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Abstract 

The purpose of this study is to contribute to the development of a mathematical 

model in order to study the conbol mechanisms of human upper body movement during 

wallcing. The upper body, which consists of the pelvis and thorax, is rnodeled as a chah 

of inverted pendulums with one degree of rotational fkeedom each. The base point of the 

model corresponds to the bony landmark of the sacrum, and can move, two- 

dimensionally, in a specified way. A control law is developed in order to ensure the 

stabiiity of the two-link pendulum system about the upnght position. The control law is 

based on Lyapunov's stability theory and contains feedforward and linear feedback 

components. It is shown that the feedforward element of the controller is essential for the 

system stability, while the feedback component heavily influences the pattern in which 

the two-link inverted pendulum system moves about the upnght position. Comparing the 

simulation results with measured results obtained in the Biomechanics Laboratory at the 

University of Manitoba it is shown that the mathematical model can effectively duplicate 

the motion patterns of the thorax and pelvis of a human. The results of the cornparison 

make it possible to use the proposed mathematical model as a conceptual mode1 in order 

to çtudy the involvement of the central nervous system (CNS) in the performance of 

skilled voluntary motion such as walking. 
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Chapter 1 

Introduction 

1.1 Motivations 

Human gait is one of the most fundamental motions of the human body. Walking is 

our earliest and the most basic method of transportation. As technology in the field of 

transportation advances and we look to the future for faster, more economicd means of 

transportation there still remain many unanswered questions about our most basic mode 

of transportation: how is human gait accomplished? What mechanisms are present to 

ensure that the body remains upright? How do these mechanisms control OUI balance and 

posture? 

The fundamental purpose of human gait is to transport our head, amis, and tnink 

sections fiom an initiai position to a desired one through the use of our lower extremities 

(legs) 111. Determinhg the mechanisms involved in human gait is not a straightfonvard 

matter. Functional anatomy has traditionaily been an important source in understanding 

the mechanisms of human movement. In recent years, however, with the availability of 

powerful cornputers, mathematical modeling has become the tool of mathematicians and 

engineers who are attempting to shed some light on the mechanisms of human motion. 

For the purposes of this thesis, cornputer modeling is considered as a subset of 

mathematical modeiing. Mathematical modeling is the use of mathematical equations to 

describe a system, where these mathematicai equations are used dong with appropriate 



input data in a computer program 121. The mathematical model developed in this thesis 

may help in the study of human movement. The objective of human movement modeling 

is to understand its mechanics, constituents, control mechanisms, and natural 

implementation [3].  

There have been many studies on the kinematics and dynarnics of human motion. 

Mathematical models of the human body have been employed to study various aspects of 

human movements such as w h g ,  sküng, side stepping and sitiing. The s u e s  of 

human kinematics help to iden- general laws or d e s  that may govern normal and 

abnormal human movement 131. 

Understanding the kinematics of human gait is not the only concern, the physiological 

aspects is also of great importance. DefirUng the role of the central nervous system 

(CNS) in human motion is important, and is vital to the understanding how human 

balance, posture, and motion is accomplished. Detemiining this role is extremely 

difficult due to the complex nature of physiological relationships and the large dimension 

of problems concerned with even the sirnplest of human movements. It is impossible to 

analyze such a complicated human system with the conventional mathematical tools such 

as solution of differential and integral equations of motion, analysis of stability, or 

systems of algebraic equations. By necessity, resort is made to mechanical modeling, 

analog simulations, digitai computer simulation, and recently, distributed modular 

simulation [3]. 

The goal of this study is to contribute to the development of a mathematical model of 

the human tnink during normal gait. This is accomplished by extending the previous 

work of Wu et ai. [ S ]  [ 161 [17] 1221. The model consists of a two-link inverted pendulum 



system cornplete with a control straegy to maintain stability about its upright position. 

The system has two-degrees of rotational freedom with al1 movements o c c h g  in the 

fiontal plane. To confirm the applicability of this control strategy to simplified human 

models, a cornparison is done of the computer model to the actuai human gait. The 

developed model may also give us valuable information on the role of the CNS in 

maintainhg human stability during normal gait. Developing a good computer mode1 is 

extremely vaiuable for this purpose, because it provides information on both inputs and 

outputs of the control strategy, whereas in many physiological experiments input to the 

CNS is not (or can not be) measured dîrectly 131. 

In the following sections the important aspects of each chapter are briefly highlighted. 

1.2 Mode1 Development 

Ln order to derive the dynarnic equations for most systems, it is usuaiIy necessary to 

make simpliQing assumptions. These sirnplifyuig assumptions permit the use of a two- 

Luik inverted pendulum as a representation of the human upper body in this study. The 

base point of the two-link inverted pendulum system is then given motion correspondhg 

to that of the human sacrum during gait. A control stmtegy is then developed, which 

includes nonlinear components. 

The system being studied is highly nonhear; thus, a thorough stability analysis 

necessitates the inclusion of nonlinear effects [4]. Also, by including base point motion 

the control system does not have an isolated equilibrium point, which makes the stabiïty 

andysis extremely Wcult  [SI. 



Finaliy, to be able to compare the mathematical model to that of actual human 

movement, measurements of the motion of the thorax and pelvis have to be done. The 

motions of the thorax and pelvis during gait are measured at the Biomechanics 

Laboratory at the University of Manitoba using the Peak5 measurement system. 

The following sub-sections outline the important elements in the model development. 

1.2.1 Physical Mode1 

In order to construct a model of the human tnink, certain sirnplifying assumptions are 

made. The human trunk is divided into two separate divisions, the pelvis and thorax. 

The arms and head are included in the thorax division. Each division is then represented 

by an inverted pendulum; the pelvis corresponds to the e s t  (Iower) link and the thorax is 

the second (upper) link. The two-Iink inverted pendulum system has two degrees of 

rotational fieedorn in the fiontal plane. 

Once the sirnplifjhg assumptions are made it becomes possible to develop the 

dynamic equations for the system. These dynamic equations form the b u i s  for the 

motion of the model and for the development of the controller. 

1.2.2 Development of a Control Strategy 

To develop the control strategy, it is first necessary to analyze the stability of the 

system. The design of the control strategy is based on the stability analysis. The stability 

analysis of the system is based on Lyapunov's stability theory, more specifically the use 

of Lyapunov's second method in determining system stability [SI [31]. The use of 



Lyapunov's second method depends on the construction of a Lyapunov fiinction which is 

non-trivial and cm be quite challenging. 

Another chdenge in the development of a control stlategy is the effects of the base 

point accelerations. Due to the lack of equilibrium point in the system, Lyapunov's 

second method can not be used directly in solving the system stability. To analyze the 

system stability an extension to Lyapunov's second rnethod is used based on the earlier 

work of Wu 153. 

The analysis of the system stability is the basis for the development of the control 

strategy. The control strategy, however, contains discontinuous t e m .  The 

discontinuous terms in the controller make the system dynamics non-smooth [SI, 

resuiting in high fiequency oscillations (chattering) in the control torques. The effects of 

chattering are clearly undesirable, so a continuous controller is devised replacing the 

discontinuous te- with continuous ones. Subsequently, another stability analysis is 

completed using this continuous control strategy. 

The effect of replacing the discontinuous terms with continuous ones in the controller 

does not go woticed. Complete stability in the sense of Lyapunov cannot be 

established, but the two-link inverted penddurn system can be stabilized in a controlled 

region around the upright position (which will be referred to as 'practical stability'). This 

practical stabiiity is proven using a generalized Lyapunov analysis [5] [31]. An 

important note is that akhough practicalfy undesirable, the discontinuous control strategy 

gives us the ideal system behavior, which can serve as a limit for the non-ideal 

continuous case. 



1.2.3 Validation of the Model 

The mathematical mode1 is validated by comparing it to actual human gait. To 

validate the mathematical model, the actual motion of the thorax and pelvis has to be 

measured, dong with their respective centers of mass, and the motion of the base of the 

sacrum. The simulated rotations of each of the links in the model can then be directly 

compared with the measured rotation of the human subjects. The output torques fiom the 

model can also be compared to the torques calculated fiom the kinematics and dynamics 

of the human upper-tnink during walking. The model is considered as being 'validated' 

if the rotations and torques of the model are similar to those of the human subjects. 

With the model validated it then becomes possible to attempt to draw sorne 

conclusions about the motion of the human tnink during n o d  gait. The inputs and 

outputs of the conboller are known, and it becomes possible to theonze on how they 

relate to the human central nervous system. 

1.3 Literature Survey 

The research conducted in this thesis f d s  under two basic areas. One area is the 

modeling, control and simulation of human movement, and the other being the 

biomechanical measurements. Many of the papers of interest to this thesis are the papers 

with regards to measuring the motion of the human upper tnink, as well as those papers 

involved in calculating the correspondhg torques and forces through inverse dynamics. 

In the area of stability and control analysis of biped systems, one should look to the 

work of Hooshang Hernami [3] [8] [9] [1 O] [ 1 11 1121 [13]. Other studies by Hunnuzlu 

[4] have focused on the dynamics and control of biped gait Similarly, studies with the 



restriction of steady wallung by Funisho et al. 1141 and model behavior on irregular 

terrain by McCown-McClintick [15] have been done. The control strategies in these 

studies are designed to achieve stability, but they do not have the restriction of having to 

produce movements and torque similar to that of a huma. subject. Without this 

restriction, one cannot draw any conclusions on the physiological aspects of human gait. 

These papers are important in establishing the methods required in developing a 

simplified mathematical model of the human body, and in developing a control strategy 

for this model. 

An early study by Chow and Jacobson Cl] considered the postural stability and 

control of human locomotion with the use of an inverted pendulum. The paper utilized 

Lyapmov's second method to determine stability. This study did not, however, draw any 

conclusions about the motion or physiological elements of human gait, but it was an 

important fïrst step in the development of a mathematical model of the human body. 

Subsequent papers by Wu et al. [SI [la [17], utilized the single link inverted pendulum 

problem to model the human upper t h  during gait and tackled the problem of base 

point acceleration in the model. 

In the area of measurements of upper body motion, Stokes and Andersson [q 

published many research results in measuring the rotational and translational motion of 

the pelvis and thorax duRng human gait. In the field of biomechanical measurement, 

comparing results obtained with previouçly published results is of the utmost importance. 

Due to matornical differences, people have different gait patterns. Since gait patterns are 

specific to individuds, we must then Look to overd patterns to see if there are 

correlations between différent subjects. General patterns can be determineci, and if these 



patterns are similar in fiequency and magnitude between difEerent subjects, during 

multiple trials, and are similar to those published by others then one can get an idea of 

how reaIistic the results are. 

Once the measurements are completed, it then becomes possible to take the motion 

data and to calculate forces and moments in the upper tnink during gait. There have been 

many papers on inverse dynamics of the human tnink, one such paper is written by 

Cappozzo [7]. The cdculations of the inverse dynamics of this thesis are in part based on 

Cappozzo's earlier work. 

There have been some studies in applying modehg to leam about human motor 

control. Kuo [18] used a model of the human body to anaiyze human postural balance. 

The model was given small disturbances ikom its starting (standing) position. Kuo 

observed how the control system compensated to maintain stabiiity. This study did not 

consider the case of human gait. Studies done by Winter [19] [20 1211 have used 

mathematical models as the base for studying human motion during gait. These studies 

mainly concentrated on the motions involved with the lower extremities and not the 

upper body where postlnal stability is important. 

