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GLOSSARY

. STA Antiferromagnetic spin model with continuous symmetry defined on a

stacked triangular (simple hexagonal) lattice. This model is geometrically frus-

trated.

o STAR STA model with an additional constraint that the vector sum of the

spins on disconnected plaquettes is rigidly set to zero.

o XY model Classical model for vectors with O(2) symmetry where spin degrees

of freedom are constrained to lie in the plane.

o Ising model Discrete model of one dimensional vectors. Spin 1/2 model has

22 symmetry.

o O(n) symmetry Symmetry exhibited by vectors on the surface of the unit

sphere in n dimensions. Physical realizations include the vectors of the Heisen-

berg model O(3) and the vectors of the XY model O(2).

o NLø Non-linear sigma model: perturbative renormalization group approach to

O(n) model in d :2 * e dimensions involving a low temperature expansion.

o LGW Landau-Ginzburg-Wilson coarse grained Hamiltonian in terms of contin-

uous spin variables.

o KT transition Kosterlitz-Thouless vortex unbinding phase transition in2d XY
spin model from a phase lvith non-zero rigidity (spin stiffness) characterized by



power law decaying correlations to the phase with zero rigidity and exponentially

decaying correlations.

o 22 Discrete group symmetry consisting of only two elements.

¡ homotopy Explicit construction of a continuous deformation between two ho-

motopic mappings. Specifying the order parameter along a contour in real space

(lattice) determines a mapping of that contour into the order parameter space.

Two such mappings are homotopic if they can be continuously changed from

one to the other.

o homotopy group Defects are in the same homotopy class if all contours enclos-

ing them are homotopic, i.e. can be continuously changed from one to another.

The group associated with a particular homotopy ciass and used to classifu

different types of defects is called a homotopy group.

o order parameter space V The space consisting of alt possible realizations of

an order parameter

o Sn-r describes the order parameter space of models with o(n) symmetry. In

the o(2) case it is a unit circle 51 and in the o(3) case it is a unit sphere ,92.

o FSS Finite size scaling theory.

RG Renormalization group is a transformation involving a coarse

the degrees of freedom preserving the important symmetries of the

NPRG Non perturbative renormalization group approach based on

of block spins.

graining of

problem.

the concept
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n-vector model The model in which the order parameter is an n dimensional

vector.

universality class Systems whose properties at a second order phase transition

are controlled by the same renormalization group fixed point are in the same

universality class. The universality class is typically determined by the spatial

dimension, the symmetry of the order parameter and the range of the interaction

potential.

o SO(3) Special orthogonal group of rotations in 3d.

o Ps(SO(3)) Order parameter space of the order parameter with SO(3) symmetry.

It represents a unit sphere with the two antipodal points identified.
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ABSTRACT

The role of topological excitations in frustrated Heisenberg antiferromagnets be-

tween two and three spatial dimensions is studied as well as the controversial issue of

the order of the phase transition of Heisenberg and XY frustrated antiferromagnets

in 3d. The antiferromagnetic Heisenberg model on a stacked triangular geometry with

a finite number of layers is studied using Monte Carlo methods. The symmetry of

the ordered phase of this model admits the existence of the same type of topologi-

cal defect as in the superfluid B phase of He3. A phase transition which is purely

topological in nature occurs at finite temperature for all film thicknesses. The results

indicate that topological excitations are important for a compÌete understanding of

the critical properties of the model between two and and three dimensions. The rigid-

ity properties of the stacked triangular Heisenberg antiferromagnet are studied in 3d

using both a heat bath and a broad histogram Monte Carlo method. The results are

consistent with a continuous transition and a direct estimate of the correlation length

critical exponent z f¡om the spin stiffness yields the value u :0.59 in agreement with

a newly proposed 'chiral' universality class. A generalized model for the XY antifer-

romagnet is introduced and studied in 3d using heat bath Monte Carlo methods. The

model can be continuously tuned from a region of first order transitions to the usual

XY model without changing its symmetry properties. The results unambiguously

show that the phase transition in XY frustrated antiferromagnets in 3d is weakly

first order. Further rvork is needed in 3d to clarify the order of the transition in the

Heisenberg case and the role played by topological excitations.



Chapter 1

INTRODUCTION AND OVERVIE\ry

7.7 Flustrated Magnets

Magnetic systems exhibit various types of ordering depending upon the temperature

7 and external magnetic field fl. The ordered state at low temperatures is usually

described in terms of an order parameter. In systems which favour parallel align-

ment (ferromagnetic) of the magnetic moments, or spins, the ordered state can

be described in terms of a vector which is fixed in direction and whose magnitude

varies with temperature. This vector is the total magnetization of the system. Other

systems have no net magnetization but are ordered such that neighbouring spins are

anti-parallel (anti-ferromagnetic). Here again some direction in spin space is se-

lected in the ordered phase and the order parameter is one of the two sub-lattice

magnetization vectors that are anti-parallel. In general, the interactions between

spins are not completely isotropic and the anisotropies can favour either preferred

crystalline axes or planes. Thus in general, the order parameter is a vector with

a variable number of components rz. Three simple models used to describe ferro-

magnetic systems are the Ising model(n :1), the planar or XY model(n : 2) and

the Heisenberg model(n : 3). The order parameter i,s an n-component uector and

the criticaÌ behaviour of these systems can be classified into unive¡sality classes[64]

according to the value of n and the spatial dimension d. This is the O(n) model.

Ho'wever, the behaviour of antiferromagnetic models can also depend upon the

detailed lattice geometry. An example of a lattice which does not accomodate both



ferromagnetic and anti-ferromagnetic ordering is the triangular lattice in d: 2. The

three spins on each elementary triangle can all be parallel but they cannot all be

anti-parallel and the system is said to be frustrated. The spin I Islng model (n : i)
is completely frustrated and has a non-zero entropy at zero temperature whereas both

the XY (n:2) and the Heisenberg (n : 3) models have a unique, but non-collinear,

ground state. This non-collinear ground state has the three spins oriented in a plane

at an angle of 1200 to one another and requires rnore than one uector to describe

it. Thus frustration can change the symmetry of the order parameter and hence the

nature of the phase transition.

The low energy excitations in the low temperature ordered phases of these systems

correspond to long wavelength deformations, or twists, of the order parameter in spin

space. Such twists cost energy and the ordered phase exhibits a stiffness to their

excitation in much the same way that an elastic solid resists deformations. As the

temperature increases, the stiffness can disappear and the system disorders. If the

spatial dimension d is lo'çv enough, then these excitations can in fact destroy the

ordered phase at all finite temperatures.

In addition to these long wavelength deformations, the ordered system can also

have other types of excitations. These excitations are defects which can take the

form of points, lines or walls. The form depends upon the symmetry of the order

parameter. For example, in the Ising model(n: 1) , the order parameter is a scalar.

There is only a discrete symmetry and continuous deformations do not exist. The low

energy excitations are domain walls separating regions of opposite spin orientations.

The free energ"y cost associated rvith these defects can vanish as the temperature

increases due to the competition between energ-y and entropy and the ordered phase

rvill be destroyed. The d : 2 ferromagnetic XY model (n : 2) is another example

where defects destroy order. In this latter case the defects are vortex excitations

which exist as bound pairs at low temperatures but unbind at a'well defined critical

temperature referred to as the Kosterlitz-Thouless transition. The low temperature



phase does not have a non-zero magnetization but the spin-spin correlations decay

algebraically in this phase. In the high temperature phase they decay exponentially.

There is a stiffness against free vortex excitations at low temperatures which vanishes

in the high tempe¡ature phase and the phase transition corresponds to a melting of

defects.

It is of great importance in condensed matter theory/ statistical mechanics to

clarify the role of topological defects on the thermodynamic behaviour of frustrated

magnetic systems. This is a very difficult problem from the theoretical viewpoint due

to (i) the intrinsic nonlinearity of the problem even in the absence of defects and also

(ii) the non-separable nature of the defect/spin wave interactions. For this reason,

renormalization group treatments of the Landau-Ginzburg-Wilson (LGW) model near

d, : 4 and the nonlinear sigma model (NLa) near d : 2 have generally neglected

the contributions from topological defects. The primary aim of this research is to

understand the role of such excitations in frustrated magnets. The results could also

have important implications for superfluids, type II superconductors and smectic-A

liquid crystals.

7.2 Recent SúudÍes in d,:2

The classical Heisenberg model on the two dimensional triangular lattice with an-

tiferromagnetic nearest neighbour coupling is the simplest model of a geometrically

frustrated system with a noncollinear order parameter. Kawamura and Nfiyashita[l, ?]

have studied the possibility of a Kosterlitz-Thouless[29, 30] type of transition in this

system using Monte Carlo methods and obtained evidence for a finite temperature

transition driven by the dissociation of vortices. However, a transition at finite tem-

perature is considered by many to be unlikely for the Heisenberg model in two di
mensions. Dombre and Read[21] mapped the continuum version of the model onto

a non-linear sigma model (NLø) and Azaria et. al.[31, 32, 7) used renorma]ization



group (RG) techniques to study the correlation length and effective long-wavelength

spin stiffness of this NLø at low temperatures. Their results were consistent with a

phase transition ãt T" :0 with an enlarged SO(3) symmetry. Indeed, Monte Carlo

simulations by Southern and Young[34] of the spin stiffness seemed to provide partial

support for this picture. In subsequent work, Southern and Xu[2] calculated the rigid-

ity of the isotropic system against the formation of free vortices at low temperatures.

The vorticity stiffness was found to be finite at low ? and disappeared abruptly near

T : 0.3LJ. This behaviour is consistent with a possible Kosterlitz-Thouless defect

unbinding transition. It appears that the stiffness and vorticity behave quite differ-

ently in the isotropic model. The stiffness is zero on long length scales indicating that

the two-spin correlations decay exponentially at all finite ?. However, the vorticity

indicates that an unbinding of topological defects occurs at a finite ?".

In order to further clarify the role of defects in this system, Stephan and South-

ern [3] studied the classical Heisenberg model with an easy axis exchange anisotropy.

This model has a nontrivial degeneracy due to frustration. At zero temperature the

spins lie in a plane which contains the easy z-axß. In addition to the 51 degeneracy

related to the rotation of this plane about the z-axis, there is also a non-trivial ,S1

degeneracy of the ground state related to rotations of the spins within the plane. The

planar spin configuration distorts as it is rotated about an axis normal to the plane

but the energ"y remains constant. The Monte Ca¡lo results displayed strong evidence

for the occurence of two distinct Kosterlitz-Thouless types of defect-mediated phase

transitions in this model. The rigidity of the system against both spin wave deforma-

tions and the formation of free vortices at low temperatures for several values of the

easy axis anisotropy was calculated. In each case a universal value of the stiffness or

vorticity modulus, pcfTc: u./7":21¡r, was found. In addition, the spin correlation

length exponent had the universal value 4 :114. These are the same values that

are predicted by the Kosterlitz-Thouless theor-v for defect unbinding transitions in

two dimensions. It lvas found that the spin stiffnesses and the corresponding vor-



5

ticity moduli behaved identically for the easy axis case. In contrast, at the isotropic

Heisenberg limit, the spin stiffness vanishes at large length scales whereas the vorticity

moduli are non-zero at low T and vanish abruptly at a finite temperature.

Previous work on the XY model [35] also indicated that the vorticity and stiffness

behave identically in the case where the transition is of the Kosterlitz-Thouless type.

The frustraled XY model displays two closely spaced transitions with the upper

transition involving chiral degrees of freedom and the lower one involving vortices.

Recent work by Capriotti et. al. [36] has also found similar behaviour in the easy

plane exchange anisotropy case. The structure of the phase diagram suggests that

the Heisenberg point is a multicritical point where possibly four phase transition lines

meet.[4] The behaviour of these transition lines as the Heisenberg point is approached

from both sides strongly suggests that there is a finite temperature phase transition

in the Heisenberg model . Since the spin stiffness is zero at large length scales for

all finite temperatures in this limit, the spin correlations decay exponentially. Thus

the transition would be quite different from the KT transition where spin correlations

acquire a po\.ver law decay with a temperature dependent exponent. The transition

at the Heisenberg point would be purely topological in character. Further theoretical

investigations of this possibility are desirable as well as of the more general question

about the role that topological defects play in the chiral and spin ordering of three

dimensional frustrated systems.

7.3 Overview of thesis

At the present time there is a great deal of debate about the critical properties of

three dimensional systems with noncollinear order.[12, 16] These systems[38] can be

of the stacked triangular type lvhere short range antiferromagnetic couplings lead to

frustration or of the rare earth type where long ranged oscillating interactions lead

to spiral orderings. In both cases, the order is also accompanied by the appearance



of a chiral degree of freedom. These systems have been studied both experimentaJly

as well as theoretically. Experiments are consistent with a second order transition

belonging to a new chiral universality class. Some Monte Carlo calculations support

this view but others favour a first order transition. Field theoretical methods also

seem to be in disagreement. Low o¡der perturbative schemes[13] predict a fi¡st order

transition in three dimensions for both Ihe XY and Heisenberg models. However,

recent calculations to higher order[53] find a stable chiral fixed point with exponents

close to those found experimentally and in the Monte Carlo simulations.

In the present work a study of frustrated magnets is carried out using Monte Carlo

simulation methods to investigate the role of topological defects in frustrated magnetic

models and related systems. Attention is focused on the spin stiffness whose scaling

behaviour will yield the correlation exponent z directly whereas other thermodynamic

response functions yield ratios of exponents to y.

The organization of the thesis is as follows. A brief review of some of the important

ideas of statistical mechanics and phase transitions are given in Chapter 2. The roles

of symmetry and defects on the critical properties of simple models are described.

Response functions, such as stiffness and vorticity, which measure the rigidiiy of a

system to defect structures are also introduced. Chapter 3 describes the numerical

methods used in our studies. The methods of analysis using finite size scaling tech-

niques are also described. Frustrated models and the effects of both geometry and

dimension are described in Chapter 4. The role that symmetries play in determining

the nature of excitations is also discussed. The results of both experimental and vari-

ous theoretical investigations are described and summarized. In Chapter 5, the results

ofa study ofthe crossover from d:2to d:3 are presented. The role pìayed by

topological excitations are investigated as the number oflayers of a stacked triangular

geometry is increased. Chapter 6 describes the results of a study of a the 3d stacked

triangular geometry. The spin stiffness is calculated using two different Monte Carlo

techniques. Chapter 7 presents results for an XY model with an additional constraint
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which allows us to tune the system continuously from a first orde¡ to second order

transition. A summary and possible future directions are given in Chapter g.
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Chapter 2

PHASE TRANSITIONS, DEFECTS AND RIGIDITY

In this chapter we give a general overview of some of the elementary concepts of

statistical mechanics, critical phenomena and the role played by defects.

R,eview of statistical rnechanícs

Statistical mechanics establishes a connection between a macroscopic description of

the thermodynamic properties of a system, usually expressed in terms of thermody-

namic potentials, and the microscopic properties which are described by a Hamil-

tonian. There are various approaches to establishing this connection which involve

different distributions at fixed energy, temperature or chemical potential. A conve-

nient distribution is the canonical, or Boltzmann, distribution which is characterized

by a fixed value of the temperature 7. The Boltzmann distribution law states that

the probability of the occurence of individual microscopic states with enerry E in
contact with a heat reservoir at a given temperature ? is proportional to e-þ8, where

þ :7lkBT, and /c¡ is the Boltzmann constant. A microscopic state of a system

consisting of a large number of particles (1023 - 102a) can be described as point in an

abstract space called a phase space. For a magnetic system this description involves

all degrees of freedom of all magnetic moments (spins) making up a system. The state

(point in phase space) ¿ with energy E¿ has a probability

¿-ÊE;Ð.-t2 
- \-. o-þE;

¿JX v

(2.1)



where fl is normalized such that Ð¿P¿:1. The denominator above is called the

partition function of the system and is expressed as

z(T):le-Êe'
¿

where the sum runs over all possible microstates of the system (all possible points in

phase space). Calculating ZQ) is the central problem of statistical mechanics.

The thermodynamic potential corresponding to the canonical ensemble is the

Helmholtz free energy

F: E _TS (2.3)

where E is the internal energ'y and ^9 is the entropy. F is related to the partition

function as follows

F: -lceTlnZ. (2.4)

This connection of the partition function Z and the thermodynamic potential ,F

allows all macroscopic thermodynamic quantities to be expressed as derivatives of Z.

Various responses of the system to external influences such as changes in temperature

or magnetic field can be calculated ftom Z. The internal energy and the specific heat

Cy are expressed in te¡ms of the partition function as follows

(2.2)

(2.5)

(2.6)

E : -ftO" tl
cv : -k"p'ffi ú: k"fr'#Qnz) ly .

The magnetization M¡ in the direction of an applied field h and the magnetic suscep-

tibility ¡ are given by

M¡ : )fio"rl ø

x : ff ø:i#Qnz)t,.
In addition to these weìl known response functions, we will also consider the response

of the system due to a deformation of the order parameter which is characterized
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by a twist angle O.

derivative of the free

tends to zero.

p-

This response function

ticity will be discussed

This is the spin stiffness p and it can be obtained as a second

energy with respect to the twist angle O in the limit when O

l"=o (2.7)

function called the vor-

æF. tlazz t/az\21
¿6a to=o: - pr 

Luæ 
- Z \æ) l

and another closely related response

in more detail later in this chapter.

2.2 Spontaneous syrnmetry breakÍng

A model system possesses a symmetry if the Hamiltonian describing that system is

invariant under a set of transformations that form a symmetry group. This symmetry

group can be discrete or continuous. Discrete symmetry groups have a countable

number of elements. The spin Il2 Ising model is an example of a system with a

discrete symmetry described the by two element group 22. The continuous groups

have an uncountable continuum of elements. An example of such a group is the

orthogonal group of rotations O(n), where n : 2 is the symmetry group of. the XY
spin model and n : 3 is the group of the Heisenberg model Hamiltonian. These

models possess a global symmetry, i.e., the systems are invariant under a uniform

rotation applied globally to the entire system.

The majority of reaì physical systems with many-body interactions tend to have

a lor,vest energy state that does not have the same symmetry properties of space or,

in the case of Hamiltonian systems, of the Hamiltonian describing their interactions

[18]. There are a vast variety of ordered and disordered systems in nature. Disorde¡ed

states are entropy-dominated and usually have the same symmetry properties as a

Hamiltonian itself, i.e., their symmetry is described by the same symmetry group.

Ordered states do not have the full symmetry of the Hamiltonian but they may be

invariant under a subgroup of the symmetry group of the Hamiltonian or have none

of the Hamiltonian's symmetry. The tendency of systems to change from a state
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of full symmetry to state of a lower symmetry is called spontaneous symmetry

breaking and it is ubiquitous in nature. The most important consequences of a

broken symmetry are summarized below [39].

o Occurrence of a phase transition. The free energ'y exhibits non-analytic be-

haviour at some temperature called the critical temperatute 7".

Appearance of a rigidity. Any attempt to change the way a system has broken

its symmetry results in a resistance since the system prefers to stay in the low

energ'y broken-symmetry state.

A perfectly ordered zero temperature state is weakened by excitations of the

order parameter at finite temperatures. In magnetic systems these exitations

are called spin waves.

The breaking of symmetry can happen differently in two adjacent parts of a

macroscopic sample. This results in appearance of defects at the interface

between these regions. A simple example is domain wall structures in magnetic

media.

2.3 Phase transítions

Phase transitions accompanied by a spontaneous symmetry breaking are central issues

in modern statistical as well as in condensed matter physics. A system in which the

macroscopic properties change abruptly with a continuous change of the thermody-

namic parameters, such as temperature or external field, undergoes a phase transition.

A change of one phase of matter to another can be discontinuous with the coexistence

of both phases at the critical point or continuous with a unique phase at the critical

point. These a¡e called phase transitions of first and second order respectively. At
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a first order transition, first derivatives of the free energy with respect to thermody-

namic parameters are discontinuous whereas, at a continuous phase transition, the

first derivatives of the free energy vary smoothly through the critical region and the

second derivatives generally show diverging behaviour.

Spontaneous symmetry breaking refers to the loss of the symmetry of the dis-

ordered state when the system undergoes a change of phase. It implies a sudden

change from a symmetric disordered state to a long-ranged ordered state in which

some symmetry-breaking order parameter acquires a non-zero value. The order pa-

rameter is an appropriate thermodynamic quantity to distinguish the two phases: it
has a non-zero value in an ordered phase and is zero in the disordered phase. In the

phase transition process, the order parameter balances the external influences on the

physical system with the internal tendency of system to attain a minimum energ-y

state. The ordering that takes place in apparently different types of systems such as

ferromagnets, antiferromagnets, liquid crystals and superconductors may be described

by order parameters of a similar character and symmetry. The order parameter can

be as simple as a scalar, an axial vector, a vector or even more intricate such as a

tensor.

The order parameter is defined at any point of the physical space and is really

a field. The system can break its symmetry in many different equivalent ways. As

an illustration, consider a Heisenberg ferromagnet with order parameter freld, líf (Ò,

where ¡Z is the magnetization and fl is the position vector in the physical space.

Undergoing a phase transition the system breaks the rotational symmetry O(3) of

the disordered phase by choosing one of the many directions for the magnetization

¡ù. X zero temperature all of these choices lie on the surJaceof a sphere. A system

with long-range order can be described by a symmetry group that transforms one

state from the manifold of ground states to another equivalent state. This is the

symmetry of the order parameter and it can be discrete or continuous.
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2.3.1 Conti,nuous phase transitions : criti,cal erponents, scaling and uniuersali,ty

A continuous phase transition is characterized by a singularity in the free energy with

a divergence of its second derivatives. The order parameter changes from zero to a

non-zero value at the critical point in a continuous way which is characterized by a

nonanalytic power law behaviour and is described by a critical exponent. Usually,

in the vicinity of a critical point, the correlation length and other thermodynamic

quantities such as the specific heat and the magnetic susceptibility exhibit a power

law dependence on a parameter which measures the distance from the critical point.

In zero applied magnetic field, the distance from the critical point in magnetic systems

can be described by a reduced temperature ú defined as

t- T -7" (2.8)

where Q denotes the critical temperature. The definition of various critical point

exponents[64] in the vicinity of the critical point is summarized as follows:

Susceptibility

T"

Specific heat

Order parameter

Correlation length

Correlation function

X - t-'Y

y - (-t)-t'

Cv - t-o

Cv - (-t)-"'

m-ÇlÞ

t-t-'
€ - (-t)-"'

G(q) - Q-2+n

¿>0

¿<0

¿>0

t<0

ú<0

ú>0

¿<0

ú:0
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The homogeneity or scaling properties of the correlation function and related ther-

modynamic quantities close to the critical point yield relations among the critical

exponents and not all of the exponents are independent. These dependencies are

called scaling relations and some of them[64] follow:

d+2P*"1:2

^l:(2_Tùu
1p:;(d,-z+n)u

¿y:1*2þ

(2.s)

The last two scaling relations explicitly involve the spatial dimension d and are called

hyperscaling relations.

The universality hypothesis states that many apparently different types of phase

transitions occuring in nature may be characterized by the same set of critical expo-

nents. The critical exponent values depend only on the dimensionality of the physical

system, the symmetry describing the order parameter and whether the interactions

are short or long ranged. The systems that are characterized by the same spatial

dimension, symmetry of the order parameter and the range of interaction are said to

form a universality class.

