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Abstract 

Entropy measures have been widely used to quantify the complexity of theoretical and 

experimental dynamical systems. In this thesis, two novel entropy measures are 

developed based on using coarse quantization to classify and compare dynamical features 

within a time series; quantized dynamical entropy (QDE) and a quantized approximation 

of sample entropy (QASE). Following this, comprehensive guidelines for the 

quantification of complexity are presented based on a detailed investigation of the 

performance characteristics of the two developed measures and three existing measures; 

permutation entropy, sample entropy and fuzzy entropy. The sensitivity of the considered 

entropy measures to changes in dynamics was assessed using the case study of 

characterizing bipedal walking gait dynamics. Based on the analysis conducted, it was 

found that sample entropy and fuzzy entropy, while computationally inefficient, provide 

the best overall performance. In instances where computational efficiency is vital, QDE 

and QASE serve as viable alternatives to existing methods. 
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Chapter 1 

Introduction 

The concept of complexity is frequently used in literature to examine the nature of 

theoretical and experimental dynamical systems [1]. Entropy measures are a valuable tool 

for the quantification of complexity. Formally, entropy measures in dynamical systems 

relate to the rate of generation of information [2] and were initially developed by 

Shannon to quantify the amount of information contained in a communication signal 

(which can be thought of as a stochastic dynamical process) [3]. Perhaps more intuitively, 

entropy represents the level of irregularity or uncertainty in a dynamical system. 

Following the introduction of Shannon’s entropy, the concept of entropy was extended in 

order to be applicable to deterministic dynamical systems and has since been found to be 

valuable in wide range of applications [4].  

Since Kolmogorov and Sinai laid the initial foundation for entropy in deterministic 

dynamical systems, a strong understanding of the theoretical properties of entropy and 

how it relates to complexity has been established. However, meaningfully characterizing 

complexity in real-world systems presents a number of challenges [2]. Short experimental 

time series cannot be properly characterized by some entropy measures due to slow 
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convergence rates and/or performance degradation caused by observational noise. While 

a number of entropy measures have been developed to allow for complexity calculations 

for short noisy time series, the properties of these developed measures are not always 

ideal. Sample entropy [5] and fuzzy entropy [6] feature good robustness to noise and 

converge quickly enough to be used for short data series; however, computational 

inefficiencies make these measures less desirable, especially when considering longer 

data series. Permutation entropy [4] is computationally efficient, but less robust to 

observational noise than sample entropy and fuzzy entropy. 

 In this thesis, a computationally efficient methodology for characterizing the 

complexity of experimentally derived time series is developed. The presented 

methodology uses coarse quantization of the time series to allow for simple classification 

and comparison of dynamical features using vector identifiers. Two distinct entropy 

measures were developed using this methodology; quantized dynamical entropy and a 

quantized approximation of sample entropy. Quantized dynamical entropy (QDE) uses 

coarse quantization and vector identifiers to create a novel characterization of the 

complexity of experimental time series. A quantized approximation of sample entropy 

(QASE) was developed which approximates sample entropy in a computationally 

efficient manner by utilizing the developed methodology. In this thesis, the two 

developed entropy measures (QDE and QASE) are studied in parallel with three 

commonly used existing measures (permutation entropy, sample entropy and fuzzy 

entropy) to provide comprehensive guidelines for the quantification of complexity for 

experimentally-derived time series. 
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 Characterization of bipedal walking gait dynamics was selected as an applied case 

study with which to assess the effectiveness of the different entropy measures to identify 

changes in dynamics. Characterizing the health and stability of human walking gaits has 

been a research topic of particular interest in recent years. Its applications in the medical 

community are far reaching and include identifying aging individuals who may be prone 

to falls and assessing rehabilitation patients’ progress. Conventionally, analysis of 

walking gait dynamics has consisted of identifying spatial-temporal variables such as step 

period, step length and step width. Recently, however, there has been a fundamental shift 

in gait analysis methodologies to employ nonlinear dynamical measures like Lyapunov 

exponents, floquent multipliers, fractal dimensions and entropy. While progress has been 

made on developing gait analysis methodologies, presently there is no universal and 

robust measure of the health and stability of walking gait dynamics.  

Characterizing walking gait dynamics represents a challenging case study with which 

to test the effectiveness of the considered entropy measures. Although there have been a 

number of instances when entropy measures have been used to try and characterize 

walking gait dynamics, it is still a very immature field without well established 

experimental methodologies. Walking gait dynamics represent a complicated, multi-

dimensional dynamical system and biomechanical measurements are prone to significant 

noise resulting not only from the measuring equipment, but also from the inconsistencies 

of using human participants. As a result, analyzing walking gait dynamics challenges the 

effectiveness of the considered entropy measures to characterize changes in a real-world 

dynamical system. 
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 Experimental data used to assess the performance of the selected entropy measures to 

characterize walking gait dynamics was collected by Dr. Szturm and his research team 

from the School of Medical Rehabilitation at the University of Manitoba. Two participant 

groups were selected to partake in the study; healthy younger adults in their 3
rd

 decade 

and healthy older adults in their 7
th

 decade. The participants’ gait patterns were captured 

during tests at the Reh-Fit Center in Winnipeg using a treadmill with a pressure mat fitted 

underneath the belt. Two different walking conditions were tested; regular walking and 

walking with a secondary cognitive task. The secondary cognitive task consisted of 

hands-free interaction with a computer game, achieved by using inertial motion sensors 

placed on the participant’s head. The addition of a secondary cognitive task has been 

shown in literature to impair gait dynamics in some people [7] and was included to allow 

assessment of the sensitivity of the different entropy measures to changes in an 

individual’s gait dynamics. Comparisons between the two participant groups allowed for 

the investigation of a potential age effect. 

In this thesis, we consider the use of coarse quantification to classify and compare 

dynamical features by introducing two new computationally efficient entropy measures; 

quantized dynamical entropy and a quantized approximation of sample entropy. The 

performance characteristics of the two new entropy measures are examined in parallel 

with three existing measures (permutation entropy, sample entropy and fuzzy entropy) to 

provide comprehensive guidelines for quantifying complexity in deterministic dynamical 

systems, with specific focus on experimentally derived time series. Analysis of the 

performance characteristics of the selected entropy measures includes investigations into 

computational efficiency, sampling frequency effects, reliability as an indicator of chaotic 
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dynamics and robustness to observational noise. The sensitivity of the selected entropy 

measures to changes in dynamics is assessed using the case study of characterizing 

bipedal walking gait dynamics. The results of this case study will be used to consider the 

viability of utilizing entropy measures to characterize walking gait dynamics. 

 

 



 

 

Chapter 2 

Literature Review 

The development of entropy measures for the quantification of complexity has seen a 

number of major developments throughout the last sixty five years. In Section 2.1, a 

detailed history of the development of entropy measures to their current state is 

presented, with focus on their theoretical foundation and the challenges of implementing 

entropy measures in real-world applications. In Section 2.2, existing methodologies used 

in the characterization of bipedal walking gait dynamics are discussed. The two subjects 

culminate in Section 2.3 when instances of entropy measures in the fields of postural 

balance and gait analysis are investigated. 

2.1 Entropy Measures 

The concept of information systems entropy was first developed by Claude E. Shannon in 

his 1948 publication A Mathematical Theory of Communication [3]. In this publication, 

Shannon investigates the stochastic processes of language-based communication signals. 

As part of this investigation, he suggests a measure, which is now known as Shannon’s 
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entropy, to describe the amount of unique information generated in a given signal. The 

amount of unique information in a signal can be likened to the unpredictability of the 

signal.  

Consider the stochastic process of flipping a coin. This process has two distinct 

outcomes; heads and tails. Flipping a fair coin (i.e. a coin which has equal probability of 

generating heads or tails) represents the most unpredictable binary stochastic process. 

Consequently, a signal containing the binary results of one hundred consecutive fair coin 

flips (for example: 0110100011011… where heads = “1” and tails= “0”) contains a large 

amount of unique information. Since Shannon’s Entropy measures the amount of unique 

information in a signal, this signal would subsequently have high Shannon’s entropy. 

Conversely, a trick coin which shows heads 99% of the time, for instance, would 

generate a signal with less information. That’s because the signal representing the results 

of the coin flips (1111111011111111…) in more predictable and therefore doesn’t 

contain as much unique information. In fact, the length of the signal could likely be 

reduced considerably by simply identifying the occurrences of “tails” instead of 

transmitting every result. For example, if only two instances of tails occurred in the coin 

flips (let’s say the 7
th

 and 68
th

 flips), we could simply transmit two 7-bit binary numbers 

containing the flip number of each tails instance (0000111 and 1000100) and transmit the 

same information using only 14 bits, instead of 100 bits. Due to this result, a signal 

containing the results of a trick coin doesn’t contain as much unique information as the 

results of a fair coin because the same information can, in general, be conveyed using 

fewer bits. Therefore, if we calculated the Shannon’s entropy of the two signals, the 

entropy of the fair coin signal would be higher than that of the trick coin. 
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(2.1)

Consider a set of n possible events, each with an associated probability of occurrence 

given by p1,p2,…,pn. Shannon’s entropy, H, is then defined as: 

� �  � � �� log ��
�

��  

If all pi are equal, then H is a monotonically increasing function of n [3]. This 

intuitively agrees with the sense that the addition of more equally probable events leads 

to an increase in the amount of unpredictability. Consider the two stochastic processes of 

flipping a fair coin and rolling a fair six-sided die. Although the outcomes in either 

process are equally weighted, rolling a six-sided die generates more information as its 

outcome is less predictable. 

The concept of the creation of unique information proposed by Shannon served as the 

starting point for a wide breadth of entropy measures which have since been developed. 

In the late 1950’s, Kolmogorov and Sinai brought the concept of entropy to deterministic 

dynamical systems [8][9][10]. They developed Kolmogorov-Sinai entropy (abbreviated 

KS-entropy), which essentially serves to analogize Shannon’s Entropy in the context of 

deterministic dynamics [11]. 

Let X be the phase space of an F-dimensional deterministic dynamical system. We 

then consider a finite partition of X given by α = {A1, A2 …, Ak} where each partition A 

defines a box of size є
F
. Suppose there is an attractor in X, and x(t) is a trajectory in the 

basin of attraction. By taking measurements of the state of the system at discrete intervals 

of time, τ, we can define the trajectory by its α-address (i0, i1 …, in-1) where ij denotes the 

partition, ��� , that the trajectory occupies at t = jτ. We can then define the KS-entropy 
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(2.2)

(denoted as K) based on the probability of a particular α-address of length n occurring; 

p(i0, i1 …, in-1) [11][12]: 

 � �  � lim��� lim��� lim��� 1�� � ����, … , ��� ln ����, … , ��� �",…,�#$%
 

 

The resulting expression for KS-entropy represents an invariant property of a 

dynamical system, meaning a single value of K is defined for a given basin of attraction. 

Although KS-entropy characterizes the nature of dynamical systems, the presence of 

observational noise generates the result K→∞. Furthermore, while equation 2.2 can be 

determined well from analytically defined models, it is very difficult to determine K 

directly from a measured time signal [12]. In response to this deficiency, Grassberger and 

Procaccia modified the calculation of KS-entropy with the intention of improving its 

performance when applied to experimental time series [12]. To achieve this, Grassberger 

and Procaccia generalized KS-entropy using Renyi’s family of entropies: 

�& � � lim��� lim��� lim��� 1�� 1' � 1 ln � �&���, … , ���  

  

By writing �& � � ()��' � 1  ln �, we can see that lim&�* �& � �. Furthermore, 

we can see that �& + �&, for ' - '.. Grassberger and Procaccia noticed that K2 could 

more easily be calculated from an experimental time series than K. They proposed 

calculating K2 as follows: 

�/ 0 lim1�� lim2�� �/,2�3  

�/,2�3 � 1� ln 42�3 425�3  (2.5)

(2.4)

(2.3)
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The most beneficial aspect of calculating K2 instead of K comes from the term Cm. 

This term is defined using the number of times that a vector Xi+u, consisting of m 

consecutive points in the trajectory, matches another vector Xi+v. Two vectors are 

considered to match if the Euclidean norm of their difference is less than r. For a time 

series of length n, Cm(r) is defined as: 

 

42�3 �  lim��� 1�/ 677
8# :; �<�3= :; �>, ?  @�AB C�|EF5� � EG5�|/2

�� - 3HII
J
 

 

A number of modifications to Grassberger and Procaccia’s formula were 

subsequently introduced by Takens [13] and Eckmann & Ruelle [14]. However, 

calculations of entropy from experimental time series still required a huge number of 

points for the measure to converge properly and still struggled with performance 

degradation caused by observational noise [15]. This led Pincus to propose a method of 

approximating K2 from short, noisy experimental time series in 1991 [2], which was 

appropriately titled Approximate Entropy (ApEn). Pincus introduced a family of statistics 

to approximate K2 by allowing for finite selection of the parameters m and r. The 

selection of finite parameters causes ApEn to no longer be a true invariant property of the 

underlying dynamical system because the value calculated depends on the values of m 

and r selected. However, ApEn provides a more meaningful quantification of complexity 

for a short noisy time series. Formally, the family of statistics, ApEn, for a finite time 

series of length N is given by: 

��K��L, 3, M � ΦO�r � ΦO5�r  

(2.6)

(2.7)
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Where: 

ΦO�r � �N � m R 1 � � ln CTO�r N�O5
T�  

 

 

Pincus preferred the distance metric developed by Eckmann & Ruelle [14], resulting in: 

 CTO�r �  V# :; W =>XB AB<A YZE� ,  E[\ ] 3^/�M � L R 1  

YZE� ,  E[\ �  maxb�,/,…,2�|)�� R c � 1 � )�W R c � 1 |  

 

Where the representation of d[Xi, Xj] in equation 2.10 is now the Chebyshev distance 

instead of the Euclidean distance initially suggested by Grassberger and Procaccia. 

Pincus’s introduction of ApEn in 1991 was an important milestone in the characterization 

of the complexity of short noisy time series. However, the family of statistics developed 

by Pincus is biased by the inclusion of self-matching. Self-matching refers to the 

inclusion of the comparison of vectors Xi and Xj, where i=j, in the calculation of C(r). 

