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Abstract 
The objective of this research is to develop numencal methods for general and effi- 

cient solutions to the linear systems obtained using the integral equations arising From 

electromagnetic scattering problems involving electrically large structures. 

LI the process, tfi.e prior Irt in this =eu is re1.4el.ved. Then, the integnl equatiuns and 

their solutions by the rnethod of moments (MoM) are derived. The progressive numerical 

method (PNM) and the projection iterative method (PIM) are analysed, including formula- 

tions, operation counts, stopping criteria, and their connection. 

In practice, the PNM is successful in calculation of two-dimensional scattering prob- 

lems. The iterative PNM and a special case of the PNM, the modified spatial decomposi- 

tion technique (SDT), are applied to the problems and compared with the PNM. Examples 

show that the PNM can depress intemal resonanccs. The PIM is implemented in the two- 

dimensional TE case and convergent solutions are obtained. 

In order to overcome the difficulties with three-dimensional scattering problems, the 

PIM is implemented to solve the matrix equation obtained by MoM. Convergent results 

are observed in al1 examples being calculated for bvo- and three-dimensional objects. The 

PIM's iteration process can be accelerated by appropriate relaxation factors. The denpend- 

ence of optimum relaxation factors on various parameters are investigated. Approximate 

results of large objects are obtained by the PM with much less computation effort than the 

direct method. 

By allowing certain smaller eiements in a coefficient rnatrix to be zero, the PIM can be 

M e r  sped up, while still getting good far field results. This technique was found to be 

object dependent, providing better results for spheres than other objects. 
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Chapter 1 

Introduction 

The method of moments (MoM) [ I l  is a common nurnencal technique for solving 

integral equations in applied electromagnetics. It has been extensively used in many 

aspects of computational electromagnetics [2]. To solve the integral equations easily, 

accurately, and rapidly, the constraints of this numerical method must be known. A limita- 

tion of this method, when applied to analyze electromagnetic scattering problems, is that 

the electrical dimensions of a scattering object can not be larger than a few wavelengths. 

since large bodies result in linear algebraic equations with large coefficient matrices which 

require excessive cornputer storage and execution time to obtain solutions. Difficulties 

aise as the matrix size increases rapidly with a small increase in electncal dimensions. 

The resulting matrices are either too large or too costly to be handled. The accumulation of 

mors while inverting large matrices greatly impairs the accuracy of the solution. In addi- 

tion, MoM produces spurious results while calculatiag the scattering problerns at intemal 

resonance fiequemies on infinite perfectly-conducting cylinders. 

The computational difficulties with the direct integrai equation and the MoM solution 

technique for the eleceically large scattering problems have prompted a number of alter- 

native approaches. The objective of this thesis is to make progress in this area, to solve the 

problems faster and Save cornputer memory. Thus, numerical techniques have been sought 
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for and developed to be suitable for electromagnetic scattering problems on large two- or 

three-dimensional structures. 

1.1 Literature Review 

A literature review, which is by no means complete, has been conducted and summa- 

rized. It is attempted to classi@ al1 reviewed articles into several categories. Since ou. 

concentration is on integral equations and MoM solution techniques, time domain numer- 

ical methods are excluded. 

1.1.1 Approaches Related to Scatterer Decomposition 

An important idea about solving large structure scattering problerns is to divide or 

decompose the scatterer into small parts and then to calculate each part separately [3]- 

[12]. Kinzel[3] has solved the problern of large two-dimensional reflectors by dividing the 

reflector contour into several sections of about one wavelength long. By choosing only 

three sections and neglecting the remaining parts of the contour, he has solved for the 

induced current on the separate three sections. Then he discarded the results of the outer 

sections due to the inaccuracy in the calculation, but has retained those of the inner ones. 

By repeating the process, he has found the induced currents on the reflector. In his calcula- 

tions, he has neglected the interactions among the remaining sections, except for those 

among the adjacent ones. 

For a srnooth and large reflector, this is justified since the physical optics approxima- 

tion holds and the induced current on the retlector, except near the edges, is determined 

with reasonable accuracy by the incident field done. However, for an arbitmry size and 
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shape scatterer, or antema, such an approximation is not generally vaiid and it is neces- 

sary to take into account the induced field of the illuminated portion of the object in order 

to partially cancel the incident field for the shadow side of the object. In these cases, the 

concept of sectioning can still be applied provided a region on the object is found where 

the induced surface fields are determineci primarily by the incident field. 

A progressive numerical method (PNM) [4] reduces the matrix dimensions. It utilizes 

the shielding property of conductors together with the resultant reduction of interactions 

among the surface field distributions as a function of the electrical distance. That is, 

instead of solving the integral equation sirnultaneously for the total object, it is solved pro- 

gressively for many selected sub-regions of the r i a c e .  It is essentially an extension of 

the sectioning method in [3], but includes progressively the effect of computed surface 

distributions, 

The induced surîàce field of a sub-region can be found by neglecting the remaining 

portion of the object, but the computed result must be used for calculation of the field dis- 

tribution on the rest of the object. To enhance the accuracy of the solutions a fifty percent 

overlapping between adjacent regions was assumed and half the calculated current pulses 

after each step were discarded. Improvernent in the accuracy of the solution by using an 

iterative process was examined. The P M  is also implemented and anaiyzed for the scat- 

tering by a infinite circular cylinder illuminated by a TM wave in [SI. 

In order to circumvent high demand on the cornputer resources and also reduce 

numerical difficulties, the spatial decomposition technique (SDT) [6] modified the formu- 

lation of the boundary value problem but still retaining al1 the physics of electromagnetic 

scattering and interaction. The scatterer can be divided into an arbitrary number of distinct 
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spatial subzones. A key point to note is that at the virtuai interfaces separating the two 

subzones, the tangentid virtual currents on one side of the interface must be equal, but 

opposite to the tangential vimial currents on the other side of the interface. The usual 

MoM technique is used to compute the electric and magnetic currents dong the enclosing 

surface of one subzone. The subzone is treated as a distinct scatterer. The excitation for 

this subzone consists of the original incident plane wave and additional excitation due to 

the electric and magnetic currents residing on the surfaces on the remaining spatial sub- 

zones and radiating into the bee space. The anaiysis is shifted fkom the first subzone to the 

last subzone. This process is repeated over and over, always using the incident plane wave 

and the latest surface curents as the excitation for the subzone of interest. Finally the 

accurate results cm be obtained. 

The "add-on" procedure in [7] is done in a graduai manner by building up the body 

from small patches which are added sequentially. It utilizes a prion known information on 

a portion of the scatterer as an initial stage for the econornic analysis of the entire stnic- 

ture. The process takes into account the interactions between al1 segments of the body. It is 

only applied for scattering from large planar structures. The implementation of the "add- 

on" method for the microstrip antenna case is discussed in [8]. In [9], the problern of rapid 

estimation of the effect of pemirbing a thin plate structure is addressed using the "add-on" 

technique. The procedure is extended in this work to apply to arbitrary plates. 

In recent work [IO], an iterative method coupling the magnetic field integral equation 

(MFIE) and the electric fieid integrai equation (EFIE) was developed for radiation and 

scattering problerns, where the integral equations were applied to geometncdy distinct 

regions of a complex structure in a manner similar to what was done in [Il]. The applica- 
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tion of the MFIE to certain regions of a complex body, however, necessarily restricts those 

regions to be closed. For the example given in [8], a generalized tnangular surface patch 

representation was used to model the current on the conducting body of revolution (BOR). 

The method was also shown to be generally more efficient for radiation problems rather 

than scattering problems because the entire iterative procedure has to be repeated for each 

incidence angle. 

An iterative technique is developed in [12] for frequency dornain 

ing h m  electncally large composite bodies. An EFIE formulation is 

plane wave scatter- 

employed in which 

the submatrices of MoM matrix are uncoupled and the current on each geometrically sep- 

arable region of the composite body is solved independently using a direct method. The 

currents on the various subcomponents of the body are then recalculated within an outer 

iterative loop. The technique is applied to the case of a multiwavelength BOR with two 

Rat plate attachments. This composite body iterative technique is show to preserve the 

simplicity and attractiveness of an isolated BOR while maintaining current continuity 

across the structure without the use of additional junction currents. Through this paper one 

cm see this technique is stemmed from the PNM [4]. It is not generally possible to obtain 

convergent results on other shape of scatteren and attachments. 

It is a pleasant thing to see that object decomposition is also proven to be an efficient 

method in other area, such as the calculation of high frequency circuit parameters as pre- 

sented in [13]. 

1.1.2 MoM and GTD Hybrid Techniques 

The hybrid technique which combines MoM with geometrical theory of difict ion 
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(GTD) is presented in [ 141 and [ 151. The method in [ 141 modifies the usual impedance 

matrix such that a metallic body or discontinuity on that body is properly accounted for. 

The modification is readily accomplished using GTD. It permits the application of MoM 

to a class of problems wherein a three-dimensional body, on or near which is Iocated a 

radiating element, may be arbitrarily large. The technique in [IS] applies MoM to the 

points near the difiaction points and the GTD to the points away fiom the difiaction 

points. This combination leads to a means of handling a whole host of new problems. It 

reduces the computer storage, allows handling vev  large structures with just a few 

unknowns and is usehl in terrn of concave structures, but corresponding GTD expressions 

of the curent densities for different geometries are needed. niese GTD expressions are 

difficult to obtain for many prachcal structures. 

1.1.3 Iterative Algorithms 

Viïrious iterative methods [16] - [18], [25] - [27] are sought for and proposed in the 

area of large scattering problems. The banded matrix iterative method [16] for solving the 

linear simultaneous equations arising from thin wire moments problems has provided eco- 

nomical solutions for a varieîy of mal1 problems. Solution efficiencies have been 

increased. The matrix bandwidth depends on the geometry of the problem and the choice 

of numbering schernes in segmentation. The convergency is not guaranteed. 

In [17], many numerical methods for the solution of large matrix equations are dis- 

cussed, among which conjugate gradient method (CGM) is consider as the most useful 

one. It needs some iterative steps with (2$ + 6N) operational count in each step, where 

N is the matrix size. The CGM rnight converge quite rapidly for a large system of qua- 
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tioas if the ma& has quite a few eigenvalues bunched together. This generally happens in 

matrices which have dominant diagonais. Four versions (special cases) of the CGM have 

presented in [18]. Each of these cases has certain advantages. But the CGM is suitable 

only for symmetric positive definite matrices [ 191. 

It has been observed that CGM may converge too slowly to be useful. This happens 

when the condition number of the operator is too large. One possible way to reduce this 

condition nurnber is through preconditioning [20]. Application of the preconditioned 

CGM to an operator equation requires additional preprocessing of the original operator. 

The rate of convergence of the preconditioned CGM is better than that of the conventional 

CGM only in cases when the condition number of the original operator is large. Some 

researchers tried to apply the CGM in the spectral domain to microstrip antenna problems 

[2 11. However, it has tumed out that the CGM provides little advantage over MoM due to 

practical limitations on the convergence rate and its unpredictability and dependence upon 

the specific geometry, polarization, and the operator used. To overcome this disadvantage 

the generalized biconjugate gradient (BCG) FFT method was applied in [22]. This method 

does not minimize the residual or the error in the solution at each iteration, but reduces 

some power nom. For nonsymmetric operator this method requires an additional ZN stor- 

age locations, where N is the number of the unknowns. The convergence of the BCG 

method is not guaranteed [23],[24]. 

A projection iterative method (PIM) [25] is a convergence guaranteed method in 

which the solution is improved by means of an orthographie projection procedure. The 

decomposition technique is that the impedance matrix and the ri@-hand side term are 

decomposed while the unknowns are not decomposed in space. A series of sub-equations 



defined on subdomains are solved in each iterative step. The computer memory is rnuch 

less than that of the direct method for the original equation when the sub-equation size is 

small. The PIM iterative process can be accelerated by a relaxation factor and a multilevel 

scheme. Therefore it is potentially applicable to the large electromagnetic problerns. 

The multilevel moment method (MMM) [26] expresses operator equations into some 

fine and coarse levels. The multilevel process is started at the fine level by finding iterative 

solutions until the convergence has slowed. Because the residual error contains the slow 

modes that are not readily accessible to the iteration process at the fine level of discretiza- 

tion, it is projected fiom the fine space to the coarse space. The solution at the coarse level 

can be found. Once it is obtained, the coarse version of the error is projected to the fine 

level via an interpolation operator. A new estimate of the solution at the fine level is then 

available by the new improved value of error. By repeating the error projection among the 

fine level and coarse level finally the accurate results can be reached. In the MMM, the 

computational cost is in the order of N', where N is the number of unknowns. Interlevel 

transfer operators have to be designed for different basis fictions. This may become a 

difficult problem in three dimensional case. 

The numerical algorithm presented in [27] utilizes preconditioned transpose-free 

quasi-minimal residual (PTFQMR) iterations and cornputes the rnatrix-vector products by 

employing a compressed impedance matrix involving rank-reducing partial QR decompo- 

sition. The latter is followed by an iterative refinement of the solution to obtain the desired 

accuracy. Both the preconditioning and the compression algorithms are configured such 

that they can take advantage of the block structure of the ma&. A comparative evalua- 

tion of the performance of this iterative technique is carried out with regard to other matrix 
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solution methods to demonstrating the computational efficiency of this present solver. It is 

shown that a high matrix compression rate can be achieved by successive refinernents 

without sacrificing the accuracy required. This method is only applied to the dense com- 

plex-symmeûic linear system of equations arising in the MoM formulation. This scheme 

is convergent when applied to estimate the edge effects in a finite array of identical scat- 

ters, the only example calculated in this paper. The convergency of this solution procedure 

is not known to other shapes of scatterers. 

1.1.4 Matrix Sparsikation Schemes 

[28] - [38] fa11 in a type of numencal techniques which sparsify the coefficient matrix 

of MoM equations. Then problems are solved as sparse linear systems. It is known from 

asymptotic solutions of canonical problems, that the wave interactions among the smooth 

parts of the scatterer are essentially local. It has been shown in the impedance matrix loca- 

tion ( M L )  approach [28] that, for smooth scatterers, the use of Gabor type of basis func- 

tions, i.e. functions comprising of windowed exponentials, can introduce the desired 

impedance matrix localization feature in the matrix equation. It should be noted, however, 

that the localization of the maîrix elements near the diagonal is achieved at the expense of 

higher computational cost, introduced by the need to compute the double integrds for the 

matrix elements that involve the special bais  and testing functions. Moreover, in the IML 

approach, the ''reaction" type of coupling between the distant parts of the closed scatterer 

is not entirely eliminated, and this may be traced to the bi-directional character of the radi- 

ation enianating from the Gabor type of distributed currents. 

The use of wavelets [29] and wavelet packets [30] for the efficient solution of electro- 



magnetic integral equations has received considerable attention recently. They produce a 

sparse interaction rnatrix which may be solved rapidly. In the electrodynamic case, the 

integral equation has an oscillatory kemel. Therefore, wavelets or wavelet packets do not 

produce as dramatic a savhg as for smooth kernels (such as those encountered in electro- 

statics), but they still produce significant sparsity in the operator matrix. Wavelets produce 

diflerent sparsity for different problems. The use of wavelets dose not appear to reduce the 

computational complexity of solving the scattering integral equation. The cost of convert- 

ing the impedance matrix to the wavelet basis, using the fast wavelet transfomi, was found 

to be comparable to the original matrix filling time. 

The IML or wavelets become ineffective for highly irregular surfaces, because they 

depend on the radiation characteristics of their respective basis fictions. Thus, the IML 

or wavelets would be poorly suited for rough surïace scattering problerns. A basic theory 

about wavelets on electncd engineering is provided in [3 1 ] and [32]. 

The authos of [33] believe that al1 matrices which arise in the MoM solution of scat- 

tering and antenna problems have a hidden structure. This structure is due to the physics 

of electromagnetic interactions. Complicated Matrix-algebra routines are used in [33] to 

uncover this stnicnire in MoM matrices, after they have been calculated. This structure is 

used to create a sparse representation of the matrix. An approximation is involved in this 

step, but the error involved can be nearly as mal1 as the precision of the calculation. Then, 

without M e r  approximation, a sparse representation of the LU factorization of this 

matrix is computed. A sigaificant speed improvement is realized over that of the standard 

LU factorization of this matrix, 

The fast multipole method (FMM) [34], [35] in the computation of the electromag- 
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netic scattering problems can reduce the operation count and storage requirements. It is a 

fast algorithm and good for far field calculation. The basic idea of the FMM is first to 

divide the surface subscatterers into groups. The addition theurem is then used to translate 

the scattered field of different scattering centers within a group into a single center and this 

process is called aggregation. By doing this, the number of scattering centers is reduced 

significantly. Similady, for each group the field scattered by al1 the other group centers cm 

be fint received by the group center and then redistributed to the subscatterers belonging 

to the group. This process is called disaggregation. It was further developed to multilevel 

fast multipole algorithm (MLFMM) in [36]. The FMM has been applied to different scat- 

tering problems [37] and [38] .  It was concluded that reasonable results can usually be 

obtained for mal1 ka, where k is the wavenumber and a is the radius of a circular cylinder 

or the semimajor axis of a elliptical cylinder. It is much more dificult to obtain good 

results for large values of ka, and it is doubly difficult to do so efficiently [35]. 

