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ABSTRACT

In this thesis, a k-s turbulence model is presented in the context of a previously developed

solver for multiphase flows. This new formulation was developed, in paft, to quickly and

accurately pledict icing of helicopter engine bay cooling inlets. The turbulence equations

are solved using a control-volume-based finite-element method. Special shape functions

that prescribe the velocity profile in the near-wall region were developed. These shape

functions are based on Reichardt's universal velocity profile, which may be used

tlu'oughout the entire near wall region. A positivity scheme was developed that is based

on physical principles and will not require ad-hoc "clipping". Proper implementation of

the turbulence model is verified by simulating flow between parallel plates and flow over

a backward-facing step. Particle Image Velocimetry (PIV) experiments of flow over

scaled models of engine bay cooling inlets are presented. A boat was designed that

enables the laser sheet to be projected through the free surface of the water tunnel. The

spreading rates of the turbulent wakes downstream of two different scaled models were

determined. It is anticipated that the new CFD solver will be able to accurately predict the

icing of helicopter engine bay cooling inlets.
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Chapter tr : nntroduction

1.1 Bøckground

In-flight icing of aircraft components can occur when super cooled droplets or freezing

precipitation impinge on the aircraft surface with a nucleation site(s). This potential

problem is a concern of the main sponsor of the current research, namely GKN Westland

Helicopters Ltd. GKN is an aerospace company based in the U.K. that produces a variety

of helicopters fol customers all over the world, including the EH101 helicopter for the

Canadian military @H101, 1999, EH Industries, 2002). Under certain atmospheric

conditions, problems may arise with ice accretion on the engine bay cooling inlets of

helicopters. Sufficient ice accretion on a helicopter engine bay cooling inlet can

sufficiently alter the airflow into the engine as to cause considerable problems with the

engine's performance. Moreover, ice fragments may be shed and ingested into the

cooling inlet, severely damaging helicopter components. GKN wishes to develop better

ways to reduce/eliminate ice accretion. A passive method of reducing ice accretion

involves altering the geometry of the helicopter surface to promote shedding of runback

water along the surface by the local airstream before freezing occurs. A reactive method

involves designing an anti-ice system that heats helicopter components to melt or prevent



accreted ice. Alternatively, pneumatic rubber boots could be installed on the leading edge

of the engine bay cooling inlets, similar to those used on aircraft leading edges. Any

solution may involve significaff alterations to the helicopter, requiring a large capital

investment, and compromises the terms of the engine or overall system performance.

As we push the limits of technology even slight improvements in performance are often

diffìcult achievements. Trial-and-error is usually not an effective design strategy. Testing

numerous prototypes of mechanical systems has become too expensive in many

instances. Computer simulations are becoming an increasingly important tool when

designing fluid dynamic and thermodynamic systems. Several alternative designs can be

simultaneously sirnulated on cornputers, with only the most efficient designs receiving

fuither investigation. GKN has participated with a European consortium in using a three-

dimensional (3-D) multiphase Computational Fluid Dynamics (CFD) code to solve 3-D

flows involving ice accretion. Performing a full aircraft icing simulation using a 3-D

finite-element CFD code can be very time consuming, particularly when re-meshing is

required after each time-step if the ice layer grows. It is inefficient to perform such

simulations under conditions that do not lead to ice growth. An alternative CFD code is

thus desired to quickly and accurately predict ice accretion. A two-dimensional (2-D)

Control-Volume-Based Finite-Element Method (CVFEM) for multiphase flows with

droplets has been formulated Q.,laterer and Schneider, 1995, Naterer et a1.,2000). It is

anticipated that certain helicopter simulations may be performed with this formulation to

determine whether a siven set of flow conditions lead to ice accretion. Conditions leadine



to ice accretion may then be fuither examined with GKN's 3-D CFD code to solve the

tluee-dimensional shape of the ice growth.

The previously developed 2-D CFD solver Q.Jaterer, Schneider, 1995) has been

successfully applied to several different laminar flows. However, the high velocities

associated with flight render most flows associated with flight turbulent. The turbulence

of the flow must therefore be included before the existing CFD code can be used to

predict in-flight ice accretion on the helicopter engine bay cooling inlets. In this thesis, a

two-equation k-e turbulence model with wall functions is formulated in the context of the

existing base code using a CVFEM approach to solve the turbulence equations. In

addition, experimental studies are performed in relation to the engine bay cooling inlet

flows.

Review of Technicøl Literature

Due to its practical importance, many previous studies have investigated fluid flow and

heat transfer associated with airclaft icing. Schustel et al. (1992) established a rapid inlet

icing analysis procedure. Naterer et al. (1999) develop an analytical model for the

prediction of glaze ice accretion on electrical power lines, including the Joule heating

effect. Glaze ice refers to ice growth with some unfrozen water, whereas rime ice

involves droplets solidifuing immediately upon impact on the surface. Methods for the

solution of the multiphase conservation equations and binary-constituent solid-liquid

1.2



phase-transition problems have been developed with a CVFEM Qrlaterer, Schneider,

1995, 1997). Myels and Thompson (1998) derive a three-dimensional mathematical

model that describes the flow of a thin film of water driven by air shear, gravity, surface

tension, and ambient pressure variation over a solid substrate. Hirata and Matsui (1990)

examine the ice formation phenomenon and heat transfer around isothermally cooled

cylinders that are lined up in a crossflow of cold water. Lu et al. (199S) describe freezing

rain simulations performed to determine the time-dependent mass of ice accreted on a

short sample of a transmission line. Naterer and Glockner (2001) present pulsed laser PIV

measurements of flows resembling a helicopter engine inlet flow and their contributions

to a multiphase turbulence model.

Mirikowycz et al. (1988) describe different ways to formulate the discretization equations

from the general diffelential equations. Discretization of the unsteady and diffusion term

is relatively standard, while various schemes are presented for advection. Special

considerations for the source terms in the turbulence equations are included because of

their unique requirements of positive values. Minkowycz et aL. (1988) present a complete

explanation of a CVFEM formulation, including discretization of the domain, the

formation of control volumes and the use of linear shape functions. Schneider and Zed.an

(1982) present a mole detailed discussion pertaining to discretization of the diffusion

terms. Naterer (1999) examines the relationship between entropy processes and

numerical upwinding in the context of gas space dynamics. Karimian and Schneider

(1994) present a control-volume-based finite-element method with a new formulation for



the convecting integration point velocity in the implicit solution of compressible and

incompressible flows.

A two-equation turbulence model was selected for use in this research, based on

conversations with GKN Q'{aterer, 2000). Launder and Spalding (I974) present a paper

that suggests that computational economy, range of applicability and physical realism are

best achieved using two-equation turbulence models. Menter (1992) compares zero-

equation, Yz-equation one-equation and two-equation turbulence models for the well-

known Samuel-Joubert flow and two flows by Driver. It was found that all but the zero-

equation model deserved some credit, although all suffered fiom some deficiencies.

Initially a k-at model was being pursued in this research project, where ø represents the

ratio of k to e. Wilcox (1998) presents the most-well known k-atturbulence model, which

he later improves by incorporating the effects of cross-correlation term into the closure

coefficient and auxiliary functions (Wilcox, 1998). Menter (1992) shows that the k-at

turbulence model exhibits a strong dependence on the free stream value of a;. Liu and

Zheng (1994, 1995) and Liu and Jameson (1993) present formulations in which the k-a

equations are solved on staggered control volumes. Wilcox (1994) describes how the k-a¡

turbulence model with viscous modif,rcations predicts the nonlinear growth of flow

instabilities from laminar flow into the turbulent flow regime. An improved multiscale fr-

a; model accounts for disalignment of the Reynolds-stress-tensor and the mean-strain-

rate-tensor principal axes (Wilcox, 1988a). Wilcox (1993) compares eight low Reynolds

number (k-e and k-a) models for high Reynolds number, incompressible, turbulent



boundary layers with favorable, zero, and adverse pressure gradients. Ilegbuis and

Spalding (1985) claim that their new k-at model, that does not require any near-wall

modification of constants, can accurately predict a wide range of fluid-dynamic and heat-

transfer phenomena.

Speziale et al. (1992) present a k-r model, where r is the turbulent time scale, which

includes an exact viscous term that is usually neglected in the k-a¡ modeL lt yields

imploved predictions for tulbulent boundary layers. Menter (1994) presents two new

models that utilize the k-o¡ model in the boundary layer and switch to the Æ-s model

outside the boundary layer. Menter claims that this new model leads improvements over

othel eddy-viscosity models when predicting adverse pressure gradient flows. Menter

(1996) presents a comparison of four two-equation turbulence models and claims that the

shear-stress transport model predicts better results than the standard or RNG ,t-e

turbulence models for flows with strong adverse pressure gradients. Also, Menter (1997)

presents a method by which any two-equation eddy-viscosity turbulence model can be

transformed into a one-equation model, based on Bradshaw's assumption that the

turbulent shear stress is proportional to the turbulent kinetic energy.

Almost all of the above k-at models solve the turbulence equations through the sublayer

to the wall. This requires grid refinement near the wall to capture the steep velocity

gradients that exist there. As described earlier, the turbulence model in this research will

be applied to a CFD solver for multiphase flows. Impinging droplets and ice growth

could fill refined wall elements in a single time step, thereby requiring re-meshing. In



order to avoid this major diffrculty and computational expense, the standard k-e model

with wall functions will be employed. The k-e model is generally recognized as reliable

and relatively simple compared with multi-equation models of higher order closures

(Amano, 1984). The coefficients of the standard Æ-emodel used in Tascflow (2000) and

Wilcox (1998) were adopted in this research. Cazalbou et al. (1994) examine the flow

structure predicted in the vicinity of free-stream edges by two-equation eddy-viscosity

models. They conclude that the turbulence kinetic energy, dissipation rate and shear

stress predicted by the Æ-e turbulence model propagate into the non-turbulent region at

the same velocity with no need for any special relationship between the model constants.

Rodi and Scheuerer (1986) predict adverse pressure gradient flow with one-equation and

Æ-¿ turbulence models and found that a modification of the e-equation, emphasizing the

generation rate due to deceleration, improved predictions for both moderately and

strongly decelerated flows. Chai and Amano (1992) report improved predictions of the

second-order temperature velocity products in turbulent shear flows (over a Æ-e model)

using a higher-order turbulence closure model. These results arise because the

Boussinesq viscosity model assumes that turbulence is isotropic, and thus it over-predicts

tlre transverse normal components of the Reynolds stress. Yoon and Chung (1996)

propose a new k-e model with a cross-diffusion term that can be used to analyze

nonequilibrium flows. Goldberg et al. (1998) achieve improved predictions with a

proposed wall-distance-free low Reynolds number k-e turbulence closure model. It

incotporates an extra source term in the e transport equation, designed to increase the

level of a in nonequilibrium flow regions. Pajayakrit and Kind (2000) suggest that a k-e

7



model similal to that of Dash et al. (1983) or the Baldwin-Lomax model (Ig7B)

outperformed the k-a: model of Wilcox (198S) and the multiscale model of Wilcox

(1998) for engineering calculations involving wall-jet flows.

The renormalization group (RNG) Æ-¿ model was considered for use in this thesis. At this

time, there does not seem to be a consensus as to whether the RNG model is suitable for

complex flows, such as multiphase flows with droplets. However, the /r-¿ model's

coefficients can be updated at alater time to conform to those of an RNG model. Speziale

and Thangam (1992) show that the RNG k-e model of Yakhot and Orszag (1986)

substantially underpredicts the reattachment point for backward-facing step flows. They

show that the recent improvements of Yakhot et al. yield excellent results for the same

flow. Speziale et al. (1991) present a correction made to the RNG-based calculation of

the model constant C"t that imploves the poor performance of earlier RNG models in

homogeneous turbulent shear flows. Combining the claimed universality of the RNG-

based Æ-s model constants with the anisotropies of the nonlinear Ë-¿ model cannot

enhance predictions of both recirculating and shear flows (Papageorgakis, Assanis,

1999). Smith and Reynolds (1991) provide an independent, comprehensive, critical

review of the RNG theory of turbulence developed by Yakhot and Orszag. Lam (IggZ)

attempts to simplify the RNG theory of Yakhot and Orszag (1986) using more

conventional terms and a distinctly different viewooint.

In this thesis, wall functions will be implemented in the low Reynolds number near-wall

region, where the high-Reynolds number Æ-¿ should not be applied. Amano (1984)



performs a numerical study of separated and reattached flows created by a sudden pipe

expansion. Attention is given primarily to the development of turbulence near-wall

models based on the wall function. Chen and Patel (193S) investigate the performance of

different near-wall treatments in a single turbulence model. They found that a two-layer

model seems promising for the boundary layer and wake associated with two

axisymmetric bodies. Launder (1984) suggests that wall functions may be effectively

replaced by a frne-grid, near-wall treatment that extends the numerical computations

through the buffer zone to the wall. Patel et al. (1985) perform a systematic evaluation of

existing two-equation, low Reynolds number turbulence models. Peng and Davidson

(2000) present a two-equation turbulence model in which the turbulent eddy viscosity is

not constructed from scale-determining quantities, but rather it is calculated from a

transport equation. This model allows integration over the near-wall region, requiring

neither wall functions nor wall distance parameters in the model coefficients.

In this thesis, special shape functions are developed in the near-wall region, based on the

universal velocity profile of Reichardt (Fluent, 2000b). A new specification for s at the

first interior node was derived to be consistent with Reichardt's velocity profile. A

Dirichlet boundary condition for k at the first interior node was adapted (NWV, 2001). A

near-wall specif,rcation for the eddy viscosity, plesented by Schetz (1984), and developed

by Reichardt, is used in the near-wall region to provide almost identical results to those of

van Driest's rnixing length model (Fluent, 2000b). Methods of calculating production of Æ

in the near-wall region were adapted from Tascflow (2000) and Fluent (2000b) software

packages.



Negative solution values of Ë or e can have drastic effects on the Æ-s turbulence model. A

positivity scheme was implemented in this regard based on physical principles. Schneider

and Raw (1986) propose a skew-upwinding procedure for applications to control-volume-

based finite-element computations of convective-diffusive transporl problems. It

precludes the possibility of developing non-physical spatial oscillations within the

solution domain. Minkowycz et al. (1988) present a positive coeff,rcient advection

operator that prevents spatial oscillations in the streamwise direction. It balances mass

flow rates across sub-surfaces, rather than using upwinding to determine the influence

coefflrcients.

In this thesis, a channel flow was simulated to verify the corect formulation and

implementation of the k-t turbulence model. The simulation parameters of Mansour et al.

(1988), Kim et al. (1987), Kim and Moin (1989) and Teitel and Antonia(1993) were used

to veri$r a formulation for the friction velocity presented by White (1974). All of the

authors used direct numerical simulations (DNS) to obtain their results. Velocity profiles

of Eckelmann (1974) were used to aid in validating the predicted velocity fields. Eddy

viscosity profiles presented by Hinze (1959) provided the trend of the eddy viscosity

across the channel. Moin and Kim (1982) simulate a channel flow at a Reynolds number

of 13,800 using an eddy-viscosity model. Kim and Chen (1988) solved a fully developed

channel flow using a finite-element computational procedure for turbulent boundary layer

flows and an algebraic stress turbulence model. Johnson and King (1985) suggest fhata

new eddy-viscosity turbulence closure model, containing features of a Reynolds stress

i0



model and designed specifically to treat two-dimensional turbulent boundary layers with

strong adverse pressure gradients, is superior to the Cebeci-Smith model for predicting

channel flows.

Also, flow over a backward-facing step was simulated to further determine whether the k-

s model had been properly formulated and implemented. The key flow feature that was

examined was the reattachment length. Eaton and Johnson (1930) performed a detailed

experimental investigation of flow past a backward-facing step. Kim et al. (1980)

investigated flow over a backward-facing step with an expansion ratio of 3 at a Reynolds

number of 132,000. A reattachment length of 7.1 step heights was determined. Also,

Hackman et al. (1984) and Thangam and HuL (1991) present simulations of flow over a

backward-facing step using a k-e turbulence model. They state that insufficient grid

refinement can lead to underprediction of the reattachment lensth.

Particle Image Velocimetry GIV) is a non-intrusive, full-field flow measurement

technique. It is used in this research to measure the velocity field of flows past bluff

bodies resembling the helicopter engine bay cooling inlets. Buchhave (1992) discusses

pafticle image velocimetry as a fluid mechanics tool by comparison to other flow image

processing methods and standard laser anemometry. Myers et al. (1997) examine the flow

field in a vessel agitated by an axial-flow impeller in turbulent operation using digital

particle image velocimetry. It will be show that PIV provides a useful way to gain better

physical understanding of fluid dynamics as it relates to the current helicopter

application.

11



1.3 Overview of Tltesis

Following this chapter, Chapter 2 presents the discretization of the governing equations

of the /r-e turbulence model in a control-volume-based finite-element method (CVFEM).

Discretizing the domain using finite-elements and the formation of control volumes are

described as well as the use of linear shape functions to convert between local and global

coordinate systems.

