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Abstract

This dissertation presents a point-matching technique for registering

distorted monomodal and multimodal medical images using

geometric transformations. The point-matching registration

technique is composed of three components: control-point selection,

control-point matching and geometric transformation. The main

focus of the research is on methods of automatic control-point

selection and the generation of an appropriate transformation

function. The methods of geometric transformation include both

linear (affine) and non-linear (polynomial and surface-spline)

models. The performance of each of the transformation methods has

been evaluated by a series of experiments using synthetically

distorted Computed Tomography and Magnetic Resonance images

containing both linear and geometric distortion.
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Chapter 1

Introduction

1.1 Background
A modality is the manner in which an image is obtained from a specific kind of

imaging device. The term monomodal rcfers to a single modality, whereas

multimodal refers to multiple modalities. Images of the head and body from

modalities such as computed tomography (cT), magnetic resonance (MR), and

positron emission tomography (PET) contain complementary anatomic (CT and MR)

and physiological or functional information important to medical research, diagnosis

and treatment. Image registration, or metching as it is often referred to, can be

defined as matching or aligning two images by geometrically transforming one of the

images.

Image registration is a classical problem. Traditionally, correlation-like

techniques [13,53,84] were used to do image registration. However, this kind of

approach is inherently sensitive to gray-level modification and the presence of

geometric distortion, so its use in medical image registration is limited. A point-



matching registration technique is based on the following assumption: given two

medical images of the same region of the body or head, from either the same or

differing modalities, a unique point-transformation can be found which, when

applied to one of the images gives the closest possible alignment of the two images

[8i]. For example, the evolution of a tumor can be assessed by comparing two images

produced by the same modality for the same patient at different times. The integration

of anatomic and physiological images allows a more accurate understanding of the

physiologic and pathologic mechanisms associated with a specific disease.

The approach to image registration presented in this research is based on point-

matching techniques for image registration. Essentially the method will cover the five

major categories of medical registration problems, namely, multimodal, monomodal,

temporal, viewpoint and template registration. The methodology involved is not

unique to any one particular class of images and therefore might be applied more

generally. An image often contains a subset of points which are used to describe a

certain feature within the image. Such points are known as control-points.Image

registration involves warping or modifying the geometry of an image so that the set of

control points in the distorted image (Figure 1-1(a)) have the same spatial

relationship as those in the reference image (Figure 1-1(b)).

(a)

Figure 1-1 Example of Image Registration (a)

(b)

Distorted Image, (b) Reference Image



1..2 Pr elirninarv Ðiscussion

The discussion on image registration focuses on grayscale images, composed of 256

different intensities of gray. Color medical images are beyond the scope of this

research, although the only fundamental difference would occur in the control-point

selection technique. The point-matching registration technique is composed of three

related components, namely control-point selection, control-point matching and

geometric transformation. The control-point selection schema discussed here focuses

on the automatic extraction of identifiable anatomic features from a medical image

and subsequently deriving significant points from these features. Control-point

matching matches corresponding control points in the two images into control-point

pairs. Geometric transformation finds a transformation association between the two

images.

First it is appropriate to discuss some of the terminology used throughout this

research. Registration determines the "best-fit" between two images, one of which

represents the reference image while the other is geometrically transformed and is

known as the distorted image. Medical images are normally characterized as

belonging to one of two types: anatomical or physiological. Anatomical images

contain information relating to anatomy (e.g. soft-tissue, bone-tissue), while

physiological images contain metabolic and functional information (e.g. blood flow).

Five kinds of medical images are used throughout the research, namely, Computed

Tomography (CT), Magnetic Resonance (MR), Single Photon Emission Computed

Tomography (SPECT), Positron Emission Tomography (PET) and ultrasound (us).



Throughout each chapter, a number of sample medical images are used. The first,

shown in Figure T-2, is a computed tomography image of a thoraxial (chest) cross-

section, depicting tissue such as the spine and lungs. The second, shown in Figure 1-3

is the corresponding magnetic resonance image which provides detaiis relating to

soft-tissue structures. The shape of the chest section differs in the two images due to

different arm positionings in the standard CT and MR modalities. These two images

will be used to illustrate multimodal resistration.

Figure 1-2. Original Thoraxial Computed Tomography Image

Figure 1-3. Original Throaxial Magnetic Resonance Image
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The images shown in Figures l-4 and 1-5 are part of a series of synthetically

generated distortions of the image in Figure I-2. The two images shown in Figures

l-4 and 1-5 depict linear and non-linear (geometric) distortion respectively and will

be used to illustrate the differing forms of distortion found within medical images.

Figure 1-4. CT Image containing Linear Distortion (23' rotation)

Figure 1-5. CT Image containing Geometric ("banel") Distortion



L.3 MedÍcal Imaging Modalities
Some significant tomographic imaging modalities used in radiology include single

photon emission computed tomography (SPECT), positron emission tomography

(PET), X-ray computed tomography (CT), magnetic resonance (MR) and ultrasound

(US) t73]. Magnetic resonance images are useful for discerning subtle changes in soft

tissues, whereas computed tomography images are most useful for visualizing bone

tissue and SPECT images depict metabolism. The five categories are discussed in

detail below [90,91]. It should be noted that medical images taken relative to the body

are either longitudinal or transverse. Longitudinal images divide the human body in

places parallel to its length and transverse images divide it perpendicular to its length.

1.3.1 Nuclear Medicine (NM)

Nuclear medicine involves the use of radionuclides (".g. 1lC, 13¡, 15O, 18F) and

radiopharmaceuticals in conjunction with either a rotating (360') or stationary gamma

camera to produce a specific metabolic or functional image. Single photon emission

computed tomography (SPECT) and positron emission tomography (PET) are nuclear

medicine modalities. In SPECT images, a radionuclide-labeled substance introduced

into the body emits photons, which are detected by gamma cameras. SPECT images

are used to detect bone cancer, liver disease and brain lesions. In PET images, a

positronium-labeled substance introduced into the body emits oppositely directed

photons in pairs, which are absorbed by a detector on either side. PET images of the

brain depict several aspects of cerebral function including glucose activity, oxygen

consumption, and blood flow [91].
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1,.3.2 Computed Tomography (CT)

In computed tomography, a narrowly collimated fan-shaped beam of X-rays emanates

from the focal point of the x-ray source and passes through the body in a direction

transverse to its longitudinal axis. The emerging rays are intercepted by a detector

array whose length and distance from the X-ray source define the angle of the fan.

The X-ray source and detector move perpendicular to the beam direction and a series

of cross-sections are made at evenly spaced points. CT is commonly used to obtain

images of the brain as shown in Figure 1-6. It can be used to detect deformation and

displacement of normal brain tissue, characteize the position, size and density of

abnormal structures in the brain, such as tumors, cysts or abscesses and can detect

regions of hypoperfusion and hyperperfusion used in the diagnosis and evaluation of

stroke and trauma.

Figure 1-6. A Computed Tomography Image of the Brain

1.3.3 Magnetic Resonance (MR)

Magnetic resonance imaging, often referred to as nuclear magnetic resonance (NMR)

uses devices that probe the magnetic moments of nuclei, employing radio frequency



(RF) radiation and strong, time varying magnetic fietds. These nuclei are typically

protons (H), but other nuclei, including F and sodium are also used. Properties

concerning the spatial distribution of nuclear magnetization in the patient is

determined from RF signal emission from the stimulated nuclei. MR images are most

often used to depict soft tissue and nervous tissue, such as that shown in Figure 1-7,

the MR image corresponding to the CT image of Figure 1-6.

Figure 1-7. A Magnetic Resonance Image of the Brain

1,.3.4 Ultrasound (US)

Ultrasound involves the use of high frequency (5-1OMHz) sonic waves to image the

body. The transducer, a crystal stimulated electrically, resonatin g at a specific

frequency transmits a brief pulse (0.2-1.Ops) which transits the patient, scattering and

reflecting off tissue interfaces where there is a large acoustical impedance mismatch.

The returned echoes are received by the transducer during the pulse-off time.

Ultrasound is commonly used in obstetrics and the diagnosis of breast cancer [91], as

normal and diseased breast tissue exhibit distinct ultrasonic properties.



X.3.5 Multimodal Images

The modalities discussed here often provide complementary information. SPECT,

PET and MRS (magnetic resonance spectroscopy) images provide functional

information, but delineate anatomy poorly, whereas MR, CT and ultrasound images

depict aspects of anatomy, but provide little functional information. Furthermore, CT

and MR images describe complementary morphological features. For example,

calcifications and cortical bone are best seen on CT images, while soft-tissue

structures and iron deposition are rendered most clearly by MR images [60]. Features

from one modality can often be superimposed over another. For example, CT images

of skeletal structures can be overlaid with MR images of soft-tissue anatomy.

(a) (b)

Figure 1-8. Multimodal Images: (a) Computed Tomography, (b) Magnetic Resonance

Figures 1-8(a) and 1-8(b) represent computed tomography and magnetic resonance

images of the thorax respectively. They are taken at the same transversal section. The

shape of the chest section differs in the two images due to differences in the standard

CT and MR imaging modalities. The CT image provides more detail in the lung and

spinal regions. The objective is to transform the MR image to match the CT image. A
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composite image could then be formed, where the lung and spine regions from the CT

image are superimposed onto the MR image.

Areas of multimodality matching include radiotherapy and nuclear medicine

lII2l. For example, in radiation therapy, CT and MR have complementary roles. The

CT image provides a map of the radiation attenuation coefficient, used to calculate

dose distributions, while the anatomy of the target lesion is provided by the MR

image [60]. In nuclear medicine, determination of the anatomical location of

dysfunctional areas and studies of functionaVstructural relationships are facilitated by

the integration of functional and morphological images with anatomical images may

be used to improve PET or SPECT reconstruction. Registration of monomodal

images can also be used for clinical diagnosis of images over a period of time.

1.4 Chapter Outline
In Chapter 2, the general concepts associated with image registration and medical

images are discussed. This includes defining the problem and providing an overview

of the categories of registration problems. A description of the four major techniques

currently used in the registration of medical images is followed by an outline of the

methodology associated with point-matching techniques. The latter portion of the

chapter is devoted to the kinds of image distortion.

Chapter 3 is dedicated to control-point selection. A description of the kinds of

control-points found is followed by an overview of the methodology associated with

control-point selection. The focus of the chapter is placed on the automatic selection

of control points from anatomic features contained within medical images. After a

brief discussion on image enhancement techniques used for noise suppression and

edge attenuation, the focus turns to methods of image segmentation used for feature

extraction, namely edge detection and thresholding. Subsequent discussion is based

10



on the detection of lines, curves and corners from these edge maps. The detection of

significant points from these features is the focus of the latter portion of the chapter.

There, the kinds of control-points associated with lines and curves are described and a

number of methods used to detect them are overviewed.

Methods employed in control-point matching are briefly described in Chapter 4.

Chapter 5 describes the geometric transformation of images. The first part of the

chapter focuses on the differing methods of transformation, whilst the remainder of

the chapter is dedicated to methods of two-dimensioanl image transformation. Three

methods are presented, each dealing with a particular kind of image distortion.

Chapter 6 covers aspects relating to the reconstruction of 3-D volumetric medical

images from tomographic images using the image transformation techniques

discussed in Chapter 5. This leads to a brief discussion on the registration of 3-D

medical images. This is essentially a preview to future research in 3-D point-matching

registration techniques. Finally, Chapter 7 provides a summary of the research.

11



Chapter 2

Image RegistratÍon

2.1Íntroduction
The diagnosis of a disease from medical images usually involves two steps. The first

one, registration, discards image differences produced by distortion. The second step,

comparison, estimates differences induced by actual modifications in the image.

Diagnosis is based on such differences [34]. This chapter is divided into six sections.

A description of image registration is given in Section 2.2. Section 2.3 outlines the

five major categories of registration. The major approaches to medical image

registration are covered in Section 2.4, followed by the methodology associated with

point-matching methods in Section 2.5. Finally, image distortions and their

relationship to solving the registration problem are described in Section 2.6.
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2.2 Definition
Registration can be defined as matching or aligning two or more images of the same

scene taken from different modalities or at different times using geometric properties

that are common to all images [109]. The terms matching and registration areboth

used to denote the process that determines a transformation that relates one image to

another. Finding a geometric transformation is generally the key to the registration

problem. The term image refers to a two-dimensional light-intensity function, denoted

by f(x,y), where the value of f at spatial coordinates (x,y) gives the intensity

(brightness) of the image at that point. An image is normally approximated by a

discrete two-dimensional array of size mxn, where 0<x( m and 0<y< n.Each

element of the array is referred to as a pixel. For two images R andD, representing the

reference and distorted images respectively, R(u,v) and D(x,y) represent the gray-

scale intensities at the coordinates (ø,u) and (-r,y) respectively. The relationship

between the reference image and the distorted and transformed images is shown

below in Figure 2-I, wherc the coordinates of the transþrmed image are represented

by (x' ,!') .

Geonìetdc
Tr@Lçþmntioù

--_>

Figure 2-l . The relationship between the Reference Image and the Distorted rmage

Transþrmed Image Reference Image
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The registration of the distorted

expressed through a transformation

image with respect to the reference image

function T by an equation of the form:

is

(u,v) = T[(x,y)]-+ (x' ,y' ) (2.r)

Registration can be performed in any number of dimensions. A one-dimensional

method may perform a temporal match on a time series of spatially consistent images.

In two-dimensional methods, projection images or tomographic slices of different

modalities are aligned, assuming that the images are made exactly in the same plane

relative to the patient. Three-dimensional methods consider a tomographic image as a

volumetric data set rather than a set of individual slices, that can be registered with

another (2D or 3D) image. For example, the matching of a2D projection image such

as DSA (digital subtraction angiography) with a 3D tomographic image. The merhods

considered here will focus on two-dimensional registration. Any registration method

will produce a set of functions that transform the coordinates of each point in one

image into the coordinates of the corresponding point in the other image.

2.3 Categories of R.egistration Problems
The four general categories of registration problems outlined by Brown [13], namely

multimodal, template, temporal, and viewpoint have been supplemented with the

inclusion of monomodal matching problems. Registration problems are by no means

limited to this categorization scheme. Many problems are combinations of these five

classes of problems; for example, images are frequently taken from different

modalities at different times.
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2.3.L Multimodal

Multimodal registration is the registration of medical images of the same scene

acquired from different modalities. It is often used in the detection of functional

abnormalities within anatomic structures. This requires matching a functional image

(PET/SPECT) to the coresponding anatomical image (MRVCT). It is also used ro

integrate different kinds of anatomic information. For example, CT images of skeletal

structures can be overlaid with MR images of soft-tissue anatomy.

2.3.2 Template

Template registration is the registration of an image from one modality with a

reference or "atlas" image from another modality. For example, some MR images

exist in the form of a neuro-anatomical atlas 133,491 , with regions corresponding to

gray matter, white matter, cerebrospinal fluid and scalp. This brain "atlas" is

transformed to fit a given SPECT image of the brain in a functional/anatomical

mapping.

2.3.3 Temporal

The registration of images of the same scene taken at different times is known as

temporal registration. It is often used to detect and monitor changes caused by

disease. For example, in ophthalmology, retinal images taken at different times over a

period ofyears are used to detect slow changes in the retina, such as nerve fibre layer

damage, optic disk cupping and pallor and intraocular tumors t801. Alternatively,

images may be taken only a fraction of a second apart, as in measuring dilution

curves in fluorescein angiography.
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2.3.4 Viewpoint

Viewpoint registration is the registration of medical images of the same scene taken

from differing viewpoints. For example, the comparison of psoriasitic lesions [48]

requires the use of digitized photographic images which often contain distortion due

to the differing position of the photographic lens.

2"3.5 Monomodal

The registration of medical images from the same modality is known as monomodal

registration. For example in magnetic resonance imaging, monomodal registration

would be used to remove geometric distortion produced by non-linearity of the

gradient fields. Non-linearity of the gradient along the slice-section direction tends to

warp the planes causing a "potato chip" effect [65,103].

2.4 Registration Techniques

There have been a number of approaches to the alignment of medical images,

including the transformation of images based on point-matching or statistical

methods. The latter includes methods using moments/principal axes and correlation

methods. These statistical registration techniques do not include gray level

transformations. This is important in the registration of images of the same modality.

For example in registering photographic images, correction must be allowed for

differences in exposure time and brightness. In multimodality image registration,

however, corresponding points can have very different gray values due to the nature

of the different imaging modalities. Registration techniques can be classified into four

categories. There are four major categories of registration techniques, namely
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correlation matching, moments/principal axes matching, elastic matching and point-

matchins.

2.4.1 Correlation Methods

A correlation method involves a statistical approach to image registration Ii3,53,84]

based on maximizing the correlation between two images and is therefore an

approximation method. It gives a measure of the degree of similarity between two

images. The images R(z,v) and D(x,y) represent the two images to be registered,

where R(u,v), of size uxv, is considered to be the reference image and T(x,y)

denotes a XxY template region extracted from D(x, y), the distorted image, where it

is assumed X<U and Y<V. The normalized cross-correlation between the image pair

is defined as

C(m,n)= (2.2)

In Equation (2.2), m=0,I,...,M and n = 0,1,...,N where M =U - X and N =V -y.
For any value of (m,n), Equation (2.1) yields one value of c. As m andn arcvañed,

T(x,y) moves around the image area, giving the function c(m,n). The maximum value

of c(m,n) indicates the position where T(x,y) best matches R(z,u). A related

measure. is the correlation coefficient:
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))trt;,1 - ttr)(R(i-rm,i +n)- trt^l
y(m,n) = (2.3)

In Equation (2.3), m=0,!,...,M and n=0,I,...,N where M =IJ -X and N =V -y,
p, is the mean of the sub-image template and ¡r^ is the mean of the region

coincident with the current location of Z. The correlation coefficient y(m,n) is scaled

in the range [-1,1] and the closer 7 is to 1, the more similar the two images are. This

method of gray value correlation is generally not useful for multimodal image

registration as pixel intensities vary in differing modalities.

The general correlation concept for translational registration can be generalized,

in principle, to accommodate changes in rotation. If an image contains arbitrary

rotation angle, I, looking for the best match requires rotating T(x,y) by some set of

angles 0r 1 0, < 0^ until it aligns itself with R(u,v). This method however, requires a

significant amount of computation because of the need to transform T(x,y) for each

sample rotation angle 0,. Junck, et al., [53] allow rotations and translations in their

correlation method for alignment of functional brain images.

2.4,2 Moments/Principal Axes Methods

A frequently used approach to image registration is based on momenls matching

techniques [34,5I,105,112]. Moment functions can be used to derive the affine

transformation between two images. General moments of the gray value function

f (x,y) are of the form:

[Ï>,t,t, i) - tt,)'!Ï,o,, * m, i + n) - tr^)']
L,=0 j=0 i=0 j=0 |

ffi', =22*'Yn f (',Y)
xy
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When moments are related to the centroid of an image, they are often referred to as

central moments. Central moments are invariant under translation. The central

moments can be expressed by the equation:

In Equation (2.5), -x=ffito and y -*o' define the centroid of an image. Themoo moo

centroid, called the "center of mass" is the balance point of the image function f&,y)

such that the mass of f(x,y) Ieft and right of x and above and below y is equal. The

central moments Fo, defined in Equation (2.4) can also be expressed in terms of the

moments mro defined in Equation (2.3). A moment can be normalized with the zero-

order (p-q=0) moments so that it is invariant to changes in scale. Normalized central

moments denoted rj,o Na defined as:

þon = ))f" - ,)o (y - y)n f (r,y)
xy

nr"=4
póo

(1 5\

(2.6)

T=(p+q+2)12

Hu [41,84] has derived moments that are invariant with respect to the rotation of an

image. From the second- and third-order normalized central moments, a set of seven

moments invariant to changes in translation, rotation and scaling have been derived:

Qt=4zot4oz

Qz=(In-no), +4q?,

h = Gtn - 3r7,)z + (3I2r - 4or)2

Qo = (4ro + r7,)2 + (r10, + 4r)2 (2.7)
Qs=01,0-3¡1,)(nn+4,)[Otro+n,)'-3(nor+4,,¡,)+(34r,-4*X%, +4r)f301ro+¡1,)t-(no.+nr),)

Qø = (4zo - no)f(nro + 4,)' - (40, + 4r)21+ 44,,Q7r0 + n,r)(t10, + n.,)

h = (3rzt - 4o)(4n + 4,r)[( %o + ¡1,)' - 3(4ot + r.lr)'l- (rro -3n,)e1,, + nòf301ro + n,r)' - (4r, + rr,)rf
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Goshtasby [41] uses these normalized invariant moments together with circular

templates to register two images in a similar way to correlation methods. Flusser and

Suk [28] have derived a new set of moment invariants, that are invariant under a

general affine or low-degree polynomial transformation. Moments matching

techniques produce approximating transformations because they are based on

statistical principals.