1.1.5 Other Methods 

The method in [39] expands the scattered fields in terms of bearns, generated by a 

selected set of multipole sources located in the complex space. The selection of the orders 

as well as locations of the multipole sources must be judicious. It faces difficulties in using 

to handle nonsmooth scatterers. 

[40] and [41] have demonstrated that current distributions on large smooth scatterers 

may be efficiently represented in ternis of a series of complex exponential functions with 

relatively few t m s .  MoM is then used in conjunction with a hybrid set of basis functions 

and an extrapolation procedure to solve the scattering problem involving large bodies of 
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revolution. 

With the rapid development of computer techniques, pardel processing over the 

Intemet is now becoming realistic possibility. An important aspect of numerical computa- 

tion is the efficient use of mdtiprocasor or large scale computing platfoms. This paper 

[?II considen issues relating to the parallelization of integrai equation codes, ~ 4 t h  the 

perspective that such parallelization can possibly occur through facilities, algonthms, and 

data shared and accessed through the intemet. This paper illustrates how parallel comput- 

h g  can be used as a computational tool for very large scale electromagnetic problems and 

also tries to promote the idea that remote usage of computing resources is being made pos- 

sible via established high speed telecommunication nenvorks. 

A good review of fast solution methods for efficiently solving electrornagnetic scatter- 

hg  problems can be found in [43]. 

1.2 C hoosing Numericd Methods 

Among various approaches aforementioned, the PNM and SDT are promising ones. 

Both of them are considered as the modified fonn of MoM, where the basic idea is to 

divide a large object into small regions and calculate the smail regions one by one, but still 

consider the coupling effect among al1 subregions. Both the PNM and SDT can reduce the 

matrix size and retain the essence of scattering and interaction. 

As will be seen in later chapters, the PNM and SDT are applied to two-dimensional 

electromagnetic scattering problems. It is found that the SDT should be modified and then 

becomes a special case of the PNM. It is shown that the TM case behaves weli and can be 

hproved by iterations. The results of the TE case agree well with MoM results for large 
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objects but not for small ones. In the three-dimensional case, it is observed that a straight- 

forward application of the PNM and modified SDT does not yield an accurate solution 

WI, WI. 

in order to solve large three-dimensional electromagnetic scattering problems with 

less cornputer memory and less execution time, some iteration-based numerical rnethods 

have been applied for the matrix equation obtained by MoM. Basic iteration techniques 

[46] - 1481, such as, Jacobi, Gauss-Seidel, and Successive Overrelaxation (SOR) iterative 

methods, were attempted, but did not result in a convergent solution. The CGM is widely 

used, but its nurnencal instability sornetimes slows down the convergence rate. This 

becomes a severe problem especially when the maûix is ill-conditioned. Hence, the PIM 

and its accelerative technique is introduced to the three-dimensional problems, with its 

co~ec t ion  to the PNM being shown. This method is not widely known yet and its appli- 

cation to computational electromagnetics is investigated. tt possesses the potential to 

become a good candidate for solving large electromagnetic scattering problems. 

1.3 Outline of the Thesis 

In this thesis, chapter two gives two- and three-dimensional integral equations and 

their MoM formulations. Three algorithrns, the PNM, the modified SDT and the PM,  are 

descriied and their formulas, acceleration techniques, convergence criteria, and opera- 

tional counts are investigated. The relation of these three methods is established. Chapter 

three presents the application of these methods to two-dimensional scattering problems. A 

review of the existing methods to alleviate the intemal resonance is provided, followed by 

investigation of two examples which show that the PNM can depress intemal resonances. 



Chapter 1 Introduction 

Chapter four shows how to find optimum relaxation factors when using an acceleration 

technique in application of the P M  to a finite cylinder, a cylindncd rod with rounded 

ends, and a sphere. Correspondhg computed results for current distributions and RCSs are 

shown in chapter five for these three different scatterers. Chapter five also provides 

numerical results for large objects and numencal solutions by using the sparsified dense 

MoM matrices. Finaily, Chapter six gives conclusions and recommendations for future 

research directions. 



Chapter 2 

Numerical Techniques: 

Algorithms and Analysis 

In this chapter integml equation formulations for conducting scatterers are presented 

and algorîthms for their solutions are developed. At first, bvo-dimensional integral equa- 

tions and their MoM fomulations are introduced briefly for TM and TE fields. Three- 

dimensional electrical field integral equation and the conventional three-dimensional 

MoM with triangular surface patches are derived based on [8 11. The algonthms of the 

PNM and SDT are descibed in detail. The operation count of the PNM is discussed. An 

overlapping technique is utilized in the PNM to improve the accuracy. It is found that the 

SDT needs modification and it is given how the SDT should be rnodified. It is pointed out 

that after the modification the SDT is a special case of the P M ,  which has no overlap- 

ping . Iterative solutions for the PNM are developed and investigated. It is showvn that, the 

iteration converges rapidly for the TM case, but not necessarily for the TE case. A more 

general method is then sought, which results in the PM.  The followving part of this chapter 

presents the formulation of the PIM aigorithm for solving MoM maaix equations and its 

accelerative technique for the iterative process. The operation count of the PIM is ana- 

lyzed and the comection of the PIM to the PNM is explored. Finally, several stopphg cri- 

teria are discussed to determine how and when to terminate the iterative process. The 
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stopping critena relate to the measurement of errors involved in the iterative process of the 

aigorithms. 

2.1 Integral Equntions and MoM 

2.1.1 2-D Formulations 

Since an arbitrary electromagnetic field c m  be expressed as the superposition of a 

transverse magnetic (TM) part and a transverse electric (TE) part, TM and TE fields 

(transverse to the z coordinate is assumed) can be treated separately to simplify the prob- 

lem. 

For normally incident TM excitation, there exists only an axially directed electric cur- 

rent along the length of the scatterer. The usual formulation is an E-field integral equation 

that enforces the condition that total tangential E-field be zero along the surface of the 

scatterer. A superposition integral that reflects this boundary condition is [ 11 

pi (d = ~ L J ,  ( r ' )  H:~'  (klr-r'l) d l ,  

where k = co&Ï = 2n/ h is the wave number (h = wavelength), q is the fiee space 

wave impedance, J' is the surface distniution of the electric currents along the z direction, 

~0'' is the second kind Hankel function of zero order and & is the incident plane wave 

electric field. 

We use pulse functions for the basis and point matching for test to numericaily solve 

(2.1). The scatter contour c is divided into N segments Ac, ( n = 1. 2, ... N ). Letting 

= LIJn , substituthg in (2.1 ), and satisfj4ng the remltant equation at the midpoint ( x, 
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, ym) of each A c , ,  we obtain the matrix equation 

where 

with y=0.5772 ... 

for m # n ,  

Afier the current has been determined, the scattered field is expressed in the calcula- 

tion of the bistatic Radar Cross Section (RCS), which is given as a hinction of the angle 

0: 

For normal TE excitation, there exists only a circumferentially directed electric current 

dong the boundary of scatterer. An H-field integral equation is often used to solve this 

case [ i 1. Starting with the condition Hz = + Hf,  and recalling = J, , one can derive 

the integral equation 

Hi(r) = Jc ( f )  +z/ (2  n )  Jc ( r l )  fi:') (klr-r'l) dl', 
4 r on c (2.4) 

C 

where â is a unit vector pointing fiom the source point to the observation point and n is 

the outward normal vector dong the boundary. Applying the similar procedure to this 

case, the same rnatrix equation as (2.2) is obtained with 

for m f n ,  
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Z,,=O.5 and V, = - ~ z ( x , , y , )  . 

Afier the current has been detmined, the bistatic RCS cm be expressed as 

2.1.2 3-D Integral Equation 

in this section an electnc field integral equation (EFIE) for the surface current induced 

on a conducting scatter is derived from boundary conditions on the electric field. The 

advantage of the EFIE is that it is vdid for both open and closed surfaces. There are differ- 

ent integral equations available for electromagnetic scattenng problems, each of which 

possesses different feature and is suitable for different applications [82] - [84]. Consider a 

perfect conducting scatterer with surface S. The surface current J is induced by an incident 

electric field E' which is defined to be the field due to an impressed source in the absence 

of the scatterer. The scattenng field due to the current distribution on S is given by 

where the magnetic vector potential is dehed as 

and R = Ir - r'l , the distance between the observation point and the source point, and 

k = o6 = h / h ,  the propagation constant, where h is the wavelength. The perme- 

ability and permittivity of the surrounding medium are p and E, respectively. An 

exp ÿot) tune dependance is assumed and suppressed. The scalar potential is defined as 
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The integro-differential equation for J can be derived by enforcing the boundary con- 

di tion 

on S, where ii is the outward unit normal. By doing so we obtain 

-EL = (-j~pA-v@) ,, r on S (2. IO) 

Equation (2.1 O), together with (2.7) and (2.8), constitutes the EFIE. 

2.1.3 3-D MoM with Triangular Surface Patches 

The EFIE is used with MoM to develop an efficient numerical procedure for treating 

problems of scattering by arbitrarily shaped objects. For numerical purposes, the objects 

are modeled using planar trianguia. surface patches. Because the EFIE formulation is 

used, the procedure is applicable to both open and closed surfaces, whereas the MFlE 

applies to closed bodies only. Crucial to the numerical formulation is the development of a 

set of special subdomain-type basis fimctions which are defined on pairs of adjacent trian- 

gular patches and yield a current representation free of line or point charges at subdomain 

boundaries. 

Before this triangular surface patch modeling was available, the wire-grid modeling 

approach has been rernarkably successful in many problems, particdariy in those requir- 

ing the prediction of fa.-field quantities such as radiation patterns and RCSs 1851. The 

approach is not well-suited for calculating near-field and surface quantities, such as sur- 
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face current and input Mpedance [86], however. Some of the advantages of aiangular 

patch mode1 include that triangular patches have the ability to conform to any geometry 

surface and boundary, they permit simple descriptions of the surface and patch scheme to 

the computer, and they may be used with greater patch densities on those portions of the 

surface where more resolution is desired. Although planar quaddateral patch modeling 

[87] - [89] shares many of these features, the vertices of planar quadrilaterals may not be 

independently specified because al1 four vertices mu t  lie in the sarne plane. 

One notes that the presence of derivatives on the current in (2.8) and on the scalar 

potential in (2.10) suggests that care should be taken in selecting expansion functions and 

the testing procedure in the MoM. To solve the integai equation by MoM, a set of expan- 

sion functions and a testing procedure are s h o w  and used to denve the elements of the 

moment matrix. Finally, the numencal computation of the moment matrix elements is dis- 

cussed. 

The e l e c ~ c  current can be expanded as 

where Nis the total number of nonboundary edges and f ,  is the basis function. The subdo- 

main of the ba i s  function is the two triangles which adjoin the edge. The currents on the 

triangles are defined as 
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where 1, is the length of the cornmon edge of two triangles and A, and Ai are the tri- 

angularareas of T,' and T: , as showiinFig.5.1. The basis function wasoriginallypro- 

posed in [90]. 

The basis function f ,  is associated with each non-boundary edge of the aiangulated 

structure. Each coefficient 1, in (2.11) may be interpreted as the nomal component of the 

current density flowing pst the nth edge. 

Fig.Z.1 Current basis functions. 

With the imer product definition 

a matrix equation is formed by testing (2.10) across scatterer boundaries. 

(E', f> = jop(~, fJ + (va, fm)  (2.14) 

In evaluation of (2.14), the integral of E', A and <P over each triangle is approximated 

by their respective values at the triangle centroid. The result of applying this procedure is 
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where c t  are the centroids of triangles Tn = . 

Substituting (2.1 1 )  into (2.15) yields a systern of linear matrix equations of the form 

where [Z,,] is an impedance matrix relating currents across the mrh and nth edge. [ Y,,,] 

is a column vector due to the incident field. Elements of [Z,, ] and [ Y,] are given by 

where 

and 
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For plane wave incidence, we set 

~ ' ( r )  = (E,& + E,$.) dk.' 

where the propagation vector k is 

k = k ( sinûocos~o.t + sine, s i n e 2  + cos0,î) 

and (go, 6.) derines the angle of arriva1 of the plane wave in terms of the usual spherical 

coordinate convection. Unit vectors 9. and 4. are constant vecton which coincide with 

the usual sphencal coordinate unit vectors only at points on the line from original point in 

the direction of k. 

Evaluation of each m a t h  element in [Z,] associated with edges m and n involves 

integrations over triangles T,' with observation points located at the centroids of triangles 

7'; . n e s e  integrations are most conveniently evaluated by transforming from the global 

coordinate system to a local system of coordinates defined within 7': . Numerical evalua- 

tion of the integrals may be accomplished by using numerical quadrature techniques spe- 

cially developed for triangular domain [91] - [93]. However, for those singular 

integrations the suigular portion of each integrand must be removed and integrated analyt- 

icdly 1941. 

Once the elements of the moment matrix and the forcing vector are determined, one 

can solve equation (2.16) for the unknown colurnn vector [In]. 

It should be noted that the surface patch model is insmied with the actual sphere, that 

is, all triangle vertices lie on the spherical surface of the desired radius, while al1 edges lie 

witbh the volume of the acnial sphericd d a c e .  The inscnied patch model of the sphere 
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does not actuaily represent the physical size of the sphere and introduces error to the corn- 

puted results. [95] shows that the errors in the results can be reduced if the surface area of 

the mode1 approaches the actual surface area of the sphere. 

2.2 Algorithms 

2.2.1 PNM 

The solutions of two- or three-dimensional electnc or magnetic field integral equa- 

tions, using MoM, will be reduced to a matrix equation as (2.16), which can be rewritten 

as below with subscriptions ornitted for convenience, 

[a = [VI (2.25) 

where [ Y ]  is the excitation matrix obtained by sarnpling the incident field on the surface 

of the object, [ I l  is the unknown current distribution, and [z] is an N x N (N is the num- 

ber of unknowns) square matrix representing the coefficients obtained fiom expanding the 

unknown function. Off-diagonal elements of [Z) are due to the mutual interactions of the 

unlaiown current distribution. Partitioning the matrix into L x L blocks, equation (2.25) 

where [Zg] (i, j = 1.2, .... L) are rn x m square submatnces. Geometrically, this is equiv- 
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aient to sub-dividing an object into L small sub-regions R,  , R2, ... , RL , as s h o w  in figure 

2.2. 

Now, if region Rl is such that its field distribution is govemed mainly by the excita- 

tion, al1 the mutual interactions can be neglected. Using this approach, the field relation in 

the first region (neglecting the interactions f?om the remaining sections of the object) can 

be simplified to 

rI,1 = [z,,I-' [ Y , ]  (2.27) 

the solution of which gives approximately the required current distribution [ I I ]  . 

Fig.2.2 An object is divided into smailer subregions, R, , R2, ... R, . 

Similarly, assuming the current distriiution in the second region Ri can be determined 

mainly by the contribution of the h t  region and the excitation, the unknom field relation 
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can be expressed as 
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applied successively until the required curent distribution for the final region is found. In 

general, for the $ region, the field relation is 

1 - 1  

i - t  

Following the previous procedures. one is therefore calculating the following matrix 

equation: 

with O v e r u  Te- * * 

Note that solution of the field problem using the above method gives increasingly 

larger m o r s  towards the outer edge of each region because of the coupling effect from the 



Chapter 2 Numerical Techniques: AIgorithms and Analysis 

adjohhg region. In order to have a reasonable solution an overlapping region may be 

used to improve the accuracy of the solution. Considering region R I  , one may discard p 

inaccurate solutions at the edge f?om its rn solutions and retain the rest. The second region 

R, begins fiorn where the inaccurate solutions are discarded. This procedure continues 

until the entire object has been covered. The geometry of such overlapping regions is 

shown in figure 2.3. 

Fig.2.3 An overlapping region between sub-regions R I  and R2 . 