Chapter 3 presents a turbulence formulation in the context of a previously developed

CFD solver for multiphase flow. The need for a turbulence model and an evaluation of

available models are covered. The two-equation family of turbulence models was

selected for this research based on its favorable performance for a variety of complex

engineeling flows.

Wall functions were used to prescribe the velocity profile in the low Reynolds number

near-walì region, where steep velocity gradients exist and the ,t-s model is not applicable.

Chapter 4 presents the near-wall formulation that was used. Special shape functions were

developed based on the universal velocity profile of Reichardt. A new specification for ¿

at the first interior node, that is consistent with Reichardt's velocity profile, is presented.

A formulation for speciSing the eddy-viscosity in the near-wall region is outlined. It

provides results similar to those obtained using van Driest's mixing length model.

t2



The solutions of the È and rconservation equations must be restricted to positive values.

If the values of Æ or e become negative, the polarity of key processes, such as advection,

diffusion and dissipation, will be reversed. Some software packages have incorporated

"clipping" in which all negative values in the solution field are replaced with a positive

value, usually taken to be a fraction of the largest value within the domain (Fluent

2000b). Chapter 5 discusses a positivity scheme that maintains the physics of the

solution, rather than merely an exercise in mathematics. This requires implementation on

a local, element-by-element basis and it controls the effects of individual physical

processes, such as advection or diffusion.

Flow between parallel plates (channel flow) was simulated to verifl' proper

implementation of the turbulence model (Chapter 6). This flow was selected because it

resembles the ductwork inside of a helicopter and because it may be used to generate

inlet boundary conditions for a backward-facing step simulation. The Reynolds number,

based on the bulk velocity and channel half-width for the simulations, was chosen to be

Re,,: 6,875. This Reynolds number corresponds to that used by Mansour et al. (1988)

and Wilcox (1998) to permit a comparison of results. A formulation presented by White

(1974) provides the wall shear stress from Re,,,. The simulated velocity profile, obtained

using the k-e turbulence model differed from that of Mansour et al. (1988). An over-

prediction of velocity leads to an over-prediction of production of k, and thus incorrect

predictions of other turbulence quantities. In order to assess the performance of the

present Æ-s turbulence model, various velocity profiles were determined for k-a¿ Stress-

a, Baldwin-Barth, Spalart-Allmaras, Cebeci-Smith, Baldwin Lomax and Johnson-King
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turbulence models using channel flow software from DCW Inc. (Wilcox, 1998). Grid

refinement improved the prediction of the turbulence quantities. Overall, the trends of Æ

and e appear to be correct when tested against a proper mean velocity profile. Also,

Chapter 6 presents a backward-facing step simulation that was performed to further

ensure that the present Æ-e turbulence model has been correctly formulated and properly

implemented into the CFD code. The simulations predicted reasonable trends of the

turbulence quantities. They produced a recirculation zone beyond the step and a

reattachment length of 5.35 step heights (an approximate 25%o underprediction,

comparable to other Æ-s model under-predications).

Chapter 7 presents particle image velocimetry (PIV) experiments that measured the flow

past two bluff bodies resembling helicopter engine bay cooling inlets (EBCIs). These

experiments provide the velocity f,reld past the bluff bodies from which stleamline and

vorticity plots were generated. The spreading rates of the turbulent wakes were

determined from the streamline plots. The spreading rates represent imporlant problem

parameters that may be used to validate numerical simulations past similarly shaped

bodies.

Finally, conclusions and recommendations for future research are presented in Chapter 8.
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Ch aptev 2z The Control-Volume-Based

F inite-Element Vlethod

A control-volume-based finite-element method (CVFEM) has been chosen to solve the

conservation equations for the fluid motion and turbulence quantities. The discretized

algebraic equations represent a balance of transient storage, advection, diffusion and

generation of some scalar quantity, þ. In the finite-element approach, the domain is

subdivided into four-noded quadrilateral f,rnite elements with nodes located at the corners

of the elements. A control- volume is formed around each node and it includes sub-

element contributions fi'om all surrounding elements. The governing equations are solved

by a conservation approach, where the flux of þ (i.e. momentum, kinetic energy or mass)

is tracked acloss the borders of a control volume. An assembly procedure groups

control-volume contributions from different elements.

A feature of the CVFEM that makes it particularly attracfive is that it is strictly

conservative. This means that there is no artificial creation of destruction of a conserved

quantity due to the discretization, although errors due to the algebraic approximations of

the differential governing equations can still persist. The flow of a conserved variable out
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of one control volume flows into the adjacent control volume(s). The discrete equation is

developed term by term from physical principals. In other words, each of the terms in the

algebraic equation represents a physical process, such as diffusion, convection or

production. This proves useful when analyzing the results of a simulation in that one can

better understand the effects of each of the physical processes on the solution. This

chapter presents how the CVFEM approach is used to solve the conservation equations

for a scalar variable.

2.1 TIte Conservation Equations

The CVFEM is presented for a generic scalar quantity, denoted bV ó. The two-

dimensional, incompressible conservation equation for þ may be written as

(2.1)

The terms represent, from left to right, the transient term, the convection of þ, the

diffusion of þ and a source term. The time derivative term renders the system of

equations parabolic rather than elliptic. The variable f represents a diffusion coefficient.

In the above equations the Einstein summation convention has been used (note: j:1,2

for two-dimensional flows).
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Integrating equation (2.1) over a discrete volume (or two-dimensional aÍea, A,

encompassed by its surface, ,T), and using the Gauss Theorem results in the following

discretized conservation equation:

I^fiøøvo* !,(n,,Ø) d,,-t[.#) dn, = [os,dA (2.2)

where the integration is performed either ovel the area (volume) of the control volume or

along the surface around the control volume. The term dn¡ represents the outward-facing

unit normal vector at the surface.

Equation (2.2) is the general form of the conservation equation that may be used for any

scalar property. The CVFEM approach for solving the conservation equations is well

suited to coding, as all geometric information is available at a local elemental level.

2.2 The Finite Element

In this research, the spatial domain is subdivided into 4-noded finite-elements. The nodes

are situated at the corners of the elements and they represent the points where the

conserved variables are solved are stored. The inter-element boundaries need not be

orthogonal, thereby retaining the full geometric flexibility of a control-volume method. A

sample grid, representative of those used in this thesis, is presented in Figure 2.1. The

local conservations equations are generated on an element-by-element basis. The local
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contributions to the conservation equations for each of the four sub-control volumes

within an element are grouped together with an assembly procedure.

Figure 2.1: Typical CVFEM grid

Each element is assigned a non-orlhogonal coordinate system with coordinates

designated by s and / r'anging from -1 to +1. The local coordinate system allows each

element to be treated in exactly the same manner. The nodes of an element are assigned a

local numbering scheme from 7 to 4, increasing counterclockwise around an element as

shown in Figule 2.2.
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axls

Figure 2.2: Typical element

The edges of the control volumes are defined by the lines s : 0 and / : 0 of surrounding

elements as seen in Figure 2.3. The control volume is formed as an assembly of

contributions from each of the four elements having a node in common. The choice of the

lines s: 0 and /: 0 is not the only possibility. In fact, any lines of constant s and r values

would suffice, The choice of the lines s:0 and /:0 ensures that the edges of adjacent

control volumes coincide.
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Figure 2.3: Finite element definitions

The lines s : 0 and /: 0 divide an element into four approximately equal portions, which

will henceforth be referred to as sub-control-volumes (SCV) as shown in Figure 2.3.

Each SCV is assigned the same number as the local node that is exclusive to that SCV.

Each edge of a SCV internal to the element is refered to as a sub-surface (SS) and it is

assigned the same number as the SCV located immediately clockwise of the surface, as

shown in Figure 2.3. The fluxes are evaluated at the midpoints of each SS, refened to as

integration-points (ip), whose number is the same as that of the SS on which the ip is

centered, as shown in Figure 2.3. The advective and diffusive fluxes are evaluated at the

ips.

2.3 TIte Linear Shape Functions

The conservation equations are generated on an elemental level using the local coordinate

system. All information about the mesh, however, is available on a global level. Thus, we



require a transformation procedure to convert between local and global coordinate

systems. Bilinear shape functions (transformation functions) have been employed to

perform this task. If the global x andy coordinates of local node i are designated as x¡ and

y¡, then the following equations may be used to calculate the global coordinates anywhere

within the elements:

4

x(s,l): I ¡/, (r, r)",
i-l

4

y(", ¡)= I N, (r, t)y,
i-l

where the bilinear shaoe functions are:

N, (s, r)= | tt + r[t + r)

Nr(",r)=+(r-s[r+r)
T

N,(r, ,)=I(r-s[r-r)

1

1/o (r, ,)=;(t + "[t -r)

(2.3a)

(2.3b)

Q.aa)

(2.4b)

Q.ac)

(2.4d)

Equation (2.3) may be adopted for any scalar variable þ that is assumed to vary linearly

within an element. Thus" we mav write
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Equation (2.2) requires both the differentiation (diffusion) and integration (unsteady and

source telms) of þ at various locations within the element. We first consider the

differentiation of a scalar quantity, þ,with respect to the global coordinates, x andy. The

shape functions are continuous and may thus be differentiated as

4

,/,(, t\= f 
^/ 

(" t\i,Y \-)',1 /_/'' I \*)-,,Yt

ôøl

oxlt,t

ôøl

^lo! l,.t

ôN, _ôN, ôx , ôN, ù
ôs ôx ôs ôy ôs

ôN, _ôN, ôx , ôN, Ø
ôr ôxôt ùôt

(2 s)

(2.6a)

(2.6b)

(2.7a)

(2.7b)

- + aN,l
-L a-l

t=l un 
I s,Í

_ + ali,l
- 3 av 1,.,

Q,

þ¡

Equation (2.6) requires the x and y derivatives of the shape functions. The chain rule for

partial derivatives is employed as follows:

The paltial derivatives with respect to s of ¡/¡, x and y are known. A similar argument

holds for the partial derivatives with respect to / of N¡, x and y. Equation (2.7) may be

rewritten in matrix form as
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(2 8)

(2.e)

(2.10)

The spatial derivatives of N, may be determined by solving the above equation to yield

[a¡¿, l I a, ayll ôN,1

I a, l-la ô,il â" 
I

lôN, l-la' ôyllôN,l
LaJ Lô, ô' )lôyl

[a¡¿,1 | ry ayllaN,l
lô'- l-tl ôt -ô'll ô'l
I aN, l- / | ôx ax ll arrt, 

Ilôrl l-ô, a'llô'j

where

, ô*Ø ôyôx
..1 =-

ôs ôt ôs ôt

All of the terms in equation (2.9) and in the definition of Jare known by differentiating

equation (2.3) witli respect to either.ç or /. Thus,

(2.lla,b)

(2.1 1c, d)

ôr _$ ôN¡ 
_

ar-î ôt ^'

^ 
4 

^tIØ - ç' otY, 
,,

ôt - L,=, ôt 'i

^a¿J

ô"_$ôN¡ -
õt- ? ôs ^'

ay_+ ôN, 
.,

ôs - L,=, as ''



Equation (2.I1) requires the

calculated to be

local derivatives of the shape functions, which may be

^ÀI 
lv,'l_1lt+r)

^r\/os+

^^I 
1""2 __1(t+¡)

^/\/os+

^^I 
1u"3:_1û_¡)

ôs 4'

AAT I""4 _t(t_r)
ôs 4'

(2.r2a)

(2.12b)

(2.12c)

(2.r2d)

Equations (2.6) through (2.12) allow the global x andy derivatives of any scalar variable

to be calculated, provided the local (s, r) coordinate and the values of þ¡ at the nodal

points are known. These derivatives are required for calculating the diffusion terms and

they are calculated at the integration points (shown in Figure 2.3). This procedure is

coded and implemented in the CFD code.

We now possess the tools required to calculate the diffusive flux across the surfaces of a

control-volume, but we have not yet defined these surfaces.

Consider the surface in Fieure 2.4 that forms one of the edses of a control volume.
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Figure 2.4: Normal surface vector

If one considers a counterclockwise traversal around the control volume along the line

segment joining points a and ó, then the vector S is representative of the outward facing

normal for the surface. If we define the distances Âx and Ay as

Lx=x6-xo

Ly=yt-yo

then it follows that S mav be expressed as

S=Lyi-Lxj

We again use the chain rule and write

ds+ _dt
õr

Av'dt
ôr

Ql=-
ôs

_ôv
uy--'ôs

(2.r3a)

(2.r3b)

(2.13)

Q.laa)

uJ -f
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If we consider the fact that the partial derivatives of x and y with respect to s and r are

constants, we may integrate equation (2.I4) from a to ó and write

al ¡l

^" 
=:l as + ll Lt (z.rla)

õsl,p ôtl¡p

ôvl õvl
Ay = +l 

^s 
+ 1l Lr (2.1sb)' ôsl,p ôt l¡p

where the subscript ip indicates that the derivatives are evaluated at the integration points.

In Eq. (2.I5), the variables As and Lt are defined as

A.t=^t¿-so and d,t=tt-to

2.4 Approximating the Diffusion Term

We now have a formulation for approximating the differentiation of þ at the surface of a

control volume. Let us now examine exactly how this formulation may be used to

approximate the diffusion terms of the conservation equations.

The diffusion terms are evaluated for all surfaces internal to the element. The discrete

form of the diffusion terms in Eq. (2.2) may be written as

(2.r6)

| . ôø ).- ^ -aø-l Â, -rôÓl z\¡rL"I ^ 'Qlt,xI-:1 
^!ir-I ^ | l\x{)r ax j ' oxl,r"t '' ôrl,r-"'o
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Using Eq. (2.6), we may write Eq. (2.I7) in terms of nodal

shape functions, as

values, through the use of

(2.18)r -ôóI r 
-.dn,JSS âv r

(qaru ì (qaru I
=rl > **, lor,, -l I **, l*,,

\r=l v^ / \,,=l v)/ )

where all derivatives are evaluated at the integration points. Using an uppelcase O

indicates that a nodal value is considered, as opposed to a lowercase þ, which indicates an

integration point value. We now have a way of evaluating the diffusion terms of the

conservation equations. Let us now consider the unsteady and source terms, for which we

require a formulation for integrating þ over a sub-control volume.

Approximating tlte Unsteødy ønd Source Terms

The unsteady terms and the source terms in Eq. (2.2) require a procedure that allows / to

be integrated over an area bounded by a given s and ¿ range. Define avector, I , as

t'=Yt +vl
"--'JJ (2.re)

at any point within an element, as shown in Figure 2.5,
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#
/ rÌF

f /r. dt

d.4lr
//' ds

Figure 2.5: Integration area definition

A clrange in the vector r may be written as

^-or,or
dr - _ds+_dÍ

ôs ôt

If we rewrite dr in terms of chanses in the local coordinates traversed bv dr . i.e.

uI -uJlU¿

Then tlre area defined by the vectors dS and df is given by their vector product as

(2.20)

(2.2r)

dA =tds * dt | =lq, qlo,o, :l( 4î * 2îl. lq î * 4 ¡\ldr¿,' lôs õtl l\as ôs")\ô¡ ôt")l

Examination of Eq. (2.10) reveals the relation

28

(2.22)



at:ltlasdr (2.23)

The transient storage telm in Eq. (2.2) is solved using a lumped approach, wherein we

assume that the value of the scalar is constant across the area of integration. The value of

the scalar is calculated at the center of each sub-control volume. For example, the value

of the scalar would be determined at (s, /): ('lr,'lr) for SCVI. The lumped approach

leads to the following discrete form of the transient term,

L,*bø)d¿=r[%o) (2.24)

wlrere the superscripts n+l and n indicate that (Þ is evaluated at the new and previous

time steps, respectively.

A lumped approach is also used for source terms, in which case we may write

Irrrtrdo o søJ (2.24)

where,S¿ is evaluated at the center of the sub-control volume under consideration.
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Approximating the Advection Term

The advection term in Eq. (2.2) is evaluated for all surfaces internal to the element. For

SCVI, the advection term is evaluated at S54 and SSI (see Figure 2.3). The discrete form

of the advection term may be written as

lrrÞu,ø) dn, * pu,oþ,rhv- Pv,oó,nax (2.2s)

where the subscript þ indicates that the variable is evaluated at an integration point. The

ternrs Àx and Ay indicate the change in the values of x and y for a counter-clockwise

traversal of the sub-surface. It may be observed that the integration point velocities must

be written in terms of nodal quantities since the final algebraic equations involve nodal (Þ

only. The relative influences of neighboring nodes are contained within influence

coefficients. In this thesis, the influence coefficients are determined by a Physical

Influence Scheme (PINS) (Naterer, 2002).In this method, the dependence of the central

node on neighboring nodes is obtained by a local approximation of the governing

transpolt equations at the central node.

All of the conservation equations in the CFD model are solved with the CVFEM

approach presented in this chapter.
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Chapfer 3: Turbulence

Flows with either very small characteristic lengths or low velocities are typically laminar.

