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Abstract 

Starting with Tsiolkovskii in 1895, space tethers have attracted the imaginations of many 

scientists and engineers over the last century. Since the early days of the space program in the 

19607s, practical applications of tethers have been conceived for various scientific and 

operational missions. However, it wasn't until the late 1980's and the early 1 990's that actual 

space tether flights have taken place, and there have been surprisingly few. Therefore, 

although there now exists a vast amount of literature on the dynamics and control of tethered 

space vehicles, most applications and their particular tether configurations are largely 

unproven. 

This dissertation focuses on a detailed dynamical investigation of a previously unexplored 

tether configuration that involves a spinning two-body tethered system with flexible 

appendages on each end-body where the spin axis is norninally aligned dong the tether. The 

original motivation for this work came after the fiight of the fmt Canadian sub-orbital tether 

mission OEDIPUS-A in 1989 which employed this spinning tethered configuration. To 

everyone's surprise, one of the end-bodies was observed to exhibit a rapid divergence of its 

nutation angle. It was clear after this flight that there were some fundamental mechanisms 

associated with the interaction between the tether and the end-body that were not fully 

understood at that t h e .  Hence, a Tether Dynamics Experiment (TDE) was formed and 

becarne a formal part of the scientific agenda for the follow-on mission OEDPUS-C which 

flew in 1995. This dissertation describes the work that was conducted as part of the TDE and 

involves: theoretical investigations into the dynamics of this spinning tethered flexible body 

system; ground testing to validate the models and establish the tether properties; application 

of the models to develop a stabilization approach for OEDIPUS-C, and cornparisons between 

theory and flight data fkom both OEDIPUS-A and OEDIPUS-C. 

Nonlinear equations of motion are developed for a splluiing tethered system where the tether 

could be either spinning with the end-bodies or attached to small de-spun platforms on the 

end-bodies. Since the tether used for the OEDIPUS missions is not a string, as is often 

assumed, but rather a wire that has some bending stiffness, albeit small, the tether bending 

was also taken into account in the formulation. In particular, it is shown that the bending at 

the tether root (i.e., at the attachment point) plays a dominant role in the dynamics. The 

linearized equations are also established and stability and modal analyses are conducted. 

Convenient closed-form stability conditions are derived and the main system frequencies and 



interactions are identified. Also it is shown that due to the tether root bencihg effects, de- 

spinning the tether will stabilize the end-bodies which is found to be analogous to using a de- 

spun platform on duai spin satellites which are now Ki regular use. Aiso, computer simulation 

results of the nonlinear equations are given which show that there are particula. nonlinear 

phenornena that cari significantly affect on the dynamics. 

Two sets of ground tests are descnbed that were used to validate the stability conditions and 

gain confidence in the mathematical models. One set involved hanging a body by a tether and 

spinning at different speeds to investigate the end-body stability. The other set used a 

tethered spinning end-body suspended on a set of gimbds and had a means to measure the 

end-body attitude in real-the. These tests confirmed the stability conditions and the linear 

models and demonstrated some of the nonlinear effects. Additionally, ground tests are 

described that were conducted to establish tether material properties. 

The mathematical models were then applied to investigate suitable stabilization approaches 

for OEDIPUS-C. The selected approach is descnbed which involves using two pairs of long 

flexible booms on each end-body to obtain favourable moments of inertia. This approach has 

been implemented on the OEDIPUS-C payload and performed very successfully. Finally, the 

flight dynamics data is provided fkom both the OEDIPUS-A and OEDIPUS-C missions and 

this is compared with computer simulation results based on the mathematical models. 

In general, very good agreement was found between the theory and both the ground 

experiments and flight data. One of the surprishg results fiom this work is the significance of 

the tether root bending effects. It is shown that it is this subtle effect that caused the rapid 

divergence in one of the end-bodies in the OEDWS-A mission which was unstable. For 

OEDIPUS-C, the situation was rectified by adding the booms to ensure "short tem" stability 

and also by not spinning a s  rapidly. The OEDIPUS-C was very successful as al1 systems 

worked as planned and hence a superb set of flight dynamics data was collected. The TDE 

yielded a wealth of new knowledge about the behaviour of spinning tethered flexible body 

systems in space. The oppominity to validate the theory with two sets of ground tests and two 

separate space flights has proven to be invaluable. 
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boom flexural coefficient when both boom pairs are identical and 
when only one boom mode is useci, E, = SI, + â, q, = &, + â2 €,, 

axial stifniess of the tether where E is the Young's modulus and A is 
the tether cross-sectional area 

bending stimiess of the tether where E is the Young's modulus and I 
is the moment of inertia associated with tether cross-sectional area 

bending stifniess of the boom segments when both boom pairs are 
identical 

bending stifniess of the boom segments that correspond to boom pair 1 
and 2 respectively 



vector defined relative to the body fixed hune 

vector defineci relative to the inertial £kame 

vector d e h e d  relative to the tether fmed fkne 

the gravitational acceleration vector 

gyroscopic maûix for the hear equations defïned in (2.248) 

the altitude of the a i l  end-body that is closest to the earth when the 
tethered system is aligned with nadir 

the angular momenhim vector of the momentum wheel 

the components of the angular momentum vector of the wheel relative 
to the body fixed fiame 

A005 

end-body augular momentum vector 

the instantaneous moment of inertia tensor of the end-body with 

deformed booms 

the instantaneous moment of inertia rnatrix of the end-body with 

defomed booms relative to the body fixed £hune 

the inertia ratio (CI A) for the end-bodies used in the ground tests 

the tether root bending stiffness parameter defined as follows 

the tether bending stimiess parameter where k, = 



stiffhess matrix for the Linear equations defined in (2.250) 

= j: (, (6) d c  , a boom related fiexural coefficient that is equal to 

0.783 for n=l 

fi 
= J)Y,, (5) dc = - [1- (-l)"] , a tether related flexural coefficient 

nn 

JZ 
=~:('-ov~(B d ~ = -  nn , a tether related flexural coefficient used for 

the ground test mode1 

the length of the boom elements when both boom pairs are identical 

the helical arc length of the tether 

the length of the tether root segment 

the nominal undeformed length of the tether 

the length of the boom elements for pairs 1 and 2 respectively 

m a s  of an end-body used in the Hanging Spin Tests 

the effective mass of a two-body tethered systern that is equal to 

?m,/(m, +%) 
masses of the end-bodies for a two-body tethered system 

the mass domain associated with the end-body and booms 

the mass domain associated with the tether 

- xvii - 



the bending moment dong a boom segment 

f,. 

m a s  matrix for the Iinear equations defhed in (2.247) 

boom related flexural coefficient when both boom pairs are identical 
so that Mbk = dilI,, = M,, 

1 
= Io #: dg = 1, a boom related flexural coefficient 

= 1; ( 5 ) ) ' d ~  = 1 , a tether related flexural coefficient 

corresponds to the lowest stable tether mode for the linear system that 
corresponds to the out-of-plane motions with a spiming tether 

equais the number of States in the linearized system of equatiow that 
correspond to the out-of-plane motions 

the components of a vector representing the extemal, non-conservative 
torques applied to the end-body about its center of mass expressed in 
the body k e d  &une 

the number of admissible functions used in the series expansion for the 
boom and tether deformations respectiveiy 

de-spin torque imparted about the zb axis of the end-body that is due 
to the tether root damping forces 

boom related Bexural coefficient when both boom pain are identical 
so that P, = P,, +â,K,, = P,, +â,K,, 

1 

= Io 
c(,(@<, a boom related flexural coefficient that is equal to 

0.569 for n=l 

a set of genedized coordinates representing the i" deformation which 
corresponds to the booms deformations ui for i = 1-8 and 
corresponds to the tether deformations w, and w, for i = 9,10 

new set of tether deformation variables introduced in the linear 
equations to improve the structure of the coefficient matrices defined 
in (2.245) 

new set of tether defonnation variables introduced into the linear 
equations to remove the periodic coefficients defined in (2.253) 

new set of tether defonnation variables introduced in the linear 
equations for the de-spun tether case to improve the structure of the 
coeEcient matrices 
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anti-symmetric variables associated with the boom oscillations defined 
in (2.226) 

symrnetric variables associated with the boom oscillations defined in 
(2.226) 

particular solution for the modal amplitudes of a spinning string with a 
lateral tether attachment offset defhed in (4.76) 

represents the non-conservative generalized forces applied to the 
flexible bodies (i.e., booms and tether) 

that correspond to the Euler angle set { O )  as 

complex eigenvector of the linear systern that corresponds to the out- 
of-plane motions which has the following components 

{Qk 1 = { u k } + i { v k }  

a position vector of an elemental mass dong the booms 

a position vector of an elemental mass dong the tether 

components of the position vector expressed in rnatrix form relative 
T 

to the tether fixed h e  where { c }  = {w, w2 z + w,) 

the instantaneous radius of cwature of the tether root segment 

boom related flexural coefficient when both boom pairs are identical 
A A 

so that = EI, 4, = El, 4, 

= j: ( / j n . < ~ ) Z d ~  , a boom related fiexural coefficient that can be 
A 

deteminecl nom the following identity El, f$, = fi> 4 



2 2 = 1; (Ivn,4)Ldc= n x , a tether related flexural coefficient that can 

be determinecl fÏom the following identity f& = Mm 

= $ (1 - Ç) y, ,&) y, ,,(O de  , a tether flexural coefficient used for 

the ground test configuration model defined in (4.34) 

unit vector components aligned dong the tether aligned fiom the 
attachment point relative to the tether k e d  fiame 

= K., (0) - K.'#) = f i n z [ 1  -(-l)"], a tether root bending related 

flexural coefficient 

t a  in the stiffhess matrix defined in (2.25 1)  for the in-space model 
and in (4.29) for the ground test model 

the nominal tension in the tether when it is undeformed 

gravity-gradient induced tension caused by the distributed m a s  of the 

string defineci in (4.66) 

tension in the tether caused by the helical effect 

the total tension in the tether when it is deformed where I; = T + EAE 

the kinetic energy associated with a single end-body which includes 
the flexible booms and the momentum wheel 

the kinetic energy associated with the NI length tether 

term in the stifiess matrix defined in (2.251) for the in-space model 
and in (4.29) for the ground test model 

boom deformation variables defined in Figure 2-2 where i = 1 - 8 

the axial stretch of the tether when u d e r  tension 

the vector that defines the displacement of an elemental mass on the 
tether fiom its onginal position to its deformed position 

the strain energy associated with the set of flexible booms on a single 
end-body 

the strain energy associated with the full length tether which is 
comprised of two eiements so that V, = VtI + V,= 



the strain energy due to bencihg throughout the tether defined in 
(2.1 19) and (2.120) 

the strain energy due to the bending of the tether at the root section on 
both ends (Le., at the point of attachment of the tether to the end-body) 

the strain energy due to the axial extension or stretch of the tether 

potential energy due to the gravitational forces on the tether in the 
ground test configuration 

tether deformation variables dehed  in Figure 2-2 with respect to the 
tether fixed fhme where i = 1 - 3 

work done due to gravity on an elemental mass of the tether 

the distance between the two ends of the end-bodies (used for the recoil 
oscillation rnodel) 

state vector for the linear system equations that correspond to the out- 

of-plane motions 

axes corresponding to the body fixed fkme 

axes corresponding to the inertial fiame 

axes corresponding to the tether fixed fkme 

real valued mode shape defined in (3.19) that corresponds to the 
complex eigenvectors for the linear system associated with the out-of- 
plane motions 

Greek Symbols: 

a, Y a,, CLz small attitude angles of the body fixed frame relative to a frarne 
spinning at a constant speed o, and aligned with the zi axis 

[pl transformation matnx that relates the angular velocity components to 

the Euler angle rates so that {e} = [,B](o} 

elements of the transfomation matrix [pl that are defined in (2.5) and 

(2.6) 

variation symbol 

vimial work associated with the damping forces 



the longitudinal extension of the tether due to the end-body rotation as 
shown in Figure 2-5 

darnping parameter for the booms when both boom pairs are identical 

darnping parameters associated with boom pairs 1 and 2 respectively 

damping parameter associated with the tether 

the strain in the tether given bqr (2.50) 

the strain in the tether due to the end-body rotation given by (2.76) 

= f i (1 - e2) (,,&) #jm,e(g) d g ,  a boom related flexural coefficient 

that is equal to 1.193 when n=m=l 

= 1; (1 - 6) 4 ,&) ( (5) d5 , a boom related flexurai coefficient 

that is equal to 1.571 when n=m=l 

the angle between the local vertical and the undeformed tether that is a 
fùnction of the end-body coning angle for the ground test 
configuration 

the angular momenturn vector due to the boom deformation 

{ = { K T  the components of the angular momenhim vector due to the boom 

deformation relative to the body fixed firame defined in (2.3 6)-(2.38) 

the eigenvalues of the linear system that corresponds to the out-of- 
plane motions where A, has the following components 

A, = crk + iv, and where /T, is the complex conjugate of A, 



non-dimensional parameters that govern the behaviour of the tethered 
system defïned in (4.54) 

the gravitational constant for the earfh 

a set of admissible fiuictions characterizing the defoxmation of a boom 

element that corresponds to the j" boom pair defined in (2.82) 

a set of admissible functions characterizing the tether defomations 

given by pn (5) = A sin(n xc) 

the linear mass density of the boom elements when both boom pairs 
are identical 

the linear mass density of the boom elements for pairs 1 and 2 
respectively 

the linear mass density of the tether 

the set of Euler angles for the 3-1-3 rotation sequence 

the tether root angle 

thz tether root angle at the end of the tether that corresponds to 5 = O 

the tether root angle at the end of the tether that corresponds to 5 = 1 

Euler angle fiom the 3-1-3 rotation sequence associated with the 
second rotation about the y, axis (also called the coning angle) 

imaginary part of the eigenvalues of the h e a r  system that corresponds 
to the out-O f-plane motions 

imaginary part of the two eigenvalues associated with a freely spinning 
rigid body with no tether attached 

imaginary part of the eigenvalues for a spinnllig string with no end- 
bodies 

Euler angle £kom the 3-1-3 rotation sequence associated with the third 
rotation about the I ,  axis (also called the roll or spin angle) 

real part of the eigenvalues of the h e a r  system that corresponds to the 
out-o f-plane motions 

stress in the boom or tether material 

end-body angular velocity vector 



the angular velocity vector of the floating firame relative to the inertial 
fiame 

the angular velocity vector of the momentum wheel relative to the 
body fixed fi-ame (the total wheel angular velocity vector is + a, ) 

{o} = { w p , o Z }  components of the end-body anguiar velocity vector with respect to the 

body fixed k e  

angular velocity of the floating f h n e  relative to the inertial frame 
expressed in matrix fom 

critical spin speed that corresponds to a stability boundary 

os constant spin rate used in the linear equations 

U t  spin rate of the tether fixed fiame about the z, axis 

Euler angle from the 3-1-3 rotation sequence associated with the first 
rotation about the q, axis (also called the precession angle) 

the natural fkequency of the n" lateral boom vibration mode when both 
boom pairs are identical 

the nahuai fkequency of the n' lateral boom vibration mode for the j" 

boom where j = 1 and 2 

is the natural fiequency of the n' lateral tether vibration mode 

a non-dimensional variable defining the position dong any one of the 
flexible members (Le., booms or tether) which varies behveen O and 1 
(Le., O corresponds to one end and 1 corresponds to the opposite end of 
the flexible member) 

the unity tensor 

Other Notational Conventions: 

= ;k, where xi and 4 c m  be any arbitrary variables 
ac 
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aLxi - where wi and 5 can be any arbitrary variables 
e2 
ak - where x cm be any arbitrary variable a 
a2x - where x cm be any arbitrary variable a2 
dc - where x can be any arbitrasr variable 
8r 

8 x  - where x can be any arbitrary variable 
8r2 

when rn is used as an index, it hiplies sumrnation when there are 
repeated indices 



ACRONYMS 

AS1 

AAS 

ACS 

AIAA 

AIDAA 

AVC 

BICEPS 

BI-STEM 

BOLAS 

CAS1 

CCD 

CISD 

CSA 

DARA 

DE 

DOF 

ES A 

ESTEC 

FIESTA 

Fm 

FLT 

KTC 

LED 

LQG 

LTR 

Agenzia Spaziale Italiana (the Italian Space Agency) 

American Astronautical Society 

Attitude Control System 

American Institute for Aeronautics and Astronautics 

Associzione 1talia.a di Aeronautica e Astronautica 

Attitude Video Camera 

BI-static Canadian Experiment on Plasmas in Space, an orbital tether 
mission proposed to the CSA that involved a rotating tethered 
configuration (preceded BOLAS) 

a boom element that uses two STEM elements nested together 

Bi-static Observations using Low Altitude Satellites, an orbital tether 
mission using a rotating two-body configuration that was proposed to 
the CSA as a follow-on to the OEDIPUS program 

Canadian Aeronautics and Space Institute 

Charge Coupled Device, the detector used in video carneras 

Constrained Iterative Spectrai Deconvolution 

Canadian Space Agency 

German Space Agency 

Declination 

Degrees Of Freedom 

European Space Agency 

European Space TEchnology Center, located in Noordwij k, The 
Netherlands 

A project funded by the German Space Agency DARA to develop a 
tether deployer system 

Fast Fourier Transfonn 

Feedback Linearization Technique 

a stability theorem developed by Kelvin, Tait and Chetayev for linear 
mechanical gyroscopic systems with constant coefficients 

Light Emitting Diode 

Linear Quadratic Gaussian, a control system technique 

Loop Transfer Recovery, a control system technique 



MSFC 

NASA 

NRL 

OEDIPUS 

OEDIPUS-B 

OEDPUS-C 

PFRR 

PMG 

PSN 

RA 

RPM 

SA0 

SEDS 

SEDSAT 

STEM 

TDE 

TE-LAB 

Marshall Space Flight Center 

National Aeronautics and Space Administration 

Naval Research Laboratory 

Observations of Electric-field Distributions in an Ionosphenc Plasma - 
a Unique Strategy, a CSA program comprising of two scientific 
suborbital missions employing a spinning tethered payload 

First flight of the OEDIPUS program flown in 1989 from Andoya, 
Norway 

Onginal payload configuration for the second flight of the OEDIPUS 
program which was discontinued due to science team changes 

Second flight of the OEDIPUS program flown in 1995 fiom Fairbanks, 
Alaska 

Poker Flat Research Range, a subsrbital rocket range near Fairbanks, 
Alaska 

Plasma Motor Generator, a NASA technology demonstration mission 
flown in 1993 using an electrodynarnic tether 

Piano Spaziale Nazionale, a part of the Consiglio Nazionale delle 
Ricerche (old name for the Italian Space Agency) 

Right Ascension 

Revolutions Per Minute 

Smithsonian Astrophysical Observatory 

Small Expendable Deployer System, a space tether deployer 
developed by NASA Marshall 

First flight of the SEDS hardware flown in 1993 that deployed a 20 km 
tether fkom the spent second stage of the Delta 2 launch vehicle 

Second flight of the SEDS hardware flown in 1994 that deployed a 20 
km tether and demonstrated a control law to align the tether with nadir 

Students for the Exploration and Development of Space SATellite that 
is planned to be boosted into orbit using the SEDS hardware 

Storable Tubular Extendible Member, a deployable boom element 

Tether Dynamics Experiment, conducted as part of the OEDIPUS-C 
mission to shidy the dynamics of spinning tethered space vehic les 

TEther LABoratory Demonstration Facility, a ground test facility 
developed at CSA to test the dynamics of spinning tethered systems 

Tether Physics and Survivability Spacecraft, a tether technology 
mission developed by NRL and launched in 1996 



TFS 

TRADAT 

TSS 

Tether Force Sensor, a three axis force transducer flown on 
OEDIPUS-C to measure the tether tension vector components 

TRAcking DATa, a tracking system developed for suborbital vehicles 
that uses a transmitted digital code to measure the slant range 

Tethered Satellite System, a Space Shuttle based tether mission 
developed by NASA and AS1 

First flight of the TSS 

University of British Columbia 



Chapter 1 

Introduction 

A brief overview is provided on the history of space tethers and the relatively 

few flights that have o c w e d  including the iwo Canadian tether missions 

OEDIPUS-A and OEDIPUS-C which used a spinning two-body tethered 

confgutation. The research described in this dissertation was conducted as part 

of a comprehensive Tether Dynamics Erperiment (Tm) that was one of the 

scientific investigations on OEDIPUS-C. The motivations for this research 

prograrn are explained and the TDE research team is described. A review of the 

Ziterature is then provided describing the previous work conducted in the area 

of space tether dynamics. It is shown that. to the author's knowledge, no 

previous work has been conducted on spinning tether systems. The specific 

research objectives for the TDE are then outlined. Finally. the organization of 

this thesis is erplained. 

1 .l Preliminary Remarks 

Applications of space tethers have been discussed and analyzed now for over a century 

starhg with Tsiolkovskii's early ideas in 1895 [l]. More recently, a significant international 

interest in space tethers has evolved since the early days of the space prograrn as they can be 
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used to carry out unique and novel scientific and operational missions. The potentiai 

qplications of tethers are numerous and are now well recognized around the world. These 

include space physics research and earth observation, orbit re-boost or de-boost through 

momenhim exchange, creation of artificial gravity through rotation of a tethered two-body 

system, and a variety of space station applications that include electrical power generation, 

re-boost through electro-dynamic thnist, tethered microgravity and observatory platforms, 

and sample return fiom orbit [2]. Also, a good review of the many tether applications is 

provided by Vigneron et al. [3] and of particular interest is the analysis provided of those 

applications that may serve Canadian future needs. Although there is a vast body of literature 

descnbing the analyses and designs for these applications, there have been surprisingly few 

actual tether missions flown. 

The 6rst tether missions were conducted on two Gemini missions in the late 1960's [4]. ïhe  

first mission involved tethering the rnanned Gemini XI vehicle to the unmanned Agena 

vehicle and rotating the system using the Gemini thruster reaction control system. This was 

the first and only flight to date of a rotating, tethered two-body system and it showed that the 

rotating configuration could be maintained. In the next flight, the Gemini XII vehicle 

demonstrated a gravity-gradient stabilized configuration by tethering to the Agena vehicle 

however it experienced some difficulties due to fuel sloshing. More recently, and perhaps the 

best known tether flight, was the U.S./Italian Tethered Satellite System (TSS- 1 ) which was 

launched in August 1992 [5 ] .  Its objective was to deploy a tethered satellite fkorn the Space 

Shuttle out to 20 km along the zenith direction (i.e., the local vertical). However, the mission 

expenenced several problems which limited the deployment to 256 m [6] .  Therefore a re- 

flight (TSS-IR) was conducted in 1996 which successfÛlly deployed the tether to nearly 20 

km. This mission was cut short however as the tether severed prematurely in the deployer on 

the Shunle and the satellite was not recovered. However, this event had some positive aspects 

as the flight clearly dernonstrated the momentum exchange principle and boosted the tethered 

satellite into a higher orbit and it allowed for conducting new and exciting space physics 

experiments with the satellite and attached conductive tether. NASA has also flown three 

small tether technology demonstration missions which deployed an end-mass fiom the spent 

second stage of the Delta II launch vehicle which remains in a low earth orbit. In these 

missions, a deployer that houses the tether and a deployment brake, is attached to the Delta II 

second stage and an instrumented end mass weighing approximately 50 Ibs is ejected by 

springs. The first mission, referred to as SEDS-1, was flown in March, 1993 and successfully 

deployed a 20 km non-conducting tether which was later cut so that the end-mass would re- 
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enter into the atmosphere [7]. This was the first demonstration of the tether assisted space 

station sample r e m  application. The second mission, referred to as PMG (Plasma Motor 

Generator), flown in June, 1993 deployed a 500 m conductive tether to study the 

electrodynamic properties of the tether in the ionosphere and specifically to demonstrate the 

power generation and orbit boost capabilities of a conductive tether 181. A thkd mission, 

SEDS-2, was flown by NASA in March 1994 and successfully demonstrated a deployment 

control law that oriented the two-body tethered configuration with 20 km of tether along the 

local vertical so that it can be captwed by the gravity-gradient [9]. The United States Naval 

Research Laboratory (NRL) also launched a tether mission in 1996 called TiPS to investigate 

the long term stability of the gravity-gradient stabilized configuration (Le., tether oriented 

along local vertical) and also the long term survivability of the tether [IO]. This mission, 

which has been in orbit for over a year and is still flying at the tirne of writing this 

dissertation, has two small end-bodies connected to a 4 km long non-conducting braided 

tether provided by NASA that is sùnilar to that used for the SEDS missions. There have also 

been a series of sounding rocket flights, referred to as CHARGE, that involved Arnerican 

experirnenters and the Japanese (who developed the deployer) [Il]. 

in the 198û's, the Canadian space science community have developed an interest in using 

space tethers to study the ionospheric plasma physics. in-orbit research in this topic has been 

conducted for over 30 years, and Canada has always been at the forefiont motivated by the 

need for an irnproved underst anding in space-based communications. Past spac ecraft 

prograrns such as Alouette and ISIS have made passive observations of the ionosphenc 

plasma at a single location in space. The research has now progressed to the point where 

scientists desire to make simultaneous measurements at two locations in space at relatively 

close proximity (i.e., 100's of meters to a few kilometers) [12]. Tethers offer an excellent 

means to achieve this controlled separation of two instrumentation packages, and this gave 

rise to the Canadian OEDIPUS program which compnsed two suborbital tether missions. The 

k t  mission, OEDIPUS-A, was launched on a sounding rocket £kom Andoya, Noway in 

1989 [13]. The mission was very successful and deployed a 958 m conductive tether which at 

that time was the longest space tether ever deployed in space. The mission also had another 

novel and unique feature; the payload was spin stabilized about the tether's axis of symmetry, 

Le., it used a spinning tether. 

The OEDIPUS-A payload comprised of two spinning subpayloads (i.e., end-bodies of the 

two-body tethered configuration) connected by the tether as shown in Figure 1-1. Spin 
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stabilization of the payloads was used to passively maintain alignment of the subpayloads 

and tether during the mission. The tether connechg the subpayloads was very light weight 

(Le., linear mass density was 3 grdm and the diameter was < 1 mm) and under very low 

tension (i.e., c 2 N), hence it was assumed that it would have negligible effects on the 

subpayload dynamics over the course of the approximately 15 minute fiight. However, the 

fiight data from the mission indicated that the subpayloads did not behave as expected. The 

af€ payload was obsmred to have reached a nutation angle of nearly 35 degrees towards the 

end of the flight (note that the nutation angle refers to the half-angle of the cone swept out by 

the spin axis during one precession cycle about the angular momentun vector). Although a 

slow divergence of the subpayload nutation angle was expected due to the flexible and 

dissipative booms, this was significantly greater than that predicted fiom the pre-flight 

analysis. Hence, it was clear, that although the mission was very successful, the dynamics of 

this spinning tethered system were not Mly understood. Therefore. a thorough flight 

dynamics investigation was conducted to detcnnine the cause of this unexpected behavior 

[14]. This analysis determined that the tether was the likely cause of the anomaly, and it was 

realized that, contrary to earlier assurnptions, the tether can have significant effects on the 

spinning subpayloads over a relatively short period of t h e .  

0.7 cps * 0.1 cps 

OEDIPE-A 

Figure 1-1 The Canadian Space Agency9s OEDIPUS-A and OEDIPUS-C 
tethered payload configurations 
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Applications involving spinning tethers have not been investigated to the best of the author's 

knowledge prior to the fight of OEDIPUS-A and hence the mathematical modeling that has 

been reported in the vast literaîure on tethers has therefore not included the spin of the tether. 

With the flight of OEDIPUS-A, we now had for the tirst time flight data that seemed to 

suggest that a spinning tether can have subtle but significant effects on the end-body 

dynamics. If true, this could have important implications for fbture missions where the end- 

bodies are spinning. It should be noted that in addition to the OEDIPUS missions, most of the 

missions already flown (i.e., TSS- 1, TSS-IR, SEDS 1 &2 and TiPS) had spinning end-bodies 

for parts of the mission, albeit at a slow rate. Also, it became apparent that a meaningful and 

very cost effective dynarnics experiment could be performed within the t h e  scales of a 

suborbital tether flight. It was these realizations that inspired the author to propose to the 

CSA a comprehensive Tether Dynamics Experiment (T'DE) for the planned follow-on 

OEDIPUS flight that resulted in the research that is the subject of this dissertation. 

Due to the scientific and technological success of the OEDIPUS-A mission, the planned 

follow-on mission was approved by the CSA. An initial study was conducted to establish the 

configuration for the second flight, called OEDIPUS-B, however due to some science team 

changes this configuration was not used. A new configuration was therefore developed with 

an updated science tearn for the second flight, shown in Figure 1-1, and was called 

OEDIPUS-C [15]. It was also agreed by the CSA to sponsor the TDE and to make it one of 

the scientific investigations conducted as part of the mission. The objectives of the TDE were 

to develop a suitable stabilization approach for OEDIPUS-C that would avoid the nutational 

instability observed in the first flight, and to establish a detailed understanding of spinning 

tether systems that would benefit future missions [16]. OEDIPUS-C flew on Novernber 6, 

1995 and deployed 1174 m of conductive tether, which was the record for the longest 

conductive (Le., wire-like) tether flown in space at that time. A stabilization approach 

developed as part of the work reported in this dissertation was irnplemented that consisted of 

using four long flexible booms on each subpayload as shown in Figure 1 - 1 [17]. The mission 

was highly successful as d l  instruments and subsystems functioned as planned. Excellent 

dynamics related data were obtained fiorn the fight which showed that this time the 

dynamics of the system behaved very much as expected [18]. 

The TDE research program included theoretical analyses, development of experimental test 

facilities and perfomiing ground tests, design and development of a 3-axis Tether Force 

Sensor (TFS) for the mission to provide precise tether dynamics information, and post-flight 
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data reduction and analyses. The TDE was undertaken by a broad technical team that 

comprised the Directorate of Space Mechanics at the CSA who were the sponsors of the 

experiment, Bristol Aerospace Limited who were the main contractor, the University of 

Manitoba who was the lead University, and the University of British Columbia, McGill 

University, and Carleton University. The author contributed to al1 elements of the TDE and it 

is this work that fonns the basis of this dissertation. Since the TDE involved a broad research 

team, it is important to be clear on what specific contributions were made by the author and 

what were made by the rest of the TDE tearn. Therefore, the research results reported in this 

dissertation focus only on the specific theoretical developments undertaken by the author, 

and on the validation of these analyses using ground experiment results and actual flight data. 

The specific contributions made by the author are summarLed in Section 6.3. Key results 

from the work undertaken by the other team rnembers are bnefly described where it helps to 

substantiate or validate the assertions made herein. In particular, others on the TDE team 

conducted corroborating analyses to allow for independent confirmation of the mathematical 

models and assumptions used, conducted two independent sets of ground tests (i.e., one set of 

tests by UBC, and the other jointly by CSA and Carleton University), and conducted some of 

the post fight analyses (Le., CSA and McGill University). Complete references are cited for 

al1 TDE tearn contributions described in this dissertation to give proper credit for the work 

undertaken, and to be clear on the extent of the author's contributions. 

1.2 Literature Review 

The dynamics and control of tether systems have been investigated for over three decades 

and there exists a vast body of literature that deais with this subject. There are now available 

a nurnber of reference sources that provide a very good overview of the tether applications 

and the related dynamics and control issues. The first is the Tethers in Space Handbook, 2nd 

edition, published by NASA (1989) that provides a very good review of the many tether 

applications, and particularly, gives a usefûl overview of the tether dynamics fundamentais 

and the available tether data [2]. A third edition is currently being prepared and should be 

available in the near fiinire which will also summarize some of the flight data that has been 

obtained in the recent flights. A very comprehensive reference on space tether dynamics is 

the book entitled "Dynamics of Space Tether Systems" by Beletskii and Levin, published in 

1993, which is translated from Russian [19]. This book gives a general treatrnent of two-body 

tethered systems and addresses in considerable detail both linear and nonlinear models, 

electrodynamic tethers, damping, deployment and retrieval, and places considerable emphasis 
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on the various stability and equilibria conditions. It however focuses primarily on the TSS-1 

and TSS-2 configurations for its many examples and does not heat spinning tether systems. 

Also available are proceedings fkom international conferences dedicated to space tether 

systems which provide thorough sources of information on the current status of the activities 

in space tether research and applications at the time of each conference. There have been four 

International Conferences on Tethers in Space held in 1987 (U.S.), 1988 (Italy), 1989 ( U S . )  

and the most recent held at the Srnithsonian Institute, Washington, D.C. in 1995 which has 

proceedings cornprisùig three volumes [20,2 1,22,23]. Also, an International Round Table on 

Tethers in Space was held at ESA ESTEC, Noordwijk, The Netherlands in 1994 [24]. 

This review does not attempt to provide a complete survey of al1 relevant work in the 

dynamics and control area of tethered systems a s  this is beyond the scope of this dissertation. 

Rather it attempts to provide a summary of the past work conducted in three specific areas 

that are relevant to this research: the mathematical rnodelling techniques for tether systems; 

the stability analyses and contrai techniques; and finally analyses of flight dynamics data 

f?om tether missions that have been flown. 

1.2.1 Mathematical Modeling of Space Tether Systems 

Many mathematical models of varying degrees of fidelity have been developed for tethered 

systems over the past 3 decades. Much of the early work was focused on two body tethered 

systems for rotating space station applications that can provide artificial gravity and for 

shuttle based tethered experirnents. For the space station applications, the approach proposed 

was to connect a counterweight to the space station by a tether and rotate the two-body 

configuration about the center of mass [25,26,27,28]. This configuration has again attracted 

attention with the renewed interest in sending humans to Mars, with a considerable amount of 

work conducted by the NASA Ames Research Center and Stanford University [29]. For the 

shuttle based experiments, the basic configuration was to deploy a tethered satellite into a 

gravity gradient stabilized configuration with the mass either deployed upwards or 

downwards. A very good review of the early analyses and mathematical modelling conducted 

for this class of systems is provided by Misra and Modi [30]. They give a good comparkon 

of the mathematical models that have been used and provide a summary of the main features 

included in each of the models. These include, for example, finite end-masses, rotational 

motion of the end-masses, tether mas ,  transverse tether vibrations, longitudinal tether 

vibrations, discretization procedure, and various types of environmental forces. In the late 

1970's, NASA and the Italian Space Agency (ASI) established a joint program to fly the 
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Tethered Satellite System (TSS) on the Shuttle. The objectives were to deploy a subsatellite 

upward using a 20 km long conductive tether to allow them to study the behavior of an 

electrodynamic tether in the ionosphere, and also to study the dynamics of the tethered 

system. Consequently, a large body of work ensued that has been directed towards the TSS 

mission. In a follow-on to their first s w e y  paper, Misra and Modi have reviewed the 

mathematical models and the modelhg techniques conducted for this specific class of 

tethered system [31]. Their paper outlines the techniques used for modeling the tethered 

system and also outlines the techniques proposed for active control, particularly during the 

retrieval phase. 

One of the key elements of the mathematical models for a tethered system is the method used 

for discretization of the tether. There are two basic types of discretization approaches: 

physical discretization and mathematical discretization. In the physicai discretizations, the 

tether is divided into either point mass elements (Le., beads) or 6nite elements. The 

mathematical discretization uses either a finite difference or Ritz-Galerkin procedure. The 

simplest approach is possibly the bead models which represent the tether as a senes of 

lumped masses connected by springs and dashpots. Although very simple, they have proven 

to be quite adequate as they yield reasonably accurate results. Bead models cm be 

problematic when dealing with a deploying or retrieving tether but by carefully choosing and 

varying the nurnber of masses during deployrnent or retrieval, this can be overcorne. A 

variation of the bead models has also been used which consisted of rod elernents connected 

by hinges [32]. In this case, the equations of motion himed out to be quite complicated and it 

is not clear if this offered any further benefits to the much simpler bead model. Finite 

elements have also been used and shown to work well although it seems that this level of 

complexity is not warranted for a tether that has a simple and unifonn structure. Expansion of 

the tether vibrational displacements with a set of admissible functions (Le., the Galerkin 

procedures) have shown to perform very well and offer a good compromise between 

complexity of formulation and accuracy of results. For the finite difference approaches, the 

full nonlinear partial differential equations for the tether must first be formulated and then the 

finite difference scheme applied. It seems that the most common and the most appropriate 

discretization schemes are either the bead models or the Galerkin based models. As part of 

the TSS program, NASA conducted a review of the various models for the TSS configuration 

that were based on different discretization schemes [33]. A sample problem had been posed 

to allow al1 investigators to generate results based on their models that can be systematically 

compared. This cornparison showed that the bead models provided adequate accuracy, 
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although the Galerkin based models generally required fewer tether modes (i.e., fewer 

number of states) to produce similar accuracy as the bead models [33]. 

In general, the equations that model the tether vibrations are nonlinear and in some cases this 

nonlinearity is very important particularly when there is very low tension or the vibration 

amplitudes are quite large. The bead models naturally introduce the geometric nonlinexity, 

however the Gderkin schemes may not Kim and Vadali [34] have shown that when Galerkin 

discretization schemes are used and the geometric nonlinearity is neglected (i.e., the tether 

oscillation equations are linearized), then noticeable dynamic effects are introduced that are a 

result of the linearization procedure. Angrilli et al. [35] developed an approach that models 

the nonlinear 3-dimensional dynamics of a TSS like tether (in particular the geometric 

nonlinearity) using the method of characteristics, which has been widely used in other linear 

and nonlinear propagation problerns. The subsatellite is assurned to be a point mass and is 

treated as a boundary condition. They also consider various types of darnping models. A long 

list of references is provided that is focused on the nonlinear dynamics of tethers. Beletskii 

and Levin provide a particular emphasis in their book on the nonlinear dynamics of two-body 

tethered systems [19]. Welzyn and Robinson [36] considered the probability of a tether being 

severed by micrometeonte particles and the resulting recoil of the slack tether for a TSS 

configuration. They develop a simple model of the recoiling tether that allows for computing 

the velocity of the udoading wave, recoil velocity of the remnant, and break locations that 

result in either hazardous recoils where the slack tether can become entangled with the 

orbiter, and those where the gravity gradient can re-stabilize the severed tether. Closed-form 

simple expressions are presented that give conservative results. Janssens et al. [37] addressed 

the issue of a deploying or retracting tether and point out that in order for energy to be 

conserved in the system there are dissipative forces acting at the point where the tether is fed 

out from the deployment spool (called Carnot forces with analogy to the Carnot energy loss 

in a purely inelastic shock). The paper shows that these must be added in the variational 

principle to recover the correct equations. Examples are given that show that inclusion of 

these dissipative forces are significant for the deployment dynamics. 

In modelling the flexible multi-body dynamics of a tethered spacecraft system, the state 

vector dimension N cm become very large. For typical formulations, the form of the 

equations is as follows: 
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where [ M ( q ,  t ) ]  is the systern mass matrix, {q) is the vector of generalized coordinates, and 

{F(q, 4, t)} is the forcing hction.  With this type of formulation, the m a s  matrix must be 

inverteci and hence the computational effort increases as a fiinction of or in other words is 

of order O(lf'). Therefore for large models, high power (and expensive) computers may be 

required to run simulations at a reasonable speed. An alternative is to implement a so-called 

order N or O(N) formulation, where the computation effort increases as a function of N rather 

than p. Pradhan et al. [38] present a new O(N) algonthm for general multi-body flexible 

systems in tree topology (allows for open and closed chains) that can be applied to tethered 

systems, as well as many other types of systems (spacecrafi with flexible appendages ancilor 

solar m y s ,  space manipulators, etc.). In their paper, they also give a review of 7 other O(N) 

algorithms published in the literature since 1980 and compare their technique with these 

other approaches. One advantage of their approach is that their aigorithm is mostly non- 

recursive while al1 others (except one) are fùlly recursive. The non-recursive nature allows 

for convenientl y implementing the algorithm on parallel computers whic h allows for cost 

effectively handling large problems. Another advantage is that their formulation is based on 

using the Lagrangian approach which readily provides the system energy expressions that cm 

be used to veriQ the equations and which automatically takes into account the constraint 

forces. This approach is the oniy Lagrangian O(N) formulation available in the open 

literahue. 

Currently, there are a number of high fidelity models that have been developed and used to 

support the space tether flights that have been undertaken (i.e., TSS-1 and TSS-IR, SEDS-1, 

SEDS-2, PMG, TiPS). These models include those developed by the Smithsonian 

Astrophysical Observatory (S AO) [3 91, Martin Marietta Astronautics [40], Tether 

Applications Inc. 1411, NASA Marshall Space Flight Center [42], Alenia Spazio [43], and the 

European Space Agency [44]. These models are al1 fûlly nonlinear, include arbitrary rotations 

of the end-bodies, model the full orbital motion of the tethered system, and take into account 

the major environmental disturbances such as gravity gradient induced torques, atmospheric 

drag, solar radiation pressure and electrodynamic torques. The models by SAO, Martin 

Marietta and Tether Applications, use a Iumped mass or "bead" approach to discretizing the 

tether, whereas NASA MSFC's model called TSSim is based on a f i t e  difference 

discretization of the full nonlinear partial differential equations governing the motion of the 

tether and the ordinary differential equations goveming the full 6 degrees of fieedom of both 

end-bodies. Alenia Spazio S.P.A. fiom Torino Italy were the prime contractor for the TSS 

subsatellite and have thus been the leading organization in Europe investigating tethers. 
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Cibrario et al [43] describe three tether dynamics simulators that Alenia Spazio developed 

that provide for varying degrees of fidelity as well as different discretization techniques that 

include a bead model, and a continuum and f i t e  difference approach. The European Space 

Agency has undertaken a significant effort to develop a comprehensive nonlinear dynamic 

model for two-body tether systems since the early 1990's referred to as DATES (Dynamical 

Analysis of Tethered Systems). Crellin [45] gives a good review of the history of this project 

and describes its various phases. The work was undertaken by Dairnler-Benz Aerospace AG, 

Space ~ t r u c t u r e  Division in Bremen, Germany (prime contractor to ESA) and the 

Institute of Mechanics of the Technical University of Viema in Austria (subcontractor to 

Daimler-Benz Aerospace). The final report for Phase 2 (development of the equations of 

motion), completed Febmary 1995, [44] is very extensive (331 pages) and gives a very 

detailed and complete description of the derivation of the equations of motion in various 

re ference hmes,  considers the primary external disturbances, compares various 

discretization techniques, compares several oumencal solving techniques, and addresses 

tether control laws. Galerkin, finite element and finite difference discretization techniques 

were investigated. The selected approach was to use the finite element methods with the 

equations of motion described with respect to a moving non-rotating f i m e  (for example, the 

hime could be attached to the orbiter). A paper by Steiner et al [46] gives a good summary of 

this formulation and gives simulation results for a number of example cases which include 

the large amplitude libration of a tethered system with N o  equal size rigid end-bodies. 

As reported above, there has been extensive work on the development of high fidelity models 

of tethered systems that supported the space tether missions flown to date and which did 

account for the full 6 degree of fieedom motions of the end-bodies. However, these models 

did not consider a spinning tether. Why not? It is the author's opinion that most of the tether 

investigations and developments were in one way or another focused on the missions and the 

applications that were under consideration at that tirne (principally, Shuttle based and Space 

Station based applications), so they addressed the particular features for this class of tether 

systems. A spinning tether was not one of these features. However, as noted earlier, each of 

these missions did have spuining end-bodies at some points in their flight, albeit at relatively 

slow rates. With a spinning tether, the tether oscillations must be defuied with respect to a 

fiame that is spinning at a rate that is related to the end-body rotational rates and the 

instantaneous rotational angles. With the Canadian OEDIPUS missions, the spin of the end- 

bodies dong with the tether is one of the dominant features of this tethered system. Hence, 

one of the questions that &ses is whether it is necessary to include the spin of the tether in 
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the mathematical model or can it be neglected? This question is addressed in some detail in 

this dissertation. 

As the analysis of spinnllig tethered systems has not been previously reported in the literature 

to the best of the author's knowledge, a study was undertaken by Misra et al. 1471 as part of 

the TDE to review more fully the discretization issues as they pertain to the OEDIPUS 

configurations. Based on previous studies and comparisons between different tether 

discretization schemes, they chose to compare two leading approaches (Le., lumped mass and 

a Galerkin based method) when applied to a s p h h g  tether problem. They fonnulated a 

simplified dynarnic model based on that developed for the spinnùig OEDIPUS configuration 

[48] using the different discretization approaches, which included a bead model with axial or 

rotational springs, a linear Galerkin approach and a non-linear Galerkin approach that 

included the geometric nonhearity. They found that the linear Galerkin method did not give 

accurate results if the nominal tension was low or if the initial transverse deformations are 

high. On the other hand, the nonlinear Galerkin technique did agree fairly well with the bead 

model, even under relatively low tension conditions. However, since the Galerkin modeis 

cannot, in principle, deal very well with a slack tether, they recommended that a bead model 

may be better suited for a comprehensive model of the OEDIPUS configurations as it is 

expected that the tether will go slack for a portion of the mission (i.e., due to the expected 

recoil after full deployment is complete). 

It should be noted that since the publication of the paper that identified the importance of a 

spinning tether for missions like OEDIPUS [48], a general purpose mode1 was developed by 

Kalantzis et al. [49] that did allow for the spin of the tether. They applied the O(N) technique 

developed by Pradhan [38] to develop a general formulation for the dynamics and control of 

multiple flexible body tethered systems. Both tethers and subsatellites are kee to undergo 

complete 3-dimensional attitude motion, hence they, in principle, can deal with spinning 

systems (like OEDIPUS) as well as rotating systems and TSS type tether systems. Their 

formulation also ailows for deploying or retneving tethers and considers subsatellite attitude 

control with thwters and momentum wheels using the Feedback Linearizahon Technique . 
(FLT). They apply this versatile formulation to two problems of interest: a space station 

platform tethered satellite system; and a proposed Canadian scientific mission called BICEPS 
that used a rotating tether configuration. Although their formulation is very general, they 

have not directly allowed for the dependence of the angular velocity of the tether frame 

relative to the angular velocity of the end-bodies. This can be important for configurations 
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like OEDIPUS when the end-body rotational angles are large. Their formulation does 

however make provision for adding constraints between two adjacent bodies using the 

Lagrange Multiplier technique, and hence they may be able to use this to introduce this 

dependence of the tether frame angular velocity on the end-body rotations. Also their 

formulation does not take into account the bending effects of the tether which, as will be 

shown in Chapter 2, can be an important consideration for spinnllig systems that employ 

wire-like tethers that have some, albeit small, bending stiflkess. 

1.2.2 Stability Analyses and Control Techniques for Tether Systems 

Dependhg on the tether application, there are a variety of both active or passive ways that a 

tether system can be controlled. Although no spinring tether configurations have been 

analyzed, the control techniques for other tether configurations are bnefly descnbed below to 

provide some background on techniques that have been used for tethered systems. The tether 

configurations addressed include the rotating two- body tethered system (e-g., arti ficial 

gravity configuration), momentum transfer to a very small end mass from a large space 

station or Shuttle by "shging" the end-mass into either a lower or higher orbit, as well as 

two-body tethered systems in a gravity gradient stabilized mode. 

The rotating tether system has been investigated in some detail due to a renewed interest in 

the last decade or so in sending humans to Mars. Using a rotating tethered configuration with 

a counterweight on one end and a habitation module on the other is the most mass efficient 

approach to create artificial gravity which is needed to help counteract the effects of 

prolonged periods in space on humans. Stoen and Kane [50] have investigated the dynamics 

and control during deployment and retrieval of this configuration using laterd thnisters and 

varying the tether length. Saeed and Powell [SI] later developed an optimal control strategy 

for retrieval of a tethered artificial gravity spacecrafl using lateral thmsters and for arresting 

the rotation rate. Thomburg and Powell [52] have investigated the tether vibration and end 

mass attitude control for a constant length tether by just varying the tether attachent point. 

Spacecraft design issues for this configuration were also investigated by Kowalsky and 

Powell 1531 who considered various tether materials and methodologies for thruster firings to 

spin-up the system. Saeed and Powell [54] then demonstrated that the attitude control of the 

spacecraft and the damping of the tether lateral modes could be achieved passively by various 

types of dampers at each tether attachment point. Rotational springs and dampers seemed to 

perform the best and it was also shown that the dampers could maintain stability of the 

system even during retrieval provided the retrieval is sufficiently slow. One drawback 
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however is tbat the damping devices may need to be very large to provide sufficient damping 

forces. 

Momenhun transfer fiom one large orbithg body to a smailer body that is deployed on a 

tether is one of the unique advantages that tethers offer. This p ~ c i p l e  c m  be used to either 

de-orbit a srnall capsule or altematively to raise its orbit. The SEDS- 1 missioii in 1993 was in 

fact, the first demonstration of this concept to de-orbit a mal1 capsule 171. A very good paper 

that describes the dynamics kom initiation of the tether deployment to capsule re-entry is 

given by Ockels et al. [55]. For this application, the initial conditions for re-entry (i.e., the 

point where the tether is cut to put the capsule on a re-entry trajectory) are the main dnverç 

on the dispersion of the capsule fiorn its intended landing point. They found that the largest 

source for the re-entry initial condition error is the tether deployment parameters which are 

very difficult to characterize. Therefore, they devised a bvo stage deployment scenario where 

the tether is initially stabilized dong the local vertical as it is deploying when it is 

approximately 2-4 km long, and then the remaining tether is deployed to the full 30-35 lan 

length which is then cut at the appropriate t h e .  In the second stage of the deployment, the 

tether swings out to a relatively large libration angle and then swings back in towards the 

vertical as the braking force is increased at the deployer so that a maximum delta V is 

achieved when crossing the local vertical at which point the tether is cut. Carroll [56] 

descnbes a concept for a tether assisted sample r e m  application fiom the space station 

using the control scheme proposed by Ockels et al. Carroll's paper describes a technique for 

ensuring the end-body is oriented in the correct direction for re-entry by spinning the capsule 

about its line of symrnetry and then cuning the tether on the space station end to give the 

capsule a %te tail". His calculations show that the capsule orientation will stabilize under 

aerodynamic loads to orient itself in the correct direction. 

The Geman Space Agency DARA also funded some work on tethers targeted at the space 

station sample r e m  application. The project, called FIESTA, investigated the deployment 

dynamics and focused particularly on designhg and testing a rotating reel type of deployer. 

Forgber et al. 1571 describe the various tether deployment phases for FIESTA and in 

particular discuss the deployment dynamics. They found that for deploying fiom a reel type 

of deployer, the initial "momentum transfer" phase is the most critical. When rnomentum is 

irnparted to the capsule via springs, a nonlinear oscillation is developed where there is a 

sequence of shocks on the tether and in between the tether goes slack as the tether 

deployment speed (£tom the reel) exceeds the velocity of the capsule. Therefore, they have 
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found that they need to actively control the reel deployment speed and add a tether buffer to 

take up the slack. 

Another application of the momentum transfer principle is to raise the orbit of the capsule 

rather than to de-orbit a capsule for sample retum. This is in fact, being planned by NASA 

for the SEDSAT mission scheduled to be launched in 1998 [58,59]. Lorenzuii et al. [9] 

present a simplified anaiytical treatment of the dynamics during deployment and they 

develop a control strategy for raising the SEDSAT orbit. Their approach is to eject the 

satellite upward and forward of the orbiter at about 32 degrees fiom the local vertical and let 

the deployment proceed uncontrolled for the majority of the deployment. Towards the end of 

the deployment when the libration angle is approximately 60 degrees, the brake is applied 

using a similar control law as that used for SEDS-2 using a feedback linearization technique. 

