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Abstract

In this thesis the analytic properties of power series over a class of non-Archimedean
field extensions of the real numbers, a representative of which will be denoted by F,
are investigated. In Chapter 1 we motivate the interest in said fields by recalling
work done by K. Shamseddine and M. Berz [6]. We first review some properties of
well-ordered subsets of the rational numbers which are used in the construction of
such a field F. Then, we define operations + and - which make F a field. Then
we define an order under which F is non-Archimedean with infinitely small and in-
finitely large elements. We embed the real numbers as a subfield; and the embedding
is compatible with the order. Then, in Chapter 2, we define an ultrametric on F
which induces the same topology as the order on the field. This topology will allow
us to define continuity and differentiability of functions on F which we shall show
are insufficient conditions to ensure intermediate values, extreme values, et cetera.
We shall study convergence of sequences and series and then study the analytical
properties of power series, showing they have the same smoothness properties as
real power series; in particular they satisfy the intermediate value theorem, the ex-
treme value theorem and the mean value theorem on any closed interval within their

domain of convergence.
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Chapter 1

Introduction

1.1 Motivation and Outline

The long standing interest in analysis on the real numbers is easily understood. The
arithmetic and algebraic properties of the reals allow us to model physical systems
with great accuracy and perhaps because of this the reals satisfy a great deal of
our intuition. One particularly intuitive feature of the real numbers is that any
two reals are comparable; that is if @ and b are real numbers where |a| > |b] > 0
there is some whole number n such that n|b| > |a|, this is called the Archimedean
property. To illustrate how intuitive this property is: imagine trying to measure the
height of a stack of papers. Though each sheet is very thin with enough sheets one
could make a stack taller than any given ruler. Likewise an ant, even though its
steps are very small, can cross a room of any given length in finitely many steps. In
a non-Archimedean setting these intuitive results do not hold; there are rooms so
vast that ants cannot cross them and sheets so thin that they cannot stack up to
challenge some rulers. These non-intuitive results, along with some others, generate
some interest in exploring non-Archimedean objects. In this thesis we are concerned

with investigating non-Archimedean field extensions of the real numbers which share



some of the arithmetic and algebraic properties that make the real numbers so special
(the existence of n'"-roots of positive elements, for example, which is not guaranteed
in p-adic fields[4]).

Previously a great deal of work was done investigating the properties of the non-
Archimedean Levi-Civita field [7], R, and the properties of functions given locally by
a convergent power series on it. These investigations revealed that the disconnected
nature of R entails that continuous or even infinitely often differentiable functions
do not follow the standard results of calculus on a closed interval (they do not
necessarily have intermediate values, extreme values; they need not satisfy Rolle’s
Theorem, etc.) For a function to achieve sufficient smoothness to guarantee these
properties it must be given locally by a convergent power series.

In this thesis we shall investigate the properties of a class of fields which are
generalizations of the Levi-Civita field, a representative of which we shall call F,
and the properties of analytic functions on them. In Section (1.2) we shall make
some preliminary remarks about the properties of well-ordered subsets of Q which
will allow us to better discuss the structure of F. In Section (1.3) we shall introduce
the set F and the operations + and - on it and show that (F,+,-) is a field by
showing that - is distributive with respect to 4+ and multiplicative inverses of non-
zero elements of F exist in F (that (F,+) and (F \ {0},-) are abelian groups is
trivial with the above mentioned results). We shall also introduce some relations
between elements of F (including a total order). In Section (2.1) we shall define an
ultrametric on F, and show that it induces the same topology as the order described
in Section (1.3). With the concept of a topology the convergence of sequences and
series can be explored. To motivate our interest in power series in Section (2.3)
we shall provide some examples of continuous and differentiable functions failing
to satisfy the basic theorems of calculus. Because of previous experience in non-

Archimedean analysis, specifically with power series on R [6] we infer that power



series are the only class of functions that satisfy those theorems without additional
conditions on any of the derivatives. In Chapter 3 we will show that power series
indeed have the same smoothness properties as real power series.

There are further applications for power series in a non-Archimedean context
(Lebesgue-like integration [9], computer differentiation [8], etc.) and in R functions
given locally by power series are the smallest (with a few considerations such as
closure under composition and uniform limit, which is crucial in for Lebesgue-like

integration) family of basis functions for which these concepts are well defined.

1.2 Properties of Well-Ordered Sets

Definition 1.1. (Well-ordered subsets of Q). We say that a set B C Q is well-
ordered if and only if for every B’ C B we have that B’ contains a minimum element

in the standard order of Q.
Lemma 1.1. If A is well-ordered then any C' that is a subset of A is also well-ordered.

Proof. Suppose A is well-ordered, C' C A and let ¢’ C C. Then C' C A so it must
contain a minimum element by definition. Therefore, any subset of C' contains a

minimum element and hence C' is well-ordered. [
For any two well-ordered subsets A and B of Q, AN B is a subset of A. Hence

Corollary 1.1.1. If A and B are well-ordered then AN B is well-ordered.

Lemma 1.2. (Decreasing sequences in well-ordered sets). If (a,) is a decreasing
sequence in a well-ordered set A then there is an N in N such that a, = ay for all

n>N.

Proof. Suppose (a,) is a decreasing sequence in a well-ordered set A and there is no

N in N such that a,, = ay for n > N. Because U,en{a,} is a subset of A it contains



a minimum element, call it ar. Since ar, is in U,ena,, there is some N’ € N such that
an' = ar. Since there is no N such that a,, = ay for n > N and (a,,) is decreasing
there must be some M > N’ in N such that ay; < an’ so ay, is not a minimum element
of Upen{a,}. This is a contradiction, therefore for every decreasing sequence (a,) in

A there is an N in N such that a,, = ax for n > N. O

Theorem 1.3. (Well-ordered subsets of Q). For A,B well-ordered subsets of Q the
following hold

- AU B s well-ordered.
- A+ B is well-ordered.

- For any r € A+ B there are only finitely many pairs (a,b) in A x B such that

r=a-+b.

Proof. Let A and B be well-ordered subsets of Q.

Suppose C' C (AU B), then C = (CNA)U(CNB). As (CNA) C A and
(CNB) C B they are both well-ordered by Lemma (1.1) and therefore each contains
a minimum element (call them a and b respectively). Then if we denote min{a, b}
by ¢ we have that ¢ € C' and for every z € (C'N A) we have ¢ < z and for every
y € (C'N B) we have ¢ < y, and hence ¢ is the minimum element of C'. Therefore

any subset of (AU B) contains a minimum element and hence (AU B) is well-ordered.

Suppose C' C A+ DB then for every ¢ € A+ DB there is at least one pair (a,b) € AxB
such that a + b = ¢. For each ¢ € C choose one such pair and call it (a., b.). Then,
using the axiom of choice, define Ac = {a € A | Jc € C:a = a.}. Ac is well-
ordered because it is a subset of A. We can similarly define a well-ordered set

Be={be B|3ce C:b=b.} by the axiom of choice.



Let ap = min{Ac}, which exists in Ac as A¢ is well-ordered. There may be
many pairs with a, = ag so let By = {b € Be | 3¢ € C: ag + b = ¢}. Because
By C B it is well-ordered and therefore contains a minimum element; call it by. Now
let ¢ = ag+bpand C; = {c € C | ¢ < ¢} (if Cy is empty then ¢y is a minimum

element of ().

We will construct a chain of C,, such that eventually a minimum element of some

Cy is a minimum element of C' and is contained in C, so let
o Acy ={a€ A|3ce Ci: a=a.} (exists by axiom of choice)
e a; = min{Ac} (exists because A is well-ordered)
e By ={be Bc|3JceCi:b+a = c} (exists by axiom of choice)
e by = min{B;} (exists because B; is well-ordered)
eci=a +b
e Chy={ceCi|c<c}

If C5 is empty then c¢; is a minimum element of C; which means it must be a

minimum element of C.