If two images are similarly shaped, they may be registered approximately by

matching thefu principal axes [2]. The principal axes of an image are those orthogonal

axes about which the moments of inertia are minimized [24]. Therefore the principal

axes of two different images can be used to calculate the affine transformation

between the two images. Two images may be related rotationally by their principal

axes and translationatly by their centroids. To be related in scale, the relative

magnitudes of the principal axes must be determined. The Hough transform is used

by Cideciyan and Nagel [18] to calculate the best fitting ellipse in two-dimensional

brain images, from which the transformation relating the principal axes of the ellipses

can be determined.

2.4.3 Point Matching Methods

This technique registers two images by finding a transformation to represent the

relationship between corresponding point features or "control-points" within the

images. The point-matching method is the primary approach currently taken to

register two images in which the source of distortion is unknown. The registration of

multimodality images also relies on such methods due to the inability of statistical

methods to register images containing differing radiometric (intensity) values. The

general methodology associated with this method is outlined in Section 2.5. The
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remaining chapters deal with the three major aspects relating to point-matching,

namely, control-point selection, control-point matching and geometric transformation.

2.4.4 Elastic Matching Methods

An elastic matching method involves extracting and matching coffesponding contours

from two images 172,73,891. This method, first introduced by Burr [15], models the

distortion in an image as the deformation of an elastic body. The similarity between

points in the two images act as external forces which "stretch" the body. Contour

matching is performed on all corresponding contour pairs, and results in

correspondence along the contours. These represent local displacement vectors. A

two-stage transformation is calculated from these vectors. A global image shift is first

determined from these vectors and then the residual vectors, which represent local

non-linear distortions along the contours are calculated.

Distortion vectors in the image are approximated by interpolating the residual

vectors onto the whole image. A mean weighting interpolation function is used,

where the weighting function decreases asymptotically to zero for large distances.

The distortion vectors are then applied to the deformed image to correct for the

deformation. The general elastic transformation is defined bv:

T[(x,y)]-ì (x',)')

InEquation(2.8), x'=xla and y'=yrb where a and brepresentdisplacementsin

the elastic plane. Tang and Suen [104] introduce three models for elastic

transformation including general, semi-elastic and complete elastic models. Lin and

Huang [62], use an "elastic" mapping algorithm to match tomographic images.

(2.8)
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2.5 Methodology
Numerous point-matching registration techniques have been proposed U3,43,ll¿l

from which the following general four-step methodolo gy l34l can be defined:

select points from each image. These are known as the control points.

Establish a correspondence between the points from both images. The

corresponding points are called control-point pairs.

Determine a mapping function using the known control points.

Geometrically align the two images by means of the mapping function.

Figure 2-2. General Schema for a Point-Matchins Method
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This general methodology is illustrated in Figure 2-2, showing the entire process

involved with registering two images.

2.6lwtage Distontion
When selecting a transformation method it is important to consider the source of

misregistration in an image. The source of misregistration is the cause of the

distortion between images. Distortion in an image is the amount of geometrical

displacement suffered by a pixel when compared to its correct location. Distortion is

often charactetized by a two-dimensional map of the observed distorted grid with

respect to a perfectly generated grid. Distortions contained in medical images may be

the result of a modality dependent image distortion (e.g., section thickness, pixel

size), sensor deviations (e.g., distortions in MR images are due to inhomogeneities in

the magnetic field and non-linearities in the gradients), elasticity of body parts or

movement of organs.

Two major types of distortion are distinguished. The first type is the source of

misalignment between two images. The second type of distortion are those which are

not the source of misregistration, and may be the result of radiometric distortion

(differing intensity values) between multiple modalities or natural changes such as the

movement ot deformation of features within the image. Since a coÍtmon objective of

registration is to detect a change between two images, it is important that images are

matched only with respect to the misregistration source, otherwise the change of

interest will be removed at the same time. Distortion can be classified as both

linear/geometric and locaVglobal.
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2.6.1 Linear Distortion

Linear distortion causes an image to be geometrically similar to the original, yet

contain some form of linear difference. Linear distortions are usually in the form of

affine differences in the images such as rotation, translation, scaling and shearing.

Figure 2-3 shows three forms of linear distortion. Both Figures 2-3(a) and 2-3(b)

depict a 75Vo compression of the chest image in Figure I-2, in the horizontal and

vertical directions respectively, while Figure 2-3(c) depicts a23" rctational distortion.

(c)

Figure 2-3. Examples of Linear Distortion
(a) Horizontal Scaling, (b) Vertical Scaling, (c) 23" Rotarion
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2.6.2 Geometric Distortion

Geometric, or non-linear distortion is an aberration that causes an image to be

geometrically dissimilar to the original image. Such distortions are usually in the form

of image skew or warping. Some geometric distortions apparent in medical images

may be due to variations in patient positioning. For example, the actual orientations of

"transverse" CT and MR tomographs usually differ I0"-20", and the section centres

may be positioned quite differently in relation to the patient's anatomy.

Figure 2-4.Examples of Geometric Distortion
(a) Original, (b) Banel, (c) Pincushion

Photometric distortions are a form of geometric distortion usually caused by sensor

deviations and imperfections. The most obvious photometric distortions can be

observed as barrel (convex) or pin-cushion (concave) shaped images, as shown above

in Figure 2-4(b) and2-4(c) respecrively.

Figure 2-5. Grid or "rubber sheet" Distortion

\
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\
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The distortion contained in

as shown in Fisure 2-5.

an image can often be modelled as rubber sheets or grids,
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Figure 2-6. Examples of Geometric Distortion and their respective Distortion Grids
(a,b) Barrel, (c,d) Pincushion

Both Figures 2-6 and 2-7 show examples of geometric distortion and their associated

distortion grids. Figures 2-6(a) and 2-6(c) are barrel and pincushion photometric

distortions of Figure 1-2. Figure s 2-7 (a) and 2-7 (c) are forms of geometric distortion

known as radial distortion.
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(b)

(d)(c)

Figure 2-7 . Examples of Radial Distortion and their respective Distortion Grids
(c,d) Horizontal Distortion (e,f) Vertical Distortion

2.6.3 [-ocaUGlobal Distortion

The distortion that deforms an image can be either global or local. In a local

distortion, a linear or geometric distortion influences only part of the image.

Therefore different parts of an image may exhibit differing kinds of distortion. A

distortion is called global when the whole image is influenced by the same form of

distortion. Examples of global and local distortions are shown below in Figure 2-8

(a) and 2-8(b) respectively.
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(a) &)

Figure 2-8. Global/Local Distortion: (a) Global , (b) Local

There is a distinct correlation between the distortions contained within the image and

the registration method used. In general, images that contain linear distortion are

registered with either an affine or low (first or second) degree polynomial

transformation, while images which contain non-linear or geometric distortion are

registered using a 3rd- or 4th-degree polynomial or surface-spline transformation. It is

assumed that the kind of transformation used in registration is adequate to describe

the actual distortion. These techniques are described in Chapter 5.
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Chapter 3

Control-Point SelectÍon

3.1 fntroduction
The first step in the registration of two images is the selection of control-points from

each of the images. There are three steps involved in the selection of control points

from an image. The first step involves the extraction of primary features from an

image by means of image segmentation. The second step involves deriving secondary

features from the primary features and the third step involves finding control points

from within the secondary features. This chapter is divided into six sections. Section

3'2 discusses the concept of a control point and its association with medical images.

The general methodology which has been proposed is discussed in Section 3.3.

Methods of feature extraction are outlined in Section 3.4 and Section 3.5 outlines the

kinds of significant points related to secondary features and briefly describes various

significant point detection methods including both polygonal approximation and

angle detection. Finalty Section 3.6 integrates the methods of Sections 3.4 and,3.5.
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3.2 Control-Points
A control point, sometimes known as a "dominant" point is an identifiable point

selected from an image. Control points can be either intrinsic or extrinsic [13].

Extrinsic control points are markers on the image placed specifically for the purpose

of image matching. In medical images, fiducial chemical markers are widely used;

these are identifiable structures placed in known positions such as plastic "N" shaped

tubing filled with a paramagnetic compound (e.g. CuSOa) [64] visible with magnetic

resonance (MR) or a y-emitting radioisotope (e.g. ¡¿esrnTcOa) visible with SpECT

although agents appropriate for other modalities (e.g. CT, PET) may also be used.

Other markers from which control points can be obtained may include stereotactic

frames, a reference frame usually used in obtaining neurological images (e.g. lesion

biopsies) and skin markers (e.g. radiopaque markers). Materials administered to the

patient for diagnostic purposes are considered extrinsic. Examples of these are

radiopharmaceuticals for SPECT and contrast media for angiograms [112]. There are

a number of disadvantages associated with the use of extrinsic control points.

Although external markers attached to the patient's skin have been used to register

nuclear medicine images to MR or CT images [88], they are not sufficiently accurate

for registering CT and MR images to each other because of skin movement. There

are not always extrinsic points that can be used, such as in the case of internal

diagnostic images. Extrinsic points are less suited for matching, for example,

internally deforming parts of the body, such as the abdomen. A more flexible

approach to control point selection is to use anatomical features [50] visible in each

image, rather than extrinsic features such as external markers or frames to achieve

registration. Such control points are intrinsic. Various anatomical features have been

proposed as control points for registering medical images. The points may exist as
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geometric points such as corners, line intersections, curvature extrema (maxima and

minima), curvature discontinuities or shape points such as centroids. Nuclear

medicine images contain very limited anatomical information. As a result, image

registration techniques based on the use of anatomical features are of little use with

such images and there external fiducial markers attached to the skin surface are often

used.

33 Vnethodology

The generalized control-point selection methodology can be described by the

following three-steps, which is shown diagramatically in Figure 3-1.

1. Primary features are selected from the two images. This is usually

achieved through segmentation techniques such as edge detection and

thresholding, which may be preceded by an image enhancement

technique to attenuate features within an image.

2. Secondary features are extracted from the primary features. These

usually take the form of straight lines, curves and corners.

3. A set of uniquely identifiable points, known as control points are

selected from the secondary features. These may take the form of

corners, line intersections, end-points, and curvature points such as

maxima and minima, points of inflection and discontinuities in

curvature.

3l



@
-Þ

Figure 3-1. General Schema for Control Point Selection

3.4 F eature Extraction
A key problem in the selection of control-points is the extraction of meaningful

features from images. This is especially difficult with certain types of medical images

due to their lack of distinct features. Methods of feature extraction from a medical

image vary according to the imaging modality and the content of the image. Two

methods used to extract features are image segmentation and image enhancement.

Image Segmentation is commonly associated with the extraction of primary features.

Figure 3-2 shows the general schema for feature extraction.

I
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Figure 3-2. General Schema for Feature Extraction
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3.4.1 Fneliminaries

The discussion on feature extraction techniques focuses on grayscale images,

typically composed of 256 differing intensities of gray (zero intensity to maximum

intensity), associated with 8-bit digital images [46]. The term pixel refers to a point

on the 2-D grid of an image, and has an intensity value associated with it. This

preliminary discussion focuses on two related concepts associated with images,

namely, an image region and an image mask. An image mask,like that shown in

Figure 3-3(b), usually consists of an nxn (where n is odd) template containing

specific weights at each position p(i, j) which are used to transform a region of an

image. An image region is the corresponding nxn region of an image.

:-l,y-1 x-l'y r-1,),+l

r'y-l r,y r,)+l

x+l,y-l -r + I,y i+l,y+l

p(-1,-l) P(-1,o) p(-r,1)

¿(0,-1) p(o,o) p(0,1)

p(r,-r) p(1,0) p(I. l)

(a) o)

Figure 3-3. (a) A 3x3 Image Region (b) A general 3x3 mask

In general, the result of the mask shown in Figure 3-3(b) on a 3x3 image region,

shown in Figure 3-3(a) is defined as:

s@,y)= I )ff x * i,y + i) p(i, i) (3.1)

In Equation (3.i), f(r+i,y+ j) is the gray level of the pixel associated with the

mask coefficient at position p(i, j). The result of the mask is defined with respect to
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its centre location (ay). When a mask is centred on a boundary pixel, the result is

derived using the appropriate partial neighborhood of the mask, which is normalized.

3.4.2 Image Enhancement

Medical images always contain some form of noise. Noise becomes a problem when

performing edge detection because it may result in the improper detection of an edge.

Regardless of the kind of filter used, the basic approach is to sum the products

between the mask coefficients and the gray levels of the points under the mask at a

specific location in the image. Any combination of the three filters discussed below

can be employed.

3.4.2.1 Low Pass Filters

A low-pass filter attenuates or eliminates high-frequency components in an image,

while leaving the low-frequency components intact. Low-pass filters are commonly

used to reduce the noise in an image. For a 3x3 filter, the simplest form is a mask in

which all coefficients have a value of $, such that the sum of the mask coefficients is

1. The use of a masks of the form shown in Figure 3-4 is often referred to as

neighborhood averaging. The gray level of each pixel is replaced by the average of

the gray levels in the neighborhood of that pixel.

Figure 3-4.3x3 and 5x5 Low-Pass Masks

34

%s tl-
/LJ %t %s '/zs

/rs %s %s /zs %s

Yrs %t %s %s %s

%s tÁ.s
%s %s %s

%s %t %s %s /ts



For a 3x3 region, the averaging function is of the form shown below in Equation

(3.2).

ll

s(x,y)=+>),¡t*+i,y+j)
i=-1j=-l

(3.2)

3.4.2.2 Median Filters

The median filter is an enhancement technique used to reduce noise while preserving

the edge structure of an image. This fïlter smoothes ragged edge regions to eliminate

false edge detection responses. The gray level of each pixel is replaced by the median

of the gray levels in a neighborhood of that pixel, instead of by the mean. The median

of a set of values, m, is that member of the set such that half the values in the ser are

less than m and half are greater than m [36]. For example, in a 3x3 neighborhood, the

median is the 5th larsest value.

3.4.2.3 High Pass Filters

High pass filters attenuate or eliminate low-frequency components in an image. They

are used to deblur or sharpen images. A high pass filter should have positive

coefficients near its centre, and negative coefficients in the outer periphery. Figure

3-5 shows two classic implementations of a 3x3 mask [36]. Note that the sum of

coefficients is 1.

Figure 3-5. Sample 3x3 High-Pass Masks

I -2 1

n 5 -2
I -2 I
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When the mask is over an area in the image, of constant or slowly varying gray level,

the resulting mask operation doesn't change the image very much.

3.4.3 Image Segmentation

Descriptions of an image generally refer to significant parts (regions, curves, lines) of

which the image is composed. Image segmentation is the division of an image into

different regions, each having certain properties [32]. Segmentation is based on the

two fundamental properties related to gray-level images: discontinuity and similarity

[36]. segmentation techniques can be categorized into three classes:

(1) thresholding

(2) edge detection

(3) region extraction

The extraction of primary features from medical images will focus primarily on the

use of edge detection and thresholding or a combination of the two methods. Region

extraction is a technique used to divide an image into regions. A region is an area of

an image whose points have a common property. It usually consists of region

merging, region dividing or a combination of the two. A survey of region extraction

techniques can be found inZucker [I23] and, Davis et aI. 123].Image segmentarion

has been used on biomedical images for such purposes as the identification of lung

diseases and detection of cancerous cells [32] and tissue classification [6i]. The

method of segmentation employed depends on the kind of image. A review of image

segmentation techniques can be found in Haralick and Shapiro [45] and Fu and Mui

t321.
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3.4.4 Grayscale Edge Detection

Edge detection is an image segmentation technique based on the detection of

discontinuity. Edges may arise from a variety of discontinuities in an image:

occluding edges are discontinuities in range; convex or concave edges are

discontinuities in surface slope; shadow edges are discontinuities in illumination [93].

Edge detection produces edge points which may describe a feature. In a grayscale

image, an edge corresponds to changes in gray level. These changes can take several

forms [84]; as shown by Figure 3-6. The first form (Figure 3-6(a)) occurs when the

gray levels differ between two adjacent regions, but are consistent within a region.

This is known as a step edge.

+

q:ir::d-:l | ,-intensity I I

-.
€

spatial coordinate

(a)

Figure 3-6. Edges: (a) step edge, (b) ramp edge, (c) spike edge, (d) roofedge

If the grayscale change occurs over a greater area, it is referred to as a ramp edge

(Figure 3-6(b)). Alternatively this change may take the form of a line or curve, where

gray levels are relatively constant within an areaexcept for a thin strip which differs

significantly. Such an edge is called a spike edge (Figure 3-6(c)). If the grayscale

change occurs over a wider area, it is called a roof edge (Figure 3-6(d)). There are two

major classes of differential edge detection: first-order derivative (gradient) and

second-order derivative (Laplacian).

(d)(c)(b)
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3.4.4.1 Gradient Edge Detection

A common method used for edge detection is the gradient 122,361. This approach

uses first derivatives in two or more directions, such as horizontal, verticai or

diagonal. The gradient vector G of a function f (x,y) is defined as:

)f dfwhere f ,(x,y)= j; and f ,(x,!)=fr are the partial derivarives of/ taken in any

pair of perpendicular directions. The quantities f, and ¡, represent the row and

column gradients respectively. The gradient is a vector function whose direction at a

given point is the direction of maximum rate of change of the function at that point

and whose magnitude is the rate of change in that direction. The equation used to

determine the gradient magnitude, denoted by G*, is given by the square root of the

sum of squares of f* andf, shown below in Equation (3.4).

Gtr(,,y)t=l?,1:',il) (3.3)

(3.4)

gradient with absolute

| ^ .1 ."r*G*(x,y) =ff ,(x,!)' + f ,(x,y)')'

Common practice is to approximate the magnitude of the

values as shown in Equation (3.5).

G, (r, y) = lf , tr, Ðl+ l/, t", r)l (3.s)

The gradient direction, denoted by Go, is given by the inverse tangent of the ratio of

fy andf, (Equation (3.6)).

Go@,y) = arctan(/, @,Ðlf ,@,Ð)
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Quite a few proposed edge detection techniques are based on variations of Equation

(3.4), which produce a high magnitude where there is a significant change in gray

level and a low magnitude where there is little change in gray level.

(b)

Figure 3-7. Gradients: (a) Non-symmetric, (b) Symmetric, (c) Robert's cross Gradient

The gradient vector components can be approximated with first differences (Figure

3-7(a)). The row and column gradients are approximated by Equations (3.7a) and

(3.7b) respectively.

x,y <
A

þx+1,y

t
x,y+1

x,y-1

+

x-l,y{
I

x,y

I

Þ x+l,y

r
x,y+l

f ,(x,l)= f(x,y+1)- f (x,y)

f,(x,y)= f(x +1,y) - f(x,y)

f ,(x,l)= f(x,y+1)- f(x,y-l)
f,(x,y) = f(x + 1,y) - f(x -I,y)

x,y x+1,y

I
u

x,y+1
a
x+1,y+1

(c)

The disadvantage of this method is that the differences are not symmetric with respecr

to (x,y). They are instead centred at (x+UZ,y) and (x,y+rl2) respectively (see

Figure 3-7(a)). This can be avoided using the row and column gradients as

approximated by Equation (3.8a) and (3.8b) respectively.

(3.7a)

(3.7b)

(3.8a)

(3.8b)
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which is symmetric about (x,y) as shown in Figure 3-7(b). Another approach to

approximating Equation (3.3) is to use cross-differences (Figure 3-7(c)):

fr(x,y) = f (x,y) - f (*+ 1,y + 1)

fr(x,y) = f (x,y+ 1) - f (x + I,y)

(3.9a)

(3.eb)

(3.10)

(3.1 1)

The gradient requires that there be a distinct change in intensity between two

adjacent points, so only very sharp edges with high contrast between the surfaces

which form the edges will be detected. The magnitude is therefore defined as

Equation (3.10) whilst the gradienr direction is given by Equation (3.1 1).

G * (*, y) =lf ,Q, Ð' + f ,(r, Ð'fà

Go(x,y)= *"run[å-QÐ]
\ "tr (r' )) /

Equations (3.10) and (3.1 1) can be implemented using masks of size 2x2 as shown in

Figure 3-8. These masks are called the Robert's Cross-Gradient operators. Thev are

symmetric about (x + Il2,y + Il2).