Once braking is started, the end-body swings towards the local vertical at which point it is cut 

to give a maximum boost velocity to the end-body. Palaez Alverez and Lorenzini [60] also 

investigate the sensitivity of the initial conditions (e.g., ejection angle) to the final delta V 

that can be generated once the tether is cut. They found that for higher ejection angles, there 

is a zone of insensitivity to the deployer fiction (which is the largest unkown parameter in 

the deployer). They also investigated a scheme to cut the tether at the end-body (second 

tether cut) at an appropriate time following the h t  tether cut (at the Shuttle end) to boost the 

perigee. 

Finally, the other class of missions that is of interest is gravitationaliy stabilized two-body 

tethered satellite systems that must be controlled to maintain a precise configuration. 

Lorenzini et al. [61] developed a control law, using a feedback linearization technique, for 

braking the deploying tether in such a way to end up with the end-body aligned along the 

local vertical once the tether deployment is completed. They initially developed a optimized 

trajectory for the end-body and a correspondhg "reference" braking force, then they use this 

to develop linear variational equations from the reference trajectory which are used to design 

the controller. They have also scaled the controller gains by the reference braking torque 

(which is a monotonically increasing function) to allow for a progressively increasing control 

authority as the tether is deployed. The control law was irnplemented for the SEDS-2 mission 

which successfully flew in 1994. They compared the actual trajectory with the desired 

trajectory to confiml that the control strategy worked very well and achieved a final libration 

angle of only 4 degrees (the goal was to be within 10 degrees). For applications such as 

remote sensing using the two satellites (eg ,  SAR interferometry), another control strategy is 
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required to maintain a precise two-body configuration once the two-body tethered system is 

deployed. A technique is required that c m  control the spacecraft attitude, the two-body 

libration as well as the tether dynamics. Pradhan et ai. [62,63] have shown that by using a 

tether at tachent  point offset control strategy, the spacecraft attitude and the tether 

longitudinal dynamics can be simultaneously controlled with good performance. They 

assumed that the libration angle of the TSS type tethered system would be controlled by 

thnisten. A feedback linearization technique is used for the spacecrafl pitch and the tether 

libration while a LQGLTR scheme is used for the vibration control They investigated other 

control cases which include iising offset control for the libration control during retrievai and 

also for using offset control for sirnultaneously controllhg both the tether longitudinal and 

lateral vibrations. Based on their work, is seems that the offset controller is better suited for 

the spacecrafi attitude and tether vibration control rather than for libration control of the two- 

body system. Xiaohua He [64] has also shown that very precise subsatellite attitude control is 

possible with offset control. Kline-Schodor [65] has demonstrated this in laboratory 

experiments using an air-bearing table where he showed that attitude control accuracies in the 

order of 1 arc-second are possible using offset control. He also indicates that to achieve this 

level of accuracy, offset control m u t  be used. 

1.2.3 Tether Dynamics Flight Data Analyses 

Spectral analysis is typically used for analyzing the flight data of a tethered system to 

determine the modal fkequencies of the system. With the flight of TSS-1, TSS-IR., SEDS 1 

and 2, and PMG, spectral analyses have been conducted to analyze the flight data and 

compare with the mathematical models. Standard Fourier transform techniques work well 

provided that the modal fkequencies are well spaced, however, when the fiequencies are 

closely spaced other techniques are needed to separate the peaks. Amini, G. Ioup and J. Ioup 

[66] have developed a technique referred to as constrained iterative spectral deconvolution 

(CISD) that is applicable to the situation of closely spaced peaks. The advantage of this 

approach is that it does indeed separate the peaks and it also very nearly preserves the 

original area of the spectral peaks. Hence a low wide peak become a large narrow peak with 

the area very nearly preserved. They make reference to previous work where they compared 

the CISD approach to the Maximum Entropy Method and showed that the CISD approach is 

supenor. The technique was applied to TSS simulations and SEDS 1 and 2 flight data and 

was compared to the original power spectnim. It is clear fiom the many plots given that the 

technique works very well. Gullahom et al. [67] analyzed the tension data obtained from the 
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TSS-1 and SEDS-2 flight during extended periods of undisturbed flight. Since the maximum 

span of the undishirbed orbits only amounts to approximately 5 orbits, then standard Fourier 

techniques would only weakly resolve any signals. Hence they used both a direct curve fit 

technique using a srnaii number of sinusoidai components, and also Maximum Entropy 

Method spectral analysis. Both analysis techniques worked well and both found similar 

results. In-plane and out-of-plane librations explains most of the observed fkequencies, 

however, a signal at the orbital period remains unexplained. 

Fourier transform techniques have also been applied to act as an "observer" for the tether skip 

rope motion on the TSS tether. In general, two techniques were developed, tirne domain 

observers (Kalrnan Filter), such as that developed by Biglari and Galaboff 1681, as well as 

fkequency domain observers (using FFTs). Generally the tirne domain observers performed 

better and this approach was in fact implemented for the TSS mission with a fiequency based 

observer as back-up. A fiequency transfom domain observer for the TSS missions was 

developed by Rodrigue et al [69]. The approach uses transforms of the body angular rate data 

on the subsatellite to determine the satellite yaw angle, skip rope and libration amplitudes, 

and the skip rope fiequency and phase information. The technique can be used for the 

observation or the determination of the skip rope mode as well as the prediction for 15 

minutes into the future to facilitate a shuttle yaw maneuver to damp the skip mode. The 

technique was applied to a nurnber of TSS simulations. Glaese [70] extended this approach 

by developing a complex fiequency domain skip rope observer that obtains considerably 

better performance than the O ther fiequenc y domain observers (not using comp lex 

mathematics). This was applied to various TSS simulation cases as well a s  to actual TSS 

flight data, as there was some skip rope motion excited. The results from the observer 

matched very well with the observed skip rope motion detemined from video camera data of 

the tether. 

1.3 Objectives and Scope of this Research 

The research reported in this dissertation was an integrai part of the TDE experiment 

performed as part of the OEDIPUS-C suborbitai tether flight. As one of the pnmary 

motivations of the TDE was to support the development of a suitable stabilization approach 

for the OEDIPUS-C payload, the scope of this work was therefore focused on analyzing the 

spinning tethered configuration shown in Figure 1-1. No attempt was made to develop a 

general purpose mode1 that c m  be used to support a wide variety of missions. However, 
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dthough focused on the OEDIPUS configurations, the prime objectives of this work was to 

develop a detailed understanding of spinning tethered systems and to identiQ the principal 

mechanisms that afYect the system dynamics which have broad applicability to other tether 

missions that involve spinning end-bodies. 

More specifically, the main objectives of the research reported in this dissertation were as 

follows: 

1. Establish a technique for mathematicaily modeling spinning tethered space systems 

and investigate the significance of the spinning tether on the multi-body dynarnics 

and specifically, on the attitude stability of the end-bodies. 

2. Establish a practical attitude stabilization approach for spinning end-bodies with 

flexible appendages that are part of a spinnuig tethered space system. 

3. Validate the mathematical models and modeling techniques for spinning tethered 

systems by comparing the theoretical results with ground test data and with actual 

flight data fiom the OEDIPUS-A and OEDIPUS-C missions. 

1.4 Thesis Organization 

The dissertation is organized into 6 largely self-contained Chapters where each starts with a 

short abstract and end with a summary of the main developments discussed therein. Also as 

each Chapter addresses very speci fic aspects of the research program, the re ferences ci ted 

tend to be uniquely associated with a particular chapter. Therefore, the references are given at 

the end of each chapter. 

The formulation of the equations of motion is presented in Chapter 2. Two mathematical 

models are developed, one that has a spinning tether and the other that assumes a non- 

spinning tether. The full nonlinear equations are given as well as a set of linearized equations 

that are arnenable to analytical investigation. 

Chapter 3 then addresses the stability and the transient behaviour of the two mathematical 

models. Infinitesimal stability analyses of the h e a r  equations are descnbed and the results 

nom both modal analyses and simulation studies of the full nonlinear equations are 

presented. 
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The ground test campaign that was conducted as part of the TDE to validate the mathematicai 

models is then fùlly described in Chapter 4. An augmented linear mathematical mode1 is 

given that accounts for the particular ground test conditions (e-g., the presence of gravity and 

the tether boundary condition) and scaling laws are developed for the in-space configuration. 

Two independent sets of ground tests are then described and the main experimental results 

are given that are used to validate the theory. 

Chapter 5 then applies the mathematical mode1 for a two-body spinning tether system to the 

two OEDIPUS missions. Both missions are first described in detail and the matenal 

properties for the tether are established. The flight data fkom OEDPUS-A is then given and 

compared to cornputer simulation results based on the nonlinear equations. The observed 

dynamical behaviour of the OEDIPUS-A subpayloads is Mly explained. Application to 

OEDIPUS-C is then addressed starting k t  with the description of the end-body attitude 

stabilization approach that was developed and implemented in the mission. The hi11 

complement of the dynamics related data that was obtained fiom the flight is given followed 

by an analysis of the data by comparing with the theory developed in this dissertation. 

Finally, in Chapter 6, an overall surnrnary of the research program and its main findings is 

given followed by a succinct statement of the principal conclusions that can be drawn fiom 

this work. The original contributions made by the author are then clearly outlined and final 

recornmendations are offered for M e r  investigations that are believed to be warranted. 
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Chapter 2 

Equations of Motion 

The nonlinear equations of motion are developed for two models of a spinning 

tethered spacecraft. one where the tether is spinning at nominally the same rate 

as the end-bodies, and the other with a de-spun tether. The spacecraft is 

modelled as a rigid central body with rwo pairs offlenble radial booms on each 

end of the tether. The system kinetic and potential energies are den-ved and 

Lagrange's equations are used to derive the equations of motion. The poten tial 

energy takes into consideration the boom bending, the axial extension of the 

tether, and also bending of the tether root segment ut the attachrnent points. 

Dumping tenns for the booms and tether are developed based on a Kelvin- Voigt 

material model. To be amenable to anaiysis, the equations of motion for both 

rnodels are then finearized to establish a set of linear matrk equations. 

2.1 Flexible Spacecraft with a Spinning Tether 

2.1.1 System Overview and Assumptions 

Consider a spinning tethered spacecraft system depicted in Figure 2-1. For the general case, 

the tethered system is in an arbitraxy orbit; the two end-bodies have different mass properties 
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and boom configurations; the tether has a varying length; and the tether tension cornes about 

due to a braking force in the tether deployer during deployment and from extemal 

environmental forces such as the earth's gravitational field. The equations of motion that 

encompass al1 of these effects become very complex uivolving many variables and hence are 

not amenable to an analytical investigation. Mathematical rnodels for two-body tethered 

systems of this type have been developed and reported in the literature that have addressed 

this general configuration, with the exception of the spin of the end-bodies and tether, and 

generally one has to depend entirely on computer simulation of the equations to investigate 

the system dynamics. However, as we are primarily interested in investigating the effect of 

the spin of the system on the attitude dynarnics and stability of the end-bodies and their 

interaction with the tether, it is possible for us to simpliQ the mathematical mode1 

considerably by making a number of assumptions regarding the configuration of the system. 

The goal is to carefully select these assumptions to rninimize the order of the system while 

retaining the key dynamical features to provide meaningfid insights into the dynamics of the 

general two body system. 

simple 
spin 

symmet~c 
motion 

anti-symmetric 
motion 

Figure 2-1 Categories of motion of a spinning tethered spacecraft 
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Let us assume that the tether connecting the two end-bodies has a nominal tension and that 

the centers of rnass of the two end-bodies are fixed relative to each other so that there is no 

translational motion between the end-bodies. This implies that the libration of the system 

about its center of mass and the longitudinal oscillations of the two end-bodies has a 

negligible effect on the end-body attitude dynamics and stability and on the lateral dynamics 

of the tether. Additionally, if the two end-bodies are sirnilar in size and configuration, then let 

us make an assumption that they are identical in every way (e.g., mass properties, boom 

configuration, tether attachrnent location, spin rate). The dynamics of the spinning system 

can then be categorized into two groups, one which corresponds to symmetric dynarnic 

behavior, and the other which corresponds to anti-symrnetnc behavior as s h o w  in Figure 2- 

1. In general, the dynamics of the system will be a combination of these two classes of 

symmetric and anti-symrnetric motions that depends on the initial conditions. If we now 

m e r  assume that we impart initial conditions that only excite either symrnetric or anti- 

symmetric motions, it becornes possible to fûrther simplify the mathematical mode1 by using 

the symmehy propertia of the system to remove the degrees of fieedorn associated with the 

second end-body. If we choose to excite only symmetric motions, then both end-bodies will 

have identical behaviour and the tether nominal direction will remain parallel with the line 

joining the mass centers of the end-bodies. Altematively if we choose to excite only anti- 

symmetric motions, then the system can be modeled with only one end-body with a tether 

that is half the actual length and has a pinned comection at the top end. In this latter case, the 

tether nominal direction no longer remains parallel with the line joining the mass centen as it 

pivots about the center of mass of the complete system as show in Figure 2-1. This 

introduces analytical complexities into the fomulation for the nonlinear equations. Also, the 

symmetric motions tend to have a greater interaction between the tether and the end-body 

since the tether has a translational motion due to the coning of the end-body. Note that this 

has been dernonstrated in Chapter 4 by comparing stability conditions associated with linear 

models that correspond to the symmetnc and anti-symmetric motions. It has therefore been 

assumed that the initial conditions are such that only symmetric motions are excited in the 

system. With these key assurnptions, it now becomes possible to significanzly reduce the 

number of variables that described the dynamics of the system and hence simpliS the 

mathematical mode1 considerably. 

To demonstrate that there is a practical basis for these assurnptions, let us consider the 

OEDIPUS and the NRL TiPS tether missions. In both types of missions, the two-body 

configuration was spun about the tether, and the end-body (Le., payload or subsatellite) on 
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one end of the tether has a very similar configuration and size to the end-body on the other 

end. For the OEDIPUS mission, the nominal tension comes about during tether deployment 

and is irnparted through braking forces in the deployment spool. Since the deployment length 

is changing very slowly (particularly towards the latter half of the deployment) the effect of 

the deploying tether on the dynamics is small and hence we can make the assumption that the 

tether has a constant length. Also, once the tether is M y  deployed, the nominal tether 

tension drops to a much lower level imparted predominantly by the gravity gradient forces on 

the end-bodies which are aligned in a nearly vertical orientation (Le., along nadir). 

Altematively, for the TiPS tether mission, the system is stabilized dong the nadir direction 

with the nominal tension irnparted by the gravity gradient forces on the end-bodies. A spin 

was initiated about the tether, however, in this case, the spin axis also makes one revolution 

per orbit (Le., the spin axis tracks the nadir vector over the course of an orbit). Since the spin 

rate about the tether is much larger than the orbital rate, then the system depicted in Figure 2- 

1 with the assurnptions made above is still applicable from the point of view of investigating 

the stability properties of the system. 

The mathematical mode1 is depicted in Figure 2-2. Three right-handed coordinate systems are 

used to formulate the equations of motion. We d e h e  {xi y, ri} as an inertially fixed & m e  

where the zf axis is coincident with the line joining the mass centers of the two end-bodies. 

The axes {x, y, z,} correspond to a body-hed h e  that is used to descnbe the motion of 

the end-body relative to inertial space, and {x ,  y, 2,) corresponds to a tether fixed fiame that 

is used to describe the deformations of the tether. The inertial fiame and the body fixed frame 

have their ongin at the end-body's center of mas. The body fixed fiame has the zb axis 

aligned with the spin axis, and the xb axis is aligned parallel with the first pair of radial 

booms, designated boom pair 1. The y, axis then completes the nght handed triad and is 

aligned parallel with boom pair 2. The plane defined by the radial booms is parallel to the 

x, - yb  plane and it is offset fiom the end-body's center of mass by a distance d dong the zb 

mis. The radial boom attachment location on the end-body is offset in the radial direction by 

a distance fiom the z, axis of a, for boom pair 1, and a, for boom pair 2. The tether fked 

fhme has its ongin at the tether attachment point on the end-body and the zt axis remains 

parallel with the inertial zi axis and corresponds to the nominal position of the undeformed 

tether. The tether attachment point position is defined relative to the body fixed frame and 

has an axial component a, dong the zb axis, and a lateral component bt along the y, a i s .  



Chapter 2 Equations of Motion Page 32 

Figure 2-2 Mathematical Model for a Spinning Tethered Spacecraft with Flexible 

Appendages and a Momentum Wheel 

The x, and y, axes are oriented such that they are initially parallel to the x, and y, axes on 

the body fixed f ime when it is aligned with the inertial m e .  The rotation of the tether 

came is then related to the motion of the body fixed fiame and is specified in such a way so 

that no twist is imparted to the tether (Le., as  if the tether frame was ngidly attached by a 

constant velocity joint to the body fixed £hune). 

The tether and boom vibrations are described by the continuous variables wi and y shown in 

Figure 2-2, which represent the deformation of the flexible booms and tether fiom their 

nominal undeformed configuration. The variables u, - u, correspond to the in-plane 

vibrations of the flexible booms, U, -4 corresponds to the out-of-plane vibrations of the 

booms, w,, w, correspond to the tether transverse vibrations, and w, corresponds to the 

tether longitudinal vibrations. Note that the variables corresponding to the boom vibrations 

are defined relative to the body fixed reference fiame, while the variables corresponding to 

the tether vibrations are d e h e d  relative to the tether fixed frame. Finally, a momenturn 
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wheel has ais0 been included in the end-body to allow investigating the possibility of using a 

wheel as a stabilization approach. It is assumai to have a constant spin rate relative to the 

body fixed h e .  

The specific assumptions used in the formulation of the nonlinear equations of motion are 

summarized below: 

The centers of mass of the two end-bodies are fixed (Le., the tether has a constant 

nominal length). 

Both end-bodies are identical in every way (Le., the same mass properties, booms, 

mornentum wheel, and tether attachent location). 

The initiai conditions on the system are such that only symmetric motions are excited. 

Hence the tether nominal direction aiways remains parailel with line joining the two 

end-body mass centers and no twist occm in the tether. 

The transverse deformations of the flexible booms are srnall. This implies that only 

terms involving the deformations of second order or lower need to be retained in the 

kinetic and potential energy expressions associated wiîh the booms. 

The mass center shift of the end-bodies due to the boom deformations is negligibie 

(note that this is exactly satisfied when only anti-symmetric boom modes are excited 

which occurs when the axial offset of the booms fiom the center of mass is zero). 

The booms and tether have a constant linear mass density. 

The booms have symmetric cross-sections and each pair is radially symmetric about 

the body spin axis (Le., each element of a boom pair has the same radial offset, 

length, and linear m a s  density). 

The momentun wheel on each end-body is aligned with the spin axis and has a 

constant angular momentum relative to the end-body. 

2.1.2 Kinematics of the System 

Let the components of a vector F,  expressed in either the inertially fixed, body fixed or the 

tether fixed fiames, be designated as {cl, (41, and {I;;} respectively. Then the 
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components in one M e  can be related to those in another k e  through transformation 

matrices dehed  as follows: 

The elements of the transformation matrix [c,,], that relates the body fixed h e  to the 

inertial b e ,  can in general be expressed in terrns of three rotational angles (also referred to 

as Euler angles). The rotation sequence, adopted in this foxmulation, comprises an initial 

rotation about the z, axis through a "precession" angle Q, then a rotation about the xb axis 

through a "coning" angle v, and then a final rotation about the zb axis again through a "spin" 

angle o. This is referred to as a 3-1-3 rotation sequence. The elements of the transformation 

matrices, expressed in ternis of the Euler angles are provided below 111. 

where: 

C,,=cosacosR-sUiocosvsinR C,,=cosasinC2+sinocosvcosR C,,=sinminv 

CI,=-sinocosR-cosacosvsinR Cï=-sUi~sinR+cosocosvcosR C,=coscrsinv (2.3) 

Cl, = sin vsinn c,~ = - sin v cos Q Cl, = cos v 

The time rate of change of the Euler angles can be expressed in terms of the components 

{o,o,oz) of the anguiar velocity vector of the end-body as foliows [ 11. 

where {O} = {a v a)' for the 3-1-3 Euler angle rotation sequence described above, 

{o} = {o,o,o_}, and [pl is a transformation matrix that is a function of the Euler angles 

and is defuied as follows: 
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where its elements are 

pl ,=-s inacosv/suiv  pl,=-cosocosv/sinv pl3=1 
pl, = coso p, = -sina Px = O  (2-6) 
#?,, = s ino /  sin v p,, =cosa/sinv &3 = 0 

To define the elements of the transformation matrices [c,] and [c'] that describe the 

orientation of the tether fiame, we must first express the rotation rate of the tether h e  in 

terms of the motions of the end-body. It is assumed that the tether fkme rigidly attaches to 

the end-body via a constant velocity joint that trançrnits the rotation of the end-body through 

an angle v to the z, axis of the tether fixed fiame. This will correctly mode1 the 

instantaneous spin rate of the tether h e  which will Vary as the coning angle cf the end- 

body varies, and assures that no twist is imparted to the tether. The end-body orientation can 

be described by three successive rotations (the Euler angles) so that the transformation rnatrix 

[c,,] can be defined in terms of the transformation matrices for each of the three rotations as 

follows: 

where the subscript in the transformation matrix for each independent rotation refers to the 

axes about which the rotation takes place. The sequence of rotations, starMg aligned with the 

inertial kame is a, then v, and finally a. To satisfy the constraints defined above for the 

joint between the two reference frames, the tether frame must go through the same fist  

rotation as the end-body about the z, axis through the angle R . It then does not rotate while 

the end-body goes through the angle v by virtue of the assumption that only symmetric 

motions are excited. Then W y  it rotates through the same angle cr about the z, axis as the 

third rotation of the end-body . Hence the total angle through which the tether frame rotates is 

yl = o + R . Figure 2-3 shows the geometry and the angles. Therefore, for the general case, 

the transformation matruc for the tether frame relative to the inertial frame can be represented 

as follows: 
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and expanding gives: 

which shows that the tether fiame simply 

undergoes a rotation through the angle 

y = a + R about the z, axis. The transformation 

matrut [c,, ] can now be expressed as 

and substituting equations (2.7) and (2.9) into 

(2.1 0) gives the following, 

tether 

Figure 2-3 Tether Frame Rotation 

with 

Cl = cos2 CF + sin2 ocos v C, = cososin v 

C2 = sin2 a + cos' acos v C, = sin o sin v (2.12) 

C, = cos v C, = sin o cos a(1- cos v) 

Using equation (2.4) and y =  O + Q, the spin rate of the tether frame about the z, axis can be 

expressed in terms of the end-body angular velocity components in the following way. 

Ln more complete terms, the components of the angular velocity vector for the tether fiame 

can be expressed as 

Expanding equation (2.13) gives 
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sin 41- cos v) 
BI = - c5 - - 

sin v r + c, 
cos a(l - cos v) 

B, = - c4 - - 
sin v I + C3 

Finally, the derivative of the transformation matrix [chi] can be expressed as [l], 

where [ox] is a skew symmetric matrix comprising the components of the angular velocity 

vector for the body fixed h e .  Similariy, the time derivative for the transformation matrix 

corresponding to the tether f k n e  can also be expressed as follows. 

The derivative of [c,,] can now be obtained in terms of the components of {o) by using 

(ZAO), (2.13), (2.17) and (2.18) to get 

Energy Expressions in ternis of Continuous Variables 

The total kinetic and potential energy of the system depicted in Figure 2-1 is derived in terms 

of the tether and boom deformation variables wi and u,, the angular velocity components 

{a, o, oz} , and the attitude displacements of the end-body described by the elernents of 

[chi] and [c,,] (i-e., the direction cosines). Since we have assumed that oniy symmetric 

motions will be excited in the system, then we can use these syrnmetry propexties to only 

consider half of the problem (i.e., one end-body and half of the tether) and then multiply by 2 

to obtain the energy expressions for the complete system. To account for only half of the 

tether, one could consider using a tether that is physically haif the length of the full tether but 
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use an appropriate boundary condition for the end opposite to the end-body (Le., has zero 

slope and allows for a non-zero displacement). However, when we ha l ly  multiply the 

energy expressions through by 2 to obtain the energy for the hl1 two-body system, we then 

simply recover the energy expressions for the Ml length tether. Therefore, the total kinetic 

energy Tand the potential energy V of the fidl two-body system can be expressed as 

follows: 

where T, and V,, are the kinetic and potential energies associated with a single end-body, 

which Uicludes the flexible booms and the mornenturn wheel, and Sand Vt are the energy 

expressions associated with the full length tether. The factor of two accounts for the second 

end-body. The potential energy V, is associated with the strain energy due to bending of the 

flexible booms, while the tether related potential term V, is associated with the strain energy 

in the tether that comprises of two elements, VtS which corresponds to the axial extension or 

stretch of the tether, and Vtk which corresponds to the bending of the tether at the root 

section on both ends (Le., the point of attachrnent of the tether to the end-body). The strain 

energy due to bending through-out the tether is not considered because its magnitude is 

negligible when compared with Vts and VtR . This is explained further in the subsequent 

sections. Expressions are derived below for each of these energy quantities in terms of the 

continuous variables. 

2.1 -3.1 Kinetic Energy Associated with the End-body 

The kinetic energy associated with the rigid end-body and flexible booms can be written as 

follows: 

where o is the angular velocity vector of the body fixed fiame relative to the inertial fkame, 

1, is the instantaneous inertia tensor of the end-body with deformed booms, T, is the - 

angular momentum vector due to the boom deformation, hW is the angular momentum vector 
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of the wheel relative to the body h e d  hme ,  and o, is the angular velocity vector of the 

wheel relative to the body fixed frame (i.e., the total wheel angular velocity vector is given 

by CO +a,). The inertia tensor and the angutar momenhim vector due to boom deformation 

are defhed as follows: 

I = 1 ((r c)! - r+mp -P 
m~ 

where r is a position vector of an elemental mass of the end-body and booms whose 

components are functions of the deformation variables u, - u, as  defined in Figure 2-2, 1 is 
the urtity tensor, r represents the t h e  derivative of the position vector relative to the body 

f i e d  fiame, and mp designates the mass domain associated with the end-body and booms. 

The inertia tensor defined by equation (2.22) can be expanded with respect to the body fixed 

M e  and written in matrix fonn as follows, 

where the expressions for the components are given below. Note that beam foreshortening 

has been taken into account and only up to second order terms are retained. 
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where Ç is a non-dimensional variable for the position along any one of the flexible booms 

which varies between O and 1 (i.e., O corresponds to the point of attachment and 1 

corresponds to the opposite end of the boom). The parameters pl , p2 and Il ,Z, are the 1i.nea.r 

mass density and the length of the boom elements for pairs 1 and 2 respectively, and 

a, and a, are the boom attachment offsets fiom the zb axis for boom pairs 1 and 2, and 

â,. = a, 12, for i = 12 . The texms A, , Bo , Co , Do , Eo , Fo represent the mass moments of inertia 

for the undeformed configuration (i.e., ui = O ) and are given by the following: 

where Ab ,Bb ,Cb ,D, ,Eb ,F ,  are the moments of inertia of the central rigid body, and 
c. 

di = d/li for i = 1,2 where d is the axial offset along the zb axis of the two boom pain from 

the end-body center of mass. 

The angular momentun due to boom deformation, defined in equation (2.23) can be 

expressed in matrk form relative to the body fixed frame as follows 
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The components are given below in terms of the deformation variables for the flexible 

booms. 

The kinetic energy associated with the end-body can therefore be written in the following 

matrix form 

where {a} = {a, a>, o,}Twhich are the components of o expressed in the body fixed 

h e .  

2.1.3.2 Kinetic Energy Associated with the Tether 

To derive the kinetic energy expression associated with the tether, it is convenient to define 

the position of an arbitrary point on the tether as the summation of two vectors, 

as shown in Figure 2-2. The vector a defines the position of the tether attachent point 

relative to the body fixed hune, and the vector r, defines the position of an elemental mass 

on the tether relative to the tether fixed kame. The vectors can be expressed as follows: 

a = {e, eh e, Ha} ; where {a}  = (O b, a, (2.41) 

r 
rr = {ex, eyr e, }{r,} ; where {r ,)  = {w, w, z + w,} (2.42) 
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where {e, eh e, ) and{e, e, e. ) represent the unit vectors in the body iked fi-ame and 

the tether fked fiame respectively. The tether attachrnent position bas an axial component a, 

along the z, axis as well as a lateral component b, along the y, axis, and w,, w2 and w, are 

the tether deformations about the x,,  y,, and z, axes of the tether fixed M e .  The time 

denvative of r can therefore be expressed as 

where o is the angular velocity of the body fixed £hune and o, is the angular velocity of the 

tether fixed W e ,  and i; is the time derivative of the tether position vector relative to the 

tether h e d  h e  given by: 

Using equation (2.43), the kinetic energy associated with the tether can be expressed as 

follows, 

where the first integral represents the tenns that are not dependent on the rotation of the 

tether M e ,  the second integral represents the t ems  that arise due to the rotation of the 

tether hune, and M, represents the mass domain of the tether. Note that if the tether were 

assumed to be non-spinning (i.e., w ,  = O ) then the second integral would become zero. 

We c m  express (2.45) in ma& form with a11 vector components expressed in terms of the 

body fixed frame, 
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Substituting (2.41), (2.42) and (2.44) into (2.46) and cokcting ternis gives 

where o, is a hc t i on  of {O} given by (2.13) and 

2.1.3.3 Potential Energy Associated with Axial Deformation of the Tether 

The tether matenal is assumed to be linearly elastic and hence the strah energy in the tether 

due to deformation is qua1 to the potential energy associated with the tether. The total 

tension I; in the tether is given by 

where T is the nominal tension, E is Young's modulus, A is the tether cross-sectional are& 

and E is the strain in the tether given by, 

where w, , w2 , w, are the de formations associated with an element of tether dong the x, 

y, and z, axes respectively in the tether fixed fiame. Using the binomial theorem and 

retaining up to 4"' order ternis, the strain can be expressed as follows, 

where the notation wi . = 3 is introduced for compactness. Using (2.49), the potential - & 
energy for the tether is then given by, 
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and substituting (2.51) into (2.52) and again retaining o d y  up to 4' order tenns, the potential 

energy becomes, 

Wnting (2.53) in non-dimensional hm and assuming T << EA , which is the case for most 

practical tether applications, then the potential energy associated with the tether becomes the 

following. 

where again is a non-dimensional variable for the position dong the tether which varies 

behveen O and 1 (Le., 6 = zll, ). 

2.1.3.4 Potential Energy Associated with Bending at the Tether Root 

In applications where the tether is not a string but rather a wire or cable that has some 

bending stifiess, than the potentid energy associated with the bending of the tether cm also 

be a factor in the dynamics particularly when the root of the tether is considered (Le., in the 

vichity of the point of attachment of the tether to the end-body). Missions such as the 

OEDIPUS, the Shuttle based TSS missions, and NASA's PMG mission used an electricalIy 

conductive tether to pedorm various ionospheric physics experirnents where the tether has a 

metallic core and may have various layers of insulation and matenal amund the core [2,11,3]. 

Unless the tether has a relatively large cross sectional area, the bending related strain energy 

through-out the tether length is much smaller than the other tether related strain energy ternis 

(e-g., typically by severai orders of magnitude). Therefore, it is often justified to discard the 

tether bending related tenns which is the approach used by most investigators. This sarne 

approach is used in this analysis and the tether bending effects through-out the tether are 

assurned to be negligible (this is con£irmed in Section 2.1.5.4). However, the same is not 

necessarily true for the strain energy that results fkom bending of the tether root section at 
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each end of the t e m .  Since, the bend radius in the vicinity of the root can be very small 

(depending on the magnitude of the nominal tension), the resulting strains can be quite high 

when compared with the strains in the rest of the tether particularly when there is some 

appreciable attitude oscillation of the end-body. Also, since the tether root section is the 

interface between the tether and the end-body, then energy dissipation in the root area c m  

possibly have a pronounced effect on the end-body attitude dynamics. Particularly, since it is 

well known that for spinning spacecraft, even a small amount of darnping c m  have profound 

effects on the stability of the system. Therefore, we have chosen to include the bending 

related tenns associated with the tether root in the 

mathematical model. 

To derive the potential energy associated with the root 

bending terms, let the defonnation at the root be 

represented by the diagram in Figure 2-4. Assume that the 

root of the tether ben& with a constant radius R . The arc 

length of the root IR is then equal to 

where 8, = 8, + v , and 8, is the slope of the tether at 

5 = 0 and v is the coning angle of the end-body. Note 

that R changes as the angle 8, is applied in the following 

way: when 8, is zero, then R =a, or 1/R = O  (Le., the 

tether comes straight out of the end-body); and when 8, 

is at a maximum value then 1/R is dso at a corresponding 

maximum value. Let us therefore assume that the quantity 

1/ R varies hearly with 8, so that 
Figure 2-4 Geometry of the 

tether root 

where Rf is a constant reference radius that can be d e t e h e d  experirnentally. Then 

substituting (2.55) into (2.56) and manipulating the tems, we find that 
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The potential energy of the root segment is given by the strain energy for a bearn 

and using the Navier's flexwe formula with (2.56) and (2.57) we get 

Now substituting (2.59) into (2.58) and noting that the integrand ir. (2.58) is constant over the 

root length, then the potential energy associated with the bending at the tether root is given 

by 

In three dimensional space, an expression for 82, is found by defining two unit vectors, one 

that is aligned with the z, axis of the end-body {â,) and the other that is aligned with the 

tether at the attachment point {SR}. Assuming the magnitude of the root angle remains within 

a region where 8, s sine,, then 82, can be expressed in terms of the dot product of the two 

vectors {ô,} and {SR}  as follows, 

where the vectors {â,) and {&} are expressed relative to the tether fixed fkme. For 

relatively small slope angles of the tether, the components of {SR} can be approximated by 

T 

 SR)={^, -8, 1-t(@ 1, +o;~)} where 8, = -w, .. - .(O) and 8, = w, .(O) . To determine 

the components of {â , } ,  we use the transformation rnatrix [c,,] defined in (2.1 1) to 

transfom a unit vector dong the end-body z, axis into the tether fixed frame to get 

{ô,} = {-cS -C4 Then substituting these expressions into (2.61), collecting terms and 

keeping oniy second order terms in OX0 and 6, yields the following for the root end of the 

tether corresponding to 4 = O at the first end-body, 
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A similar procedure c m  be applied to the root at the opposite end of the tether (second end- 

body) to obtain 

Now using (2.60), we can account for both ends of the tether by adding the potential energy 

at each end, so that 

Finally, assuming a circular cross section for the tether we can set 

where we introduce the factors k, and T defined as follows, 

and the potential energy associated with the root bending that accounts for both ends of the 

tether can therefore be expressed as 

with 0; and BR, given by (2.62) and (2.63) respectively. 

2.1 -3.5 Potential Energy Associated with the Flexible Booms 

The flexible booms typically used on spacecraft are long and slender with a longitudinal 

stiffhess that is much greater that their bending stifiess. Therefore, strain energy associated 
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with the shear loads and axial forces on the booms is assumed to be negligible. Then the 

stïain energy in the booms can be expressed as [4]: 

where M is the bending moment, E is the Young's modulus and I is the cross sectional 

moment of inertia of the boom. For an Euler-Bernoulli beam, the bending moment is related 

to the radius of curvature as follows [JI: 

where u is the lateral deformation of the boom. Assuming that the boom defornations are 

small, so that the denominator in (2.69) is very nearly equal to 1,  and substituting (2.69) into 

(2.68), the strain energy for a boom c a .  then be expressed by, 

Applying (2.70) to the four radial booms shown in Figure 2-2, and expressing in non- 

dimensional form, the total potential energy associated with the booms can be w-ritten aç 

8 ui 
where z+t4 = - and ui cornespond to the boom deformations shown in Figure 2-2. as2 

2.1.4 Removing the Tether Longitudinal Vibration Degree of Freedom 

For tethers that have a very high axial stifniess EA relative to the nominal tension, which is 

the case for most practical applications of tethers (e.g., the EA of the tether used for the 

OEDIPUS missions is approximately four orders of magnitude greater than the nominal 

tension), the longitudinal nequencies of the tether are much higher than the lateral 
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fiequencies. Therefore, the couphg between the lateral and longitudinal modes is very weak 

and can therefore be ignored. In this case, we can solve for the longitudinal oscillations 

separately to establish a relationship between the longitudinal strain w,, and the lateral 

displacements. This simplifies the problem considerably as we can use this to remove the 

longitudinal degree of fkeedom f?om the equations of motion, and yet retain the pnmary 

effêct of the nonlinear longitudinal strain terms which provide a stiffening effect to the 

system as the tether lateral vibration amplitudes and the end-body rotational angles grow. 

Since we are neglecting the interaction between the lateral and longitudinal modes, 

consequently we can ignore the terms in the kinetic energy expression (2.47) associated with 

the tirne derivatives of the longitudinal displacement w, (Le., the let W, = O ) [5,6]. Then 

using the potential energy expression for the tether (2.54) we can denve the following 

goveming equation for the longitudinal dynamics: 

which is the same equation as  for the longitudinal 

dynamics of a simple string with the inertia terms 

neglected [5,6,7]. Integrating both sides and retaining up 

to 2" order terms, gives 

where e is an arbitrary constant of integration. The 

longitudinal dynamics is subject to the following 

boundary conditions: 

where Alr is the longitudinal extension of the tether due 

to the end-body rotation as shown in Figure 2-5. The 

grayed position of the tether is with the payload coning 

angle v at zero and corresponds to the tether nominal 

length I , .  Figure 2-5 shows that the longitudinal 

extension is a fllnction of the two tether attachent 

4 

tether 

Figure 2-5 Tether longitudinal 

extension due to end-body motion 
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offsets a, and 6, fiom the end-body center of mass, and the motions of both end-bodies on 

either end of the tether. The longitudinal extension at one end of the tether is given by: 

whcre C3 and C, are the direction cosines fkom the transformation rnatrix between the tether 

k e d  fiame and the body fixed k e  defined in (2.1 1) and (2.12). 

If we define the strain due to this elongation as 6, then 

CL 

where â, = a, / Z r  and b, = b, 12,  . Integrating (2.73) and using the boundary conditions in 

(2.74) and substituting in (2.76)we can solve for the integration constant introduced in (2.73). 

Finally, substituting (2.77) into (2.73), we get the following relationship between the 

longihidinal strain and the payload attitude motions and the tether lateral displacements. 

This can dso be written in non-dimensional forrn. 

Note that w3,,g is of second order in terms of tether lateral displacement variables and also in 

terms of the payload attitude variables. The fact that E, is second order in terms of the 

attitude variables can perhaps be best seen if we assume small angles between the tether fixed 

fiame and the body fixed frame with a, and a, defined as the angles of rotation about the 

xb and y, axes of the body futed fkame. Then C, = 1 -+(a: + a;) and let us for the purposes 

of this example set b, = O ,  then the longitudinal strain due to end-body motions becomes 
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gp = + a:) which is second order. Finally, since we have assumed we can ignore W3 Ui 

the kinetic energy expression associated with the tether (2.47), we can thus remove the 

degree of freedom associated with the tether longitudinal vibrations by substituting w3 .- . Grom 

(2.79) into the expressions for the tether related potential energy (2.54). 

2.1 .5 Energy Expressions in Tems of Discrete Variables 

To formulate the equations of motion, Lagrange's equations can be used directly with the 

energy expressions denved in Section 2.1.3, to establish a hybrid system of equations that 

involve both ordinary differential equations for the attitude motion of the end-bodies and 

partial differential equations for the tether and boom deformations. To solve this system of 

equations, however, one generally has to resort to some sort of discretization of the 

continuous deformation variables to obtain a set of ordinary differential equations. This can 

be accomplished in a variety of ways, such as for example using finite difference techniques 

for the partial differential equations, or using a Gaierkin procedure where the continuous 

variables are assumed to have a fonn of solution that is a sunmation of admissible functions. 

Since the system must be eventuaily discretized to solve the system of equations, it is 
convenient to introduce the discretization into the energy expressions at this stage, and then 

use Lagrange's equations to directly denve the governing system of ordinary di fferential 

equations. The discretization approach adopted is similar to the Galerkin method where the 

solution has the form of a surnrnation of admissible functions. 

2.1 5 1  Discrete Deformation Variables 

To discretize the continuous variables, the deformation of the booms and the tether are 

represented by the following series expansions 

Booms: 

where l j , ( r )  is a set of admissible functions characterizing the deformation of a boom 

element conespouding to the jU boom pair, yn(Q is a set of admissible functions 
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charactenzing the tether deformations, q&) are a set of generalized coordinates 

representing the iU deformation, and Nb , Nt are the number of admissible fùnctions used in 

the series expansion for the boom and tether deformations. Since an energy method is used to 

derive the system equations, it is not necessary for the functions #, (5) and 1, (5) to satisfy 

al l  of the bounàary conditions, rather only the geometric boundary conditions need to be 

satisfied (i.e., (, (5) and y, (5) need not be cornparison functions) 181. 

If the booms are not very long, then suitable admissible functions that have the proper 

boundary conditions are the eigenfunctions of a cantilevered Euler-Bernoulli beam, given 

below 

where Cm is an arbitrary constant and is detennined kom the following fiequency 

equation. 

cosp,, coshp,, + 1 = 0 (2.83) 

For cases where both pairs of booms are similar in length and mass, then the same admissible 

function can be used for both pairs of booms which is what is assumed in this analysis. 

However, if one pair was for example much larger than the other, then each pair may have 

different admissible functions. Therefore, the subscnpt j is retained on the fùnction #, to 

maintain this generality, although it should be understood that in this present analysis 

41. = 4 2 0 .  

The constant C, is chosen so that it normalizes the admissible function (, to give 

where it can be shown that CR is always equal to f 1. The admissible functions 4, are 

orthogonal with respect to 1 so that 
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The admissible functions used for the tether are the eigenfunctions for a vibrating string, 

given below, as they satisS the nahval boundary conditions of the tether. 

The f i  factor is introduced as a normalizing term which gives 

Note that y,  are also orthogonal with respect to 1, so that 

2.1.5.2 Kinetic Energy Expressed in Discrete Variables 

Substituting the series expansion in equation (2.80) into (2.39) and into the equations (2.2 1 ) 

to (2.38), the kinetic energy associated with the end-body can be expressed as follows in 

rnatrix form: 

where [I,] and {r} are the end-body moment of inertia maû-ix and the angular rnornentum 

vector due to boom vibration, defined earlier in equations (2.24) and (2.35), 

{o} = {O, o, oZ}'where the angular velocity components are defuied relative to the body 

fixed fiarne, and hW and o, are the angular momentum and rotational speed of the 

momentum wheel. It h a  been assumed that the momentum wheel is aligned with the 2, axis 

so that the components of the wheel momentun vector are {hW} = {O O hW }' in the body fixed 

fiame. Ml,, and M2, are flexural constants involving the integrals of the admissible functions 

#,(5) as follows, 
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The elements of the inertia matrix (2.24) are as follows: 

and the components of the angular momenhun vector {T } (2.36) - (2.3 8) are 
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where the flexural coefficients Pin, K,,, gin,,,, and Ejm are defuied as follows for 

j = 1 and 2 corresponding to the two boom pairs. 

Values for these flexural coefficients corresponding to the first mode are E,,, = 1.193, 

E,,, = 1571, P,, = 0569 and K j l  = 0.783. 

To derive the discretized expression for the kinetic energy associated with the tether, first 

drop the terms associated with % per the assurnptions made in Section 2.1.4, and substitute 

the expression for the series expansions (2.81) with the corresponding admissible function 

(2.86) into (2.47). The discretized expression for the kinetic energy becomes as follows: 

where o, = (1 0 1 } [ ~ ] { o } ,  [I,] is given by (2.48), and Km and Mm are flexural coefficients 

that involve integrals of the admissible functions for the tether defined as: 

2.1 5 . 3  Potential Energy Expressed in Discrete Variables 

To discretize the potential energy associated with the booms, substitute the series expansion 

in (2.80) and the corresponding admissible function (2.82) into (2.71) to yield the following 

discretized expression, 
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where Nb is the number of boom modes retauied in the analysis and 

EI, 
; = I,I (4  j n . < g ) l d 4  ; j = 1 , 2  Elj  =- 

P j'; 

A 

Using integration by parts, the following identity cm be derived EI, R, = R; Min where 

ni,, is the natural fkequency of the n' lateral vibration mode of the j* boom. Note that 

(,.&) are orthogonal with respect to 1 so that 

For the potential energy associated with the tether, First remove the longitudinal vibration 

degree of freedom by substituting (2.76) and (2.79) into (2.54), and retaining only up to 

fourth order terms, we get 

Now, substitute the senes expansion for the tether lateral deformation variables in (2.81) 

dong with the corresponding admissible hc t i on  in (2.86) into (2.106), to obtain the 

following discretized form of the tether related potential energy, 

where f is defined in (2.66) and 
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Note that y, s(5) are orthogonal with respect to 1 so that 
.Z 

Equation (2.107) can also be written in the following more compact form, 

where summation is implied on the repeated index m. 

For the potential energy associated with the tether root bending, substitute the series 

expansion for the tether lateral deformation variables in (2.81) dong with the corresponding 

admissible function in (2.86) into (2.62) to obtain the following expression for the root angle 

at 5 = 0  

s', = 

+ 

where y,,{(O) = f i n , .  If we now assume that only one of the tether modes wvill be 

dominant so that it is the major contributor to the root angle BR , then (2.1 1 1) can be written 

as 

Note that since we do not know which mode will be dominant, then we retain a single 

summation over al1 N, modes used in the expansion. Similarly for the root angle at the 

opposite end of the tether, we get 
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Then substituting (2.112) and (2.113) into (2.67), doing some manipulations with the terms, 

and letting ~T:,~(O) = Iv:,C(l) = 2n2d = 2 4  , where %, a tether fiexural coefficient defined in 

(2. log), the potential energy associated with bending of the tether root becomes, 

where summation is implied by the repeated index m, and the coefficient Sm is defined as 

follows 

2.1.5.4 Relative Magnitudes of the Tether Related Potential Energy Ternis 

In this section, we examine the relative magnitudes of the tenns associated with the potential 

energy expressions associated with the tether. Also, we include here the bending throughout 

the length of the tether to confirm that this effect is indeed negligible. It is useful to examine 

the relative magnitudes of the various potential terms as this provides insight into which 

characteristic of the tether has a dominating influence on the system behaviour. This also 

provides some insight into the relative magnitudes of the damping forces as the energy 

dissipated per stress cycle will typically be some mal1 percentage of the maximum potential 

energy associated with the deformation that corresponds to that stress cycle. 

Let us first consider the potential energy due to bending throughout the length of the tether. 

This is determined by using the strain energy for a beam given below 

Using (2.81) this can be written in the following discretized fom. 
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A 

where El, = EI/~,z: and % is the tether related flexural constant d e h e d  in (2.108) noting 

that 

Assuming a cucular cross section for the tether and using only one tether mode, V,# c m  be 

expressed in the following way 

with 

where dt is the diameter of the tether. Now we can compare (2.119) with the potential energy 

that corresponds to the extension of the tether given in (2.1 10). If we just consider the term in 

(2.110) that corresponds to the nominal tether tension which is the dominant term when the 

displacements are small and assume that the end-body coning angle is zero (Le., 

C, = 1, C, = C, = O ), then it is apparent that the difference between (2.119) and (2.110) is 

just the factor k,%, . The magnitude of this factor however is extremely small because of the 

(d,/l,)'tenn in k, . Although, EA is typically 3 or 4 orders of magnitude greater than the 

nominal tension T, the diameter of typical tethers used in space is easily greater than 6 orders 

of magnitude less than the associated tether lengths. Therefore, the fact that the factor k B  is a 

function of the square of the ratio (dll,) , Unplies that this term becomes extremely small and 

hence justifies neglecting the bending effects throughout the tether length. 

We can also compare (2.1 19) with the potential energy associated with the tether root 

bending given in (2.1 14). If we again let the end-body coning angle be zero (Le., C, = 1 ,  and 

C, = C, = 0) and use only one tether mode, then the tether root bending related potential 

energy becomes 
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Comparing (2.121) with the potential energy due to bending through-out the tether in (2.1 19), 

we see thai we need only to compare the relative magnitudes of the factor k,%, , dehed in 

(2.120), with the factor 4kR where k, is defined in (2.66). It is evident that the primary 

difference is that (2.66) involves the ratio (d t / l t ) * (d t / lR )  while (2.120) involves the ratio 

(dl where dt 11, typically has a very small magnitude in the order of 1 o4 or less while 

the factor of dl /!, is orders of magnitude larger, typically varying between 10" - IO-' for 

tethers that have a metallic core like that used in the OEDIPUS, TSS or PMG tether missions 

(depending on the nominal tension). For example, based on some simple experiments 

discussed in Chapter 5, the OEDIPUS tether was found to have a root length ZR equal to 

approxirnately between 5 to 20 times the tether diameter d, for nominal tensions of 

approximately 1-2 N. Therefore, the foregoing comparison shows that the effects of bending 

at the tether root are far more significant than the bending in the rest of the tether (i-e., 

typicall y b y several orders of magnitude). 

Let us now compare (2.121) to the potential energy associated with the tether axial extension 

in (2.1 10). Setting the coning angle to zero and again using only one mode, (2.1 10) becornes 

where we introduced the factor 

Then taking the ratio of Vts and V,R we get 

where A, has been introduced which is the amplitude of the n* laterai mode of the tether. The 

b t  term in the ratio compares the root bending potential energy with that due to the nominal 

tension, while the second term corresponds to the axial stretch of the tether due to the lateral 

deformations For practical applications, the h t  term d l  have a magnitude of typically 

10' to 104, and hence this implies that the root bending stif'fhess has a negligible 
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contribution to the potential energy when compared with the stifniess terms that arise due to 

the nominal tension. If we now consider the second term and use only the £kt tether mode 

where 4 = d , then it is clear that the lateral amplitudes need to be very mal1 (typically 

much less than 0.1% of the tether length) in order for the second term to be approximately 

equal to 1 which is the point where the root bending and the axial stretch energy terms have 

the same contribution. Also, since the damping in the tether per stress cycle can be related to 

some small percentage of the maximum strain energy due to deformation of the tether, then 

this second term provides some insight about the relative magnitudes of the damping. For 

example, using parameters appropnate to the OEDIPUS missions, this second term becomes 

equal to approximately 1 when the lateral amplitude is approximately 0.02% of the tether 

length (or in this case approximately 20 cm). This implies that for the OEDIPUS tether, the 

lateral amplitudes need to be in the vicinity of 0.02% of the tether length or less for the root 

bending tems and hence also the corresponding darnping terms to have a greater magnitude 

than those due to the axial stretch of the tether. 

Finally, if we now only consider the effects of the end-body coning and assume that the 

tether lateral deformations are zero and that it = O, then the potential energy due to the 

nominal tension and nonlinear stretch of the tether in (2.110) and that due to root bending in 

(2.1 14) becorne 

Substituting (2.66) into (2.126), recalling that C, = cos v ,  and then taking the ratio of the 

two potentid energy expressions, we get 

where we have assurned that the end-body coning angle v is small. Again, the first term in 

(2.127) compares the root bending effects with the potential energy associated with the 

nominal tension, while the second term compares the root bending effects with the axial 

extension of the tether. Based on the ratio in (2.127), we now find that the tether root bending 
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texms can be of comparable magnitudes to the tether stretch and the nominal tension related 

potential ternis even at modest coning angles. To provide a quantitative example, let us again 

consider the OEDIPUS class of missions where a, = 1 m , d, = 0.001 m , !, = Sd, and 

1, = 1000 m. In this case, the h t  term in (2.127) is approximately equal to 8 which implies 

that the potential energy due to the nominal tension will be approximately 8 tirnes larger than 

the potential energy associated with the tether root for a given conhg angle. Although, this 

shows that the nominal tension will still have the dorninating stifiess effect on the system, 

the contribution of the root bending stifiess is now not necessarily negligible. When we 

consider the second term, we find thar it is equd to approximately 1 when v is near 10'. 

Hence, this implies that at modest coning angles in the vicinity of IO', the root bending 

potential temis can be greater than those caused by the axial extension of the tether. 