Although Pincus acknowledged this bias caused by self-matching, its inclusion in ApEn 

ensured φ was defined for all time series. Otherwise, the existence of a single vector Xi 

such that d[Xi, Xj] > r for all j ≠ i would result in CTO�r � 0.  Plugging CTO�r � 0 into 

equation 2.8 results in the inclusion of a ln(0) term and would render ApEn undefined.  

In 2000, Richman and Moorman introduced a new measure, Sample Entropy 

(SampEn), to eliminate the bias caused by self-matching [5]. To calculate SampEn, we 

first define e�2�3  as (N-m-1)
-1

 times the number of vectors E[2 within r of E�2 where 

(2.8)

(2.9)

(2.10)
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(1 ≤ j ≤ N-m, j≠i). Note that we exclude j=N-m+1 because the vector E[25 will not be 

defined for this value of j. We then define: 

 e2�3 � �M � L � � e�2�3 f�2
��  

 

Similarly, we define ��2�3  as (N-m-1)
-1

 times the number of vectors E[25 within r 

of E�25 where (1 ≤ j ≤ N-m, j≠i). As before, we define: 

�2�3 � �M � L � � ��2�3 f�2
��  

 

SampEn is then defined as: 

g<L�K��L, 3, M �  � ln h�2�3 e2�3 i 
 

By restructuring ApEn in this way, SampEn is able to eliminate the bias caused by 

self-matching while still mostly avoiding the inclusion of an ln(0) term. Sample Entropy 

has demonstrated itself as a useful measure of the complexity of an experimental time 

series.  

Although SampEn remains a very popular measure of complexity, SampEn was 

further refined by Chen in 2007 [6]. Chen developed a modified version of SampEn 

called Fuzzy Entropy (FuzzyEn) to improve its performance. Chen noticed that SampEn 

is very sensitive to the selection of the vector comparison distance, r. He attributed this 

sensitivity to the use of the Heaviside function implicit in the formulation of ��2�3  and 

e�2�3 . Since two vectors are either considered to match (d ≤ r) or not match (d > r), a 

(2.11)

(2.12)

(2.13)
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small variation in r can dramatically change the number of matches found. To correct this 

phenomenon, Chen proposed assessing the level of similarity of two vectors using a 

fuzzy function, δ(d,r) [6]. Therefore, instead of counting the number of times a vector E[2 

is within r of E�2 (1 ≤ j ≤ N-m, j≠i), one instead sums the level of similarity of each pair 

of vectors (E[2 , E�2): 

 e�2�3 � �M � L � 1 � � j�Y�[2 , 3 f�2
��,[k�  

 

Although there are a variety of fuzzy functions which can be used to assess the level 

of similarity of two vectors, Chen proposed using an exponential function of the form: 

 j�Y�[2 , 3  �  ()����Y�[2/3 /  

 

Another adaptation proposed by Chen was an alteration to the formation of the vector 

of consecutive points defined by E�2. Chen proposed generalizing the vector, by 

removing a baseline, x0(i): 

 E�2 � l)�� , )�� R 1 , … , )�� R L � 1 m �  )0��  

 

Where x0(i) is simply the arithmetic mean of the elements of vector E�2, given by: 

)0�� �  1L � )�� R c 2�
b��  

 

The development of KS-entropy through to SampEn and FuzzyEn was not the only 

attempt to generate a method for characterizing the complexity of experimental time 

(2.14)

(2.15)

(2.17)

(2.16)
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series. In 2002, Brandt and Pompe introduced permutation entropy (PE); a novel 

complexity measure which boasts high computational efficiency and a robustness to 

noise [4]. Permutation entropy uses the ordinal shape of neighboring points to assess the 

complexity of a time series. Therefore, if there are only a few different ordinal shapes in 

the time series and they appear regularly (like a sine wave), the time series will have low 

permutation entropy. Conversely, a time series which contains many different ordinal 

shapes, which appear without regularity (white noise, for example), will have high 

permutation entropy. 

Consider the finite time series defined by X(i)={x(i), i=1,2,…,N}. We then consider a 

subset of neighboring points from this time series, whose length is given by the 

embedding dimension m: {xi, xi+1, … , xi+m-1}. This set of neighboring points is placed in 

increasing ordered: 

)�5b% ]  )�5bn ] o ] )�5bp  

 

Where 0 ≤ k1, k2,…,km ≤ m-1. In the case that neighboring points are equal, entries are 

ordered such that kj < kj+1. This ordering process allows us to define a unique 

permutation type for each ordinal shape defined by any m neighboring points. This 

permutation type is denoted πi and is given by: 

q� � rc, c/, … , c2s 

(2.18)

(2.19)
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Where πi is one of m! possible permutation types. Let Q(πi) be the number of 

occurrences of permutation type πi appearing in the time series. We define the relative 

frequency of each permutation type as: 

p�q� � u�q� �M � L R 1 ⁄  

The permutation entropy, Hm, with embedding dimension m ≥ 2 is then defined based 

on the expression for Shannon’s Entropy: 

�2 �  � � ��q� w� ��q� x  

The logarithmic base in Shannon’s entropy formula corresponds to the unit of 

measuring information [3]. While equation 2.21 is presented with natural units, it is 

sometimes implemented using a logarithmic base of 2 to measure the permutation 

entropy in bits. Permutation entropy is often presented in its “entropy per symbol” form, 

hm, given by: 

B2 � �2 �L � 1 ⁄  

 In 2009, Liu developed an alteration to permutation entropy which takes into account 

the magnitude of variations between adjacent points [1]. The measure is called fine-

grained permutation entropy and while it has been used in a number of subsequent studies 

[16], it remains less popular than permutation entropy.  

The measures mentioned above represent the most prominently used entropy 

measures in literature. There have, however, been many other methods developed for 

(2.20)

(2.21)

(2.22)
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characterizing the complexity of a time series. Multiscale entropy was developed by 

Costa in 2002 as a means of altering the timescale over which SampEn comparisons were 

made [17]. This approach was later extended to multivariate problems in 2011 by Ahmed 

[18]. McGregor tackled the problem of applying SampEn to non-stationary systems 

which led to the development of control entropy [19]. Through investigations of diffusion 

problems, Scafetta and Grigolini developed diffusion entropy [20].  

The quantification of the complexity of deterministic dynamical systems has 

progressed significantly since the initial development of KS-entropy in the late 1950’s. 

The desire to meaningfully characterize the complexity of short noisy time series led to 

measures which are no longer true invariant properties of dynamical systems, but rather 

approximations of underlying invariants. As a result, it is especially important that these 

entropy measures be carefully implemented in order to ensure that they meaningfully 

reflect the underlying dynamics of the system.  

 

2.2 Gait Dynamics 

Gait analysis is the study of the patterns of human bipedal walking. Both neurological 

and mechanical effects contribute to walking gaits. Literature considered in this study, 

however, is focused on assessing the mechanics of the resultant gait as opposed to 

diagnosing or analyzing the underlying causes. The following subsections detail 

established techniques for measuring gait dynamics (Section 2.2.1) and analyzing gait 

data (Section 2.2.2). 
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2.2.1 Measurement Techniques 

The starting point to any analysis of gait dynamics begins with collecting data pertaining 

to the walking patterns of the individual(s) under consideration. There are three main 

types of measurement techniques which are most commonly employed; inertial sensors, 

pressure sensors and visual measurements [21]. Each of these techniques has advantages 

and disadvantages which will be discussed below. 

 Inertial sensors allow for the direct measurement of body kinematics by attaching 

sensors to the subject’s body. The resultant data pertains to the three-dimensional angular 

velocity and/or linear acceleration (depending on the sensor used) of the location on the 

body where the sensor is attached [22]. By attaching multiple sensors, a relatively 

complete kinematic description of the motion of each limb can be inferred, although there 

are limitations to types of body segment motions which can be obtained. Wireless inertial 

sensors have the advantage of possessing few limitations on the measurement area. 

Although relatively small and light-weight, inertial sensors may interfere slightly with a 

person’s natural motion. Measurements are restricted to superficial locations on the 

subject’s body and imperfect attachment between the subject and the sensor can lead to 

error caused by relative motion between the sensor and the subject. 

 Pressure and force sensors measure the kinetics of a subject’s foot-ground 

interactions [23]. The most commonly available sensors measure only the vertical 

pressure generated between the foot and the ground, although more sophisticated sensors 

have been developed which can also measure shear forces in the interaction. 

Measurements from pressure and force sensors do not interference with the motion of the 
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subject at all. However, instrumenting large areas is very expensive meaning 

measurements are typically restricted to either a few steps or the surface of a treadmill. 

 Visual gait analysis can occur in two ways; visual markers and machine vision [21]. 

Visual markers can be placed on the subject and tracked using a camera. Visual markings 

can be lighter and less obtrusive than inertial sensors, reducing their impact on the natural 

gait. Like inertial sensors, visual markers are susceptible to relative motion between the 

marker and subject. Furthermore, visual markers are subject to error from improper 

calibration, as well as visual obstruction of the marker. Machine vision allows for the 

reconstruction of human body motion from the analysis of camera footage. This method 

allows for unrestricted motion of the subject within the field of view of the camera and 

does not interfere with the natural gait dynamics. However, error may be caused by lens 

distortion, calibration difficulties and incorrect algorithm function. 

2.2.2 Gait Analysis Techniques 

Once measurements of the gait dynamics have taken place, interpretation of the resultant 

data must occur. The most established analysis methodologies consist of extracting 

spatial-temporal variables such as step period, step length and step width [24]. These 

spatial-temporal variables characterize the rhythm and pace of a gait pattern. In addition 

to considering the mean values of these gait parameters, the variability is also valuable 

for investigating gait performance. Gait variability is thought to reflect the underlying 

neural control of gait performance and changes in gait variability have demonstrated 

sensitivity to aging and pathological impacts [25].  
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 In addition to defining the pace and rhythm of gait patterns, spatial-temporal variables 

have been used to characterize changes in gait characteristic of certain pathological 

conditions [21]. With sufficient markers on the subject’s body, many aspects of the 

kinematics of the body can be measured and analyzed. This allows for the selection and 

analysis of situation specific gait variables. 

 A more mechanically meaningful measure, called the margin of stability was 

proposed by Hof in 2005 [26]. The margin of stability reflects the relationship between 

the velocity-adjusted center of mass and the edge of the base of support. Unlike 

conventional spatial-temporal gait variables which characterize the rhythm and pace of 

gait patterns, the margin of stability is more directly related to the mechanical stability of 

the participant during walking. Although the margin of stability is more closely related to 

the stability of bipedal walking than conventional spatial-temporal variables, it represents 

only a sufficient criterion for stability, not a necessary condition [27]. 

In recent years, there has been a shift to utilizing nonlinear dynamical tools to analyze 

walking gaits. There are a wide breadth of nonlinear dynamical measures which have 

been used including instantaneous Lyapunov exponents [28,29], maximum floquent 

multipliers [30,31] and fractal dimensions [32,33]. While promising connections have 

been made between these nonlinear dynamical measures and gait dynamics, there is 

presently no robust, universal measure of walking gait health and stability. Furthermore, 

nonlinear analysis techniques typically require lengthy data series for proper 

convergence. This limits which measurement techniques can be analyzed using nonlinear 

dynamical measures. 
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2.3 Entropy in Biomechanics 

Entropy measures have made a number of appearances among the nonlinear dynamical 

measures being used in biomechanical studies. Of particular interest are uses of entropy 

measures to study postural balance and gait. Postural balance studies have investigated 

the effects of pathology and aging on the ability of subjects to balance in quiet standing 

on different surfaces. Entropy measures have been shown to correlate with existing 

indicators of the health of postural balance [34-36].  

 Relatively few attempts have been made in the past to apply entropy measures to 

walking gait dynamics.  Some of the first research published connecting entropy and gait 

dynamics was presented by Arif in 2002 and 2004. In these studies, Arif used the 

approximate entropy (ApEn) of 3D linear accelerations measured approximately at the 

center of mass of the subject. In the publication, “Analysis of the Effect of Fatigue on 

Walking Gait Stability”, Arif investigates the effect of fatigue on self-paced walking 

before and after fatiguing exercise [37]. Although this study claims that higher ApEn 

occurs when participants are fatigued, only five participants are used and Arif makes no 

attempt to correct for differences in the self-selected pace of the participants before and 

after exercise. In another publication, Arif uses a similar measurement methodology to 

investigate differences in young and elderly participants during four metronome-paced 

walking speeds [38]. This study claims that young participants experience lower ApEn 

than elderly participants for the middle two walking speeds only. This study is based on 

25 participants (8 young and 17 elderly). In both studies, Arif makes the under-

substantiated claim that lower ApEn reflects higher stability [37,38]. 
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 In a number of other studies, entropy measures are used to assess variability in 

conventional spatial-temporal gait variables [16, 39-42]. Karmakar [39] compared the 

minimum toe clearance of elderly adults at risk of falls to healthy elderly and young 

adults. The minimum toe clearance of each gait cycle was assessed over 500 gait cycles 

using a camera based motion analysis system which utilized machine vision. The 

complexity of minimum toe clearance variations was assessed using ApEn. Khandoker 

[40] used a similar methodology based on 10-20 minutes of self-paced walking to 

compare elderly adults with a history of falls and healthy elderly adults. Karmakar and 

Khandoker presented contradictory results regarding the ApEn of minimum toe clearance 

variations in elderly adults at risk of falls. Karmakar stated that the ApEn of minimum toe 

clearance variations of elderly adults at risk of falls is lower than that of healthy elderly 

adults. Khandoker found that the falls-risk group had higher ApEn of minimum toe 

clearance variations. 

Costa [41] and Cai [42] used entropy measures to assess variations in stride intervals 

for different speeds of self-paced and metronome-paced walking. Measurements were 

taken over one hour of consecutive strides. By comparing consecutive strides to shuffled 

strides, Costa noted that metronome-paced walking disturbed natural variations in stride 

interval. Sun [16] used fine-grained permutation entropy to compare healthy subjects and 

Parkinson sufferers. Based on a series of 200 stride intervals, Sun reported that the 

walking gait of Parkinson sufferers had lower fine-grained permutation entropy than that 

of healthy adults. The studies performed by Sun [16], Karmakar [39], Khandoker [40], 

Costa [41] and Cai [42] use entropy measures as a statistical tool for assessing variations 
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in existing spatial-temporal gait variables. While this approach led to some interesting 

results, it does not examine any direct relationship between entropy measures and the 

kinetics or kinematics of walking gait dynamics. 