Wu 1221 modeled the human upper trunk during gait with a single link inverted 

pendulum system in three dimensions, and used the information obtained to draw some 

conclusions about the role of the central nervous system in human gait. It was found that 

the feedforward component of the controuer is critical for postural stability, while the 

feedback components have a large effect on the tnink movement patterns. The work 

presented in this thesis fiuttiers the work by Wu [22] in that it extends the model to 



indude the separate motion of the thorax and pelvis but due to the complexity of the 

problem restricts the motion to include only two dimensions. 

1.4 Thesis Organization 

The remaining chapters of this thesis are organized as follows. Chapter 2 describes 

the stability analysis of the two-link pendulum system. The stabiity andysis is based on 

Lyapunov's second method, and the extension to this method based on the work of Wu 

[5]  [lq [L7]. In this chapter a discontinuous and continuous control strategy is 

developed. Chapter 3 deals with the simulation of the control strategy using a two-link 

inverted pendulum system. The outputs of the discontinuous and continuous control 

strategies are examined and the simulation results of the Quasi-Lyapunov function found 

fiom Chapter 2 are examined. Chapter 4 presents the cornparison of the simulation 

results to those of the actual measured human results and details some of the idornation 

that c m  be detennined fiom the simulation model. The final conclusions dong with 

fùture work recommendations are found in Chapter 5. 



Chapter 2 

Stability Control of a Two-Link Inverted Pendulum 
with General Base Point Motion 

2.1 Introduction 

This chapter outlines the methodology developed in this thesis in order to study 

the problem of stabilizing a two-link inverted pendulurn system in which the base of the 

pendulum (referred to as the 'base point') cm move in the vertical and horizontal 

directions. The o d y  restriction on the base point motion is that its acceleration must be 

continuous. In order to stabilize the two-link system it is necessary to design a control 

strategy. The h t  step in the design of a control strategy is developing a mathematical 

model in order to analyze the system dynamics. An idealVed piecewise continuous 

feedback control law is developed which can keep the state trajectories arbitrarily close to 

the upright position. 

Non-idealities associated with the implementation of the control law causes 

chattering of the system dynamics. To eliminate the chattering of the system a 

continuous control law is developed, which approximates the discontinuou controuer. 



The continuous controller is then used to stabilize the system about the upright position 

within a prescribed accuracy. 

2.2 Background Information 

Nonlinear systems present a challenge in the study of dynamics and controls. 

Most conventional methods of control anaiysis break down when nonlinear elements are 

ineoduced into the systern. The two-lùik inverted pendulum studied in this thesis is an 

unstable, nonlinear system utilizing a discontinuous control aigorithm for stabilization of 

the system. 

The two-link inverted pendulum system consists of two Iinks, with each of the 

links having two degrees of rotational fieedom. The base point moves in both the vertical 

and horizontal directions. The inclusion of the base point motion leads to the dynarnic 

equations of the system to be non-autonomous. Furthemore, horizontal acceleration has 

signifïcant effects on the system stabiiity and causes the two-link inverted pendulum 

system not to have an isolated equilibnum point, which violates the fundamental 

assumption of Lyapunov's stability theory. 

To study the stabfity of the two-link inverted pendulum system an extension of 

Lyapunov's stabiüty theory [SI [16] [17] [22] is utilized. The stability obtained does not 

corne without a pnce. The discontinuous torques produced from the control algorithm 

iimits the practicai applicabdity of the control strategy. In order to compare this work to 

actual human motion the discontinuous elements must be replaced with continuous ones. 

The replacement of the discontinuous terms with continuous ones M e r  complicates the 

stability analysis. 



The first challenge in the stability analysis is in the development of a control 

strategy. Due to the general base point movernent a piecewise continuous control 

strategy is used in order to analyze the stability using Lyapunov-related stability theones. 

The inclusion of discontinuous terms causes the dynamic system to be non-smooth, 

which violates the requirements of the conventional solution theories to ordinary 

differential equations. Specifically, the condition that the vector fields m u t  be at least 

Lipschitz continuous has k e n  violated. If we are to consider the classical solution 

theories, without the restriction of a smooth system one cannot even define a solution, 

much less discuss its existence, uniqueness or stability 151. Fiiippov's solution theory 

[23] [24] is one of the earliest and conceptudy straightforward approaches to analyze 

non-smooth systems. Many researchers studying non-smooth systems [17] [25-301 have 

previously used Filippov's solution. Consequently, extensions of Lyapunov's second 

method to non-smooth dynamic systems, based on Filippov's solution theory, have been 

studied [30] [3 11 in that the derivative of a Lyapunov b c t i o n  on a discontinuity surface 

was replaced with the generalized derivative. In the above extensions, piecewise smooth 

Lyapunov functions were suggested. In a recent extension [SI, it has been shown that (z) 

Lyapunov's second method can be used for non-smooth systems directly under the 

condition of the existence and uniqueness of the Filippov's solution and, (iz] the 

requirernents of the construction of smooth Lyapunov hc t ions  for non-smooth systems 

are established. It is this extension, which makes the Lyapunov stability analysis of non- 

smooth systems practically casier, which will be utiLized here. 

The second challenge in the stability analysis of the dynamic system, presented 

here, is that there does not exist an isolated equilibrium point. Such a dynamic system is 



regarded as a system constantly under perturbations [32], and for this reason Lyapunov's 

second rnethod can not be used directly. The stability of such a system should be studied 

using the total stability theory [32]. The restriction of the total stabiiity theory, however, 

is that the magnitude of the disturbance must be low which, in this study, requires 

accurate information of some of the physicai parameters and measurements of the base 

point accelerations. To remove such a restriction, an alternative piecewise continuous 

control strategy is designed which guarantees the solution to be closely bounded in a 

controlled region around the upright position. 

The development of a discontinuous control strategy has its drawbacks. A system 

with such a controller may expenence . 'chattering' or high fkequency oscillations of the 

control torques. To be able to practically implement the controI strategy the 

discontinuous temis must be replaced by continuous ones. In replacing the discontinuous 

tenns there is a resulting change in the systems stability, which is our main concem. In 

this thesis, a class of smooth hc t ions  is used to replace the discontinuous te-. It is 

shown that for the two-link inverted pendulum system, stability about a controlled region 

around its upright position can be maintained. Such a stability is referred to as practical 

stability, and is proven using a generalized Lyapunov stability analysis [3 11. 

The idea of replacing a discontinuous controller with a continuous one is not new. 

Such a procedure has been used in the area of variable structure control. There is, 

however, a fundamental difference in the stability analysis between the work presented 

here and that of variable structure control. In variable structure control, it is proven that 

the boundary layer neighboring the switching surface, in which the discontinuity is 

removed, is attractive [32]. This ciiffers fiom the present work in that here it is crucial to 



prove that the boundary layer neighboring the discontinui~ surface is not attractive. 

Such a proof is found much more chaiienging and has to be canied out using the idea of 

genedized Lyapunov's stability anaiysis [3 11. 

The study of the discontinuous control strategy is necessary to get a clear picture 

of the system dynamics under 'ideai' control conditions. The ideal behavior of the 

system can serve as a limit for the non-ideal motions that may result fiom the continuous 

control strategy. Furthermore, the continuous controuer developed has been based on the 

discontinuous control strategy. 

2.3 Derivation of the Dynamic Equations 

The two-link inverted pendulum mode1 is shown in Fig. 2.1. Each link has a 

center of mass located at a point dong each of the links. The displacement of the base 

point in the vertical direction is shown as g(t) , and the displacement in the horizontal 

direction is shown as T(t) . The dynamic equations derived using the Lagrangian can be 

written in the fonn: 

which expands into the following: 

[ 
O m2~1a262sUi(@, -0,) O, - (m,a, t m,l, ) sin el 

- m,l, a,$, sin(@, - 8,) O ]{A}+{ -m,a2sine2 I g  + 
(m, a, + 4, ) cos 0, 

&) = 93 
m2a2 COS oz - m2a, sin 0, 



where g is the gravitational acceleration (9.8 m/s2), mi is the mass of the fist link, mz is 

the mass of the second link, I I  is the length of link 1, lz is the length of link 2, ai is the 

distance fiom the proximal end of iink 1 to the center of mass along link 1,  a2 is the 

distance fiom the proximal end of Link 2 to the center of mass along Link 2, and X is the 

applied system toque. 

The dynamic equations shown in (2.2) are non-autonomous and do not have a .  

equilibrium point. Lyapunov's stability theory is not valid for such a system. However, 

a control strategy designed such that a hct ion  which satisfies ail the requirements for a 

Lyapunov function, referred to here as a Lyapunov-like hction,  can be constructed. 

Strictly speaking the stability in the sense of Lyapunov cannot be proven for the 

Lyapunov-like function, but it does serve as a bound of the region within which the 

inverted pendulum can be stabilized. 

Y-axis - Vertical axis 

X-axis - Horizontal axis 

Fig. 2.1 - Two-Link Inverted Pendulum Mode1 



2.4 Design of a Discontinuous Control Strategy 

The design of the control aigorithm developed here is based on the previous work by 

Wu et aI. [5] [16] 1171. The two-link inverted pendulm system outtined in this thesis is 

inherently more u t a b l e  than the single link pendulum case studied by Wu. 

Modifications in the control structure were introduced in order to account for tfie extra 

Mc. The control algorithm that determines the stabilizing torques for a two-link inverted 

pendulum system with generai base point motion is designed as follows: 

where kI, k2, kldi and k2d are constant control gains, sgn(v) is defbed as: 

1 when y > O,  

O when y = O,  

- 1 when y<O 

The terms related to Ki and ai(i=ij) are the parameters of the compensation torques with 

eQx - e-" 
the hyperbolic function tan(ca) = . Refening to Fig. 2.2, as a+a, the 

eaa + e-= 

hyperbolic function tan(m) tends to sgn(x). 



Fig.2.2 - Plot of &(a) 

To aid in the solution concept for the system stability let us assume the state vector 

x = {xl, xz, xj ,  x4}*, where xi = and x2= e2 : 

N 

- m2Z1a2 COS(X, - x2)X3 + m2l1a2 - x,)x,' - m,a, (f ( t )  cos x2 - g(t) sin x,) 



n ie  right hand sides of (2.4~) and (2.4d) are discontiauous which violates the 

conventional solution theory, indicating that the existence and uniqueness of solutions 

cannot be guaranteed. Before the stabiiity analysis of the above control system is done, 

the existence and uniqueness of the solution to equations (2.4) must be studied. The 

detailed analysis is out of the scope of the thesis, but interested readers may refer to Wu 

[SI- 

This section proves the stability of the inverted pendulum system with a 

discontuiuous control algorithm shown in equation (2.3). As was previously mentioned, 

the control system outlined in equations (2.4a) to (2.4d) is non-smooth and under 

constant disturbance. To analyze the stability a Lyapunov-Ue fiinction is constructed 

which can serve as an upper bound of the region in which the two-link ioverted pendulum 

can be stabilized. The Lyapunov-like fûnction constnicted is as folbws (based on Wu's 

work [SI 1161 [17]): 

The M refers to the inertial matrix defined in equations (2.1) 

1 9 

(2.5) 

and (2.2). The tenns 

1 2  Lxf + cos x, - 1 1 0 and -x2 + cos x, - 1 5 0. Therefore, the above Lyaponuv-Like 
2 2 

function is positive definite. 