With the implementation of overlapping technique, one may retain [ I ;  ] , the accept- 

able part of [ I , ]  obtained by using equation (2.27). [i,] can now be found fkom 

[hl = PLI -' ( [ V J  - [z,; 1 [4'1) (2.3 1) 

where [Z,; ] is a non-square matrix. Similarly, for the region, equation (2.29) is modi- 

fied to 
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Iterative PNM 

An iterative procedure can be incorporated into the PNM and dl  matrix elements have 

to be used. Lenuig [I,'] indicate the ph iteration solution on the ph subregion, one c m  

write the iterative PNM formula 

L 

= ( I  + 1 I - [z l i~  [ Z - ~ I )  
i - l  

Or, finally extracting [(- '1 out gives, 

L 

Note tbat we use [Z,] [f - '1 = [Z,] [(-'1 in the above derivation, where [Zr] is an 
i - 1  

m x N nonsquare matrix consisting dl elements in [Zri] (i = 1. 2, ... , L), and [Ik  is the 

(k-1)" iteration solution. A h ,  the second term in the above equation is the correction 

term to improve the solution. Consequently, one c m  insert a relaxation factor CO into the 
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above equation to form a new formula 

[61 = [ t ' l  + w , , 1 - '  ( IV,] - rz*1 v-'1 
which may accelerate the iteration process. 

eration Count of PNM 

In solving field equations by the basic PNM, mostly the lower triangular elements of 

the coefficient matnx are utilized. So the time for calculating the coefficient elements and 

the cornputer storage for the coefficient matrix can be reduced. Detailed discussion con- 

cemuig saving the calculation count is given in [4]. A direct method (LU decomposition) 

to solve the matrix equation involves O (3 - . N' ) operation count (OC). Assume thai affer 

each step p number of solutions are dicarded and denote a = ( m  - p )  / m .  The PNM 

involves two separate computations for the generation of the excitation t e m  which require 

operation count and the solution of the matrix equation which require 

O('. Nm- 9 operation count. Denoting OC,, the total operation count of the PNM and 
3a 

OCdireet the operation count of the direct method, one obtains 

overlapping 

I " & y  
no overlapping (a= 1) 
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which shows considerable saving for m << N. 

If an iterative process is used to increase the accuracy of the solution the required 

operation count will increase with the number of iteration steps. The operation count also 

depends on the degree of overlapping between adjacent regions. The required operation 

count after k iterations and p discarded solutions may be s h o w  to be 

A = -  overlapping 
alV ' 

if rn a N 
k =: - no overlapping (a= 1 ) 1v ' 

The cornputer tirne of the iteration method increases with the number of iteration steps 

and the size of overlapping regions. However reasonably accurate solutions c m  be 

obtained with the overlapping of the regions and the iteration process may not be neces- 

If the matrix dimension becomes so large that it cannot be stored totally in the corn- 

puter, the solution by MoM becomes unpractical. However, the PNM can still provide a 

solution, since it requires only the storage of mal1 m x m matrices of the selected 

regions. 
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fied SDT: A Soecial Case of P m  4 

The idea of the SDT, dividing a object into some small subzones, makes it a method 

that can Save cornputer memory and execution time. In simulation of the interface separat- 

h g  two subzones, it is required that the tangential virtual cunents on one side of the inter- 

face must be equal but opposite to the tangential virtuai currents on the other side. Hence, 

the electromagnetic field boundary conditions are well preserved, However, it results in 

divergent solutions. The SDT's iterative scheme is ineffective to TE field problems. It 

needs modification. 

The SDT permits the maximum size of the MoM system matrix that need be inverted 

to be strictly limited, regardless of the electrical size of the electromagnetic scanering ta.- 

get being modeled. Using rigorous electromagnetic equivalences, the SDT allows one to 

divide an electrically large arbitrary shaped material object into multiplicity of subzones. 

The individual subzones, in fact, are separated by vimial surfaces across which canceling 

tangential electric and magnetic virtual currents are postulated. The subzones are defined 

as distinct scattering targets having hlly enclosing surfaces with additional unknown vir- 

tua1 electric and magnetic currents introduced as needed to define the interfaces. By 

sequentially implementing the integral equation and MoM solution for each subzone, 

effectively "scanning" the original target subzone by subzone, a rapidly convergent itera- 

tive process is established. 

The procedures to calculate solutions to a scattering problem using the SDT are sug- 

gested in [6] and can be summarîzed as follows. First a coarse initial curent distribution is 

obtained using other numerical methods, either the physical optics [49] or the on-surface 

radiation condition theory [50], [5 11. Then the scatter is divided into a number of distinct 
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spatial subzones. It is assumed that tangential currents exist at the vimial interfaces sepa- 

rating the two subzones. The tangential cunents must be equal in magnitude and opposite 

in direction on the two sides of the virtual surfaces. MoM is then applied to calculate each 

subzone: it begins fiom the fùst subzone and then shifts to the next adjacent subzone, and 

so forth. Afier the scanning f?om the first subzone to the last has been finished, the second 

scanning starts again. This iterative process continues until results of the desired accuracy 

are obtained. During the implementation, currents in the subzones are updated and the lat- 

est surface currents are always used as the excitation for the subzone being calculated. 

While using the SDT to calculate solutions to the scattenng problem, we found that 

the concept of the virtual interface currents was not realizable and caused the results to 

diverge. It was also found that the given initial current distribution had no obvious effect 

on the computing time and results. Also when applying the SDT to TE cases, the iterative 

procedure could not make the results more accurate, except for the infinite strip case. We 

hence modified the SDT by: 

1) eliminating the v i d  interface current. 

2) setting the initial currents to zero. This procedure saves the time and effort needed 

to compute these currents. 

3) elirninating the iteration step for the TE case, as it could not result in the conver- 

gence of solutions. 

After these modifications the SDT becarne a special case of the PNM in which there are no 

overlapping regions. 
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2.2.2 PIM: A General Method 

The direct application of the PNM ignores upper triangle elments, and in general 

does not give accurate solution for al1 cases. The iterative PNM adds a correction term to 

the solution to irnprove its accuracy. However, the convergence is not guaranteed [44] 

[45]. Part of the reason is that, the PNM does not use al1 the matrix elements, and the sub- 

matrices are too small, compared to the total impedance matrix. An improvement may be 

made by partitioning the impedance matrix in rows only, to include the entire unknown for 

iteration. By doing so, the equation (2.25) can be partitioned in a new form as 

Here ma& [a is partitioned into L (m x N) submatrices, each of which consists of m 

rows and al1 N colurnns. So the partitionhg is along the row and no partitioning along the 

column. Matrix [VJ is partitioned in the same way. The alternative component matrix 

equation of (2.37) is 

K I  VI = [v,l Y I=1.2 ...., L (2.37a) 

where [ VJ is the excitation on the ph subregion of the scatterer, [Z,]  is the correspondhg 

m x Nsub-matrix which is not square and consists of m rows and Ncolumns, and [ I ]  is the 

unknown coiumn vector which is not decomposed as in the P M .  

Equation (2.37) consists of L underdetermined subequations. The PIM [25], [96] 
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solves these subequations one by one, establishes the iterative process, and obtains con- 

vergent solution for the original linear system (2.25). The formulation of this method is 

described below. 

Let [(] be the arbitrary initial solution. We use the superscript as iteration and sub- 

script as subregion to be consistent with the PNM formulas. Denote [ f 1 the orthographie 

projection of [t] on the solution domain of the fint component matrix equation. A mini- 

mum n o m  problem for the fint component equation of (2.37a) cm be formed as an 

underdetermined sysrem of linear equations [97] as follows, 

Based on equation (2.38), the current, Le. the solution to equation (2.37a). can be cd-  

culated by the following formula, 

where [Z, r is the adjoint operator of [Z, 1. Once [f ] is obtained, based on the second 

component manix equation, 

[4] can be calculated 

[el = [(I + [ZJ' ( [z,] 1-1 '1 -' ( [ VA - [-1 [CI (2.39a) 

The same procedure applies to the rest of the submanix equations. Solutions [& , [cl, ... 
, and [cl cm be obtained and the fust iteration is finished. Then the newly updated cur- 
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rent is used as the initial value for the second iteration. This process continues and the 

number of the iteration depends on the desired accuracy. The iterative process can be 

expressed as 

where k is the iteration number. 

The physical rneaning of the PIM aigorithm can be explained as below. [ 4 is the kth 

iteration solution on the th subregion, which is an approximate solution and satisfies the 

boundary condition on the subregion. The next approximate solution [c., J is sought 

by satisfying the boundary condition on the ( I  + I f h  subregion and maintaining the mini- 

mum di ference with [ 4. Therefore [ (. , ] destroys the boundary condition on the previ- 

ous th subregion in the possibly slightest degree. This iterative procedure continues until 

boundary conditions on al1 subregions are satisfied. The convergent solution is hence 

obtained. 

Comparing the PM formulation (2.40) with the PNM formula (2.33), one can see that: 

1) [Z t ]  l' ( [[z,] [Z,] ') -' in the P M  replaces [Z,] -' in the PNM; 

2) the PNM decornposes the unknown vector, but the PIM keeps the unknown vector as a 

whole, which parantees the convergency of this method. 

The rnatrix size and PIM implementation t h e  increase drastically with an increase of 

scatterer dimensions. The iterative process in the P M  dso becomes slow. To accelerate 

the convergence one may consider the use of a coarse current solution as the initial guess, 
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Uistead of letting it be zero. A simplest representation of current is that by the Physical 

Optics (PO). However, it is found fiom the results provided in the technique report [98] 

that the PO solution as the initial current slows d o m  the iteration process. 

Another technique to speed up the iterative process is using the relaxation factor o 

[25], the same way as in the SOR method. By doing so equation (2.40) becomes 

arbitrary initial solution [4] , 

It was found that convergence rates are accelerated for 1 c o c 2 and there are certain 

optimum values of o which can make the iteration process faster, depending on shapes of 

the scatterers and other parameters associated with this rnethod. 

on Count of PIW 

Based on the PIM's iterative fornula, the operation count for each iteration OC. itention 

can be deterrnined as follows 

N 3 OCi,era,,on = - [(2m2+4m- 1) N+ ( m  +ml-m)] 
m 

where N is the number of unknowns and rn is the size of subregions. The nurnber of subre- 

gions is equal to L = N / m .  

The totd operation count OCtotd for the PIM to obtain a solution with certain accuracy 

is the product of the operation count for each iteration OCite,,, and the number of itera- 
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here K depends on the accuracy. 

1 O 1 O 0  1 O00 

Number of Subregions L 

Fig.2.4 The operation count versus the number of subregions for unknowns N = 100,200, 

500, 1000, and 3000, respectively. 

The relation of the operation count far each iteration OCiteration versus the number of 

subregions is plotted in figure 2.4 for unknowns N = 100, 200, 500, 1000, and 3000, 

respectively. If the size of subregions is big or the number of subregions is small, it c m  be 

observed nom figure 2.4 that the operation count is in the order of $, which is the opera- 

tion count of the direct method for solving linear equations. So the speed of the PIM with 

srnaii subregion numbers is slower than a direct method. W~th an increase of the number 

of subregions, the operation count is decreased. 
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However, the case of m = 1, i.e. a single subregion, is unique and can lead to a faster 

P M .  When m = 1, we reach the fewest OCitd,, = 5 N' + N. [n this case, [Z,]' is a col- 

- I 
umn vector and [ZJ is a row vector. So ( [Z,] [ZJ ') is a single element, the calcula- 

tion of which involves operation counts of (2 N). For al1 1 (= 1, 2, ..., L) in one iteration, 

the total spêrarion i o u l  fa- sdculating hise N elêmcnü is (2 s?). Xfkr hese X &menti 

are obtained and stored, they can be reused for M e r  iterations. Hence the re-calculation 

is avoided and the total operation count can be reduced as expressed below, 

7 
For K = 1. OCiiention (m = 1) = 5 N- + N; 

1 1 
For KhZ, OCitmtion(m= 1 ) = 5  N - + N -  2 ~ - = 3  N'+N; (2.44) 

Therefore, 

Cornparhg this openinon count with O(! . i? ) of the direct rnethod, one finds thar if 

4 
K < -Ai  , the P M  is efficient and faster than the direct method. 

9 

To reach a stabilized solution the number of iterations increases sigoificantly with the 

increase of the number of subregions [103]. Since the convergent rate depends on the 

product of the operation count in each iteration step and the number of iterations, a fast 

convergent rate may be achieved by reducing the nurnber of iterations. This suggest that 

mesures should be taken to accelerate the iterative process and to reduce the operation 

count, such as using the relaxation method. 
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2.2.3 Stopping Criteria 

Since each iteration cornputes successive approximations to the solution of a linear 

system, an iteration error vector is defined by 

Lek] = VI - [A (2.46) 

solution of the kth iteration. The iterations are to be terminated whenever some rneasure of 

the error becomes sufficiently small. Therefore a practical test is needed to determine 

when to stop the iteration. Ideaily this test would measure the distance of the last iterate to 

the true solution as in (2.46). This can be expressed as 

II [ekl l lb = Il VI - [A I e  (2.47) 

where II -11 p denotes some vector norm and E is the desired accuracy. Since [ I ]  is not 

known, it is not possible to calculate (2.47) directly. Conventionally the following approx- 

imation is used in the above equation [23], [99] 

VI = [ f * ' ~  (2.48) 

OAen, a relative error measure is desired; i.e., to determinate the iterative process when- 

ever 

11 lek] ll~/ll [YI l l p s  11 VI - [ f i l  ! p / I  [ f i l  lles 6 (2.49) 

where 6 is the desired relative error. Although any nom P may be used in the above 

equation, usually the maximum cornponent norm II *II, is used. 

Instead of equation (2.501, we consider using the norm of the residual 

= [zl [ f l -  [YI, 
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as the stopping criterion. Ideally we would like to stop the iterative process when the mag- 

nitudes of entries of the error [ek] fall below a user-supplied threshold. But [ e k ]  is hard to 

estimate directly compared with (2.50). Below we describe how to bound [ ek 1 in tems of 

[ *1. 

Provided one has some bound on the irxrse of [Z], one can Sound the foiivarcl c m r  

[ ekl in tenns of the residual nonn via the simple equaiity 

[ e k ]  = [t] - [ I I  = [a - ' ( [ZI  CI - [ h l )  = [z ]  ' [$I 

which implies 

Therefore, a stopping criterion of the form 

11 b-7 1 1 ~  5 Y (2.53) 

where s is the desired accuracy associated with the residual nom, dso yields an upper 

bound on 

II [ek] I ~ P  5 r . 11 E l  ' b  . (2.5 4) 

In practical computations, the nomalized residual nom (NRN) expressed below [100] 

[W 

is popularly used. 

Another parameta that is used in this thesis to measure convergence rates, while the 

analytical solution to the problan of interest is avaiIabl+ is the standard deviation a,  
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which is dehed  as [IO21 

Numerical Techniques: Algorithm and Analvsts 

where N is the number of points calculated, Ii is the PIM solution on the ith point and is 

the analytic solution on the sarne point. 

2.3 Summary 

This chapter presents the numerical techniques used in this thesis. Following the inte- 

gral equations and MoM formulations for two- and three-dimensional problems, the PNM 

is described in detail, including the PNM with overlapping technique, iterative PNM, 

operation count analysis, and a special case of the PNM: modified SDT. 

Since the PNM does not use dl the matrix elements, it does not generally give accu- 

rate solution for al1 cases and the iterative PNM is not convergent guaranteed. An 

improvement is made by partitioning the impedance matrix in row only, to include the 

entire unknown for iteration, which leads to the PIM. The formulations for the PNM and 

the PIM are compared and analysed, which establishes the relationship between these two 

methods. The P M  can be considered as a more general algorithm than the PNM. The PIM 

algorithm is then discussed in detail, including its formulation, cornparison with the PNM, 

using the relaxation factor, and its operation count. The case of subregion site equal to 

unity is unique and can lead to a faster PIM. The operation count analysis on this case is 

emphasized. 

Finally, a discussion about the stopping criteria for the iterative methods is provided. 
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Applications in 2-D Scattering 

The PNM and modified SDT are applied to TiM and TE field illuminations on infinite 

strip and infinte cylinders which c m  be treated as hvo-dimensional objects. The perfor- 

mance of these nvo methods are compared. In the TM case, the geometries are infinitely 

thin strip and rectangular cylinder. In the TE case, the geomeaies are infinitely thin saip, 

circular and square cylinders. The second part of this chapter deals with depressing inter- 

na1 resonances by the PNM. Fhally, the PIM is applied to the TE case since convergent 

solutions using iterative PNM could not be obtained. It is s h o w  that the P M  provides 

convergent solutions. 

Ml cornputed results are presented graphically and compared with analytical (if avail- 

able) and published solutions. The analysis and discussion of these results are given. 

3.1 2-D Problems by PNM and Modified SDT 

3.1.1 Numerical Results of PNM 

Consider two-dimensional scattering problems by assuming that the perfectly con- 

ducting rectanguiar cylinder is infinitely long. The incident field is taken as a plane wave. 

The cross section of a cylinder, the sub-regions R, t R2 , ... ? and the overlapping regions 

are shown in figure 3.1. 
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The distribution of the electric currents on the scatterer can be directly obtained by 

applying MoM using a pulse expansion set to represent the unknown electric cunent dis- 

tribution, and also to test the integral equation by the sarne pulses. 

/ ' l  
P pulses 

Fig.3.1 The cross section of a cylinder, the sub-regions R,  R2 , ..., and the overlapping 

regions. 