Laminar flows are characteized by the diffusion of momentum by molecular viscosity

alone. They typically reach a steady-state solution, given fixed conditions at all inlets and

outlets and suff,rcient elapsed time. In these cases, the instantaneous flow properties

eventually match the steady-state values. The levels of inertia in the flow are not large

enough to overcome the diffusive actìon of molecular viscosity. Unfortunately, there are

few flows of engineering and industrial interest that may be classified as entirely laminar.

If the velocity of a laminar flow is gradually increased, there generally exists a point at

which the inertia of the fluid will begin to overcome the diffusive effects of viscosity

(Wilcox, 1998). At this point, know as the transition point, the flow will destabllize and

become intermittently turbulent. If the velocity is further increased, the flow usually

becomes fully turbulent. Thus, it may be said that turbulent flows develop from

instability of laminar flows. Almost all flows of practical engineering interest may be

classified as turbulent flows. Steep velocity gradients and pressure gradients are typical

of tulbulent flows. The unsteady nature of turbulent flows requires the time history of the

flow in order to determine current instantaneous properties of the flow. We usually do not
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require a complete transient solution of a flow, so we are thus satisfied with calculating

the tirne-averaged solution. While the instantaneous solution of a turbulent flow is highly

dependent on initial conditions, the statistically averaged properties are typically not.

It would prove useful to briefly explain some of the characteristics of turbulence. When

discussing the length scales of turbulence, we often refer to eddies, which are local

swirling regions in the fluid that are responsible for enhanced mixing and effective

turbulent stresses. The diameters of these eddies are representative of the length scales of

the turbulence. Turbulence may be considered to be a continuum phenomenon because

the smallest scale of the turbulence (the size of the smallest eddies) is several orders of

magnitude larger than the size of the fluid's molecules. Thus, we need not track

individual molecules. In actuality, there is a continuous range of length scales,

encompassing the larger energy-bearing eddies through to the smallest eddies. In order to

exactly solve the 3-D time-dependent motion of the fluid, one would need to solve the

equations of motion for several different length scales. This type of solution is not

practical, given the limits of current computer teclurology. Fortunately, we can make use

of the fact that turbulence is a cascading process, whereby energy is cascaded down from

the largest eddies to the smallest eddies. The smallest eddies dissipate energy into heat

through the action of molecular diffusion. It is the larger energy-bearing eddies, however,

that determine the rate at which the energy is cascaded down to the srnaller eddies, thus

determining the dissipation rate of the turbulence. Thus, solving the equations of motion

for the larger scale eddies is usually sufficient.
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High velocities generally render all flows pertaining to aircraft flight to be turbulent. Any

models that are used in predicting ice accretion during flight should account for the

turbulent nature of the flow. The turbulent fluctuations in the flow lead to enhanced

diffusion (momentum and energy) and effective turbulent stresses, which are often

several orders of magnitude larger than viscous stresses found in laminar flows. Many

methods of accounting for the effects of turbulence in a flow involve an eddy (or

turbulent) viscosity. A turbulence model must be incorporated into any CFD code before

it may be used in solving the flight-related fluid flows.

3.1 Turbulent Momentum Equatíons

Let us examine the turbulent momentum equations to better understand how turbulence

changes the laminar momentum equations. The laminar momentum equation for'

incompressible flow is

ô(J, ô(J, ôP a ( au, ô¿l, Io-*ou.:=__+u_l + |' ^, ^ ^ | ^ ^ |ot ax¡ ox ox,t Õx ox¡ )
(3. 1)

The variables u, p and p represent velocity, pressure and dynamic viscosity, respectively.

We derive the turbulent momentum equations by rewriting the velocity and pressure

terms as the sum of mean and fluctuating components, viz. (Wilcox, 1998)

u,6,,t) = U,6,)+r,' (*,,r)

1a
JJ
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where uppercase variables represent time-averaged (mean) components and primed

variables represent fluctuating (turbulent) components of the instantaneous variable. The

time-average, F?{x), of the instantaneous flow variable,fx, t), may be defined as

p6, ,t): P6,)*p'(' , ,,)

Fr(*)= tim,.-- ; I,'* f (x,r)dt

(3.2b)

(3.4)

(3.3)

In the above equation, the characteristic time interval, T, cannot realistically reach

inf,rnity and so it is chosen to be very long relative to the maximum period of the

fluctuations. After inserting the instantaneous variables of Eq. (3.2) into Eq.(3.1) and

time avelaging the results, we anive at the turbulent momentum equations, viz.

Details of the time averaging process may be found in Wilcox (1998). A comparison of

the laminar and turbulent forms of the momentum equations reveals that all fluctuating

components are removed by the time-averaging procedure except for the correlation

-itrvolving u ,'u,', which is the time-averaged rate of momentum transfer due to turbulent

fluctuations. This corlelation is responsible for the enhanced diffusion of scalar
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properties, such as velocity and energy. Equation (3.4) may be wlitten in its most familiar

form as

A(J, -. AU, Ap ô ( ôU, ô(J , _l
e * *Pu¡ u;=-C+ ur[rË.p ô;-p,¡'u, )

(3 .5)

This equation is usually referred to as the Reynolds-averaged Navier-Stokes equation.

The terrn - r\Z' is the specific Reynolds stress tensor and it is denoted as e,¡. The

purpose of a turbulence model is to provide an approximation for the apparent stress (the

Reynolds stress tensor) in terms of known flow properties, such that a sufficient number

of equations exist to permit a closed solution.

3.2 Types of Turbulence Models

Several different approaches have been developed to account for the effects of the

apparent turbulent stresses. Some of these turbulence models include algebraic (or zerc-

equation) models, one-equation models, two-equation models and stress-transport

models. Each class of turbulence model has advantages and disadvantages that will be

discussed below. The nature of the flow and the desired parameters dictate which type of

model is most appropriate for a particular application.

Algebraic models are the simplest turbulence models. They utilize the Boussinesq eddy-

viscosity approximation to allow computations of the Reynolds stress tensor as a product

of an eddy viscosity and the mean strain rate tensor. An algebraic relation between the
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eddy viscosity and length scales of the mean flow usually specifies the mixing length. An

algebraic model is termed incomplete because the mixing length and eddy viscosity need

to be specified in advance. Although simpler than the two-equation models or stress-

transpot't models, algebraic models have proven useful in many engineering fields. Some

researchers are still making advances in the effective use of aigebraic models, most

notably the Cebeci-Smith and Baldwin-Lomax models, which divide the flow into inner

and outer regions. Both the Cebeci-Smith and Baldwin-Lomax models accurately

reproduce the skin friction and velocity profiles for incompressible turbulent boundary

layers in flows with weak pressure gradients (Wilcox, 1998).

One-Equation models are slightly more complex than algebraic models in that they

involve one more equation to be solved, namely an equation that allows the specification

of the eddy viscosity. For example, Prandtl (V/ilcox, 1998) expressed the eddy viscosity

AS

vr=kt/2¡:ç,.

In order to determine the eddy viscosity, only one equation

the equation for the turbulence kinetic energy, viz.

ôk

-J-llUI

,)

o
(3.6)

needs to be solved, namely
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where / is a mixing length, oris a dimensionless constant and P¡ is the

turbulence kinetic energy, which rnay be expressed as

ãtl
D -- 

""t
f t- 

- 
L" u ô*,

production of

(3 .8)

Prandtl's one-equation model is not complete, as the mixing length still requires

specification in advance. Other more elaborate one-equation models have more recently

been devised that contain far more closure coefficients and empirical damping

coeff,rcients. Some of these models are complete, meaning that no other information, such

a mixing length, needs be specified in advance. However, this does not have any

implications pertaining to the accuracy of their results.

Stress-transporl models are often referred to as second-order closure or second moment

closule rnodels. These models naturally incorporate the effects of streamline curvature,

sudden changes in strain rate and secondary motions. The disadvantage of such

improvements is a larger number of equations, the introduction of more closure

coefficients and a dramatic increase in model complexity and computer resources. This

has led stress-transport models to be applied to relatively few applications.

The two-equation family of turbulence models has been selected for use in this research

and it is detailed further in the following sections.
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3.3 Two-EquationTurbulenceModels

A two-equation tulbulence model has been chosen for solving the problem of ice

accretion on helicopter engine bay cooling inlets for many reasons. Most of the research

conducted on turbulence models in the past couple of decades has focused on two-

equation turbulence rnodels. These models have enjoyed success in simulating a variety

of complex flows for which algebraic models would be inappropriate. The geometry of

the engine bay cooling inlet (see sample representation in Fig.2.1) is likely too complex

for an algebraic model, as there would be difficulties in prescribing an appropriate length

scale. Two-equation models provide a prescription for the computation of Æ, as well as

providing the length scale. This makes two-equation models complete, in that they do not

require any prior knowledge of the turbulence structure. A two-equation model appears to

be capable of providing reasonable estimates of the tulbulence length scales in an eddy

viscosity approach. Thus, it appears to provide a good basis fi'om which droplet effects

may be included in future work.

Most two-equation turbulence models make use of the Boussinesq eddy-viscosity

approximation. This approximation assumes that the Reynolds stress tensor is

proportional to the rìean velocity gradients. The constant of proportionality is the eddy

viscosity. Thus, the Boussinesq eddy-viscosity approximation may be written as

( au ôu,l
=Vr'l t +-j I' 

[ ôr,, ôxt )
T,. = -?'1 ,'Ll ,'UII
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In order to model a turbulent flow field, we need to calculate the spatial distribution of v7,

rather than attempting to predict the unknown corelatio n u ;,r,' .

Almost every two-equation turbulence model makes use of the conservation equation for

the turbulence kinetic energy, È, which may be written as (V/ilcox, 1998)

ôk_+tt
ôt'"¡

ak=
ôx,

ôk ôl( u,)arlr,.__€+_llv+ l_l
''ôr, arr[[ oo)ôx,)

(3.10)

Thele are several variations of two-equation turbulence models and it is the second

transport equation that dictates into which family the turbulence model is classif,red.

There is also a wide range of closure coeffìcients and damping functions within each

family.

The k-r family of turbulence models uses a turbulence dissipation time, r, as the second

variable. Dimensional analysis provides us with a means of calculating the eddy

viscosity, turbulence length scale and dissipation rate viz.

, 1t)vræKT, I6K'-T, (3. 1 1)
K

I æ.-
,r
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The k-a¡ family of turbulence models uses the ratio of Æ to

variable. This leads to a formulation for the eddy viscosity,

scale, viz.

a, denoted a:, as the second

dissipation rate and length

(3.12)

(3.13)

Sonre authors choose to express the second transport equation in terms of af .

The k-e family of turbulence models uses the specific dissipation rate, €, as the second

scalar valiable. This leads to a formulation for the eddy-viscosity and turbulence length

scale viz.

k
v't'6-,

ú)

7,2

v'r'6-,

t 1/)

)
Ct)

t 1/)

¿w-

ö

sæak

Each of the families contains several models, each with a unique method of writing the

second transpolt equation, most notably in the specification of the closure coefficients

and damping functions. Each of the families has merits and drawbacks. It is up to the

researcher to decide which of the models is most appropriate to their work. For reasons

discnssed earlier, the k-e family of turbulence models has been selected for this research,

and it will be further discussed in the followine section.

40



3.4 Cltoosing an Appropriøte Two-Equøtion Turbulence Model

A literature review was conducted in order to determine which two-equation turbulence

models were available, together with their advantages and disadvantages. Among the

many two-equation turbulence models, it is the standard k-t and k-at models that are

receiving the most widespread attention. The most notable work on the k-at model has

been perforrned by Wilcox et al. have performed the most notable work on the k-ot model

(Wilcox, 1988a, 1993, 1994, 1998) whereas several researchers are pursuing the k-e

model. Some authors (Wilcox, Menter, Speziale and Peng; documented by Wilcox, 1998)

have combined the two models, benefiting from the advantages, while eliminating some

of the shoftcominss of each individual model.

The choice of which two-equation turbulence model should be used in this research

depended largely on the method in which the models handle the near-wall region of wall-

bounded flows. Large velocity gradients exist in this region, thereby requiring an

excessive numbel of nodal points to accurately capture the details of the flow. Numerical

difficulties arise when using the standard k-e model in the near-wall region. This is

largely due to the fact that the standard A-e model is strictly a high-Reynolds number

model. As a result, it is not applicable in the near-wall region. Additionally, the equations

of the standard ,t-e model are stiff in the near-wall region, leading to computational

difficulties (Wilcox, 1 998).
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Many difficulties associated with the standard k-emodel are not present in the standard Æ-

ø model. The standard k-co model is a low-Reynolds number model and it may be applied

in both the near-wall and fully turbulent regions. The solution of a; in the near-wall

regions is highly dependent on the value of ø in the free-stream (Wilcox, 1998, Menter,

1991, Kok, 1999). This may lead to inaccurate solutions of the near-wall region if

inappropriate boundary conditions are applied to the free-stream flow. A hybrid model

that combines the k-e and fr-ar models alleviates this free-stream dependence by including

a cross diffusion term viz.

(3.14)

on the right-hand side of the transport equation for the turbulence kinetic energy, i.e. Eq.

(3.10). This cross diffusion term arises when the formal change of variable s e = c ,,kat is

made in the standard transport equation for Æ. While the inclusion of the cross diffusion

term improves the predictive capabilities of the k-ømodel, the differential equations are

far more difficult to solve. Wilcox has derived a k-a model that incorporates the

influence of the cross-diffusion term into the model's closure coefficients with the

addition of some auxiliary relations (Wilcox, 1998).

The most notable difficulty associated with both the k-a¡ and hybrid turbulence models

arises specifically when they are implemented into a multiphase CFD code. As

mentioned earlier, in older to resolve the steep velocity gradients in the near-wall region,
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the grid immediately adjacent to solid walls needs to be ref,rned. Besides significantly

increasing computation times due to the increased number of nodal points, considerable

difficulties arise when applying boundary conditions at the onset and growth of ice on the

surface.

Figure 3.1 depicts a typical surface on which ice accretion has occurred. The boundary

condition for a¡ is applied to the first interior node of the solution dornain. An accurate

resolution of the near-wall region demands that this point is very close to the surface. For

smooth surfaces, the boundary condition on ø is (Wilcox, 1988a)

CÙ _) y+0 (3 15)

where B is an empirical constant having a value of 3140. Equation (3.15) is no longer

applicable at the first interiol nodal point after it has become completely submerged in

ice, or the unfrozen water layer containing incoming droplets. The degree of grid

refinement required when integrating the conservation equations directly to the wall

could lead to submersion of the first interior node in a single time step. Thus, re-meshing

is required after the solution of each tirne step (anlor inter-equation iteration) after the

onset of ice accretion. This is excessively inconvenient for most applications, thereby

appearing to render the use of the k- at and hybrid models inappropriate for these types of

multiphase simulations.

6, u,

fu2'
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In light of the above arguments, it was decided that the Æ-s turbulence model with wall

functions would be used. Wall functions prescribe a universal velocity profile within the

near-wall region. The solution domain for the high-Reynolds number Æ-s model extends

only to the tops of the wall elements, which may be sufficiently removed fi'om the wall as

to reduce the difficulties associated with ice and/or water/droplets filling these wall

elements.

Figure 3.1: Refïned grid at a solid boundary with ice accretion

3.5 TIte Standard k-s Turbulence Model

The k-e model is generally recognized as reliable and it is relatively simple compared

with multi-equation models of higher order closures (Amano, 1984). The k-e turbulence

model of Jones and Launder (1972) is the most well known two-equation turbulence

model developed to date. In fact, it is so well known that it is commonly referred to as the

standard Æ-e model. The revised closure coefficients of Launder and Sharma (1974) are

used by most researchers today (Wilcox, l99B).
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The standard k-e model, henceforth referred to as the fr-e model, makes use of the

Reynolds stress tensor of Eq. (3.9) and the transport equation for k, Eq. (3 10). The

second transport equation atternpts to model the specific dissipation rate of the turbulence

kinetic energy, e. The quantity e is defined as

The exact transport equation for e may be written as (Wilcox, 1998)

(3 16)

(3.17)

The first line of the right hand side of Eq. (3.17) represents the production of e. The

second line represents the dissipation of e. The last line represents the sum of the

molecular diffusion of e and the turbulent transporl of s. The exact transport equation for

¿ is extremely complex and would require impractical amounts of cornputer resources to

solve. The s transport equation of the standard È-e turbulence model approximates Eq.

(3.I7) using empirical relations for production, dissipation and diffusion of e. The k-t

model used in this research is shown as follows,
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Bddy Viscosity:

t)
l.-
N

vr = C,, 
-Õ

Turbulence Kinetic Energy:

(3.1 8)

(3.1e)ry*''W:rtl('.i)ruf .P'-P€

Dissipation Rate:

a(pe\ õ(pe\ ô l( u.,.\ ôe I ' t'
- 

+U,Y =:1ll p+Ll-l*C",ipo-C"rpLõr ' ô*, a", [[' o, )ôx, ) "' k ^ è!' 
k

where the production of turbulence kinetic energy, P ø for 2-D incompressible flow is

In the above equations, U and V refer to the mean velocity components in the x and y

directions, respectively. The closure coefficients of equations (3.20) and (3.2I) are

(Tascflow, 2000):

oo:I.0, ou=7.3, Crr=L44, Crr=7.92, cr=0.09

(3.20)

p, : r, + =,, (+ . *)i =,,1,(#)' .,(K)' . ( *t . X)' ],,,,,
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In the Æ equation, the terms represent (from left to right) the convective (substantive)

derivative of /r, flux of k by diffusion, production of Æ and dissipation of Æ, respectively.