2.3.2 Absence of phase transi,ti,on in f,nite systems or in infi,nite systems oJ low

di,rnensionality

Spontaneous symmetry breaking occurs only if we consider an infinite number of

degrees of freedom of a physical system. The free energ-y density and related thermo-

dynamic variables exhibit singular behaviour at the phase transition only in an infinite

system, i.e., in the thermodynamic limit. This is true for order parameters lvith both

discrete and continuous symmetry. In each case, the probability of a change from one

symmetry broken state to another in the manifold of energetically equivalent states
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Figure 2.1: The one dimensional Ising model (a) one of the two possible minimum
energ'y configurations and (b) with a single defect added (domain watl).

vanishes only in the thermodynamic limit and the equivalent ordered states become

'ergodically' separated. Although the thermodynamic limit is a necessary condition

for the existence of a phase transition, the spatial dimension of the physical system

and the symmetry of the order parameter play crucial roles as well.

Consider, for example, a d: 1 Ising model with ferromagnetic interactions. We

expect an ordered state at zero temperature with all spins aligned in the one of the

two possible directions (up or down). The interacting system is described by

H : _JÐ Sí Sí*, (2.10)
7

where J > 0 is the strength of the exchange interaction. In equilibrium, free energy

F : E - f S is a minimum and any perturbation away from equilibrium involves a

change in free energ"y. Some deviations from equilibrium require additional energy

input and some may occur spontaneously. The lowest energ"y state of the one di-

mensional Ising chain is shown in figure 2.1a. Now consider the free energy cost to

add a single defect such as the one pictured in figure 2.1b to the system. Introduc-

ing a defect to the system increases its energy by AE : 2J since we have changed

one favorable interaction into an unfavorable one. Hor.vever this defect can be intro-
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duced at any location in the chain and this choice results in an entropy gain equal

to A^9 : ks\nN where N is number of spins in the chain. The resulting change in

free energy AF : LE - ?A^9 : 2J - kBTInN is negative at any finite temperatu¡e.

This means that defects can be formed spontaneously at any finite iemperature and

the o¡dered ground state is unstable to their formation. Hence the one dimensional

Ising system only orders at T :0 since the free energ'y cost of introducing a defect is

only positive at ?: 0.

The same argument of balancing the entropy and the energy can be applied to

ferromagnetically interacting Ising spins on a two dimensional lattice.[63] The defect

Figure 2.2: Two dimensional Ising model. Defect is a compact cluster of spins pointing
in the opposite direction with respect to the majority of spins and has a perimeter of
length .L.

structure of the ground state is shown in figure 2.2 tvhere the solid line is the perime-

ter of the defect cluster. The energy cost to create the defect is proportional to the

perimeter length and the entropy is related to the number of such clusters. Both the

energy and the entropy scale in the same rvay with the perimeter of the defect bound-

ary length ,L and the free energy change can be written as AF' : [2J -keTln(z-I)lL,
where z is the coordination number and is related to number of ways the defect with

perimeter L can be realized. This simple argument indicates that the free energy

I

I
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changes below a finite temperatureT : T.:2J/kBln(z - 1) are positive and that
the ordered state is stable against the fo¡mation of defects at low temperatures but

becomes unstable at,7". The exact solution of the two-dimensional Ising model was

found by Onsager[62] and indeed shorvs that this model has a nont¡ivial phase tran-

sition. Thus the discrete Ising spin model model with Zz order parameter symmetry

exhibits a finite temperature phase transition in two dimensions but not in one di-

mension. The dimension d: 1 is called the lower critical dimension fo¡ this model.

In the remainder of this thesis we shall only conside¡ order parameters which

correspond to a continuous symmetry as they are relevant to the models that we will

investigate. It is generally accepted that an ordered phase with continuous symmetry

cannot occur in one and two dimensions. Peierls[?, ?] was the first to point out that

long wavelength lattice vibrations destroy long-range periodic order in both d, : I
and d : 2 crystals. The argument was later refined and extended by Mermin and

Wagner[5] and Hohenberg[6]. We can illustrate this argument in magnetic systems

by examining the stability of long-range order in systems with continuous degrees of

freedom in different spatial dimensions. The simplest such system is the XY spin

model which has a two component vector order parameter described by the O(2)

symmetry group. The order parameter of this model can be written in terms of real

componentr,í(4:^9(cos9(r],sin e(fl) or in the complex form Se¿d("-l where g(fl is

the angle which indicates the direction of the spin at position rr. In the ferromagnetic

case, the ground state will have the same value of the angle everywhere. Excitations

alvay from this uniform state can be written in terms of gradients of the phase angle

as follows

AF: I or,llvo(û l, (2.11)

rvhere the angle á(r] is assumed to be slowly varying in space.The quantity p plays the

role of an elastic constant and is called the spin-rvave stiffness, or helicity modulus.

Using this long wavelength form of the free energy, information about long-range

order can be obtained by calculating the spin-spin correlation function
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G(r-,0) : (S(4.,9(o)) : 52(cos(g(fl- p(0)))

: 52Reqe4e{û-ato)))

: gzu-s(Ô. (2.r2)

The free energy (2.1i) has only harmonic terms in Vá(r) and the thermodynamic

average in (2.L2) can be found by transforming into Fourier space and using the

method of Gaussian integrals (for a detailed derivation see [2e]). This approach leads

to the following expression for the integral 9(r] in spatial dimension d

s(û:'l&# (2 13)

which, in the asymptotic limit of I i l-+ oo, behaves in the following way

I *G)'-' (d'>2)

g(r)=l +ulela) (d,:2)

I i' (d: 1)

(2.r4)

He¡e ø is the lattice spacing denoting a short distance cut-offin the integral g(fl.

Hence the correlation function in d : 1 decays exponentially and only short range

order is possible at all non-zero temperatures. The decay of the correlation function

in two dimensions is algebraic and tends to zero at large distances implying a lack of

conventional long-range order. However, an algebraic order referred to as 'quasi-long-

range order' is possible in two dimensional systems. In higher dimensions ( d,> 2)

the correìation function approaches a non-zero constant value and long-range order

is present at low temperatures. Long wavelength fluctuations are responsible for the

destruction of long-range order at any finite temperature in dimension d ( 2 and

this result is often referred to as the Vlermin-Wagner-Hohenberg theorem.[5, 6] Hence

the dimension d : 2 is the lolver critical dimension for systems with a continuous

symmetry.
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2.3.3 Elementary erci,tations

Uniform changes of the ground state under the symmetry group of the order parameter

do not cost any energy. However, it was pointed out by Gotdstone[65] that whenever

a continuous symmetry is broken, long wavelength modulations of the ground state

should lead to low frequency excitations commonly referred to as Goldstone modes

[39]. In magnetically ordered systems such modulations are called spin waves. In

general, the breaking of a continuous symmetry is accompanied by the appearance

of the Goldstone modes, i.e. Iow energ"y, long wavelength excitations. These modes

have a soft dispersion relation, and u(k) -+ 0 when fr -+ 0. They are the the¡mo-

dynamically active degrees of freedom that describe thermal energy excitations and

thermodynamic fluctuations in equilibrium.

2.4 Topological defects

The considerations of the spatial correlations in the previous section suggest the ab-

sence of long-range order in a two dimensional system with a n ) 2 component

parameter. The result implies a vanishing of the magnetization at all finite tem-

peratures. However, the spatial correlations exhibit power-law decay which admits

the possibility of quøsi,-long-range order at low temperatures. The high tempera-

ture behaviour can be found from high temperature series expansion estimates of the

spin-spin correlation function. In this limit, the spin-spin correlation function decays

exponentially as

G(r-,0) :1.í1"1,9i0)) - ¿-'/qçr¡ (2.15)

with a characteristic length scale {(7) which is called the correlation length. The

distinction between the nature of the decay at lolv and high temperatures allows for

the possibility of a finite temperature phase transition. This phase transition has a

topological character.

Topological defects play an important role in determining the properties of real
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materials such as superfluid helium, various nematic liquid crystals and superconduc-

tors to mention a few. Phase transitions involving a continuous symmetry breaking

provide a mechanism for the generation of topological defects in many natural pro.

cesses. In this section we focus on the topological attributes of the physical space in

relation to the phase transition.

2.4.1 Ordered medi,a and characterizati,on of topologi,cal deJects

An ordered medium can be regarded as an order parameter neta /(r) where the vector

function /assigns an value of the order parameter to each point of a particular region

of space. In an uniform medium the order parameter function /is constant throughout

the medium and describes the state of the system with lowest energy. Nonuniform

media, where the order parameter field /varies continuously throughout the medium

except at the isolated core regions which have a lower dimension than the medium

itself, constitute topological defects. Stable topological defects are characterized by

a singular core region where the medium order is destroyed. It is not possible to

transform such nonuniform configurations to the uniform state by any continuous

deformation of the order parameter.
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Figure 2.3: An isolated vortex with winding number rn : 1.
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Figure 2.3 illustrates a medium of planar spins in a two dimensional physical space

with a topological defect called a vortex. The orientation of each spin in figure (2.3)

can be described by a field angle Õ(r, á) at the position given by the polar coo¡dinates

r and d where the origin is at the center of the vortex. Measuring the total change

in the value of Q(0,r) while traversing a closed contour that encirles the origin yields

changes which are integer multiples of hr. Thus we have

{ ¿i-io:Zrrn vø:?eJr (2.16)

for any loop enclosing a vortex center. Making the radius of this loop i:rfinitely small,

VÕ - 1/r diverges indicating a singularity at the center of vortex, also called the

vortex core. The integer zn is called the strength of the vortex or the winding num-

ber, and in order to have a singularity rn has to be non-ze¡o. There is no continuous

deformation of spins in the figure 2.3 that can bring spins into the equilibrium ground

state configuration which has all spins parallel and the vortex is said to be topolog-

ically stable. The topological stability of the order parameter defect depends on the

symmetry of the order parameter and the so called codimension d' : d - d¿, where

dis the spatial dimension and d¿ is the dimension of the defect core[21. The O(n)

models have stable defects if the dimension n of the order parameter is equal to the

codimension d'. Thus, the core of the stable defect n : 2 : d' in the example of

planarspins on ad,:2latticeis apoint withd¿:0. Thesame modelon a d:3
lattice has a stable defect with defect core of dimension d¿:1, i.e. aline.

Media with a defect present have a higher energy than the ground state config-

uration, but they are stable since it costs an infinite amount of energ;v- to reach the

ground state.

2./r.2 Order parameter space and homotopy

In order to characterize topological defects in general it is convenient to introduce the

concepts of order parameter space and homotopy groups. The possible values that an
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order parameter can have constitute a space known as order parameter space V or a

manifold of internal states. This is an abstract space: for example, a complex scalar or

2d unit vector order parameter is the circumference of a unit circle. A 3d unit vector

order parameter corresponds to the surface of a unit sphere and a general d: rz unit

vector is the surface (S"-t) of the z¿ dimensional sphere. This space has important

topological properties such as its connectivity which is used for the chaiacterization

of topological defects.

The order parameter field can be visualized as a mapping from a real space to order

parameter space V. A closed loop (or any closed surface) in the physical space around

a defect core is associated to a certain closed path in the order parameter space. In

the vortex example of 2d spins in a plane in the previous section, specification of the

spin directions on the loop f encircling a vortex core in the physical space defines

a mapping from the loop I to the one dimensional unit sphere 
^91 

(circle). The

path in the order parameter space V, or more precisely, a set of paths that can

be continuously deformed from one to another within a manifold of internal states

characterizes the topology of defects encircled by the loop f . Any loop in the physical

space of the system in the equilibrium ground state maps into a single point in the

order parameter space. Thus any path in the order parameter space I/ that can be

continuously deformed into a single point characterizes unstable topological defects.

Otherwise, if it cannot be transformed into a point the defect is topologically stable.

Mappings that can be continuously deformed into each other are defined to be

homotopic. The possible maps of a subspace I surrounding a defect to an order

parameter space V can be classified into classes of equivalent maps which can be

continuously transformed from one to another within the order parameter space.

Defects are in the same homotopy class if the mappings of all the paths enclosing

them can be continuously deformed into each other. The ensemble of these classes

is called the kth homotopy group of the order parameter space I/ and is denoted by

"n(v).
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2./r.3 Kosterlitz Thouless phase transi,tion

The consideration of spatial correlations in section 2.3.2 suggests the possibility of

quasi long range order in the XY model in two dimensions and the occurrence of a

phase transition from this state to a high temperature state with short range order.

The vortices discussed in section 2.4.7 are excitations that can take the system from

its low temperature critical phase to the high temperature disordered phase. At low

? single vortices are topologically stable and cost an infinite amount of energy to

form. However, vortices can appear as tightly bound pairs that unbind at the critical

temperature. This is referred to as a Kosterlitz -Thouless phase transition due to the

unbinding of vortices.

To see how this mechanism can give rise to the phase transition, consider an

isolated vortex as shown in the figure 2.3. The energ'y of an isolated vortex is

, : f;, I a'rçiø¡2 : ¡rpm2 
1," + : rm2 ptn(Llo). (2.17)

The energy of single vortex in thermodynamic limit (I -+ oo) is infinite suggesting

that there cannot be a finite density of these objects due to thermal fluctuations.

However, vortices cannot be completely neglected as can be seen by calculating a free

energy change to add such a vortex. The entropy of a single vortex depends on the

number of ways that the vortex can be introduced into the system, or on the area of

the lattice, and can be written as

S : kaln(Lla)z (2.18)

Thus the change in free energy as result of int¡oducing a single vortex into this system

is

AF : (n p*' - 2kBT)ln(LI a). (2.1e)

At low temperatures the free energ'y cost is positive with larger winding numbers

costing the most and no isolated vortices are present. However, the lorvest temperature
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above which the entropy wins corresponds to m: t1 and is given by

nnr:f,r. (2.20)

Above this temperature, the free energ'y cost is negative and such defects can appear

spontaneously. However, at low temperatures, there is a small but finite density of

bound vortex pairs. The energy of a vortex pair with opposite winding numbers rn1

and m2, separated by distance r12 is finite

Epair : + Vor¡2 (2.27)

(2.22)

Figure 2.4: A pair of vortices with equal and opposite winding numbers *1.

Vortices with opposite winding number such as those shown in figure 2.4 atfiacl

and the creation of such a pair costs a finite amount of energy. Above the transition

temperature, each vortex becomes essentially free and this disassociation leads to large

phase fluctuations 'which destroy the algebraic order and reduce it to a short-range

order with exponential decaying correlations.

f,o I a"tiø'
rrLúrLz" lTl
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2.5 Generalízed Rigidity

Breaking the symmetry in the same way throughout the system yields the minimum

energy state and the order parameter field is uniform. Modulating the order parameter

costs energy, and hence the breaking of the symmetry results in a system which has

rigidity. This concept can be generalized to all instances of broken symmetry and is

called generalized rigidity [18]. In solid systems, small elastic deformations are present

and there is an elastic energy associated with the deformation. In the spin systems,

deformations correspond to gradients of the spin direction, and the deformation energy

is proportional to (VS)' and can be written as

E: Eo+ | adrp(is¡2 (2.23)

where p is the rigidity constant. In magnetic systems the parameter characterizing

the rigidity of the system is called the spin rvave stiffness.

2.5.1 Sti,ffness

The spin wave stiffness is the fundamental parameter that determines the low-energy

excitations of magnetic systems. It can be understood as a rigidity of the order pa-

rameter and emerges as a consequence of spontaneous symmetry breaking in systems

with continuous symmetry. It can be defined in terms of the free energy change under

an imposed trvist of an equilibrium configuration of spins located at lattice sites. The

imposed twist corresponds to the creation of a fluctuation away from the equilibriúm

state [28]. In the disordered pha"se, such a fluctuation costs no energ"y. The creation

of spin waves in the ordered state results in an increased free energy. There is a

nonzero spin wave stiffness as a result of the system's attempt to restore long range

order. Hence the spin wave stifness is zero in the disordered phase and non-zero in

the ordered phase. Consequently, it can serve as an alternative to an order parameter

to determine the existence of long range order. This provides an unbiased measure-
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Figure 2.5: Schematic view of the spin stiffness for a ferromagnet.

ment which does not require knowledge of the broken s¡rmmetry and hence the order

parameter. A schematic picture of the stiffiess is shown in figure 2.5

The spin wave stiffness can be calculated as a response function to an imposed

twist or gradient on the spin degrees of freedom using (2.7) yielding the following

expression

o^ : -*oÐ Jn¡(ên¡ ' û)'? ((sl ' â,)(s-,1 ' ñ) - si sr)

- #(l¿ r¿¡(ê;¡'û')r''l'; " ';l] )
In this expression ê¿¡ is a unit vector connecting nearest neighbour spin sites, u is a

unit vector describing the direction of the imposed gradient and â is the axis in spin

space about which the spins are rotated. The detailed derivation of this expression is

given in appendix A.

The effect of thermally activated vortex pairs is described by the temperature

dependence spin wave stiffness. A finite density of vortex-antivortex pairs reduces

l-

(2.24)
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Figure 2.6: Schematic view of vorticity

the spin wave stiffness and also the order parameter amplitude. Vortices are mobile

degrees of freedom that distribute themselves such that the free energy of system is

minimized.

2.5.2 Vorti,ci,ty

The spin stiffness is essentially a measure of the response of the spin system to an

imposed gradient on the spin degrees of freedom. We can also consider the situation

in which a curl is imposed and ask what is the response of the system in this case.

Figure 2.6 shows a schematic picture of an imposed curl. The vorticity is measure of

the response of the spin system to an imposed twist about an given axis â in spin space

aìong a closed path that encloses a vo¡tex core. The vorticity can be calculated as the
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second derivative of the free energy with respect to the strength of the vortex denoted

by the winding number rn, when m: 0. A detailed description of the derivation is

given in appendix B. and leads to the following expression for the vorticity

uo: -# n-tÐ¿,rfu*)'(rr, . ù(s'¡.ù - st. gi)

-##(l¿ ¿,(tu*)ñ 6o'*,] ) (2.25)

where r¿ is the distance of site i from the vortex core and fn ir t*g.nt to the circular

path in the lattice passing through site ¿ and enclosing a the vortex core.

The vorticity V¡ contains a contribution due to the vortex core as well as a part

which is proportional to ln(Lla) and can be written as

Vn: Ca + u6ln(Lla) (2.26)

where u¿ is called the vorticity modulus.

These two response functions, stiffness and vorticity, will be used extensively in

this thesis to study the nature oftopological defects on phase transitions in f¡ustrated

systems.
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Chapter 3

NUMERICAL METHODS

3.7 IntroductÍon

Most problems in condensed matter and statistical physics, as in nature itself, are

nonlinear and cannot be treated by standard perturbation methods. Analy[ica] tools

are best suited to the analysis of linear problems. Many natural phenomena are non-

linear and must be studied using computer simulation methods. Various numerical

methods, such as Monte Carlo simulations can be employed in the investigation of

these phenomena. The advantage of such approaches is that they do not necessarily

rely on simplifying assumptions or approximations, and the design of various algo-

rithms is closely related to experience, as in the case of real experimental setups. The

goal of numerical simulations is to provide a better understanding of the physical

properties and processes relying on perfect control over the processes and possibility

of examining every aspect of the system configurations in detail. The cont¡ol over

various aspects of the problem is important, especially in the case of the rather com-

plicated phenomena exhibited by real materials. In numerical simulations each factor

that contributes to the physical properties of the material can be studied separately

with the final aim of understanding the underlying mechanism responsible for the

observed phenomena.

In order to calculate the thermal averages of an interacting many particle system

using equilib¡ium statistical mechanics, the Monte Carlo method is used to simulate

the appropriate statistical distribution such as the canonical or microcanonical distri-

bution [98, 97]. In general, the number of representative states of a finite system are
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generated in a stochastic manner which depends on a sequence of random numbers

generated during the simulation. Different sequences of random numbers yield results

that agree within some statistical error. Calculated thermodynamic averages are ex-

trapolated to reievant values in thermodynamic limit (systems of infinite size). Based

on the ergodic hypothesis requirement, namely, the requirement that all possible mi
crostates are equally probable, we also assume that the averages of thermodynamic

quantities over time can be replaced by statistical ensemble averages. In the next

section we give an overview of the most important concepts related to Monte Carlo

simulations.

3.2 Overview of Monte Carlo Simulations

The essential feature of the Monte Carlo method is the concept of Markovian chains

[97]. In order to understand this concept, consider a finite set {.9,} of all possible

states that can be realized at different times ú¿, where z labels consecutive discrete

time intervals. Denote by Xt a state of the system at time ú. We can form a sequence

of states {Xr,} such that they satisfy a conditional probability, namely Xr* : Sn

given that at the preceding time the system was in state X¿"-, : Sr,-r and at the

time step before that in state X¿,-, : Sn-2, and so on. The conditional probability

can be written as

P(Xr^: SnlXu-r: S¿-1, Xr^-, : Sn-2,...,X¿, : Sr). (3. 1)

When the conditional probability depends only on the immediate predecessor and

not on any other preceding states, the sequence of states {Xr,} is called a Markovian

chain. In such a chain no memory of the previous states except that of the immediate

predecessor state exists, meaning that the conditional probability

P -- P(Xù: S¡lX¡,_,: S¿) (3.2)
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can be understood as a transition probabilily W¿¡ to move from state z to state j, i.e.

¡4/ri : P(Xr": SjlXu-r: S,). (3.3)

The transition probability ha.s to satisfy the requirement of positive definiteness as

well as a normalization requirement expressed by

W¿¡ 2 0, ÐW¿¡ : t.
i

The probability P(S¡,f) of the system to be in state 
^9¡ 

at time ú depends only on the

preceding state of the system and can be written as

P(S¡,t) : W¿¡P(S¿,t). (3.5)

In other words, if the system is in a given microstate i, the next state in the Markovian

sequence is selected with a transition probability W¿¡ that does not depend on the

previous history of the system. Continually applying this process on newly generated

microstates, after some transient time, all states will reach a unique steady-state

probability distribution

P (j) : P (S¡) : ÐWij P (Si).
i

(3.6)

The most common choice for the steady-state distribution is the Boltzmann canonical

distribution
o-þE¡P(i):. , (3,7)

where Z is the partition function and P is the inverse temperature.

The evolution in time of this probability is expressed through the so called master

equation

(3.4)

(3.8)

lVhen the system reaches an steady-state, meaning it is in equilibrium, its macroscopic

properties are time independent and the probability of the system P"o(S¡,t) to be in

4I#O : D evijp(s,, ¿) - w¡ip(s¡,t)) .
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state ,9¡ at an instant t is constant and equal

dP(s j,t)
dt

to the steady-state probability i.e.

- 0. (3.e)

Using expressions (3.8) and (3.9), we can write this condition as follows

W¿i P"q(S¿, t) : W¡¿P"q(S i, t). (3.i0)

This is the principle of detailed balance, which is a sufficient condition for arriving at

the correct probability distribution. Any algorithm used for the simulation of the equi-

librium properties has to satisfy the principle of detailed balance and the transition

probability W¿¡ has to be chosen appropriately. This is called importance sampling

since the available points in phase space are sampled with different probability weights

so that the principle of detailed balance (3.10) holds.

In the general case, a Monte Carlo simulation consists of the following steps:

o Choose an initial microstate - configuration of magnetic moments.

o Select a move - anticipated change of the configuration.

c Accept or reject the move using a criterion based on detailed balance.

o Repeat the last two steps above until enough data is collected.

The initial microstate is arbitrary and an initial numbe¡ of Monte Carlo steps is

discarded to allow the system to approach an equilibrium state before samples of data

are taken. In addition to eliminating these transients, we want to generate a sequence

of uncorrelated microstates. In order to avoid possible correlations a certain number

of IVIonte Carlo steps are performed between the microstates that are considered for

sampling the configurations.