This gives a template that allows us to continue this process generating sequences

(Ch), (an), (by), et cetera. We let
o Acp, ={a € A|3JceC,: a=a.} (exists by axiom of choice)
e a, = min{Ac,} (exists because Ag, is well-ordered)
e B,={be Be|3dceCp: b+ a, =c} (exists by axiom of choice)

e b, = min{B,} (exists because B, is well-ordered)
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L4 Cn:a'n+bn

o Chi1={ceC,|c<ec,} (if Cpyq is empty then ¢, is a minimum element of

).

Either at some finite N we have that Cy; is empty and ¢y is a minimum element
of C' or we have some infinite sequence (C,,) which gives an infinite sequence (b,,) in

Be.

In the case where the process does not terminate and the set C,, is never empty

note the following:

For ¢ € U4 consider:

ay +by > a.+ b,
by > (CLC—GN)+bc

by > b.

and hence for all ¢ in Cy ;1 we have b. < by. Therefore (b,) is a decreasing sequence
in the well-ordered set B which means by Lemma (1.2) there is an N in N such
that b, = by for n > N. In other words there is some ¢y € C such that for all
¢ < ¢y we have b, = by. Invoking the axiom of choice again, we can define a set
Ay ={a € Ac | Jc € C: a+ by = ¢} which is a subset of A and so is well-ordered.
Thus Ay has a minimum element, call it ay. It follows that ay + by < ¢ for any

¢ < epn. Thus a + by is a minimum element of C.

Therefore every C' C A + B must contain a minimum element and hence A + B

is well-ordered.



Finally consider an element r € A+ B. Let A, ={a€ A|Fb e B:a+b=r}
and By ={b€ B|Ja€ A: a+b=r}. Because A; C A and By C B both are well-
ordered, therefore both are bounded below, let ap = min{As} and by = min{B}.
As by is a minimum element of B, we have A, is bounded above by r — by, likewise
By is bounded above by r — ag. Thus there can only be infinitely many pairs (a, b)
in A x B that sum to r if there is at least one accumulation point in both A, and
B,. Suppose there are such accumulation points and let a be one such accumulation
point of Ay, and let (a,) be any sequence in Ay such that lim, ,., a, = a. Then
(a,,) must have a monotone subsequence (ay,, ). Let (b,,) be a sequence in B, where
bn, =T — Qn,, either (b,,) is decreasing or (a,,) is. Without loss of generality say
(by,,) is decreasing then, by Lemma (1.2), there is some N in N such that for & > N
b, = bny and so a,, = any, or a,, + b, # r which is a contradiction. Then for
6 = L min << n{|a — ax|} we have (a —6,a+ ) N A, is empty which contradicts that
a is an accumulation point of A;. So neither A, nor B, contain an accumulation

point and both are bounded above and below hence both are finite. Thus there are

only finitely many pairs (a,b) € A x B such that a +b=r.

1.3 The Field F

Definition 1.2. (The set F). We define

F={f:Q—=R|{z|f(x) # 0} is well-ordered} .

The elements of F are those functions from Q to R whose values are non-zero only
on well-ordered sets. For an element x the set where z[q] # 0 is called the support

of z, and is denoted by supp(x).



We denote elements of F by x,y etc. and identify their values at ¢ € Q with

brackets like x[g].

Definition 1.3. (Addition and Multiplication on F).

We define addition on F pointwise: for z,y in F

(z +y)lal = z[q] + ylal. (1.1)

It can be seen that supp(z+y) is contained in supp(x)Usupp(y), and so by Theorem

(1.3 ) supp(x + y) is well-ordered. Thus F is closed under addition.

Multiplication is defined thusly: For ¢ € Q we set

(@-yla= Y zla]- yla) (1.2)

42,9y €Q
qz+qy=q

The support of (z-y) is contained in supp(z)+supp(y); so by Theorem (1.3) supp(z-y)
is well-ordered. This means that the sum in Equation (1.2) must have only finitely
many terms by Theorem (1.3) and hence the sum is well defined. This gives that F

is closed under multiplication.

NB: The functions e, : Q@ — R and e.: Q — F given by

e+]q] = 0 for all ¢ and

lifg=0
e.lq] =
0if¢g#0

are members of F and for any = in F we have z+e, = z and e.-x = x. Moreover

8



x-e, = ey for any x in F.
Theorem 1.4. For z,y,z in F z- (x +y) = (z-x) + (2 - y).

Proof. Let x,y, z in F, if any are 0 the above result is trivial so without loss of gen-

erality assume that none are and so all supp(z), supp(y), and supp(z) are non-empty.

Consider that ¢ is in supp((z - z) + (2 - y)) if and only if

Z z[g:] - z(g.] + Z z[q.] - yla,] # 0

q=Esupp(2) q-€supp(2)
Gz Esupp(x) qy€supp(y)
qztqz=q qz+qy=q

and ((z-x)+ (z-y))[q] is the value of that sum. For all ¢, in supp(z) U supp(y) and

q. in supp(z) we have z[q.] - y[qa] + 2[¢:] - ©[qa) = 2[¢:] - (V[¢a] + *]ga]) and so

ooz alel+ Y e vle) = > 2[¢.] - (Y[ga] + 7[ga])-

q-Esupp(z) qzEsupp(z) q-€supp(z)
g Esupp(z) qy Esupp(y) qa Esupp(z)Usupp(y)
qz+qz=q q=+qy=4q qz+qa=4q

Ounly q, in supp(z) U supp(y) where x[q.] + y[ga] # 0 contribute to the above sum.
These are exactly the support points of x + y and (z + y)[ga] = 2[¢a] + y]ga] by

definition. Hence

> ofa] - (2laa] +ylaal) = D 2led] (@ + y)la])

q-Esupp(z) qzEsupp(z)
da€supp(z)Usupp(y) qa Esupp(z+y)
qz+qa=4q qz+tqa=q

and ((z-z)+(z-y))[q| is the value of the sum. The right hand side is the definition of
(2 (z+y))lg] and hence supp(z-(z+y)) = supp((z-x)+(z-y)) and ((z-2)+(z-y))[q] =

(2 (x +y))[q] at all ¢ in the support. Therefore z - (z +y) = (2 - x) + (2 - y). O

With these definitions of + and - we intend to show that (F,+, -) is a field. Given

that we have shown that F is closed under + and -, and that we have shown - is

9



distributive with respect to + on F, we will endeavour to show that non-zero elements
in F have multiplicative inverse elements (it is trivial from here to show (F,+) is an
abelian group and that - is associative and commutative). This will require results
related to convergence of sequences of elements of F, which will require the definition
of an order. After defining an order (>) and (ultra-)metric on F we shall return to

the question of multiplicative inverse elements and show that (F,+,-,>) is a totally

ordered field.

Definition 1.4. (\, ~, =, =,). For z,y € F we define

CAMz) = min{supp(z)} for x # ey

oo for o = ey
cx~yifr e,y ey, and Az) = Ay).
caryifz ey # e, AMx) = Ay), and z[A(2)] = y[AMy)].
x =y if z]q] = ylq for all ¢ < r.
Theorem 1.5. For z,y € F we have
o Az +y) > min{\(z), \(y)}.
o Forz-y#es ANz y)=Az)+Ay), (z-y)[Mz) + A(y)] = z[A(2)] - y[A(y)]-

Proof. Since (x +y)[q] = x[q] + y[g] and z[q] = 0 for ¢ < A\(x), y[g] = 0 for ¢ < A\(y)
we have (z + y)[g] = 0 for ¢ < min{A(x),\(y)}. Thus (z + y)[qg] # 0 only for
q = min{A(x), A(y)} so A(x +y) > min{A(x), \(y)}.