The ploduction term, P¿, represents the late at which kinetic energy is transferred to the

turbulence from the mean flow.

The term ¡t ôlcf ôx ¡ is moleculal diffusion and it represents tlie diffusion of turbulent

energy by the fluid's molecular transporl process. The other term, (prloo)at¡arr,

includes two parts: (i) the rate at which turbulent kinetic energy is transported through the

fluid by the turbulent fluctuations, and (ii) pressure diffusion (interactions between

pressure and velocity fluctuations).

The total viscosity is the sum of the laminar and the eddy viscosity viz.

v=v0+vT

þ=þo+[tr

(3.23)

(3.24)

Incorporating Eq. (3.24) into Eq. (3.5) yields Eq.(3.1), where pnow represents the total

viscosity.

The k-e turbulence model provides us with a means of calculating the spatial distribution

of v7 and thus the distribution of the total viscosity of Eq. (3.24). The total viscosity is

passed from the turbulence model to the momentum equations by means of the Prandtl

number, Pr. The value of Pr is calculated at each integration point as
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D--tt -

, rp(, + vr)
(3.2s)

where c, is the specific heat and Æ is the thermal conductivity of the fluid.

3.6 Boundøry Conditions

The boundary conditions at inlets and outlets are handled the same for À and e as they are

for the non-turbulent variables. Dirichlet or Neumann boundary conditions are applied on

k and e at the inlets and outlets. Special boundary conditions are applied along solid

boundaries using wall functions. The wall boundary conditions will be detailed in

Chapter 4.

3.7 Implementøtion of the k-e Turbulence Model

The k-t turbulence model has been added to an existing CFD code that originally

contained no turbulence model, henceforlh refered to as the base code. The first step in

incorporating the turbulence model was to become familiar with the structure of the base

code and determine the best implementation strategy. Other students are adding

subroutines to the base code as well, so it is desirable to change the base code as little as

possible.

The mainline of the base code calls a subroutine that reads the mesh file. as well as the

laminar initial and boundaly condition files. The format of these initial and boundary
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condition frles would ideally have been modified to include entries for Æ and e. This may

have prevented the base code from operating ploperly for laminar simulations and may

not have been compatible with the works of other students. It was thus decided to read

the initial and boundary condition information for k and e from separate turbulent initial

and boundary condition f,rles.

The initial values of k and ¿ should have no impact on their final (steady state) values.

They have, however, been used to calculate the initial value of the total viscosity, tlu'ough

Eqs. (3.18) and (3.23). This initial value of the total viscosity dictates whether a lealistic

velocity f,reld will be obtained from the first solution of the momentum equations. It has

been found that if the initial total viscosity is too low, the f,rrst solution of the momentum

equations will not converge yielding a velocity field that is very inaccurate, with nodal

outliers that are several orders of magnitude too large. This creates drastic problems with

the solution of Æ and e for the first time step because of the unrealistic distribution of

production. It has been found that choosing k and s such that a Reynolds number based

on the eddy viscosity, rather than the kinematic viscosity, corresponds to laminar flow,

which results in a well behaved initial solution of the velocity freld. Then, a reasonable

first solution of the eddy viscosity distribution mav be calculated.

A segregated solution is used for the k and e equations rather than a simultaneous

solution. The Æ transport equation is solved first, using the most recently updated values

of k, e, and v7. The s transport equation is then solved, using the most recent values of

both ¿ and v7, along with the value of Æ from the previous iteration (not the most recent
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solution). The solutions of Æ and e are iterated until either of the following two conditions

is met: (i) the solution of the eddy viscosity converges to within a user-def,rned tolerance,

or (ii) the solution has iterated a user-defined maximum number of times. The newest

solution of the eddy viscosity is used to update Pr, through Eq. (3.25), which is then used

by the next iteration of the momentum equations.

The k-e turbulence model discussed in this chapter has been implemented into tlie CFD

base code. All of the flows studied in this thesis are wall-bounded flows. It still remains,

holever, to describe the wall functions that are required in the near-wall region. Chapter

4 discusses the treatment of the near-wall region, including why the wall functions are

required and how they are implemented.
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Chapter 4: The l{ear-Wall R.egion

The near-wall region of a wall-bounded flow requires special attention when applying

boundary conditions for Æ and e. Dramatic grid refinement would be required close to

solid walls to accurately capture the steep velocity gradients that exist there. For reasons

discussed earlier (i.e. rear-wall ice growth and reducing computational costs) we choose

to impose a velocity profile in the near-wall region based on universal velocity prof,rles,

rather than solving the velocity profile using conservation equations. This chapter

presents the universal velocity profiles along with their range of applicability and

describes their implementation into the CFD code.

4.1 ll/øll Functions

A difficulty arises when modeling turbulent flows using the k-e model in the viscosity-

affected near-wall region. This is the region adjacent to solid boundaries that contains the

viscous sublayer and buffer region. The near-wall region is bounded by the fully

turbulent core flow and a solid boundary. The velocity increases from zero at the wall to

an order of magnitude of the mean flow through the near-wall region. The thickness of

the near-wall region is typically several orders of magnitude smaller than the
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characteristic length of the flow. The near-wall region thus contains very large velocity

sradients.

One technique that has been used to resolve the velocity profile in the near-wall region is

to refine the grid near solid boundaries. This permits the conservation equations for the

turbulence and flow fields to be directly integrated through the sublayer to the physical

wall. However, the stiffness of the ,t-e model near solid boundaries often leads to

numerical diffrculties. Additionally, the fr-s model is a high-Reynolds number model,

and thus it will not produce accurate results if implernented in the low-Reynolds number

near-wall resion.

One alternative method for solving the near-wall region involves blending a low-

Reynolds number model in the near-wall region with the Æ-e model outside the sublayer

where the flow is fully turbulent. One such low-Reynolds number model is van Driest's

mixing length model (Fluent, 2000b).

Other researchers have attempted to adapt the k-e model to the near-wall region by

imposing darnping coefficients near solid boundaries with varying degrees of success

(Patel et al., 1984). However, many of these models fail to reproduce even the simple test

case of the flat-plate boundary layer.

One of the most successful alternatives to the popular,t-emodel isthe k-a model, such as

that of Wilcox (1988a, 1998). The k-a model can be applied to both the fully turbulent
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and near-wall regions, but suffers from computational difficulties in the free-stream. This

arises from difficulties in modeling the cross-diffusion term (which includes gradients of

botlr fr and a) that is necessary to achieve convergent results in this region (Wilcox,

1 998).

All of the previous rnethods require mesh refinement in the near-wall region in order to

accurately resolve the steep velocity gradients near solid walls. This leads to increased

solution times due to the dramatic increase in the number of nodal points in the near-wall

region. This increase in solution time may be justifiable in some circumstances, but there

is another diff,rculty that arises with grid refinement near solid boundaries. In this

research, the turbulence model will be incorporated into a multiphase CFD code that will

be used to simulate flows where droplets are impinging and ice is accreting on a solid

surface. Even small ice growth may fill several of these small elements in a single time

step as discussed in Chapter 3. This creates ploblems when applying boundary

conditions, and re-meshing would be required to conform to the new solid surface.

A cost effective method of specifzing the velocity in

that it does not suffer from the aforementioned

refinement. One such method of dealing with the

functions that utilize the law-of-the-wall.

the near-wall region is required, so

difficulties associated with grid

near-wall region is to apply wall
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4.2 The Law-of-tlte-Wall

In light of the drawbacks associated with other near-wall methodologies, it has been

decided that wall functions will be implemented in the near-wall region. Wall functions

make use of universal velocity profiles commonly referred to as laws-of-the-wall. The

law-of-the-wall approach imposes a universal velocity profile in the near-wall region,

rather than calculating it with the momentum equations. The velocity profile is usually

specified as a function of the dimensionless distance fi'om the wall (or ice surface).

The law-of-the-wall approach makes several assumptions about the flow (Fluent, 2000b),

i.e.

the flow is assumed to be predominantly parallel to the wall and in local

equilibrium,

there is no injection or suction of fluid at the wall, and

the effects of body forces are small.

These assumptions lead to the requirement that the flow remains attached to the wall.

These conditions are met over most of the near-wall regions examined in this thesis.

Exceptions include areas of strong adverse pressure gradients, separation, reattachment

and stagnation. Despite these theoretical limitations, wall functions have been shown to

provide reasonable predications over most of the physical domain.

o

o
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If the above conditions are met, then it is not unreasonable to assume that the shear stress.

ø, is neally constant tluough the viscous sublayer and equal to the value of the wall shear

stress, 4,,, The velocity in the near-wall region is related to 6,, and it is specified by a

dimensionless universal velocity profile. This logarithmic prof,rle is a function of the

dimensionless distance from the wall, y*. The most general statement of the law-of-the-

wall rnay be written as

where [/ represents the velocity tangent to the wall. The dimensionless distance from the

wall, y*, depends on the friction velocity, u,, the distance from the wall, a, and the

kinematic viscosity, 4 as follows,

(J* =!=.f(r*)
ur

* t't,A'
v

v

The friction velocity may be calculated from the wall shear stress as follows:

(4.1)

(4 )\

(4.3)
;-
l'ttu, - .l-' \t o

The aforementioned formulation may become singular at stagnation points and points of

separation if the velocity predicted by the momentum equations at the first interior node,
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Uy, approaches zelo. This problem

assumptions:

Couette flow,

Constant stress layer.

This allows us to make the following relation

turbulence kinetic energy:

Tr, ll2,

u, =þ'r1't)'''

is overcome by making the following additional

between the wall shear stress and the

(4.4)

14 sl

o

o

The value of Æ will be non-zero at points of stagnation and separation, even if Uy

approaches zero. Eq. (4.4) leads to the following alternative expression for the friction

velocity,

It remains to specifu the function-f(y*) in Eq. (4.1). Many functional forms have been

presented for the universal velocity profile. The following solutions have been developed

for Jþ,,*) in the viscous sublayer and the fully turbulent region, typically bounded by y*.5

and y*>30, respectively, as follows,
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Viscous sublayer:

f f + + +u =y ; y <J

Fully turbulent region:

l/\
Ut = Lln(9y. ); y' > 30

Buffer layer:

U* = 6.4264x l0-a y*t _ 5.211310-t y*' +I.4729y* _ I.I4z2; 5 ( y* <30

where ¡r is the von Karman constant having a value of 0.41. The region between the

viscous sublayer and the fully turbulent region is commonly referred to as the buffer

layer. Unfortunately, it is not possible to analytically derive an expression for the velocity

profile in the buffer layer. An algebraic expression, based on experimental data, has been

established for the buffer layer and rnay be expressed as

(4.4)

(4.s)

(4.6)

Equations (4.4) through (a.6) specify the velocity (tangent to the wall) between the wall

and the outer edge of the log layer. Unfortunately, it is necessary to determine in which of

the tluee regions the velocity should be calculated before these equations may be applied

in our CFD code. Thus, we desire a continuous universal velocity profile that is

applicable at any point within the near-wall region. One such function is the so-called

Reichardt's law,viz.
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(4.7)

Figule 4'2 shows a comparison between the velocity profiles obtained with Eqs. (4.4)

tll'ough (4.6) to that obtained from Reichardt's law. The graph shows that Reichardt,s

law matches the law-of-the-wall very closely in the viscous sublayer and fully turbulent

resion.

Reichardt's law provides us with the velocity profile in the near-wall region. This

velocity profile may be differentiated, as required when calculating productio¡ of Æ in the

near-wall elements. Special shape functions were developed that provide us with the

velocity gradient in the near-wall r-egion.
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t/=(l/rc)tn (9y*), tl*:2.441n(y*)+5.5, Reichardt,s Law.

4.3 Special Shape Functions

Special logarithmic shape functions, based on Reichardt's law, are applied to all wall

elements. The shape ftinctions are derived using a linear basis function parallel to the

wall and a logarithmic basis function perpendicular to the wall (Fluent, 2000b). These

special shape functions depend on the characteristic turbulence Reynolds number,

þ'r'o)''' o
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The turbulence Reynolds number is a function of Æ at the "top" of the wall elements. This

functional dependence of the shape functions on Æ allows the velocity profile within the

special wall elements to adapt to the level of turbulence kinetic energy fi-om pr.evious

iterations.

When applying the special wall functions, it is important to ensure that the wall elements

are fully contained within the fully turbulent region. This condition may be expressed

mathematically as

a*>30 (4.10)

If the value of A" is less than 30 over a significant length of the wall, then the flow should

be re-simulated with a sparser grid along the solid boundary. Applying the shape function

at a node for which A* is significantly lower than 30 effectively forces the turbulence into

the non-turbulent near-wall region and it will yield erroneous results.

As a starting point while developing the shape functions, the dimensionless distance y* of

Fq' @.7) is replaced with the charactelistic Reynolds number in Eq. (4.8). The new shape

functions are formed by combining a linear basis function (in a direction tangent to the

wall) and a new logarithmic basis function, based on Reichardt's law (in a direction

normal to the wall).

The logarithmic basis function may be written as
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A(")= ,a,(n)t .a,

where

A,(,):lt'ft."N q4l
KL-J

.z a{r - *r[-n*øl ^ry"*pl- 0 1 6s^. 1, .,,]]

Ar. : Ar(":I)

(411\

(4.r2)

(4.13)

(4.r4b)

Unlike the linear shape functions used in the CVFEM method, the shape functions used

to specifu the velocities differ depending on which two local nodes define the solid wall

of the element. Thus, four shape functions are developed as follows.

Local nodes I and2 define the solid surface: Local nodes 2 and 3 define the solid surface:

(4.r4a)
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Local nodes 3 and 4 define the solitl surfuce: Local nodes 4 and I deJine Íhe solid surfuce:

Ø.1ac) (4.14d)

In the above shape functions, I represents A(n) as defined in Eq. (4.1 1).

An advantage of these newly developed shape functions is that the velocity profile is

valid and continuous from the wall to the fully turbulent region. A comparison between

the velocity profiles in the near-wall region for the law-of-the-wall and the new shape

functions was performed. Two velocity profiles are shown in Figure 4.3 for different

values of the turbulence kinetic energy at the top of the wall element. The velocity is 1

m/s at the first interior node, which would usually be provided from the solution of the

momentum equations. The normal height of the element is 0.005 m.

It is evident that the two velocity profiles are very similar, especially in the fully turbulent

region. This indicates that Reichardt's law accurately specifies the velocity in the near-

wall resion.
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Figure 4.2: Yel_ocify comparisons using the log law and the new shape functions for
a) /r:0.01 m2/s2 anrJ b) /r:1.0 m2ls2. The thick line represents the shape function
velocity whereas the thin line represents the Iog law velocity.

As has already been mentioned, the wall functions provide the velocity profile within the

near-wall region. However, we are not only interested in obtaining the velocity profile.

Knowing the velocity profile provides a means of calculating the velocity gradient within

the near-wall region. This gradient is required when determining the amount of

production of turbulence kinetic energy in the wall elements and thus it contributes to the

stiffness matrix for k and e at the first interior nodes.

Production in the wall elements may be expressed as follows:

P. -r'k -w
ôU

Õ̂n
(4.rs)

where n represents the outward-facing normal direction from the wall.
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The velocity gradient in Eq. (4.15) is calculated using the newly developed shape

functions. Two sample velocity gradient prof,rles are shown in Figure 4.4 for different

values of the turbulence kinetic energy at the top of the wall element. In these examples ,

the velocity is 1 m/s at the f,rrst interioL node, which is again located 0.005 m from the

wall.
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Figure 4.3: Velocity gradient comparisons Fsing the log law and the new shape
functions for a) /r=0.01 m2ls2 and b) /r1.0 

^'/s'. 
The thick line represents the shape

function velocity gradient while the thin line represents the log law velocify
gradient.

The plots show that the magnitudes of the velocity gradient are in agreement. One of the

benefits of using a universal velocity profìle that spans the entire near-wall region is that

there are no discontinuities in the shape function velocity profile, which accounts for the

continuity of the corresponding velocity gradient profile. Additionally, the new shape

functions do not require special consideration pertaining to which region (i.e. sublayer,

buffer/overlap region or fully turbulent region) the flow belongs to.
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The production of Æ ìn the near-wall elements contributes to the Æ conservation equation

of the first interior nodes. A zero-flux boundary condition is placed on the Æ-equation at

solid walls. This allows the level of turbulence kinetic energy at the "top" of a wall

element, which determines the amount of skewing in the above shape functions, to vary

in response to turbulence processes in the flow. This zero-flux boundary condition is

consistent with the equilibrium turbulence conditions in the near-wall regions where Æ is

a consrant.