To show the efectiveness of the PNM, two cases, infinitely thin strip and rectangular 

cylinder, are investigated. Figure 3.2 shows a graph of the magnitude of electric current 

distribution by MoM and the PNM on a thin strip scatterer of total length 25h, excited at 

an incident angle $' = 90". MoM results are obtained using a full rnatnx of size 

250 x 250 with a current resolution of 10 pulse samples per wavelength and verified with 

those published in [6]. The application of the PNM to this strip scatterer is started by cal- 

culating the first region (left end of the scatterer), for example, m = 50 pulse samples. Dis- 
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card the current solutions of p = 15 pulse samples on the overlapping region, i.e. the right 

end of the region. The next region begins immediately from the discarding samples. This 

step-by-step calculation is sequentially implemented to the right end of the thui strip scat- 

terer. The bistatic and monostatic RCSs for the same case are shown in figures 3.3 and 3.4 

which are compared with the full matrix MoM's results. 

As can be seen, the NRN of the PNM result is 1.6 x 1 0 - ~ .  This error can be decreased 

by increasing the number of discarded pulses. The accuracy c m  also be improved by inco- 

porating the iterative process with the PNM. Figure 3.5 shows the NRN versus the itera- 

tions for this case. The error goes d o m  quickly in the first 6 iterations. 
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geome /' try 1: 

MoM - 
PNM O 

Fig.3.4 Infinite thin strip's monostatic RCS by the PNM, compared with the MoM solu- 
tion (TM case). N = 250, m = 50, p = 15. 

NRN 

Fig. 3.5 NRN venus iterations for scattering from the thin strip by the iterative P N U  
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A similar implementation c m  be easily extended for the case of rectangular cylinder 

scatterer. Figure 3.6 shows the graph of current distribution along the circumference of a 

rectangular scatterer of total length 24% and width O.SA which is excited at an angle of 

incidence 90". The direct MoM solution, venfied with the published results in [6], are 

obtained using a full matrix size 500 x 500. While implementing the PNM, we selected m 

= 100 pulse sarnples (beginning fiom lefi edge of the scatterer) and discardedp = 20 pulse 

samples in the overlapping region. The bistatic RCS and monostatic RCS for the same 

geometry are shown in figures 3.7 and 3.8, respectively. 

One c m  see that the NRN of PNM's current result is 4.3 x IO-? The Emor between the 

results of these two methods cm be reduced by increasing the number of discarded pulses. 

The accuracy cari also be improved by incoporating the iterative process with the PNM. 

Figure 3.9 shows the NRN versus the iterations for this case. The error goes down quickly 

in the first 6 iterations. 

In using the iterative PNM, formula (2.33a) has been applied to above two examples. 

But no acceleration of iteration is observed with the relaxation factor o. 
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I I 1 1 1 1 

MoM - 
PNM ---- 

O 50 100 ?50 200 250 300 350 400 450 500 

Position along circum ference 
Fig.3.6 Current dismbution of the infinite rectangular cylinder by the PNM, compared 
with the MoM solution (TM case), N = 500, m = 100, p = 20, NRN = 4.3 x 10-~. 

M O M  - 
PNM ---- 

. . 

0 
Fig.3.7 Bistatic RCSs obtained kom previous current distributions. 
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MoM - 
1 PNM O 

Fig.3.8 Monostatic RCS of the infinite rectangular cylinder by the PNM, compared with 
the MoM solution (TM case), N = 500, m = 100, p = 20. 

NRN 

1 2 3 4 5 6 

k 
Fig. 3.9 NRN versus iterations for scattering from the infinite rectangdar cylinder by the 

iterative PNM. 
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TE 

The distribution of the electric current on the thin strip scatterer can be directly 

obtained by MoM using a pulse expansion set for representing the unknown electric cur- 

rent distribution, and also testing the integral equation by the same pulses. RCS results cm 

then be obtained from the current distriiution. In applying the PNM, procedures similar to 

the TM case discussed earlier are carried out. The performance of the PNM is examined 

here for three examples, infinite sûip, square and circular cylinders. 

Figure 3.10 shows the curves of current distributions for a thin strip scatterer of total 

length 25k, excited at an angle of incidence 90'. MoM results verified with those in [6] are 

obtained using a full rnatnx of size (250 x 250) with a current resolution of 10 pulse Sam- 

ples per wavelength. The PNM result is obtained with m = 50 pulse samples, p = 25 dis- 

carded pulse samples and total pulse samples N =  250. 

The results for bistatic RCS and monostatic RCS are shown in figures 3.1 1 and 3.12, 

respectively, accornpanied with the cornespondhg MoM solutions for cornparison. 
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/' 
geometry 

MOM - 
PNM ---- 

1 O 15 

Position dong the strip 

Fig.3.10 Current distribution for an infuiitely thin strip by the PNM, compared with the 

MoM solution (TE case), N = 250, rn = 50, p = 25, NRN = 0.421. 
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MoM - 
PNM 0 

40 

thin strip's 

60 80 

bistatic RCS by 
(TE case), N = 250, m = 50, p = 25. 

? 

the 

100 120 1 40 

P W ,  compared with the 

160 180 

MoM solution 

M O M  - 
PNM ----. 

190 200 210 220 230 240 250 260 270 

qi+  180 
Fig.3.12 Intintely thin strip's monostatic RCS by the PNM, compared with the MoM 
solution (TE case), N = 250, m = 50, p = 25. 
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The performance of the PNM is then examined on an infinite square cylinder. Again, 

the distribution of the electric current on the scatterer can be directly obtained by using a 

pulse expansion set to represent the unknown electric current distribution, and also to test 

the integral equation by the same pulses. The RCS result c m  then be obtained fiom the 

current distribution. The computer program of MoM has been verified by calculating the 

examples in [52] and the same results are obtained. In applying the PNM, procedures sim- 

ilar to the TM case discussed earlier are carried out. 

The electric current distribution and bistatic RCS for the infinite square cylinder using 

PNM are provided in figures 3.13 and 3.14 in which the sub-region size is 148 and dis- 

carded pulse samples are 74. All results are compared with those of full matrix MoM. This 

scatterer is excited at an incidence angle of O*. The MoM result is obtained using a full 

matrix of size (296 x 296) with a current resolution of 20 pulse samples per wavelength. 

The width of the square cylinder is 3.77c. 

Finally, the performance of the PNM is examined for an infinite circular cylinder. The 

analytical solutions are calculated according to formulas in [53] by invoking the cornmer- 

cial software package 1541 to evaluate the special functions involved in the formulas. The 

cornputer program of MoM has been venfied not only with the analytical solutions, but 

also by calculating the published examples in [ S I ,  [56] and the same results are obtained. 

ui applying the PNM, procedures similar to the TM case discussed earlier are carried out. 

The electric cwent distribution and bistatic RCS for an idmite circular cylinder using 

the PNM, compared with MoM3s solutions, are provided in figures 3.15 and 3.16 in which 

subregion pulse samples m = 50 and discarded pulse samples arep = 10. This scatterer is 

excited at an incidence angle of 180". MoM results are obtained using a full matrix of size 



(250 x 250) with a current resolution of 20 pulse samples per wavelength. The parameter 

of the circular cylinder is ka = 12.5 . 

It should be mentioned that the sub-region distribution should begin fiorn the illumi- 

nating side, i.e. the first subregion being calculated must be at the centre of the object's 

illurninated side, and spread out to the shadow side. Otherwise, insignificant results would 

occur. 

A large amount of computational work [57] was done for infinite cylinders. Different 

sub-region sizes were used and différent discarded pulse samples were attempted. It  

appeared that the solution accuracy for the TE case was not dependent on either of them. 

The solution accuracy using the PNM improved for much larger circuiar cylinder with 

ka = 100. Both current and RCS results are obtained as show in figures 3.17 and 3.18, 

which indicates that the PNM is really a method suitable for solving large scattering prob- 

lems. 
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Position dong circumference 
Fig.3.13 Infinite square cylinder's current distribution by the PNM, compared with the 
MoM solution (TE case). N = 296, m = 148, p = 74, NRN = 0.45 1. 

Fig3.14 Bistatic RCS of an infinite square cylinder with width 3 -7 h. , using the PNM, N = 

296, m = 148, p = 74 (TE case). 
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O 50 

Infini te circular 

100 150 200 

i 
c y linder's current distribution 

250 

by the PNM, 

300 

compared 

350 

with the 
MoM solution (TE case), ka = 12.5, N = 250, rn = 50. p = 10, NRN = 8.4 x 10". 

9 
Fig.3.16 Infinite circular cylinder's bistatic RCS by the PNM, compared with the MoM 
solution (TE case), ka = 12.5, N = 250, rn = 50, p = 10. 
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3.1.2 Numerical Results of Modified SDT 

m 
As mentioned before, the modified SDT is the PNM without any discarded curent 

pulse samples. In the TM case iteration procedure works well with the modified SDT. In 

order to demonstrate the usage of the modified SDT in the TM case. the same nvo exam- 

ples are considered. The results for an infmite stnp scatterer are shom in figures 3.19 - 
3.2 1, respectively. In this example the scanerer is divided into five subzones and maaix 

size is 50 x 50. The number of iteration is 5. 

5 10 15 20 

Position dong the stip 

I 1 1 I 

Fig.3.19 Curent distribution for an infinite snip by the modified SDT, cornpared with the 

MoM solution (TM case), N = 250, m = 50, K = 5, and MW = 1.8 x IO-'. 

geometfy t 

MoM - 
Modified SDT ----a 
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MoM - 
Modified SDT o 

O 20 40 60 80 IOO 1 20 140 160 1 a0 

9 
Fig.3.20 Bistatic RCS for an infuiite strip by the modified SDT, compared with the MoM 
solution (TM case), N = 250, m = 50, K = 5 .  

geometry I 

MoM - 
Modified SOT O 

Fig.3.21 Monostatic RCS for an infinite stnp by the modified SDT, compared ~ v i t h  the 
MoM solution (TM case), N = 250, m = 50, K = 5.  
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The results for a rectangular cylinder scatterer are provided in figures 3.22 - 3 .N, 

respectively. In this example the scatter i s  divided into five subzones and the matrix size is 

100 x 100. The number of iterations is 5. It can be seen from these nvo examples that 

modified SDT's solutions could be made very close to the full matrix MoMTs solutions by 

increasing the iteration number. But with the increase of iterations, an execution &ne 

much more than that of the PNM has to be used to obtain the results. 

MoM - 
Modified SDT ----. 

150 200 250 300 350 

Position dong circumference 

Fig.3.22 Curent distribution of an infinite rectangular cylinder by the modified SDT, corn- 

pared with the MoM solution (TM case), N = 500, M = 100, K = 5,  and NRN < 1 o - ~ .  
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Modlfied SDT o 

, 

b - 

Fig.3.23 Bistatic RCS obtained from previous current distributions. 

i I I 1 I 

MoM - 
Modified SDT O 

Fig.3.24 Monostatic RCS of the M t e  rectanpular cyhder by the modifieci SDT, com- 
pared with the MoM solution (TM case), N = 500, m = 100, K = 5. 
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TE - 
In applying the modiiied SDT to the same thin strip scatterer with the TE incident 

wave, the iteration procedure produces accurate results as well. Here the scatterer is 

divided into 5 subzones and the matrk size is only (50 x 50) for each subzone being mod- 

eled. While implementing the modified SDT the current for each subzone is sequentially 

updated. The results of the current distribution, bistatic RCS and monostatic RCS with 7 

iterations are shown in figures 3.25 - 3.27, respectively. The corresponding MoM full 

matrix solutions are also accompanied for cornparison. It can be observed that modified 

SDT results are the same as MoM solutions after 7 iterations. 

1.2 1 1 I 3 

O 5 1 O 15 20 25 

Position dong the strip 

Fig.3.25 Current distribution for an infinitely thui strip by the modified SDT, compared 
with the MoM solution (TE case), N = 250, rn = 50, K = 7, NRN c loJ. 
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1 1 1 1 r 1 I I 

1- 25h MoM - 
Modified SDT O 

geometty 

Fig.3.16 Infinitely thin snip's bistatic RCS obtained from previous currenr disnibutions. 

MoM - 
Modified SOT O 

Fig.3.27 lnfinitely thin strip's monostatic RCS by the modified SDT, compared with the 
MoM solution (TE case), N = 250, m = 50, K = 7. 
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The iteration procedure in the SDT does not work for other cylinders and the results 

remain relatively the same afier iterations. This is contrary to the case of the TM field, 

where iteration continues to irnprove the solution accuracy. Actually no divergence is 

observed and no improvernent in the resuits can be achieved by using iteration technique 

due to the circurnferential currents on the scatterer surface in the TE field. The numerical 

results of the modified SDT with iterations are provided below to support the above com- 

rnents. Note that the modified SDT is merely a special case of the PNM. 

The electric current distribution and bistatic RCS for an infinite square cylinder using 

the modified SDT with iterative procedure are provided in figures 3.28 and 3.29 with 5 

iterations. The total pulse samples N = 296, the subzone size m = 74, and the number of 

sub-regions is 4. Al1 results are compared with those of full matrix MoM. This scatterer is 

excited at an incidence angle of O". The MoM result is obtained using a full matrix of size 

(296 x 296) with a current resolution of 20 pulse samples per wavelength. nie width of 

the square cylinder is 3.7 h . 
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Position dong circumference 

2.5 

Fig.3.28 lafinite square cylinder's current distribution by the modified SDT. compared 
with the MoM solution (TE case). N = 196, m = 74, K = 5. NRN = 0.38. 

I I 1 I I I 1 

MoM - 
Modified SDT -- - d 

MoM - 
Modified SDT ----. 
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Fig.3.29 Bistatic RCS of an infinite square cylinder with width 3.7h, using the modified 
SDT, K = 5 (TE case). 
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Figures 3.30 and 3.31 show the electnc curent distribution and bistatic RCS for an 

infinite circular cylinder using the modified SDT with 5 iterations. The total pulse samples 

N =  250, the subzone pulse samples m = 50 and the number of subzones is 5. This scatterer 

is excited at an incidence angle of 180'. The MoM result is obtained using a Ml ma& of 

size (250 x 250) with a current resolution of 20 pulse samples per wavelength. The param- 

eter of the circular cylinder is ka = 12.5, where k is the wave number and a is the radius 

of the circular cross section, 

The numerical results of the modified SDT with N = 3000, subzone size 100, 5 itera- 

tions for the larger circular cylinder ka = 100 are shown in figures 3.32 and 3.33 for com- 

parison. Much better results are obtained for large size objects, which indicates that this 

method solves large objects better than small ones. 
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MoM - 
Modified SDT ----- 

Fig.3.30 [nfinite circular cylinder 
with the MoM solution (TE case), 

's cunent disaibution by the modified SDT, compared 

MoM - 
Modified SDT ----- 

Fig.3.31 Infinite circular cylinder's bistatic RCS obtained from above m e n t  distribu- 
tions. 
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MoM - 
ModHied SDT ---- 

O 50 100 150 200 

6 
Fig.3 .X Infinite circular cylinder 's cwent  distribution by 
with the MoM solution (TE case), ka = 100, N = 2000, m = 

the rnodified SDT, compared 
100, K =5. NRN = 4.5 x 1 0-2 

I 1 1 1 I 1 1 

MoM - 
Modlfied SDT ----- 

Fig.3.33 Bistatic RCSs obtained from above m e n t  distributions. 
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3.1.3 Comparing the Performance of PNM and Modified SDT [58] - 

WI 

The PNM makes use of scatterer decomposition to reduce the rnaaix size and the over- 

lapping technique to improve the accuracy. The computer memory and execution t h e  are 

saved because the iteration process is avoided. Accurate solutions can be obtained for the 

TM case and good ag-reement with the full matrix MoM can be achieved for the TE case. 

It should be mentioned that in the PNM larger overlapping region sizes can result in more 

accurate results. Usually the overlapping region size equd to 114 - 1 5  of the subregion 

size is good enough to reach an accurate solution. The PNM, when incorporated with the 

iterative procedure, needs many fewer iterations to achieve the same accuracy as that of 

the modified SDT [6 11. 

The SDT also divides the object into some small paris. but it should be modified by 

not taking the virtual interface currents into account. The modified SDT depends heavily 

on the iteration process, which increases both the computer memory and the execution 

time. The iteration procedure was found to be very effective for the TM case but not effec- 

tive at al1 for the TE case, except for the thin infinite strip. Actually, the modified SDT is a 

special case of the PNM in which the discarded pulse samples are zero. 

Both PNM and modified SDT are not sensitive to the sub-region size. In the TE field 

illumination, the PNM is not sensitive to the overlapping size either. Both methods cm 

obtain more accurate results for large objects than for srnail ones, which exhibits the suit- 

ability and applicability of them for the problems of scattering involving large smctures. 
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3.2 Depressing Interna1 Resonances by PNM 

It is known that using MoM in conjunction with either the EFIE or the MFIE produces 

spurious surface currents on conducting bodies at the intemal resonance (or interior reso- 

nance) frequencies which correspond to waveguide modes at cutoff in the interior of the 

cylinder. This type of ill-conditioned scattering problern is of continuous and widespread 

interest. 