Both supp(x) and supp(y) are well-ordered, and non-empty as neither are e,
so they each contain a minimum element A(z) and A(y) respectively. Let (a,b) in
supp(x) x supp(y) be such that a +b= A(z) + A(y), then A(z) —a=b— A(y). If

A(x) —a > 0 then A(z) > a which is a contradiction, if A\(z) —a < 0 then b < A\(y)

10



which is a contradiction. Therefore only (A(z), A(y)) in supp(x) X supp(y) sums to
Ax) + A(y) and supp(z - y) C supp(z) + supp(y). Therefore A(z) + A(y) < A(z - y).
Consider that y[A(y)] - z[A(z)] is not zero by definition and there is no other (a,b) in

supp(zx) x supp(y) such that a + b = A(z) + A(y) then

(2 - y)[A@) + Ay)] = z[A@)] - y[A(y)] # 0

by definition. Therefore A(x - y) < A(z) + A(y). Thus Az - y) = A(x) + A(y) and
(- y)[A@) + Ay)] = z[A(@)] - y[A(y)]. O
Definition 1.5. (Ordering in F). For z,y in F we say that x > yif x =y orx #y
and (7 — y)[AMx —y)] > 0.

This is a total order on F because either x =y or (z — y)[A(x — y)] is in R and

the standard order on R is a total order.

Definition 1.6. (Absolute value on F). The function |- |: F — F given by

is an absolute value on F

NB: For z,y in F we have |z - y| = |z| - |y| and |z + y| < |z| + |y|.
Definition 1.7. (Embedding R in F). Define II: R — F by

x ifqg=0

I(z)[q] =
0 else

This function is an isomorphic injection between R and II(R) (II(x+y) = I(x)+11(y)

and II(z-y) = (x) - II(y) =,y € R) and so embeds R in F. Notice also that if z > y

11



in R then II(x) > II(y) so Il is an order preserving embedding. When referencing a
real number z as an element of F we mean II(z). In particular this embedding maps
the real number 0 to e, and the real number 1 to e.. From now on we will use 0 and

1 to denote the neutral elements of F.

Definition 1.8. (Order of Magnitude in F) For x,y > 0 in F we say
x> yif AMz) < A(y)

This relation compares the so-called orders of magnitude of elements of F. For
any n in N and y > 0 in F we have A(ny) = A(n) + AM(y) = My). Then z > y
implies x > ny for all n in N. If x > y we say z is infinitely larger than y and y is
infinitely smaller than z. If x ~ y then we say x is of the same order as y. Those z
with A(z) = 0 we call finite (for each such x there is an 2’ in R such that = ~ II(2')).
Those x > 0 with A(z) < 0 we call infinitely large, as x > 1 we have x > n for all n
in N. Those z > 0 with A(z) > 0 we call infinitely small or infinitesimal, as 1 > =

we have 1 > nx for all n in N.

Definition 1.9. (The number d). Consider the function d: Q — R

1 ifg=1
dlg] = :
0 ifg#1

This function is an element of F and by the above definition of order we have d > 0

and 1 > d. Hence d is infinitely small or infinitesimal. The multiplicative inverse of

12



this element is given by

1 1 ifg=—1
d~[q] =
0 ifg# -1
and it is easy to check that d=! > 1.
Let n in N for &, in F given by
1 ifg= %
§la) =
0 ifqg# %

then &, -+ &, = d and so &, is the n'® root of d.
S

n times.
For any t = X, t # 0, in Q we have d' = &, - ... - &, is an element of F whose
—_—

n times

sole support point is ¢ and whose value at that support point is 1. Then for ¢t # 0

d'/t is the t** root of d and for i > j we have &’ > d'.

NB: Since for every ¢ in Q d?[¢] = 1 we have for a, in R a,d?[q] = a,. For every z in
F we can enumerate supp(x) and form a sequence, which must be bounded below
as supp(x) is well-ordered, (g,) such that if ¢ > j we have ¢; > ¢;. We can then
define a real sequence a,, = x[g,] and any z in F is given by the formal power series
Yoo apd®™. While this sequence need not converge (such a sequence converges in
the order topology only if supp(z) is left-finite [5]) it can be helpful to treat elements
of F as formal generalized power series when we do arithmetic with them or define

functions on F. With this understanding of the form of elements of F we can move

on to describe a topology on F.

13



Chapter 2

Topological Structure and

Convergence

2.1 Topology

In this chapter we will introduce the concept of an ultrametric space and describe
convergence of sequences and series in such a space. The discussion of convergence
of sequences and series will equip us to investigate the analytic properties of power

series on F.

Definition 2.1. (Ultrametric). Given a set X a function A: X x X — R is an

ultrametric on X if for all x,y, z in X

o A(z,y) >0, A(z,y) =0 if and only if z = y.
o Alz,y) = Aly, @)

The pair (X, A) is called an ultrametric space.

14



NB: An ultrametric is a metric which satisfies the strong triangle inequality (which
entails the triangle inequality). Therefore every ultrametric space is also a metric

space.

Theorem 2.1. (F is an ultrametric space). F with the function

eV ifa oy

0 ifx =1y

A(:B,y) =

1 an ultrametric space.

Proof. Let x,y,z in F.

For x # y we have A\(x — ) is in Q, then A(z,y) = e A% > 0. When x = y we
have A(z,y) = 0 by definition. Thus A(x,y) > 0and A(z,y) = 0ifand only if x = y.

As (r —y) = —(y — ) we have ANz —y) = A\(—1) + A(y — ) by Theorem (1.5)
and since A\(—1) = 0 we have A(z — y) = Ay — x) which gives A(z,y) = A(y, z).

Finally since t—z = (x—y)+(y—2) we have A(z—2) > min{\(z—y), \(y—=2)} by
Theorem (1.5). Thus we have that —A(z — 2) < max{—X(z — y), —A(y — 2)} which
gives A(z, z) < max{A(z,y), Ay, z)}. ]

Theorem 2.2. The topologies induced by the order and the ultrametric are equal.

Proof. Let g € Fandd > 0in F then I = {z € F | |[x—x¢| < 0}, or (xg—0, 9+0), is
an open interval in the order topology. We have that A(x, z¢) < e™® for any z in 1.
Let e = e+ (NB we have ¢ > 0in R) and let B(zg,¢) = {z € F | A(x,20) < €}.
Then if ¥ € By(wg,€) we have e 2720 < e=(O+) thus \(z — x) > A(§) + 1 so

|z — xo| < §. It follows that By (xg,€) C Bo(xg, ).

15



Now let zp € F and § > 0 in R and consider B(zg,d), an open ball in the ul-
trametric topology. Let ¢ € Q be such that ¢ < In(d) and let e = d7 (NB e > 0
in F) then for x in I we have that |z — x¢| < d~? which implies A(z — z9) > —¢ so

—ANax — z9) < In(d) which gives A(x,z) < 9. Thus I C By(xo, ).

So any open ball in the topology induced by the ultrametric contains an open
ball in the topology induced by the order and vice versa. Therefore the topologies

are equal [3]. O

Thus F with the order topology is an ultrametric (therefore metric) space and
certain results about limits of sequences and series will hold like any other metric

space.

2.2 Convergence of Sequences and Series

Definition 2.2. (Convergence of sequences). Let (s,) be a sequence in F. We say
that (s,) is convergent to the limit s € F if for every € > 0 in F there exists N € N

such that A(s,,s) < € for all n > N.

Definition 2.3. (Cauchy Sequence) A sequence (a,) in F is said to be Cauchy if
for every € > 0 in F there is an N(¢) in N such that for n,m > N(e) we have

A(ay, an) < e.

NB: Since the order and ultrametric topologies are equal A(x,y) < € is equivalent

to |z —y| <e.

Corollary 2.2.1. (Sequences in a metric space)[3] Let (a,) and (b,) be sequences in

F converging to A and B in F respectively, and ¢ a constant in F then

e The sequence (ca,) converges to cA.
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The sequence (a, + by,) converges to A+ B in F.

The sequence (a, - b,) converges to A- B in F.

The limit of a convergent sequence in F is unique.

Convergent sequences are Cauchy.

Definition 2.4. (Regularity). A sequence (s,) in F is regular if U  jsupp(s,) is

well-ordered.