Consequently, it is expected that the tether related damping forces will be dominated by those 

caused by root bending at these relatively small conhg angles (e-g., 10' or less.). 

Ln summary, based on the cornparison of potential energies due to the axial extension of the 

tether, bending at the tether root, and bendhg throughout the tether, the foregoing 

examination suggests that the tether root bending effects are not negligible. Also for modest 

coning angles, the tether root damping can be the main energy dissipation source in the tether 

when the lateral tether amplitudes and the end-body attitude angles are small. Further, it 

appears that tether root bending stimiess effects can also have some non-negligible influence 

for even modest coning angles. The investigation did also confkm that bendhg throughout 

the length of the tether is extremely small (several orders of magnitude less than the other 

energy tems) and it is therefore justified to ignore these tems in the mathematical model. 

Generally, these simple comparisons show that the tether root bending is not always 

negligible and can be the main source of damping in the tether when coning angles and tether 

deformations are small. Note that the inclusion of the root bendhg tems rnay be particularly 

important for fuhue missions that may use larger diameter tethers that have greater bending 

stiffhess (e.g., space station tethered platforms where the tether also supplies power and data). 

2.1.6 Application of Lagrange's Equations 

The equations of motion are obtained by applying Lagrange's equations to the kinetic and 

potential energy expressions presented in the preceding sections. The generalized coordinates 

used in this formulation are the components of the end-body angular velocity o, ,a, ,oz, the 

deformation coordinates correspondhg to the booms q,, , q,, , . . . , q,, for n = 1,2, , Nb 
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where Nb is the number admissible functions used in the analysis, and the deformation 

coordinates corresponding to the tether q,, and q,, for n = 12,. . ., N, where N, is the 

number of tether admissible functions. Since the angular velocity components cannot be 

dùectly integrated to obtain the generalized displacements associated with the attitude motion 

of the end-body, then they cannot be considered generalized coordinates and are thus referred 

to as quasi-coordinates. When quasi-coordinates are used, Lagrange's equations take on the 

following form [9,1 O] 

where T and V are the kinetic and potential energies of the system, the subscnpt i refen to 

the components x ,  y and z ,  Bi represents the components of the Euler angle set 

(0) = (0 v 0)' that define the orientation of the body fixed fiame relative to the inertial 

fiame, [pl is the matrix d e h e d  in (2.4)-(2.6) that relates the angular velocity components to 

the rates of the Euler angles, and {N) i s  a vector representing the extemal, non-conservative 

torques applied to the end-body about its center of mass. The vector {N} is related to the 

generalized forces {& Q, Q,} that correspond to the Euler angle set (8)  as follows 

For the modal coordinates corresponding to the booms and tether, the more conventional 

form of Lagrange's equations can be applied, 

for i = 1,2,. . . ,IO and where Q, represents the non-conservative generalized forces applied to 

the flexible bodies. The only genemlized forces considered in this mode1 are those due to 

intemal damping in the tether and the booms. These damping terms are denved in the 

following section. 
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The kinetic and potential energies, given in (2.20), are repeated below for convenience, 

Recall that the factor of two accounts for the second end-body. The kinetic energy 

expressions associated with the end-body and the flexible booms T, and with the tether Tt 

are given in (2.89) and (2.101), while the strain energy expressions associated with the 

flexible booms V,, , the tether axial extension Vts , and the tether root bending V,# are given 

in (2.103), (2.1 10) and (2.1 14) respectively. 

Additionally, equations are required that relate the angular velocity components to the 

attitude of the end-body. In this formulation, the attitude variables setected are the direction 

cosines which are the elements of the transformation matrices for the body and tether fiames. 

This choice of attitude variables is made as the resulting equations will have a simpler fonn 

and will be fiee of any trigonometric functions which will significantly speed up 

computation. Additionally, singularity problems can be avoided which becomes particularly 

useful in the derivation of some of the damping forces discussed in the next section. The 

required direction cosines correspond to the transformations matrices [c,] and [c,] defined 

in (2.2) and (2.1 1). Using (2.17) and (2.19), the differential equations for the direction 

cosines elements c m  be expressed as 

where {o} = {a, o, Since the elements of the transfomation matrices are not unique 

(Le., generally 9 elements d e h e  only three degrees of fkeedom), relationships can be 

established amongst the elements of [c',] and [c,] so that only three elements fkom [Chi ] 
and three fkom [c'] are needed to be included in the system equations. 
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2.1.7 Damping Forces 

The non-consmative damping forces that are present in the system are due to the boom and 

tether defomations. Experimental studies of the damping models for various types of tethers 

have been conducted to support flight programs (e-g., TSS and OEDIPUS) that have show 

that the constitutive law that accounts for damping is very complex due to the complex multi- 

layer structure of the tether [ I l ,  12,131. However, based on the ground experiments it is 

difficult to detexmine which damping mode1 is the most appropriate. It seems that what is 

more important is that whatever damping model is used, the arnount of energy dissipated per 

stress cycle should match the experimental or flight data. This has in fact recently been 

confirmed by a detailed study of the TiPS flight dynamics data after its first year of being on 

orbit [14]. Various dynamics analyses were conducted and compared dong with different 

damping models as one of the interesting features that was investigated was the decay of the 

libration amplitude. One of the conclusions from this flight data analysis work was that the 

specific damping model did not appear to be that important, rather it is the energy dissipated 

per stress cycle that was the main parameter. 

Therefore, the approach adopted in this study is to use a simple Kelvin-Voigt matenal model 

for both the booms and tether that has the following constitutive law (where o, is the stress 

in the material), 

a, = E ( E + ~ & )  (2.133) 

and determine a suitable viscous damping parameter q so that the energy dissipated per 

stress cycle matches observations in either laboratory experiments or later in the flight data. 

The damping terms for the equations of motion (i.e., the generalized forces) are then denved 

by formulating the h a 1  work that cornesponds to the damping forces associated with each 

of the generalized coordinates using the damping related term (Le., the second terni) in the 

constitutive law in (2.133). The expression for the virtual work 6çV that applies to either a 

boom or the tether is given by, 

where A and 1 are the cross sectional area and length of either a boom or the tether, and E 

is the axial strain of a differential elernent. The first term in the integrand is the damping 

force on the differential element, while the second term is the *al displacement. The 

minus sign is introduced to reflect that the damping force is acting in the opposite direction to 
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the virhial displacement. Also, for the purposes of deriving the damping terms, it is assumed 

that the boom and tether are homogeneous flexible mernbers. 

2.1 .i.l Damping Forces Associated with Boom Bending 

B a d  on classical beam theory, the strain o f  a difkential elernent in one of  the booms is 

given by, 

where c is the distance of the differential element fiom the neutml axis, R is the 

instantaneous bend radius, l j  is the length of the boom corresponding to the j" boom pair, 

and tri is the lateral deformation of a boom in one of the directions that corresponds to the 

j* boom pair as depicted in Figure 2-2 (i.e., j = 12  and i = 1-8). Substituting the 

discretized form of ui defined in (2.80) into (2.1 3 5) gives 

and the strain rate and the variation of the strain SE can then be written as 

Substituthg (2.137) into (2.134) and noting that I = A c'dl and ds = l j d 5  the virtual work 

becomes 

where the subscript j was introduced on the damping parameter 7 and also on the benduig 

stifi5ess related term El  to designate that this corresponds to the j" boom pair, and 

R- J" = ji 4:, dg as defined in (2.104). Finally using the identity (denvable using integration 

by parts) 
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where Cljn is the natural fiequency associated with the n* mode of the j* boom pair, the 

generalized forces that correspond to boom damping can be expressed as follows 

2.1 J.2  Damping Forces Associated with the Tether Axial Extension 

The strain in the tether c m  be expressed in terms of the lateral tether deformations and the 

end-body attitude motions by substituthg (2.76) and (2.79) into (2.5 1) to obtain 

where we retained up to second order tems, and C, and C, are direction cosines of the [c,] 
transformation matrix defined in (2.12). Substituthg the discretized f o m  of w, and wz given 

in (2.81) into (2.141) then gives 

1 
where rb, = y&d{ dehed in (2.108). The strain rate and the variation of the strain 6~ 

O 

c m  therefore be expressed as 

and 

where o, v, and fi are the 3-1-3 set of Euler angles that represent the attitude of the end- 

body relative to the inertial fiame , and c3 and can be determined nom (2.19) to equal 
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Now, by substituting (2.143), (2.144) and (2.145) into (2. I34), the h a 1  work due to 

damping caused by the axial extension of the tether can be expressed as 

where the subscript t has been introduced to the damping parameter q in (2.134) to designate 

the tether, and sumation is implied on the repeated index m. Expressing C, and C, in the 

strah expression (2.142) in t ems  of the Euler angles, as defined in (2.1 2), the generalized 

forces associated with the end-body attitude dynamics can therefore be expressed as follows 

To determine the torque {N} applied to the end-body, substitute the generalized forces 

(2.147) into (2.129) which gives 

26, (sin O sin v) 
2(ât C, - 6, CJO, - 20, C,O, 

26, (sin v )  - 26, (cos D cos v) 
+ 2&@: + 4 " ( 9 9 m 4 9 , "  + q , ,4 ,om)  O 

where the elements of [fl] are fiuictions of the Euler angles defined in (2.6). Expanding 

(2.148) in terms of the Euler angles, collecting terms and incorporating some ûigonometric 

identities, then substituting in the definitions of the direction cosines given in (2.12), and 

hal ly  substituting f into (2.148) which is defined in (2.66). the damping torque {N) can 

be expressed in the following h a l  form that does not explicitly involve the Euler angles. 
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Finally, nom (2.146), we also obtain the generalized forces associated with the tether 

de formations 

Substituting f into (2.150) and introducing the tether natural fiequency for the lateral 

vibration using the identity 

the generalized damping forces Q,, and Q,, can be written the f~llowing final f'rm 

Note that the generalized damping forces associated with the tether axial extension in (2.149) 

and (2.152) are nonlinear in terms of the tether deformations and the attitude angles. This 

implies that for mal1 amplitudes, the damping of the lateral tether vibrations and the 

associated end-body attitude oscillations becomes extremely small. This is a well known fact 

and has been a source of concem for tether flights such as the Tether Satellite Systern (TSS). 

2.1.7.3 Damping Forces Associated with Tether Root Bending 

The strain in a differential element within the tether root area, can be expressed in terms of 

the Euler angles that define the orientation of the end-body relative to the inertial kame and 

the tether lateral deformations expressed in terms of the tether h e .  Let us first consider the 

strain induced in the tether root due to the end-body rotations. Using the 3-1 -3 Euler 

sequence, the first rotation is about the zb axis through the angle S2 and no strains are 

induced in the tether root as the tether and body rotate together and the root angle remains 

zero. The second rotation is now about the xb axis through the angle v and now bending was 

induced in the tether root with the strain given by 



Chapter 2 Equations of Motion Page 70 

where y is the distance fiom the neutral axis as shown in Figure 2-6. The minus sign is 

added as the root section is in compression in the positive y direction and compression in the 

negative y direction. A fmal rotation is then made about the z, axis through the angle a 

which is also shown in Figure 2-6. At the completion of the three successive rotations, the 

x, and y, axes of the tether fixed &me are oriented as shown in Figure 2-6 relative to the 

neutral axes of the bend in the root. The distance y from the neutral axis can be expressed in 

terms of x, and y, and the angle a as follows 

Substitute (2.154) and the expression derived earlier for 

the bending moment in the tether root (2.59) Uito 

(2.153), to obtain the expression for the strain in an 

element of the tether root segment due to rotation of the 

end-body 

V 
6 = - - (x,  sina+y, coso) (2.155) 

I R  
Figure 2-6 Cross Sectional View of 

where the root angle in (2.59) is replaced with the 

coning angle v .  

the Tether Root Section for a 
Spinning Tether 

If we now set the coning angle v to zero, the strain of an element in the root section due to 

the tether deformation c m  be detemined by applying (2.59) and (2.153) with y = y, for a 

tether deformation in the positive y, axis and y = x, for a tether defornation in the positive 

x, axis, to yield the following approximate expression 

which is valid for small slopes at the attachrnent point of the tether. Now, adding the strains 

in (2.155) and (2.156) then provides a good approximation to the total strain in an element of 

the root segment at 5 = O due to end-body rotation and the tether deformation, 
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The strain rate and the variation of the strain can now be expressed as follows, 

Substituting (2.158) and (2.159) into (2.134), converting to polar coordinates for the cross- 

sectional area of the root so that x, = r cos 0 ,  y, = r  sin 0, and dA = r dr d 0 ,  and noting that 

1 = f nr4, we get the folIowing expression for the virtual work 6tY, associated with the 

damping in the tether root at 5 = O 

where summation is implied on the repeated index m ,  and where we again have assumed 

that only one of the tether modes will be dominant so that we c m  ignore the coupling 

between modes. 

The virtuai work associated with the damping in the tether root for the opposite end of the 

tether 6W; can also be determined using the sarne procedure. The resulting expression is 

given below 
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Finally adding Wo and 6W; to form the total vimial work associated with damping at the 

tether root, substituting in the coefficient Sm dehed  in (2.1 15), and again noting that 

(0) = (1) = 2& , we get the following expressions for the generalized forces 

associated with damping at the root, 

El - (2 L + sm (4,. sin a + glO, COS O)) e V = - % ,  

To determine the damping torque {N} applied to the end-body, substitute the generalized 

forces in (2.162) into (2.129) to get 

2 Jb + VS, (q,, cos a - q,,, sin o) 
2 i . + 5 m ( ~ 9 , ~ i n ~ + ~ , o m c o s a )  (2.1 64) 

O 

where the elements of [pl are functions of the Euler angles defined in (2.6). To express the 

darnping torque {N} in a form that does not explicitly involve the Euler angles, we take the 

following steps: expand (2.164) in tenns of the Euler angles and express the Euler rates 

ir and v in terms of the Euler angles and the angular velocity cornponents per (2.4); then 

assume that the coning angle magnitude remains relatively small so that v = sin v ; and then 

collect terms and incorporate some trigonometric identities; and hal ly  we substitute in the 

expressions for the direction cosines given in (2.12). The final form for the damping torque 

{N} that does not explicitly involve the Euler angles is given below, 
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where we used (2.65) with k, defined in (2.66). 

For the generalized forces that correspond to the equations for the tether defomations, given 

in (2.163), we follow a similar procedure and substituting in the tether natural ffequency 

expression using the identity in (2.15 1) to obtain the following final expressions that do not 

explicitly involve the Euler angles, 

2.1.8 Nonlinear Equations of Motion 

The full nonlinear equations of motion for the system are derived by following the 

Lagrangian procedure outhed in Section 2.1.6, incorporating the generalized damping forces 

derived in the preceding Section, and carryuig out extensive algebraic manipulations (note 

that these were conducted entirely by hand without the use of a symbolic manipulator). The 

darnping torque {N} on the end-body is given by (2.149) and (2.165), the generalized 

darnping forces that conespond to the boom equations are given by (2.140), and the 

generalized damping forces that correspond to the tether equations are given by (2.1 52) and 

(2.166). The equations for the direction cosines in (2.131) and (2.132) are also expanded to 

obtained the equations for the individual components of the transformation matrices. The 

final nonlinear equations are provided where summation is irnplied on the repeated index m. 

Equation for w, : 
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Equation for oz : 

where for compactness we defined, 
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and where the instantaneous end-body moments of inertia A-F are denned in (2.91)-(2.96) and 

(2.3 1)-(2.34), and the angular momentum components due to boom defonnation T, , TV and 

are defined in (2.97)-(2.39). 

Flexible boom e q d o n s  for q,, - q8, : 

("im 2; G n m  
q i n + ~ i Q ~ n ~ I n +  al; + - fim) a:] qlm 

Min ( 2 . 1 7 2 )  

P i n  + âi K i n  (hz + K i n  
+ 2 t ~ x ~ ~ n + ( ~ x - o y ~ = ) q ~ n +  t~,a>~)+di-bx = O 

Min Min 

E h  + â2 E2nm Ezm + â2 €2nm 
& . + r l l ~ i , & ~ +  oj-6,,0:+ - f im W 4zm 

Min M z n  (2.172) 

f 2n + â2 K i n  - K I =  
-2 oyq6n - (&y  + @ X ~ Z ) Q ~ ~  + ( b : ~ ~ a & d * -  L>, = 0 

Mtn M i n  

P i n  + âi K i n  A K i n  
+2 4,. + (01 - &y 0:) q,n + ( & f t ~ ~ ~ ~ ) - d l - &  = O 

Min Min 

P z n  + âz K i n  K l n  

- 2 @ y 4 8 p  - ( h y  + W I ~ : ) Q * ~ +  ( c ~ ~ - o ~ o ~ ) - & - ~ ~  = O 
Min M z n  

f i n  + âi K i n  
-2 w x Q l n  - ( b x  + 0-Y 0:) 41, + (0, -0~0.) = 0 

Min 
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P i n  + âi Kin 
-2 CU, 4 3 .  - (O, + @Y ~ i & ) q , ~  + ( ~ I ~ - O ~ O J  = 0 

M i n  

Tether equation for q,,, : 
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End-body attitude equations for the direction cosines: 

The elernents C, represent the elements of [c,] and C, represent the elements of [c,, 1. The 

remahhg elements of the transformation matrices c m  be found fiom the followuig 

relationships 

and 

Note that the full system equations involve only the direction cosines for the attitude variables 

and no trigonometric functions are used (which would be the case if the Euler angles were used 

as attitude variables). However, like the Euler angle formulations, the above equations do also 

have a singularity that occurs when 1 + C3 = O (i-e., 1 + C3 appears in the denominator in some 

of the terms of the equations). However, this is still an improvement over the Euler angle 

formulations as the singularity is now encountered when the end-body coning angle is 180', 

while the best one could do with Euler angle formulations is to have the singularity occur when 

the coning angle is 90' . A coning angle of 180' is a very unlikely scenario for this spinning 

tethered system that cm only be obtained by applying the necessary extemal forces or extremely 
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large tip-off forces on the end-body. On the other hanci, a singularity occlirring at only 90' may 

become problematic if the end-body goes into a Bat spin (i.e., coning angle approaches 90') 

which can occur naturally for an unstable system without any forcing temis applied to the end- 

body. Furthennore, the 3-1-3 Euler angle sequence used to establish the kinematic relationships 

in Section 2.1.2 was selected because it simplified the derivation of the relationship between the 

tether M e  rotation o, and the end-body £ked fiame motions and also the formulation of the 

generalized damping forces due to bending at the tether root. However, the singularity for this 

Euler sequence occurs at a coning angle of Oowhich of course would introduce numerical 

difficulties as this is our desired equilibrium position. Therefore, if an Euler angle based 

formulation was used, one wouid have to select a different Euler sequence (e.g., a 3-1-2 

sequence) which would then complicate the derivation of the kinematic relatiowhip between the 

tether h n e  and the body h e  and the derivation of the tether mot damping forces. 

2.2 Flexible Spacecraft with a NonSpinning Tether 

Let us now consider that the case where, although the end-bodies are spinning, the tether itself 

is not spinning. This could be implemented by having the tether attached to small platforms on 

each spacecraft that are actively spun in the opposite direction to the spacecraft spin so that they 

are not spinring relative to inertial space (i-e., de-spun platfoms). We consider this 

configuration for two reasons. The k t  is that having a de-spun tether may be a possible end- 

body stabilization approach for spinnuig tethered spacecraft (e.g., such as for the OEDIPUS-C 
mission) and hence warrants investigation. The second reason is that this will allow us to make 

an assessment of the importance of modeling the spin of the tether in general multi-body 

dynamics models of tethered systems. To the author's knowledge, an investigation into the spin 

of the tether has not been previously published in the literature as it is has been generally 

assumed that the spin has a negligible effect on the system dynamics and therefore has not been 

taken into account in the mathematical model formulations. We will be able to make an 

assessment of this assurnption by comparing the results of the spinning tether model described 

in Section 2.1 with the non-spinning tether model described in this Section. 

The formulation for the non-spinning tether case foilows the same procedure as described in 

Section 2.1, with the only difference king that the tether fixed frame is not spinning and is 

then the same as the inertial frame so that [c,] = [l], and [c,] = [c'~] . Therefore, the attitude 

variables are now the direction cosines fiom only the [c,] transfomtion matrix. Since now 
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a>, = 0 ,  the second integral in the equation for the kinetic energy of the tether Tt in (2.45) 

vanishes so that the -tic energy for the non-spinning tether becornes simply: 

and expressing in terms of the discrete variables, we get 

where we again have ignored the kinetic energy associated with the longitudinal vibrations of 

the tether. The potentiai energy associated with the axial extension of the tether is the same as 

for the spinning tether model, with the exception that C, and C, are replaced by 

C,, and C, which are the direction cosines fiom the [c,,] transformation rnatrix. Therefore 

the potential energy expression becomes: 

where surnrnation is irnplied on the repeated index m. The potential related to the tether root 

bending m u t  also be expressed in ternis the directions cosines frorn the [c,, ] transformation 

matrix. The resulting expression is given below: 

where the factor k, is defined in (2.66) and where again summation is implied on the 

repeated index m. 

The generalized forces associated with the damping in the tether derived in Section 2.1.7 m u t  

also be modified to account for the non-spinning tether h e .  The generalized damping forces 

associated with the axial extension of the tether given in (2.149) and (2.152) are modified by 
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repiacing the direction cosines C, ,C, and C, with C,, , C, and C,, respectively. For the 

damping forces associated with bending at the tether mot, a new derivation is required that 

follows the same approach as used in Section 2.1.7.3. 

Let us again consider the s t n h  induced in the tether root due to the end-body rotations. 

Using the 3-1-3 Euler sequence, the location of the neutral axis for the bending at the root 

relative to the tether fiame is defined by the fkst Euler rotation through the angle R about 

the q, axis as shown in Figure 2-7. The strain in the root section is now given by 

where y is the distance from the neutral axis as s h o w  

in Figure 2-7. The distance y fiom the neutral axis can 

be expressed in t m s  of the x, and y, axes of the 

tether M e  and the angle R as follows 

Substitute (2.189) and the expression derived earlier for 

the bending moment in the tether root (2.59) into 

(2.1 88), to obtain the following expression for the strain 

in an element of the tether root segment due to the 

rotational motion of the end-body, 

c\ 
N.A.' 

Figure 2-7 Cross Sectional View of 

the Tether Root Section for a Non- 

Spinning Tether 

where the root angle in (2.59) is again set to the coning angle v .  When the coning angle v is 

set to zero, the strain of an element in the root section due to the tether deformation can be 

deterrnined by applying (2.59) and (2.189) with y = y, when the tether deformation is in the 

y, axis and y = x, when the tether defornation is in the x, axis, to yield the following 

approximate expression, 
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which is valid for small slopes at the tether attachment point. Therefore the total strain in an 

element of the root segment at Ç = O due to end-body rotation and the tether deformation can 

be approximated by, 

and the strain in the tether root segment at the opposite end of the tether becomes, 

Now following the same procedure as in Section 2.1.7.3, the strain rate and the variation of the 

strain are determined and substituted into (2.134) to obtain an expression for the virtual work 

associated with the damping forces in the tether root section that accounts for both ends of the 

tether. The generaiized forces are then determined and those associated with the end-body 

rotational motion are transformai into damping torques {N} by applying (2.129). The final 

expression for the damping torque is as follows, 

t 

where k, is d e h e d  in (2.66). 

The generalized damping forces due to tether root bending that couespond to the equations 

for the tether deformations are then given by, 

Note that again 

Euler angles. 

these final expressions for the damping ternis do not explicitly involve the 
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The equations of motion are derived by applying Lagrange's equations given in (2.128) and 

(2.130), with the total kinetic and potential energies again given by, 

where now Tt, Vts , and VtR are given by (2.1 85), (2.186) and (2. IW), and the other energy 

expressions are as given in Section 2.1. The generalized damping forces associated with the 

booms, Q,, with i = 1 - 8 , are as given in Section 2.1. The damping forces associated with the 

axial extension of tether {N} and Q,, with i = 9 and 10, are given by (2.149) and (2.1 52) 

with the direction cosines C3 , C, and C, replacecl with C3, , C, and C,, , and those associated 

with the tether root bending are by (2.194) and (2.195). Finally, in this fomulation, the lateral 

tether offset b, has been assumed to be zen, so that {ô} = {O O Û,}' . 

The complete equations are given below with summation implied on the repeated index m. 

Equation for o, : 

Equation for o , : 
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Equation for o : 

Boom equations for qln - q,, : 

P i n  + 61 K i n  A K i n  
+ 2ox4sn+(hx-@Y~&?sn+ (hi + m I o y )  + dl - 0, = O 

M i n  M i n  

q3. + rlla;n g,, + 
M i n  (2.20 1 ) 

K i n  P l.+âlKl. (0,+ a>,oy)-J i -& = 0 
+ 2 ~ ~ q 7 ~ + ( t > i - m y m z ) q , n +  y,n 

M l n  
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f ln + â~ Kin 
-2 01 91. -(bx+mym:)qin+ (& -O~O: )  = 0 

M i n  

Elm + âi G n m  
q,, + I~~R:,, 4,. + 

M i n  (2.205) 

Tether equations for q,, and qlon : 
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Attitude equations for the direction cosines C, : 

where 5 represent the elements of [c,]. The remaining elements of the transformation 

matrix can be found fiom the relationships given in (2.182). Note that with a non-spinning 

tether, the equations simply significantly. 

2.3 Linearized Equations of Motion 

2.3.1 Spacecraft with Spinning Tether 

The equations of motion given in Section 2.1 are hlly nonlinear and very complex. In order 

to ailow for an analytical investigation to obtain valuable insight into the dynarnics of this 

system, the equations are linearized. The following assumptions are introduced for the 

derivation of the linear equations: 

1. There is no axial offset of the booms fkom the end-body center of mass (i.e., d = O ) 

2. Each of the boom elements are identical (i.e., same length, mass rate, stiffhess, 

fiexural coefficients) and the radial offsets for each boom element are identical (Le., 

let a, = a, = a, ) 
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3. Ody 1 vibration mode is retained for the boom vibrations while an arbitrary nurnber 

of modes are retained for the tether vibrations. 

4. There is no lateral tether attachment offset (i.e., it = 0). 

S. The body fixed m e  corresponds to the principal axes and the end-body is axi- 

symmetnc so that the inertia tensor is defined as [ I , ]  = diag[d, A, C] . 

With the above assumptions, the equations can be linearized about the following equilibnum 

solution: 

o. = a>, (constant) ; 

This equilibrium motion represents a pure spin of the end-body about the body zb axis at a 

constant rate with the tether hune  z, axis aligned with the body fiame zb axis and with no 

deformations in the booms or tether as s h o w  in Figure 2-1 by the simple spin configuration. 

To denve the linear equations, new attitude variables a, ,ay, al are defined that represent 

the infinitesimal rotations of the body fixed kame about the xb,yb and zb axes relative to a 

mtating frame that is spinning at a constant rate of o,. The components of the angular 

velocity vector {a} can therefore be expressed in ternis of the infinitesimal angles as 

follows: 

where only the linear tems are retained. Also, the direction cosines from the transformation 

matrix [c, ] become : 

TO denve the linearized equations, we invoke the assumptions stated above and substitute the 

above equations (2.21 1) and (2.212) into the nonlinear equations (2.167) to (2.18 1) and retain 

only the fkst order tems. The linear equations are given below with summation again 

implied with the repeated index m. 
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Attitude equations for a,, a,, a, : 
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Tether dynamics equations for q,, and qlon : 

The coefficients used in the above linearized equations are defined as follows: 

To reduce the number of equations describing the boom vibrations, let us introduce the 

following symrnehic and anti-s ymrnetric variables 

The new variables defined above in (2.226) are substituted into the equations for the booms 

(2.2 16)-(2.223) to yield the foilowing equations for the anti-symmetric variables, 



Chapter 2 Equations of Motion Page 90 

and the equations for the symmetric variables are 

Notice that the equations for the symmetric variables (2.23 1)-(2.234) are hlly de-coupled 

fiom the rest of the equations. Therefore, they can be solved separately and do not need to be 

retained as part of the overall system equations. Furthemore, the equations can be separated 

into two parts which are uncoupled, the equations describing the spin plane motions, and the 

equations describing the out-of-plane motions. The equations for the spin plane motions are 

given by (2.215), (2.227), (2.228) and are summarized below in terms of anti-symmetric 

boom variables. 
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The equations for the out-of-plane motions are sumrnarized below using the anti-symmetric 
boom variables. These equations are of main interest here as they describe the coning behavior 
of the end-body and the tether dynamics. To allow re-arranging the equations into a canonical 

form, the equations for the boom deformations were multiplied by k3fffbk , and the equations 

for the tether deformations were multiplied through by rll, . 

where the substitution f%, = Q: Jfrn was made in the tether equations. The equations can be 

expressed in the foIIowing matrix form that makes it convenient for the stability and modal 
analyses described in Chapter 3. 
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To improve the structure of the coefficient matrices, let us define a new set of tether variables 

as follows, 

T 
and let the state vector be { x }  = {a,, a,, qU , qf, , T, ,, TIo,, Tp qIo 2 , .  - , Tg., %,, } where 

the index k corresponds to a single boom mode (e-g., k = 1 for the fiindamental mode), and 

n = 1,î,3,. . . , Nt where Nt is the number of tether modes retained in the analysis. The 

equations allow for an arbitrary number of modes to be used. The matrix equation (2.244) is a 

stationary second order linear system that is of a canonical form and is referred to as a 

"Linear Mechanical S ystem" [ 1 ] which has the following properties : 

where constant coefficient matrices [ M I ,  [G] , [DI, and [KI are associated with the inertial, 

gyroscopic, intemal damping, and the stifiess forces respectively on the system. They are 

defined below. 

[ M l  = 
O âIKI, O O O M,, -.- O O . - . . . . 

âlKm O O O O O - - -  Mn O 

O â;Km O O O O ... 0 M m  
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where the following substitutions were made into [ K I ,  

T,, = T&(1+4k,)-~,oj ; t, = - K , ( ~ c , Q ~  +â,oj) ; for n = 1,2,3,--,N, 

2.3.2 Spacecraft with NonSpinning Tether 

To derive the linearized equations for the non-spinning tether model, the same procedure and 

assumptions are used as that described in Section 2.3.1 for the spinnhg tether model. The 

transformation matrix [c,] can be expressed as follows assuming smafl attitude angles 

a , ,  a,, a, relative to a h m e  spinning at a constant rate. 

Substituting the above expressions for the direction cosines and the expressions for the 

angular velocity components given in (2.2 1 1) into the nonlinear equations (2.196)-(2.209), 

and keeping only linear ternis, results in a set of equations that have periodic coefficients. 
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This would considerably complicate any subsequent stability analyses as  we would have to 

resort to a numerical treatment using Floquet analysis or other more complex analytical 

techniques such as the Innnite Eigenvalue Method [15]. To remove the periodic coefficients, 

the following variable transformation can be made 

which, d e r  some manipulations of the equations, results in a set of linear equations with 

constant coefficients. By introducing the symmetric and anti-symmetric variables for the 

boom deformations defined in (2.226), it cm be shown that the resulting linear equations for 

the symmetric boom defonnation variables and for the motions in the spin-plane are identical 

to those for the spinning tether case given in (2.23 1)-(2.237). 

For the out-of-plane motions, the equations for the non-spuuiing tether model can be 

expressed in the following matrix forrn. 

After making another variable transformation as in (2.245) where qJn = -qH and &,,, = q& , 

the coefficient matrices [ M ] ,  [G], [D] , and [KI are found to be identicai to those defined for 

the spinning tether model, given by (2.247)-(2.250). The state vector in this case is equal to 
T 

{ x }  = {a,, a,, !Tl,. i&‘& %&. q ; 0 2 9 - - 9  qk q k }  . Th erefore, the only real difference 

between the linear equations for the models with a spinning tether and with a non-spinning 

tether is the coefficient matrix [A] given below: 

The matrix equation (2.254) is a memher of the class of linear systems referred to as "Linear 

Mechanical Systems" where one of the properties associated with this class of systems is that 
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the constant coefficient matrix [A] has the property [ A ] ~  = -[A] implying that it is skew 

symmetric [l]. Clearly, the matrix [A] above in (2.255) satisfies this property. This matrix is 

associated with constra.int damping forces (or sometimes referred to as extemal darnping 

forces) that arise because the damping forces originate relative to a m e  that is not spinning 

with the body. 

2.4 Surnmary 

The N l  nonlinear equations of motion have been developed for two models o i  a spinning 

tethered spacecraft with flexible booms, one with the tether spinning nominally at the same 

rate as the spacecraft, and the otha with a de-spun tether. Continuum models of the tether 

and booms have been used which were discretized by using a series expansion hvolving 

admissible functions that satisQ the geornetric boundary conditions. The admissible 

fimctions used for the booms and tether are the eigenfunctions of a cantilevered beam and of 

a vibrating string, respectively. The mathematical models consider the full nonlinear rotations 

of the end-bodies limited only by the approximation made for the tether root bending effects 

where the coning angle v = sin v . The nonlinear stiffening of the tether (i.e., an increase in 

tension), which is caused by both the end-body rotation and large amplitude lateral 

displacements of the tether, has been included in the model, and the stifhess and darnping 

terms associated with bending of the tether at the attachrnent points on either end (Le., the 

tether root) has also been included. The bending throughout the tether was considered but 

found to be extremely small and hence negligible. The potential energy associated with 

bending at the tether root, however, was found to be significantly greater than that due to 

bending throughout the tether (e.g., by several orders of magnitude). Provided the tether 

material has some inherent beam like bendiog stifniess (e.g., is a wire or a cable rather than a 

string), then the root bending terms are not negligible. Darnping in the system arises due to 

deformations of the flexible booms and tether and a linear Kelvin-Voigt constitutive law for 

the matenal has been assumed to model the energy dissipation in the flexible members. Two 

sources of damping are considered in the tether, the first is due to the axial extension of the 

tether, and the second is associated with the bending at the tether root. For small tether 

deformations and payload attitude motions, the damping at the tether root is expected to be 

the main source of energy dissipation in the tether based on a comparison of potential energy 

tenns. 
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The nonlinear equations for both the spinnuig tether and de-spun tether models were then 

linearized about the equilibrium solution where the tether and payload spin axis are aligned 

and the payload is in a pure spin mode (Le., no coning) with a constant spin rate. In both 

models, the linear equations have constant coefficients and are of a class of systems referred 

to as a "Linear Mechanical System" where the coefficient rnaîrices have particular properties 

as they arise due to inertial forces (i.e., the mass matrix), gyroscopic forces, intemal damping 

forces, and stifniess terms. The linearized equations for the two models were found to be 

identical with the exception that in the de-spun tether case, the darnping in the tether provides 

both intemal and constraht damping terms. Hence, for the de-spun tether model, the linear 

matrix equations include a consfraint damping matrix [A], while for the splluiing tether 

model, the linear equations do not have this damping rnatrix. However, d l  other coefficient 

matrices remain identical between the two models. This difference is due to the fact that for 

the de-spun tether case, the damping forces caused by the tether mot bending are defined 

relative to a frame that is not spinning with the end-body. 

2.5 References 

Hughes, P.C., "Spacecraft Attitude Dynamics", John Wiley & Sons. Inc., New York, 

1986. 

Eliuk, W., R. Rob, G. Tyc, 1. Wakty, G. Rumnold, H.G. James, "Design of the 

OEDIPUS-C Suborbital Payload", Proceedings of the 4* International Conference on 

Tethers in Space, Smithsonian Institution, Washington, D.C., Apnl 10- 14, 1995, pp. 

1749-2 764. 

McCoy, J.E., et al., "Plasma Motor-Generator (PMG) Flight Experiment Results", 

Proceedings of the 4h International Confieence on Tethers in Spoce, S mi thsonian 

Institution, Washington, D.C., A p d  10-14, 1995, pp. 57-82. 

Voltera, E ., and J.H. Gaines, "Advanced S trength of Materials", Prentice Hall, 

Englewood Ciiffs, N. J., 197 1. 

Luo, A.C.J., R.P.S. Han, G. Tyc, V.J. Modi, and A.K. Misra, "Analyticd Vibration and 

Resonuit Motion of a Stretched Spinning Nonlinear Tether", J. Guidance, Control and 

Dynarnics, Vol. 19, No. 5, 1996, pp. 1 162-1 17 1. 



Chapter 2 Equations of Motion Page 97 

Nayfeh, A.H., Mook, D.T., "'Nonlinear Oscillations", Section 7.5, "Strings", John 

Wiley & Sons, New York, 1979. 

Min, B.N., 'Wonlinear Free Vibration of a Spinning Tether", Master of Engineering 

Dissertation, McGill University, August, 1996. 

Misra, A.K., M Keshrniri, and S. Kalantzis, "Bed Mode1 Evaluation Study - Final 

Report", contract report to Bristol Aerospace Limited, November 1994. 

Meirovitch, L., "Hyrid State Equations of Motion for Flexible Bodies in Terrns of 

Quasi-Coordinates', J. of Guidance, Vol. 14, No. 5, Sept. - Oct., 199 1, pp. 1008- 10 13. 

Meirovitch, L. and M.K. Kwak, "New Approach to the Maneuvering and Control of 

Flexible Body Systems, J. of Guidance, Control and Dynarnics, Vol. 15, No. 6, Nov- 

Dec, 1992. 

He, X., and J.D. Powell, 'Tether Damping in Space", Journal of Guidance, Control, and 

Dpamics, Vol. 13, No. 1, 1990, pp. 104- 1 12. 

Angrilli, F., G. Bianchini, R. Da Fomo, G. Fanti, "Active and Passive Damping of 

Tethered Systems", Proceedings of the 4' International Conference on Tethers in 

Space, Smithsonian Institution, Washington, D.C., A p d  10- 14, 1 995, pp. 4 1 9-432. 

Pradhan, S. and V.J. Modi, Vamping Tests for the OEDIPUS Tether", Report to 

Bristol Aerospace Lirnited, 1 995. 

Arnold, D. 'Xesults of TiPS Flight Dynarnics Investigations", TiPS Dynamics 

Conference, Meeting Minutes, Naval Research Laboratory, Washington, D.C., 1 July, 

1997. 

Tyc, G., W.L. Cleghom and F.P.J. Rirnrott, "Infinite Eigenvalue Method for Stability 

Analyses of Canonical Linear Systems with Penodic Coefficients", AuIA Journal, Vol. 

28, No. 5, May, 1990, pp. 869-876. 



Chapter 3 

L Çtability & Transient Analysis 

nie linearized equations developed in Chapter 2 are analyzed to establish the 

stability properties of a spinning tethered system. Convenient closed-fom 

conditions for the usymptotic stabifity of a spinning tether system are derived. A 

modal anabsis is then described where it is shown that the tether and end-body 

can have sign~jicant interaction when particular conditions are met. The 

nonlinear behaviow of the system is then investigated focusing on the cases 

where the infinitesimal stability conditions are violated. A quasi-stability 

condition is derived that can speczfi the v p e  of nonlinear behaviour that will be 

experienced by the end-body. The stability conditions for a de-spun tether 

system are also established and the effect of the tether spin is discussed. It is 

shown that due to the damping forces resulting fiom the tether root bending, de- 

spinning the tether con stabilize the system provided there is suficient damping 

in the tether to overcome the dumping effects in the end-body. 

3.1 Stability Analysis of the Spinning Tether Model 

The objective of this analysis is to develop closed-fom expressions that give the necessary 

and sacient conditions for asymptotic stability of the spinning tethered system (Le., the 
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conditions that lead to convergent behaviour for alI system modes). As the nonlinear 

equations derîved in Chapter 2 are much too complex for analytical investigation, we h m  io 

the Linearized equations derived in Section 2.3.1. However, one m u t  now infer the stability 

properties of the true nonlinear system based on the results of the approximate linear system. 

Let us cal1 the stability properties of the linearized system the f i t e s i m a l  stability 

properties of the tme nonlinear system. They are also often referred to as the variational 

properties or the nrst order properties of the nonhear system. The approximate linearized 

system of equations presented in Chapter 2 have constant coefficients and are thus referred to 

as stationary linearized systems. To infer the stability properties of the nonlinear system fiom 

the infinitesimal stability properties, we tum to a pivota1 theorem developed by Liapunov [l]. 

It states that if a stationary linearized system is asymptotically stable, then so to is the 

original nonlinear system. Additionally, the theorem states that if the stationary linearized 

system is unstable then so is the original nonlinear system (a proof is given by Coddington 

and Levinson 121). This important theorem assures us that al1 conclusions regarding 

asyrnptotic stability of the linearized system can be applied to the nul1 solution of the original 

nonlinear system of equations. It is this property that provides the primary justification for 

the use of linear analyses to study nonlinear systems. In this section, closed-form 

infinitesimal stability conditions are derived and a physical explanation of the various terms 

in the stability conditions is provided. 

The complete set of linear equations for a spinning tethered spacecraft, depicted in Figure 2-1 

and Figure 2-2 for the tether spinnllig at nominally the same rate as the end-bodies, have been 

denved in Section 2.3.1. The linear mode1 is described in terms of the equations for the 

symmetric boom deformation variables (2.231) - (2.234), the equations for the spin plane 

motions (2.235) - (2.237), and ha l ly  the equations for the out-of-plane motions (2.238) - 
(2.243) which describe the end-body coning motions, the tether deformations, and the out-of- 

plane boom deformations in ternis of anti-symmetric variables. The equations for the 

symmetric boom deformation variables are a set of 4 uncoupled, damped 2" order linear 

differential equations. It is well known that for this simple systern, asymptotic stability is 

assured provided the stifniess tems in each of the uncoupled equations are greater than zero. 

These stifkess terms involve the boom flexurai coefficients and it can be shown that for d l  

boom modes, these tems are indeed always greater than zero. Hence, these equations are 

asyrnptotically stable. The equations for the spin plane motions do not involve any tether 

related terms, and they are in fact the same as those for a spinning spacecraft with flexible 

booms and no tether. This type of system has been andyzed quite extensively in the past and 
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a very complete analysis is given by Vigneron [3]. By using Liapunov's second method to 

investigate stability of the spin plane motions and constructing a Liapunov function based on 

the system Hamiltonian, Vigneron has shown that these equations are also asymptotically 

stable provided that there exist no extemai torque about the r, axis (i.e., Nz = O ). Therefore, 

to investigate the stability of the spinning tethered system, one need only to analyze the 

equations for the out-O f-plane motions. 

The linear equations for the out-of-plane motions, given in matrix form in (2.244), are of a 

class of systems referred to as a "Linear Mechanical System", by virtue of the properties of 

the coefficient matrices given by (2.247)-(2.251). The form of the Iinear matrix equation is 

repeated below for convenience, 

where [M] > O,  [G]' = -[G] , [D] K O, [KI' = [KI. For damped gyroscopic systems of this 

form, Hughes and Gardner [4] have established a theorem which States that the system (3.1) 

is asymptotically stable if it is both statically stable and if the system is pervasively damped. 

The condition for static stability of a linear mechanical system is defined as follows, 

which means that the matrix [KI must be positive definite. Pervasive damping means that al1 

possible motions of the system are damped (i.e., due to the coupling, al1 system modes are 

damped even if there is direct damping in only some of the modes). This theorem is an 

extension to the well hown Kelvin-Tait-Chetayev (KTC) theorem [5] which requires that the 

system has a damping matrix that is positive definite (Le., [D] > O ), a condition referred to as 

"complete darnping". Hughes and Gardner however have shown that the real requirement is 
pervasive damping which is an important extension to the theorem as many problems in 

space dynamics do not satisQ the complete damping requirement of the KTC theorem. A 

formal definition for pervasive damping is given by Hughes and Gardner [4] as follows, 
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where N equals the number of states in the system, [c] = [[O] [ D I ]  and [BI is the systern 

matrix of the equivaient state space model of (3.1) given by: 

The condition for pervasive damping in (3.3) is similar to the rank test for system 

observability used in multi-variable control systems analysis for state space models [6] .  In 

facf another way to define pervasive damping is that the damping forces must be 

"observable" by al1 states in the systern. To demonstrate that the system in (2.244)-(2.251) is 

indeed pervasively damped, the rank of the matrix in (3.3) was computed numerically for the 

model with several tether modes, one boom mode, and using a variety of parameter 

combinations (non-zero) that include parameter sets that corresponded to the OEDIPUS 

missions. It was indeed found that the rank of the matrix in (3.3) was equal to the number of 

states in the system, and hence the test for pervasive darnping in (3.3) is satisfied. 

Therefore, the conditions for asymptotic stability of the equations for the out-of plane 

motions given in (2.198), are those that ensure the stiffhess matrix [K] is positive definite. 

The conditions for positive definiteness of a m a t h  are that each of its principal minon must 

be greater than zero. To simpliq the problem, we can rearrange the elements of the state 

vector { x )  to, 

which then results in a stifiess matrix that takes on the f o l l o ~ g  form: 

where T, , t, , B, , b, , and A are defined in (2.25 1). 
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Since the stiffhess matrix is block diagonal with two identical blocks [FI, then we only need 

to find the conditions that make the block [XI to be positive definite, which simplifies the 

problern considerably. Taking the principal minors of the matrut [El, the conditions for 

positive definitenes are then defined as, 

which lead to the following conditions for asymptotic stability. 

Using the definitions for the parameters in (3.8) given in (2.251), and dividing the final 

condition in (3.8) by the product ( B ~ T ~ T ~ T , ) ,  which is possible because 

B, , T, , T? , - - , T, m u t  each be greater than zero by v h e  of the h t  set of conditions in (3.8), 

we get: 
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where N, is the highest tether mode retained in the analysis. The condition in (3.10) c m  be 

shown to always be greater than zero, so this condition can be dropped as it provides no 

useful information. Also note that in the stability conditions given in (3.9), if the condition 

corresponding to the first tether mode with n = 1 is satisfied then so must the conditions 

corresponding to the higher modes. Therefore, the condition in (3.9) need only be applied to 

the first mode. Substituting the defhitions for k, , k2 , k, and f hto (3.9) and (3.1 1 ), carrying 

out some algebraic manipulation, and recognizing that &k = C&M, , the necessary and 

sufficient conditions for asymptotic stability for a spuÿiing spacecraft with flexible booms 

and a spinhg tether can be written as follows: 

The fint stability condition in (3.12) is related to the tether deformations. In Chapter 2, we 

noted that the tether root bending factor k, is very small, typically in the range of 0.001 to 

0.00001). Therefore, since 4k, is typically extremely small compared with 1, we can assume 

that 1 +4kR s l and then (3.12) becomes the same as the stability condition for a simple 

spinning linear string with intemal viscous darnping tems [7]. Noting that for the chosen 

admissible functions in (2.86) we can set Mm = 1 for al1 n without any loss in generality, and 

making the substitution f&, = R ~ I U ,  where !2, are the natural fkequencies for the 

transverse vibrations of a string, then the stability condition in (3.12) can be written as 

follows, 
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If we ignore the very smaU contribution of kR in (3.14), then this shows that the tether 

related stability condition simply states that the tether transverse deformations are stable 

provided that the spin rate is less than the vibrational fiequency of the 1" tether mode a,, . 
Note that the root bending factor kR has a small stabilizing effect as it does tend to increase 

the RHS of (3.14) so that the actuai critical speed is slightly higher than R, , . 

It is useful to non-dimensionalize the second stability condition to provide M e r  insight into 

the contribution of the various terms and to allow generalizing to arbitrary systems. Let 

Mm = 1, and divide (3.13) through by A, and introduce the following non-dirnensionalized 

coefficients, 

to re-cast the stability condition (3.13) in the following non-dimensional form: 

Note that -1 < A, < 1 corresponds to al1 physically realizable configurations for the end- 

body (with undeformed or ngid booms). Also, the transverse inertia A,,  which is defined in 

(2.31), can be expressed as A, = Ab + ~ p b ~ ~ ( 1 + 3 & b  +%:) where Ab is the inertia of the 

central rigid body and â, = a, Ilb where ab is the radial attachrnent offset of the boom from 

the zb axis of the central body. Hence, A, is a parameter that reflects the contribution of the 

booms to the overall transverse moment of inertia of the end-body so that O I AB 5 1, where 

1 is the maximum possible value of this parameter when the central body becornes 

vanishingly small in cornparison to the boom length. To give sornc insight into the typical 

magnitude for A T ,  note that the tether offset a, must be of a dimension that is charactenstic 

of the end-body size which is generally orders of magnitude less than the tether length. If we 

assume that a, is similar in magnitude to a another charactenstic dimension of the end-body 



Chapter 3 Stability and Transient A d y s i s  Page 105 

which is the radius of gyration, then A, .- p,l,/m, which is the ratio of the tether mass to the 

end-body mass m, . 

The stability condition in (3.16) is related to the end-body nutational motion. The left-hand- 

side (LHS) of the stability condition involve the moments of inertia of the end body with the 

booms in the undeformed configuration (or the equivalent rigid system), while the right- 

hand-side (RHS) involves tenns that arise due to the tether mas,  tether tension, the 

momentum wheel, and the boom flexibility. Note that if the RHS were set to zero, then the 

stability condition would become the classicai " ~ a j o r  axis rule" which States that the 

necessary and sufficient condition for asymptotic stability of a fieely spinning body with 

internai damping is that the spin must occur about the principal axis that corresponds to the 

maximum moment of inertia [5] .  This condition with the RHS = O helps to serve as a 

benchmark, whereby we can identi& terms as either helping to stabilize or alternatively to 

destabilize the attitude dynamics of the end-body. If ternis on the RHS are positive, then this 

lmplies that they have a destabilizing effect on the end-body as the stability regions in the 

parameter space become more restrictive than those for the fkeely spinning end-body. On the 

other hand, if terms on the RHS are negative then this implies a stabili-5ng effect as the 

stability regions in the parameter space become less restrictive. 

The first terni on the RHS of (3.16) arises due to the effect of the tether mass on the end- 

body. This terni is always positive and hence this irnplies that the tether mass has a 

destabilizing effect on the end-body attitude. This is perhaps more clearly seen in the original 

form of the stability condition in (3.13) where p, and 1, are shown explicitly and it can be 

seen that they act to both increase the numerator as well as decrease the denominator in the 

fint tenn. The second term on the RHS arises due to the tether tension. It is clear that this 

term is always negative, and hence the tension provides a stabilizing restonng torque on the 

end-body. Additionally, it can be seen directly nom (3.13) that when the tension is increased 

the magnitude of the fint term is also reduced which M e r  confimis that the tension has a 

stabilizing tendency. The root bending factor k, , present in both the first and second terms 

on the RHS, c a .  be shown to have a stabilizing effect as it tends to increase the second tenn 

more than it increases the first term. Finally, note that if we set a, to zero and also assume 

that the root bending has a negligible influence so that k, = O ,  then both the first and second 

terms on the RHS vanish. This of course is consistent with the fact that if the tether is 

attached at the center of mass of the end-body (Le., a, = 0) and root bending has been 
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neglected, then it codd not irnpart any torque on the end-body and hence not affect its 

attitude, 

The third term is due to the momentum wheel which can have either a stabilizing or a de- 

stabilizing effect depending on the sign of hW. If ail terms on the RHS were set to zero except 

for the momentum wheel term, the stability condition becomes the well known condition for 

a dissipative gyrostat with a spin axis aligned momentum wheel [SI. 

The final tenn on the RHS results fkom the boom flexibility and it is evident that it must 

aiways be positive and hence the boom flexibility has a de-stabilizing effect. Note that as the 

spin rate os increases relative to the natural fiequency of the k* boom mode R, (typically 

k = 1 ), then the magnitude of this term increases and hence produces a larger de-stabilizing 

effect. An important observation that can be made is that, depending on the system 

parameters, there may be a critical speed that is associated with the flexible booms at which a 

stable system will become unstable. For example, ignoring the other terms on the RHS for a 

moment, if the contiguration of the central rigid part of the end-body is such that the 

transverse moment of inertia is larger than the axial inertia (i.e., C, c Ab ), then this boom 

flexibility related instability can occur. This is quite a different result fiom the major axis mle 

which States that a major axis spinner will be stable for al1 speeds. Finally, as a confirmation 

of this boom related tem, we can set al1 other tems on the RHS to zero and the resulting 

stability condition can be shown to be exactly that derived by Vigneron [3]. It also agrees 

very well with Hughes and Fung [8] where this condition is a first mode approximation of 

their more general conditions [9]. 