4.4 Neør-Wall Boundarv Conditions

The value of e at the first interior node is typically specified as

(r',1'k)'''
(4.16)

This expression was derived assuming that production of Æ balances dissipation of k in

the near-wall region, and assuming a velocity profile resembling

j
t'. 11-'k

pKn

uLn,=**(r.)*., y* >1o (4.17)

where the subscript nw indicates a velocity calculated based on the near-wall formulation.

The value of C is approximately 5.5. The implication that production balances dissipation
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in the near-wall region may be justified by considering the fr equation in the near-wall

region, viz.

unsteady term + advection term = Pt - ps + dffision term

Turbulent fluctuations are small in the near-wall region, thereby reducing Eq. (4.18) to

(4.18)

(4.1e)

(4.20)

D

p

We calculated the velocity differential of Eq. (4.15) by applying the chain rule to Eq.

(4.17), yielding

ôU,n, 
-

ôn

ôU,,, Af
^+^oy on

Substituting Eqs. (4.3), (4.15) and (4.20) into Eq. (4.19) yields the desired formulation for

e at the first interior node, Eq. (4.16). Our near-wall velocities are calculated based on

Reichardt's law and they are prescribed using Eq. (a.7). A different expression needs to

be developed to speciîy eat the tops of the near-wall elements. The new expression is

derived in exactly the same maruler as that described above. The resulting expression for

sthat is consistent with Reichardt's law is

u,( tllr.l u,( ,llr,l Ltr=;[i r[; )=;l* )\; )= ,*
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The value of e fiom Eq. $.22) is applied as a boundary condition on e atthe first interior

node. A zero-flux boundary condition is placed on e at the corresponding wall nodes.

Originally a zero-flux boundary condition was placed on k at the wall. Production of /c in

the near-wall elements was calculated using Eq. (4.15) with the value of the velocity

gradient determined by differentiating the special wall fuirctions. The value of A* in Eq.

(4.8) depended on the value of k at the top of the wall elements, allowing production in

the near-wall elements to "float" in response to turbulent processes (Fluent, 2000b). The

boundary condition on Æ was changed in an attempt to determine the cause of certain

errors to be discussed in Chapter 6. This revealed an inconsistency with the prediction of

velocity in the near-wall region that can lead to erroneous predictions of production of fr

in the near-wall region. A Dirichlet boundary condition is now applied to k at the first

interior node as follows:

. T... U_

lt) 1t)
Pc r,- c r,-

(4.23)

A zero-flux boundary condition is applied at the corresponding wall node. The boundary

conditions of Eq. (4.22) and Eq. (4.23) are consistent with the equilibrium turbulence

conditions within the near-wall region in which the turbulence length scale, defined as
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L3 l21tu
(4.24)

(4.2s)

varies linearly with distance from the wall (Fluent, 2000b).

4.5 EddJ,Viscosity

The k-e equations belong to the high-Reynolds number turbulence model, so they are not

solved in the near-wall region. The domain over which the Æ and e equations are solved

thus extends only to the tops of the wall elements. This requires an alternate means of

calculating the eddy viscosity in the near-wall region. In this research, we choose to use

the following expression, developed by Reichardt (Schetz, 1984), to prescribe the eddy

viscosity in the near-wall region:

,.,. = orl( !''l - n.r,r*lzl.ll
L\ v ) \e]v)l

f/ - \ 1ll2
',1( ôu, ôu,)ôr, 

I

Fr = PLi,l l:-.*;_'l;- |

L\or., ox¡ )ox¡)

where ¡ris Von Karman's constant, having a value of 0.41. This eddy viscosity profile

has been compared to that obtained using van Driest's mixing length model, viz.
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The mixing length, /,,,, is specified using van Driest's equation, viz.

1,,, = rc61- exp(- y- I A)l
(4.27)

where äis the normal distance from the wall. Also, A is an empirical constant assuming

a value of approximately 26 for hydraulically smooth walls in equilibrium near-wall

layers. These two formulations produced nearly indistinguishable results. Eq. (4.25) is

preferred because it does not require calculation of the velocity gradient, and is it thus

simpler to code. This completes our formulation for the specification on the eddy

viscosity in the near-wall region.

A k-e turbulence model with wall functions has now been presented. As mentioned in

Chapter 3, small initial values of the total viscosity can yield very inaccurate velocity

predictions, which rnay lead to negative values of k or s. This can have disastrous effects

on the turbulence model. A novel positivity scheme is presented in Chapter 5 that is

based on physical principles, and it should never require "clipping" to maintain positive

values of k and e.
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Chapfer 5: Fositivity Scheme

The solution of the momentum equations and energy equation encompasses both positive

and negative values. For example, one would not be surprised to find values of u: -2.76

m/s or T: -5.3 oC. The solutions of the k and e equations, however, are restricted to

positive values. If the values of k or e become negative, the polarity of key plocesses,

such as advection, diffusion and dissipation, will be reversed. This implies, for example,

that the dissipation term in the È-equation would be transferring energy frorn the mean

flow to the turbulence, which could have disastrous effects on the solution. Some

software packages have incorporated "clipping", in which all negative values in the

solution field are replaced with a positive value, usually taken to be a fraction of the

largest value within the domain (Fluent 7,2000a). Clipping is an entirely unphysical

procedure that simply prevents the CFD code fi'om terminating due to negative values of

k andlor e destabilizine the solution field.

This chapter discusses a positivity new scheme that maintains the physics of the solution,

rather than simply an exercise in mathematics. This requires implementation on a local,

element-by-element basis. It would be more efficient to apply the positivity scheme to the

global stiffness matrices. This procedure, however, would not enable one to control the
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effects of individual physical processes, such as advection or diffusion. Although

implementing the positivity scheme on an element-by-element basis requires re-

generating the global stiffness rnatrices, it is felt that retaining the physics of each process

is critical to obtaining a physically realistic solution.

5.1 Source Terms

We first consider the values of fr or e becoming negative due to contributions from the

source terms. There is only one coffect sign for each of the source terms based on the

physical meanings of the terms. For example, the dissipation term in the /c-equation must

be negative because the term represents the transfer of energy from the turbulence to the

mean flow. Raithby proposes that holding the ratio of k/e constant throughout an iteration

(at their previous iteration values) speeds up the convergence process and eliminates the

possibility of negative solution values resulting from source terms (Minkowycz et al.,

1988). Thus, in the Æ-equation, we replace the conventional dissipation term,viz.

-pE (5.1)

with the positivity source term,vlz,

/\
l-01 \

- pl ' lk'*t' \k'' )

'71II
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where the superscripts z+1 and m

the previous iteration, respectively.

indicate a value of É or e at rhe

Similarly for the e-equation we

new time step or from

replace

.n+l
'r-unÍw€l r rk

LUl t

with

(.ral
and -C-"o\o I

ÒL' 
7.17-llN

15 3l

(5 4\. r,,(ff)rr and - r,,r(#)l.

Let us consider the equations for Æ and ¿ with

understand how these modifications prevent

may write

Al,tt+lUA

OT

1^tt+l
UÒ

or

When these equations are discretized and

and t at the new time step, n*\, viz.

only the transient and source terms to better

negative solutions due to source terms. We

/5 5ì

(s.6)

reaffangeo, expresslons may be written for /r

/ \Dt
p_nl"l çn+lvl ,l

\K)

=tc,t(i)" ,r-r,,r(i) ,
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t_ n+l
tí: (s 7)

(5.8)

where the superscript n indicates a value from the previous time step. The production

term, P¿, is necessarily positive, since it is a sum of squares. All other terms on the right

hand sides of Eqs. (5.7) and (5.8) are necessarily positive, assuming that the values of Æ

and e were positive from the previous time step. Thus, neglecting the diffusion and

advection terms, the values of Æ and € are guaranteed to remain positive.

We now have a contribution to the positivity scheme that prevents source terms from

causing negative values of ,t or e. Let us now talce a closer look at the full conservation

equation to find out what other terms can cause negative values of Æor eand develop a

positivity scheme for those terms.

5.2 Beyond the Source Terms

Let us examine a conservation equation to clarify which non-source terms can cause the

solution fields to contain negative values. We consider only one-dimensional flow for

Lk'*P,.
AT

p ( t\"':--*Ol 
IAt '\k)

**'',0(i)"'
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simplicity, although all of the arguments presented

dimensions. The turbulence kinetic energy equation

incompressible flow, may be written as

can be readily adapted to two

at node P, for one-dimensional

4ø;:' -lø; + Arþî*' - A,,þ'i*' - Auþ'Å*' =Ar" Lr''

- Drþi.' + Drþi.' + Duþli.t + Po - e{ø;:'
Vp

(s.e)

(s. 10)

where / is used to represent turbulence kinetic energy. It reminds us that this discussion

could apply to any scalar variable. The variables I and D represent the magnitude of a

global advection coeffrcient and the magnitude of a global diffusion coefficient, while the

subscripts P, L and R refer to the central node, left neighboring node and right

neighboring node, respectively.

Grouping similar terms in Eq. (5.9) yields

(L*o.
IA/

+Dn

Solving for þi.t yields

= Pt * #r; .(t,, * Dr)þÏ.' +(A,, + D)þi,.'* p 
ø, )øï'

ø;"
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As mentioned in section 5.1, the production term is necessarily positive, since it is a sum

of squares. Also, in a well-behaved solution, the advection and diffusion coeff,rcients will

also be positive (Mirikowycz et al, 1988). In that case, both the numerator and

denominator of (5.11) are positive (assuming þi*t and þft*t are positive for the new

solution), yielding a positive value of øi*I . Let us now take a closer look at the advection

and diffusion coefficients to determine the circumstances in which they could result in

either the numerator or denominator having a negative sum.

The influence coefficients, used to calculate the advection fluxes, are determined from a

physical influence scheme (PINS) (htraterer, 2002). These coefficients are calculated in

terms of integration point and nodal values, which after an inversion process, are written

in terms of nodal values only. Negative contributions to advection fluxes can arise from

neighboring nodal point values, þx, if the corresponding mass flow rates are out of the

control volume. After assembling all contributions from surrounding nodes, some of

these terms may remain negative, leading to positive off-diagonal entries in the global

stiffness matrix. This implies that an increase in þ¡y could result in a non-physical

decrease in ør. This is known as the "negative coeffrcient problem" and it can lead to

spatial oscillations in the streamwise direction, resulting in negative values of ø

(Minkowycz et al., 1988). This has disastrous implications in a turbulence model. An

unconverged solution of the velocity field is the most likely reason why the Æ-¿ model

would predict negative values of Æ or s. This is due to poor specification of k and e at the

tops of the wall elements and an unreasonable prediction of production as described in

Chapter 3. The goal of the positivity scheme is to eliminate the possibility of positive off-
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diagonal coefficients in the

diagonal coeff,rcient.

global / stiffness matrix by incorporating them into the

A dv ectio n P o s itivitv S c It e me

Let us first consider the case where it is an advection term that is causing a positive off-

diagonal coefficient in the global stiffness maúix, for which we will devise an "advection

positivity scheme". Positive off-diagonal coefficients in the global stiffness matrix are a

consequence of positive off-diagonal coefficients in the local stiffness matrices. The

advection positivity scheme eliminates all positive contributions to off-diagonal

coeff,rcients of the local stiffness matrices by incorporating these contributions into the

diagonal coefficient.

For example, let us assume that the advection coefficient of the left neighboring node is

negative. This results in the term - o rþ'l*t in the numerator of the local Æ-equ ation, viz.

an+l _
VP D e'!Llao+d"+pL

Lt ø',;

where the variables ø and d represent the magnitude of a local advection coefficient and

magnitude of a local diffusion coeffrcient, respectively. The numerator could become

negative given a sufficiently large value of a¡. Thus, we incorporate the coefficient a¿

(s.r2)
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into tlre diagonal coefficient by multiplying it by øi' ló'í' and making it a coeffrcient of

¿f,+ì , resulting in the modified local k-equation,viz.

/Atl+l _
.l/ p (5.13)

The numerator and denominator are now both sums of positive terms, guaranteeing a

positive solution for 6þ*t. A comparison with Eq. (5.1 1) shows that the only modification

is that the left-neighboring advection coeffrcient is now a coefficient of 6'f*t rather than

þi.I . Depending on the sign of a¡v for each nodal point, it is possible, and in fact likely,

that different nodal points will have corresponding terms evaluated at different

time/iteration steps. However, the converged solutions of variables with superscripts rn

and n+r will be the same. In other words, the terms ã,,ói*t will equal o,.(øi'lø;'þj:'

upon convergence. As convergence is approached, the positivity scheme will not be

invoked because the standard solution scheme will yield only positive values.

Now, let us consider the case where all off-diagonal advection coefficients of the local

stiffness matrix are negative and the diagonal coeff,rcient is also negative. In this case, we

choose to replace the term o rþll.t with a,,þi' , resulting in the following local ,t-equation,
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ø';.'

Po + #ø; + o,,øï +(o,. + d,,)þi.' +(o,, + d,,)þll.'

ç"
* plJ'' 

ø';'

(s.l4)
p
- +d^
Ltr

Note that both the numerator and the denominator are now sums of positive terms,

guaranteeing that the solution of þi.' is positive. Also, note that as the solution

converges, the value of ø;' approaches the value of ø;.' and the positivity scheme will

not be invoked.

Finally, there is the possibility that one of the coefficients of a neighboring node is

positive and the coefficient of the central node is negative. Consider that it is the

coefficient aL that is negative. Both procedures mentioned above need to be performed.

However, it is desirable that these procedures be implementecl in a specific order. The

flowchart of Figure 5.1 depicts how the advection positivity scheme has been

programmed,
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Are diagonal (P) entries in local
stiffness matrix nesative?

Incorporate diagonal terms into
right-hand side vector as

appropriate

Clear appropriate diagonal
entries

Are off-diagonal (L / R) entries
in local stiffness matrix

positive?

lncorporate off-diagonal entries
into the diagonal entires as

appropriate

Clear appropriate ofÊdiagonal
entries

Continue

Figure 5.1: Implementation of the advection positivity scheme

Following the procedure depicted in Figure 5.1 yields the following equation for þi.t :
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D!k . 
f,ø; + arþî' + d,,ói,.' +(o,, + d u)þ'i,.'

øl:u

ø;.'

As required, both the numerator and the denominator are sums of positive terms,

guaranteeing that the solution of þi.t is positive. Now, let us consider what would

happen if we were to check the off-diagonal terms for positive entries before checking the

diagonal terms for negative entries. Assuming once again that a¡ is negative, it would be

incorporated in the diagonal (P) entry of the local stiffness matrix. The resulting diagonal

entry would be - ap+aL(ø';'lø';). et.r this transformation has been performed, the

diagonal entry of the stiffness matrix would be checked for a negative entry. If the value

- t,¡, t ,,, \
ot' - a, + a,\Øi' I þi' ) were negative, then the subroutine would incorporate this entry into

the right-hand side vector, resulting in the following equation for þ'|*t :

(s. 1 s)

(5 16)

rr+ffØï .(', - ", li)r'i' 
+ d,,þ'i*' +(an + d )þÅ.'

p 8':'
--*d,,+o-LLr ø;',

A comparison of (5.15) and (5.16) reveals that arøi'løi' has become a coefficient of

þi' , rather than þi*t . Both cases provide the correct answeï upon convergence. However,

convergence of Eq. (5.16) would presumably be slower than that of Eq. (5.15), thus

reducing the efficiency of the CFD code. Now consider the alternate circumstance, in
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which the coeff,rcient - at, + qL(ø;' lø;') is positive. In this case, the diagonal entry would

not be incorporated into the right-hand side vector, resulting in the following equation for

ø'i*' ,

ø;*'

P, * 
"Nþ'i,+ 

it,,ó'i..' *(ou * d)þi,.'
(s.17)

In well-behaved solutions, the diagonal advection terms of the stiffness matrix, ãp, àre

positive. The ap coefficient is ameasule of the weighting of þat the central node when

determining the new value of þ at that node. An increase in ap should result in the

solution field becoming more dependent on the value of þp. The ap component of the

t,\ar\ói'lþ'i')-o, coefficient is negative and implies that the solution becoming less

dependent on advection (i.e. the diagonal coefficien t, o r(ø';' I ø;! )- a ,, , decreases with an

increase of ap).In the limit of ap approaching a r(ø': lø;' ), th" d.p.ndence of ø';*' on the

advection coeffrcient ofthe central node and the left node vanishes.

The advection positivity scheme disallows negative values of k or e dues to advection

tenns. Let us now consider the remaining terms in the conservation equations and devise

another positivity scheme to completely eliminate negative values in the solution field.
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5.4 Hybrid and Absolute Positivity Schemes

Tlre advection positivity scheme eliminates the possibility of negative values of þ',!*t due

to advection coeff,rcients. It is implemented whenever the standard solution scheme

produces a solution field containing at least one negative value. The only terms remaining

that could possibly lead to negative values in the solution field are the diffusion terms.

The exact differential terms making up the diffusion term do not lead to negative values

in the solution field. The algebraic expressions that are used to approximate the diffusion

terms, howeveL, could cause the solution to contain negative results if an intermediate

solution contained unrealistically large spatial gradients. It was decided that if negative

solutions still persist after invoking the advection positivity scheme, a "hybrid positivity

scheme" would be invoked following the same procedures as mentioned above, but

considering both the advection and diffusion terms.