Theorem 2.3. (Properties of reqularity). Let the sequences (a,) and (b,) in F
be reqular. We have the sequence of the sums, the sequence of the products, any
subsequence, any rearrangement of either sequence, and the combined sequence cg, =

ay and coptq = by, are all regular.

Proof. Let A = U qsupp(a,) and B = U2 supp(by,). For any ¢ € supp(a, + by) ei-
ther ¢ € supp(ay) or ¢ € supp(by,) then U supp(an, +b,) C (AU B) and is therefore

well orderd by Lemma (1.1) and Theorem (1.3), thus (a, + b,) is a regular sequence.

For any two elements x,y in F we have supp(z - y) C supp(z) + supp(y) and
hence we have supp(ay, - b,) C supp(a,) + supp(b,) for all n. Therefore for ¢ €
U ysupp(ay, - b,) we have ¢ € A+ B. Thus we have U° jsupp(a, - b,) C A+ B
and is therefore well-ordered by Lemma (1.1) and Theorem (1.3), thus (a, - b,) is a

regular sequence.

For any subsequence or rearrangement of the sequence (a,), call it (s,), we have

o0

supp(s,) C A for all n and so U5 supp(s,) C A and is therefore well-ordered by
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Lemma (1.1). So any rearrangement or subsequence of a regular sequence is regular.

The support of the combined sequence is contained in A U B and is therefore
well-ordered by Theorem (1.3), thus the combined sequence ¢y, = ay,, Consr1 = b, is

regular. O]

Lemma 2.4. Let (s,) be a sequence converging to s in F. Then (|s,|) converges to

|s| in F.

Proof. Let € > 0 in F be given. Then there is some N € N such that |s,, —s| < € for
all n > N. Given that ||s,|—|s|| < |s, — s| for all n we then have that ||s,| —|s|| <€

for n > N. Therefore (|s,|) converges to |s|. O

NB: The converse of Lemma (2.4) does not hold, consider the example a, = (—1)"
where |a,| is 1 for all n and therefore converges to 1 while a,, does not converge to

any element in F.
Definition 2.5. (Q,) Forre Qlet Q, ={qe Q| q¢<r}
Theorem 2.5. F is Cauchy complete with respect to the order topology

Proof. Let (s,) be a Cauchy sequence in F and let € > 0 in F. Then there is some
N(e) such that

|sn — Sm| < € for all n,m > N(e).

Then for all » € QQ there is some N, € N such that

|80 — 8| < d"t* for all n,m > N,. (2.1)

So we have

snlq) = sn.[q] for all n > N, and for all ¢ <. (2.2)
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By Equation (2.1) we may assume that

er S ]\/vr2 if ry < To. (23)

Define s: Q — R by slq] = sy, [q]. We will show that supp(s) is well-ordered and

hence s is in F. For every r € Q we have

supp(s) N Qr = supp(sn,) N Qr (2.4)

Let A C supp(s) be non-empty. A is non-empty so there is at least one r € A. Con-
sider that ANQ, C supp(s) N Q, = supp(sy,) NQ,. Because (s,) is a sequence in F
we have supp(sy, ) is well-ordered which implies supp(sy,) N @, is well-ordered and
therefore AN @), is well-ordered by Lemma (1.1). Then AN @), contains a minimum
element, call it a, and this ¢ must also be a minimum element of A. So any non-
empty A C supp(s) contains a minimum element therefore supp(s) is well-ordered

and s € F. It remains to be shown that (s,) converges to s.

Let € > 0 be given. Then there is some r € QQ such that d" < e. Then

snlq] = sn,[q] = s[q] for all n > N, and for all ¢ <.

Hence

|sn —s| < d" < eforalln> N,.

So (sy,) converges to s in F. Therefore if (s,) is Cauchy in the sense of Definition
(2.3) it is convergent in the sense of Definition (2.2) and so F is Cauchy complete in

the order topology. O]

Theorem 2.6. (Convergence Criterion for sequences). Let (s,) be a sequence in F.

Then (s,) converges if and only if for all r € Q there exists N(r) € N such that
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Sm =r 8 for all m,l > N(r).

Proof. Suppose (s,,) is a convergent sequence in F and let € Q. We then have that
(sn) is Cauchy by Corollary (2.2.1) so there is some N(r) € N such that |s,, — ;| <
d™ for all m,l > N(r). This implies s,, =, s; for m,l > N(r).

Suppose for all » € Q there is some N(r) € N such that s, =, s; for all m,[ >
N(r). Let € > 0 in F be given; then there is some r € Q such that d” < e.
There is some N(r) such that s, =, s; for all m,l > N(r) and hence |s,,, — ;| < €
for m,l > N(r). We therefore have (s,) is Cauchy and hence it is convergent by

Theorem (2.5). O
Theorem 2.7. If a sequence (s,) is convergent then it is reqular.

Proof. Let (s,) converge to s in F and let A be a non-empty subset of US® jsupp(sy,).
There is at least one r € A and by Theorem (2.6) there is some N, such that for
n,m > N, we have supp(s,) N Q, = supp(s,) NQ, = supp(s) NQ, for all n,m > N,.
So

(UnZgsupp(sn)) N Qr = [UR5" (supp(sn) N Q)] U [supp(s) N Q]

For all n we have supp(s,) N Q, is well-ordered by Lemma (1.1) and supp(s) is well-
ordered because s is in F so (US2 gsupp(s,)) N @, is well-ordered by Lemma (1.1)
thus A N @, is well-ordered by Corollary (1.1.1). Let a be a minimum element of
ANQ,, which must exist as ANQ), is well-ordered. Then a must also be a minimum
element of A and if it is in AN@, then it must be in A. Therefore A C U2 supp(sy,)
contains a minimum element; thus U  supp(s,,) is well-ordered and hence (s,,) is

regular. [

Theorem 2.8. Let (s,) be a sequence in F. Then (s,) is Cauchy if and only if

(Snt1 — Sn) 1s a null sequence.

Proof. Let (s,) be a Cauchy sequence in F, and let € > 0 in F be given. Then there

exists N € N such that |s,, — s;| < € for all m,l > N. In particular, |s;,11 — sm| < €
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for all m > N. Hence, lim,, oo (Sp11 — S,) = 0.

Now assume that (s, — s,11) is a null sequence. Let € > 0 in F, then there is
some N € N such that for n > N we have |s,11 — s,| < de. Let k > 1 > N be given.

We then have that

lsk —si] = |sk— Sk—1+ Sk—1 — Sk—a + -+ + Si41 — 51
< sk — Sk—1| + |Sk—1 — Sk—a| + -+ [S141 — S

< (k—=1l)de < e

We know (k — l)de < € for any k,l € N where k > [ because d < 1so (k—1)d <1
and hence (k — l)de < e.

]

Corollary 2.8.1. Let (s,) be a sequence in F. Then, (s,) converges if and only if

(Snt+1 — Sn) 18 a null sequence with respect to the order topology.

Proof. This is a direct consequence of the Cauchy completeness of F and Theorem

(2.8) []

Theorem 2.9. (Fized Point Theorem) Let gy in Q be given and M C F be given by:
M={xzeF|Nx)>qu}, and let f: M — F be such that f(M) C M and there is
some 0 < qr < 1 in F such that for any x,y € M we have |f(z) — f(y)| < grlx — |,

then f admits a unique fixed point x* in M.

Proof. Let xp in M be fixed and define a sequence (z,,) C M where x,, = f(z,_1) for

n > 1. Let € > 0 in F be given, then for some N(¢) € N we have q}v(g) Sd™M < de.
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For n > N(e) we have

’.an - xn—l| = |f($n—l) - f(xn—Q)‘

S Qf’xnfl - xn72’

< g7 f (o) — o
< ;") f(2o) — o]

< q}V(E)qu < de

and hence (x,, — x,_1) is a null sequence and therefore must converge to some z* in

F by Corollary (2.8.1).