The surface integral equation either the EFIE or the MFIE have a serious drawback. 

When the fiequency of the incident wave equds an intemal resonance fiequency of the 

closed body, this body can support resonant interior field. At discrete fiequencies. theoret- 

ically there can be interior modes called "cavity modes" with nonzero field, which exist 

without driving source. Mathematically the integral equation can be presented in ternis of 

an operator equation 

[ZI [Il = IV] (3.1) 

where [Z] is an operator, and [Il is the unknown current on the structure which is to be 

obtained for a particular excitation [VI. Equation (3.1) hm a unique solution only if the 

homogeneous equation 

[Zl [II = Pl (3 2) 

has no nonzero solution. But for certain frequencies of interest equation (3.2) has a 

nonzero solution which makes the original equation (3.1) have nonunique solutions. This 

gives rise to the phenornenon of resonance. The cause of this nonuniqueness problem is 

the lack of an explicit boundary condition that forces the interior fields to vanish. The 

numerical problem arises fkom the fact that as the resonant fiequency is approached, even- 

tually the numerical calculation becomes unreliable since the ma& becornes ill-condi- 
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tioned. Investigation of the nature of the hterior resonance problem has led to the fact that 

the computed surface curent based on either the EFIE or the MFIE is inaccurate by an 

incorrect amount of the resonant mode cwent. Physically, the phenornenon of resonance 

does not exist for the extemai scattering problem. The occurrence of resonance phenorne- 

non in the numerical computation is a mathematicai problem. This is because the integral 

equation that we have developed to solve for the surface curent density has a nontrivial 

solution to the homogeneous equation for certain frequencies of interest. 

So far, various techniques have been utilized to alter the manix equation, eliminate the 

nontrivial solution to the homogeneous equation and make the problem well-posed. As we 

ivivill see in the followving sections, the PNM solves the integral equation progressively for 

many selected sub-regions of the surface instead of solving the integral equation simulta- 

neously for the total object. Therefore it avoids to solve the original ill-conditioned matrix 

equation and unique solution can be obtained. 

3.2.1 Survey of Existing Methods 

Many methods has been proposed to overcorne the internal resonant problem. The use 

of a linear combination of the EFIE and the MFIE, i.e. the combined-field inteprd equa- 

tion ( C m )  [62] - [64], was recommended as a remedy. It exhibits some arbitrariness 

associated with the formulation of the total irnpedance rnatrix, but is difficult to use in 

some instances. It m e t s  difficulty in calculation of the sum of E and H irnpedance matri- 

ces. The CFIE was extensively used to haridie the intenial resonance problem [65] - [68]. 

However, it was recently reported in [38] that connary to the common belief, not dl CFIE 

formulations are immune fkom the problem of internal resonance. It is known that the 
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CFIE removes the intemal resonance by combining the EFIE and MFIE in such a manner 

that the resultant i n t e p i  operators correspond to that of a cavity with a resistive wvail. The 

improper combinations in the sense that the combined integral operators do not corre- 

spond to those for a resistive cavity still expenence the intemal resonance. In [55], the 

"Condition Number" concept was utilized to detect the internai resonances, where the far 

field is in error and regions where induced currents will be incorrect. Then. the technique 

of extending the boundary conditions [69] was used to improve the results at resonances 

which involved inverthg a rectangular matrix. It has drawback that the interior points 

must not lie on nodal lines [70]. The boundary conditions in the EFIE and the MFIE could 

also be augmented as discussed in [7 11. The scheme in [72] involved the analytic continu- 

ation of a lossy body (parasitic body), which anenuated the resonance fields. into the inte- 

rior of a resonant geometry. But the parasitic body increases the number of unknowns, 

since this body needs to be rnodelled as well. An iterative algorithm [73] could produce 

the minimum n o m  solution at resonance, but it was lirnited to the EFIE. To achieve a sim- 

ilar goal, a matrix algebra technique known as the singular value decomposition (SVD) 

has been proposed. It was applied to the Mm: [74] and the power method was used to 

locate the interna1 resonances of the MFIE, but not to correct scattering calcdations [75]. 

In [76] [77], SVD was also discussed as a way of eliminating the interior resonance for 

scattering problem and it was shown how to use an iterative method to fulfil the cornputa- 

tions efficiently. Based on SVD, a correction factor technique [78] could correct the corn- 

puted current by adding a correction factor t e m  to the inaccurate current. The additional 

calcuiation for this factor tenn is needed, 

AI1 the above mentioned methods have their own deficiencies. Most of hem have to 
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use one technique to locate the resonances and then use another numerical method to cor- 

rect the surface current distribution and far field. Some extend the boundary conditions 

and Uicrease the computation t h e  and effort. Some are only confked to the EFIE. The 

PNM, on the other hanci, is a simple and direct algorithm which can depress the intemal 

resonances, save the compter storage and speed up the program ninnuig. It cm be 

applied to both the EFIE and the MFIE. It is not necessary to locate the internal reso- 

nances in advance. 

3.2.2 Performance of PNM 

The objects handled by the PNM are different tom the physical objects, and the 

method therefore will not have the same internai resonant fiequencies. It can be used 

effectively at the intemal resonances of the physical objects. 

in order to show the validity of the PNM algorithm at the internai resonance problems, 

two examples, an infinite square cylinder with TM illumination and a circular cylinder 

with TE illumination, have been selected to be anaiysed [79]. 

For the case of TM normal excitation on an infinite square cylinder, the distribution of 

the electric cwent  on this scatterer can be obtained directly by applying the MoM, using a 

pulse expansion set to represent the unlaiown electric current distribution, and also testing 

the integral equation by the same pulses. In this way, the result will be a resonant curent if 

the frequency of the incident wave is equai to the frequency of the internal resonance. A 

common example is when the elecaical side length of the square equds h/a, whae h 

is wavelength, there exists a theoreticai resonance. However, due to the various approxi- 

mations made by the MOU, the numaical resonance occurs for 0.7075h electrical side 
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length of the square. When we solve for the magnitude of the cun-ents on the square cylin- 

der, we obtain the result as shown in figure 3.34. For this example 70 pulse samples have 

been utilized to expand the curent on each face of the square cylinder and the scatter is 

excited at an incident angle of O". It is obvious that the currents being respoosible for the 

scattered fields bave been completely masked by resonant cwents. Figure 3.34 also 

shows the cuve of the magnitude of electric current on the same scatterer by using the 

PNM. The implementation of the PNM is as follows. Calculate the first sub-region (lefi 

side of the scarterer) with rn = 70 pulse samples and then discard the current solutions of 

the p = 20 pulse samples on the overlapping region. The next region begins immediately 

fiom the discarding samples. This step-by-step calculation is sequentially implemented to 

the right side of the scatterer. Finally the current distribution cm be obtained. The curent 

result of the PNM agrees well with that of [80] with intemal consaaints. The bistatic radar 

cross section (RCS) for the same case ushg the PNM is s h o w  in figure 3.35, compared 

with the full matrix MoM result. 

Generally, a numencal method shifts the intemal resonance fiequency to a nearby fre- 

quency. In figure 3.35, many closely spaced (interval as smdl as 10-j) electxical side 

length of the square, which represent many closely spaced frequencies around the intemal 

resonance, are cornputed by the MoM and PNM for points A and E on the square cylinder. 

It is evident that intemal resonant fiequaicy shifting does not take place with the PNM. 

This is due to the fact bat, the PNM does not solve the object as a whole to result in a res- 

onance. The PNM divides the obj ect into several srnall subregions and solves these subre- 

dons one by one to avoid the resonance at this fkequency. For these subregions, if they do 

incur resonance, thek resonant fiequemies are far fiom the resonance frequency of the 
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physical object. Therefore, one wodd not expect any resonance at the adjacent kequen- 

From figure 3 3 6 ,  one can see that, although incorrect cwents are obtained with the 

MoM, the bistatic RCS remains correct. 

B E C 
Position dong circumference 

Fig.3.34 Current dismbution of an infinite square cylinder by the PNM, compared with 

the MoM solution at interna1 resonance (TM case), N = 280, m = 70, p = 20. 
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Elmical  side length of the square 

Fig.3.35 Cwent densities of points A and E on the square cylinder for different electricd 
side length by MoM and PNM. 

Fig.3.36 Bistatic RCS of the infinite rectangular cylinder by the PNM, compared with the 

MoM solution at intemal resonance (TM case), N = 280, m = 70, p = 20. 
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When the TE plane wave normally illuminates an infinite circular cylinder, the internal 

resonance takes place if ka = 13.324, where k is wave number and a is the radius of the 

circular cross section. Using MoM, the distribution of the resonant currents on the scat- 

terer can be directly obtained by using a pulse expansion set for representing the unknown 

electric current distribution, and also testing the integral equation by the sarne pulses. The 

bistatic RCS result cm then be obtained from the current distribution. In applying the 

PNM, procedures similar to the TM case discussed earlier are carried out. The electric cur- 

rent distribution and bistatic RCS for an infinite circular cylinder using the PNM, corn- 

pared with the MoM solution, are provided in figures 3.37 and 3.38 in which the subregion 

pulse samples m = 53 and the discarded pulse samples p = 8. This scatterer is excited at an 

incidence angle of 180". The MoM result is obtained using a full matrix of size 

(266 x 266). It should be mentioned that, similar to the case without an intemal resonance, 

the sub-region distribution should begin from the illuminating side and spread out to non- 

illurninating side. Otherwise insignificant results would corne out. 

For the TE case, both current and bistatic RCS using MoM are incorrect. But, as one 

can observe from figure 3.37, the PNM results depress the oscillating distribution of the 

intemal resonant current and reasonably good agreement with analytic solutions is 

achieved. From figure 3.38, the internal resonant phenomenon on the RCS is aileviated as 

well. The main lobes of the PNM and the andytical solution coincide, indicating an excel- 

lent agreement. 
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Fig.3.37 Infinite circular cylinder's current distribution by the PNM. compared with ana- 
lytic and MoM sotutions at intemal resonance (TE case), ka = 13.324. N = 266, m = 53, p 

Analytic solution - 
MoM o 
PNM 

Fig.3.38 Infinite circular cylinder's bistatic RCSs obtained fi-om above current distribu- 
tions. 
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Fig. 3.39 Back and forward scattering for the infinite circular cylinder with different fie- 

quencies by three methods. 

22 1 1 1 1 

Similady, it is considered that a numerical method may shift the intemal resonance 

frequency to a nearby Frequency. in figure 3.39, many closely spaced frequencies ( ka step 

as small as 10-' ) around the intemal resonance are computed by the MoM and PNM. It is 

evident that interna1 resonant fiequency shifting does not take place with the PNM. The 

reason is the same as stated for the previous example. So, one would not expect any reso- 

nance at the adjacent frequencies. 

The PNM is a simple and effective method to deal with the intemal resonant problems. 

It has been shown that by handling each sub-region separately, the PNM avoids to calcu- 

late the whole ill-conditioned MoM m a t ,  equation and therefore depresses the intemal 

resonances. The PNM algorithm can eliminate the intemal resonances without detecting 
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the ill-conditioned situation in which erroneous resuits would be obtained. It cm be 

applied to both the EFIE and the MFIE. In using the PNM, it is not necessary to extend the 

boundary conditions or set the intemal constraints on the scatterers and hence large 

amount of computation is saved. 

In the two-dimensional case, the solution accuracy for the TE case was not improved 

by the iterative PNM. To examine the performance of the PIM, this method is used in the 

two-dimensional TE illumination on the infinite circular cylinders with ka = 12.5 and ka = 

100. 

Figure 3.40 shows the NRN versus iterations for the infinite circular cylinders with ka 

= 12.5 by the PIM with 250 unknowns and subregion size of 50, for different relaxation 

facton. This figure venfies that the convergent results can be achieved by the PIM and the 

relaxation factors c m  accelerate the iteration process. When o = 1.5, the convergence is 

faster than others. Particularly, the NRN is reduced to 1 0 - ~  after 14 iterations. Substituting 

d k = 14, m = 50 and N = 250 into the f h t  part of equation (2.42), it yields OCiteration - 

1,s 1 1,000. From equation (2.43), OCmtd = 14 OCitedon. The operation count for a direct 

method is OCdimt = 0(4F13 / 3). SO OCmtd I OCdiEa = 1. 

Figure 3.41 shows the NRN versus iterations for the infinite circular cylinders with ka 

= 100 by the PIM with 2000 unlaiowns and subregion size 1 for difTerent relaxation fac- 

tors. This figure also verifies that convergent results can be achieved by the PIM and the 

relaxation factors can accelerate the iteration process. Based on the operation count for- 

mula (2.45) for m = 1, we have shown that the P M  is efficient and faster than the direct 



method if iteration number K < 4 N l 9  ( ~ 8 8 9  in this example). From figure 3.41, the result 

with NRN < is readily achieved with less than 500 iterations for several relaxation 

factors. 

As we have shown in the TE case before, the PNM is not sensitive to the overlapping 

sizes. Similar situation occurs here with the PIM that overlapping technique does not help 

to speed up the iteration. 

le-05 l 
1 1 I 1 I 

O 5 10 15 20 25 30 

k 

Fig.3.40 NRN versus iteration k for an infinite circular cylinder ka = 12.5 (TE), using PIM 

with N = 250, m = 50 and diEerent relaxation factors. 
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Fig.3.4 1 NEW venus iteration k for the infinite circulas cylinder ka = 100 (TE). using PIM 

with N = 2000, m = I and different relaxation factors. 

3.4 Summary 

A complete study has been doue on the application of the PNM to nvo-dimensional 

electromagnetic scattering problems. Examples provided in this chapter are investigated 

by the PNM for the fust tirne. Two examples were attempted in [4], but did not investigate 

the method completely. This chapter investigates the method in detail using overlapping 

technique, iteration process and m r  measure. The results reved that, the method behaves 

differently for the TM and TE cases in using the PNM and its related techniques. For 

example, both overlapping and iteration techniques are effective for the TM case, but not 

the TE case. The results of the modifieci SDT, a special case of the PIW, are presented for 

cornparison. 
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It is observed that the PNM handles a large cylinder better than a small one in the TE 

case. However, it is very different from the physical optics (PO) approximation. The PO is 

a simple technique applicable for large and gently curved objects and provides good cur- 

rent results only at the centre of the illuminated side. It fails, progressively, around the 

interface of the illuminated and shadow sides, and gives zero cment on the shadow side. 

Usually GTD and MoM are needed to be incoporated with the PO to correct these prob- 

lems. 

It is discovered that the PNM can depress the interna1 resonances without encounter- 

ing the problems that other rnethods may have. The reason for depressing the internai res- 

onances by the PNM is analysed and illustrated. 

Since the PNM is not capable of solving the TE problems with convergent results. the 

P M  is applied to the this case and convergent results are obtained, confirming the conclu- 

sion given in chapter 2 that the PIM is a generalized fonn of the P M .  

The P m ' s  perfomance ou three-dimensional problem was investigated by the author 

in [Ml. The results are not shown in this chapter since they were not accurate enough and 

indicated the failure of the PNM for handling a general three-dimensional problem. The 

three-dimensional problem will be solved in the following nvo chapters by the P M .  
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Seeking for Optimum Relaxation Factors 

4.1 Introduction 

This chapter investigates the performance of the relaxation method and determines its 

convergence for different objects. A very simple scheme for choosing an optimum relaxa- 

tion factor o is the following "trial and error method, in which one simply nies various 

relaxation factors and observes how they converge. Nonnally, one would choose the vaiue 

of relaxation factor which results in the fetvest iterations. One would expect that the value 

thus selected would be optimum. or close to optimum. for al1 linear systems with the same 

matrix. This scheme is used in the thesis. 

A somewhat more sophisticated scheme in hding the optimum relaxation facton in 

the SOR method kvolves selecting a vaiue for relaxation factor and attempting to monitor 

the rate of convergence, making changes in relaxation factor where appropnate [104]. It 

involves the calculation of eigenvalues and the spectral radius of the rnaaix. Analogous to 

it, one cm use this scheme to determine the o p h u m  relaxation facton in the PIM. But 

the computation needed to obtain a good estimation of relaxation factor is comparable to 

that needed to solve the original problem by the SOR method given the tme optimum 

value of relaxation factor. Thus, the scheme would not be practical unless one wishes to 

solve a number of cases involving the same matrix. 
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In this chapter the relationship of four parameters NRN, number of iterations, number 

of subregions and the relaxation factor, is investigated to determine the value range for the 

optimum relaxation factors and the needed fewest number of iterations for a desired accu- 

racy. Investigation is conducted for three objects namely, a finite cylinder, a cylindrical 

rod, and a sphere, so that the influence of the shape and size of the scatterers on these 

parameters can also be determined. 

