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Abstract

Abstract

The main focus of this thesis is to develop an efficient method for handling DC

grounding problems involving earth non-homogeneity. A numerical technique has been

employed using a commercial Finite Element Method (FEM) package called ANSIS 5.5.

Due to the large scale of the problem domain a technique known as 'substructuring'has

been used.

Classical analytical solutions were utilized to establish the accuracy of the

numerical solutions. It is shown that an error of no worse than IjVo in the estimation of

the ground resistance can be guaranteed with only a few exceptions, which are pointed

out in the thesis.

A technique for reducing a problem involving two-layered earth to a

homogeneous earth is proposed. This procedure can be extended to cover for cases

involving multi-layered earth. The effects of inclined earth layers have been considered

and suggestions for handling such situations are proposed.
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Nomenclature

Nomrenclature

Some of the most frequently occurring abbreviators and symbols used in the

thesis are tabulated below:

V----------- xð/ðx+yâ/ây +zðlðz

V ----------- Electric Potential

E ---------- Electric Potential Gradient

H ---------- Magnetic Field Intensity

J ----------- Current Density

FEM ------ Finite Element Method

BC -------- Boundary condition

o'----------- Electric Conductivity

pr ---------- Resistivity of fr'h layer

pr ---------- Resistivity of top layer

pz--^------- Resistivity of bottom layer

pequ_n -- Normalized equivalent resistivity

P"qu -------- Equivalent resistivity

peqv_nx - Normalized equivalent resistivity after xth approximation

p"qu-, -- Equivalent resistivity after xth approximation

L* ---------- Effective rod length for the x'h approximation

Rrror,------ Exact ground resistance evaluated by using analytical solution

R'rrnr, - Apparent exact ground resistance evaluated by using FEM

Rexact_tt Projected exact resistance based on a FEM simulation

Àrr, -------- Estimated ground resistance

.R¡¿ --------- Normalization factor for normalizing the equivalent resistivity curves
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Chapter 1

Chapter n

IntnoductÍon

In view of the paramount importance of the safety and performance of HVDC
converter stations, the grounding system must be carefully and adequately designed. The
common types of DC converter station configurations are monopolar, homopolar and

bipolar' Monopolar and homopolar systems normally use the earth as a return and

therefore the earth electrode carries the continuous full rated current for a monopolar
system and double the continuous rated current for a homopolar system. The electrode
must also be designed to carry a short-time overload current. The direction of the return
current flows is fixed.

In bipolar systems, normally, only a small differential current flows through the
earth return. This differential current, also called out-of-balance current, is due to the
differences in reactances, characteristics of the 2 poles, etc. The magnitude of this
differential current is small as compared to the rated current and its direction is not
predictable. In the event of a fault on one of the poles, the bipolar system can be
switched over to a monopolar mode, which is capable of sustaining half its rated power.
In such an event, the full rated current will flow through the earth return. This scenario

must be accounted for when designing a HVDC bipolar system.

Many factors and criteria are involved in the design of a HVDC earth electrode.
However, the most significant governing factor is undoubtedly, the soil resistivity (p),

which is measured in ohm-meter (Cl-m).

.,-l lJniversity of tvlanitoba
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Chapter 1

1.1 Soil R.esistivitv

Soil resistivity is affected by a wide range of factors l64Taggl such as:

(a) Type of soil

(b) Temperature

(c) Moisture content

(d) Chemicalcomposition

(e) Closeness of packing and pressure

The measurement of resistivity is a complicated task and normally carried out by

geologists or geological engineers. A modern method of measuring the resistivity is

called the Magnetotelluric Method ( fM ), which is used for very large scale surveying

such as across the entire province of Manitoba. A discussion on this type of large scale

soundings can be found in [97 Ian]. For smaller scale surveying, encompassing an area

of approximately 5 km2, methods such as the Wenner, Schlumberger and Dipole-Dipole

array can be employed. Detailed discussions on these methods can be found in [90

Wardl, [90 McNeill]. All these methods are based on soundings, which involve the

measurement of electromagnetic quantities, such as the electric field, ,E and magnetic

field intensíty, H. The reliability of these methods depends heavily on the degree of

expertise of the operator who performs the measurement. Large errors usually result if the

tests are not performed carefully.

The measured resistivity is an estimation pertaining to the prevailing conditions at

the instant of measurement because the resistivity in a given locality will vary over time.

The reasons for the variation may be due to natural causes or due to human intervention.

Natural causes include seasonal variations of temperature, formation of perma frost,

changes in the availability of ground water etc. Human intervention causes are pollution,

chemical treatment of soil and installation of large underground structure.

University of Manitoba
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Chapter 1

Along with other pertinent geological data such as porosity, mineral content,

moisture etc, information on resistivity is gathered and stored in data banks. Data banks

maintained by universities and government agencies are good sources to obtain this

information.

1,.2 Earth Electrode

There are many possible configurations for designing a earth electrode. Some of

the simplest configurations are the single driven vertical rod, a single horizontal straight

wire and horizontal disc. Slightly more complicated arrangements consist of wires

connected in star formation, wires in the form of a square loop and a group of driven

rods. Approximate analytical solutions exist for these relatively simple arrangements in a

homogeneous earth i.e., ground with only a single value of resistivity [36 Dwight],

l6a Tagg). Some work has been done to take into account the effects of earth non-

homogeneity [48 Sunde], 164Taggl,182 Ciricl.

However, the analytical analysis is complicated and is possible only with some

very simple and well-defined configurations. The calculation of earth resistance was first

tackled by H.B. Dwight, in his paper titled 'Calculation of Resistance to Ground',

[36 Dwight] and by Erling Sunde, who authored a text titled'Earth Conduction Effects in

Transmission Systems', [48 Sunde]. More recently, G.F. Tagg has authored the text,

'Earth Resistances',164 Tagg] which contains a collection of information and references

representing the efforts of earlier researchers, including Sunde and Dwight. Other than

those mentioned above, [71 Kimbark] and [90 Rao] also present good discussions on

various aspects of the problems associated with earth electrode design. It may be

mentioned that the information in [36 Dwight] and [48 Sunde] are still used extensively

today.

., 
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Chapter 1

The analysis of practical grounding systems involving multiple-rod, non-

homogeneous earth etc, can not be carried out by conventional analytical methods. With

the evolution of the digital computer, numerical methods such as the Finite Element

Method (FEM) and Boundary Element Method (BEM) have been used to solve such

problems.

1.3 Ðesign Criteria

The design of a ground electrode has to consider adequacy of performance,

reliability, ease of maintenance and environmental effects. Often, the desired ground

resistance cannot be achieved by having only one ground rod. Under this situation, an

electrode made up of multiple-rod is needed. Vertical driven rods arranged in different

configurations offer the most practical designs. Such a scheme facilitates maintenance

work and is relatively easier to install. A group of vertical ground rods can be serviced

by taking a few rods out of service at a time, and yet maintaining a satisfactory

performance of the entire ground electrode system [88 Prabhakara]. Another very

favorable advantage is that the vertical rods are relatively immune to seasonal variations

of temperature, especially when dealing with perma frost.

1.3.1 Adequacy of Ferformance

This is the desired performance characteristic as prescribed by a client. It
normally involves parameters such as the maximum acceptable earth resistance, the

electric field, ,8, and the current density, ,I, at the earth electrode and in its immediate

vicinity, the estimated service life and the ability to handle abnormal conditions. One

important factor here is the heating effect. Soil in the immediate vicinity of the electrode

is subjected to heating due to current flows, resulting in evaporation of moisture and

hence the resistance and temperature rise progressive\ la6 Sunde], which must be

accounted for to prevent catastrophic consequences.

University of Manitoba
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Chapter I

1,.3.2 Reliabilitv

The final design must be reliable with minimum maintenance throughout its

service life. The ability of the electrode system to perform adequately under an

incomplete configuration is a desired feature. This feature enables sectionalizing and

servicing the electrode system section by section while maintaining a satisfactory overall

performance.

1.3.3 EnvironmentalEffects

It is inevitable that the installation of a huge ground electrode system will cause

some environmental effects. The ultimate task here is to strike for a balance between an

engineering design and preserving nature.

L.4 Theoretical Considerations

This research project focuses on dealing with vertical driven type of ground

electrodes in non-homogeneous earth. The analytical tool used throughout the research is

a commercial FEM package called ANSíS 5.5. The following is a quick and simplified

review of basic theoretical considerations.

1,.4,L Í-aplace's Equation in Conducting Medium

For steady direct current, we have the following differential relation:

V'7=0 (i-1)

Ohm's Law at a point is:

., 
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Chapter 1

The electric field E, can be obtained as the negative gradient of the electric

ootential:

E -_VV

From Eqs. (i-1), (1-2) and (1-3), we obtain

o'V'l = 0 (r-4)

(1-s)

(1-3)

oV.(Vv )= o

Finally, we arrive at the Laplace's equatron

V,V _ 
O (1- 6)

This derivation shows that problems involving the distribution of steady direct

currents in conducting mediums are analogous to static field problems in insulating

mediums. If a solution to Laplace's equation which satisfies all the boundary conditions

as prescribed by the problem of interest can be found, we then have the solutions for the

potential and current distribution in the conducting medium [92 Kraus].

1.4.2 Boundary Conditions

In order to handle the large domain that is involved in solving grounding

problems using the FEM, truncation of the domain is necessary to ensure a manageable

problem size. The domain dictates the finite element model and hence the total number

of nodes and the degrees of freedom, which have a direct effect on the accuracy of the

solution.

Depending on the structure of the problem, there may exist planes of symmetry,

which can be used to reduce the problem size dramatically. Under some special

conditions, such as a single vertical rod in homogeneous earth, the problem geometry

becomes axisvmmetric.

University of Manitoba
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If the boundary of truncation is sufficiently far from the electrodes, both Dirichlet

(specification of potential on boundaries, also known as the Jury conditions) or Neumann

(specification of normal component of a field quantity on the boundaries such as àþ/ðn or

òJ/àn) conditions may be applied at the boundary of truncation. These two different

boundary conditions will change the flux distribution (current flow) at the boundary of

truncation but will have an insignificant effect on the overall solution. In fact, if the

domain is sufficiently large, there will be virtually no effect on the overall solution at all.

1.5 Chronolosical Order of Outline of Methods Available for

Solving Earth Resistance Problems

Before the evolution of the digital computer, methods used for dealing with earth

electrode problems were the average-potential method, successive imaging method etc.

These classical methods are often mathematically very challenging and possible only

with well-defined and simple geometries. The final product of these analyses are closed-

form mathematical expressions, which are regarded as the classical solutions or analytical

solutions or exact solutions in this thesis.

Approximations and assumptions are necessary in order to derive an analytical

solution. The validity of these approximations and assumptions such as the assumption

of a uniform charge distribution and uniform current density, have been shown to be

inappropriate under certain situations [7] Trinh]. However, if used with care, these

classical solutions yield very accurate theoretical results.

The evolution of the high speed digital computer has made numerical techniques a

feasible way of dealing with earth electrode problems. The so called 'Matrix method' is

found to be particularly suitable for solving ground electrode problems. Essentially, this

is a numerical approach of solving Laplace's equation and it is a boundary value problem.

,,11 tJniversity of Manitoba
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Chapter I

Included under the general name of 'Matrix method', are the Finite Element

Method (FEM), the Boundary Element Method (BEM) and the Stencil Method. etc. These

methods reduce differential or integral equations to a system of algebraic equations that

are solvable. The main computational effort for the computer lies in the inversion of the

resultant matrix. The construction of the matrix is time consuming but does not normally

involve demanding calculations.

X-"6 Scope of Fresent Work

Chapter 1 delivers background information for this research project. Classical and

analytical solutions to simple electrode geometries in homogeneous earth are reviewed in

chaptet 2. Chapter 3 discusses the implementation of the Finite Element Method using

ANSÏS 5.5. This chapter also includes a discussion on the accuracy of the numerical

results. Chapter 4 represents the crux of the thesis. Vertical driven rod electrodes are

considered in homogeneous and multi-layered earth using a Finite Element Method, based

numerical approach. Suggestions are made for fast and efficient calculation of earth

resistance in the practical cases. Chapter 5 examines the effect of neglecting the non-

horizontality of earth layers on the calculation of ground resistance. Chapter 6

summarized the main contributions of this project.

,,fif lJniversity of trranitoba
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Chapter 2

Chapter 2

ClassÍcal and Analvticaå Solutüoms

This chapter discusses some classical and analytical solutions. These analytical

solutions have been used by engineers and are known to provide good results, provided

that the assumptions inherent in them are met by the problem under investigation. These

classical solutions form the basis of comparison for the FEM solutions in this thesis.

which are discussed in later chapters.