In summary, the expressions in (3.12) and (3.13), or in their alternate form in (3.14) and 

(3.16), give the necessary and sufncient conditions for asymptotic stability of the spinning 

tethered system with flexible booms and a momentum wheel. The validity of the stability 

conditions is supported by the fact that they reduce to well known stability conditions for 

various limiting cases and that the tether related terms have the expected qualities (Le., the 

tether tension and the root bending stifniess have a stabilizing effect, while the tether mass 

tends to have a destabilizing efEect). The stability conditions are in a relatively simple form 

that are easy to apply, and hence they provide very useful design equations to support the 

development of spinning tethered spacecraft, such as for example the OEDPUS payloads. 

Satisfyuig these infinitesimal conditions will ensure that the spin axis of the spacecrafl will 
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always have a tendency to remah aligned with the tether provided that the initial 

disturbances are not too excessive. 

3.2 Modal Analysis of the Spinning Tether Model 

The closed-fom stability conditions derived in Section 3.1 provide important insights into 

the system behaviour, however they do not provide full insight into the transient behaviour of 

the system. To address the transient behaviour of the spinning tethered systern, several 

studies were conducted that investigated the system eigenwdues and eigenvectors. A study 

was conducted by Luo et al. [7] that developed analytical expressions for the eigenvalues 

associated with a spinning tether (end-body was not included). Another very comprehensive 

study was conducted by Vigneron et al. [IO, 1 1,121 who performed a detailed modal survey of 

a single spinning tethered end-body with flexible booms. This latter study was used to 

primady support the ground testing activity that is discussed in Chapter 4, but it aiso 

addressed the in-space configuration. The results and techniques from these two studies are 

applied to the iinear system in (3.1) to provide a more complete description of the dynamical 

behaviour of the spinning tethered system. Also, approximate analytical expressions are 

derived for special case conditions of interest. 

The eigenvaiue problern for the hear system in (3.1) c m  be witten as follows in second 

order form: 

where {Q,} is the set of eigenvectors for the Kb mode. The solution to equation (3.17) leads 

to 2N eigenvalues (where N is the number of degrees of fieedom of the system) that are in 

complex conjugate pairs of the form [1 O], 

and the eigenvecton are in general complex and cm be expressed as follows: 

The real-valued mode shape for the linear system can then be expressed as: 
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This shows that the real part of the eigenvalue corresponds to the divergence or convergence 

rates of each mode, and the irnaginary part corresponds to the system frequencies. The nature 

of the time varying mode shapes in (3.19) has been investigated in detail by Chadrashaker et 

al. [13] where 3-D animations were conducted to demonstrate the behaviour of the different 

system modes. 

For tethered systerns, such as for example the OEDIPUS missions, where the end-body is 

considerably more massive then the tether and the tension in the tether is relatively Iow, it 

was found that the couphg between the tether and the end-body does not have a large effect 

on the tether related fiequencies. Therefore, the tether system frequencies c m  be 

approxirnated quite accurately by the modal frequencies of a spinning tether without the end- 

body. For this simplified case, the frequencies for each tether mode are given by [7]: 

For the end-body related f?equencies, it was found that the coupling c m  be more significant 

particularly if either the spin rate is very low, the longitudinal and transverse moments of 

inertia of the end-body are similar, or if the root bending stiffness terms are not small. 

However, for mission configurations such as OEDIPUS-A for example, where the spin rate is 

relatively hi&, the end-body inertia ratio Co / A,, is much less than 1, and the root bending 

stifhess effects are wall,  then the coupling between the tether and the end-body is weak. For 

these cases, the system frequencies associated with the tethered end-body can be 

approximated by the natural&equencies of a fieely spinning rigid body. These are aven by: 

The first Eequency in (3.21) is sirnply the spin fkquency, and the second is referred to as the 

nutation fiequency which is related to coning behaviour of the end-body. 

A cornparison of the coupled systern fiequemies and those determined fiom the individual 

components, computed using the expressions given above in (3.20) and (3.21), is given 

below in Table 3-1 for an example case that is a minor axis spinner with the following set of 

system parameters, 
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where boom flexibility has for the moment been ignored. The coupled systern fiequencies 

were determined by computing the system eigenvalues in (3.18) using a numerical procedure. 

Table 3-1 Cornparison of the modal frequencies for the coapled system with those of 
the individual components for the minor axis spinner example case with 5 tether modes 

and a spin rate of 0.10 Hz 

end-body min mode 
end-body nutation mode 
spinning tether modes 

mode 1 

mode 2 

mode 3 

mode 4 

mode 5 

Table 3-1 shows that the tether related fiequencies can be very accurately determined using 

the expressions in (3.20), while the end-body related fiequencies computed fiom (3.21) are 

not as accurate, particularly the nutation fkequency. In this example case, the main causes of 

the error are the low spin rate (Le., os = 0.1 Hz) and the effects of the root bending sti fhess 

(Le., the root bending parameter k, = 0.001). It is interesthg to note that in fact the root 

bending stimiess is responsible for most of this error. For example, if we set k, = O ,  then the 

error in the spin and nutation fiequemies reduces to 3.1 % and 29.6% fiom 5.9% and 8 1% 

respectively. This suggests that the root bending is one of main sources of the coupling 

between the tether and the end-body modes. However, the influence of the root bending 

stifiess and the tether on the end-body fiequemies can be reduced substantially by sirnply 

spinning the system at a higher rate. This is shown below in Table 3-2 which gives the 
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cornparison of the coupled systern fiequemies to those associated with the individual 

components for the same minor axis spinner example case in (3.22) except that the spin rate 

was increased to 0.25 Hz. This clearly shows a significant hprovement in the accuracy of 

the end-body fiequemies detemiined frorn (3.21). 

Table 3-2 Cornparison of the modal frequencies for the coupled system with those of 
the individual components for the minor axis spinner example case with 5 tether modes 

and a spin rate of 0.25 Hz 

end-body spin mode 1 S708 1 .587 
end-body nutation mode 0.2244 0.208 1 
spuining tether modes 

mode 1 

mode 2 

mode 3 

mode 4 

mode 5 

The boom flexibility can also impact the system fiequemies and in particular the nutation 

fiequency of the end-body. To demonstrate this effect, let us again consider the minor axis 

example case in (3.22), however we now add a set of booms but still maintain the sarne 

overall moments of inertia for the end-body. The specific boom parameters and the 

configuration of the central rigid core of the end-body are as follows: 

pb =0.1 kglm ; l b = l O m  ; ~ 1 = 1 0 0 ~ r n '  

Ab =108.3 kgm2 ; Cb =16.7 kgm' 

These boom parameters are representative of boom systerns that are available for use on 

spacecraft, and the moments of inertia for the rigid central body Ab and Cb are selected so 

that the overall moments of inertia of the composite end-body will be the same as those given 
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in (3.22) with the flexible booms in their undeformed state (Le., A, = 175 kgm' and 

Co = 150 kg m2 ). Table 3-3 gives the resulting system £tequemies for three different spin 

rates. In this example case, ody  1 tether mode and 1 boom mode have been used. 

Table 3-3 Cornparison of the modal freqaencies for the coupled system with those of 
the individud components for the minor axis spinner example case with flexible booms 

spin rate = 0.1 Hz 
end-body spin mode 
end-body nutation mode 
tether modes 

boom modes 

spin rate = 0.25 Hz 
end-body spin mode 
end-body nutation mode 
tether modes 

boom modes 

spin rate = 0.5 Hz 
end-body spin mode 
end-body nutation mode 
tether modes 

boom modes 

The results in Table 3-3 show that the booms have very little effect on the spin fiequency and 

on the tether fiequencies. However, the booms do have a substantial effect on the nutation 

fiequency. With the minor axis example, the flexible booms have a tendency to increase the 

nutation fiequency and the effect is greater a s  the spin rate increases. On the other hand, for a 

major axis spinner, the flexible booms have a tendency to reduce the nutation fiequency. We 

can demonstrate this for a major axis spinner example case, where we use the same 

parameters as for the minor axis case in (3.22) and (3.23), but alter the central rigid body's 

moments of inertia to the following, 
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Ab = 48.333 kg m2 ; C, = 16.667 kg m' (3 -24) 

The moments of inertia for the composite end-body with the booms undeformed now 

become, 

A, = 115 kgm2 ; Co = 150 kgm2 (3.25) 

which correspond to a major axis spinner. The system fiequencies for this case are aven 

below in Table 3-4. 

Table 3-4 Cornparison of the modal frequencies for the coupled system with those of 
the individual components for the major anis spinner example case with flexible booms 

spin rate = 0.1 Hz 
end-body spin mode 
end-body nutation mode 
tether modes 

boom modes 

spin rate = 0.23 Hz 
end-body spin mode 
-J&~$.n&&r-* *. 

. .-------A- L-- % 2 2 "  

tether modes 

boom modes 

spin rate = 0.5 Hz 
end-body spin mode 
end-body nutation mode 
tether modes 

boom modes 

Notice that the nutation fiequencies for the coupled system are now less at each spin rate than 

that for the equivalent rigid body case shown in the column for the individual components. 



Chapter 3 Stability and Transient Analysis Page 113 

Of particular interest is the case for a spin rate of 0.23 Hz (shaded), as at this speed the 

nutaîion fkequency for the coupled system becomes zero. This corresponds to the critical 

speed where the boom flexibility causes the end-body to becorne unstable as discussed in 

Section 3.1. At speeds beyond 0.23 Hz, the nutation mode is divergent, that is the real parts 

of the eigenvalues that correspond to that mode are positive, while at speeds below this 

critical speed the nutation mode is convergent. The physical explanation for this type of 

instability is that the boom stifiess is no longer sufficient to irnpart the necessary stabilizing 

forces on the central rigid body (which is a minor axis spinner) and hence the coning angle 

becomes divergent. Vigneron et al. offered a more detailed discussion of this type of 

instability [ I l ,  141. At spin rates higher than the critical speed at 0.23 Hz, the nutation 

fkequency of the coupled system quickly increases but still rernains below that of the 

uncoupled rigid system. This is the case for even very hi& spin rates much higher than that 

given in Table 3-4. 

The coupling between the tether and the end-body modes can also influence the divergence 

or convergence rates of each mode, as measured by the real part of the eigenvalue in (3.18). 

What is of p d c u l a r  interest is the interaction between the tether and the end-body attihide. 

Shown below in Figure 3-1 is a plot showing the real parts of the eigenvalues plotted as a 

fimution of the tether length for the example case in (3.29). Let us refer to the curves that 

correspond to the real parts of the eigenvalues as spectral curves. Then, each set of system 

modes has a conesponding set of spectral curves. In Figure 3-1, the curves correspondhg to 

the nutation and spin modes are identified. Note that the spectral curve for the nutation mode 

is designated with the heavier set line and it also corresponds to the largest positive 

eigenvalue over the entire length range. Only a short segment of the spin mode curve is 

shown in the lower left hand corner of the figure. This c w e  continues to decrease in a linear 

fashion and quickly goes beyond the scale of the figure. Each tether mode has two spectral 

curves, one that always rernains in the negative half of the diagram and the other that crosses 

over to the positive half. Only a portion of the b t  set of spectral curves is shown in the 

lower right hand corner, and the latter set of curves are identified by the labels 1 to 5 which 

correspond to the tether mode number. 
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Figure 3-1 Spectral Curves for the minor axis spinner example case showing the 

regions of enhanced tether / end-body interaction 

What is most interesting about the plot in Figure 3-1 is that there are regions where there is 

clearly enhanced interaction between the nutation mode and one of the tether modes at 

particular tethe: lengths. The enhanced interaction occurs near the point where the natural 

frequency of a particular tether mode becomes equal to the nutation fiequency of the end- 

body. In these regions of enhanced interaction, the nutation and tether modes coalesce so that 

their corresponding eigenvalues (both real and imaginary parts) approach a cornmon value, 

then become identical, and then ha l ly  separate again. This is clearly seen in Figure 3-1 with 

the real parts of the eigenvalues, and a similar event happens with the imaginary parts (i.e., 

the system fiequencies). Hence, in these regions there is considerable interaction between the 

end-body and tether. Note also that this only occurs with the odd modes. This is due to the 

assumption made in Chapter 2 that only symmetric motions of the system are considered in 

the formulation of the equations of motion. Therefore, only the symmetric modes (i.e., odd 

modes) are coupled with the end-body equations, while the asymmetnc modes (i.e., even 

modes) are completely uncoupled. In fact, the asymmetric modes have no effect on the end- 

body dynamics and on the dynamics of the symmetric tether modes, and therefore they do not 

need to be retained in the analysis. 
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By equating the nutation mode fiequency in (3.21) with the natural fkequency of a spinning 

tether given in (3.20), we can amive at an approximate condition that leads to this greatly 

enhanced coupling between the tether and the end-body. 

The right hand side of the result in (3.26) should be recognized as the precession fiequency 

for a fkeely rigid body, while the left hand side is sirnply the 

a vibrating string. Therefore, when the system parameters 

fiequency of one of the tether modes is in the vicinity of the 

body, then there is a significant increase in the interaction 

body nutational dynamics. 

well known naturd frequency of 

are such that a lateral vibration 

precession kequency of the end- 

between the tether and the end- 

3.3 Nonlinear Behaviour of an Unstable System 

3.3.1 Simulation of the Nonlinear Equations 

M e n  the infinitesimal stability conditions (3.14) and (3.16) are applied to a system that is 

spinning relatively slowly so that both conditions are met, then it is assured that the 

spacecraft spin axis will always have a tendency to stay aligned with the tether. However, for 

long tethers of a kilometer or more (which is typical of tethered spacecraf?), satismng both 

conditions can be quite a restrictive requirement on the spacecraft spin rate. To satisfy (3.14), 

the spin rate will need to be very low (e.g., less than 1 rpm for the OEDIPUS missions, and 

less than 0.1 rpm for typical orbital applications such as TSS and the SEDS missions). 

Therefore, it is of interest to investigate the behaviour of the tethered systern when the 

infinitesimal stability conditions are violated. 

It was shown through modal analysis in Section 3.2, that when either of the stability 

conditions are violated, then this implies that some of the system modes exhibit divergent 

behavior so that their amplitudes grow indefinitely. We must however be carehil how we 

interpret this result, as it is based on a linear approximation of the nonlinear equations. Rather 

we must turn to the full nonlinear equations to gain some insight into the behaviour of the 

unstable system. 

As discussed in Section 3.1, the stability results of the linearized system in (3.1) also apply to 

the nul1 solution of the ûue nonlinear system. Therefore, in a real application, the tether 
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defornation amplitudes and end-body conhg angle will diverge fiom the nul1 solution when 

the infinitesimal stability conditions have been violated. However, with a nonlinear system, 

there may exist other stable equilibrium solutions or limit cycles so that the system would 

have a tendency to diverge fiom the null solution (which is an unstable equilibriurn solution) 

and converge to this new equilibrium state. If these equilibrium solutions exist and are 

sufficiently close to the null solution, so that the amplitudes of the tether and the end-body 

conuig angle remain within some specified allowable envelope, then the fact that the null 

solution is unstable would be inconsequential (Le., would not present a problematic 

situation). Therefore, it is important to lmow whether these new equilibrium solutions exist 

and if so, to understand their main characteristics. This information is particularly important 

when designing spin stabilized systems such as the OEDIPUS spacecrafi where it is highly 

impractical to satisfy the infinitesimal stability conditions. 

The behaviour of the system when the stability conditions have been violated has been 

investigated thmugh simulations of the full nonlinear equations given in Chapter 2. Various 

tests cases were nin with both major and rninor axis spinners at various spin rates, and other 

parameter variations. In short, it was indeed found that such stable equilibrium solutions do 

exist and the tether amplitudes and the end-body coning angle ofien do remain relatively 

close to the nul1 solution. This is best explained and demonstrated by way of example cases. 

Let uç £kit consider an exarnple case similar to that fust introduced in Section 3.2 where the 

end-body is a major axis spinner. Assuming that it is Mly rigid (i.e., no flexible booms) and 

has no momentum wheel, the key parameters for this example case are as follows, 

Let us also only retaùi 1 tether mode in the analysis. Substituting the above parameters into 

the tether related stability condition (3.14) yields cu, c 0.0 13 Hz. With the spin rate of 0.1 

Hz, as specified above in (3.27), the tether stability condition is clearly violated. Note also 

that Co - A, > O which implies that the end-body is a major axis spimer. Figure 3-2 gives the 

simulation results of the full nonlinear equations. The quantities plotted in the figure are the 

amplitude of the tether deformation, the tether tension, the rotation rate of the tether 

deformed shape relative to the tether h m e ,  the end-body coning angle the tether root angle 

(Le., angle between the end-body zb axis and the tether at the attachent point), and the end- 

body roll rate about the zb axis which corresponds to & (Le., the rate of change of the Euler 
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angle o ). The plots clearly show a convergence to a new equilibrium state that is near the 

nul1 solution. To reduce the simulation time required to reach the new equilibrium state, a 

very high damping factor was selected for this example case of 7, = 50 s wlich is perhaps 2 

to 3 orders of magnitude greater than a realistic value for a typical tether material. The 

magnitude of the damping factor does not have any effect on the final equilibrium solution 

(as wodd be expected), only the time required to reach the new equilibrium state. 

Tether Amplitude (m) 
5 

End4mdy Coning Angle (deg) 
25 

-- 

Tether Tendon (N) 
1 .O 

Tether Root Angle (deg) 
15 

I 

Figure 3-2 Simulation results of the nonlinear equations for the major axis spinner 
example case to demonstrate convergence to a new equilibrium solution 

The equilibrium solution that is observed for this system has the following characteristics 

shown in Figure 3-3. The system has a planar skip-rope like mode, with the end-bodies at a 

small constant coning angle v and the tether deforrned so that a small constant tether root 

angle y is established as shown in the figure. This planar shape then rotates at a constant rate 

R to produce a skip-rope like mode. Note that the small root angle y is needed so that the 

constant tether tension imparts a small torque on the end-body to cause it to precess at the 

rate of R . Finally, there is no rotation of the end-body about the z, axis so that ir = O .  For 

the example case given above in (3.27), the steady state values for this new equilibnum 

solution are given below: 
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Another interesthg quantity to examine is the total 

energy of the system (i.e., the kinetic and potential 

energy) as it converges to the new equilibrium 

solution. Figure 3-4 gives plots of the total energy 

associated with the end-bodies and the tether as well 

as the total energy of the complete system. Note that 

the new equilibrium state corresponds to a lower 

energy state than the equilibrium solution where the 

end-bodies and tether are aligned (Le., the initial tether 
state). Hence this confinns that the initial equilibrium 

I 

I t 
I 

4 s  : 
solution is indeed unstable. Also note that there is a 

transfer of energy fiom the end-bodies to the tether 

I 
I 

- h  
as the system converges to the new equilibrium state. 

The existence of these nearby stable k t  cycle 

motions have also been found in two other studies as 

well. The first study was conducted by Luo et al. [7] 

that developed analytical solutions for both a linear 

and nonlinear spinning string. Both damped and 

undamped as well as forced resonant behaviour was 

addressed. A case is shown in the paper where the 

linearized system is unstable but the nodinear 

system converges to a constant amplitude lirnit cycle Fi€We 3-3 New EquiHbnum Solution 

type of behaviour relatively near the nul1 solution. for the Nonlinear Tethered System 

The second investigation was conducted by Misra et 

al. [15] where a nonlinear mode1 of a hanging spinning tethered system with one rigid end- 

body was developed using a variety of discretization techniques for the tether (Le., bead 

models, and Galerkin methods). The prirnary purpose of the study was to determine the best 

discretization technique for the spinning tethered system under very low tensions where 

geometnc nonlinearities are prevdent. The study has also shown that when the system is 

spun at a rate higher than the natural frequency of the first tether mode, the nul1 solution is 
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Figure 3-4 
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Energy quantities for the major aYis spinner example case 

indeed unstable but the nonlinear system does converge to a new equilibrium state that is a 

constant amplitude limit cycle type of motion. 

Let us now consider the example case where the end-body configuration is a minor axis 

spinner (i.e., Co - A ,  c O). In this case, we find through simulation studies a dramatically 

different behaviour from the previous example, where the tether amplitudes still remah 

relatively small but the end-body very rapidly diverges to a large coaing angle. To 

demonstrate, we use the major axis spinner exarnple case, introduced in Section 3.2, which 

uses the same parameters as in (3.27) with the exception that 

gives the set of parameters for this example case. 

A, is increased. The following 

The simulation results for this case are given below in Figure 3-5. Note that the end-body 

coning angle initially diverges very rapidly to a relatively large coning angle of 

approximately 34" while the tether amplitudes remain very small. However, slowly the end- 
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body coning angle and the tether amplitudes approach the new equilibrium solution which is 

not much ciiffernt fiom that found for the major axis spinner example case in (3.28). For the 

minor axis spinner example case, the steady state values for this new equilibrium solution are 

given below: 

Temer Amplitude (m) End-body Coning Angle (deg) 
*O ,  

15 
Tether Tension (N) 

40.0 
Teîher Root Angle (deg) 

Rotation of Tether Mode ln Tether Frarne (Hz) Endaody Roll Rate (Hz) 
0.05 0.40 

Figure 3-5 Simulation results of the nonlinear equations for the minor axis spinner 

example case to demonstrate the initial rapid divergence of the end-body coning angle 
foiïowed by a convergence to a new equilibrium solution 

Note that the tether mode rotation rate and the end-body roll rate, shown in Figure 3-5, are 

converging towards zero but have not quite reached it w i t h  the tirne fkme shown. It takes 

considerably more tirne to reach zero as they are both converging very slowly and therefore 

this is not shown in the plots given. Also, note that there is a spike in the end-body roll rate at 

the time when the end-body coning angle becomes near zero at approxirnately 6 hours. This 

spike is believed to be a result of the fact that the roll rate is computed h m  the direction 
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cosines and the angular velocity components near a singularity that occurs when the coning 

angle is zero. Hence the spike is not a red physical effect and can be disregarded. 

The energy quantities for this example case are shown in Figure 3-6. Note that although the 

end-body coning angle expenences a rapid divergence, the total system energy still steadily 

demeases until it reaches the new equilibrium state. Again, the figure shows that there is a 

similar transfer of energy fkom the end-bodies to the tether as was observed for the major axis 

exarnple case in Figure 3-4. 

30 
Total Enrrgy in End-bodfes (4 

O l 
O 5 10 15 20 25 

Toial Energy in Tether (J) 
12 , 

Figure 3-6 Energy quantities for the minor axis spinner example case 

A close up of the initial conhg angle divergence is given below in Figure 3-7 . Note that the 

divergence happens rather quickly afker an initial period of nearly steady state behaviour 

where there is no apparent divergence (i.e., approximately the first 0.02 hm). 
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Figure 3-7 Simulation results for an anstable example case (minor axis spinner) 

showing a close-ap of the initial rapid divergence of the end-body coning angle 

Based on the simulation results for the major and minor axis spimer example cases, the 

following observations can be made for systems that have violated the infinitesimal stability 

conditions: 

A new equilibrium state has been shown to exist for practical system parameter 

combinations that apply to typicai configurations of spinning tethered spacecraft. 

The tether amplitudes that correspond to the new stable equilibrium solution remain 

relatively small, typically a few percent of the tether length. 

The end-body coning angles that corresponds to the new stable equilibrium solution also 

remain relatively small, typically in the order of a few degrees. 

An important characteristic of the new stable equilibriurn solution is that the spin rate of 

the system is significantly reduced and the end-body experiences no roll rate about the z, 

axis (i.e., ir = O). 

The dynamic behavior of the end-body during the transition to the new stable equilibrium 

solution depends upon the m a s  properties of the end-body. A major axis spinner 

converges smoothly to the stable equilibrium solution, whiie a minor axis spimer 

experiences an initial rapid divergence to a relatively large coning angle, and then slowly 

converges to the stable equilibrium solution. 
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6. The configuration of the end-body (Le., moments of inertia) has only a small effect on the 

steady state values of the new stable equilibrium solution. 

3.3.2 QuasiStability Condition Appropriate for the Nonlinear System 

Since it has been found that for a case where the infinitesimal stability conditions have been 

violated, there is a significant difference in the behaviour of the end-body depending on 

whether it is a major mis spinner or a minor axis spinner, it is of interest to establish an 

analytical expression that can be used to provide a more precise condition that specifies the 

type of end-body behaviour that will be experienced. To detemine such an expression, we 

tum to the stability conditions in (3.14) and (3.1 6). The simulation studies of an unstable 

noniinear system revealed two types of behaviour that allow us to modi@ the stability 

conditions so that they are applicable to systems that have violated the tether related 

infintesimal stability condition (3.14). The first is that the time constant for the divergence of 

unstable tether modes is orders of magnitude larger than that for the initial rapid divergence 

of the end-body coning angle that has been observed for minor axis spinners. Hence the 

unstable tether modes will have very little impact on the behaviour of the end-body in the 

short term. Secondly, over the longer term, the new stable equilibrium state is characterized 

by steady state values for the tether amplitude and end-body angles that rernain small (Le., 

tether maximum amplitudes are a few percent of the tether length and the coning angle is a 

few degrees). Hence, for many applications such as for example the OEDIPUS missions, this 

new equilibrium solution still satisfies the mission requirements and therefore a smooth 

divergence f?om the initial equilibrium state to this new stable equilibrium state would not be 

considered to be a problematic situation. What is undesirable, however, is the short term 

rapid divergence of the end-body to the relatively large coning angles. Therefore, to consider 

only the short term effects, let us assume that we cm ignore the unstable tether modes. The 

observed behaviour of the nonlinear systern, descnbed above, provides the justification for 

this assumption. 

If we neglect the tether modes that violate the tether related stability condition (3.14), then 

the operative stability condition for the system becomes, 
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which is identical to the end-body related stability condition in (3.16) except that the lower 

bound for the summation in the fint tem of the stability condition n, now corresponds to the 

lowest stable tether mode for the system (wiiich depends of course on the spin rate and other 

tether related parameters). The expression in (3.3 1) provides the condition that govems the 

type of behaviour that will be experienced by the unstable end-body. If the condition is 

satisfied, then a rapid divergence of the end-body will not occur and the coning angles will 

remah near zero over the short terrn. Over the longer tem, the conhg angle will slowly grow 

to the steady state value that corresponds to the new equilibrium solution (Le., in the order of 

a few degrees). If the condition is violated, then the end-body coning angle will diverge to a 

relatively large value in the short term (several 10's of degrees). We refer to the condition in 

(3.31) as the quasi-stability condition for the end-body. It should be recognized that this is 

not a true stability condition in terms of the formal definition of stability, and it only applies 

over the short tenn. 

The 3" and 4& terrns in (3.31) are well hown conditions for the momenhim wheel and the 

effects of the boom flexibility as  discussed earlier in Section 3.1, and they are sirnply added 

to the terms that correspond to the tether interaction. Therefore, let us drop the boom and 

momentum wheel terms for the tirne being and focus on ody the tether interaction related 

terms in (3.3 1). This corresponds to a spinning tethered system with a ngid end-body and no 

momenhun wheel. The resulting quasi-stability condition c m  be rearranged and written as, 

To show the effect of the spin rate on the near-tm stability of the end-body, a stability 

diagram in the A, -us parameter space is given in Figure 3-8 that is applicable to the 

example cases presented earlier that are characterized by the following parameters 
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where we arbitrarily set A, to 0.01 which is a reasonable value for practical tether system 

applications (i.e., this corresponds to the tether m a s  being approximately 1% of the end- 

body mass). The bottom half of the chart represents a minor axis spinner while the top half 

represents a major axis spinner. Note that for slow spin rates, the tether tension tends to 

stabilize the system so that minor axis spinners are stable. There are actually two stability 

boundaries shown in Figure 3-8. The £kt applies to the full condition in (3.32) and it follows 

very closely to the boundary of the shaded region except in the vicinity of the instability 

spikes that are clearly seen in the figure. These spikes occur because the spin rate os 

approaches a critical speed that corresponds to a particular tether mode which causes the 

denominator in the second term of (3.32) to approach zero. As the spin rate is increased 

beyond the critical speed, the tether mode becomes unstable and per o u .  earlier assumption, 

we therefore no longer retain this mode in the analysis and consequently the stability 

boundary at that point rehuris back to its value before the start of the instability spike. The 

second stability boundary shown in Figure 3-8 corresponds to only the first term in (3.32) 

and it is the curve that bounds the shaded region of the diagram. This curve is nearly identical 

to that which corresponds to the full condition except for the instability spikes. This shows 

that the contribution of the second term in (3.32) is extremely srnail except when the spin rate 

approaches a critical speed corresponding to one of the tether modes. 

Figure 3-8 Stability diagram for a spinning tethered spacecraft with 

p, =0.003kg/rn,I, =1000m, T = 2 N ,  A,=O.Ol,ô, =0.001, k, =0.001 
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Note dso  that h m  the definition of the non-dimensional parameter A, in (3 .19,  as 

a>, -+ then A, + O and hence in the limit the stability condition in (3.32) becomes simply 

A, > f A, (note than when os + m the second term in (3.32) vanishes as there are no 

stable tether modes). This limit c m  be seen in Figure 3-8 as the stability boundary is clearly 

converging towards this condition. 

It was shown in Figure 3-8 that the contribution of the second term in the stability condition 

in (3.32) is extremely small except in the immediate vicinity of the critical speed where due 

to the singularity it produces the instability spike. However, this is only tnie for srnail values 

of the root bending parameter k, . For example, if we increase k, to 0.01 in our example 

case above, then the second term plays a more significant role particularly at the lower spin 

rates. This can be seen in the corresponding stability diagram beiow in Figure 3-9. The curve 

that corresponds to only the first term in (3.32) is now shown well inside the shaded region. 

Also, note that the instability spikes are broader which is a result of the second term 

contributing more significantly to the stability boundary. 

Figure 3-9 Stability diagram for a spinning tethered spacecraft with 

p, =0.003kg/m, I, =1000m, T=2N, A, =O.O1,Ût =0.001, k, =0.01 

Finally, shce we have detennined that we c m  ignore the unstable tether modes when 

considering the short term stability of the end-body, then it is reasonable to assume that we 

can also neglect the instability spikes in Figure 3-8 and Figure 3-9 as they occur due to the 
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omet of an instability in the corresponding tether mode. Lf we adopt this assurnption, and 

provided that the root bencihg parameter k, is small, then we have shown that the second 

term in (3.32) has a negligible contribution to the stability boundary. Therefore, using only 

the fkst term fiom (3.32) and including the ternis for the boom flexibility and the momentum 

wheel from (3.31), we cm approximate the quasi-stability condition that govems the short 

term stability for the end-body by the following, 

This condition is valid provided that k, is very srnall or that the spin rate o, is relatively 

large (e-g., k, < 0.001 or os > 0.15 Hz for our example cases presented above). 

3.3.3 Nonlinear Effects due to Tether Root Bending 

One of the key characteristics of the new stable equilibnum solutions is that the roll rate of 

the end-body ( b ) has been reduced to zero. There fore, there must be a torque applied to the 

end-bodies that causes this decrease in the spin rate. In fact, in al1 of the simulation cases 

investigated, the decrease in the spin rate was found to be strongly related to the divergence 

of the end-body coning angle and to the energy dissipated in the overall system. Hence, this 

de-spin torque was found to be the primary effect that causes the rapid divergence of the end- 

body and the convergence to the new stable equilibrium solution. 

The source of this de-spin torque can be shown to be due to the damping in the tether root 

section. The damping torque components relative to the body fixed fkne caused by the 

tether root bending are given in (2.165). Note that this is the torque applied to both end- 

bodies. The de-spin torque corresponds to the component Nz about the end-body s, mis. 

Dividing this component by two to represent the torque on only one end-body, the de-spin 

torque is, 

The terms in (3.34) that involve C, , C, , o, , cu, , q,, and 4,,, tend to be oscillatory in 

nature and therefore do not produce a torque constantly acting in the same sense so that it 

acts to continuously reduce the spin rate. However, the remaining term involving (1 - C':)oz 
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produces such a secular torque and is therefore the predorninant term that causes the de-spin 

of the system. Therefore, the root bending related darnping torque that is the main cause of 

the de-spin of the end-body can be approximated as follows: 

N, = -p,~: >I< k R T o l  sin' v 

where pet (2.12) we have C, = cos v which was substituted into (3.34), and v is the end-body 

coning angle. Note that the torque terni in (3.35) is nonlinear, so that this effect is not present 

in the linear equations. Also, it is of interest to point out that the expression in (3.35) is the 

de-spin torque that results when a straight tether (i.e., no deformation) is bent locally at the 

root section with a root angle of v, and is spun dong with the end-body about their 

z, and z, axes. If one inspects the nonlinear equation for oz in (2.169), it is evident that al1 

other torque ternis that c m  contribute to the de-spin torque are also oscillatory in nature and 

do not have a secular component. Hence this shows that (3.35) must be the primary source of 

the de-spin torque. 

To demonstrate the importance of this de-spin torque term, let us use the rninor axis spinner 

example case in (3.29) but set the root bending factor k, to zero. In this case, the only 

damping in the system would corne nom the axial extension of the tether and there is no de- 

spin torque. Figure 3-10 gives the simulation results for the nonlinear equations. It is 

immediately evident that there is a large difference when compared to the plots in Figure 3-5 

for the same case but with k, = 0.001 . Firstly, there is no large divergence of the end-body 

coning angle, and there is very little damping of the tether oscillation as the amplitude and 

tension are constant for the entire simulation period. The system also reaches an entirely 

different equilibrium solution where the coning angle and the tether amplitude remain 

constant and the end-body is both spinnuig and undergoing precession. Note that since the 

root angle is non-zero, then the tether tension does irnpart a torque on the end-body that 

causes this precession. The energy quantities for this example case are given in Figure 3- 1 1. 

Note that the system energies are almost unchanged for the entire period except for some 

initial condition related effects which are difficult to see on the plot. This shows that there is 

an extremely small amount of energy dissipated by the longitudinal extension of the tether. 
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Figure 3-10 Simulation results of the nonlinear equations for the minor axis spinner 

example case with the root bending effects neglected (Le., k, = 0 ) 
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Figure 3-11 Energy quantities for the minor axis sphner example case with no root 

bending (i.e., k, = O ) 
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This example case clearly demonstrates that the tether root bending has a significant impact 

on the system behaviour where the primary effécts are manifested through the correspondhg 

damping forces and particularly through the de-spin damping torque term. It also shows that 

the root bending is responsible for almost al1 of the damping in the system. The damping due 

to the axial extension of the tether tends to only have a mal1 noticeable effect in the initial 

stages where it attenuates the end-body oscillations due to the initial condition effects and 

beyond this it has alrnost no effect at dl. This was also observed in other simulation cases 

that were conducted, such as for example the minor axis spinner example case in (3.29) with 

only the root bending related damping, where the absence of damping due to the tether axial 

extension had a very small effect on the simulation results. 

3.4 Stability Analysis of the NonSpinning Tether Model 

The nonlinear equations for the non-spinning tether model are aven in Chapter 2, Section 

2.2. Although this set of nonlinear equations are considerably simpla than those for the 

spinning tether model, they still are not amenable for an analyticai investigation. Therefore, 

we again turn to the linear equations which are given in Section 2.3.2. It is shown that the 

linear equations for the out-of-plane motions are identical to the spinning tether linear 

equations given in ( 3 4 ,  where the coefficient matrices are in (2.247)-(2.251), except for the 

addition of a constraint damping matrix [ A ]  defined ui (2.255). The form of the equations 

with the added constraint damping matrix is repeated below for convenience: 

Due to the presence of the skew symmetric matrix [ A ]  the KTC theorem and the extension to 

pervasively damped systems by Hughes and Gardner no longer apply. Therefore, one could 

apply the Routh-Hurwitz criteria [5 ]  which use the coefficients of the characteristic 

polynomial to establish closed form stability conditions, or one must resort to a numerical 

assessrnent of the stability by computing the system eigenvalues and exarnining the real 

parts. Although closed form stability conditions are desirable, the order of the charactenstic 

polynomial would be 12 for 1 boom mode and 1 tether mode which generally precludes any 

analytical treatment. Therefore, the only practical way of assessing the system stability for 

the complete system given by (3.36) is through computing the system eigenvalues. 
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The eigenvalue problem for the linear systern in (3.36) can be written as follows in second 

order form: 

where {Q,) is the set of eigenvectors for the Kb mode. This is similar to the eigenvalue 

problem for the spinning tether system in addressed in (3.17) with the exception of the 

addition of the matrix [A]. The solution to equation (3.37) again leads to 2N eigenvalues A, 

(where N is the number of degrees of fkedom of the system) that are in complex conjugate 

pairs of the form, 

Therefore, the necessary and sunicient conditions for asymptotic stability can be stated as 

follows: 

Although for the general case in (3.36) it is not practicable to develop closed form stability 

conditions, it is possible to establish closed fom stability conditions for a reduced system 

that does not include the booms and considers only an axi-symrnetric end-body. It is well 

known that constraint damping terms generally are firame dependent [16], as they arise due to 

the choice of reference fiame used in the analysis. In this case, the constraint damping matrix 

cornes about because the damping forces originate in the non-spinning tether fixed fkme, and 

the equations are denved in a spinning fiame (i.e., the body fixed kame). Therefore, to 

remove the constraint damping matrix, we can derive the equations of motion with respect to 

a new kame, let us cal1 it a floating k e ,  where it floats with the end-body but does not 

rotate with it. As we are neglecting the booms in this simplified model, the energy expression 

for the system can be expressed as follows, 

where T, is the kinetic energy of the tether and T, is the kinetic energy of the end-body. 

Again the factor of 2 is introduced to account for the two end-bodies. The kinetic energy 

expressions are sllnilar to those developed in Chapter 2, Sections 2.1.3.1, 2.1.3.2 and 2.1 5 2 ,  
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but augmented to account for the situation where the position vector of a mass element is 

expressed relative to the floating &e. The kinetic energy for the tether then becomes, 

where a, is the angular velocity vector of the floating b e  relative to the inertial b e  

and, as defined in Chapter 2, r,is the position vector of an elemental mass on the tether 

expressed relative to the non-spinning tether M e .  The end-body kinetic energy is given by 

where 1, is the instantaneous inertia tensor of the end-body expressed relative to the floating 

frame, and r is a position vector of an elemental mass on the body expressed relative to the 

floating frame. The derivative of the position vector i in the floating frame becomes: 

where CO, = {O O w , I r  is the angular velocity of the rigid end-body relative to the floating 

M e .  If the end-body is axi-symrnetric, then its inertia tensor expressed in the floating frame 

maintains constant coefficients. Otherwise, the transformation from the body fixed f h n e  to 

the floating firame will h o d u c e  periodic coefficients into the inertia tensor and hence into 

the equations. This would complicate the analysis considerably as we would have to resort to 

using Floquet analysis, which is also a numencal treatment, or other more complex analytical 

techniques such as the Innnite Eigenvalue Method [17]. Note also if we had included flexible 

booms in the analysis then again we would have introduced periodic coefficients. Therefore, 

for the purpose of demonstrating the effect of the consira.int damping matrix on the stability 

of the system, we have confineci our analysis to axi-symmetric rigid bodies. 

The same procedure for the formulation of the energy expressions in discretized variables is 

followed as outlined in Chapter 2. Let us define the variables {a, ,a, ,a,} as the 

inhitesimal rotations of the floating frame relative to the inertial firame. Then, keeping only 
r 

second order tenns and recognizing that {of) = {ir, &, &,) to b t  order, the kinetic energy 

expressions for the spinning tethered system defined relative to a floating M e  is given by: 
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The derivation of the tether related potential energy follows the same development as that 

given in Section 2.1. Retaining only up to second order terms, the potential energy can be 

expressed as, 

Lagrange's equations are applied, which are expressed in the standard form 

where the generalized coordinates are qi = a , ,  a, ,al ,q,, ,q,,, for n = 12,3,-, N,  The 

damping forces Qi are derived using the same procedure as in Section 2.1.7.3, but keeping 

only linear terms. Finally, as was shown in Section 2.3 that the equation for a. is uncoupled 

fiom the others and hence can be ignored. Thîs leads to a linear system of equations that can 

be expressed in the same form as (3.1). The state vector (for only one tether mode) is defined 

as { x }  = {a, a, i&, q,o,}r where the tether variables are dehed  in (2.245) as q9, = -q,,, 

and go, = q,, . The coefficient matrices are defined as follows (for only one tether mode): 
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The coefficient matrices also do have the properties of linear mechanical systems, namely 

[M] > O ,  [G]' = -[G], [Dl < O ,  [KI* = [KI, and hence the Hughes & Gardner theorem can 

now be applied. The rank test for pervasive damping, given in (3.3), was undertaken 

numerically and it showed that the system was indeed pervasively darnped. Therefore, the 

stability conditions of the system are those that make the stifiess matrix [K] positive 

definite. To simplify the form of the stifniess matrix, we can re-arrange the state vector to 
T 

{ x }  = {a, q', a, ifl,,,) , so that the stifiess rnatrix takes on the following fom, 

The stability conditions are therefore, 

The first condition in (3.50) is clearly satisfied as k, is always positive. To simplifi the 

second condition, substitute M,R; = f& and the definitions for Mm , II, and Km in 

(2.102) and (2.108) into (3.5 1). After some algebraic manipulation, this condition becomes, 
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which is also always satisfied provided that â, is positive (which is the case for al1 practical 

configurations). Therefore, this analysis shows that the system with a de-spun tether must 

always be asymptotically stable. This is quite a different result fiom that given in (3.12) and 

(3.13) which are the conditions for asymptotic stability of a spinning rigid end-body with a 

spinning tether. This clearly irnplies that the constraint damping terms exert a stabiliùng 

iduence on the system. 

An analogy cm be made here to a class of spacecraft referred to as dual spinners or gyrostats. 

Much investigation has been undertaken into this class of spacecraft where there is a spinning 

part (typically called a rotor), and a de-spun part (typically called a platform) 

[S ,  1 8,l 9,2O,2 1'22,231. For axi-symmetric dual-spin spacecraft with darnping in both the de- 

spun platform and the spinning rotor, it can be shown using an energy sink analysis that the 

condition for asymptotic stability is as follows: 

where & and D~ are the energy dissipation rates of the platfonn and rotor, I,! is the 

moment of inertia of the rotor about the symmetry mis, and 1, is the transverse moment of 

inertia of the complete spacecraft (includes the platfonn and rotor). This condition, first 

derived by Iorillo [ 1 81 using an energy sink approach, shows that a spacecraft with a spinning 

portion that is spinning about its minor axis of inertia c m  be stabilized provided that there is 

sufficient damping on the platfom relative to that in the rotor. This important result led to the 

development of the f h t  prolate (i.e., minor axis spinner) dual spin spacecraf'l by Hughes 

Aircrafi Company in the late 1960's and then on to many sirnilar communications spacecraft 

in the 1970's and 1980's. Hence, the condition in (3.53) is well hown  and has been tested 

with many spacecrafl flights. 

The analogy to dual spin spacecraft is relevant as the tether behaves like a de-spun platform 

on the spllullng end-body. Note that if the rotor is assurned to be rigid (i-e., fi, = O ), then 

(3.53) simply becomes D, > O  which States that provided there is positive damping (Le., 

energy dissipation) in the de-spun platform, a dual spin spacecraft will always be 

asymptotically stable regardless of the mass properties. This is essentially the same stability 

result as that derived above for a spinning end-body with a de-spun tether, where we have 

found that provided there is some damping in the tether, the system is always asymptotically 
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stable. However, the experience with dual spin spacecraft tells us that the stability results for 

the de-spun tether mode1 in (3.50) and (3 S2) can be rnisleading as we have not considered 

the energy dissipation in the rotating end-body. The classical stability condition for dual 

spimers (3.53) suggests that the real stability condition will require that the energy 

dissipation rate in the tether m u t  be sufEcient to overcome the effect of the energy 

dissipation in the end-body. 

To demonstrate this effect, the eigenvalues in condition (3.39) were computed numencally 

for the minor axis spinner example case with flexible booms. The system parameters are 

given in (3.22) and the specific boom related parameters in (3.23) which also specifies the 

configuration of the central ngid core of the end-body. The main diflerence, between the 

minor axis spinner example case discussed in Sections 3 -2 and 3 -3 and that treated here is that 

the tether is now not spinning. We will also assume a damping parameter for the tether of 

qt = 0.05 s which is representative of real tether materials. For convenience, the following 

re-states al1 the parameters used for this example case, 

The booms are included in this example as they represent a rigorously modeled darnping 

mechanism in the end-body. To draw a parallel with the stability condition for dual spimers 

in (3.53), the booms should be treated as part of the spinning end-body (or rotor) so that the 

energy dissipation in the booms is considered to be the energy dissipation in the rotor D ~ ,  

while the energy dissipation in the tether is considered that of the de-spun platform D, . 
Therefore, by increasing the boom damping parameter rl, , we can in effect increase the 

energy dissipation rate BR in the end-body. Based on (3.53) and our stability result in (3.50) 

and (3 S2) for a rigid end-body, we should find that the example case is asymptotically stable 

if the boom damping pararneter is set to zero (i.e., al1 the real parts of the eigenvalues are 

negative). However, as we increase rl, we should h d  a point where the systern becomes 

unstable (Le., some of the real parts of the eigenvalues become positive) as the energy 

dissipation in the tether no longer can overcome the energy dissipation effects in the end- 

body. This is shown below in Figure 3-12 which plots the maximum real parts of the 
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eigenvalues that correspond to the tether modes and also to the nutation mode as a function of 

the boom damping parameter rl, . 

0 
nutation mode 

boom damping hctor ,, . 
Figure 3-12 Maximum real parts of the eigenvalues as a function of the boom 

damping factor for the minor axis spinner erample case with flexible booms and a 

despun tether 

The y axis of the plot represents the values of the real parts of the eigenvalues. Note that there 

are two scales, one for the tether mode and the other for the nutation mode which is 3 orders 

of magnitude greater than the scale for the tether mode. Figure 3-12 shows that when 

q, < 0.091 s ,  al1 the real parts of the eigenvalues are negative and hence the rninor axis 

spinner example case is indeed asymptotically stable (note that the real parts of the 

eigenvalues for al1 other system modes are Iess than those shown for the tether and nutation 

mode). However, at 7, = 0.091 s , the tether mode becomes unstable followed by the nutation 

mode as the darnping parameter is M e r  increased. This result agrees with what we would 

expect based on the dual spin stability condition in (3.53) and based on our findings for the 

stability of a ngid end-body in (3.50) and (3 S2). Note that the divergence rate of the nutation 

mode is very rapidly increasing as the boom damping factor continues to be increased. This 

irnplies that a s  the energy dissipation rate in the end-body becomes much Iarger than that in 

the tether, then the contribution of the fact that the tether is de-spun will be reduce to the 

point where it becomes negligible. 
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The above analysis shows that by de-spinning the tetiier, it is possible to stabilize the end- 

bodies so that even minor axis spiuners can become arymptotically stable. However, as 

demonstrated by the above example case, care must be taken to ensure that there is sufficient 

damping in the tether so that it can overcome any damping that is present in the spinning end- 

bodies. Note that it is the bending related damping forces (i.e., tether root bending) that 

provide the stabilizing influence. The damping that arises nom extensional oscillations of the 

tether will not produce this stabiliang effect. 

3.5 Summary 

The stability and the transient behaviour of the spinning tethered system has been 

investigated for cases that involve both a spinning and a de-spun tether. A Iinear stability 

analysis was cooducted for the spinning tether case and very useful closed-form infinitesimal 

stability conditions were derîved in Section 3.1 that c m  be used to support the spacecraf't 

deveiopment. It was shown that the stability criteria reduce to well hown  conditions for 

various limiting cases. The tether tension and the bending stiffhess at the tether root were 

found to have a stabilizing effect, while the tether mass has a de-stabilizing tendency. 

Another interesting observation that was made is that if the central ngid component of the 

end-body which has flexible booms is itself a minor axis spinner, then the boom flexibility 

can cause a stable system to become unstable at higher spin rates. The modal analysis 

conducted in Section 3.2 provided M e r  insights on the system dynamics, and showed that 

the system fiequencies can often be reasonably approximated by the individual component 

fiequencies for a f?eely spinning ngid body and for a spinning tether. Although, the tether 

root bending and particularly the flexible booms can have a more significant effect on the 

nutation kequency of the end-body. Also, the modal analysis revealed that there is 

significantly enhanced interaction between the tether and the end-body when a natural 

fkequency associated with the tether lateral vibrations is in the vicinity of the end-body 

precession fiequency. 

Although, due to the theorems by Liapunov, it is ensured that the real nonlinear system will 

be stable provided the infinitesimal stability conditions are satisfied, it was pointed out in 

Section 3.3 that this can be an overly restrictive requirement, particularly for spin stabilized 

tethered spacecraft configurations such as that used for the OEDIPUS missions. Therefore, 

the behaviour of the nonlinear system was investigated in Section 3.3 through simulation 

studies for cases where the infinitesimal stability conditions have been violated. It was found 
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that there exist new stable equilibrium solutions that often remain very near to the nul1 

solution. One of the key characteristics of these new equilibrium solutions is that there is no 

spin about the end-body and tether longitudinal axes. The equilibrium motion is a slow 

rotation of a static tether shape and a correspondhg precession of the end-body which 

maintains a constant coning angle. Since this new stable equilibrium solution is relatively 

near the nul1 solution, then an instability of the nuIl solution may not always pose a 

problematic situation provided the new stable equilibrium solution remains within an 

acceptable envelope. Therefore, in cases where the infinitesimal stability conditions are 

violated, it is necessary to use the full nonlinear equations to analyze the system as the linear 

equations are not representative of the actual system dynamics. 

It was also shown that the dynamical behaviour of the system during the transition kom the 

nul1 solution to the new stable equilibrium solution depends on the configuration of the end- 

body. For example, if the end-body is a minor axis spinner, then it may experience a very 

rapid initial divergence to a rather large coning angle (several 10's of degrees) before 

converging back to the new equilibrium solution. On the other hand, a major axis spinner 

would expenence a gradua1 and smooth transition to the new equilibrium state. To provide a 

more precise condition that govems which type of behaviour will be expenenced by the end- 

body, a quasi-stability condition was derived that is based on the end-body related 

infinitesimal stability condition and which is applicable over the short texm. This is a very 

usefu! condition that can be used to design spinning tethered spacecraft systems, such as the 

OEDPUS spacecraft, where the infinitesimal stability conditions are violated but where it is 

undesirable to expenence this initial rapid divergence of the coning angle. 

It was also shown in Section 3.3, that bending in the tether root segment is the prirnary 

damping source in the tether and more importantly it results in damping forces that provide a 

constant de-spin torque on the end-bodies. This nonlinear de-spin torque is the key feature 

that causes the system to seek the new equilibrium solution described above. It is also the 

main cause of the initial rapid divergence of the end-body coning angle that can be 

experienced with particular configurations of the end-body (e. g., a minor axis spinnea). 

Hence, it was shown that the tether root bending, aithough small in magnitude, can have a 

very significant effect on the nonlinear dynamics of the spinning tethered system. 

