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Introduction:

The subject will be treated in two chapters, the first Algebra,
the second Geometry.

The purpose is to treat theée subjects from a correct logical
view-point, chiefly for the benefit of these students who conﬁinue
the study of Mathemdtics in the University. It is not well to

develop ccncepts of the méthematical elements which eventually must
'be re jected for new concepts more in accord with established or
’ brqadly accebted usaga.

For all students it is well for disciplinary and cultural
values that mathematical rigor be maintained. This does not mean
that we may not allow students to take as axiomatic those propositions
Whiéh they may accept correctly as intuitional or that théy may not
teke for granted, for the time being, the facts of more difficult
propositions, but it does mean that in the mind of the teacher as
well as in the printed text, there must be correct mathemetical |
\concepts, and.that the fundémental operations &nd definitions be
stated keeping in view the neéessity for statements that are in
accord with well established thought and‘generally accepted ideas,
For example the idea of "Continuity" should not be relegated entirely
to the realm of Higher lMathematics, When the student comes to a
fuller consideration of "Continuity"™ he should do so with some
correct concepts of this principle. Mathematical rigor must hot be
Sacfificed even in the most elementary work, -

| Under the topic Algebra,‘the fundamental principles, operations
and assumptions will be treated. The introduction of the simple
operations by line segment illustrations and the justification for
meking certain assumptibns, using examples as afforded by such

sub jects as Geometry and Vertors, will be introduced. The me thods of
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handling negative numbers will be poihted outb. Then‘the subject of
-"Indices" will be discusséd from & hew basis which seems to be & more
natural basis than that commonly found in texts. The meaning of surd
forms written in index form will be first definéd and then the fact
that the fundamental laws of Algebra hold will be establishéd in each
case.

The second chapter will treat of Geometry beginning with
definitions and indefinables. Some changes in the text will be
‘suggested in aécord with the logical ideas of definitions laid-down,
The continuity axioms will also be introduced ami & survey of the
text, Bakers Theoretical Geometry, will be made noting the sections

where this axiom is actually inferred,
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CHAPTER I

The first numbers used are integers or whole numbers or "numbers”
as they are at first called, - 1, 2, 3, 4,‘etc. which arise from
counting objects and answer the guestions, - How mény? They &lso
represent the results of measurements when the mégnitudes measured
are exact multiples of the unite.

When the.magnitude measured is not an ex&ct multiple of the unit
of measure, other numbers c&lled fractions are used. These are
presented as problems in division and are commensurable so loang as
both numerafor and denominator are integers, that is, are multiples
of some common unit.

Numbers at first are introduced as representing magnitudes only'
but later as having one of two opposite senses, i.e. signed numbers.
These opposite senses are c&lled positive and‘negative. The ide& of
signed numbers is presented by referring to‘losses end gains or to
displacements in opposite directions. Gradually the.objective fades
out and the subjective i.e. the properties of numbers héve meaning
and become the definitions of what numbers are.

The first of the fundamental operations to be considered is
addition. Any two magnitudes may be represented geometrically by
the lengths of two line segments say & amd b. To add the lengths
& and b place them on & nuumber scale end to end and beginning at
the initial point X. Call the other end position Y. Then the
length XY is defined as the sum of & and be. From this we may
always find a sum. The process also;shpws the reason for the axiom
that addition is to be commtative for it matters not which length
be put first and in &an analagous way would show why (a-#b)ﬁ»c = &

+ (b+c) or that addition is associative.
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A signed nunber however represents a direction or sense.as well
as a magnitude and is represented gedmetrically by a "directed™ segment.
Consider two signed numbers & and b whose lengths are the absolute
values of & and b, written |a| and ks 2nd whose directions are
the same or opposite signs. The sum a-+b is represented by & directed

- segment- which expresses the net result‘of moving in the direction b

through & distance represented by IbL o The following cases occure.