4.2 Finite Cylinder by PIM 

The P M  is applied to caicuiate a finite cylinder with its top and bottom surface3 

diameter Zr = 1 .l h and height h = O. 1 h . The plane wave illuminates from the top as 

illustrated in figure 4.1. To form the MoM equation triangular patches are generated on the 

surface of the Mte cylinder and the manix size is the number of the edges of triangles. 

Computed MoM resdts are venfied by comparing with the results in [ l  OS]. The cornputer 

program was ais0 tested to calculate the same object in [IO61 and the same results were 

obtained. 

Fig.4.1 Geometry of a finite cylinder and the direction k of plane wave illumination. 
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In order to study the impact of different segmentation on the same scatterer, the finite 

cylhder is discretized into 116 and 356 triangular patches, respectively. Therefore, nvo 

cases, 174 and 534 unknowns, are investigated. The numencal resulü of optimum relaxa- 

tion factors and the fewest iteration numbers are provided graphically for different NRNs 

and subregion sizes. More reçults can be found in [107]. 

4.2.1 lnves tigating the Relation of Various Parameters with 174 

Unknowns 

In this case the surface of the finite cylinder is segmented to 116 triangular patches as 

s h o w  in figure 4.2 and it results in a MoM matix equation with 1 74 unknowns. 

Fig.4.2 The finite cylinder is disaetized with 116 mangular surface patches, r = 0.55h, h = 

O. l h* 

Figures.4.3 and 4.4 show the NRN versus the iteration number K for relaxation factoa 

O < o S I and 1 S o c 2 by using the P M  with 2 subregions. It is obvious that when 

o = 1.8 the convergence rate is faster than 0 t h  o values. Figures 4.5 - 4.7 show the 

iteration number K vasus the relaxation factor CO for three levels of accuracy (NRN), Le. 

IO;', 1 0 - ~  and IO-' and different numben of subregions, i.e. 2,3,6, 29,58, 87 and 174. 
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The numbers of subregions are so chosen that the number of unknowns can be divided 

exactiy. This results in that the impedance matrix can be divided into 2,3,  6, 29, 58, 87 

and 174 subregions with equal size in each case. 

O 100 200 300 400 500 600 700 800 900 1000 

K 

Fig.4.3 The NRN versus the iteration number K for different relaxation factors O < w S 1 

by the PIM with 2 subregions. 
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Fig.4.4 The NRN versw the iteration number K for different relaxation factors 2 > o 2 1 
by the PIM with 2 subregions. 

Fig.4.5 The iteration number K versus the relaxation factor o by using the P M  with dif- 

ferent subregions for NRN = 1 O-'. 
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550 1 1 1 1 1 r 1 1 

174 subregions - 
87 su bregions ----*---- 
58 subregions -----*---- 
29 subregions --4.---- 
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K 

100 - 
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1 1.1 1.2 1.3 1.4 1.5 1.6 1.7 1.8 1.9 

Fig.4.6 The iteration number K versus the relaxation factor o by using the P M  with dif- 

ferent subregions for :VRN = 10 3 .  

Fig.4.7 The iteration number K versus the relaxation factor a, by using the PIM with dif- 

200 1 I I i I I I I 

ferent subregions for NRN = IO-'. 
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Frorn figures 4.5 and 4.6 it is easy to see that for NRN = 1 0 ~  and the value 

range of optimum relaxation factors is 1.6 10 6 1.8 and the nurnbers of iterations 

, *  increase 

The 

NRN = 

with the increase of the numbers of subregions. 

optimum relaxation factors are not so obvious at low accuracy level when 

!O-' as s h o w  in figure 4.T While the numbers of subregions are srnall. such as 

2,3 and 6, the value range of optimum relaxation factors is 1.6 I w 5 1.8 and the numbers 

of iterations increase with the increase of the numbers of subregions. But when the num- 

bers of subregions are large, such as 29,58,87 and 174, the value range of optimum relax- 

ation factors is shified to around 1.3 - 1.4. 

In this case, i.e. N R N  = IO-', the operation count associated with the direct method 

3 is - 1743. Frorn figure 4.7, one c m  see that if 174 suhregions (rn = 1) and o = 1.3 are 
3 

selected, the number of iterations K is 26. According to the conclusion drawn from (2.45) 

4 that if K < - N ,  the PIM is more efficient and faster than the direct method. Now that, K = 
9 

26 and N = 174, K < 4N/9 = 77, the PIM is almost three times faster than the direct 

method when NRN = 10-l. 

4.2.2 Investigating the Relation of Various Parameters with 534 

Unknowns 

Below, the surface of the finite cylinder is segrnented to 356 triangular patches as 

illustrated in figure 4.8 and it results in a MoM matrix equation with 534 unknowns. 
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Fig.4.8 The finite cylinder is discretized with 356 triangular surface patches, r = OSSA, h = 

0.1 h. 

Figure 4.9 shows the NRN versus the iteration number K for relaxation factors 

1 5 o <: 2 by using the PIM with 2 subregions. It is obvious that when o = 1.8 the con- 

vergence rate is faster than other o values. Figures 4.10 - 4.12 show the iteration number 

K versus the relaxation factor o for three levels of accuracy (NRN), Le. IO-', loV3 and 

1 0 - ~  and different numbers of subregions, Le. 2,2,6,89, 178,267 and 534. The numbers 

of subregions are so chosen diat the number of unknown can be divided exactly. This 

results in that the impedance matrix can be divided into 2, 3,6, 89, 178,267 or 534 equal 

subregions in each case. Frorn figures 4.10 and 4.11 it is easy to see that for NRN = 1 

and 1 the value range of optimum relaxation factors is 1.5 < o 5 1.8 and the numbers 

of iterations usually increase with the increase of the numbers of subregions. 
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Fig.4.9 The NRN versus the iteration nurnber K for different relaxation factors 2 > o h 1 

by the PIM with 2 subregions. 

Fig.4.1 O The iteration nurnber K venus the relaxation factor o by using the P M  with dif- 

ferent subregions for NAN = IÔ '. 
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Fig.J.11 The iteration number K vmus the relaxation factor o by using the P M  with dif- 

ferent subregions for NRIV = 1 0 - 3  . 

Fig.4.12 The iteration number K versus the relaxation factor by ushg the P M  with dif- 

ferent çubregions for NRN = IO-'. 
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The optimum relaxation factors are not significant at low accuracy when 

IVRN = IO-' as s h o w  in figure 4.12. While the numbers of subregions are small, such as 

2 and 3, the value range of optimum relaxation factors is 1.6 < o I 1.8 and the numbers of 

iterations usually increase with the increase of the numbers of subregions. But when the 

numbers of subregions are large, such as 6, 89, 178,267 and 534, the value range of opti- 

mum relaxation factors is shifled to around 1.2 - 1.4. 

4 In this case the operation count of the direct method is - -5343. From figure 4.12 one 
3 

can see that if 534 subregions (m = 1) and w = 1.4 are selected, the number of iterations K 

4 4 x 534 
is 89. According to the conclusion drawn from (2.45), K = 89 < - N  = - = 237, 

9 9 

which means the PIM is 2.66 times faster than the direct method at NRN = IO-'. 

4.3 Cyündrical Rod with Rounded Ends by P M  

The PIM is applied to calculate a cylindrical rod with hemispherical caps at the ends. 

Geometricai parameters of the rod are the diameter 2r = 0.4h and height h = 1 S X .  The 

plane wave illuminates from the top dong the axis of symmetry of the rod as illustrated in 

figure 4-13. 

In order to study the impact of different segmentation on the same scatterer, the cylin- 

dricai rod is discretized into 116 and 356 triangular patches, respectively. Therefore, two 

cases, 228 and 504 unknowns, are investigated. Numerical results of optimum relaxation 

factors and the fewest iteration numbers are provided graphically for different NRNs and 

subregion sizes. More results can be found in [107]. Computed MoM results are verified 
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by comparing with the results in [105]. 

Seetking for Oprirnrrm Relaxation Factors 

Fig.4.13 Geometry of a cylindncd rod with rounded ends and the direction k of plane 

wave illumination. 

4.3.1 Investigating the Relation of Various Parameters with 228 

Unknowns 

For the cylindncal rod with rounded ends, its surface is segmented to 152 triangdar 

patches as s h o w  in figure 4.14 dong with its side view and top view graphs. This results 

in a MoM ma& equation with 228 unknowns. The MoM results of t h i s  cornputer pro- 

gram are verified with those in [ 1 OS]. 

Figures 4.15 and 4.16 show the NRN versus the iteration number K for relaxation fac- 

ton O c a, < 2 by using the PIM with 2 subregions. It can be observed that when o, = 1.6 

or 1.7 convergence rates are faster than other o, values. 
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Fig.4.14 The cylindncal rod with munded ends is discretized with 152 rriangular surface 

patches dong with its side view and top view graphs, Zr = OAh, h = 1.5h. 
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Fig.4.15 The NRN vmus the iteration number K for different relaxation factors O < a, S 1 
by the PIM with 2 subregions. 

Fig.4.16 The NRN versus the iteration number K for different relaxation factors 2 > a, 2 1 
by the PIM with 2 subregions. 
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Figures 4.17 - 4.19 show the iteration nurnber K versus the relaxation factor o for 

three levels of accuracy (NRN), i.e. 1 O-', 1 O" and 1 O-' and ten different subregions, i.e. 

228, 1 14, 76, 57,38, 19, 12,4,3 and 2. The numbers of subregions are so chosen that the 

nurnber of unknown can be divided exactly. This results in that the impedance matrix can 

be divided into subregions with equal size in each case. From figures 4.17 - 4.19 it is read- 

ily seen that the range of optimum relaxation factors value is 1.5 5 w 5 1.7 for most cases, 

but it usually goes down to 1.2 or 1.3 for 225 or 1 14 subregions. The numbers of iterations 

usually increase with the increase of the numbers of subregions but reverse situation 

occurs for the cases with 76 and 57 subregions. 

The speed of the PIM on this example can be analysed as below only for NRN = 10*~ .  

If 228 subregions ( m = 1 ) and o = 1.3 are selected, from figure 4.19 the iteration number 

K is 104. Based on the concIusion drawn from (2.45)- the PIM is faster than the direct 

4 4 4x228 method if K c - N .  Now, with K =  104 and N =  328, K > - N =  -= 101. So, the 
9 9 9 

PIM is slightly slower than the direct method in this case. 
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19 subregions 
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2 subregions 

Fig.4.17 The iteration number K versus the relaxation factor o by using the PIM with dif- 

ferem subregions for NRN = 1 O-'. 
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Fig.4.18 The iteration number K versus the relaxation factor oi by using the PIM with dif- 

ferent subregions for NRN = 1 o - ~ .  
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FigA. 19 The iteration number K versus the relaxation factor o by the P M  with different 

subregions for NRN = i O-'. 
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4.3.2 Lnvestigating the Relation of Various Parameters with 504 

uQk?lowns 

For the cylindncal rod with rounded ends its surface is segmented to 336 triangular 

patches as shown in figure 4.20 along with its side view and top view graphs. It results in a 

MoM matrix equation with 504 unknowns. 

Fig.4.20 The cylindncal rod with rounded ends is discretized with 336 tnangular surface 

patches along with its side view and top view graphs, 2r = OAh, h = 1 SA. 

Figure 4.21 shows the MW versus the iteration number K for relaxation factors 

1 L a < 2 by using the PIM with 2 subregions. It is obvious that when o = 1.8 conver- 

gence is faster than other CO values. 
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Fig.4.21 The NRN versus the iteration number K for different relaxation factors 2 > CO 2 1 

by the PIM with 2 subregions. 

Figures 4.22 - 4.24 show the iteration number K versus the relaxation factor CO for 

three b e l s  of accuracy (NRN), i.e. 1 O-', 1 O-' and 1 O-' and some selected different sub- 

regions. The optimum relaxation factor for numbers of subregions less than 7 is always 

1.8. But the optimum relaxation factors are approximately changed from 1.9 to 1.5 with 

the increase of the numbers of subregions From 7 to 504. 

The analysis of the case with NRN = 1 in figure 4.24 shows that in this example the 

operation count needed by the PIM is several times that needed by the direct method. For 

instance, if the subregion number 504 ( m = L ) and w = 1.5 are selected, the iteration 

nurnber K is 653. Based on (2.45) and its conclusion, K should be smaller than 4Nl9 for 

the efficient PIM. But, now K = 653 is larger than 4Nl9 = 224. The P M  is aimost three 

times slower than the direct method here. 
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Fig.J.23 Iteration number K versus relaxation factor ai by using the PiM with different 

subregions for 10-~ error 0. 
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Fig.4.24 Iteration number K versus relaxation factor o by using the P M  with different 

subregions for 1 O-' error (NRN). 
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4.4 Sphere by PIM 

The PIM is applied to calculate a sphere with ka = 1.26 and the sphere is illuminated 

by a plane wave axially as illustrated in figure 4.25. To form the MoM equation triangular 

patches are generated on the surface of the object and the matrix size is the number of the 

edges of triangles. Computed MoM results are verified by comparing with analytical solu- 

tions and some examples in [log] - [ 1 1 O]. 

Fig.4.25 A sphere with radius a illuminated by the plane wave axially. 

In this section the relation of four parameters, i.e. the NRN, the number of iterations, 

the number of subregions and the relaxation factor, is investigated to locate the value 

range of the optimum relaxation factor w and the needed fewest nurnber of iterations for 

desired accuracy. In order to detennuie the dependence of different segmentation on the 

object, two cases, 96 and 336 surface triangular patches, are studied. Numerical results are 

provided graphically. More r d t s  can be found in [107], [Ill], 11121. 
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4.4.1 Investigating the Relation of Various Parameters with 144 

Unknowns 

Here the surface of the sphere is segrnented to 96 trianguiar patches as shown in figure 

4.26 along with its side view and top view graphs. This results in a MoM matrix equation 

with 144 wiknowns. 

Fig.4.26 The sphere is discretized with 96 tnangular surface patches aiong with its side 

view and top view graphs, ka = 1.26. 

Figures 4.27 and 4.28 show the NRN versus the iteration number K for relaxation fac- 

tors 0 < 0 < 2 by the PIM with 2 subregions. It is obsewed that when w = 1.6 conver- 

gence is fastest. 
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Fig.J.27 The WU versus the iteratioo number K for different relaxation factors O < o 5 1 
by the PIM with 2 subregions. 

Fig.4.28 The NRN versus the iteration number K for different relaxation factors 2 > a, 2 1 
by the P M  with 2 subregions. 
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Figures 4.29 - 4.3 1 show the iteration number K versus the relaxation factor o for 

three levels of accuracy (NRN), Le. IO-', 1 0 - ~  and lo4 and ten different numbers of 

subregions. The value range of optimum relaxation factors, when NRN = Ios2, is 

1.1 I o 5 1.2 for larger nurnbers of subregions and 1.6 < w 5 1.8 for the rest. When NRN 

= IO-', the optimum relaxation factors are i .j 5 o 5 i .8 . Wlen Nm = 1 oa4, the optimum 

relaxation factors are 1.4 5 o 5 1.5 for larger numbers of subregions and 1.6 I o S 1.8 

for the rest. Similar to previous cases, with the increase of the subregion number and accu- 

racy, the number of iterations tends to increase. 

The analysis of this case with NRN = 1 0 - ~  in figure 4.29 shows that in this example the 

operation count needed by the PIM is several times that needed by the direct method. For 

instance, if the subregion number 144 ( rn = L )  and o = 1.2 are selected. the iteration 

number K is 320. Based on (2.15) and its conclusion, K should be smaller than 4N/9 for 

the efficient PIM solution. But, now K = 320 is larger than 4M9 = 64. which indicates that 

the PIM is 5 times slower than the direct method. 
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FigA.29 Iteration number K vernis relaxation factor by the PIM with different subre- 

gions for NRN = 1 O-' . 

1 O00 1 I I I 
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6 subregionç ..--.-A------ 

700 - 2 subregions - 



Seeh-ingfor Oprimrrm Relaxarion Factors 

1 1 . 2  1.4 1 -6 1.8 2 

O 

Fig.4.50 Iteration number K versus relaxation factor o by the PIM with different subre- 

O 

Fig.4.3 1 Iteration number K versus relaxation factor a, by the PIM with different subre- 

gions f o r m  = IO? 
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4.4.2 Investigating the Relation of Various Parameters with 504 

Unknowns 

Here the surface of the sphere is segrnented to 336 triangular patches as shown in fig- 

ure 4.32 dong with its side view and top Mew graphs. This results in a MoM matrix equa- 

tion with 504 unknowns. 

Fig.4.32 The sphere is discretized with 336 triangular surface patches along with its side 

view and top view graphs, ko = 1.26. 

Figure 4.33 shows the NRN versus the iteration number K for relaxation factors 

1 l o < 2 by using the PIM with 2 subregions. It is obvious that when CO = 1.6 conver- 

gence is faster than other CO values. 
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Fig.4.33 The NRN versus the iteration number K for different relaxation facton 2 > o r 1 

by the PIM with 2 subregions. 