Finally, in Section 3.4, we investigated the stability of the tethered system with a de-spun 

tether. It was shown that, due to the damping forces that result fiom the tether root bending, 
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de-spinning the tether will have a stabilking tendency on the system. An analogy was made 

to dual spin spacecraft which con& of a spinning part (the rotor) and a de-spun part (the 

plaûorm), which utilize the same principle for stabilization. Closed-form stability conditions 

were derived for a specid case where the end-body is axi-symmeîric and fully ngid (Le., no 

flexible booms and no interna1 damping). The conditions showed that, for this case, the 

system would be stable at all spin rates and ail end-body configurations. This is in fact the 

same result as would be obtained from the well Iaiown stability condition for dud spin 

spacecraft where damping in the rotor is neglected. However, based on the extensive work 

conducted on the stability on dual spimen, it was pointed out that this can be misleading as 

the energy dissipation in the end-body has not been considered. When there is a damping 

source in the end-bodies (e.g., the flexible booms), an additional requirement for stability is 

that there must be sufficient damping in the tether so that it can overcome the effects of the 

damping in the spinning end-bodies. This was demonstrated by numencally computing the 

eigenvaiues for the minor axis spinner example case with flexible booms and a de-spun tether 

for a range of boom damping factors. It was s h o w  that if the damping factor is below a 

critical value, then the system is asymptotically stable. However it becomes unstable once the 

damping factor is above this critical value. 
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Chapter 4 

Ground Experiments 

4.1 

The 

Two separate sets of ground experiments were conducted to con* the 

mathematical rnodelîng and the stability analyses, and to demonstrate the 

nonlinear phenomenn. The first set of tests, r e f e d  to as the Hunging Spin 

Tests* were conducted at the UBC Dynarnics Laboratory and the second set 

were undertuken using the Tether Laboratoty Demonstration FaciZity (TE-LAB) 

devdoped at the Canadian Space Agency. Both test configurations involved a 

single end-body attached to a spinning tether. Initially. the mathematical mode1 

is augmented to account for gravîîy and for onZy one end-body. Scaling Iaws are 

then established for the ground test configuration. The test set-up for each set of 

ground qeriments  is then described and the key results are @en. 

Cornparisons are made with the mathematical models to show that good 

agreement was obtained and the observeù nonlinear phenornena are described. 

Augmentation of the Mathematical Model 

ground test configuration for the two sets of tests consisteci of a single spllining body 

attached to a vdcally oriented tether shown schematically in Figure 4-1. There are two main 

differences between this ground test configuration and the in-space configuration that must 
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be accounted for in the matbernatical model 

to allow for meanin@ compatisons 

between the test results and theory. These 

differences are the eff't of gravity and the 

pivoting bomdary condition on the top end 

of the tether. The linear mathematical model 

is therefore augmented to account for these 

effects. Since the ground tests were not 

designed to investigc.te the dynamics of the 

flexible booms, they are not included in the 

augmented model (although as it will be 

discussed later in Chapter 5, some very 

simple qualitative tests with booms were 

conducted). The main steps of the derivation 

of the model are described below in Section 

4.1.1, following the same procedure as 

outlined in Chapter 2 but accounting for 

gravity and the pivoting boundary condition. 

A cornparison is then made with the linear 

mode1 presented in Section 2.3.1. The 

augmented stability conditions are then 

derived in Section 4.1.2 using a similar 

procedure as outlined in Chapter 3. 

Figure 4-1 Mathematical model for the 

ground test configuration 

Finally, note that this configuration in Figure 4-1 with the pivoting boundary condition can 

also be applied to the full two body in-space configuration if only anti-symmetric motions are 

assumed as dehed  in Figure 2.1. To apply this model to the full in-space configuration, we 

neglect the gravity terms and use only one half of the full tether length (Le., essentially the 

configuration in Figure 4-1 considers only one half of the hi11 two-body problem). In Chapter 

2, we had chosen to assume only symmetric motions for the two-body system as it was 

asserted that the symmetric motions would have a greater interaction between the tether and 

the end-bodies @ence this would be a worst case assumption). We will demonstrate that this 

assertion is correct by comparing the stability conditions that are derived in Section 4.1.2 

with those in Section 3.1 to show that the former are less restrictive. 
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4.1.1 Augmented Linear Equations for the Ground Test Configuration 

In the derivation given in Chapter 2, a tether fked M e  was defined so that its z, axis is 

coincident with the nominal undefomed orientation of the tether and that it rotates with the 

end-body in such a way that it imparts no twist to the tether. Due to the assumai symmetric 

motion, the mode1 in Chapter 2 maintained the z, axis parallel with the line joining the mass 

centres of the two end-bodies. In this formulation, we apply the tether fi-ame in the sarne way, 

however, now with a pivothg boundary condition, the z, axis of the tether fiame rotates 

through the angle y as the end-body experiences a coning angle v as shown in Figure 4-1. 

Assu-g mail angles and using the law of sines, the relationship between y and the coning 

angle v c m  be wrïtten as, 

The transformation matrix for the tether h e  relative to the inertial k e  can therefore be 

expressed as follows 

s4(1 - f â:a:) ;tay 

A Z  1 ^2  ' 
s p ,  axa, +c,(l - ~ a ,  a;) - âf a, 1 (4.2) 

-s4â,ay + c&a, 1-Lâ2(a: 2 r +a:) 

where cd = cos #, s4 = sin 4 and # = o,t + a: where os is the constant spin rate. The angles 

a, ,a, ,a.  are the small angles that relate the body h e d  h e  relative to a purely spinning 

kame about the inertially fixed zi axis at a rate of os. This ailows us to establish the 

expressions for m, to first order: 

Also, the transformatim rnatrk of the tether hxed h e  relative to the body fixed tiame c m  
be written as: 
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With the definitions for [c'] ,[c,], and {a,} given above, the kinetic energy for the system 

can be found using the same procedure in Sections 2.1.3 and 2.1.5.2, but keeping only up to 

second order t m s  and not including the terms for the booms. The resulting kinetic energy 

expression, given in terms of the tether deformation variables and the end-body attitude 

angles a, ,a, ,a,, is given below. Once again it is assumed that the payload is axi- 

symmetric so that its inertia tensor is [ I I  = diag[A, A ,  C] , and (2.8 1) was used to discretize 

the tether deformation variables. 

where O, , o, , o. are the components of the angular velocity vector of the end-body. These 

can be expressed in terms of the constant spin rate o, and the attitude angles as given in 

(2.2 1 1). Al1 parameters are as defined for the mode1 developed in Chapter 2 with the 

exception of Km which is defined below. 

The potential energy is 

gravitational forces. The 

also effected by both the pivoting boundary condition and the 

expression for the strain energy due to the axial de formation of the 

tether is given by (2.52) which is repeated below: 

Substituting in the expression for the strain 6 defmed in (2.5 1) and retaining only second 

order tems Ieads to, 
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To remove the longitudinal degree of fkeedom we apply the same procedure outhed in 

Section 2.1.4, however we must modify the strain caused by the elongation in the tether due 

to the rotation of the end-body to account for only one end-body and the pivoting boundary 

condition. Using of the law of cosines and assuming small coning angles for the end-body so 

that only up to second order terms are retained, E, can be expressed as follows: 

Substitute (4.9) into (2.79) to obtain the expression for w , . ~  which we then can substitute into 

(4.8) to remove the longitudinal degree of fieedom. Finally, using the series expansion in 

(2.81) to discretize the expression, we can write the strain energy due to the tether elongation 

as follows, 

where we retained only up to 2" order terms. 

The potential energy associated with the root bending 

below, 

The expression for the root angle 8, is found using the 

is given by (2.60) which is repeated 

(4. i 1) 

same procedure as in Section 2.1.3.4, 

but augmented to account for the pivoting boundary condition and for only one end-body. It 

is given below with again only up to 2d order ternis retained, 

Substituting (4.12) and (2.65) into (4.1 l), recognizing that 

dl = M, and 2 4 ,  = y:,c(0) 
Ia 

and using the ide~tity f%, = R: M, , the potential energy due to the tether root bending can 

be wtitten as  follows, 
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The root bending effects at the top end of the tether were not considered because in the test 

set-up where the root bending could be factor, the top end of the tether has a "take-up spool" 

(see Section 4.4.1) so that at this end, the tether has a very large bend radius which causes the 

root bending effects to become negligible. Also, in the two-body in-space configuration, the 

tether does not experience any bending at its mid-point (see the diagram for the anti- 

symmetric motion in Figure 2.1). Hence, the mathematical model, which due to symmetry 

only addresses half of the full two-body problern, should not include root bending in the top 

end of the tether. 

Noting that the gravitational force does work on the tether, the work done due to gravity on 

an elemental mass of the tether can be expressed as 

follows: 

where v(c,t) is the vector that defines the 

displacement of the elementai mass nom its original 

equilibrium position to its deformed position, and g 

is the gravitational acceleration vector which in 

mat& fom is equd to {O O -g }' relative to the 

inertial fi-ame. The vector v(5, t) c m  be separated 

into two components v, (&t )  and v2(5 , t )  as shown 

in Figure 4-2, so that v(& t )  = v, (C t) + V, (6, t )  

where v, (c, t )  is related to the displacement due to 

the rotation of the end-body, and v, (5, t) is related 

to the deformation of the tether relative to the tether 

fixed hune. In the Figure, dmi designates an 

elemental mass in its initiai equilibrium position, 

Figure 4-2 Position vectors for an 
elemental mass on the tether 

dm, is the same elemental mass in its ha1 deformed position, r, is the position vector of the 

elemental mass relative to the tether f i e d  m e ,  and a, is the position vector of the tether 
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attachent point on the end-body. The potential energy due to the gravitational force can be 

found by integraikg (4.15) over the tether length to obtain: 

The position vecton v, (5, t) and v, (5,t) can be expressed in matrix form relative to the 

inertial hune a s  follows: 

where w, and w, are the tether lateral deformations about the x, and y, axes, and the integral 

in the z, component in (4.18) corresponds to the foreshortening of the tether that has 

accumulated fiom the tether attachent to the elemental mass located at 6 due to the 

defonnation of the tether. Also, note that in (4.18) it is assumed that the tether has constant 

tension and hence any additional strain due to axial deformation in the z, direction is 

negligible. This is consistent with keeping only second order terms in the strain energy 

expression as  done in (4.1 0). 

Substituting (4.17) and (4.18) and the expressions for the rotation matrices [c,] and [c,], 
given in (4.2) and (4.4), into the gravitational potentiai energy expression in (4.16), and 

retainuig only second order terms leads to the following after some algebraic manipulation, 

where Km is defined in Chapter 2. Also we define 
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To obtain the fom in (4.19), the double integral that results Corn substitutkg (4.18) into 

(4.16) is reduced to a single integral using the following relation which is derived using 

integration by parts: 

Using the energy expressions given in (4.9,  (4. I O ) ,  (4.14) and (4.19), the equations of 

motion can be obtained using the Lagrangian procedure as described in Section 2.1.6. 

Lagrange's equations for this systern are 

where ce = T - V, - VtR - V, and the generalized coordinates qi are a, , a, , al , q,, ,qIon for 

n = 1,2,3, - , Nt with Nt being the number of tether modes retained in the analysis. The 

generalized non-conservative forces due to damping Q. are in this case only due to root 

bending. These are formulated using the same procedure as in Section 2.1.7.3, but accounting 

for the pivoting boundary condition and only one end-body. Additionally, viscous damping 

forces have been added to the end-body rotation that result fiom the end-body suspension 

system used in the test-set-up. 

Applying Lagrange's equations in (4.22) leads to the following system of equations: 

Note that the equation for a, is uncoupled kom the others and hence has been ignored in the 

above equations. The foxm of (4.23) is precisely the same as the h e a r  equations for the out- 

of-plane motions for the in-space configuration given in (2.244) but with the boom equations 

neglected. The state vector where 

n = 1,2,3,--,Nt. We have again introduced the new set of tether variables 4,, and &,,, 

defined in (2.245), to improve the structure of the coefficient matrices. The constant 

coefficient matrices are given below. 



Chapter 4 Ground Experiments Page 151 

[G] = 2ru, 

The t m s  in the darnping matrix [D] are defined as 

and the tenns in the stiffiess matrix [K] are given by, 
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Also, the following new parameters were introduced 

and c, and c,, are the viscous damping coefficients associated wi th the suspension system for 

the end-body. The other parameters in the coefficient matrices are as defined in Chapter 2 (or 

as earlier dehed  in this Chapter). The indices in r,, which is in the O ff-diagonal positions of 

the stifniess matrix, correspond to the coupling between the tether modes so that 

m = 1,2,3,-, n - 1 according to the columns that correspond to those modes. This is 

illustrated below for 3 modes, 

Comparing the linear equations in (4.23) - (4.29) to those for the in-space configuration 

denved in Chapter 2 given by (2.244) and (2.247) - (2.15 l), we see that they are very similar. 

The coefficient matrices retain the properties of linear mechanical systems as stated in 

(2.144), that is [ M] > O, [G] = -[G], [D] # 0, [KI' = [KI . Due to the effects of gravity, the 

stifkess matrix has additional tems that include the factor and these retain the syrnrneûy 

properties of the matrix. We also see that kl , k, and Km in the original equations are now 
CI - L h  

replaced by kl , k, and where the only differences are the 1/3 factor in k, , k2 and the 

(1-5) factor in Rrn which corne about due to the pivoting boundary condition. 

Additionally, the root bending related terrns that involve the parameter k, and the tems in 

the (1,l) and (2,2) locations in the stiffiiess matrix include factor of (1 + â,) which also cornes 

about due to the pivoting boundary condition. Hence, the difference between the two sets of 
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equations are N l y  accounted for by the inclusion of gravity and the pivoting boundary 

condition of the tether. 

The linear equations for the ground based mode1 have also been derived independently by 

Vigneron et al. [l] to support the ground tests and the data andysis and interpretation, 

discussed in Section 4.4, and also to allow for an independent verification of the 

mathematical models. Vigneron's formulation used completely different coordinate systems 

and variable definitions and they also used a different approach to account for the moving 

tether boundary condition where it attaches to the end-body. For example, their variables 

defuiing the deformation of the tether were selected so that they also included the small rigid 

body displacement of the tether in the laterai direction due to the rotation of the end-body. 

The main differences in their mathematical mode1 are that they neglected the tether root 

bending effects but they included the flexible radial booms. The booms had the same 

configuration as  that used for the in-space configuration mode1 in Chapter 2. With regards to 

damping, they had assumed that the darnping sources corne fiom bending throughout the 

tether and also £kom the end-body suspension system. Their boom related equations and 

coupling terms with the end-body match term for term with those in the linear equations for 

the in-space configuration. If we disregard the boom related equations and tems, then their 

linear system of equations for the end-body and tether match term for term with the above 

equations in (4.23) - (4.29) except they did not have the tether root bending related terms. 

Hence, this provides a good independent confirmation of the formulation of the linear 

mathematical mode1 given here. 

4.1 -2 Stability Conditions for the Ground Test Configuration 

Since the form of the linear equations of motion has not changed with the addition of gravity 

and the pivoting boundary condition, then the same procedure as that used in Section 3.1 can 

be used for establishing the necessary and sufficient conditions for asyrnptotic stability. 

To simplify the problem, we again redefine the state vector to 

so that the stimiess matrix takes on a block diagonal form: 
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where the ternis in the stifiess ma& are defined in (4.29). Now when the stiffness rnatrïx 

block in (4.33) is compared to that for the in-space configuration in (3.6), it is clear that the 

main difference is the terms r,,,,, that result fkom the effects of gravity. The problem c m  be 

simplified if we recognize that 

O for n + rn = even 

for n + m  = odd 

U 

and since r,,,,, = -if$, , then al1 of the tems with rmvanish when n + rn = even . Based on 

the stability conditions (3.12) and (3.13), derived in Chapter 3, the contribution of the higher 

order modes quickly diminishes. Therefore, let us look at retaining only 3 modes in the 

analysis. In this case, the stiffness rnatrix block takes on the following fom. 

The conditions for asymptotic stability are then those that ensure positive definiteness of 

[El. These conditions are that each principal minor of [El must be greater than zero which 

leads to: 
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If we decornpose [z] into lower and upper triangular forms, so that 

and let us select I,. = 1.0, then we cm express the determinant of [KI as follows 

where we have taken advantage of the property of triangular matrices that their determinant is 

the product of their diagonal elements, and have introduced the variables A, = u l l  , A, = u2 , 

A, = 4,, and A,  = u, . To determine the expressions for A, ,A, ,A3 and A,  , expand (4.37), 

and then d e t e d e  the values for 4 and u, by solving the resulthg algebraic equations that 

result when each element in (4.39) is equated to the corresponding element in the rnatrix in 

(4.35). We start initially with the first row, then the f k t  column, then the second row, and 

so-on. The resulting expressions for A,  , A, ,A3  and A, are given below, 
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Comparing the firçt three expressions in (4.40) with the stability conditions in (4.36), we see 

that the f k t  three stability conditions irnply that A, ,A, ,and A, must be greater than zero. 

Then fiom (4.38) we see that the fourth stability condition results in A-, > O. Also, from 

(4.41) we see that we can simplify A,  by expressing it in terms of A,, A ?, and A, . Therefore, 

the stability conditions can be written: 

kl where k, = c l  ; k , = t 2 - -  k, riz ; k, = t, -- ru. Finally, substituting the parameters 
A I  4 

(4.29) into (4.42), and expressing the above conditions in recursive form, the necessary and 

sufficient conditions for asymptotic stability can be written as foilows: 

where: 
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The above stability conditions are similar to those developed for the in-space configuration in 

(3.12) and (3.13). The condition (4.43) corresponds to a tether related instability, and (4.44) 

corresponds to the end-body attitude related instability. The above conditions have additional 

texms that account for the effect of gravity and for the pivoting boundary condition. Note that 

it is the gravity related temis that require a recursive relationship for multiple tether modes. 

Note that, similarly to the in-space configuration, if the tether related stability condition is 

satisfied for the first tether mode, then the conditions for al1 other modes are also satisfied. 

Hence, the goveming tether related condition in (4.43) is the one that conesponds to n=l . 

Using the sarne rationale as in Section 3.3.2, we can also define the quasi-stability condition 

by considering only the stable tether modes in the end-body related condition in (4.44) so that 

it becomes, 

where n, is introduced into the sumrnation which corresponds to the stable tether mode with 

the lowest natural fkequency. 

Finally, we can use the quasi-stability condition in (4.46) to test the assertion made in 

Chapter 2 that the syxnmetric system behaviour should have greater interaction between the 

tether and the end-body than that of the anti-symmetric behaviour (Le., is the wont case 

situation from a stability point of view). We will do this by cornparhg the quasi-stability 

condition in (4.46), which corresponds to anti-symmetnc motions of the full in-space 

configuration with that in (3.32) which corresponds to symmetric behaviour. First we must 

&op the gravity ternis in (4.46) and then express the condition in non-dimensional form by 

introducing the parameters defined in (3.15). Also, we have shown in Section 3.3.2 that for 

typical systems with realistic values of the root bending parameter k,, the term in the 

sumrnation has a negligible contribution. Thetefore, let us &op this term to get, 

which we c m  now compare with the quasi-stability condition in (3.33). However, before we 

make the cornparison, note that to apply the above condition to the in-space configuration, we 

mut use half of the in-space tether length, while for the condition in (3.33), which applies to 
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the symmetric motions, we use the full tether length. Therefore, to make a valid comparison, 

let us introduce 1, = i l , ,  into (4.47) where C is the full in-space tether length to obtain the 

following quasi-stability condition. 

We can now compare (4.48) duectly with (3.33) as they are both applied to the in-space 

tether configuration. Note that in (3.33) we negled the terrns associated with the momentum 

wheel and the booms for the purposes of this comparison. We see that (4.48) is generally a 

less restrictive stability condition as  the k t  term, which is always positive, is smaller than 

the corresponding term in (3.33) by a factor of 113, and the second term, which always 

remains negative is larger than the corresponding term in (3.33) by approximately the factor 

(1 + 26, ) assuming the root bending effects are very small. Hence, this confimis the assertion 

made in Chapter 2 that the symmetric system behaviour corresponds to a greater interaction 

between the tether and the end-body (Le., is a worst case type of situation) as it has been 

s h o w  above that for the anti-symmetric case, the tether has less of an influence on the 

stability conditions associated with the end-body. It is important to take this into account in 

the interpretation of the results from the ground testing. 

4.2 Scaling Laws 

The analysis that was undertaken to establish the scaling laws for the ground tests was 

conducted in two parts. The first investigated the scaiing laws that arise without the 

consideration of the gravitational forces, and the second is the derivation of the scaling law that 

specifically accounts for the gravitational effects. Generally, the approach we adopted is to non- 

dimensionalize the linearized equations of motion for the in-space configuration in Chapter 2 

and use the resulting non-dimensional parameters to establish the scaling laws. The basic 

principle is that both the scaled laboratory experiment and the flight configuration should have 

the same non-dimensional parameter values. Additionally, a separate dimensional andysis was 

also conducted to CO& the scaling laws. 

4.2.1 Scaling Laws in the Absence of Gravity 

To develop the basic scaling laws, the hear  equations for the out-of-plane motions of the in- 

space configuration (2.238)-(2.243) are used to establish the relevant non-dimensional 
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parameters. To establish the scaling laws, the boom related equations and terms are not needed 

and are thetefore dropped. We non-dimensionalize these equations by denning a new 

independent variable as follows: 

5 = O,t (4.49) 

Substituthg (4.49) into (2.238)-(2.243), dropping the boom related terms and equations, and 

dividing each of the equations by a>: giva the following non-dimensionalized equations, 

where ( O ) '  = . The nonaimensionalized parameters in that govern the behaviour of the 

tethered system can now be determined fiom the coefficients in equations (4.50) - (4.53). 
These are given below: 

To develop the scahg laws, the principle used is that both the laboratory system and the actual 

flight configuration should have the same nondimensional parameters. Applying this principle 

to the above parameters, and designating the laboratory experiment systern by subscript e and 

the flight configuration by subscript j; the scaling laws for the ground tests are as follows: 
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TO c o b  the scaling laws given above, the dimensional analysis technique developed by 

Szirtes [2] was also used to determine the non-dimensional parameters. This technique involves 

establishg the variables that govem the behaviour of the system and arranping them and .Ae:if 

dimensions into what Szirtes calls a dimensional set. Based on Buckingham's n theorem, the 

complete set of non-dimensional variables, which identifies the number of non-dimensional 

parameters that unambiguously describe the behaviour of the system, is identified and 

introduced into the dimensional set. A simple procedure is then used to extract the non- 

dimensional parameters from the dimensional set. This technique was applied to the system 

with root darnping neglected, and produced the same non-dimensional parameters as given in 

(4.54) which confirmed the scaiing laws given in (4.55)-(4.59). 

4.2.2 Scaling Law that Accounts for Gravity 

The scaling laws developed in the Section 4.2.1 were based on a mathematical mode1 that did 

not account for gravity. However, one of the fundamental différences between the ground-based 

test configuration and the in-space fiight configuration is the effect of the gravitational forces on 

the system dynamics. For the in-space configuration, the forces of gravity are very small as the 
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systan is effectively in a k - f d  state (Le., in a rnicrogravity environment). The ground-based 

system, on the other hand, is subject to relatively large gravitational forces. 

In order to determine an appropriate scaling law that scales the effects of gravity, non- 

dimensional equations are derived for a simple analogous system shown in Figure 4-3. This 

systern is simply a one-dimensional vertical M g ,  subject to gravity that has a distributed 

extemal force applied to it. The equatiori of motion for this system are developed for both the 

ground-based and in-space configurations, and the relevant nondimensional parameters are 

detenained. 

For the ground-based system, the equations of motion are given below. 

where u is the lateral displacement of the string, p, is 

the string linear mass density, T is the nominal constant 

tension, g is the acceleration of gravity, and f(x, t) is a 

distributecl extemal lateral force applied to the string. 

Note that the terni involving p,gx corresponds to the 

distributed tension in the vertical string due to its 

weight. Since in the ground test configuration, the tether 

dynamics wiU be primarily driven by the end-body 

motions, the following simple expression for a time 

varying extemal distributed force that has a fkquency 

o equal to the spin rate of the ground test configuration 

is used. Figure 4-3 Mode1 of a vibrating 
vertical string 

f (4 = f, sin& (4.62) 

To non-dimensionalize the equation of motion for the vertical string, we introduce the 

following variable transformations into (4.6 1 ), 
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and divide by ptcuf l,, to produce the following, 

Therefore, the non-dimensional parameters appropriate to this system are: 

Note that the £kst non-dimensional parameter n, is the same as the parameter n, in (4.54) 

h m  the previous section which presented scaling laws that did not include gravity. The 

parameter that is of interest here is n, as it is the one that embodies the giavity effécts. 

For the in-space configuration, it is assurneci that the vertical string shown in Figure 4-3, is in a 

fiee-fa11 state which is appropriate to missions where the tether is approximately aligned to the 

local vertical. It cm be shown that the tension caused by the distributed mass of the string is 

given by, 

where 

and where p is the gravitational constant for the earth, Re is the earth's radius, and h is the 

altitude. Note that g = g, when h = O .  Now since the nominal tether length lr is in the order 

of several kilometers for typical missions and Re + h  is in the order of several thousand 

kilometers (Le., > 6500 km), then both (1 + <) and (1 + (5)  are approximately equal to 1. 

There fore, 

T, +P,& 1, 17 ~ ( 1 - 6 )  (4.68) 
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Using equation (4.68), and the same variable transformations and algebraic manipulations as 

described for the ground-based configuration above, the non-dimensionalized equation of 

motion for the fke-falling vertical string c m  be written as follows: 

The non-dimensional pararneters are the same as those for the ground-based configuration with 

the exception of the gravity related non-dimensional parameter which is given by: 

The usual process for developing a scaling law would be to equate the relevant non-dimensionai 

parametm. However, in this case, the temis that involve the gravity related non-dimensionai 

pararneters in equations (4.64) and (4.69) have different functional forms. In the ground-based 

configuration, the term involves 5 and in the aght configuration, the texm involves ~ ( 1 -  5). 
Therefore, this Unplies that complete similarity cannot be achieved with the ground-based 

experiment . 

Now since these ternis arise h m  the tension caused by the distributed mass of the tether, then a 

suitable bais  for a scaling law might be to equate the maximum magnitudes of the gravity 

related t e n .  Therefore, let us select a value for { such that it maxirnizes the tension in both the 

ground and eee-falling cases. For the ground case, this corresponds to 5 = 1, and for the fiee- 

fdling case this corresponds to 5 = 05. Using these values for 5 and equating the gravity 

related terms gives: 

where again the subscnpt e corresponds to the ground-based labontory experiment system, and 

the subscript f comsponds to the flight configuration. Substitutkg the expressions for g, 

fiom (4.67) into (4.71) and noting that g = g, when h = 0 ,  and carrying out the necessary 

algebraic manipulations, leads to the following 
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Equation (4.72) is the scaling law that achieves similarity in the maximum magnitude of the 

gravity related term in the equations of motion for a vibrating vertical string. By introducing the 

following parameter, 

the scaling law can be simplifiai to the following. 

The value of in (4.74) is determined based on the specific mission parameters. For exarnple, 

the OEDIPUS-C mission had a maximum altitude in the order of 800 km and a nominal tether 

length of 1 km. Substituting these values and Re = 6378 km into equation (4.73) gives 

ps = 95. This scaling law generaily indicates that the effects of gravity can be rninimized by 

using very hi& spin rates in the ground-based test configuration. 

4.3 Hanging Spin Tests 

4.3.1 Test Set-up 

Based on the stability conditions given by (4.43)-(4.45), it is evident that the spin rate of the 

tethered system plays a key role in the stability of the configuration. In fact, for a given set of 

parameters (e.g., tether tension, end-body moments of inertia) there is a "critical speed" 

where the system becomes unstable. Now, based on linear theory, if the unstable system is 

given enough time, then both the tether vibration amplitudes and the end-body conùig angle 

will diverge nom the nul1 solution irrespective of which stability condition is violated. 

However, consider the case where the spin rate is such that the system is initially 

asymptotically stable and it is slowly increased until a stability boundary is crossed. Now the 

initial response will generally depend on which stability condition is fint violated. That is, if 

the tether related stability condition in (4.43) is the first to be violated, then there should be 

an increase in the tether vibration amplitudes. On the other hand, if the end-body stability 
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condition in (4.44) is violated, then there should be a noticeable increase in the coning angle 

of the end-body. Furthmore we have shown in Chapter 2 that when the end-body stability 

condition is violated, then the end-body experiences a rapid divergence of the coning angle to 

are relatively large values (i.e., 10's of degrees). 

The Hanging Spin Tests were conceived to observe the onset of these insfabilities in an 

experimental set-up and determine the spin rate at which they occur. This measured spin rate 

can then be compared with the critical speed calculated fiom the stability conditions to 

validate these conditions and provide greater con£idence in the stability conditions for the in- 

space configuration developed in Chapter 3. A particula. focus is to validate the end-body 

related quasi-stability condition for the end-body as  it is the end-body behaviour that is of 

principal interest and this condition has more practical applicability to typical tethered 

conngurations. 

A schematic of the experimental set-up for the Hanging Spin Tests is shown below in Figure 

4-4. A spin motor is mounted to a fixed supporthg h e  and connected to a platform which 

spins the tether. The end-body is attached to the tether and is hung fiom the spin platform. 

Hence, the nominal tether tension is simply imparted by the weight of the end-body. The 

basic test procedure is to set the various parameters to the desired values by selecting an end- 

body and tether with the appropriate m a s  properties. Then the spin rate is slowly increased 

f?om zero while the tether and end-body behaviour are carefully observed. From the stability 

conditions in (4.43)-(4.49, it is clear that the systern will be stable at the very low spin rates. 

Therefore, there should be Little tether vibration and end-body coning at these low spin rates. As 

the spin rate is increased, the critical speed is slowly approached until the stability boundary is 

fïnally crossed. At this point, either the tether vibrations or the end-body coning angle should 

begin to exhibit divergent behaviour. Equally important is to observe the transient behaviour of 

the system once it is in the "unstable" state. In particda., emphasis is placed on identifjmg any 

phenomena which may be attributed to the nonluiear character of the system. Also, one of the 

objectives of the tests was to directly support the OEDIPUS-C mission design and to support 

the flight data analysis and interpretation fiom both the OEDIPUS -A and -C missions, which 

are discussed in Chapter 5. Therefore, some of the test configurations were specifically 

selected to be representative of the these specific payload configurations. 
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Figure 4-4 Hanging Spin Test experimental set-up 

The Hanging Spin Tests were set-up and conducted at the University of British Columbia 

Space Dynarnics Laboratory [3,4]. Four end-bodies were constructed to allow for a variety of 
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configurations includhg major and minor axis spinuers. The tether attachment offset was 

designed so that its offset fkom the center of mass can be adjusted. The end-body sizes were 

made as mal1 as  practically possible to best satisQ the scaling laws established in Section 

4.2. The four end-body inertia ratios were selected so that they varied nom a minor axis 

spinner that has an inertia ratio similar to that of the OEDIPUS-A spacecraft (end-body # 1 ) 

through to a major axis spinner that has a similar inertia ratio to OEDIPUS-C (end-body #4). 

End-bodies #2 and #3 have a configuration that is near the transition between a major and 

minor axis spimer. A practical size for the end-body required a spin axis moment of inertia 

in the order of 1000 gm-cm2. Therefore, to scale for the OEDIPUS-A and C in-space 

configurations with a fully deployed tether of approximately 1 lun would require a test tether 

length in excess of 12 m. This however was not possible to accommodate in the tether testing 

facility at the UBC Laboratory as it was limited to a relatively short tether length of 1.94 m. 

Therefore, the Hanging Spin Test set-up scales for the OEDIPUS in-space configurations 

with between 100 - 160 m of tether deployed. This was felt to be adequate to demonstrate in 

the laboratory the type of dynamics that would be expected in space. 

The tether was selected to be a heavy braided string that had essentially no bending stifbess. 

Hence, the root bending effects will be extremely small and the parameter k, for these tests 

cm therefore be set to zero in the stability conditions. Additionally, to scale for the gravity 

effect uçing the scaling law in (4.74), an extremely high rotational speed (e.g., > 50,000 rpm) 

would be required for some of the tests which was clearly not practical to implement. The 

spin motor selected was only capable of a maximum rotational speed of 1000 rpm. Therefore, 

the effect of gravity could not be sufficiently scaled. However, by c o m p a ~ g  the gravity 

reiated tems in the stability conditions for the lab configuration in (4.43) and (4.44) with the 

other tems on the right hand side, it is found that the gravity effects are very small. 

The £inal Hanging Spin Test parameters that were selected are given below in Table 4- 1. The 

end-body design is shown in Figure 4-5 and a photograph showing the four end-bodies is 

given in Figure 4-6 [4]. A more detailed description of the final test set-up is provided in the 

h a l  report nom UBC on the Hanging Spin Test and in a related paper [4,5]. 
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Table 4-1 Hanging Spin Test parameters 

Motor 1 spin rate 1 0. 1 O - 1000 rpm 1 
Tether 1 1 2, 1 1 94 cm 1 

linear mass density 
tension'' ) 

1 mass 283.1 gm 1 

l 

I 

1 tether attachment offset a, 3.88 - 5.78 cm 1 

Pt 
T 

End-Body #1 longitudinal moment of Inertia C 
inertia ratio(2) C/ 

0.01 21 5 gmkm 
2.78 N, 1.94 N, 
2.06 N, 1.79 N 
1058.7 gm-cm2 
0.230 - 0.217 

1 

End-Body #3 

C 
C/ 

End-Body #2 

Notes: 
1. The tension is govemed by the end-body mass. The tension values given correspond to 

end-bodies 1 to 4 respectively. 
2. The inertia ratio varies with a variation in the tether attachment offset. 

962.7 gm-cm2 
0.947 - 0.874 

longitudinal moment of Inertia 
inertia ratio(2' 

m a s  
tether attachent offset 

longitudinal moment of Inertia 
inertia ratio(2) 

1 
mass 

1 tether attachent offset 

mass 
tether attachent offset 

/ A  
Mc 

at 
C 

C/ 
End-Body #4 

/ A  
'% 

at 

C 
c/ 

209.8 gm 
0.29 - 2.70 cm 
972.8 gm-cm' 
1.106 - 1.179 

longitudinal moment of Inertia 
inertia ratio"' 

/ A  
me 
a, 

197.8 gm 

0.48 - 2.76 cm 

1 102.4 gm-cm2 
0.993 - 0.929 

182.9 gm 
0.41 - 2.33 cm 
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i Connecting body 

Tether 
attachment 
cyllinder 

Figure 4-5 Hanging Spin Test end-body design 

Figure 4-6 Photograph of the end-bodies for the Hanging Spin Test 
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4.3.2 Test Results and Discussion 

A number of test nins were conducted with the four end-bodies. Generally, it was found that, 

as expected, there were two types of critical speeds: one that corresponds to the tether 

vibrations; and the other associated with end-body coning. The observed behaviour of the 

tether vibrations indicated that the tether critical speeds also correspond to a resonant type of 

condition where the tether mode that gets excited is the one with the natural kequency equal 

to the spin rate. For example, as the spin rate is slowly increased, the first mode is initially 

excited when the spin rate approaches the first tether related cntical speed. As the spin rate is 

M e r  increased, and providing that the end-body critical speed is not crossed, the tether 

vibrations would decay to near zero until the second tether critical speed is reached and it 

would get excited in its second mode. Also, when the system is run at a tether cntical speed, 

the tether exhibits relatively large amplitudes and the tether mode shape appears to be 

rotating at the spin frequency (i.e., a skip rope effect). It is believed that this behavior is 

caused by forcing terms that arise if the tether attachment point is slightly offset £?om the 

spin axis in the lateral direction. Obviously, for the test configuration, one cannot hope to 

have the tether attachment precisely on the principle axis of the end-body (i.e., there will 

always be some small lateral offset or end-body irnbalance). 

To examine this forced response behaviour, let us consider a 

simple spinning string that is attached at one end with a 

lateral offset a s  shown in Figure 4-7. It can be shown that 

the tether related stability condition in (4.43) is simply that 

i of a spinning string. It is therefore instructive to investigate 

the equations of motion for a spinning string with a lateral g 
1, ; 

offset. Let us for the purposes of this example consider only 

one tether mode, then the equations are as follows, 

expressed relative to the rotating f i m e  shown in Figure 4-7. 

Figure 4-7 Spinning string 
with lateral offset 
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The parameters a, and a, are the lateral offsets and q,, and q,. are the modal amplitudes in 

the x and y directions respectively. The parameter Rrn is the tether flexural parameter been 

defined in (4.6) and Km, Mm and II;, are defbed in (2.102) and (2.108). The effect of the 

lateral offset is to add the constant forcing terms on the right hand side of the equations in 

(4.75). These forcing terms imply that the system has a steady state or particular solution that 

can be expressed as follows: 

This shows that the steady state solution cornesponds to a constant mode shape relative to the 

rotating firame that rotates at the spin frequency a,. The particular mode shape that is 

dominant is the one that causes the denorninator in (4.76) to become zero. The condition 

where the denorninator equals zero is also the same as the stability boundary for the tether 

related stability condition in (4.43) which corresponds to the fint mode. Note that in the 

expression for A, in (4.43, the final gravity related recursive t em  is zero when n = 1 and 

due to the tether material used, the root bending factor k, is also zero. Therefore, to observe 

the critical speed associated with the tether related stability boundary, we can use the steady 

state solution and find the speed that maxirnizes the amplitude of the resulting skip rope 

behaviour. This is very convenient because as pointed out in Chapter 3, the divergence rate of 

the tether deformation amplitude due to violation of the tether related stability condition is 

extremely small so that the onset of this instability would be extremely difficult, if not 

impossible, to identiQ. 

Using the denominator in (4.76) and substituting in the identity @, = Q ~ M ,  and letting 

Mm = 1, we obtain the following condition that is appropriate for the Hanging Spin Test set- 

up that cornesponds to the critical speed associated with the maximum amplitude of the 

steady state solution, 

where 6, = p,l, /me and m, is the mass of the end-body. Note that the parameter me is due to 

the effect of gravity. For the hanging spin test parameters in Table 4-1, the magnitude of fi, 

is in the order of 0.01. Hence the effect of gravity is very small and therefore the critical 
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speed corresponds to the point when the spin rate is very nearly equal to the natural 

frequency of one of the tether modes. The one difference between the steady state solution of 

the foxm given in (4.76) and the observed behavior is that at the critical speed, the amplitude 

of the mode shape, although relatively large, is bounded and is not equal to infinity as 

suggested in (4.76). This is believed to be caused by nonlinear stiffening effects in the tether. 

The observed tether critical speeds are compared with the anaiytical values Ui Table 4-2. The 

analytical values are fond  using (4.77). 

Table 4-2 Cornparison of experimental and analytical tether critical speeds 

The cntical speeds are shown to agree very well with the experimental data (within 2.5 %). 

The experimental critical speeds are the mean values fiom several tests. For end-body #1, it 

was not possible to reliably measure the tether critical speed as the end-body cntical speed 

for this configuration is much lower ttian the k t  tether critical speed, and hence, the end- 

body has a large coning angle at the speeds near the tether critical speed. Therefore, the tether 

has relatively large amplitude motions due to the end-body dynamics and it was not possible 

to observe the tether critical speed. The tension in the tether is directly proportional to the 

end-body mas,  and the dependency on the mass is clearly seen in the experimental results. 

The small difference in the values is believed to be mostly attributed to experimental error as 

human judgment has to be made to determine the precise value of the tether critical speed by 

determining when the tether modal amplitude is maximum. Additionally, tests were 

conducted for varying tether attachment offsets to determine if this has an effect on the tether 

cntical speeds. In al1 cases, it was found that for a given end-body, the critical speeds were 

essentially unaffected by the tether attachment offset. 

As noted above, the observed behaviour of the tether when a critical speed is crossed is the 

one that corresponds to a steady state solution arising fkom a small lateral tether attachment 
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offset, or equivalently a small imbalance (Le., inertia product) in the end-body. Therefore, as 

the spin rate is continueci to be increased above a tether related cntical speed, the amplitude 

of the steady state solution reduces to essentially zero until the spin rate approaches a cntical 

speed that corresponds to the next mode. One of the test objectives was to attempt to directly 

observe the predicted slow divergence of the transient solution after the stability condition 

has been violated. However, a clear divergence to any appreciable amplitude could not be 

detected in any of the cases that were tested. It is possible that the tests were not run for a 

long enough period of tirne as the divergence rate may have been extmnely low. Also the 

tether always had some mal1 amplitude dynamics due most likely to small offsets in the 

tether attachment fiom the spin axis and imbalances in the end-body. Hence, any small 

divergence would have been difficult to identiQ and even the amplitude associated with the 

new stable equilibrium solution could possibly have been withui this low amplitude 

vibration. Therefore, no direct observations were made of the tether related instability. 

For the end-body critical speed tests, the end-body was generally observed to have some 

small conhg prior to crossing the critical speed that would slowly build up as the spin rate is 

increased (but still remain relatively small). With the crossing of the end-body cntical speed, 

the coning angle then rapidly increases to attain a significantly larger value whicli then stays 

constant if the spin rate is held constant. As the spin rate was M e r  increased, the coning 

angle would also the increase, until at very high spin rates the end-body is nearly in a Bat 

spin mode. This behavior is consistent with expected nonlinear behaviou. described in 

Chapter 3. 

The expenmentally determined critical speeds for end-bodies 1 to 3 are given in Table 4-3, 

Table 4-4, and Table 4-5 for a variety of tether attachment point offsets. These are compared 

with the anal ytically detennined critical speeds fiom the end-body related quasi-stabili ty 

condition in (4.46). The first column in the tables is the offset a, of the tether attachment 

point fiom the center of mass of the end-body. As the offset is varied, the end-body 

transverse moment of inertia A changes due to the method used for the tether attachment. 

Therefore, the inertia ratio 1, that corresponds to each tether attachment offset location is 

given in the second column. The third and fouah columns are the experiment and analytical 

critical speeds. The h a 1  column is the analytical critical speed neglecting the effect of 

gravity. This ha1 column was added to ailow assessing the significance of the gravity terrns. 
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Table 4-3 Comparisons of end-body criticai speeds for end-body #1 

Table 4 4  Comparisons of end-body critical speeds for end-body #2 

Table 4-5 Comparisons of end-body critical speeds for end-body #3 

The experimental results for end-body #1 in Table 4-3, show that the inertia ratio 1, for al1 

tether attachent offsets is well below 1 and varies relatively little from 0.217 to 0.23. As 
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expected, the critical speed are at a maximum at the largest tether attachment offset a, of 

6.254 cm. As the offset is decreased to 4.353 cm (i-e., moved toward the center of mass), the 

cntical speeds reduce fiom 200 rpm to 168 rpm. In al1 cases, the observed cntical speeds in 

the experiment are in excellent agreement with the theory. The final col- in Table 4-3 also 

shows that the effeçt of gravity is very srnall as it has less than a 0.5% effect on the cntical 

speeds. This effect of gravity on the end-bodies 2 and 3 is also shown to be very small in 

Table 4-4 and Table 4-5 again e t i n g  the aitical speed by approxirnately 0.5% or les. 

The resuits for end-bodies #2 and #3 in Table 4-4 and Table 4-5 show that their inertia ratios 

are very close to 1. For these end-bodies, we see a different trend for the critical speed with a 

variation in the tether attachment offset. For end-body #2, we see that as the offset is reduced 

f?om 2.76 cm to 0.48 cm, the critical speed hrst increases slightly until a, = 1-85 cm and then 

starts to rapidly reduce as the offset approaches zero. This sarne trend is observed in the 

analyticdly detennined critical speeds. The agreement between the experiment and theory is 

relatively good, but is not as good as it was for end-body #1 particularly for the very low 

tether attachent offsets where the correlation becomes rather poor. For end-body #3, the 

results in Table 4-5 shows also that the correlation between experirnent and theory is 

relatively good at the larger tether attachment offsets, but then it also degrades as the tether 

attachment approaches zero. In this case, the experimental results show that as the tether 

attachment is reduced fiom 2.7 cm to 0.29 cm, the trend for the critical speeds is that they 

again first increase and then rapidly decrease. 

To obtain greater insight into the expected &ends in the critical speeds as the tether 

attachment offset is reduced, a plot is given in Figure 4-8 that shows the analytically derived 

cntical speed o, as a fiinction of a, for end-bodies 1 to 3. The change in the transverse 

inertia ratio when a, is varied is also taken into account. The resulting variation of the inertia 

ratio 1, for each end-body is noted on the figure. The experirnentally determined cntical 

speeds are also shown on the figure for each end-body. Figure 4-8 clearly shows that as the 

inertia ratio for the end-body gets closer to one, the sensitivity of the critical speed to the 

tether attachent offset a, increases rapidly at very low values of a,. This is particularly seen 

in the curve for end-body 3 where there is a sharp increase in the cntical speed at very low 

values for the offset. In the experirnent, there are inevitable mors in the measurements of a, 

and aiso in the measurement of the geometrical properties of the end-bodies used for 

calculating the moments of inertia. Since the sensitivity to these enon rapidly increases as 
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the inertia ratio becomes close to 1 and as the tether attachent offset approaches zero, then 

these mors will have a much larger effect on critical speed. This is believed to be the main 

cause for the discrepancy between the experimental and analytical results for bodies 2 and 3 

at low values of a,. Additionally, recail that the critical speeds are measured qualitatively and 

sorne human judgement must be used in establishing the critical speed as the amplitude of the 

end-body coning does not immediately jump to the large constant amplitude motion but 

rather ramps up to this value over some speed range. Therefore, the qualitative nature of the 

tests will introduce some error. It should be stated that care was taken to make sure that the 

method used to determine when the critical speed has occurred is at least repeatable. In this 

regard, note that the measured critical speeds have been in al1 cases lower than the 

analytically detennined values as shown in Figure 4-8, and they aiso have the same generd 

trend as the analytical values. This may suggest that the discrepancy between expeximental 

and analytical values is biased in one direction due to the methodology used in qualitatively 

determinhg the critical speeds. However, this discrepancy is still relatively small, and these 

results indicate that the analytical mode1 can be considered to represent the real system quite 

closely. 

700 
end-body 3 (1, = 0.990 - 0.906) 

0 -  . end-body d experirnent data 

A end-body 2 expeflment data 
end-body 2 (1, = 0.945 - 0.855) end-body 3 expenment data 

O 1 2 3 4 5 6 7 
tether attachment offset fmm end-body mass center (cm) 

Figure 4-8 Variation of critical speeds over a range of tether attachment point offsets 

Another objective of the tests was to perforrn a approximately scded tests that correspond to 

the OEDIPUS-A and OEDIPUS-C mission configurations. The test configuration parameters 

used for the OEDIPUS-A tests are given in Table 4-6. These correspond to another end-body, 
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which was not identified in Table 4-1, that was used for earlier tests and specifically for this 

near-scaled test. The "scaled values" column in Table 4-6 gives the parameter values that 

result £kom applying the scaling laws to an in-space configuration with 100 m of tether 

deployed. Note that the effect of gravity was not scaled as this would require very large spin 

rates (i.e., > 50,000 rpm) and correspondingly large tensions which was not practical. Also, 

the results given in Table 4-3, Table 4-4 and Table 4-5 confirm that gravity has a very small 

effwt on the cntical speeds of the system. The "test values" column gives the actuai 

parameter values used for the test that was conducted. They do not Fully comply with the 

scaling laws but are reasonably close, hence we cal1 these tests the "'near-scaled" tests. 

However, what is important to point out is that in the test configuration, both the tether and 

the end-body related stability conditions are violated which was also the case for the 

OEDIPUS- A in-space configuration. 

Table 4-6 OEDIPUS-A scaled test parameters for 100 m of tether deployed in space 

1 transverse inertia 1 A 1 1121.3 gm-cm2 1 941.sg~-cm2 1 
1 inertia ratio 1 1 0.16 I 0.25 I 

Test values 

236.6 gm-cm' 

r 

P - - c * u : : ~  . : : ;miK' 
. % .  . .  p.  . ,+-..-,- .,-- 

-.. 
.. ... - .  

. .-. - ,-:.- . . 

spin inertia C 

1 tether linear mass density* 1 p, 1 0.01215gm/cm 1 0.01215gm/cm 1 

;: - -$$&;-:- 
g ~ : : ~ - : : - ~ 2 z L .  ,.:.'* . .. 

1 73.9 gm-cm2 

1 tether length* 1 1 194 cm I 194 cm I 
1 tether attachent offset 1 a, 1 1.5 cm I 0.62 I 
1 spin rate * I rus I 1000 rpm 1 1 000 rpm I 
1 tension I T l  0.17 N 1 1.00 N 1 

* the values for these parameters were fixed in the scalhg laws 

The test results showed that at this spin rate, the end-body experiences a very large coning at 

near flat spin magnitudes. Higher spin rates would only tend to increase the coning angle. 

This generally agrees with the flight data which showed that the end-body was rapidly 

diverging towards a near flat spin and reached a magnitude of near 40 degrees before the sub- 

orbital payload re-entered into the earth's atmosphere. This demonstrates that for rapidly 

spinning tethered systems that are minor axis spinners, such as OEDIPUS-A, the system is 

indeed unstable and large near flat spin coning angles are expected. Also this result agrees 
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with our ikding in Chapter 3 that minor axis spinners that violate the quasi-stability 

condition will experience a rapid divergence to a large coning angle magnitude. 

The scaled test configuration parameters that correspond to OEDIPUS-C are given in Table 

4-7. The scaled parameters are based on the actual OEDIPUS-C flight configuration with 160 

m of tether deployed. The effects of gravi@ were again not considered as the required spin 

rates are impractical (Le., > 8500 rpm). This test configuration which used end-body #4 had 

better cornpliance with the scaling laws than that for OEDIPUS-A. With the test values in 

Table 4-7, the tether related stability condition in (4.43) is violated, however the quasi- 

stability condition in (4.46) was satisfied which was also the same situation with the 

OEDIPUS-C flight configuration. The results of the test clearly showed that the end-body 

was stable and essentially in a pure spin mode with very little coning. The tether amplitudes 

were also very small and stayed bounded within a constant amplitude for the full duration of 

the test. A slow divergence of the end-body coning angle was also not observed. 

Table 4-7 OEDIPUS-C scaled test parameters for 160 m of tether deployed in space 

spin inertia 

transverse inertia 

inetia ratio 

tether linear mass density* 

tether Iength* 

tether attachent offset 

spin rate 

tension* 

a, 618 rpm 618 rpm 

T 1.79 N 1.79 N 

* the values for these parameters were fixed in the scaling laws 
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4.4 Tether Laboratory Demonstration System (TE-LAB) 

4.4.1 Test Set-up 

The Hanging Spin Tests described in Section 4.3 provided valuable insights into the 

dynamics and helped to confirm the validity of the mathematical models, however the tests 

provided only qualitative data on the dynamical behavior of the payloads. Therefore, a more 

complex test system called the Tether Laboratory Demonstration System (TE-LAB) was 

developed to allow obtauiing detailed quantitative dynamics information in a more controlled 

setting. The TE-LAI3 facility was designed and developed by the CSA, Space Technology 

Branch and Carleton University and is located at the John H. Chapman Space Centre in St 

Hubert, Quebec. 

A schematic of the TE-LAI3 system is shown below in Figure 4-9. It consists of a lower end- 

body that is suspended on a set of carefully balanced gimbals, the tether, an upper rotating 

table with a constant tension tether spool, and a photogrammetric system to measure the 

attitude of the end-body. These elements of TE-LAI3 are briefly described below. A Full 

description of the systern is given in references [6,7,8]. 