Since the simulations are performed on finite systems, it is important to chose ap
propriate boundary conditions in order to eliminate boundary and edge effects of the
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finite sample [99]. The most common type of boundary conditions used in the simu-

lation of lattice Hamiltonians are periodic boundary conditions. In a d dimensional

sample of finite length tr in each direction, the use of periodic boundary conditions

means that the system is periodically extended in each coordinate. We assume that

any local quantity, particularly a local order parameter Õ(*,A,2) satisfies

Q(*,a,2) : Q(r * L,u, z) : Q(r,u * L, z) : @(r,y, z * L) (3.11)

In Chapter 5 we shall also study 2d systems which have a finite number of layers

f/ in the third direction. In this case we only use periodic boundary conditions in

two directions and use free boundary conditions at the top and bottom surface layers.

Fïee boundary conditions meens that the system is not periodically repeated in the

third direction. The local order parameter Þ(r,A,z) in the direction normal to the

layers satisfies

Q(r,A,ztH):g (3.12)

Information about the system in a Monte Carlo simulation can be obtained by

calculating any of the physical quantities (e.g. energy, order parameter, susceptibility)

A¿ f.or each of M generated microstates. The mean value of (,4) can be then be

calculated as

(3.13)

where each state i is generated according to the appropriate probability distribution.

lVhen the system is held at a constant value of an intensive variable such as the

temperature 7 or magnetic field å, the conjugate extensive variable such a.s energy

or magnetization will fluctuate with time and we expect to observe these fluctuations

during a lvlonte Carlo simulation. The fluctuations in energy are related to the specific

heat Cy as follows

_(E)-(E)'
T2

(3.14)

1(1): JT'*-tøÐ4

\JV 
- (w)"



34

Similar fluctuations exist in other quantities. For example the isothermal susceptibil-

ity X is related to fluctuations of the magnetization M by

(3.15)

In the cases whe¡e the order of the phase transition is in question, not only the

lowest order moments are of interest but also their full probability distributions. For

a system in a pure phase, the probability distribution of the quantity ,4 is given by a

simple Gaussian distribution

p(A) : (2troz)-trz u*p [1a - Q+))'/zo'z) (3.16)

where

o(A)':(A')-(A)' (3.17)

In the case of first order transitions, the probability distribution can be a super-

position of Gaussians centered at different values of (,a) and a measurement of the

higher moments (,4.") can be used to study these cases.

3.2.1 Statistical and other errors

Statistical errors are an inherent feature of any algorithm that uses only a finite

number of sample configurations to compute various statistical averages [98, 97]. The

average value of a quantity ,4 for a finite number of samples M is

"._(a(M)\ _(M,)-(M),x-\an),- r '

Ã: hio, (3 . 18)

In the limit M -+ oo, I rve will have a Gaussian distribution independent of the

distribution used to generate the random configurations in the Monte Carlo simula-

tion. In statistics this is knorvn as the central limit theorem. If the quantity ,4 is

distributed according to a Gaussian distribution (3.16) with a mean value (,4) and

distribution width o then the value À is a finite sample estimate of the quantity (.4)
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with a statistical error É given by

e : o(A) l\m (3.1e)

In order to estimate o from a finite number of samples M, we can calculate the

mean square deviation

_.lM
642: nÐøar)' : ,ry - G)' (s.20)

where õA¿ - An - ,4. The expectation value (aãz) in (3.20) is related to o as

(64') : o2(L - llM)' (3'21)

Thus by calculating the variance õA¿, the statistical error e of the average Ã of M

uncorrelated samples can be written as

(3.22)

In addition to statistical errors there are also errors associated with the way any

computer operates. In general, computers deal with a limited word length and round

off errors may affect the calculations significantly. Systematic errors in the prograrn

are also possible and an effort should be made to detect and eliminate such errors.

In the following sections we describe two algorithms used in our simulations: a

standard Heat Bath algorithm [100] and also the Broad Histogram Method 148,49,

50,51].

3,3 Heat bath Monte Carlo Method

The heat bath Monte Carlo method generates a sequence of configurations which

simulate a canonical ensemble of states in thermal equilibrium at a constant temper-

ature ?. Given a configuration of the spins in a system, the direction of each spin is

updated assuming that the spin is in contact with a heat bath that puts it into local

equilibrium with the surrounding spins.

TM
. : 

i Ð(t.qn), /[M (M - 1)].



36

The systems that we shall study are described by a Hamiltonian of the form

H - - | to,s,.s,
<ij>

where 
^9¿ 

is a classical vector with n components located at the site z of a lattice and J¿¡

is the strength of the exchange interaction between nearest neighbour pairs of spins.

The orientation of the spin fi is determined by the net effect of the neighbouring

spin orientations, the strength of the interaction J¿¡ a.nd the temperature 7. The

neigbouring spins exert a local effective magnetic field at site e given by

(3.23)

(3.24)È¿úÍ:ÐJrtít
j

This field di¡ection provides a local coordinate frame for the spin fl. In the case

of Heisenberg spins (n:3), the spin direction with respect to the local field .È¿"¡¡

can be described using the azimuthal and polar angles /¿ and 9i respectively. The

Figure 3.1: At each site ¿ there is an instantaneous localfield H¿"fi:Ð¡J¿¡S¡. The
azimuthal angle /¿ singles out a plane containing both È¿"¡¡ and ^í¿. The orientation
of 

^í¿ 
with respect b È¿"¡¡ in this plane is described by the polar angle d¿.

equilibrium probability of the spin direction at site ¿ is given by the Boltzmann factor

P(o¿,ö¿):
¿ÊSrÊi"¡ ¡

(3.25)
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where C is a normalization factor. Note that

Sn. È*¡¡: lS,llÈ"¡¡lcos(0¿) : H¿"Ítcos(á¿) (3.26)

In the case of XY spins (n : 2) the azimuthal angle can be neglected since the spins

and the field are confined to a plane. The normalization factor C depends on the

number of spin components ¿. For n:3, it is given by the integral

Hence the normalized probability distribution for a Heisenberg spin can be written as

P(o¿,ó¿):*ffi#

12n
P(cos(d¿)) : J, P(cos(0¿), ó¿)dó¿

: ! þH¿"ÍÍeþH*¡ ¡ cos(o;)

2 sinh(B Hn¡r)

(3.27)

(3.30)

(3.28)

We can separate this into the product of independent distributions for cos(á¿) and S¿

as follows

P(óo) P(cos(d¿), ö)d cos(?¿) : 1

2"
(3.2e)

A random number generator can now be used to generate values ofthe independent

variables cos(á¿) ñd ó¿ which are distributed according to the probability functions

P(cos(d¿)) and P(/¿). The integrated probability distributions are in the range [0,1]

and can be set equal to a random number which is uniformly distributed on this

same interval. In general, for a variable u which has a probability density P(r), the

cumulative probability distribution

P(r)dr (3.3 1 )

: 
T:,

rX
P"(X): I

J _oo
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represents the probability ofchoosing a value ofthe va¡iable z to be less then or equaì

to X. We set P"(X) : r vi/here r is uniformly distributed on the unit interval and

solve for X in terms of r. Hence for the cos(á¿) and ó¿ we can write

P"(cos(o)) : 
/î'"'P(cos(d¿))dcos(d¿) 

: ¡1

riÞ
P"(o) : J, P(þ¿)dþn: v2 (8.32)

where r7,r2 are independent random numbers uniformly distributed on [0,1]. Equa-

tions (3.32) can be inverted to yield

cos(O)

o

t * Å*,rn ((r - rr)e

2¡rr2

-2þH;.ÍÍ + rf)

(3.33)

The random numbers r7,12 are generated and the new direction of the spin relative

to the local field direction is chosen using the above method. Since the local field

direction is known, this new spin direction can then be transformed from the local

frame defined by È*¡¡ to the global coordinate system.

This heat bath method for the case of Heisenberg spins generates spin updates

which are in agreement with the Boltzmann canonical probability distribution and

consequently the principle of detailed balance is always satisfied. At each each Monte

Carlo step, there is a spin update and hence no moves are rejected. This is a very

efficient way to sample the accessible microstates [100].

For the XY model it is not possible to follow this same procedure since the

inversion process cannot be carried out analytically. Hence in the case of n : 2

models we must use a Metropolis algorithm.

3.4 Metropolis Method for XY models

In the IVletropolis algorithm [tOt] ttre sampling configurations are generated according

to the Boltzmann probability distribution (3.7) directly from a previous configuration
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such that the principle of detailed balance (3.10) is satisfied. Generating a Markovian

chain such that a new microstate follows from the previous one means that the relative

probability of the two states is the ratio of their Boltzmann factors and thus depends

on the energ'y difference A,E : En - E^ of the two states m and n. Hence the

transition probability that satisfies (3.10) can be written as [101]

îrt/ --LE|VBTrrÍn-+n u t

1I

A.E>O

AE<O

(3.34)

The steps to follow in order to generate the Makovian sequence using a Metropolis

algorithm are as follows:

1. Chose a starting microstate

2. Chose a lattice site 'i randomly or sequentially

3. Determine the local field at this site

4. Choose a new random direction for the spin

5. Calculate the energy change AE which results if the spin at site ¿ is actually

oriented in the new direction

6. Generate a random number r uniformly distributed between 0 and l-

7. If r < e-LElkBT accept the change in spin direction at site i

8. Go back to the second step and repeat the process

At very low temperatures, the accepted changes in the spin direction will be small

and hence we must restrict the choice of random new directions so that a reasonable

acceptance rate is obtained.
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3.5 Broad Hístograrn Method

The methods desc¡ibed above are carried out at a fixed value of the temperature

and a separate Monte Carlo run must be performed for each temperature of interest.

Another approach which can be used for evaluating thermodynamic quantities is based

on the microcanonical ensemble. The broad Histogram Method (BHM) estimates a

density of states g(E) at fixed energy -E by consideringthe number of ways to change

a current microstate of a system belonging to a particular energy level into one of the

possible states from a different energ'y level and vice versa [48, 49]. In this approach

the system is completely isolated from its environment and its energy .Ð is kept

constant as opposed to the Heat bath algorithm where the system is put in contact

with a heat bath at fixed ?.

The temperature dependence of any thermodynamic quantity Ç in thermodynamic

equilibrium can be calculated if the intrinsic properties of the system such as the

density of states g(E) and the microcanonical averages (Q@))t are known using the

following

(Q@Dr: De (Q@)) 
' 

g(E)e-E/r
Da g(E)e-E/r

(3.35)

where the microcanonical average of Q at fixed .Ð can be calculated as

(3.36)

The sum runs over all possible microstates s belonging to the particular energy level

E and each state s contributes with equal weight. Q, is value of the quantity Q

in a particular microstate s and g(E) counts the number of all possible microstates

having energy .8. Knowledge of the density of states g(E) and the microcanonical

averages (Q@))t for all energies allows us to calculate the thermodynamic averages

at constant temperaturc (Q@)), using (3.35).

In order to understand the basic ideas of the BHN,I method in more detail, consider

the case of a magnetic system described by the lattice Hamiltonian (3.23). The

Q@D:W



47

magnetic properties of each ion (atom) situated at each lattice point are represented

by its magnetic moment or spin. Any configuration of all the spins at all lattice sites

represents a point in the phase space of all microstates. At a fixed value of the energy

,Ð, these points lie on a hypersurface in phase space. The energy density of states

9(E) is thus related to the area of this hypersurface.

A determination of 9(-Ð) is possible by considering a protocol of allowed movements

in phase space such that changing from one configuration to another is allowed if and

only if the reverse change is also allowed. This is the requirement that the protocol

of changes be micro-reversible. Such a protocol can involve the change of direction

of a single spin or the change in the directions of a cluster of spins. If the system

is in a current configuration X with energy -8, there may or may not be a way to

change the current configuration into a new spin configuration X' with energy E'

according to the adopted protocol. Micro-reversibility means that the change from

configuration X to X' is allowed or forbidden only if the change from configuration X'

to X is allowed or forbidden according to adopted protocol as symbolically presented

in following expression

X-+X'

allowed (forbidden)

X'-+X

allowed (forbidden)

<+

The configuration changes are only virtual in that they are not actually performed

in the simulation but are used only to estimate the density of states g(E).

Let us denote the number of changes of a configuration X by N,r(X) if the changes

describe movements that increase energy from,E to.Ð* A,E¡;, and by N¿"(X) if they

are a collection of movements decreasing the energ"y from ,Ð to E - L,E¡n. Here

A,E¡a is the energ'y difference betrveen E and -Ð'and it has a fixed value for any two

such levels. The microcanonical averages of the possible movements (ÄIro(E)) and

(lV¿"(E)) from the energy level .Ð to the energ-y level .E' : EILE¡¿ can be calculated

using some micro-reversible protocol. Using the definition of microcanonical averages
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(3.36), the fundamental equation of the BHM method [5t] is

s(E) (N"o(E)) : s(E + LE¡u) (N¿"(E + LE¡¿")) (3.37)

This relation simply states that the number of possible movements from the energ-y

level ,E to the energy level .E', summed over all states with energy ,8, is equal to

the number of all possible movements from ,E' to E, summed over all states with

energ"y .E/. This relation is exact for any statistical model and energy spectrum [51].

Equation (3.37) can be also written in the following form

By dividing equation (3.38) by L,E¡a , we can estimate the inverse microcanonical

temperature p(E) :1lf @) as follows

tn s(E + LE¡t,)- tne(E) : t" (OeH&;)

R(F]\ _ dlng(E) _lng(E + LE¡¿") -lng(E)Y\"t- dE LE¡u

_ 1 ,- r (¡/"r(E)) \- LE¡;, "'\(l/¿"(ø + LE¡*)) )

(3.38)

(3.3e)

(3.40)

The density of states g(E), or rather ln g (E), can be found by numerically integrating

p(E) starting at any initial values (Eo,ln g(Eo)).The choice of lng(E¡) is arbitrary

and does not effect the estimates of the thermodynamic averages (Q@)), since the

method determines g(E) up to multiplicative constant g(E)/g(Eo) which cancels out

in equation (3.35).

The Hamiltonian (3.23) describes a continuous spin model and the energ'y spec-

trum is also continuous. In order to apply the ideas of BHM to a system with a

continuous energy spectrum, it is necessary to divide the energy axis into bins of fi-

nite rvidth A.E : E*or- E^¿n tvhere E*¿n and Erno, are energies at the beginning and

at the end of the bin. The continuous energ"y spectrum is replaced by a discretized

spectrum with an energ-y .8, associated rvith each bin n. En is the energy at the

midpoint of the bin En : E^in + #. Clearly, the discrete energy spectrum becomes
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a better approximation to the continuous spectrum as a larger number of bins are

used. The microcanonical averages (N"r(E)) and (,n/¿"(.8)) involved in the funda-

mental BHM equation can be found either analytically or by Monte Carlo simulation

depending on the pa,rticular model.

Muñoz and Herrmann [49, 50, 61] proposed the following protocol of random

virtual movements in phase space for systems ï¡ith continuous spin degrees of freedom.

For each allowed movement in phase space, the probability to perform the move is

equal to the probability to reverse it

P(X-+X'):P(X'-+X) (3.4i)

The energy level in this case can be understood not as an hypersurface of constant

energy but rather as a shell of width AE. In the case of the XY model, for example,

the configuration X has a particular spin in some direction denoted by 0o¿¿. A new

value of the angle 0n". can be chosen at random from the range l-n,nl.The prob-

ability density function of finding a particular new value in the range 0 to 0 * d0 1s

l(0"".) :7/2r. For each random choice of.0n -, there is a corresponding change in

energy given by AE : En". - Eotd,. Once the protocol of random moves is defined

by giving the probability density function for the system variable 9neu, iL is straight-

forward to find the probability density function /¡e(AE) for obtaining an energy

change between A,Ð and AE + dLE. Once the protocol of virtual moves is defined,

the density of states can be found using the following replacements for the quantities

Nuo and N¿n

N"o(E): f ¿,p(LE¡a)

N¿"(E): f tnç-L,E¡a). (3.42)

For the simulation of the Heisenberg model described by (3.23) 'we adopt the fol-

lolving protocol of virtual movements. lVe choose one spin at random. Its orientation

lvith respect to the local field due to its nearest neighbours is defined by two angles,
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/¿ and d¿, as discussed in the section on the heat bath method. We use the angles á¿o¿¿

and, Ó¿ou to denote the current spin orientation at the selected site z and we choose a

new spin orientation (00n".,ö¿n".) as a random point on the surface of a unit sphere

from the distribution

fe,6(0,ö): *sin(9)
where d and / lie in the intervals (0,2r) and (0,22r) respectively. The angles 0n"- and

ón". üê random variables with a probability density function f¡rn"-,örn._(?¿n".,ó¿n"-).

In order to estimate the quantities ,ð/,, and l/¿,, consider the changes in energy A-Ð

between the old and new configurations corresponding to these angles. Since only

one spin is moved, the change in energy depends only on the spin at site ¿ and on the

local field due to nearest neighbour spins. One can define a bond energ"y e¿ as follows

e¿ : I Jo¡So- S¡ : So- Èn: H¿cos(1¿) (3.44)
J

The change in energy A-Ð depends only on the bond energies and is given by AE :
€¿new - e¿o¿¿. Since €¿n"* is only a function of the random variable 0¿n".,it, is possible

to find the probability density function Í"r,6r(e¿,/¿) from [i02]

(3.43)

(3.45)

where J(0¿,ó¿) istheJacobianof thetransformaLion0¿:cos-1(to/Hùandó¿-ó¿.

The index new has been omitted for clarity of the expressions. The Jacobian can be

evaluated to give

J (oi, ói) :
01

-H¿sin(9¿) 0

: f/¿ sin(d¿) (3.46)

Combining this expression

ables e¿ and /¿ is

(3.45), the probability density for the random vari-

Ír',ø,(e¿, Ó¿) : (3.47)

f , r,ë o(€ ¿, ó ù : l, @ rfo*ß#

Aþi
ðó¡

Aþi
ô0¿

QsL
0ó;

Qei
ô0¿

with

4trH¿
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The þ¿ dependence can be integrated out and Í.r(e¿) for le¿l < l/¿ foilows immediately

r,rþn¡ : Io'" Í"r,6r(e¿, rþ¿)dó¿ : h

rrc(^E): f I ÍLøZ'E).

We norv introduce Njo and //j,, using tt e deloitiorrs

Nup:*+*rt ry'd,,:*Trt

(3.48)

Since e¿ : €¿neu: €iotd+ LE, the probability density distribution of A-Ð corre-

sponding to the change of the spin at site ¿ is given by

(3.4e)

Any of the spins can be chosen with equal probability and thus the probability of

obtaining an energ-y change AE in the range between A.Ð and LE + dLE is equal

to sum of fir(Ln) over all spins divided by total number of spins N

(t
/Å"(AE) :l 'tr laE+e¿o¿¿l1H¿

[ 0 otherwise

Nh: ¡i'(LE¡"); Nã,-: ¡irç-LÐn,) (3.51)

and thus ÄLp and ÀI¿r, for a given configuration are obtained as averages over all spins

(3.50)

(3.52)

In order to estimate the microcanonical averages we divide the energy range of interest

into bins of size LE¡o : E^or- Ernin, where Erno, and E^¿n ã,re, the upper and lower

energy limits of a bin. The value of LE¡;, is chosen to be the same value of LE¡;,

in the expression for the inverse microcanonical temperature P(E) (3.40).

Starting from a configuration with its energy inside a particular bin n, a spin is

chosen randomly and a new spin direction is chosen such that the energy of the new

configuration stays within the bin n. This can be realized by choosing a spin direction

Sr(e, Ð according to the probability distribution

fe,6(0, @) x sin(á) (3.53 )
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with á in the range (0*¿n,0^o") and / uniformly distributed in the range (0,2ø). Here

9n¿¿n and 0*o, aÍe the lower and upper bounds for the angle 0 that the spin is allowed

to have relative to the local field such that the energy of the new configuration stays

within the energy bin. Their values are given by

ornin : cos-1(-e¿- url H¿) ; 0*o, : cos-i (-e¿- 
"r/H¿).

(3.54)

An entire lattice slüeep is performed by repeating this procedure for all spins of

the system. A nerv starting configuration is chosen after a fixed number of sweeps in

order to avoid possible correlations among consecutive configurations. This sampling

procedure ensures a uniform visitation rate within a single bin, sampling all states

with the same probability and satisfies the principle of detailed balance.

3.6 Finite síze scalíng

The modern theory of phase transitions and critical phenomena is based on the scal-

ing properties of the free energy. A continuous phase transition is characterized by

a singular behaviour of the free energy and related quantities when the system has

an infinite number of particles, i.e. in the thermodynamic limit. However, in numer-

ical simulations, one deals with systems of finite size. In these cases, mathematical

singularities are modified and become regular functions. Over some region close to

the critical point the singularities of the infinite system become rounded and shifted

in the finite system. The amount of rounding and shifting depends on the size of

the system. With increasing system size this region shrinks and in the thermody-

namic limit it becomes a critical point. When interpreting Monte Carlo simulation

results in the study of phase transitions, the most important task is to extrapolate

the data obtained for finite systems to the thermodynamic limit. Such extrapolations

are possible by using Finite Size Scaling theory (FSS) [103, 104, 108].

The theory of finite size scaling has been of great value in the quest for a bet-

ter understanding of critical phenomena and phase transitions in condensed matter
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physics as well as in other fields. It was introduced in the early seventies by Fisher

[103, 104], Kadanoff [105] and others as a phenomenological theory. Later on, equi-

librium critical phenomena and finite size scaling were explained analytically by the

framework of a new theoretical approach called the 'Renormalization Group'.

In the many-body interacting system fluctuations of the microscopic degrees of

freedom close to a critical point become more correlated and the distance over which

microscopic order parameter fluctuations are significantly correlated is called a cor-

relation length. The finite size scaling approach assumes that near the critical point

the only significant characteristic length in the system is correlation length. The fi-

nite size effects depend upon the ratio of the linear dimension of the system to the

correlation length I/{. Using this approach, we can obtain a very good description

of the critical properties of a system by studying systems of varying finite size using

Monte Carlo simulations. Finite size scaling can be used to describe both continuous

and first order phase transitions.

3.6.1 Fi,ni,te Size Scali,ng at Second Order Transitions

At a second order transition, the f¡ee energ'y density lg,h) fo¡ an infinite system

has a singular part that can be written in the form

PÍ(T,h) - t2-"Y(h/t") (3.55)

where ú is the reduced temperature introduced in section (2.3). The so called gap

exponent A is related to a and 7 by A: iQ- a+.ù and the scaling function Y

is a universal function of a single argument. The correlation length diverges at the

critical point in the thermodynamic limit and the divergence is usually described by

the power law form € - lúl-" where and u is the correlation length critical exponent.

Hence the above scaling form can be ¡e'written as

P I g, h) - q("-z) t' Y (hto/ ") (3.56)
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In a finite size system, the correlation length is limited by the system size -L and

the corresponding free energ-y- density f r,(7,å.) is assumed to also depend on the ratio

L l{ wirh the scaling form

þ f "(7, 
h) - ¡(o-z) /'Y (L I e, hL^/") (3.57)

In the limit where { : L and both diverge, this finite size scaling form reduces

io (3.55). The arguments of the scaling function can also be written in the form

Y(tLrl",hL^/").

For finite size, the thermodynamic functions such as specific heat and susceptibility

do not diverge but reach maximum values which increase with .[. The positions of

the maxima also shift with the value of -L. Replacing the correlation length in the

expression € - ltl-" by .L predicts that the shift in temperature of the maxima is

given by

T-7"-L-' (3.58)

Binder[?] has also proposed the following scaling form for the order parameter

probability distribution function Pt (m) in zero field

Pr(m) : c(L)P(mLP/", Ll€) (3.5e)

where C(L) is a normalization factor.