[~ %) I

f - '
| § s 4
*—_—_——-—d.
{ a+h l_izi;é__eé
-
-

Illustration: TIn walking to & place four miles distant and back again

the total distance walked is 10 miles but if the distance ogf be re-~
presentéd ags +5 and the diétance back as -5 the result O represents
the distance measured from the starting point.

Multiplication is the second of the fundamental operations to be

considered. The product @b of two signed numbers & and b is defined

as follows:e

1. fabl= - uk

2, The sign ab is positive or negative according as the signs of &
and b are the same or opposite.v _
D@ =@, OGO=E, GWW=E , A=

‘Geometric Illustration :

In this figure we are
mltiplying the figures
of the sca&le by 2. Thus
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Mﬂltiplication.isvequivalent'to & uniform expansion of the scale away
from the initial point or contraction toward the initial.point according

- as the absolute value of the multiplier is greadter or less than 1.

Subtraétion is the third furdamental operation to deal with.
( a<b ) has the property (& - b)+b = a, Now this thing (& Q b)
is found %o have the same properties as positive integral numbers
have whether & < b or not. When a,<:b.this (& - b) is called & negétive
nunber - more briefly to sudtract & number b from & means to find &
number x such that x+b = &, We then write x = a-b,

Geometric Representation a

—a

ey e ol
o
\J‘ .

This diagfam iliustiates that (& < b} is such & quantity that added to
b will give &. We also see that to subtract & pumber b is equivalent
to adding/-b, and thet therefore the present notion and the preceding
notion of'négative numbers &re equivalent,

Division is the last of the fundamental operations to be
considered, To divide & number a by'a'numbef b mea&ns to find a

number x such that dbx = &, We then write x = &

Geometric Illustration

Join b on the number

scale to "a" on the

NUMBER SOALE
v 0 ! . R eemmeeeaeee b

mltiplied scale.
Through 1 on number sc&le draw & 1tne |l ba, The point where this

line meets the multiplied scale indicates the quotient % .
The Case: b = O
Since 0 o X = 0 for every number X, it follows that the relation

0 . X 2 & cannot be satisfied by any value of x unless & = o and then

it is satisfied by &1l values of x. Hence by the definition of
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division the indicated quotient x = é' has no meaning whatever when

o]

,a#:o and no definite value when & = o., Hence division by zero being
either impossible or useless, is excluded from the legitimate cpera-~
tions of Algebra.

An TIllustration of the Law of Signs:

(To show how it corresponds to cbncrete facts)

If & train moves at consteaat speed v miles per hour iﬁ t hours
it travels & distance s = vt miles. Here v,t,s, are unsigned numbers,
At a given instant let the train be at a certain station o, let us
count.time from this instant (t = o) so that any+ve t denotes time
after and -t time before (t = 0),+s meaning the distance train to
’ fight and -s to left of o,+v.: meaning train moving to right -v to

left. Now consider four cases.

iﬁ;
s;o >
_ t=o
1. v and t +ve | s is +ve &s it should be .
2. vli-ve, t - ve s is - ve as it should be .
3« v -ve, t +ve 8 is ~ ve as it should be-
4, v -ve t - ve s is +7ve &s it should be .

At the basis of these operations and of all operations in

Algebra are certain Fundamental Assumptions regafding positive integers

which may be justified by out experience with & large number of spécial

cases.

1. If we 2dd & positive integer b to another positive integer a we
always obtain & uniquely determined poéitive integer ¢ = & +5b
which is called the gum of & and b. |

2, Addition is commutative: that is a+b = bFa.

3. Addition is associative: that is & +(b+c)= (a*b) +c.

4, Addition is monotonic: - that is if &>b then & +c  b+ec.

5. If we multiply & positive integer a by another positive integer b

we always obtain & uniquely determined positive integer
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c=aXb=za,b= &b which is called the product of & by b..

6 Multiplication is commutative: that is axb = bxa,

7o Multiplication is associative: that is & x(b xe)= (& Xb) X c.

