, thus 

causing an increment in the voltage across the reactor and therefore a reduction in the 

capacitor voltage. As the electromagnetic force decreases the voltage across the reactor 

decreases and the voltage across the capacitor increases. These process takes places until 

the emf  is zero and the aeady aate is reached again. 

The 180" phase-shift in the current permits the observation of the evolution of the 

transient fkom inductive to capacitive; but unlike the response obtained with the 6- 

feedfiorward controI, the peak current does not reduce during the transient. 



Figure 3.8. Dynamic responses of the compensator to a step change in current nom 
11.31 A peak inductive to 11.3 1 A peak capacitive, achieved with the 
average model (left) and the exact mode1 (nght). 

The response of the compensator to the inverse step change in current is depicted in 

Figure 3.9. The voltage increment can also be explained with the aid of an RLC series 

circuit. In this case, the compensator is working in capacitive mode and in the inductive 

component the current is increased; this increase causes a reduction in the voltage across 

the inductor due to the storage flux and therefore causes an increment in the capacitor 

voltage. 

Figure 3.9. Dynamic responses of the compensator to a step change in m e n t  from 
11 -3 1 A peak inductive to 1 1 -3 1 A peak capacitive, achieved with the 
average model (iefk) and the exact model (right). 



3.3.4 Performance Measures 

The performance of the cornpensator to a step change in current using the 6-p 

feedforward control is depicted in Figure 3.10. A cornparison between this figure and 

Figure 3.5 highlights the advantage of the 6-p control over the 6 control. Tables 3 and 4 

summarize the performance of the compensator using the 6 p  feedforward control. 

Figure 3.10. Step change in current fkom inductive to capacitive (lefi) and for 
capacitive to inductive (right) when the compensator uses the 6-p 
feedforward control. 

These tables show that the percent overshoot has a high value when the compensator 

changes its mode of compensation. This resuit has a signifiant impact on the power 

electronic switching elements, as they must be able to withstand this amount of current 

for a short penod of time. Moreover, the rise time provides key information on the dVdt 

that the electronic device must be able to withstand. These tables also show that the 

over-voltage across the capacitor is no longer a concem. Cornparisons between these two 

tables show that the percent overshoot is lower for a step change in curent tiom 

inductive to capacitive, than vice-versa This result indicates that, the system is more 

damped in capacitive mode. 



Table 3.2 6 = - 2 O  to 2 O  and p = f(S) 

VOLTAGE MEXSURESS CURRENT MEASURESS 
Percent over-voltage IO/o] 1 7.756976 Percent overshoot [%] 1 99.13923 1 
The  to achieve the over-voltage [s] 0.007752 Tirne to peak [s] 0.007502 
Settling time [s] 0.139035 T h e  to rise [s] 0.00425 1 
Steady-state error [Yo] 0.009605 Settling time [s] 0.396349 

Steadv-state error r%1 0.0473 00 

Table 3 3  6 = 2" to - 2' and p = f(6) 

1 1 Steadv-state error r%1 1 0.819052 

3.4 Robustness Issues 

3 . 4 1  Steady-State Error 

The results of the previous section dong with the ones obtained in [Il justiQ the 

necessity of the control parameter p. According to Equation (2.17), the inclusion of this 

new control parameter permÎts the development of a unique correspondence between 6, p 

and U.. Thus, it is now possible to maintain the voltage U. at a constant level. 

Nevertheless Equation (2.17) represents the average model; the exact model has no easy 

mathematical expression that relates directly the variables CT, 6 and p. Therefore the 

coasequences of appl ying Equation (2.1 7) to feedforward p to the exact model will lead 

to steady-state emr in the response of the systea Nevertheless, it will be seen later that 

this equation will play a key roil in developing an expression for the exact model without 



resolving Equation (2.35). Figure 3.1 1 shows the consequences of using feedforward 

control on the exact mode1 with the erroneous p while operating in stationary conditions. 

It is important to note that the parameter p only affects the voltage level and not the shape 

of the fundamental component of the current. 

Figure 3.1 1. Stationary responses of the compensator in inductive and capacitive mode 
when the both models exact and average are feedforward with the same p. 
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Figure 3.12. Dynamic responses of the compensator in inductive and capacitive mode 
when both models exact and average are feedforward with the same p. 



Figures 3.12 and 3.13 show the responses of the exact model uader dynamic conditions 

when the compensator uses f d o r w a r d  contml with the wrong p. Figure 3.12 shows the 

transient performance fiom inductive to capacitive mode, while Figure 3.13 shows the 

reverse change. Again it is important to note that the parameter JJ only affects the voltage 

transient level and not the shape of the fundamental component of the curent. 

Figure 3.12. Dynamic response of the compensator kom inductive to capacitive mode 
when both models are feedforwarded with the same p. 

3 4 3  Parameter Variation 

in order to find an expression to calculate the value of p for the exact mode4 Equation 

(2.35) was solved iteratively with the aid of a computer program, setting Uo constant and 

solving for p while varying 6 at increments of 0.2" within the inteniai f?om -5" to + 5 O .  

The recorded values of p were Iater compareci with the values given by Equation (2.17) 

and a seventh order poiynomial was developed to caiculate the amount of correction 

needed to adjust the values given by Equation (2.17). The 'larder polynomial has the 

fo 110 wing fom: 



Figure 3.14 shows the difference between the values obtained with Equation (2.17) and 

the values of p obtained with Equation (2.35). It also shows the amount of correction 

achieved using the developed polynomid. 

Figure 3.1 3. Amount of  adjustment needed in Equation (2.1 5) to feedfonvard 
accurately the value of p to the exact model. 



CHAPTER 4 

FEEDFORWARD 1 U, - FEEDBACK CONTROL 

4.1 Motivation 

This chapter is concerned with determining the optimal gain constant necessary for the 

irnplementation of a proportional control law. The implemented control law uses the 

voltage error to make the corrective action over the parameter of control, which might be 

6 or p. 

The influence of the negative feedback voltage-loop over the system's transient response 

is analyzed with the aid of two control strategies. One strategy uses 6 as the parameter of 

control, while the other one uses p. Following the previous work done by [Il, whereby 

the parameter p is fixed, a third controi configuration, wherein 6 is the controlled 

parameter and p is held constant at !20° is also aoalyzed. The cornparison between the 

latter strategy and the former configurations wil! yield observation about the advantage of 

having one more degree of fieedom. 



The control schemes of this chapter are based on the open-loop traasfer functions given 

by Equations (2.24) and (2.25) in Chapter 2. The criterion to determine the optimal gain 

constant is set after performing a detailed mot locus dynamical analysis of the system's 

open-loop transfer fiinction. Each control configuration is irnplernented in both the exact 

and the average model. Finally, in order to benchmark the average mode1 and to estimate 

the performance measures, each model is submitted to step changes in reactive current, 

t o m  inductive to capacitive mode and vice-versa 

4.7 Sampled and Average dc Voltase 

The control structures defined in this chapter mod* either the parameter of control, 6 or 

p. This parameter is altered to a more adequate value by an adjustment fkctor, which is 

determined by multiplying the optimal gain by the measured difference between the 

voltage reference and the voltage output U,. 

For the linearized averaged model, the voltage reference is not a concem since the 

mathematical modelling of the system gave an equation that relates the variables U, p 

and 6. Therefore, the system's voltage reference can be predicted using Equation (2.17) 

developed in Chapter 2. On the other hand, the mathematical method used to describe 

the behaviour of the exact model did not give an expression that directly relates the 

variables U, 6 and p. 

The implementation of the control law in the exact model yields an equation to calculate 

the reference voltage, but the value of this voltage depends on when the voltage signal is 



sampled. A close look at the results in Figure 3.7 indicates that the best moment to 

sample the voltage U, is at the zero crosshg of the network voltage. During this perioà, 

the characteristic of the curve is Bat and thus the chance of error is reduced. Figure 3.7 

also shows that the voltage reference depends on the mode of operation of the 

compensator. In the figure, the value for the reference in inductive mode is 219.79 V, 

while the reference for the capacitive mode is 217.77 V. 