2.1 Vertical R.od Grounding in [tromogeneous Earth

For a vertical ground rod in homogeneous earth as shown in Fig. 2.7, the analytical

solution is [36 Dwight], 164Taggl:

P = soil resistivity

L= length of rod

r = radius of rod

Ground rod

Figure 2.1 Vertical rod grounding in homogeneous earth

Air
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(z-t)

The most important assumption here is that the length of the rod must be much

greater than its radius ie, L >> r.

Close examination of Eq. (2-l) reveals that the radius of the rod does not play a

very significant role in terms of determining its ground resistance. However, the radius

does affect the heat dissipation capability of the rod, which becomes important once the

electrode design becomes more complicated and the current level involved is high.

The length of the rod is the prime design variable that affects the ground

resistance. The length of the rod has been found to be inversely proportional to the

ground resistance but not in linear fashion. In general, the longer the rod, the lower the

ground resistance. The soil resistivity is nonetheless, the most important factor that

affects the ground resistance. This is a geological parameter that one has little control

over. It becomes a matter of stratesic site selection.

Eq. (2-l) is an analytical equation obtained by assuming a uniform charge

distribution and truncation of an infinite series. It does not give any information about

the field distribution but introduces error of only a few percentf36 Dwight].

2.1.1 Minimum Attainable Resistance

If 2 identical vertical rods are connected in parallel, the question is whether one

can use Eq. (2-1) to evaluate the ground resistance with only one rod present and halve

this value to arrive at the overall ground resistance of the system. Unfortunately, the

answer is no! In order to do this, the 2 rods have to be separated by a very large distance

so that the currents flow from one rod does not affect the flow from the other rod. For a

given land area, there is a minimum attainable ground resistance regardless of the number

of ground rods installed [36 Dwight], [6a Tagg].

n = p (t"1!_,1
2nL\ r )
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Chapter 2

2.2 Vertical R.od Grounding in Two-I-ayered Earth

The analytical solution for a vertical rod grounding in two-layered earth as

depicted in Fig. 2.2can be found in164 Taggl.However, those analytical solutions are

complicated and difficult to use.

2a

Figure 2.2 Single vertical rod grounding in two-layered earth

From 164Taggl, the analytical solution is:

R""'=höhl^î*ã*'"##.ù(2.nh+ I) l
;-t-+ù)

where

t,- Pz- Pt

Pz+ Pt

R,*u,, = F[R, + R,, ] (z-z)

,e = i n' 
,r{nlt tt +l}- # 2'^'þhtt-tjand

Here, a is the radius and / is the length of the rod, h is the thickness of the top

layer. The penetration factor, F is defined by a series of curves in [64 Tagg], Ã7 is the

ground resistance of the rod in homogeneous earth of resistivity pr, R, is the additional

resistance due to the second layer and fr is the reflection coefficient.
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2.3 Multiple-Rod Grounding in [Iomogeneous Earth

Often, the desired ground resistance cannot be achieved by using only one rod and

therefore grounding with multiple rods becomes necessary. These rods can be arranged

in line, triangle, hollow square, solid square or circle formation etcl64 Tagg].

2.3.1, Equivalent [Iemisphere

It is possible to replace a vertical rod with an equivalent hemisphere which yields

the same ground resistance. This replacement simplifies the analysis of problems

involving grounding with multiple rods but has no significant practical usage other than

to calculate the theoretical ground resistance.

@

d

Figure 2.3 Replacement of a vertical rod with an equivalent hemisphere

The formula used for the replacement is[64Tagg]:

tn9-t
d

I

I
I

+

., 
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Chapter 2

Here, r is the radius of the equivalent hemisphere, / and d are the length and

diameter of the vertical rod. With the ability to replace vertical rods with equivalent

hemispheres, one may proceed to the case of grounding with multiple rods.

2.3.2 Circle (Ring) Configuration

In order to arrive at a formula that can be used to estimate the resistance of the

multiple-rod electrode scheme of Fig. 2.4, the individual rods are replaced by equivalent

hemispheres. It is implied here that all the rods are identical and the spacing between

rods is constant i.e., the geometry is symmetrical. With this replacement, Eq. (2-4) is
obtained l64Taggl:

o
:.

i

v
i

\
($ <- Individual rods

Figure 2.4 Plan view of multiple-rod grounding arranged in a ring,
the individual rods extend into the page

To apply Eq. (2-4), one needs knowledge of the ground resistance obtained with

the individual rods that are to be used to form the multiple-rod electrode scheme in the

selected site. This value can easily be obtained from Eq. (2-l).

,,1j Llniversity of Manitoba
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z

1+ 0.5a + a ).L/
c-t

Src
csc 

-nR El""tro¿" 
-

R 
^o,

(2-4)

RErectrode = Ground resistance of the multiple-rod electrode scheme

RRod = Ground resistance obtained with one individual isolated rod

n = total number of individual rods used

r = radius of the equivalent hemisphere which replaces the rod

R= radius of the circle formed by the rods

a= r/R

Since Eq. Q-Q was obtained by replacing the rods by hemispheres, it is assumed

that the spacing between the rods must be equal or larger than twice the radius of the

equivalent hemisphere. Before using Eq. (2-4), one should always check the geometry

of the multiple-rod electrode scheme by using Eq. (2-3) to make sure that this assumption

is valid. Problems arise when the rods used are very long in length and are arranged

close to one another in the circle. In this case, Eq. (2-4) w1\t produce a completely

misleading result!

Eq' Q-Ð actually yields a fairly conservative approximation. The true ground

resistance may be 5-25Vo lower that its estimation. Analytical solutions similar to Eq.

(2-4) for different multiple-rod electrode schemes do exist. Solutions for arrangements

consisting of rods arranged in a straight Iine, triangle, hollow square and solid square

formation can be found in 164 Taggl.

University of Manitoba
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2.3.3 Compact Ring ConfÏguration

A compact ring configuration is one made up of long vertical rods, spaced close

to each other and arranged in a circle. In other words, the arrangement is identical to the

Iayout as depicted in Fig. 2.4but the spacing between rods is much smaller. This implies

thàt Eq. (2-4) cannot be used here. The following equation gives the resistance of such

an electrode scheme including all mutual resistances [48 Sunde]:

b-sl

where:

Rn = ;[^, (o)*¡ o,[r,," t:))

R, (x)= ¡

u- (z-e)
| , ., I

l'.[;j 
]

p = soil resistivity (O-m)

/ = length of individual rod (m)

D = diameter of the ring (m)

n = total number of rods

a = radius of individual rod or the spacing between
rods from rod's centre to rod's centre (m)

Since Eq. (2-5) is obtained by using average potential method, one can expect an

accurate theoretical prediction by it. Its accuracy depends heavily on how close the

geometry and geophysical scenario in question match up with the assumptions.
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2.4 Spheroidal Electrode in Two-I-avered Earth

Fig.2.5 shows a model with a perfectly conducting spheroidal electrode in a two-

layered earth. The interface between the two earth layers defines a hyperboloid of

revolution, confocal to the spheroid.

cf=o

Figure 2.5 Spheroidal electrode in two-layered earth

The analytical solution for such a system has been derived as follow [88 Ciric]:

@o = 4nb o ,F
(z-t)

r+/
lz

J
I

I

I

I

I

., 
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where

I

o--lvut-'l; ?.+('3) (z-s)

The potential and radial potential gradient distributions at the ground surface, for p/b > 1

^rP'

I
- 

- 

lll
4ttb o ,F

(z -g)

(z - ro)
rI
¡r_ 

=_
2ttb2orF

rå) I*ffi1'
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The potential and vertical potential gradient distributions along the axis of symmetry i.e.,

the z-axis(beneath the electrode) are:

(z-tt)
(%)-lV,ï -')'

lv,r -,1' (z-tz)FIlr. =_
2trb2o,F %ï-lu; -'l

2.5 Toroidal Electrode in [Iom Earth

Fig. 2.6 shows a perfectly conducting toroidal electrode, in the form of half a

doughnut. The earth is assumed to be of infinite extent and homogeneous. The

relationship between the current injected in to the electrode and electrode potential,

potential and potential gradient distributions at the ground surface and along the

symmetry axis (beneath the electrode) in forms of equations similar to Eqs. (2-j) - (Z-12)

have been derived [88 Ciric]. However, the resulting equations in this system are more

complicated than those in section 2.4. Here, toroidal coordinates and toroidal functions
(half-order Legendre functions) of the first and second kind are involved. The resultant

equations in this section and section 2.4 are obtained by use of an analytical method,

hence one can expect good accuracy provided the prevailing conditions match up with
the assumptions.

,,1i lJniversity of Manitoba
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Figure 2.6 Toroidal electrode in homogeneous earth

2"6 {Jse of Anal cal Solutions in This Thesis

The expressions in

in order to establish the

solutions.

this chapter except

accuracy of the

for section 2.5 have been

Finite Element Method

used in chapter 3

based numerical
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Chapter 3

Methodology and Accuracy Assessmenú

This chapter discusses the methodology employed in this work and establish the

accuracy of the numerical method used. In order to do the latter, configurations with

known analytical solutions were used and compared against numerical solutions. The

configurations considered are: single vertical rod in homogeneous and multi-layered

earth, spherical electrode grounding in homogeneous earth and multiple-rod grounding

with vertical rod electrodes in homogeneous earth. The analysis tool used is a Finite

Element Method, FEM package called ANsrs 5.5 (university high option).

3.1 Methodologv

The method employed is the Fitzite Eletnent Method, FEM. The electrode and

earth system is modeled and a known current, 1¿ injected into the electrode. The

electrode potential, Vo and resistance, ,R are then evaluated. For multiple-rod grounding,

each rod is injected with a current and the individual rod ground resistance is evaluated.

The overall electrode ground resistance is the equivalent ground resistance of these

individual rods that are connected in parallel. Many texts are available to provide good

discussions on the FEM, for example [9] Szabo] and [96 silvester].

In terms of accuracy, there are two main factors that are involved. The first is the

domain of earth being modeled and secondly the total number of nodes used. When

employing FEM to evaluate the ground resistance of an earth electrode, one has to decide

on how much of the surrounding soil will be modeled. In theory, an infinite domain will
be needed to include all the resistance. This translates into an infinite amount of nodes in

University of Manitoba
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the FEM model! Regarding the limit of allowable total number of nodes, the FEM

package employed (ANSIS 5.5, University high option) has a limit of 32,000 nodes.

3"2 Sinsle Vertical Rod Grounding in Homoeeneous Earth

This system is depicted in Fig. 2.1 and the exact ground resistance, R",or, can be

evaluated by using Eq. (2-I). Here, the earth is assumed to be homogeneous. This is an

axisymmetric system and therefore a2D model is sufficient. The axisymmetric model is

shown in Fig. 3.1.

Interface between air and soil.
BC imposed is J-Parallel (Neumann)

¡V

w

D

Bottom plane with BC: 0-Potential fDirichlet)

Figure 3.1 Axisymmetric model of grounding with single vertical rod

I6

Ground rod:
length =Z
radius = r

Edge plane with
possible BC's:
a) J-Parallel
b) 0-Potential

Universíty of Manitoba
Electr¡cal & Computer Enginæring

21



Chapter 3

The edge and bottom planes are the boundaries of truncation. There are two

possible boundary conditions for the edge plane, which are either the "J-Parallel" or the

"0-Potential" condition. The "J-Parallel" condition refers to the situation where the

current density, J vector is in parallel with the edge plane. This is essentially a Neumann

type boundary condition. The bottom plane is constrained at "O-Potential", which is a

Dirichlet type boundary condition. Table 3.1 shows the effects of domain of earth

modeled and boundary conditions (BC) imposed on the accuracy of the estimated ground

resistance, .Rr.r,.

Table 3'1 Effects of boundaries of truncation and imposed boundary conditions on
the accuracy of the estimated ground resistance using an axisymmetric model.
L=30 ffi, r=0.I27 m and p =100 e-m
Note: R"*ort=3.1041ç¿

Case WlL D/L Nodes

BC's Imposed

on

Edge Plane

R,." (O) Error (Vo)

A 1I 4J r,280
J-Parallel 4.638 -49

0-Potential 2.500 T9

B 2 T r,391
J-Parallel 3.296 -6

0-Potential 2.640 15

C a
J 5 1,584

J-Parallel 3.001 aJ

0-Potential 2.663 14

D 4 6 2,028
J-Parallel 2.915 6

0-Potential 2.701 l2

E 5 7 3,619
J-Parallel 2.931 5

0-Potential 2.185 10

F 6 8 4,851
J-Parallel 2.924 6

0-Potential 2.808 10

G -| 9 6,706
J-Parallel 2.937 5

0-Potential 2.844 I

,, 
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The results in Table 3.1 are valid for the case where the length of rod, l, is 30 m,

its radius, r is 0.127 m and the soil resistivity, p is 100 O-m. W and D are dimensions as

depicted in Fig. 3.1 expressed in terms of multiples of the rod length, l. BC's refers to

the boundary conditions imposed on the edge plane. ,R"", is the estimated resistance using

FEM (ANSYS 5.5). The errors are calculated with respect to the exact ground resistance,

R,,o,, obfained by using Eq.(2.1), which yields 3.104lC¿.