Using the thermodynamic definitions of the various quantities int¡oduced in sec-

tion 2.1, their scaling relations are easily obtained from (3.57) by taking derivatives

with respect to ú and ä

M : tr-Þ/,¡ rçtLr/")

x : 7-t/,¡rçtLl/")

Cv: L-"l"lcr(tttt"¡

p : L2-d¡o(tLt/',¡

(3.60)

(3.61)

(3.62)

(3.63)
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where the magnetic field å has been set to zero and each quantity has its own univer-

sal scaling function with a single argument. At the critical point the scaling functions

become constant and the prefactors describe the size dependence ofthe various quan-

tities

A convenient quantity for locating the critical

fourth-order cumulant of the distribution (3.59)

(3.64)

(3.65)

(3.66)

(3.67)

temperature is the normalized

(J¡,:7- 1ma )t /(3 < *' )'"). (3.68)

At high 7 the distribution is a single gaussian and the ratio of the fourth to the

second moment squared is a constant which depends on the number of components

of the order parameter whereas, at ? << 7", the moments of the order parameter

become equal and U7 - 213. Atr T" itself [/¿ approaches a fixed va]ue [/* since (3.59)

and (3.68) yield the scaling form

UL = U(Ll€) (3.6e)

In the limit where L -+ oo, the arguments of the scaling functions become large

and vary as a power of the argument which exactly cancels the ,D dependence of the

prefactor in each case. For example, the scaling function for the stiffness behaves as

p - L2-d (ttrt I u¡(d,-z)v - ¡(d-z)"

These relations can be used to find ratios of the critical exponents, or in the case of

the spin stiffness, the exponent v directly. Once this is done, the scaling functions

can be determined by collapsing the data for several different sizes onto to a universal

curve.

Mo(

xo(
Cv o(

pc(

L-þ/"

L-t/'

L-o/'

L2-d
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3.6.2 Fi,nite Scaling at Fi,rst Order Transi.ti,ons

In addition to studying continuous transitions which are characterized by a diverging

correlation length, FSS theory can be also used for distinguishing between first and

second order phase transitions [98, 97]. At a fi¡st order transition, the correlations

grow but the correlation length does not diverge. Hence the size dependence of

physical quantities is somewhat different from that discussed above.

At a first order transition the energy or the order parameter is discontinuous in

an infinite system. In a finite system the discontinuities are rounded off and become

smooth functions. The higher derivatives such as the specific heat or the susceptibility

display rather broad maxima over a range in temperatueT-?; - L-d. The positions

of these maxima shift as the system size increases and plots of the positions of the

maxima as a function of size L can be used to determine the bulk ?}. The maxima

increase in height for small sizes as the correlations increase but eventually saturate

since there is no divergence.

Histograms of the energ-y P (E) are a useful way of identifiiing first order transitions

where a double peak should be present, at 7". The peaks sharpen as the system size

increases and a deep minimum between the two peaks develops.[95]
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Chapter 4

FRUSTRATED ANTIFERROMAGNETS

The critical behaviour of antiferromagnets on the stacked triangular lattice (STA)

geometry remains a controversial topic even after some twenty years of studies. Re-

views of both the experimental and theoretical results can be found in the articles

by Gaulin[24], Collins and Petrenko[38], Kawamura[10], Pelissetto and Vicari[76] and

Delamotte et al[12]. In this chapter we introduce the models and describe how frus-

tration changes the symmetry of the order parameter leading to some interesting

consequences.

4.7 n-vector tnodel

The starting point fo¡ most investigations of magnetic systems is a model of spins

located at the sites of a lattice whose interactions are described by a Hamiltonian

containing various terms.[23] Magnetism a¡ises due to the exchange interaction of

electron spins and is purely quantum mechanical in origin.[17] The exchange interac-

tion involves both the Coulomb electrostatic energy and the Pauli exclusion principle

and is a difference in energy between the states of a two electron system that depends

solely on the exchange of coordinates of the two identical electrons. Electrons are

of course quantum spin 1/2 particles but the net spin of the atoms localized at the

lattice sites can have larger values. If the spin magnitude of the atom at a lattice

site is sufficiently large, the interactions are commonly described in terms of a set of

classical vectors as follows
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(4.1)

where 5¿ is classical vector of unit length with n components describing the average

spin polarization at site i, and J¿¡ is strength of the exchange interaction between spins

situated on sites z and j. The sum in (4.1) is over all nearest neighbour pairs. The

simple Hamiltonian (a.1) only depends on the relatiae orientation of the neighbouring

spin vectors and any additional effects such as spin-orbit or dipolar interactions that

introduce anisotropy have to be introduced separately into the Hamiltonian. The sign

of the coupling 4¡ indicates which minimum energy state a pair of interacting spins

prefers. The spins S] and .{ f"nont a paraJlel (ferromagnetic) spin arrangement if
J¿¡ is positive and an antiparallel (antiferromagnetic) arrangement if J¿¡ is negative.

The classical model has the same symmetry and the same low energy excitations

as the quantum mechanical analogue. Of course, the thermodynamic properties of

classical and quantum systems differ at low temperatures where quantum statistics

play an important role. However, at temperatures which are a significant fraction

of the exchange interaction, the differences are not important. The model in (a.i)

is called the n-vector model where n is the number of components of the classical

vectors and it is invariant under uniform rotations of the spin system

4.2 Geometrical FÞustration

The type of magnetic order favoured by a classical antiferromagnetic interaction be-

tween nearest neighbour spins suggests that an antiparallel arrangement of the mag-

netic moments in the lorvest energy state[17] should occur. However, this type of local

order cannot propagate throughout the Ìattice when the elementary building unit of

the cr¡'stal structure is a triangle or a tetrahedron.

Examples of such crystal structures include the two dimensional triangular and

kagome lattices and the three dimensional hexagonal and pyroclore lattices 122]1. The

H - -l tn,Sn . S,
i<j
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Figure 4.1: Possible ground state spin configuration of three antiferromagnetically
coupled Ising spins on a triangle. Magnetic moments on sites A and C are aligned
antiparallel and form state of minimum energ'y, but magnetic moment at site B cannot
align itself antiparallel to both moments A and C simultaneously and is frustrated.
As a consequence the ground state has a non-trivial degeneracy.

impossibility of assigning the lowest energy antiparallel spin configuration simultane-

ously to each pair of spins throughout such lattices yields interesting consequences

for the equilibrium spin arrangements [10]. Consider, for example, three Ising spins

(n : 1) located at triangular sites and interacting antiferromagnetically. Figure 4.1

illustrates the intrinsic inability of such a spin triplet to simultaneously satisfy all an-

tiferromagnetic nearest neighbour interactions on a triangle leading to a macroscopic

frustrationf67]. In this example the frustration results in a nontrivial degeneracy of

the ground state[66]. Among the 23 possible spin configurations of the three spins, 6

correspond to the minimum energ'y configuration which has two spins oriented up or

down and the third in the opposite direction.

The minimum energy for such physical systems is constrained not only by ex-

ternal parameters such as temperature or pressure but also by the geometry of the

corresponding lattice. Consequently these systems are geometrically frustrated.
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Figure 4.2: The ground state spin configuration of three antiferromagnetically coupled
spins with continuous degrees of freedom on a triangle. Spins on different sublattice
sites are canted and form an non-collinear ordered state.

These frustrated systems, in general, have an enlarged degeneracy ofthe ground state

compared to non-frustrated cases.

The level of frustration also depends on the number of degrees of freedom asso-

ciated with the magnetic moment. The ground state of an antiferromagnetic Ising

spin model on the triangular lattice is infinitely degenerate or fully frustrated[66].

The ordering in this model is suppressed by frustration effects and the system does

not exhibit a phase transition at any finite temperature. The additional degrees of

freedom in the XY and Heisenberg spin models reduce the level of frustration and lift

the non-trivial degeneracy. Consequently, continuous spin systems exhibit long-range

magnetic order at zero temperature. However, the ground state spin configuration of

these continuous spin models is non-collinear.

Figure 4.2 shows two such spin configurations on a single triangle where the spins

point at an angle of 120' to one another. Comparing these two coplanar configu-

rations, it is evident that the spin arrangements on the left and right triangles are

mirror images of one another when reflected through a vertical plane. This property
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can be described in terms of a chirality, or handedness. The two configurations in fig-

we 4.2 are have opposite opposite chirality. Kawamura[l1] introduced the following

definition of chirality

È,: #Et (s, " s,) (4.2)

where the sum is over all different spin pairs on the triangular plaquette p taken

in cycìic order. For Heisenberg spins, the chirality Èo is an axial vector which is

normal to the spin plane formed by the three spins in the 1200 ground state. The two

possible chiralities correspond to the two possible normal directions. For XY spins

, the chirality is a pseudoscalar with two possible values *1. The role of chirality in

various continuous spin systems is considered further in the following section.

4.3 Symrnetry of the ordered state and the local order parameter

Both the triangular and hexagonal (stacked triangular) lattice have triangles as the

elementary units. Figure (4.3) shows a portion of a two dimensional triangular layer.

The lattice is partitioned into disconnected triangular plaquettes. For simplicity the

*a.

'\.- 
,/'

.-------...-...--.':.,/

Figure 4.3: Part of a triangular lattice indicating the partition into disconnected
triangular plaquettes shown by the solid lines. In the ordered state ofcontinuous spin
systems the pattern labeled A,B,C has the identical spin structure as that shown in
figure 4.2 and it repeats itself periodically throughout the lattice.
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following discussion refers to the two dimensional triangular lattice and will be ex-

tended to include the specifics of the three dimensional hexagonal lattice model later.

In the ground state of continuous spin systems, the plaquettes have one of the equiv-

alent spin arrangements from a manifold of minimum energy structures such as. those

shown in figure 4.2. The plaquettes can be considered as a basis of a new superlat-

tice. The minimum energy structure assigned to each plaquette propagates through

the triangular layer of the entire lattice resulting in a vÆ x 
^/5 

periodicity and a

chirality. This non-collinear ordering breaks the rotational symmetry of the model

Hamiltonian (4.1).

The chiral degrees of freedom, or equivalentiy, the non-collinear order in these

frustrated systems leads to important differences when compared to the unfrustrated

cases. For example, the n:3 Heisenberg ferromagnet has a broken symmetry where

the spins align to form a collinear ground state with all spins parallel to some direction

in spin space. This resulting ground state is invariant under global spin rotation about

the magnetization direction. In the frustrated case, there is no such invariance. The

ground state cannot be described in terms of a single vector. The 1200 spin structure

spans a two dimensional space in the n : 3 spin space. To describe a local order

parameter of the Heisenberg model, Dombre and Read [2i] fixed a reference frame on

each plaquette, such that the spin vectors at the triangular vertices have the following

directions

5¿ : (0, 1, 0) ; ,í¿ : (-Jt lr, -r 12,,0) ; 5c : (Jz ¡2, -t /2,0) (4,3)

This structure is identical to the ordered state on the left-hand side of figure (4.2)

where a right-handed reference frame is used with the E axis along the spin direction

at site .4. Other degenerate ground states can be obtained from this reference state

by a global orthonormal transformation

S'o: n1n (4.4)
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wheïe R is a 3 x 3 rotation matrix which satisfies Rr R: Rff :1 and belongs to the

SO(3) rotation group. Hence the order parameter space of the frustrated Heisenberg

spin model is isomorphic to the three dimensional rotational group SO(3).

In the case of the frustrated XY model, the spins only have n : 2 components

and the chirality has an Ising 22 symmetry[26]. The SO(2) rotational symmetry of

the spins in the øE plane and the 22 slmmeLry of the chirality means that the orde¡

parameter space is isomorphic to Zz x SO(2) : O(2) where the group O(2) includes

spin reflections as well as rotations.

The symmetries of these models can be discussed in terms of topological spaces [27] .

Order parameter space is a topological space isomorphic to the set of ordered states

of the system. It can be defined by dividing the entire symmetry group of the Hamil-

tonian by the subgroup which describes the broken symmetry state. The symmetry

group of the Hamiltonian (4.1) is O(rz) which describes its invariance under uniform

spin rotations and inversion. In the case of non-frustrated systems where a collinear

ground state emerges, the invariant subgroup is O(n - 1) which corresponds to rota-

tions about the collinear direction. Hence the order parameter space is isomorphic to

the (n,- 1)-dimensional hypersphere S",-r : O(n)lO(n-I). In the frustrated models

where the order parameter is non-collinear, the invariant subgroup is O(n-2) instead

of O(n - 1). This means that the order parameter space is O(n) lO(n - 2) in general.

Since O(0) :1and O(1) : 22,this meansthat in the r¿:2 and n:3 cases \Me

have the following order parameter spaces: for n : 2 it reduces to O(2) whereas, for

n:3, it is O(3)/Zz: SO(3) in agreement with the earlier discussion.

These differences in symmetry between the nonfrustrated and frustrated models

suggest that the critical behaviour can be quite different and that the frustrated

systems may belong to a nerv universality class[l0].
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4.3.1 Topologi,cal deJects i,n frustrated anti,ferromagnets

The order parameter space of the frustrated Heisenberg model is isomorphic to the

rotational group .9O(3) and can be regarded as the surface of a four dimensionai

hypersphere with identified antipodal points. Application of homotopy theory to the

parameter space .9O(3) yields the following homotopy groups[1]

r'6(^90(3)) : g, zr1(.9O(3)) :22, zrz(SO(3)) : g (4.5)

implying the existence of a topologically stable point defect (vortex) corresponding to

the two element group 22. This vortex is different from the Z-vorlex predicted lor XY

systems. The existence of a stable topological defect for the frustrated Heisenberg case

suggests the possibility of a purely topological phase transition for the two dimensional

lattice ,7,7,3, 
4].

In the case of the stacked triangular geometry in three dimensions, the point

defects described above will appear as line defects. The role that they play in the

ordering process is one of the questions that we wish to investigate in this thesis.

4.4 Experimental studies of frustrated magnetic matetíals

There are several experimental realizations of the stacked triangular geometry in

which the exchange interactions are antiferromagnetic. Examples include Lhe ABX¡

-type compounds where -4 is an element such as Cs or Rb, B is a magnetic ion such

as Mn,Cu, Ni, or Co, and X is a halogen such as Cl, Br or ,I. Another group that

has been investigated is the vanadium dihalides which include VCLz and VBr2 as

examples. For most of these materials, the Hamiltonian is not completely isotropic

and the additional anisotropic terms can confine the spins to be in the plane normal

to the c axis or parallel to it. The Hamiltonian for the stacked triangular materials

takes the form[38]

chaàns planes

H:-J' tS, sj-JÐ S- s,-DÐ(sí),-ÐÈ sn (4.6)
i<j k<¿ i ¿
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where first sum is along chains of spins situated in different triangular planes with

a coupling constant J', Lhe second sum is over neighbouring spins within the tria¡-

gular planes with coupling J, the third term represents a single ion anisotropy with

anisotropy constant D and fourth term is the Zeeman energy of the spins in the pres-

ence of an external field ¡i. l" some cases the exchange along the chains is dominant

and the materials exhibit a quasi-ld behaviour whereas, in other cases, the exchange

interactions within each plane are dominant and the materials form quas!2d systerns.

If the anisotropy constant D ) 0, this favours an alignment of the spin mommts

perpendicular to the triangular planes whereas D < 0 favours the confinement of the

spins in the planes. In both cases the Heisenberg symmetry is broken. The latter

case D ( 0 changes the symmetry of the ordered phase lo XY. In addition to the

single-ion anisotropy D, these materials may also have exchange anisotropy with the

isotropic exchange term replaced by

H : _J I(SU"Sí + SIKSY + ASíSí)
k<l

(4-7)

where the parameter .4 is the exchange anisotropy. Values of. A > 1 favour an easy

axis whereas ,4 < 1 favours the xy plane.

Magnetic neutron scattering and specific heat measurements on these systems

have revealed the occurence of finite temperature phase transitions which appear to

be continuous. Some materials have large values of the anisotropy D which favours

either Ising (rz : 1) or XY (n: 2) symmetries. Other mate¡ials have relatively small

values of D compared to the exchange terms and should therefore behave more like

the Heisenberg model (n : 3).

Table 4.1 gives a summary of some of the experimentaily measured values of the

critical exponents for systems which are expected to have an XY model symmetry.

The values of the exponents in table 4.1 are clearly different from those expected for

the d : 3 XY ferromagnet with O(2) symmetry. Delamotte et al[12] have recently

suggested that the experimental values are not at all consistent with a continuous
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Material Ref. d p .Y U

CsMnBrs [78]

[7e]

[80]

[81]

[82]

lssl

[84]

0.3e(e)

0.40(5)

0.22(2)

0.25(1)

0.24(2)

0.21(2) 1.01(8)

1.10(5)

0.54(3)

0.57(3)

RbMnBrs [86]

[85] 0.22-0.42

0.28(2)

CsCuCl3 [87, 88] 0.25(2)

o(2) 17n -0.0146(8) 0.3485(2) 1.3i77(5) 0.67155(27)

Table 4.1: Experimental values for the critical exponents for STA XY antiferromag-

nets. The last line is the fieÌd theory results for the O(2) Heisenberg universality

class

transition. They have used the scaling law r..:2þlu - 1 to estimate the anomalous

dimension 4 which characterizes the decay of the correlation function at Q and find

it to be negative. They argue that 4 should be positive for a true second order phase

transition and conclude that the entire class of materials exhibit weak first order

transitions.

Table 4.2 gives a summary of some of the experimentally determined critical ex-

ponents for materials that behave as Heisenberg antiferromagnets (or nearly Heisen-

berg). The values of the exponents in table 4.2 vary somewhat from material to

material. This can be due to the presence of various types of anisotropies which may

change the universality class. However, the values of the exponents do not belong



61

Material Ref. d. p I u

v cl,2 [68] 0.20(2) 1.05(3) 0.62(5)

VBrz [6e] o.3o(5)

CsNi.Cls [70, 73]

[71]

172l

0.25(8)

0.23(4)

0.28(3)

RbNicts

CsMnI3

[75]

[70] 0.28(6)

0.28(1)

o(3) [74] -0.1336(15) 0.368e(3) 1.3e60(e) 0.7112(5)

Table 4.2: Experimental values for the critical exponents for STA Heisenberg (or

nearly Heisenberg) antiferromagnets. The last line is the field theory results for the
O(3) Heisenberg universality class

to any of the well known Wilson-Fisher universality classes and are clearly different

from those of the d : 3 O(3) ferromagnetic Heisenberg model. The experimental

values strongly suggest that these frustrated materials belong to a new universality

class if the transitions are indeed continuous. Delamotte et a1[12] have again argued

that these exponents cannot describe a true second order phase transition. Although

there are fewer measurements for the Heisenberglike materials, they conclude that the

anomalous dimension 4 is again negative and that all of the STA materials undergo

weakly first order transitions in d : 3 with effective exponents.

4.5 Chiral universality class

The first theoretical prediction of a nerv universality class for frustrated antiferromag-

nets on the stacked triangular geometry was made by Kawamura[25, 43,44] based on

an analysis of the symmetry of the ground state for both XY and Heisenberg spin
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Model Ref. a p .Y u

XY [11, 43]

[8e]

Ie0]

0.34(6)

0.46(10)

0.43(10)

0.253(10)

0.24(2)

1.13(5)

i.03(4)

0.54(2)

0.50(1)

0.48(2)

Heisenberg [11, 25]

[e1]

[e2]

[15]

[33]

0.240(80)

0.242(24)

0.245(27)

0.230(30)

0.300(20)

0.285(11)

0.285(11)

0.280(15)

1.170(70)

1.185(3)

1.776(26)

0.5e0(20)

0.586(8)

0.585(e)

0.5e0(10)

0.58e(7)

Table 4.3: Numerical values for the critical exponents for STA XY and Heisenberg

antiferromagnets.

models. The rather unusual symmetry of the order parameter lead Kawamura to con-

jecture that these system exhibit a novel kind of phase transition due to the presence

of chiral degrees of freedom and possibly belong to the new universality class named

the chiral uniuersali,ty class. Monte Carlo simulations supported this idea since the

measured critical exponents for both XY (n: 2) and Heisenberg (n : 3) models

rvere quite different from those of the standard O(n) model. A variety of Monte Carlo

methods have been used by other authors and the majority of these calculations pre-

dict a continuous phase transition in d : 3 with novel exponents. Table 4.3 gives a

list of the critical exponents which have been calculated using Monte Carlo methods

for both Lhe XY and Heisenberg cases.

4.6 The fr.eld theoretical approach to frustrated spin sysúems

Experimental measurements and Monte Carlo simulations provide detailed informa-

tion about phase transitions in specific materials and in the simplified models used
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to describe them. Another approach that has been quite successful for understanding

the physics of critical phenomena is the field theoretical renormalization group (RG).

This has been especially true for systems described by O(n) symmetry in dimension

d which are described by the so-called Wilson-Fisher universality classes. The critical

properties vary smoothly with dimension between d,:2 and d: 4 and become mean

field-like for d> 4.

There are three basic field theory approaches to describing the physics behind

critical phenomena. These are: i) the Landau-Ginzburg-Wilson (LG\^/) method which

expands the free energy in powers of the order parameter as well as the dimension

d, : 4 - e , ii) the non-linear sigma model (NLø) which expands the free energy

about the low temperature ordered state and is essentially a low ? expansion about

the dimension d - 2 * e, and iii) the effective average action method which is a

nonperturbative method based on the idea of block spins and integrates out short

wave length fluctuations progressively to obtain the long distance behaviour.

All of these methods have been used to study frustrated systems with the aim to

understand the nature of the transition in the physical dimension d,: 3. Generally,

the frustrated models have a larger degree of symmetry breaking compared to ferro-

magnetic models. Lower symmetry means that the effective Hamiltonian describing

these the frustrated systems have more coupling constants and hence the RG flow

takes place in a multi-dimensional space. There can be several attracting fixed points

with quite different behaviour and exponents. Thus the concept of universality is

nontrivial since the critical behaviour depends on the domains of attraction of ihe

various fixed points. The success of these methods for ferromagnetic models is primar-

ily due to the fact that the symmetry is higher and the number of coupling constants

is reduced to essentially a single constant. The RG florv is very simple and does not

change in the range of dimensions from d, : 2 to d :4. However, it is not obvious

that such a simple picture will emerge in the case of the lower symmetry frustrated

models.
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The results of each of these approaches are somewhat contradictory. In the sections

that follow we will briefly outline each method and its predictions for the frustrated

triangular antiferromagnets.

4.6.1 Conti,nuum li,mi,t description of frastrated systems

The field theories use the continuum limit of the lattice model Hamiltonian in order to

study its long distance behaviour. In the simpler example of ferromagnetic systems,

the continuum limit is achieved by letting the spins fluctuate around their common

expectation value. Considering small long wavelength fluctuations only, the scalar

product Sn. S¡ can be approximated by a quadratic term in (VS(ø))2 yielding the

continuum limit Hamiltonian

H - constant* | aolai¡' (4.8)

with the constraint that S-2 : L. FYustrated magnets differ in many ways from these

conventional non-frustrated magnets. The magnetic frustration affects the minimum

energy spin structure resulting in a non-collinear or canted spin structure in the

ordered state of models lvith continuous spin symmetry. As opposed to non-frustrated

spin system where both the fluctuating fields at short distances (on the scale of the

lattice spacing) and the long wavelength fluctuations are described in terms of the

same quantity, i.e. the spin vector, the fluctuating fields of frustrated magnets on short

and long length scales differ. The relevant low energy fluctuating field is the order

parameter, which is rotation matrix .R belonging to SO(3) in the case of Heisenberg

spins, while on the scale of lattice spacing the fluctuating field is the spin vector.