Implementing a computer program to solve Equation (2.35) and to sample at the zero 

crossing of the network voltage permits calculation of the exact values of the reference 

voltages. These values are plotted and then an equation that matches this plot is found. 

Figure 4.1 shows that Equation (4.1) describes reasonably well the exact voltage 

reference values. it also shows that the maximum error when applying this equation is 

less than 0 . W .  



Figure4.1. Exact reference voltage found by solving Equation (2.35) (solid Ieft), 
reference voltage using Equation (4.1) (dotted left), and the amount of 
error when using the latter equation (right). 

4.3 The 6 - Feedforward 1 Uo - Feedbsck control with p = 1 ?O0. 

The mathematical analysis of the average mode1 developed in chapter 2 describes a 

relationship between the variable U, and the parameters of control 6 and p. This 

relationship can be used to determine the steady-state operating point of the cornpensator 

and the parameters of control. If p is fixed to the value of 120" then expression (2.17) 

can be used to analyze the behaviour of the compensator as it was done by [1] and thus 

gain a deeper understanding of the results obtained and to outline the benefits of 

including the variable p. 

4 3 . 1  Control Structure 

This control structure uses 8 as the parameter of controt with p held constant at 120". 

The configuration is depicted in Figure 4.2 and is composed oftwo diagrams. The upper 

one describes the control scheme to be implemented on the exact modei, while the Iower 



one shows the control structure for the linearized average modei, where the k e d  value of 

p is irnmersed in the open-loop transfer fùnction Gp 

Figure 4.2. 6 Feedfonvard / feedback control with p= 1200 structure for the exact and 
the linearked average model. 

The control law implemented in the exact mode1 is easily seen by following the flow path 

of Figure 4.2. Expression (4.2) describes the control law for the exact modei, while 

Equation (4.3) describes the control law implemented in the average model. 

Both configurations show a negative feedback voltage-Ioop. In steady state, the variation 

of6 is zero and the system reduces to the 6 feedfonvard-loop control described in section 

3 -2. During the transieut, 6 is either increased or decreased depending on the transition of 



the mode of operation. When a step change in currem is made fiom inductive to 

capacitive according to the resuits of Section 3.2.3 the output voltage increases; but, the 

feedfonvard-loop adjusts u,' to the desired final value making LJo*Wo and thus K(U,*- 

Uo)> O so 6(t) > 6*, which means that the controller is increasing 6 in order to increment 

the voltage and reach the desired set point u,'. On the other hand, when the converse 

change is made, the output voltage decreases; but, the feedforward-loop adjusts u,' to the 

desired final value, making u,'<u, and thus KW'-u,)< O so 6(t) c 6*, which means that 

the controller is decreasing 6, in order to decrease the voltage and reach the desired set 

value u,'. The reference voltage for this type of contml is determined for the two models 

(i.e., exact and average) by Equation (2.1 7). This approach will introduce a small error 

for the exact model, but it will help to explain the results obtained by [ I l .  

4 . 2  Root Locus Dynamical Analysis 

The numerator of the transfer function Gp determines the positions of the open-loop poles 

in the s-plane. Since the numerator of Equation (2.24)- with p fixed at 120" corresponds 

to the numerator of G,(s), it becornes clear that the allocation of the poles in the s-plane 

depends oniy on the variable 6. Figure 4.3 describe the position of the poles in the s- 

plane while 6 varies within its operational range. 



Figure 4.3. Open-loop poles of transfer function G,. 

The denominator of Equation (2.24) with p fixed at 1200 corresponds to the denorninator 

of G, which determines the position of  the open-loop zeros. Figure 4.4 describes their 

dynamics as 6 varies within its niII range of operation. 
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Figure 4.4. Open-loop zeros dynamics as 6 and p change over their interval of operation. 



The open-loop complex zeros represented in Figure 4.4 describe the operation of the 

compensator in the inductive mode, while the real open-loop zeros depict the operation of 

the system in the capacitive mode. As the system advances fkom inductive mode toward 

the capacitive compensation mode, the imaginary part of the zeros increases until the 

neuaal mode is reached. Therefore, the complex open-loop zeros located at the extrema 

(i.e., tail of the arrow) of quadrants II and iII detennine the operation of the compensator 

in its maximum inductive mode. The nearest real open-loop zeros to the origin determine 

the operation of the compensator in its maximum capacitive mode. 

A close examination of Figures 4.3 and 4.4 pennits the determination of the dynamics of 

the rwt locus. In inductive mode, as the gain increases, the upper complex closed-loop 

poles travel up right and then up lefi toward the complex open-loop zero. During this 

process, it is possible for the closed-loop poles just to touch or even to pass through the 

imaginary axis. The dynamics of the lower cornplex closed-loop poles are symrnetncal to 

the poles just descnbed. In the capacitive mode, the complex closed-loop poles will 

travel to the right, but this tirne they will meet each other at a point to the left of the real 

open-loop zero located over the positive side of the reai axis. Beyond this point, both 

closed-poles will travel dong the real axis but in the opposite direction - one toward the 

open-loop zero and the other to plus infinity. Since the system is composed of three 

poles and two zeros, the root locus mua have three branches, the above describing only 

two of them. The third branch starts at the reai open-loop pole. The behaviour of this 

pole is independent of the mode of operation af the compensator. It always tnwels left; in 

the inductive mode, t goes to minus infinity, and in the capacitive mode, it ends at the 



real opedoop zero located over the negative side of the real axis. Figure 4.5 depicts a 

typicai root locus for the inductive and for the capacitive operation. 

Figure 4.5. Typical root locus for inductive mode (left) and for capacitive mode (right). 

4.3 3 Optimal Gain Determination 

A simple analysis of Figure 4.5 shows that independent of the mode of operation, the 

initial movements of the complex closed-loop poles are to the right, while the dynamic of 

the red closed-loop poles is always to the left. Therefore, since they travel in opposite 

direction, the optimal gain is achieved when the real and the complex poles align because 

this will yield poles with about the same damping. Figure 4.6 depicts the values of the 

optimal gain as well as the maximum gain; this latter has been achieved when the 

complex closed-loop poles reach the imaginary axis. Notice that for values of 6<4.3, the 

critical or maximum gain is infinity. Thus for these values the system is always stable. 

The values for the optimal gain range between [0.0041 ,0.0025] rad/ V. 



Figure 4.6. Cntical gain (solid line) and optimal gain (dotted line). 
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The results obtained for the optimal gain guarantee the stability of the system; this means 

that the maximum of these values can be set as the gain of the system. The reason for 

choosing the maximum optimal gain as the gain of the system is based on the knowledge 

that high values of gain improve the performance of a feedback control system. 

Nevertheless, the consequences of setting just one value of gain for the whole range of 

operation of the compensator will corne to light when submitting the system to step 

changes in reactive current. Figure 4.7 depicts the behaviour of one cornplex closed-loop 

pole when the system operates in its full range, using three different gains. It is important 

to observe how the closed-loop poles approach the imaginary axis since this will permit 

a prediction of the behaviour of the compensator. The figure suggests a l e s  damped 

oscillatory behaviour in capacitive mode. 
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Figure 4.7. Dynarnic of one complex closed-loop pole for three different gains. 

According to the results of Figure 4.7, it can be seen that indeed k4.004 gives the best 

option for the gain of the system. With the other two values, the system either gels too 

close to the unstable region or the gain is just too small. This figure, in conjunction with 

Figure 4.4, p d t s  prediction of the behaviour of the compensator when the system is 

submitted to a aep change in reactive current. When the system is working in inductive 

mode and is asked to change to capacitive mode, the transient oscillation will be higher in 

comparison with the converse change. This is due to the proximity of the closed-loop 

poles to the imaginary axis in capacitive mode. This fact dso permits a prediction that 

the current settling time will be higher for the change tiom inductive to capacitive. 