It is observed that the difference in errors due to prescription of different types of

boundary conditions along the edge plane diminishes as the domain involved grows

larger. This reinforces the discussion in section 1.4.2. For case G, the errors due to

imposition of "J-Parallel" and "0-Potential" conditions arc 5Vo andSVo, the difference is

only 3Vo. If the domain is further enlarged, this difference in error will get smaller. In

theory, if the domain becomes infinitely large, there will be no difference in the

estimation obtained by imposing either the "J-Parallel" or "O-Potential" condition.

Other significant sources of error are the total number of nodes used and the node

density distribution of the total number of nodes employed to model the system. If the

total number of nodes is increased, it results in an increase in memory requirements,

computational resources and time. The node density distribution refers to the distribution

of nodes. Regions closer to the electrode, especially around sharp points, should have a

higher node density whereas regions further away from the electrode may have a lower

density of nodes.

From an engineering point of view, case E is the optimum model for modeling a

single ground rod embedded in homogeneous earth. It uses 3,679 nodes and by imposing

the "O-Potential" condition, an estimation with an error of ljVo is obtained. Case G with

73,758 nodes provides an estimation of ground resistance with an error of ïVo by

imposing of the "O-Potential" condition. This ZVo of improvement in accuracy comes at

the expense of approximately a two-fold increase in the total number of nodes employed,

which is not justified!
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3.3 tsoundaryConditionsR.e-examined

It has been discussed in section 1.4.2 that if the domain of soil modeled is

sufficiently large enough, imposition of the "J-Parallel" or the "0-Potential" boundary

condition on the edge planes will yield very similar results. From Table 3.1, one

observes that -Rrr¡ produced by the imposition of "J-Parallel" condition on the edge planes

is always larger than the Rr.,¡ produced by the imposition of "0-Potential" condition on

the edge planes.

Clearly, the reason behind this is that the soil domain modeled is not large

enough! In theory, the domain will have to be extended to infinity to arrive at a same

R"', regardless of the boundary condition imposed on the edge plane. A more descriptive

explanation can be achieved by examining Figs. 3.2 and 3.3., which show sketches of

flux lines for the axisymmetric case of a single vertical rod grounding in a homogeneous

earth system. Both figures show flux lines along a plane of symmetry.

Fig.3.2 shows flux lines due to imposition of the "J-Parallel" condition on the

edge planes. By imposing this condition, the currents are forced to flow downward upon

reaching the edge planes. The net effect is that the cross-section available for currents

flow is reduced and therefore a larger R..,, is obtained.

Fig. 3.3 shows flux lines due to imposition of the "O-Potential" condition on the

edge planes. This boundary condition allows the flux lines to terminate at the edge

planes, which increases the cross-section available for currents flow and therefore

explains a smaller Rrr¡.

Due to limited resources, modeling a sufficiently large enough domain is neither

possible nor practical. For practical FEM models such as those considered in cases E, F

and G in Table 3.1, imposition of the "0-Potential" boundary condition actually produces

a more natural and reliable currents flow pattern that makes more sense.
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¡iJ
.tj'i

jjjj

jijJ-Parallel J-Parallel

Figure 3.2 Sketch of flux lines due to imposition of "J-Parallel" condition at
the edge plane and "o-potential" condition at the bottom olane

0-Potential 0-Potential

0-Potential

Figure 3.3 Sketch of flux lines due to imposition of "O-Potential" condition at
the edge plane and at the bottom plane
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3.4 Single Vertical Rod Groundine in Multi-Lavered Earth

The assumption of a homogeneous earth simplifies the problem to a great extent.

However, this is far from realistic. A more realistic model for the earth is to assume a

multi-layered structure with different thicknesses, D¡ and resistivities, pr where k

indicates the ktt' layer. This model is shown as Fig. 3.4. Notice that all of the indicated

layers run parallel to the earth surface. The effects of inclination of layers will be

addressed in a later chaoter.

Interface between air and soil.
BC imposed is J-Parallel (Neumann)

__Þ 
Vs Dr .Or

Dz, Pz

D¡,Ps

Dq, pq

Bottom plane with BC: O-Potential (Dirichlet)

Figure 3.4 Axisymmetric model of single vertical rod grounding
in multi-lavered earth

Is

Ground rod:
length =l,
radius = r Edge plane with

possible BC's:
a) J-Parallel
b) 0-Potential
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An analytical solution similar to Eq. (2-1) is not available for the configuration of

Fig.3.4. However, there is a good way to assess the adequacy of the FEM model and the

mesh. One can model, mesh the multi-layered structure and then set all the resistivities,

pr's equal to one value say, p1. The structure now becomes identical to the one depicted

in Fig. 3.1, Eq. (2-1) can now be employed to check the adequacy of the model. If an

estimation within 10Vo enor is obtained, one can conclude that the model and mesh is

adequate therefore can be used with the multi-layered problem. In the next step, the

resistivities, p¡'s are changed to their conesponding values and a reliable estimation of

ground resistance, ,Rrg for the case of a single vertical ground rod in multi-layered earth

structure is obtained while maintainine the same mesh.

If the error of the model and mesh is known(based on the single rod in
homogeneous earth case), the estimated ground resistance, ,Rr.,¡ for the case of a single

vertical ground rod in multi-layered earth can be corrected to obtain the projected exact

ground resistance, Rexact_tt as follows:

R,".,^,-R.,
L f f O f = --:1::i------------:i.:.:-

Rururt

Ro,o,,Í- Eruor]= R",,

R",o",=å^il

If .R".,r is the estimated ground resistance of a single vertical rod embedded in

multi-layered earth obtained with a model and mesh where the error is known, then the

projected exact ground resistance, Rexactlt of such an arrangement is:

Rrror,-n=åã

27
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3.4"L Verification of The Suggested Method for Accuracy Assessment

\ryith Regards to The Estimation of R,,¡ in Multi-layered Earth

The following discussion will show that the method for assessing the accuracy of
.Rrrr in multi-layered earth as proposed in section 3.4 is adequate, based on a single

vertical rod grounding in two-layered earth as depicted in Fig 2.2. Suppose that the

length of rod, / is 3.048m, the radius of rod, r is 0.03m and h is 0.5/ (refer to Fig 2.2), pt

and pz are 100 and 5 f2-m, which gives a reflection coefficient, k of approximately -0.9.

From Eqs. (2-1), (2-2) and the curves in164 Taggl pages ur, r7z and 173, one

obtains F=0.1, Rt=26.1462ç¿ and Ro = -2.25t1 therefore,

R",oct = 0.1 126.L462-2.251

=2.3896 Q

The same arrangement is modeled in AN.SIS 5.5. First, p¡ and pz areset to 100

Ç)-m simulating a homogeneous earth. The estimated ground resistance of the rod in this

simulated homogeneous earth by using ANSIS 5.5 is, R",¡ = 23.9l-5 O and by analytical

solution, which is Eq. (2-l), R,,o,t = 26.1462 f), therefore the model and mesh error is:

Error =
26.1462-23.975

26.1462

0.083

Now using the same model and mesh, p2 is set to 5 O-m to simulate the two-

layeied earth. The estimated gound resistance of the rod by ANsrs 5.5 is, R".,¡ = 2.094

O. Using Eq. (3-1), the projected exact ground resistance is,

,, 
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2.094

= 2.2835 {ù

The difference between this projected exact ground resistancè, R¿aa¿¡_¡1 and the

exact ground resistance, R",or¡ is only 4.4Vo. This shows that the suggested method for

assessing the accuracy of the estimated ground resistance, Rr.r, and the technique for

arriving at the projected exact ground resistanca, R¿pç¡, involving a single vertical rod

embedded in multi-layered earth are applicable.

3.5 Multiple-Rod Grounding in [tromogeneous Earth

Fig. 3.5 shows the plan view of a multiple-rod electrode scheme arranged in a ring

formation. The radius of the circle formed by the individual rods is R; the rods extend

into the page. Due to the prevailing symmetry, modeling only half of the structure as

depicted in Fig. 2.4 is sufficient. Fig. 3.6 is a 3D oblique drawing, which shows more

detail of the FEM model employed.

Plane of Symmetry

Figure 3.5 Plan view of model for multiple-rod grounding
in a ring type electrode structure
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Oblique Draûing of The ¡fodel Used For 3D SimulaÈion

Figure 3.6 3D oblique drawing of the model used for FEM simulation

In Fig. 3.6, the three edge truncation planes(A-B-C-D, C-G-H-D and E-F-G-H)are

shaded in gray whereas the top(A-E-H-D) and bottom(B-F-G-C) truncation planes are in

white. However, because of the overlapping, one sees the top plane(A-E-H-D) as gray

instead of white. According to the indicated coordinate system, the three edge planes are

perpendicular to the X, negative X and negative Z axes. The locations of these edge

planes are determined by the lateral truncation distances. In this case, they are the

distances along the X-axis, negative X-axis and negative Z-axis, which ought to be at

least 6 times the rod length, L. The top plane is actually theX-Z plane and the bottom

plane runs parallel to it. The location of the bottom plane is determined by the vertical

truncation distance, which is the distance along the negative Y-axis. This distance should

also be at least 6 times L. The plane of symmetry is the X-Y plane. The multiple-rod

electrode is depicted as a simplified, long block structure.
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3.5.1 Complications of 3D Modeling

The model depicted in Fig. 3.5 requires 3D modeling, which introduces extra

complications. One obvious complication is the increased number of nodes required.

Due to the enormous number of nodes required in a 3D modeling, a technique called

'substructuring' may be used. This is achieved in ANSIS 5.5 by condensing a group of

finite elements into an element represented as a matrix called'superelement'. This

'superelement' can then be used as an element in the model. The elements within the

'superelement'ate assumed to be linear. This is akey assumption but does not necessarily

restrict the application of the technique. Essentially, it is a matrix reduction method by

using some forms of approximations. This technique allows one to tackle a bigger

problem with limited computer resources and reduces computational time. Some very

sketchy information on'substructuring'can be found in [99 ANSYS]. A very simple but

illustrative example which brings out the essence of the 'substructuring' technique is

included in Appendix B. The author of this work spent a substantial amount of time to

understand and implement the 'substructuring'technique. The 'substructuring'technique

has been employed in all 3D modeling in this study.

3.5.2 Domain and Boundarv Conditions

The required model domain and boundary conditions to achieve a reliable result

in a 3D situation are similar to those discussed in sections 3.2 and 3.3. In section 3.2, it is

recommended that the lateral(along earth surface) distance to be included in the modeling

be at least 5 times the length of the ground rod, L and the vertical distance(depth in to

earth) be at Ieast 7 times L.

However, for a 3D modeling situation using the'substructuring'technique, results

have shown that a better and more reliable estimation is possible with the lateral and

vertical distances equal to each other, provided the chosen truncation distance is at least 6

., 
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times L. For a multiple-rod ring type electrode, this distance is measured from the center

of the circle formed by the individual rods and L is the length of the individual rods .

Table 3.2 shows the effects of imposing different boundary conditions and extent

of domain modeled on the estimation of ground resistance. The estimated ground

resistance, R,,¡ is compared with value from Eq. (2-4). It is worth mentioning here that

Eq. Q-Q is a very conservative formula, which tends to yield results 5-25Vo larger than

the true value 164Taggl.

Table 3.2 Grounding with multiple rods in homogeneous earth.
Effects of boundaries of truncation and imposed boundary conditions on
the accuracy of the estimated ground resistance with 3D modeling.
Note: Rrror¡ is 1 .7 500ç¿

The results in Table 3.2 apply to a ring type electrode system with 10 vertical

rods, installed in a homogeneous earth with resistivity, p of 100 Q-m. The radius of the

circle formed by the individual rods is 3.048m. Each rod is2.44m in lenerh and with

radius of 0.0127m. Using Eq. (2-4), R,,o,, is 7 .j500çù.