 In 2011, McGregor used the control entropy of 3D linear acceleration of the center of 

mass to compare the complexity of highly-trained and untrained runners [43]. The study 

concluded that highly-trained runners exhibit lower complexity in their vertical and 

medial-lateral accelerations.  

 The performed literature review reveals that using entropy measures as a tool in gait 

analysis is a very immature field. There is no established methodology for measuring the 

complexity of walking gaits. Some authors use entropy as a statistical tool in a manner 

that is similar to assessing the variability of conventional spatial-temporal gait 

parameters. Attempts to directly assess the complexity of the kinematics of walking have 

used linear accelerations at the center of mass of the participant.  Although these studies 

suggest that lower complexity may correlate with healthier walking, the methodologies 

used are not well established, and the strength of the findings is not highly convincing. 

  



 

 

Chapter 3 

Consideration of Entropy Measures 

Meaningfully characterizing the complexity of real-world systems presents a number of 

challenges due to the length of data available and the presence of observational noise. In 

this chapter, a novel method for characterizing the complexity of experimentally-derived 

time series is presented. The developed method utilizes a relatively coarse quantization of 

the time series to allow for conceptually simple and computationally efficient 

comparisons of dynamical features within the time series. In Section 3.1, the concept of 

describing dynamical features through coarse quantization is introduced, along with the 

two measures which employ this method; quantized dynamical entropy (the method in its 

natural form) and a quantized approximation of sample entropy. In Section 3.2, an 

important feature of a dynamical measure, invariance to initial conditions, is discussed 

for quantized dynamical entropy. 

 The two developed entropy measures are then studied in parallel with three 

commonly used entropy measures; permutation entropy, sample entropy and fuzzy 

entropy.  All five entropy measures (two novel and three existing) are subjected to a 

rigorous analysis of their features and properties. This analysis serves to provide 
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guidelines and insight into the correct implementation of entropy measures. Included in 

this analysis are discussions on the effects of sampling frequency (Section 3.3), reliability 

as an indicator of chaotic dynamics (Section 3.4), robustness to observational noise 

(Section 3.5) and computational efficiency (Section 3.6). 

3.1 Development of Novel Entropy Measures 

In this section, two new entropy measures are introduced; quantized dynamical entropy 

(QDE) and a quantized approximation of sample entropy (QASE). Both of the developed 

entropy measures rely on a novel process of classifying and comparing dynamical 

features within a time series. At its core, this method relies on a relatively coarse 

quantization of the time series. By quantizing data points in the time series into whole-

numbered bins, dynamical features, as described by a vector of consecutive points in the 

time series, can be assigned a descriptive identifier which allows for conceptually simple 

and computationally efficient comparisons of features within the time series. This process 

of classifying and comparing dynamical features will be described in Section 3.1.1. The 

two entropy measures which were developed based on this method (QDE and QASE) 

will be presented in Sections 3.1.2 and 3.1.3, respectively. 

3.1.1 Coarse Time Series Quantization and Vector Identifiers 

In this section we discuss the developed method of describing dynamical features in a 

time series using coarse quantization and vector identifiers. Consider the time series 

defined by X={x(i), i=1,2,…,N}. First, we perform a relatively coarse quantization of the 



3.13.13.13.1 Development of Novel Entropy Measures  25 

 

 

time series. The quantized time series Xq is determined using the strictly positive 

parameter r, which defines the size of the quantization bins: 

 E& � yE � inf �E 3 { , 3 + 0 

Where inf(X) is the infimum (minimum) of the time series X and |·~ is the floor 

function. The floor function of a variable y, |�~, is defined as the largest integer not 

greater than y. This results in each element in the quantized time series, xq(i), being 

defined by a whole number. Formally: 

 )&��  �  ��, � � 1, … , M 

 

We then consider a subset of neighboring points from the quantized time series, 

whose length is given by the embedding dimension m: {xq(i), xq(i+1), … , xq(i+m-1)}. 

Each subset of m points can now be defined by an identifier, φi, given by: 

 �� � rx��i , x��i R 1 , … , x��i R m � 1 s 

 

By considering all sublets of m neighbouring points in the time series, 

{xq(i), xq(i+1), … , xq(i+m-1)} where 1 ] � ] M � L R 1, we can define the number of 

occurrences of each identifier as: 

 u��� � #l�| 1 ] � ] M � L R 1, rx��i , x��i R 1 , … , x��i R m � 1 s �  ��m 

  

 Based on the number of occurrences of the various identifiers in the quantized time 

series, we then generate two new entropy measures; quantized dynamical entropy and a 

quantized approximation of sample entropy. 

(3.1)

(3.2)

(3.3)

(3.4)
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3.1.2 Quantized Dynamical Entropy 

Quantized dynamical entropy (abbreviated QDE) uses the method of coarse quantization 

and classification of vectors to create a new entropy measure.  The relative frequency of 

the dynamical features in the time series, as defined by the vector identifiers, can be used 

in conjunction with Shannon’s entropy formula to develop a novel characterization of the 

complexity of a time series. Consequently, a time series where the same dynamical 

features appear repeatedly is considered to have low quantized dynamical entropy, 

whereas a time series containing a wide range of different dynamical features, appearing 

irregularity, will have high quantized dynamical entropy. 

We use the relative frequency of identifiers in the time series defined by equation 3.4, 

to define the probability of encountering a given identifier, ���� : 

 ����  �  u��� M � L R 1 

 

The quantized dynamical entropy, H(m,r) is then defined as: 

 ��L, 3 �  � � ���� log/ ���� �  

 

Where the logarithmic base of 2 causes the units of H(m,r) to be bits. The quantized 

dynamical entropy per symbol is defined as: 

 B�L, 3 � ��L, 3 /L 

 

(3.7)

(3.5)

(3.6)
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Quantized dynamical entropy shares similarities with KS-entropy, but does not rely 

on difficult to calculate limits, which are very sensitive to observational noise and 

demand extensive computational effort. Instead, finite parameters are used to create a 

measure which, although not a true invariant property of the underlying dynamical 

system, provides valuable insight in describing complexity in deterministic dynamical 

systems. For further discussion on invariance to initial conditions, please consult 

Section 3.2. A detailed sample calculation of QDE is presented in Appendix A. 

3.1.3 Approximating Sample Entropy 

The concepts of quantization and describing neighbouring values with a vector identifier 

can be exploited to create a computationally efficient method for approximating SampEn. 

Recall from Section 2.1 that SampEn counts the number times a vectors E[2 matches 

another vector, E�2. Vectors are considered to match if the Chebyshev norm of the 

difference between the two vectors is less than r. To develop an approximation of 

SampEn using vector identifiers, we assume that all vectors which are assigned the same 

identifier are considered to match. 

Figure 3-1 superimposes two vectors of m=3 points which could be compared in a 

hypothetical time series; one in black and one in gray. In the calculation of SampEn, the 

two vectors would be considered to match since the Chebyshev norm of the difference 

between the two vectors is less than r (the largest deviation between the two vectors 

occurs at the 2
nd

 point, and it is less than r). If the quantization parameter 2r is used, both 

vectors would be assigned the same vector identifier [2,3,1]. Therefore, using quantized 
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vector identifiers with a quantization parameter of 2r could serve to approximate the 

Chebyshev norm used in SampEn. 

 

FIGURE 3-1 - COMPARSION CRITERIA FOR SAMPLE ENTROPY AND QDE 

 

 Although the comparison criteria for SampEn and QDE are similar, quantization 

cannot lead to a perfect approximation of the Chebyshev norm. Unless the points under 

consideration are centered perfectly within the quantization bins, false positives and false 

negatives are possible. This effect is most pronounced when a point is near the edge of a 

quantization bin. As shown in Figure 3-2, a false negative can occur when two points that 

are separated by less than r fall in adjacent quantization bins. Similarly, a false positive 

can occur when two points in the same quantization bin are separated by more than r. 

However, there will be an equal probability of false positives and false negatives for 

interior quantization bins if points are evenly distributed throughout the full range of 

values. Interior quantization bins are defined as quantization bins not containing the 

maximum or minimum value of the time series. Unfortunately, evenly distributed points 

r 

r 

2r 
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in exterior quantization bins are twice as likely to generate false positives as they are 

false negatives. As a result, some colouration of QASE is expected based on 

overestimating the number of vector matches in the time series due to false positives in 

exterior quantization bins. 

 

 

FIGURE 3-2 - FALSE POSITIVES AND FALSE NEGATIVES IN QASE 

 

Recall the expression for determining SampEn given by equations 2.11-2.13: 

 g<L�K��L, 3, M �  � ln h�2�3 e2�3 i 
e2�3 � �M � L � � e�2�3 f�2

��  

�2�3 � �M � L � � ��2�3 f�2
��  

 

Recall that we define e�2�3  as (N-m-1)
-1

 times the number of vectors E[2 within r of 

E�2 where (1 ≤ j ≤ N-m, j≠i). Similarly ��2�3  is (N-m-1)
-1

 times the number of vectors 

E[25 within r of E�25 where (1 ≤ j ≤ N-m, j≠i).  

(3.10)

(3.9)

False Negative 

False Positive 

(3.8)
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To generate our approximation, we replace the number of matches with the number of 

occurrences of vector identifiers in the time series, Q(φm): 

 e� 2�23 0 �M � L � � u��2 u��2 � 1M � L � 1�p
 

��2�23 0 �M � L � � u��25 u��25 � 1M � L � 1�p*%
 

  

As one can see from the approximations presented in equations 3.11 and 3.12, the 

term in SampEn which counts the number of matches according to the Chebyshev norm 

has been replaced by the number of occurrences of an identifier, (Q(φm)-1), where one is 

subtracted to negate self-matches. Each of the Q(φm) occurrences of the identifier would 

contribute a (Q(φm)-1)/(N-m-1) term to the summation in A
m
 and B

m
, hence the product 

presented in the equation. The resulting approximations, ��2�23  and e� 2�23 , can then 

be used to calculate the Quantized Approximation of Sample Entropy (QASE):  

 u�gK�L, 23 �  � ln h��2�23 e� 2�23 i 

3.2 Discussion of Invariance to Initial Conditions 

A true invariant property of a dynamical system represents a fundamental feature of the 

dynamics. While the nature of what the measure represents is not always known, in order 

to be truly representative of the underlying dynamical system, the calculation of the 

measure cannot depend on the initial conditions of the trajectory. While quantized 

(3.13)

(3.12)

(3.11)
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dynamical entropy is not a true invariant property of a dynamical system, in the same 

way that ApEn approximates K2, QDE represents an approximation of a truly invariant 

measure. 

 The need for approximations of invariant measures comes from the inability to 

calculate them directly from experimentally derived time series. As detailed further in 

Section 2.1, KS-entropy and K2 represent invariant properties of dynamical systems. 

However, they cannot be calculated accurately from short noisy time series. This 

deficiency led to the development of ApEn and SampEn, which approximate the 

underlying invariant property in a way that can be meaningfully calculated for an 

experimental time series. 

 The study of Ergodic Theory deals with invariant measures in dynamical systems. 

Consider an Ergodic dynamical system with discrete time, denoted as X. The dynamical 

system is equipped with σ-algebra, �, and a probability measure, µ, defined on  �. The 

general ergodic theory dynamics are given by the measure preserving transformation T of 

X onto itself. Take a finite partition α = {A1,A2…,Ak} of X. In [44], Sinai defines the 

KS-entropy, h(T), of an Ergodic system as: 

 

B��, � �  � lim��� 1� � ������% � … � �����# �% ,…,�#
ln ������% � … � �����#    

 

And: 

B�� �  sup� B��, �  (3.15)

(3.14)
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While Sinai’s representation of the KS-entropy of an Ergodic system can be used to 

prove its invariance to initial conditions, it is not helpful for calculating the complexity of 

an experimental time series. When considering the entropy of an experimental time 

series, the underlying probability measure, µ , is unknown. This makes equation 3.14 

unhelpful as the only information we have about the system is the time series. As a result, 

we cannot define the probability given by �V����% � … � �����#^. We could, however, 

develop approximations for the probabilities of shorter sequences of points, based on the 

relative frequency with which they appear in the time series.  

The process of approximating the probability measure, µ , based on the relative 

frequency of short sequences of points is implicit in the development of quantized 

dynamical entropy. By introducing an embedding dimension, m, and achieving uniform 

partitions of the state space using the quantization parameter, r, we achieve an 

approximation to the underlying invariant property of the dynamical system in a way 

which can be meaningfully calculated from experimental time series. By taking the limit 

of QDE as m→∞ and r→0 for an infinitely long time series, we could likely obtain a truly 

invariant measure, however, in doing so we lose the ability to meaningfully calculate the 

measure from short noisy time series. We therefore make no such attempt to transform 

QDE into a truly invariant dynamical measure and present it solely as a practical means 

of quantifying the complexity of short noisy time series.   

While quantized dynamical entropy is not a true invariant property of a dynamical 

system, because it approximates a true invariant property, it demonstrates strong 

insensitivity to initial conditions. To demonstrate this feature, the quantized dynamical 
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entropy of the logistic map (a=3.98) was calculated for 500 initial conditions in the range 

(0,1). The results of this demonstration are shown in Figure 3-3. 

 

 

FIGURE 3-3 - DEMONSTRATION OF QDE INSENSITIVITY TO INITIAL CONDITIONS 

  

3.3 Effect of Sampling Frequency 

There exists no literature specific to choosing appropriate sampling frequencies for time 

series which will be analyzed using entropy measures. Although the Nyquist rate (equal 

to twice the highest frequency content found in the signal) provides a general guideline 

for selecting a sampling frequency [45], it is conceivable that entropy measures require a 

different guideline. This section examines the impact of sampling frequency on the 

calculation of the entropy measures under consideration.  
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3.3.1 Permutation Entropy 

To discuss the impact of sampling frequency on permutation entropy, the simple case of a 

sinusoidal function will be used to derive an analytical expression to describe PE in terms 

of sampling frequency, fs. Consider a simple sinusoidal function given by x(t)=sin(2πωt). 

We then sample x(t) at a sampling frequency fs >> ω. We will then consider calculating 

the PE of the time series generated by sampling x(t) at fs. We derive an expression for 

generic embedding dimension m.  