8e Multiplication is monotonic; that is if &> b then & xc.
>b X Ceo

9., Hultiplication is distributive: ¢ (&a+b) = ca+cb.

The laws of subtraction mey be derived from the definition of
subtraction and these fundamental laws. The law of factoring may be
considered the reverse of (9). Moreover we showed in the previous
section how these laws apply to &ll positive and negative rational
‘numbers, by reference to line segments,

Since every point on & line cannot be represented by a rational
nunber and we have illustrated these 1&%3 by line segments, they &lso
apply to irrationa&l nunmbers. |

We}must consider in this section why we know that these nine
assumptions are true for all numbers. Their truth is not obvious but
our belief in them is the result of experience.l. A 1little reasoning
will show th&t these principles are not obvicus. 2 X 3 means 3 + 3
and 5 X 2 means 2+2+2 the result being 6 in each case but this is
only a particular case and not a general proof, 2, By Geometry we
know that the product & b is represented &s & rectangle & units one
way and b unité the other way. This proves to us intuitively that
ab = ba for the product of two p031t1ve real numbers but gives us no
proof for other kinds of numbers.

Continuing the idea we get a conception of the product of three
positive integers represented in a rectangﬁlar solid being’commutative
but not of any more factors as we cannOt readiiy conceive of four or

more dimensionse
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3¢ By considerihg the ad jacent
: _ figure we see gebmetrically

c bec
ae the reason for (a+b) ¢ =

ac and bece

a b

o

Buclid stated this law as follows: If there are two straight
lines one of which is divided into any number of parts the rectangle
contained by the two straight lines is equal to the sum of the
rectangles contained by the undivided straight line and the several
parts of the divided straight line.

. These proofs however depend upon the agsumption that the area of
a rectangle is found by multiplying the number of units in the length
by the number of ﬁnits in the width which corresponds to the product
assumption in Algebra (5)

Thus we have not given & general conclusive proof of these
assumptions. lioreover we can illustrate:

1. How'the distribuﬁive law does;not hold apart from our experience.
Suppose + meant what we call multiplication.
and X meant what we call addition.
Then & (b+e¢) would be & +hc,
and ab +ac would be (8+b)(akec)

These results are not the same showing that with different
definitions we could not use the laws,.

‘2. How the commutative law does not hold in vector products in vector
énalysis. |
The vector product of two

: vectors is defined as:
XX @ = € al g @ B) whare € b @ '
i;,bﬂ,g,»fyeanw %ﬁ,wwww

M‘Mﬁxf’( muiji:"é w&,&wécp)
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Thus in vector analysis the commutative law does not hold.

References in this treatment of the subject are:

1.

2e
3e

1.

College Algebra Wilcznyski and Slaught. Chapter 1.
Secse. 2, 12, 18 etce

Elementary lathematical Analysis. Young and lorgan. Chap. 1l.
Dr. Wilsons Notes on Vectors in Library.

The following are & few notes regarding some texts.

Definitions of Subtraction:

1, C. Smith = the reverse operation to that of aidition.

‘2, Hall and Knight & No definiticn given.

5. Grawford < Subtréction is the Inverse of addition - To
subtract 4 from 7 is equivaleht to finding the number

which added to 4 will meke 7.

. 4, Schorling and Reeve s Introduces addition amd subtraction

by line segments i.e., geometric additions and subtraction
of line segments - then stafes law for addition and sub-

traction for similar monomi&ls,

11, Statements of Fundemental Assumptions:

Hall and Enight < states that they have established the Commutative

Law and the Associative Laws for addition and Subtractione Page 15,
Hall and Knight give as & definition of multiplication "an
operation performed‘on.one quantity which when performed on unity
produces the other™ and shows that L.8-3xt following this by
"the reasoning is olearly general and 2°e &@XDb = bX&a, Thus the

commutative law is established for Multiplication.