Case Lateral

(Multiple of Z)

Vertical

(Multiple of I)
BC's Imposed

on Edge Planes

A".u (O) Enor (Vo)

A 6 6
J-Parallel 6.6450 T4

0-Potential 6.r170 21

B 6 8
J-Parallel 1.2050 7

0-Potential 6.1650 20

C t2 t2
J-Parallel 6.8400 T2

0-Potential 6.5800 i5

D t2 16
J-Parallel 1.1200 8

0-Potential 6.4100 t7
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Although, Eq. Q-Q tends to overstate the true ground resistance of the electrode,

its prediction is still being assumed as exact and used as the basis for comparison. The

error calculated in Table 3.2 is the percentage error between R"*or¡ and Rrr¡. The

prescribed boundary conditions are similar to those in section 3.2 where the bottom

truncation plane is held at "O-Potential" and the edge truncation planes can have either

"J-Parallel" or "0-Potential" condition.

Case C in Table 3.2, shows that imposition of either the "J-Parallel" or "0-

Potential" conditions results in values of R,.,, which differ by only 3Vo. This implies a

reliable estimation. Notice case A where the lateral and vertical truncation distances are

equal to only 6 times L. If the "J-Parallel" boundary condition is imposed, the value of

Ã"s¡ is close to case C. Cases B and D both show that having unequal truncation

distances on the lateral and vertical directions create discrepancy in the estimation of R".,,.

3.6 SpheroidalElectrode

In sections 3.2 to 3.5, the accuracy and reliability of the estimated value of ground

resistance, Rr.,¡, have been assessed. The solutions of potential distribution, V and

potential gradient distribution, E thus current density, rl should be discussed. In order to

achieve this, a spheroidal electrode such as the one depicted inFig.2.5, with complete

analytical solution, is selected to form the basis for assessment.

The analytical solution of such a ground electrode is provided in section 2.4. The

solution in section 2.4 involves a two-layered earth, however, for simplicity, a

homogeneous earth model is used instead. Essentially, the earth conductivit! o¡ and o.2

are assumed to be equal. Eqs. (2-7), (2-8), (2-9), (2-10), (2-11) and (2-12) are used ro

assess the accuracv of the FEM solution.
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3.6.1 Estimated Spheroidal Electrode Earth Resistance

A spheroidal eletrode with semi-minor axis and semi-major axis equal to 0.25m

and 2.00m is simulated. The earth is assumed to be homogeneous with resistivity of 100

C)-m. Usin g a 3D model and imposing "0-Potential" condition on all the edge planes and

on the bottom plane, a good estimation of R",, can be obtained. From Eqs. (2-7) and

(2-8), R,,o,, is 22.2065 Q. The solution from FEM yields a R",, of 20.2945 C). The error

is about 9Vo. A better estimation can be achieved by increasing the size of the domain

modeled.

3.6.2 Solution of Potential and Fotential Gradient Distribution

The potential and potential gradient profiles are plotted in Figs. 3.J,3.8,3.9 and

3.10 Figs. 3.7 and 3.8 are profiles along the earth surface i.e., lateral direction whereas,

Figs. 3.9 and 3.10 are profiles along the axis of symmetry beneath the electrode. These

plots are generated by assuming that the total current injected into the electrode is I A.

The solid line is the exact solution and the dashed line is the solution from the FEM

simulation. Notice that the potential profiles contain significant error, which worsens as

the distance from the electrode increases. This error is primarily due to insufficient total

number of nodes used i.e., improper meshing of the model.

As mentioned, the FEM package employed has a maximum capacity of 32,000

nodes. In this case, this capacity is just not enough to produce a good solution for the

potential distribution, V. On the other hand, the potential gradient distribution, .E turns

out to be an accurate approximation. The trend of the exact and FEM solutions of the

potential distribution are similar except that the exact solution is shifted upward. When

taking the gradient of the potential distribution to obtain the potential gradient

distribution, the effect of this offset is eliminated and therefore, the solution of .E is

accurate. As a consequence, the solution forrJ is good as well.
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3D FEM Modeling
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Figure 3.7 Lateral potential distribution profile along ground surface for a
spheroidal electrode embedded in a homogeneous earth (Fig. 2.5)
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for a spheroidal electrode embedded in a homogeneous earth (Fig. 2.5)
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Figure 3.9 Vertical potential distribution profile along the axis of symmetry for
a spheroidal electrode embedded in a homogeneous earth (Fig. 2.5)
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However, one should not take the solution of .E' for granted. The primary

solution is actually the potential distribution, the potential gradient is a derived solution.

If the primary solution is not accurate, it is advisable to proceed with extra caution when

interpreting the derived solution.

It is worth mentioning hêre that the spheroidal electrode problem can be solved by

using an axisymmetric model. When an axisymmetric model is used, the selected FEM

package with all its limitation, still has the capability to yield very good solutions for all

the quantities of interest, including the potential distribution.

3.7 Chapter Summarv

This chapter is devoted to discussions on the methodology and the methods used

to establish the accuracy of the numerical solutions. The required extent of domain to be

modeled in order to produce a reliable solution has been suggested and the accuracy of

solutions assessed. It is interesting to note that a good estimation of ,Rr.,, does not

necessarily imply a good solution for the potential distribution. Increasing the total

number of nodes used in the model is a remedy for arriving at a more reliable solution of

the potential distribution.

In the course of performing the FEM simulations, all the models and meshes used

were assessed for accuracy and adequacy. An important inference from the results

presented in this chapter is that the estimated value of the ground resistance, Rr.,¡,

presented in this thesis will be in error by no more than l}Vo except for analysis

associated with Eq. (2-4).
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Chapter 4'

Gnou¡nd Resistance of Venticallv Ermbedded

Electrodes in VÏultå-l-avered Eanth

In chapter 3, it was pointed out that consideration of a multi-layered earth with

different resistivities, pr is more realistic. Given the resistivities and the locations of

layers, the challenge is how best the problem can be handled. Most of the analytical

solutions are only valid for the case of a homogeneous earth. The solutions are not useful

when confronted with a multi-layered earth. An engineering remedy for overcoming

such an obstacle is to assume an apparent single valued resistivity. Based on the

available geological data, an apparent resistivity can be chosen with certain confidence.

In practice, the assumed apparent resistivity tends to be conservative, so that it provides a

safety factor in the design of a ground electrode. In addition to this safety factor, there

are always over designs involved in an engineering endeavor resulting in excessive usage

of materials and wastage of resources. Therefore it is important to arrive at a reasonably

accurate value of apparent resistivity for the design. This problem is addressed in this

chapter.

Initially a two-layered earth is considered; later, techniques to handle multi-

layered earth are suggested. The earth layers are assumed to be parallel to the earth

surface as indicated in Fig 3.4. It is obvious that by replacing the different resistivities,

Pr with an equivalent resistivity, peqv the problem is vastly simplified, which facilitates

computation efforts. This equivalent resistivity, p"qu also makes it possible for one to

resofi to the classical analytical solutions to find the eround resistance.
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4.1 Sinsle vertical Rod Groundins in Two-Lavered Earth

A vertical ground rod embedded in a two-layered earth is depicted in Fig.4.1.

Although the earth is non-homogeneous, this is still an axisymmetric system. The

thickness of the top layer is D and p¡ pz are the resistivities of the two layers. In order to

facilitate analysis and discussion, the thickness of the top layer, D is expressed as a

percentof therodlength, I. When D=0.5L,itimpliesthatthetoplayerextendsfrom

the surface of earth to a distance of Llz, the second layer begins at this point and

extends infinitely downward.

Ground rod:
length =L
radius = r Edge plane

with BC:
0-Potential

Figure 4.1 Axisymmetric model of single vertical rod grounding
in two-lavered earth

Interface between air and soil.
BC imposed is J-Parallel

Bottom plane with BC: 0-Potential
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4"'l."L Trend of Variation

Suppose that the ground electrode is a vertical rod with length, L=20m and radius,

r=0.1178m. If the top layer resistivity, pr is 100 O-m and the bottom layer resistivity, p2

is 200 Ç2-m, the ratio of ptlpz=r/2. conversely, if p¡ is 200 Q-m and p2 is 100 o-m, this

ratio becomes 2. These are two distinct cases that portray two types of very different

resistance variations. In order to investigate these variations, the two cases were solved

using the FEM technique with boundary conditions as shown in Fig.4.1. Figs.4.2 and

4.3 show the results which were obtained by varying the thickness of the top layer, D.

The x-axis represents the variable thickness of the top layer as a percent of L and the

y-axis is the estimated ground resistance, .Rr.,¡. As mentioned in chapter 3, all these values

contain errors no worse than 10Vo.

Figs. 4.4 and 4.5 are curves with p1lpz ratio of 1/2 and 2 as in Figs.4.2 and 4.3.

The difference between Figs. 4.2 and 4.4 is that pr for Fig.4.2 is 100 O-m whereas p¡ for

Fig. 4.4 is 500 O-m. Similarly, pr for Fig. 4.3 is 200 Ç2-m whereas pr for Fig. 4.5 is

1000 0-m. It is obvious that the trend of variations are similar in Figs. 4.2 and 4.4 and in

Figs. 4.3 and 4.5. Figs. 4.2 and 4.4 both show a decreasing trend of .R",,. This is because

in both figures, pr is smaller than pz. As D increases, a larger portion of the electrode is

embedded in the lower resistivity soil, and hence Rrr, decreases. This is always true

because the ground resistance is proportional to resistivity. On the other hand, Figs. 4.3

and 4.5 both show an increasing trend of R".,, because in both these figures, pr is greater

than p2.

A quick and simple check concerning the correctness of these curves is possible

by examining the points where D is at )Vo and 400Vo of L. If D is \Vo, it implies a

homogeneous earth with resistivity equal to pz. According to Fig. 4.2, R,,tisi.54 o, and

by Eq. (2-l), R,ro,,is 8.13 CI. When D is 400Vo of L, R,,, is3.1'7 Q, and by Eq. (2-l)

Rurou is 4.01 Q, In this case, the effective resistivity approximates to p r. This shows that

these curves obey the general expected trend of variation.
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4.2 Effect of Ðepth of Layers

Figs. 4.2 through 4.5 share a coÍunon interesting trait, which is that once D

exceeds 2007o of L, the variation plateaus off. This is an important fact which leads to

the first conclusion of this chapter i.e., if the second layer is located at a distance of more

than 200Vo of Z below the earth surface, its existence can be safely disregarded. One

may simply replace the twoJayered earth with a homogeneous earth with an equivalent

resistivity, peqv eQual to the resistivity of the top layer, pr.

This finding can be generalized to the multi-layered case depicted in Fig. 3.4.

Suppose that there is a ground rod of length, L and radius r and the earth contains fr layers

with k resistivities , p*. I-nt xbe anumber greater than 1 and smaller than k. If the x't' layer

is located at a distance beyond 2L from the surface of earth, this layer and all the

subsequent layers i.e., from the x't' until fttl' layers, can be replaced by an equivalent

resistivity, p.qu which is equal to the resistivity of the (*-Iln layer, that is p¡'-11. This

approximation will incur an error no worse than 5Vo.

Consider an example with a ground rod of 20m in length and radius of 0.1778m.

The earth is assumed to have four layers with resistivities pr, pz, p¡ and p+. Dt. D2. and D j
correspond to the thickness of the 1", 2nd and 3'd layer. Theoretically, the 4'h layer

extends infinitely downward hence Da approaches infinity. However, in order to simulate

this system, a finite domain is needed therefore a finite value of Da is used.
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Tables 4.I and 4.2 show the results obtained by employing the approximation

discussed in this section. Beware that the R'rror, is not Rr*or,! R 
"ror, 

is the apparent

exact ground resistance obtained by simulating the exact system (Using ANSYS 5.5)

involving all four earth layers. This is not the exact ground resistance, R,,o., since there is

an error of no worse than IjVo that is involved in its estimation.

Although, R'"*ur,isn't the exact ground resistance, it is still being used as the basis

for comparison. R".,, is the estimated ground resistance obtained after layers located at a

distance more than 2L are replaced by an appropriate peqv âs explained in the above

paragraph.

Table 4.1 Illustration of errors incurred in the estimations of ground resistance by using
technique of section 4.2. L=20m,Dt,DzandDj are equal to 10,30 and 50m

For the cases illustrated in Table 4.1, D¡ plus D2 is 40m, which is 2L, this implies

that the 3'd and 4'h layers can be replaced by a peqv equal to pz. In other words, the 2"d

layer is extended to infinity and replaces the 3'd and 4th layers. This approximation

reduces the four-layered earth to a two-layered earth problem.