Figure 3-8. Roberts Cross-Gradient Mask

Sobel, Prewitt, and Frei and Chen [84] propose gradients which are based on a 3x3

neighborhood. The main difference among these three methods are the weights

assigned to each element of the 3 x3 mask. The row and column gradients are defined

by Equations (3.12a) and (3.12b) respectively.
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f ,(x,!) =lf (x -I,y-rI) + Kf (x,y + 1) + f (x + l,y + 1)l

-lf (x -I,y - l) + Kf (x,y- 1) + f (x +1,y - 1)l

f ,(x,y) =[Í(x* l,y - 1) + Kf(x+ 1,y) + f(x+ 1,y + 1)]

-l.f (x - I,y - I) + Kf (x - l,y) + f (x- l,y + 1)l

(3.12a)

(3.rzb)

where the coefficient Kdefines the weight. Prewitt uses Equation (3.12) with K=i.

Sobel uses K=2 to weigh each pixel with respect to its spatial gradient. Frei and Chen

use weights of K = JZ so that the gradient is the same for horizontal, vertical and

diagonal edges. The Prewitt operator is more sensitive to horizontal and vertical edges

than diagonal edges; the reverse is true for the Sobel operator.

(c)

Figure 3-9.3x3 Gradient Operator Masks
(a) Sobel, (b) Prewitt , (c) Frei and Chen
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Equation (3.r2) is implemented using the masks shown in Figures 3-9(a), 3-9(b) and

3-9(c) representing the Sobel , Prewitt, and Frei and Chen operators respectively. The

operators are implemented as two 3x3 masks which are perpendicular to each other.

These operators can be extended to extract the edge gradient along the diagonal

directions. Another approach is to determine gradients in a number of directions.

Kirsh [84], proposed a directional template gradient in eight directions, defined by the

mask shown below in Fieure 3-10.

Figure 3-10.3x3 Kirsh Operator

Each clockwise circular shift of the elements, of the mask in Figure 3-10, about the

centre rotates the gradient direction by 45', giving eight masks. Therefore the

magnitude of the gradient denoted Gr(r,y) is defined by Equation (3.13)

8

Gr(r,y) = M,qX
r, llI If(' * i,y-r Ðprr¡,¡¡lli=-ti=-t ll

(3.13)

where the PoQ,i) represent the eight rotated masks derived in this manner. Figure 3-

11(a) and 3-11(b) shown below are the results of the Sobel operator applied to the

CT and MR chest images of Figure 1-8(a) and (b) respectively.
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(a) (b)

Figure 3-11. Sobel Edge Detecrion of Figure 1-8 (a) CT and (b) MR Image

3.4.4.2 Laplacian Edge Enhancement

Laplacian edge enhancement is based on the Laplacian operator. The Laplacian L of a

function/(¿y,) is the linear combination of second-order partial derivatives defined

AS:

(3.r4)

For a discrete function the partial derivatives can be approximated by:

L(r(x,y))=(4+.#l
\dx- dy- )

d'f
dF = fQ +1,y) - Zf(x,y) + f(x- 1,y)

)2r
+ = f (x,y + 1) - 2f (x,y)+ f (x,y -I)dy"

Therefore the Laplacian can be approximated by Equation (3.16).

g?,y)={fQ-L,y)+f@+1,y) + f(x,y-1)+ f (x,y+1)}- 4f(x,y)

(3. i5a)

(3.1sb)
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Equation (3.16) can be expressed by the

3-I2(b) is another variation.

3x3 mask shown in Figure 3-12(a). Figure

(a) (b)

Fi gure 3 - 12. Laplacian Masks

The defining requirement of the Laplacian mask is that the coefficient associated with

the point (x,y) is positive and the coefficients associated with its neighboring points

be negative. An important attribute is that the sum of the coefficients is zero. This

means ?Q,y) will be zerc if f (x,y) is of constant or linearly increasing pixel

intensity. However the Laplacian has certain disadvantages, it produces double edges

and is unable to detect edee direction.

3.4.5 Thresholding

Thresholding is a technique where all the pixels in an image/ with N (N>1) possible

gray levels in the range [G*,",G**] are mapped into two levels, by some threshold

function Z. Therefore, all gray levels in a given range are mapped into one level

(denoted, say, by gray level 1) and all others are mapped into another level (gray level

0) t1181. In a general , a threshold function Z is of the form:

T(x,y,N(x,y),f (x,y))

wheref(x,y) is the gray level of the point (x,y) and N(x,y) denotes some local property

of the point(x,y), e.g. the ayerage gray level over some neighborhood.

I -2 I

-2 4 n_L

I -2 I
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Weszka [118] divided thresholding into three classes, depending on the functional

dependencies of the threshold function T. I1 T depends only onf(x,y), the threshold is

called global.If it depends on both/(¿)) and N(x,y) then the threshold is called, local

If the function depends on the spatial values x and y as well as onf(x,y) and, N(x,y)

then the threshold is called dynamic. The simplest of all global thresholding

techniques is to divide the image at a specified gray level r. This is known as bilevel

thresholding. Given a gray level r . [G,',", G.* ]1, each pixel (x,y) inthe image is:

lI tf f (x,y) > tg(.I.v)=<
f0 tf f (x,y) < t

(3.r1)

All gray levels greater than t are mapped into gray level 1 and all gray levels less than

or equal to t are mapped into gray level0. Thresholding can also be done with a range

of gray levels:

if u3f(x,y)3v
otherwise

(3.18)

for given gray levels Lt,v e [G.,",G**]. A variation on thresholding is semi-

thresholding. Gray levels below a threshold become 0, whilst all others are left

unchanged . Multilevel thresholding uses a set of fr threshold s {tr,tr,...,to} to threshold

an image at differing levels (Equation 3.19).

It
s{r,r) = 

{o

Io
sQ,Ð = 

1i
L¿

tf f(x,y)3t,
if t,< f@,y)3t,*, (i=\..,k-I)
if f(x,y)>to
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A survey of thresholding techniques for image segmentation can be found in Fu and

Mui [32], weszka [118] and sahoo et al. 1961. Figure 3-13 shows rhe cr and MR

images of Figure 1-8(a) and (b) respectively after thresholding.

(a) ô)

Figure 3-13. Th¡esholding: (a) CT Image (b) MR Image of Figure 1-8

Both images have been thresholded using the bilevel thresholding technique of

Equation (3.r1), where t=145 for Figure 1-8(a) produced Figure 3-13(a), and r=1g0

for Figure 1-8(b) produced Figure 3-13(b).

lÐ
F¡'+

(a) @)

Figure 3- 14. Thresholding the Images of Figure 3- I I (a) and (b)
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After the edge gradient is found using the edge detection methods of Section 3.4.3.I,

the gradient is compared to a threshold to determine if an edge exists. Figure 3-14

shows the CT and MR images of Figure 3-i 1(a) and (b) after thresholding wirh /=100

errd t =Il 5 respectively.

3.4.6 Thinning

Once the edges within the image have been found and the image is converted into a

binary image by thresholding, the features contained within the image are often

reduced to thin lines, curves and points. This reduction may be accomplished by

obtaining the skeleton of an image via a thinning (also called skeletonizing) algorithm

[36]. This produces lines and curves which are one-pixel in width.

The reduction of an image to its essentials can eliminate some contour distortions

while retaining significant topological and geometric properties. In practical terms,

thin-line representations of lines and curves are more amenable to the extraction of

significant points such as end-points, intersections, critical points and discontinuities

in curvature. Lam et aI. l58l offer a comprehensive reference on techniques relating

to thinning methodologies.

(a) o) (c)

Figure 3-15. Classical Thinning Algorithm Masks

The algorithm functions

only a skeleton remains.

by deleting successive layers

The deletion or retention of a

of pixels on the contour until

pixel, p, would depend on the
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configuration of pixels in the local neighborhood containing p (Figure 3-15(c)). The

classical thinning algorithm, mentioned by Pavlidis [78] uses the 3x3 masks shown in

Figure 3-15(a) and (b), together with their 90" rotations to determine skeletal pixels.

At least one pixel in each group x or y must be non-zero.

GÐ GÐ
þ)(a)

Figure 3-16. Thinning ofFigures 3-14(a) and (b)

Figures 3-16(a) and 3-16(b) show the thresholded images of Figures 3-14(a) and (b)

respectively, after skeletonization, clearly depicting the two lungs and the front and

back body contours.

3.4.7 Detecting Secondary Features

Secondary features within medical images predominantly take the form of straight

lines and curves, derived from edges. Straight lines have a number of significant

points associated with them, namely, the end-points, line intersections and corners.

Distinct corners within the image can be derived directly from edges. Curves also

contain a multitude of significant points which usually take the form of either critical

points or discontinuities in curvature. The extraction of secondary features can be

approached in a number of ways, as depicted in Figure 3-2. The first technique

48



involves simply thresholding the edge image and thinning the resulting image. The

second technique involves attenuating the edges in the edge image before

thresholding. The particular technique chosen is dependent on the content of the

image, so no generalized method has been proposed.

3.4.7.Lline and Curve Detection

There are two ways to extract lines and curves from an image, namely template

operators and gradient operators.

Template-Detection

Lines and curves are extended edges. Line detection can be accomplished by

threshold detecting a line gradient, using:

se,y)= rfo{lt @,y)x u^(*,Ðl} e.zo)

where H,,(x,y) is a 3x3 mask corresponding to a specific line orientation, as shown

below in Figure 3-17.

H1 H2 H3 Ha

trT4rl t_tTrT:| i{TrTz] t'TrT_rl
|--------||i---------]----T--------i-------------.i----------]f-----------_l-11 2l-rll 2l 2l 2l l-tl 2l-rl l-rl zl-tl
|-T---------r-----------_--r---------.lr-------------].--------]f-------------.1---------l
l-11 2l-11 l-11-11-11 | 2l-11-11 l_11_11 2l

(b)

Figure 3-17.Line Masks: (a) Unweighted (b) Weighted

(a)
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Figure 3-17 shows two sets of masks, called weighted and unweighted, which are

analogous to the Prewitt and Sobel edge detectors. These patterns are used to detect,

not only straight lines, but also arbitrary smooth curves. The patterns can be altered to

detect branchings or intersections as well.

Gradient-Detection

The gradient-based detection merhod proposed by Shu [98] uses the edge image

derived in Section 3.4.4. and essentially thins the edges. If G(x,y) represents the

image after edge detection has been performed, then a thinning edge operation can be

performed to yield thinned edges. If lG(x,y)> G(x - t,y)] and fG(x,y)> G(x+ 1,y)],

then the gradient is given by Equation (3.2r), else it is 0. similarly if
fG(r,y)>G(;,y-1)] and fG(*,y)>G(x,y+1)] then the gradient is given by

Equation (3.22), else it is 0. Equation(3.21) reduces edge width in rhe horizontal

direction by increasing the gray value of those edge pixels which have a local

maximum gray value and zeroing the gray values of those pixels which do not have a

local maximum gray value. Equation (3.22) reduces edge width by the same manner

in the vertical direction.

G,(r,y) = G(x - I,y) + G(x,y) + G(x+ 1,y)

Gr(x,l) = G(x,y - 1) + G(x,y) + G(x,y + I)

(3.2r)

(3.22)

Then the image containing the thinned edges (lines and curves) is obtained by

substituting Equations (3.21) and (3.22) inro Equation (3.23) below.

Gth¡,, = {G,@, y)' + c r{r, Ð'}+
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Any calculated value which is greater than255 is truncated to 255.

3.4.7.2 End-Foints and Intersections Detection

Once lines and corners have been detected from the primary features of an image,

end-points and intersections can be automatically extracted. End-points require no

special effort for their detection, they are available directly from the line or curve,

assuming the curve is open, as a closed curve has no distinct end-points. An

intersection or junction may take one of the forms as shown in Figure 3-18.

+X Y
I

(c)

-l-
I

(d)(a) (b)

Figure 3-18. Types oflntersection
(a) "+" (b) "x" ( c) "Y" (d) "T"

Each of these intersections includes rotational variants. To detect intersections within

an image, a template matching technique may be employed using the 3x3 masks

shown below in Figure 3-I9, each of which corresponds to an intersection in Figure

3-18. These masks are analogous to Sobel edge detectors. To obtain a complete set of

intersection detection masks, both Figure 3-19(c) and (d) would have to be rotated

through 45' and 90" respectively.

(a) @)

Figure 3-19. Intersection Masks

(c) (d)

(a) "+" (b) "x" (c) "Y" (d) "T"
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Intersection detection is accomplished by threshold detecting an intersection gradient,

using Equation (3.20) where H,,,(x,y) is a 3x3 mask corresponding to a specific

intersection mask as shown in Fieure 3-19.

3.4.8 Detecting Corners

A corner is defined as the intersection point or junction point between two or more

straight line edges (i.e. edges which have discontinuities along a straight line) U7l.

There are two basic approaches to corner-detection: template-based and gradient-

based [100]. A review of corner detection techniques can be found in Mehrotra and

Nichani [69] and Liu and Srinath [63].

3.4.8. 1 Template-Based

Template-based corner detection involves determining the similarity between a given

template of size nxn and all sub-images of size nxn in a given image. Examples of

3x3 templates representing an "ideal" right-angled corner is shown below in Figure

3-20.

Figure 3-20. Examples of 3x3 Corner Templates

Corner detection can be accomplished by threshold detecting a corner gradient, using

Equation (3.20) where H^(x,y) is a 3x3 mask corresponding to a specific corner

orientation, as shown in Figure 3-20. The difficulty with this method is that many

different templates must be used, one for each desired orientation and for each

possible corner shape. For example, a clockwise shift of the eight boundary elements

+ 4 /l-
4 -) -5
4 -5 -5

-4 4 4
-4 5 5

-4 5 5

52



of both templates in Figure 3-20 gives a 45" rctation of the corner, resulting in eight

separate templates.

3.4.8,2 Gradient-Based

Gradienrbased corner-detection is similar to the gradient-based gray-level edge

detection discussed earlier in Section 3.4.4. Gradient based methods reiy on

measuring the curvature of an edge that passes through a neighborhood [100]. In

simplified terms, a noticeable change in direction on an edge denotes a corner. It is

generally a function of the edge strength and the gradient of the edge direction.

First a gradient-based edge detection technique using Equations (3.5) and (3.6)

with an appropriate mask is used to derive the magnitude G*(x.y) and direction

Go@,y) of each point in the image respectively. Kitchen and Rosenfeld t55l denote

a "cornerity measure" of the form given below in Equation (3.24).

Gr(x,y) = Gr(x,y)x Grr(Go@,y)) (3.24)

In Equation (3.24) G"r(Go(x,y)) is the gradient magnitude of the gradient direction

Go@,y) (or change of direction along an edge), which is associated with the point

(x,y). It is derived by using a gradient-operator on the "gradient-direction image"

obtained from Equation (3.6). If g,(x,y) and gr(x,y) represent the partial derivatives

of Go(x,y) the direction image, derived using Equation (3.r2),then Grr(Gr(*,y))

is derived by substituting g, and gn into Equarion (3.25).

Grr(Go(x,Ð) =fS,@,y)z + Sr-,Ð'f+
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3.4.9 Contour Extraction

Each line or curve can be represented by a set of boundary points, more commonly

known as a contour. A contour is describedby n integer points of the form

C={p,=(x,,y,),i=1,...,n}, where p,*, is a neighbor of p, (modulo n) for a closed

curve, and p,*, isaneighborof p, until l+I=n foranopencurve.Thecontouris

extracted by tracing the curve in an anti-clockwise direction, using the concept of an

N-neighbor. Pavlidis [79] defines the term N-neighbor where 0<N<7 is used to denote

that pixel whose position is marked with N in Figure 3-21 (Freeman Chain Code).

Figure 3-21. Freeman Chain Code

Select an initial point p, on the contour, such that its 4-neighbor is not part of the

contour. Then starting with direction 5=6 and current point c, = p,, check the (S-1), S

and (S+1) neighbors of p¡. If the (S-1) neighbor belongs to the contour, set the

current point to (S-1) and decrement S by 2. Else if the S neighbor belongs to the

contour, set the current point to S, else if the (S+1) neighbor belongs to the conrour,

set the current point to (S+1). If none of these conditions holds increment S by 2.

Continue until the current point is the same as the initial point (closed curve) or the

curve ends (open curve). This traversal produces an i-contour, that is a contour

composed of indirect neighbors, which includes both vertical, horizontal and

diagonal neighbors of p, as in Figure 3-21.
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The CT images shown in Figure 3-22 and Figure 3-23 show the contours extracted

from the distorted images described in Section 2.6.The largest contours have been

extracted from the images, namely the left and right lung boundaries and the front and

back body contours.
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o)(a)

(c)

__ $eure3-23. Contours of Linearly Distorted Images
(a) Horizontal Scaling , (b) Vertical Scaling, (c) 23" Rotation

3.5 Control-Point Detection

Once secondary features have been extracted from an image (i.e. lines and curves)

control-points, can be detected. Many authors have addressed the problem of

selecting control points from images. Stockman et aL [102] used line intersections as

control-points, Goshtasby et al. l43l and Ton and Jain [ 1 10] used shape points in the

form of centers of gravity of closed boundary regions as control points. Kanal et aI.

[54] used high curvature points in an image as control points. Control-point detection

úT-
{/^})t ï\--
\-/ -'"'
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techniques depend on the nature of the feature which has been extracted and therefore

no generai method for finding control-points has been proposed. For example, a

contour which lacks distinct curvature discontinuities might be better suited to a

polygonal approximation method, rather than one which detects discontinuities in

curvature. Figure 3-24 shows the general schema related to control-point detection.

Figure 3-24. Schema for Control Point Detection

3.5.1 Significant Points

The significant points of a curve are classified as its critical points (curvature

maxima, minima and points of inflection) and discontinuities in curvature ("corners"),

often referred to by the acronym DIC. Additionat significant points may include end

points, intersections (junctions) and points of tangency. Of all the significant points,

DIC's are the most sharply and most reliably defined. The next best significant points

to use are points of inflection and points of extreme curvature (maxima or minima).

To a varying degree, these points are all well defined and relatively invariant

under rotation and scale. Many methods have been suggested for detecting critical

points. They fall into two categories - one is to find the critical points through

significant-point detection, and the other is to obtain a piecewise linear polygonal

-l
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approximation of the curve [4]. Both methods are discussed here. Most of these

methods require a parameter which is used to determine the region of support for

each point. Too large a region will smooth out fine features and too small a resion

wiil generate a large number of unwanted points.

Shape is a property of a curve and refers to the manner in which the curve

deviates from some norm, such as a straight line. The kind of curve topologies are

shown in Figure 3-25 [47]. A closed curve, (Figure 3-25(a)) is a curve without an end

(i.e- p, = p,,)) an open curve, (Figure 3-25(b)) has two distinct end points (i.e.

h f P,).

(a) o)
Figure 3-25. Curve Topologies (a) Closed (b) Open

3.5.1.1 Curvature

Curvature describes how much a curve "bends" at some point. On a Euclidean plane,

curvature r is defined as the rate of change of the angle of the slope of the tangent

line as a function of arc length. For a curve defined parametrically in terms of two

functions x(s) and y(s) , c = {-r(s), y(s)}, where s is the arc length of the curve, the

curvature rc of C at a point P is defined as the instantaneous rate of change of the

slope angle 0 of the tangent line at point P with respect to arc length s, as measured
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along the curve. In addition it can be shown that the curvature of C at p is equal to

the inverse of the radius p of the circle of curvature at point P. The circle of curvature

at point P is a circle tangent to the curve at point P whose centre lies on the concave

side of the curve and whose curvature is the same as that of the curve at point p.

Thus, K canbe expressed as:

de1K=-=-dsp (3.26)

Indeed, if C is given explicitly by a relation of the form y = f (x), then the derivatives

n,_d! and u,,_d'! *^-- L- -_ _. dx ,"= # may be used to determine the curvature r by:

r = ---l----
[t * (r')']u

However, if c is given parametrically in terms of some parameter

can be expressed in terms of the first and second derivatives of

particular, using:

(3.27)

/, then y'and y"

x(t) andy(t). In

dx dzx
.1, =-. jL^ =-' dt dtz'

it can be shown that

dy
Yr - 

-.dt'
d.'y

Vo - 
---'7-
dt" Y'- L, Y"- !'xr x2

(3.28)

In a digital curve however, it is not clear how to define an equivalent measure of

slope as successive points on the curve can only differ in slope by a multiple of 45',

and therefore, small changes in slope cannot be evaluated.

x,y" - y,x^
tL z,\_--_--

| 1 r\i
\x; + Y; )'
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drcpornt) 
dr=u are

termed critical poinrs [115]. Freeman l29l and Thapa [107] define the critical points

of a curve as its curvature extrema (See Figure 3.26). The term extremum þ/.
extrema) is used to describe a value that is a maximum or a minimum. Curvature

maximn occur when the curvature at a point p, is greater (in magnitude) than that of

its two immediate neighbors p,-, and p,.,, (+> 0 to the reft of p, and 4Í.gto the"''dt rt 
ù

right of p,). Curvature minima occur when the curvature at a point p, is less (in

magnitude) than that of its two immediate neighbors p,-, and p,- (+< 0 to the left-'-' ' dr

of p, and *ro to the rightof p,). An infection point is a poinr p, ona curvedt

where the tangent intersects the curve (i.e. at a point p, the curvature is negative to

one side and positive on the opposite side). It often corresponds to points with zero

curvature.