Identifying the proper order parameter is important in order to derive the effective

action .J of frustrated systems. It is convenient to identify a superlattice such as the

one described in section 4.3 and consider the basic building block as a plaquette of

three spins. On each elementary plaquette of the superlattice, an orthonormal basis
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eo(ø) can be defined such that

e"(z) 'e6(ø) : ôo6; o,rb:1r2r3 (4.e)

where ø is the superlattice index. Then each spin S" belonging to the plaquette can

be expressed as linear combination of these three vectors as follows

S"(") :lCI(r)u,(r). (4.10)

It is important to note that all spins So in the ground state are not independent, and

the linear combinations of the So that yield a zero expectation value in ground state

can be excluded as part of order parameter. These linear combinations correspond to

the spin motions within an elementary plaquette. They have short range correlations

and thus are irrelevant to the long range critical behaviour. They can be ignored

by imposing the constraint that locally (within each plaquette) the spins are in their

ground state configuration stj- se * ^9c, - Q. Hence the order parameter is the

orthonormal basis {""(")} defined on each plaquette. The effective action ,S can be

obtained through the gradient expansion of the eo in the sarne way as it is done for

a spin vector order parameter in (4.8). The continuum limit action for the frustrated

Heisenberg antiferromagnet can be written as

s - I d"rþ_p,(ôe"(r))2. (4.11)

where the fields eø are constrained to be orthogonal as in (4.9) and the po are the

coupling constants. Note that three of them are needed for this SO(3) frustrated

system.

4.6.2 The Nonlinear Si'gma (NLo) model approach

The N-Lo model expands about a low temperature broken symmetry phase of the

system. It is a perturbative approach in both temperature and dimension. Since the

lower critical dimension for continuous spin models is d : 2, it is a low temperature
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expansion around two dimensions. The first quantum N,Lø model relevant to the

frustrated Heisenberg model was derived by Dombre and Read [21]. Aza¡ia et ai

[7] studied the (//,ûo) model in the classical limit using the expansion technique in

d,:2 * e. They found that system has an enlarged symmetry. The symmetry break-

ing scheme (O(3) x O(z))lO(2) is enlarsed to (O(3) x O(z))lO(3) or equivalently

O(4)lO(3). At the scale of the lattice the couplingconstants in (4.11) arep3:0 and

pt. : pz but under the rescaling transformation they approach a higher symmetry fixed

point with pt : pz : p3 . Hence the N Lo model relevant to frustrated magnets core-

sponds to the same symmetry breaking scheme as for the non-frustrated 4-component

vector model. This approach suggests that the critical properties between 2 and 4

dimensions should be governed by the standard O(4)lO(3) universality class. These

findings are in strong disagreement with both experimental and numerical results.

It is important to note as well that properties of this approach depend only on the

local properties of the coset, usually denoted as G lH where G and H are symmetry

groups of the high and low temperature phase, excluding its global structure and the

topological properties of these spaces.

/r.6.3 Landau-Gi,nzburg-Wi,lson (LGW ) mod,el approach

In the LGW modeÌ approach, the constraint (4.9) is replaced by an appropriate

potential. In the RG analysis, expansions are carried out around dimension 4, e :

4 - d or in terms of a 1/n, expansion where r¿ is number of spin components. With

the potential included, the Hamiltonian can be written in terms of spin variables of

unconstrained length. The action 5 when the field es is integrated out due to the

constraint ês : €1 A e2 can be written as

(0"r)') * v(e1, e2). (4.12)

The potential I/(e1, e2) is chosen such that it disfavors field configurations that do not

satisfy (a.9). This approach does not yield a stable fixed point for the case of three

S * I dD r((0e1)2 +



OI

dimensional spin systems with n : 2,3 . The naive extrapolation of the expansions

at the lower critical dimension (d : 2) and the upper critical dimension (d : 4) to the

d,: 3 are contradictory in the case of frustrated Heisenberg magnets. The existence

of a nontrival fixed point in NLo d,:2 * e expansion and the absence of such point

in LGW d,: 4 - € expansion cannot be reconciled.

The perturbative field theories obtained using a low temperature expansion about

d, : 2, a weak coupling expansion around d : 4 or a large n-expansion all fail to

describe the physics of the physicalTL:2,3 frustrated models in d,:3. The stability

and existence of various fixed points depends on the value of the number of spin

components 7? as well as the dimension d. There is no smooth interpolation of the

results between d,:2 and d: 4.

There have also been studies based on the LGW model in fixed dimension d,:3
to higher order perturbation theory in the coupling constants. Calabrese et al[94]

have used six-loop -RG expansions to study the .RG flows for arbitrary values of r¿ and

they find three distinct types of behaviour. For values of n ) nct : 6.4(4) they find

that the transition is continuous and described by a stable chiral fixed point that is

related to earlier work using the d - 4 - e and 1/rz expansions. On the other hand

for n6 > n > flc2 : 5.7(3), they do not find any evidence of a stable fixed point

and conclude that the transition is first order for values of n in this range. In the

range n 1 n"2, there is a chiral fixed point which is quite distinct from that found

in the range TL ) T1"1. The .RG trajectories approach the fixed point in a spiral-like

manner and the transition is continuous. This range corresponds to the physical

values n: 2,3 and the authors speculate that the peculiar approach to the fixed

point could lead to a rather complicated crossover phenomena with exponents that

vary in a nonmonotonic way. They conclude that this may explain the variation of

the measured exponents from material to material as well as the apparent negative

values for the exponent 4.
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/r.6./r Non-perturbatiue approach

The non-perturbative approach is also based on the Wilson ¡enormalization group idea

and is called the effective average action method[l2]. This method is non-perturbative

in both temperature and the coupling constants. It is able to recover the perturbative

results at the upper (d : 4) and lower (d : 2) critical dimensions as well as some

non-perturbative features involving topological excitations. The method identifies a

breakdown of the NLo model approach as a function of d. The O( ) fixed point

found by Azaria et al[7] collapses with another unstable fixed point at d" - 2.97.

Hence the transition in d : 3 is found to be of first order, with very large correlation

length {. The large correlation length and the proximity of d" to d, : 3 suggest that

a pseudoscaling behavior occurs due to a very slow flow of the RG trajectories. and

that an "almost second-order phase transition" should be observed.

It is clear that the perturbative approach used in the NLo model does not include

topologically nontrivial states. However, it is not at all clear how these effects are

taken into account in the non-perturbative approach. The separation of the effects

of vortices and spin waves on the critical properties of frustrated magnets remains a

challenging problem.
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Chapter 5

FINITtr NUMBER OF TRIANGULAR LAYERS

5.1 Introductíon

The behaviour of the Heisenberg antiferromagnet on triangular geometries is quite

unusual. One might have guessed that the physics of the Heisenberg model in 2d

lvould be quite uninteresting since it has been shown that there is no long range order

at finite temperature in systems with a continuous symmetry(Peierls[?], Mermin and

\Magner 1966 [5] , HohenbergIg6T [6]). In d,:2, however, there is a finite temper-

ature vortex unbinding transition which is purely topological in character[l, 2, 3, 4].

Both above and below this temperature the spin-spin correlation function decays ex-

ponentially with distance. This behaviour is quite different from that which occurs in

the Kosterlitz-Thouless transition[29, 30] which occurs in two-dimensional XY mod-

els includin g 2d XY magnets, 2d superconductors and superfluids. In these cases the

correlations are exponential at high ? and decay with a power law at all tempera-

tures below the transition. There is no long range order but there is a finite spin rvave

stiffness in the low temperature phase. The specific heat exhibits a maximum at a

temperature above the transition but no apparent singular behaviour when the po\iler

law decay sets in. In the Heisenberg antiferromagnet, both the sublattice magnetiza-

tions and the spin wave stiffness are zero al ¿ll finite temperatures. On the other hand

the vorticity modulus is nonzero at low T and drops to zero at the transition. Hence

the phase transition is similar to the Kosterlitz-Thouless transition in that vortices

are involved but it is different in that the correlations decay exponentially at all finite

temperatures.
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.9s8

LGW

T/J

Figure 5.1: Schematic phase diagram of the isotropic Heisenberg antiferromagnet
between dimensions d,:2 and d: 3.

Field theoretic studies of this model in terms of the nonlinear sigma model (N Lo)

predict that there is only a transition ãt T" :0 in two dimensions. This latter ap-

proach is basically a low ? perturbation expansion about the ground state and does

not include topological defects. In d : 3 both theory and experiment indicate that

there is a conventional phase transition with the appearance of an order parame-

ter below the critical temperature. However there is a great deal of debate about

the nature of this transition. Monte Carlo studies indicate a continuous transition

which belongs to a new chiral universality class whereas early RG studies indicated
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a first order transition. The experimental studies of these three dimensional stacked

triangular systems find that they exhibit a continuous phase transition with a set of

critical exponents that do not belong to any of known universality classes . Numerical

studies of the model on the hexagonal lattice also indicate that the system exhibits a

continuous phase transition that cannot be described by the Heisenberg universality

class [11, 33]. On the other hand, non-perturbative RG (NPRG) studies indicate a

phase transition which is very weakly first order with effective exponents [13, 12]. A

very recent numerical study of RG flow in the LGW Hamiltonian by Itakura [16] also

suggests a possible weak first order transition fo¡ the Heisenberg spin model but with

much stronger evidence for a first order transition in the case of XY spins.

Figure 5.1 shows a schematic phase diagram in the T vs d, plane. In this diagram

the results ofthe various approaches that have been used to study the phase transition

between two and three dimensions are summarized. The numerical Monte Carlo

simulation results are labeled MC and, as discussed in the previous chapter, they

suggest the existence of a phase transition at finite temperature in both the two

dimensional triangular lattice and the three dimensional stacked triangular lattice.

The phase transition in two dimensions is purely topological in character, whereas

in three dimensions, it is a conventional second order transition belonging to a ne\ry

chiral universality class. The prediction of a stable chiral fixed point in the Landau-

Ginzburg-Wilson renormalization group approach in fixed dimension d: 3 is labeled

by LGW. The notation NLo denotes the low temperature expansion results of the

d, : 2 * e perturbative approach which connects the predicted zero temperature

transition in d : 2 with the limiting value at d" 13 predicted by the non-perturbative

RG approach (NPRG) . The dashed curve connecting the Monte Carlo results in d:2
with those in d : 3 is the subject of investigation in this chapter. In particular we

are interested in how the topological transition in d : 2 evolves as the number of

triangular layers is increased.

Two important questions that can be asked are:
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. Hoiv does the d, : 2 behaviour cross over to the d: 3 behaviour?

o What is the nature of the transition in d : 3?

In this chapter we explore the first of these questions. The second question will

be explored later in chapters 6 and 7. In order to explore the crossover of the d,:2
behaviour to d : 3, we will study the nature of the ordering process of a layered

triangular system having dimensions Lx L x I/ with the number of stacked triangular

layers ranging from I/ : 2 to H : 24 and the linear size of each layer -L ranging from

18 to 120 by means of Monte Carlo simulations. In what follows, we shall see that

the iayered system exhibits a crossover from two to three dimensional behaviour as

the number of layers increases. We observe that the two dimensional behaviour in

the system persists for an arbitrary number of layers provided that H ( L and one is

sufficiently close to the critical temperature. When fI becomes large and proportional

to .L the system exhibits a conventionai three-dimensional transition with an order

parameter which vanishes continuously at the transition.

5.2 Model and Methods

We consider an isotropic Heisenberg model of classical spins interacting via nearest

neighbour exchange on a layered triangular lattice described by the following Hamil-

tonian

H - -ltntín'S¡
i<j

rvhere ,ín is a classical three component vector of unit length and J¿¡ is the strength of

the exchange interaction between spins situated at sites ¿ and I. Within each trian-

gular layer the spins interact antiferromagnetically Jn¡ < 0. Between adjacent layers

the interaction can be taken to be positive or negative with no essential difference

since there is no frustration associated with these interactions and hence there is a

symmetry with respect to the sign. We shall choose it to be ferromagnetic J¿¡ ) 0

(5.1)
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so that we do not have to work with a larger number of sublattices. In the following

we set lJu¡l : J : 1. for all interactions and both energy and temperature will be

measured in units of J.

The layered geometry has dimensions .L x Lx f/ where each triangular plane has

,L2 sites and the system has a finite thickness Il such that H < L. We perform our

numerical simulations using the heat bath Monte Carlo method described in chapter

3. We calculate a number of thermodynamic quantities including the sublattice mag-

netization, the specific heat, the spin stiffness as well as the response of the system

to an isolated vortex. Flom this vorticity response we extract a vorticity modulus.

The ground state of the system is described by a wavevector Q : (4tr f 3,0, 0) which

corresp'onds to three sublattices of spins oriented at l-200 to one another in a plane and

located at the vertices on each elementary triangle. The spin plane can be oriented

in any direction in space since the spin and lattice spaces are independent. Periodic

boundary conditions are applied in the plane of each triangular layer where, in order

to preserve the 3-sublattice structure, it is important to choose -L to be a multiple of

3. The finite layer thickness, H, can have any integer value since we have chosen the

inter-planar interactions to be ferromagnetic. The top and bottom surface layers are

subject to free boundary conditions.

The spin stiffness [7], or helicity modulus, is a measure of the increase in free

energy associated with a twisting of the order parameter in spin space by imposing a

gradient of the twist angle about some axis â in spin space along some direction û in

the lattice. The spin stiffness can be written as a second derivative of the free energy

with respect to the strength of the gradient and can be calculated as an equilibrium

response function. The spin stiffness corresponding to twists about an arbitrary axis

â in spin space has been derived in appendix A and has the form

,^ : -fiuÐ Jn¡(êo¡ ' î,')'z (6t' n)6¡ ' ñ) - si sr)
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-#-( 
l¿ 

r¿¡(ê¿¡'t)i,'rt;.t;l] 
)

(5.2)

where el¡ is unit vector directed along the nearest neighbour bond from site z to j, r? is a

gradient direction in lattice and ñ. denotes the axis in spin space about which a twist is

imposed. The volume factor -Ld is replaced by HL2 inthe present geometry. Diagonal

elements of the spin wave stiffness tensor can be calculated by choosing an orthogonal

triad for the directions of three principal a.:<is in spin space. The symmetry of the

ground state suggests that two of the principal axes correspond to two perpendicular

directions i1 and i, it the spin plane and that the third is perpendicular to this

plane 1. This third axis is conveniently chosen to point along the average chirality

direction Ê. Here chirality is defined on each disconnected triangle of the triangular

planes containing sites that belong to three different sublattices A, B and C at the

vertices as follows

Èo :5¡ * 5, +^ís x Èc + Sc x S¡. (5.3)

The other quantity of interest when topological properties of the system are to be

considered is the vorticity [2]. The vorticity is a measure of the response of the spin

system to an imposed twist about an given axis fi. in spin space along a closed path

that encloses a vortex core. The vorticity can be calculated as the second derivative

of the free energy 'with respect to the strength of the vortex, or winding number rn,

when rn : 0. As described in chapter 2 and appendix B, the vorticity about an

arbitrary direction ñ in spin space is

,^: -+#Ð*t,,rfu*)'(rsi .â)(E .ù -si s-,r)

-+#(l¿ t,rtu*)ñ Gn'*,] ) (b4)

where r¿ is the distance ofsite i from the vortex core and f¿ is tatgent to the circular

path in the lattice passing through site ¿ and enclosing the vortex core, Q¡ and fi. have

lln the ground state all spins lie in a plane which is perpendicular to the chirality vector.
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the same meaning as in expression (5.2). The vorticity I/¿ contains a contribution

due to the vortex core as well as part which is proportional to ln(L/a). This can be

written as

Va: Ca + uiln(Lla). (5.5)

where Cn is a temperature dependent constant describing the core and u¿ is called

the vorticity modulus. It plays a similar role to the spin stiffness and vanishes at a

phase transition. It can be extracted from the raw vorticity data by comparing the

results obtained for different sizes .L of the system. We use following comparison of

the pair of sizes .Lr and L2 lo extract the vorticity modulus

(5.6)

The final value of the vorticity modulus u¿ is obtained as an average over all pairs of

linear sizes.

'We also calculate an order parameter given as

ua(Lt,Lz):ffi#

Ir[ -

where M¿ is total sublattice magnetizations of sublattice z.

5.3 .EÙesulús

It has been proven by Mermin and'Wagner [40, 5] and Hohenberg[6] that conventional

long range order in two dimensional systems with continuous spin degrees of freedom

is destroyed by spin wave excitations. This means that in two dimensional systems

an order parameter such as the magnetization is zero in the thermodynamic limit at

any finite temperature. Systems of finite size L should exhibit strong finite size effects

at all ?. In figure 5.2 the temperature dependence of the magnetization for a two

layer system (I/ : 2) is sho'wn. The results clearly indicate that magnetization of the

layered triangular lattice does indeed tend to decrease with increased size -L down to

#,J'z*r (5.7)
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Figure 5.2: Staggered magnetization of. a L x L x 2

dence on -L at any finite temperature ?.
Iattice shows a strong size depen-

the lowest temperatures studied in the simulation. This behaviour is consistent with

the absence of a finite temperature phase transition. The finite size effects are largest

near ? - .52 which coincides with the temperature of the specific heat maximum.

The specific heat for a number of different linear sizes -L in the case of a H : 2

and Iy' : 8 layer system are shown in figures 5.3 and 5.4 respectively. The peaks

saturate with increased system size L indicating a non-divergent specific heat. The

specific heat peaks sharpen and move toward higher temperatures as the thickness .I1

increases. The temperature ?" indicated in the figures lies below the peak temperature

and indicates where a topological phase transition occurs. Similar behaviour occurs

at the Kosterlitz-Thouless phase transition, where a nonuniversal specific heat peak

is associated with the entropy liberated by unbinding of vortex pairs [23]. The nature

of the transition at 4 will be described in more detail below.

The sublattice magnetization and specific heat results shorvn in figures 5.2,5.3
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and 5.4 show no indication of a finite temperature phase transition. We have also

studied the spin stiffness and the temperature dependence of the three principal spin

wave stiffness coefrcients are shown in figure 5.5. The vertical axis is the stiffness

p¿ calculated using equation (5.2) and the horizontal axis is the temperature ? in

units of J : 1. Both p¡, and pi, correspond to twists about axes in the plane

of the spin ordering whereas pÊ measures the stiffness about the average chirality

direction which is normal to the spin plane. At very low temperatures the stiffnesses

approach the values pk : 2pi, : 2pL, : 314' ' The stiffnesses show a strong size

dependence at all temperatures, decreasing with an increase in the planar dimension

-[. As discussed previously in chapter 2, the d, : 2 Kosterlitz-Thouless transition is

characterized by a universal value of the ntio pfT :21r. In the present layered

geometry, this expression would be modifiedlo plT :21(trH). The dotted line in

the figure is the corresponding line for two layers and has slope 1/ø'. It intersects the

stiffness data at a temperature near the specific heat maximum. However, the large

finite size effects at all ? are consistent with the absence of spin stiffness at all finite

temperatures and would seem to indicate that there is no phase transition.

Azaria et al. l7l have made detailed predictions for the dependence of these stiff-

nesses on the linear size of the system for single layers based on the continuum limit

of this model. Their results for a nonlinear sigma model (NLø) using renormalization

group (RG) techniques showed that the spin wave stiffness of the triangular antifer-

romagnet is a nontrivial function of ln(.L) at low temperatures where ,L is the linear

dimension of triangular lattice. At any finite temperature ?, the stiffnesses are zèro

on length scales large compared with the correlation length. However, on length scales

I < L (( €, the stiffnesses are nonvanishing at low 7. The as¡rmptotic scaling ex-

pressions for the spin wave stiffness tensor derived by Azaria et aI. 17) in our notation

zThe normalization of the stiffnesses differs from that used by Southern and Young[34] by a factor

J|¡Z wttictt is the area per site in the triangular layers.
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At the microscopic lattice scale p¿ :2pi:314 but these values are renormalized

under length scaling. In order to make a comparison of our calculated stiffnesses

with the predictions of the RG equations, \rye first calculate the stiffnesses for linear

size L : 18 so that the condition H <. -L is satisfied. Using the values at this

length scale, we numerically integrate the expressions (5.8) with these initial values

to predict the behaviour at larger length scales. We then compare the predicted

curves with the values obtained directly using Monte Carlo methods at the relatively

low temperatures T : 0.1 and ? : 0.2 for different layer thicknesses. Our system
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Figure 5.6: Average spin stiffness plotted as a function of ln-L for different layer
thicknesses H at T : 0.2.The solid lines are the low temperature RG predictions

obtained by integrating expressions (5.8) from .L : 18.

sizes vary from -L : 18 to L : 120, satisfuing the condition I/ (L. The dependence

of the average of the three principal stiffnesses, B : | Ðå:t pn, ot ln.L is shown in

figure 5.6 for various values of .F/ with T : 0.2. In this figure the solid lines are the

low temperature ? : 0.2 RG predictions using equation (5.8) and the points are the

Monte Carlo results. The data points agree very well with the predictions of the NLø

model at this low temperature. The stiffnesses decrease proportionaÌ to In.Ú and the

results indicate that there is no stiffness at large length scales. Hence it would appear

that the finite layer systems behave in the same way as the single layer system with

no indication of a finite temperature phase transition in the stiffnesses. However,

as the the number of layers increases the slopes of the lines in figure 5.6 decrease

indicating that the stiffnesses should approach a finite value at large length scales

as the system becomes fully three dimensional. Figure 5.7 indicates how the slope

ffi bet aves with increasing number of layers at the two temperatures T : 0.1 and
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1lH

dependence on inverse number of layers at, T :0.1 and T :0.2.

T : 0.2. The slope of #, becomes less negative tending to zero slope in a linear

fashion with respect to f . This behaviour indicates that the strong size dependence

of the stiffnesses observed in figure 5.5 decreases as the layer thickness increases. In

the limit of an infinite number of layers, the stiffnesses will approach non-zero values

at low temperatures suggesting that a finite temperature phase transition at a higher

temperature occurs in this limit.

The excellent agreement of the Monte Carlo results and the RG predictions above

indicate that topological excitations are not important in this system at low 7. How-

ever, at higher temperatures they may play an important role. These topological

degrees of freedom are not included in the RG analysis. In order to study the vortex

degrees of freedom directly, we have also calculated the response of the system to

the presence of a single virtual vortex. We calculate this vorticity response according

to the expression (5.4) for a fixed number of layers fI and for various linear sizes

L. In figure 5.8 the temperature dependence of the vorticity data for H : 2 and

d-p

d,ln L
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Figure 5.8: Vorticity data for H : 2 and different linear sizes

function of temperature.

various linear sizes .L is shown. The curves for different sizes .L all cross at a common

temperature point near ? : 0.51. This behaviour suggests that there is a free energy

cost to creating isolated vortices in the system below this temperature but that they

should spontaneously appear above it.

At any value of ? we can study the size dependence of the vorticity using equation

(5.5) to extract the coefficient of the ln.L term which we call a vorticity modulus.

Figure 5.9 shows the ln.L dependence of the average vorticity V :713Ðå=rV¿ fot

the temperatures corresponding to the points in figure 5.8. The lines are fits to the

form (5.5) with the slopes corresponding to the average vorticity modulus f.or H :2.
The almost perfect linear dependence of. V on ln.L suggests a size independent core

term C6 and we can extract the vorticity moduli by comparing pairs of sizes Lt, Lz

using the expression (5.6).