The derivative of the Lyapunov-iike hction with respect to time is 

Where 

Note that x3 sgn(x3) is equai to b31 and similarly x4 sgn(x4) is equal to hl. It can be 

proven that J(i=1,..-5) are al1 non-negative for al1 values of ~ ÿ i s 1 ~ , ~ , 4 ) .  For exampte, 

consider Ji 

Note that lsin xl 1 S 1 xi 1 .  Similady, Jz to Js are all non-negative values for al1 values of 

~ i ( i = 1 , ~ 3 , 4 ) .  Since V = O when x3 = xd = O, we have v negative semi-definate. Therefore, 

the system can be stabilized in a region around the upright position. The size of this 

region is dependant on the parametes of Kiand aiwhich can be shown in the 

simulations. 



2.6 Approximation of the Discontinuous Control Law with a Continuous 
One 

The control algorithm shown in (2.3) contains discontinuous t e m .  As previousiy 

mentioned the discontinuous te- are not desirable due to the c h a t t e ~ g  effects that they 

produce. In this section the discontinuous ternis are replaced with continuous ones. The 

effects that the replacement of the discontùiuous terms has on the system stability are 

then studied. Once the controller is continuous there are some problems in analyzing the 

system stability using Lyapunov's stabiiity theory. Therefore, the idea of a generaiized 

Lyapunov stabiüty analysis which uses a quasi-Lyapunov h c t i o n  to prove the stability 

is used. Such a use of Lyapunov's stability theory to provide what is referred to here as 

practical stability is fïrst discussed by Hahn [3 11 and has been extensively discussed by 

wu [SI [161 [lTf C221- 

The discontinuous terms in equation (2.3) are now replaced by the hyperbolic 

tangent fünction, which has the advantage of being smooth. Equations (2.3) are re- 

written as follows: 

where _ni (t) and p, ( t)  are bounded, continuous and positive firnctions of time t. 



Fo and Go are defined as follows: 

E~ and g2 are positive constraints required by the stabiiity analysis. The equations shown 

in (2.8) and (2.9) are continuous under the condition of the base point accelerations being 

conthuous. 

A quasi-Lyapunov function is constnicted for the continuous control system 

shown by equations (2.1) and (2.8) as follows: 

1 1 1 v, = -(xTM?) + (mlol + m,~,)g(~x,' c cos x, - 1) + m2a2g(-xi + cos x2 - 1) 
2 2 

Y, is a positive function and its derivative is: 

(2.1 la) 

where 

4 = k,,x: + k,,x: (2.1 lb) 

By examining Ji,,_,, , it can be seen that it is not possible to h d  a continuous function 

that guarantees Ji,, --.. 5 1 to be positive d l  the time. Therefore, it is likely not possible to 

design a continuous control aigorithm meeting ali  of the required conditions. The quasi- 



Lyapunov fiuiction may increase in certain regions, but the amount of increase is to be 

controlled and has to be Iower than the amount of decrease in the adjacent regions. Ifthe 

amount of increase is controlled, the quasi-lyapunov fiinction wiil experience an overall 

decrease and the pendulurn system can be stabilized within an acceptable region about 

the upright position. This region iç denoted by Ra = {X : Ilxl/< g where g is a positive 

number. Since JI in eguation (2.1 1b) is never negative, we fïrst focus on 4. If x, = O or 

x3 = 0, JI = O. For x1 # O and x, P O, J I  can be d e n  as foliows: 

Note that x, tanh[p, ( t )x3 ] is a continuous and even bct ion  of x,, therefore: 

and sin x,  / x, > O. In order to guarantee that J1 2 O the following must be satisfied: 



The right hand side of the above inequdity is bounded, since O < I&t)l/ e,, < 1. Similarly, 

to keep J, positive: 

Assuming that P = max(Jt, pz), if x, 2 j?; JI and J, are positive. Similarly, this same 

procedure can be used for J3 and J, : 

IZ(t)( sin x, 
1 + 7 -  

For x4 2 a where a = max(a, ,a,), 4 and J4  are positive. 

To summarize, if x3 2 p and x, è a, are a11 positive and therefore 

6 5 O. a and ,û can be controlled by the proper choice of the functions p, ( t )  and p, (t). 

However, the above inequalities are not always satisfied, and there may exist regions in 

which vq becomes positive. To be able to prove that the quasi-Lyapunov function Ui 

equation (2.10) experiences an overall decrease, we have to show that: 



1) the solution trajectories cannot remain for an infinite tirne period in the regions in 

which the Lyapunov function can increase 

2) the arnount of increase in V, is lower than the amount of decrease in the adjacent 

regions until the pendulum becomes stabilized within an acceptable region about its 

upright position. 

The proof is detailed below: 

We £kt must prove that x3 and x, have Iow absolute values if vq is positive. Frorn 

inequalities (2.15) and (2.16), if Ji(iI,(,,,,,, is negative, x, and x, can be bounded by a s m d  

positive constant k. The value of k is related to a and p .  If inequality (2.15) is violated 

6 

then x, has a low absolute value, and J, or J, will be negative causing J, to be 
i=l 

negative. For this to occur, J, must have a low value since it is always positive, hence 

x, m u t  also have a Iow absolute value. 

To prove that the state trajectories do not stay in the regions in which Y, may 

increase for an idhite tirne period we assume that the date trajectories for the first link 

stay in a region noted as R, - {x : x, > x,, > ç s Oand x3 e p} and the state trajectories 

for the second link stay in a region noted as R, F {x : x, > xW2 > 5 > O und x, < a}. The 

worst possible case is one in which both links are simultaneously in the regions R, and 

R, such that Y, may increase for an f i t e  tirne penod. The state x,, is the angular 



displacement that when x, > x,,, inequalities (2.15) or (2.16) are violated such that 

vq > O. The state x,, is the anguiar displacement that when x, > x,=, inequalities 

(2.17) or (2.18) are violated such that vq > 0. Note that x,(, .- ,, > g means that 

R,,,, e Ra, where R, is the acceptable region in which the control system is finaiiy 

stabilized. The region R, is made up of two other regions such that R, c R,, + R, where 

R,, .s : {x :x1  >xCri,O<x, cfl} and R, = { x : x ,  >xcr,,-pcx, <O}. Similarly, the 

region R, is made up of two other regions such that R, c R,, +R,,  where 

R,, := { x : x ,  > x  ,,, O e x ,  <a) and R,, - { x : x ,  > x  ,,, -a <x, <O}. As previously 

stated, the worst possible case is that both the first link and the second link are both in the 

regions R, and R, . For each of these regions there are three possible cases, the stability 

analysis for each of these three cases is presented in Appendix A. 

From the proof olrtlined in Appendix A it is shown that the fiinctions pl (t), p, ( t)  and 

the parameters a,, a,, K, , and K, play an important part in controlhg the region in 

which Y, may increase. By the proper choice of these functions and parameters the 

regions c m  be controlled such that the amount of increase of Y, is less than the following 

amount of decrease in Y,. That is, Vq can have an overall decrease until the state 

trajectones stay within a srnall region about the upright position. 



2.7 Summary 

This chapter presented the methodoiogy for the derivation and stability analysis of 

a continuous control algorithm to stabilize a two-link inverted pendulurn system about itç 

upright position. The fïrst step was to develop a discontinuous control strategy that 

guaranteed that the solution trajectones would remain arbitrarily close to the pendulums 

upright position. A discontinuous control law was developed (2.5) and was s h o w  to 

satisa al1 of the requirements of a Lyaponuv-Iike fiinction. The stability of this control 

law was then verified for dl values of x,,=,-,, . 

The use of a discontinuous controller has some undesirable drawbacks, such as 

chattering. To eliminate the chattering effects the discontinuous elements of the 

controller were replaced with continuous ones. Replacing the discontinuous temis does 

have an effect on the system stability, the stability of the conthuous controller is not as 

strong as that of the discontinuous controlier. The nature of the stability was analyzed 

ushg a generalized Lyapunov stability analysis. 



Chapter 3 

Simulation Study 

3.1 Introduction 

This chapter contains simulation results of the discontinuous and continuous 

control strategies of the two-link inverted pendulum system. The fist  section of this 

chapter details the initial conditions for the system and deals witb the proper selection of 

the controlier gains for the discontinuous and continuous controllers. 1t is shown that if 

the proportional and derivative control gains for the discontinuous controller are too low 

the simulation does not behave as expected. The stability analysis of the discontinuous 

controller shows that the Lyapunov-like fiuiction should always be decreasing. However, 

the simulation demonstrates that if the control gains are not sufncient the Lyapunov-like 

function has areas in which the function is increasing. 

The second section compares the performance of the two control laws previously 

discussed, that is, it compares the discontinuous control law with the continuous one. 

This section dernonmates the 'chattering' of the discontinuous control strategy, and 

illustrates the trade-off between system stability and continuous control torque. 

The finai section of this chapter demonstrates the behavior of the quasi-Lyapunov 

function pertaining to the continuous control law. 



3.2 Simulation Studies 

The two-link inverted pendulum simulation is for two-dimensional movement in 

which the base point is given an excitation in the horizontal, and vertical directions. The 

base point motion for the simulation is as foiiows: 

. . 
?(t)=0.19~0~(5.8t)+1.12sin(5.8t)  (m/sec2) (3. la) 

g(t)=1.33(12.32t)+2.84sin(12.32t) (m/sec2) (3. lb) 

The choices for the acceleration of the base point are based on the intended application of 

the model, and are the measured acceleration of the human pelvis during normal gait. 

The initial conditions for the simulations are: 

0, = 14.3' 8, = 17.2' (3.2) 

6, =O.O (rad/s)  4 = 0.0 (rad/s) (3.3) 

The values of the parameters of the two-link inverted pendulum system are, 

m, = 9.0kg, m2 =38.0kg, Z, =0.15m, Z, = 0.40m, a, =0.12m, a, = 0.30m. 

The choices for the controller gains are not as easily selected as the initial 

conditions or the physical parameten of the simulation. It has been found that if the gain 

for k, fiorn equation (2.3a) is not sufnciently large, the discontinuous controller does not 

respond properly. When the value of k, in equation (2.3a) becomes too low the tems 

containing the discontinuous 'sgn (..)' function within the control law becorne dominant. 

The dominance of the 'sgn (..)' t em in equation (2.3a) produces a very large, 

consistant, high Eequency 'chatter' in the controller torque. This chattering is maintained 



throughout the length of the simulation. This ciiffers fiom the chattering found at higher 

gains which is shown later in the chapter. 

The hi& fiequency controller torques due to the low value of k, produce high 

fiequency oscillations in the angular displacements of the links of the two-link inverted 

pendulum system. The oscillations in the angular displacements in hun produce 

osciliations in the Lyapunov-like fiinction. Osciüations of the Lyapunov-like hc t i on  

mean that there are regions in which the Lyapunov-like h c t i o n  is increasing and regions 

in which it is decreasing. However, it was mathematicaily proven that the derivative of 

the Lyapunov-Like fiinction is always negative, ie. the Lyapunov-like function should 

never increase. This clearly demonstrates that the simulation is unable to properly model 

a system with such hi& fiequency torque values. n i e  high fiequency torque values 

introduce high fiequency dynamïcs into the system. The model and stability analysis 

done is based on the assumption that no hi& fiequency dynamics are involved. Due to 

this assumption, it is not surprising that the mathematicai model does not behave as 

predicted for low values of k, . 

The gains were selected by using trial and error. The proportional and derivative 

control gains for the discontinuous controuer were found to be: 

k, = k, = 230.0 (3 -4) 

k,, = k,, = 10.0 (3-5) 

Selecting the gains for the continuous controlier is not as diff7cult as that of the 

discontinuous controller. The gains for the continuous case are initially based on the 

gains for the discontinuous case. The gains are then adjusted ushg trial and error to 

produce the desired system response. In order to do a direct cornparison of the 



discontinuous venus continuous controller the gains for the continuous controller are 

chosen to be the same as the discontinuous case. 