Ce Smith has & similar treatment,

The Associative Law is just stated but the index law and
distributive Law & 7& 1 stated to be established,

Crawford - Introduces the ideas of positive and negative numbers

graphically, but does not anywhere state or evén illustrate the

Fundamental Assumptions except by one Geometrical illustration of
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the associative law for multiplication (Page 53).

Schorling and Reeve & Illustrates the commtative law first by

Arithmetical'examples resultingvfrom equations and then by line
‘segments (Page 38) He also introduces the commutative law for
multiplication by rectangular areas (Page 85) and the distributive
law is geometrically illustrated (Page 86)

111, Method of Dealing with ( =8 )%{( ;b )

Hall and Knight (=3) X (<4) means that (-3) is to be taken 4 times

and the sign changed.
’Cﬁawférd - Multiplication by & negative integer means that the

multiplicand is to be taken @s @ subtrahend as often as there are

units in the multiplier o« =4 X~3 5 ~(=4) & (~4)~{-4) = 12,

G. Bmith gives the same definition of multiplication as Hall and
Enight viz. to multiply one number by & second do to the first what
is done to unity to obtéin the second and this results in (-5)X (-4)
being equal to ~(-5)~(=5)-(<5)=(~5) = 20.

‘Schorling and Reeve: First Illustration:

+9.
o +4 +4 3
D G2 NPT B |
. 8 _4 -4° (=4) laid off twice in ifs
é_") @z) | TV l.‘ PRRPETI | .
own direction,
-8 o '
ol SBT3 ad 3
¢4 (2) O v 4 laid off twice opposite
_ . ' to own direction,
o +8 " The opposite to laying off
CHC2) ' Aot (-4) twice in its own
| direction.

Second Illustration: (By means of & Balance)
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First develop by experiment

the laws regarding the

turning tendency of &

lever,

(+ 2)(s4) ﬁ;ngb4 downward (=) weights on second peg to right
(+) The turning is clockwise or negative. |

(-2)(~4) Hang two downward (-) weights on the fourth peg to the
left (~) The turning is anticlockwise (+ ve)

(4—5) (+4) Hand three weights on nook over pulley and fasten
string over pulley tb 4th peg to right, etec. (<3)(+2). Hang 2
weights or hook over pulley and fasten string to third peg to
left eﬁc. | |

‘Indices

In the introduction it was stated that the subject of Indices
would be treated in the natural algebraic method of defining the
'meaning of new forms and then showing that certain fundemental laws
hold rather than by that method of assuming that the fundamental laws
hold and then discovering meanings for the various forms, The
.treatment follows:

Theory of Indices:

A, General Prodfs to0 establish the laws of combin@tion in the case
of all positive integral indices.

Definition: When ™"m" is & positive integer a® stands for the product

of m factors each esqual to &,

Proposition 1. To prove that & X e z al*® (;m and n being+ve integexs)

By definition all s &.8,8.,8..., to m factors.
all = a,2.8.,8... 50 n factors.

.ve allxal = (a,a.8. to m factors)(8.a.8.., to n factors)

"

GeBoeBo.8ss t0 (m+n) factors.
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= al*+M by definition.
Similarly a® afl a¥ =z gli+N+X  gtc,

Proposition 2, To prove that allyan =z g0~ (i a?a N-kve)inﬁegers)
m > n.

By definition a®--an

8,8 eCpB ooy t0 m factors
B.,8.808000 O n factors

#

BeBebess (Mm-n) factors,

i

a1 py definition,
Proposition 3. To prove that

(af)n

a™ when m and n are positive integers as before.

n

(a@)n = (a,a,, to m factors)(a.a, to m factorg( )

() () to n factors. |

2 8B eloee ses to mn factors,
= g I

The definition upon which these fundamental laws have been
based wovers only positive integral indicese. Thus fractional, zero,
and negative indices have as yet no meaﬁing. We shall attempt to |
assign & definition to "a.g " a9 a"m yhich will permit of the
fundamehtal laws of indicés holding for fractipnal, -zero and negativev
indices.
B. Fractional Integers with terms Positive Integers
1. Prove:’ [‘Q/—ka Fe (P g anat T + e W)
- From the definition that (@CZT' is a quantity which raised

to the §th. power gives & (q +ve) we have:s

War]™ )] L7 e

2. Prove

= a PK ag above in 1.