Figure 5.10 shows the temperature dependence of the average vorticity modulus
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Figure 5.9: Average vorticity for Il:2 and temperatures 7 as function of ln.L. The
temperature values are 0.05, 0.2, 0.4, 0.45, 0.475 and 0.5 corresponding to the lines

from top to bottom in the figure.
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Figure 5.11: Temperature dependence of ¡1 times the average vorticity moduli for
systems of different thicknesses H:2,3,4,6,8 and 20. The solid line represents the
ratio HufT: L.

as a function of temperature extracted from the curves in figure 5.9. The vortic-

ity modulus decreases as the temperature increases and drops abruptly at the same

temperature where the raw vorticity data cross in figure 5.8.

The vorticity moduli have been determined for systems having a different number

of layers I/. In each case, the vorticity moduli abruptly drop to zero at the same

temperature where the raw vorticity curves cross. Figure 5.11 shows the average

vorticity moduli u: ¿Ð],:tu, multiplied by the layer thickness fI as afunction of

temperature for several layer thicknesses. The solid line represents the ratio HufT:

] which intersects the corresponding layer vorticity modulus at the temperature where

the raw vorticity curves cross. This suggests that the average vorticity modulus

exhibits a universal jump , ulT":716H), at the transition which decreases as the

number of layers f1 increases.
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Figure 5.12 shows a plot of I as well as the temperature of the specific heat

maximum versus the inverse number of layers . A. å + 0 the system becomes three

dimensional with the critical temperature[33] equal to T"(Sd) : 0.958. The specific

heat maxima lie above the temperatures where the vorticity modulii drop to zero but

the two temperatures merge together asl/H -+ 0. Finite size sçaling (FSS) theory

predicts the following dependence of the c¡itical temperature on layer thickness when

T"(¡1) is close to T.(3d)

(5.e)

The correlation length exponent z in the above expression is the value for the three

dimensional case[33] and equals u: 0.59. Attempted fits of the data in figure 5.12

(solid line) using this form are are only possible for large values of 11 ) 8 and there

are strong deviations for smaller values of -Fl as shown in same figure.

However, the data points can be fit very well by the slightly modified form

r"(H) : r"(Bd) (t - #)

r"(H):r"(3d) (r-.'+¡;) (5.1 0)

where both Cr and fIr are constants. This modified form reduces to (5.9) in the limit

H >> I11. Using the values Ct : 7.28 and f/r - 3.06, this curve is also plotted in

figure 5.12 as the dashed line. This modified form provides an excellent fit over the

entire range of layer thicknesses.

The quantity H * ffr behaves as an effective layer width rvhich may be related

to the boundary conditions at the upper and lower surfaces. Figures 5.13 and 5.14

shorv the average vorticity modulus u(z) for each individual layer for the cases of

H : 6 and 11 : 14 respectively. The dotted horizontal curve in each figure is the

corresponding average over all layers. The deviations of u(z) from the average are

larger for thin films than for thicker films. The free boundary conditions at the top

and bottom layers cause u(z) to rise sharply from the outer layers towards the middle

layers where it has a maximum value. The values of u(z) near the center of the films
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The dotted line is the average over all layers.
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0 0.2

Figure 5.15: T"(H) dependence on
data using equation (5.10).

1-1lH

L - L lH . The dotted line represents a fit to the

0.80.60.4

are actually larger than the average values over the film. For small values of If the

contribution of surface layers is significant and in the vicinity of the critical point

the thickness 11 is not the only relevant length scale. It is being modified by the

additional constant I/1 which is related to how quickly u(z) changes near the surface

due to the free boundary conditions.

Figure 5.15 shows another plot of T"(H) versus 1-llH which can be compared

with figure 5.1. The horizontal axis t - tlH essentially describes the variation of

dimension between d,:2 and d : 3.

Finite scaling theory predicts that the vorticity moduli o should scale with respect

to the layer thickness ,F/ as follows

Hu : ¡@l/"ltl) (5. 11)

where f is the reduced temperature (""(3d) -7"(H))lT"(3d) and u =0.59 is value of

critical exponent of the three dimensional system. The sizes H > 8 scale according
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Figure 5.16: The scaling of the average vorticity moduli T.r. H : 14,20,24 scale

according to (5.11) while H :2,3,4,6,8 scale according to (5.12). The data for all
sizes collapse onto a universal scaling function.

to 5.11. However for smaller values of I{ << 8 the scaling form (5.11) is modified to

include the effective width H"Íl : H + Ht as follows

(H + H)u : f (@ + HL)l/"ltl). (5.1 2)

The scaling function for both scaling forms (5.11) and (5.12) is the same in the large

.F/ limit. Figure 5.16 shows a plot of H"¡¡a in terms of the variable nlliVl The

vorticity moduli curves for different thicknesses collapse onto a universal curve. For

thicknesses ¡1 > 8 the scaling form (5.11) is used whereas fot H < 8 the scaling form

(5.12) is used.

The results above are similar to those found in studies of aHe superfluid fims[tt0,

8, 9]. In these systems the order parameter is a complex number /(i) which has

the same symmetry as the ferromagnelic XY model. The polar angle of the spins

represents the phase of the complex order parameter. The superfluid transition in
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d : 2 can be described in terms of the Kosterlitz-Thouless transition where vortices

destroy the ordered phase. Ambegaokar et al[1lO]argued that the KT theory can be

extended to films of finite thickness and that the transition should continue to have

lhe 2d character provided the thickness is not too large. Schultka and Manousakis[8]

have studied the same problem numerically and found that the results could indeed

be described by the KT theory using finite scaling theory. However, a detailed fit

for a small number of layers required the introduction of an effective width for the

films.[9] The reason for the effective width being larger than the film thickness \ryas

attributed to the boundary conditions on the surfaces which forced the superfluid

density to zero.

Our results for the frustrated Heisenberg model are quite similar but there âre some

important differences. In the XY model, the transition is accompanied by a jump in

the stiffness with a poweï law decay of the correlations below this temperature. This

behaviour perists for films of arbitrary thickness until the 3d bulk limit is reached

where the transition becomes the usual À transition. In our case, the d,:2 behaviour

observed[1, 2, 3, 4] for a single layer also persists as the number of layers increases. The

stiffness is zero at all finite 7 indicating that the spin correlations decay exponentially

at all temperatures. However, the vorticity modulus exhibits a universal jump at

a finite temperature indicating that a topological phase t¡ansition occurs involving

vortices. Thesizeof thejumpvaries asllH andhenceapproacheszerointhelimit

of d, :3. In addition, the stiffness also approaches a nonzero value at temperatures

below the critical temperature in this same limit. This indicates that the 2d behaviour

approaches the 3d behaviour in a continuous way and that topological excitations play

an important role betrveen the two limits.

The results obtained here may have some application to superfluid 3He films. For

superfluidity in 4He the broken symmetry is a gauge symmetry corresponding to the

phase of the rvavefunction. In the case of 3He atoms, the superfluid phase is much

more complex since a triplet pairing of the fermions occurs. The topological properties
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of the superfluid phases are much richer than those associated with a single complex

order parameter[111]. In the superfluid 3He phases, the broken symmetry associated

with the orbital pairing is also SO(3). The first homotopy group zr1 allows for a 22

topological defect similar to the vortices in the Heisenberg STA. However, for very thin

films the orbital moment is perpendicular to the surface and reduces the s¡rmmetry to

the usual gauge symmetry found in aHe films. In the case of thicker films, the effect

of the boundaries may be weaker and the variation of the condensation temperature

with film thickness may be similar that found here for the Heisenberg model.
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Chapter 6

SPIN STIFFNESS OF STACKED TRIANGULAR

ANTIFERROMAGNETS

6.1. Introduction

As the previous chapters have indicated, the magnetic ordering of geometrically frus-

trated antiferromagnets differs substantially from the conventional magnetic ordering

in nonfrust¡ated magnets[l0, 42]. Indeed, the nature of the phase transition in the

case of stacked triangular antiferromagnets remains controversiall24,33, 11, 45, 46,

47,73,52, 53, 54]. The geometry of the stacked triangular lattice has triangles as

the elementary units and this arrangement inhibits an anti-parallel alignment of the

spins in each triangular layer. Consequently, the system is said to be geometrically

frustrated. This frustration leads to a compromise where the spins on each trian-

gle adopt a non-collinear spin ordering at low temperatures. The spins form a planar

configuration in which nearest neighbours are oriented at an angle of 120 degrees with

respect to one another. The ground state can be described by a matrix like order pa-

rameter giving the orientation of each spin on the elementary triangles and forms an

SO(3) parameter space[21]. This unusual symmetry of the order parameter and the

appearance of'chiral' degrees of freedom which correspond to the ground state having

two possible realizations, left and right handed, lead Kawamura[25] to conjecture the

existence of a new chiral universality class . The chiral degrees of freedom are believed

to be responsible for the novel critical behal'iour but they are not decoupled from the

spin degrees of freedom and the two quantities order simultaneously. lVhile recent

field-theoretic renormalization group studies of this system using an expansion up to
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six loops in fixed dimension d : 3 indicate the existence of a stable fixed point that

corresponds to the proposed chiral universality class[52, 53], similar analyses using

a three loop perturbation technique as well as an epsilon expansion approach to the

same order, did not find a stable fixed point and hence exclude the possibility of a

continuous phase transition for this frust¡ated system[46, 47]. Non perturbative RG

approaches find that the phase transition is possibly a very weak first order transi-

tion with effective critical exponents[13]. Calabrese et. al.[56] have recently shown

using five and six loop renormalization group approximations in fixed dimension that

the critical behaviour of both two and three dimensional chiral models is governed

by a stable fixed point which attracts RG trajectories in a spiral-like manner. This

behaviour could lead to oscillations in the effective exponents close to the stable fixed

point. The results of the previous chapter also indicate that topological excitations

may play an important role even in d,:3.
In this chapter \rye use both a standard heat bath Monte Carlo method as well

as a recently developed broad histogram method[48] to study the classical isotropic

antiferromagnet on this geometry. In particular, we study the spin stiffness which

provides a direct measure of the correlation length exponent z. The spin stiffness

is a convenient quantity to study since it does not require knowledge of the order

parameter but does measure the rigidity of the ordered phase against fluctuations.

Our results are consistent with the picture of a continuous transition belonging to a

new chiral universality class.

6.2 Model and Methods

The model is described by the following Hamiltonian

H - -DJSt Sj -lt'Su-5,. (6. 1)
i<j k<I

lvhere .90 ls u classical three component vector of unit length located at the sites

i, of. a hexagonal lattice. The first sum is over nearest neighbours in the triangular
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planes which interact with an antiferromagnetic coupling J < 0 and the second sum is

over inter-plane nearest neighbours which are taken to have a ferromagnetic coupling

J' > 0 with lJ'l : lJl : 1. Hence all energies and temperatures are measured in units

of l/1.

We study the response of the system to a virtual twist of the spin system. The

spin stiffness , or helicity modulus[28] , measures the increase in free energ'y associated

with twisting the order parameter in spin space by imposing a gradient of the twist

angle about some axis â in spin space along some direction â in the lattice. The spin

stiffness can be written as a second derivative of the free energy with respect to the

strength ofthe gradient and can be calculated as an equilibrium response function[34].

Finite size scaling theory predicts that the spin stiffness should vanish at the critical

point with an exponent related to the correlation length exponent.

We calculate the diagonal elements of the spin stiffrress tensor corresponding to

twists about three principal directions in spin space. If we divide the lattice sites into

three equivalent sublattices A, B and C corresponding to the vertices of the elementary

triangles, then a chirality vector can be defined to characterize the non-collinear

ordering of the spins. The chirality is defined locally for each upward (downward)

triangle by the following expression

Ro : Sn * 3"* ^ía x ^íc + 5c x 5¡ (6.2)

In the ground state, the chirality is uniform and perpendicular to the spin planes.

This symmetry of the orde¡ parameter suggests that the average chirality direction

(lf; Ue chosen for one of the principal axes and the other two directions (i1,i2)
are chosen to be in the spin plane perpendicular to the average chiraJity vector such

that the three vectors form an orthonormaÌ triad. The spin stiffness component, po

at temperature ? can be lvritten as (see Appendix A)
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o.: *Ðrn¡(ê,¡.ttf (sf sl + sl4)- # ((= r¿¡(ê¿¡ t¡lsf si- qtfl)')
'tui.tr

where d,þ,.y - R,ir,i, and the indices are taken in cyclic order. The twist is

taken to be along the û direction in the lattice and ê¿¡ is a unit vector directed

along the nearest neighbour bond from site ¿ to j . The angular brackets indicate a

thermal average in the canonical ensemble. Since the ground state is a planar spin

arrangement, the stiffnesses satisfy a perpendicular axis theorem pk : pir Í p¡ at

zero temperature. Deviations from this relationship are a measure of fluctuations of

spins from the planar order.

We perform numerical simulations using both a conventional Monte Carlo (MC)

heat bath method and the more recent broad histogram method (BHM) introduced

by Oliveira et.al.[48] A detailed disscusion of these methods was given in section 3.5.

The BHM method[48, 49, 51] is based on the microcanonical ensemble approach to

statistical sampling at fixed energy and allows an accurate estimate of the energy

density of states g(E) . By knowing the density of states g(E) and the microcanon-

ical averages of various quantities < Q )¿, their temperature dependence can be

determined by using the following expression for the canonical averages

<Q>r- D,e<Q>ts(E)e-E/r
(6.4)

Ðe g(E)e-E/r

In the conventional heat bath method temperature is tuned as an external pa-

rameter and number of temperature points is limited by number of computer runs.

The BHM method allows us to probe the system in a continuous range of ? since the

microcanonical averages only need to be performed once but this approach requires

a large number of energy bins for large system sizes. We simulate spin systems of

size.ly':.L3 with L:24,30,42,60 and 66 for the heat bath method and only up

to L : 60 for the BHM method. lVe find excellent agreement between these two
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numerical methods. Periodic boundary conditions in all three spatial directions are

employed for both methods. This differs from the approach used in the previous

chapter where periodic boundary conditions were used for the triangular planes but

open boundary conditions were used at the top and bottom layers.

6.3 ResuJús

As discussed in section 3.5, the broad histogram method(BHM) is based on the rela-

tion

s(E) < N"o(E) >: s(E + AE') < Nd,(E + AE) > (6.5)

where < N"o(E) ),1 N¿n(E) > are microcanonical averages which measure the num-

ber of moves which increase (decrease) the energy by the amount A.E . The original

dynamics used by Oliveira et. al. [48] for Ising systems to calculate the microcanonical

averages in (6.4,6.5) was criticized because it did not satisfy detailed balance[58, 59]

and a refined dynamics was introduced in the flat histogram method[60]. In our case

the energy is a continuous variable and the dynamics must be changed accordingly.

We follow the ideas of Muñoz and Herrmann[61] for systems with continuous degrees

of freedom.

We divide the energy axis into bins of a fixed size A.Ð : 1.8 such that LE << E,

where E is the total energy of interest. We employ a simple microcanonical dynamics

to sample phase space and the energ-y density of states g(E) (up to a multiplicative

constant) is determined using the BHM relation above. One microcanonical s\ryeep

consists of a random s\¡/eep through the lattice sites and generating a new configu-

ration of the spins by restricting the choice of a new random orientation of the spin

at site z with respect to the local field of the nearest neighbours such that the total

energy of the system remains lvithin the energy interval E, E + AE. All moves are

reversible and satisfy detailed balance. At any given value of E ,75 microcanonical
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Figure 6.1: ( N"r(E) ) and < N¿"(E) > versus energy per site e.

s\ryeeps were performed and 25 sample measurements were taken of various thermody-

namic quantities such as the energy, specific heat and spin stiffness. Before sampling

the next energy interval, 40 initial microcanonical sweeps were performed to avoid

correlations. This procedure was repeated using diffe¡ent seeds for random numbers

and errors lvere determined using the standard deviations for these separate measure-

ments.

Figure 6.1 shows our results for ( N"o(E) ) and < Nd"(E) ) along the whole

energ"y range of the system. The ground state energy of the system with periodic

boundar conditions is En: -2.5N. As the energy per site, e: E/N, tends to its

lowest value ( N¿"(E) ) tends to zero as there are no configurations of spins rvith

lower energy, while < N"o(E) > is nonzero and both quantities increase with an

increase of energy e. There is a noticeable change in both quantities near e ru -1.
rvhere < N"r(E) ) saturates and starts to decrease while < N¿"(E) > continues to

increase but at a higher rate. As e approaches zero, both quantities attain the same

cÞz
a.

z

-1-1.5-2

Nup

N¿n
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Figure 6.2: Natural logarithm of the energy density of states versus the energy per
site e f.or a 42 x 42 x42 lattice in the range -2.I < e ( -0.5.

value, as we would expect in the disordered state. We shall see later that a phase

transition occurs near the energy where the these quantities exhibit a change in their

dependence on e.

Once the microcanonical averages < .l/.,r(E) > and < N¿"(E) > are known, the

microcanonical temperalweT*(E) can be determined from

tlT,"(E) : dtn s(E)
dE

1 < N""(E) >
LE "' < N¿^(E + AE) >

(6.6)

and we can then integrate this expression in some range of energy to obtain the

energy density of states ln9(E) as a function of .Ð. Figure 6.2 shows our results for

1n9(e) as a function of e : EIN in the case of a 42 x 42 x 42 lattice. The units

are arbitrary since rve integrate equation (6.6) starting from e : -2.1 and not the

ground state value eo : -2.5 .The number of energy bins used for this energy range

was 61740. For general values of .L, the number of energy bins required to study this
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Figure 6.3: The microcanonical and canonical temperatures as a function of the
microcanonical and canonical energies repectively. The canonical points correspond
to the open circles and the microcanonical points form a dense set.

same range with the same fixed size of energ-y bin is 5L3 /6 and is thus of the same

order as the number of sites. lVhen the energy density of states is combined with the

microcanonical averages < I )¿ for various thermodynamic quantities, we can then

plot them as continuous functions of 7 using equation (6.4).

The microcanonical temperature 4' is an intrinsic property of the system and its

change with the microcanonical energy per site, 1E )6 f N,is plotted in figure 6.3

as the set ofdense points that appear as a continuous curve. The density ofthe points

is determined by the size of the energy bins. The overlaping set of points indicated

by the circles in figure 6.3 represent the canonicai temperature 7 versus the canonical

energ-y per site, 1 E )7 /N, calculated according to (6.a). Two sets of data are in

excellent agreement with each other.

Figure 6.4 shorvs the energy per site obtained using the BHIvI method for various

linear sizes .L. The energy dispìays strong finite size effects near ? - 0.96 in agreement
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with previous MC studies.[10]

We have used both the BHM method and a Monte Carlo heat bath method at

fixed values of ? to calculate the spin stiffness. In the heat bath method, we disca¡d

the first 1000 sweeps and perform 45000 lvfC steps in each run. Figure 6.5 shows an

example of the temperature dependence of the canonical average of the spin stiffness

1 p )r calculated using the two different methods. The dense set of points are the

results obtained using the BHM method and the discrete points indicated by open

circles are results obtained using a heat bath simulation.

Figure 6.6(a) shows both our heat bath results, indicated by points, and the BHM

results, indicated by lines, for the three stiffnesses for various lattice sizes .L as a

function of the temperature 7. The relation pk : pi, * pi" is well satisfied for all

values of. T < 0.95 indicating that there is a relatively small deviation from the planar

spin configuration. All three stiffnesses are nonzero at low 7 and vanish near 7 - .96

which corresponds to the same temperature where strong finite size effects occur in

the energy (figure 6.4). Figure 6.6(b) shows the heat bath data for p¡, on an enlarged

temperature scale. The stiffnesses clearly show large finite size effects and approach

zero near T - .96. The points labelled infinity are obtained by plotting p* versus

7l L af various values of 7 and extrapolating to the large .L limit as shown in figure

o.L

These finite size effects can be used to determine the correlation length exponent

z directly. Finite size scaling considerations for p(7, L) predict

p(r, L) : lt ø t tl : lt {r,r, ltl) (6.7)

where ú is the reduced temperature. This form suggests that we can plot Lp(T, L)

versus 7 to identifu T" as the temperature where the curves for different values of .L

intersect. Figure 6.8 sholvs our heat bath result s for L p ¡a as a function of ? for lattice

sizes .L - 24,30,42,60,66. Linear interpolations of neighbouring temperature points

indicate that the curves intersect at a value of T":0.958+0.002. lVe have also used
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Figure 6.7: The same data as in figure 6.6(b) is plotted as a function of Lf L for a
set of equally spaced temperatures in the range .85 < ? < .95. Extrapolation to the
large .L limit yields estimates for pyç for an infinite lattice.
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Figure 6.9: A ln-ln plot of p* as ¿ -+ oo versus lf I using the estimated value of Q
yields a value of u :.589 + .007.

our BHM results in the same temperature range and we obtain the same estimate for

T"

In the limit as L -+ æ, the scaling form predicts p - l¿l¡/. Using the values of

the stiffness obtained by extrapolating to large values of .L as in figure 6.7 and then

plotting these versus lúl on a ln-ln scale, we can obtain an estimate of u. Figure

6.9 shows our results for py which yields the value z : .589 + .007. This value

agrees very well with previous Monte Carlo estimates[1O] but is slightly larger than

the value found by the recent six loop renormalization group calculations in three

dimensions.[52, 53]

Figure 6.10 shows a finite size scaling plot of our stiffness results using the values

of ?} and z quoted above. The data obtained from both the heat bath MC method for

sizes ,L :24,30,42,60,66 and the BHM method for L :24,30,42 collapse very well

to a universal function for temperatures below 7". The value u: .589 +.007 is cer-
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Figure 6.10: Finite-size scaling plot of .Lp¡ç versus Ll/'ltl produces a universal curve

tainly very different from the value u : 0.7L13 which describes the three dimensiona.l

Heisenberg universality class. [55]

The BHM method can also be used to provide some information about the canon-

ical energy distribution P(E) : g(E)e-E/rIZ(T) where ZQ) is a normalization

factor. Figure 6.11 shows a plot of the logarithm of the unno¡malized distribution at

T" for lattice sizes .L - 24,30,42 and 60. The results indicate a single peak which

sharpens as the number of sites increases. We have found no evidence of multiple

peaks in the distribution which would indicate a first order transition. Itakura[16]

has recently studied both the antiferromagnetic Heisenberg and XY models on the

stacked triangular geometry and concludes that the transition is first order. He stud-

ied both the RG flow of an effective LGW Hamiltonian as well as energy histograms

of the lattice models. In the case of Lhe XY model, he finds a double peak structure

in the energ'y histogram for very large sizes. However, no such structure was observed

in the Heisenberg case. Itaku¡a estimated that for Heisenberg models, a system of

Lpx

0.01
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linear size L - 800 would be needed. At the present time, the investigation of such

large sizes is far beyond our available computational resources.