4.3.4 LAM Response 

The response of the iinearized average model, when submitted to a step change in curent 

from 11.3 1A peak inductive, to 11.3 1A peak capacitive, is described on the left side of 

Figure 4.8; the opposite transition is depicted on the right side. Notice that the transient 

oscillation for the former change is higher than the transient oscillation for the latter one. 

Also, notice £tom the system's current comportaient that the systern is more damped in 

the inductive mode that in the capacitive mode. 

Figure 4.8. Linearized average model response for a step change fiom inductive to 
capacitive (left) and vice-versa (nght). 

4.3 - 5  Exact Response and Cornparison With the L A M  Response 

The left side of Figure 4.9 shows the exact model response to a step change in current 

from 1 1.3 1 A peak inductive to 1 1.3 1 A peak capacitive, while the converse transient is 

described on the right. The cornparison between the two models is depicted in Figure 

4.10. 



Figure 4.9. Exact model response for a step change from inductive to capacitive (left) 
and vice-versa (right). 

Figure 4.10. Cornpaison between the exact and the average model for step changes in 
reactive current fiom inductive to capacitive (left) and vice-versa (right). 

The results in Figure 4.10 show that the average model represents reasonably well the 

exact model; but, moreover the exact model dweloped in Chapter 2 indeed behaves like 

the actud laboratory prototype developed by [Il. 



4.3 -6 Performance Measures 

The evolution of the reactive current dunng the transition h m  inductive to capacitive 

and vice-versa is depicted in Figure 4-11, which also shows the capacitor voltage 

transient. Notice that the reactive current oscillation during the transient is higher for the 

step change from inductive to capacitive. The evaluation indices associated with both 

step changes in reactive current are show in Tables 4.1 and 4.2. The first table is 

concemed with the change from inductive to capacitive, while the second is associated 

with the change from capacitive to inductive. Both tables show the indices for the 

transient related to the voltage and to the current. Notice that the settling time and the 

oscillation are higher for the step change fiom inductive to capacitive in cornparison with 

the opposite, as predicted. 

Figure 4-11. Step change in reactive current from inductive to capacitive (lefi) and 
fiom capacitive to inductive (right). 



Table 4.1 6 = - 2" to 2" 

Table 4.2 6 = 2" to - 2" 

VOLTAGE MKASURES 
Time to Ne [s] 1 0.048549 

4.4 The 6 / p Feedfoward / U,  - Feedback to 6 Control 

This section is concerned with the perfoxmance analysis of the feedforwadfeedback 

scheme using phase-shiWpulse-width control. The voltage feedback loop is used to 

modiQ the parameter of control6. 

CURRlENT MEASURES 
Time to nse [s] 1 0.061562 

4.4. I Control Structure 

The 6Ip feedforward 1 U. - feedback to 6 control is shown schematically in Figure 4.12 

and is composed of two diagrams. The upper one depicts the control structure for the 

exact model and the lower one the control for the average model. The transfer fiinction 

used by the average model corresponds to Equation (2.24) (&(s)) 



Figure 4.12. The 6 / p Feedfonvard / Uo - Feedback to 6 Control, for the exact and for 
the l i  nearized average model. 

The control strategy for the exact model is composed of one feedforward loop for the 

parameter of control p, and one negative feedback control loop used to proportionaily 

mod@ the parameter of contro1 6, depending on the difference between the voltage set 

point and the output voltage. Equations (4.4) and (4.5) give the expressions for the 

control laws applied to the exact and the average model respectively. 



Notice that these equations dfler kom Equations (4.2) and (4.3), just by the value of K 

However, the open loop transfer fùnctions are totdy different. In steady state, the 

derivative of 6 with respect to time is zero and the system reduces to the 6-p feedforward 

control on section 3.3. In this scheme, the voltage reference is calculated differently for 

eac h model. WhiIe Equation (2.1 7) gives the voltage reference for the average model 

Equation 4.1 calculates the voltage reference for the exact model. 

44.2 Root Locus Dynamical Analysis 

The position of the system's open-loop pules and zeros are detemineci respectively by 

the denominator and the numerator of the feedfonvard transfer fùnction G3 ,(s). In this 

expression, both the numerator and denorninator are functions of the panuneters 6 and p. 

Therefore, the dynamics of the open-loop zeros and open-loop poles depend on the values 

of 6 and p. Figure 4.13 shows the movements of the open-loop poles while the 

parameters of control Vary wit hin its full range of operation. 

The points marked with an 'Y in Figure 4.13 denote the position of the open-loop poles 

when the compensator is working in its maximum inductive mode. The figure also 

shows that as the compensator moves fiom inductive to capacitive mode, the cornplex 

open-loop poles move closer to the imaginary axis whiie the real open-loop pole moves 

away ftom this axis. 



Figure 4. L 3. Dynamics of open-loop poles 

The movement of the open-Ioop zeros is depicted in Figure 4.14. As expected, the 

dynamic is very similar to the previous control structure. Again, when the system works 

in the inductive mode, the open-loop zeros are fonned by a real and an imaginary part; 

the latter increases as 6 increases. When the systems work in capacitive mode, the open- 

loop zeros are real and they approach the imaginary axis as 6 increases. 

The dynamics of the root locus can be broadly determined with the aid of Figures 4.13 

and 4.14. When the compensator is working in the inductive mode, the complex closeci- 

loop poles of Figure 4.13 travel toward the complex open-loop zeros of Figure 4.14. The 

trajectory of this path may or may not cut the imaginary axis depending on the start point 

of the root locus. In the capacitive mode, the complex closed-loop poles travel right, to 

meet each other at a point to the right of the positive real open-ioop zero. Beyond this 



point, one pole travels to plus infinity dong the real axis while the other travels toward 

the real open-loop zero. 

Figure 4.14. Dynamics of the open-loop poles for the feedforward transfer function the 
6 1 p Feedfonvard 1 U, - Feedback to 6 Control stnicture. 

The above descnbes two of the three branches of the root locus; the third is composed by 

the closed-ioop poles that start at a real open-loop pole on Figure 4.13. The movement of 

these poles is aiways to the le9 independent of the compensation's mode. However, the 

distance traveled by these poles between two equal consecutive increments in gain is 

different. In the inductive mode, the steps are larger than in the capacitive mode because 

in the former mode, the poles must travel to mllius infinity, while in the capacitive mode 

there is always an open-loop zero over the negative real axis, which detemines the end 

point of the branch of the root locus. 



The cornportment of these closed-loop poles will have a significant impact on the value 

of the optimal gain. Figure 4.15 describes a typical root locus for the compensator 

operating in the inductive mode as well as a typical root locus when the compensator is 

o p e d g  in the capacitive mode. 

I n c k h m o d .  

y:. 

Figure 4.15. Typical root locus for inductive mode (lefi) and for capacitive mode (nght). 

4.4.3 Optimal Gain Determination 

A simple analysis of Figure 4.15 shows that independent of the mode of operation, the 

initial movements of the complex closed-loop poles are to the ri& while the dynamic of 

the reai closed-loop poles is always to the left. Therefore, since they travel in opposite 

directions, the optimal gain is achieved when the real and the complex poles align. 

Figure 4.16 depicts the values of the optimal gain as well as for the maximum gain; this 

latter has been achieved when the complex closed-loop poles reach the imaginary axis. 

Notice that for values of 6<-4.3, the critical or d m u m  gain is infinity. Thus, for these 

values the system is aiways stable. The values for the optimal gain range between [0.018 



, 0.00251 rad/ V. Notice that for the majority of the inductive range the optimal gains are 

higher than the maximum (or critical) gain in the capacitive mode; therefore, the system's 

gain will be limited by the maximum gain. 

6 [ Dogrees j 

Figure 4.16. Critical gain (solid line) and optimal gain (doned), for the compensator 
over its operating range. 

Since not al1 the results obtained for the optimal gain guarantee the stability of the system 

over its full operating range, the minimum critical gain is used as the optimal gain of the 

system. Figure 4.17 shows the dynamics of one cornplex closed-loop pole when the 

syaem operates over its full operating range using three different gains: 0.004,0.005 (the 
6 

optimal gain for the system) and 0.006 [ r a w .  