There is another component to the continuous and discontinuous control laws 

which is included in order to reduce any steady state error of system (the ' K tanh(a0) ' 

term found in the equations 2.3a and 2.3b). The coefficients for this term were selected 

using trial and error until the amount of steady state error is negligible. For the 

discontinuous case the values for 'K' and 'a' are fomd to be: 

KI = K2 = 80.0 

a, =a2 =1.0 

For the continuous case the vaiues for 'K' and 'a' are found to be: 

K, = K, = 95.0 (3.8) 

a, =a, =0.9 (3-9) 

Finally, the continuous control law outlined in equations 2.8a and 2.8b replaced 

the discontinuous 'sgn (..)' ternis fiom equations 2.3a and 2.3b with the hyperbolic 

tangent term tanh[p,(,,,, (t)8i(1,21 ] . The values for p, ( t )  and p2 ( t )  were chosen to be: 

pi ( t )  = p,(t) = 0.9 + O.Olt (3. IO) 

After al1 the gains and constant terms were chosen it was then possible to run the 

simutation to get results on the system torques, angular displacement, and the quasi- 

Lyapunov fûnction. 



3.3 Simulation Results of the Dynamic System with Discontinuous and 

Continuous Control Laws 

The angular displacement response of the developed mode1 to the applied control 

law is s h o w  in Fig. 3.1 and Fig. 3.2. Fig. 3.1 shows the angular displacement of the fint 

link (the link representing the pelvis) and Fig. 3.2 shows the angular displacement of the 

second link (the link representing the thorax). These graphs show that the angular 

displacements of the two links move toward zero (which corresponds to the desired 

upright position). The graphs also show that the angdar displacements of the 

discontinuous controller system approaches zero, but for the continuous controller system 

they oscillate about a region around the zero position. The angular displacements for the 

continuous controller oscillate in a range of 5" and 9 O  for link 1 and link 2. Adjusting the 

feedback gains of the continuous controller c m  control the range of the oscillations for 

the angular displacement of the two links. Normally, on= wodd choose the feedback 

gains so that the range of oscillations would be only a few degrees but in this case the 

gains were limited to better illustrate the Quasi-Lyapunov function in the following 

section. 

It is the oscillation in a controlied region about the uprïght position that is referred 

to as 'practical stability'. It is apparent fkom the graphs that the discontinuous controller 

gives a better control of the system. 

The control torques determined by the continuous and the discontinuous control 

strategies are shown in Fig. 3.3 and Fig. 3.4. Looking at the discontinuous output torques 

one can see the effects of chattering. The torques for the continuous controller, are 

however, smooth. 



Link 1 

, - Cantinuous Controller 

Fig 3.1 -Angular Displacement Response of Link 1 

Link 2 

-Discxntinuous Controtter 
- Continuous Controller 

Fig 3.2-Angular Displacement Response of Link 2 



Torque 1 

Time (sec) 

Fig 3.3-Control Torques Pertaining to Link 1 

Torque 2 

1 - Disconthuous Torque 1 
1 - Continuous Torque ! / 

! 

Fig 3 .CControl Torques Pertaining to Link 2 



3.4 Examination of the Quasi-Lyapunov Function 

The Quasi-Lyapunov function of equation 2.10 that corresponds to the continuous 

control is shown in Fig. 3.5. It c m  be seen fkom the plot that the quasi-Lyapunov 

fiinction does not steadily decrease to zero, there are times when the quasi-Lyapunov 

function slightly increases. These are followed directly by a decrease in the quasi- 

Lyapunov function. 

As the quasi-Lyapunov function approaches zero it begins to oscillate in a region 

above the x-axis. The region starts after approximately 1.1 seconds. This oscillation is 

shown in Fig. 3.6. As the two links of the inverted pendulum approach the desired 

upright position they begin to oscillate in a small region about the upright position (the 

practical stability explained in the previous section). The stability analysis completed in 

Chapter 2 does not deal with the quasi-Lyapunov function withùi this region, as the 

system meets the stability requirement. Therefore, the quasi-Lyapunov function is not 

required to have an 'overall' decrease while the function is within this region. 

The quasi-Lyapunov function does, however, meet the requirement of having an 

'overail' decrease leading up to the region in which practical stability is maintained (see 

Fig. 3.5). To have an 'overail' decrease the times where the quasi-Lyapunov function is 

increasing must be directly foilowed by a decrease in the function, where this decrease is 

greater than the preceding increase. The graph shown in Fig. 3.5 has two regions in 

which the quasi-Lyapunov fûnction has a slight increase, one occurs at approximately 

0.34 seconds, the other at approximately 0.69 seconds. Both of these regions are 

immediately followed by a region with a decrease that was larger than the amount of 

increase, therefore the function shows and overaIl decrease. This verifies the 



Quasi-Lyapunov Function 

f 

Fig 3 -5-Quasi Lyapunov Function Pertaining to the Continuous Control 

Quasi-Lyapunov Function 

Fig 3.6-Close up of the Quasi Lyapunov Function 



mathematical proof of Chapter 2 that the quasi-Lyapunov function (before hittulg the 

region of 'practical stability') will show an overaii decrease. 

3.5 S u m m a r y  

In this chapter the results fiom a simulation of a two-Iink inverted pendulum 

system with base point motion utiliMg discontinuous and continuous control strategies 

were presented. It was found that if the proportional and denvative gains were not 

sufnciently large for the discontinuous controlier the resulting simulation codd not 

properly mode1 our two-link inverted pendulum system. This was due to the high 

fiequency dynamics introduced into the system, which were not meant to be simuiated. 

The discontinuous controi law developed in Chapter 2 guarantees the stability of 

the two-link inverted pendulum system with base point motion. This discontinuous 

controiler exhibits a 'chattering' of the control torques, thus is not a practical solution to 

our control problem. From the graphs discussed in this chapter it can be seen that the 

continuous controller does solve the problem of 'chattering', but it has a pnce. The 

continuous control strategy does not give the system the same degree of stability as the 

discontinuous case. 

The continuous control law developed was required to sîabilize the inverted two- 

link pendulum system about a controffed region around the upright position, while at the 

same time solving the problem of 'chattering' within the control torques. The numencal 

examples in this chapter prove that the two-link inverted pendulum system c m  be 

stabilized in a controlled region about the upright position by the continuous controuer. 

The simulation results also show that although the quasi-Lyapunov function increases in 



certain time penods, the amount of increase is always lower than the amount of decrease 

in adjacent regions (outside of the region in which the system is considered to have 

'practical' stability). Thus, the quasi-Lyapunov function experiences an overdl decrease. 



Chapter 4 

Application of Mathematical Mode1 to Simulate Human 
Upper Body Motion During Normal Gait 

4.1 Introduction 

The movement of the human upper body is an important aspect in studying 

overall human motion. Even so, relatively few studies of the pelvis-thorax interaction 

have been done as compared to the limbs. The kinematics of the upper body are "at least 

as important to the comprehension of the motor strategy of human locomotion as that of 

the lower limbs" 173. Earlier studies by Cappozzo [7], Stokes et al. [q identified some of 

the dominant features in n o d  gait, and some of the forces and torques involved. 

Subsequent studies done by Chow and Jacobson [l], Hemami [3] [8] [Il] [12] [13], and 

W u  [SI [ 161 [ 171 delved into the stability and some of the control mechanismi involved 

in human tmdc movement. The main goal of this chapter is to identify some of the major 

features of normal gait patterns, and match those pattern to a mathematical model with 

the goal of ve-g the mathematical model. It must be stressed that the purpose of the 

cornparison is not to simulate all of the features of walking, but to advance the 

mathematical model. The successful advancement of the mathematical model will make 

it possible to make M e r  more compiicated shidies, each study building upon the last. 



in this chapter the dynamic model of the two-link inverted pendulum is used to 

simulate the pelvis and thorax movement in the fiontal plane and to predict the torques 

applied on the two segments (which correspond to the two joints of the inverted 

pendulum model). The thorax is represented by one hk, while the pelvis is the other 

making up the two-link inverted pendulum model. Base point motion of the pendulum 

c m  move two-dimensionally (dong the horizontai and vertical axis), representing general 

gait patterns, The base point corresponds to the bony landmark of the sacrum. The 

movements of the thorax and pelvis are measured to determine the gait patterns. Once 

the positional data are obtained, it then becomes possible to calculate the corresponding 

torques fiom the inverse dynamics. The final step in the comparison is comparing the 

control torques to the tnink torques, which can be calculated through inverse dynamic 

equations based on the kinematics of walking. 

4.2 Inverse Dynamic Analysis 

The f i s t  step in quantiSring the forces and torques presented in the human thorax 

and pelvis d d g  gait is to take measurements of the their motion during gait. Once 

these measurements are taken, it then becomes possible to use inverse dynamic anaiysis 

on the thorax and pelvis to calculate torque and acceleration values. The inverse dynamic 

analysis of the human upper body has some challenges associated with it. One chailenge 

is the low range of body motion. Due to this low range of motion, noise introduced into 

the measurements may be dominant in the rneasured signal. This makes the identification 

of the noise and filtering of it very important in the analysis of the data. Another 

challenge is the individudistic pattern in which people move, this makes it impossible to 



calcuiate accelerations and torques beforehand and impossible to compare the results to a 

set known standard. The individualistic pattern of human gait is due to dinerences in 

anatomical make up, as well as the effects of individuai Mestyle ciifferences. People 

who wak long distances regularly, adapt their gait to inkhmize expended energy, while 

others who waLk Mequently will adapt their gait more for comfort. 

In the sub-sections on the following pages, an inverse dynamic analysis of the 

human thorax and pelvis during w a h g  is presented. The method of measurement, as 

well as the methods used to overcome challenges in the inverse dynamic analysis is 

presented. The results of the inverse dynamic caiculations are obtained for the purpose of 

cornparison, to verify the results obtained fiom the mathematical model. 



4.2.1 Gait Measurements 

The methods of measurement and experimentai protocol were based on the work 

of Wu 151, Stokes et al. 161, and Cappozzo [7]. The gait measurements were conducted at 

the Biomechanics Laboratory located at the Faculty of Physical Education and 

Recreational Studies, University of Manitoba. The equipment used for the motion 

analysis was the Peak5 Motion Measurement System. The following paragraphs will 

cover some of the basic principles regarding the measurement of human motion using the 

Peak5 measurement equipment. 

Videocassette Recorder (KR) 

Videotape is a magnetic storage medium. The video and audio signals are 

magnetically imprinted onto the videotape by rneans of electromagnets (cornmonly 

referred to as heads). The VCR records a 60 Hz square wave on the control track. This 

square wave then can be used to control the speed of the videotape and to count the 

number of fiames passing by the control head. Each video fiame is given a 

corresponding sequential number during the time encoding process. 

Time Code 

To analyze videotape on the Peak5 system, the videotape m u t  be time encoded. 

This can be achieved by audio dubbing the code onto the videotape after the video has 

been recorded. The audio dubbing process is achieved through the Peak5 system. The 

time code is stored next to the video information on the videotape. Therefore, videotape 

cannot be pre-encoded since there is no video information. 



Spatial Model 

A spatial model defines the points and point connections to be used in 

measurements with the Peak5 system. For this study the points used to calculate 

displacements dong the horizontal and vertical direction in the fiontal plane were the 

approxirnate locations of the centers of mass for the thorax and pelvis. Figure 4.1 shows 

the spatial model that was used. Measurements o f  the angular displacement were taken 

by taking two points on the thorax and two points on the pelvis and using them as point 

connections (represented by a straight h e  connecting the two points on the spatial 

model). The Peak5 system is then able to calculate the aogular rotation of the point 

connections. The base point motion that was used for the mathematical model was based 

on the motion of the point located near the bony landmark of the sacrum. 