Since z* = lim z, and z,, = f(2,_1), it follows that z* = lim =, = lim f(z,_1).
n—+00 n—+00 n—00

Then

) =% = [£@") = lim f(aa)
= | lim f(z*) ~ Tim f(n )|
= | lim [£(") = f(za-1)]

n—oo

= lim |f(z") = f(za)]
< lim gflz™ — 1]
n—oo

=l = Jim o

= qslz* — 2" = 0.
Thus f(z*) —2* = 0 and so z* is a fixed point of f.

Let A(z) = @ and d™ > ¢ > 0 in F be given. Because lim x, = 2* there is some

n—oo
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N(e) in N such that for n > N(€) we have |z* —x,,| < € < d™ hence \(z*—x,) > qu
for n > N(e). Since (z,) is a sequence in M we have A(zn()) > gu and hence for

n > N(e)

Aa") = Mx™ — 2 + () = min{A (2" — 2,), M@n@)} = qu

therefore z* is in M.

Let y* be a fixed point of f, then

0<|z* =y = |f(=") = f(y")] < qrle” — v

since ¢f < 1 we have |z* — y*| = 0 and hence y* = z*. Thus f has a unique fixed
point z* in M.
O

Theorem 2.10. (Ezistence of multiplicative inverses of non-zero elements) For non-

zero x in F there is some & in F such that x - & = 1.

Proof. Let z in F be non-zero and let a = x[\(z)]. Then z = a - d*® (1 4 y) for some
y such that A(y) > 0. Furthermore a - d*® has a well defined inverse: a=! - d=*@).
Thus non-zero elements x = a - d*® (1 +y) have multiplicative inverses if and only if
elements of the form 1+ y where A(y) > 0 have multiplicative inverses. So without

loss of generality we may assume x = 1+ y where A(y) > 0 and look for £ such that

(1+y)-£=1.

Consider the equation

§-(I+y) =1

where A(y) > 0. Since A(1+y) =0 and A(1) = 0 it follows, if such a £ exists, that
A(€) = 0 by Theorem (1.5). Moreover, since x[0] = 1[0] = 1, we must have £[0] = 1.
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Thus € must be of the form 1 + z where A(z) > 0.

Wehave (1 +vy) - (14 z) = lifand only if z = —y(1+2). Let M = {z € F: A(z) > 0}
and f: M — F be given by f(z) = —y(1 + 2z). We will show that f has a fixed

point z* in M which entails that A\(z*) > 0, 2* = —y(1+2%), and (1+y)-(1+2*) = 1.

By Theorem (2.9) to show f has a fixed point in M we need to show that

f(M) C M and that there is some 0 < ¢y < 1 such that for any 2,2, in M

we have [ f(21) — f(z2)] < qyl21 — 22|

For z € M we have f(z) = —y(1 + 2z) and A(y) > 0. By Theorem (1.5)
A f(2)) = A(—=1) + My) + A(1 + 2) and since A(—1) = A(1 + z) = 0 and A(y) > 0 we
have A(f(z)) > 0 which gives f(M) C M.

Let g5 = |2y, since A(y) > 0 we have 0 < gy < 1. For any z1, 25 in M we have

|f(21) = f(z2)| = [y(1 + 21) — y(1 + 22)| = |y[|z1 — 22| < |2y|[21 — 22| = qp]21 — 22]-

Thus by Theorem (2.9) there is a fixed point z* for f(z) in M such that z* =
—y(l 4+ z*) or (14 2*)(1 +y) = 1. Therefore elements of F of the form 1+ y
where A\(y) > 0 have multiplicative inverses and hence non-zero elements of F have

multiplicative inverses. [

With the above result we can complete the proof that (F,+,-,>) is a totally
ordered field.

Therefore by [1] we have that (F,+,-,>) is a totally ordered real closed field,
because Q is a divisible group and R is Archimedean, and hence by [2] F + i.F is

algebraically closed and satisfies the fundamental theorem of algebra.
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Now we consider the convergence of infinite sums of elements of F, with an eye

to eventually study power series.

Definition 2.6. (Convergence of series) For a sequence (a,,) in F the series >~ a,
converges to s in F if the sequence of partial sums s, = Z?:o a;j converges to s.
That is for every € > 0 in F there is an N(¢€) in N such that for n > N(¢) we have

|sn — s| <.

Corollary 2.10.1. If Y ° a, and Y " b, are two series converging to A and B

respectively, then the series Y (a, + b,) converges to A+ B.
Proof. (F,A) is a metric space. O

Corollary 2.10.2. The infinite series y . a, converges in F if and only if the

sequence (ay,) is a null sequence in F.
Proof. This follows from Corollary (2.8.1) and Definition (2.6). O

NB: The formal power series described at the end of Section (1.3) can converge if

and only if the enumeration of the support points of x has lim ¢, = co. If supp(x)
n—oo

is a well-ordered set with an accumulation point at some finite ¢ then there is no

enumeration where this is possible. As we noted, the said power series converges

only in the case where the set of support points is left-finite.

Corollary 2.10.3. The series Y - a, converges if and only if it converges abso-

lutely, that is if and only if >~ |an| converges.

Proof. This is a direct consequence of Corollary (2.10.2) and the fact that lim a, =0

n—oo

if and only if lim |a,| = 0. O
n—o0

Corollary 2.10.4. If a sequence (an) has the property A(an) > R for all n, and
Yo gan = s then A(s) > R.
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Proof. Let s, = ja; and let € >0 in F be given with A\(¢) = R+ 1. By the

definition of convergence there is some N(e€) in N such that for n > N(e) we have

|s —sn| <€ Since [s —s,| = |32, ) ail we have M3 7y, @) > R+ 1. This
implies
N(e)
As)=A[D an+ Z > i (@), R+ 1}
n=0 n=N(e)+1
Since A(a,) > R for all n and R+ 1 > R we must therefore have \(s) > R. O

Corollary 2.10.5. If the double sums 3 72, > 7% a;; and 3772, 377° | a;; converge to
Ay and Ay respectively and for every € > 0 there is some N(¢) in N such that for

i,j > N(€) we have |a;j| < € then Ay = As.

Proof. Note that since both 7%, 37 a;; and D 7%, > 7% a;; are well defined it
must be that Y%, a;; converges (to some a;) for all j and 3%, a;; converges (to

some b;) for all i.

Define z,, = 2?21 ajs Yo = > iy by and s, = >0, 2?21 a;;. We will show that
lim |z, — y,| = 0 which gives A; = A,.
n—oo

Let € > 0in F be given. Then there is some N (¢€) in N such that A(a;;) > 3 + A(e)
for all 4,7 > N(e). Because > 77 v, ai; converges for all i and A(a;;) > 3 + A(e)
for 4,5 > N(e) we have A3 (1 @ij) > 2+ Ae) for all i > N(e) by Corollary
(2.10.4). For each i < N(e) there is some N (i, €) in N such that A(3_7% ;. o1 @ij) > 2+ Ae)
because » 77| a;; converges for all 4. Let N, = max{N(i,¢), N(¢) | i < N(€)} then

for n > N, we have A\(D 2 a;;) > 2+ A(e) for all . Thus for n > N, we have

Jj=n+1

that [z, —s,| = [ >1, D 72, ai| < de.

We can similarly find an N, such that for n > N, we have |y, — s,| < de. Let

Ny = max{N,, N, } then for n > Ny we have |z, — y,| < |20 — Sn| + |[yn — sn| < 2de < e.
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Thus lim,, o |7, — yn| = 0 s0 A} = A,. O

Theorem 2.11. /5] Consider two convergent series Y - ja, = A and Y > b, = B.

. o0 o n .
The series Y _,_cn where c, = 35 g ajb,—;j, converges to A- B in F.