The resdts describeci b y Figure 4.1 6 illustrates that the value 0.005 is the highest possible 

value of the gain for the system in order to remain stable over its hl1 operating range. 



Notice that Figure 4.17 shows that there are operating points in the capacitive mode 

where the system becornes unstable with a gain value of 0.006 [radlV]. From this figure, 

in conjuncrion with Figure 4.13, it is possible to predict that the system will be more 

darnpeù and have l e s  transient oscillation when the compensator moves from capacitive 

to inductive in cornparison with the opposite change. This finding again is due to the 

proximity of the closed-loop poles to the imaginary axis when the compensator works in 

the capacitive mode. Since in both modes of operation the dominant closed-loop poles 

are very near to the imaginary axis, high values of percent overshoot are expected. 

Figure 4.1 7. 
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4.4.4 LAM Response 

The results depicted in Figure 4.18 confirm the predicted behaviour of the compensaior. 

As can be seen, a step change in reactive current fkom inductive to capacitive produces a 

voltage output less darnped and with more transient oscillation than a step change in 

reactive current h m  capacitive to inductive. This result also applies to the dynamic 

behaviour of the reactive current, as will be seen in latter results. The figure describes the 

behaviour of the voltage and the system's current when mbmitted to a step change in 

reactive current from 1 1.3 1 1 A peak inductive to 1 1 -3 1 1 A peak capacitive, and vice- 

versa. Notice that the voltage variation is far less with this control structure than with the 

6 - Feedfonvard / U. - Feedback control with p = 1200. 

Figure 4.18. Linearized average mode1 response for a step change from inductive to 
capacitive (lefi) and vice-versa (right) . 



44.5 Exact Response and Comparison with the LAM Response 

The exact responses of the compensator to the same step change in reactive current are 

depicted in Figure 4.19. The cornparison between the exact and the averaged mode1 for 

the same step changes are descrïbed in Figure 4.20. 

Figure 4.1 9. Exact model response for a step change in reaaive currenr from inductive 
to capacitive (lefi) and nom capacitive to inductive (right). 

Figure 4.20. Comparison between the exact and the average mode1 for a step change in 
reactive current Eom inductive to capacitive (left) and vice-versa 



4.4.6 Performance measures. 

The evolution of the voltage and the reactive current during the transition nom inductive to 

capacitive and vice-versa is depicted in Figure 4.21. These results rat@ the predicted 

behaviour in voltage and regaive current when the system changes from one state to another. 

Notice that during the transient from capacitive to inductive mode, the system is more 

damped and it has also l e s  oscillation than the converse transition. Therehce, the current 

settling time is smaller for the transient from capacitive to inductive in cornparison with the 

opposite tmmient. 

Notice also that the transient f?om capacihve to inductive gives the higher percent overshoot. 

l h s  effect is due to the innuence of the open-loop rems. The doser the open-loop zeros are 

to the imaginary axis, the higher the percent ovenhoot Figure 4.14 shows that in the 

inductive mode, the real part of the complex open-loop zeros is closer to the origin than the 

open-loop zeros in the capacitive mode. 

Figure 4 2  1. Voltage and reactive m e n t  evolution when the system is submitted to a 
step change in reactive m e n t  fiom inductive to capacitive (left) and vice- 
versa (right). 



Table 4.3 6 = - 2" to 2" 

VOLTAGE MEASURES 
Percent over-voltage [%] 1 7.447547 

Table 4.4 6 = 2" to - 2' 

CURRENT MEASURES 
Percent overshoot [O/o] 1 129.641 124 

Time to achieve the over-voltage [s] 
Settiing time [s] 
Steady-state emr [%] 

VOLTAGE MEASURlES CURRENT~MEASURES 
Percent over-voltage [%] 4.770545 Percent ovenhoot [%] 13 1.137337 
Time to achieve the over-vokage [s] 0.007668 Time to peak [s] 0.007835 
Settling time [s] 0.027090 Time to rise [s] 0.004084 
S teady-state emor [%] 0.000268 Settiing time [SI O. 100358 

Steadv-state error T%1 0.0005 3 29 

4.5 The 6 / u Feedfonvard 1 Uo - Feedback to u Control 

0.007585 
0.00400 1 O 
O. 18854 
0.00 165 1 

0.007418 1 Time to peak [s] 

4 5 . 1  Control Stmcture 

This control structure uses p as the parameter of control. The configuration is depicted in 

Figure 4.22 and is composeci of two schemes- one for the exact model and the other for 

the linearized average model. The upper scheme describes the control structure for the 

exact model. The control law given in Equation (4.6) uses the error in the voltage to 

modifi the parameter p and is impiemented in the exact model. 

0.041 177 
5.4*1(r-5 

Time to rise [s] 
Seîtlingtime[s] 
Steadv-state error f%1 



Figure 4.22. The 6 1 p Feedforward I CI, - Feedback to 6 Control, for the exact and for 
the linearized average model. 

The lower scheme depicts the control structure implemented in the linearized average 

model. Equation (4.7) describes the control law applied in this model. The transfer 

function used by the average corresponds to Equation (2.25) (G2(s)). Notice that the 

system is also described by its state space equaîion. Here B d  is the second column vector 

of the Jacobian matrix B. 

p = -  KU, 

45.2 Root Locus Dynamical halysis 

The dynamics of  the opedoop poles are exactly the same as those depicteci by Figure 

4.13. On the other hand, the dynamics of the open-loop zeros are totaily different. 



Figure 4.23 descriies how the open-loop zaos move dong the s-plane as the parameters 

of control6 and p Vary within al1 their operational values. 

Figure 4.23. Zero dynamics of the compensator as the parameters 6 and p Vary within 
al1 their operational values. 

The results on Figure 4.23 show an oscillatory behaviour on both open-loop zeros. In the 

figure, the projection of the zero over the vertical axis gives the mode of operation of the 

compensator while the projection over the horizontal axis determines the actual position 

of the open-loop zero over the real axis of the s-plane. The amount of oscillation is 

significantly different for both zeros and it has no obvious correlation with the mode of 

operation of the compensator. Therefore, it is not possible to determine a rough sketch of 

the compensator when working in either mode of operation. Nevertheless a close look at 

Figure 4.23 in conjunction with Figure 4.13 indicates two distinct forms of the root locus. 

It can be seen fiom Figure 4.23 that either the two open-bop zeros lay in the negative 

real axïs or each one aiiocates in dBerent sides of the r d  axis. In either case, there is 

always one zero on the s-plane very near to the origin in the negative side of the r d  axîs. 



Therefore, if the open-loop zeros lay on oppogte sides of the real axiq the real open-hop 

pole and the positive real open-loop zero form one branch of the rmt locus. The 

Complex closed-loop poles and the remalliing zeros form the other two branches. These 

branches have the starting point at the complex open-loop poles and as the gain increases, 

the complex closed-loop ples travel to the lefi in the s-plane and meet each 0 t h  at a 

point to the lefi of the negative, reai open-loop zero. At the point of encounter, the 

closed-loop poles travel in opposite directions; one travels right toward the zero and the 

other to minus infinity. 

When both open-loop zeros Iay in the negative side of the real axis, it is expected that the 

real open-bop pole and the open-loop zero nearest to the origin form one branch of the 

root locus. However, since in this case it is always possible to factorize a negative sign in 

the feedfonvard transfer fùnction, the d e s  to sketch the root locus for a negative 

feedback system do not hold; therefore, the mies for a positive feedback loop must be 

applied. This fact suggest that one branch of the root locus formed by a closed-loop pole 

that traveis to plus infinity with a start point at the real, negative open-loop pole. The 

other two branches are exactly the same as the ones described when the two zeros lay on 

different sides of the s-plane's real axis; the only difference in this case is rhat one pole 

will travel toward a zero, instead of minus infinity. Figure 4.24 depicts these two 

situations; the iower graphs describe the sketch of the root locus for very small gains 

(ka .OS) 



Figure 4.24 Typical root locus of the compensator when 6 and p Vary within al1 their 
operational values. 