The hybrid positivity scheme should eliminate the possibility of positive off-diagonal

coefficients in the global stiffness matrix due to advection and diffusion terms. If

negative solutions persist following invocation of the hybrid positivity scheme, then an

"absolute positivity scheme" is invoked. The absolute positivity scheme closely

resembles the hybrid positivity scheme with the following difference. All negative, off-

diagonal coefficients in the local stiffness matrices become coefficients of / at time level

m. They are incotporated into the solution vector, resulting in an expression for þi.l

resembling



t tl+l
9p=

,r * #óî * (o, + d,)ói' + (o,, + d )þÅ'

^ù1

+d,,+p?
ø';

(5. l 8)
p

L.L N

Ltr

but witlr various coefficients of neighboring nodal values, /¡, multiplied by þ'|.' f þi' and

thus residing in the denominator. The global stiffness matrix that is generated following

the absolute positivity scheme contains only diagonal coefficients, which are all positive,

and the solution vector contains only positive values. This guarantees that all solution

values are positive. During validation of the ,t-e turbulence model, only the advection

positivity scheme has been required and only during the first two time steps.

A k-e turbulence model now exists that does not suffer from negative solutions or non-

physical "clipping". A summary of the implementation of positivity schemes is shown in

Fisure 5.2.
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Solve for /using the standard
solution procedure

Does the solution contain
negative values?

Resolve using the advection
oositivitv scheme

Does the solution contain
nesative values?

Resolve using the hybrid
positivity scheme

Does the solution contain
nesative values?

I

Y

invoke absolute
positivity scheme

Figure 5.2: Implementation of the positivity scheme

A k-e turbulence model with wall functions has been oresented that does not suffer from

negative solutions. This turbulence model has been used in the simulation of two flows.

The first is flow between parallel plates (channel flow), which resembles the ductwork

leading into the helicopter engine bay. The second is flow past a backward-facing step.



Both the backward-facing step flow and the flow past helicoptel engine bay cooling inlets

exhibit separation, a recirculation region and reattachment to the wall. Chapter 6 presents

a simulation of channel flow, as well as flow over a backward-facing step.
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Chapter 6: Numerical R.esults

6.1 Chønnel Flow Simulation

In order to ensure that the turbulence model has been correctly formulated and

implemented into the CFD code, a few simulations were performed. The first simulations

involve turbulent forced convection between two parallel plates. Flow between parallel

plates was chosen because is resembles the ductwork leading to the engine bay (Figure

6.1). Also, it produces inlet boundary conditions for a backward-facing step simulation

(to be discussed), which resembles the flow beyond engine bay cooling inlets.

Simulations were perforrned at Reynolds numbers consistent with values from the

literature so that validation could be performed. A simulation was then performed at the

Reynolds number consistent with that of backward-facing step flows in the literature.
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intake scoop

engine bay
cooling inlet

Figure 6.1: Engine bay cooling inlet configuration

The chamel configurations of Kim et al. (1997), Kim and Moin (1989), Teitel and

Antonia (1993) and Mansour et al. (1988) have been adopted. Wilcox (1998) presents

results for the velocity field, Reynolds stress and turbulence kinetic energy for both his È-

a; simulation and a direct numerical simulation (DNS) performed by Mansour et al.

Literature results were nondimensionalized using the fi'iction velocity. The friction

velocity was determined using an algebraic formulation for channel flow presented by

White (1974). The simulation results of Kim et al., Kim and Moin, Teitel and Antonia

and Mansour et al. have been adopted to verify the validity of the friction velocity as

prescribed by White. The simulations were performed with the parameters used by

Wilcox to permit comparisons of the velocity profile, turbulence kinetic energy profile

and Reynolds shear stress profile.
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It was desired to study the performance of the k-e turbulence model independently of the

momentum equations in the previously developed CFD solver. Thus, the fully developed

velocity profile of Mansour et al. was imposed. The computed turbulence quantities

differed from tirose of Mansour et al. Thus, various velocity profiles were determined,

using Æ-ro, Stress-ø, Baldwin-Barth, Spalart-Alhrìaras, Cebeci-Smith, Baldwin Lomax

and Johnson-King turbulence models, because it was felt that an effor may lie in the

production term. The production terms in both the k and e equations are directly

proportional to the velocity gradient and eddy viscosity. It was found that the turbulence

quantities calculated by the Æ-¿ turbulence model varied greatly between each of the

imposed velocity profiles. This indicated that the turbulence quantities of the k-t model

are highly sensitive to the velocity gladients through the production terms. These trends

will be discussed in the upcoming results.

(ù Channel Flow Meshes

A channel flow mesh generation program was written in FORTRAN. The program

allows the user to valy most parameters of the channel mesh. The following list shows

the parameters that the user may control:

o Channel width and height,

o Height of the boundary elements along all four boundaries,

o Height of ref,ined regions along ali four boundaries,
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Number of elements in the vertical direction for entire channel. as well as for the

lefined regions along the upper and lower boundaries,

Number of elements in the horizontal direction for entire channel. as well as for

the refined regions along the left and right boundaries,

Separate boundary conditions along all four boundaries for concentration,

temperature, z-velocity, v-velocity, turbulence kinetic energy and dissipation rate,

3 options are available for the inlet z-velocity including a constant velocity

prohle, fully developed laminar velocity profile (based on desired centerline

velocity) (Oosthuizen, 1999) and fully developed turbulent velocity profile

(Danov, 2000),

QrlorE: All of the above options apply a no-slip boundary condition on both

of the wall nodes at the channel inlet)

hritial conditions for concentration, temperature, u-velocity, v-velocity, turbulence

kinetic energy and dissipation rate.

Given the previous parameters, a mesh f,rle, two boundary condition files and two initial

conditions files are generated, with names specified by the user. It is felt that this channel

flow mesh generator incorporates all of the necessary features that may be required for

comparing with the simulations of other authors.

Two different grids were generated to ensure that the results were grid independent. The

lengths of the channels were chosen to be 40 chamel widths to ensure fully developed

flow at the channel outlet.

89



(iÐ Simulatiott Parameters

The f,ir'st parameter selected for the channel flow simulation was the Reynolds number,

since it is not possible to nondimensionalize velocity fields such that they collapse onto a

single curve for different Reynolds numbers. Figure 6.2 depicts typical dimensionless

laminar and turbulent velocity profiles (UlU") for channel flow. The figure shows that the

"nose" of the profile gets flattened out as the Reynolds number increases. Since the

nondimensionalized velocity profile varies with Reynolds number, the Reynolds number

of the simulations needed to correspond to that of other authors so that a comparison of

results could be made. The largest number of sirnulation results corresponds to the work

of Wilcox (1998) with Re,,, : 6,875 (based on the bulk velocity and channel half-width).

V/ilcox also includes DNS results of Mansour et al. Most of the lesults are

nondimensionalized using the friction velocity, even though Wilcox does not present the

friction velocity for his simulations. The friction velocity is also a critical parameter that

is required when resolving the near-wall region. A way of calculating the friction

velocity, based on other flow variables, was thus required.
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Figure 6.2: Dimensionless velocity profiles for channel flow: - - - Re,n =100, 

-R€nr: 61875

White (1974) provides a formulation for calculating the wall shear stress from the

Reynolds number based on the bulk velocity and channel half-width as follows :

P(J,,2 L
(6.1)utt, -

n = 0.495(logRe,,,)-" tz%

R.t
rt h" tn":-

1'l

(6.2)

(6.3)
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We may calculate the friction velocity from the wall shear stress using Eq. (4.3),

thereby yielding

In order to verifii the reliability of this formulation, we refer to the work of Kim et a1.,

Kim and Moin, Teitel and Antonia and Mansour et al. who all performed channel flow

simulations at the sarne Reynolds nurnber. The Reynolds number based on the bulk

velocity and channel half-width was reported to be Re,,, = 2,800, corresponding to a

Reynolds number based on the friction velocity and channel half-width of Re"= 180, i.e.,

f-- ).
lU ,,- Llt :^--rVs

Uh
Rgr, = - ttt" - 21800

\,,

Re, = 
u'h 

=lg0v

(6.4)

(6.6)

(6.5)

where /z represents the half-width of the channel. The half-width of the channel for the

simulations was chosen to be h: 0.021m, based on the work of Teitel and Antonia. The

working fluid was chosen to be air at 293 K for which v: 75.09x10-6 m2ls (Oosthuizen,

1999) based on the work of Kim and Moin (1989). For these flows, Eq. (6.5) yields U,,, =

2.012 m/s, fi'om which Eq. (6.a) gives u,= 0.12829 m/s. Substituting u,:0.12829 m/s

into Eq. (6.6) yields Re, : T78.529. This suggests that Eq. (6.4) provides an accurate
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friction velocity if the Reynolds number, based on the bulk velocity and channel half-

width, is known.

The Reynolds number of Wilcox's simulations was Re,,: 6,875. Assuming h:0.02r m

and v:15.09x10-6 m2ls yields a bulk velocity of (J,,:4.g4 m/s. Applying Eq. (6.4)

yields a friction velocity of u,:0.2799 m/s. A constant inlet velocity of U¡:4.94 nls

yields the correct mass flow rate through the channel but violates the no-slip condition at

the channel walls. The mass flow rate through the channel (without irnposing the no-slip

velocity condition) was calculated to be th=0.12492 kg/m3, assuming a unit channel

depth. The approximate heights of the wall elements were detelmined by ensuring that

the first interior nodes were located in the log layer. This requires that the dimensionless

distance between the first interior node and the wall lie within the range between y*:30

andy*: 100. Choosing yn :50 and assumingu,:0.2799 m/s leads to a wall element

height of

+1) t/
¡ - !--- = 0.002625 m

ur
(6.7)

The trapezoid rule was then used to determine that a constant inlet velocity of U¡: 5.27

m/s produces a mass flow rate of m x 0.12494 kg/m3, assuming a no-slip velocity

condition is applied at the two wall nodes at the channel inlet. An inlet velocity of U¡ :

5.27 mls should yield the desired bulk velocity for the fully developed turbulent flow at
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the channel outlet. A zero y-direction velocity was also imposed at the chamel inlet. The

resulting channel conf,rguration is shown in Figure 6.3

2h: 0.042 m

Figure 6.3: Channel flow configuration

The inlet values

determined based

flow, i.e.,

of the turbulence kinetic energy, k¡, and dissipation rate, r,, were

on the expected wall shear stress of the fully developed channel

2'u

k, =:! = 0.261 
^2ls'

'^l"tt

3
7,t

t, =L =20.375 m2ls3,rcL

(6.8)

(6.e)

These inlet values of ,t and e should produce a relatively smooth profile across the

channel inlet. Next, the initial values of the turbulence kinetic energy, ks, and dissipation

rafe, €s, were determined. Their values will not affect the final solutions, but they are

Fully developed turbulent velocity

No-slip velocity condition



critical in providing a reasonable initial solution of the velocity field. The initial eddy

viscosity is calculated based on the initial values of A6 and a6 as

,)
tu0

t,
Vr¡=C,,

F
(6.10)

The initial eddy viscosity is added to the kinematic viscosity and passed to the

momentum equations. It was found that if vr,o is too small, the solution of the momentum

equations will not stabilize. The resulting velocity field will be nonphysical. The initial

values of the turbulent quantities were thus chosen such that a Reynolds number based on

[/,,,, channel width, H,and vT,shas a value of approximately Re: 100. This requires an

eddy viscosity of approximately v7: 0.00207 nttls. Assuming an arbitrary value of ks:

0.1 m2lsz yields ao: 0.435 m2ls3. The velocity field after the first time step should match

that of a laminar flow with Re: 100.

A summary of the simulation parameters used in this study is presented in Table 6.1.
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Mesh Property Units Value
;hannel height m 0.042
:hannel width m L68
reight of wall elements m 0.002625
rumber of horizontal elements t5
lumber of vertical elements 20/60

It-'luid Pronertv Units Value

lensify ks/m3 1.2042

<inematic viscosiW 2,m /s 15.09x 10-6

;hermal conductivitr, W/m 25.64x10-'
;pecific heat kJ/ke K l .0061

iimulation Prorrertv Units Value
numer of tirne steþs 100
time step size S t0
maximum number of velociW iterations 20
velociW convergence tolerance % 0.1
naximum number of ,t-e iterations 20
:ddy viscosity convergence tolerance % 0.1

Boundary Conditions Units lnlet Outlet Wall
)oncentratron zero flux zero flux
emperature K I - ¿t.l zero flux zero flux
urbulence kinetic enersv 2,2m /s k : 0.261 zero flux wall function
lissipation rate t/s 3ll] e : 20.31 5 zero flux wall function

Initial Conditions Units Value
:oncentration
ernperature K I - ¿/)

urbulence kinetic enersv m
2t^2/ò k :0.r

iissipation rate m2l s' e :0.435

Table 6.1: Parameters used in channel flow simulations
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(iiÐ Full Simulation

A channel flow was simulated using the parameters of Table 6.1. The velocity profrle

predicted from the momentum equations of the CFD solver differs from the results of

Mansour et al. The CFD solver has been widely tested and validated for laminar flows

involving a constant viscosity (i.e. Naterer, Schneider, 1995b). However, new issues

appear in regards to the detailed impact of spatially varying viscosity as it arises in

turbulent flows. For example, differences in the treatment of influence coefficients with

PINS may affect the calculations of advecting and linearized advectecl velocities in the

momentum equations. These detailed coupling, involving integration point modeling and

full integration into the multiphase flow solver, are considered to lie outside the scope of

this thesis. Instead, irnplementation of the k-e equations is tested independently by using

and comparing results with various velocity profiles fi'om different turbulence models.

Any errors in the predicted velocities can largely affect the calculation of the production

terms in both the equations for k and s. For example, these production terms may be

artificially large, being proportional to a sum of squares of velocity gradients. If the

velocity error at each node was 10 % (over-predicted), the error in the production term at

each node, due solely to the error in velocity, would be 2I %. Production of Æ is also

directly proportional to the eddy viscosity, which is directly proportion al to Ê and

inversely proportionalto e, indicating that the magnitude of the production term is fuither

affected by any erlor in the production term. This sensitivity of predicted turbulence

quantities due to variations of velocity prof,rles will be studied in the next section.
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(iv) U-SpeciJied Simulation

The velocity profile of Mansour et al., as presented by Wilcox (1998), was curve fitted by

Microsoft Excel as a function of ylh. This clrrve was used to specifii the DNS velocity

profile at every point within the channel. The prediction of all turbulence quantities was

made with the curent ,t-e model and CFVEM. It was discovered that the turbulence

quantities are highly dependent on the velocity profile. As a results, more velocity

profiles were desired.

DCW Inc. (Wilcox, 1998) provides a program (PIPE) that computes incompressible,

fully developed flow in either a two-dimensional channel or a pipe of circular cross

section. PIPE was run with various turbulence models at Re, : 395. For this flow, z, was

assumed to be 0.279948 m/s from Eqs. (6.3) and (6.4) with R€,, : 6,g75. pIpE provides,

among other outputs, the dimensionless z-velocity profile at the channel outlet. PIPE was

run for seven different turbulence models. These turbulence models are identified as

follows.

Algebraic models

A3 - 3 closure coefficients

A6 - 6 closure coefÍicients

%-Equation model

H7 -7 closure coefficients

98



One-Equation models

07 - 7 closure coefficients, 3 empirical damping functions

08 - 8 closure coefficients, 3 closure functions

Two-Equation model

T5 - 5 closure coefficients, 6 auxiliary relations

Stress-Transport model

S10 - 10 closure coeffrcients, 6 auxiliary relations

The predicted (f profiles were curve-fit using Microsoft Excel as function s of y/h. These

curves' used to specifu the ¿¿-velocity profile after being dimensionalized using z.r, :

0.2799 tn/s, are shown in Figure 6.4. The shapes and rnagnitudes of these ¿r-velocity

profiles vary signifrcantly, depending on which turbulence model had been used.
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Figure 6.4: U-Velocity profiles predicted using various turbulence models:
.A3, -0- 46, -^- }I7, -o- 07, -¡- 08, -l- T5, -Ä- Sl0,

Mansour et al.

The turbulence kinetic energy profiles, shown in Figure 6.5, varied considerably

depending on which velocity profile had been specified. Figure 6.5 shows the profiles

that were calculated using velocity profiles from the one-equation models, the two-

equation model, the stress-transport model and the DNS simulation of Mansour et al.

(labeled DNS). The curves corresponding to the algebraic and t/z-equation models all

showed poorer agreement with the DNS results. Also, the ,t-prof,rle of Mansour et al. is

shown for comparison. Most of the curves show a maximum at the first interior node,

which is expected. The T5 curve shows the closest agreement, which is encouraging

because the T5 model and the present È-¿model are both two-equation models.
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Figure6.5: Turbulence kinetic energy profiles: -o- 07, -ø- 08, -o- T5,

-Å- S10, -o- DNS, -x- Mansour et al.