= a? since r must also = k.
p .
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Hence any surd can be reduced to QW‘LP"Where v and q are relatively

prime.

. t
Also (\“’/af) ¥ venaves 1ike (@kwq

where X t ¢ = pt or k = {%

Therefore
N PUEE

surds are equal if the fractions

o

(index under sign)

T order of root) ére equal.

@? \3/6&,2 :\6/a4 =‘€/ag e donce %;ﬁ: :% .....

3e Ao (1) Prove: [ .y v
This is true for raising both sides to the gth power we have

gImpo »

(2) Prove: _

This is true for raising each side to the gr th power we

neve aP,
B« If p_,r _%t,allin their lowest term we have to prove
q s T u :
£ <« x | n B
a¥ o = avw M‘%_"’?"E

That is to prove ' :
- P » \%/a,P S DY a,t
g
Y % t .’
O’L( [\z/%l’ \/almj = a o PS& 2 g t

PSS+ gr =L v + 2 =2 -5 A w Fran
¥ 5 g%«

AT

In words, to obtain for & product of surds, (index under root-sign)
( order of surd )

for the produet it is simply necessary to add thé

(index under root sign) for each of the factors. For’multiplication
[ order of surd)

therefore this fraction, (index under root sign) behaves exactly'
o ‘ {(order of surd )
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&s the index fbr positive integral indices, In particular for

\%/a]> the fraction p behaves exactly as does the m in &%, We

P .
therefore write a ¥ for Va7 , exactly as we write a® for 8.8.8..0.

2
for convenience in multiplying. In other words, we define @ ¢ as

%'a;P o We have proved that in multiplying such symbols,_mm
add indices,. _ |

The law &% 2 aP'! = al*B p>n follows for multiplying both
sides by a® we obtain a® on the left and a (m—n)f-n = a® on the right.
The law (a®)1 = a™ follows immediately if n is & positive integer.
For a fraction [%m)? = W = Y 77 = a_.‘l%f )

and therefore the same law holds.

4, Negative Indices:

The effect of dividing by &P when the index of the numerator
is greater than n has been proved to be that of subtracting n
or adding -n to the index. We therefore use a~l for & an,

i.e. we define a~as »% e Then &1l the above laws holding for
a

"dh in the denominator; they will hold for the numerator with

reversed sign., For example:

_Ji . 2 i - nl
(d..w)?:(‘z;j)?: ‘d‘—ﬂzyf_—-a- ¥

5. Again, multipiying by al and 1 or a”? will be equivalent to
gl
mltiplying by 1. FHence we Writé 1 for a® x a~% written &%
or a9, wherever such combination 0CCUTS . "Adding or subtracting
Vthe index zero will not affect the result exactly as mltiplying

by 1 will not affect the result. Hence with this definition 1

~and a® behave in exactly the same manner.
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_CHAPTER IT

| ‘This chapter on Geometry will begin with & summary of the
re@uirements of a logical definition, as given in Creighton's Logic.
"The remedies for the obscurities and confusion of words is to
be found in clear and distinet ideas, We must endeavor to go behind
the words and realize clearly and distinctly in consciousness the
ideas for which they stand. Now the means Which logic recommends

for the attainment of this end is definition. The first requirement

of logical reasoning is that terms shall be Accurately defined. We

may include under the general term definition (1) Intensive
definition or definition in the narrower sensé and (2) Extensive
definition or division. To define & term is ta state its c@nnotation,
or to,enunciate the attributes which it implies. The requirements

of & logical definition are:

1. A definition should state the essential attribute of the thing to
be defined, This is done by steting the gemus to which tue object
beiongs and also the peculiar merks or qualities whiohvdistinguishem
it from the other members of the séme classs Thus we define a
triangle as a‘rectilinéal figure (genus) having three sides
(differentia)

2, A definition should not contain the name to be defined, nor any
word which is directly synonymous with it.