The end-body is a simple hollow cylindrical shell that has a conicd shape below its C.G. to 

maximize the obtainable coning angles (approximately 30' - 35' ). The shell was suspended 

on a central shaft by two sets of gimbals located at the centre of mass of the end-bodies that 

allow the body to rotate about two orthogonal transverse axes. This allows for a full 3 degree 

of fieedom motion of the end-body when the central shaft is allowed to spin. The spin rate of 

the end-body is controlled by directly spinnùig the centre support shaft. This system provides 

a close approximation to a fkeely spinning body provided the end-body coning angles are 

small. The tether is fastened to the end-body by attaching it to a cylinder that can translate 

dong the upper cylindrical portion of the end-body. This provides a mechanism to adjust the 

tether attachent offset from the center of mas .  The location of the gimbals can also be 

adjusted vertically dong the end-body so that as the tether attachent is changed, the 

gimbals can be located at the end-body's mass center. The tether used in the tests was a 24 

gauge teflon coated wire which was the same as that used for the OEDIPUS tether missions. 
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\ Tether 
Payfoad Onentation 
Oeterrninauon Systern 
(PODS) - CCD Camera 

Hysteresis Uutch 
Geared D.C. Motor 

Figure 4-9 Schematic of the Tether Laboratory Demonstration Systern (TE-LAB) 

The upper rotating table is mounted on a 25 foot ta11 theodolite stand and has mounted on it a 

spool assembly that provides a constant tension on the tether. The tether is fed through an 

eyelet located on the spin axis of the table, and then wrapped around the spool. A constant 

speed torque motor and a magnetic hysteresis brake connected to the spool axis to provide a 

constant torque on the spool and hence, a constant tension in the tether. Hysteresis brakes 

have the characteristic that their torque is generally independent of the rotation speed 

(provided the speed is above some very small critical value) and always provide a torque in 

the direction opposing the spin. By varying the DC current to the brake, the torque and hence 

the tension in the tether can be varied. The range of tensions that can be imparted is O - 5 N. 

The upper rotating table is spun at the same rate as the lower end-body to ensure that the 

there is no excessive twist in the tether. The spin of the Iower end-body and upper rotating 

table is imparted by geared DC motors that are controlled and synchronized through a PC 

computer. 
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To meifsure the attitude of the end-body, a photogrammetric system was developed called the 

Payload Orientation Determination System (PODS). It used a Charged Coupled !levice 

(CCD) canera to track two targets on the top of the end-body. The image of these targets is 

digitized in a PC cornputer and target tracking software is used to establish their spatial 

coordinates in real time and store this data in a file. The camera is mounted above and 

slightly to the side of the end-body as shown in Figure 4-9 and the targets are illuminated 

passively by using a light source and srnail polished alurninum hemispheres (Y8" in 

diameter) for the targets. The file of spatial coordinates of the targets during a test nui can 

then be processed to establish the time history of the end-body attitude using the 3-2-1 

sequence of Euler angles. The target tracking software is capable of reliably capturing the 

position of the targets at spin rates up to 3 Hz. The system was carefully calibrated and the 

accuracy was measured to be +05' for small angles and 32.0' for angles between 20' - 30'. 

Photographs of the TE-LAB system are given in Figure 4-10 and Figure 4-1 1. The 

photograph in Figure 4-10 shows the hi11 TE-LAB system lookuig upwards fiom below. The 

end-body is at the lower end of the figure and the gimbals can be seen inside the end-body. In 

this view, the tether is shown with leaded weights on it (called the "heavy tether") which 

were used in the testing to increase the effective mass density of the tether and hence, to 

increase its interaction with the end-body. Figure 4-1 1 shows a close-up of the lower end- 

body and the drive system as well as the upper rotating table. Note the two photograrnmeîric 

targets on the top end of the end-body. Although not shown, the spool on the upper rotating 

table nomally has a number of wraps of tether so that as the end-body conhg angle and the 

amplitude of the tether dynamics increase, additional tether can be pulled off the spool as 

needed. 

The TE-LAB facility was configured for a series of tests with the following configurations: 

major axis spinner with a light tether (test series 1); rninor axis spinner with a light tether 

(test series 2); and a minor axis spimer with a heavy tether (test series 3). The system 

parameters for these three configurations are given below in Table 4-8. The mass properties 

of the end-body were detemüned through conducting torsional pendulum tests (also referred 

to as a bifilar pendulum) where the end-body was suspended by two long wires and the 

torsional oscillation frequency is measured to establish the moment of inertia about that mis. 

This was done for al1 tbree axes of the end-body to measure the moments of inertia about the 

principal axes. The end-body was carefully balanced at the National Research Council using 

precision balancing equiprnent so that the products of inema are negligible. Note that the 
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mass density given in Table 4-8 for the heavy tether case is the effective mass density that 

resdts fkm attaching the leaded weights at a constant interval dong the tether. Also, the 

minimum tension shown for each test codiguration corresponds to the weight of the tether as 

the tension imparted by spool brake must at least overcome the weight of the tether, 

otherwise, the tether wiIl be pulled out of the spool under its own weight. 

Figure 4-10 Photogrnph of the TE-LAB system 



Chapter 4 Ground Experiments Page 183 

Figure 4-1 1 Photographs of the TE-LAB end-body and the upper rotating table 

To establish the parameters given in Table 4-8, thc scaling laws developed in Section 4.2 

were utilized to h d  an appropriate set of parameters that provided a near-scaled 

configuration and remained within practical limitations. The parameter set given in Table 4-8 

approximately scales for an in-space configuration that has between 75 - 175 rn of tether 

deployed. Again it was not possible to scale for gravity as the spin rates would need to be 

greater than 70 Hz. The minor axis and the major axis spinner configurations are intended to 

be representative of the OEDIPUS-A and OEDIPUS-C configurations respectively. 
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Table 4-8 TE-LAB test parameters 

I transverse Inertia 
" I 1 1 I 1 

1 A 1 kg;-m2 1 .O0542 1 .O0607 1 0.00607 
1 , c. 

I transverse Inertia 
1 I 1 

1 B 1 kg-m2 1 .O0538 1 .O061 1 1 0.0061 1 1 
I 1 Y 1 t 1 

longitudinal Inertia 1 C 1 kg-m2 1 .O0625 1 .O0249 1 0.00249 

t 1 

tether attach. ofEset 1 Q ,  1 m 1 .O94 1 O. 129 1 O. 129 

4.4.2 Test Results and Discussion 

mass 
spin rate range 

Tether 
length 

i l  
Tension range 

Many experiments were conducted with TE-LAI3 using the three test configurations 

identified in Table 4-8 for a variety of spin rates and tether tensions. For each test, the time 

history of the two target positions was measured and saved to a file and qualitative 

observations were made of the tether dynamics. Various types of initial conditions were also 

used to excite the system dynamics. For example, if the end-body was unstable, then the 

coning angle was manually forced to zero at the start of the test and then released. 

Altematively, if the end-body was stable, then a srna11 tip-off torque was manually irnparted 

to establish an initial coning angle. Also, another initial condition that was used was to 

manually pluck the tether to excite both tether dynamics and end-body dynamics. The file of 

measured target positions was processed following each test to obtain the attitude history of 

the end-body which was expressed in terms of a set of Euler angles. The attitude data was 

then processed to determine the system fiequencies using FFT analyses. The conhg angle 

history allowed for computation of divergence or convergence rates of the end-body coning 

angle, and also for the identification of the limit cycle behavior. The system fiequencies 

determined fiom the FFT analysis corresponded to both the end-body dynamics as well as the 

m 

as 

4 
Pt 
T 

kg 
Hz 

m 
kg/m 

N 

0.688 
0-3 

6.38 
0.0275 
2.7 - 5 

1 

1.66 
O - 3 

6.42 

0.688 
0-3 

6.38 

0.2 - 5 0.2 - 5 
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tether dynamics. Hence, this provideci the opportunity to validate the M l  mathematical mode1 

of the ground test configuration by comparing the systern ffequencies over a range of spin 

rates and tensions. The tests were carried out by students at Carleton University with 

significant support fiom the CSA and a full set of test results for al1 cases considered has 

been documented in references [7, 8, 91. A surnmary of their key experimental results are 

given here that provides detailed quantitative comparisons between the mathematical models 

and the laboratory data. These include comparisons of the experimentally detedned 

stability conditions with the theoretical conditions in (4.43) and (4.44) for the three 

configurations; examples of stable and unstable attitude behavior of the end-body; a 

cornparison of the theoretical and experimentally derived system kequencies for one example 

case; and h a l l y  an example of the observed nonlinear dynamics phenornena. It should also 

be noted that in the application of the stability conditions in Section 4.1, the root bending 

term k, was neglected. 

Initial tests conducted with TE-LAB involved locking the girnbals with the end-body coning 

angle set to zero and spinning the tether to observe the dynamics of the tether when the tether 

related stability conditions are violated. Recall that the speed that corresponds to the stability 

boundary is referred to as the critical speed. As was initially observed with the Hanging Spin 

Tests, the spinning tether has a resonance type of behavior that occurs when the criticai speed 

is approached with a maximum amplitude o c c m g  at the critical speed. As explained in 

Section 4.3, this behavior is actually a steady state solution that results due to a small lateral 

offset given by (4.76). It was further shown in Section 4.3 that this maximum amplitude 

corresponds to the stability boundary. The critical speed is given by (4.77) in Section 4.3 

which must be augmented for the TE-LAI3 test configuration as the tension is not irnparted 

by the mass of the end-body. Hence, the critical speed associated with the tether related 

stability boundary is given by 

where n = 1 so that R, corresponds to the natural fiequency associated with the first mode. 

Note that this is again neglecting the effects of root bending as these will be very small. 

Equation (4.78) also provides a very good approximation of the critical speeds associated 

with the higher order modes. The parameter A, in (4.49, which becomes zero at the tether 

related critical speeds, has an additional recursive gravity related tenn that results fiom 
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couphg with the lower order modes. This term, however, is very small relative to the other 

tenns and therefore, the expression in (4.78) provides a very good approximation to the 

critical speeds associated with the higher order modes. A compatison of the theoretical 

critical speeds and the measured values is given below in Figure 4-12. For each experimental 

data point shown on the plot, four separate measurements were made and the average was 

taken. The figure shows that the data agrees extremely well with the theory. 

O 1 2 3 4 5 
Tension (N) 

Figure 4-12 Cornparison of tether critical speeds between theory and spinning tether 
experiments using TE-LAB 

One of the objectives of this test was to detennine if there exists a slow divergence in the 

tether amplitudes when the tether related stability condition is violated. Again, as with the 

Hanging Spin Tests, this divergence was not observed. It is again believed that the duration 

of the tests was most likely insufficient to observe this slow transition fiom the unstable 

equilibrium solution (Le,. the nul1 solution) to the new stable equilibrium solution. 

Figure 4-13, Figure 4-15 and Figure 4-14 show the stability boundaries for the three test 

configurations in the spin rate - tension parameter Face. The divergence or convergence of 

the end-body coning is characterized by an exponential coefficient a, which is determined 

fiom an exponential curve fit (Le., v(t) = v,, eUvt ) to the tirne history of the coning angle 

v(t). The measured exponential coefficients are shown in the figures as constant value 

contours. Positive values of a, represent an unstable system and negative values correspond 
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to a stable system. Therefore, the experimentally derived stability boundary for the end-body 

corresponds to the contour where D, = O .  This is represented by the heavier set line in the 

plots. The theoretical stability conditions given by (4.43) and (4.44) are shown by the dotted 

lines. A designation of "P" is given to the line that corresponds to the end-body (or Payload) 

stability condition in (4.44), and the designations 'Tl", "Tî", and "T3" are given to the 

tether related conditions in (4.43) that correspond to tether modes 1,2 and 3 respectively. The 

shaded area in the plots represents the unstable region as  detemined fiom the stability 

conditions in (4.43) and (4.44). Also, in the case where the tether related stability condition is 

the operative condition, then the quasi-stability condition in (4.46) is used to establish the 

end-body related stability boundary (i.e., the unstable tether modes are neglected). 

0 -5 1 1.5 2 2.5 3 
Spin Rate (Hz) 

Figure 4-13 Comparisons of the theoretical stability boundaries with experiment 
results from TE-LAB (minor axis spinner and light tether) 181 
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O 0.5 1 1 .S 2 2.5 3 
Spin Rate (Hz) 

Figure 4-14 Comparisons of the theoretical stability boundanes with experiment 
results from TE-LAI3 (minor axis spinner and heavy tetber) [8] 

0.5 1 1.5 2 2.5 
Spin Rare (Hz) 

Figure 4-15 Comparisons of the theoretical stability boundaries with experiment 
results from TE-LAB (major axis spinner and light tether) [8] 
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Figure 4-13 shows the results for the test series 1 configuration that is a minor axis spimer 

with a light tether. In this case, the governing condition for the system stability is the end- 

body related stability condition in (4.49, and hence the P-line lies to the left of the Tl-T3 

lines. The experirnentally derived stability boundary is shown to match reasonably well with 

the theoretical stability boundary. Based on the h e a r  theory, the regions to the left and nght 

of the stability boundary must correspond to converging and diverging solutions respectively. 

This is shown to be in agreement with the expenmental results with the exception of two 

small regions on the nght side of the stability boundary that were found to correspond to 

converging solutions. The coning angle history for a test case that has parameters within the 

left most of these regions (Le., 1.75 Hz, 0.89 N) is shown below in Figure 4-16. The test 

shows that the coning angle converges to some srna11 but non-zero coning angle. This is not 

cxplainable by linear theory and hence, irnplies that it is Likely caused by the system 

nonlinearities. However, as explained in Chapter 3, if the linear systern is unstable then so 

must be the nul1 solution of the nonlinear system. It is therefore conjectured that what we are 

perhaps witnessing in this test is a convergence to a stable limit cycle which is quite near 

(Le., within a couple of degrees) to the nul1 solution. Therefore, the two small regions on the 

nght side of the stability boundary found to be experimentally stable are believed to be 

regions that have a stable limit cycle near the nul1 solution. This however, requires hrrther 

work to be more definitive. 

1 
-1 O 
O M 100 150 200 250 300 350 ; O 0  

iirne (seconds) 

Figure 4-16 TE-LAB test showing converging end-body coning behavior for the minor 
axis spinner and light tether configuration with os = 1.75 Hz and T=0.89 N [8] 



Chapter 4 Ground Experhents Page 190 

For the minor axis spinner with heavy tether configuration, the governing stability condition 

becomes the tether related condition for the first mode as shown by the Tl h e  in Figure 4- 

14. In this case, the end-body stability boundary designated by the P-iine that corresponds to 

the quasi-stability condition in (4.46), is shown to be to the right of the Tl Iine. The results 

show however that the experimentally derived stability boundary corresponds primarily to 

the P-line and not the Tl Iine as would have been expected by the linear theory. This is 

consistent with what has been observed in the nonlinear simulations given in Section 3.3, and 

this also supports the concept of the quasi-stability condition introduced in Section 3.3.2 

which is asserted to be the goveming stability condition over the "short term" when the tether 

stability condition has been violated. 

The final stability diagram in Figure 4-15 for the major axis spinner with a light tether is 

characterized by the absence of a P-line. In this case, the end-body related quasi-stability 

condition is always satisfied within the parameter space of the tests conducted and hence, 

there is no bouodary shown on the diagram. Only the tether related stability condition has a 

stability boundary within the parameter space as shown by the T 1 line, and hence, the T 1 line 

is the goveming condition for stability according to linear theory. However, the test results 

show that the end-body was stable over the entire parameter space. Hence, this again 

confirms that the end-body related quasi-stability condition is the governing condition for 

stability in the "short-term" and the tether related stability conditions do not have any real 

practical significance over the short-tem. Although, over the long-tenn, it is again expected, 

based on computer simulations of the nodinear system that the tether and end-body will tend 

toward a new stable equilibrium that is near the nul1 solution but this may take days or longer 

to occur in an experimental setting. 

The attitude measurements also pennitted calculation of the system fiequencies using FFT 

analyses. A cornparison of the measured fiequencies with the computed £kequencies based on 

an eigenvalue analyses of the equations given in (4.23)-(4.27) is provided in Figure 4-17 for 

an example case. The configuration is a minor axis spinner with heavy tether and a tension of 

4.54 N. Six tether modes were retained in the calculation of the system fiequencies. The 

experiment results are shown to be in excellent agreement with the theory. The experiment 

also identified one additional fiequency in the systern that equals the spin rate of the end- 

body which is not accounted for by the theory. This is believed to be caused by either a srnaIl 

laterd offset in the tether attachrnent andor a small imbalance in the end-body. The presence 

of this frequency does support the earlier assertion that such an offset or imbalance causes the 
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resonance type of behavior of the tether at the tether cntical speeds. A number of different 

configurations was investigated and similar cornparisons made to that given in Figure 4-17 

These have been documented in reference [7]. In al1 cases, excellent agreement between the 

measured and computed fiequemies are shown. The results show in Figure 4-17 is a 

representative example of the quality of the agreement between experiment and theory. 

+ Experirncntal Natunl 
Frequencies 

.o.O Analytical Dmped 

Naruml Frequencies 
- Spin Frequency 

O 0.5 1 1 -5 2 2.5 3 3.5 
Spin Rate (Hz) 

Figure 4-17 TE-LAB test showing a cornparison of the measured and computed 
system frequencies (minor axis spinner and heavy tether configuration) [7] 

Finally, a number of nonlinear phenomena was also observed during the testing. Two such 

phenomena have already been discussed. One is the limiting amplitude of the tether 

deformation when spun at a tether cntical speed, and the other is the small regions of stability 

on the nght side of the stability boundary where, according to linear theory, the system 

should be unstable at al1 parameter values. We believe that both of these results may be 

explained by nonlinear phenomena, for example, these could be limit cycles or new stable 

equilibriurn solutions which are in the vicinity of the nul1 solution. Additionally, in Chapter 3 

we have demonstrated through cornputer simulation of the nonlinear equations another type 

of nonlinear phenornenon where the end-body coning angle experiences a rapid divergence 

and then quickly stabilizes at a relatively large value (e-g., typically several 10's of degrees) 

if the quasi-stability condition is violated. This type of behaviour was also observed in the 

TE-LAI3 tests. An example is shown in Figure 4-18 which corresponds to the minor mis 
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spinner and light tether configuration with a spin rate of 0.5 Hz and a tension of 0.5 N. The 

coning angle is shown to rapidly diverge fiom the nul1 solution and then rather suddenly 

stabilize at a nominal amplitude of approximately 25 degrees. The tether dynamics behavior 

was observed to remain bounded during this test case and experienced only very small 

vibrations. 

%O 180 200 220 240 260 280 300 320 340 360 
l ime (seconds) 

Figure 4-18 TE-LAB test showing time history of the end-body nutation angle 
converging to a limit cycle (minor axis spinner, light tether os =0.5 H z ,  T=0.5 N) [8] 

4.5 Summary of Test Results 

The Hanging Spin Tests and TE-LAB were conducted to validate the mathematical mode1 

and in particular, the stability conditions so that they can be used with confidence to support 

the design of future spinning tether missions such as the OEDIPUS-C mission. The two test 

configurations were similar in that they involved a single spinning end-body and tether, 

however, there are also some key differences that wmanted performing both types of tests to 

ensure that the experiment results are being correctly interpreted. The Hanging Spin Tests 

were very simple in that no end-body suspension system was needed, and therefore, the tests 

allowed for a larger range of inertia ratios and allowed for larger coning angles to near flat 

spin magnitudes. These tests, however, provided only qualitative information about the end- 

body and tether dynamics as no measurement system was used. On the other hand, TE-LAB 

was designed to provide a means to directly measure the end-body attitude in real-time at a 
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high sampling rate and automatically store this data to allow for post-processing. That clearly 

provides an advantage as rates of convergence cr divergence and the system nequencies for 

both the end-body and tether can be directly measured. However, the TE-LAB configuration 

was required to use a suspension syçtem for the end-body which will have some effect on the 

dynamics, and the inertia ratios and coning angles were somewhat limited. 

There were two key differences between the ground test set-up and the full in-space 

contlguration for which the mathematical model in Chapter 2 was formulated. These 

differences are the presence of gravity and the use of oniy one end-body with a pivoting 

boundary condition for the tether on the top end. Therefore, the linearized mathematical 

model was augmented in Section 4.1 to account for these effects and the corresponding 

infinitesimal stability conditions were derived. It was found that the gravity related tems 

complicated the stability analysis as the effects of gravity introduced couphg  between the 

tether modes. This is refiected in recursive gravity related terms in the stability conditions 

that account for up to 3 tether modes. The effect of gravity, however, was found to be 

relatively srnall for the two test configurations and did not significantly alter the cntical 

speeds. 

Additionally, it was pointed out in Section 4.1, that if we drop the gravity terms, then the 

resulting linear equations are also applicable to mode1 the anti-symmetric behaviour of the 

full two-body in-space configuration with the two end-bodies being identical. Recall that in 

Chapter 2, we chose to consider only the symmetric behaviour because it was asserted that it 

would represent the worst case situation fiom the point of view of the interaction between the 

tether and the end-body. To test this assertion, a cornparison was made between the stability 

conditions derived in Section 4.1 that are applicable to the anti-symmetric case, with those in 

Section 3.1 which are applicable to the symmetric case. It was s h o w  that the stability 

conditions applicable to the symmetric motions are indeed more restrictive than those 

corresponding to the anti-symrneû-ic motions, which confirms that the symmetric motions do 

represent a worst case situation in terms of the de-stabilizing effects of the tether on the end- 

body. 

Ln order to ensure that the parameter values used for the tests are representative of the in- 

space configuration, scaling laws were developed in Section 4.2. These were based on the 

non-dimensional parameters in the goveming equations of motion for the in-space 

configuration. Also, a condition was derived that partially scaled the effects of gravity. 



Chapter 4 Ground Experiments Page 194 

However, to satisfy this condition would have required using extremely high spin rates which 

was not practical for the test set-ups used. Therefore, it was not attempted to scale the effects 

of gravity. 

The test results from the Hanging Spin Tests and nom TE-LAI3 have shown to be generally 

in very good agreement with the analytical model. This supports the finding that the gimbal 

support system for the end-body used in TE-LAB had a negligible effect on the dynamics at 

the relatively mal1 coning angles tested. This in itself is a useful result for hture testing of 

spinning systems as the gimbal suspension may be preferred over other means of suspension 

such as, for exarnple, air bearings. A summary of the primary hdings kom the two test 

programs is summarized below. 

Divergent behaviour was not observed in any of the tests due to violation of the tether 

stability conditions. This confirms the assertions made in Chapter 3 that the governing 

condition for stability in practice is the quasi-stability condition related to the end-body, 

and the unstable tether modes can be neglected over the short term. 

The tether critical spin speeds (dehed by the stability boundary of the tether related 

stability condition) were found to correspond to a modal resonance type of behavior 

where the tether has a steady state shape corresponding to a phcular  mode that is 

spinning with the end-body. This behaviour is caused by a lateral offset of the tether 

attachment fkom the spin a i s .  This was confirmed by the fact that in every test case on 

TE-LAB, a fiequency equaling the end-body spin rate was observed in the data. 

The experimental critical speeds corresponding to the tether were detennined by 

measuring the spin rate that corresponds to the maximum amplitude for the resonance 

type of behaviour. The experimental data matched extremely well with the speeds 

calculated from the tether related stability condition for both the Hanging Spin Tests and 

TE-LAB. 

The end-body related quasi-stability condition was validated by measurement over a large 

range of parameter combinations. The agreement between theory and measurements was 

very good, typically well within 10% for most tests except for cases where the sensitivity 

of the boundary to parameter measurement errors was high (Le., small tether attachment 

offset and tensions, and inertia ratios very close to 1). The tests confirmed that this quasi- 
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stability condition can be used with confidence to support the development of 

stabilization approaches for future missions using a spùining tethered configurations. 

The linear rnodel was found to correctly predict the behavior of the system provided the 

infinitesimal stability conditions are not violated, however it was deficient in a number of 

areas once the stability conditions are violated (either tether or end-body). When unstable, 

the linear model does not account for other equilibrium solutions or limit cycles that may 

be near the nul1 solution that are stable. It is the absence of the nonlinear tenns that is 

believed to be the cause of this deficiency. 

The system fiequencies from the linear model matched very closely to the measured 

frequencies for both the tether and end-body for both converging or diverging conditions. 

This provides a M e r  validation of the linear model. 

The tests demonstrated that when the end-body quasi-stability condition is violated, a 

rapid divergence results for the end-body coning angle which then stabilizes at a new 

relatively large value (i.e., typically 10's of degrees). This is consistent with the nonlinear 

simulation results provided in Chapter 3 that showed a similar type of behaviour for the 

in-space two-body configuration. 
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Chapter 5 

Application to OEDIPUS 

The mathematical models are appled to the OEDIPUS-A and -C suborbital 

tether missions flown in 1989 and 1995. The missions are jîrst described and 

the system dynamics parameters are @en. The tether material properties are 

established based on characteriration tests and flight data anaïyses from the 

OEDIPUS-C tether force sensor. The flight data fiom OEDIPUS-A is then 

presented and a comparison is made with the mathematical models. OEDIPUS- 
C is considered next by reviewing possible attitude stabilization approaches and 

the selected approach is described which was implemented on the mission. A 

more comprehensive set of dynamics measurements was obtained fiom this 

flight due to the inclusion of the TDE on this second mission. A comparison is 

made between the theory and the flight data. It is shown that the mathematical 

models agree very well with the flight data fiom both missions. Also, the cause 

of the rapid divergence of the OEDIPUS-A aft subpayload is explained 

5.1 Description of the OEDIPUS Missions 

The OEDIPUS program, sponsored by the CSA Space Science Branch, consisted of two 

sounding rocket missions which had the primary objective of conducting novel scientific 
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investigations of the ionosphere using a pair of spinning instnimented payloads connected by 

a nominally 1 lan long conducting tether. OEDIPUS gets its name h m  the acronym for 

"Observations of Electric-field Distributions in the Ionospheric Plasma - a Unique StrategyT'. 

OEDIPUS-A was the nrst mission flown in 1989 and OEDIPUS-C followed with an updated 

scientSc instrument complement in 1995. OEDIPUS-C also included instrumentation to 

support the Tether Dynamics Experiment D E )  which was made a formal part of the 

mission. Both missions were very successful both scientifically and technically and, as will 

be described in this Chapter, provided new insights into the complex dynamics of this type of 

spinnug tethered configuration in space. A bnef description of each mission is given beiow. 

OEDPUS-A was flown in January 1989 fiom Andoya, Norway using a three stage Black 

Brant 10 sounding rocket. The payload was developed by Bristol Aerospace Limited under 

contract to the Canadian Space Agency (CSA) and consisted of a forward payload and an aft 

payload that are comected by a conductive tether with a fully deployed length of 958 m. 

Each of the fully instrumentai subpayloads containeci a pair of flexible radial booms that 

were used as antennas to support the scientific experiments and ~rhe system was spun about its 

longitudinal axes (i.e., nominally dong the tether fine). The OEDIPUS-A payload 

configuration is shown in Figure 5- 1 and the key payload parameters are given in Table 5- 1. 

attitude control system / 

Forward / Payload 

ogive fairing 

Figure 5-1 OEDIPUS-A payload configuration 



Chapter 5 Application to OEDIPUS Page 199 

Table 5-1 Key dynamics parameters for OEDIPUS-A 

subpayload 
mass Ocg) 
spin rate (Hz) 

MOI with booms stowed 

4 O<&m2) 
4 @g-m2) 

- G @g-m2) 
MOI with booms deployed 

A0 @g-m2) 
4 Fg-m2) 
C o  0%-m2) 

- -- -- - - 

boom properties 
length (ml 
mass rate (kg/m) 
EI (N-m2) 
damping (% energy loss per cycle) 

tether properties 
ha1 length (m) 
mass rate @dm) 

0.88 
.367 
3750* 

not measured 

A photograph of the fonvard and aft subpayloads is given in Figure 5-2. The mission 

sequence is depicted in Figure 5-3. Initially, an Attitude Control System (ACS) module, 

located at the aft end of the afl payload, was used to de-spin the complete payload to 0.71 Hz 

after the third stage motor burn-out and align the spin axis to within 1 degree of the Earth's 

magnetic field prior to payload separation. The tether, which is a teflon coated, stranded th- 

copper wire slightly less than 1 mm in diameter, is wound on a spool-type deployer located 

on the forward payload and the free end is attached to the aft payload. To separate the two 

subpayloads, a spring eject systern is initially used followed by activation of a cold gas 

propulsion system using pressurized Argon gas in the forward payload. At a pre-detennined 

spool rotation rate, the thnisters in the forward payload are shut off. A magnetic hysteresis 

brake, attached to the shaft of the deplopent spool applies a small constant torque to the 

spool as the tether is deployed, to smoothly decelerate the relative motion of the subpayloads. 

Shortly afler motor bum-out, the fairing was jettisoned dong with a number of experiment 

doors, and the two sets of radial booms were deployed. At T+121 seconds, the ACS 

manoeuvre was initiated which aligned the payload to within 1 degree of the local 
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geomagnetic field line. At this point, pyrotechnie bolt cutters release the manacle ring that 

connects the fore and aft payloads to initiate the payload separation. At T+448 s, apogee is 

reached and payload separation was completed with a separation distance of 958 meters. 

This configuration is maintained for the remainder of the fiight. Due to the gravity-gradient 

torque on the two-body systern, the entire configuration experienced a slight rotation 

throughout the flight. At approximately T+800 s the payload re-entered the atmosphere but 

was not recovered. 

Figure 5-2 Photographs of the OEDIPUS-A forward and aft subpayloads 

Due to the sensitive nature of the measurements being made, active attitude control of the 

subpayloads was not permitted during experimentation as any gas expulsion or magnetic 

field generation could contaminate the experiments. Therefore, a passive spinning 

configuration was used for this mission. Although it was known prior to the flight that the 

OEDIPUS-A configuration was unstable since each payload was spun about their minor axes, 

this passive stabilization approach was deemed acceptable for this mission as the energy 

dissipation rate in the payload, thought to be primarily due to the flexible booms, was 

predicted to be very low and the fiight duration is very short (Le., 12 minutes). Hence the 



Chapter 5 Application to OEDIPUS Page 20 1 

maximum coning angles of each subpayload were expected to remain well within the 

allowable limits (Le., less than 10 degrees). In fact, most sounding rocket payloads are spun 

about their minor axis (Le., an unstable configuration) for this very reason. This analysis, 

however, was based on the assumption that the tether interaction with the attitude dynamics 

of the spinning subpayloads is negligible. As we shall see, this was in fact not the case and 

the aft subpayload coning angle exceeded 40 degrees. 

apogee, separation 
complete to 958 meters 

system continues to rotate 
due to gravity 

aligned to geomagnetic field, 
start separation 

175 seconds. 320 km .E, y 
start ACS maneuver 

1 21 seconds. 1 80 km 

Andoya, O seconds 

Figure 5-3 OEDIPUS-A mission sequence 
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The OEDIPUS-C suborbital tether mission was launched on November 6, 1995 fiom Poker 

Flat Rocket Range (PFRR) near Fairbanks, Alaska on a four stage Black Brant 12 sounding 

rocket. The payload achieved an apogee of 824 km with a tether deployment of 1174 m and 

the total flight duration was nearly 16 minutes. The payload had a number of instruments that 

were part of the Tether Dynamics Expriment (TDE) which provided flight dynamics data on 

the two-body trajectory, the attitude dynamics of each subpayload, and the tether and boom 

dynamics. A schematic of the payload configuration is shown in Figure 5-4. 

\ a forward subpayload 

Figure 5-4 OEDWUS-C Payload Configuration 

Figure 5-5 illustrates the mission scenario. Initially, the payload is injected into a suborbital 

trajectory by a Black Brant 12, which is a large four stage sounding rocket. The payload spin 

rate after separating nom the motor was 3.75 Hz. As in OEDPUS-A, it was required to 

deploy the tether dong the earth's magnetic field line. Therefore, shoaly following ejection 

of the spent motor, an attitude control system was activated which aligned the spinning 

payload to within 0.5 degrees of the local magnetic field vector. The radial booms on both 
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payloads were then deployed to their full length of 9.5 m on the fonvard subpayload and 6.5 

rn on the afl subpayload. These brought the payload spin rate d o m  to 0.084 Hz (due to 

conservation of angular momentum). The booms served two purposes, the first was to act as 

dipole antennas for the active plasma physics instruments, and the second purpose is to 

stabilize the attitude dynamics of the payloads. This latter use of the booms is discussed 

more in Section 5.4.1. 

1. ACS MANOEUVRE 2. BOOM OEPLOYMENT 

19m TIP-TIP 

13m TIP-TIP 

4. FULLY DEPLOYED TETHER 

APOGEE: 824km, 
517s 

3. TETHER DEPLOYMENT 

5. TETHER CUT 

RE-ENTRY: 75km, 
957s 

Figure 5-5 OEDIPUS-C Mission Scenario 

Tether deployment was then initiated at T+174 s by releasing a manacle ring that connects 

the fore and aft subpayloads. A set of small springs initially separate the two subpayloads and 

then, cold gas thrusters are activated on the forward payload that provided approximately 75 

N of sustained thnist until the relative separation velocity between the two payloads reached 

7 rn/s. The thruters are then shut-off, and the deployment continued passively due to the 

established relative momentum between the two bodies. The tether deployment is slowly 

decelerated by applying a constant carefully calibrated braking torque to the deployment 

spool using a magnetic hysteresis brake which was preset so that a nominal separation 
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distance of 1 km can be achieved. A spool rotation counter provided a measurernent of the 

tether deployment. Full tether deployment of 1174 m was achieved at T+453 s just pnor to 

flying tbrough apogee of the suborbital trajectory at T+5 17 S. To facilitate the plasma physics 

science, the tether was then cut at both ends at T+619 s to ailow for electrical isolation 

between the subpayloads for the last part of the trajectory. The two payloads and the cut 

tether then re-entered the atmosphere at approximately T+957 S. 

The fonvard and aft payloads accomrnodated 13 different scientific instruments (5 on the 

forward and 8 and the aft subpayload), and al1 the required support systems (i.e., power, 

telemeq, instrument control, ACS, booms), as well as the tether deployer and tether cutters, 

pneumatic system for payload separation and various subsystems to mesure the flight 

dynamics. The subpayload configurations are shown in Figure 5-6 with the main hardware 

items identified The tether deployer, shown in Figure 5-7 is located in the aft end of the 

forward subpayload and is cornprised of a rotating spool, supporting structure, a magnetic 

hysteresis brake, a slip ring, high and low resolution shaft encoders, a wire guardknare 

A N T E W  

Fm PAYLOAO 

Figure 5-6 OEDIPUS-C forward and aft subpayload configurations 
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retainer, and forward tether cutter assembly. The mare retainer housed a mail wire (or snare) 

that is drawn through a cutter block in the forward tether cutter assembly. This process 

"snared" the tether and drew it through the cutter block so that it can be cut. The tether is a 24 

gauge wire per MIL-22759/32 which had a 19 strand, tin-coated copper conducter with a 

white teflon insulation (radiation cross-linked, modified ETFE) nted at 600 V. The deployer 

spool accommodated 1300 m of tether. 

Figure 5-7 OEDIPUS-C tether deployer 

The instruments on-board that measured flight dynamics quantities included: a Tether Force 

Sensor (TFS) located directly below the aft tether cutter, and it provided a precision 

measurement of the tether tension components in 3 axes; a precision shaft encoder on the 

tether deployment spool to accurately measure the tether deployment length; a wide field of 

view attitude video camera located on each subpayload which was used to determine the 

subpayload's attitude by using images of the star field and also to measure the position of the 

forward subpayload relative to the aft subpayload; and the magnetometers on each 

subpayload which provided another measurement of the their attitude dynamics. A more 

detailed description of the complete OEDIPUS-C payload is given by Eliuk 111. 

The system parameters for the OEDIPUS-C payload are summarized in Table 5-2. 
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Table 5-2 Key system parameters for OEDIPUS-C 

MOI with booms deployed 

A0 0%-m2) 

B o  0%-m2) 

Co Ocg-m2) 
boom properties 

length (m) 

mass rate (kgîm) 
EI (N-m2) 

damping (% energy loss per cycle) 

tether properties 

final length (m) 
mass rate &dm) 

5.2 Tether Material Characterization 

The tether material parameters that are needed for the mathematical models are the effective 

Young's modulus E or more particularly the tether axial stifniess EA where A is the tether 

cross-sectional area, the tether damping parameter rl, , and the effective length of the tether 

root segment 2, to allow calculating the root bending parameter k, . To establish estirnates 

for these parameters, several different tests were conducted and comesponding analyses have 
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been undertaken. These are briefly described and the tether material parameter estimates are 

given. Note that the same tether material was used for both the OEDIPUS-A and OEDPUS- 

C missions. 

5.2.1 Determination of the Tether Stiffness 

Static tensile tests were conducted at Bristol Aerospace on a very short piece of OEDPUS-A 

tether that rneasured the stress-strain relationship of the tether through to Mure. The 

effective EA that was determined fiom these tests is, 

EA (based on static tensile tests at Bristol): 4068 N 

As part of the Tether Dynamics Expriment, a more comprehensive experirnental study was 

conducted by Pradhan and Modi at the University of British Columbia to determine values 

for the tether stifiess EA and to establish a suitable damping mode1 [2]. The experiment test 

set-up consisted of hanging a sample of flight tether material and attaching a mass at the 

bottom end. A longitudinal oscillation was then carefully started to only excite the mass- 

spring mode. An accelerometer was attached to the mass to allow measuring the fiequency of 

the oscillation and the decay rate. The stifniess properties of the tether ( E A )  was calculated 

by rneasuring the fiequency of the oscillation for various tether lengths and masses. The 

relationship between the tether stiffness EA and the oscillation frequency o, is [2] 

where m, is the mass of the end-mass and 1, is the length of the tether test segment. Their 

results fiom these dynamic tests are summarked below. 

Table 5-3 Tether EA measurements based on longitudinal osciiiation tests at UBC 

1 Tether lengths tested: 1 2.06 m, 2.85 m, 4.05 m I 
1 End-masses tested: 1 1.772 kg, 2.229 kg, 2.702 kg 

1 Range of measured EA values: 1 24,524 N - 35,032 N 1 
1 Average value of EA: 1 27,732 N 
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Pradhan and Misra also conducted static tests to estimate the EA where they measured the 

elongation of the tether when a mass is applied. The results are as follows, 

Table 5-4 Tether EA measurements based on static load tests at UBC 

1 Tether lengths tested: 1 2.06 m, 4.05 m I 
. . 1 EA values: 1 19,550 N and 22,495 N 

These tests were felt not to be as accurate as the dynamic load tests, however they do show 

that the static tests do produce slightly lower EA values. 

The results from the UBC tests are found to be considerably higher than the EA detemiined 

fiom the tensile tests conducted at Bristol. One possibility for this larger value of EA is that 

the tether is quite short and hence the oscillation fiequency is relatively high compared with 

that expected during the flight. Therefore, the dynamic load tests were repeated at Bristol 

with longer tether sarnples to reduce the fiequency. These results are given below which 

show that the EA values have reduced when the longer tether is used but they are still 

considerably higher than the early static tensile test results. 

Table 5-5 Tether EA measurements based on longitudinal oscillation tests at Bristol 

1 Tether length tested: 

1 End-mass range: 

1 Range of rneisured EA values: 1 1 8,7 17 N - 22,244 N 

1 Average value of EA: 1 20,48 1 N 

The results f?om the above set of tests clearly show that the test values Vary a great deal (i.e., 

4068 N to 35,032 N) depending on the type of test and on the test parameters. One of the 

difficulties with the previous tests is that the load range in the tether is rnuch larger than the 

tensions experienced in fight, and also that the tether is very short which causes the 

longitudinal oscillation frequencies to be much higher than the flight values. Hence, it is 
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difficult, based on these test results, to choose which value of EA should be used in the 

mathematical models. Also, this indicates that a nonlinear stress-strain relationship appears to 

exist for the tether as the EA is dependent on tether length and on the tether tension. A final 

study was therefore conducted by Xu et al. [3] that was directed at explaining the cause of 

this large variance in the EA value and to determine a suitable value for the mathematical 

models. Xu considered the multi-layer structure of the tether to consist of the copper wire 

imer core and the Teflon outer layer and used displacernent analysis to determine a model for 

the effective EA. This multi-layer model did show that the effective EA was dependent on the 

tether length which generdly agrees with the test results. He also found that the large 

difference in the materid properties between the Teflon outer layer and the copper inner core 

can account for the variation in the EA values fiom the various tests described above. 

To establish the value of EA that should be used for the mathematical models, Xu found that 

the most reliable approach is to use the flight tension data fiom the TFS instrument flown on 

OEDiPUS-C. This instrument provided high bandwidth tension data that allowed perfonning 

FFT analyses to determine the system fkequencies. This flight data and the post flight FFT 

analyses results are provided and described in more detail in Section 5.4, however, we refer 

to it here for the purposes of establishing the EA value for the tether. Xu developed a 

longitudinal dynamics model for the tethered system and computed the expected system 

iongitudinal frequencies as a function EA for a number of modes. These were then compared 

with the measured fiequencies to determine the EA value that best matches the predicted 

modal frequencies with the flight data. The results are shown below in Figure 5-8. 

Figure 5-8 Comparison of the tether longitudinal frequencies from the flight data with 

those from a mathematical model as a function of EA [3] 
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The £iight data fiequencies that were measured fiorn the TFS instrument are shown by a * in 

Figure 5-8. A very good match between the flight data and the mode1 is seen for three modes 

at an EA value of approximately 9000 N which is within the range of values determined fiom 

the testing descnbed above. Note also that when the tether test lengths were increased fiom 4 

m to 13.5 m, the measured EA values decreased considerably. Hence it was expected that the 

EA value would be between 4068 N and approximately 18000 N for a full tether length of 

1174 m, which is consistent with the value of 9000 N detennuied fiom Figure 5-8. It is also 

interesthg to note that the EA value for the TSS tether detemiined fiom the TSS-1 flight data 

was also considerably lower (by about a factor of 3) than the values determined from similar 

longitudinal oscillation tests to those described above [4]. 

The above test results and analysis show that it is difficult to determine the actud in-space 

tether stifkess value Corn ground testing alone. Fortunately, we had available flight data 

fiom OEDIPUS-C that allowed for a much better estimate to be made. The estimated value of 

EA = 9000 N should be used in the mathematical models for both the OEDIPUS-A and 

OEDIPUS-C configurations. 

5.2.2 Tether Root Bending Stiffness 

To establish a realistic range for the root bending 

parameter k, for the OEDIPUS configuration, two 

types of simple tests were performed as shown in 

Figure 5-9. The objective was to obtain data that 

allowed for the calculation of the effective root 

segment length IR which can then be used to 

compute the root bending parameter for the 

OEDlPUS missions. One test is a pendulurn test 

where a mass is suspended on a relatively short 

length of tether and the fiequency of the oscillation 

is measured. The other type of test was sirnply to 

hang the mass using the tether, and impart a known 

rotation at the top end to establish the root bending. 

In this case, a measurement can be made of the 

dimension d ,  as shown in Figure 5-9 which can be 

used to directly calculate the root segment length. 

tether root j 
section Y 

1 hanging test i /L\ 

Figure 5-9 Tests for determinhg 

the tether root bending stiffness 
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The equation of motion for a p e n d h  with mot bending and ignoring darnping for the 

moment is given below, 

where the fiequency of oscillation is then equal to 

Note that the stiflkess due to the root bending has a tendency to increase the oscillation 

fiequency as would be expected. The pararneters used for the pendulum test are as follows: 

Table 5-6 Tether root bending pendulum test parameten 

1 tether diameter ( d  1 1 0.86 mm 1 

Using (5.3) , the root bending factor is computed from the measured ffequency value, and 

then using the root segment length 1, is determined by using (2.66). For the hanging tests, 

the root segment length can be directly calculated fkom 

ZR = - d ,  
sin 8, 

The results of the tests and the corresponding values for the root bending factor k, 

applicable to OEDIPUS-A and OEDIPUS-C are summarized below in Table 5-7. 

Table 5-7 Results of Root Bending Stifllness Tests 

Hanging Test 4-6 1.1 x lo4- 8.9 x IO-' - 
9.1 x IO-' 5.9 104 

Pendulum Test 20 2.2 x IO'? 1.8 x IO-' 
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It is important to note that these tests were not conducted in a high precision environment as 

they were only intended to provide an approximate order of magnitude estimate of the root 

bending factor. 

5.2.3 Tether Damping Properties 

The tether damping properties were assessed by conducting both ground tests and by using 

the flight data fiom the OEDIPUS-C TFS instrument. A Kelvin-Voigt material model has 

been assumed with a constitutive law given in (2.133). It was pointed out in Section 2.1.7 

that in recent studies of flight data of tether systems that the actual fonn of the damping 

model did not seem to make a large difference in the system response, rather the main 

parameter appeared to be the amount of energy dissipated per stress cycle (which can be 

directly related to the darnping parameter r],  in the constitutive law). Hence, the approach 

adopted is to select the damping parameter q, so that the energy dissipated per stress cycle 

match either the experiment or flight data. 

The first set of damping tests was conducted by Pradhan and Modi at UBC using the 

longitudinal oscillation test set-up which was also used to estimate the EA value [2]. They 

measured the decay of the amplitude of oscillation for tether lengths that varîed between 

approximately 2 - 4 m and with end-masses that ranged ffom 1.77 - 2.70 kg and, they 

computed the damping ratio. Note that damping ratio can be directly related to the energy 

dissipated per stress cycle [SI. Their test results are sumrnarized below in Table 5-8. 

Table 5-8 Test Results from Longitudinal Oscillation Damping Tests 

In order to extrapolate the test results (i.e., the damping ratio) to the actual flight tether 

lengths, they considered a number of different darnping models, that included intemal 

viscous, extemal viscous and structural damping, and perfonned least square fits to the data. 
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They have found that the different models give substantially different resuits when the fitted 

c w e s  for the damping ratio are extrapolated to the flight tether lengths (Le., nominally 

around 1000 m). For example, for an intemal and external viscous damping model, the 

damping ratio is found to increase by almost 3 orders of magnitude when extrapolated to the 

flight tether length. In this case, the external viscous model is explained by the fiction 

between the intemal load bearing component of the tether and the outer insulation layer. On 

the other hand, the damping ratio was found to decrease by 1-2 orders of magnitude for a 

purely intemal viscous damping mode1 when applied to the fight tether lengths, and was 

found to stay more or less constant for an intemal viscous and structural model. A sirnilar 

finding was also reported in the darnping tests conducted for the tether used for the NASA 

TSS missions 161. Due to the short tether lengths used and the relatively small amount of test 

data, it is therefore difficult to determine which should be used to extrapolate to the flight 

tether lengths. Hence there is a very large uncertainty (i.e., orders of magnitude) on the actual 

level of damping for the in-space configuration. 

Another damping test was conducted using the pendulum test set-up for the tether root 

bending characterization shown in Figure 5-9. The procedure involved placing the test set-up 

in a vacuum chamber and measuring the decay rate of the pendulum oscillations. The 

removd of air drag by using a vacuum charnber ensured that the decay was only due to tether 

damping. Since it is expected that the root bending is the primary source of damping in the 

tether, then this test is perhaps more representative of the actual damping mechanism than the 

longitudinal test. Also, the stress cycling in the tether root section for the pendulum 

oscillations is sirnilar to that for a rotating systern with a constant root angle spinning at the 

same fiequency as the pendulum oscillations. The test tether length and end-mass were 

therefore selected to have a pendulum fiequency of around 1 Hz which is in the vicinity of 

the OEDIPUS-A spin rate. 

Using the constitutive law in (2.133), the equation of motion for the pendulum with damping 

becomes 

rn f  BR + r l ,k ,mg~eR + mgl(l+ k , )  8, = 0 

The damping ratio can therefore be expressed as, 
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and assuming light damping, the damping parameter 7, c m  be determined from the 

logarithmic decrement as follows 

where O,, is the initial root angle at the start of the test, and 8, is the angle after n cycles. The 

test results fiom 7 separate tests are given below in Table 5-9. Note that the root bending 

factor for these tests was measured to be k, = 0.05. 

Table 5-9 Test Results from the Root Bending Damping Tests 

1 measued range 1 0.162 - -243 1 0.94 - 1.41 1 
average 

In these tests, we find that although the damping ratio is a linle less than that found in the 

longitudinal tests, the damping parameter rl, is considerably higher. Again, it mut  be 

stressed that the root bending tests were simple and qualitative in nature and hence, they 

provided only an approxirnate order of magnitude estimate of the darnping factors. 

We h d  that there is a considerable difference between the two types of darnping tests and 

furthemore, there is a large uncertainty (i.e., up to 3 orders of magnitude) in the 

extrapolation of the longitudinal damping test results to the flight tether lengths. Therefore, it 

becomes difficult to select the damping parameter for the flight configuration, and hence, we 

again turn to the flight data fiom OEDIPUS-C to obtain an estimate of the damping. The 

region of the measured tension data that can be used to estirnate damping is at the end of 

deployment when the two-body system experiences a small recoil. Towards the end of 

deployment, the nominal tension in the tether is approximately 2 N which is imparted by the 

magnetic hysteresis brake on the tether deployer. Since the tether is elastic (Le., acts like a 

spring between the two end-bodies), this tension imparts a small stretch in the tether and it is 

the associated potential energy of the stretched tether that causes the two end-bodies to recoil 

slightly at the end-of deplopent (i.e., converted to kinetic energy). At this point, the tension 

rapidly drops off to very near zero when the recoil occurs and the end-bodies begin to 
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approach each other. During this t h e  the brake acts to in effect lock the spool rotation as the 

brake rotor is held between the outer magnetic poles in the brake (it requires approximately 

2N of tension in the tether to start the spool rotating at this point). Due to gravity gradient 

forces which act to separate the end-bodies (note that the end-bodies are very nearly aligned 

with the local vertical at this point), the end-bodies slow down and then begh again to 

separate, and this caused the tension to start to build-up again. Once the tension peak is 

reached, then the nonlinear oscillation cycle begins again. Now, due to darnping in the tether, 

we h d  that this second peak in the tension is quite a bit lower than the initial tension level 

prior to the start of the recoil. Hence, we c m  use this reduction in the peak tension d e r  one 

cycle to estimate the darnping. The flight tension data during the recoil penod is shown in 

Figure 5-10. 

400 450 500 550 600 

time after launch (s) 

Figure 5-10 OEDIPUS-C Flight tension data showing the recoil of the two -end-bodies 

One of the interesting features of the tension signature in Figure 5-10 is that the tension is not 

zero when the end-bodies have recoiled. The tension rapidly drops at the point of recoil as 

expected, however as  it approaches zero it rolls off to a mal1 non-zero value. It must be 

made clear that this is not a bias value in the TFS instrument. A very accurate bias 

measurement was made to precisely d e t e d e  the tme zero value when the tether was cut at 

T+623 seconds. The plot in Figure 5-10 has been adjusted for this bias (i-e., the zero on the 

plot is the tme zero in the measurement). This non-zero effect is due to the fact that the tether 

is not a string but a wire with bending stifiess and hence, when it is wound on the spool it 

has a memory effect so that as it comes off, it takes on a helical shape. Therefore, when the 

end-bodies recoil, the helical effect (which acts as a highly nonlinear spring) is still prevalent 

and is imparting a smail tension in the tether. This effect does add additional potential energy 

into the longitudinal oscillation mode which increases the recoil magnitude and thus, 
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increases the period of the nonlinear recoil oscillation behaviour (i.e., with a larger moi1 

magnitude it takes longer for the gravity gradient forces to re-establish the tension). It may 

also have a small effect on the damping in the tether. Therefore, to properly match a mode1 of 

the recoil oscillation to the flight data so that a damping factor can be estimated, the helical 

efEect must be included in the model of the nonlinear longitudinal dynamics during the recoil. 

A nurnber of simple experiments were conducted to measure the helicity of the tether by 

initially wrapping it on different size mandrels and then taking it off and hanging various 

weights fiom it [7]. The pitch and diameter of the helix were measured for these various 

cases. It was found that the pitch was only predorninantly related to the mandrel diameter and 

the diameter was inversely related to tension by the following reIation, 

It was also found that over the tension range of interest for OEDIPUS, that the pitch 

remaineci relatively constant. Using the test results and assuming the pitch to be constant, 

then (5.8) can be re-cast into the following form, 

where T, is the tether tension caused by 

rk 
where: K = - 

the helical effect, 1, is the arc-length of the helical 

tether, and x is the distance between the two ends of the tedier. This expression shows that the 

helical tether effkct acts a s  a nonlinear spring for the longitudinal dynamics of the end points. 