The nature of the phase transition in stacked triangular antiferromagnets is still

controversial. Experiments, numerical and theoretical approaches have not reached

a definite conclusion about the critical behaviour in these systems. In this section

we have calculated the spin stiffness of the isotropic Heisenberg antiferromagnet on

the stacked triangular geometry using both a lvIC heat bath and BHM method. The

spin stiffness has the advantage that it measures the rigidity of the ordered phase

in response to a virtual twist of the spin system without having to specify the order

parameter. The results obtained from both of our numerical approaches agree and

predict a continuous phase transition which belongs to the new chiral universality

class proposed by Kawamura.
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Chapter 7

GENERALTZED STAR MODEL

7.7 Introduction

During the past twenty five years a great deal of research effort has been put into

investigating the nature of the phase transition in Heisenberg and XY frustrated

systems in three dimensions [10, 12]. In this chapter we study the question of the order

of the transition in the context of the XY anlifenomagnet on the stacked triangular

geometry Lx Lx-L. Both the Heisenberg and XY stacked triangular antiferromagnets

are commonly referred to as the ^9?,4 model. A number of materials such as the XY

stacked triangular antiferromagnets CsMnBr3, CsNiCl3, CsMnI3 and CsCuCl3 as well

as the XY helimagnets Ho, Dy and Tb are expected to be described by the STA XY

model Hamiltonian. The Hamiltonian of the STA XY model is simply

H - - f Jn¡Su.Sr,
i<j

(7 1)

where the S¿ are two component classical vectors of unit length. The interactions

are antiferromagnetic within the triangular layers and can be either ferromagnetic or

antiferromagnetic between layers. The ground state has a planar spin configuration

with the three spins on each elementary triangle forming a 1200 structure with either

a positive or negative chirality. For the XY model the chirality has an Ising-like

symmetry [f0]. In the ground state the vector sum of the three spins on any triangle

is zero

S¡ * S¡ * Sc' : 6. (7'2)

The experimental results indicate that these materials exhibit second order phase



108

transitions with the exception of CsCuCls[ll2] where the transition is found to be

weakly first order. The measured critical exponents exhibit scaling laws but vary

from material to material which contradicts the basic idea of a unique set of critical

exponents for all materials described by the the same model, i.e. the idea of universal

behaviour at a continuous phase transition. In some experiments and also in some

numerical simulations, the critical exponent 4, also called the anomalous dimension,

is negative. This is forbidden if the theory which describes the transition is a unitary

LGW model.[109, 12] Theoretical investigations using a perturbative RG calculation

up to high order predict a second order phase transition [52, 53, 56, 94]. The varying

critical exponents in this study are associated with a spiral-like RG flow [9a] to a

chiral fixed point. Non perturbative RG methods predict a weak first order phase

transition and attributes the appearance of scaling by a slowing down of the RG flow

in the whole region of the coupling constant space [12, 13, 14]. The first numerical

investigation of these STA models using Monte Carlo methods indicated a second

order phase transition with set of critical exponents associated with a new chirality

universality class [tt]. Modifications of this model which do not change the symmetry

of the order parameter have also recently been introduced and studied [54]. It was

found that the modified model exhibits a first o¡der phase transition and the authors

concluded that the new chirality class does not exist. The modified model in which

disconnected triangles have the constraint (7.2) imposed rigidly is called fhe STAR

model. This constraint has the effect of suppressing local fluctuations within the

triangles but fluctuations in the relative orientation of these disconnected triangles,

or plaquettes, can still occur. Loison and Schotte[54] used Monte Carlo methods

to study this S?,A.R model and concluded that the transition is first order. They

attribute the local rigidity of the plaquettes with making the true first order behaviour

of the non-rigid model visible. A recent numerical study of the RG florv in the LGW

field theory by ltakura[l6] also indicates a first order phase transition for STA XY

model. In order to examine this effect of local rigidity in more detail, rve introduce a
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generalized model in which we can continuously tune the local rigidity from the S7,4

to the STAR limits [12].

7.2 Mode[ and Methods

A family of models which vary continuously from the stacked triangular antiferro-

magnet (STA) to the stacked triangular antiferromagnet with local rigidity (STAR)

is described by

H(r) : -Ð Jn¡Sn S¡ + r
i<j

Ð (sl + i" + s'"¡' (7.3)

where, for XY spins, the S¿ is a classical two component vector of unit length. The

interactions J¿¡ are anti-ferromagnetic within the triangular layers and ferromagnetic

between layers with lJ¿¡l : J :1. The parameter r imposes a constraint on the short

wavelength fluctuations of the o¡der parameter. By expanding the last term in (7.3),

it is easy to see that the coupling strength on disconnected plaquettes is modified as

shown in figure (7.1). The dark solid lines have coupling strength J +2r whereas the

couplings between plaquettes have strength J. Continuous changes in r from zero to

infinity correspond to a continuous change from the STAto STAR model.

We have used a classical Monte Carlo Metropolis algorithm to study this gen-

eralized model as a function of temperature and the rigidity variable r. A number

of thermodynamic quantities have been computed with r - 0.2,0.5,0.8, L,2 and 4

for linear lattice sizes L - 18,24,30,42 and in some cases 60. In performing these

calculations we found that the spatial correlations that develop as the critical point

is approached are also accompanied by rather long temporal correlations. This be-

haviour becomes more pronounced as the rigidity parameter r is increased. In order

to reduce the critical slowing down at the transition, each simulation run starts from

a disordered state at temperature well above the critical temperature and is slorvly

cooled to lolv temperatures. For each such run vve have checked that, as ? -+ 0, the

plaquette
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Figure 7.1: A portion of the triangular lattice layer. A,B, and C label different

sublattices and the disconnected triangles on which the rigidity constraint is imposed

are drawn in full lines. These interactions have strength J +2r.

system is reaching the correct ground state by checking the exactly known energ"y per

siïe Esf N : -EJ of the ground state configuration and, in some cases, the actual

configuration of the spins. At high temperatures the ground state energ"y per site

approaches r. The system is allowed to equilibrate for 3 x 105 Monte Carlo s\ryeeps

and the averages were performed over 5.5 x 105 steps. In order to avoid correlations

between subsequent measurements, 20 - 30 Monte Carlo sweeps were performed be-

tween measurements. In spite of this, for very large values of r - 6, some initial spin

configurations became trapped in metastable states.

7.3 Resulús and Discussion

The local rigidity constraint introduced in the model (7.3) is varied from r : 0.0 to

r : 6.0 and in this range the system exhibits two basic types of behaviour. In the

range 0.0 < r ( 1.0 we have studied systems up to sizes -L 142 and find evidence

of a second order phase transition while in the range r > 7 studies of systems up to

size L ( 60 indicate strong evidence of a first order phase transition. In the following
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Figure 7.2: Temperature dependence of the order parameter for a number of different
sizes of system when r :0.2

sections we discuss these results in detail.

7.3,1 Order parameter and critical temperature

The model described above has the same ground state symmetry for all positive values

of r. There are three sublattices with their spins lying in the zE plane and oriented

at 1200 to each other. The order parameter has been computed using the following

expression 1 3

tw : *ÐlM"l 9.4)
JY i:1

where M¿ is the total sublattice magnetization of sublattice ¿ and N : .L3. An

example of the temperature dependence of the order parameter is shown in figure

(7.2) for a system with r :0.2 for lattice sizes -L - 18,24,30 and 42. The behaviour

indicates that a phase transition occurs near 7 - 1.6 where the finite size effects are

significant.

A convenient quantity to use to locate the critical temperature is the fourth order
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cumulant Uu of the order parameter. It is given by the following expression

7r2

(7.5)(Ju:r-#+
At high temperatures the system is disordered and the probability distribution for M

is a single gaussian. For a two-component order parameter the moments satisfy the

relation < M4 ):2 < M2 >2 in this limit and the cumulant approaches 1/3 at high

T. Af low temperatures we have a perfectly ordered state and the moments (M2") all

approach unity. Hence the cumulant approaches the vahte 2f 3 at low ?. Finite size

scaling predicts that the cumulant has the scaling formU¡¡(L,T): lu(L|/'t) near a

second order phase transition where /y is a universal scaling function. Hence, right at

T",the cumulants for different lattice size L should all be equal to the universal value

Ív(0): Uir. The temperature dependence of U¡a(L,?) with r:0.2 is shown in

figure (7.3) for different lattice sizes .L. Uu(L,7) displays behaviour characteristic of

a second order phase transition: in the high temperature region (T > T"), U6(L,T)

decreases with increasing size -L, while in the low temperature region (T < T") it

approaches the value 2/3. In both temperature regions, the correlation length { is

much smaller than the linear size L of the system ( ¿ > €). However, close to

the transition, where the correlation length { is much larger, Uv(L,?) stays more

or less constant and independent of system size L with a nontrivial value Ufi,r -
0.61. The critical temperature is estimated to be the value of ? where the fourth

order cumulants for different sizes -L cross. Later in this chapter we will also use a

direct measurement of the correlation length to estimate ?". \Me find that the critical

temperature increases with an increase of the rig'idity parameter r as one might expect

'çvhen some fluctuations are suppressed.

The variation of the critical temperature with the rigidity parameter r is shown in

figure (7.4). in the limit of r -+ 0 ,7"(r) approaches the value determined in previous

numerical simulations of the Xy STA model[11] while, in the limit r -+ co , T"(r)

approaches the value of the Sf AR model [54]. More discussion on how these critical
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Figure 7.3: Temperature dependence of fourth order cumulant of the order parameter

for a system with r :0.2 for different sizes -L - 18,24,30,42. The crossing point of
the curves corresponds to the critical temperature T".

temperatures are obtained in the region of first order behaviour will be given later in

this chapter. Before presenting our results for small values of r, we first describe our

method of estimating critical exponents using the results for r : 0.2 as an illustration.
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Figure 7.5: Linear extrapolation of the magnetization data to the thermodynamic
limit 1/tr -+ 0. Lines correspond to T --!.2, 1.3, 1.35, !.4, 1.425, 7.45, 1.475, L.5,

I.525,1.533, 1,.542,1.547 respectively starting from the top of the figure. Solid dots

are the Monte Carlo results for each .L. The rigidity parameter has the value r -- 0.2.

7.3.2 Finite si,ze scali,ng and cri'ti'cal erponents

The behaviour of the system in the vicinity of a critical point where the correlation

length { becomes large compared to the size of the system can be described in terms

of finite size scaling (FSS) theory [108]. If the system exhibits a continuous phase

transition, the order parameter is expected to exhibit a power law behaviour close to

the critical point in the thermodynamic limit. The asymptotic behaviour of the order

parameter for large sizes -L can be written as

M (L,T) - M (æ,7) + c(T) I Ld-2 (7.6)

where c(") is a temperature dependent constant and in our case d : 3. The last

term arises from spin wave contributions[11]. One can use the .Õ dependence given

by (7.6) to estimate the thermodynamic limit value M(*,7). For a number of fixed

temperatures (? < T"), M(L,?) vs 1/,L plots rvere analyzed as shown in figure (7.5)

for the system with r : 0.2. The intercept of the straight line fit to the data points

gives a thermodynamic limit estimate of M(æ,7).
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As the critical point is approached from below

expected to behave as

the magnetization M(co,?) is

M - (-t)P (7.7)

where t: (T -7")lT" is the reduced temperature which measures the 'distance'from

the critical temperature and p is the order parameter critical exponent. This power

law behaviour can be tested by plotting the infinite lattice values of. M vs f on a

log-log scale as shown in figure(7.6).

The critical temperature was first estimated using the fourth order cumulant but

is allowed to vary to obtain the best linear fit to the data. In this case we find

T": 7.5494 + 0.0004 and the critical exponent is estimated to be þ : 0.2494. The

value of B depends sensitively on the value of the critical temperature as illustrated

in the following table 7.1 for temperatures in the vicinity of the critical poht for

which reasonable straight line fits were obtained. These variations allorv us to assign

errorbars to the value of É . Our estimate is B :0.249 + .006.

The correlation length exponent u can be estimated from the finite-size behaviour

t"'
.,.

.r"'
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T. p

1.5490 0.243

1.5491 0.244

r.5492 0.246

1.5493 0.248

1.5495 0.251

1.5496 0.253

Table 7.1: Variation of p for different choices of the critical temperature for which

power law behaviour holds when r :0.2 .

of the order parameter near ú : 0 which is given by the following expression

M(7, L) : çÞ1" ÍMØl|'ltl)

el/';t¡n
(trt'1t1¡{Þ-*)

(7.8)

werc f ¡¡ is a universal scalingfunction characteristic of the order parameter M. The

asymptotic behaviour of the scaling function lM(Lr/"ltl) should agree with the be-

haviour in the thermodynamic iimit (7.7). This yields the following asymptotic forms

of f¡,¡(Lr/' lúl) both below and above ?" ,

¡rçt'1/"ltl)

¡*1r1/,ltl)

T 17"

TlT" (7.e)

where the form above ?i is a consequence of a finite susceptibility requirement related

to the way order parameter M becomes zelo at high temperatules [11, 106].

In order to verify that scaling holds, one can plot MLþ/'versus Lrl'ltl for various

sizes L. For appropriate values of 7", B and v the data should collapse onto a single

curve /¡a which exhibits the asymptotic behaviour given bV (7.9) for the argument of

scaling function Ltl"ltl > 1 . The critical temperature 7" and the exponent p were
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Figure 7.7: Log-log finite size scaling plot of order parameter M for the r : 0.2

system. The critical temperature ?i : 1.5494 and the exponent þ : 0.2494. The
best collapse of data rüas obtained for u : 0.531with asymptotic slopes of 0.2385 for
T 17l" and -0.5473 fot T > 7".

determined quite independently of the scaling relation (7.8) and this allows us to find

an appropriate value for the exponent z. A sample log-1og finite size scaling plot for

r:0.2 is shown in figure (7.7). The data collapse for T 17" holds for a range of

values of the exponent z from 0.51 to 0.54, while above ?", the value z : 0.5311 gives

the best collapse of data. The asymptotic slope f.or T 17¿ of 0.2385 is less than the

previous estimate of B :0.249+0.006 using the thermodynamic limit magnetization

data which indicates that the correction terms to the leading term in (7.9) may be

important. The value of this asymptotic slope of 0.2385 is insensitive to the variation

of the other two parameters, namely Q and z. The asymptotic slope for T > T" of

-0.5473 is in good agreement with values of. P:Q.2494 and z:0.531 for which the best

collapse of data was obtained. The finai estimate for correlation length exponent is

u :0.53 + 0.02

The ordering susceptibility has been also calculated from thermal averages of M
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Figure 7.8: Ordering susceptibility for various lattice sizes when r :0.2.

and M2 using

(7.10)

The temperature dependence of the susceptibility for various lattice sizes is shown

in figure (7.S) for the r : 0.2 system. The finite size scaling prediction for the

susceptibility and the asymptotic behavior of the corresponding scaling function are

given by the following expressions for T ) 7".

Tx: ¡tl" ¡*1Ll/',ltl). (7.11)

where near ?" the scaling function behaves as fx(Ll/"ltl) - (Lr/"|¿l)-'t.

A log-log plot of (7.11) using the estimated value of ?" and the exponent z were

analyzed by varying the exponent 7 to get the best overlap of data for different sizes

L . A value of the exponent 7 in the range 1.09 to 1.2 gives a reasonable collapse

of the data with an asymptotic slope of the scaling function - 1.091. The value

? : 1.1 * 0.1 is chosen as the best estimate from the susceptibility finite size scaling

analysis. A finite size scaling plot illustrating this data collapse is shown in figure

(7.e).

((M') - (M)')
^- T
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(7.12)

(7.13)

123456
ln(Ltet)

Figure 7.9: Loglog plot of the susceptibility X above the critical point fot r : 0.2.

We estimat'e T.: \.5494, v : 0.531 and ? - 1.1, which yields an asymptotic slope of
1.091.

7.3.3 Structure factor and corcelati'on length

Spatial correlations can be studied by considering the spin structure factor S(q) de-

fined by

.3

s(q) : *; (S' sr) eiú'i-ú)

where the indices i, and j denote lattice sites, q-is wave vector in the first Brillouin zone

and the brackets

dering wave vectot Q :ç+"¡3,0,0) one can calculate the antiferromagnetic correlation

length { using the Ornstein-Zernicke form [23]

s(ql :

Figure (7.10) shows the structure factor S(d) * a function of ?. The low temperature

limit is proportional to the number of sites N. lVe compute S(q] for a number of

wavevectors q- in the vicinity of the ordering vector Ç) :(4T 13,0,0) within the first

Briilouin zone. using (7.13) we then prot s(d)/s(Ð - 1 vs (q- - Õ)'at each fixed
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Figure 7.10: Semi-log plot of spin structure factor S(Ç) at the ordering vector Ç.

temperature ? and extract {2. In spite of a small anisotropy for some f points

that tends to become smaller with increased size of the system, a reasonable linear

dependence on (fl- d)' tt* been found as shown for example in figure (7.11). The

correlation length has been computed as the square root of the slope of a linear fit to

S@)/S(d) - 1vs @-Ô' for each temperature and the temperature dependence of

the correÌation length is shown in figure (7-12) for r:0.2.
The correlation length at a second order transition diverges but it cannot exceed

the size of the system. In a finite system the correlation length should have following

form according to FSS theory

€Ø,r) - Lfe(L'/'t). (7.14)

At the critical point fE is a constant and hence by plotting (lLvs 7 for various sizes

tr we can identify the critical temperature as illustrated in figure (7.13). The critical

temperatures determined in thislüay are in a good agreement with those found using

the fourth order cumulant of the magnetization. Table 7.2 shows a comparison of the

critical temperatures found using the two approaches for several values of r.

It has been found that, in the case of XY frustrated materials for which the set of
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(7.15)

where the exponent 4 is often called the anomalous dimension. Although the form

(7.15) is only correct alT", we rvill use it to study the size dependence of the structure

factor at any temperature. In this way we can obtain some information about the

I 0.2 0.5 0.8 1.0

T"(uu) 1.5493 1.641 L.704 1.7369

r"(€) 1.5494 7.642 L.704 7.739

Table 7.2: Critical temperatures 7} for different values of rigidity parameter r es-

timated from the fourth order cumulant U¡¡ are given in the first row and those

obtained using the cor¡elation length scaling are in the second row.

1.53 1.s5 1.56 1.57

T

Figure 7.13: Temperature dependence of the scaled correlation length for r : 0.2

and sizes of system L : L8,24,30,42- The curves cross at a critical temperature
T.: 7.5494.

critical exponents has been measured in experiments as well as in numerical studies,

that the correlation function critical exponent 4 is small but negative at the critical

point. At 7", the structure factor depends on system size as follows
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Figure 7.!4: Temperature dependence of the critical exponent r¡fot r:0.2. q(T"):
-0.06 + 0.02.

values of 4 near ?}. Figure (7.I4) shorvs 4 as a function of ? obtained by studying

the structure factor at the ordering wavevector for system sizes L:78,24,30 and 42

when r :0.2. At the critical temperature, 4 has a small negative value. \Me find that

4:-0.06 + 0.02.

A negative value of r¡ is ptzzTtng in spite of the fact that we find a reasonable

scaling behaviour and a set of exponents that also seem to satisfy scaling relations

characteristic of a second order phase transition. The critical exponent 4 should be

strictly positive for a real fixed point corresponding to a true continuous transition

[109]. In addition, the exponents associated rvith a universality class should be inde-

pendent of the coupling strengths J¡i and hence they should be independent of the

parameter r that modifes the coupling on disconnected plaquettes. Contrary to this

we find that the critical exponents for which finite size scaling holds change with

the rigidity parameter r suggesting a 'pseudo-scaling' and possibly 'pseudo critical

exponents'. However, it is also possible that there is a tricritical point at non-zero

values of r where the transition changes from second order to first order with different

exponents right at the tricritical point. In this case one may observe a change in the

2.5

1.5

0.5

1.4 1.5 1.6 1.7

T

¡
a

a
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exponents due to crossover effects.

7.3./, Results for r :0.5,0.8 and 7.0.

The same FSS approach used for r : 0.2 was also applied to study r : 0.5,0.8 and

1.0 for system sizes L 142. In each case, a pseudo scaling of the critical exponents is

found. Figures (7.1,5)-(7.20) show the results for the case r:0.5. The data collapses

very well for these system sizes but the exponent values differ from those obtained for

r : 0.2. We estimal,e þ : 0.249,'y : 7.04 and u : 0.518 which are slightly smalle¡

than the values for r:0.2. Figures (7.2L)-(7.26) show the corresponding results for

r : 0.8. Again the data collapses very well but the exponents are somewhat different

with B : 0.218, 'y :7.0 and u: 0.490 . Finally figures (7.27)-(7.32) show the results

for r : 1.0 where we find þ :0.213,? : 1.0 and u :0.482. For all of these values of

r, a 'pseudo-scaling' of the exponents is observed. However, in each case the exponent

4 is small and negative.

-0.4

-0.6

-0.8

-1

? -,.t

-1.4

-1.6

-1.8

Figure 7.15: Order parameter M(æ,7)
log-log scale for r : 0.5 .

ln(-t)

plotted versus reduced temperature f on
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Figure 7.18: Temperature dependence of the critical exponent r¡ fov: 0.5. A(T"):-
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Figure 7.20: Temperature dependence of correlation length for r : 0.5.
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The critical temperature T" : 1.7039 and the exponent þ :0.21'8. The best collapse

of data was obtained for u:0.49 with an asymptotic slope of 0.216 for T < T" and

-0.508forT)T".
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Figure 7.23: Log-log scale finite size scaling plot for the susceptibility X above critical
point for r : 0'8. In this case T":!.1039, u:0.49 and 7:1'0, while the asymptotic

slope of /" has a value of 0.9946.
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Figure 7.24: Temperature dependence of critical exponent 4 for r:0.5. 4(T"):-0.04
+ 0.02
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critical exponents p .Y u rÌ

r:0.0 T":1.458(2) 0.253(10) 1.13(5) 0.54(2)

r:0.2 T":1.5494(4) 0.24e(6) 1 .1 (1) 0.531(20) -0.06(2)

r:0.5 T":1.6420(3) 0.243(e) 1.04(10) 0.518(20) -0.08(4)

r:0.8 T":1.7039(7) 0.218 (10) 1.0(1) 0.4e0(20) -0.04(3)

r:1.0 T.:7.737(7) 0.213(e) 1.0(2) 0.482(25) -0.07(3)

Table 7.3: Summary of critical exponents for various rigidity parameters r. The
results for r : 0 were obtained by Kawamura[l].

The critical exponents found for r : 0.2,0.5,0.8 and 1.0 are within the range of

experimentally determined critical exponents for ABX3 compounds and Tb. A sum-

mary of the critical exponents is given in table 7.3. The specific heat critical exponent

o was rather difficult to obtain as the specific heat has a significant nonsingular part.

A verification of scaling and hyperscaling relations are given in table 7.4 as well as

values for o and 4 that follow from these relations. We find that the critical exponent

4 determined directly from the structure factor calculation as well as by using the

scaling relations is consistently negative.

7.3.5 Fi,rst order phase transi,tion for r ) 1.0

For larger values of the rigidity parameter r our results indicate that a first order

transition occurs. The probability distribution for the energy P(E) is a useful quantity

to study to locate first order transitions. Away from the critical point one expects

a Gaussian distribution in energy while at the critical point a double peak in P(-Ð)

occurs. The transition point can be located by finding the temperature where the

weights under the peaks in P(E) become equal. However distinguishing between a
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scaling relation r:0.2 r:0.5 r:0.8 r:1.0

2þ+l - gz: (0) 0.005 0.028 0.034 0.02

a:2-3u 0.407 0.446 0.53 0.554

a:2-2þ-.y 0.402 0.474 0.564 0.574

T:2þ /u-7 -0.062 -0.0618 -0.11 -0.116

tt:2-'Ylu -0.072 -0.0077 -0.04 -0.075

Table 7.4: Verification of scaling/hyperscaling relations and critical exponents a and

4 determined by using scaling/hyperscaling relations.

weak first order transition and a second order transition is rather delicate especially in

case of a possible tricritical point. In order to make sure what type of phase transition

the double peak structure represents, it is necessary to study the size dependence of

the probability distribution P(E). In the region of a second order transition the two

peak structure gets closer in energy with an increase in the size of system and at

large enough size the double peak structure disappears completely. In the region of

the first order transition, the two peaks remain separated and become sharper with

increased size L [35]. A double peaked structure of P(E) has been found for rigidity

parameters r : 1.0,1.5,2.0,4.0,6.0 and 8.0. As the value of the rigidity parameter

r decreases the size of the system where the double peak structure starts to appear

increases. Figure (7.33) shows a probability distribution for r : 4 that has been

reweighted in order to identify the critical point. The double peaked P(E) becomes

evident in this case at a system size L : 24 and it is easy to see that for L : 60

the two peaks are separated by a zero probability region, indicating a discontinuous

behavior of energ-y as shown in figure (7.34). The critical temperature of a first order

transition as rvell as the energy difference between the peak maxima (or latent heat)
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Figure 7.35: Extrapolation of
thermodynamic limit for r:4.0.