1.5.3 OptimalGain Determination 

An interesting result that immediately cornes to light from Figure 4.24 is the movement 

of some closed-loop poles toward the positive side of the s-plane regardless of the mode 

of operation; this cornportment allows an immediate determination of the situation for the 

smallest critical gain. As can be seen fiom Figure 4.13, when the compensator is 

working in its most inductive mode, the real open-loop pole achieves the nearest position 

to the origin. Thus, this situation allows finding the lowest critical gain. Figure 4.25 

show the values of the critical gain according to the values of 8 and p. 

Since the minimum critical gain imposes the stability Iimit, the value of the optimal gain 

arises immediately. From Figure 4.25 the value for the system's optimal gain is 0.002 

raW.  This is a very low value for the gain and therefore the location of the closed-loop 

poles of the system will not differ signincantly fiom the location of the open-Ioop poles. 



Figure 4.25 Critical gain according to the values of 6 and p. 

Figure 4.26 show the movement of one complex closed-loop pole and the dynamics of 

the real closed loop pole when the gain is set to 0.002 r a n .  This figure also permits a 

prediction of the general behaviour of the compensator when submitted to a step change. 

Due to the proximity to the origin of ail closed-loop poles a relatively large time constant 

is expected; therefore, slow decreasing or hcreasing exponential will characterize the 

Eéature of the responses. The settling time will be higher fiom inductive to capacitive 

than for the converse change; this is due to the higher time constants on the former mode 

of operation than in the latter. 



Figure 4.26. Closed-loop poles dynamics for a constant gain of 0.002 rad/V. 

4.5.4 LAM Response 

The response of the linearized average mode1 when submitted to a step change in current 

tiom 1 1.3 1 A peak inductive, to 1 1.3 1 A peak capacitive, is described in the left side of 

Figure 4.27; the opposite transition is depicted in the right side. The results in this figure 

ratib the previous andysis of the compensator when submitted to a step change. It can be 

seen that in both changes, the syaem has a slow response; moreover, the response to a 

step change from capacitive to inductive is slower that the opposite change. This is due to 

the proximity of the closed-loop real pole to the origin in the inductive mode. The initial 

high oscillation is due to the proximity to the irnaginary axis of the cornplex closed-loop 

poles. 



Figure 4.27. Linearized average model response for a step change £tom inductive to 
capacitive (lefi) and vice-versa. 

4.5.5 Exact Response 

The response of the exact model when submitted to a step change in current tiom 1 1.3 1A 

peak inductive, to 1 1.3 LA peak capacitive, is describeci in the lefi side of Figure 4.27; the 

opposite transition is depicted in the right side. The results in this figure ratify the 

previous analysis of the compensator when submhted to a step change. It c m  be seen that 

in both changes, the system has a slow response. Moreover, the response to a aep change 

Eom capacitive to inductive is slower that the converse change. A more interesting result 

is the noticeable higher oscillation for a step change from inductive to capacitive mode 

than for the converse change; this result again is due to the relative proximity of the 

complex closed-loop poles to the imaginary axis. Figure 4.27 shows the cornparison 

between the two models 



Figure 4.28. Exact mode1 response for a step change from inductive to capacitive (lefl) 
and vice-versa. 

Figure 4.29. Cornparison between the exact and the average mode1 for step change in 
reactive current from inductive to capacitive (left) and vice-versa (right). 

45.6 Petformance Measures 

The evolution of the voltage and the reactive current during the transient fiom inductive 

to capacitive and vice-versa is depicteci in Figure 4.30. These results ratify the predicted 

behaviour in voltage and reactive m e n t  when the systern changes fkom one state to 



another. Notice that during the transient from capacitive to inductive mode, the systern is 

slower and it has also more oscillation than for the opposite transient. 

Figure 4.30. Step Change in reactive current from inductive to capacitive and vice-versa. 

Table 5.1 6 = - 2" to 2" 

1 VOLTAGE M E A S W S  1 CURRENT MEASURES 1 
1 Percent over-voltage [%] 1 7.9340 1 Percent overshoot [%] 1 104.658268 1 
'C 

- - 

Time to achieve the over-voltage [s] 0.008002 Tirne to peak [s] 0.007502 
Settling time [s] 0.172293 Tirne to nse [s] 0.00400 10 
Steady-state error [%] 0.02841 7 Settiing time [s] 0.441610 

Table 5.2 6 = 2" to - 2" 



CHAPTER 5 

FEEDFORWARD / Is - FEEDBACK CONTROL 

5.1 Motivation 

The central idea behind the irnplementation of a proportional control law is to determine 

the proportional constant. This chapter is concemed with the determination of the 

optimal gain constant, using the cunent emr in order to make the corrective action over 

the parameter of control. 

in order to analyze the influence of the negative feedback current-loop over the system's 

transient response, two structures of controls are defined. One structure uses 6 as the 

parameter of control, while the other one uses p. Each control scheme is based on a 

specific open-loop transfer function. The 6/p feedfoward /I,feedback to 6 controi uses 

the transfer function given by Equation (2.22), while Equation (2.23) is the base for the 

6 4  feedforward &feedback to p control. 



The criterion to determine the optimal gain constant is set d e r  a detailed rwt locus 

dynamical analysis of the open-loop transfer fûnction of the system. Since the exact 

model does not have a mathematical expression for the reference current, an accurate 

equation is developed with the aid of the reactive current of the tinearized average model. 

Each control configuration is implemented in both the exact and the average model. 

Findly, in order to estimate the performance measures, each model is submitted to step 

changes in current, fiom inductive to capacitive and vice-versa 

5.2 Sampled and Average Compensator Current 

As it was mentioned in the previous section, this type of control takes the current and 

feeds it back to modifi the panuneter of control 6 or p. The ciifference between the 

sarnpled and the reference current determines the amount of error. This error is then 

modified by the gain factor k, to adjust the parameter of control to a more adequate value. 

For the lineaized averaged model the reference current is not a concern since the system 

is mathematically modeleci, and therefore the behaviour of the system can be predicted 

using the equations developed in Chapter 2. On the other hancl, the mathematical 

expression for the exact model can only be solved with the aid of a cornpute program. 

The irnplementation of the control law in the exact model yields two major problems- 

one is to detennine how and when to sample the current signai and the other is to find a 

mathematical expression that can be used to calculate accurately the reference cment 

using the panuneters 6 and p. 



Creating a phase-locked loop betweea the current and the network voltage solves the fkst 

problem This assures that the current is dways sarnpled at the same position with respect 

to the network voltage. A careful look at the system in stationary condition (Figure 3.7) 

gives the right approach to solve the second problem since this value of the current is the 

reference value for this made of operation. Therefore, the process to find al1 the reference 

values must be done under stationary conditions for al1 the parameters 6 and p. 

Figure 3.7 also shows that the shape of the current signal depends on the compensator's 

mode of operation; this means that the moment of sampling is critical. Building a 

cornputer program to solve Equation (2.35) and to sample every cycle at the zero crossing 

of the network voltage yields the exact values for the reference current. These current 

values are plotted and then an equation that matches this c w e  is developed. 

In order to see the correlation between these values and the ones given by the averaged 

rnodel, both curves are show in Figure 5.1. it tums out that modifying the equation of 

the average model in the way describeci below yields an expression that permits obtaining 

the reference current values with a high degree of precision. 

Where: 

Ic reference current of the average model. 

A=I. 1 14, B3.75 and C=8.38. 



Figure 5.1, shows the current found by the average mode4 the current obtained from the 

exact model and the cuve obtain with this mathematicai expression. The graph clearly 

shows how well this equation matches the cuve obtained by the exact model. 

Refarenœ current for the m a g e  and exact rnodel 
40, I I I 1 7 

Figure 5.1. Reference current from average and exact model. 

5.3 The 6 / y Feedfonvard / 1, - Feedback to 6 Control 

This section is concemed with the performance analysis of the feedfonvadfeedback 

scheme using phase-shifVpulse-width control. The parameter of control 6 is adjusted 

proportionally to the difference between the reference current and the feedback current 

signal. 