Case pr (f¿-m) pz(f¿-m) p¡(C¿-m) P+(o-m) R rror,(Q) Ã"" (c2) Error(%)

I 300 100 1000 10 5.50 5.21 4.2

2 300 100 10 1000 5.1 1 5.27 3.1

3 100 300 1000 10 6.42 6.26 2.5

I 100 300 10 1000 6.05 6.26 3.5
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Case Pr (o-m) pz(o-m) p¡(o-m) p¿(o-m) R uor,(Q) R*' (O) Error(Vo)

I 300 100 1000 10 7.99 8.29 3.1

2 300 100 10 1000 r.14 1.09 4.4

aJ 100 300 1000 10 8.03 8.30 J.+

/l
I 100 300 10 1000 1.15 1.10 4.3

Table 4.2 Illustration of errors incurred in the estimations of ground resistance by using
technique of section 4.2. L = 20m, Dt, Dz andD3 are equal to 8, 8 and 24m

For the cases illustrated in Table 4.2, Dt plus D2 is 16m, which is less than2L.

The effect of the 3'd layer cannot be ignored. Adding D j to Dlplus D2 yields 40m, which

allows one to extend the 3'd layer infinitely to replace the 4th layer. The four-layered

earth has now been replaced by a three-layered earth.

Basedonthevaluesof Rr.r,, R'r,or, andtheerror, itisevidentthatthismethodof

approximation produces acceptable results. Together with a reasonably good FEM mesh,

this approximation is likely to yield an estimation error less than or around 107o.

4.3 Findine an Equivalent Resistivitv for The Two-[.avered Earth

This section is devoted to a discussion on deriving the normalized equivalent

resistivity curves. The equivalent resistivity curves can be used to tackle problems

involving parallel, multi-layered earth by replacing the different resistivities, pn with an

equivalent resistivity, P"qu. The application of these curves will be demonstrated through

examples.
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4"3"L Ðerivation of The l{ormalized Equivalent Resistivity Curves

Figs.  .Zthrough 4.5 show the variations of the estimated ground resistance, .R".,,

as a function of the thickness of the top layer, D. Using Eq. (2-1) and Figs. 4.2 through

4.5, the normalized equivalent resistivity curves can be obtained. For a single vertical

rod in homogeneous earth, the ground resistance is:

Q-t)

From Eq. (2-1), if l, and r are known, it can be written as:

R= p.A (+-r)

where

t = 1 (t"1!-tl
znL\ r )

If the two-layered earth with resistivities pr

homogeneous earth of equivalent resistivity, pequ then:

and pz can be replaced by a

R=prr,.A (+ -z)

The resistance value, R in Eq. (4-2) can be obtained from curves such as Figs. 4.2

through 4.5, depending on the value of pr, pzand D. In other words, R depends on the

prevailing earth and electrode conditions. Suppose R¡¿ is the resistance of the ground rod

obtained with homogeneous earth of resistivity equal to the top layer resistivity, p1, then:

R" =P, 'A

n= p (t"1!_,1
znL\ r )

46
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We now normalize,R by choosing Rry as the base. R,y is a constant that depends on

L, r and pr. Dividing Eq. Ø-2) by Eq. (4-3), we arrive at

R _ p"q,

RN Pt
(+-q)

4.4 Contributions and SisnifÏcance of The Normalized

Equivalent Resistivity Curves

Equation (4-4) has an important implication. It implies that if Figs. 4.2 through

4.5 are normalized with the appropriate .R¡y, it makes it possible to read the appropriate

p",p /p1 ratio corresponding to a certain D using the normalized curves. Multiplying this

ratio by pr, one obtained the pequ, which reduces the two-layered earth to a homogeneous

one.

Another very important fact which emerges after normalization of Figs. 4.2

through 4.5 is that, the normalized plots of Figs. 4.2 and 4.4 overlap each other as

depicted in Fig. 4.6. The same is true for the normalized plots of Figs. 4.3 and 4.5 as

shown in Fig. 4.7. This finding bring us to the conclusion that, the ratio ptlpz and D are

the most significant factors in determining the trend of variation of ground resistance due

to a vertical ground rod in a twoJayered earth, not the absolute value of p1 and p2.

Figs. 4.6 and 4.7 are the normalized equivalent resistivity curves for pr/pz ratio of

l/2 and 2. Appendix C contains individual normalized equivalent resistivity curves for

p1/p2 ratios of ll2, ll3, 1/4, I/5, 116, 118, 7/10, 7/12, Il14,2, 3, 4,5, 6, 8, 10, 12 and 14.

There is also one graph that contains all the normalized equivalent resistivity curves for

ptlpz ratios of 7/2, l/3, 7/4, l/5, I/6, 1/8, IlIO, 1/12 and 1/14. Similarly, there is one

graph that contains all the normalized equivalent resistivity curves for prlpz ratios of 2,

3,4,5,6, 8, 10, 12 and 14.
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Although, these normalized equivalent resistivity curves are generated by using a

ground rod with L of 20m and r of 0.1778m, they can be used to deal with problems

involving a two-layered earth, regardless of the actual ground rod length and radius,

provided that L >> r. The influence of r over peqv is insignificant provided that the

condition of I >> r is fulfilled, which is essentially true for all practical vertical type

ground rods. In order to use these curves to obtain a p.qu, one needs to know the values

of L/D, p¡ and p2. Once, P"qu is obtained, one can then use the analytical solutions

derived for ground resistance problems involving a homogeneous earth to come up with

a ground resistance estimation for the electrode in two-lavered earth.

The normalization factor, Ã¡¿ is worth a closer look. This factor is evaluated by

using FEM, not by using Eq. (2-1). This has been done to maintain consistency in the

process of deriving the normalized equivalent resistivity curves. Recall that all the values

for R".,¡contain error no worse than 10Vo. That is, Fig.4.2-4.5 all contain errors no worse

than IjVo. If one uses Eq. (2-1) to obtain R¡, the normalized resistivity curves will not

reach a maximum or minimum value of 1.

Therefore, to maintain consistency, .R¡,¡ should be obtained by using FEM and

must be checked by using Eq. (2-I) to ensure an error of no worse than l}Vo.

Furthermore, when simulating the ground rod in a two-layered earth system to cover the

entire range of D from )Vo to 400Vo of l, one must always check the adequacy of the

model and mesh. This is done by setting p¡ and p2both equal to an arbitrary p, producing

a homogeneous earth. The evaluated Rr.,¡ is then compared with R"ror,by Eq. (2-r). The

error should be no worse than I}Vo throughout the entire range of D. These errors should

be very close to the error of R¡y. This simple procedure ensures an adequate model and

mesh hence a reliable.Rr.,¡ and promotes consistency.
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4.5 Applications of Normalized Equivalent Resistivitv Curves

This section focuses primarily on the application of the normalized equivalent

resistivity curves provided in Appendix C through consideration of 3 examples. The first

two examples illustrate application of the proposed technique to a single ground rod in

two-layered earth. This is followed by consideration of ring type multiple-rod electrode

scheme in a two-layered earth. Before proceeding to the examples, the general steps

involved in the suggested technique are listed below.

(D For a single vertical rod grounding in a two-layered earth:

Step 1

Step 2

Find DlL as a percentage.

Find prlpz and from the appropriate normalized equivalent resistivity

curve, obtain the normalized equivalent resistivity.

Multiply the normalized equivalent resistivity by the resistivity

of the top layer, pr to obtain the equivalent resistivity.

Either use the equivalent resistivity to solve the problem by using FEM

Step 3

Step 4

or Eq. (2-1).

(II) For multiple-rod grounding in a two-layered earth:

Step 1 : Assume that there is only one vertical rod installed in the selected site.

Step 2 : Find DlL as a percentage.

Step 3 : Find Plpzand,from the appropriate normalized equivalent resistivity

curve, obtain the normalized equivalent resistivity.
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Step 4 : Multiply the normalized equivalent resistivity by the resistivity

of the top layer, pr to obtain the equivalent resistivity.

Step 5 : Either use the equivalent resistivity to solve the problem by using FEM

or Eqs. (2-4) or (2-5).

4.5.1 Applications of Normalized Equivalent Resistivity Curves for The

Case of Single Rod Grounding in Two-Layered Earth

Fig. 4.8 shows the electrode-ground system with l, and r equal to 100 and

0.1270m respectively. As discussed, the FEM model is axisymmetric. The first step is to

check the adequacy of the FEM model and mesh. Assuming both pr and p2 both to be

300 Q-m, by Eq. (2-l), R,,o,¡is 3.31 Q. From FEM simulation, R""¡ is 3.10 ç¿. The

error between Rrro,, and Rrr, is about \Vo, hence the FEM model is considered to be

adeauate.

L = Rod length

r = Rod radius

Figure 4.8 Single rod in a two-layered earth
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Example 1

Suppose, l, = 100m; r = 0.I2l0m; D = 50Vo of l; p1 = 300 O-m; pz = 600 O-m.

By FEM, R'.,,o,,is 4.46 ÇL. Since the FEM simulation provides solution with an average

error of \Vo, a projection of the true earth resistance, Rexact_tt is 4.46/0.92. which is 4.85 Q.

Step I:
The thickness of the top layer, D = 0.5L

Step 2:

The ptlpz ratio is I/2, fromFig.4.6, the normalized equivalent resistivity

curve for ptlpz= 7/2, when D = 0.5L, the corresponding normalized

equivalent resistivity, peqv_n = 1.42.

Step 3:

Since, pr

p"qu

Step 4: Here we choose to use Eq. (2-l)

From Eq. (2-1),

= 300 O-m

= Peqv-n X Pt

= 7.42 x 300

= 426 f2-m

Ã-.- o?u -(rnlgoo)-rl
2n1100) [ 0.127 )

= 4.7833 {l

= 4.7800 Cl

This value is close to the projected exact ground resistance Rexact_r value of 4.85 Ç).
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trxample 2

Suppose, L = 10m; r = 0.I210m; D = 50Vo of L; p1= 600 f)-m; pz = 300 Ç)-m.

R'"*oø is 26.85 O and with an average error of \Vo.Then, the projected Rrror¡-1r=29.19 Q, .

Step l:
The thickness of the top layer, D = 0.5L

Step 2:

The plpz ratio is 2, fromFig.4.7, peq,_n = 1.42.

Step 3:

P"qu =Peqv-nXPt

= 0.635 x 600

= 381 O-m

Step 4: Here we choose to use Eq. (2-1)

From Eq. (2-I),

R -'9t,l,n+(lo)-rl2ttl10)[ 0.127 )

=28.8179 Q

= 28.82 Ç)

Comparing Rexact_t¡ to R"r¡ in examples 1 and 2, it can be seen that this method of

arriving at a value for peqv is indeed a good approximation. The L and r values in

examples 1 and 2 are not the same as the I and r used to generate the normalized

equivalent resistivity curves, which use L=20 and r=0.1778m. This shows that the

normalized equivalent resistivity curves can be used for any L and r as long as L >> r.
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Table 4.3 and 4.4 illustrate various results showing

proposed method. In Tables 4.3 and 4.4 R,$ is obtained

resistivity in Eq. (2-1). Ã,,, should be compared with Rexact_p.

Table 4.3

the applicability of the

by using the equivalent

Comparison of Rr.,,,

using the approach

rc}.727m.

R'"ruct and Rrror¡r, for the case of two-layered earth

of section 4.4wtth pr= 100f)-m<pz, L=100m and

R'"rort ãfrd R¿¡a¿¡_p for the case of two-layered earth

of section 4.4 with pr= 100 Ç2-m > p2, Z=10m and

Table 4.4 Comparison of Rr.,¡,

using the approach

r=0.121m.

Case ptlpz D lVoLl P"q" (Ç)-m) R'r*r,(Q) Rrrorr-p (Q) R*' (O)

1 t/2 20 112 r.77 1.92 1.93

L t/3 30 205 2.05 2.23 2.30

aJ r/4 40 205 2.05 2.23 2.30

4 1/5 50 190 2.08 2.23 2.r3

5 r/6 60 175 r.76 t.92 r.97

Case Ot/o.¡ D IVoL] p"qu (Q-m) R'uon(Q) Rrrorry(Q) Rrrr (O)

I
I 2 20 109 1.17 8.44 8.24

¿ a
J 30 1^a

ILJ 8.54 9.28 9.30
aJ /1

I 40 r36 9.49 10.31 r0.29

I 5 50 150 r0.11 r1.64 11.35

5 6 60 180 t2.33 13.41 13.61
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4.5.2 Applications of Normalized Equivalent Resistivity Curves on

a Ring Type Multiple-R.od Electrode in Two-Layered Earth

This section analyses a ring type multiple-rod electrode, as discussed in section

3.5. Due to the prevailing symmetry, the electrode ground resistance can be estimated by

simulating only half the physical size of the actual electrode. The FEM solution will be

compared to result obtained by p"qu and Eq. (2-4).