To begin, we consider the permutation types encountered at the first peak in the time 

series (at t=1/4ω). Depending on the phase of sampling relative to x(t), there are two 

potential cases. As can be seen in Figure 3-4 (which considers m=6), different 

permutation types will be encountered if x2 ≥ x4 than if x2 < x4. The occurrence of these 

two different sets of permutation types forces us to make two expressions for PE 

corresponding to an upper and lower bound. The lower bound occurs when only one case 

of permutation types appears throughout the entire time series. The upper bound occurs 

when both cases appear with equal frequency in the time series.  

 

 

FIGURE 3-4 - PERMUTATION TYPES ENCOUNTERED AT A PEAK (M=6) 
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We begin by determining the lower bound. Each period of the waveform x(t) will 

consist of fs/ω samples. Provided sufficiently sampled data (fs >2(m-2)ω), each peak 

encountered in the time series will generate m-2 different permutation types (excluding 

strictly increasing and strictly decreasing permutation types). Similarly, each valley 

encountered will generate m-2 different permutation types. Since each of the permutation 

types associated with a peak or valley will occur once per period of the sinusoidal 

function, we know that their relative frequency in the time series will be ω/fs. The rest of 

the signal will consist of even portions of strictly increasing and strictly decreasing 

permutation types. Therefore, the relative frequency of both the strictly increasing and 

strictly decreasing permutation types is 
/ �  �2�/ ��� . The lower bound of the permutation 

entropy of x(t), sampled at fs is therefore: 

 

��L �  � 2�L � 2 � log/ ��;��;� � �1 � 2�L � 2 �;� � log/ �12 � �L � 2 �;� �   
 

The upper bound can be found using the same logic. The only difference is peaks and 

valleys now contribute a total of 4(m-2) permutation types, each with a relative frequency 

of ω/2fs. This makes the upper bound: 

 

��L �  � 2�L � 2 � log/ � �2;��;� � �1 � 2�L � 2 �;� � log/ �12 � �L � 2 �;� �   
 

In practice, we find no need for the theoretical lower bound for PE. This is because 

the perfect phase and frequency alignment between the signal and sampling required to 

(3.17)

(3.16)
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generate only one set of permutation types at peaks and valleys is incredibly unlikely. As 

a result, we use the expression for the upper bound, given by equation 3.17, as the 

approximation to PE. Figure 3-5 shows the PE calculated for a sine wave of frequency ω 

for a range sampling frequencies with embedding dimension m=6. The calculated value 

is compared to the theoretical upper bound, given by equation 3.17 for fs > 8ω. As seen 

in this figure, the calculated value and theoretical values overlap in this range. For 

sampling frequencies less than 8ω, the response of PE experiences fluctuations. 

 

FIGURE 3-5 - IMPACT OF SAMPLING FREQUENCY ON PE (SINE WAVE, M=6) 

  

Based on Figure 3-5, the Nyquist rate, fN, (which occurs at 2 on the x-axis) appears to 

be an inadequate guideline for choosing a sampling frequency. Even signals sampled at 

twice the Nyquist rate (4fs/ω) appear to be susceptible to inaccuracies in PE 

measurements caused by sampling frequency effects. Although under-sampling appears 

to lead to unreliable measurements, excessively high sampling frequencies are not 
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desirable either. If we take the limit of equation 3.17 as fs gets large, we see that the 

permutation entropy approaches a finite limit given by: 

 lim���� B�L � lim���� ��L L � 1 �  1L � 1 

 

Although the limit given by equation 3.18 was derived for a simple sinusoidal 

function, it holds for all noiseless signals. At sufficiently high sampling frequencies, all 

dynamical features will be separated by sequences of strictly increasing and strictly 

decreasing permutation types. As the sampling frequency continues to increase, only the 

number of strictly increasing and strictly decreasing permutation types increase, causing 

them to slowly dominate the calculation of permutation entropy. As a result, excessive 

over-sampling of the signal should also be avoided or else the dynamically interesting 

portions of the signal will be dominated by strictly increasing and strictly decreasing 

permutation types. 

Based on the investigations presented above, it seems that sampling near the Nyquist 

rate may lead to potential error caused by sampling frequency effects. However, 

oversampling of the signal could lead to the loss of a meaningful result as well. It appears 

that the most reliable sampling frequency occurs around fs ≈2(m-2)ω. While the full 

effects of sampling frequency on permutation entropy calculations are not fully 

understood, based on the investigations above a suggested starting point for sampling 

frequency selection would be: 

 L;f - ;� - 2L;f 

(3.18)

(3.19)
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3.3.2 Sample Entropy and Fuzzy Entropy 

Due to the similar theoretical foundation of SampEn and FuzzyEn, we expect them to 

respond to changes in sampling frequency in a similar manner. To examine the impact of 

sampling frequency, the simple case of a sinusoidal function is once again considered. 

While an analytical expression for SampEn or FuzzyEn as a function of sampling 

frequency could not be derived, simulating results for two different embedding 

dimensions (m=4 and m=6) allowed for an investigation into the effects of sampling 

frequency. The results of the simulation are presented in Figure 3-6. 

 

 

FIGURE 3-6 - IMPACT OF SAMPLING FREQUENCY ON SAMPLE ENTROPY (SINE WAVE) 

 

 A number of observations about the effect of sampling frequency on SampEn can be 

made based on Figure 3-6. As expected, measurements taken below the Nyquist rate 

(2fs/ω) are very unreliable. Slightly above the Nyquist rate, measurements begin to 
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improve in reliability. This improvement continues until fs=2mω, at which point the 

measurement appears to become saturated and SampEn begins to increase. To further 

investigate the effects of high sampling frequencies on SampEn calculations, another 

simulation was conducted over a range of higher sampling frequencies. This simulation is 

shown in Figure 3-7. As seen in the figure, over-sampling leads SampEn to increase to 

maximum around 40fs/ω - 60fs/ω. 

 

 

FIGURE 3-7 - EFFECTS OF OVER-SAMPLING ON SAMPLE ENTROPY (M=4) 

 

As with permutation entropy calculations, SampEn and FuzzyEn appear to be 

sensitive to sampling frequency selection. Higher embedding dimensions appear to 

require higher sampling frequencies and both over and under sampling of the signal lead 

to errors in the calculation of SampEn and FuzzyEn. The following range is presented as 

a suggested starting point for sampling signals which will be analyzed using SampEn or 
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FuzzyEn. Care should be taken to ensure that the resulting calculations meaningfully 

reflect the underlying signal and are not overly coloured by the effects of sampling 

frequency. 

 L2 ;f - ;� - L;f  

 

3.3.3 QDE and QASE 

Due to the similar theoretical foundation of QDE and QASE, they are expected to 

respond to changes in sampling frequency in a similar manner. To examine the impact of 

sampling frequency, the simple case of a sinusoidal function is once again considered. 

While an analytical expression for QDE or QASE as a function of sampling frequency 

could not be derived, simulating results for two different embedding dimensions (m=4 

and m=8) allowed for an investigation into the effects of sampling frequency. As seen in 

Figure 3-8, QDE seems to respond more naturally to changes in sampling frequency than 

PE, SampEn and FuzzyEn do. Slight underestimation tends to occur when the sampling 

frequency is a harmonic (multiple) of the frequency of the sinusoidal, but otherwise, 

higher sampling frequency tends to reduce error. For sampling frequencies slightly higher 

than the Nyquist rate (2fs/ω), the value of QDE appears to take on a relatively consistent 

value. A stronger guideline for choosing a sampling frequency would be fs > (m/2)fN.  

(3.20)
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FIGURE 3-8 – IMPACT OF SAMPLING FREQUENCY ON QDE (SINE WAVE) 

 

3.3.4 Summary 

Sampling frequency clearly impacts the calculation of entropy measures from a time 

series. Relying solely on the Nyquist rate as a guideline for selecting sampling frequency 

could lead to unreliability in entropy measurements. Of the five entropy measures 

considered, QDE and QASE responded most naturally to changes in sampling frequency 

as they simply improved in accuracy as higher sampling frequencies were selected 

instead of diverging from the correct value. The sampling frequency effects of all the 

considered entropy measures were impacted by the embedding dimension. Higher 

embedding dimensions required higher sampling frequencies to reliably calculate 

entropy. Excessive over-sampling the signal can result in a loss of meaning in the 
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calculation of PE, SampEn and FuzzyEn. Table 3-1 summarizes the guidelines for 

sampling frequencies developed in this section. 

TABLE 3-1 - SUMMARY OF SAMPLING FREQUENCY GUIDELINES 

Entropy Measure Sampling Frequency Guideline  

PE L;f - ;� - 2L;f 

SampEn 
L2 ;f - ;� - L;f 

FuzzyEn 
L2 ;f - ;� - L;f 

QDE ;�  +  L2 ;f 

QASE ;�  +  L2 ;f 

 

3.4 Reliability as an Indicator of Chaos 

It is vitally important to ensure that the complexity of a dynamical system is quantified in 

a manner that retains meaning about the underlying dynamics of the system. Simply 

being able to define and calculate a measure from a time series does not bestow upon it 

any special meaning. In order to investigate whether the considered entropy measures 

meaningfully characterize the underlying dynamical system, the ability of the different 

entropy measures to indicate chaotic dynamics will be examined. There is a well-

established relationship between complexity and chaotic dynamics in literature [4,11].  

In order to assess the ability of the considered entropy measures to indicate chaotic 

dynamics, each measure will be compared to an existing and well established indicator of 

chaoticity; Lyapunov exponents. Lyapunov exponents are a measure of the average 
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exponential rate of convergence or divergence of adjacent trajectories [46]. The sign of 

the largest Lyapunov exponent is important. A positive largest Lyapunov exponent means 

that adjacent trajectories will diverge exponentially while a negative largest Lyapunov 

exponent means adjacent trajectories will converge exponentially. While not a perfect 

indicator of chaotic dynamics, the existence of a positive Lyapunov exponent is 

representative of sensitivity to initial conditions; a property of a chaotic system.  

A relationship between entropy and positive Lyapunov exponents is known in 

literature. Pesin proved that, under certain circumstances, KS-entropy is equal to the sum 

of the positive Lyapunov exponents [11]. The simplest classical system conforming to 

Pesin’s theorem is the one-dimensional logistic map given by: 

)�5 � <)��1 � )�  

 A comparison between Lyapunov exponents and the entropy measures under 

consideration will be made using the logistic map for a = [3.5, 4]. This parameter range is 

commonly selected because it contains the only positive Lyapunov exponents found for 

the logistic map. Although it is unreasonable to expect the entropy measures to equate to 

the positive Lyapunov exponents (like KS-entropy does), a positive correlation between 

the measures and the Lyapunov exponent would suggest that the magnitude of the 

entropy measures are somewhat representative of the chaoticity of the underlying 

dynamics. Two variables are considered to correlate if variation in one variable partially 

predicts variation in the other. Positive correlation between an entropy measure and 

Lyapunov exponents would mean that higher entropy suggests a larger Lyapunov 

exponent. 

(3.21)
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The correlation of the considered entropy measures and Lyapunov exponents will be 

quantified using two statistical correlation techniques; Pearson’s correlation coefficient 

and Spearman's rank correlation coefficient. Both correlation coefficients vary from -1 to 

1, with -1 representing perfect negative correlation and 1 representing perfect positive 

correlation. Pearson’s coefficient requires a linear correlation by comparing the 

relationship between the two variables to a straight line. Spearman’s rank coefficient 

eliminates the requirement for a linear correlation by using ranked variables. Figure 3-9 

compares the Lyapunov exponents and the different entropy measures for the Logistic 

map. 

 

FIGURE 3-9 - LOGISTIC MAP COMPARISON TO LYAPUNOV EXPONENTS 
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Close inspection of Figure 3-9 reveals that even though all five entropy measures 

show some correlation to Lyapunov exponents, each of the measures has shortfalls in that 

correlation. Although entropy measures are not expected to correlate with negative 

Lyapunov exponents, permutation entropy is especially unreliable for portions of the 

Logistic map with negative Lyapunov exponents. Instead of maintaining a constant value 

during parameter values corresponding with negative Lyapunov exponents (like the other 

entropy measures), permutation entropy exhibits a systemic instability with respect to 

parameter variations. Although Brandt and Pompe acknowledged this phenomenon when 

they introduced PE [4], this systemic instability could lead to unreliable measurements in 

some systems.  

SampEn, FuzzyEn and QASE tend to zero when Lyapunov exponents are negative. 

Although this is consistent with KS-entropy and Pesin’s theorem [11], the ability to 

distinguish between different stable systems would be a helpful attribute. QDE does 

manage to distinguish between different stable systems to an extent. This can be seen 

during the period-doubling bifurcations between a=3.5 and a=3.6. Each period-doubling 

bifurcation is accompanied by an increase in the quantized dynamical entropy. Table 3-2 

contains the linear and nonlinear correlation coefficients for each entropy measure’s 

correlation to Lyapunov exponents. 

According to the correlation coefficients in Table 3-2, QDE is the most correlated 

with Lyapunov exponents of the considered entropy measures. The linear correlation 

coefficient for PE, SampEn and FuzzyEn are likely adversely impacted by their inability 

to distinguish between different negative Lyapunov exponents. QASE has the lowest 

nonlinear correlation with Lyapunov exponents. This is not surprising, as QASE was 
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designed to approximate SampEn, and would therefore likely be bounded by the ability 

of SampEn to correlate to Lyapunov exponents. QASE’s correlation with SampEn yields 

more favourable results, with linear and nonlinear correlation coefficients of 0.981 and 

0.973, respectively. 

 

TABLE 3-2 - CORRELATION TO LYAPUNOV EXPONENTS 

Entropy Measure 
Linear Correlation 

Coefficient 

Nonlinear Correlation 

Coefficient  

PE 0.897 0.980 

SampEn 0.903 0.977 

FuzzyEn 0.906 0.983 

QDE 0.938 0.986 

QASE 0.908 0.944 

 

3.5 Impact of Observational Noise 

Robustness to observational noise is a vital feature of a measure if it is to be used 

experimentally. To examine the robustness of each entropy measure to noise, the logistic 

map will once again be used. Values of the entropy measures for the noiseless logistic 

map can be compared to values calculated from signals with increasing amounts of 

Gaussian white noise. The amounts of Gaussian white noise which will be considered are 

summarized in Table 3-3. 