3,5.1.2 Critical Points and Points of Inflection

Points at which the derivative (slope of the tangent line at that

maxima

mlmma

Figure 3-26. Examples of Critical Points and points of Inflection
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3.5.1.3 Discontinuities in Curvature (DIC)

Discontinuities in curvature, identified by the acronym DIC, may take the form of
"corners" in a curve. Asada and Brady [6] define a "corner,,, as a point where the

tangent to the curve (and hence the curvature) is discontinuous. An example of a

discontinuity in curvature is shown in Fieure 3-26.

Figure 3-26. Example of a DIC - ..Corner"

3.5.2 Folygonal Approximation

Polygonal approximation is the representation of a curve by a polygon. In polygonal

approximation, significant points correspond approximately to the actual or

extrapolated intersections of any two adjacent line segments. These points are known

as the vertices or "break points" of the closed curve. A common property shared by

most polygonal approximation methods is the detection of collinearity, which

determines if points along the curve are collinear with respect to a straight line

segment. Collinearity is determined by the maximum perpendicular distance from a

point p, of the curve to a chosen straight line segment. If this distance is within a

given tolerance, that curve portion is approximated by the straight line segment.

Otherwise the point becomes a new vertex. Two methods of polygonal approximation

are considered here, for an overview of various methods refer to Meek and Walton

1681.
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3.5.2.1Bisection

The bisection method is a'divide and conquer' strategy. Let P, and Po represent two

points on a curve. Represent all the points from p, to po by a line segment joining {
to Po. Determine whether all the points p, from p, to po, j <i1k arc within a

given tolerance e (See Figure 3-28) of the line segment which joins p, to po. If all

the points are within the tolerance, then P,Po is considered a segment. The tolerance,

e, is given by Equation (3.29), with respect to Figure 3-2g.

e = P.Ptsin9 (3.2e)

0=cos (3.30)
P'zr - P,P1

x P,Po)

Pj

Pk

T

r,
Pi

4
Pi

t

If however, one or 
?:t::{ 

the points exceeds the tolerance, the curve is bisecred at

m, such that m = Int[ + | or the index of the point midway berween the indices of\2 )
the end points. Each line segment p,p^ and. p,,pois then separately tested.

The initial division is different for open and closed curves. For an open curve, the

two end-points can be used. However, for a closed curve, there are no obvious

candidates for end-points. Here, two oppositely located extremal points are selected

(e.g. highest left-most and lowest righrmost).

Figure 3-28. Estimation of Tolerance: e
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Figures 3-29 shows the control points extracted from the curves in Figures 3-16 using

normal bisection.

(a) O)

Figure 3-29. contror point sets derived using Normal Bisection
(a) Original CT Image (b) Original ñ4R Image

3.5.2.2 Farthest Point Bisection

An adaptation of the Bisection Method, this method uses the point farthest from the

line, instead of the middle point, to bisect the curve. Figures 3-30 shows the control

points extracted from the curves in Figures 3-16 using farthest point bisection.

(a) 
O)

Figure 3-30. control Points selected using Farthest point Bisection
(a) Original CT Image (b) Original MR Image
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The farthest-point bisection method is more receptive to curvature extrema and is

better suited for extracting control points than is normal bisection.

3.5.3 Significant-Point Detection Methods

The methods discussed here detect critical points by measuring the changes in the

angle (curvature) of the contour points. The angle is related to the curvature. The

smaller the angle, the larger the curvature. There are two major problems with

detecting significant points in digital curves. One is the discrete version of the

curvature, the other is the determination of the region of support for the computation

of the curvature. If the curvature at a point p, is defined by simply replacing the

derivatives in Equation (3.27) by the first differences, the succesive slope angles on

the digital curve can differ only by multiples of 45" and therefore small changes in

slope cannot be evaluated. The problem is alleviated in various point detection

methods by using k> I differences, rather than simply using the first differences

(k=1). This is essentially a smoothed version of discrete curvature, where fris viewed

as a region of support. If too large a region of support is selected, some significant

points will be missed, and conversely if it is too small extra insignificant points may

be detected.

Three methods to detect significant points are discussed here, the

Rosenfeld-Johnston method, the Freeman-Davis method and the Ray-Ray method.

All three provide the groundwork for other methods. Teh and Chin [105] offer an

overview of various dominant point detection methods, as well as presenting a

method motivated by the Rosenfeld-Johnston method, where the region of support,

and hence the smoothing factors of each point are determined based on its local

properties.
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3.5.3. 1 R osenfeld-Johnston Method

Rosenfeld and Johnston 163,94,1061 detect significant points as curvature extrema

points using a measure of significance known as a k-cosine. The fr-vectors a,o and

b,o at some point p, for some smoothing factor, k>0 canbe defined as:

a,o = (x, - x¡*t ,!¡ - !,*o)
b,o = (x, - x¡_t ,!¡ - !,_t)

The cosine c,o of the angle between the two fr-vectors a,o and b,, is defined as:

(3.31)

(3.32)

These k-cosines contain the curvature properties such that -1 1c,011, and c,o=*!

for the sharpest angle (0') and c,o = -1 for a straight line (180'). At each point (x¡y¡)

on the curve, calculate c,o lor a range of values of ft such that 1 1 k 1 m,for some

fixed smoothing factor m (either nlIO or n/I5 [94]),based on the level of detail in the

curve. A region of support, h, and a fr-cosine c,,,is assigned to each point such that

ci,r, 1 ci,rr-l

The value of h and the corresponding cih ate used to detect dominant points. There is

a curvature maximum or minimum at point p, if c,olc,o for all j such that

li - ¡l< n¡2.

Rosenfeld and Weszka [95] presented an improved version of the Rosenfeld-

Johnston method, which involved averaging the Æ-cosinc, c¡¡,, prior to the selection

of sizes. h.

^ _ (a,0. b,o)
"" - 

1o*lþl
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',r=hà:,
=h,=Ð,i,

(for k even)

(for k odd)

(3.33)

(3.34)

t 1 lìì

The Qo's are then treated just like the qo's in the Rosenfeld-Johnston method to find

the local maximum and minimum as the points of high curvature.

3.5.3.2 Freeman-Davis Method

Freeman and Davis [30,63] define a discontinuity in curvature as an isolated

discontinuity in the mean slope. The method detects local curvature maxima points as

significant points. Consider representing a closed curve as a series of n vectors,

c¡= p¡_tp¡ each of which can be represented by an integer f =0,..,7 as shown in

Figure 3-2r. often called the Freeman chain [106], this is defined {c,,i=r,...,n}
where the vector c, e {11,0¡,11,1),(0,1),(-1,1),(-1,0),(_1,_1),(0,_1),(i,_i)}.

Define a straight line segment L,, that connects the initium of c,_,*, to the terminus

of q. The length of L,, is given by:

r,. =[{x,,)r*(y,.)r]'

In Equation (3.34), the x and y components are given by:

Y - S.'^fs .L¿ " jx
j=i-s+l

f - s.'u - ,*i''
where the c,,andc,, are the x and y components respectively

The angle 2,. makes with the x-axis is given by:
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,f lx,,l> lr,.¡
(3.36)

,f lx,.|.ly^l

The incremental curvature ð,0 is defined as twice the mean over two adiacent ansular

differences:

(4.,,, - 4,,)+ (e,,,

(3.37)

r,, - 4-r,,

The incremental curvature is a smoothed measure of curvature, the greater the value

of s, the region of support, the greater the smoothing. Normally, s, ranges from a
minimum of 5 to a maximum of 13 [105]. For a fairly straight section of curve, ð,,

will hover about zero. For a gentle curve to the left or right, ô," will maintain a small

positive or negative value, respectively. At a point of inflection, ð,, will change sign.

At a significant curvature discontinuity, ,â,, will take a succession of relatively large

values, all of the same sign. Note that the actual position of the discontinui ty is s/2

positions earlier, since ô,, is labeled according to its leading node. Freeman and

Davis define the measure of significance as the "cornerity" or discontinuity in
curvature K, at point i as:

g," = tan-rlrl- 
\xuJ

o. = cor-rlql'" [Y*J

q =ln(r,).î 6l"xrn(t,)

\=max{t:ô,_" e(-A,^), V 1< r<ù
tz= max{t:4*"*u € (-^,^), V 1 <, <+

- o,-,,,),l
1
0,*

ô,=

(3.38)

where

and
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^=ran-,í 
1 I

\.(s-1)i

The ln(r') and ln(tr) terms in Equation (3.38) are the lengths of the ô,. sequences to

either side of the discontinuity and the Ë u; term is a measure of the slope

discontinuiry. Rerain those points p, where 14l = lKrl for alt j such rhat 
l¿ - rl < ,.

If a point of inflection is prominent, that is, if there is a clear and abrupt shift of

the radius of curvature, the Freeman-Davis Method will locate it. If however, the

curve changes from convex to concave curvature in a slow and meandering fashion,

the point of inflection cannot be determined in this way. An alternative is to connect

two points of opposing maximum curvature with a straight line and take its

intersection with the chain as the point of inflection.

Beus and Tiu [11] provide two modifications to the Freeman-Davis method. First,

rr is determined as the average of the fr-values obtained at a particular point by letting

s vary between two values sl and s2.

(3.3e)

where

tr=max{t:ô,_"e(-^,^), V 1<v1t and /<N}
tr=max{t:4*,*u€(-4,^), V 1<v1t and f <N}

Secondly, a new variable N is introduced which determines the maximum cutoff

value of r, and tr. N = C xFwhere C is the chain length and F is a fraction such that

(o<r<1).

( e-l ¡+s l\ I
t = 

[àLtn(r, 
) x > 6i, xna,t 

)) frs2 
- sl)
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3.5.3.3 Ray-Ray Method

Ray and Ray [86,87], propose a technique to detect significant points using a measure

of significance known as a k-l-cosine. The Æ-l-cosine is defined as the cosine of the

angle between the fr-vectors and /-vectors, denoting the right and left vectors at some

point p, respectively. The size of the right vector is denoted by Æ and that of the left

vector by /. Define two vectors, { and R,, at apoint p,by:

In Equation (3.40b) j =i+2,i+3,i+4,... ff g, denotes the angle between R, and

Ru, then 0, can be calculated using:

4 = (x,*, - x¡,!¡a1- !¡)

Rr=(x,-x¡,!¡-ti)

L,=(x,_r-x¡,1¡_1-!i)

Lu=(x,-x¡,!¡-!i)

(3.40a)

(3.40b)

(3.4r)

(3.42a)

(3.42b)

e,="o,-,[fti#)

0, iscalculated increasing I untilforsomeT ,Tj_t10,s7¡a.Then k=;-i -1is
the rightregionof support. similarly, definetwovectors, Z, and L,, atapoint p,by:

In Equation (3.42b) j =i-2,i-3,i-4,... rf @, denotes the angle between ^R and

Ru, then Q¡ canbe calculated using:

ør="o'-'[ ffi)
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Ø, iscalculateddecreasing j untilforsome j, Q¡*r.Q,30;_,. Then l=i-7-1is
the left region of support. Once the left and right regions of support are determined,

define the left and right vectors at p¡. The right and left vectors at pi arc denoted by

a,o and å,, respectively:

a¡t, = (X¡*t, - x¡,! ¡,,¡ - | ¡)
b,t = (x¡_t _ x¡,!¡_¡ _ !i)

The cosine c,o, of the angle between the two Æ-vectors a,o and, b,, is defined

(3.44)

(3.4s)^ _(a*nb,,)
'*' - 

¡o,þ,1

Once the fr-l-cosine of each point is determined, a two-stage method is applied to

detect significant points. At the first stage, all points whose ft-l-cosine < -0.g are

discarded. Secondly, if c*, lies between c,_r,*, and ci*t,kt,then discard p,, else p, is a

dominant point.

The major difference between the Ray-Ray method and both the methods of

Rosenfeld-Johnston and Freeman-Davis is that the region of support and cosine in
the latter two are symmetric with respect to a point p,, i.e., the region of support

consists of the same number of points on either side of p,.TheRay-Ray method uses

an asymmetric region of support and a asymmetric cosine.

3.5.4 Shape Points

Some contours are not closed or do not necessarily start at the same location, for

example, some contours start at the edge of the image rather than at a specific feature.

A shape point is a description of the shape of a feature. Many different shape points

[70] can be used to describe various characteristics of a contour. Mitchie and
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Aggarwal [71] used the centroid (unweighted mean point) and weighted mean radius

as shape points. Both the centroid and radius weighted mean point are in general

found very close to one another.

3.5.4.1Centroid

Bartoo and Hanson [9] register MR, CT and SPECT images of the brain using the

centroids of anatomical features such as the head (including skull), the brain, the

ventricles (which hold cerebral spinal fluid), eyeballs and sinuses. If the gray level at

each point (x,y) in an image is regarded as its "mass", then the centroid (or "centre of

gravity") can be defined as:

* = :à.,

, = :tr,
(3.46)

(3.47)

In Equation (3.46), n is the number of points on the contour of the selected feature.

3.5.4.2 Radius Weighted Mean point

The radius weighted mean point is essentially a weighted form of the centroid and can

be defined by the point (x,Y) where the x and,y components are defined as:

x = |f,,*,
, = *2,,r,

where r¿ is the distance from the centroid, derived from Equation (3.46), to the point

(x¡,y¡) on the shape and R = fr,.
i=l
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3.6 Discussion

The methods described above were applied to each of the images in Figures 2-3,2-6

and 2-1 . The general technique used is illustrated in Figure 3-31. Firstly, Sobel edge

detection was applied to the image in question to attenuate significant anatomical

features, in this case body and lung contours. This was followed by bilevei

thresholding, and thinning to produce an image containing the required contours.

Once the contours were extracted, control points were detected using the Farthest-

Point Bisection polygonal approximation method. The polygonal approximation

method was chosen for detecting significant points from the contours due to the

unpredictable nature of the angle detection methods.
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Chapter 4

Control PoÍnt Matching

4"1Introduction
The second step in the point-matching registration methodology outlined in Section

2.5 is the establishment of a correspondence between the control points from both

images. The problem of control-point matching can be stated as follows. Given a set

of "reference" points in one image and "match" points in another image, find the

control-point pairs [82]. This chapter is divided into five sections and deals with the

theoretrical aspects of control-point matching. Section 4.2 deals with a preliminary

discussion on the topic of control-point matching, including the methodology

associated with it. Section 4.3 discusses various methods of control-point matching,

whilst Section 4.4 focuses on Goshtasby and Stockman's algorithm [42] for control-

point matching via Convex Hulls. Finally, Section 4.5 focuses on improvements

which could be made to the Convex Hult Matching method.
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4"2 PrelÍrninaries
As a preliminary note, a brief explanation of terminology follows. Corresponding

points refers to control points in the two images that match. Matching refers to the

process that determines corresponding points. Match and mismatch, rcspectively,

refer to two points that are correctly selected as conesponding points and two points

that are mistakenly selected as corresponding points [44]Registration requires that

both images coincide at the control points. Therefore the problem of control-point

matching can be stated as follows. The first image contains a set of ru points. The

second image contains a set of points similar to the first set, except that some of the

points from the first set are missing and some new points, not in the first set, are

present. The second set contains rz points: typically, m and, nhave values in the range

10-50. The positions of the common points in the second set are, within a given

tolerance, the same as common points in the first set. The problem then has three

parts:

Find all points in the first image which do not have a match in the second imase.

Find all points in the second image which do not have a match in the first imase.

For all points in the first image which have a coÍìmon point in the second image

find the correct match: these correctly matched control-points are the

corresponding points.

Though the problem is to match different images of the "same" scene, the controi-

points selected from one image will not in general be just a translation, rotation and

1.

2.

a
J.
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scaling of those from the other. The underlying assumption of any control point

matching algorithm is that there exists a mapping function between the two sets of

points, characterized by some invariant property. If this property does not exist, then a

point in the first set could be matched with any point in the second set with an equal

chance of it being the "correct" match. Unlike control-point selection techniques,

control-point matching techniques do not depend on the image content, rather on the

type of distortion contained within the imaee.

4.3 Methods of Control Foint Matching
Various algorithms have been proposed for point matching. Ranade and Rosenfeld

[85] proposed a relaxation method for matching t\¡/o sets having translational

differences, based on the support received by a match from other pairs. This method

deals primarily with sets of points that contain translational differences only. Given

two sets of control points, p=(p,p2,...,p,,) and e=(er,Ø,...,e,), for each

displacement, ô, of P relativeto Q, the number of pairs (p,,e)thatlie closer together

than some threshold value are counted. If P and Q have many points in common, this

will yield a large match value for ô, while other ô's will yield low match values

where a few pairs happen to coincide. V/ang et al. [117] modified the relaxation

algorithm in reference [85] to. include rotational differences in addition to

translational differences.

Stockman et aI. ll02l developed a method of control-point matching based on

clustering. For each possible pair of matching points, the translational, rotational and

scaling differences are determined which represent a point in the cluster space. By

finding the best cluster of these points, using statistical methods, the corresponding

points can be found. A major problem associated with all these methods is that the
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form of distortion is limited to linear distortion, because in general, the methods only

allow translational, rotational and scaling differences.

4.4 Convex [IulI Matching
Goshtasby and Stockman l42l proposed a method of control-point matching using

convex hull edges' This method is based on a patterned search of subsets determining

the transformation parameters that can match the largest number of points in the two

sets. Subsets are chosen selectively in order to maximize the number of common

points in the two subsets. In this approach, points falling on the boundary of the

convex hull in each set are chosen as a subset for matching. Once each set has been

reduced to a subset, matching is carried out between the two subsets for estimation of

transformation parameters .

4.4.1Methodology

The general methodology associated with the method is as follows:

1. For each two sets of points, s, and ^ir, determine the convex hull and

choose the points on the boundary of the convex hull, denoted c, and c,

respectively, as the representative subsets.

z. Determine the transformation parameters zo needed for matching a

pair of points in Ç to a pair of points in Cr.
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s,
aJ. For each matching transformation determine the number of points in

that match with points in ,S, within a given threshold value D.

4. Let T^ be the transformation parameters that match the most points in 
^S,

and s2, then take 2,,, as an estimate for the transformation parameters.

5. Using T^ map one set into another and determine the corresponding

points in the two sets that match by the threshold value D.

4"4.2 Froperties of a Convex tlull
A convex huII is a mathematical name for the natural boundary of a point set [97].

The natural boundary of a point set depends on a geometric property called convexity.

A convex polygon has the simple property that any line connecting any two points

within the polygon must itself lie entirely inside the polygon. The convex hull of a set

of points is defined to be the smallest convex polygon containing them all. Gjven n

points, some of them will form a convex polygon within which all the others are

contained.

The convex hull is invariant under changes in rotation, translation and scaling

[42]. Depending on the set of points, at least three points (two in the degenerate case),

and at most all the points in the point set wiil occur on the boundary of the convex

hull (BCH). The images in Figures 4-1(b) and (d) show rwo examples of convex

hulls, constructed from the control-point sets in Figures a-1@) and (c) respectively.
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(b)(a)

(d)(c)

Figure 4-1. Examples of a Convex Hulls
(a,c) Control-Point Sets, (b,d) Convex Hulls

Determination of the convex hull of a set of points will not be discussed here.

Efficient methods already exist [97] that can determine the convex hull of a set of
points in a plane.

4.4.3 Matching Transformations

First of all it is assumed that T, the transformation which maps two sets of points in a

plane with translational, rotational and scaling differences is an RST (Rotation,

scaling, Translation) transformation of the form given in secti on 5.4.2. The
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assumption made in the majority of point matching methods L42,1021is that scaling is

uniform, yet many distorted images contain non-uniform scaling. Therefore it shouid

be noted that the methods cited here could use other transformations in place of the

general RST transformation given in Section 5.4.2 The matching transformation

could also be extended to include other transformations such as a general low-degree

polynomial warping.