5 . 3 1  ControlStructure 

The 61p feedforward / 1, - feedback to S control is shown schematidly in Figure 5.2. 

The control structure for the exact mode1 shows two positive feedforward-loops- one for 

6 and the other for p. The feedback current allows determining the mapitude of the 

current error and consequently rnodifjhg the parameter of control6 to a more adequate 

value by applying the proportional control law. 

'Uo 

PLANT 

-1s 

Figure 5.2. The 6/p fdonvard / 1s - feedback to 6 control implemented in the exact 
(top) and in the linearized average mode1 (boaom). 

For the average model the open-loop transfer function of the control is given by 

Equation (2.22), which relates the variables 6 and reactive curent IL. In the state space 

notation the Bd corresponds to the first column vector of the Jacobian matrix B. The 



expressions for the control laws are aven by Equations (5.1) and (5.2) for the exact and 

average mode1 respectively. 

5 - 3 2  Root Locus Dynamical Analysis 

The open-loop transfer function of the 6 1 p Feedforward I 1s - Feedback to 6 Control 

system given by Equation (2.22) determines the position of the open-loop zeros and the 

open-loop poles of the system in the s-plane. Since this equation is a function of the 

parameters 6 and p, then the open-loop zeros and the open-loop poles allocates in the s- 

plane accordingly to the values of these parameters. Figure 5.3 descnbes the movement 

of these open-loop zeros and the open-loop poles while 6 and p Vary within al1 their 

operational values. 

In order to facilitate the analysis, the location of the open-loop zeros in the s-plane, are 

represented in the graph by the lines united by a circle and a square. The circles show the 

pair of zeros when the system works at the maximum inductive mode, while the squares 

indicate the position at the maximum capacitive mode. The open-loop poles are 

represented by the lines united by an 'x' and a '*'. The 'x' show the open-loop ples 

when the system operates at the maximum inductive mode, while the '*' indicates the 

location at the maximum capacitive mode. 



Oynamic of paies and zems in open hop 
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Figure 5.3. Dynamics of open-loop zero and open-loop poles, for the 61p feedfonvard 
/ 1s - feedback to 6 control. 

The figure shows that despite the mode of operation of the compensator, the angle 

contribution of the zeros to one of the complex open-loop poles is almost cancelled by 

the angle contribution of the remaining open-loop poles. This yields the determination 

that the angle of depamire of the complex open-loop poles is around 180, regardless of 

the values of 6 and p. This figure also indicates that, despite the values of 6 and p, there 

is always one open-loop pole located over the negative side of the real a is .  The 

exclusive and permanent location of this open-bop pole assures that the section of the 

real axis between minus infinity and this pole is always a branch of the mot locus. 

Therefore, considering al1 the above statements the dynamics of the root locus can be 

established. uiitially al1 the closed-Ioop poles travel to minus infnity as the gain 

increases, but since the open-loop zeros define the termination of the mot locus, and this 

mua be symmetrical to the real axis, the following must take place. The conjugate 



closed-loop poles will converge at a point over the negative side of the real axis and then 

one closed-loop pole travels le& while the other one travels right. The ciosed-loop pole 

that travels to the right meets now with the real closed-loop pole that has been travelling 

left; at the point of convergence, one pole will travel toward the zero above the real axis 

while the other travels to the zero below the real axis. Figures 5.4 confirm the above 

statements. 

Figure 5.4. Typical Root locus of the compensator system in inductive mode (lefi) and 

in capacitive mode (right). 

5-32 Optimal Gain Determination 

Figure 5.4 shows that the syaem is stable for al1 values of S and p. Therefore, the issue 

of stability is not a concem in this particular control structure and thus fiom this point of 

view, there is no restriction for the gain. This figure also shows that initially al1 the 

closed-loop poles move away fkom the imaginary axis until the point of convergence of 

the complex conjugate closed-loop poles. Hence this point of convergence will serve as 



the first attempt to h d  the optimal gain. Figure 5.5 show the values of the gain at each 

point of convergence. 

Optimal Gain 

Figure 5.5. Gain for each point of convergence of the complex poles. 

The above figure shows that the optimal gain for the system can be set to 0.127 r a d k  

Nevertheless, the use of excessive gain may cause the system to operate in its non-linear 

regime or out of the systern restrictions; therefore, a value of 0.0239 [rad/A] will show to 

be adequate. 

The dynamics of the whole system, when the optimal gain is set to 0.0239 rad I A is 

depicted by Figure 5.6. The points highlighted in the graph by an 'Y denote the 

maximum inductive operathg mode of the compensator. As the compensator moves to 

its capacitive mode, the conjugate, closed-Ioop poles of the systern move away to the left 



f?om the imagiaary axis and closer to the real axis. This suggests that the system will 

have a higher percent oveahoot when the step change in reactive current is made from 

capacitive to inductive. Even though the behaviour of the conjugate, closed-loop zeros 

have an opposite effect than the conjugate closed-loop poles, the latter behaviour of the 

closed-loop poles prevail. Since the percent overshoot is expected to be higher for the 

step change from capacitive to inductive, the settling time is also expected to be higher. 

Dynamic of poles and aras  in closed Ioop with Kz0.0239 
1 6  

I I 1 8 1 I I I 

I x = QosecMoop poles at rnamum inducnve mode 

O = Closed-loop zeros ai m m  murn inducave mode '1 ,y 

\ = C l o s ~ l o o p  ~ r o s  at maximum câpacihw mode 

.l 5 1 I t I 1 t I 1 I 

Q Q  4.a 4.t 0 1  4 6  4 4  4 5  4 2  Q I  

Real M s  

Figure 5.6. Dynamic behaviour of the whole system when the optimal gain is set to 
0.0239 rad/A, 

5.3 -4 LAU Response 

Figure 5.7 describes the performance of the linearized average mode1 of the compensator 

when submitted to a step change in readve current, fiom inductive to capacitive and 

vice-versa. Notice that the syaem response is very fast and that the percent ovenhoots 

are s d l  compared with the other c o m r ~ l  structures analyzed so fàr. The respoase in 



Figure 5.7 corresponds to a step change fiom 11.311A peak inductive to 11.311A peak 

capacitive, and vice-versa. 

Figure 5.7. Linearized average model response for a step change fiom inductive to 
capacitive (left) and vice-versa. When the 6 1 p feedforward / Is - 
feedback to 6 control is irnplemented in the average model. 

5 . .  Exact Response and Cornparison with the LAM Response. 

The lefl side of Figure 5.8 depicts the exact mode1 response to a step change in reactive 

current corn inductive to capacitive, while the nght side describes the response to the 

opposite change. The responses correspond to changes in reactive current from 1 1.3 11 A 

peak inductive to 1 1.3 1 1 A peak capacitive, and vice-versa. 



Figure 5.8. Exact model response for a step change fiom inductive to capacitive (left) 
and vice-versa. When the 6 1 p feedfoward I 1s - feedback to 6 control is 
implemented in the average model. 

Figure 5.9. Exact and average mode1 responses for a step changes from inductive to 
capacitive (left) and vice-versa When the 6 1 p feedforward I 1s - 
feedback to 6 control is implemented in the both models. 

5.3.6 Performance Measures 

The evolution of the reactive current during the transient 60m inductive to capacitive and 

vice-versa is described in Figure 5-10. Notice that there is no oscillation in eÎther 

transient and that the response is so tàr the fastest. The vohage variation is dso the 



smallest and the percent overshoot is among aii the wntrol structures analyzed by now, 

the smdlest. 

Figure 5.10. Step change in reactive current from inductive to capacitive and vice-versa. 