- -- - - -- 

O - Location of Center of Mass 

O -LocationofBasePoint 

- Point Connection 

Figure 4.1 - Spatial Model of a) Thorax and b) Pelvis 



Calibration 

Caiibration of the system is accomplished by videotaping an object of known 

length and then digitizing it. Once the object is digitized, the Peak5 system calculates the 

number of pixels that make up the known length of the digitized object. For the 

measurements conducted, a meter stick was used for the calibration. 

2-0 Motion Measurernent 

The major assumption that the Peak5 system assumes is that the amount of 

movement on the video is directly proportional to the amount of movement in real He. 

This means that the camera focal plane must be parallel to the plane of motion, or 

measured values will be inaccurate. In two-dimensional motion analysis, due to the 

above assumption, displacements of the spatial mode1 c m  be calculated fiom the video 

simply by counting the number of pixels that the spatial model has moved in the vertical 

and horizontal direction. The displacernent in pixels can be converted to actual lengths 

by digitizing an object of known length such as a meter stick (as was done for the 

caiibration of the system). 

Angular Measurements 

The angular displacement of the spatial model of the thorax and pelvis were 

measured using absolute angles (ie. deked  by two points and an axis). The angdar 

displacement of the spatial model of the thorax was measured relative to the vertical Y- 

axis. The angular displacernent of the spatial model of the pelvis was measured relative 

to the horizontal X-axis. 



E'xperirnental Protocol 

The thorax and pelvis motion were analyzed ushg the Peak5 Motion Measurement 

System. Reflective markers were placed onto plates, which the subjects wore during the 

recording. The plates were made fiom 1W-inch thick aluminum. The plates were 

designed to have as little weight as possible, to avoid subsequent motion of the plate 

under its own momentum. The plates also had to be sufnciently rigid so that the relative 

marker placement to the anatomical landmarks did not change during the gait cycle. To 

prevent light reflection fiom the aluminum surface of the plates they were covered with 

black tape. The plates were fitted wîth straps, and soft lightweight foam was attached to 

the plate surface that contacted the subject. The straps could be adjusted to fit different 

sized subjects and the foam surface increaçed the friction between the subject and the 

plates hence M e r  ensuring that the plates moved with similiar motion as the subject. 

Figure 4.2 - Plates used for the Measurements 



The reflective markers that the Peak5 system tracked were placed at approximately 

the following anatornicai landmarks: 

Pelvis - the bony landmark at the sacrum, the iliac crest of the lefi and nght hipbones, 

and the estimated gravity center for the pelvis. 

Thorax - the third lumbar vertebra (L3), the seventh cervical vertebra (called the 

vertebra prominens, a large spinous process that can be seen and felt at the base of the 

neck), and the estimated gravity center for the thorax. 

To ensure that the data obtained were as accurate as possible certain measurement 

guidelines were followed. The following is a list of guidelines that were followed for the 

measurement of the subjects upper body motion: 

'The line of sight of the camera was positioned perpendicular to the plane of 

motion. 

A circular bubble level was used to level both the fore-and-& and lateral 

directions of the camera. 

The camera was zoomed in and then positioned as close as possible to the action 

while ensuring that the entire range of motion was videotaped. The camera was 

zoomed in so that the image size of the subject was as large as possible in 

proportion to the field of view. This provides a better depth of field and less lens 

distortion. 

At least one minute of leader was videotaped pnor to recording any activity. This 

ensured that the VCR controller had enough fiames to rewind and play through 

during the digitking process. 



A scaling rod (meter stick) was placed in the plane of motion before the trials that 

were digitized. The scaling rod was of known length with ends in contrasting 

color. Once the scaling rod was videotaped the camera was not moved, and the 

focal length was not changed 

The subjects were iiiuminated to ensure good contrast and to ensure the markers 

were clearly highlighted. 

Three normal subjects performed three triais of normal waIkiag. Each subject 

performed two practice trials to accustom the subjects to the plates and to ensure that the 

subjects were fiee to move normally. During the trials the subjects wore their everyday 

shoes, and dark non-reflective clothing to highlight the marker position. 

4.2.2 Calculation of Positional Data and Derivative Data 

For the measurement of human gait the measuring equiprnent must not violate the 

sampling theorem. The sampling theorem states that the 'sarnpling fiequency must be at 

ieast twice as high as the highest-fiequency cornponent involved in the continuous-time 

signal' [33]. For human gait analysis it is b o w n  [5] that the kinetic and energy analysis 

can be done using a standard 24-fiame per second movie camera. The Peak5 systern uses 

a considerably higher 60 Hi fiame rate, or sample fiequency. 

The Peak5 system calculates positional data in a raw data me. This data contains 

unwanted signals or noise f?om the following sources: electronic noise in optoelectric 

devices, spatial precision of the TV scan or nIm digitizing system, errors introduced 



during the digitking process [SI. To reduce or remove the effects of these unwanted 

signals it becomes necessary to filter the raw data. 

The ButterWorth Filter was origindly used to smooth the positional data fiom the 

Peak5 system by filtering random amplitude noise occurring at a constant fiequency. The 

Peak5 system has an optimal filtering fiequency setting, which automatically filters the 

data. To test the effectiveness of the optimal fiequency setting the data was filtered 

manually over several fiequencies and it was found that the optimal setting produced 

results almost identical to the best graph obtained by manually testing different 

fiequencies. The optimal-frequency nIter used a cut-off fiequency of approximately 3 

Hz. The Peak5 system is unable, however, to filter data after the raw data stage and the 

filtering fiorn the system could not be used to filter the acceleration and velocity data. 

The velocity and acceleration data was determined using numerical differentiation. 

As the denvatives of the data were detemiined variations in position due to noise would 

correspond to larger variations in velocity. These variations were then magnified once 

again as the acceleration temis were calculated fiom the velocity terms. Due to this 

magnification of noise, smooth looking positional data may have very high fiequency 

variations in the acceleration data. From observing human gait it becomes obvious that 

under normal gait humans do not move jerkily, therefore the higher fiequency terms in 

the acceleration and velocity must also be filtered out. The filtering method used for the 

velocity and acceleration terms is based on the Fourier series expansion of the position 

data. Once a Fourier series equation was determined for the position data, to find the 

velocity we simply took the derivative of the position equation. A second denvative was 

then taken to fkd the acceleration tems. 



4.2.3 Anthropometric Measurements 

Measurements of the test subjects were made to determine the mass, gravity center 

locations of the pelvis and thorax, and estimations of the inertial properties of the pelvis 

and thorax segments had to be made. The required subject measurements were body 

mas,  height, and shoulder height. From these measurements it was possible to estimate 

the mass of the pelvis and thorax, segment Iengths, distance between the gravity centers, 

and moments of inertia about the principal axes passing through the gravity center. The 

methods for estimation were taken fkom the book "Occupational Biomechanics" by 

Ch& and Anderson p4]. The estimations are based on measurements done on 

hundreds of cadavers, but due to anatomical differences in each individual h d h g  the 

exact values for living subjects is almost impossible. For brevity the data for only one 

subject will be presented in this section. The measured parameters for the first subject 

are in Table 4.1 and the estirnated vaiues are listed in Table 4.2. 

The calculations involving the moment of inertia include a concept called radius 

of gyration K. It is a derived variable that expresses the radial distance ficorn the axis of 

rotation at which the mass of the segment can be concentrated without altering the 

moment of inertia of the segment [34]. The radius of gyration is computed by: 

Where I is the moment of inertia about the plincipal axis and M is the mass of the 
segment. 



Table 4.1 Measured Parameters for Anthropometric Calculations - Subject 1 (male) 

Table 4.2 Estimated Parameters for Anthropometric Caicufations - Subject 1 (male) 

Body Weightsg) 
90.99 

Height (m) 
1.83 

.- 
Mass of Head and Neck (kg) 
Mass of Torso and Upper Limbs (kg) 
Length of the Head and Neck (m) 
Length of Trunk (m) 
Thorax L e n a  (m) 

Shoulder Hei& (m) 
1 .50 

7.79 
55.98 
0.33 
0.49 
0.46 

Thorax Mas (kg) 
Pelvis Length (m) 
Pelvis Mass (kg) 
Radius of Gyration of the Thorax (m) 
Radius of Gyration of the Pelvis (m) 
Moment of Inertia of the Thorax (kgmL) 
Moment of Inertia of the Pelvis (kmL) 

- -  

51.31 
0.16 
12.46 
0.161 
0.048 
1.330 
0.029 



4.2.5 Precision and Accuracy of Obtained Data 

Precision is the repeatability of a tool to get a consistent value 1351. Accuracy is 

the cornparison of a measured value to a standard [35]. The precision and accuracy of the 

data obtained depend on the quality of video, lighting, and user errors. Precision and 

accuracy are also determined by resolution. The resolution is the division between pixels 

on a video, and on a monitor. The greater the resolution the greater the number of pixels 

that are present and the srnaiier the distance between pixels. This smaller 'grid' makes it 

easier to pinpoint the location of object. on a video. Manuai digitization dows  

digitizing on the half pixel range, while automatic digitization aiiows digitizing within a 

sub pixel range. This increases the precision and accuracy of the automatic digitization 

by increasing resolution and by removing the error associated with the user digitizing a 

pixel above or below a target pixel. 

For measurements in biomechanics it is very hard to define a level of accuracy, 

due to the fact that there is no standard known value to compare computed results with. 

Due to this lack of a definable level of accuracy for the calculations, precision becomes 

even more important. Various sets of data were used for the calculations and compared 

to previous studies in an attempt to venfy results. 



4.2.6 Experimental Errors 

The main errors introduced into the rneasurements are of two main types, 

systematic and random. Systematic errors are iztroduced through distortion withh the 

camera lenses, and through the scaiing factor. The scaling factor was calculated by 

digitizing a scaling rod (an object of known Iength, a meter stick was used for this 

project). The error is introduced during the digitization of the scaling rod. For example, 

if a scaling rod covers exactly ten pixels on the video monitor, but you digitize 11 pixels, 

then the systematic error introduced is about nine percent or (1 1 - 10)/11. To minimize 

this error the scaling rod shouid be as large as possible in the field of view, hence 

covering more pixels and reducing the effect of the systematic error. 

Random errors are aiso introduced during the digitizing process. During manual 

digitization errors are introduced by the user incorrectly digitizing a point (by digitizing a 

pixel next to the actual location). For automatic digitization this e m r  is removed, but 

replaced by another type of error. In automatic digitizing the computer locates the 

position of the marker by light reflecting off the marker. During the digitizing process 

other markers, or reflective objects may corne into the view of the computer and the 

computer may digitize the wrong point. This problem was encountered during the 

digitization of the pelvis, there were four markers relatively close together and the 

computer, at times, digitized the wrong points. To correct this enor certain parts of the 

pelvis data were digitized manually. 

The movement of the plates relative to the anatomical landmarks that are to be 

measured also introduces an error in measurement. To help correct this motion the plates 

were nrmly strapped to the subjects. It m u t  also be noted that the exact positions of the 



centers of mass are not known, they are estimated using the techniques of Chafnn and 

Andersson [34]. It must, however, be emphasized that the motion of the estimated points 

correlate very well with the actual points, ie. they will have the same type of periodicity. 

Other errors were introduced into the rneasurements d u ~ g  the taping of the triaIs. 