The Reynolds-stress prof,rles, shown in Figure 6.6, also varied considerably depending on

which velocity prof,rle had been specified. Again, the T5 curve shows the closest

agreement with the DNS results, which is encouraging. The thicker solid black line

represents the total shear stress. The Reynolds stress that was predicted by the DNS

simulation closely matches the total shear stress away from the wall where the shear due

to molecular viscosity is negligible. Also, the Reynolds shear stress becomes zerc at fhe

channel centerline where there is zero velocity gradient and at the channel wall where the

eddy viscosity becomes negligible.
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Figure 6.6: Reynolds-stress profiles: -o- 07,, -z- 08, -e- T5, -Å- S10,

-o- DNS.-x- Mansour et al.

The grid was refined in order to determine how much the sparseness of the mesh was

contributing to the discrepancies. The simulations were again performed with 60

elements across the channel using the T5 z-velocity prof,rle. These results are shown in

Figures 6.6 and 6.7, with the results from the refined simulation labeled "60". As

expected, the results have improved considerably.
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Figure 6.7: Turbulence kinetic energy profiles: -g- T5, - - 0 - - 60, -x-Mansour et al.

It is worth noting that the fr-ø simulations performed by Wilcox do not exactly match the

DNS results of Mansour et al. In fact, Wilcox's fr-profile is in significant error across a

majority of the channel. It is possible that the DNS simulations are predicting turbulence

quantities with an accuracy that is beyond the capabilities of a two-equation model. In

such a case, we cannot expect the prediction of the turbulence quantities to exactly match

those of Mansour et al.
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Figure 6.8: Reynolds-stress profïles: -o- T5, - - 0 - - 60, -x- Mansour et al.

The previous results have shown that the cunent k-t model predicts the turbulence

quantities in reasonable agreement with DNS results what a two-equations (T5) based

velocity profile is used. These comparisons were intended to validate the k-e equations

themselves (not full coupling with the momentum and multiphase equations).

Furthermore, additional attempts to combine the mean flow and Æ-e equations will be

described in the following section. The channel flow simulation (this section) was

selected in part because it provides the inlet boundary conditions for a backward-facing

step simulation (next section).
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6.2 Flow Over a Backward-Føcing Step

A channel flow simulation was performed to ensure that the present ,t-e turbulence model

has been conectly formulated and properly implemented into the CFD code. The

simulations predicted reasonable trends of the turbulence quantities. Proper formulation

and implementation of the present /r-s turbulence model can be checked in regards to

whether the model predicts turbulence quantities that yield a reasonable reattachment

length past the backward-facing step (BFS). Figure 6.9 is a schematic of the BFS flow.

inflow
outflow

Figure 6.9: Backward-facing step flow configuration

(i) Bøckward-Facing Step Mesltes

A BFS mesh generation program was written in FORTRAN. The program allows the user

to vary most parameters of the BFS mesh. The following list shows the parameters that

the user may control:

Channel width and height upstream and downstream of the step,

Height of the wall boundary elements, including the step,

o

al

reattachment point
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o Height of refined regions along the lower portion of the upstream channel and the

upstream porlion of the downstream channel,

o Number of elements in the verlical direction for each channel. as well as for the

refined region in the upstream channel,

o Number of elements in the horizontal direction for each channel, as well as for the

refined region of the downstream charurel,

o Separate boundary conditions along all four boundaries (step is included in lower

boundary) for concentlation, ternperature, z-velocity, v-velocity, turbulence

kinetic energy and dissipation rate,

o Initial conditions for concentration, temperature, zl-velocity, v-velocity, turbulence

kinetic energy and dissipation rate.

Given the above parameters, a mesh file, two boundary condition files and two initial

conditions files are generated, with names specified by the user. This BFS mesh

generator was used to generate the BFS mesh in the simulation presented in this chapter.

The inlet conditions, which were set equal to the outlet predictions of a channel flow

simulation, were input manually using Microsoft Excel.

(ii) Simulation Parømeters

The BFS configuration of Thangam and Speziale (1992), Kim et al. (1980) and Eaton and

Johnson (1980) was selected. The expansion ratio, E, defined as the ratio of the step

height to the outlet channel height, is 1:3. The Reynolds number based on the inlet
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centerline velocity and the outlet channel height is Re": 132,000. The step height was

arbitrarily chosen to be h: 0.1 m and the working fluid was chosen to be air at293 K, for

which the kinematic viscosity is 15.09x10-6 m2ls (Oosthuizen, 1999). These

properties yield a centerline velocity of U,: 3.6396 m/s.

A channel flow simulation was performed to obtain the inlet boundary conditions for the

BFS simulation. The parameters used for the channel flow simulation are shown in Table

7.1. The profiles of ¿¿-velocity, turbulence kinetic energy and specifrc dissipation rate,

which were predicted at the channel outlet, are shown in Figure 6.10.

The predicted centerline velocity is U,:6.637 m/s, yielding Re, :87,966. This agrees

well with the desired result of Re. : 88,000, which should yield a Reynolds number of

132,000 for the BFS simulation.
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Vlesh Pronertv Units Value
,hannel height m
;hannel width tll 1.0

reieht of wall elements t1ì 0.006
rumber of horizontal elernents 15
rumber of verlical elements 20

FIuid Propertv Units Value

lensity kg/m3 1.2042

<inematic viscosiW ln2,
I 5.09x I 0-6

hermal conductiviW W/rn 25.64x10-3
;pecific heat kJ/ks K L006 1

Simulation Propertv Units Value
rumer of time steos 100
ime step size ò i0
raximurn number of velociw iterations 20
¿elocitv convergence tolerance % 0.1
naxilnum number of ,t-¿ iterations 20
:ddy viscosiry convergence tolerance % 0.1

Boundary Conditions Units Inlet Outlet Wall
:oncentration C:O zero flux zero flux
emperature K 1 - Zl) zero flux zero flux
¡ -velocify m/s u = 5.93 zero flux u:0
-velocitv m/s v:0 zero flux v:0

.urbulence kinetic energv 2,2m /s k :0.r zero flux wall function

lissipation rate rnt / s' e:0.5 zero flux wall function

Initial Conditions Units Value
;oncentration C:O
ernperature K I - ¿t)
-velocity m/s u:0

,-velociW m/s v:0
urbulence kinetic energv 2,m /s2 k :0.232

lissipation rate
'n'/ 

t ¿ :0.4287

Table 6.2: Parameters used in the channel flow simulation were used to obtain inlet
boundary conditions for the backward-facing step simulation
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Figure 6.10: Predicted properties at the channel outlet that were used as inlet
boundary conditions for the backward-facings step simulation: a) z-velocity b)
turbulence kinetic energy, c) specific dissipation rate
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(iiÐ BFS Simulation

Flow over a BFS was simulated based on the parameters of Table 6.3. A parameter of

comparison in this study is the reattachment length in terms of the step height. A vector

representation of the predicted velocity field is depicted in Figure 6.11. This vector map

shows the reattachment length to be approximately l¡1 : 5.35 step heights, which

represents an approximate 25Yo underprediction. Experimental results of Eaton and

Johnson indicate a reattachment length of 7.1 step heights (Thangam, 1991). However,

earlier reported results indicate that the Ë-e model under-predicts the reattachment length

by 20-25 o/o (Thangam, 1991). Furthermore, appreciable differences in experimental data

have been reported for turbulent flows over a backward-facing step. For example, Durot

and Schmitt (1985) use 2-charurel LDA, but integrated U-velocity profrles have a I0 0/o

difference between inlet and outlet mass flow rates. Also, other differences arise when

measrrements are taken with pitot tubes, as compared with hot wire or LDA methods. In

view of these discrepancies, the cunent predicted results appear reasonable, both in terms

of the qualitative features of the predicted velocities, and the reattachment length.

Figure 6.1L: Vector map of the predicted velocity field
indicating a reattachment length of approximately
underprediction of approximately 25o/o

in the recirculation zone
5.35 step heights, an
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The results of the BFS simulation are encouraging and suggest that the Æ-e turbulence

model has been correctly formulated and properly implemented.

Upstream Mesh Property Units Value
:hannel heisht m 0.2
:hannel width llì 0.5
reight of wall elements ln 0.006
rumber of horizontal elements 25
rumber of vertical elements 20

Tabte 6.3: Parameters used in the BFS simulation

Downstream Mesh Property Units Value
;hannel height tn 0.3
:hannel width m 3.0
reight of step wall elements m 0.0
reight of upper and lower wall elements m 0.006
rumber of horizontal elements 60
rumber of veftical elements 30

Fluid Property Units Value

lensiry ks/m3 t.2042
ilnemauc vtscoslty m'l s 15.09x 10-6

:hermal conductivity W/m 25.64x10-3
;pecific heat kJ/ks K 1.006 r

iimulation Property Units Value
rurner of time steps 100
lime step size S 10
maximum number of velociW iterations 20
velocity convergence tolerance % 0.i
¡aximurn number of k-¿ iterations 20
:ddy viscosiW conversence tolerance % 0.1

Initial Conditions Units Value
;oncentration
.emperarure K I : ¿t3
¿ -velociE m/s u:0
-velociW m/s v:0

:urbulence kinetic energv 2,2m /s k : t.0
Jissipation rate 2,3ln /s e :4.16
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Chap ter 7 : Farticle Ineage Velocirnetry

Measuremenfs

The previously developed two-dimensional multiphase CVFEM CFD code now includes

a Æ-s turbulence model. This allows the CFD code to be applied to turbulent flows. An

initial motivation fol incorporating the turbulence model was to investigate the icing of

helicopter engine bay cooling inlets (EBCIs). This inlet of the helicopter represents a

rather complex geometry, as shown in Figures l.I and 7 .2. An accurate prediction of the

velocity fields is vital when predicting icing of the EBCIs. Unfortunately, the actual

velocity fields past the EBCIs are unknown, so validation of numerical predictions

requires new experimental data.
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Figure 7.1: Schematics of helicopter components: TOP) No. I and 3 engine bay
cooling inlets, BOTTOM) No.2 engine bay cooling inlet. Note: units are in mm

Figure 7.22 Pictures of ice accretion on the leading edges of helicopter engine bay
cooling inlets

The measured velocity fields past the EBCIs must be known in order to fully validate the

numerically predicted velocity fields. Particle image velocimetry (PIV) has been used to

measure the velocity fields past bluff bodies resembling the EBCIs. The geometries of the

bluff bodies do not exactly match those of the EBCIs. At this time, the body of the

' ,t,
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helicopter upstream and downstream of the EBCIs is not replicated, nor is the ductwork

within the helicopter. The purpose of the current studies is to measure the flow f,reld past

bluff bodies resembling the EBCIs, against which numerical predictions may be

compared. Numerical simulation of the flow past the bluff bodies can later assess the

CFD code's ability to predict the flows past the EBCIs.

7.7 Psrticle Image Velocimetry Background

PIV is an instantaneous full-field velocity measurement technique. A PIV system consists

of parlicle seeding, an illumination system, a recording system, a processing system and

an analysis system fDantec, 1998], each of which is described in the following sections.

The illumination component of the PIV system illuminates the area of the flow that is

measured. Seeding particles residing in the fluid reflect the light cast by the illumination

system towards a recording device. The recorded images are transferred to a processing

system. Here the images are correlated into raw vector maps using Fast Fourier

Transforms (FFT). The vector maps may be subsequently analyzed by the analysis

system to refine the raw vector maps and derive other information, such as streamlines

and vodices.

The basic equation used in PIV measurements of the motion of neutrally buoyant particle

trackins in the flow is

displacement AD

Lt
speed :

Iime

1t4

(7.r)



In order to determine the displacement of a particle, two successive images of a flow are

captured A/ seconds apart. The image is then divided into smaller areas, termed

interrogation regions. One such interrogation region is shown in Figure 7.3. Cross-

correlation is used to determine the average shift in particle positions between the two

frames. Each interrogation region yields one velocity vector.

Figure 7.3: Interrogation region showing the shift in the position of a particle
between time I and time t+Lt: a) Image from first frame at time I and b) Image from
second frame at time l+Al and c) Shift in particle position from frame 1 to frame2

7.2 Seeding

The correlation unit attempts to determine the average shift in the location of the parlicles

from one instant in time to another. This requires that the correlation system be must

given an indication of where the fluid element is "located". To this end, the fluid is

impregnated with seeding parlicles. The small seeding particles are assumed to exactly

follow the flow. This requires that the particles are approximately neutrally buoyant. The

capability of using these neutrally buoyant particles over a range of flow velocities

represents an important advantage of flow visualization in water tunnels over wind

/96/
Ø
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tunnels. The correlation system determines the average change in the position of a group

of particles within an interrogation region, which is assumed to match the bulk change in

position of the fluid element in that region. The particles must be highly reflective in

order to reflect light from the illumination system towards the recording medium. The

diameter of the particles is also important when deterrnining the location of a particle.

Polyamide seeding particles with a mean diameter of 20 microns were used in this

research.

7.3 llluminstion

The seeding particles in the flow reflect a majority of the arriving light both forward and

backwards (Dantec, 1998). Unfortunately, the recording device detects only the light that

the particles reflect laterally. This demands that the region of the flow to be recorded

must be intensely illuminated. A New Wave Gemini double pulsed Nd: Yag laser was

used in this research. This laser emits infrared radiation at a wavelength of 1064 nm

(l'{ew Wave Research, 2000). The infrared beam is doubled to 532 nm by passing it

through an angle tuned KTP crystal and it falls within the visible spectrum as green light.

The Nd: Yag laser pulses only at 1 Hz or 16 Hz. The time between images (required for

cross-coffelation) range from 100 and 400 ¡rs in this research, thereby requiring that the

flow is illuminated between 2,500 Hz and 10,000 Hz. This is accomplished with a double

cavity Nd: Yag laser system, whereby two laser beams, emitted by two lasing cavities

and aligned with various optics, are emitted A/ seconds apart. In order to obtain short

bursts of light, the lasing cavities are Q-switched during the maximum flash lamp
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intensities. The two flash lamps and two Q-switches are synchronized by a

syncll'onization system in the PIV processor.

7.4 Recorcling

Raw vector maps are generated by corelating two successive images of the flow. The

images show the location of the seeding parlicles at two instances in time, which are

assumed to exactly follow the flow. A Kodak MegaPlus ES 1.0 Charge Coupled Device

(CCD) camera was used to capture the flow irnages in this research. The CCD chip

includes 1008 x 1016 light-sensitive cells, each with a corresponding storage cell

(Eastman Kodak Company, 1997). The camera shutter is very slow in comparison to the

interval between the laser pulses used in this research. As a result, both images are

captured during one opening of the camera shutter. The camera shutter is fully open when

the illumination pulses are emitted. The first frarne is captured by the light-sensitive cells

during the fìrst illumination pulse, and immediately transferred to the storage cells. The

light-sensitive cells then capture the second frame during the second laser pulse without

closing the camera shutter. The storage cells now contain the first frame and the light-

sensitive cells have the second fi'ame. These frames are then transferred to the Drocessor

for further analysis.

The time intervals between actions in the data acquisition process are very small and

must be very accurately timed. The timing is controlled by the PIV processor, which has
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a synchronization board that sends appropriate signals to the various pieces of equipment

at the appropriate time.

/.f, Pr o ces s ing ønd Anølys is

The PIV processor is a dedicated vector processing unit. The flow images captured by the

recording device are transferred to the processor for processing. The various processing

options used in this research are data windowing, correlation plane evaluation, multiple

peak detection and vector measllrement, sorne of which are described hereafter.

7.5.1 Døta Windowing

Data windowing was used to improve the signal-to-noise ratio in the correlation plane.

The image maps are cross-correlated using a fast Fourier transform (FFT) technique,

which assumes that the input is cyclic in nature (Dantec, 1998). This causes the FFT to

generate eight ghost interrogation regions around the region under interrogation, as

shown in Figure 7.4. These ghost interrogation regions are exact copies of the area

interrogated, and thus they contain the same particles as the region under interrogation.

The real particles from frame one are thus correlated with both the real particles of frame

two (residing in the actual interrogation region), as well as these ghost particles in frame

two (residing in the ghost interrogation regions). This reduces the signal-to-noise ratio of

the correlation plane.
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Figure 7.4: Schematic of the ghost interrogation regions that are generated around
the region under inferrogation

In Figure 7.4,the white square is the region under interrogation, whereas the gray squares

ate ghost interrogation regions. The filled circles represent parlicles in image 1 while the

hollow circles represent particles in image 2. The solid arrow represents the correct

conelation while the dotted arrows replesent correlations with ghost particles.