Table 5.1 6 = - 2" to 2" 

Table 5.2 6 = 2" to - 2" 

L VOLTAGE MEASURES 
Percent over-voltage [%] 
Time to achieve the over-voltage [s] 
Settiing time [s] 
Steady-state error [%] 

P 

-NT MEASURES 
3 .O55 1 72 
0.008752 
0.01 8255 
1.2* 1 (r-8 

Percent overshoot [%] 
Time to peak [s] 
Time to rise [s] 
Senling tirne [SI 
Steady-state error [%] 

49.783942 
0.006252 
0.00325 1 
0-07 1768 
3 -262672 



5.4 The 6 / p Feedfonvard / 1s - Feedback to j . ~  Control 

5.4.1 Control Structure 

Figure 5.1 1. The 6/p feedforward / 1s - feedback to C( control implemented in the exact 
(top) and in the Iinearized average mode1 (bottom). 

The 6/p feedforward / Is - feedback to p control is shown schematicall y in Figure 5.1 1. 

The control shows two positive feedforward-loops- one for 6 and the other for p. The 

negative feedback current-loop allows determining the magnitude of the error and 

consequently modivng the parameter of control p to a more adequate value by the 

proportional controi law. For the average mode4 the open-loop transfer function of the 

control is given by Equation (2.23), which relates the variables p and reactive current IL. 

The expressions for the control laws are given for the exact and average mode1 as 

follows: 



5.42 Root Locus Dynamical Analysis 

The open-loop transfer function of the 6 4  feedfoward / 1, - feedback to p control system 

given by Equation (2.23) determines the position of the zeros in the s-plane. Since the 

numerator of this expression is a function of the parameten 6 and p, then each pair of 

zeros allocates in the s-plane accordingly to the values of these variables. Figure 5.12 

describes the rnovement of these zeros while 6 and p Vary within al1 their operational 

values. In order to facilitate the analysis, the zeros are represented in the graph either by 

a square or by a circle. In this figure, the projection of each zero over the horizontal axis 

gives the ama l  position of the zero in real axis of the s-plane; on the other hand, the 

projection of the same zero over the vertical axis detemines the mode of operation in 

which the compensator in working. 

In the inductive mode, for values of %O, the zero represented by the square lies aiways 

on the right hand side of the s-plane and moves to infinity as the inductive current 

decreases to zero. Now, since this zero determines the end of one branch of the root 

locus, one of the closed-loop poles will reach this zero as the gain increases. For a 

partîcular value of the gain, this pole wiIl cross the imaginary axis of the s-plane, 

resulting in an unstable system. Therefore, under this mode of operation, at one point, the 

system will becurne unstable. 
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Figure 5.12. Zeros dynamic as the 6 and p change. 

In the capacitive mode, for values of D O ,  this zero lies always on the Ieft-hand side of 

the s-plane and moves to minus infïnity as the capacitive current decreases to zero. Since 

this zero is always over the real avis on the lefi-hand side of the s-plane, its dynamical 

position will not cause unstability, as the closed-loop poles approach this zero. 

This figure also shows that for this open-loop transfer fiinction, independent of the mode 

of operation of the compensator, there is always one zero located extremely near the 

ongin of the s-plane. This is an undesired position for a zero, since it will create a slow 

closed loop pole that will cause a long transient response and an increase in the percent 

overshot. Nevertheless, this will aiso depend on how close is the traveiing ciosed-loop 

pole to this zero at a &en gain, and its relative position with the other poles. A 

particular mode of operaiion that deserves a close look results when W. An analysis of 



Equation (2.23), shows that for this particular condition, the numerator reduces to 

polynomial of a first order of the type C~*s=û, therefore, on this mode of opedon, the 

system has only one zero located at the origin. 

The poles of the open-loop transfer function determine the starting point of the root locus. 

The position of these poles depends on the value of the panmeters 6 and p. Figure 5.13 

shows the movement of these poles while 6 and p Vary within al1 their operational values, 

it also shows the direction of departure of the moa relevant poles. in this figure, the 

position of the one pole of the open-loop transfer fùnction is evaluated for one specific 

value of 8 and p. 

Figure 5.13. Poles dynamic as 6 and p change. 

In the inductive mode, there is always one zero on the right hand side of the s-plane. 

Therefore, the upper complex open-loop pole depicted in the figure by an 'x' wiil be the 



starting point of one branch of the root locus. The closed-loop poles will follow the 

direction of the arrow as the gain increases. Since the root locus rnust be symmetrical 

with respect to the real axis, the other cornplex open-loop pole will be the starting point 

of other branch of the root locus. These two poles travel to the right hand of the s-plane, 

and will meet at a point to the right of the zero located over the positive side of the real 

axis. For greater values of the gain the closed-loop poles will travel dong the r d  axis 

but in opposite direction- one toward the zero and the other one to plus ifinity. Figure 

5.14, shows a typically root locus of the system in the inductive mode for one unique set 

of value of the parameters 6 and p. 

r t i  

Figure 5.14. Typicai Root locus of the system in inductive mode, %O. 

As 6 increases and approaches zero, two important and opposite things will happen. On 

one han& the open-loop poles get closer to the imaginary axis and therefore, the closed- 

loop poles reach the irnaginary ôuis with smaller values of the gain. On the other hand, 

the zero located in the right-hand side of the s-plane moves m e r  to plus infinity, 

causing an increment in the angle of departue. As a result of this increment, now each 



time the closed-loop poles will reach the imaginary axis for bigger values of the gain; in 

the limit, when 6 4 ,  the angle of departwe reaches 90 degrees and the system is always 

stable regardless of the value of the gain. The latter eEect over the gain is stronger than 

the former. This result suggest that the maximum inductive mode of operation gives the 

worst case scenario to determine the maximum value of the gain for the system to rernain 

stable for ail values of 6 and p. Figure 5.15 shows the motion of the closed-loop poles 

for this case. 

Root bcos ibrmaximum stable gain in maximun inductive opentivt  made 
2.5 r I 1 

I 

Figure 5.15. Root locus for maximum inductive operative mode with gain range from 
of O to 0.089 r a W .  

The behaviour of the real pole is quite simple and is descnbed in Figure 5.13. As 6 

increases, from the maximum inductive mode of operation to the maximum capacitive 

operative mode, the real open-Ioop pole starts fkther to the lefi of the ongin; but as the 

gain increases, the closed-loop pole always travels to the nght toward the zero located 



almost statically at the origin. In the capacitive mode, the zero is always over the real axis 

on the lefi-hand side of the s-plane. Therefore, the closed-loop conjugate poles travel 

now to the le& toward the zero that lies on the negative side of the real axis; this t h e  

they meet at a position to the left of the zero. Beyond the point of convergence, the poles 

travel dong the real axis as the gain increases, but one travels to minus infinity while the 

other one goes toward the zero. in this mode of operation, there is no restriction on the 

gain since the system remains stable independent of the value of this variable. Figure 

5.16, shows a typical mot locus of the system in the capacitive mode for one unique value 

of the parameters 6 and p. 

Figure 5.16 Typical Root locus of the system in capacitive mode, 6<0 

5-43 Optimal Gain Determination 

It was established before, that the maximum inductive operative mode gives the worst 

case scenario to determine the maximum gain for the system to remain stable under al1 

circumstances. The gain value for this condition was found to be k = 0.089 rad / V, 

which is relatively high but since high levels of gain improve the steady-state error, 

disturbance response, parameter sensitivity and dynamic response, it seems to be 



reasonable to use this number as the optimal gain. Nevertheless a m e r  analysis is 

required before setting this value as the optimal gain. Figure 5.17 shows the dynamics of 

the closed-loop poles when H.089 and 6 and p change within their operational values. 

This graphs also shows that in the inductive mode, for some values of S and j ~ ,  the 

closed-loop poles are extremely close to the imaglliary f i s ,  thus compromising the 

stability of the system. On the other han4 the use of excessive gain may cause the 

system to operate in its non-linear regime or out of the system restrictions. According to 

the control law if k=0.089 rad 1 V is taken as the optimal gain a step change in reactive 

current from 1 1 -3 A in capacitive mode to 1 1 .3 A in inductive mode, will cause an output 

value of S=211.100, which by far exceeds the upper lirnit of 6. Thus, these results 

suggest a different critenon is needed to find the optimal gain. 