Two different metrics will be used to assess the robustness of each entropy measure 

to observational noise. The first metric will be the average relative error when subjected 

to s=0.02 Gaussian noise (s denotes standard deviation). Although relative error between 
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noiseless and noise-affected data is important, in the real-world, noiseless data is never 

available. Therefore, the ability to compare different dynamical states in the presence of 

consistent observational noise is also important. To assess the ability of the entropy 

measures to compare different dynamical states in the presence of observational noise, 

the linear correlation between the noiseless and s=0.05 Gaussian noise measurements will 

be calculated. Strong linear correlation between these two measurements suggests that 

similar comparisons between dynamical states can be made with and without 

observational noise. 

 

TABLE 3-3 - SUMMARY OF OBSERVATIONAL NOISE LEVELS CONSIDERED 

Standard Deviation 

of Gaussian Noise 

Noise to Signal Ratio 

(RMS, Logistic Map) 

0.004 0.65% 

0.02 3.27% 

0.05 8.20% 

   

Figure 3-10 compares the effect of different levels of observational noise on 

permutation entropy. This figure shows that as the amount of noise is increased, the value 

of PE tends to increase. Although some parameter ranges demonstrate reasonable 

correlation, noise very clearly degrades the performance of the measure. Figure 3-11 

shows the response of sample entropy for the same noise levels. As seen in this figure, 

sample entropy retains a much strong correlation between the noiseless and noise-

affected signals. While SampEn retains strong correlation when subjected to 
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observational noise, the s=0.05 noise signal seems to impose a larger change in the 

magnitude of SampEn than it did for PE. 

 

FIGURE 3-10 - EFFECT OF OBSERVATIONAL NOISE ON PE (M=6) 

 

 

 

FIGURE 3-11 - EFFECT OF OBSERVATIONAL NOISE ON SAMPLE ENTROPY 
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Figure 3-12 shows the impact of observational noise on quantized dynamical entropy 

calculations. Observational noise does appear to create a larger relative error in QDE 

measurements than for SampEn and PE. Although the measurement of QDE is clearly 

degraded in the presence of observational noise, the entropy measure does appear to 

retain the ability to distinguish between different dynamical states (i.e. correlation 

between noiseless and noise-affected signals). 

 

FIGURE 3-12 – EFFECT OF OBSERVATIONAL NOISE ON QDE 

 

 

 Table 3-4 summarizes the performance of the different entropy measures in the 

presence of observational noise.  Although PE experiences the smallest relative error, its 

ability to make comparisons in the presence of observational noise is the weakest. 

SampEn seems to be the most robust to noise of the five measures. The three measures 

whose algorithms rely on a comparison between two different embedding dimensions 
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(SampEn, FuzzyEn and QASE) appear to be more robust to noise than the measures that 

don’t (PE and QDE). 

TABLE 3-4 - SUMMARY OF OBSERVATIONAL NOISE EFFECTS 

Entropy Measure 
Relative Error 

(s=0.02) 

Linear Correlation 

(s=0.05) 

PE 27.6% 0.848 

SampEn 38.7% 0.998 

FuzzyEn 111% 0.980 

QDE 58.2% 0.957 

QASE 85.0% 0.983 

 

3.6 Computational Efficiency 

Computational efficiency is another aspect of dynamical measures which is worthy of 

consideration. In order to be viable for real-time applications, an algorithm must be able 

to process information at least as quickly as it is collected. Even in non real-time 

applications, long computational times impede efficient data analysis and reduce the 

overall amount of information that can be processed. Two metrics will be used to assess 

the computational efficiencies of the algorithms associated with the different entropy 

measures. A sample calculation of a time series with 5000 samples will be used to 

determine the computation time of the different measures. The recorded times will be the 

arithmetic mean of ten repetitions of the same calculation. All measures will be timed 

sequentially in the same session on the same personal computer (Intel Xeon E5405 CPU 

(2.00 GHz), 2.00 GB of RAM) with as many resources dedicated to the calculation as 
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possible. Although computation times vary between computers, the recorded computation 

times can identify relative differences in the computation times of the different 

algorithms. 

 Another important aspect of computational efficiency is the rate at which 

computation time scales as the length of the data series is increased. Some algorithms 

scale linearly, meaning that if the data series doubles in length, the computation time 

doubles. Some algorithms, however, scale polynomially, exponentially and factorially. 

These different scale factors can result in an algorithm which is very poorly suited for 

long data series. Assessment of the scale factors of the different algorithms will be based 

on an algebraic assessment of the algorithm structure. 

 

TABLE 3-5 - COMPARISON OF CALCULATION TIMES (N=5000) 

Entropy Measure 
Computation Time 

[sec] 

Scale Factor with 

Series Length 

Permutation Entropy 0.57 Linear 

SampEn 4.82 Quadratic 

FuzzyEn 6.61 Quadratic 

QDE 0.09 Linear 

QASE 0.18 Linear 

 

 

Table 3-5 shows a comparison of both the computation time and the scaling factor of 

each of the five entropy measures under consideration. This table shows that QDE and 

QASE compute much quicker than SampEn and FuzzyEn. Furthermore, PE, QDE and 

QASE scale linearly with the length of the data set. SampEn and FuzzyEn, however, 
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scale quadratically, meaning doubling the length of the data results in a quadrupling of 

the computation time. The quadratic computational scale factor in sample and fuzzy 

entropy’s algorithms is caused by comparing every vector to every other vector in the 

time series, which causes the number of operations to be of order n
2
. This makes SampEn 

and FuzzyEn especially undesirable for long data series. Figure 3-13 demonstrates the 

different scaling factors exhibited by SampEn and QDE. 

 

 

FIGURE 3-13 - COMPARISON OF COMPUTATIONAL SCALING FACTORS 

3.7 Discussion 

In this chapter, coarse quantization was introduced as a novel method to classify and 

compare dynamical features in a time series. Two entropy measures were developed 

based on this methodology (quantized dynamical entropy and a quantized approximation 

of sample entropy) and were studied in parallel with three existing measures (permutation 

entropy, sample entropy and fuzzy entropy). Based on this investigation of the considered 

entropy measures, it was found that sampling frequency must be carefully selected when 

a signal is to be characterized using entropy. All five entropy measures require higher 
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sampling frequencies when larger embedding dimensions are used. The two developed 

measures respond more naturally to changes in sampling frequency than the existing 

measures. 

 Permutation entropy had the worst overall performance of the considered measures. 

Although it boasts the highest computational efficiency of the existing methods and the 

lowest relative error in the presence of observational noise, it is unable to meaningfully 

compare dynamical states in the presence of observational noise. Furthermore, 

permutation entropy exhibits systemic instabilities over ranges of negative Lyapunov 

exponents for the Logistic Map.  

 Sample entropy and fuzzy entropy possessed robust performance under the conditions 

considered. Both were reliable indicators of chaotic dynamics for the Logistic Map and 

robust to observational noise. The biggest shortfall of these two methods is their 

computational efficiency. Not only do they compute more slowly than the other 

measures, but quadratic computational scaling factors make them very undesirable for 

long time series. The computational efficiency of the developed entropy measures (QDE 

and QASE) far exceeds that of SampEn and FuzzyEn. Both developed methods exhibited 

relatively good robustness to noise and showed good correlation to Lyapunov exponents. 

3.7.1 Entropy Measures and Stability 

Due to some of the favourable properties of entropy measures, including their correlation 

with Lyapunov exponents, it may be tempting to draw parallels between entropy and 

dynamic stability. While stable dynamics tend to have lower entropy, there does not 
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appear to be a direct connection between entropy and stability. One of the biggest reasons 

for this is the inability of entropy measures to capture the “arrow of time”.  

To examine this, two hypothetical trajectories were created; an exponentially stable 

trajectory converging to an equilibrium solution and an exponentially unstable trajectory 

diverging from an equilibrium solution. The two generated time series contain identical 

entries; the only thing that changes is the arrow of time. From a dynamic stability 

standpoint, these two trajectories represent very different situations; one is exponentially 

stable, one is exponentially unstable. However, since entropy measures cannot decipher 

the arrow of time, they lead to very similar entropy values. Table 3-6 shows the values of 

three entropy measures (PE, SampEn and QDE) for the two trajectories. 

 

TABLE 3-6 - COMPARISION OF ENTROPY FOR STABLE AND UNSTABLE FIXED POINTS 

Entropy Measure Stable Unstable 

PE 0
 

0 

SampEn 0 0.0058 

QDE 3.24 3.24 

 

 As can be seen in Table 3-6, the permutation entropy of both an exponentially stable 

and an exponentially unstable trajectory is zero. That’s because only a single permutation 

type appears in either time series (either a strictly increasing or strictly decreasing 

permutation type). Quantized dynamical entropy also generates identical results for both 

time series. That’s because if the identifiers of two vectors within one time series match, 

they will still match when the time series is reversed. 
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Sample entropy characterizes the stable trajectory with zero entropy and the unstable 

trajectory with 0.0058. To explain this phenomenon, we consider the nature of the sample 

entropy algorithm. Sample entropy is based on the “conditional probability that two 

sequences similar for m points remain similar at the next point” [5]. For example, let’s 

say a vector of length m is within r of 6 other vectors in the time series. If we add another 

point to this vector, it could still match all 6 vectors, or a subset of them. If vectors of 

length m+1 record the same number of matches as vectors of length m, then the SampEn 

is zero. The higher the impact of adding another point on the similarity of the time series, 

the higher the sample entropy. 

Interpreting the sample entropy algorithm as described above allows for an 

explanation of the results in Table 3-6. Sequential points in the exponentially stable 

trajectory get closer together as the trajectory progresses. As a result, adding another 

point to the vector does not impact the similarity of the time series because each 

successive point is more like its neighbouring values than the points before it. In the 

exponentially unstable trajectory, however, the next point in the time series will be 

farther away than previous points and will therefore be more likely to be more than r 

away from other vectors, than the previous m points. 

  



 

 

Chapter 4 

Characterization of Gait Dynamics 

The characterization of bipedal walking gait dynamics was selected as an applied case 

study with which to assess the sensitivity of the different entropy measures. In 

Section 2.3, previous instances of entropy measurements in gait analysis were discussed. 

This literature review revealed that the use of entropy measures to assess gait dynamics is 

still a very immature field without well established experimental methodologies. Dr. 

Szturm and his research team from the School of Medical Rehabilitation at the University 

of Manitoba designed and conducted a series of experiments to investigate the 

characterization of bipedal walking gait dynamics. The experimental methodology used 

by Dr. Szturm and his research team is presented in Section 4.1. Following this, a 

detailed description of how the experimental data was used to characterize gait dynamics 

is presented in Section 4.2. The chapter concludes with Results (Section 4.3) and 

Discussion (Section 4.4). 
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4.1 Experimental Methodology 

Gait analysis experimentation was conducted by Dr. Szturm and his research team at the 

Reh-Fit Center in Winnipeg. In order to collect data to assess the ability of entropy 

measures to characterize changes in gait dynamics, two participant groups were recruited; 

healthy younger adults in their 3
rd

 decade and healthy older adults in their 7
th

 decade.  

Measurements for each participant were taken under two different walking conditions; 

normal walking at 0.9 m/s (baseline) and walking at 0.9 m/s while performing a 

secondary cognitive task (dual-tasking). Dual-tasking has been shown to impair gait 

health in some people [7], allowing for two different gait patterns of the same participant 

to be investigated. Measurements were conducted with the understanding and written 

consent of each participant.  Methodology and ethics approval for the project was granted 

by the Human Ethics Research Board at the University of Manitoba. The following 

subsections provide more details about every aspect of the experimentation. 

4.1.1 Participants 

Two groups (n=30 per group) were recruited: (a) active healthy young adults (mean age 

25 years, SD 3.2) and (b) healthy, community-dwelling older adults (mean age 63 years, 

SD 4.4). Participants were excluded if they had a history of falls or had a diagnosis of any 

of the following conditions: (a) muscular-skeletal injuries or disease (e.g. rheumatoid 

arthritis, advanced hip/knee osteoporosis or arthroplasty) (b) neurological disorders (e.g. 

stroke, multiple sclerosis, ALS, brain tumor, Parkinson's disease, Vestibular disorders, or 
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(c) any recent medical illness that would affect their balance or ability to walk without 

aids for a period of at least six minutes. 

4.1.2 Test Protocol 

Participants were positioned on the treadmill 100 cm away from a 76 cm (30-inch) 

monitor at the start of walking. The monitor was connected to a computer which was 

used to generate the secondary cognitive task. More detail about the secondary task is 

provided in Section 4.1.4. Participants were given instructions and allowed to perform the 

cognitive computer task in standing to become familiar with the task. Participants walked 

on a level treadmill at a speed of 0.9 m/s under the following conditions: (a) walk alone, 

(b) walking while performing the secondary cognitive task. The order of single and dual 

task conditions was randomized to minimize potential order effect. Figure 4-1 shows a 

participant walking on the treadmill. 

The participants involved in the study were subjected to two different trials. The first 

trial was regular (baseline) walking at 0.9 m/s for 4 minutes. The second trial consisted of 

walking at 0.9 m/s while dual-tasking.   Duration of the dual-task trial was 2 minutes. The 

younger participant group was tested on one occasion. The older participant group was 

tested on two separate occasions, separated by one week. The two test sessions performed 

by the older participant group can be compared to assess the test-retest reliability of 

entropy measures.  
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4.1.3 Equipment 

A standard treadmill was used with handrails to provide safety while conducting 

assessments. A treadmill pressure mat manufactured by Vista Medical was fitted 

underneath the belt of the treadmill. The pressure mat consisted of an array of 512 pizo-

resistive sensors (each with an area of 2.8 cm
2
) which were enclosed in a Teflon skin and 

sampled at approximately 30Hz (subject to inconsistencies in hard drive write speed). 

This allowed for the collection of calibrated foot-ground forces from each individual 

sensor. Figure 4-1 shows the treadmill fitted with the pressure mat. Figure 4-2 shows a 

sample of the data collected by the pressure mat under the belt of the treadmill. 

 

 

FIGURE 4-1 - PRESSURE MAT FITTED UNDERNEATH TREADMILL BELT 

Pressure Mat 

Handrails 
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FIGURE 4-2 - SAMPLE OF PRESSURE MAT DATA COLLECTION 

 

Interaction with the secondary cognitive task was achieved with an inexpensive 

commercially-available wireless computer mouse. The computer mouse is small and 

equipped with inertial sensors.  The motion mouse was secured with Velcro to a 

headband as seen in Figure 4-3. This method allowed head rotation (left-right and/or up-

down) to be used as the computer input device. With this simple method, seamless, 

responsive and high fidelity hands-free interaction with any computer application was 

made possible. Visually guided head movements are among the most natural and 

therefore can easily be performed with minimal instruction.  