Note that for the OEDIPUS configuration, x is only slightly smaller than Z,, in this helical 

model so that the nonlinear effect is quite large. It is worth pointing out that if x were much 

smaller than !, (Le., have tightly wound coils so that the pitch is qua1 or slightly greater than 

the diameter of the wire) as is the case for most coi1 springs, then the nonlinear terni in the 

above expression is negligible and the relationship between the tension (or force) is linear with 

the displacernent of the end points (i.e., a linear s p ~ g ) .  Representative values for the constants 

k and p were detemüned fkom the experiments to be k = 3 -4 x 1 O5 N-m and p = 0.635 m 

which led to a helical spring factor K of approximately 1.7 x 105 N/m. This should be 

considered a worst case value (i.e., a maximum expected) as it was also found that as the 

tension in the tether is applied repeatedly, the helical effect quickly relaxes quite 

significantly. 
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To establish the tension levels where the helical effect is predominant, let us consider the 

tension caused by the axial stretch of the tether aven by, 

where us is the axial stretch of the tether so that x = 1, + us,  and Ir is the nominal undeformed 

tether length. When we compare this expression with the tension T, caused by the helical 

effect, and we consider the arnount of displacement at the ends of the tether relative to the 

nominal tether length, we find that expression (5.9) has the predominant effect when the 

tether tensions are below approximately 0.5 N, and the expression in (5.10) begùis to 

dominate when they are over 0.5 N. Therefore, we can develop a nonlinear longitudinal recoil 

mode1 using (5.9) when the tension is below 0.5 N and (5.10) when they are above. The two 

sets of equations can be summarized as follows, 

for T > 05 N: AE AE 
m ~ + q , - i + - ( x - I , ) = 2 m ~  P * 4 4 (Re + h)' 

for T c 0 5  N: 

where x is the distance between the end-bodies, ma = qm, / (m., + m,) , ml and mi are the 

masses of the end-bodies, p is the earth's gravitational constant, Re is the earth's radius, h is 

the altitude of the aft payload, and I, is the helical length of the tether. The temi on the nght 

hand side is the gravity-gradient force that acts to separate the end-bodies which is based on the 

assumption that the two-body system is aligned with nadir and is in a fiee-fa11 state. The 

damping ternis in the equations are derived nom the constitutive law in (2.133) so that the 

damping force is given by F, = q, EAE where E is the serain rate. Since the tension in the 

tether can be approximated by T = EA E where EA is constant, then we can use the denvatives 

of the tension expressions in (5.9) and (5.10) to determine the sûa in  rate. Finally, to ensure a 

mooth transition between the ~ w o  regimes (Le., above and below 0.5 N), the representative 

helical length is determined by estabiishing a distance x,, when the tension is set to 0. 5 N 

using (5. IO), and then using xM to compute !, ushg (5.9) with the tension again at 0.5 N. 
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Simulation studies were conducted using the equations in (5.1 1) to determine the magnitude of 

the damping factor rl, that d t e d  in the best match to the data An EA value of 9000 N which 

was determuid in Section 5.2.1 has been assullled. The initial conditions assumed an initial 

stretch in the tether (i.e., x(0 )  = x, ) to give a tension of T = 2N , and X(0) = O. Also, as 

expected, it was required to reduce the helical stifiess factor K to establish the correct period of 

the recoil oscillation. The results of the shidies are given below in Figure 5- 1 1. 

450 500 550 
time after launch (s) 

Figure 5-11 Cornparison between the mathematical mode1 of the recoil for 

the end-bodies with fiight data using a damping parameter of q, = 1.0 s 

The best match was found with 7, = 1.0s and with decreasing the experimentally determined 

helical stifkess factor K by 6.75. The plots in Figure 5-1 1 show that these parameters give an 

excellent agreement with the night data. The resulting maximum amplitude of the recoil, 

which occurs near T+500 s, is approximately 2 m. This is approximately double what would 

be obtained if the tether helical effect was not considered. 

The damping factor of 7, = 1.0s that was d e t e d e d  fkom rnatching the simulation results 

with the flight data is considerably larger than that determined nom the ground tests. This 
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results in a damping ratio of 6 = 0.192 or 19.2 % which is a Little over 1 order of magnitude 

greater than the damping ratios determined fiom the longitudinal oscillation tests in Table 5-8 

and nearly 2 orders of magnitude greater than the damping ratio determined nom the root 

bending pendulum tests given in Table 5-9. It is possible that the simulation study is over 

predicting the damping ratio sornewhat as it did not consider the energy dissipation that 

would have also occurred in the tether spool (i.e., due primarily to the hysteretic brake). 

When the tension is below the level needed to start the tether spool rotating (due to the 

cogging torque in the hysteresis brake) the brake acts effectively as a torsional spring on the 

spool with a tonional damper. Hence, as the tension drops off due to the recoil, there will be 

some smdl rotation of the spool and some coxresponding energy dissipation. Therefore, this 

suggests that if the spool was taken into account, the tether darnping ratio would be 

correspondingly reduced. 

In summary, based on the ground tests and the flight data analysis, a suitable range for the 

damping ratio and the damping factor 7, is given in Table 5-10. 

Table 5-10 Suitable range for the OEDIPUS tether darnping parameters 

1 damping factor ( 7, ) 1 0 ~ 0 1 2 5 s < ~ , < l . O s  1 
1 damping ratio (c )  

This range is within the envelope of values determined by extrapolating the darnping models 

determined from the longitudinal oscillation tests. In particular, the high end of the range is in 

the order of magnitude predicted by the intemal and extemal viscous damping model. This 

also agrees with the detailed work conducted by He and Powell [6] in characterizing the 

damping properties of the TSS tether. Additiondly, it is of interest to note that although the 

top end of the range appears high for the tether material, one of the interesting findings from 

the NASA Shuttle based TSS tether flights, which also used a multi-strand conductive tether, 

was that considerably more darnping was found in the system then had been expected 141. 

This could be a combination of having a larger than expected tether damping factor and aiso 

the root bending effects which have not been previously considered to the best of the author's 

Imowledge. Hence, it is believed that this range provides realistic limits on the possible 

damping parameter values. 
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5.3 OEDIPUS-A Flight Data Analysis 

The p n m q  instruments on the OEDPUS-A payload that were intended to provide 

dynamics related data were the 3-axis magnetometers on both subpayloads (although these 

were used primarily for the scientific experiments), a wide field of view CCD video camera 

and a two-slit star sensor on the aft subpayload, and an optical shaft encoder on the spool to 

determine the Iength of tether deployed. The magnetometers provided the best continuous 

attitude data for the duration of the mission. The three measured components of the field 

were used to compute the angular deviation of each subpayload's spin axis nom the magnetic 

field vector which provided a very good estimate of the coning angle as the field vector 

remained relatively fked in inertial space over the course of the trajectory. This data is 

shown below in Figure 5-12 for both the foward and aft subpayloads. The data indicate that 

the forward payload experienced a tip-off at separation that caused a maximum coning angle 

of neariy 12 degrees which varied only slightly (i.e., several degrees) throughout the flight. 

The aft payload, on the other hand, exhibited significantly different behaviour. The data 

Forward Payload 
St( - ,  ,- ---, - - -- 

Aft Pa yload 
341 , 

Figure 5-1 2 OEDIPUS-A flight magnetometer data 
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indicates that the aft payload also experienced a tip-off at separation that resulted in a 

maximum conhg angle of nearly 6 degrees. However, unlike the forward payload, the 

maximum coning angle is observed to Vary considerably up to the approximately T+450 s, 

and then, it steadily increased at a reiatively high rate of divergence for the remainder of the 

flight until it eventually reached nearly 40 degrees. 

Extensive attitude determination studies were conducted following the flight to establish the 

3-axis attitude for the OEDIPUS-A aft subpayload. The first study used predominantly 

magnetometer data [8] to estirnate the attitude in al1 3-axis using a batch least squares 

algorithm and the star data fiom the video camera to get a fix on the attitude solution at a few 

points. The second study used exclusively star data fiom the CCD video camera to establish 

the 3-mis attitude of the subpayload as well as the inertial orientation of the tether vector at 

about 30 points throughout the flight [9]. It should be stated that the magnetometer and video 

camera were not onginally intended to be used for attitude determination but they becarne the 

only source of attitude data since the Company that supplied the two-slit star sensor were 

unsuccessful in processing the star sensor data due to the unexpected dynamical behaviour of 

the afl subpayload. It is interesting to note that one of the main problems was that there was a 

decay in the spin rate of the aft subpayload over the course of the mission that caused 

difficulties in the batch filtering algorithm. 

The attitude detexmination studies found that the behaviour of the aft subpayload can be 

characterized by two basic motions: a precession of the subpayload's angular momentum 

vector; and a nutation of the spin axis about the momentum vector where the nutation angle 

(Le., the angle between the instantaneous angular rnomenhun vector and the spin axis) is 

steadily increasing at a relatively rapid rate. The precessional type of motion is caused by the 

tether tension imparthg a torque on the subpayload and is apparent up to approximately 

T+450 s which coincides with the completion of the subpayload separation phase. At T+450 

seconds, the momentum vector suddenly becomes nearly fixed in inertial space. This implies 

that the tether tension suddenly drops off to nearly zero once full separation is achieved 

which is consistent with the expected longitudinal dynamic behaviour discussed in Section 

5.2.3, where the subpayloads should have experienced a slight recoil at the end of separation. 

The gravity gradient forces tend to re-establish sorne tension in the tether following the initial 

recoil but only to very low levels (Le., approximately 0.13 N). The nutational type of motion, 

which is observed to produce a steady increase of the nutation angle, is charactenstic of 

energy dissipation in the subpayload. Figure 5-13 shows the computed nutation angle 
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variation over the of course of the flight based on the magnetometer data. Note that it has a 

steady increase which is independent of the tension in the tether. Recall that the tension is 

seen to drop off dramatically at T+450 s with no apparent effect on the nutation angle in 

Figure 5- 13. 

I O 0  200 300 400 500 600 700 

time after launch (sec) 

Figure 5-13 Nutation Angle time history of the OEDIPUS-A aft Payload computed 

from the tlight magnetometer data 

The analysis of the CCD video camera data also detennined the orientation of the nominal 

tether in inertial space (i.e., the line comecting the forward and aft subpayload's mass 

centres) as the forward payload had a beacon light that could be seen in the video data. This 

analysis showed that due primarily to the tip-off of the forward payload at separation, the 

nominal tether line was approximately 7-8 degrees from the magnetic field for the flight time 

following payload separation. The accuracy of this estimate is expected to be within 

approximately 2 degrees. Finally, by analyzing the data nom the shaft encoder that was 

mounted on the tether deployment spool, the nominal tether tension during the flight was 

determined. It was f o n d  that following an initial tension spike caused by the initiation of 

subpayload separation, the tether tension slowly increased kom just below 1 N to nearly 1 N 

at the end of the separation phase at which point it dropped off to nearly zero. 

Shortly after the flight, we conducted an initial analysis to investigate the possible causes of 

this unexpected dynamic behaviour [IO]. As a part of the investigation, a generalized 

mathematical mode1 was developed which comprises a central rigid body allowed to undergo 

large 3 DOF rotational motions, three orthogonal pairs of flexible booms attached to the 
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body, and a forcing term on the body that modelled the tether interaction. The post-fiight 

investigation found that interaction of the tether with the af€ subpayload was the cause of its 

unexpected dynarnic behaviour. We concluded that there were two mechanisms associated 

with the tether that have influenceci the aft subpayload dynamics: the tether tension imparted 

an extemal torque on the subpayload which caused its momentum vector to precess in inertial 

space; and the tether interaction caused the subpayload to lose rotational energy. However, at 

that t h e ,  the rnechanism for that energy dissipation was unclear and Mermore ,  it was not 

undentood why this energy dissipation was not observed in the forward subpayload 

dynarnics (Le., its nutation angle remained iargely constant over the duration of the flight). 

This initial post-flight investigation answered the question regarding what caused the 

dynamics anomaly in the ai? payload, however it raised fiuidamental questions about exactly 

how the tether interacted with the spinning subpayload to cause the observed dynarnic 

behaviour. The work presented in this dissertation basically set out to answer these and other 

fundamental questions regarding such types of spiunhg tethered configurations. 

Based on the nonlinear formulation in Chapter 2 and the analysis conducted in Chapter 3, we 

now believe that the principal ef5ect responsible for this behaviour is the tether root bending. 

More specifically, it is the de-spin torque imparted by the root bending related damping 

forces which is the primary cause of this behaviour. To dernonstrate, we apply the nonlinear 

equations from Chapter 2 and conduct a simulation of the OEDIPUS-A configuration using 

the aft subpayload as the basis for the end-body parameters. The following gives the main 

system parameters used for the OEDIPUS-A aft subpayload simulation. 

These parameters are representative of the actual flight configuration of the OEDIPUS-A 

payload. The damping parameter for the booms 7, = 0.00 17 s corresponds to 10% energy 

loss per stress cycle which is based on measurements made for this mode1 of deployable 

boom system that uses helical overlapping BeCu strip elements. The values of EA and k, for 

the tether are based on the ground tests and fight data analysis described in Section 5.2. The 

parameters Nb and Nt correspond to the number of modes used for the booms and tether 
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respectively. Note that aIthough 9 modes were used in the simulations, only the symmetric 

modes (Le., the odd number modes) contribute to the dynamics. Fuially, the tether damping 

parameter qt has been selected so that the results best match the flight data. Simulation 

stuclies were conducted with difTerent parameter values within the range detemined fiom 

ground tests and flight data analysis given in Table 5-10 (Le., qt = 0.0125s - 1.0s). Note 

that the value used of r ] ,  = 0.4s falls comfortably within this range and is closer to the top 

end so that it is closer to the value determined nom the flight data. The simulation results are 

aven below in Figure 5- 1 4. 

40 
tid-body Coning Angle (deg) End4mfy Nutation Angle (deg) 

0.8 , End41ody Spin Rate (Hz) , 15 
Boom Tip Defledion (an) 

-. . . 

Teüter Maximum Lateral Defomiatlon (rn) Tetfier Tension (N) 
3 ,  , 1s , 
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Figure 5-14 Nonlinear simulation results for the OEDIPUS-A aft 

subpayload and cornparison with tlight data 

The initial conditions for the simulation were selected to match those observed during the 

aght at the t h e  of payload separation. In particular, the end body was given a lateral tip-off 

at separation of 0.041 radk and the tether nominal direction at T=O was misaligned f?om the 

spin axis of the end-bodies by 8 degrees (Le., before the tip-off condition was applied). This 

latter condition was introduced to account for the fact that due to the tip-off, the effective 

thnist vector that started the payload separation was observed to be approximately 7-8 

degrees firom the magnetic field vector orientation. 
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The simulation results in Figure 5-14 are found to be in excellent agreement with the flight 

data given in Figure 5- 12 and Figure 5- 13. Note that the end-body coning angle refers to the 

angle between the body-fixed z, axis and the si axis of the inertial f k n e  which is defined to 

be coincident with the body-hed fiame the moment just prior to payload separation. This is 

very similar to the angle between the z, axis and the magnetic field vector given in Figure 5- 

12, since prior to separation, the payload spin axis was aligned to the magnetic field vector. 

Also the magnetic field vector's inertial orientation moves only a few degrees over the coune 

of the trajectory. Cornparhg the flight data in Figure 5-12 for the afl payload with the coning 

angle, it is evident that the simulation results agree very well and exhibit the same general 

behaviour. The end-body nutation angle is defined as the angle between the body-fixed z, 

axis and the instantaneous angular rnomentum vector associated with the end-body. This 

angle best reflects the divergent character of the system while the coning angle reflects both 

the divergent and the forced response behaviour (i.e., due to an applied torque). Note that the 

nutation angle also agrees extremely well with the nutation angle determined fiom the flight 

data [8] given in Figure 5-13. The approximate polynomial fit to the nutation angle 

determined nom the attitude deteimination study (whose coefficients are given in Figure 5- 

13) is also plotted in Figure 5-14 to allow for a direct cornparison. The spin rate w _  is shown 

to be decreasing which was also observed during the flight, and recall that this de-spin effect 

was in fact partly responsible for the lack of success in processing the two-slit star sensor 

data as the fiIters used for data reduction did not account for a spin rate change. 

The other plots in Figure 5-14 show the boom tip deflection, the tether defomation, and the 

tether tension. Although neither of these quantities were directly measured during the flight, 

this simulation data does agree with what we would expect to be realistic levels for these 

values. Note that neither the booms nor the tether experienced excessive deformations and 

the tension remained nearly constant for the first half of the data until it started to increase 

towards the end of the flight period. Also, glimpses of the tether were observed in the aft 

payload video data and although they were quite poor resolution, the tether did appear to 

remain quite straight (e.g., did not have a large bow in it) which would agree with the low 

amplitude results fkom the simulations. 

Although the agreement between the flight data and the simulation results is very good, there 

is a difference between the flight configuration and the simulation mode1 that needs to be 

pointed out. The tether tension in flight was expected to Vary between approximately 1 to 2 N 

and then dropped off to essentially zero at the end of payload separation as a result of the 
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recoil as discussed in Section 5.2.3. Then, once it is re-established by the gravity gradient 

forces it will be extremely low (Le., approximately 0.1 N) due to the relatively short tether. 

Hence, the tether after T+450 s is essentially slack or very nearly so. The mathematical 

model which is based on using admissible fûnctions to discretize the tether, is not valid when 

the tension is zero. Therefore, for the purposes of cornparison with the fight data, we have 

taken a nominal tension of 1 N and maintained that throughout the simulation period. On the 

other hand, the root bending parameter k, is also a hm~tion of tension, so that it decreases 

when the tension decreases. The reason is that the tension has an effect on the bend radius at 

the tether root segment for a given angle such that as the tension is reduced, the bend radius 

hcreases somewhat and this causes the factor k, to decrease. This however, is difficult to 

characterize at aimost zero tension and hence is another reason why we do not use the model 

with nearly zero tension. With a decrease in the parameter k, , the damping forces due to the 

root bending will correspondingly decrease and hence, the divergence rate will be less. 

However, the flight data suggests that the divergence rate afler T+450 s remains relatively 

rapid and in fact, rernains very similar to the simulation results. This could be partially 

explained by the fact that, as we have shown in Chapter 3, the tension has a stabilizing effect 

on the end-bodies so that a reduction in the tension will tend to increase the divergence rate. 

Therefore, the reduction in the damping forces due to the drop-off in tension may be 

compensated by the de-stabilizing tendency due to this decreased tension. These subtle 

effects when the tether is very nearly slack can clearly benefit from a more comprehensive 

mode1 and more detailed tether characterization tests, however, the results in Figure 5-14 

show that the use of a constant nominal tension in the simulations is adequate for explaining 

the characteristic behaviour of a spinning tethered system. 

To consider the OEDIPUS-A dynamics over a longer period of tirne, Figure 5-15 presents 

simulation results for the same case as in (5.12) but for a simulation penod of 4000 S. We 

now find that d e r  approximately 1500 s, the end-body coning angle levels out at about 60 

degrees, while the nutation angle levels out at just over 80 degrees (Le., a nearly nat spin 

mode). Aiso within this tirne, the spin rate of the body about the z, axis is reduced to nearly 

zero. This is consistent with the minor axis example case described in Section 3.3 over the 

"short term". In the longer term, the coning angle should start to reduce until it reaches a new 

equilibriurn solution in a manner similar to that shown for the example case in Figure 3-5. 

The tether amplitudes are found to remain quite small as expected, although the tether tension 

is found to increase substantially to about 40 N before leveling off. 
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Figure 5-15 Simulation results for the OEDIPUS-A afi subpaytoad over 

an extended period 

Note that as discussed earlier, the final tension level in the tether (i-e., T = 40 N) shown in 

Figure 5-15 is not realistic for the OEDIPUS-A payload. M e r  the completion of the tether 

deployrnent, the tension actually drops to very near zero due to a recoil and then it would be 

re-established by the gravity gradient forces to o d y  extremely low levels. Again, since the 

tension tends to provide a stabilizing influence on the end-bodies, it is therefore expected that 

the results shown in Figure 5-15 provide a lower bound on the quasi-steady state coning 

angles that would be attained by the OEDIPUS-A payload configuration (Le., the quasi- 

steady state coning angle would be greater than 60 degrees, likely closer to a flat spin 

situation). 

Also of interest are the energy quantities for the extended OEDIPUS-A case. The total energy 

(Le., s u .  of potential and kinetic energy) associated with the end-body and tether as well as 

for the complete system is given in Figure 5-16. Note that the end-body related energy 

expenences a large reduction to a final quasi-steady state value. Part of this energy is 

transferred to the tether which sees an increase while the remainder is dissipated as heat 

(most of it being in the tether root segment). The total energy for the complete two-body 
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tethered system is also given and a smooth reduction is seen during approximately the tirst 

1500 seconds at which point it levels off to remah essentially constant. 

Total Enargy ln Tether (J) 
8 

Tob 1 Syasm Ensqy (J) 
60 - 

40 - - - - -\- - -  - - + - - - - - - - - - - - -. - - - - - - - - - 

Figure 5-16 Energy quantities for the OEDIPUS-A afi subpayload simulation 

over an extended period 

This reduction in the end-body related energy is prirnady caused by the de-spin torque 

irnparted by the dampuig forces that result due to bending at the tether root. An expression 

for this de-spin component is given in (3.35) which shows that the de-spin torque is a 

function of the spin rate and the square of the root angle. Although the full nonlinear 

expressions for the darnping torque imparted to the end-body given in (2.165) involve many 

terms, it was pointed out that the terni in (3.35) is the only secular term that has a non-zero 

average value and hence, causes a steady de-spin of the payloads. The damping torque 

components relative to the body-hed fhme that are imparted to the end-bodies due to the 

root bending are given in Figure 5-17. Note that the x and y components oscillate about zero 

so that over one oscillation cycle this torque averages to nearly zero and hence, has very little 

effect on the end-bodies in the longer tem. The z component on the other hand, clearly has a 

non-zero average value and is negative, thus, causing the de-spin of the end-bodies. It is 

initially small but as  the root angle increases it quickly increases. However, shce this causes 
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the spin rate to decrease, the magnitude of the torque peaks at approximately -0.04 N-m and 

then steadily decreases to essentially zero by approximately T+2500 S. Note the correlation 

between this negative de-spin torque and the reduction in energy in Figure 5-16, with the 

corresponding rapid increase in the end-body coning angles in Figure 5-15. This shows that 

the main cause of this divergent behaviour is the damping forces that arise due to tether root 

bending . 

Tether Root Damping Toque - x axls (N-fn) 
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Figure 5-17 Damping torque on the end-bodies for OEDIPUS-A that results from 

tether root bending 

Finally, let us consider the issue about why the OEDIPUS-A forward payload did not 

experience a similar rapid divergence in its coning angle as did the afl payload. With the 

fonvard payload, the tether comes straight off of the deployment spool as shown in Figure 5- 

18. As depicted in the figure, the tether end angle can either be considered to be in-plane or 

out of plane. In either case, the tether end-condition is quite different from the root bending 

case considered in Section 2.1.3.4. For the in-plane bending, the tether does not really have a 

root section that is deforming when the tether end angle 0 is applied, rather the tether either 

wraps or unwraps itself on the spool as s h o w  in the figure. For the out-of-plane application, 

the tether gets pulled across the layers so that it comes off the spool in a helical fashion. If we 
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assume that there wiU be some 

fiction between the outer helical 

layer which is coming off the spool 

and the other layers, then we can 

imagine that there might be some 

local root bending with an effective 

root segment length 2, that would 

be some portion of this outer helical 

tether segment. The diarneter of the out-of-plane bending in-plane bending 

spool at full tether deployment is 

approximately 32 mm and hence, 

this outer helical segment may be Figure 5-18 Tether end-condition at spool on the 

50 mm in length or longer, if we OEDIPUS-A forward subpayload 

assume that a segment goes at least half way around the circumference of the spool. This is 

over an order of magnitude greater than that found for the root segment that is fixed to the 

end-body as it is on the afl subpayload (i.e., which is not on a spool). 

Generally, what this discussion is leading to is that, due to the spool, there really is no 

appreciable root bencihg effect at the forward payload end of the tether. As a result, there 

will be no de-spin torque on the end-body caused by the tether end-condition. Hence, the 

energy dissipation rate will be considerably decreased leading to a greatly reduced 

divergence rate of the end-body nutation angle. It is interesting to note however that if the 

tether was routed fiom the spool through an eyelet, then the tether end-condition at this eyelet 

will exhibit the tether root bending effects in a similar manner as that on afl payload. To 

demonstrate that the absence of root bending is the principle reason that the fonvard payload 

did not experience a rapid divergence, we now apply the simulation mode1 of the nonlinear 

equations to the forward subpayload of OEDIPUS-A using the followhg system, 

Flexible booms were not considered in this case as the forward subpayload booms only 

partially deployed and hence, were very stiff segments. The payload was therefore assurned 

to be ngid with the moments of inertia aven (5.13). The tether related parameters are the 

same as that used for the aft subpayload except that the tether root bending parameter is set to 
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zero. Also, the same initial conditions were used as that for the aft subpayload although the 

tip-off rate was adjustecl to fit the observed flight data for the forward subpayload. The results 

of the simulation are given below in Figure 5-19. 

--- -. 

Tether Maximum Lateral Deformation (m) T e h r  Tension (N) 
1.5 , 26 

Figure 5-19 Simulation Resulb of the OEDIPUS-A forward payload with the tether 

mot bending neglected 

Comparing the coning angle in Figure 5-19 with the flight data for the fonvard subpayload in 

Figure 5-12, it is evident that they are k very good agreement. Both plots show similar 

trends, for example two fkequencies are irnmediately evident, the end-body precession 

fkequency and a slower cyclic oscillation that has a period of under 100 S. The small 

difference observed in the fint 100 seconds or so could be due to the fact that the tether spool 

is being spun up as the tether is deployed which adds a torque to the subpayload. This has not 

been included in the mathematicai model. The ptimary feature however, is that both the flight 

data and the simulation data show that the coning angle and the corresponding nutation angle 

are not diverging. This clearly supports the hding that the root bending effects for the 

forward payload are negligible due to the tether spool. Also this confirms that it is the root 

bending effects that cause the rapid divergence and corresponding energy loss associated 

with the aft subpayload. 

5.4 Application to OEDIPUS-C and Flight Data Analysis 

After the flight of OEDIPUS-A and the initial post-flight analyses, two issues became 

apparent. First is that there were fundamental aspects of the spinning tethered system that 
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required much more detailed understanding to ensure the instability that occurred on 

OEDPUS-A would not occur on the follow-on mission. Secondly, the OEDIPUS missions 

offer an exceptional opportunity to Mly investigate the dynamics of this class of tethered 

space vehicles. Therefore, the Tether Dynamics Experiment (TDE) was included in the 

follow-on OEDPUS-C mission as a forma1 part of the scientific agenda. As a result, the 

OEDIPUS-C payload had a more comprehensive instrument package to measure the flight 

dynamics. Also, one of the objectives of the TDE was to develop a stabilization approach for 

the mission. In the following sections, the possible stabilization approaches for OEDIPUS-C 

are reviewed and the final recomrnended approach that was implemented by the payload 

prime contractor is outlined. Then the fïight data is provided fiom the dynamics related 

instruments, followed by cornparisons with the mathematical model. 

5.4.1 Stabilization Approach for OEDIPUS-C 

The OEDIPUS scientific requirements stipulated that during the experimentation phase, no 

active attitude conû-01 shall be used as the actuators would interfere with the on-board 

experiments (through either electromagnetic interference or gas expulsion fiom thruters). 

Therefore, an investigation was conducted to establish an appropnate passive attitude 

stabilization approach for the subpayloads. The following four strategies were considered: use a 

minor axis confïgwation as was employed on OEDIPUS-A but modify some of the parameters 

such as tether tension; de-spin the tether; use a spin axis aiigned momentum wheel that is spun- 

up prior to the flight; and use two pairs of relatively long booms on each subpayload to achieve 

the desired end-body moments of inertia. 

The attitude stability conditions derived in Chapter 3 for the spinning tethered payload were 

used as the baçis for the investigation. In particular, it was quickly reaiized that it was not 

practical to satisS the infinitesimal stability conditions given by (3.12) and (3.13), and we had 

to resort to the quasi-stability condition in (3.33) where the unstable tether modes were ignored. 

For the de-spun tether case, closed-fonn stability conditions are not available for the systern of 

equations (which include the flexible booms), therefore the stability of this system was 

detemiined numericaily by computing the eigenvalues of the linear equations. 

The feasibility of each of the proposed stabilization approaches for the OEDPUS-C mission 

was assessed by applying the stability conditions. A brief surnmay of the results ftom this 

investigation for each of the possible stabilization approaches is outiined beiow [Il]. 



Chapter 5 Application to OEDIPUS Page 233 

This configuration would have only a single pair of relatively short booms on each 

subpayload to serve as dipole antennas for the experiments so that each subpayload would 

still be a minor axis spinner. The two parameters that could potentially be modifiai to 

achieve stability for the OEDIPUS-C mission are the payload spin rate and the tetber 

tension. With relatively short booms, the h a l  spin rate of the payload would be 

approximately 0.5 cps. Substituting this spin rate and the appropriate OEDIPUS-C 

parameters into the quasi-stability stability condition in (3.33), the tether tension needed to 

satisQ the end-body condition is 828 N. Tether tensions of this magnitude are simply not 

practical to implement. Hence, maintaining a minor axis spinner such as was used on 

OEDIPUS-A is not a feasible stabilization approach for OEDIPUS-C. 

De-Spun Tether: 

The option of de-spinning the tether was investigated numericdy by computing the 

eigenvalues of the linear equations with the flexible booms for the de-spun tether case. The 

stability condition in (3.39), which States that the real parts of the eigenvalue mut  be 

negative for asymptotic stability, was used to determine the required level of damping in the 

tether needed to stabilize the end-body. It was assumed that the end-body is spun at 

os = O 5  Hz and had 2 pairs of booms that are similar to those used on the OEDPUS-A aft 

subpayload as they met the minimum length requirements of the scientific experiments (Le., 

5 m tip-to-tip). It was found that to achieve a stabilization effect, the tether damping 

parameter that is required for stability is approximately q, > 0.6s. The root bending 

parameter was assumed to be equal to k, = 0.0001, This level of damping is relatively 

close to the damping factor of q, = 0.4s which was detennuied fiom the OEDIPUS-A 

flight dynamics data described in Section 5.3. Note also that the mode1 had assumed two 

pairs of booms although only 1 pair of booms would be adequate to meet the minimum 

requirements. Hence, in this case, the required minimum value for the tether damping 

parameter would be less than 0.6 s as there would be less energy dissipation associated 

with the end-body. Therefore, this implies that de-splluiing the tether could be effective in 

stabilizing the end-bodies. However, since the minimum level of damping required is still 

in the vicinity of the measured level of damping in the tether, some effort would be 

needed to either reduce M e r  the damping in the booms or increase the damping in the 

tether. Additionally, a careful characterization of the damping in the booms and the tether 

would be needed to have confidence in the approach. The tether end-condition at the 
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forward payload where the tether spool is located wodd dso  have to be modified by 

adding an eyelet for the tether to obtain the mot bending effects which provide the 

damping forces needed for stabilization. Hence, this investigation shows that in principle, 

de-spinning the tether to stabilize the end-bodies is feasible, however, fiom a practical 

stand-point, this approach is not very attractive. It wodd significantly complicate the 

payload, be costly to implement, and compromise the scientific experiments as slip rings 

would be needed at the spool to transmit the electricai signals fiom the tether. Therefore, de- 

spinning the tether was deemed not to be a viable stabilization option for OEDIPUS-C. 

Spin Axis Aiigned Momentum meel: 

A spin axis aligned momenturn wheel could be used in the payload to satisQ the end-body 

quasi-stability condition in (3.33). Substituting the appropriate OEDIPUS-C parameters 

with a nominal tether tension of approximately 1.5 N into the end-body stability condition, 

yields a required angular momentum h ,  of approximately 20 N-m-S. Most conventional 

wheels incorporate an integral electric motor to maintain a constant speed, however, for the 

OEDIPUS-C mission, the electronic components would need to be removed as they would 

interfere with the experiments. Therefore, the wheel would need to be spun-up at launch and 

then left to spin he ly  without any active intervention during the mission. Extemally 

supplied compressed air could be used for the spin-up system with a break-away connecter 

to disconnect the air supply once the rocket is launched. It was determineci that this option 

could be implemented in a practical manner using an off-the-shelf, small satellite class, 

momentum wheel. 

Boom System to Achieve Favourable Moments of lnerîia: 

Using a set of four radial booms on each subpayload, the payload moments of inertia can be 

altered so that the end-body stability condition can be satisfied. Based on the OEDIPUS-C 

parameters given in Table 5-2, and letting the tether tension be O N (i.e., slack tether), the 

minimum length for the booms is found to be 7.74 m per elernent for the fonvard payload 

and 5.33 m per element for the afl payload. This calculation assurned using a set of BI- 
STEM boom elernents fkom Astro Aerospace that have a rnass rate of 0.128 kglm and a 

stiffiess EI of 1 1 6 2  ~ m '  . Deployable booms of this type and length are readily available 

and have been used many times for spacecraft missions and sounduig rocket missions. 

Therefore, using two pairs of booms to obta i~  favourable moments of inertia is a viable 

stabilization option for OEDIPUS-C. 



Chapter 5 Application to OEDIPUS Page 235 

The investigation identifid two viable stabilization approaches, using a momentum wheel, and 

using a set of four radial booms on each subpayload. Although the momentum wheel option 

was found to be technically f i b l e ,  the implementation costs would be relatively high, since in 

addition to the wheel and pneumatic spin-up system, a pair of booms is still required to serve as 

dipole antemas for the science experiments. With the boom option, the boom system used for 

stabilization would also be used as the dipole antemas to support the scientific experiments. 

Hence, the fact that these booms are considerably longer than that required for the experiments, 

and that there are two pairs, enhances the science as this effdvely increases the dipole antenna 

size and thus increases the strength of the signals that can be transmitted and received. Also, it 

was found that the boom systern could be implemented in a cost-effective manner that is also 

mass and volume efficient. In fact, these booms could be housed in approxirnately the sarne 

physical space as the single pair of considerably shorter booms used for the OEDPUS-A 

payload. For these reasons, the boom option was recommended as the stabilktion approach for 

OEDPUS-C. 

To establish the final size for the booms, the quasi-stability condition given in (3.33) can be 

written in a f o m  where the boom length is explicitly shown. Assuming that d l  four booms are 

identical, are located at the center of m a s  of the subpayload and have no radial offset, and 

setting the momenhun wheel tenn to zero, then the quasi-stability condition in (3.33) can be 

expressed as follows: 

where Ab and Cb are the moments of inertia of the central rigid body (or subpayload) and the 

fundamental boom mode has been used where the flexural coefficients are equal to Mb, = 1, 

Pb, = 0569, and Eb, = 1.193. The tether tension values for the OEDIPUS-C mission are 

expected to be between 1 and 2 N, however, allowance must be made for slack tether as this 

is expected, particularly when the end of the deployment is reached and a slight recoil will 

occur as discussed in Section 5.2. 
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The stability diagrams for the OEDIPUS-C forward and aft subpayloads are given in Figure 

5-20 and Figure 5-21, which plot the stability boundary for two cases, T = 2 N and T = O N. 

Note that there are three regimes of interest, the fïrst is where the boom length is insufficient 

to stabilize the payload but the tether tension provides the necessary stabilinng forces, 

however, only up to very low spin rates. In regime 2, the boom length is sufficient to stabilize 

the subpayload, however, only up to some cntical spin rate at which point the subpayload 

becomes unstable. Also, in this regime, the tether tension has a rapidly diminishing affect on 

the stability. Finally, in the third regime, the booms are long enough to stabilize the 

subpayload at any spin rate and the tether tension is not a factor in the stability. For the 

fonvard subpayload, the boundaries between the three regimes occur at boom lengths of 7.7 

m and 13.6 m, and for the afl subpayload they occur at 5.3 rn and 9.4 m. 

O 3 6 9 12 15 18 
boom length (m) 

Figure 5-20 Critical spin rates for the OEDIPUS-C forward subpayload as a 
function of boom length 

1.25 I 

regim e 1 I regime2 

O 2 4 6 8 10 1 2  
boom length (m) 

Figure 5-21 Critical spin rates for the OEDIPUS-C afi subpayload as a 
function of boom length 
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In the second regime, the instability that occurs when the spin rate is beyond the critical 

speed is related to a buckling phenornena where the benduig stifiess of the booms is no 

longer sufncient to provide the stabilizing moments needed for the rigid central end-body to 

counter the destabilizing gyroscopic moments that tend to drive the body towards a Bat spin 

mode. To observe this instability mode, simple tests were done using the Hanging Spin Test 

set-up where thin flexible wire booms were added to one of the end-bodies. This is shown 

below in Figure 5-22. 

Figure 5-22 End-body for the Hanging Spin Test with wire booms 

When the cntical spin rate is exceeded, the 

end-body's coning angle increases to a 

relatively large angle (which is a function of 

the spin rate) and the equilibnum mode has 

the configuration shown in Figure 5-23. If the 

boom sti-ess is increased then regime 2 

reduces and the critical speeds are higher for 

a given boom length. Fhally, in the limit as  

the booms approach an innnite stiffhess (i.e., 

a perfectly ngid body), regime 2 disappears 

altogether and the stability becomes totally 

independent of the payload spin rate. 

Figure 5-23 Unstable mode shape when 

beyond the critical speed in regime 2 
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In selecting the h a 1  boom length, consideration must be given to many factors that include; 

the expected accuracy of the system parameters (e.g., subpayload moments of i n d a ) ;  boom 

mass, required deployment t h e ;  final spin rate; and the required safety margin. The final 

spin rate of the payload is based on the boom length as the booms are also used to de-spin the 

system as they are deployed. The initial spin rate is imparted by the rocket vehicle and can be 

anywhere between 3.5 and 5 Hz. The minimum spin rate required by the science team is 0.08 

Hz but higher speeds are preferred. The mass of the boom elements is an issue as this will 

impact on the apogee attainable by the rocket vehicle and there was very little mass margin 

for the payload to achieve the minimum required apogee. Finally, since the rocket flight is 

relatively short, it is important for the booms to deploy as fast as possible (i.e., less than 30 

sec). However, the deployment rates need to be relatively slow as otherwise, the coriolis 

forces on the booms during deployment will cause excessive bending of the booms in the 

spin plane. These design issues and trade-offs are reviewed in more detail in [Il]. From a 

consideration of these factors, the final boom parameters that have been selected are given in 

Table 5-1 1 that are based on available boom systems fiom Astro Aerospace Corporation. 

Table 5-11 Final boom parameten selected for OEDIPUS-C 

This stabilization approach has been in fact irnplernented by the prime contractor for the 

OEDPUS-C mission using the boom parameters in Table 5-1 1. These boom lengths fa11 into 

the second stability regime for both subpayloads, and hence, the spin rate of the payload m u t  

be below their corresponding critical spin speeds. The lowest critical spin speed is 

approximately 0.21 Hz for the forward subpayload, which is over two tirnes higher than the 

nominal spin rate expected of 0.08 Hz. Hence, this provides an adequate safety margh. 

Aft Subpayload 

5.4.2 Flight Dynamics Data 

Zb =65m ; p, =0.128kg/m ; EI, = 1 1 6 2 ~ m ~  

The dynamics related data obtained fiom the flight included measurements of the subpayload 

attitude and trajectory, the three components of the tether tension vector at the aft tether 

attachment point, the length of the deployed tether, and a video of the payload separation in 

flight that provides qualitative information on the overall system dynamics. The following 

presents the flight data in appropriate engineering units. 
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5.4.2.1 Subpayload Attitude and Angular Velocity 

The attitude of the forward and aft subpayloads were measured using an Attitude Video 

Camera (AVC) located on each subpayload and it operated like a star carnem The foward 

and afl AVC's were commercid-off-the-shelf intensified video cameras with a field of view 

of 20' x 30°. They were mounted on the fiont end of each subpayload looking forward as 

shown in Figure 5-6. The cameras were capable of detecting 7' magnitude stars. Each AVC 

outputs RS-170 video and had a dedicated telemetry downlink to the ground station where 

the video signals were recorded ont0 super VHS tape. The thresholdldigitizer hardware 

developed at Bristol Aerospace was then used following the flight to autonomously digitize 

and centroid the 8 bnghtest stars in each k e .  Software was then used to automatically 

identiQ the stars and solve for the attitude solution of each fhme [12]. The solutions are 

given in ternis of the celestial coordinates, right ascension (RA) and declination (DE), and a 

roll angle. For each processed video h e  fkom the AVC, the statistics for the attitude 

solution were also computed. The attitude solution accuracy for the fonvard and aff 

subpayloads was found to be approximately 0.25 degrees (20) for the orientation of the spin 

axis, and approximately 1 degree (20) for the roll angle. To express the attitude in a more 

meaningful form, let us define an inertially fixed frame F;. which is coïncident body fixed 

fiame the instant prier to payload separation. The AVCs were not operational at this time and 

therefore could not provide this attitude solution. However, the magnetometer based attitude 

control system aligned the payload dong the earth's magnetic field vector pnor to separation 

to within 0.5 degrees (based on magnetometer measurements). Therefore, the magnetic field 

vector orientation in inertial space at the moment of subpayload separation is the reference 

used to define the orientation of the ri axis of the inertial frame . This inertial kame now 

corresponds to the inertial f h n e  used in the equations of motion formulation in Chapter 2. 

Recall that the coning angle of the subpayload is the angle between the subpayload's spin 

axis and the zi axis of the inertial fiame f l .  nie  coning angles for the forward and aft 

subpayloads following separation are aven  below in Figure 5-24. 

The attitude solution can also be used to determine the angular velocity of each subpayload, 

as it was obtained at a sufficiently high sarnpling rate to allow using a numerical differencing 

procedure. For the aft payload, approximately 12 solutions per roll cycle were obtained, 

while for the forward payload approximately 23 samples per roll cycle were obtained. The aft 

payload had a lower samphg rate as the tether was very bright in many of the -es which 

created difficulties in detemiining a solution for these fiames. The angular velocity 
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components were determined by differencing the RA, DE and roll angles (which are a set of 

Euler angles) and using the appropnate tramformation between Euler rates and angular 

velocity components. The differencing scheme fit a quadratic to three points of each angle 

solution at tirnes tk-,, 4, tk+, and then f o n d  the rate by taking the derivative of the fitted 

quadratic h c t i o n  at time t,. 

Fomard  Payload 

Aft Payload 
- 

'b Y I subpayload separatio n 
Q) ; (no data for first 14 sec) 

tu I 

450 600 750 900 
time (sec) 

Figure 5-24 Coning Angles for the OEDIPUS-C Forward and Aft subpayloads 

foiiowing the start of tether deployment at T=174 sec. 

The angular velocity data was used to measure the subpayload spin rate and to compute an 

estimate of the subpayload angular momentum vector H components. The nominal spin rates 

for the forward and aft subpayloads are 0.087 Hz and 0.084 Hz respectively. The computed 

components of H are approximare as the mal1 contributions fkom the booms and the rotating 

tether spool in the fornard subpayload are not included. However, since these tems are very 

small, then this data allows for obsewhg the mean motion of the angular momentum vector 

during the ftight. This provides some indication on the effect of the tether which acts as  an 

extemal forcing t em on the subpayloads. Also, this allows for computhg the payload 

nutation angle which is defhed as the angle between the subpayload spin axis and the 



Chapter 5 Application to OEDIPUS Page 241 

instantanmus momentum vector. The nutation angle provides a more direct indication of the 

attitude stability of the subpayloads as it should not be increasing for stable motions. The 

behaviour of the H vector and the nutation angle is shown in Figure 5-25 and Figure 5-26 

respectively, for both the fornard and aft subpayloads. The coning angle of H is defined as 

the angle between the angular momentum vector and the zi axis of the inertial fiame 5 .  
Note that this is different fiom the coning angles of the end-bodies shown in Figure 5-24 

which correspond to the angle between the end-body the z, axis and the zi axis of the inertial 

fiame F;. . 
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Figure 5-25 Coning angle of the angular momentum vector for the Forward and Aft 

subpayloads foilowing the start of tether deployment at T=174 sec. 
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5 - 
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Figure 5-26 Nutation angle for the Forward and Aft subpayloads foilowing the start 

of tether deployment at T=174 sec. 

5.4.2.2 Tether Deployment and Dynamics Data 

The tether deployed length was measured by two independent rotation counters. The first 

provides 6 counts per spool rotation and was used to detect the spool RPM to control the 

initial payload separation and to provide an approximate measurement of the tether deployed 

length (to within 30 cm). A second high precision counter that provided 4096 counts per 

spool revolution was also used to provide h e  dynamics measurements of the tether 

deployment spool. Based on a precise record of the length of tether in each layer on the spool 

and on the number of tums per layer, the deployed length of the tether can be accurately 

calculated fiom the rotation counter on the spool. A plot of the tether length as a hc t i on  of 

time is given in Figure 5-27. The t h e  at which the tether deployment was complete was 

T+453 s and the tether was cut at T+623 s as shown on the plot. The fully deployed tether 

length was found to be 1 174 m. 
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Figure 5-21 Tether deployment length time history 

To measure the tether dynamics, a highly precise Tether Force Sensor (TFS) was developed 

by Bristol Aerospace as part of the OEDIPUS-C TDE program to measure the three 

components of the instantaneous tether tension vector during the flight [ 13,14,15]. 

Additionally, since the instrument measures al1 three axes, the aft subpayload rotational 

dynamics and the boom dynamics will have subtle effects on the tension components and 

hence, the TFS also provided data on the subpayload and boom related dynamics fiequencies. 

The instrument was based on a one-piece flexure that was instrumented with strain gauges to 

measure the 3-axis tensions in the 0-4 N range. This tension range encompassed the expected 

tensions during the flight. Two sets of strain gauges were used, foi1 and piezo-resistive, to 

obtain maximum resolution and accuracy and to provide some redundancy. Figure 5-28 

shows the TFS mounted in the aft subpayload and the intemal one-piece flexure with the 

strain gauge locations. The flexure comprises of two stages, the bottom stage with 4 notched 

beams that is used to measure the lateral forces, and the top stage with a pair of flat beams 

used to measure the axial forces. Considerable effort was made in the design and in the 

calibration testing to ensure that the TFS would have the necessary sensitivity and overall 

precision to provide good quality spectral information on the tether, payload and boom 

dynamics [16]. 

The TFS provided excellent data for d l  three axes. Both sets of strain gauges worked very 

well and corroborated each others readings. The raw flight data were voltages nom each of 

the strain gauges. The actual loads in each axis were determined by applying the calibration 

constants as described in reference [17]. Figure 5-29 shows the measured magnitude of the 

tether tension as a function of tirne. The average tension agrees very well with the predicted 
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tensions pnor to the flight 1181. Also, note that the payload recoil oscillation cycle that starts 

when full deployment is achieved at T+453 s which we discussed and used in Section 5.2.3, 

to estimate the damping in the tether. Recall that this recoil causes the tether to go nearly 

slack and due to the gravity gradient forces, the tension in the tether is once again 

reestablished as the subpayloads begin to move apart. Note that this tension reestablishment 

is the source of the tension pulse near T+550 S. 

tether 

strain gauge attachment 
u 

locations \ 1 location 

$71 lateral 

strain 
in notches 

TFS Flexure 

stage 

Figure 5-28 The TFS interna1 onepiece flexure showing the locations of the strain gauges 

and a photograph of the TFS mounted in the aft subpayload 

The TFS reference M e  is dehed such that the force components are calculated to have the 

z axis aligned in the axial direction, and the x and y axes in the two lateral directions. The 

data fiorn the lateral component of tension about the TFS y axis is given below in Figure 5- 

30. Note the force magnitudes are very low implying that end-body had small coning angles 

and the tether remained very closely aligned with the axial direction of the TFS (Le., aligned 

with the subpayload's spin axis). 
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Figure 1-29 Tether tension magnitude from the Tether Force Sensor (TFS) in flight 
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Figure 1-30 Lateral y axis force data from the Tether Force Sensor (TFS) 

The absolute position of the aft subpayload was tracked using the TRADAT system which 

uses a digital code that is transmitred to the aft subpayload and then re-transmitted back to 

the ground station to measure its slant range. The azimuth and elevation angles of the 

subpayload were measured fkom the telemetry tracking dish look angles. The accuracy of the 

TRADAT slant range measurement is 50 m, and the 26-foot tracking dish at the launch range 

has an accuracy of 0.05" in azimuth and elevation which provides an absolute position 

accuracy of 873 m at 1000 km in the cross-range direction. The position of the fonvard 

payload relative to the aft payload was obtained by using the aft payload AVC to observe a 

set of LED beacon lights on the forward payload following payload sepration. Knowledge 

of the aft payload's attitude, the sepadon distance (measured by the tether deployment 

counter discussed above), and the position of the beacon light in the field of view allowed for 

computing the attitude of the nominal tether vector (i.e., the z, axis of the tether fmed h e )  

in inertial space. This approach was used as a very precise knowledge of the orientation of 
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the conductive tether relative to the magnetic field line was required by the science 

experiments. The final accuracy of the tether vector orientation measurernent was determined 

to be 0.27' (2a) while the separation distance accuracy is in the range of severai meters 

(worst case). The separation distance accuracy is pbar i ly  iimited by the system dynamics as 

only the quantity of tether deployed was accurately measured (to cm level accuracy). During 

deployment, the separation distance is very nearly the sarne as the tether length. However, at 

the end of deployment, the subpayloads experienced a slight recoil, as discussed in Section 

5.2.3, in the order of 2 m in magnitude. Also, once the tether is cut, the relative inertial 

positions of the subpayloads were computed in the same manner, however, the accuracy of 

the separation distance is now in the several 10's of meters range as the subpayioads tend to 

drift apart afler cutting the tether. 

The trajectory data is provided in Figure 1-31, which gives a plot of the altitude of the aft 

subpayload against time and aiso, against the horizontal range. The launch took place fiom 

the Poker Flat Rocket Range near Fairbanks, Alaska which has an East longitude of -148.48 

degrees and a latitude of 65.13 degrees. nie rocket was launched in a primarily northerly 

direction and slightly to the west. Note that the apogee altitude was approximately 824 km 

and the total flight time was nearly 16 minutes. 

O m 400 600 800 Io00 0 2 0 0 4 0 0 6 0 0 8 0 0 1 o o o 1 2 0 0  
Ume (sec) Horizontal fbnge (km) 

Figure 1-31 Trajectory data of the OEDIPUS-C aft payload showing the altitude 

as a function of time and also as a function of horizontal range 

The nght ascension and declination of the nominal tether vector (i.e., the z, axis of the tether 

hxed h e )  over the course of the flight is shown in Figure 1-32. In order to assess its 

orientation relative to the nadir direction (Le., the local vertical), the inertial orientation of the 

local vertical is also given in the figure. The times after launch are shown on the plot at key 

points during the trajectory. Note that the local vertical orientation is steadily moving 

primarily towards the nofi and slightly to the west, while the tether orientation is moving 
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towards the local vertical. This is expected as it is well known that the gravitational gradient 

places a torque on the two-body systern that causes the tether vector to tend towards the nadir 

direction (Le., the local vertical). At the beginning of tether deployment the angle to the local 

vertical was 1 1 .O degrees and at T+623 s when the tether was cut, the angle was 13.2 degrees. 