%, The definition should be ex@ctly equivalent to the class of object
defined, that is, it must neither be %00 5road nor too narrow.

4, A definition.should'not be expréssed in obscure figurative, or
ambiguous language. Sometimes the words used in defining may:be

less familiar than the term to be explained,

5, A definition should, whenever possible be affirmetive rather than

negativee.
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4 logical definition, as has been said, requires us to mention
the proximate genus or next higher claéss to which the Species to'be
defined belongs and also the specific or characteristic differences
Whioh distinguish it from other species. UWow it is clear that there
are certain cases invwhich these conditions camnot be fulfilled. In
the first place no logical definition can be given of "the highest
genus, because there 1s no more general class to which it can be
referred. The highest génus is above the sphere of logical definition.

In the light of these ideas on Definition it is possible to
discuss the definitions given in Baker's Theoretical Geometry as
followss |

assuming that the chief object of definition is to make another
uﬁderstand by words the terms that are to be used it is necessary to
use Words which céll up familiar ideas. No doubt Baker thought thé
idea of a physiéalvbOdy the best place to start to impart the ideasb
of lines yet in this the difficulty presents itself that the beginner
keeps thinking of things rather than getting‘at the geometric concepte.
The first definitions given of volume and surface, not being used, are
unnecessary terms in the science of plane geometry. It would be betfer
%o develop fthe necéssary ideas from the point. Uo logical definition
can be given of the point since tﬁere is no more general class to
refer it to, This being above the sphere of definition we may‘say
this | - | represents & point. It has neither width, 1ength~or
depth. These terms are permissibie aé they convey the required ideas
to.the'student’s.mind. It would only be confusing %o precéde this
with définitions concerning measuring - width - length - depth -

The next definition would be the line, a succession of points
and then the straight line as having the same direotion throughout its
length. This is probably a highest genus notion. The idea of direc-

tion is_perhaps no more simple to any student than the idea of
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straight itself, for he has been early accustoméd to going straight to
8 place or making straight lines. The idea of straightness is one of
the most elementary ideas and & formel definition not important, |
probably not_possible. - The other ideas regarding the dimensions ,
coincidence, intersection and method of naning are satisfactorily
stated in the text,.

In the case of the angle it would accord with logical definition
to give its major outstanding property rather than a minor property.

| "An angle is two straight lines which meet but do not crosé."
This does not state anything about the length of the arms of the amount
of rotation which are minor properﬁies.‘ It would 56 better to call the
»amount of rotation the measurement of an angle and to state that it is
measured by degrees. The remarks on vertex and arms are satisfactory,
The exercise on vertically opposite angles might better follow the
axioms as an exercise on them. Regarding adjaqent'angles & definition
is not given though the idea‘is well illustrafed. An easy definition
might be worded as follows. "adjacent angles are those having & common
vertex and a common arm.” H

Article 16 is in reality the continuity axiom, and should he
1i§ted with the axioms, This axiom“ahd its relation to various parts
of the text will be treated later.

A plahé.wouldvbe defined without uding the word surface as that
in Which any two points being taken the straight line joining them
would like completely within it.

Thé treatment of angles might be simplified by introducing & new
term perigon &s the angle whose magnitude is & complete revolution about
& point. Then & straight angle would be one whose arms are in the}same
straight line but on opposite sides. It should be pointed out that a
straight angle is half a perigon. Then & right angle may be defined &s
.hélf & straight angle or one fourth of & perigon. Following this

perpendicular should be explained both as an adjective and & -noune.