The subjects were asked to walk away nom the camera, and this impacts the 

measurements in hvo important ways. The scaling rod can only be digitized once, at one 

position fiom the camera lem. As the subjects moved away fiom the camera the scaling 

factor of the subject wodd be continually changing (the motion of the subject away nom 

the camera has the same effect as changing the focus), but the defined scaiing factor 

would be at only one distance. To help correct this problem the scaling rod was placed at 

the mid point of the motion, therefore providing a good 'average' scding length. 

Another error introduced is the drift of the subject either to the left or to the right. It is 

almost impossible to get a subject to walk in a completely straight line, even if the subject 

appears to the human eye to be moving away at a straight line during digitizing it c a .  be 

seen that the subject has moved to the left or the right. To remove this 'drift' it is 

assurned that the subject is moving at a constant velocity and then a straight line is 

estimated and subtracted fiom the positional data. 

In order to validate the results obtained, the measurements were qualitatively 

compared between trials, between subjects, and between previous studies 161. From this 

comparison it was found that the measured results obtained were similar in magnitude, 

fiequency, and overail gait pattern and therefore had an acceptable level of precision and 

were ready for use in the comparison. 



4.2.7 Measurement Results 

The results of the measurements will be presented in this section, for breviq the 

data for only one of the three subjects will be presented. The measurements were taken 

to provide information about the two-dimensional rotation and translation of the human 

pelvis and thorax during adult human gait. 

The parameters used for describing the data presented in this section are as 

fo flows: 

Fig 4.3- Axis Used for Measurements 

YT - translation along the vertical (longitudinal) Y-axis 

XT - translation dong the horizontal (lefi-right) X-axis 

A2 - rotation around the anterior-posterior Z-axis 

These parameters define the position and orientation of the thorax and pelvis with respect 

to a horizontal (X) and vertical (Y) axis. The direction that the subjects wafked was 

along the Z-axis away fiom the camera (in Fig.4.3 it would be seen as w a W g  into the 

page). This perrnits the examination of the movement with respect to a fixed reference. 

The range of motion that was measured lasted one complete gait cycle, fiom 

right-foot contact to nght-foot contact. Three subject trials were analyzed. 



The sign conventions for analysis of the data were as follows: 

Upwards motion dong the y-axis was considered as positive, and downwards motion 

was considered as negative. 

Motion to the right aiong the x-axis was considered as positive, motion to the lef? was 

considered as negative. 

Counter-clockwise rotation was positive, clockwise rotation was considered as 

negative. 

Due to the motion of the subject away fkom the camera, there was an overd 

displacement dong the Y-axis for all of the measurements. To remove this 

displacement it was assumed that the subject was moving away from the camera at a 

constant velocity. A line with non-zero slope was then estimated and subtracted fiom 

the displacement points thus removing the motion introduced by the subjects motion 

away fkom the camera. 

Al1 of the following graphs start with the right-foot contact, and end again at the 

right-foot contact. The times that each event occurs: 

Right-foot contact (RFC) occurs at 0.0 seconds 

Lee-toe off (LFO) occurs at 0.136 seconds 

Lefi-foot contact (LFC) occurs at 0.51 seconds 

Right-toe off (RFO) occurs at 0.68 seconds 

Right-foot contact ( W C )  occurs at 1.088 seconds 



23oracic Translation 

The motion of the thorax dong the vertical y-axis was aimost a sinusoida1 pattern 

(as shown in Fig. 4.4). The YT graph shows four reversais points during the stride cycle, 

and the total range of motion is 6.9 cm + 1.4 cm. A reversal point is a point at which the 

dope of the line changes sign. 

Fig. 4.4 

T r i a l  1 1- i- Trial Trial 3 2 j ' 

Along the XT axis in Fig. 4.5 there are two reversal points and the total range of 

motion is 8.3cm f 1.8 cm. 



Thoracic Translation Along the XT Axis 

5 1 

i 1- Trial 2 , 
1 i r i a l  3 ! 

Fig. 4.5 

Thoracic Rotation 

The rotation of the thorax is shown in Fig. 4.6, ali angle values are measured 

positively fiom the vertical y-axis. There are many reversal points and the total range of 

motion for the rotation of the thorax is 6.1 k 1.9". 

Rotation of the Thorax During Human Locomotion 

Fig. 4.6 



Pelvic Trmlation 

The pelvis showed a smooth, almost sinusoidal translation along the XT axis as 

shown in Fig. 4.7 on the foliowing page. There are two reversal points and the totaI 

range o f  motion is 7.2 I 1.1 cm. 

Pelvic Translation Along the XT Axis 

Fig. 4.7 

Translation along the YT axis was almost sinusoidal and has a total range of motion 

of 5.4 + 2.1 cm. The graph shown in Fig. 4.8 has four reversai points. 



Pelvic Translation Along YT Axis 

T r i a l  1 f 
i 

Trial 2 1 
Trial 3 ! 

Fig. 4.8 

Pelvic Rotation 

The rotation of the pelvis is shown in Fig. 4.9, and has a total range of motion of 

12.1 f 3.g0. As c m  be seen fiom the graph there are many reversal points. 

Rotation of Pelvis During Human Locomotion 



RecQrocal Motion ofthe Thorax and Pelvis 

The rotational motion of the thorax and pelvis durhg human gait exhibit what is 

referred to as 'reciprocal motion'. Functions exhibithg reciprocal motion are similar in 

patterns, but appear to be flipped about an axis (for instance, as one fùnction increases the 

other decreases and vice-versa). The human body takes advantage of this reciprocal 

motion of the thorax and pelvis so that the motion of one segment counterbalances the 

other, thus giving the appearance of a continuous fluid motion. 

Figure 4.10 displays the reciprocal motion of the thorax and pelvis during one gait 

cycle. During the initial stance phase of right-foot contact (WC) it can be seen that the 

rotational difference between the thorax and pelvis is relatively small, but gets larger as 

the weight of the body is transferred to a single leg. The thorax is rotated in an opposing 

direction to the pelvis, and attains a maximum rotational difference at approximately left- 

foot off (LFO). Similarly, the rotational merence between the thorax and pelvis is 

relatively small during left-foot contact GFC) and becomes larger as the body shifts its 

weight to the left leg and the right-foot leaves the ground (RFO). This reciprocai motion 

was consistent with all of the subjects, and the motion is in agreement with Stokes et al. 

CG3 

Sumrnary 

The major gait patterns presented are quite repetitive between the different trials, 

and were similar between the diEerent subjects. However, due to anatomical differences 

the range of motion for each of the subjects was different. Table 4.3 gives the maximum 

and minimum values for the measurements of the trials which were used in the inverse 



dynarnic calcuiations. From the collected data it then becomes possible to calculate 

velocity and acceleration ternis which then pennits the caiculation of forces involved in 

the thorax and pelvis. 

Fig. 4.10 

Table 4.3 Data Used for Inverse Dynamic Calculations 

Data Used For the Inverse Dynamic Calculations 

Su bject 

Angular Displacement (deg) 

min 
Pelvis 

1 
2 
3 

Linear Displacement Aiong X-axis (cm: 

1 
2 
3 

max 

4 .4  
4 . 1  
-2.34 

4.5 
1.7 
2.0 

1 
2 
3 

Linear Displacement Aiong Y-axis (cm) 

min 

4.9 
4 

2.75 

-2.99 
-2.3 

-1.32 

-2.0 
-2.8 
-5.4 

Thorax 

-3.0 
4.87 
-2.47 

4.1 
2.35 
1.32 

2.9 
2.75 
4.2 

max 

2.8 
1.1 

2.97 

-3.7 
-1.8 
-2.1 

4 .2  
-3.65 
4 .0  

2.8 
3.6 
4.1 



The movement patterns of the thorax and pelvis during normal human gait are 

quite complicated, however, definite pattems do exist. It is the identification of these 

pattems that make it possible to atternpt to mathematically mode1 humain gait. From the 

graphs presented it can be seen that general gait patterns cm be identified in each of the 

trials. It is these gait pattems that are then compared between the different subjects 

measured, and between previously published patterns. The pattems are of extreme 

importance, different subjects walking at different w a h g  speeds wiil have a variation in 

the magnitude of the measured displacements but the overail pattern will be similiar. 

Although there me definite variations in the magnitudes of the displacements, the general 

gait pattems identified can be seen in each of the trials performed, between different 

subjects, and are in agreement with previously published data. Once the gait patterns 

were identified, and a cornparison between the pattems were completed our data were 

considered as having an appropriate level of precision and was then ready to use in the 

inverse dynamic cdculations. 

The measured angular displacement curves had two main drawbacks: (1) the latter 

haif of the curves produced inconsistent results. This was because of the equipment used 

to digitize the trials, as the subject moved fuaher fiom the camera the equipment had 

problems following the markers. This caused a substantid error in the latter part of the 

curves. The most noticeable error occurred in the anguiar displacernent of the pelvis. 

For this measurement the markers had the closest proximity to each other and the 

equipment could not accurately follow the position of each of the markers (during 

digitization the system would track the wrong marker, and manual digitization had to be 

done to correct the error). (2) n ie  trials were approximately only one gait cycle long. 



This made it impossibIe to compare the mechanical mode1 to the measured data for more 

than the one gait cycle, which brings up the question of how reliable the mathematical 

mode1 is over any extended penod of time greater than one gait cycle. To correct for 

these two drawbacks a Fourier reconstruction of the curves was performed. The Fourier 

reconstruction of the curves were penodical and were dependant on ody  t h e ,  therefore 

any length of a trial could be produced. 

The dynamic equations used to calculate the force and torque values for the 

human trunk are derived nom the inverse dynamics of the thorax and pelvis. The 

equations used to calculate the forces and torques for the two links are derived below: 

Link 2 - Thorax 

.. FXr = mzX, 
X2 

F'T = m 2 ( g + ~ 2 )  

n 1,ë, = T2 + F, (a, cos 0,) - FYT (a2 sin 8,) 

Figure 4.1 1 - Free Body Diagram for Li& 2 



Link 1 - Pelvis 

F,, - mg - F,, = m,y1 

F'P = m , ( g + ~ , ) + m , ( g + ~ , )  

I, 8, = T, - T' + (F, - F,, )(a, cos 8, ) + (FyT - Fyp )(a, sin 8,) 

Figure 4.12 - Free Body Diagram for Link 1 

Using the accelerations fiom the measured data, and the equations fiom the 

inverse dynamics it was possible to approximate the forces acting at the joint between the 

peMs and thorax, as weU as at the base of the pelvis. The forces found acting along the 

horizontal X-axis are shown in Figure 4.13, and the forces found acting dong the vertical 

Y-axis are shown in Figure 4.14. 



Forces Acting on the Thorax and Pelvis along the X-Axis 

1 - Thorax 

Figure 4.13 - Forces dong the horizontal X-axis 

o r s *  o ~ " X T $ S ~  Q V ) N ~ ~ V > N  
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Forces Acting on the Thorax and Pelvis along the Y-Axis 

Time (sec) 
1 

Figure 4.14 - Forces acting along the vertical Y-axis 



The patterns of the force graphs are very similar between the pelvis and thorax. 

This cm be shown for the forces acting along the horizontal x-direction through the 

following equation fiom Figure 4.12 equations: 

FrP - Kr = m,x, 

where F, = pelvis force acting dong the horizontal X-direction ' 

F,, = thorax force acting dong the horizontal X-direction 

m, = m a s  of the pelvis 

X1 = pelvis acceleration along the X-axis 

The ml f, terni is quite small as compared to the F', term, due to the relatively srnall 

pelvis mass and srnail acceleration in the x-direction. This makes the F,, tenn dominant 

in the equation, and therefore the value of F, is almost the same. This resdt is not 

entirely unexpected, after foot contact occurs the body shifts so that the majority of the 

weight is over the foot in contact with the ground. To accomplish this the resulting 

horizontal forces act on the pelvis and thorax act in the same direction. A sirnilar 

argument cm be made for the vertical forces acting on the thorax and pelvis. 