 

FIGURE 4-3 – INTERACTION WITH THE SECONDARY COGNITIVE TASK 

Computer Monitor 

Computer Mouse 
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4.1.4 Secondary Cognitive Task 

The secondary cognitive task consisted of playing a game, the objective of which was to 

move a paddle and interact with falling objects.  Objects appeared every 2 seconds at 

random locations on the display.  The objects fell for 1.5 seconds, after which time the 

participant’s paddle either successfully intercepted and caught the target as it reached the 

bottom of the screen, or the participant missed the target. Distracters, which were visually 

distinctive from targets, behaved in a similar fashion to the moving targets, except the 

goal was to avoid the distracters instead of catch them. Figure 4-4 depicts game play of 

the secondary cognitive task. 

 

 

 

FIGURE 4-4 - DEPICTION OF GAME PLAY IN THE SECONDARY COGNITIVE TASK 

 

target 

distracter 

paddle 
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The test game generated a logged game file to record (at 80 Hz) the following signals 

associated with actions performed by the participant with respect to game play events: (a) 

time index and coordinates of each game object and (b) position coordinates of the game 

paddle. Furthermore, overall game-play statistics such as success rate and average 

reaction time were recorded. These overall game-play statistics were recorded in standing 

and during the dual-tasking condition.  

4.2 Analysis Methodology 

Once data was collected for each of the participants involved in the study, analysis was 

conducted. In this section, the entire procedure for processing the raw pressure mat data 

is presented from preprocessing (Section 4.2.1), to ensuring measure convergence 

(Section 4.2.2), to an in-depth look at entropy calculations (Section 4.2.3), selection of 

parameter values (Section 4.2.4) and statistical analysis of the results (Section 4.2.5). 

4.2.1 Preprocessing 

In order to assess the complexity of gait dynamics, an analysis methodology was 

developed. The analysis methodology begins with the raw pressure mat data which is 

generated from the FSA software. Pressure mat data is output from the FSA software as a 

comma-delimited text file. The information contained in each row of the text file is 

described in Table 4-1.  
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TABLE 4-1 - INFORMATION CONTAINED IN TEXT FILE 

Entry #1 Entry #2 Entry #3 Entry #4 Entry #5 Entry #6-517 

Sample 

Number 

Date and 

Time of 

Measurement 

Divider 
COP 

x-coordinate 

COP 

y-coordinate 

Individual 

sensor readings 

 

 

 The first level of preprocessing is to extract the COP migration from the raw data. For 

this, a simple algorithm was created to separate the comma-delimited information and 

return the COP coordinates at each measurement time. The sample number and time of 

measurement were also used to extract the sample rate achieved throughout the test. Once 

the COP migration is extracted from the raw data, the signal is then segmented into 

strides and normalized in both the spatial and temporal dimensions. This is all done 

automatically using a specifically designed algorithm which will be described below. 

 

Figure 4-5 shows the migration of the COP in both the ML and AP directions. Even 

over this small subset of five strides (ten steps), there is evidence of inconsistencies 

between strides. Over the course of a single trial, the participant will drift substantially 

throughout the measurement area, making the comparison of strides at different times in 

the trial challenging. In order to overcome the problem of drift within the measurement 

area, each stride is isolated and normalized in both the spatial and temporal dimensions. 
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FIGURE 4-5 - RAW ML/AP COP DATA 

  

The local maxima in the AP COP signal correspond to the beginning of the single 

support phase of the gait (i.e. the instant the back foot lifts off the ground). Therefore, 

isolating the signal between odd-numbered (or even-numbered) AP maxima would 

generate segments containing exactly one stride. This is the principle concept in the 

design of the segmentation algorithm. First, the maximum AP coordinate is calculated 

over a small window covering less than the duration of a single step. This window is 

incremented forward through the time series until two criteria are met: the local 

maximum of the AP signal does not occur at the edge of the window and the 
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corresponding ML coordinate is less than the arithmetic mean of the ML (calculated over 

a slightly large window). These two criteria ensure that the maximum AP value identified 

by the algorithm corresponds to the beginning of the single support phase of the left foot. 

The window then moves forward in the time series and uses the same criteria to isolate 

the next AP maxima corresponding to the beginning of another left foot single support 

phase. The segment between these identified AP maxima should contain a single stride. 

By continuing this process through the entire signal, the whole trial is segmented into 

strides. 

 Although the segmentation algorithm is relatively effective, the existence of stumbles 

and other unusual artifacts in the signal have the potential to generate incorrectly 

identified stride segments. To ensure these incorrectly identified strides are not analyzed 

in the complexity calculation, each segment must satisfy two further criteria: the stride 

time must be within ±40% of the mean stride time and the ML coordinate at the start of 

the stride must be less than 25% of the stride width. By excluding segments that didn’t 

meet these criteria, all incorrectly identified strides in the data analyzed were successfully 

removed. 

 With segmentation of strides from the raw signal complete, normalization of the 

strides can now occur. First, the strides are normalized in the temporal dimension by re-

sampling each segment so each segment has duration equal to the mean stride time. By 

normalizing to the mean stride time, adverse effects caused by re-sampling of the data 

can be minimized. The strides are then normalized in the spatial dimension so that the AP 

signal of a single stride varies from 0-100% of the stride length and the ML signal varies 

from 0-100% of the stride width. The result is a collection of stride segments of equal 
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length whose AP and ML values are bounded in the range [0, 1]. This removes the impact 

of drifting within the measurement area and allows for more meaningful inter-stride 

comparisons. A sample of the resulting segmented and normalized strides is shown in 

Figure 4-6. The segmented, normalized ML COP migration was assessed by the entropy 

measures to investigate their viability in characterizing walking gait dynamics. 

 

 

FIGURE 4-6 - SEGMENTED AND NORMALIZED ML AND AP COP MIGRATIONS 
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4.2.2 Convergence 

Establishing the length of data required to obtain meaningful results is vital. Although 

each entropy measure reacts differently to changes in the data length, all the entropy 

measures under consideration are sensitive to data length. SampEn and, by extension, 

FuzzyEn tend to slightly overestimate the complexity of shorter data series. As data 

length is increased, the complexity approaches its converged value [5]. Figure 4-7 shows 

the evolution of SampEn calculations as an increasing number of strides are considered. 

 

 

FIGURE 4-7 - CONVERGENCE OF SAMPLE ENTROPY 

 

Permutation entropy exhibits sensitivity to data length in a different manner. If an 

insufficiently short data series is considered, the value of PE is underestimated [47]. This 

underestimation of PE is caused by the data series not being long enough to contain all of 

the different permutation types that would appear in a longer data series from the same 

source. QDE, and by extension QASE, show the same effect when calculated for 

insufficiently short data series. This underestimation of the entropy is caused by the same 
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phenomenon which impacts PE calculations; short data series do not contain all of the 

different vector identifiers that a longer data series from the same source would contain. 

The underlying mechanism for the underestimation of insufficiently long data series 

comes from the parallels to Shannon’s entropy in the derivation of these entropy 

measures. The Shannon’s entropy of a series of outcomes derived by rolling a six-sided 

die would be underestimated in the same way if the series wasn’t long enough to contain 

any 5’s, for example. The series continues to be underestimated until an accurate 

estimation of the underlying probability distribution is obtained. Figure 4-8 shows the 

convergence of QDE based on the number of strides considered in the calculation. 

 

 

FIGURE 4-8 - CONVERGENCE OF QDE 

 

 Based on the convergence rates of all the entropy measures considered, a data length 

of 30 strides was deemed long enough to ensure convergence of all of the entropy 

measures. 
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4.2.3 Complexity Calculation 

Following preprocessing of the data in which the raw data is segmented into strides and 

normalized, the entropy calculations can then be carried out. To eliminate the impact of 

different file lengths, a consistent number of strides from each trial were selected for 

analysis (30 strides). Although using a uniform number of strides does not hold the length 

of time of each trial constant, it retains the same ratio of inter-stride to intra-stride 

comparisons which should help to reduce colouration due to each participant’s unique 

stride period. A length of 30 strides was selected to ensure convergence of the entropy 

measures as discussed previously in Section 4.2.2. Entropy was calculated using the 

segmented, normalized ML COP migration. A detailed description of the calculation of 

SampEn and QDE of a single trial will be presented below. All other entropy measures 

discussed can be calculated using a similar methodology to one of these two methods. 

 The algorithm for calculating SampEn(m,r) begins with an N x L matrix, E, 

containing N=30 strides containing L data points each. The matrix E is then formatted 

into N(L-m) vectors of length m and m+1 required for the SampEn calculation. If: 

c �  y W� � L{ 
 

Then the j
th

 vectors of length m and m+1 are, respectively: 

�[2 � ZKb5,[�b���2 , Kb5,�[5 �b���2 , … , Kb5,�[52� �b���2 \ 
�[25 � ZKb5,[�b���2 , Kb5,�[5 �b���2 , … , Kb5,�[52 �b���2 \ 

(4.1)

(4.2)
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Next we create two N(L-m) x N(L-m) symmetrical matrices, F
 m

 and F
 m+1

 to describe 

the occurrences of two vectors ��2and �[2 being separated by a Chebyshev distance less 

than r. We define the Chebyshev distance as: 

YZ��2 , �[2\ �  max&�,/,…,2V����' � �[�' �^ 

 

We can then populate the matrix F
 m

 such that: 

��,[2 � �[,�2 � 1 �; YZ��2 , �[2\ - 3 <�Y � � W  
��,[2 � �[,�2 � 0 �; YZ��2 , �[2\ � 3 :3 � � W  

  

The matrix F
 m+1

 is populated in the same manner. The two symmetrical matrices F
 m

 

and F
 m+1

 are then used to evaluate SampEn(m,r): 

��L, 3 � VM�� � L ^� � � �M�� � L � 1 ���,[25�3 f���2 
[�

f���2 
��  

e�L, 3 � VM�� � L ^� � � �M�� � L � 1 ���,[2�3 f���2 
[�

f���2 
��  

g<L�K��L, 3 �  � ln h��L, 3 e�L, 3 i 

 

The calculation for QDE(m,r) begins with the same N x L matrix, E, as with SampEn. 

As before, we format the matrix E into vectors of length m, although this time we 

generate N(L-m+1) vectors given by: 

�[ � ZKb5,[�b���25 , Kb5,�[5 �b���25 , … , Kb5,�[52� �b���25 \ 
 

(4.3)

(4.7)

(4.6)

(4.5)

(4.4)

(4.8)
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Where: 

c �  y W� � L R 1{ 
 

We next compile the vectors into an N(L-m+1) x m matrix, denoted as W: 

� �  � ��/ �f���25 
¡ 

  

The matrix W is then quantized to generate a new matrix �¢  using the quantization 

coarseness parameter, r: 

�¢ �  £� �  L���� 3 ¤ 

 

The maximum value in the quantized matrix �¢  is denoted as h. The algorithm next 

iteratively looks at each individual row of �¢ . Each one of the N(L-m+1) row vectors in 

�¢  is given a unique identifier, φj, based on h: 

�[ �  � �[��  B��2
��  

0 ] �[ ] �B 25 � 1 

  

As the algorithm determines each of the N(L-m+1) identifiers found in �¢ , it 

populates a new matrix G. The matrix G records each identifier, φj, found in �¢  in its first 

column and keeps a tally of the number of occurrences of each φj in the second column. 

(4.10)

(4.11)

(4.12)

(4.9)
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As each identifier is calculated using equation 4.12, the algorithm performs a binary 

search of the first column of G. If the algorithm finds the identifier is already present in 

G, it simply increments the corresponding tally in the second column of G by one. If the 

identifier has not yet been recorded in G, the algorithm does an ordered insertion of φj in 

the first column, with a corresponding tally of 1 in the second column. When the 

algorithm has finished its iterative investigation of �¢ , the matrix G will contain the 

identifier of every vector V, along with the number of times it appeared in the trial. 

 Suppose the algorithm finds q different identifiers in �¢ , the QDE, H(m,r), can then 

be calculated as: 

��L, 3 �  � � ¥�,/M�� � L R 1 
&

�� log/ ¥�,/M�� � L R 1  

 

The QDE per symbol is therefore: 

 B�L, 3  �  ��L, 3 /L 

 

 

4.2.4 Parameter Selection 

A parametric study was conducted for each of the entropy measures to select the 

combination of parameters which yielded the highest sensitivity to changes in gait 

dynamics. The resulting parameters selected for each of the five entropy measures is 

summarized in Table 4-2. 

 

 

(4.13)

(4.14)
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TABLE 4-2 - SUMMARY OF PARAMETER SELECTION 

Entropy Measure 

Parameter 

m r 

PE 6 - 

SampEn 3 0.2 

FuzzyEn 5 0.12 

QDE 3 0.19 

QASE 4 0.19 

 

4.2.5 Statistical Analysis 

Detailed statistical analysis of the entropy results of the treadmill data will be conducted 

in order to assess the ability of each of the entropy measures to characterize walking 

dynamics.  A two-way repeated-measure analysis of variance (ANOVA) will be the 

principle statistical tool used to investigate the significances of change in the entropy 

measures [48]. The use of an ANOVA allows for the investigation of the differences 

between the two walking conditions (walk-alone and dual-tasking) as well as the 

differences between the two participant groups (younger and older adults). The results of 

the statistical analysis can be interpreted based on three comparisons made by the 

ANOVA. The first comparison corresponds to the within group factor and describes the 

statistical significance of differences between the two walking conditions (considering 

both participant groups simultaneously). The second comparison corresponds to the 

between group factor, and describes the differences between the two participant groups 

(considering both walking conditions simultaneously). The final comparison describes 
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the differences in effect that the walking condition has on the two participant groups (i.e. 

does dual-tasking impact both participant groups in the same way?). The statistical 

meaning of each comparison will be based on three metrics; the F-statistic, significance 

level (or p-value) and effect size (ηp
2
). 

 The F-statistic arises naturally from the ANOVA and represents the ratio of the 

between-group variability to the within-group variability. This allows one to assess 

whether the variations between the two groups reflect variations that would naturally 

occur from two samples of the same population or whether the variations are meaningful. 