Example 3

Assume that there are 10 rods connected in a ring formation with radius of ring,

R=60m. Each rod has length, L = 45m and radius, r = 0.1778m. Thickness of top layer,

D=36m. The top layer resistivity, pç125 O-m and bottom layer resistivity, p2=250 Q-m.

The simplified plan view of the FEM model is shown in Fig. 4.9.

Plane of Symmetry

Figure 4.9 Simplified plan view of the FEM model for
simulation of the ring type electrode
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A known current, l is injected into each rod. Assuming that .Rn is the resistance of

the individual rod , the estimated electrode ground resistance, R""¡ is:

A",,=+ [å+]
(+-s)

where ¡n is the total number of rods modeled including the half-rods, which lie on the

plane of symmetry, in this example m is 6.

Two different FEM simulations produced the following results:

Simulation I : Model the two-layered earth with p1= I25 Ç2-m and p2= 250 O-m.

t), _1.|- I __ 1 1 1 , 1 * 1 l-'Ã'*"'':t 
lrrß5- l1.65 

- 
5-80 

- 
5.80 

- 
5.80 

- 
5^sol

. 116
R"ru,, =;= 0.580

Simulation II : Model the two-layered earth using pequ.

Step I:
Assume that there is only a single rod with L=45m and r=0.1118m

installed in the same site.

Step 2:

The thickness of the top layer, D=136/451L = 0.8 L

, 
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Step 3:

The prlpz ratio is 7/2, from Appendix C, p"qu_n = 1.24.

Step 4:

P"qu =Peqv-nXPt

= 1.24 x I25

= 155 C)-m

Step 5:

Using peqv=155 O-m to reduce the two-layered earth to a homogeneous

earth, the FEM simulation yields,

R",, = Uy= 0.56c)

It is evident that Simulations I and II both produce estimations that are close to

each other. This shows that the peqv approximation method can be used to deal with

multiple-rod grounding problems, provided that the rods are installed vertically and

L>> r.

Using the value of p"qu in Eq. (2-4), one obtains R"*o,t = 0.64 A. Comparing this

with.R".,,, the error is about 137o. This error falls within the acceptable range since Eq.

(2-4) tends to overestimate the resistance anvwhere between 5-25Vo.

4.6 Multi-La ned Earth with Arbitra /p" R.atio

Thus far, the technique of arriving at an

confined to the cases of two-layered earth. If the

than 2, solving the problem by using FEM can

manaseable.

equivalent resistivity, p.qu has been

number of layers involved is greater

become tedious and sometimes not
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Tackling Multi-Layered Earth Configurations by The Method of

Successive Approximations

Fig.4.10 shows a four-layered earth structure, with layer thicknesses of D¡, D2

and D3. The 4th layer extends to infinity and hence D+ is not shown.

Figure 4.10 A ground rod in four-layered earth

Application of the normalized equivalent resistivity curves in two-layered earth

has been discussed in section 4.5. If there are more than 2layers of soil with different

resistivities the followins course of action is recommended.

One may start from the bottom-most 2layers of soil, successively approximate

the four-layered earth into a homogeneous earth by using the normalized equivalent

resistivity curves. As discussed in section 4.2, ìf the layer is located at a distance more

than 2L from the earth surface, its existence can be disregarded i.e., simply extend

downward infinitely the layer right on top of it to replace it.

,, 
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It is extremely important to realize that the notations pr and pz used in the

discussions involving two-layered earth mean the resistivities of the top and bottom

layers. When dealing with multi-layered earth, pr and pz denote the resistivities of the l't

and 2"d layers as depicted in Fig. 4.10. In the process of reducing the multi-layered earth

to a homogeneous earth, pr and pz refer to the resistivities of the top and bottom layers in

a relative sense. For instance, if a four-layered earth is to be approximated to a

homogeneous earth, the 1't approximation will involve only the 3'd and 4th layers, i.e., p¡

and p+. In this case, p3 corresponds to pr ; p4 corresponds to pz. Although it may sound

confusing, the context will make this notion clear.

For the configuration as depicted in Fig.4.10, the l't approximation will be to

replace the 3'd and 4'h layer with an equivalent resistivity, peqv_l . Define the rod length

as starting frome-f in Fig.4.10. The interface between the top and bottom layer is g-h.

Hence the thickness of the top layer is D3, which corresponds to D in the case of a two-

layered earth. The effective rod length is not I but IL-(D¡D)1, which is denoted as 17

and shown in Fig. 4.10. The values of L1,Dt, Pt and p+ completely define a two-layered

earth problem and therefore arriving at an equivalent resistivity, peqv_r is possible. Using

previously described techniques, after the first approximation, the four-layered earth in

Fig. 4.10 is reduced to a three-layered earth as depicted in Fig. 4. 1 1 .

Figure 4.1 I Four-layered earth reduced to three-layered earth

,, 
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The 2nd approximation will involve p2 and peqv_r. Árrurn" that the ground rod

starts from c-d in Fig. 4.1 1. The interface between the top and bottom layer is e-f. Hence

the thickness of the top layer is D2. The effective rod length, 12 as shown in Fig. 4.1 1 is

lL-Dtl. The values of L2,Dz, Pz and peqv_r define a two-layered earth problem and an

equivalent resistivity, p"qu_z is obtainable.

After the 2nd approximation, the three-layered earth in Fig. 4.1 t has been reduced

to a two-layers earth as depicted in Fig. 4.12. This two-layers earth can be easily reduced

to a homogeneous earth with an equivalent resistivit!, peqv_3 by a 3'd approximation.

Figure 4.12 Three-layered earth reduced to two-layered earth

In general, a k-layer earth requires (k-1) approximations to reduced it to a

homogeneous earth. The effective length of the rod, L, is the portion of the rod which is

embedded in the earth layer under approximation. Eventually, the effective length of the

rod will become the physical length of the rod, L in the (k-I)'h approximation. once

again, it should be clear that the notations pr and pz in the normalized equivalent

resistivity curves refer to the resistivities of the top and bottom layers soil in a relative

sense not the resistivity of the 1't and 2"d layer as depicted in Fig 4.10.
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4"6.2 Dealing with Arbitrary ptlpzRatio

In a practical case, the prlpz ratio may differ from the values used to arrive at the

normalized equivalent resistivity curves in Appendix C. One method of dealing with this

situation is to round off the ratio to the nearest available ptlp2 ratio for which a

normalized equivalent resistivity curve is available. The process of rounding up or

rounding down the ptlp2 ratio either adds or diminishes the safety factor in the design.

Rounding up will increase the safety factor, which may not be a bad idea. However,

rounding down the ratio causes the safety factor to diminish. This is not a very severe

problem since it can always be overcome by careful and proper designs.

Another method is to interpolate between two normalized equivalent resistivity

curves. For instance, if the required pr/pz ratio is 11, this normalized equivalent

resistivity curve can be obtained by interpolating the normalized equivalent resistivity

curves corresponding to prlp2 ratios of 10 and 12.

Since the trend of variations does not show a linear dependence on the prlpz

ratios, inte¡polation does introduce error but this error is insignificant. However,

extrapolating should never be considered. If a normalized equivalent resistivity curve

corresponding to a prlpz ratio that is beyond the range of the curves in Appendix C is

required, this curve will have to be generated as outlined in section 4.3.

Consider the case when pr>p2. In this case the normalized equivalent resistivity

curve shows an increasing trend as shown in Fig.4.l3, reproduced from Appendix C.

Consider any arbitrary values for D, pr and pz say, D = 0.5L; p1 = 140 O-m; pz =20 {2-m.

In this case the prlpz ratio is 7, corresponding to which a normalized equivalent

resistivity curve is not readily available from Appendix C. This situation can be

overcome by performing interpolation between the normalized equivalent resistivity

curves corresponding to prlp2 ratios of 6 and 8.
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From the normalized equivalent resistivity curve of p1/p2 = 6 and D=0.5L,

The corresponding normalized equivalent resistivity, p"qu_n = 0.26

From the normalized equivalent resistivity curve of ptlpz= I and D=0.5L,

The corresponding normalized equivalent resistivity, p"qu_n = 0.20

To obtain the normalized equivalent resistivity for ptlpz = 7 and D=0.5L,

Performing interpolation, the required p.qu_n is:

(o.zo-o.zeìln =\ - -/.Q-e)+0.26=0.23
.'eqv_, 

(S_O)

1

0.9

>à 0.8
.=

Ø^-
(¡)

É.
PôAc--
o
) ^.
=

IJJ

o 0.4
o
.N

c
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z^v̂.¿
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0
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Thickness of Top Layer, D [%L]

Figure 4.13 Normalized equivalent resistivity curves for p1>p2
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Examples of cases involving multi-layered earth grounding i.e., more than two

layers, will now be discussed. Example 4 involves a single rod grounding whereas

example 5 deals with a ring type multiple-rod grounding.

Example 4

A vertical ground rod with /. =100m and r =0.121m is embedded in a four-layered

earth as depicted in Fig. 4.10. D¡þ2=þr=20m, p¡70 f)-m, p2=100 O-m, p¡=30 f)-m

and pa-20 C2-m .

L't Approximation:

Starting from the two bottom-most layers, the effective rod length, LF60m,
which is the sum of the lengths of the portion of the rod in these 2 layers. The thickness

of the top layer, D =20m, therefore is 33Vo of L1. Keep in mind that the notations p¡ and

pz mean the top layer resistivity and bottom layer resistivity, not the resistivity of the top

most and second layers. Hence, ptlQz=|.5.

From Appendix C,

If pt/pr=7; D=33Vol peqv_n = 1.00

If pt/pz=2; D=33Vol peqv_n = 0.58

Perform interpolation for prlpz=I.5; D=33Vo

Peqv-nl = 0'79

Peqv-l=0.79x30

=24.0 {L-m
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2"d Approximation:

With the lowest 2 layers replaced by a single layer with pequ_l of 24Çù-m, the four-

layered earth is reduced to a three-layered earth. Proceed with the 2nd approximation to

reduce this three-layered earth to a two-layered one.

The effective rod length, lz=80m, D=218=25Vo, the pt/pz=100/24 = 4.00

From Appendix C, peqv_n2 = 0.30

Peqv-2= 0'30 x 100

= 30 Ç)-m

3'd Approximation:

After the 2nd approximation, the four-layered earth has been reduced to two-

layered earth with resistivity pç70 O-m and p2=30 C)-m. The effective rod length, Z3 =

100m, D=20Vo, prlpz=70/30 =2.33.

From Appendix C,

If ptlpz=Z; D=Z}Voi peqv_n = 0.545

If pr/pz=3; D=Z}Voi peqv_n =0.315

Perform interpolation for p1lp2 =2.33; D=20Vo

Peqv-n3 = 0'48

Peqv-3=0.48x70

=34.6 {2-m
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After 3 approximations, the four-layered earth is reduced to a homogeneous earth

with an equivalent resistivity, p"qu_¡ of 34.6 o"-m. Using p"qu_s in Eq. (2-I) yields a R,,,

of 0.3113 ç¿. From FEM, R'"*o,, is 0.3181 f¿ with about \Vo of error, therefore, the

projected exact ground resistance, Rrror¡u is around 0.3458 C¿ . The error between R"r,

and R"*or¡ , is about 9Vo.

Example 5

This example involves a HVDC ground electrode installed at Coyote, California,

USA [88 Prabhakara]. The bipolar HVDC scheme is rated at + 500kV and 1600MW

with 2.6k4 of continuous current in monopolar ground return operation, and 164 of

continuous unbalance current in bipolar operation. This is a large electrode with 60 wells

arranged in a circle of radius equal to 45lm and the individual wells are 53m in length

and 0.115m in radius, see Appendix D. The authors [88 Prabhakara] used Eq. (2-5) and

numerical methods to predict the electrode ground resistance. A very conservative value

of 20 O-m was used for the electrode design. It turns out that with this value, the

electrode has been over designed because the measured resistance is less than ljVo of the

predicted value.

From Eq. (2-6), it is obvious that the ground resistance depends directly on the

resistivity. If predicting a less conservative resistivity with reasonable reliability is

possible, a more optimum design would have been achieved.

Geophysical surveys at the electrode site have produced a wide range of

information, including the readings and predictions of the resistivities and earth layers.

These predictions vary quite significantly depending on the method used and the

prevailing conditions at the moment of conducting the survey.
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Table 4.5 shows

[88 Prabhakara], which

approximation in section

a set of selected geophysical test result at Coyote electrode site

will be used later together with the method of successive

4.6.1to produce a prediction for the equivalent resistivity.