With the completion of the force calculations it becornes possible to calcuiate the 

applied torque on the pelvis and thorax. The equations used for the torque calculations 

are show in Figure 4.11 and Figure 4.12. 



4.3 Gait Simulation Results 

To veri& the results fiom the mathematical rnodel presented in the previous 

chapters, the gait patterns for three subjects were measured and compared to the output 

fiom the mathematical model simulation. The angular displacement of the thorax and the 

pelvis rneasured in each of the subjects was compared to the angular displacement of the 

pelvis link (link 1) and the thorax link (Mc 2) of the mathematical model. To M e r  

ve* the simulation results, the torques at the joints of the two Iinks were compared to 

the joint torques of the subjects calculated through the inverse dynamic method 

previously discussed. 

The measured gait patterns were compared with the simulation results on an 

individual basis. The required parameters for the simulation such as masses and lengths 

are particular to the individual subjects, therefore a simdation had to run for each subject. 

The control gains for the simulation were adjusted in order to produce similar torques, 

and anguiar displacements between the mathematical model and the measurements. Due 

to space constraints the results of only one of the subjects, subject 2, are presented in this 

chapter. The other two cornparisons provide similar results and can be found in 

Appendix B. 

4.3.1 Model Parameters 

The mathematical model was composed of two-links and had two joints. The &st 

link represents the pelvis and is supported at one base point. To consider the upper body 

alone, a one base point model must be used [ 5 ]  [7J. To andyze a system with more than 

one base point, some bowledge of the lower limb motion must be known, which would 



require a more complex model. Such a model was considered to be beyond the scope of 

this project. The base point corresponds to the bony laadmark of the lower sacrum. The 

second link represents the thorax. The joint between the fïrst and second link is meant to 

correspond with the approximate location of the fifth lumbar vertebra (the vertebra which 

connects the vertebral column to the sacrum). 

The base point motion of the two-link system is described by the relative motion 

of the links with respect to the global coordinate system outlined below: 

Y-axis - Vertical axis 

X-axis - Horizontal axis 

Fig 4.15 - Global Coordinate S ystem 

All angles of the links were meaçured from the vertical Y- axis to the link, with counter- 

clockwise considered as positive. 

The parametes associated with the mathematical model were based on the 

geometry and to the inertial properties of the body segments. The Iength of each of the 

links corresponds to the measured lengths of the pelvis and thorax of each subject 

respectively. The mass of each segment dong with the location of the center of mass for 

each of the segments were estimated by the procedures outlined by Ch& and Anderson 



[34]. The following values were used for the parameters in the mathematicai model 

simulation: 

Table 4.4 Parameters used for mathematical model simulation 

Mass of Pelvis 9.14 k 
Mass of Thorax 37.62 k 

0.15 m 
of Thorax 0.41 m 

1 Thorax Center of Mass 1 0.16 m 1 

Note that the distance measured for the centers of mass are nom the proximal end of the 

link to the center of mas.  The base point acceleration that was derived fiom the 

measured base point motion was used in the mathematical model. The equations found 

for base point acceleration along the X-axis and Y-axis for subject 2 are as follows: 

Acceleration dong the Y-axis = -5.6586cos(l1.2t)+1.62696sin(l1.2t) (4.3a) 

Acceleration along the X-axis = 0-6992cos(8.035t)+0.5 1328sin(8.035t) (4.3b) 

The initial position and velocities for the two links were then required to complete 

the mathematical mode! inputs, and are shown in Table 4.5. The initia1 positions and 

velocities were taken fiom the measured values at the time of nght foot contact. 



Table 4.5 Initial conditions for position and velocity 

1 
d 1 

- - 

Velocity of link 2 1 -0.467 m/s 

f osition of link 1 
Position of link 2 
Velocitv of link 1 

The controller used in the mathematical mode1 simulation was the continuous 

- 1.59" 
-1.18" 

1.14 m/s 

controller outlined in Chapter 2. The two-Iink inverted pendulurn system is inherently 

more unçtable than the single link inverted pendulum. Due to this, the transient stage for 

the controller lasts for a longer period of time than was observed for the single Iink 

pendulum case [SI [16] [17] [22]. To properly compare the measured data to the 

mechanical system, the mechanical system was run until the transient stage was over and 

the system was at a steady state. The point at which the cornparison occuned was after 

0.884 seconds had passed. 

The gains for the controiler were as foIIows: 

Table 4.6 Controller Gains 

The controller gains were manually adjusted through 'trial and error' until the 

curves were matched. 

Kp 1 
Kp2 
Kdl 
Kd2 
K1 
K2 

80.0 
60.0 
4.5 
4.3 
90.0 
70.5 



4.3 -2 Displacement Cornparison 

For this case the measured angular displacements of the thorax and pelvis are 

compared to the simulated angular displacements. The h t  set of graphs in this section 

presents three different angular responses. The fust is the angular displacement for the 

mathematical modei. Secondly, the Butterworth fïltered angular displacement data of a 

human subject during wallcing is presented. The third anguiar response is the previously 

rnentioned Fourier reconstruction of the measured anguiar displacement c w e .  The 

Fourier reconstruction does not match the measured data exactly, due to the higher 

fiequency ternis that were left out of the Fourier series. As was previously mentioned, 

these higher fiequency temis were left out in order to filter the data so that the 

acceleration data did not have unwanted hi& fiequency components (such as noise 

introduced during measurements). 

The simulated angular displacements of the thorax and pelvis are also cornpared 

the Fourier reconstruction of the measured displacement over many cycles. This permits 

us to get an idea of how accurate the mathematical mode1 is over a longer time period. 
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Fig 4.16 - Cornparison between the angular displacements produced firom the 

mathematical model, the measured anguiar displacements, and the Fourier reconstruction 

of the measured data during normal gait. 
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Figure 4.17 - Comparison of Fourier reconstruction and simulation data of the angular 

displacement of the thorax and pelvis over many cycles. 



Figure 4.14 contains the graphs of the measured angular displacement of the 

pelvis and thorax dong with the sirnulateci angular displacement and the Fourier 

reconstruction of the measured displacement. From the gniphs it can be observed that the 

range and fkequency of the angular displacement for the simulation and the measured 

curves are similar. The range of motion of the pelvis rotation was 5.1 and the range of 

motion for the thorax was 5.3O. The root mean square (RMS) error between the 

simulation output and the reconstmcted Fourier curve was 1.16" for the pelvis and 0.87O 

for the thorax. From the graphs it can also be seen that there is a phase shift, which codd 

not be removed. To be able to adjust the mathematical model to remove the phase shift, 

modifications to the controIler have to be made. These modifications were considered 

beyond the scope of this thesis, but are a valid topic for future work. To get a better idea 

of how weil the mathematical model predicts the angular displacement of the thorax and 

pelvis, the simulation output was compared to the Fourier reconstruction over many 

cycles. These graphs are shown in Figure 4.15. From these graphs the phase shift 

previously mentioned is apparent. 

4.3.3 Torque Cornparison 

At the same time that the angular displacement cornparison was being done the 

calculated inverse dynamic torques were compared to the controller torques. In the 

inverse dynamic calculations the torques calculated were based on Fourier reconstruction 

of the required rneasurement curves. The graphs presented in Figure 4.16 compare the 

calculated inverse dynamic torques with the mathematical simulation torques over several 

gait cycles. The mechanical model and measured torques match quite well for the graphs 



of the pelvis and thorax. The RMS e w r  between the simulation torque and the inverse 

dynamic torques for one gait cycle are 4.55 (Nm) for the pelvis and 4.58 mm) for the 

thorax. It should be noted that the controllers are active in the mathematical mode1 

during the steady-state. The presence of the torques d d g  steady-state is to 

accommodate for the continuous base point motion. 

4.3 -4 Error Analysis 

Table 4.7 gives the RMS error found for the comparison of each of the subjects to 

the mathematical simulation. 

Table 4.7 RMS Errors Observed between the Mathematical Mode1 and Measured Results 

From the graphs obtained and Table 4.7 we can see that for the three subjects the 

simulation results follow the measurements, with the best overd results being those of 

subject 3. 

Thorax Torque 
(Nm) 
5.667 

4.58 

Pelvis Torque 
(Nm) 
9.55 

4.55 

Thorax Angular Displacernent 
( d a  
0.683 

0.87 

Subject 

1 

2 

Pelvis Angular Displacment 
(de@ 
0.725 

1.16 



Pelvis Torque Over Several Cycles 

! - Simulation Data 

Thorax Torque Over Several Cycles 

1- Fourier Reconstruction i i 
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Figure 4.18 - Cornparison between the torques produced fiom the mathematicai mode1 

and the torques calculated based on the gait measurements. 



4.4 Discussion 

Although the mathematical mode1 presented is over-simplified, the results 

indicate that the mathematical mode1 is capable of producing motion and torques similar 

to those of the human thorax and pelvis during normal gait. It is therefore reasonable to 

assume that the control strategy used by the mathematicai mode1 may offer some 

information on human motor control rnechanisms. The goal of this section is to make 

qualitative observations on the role of the central nervous system (CNS) in the 

perfomance of simple voluntary movements such as human gait. 

The main hypothesis that this section aims to prove is that the execution of simple 

weil-leamed voluntary movements such as human gait is one in which a) the CNS plays a 

s u p e ~ s o r y  role, b) the movement commands are issued in a feedforward manner, c) 

movement stability is heavily influenced by feedfonvard elements, d) intrinsic feedback 

plays an important role in definhg the pattern in which the thorax and peivis oscillate 

about the upright position, e) the proprioceptive feedback is not actively involved. 

The continuous controller in this thesis consists of two parts, which serve 

different fûnctions as shown in Fig. 4.19. The first part is a feedforward control, which is 

based on the lmowledge of w a h g  movement to cornpensate for the effects of gravity 

and base point motion resulting fiom lower limb movement. It is lmown fiom 

neurophysical studies [9] [38] that muscle comrnands of the feedforward part are stored 

as shape of move prognims in the central nervous system memory. If this is true then the 

CNS provides information about the desired movement before the motion occurs, not 

during the motion, which indicates that it is only playing a supervisory d e .  



The second part of the controller is a feedback loop, which represents the intrinsic 

muscle feedback control, and whose control function is based at local centers at the 

muscle control level 191. From the stnicture of the feedback components it can be 

assumed that the muscle mode1 is constructed from linear s p ~ g s  and dampers. This 

simpltQing hearity assumption is due to the small range of motion of the muscles 

involved. In a small range, both the length-tension and the tension-velocity 

characteristics of the muscle are essentiaily linear [9] [22]. The spring-like behavior of 

the feedback component can also be demonstrated through the observation of the control 

gains. The feedback gains were held constant with values for the proportional gains 

(which act like spring constants) of 80.0 Nm and 60.0 Nm versus 4.5 Nm and 4.3 Nm for 

the damping gains. 

Figure 4.19 - Components of the Continuous Controller 



To M e r  examine the fiinction of the control terms, the control strategy outlined 

in equations (2.2, 2.3) is divided into three parts which are shown in Figure 4.20; a) the 

lioear feedback part shown in blue, b) the control that counteracts the effects of gravity 

show in yellow, c) the feedfoward component that counteract the effects of the base 

point motion is in red. It can be seen that the total range of torque for the linear feedback 

component is + 9 Nm for the pelvis and f 7.5 Nm for the thorax. The range of torque to 

counteract the effects of gravity is S . 5  Nm for the pelvis and f 2.0 Nm for the thorax. 