4.4.4 Threshold Selection

The threshold distance D can be thought of as a circle constructed around each point

in the set Sr. If a transformed point from 
^S, 

is contained within the area of the circle

then it is considered a match. The Euclidean distance between the two points is given

bv:

* [u, - y,'Í]+ (4.r)

where (xi ,yi) is the transformed point associated with the

(u,,v¡) is the corresponding point in set $.

point (x,,¿) in set .1, and

4.4.5 Matching Methods

4.4.5.1Complete Convex Hull point Matching

This method determines the transformation between two sets of points S, and ,S, by

matching all the edges in the complete graphs from the convex hulls, c, and, cr,of
the two sets. The first step is to determine the complete graphs of Ç and C,. If there

aÍem points in Ç and n points in Cr, then there exist /, = m(m_l) /2 edges in C,

and tr=n(n-l)/2 edges in c, (see Figure 4-2(a)). since there are two ways ro

n, ={[", - *;)]'
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match a pair of edges directionally, for every edge in cr, the edge is reversed and

matched with the edges in C, again, giving t, = n(n- 1) directed edges in Cr.

r-nt E, (t<¿<r,)and E, (r< j <h) represenranedgein Ç and c, respecrively.

Match edge { to each edge E, in c2 to determine 7,,, where zu represents the

transformation associated with transforming the edge E, to the ed,ge 8,. Knowing

the parameters of zu determine the number, Nu of other points in s, and s, that

match within a small threshold distance D by successively transforming points of S,

and checking a coffesponding point in sr. Finally, let N,, equal the maximum value

of Nu ' that is the maximum number of point matches. Knowing the transformation

parameters between the two sets, one set can be mapped into another and points can

be found from 'S, that fall within a threshold distance of points in ,g, . If more than

one point from 'S, falls within the threshold value of a point in ,S, , the closest point is

taken as the corresponding one.

4.4.5.2 Convex Hull Edge Point Matching

The second approach is to determine the transformation parameters between the two

sets 's' and 
^s, by matching edges of the BCHs c, and, c, of the two sets. The first

step is to determine the edges falling on the BCHs of C, and Cz.Ifthere are z points

in C, and n points in Cr, then there exist /, = m non-directional edges in Ç and

tz =2(n) directional edges in C, (See Figure 4-2(b)).

Let Ei (11i I r,) and Ej (1< j < /r) represent an edge in ct and cz

respectively. Match edge E, to each edge E, in c2 and determine Tu. Knowing the

parameters of T, determine the number, Nu of other points in S, and 
^S, 

that match

within a small threshold distance D by successively transforming points of ,S, and

checking a coffesponding point in sr. Finally, let N,, equal the maximum value of
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Nu , that is the maximum number of point matches. Knowing the transformation

parameters between the two sets, one set can be mapped into another and points can

be found from S, that fall within a threshold distance of points in ,S, . If more than

one point from S, falls within the threshold value of a point in S, , the closest point is

taken as the corresponding one.

(c)

, {9u." 4-LDifferent Convex Hull Configurations
(a) complete convex Hull Graph, (b) BCH, (c) con'iex Hull rriangulation

(b)(a)
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4.4.5.3 Convex llull Triangulation Point Matching

The third method determines the transformation between two sets of points ,S, and S,

by matching triangles derived from three consecutive points on the convex hull of Ç
and C, . For example, at a point p, on the convex hull of c, , atriangulation can be

performed such that p¡-t, p¡, p¡*t form a triangle 
^,. 

If there are m points in c, and, n

points rn C2, then there exist rn triangles in C, and, n triangies in C, (See Figure

a-2@)).

Let 
^i 

Q<i<m) and Lj (1< j<n) represent a triangre in ct and c2

respectively. Match the triangle Â, from c, to atriangle a^, in c, and determi ne T,.

Knowing the parameters of zu determine the number, Nu of other points in ,s, and

'Sr that match within a small threshold distance D by successively transforming points

of ,S, and checking a corresponding point in Sr. Finally, let N,, equal the maximum

value of Nu , that is the maximum number of point matches.

Compared to the first method that matched all convex hull complete graph edge

combinations, the second method matches only the convex hull edge combinations,

whilst the third method is a combination of the first two methods. The differences are

seen in Figure 4-2.There are cases, where the second method may fail to estimate the

correct transformation parameters, but the first algorithm will succeed (such as when

two convex hulls have some common points, but no common edges). Figure 4_3

shows the convex hulls of the control-point sets derived from the images in Figure

2-3.
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(b)(a)

(c)

Figure 4-3. Examples of Convex Hulls from Control-point Sets

4.5 Discussion

Control-point matching methods are based on some form of exhaustive search, that is

checking every possible combination of points within two images. Most methods for

point-matching become very slow as the number of points in the set increases. The

convex hull method overcomes this by using subsets of points for matching. Three

methods of convex hull matching have been proposed and there are undoubtedly

numerous other variations which could be contrived. For the majority of medical
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images which contain linear distortions, or smaii geometric distortions, these methods

would seem adequate.

or*","Ïå'"ii,1iÍ;"'iiî3s}i:ä,Ti,"'rTïiliä'0,-"r"

For medical images containing forms of geometric distortion, the methods described

may match global areas, such as the body contours, where the convex hulls are

similar, but may fail to match points in areas where the geometric distortion is more

apparent, such as the lungs (See Figure 4-4).In medical images where the features of

interest take the form of the contours of major anatomical features such as the body

and lung contours shown in the sample images, a modification of the convex hull

method to allow for matching each contour separately might result in a better point-

match (Figure 4-4). This would imply a form of local convex hull matching.

Therefore, with respect to the two images shown in Figure 4-4, each of the convex

hulls representing the body and left and right lung contours would be matched

separately.

(b)(a)

GD OD
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Figure 4-5. Delaunay Triangulation of a point Ser

Another alternative \ryould be to triangulate all the points within a given point set

using Delaunay Triangulation [97], whereby a line is drawn between each point and

all the points "closest to" it. (see Figure 4-5). The same concept of matching

triangles from one set to the other could then be employed.
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Chapter 5

GeometrÍc Transformations

5,1 Introduction
The most fundamental characteristic of any image registration technique is the kind of

transformation or mapping function needed to align two images [13]. Once control-

point pairs have been obtained from the control-point matching algorithm, a mapping

function is generated to transform one image into another image, or register the two

images.

This chapter is divided into eight sections. Some distorted medical images and

their properties are outlined in Section 5.2. Section 5.3 deals with a general overview

of transformation methods. Sections 5.4 and.5.5 describe affine and polynomial

mapping functions, dealt with using the classical problem of least squares fitting. In

Section 5.6, image transformation as a su¡face fitting problem is formulated, and

surface-spline mapping functions are derived. Section 5.7 deals with the registration

elror associated with the accuracy of the transformation methods and finally Section

5.8 shows the results of transforming the distorted images in section 5.2.
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5"2 Transformatíon of Medícat hnages
Medical images can be divided into two categories. The first category includes "flat"

two-dimensional images such as computed tomography (CT) and magnetic resonance

(MR) images which represent body regions as a stack of transaxial "slices" [13,113].

The second category represents three-dimensional images taken either directly from

3-D modalities such as positron emission tomography (PET) 1671, or reconstructed

from tomographic images such as CT or MR t161.

(c)

Figure l-]r9T-Iquges of the.Thorax (Figure l-8(a)) containing Linear Distortion
(a) 75Vo Horizonral Scaling, (Ð 751" Verrical Scaling, @)n3. Ròtation
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The medical images dealt with here are in the two-dimensional realm. Figure 5-2

shows three images which contain linear distortion. These images are referred to as

dístorted images and will be used in Section 5.9 to illustrate affine and low-desree

polynomial transformations.

(c) (d)

-- 
Figure 5-2. CT Images of the Thorax containing Geometric Distortion

Photometric: (a) Banel, (b) pincushion; Radial: 1c) Horiiontal (d) vertical

Figure 5-2 shows four images which contain differing types of geometric distortion.

These images will be used in Section 5.9 to illustrate high-degree polynomial and

surface-spline transformations. Figures 5-2(a) and (b) contain photometric distortion,

whilst Figures 5-2(c) and (d) containing differing types of radial distortion. When
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registering two multimodel images, provision must be made for matching any

combination of CT, MR and PET images. For instance when a PET image containing

physiological information is combined with a CT image containing anatomic features

167,1091, a transformation method must be chosen which will deal with the local

distortions contained within the PET image. Conversely, when dealing with matching

two CT images, an affine transformation can be used as the distortion contained

within the image is usually in the form of misalignment or linear distortion.

. . Figure 5-3. Multimodal Images of the Thorax
(a) Computed Tomography, (b)Magnetic Resonance

Figure 5-3(a) shows a CT image of the thorax, which will be used as the reference

image' Figure 5-3(b) shows the corresponding MR image of the thorax, which will be

used to illustrate multimodal registration.

5.3 Methods of Transformation
If P, denotes a point on a plane, consider a transformation of the plane that causes

this point to be displaced to P,' . Point .f is said tobe transþrmed to or mapped onto

P,' . A geometric transþrmation maps the set of n control points (*,,y,) , i =r,...,n
from the distorted image to the corresponding set of control points (u,,r,) , i = 1,...,n
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in the reference image 1701. A transformation is usually composed of two mapping

functions u = f(x,y) and v = g(x,y), that are used to map the distorted image into the

reference image. The functions / and g represent the geometric difference between

the images. Knowing the position of corresponding control points in the images, the

mapping function parameters can be determined by solving the following set of

equations.

ui

lt 
-,i

f (x,,y,) -+ x,'

B(x¡,J) -) y,' i =I,...,n
(5.1)

In Equation (5.1), x,' and y,' represent the x andy coordinates in the transformed

image respectively. Many differing methods have been proposed to geometrically

transform an image. Goshtasby et al. [43] and Merickel [70] use the affine

transformation as a mapping function, Goshtasby et al. l43l and Goshtasby [37] use

low-degree polynomials as mapping functions. Goshtasby [39,40] uses piecewise

linear and piecewise cubic mapping functions and Flusser [27] and Goshtasby t3g]

use surface spline mapping functions. Transformation methods are classified as

approximation/interpolation and local/global [13][37]. The transformation that maps

one image onto the other can be either local or elobal.

5.3.1 Interpolation

Given the position of a control point (x,y) in the distorted image, an interpolation

method determines the transformation functions f and g which provide the exact

position of the same point in the reference image.

u= f (x,y)

g@,y)
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In interpolating methods, it is assumed that the control points used for matching are

located precisely. Any error made in locating a control point wili deteriorate the

resulting transformation proportionally over the image. Interpolating methods need

more transformation parameters as the number of control points in the image

increases.

5.3.2 Approximation

Given the position of a control point (x,y) in the distorted

method determines the transformation functions / and g

position of the same point in the reference image.

f (x,y)

g(x,y)

image, an approximation

which approximate the

U=
(s.3)

In approximating methods, it is assumed that the errors in the location parameters of

the control points have zero mean.

5.3.3 Global Methods

A matching transformation is called global if a single pair of transformation functions

are used to map one image onto the other [13]. Therefore a change in any one of the

matching parameters influences the transformation of the image as a whole. Global

transformation methods are cofiìmonly used to register images which contain little or

no local geometric distortion. Given a sufficient number of control points, the

parameters of any transformation can be derived, either through approximation or

interpolation. The problem with methods using globally defined transformation

functions is that a single local mismatch will influence the whole transformation.
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5.3.4 Local Methods

In a global method, only one pair transformation functions is needed to align two

images. However, one pair of transformation functions may not be able to describe

geometric differences between the two images at every point. A local method uses a

number of local mapping functions which are combined to obtain a globai mapping

function. only control points sufficiently close, or perhaps weighted by their

proximity, influence the mapping transformation.

Goshtasby 139,401 has proposed several types of locally-sensitive mapping

functions. Piecewise linear [39] and piecewise cubic [40] mapping functions assume

triangulation of both images. Given n points in an image, divide the convex hull of
the points into triangular regions. Each triangle characteizes local geometric

differences between the images and the vertices of the triangles are used as control

points. A corresponding linear or cubic mapping function is then found for each

triangle' Burr [15] modeled a locally sensitive transformation function by an elastic

grid' Table 5-1 compares five differing transformation methods, to be discusssed in

the forthcoming sections, with respect to the properties discussed in Sections 5.3.1 to

5.3.4.

Transformation Method Local/Global Interpolation /
Approximation

Afïine Global Approximation
Polvnomial Global Approximation
Surface-Spline Local Interpolatioñ
welghted Polynomial Local Approximation
Polynomial Fitting Global Intemolation

Table 5-1. A Comparison of Transformation Methods
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5.3.5 Geometric Nature of Transformations

The term " elasticity" is used to describe the geometric nature of the transformations.

A matching transformation can be classified as either rigid, affine, projective or

curved [Il2]. These categories, indicating the degree of eiasticity of the

transformation, have been selected to show a clear distinction in geometrical

properties.

s.3.5.1Rigid

A transformation is rigid if the distance between any two points in the first image is

preserved when these two points are mapped onto the second image. Rigid

transformations can be decomposed into translation and rotation.In2-D,the point

(;r,y) is transformed into the point (x' ,y,) using the formula:

fx' y']= [r ]] I cos 0 sin 0l [r,l
f-sin o cos 0_l- Lt,l

(s.4)

T. -t

where g denotes the rotation angle, und | " I the translation vecror.
Lr,l

5.3.5.2 Affine

A transformation is affine when any straight line in the first image is mapped onto a

straight line in the second image, while parallelism is preserved. Affine
transformations can be decomposed into a linear transformation and a translation. In

2-D, the transformation is described by the formula:

- -fa[x' l]=fx ]l l;"
L"zt

a,r1 lt,f
,,)*1,,1
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In Equation (5.5), if the last term is absent, the resulting transformation is linear.

Examples of non-rigid affine transformations inciude both uniform and non-uniform

scaling and shearing.

5.3.5.3 Frojective

A projective (or perspective) transformation maps any straight line in the first image

onto a straight line in the second image; parallelism between straight lines is in
general not preserved. Projective transformations can be represented by a linear

transformation in a higher dimensional space. In2-D,the transformation is described

by the formula:

Qtz

azz

azz

5.3.5.4 Curved

Curved transformations may map a straight line onto a curve. In 2-D this is
formulated as follows:

(,',y') = F(x,y) (5.7)

where F denotes any function mapping the points in the first image onto points in the

second image. A well known class of curved transformation functions are polynomial

transformations, described in Section 5.5.

The four kinds of transformation, illustrating both local and global variants, are

shown in Figure 5-4. Note that the local transformations may induce gaps or overlaps.

fx' y' 1]=[x y t]
""1
a'r^ |

";)

f o,,
I

I a,,l-'
løtt

(s.6)

95



*
affine proj ective curved

gl-oba ffi ffi ffi
l-oca ffi ffi ffi

Figure 5-4. Examples of 2-D Transformations

A consequence of the above categorization into rigid, affine, projective and curved

mappings is that rigid transformations are a subset of affine transformations which in

turn are a subset of projective transformations, which in turn are a subset of curved

transformations. For example, the 2-D projective transformation with a,, = azz = 0

and ar, = 1 is affine, with ar, = t,and etz = tr.

It is assumed that the kind of transformation used in matching is adequate to

describe the actual distortion in the image. If the selected transformations do not truly

model the geometric difference between the images, an overall accurate match will
not be obtained, even when accurate control-point correspondences are used in the

matching. This may also result in a transformation introducing distortions that were
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not present in the images beforehand. Gtobal rigid transformations suffice when

matching relatively stable areas such as cranial images from different modalities.

Global affine matching is used in situations when image scaling or gantry tilt induces

linear distortions. The use of local rigid and local affine transformations is resticted to

certain categories of registration, such as temporal registration, because the

transformed image contains gaps that are not present in the original images. Curved

transformations are used when the distortion is geometric or non-linear, such as in

modality induced distortion, or multimodal or template registration.

5.3.6 Least Squares Approximation

The set of parameters associated with a particular mapping function can be found bv

least-squares fitting [59], that is by minimizing:

ffu, - *,')'* (r, - y,')'] (s.8)

where (u, - * i )t * (r, - y; )' is rhe squared disrance berween the contror point (ø, , u, )

in the reference image and the transformed point (xi ,!i' ) in the distorted image. For

details on Least squares Approximation refer to Appendix A.1.

5.3.7 Weighted Methods

one limitation of the least squares method is that when the images have local

geometric differences or the control points in a local neighborhood are inaccurate, the

local measurement inaccuracy averages out equally over the whole image. Goshtasby

[37] introduces Weighted Least Squares to minimize the problem of local geometric

differences. To localize the least-squares method, define a weight function that
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represents the contribution or influence of the lth control point on point (x,y) by the

inverse distance of the ith control point to point (x,y) as:

W,(r,y)= [(" - ,,)' *(t - t,)'l-+

W, would become infinity at the control points (when x = xi and y = !¡ ). Therefore

instead of using Equation (5.9) the following weight function proposed by Mclain

[66] should be used:

W,(x,y)= 
[a + (* - r,)' * (y - r,)'f-'

(s.e)

(s.1 1)

(s.10)

The parameter ô determines the influence of distant measurements (control points) on

an approximating point. The smaller the value of ô, the smaller the influence of the

distant control points; the approximating transformation function therefore follows

the local measurements more rigorously. Conversely, the larger the value of ô, the

less the influence of nearby control points on the approximating value. Incorporating

the weighting function into the least-squares formula of Equation (5.8) gives an

equation for weighted least squares:

Éfz .r2 t t)1E - Ll@, - xi )- + (v, - yi)- | W,(x,y)
-1.'.'/\r'ttJtvr
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5.4 AffTne Transformations
For certain kinds of mapping function, the form of the distortion between the two

images is known. This usually occurs in misaligned images or images containing

linear distortion, i.e. images taken from the same viewing angle, but from a different

position. This distortion usually takes the form of a change in scale, change in

rotation angle, horizontal and/or vertical displacement or shear. Such images are

usually aligned using an affine transformation [43,1I4,I20].It is considered a gtobal

transformation in general, since the overall geometric relationships between two

points do not change.

5.4.1 Affine Differences

In homogeneoøs coordinates, an n -dimensional space is represented by n + 1

dimensions; i.e., two-dimensions where the position of a point is given by the pair

(x,y), is represented by three coordinates (x,y,h), where h , the homogeneous

coordinate, is an arbitrary number [92]. Four kinds of affine differences will be

described here, namely translation, rotation, scaling and shearin g lgzl.

5.4,L.1Translation

Translation is defined as a displacement of the plane in a horizontal and/or vertical

direction. The transformation can be represented by the two equations t, = x * t, and.

y'=y +/r. Assuming homogeneous coordinates, with h=I, the translation can be

expressed in matrix form as follows:

fx'y'1]=[x y 1]

Ir
I

lo
Itr

00-l
t ol
t, 1-l
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The transformation matrix at the right is denoted by 7,.

5.4.1.2 Rotation

when a plane is rotated by an angle 0 about the origin (clockwise), the

transformation is known as rotation and can be represented by the two equations

r'= .xcos 0 - ysin 0 and )'= xsin g + ycos 0 which in matrix form becomes:

lx'y'1]=[r y
I cosg

tl 
l-sing
Lo

sin g 0l
cos0 0 

|011

ol
0l
1l

(s.13)

(5.14)

The transformation matrix at the right is denoted by T,.

5.4.I.3 Scaling

Distortion of a plane by stretching or compressing it is known as scaling. A scaling in
the x and y directions can be represented by x'=,S,.r and y'= Ey respectively, where

the constants S, and ,S, are the x and y scaling factors respectively. The scaling can

be expressed in matrix form as follows:

fx' y'1]=[r y t]
s,0
0 ,sy

00

The transformation matrix at the right is denoted bV ?"". If the scaling factor is greater

than 1, the scaling transformation is known as stretching, otherwise if it is between 0
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and 1, it is known as compression. If both ,s, and ^g, are equal, then the scaling is

considered uniþrm (s = s, = sr) otherwise it is considered non-uniform.

5.4.1.4 Shear

A transformation is called a shear when either all its x-coordinates or all its y-

coordinates remain constant while the other coordinates are increased in proportion to

x or y respectively. A shearing in the x and y directions can be represented by
x' = x + h,y and y' = hrx + y respectively, where the constants h, and. h, are the x

and y shearing factors respectively. A shearing can be expressed in matrix form as

follows:

fx'y'i]=[x y 1]

[t hn

ln- i
L,t o

ol
0l
iJ

(s.15)

The transformation matrix at the right is denoted by Tn,.