Proof. First we show Y ¢, converges in F. By Corollary (2.8.1) we need only
show that (c,) is a null sequence. Because both (a,) and (b,,) are null there is some
R in F such that |a,| < R and |b,| < R for all n. Let € > 0 in F be given. There is
some M in N such that |a,,| < de/R and |b,,| < de/R for all m > M. Let N =2M

then for n > N we have

len| = |aohn + arbu_1 + - - + ap_1by + anbo
< ‘Gobn’ + ’albnfl‘ + -+ ‘Gn,1b1’ —+ ’an0|

= laollbal + laa[[bn—1| + - -+ + an—1][b1] + [an]|bo]

de de de de
< RE+RE++ER+ER
= (n+1)de<e

So for all € > 0 in F we can find N € N such that |c,| < € for all n > N. Hence

lim,, e ¢, = 0 and thus > 7 ¢, converges in F.

Let Y07 g = C, G = max{d> ", lanl,>ne o bul,>neylenl,d™ '} and let € > 0
in F be given. As > 2 a, = A, > 2 b, = B, and ) ¢, = C then there are
N(A,e€), N(B,¢), and N(C,¢€) in N such that for n > N(A,€) we have | Y2 a;] <
G~ ld’¢, n > N(B,e) we have |>° b| < G 'd*, and n > N(C,e) we have
| > el < Gtd%e by Corollaries (2.10.4) and (2.10.2). Let Ny = max{N (A, ¢), N(B,¢), N(C,€)}
then for n > Ny we have |> 0 a;| < G 'd%, |2 b — B < G'd%, and
| >, cil < G7ldPe. For finite n we have > 1" j¢; = (37 jai) - (3o bi). Therefore

for n > Ny we have
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conn (St (B (Sae)

“|(£e)- () (£)|2))
(&) (Z0)](Z) - (E0)| | (24 (E)

<G '+ GG 'dPe + GG d*e + GG d%e
= (G +3)d*e < e
Therefore for all € > 0 we have |[C' — A-B| <eandsoC=A-Band ) ~ ¢, =

A-B.
[l

With these basic results on the convergence of sequences we shall now define

power series and prove a few useful results to do with their convergence.

Definition 2.7. (Power Series) A series of the form

o0
Z an(x — x0)"
n=0

where (a,,) is a sequence in F, ¢ is a fixed point in F, and z varies in F, is called

a power series.

For a < b in F a function f: [a,b] — F is said to be given by a power series on

[a, b] if there is a sequence (a,,) in F and an z; in [a, b] such that

Power series are a special kind of series and, as we shall see in Chapter 3, functions
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given by a power series have the smoothness properties of real power series; in par-
ticular they satisfy the intermediate value theorem, the extreme value theorem and

the mean value theorem on any closed interval within their domain of convergence.

Lemma 2.12. Let M be a well-ordered subset of Q. Define

Msy=M+---+M
————

N times

and

My = ] Mg,

n=1

Then My, is well-ordered if and only if min{M} > 0

Proof. (<): Let mg = min{M} > 0. If my = 0 then My = (M\{0})s U {0} so
without loss of generality we may assume mgy > 0. Let my > 0 and let A C My, be
non-empty. Then there is some r in A. As Q is Archimedean there is some NN, in N

such that N, - mg > r. Then

Nr
AN Qr - (U ME,n) N Qr

n=1
By Theorem (1.3) UY" | My, is well-ordered as it is the finite union of finite sums of
well-ordered sets. Then by Theorem (1.3) we have (U7, My,,) N Q, is well-ordered
so AN @, contains a minimum element, call it ¢. This minimum element must also

be a minimum element of A and contained in A therefore My is well-ordered.

(=): Suppose mgy < 0 then, as n - mq is in My, for all n in N it follows that My,

is not bounded below and hence Ms is not well-ordered. O

Corollary 2.12.1. The sequence (x") is reqular if and only if \(x) > 0. Let (a,) be
a sequence in F. Then the sequences (a,x™) and (3]7_ja;x’) are regular if (ay,) is

regular and \(x) > 0.
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Proof. Note that U supp(a™) = My, where M = supp(x) which is well-ordered. So
by Lemma (2.12) we have that U2 | supp(z™) is well-ordered if and only if min{M } >
0, or A(z) > 0. The second part is a consequence of Theorem (2.3) where the sequence

of products of terms of two regular sequences is regular. O]

Theorem 2.13. (Convergence Criterion) Let (a,) be a sequence in F. Define

Ao = — lim inf (M) = lim sup (M>
n—0o0 n n—00 n

in R. Let xg in F be fized and = in F be giwen. Then Y > an(x — x0)" converges
if Mz — x9) > Ao and diverges if either Nx — z9) < Ao or Mz — xy) = Ao and

—Xay) > nXg for infinitely many n.

Proof. Suppose A(z — xy) > Ao, then there is some ¢t € Q such that ¢ > 0 and
Az — xg) —t > Ag. Then there is some N € N such that A\(z — x¢) —t > % for
alln > N. So for n > N we have n\(z — x¢) + Aa,) > nt. Since A(ap(x — 0)") =
Man) + n\(x — xy) we have for n > N A a,(z — xo)") > nt where ¢ > 0. Thus
lim A(a,(x — z0)") = oo which gives lim a,(z — )" = 0. Hence y " a,(x — xo)"

n—o0 n—oo

is convergent by Corollary (2.8.1).

Suppose A(z — xg) < Ag. Then for all N € N there is some n > N such that

=A@n) and hence nA(z — ) +A(an) < 0. This implies lim A(an(z —z0)")

n n—o0

Az —x0) <
may not exist and certainly isn’t infinity. Thus (a,(z — x¢)") is not a null sequence

and hence Y7 a,(x — x)" is divergent by Corollary (2.8.1).

Suppose A(x—xg) = Ao and —A(a,,) > n) for infinitely many n. Then —A(a,,) > nA(z — xo)
for infinitely many n. Therefore for any NV € N we can find an n > N such that
Map) +nA(x — x0) < 0. This entails that (a,(z — x)") is not a null sequence and

hence > 7 a,(x — x)" is divergent by Corollary (2.8.1). O
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2.3 Calculus on F

In this section we will define continuity and differentiability as in R. We shall then
motivate the interest in power series by showing that functions on F which are
continuous or differentiable, due to the disconnectedness of our field, do not have

the analytic properties of continuous or differentiable functions of real variables.

Definition 2.8. (Continuity at a point). Let D C F and let f: D — F. Then we
say that f is continuous at zy in D if for every € > 0 in F there is some § > 0 in F

such that for z € D with |x — x¢| < 0 we have |f(x) — f(zo)] <.

Definition 2.9. (Continuity on a set). Let D C F and f: D — F, then f is

continuous on D if f is continuous at xy for all zg in D.

Lemma 2.14. Let D C F, a function f: D — F is continuous at xo in D if and
only if for every sequence (x,) in D which converges to xy we have that (f(z,))

converges to f(xg).

Proof. Let f: D — F.

(=): Suppose f is continuous at z, in D and suppose (x,,) in D converges to .
Let € > 0 in F be given, since f is continuous at x( there is some ¢ > 0 such that for
z in D with |z — x| < § we have |f(xy) — f(x)| < e. The convergence of (z,) gives
us an Nj in N such that for n > N5 we have |zq — z,,| < J; and hence for n > N5 we

have |f(zo) — f(zn)] < €. Thus (f(x,)) converges to f(xz).

(«<): Suppose (f(x,)) converges to f(xzo) for every (x,) in D which converges to
zg. Let € > 0 in F be given and consider A = f~1(Bo(f(x),€)). Suppose for all § >
0 we have [Bo(zo,0)\A] N D is non-empty. We then have that [Bo(xq,d")\A] N D is
non-empty for all n € N. For each n select an element of [Bo(zg,d")\A]N D and call

it x,. Then we have that |zq — x,| < d" for all n so (z,) converges to xy, however
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|f(x0) — f(zn)| > € for all n because z,, ¢ A and hence f(x,) ¢ Bo(f(xg),€). This is
a contradiction as we assumed the convergence of (x,,) to xy gives the convergence of
(f(xy)) to f(zo). So then there is some ¢ > 0 such that (Bo(xg,0) N D) C (AN D)

therefore f is continuous at xg.

]

Theorem 2.15. Let D C F; let a in F, and let f: D — F, and g: D — F be

continuous at xo in D. Then f 4+ ag and f - g are continuous at xg.