Figures 4.34 - 4.36 show the iteration number K versus relaxation factor CO for three 

levels of accuracy (NRN), Le. 1 O-', 1 o - ~  and 1 o4 and sorne different numbers of subre- 

gions. The value range of optimum relaxation factors, when NRN= 1 o-~, is 1.4 I o 5 1.9 . 

When NRN = 1 and 1 oJ, the optimum relaxation facton are 1.6 S w I 1.9 . Similar to 

previous cases, with the increase of the subregion number and accuracy, the nurnber of 

iterations tends to increase. 
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Fig.4.34 The iteration number K versus the relaxation factor o, by the PIM with different 

subregions for NRN = 1 O-'. 
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'21 subregions - 
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7 subregions -----a----- 
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2 subregions -----+-- 

FigI1.35 The iteration number K versus the relaxation factor o by the P M  with different 

subregions for NRN = 1 o - ~ .  



Chapter 4 Seeking for Oprimurn Relaxution Factors 

Fig.4.36 The iteration number K versus die relaxation factor o by the PIM with difierent 
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Analysis of the case with NRN = 1 0 ' ~  in figure 4.34 shows that in this example the 

operation count needed by the PIM is several times that needed by the direct method. For 

instance, if the subregion nurnber 252 ( m = 2 ) and o = 1.6 are selected, the iteration 

number is 723. Substituthg m = 2 and N =  504 into (2.42) yields OCitemtion = l,gO5,12O. 

Substituthg K = 723 and OCited,, into (2.43) yields OCtohl = 723 OCitemtion- The ratio 

of OCtad to OCdim (= 4N))  is approximately 8, which indicates the direct rnethod is 
3 

much faster than the PIM. 
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4.5 Summary 

in seeking for the optimum relaxation factors, it is found that its value o depends on 

the desired accuracy 0, number of subregions, the shape and the segmentation of the 

objects. Generaily speaking¶ in al1 examples, the solutions converge for 1 < o < 2. The 

numbers of iterations increase with the increase of the numbers of subregions and the level 

of accuracy. For the same scatterer, the optimum value of o changes for different 

unlaiowns, different accuracies and different number of subregions. Table 1 shows the val- 

ues of several parameters, including unknowns, operation count ratio (direct / PIM) and 

optimum relaxation factors, for three previous objects at NRN = 1 o - ~  and rn = 1 . 

Table 1: Several parameters for different objects 
(NRN = 1oœ2 and m = 1) 

Object Finite Cylinder 

The operation count ratio of the direct method and the PIM is obtained with m = 1, i.e. 

the subregion size is unity. The reason for choosing m = 1 is that its operation count 

involved in each iteration is minimum. It is a unique case which may, but not always, 

results in the fastest solution for a scatterer. 

This chapter discovers the muitilaterally dependent relationship among several param- 

eters and provides guideline for choosing the most appropriate parameters for the fastest 

solution to satisfy the engineering requirement. For the sphere case the efficiency of the 

Cylindrical Rod 1 sphm 1 
with Rounded Ends 

Unknowns 

Operation Count (Direct / PIM) 

Optimum o 

174 

3 

1.3 

534 

2.66 

1.4 

288 

1 

1.5 

144 

1 6  

1.7 

504 

1 13 

1.7 

504 

1/8 

1.6 
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PM is poor, but it improves when the dimension of the sphere becomes large. The compu- 

tation by the PIM becomes much faster than the direct method. 



Chapter 5 

Performance of PIM 

in 3-D Scattering 

5.1 Introduction 

In chapter 4, the complicated relationship arnong various parameters in three-dimen- 

sional scattering was thoroughly studied. Particularly, optimum relaxation factors were 

sought and the fewest iterations needed for certain degree of accuracy were found for sev- 

eral objects. Based on those results, in this chapter the PIM is applied to cornpute the cur- 

rent distribution and RCS results for different NRN values. A cornparison of the results 

provides an understanding of the degree of accuracy in the surface current and RCS com- 

putations. Representative results for NRN= 1 0-2 and 5 x 1 0-2 are provided [ 1 131, [ 1 1 51. As 

will be noticed in this chapter, the computation tirne is usually much less for NRN = 5 x 

W2 than that for NRN = 10? Especially, for larger spheres with kiz = 12.6 and 25.13, 

where only 20% and 14% computing times are needed, compared with the direct method. 

As nomaliy is the case, the RCS results are more accurate than those of current distribu- 

tions. The P M  can serve as a good candidate for fast RCS prediction. The results for NRN 

= 5 x 10" are important in an engineering environment, where it may 

analyses with a lirnited tirne. 

provide meaningful 



However, even with the error leve1 known, it is better to examine the current and RCS 

results, because for the same NRN level, the current and RCS results do not appear always 

to agree well with the corresponding benchmarks in the same degree. 

Another effort is made to reduce the computing tirne by setting a threshold and letting 

maIl elements in the original dense MoM matrix to be zero. When filling the maîrix, if the 

distance between any two cells is larger than a given threshold value, the corresponding 

matrix entry is then set to zero. The reduction in the rnatrix filling time is dependent on the 

value of the set threshold. 

The geometry of this finite cylinder is shown in figure 4.1 with 2r = 1.1 A, h = O. 1 k. 

Figures 5.1 - 5.4 show current distributions and E- and H-plane bistatic RCSs for the finite 

cylinder by the PIM with NRN = 10-'. Figures 5.1 and 5.2 are obtained with 174 

unknowns by the PIM with 174 subregions and o = 1.4, while the finite cylinder is discre- 

tized with 1 16 triangular surface patches as displayed in figure 4.2. The desired accuracy 

is reached after 26 iteratioas. Note that s is a nonnalized surface contour coordinate which 

has the value O at the centre of the top surface and 1 at the centre of the bottom surface. Ji 

represents the current from s = O to 1 dong the contour in the E plane. J, represents the 

circumferential current nom s = O to 1 in the H plane. MoM solutions are plotted for corn- 

parison. 

Figures 5.3 and 5.4 are obtauied with 534 unknowns by the PIM with 534 subregions 

and o = 1.4, while the finite cylinder is discretized as  displayed in figure 4.8. The 
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desired accuracy is reached after 89 iterations. MoM solutions are also plotted for compar- 

ison. 

It c m  be observed that PIM solutions with NRN = IO-' are accurate enough and very 

close to the corresponding MoM ones. Results with only 174 unknowns are so coarse that 

there are significant differences between them and the results with 534 unknowns. One 

notices that, the solution is improved by increasing segmentation as presented in figures 

5.3 and 5.4. 

The parameters used to compute the graphs shown in figures 5.5 and 5.6 are exactly 

the sarne as those in figures 5.3 and 5.4 except the accuracy (NEW). From figures 5.5 and 

5.6 one can see that although cwent  solutions by the HM with NRN = 5 XI 0.' have fairly 

large differences with MoM ones, good results for RCSs are obtained, where only 9 item 

tions are needed. The computation tirne is alrnost 1 / 10 of the case with N N  = 1 O-', which 

indicates that a fast RCS prediction is achieved. 
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Current distributions of the finite cylinder in Fig. 4.2 by the PIM with 174 subre- 

gions, NRN = 1 O-', K = 26 and o = 1 -4,  compared with MoM solutions. 

MoM 
PIM 

MoM 
PIM 

O 20 40 60 80 100 120 140 160 180 
0 

Fig.5.2 Corresponding E- and H-plane RCSs to previous curent distributions. 
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S 

Fig.5.3 Current distributions of the finite cylinder in Fig. 4.8 by the PIM with 534 subre- 

pions, NRN = 1 O-', K = 89 and CO = 1.4. cornpared with MoM solutions. 

O 20 40 60 80 100 120 140 160 180 
8 

Fig.5.4 Corresponding E- and H-plane RCSs to previous m e n t  distributions. 
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Fig.5.5 Current distributions of the finite cylinder in Fig. 4.8 by the PIM with 534 subre- 
gions, NRN = 5 x 1 O-', K = 9 and o = 1.4, compared with MoM solutions. 
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Fig.5.6 Correspondhg E- and H-plane RCSs to previous current disûibutions. 
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5 3  Cylindrical Rod with Rounded Ends 

The geometry of this cylindrical rod with rounded ends is shown in figure 4.13 with 

2r = OAh, h = 1 Sh. Figures 5.7 - 5.10 show current distributions and E- and H-plane 

RCSs for this object by the PIM with NRN= IO-'. Figures 5.7 and 5.8 are obtained with 

228 unknowns hy the P1M w*th 228 subregims and = 1 3 ,  whik the finite cylinder is 

discretized as displayed in figure 4.14. The desired accuracy is reached after 104 itera- 

tions. Figures 5.9 and 5.1 0 are obtained with 504 unknowns by the PIM with 504 subre- 

gions and CO = 1 .S , while the finite cylinder is discretized as displayed in figure 4.20. The 

desired accuracy is reached after 653 iterations. Note that s is a nonnalized surface con- 

tour coordinate which has the value O at the surface centre of the top semi-hemisphere and 

the value I at the surface centre of the bottom semi-hernisphere. J ,  represents the current 

From s = O to 1 dong the contour in the E plane. JZ represents the circurnferential current 

from s = O to 1 in the H plane. For both cases the full MoM solutions are plotted for corn- 

parison. It cm be observed that PIM solutions with NRN= 10-' are very close to the cor- 

responding MoM ones. 

The parameters used to cornpute the graphs shown in figures 5.1 1 and 5.12 are exactly 

the same as those in figures 5.9 and 5.1 0 except for the accuracy (NRN). From figures 5.1 1 

and 5.12 one can see that excellent results for currents and RCSs are obtained for M W =  5 

x 1 0-2 with only 490 iterations which is much fewer than 653 iterations needed in the case 

with NRN= 10-l. Since good agreement between the P M  and MoM are achieved at NRN 

= 5 x IO-' for both current and RCS redts, further increase of the NRN value and reduc- 

ing the iterations will be possible to get acceptable results. 
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Fig.S.8 Correspondhg E- and H-plane RCSs to previous current distributions. 
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Fig.S.7 Current distributions of the cylindrical rod with rounded ends in Fig. 4.14 by the 

PIM with 228 subregions, NRN = 1 O-', K = 104 and w = 1.3 , cornpared with MoM solu- 
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Fig.5.9 Current distributions of the cylindricai rod with rounded ends in Fig. 4.20 by the 

PIM with 504 subregions, NRN = IO-', K = 653 and o = 1 .S , cornpared with MoM solu- 
tions. 
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Fig.5.10 Corresponding E- and H-plane RCSs to previous current distributions. 
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S 

Fig.S.11 Current distributions of the cylindrical rod with rounded ends in Fig. 4.20 by the 

PIM with 504 subregions, NRN = 5 x [O-', K = 490 and o = 1.5, cornpared with MoM 
solutions. 
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Fig.S.12 Corresponding E- and H-plane RCSs to previous curent distniutions. 
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5.4 Srnail Sphere ka = 1.26 

The geometry of this sphere is shown in figure 4.25 with ka = 1.26. Figures 5.13 - 5.18 

show current distributions and corresponding E- and H-plane RCSs for the sphere by the 

PIM with NRN = 1 O-' or 5 x 10-'. For al1 cases the analytical and the full MoM solution 

are plotted for cornparison. Figures 5-13 and 5.14 are obtained with 144 unlaiowns by the 

PIM with 6 subregions, NRN = 1 O-' and o = 1.8 , while the sphere is discretized as dis- 

played in figure 4.26. nie desired accuracy is reached after 20 iterations. It can be 

observed that P M  solutions at NRN = 1 O-' are accurate enough and very close to the cor- 

responding MoM ones. 

The parameters used to compute the graphs shown in figures 5.15 and 5.16 are exactly 

the same as those in figures 5.13 and 5.14 except for the accuracy (MW). From figures 

5.15 and 5.16 one cm see that reasonably good results for both currents and RCSs are 

obtained for NRN= 5 x1 with 17 iterations which are 3 iterations less than the case with 

NRN = 10-'. It is predictable that m e r  increasing the MW and reducing iterations will 

still result in acceptable solutions. 

Figures 5.17 and 5.18 are obtained with 504 unknowns by the PIM with 252 subre- 

gions and o = 1.6, while the sphere is discretized as displayed in figure 4.32. The 

desired accuracy is reached after 723 iterations. The results with o d y  144 unlaiowns give 

coarse solutions. We notice the current and RCS solutions are improved with 504 

unknoms by increasing segmentation. 
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Fig.5.13 Current distributions of the sphere in Fig. 4.26 with ka =1.26 by the PIM with 6 

subregions, NRN = 1 O-', K = 20 and o = 1.8 , cornpared with analytical and MoM solu- 
tions. 
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E-plane RCS PIM + 

H-plane RCS analytical solution - - - - - - - -  - 
H-plane RCS MoM - - ' 

H'-plane RCS PIM 4 

Fig.5.14 Corraponding E- and H-plane RCSs to previous curent distriiutions. 
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PIM + 1 
+ 

Fig.5.15 Current distributions of the sphere in Fig. 4.26 with ka = 1.26 by the PIM with 6 

subregions, NRN = 5 x IO-', K = 17 and o = 1.8 , compared with analytical and MoM 
solutions. 

Fig.5.16 Corresponding E- and H-plane RCSs to previous curent distributions. 
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Fig.5.17 Current distributions of the sphere in Fig. 4.32 with ka = 1.26 by the PIM with 

252 subregions, NRN = 1 O-', K = 723 and o = 1.6, compared with analyttcal and MoM 
solutions. 
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Fig.5.18 Corresponding E- and H-plane RCSs to previous current distniutions. 
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5.5 Large Spheres ka = 12.6 and ka = 25.13 

This research is aimed at solving large MoM matnx equations. When the PIM is 

irnplemented to solve linear algebraic equations, increasing the object size increases the 

matrix size and consequently its computation time increases, while requiring larger and 

larger computer storage. it was determined that using the UNIX workstations at the Uni- 

versity of Manitoba, a rnatrix size of about ten thousand unknowns can be solved. This is 

sufficient for handling a sphere with diameter up to eight wavelength. However. running 

such a large prograrn was not feasible due to the large demand on the computer facility 

and the fact that it requires an excessive arnount of time. Instead, in order to M e r  exarn- 

ine the validity and effectiveness of the PIM, a PIM prograrn with Iesser unknowns has 

been run to calculate scattering by spheres with ka = 12.6 and 25.13 and results are given 

and analyzed below. 

The sphere with ka = 12.6 is discretized into 2048 triangles and it results in 3072 

unknowns. Based on the analysis on the results obtained from the smaller sphere in the 

previous section, we select o = 1.7 and subregion number = 768, which results in m = 4. 

In ordm to Save the program running tirne, we choose NRN = 5 x  IO-^, considering the 

fact that it usually gives accurate solutions. The iterative process stops afier 69 iterations. 

Figures 5.19 - 5.2 1 show magnitudes and phase angles of current distributions and corre- 

sponding E- and H-plane RCSs. Analytical solutions are also plotted for cornparison. It 

can be observed that PIM solutions of current distributions oscillate about the analytical 

ones, but solutions of the RCSs are accurate enough and very close to corresponding ana- 

lytical ones. The operation counts associated with the direct method is in the order of 
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4 -3072~. OCitmion can be obtained by substituthg m = 4 and N =  3072 into (2.42). Then 
3 

OCtotd c m  be obtained by substituthg K = 69 and OCikmion into (2.43). Consequently, 

OC,,,,/OCdi,,, = 0.20 , which shows that at the accuracy level NRN = 5 x IO-', the 

computer time needed in the PIM is only 20% of that in the direct method. 

A scherne to Save computer storage was considered [103], in which only matrix ele- 

ments within the subregion being calculated are kept in the computer mernory. The m m -  

ory will be replaced with the matnx elements with the next subregion when the calculation 

is shifted to the next subregion. The drawback associated with this scheme is that the 

matnx elements have to be re-caicuiated in each new iteration, which leads to a large 

arnount of repeated rnatrix filling. When the matrix is big, the speed of the PIM becomes 

very slow. 

O 20 40 60 80 100 120 140 160 180 
8 

Fig.5.19 Cunent distn'butions of the sphere ka = 12.6 by the P M  with 768 subregions (m 

= 4 ) , ~ ~ ~ = 5 ~ 1 0 - ~ , ~ = 6 9 a n d  w = 1.7. 
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Fig.5.20 Phase angles of currents in figure 5.19. 
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Fig.5.2 1 Corresponding E- and H-plane RCSs to cment distriiutions in figure 5.1 9. 
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The sphere with ka = 25.13 is discretized into 5408 triangles and it results in 8 1 12 

unknowns. Based on the anaiysis on the results obtained fkom the smaller sphere in the 

previous section, we select co = 1.7 and subregion number = 10 14, which results in m = 

8. In order to Save the program running time, we choose NRN = 5 x 10-~, considering that 

its accuracy has been good enough to give accurate solutions. The iterative process stops 

after 76 iterations. Figures 5.22 - 5.24 show magnitudes and phase angles of the current 

distributions and corresponding E- and H-plane RCSs. Analytical solutions are also plot- 

ted for comparison. It can be observed that PIM solutions of current distributions oscillate 

about the analytical ones, but solutions of the RCSs are accurate enough and very close to 

corresponding analytical ones. The operation counts associated with the direct rnethod is 

4 in the order of - . 8  1 1 z3. OCikmion can be obtained by substituting m = 8 and N = 8 1 12 
3 

into (2.42), and OCtod c m  be obtained by substituthg OCiteration ~ n d  K = 182 into (2.43). 