Earth Layer [m] Resistivity [f¿-m]

0 - 3.05 35

3.05 - 8.23 r40

8.23 - 41.r5 45

> 4r.t5 4

Table 4.5 Selected geophysical test result at Coyote, California, USA [88 Prabhakara]

Fig.4.14 shows the model of four-layered earth at the Coyote site under the

assumption that only 1 well is installed. The four-layered earth will now be successively

approximated to a homogeneous earth using the technique suggested in this thesis.

35 O-m 3.05m

140 Q-m 5.18m

45 C)-m 32.92m

Lt L2 L3

4 Cl-m

Figure 4.14 Coyote electrode site, four-layered earth model based on Table 4.5

66
Gt- University of Manitoba

Electr¡cal & Computer Engineer¡ng



Chapter 4

L" Approximation:

The effective rod length embedded in the bottom-most two layers, Lt = 44.7Jm.

The top layer resistivities, pt = 45 C)-m and bottom layer resistivity, p2 = 4 O-m. The

thickness of the top layer is 32.92m and therefore D=32.92/44.77, which yields 73.53Vo.

The prlpz ratio =11.25.

From Appendix C,

If p t/pz=10; D=l3.5Vo; psq,_^ = 0.24

If prl pz=12: D=73.5Vo; p"o,_n = 0.20

Perform interpolation for p rl pz =l 1 .25; D=l 3.5Vo

Peqv-nl = O'22

Peqv-r = 0.22x45

= 10.0 C)-m

2"d Approximation:

Lz=49.95m and pr = I40 f2-m and p2= 10.0 e)-m, D = 107o, ptlpz= 14. From

Appendix C, the normalized equivalent resistivity curve corresponding to p1lp2 ratio of
1AtT.

Peqv-n2 = 0'08

Peqv-Z=0.08x140

= 11.0 f)-m
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3'd Approximation:

Ls=53m and pr = 35 O-m and pz= 11.0 C)-m, D =6Vo, ptlpz= 3.18 = 3.00.

From Appendix C, the normalized equivalent resistivity curve corresponding to prlpz

ratio of 3,

0o.' .1 =0.34

Peqv-3=0'34x35

= 72.0 Ç2-m

Notice that the prediction of the equivalent resistivity is 40Vo smaller than the

conservative value of 20 C)-m used throughout the design. This shows that given the

geophysical information, the methodology of predicting an equivalent resistivity,

presented in this chapter is applicable and reliable in practical engineering designs.

4.7 Chapter Summarv

This chapter suggests techniques for efficient handling of multi-layered earth

grounding problems, which involve single rod or multiple rods arranged in a ring

configuration. Key aspects of the suggested techniques are outlined below:

(1). Locations of earth layers:

It has been shown that if the layers are located at a distance of more than 2L from

the earth's surface, their influence is insignificant and can be replaced by using the

technique discussed in section 4.2.
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(2). Normalized equivalent resistivity curve:

These are general curves that can be used to reduce a two-layered earth to a

homogeneous earth, regardless of the rod length, L and radius r provided L >> r. The

trend of variation is governed by two ratios i.e, the DlL ratio and the ratio of the top layer

resistivity, p¡ to the bottom layer resistivity, pz, that is the pt/pz ratio. The ratio p1lp2 is

important rather than the absolute values of p1 and pz .

(3). Successive approximations:

If there exist more than 2layers of earth, starting from the bottom-most two

influential layers, one can employ the method of successive approximations to reduce the

multi-layered earth to a homogeneous earth as discussed in section 4.6.1. For fr-layer

earth, (k- I ) approximations are necessary to reduce it to a homogeneous earth.

(4). Arbitrary p1/p2 ratio:

If a normalized equivalent resistivity curve (Appendix C) is not available for a

particular value of plpz ratio, one can either choose to round it up or down, so that the

existing curves in Appendix C can be used. Alternatively, if the p tlp2 ratio of interest lies

within the range of the existing curves in Appendix C, interpolation can be performed to

arrive at an equivalent resistivity, which corresponds to the D and the prlpz ratio of

interest.

However, extrapolation should never be performed! If the plp2ratio of interest is

beyond the range of the existing curves in Appendix C, the required normalized

resistivity curve will have to be derived as outlined in section 4.3.
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(5). Multiple-rod electrode:

Although the normalized equivalent resistivity curves were generated by using a

single vertical ground rod arrangement, they can be employed to tackle grounding

scheme involving multiple rods, provided that the rods are installed vertically into the

ground and their length, Z is much greater than the radius, r.

Assume that only one rod is installed in the selected site. Then, apply the

appropriate techniques discussed in this chapter to arrive at an equivalent resistivity, p.qu.

This p"ou is a reliable parameter that can be used for the design of the multiple-rod

electrode.
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ChapÉer 5

Þ{on Ï{orizontal Two-l,avered Eanft¡

Thus far, all the discussions have been focussed on homogeneous and multi-

layered earth composed of parallel layers. In practice, the earth layers may not be

parallel to each other.

This type of non-homogeneity presents a new set of challenges, not only from an

engineering design perspective but also from the point of view of the geophysical

information collection process. Tremendous efforts and exhausting surveying are

required in order to obtain detailed information on the nature of the layers. This is both a

time consuming and financially burdening process.

In this chapter, an investigation into the influence of inclined-earth layers is

carried out; only two layers are considered. The effects on the overall ground resistance

due to inclined layers are studied and suggestions are made for handling this type of non-

homogeneity. It is necessary to point out that the interfaces between the layers are

modeled as flat planes, which is undoubtedly an approximation.
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S.tr General Types of Xnclinations

There are actually numerous possible cases of inclined layers. For simplicity, a

vertical ground rod embedded in a twoJayered earth model will be used throughout the

discussion. The are in general two types of inclinations, which are labelled Type-I and

Type-II in this thesis and are shown in Figs. 5.I and 5.2.

5.2 Tvpe-X trnclined Earth Laver

The layer is inclined at a particular angle, 0. It is obvious that the increase in the

volume of soil with resistivity pr, to the left of the ground rod is compensated by the

decrease in the volume of the same soil to the right of the rod. The same applies to the

lower layer of soil with resistivity pz. The decrease in volume of the lower layer soil to

the left of the rod is compensated by the increase of volume to the right of the rod.

Figure 5.1 Type-I inclined earth layer

Ground Rod

, 
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Suppose there exists such a location with the geophysical structure as shown as

Fig. 5.1. The best way to obtain an optimum design will be to move the entire ground

rod to the area, which contains soil with lower resistivity. There is no doubt that the

lower the soil resistivity, the smaller the ground resistance. If p¡ is smaller than p2, the

ground rod should then be moved to the left. On the other hand, if pr is larger than pz,

the ground rod should then be moved to the right.

If 0 is large, moving the location of the electrode laterally towards the soil with

lower resistivity will be a good way to obtain the optimum design. However, if 0 is

small, moving the location of the electrode may not be practical. The situation will have

to be dealt with as it is.

Suppose that the inclination is small, one can approximate the interface of the

inclined layers by a flat plan, running parallel to the earth surface, i.e., the dotted line in

Fig. 5.1 with Pr on top and pz on bottom. This reduces the problem to a two-layered

earth problem which can be handled as discussed in previous chapters. The effect of the

magnitude of the angle 0 on this approximation is discussed in section 5.4.

5.3 Tvpe-II Inclined Earth Ï-ayer

This situation is depicted in Figure 5.2. For simplicity, the geometry is assumed

to be symmetrical. This is actually the worst case scenario. An increase in 0 means a

decrease in the volume of the upper layer soil and vice versa. This nonetheless directly

affects the ground resistance of the electrode.

University of Manitoba
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Ground Rod

Pz

Figure 5.2 Type-II inclined earth layer, V-shaped

The angle 0 measures the inclination of the layer interface. In Fig. 5.2, this angle

is considered to be positive and the layer's interface is V-shaped. Clearly the other

equivalent worst case scenario occurs when the layers are inclined as shown in Fig 5.3.

Figure 5.3 Type-II inclined earth layer, inverted V-shaped

In Fig. 5.2,the angle,0 is considered to be negative and the layer interface is in

the form of an inverted V-shape.
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5.4 FEM Model and Simulation Results

Suppose there is a single vertical ground rod with length, L and radius, r of 20 and

0.121m embedded in an inclined two-layered earth as described in section 5.3, with the

top and bottom layers resistivities, pr and pz of 100 and 200 Çl-m. The model used for

performing the FEM simulation is depicted as Fig. 5.4. The angle of inclination, 0 in

Fig. 5.4 can have either positive or negative value. If 0 is positive, Fig. 5.4 represents the

axisymmetric version of Fig. 5.2, otherwise Fig. 5.3. The boundary conditions imposed

on the planes of truncation are the same as dicussed in sections 3.2 and 3.3, which are

"J-Parallel" on the top plane and "0-Potential" on the edge plane and the bottom plane.

Ground rod:
length =L
radius = r

Too Plane with BC: J-Parallel

Pr D
v

O't

1OOm

140m

Bottom olane with BC: O-Potential

Edge Plane with
BC: O-Potential

Figure 5.4 FEM axisymmetric model of single vertical rod grounding
in an inclined two-lavered earth
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Tables 5.7,5.2 and 5.3 show results obtained from FEM simulations for values of

D equal to 18, 30 and 40m, which correspond to 90, 150 and 200Vo of L. The variation of

0 considered is from -10 degrees to 10 degrees in 2 degree increments. Notice that when

0 is 0 degrees, it implies a parallel running, non-inclined two-layered earth.

The values in the "differences" column listed in Tables 5.1,5.2 and 5.3 are the

percent differences between the Rrr,'s with respect to the Rr.r, evaluated hhen 0 is at 0

degrees. This demonstrates the effect of inclination of the layers on the ground

resistance of the electrode. Once again, it is worth mentioning here that all the FEM

models and meshes used for the simualtion have been checked and errors no worse than

70Vo can be suaranteed.

Table 5.1 D is at I8m (90Vo of L), p¡ and pz are 100 and 200 O-m

Theta, 0 [Degrees] y [m] Rr." [Q] Difference [7o]

10 0.3613 5.609 I 1.60

8 3.9459 5.442 8.28

6 7.4896 5.360 6.65

/1T 1 1.0073 5.251 4.48

2 14.5079 5.092 1.31

0 18.0000 5.026 0.00

2t.4921 4.946 1.60

24.9921 4.888 2.75

-6 28.5104 4.819 4.t2

-8 32.0541 4.149 5.51

-10 35.6321 4.695 6.58

,, 
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Theta, 0 fDegrees] y [m] R".u [Q] Difference lVol

10 12.3613 4.383 5.00

I 15.9459 4.336 4.23

6 19.4896 4.300 3.37

23.0073 4.260 2.40

2 26.5079 4.230 1.68

0 30.0000 4.t60 0.00
a 33.492r 4.181 0.50

-- 36.9921 4.162 0.05

-6 40.5t04 4.125 0.84

-8 44.054r 4.T29 0.75

-10 47.6327 4.t01 1Àa

Table 5.2 D is at 30m (1507o of L), pr and pz are 100 and 200 O-m

Table 5.3 D is at 40m (200Vo of L), pr and pz are 100 and 200 O-m

Theta, 0 fDegrees] y [m] R*, [fl] Difference lVol

l0 22.3613 4.178 2.28

I 25.9459 4.t58 t.79

6 29.4896 4.140 1.34

A 33.0013 4.116 0.80

2 36.5019 4.097 0.30

0 40.0000 4.085 0.00
n 43.4921 4.016 0.20

/1-T 46.9927 4.067 0.40

-6 50.5104 4.056 0.80

-8 54.0541 4.038 1.15

-10 57.6327 4.021 t.5l

,, 
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5"4.L Ðiscussion of Results

Tables 5.1,5.2 and 5.3 present 3 sets of data associated with different values for

D. As 0 decreases from 10 degrees to -10 degrees, one observes a decrease in Rr.,r. This

trend of variation agrees with engineering intuition. As 0 decreases from 10 degrees to

-10 degrees, the volume of the upper layer soil with the lower resistivity, pr of 100 Ç2-m

actually increases. This increase in the volume of the upper layer soil causes the

equivalent resistivity of the entire earth and ground electrode system to decrease,

resulting in a drop in the ground resistance since the ground resistance is proportional to

the earth's equivalent resistivity.