An F-statistic of 1 corresponds to when the between-group variation is equal to the 

within-group variation and means the two groups are likely samples of the same 

population. Increasingly large F-statistics reflect increasingly more meaningful 

differences between the two groups. The presentation of an F-statistic is accompanied by 

two measures of the degrees-of-freedom of the system under consideration; dfb and dfw. 

dfb represents the between-group degrees of freedom and is equal to the number of groups 

minus one. dfw represents the within group degrees of freedom and is equal to the sum of 

one less than the number observations in each group. A sample result of an F-statistic is 

given below: 

 
 
 ��2, 28  �  4.51 

 
Although the F-statistic provides insight about the nature of within group and 

between group variations, it is not easily interpreted. We therefore interpret the meaning 

of the F-statistic based on its corresponding significance level. The significance level, or 

dfb dfw F-statistic 
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p-value, is a common numerical value in statistical hypothesis testing. Formally, it 

corresponds to the probability of incurring a Type I error; when the null-hypothesis is 

incorrectly rejected. In the contexts of the ANOVA described above, the null-hypothesis 

would be that both groups are samples of the same population (there is no statistically 

meaningful difference between the results). Therefore, the significance level, or p-value, 

can be thought of as the probability that the two samples belong to the same population. 

Following this logic, the smaller the p-value, the more significant the different between 

the two groups. Typically, p<0.05 represents the least strict criteria for rejecting the null-

hypothesis, with intervals of p<0.01 and p<0.001 offering increasingly stronger criteria. 

 Although the F-statistic and corresponding significance level provide insight into the 

differences between two groups, they are strongly influenced by sample size. Even a 

small difference between two groups can generate a very small p-value if the sample size 

is sufficiently large. As a result, the effect size (as measured by partial eta-squared, ηp
2
) is 

also presented. The effect size is a measure of the magnitude of the difference between 

two groups. Effect sizes of 0.1 to 0.3 are considered small, 0.3 to 0.5 are considered 

moderate and greater than 0.5 is considered large [49]. By considering the effect size, 

F-statistic and significance level together, we gain good insight into the differences 

between two groups. 

 Although the ANOVA offers valuable insight into the differences between the 

walking conditions and participant groups, it fails to isolate the cause of any differences 

between the participant groups; i.e. is the entropy of the walk-alone condition different 

between participant groups or is the difference between the two groups caused by their 

ability to dual-task. In order to isolate the matter of differences in baseline walking 
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between participant groups, a post-hoc T-test will be conducted. A T-test returns a 

p-value corresponding to the significance level of the difference between the baseline 

walking cases of the two participant groups. 

In addition to testing the statistical significance of differences in the entropy measures 

caused by walking condition and participant group, the test-retest reliability of entropy 

measurements will also be assessed. Test-retest reliability refers to the ability to take 

multiple measurements of the same participant performing the same task over a period of 

time and generate a similar result. Assessment of test-retest reliability will be achieved 

using the intraclass correlation coefficient (ICC). The ICC assesses how similar two 

groups are. Values of the ICC range from 0 to 1 where 0 represents two uncorrelated 

groups and 1 represents perfect correlation [50]. A generally accepted guideline is that 

ICC > 0.6 is required for a measure to be useful [51].  

 

4.3 Results 

Once collection and analysis of the data has occurred, the ability of the different entropy 

measures to characterization gait dynamics can be investigated. Table 4-3 shows the 

mean entropy of the different participant groups for both of the walking conditions 

considered. As seen in the table, permutation entropy appears to react to changes in gait 

dynamics in an opposing manner to the other measures. This is most notable when 

comparing the two walking conditions for the older participant group. The addition of a 

secondary cognitive task leads to a drop in permutation entropy while every other entropy 
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measure increases in the dual-task condition. For a discussion on this phenomenon, 

please consult Section 4.4.1. 

 

TABLE 4-3 - MEAN ENTROPY BY GROUP AND WALKING CONDITION 

Entropy 

Measure 

Younger Adults Older Adults 

Baseline Dual-Task Baseline Dual-Task 

PE 1.22 1.21 1.22 1.18 

SampEn 0.103 0.103 0.112 0.131 

FuzzyEn 0.185 0.185 0.203 0.231 

QDE 1.23 1.23 1.26 1.32 

QASE 0.163 0.162 0.187 0.226 

 

Table 4-3 also demonstrates a difference between the effect of dual-tasking in the 

younger and older participant groups. The entropy of the younger participant group is 

virtually identical between the baseline and dual-tasking cases, whereas the entropy of 

the older participants changes noticeably between the two walking conditions. With the 

exception of PE, the entropy of the baseline walking condition of the two participant 

groups is also quite different; the entropy of the younger group’s baseline walking 

condition is lower than that of the older participant group. Based on the information in 

the table, it would seem that higher entropy (as measured by SampEn, FuzzyEn, QDE 

and QASE) indicates less healthy walking dynamics. If this assertion is true, the results 

show that aging leads to degradation in the health of walking dynamics and older 

participants are more prone to gait impairment caused by cognitive interference (i.e. the 

addition of the secondary cognitive task).  
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 Statistical analysis of the resulting entropy data was conducted and is summarized in 

Table 4-4. The statistical analysis presented in the table tests whether differences noted in 

the entropy of the participant groups and walking conditions are statistically significant. 

For more information on the statistical analysis conducted, consult Section 4.2.5. 

 

TABLE 4-4 – STATISTICAL SENSITIVITY TO WALKING CONDITION AND PARTICIPANT GROUP 

Entropy 

Measure 
Walk Condition 

Group Effect 

(BL and DT) 

Condition/Group 

Interaction 

Group Effect 

(BL only) 

PE 

p<0.001 

F(1,54) = 14.0 

ηp
2
 = 0.205 

p=0.46 

F(1,54) = 0.55 

ηp
2
 = 0.010 

p=0.07 

F(1,54) = 3.47 

ηp
2
 = 0.060 

p=0.90 

SampEn 

p<0.001 

F(1,54) = 40.5 

ηp
2
 = 0.428 

p<0.001 

F(1,54) = 22.2 

ηp
2
 = 0.292 

p<0.001 

F(1,54) = 39.2 

ηp
2
 = 0.421 

p<0.05 

FuzzyEn 

p<0.001 

F(1,54) = 34.9 

ηp
2
 = 0.393 

p<0.001 

F(1,54) = 28.3 

ηp
2
 = 0.344 

p<0.001 

F(1,54) = 37.8 

ηp
2
 = 0.412 

p<0.01 

QDE 

p<0.001 

F(1,54) = 19.8 

ηp
2
 = 0.269 

p<0.001 

F(1,54) = 22.1 

ηp
2
 = 0.290 

p<0.01 

F(1,54) = 11.9 

ηp
2
 = 0.181 

p<0.05 

QASE 

p<0.001 

F(1,54) = 27.3 

ηp
2
 = 0.336 

p<0.001 

F(1,54) = 32.2 

ηp
2
 = 0.374 

p<0.001 

F(1,54) = 30.2 

ηp
2
 = 0.359 

p<0.01 

 

 Table 4-4 shows that permutation entropy is not nearly as sensitive to changes in 

dynamics as the other entropy measures. The only significant difference measured by 

permutation entropy is the difference in walking condition (based on the combined effect 

of both participant groups). The differences caused by changes in both walking condition 
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and participant group in the other entropy measures are all significant (p<0.05) with most 

differences being highly significant (p<0.001). The effect size allows the magnitude of 

changes in the entropy measures to be assessed. Based on the effect size, FuzzyEn, 

followed by SampEn and QASE, seem to show the largest differences between walking 

conditions and participant groups. Although QDE has smaller effect sizes, it still records 

a statistically significant difference in all cases. 

 In order for measurements to be valuable, they must be repeatable. Table 4-5 

summarized the test-retest reliability of the five entropy measures as determined by the 

intraclass correlation coefficient (ICC). The values in the table are based on the two 

separate test sessions performed by the older participant group and reveal that all of the 

entropy measures meet the guideline for sufficiently strong test-retest reliability 

(ICC > 0.6) [50]. 

 

TABLE 4-5 - TEST-RETEST RELIABILITY OF ENTROPY MEASURES 

Entropy Measure 

Intraclass Correlation 

Coefficient 

Baseline Dual-Task 

PE 0.79 0.81 

SampEn 0.60 0.65 

FuzzyEn 0.69 0.62 

QDE 0.71 0.79 

QASE 0.71 0.67 
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4.4 Discussion 

In this chapter, we discussed the case study of using entropy measures to characterize 

bipedal walking gait dynamics. Experimentation was conducted by Dr. Szturm and his 

research team, at the Reh-Fit Center in Winnipeg. Two participant groups consisting of 

young healthy adults in their 3
rd

 decade and older healthy adults in their 7
th

 decade were 

recruited. Each participant was tested in two walking conditions; regular walking and a 

dual-tasking condition which potentially caused impairment of the walking gait by 

introducing a secondary cognitive task.  

Using the analysis methodology laid out in this chapter, the different participant 

groups and walking conditions were compared using the five entropy measures under 

consideration; permutation entropy, sample entropy, fuzzy entropy, quantized dynamical 

entropy and a quantized approximation of sample entropy. Permutation entropy was the 

only entropy measure that wasn’t able to adequately distinguish between the walking 

conditions and participant groups. The other entropy measures demonstrate a statistically 

significant difference between the younger and older participant groups. The younger 

participant group was not impaired by the addition of the secondary cognitive task. The 

older participant group, however, experienced higher entropy gait dynamics in the dual-

tasking condition. Furthermore, the baseline walking gait of the older participant group 

had higher entropy than the baseline walking gait of the younger participant group. These 

observations support the notion that lower entropy walking is healthier than higher 

entropy walking, although further investigation is needed to confirm this observation. 
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Not only were the differences measured by permutation entropy less statistically 

significant, but changes in permutation entropy were negatively correlated with changes 

in the other entropy measures. A discussion of this phenomenon is presented in Section 

4.4.1. Following this is a discussion on sources of error in the experimental set up and 

analysis methodology, which can be found in Section 4.4.2. 

4.4.1 Negative Correlation of Permutation Entropy 

One of the more puzzling results from the analysis of gait patterns was the tendency of 

permutation entropy to experience changes that were opposite to the other entropy 

measures. To further examine this trend, portions of two participant’s gaits are shown in 

Figure 4-9. In this figure, the medial-lateral center of pressure signal of gaits with high 

permutation entropy and low permutation entropy are compared.  

 

 

FIGURE 4-9 - COMPARISON OF HIGH PE AND LOW PE GAITS 

 

PE =1.23 

SampEn = 0.078 

Step Time = 28.3 samples 

PE =1.05 

SampEn = 0.145 

Step Time = 19.5 samples 
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The high permutation entropy gait (shown on the left of Figure 4-9) exhibits a very 

different behaviour during the single support phases than the low permutation entropy 

gait (on the right). The single support phase of the high permutation entropy gait contains 

a large number of small fluctuations, which may be associated with subtle adjustments of 

the balance of the individual. The low permutation entropy gait, however, contains 

coarser balance adjustments. If we consider the permutation types generated in these two 

different single support phases, we find that the subtle balance adjustments generate more 

permutation types than the coarse balance adjustments. As a result, fine balance 

adjustments during the single support phase lead to higher permutation entropy. 

If we consider the SampEn (or any of the other entropy measures) of these two gait 

patterns, the single support phases will have the opposite effect on the resulting entropy. 

Fine balance adjustments lead to more matching vectors in the calculation of SampEn, 

while coarse balance adjustments lead to fewer vector matches. Therefore, the manner in 

which permutation entropy responds to different balance adjustments during the single 

support phase may explain the negative correlation between permutation entropy and the 

other entropy measures. 

While the nature of balance adjustments during the single support appears to be a 

plausible explanation for the negative correlation between permutation entropy and the 

other entropy measures, differences in step period may also be a contributing factor.  As 

seen in Figure 4-9, the high PE gait pattern has a significantly longer step period than the 

low PE gait pattern. Therefore, an alternative explanation is that the differences in the 

single support phases of the two gaits is not due to differences in nature of balance 

adjustments, but rather the number of samples. Increasing the number of samples during 



4.44.44.44.4 Discussion  83 

 

 

the single support phase could allow for different time scales of balance adjustments to be 

captured. Additional samples during the single support phase may also more clearly 

highlight the effects of noise. While step period may contribute to differences in entropy 

measures, a nonlinear correlation coefficient of only -0.23 was calculated between 

permutation entropy and step period, meaning it is not the only factor which impacts 

variations in permutation entropy. 

The negative correlation of permutation entropy and the other entropy measures is 

likely the result of a multitude of different effects, including the nature of balance 

adjustments and step period. This phenomenon emphasizes the need for further research 

into the effects of spatial-temporal gait variables on entropy measurements and into the 

physical meaning of entropy variations as they pertain to walking gait dynamics. 

4.4.2 Sources of Error 

Although favourable results were generated for four of the entropy measures considered, 

there were a number of sources of error in the experimental and analysis methodologies 

which negatively impacted the results. Efforts to reduce these sources of error could 

further improve the quality of the results and allow for more robust characterization of 

gait dynamics.  

 For the experimental methodology used in this study, the pressure mat represented the 

largest source of error. The pressure mat does not take an instantaneous snapshot of each 

of its 512 sensors, but instead, progressively scans and records their measurements 

individually. As a result, measurements of different pressure sensors within the same 

sample actually reflect the state of pressure at slightly different instances of time. 
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Differences in the state of the pressure field in-between measurements of the various 

pressure sensors will result in an inaccurate pressure field measurement. The rate at 

which the pressure mat was sampled throughout each participant trial was dictated by the 

hard drive write speed. As a result, variations in the computational state of the measuring 

computer led to inter-trial and intra-trial inconsistencies in sampling rate. Based on the 

recorded time of the individual pressure mat samples, sampling frequencies varied 

approximately ±3Hz from the intended sampling frequency of 30Hz. As discussed in 

Section 3.3, sampling frequency plays an important role in entropy calculations, making 

these fluctuations an important source of error.  

 Other sources of error in the experimental methodology are related the nature of using 

human participants. Human walking does not represent a perfectly stationary dynamical 

system. As a result, fluctuations of the participant’s gait dynamics throughout the trial 

(including a potential fatigue effect) could adversely impact the results. Test-retest 

reliability of the dual-tasking condition may have been adversely impacted by participant 

learning. Furthermore, the impact of each participant’s natural gait rhythm, as described 

by their step period and step length, on entropy measurements is not known. It is possible 

that the rhythm of an individual’s walking gait partially determines the entropy measured, 

which would hide entropy variations caused by differences in the health of the underlying 

gait dynamics.  