A closer analysis of Figure 5.13 suggests the right cntenon. The figure shows how the 

open-loop poles behave as the system operates From its maximum inductive operation 

mode to its maximum capacitive operative mode. Ln the inductive mode, the open-loop 

poles are fùrther lefi than the open-loop poles in capacitive mode, but as gain increases, 

the closed-loop poles move in opposite directions. 
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Figure 5.17 Closed loop poles dynamic for k-0.089. 

Consequently in the inductive mode, the closed-Ioop poles will get closer to the 

imaginary axis as the gain increases, while in the capacitive mode these poles will move 

away from the imaginary axis. Thus the gain must be high enough to let the closed-loop 

poles in capacitive mode move away From the imaginary axis, but low enough to avoid 

the ciosed-loop poles in the inductive mode to get to close to the imaginary axis. 

Figures 5.18 shows the dynamic of one of the two wnjugate poles for specifics values of 

the gain when the parameters p and S vary dong their operational values. For k4.005, 

the closest pole lies slightly to the right of 4.128; for k=0.006 the closest pole lies 

slightly to the lefi o f a .  128 and for a gain of k=û.OO7 the closest pole lies slightly to the 

Iefi of 4- 127. 



From this graph, it can easily be seen that H.006 gives the optimal value of the gain. 

This gain permits to maintain al1 the closed-loop poles are f'ar 6om imaginary a i s .  At 

this point, it is important to note that even thougb, this is the best choice, these poles still 

lie to close too the haginary axis and thus an oscillatory behaviour is expected for a step 

change in current, as well as high percent overshot and high settling time. 

Figure 5.18. Dynamic of the upper complex closed-loop pole for different gains. 

5.4.4 LAM Response 

Figure 5.19 shows the linearized averaged mode1 response to a step change in current 

from 1 1.3 1 1 A peak inductive to 1 1.3 1 1 A peak capacitive. The upper part of this figure 

shows a large transient on the voltage; this is due to the slow pole located near the origin, 

as was pointed before on previous sections. In the first cycle, the voltage drops from 220 

V to 203 V, and oscillates for about five cycles before it starts to increase with a slow 



exponential toward the 220 V. The control takes about 8 cycles to recover the voltage to 

its 97.7 %. This is to 215 V. The maximum voltage drop is l e s  than 8%. 

Figure 5.19. Linearized average mode responses for step changes in reactive current 
from inductive to capacitive (left) and vice-versa. 

The Iower part of this figure shows the behaviour of the current for this contingence. The 

current initially drops to -21 4 but within the first 4 cycles, it dmost recoven its desired 

value. It is important to note that there is almost no distortion in the shape of the current 

curve, for this step change. 

5.4.5 Exact Response 

Figure 5.20 shows the exact model response to a step change in current fiom 11 -3  1 1 A 

peak inductive to 1 1.3 1 11 peak capacitive. The upper part of this figure shows a large 

transient on the voltage; this is due to the slow pole located near the origin, as was 

pointed out before and confirmed by the average and now by the exact model. In the first 

cycle, the voltage drops fiom 220 V to 189.5 V, and oscillates f ~ r  about five cycles 



before it starts to increase with a slow exponential toward the 220 V. The control takes 

about 10 cycles to recover the voltage to its 97.7 %. This is to 215 V. The maximum 

voltage drop is less than 14%. It is important to keep in mind that the average model does 

not coasider all the non-liberties, while the exact rnodel does. 

Figure 5.20. Exact model responses to step changes fiom inductive to capacitive (lefi) 
and from capacitive to inductive. 

Figure 5.2 1. Dynamic response of the compensator to a step change in curent fiom 
1 1.3 1 1A peak inductive to 1 1.3 1 A peak capacitive, achieved with the 
average and the exact model. 



The lower part ofthis figure shows the behaviour ofthe current for this step change. The 

current initially drops to a peak value of approximate -25 A, but within the first 4 cycles, 

it alrnost remvers its desired value. It is important to note that for the exact model there is 

also almost no distortion of the shape of the current cwe ,  for this step change. Figure 

5.21, shows the behaviour of the two models. It can easily be seen that the average model 

is indeed a very good representation of the exact model, even though it does not takes 

into consideration the non-linearities of the system. 

5.46 Performance Measures 

The performance of the compensator to step changes using the 6 1 p feedfonvard / 1s - 

feedback to p control is depicted in Figure 5.22. Tables 5.3 and 5.4 summarize the 

estimation of the performance measures. 

Figure 5.22. Current and voltage performance of the cornpensator, when submitted to 
s ep  changes in reactive current and using the 6 / p Feedforward I 1s - 
Feedback to j,i Control. 



Table 5.3 6 = - 2" to 2" 

VOLTAGE MEASURES - 
Percent over-voltage [%] 1 7.597273 

1 Steadv-state error f%f 1 0.084583 1 

CURRENT M E A S W S  
Percent overshoot [%] ( 104.8803 

T h e  to achieve the over-voltage [s] 
Senling the [s] 
Steadv-state error T%1 

Table 5.4 6 = 2' to - 2" 

VOLTAGE MEASURES CURRENT M E A S W S  
Percent over-volta~e i%l 1 5.22 1592 Percent overshoot i%l 1 128.1 54858 

0.007252 
0.159790 
0-0 19652 

Time to achieve the over-voltage [s] 0.00725 18 Time to peak [s] 0.00725 18 
Settling tirne [s] 0.219805 Time to rise [s] 0.00375 1 
Steady-state error [%] 0.413257 Settling time [s] 0.66067 

Steadv-state error T%1 1.00754 

Tirne to peak [s] 
Time to nse [s] 
Settlina t h e  fsl 

0,007002 
0,003 75 1 
0.425 1 06 



CHAPTER 6 

FINAL REMARKS 

6.1 Conclusions 

There are many possible schemes to control an inverter-based compensator. in this 

investigation, a total number of 7 different conaol structures have been anaiyzed, 

evaiuated and cornpared. These structures have shown a fairly large difference in terms 

of dynarnic performance. The simulation results indicate that the best dynarnic 

performance is achieved with the 6 4  feedforward fis-fkedback to 6 control. The main 

benefit of this stmcture is its Iow percent ovenhoot in voltage in cunent, but it is dso 

registers the Io west steady state emr and fastest transient response (i. e., lowest settiing 

time) 

This research has shown that by introducing another variable of control to Vary the width 

of the square wave generated by the switching devices, it is possible to maintain a unique 

constant inverter voltage value over the operating range of interest. 



The Jacobian of the linearized average mode1 allowed the discovery of the systerns' high 

degree of coupling and thus avoided analysis of structures with a double feedback loop. 

This linearized average indicated that it is not only very useful for control synthesis but, it 

is also appropriate to represent the fundamental fiequency behaviour of the compensator 

in stationary and dynamic conditions. 

This work has shown that with the appropriate modelling and detailed analysis it is 

possible to achieve good performance of the inverter-based compensator by 

implementing a simple control structure with just a proportional control law. The critical 

and optimal gains, detennining the dynamics of the system, comprehending the 

behaviour of the compensator and even predicting the response of the system to step 

changes in reactive curent from one mode of operation to another. 

In addition, this study verifies through the simulations that the developed equations in 

order to find the reference value for voltage and current are indeed the appropriate values. 

It aiso reveals that it is better to control the phaseshifi (variable 6) instead of the pulse- 

width (variable p). Finally the methodology used in this work cm serve as a basis for 

analyzing &me compensation models. 

6.2 Recommendation For Fume Work 

The expansion of this work will involve the foilowing aspects: 



1. Decouple the system in order to avoid the interaction between the input and output 

variables. Decoupling wiil allow the implementation of double feedback loops to 

independently control each input. 

2. Analyze the impact of the delay in the feedback loop of the 6/p feedforward f i s -  

feedback to 6 control and investigate its influence over the stability of the system. 

3. Irnplement the 61p feedfonvard /Is-feedback to 6 control in the achial laboratory 

prototype built in the previous investigation [ I l .  

4. Allocate the closed-loop poles to a desired position by using the pole placement 

procedure and investigate the behaviour of  the control structures analyreci in this 

thesis. 
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