Proof. Let (x,) be a sequence in D that converges to zo. Then we know by Lemma
(2.14) that (f(z,)) and (g(x,)) converge to f(xo) and g(zg) respectively. We also

have that for n > 1

(f +ag)(w,) = f(zn) + ag(z,)

so by Corollary (2.2.1) we have (f + ag)(z,) converges to f(zo) + ag(zo) = (f +

ag)(zo). So f + ag is continuous at xy by Lemma (2.14).

We also have for n > 1

f(@n) - g(zn) = (f(zn) = f(20)) - (9(20) — 9(20))
— g(wo) - (f(z0) — f(n))
= flwo) - (9(z0) — g(xn))

+ f(zo) - g(wo)

Thus (f-g)(x,) = f(x,) - g(z,) converges to f(xg)-g(xg), as both f(x,)— f(zo) and

g(x,) — g(xo) converge to 0, so f - g is continuous at x. O

Corollary 2.15.1. Let D C F, f,g: D — F be continuous on D, and o in F be

gwen. Then f+ ag and f - g are continuous on D.
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Theorem 2.16. Let Dy, D, C F. Let f: Dy — F and g: Dy — F be such that
f(Dy) C Dy, fis continuous at xo in D¢, and g is continuous at f(xo) in D,. Then

(go f): Dy — F where (go f)(x) = g(f(x)) is continuous at x.

Proof. Suppose (z,) is a sequence in Dy which converges to zo. Then (f(z,)) is a
sequence in D, which converges to f(z¢) by the continuity of f at zo. Given (f(z,))
is a sequence in D, such that (f(x,)) converges to f(xq) we have that (¢(f(z,))) is a
sequence in F which must converge to g(f(zo)) by the continuity of g at f(z(). Thus
for any (x,,) in D converging to z, we have that (g(f(z,))) = ((go f)(x,)) converges

to g(f(xo)) = (g o f)(xo). Therefore g o f is continuous at zy by Lemma(2.14). O

Corollary 2.16.1. Let Dy, D, C F. Let f: Dy — F and g: Dy, — F be such that
f(Dy) C Dy, f is continuous on Dy, and g is continuous on D,. Then go f is

continuous on Dy.

Definition 2.10. (Differentiability at a point). Let D C F be open. A func-
tion f: D — F is differentiable at a point xy in D if there is some G in F such

that for every € > 0 in F there is a § > 0 such that if |z — 29| < ¢ we have

f (@) = f(xo)
r — 29

write G = f'(xo).

— G| < ¢ if this is the case we call G the derivative of f at xy and

Definition 2.11. (Differentiability on a set). Let D C F be open. A function

f: D — F is differentiable on D if it is differentiable at zq for all x¢ in D.
Again, like in R, the following results about differentiation hold:

Corollary 2.16.2. (Differentiation rules)[3] For f,q, differentiable functions on sets

Dy and D, respectively
o (cf)(x) =cf'(x)
o (f+9)(x)=[(x)+4(x)
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o (f-9)(x) = f'(x)g(x) + ¢ (x)f(x)

/ / /
o (%) (z) =1 (x)g(?ﬂ)@)g @) where both are well defined.

o (fog)(x)=(fog)(x)g(x)
With the above definitions of continuity and differentiability we shall be able to
provide examples of how continuity or differentiability of a function on F are not

sufficient to guarantee any of the calculus theorems hold.

Example 1: Let f;: [0,1] — F be given by

;

d-1 f0<z<d
filz) = qg-1@  ifd<r<1

1 ifex~1

\

We claim f; is continuous on [0, 1] but f; is not bounded on [0, 1].

Proof. Let € > 0 in F be given and let z in [0,1]. For z = 0let § = 3d, then f(z) is
constant on [0, ) so fi(x) is continuous at = 0. For x # 0 and x # d there is ¢ in Q
such that ¢ > A(x), let 6 = d% For all y in (z — 0,2+ 0) N[0, 1] we have A\(y) = A(x)
and thus fi(x) is constant, and therefore continuous, on (z — 0,z + 0) N [0, 1]. For
r=dlet § = d* For z in (d,d+ d*) M(z) = A(d) =1 and so fi(z) = d~!, for z in
(d — d* d) we have x < d and so fi(x) = d~! and fi(d) = d~'. Therefore fi(x) is
constant (and therefore continuous) on (d—d?, d+d?), specifically fi(z) is continuous
at © = d. Therefore fi(x) is continuous at all z in [0, 1] and hence it is continuous
on [0, 1].

Recall for every ¢ in (0, 1] N Q there is some d < x, < 1 such that \(z,) = ¢.

Let M > 0 in F be given with \(M) = gp;. Then there is some ¢ in (0,1] N Q
such that —1/q < ga. Then fy(z,) = d~'/7 and so A(fi(x,)) < A(M) which entails

that fi(x,) > M. Therefore f; is not bounded on [0, 1]. O
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Example 2: Let fo(x): [-1,1] — F be given by

fo(z) = x — z[0].

We claim this function is continuous on [—1, 1] and bounded, however it does not

attain a maximum or minimum value on [—1,1].

Proof. Let x # 0in [—1, 1] be given. Then x[0] is constant on (z —d*®+1 x4 d*@)+1)
and so fo(x) is linear, and therefore continuous by taking § = %€, on (z — d®*! 2+
d @+ and hence at . On (—d,d) the function is given by z and is therefore
continuous at 0. Therefore fy(z) is continuous on [—1, 1].

For all z in [—1, 1] we have A(z) > 0 which entails that A\(x — z[0]) > 0 for all =
n [—1,1]. Therefore fo([—1,1]) is bounded above by any positive real number and
below by any negative real number.

Suppose fo(z) attains some maximum at © = x3; on [—1,1]. Note fo(z) = 0 at
any real number and f5(d) = d, so 23, cannot be real. Then (zp; — d*@)+ ), +
@)+ € [—1,1] and fo(z) is linear on (wp; — d*@0+ gy, 4+ @A@FL) - Therefore
for 6 < d*®)*1 we have fo(xp + 6) > fo(xa) which contradicts that zp; is a
maximum, therefore fy(x) does not attain a maximum on [—1,1]. The exact same

argument works for why f>(x) does not attain a minimum value. O]

Example 3: Let f3: [0,1] — F be given by

1 fz~1
f3(x) =
0 ifaxl

We claim this function is continuous on [0, 1] and differentiable on (0, 1) with f'(z) =

0 everywhere, but is non-constant and does not attain intermediate values between

f(0) and f(1).
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Proof. For each z in [0,1] either x ~ 1 or 2 < 1. If x < 1 then z + h < 1 for
h in (—d,d) and so f3 is constant, and therefore continuous and differentiable, on
(x —d,z+d) N[0, 1] with derivative f; = 0. If x ~ 1 then z+ h ~ 1 for h in (—d, d)
and f3 is constant on (z — d,x + d) N[0, 1] and again continuous and differentiable
with derivative f; = 0. Therefore f; has derivative 0 everywhere on (0, 1).

Trivially f3(z) is non-constant (0 # 1) and does not attain any of the intermediate

values between f(0) and f(1), for instance there is no x such that f3(z) = 3. O
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Chapter 3

Power Series

In the previous section it was shown that continuity or differentiability are not strong
enough properties to guarantee the basic results of calculus. In this chapter we will
show that power series satisfy the intermediate value theorem, the extreme value

theorem, and the mean value theorem, among other properties.

3.1 Convergence

Proposition 3.1. Let [a,b] C F and f: [a,b] — F be given by a convergent power

series

f(z) = Zan(x — x9)".
n=0
If we define a new sequence (A,) given by

A, = ca,
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where ¢ is some constant in F then

= Z Ap(x —20)"
n=0

is a convergent power series on |a,b] and F(x) = cf(x) for all x in |a,b.