The range of torque to counteract the base point motion is k1.8 Nm for the pelvis and 

k1.5 Nm for the thorax. From the graphs of Figure 5.1 it can be seen that the torques 

fiom the linear feedback control are dominant, foliowed by the torques acting against 

gravity. 

Even though the magnitude of feedfomard control is less than that of the 

feedback control part, the feedforward terms are essential to the system stability. The 

Lyapunov stability analysis verifies that without the feedforward part the system stability 

cannot be guaranteed. The motion of the thorax and pelvis is periodicai about the upright 

position, and the fiequencies and pattern of this oscillation are heavily dependant on the 

feedback control torques. This verines previous results [9] [22] that demonstrate the 

importance of passive Mscoelastic muscular hc t ions  in denning the pattern of trunk 

movement during wallcing. The controller does not contain terms that would simulate 

proprioceptive feedback components, and system stability does not require that these 

components be present. The lack of proprioceptive feedback agrees with previous work 

in which proprioceptive feedback is indeed unnecessary for the control of well-leamed 

voiuntary movements [9] [22] [3q .  



Pelvis Torque 

Thorax Torque 

Fig 4.20 - Torques applied to the Pelvis and Thorax fiom intrinsic feedback torques 

(feedback), the control counteracting the gravity (gravity) and the control compensating 

for the eEect of  base point motion (feedforward). 



In silmmary, it has been discussed that the CNS plays only a supervisory role in 

controlling the movement of the thorax and pelvis during wallcing. Furthermore, it was 

shown that the feedfonvard muscle cornmand plays a key role in keeping the thorax and 

pelvis around the upright position while the feedback muscle command heavily 

influences the pattern in which the thorax and pelvis move around the upright position. 

This finding is new, and is the result of the approach used for the stability analysis. 

The mathematical mode1 previously developed was applied in order to simulate 

the gait patterns produced by the thorax and pelvis during normal human gait. Tbree 

shidies were done cornparhg the mathematical model to three different human subjects. 

The method of inverse dynarnics was used on the measured data in order to calculate the 

forces and torques involved between the thorax and pelvis. 

It was found that the mathematical model was able to produce trends that were 

similar to those produced by each of the subjects. The main features of the trends such as 

fiequency, and maximum and minimum values for the displacements and torques 

compared reasonably well with those based on the measurements and inverse dynamic 

calculations. As a result, it becomes possible to suggest that the continuou control 

algorithm developed may be similar to that used by humans. Utilizing this assumption, 

some observations were made on the role of the CNS in controllhg motion during gait. 



Chapter 5 

Conclusions 

A two-link inverted pendulum mathematical model was developed in order to 

study the postural stability and control of the human thorax and pelvis in the fiontal plane 

during walking. The development of the model required the following steps: a) 

development of mathematical equations describing the motion, b) design of a controller 

which guaranteed stability, c) gathering of kinematic data fiom the movement pattern 

measured fiom actual hurnan subjects, d) duplication of these movements on the 

cornputer, and e) comparing the resuits. The results fiom the cornparison between the 

simulation and the measured values indicate that the two-link inverted penduium model is 

adequate to describe the major features and stabifity of the thorax and pelvis during 

normal human gait. 

The controller in this thesis was designed in order to study the stabilization of a 

base-excited two-link inverted pendulum about its upright position. Due to the lack of an 

equilibrium point and the inclusion of discontinuous terms in the control strategy 

traditional stability analysis can not be used. To overcome these problerns a methodology 

was developed which guarantees the solution trajectories to be arbitrarily close to the 

upright position (referred to as practicd stability). In order to have a practical system that 

better resembles that of the human upper body the discontinuous te= in the control 

strategy were approximated with continuous ones. This replacement of terms did not 



corne without a price. The stabllity of the system is weaker with the continuous t e m .  

The nature of this 'weaker' stability was then analyzed using the generalized Lyapunov 

stability analysis. Numencal simulations then M e r  examined the hdings. 

Validating the mathematical model in order to show that the mathematical model 

developed can produce similar trends to that of the human upper body during gait is 

exiremely important for this work. The mathematical model was considered as being 

validated if with the same base point motion the simulation angular displacements and 

torques for each of the links matched those measured. Measured data was taken fiom 

three separate subjects, and for each subject the measured angular dispiacements and 

torques were matched against the simulation values. The resuits of this cornparison 

demonstrate that the mathematical model developed is capable of producing displacement 

and torque trends that are similar to those of measured subjects during normal gait. The 

mathematical model met our conditions for validation, and hence was considered 

validated. 

The validated mode1 was then used to theorize the role of the central nervous 

system in the control of human w a h g .  It was theorized that since the muscle 

commands are stored in the shape of a move program, the central nervous system plays 

only a supervisory role in controlling the thorax and pelvis movement during walking. 

Furthemore, it was show that the feedforward muscle command plays a crucial role in 

maintaining postural stability while the feedback muscle command heavily influences the 

pattern in which the thorax and pelvis move about the upright position. It was also found 

that proprioceptive feedback does not play an important part in the stability of the thorax 

and pelvis during wallcing. These fïndings agree with the previous work [9] [22]. 



The results obtained in this thesis are only a step in the development of 

mathematical models to study hiiman movement. In future work the two-link system 

presented here can be extended to a five-link system to include the motion of the lower 

limbs. The dynamic eEects of swinging a m  should also be considered. The controUer 

itseifcan be extended to include terms that can provide a phase-shift of the output angles 

in order to remove the phase-shift between the mode1 results and the measured human 

resdts. FinaIly, the performance of the controller in the presence of disturbances should 

be explored. This fuhile work is needed in order to gain a better understanding of the 

role of the central nervous system and proprioceptive feedback in the control of human 

motion. 



Appendix A - Stability Analysis of the Dynamic System 
with the Continuous Controuer 

This appendix outiines the stability analysis for the continuous controller. To 

prove that the state trajectories do not stay in the regions in which V, may increase for an 

infinite tirne penod we assume that the state trajectories for the f i t  Link stay in a region 

noted as R, = {x : x, > x,, > q > O und x, c ,O} and the state trajectories for the second 

link stay in a region noted as R, - {x : x, r xcr2 > 5 > Oand x, c a). As previously 

stated, the worst possible case for the system stabiiity is that both the fist link and the 

second link are both in the regions R, and R, . For each of these regions there are three 

possible cases, looking at the first link we have: 

Case 1 : The trajectory stays in region RI, and link two fulls withzh region R, . In 

this case x, is positive and bounded within while x, keeps increasing. The 

acceleration in such a region becomes: 

miair, rnin:Zf + - xZ )(Z(4(~2 1 t d ( ~ ,  (0x4 1 - B 
cos(x, - x,) sin(x, - x,  )< 

B 
m:a:!, 2 rn:a:l, + ( f  (t) cos x, - z(t) sin x, ) cos(x, - x, ) - g sin x, cos(x, - x, ) 
B B 

m a l  + * K2 tanh(a,x,) cos(x, - x , ) )  
1 

B rn212a' 
A -  ' COS~(X, -x,) 

B 



Since both x3 and x, are bounded and have low absolute values, the effects of terms 

2 2 containhg x, , x, , x, , x, , tanh(pl (t)x, ) , and tanh(p, (t)x, ) wiU be considered minimal 

and will be ignored. This simplifies equation (A. 1) to: 

.. 
x3 = (-klxl - (ml a, + m21, )gx, - (m, a, + m,ll )T(t) cos x, + (rnlol + m21, ) sin x, (g + g(t)) 

rn:a:~, - + rn;a;z1 
B 

(f ( t )  cos x, - g(t) sin x, ) cos(x, - x2 ) - 
B 

g sin x* cos(x, - x2 ) 

B y applying the following restrictions on the system: 

It becomes possible to prove that x3is negative regardless of the value of x, with the 

proper choices of K, and a, . If K, and al are chosen such that: 

A +- 1 
K2 1 

a 2  Ccos(x~ - ~2 II min 



It then becomes possible to prove thatx3 is always negative. If x3 is negative then 

x, cannot remain positive for an infinite tirne, therefore link one wiU move out of region 

R I  . The condition of link one moving out of the region RI, is not sufficient, it is also 

necessary to examine link two. 

The acceleration of the second Link is shown in the foilowing equation: 

m l a  + m2a2 sin x, (g + g(t)) - K2 tanh(a2x2 ) + ' * cos& - x,)(k, + (rn,aI + m,lI )g)x, 
A 

m a l  + a KI tanh(a, x, ) cos(x, - x2 )} 
1 

A 2 2  2 

B-  *''' cos2(x, -x2) 
A 



Which, utiliung the same assumptions as equation (A.l), reduces to: 

.. 
-Y 

2, = (-k2x2 - m Z u 2 ~ 2  - m2a2 f (t) COS x2 + m2aZ sin x2(8 + z(t)) - K2 tanh(alx2) 

rn-l a + x c o s ( x i  - x, )(k, + (m, a, + m,l, )g)x, 
A 

+ m,azz, (m,a, + m24 
A 

cos(x1 - x2 )I&)[IxI 1 
rnZa211 (mlal + m21, ) + (f ( f )  cos x1 - g(t) sin x, ) cos(*, - x2 ) 

A 
- m2aJ1 [ml a, t mA ) cos(xl - x2 ) 

A 
m a l  

fanh(~:~x,)cos(x, - x2)} 
1 

A m'l'a2 
B -  * C O S ~ ( X ~ - X ~ )  

A 

Again, using the proper choices for K, and a, as in equation (A.3) it can be s h o w  that 

X, is aiways positive. If x, is aiways positive then link two will move out of the region 

R, . Since link one moves out of region RI, and link two moves out of region R, the 

conditions for this case are violated, therefore this case is not possible. 

Case 2: The stute x, changes sign and the t?ajector-y stays in region RlS and 1ink 

lwo f a k  within region R, . In this case the signs of x, and x, are still mainly determined 

by x, . Therefore, x, increases satismg the inequalities (2.15) and (2.16). 

Case 3: The trajectory oscillates in the region of R,, + R,, and link huo falls 

within region R, . This case is not possible since x, does not change sign in region RI, 



A similar analysis can be done when inequalities (2.17) and (2.18) are violated. 

From this analysis we can conclude that the trajectories x, and x,do not stay 

permanently in the region in which V, > 0. 



Appendix B - Cornparison Data of Other Two Subjects 

In this appendix, the cornparison graphs for two other subjects is presented. The 

methods of measurement are the same between subjects. The Fourier reconstruction 

discussed within the thesis was used to filter the data. The results over one complete gait 

cycle are show, dong with multiple cycles. 
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Fig B. 1 - Cornparison between the angular displacements produced fÎom the 

mathematical modei, the measured angular displacements, and the Fourier reconstruction 

of the measured data during normai gait. 
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Figure B.2 - Comparison of Fourier reconstruction and simulation data of the angular 

displacement of the thorax and pelvis over many cycles. 
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Figure B.3 - Cornparison between the torques produced nom the mathematical mode1 

and the torques caicdated based on the gait measurements. 
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Figure B.5 - Cornparison of Fourier reconstruction and simulation data of the angular 

displacement of the thorax and pelvis over many cycles. 
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Figure B.3 - Cornparison between the torques produced nom the mathematicai mode1 

and the torques calcuiated based on the gait measurements. 
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