The window functions multiply the camera image gray scale values by a weighting

function having a value between 0 and 1. The Gaussian window function of Eq. (7 .2) was

applied to the image maps, with,t: 1.0, i.e.,

(7.2)

where M and N are the number of pixels in the x and y directions, respectively, and m and

n arc fhe pixel positions in the x and y directions, respectively. The point (m, n) : (0, 0) is

G(i,i)=*o[-(#)' (#)']
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located at the center of the image. Equation (7.2) is plotted in Figure 7.5. The weighting

factor is close to one near the center, where real particles are likely to reside. It

approaches zero near the edge of the interrogation region, where ghost particles are likely

to reside.
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Figure 7.5: Gaussian window function with k = 1.0, M: 1016 and N: 1008

An undesirable characteristic of window functions is that they reduce the weight of real

particles near the edges of an interrogation region. It is thus recommended that the

interrogation regions should be overlapped. For example, with a 50 % overlap, the edge

of one interrogation region coincides with the center of one of the adjacent intenogation

regions. An overlap of 50% was used in this research, with the image map divide d into 32

x 32 intenogation regions.
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7.5.2 Coruelatiott Plane Evaluøtion

The cross-correlation plane is evaluated using FFT processing of the image maps. The

two image maps from the recording device are divided into smaller areas called

interrogation regions. The particles that appear in a particular interrogation region from

the first image are compared to those appearing in the corresponding interrogation region

of the second image. The goal of cross-correlation is to determine the averz;ge shift in the

position of the particles from the fìrst frame to the next frame. This procedure can be

shown as follows

The function J(m, n) represents the light intensity within the interrogation area in frame

one, while the function g(m,n) represents the light intensity within the intenogation area

in frame two (Dantec, 1998). The function g(m,n) is the output of the transfer function,

s(m, n), after signal noise, d(m, n), is added. The upper case functions represent the

Fourier Transforms of the corlesponding lower case functions, where (u, v) are

coordinates in the frequency plane of the Fourier Transforms. The noise function, d(m,

n), is a result of seeding particle moving into and out of the interrogation region.

Determination of the function ,S(i,r, v) is the main goal of the cross-correlation. The best

functional form of the displacement function, S(u, v), is used to calculate the velocity

vector for the interrogation region.

Image Transfer Function
s(m, n)
S(zr, v)

Additive Noise
+ d(m, n)
+ D(u, v)
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7.6 The Wster Tunnel

As mentioned earlier, PIV experirnents are mole suited to water than to air. Ther.e are

many more substances that are approximately neutrally buoyant in watel than there are in

air, making a water tunnel more attractive for flow visualization than a wind tunnel.

Additionally, particles are automatically evenly distributed in the flow during water

tunnel operation, whereas a seeding mechanism is required in a wind tunnel. The Water

Tunnel 505 by Engineering Laboratory Designs, Inc., was used to generate a repeatable

variable flow past the experimental bluff bodies and it is shown in Figure 7.6. The test

section dimensions arc 60.96 cm (wide) x 76.20 cm (high) x 1g2.gg cm (long)

(Engineering Laboratory Designs, 2000). A 30 HP motor drives the propeller and it is

capable of generating a flow rate of 0.362 m3/s, coresponding to a flow speed of 1.16

m/s in the test section (at maximum propeller frequency of 60 Hz). The tunnel was

operated at maximum speed for all tests conducted in this research.

122





ductwork) based on drawings from GKN. After the templates were removed, the bodies

were sanded with 60-grit and240-grit sandpaper to ensure a smooth surface.

Fiberglass woven roving was wrapped around the bluff bodies and impregnated with

West System Brand 105 Epoxy Resin and slow hardening West System Brand 206

Hardener (together they form an epoxy). Drying times were approximately 24 houls.

The mounting systern for the bluff bodies needed to be able to withstand large forces

created by the fast-moving water. The inside of the tunnel's test section is flat with no

discontinuities, requiring that the bodies are mounted from above the test section. It was

decided that ll2-inch copper piping would be used as the building material for the

mounting system. The portions of the mounting systems that run from the bodies to the

top of the test section were constructed as a ladder rather than two straight pipes, to

ensure that the two vertical pipes remain parallel. An arm of the mounting system is

shown in Figure 7.7. T-joints were used at the top of the ladders to allow the two supports

to be attached to wooden blocks at the top of the test section, as well as permitting two

copper pipes to span the test section to keep the two supports pressed tightly against the

tumel walls. The upper portion of the mounting apparatus is shown in Figure 7.8. Four-

inch C-clamps adequately immobilize the wooden blocks when the water tunnel runs at

full speed. The greatest stresses on the bluff bodies were expected to exist at the point

where the mounting system entered the bluff bodies. Strips of wood were inserted into

slots cut into the sides of the foam bodies to prevent the foam bodies from deforming or

the fiberglass from cracking. The strips were secured in the slots using Lepage Bulldog

1aA
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Grip PL300 Foam Board

the distance between the

11.5 cm.

adhesive caulking. The mounting systems were designed so that

bottom of the bluff body and the bottom of the test section was

Figure 7.7 Copper support used for mounting bluff bodies resembling EBCIs in the
water tunnel

Figure 7.8 Top of mounting system

Measurements revealed that the unpainted frberglass reflected too much light. The laser

sheet produced a bright glare along the edge of the body that disallowed the PIV system

to detect particles near the surface. The bodies were thus coated with a layer of flat black

rust paint and sanded with240-grit sandpaper, significantly reducing reflections.

t25



7.8 Particle Imøge Velocimetry Experiments

The PIV experiments should yield velocity f,relds that allow validation of numerical

simulations. The main aspect that was examined in this research was the spreading rate of

the turbulent wake. Numerical simulations of flows past bluff bodies resembling the

EBCIs that predict significantly different spreading rates than those measured in the PIV

experiments should be questioned.

The PIV Operators Manual suggests thaf a minimum of five seeding particles per

intenogation region is required to achieve accurate velocity predictions. Experiments

revealed that measurements performed with the minirnum recommended seeding

concentration yielded vector maps with several outliers. Seeding particles were added

until the number of outliers approximately stabilized. This yielded a seeding

concentration of approximately 50 g/m3.

The cruising speed of the civil variant of the EH101 helicopter was chosen as

representative of typical condition associated with the icing of EBCis experienced by

GKN. The cruising speed of the civil variant of the EHl01 helicopter is approximately

150 knots (approximately 77 m/s) (GKN, 2000) Similar Reynolds numbers (based on air

aT273 K and water at293 K) would exist for a velocity of approximately 5.42 m/s in

water (Oosthuizen, Naylor, 19991. The 505 water tunlel generates a maximum speed of

approximately 1.16 m/s. We thus performed the PIV experiments at maximum velocity.
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Numerical simulations performed with a free-stream velocity of 1.16 m/s would be

turbulent, and could thus still be useful for validatins the CFD code.

Experiments revealed that a 200 ps delay between images yields optimum raw velocity

maps when operating the tunnel at maximum speed. Particles travel (at most) one quarter

of an interrogation region (based on32 x 32 interrogation regions) in this length of time.

Cross correlations were derived fi'om the image maps using 32x32-pixel interrogation

regions with 50 percent overlap and a Gaussian window function.

There are an incredible numbel of processing cornbinations that could be performed on

the raw vector maps. Several combinations were tested. It was found that arry

combination involving filtering produced the smoothest vector maps, but these were

likely accompanied by a loss of information caused by the smoothing effect of the

filtering algorithms. It was thus decided that filtering would not be employed. The post-

processing of raw vector maps used in this research consisted of:

a moving average algorithm to adjust any outliers, and

statistical averaging of all measurements.

Figure 7.9 shows one of thirty raw vector maps that were measured for flow past the bluff

body resembling EBCI No.2. Cleally there are several velocity vectors that are in

significant error. This is likely a result of insuffrcient seeding densities in the

corresponding interrogation regions, resulting in a poor correlation. A moving average

o

o
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algorithm was applied to each of the raw vector maps. Figure 7.10 shows the validated

vector map corresponding to the raw vector map of Figure J .9.

Figure 7.9: Raw vector map for the flow past the bluff body resembling engine bay
cooling inlet No.2
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Figure 7.10: Validated (moving average algorithm) vector map for the flow past the
bluff body resembling engine bay cooling inlet No.2

A statistical average was derived from the thirty validated vector maps, resulting in the

averaged vector map of Figure 7.1 1. Every vector from all thirty validated vector maps

was used in the averaging procedure. It is felt that thirty readings \Ã/ere enough to achieve

an average vector map that is replesentative of the transient flow. Figure 7.11 shows a

clear separation of the boundary layer past the leading edge of the EBCI. The

reattachment point would be far downstream of the EBCI.
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The streamline and vorticity plots of Figure 7.12 and 7.13 wele generated from the

averaged vector map of Figure 7.11. Figure7.l,2 shows a recirculation cell on the back

side of the EBCI. Altering the geometry of the EBCI, such as embedding micromachined

grooves, could change the location ofthe separation point and affect the flow structure of

the downstreart recirculation cell. It is anticipated that the effects of altering the EBCI

shape can be possible using the CFD code discussed in this thesis. For example,

embedded surface grooves could affect the airstream in ejecting runback water from the

helicopter surface, befole it refreezes, In this way, the surface shapes could be re-

designed to become less ice prone.
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Figure 7.12: Streamline plot for the flow past the bluff body resembling engine bay
cooling inlet No.2

Figure 7.13: Vorticity plot for the flow past the bluff body resembling engine bay
cooling inlet No.2
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The spreading rate of the turbulent wake is the main parameter of these PIV experiments.

The spreading rate for bluff body No.2, denoted by ar, was determined from the

streamline plot of Figure 7.12. Two points were used to determine the spreading rate of

the wake. The first point was the location of the separation point, having coordinates (x1,

y1) : (45.63, | .02) mm. The second was the downstream end of the streamline emanating

from the separation point with coordinates (xz, yz) : (0.0, 23.42) mm. These two

coordinates yield a spreading rate of a2:26.2.

An experimental uncertainty analysis was performed based on standard techniques

outlined in the ASME Journal of Heat Transfer (ASME International, 2001). The

spreading rate of the wake, d, was calculated as

t", ., \
a. =Tan-tl 

Yz - Yt 
I

\xt-x, )
(7.3)

The uncertainfy, U, in the spreading rate may be determined from

U=r[B:+P' (7.4)

where B and P are the precision limit and bias limit, respectively. The magnitudes of B

and P rnay be determined separately in terms of the sensitivity coefficients of ø to the

coordinate values used in Eq. (7.3) following the propagation equation of Kline and

McClintock (1953) as
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The partial derivatives found in the above equations were determined to be
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Firstly, we consider the determination of the precision limits. The precision limits

account for the unsteadiness of the flow and represent the band about the average value

within which results should fall if the experiment were repeated many times under the

same conditions. In this experiment, vortices are periodically shed from the bluff bodies,

thereby causing unsteadiness of the wake. When determining the unsteadiness in the

coordinates xt, x2, !1 and !2, we need to consider only their relative magnitudes because

ôy,

IJJ



the scaling factor would affect all of the independent variables of Eqs. (7.5) and (7.6) by

the same amount.

Streamline plots were genelated from each of the thirty validated vector rnaps. The

determination of the observed location of the separation points fi'om the streamline plots

involves some uncerlainty. This is because the regions occupied by the bluff body and the

shadow cast by the bluff body contain no particles. The PIV software predicts effoneous

vectors in this region, which cannot be removed using moving average algorithms. The

location of the separation point was assumed constant and appr'oximated from the

streamline plot of Figure 7.12. The precision limits of x1 and /r were conservatively

estimated to be 3 mm. The precision limit of x2 wâS not considered because x2 is always

located at 0 mm. The precision limit of y2 was determined by examining all of the

streamline plots to determine the range of measured y2 values. The value of y2 varied

between 20.5 and 27 .5 mm. The precision limit was assumed to be half of the total range,

equal to 3.5 mm.

The bias limit is an estimate of the fixed constant error (ASME International, 2001). In

this experiment, the fixed enor should not affect the value of ø because all of the

coordinates would be equally affected by the bias error.

Following this procedure, the spreading rate was determined to be a2 : 26.2' 1.6". This

represeffs a measurement accuracy within about 6.1 %.
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Figures 7 .14 and 7.l5 show the streamline and vorlicity plots for the flow past the bluff

body resembling EBCI No.1 and No.3. A procedure similar to that described above was

performed for flow past these bluff bodies, yielding a spreading rate of a¡3 : rg.2o

1.2".

Figure 7.14: Streamline plot for the flow past the bluff body resembling engine bay
cooling inlets No.1 and No.3
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Chapter 8: Closune

8.1 Conclusions

A two-equation k-e turbulence model was developed within an existing multiphase

computational fluid dynamics (CFD) code to allow the prediction of ice accretion on

helicopter engine bay cooling inlets (EBCIs). This turbulence model serves as a base

from which multiphase extensions, involving droplet turbulence, may be made. These

extensions would likely involve adding darnping and othel source terms to the turbulence

equations' A control-volume-based finite-element method (CVFEM) was employed to

solve the turbulence conservation equations.

The k-e turbulence model developed in this thesis was presented. A two-equation

turbulence model was selected for many reasons. Two-equation turbulence models

appear to be well suited to solving flows involving complex geometries. Also, they are

complete, meaning that no prior knowledge of the flow is required. A k-e turbulence

model with wall functions was selected for this application. Other two-equation

turbulence models require significant grid refrnement in the near-wall region. This causes

difficulties in multiphase flows because the ice that accretes on the walls of the domain

creates the need for undesired re-meshins.
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Wall functions were employed in the near-wall region. These wall functions prescribe the

velocity profile in the near-wall region. This eliminates the need to refine the grid along

the walls in order to capture the steep velocity gradients using the momentum equations.

Special wall functions, based on Reichardt's law, wele developed to span the entire near-

wall region. A new prescription for s at the first interior node was developed that is

consistent with Reichardt's law.

Intermediate solutions of turbulence equations that contain negative values could have

disastrous effects on the turbulence model. A positivity scheme was thus developed that

is basecl on physical principles and should never require "clipping". This requires that the

positivity scheme is implemented on a local element-by-element basis. Entries in the

local stiffness matrices that have undesirable signs are incorporated into the diagonal

entries or the solution vectors. An advection positivity scheme was developed to

eliminate the possibility of negative results due to advection terms. A hybrid positivity

scheme was developed to eliminate the possibility of negative values due to both

advection and diffusion terms. An absolute positivity scheme was developed to guarantee

positive values to ensure that clipping would never be required.

A channel flow was simulated to determine whether the turbulence model had been

conectly formulated and implemented into the existing CFD code. The channel flow

resembles the ductwork leading into a helicopter engine bay and it provides inlet

boundary conditions for a backward-facing step simulation. Overall, the model seems to

be predicting reasonable trends of the turbulence quantities. To further assess the model's
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ability to predict channel flows, velocity profiles from various simulations were irnposed

throughout the domain and the turbulence quantities were solved. The results indicated

that the model had been correctly formulated and that the velocity plofile across the

channel has a dramatic effect on the solution of the turbulence quantities. A grid

refinement study was performed and the agreement of the turbulence quantities showed

further improvement.

Flow over a backward-facing step was simulated because it lesernbles another relevant

aspect of the flow past the engine bay cooling inlets. A channel flow simulation provided

the inlet conditions for this flow. The backward-facing step simulation predicted a

reattachment length of 5.35 step heights, an approximate 25Yo underprediction. Earlier

reported results indicate that the A-e model under-predicts the reattachment length by 20-

25 %. This simulation further suggests that the turbulence model has been correctly

formulated and implemented in the existing CFD code.

Particle image velocimetry (PIV) measurements were performed of flow past bluff bodies

resembling 40Yo scaled models of helicopter engine bay cooling inlets (EBCIs). Thirty

measurements were performed fol each of the two bluff bodies. A moving average

algorithm was employed to validate the raw vector maps. A statistical average was

applied to the thiffy validated vector maps for each of the bluff bodies. From these

averaged vector rlaps, streamline and vorticity plots were generated. The spreading rates

of the turbulent wakes were determined to be about az:26.2" and dt3:18.2'for the

bluff bodies resembling EBCI No.2 and EBCIs No.l and No.3, respectively. These
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spreading rates al'e anticipated to be useful for validating future numerical simulations of

flow past the bluff bodies.

8.2 Recommendations for Future Researclt

Simulations of the channel flow revealed an issue relating to the coupling of the

momentum and turbulence subroutines. Initially, the channel flow simulation was

performed with the velocity field predicted from the momentum equations of the CFD

solver. This simulation revealed an artificial mass generation between the channel inlet

and the channel outlet. The resulting over-prediction of the velocity fìeld led to over-

predictions of production of A across the entire channel, especially in the near-wall

region. It is felt that differences in the treatment of influence coefficients with PINS may

be affecting the calculation of advecting and linearized advected velocities in the

momentum equations. Full integration of the turbulence model into the multiphase flow

solver remains to be comoleted.

The PIV measurements perfonned in this thesis provide the spreading rate of the

turbulent wake. It is anticipated that this important characteristic parameter can be used to

validate numerical simulations of flows past bluff bodies resembling helicopter engine

bay cooling inlets (EBCIs). Simulations of flow past EBCIs will be performed with and

without droplets in the airstream.
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As mentioned in this thesis, the k-s turbulence model that developed ser-ves as a based for.

which extensions to multiphase flows may be made. PIV experiments in the water tunnel

and in a new spray tunnel will be performed in an attempt to better understand the

behavior of droplets after they enter the boundary layer along a solid surface. Additional

source and damping terms may be added to the turbulence equations to account for the

turbulence of the droplets.
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