5.4.2 RST Mapping Function

When two images have rotational, scaling and/or translational differences,

corresponding points in the two images can be related to each other by an RST

transformation. In order to obtain the entire RST transformation, it is necessary to

combine the translation, rotation and scaling transformations of Section 5.4.L

Therefore, the transformation which maps the set of points from the distorted image

to the corresponding set of points in the reference image involves a rotation, followed
by uniform-scaling, followed by transration, or: T = T,T,T, tr20l. Therefore, an RST

transformation with parameters (S,eJ,,ty) is defined as:
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fx' y'i]=[x y l] I 
scos0

| 
-ssin 0

It,

ssin g 0l
.lcos 0 0 

|t, 1l

(s.16)

(5.17 a)

(5.17b)

OT

x' =,5(xcos 0 - ysin 0) + t,

.I' = S(xsin 0 + ycos 0) + t,

,S is the scaling factor, g is the rotational difference and (t,,tr) are the translational

differences of the distorted image with respect to the reference image. The

transformation of images that have rotational, scaling and translational differences

requires knowledge of at least two corresponding control points in each of the

images. If n corresponding points from the two images are available, then

5,0,t, and t, can be estimated by minimizing the sum of squared errors. The least

squares approximation involves estimating a set of parameters which minimizes the

squared distance between the set of control points and the set of transformed points.

To minimize E with respect to s,O,t, and tr, find the partial derivatives of E

with respect to ,s, 0,t, and /r, then set them equal to zero (See Appen dix A..2.1), and

solve the set of linear equations. For simplicity replace ,scos g by o , ssin g by b, t,
by h and t, by k and minimize for a,b,h and, k. Then Equation (5.g) becomes:

t = å{ fu,-(ax,-by,*h))" * fr,-(øx,+ayi+fr)]' }
(s.18)

This leads to the following set of linear equations (See Appendix A.2.1):
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"(tu,.,:r) .,[å",) . -[å,,)

,(>u:.,rr) -,(å,,) . *(å",)

.[å",) -,(å,,) + nh

.[ån) .,(å",) + nk

llr,
).\u,x. + v,y,)
i=l

ll
Fr
f_r\vtx, - u¡!¡)
i=l

tl
\r} IT
.L¿-'i

ns) t,Z-r'i
a-t

(5.1e)

The system of linear equations can be expressed in matrix form in Figure 5-5 which

can be solved using Gaussian elimination with back-substitution, LU decomposition

or Singular Value Decomposirion (SVD) t141.

tl
S1 , ? r.> lx:+v:l
H't ¿t'

0

n

Yr
^Lr'"i
i=1

S '',
Z-¿ri
j=l

¡S!tf \ v- ,LJ'"i
i=1

ll tl
Sr, ? ,. st> (x:+v:t -) vH' | 'L.¿t

¡=t
n

\-l-) Y. n
,H'l

l=l
\-1)x, O
.L¿ I

(u,x, -f v,y,)

(v,x, - u,y,)

s)v,
ils)x,

0

n

tls)u.,Ll t

s
t ì,

.L¿'i
i=l

T

t

Figure 5-5. Linear System for RST Transformation with Uniform Scalins

The terms h and fr represent the respective x and y translations. However the scaling

factor .t and rotation angle g must be obtained jointly from the two quantities,

,Scos9 and Ssin0Ila =,Scos0 andå= Ssing then:

s ={;\b' and

103

0 = arctan(bla)



Now for each point (x,y) in the distorted image, Equation (5.I7) has to be solved to

determine the corresponding point in the transformed image.

The RST transformation could be expanded to include images containing non-

uniform scaling. The transformation functions would have equations of the form

given below in Equation (5.20).

x' = ^l (xcos0 - ysin 0) + t,

)'=Sr(xsing+ycos 0)+q

Replacing 
^1, 

cos 0 by a, .S, sin 0 by å, S, sin g by c

by fr gives Equation (5.21).

(5.20a)

(s.20b)

,,Srcos 0 by d, t, by h and t,

,¡ * b!¡ - hl' *fv, - c*, - ¿y, - kl') (s.2r)

Find the partial derivatives of E with respect to e, b, c, d, h and ft

to zero, to obtain the following set of linear equations (see

expressed in matrix form, shown in Figure 5-6.

and set them equal

Appendix A.2.2),

n =f([u,- *

s*2
/r^i

-f *,r,

0

0

Ji
Lx¡

0

f r,u,

s,...
- /.Y¡u'

L*,,,

f,n,

fu,
s,,
/¿'i

a

b

0

0

Lx¡

s,,
L-/i

0

_s -.,/r4iri

Y r,2

0

0

il

-s.,.LJí

0

o o S*/ ,^ì

ilo o -s.,'Lri
ilil>t L*'t' o

i=l i=l
llil

\',t, 2r? o
i=l i=l

00n
ilil

!. S., n.4J'i ./¿-r¡
i=l i=l

)

h

Figure 5-6. Linear System for RST Transformation with Non-uniform Scalins
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5.5 Folynomial Transformation
In images where the precise form of the distortion is not known, a general

transformation is required. This usually occurs in images containing geometric or

non-linear distortion, taken from different viewpoints or from different sensors. For

this reason curved transformations such as polynomial transformations are used. The

polynomiais may be defined as first-, second-, third-, fourth- or fifth degree. The most

common forms of polynomial arc first, second and third degree polynomials, known

as linear, quadratic and cubic polynomials respectively. First-degree polynomials

include only translational, scaling and rotational distortions, whereas second-degree

polynomials include shear and third-degree polynomials include non-linear

distortions [72], shown in Equations (5.22a), (5.22b) and,(5.22c) respecrively.

ao+afl+a,zy

ao + afi -f ary * a3xy + aox' + ary'

a0 + afi * ary * a3xy + aox' + asj2 + auxry + arxyz + arx3 * oryt

(5.22a)

(s.22b)

(5.22c)

Steiner and Kirby [101] used polynomials of degree one, Nack [74] used polynomials

of degree two, and Van Wie and Stein [114] used polynomials of degree three.

Traditionally the polynomial transformation is a global approximation method, but

coupled together with weighted least squares, some of the limitations of slobal

methods can be overcome.

5.5.1 Surface Fitting with polynomials

Transformations involving surface polynomials, more

polynomials (i.e. polynomials in two variables) have the

commonly called bivariate

following general form:
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ntl

x' = !S.r tj'i-j-- Lt/-r*ü* t
t=0 j=0
nl

..f \-f o i i-ty = L LP,,r' ,' "

t=0 j=0

ao + a.fi + azy + a3xy + aoxz + aryz

bo + brx * bry + brxy * box2 + bryz

(5.23a)

(s.23b)

where (x,y) denotes the position of the control points in the distorted image, (x,,),)
denotes the position of the contror points in the transformed image, and u, and, B,

are the constant polynomial coefficients. The order of the polynomial is represented

by m.

This error, E, is a function of parameteÍs d,ü and þu, so to find the parameters

that produce the least error, determine the partial derivatives of E with respect to the

parameters and set them equal to zero. This gives a set of T = (m+z)(m+r)lz

linear equations, known as the normal equations. As an example, consider a

polynomial of degree 2, i.e. m = 2. The Equations in (5.23), when expanded assume

the simplified form:

r-

(5.24a)

(s.24b)

where for convenience sake, the coefficients øu and Þ,¡ have been replaced

respectivelyby ar a1d bo,for k=0,...,:.-l with ,=Ëit. using n coffesponding
t=0 j=0

controì points in the images, the parameters of the mapping function are determined

by minimizing the sum of squared errors:
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F_ i{t"'
¿=r 

l+

- (oo * afii + azj¡ * atx¡J¡ + aoxl * ory?)f'

fr,- (Uo + brx, * bz!, + brx,y, + box! * øry?)l'
15 ?5\

To minimize E from Equation (5.25) with respect to the parameters as,a.,a2,a3,a4,a5

and bo,br,bz,b3,b4,bs, find the partial derivatives of E with respect to each of the afor-

mentioned parameters, then set each equal to zero (See Appendix 4.3), and solve the

set of linear equations. This leads to the following set of linear equations for
as,e,a2,a3,ao and as expressed in matrix form in Figure 5-7.

iléttil,' -L*, Ir, 2*,r, 2.i Lrii=0 ¡=0 i=0 ,=0 i=0

ì+ >-? 2,,r, L*?y, I"i |,,rii=o i=o i=o í=o ¡=o ÃlnilS., s -., t,,2 ''4r, .L^¡!¡ Lr¡ Z*,Y? Lr|y, Irir=o i=o i=o i=o ¿=o l=o
ililnililil

I',n 2*!y, \*,yl |.?ri i'i¿ L*,ii=0 i=0 i=0 i=0 ¡=o ,.=0nilt1-!ùtÌ

¿"i ¿'i Ztr, I',:y, I*Í Ltr:i=0 i=0 i=0 i=0 r.=0- ,.=0
nililil

Lv? Ð*,r? Iri L,,ri l-ir iLr!i=0 i=0 i=0 i=0 j.=0- ,.=0

ao

al

2u,
i=0

) .x,u,
í=0

/.!iui
i=0

L*,v,u,
i=0

Ji"
Lx,u,
i=0

Jt"
Lviut
i=0

tion

a2

%

a5

Figure 5-7. Linear System for a euadratic polynomial Transforma

The parameters bo,bt,bz,b3,b4,bs are similarry derived. Goshtasby [37] has

introduced adaptations to the basic polynomial transformation, including the use of

orthogonal polynomials and weighted orthogonal polynomials as the terms of the

polynomial mapping.
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5.5.2 Folynomial Interpolation

One alternative to the polynomial mapping function described above, is a polynomial

using interpolation. Given n non-collinear control points in each image, this methods

fits a polynomial with n coefficients to the points, such that I)r =n.The
¡=0 È=0

polynomials take the same general form as those shown previously in Equation

(5.11). The n coefficients of the polynomial can be derived by substituting the

control points into Equation (5.23) and solving the set of n linear equations:

nJ
s! \a
LLajkxiyi-" = u¡
j=o k=0

nj
srfl ^) )lJ,,xiv!-" = v.
j=0 k=0

(i =\...,n)

(i =1,...,n)

(5.26a)

(s.26b)

Although the transformation function of Equation (5.26) maps control points from the

images to fall exactly on top of each other, as n inueases, the degree of the

polynomial also increases. For example if n=ZL, then I>r=21, therefore the
'¡=o o=o

degree of the polynomial m=5, contains 2I coefficients. If the number of control

points to be used in the transformation is large, polynomial interpolation

transformations behave erratically as the degree of the polynomial increases,

introducing high fluctuations in the interpolated values. Polynomial fitting is therefore

not recommended for determining transformation functions in general, it is preferable

to use least-squares approximation, splines or other piecewise interpolation methods.

r08



5.5.3 Bilinear Transformation

A classical transformation known as a bilinear transformation [112] is derived from

Equation (5.27) when the degree of the polynomial is two, i.e. m= 2. The resulting

transformation function, shown in Equation (5.25) maps horizontal and vefical lines

in the distorted image onto straight lines in the reference image, however a line in

any other direction will become curved. It is neither an affine transformation, nor a

bivariate polynomial, but it has been included in this section because it introduces a

curved walp. Figure 5-8 shows examples of both the local and global variants of a

bilinear transformation.

*'=2) o,,*'Y'
t=0 j=0

,'=ffø,*'t'
l=0 j=0

x'=aoo+arcx*aoy+afixy

!' = bæ * b.,ox * bor! * brrxy

global local

Figure 5-8. Examples of Bilinear Transformations

(5.27a)

(s.ztb)

(s.28a)

(5.28b)
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5.6 Surface-Spline TransformatÍon
The surface-splíne transformation, sometimes known as a thin-plate spline, is a local

method using piecewise interpolation. Goshtasby [38], Fiusser l27l andBarrodaie ¿r

aI' l8l define a surface-spline mapping function to represent the transformation of an

image. This method uses two splines to represent the X-component and the y-
component of a mapping function. The mapping function maps corresponding control

points in the two images exactly on top of each other and maps other points in the

images by interpolation. A mapping function determined in this manner would be

sensitive to local geometric distortion between the images because the value of a

surface at a point (x,y) is determined by the nearby control points and the influence of
the control point decreases as the distance between it and the point (x,y) increases. In

order to use a surface-spline, three or more non-collinear points must be specified.

The spline-function can be decomposed into an affine transformation together with

principal warps [12] which are affine-free geometric deformations of progressively

smaller geometrical scale.

5.6.L Surface Fitting with Splines

Let (x,y) and (u,v) denote the positions of corresponding points in the distorted and

reference images respectively. Given the positions of n corresponding control points
. ., ll \ / \ Irn tne rmages l\*t,y,),\ut,r.,),i -r,...,n1, define two mapping functionsf(x,y) and,

g(x,y) such that:

u, = f (x,,!¡) and vj=g(x.,y.) j=I,...,fl (s.2e)

function as given by Harder and Desmarais [47] is:
The equation of the surface spline
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where

f(*,,t,)= ao t afi j + az!¡ *f r,lnri
i=l

r', = (*, - ,,)' +(1, - l,)'

(s.30)

(s.31)

In Equation (5.30), (x,,!¡) is the position of the jth control point in the distorted

image and f (x¡,1¡) is the X-component of the point corresponding to (u,,v¡) in the

reference image. Note that when i = j, use 0 instead of rllnrl.
The coefficients of Equation (5.30) cts,a1,a2,F¡; i=r,...,n are determined by

substituting the coordinates of corresponding control points into Equation (5.30) and

using Gaussian Elimination to solve the resulting set of (n+3) linear equations given

in Figure 5-9, known as the equilibrium equations.

f (x.,,y,) = u, j =I,...,n

f ,, =f ,,r, =fF,y, =o 6'32)
j--r ,/=l j=l

00 0 1 1 1

000xtx2xn
ooo\lzln
7 *, \ 0 f"tniì, rlrlnrl,

I *n !, rl,,lnrl, rl,lnfi, 0

Figure 5-9. Linear System for the Surface_Spline Tran
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The surface which is obtained represents the X-component mapping function because

the surface value at a control point in the distorted image is equal to the

X-component of the corresponding control point in the reference image. The surface

B(x¡,!¡), representing the Y-component mapping function, is similarly determined:

s(x,,t,)= bo + b,x, * bz!¡ *fc,rltnrl
l=l

g(x,,Y.,) = v,

fc, =fc,,,
j=l j=l

j =1,...,n

=fG¡, =o
j=1

(5.33)

(s.34)

Now the distorted image can be transformed pixel by pixel using the functions/and
g' This mapping function is sensitive to local geometric distortions between the two
images and the matching error at the control points is zero. For a brief mathematical

analysis of surface-splines, refer to Appendix B.

It should be noted that Harder and Desmarais f47]proposed two modifications of
Equation (5.30) in the form of smoothing with elastic springs and distributed loads.

Flusser [27] proposes three adaptive variants of the surface-spline mapping algorithm;

namely Projective Mapping, Bilinear Mapping and Affine Mapping. Each mapping

algorithm divides the distorted image into smaller sub-regions of simple shapes

(squares, triangles etc.). Each sub-region is then separately transformed by a simple
local transformation.
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5"7 Registration Error
To determine the accuracy of the above-mentioned techniques, the error between the

transformed control points (ri ,yi) and the reference control points (u,,,v,,)

(i =\...,n) is calculated. The registration error between each pair of corresponding

control points after the transformation is defined as the square-root-error (SRE),

denoted by E^u:

Esou = {[",- *;f' +[r, -,;]']+ t5 ?5ì

The square-root-error is essentially the Euclidean distance between corresponding

control points in the distorted and reference images. A measure of the overall match

between corresponding control points after the transformation can be given by the

mean-square-root-error (MSRE), denoted Ers*ui

rLMsRÊ - :ä{t",
-a - -".È-x;l +Lr,-yil'I (s.36)

The MSRE represents the normalized sum of the Euclidean distances calculated in

Equation (5.34). Such an error estimate allows a comparison of transformations

involving different numbers of control points.

5.8 Gray Level Resampling

Resampling is a grayJevel interpolation which deals with the assignment of intensity

values (gray levels) to pixels in the transformed image. Depending on the coefficients

of the mapping functions, the geometric transformation of coordinates from the

distorted image to the transformed image may yield non-integer values for x, and v .
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Because the transformed image, denoted D', is digital, its pixels are defined only at

integer coordinates. Thus using non-integer values for x' and y' causes a mapping

into locations of D' for which no gray levels are defined. The interpolation of gray

level intensities can be represented by a function of the form:

D(x,y)=D(x',y') (s.37)

Where D(x,y) is the grayscale intensity of the pixel at position (x,y) in the distorted

image and D (x' ,y') is the grayscale intensity of the pixel at position (x',y') in the

transformed image. There are two approaches to resampling, gray-level

transþrmation and rev e rs e transformation .

5.8.1 Reverse Transformation

In a reverse transþrmation, pixels from

distorted image one at a time to establish

the reverse transformation, denoted T-r

pixel in the distorted image:

the transformed image are mapped onto the

their gray levels. This is achieved by using

to generate the spatial coordinates of each

T-t (*', y' ) -+ (x*, y*) (s.38)

If a pixel in the transformed image falls between four pixels in the distorted image

(See Figure 5-10(a)), when the reverse transformation is applied, then it's gray level

is determined by an interpolation of the intensities at these four pixels.
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Distorted : D(x*,yx)

v

Transformed : D'(x',y' )

(a)

ulstonee: u(x,y) Transþrmed: D,(x',y,)

o)

Figure 5-10. Forms of Resampling: (a) Reverse Transformation
(b) Gray-Level Transformation

5.8.2 Gray-I-,evel Transformation

If a pixel in the distorted image maps to a position between four pixels in the

transformed image, then its gray-level intensity is divided among the four pixels using

an interpolation method, as shown in Figure 5-10(b).

5.8.3 Interpolation

The simplest method for interpolation is based on a nearest-neighbor approach. This

method, also known as zero-order interpolation, selects the closest integer coordinate

Distorted: D(x,y)
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neighbor to (x*,y*) and assigns the gray-level of this

located at coordinates (x',y') in the transformed image

nearest neighbor to the pixel

(See Figure 5-11(a)).

(X,Y)

I
(X,Y+1)

I
L

(X+l,Y)
5l
(X+l,Y+I )

(x,v)

lï
(X,Y+l )-l

L
(x+1,Y)

:l
(X+l,Y+ I )

(a) ô)

Figure 5-1 1. Forms of Interpolation: (a) Zero-Ord,er Interpolation
(b) Bilinear Inrerpolation

A bilinear interpolation approach uses the gray ievels of the four nearest neighbors to

(x*,y*).The gray-level value of (x' ,y' ), denoted D (x' ,y') can then be interpolated

from the values of its neighbors by using the relationship:

D (x' ,y') = (1- r,Xl- rr)D(X,f + (1 - r,)rrD(X,y +I)
+r, (1 - rr)D(X + 1, y) + r,rr(X + 1, y + 1)

(s.3e)

where r, and I represent the non-integer components of x* andy* respectively.

Zhou [12I] proposed a number of methods for resampling gray levels including gray

level interpolation and gray level approximation methods.

5"9 Results

To measure.the performance of the three transformation methods discussed in the

previous sections, consider the following examples, based on the synthetically

distorted images introduced in Section 5.2.The goal was to transform the distorted
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cr images of Figures 5-1, 5-z and the MR image of Figure 5-3(b) ro march the cr
reference image shown below in Figure 5-12.

Figure 5-12. Reference Image

5.9.1 Images with Linear Distortion

The linear distortion contained within the image in Figure 5-1(c) is in the form of a

23' counterclockwise rotation. The affine transformation function of Section 5.4.i

incorporating uniform scaling was used to remove the distortion from Figure 5-1(c) ,

the resulting resampled image is shown in Figure 5-13.

Figure 5-13. Transformed Image of Figure 5-l(c)
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The transformation parameters are determined to be s=l.00, 0=-22.31, t,=_53.26

and tr=49.36. To determine the accuracy of this technique, the MSRE was calculated

between the corresponding control points, both before and after registration. The

error for the corresponding control-points in the reference and distorted images is

MSRE=20.68. The error for the corresponding control-points in the reference and

transformed images is MSRE=2.09, showing a definite improvement.

The distorted images of Figures 5-2(a) and 5-2(b) were transformed using the

quadratic polynomial described in Section 5.5.1 which deals with affine distortions

such as non-uniform scaling. The results are shown in Figures 5-I4(a) and 5-14(b)

respectively. The images could also have been resampled using a non-uniform

version of the affine transformation described in Section 5.4.2, as using the affine

transformation with uniform scaling would result in an inaccurate matching.

(a) (b)

Figure 5-14. Transformed Image using euadratic polynomial Wa¡oins
(a) Horizonral Scaling, (1) Vertical Scalíng r -o

The images were also resampled using the surface-spline mapping function of Section

5'6, with comparable results. The transformed images are shown in Figures 5-15(a)
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and 5-15(b). The MSRE's for each of the control-points in the transformed images

with respect to the control-points in the reference image are shown in Table 5-2.