 Error was also incurred during the analysis of the resulting experimental data. 

Re-sampling of the stride segments during temporal normalization may have introduced 

unintended artifacts into the data. Furthermore, imperfections in the stride segmentation 

algorithm may have led to misrepresentation of the true participant strides in the trial. 



 

 

Chapter 5 

Concluding Remarks 

A variety of different entropy measures have been developed to quantify the complexity 

of deterministic dynamical systems. In this thesis, a computationally efficient method for 

classifying and comparing dynamical features in a time series was introduced. Based on 

this method, two novel entropy measures were developed; quantized dynamical entropy 

and a quantized approximation of sample entropy. The performance characteristics of 

these two new entropy measures were studied in parallel with three existing measures; 

permutation entropy, sample entropy and fuzzy entropy. This assessment included 

discussions on computational efficiency, sampling frequency effects, reliability as an 

indicator of chaotic dynamics and robustness to observational noise. The entropy 

measures were then used to characterize bipedal walking gait dynamics. In this chapter 

we summarize the performance characteristics of the different entropy measures, assess 

the viability of using entropy measures to characterize walking gait dynamics and discuss 

future work. 
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5.1 Performance of Entropy Measures 

An in depth analysis of the features and performance of five entropy measures (three 

existing; permutation entropy, sample entropy and fuzzy entropy, and two novel; 

quantized dynamical entropy and a quantized approximation of sample entropy) was 

presented in Chapter 3. The key results from that analysis, in addition to the performance 

of the entropy measures in characterizing walking gait dynamics (from Chapter 4) are 

presented in Table 5-1. Colour coding of the results helps identify poor performance (red) 

and good performance (green). 

 

TABLE 5-1 - SUMMARY OF ENTROPY MEASURES’ PERFORMANCE 

Entropy 

Measure 

Lyapunov 

Exponents 

Robustness 

to Noise 

Computation 

Time 

Walk 

Condition 

Group 

Effect  

Nonlinear 

Correlation 

Linear 

Correlation 
Seconds 

Effect Size 

(ηp
2
) 

Sig. 

PE 0.980 0.848 0.57 0.324 0.86 

SampEn 0.977 0.998 4.82 0.428 0.028 

FuzzyEn 0.983 0.980 6.61 0.393 0.004 

QDE 0.986 0.957 0.09 0.269 0.014 

QASE 0.944 0.983 0.18 0.336 0.007 

 

 Permutation entropy had the worst overall performance of the considered entropy 

measures. Although PE had the highest computational efficiency of the existing 

measures, it was the only measure unable to distinguish between the baseline walking 

cases of the participant groups in the study of gait analysis. PE suffers from systemic 
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instabilities for negative Lyapunov exponents in the Logistic Map and loses the ability to 

make meaningful comparisons between dynamic states in the presence of observational 

noise. 

 Sample entropy and fuzzy entropy provide a strong indication of chaotic dynamics, 

good robustness to noise and are very sensitive to changes in walking gait dynamics. 

Based on these properties, it is not surprising that sample entropy is used as widely as it 

is. The biggest disadvantage of these two methods is their computational efficiency. Even 

for a modest data length of 5000 samples, the computation times for SampEn and 

FuzzyEn are considerably longer than that of PE. The SampEn and FuzzyEn algorithm 

also suffer from quadratic computational scaling factors, which further reduce their 

computational efficiency for longer data series. 

 The two developed methods, quantized dynamical entropy (QDE) and the quantized 

approximation of sample entropy (QASE) decisively achieve their objective of improved 

computational efficiency. Not only do their computation times scale linearly with data 

length, but QDE computes in less than 2% of the time that SampEn does for a data length 

of 5000 samples. QDE and QASE both exhibit reasonably good robustness to 

observational noise and were both sensitive to changes in walking gait dynamics 

(although to a lesser extent than SampEn and FuzzyEn). QDE also appears to reliably 

indicate chaotic dynamics. In circumstances where computational efficiency is vital, both 

QDE and QASE could serve as an alternative to existing methods for the quantification 

of complexity in deterministic dynamical systems. 
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5.2 Viability of Entropy for Gait Analysis 

Based on the case study performed in Chapter 4, entropy measures appear to be a viable 

candidate for the characterization of walking gait dynamics. Four of the measures 

considered (SampEn, FuzzyEn, QDE and QASE) were able to detect differences in 

walking conditions between regular walking and the dual-tasking condition, as well as 

differences in regular walking gaits between younger and older participants. Furthermore, 

all five entropy measures demonstrated sufficiently strong test-retest reliability. 

 While a statistically significant difference could be detected using groups of 30 

participants, entropy measures are still not at a state where the gait of a single participant 

can be measured and the health of their walking gait can be assessed on a universal and 

robust scale. The development of a universal and robust measure of walking gait health 

and stability would provide substantial benefits to rehabilitation patients and fall-prone 

elderly individuals.  

5.3 Future Work 

Both of the developed entropy measures (QDE and QASE) would benefit from further 

analysis. Quantized dynamical entropy represents an approximation of an underlying 

invariant property of dynamical systems. Defining this invariant property for an Ergodic 

system and proving its invariance to initial conditions would offer stronger support for its 

merit as a dynamical measure. Further study on the effects of false positives and false 

negatives on the calculation of QASE could help to improve its accuracy as an 
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approximation of SampEn. Furthermore, an in-depth parametric study of QDE and QASE 

would allow for the development of guidelines for parameter selection. 

Further research is needed to improve experimentation and analysis methodologies in 

characterizing bipedal walking gait dynamics using entropy measures. Future work is to 

include further testing the sensitivity of entropy measures to changes in gait dynamics by 

studying additional demographics and walking conditions. Identifying and removing the 

impact that conventional spatiotemporal gait variables (single-support time, swing time, 

step time, and step width) have on entropy measures could allow for entropy measures to 

more directly relate to the health and stability of walking gait dynamics. Using 

metronome-paced walking could allow for isolation and deliberate variation of 

spatiotemporal gait variables like step period and step length. Insights into the physical 

meaning of entropy variations as they pertain to gait dynamics would be very valuable for 

both the characterization of walking gait health and stability, as well as developing a 

fundamental understanding of the physical meaning of complexity. 
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Appendix A 

Detailed Sample Calculations of Entropy 

Measures 

In this appendix, detailed sample calculations are presented for two of the considered 

entropy; sample entropy and quantized dynamical entropy. Due to the difficulty of 

performing hand calculations of entropy for most time series, the very simple case of a 

time series which has converged to a stable 4-cycle occurring at a=3.5 in the logistic map 

is considered [52]. Recall that the logistic map is defined as: 

)�5 � <)��1 � )�  

 

With a=3.5, a time series which has converged to a stable 4-cycle will consist of four 

repeating values: 

 

 E�A  �  l0.827, 0.501, 0.875, 0.383, 0.827, 0.501, 0.875, 0.383, … m 

 

Note that values have been rounded to three decimal places to reduce clutter. 
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SampEn Calculation 

Consider a time series given by X(t) of length N. First, we create two N x N symmetrical 

matrices, F
 m

 and F
 m+1

 to describe the occurrences of two vectors ��2and �[2 being 

separated by a Chebyshev distance less than r. Recall the Chebyshev distance given by 

equation 4.3: 

YZ��2 , �[2\ �  max&�,/,…,2V����' � �[�' �^ 

 

Recalling equation 4.4, we populate the matrix F
 m

 such that: 

��,[2 � �[,�2 � 1 �; YZ��2 , �[2\ - 3 <�Y � � W  
��,[2 � �[,�2 � 0 �; YZ��2 , �[2\ � 3 :3 � � W  

 

For this example, we consider calculating SampEn(3, 0.1). We start by writing the 

vectors ��¬ for 1 ≤ i ≤ 6: 

�¬  �  r0.827, 0.501, 0.875s 
�/¬  �  r0.501, 0.875, 0.383s 
�¬¬  �  r0.875, 0.383, 0.827s 
�¬  �  r0.383, 0.827, 0.501s 
�®¬  �  r0.827, 0.501, 0.875s 
�̄¬  �  r0.501, 0.875, 0.383s 
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From the vectors ��¬ we can see that the same 4 vectors will continue to repeat 

throughout the entire time series. Let’s compare the vector �¬ with the other 5 vectors 

using the Chebyshev distance: 

Yr�¬, �/¬s �  max&�,/,¬�|��' � �/�' | � |0.875 � 0.383| � 0.492 + 0.1 

Yr�¬, �¬¬s �  max&�,/,¬�|��' � �¬�' | � |0.501 � 0.383| � 0.118 + 0.1 

Yr�¬, �¬s �  max&�,/,¬�|��' � ��' | � |0.827 � 0.383| � 0.444 + 0.1 

Yr�¬, �®¬s �  max&�,/,¬�|��' � �®�' | � |0.827 � 0.827| � 0 - 0.1 

Yr�¬, �̄¬s �  max&�,/,¬�|��' � �̄ �' | � |0.875 � 0.383| � 0.492 + 0.1 

 

 From the Chebyshev distances presented above, we can see that only ��¬, �®¬  is 

considered to match. By realizing that the same 4 vectors are repeated, we notice that a 

vector ��¬ will match all vectors ��5b¬  where: 

c �  ± 

c � 0 

 1 ] � R 4c ] M � 3 

Where ± represents the set of integers. Based on this observation, we populate the 

matrix F
 3

 as follows: 

�¬  �  
677
778
0 00 0 0 00 0 1 00 10 00 0 0 00 0 0 00 01 00 1 0 00 0 0 00 0

o
  ² HII

IIJ 
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Next, we consider vectors �� for 1 ≤ i ≤ 6: 

�  �  r0.827, 0.501, 0.875, 0.383s 
�/  �  r0.501, 0.875, 0.383, 0.827s 
�¬  �  r0.875, 0.383, 0.827, 0.501s 
�  �  r0.383, 0.827, 0.501, 0.875s 
�®  �  r0.827, 0.501, 0.875, 0.383s 
�̄  �  r0.501, 0.875, 0.383, 0.827s 

  
As before, we notice that the �� vectors repeat in groups of 4. We once again notice 

that a vector �� will match all vectors ��5b  where �  ± , c � 0 , 1 ] � R 4c ] M � 3. 

The matrix F
4
 is therefore populated as follows: 

�  �  
677
778
0 00 0 0 00 0 1 00 10 00 0 0 00 0 0 00 01 00 1 0 00 0 0 00 0

o
  ² HII

IIJ 
We can then calculate the SampEn by making a minor adjustment to equations 4.5-

4.7 to get the following: 

��L, 3 � �M � L � � � �M � L � 1 ���,[25�3 f�2
[�

f�2
��  

e�L, 3 � �M � L � � � �M � L � 1 ���,[2�3 f�2
[�

f�2
��  

g<L�K��L, 3 �  � ln h��L, 3 e�L, 3 i 



Appendix A  101 

 

 

First, we calculate B(3,0.1): 

e�3,0.1 � �M � 3 � � ��M � 4 ���,[¬f�¬
[�

f�¬
��  

 

Due to the fact that the vectors repeat in groups of 4, we notice that: 

��M � 4 ���,[¬f�¬
[� � M � 34 � 1M � 4 � M � 74M � 16 

 

 

This expression holds for all i iff �M � 3  is a multiple of 4. Therefore, assuming 

�M � 3  is a multiple of 4: 

e�3,0.1  � M � 74M � 16  
  

By the same logic, we find that: 

��3,0.1  � M � 74M � 16  
 

Therefore: 

g<L�K��3,0.1 � � ln h��3,0.1 e�3,0.1 i �  � ln ´ M � 74M � 16M � 74M � 16µ �  � ln�1  � 0 

 

  



Appendix A  102 

 

 

QDE Calculation 

Once again, we consider the time series given by X(t) of length N. For this sample 

calculation, we will consider the calculation of QDE(3,0.1). We start by compiling each 

of the N-2 vectors of length 3 into a matrix W (recall equation 4.10): 

 

� �  
677
777
80.827 0.501 0.8750.501 0.875 0.3830.875 0.383 0.8270.383 0.827 0.5010.827 0.501 0.8750.501 0.875 0.383  HII

III
J
 

  

The matrix W is then quantized to generate a new matrix �¢  using the quantization 

coarseness parameter, r. Recall equation 4.11: 

�¢ �  £� �  L���� 3 ¤ 

 

Considering the 1
st
 entry in W: 

�¢, �  £�, �  L���� 3 ¤ � y0.827 �  0.3830.1 { � |4.44~ � 4 

 

Therefore: 

�¢ �  
677
777
84 1 41 4 04 0 40 4 14 1 41 4 0  HII

III
J
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The maximum value in the quantized matrix �¢  is denoted as h. In this case, h = 4. 

The algorithm next iteratively looks at each individual row of �¢ . Each one of the (N-2) 

row vectors in �¢  is given a unique identifier, φj, based on h (recall equation 4.12): 

�[ �  � �[��  4��¬
��  

0 ] �[ ] �4 ¬ � 1 

The first row vector in �¢  would therefore be assigned the identifier: 

� � � ���  4��¬
�� � 4�4�  R  1�4 R  4�4/ � 4 R 4 R 64 � 72 

Following the same procedure for each row, we can create a column vector Y which 

contains the identifiers of �¢ : 

¶ �
677
777
8721768327217  HII

III
J

 

Next, we populate a new matrix G. The matrix G records each identifier, φj, found in 

Y in its first column and keeps a tally of the number of occurrences of each φj in the 

second column. Assuming N-2 is a multiple of 4: 

¥ �  
677
777
7817 M � 2432 M � 2468 M � 2472 M � 24 HII

III
IJ
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Recall equation 4.13: 

��L, 3 �  � � ¥�,/�M � L R 1 
&

�� log/ ¥�,/�M � L R 1  

 

Since we encountered q=4 identifiers in the time series: 

 

��3,0.1 �  � � ¥�,/�M � 2 
�� log/ ¥�,/�M � 2  

 

 

We can see that: 

��3,0.1 �  �4 · M � 24�M � 2 log/
M � 24�M � 2 ¸ 

 ��3,0.1 �  � log/ 14  �  2 

 

The QDE per symbol is therefore: 

 B�L, 3  �  ��L, 3 /L 

 B�3,0.1  �  ��3,0.1 3  �  23 

 

 

 