The orientation of the nominal tether rotated through an angle of 2.1 degrees £kom the start of 

deployment to the point when the tether was cut. After the tether was cut at T+623 sec, the 

subpayloads continued in their own trajectory, and the gravity gradient was no longer a factor 

in onenting the subpayloads dong the local vertical. Note that at this point, the separation 

vector is observed to start veering slowly away fiom the local vertical. 
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Figure 5-32 Inertial orientation of the subpayload separation vector and the local 

vertical in celestial coordinates over the course of the mission 

5.4.2.4 Video Camera Data of the Payload Separation 

Additional and very valuable flight data was obtained during the mission that was completely 

unexpected. Since the launch happened to occur during a full moon, the moon light 

illuminated the tether and the fonvard payload and booms so that they were very clearly 

visible in the aft AVC video data for most of the flight. In fact, sime the video downlink was 

connected to a monitor at the launch range while it was recording, the scientists and the 

launch team were clearly able to see the complete payload separation and tether drployrnent 

in real t h e .  This data provides qualitative information on the boom dynamics, tether lateral 

dynamics and the longitudinal dynamics of the two-body system and it has been very helpful 

in the flight data analysis. Figure 5-33 shows 4 clips from the video at different points during 
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the mission. The fint picture shows the situation immediately after separation at about T+ 1 79 

S. The forward subpayload is still relatively close to the aft subpayload the picture clearly 

shows that the four booms on the forward payload have al1 deployed and appeared to be 

straight. The booms were fdly visible for about 30 seconds or so during which time no large 

boom oscillations were observed. The second frame is M e r  into the tether deplopent at 

approximately T+186 sec, and the booms are stiil visible and the tether is observed to have 

very Little lateral oscillations. The third fkme is immediately after the recoil and the slack 

tether is evident. This coincides with the near zero tensions rneasured in the TFS during this 

t h e .  Finally, in the fourth frame, the tether has just been cut at both ends and is observed to 

take on a helical shape, thus, confirming the helical tether effect discussed in Section 5.2.3. 

Following the tether cut, the tether end is observed to steadily pull away fiom the aft 

subpayload which is due primarïly to this helical effect. 

Figure 5-33 StU video frames from the aft AVC on OEDIPUS-A showing the forward 
payload and tether at four key points in the mission 
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5.4.3 Comparison of the Flight Data with Theory 

The following presents an analysis and comparison of the flight data presented in Section 

5.4.2 with the mathematical rnodels. In particular, computer simulation results of the 

nonlinear equations in Section 2.1.8 are given using system parameters that are representative 

of the actual as-flown configuration of the OEDIPUS-C and a comparison is made with the 

flight data. An assessrnent is also made of the end-body attitude stability based on the flight 

data. The tether tension data fiom the TFS is then presented and some FFT results are given 

to show that the data is rïch in spectral content with some of the system modal fkequencies 

identified. 

The following gives the key system parameters used for the computer simulations that 

correspond to the OEDIPUS-C configuration. Two sets of simulations were conducted, one 

that assumed the end-bodies have parameters that corresponded to the afl subpayload, and the 

other with end-body parameters that corresponded to the fonvard subpayload. The parameters 

used for the aft subpayload case are as follows, 

and the parameters used for the forward payload case are 

Note that each of the subpayloads has an inertia product terni Eo which was introduced to 

match the nutation angle flight data given in Figure 5-26. The magnitude of the inertia 

product term corresponds to approximately a 0.2 and a 0.25 degree misalignment between the 

principal axis and the spin axis for the afl and forward subpayloads respectively. We believe 

that this inertia product term cornes mainly fkom the inherent cwature in the booms once 

they are deployed. Although this was attempted to be muiimized in the selection of the Be- 

Cu strip material for the boom elements, it is difficult to remove completely. The boom 
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damping parameter rl, for both the forward and aft subpayloads corresponds to a 5% energy 

loss per stress cycle which is an estimate provided by the boom manufacturer based on actual 

measurements. The tether material propdes  EA , 7, , and k, are based on the ground tests 

and analyses discussed in Section 5.2. Again, we have assumed that due to the presence of 

the tether deplopent spool on the forward subpayload, the root bending parameter k, can 

be assumeci to be zero. Note also that there is a smaii difference between the spin rates of the 

fonvard and aft subpayloads. These values are based on the flight data and it is speculated 

that this very small différence could have been caused by a small spin-up torque introduced 

by a misaligrment of the separation thruters. 

The cornputer simulation data for the aft payload case are given below in Figure 5-34. The 

initial conditions for the simulation correspond to a tip-off that irnparts a laterai rate of 

0, = 0.017 rad / s to the end-bodies which were assumed to be initially aligned with the 

tether. 

6 
Endbây Coning Angle (hg) End4mây Nutation Angle (deg) 

-- Pb -- -. - . 

0.3 . End-body Spin Rate (Hz) . 1.5,  
Boom Tip Deflecüon (un) 

- -- 
Tether Maximum Lateral Deformation (m) Tether Tension (N) 

150 300 450 600 750 900 150 300 450 600 750 900 
time rnor launch (sac) time rfter lrunch (sec) 

Figure 5-34 Computer simulation results for the two-body tethered system with end- 

body parameters that correspond to the OEDIPUS-C aft subpayload 

Comparing the end-body coning and nutation angles in Figure 5-34 of the afl subpayload 

with the flight data in Figure 5-25 and Figure 5-26, it is clearly evident that the simulation 
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results agree very well with the fight data. The oscillation in the nutation angle obsewed in 

both the simulation and £iight data is caused by the small inertia product t e m  introduced in 

(5.15). It should be pointed however, that the tether was cut at T+623 s and hence, the flight 

data for the coning and nutation angles in Figure 5-25 and Figure 5-26 d e r  623 s 

corresponded to a fkee, untetherd end-body with flexible booms. The simulation results do 

not however include the tether cut, and therefore, the cornparison of the simulation and flight 

data is only valid up to T+623 S. Note that the simulation results in Figure 5-34 for the period 

d e r  the tether was cut reflect the behaviour had the tether not been cut. This behaviour is 

observed to remain very similar to the flight data (that corresponds to a kee-body after the 

cut), and thus indicates that the tether has little influence on the attitude dynamics of the end- 

body. Also, the simulation results in Figure 5-34 show that the end-body spin rate remains 

essentially constant indicating that the de-spin torque caused by the darnping forces due to 

tether root bending are extremely small. The boom tip deflections are observed to remain 

below approximately 1 cm and it is evident that there are initially higher bequency boom 

vibrations caused by the initial tip-off rate, but they are quickly attenuated by the damping in 

the booms. The tether deformations are also shown to remain very small which is consistent 

with the observed tether behaviour in the flight video data obtained fiom the afi subpayload 

video carnera- 

For the forward subpayload simulation case, the initial conditions again correspond to a tip- 

off that impart in this case, a lateral rate of m, = 0.02 rad / s to the end-bodies which were 

assurned to be initially aligned with the tether. The flight data for the forward subpayload in 

Figure 5-25 and Figure 5-26 also indicates that the subpayload experienced another effect in 

the fust part of the flight that influenced its attitude dynamics. This is the influence of the 

angular momentum irnparted by the tether spool as the tether is deploying. At maximum 

subpayload separation velocity, the spool had a rotation rate of approximately 1250 rpm and 

since at this point it has nearly 4 kg of tether on it (it is fully wound), the resulting angular 

momenhun was approximately 0.8 N-m-s which is not negligible. This effect was also 

present in the OEDIPUS-A fonvard subpayload, however, due to its different mass properties 

and also because the tip-off at separation was much larger than on OEDIPUS-C, the effect of 

the spool momenhun was not as evident as for this case. To allow for a better match of the 

simulation results with the OEDPUS-C flight data, the spool related angular momentun 

ternis were therefore introduced to the nonlinear equations in Section 2.1.8. The actual 

angular momentum of the spool over the course of the tether deployment was determined 

using the shafl encoder data to establish the instantaneous rotation rate and through 
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characterization and mea~u~ements of 1 i 

the spool moment of inertia as a T 
hc t ion  of the amount of tether 

deployed. This prescribed angular ,, 
momenhim profile, given in Figure 5- 

O 
35, was then used in the augmented 150 200 250 300 350 400 450 

equations of motion that included the time after launch (sec) 

spool momentum and momentum 
Figure 5-35 Measured angular momentum of the 

rate terms. OEDIPUS-C spool during tether deplopent 

The simulation results for the forward subpayload case are given below in Figure 5-36. 

End- Cm ing Angle (deg) t i d b d y  Nutation Angle (deg) 

0.3 , . M .  Boom ïïp DefledIon (cm) 

-- -, 

Tettier Maximum Lateral Deformation (m) Teîher Teruion (N) 
0.6 , 1 .5 ,  

150 30 450 600 750 900 150 300 456 600 750 900 
tImo after hunch (sec) Ume ifter Iaunch (sec) 

Figure 5-36 Compoter simulation results for the two-body tethered system with end- 

body parameters that correspond to the OEDIPUS-C Forward subpayload 

The simulation results are shown to be in excellent agreement with the flight data in Figure 

5-25 and Figure 5-26. Note that although the tip-off rate was not very large, the fonuard 

subpayload experienced a relatively large initial attitude excursion of up to 6 degrees due to 

the tether spool momenhim. The nutation angle behaviour is initially dominated by the spool 

momentum, however, after the tether deployment, the oscillation was due to the inertia 
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product term. Again, we believe that this inertial product term is caused by the bow in the 

booms when they were deployed. Indeed, the forward subpayload nutation angle oscillation 

is a Little larger than that of the aft payload which could be explained by the longer booms on 

the fonvard subpayload causing the bow effect to be more pronounced and hence, have a 

greater influence on the inertia product t m s .  Note also, that in the flight data there is a 

sudden jump in the average nutation angle near T+450 s which is not observed in the 

simulation data. This is believed to be caused by the drop-off in tension due to the recoil at 

the end of the tether deployment which is not considered in the simulation model (Le., the 

nominal tether tension has been assumed to remain constant throughout the simulation 

period). The boom tip deflection in the forward subpayload is also seen to have greater 

magnitudes than that observed on the aft subpayload. Tnis is a result of the longer boom 

lengths and the larger end-body coning angles. Also, it is observed fiom Figure 5-36 that 

using the forward subpayload properties for the end-body parameters causes the tether 

deformations to be slightly larger than those that result when the aft subpayload properties 

are used. This is principally due to the larger end-body coning angles. In actuality, the tether 

amplitudes will likely be somewhere between these two sets of simulation results. The 

maximum tether amplitudes are still predicted to be less than half a meter or so during the 

flight which generally agrees with the very low amplitudes observed in the aft payload video 

camera data. 

Let us now consider the shoa term stability of the end-bodies observed in the flight. Shce the 

tether is imparting external torques on the subpayloads, then using just the coning angle in 

Figure 5-24 to infer stability can be rnisleading, as the observed dynamics are affected by 

both the natural stability of the system as well as the forcing ternis. Therefore, the nutation 

angle which represents the motion of the subpayload about the angular rnomentum vector, is 

the best measure of the attitude stability. This allows us to isolate the attitude behaviour due 

to the forcing tenns fiom that due to the natural stability of the system, as the extemal 

torques impact only the motion of the angular momenhun vector. For end-bodies that satisS, 

the quasi-stability condition in (3.33), the nutation angle should have a converging tendency 

towmds zero. For the period up to the tether cut at T+623 s, the nutation angle of the fonvard 

an aft subpayload in Figure 5-26 is clearly observed to have this convergent behaviour. This 

is also seen in the simulation data in Figure 5-34 and Figure 5-36. The convergence rate of 

the forward payload appears to be larger than that predicted by simulation data which would 

suggest that there is greater darnping in the flexible booms than the 5% energy loss per cycle 

assumed in the mathematical model which was based on Iab measurements. Note that the fact 
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that the convergence rate in the flïght nutation angle data is not altered by the severance of 

the tether at T e 2 3  s seems to suggest that the primary energy dissipation source is indeed 

the booms and not tether related. Hence, the flight data and the simulation data confimi that 

the end-bodies are stable in the short tenn. 

Finally, to M e r  compare the mathematical models with the flight data, FFT analyses were 

performed by Misra et al. [19] on segments of the TFS flïght data to identify the predorninant 

fkequencies in the data. During the tether deployment phase of the mission, the tether 

muencies are changing, hence the FFT analysis was done on a senes of short time 

windows. Many specbal plots were generated, and the data clearly contained modes frorn the 

tether longitudinal dynamics, as well as the aft subpayload attitude dynamics and the boom 

dynamics. Figure 5-37 shows the FFT results for the x axis (lateral a i s )  and the z axis 

(longitudinal axis) of the TFS over the last part of the tether deployment where the tether 

length is varying fiom 11 14 to 1174 m, during which time the nominal tether tension was 

about 2.0 N. in the lateral axis FFT results, the large peak at 0.03 Hz clearly corresponds to 

the payload nutation mode which has a eequency of .O32 Hz (based on a ngid body modei of 

the aft subpayload). The modal andysis described in Section 3.2 showed that with the slow 

spin rate of 0.084 Hz and the relatively short booms of 6.5 m, the tether and flexible booms 

had little effect on the nutational frequency of the payload. Therefore, the rigid body model is 

adequate to compute the nutation fiequency. Also, the peak at 0.088 Hz is likely to be 

associated with the spin mode. Based on an eigenvalue analysis of the afl subpayload, the 

boom related frequencies that affect the lateral dynamics of the subpayload are 0.37 Hz and 

0.46 Hz. These are similar to the peak found at 0.35 Hz and the smaller one at 0.45 Hz. Also 

the tether eequencies associated with the laterd dynamics for the first mode are 0.072 Hz 

and 0.095 Hz, and hence the peak found at 0.06 Hz may correspond to the lower tether lateral 

dynamics fkequency. Therefore, the FFT results for the TFS lateral axis seem to agree 

relatively well with the mathematical model. 

The FFT results for the longitudinal axis of the TFS in Figure 5-37 also shows a number of 

interesthg peaks in the data that c m  be identified. To do an analysis of this data, we have 

adopted a simple model for the tether longitudinal fiequencies which are essentially the mass 

spring fiequency of the two body system (la mode) and for the second and higher modes use 

the modes for the longitudinal vibrations of a fiee-fiee bar. Misra et al. [20] have found that 

this agrees fairly well with a complex numencal model for the longitudinal dynamics of a 

two-body tethered system. Using this model, the first four frequencies associated with the 
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tether longitudinal dynamics are 0.061 Hz, 0.74 Hz, 1.48 Hz and 2.21 Hz. These correspond 

very well with the peaks found 0.058 Hz, 0.739 Hz, 1.49 Hz and the srndler peak at 2.1 1 Hz. 

This, however, should be expected as the value of EA that we have used in the simple model 

for the longitudinal fiequencies was detemiined by Xu et al. [3] based on this same TFS 
frequency data. Recall in the discussion in Section 5.2, Xu used a more comprehensive 

- longitudinal dynamics model of the tethered system to establish an estimate of the actual EA 

value by matching the fiequencies ftom the model with the kequencies determined fiom the 

TFS data. The Eequency cornparison given above confirms that with an EA value of 9000 N, 

the match 10 the flight data is very good. Other fiequencies peaks of interest occur at 0.45 Hz 

and at 2.58 Hz. These appear to correspond to the aft payload booms which have modal 

fiequencies of 0.40 Hz and 2.50 Hz associated with the k t  and second modes. 
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Figure 5-37 FFT results of the TFS data for the lateral and longitudinal axes 
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5.5 Summary of the Flight Data Analysis 

The mathematical models developed in Chapters 2 and 3 were applied to the OEDIPUS-A 

and OEDIPUS-C missions. The payload configurations for the two missions were fully 

described in Section 5.1 and the tlight sequence was outlined. OEDIPUS-A was the first 

mission flown and therefore, only had modest dynamics related instmentation (i.e., the 

primary attitude determination sensor was a magnetometer). However, due to the unexpec ted 

dynamics observed in the OEDIPUS-A aft payload, a Tether Dynamics Experiment (TDE) 

was included on OEDIPUS-C and hence, more comprehensive dynamics related 

instrumentation was added on this second mission. Also, although both missions were very 

simila- in many ways, they did have fundamentally different dynamical configurations. 

OEDIPUS-A had end-bodies that were minor axis spinners with relatively short booms and 

had a rapid spin rate of 0.71 Hz. OEDIPUS-C on the other hand, had end-bodies that were 

major axis spinners with much longer booms and used a much slower spin rate of 0.084 Hz. 

The primary reason for the difference is that a configuration was specifically selected for 

OEDIPUS-C that satisfied the quasi-stability condition in (3.33), so as to avoid the rapid 

divergence of the end-body nutation angle observed in the afl  payload on OEDIPUS-A. 

Hence, the two mission configurations provided excellent flight examples of both unstable 

and stable systems and thereby, allowing for a unique validation of the mathematical models 

in these two regimes. 

in order to compare the flight data with the mathematical mode1 results, the tether material 

properties must be known to be representative of the in-space configuration. Tether 

characterization tests were conducted as described in Section 5.2. The parameters that were 

investigated are the tether stifiess EA, the tether root bending factor k, and the tether 

damping parameter 7,. Ground tests were described that included the hanging of masses 

fiom tether sarnples of various lengths for longitudinal oscillation tests and also, for 

conducting pendulurn tests with a short piece of tether in a vacuum to characterize the tether 

root bending effects. Generally, it was f o n d  that the ground tests led to a rather large range 

of possible values of the tether stifniess and the damping parameters. Therefore, flight data 

fiom the OEDIPUS-C tether force sensor was used to estimate the tether axial stiflhess EA 

and the damping parameter rl,. Based on these tests and analyses, a practical range was 

established for the tether material properties. 
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The flight dynamics data nom the OEDIPUS-A mission was presented and a comparison was 

made with computer simulation resdts of the mathematical model. Considering first the end- 

body parameters that are appropriate to the af€ payload, exce!lent agreement was obtained for 

a tether damping factor that was comfortably within the practical range established in Section 

5.2. The divergence of the payload coning angle and nutation angles matched very closely to 

the observed behaviour of OEDIPUS-A. Based on the simulation studies that were 

conducted, the main cause of the rapid divergence rate was found to be the de-spin torque 

irnparted by the damping forces arising f?om the tether root bending effects. A plot of the 

tether root bending damping torques was provided where it is shown that the magnitude of 

the de-spin torque coincided with the divergence of the aft payload. It is also shown that it is 

only the spin component of the damping torque that has a non-zero average value. To 

demonstrate that it is the root bending effects that caused the divergence in OEDIPUS-A, the 

mathematical model was then applied to the fonvard subpayload. In this case, the flight data 

indicated that no rapid divergence was expenenced. Since the tether spool was located on the 

forward payload, it was shown that the tether root bendhg effects are greatly diminished to 

the point that they are negligible as the tether reeled straight off the spool without going 

through an eyelet. Therefore, for the forward payload case, the mathematical rnodel was used 

with the root bending parameter set to zero. The computer simulation results were s h o w  to 

produce very good agreement with the flight data and particularly, they showed that there 

was no noticeable divergence of the forward payload. It should be noted that, although the 

root bending parameter was set to zero, there were still other damping mechanisms in the 

system associated in the tether longitudinal stretching and the boom oscillations. However, 

these clearly had very little influence on the dynamics of the end-body over the short penod 

of the sub-orbital flight. Therefore, a comparison of the mathematical modelling results with 

the OEDIPUS-A flight data confirmed that the primary cause of the end-body nutational 

divergence observed in the aft subpayload was the bending in the tether root segment at the 

tether attachent point. 

The mathematical mode1 was then applied to OEDIPUS-C in Section 5.4. Initially, a 

stabilization approach was established for OEDIPUS-C to ensure that the rapid divergence 

observed in the OEDIPUS-A aft subpayload would be avoided by satisfying the quasi- 

stability condition in (3.33). A number of possible stabilization approaches were reviewed 

that included de-spinning the tether and using a spin axis aligned momenhim wheel. 

However, due to practical implementation considerations, the scheme selected involved using 

two pain of long radial booms that provided favourable moments of inertia for the end- 
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bodies. This approach was implemented on the OEDIPUS-C payload and flown in November 

1995. The flight dynamics data collected from this mission included the attitude solutions for 

the forward and aft subpayloads, the tether tension measurements, and the trajectory data for 

both subpayloads. Also, clips nom the aft subpayload vide0 camera that showed the 

deploying forward payload with its deployed 9.5 m booms and the tether were shown. 

Computer simulation results of the mathematical model were then compared to the flight data 

for end-body parameters that corresponded to both the fonvard and aft subpayloads. In both 

cases, very good agreement was obtained between the flight data and the mathematical 

model. The flight data also confmned that the end-bodies were stable and showed that 

nutation angles were converging towards zero. Finally, a brief o v e ~ e w  was given of the 

spectral analyses conduced on the TFS data. It was shown that the main peaks in the FFT 

results for the lateral component of the tension vector corresponded to the expected end-body 

and boom related system fiequencies, as well as possibly the tether lateral fiequencies. The 

FFT results of the longitudinal tension data showed strong correlation to the tether 

longitudinal fiequencies for the first three modes with a smaller peak for the fourth mode. 

Peaks were also identified that closely matched the fkequencies for the first two boom 

vibration modes. 

In summary, the mathematical model was s h o w  to agree remarkably well with the flight 

data fÏom both the OEDIPUS-A and OEDIPUS-C missions. The OEDIPUS-C flight 

connmied that the end-body stabilizatioa approach using two pairs of long radial booms 

worked very well. Also, the flight data analyses confirmed that the primary cause of the rapid 

nutation angle divergence of the OEDIPUS-A afl subpayload was the tether root bending 

effects at the tether attachent point. 
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Chapter 6 

Summa y and Conclusions 

An overview is presented that summarizes the work conducted as part of the 

OEDIPUS-C Tether Dynarnics meriment  (TDE) that fonned the basis of this 

dissertation and reviews the main findings. The erperiment involved a detailed 

investigation of a spinn ing lethered spacecroft configuration and it included 

theoretical studies, extensive ground testing, and cornparison of the theov with 

flight data j?om two separate space missions.. The principal conclusions of this 

work are then succinctly presented in pointYom format and the author S 

origrgrnal contrrtrrbutions are outlined. Finally, trhere are a number of oreas that 

warrant further investigation and these recommended areas offirther study are 

briefry descrïbed. 

6.1 Overview 

Over the past 30 or so years, there has been a growing international interest in space tethen 

as they provide a novel and unique means for space transportation operations and for 

conducting scientific missions. Tethered systems of many different configurations have been 

analyzed in detail in the literature including gravity-gradient stabilized tethered systems such 

as the NASA Space Shuttle based Tethered Satellite System (TSS), rotating tethered systems 
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for momentum transfer and scientific applications, and multi-tethered systems. However, 

given this significant international interest in tethered systems, it is surprising that there have 

been so few achial flights. As a consequence, there exist very b t e d  flight data on tethered 

system dynamics and hence, limited in-ilight validation of the mathematical models. 

The work described in this dissertation has focused on a previously unexplored tether 

configuration that involved spinning a two-body tethered system about an axis that is 

norninally coincident with the tether. The original motivation for this work came after the 

flight of the first Canadian tether mission OEDIPUS-A in 1989, when to everyone's surprise, 

one of the spinning end-bodies was observed to exhibit a rapid divergence of its nutation 

angle. At that time, the nearly 1 km tether deployment achieved on this flight was the longest 

tether ever deployed in space. Hence, it became clear that tbere are some fimdamenial 

mechanisms associated with the tether that were not Mly understood. The approval of a 

second fiight of the similar by the CSA provided an immediate rational for investigating the 

dynamics of this configuration in detail. Furthemore, in light of the keen interest in tethers 

by the international community and the general lack of actual fiight data, we realized we had 

a unique opportunity to conduct a high quality fiight experiment where we can acquire 

valuable flight dynamics data to validate our theones, and then, disseminate the information 

to other tether researchers. This dissertation describes the work that was conducted as part of 

the Tether Dynamics Experirnent (TDE) which was a formal component of the scientific 

agenda for OEDIPUS-C, the follow-on tether mission which flew in 1995. 

The formulation of the nonlinear equations of motion for this two-body tethered system with 

flexible booms on each end-body was provided in Chapter 2. To understand the effect of the 

spinning tether, two variants of the mathematical model were developed. The first model 

assumed that the tether is rigidly attached to the end-bodies and thus, spins with the end- 

bodies. The second model assumed that the tether is attached to a small de-spun part of the 

end-body so that the tether does not spin. This allowed for investigating the effect of the 

tether spin on the attitude dynamics of the end-bodies. A Iinearized set of equations for each 

model were also provided in Chapter 2 to allow for infinitesimal stability investigations, and 

for conducting modal analyses. Additionally, since the tether for the OEDIPUS missions and 

indeed, for other missions such as the TSS, is not a string as is often assumed but rather a 

wire that has some bending stifniess, albeit small, then the tether bending was also taken into 

account in the formulation. In particular, it was shown that the bending at the tether root (i.e., 

the tether attachment point) plays a dominant role that is several orders of magnitude greater 
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than that due to bending throughout the tether. Hence, only the tether root bending related 

tenns were retained. The expressions for the damping forces associated with the tether root 

bending, the tether axial extension as well as the flexible boom oscillations were also 

developed. 

In Chapter 3, an infinitesimal stability analysis was conducted of both the spinning tether 

model and the de-spun tether model. Convenient closed fom expressions for the stability 

conditions were derived for the spinning tether model. It was pointed out, however, that for 

typical tether lengths (i.e., 1 km or more), the infinitesimal stability conditions are violated at 

very slow spin rates of the end-body due to a tether related instability. Hence, it becomes 

highly hpractical to satis@ these conditions for spin stabilized tethered systems such as 

those used for the OEDIPUS missions. Therefore, simulation studies of the nonlinear 

equations goveming the behaviour of the system were descnbed when these infinitesimal 

stability conditions were violated. It was shown that over the very long term, a new 

equilibrium solution is reached where the tether and the end-body have a planar skip-rope 

type shape that is rotating at a slow rate. This new stable equilibrium motion is also typically 

associated with srnall tether defornations and mal1 end-body coning angles, and also, with 

no spin about the end-body spin axis (i-e., there is no relative motion between the tether and 

the end-body). It was m e r  shown that the tether root damping forces introduce a torque 

that causes this de-spin effect and in so doing, drives the system to this new equilibnum 

solution. In the short tenn, however, it was observed that depending on the end-body 

configuration, the coning angle can experience a rapid initial divergence to relatively large 

angles that decay very slowly towards this new equilibrium solution. Therefore, the 

infinitesimal stability conditions were augmented to provide a so-called "quasi-stability 

condition" for the end-body that addresses this short term instability. Finally, the stability of 

the de-spun tether model was addressed and it was shown that a de-spun tether acts in the 

same way as a de-spun platform on a dual-spin spacecrafl. That is, if there is sufficient 

damping in the tether, the damping forces that arise due to the tether root bending can 

stabilize a minor axis spinner. 

To test the stability conditions and to establish more confidence in the mathematical models 

before the OEDIPUS-C flight, two sets of ground tests were conducted which are described 

in Chapter 4. The fint set of tests, referred to as the Hanghg Spin Tests, was conducted at 

the UBC Dynamics Laboratory and involved spuining a hanging tethered end-body at various 

speeds to qualitatively determine the speed associated with an end-body instability. This 
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aitical speed was then compared with that determined fkom the quasi-stability condition. To 

reflect the particular test configuration and to account for gravity, the linear mathematical 

model for the spinning system was augmentecl and updated stability conditions were denved 

for use in this comparison. The second set of tests was conducted using the TE-LAI3 facility 

developed at CSA together with students nom Carleton University. These more extensive 

tests included a spinning tethered end-body that was suspended on a set of gimbals with a 

means to measure and record the attitude of the end-body during a test. This allowed for a 

more comprehensive comparison between the linear model and the tests results. In particular, 

the end-body stability boundaries were determined experimentally and compared with the 

analytically derived stability conditions. Also, a modal analyses was conducted where the 

system fiequemies were detemllned experimentally and compared with the eigenvalues of 

the linear model. The test results were generaily in very good agreement with the 

mathematical model. There were some differences however, that were attributed in some 

cases to experimental error when end-body configurations were such that the dynamics were 

very sensitive to the experimental conditions (i.e., when the end-body inertia ratio was very 

near 1). In other cases, the deficiency of the linear model is believed to be due to the absence 

of the nonlinear ternis. Also, approximate scaled tests were conducted for both OEDIPUS-A 

and OEDIPUS-C configurations. The rapid divergence of the OEDIPUS-A afi payload was 

clearly demonstrated and the end-body that represented the OEDIPUS-C configuration was 

shown to be asymptotically stable (at least over the period of the test). Hence, the ground 

testing activity provided the needed confidence in the mathematical models to apply the 

proposed stabilization techniques to the OEDIPUS-C payload. 

The mathematical models were then applied to the OEDIPUS-A and OEDIPUS-C 
configurations in Chapter 5. The OEDIPUS missions were descnbed and their dynamical 

parameters were provided. To establish the tether material properties, various types of ground 

tests were conducted. It was found that a reliable estimate of the tether stiffness EA and the 

tether damping parameter q, is difficult to obtain f?om ground tests alone, due to the 

problem of extrapolating the ground test results to the in-space configuration where the tether 

length and tension are considerably different than those used for ground testing. Therefore, 

OEDIPUS-C flight tether tension data was used to estimate EA and to provide an upper 

bound on the possible damping parameter. The mathematical models were then applied to the 

OEDIPUS-A configuration. It was shown that when the end-body parameters correspond to 

the aft subpayload configuration together with an appropriate value of the root bending factor 
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k, obtained f?om ground tests, the rapid divergence observed in the aft subpayload during 

the flight can be very closely reproduced by the mathematical model. This divergent 

behaviour is a fiinction of the tether darnping. A tether damping factor was selected that 

resulted in the best match between the flight data and the model and is still comfortably 

within the realistic range established through ground tests and flight data analyses. When the 

end-body parameters are selected to correspond to the forward subpayload, the root bending 

factor k, must be set to zero since the tether cornes directly off the deployment spool and 

consequently has negligible root bending effects. Once again, the mathematical model agreed 

very well with the flight data and the divergent nutational behaviour was not observed in the 

simulation results as was the case during the flight. Hence, it was confïrmed that the cause of 

the divergent behaviour in the OEDIPUS-A afl payload is the de-spin torque that arises due 

to the tether root bending related damping forces. 

Finally, the mathematical models were applied to the OEDIPUS-C payload in Section 5.4. 

Various options for stabilization of OEDIPUS-C were reviewed and the final approach 

selected was described. The chosen stabilization approach that was implemented on 

OEDIPUS-C, employed two pairs of long radial booms on each end-body to obtain 

favourable moments of inertia so that the quasi-stability condition is satisfied. The flight data 

fiom the mission is then aven and hlly described. These include the attitude of the foward 

and aft subpayloads, the trajectory of the aft payload and the two-body orientation in inertial 

space, the tether deployment profile, and the tether tension data fiom the TFS. Computer 

simulation results based on the mathematical model are then produced and a cornparison is 

made with the flight data. Also, the key fiquencies in the TFS data are identified and some 

are compared with those expected based on the eigenvalues that correspond to the linea. 

model. Once again, very good agreement was found between the flight data and the 

mathematical models. 

The OEDIPUS-C mission was very successful fkom both the scientific and the technical point 

of view. Al1 systems and instrumentation worked as planned and the spinning payloads 

remained very stable. A tether deployment of 1174 m was achieved and exceptional flight 

dynamics data was acquired. Also a superb video of the full deployment was obtained that 

showed the tether for most of the mission. This was an unexpected gain as the camera was 

intended to image only the stars, however, due serendipitously to a full moon in the night sky 

over Fairbanks, Alaska, the tether and fonvard payload were in clear view for most of the 

mission. This video conhrmed that the tether amplitudes remained very small and that the 
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fonvard payload booms were successfully deployed. It also provided valuable qualitative 

insights into the tether dynamics such as for example, the recoil at the end of deployment can 

be clearly seen and the helical effect in the tether is evident once the tether is cut towards the 

end of the mission. 

6.2 Principal Conclusions 

The Tether Dynamics Expriment which formed the basis of the work presented in this 

dissertation yielded a wealth of new knowledge about the behaviour of spinning tethered 

systems in space. The oppomuiity to validate the mathematical models using two 

independent sets of ground tests and two separate space flights was invaluable. The main 

conclusions that can be drawn from this work are summarized below. 

By cornparison of the potential energies associated with the tether longitudinal stretch, 

the tether root bending and tether bencihg through-out the tether, it was shown that the 

root bending effects are not negligible when h i t e  end-bodies are assumed that cm 
undergo rotations relative to the tether. This is true only if the tether has wire or bearn- 

like properties (e.g., such as the OEDIPUS or TSS tethen). It was M e r  demonstrated 

that the root bending terms are typically several orders of magnitude greater than those 

caused by the bending throughout the tether. Hence, for most tether applications the 

bending throughout the tether can be neglected. 

The main effect of the tether root bending on the spinning end-bodies is that it imparts a 

de-spin torque caused by the damping forces in the tether root segment. This nonlinear 

de-spin torque is a hc t ion  of the end-body spin rate and of the square of the tether root 

angle. The other torque tems tend to average out to near zero over a spin cycle, while th is  

de-spin torque cm have a significant non-zero average value. This de-spin torque was the 

primary cause of the large divergence rate observed on the OEDIPUS-A aft payload. 

The linearized equations of motion provided a good model of the dynarnical behaviour 

when the infihitesimal stability conditions are satisfied. For example, the measured 

system fiequencies fiom the ground tests matched those of the linear model extremely 

well (within a fraction of a percent). Also, the derived stability conditions based on the 

linear model were demonstrated to be accurate to typically within 10% based on test 

results. 
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4. If the infinitesimal stability conditions are violated, the h e a r  model becomes seriously 

deficient in a number of ways. For example, it does not predict the rapid divergence that 

can result if the end-body is a minor axis spinner and the de-spin effect due to the root 

bending is not considered as these are both nonlinear effects. Hence, caution must be used 

when applying the linear model to an unstable system. The lhear model was found, 

however, to accurately predict the system kequencies very well for both converging and 

diverging systems. The fkequencies determined fiom the model matched very closely to 

the rneasured nequemies fiom TE-LAB. 

5.  When the infinitesimal stability conditions are violated, it was found that the system 

tends toward a new stable equilibrium solution that is ofien relatively near the nul1 

solution. The characteristics of this new equilibrium solution is that the end-body and 

tether take on a planar skip-rope like shape where the end-body typically has a small 

coning angle and the tether has a small deformation such that the slope at the end of the 

tether is slightly greater than the end-body coning angle. The planar shape rotates about 

the zj axis at a much slower rate than the initial spin rate and there is no spin about the 

end-body z, mis. It was found that the de-spin torque caused by the tether root bending 

is the principal factor that drives the systern to this new equilibrium solution. 

6. The infinitesimal stability conditions and the quasi-stability condition were validated by 

the Hanging Spin Tests and the TE-LAB ground tests. When cornparhg the 

experimentally determined stability boundaries to those determined anal yticall y, a 

difference of generally better than 1 0% was obtained. 

7. An end-body stabilization approach for a spinning tethered system, using two pairs of 

long radial booms was developed, implemented and validated via a space flight. This 

technique was observed to work very well. An interesting point is that the boom lengths 

flown were such that the system had a cntical spin rate where a structural instability 

would result in the boom oscillations causing the end-body nutation angle to diverge. To 

our knowledge, spinning systems of this type with flexible booms have not been flown in 

space where the booms were not long enough to guarantee stability at any spin rate (i-e., 

in regime 2 per Figures 5-20 and 5-21). Hence, the flight data provided M e r  in-flight 

validation of the stability conditions in this regime. 
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8. It has been established that de-spinning the tether by attachhg the tether to de-spun parts 

on each end-body c m  stabilize the end-body even if it is a minor axis spinner. The 

stabilizing forces come about due to the damping caused by tether bending, which for 

typical tethered systems will primarily come nom the tether root bending. This is 

analogous to the classical dual-spin stabilization approach where the tether behaves as the 

de-spun platform. As with dual spin spacecraft, the damping in the tether must be 

sufficient to overcome the damping forces in the end-body (e-g., from the flexible booms) 

to exert a stabilizing influence. If there is no darnping in the end-body, then it has been 

shown through closed-form stability conditions that an axi-symmetric end-body is always 

asymptotically stable regardless of its m a s  properties. 

9. The modal analysis revealed that there is an enhanced interaction between the tether 

modes and the nutation mode when the lateral nitural fkequency of the tether approaches 

the end-body precession fiequency. Near this point, the eigenvalues associated with the 

tether and nutation modes become identical. This causes, for example, an enhanced 

divergence rate in the tether for an unstable system and a reduced divergence rate for the 

end-body nutation. 

10. It was found that it was difficult to establish the tether material properties (Le., EA and 

7, ) based on only ground testing. We have seen a relatively large variation of estimated 

EA and damping values for the in-space configuration depending on the parameten of the 

particular test. More care might be required in the test set-up to ensure that the tether 

boundq  conditions are realistic. The test data did also indicate that there might be a 

nonlinear stress-strain relationship in the tether as the effective EA value was dependent 

on the tether length and the tether tension. We found that the flight data was invaluable in 

helping to establish realistic parameters suitable for the in-space configuration. 

11. Since the tether is not a string but a wire with some bending stiffness, the tether was 

found to take on a set when wound on the deployment spool so that as it was deployed it 

wodd take on a slight helical shape. This helical effect acts as a highly nonlinear spring 

between the two end-bodies which is predominant when the tensions are very low (e.g., 

less than 0.5 N). Again this effect was difficult to Mly characterize based solely on 

ground experiments and flight data fiom the OEDIPUS-C was required to establish its 

final parameters. It was found that the recoil that resulted at the end-of deployment was 

about 2 rn of which approximately half is attributed to the helical effect and the other half 
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to the normal axial extension of the tether. The helicd e f k t  causes the tension during 

recoil to never quite go to zero, although it is very low. Also, when the tether is cut it 

causes the ends of the tether to pull away h m  the end-bodies. This was in fact clearly 

observeci fiom the OEDIPUS-C aft subpayload video camera data 

12. Finally, the flight dynamics data that was collected as part of the OEDIPUS-C mission is 

of excellent quality and is one of the valuable contributions made by the Tether Dynamics 

Experiment. This data includes measurements kom the onboard instruments as well as 

the video that captured most of the mission on tape. This data will be useful in the 

investigations of future tethered systems and particularly in future spinning tethered 

systems. 

6.3 Original Contributions of this Research 

The Tether Dynamics Experiment, which forrns the basis of this dissertation, was undertaken 

by a broad research team with each team member making specific contributions to the 

common purpose of establishing a detailed understanding of the spinning tethered 

configuration. The following lists the key original contributions made directly by the author. 

1. Nodinear and linearized equations of motion were developed for a spinning two-body 

tethered system with flexible booms that are valid for rnodest end-body attitude angles 

and tether deformations. The mathematical model was simplified by assurning that the 

tether has a constant length, each end-body is identical and their mass centres are fixed. 

and that each end-body experiences the same initial conditions so that only symmetric 

motions are excited in the system. These simplifications were introduced to make the 

model more amenable to analysis while maintainhg the key dynamical features of the 

spinning tethered configuration. It was connmied through comparison of the stability 

conditions that symmetric motions lead to greater interaction between the tether and the 

end-bodies than anti-symmetric motions, hence they are considered to be the worst case 

situation in ternis of applying the initial conditions. The mathematical model was 

validated through ground tests and by comparison with flight data from two space tether 

flights (OEDPUS-A and OEDIPUS-C). Very good agreement was obtained with the 

ground test and the flight data. 
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2. A rigorous formulation is praented for the tether root bending stifiess terms and for the 

corresponding damping forces and torques on the end-body. The formulation is adequate 

for modest end-body attitude angles and tether deformations as it was assumed that 

sino, = 8, . It is vdid for tethers that have beam-like qualities (Le., is a wire or a cable). 

This is the k t  tirne the root bending effects have been considered to the author's 

knowledge and it has been shown that they can significantly increase the overall damping 

in the systern and thus can have significant effects on the system dynamics. In particular, 

the root bending related damping forces impart a de-spin torque on the spinning end- 

bodies. 

3. Using the nonlinear dynamics mode1 with the root bending related terms, the rapid 

divergence observed in the OEDIPUS-A afl payload was fully explained. It was shown 

that the de-spin torque imparted by the tether root damping forces were the cause of this 

rapid divergence in the subpayload's coning angle. It was also explained that due to 

absence of these root bending effects on the fonvard payload due to the tether spool, a 

similar rapid divergence of its nutation angle was not experienced . 

4. Closed-form infinitesimal stability conditions were derived for a spinning two-body 

tethered system for the in-space configuration with one flexible boom mode and an 

arbitrary number of tether modes. These are in a convenient form that makes hem readily 

applicable to support tether system design studies without the need to resort to extensive 

computer simulations. 

5 .  A quasi-stability condition for the end-bodies was developed that is applicable for the 

"short tend' stability associated with the end-bodies of the tethered configuration. Due to 

the extremely slow divergence rate associated with the tether when the tether related 

stability condition is violated, this condition is equal to the infinitesimal stability 

condition associated with the end-body where the unçtable tether modes have been 

ignored. The applicability of this condition over the short term has been confirmed, 

through simulations of the full nodinear equations of motion. This condition provides a 

very convenient design equation for systems where the short tem dynamics are of 

primary interest (e.g., the OEDIPUS suborbital missions). 

6. Designed the end-body attitude stabilization system for the OEDIPUS-C payload using 

the quasi-stability condition for the end-body attitude. This system, which used two pairs 
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of long deployable flexible booms, was flown on the OEDIPUS-C mission and the flight 

data confirmed that the technique was very successful. 

7. It was determined that due to the tether root bending related dampkg forces, de-spinning 

the tether by attaching it to de-spun parts on each end-body is a feasible attitude 

stabilization technique for the end-bodies. It has been shown that this is andogous to the 

classical duai-spin stabilization approach where the tether behaves as the de-spun 

platform. Closed-form stability conditions were derived that showed if there is no 

damping in the end-body, then an axi-symmetric end-body is dways asymptotically 

stable regardless of its mas  properties. However, it was also shown that as with dual spin 

spacecrafl, when there is energy dissipation in the end-body, the damping in the tether 

must be sufficient to overcome the damping forces in the end-body to exert a stabilizing 

influence. 

8. Through simulation studies it was determined that there exist new stable equilibriurn 

solutions for the system when the infinitesimal stability conditions are violated and the 

characteristics of this new equilibrium solution were identified. It was found that the de- 

spin torque caused by the tether root bending is the principal factor that drives the system 

to this new equilibriurn solution. 

9. Conceived the concept for the Hanging Spin Tests and was closely involvcd with UBC in 

the development of the test procedures and in the conduct of the tests. Also contributed to 

the test program using the TE-LAB facility at the CSA. 

10. Developed the augmented linear equations of motion for the ground test set-up that 

include the effects of gravity and account for only a single end-body (without booms) and 

a pivoting tether boundary condition on the top end. These equations were verified by 

comparing to an independent formulation developed by the CSA. 

I l .  Closed-fonn infinitesimal stability conditions were derived for the ground test 

configuration using the augmented linear model. These conditions are similar to those 

developed for the in-space configuration, however, the presence of gravity complicates 

the derivation as it tends to introduce coupling between the modes. Therefore, a technique 

was devised using a decomposition of the stifiess matrix [KI into lower and upper 

triangular forms that led to a convenient recursive form for the stability conditions that 

account for up to three tether modes. 
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12. Conducted the flight data processing and analysis that pertains to the dynamics of the 

end-bodies. This involved processing the attitude and trajectory data to express the 

attitude and position solutions with respect to the same coordinate systems as used by the 

mathematical models, computed the end-body angular velocity components based on the 

attitude data, and calculated the behaviour of the instantaneous end-body angular 

momentum vector and the end-body nutation angle. 

13. A simple nonlinear model was developed for the tension that results nom the so called 

"helical effect" in the tether. Since the tether is not a string but a wire with some bending 

stifiess, the tether was found to take on a set when wound on the deployment spool so 

that as it was deployed it would take on a slight helical shape. This helical effect is shown 

to act as a highly nonlinear spring between the two end-bodies which is predominant 

when the tensions are very low (e.g., less than 0.5 N). When combined with the classical 

tension mode1 for higher tensions due to the axial stretch in the tether, excellent 

agreement was obtained with the flight data during the recoil of the end-bodies after the 

tether was fully deployed. This helical effect is important for two reasons: it adds 

additional potential energy to the longitudinal vibration of the end-bodies and will 

therefore increase the recoil magnitude; and secondly, even in slack tether situations, the 

helical effect will ensure that when the tether is cut at the end-body, it will have a 

tendency to pull away frorn the body. Both of these effects were demonstrated in the 

OEDIPUS-C flight. 

6.4 Recommendations for Future Work 

There are a number of areas that warrant M e r  investigation that would extend the work 

presented in this dissertation and generally be very supportive to the irnplementation of future 

tether missions. The prirnary areas that ment M e r  research are brkfly outlined below. 

1. The nonlinear mathematical model that was developed was simplified to allow for 

conducting some meaningfid analysis of the system and to establish insights into the 

dynamics of this complex contiguration. It however, lacks the necessary features to 

conduct high-fidelity simulations for a particular mission profile. Therefore, it is 

recommended that this model be extended to establish a more general purpose model 

that can be readily applied to any mission of interest. The additional required features 

include the following: 
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Allow for two arbitrary end-bodies with any number of flexible booms that can be 

momted at any arbitrary location on the end-body and in an arbitrary orientation. 

This would allow modelling the effect of the boom offset attachment points on the 

nonlinear dynamics. 

Include the orbital motion of the two end-bodies (i.e., the orbital motion of the 

composite centre of mass of the tethered two-body system and the libration angles 

of the Line that joins the mass centres of each end-body). 

Use a tether discretization approach that rernains valid for slack tether conditions 

(Le., zero tension). A possible tether discretization approach is a bead model 

where the tether is discretized into a series of masses (or beads) connected by 

axial and torsional springs and dashpots. The axial springs would model the axial 

stifniess of the tether and the torsional springs would model the bending stiffhess 

which would becorne more prevalent when the tether is slack. Although this 

discretization approach is very simpiified, it has been shown to be perfectly 

adequate for tethered systerns by numerous studies. Additionally, it is fûlly valid 

for both slack tether situations and for arbihsinly large amplitudes (Le., geometric 

nonlinearities) without the need for senes expansions and the resulting truncation 

after the first several terms. 

Incorporate a variable length tether that allows for both tether deployrnent and 

tether retrieval. The spool dynamics should also be incorporateci into the model to 

account for the angular momentum and torque that is imparted to the end-body as 

well as the change of mass of the end-body as the tether is deployed. The tether 

deplopent or retrieval rate can be directly related to the spool rotation rate for a 

given amount of tether deployed. 

Include a more general formulation for the root bending tems that allow for 

arbitrarily large end-body angles and tether defonnations. The current formulation 

in Chapter 2 has made some limiting assumptions on the allowable root angle 

magnitudes by letting sino, = O,. This assumption should be removed. 

2. A more detailed investigation should be .made of the root bending mode1 and the 

associated constitutive law that is appropriate for the tether root segment. In particular, it 

is possible that if the root angles are relatively large, the local stresses in the tether root 
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segment and the corresponding strains may well be beyond the yield point. In this case, 

the Kelvin-Voigt material model might be seriously deficient. Additionally, since the 

local strains are relatively high, there could well be a nonlinear character to the root 

bending and the damping model. In this dissertation, a very simple model of the root 

bending was used to show that it cm have a significant effect on the dynamics of 

spinnuig tethered systems. Given this finding, and the fact that conductive multi-strand 

tethers (Le., that have wire or cable-like properties) are likely to be used in future 

scientific missions, a detailed study to characterize the tether root bending effects is 

certainly believed to be warranted. Possible experimental techniques that can be used to 

characterize the root bending effects include the use of the pendulum tests as described 

in Section 5.2 and also, one could attempt to directly measure the damping torque 

created when the tether is spun at a given rate through a bend that is imparted at a given 

radius. Tests should be conducted to characterize in more detail the functional 

relationship between the bend radius at the root segment and the root angle 8,. 

3. One of the findings of this work was that the nonluiearities of the system play an 

important role when the infinitesimal stability conditions are violated. Therefore, it 

would be beneficial to conduct an analytical investigation into the nonlinear dynamics of 

this system. The method of averaging or other techniques c m  be used to sotve the 

nonlinear equations. In pdcular ,  since it was discovered that the main cause of the 

rapid divergence in the end-body nutation angles is the nonlinear de-spin torque 

imparted through the root bending damping forces, it would be wmanted to investigate 

the effect of just this tenn on the dynamics of the end-bodies. Also since the tether 

deformations typically remained very small during this the rapid divergence of the end- 

body, one could ignore the tether deformations altogether and consider only the tether 

tension effects due to the axial stretching of the tether. It would also be very usehl if a 

foxmal analysis was conducted to develop closed-form expressions that define the new 

stable equilibrium solution and determine if other equilibrium solutions exist. 

Additionally, a nonlinear stability analysis appropriate for the initial equilibrium solution 

and also, for the new equilibrium solution would be very helpfûl in understanding the 

nonlinear character of the system. 

4. It was found that the ground tests conducted to measure the tether material properties led 

to a relatively large scatter in the parameter values depending on the particular test 

conditions (e.g., loading conditions, tether lengths). This makes it difficult without the 
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benefit of having achial %ght data (as we did for the OEDPUS missions) to obtain 

reliable estimates for these critical material parameters. This same problem was also 

found for the TSS tether where for example, the flight data suggested a three fold 

reduction in the actual EA value over the value detennined from testing. Therefore, 

improved tether material models and an improved ground test methodology is required 

that can more reliably estimate the tether material properties. This is clearly an important 

issue for new missions where different tether materials may be used and hence it is 

recommended that m e r  work be undertaken in ttiis area. 

5. Fhally, the OEDIPUS-C mission has acquired some superb flight dynamics data and 

further analysis of this valuable data is recommended. There are many features in the 

data that remain unexplained and could reveal new insights into the dynamics of this 

class of tethered systerns. Additionally, the TFS provided excellent data on the end-body 

dynarnics with flexible booms. Analysis of the boom dynamics and their effect on the 

end-body motions might be very usefbl for fkture spin stabilized missions that require 

large flexible booms (i.e., this is also relevant to untethered spin stabilized spacecraft 

missions). There are additional data sources that have only been reviewed at a cursory 

level but not fully utilized in the present work that could be studied in a follow-on 

analysis. For example, the high precision magnetometer data provides a very good 

source of spectral information for the end-body motions but appears not to include the 

tether modes. The reason is that the tether has a very subtle influence on the payload 

dynamics that would not be picked up by the magnetometen. On the other hand, the TFS 
which is also a very sensitive instrument, picked up both the end-body motions and the 

tether dynamics as in this case, the end-body motions have a large effect on the direction 

of the tether tension vector relative to the TFS. Combining these two data sources 

provides the opportunity to isolate the tether dynamics îrequencies fkom the end-body 

and the boom related îrequencies. Also, the precision shafl encoder on the deployment 

spool located at the forward subpayload can be used to investigate the effect of the spool 

end boundary condition on the tether dyaamics. For example, the shaft encoder provides 

the rotation angle in both directions so one could investigate if there are oscillations in 

the spool d e r  the full tether deployment has been reached. Recall that the magnetic 

hysteresis brake on the spool tends to act as a torsional spring at this point, like a spring 

boundary condition at the end of the tether. Also, since the inertia of the spool is known 

for a given arnount of tether deployed, it is possible to compute the tether tension on the 
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spool end by measuring the spool rotational acceleration using the shaft encoder data. 

This may provide an opportunity to identify a tension pulse (e.g., at the end of 

deployment) and determine the length of tirne taken for it to arrive at the other end which 

would be measured by the TFS. This wouid allow for a M e r  characterization of the 

tether properties. 
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