(a) (b)

Figure 5-15. Transformed Image using the Surface-Spline
(a) Horizonral Scaling, (b) Vertical Scaling

Table 5-2. MSRE Esrimares for the Linearly Distorted Images

Distorted Imøge Transformøtinn
Method

MSRE before the
Transþrmation

MSRE after the
Transformation

Horizontal Scaling
(Figure 5-1(a))

Quadratic Polynomial
(Figure 5-14(a))

28.98 2.0r

Surface-Spline
(Figure 5-15(a))

28.98 0.63

Vertical Scaling
(Figure 5-1(b))

Quadratic Polynomial
(Figure 5-14(b))

16.20 1.61

Surface-Spline
(Figure 5-15(b))

16.20 0.0
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It should be noted in Table 5-2 that the surface-spline transformation produces a

MSRE at or near zeÍo, as is consistent with a transformation method using

interpolation. The MSRE for the quadratic polynomial is substantially reduced when

compared to the MSRE of the images before the transformation.

5.9.2 fmages \ilith Geometric Distortion

The four images of Figure 5-2 all contain some form of local geometric distortion, so

it would be inappropriate to attempt to transform them using a global approach such

as polynomial approximation using a quadratic polynomial, as described in Section

5'5.1. Instead, all four images have been resampled using the interpolating surface-

spline transformation described in Section 5.6, with the results shown in Figures 5-16

and 5-I7 along with their associated distortion grids. These warped grids or ,,plates,,

give an indication of the type of transformation needed to transform the distorted

image.

(a)

Figure 5-16. Transformed Image using Surface-Spline
Photometric Distortion: (a) Banel

I Jl-l--' j-
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(b)

Figure 5--16. Transformed Image using Surface-Spline
Photometric Distortion: (b) Pincushion

I

(a)

Figure 5-17. Transformed Image using Surface-Spline
Radial Distortion: (a) Horizontal
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o)

Figure 5-17. Transformed Image using Surface-Spline
Radial Distortion: (b) Vertical

In most cases the results of the transformations seem to be adequate, although the

accuracy of this method is dependent on the number of evenly distributed control

points used. If the control-points are concentrated in one part of the image and sparse

in the other, then the resulting transformation may provide an inaccurate registration.

For example, Figures 5-16(b) contains an area to the top-right of the image where

the matching has not been totally successful on the front body contour. The accuracy

of this technique inceases substantially when the number of control-points used in the

matching is increased. The images have also been resampled using a cubic

polynomial which allows for geometric distortion, but which is global in nature and

would have to be weighted to provide similar results allowing for local distortions.
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(a)

(b)

Figure 5-18. Transformed Imageus:ng a-cubic polynomial warping
Photometric Distorrion: (a) Balel, (b) Distórtion Grid

Figure 5-L7(a) shows the result of transforming the image in Figure 5-Z(a) using a

cubic polynomial transformation. Figure 5-17(b) shows the corresponding distortion

grid' Figures 5-18(a) and (b) show the result of transforming the image in Figure

5-2(b) and its corresponding distortion grid respectively.
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(a) (b)

FiguJg 5-19. Transformed Imagejsing a Cubic polynomial Warping
Photometric Disrortion: 1a) pincushion, (b) Diltortion Grid'

Note that although the lungs in Figure 5-19(a) seem to have been registered correctly,

the portion of the image containing the top-left and bottom-right body contours has

been incorrecly transformed, due to the global nature of the polynomial

transformation. This is a good example of an incorrect registration.

(a) o)
Fi gure 5-2'rransforff 

*"#li;) ïì'#iåfi ii6ii'J#å:ìi' 
warpi n g

Figure 5-20(a) and (b) show the result of transforming rhe images in Figure 5-z(c)

and (d) respectively, using the cubic polynomial. The MSRE's for each of the control-

r24



Distorted Imøge Transformøtinn
Method

MSRE before the
Transformøtion

MSRE after the
Trønsformøtion

Photometric Distortion
Ba¡rel

(Figure 5-2(a))

Cubic Polynomial
(Figure 5- I 8)

8.24 2.36

Surface-Soline
(Figure 5-i6(a))

8.24 0.19

Photometric Distortion
Pincushion

(Figure 5-2(b)

Cubic Polynomial
(Figure 5-i9)

10.15 2.74

Surface-Soline
(Figure 5-i6(b))

10.15 0.55

Radial Distortion
Horizontal

(Figure 5-2(c))

Cubic Polynomial
(Figure 5-20(a))

7.89 2.24

Surface-Spline
(Figure 5-i7(a))

7.89 0.0

Radial Distortion
Vertical

(Figure 5-2(d))

Cubic Polynomial
(Figure 5-20(b)

7.15 r.84

Surface-Spline
(Figure 5-17(b)

I. t) 0.0

points in the transformed images in Figures 5-16 to 5-20 with respect to the control-

points in the reference image are shown in Table 5-3.

Table 5-3. MSRE Estimates for the Geometrically Distorted Images
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5.9.3 Multimodal Images

5.9.3.1MR + CT Transformation

As a final example, consider the magnetic resonance image of Figure 5-3(b). Due to

the unknown nature of the distortion in the MR image, it has been transformed using

both polynomial warping and surface-spline transformations. Figure 5-21shows the

transformation of Figure 5-3(b) using a global quadratic polynomial rransformation.

Figure 5-21. Quadratic polynomial rransformation of Figure 5-3(b)

Whilst the resampled image in Figure 5-19 seems to provide an adequate result, it is

nonetheless a global transformation and the resampled image is thereby better

modeled using a local transformation method, such as the surface-spline

transformation. The resulting image is shown in Figure 5-22(a). The corresponding

distortion grid is shown in Figure 5-22(b).
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(a) 0)
Figure 5-22. Surface-spline Transformarion of the MR Image in Figure 5-3(b)

(a) Resampled MR Image, (b) Disrortion Giid

The MSRE's for each of the control-points in the transformed MR images in Figures

5-2I and 5-22 wlth respect to the control-points in the reference image are shown in

Table 5-4. The differences between the MSRE estimates for the quadratic polynomial

and the surface-spline are quite substantial, probably due to the fact that the distortion

contained in the MR image is of a local geometric nature and thereby the global

polynomial seems less suited for transforming the image, and also because the

surface-spline is an interpolating transformation and has many parameters, whilst the

quadratic polynomial is an approximating transformation and has only six parameters.

Table 5-4. MSRE Estimates for the Magnetic Resonance Image

Distorted Image Transformatian
Method

MSRE before the
Transformation

MSRE after the
Trønsþrmøtion

MRImage
(Figure 5-3(b))

Quadratic Polynomial
(Figure 5-21)

13.00 3.64

Surface-Spline
(Figure 5-22(a))

13.00 0.4
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5.9.3.2 CT/IIR Composite Image

Registered images can be compared side-by-side, in sequence, or by forming

composite images. Here a composite multimodal image has been produced from the

original CT image and the surface-spline transformed MR image. The lung and

spinal regions from the CT image (Figure 5-23(b)) have been superimposed on the

magnetic resonance image, (Figure 5-23(a)) resulting in the composite image shown

in Figure 5-23(c).

w-w
@)

(a)

(c)

_ . _Eg_u." 5-23. Generation of a Composite Image
(a) MR, (b) CT Lungs and Spinal Region , (c) ôomposite-MR/CT Image
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This composite anatomical image provides information on both soft-tissue and bone.

It should be noted however, that the x and y resolutions of medical images often vary,

as do their slice thicknesses and image size. Since coarser images provide lower

definition of features, they may limit the accuracy of registration with finer images.

For certain kinds of medical images, particularly where the form of distortion is

unknown, such as in multimodal images, it might be appropriate to transform the

image by means of an "elastic" transformation. One such form of ,,elastic,,

tranformation is to first globally match the images using an affine of iow-degree

polynomial transformation and then improve this by a local interpolation method.
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Chapter 6

3-f,) Reconstruction and Registration

6.1 trntroduction
Although a two-dimensional image is adequate for medical diagnosis, it does not

communicate the 3-D nature of the anatomy of a patient. Three-dimensional medical

images are reconstructed from a series of two-dimensional images which may be

cross-sections of the human body or head produced from modalities such as CT and

MR. A fundamental problem in 3-D multimodality medical image comparison is the

3-D registration of volume and surface images.

This chapter discusses some of the concepts associated with 3-D medical image

registration. Section 6.2 describes a method of constructing a 3-D volumetric image

from tomographic cross-sections using the registration transformations discussed

previously. Section 6.3 deals with a brief overview of three-dimensional registration

techniques. Section 6.4 deals with the segmentation and subsequent extraction of

features via 3-D edge detection. Section 6.5 briefly covers the kinds of control points

which could be detected within these features. Finally, methods of 3-D geometric

transformation are reviewed in Section 6.6.
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6.2 3-D frnage ReconstructÍon
3D image reconstruction can be achieved using image registration techniques.

Medical imaging modalities such as computed tomography produce a series of

tomographic image "slices" which can be used to reconstruct a 3-D volumetric image.

A point on the 2D-grid of an image is called a pixel. A volumetric image is a three-

dimensional image composed of volume elements, or voxels [901. The volumetric

image is usually comprised of parallel adjacent cross-sections. The advantage of

using volumetric images, over traditional 3-D image reconstruction techniques such

as surface rendering is that they provide mechanisms to reveal and explore the inner

structure of such 3-D images. In volumetric images, the distance between the

consecutive slices is larger than the distance between consecutive pixels within a

slice.

Target Image

Figure 6-1. Generation of the Intermediate Slices of a volumetric Imase

Referetrce Inage
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Consecutive tomographic slices usually have small geometric differences. Two

consecutive slices are used to generate intermediate slices to obtain a volumetric data

set' The upper slice is called the reference image and the lower slice is called the

target image (See Figure 6-1). The intermediate slices are generated by establishing

correspondence between the control points in the reference image and target image

and determining the intersections of the lines that connect the corresponding points

with the intermediate slices. The control points on the intermediate slice are then used

to generate a transformation function that will transform the reference image into the

intermediate image. In the illustration shown in Figure 6-1, control point A and,

control point B correspond to each other, the intersection of line AB with the

intermediate slice gives the position of the intermediate control point. If a tissue

shrinks or expands from one slice to the next, a point in one slice may connect to

several adjacent points in another slice. The intensities of the points are determined

by the linear interpolation of intensities of points A and B.

Given that m intermediate slices are to be generated between the reference image

R(x,y) and the target image T(u,v), corresponding control points can be found on

each of the intermediate slices which are used to transform the reference image. If
(u,,v,) and (x,,y,) (i=\...,n) represent the control points on the target and reference

images respectively then the function F, used to determine the corresponding control
points on the intermediate image I,(p,,e) (j = r,...,m) would be of the form:

I 
¡ 
(p,, e) = F ((u,,v,),(x,, y,)) (6.i)

The intermediate image can then be generated by the transformation of the reference

image with respect to the control points derived for the intermediate image, using the

transformation function Zo given in Equation (6.2).
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I,(n,Ð = z^(R(x,y)) (6.2)

üi)

Tomographic images have the following properties in common:

Ð Image slices do not have scaling differences and have very small or no

translational and rotational differences:

ü) The correspondence to a point in the reference image lies in a small area

centred at the same coordinates in the targetimage;

There is continuity in the correspondences, that is, neighboring points in the

target image map to neighboring points in the reference image. A point in

the target image may map to several points in the reference image due to

tissue shrinkage, or several points in the target image may map to one point

in the reference image due to tissue expansion; however continuity is

preserved in the correspondences. An exception occurs when a point

discontinues from one slice to the next:

The geometric difference between consecutive slices is local. Therefore a

single global transformation function cannot adequately transform the

images. The transformation should be in the form of a local-transformation

function such as the Surface-Spline Transformation discussed previously in

section 5.6 which is sensitive to local distortions in the imase.

iv)
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As an extension, multi-modality volumetric images could be produced. Such a

process would consist of two steps. The first step would involve producing a

composite 2-D image from two corresponding images from different modalities.

Naturally this step would involve a multi-modality image registration technique to

remove distortions before an image from one modality can be superimposed on an

image from another modality. The second step would be to produce a 3-D volumetric

image from the series of composite tomographic images, produced in step one. For

example, corresponding CT and MR images of the chest and abdomen could be

registered and combined to provide composite anatomical images from which a 3-D

volumetric image could be produced. This 3-D image could then be fused with a 3-D

PET or SPECT physiological image [57,83] using a 3-D registration technique such

as the one outlined in the following sections. The result is a composite 3-D

anatomical/physiological image which can be used to facilitate quantitative analysis

of functional images.

6.3 3-D Registration Techniques
Many papers have focused on the registration of multimodality 3-D images

1L7,19,27,56,122,1, which have been used to integrate functional and anatomical

information. The majority of methods deal with the registration problem by means of

a point-matching geometric transformation. Thirion, et al. [108] register 3-D images

of the head by means of a rigid transformation: a rotation and a translation between

the images . Hlll et al. [49] propose a method for regisrering 3-D MR and spECT

images using seven parameters composed of a 3-D rotation in each axis, a 3-D

translation in each axis and a uniform scaling and also a method for registering 3-D

SPECT images with MR-derived neuro-anatomical atlases using non-uniform scaling

instead of uniform scaling. All three methods of geometric transformation used to
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register two-dimensional images in Chapter 5 can be extended to produce three-

dimensional transformations. As in 2-D point-based registration techniques, there are

three steps, control-point selection, via feature extraction, control-point matching and

generation of a geometric transformation.

6.4 3-Ð Edge Ðetection
Characteristic features in a 3-D image, as in a 2-D imagq consist of edges. These

edges usually define the boundary of a 3-D feature and provide the basis for selecting

the control points described in the next section.

The 2-D gradient operators of Section 3.4.3 can be modified and extended to meet

3-D requirements. The simplest method for generating 3-D masks is to add a third

dimension to the 2-D masks. For example, 3x3 masks in 2-D can be replaced by

3x3xl masks in 3-D. For 2-D edge detectors, two masks are used for the x and y

directions respectively. For 3-D edge detectors, three masks for the x, y, and z

directions are used. Since most gradient operators are symmetric, their 3-D

extensions can be obtained by the symmetric production of three respective masks.

The x-mask in the x-y plane, the y-mask in the y-z plane and the z-mask in the z-x

plane. For example, the 3-D Sobel operator is shown in Figure 6-2(a), where three

3x3x1 masks for the three respective planes are depicted. This extended 3-D Sobel

operator uses 18 neighboring voxels of the central voxel. For the 26-neighbor case,

three 3x3x3 masks are used (See Figure 6-Z(b)).
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Figure 6-2.3D Sobel Gradienr Masks
(a) 3 x3x I Mask, (b) 3x3x 3 (x-mask)

For other gradient operators, the masks can be similarly extended. As with 2-D

gradient operators, two responses are obtained, the magnitude and the direction. The

magnitude response of the 3-D gradient operator is taken normally as the (Euclidean)

norm of its composing mask responses (Equation (6.3)).

(6.3)

The directions of the 3D gradient operators with respect to the three coordinate axes,

namely cr, B, and T, can be obtained using Equations (6.4a), (6.4b) and (6.4c)

respectively, where ü, B, and Y, are the direction angles of the line perpendicular to

the plane from the origin with respect to the x, y and z axes respectively.

o)(a)

G, = {f ,G,y)' + .f ,(t,z)' + f ,(z,x),}à
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Gn^ ="or-'[ ñ(t'Y) )
\magnitude )

G^o ="or-'[ ô(Y'e) )uP 
lmagnitude )

(6.4a)

(6.4b)

6.ac)Go, = cos

An overview of 3D gradient edge detectors can be found inzhang t1191.

-,( f,(z,r¡ )
l*tg"ltrd, )

6.5 3-D Control Point SelectÍon
A point in three-dimensional space is characterized by the coordinates (x,y,z),

representing the position of the point. When dealing with th¡ee-dimensional images,

the control points selected may take the form of significant features such as

inegularities on the surfaces.

6.5.1 3-D Surface Primitives

3D points include such surface primitives as peak, pit, saddle, ridge, valley or

ravine, flat, hillside, ridge-line and ravine-line (See Figure 6-3) tl161. A peak occurs

where there is a local maximum in all directions. A pit is identical to a peak except

that it is a local minimum in all directions rather than a local maximum. A saddle

point occurs where there is a local maximum in one direction and a local minimum in

a perpendicular direction. A ridge occurs where there is a local maximum in one

direction. A ridge line is a curve consisting of a series of ridge points and it may be

flat, slope upward, slope downward, curve upward or curve downward . A ravine is

identical to a ridge except that it is a local minimum in one direction rather than a
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local maximum. A ravine line is a curve consisting

is a point where the surrounding surface is a plane.

only if it is not covered by the previous categories.

6)t-t\
Peak

ç-\.--l
\J_------

Valley

Figure 6-3. Examples of 3-D Surface primitives

Unlike the two-dimensional case, the selection of control points from such surface

primitives is by no means easy. Besl and Jain [10] use the Mean Curvature and the

Gaussian Curvature to classify surface primitives. Fan [25] discusses curvature

properties related to 3-D images and the detection of surface discontinuities.

6.6 3-D Geometric Transformations
6.6.1 3-D Affine Transformation

Any number of rotations and scalings in any order can be described by an affine

transformation. A general transformation in three dimensions has 9 degrees of

freedom: 3 translations, 3 rotations and 3 scalings [75]. For example, three rotations,

one along each axis, followed by three scalings and then three translations also about

each axis, can be described by the transformation function siven bv:

Tz o = R(0, þ, a) S(11,, n t r, M,)T(t,, t r,t,)

of a series of ravine points. Aftat

A point is called a hillside if and

/t

Flat

ñ^>
\---l'

SaddleRidge

138

(6.s)



The transformation in Equation (6.5) is composed of three scaling factors, M,, M,

and M, in the x- y- and z-directions respectively; three translations , t,,tr, and r. in

the x-, y-, and z-directions respectively and a rotation matrix which is expressed in

terms of the minimum number of rotation parameters, presented here as rotations

about the x, y and z axes respectly. The total rotation is given by the product of the

three individual rotarions (see Figure 6-4) givenin Equarion (6.6).

R(e,p,a)= R(a)R(ÐR@) (6.6)
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Figure 6-4.3-D Rotarions (a) z-axis (b) y-axis (c) x-axis

00
Mvo
OM,
00

(b)

Figure 6-5. 3-D (a) Translations (b) Scalings and (c) Shearings

The translation, scaling and shearing transformations are given in Figure 6-5(a) 6-5(b)

and 6-5(c) respectively. The resulting 3-D affine transformation (without shear) is

(c)(a)

00
10
01
t, tz

(a)
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shown in Figure 6-6, with the equations expressing the transformed point (x, ,J, ,2,)

given in Equation 6.7.

ol
0l
0l
1l

f M-co"qcosßt^
l-ø,rin ucosB

I M"sinþ
II t_

M ,(sin ø cos g + cos ø sin B sin g)

Mr(cosacosg - sin øsinBsin 0)

-Mrcosþsin0
t,

M,(sin asin 0 - cos ø sin B cos g)

M. (cos ø sin 0 + sin ø sin B cos g)

M,cosþcos0

tz

Figure 6-6. 3-D Affine Transformation

x' = M,(cos øcosB - sin øcosB + sinp) + r,
!' = My(sindcos I + cos øcos g + sin g(cos usin þ- sin asinB - cosp) + r,

z' = M,(sjn a sin 0 + cos ø sin g - cos g(cos a sin B - sin ø sin B - cos B) + t,

(6.7a)

(6.1b)

(6.7c)

The transformation parameters can be estimated using the 3-D least squares fitting

technique developed by Arun, Huang and Blostein I5l. This method is based on the

use of singular value decomposition (SVD) [35] to minimize the sum of squares of
the control points. Abche et aI. lI,111l estimate the transformation parameters by

minimizing the 72 (chisquared) function that is defined in terms of the squares of

distances of corresponding points in the two images. The distance and chisquared

functions are given by Equations (6.8) and (6.9) respecrively.

û = Q, - ,;)'+ (y, - yi )' + (2, - z,'),

,'=Iz4l(ú,* oî,)

(6.8)

(6.e)

Both q, and ou are the errors associated with the measured values of the control-

points and n is the number of control-points. The minimi zation is accomplished by
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non-linear techniques: the Simplex Method, introduced by Nelder and Mead [76]

followed by a Variable Merric merhod [26].