L€

a size dependent critical temperaturc Tc(L) to the
?"(co) : 1.9828

can be obtained using the finite size scaling theory developed by Lee and Kosterlitz

[50]. The thermodynamic discontinuities at a first order transition become rounded

in finite systems as in the continuous phase transition case. However the finite size

scaling behaviour at the first orde¡ transition is different. The size dependent critical

temperaturc T"(L) in a system exhibiting a first order transition scales as

T"(L) - L-d (7.16)

where d is the dimension of the system. By plottin g T"(L) vs -L-3 it is possible to

estimate the value of the critical temperature of the infinite system as shown in figure

7.35 for r : 4.0. The finite size scaling theory predicts that the positions of the

peak energies scale as 7fL if the system exhibits a strong first order transition. In

figure 7.36 we plot the energies per site, .81 and E,2, of the peak maxima versus 1/,L

and extrapolate to the thermodynamic limit. This approach allows us to estimate

A,E : lÛt - E2l which is the latent heat at the transition.

We have repeated this analysis for other values of r and we find similar behaviour.

In particulâ,r we have reexamined the value r:1.0 and the results for the energy
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histograms are shown in figure 7.37 for L:48,60 and 72. Again we see a double

peak structure which is evidence of a first order phase transition but which is much

weaker then for r:4.0. The evidence for the first order transition at r:1.0 occurs at

a larger value of L than in the previous case r:4.0. In addition, the latent heat A-E

is significantly smaller.
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L! -0.6

-o.62

-0.64

-0.66

-0.68
0.02 0.03 0.04 0.05 0.06

1tL

Figure 7.36: Extrapolation of the energies of the peak maxima to the thermodynamic
Iimit according to FSS predictions at a first order transition.

In figure 7.38 we plot AE vs r and find that it extrapolates linearly to the phys-

ically interesting case r : 0.0. In this extrapolation A-E àt r :0.0 remains nonzero

with the estimated value 0.010 + 0.007. This behaviour suggests that the phase tran-

sition at r : 0 might be weakly first order. Since AE does not extrapolate to zero

for r ) 0, there does not seem to be a tricritical point separating the two regions of

'pseudo-scaling' and first order behaviour. If the system exhibits a first order phase

transition for all values of the rigidity parameter r (including the r : 0.0 - STA Xy
model), the reason that \Me are not able to identify it may be that the system sizes we

used previously are too small. In order to confirm our result of a non-zero latent heat

at r : 0.0, we have also studied the energy probability distribution for the r : 0.0

case using system sizes .L : 96 and tr : 138.
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distribution for r:1.0. A
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Figure 7.37: Size dependence of the energy probability
double peak structure appears for sizes L:48, 60 and 72.
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Figure 7.38: Extrapolation of the energ"y difference of peak ma-xima to r : 0.
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Figure 7.39 shows P(E) at the critical temperature for the two system sizes. A

double peak structure characteristic of a first order phase transition is evident. As

the size of the system is increased, the peaks sharpen and the depth of the minimum

between the peaks also increases, The value of A,E - 0.011 for r : 0.0 estimated

from figure 7.39 is in excellent agreement with the estimate of 0.010 + 0.007 obtained

from the extrapolation of AE(r) to r : 0.0.
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E

Figure 7.39: P(E) for STA XY model (r:0) for L:96 and L:138 aï7".

7.4 Conclusion

We have studied a generalized STAR model (7.3) which allows us to move continuously

from the STA to STAR XY models. Using system sizes -L ( 60 we found trvo different

types of behaviour. For r < 1.0 the system exhibits a 'pseudo-critical' behaviour

whereas, for r ì 1.0, a first order phase transition occurs. The critical exponents

obtained in the r ( 1.0 range appear to vary with the rigidity parameter r. This

nonuniversal behaviour is inconsistent with true critical behaviour at a continuous

phase transition for systems having the same symmetry of the order parameter. We

conclude that the critical exponents are really 'pseudocritical' exponents and the
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observed scaling is 'pseudoscaling'. Using FSS to study the first order transitions in

the range r > 1.0 we were able to estimate the value of latent heat A.E(r) for several

values of r. We extrapolated the vaiues of the latent heat AE(r) to r : 0 and we

found a small but nonzero latent heat for the XY STA model which indicated a very

weak first order phase transition. We have confirmed this behaviour by studying the

energy probability distribution for r : 0 using the much la,rger systems sizes -L : 96

and L:138. In these cases we find unambiguous evidence that the phase transition

in the Xy STA model is of the first order.

The estimated values of critical exponents a¡e within the range of the experimen-

tally observed critical exponents for ABXs compounds and Tb. The'pseudocriticality'

explains as well the negative vaiue of the critical exponent 4. Our simulations are

consistent with the predictions of the non perturbative RG (NPRG) theoretical ap-

proach 117, 20, L071. In the NPRG theory the appearance of incompatible sets of

critical exponents in the Xy STA was explained in terms of a very slow RG flow in

coupling space and a very weak fi¡st order phase transition is predicted for both XY

and Heisenberg model.

It has been observed by ltakura[18] that ciear evidence of a first order in XY STA

only becomes evident for larger sizes of the system -L. Hence previous studies that

used smaller sizes L < 60 were not able to detect any first order behaviour. We also

find that systems larger than -L ) 72 arc needed to see the double peak structure

in the energy probability distribution. There are several cases in the literature [51]

of effective exponents being measured if a system is not close enough to its critical

point ú : (T - Tc) lTc : 0. In our case we have a similar situation except that

the systems we study are not always large enough in size and we observe effective

exponents. The true behaviour only appears for sufficiently large sizes. The finite

size scaling approach involves both quantities, the reduced temperature ú and the size

-L of the system, in the scaling functions F(t,L) and it is equally important to study

the system close to fl and also for large -L.
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Chapter 8

SUMMARY AND FUTURE OUTLOOK

8.1 Surnrnary

The behaviour of antiferromagnets on triangular geometries remains controversial

even after more than 25 years of research. Real experiments, numerical simulations

and field theories have all provided a variety of different results for both Heisenberg

and XY models. The main focus has been on the order of the phase transition which

occurs on the hexagonal lattice geometry. Some results provide strong evidence that

the transition in both models is continuous but with exponents that belong to a new

chiral universality class. Other results point towards an interpretation in terms of

a weak first order transition. The antiferromagnetic Heisenberg model on triangular

geometries has rather different properties from the usual Néel antiferromagnets. The

ordered state is noncollinear and the order pararneter is essentially a rotation matrix

with SO(3) symmetry. Homotopy theory considerations in d,:2 admit the existence

of a 22 topological defect, or vortex, in this model. This type of topological excitation

also plays an important role in the superfluid phase of He3 which has the same order

parameter symmetry. Previous studies[3, 4, 12, 13, i6] in d : 2 have shown that

the Heisenberg system undergoes a purely topological phase transition. In this thesis,

Monte Carlo methods have been used to consider trvo basic questions: i) how does the

two dimensional behaviour of the Heisenberg model cross over to the three dimensional

behaviour? and ii) what is the nature of the transition in three dimensions?

Detailed Monte Carlo simulations were performed in chapter 5 to study the crossover

from two dimensional to three dimensional behaviour. We calculated a number of
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physical quantities paying special attention to study of the spin wave excitations

through the spin stiffness. In addition, topological excitations were probed directly

using the response of the system to the presence of a virtual vortex that we call vor-

ticity. A phase transition of purely topological character was found for the stacked

triangular lattice with layer thicknesses H : 2,3,4,6,8,14,20 and 24. The systems

shorv no rigidity with respect to spin wave excitations at any finite temperature in ac-

cord with the predictions of Peierls[26], Mermin and Wagner[28] and Hohenberg[29].

The spin stiffness is zero at all finite temperatures indicating exponentially decaying

correlations. However, the system has rigidity at low temperatures to the formation of

isolated vortices. Our vorticity data indicates that there is a finite temperature below

which there are no free vortices and above which a prolíferation of vortices occurs.

At sufficiently low temperature we find very good agreement with the predictions of

the nonlinear sigma model (NLo) which predicts the vanishing spin stiffness at all

finite temperatures [10]. As the number of layers increases, the spin wave stiffness

approaches a finite vaÌue at low ? in the 3d limit. The NLo model approach does

not include any vortex degrees of freedom and predicts that the system orders only

at zero temperature. The role of vortex degrees of freedom in our study becomes

apparent through the study of the vorticity or the related quantity called vorticity

modulus. The vorticity moduli shows a universal jump at the critical temperature

which is inversely proportional to number of layers f/ and hence, in the limit of a

three dimensional system, approaches zero.

The topological phase transition is characterized by exponentially decaying cor-

relations in the regions both above and below the critical temperature. This differs

from the very lvell kno.wn Kosterlitz - Thouless vortex unbinding phase transition

observed in the studies of Hea superfluid films and the ferromagnetic XY model. The

Kosterlitz - Thouless transition is a classic example of the appearance of quasi long

range order in the form of tightly bound vortex pairs. However the vortices in this

case are associated with a two component order parameter described either as a two



144

component vector or a complex number and they differ from 22 vortices associated

with an order parameter with SO(3) symmetry. The correlations in the Kosterlitz -

Thouless transition decay exponentially in the high temperature phase but show a

power law decay in the low temperature phase.

Analyzing the vorticity moduli data using the predictions of finite size scaling

theory (FSS), we have found that the expected collapse of the data to a universal

curve is only possible for a slightly modified scaling form. Due to the free boundary

conditions at the surface layers, we find that the thickness .F/ of the layers is not

the only important length scale and it is modified for systems v¡ith H ( 8 where an

effective layer thickness must be used. Similar effects of surface boundary conditions

has been also been observed in a numerical study of Hea thin films [91, 92] . The same

considerations apply to the finite size scaling description of the thickness dependent

critical temperature. Our results indicate that the 2d behaviour approaches the 3d

behaviour in a continuous rvay and that topological excitations play an important

role between the two limits.

Chapter 6 was dedicated to a study of the spin stiffness in the 3d Heisenberg

model on a stacked triangular lattice. The order of the phase transition of this model

is a highly debated question. Based on the numerical observation of the scaling

characteristic for continuous phase t¡ansitions and also on the fact that the symmetry

of order parameter (SO(3)) differs from that found in the Heisenberg antiferromagnet

on a bipartite lattice (O(3)), Kawamura[52] conjectured that the phase transition

belongs to a ne.w 'chirality universality' class. In our study we used both a heat bath

Ivlonte Carlo algorithm and a broad histogram method to study the spin stiffness.

lVe find excellent agreement between trvo methods. The spin stiffness can be used

to directly measure the correlation length critical exponent z. lVe used finite size

scalingtheory (FSS) toextractthevalueof criticalexponent uand findthatthespin

wave stiffness scales according to the FSS predictions which are characteristic of a

continuous phase transition with a value of the critical exponent u that belongs to
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the proposed 'chirality universality' class. Our numerical value of exponent z : 0.59

agrees very well with the value found by indirect methods in the numerical simulations

in reference [1].

In chapter 7 we addressed the controversy regarding the order of the phase transi-

tion in XY stacked triangular antiferromagnets (STA). The chiral degree of freedom

in this latter model is discrete and the order parameter symmetry can be described

as 51 x 22. Here ,91 describes the unit circle of all possible orientations of a two

dimensional unit vector and 22 describes the two possible realizations of the chiral-

ity. Early Monte Carlo studies of this model indicated a continuous phase transition,

while slightly modified models that do not change the symmetry of the order parame-

ter but impose rigid constraints that suppress local fluctuations of the order parameter

(STAR model) find a first order phase transition. We introduced a generalized STAR

model [17] in which we can continuously tune the iocal rigidity from the STA limit

(no rigidity) to the STAR limit (infinite rigidity).

We find two types of behaviour in systems of size L < 60. A detailed analysis

in the region where weak rigidity constraints are imposed (rigidity parameter r< 1)

suggests that the system undergoes a phase transition which exhibits 'effective scal-

ing' and 'effective critical exponents'. The observed critical exponents are different for

different values of rigidity parameter r and this fact is inconsistent with a true univer-

sal behaviour of systems that have the same order parameter and spatial dimension.

However the estimated values of critical exponents agree well with the values of criti-

cal exponents found in experimental studies of materials that can be described by the

Xy STA model. The scaling relations and our direct estimate of the critical exponent

4 from a calculation of the structure factor yield a negative value. A negative value

of the exponent 4 is forbidden by first principles in the continuum Õa LGIV theory

used to describe these systems.

As the strength of the rigidity constraint is increased (rigidity parameter r> 1.0)

the phase transition becomes first order. Although this change in the order of the
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transition with an increase in the rigidity parameter r was suggestive of a possible

tricritical point, our study of systems of larger size than previously conside¡ed have

revealed unambiguous evidence for a first order phase transition even in the limit

when no rigidity is imposed (Xy STA model). An extrapolation of our estimates

of the latent heat for values of r where we find a first order transition to the r : 0

limit suggests a small but finite latent heat in Lhe XY STA model and consequently a

weak first order transition. Our findings are consistent with the non perturbative RG

theoretical approach which also suggests very weak first order transition [17, 20, 107].

The weak first order transition in the XY model is associated with a slowing down

of RG flow and there is no fixed point or minimum in the flow in this approach.

The same theoretical approach suggests a weak first order phase transition for the

Heisenberg model as well. However the NPRG picture of the Heisenberg STA differs

from that of the Xy STA. Pseudoscaling and pseudocritical exponents are also pre-

dicted but they are related to presence of a complex fixed point with small imaginary

parts called a pseudofixed point. Furthermore, the predicted pseudocritical expo-

nents are very close to those predicted by the high order perturbative RG approach

[g8, 21, 100, 88] and from the experimental point of view the two approaches are

indistinguishable. Numerical studies of the STAR model [99] as well as a numerical

study of the RG flow [18] do not find any direct evidence of a first order transition

in the Heisenberg STA. It has been suggested that a system of linear size L - 800 is

needed to detect the first order behaviour which is computationally unachievable at

present.

8.2 F\tture Outlook

Our studies indicate that topological excitations in the Heisenberg antiferromagnet on

triangular geometries play an important role between d:2 and d,:3. This suggests

that it is necessary to include topological degrees of freedom in the field theoretical
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studies of this model in order to reach a better understanding of the underlying

physics. It is also possible that topological excitations play an important role in the

3d system and hence further investigations are desirable.

One possible extension of the studies presented here is to allow for some exchange

anisotropy in the Hamiltonian. This anisotropy could favour either an eâ,sy plane

(XY-like) or an easy axis (Ising-iike). Watarai and Miyahitall0g, 110] have made

some preliminary investigations of the easy axis case. However, it would also be

interesting study the role of topological excitations in this system

The variation in the results reported by different investigators, specifically related

to the order of the phase transition in both XY and Heisenberg STA models in 3d,

clearly indicate that further theoretical work and experimental measurements are re-

quired before the properties of these frustrated mate¡ials are completely understood.

Although our findings related to the Xy STA unambiguously show that the system

undergoes a first order phase transition further numerica^l work for both the XY and

the Heisenberg STA are desirable to reveal the underlying physics. Of particular in-

terest would be a study of the generalized STAR model introduced in chapter 7 for

the Heisenberg case where it has also been predicted that local rigidity constraints

imposed on the order parameter might be responsible for possible 'pseudo critical'

behaviour. This study would require consideration of much larger system sizes. An-

other approach that could be used to identify a possible first order phase transition is

the short time dynamics approach [111, 112] . The advantage of this approach is that

much shorter Monte Carlo runs are needed and larger system sizes can be studied

with the same computational resources .
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Appendix A

SPIN STIFFNESS

In order to compute the spin stiffness numerically we use the following approach.

Consider a virtual twist of the spin system about an arbitrary axis â in the spin space.

Each spin vector S¡ is rotated by a different angle 0¡: (í¡ 'û)f which is equivalent

to imposing a gradient ûf on the system. Here {' is the position vector of site j and

û is a unit vector along the direction of the gradient in the lattice. In the presence of

the twist, each spin transforms as

^ír*Sj :R(Pr)$¡ (A.1)

where 5¡ and S! ar" regarded as column vectors and R(d¡) is rotation matrix.

Consider the Euler parameterization of the rotation matrix in terms of the quater-

nion (e6, è) which satisfies ef; + d' e-: 1 where

ês : 
"o"1!¡

ë : nsin(!¡.

(A.2)

(A.3)

The axis of rotation is â, and the rotation angle is á¡. A clockwise rotation of the spin

3, ¡V an angle 0¡ can be written as[113]

Ë1 : 1"3 - d. 43¡ + 2(d. S,1e + (,í¡ " a) sin(á¡). (A.4)

In the presence of the twist, the original Hamiltonian.tl -- -D.njrl¿¡Sf 'S¡ is

transformed and depends on the strength of the gradient a : @ I L impìicitly through

rotation matrix R as follows

t
<ij>
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Ð r,¡slnT@ùr'(o)si
<ij>

: - t tn,S{rcer,o)n(er)3¡
<àj>

Ð ¿r^f;n@i - ÐSi (4.5)
<i.j>

where in each case the superscript T denotes the transpose. The relative angle (0¡-0¿)

can be written as

0¿j : g¡ - 0n: (ri - ñ) .tt|
: (et¡.t)a

where 4¡ is a unit vector from site ¿ to site j and the lattice constant is set equal

unity.

The final expression for the Hamiltonian in the twisted state is

(A.6)

(A.7)

with 0¿¡ defined in (4.6)

Êrr

Rtz

Rrs

Rzt

Rzz

Rzs

Ãst

Rz"

As¡

H(a): - Ð tr¡s{rcçr,o,¡s,
<ij>

and the elements of the rotation matrix given explicitly by

: 
"or'ç!7 

+ @7 - nl - nl)sin'z(!)

: 2(n,nosin'(!¡ + n,sin(!).or1f,¡¡

: 2(n,n"si^' 1!¡ - nu"in(!f1 .o.(f;¡¡

: 2(n,nrsi"ç\7 - n""rn(!¡.or1f ¡¡

: 
"or'1!¡ - @?, - n? + nl) sin'z(!)

: 2(nun,sin'(f) + n"sin(llcorlf ¡¡

: 2(n,n,sin'ç!¡ + nosin(!)."r1f;¡¡

: 2(nnn,sin'(!¡ - n,sin(!1.*f ?ll
: 

"or'1!¡ - @?, + n? - nl) sin'(!) (A.8)
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The equilibrium properties of system are determined from the partition function

and the free energy density. In the presence of the twist, these quantities become

Í' : F'/Lo:-#bQ')
Z, : Tre-H(o)/kr - ¿Dr¡ 

J:¡ETF-Ê¡ /nr

The spin stiffness is related to the free energy cost of the twist as follows

Í' : I +|o^ @/L)"

and is thus given by pa: #lo=o where a: @lL is the gradient magnitude. The

second derivative of the twisted free energy with respect to the gradient strength o

can be written as

#:*(+(#)'-h(#D (A12)

Substituting Zt ftom (4.10), the spin stiffness becomes

^ _æÍ' _:i/o'{!")\ _Ilfdq(d)1'?\ *!((dH.(")\ l'lpî,: 
dd2 la=.:úl\-dæ-lr-r\\ d" / lr-Ì \\ d" /r/{r_ir,

where the notation (...)r indicates a thermal average. Since I/ is even in a, the

average value of dU(a)/da in equation 4.13 is equal to zero and only the first two

terms contribute to the spin stiffness in equibibrium. Note that

W:-à.'rnisn#si
ti?:-E,t',snffisi

(A.e)

(A.10)

(A.11)

(A.14)

(A.15)

(A.i6)

Calculating the first and second derivatives of the rotation matrix R with respect

to a in the limit o: 0 yields

-n!
nr

0

0

-nz
nu

nz

0

-nr
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and

d2P..t-jþ I"=o

(ên¡ .t')"

These results can be used to write the following expression for the spin stiffness

of the system when a virtual twist is imposed about an arbitrary direction ñ in spin

space

Pît: J¿¡("i¡ ' û)z (Si"l(n| - 1)S j" * n,noS¡n + n,n,S j,l *

S¿rln,nyS¡, + ("? - 7)S¡o + nnn"S¡"] *
S¿"ln,n"S¡,*non,S¡o+ @2 - 1)S¡,])

-,"L-UÐ Jo¡("l¡'û)ls¿,(n"s¡n - nns¡,) *
t L <ij>

S¿n(-n,S¡, + n,S¡") * S¿,(nnS¡, - n,Sjs)l)2) (4.18)

which can also be expressed in the following compact form

-1s-rd LL <ij>

å(-t+n?"-nl-n!)
Ttr¡flY

rLaTLz

TLoflg

-å(t+"?-"?*r',)
frsfl,

nanz 
I

-L(t + Ui ", -,))
(A.17)

(A.1e)

o^: -*Ðru¡(ên¡'û)'z ((sl 'n)6'¡ 'ñ) -si s,)

- #( l¿ 
r¿¡(ê¿¡' t')ñ'r'; .';l] 

)
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Appendix B

VORTICITY

The expression for the vorticity can be derived in much the same \.vay as the spin

stiffness. Instead of a virtual gradient tLO lL being imposed on the spin system with

strength Øf L, avirtual curl is imposed. Imposing avirtual curl on the system is the

same as creating a virtual vortex. The axis of the curl (vortex) is again an arbitrary

direction â in spin space and the components of the curl at the position of the spin.9¡

ute *$¡ f ,¡. The strength of the curl is measured in terms of the winding number r¿ of

the vortex and must be an integer. The unit vector ¿¡ it tat g"nt to the perpendicular

line connecting the axis of the vortex and the position of the spin at site j and r¡ is

the distance of the spin from the axis of the vortex(see figure (2.6)).

The free eneïg'y cost of creating a virtual vortex is proportional to the square of

the winding number

Í' : Í +f;u^ nz2 (8.1)

The expression for the free eneïgy /' is the same as for the twist in appendix A

with the relative angle now given by 0¿¡ : múj.ônl,o' Although the winding number

r¿ is discrete, we treat it as a continuous variable and take the second derivative with

respect to rn evaluated at m -- 0. In realit¡ the vorticity is related to the finite

difference [/,(1) + /,(-1) - 2/'(0)] which is a measure of having a vortex (zn : *1)

and not having a vortex (rn : 0) but this reduces to the same final expression for the

vorticity as the second derivative
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vn : -##L'-t"tffl' (i*' ù6¡ ñ) -5' s'- )u =,, i<:

-h#( [¿ "'ttu*)n 
60"*'] )

(B 2)

The factor JSl4" has been introduced as a normalization factor since it is con-

venient for comparing the vorticity with the stiffness. The sums in (8.2) diverge

Iogarithmically with the system size and the vorticity can be written in the form

Va:Cn*unlnL (8,3)

where C¿ is a core term which should be independent of the system size and u¿ is the

vorticity modulus which plays a similar role to the stiffness'