The largest difference occurs when 0 is at 10 degrees. Based on the results in

Table5.l,thisdifferencecanbeashigh aslI.60Vo if Dis at9}Vo of l. Onecanexpect

the percent difference to be around this magnitude if D is within 130Vo of L. An

inclination angle of 10 degrees, which represents a !ïVo slope is fairly abrupt for this

ground rod.

The difference that occurs when 0 is at -10 degrees is always smaller than the

difference that occurs when 0 is at l0 degrees. This supports one of the important

findings in chapter 4, where.it was found that the influence of the lower layer soil on the

ground resistance diminishes as the interface between the 2 layers moves downward from

the electrode. As 0 is changing from 10 degrees to -10 degrees, one can think of it as a

situation such that an equivalent interface between the 2 layers of soil is shifting

downward from the electrode.

Comparing the results in Tables 5.1,5.2 and 5.3, it is seen that if the interface is

located far enough from the electrode, the inclined-layers may be replaced by a two-

layered earth model. The two conditions that encourage the replacement of the inclined-

layers by a two-layered earth model are that (refer to Fig. 5.4) y must be larger than /- and

D must be greater thanZL, i.e, y > .L and D > 2L.

University of Manitoba
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5.5 Chapter Summarv

In general, the earth may be multi-layered with either horizontal or non horizontal

layers. Even if information regarding inclinations is obtainable, the accuracy and

reliability are questionable. From an electrical engineering point of view, a parallel

running multi-layered earth model is likely sufficient.

If there exist strong geophysical evidence that support the existence of inclined-

layers, one should make use of this information to select the best electrode site, such as

by moving the electrode to the area with lower soil resistivity. The problems associated

with the earth electrode design can be greatly reduced simply by an appropriate site

selection.

Suppose that geophysical data does support consideration of inclined-layers in the

estimation of ground resistance for the selected electrode site, a design engineer can

always approximate the inclined-layers earth model with a parallel running multi-layered

earth model. This is allowable because of the uncertainty nature of the geophysical data

which mandate a rather large design safety factor. This safety factor will likely take care

of the error incurred by replacing the inclined-layers earth model with a parallel running

multi-layered earth model.

Based on Table 5.1, when the inclination angle, 0 is 10 degrees, the error resulting

from replacement for this worst case scenario (V-shaped inclination with a two-layered

earth) is about 7lVo. Practical earth electrode design definitely uses a design safety factor

higher than 1.1. On top of that, a V-shaped inclination implies a rough terrain, which is

quite unlikely to be a good electrode site selection.

The two favorable conditions for the replacement of the inclined-layered earth

model with a parallel running multi-layered earth model are, (refer to Fig. 5.4) that y

mustbe larger thanL andDmustbe greater than2L, i.e, y) Land D>2L.
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Chapter 6

Thesis Summarv

and VÏain Contributions

This chapter summarizes the entire thesis and concludes some of the important

findings in this research project. It is known for a fact that the most important parameter

in the design of a HVDC earth electrode is the soil resistivity because it governs the

performance and dictates the physical arrangement and size of the earth electrode.

In this thesis, a technique has been proposed for the simple and efficient

calculation of ground resistance due to vertically embedded electrodes in a two-layered

earth with parallel running layers. This technique can be extended to cater for multi-

layered earth with parallel running layers.

University of Manitoba
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The approach employed throughout the research project is largely numerical. For

multi-layered earth, an equivalent resistivity, peqv is derived thereby simplifying the exact

physical system and enabling a design engineer to deal with the problem more efficiently.

It produces a more realistic design parameter, which is the equivalent resistivity as

compared to the conservative apparent resistivity or bulk resistivity that are commonly

used in the design of an earth electrodes.

6.X. Thesis Summarv

Chapters I and 2 contain background information required for this thesis. These

includes the role of an earth electrode in HVDC schemes, discussion on soil resistivity

and its measurement, tools and methods employed and classical analytical solutions.

Chapters 3, 4 and 5 constitute the main core of this research work. Chapter 3

discusses the FEM simulation and assesses the accuracy and reliability of the simulation

results by comparing them to the available analytical solutions. All the calculations

involving 3D simulations were achieved by employing an advanced FEM analysis

technique called 'substructuring'.It is shown that all the results presented in this work

contain errors no more than l)Vo with only a few exceptions, which are associated with

Eq. Q-$. Chapter 4 tackles parallel running, multi-layered earth problems whereas

chapter 5 focuses on the discussions involving earth with inclined layers.
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(1)

6"2 Main Contributions

The derived normalized equivalent resistivity curves can be used to simplify the

evaluation of the ground resistance due to a single vertical rod buried in ground

provided that the length of the rod is much larger than its radius i.e, L >> r.

In a two-layered earth problem, it has been shown that if the lower layer is

situated at a distance of more than twice the length of the ground rod i.e., D > 2L,

its existence can be safely disregarded. One may extend the top layer to replace it

thereby reducing the two-layered earth to a homogeneous earth.

The above finding can be extended to the multi-layered case as explained in

section 4.2.

A simple technique which relies on the ratios of DlL and p1/p2 for reducing a two-

layered earth to a homogeneous earth by using the normalized equivalent

resistivity curves has been proposed.

(2)

(3)

(4)

(6)

(1)

(5) An extension of the above technique has led to the method of successive

approximation, which allows a multi-layered earth to be approximated to a

homogeneous one.

The proposed techniques are also applicable to various arrangements of vertically

embedded ground rods provided the condition of L >> r is satisfied, regardless of

the formation used i.e, ring, star, hollow square etc.

In all of the above cases, once a problem has been reduced to one with

homogeneous earth with some equivalent resistivity, p"qu, the ground resistance

may be found by using numerical analysis or by resort to use of classical solutions

in [36 Dwight], [48 Sunde] and164 Taggl.
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Appendix A

Type of Soil Resitivity (f¿-m)

Loams, garden soil, etc 5-50
Clays 8-50

Clay, Sand and gravel mixture 40-250
Sand and gravel 60-100

Slates, shale, sandstone, etc 10-500
Crvstalline rocks 200-10.000

Table A.l Typical values of resistivity of some soils, reproduced from [64 Tugg].

Material Resistivity (A-m)

Aluminum 2.9 x l0''
Amber 10'"

Bakelite 10'*

Carbon 3.3 x 10-'

Copper 1.7 x 10-"

Glass(plate) 10''
Graphite 10-
Halowax 10"

Mica 10"
Oil(mineral) 10'*

Paraffin 10"
Polvethvlene 10 ''
Polvstvrene 10'"
Polvvinyl 10"
Rubber l0''

Rubber(neoprene) 10"

Quartz 10"
Soil(clay) 2xI0'

Soil(sandy) 5x10'
Stone(limestone) 10'

Sulfur 10''
Urban sround 5x10'

Vacuum æ

Teflon 10"
Water(distilled) [0*

Water(fresh) 10'-10'
Water(sea) 0.2

Table 4.2 Typical values of resistivity of some material [92 Kraus].
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Appendix B

An Example Illustrating the Technique of Substructuring

Suppose there is a parallel plate capacitor with two different dielectric materials

as depicted in Fig. 8.1, which is the 2D model of a capacitor (side view). The dielectric

materials and the electrodes have an interfacine area of A cm2. The dimensions are

arbitrarily chosen for simplicity.

dr=6cm dz= 4cm

Figure B.1 Parallel plate capacitor

The relative permittivity of materials 1 and 2 are denoted by t,l âûd t,z. V1 and

Y2 are the voltages spanning across the 2 types of material. Similarly, 81, Dl, F.2, andD2

are the electric field and electric flux density in the corresponding materials. Cl is the

capacitance due to material 1 whereas Cz is the capacitance due to material2.

I. Analytical solution

From electromagnetic theory,

r- _ €ot,tA and
t-' - 

-

'dl

1

= _ENA
J

eoe rzA

d2

- co^

Erz= 4
EzrDz

86
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The applicable boundary conditions are:

Dr=Dz

t¡81 = gtþt

:' ß1 =)fl',

Let, V=Vr*Vz

= Er dr +Fzdz

Hence, V=Er ù+VzEtdz

Therefore, Er = V / lù +Vz dzl

=20 / 16+2l

= 2.5 Ylcm

Ez= Et/2

= I.25 V/cm

Dr=Dz=ÊoÊrþr=ÊoÊzþz

=4.4277 x 10-e Clcm2

il. FEM solution

There are 2 ways of modeling this problem:

(A). Conventional meshing technique.

(B). Substructuring technique.

University of Manitoba
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(A) Conventional meshing

Figure 8.2 FEM model for conventional meshing

Material I is not shaded whereas material 2

meshing method uses 160 elements and 531 nodes.

elements and material 2 with 64 elements.

is shaded. This conventional

Material 1 is meshed with 96

By using ANSyS 5.5, this model produces the following results:

V/cm

V/cm

4.421x 10-e Clcmz

It is evident that these results are a perfect match with the analytical solution.

(ts) Substructuring Technique

Essentially, this method condenses a group of nodes to form an element, called

the'superelement', which is also known as a'substructure'. With regard to ANSIS 5.5,

this technique involves three passes or stages, which are the 'generation pass','use pass'

and'expansion pass'. For more information, see [99 ANSYS].

University of Manitoba
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(I) Generation Pass

In the 'generation pass', the focus is on creating the 'superelement'. The user has

to create the portion to be modeled and mesh it. While creating the'superelement', all

the nodes located at the interfaces between this 'superelement' and other 'superelements'

or other elements must be defined as 'master degree of freedoms'. The created

'superelement' can later be used as a conventional element.

(U) Use Fass

This is the stage where the user uses the 'superelement' in the FEM model. Extra

attention is required to ensure proper connectivity of nodes, especially at the interfaces

of the 'superelement' with other 'superelements' or elements. More specifically, proper

connectivity of nodes between the'master degree of freedoms' with other 'master degree

of freedoms'or other nodes must be ensured.

(III) Expansion Pass

In the 'use pass', the user obtains solution for all the conventional nodes and the

'nlaster degree of freedoms' within the FEM model. In other words, the solution at the

interfaces of the 'superelement' is already available after the 'use pass' but not the

solution within the'superelement'.

In order to obtain the solution within the 'superelement' , the user needs

perform an 'expansion pass' on the selected 'superelement'. Each 'superelement'

'substructure' requires an individual 'expansion pass'to obtained the solution within it.

Before performing any 'expansion pass', the information from both the 'generation pass'

and 'use D¿l.ç.r' must become available.

to

or

., 
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Using the substructuring technique, one arrives at the following FEM model;

Figure 8.3 FEM model for substructure technique

Material 1 is not shaded whereas material 2 is shaded. There are only 2 elements

and 154 nodes that are involved in the 'use pass'. Compared with the conventional

meshing method in (A), which uses 160 elements and 537 nodes, the FEM model size

here has been greatly reduced.

After the 'use pass', the user needs to perform 2 'expansion passes'to obtained

the total solution. In this model, 94 elements were used in the 'generation pass' for

creating the 'superelement'corresponding to material 1 and 64 elements were used for

creating the 'superelement' corresponding to material2.

After the 'expansion pass', one obtains the following results:

Et =2.5 V/cm

Ez = 7.2Ylcm

Dr = Dz = 4.421x 10-e Clcmz

This shows that the technique of 'substructuring' if used properly can produce

very good results. The accuracy of this technique depends on two main factors. The first

factor being the validity of the assumption that the elements within the 'superelement' are

linear. If the connectivity of the overall nodes within the entire FEM model which

involves 'superelement' is good, so will the accuracy.
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Appemdüx C;

Normalized EquÍvalent

ResÍstÍvity Curves
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Rhol/Rho2=1/4
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Rhol/Rho2=1/5
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¡¡o17pþep=1/6
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Rhol/Rho2=1/8
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Rhol/Rho2=1/10

150 200 250

Thickness of Top Layer, D [%L]

150 200 250

Thickness of Top Layer, D [%L]

-,8'5
U''6,
É.

oê
(ú

a

[rJs
õ
q)
.N

oz^

1

0.9

0.8

=
-Ø o.7

CN

c)
cc
E 0.6

I
(õ

t.lJ

Eo¿o-
.N
(Ú

E o.g

z
o.2

0.'1

0

Rhol/Rho2=10

., 

-l 
lJniversity ot Manitoba

lS\- ' Electrical & Computer Engineering
98



Appendix C

Rhol/Rho2=1/12
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Rhol/Rho2=1/14
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60 ELECTRODE WELLS

ÏERMf NAL
BUILOING

(2) 3SOKCM CU
CABLES

Figure D.1 Plan view of the ring electrode configuration,
reproduced from [88 Prabhakara]
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Figure D.2 A typical deep well, reproduced from [88 Prabhakara]
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