6.6.2 3-D Polynomial Warping

Although an affine transformation may seem sufficient to deal with most kinds of 3D

transformations, if geometric distortion exists in the 3-D image, then a general

transformation is required. The polynomial transformation discussed previously in

Section 5'5 could be extended into three-dimensions. The polynomials wouid have

the form shown in Equation (6.10).

ntJk

j=0 k=o t=0

mJk

Y' = >>> b¡¡,¡xt yk-t :j-k
j=0 ¿=0 /=0

ntjk

z'= ))) c¡p¡xtyk-t:i-k
j=0 k=0 l=0

(6.10a)

(6.10b)

(6.10c)

where (x,y,z) are the coordinates of the control point in the reference image and

(x',y',2') are the corresponding control points in the transformed image. As an

example, consider a polynomial of degree 2, i.e. m=2. Equation (6.10a) when

expanded becomes:

aooot aßoz+ Ørc!* attfl+ arooz'+ a2loyz+ aztflz* arroy'* azztx!+ arrrx2 (ó.11)
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The expanded forms of Equations (6.10b) and

the mapping function are then determined by

Equation (6.12), using a technique similar

transformation.

(6.10c) are similar. The parameters of

minimizing the sum of squares, as in

to that described for the 3-D affine

u=L[@, - ,,')'* (r, - yi)' + (r, - ,)'f (6.r2)
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Chapter 7

ConclusÍon

7.1 Surnmary
A point-matching technique for registering distorted monomodal and multimodal

medical images using geometric transformations has been presented. The technique has

three components associated with it, namely, control-point selection, control-point

matching and geometric transþrmation. The main focus of the study was on methods

of automatic control-point selection and the generation of an appropriate transformation

function. Medical images used to illustrate the concepts presented here are in the form

of a computed tomography image of the thorax (chest) and its corresponding magnetic

resonance image. The simulated distorted images were synthetically warped using

Adobe Photoshop.

For the pu{pose of illustrating the selection of control points from anatomical

features, features were extracted in the forms of contours. The largest contours were

extracted from the images, nameiy the two lung boundaries and the front and back body

contours. Control points are selected from both the reference and the distorted images,

by means of locating significant points on curves which have been extracted from the
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lmage usrng segmentation techniques such as edge detection and thresholding. Two

types of dominant point detection methods related to curves were discussed: polygonal

approximation and angle detection.

Distorted hrnge

@
I

v

Reference Image

@
I

*

Geometric
Transformation

Transformed Inage

Figure 7-1. Example of Medical Image Registration

Control-Point
Selection

I Control-Point
Matching
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The lungs and surrounding regions are the areas ofinterest, and the front and back body

contours were matched only for aesthetic reasons. Typically 30-40 control points were

selected from each image using the Farthest Point Bisection Method. The control points

from both images were then matched to produce between 15 and 25 control-point pairs

depending on the content of the image. The distortion in each CT image is then

approximated by determining an appropriate geometric transformation function to

model the distortion. The entire process is illustrated in FigureT-1', The distorted

images serve to illustrate both locaUglobal and linear/geometric distortion which appears

in medical images. The distorted image is then resampled according to the

transformation function. Finally the magnetic resonance image was transformed to

illustrate multimodality registration and a composite image was formed using regions

from both the resampled MR image and the reference image.

The study then leads on to a discussion of a technique developed for the generation

of 3-D volumetric images from tomographic slices, using the principles of geometric

transformation.

7.2 Fvture Work
The concepts discussed throughout this study were related to grayscale medical images.

Essentially the only difference between the registration of grayscale images and the

registration of color images would occur at the control-point selection step, where color

enhancement and segmentation techniques would be substituted for grayscale

techniques. The use of color segmentation techniques such as color edge detection

would involve extending the gradient edge detection to allow for color images, as in

Cumani [20]. This process is not straight-forward, as color images are composed of

three separate images representing the red, green and blue components.
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The natural extension of this work would involve relating the concepts developed for

2-D registration to three-dimensional medical images, either those created from

tomographic images using 3-D reconstruction techniques or those taken directly from

3-D modalities (e'g.. 3-D PET). Some of the concepts related to 3-D image registration

were discussed previously in Chapter 6.
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AppendÍx A

[,east Squares CalculatÍons

4.1- [-east Squares

Given a set of n points from the reference image, denoted {(u,,v,) (for I =r,...,n)}
and a set of n points, {(x,,y,) (for l = r,...,n)I from the distorted image, estimate the

corresponding points in the transformed image (xi ,yi) using the functio ns f(x,y) and,

g&,y) shown in Equation (4.1).

The transformed point (*i ,yi) differs from the reference point (u,,v,) by an error

the x and y components of which are calculated using Equation (A.z).

,i= f(r,,y,)

li= s(x,,y,)
(4.1)

(4.2a)

(A.2b)

Er,=u,-xl

Er,=v,-li
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Define a function which is the sum of squares of the error components:

r-\l F2 -t-F2
1!¿ "xi ' "yi

,t!S/ ,t2 t ,12
= L\u,- xi ) +\v,- yi)

i=1

(,{.3)

A least squares estimate can now be obtained by differentiating the quadratic function E

with respect to the parameters of f(x,y) and. g(x,y), and setting the result to zero [59].

The resulting set of linear equations can be solved using Gaussian elimination with

back-substitution, LU decomposition or singular-value decomposition (svD) t141.

4.2 Affine Transformation

4.2.1 Rotation, Translation and Uniform Scaling

The equation representing the sum of least squares of an affine transformation with

uniform scaling of the form described in chapter 5 is given by:

u =L{1", - (o*, - by, * h)l' *lv, - (ør, + ay, + t)]'}
ã 1. , \ ' 'r lJ L ¿ \---r --./¡ ' '-ll 

J

(4.4)

Evaluating to. )[A -(or,-by,+n)]'
i-t

expanded gives:

Evaluating f". É[r, - (br, + ay, + t )]'
expanded gives:

ft : - Zv,bx, - 2v,ay, - 2v,k + (bx,)2
-\'

n

Zþ: -2u,ax, *2u,by, -zu,h + (o*,)' -zabx,y, +2ax,h*(by,), -2by,h+ h2\ (A.5)
-\' 

¡ \ rl ------t¿r -*-i" \"Jí/ " ,

n. \al , ,12grves LLr, - ax,* by, - ftl- which when
i=l

gives I[u, - bx, - ay, - fr]2 which when

+2abx,y, +Zbx,k * (oy,)' +2ay,k + k2) (4.6)
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Adding Equations (4.5) and (4.6) gives:

n | ,r' * r,2 -'),, = É] 
ui + vi -'2u,ax, +2u,by, -2u,h -2v,bx, -2v,ay, -2v,k + (ar,\' + Øx,\')

,=, ¡. +2ax,h+2bx,k+(by,)' *(oy,)' -2by,h+2ay,k+'nr'+tr' 
" 

| 
(A'7)

The partial derivatives of E with respect to the coeff,rcients a, b, h, and,k are:

dE^+nnrn
^-- -z) u,x,-22r,y,+za>(t *y?)*2h\x,+zkft, (A.8a)da îi i=r í=r ,=r i=r

AE^+'tnnn-;='z),u,j¡-Zlv,x,+2b>(x? *y?)+zk\x,-znft, (A.Sb)db 
=í 

'' i=t i=r r=r ,=r

àø^<\tt^n;;= -'2),u,+2alx,-Zø\1,+Zh>l (A.gc)dh Ã i=l i=l j=r

dE^+nnn-::- = -2) v, +2b\x, +za\1, +zk>r (A.8d)dk îi i=l i=l i=l

Setting each of the derivatives in Equation (4.8) to zero gives four linear equations:

"fþ? * y.-)+ rf *,* rf t, =f{u,*, * v,y,)
i=l j=l i=l i=l

uLlJ + y?)- rLr,+ kf x, =L(,,*, - u,j,)
i=l i=l i=l j=t

g .!t ,, n (4.9)
oZr, - ø\t, + h>t =\u,

j=l f=l j=l i=t

J. ." n tlo\1,+b\x,*frI1=Ir,
i=t i=l i=l i=l

which gives a matrix of the form shown in Figure A-1, where , =Lt
i=0

149



\a, , ,.) (x;+v,) 0L¿' | ¿t /
i=1

o \a? + tt>

f,, Én
i=l i=l

-Én i,,
i=l j=l

n0

0n

a

b

h

k

) lu,x,

nr/) lv,x,

+vJ¡)

- u,J,)

I",
i=l

¡IÌ-
Lt,

n_I,,
i=l

T".Lr"i

IT\-
Lu,
i--1
II

\a
) .V'

Figure A-1. Marrix Form of Equation (A.9)

^.2.2 
Rotation, Translation and Non-Uniforrn Scaling

The equation representing the sum of least squares of an affine transformation with

non-uniform scaling of the form described in chapter 5 is given by:

n
F Ff | , ,r'12 f to = LLu, - \ax, - b!¡ * h)l +lv, - \cx, + dy, + k)l' (4.10)

¡-t

Evaluaring r"r i[+
j=l

expanded gives:

Evaluating ro, i[u, -(r*,+dy,+fr)]' sives
a-l

expanded gives:

ll'

I (r¡ - 2v,cx, - 2v dy, - 2v,k + (cx,)' + 2cdx,y,Í\

/ , ,r't2 i\r - ¡)-tax,- by,+ htt srves LLu,- axi+byi-ft1" which when\ ¡ /l

n

Zø: -2u,ax, *2u,by, -2u,h + (o*,)' -Zabx,y, +2ax,h * (by,)' - 2by,h + hz) (A.1 i)
í=l

É[", - cx, - dy,- fr]2 which when

+2cx,k+(dy,)' +2dy,k+ k ) (A.12)

Adding Equations (4.11) and (4.12) gives:

lt
u = Ë] 

u? 

.2u,ax, 
+ Zu,bv, - 2u,h * (*,)' - Zabx,y, + 2ax,h + (øy)' 

^-2b,h 
+ h'z 

l (A. 13)ã 
f 
+vi - 2v,cx, - Zv dy, - 2v,k + (cx,)' + Zcdx,y, + Zcx,k * (dy,), + 2dy,k + k2 |
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The partial derivatives of E with respect to the coefficients a, b, c, d, h, and, k are:

AE^+nnn-;- = -Z)',u,x,+Za\x! -2b\x,y,+2hlx, (A.14a)da ?t i=l i=r ,=l

àE=r*, - + n n

ãø - -1¿'v,-zalx y'+zb\t? -zhl!, (A.t4b)

ãn^inn,l
r - -zùvixi+2c\xi +2d\x,y,+2klx, (A.14c)dc E, i=t ,=r i=r

dE: -rìr,r, +zrf*,y,+zaft+urft, (A.t4d)dd '*t, 
i=l i=r i=l

dE = -rt,u,+2aix,-zuft,+znft (A.14e)dh -f-t r=r i=r i=r

dE 
= -rìn +zcfx,+zaft,+zrrf1 

I A.r4ÐAk -t=, 
i=r r=t i=r

Setting each of the derivatives in Equation (4.14) to zero gives six linear equations:

"f t - uf ,,r, + hf x, =fu,,,
i=l j=l i=l i=l

- of *,y, * øft? - rfr, = -fu,r,
i=t j=t i=t i=l

,f ,? + af *,y, + kf x, =fr,*,
i=l i=l i=t i=l

,L*,r,* aft + tft,=fr,y,
i=l i=l i=t i=l

of *, - r|r,+ nfr =fu, (A'ls)

r=l i=t i=l i=l

,f ,,+ aft,+ tfr=fr,
i=l i=l i=l i=l
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Which gives a matrix of the form shown in Figure A-2, where ,=ft
t=0

a

b

nn
EA,FaL*í - Lr'v, o
;-t

4'l
Ea \-a 1-) x,y, ) v; 0Lt '-, ,Lt. t

i=t i=l 
n

0 0 Ir?îi'
n

0 0 ).",y,
nt'=t

I" -!u 0.Lt'"i ,L-/i
;-1

n

0 0 ).",

0

0

tl

/xili
i=l

\.,2
,LJi
t=l

0

\-
L!,

'Y./-¿ " i

-I¿
0

0

0

0

tl
r
>x,

i=l
r
>v,
i=l

0

TL

f *,u,
t=l

-f,,.,
i=l
tl

) .X,V'

f-rlivi
i=1

ils
Lu¡
i=1

3
Lv'
i=l

n

0

C

d

h

k

Figure A-2. Matrix Form of Equation (A.15)

4.3 Polynomial Transformation

The equation representing the sum of least squares of a quadratic polynomial

transformation of the form described in Chapter 5 is given by:

" 
= i ] 

f", - (oo + alxi * azJ¡ t atx¡i¡ + aoxl * "rr?)l' I
= f* [, - (u, + brx, * bz!¡ + brx,y, + box! * bry?)]" 

)

(4.16)

Evaluating

3.
Ll'' - oo

^ {\t t
ror LLui - (oo + afii + az!¡ * azx¡!¡

j=l

- atx¡ - azJ¡ - azx¡!¡ - oot - "ry?ft

" ^r'I2+ aoxi + ary: )l gives

which when expanded gives:
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lul -zaou, -Zarx,u, -2ary,u, -Zqx,y,u, -Zaoxlu, -2arylu, + a! +Zaoarx,)

ç ) 
+2aoary, + 2aoqx,y, + 2aoaox! + 2arary! + (arx,)2 + Zararx,y, + 2arqx! y, 

I

3 
l+zo.,"o*l 

+2a,arx,yl + (ary,)t +2ararx,yl +2araoxfy, +2araryl i
l+(q*,y,)' +2qaoxly, +2qarx,yl + çaoxl), +2aoarxlyl + (ory?), 

i

(4.17)

(4.18b)

(A.i8c)

(4.18e)

(4.18Ð

The partial derivatives of E with respect to the coefficients as,s,a2,c\,ao and as are:

P= -rf,r,+zouf )+zql,r,+zorfy,+zo"fr,y,*zo,f*! +zo,f¡l (4.18a)
dao 7"' i=r i=r i=l ,=r ,=r i=r

{ = - zf -,r, + 2ouf ,, + za,f 
. 
ri + 2o rf ,,y, + zqf ,! y, + zo 

^f 
*i + zo,f ,,yldat Ã 

' - 
t' i=l i=r i=l ¿=l i=l

OL

ðo,

Õ.tt

ãaj

OL

àoo

dtl

ào,

n^¡nn^n

- 2 ,u, + 2 aol y, + 2 a,\ x,y, + z ar\ f + z a ri 4yl + z ooi r! y, * z o ri ¡i=l i=l i=t i=l i=l i=l i=l

- zi t r, + z o oi, ¡l + z a, 

-i 
x,yl + z ar>) i + z orf ,,yl + z o of ,i yi + z o rf yi

i=l i=l i=t i=l i=l ¡=r ¡=l

-2Zr,y,r, +2aolx,y,+za,ixly, +2ori,r,yl +2a3ityi +zoof *',y, +zorfr,yl (4. i 8d)
t=l i=l t=t i=l ,d ,=l i=l

- zf 
, xl u, + z o,f 

, { + z o,f ,l + z o,f ,! y, + z o,f ,l y, + z o,f ,i + z a,f xi yi
r=r ¡=l t=l í=l i=l i=l

Setting each of the derivatives in Equation (4.18) to zero gives six linear equations:
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(A.1e)

nlnnnnns-. \- \- \-- sr , rao Ll + at >xi + arLy, * ar\x,y, + aolxi + orZy? =2u,
i=l i=l i=l i=t i=l Í=l ,=l

nnnnnnnsrz\-srrslsa"> x,+a,> x.- -, - Í * orLr,y, + ar),xiy, + ao\xl + ar\x,y! =Z*,u,
r=l ¡=l i=l i=l ¡=l i=l l=l
tlunnilnn

\-\-\:)\-2sa1\a3\a
oo Li, * ot 1r,r, + arLyí + ar)rx,yi + ao).x,'y, + arLy, : f_,!¡u¡¡=t ¡=t i=t i=l i=l i=l i=l

tlrrnnnnn
\-r).\:. 1a,\a3\-1 3\aoo L*,y, + ar Lx;yí + ar/x,yi + ar).xiyi + aolxly, + ar\x,yi = L*,y,u,i=l i=l i=l i=l i=0 i=l i=l

nnnnnnn

a"\ x? + a, L? + ar\xiy, + ar}x?y, + ooi*l + arixifi =|r?u,"H 
I tLl I

i=l i=l i=l i=l i=l i=t i=l
ùnnnnnn

\-- s .;, \:r s 1 saa. r4 \.a1aoLii +atLxiv; +arLyi +at).x,yi +ao).xiyi +asLyi =llTu,
i=l i=l i=l j=l i=l i=l ,=r

which gives a matrix of the form shown in Figure A-3, where , =ft
i=0

ao

a1

a2

a"
J

a^

Qs

f,: tr?
f,: f.,t

nnn
T" S., s-
.Ln¡ Zrl¡ /xili
i=l i=l j=l
nnn

)t.? I"n )".?v,L¿'-t LJ-"iJi Lt ,-,
i=l i=l t=l
,tnll

! "',, S.,2 r I
,/2"tri .Ll ri Lx'yí
i=l i=l i=l

nil!l
Fzsarsr..L4Y' Lr'Y; LxíYí
i--1 i=l i=t
ntLn

S3r2sa?).x; ).x:v, ) xiv,
- 

L H r.t Ll rJ'
i=l i=l i=l
llnn

Y t.,2 \.,3 \- 31!^iti Ll¡ Lx¡lt
i=l i=l i=l

n

\-
>x,
ils)v,
ns) x,y,

i=1

Ya)>x:
i=l
n

\a1>v:

Z,?v, L*,f
2.i 2,?v?

L.?r? fri
Figure A-3. Matrix Form of Equation (A.19)

s
>u,

i=1
ns) x,u,

nr) y,u,

tl
r) x,y,u,

S1 )> x:u,

sla> v:u,
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AppendÍx B

VlathematÍcal Analysis of Sptrines

8.1 Thin-Plate Splines

The mathematical analysis presented here has been derived from papers written by

Harder and Desmarais [47] and Barrodale et at. [81. A surface-splíne, or thin-plate

spline as it is often referred to, is a plate of infinite extent that deforms in bending only.

The differential equation relating bending deflections and loads of a plate is given by:

DYow = q (8.1)

Deflections are specified atn independent points (x,,y,) i =r,...,n This requires point

loads Pr at these n points. The values of these loads must be determined to provide the

specified deflections. The first step is to find the deflections due to point load. Introduce

polar coordinates (x = rcos e,y = rsin g), and determine the symmetric deflection due

to a point load at the origin. Integrating Equation (8.1) gives:

W(r) = A+ Brz + (P / lîrcD)rz Inr2
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In Equation (8.2), A and B are undetermined coefficients, and p is the point load. The

deflection of the entire spline is taken as the sum of solutions of Equation (8.2),given

by Equation (8.3).

W(x,y) = I(¿ + B,r, + (p, / I67TD)f tnt)

t =(r-r,)'+(t_t,),

3r , ^oo=I[4 +n,(xl *y,?)]

a, = -2\8,x,

o, = -2f B,v,
i=l

F,=P,lI6nD

n

W(x,y) = ao t afl + azy +\f ,f nf
l=l

The n+3 unknowns are then determined from Equation (8.6) and (8.7).

14 = L',P,= I¿r, = o
i=l i =t i=l

W(x,,!¡) = ao * atx j + az!¡ *f r,ri,nri (j =I,...,n)
l=l

,î=(r,-*,)'+(t,-t,)'

The equation of the surface spline function is derived by substituting the coefficients of

Equation (8.4) t47l into Equarion (8.3) which gives:

(8.3a)

(8.3b)

(8.4a)

(8.4b)

(8.4c)

(8.4d)

(B.s)

(8.6)

(8.7a)

(8.7b)
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The function described by Equation (8.7) can essentially be decomposed into an affine

transformation represented by a0 + afl j * oz!¡ and a principal warp [12], anaffine-free

geometric transformations of progressively smaller geometrical scale represented by
*
LF,rí lnr,i . The coefficients as,a1,a2t and { (i =\...,n) are therefore determined
i=l

by solving the (n +3) system of linear equations expressed in matrix form in Figure B- 1.

00 0 1 1 1

000xtxzxn
000} lz!,
L,\0rlrlny'uf^lnrr,,
L, Jz rlrlnrl, 0 rlrlnfi,

......

r *, !, rl,,rni', il,ln.3^ o

Figure B- 1 . System of Linear Equations representing the Surface

Given that the surface spline transformation method uses two surface splines to

represent the X and Y components of the mapping function, Equation (8.7) exists in two
forms f(r,,1,) and g(x,,!¡) U = I,...,n) represenring the X and y components

respectively for n points, given by:

f (x,,t¡) = ao * atx j + azt¡ rf f ,frtnfi (8.8)
i=1

g(x,,!¡) = bo * brx, + br!¡ *fc,11"1 G.9)
j=l

0

0

0

ul

;,,

ine

=l

I

t

spl

ao

a1

a2

F1

,:

Fn
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