As a result, OC,o,,l/OCdi,,, = 0.14, which shows that at the accuracy level NRN = 5 x 

loJ ,  the cornputer tirne needed in the PIM is only 14% of that in the direct method. 
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Fig.5.22 Current distributions of the sphere ka = 25.13 by the PIM with 1014 subreg-ions 
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Fig.5.23 Phase angles of currents in figure 5.22. 
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Fig.5.24 Corresponding E- and H-plane RCSs to current distributions in figure 5.22. 

5.6 SparsiQing Dense MoM Matrices 

Since non-diagonal elements in a MoM matrix represent interactions arnong different 

discretized triangular patches and the interactions f?om those distance patches are sup- 

posed much weaker, this results that some elements are much smaller than the diagonal 

elements. It provides a possibility that certain small elements could be ignored without 

significantly affecting computed results. If this is true, the dense MoM matrix cm be made 

sparse and the operation count associated with computation can be reduced. 

The basic idea has been incorporated into the cornputer programs for the computation 

of scattering by spheres, finite cylinder and cylindricai rod with rounded ends [114]. 
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5.6.1 Computed Resuits of Spheres 

With regard to different sparsity of MoM dense matrices, numerical results, Uicluding 

convergence rates, magnitudes and phases of current distributions, and bistatic RCSs, for 

scattering by a mal1 sphere with ka = 1.26 and a relative large sphere with ka = 6.9 1 are 

presented and analysed. 

Since the analytical solution is available for scattenng on a sphere, the standard devia- 

tion (2.56) is used to illustrate the convergence rate. 

Sahere with ka = 1.26 

Figures 5.25 - 5.29 present numencal results of convergence rates, magnitudes and 

phases of current densities and bistatic RCSs for a sphere with ka = 1.26 by using the PIM 

with matrices of 30% sparsity, which are obtained by sening a threshold and letting small 

elements in the original dense MoM matrix to be zero. Actually, when filling the rnatrÎx, if 

the distance between any two cells is larger than a given threshold value, the correspond- 

hg matrix entry is then set to zero. The matrix filling time is reduced. The distribution of 

these zero entnes is random in the matrix. It is difficult to find a sparse matrîx storage 

scheme to reduce the memory. 

For current and RCS results, corresponding analytical solutions and dense MoM 

matrix solutions are also provided for cornparison. With a 30% matrix sparsity the conver- 

gence rate and the iterations remain unchanged and the results for bot .  Je and Je become 

less accurate as shown in figures 5.25 and 5.26. But RCS results display good agreement 

with the full MoM matrk solutions, which indicates that a 30% operation count in matrix 

filling can be reduced for a fast RCS prediction. 
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Fig.5.25 Convergence rates for JO on a sphere ka = 1.26 illuminated axiaily by a plane 

wave. The PIM with 2 subregions and different relaxation factors 1.6, 1.7 and 1.8 are 
used. Results with dense matrix and that of 30% sparsity are provided. 

Fig.5.26 Convergence rates for Jo on a sphere ka = 1.26 illuminated axially by a plane 

wave. The P M  with 2 subregions and different relaxation factors 1.6, 1.7 and 1.8 are 
used. Results with dense matrix and that of 30% sparsity are provided 
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Fig.5.27 Current distriiutions on a sphere ka = 1.26 illuminated axially by a plane wave. 

Two subregions and 40 iterations are used in the PIM. With the matrix of 30% sparsity 

results for both Je and J, become less accurate. 
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Fig. 5.28 Phase angles for J, and J* shown in figure 5.27. 
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Fig.5.29 E- and H-plane RCSs obtsined from the current distributions in figure 5.27. 

~ h e r e  with ka = 6.91 

Figures 5.30 - 5.34 present convergence rates, magnitudes and phase angles for JO and 

J @ ,  and bistatic RCSs on a relatively large sphere ka = 6.9 1 illuminated axially by a plane 

wave. Results are obtained by the PIM with matrices of 20% sparsity. The implementation 

of the matrix sparsification technique is the same as the previous example. The MoM 

matrix size is 1584 x 1 584. It cm be observed that the convergence rate remains similar to 

that using the full MoM rnatrix. The correspondhg andytical solutions and dense MoM 

maîrix solutions are provided for cornparison. 

Situation similar to the previous case occurs. Current solutions have some mors, but 

RCS results are close to analytical or dense matrix MoM solutions, which again indicates 

that a 20% operation count in ma& filling can be reduced for a fast RCS prediction. 
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Fig.5.30 Convergence rates for JO on a sphere ka = 6.91 illuminated axially by a plane 
wave. The PIM with 2 subregions and different relaxation factors 1.6, 1.7 and 1.8 are 
used. Results with dense matrix and that of 20% sparsity are provided. 
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Fig.5.3 1 Convergence rates for Jo on a sphere ka = 6.9 1 illumuiated axially by a plane 

wave. The P M  with 2 subregions and différent relaxation factors 1.6, 1.7 and 1.8 are 
used. Resuits with dense matrix and that of 20% sparsity are provided. 
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Fig.5.32 Current distributions on a sphere ka = 6.91 illuminated axially by a plane wave. 
Two subregions and 40 iterations are used in PIM. With the matrix of 20% sparsity both 
results for J, and J+ become less accurate. 
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Fig.5.33 Phases for J, and J* shown in figure 5-32. 
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Fig. 5.34 Radar Cross Sections for E-plane and H-plane based on current distributions in 
figure 5.32. 

5.6.2 Computed Results of a Finite Cylinder and a cylindrical Rod 

The same idea that sparsifies dense matrices is applied to electromagnetic scattering 

from a finite cylinder which is discretized as shown in figure 4.5. Here in the PIM, 534 

subregions, NRN = 5 ~ 1 0 ' ~  and o = 1.4 are used. Only 3% rnatrix sparsity is considered 

because larger percentage sparsities result in excessive emrs in the RCS results. So, 30% 

or 20% sparsity in the sphere case is not possible in the finite cylinder scattering. Analog 

to spheres, convergence trends are similar with both dense and sparse matrices for the 

finite cylinder. Numerical results of current distributions and bistatic RCSs with 3% 

matrix sparsity are shown in figures 5.35 and 5.36, compared with dense MoM matrix 

solutions. The cment results are inaccurate, but the RCS results show good agreement 

with those of the full matrix MoM. 
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Fig.5.35 Current distributions of a finite cylinder by the PIM with 534 subregions, 3% 
matrix sparsity, NRN = 5 ~10-', K = 10 and o = 1.4, compared with dense MoM matrix 
solutions. 
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Fig.5.36 Correspondhg E- and H-plane RCSs to previous current distrt'butions. 



Chapter 5 Pe~ormance of PLU in 3-0 Scattering 

The matrix sparsification technique is also applied to electrornagnetic scattering fiom 

a cylindrical rod with rounded ends which is discretized as s h o w  in figure 4.20. Here, in 

the PM, 504 subregions, with NRN= 5 x W 2  and CO = 1.5 are used. Similar to the previ- 

ous exarnple, only 3% matrix sparsity are considered. Analog to spheres and the finite cyl- 

inder, convergence trends are similar with both dense and sparse matrices for the 

cylindncal rod. Numerical results of curent distributions and bistatic RCSs with 3% 

maûix sparsity are s h o w  in figures 5.37 and 5.38, compared with dense MoM rnatnx 

solutions. 

Fig.5.37 Current distributions of a cylindrical rod with rounded ends by the P M  with 504 

- 

3' 

subregions, 3% matrix sparsity, NRN = 5 x 1 û2, K = 488 and CO = 1.5 , compared with 

1 
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O 

dense MoM rnatrix solutions. 
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- 
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- x. , 

4 -.. x. . -. 
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Fig.5.38 Corresponding E- and H-plane RCSs to previous current distributions. 

5.7 Surnmary 

The PIM' current and RCS results in three-dimensionai electromagnetic scattering are 

displayed to shed light on the performance of this method and to provides an understand- 

ing of the degree of accuracy in the d a c e  current and RCS computations. As was inves- 

tigated in chapter 4, the PM needs less computing time than the direct method for a finite 

cy linder, but not a sp here, at the accuracy Ievel NRN = 1 û2. At NRN = 5 x 1 o'~,  signifiant 

computer tirne is saved for al1 different objects. For the spheres with ka = 12.6 and 25.3 1, 

only 20% and 14% thne are needed, showing a great savhg in computation. The curent  

results are oscillatory around the exact solutions, but the RCS ones are close to their ana- 

lytical counterparts. Small changes in the current distribution cause only secondary 

changes in the far field pattern, so it is usually adequate to known the source curent 
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appr oxim at el y. 

In a modem cornpetitive engineering workplace where speed and efficiency may be as 

important as accuracy, it is absolutely critical to very quickly understand and predict a 

obstacle's far field perfomance for reai-tirne troubleshooting of technical and production 

problems in either civilian or military application. The time available to analyze is limited 

by the demands of design, test, and hining prototypes. The method described here c m  be 

considered as developed for use in such an environment and allow meaningful analysis 

with a minimum of engineering time. 

The examples in section 5.6 present a matrix sparsification technique for the approxi- 

mate solution of the full MoM matrices. with improvement on computation speed. In the 

practical implementation of this technique, a specific value is assigned to a parameter 

called separation distance. defined as the distance behveen any nvo surface patches. The 

interaction of any nvo patches i d 1  be accounted for if their distance is smaller than the 

assigned value. Othennise, the interaction will be ignored. i.e., set to zero. As a couse- 

quence, the resdtant matrix will become a sparse one and have certain amount of zero 

entries, which means that when filling the matrix, some enmes need not be calculated and 

the manix filling time is reduced. The saving on the computation depends on the value of 

the sepmtion distance or the sparsity of the matri.. . For instance, a 20% in the matrix fiIl- 

ing operation is saved if the matrix sparsity is 20%. 

With a sparse mamx, one usually considers to reduce the computer storage by not sav- 

h g  the zero elernents using a sparse ma& storage scheme. Unfortunately, there is no 

such a s p m e  ma& storage technique available to reduce the computer memory for 

matrices with sparsity as low as the examples in the previous sections. In order to keep the 
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accuracy at certain level, it is not likely to m e r  increase the sparsity of the matrices. 

Acnially, the resdts in sections 5.6.1 and 5.6.2 display that in the electromagnetic scatter- 

ing problems, the interactions among the surface patches are strong. The interactions of 

the surface patches on the finite cylinder and cylindrical rod are even stronger than 

spheres, probably due to their difference in shape. The finite cylinder's cross section diam- 

eter is much bigger than its height. The cyiindrical rod's height is much bigger than its 

cross section diameter. These slim or Bat shapes result in more close surface patches than 

a voluminous sphere. 
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Discussion, Conclusions and 

Recommendations 

6.1 Discussion and Conclusions 

The performance of the PNM and PIM on electromagnetic scattenng has been thor- 

oughly studied after the relationship between them is established, which shows that the 

PIM is a generalized form of the PNM. These methods have been applied to scattering 

from large structures. Their advantages and capability in dealing with large scattering 

problems have been discovered and displayed. 

Detailed operation count analysis of the PIM, especially the single subregion size, has 

been done. This is the case with minimum operation count in each iteration step. The total 

operation count is the product of the operation count in each iteration and the iteration 

number. The total operation count with the single subregion size is usually less than other 

cases and results in a fast PIM. 

The PNM divides an object into small parts which are considered as distinct subscat- 

terers and treated individually with conventional MoM. It makes use of the concept of 

overlapping regions to improve the accuracy. It reduces the matrix size so that the com- 

puter storage and program running t h e  are economized in solving the problem of large 

scattering objects. Iteration process can be incorporateci into the PNM and very accurate 
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solutions can be obtained afier several iterations, but it is usually avoided in order to 

decrease the operation count. 

A complete study on the application of the PNM, including overlapping and iteration 

techniques, to two-dimensional electromagnetic scattenng problems has been conducted. 

Most of the exarnples were not investigated by the method before, which reveals the dif- 

ferent performance of the PNM on the TM and TE cases, the different performance on 

large and small objects. 

The PNM produces good results only for two-dimensional problems. Accurate solu- 

tions can be obtained for the TM case and good agreement with the full matrix MoM 

results can be achieved for the TE case. For large objects, the PNM generates more accu- 

rate results than for smaller objects when the incidence is a TE field. For the TM case, the 

results are always accurate. 

For convergence, the SDT should be rnodified by not taking the virtual interface cur- 

rents into account. The iteration procedure converges for the TM case, but not for the TE 

case, except for an infinitely thin strip. In fact, the modified SDT is a special case of the 

PNM in which there are no discarded pulse samples. Since the modified SDT heavily 

depends on its iteration process to enhance the accunicy, its computer execution time is 

much larger than the P M .  

The PNM is not sensitive to the subregion size and, in the TE case, not sensitive to the 

overlapping size. in the presence of a TM field, a large overlapping size results in a better 

accuracy. Usually an overlapping size equal to 114 - 115 of the subregion size is a reason- 

able choice. 

While applying the PNM to infinite cylinders at the TE wave incidence, subregion 
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under calculation should start from the illuminating side and spread out to non-illuminat- 

hg side. Otherwise meaningless results may be obtained. 

The PNM, compared with other published techniques, has many advantages in dealing 

with internai resonant problems. It is not necessary to locate the intemal resonances in 

advance and to extend the boundary conditions or set intemal constraints on the scatteren. 

Hence a large amount of computation is saved. Therefore, the PNM is a simple and effec- 

tive algorithm to eliminate interna1 resonances without facing the ill-conditioned situation 

in which erroneous results would be obtained. 

The PIM is a generalized form of the PNM. It can handle both two- and three-dimen- 

sional scattenng problems. In al1 two- and three-dimensional objects being calculated by 

the PIM, the convergence of the results is guaranteed and can be accelerated with opti- 

mum relaxation factors 1 < o < 2. 

The operation count involved in the PIM's each iteration step decreases with the 

decrease of the subregion size. But the number of iterations increases with the decrease of 

the subregion size. The total operation count is the product of the operation count in each 

iteration and the number of iterations. We have found that the total operation count is usu- 

ally less with small subregion sizes. 

A complete study of the PM for three-dimensional electromagnetic scattering prob- 

lems has been done for three di fferent objects. The research investigates the multil aterall y 

dependent relationship among several parameters which provides guideline to choosing 

the most appropriate parameters for the fastest solution. Detailed analysis of the operation 

count has been done for the case with NRN = 1 0 ' ~  and rn = I . 

By choosing small subregion sizes, ùiverting large matrices is avoided. Although more 
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iterations are needed with small subregion sizes, the total operation count is usually less 

than that with a larger subregion size. 

The trade-off between the accuracy and the computation speed can be considered, 

depending on the actual requirement. If NRN = 5 x 1 o - ~ ,  the PIM is much faster and more 

efficient than the direct method and good RCS results can be obtained. Thus, this method 

is a good candidate for fast RCS prediction in large scattering pmblerns and is suitable in 

an environment dlowing meaningful analysis with a minimum engineering tirne. A large 

conducting sphere of diameter 8h. has been taken as a computing exarnple, where only 

14% of the operation count is needed by using the PIM, compared with the direct method. 

The operation count in matrix filling can be reduced by setting small elements in the 

coefficient matrix to zero. The solution of currents is affected by doing so, but good RCS 

results can be achieved on spheres with a large percentage sparsity of the matrix. This 

technique is not effective for objects, such as finite cylinder and cylindrical rod, due to 

strong interaction presented arnong different discretized patches. 

6.2 Recommendations 

The successful application of the PIM has shown that it is a prospective method. Fol- 

lowing future research directions on this topic are recommended. 

1) It is worth applying this method on other shape conducting objects or dielectnc objects 

or their combination to M e r  investigate its validity, effectiveness, and limitations. 

2) This method should be implemented to the ma& equations fonned by numerical 

methods other than MoM. for example, the PIM may exhibit good efficiency if applied to 

the finite element method (FEM) matrix equations because a FEM matrix is highly sparse. 
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3) The P M  was rnainly compared with the direct method in this thesis. The cornparison of 

the PIM with other matrix equation solvers (e.g. CGM) is also a good future topic. 

4) Since the PNM depresses intemal resonances in 2-D case. It's effect on waveguide and 

cavity resonances c m  be investigated M e r .  
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