Proof. The series Y j an(x — x)™ converges on [a, b] and so by Corollary (2.10.2)

lim a,(x — )" =0
n—oo

on [a,b]. Then by Corollary (2.2.1)

lim A, (z — z9)" = lim ca,(x — )" = ¢ lim a,(z — x9)" =0
n—00 n—00 n—r00

on [a,b]. Hence the series

Z Ap(x — xo)"
n=0

converges on [a, b] by Corollary (2.10.2).

It follows that

N
cf(x) =c lim Zan(x—xg = lim cZan (x —xo)"
N%oon 0 N—o0

:]\}1_135020% T — xg) _Nh—I};oZA x —xo)"
= An(x— )" = F(z)
n=0

on [a,b]. O

Proposition 3.2. Let [a,b] C F, x¢ in [a,b], and f: [a,b] — F be a convergent
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power series on [a,b] given by
) =Y ale - mo)
n=0
If we define a new sequence (A,) and &, given by
A, = a,d* and & = d= A=) 4
then F: [d=2t=2q, d=A0=0)p] — F given by
FIO =Y At - &)
n=0

is a convergent power series on [d-*"Ya, d= Db and for x in[a,b] f(x) = F(d~b~g).

Moreover (A,,) is a reqular sequence.

Proof. Let n in N and z in [a,b]. We then have

an(t = 0)" = an (A7) (A7) (2 — 20))"
_ an<d)\(b7a) )n(dfx\(bfa)x . df)\(bfa)xo)n

= An(€ = &)"

where £ = d~**=%z and is therefore in [d~0~%)q, d-*=9)p).

Since Y 07 an,(x — o)™ converges for all  in [a,b] we have Y 7 A, (6 — &)"
converges for all ¢ in [d=**=%q, d=*®=9p] and thus converges at some finite (£ — &)
so, by Corollary (2.10.2), the sequence (A, ) must be null and it is therefore regular by
Theorem (2.7). Thus F(€) is given by a convergent power series on [d—*®~% g, d—b=)p]
and for z in [a,b] f(z) = F(¢) = F(d0~9g). O

Lemma 3.1. (Uniform boundedness of power series) For a convergent power series
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f(z) on |a,b] given by

f(z) =) anle —zo)"

n=0

where xq s in |a,b] we have f(x) is uniformly bounded on [a,b].

Proof. By Proposition (3.2) we can scale the argument of f(z) so without loss of
generality we shall assume that A(b — a) = 0. Then A(a,(z — z0)) > A(a,) on [a,b).
Let 2. be in [a, b] such that A(z. — z) = 0, then A(a,(z. — z0)") = A(ay) so we have
lim a,(z. — x¢)™ = 0 by Corollary (2.10.2) and therefore lim a, = 0.

n—oo n—oo

Given that (a,) is a null sequence so is (d~!|a,|) hence there must be some M in
F such that Y72 |a,|d™ < M. Since 0 < A((z—0)") for all z in [a, b] and a,, < |a,|
for all n we have M > >~ |a,|d™t > |37 an(z — 20)"| and hence | f(z)] < M on
[a, b].

Indeed because (|a,|) is a null sequence there is a Ng in N such that for n > Np we
have A(|a,|) > 0 and so i(f) = min{\(|a,|) | n < Ng} exists and i(f) = min{A(a,)}.
Due to the scaling of the argument of f we have A\(f(x)) > i(f) on [a,b] and since
SV, (z — )" is a polynomial with at least one coefficient a; with A(a;) = i(f)
we have AN an(z — 20)") = A(f(z)) = i(f) for at least one finite . in [a,b].
Therefore i(f) = min{\(f(z) | x € [a,b]}.

L

Definition 3.1. (Index of a power series i(f)) For [a,b] C F, x¢ in [a,b], and

f:[a,b] — F a convergent power series given by

f(x) =) an(z — )"
n=0
on [a, b] we define the index of f

i(f) = min{A(f(2)) | © € [a, b]}
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Corollary 3.1.1. Let [a,b] C F where A\(b—a) =0, z¢ in [a,b], and f: [a,b] — F

be a convergent power series on [a,b] given by
flx) =) an(z —xo)"
n=0

then if A(b — a) < 0 we have
AMag) = i(f)

Proof. Let x. in [a, b] be such that A\(z. — x¢) = 0, then A(a,(x. — x¢)") = A(a,) for
all n. Since > 7 a,(x. — xo)" converges to f(z.) we have, by Corollary (2.10.2),

lim a,(z. — x0)" = 0; so lim a,, = 0 hence (a,) is regular by Theorem (2.7). Thus
n—00 n—0o0

m = min{U,ensupp(a,)} is well defined. Trivially A(a,) > m; and, as in Lemma
(3.1), one can define a polynomial whose coefficients have A(a,,) = m which must
attain a value A at some x4 in [a,b] where A\(A) = m. Then, as in Lemma (3.1)

i(f) = m and hence A(a,) > i(f). O

Definition 3.2. For j, k, N in N we define

k
SkjN = {(m,...,nk) c{l,...,N}*| Zni:j}
=1

and

k
Skvj = {(nla"'ank) ENk ‘ anzj}
i=1

Lemma 3.2. Let [a,b] C F be given, xo in [a,b], and f: [a,b] — F be given by a
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convergent power series

oo
g an(x — x0)"

n=1
on [a,b]. Then for a fited k > 2 in N the function (f(z))* is also given by a convergent

power series on [a,b], that is there is a sequence (c,) such that

for z in |a,b].

Proof. Since by Theorem (3.2) one can scale the argument of a convergent power
series to be finite we shall, without loss of generality, assume [a,b] is an inverval
of finite length with A((x —2¢)) >0 on [a,b]. Thus (a,) is a null sequence as
nh_)rxgo an(z — z9)" =0 for finite (z — () by Corollary (2.10.2). The sequence (ay,)

is also regular by Theorem (2.7).

Let k£ > 2 be fixed and consider for some finite N the product

(Z an(x — xo)”> e <Z an(z — xo)"> :

n=1 n=1

e

k times

This product has finitely many terms and can be rearranged and written as

Nk
Z ayj(z — o)’
=k

where the sequence (ay ;) is defined as

Qpj = Z U A, - (3.1)



k
Likewise (Zn 1 Gz — 0)" ) can be rewritten as

kN+E

Z Brj(x — xo)
j=k

where

k
6k,j = Z Hani'

(n1,....,n)ESk j N41 =1

Note however that, for j < N + &, we have Si j v = Sk jn4+1. Thusfor j < N + k

we have oy, ; = Bj; which gives

N+k—1 N+k—1

§ Oék:gff—% E Bk,jx_l‘ﬂ
i=k

Thus for any (k,j) pair where j > k there is some finite N(k,j) = (j — k) + 1

such that for m > N(k, j) we have

k

Z an(x — 20)" and <Z an(x — xg) )

n=1 n=1

contribute the same (z — x)’ term for all j < N(k, 7).

Then define for each j

k

G = § : Qn;
1

(150 ) €S § N (k) =

- Y e

(n1nk ) €S, 1=1
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We intend to show that

Z cj(z — xo) = (Z an(x — xo)”>

Jj=k

on [a, b].
Since (a,) is a null sequence it must be that there is some Np such that for

n > Np we have A(a,) > 0. Let

My = max{d '|a,| | n < Np} and M = max{M,, 2}.

Let 1 > e >0 in F be given. Since (a,) is a null sequence there must be some

N (e€) such that for n > Ny(e)
AMan) >3+ Ae) — kA(M) (3.2)

and some Ny(¢e) such that for n > Ny(e)

o

MDD anl | > 24 Ae) — kA(M). (3.3)
Na(e)+1
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By Equation (3.3) we have for [ > Ny(¢)

<Z an(x — :Uo)"> — (Z an(x — xo)">

For any finite [ one can write

(Z an(x — xo)”> = Z ay (T — o)’

n=1

where ay; is the same as in Equation (3.1). Each ay; is a sum of products of k

terms. In each product there must be at least one term whose index is greater than
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or equal to L%J Since each term of the product is bounded above by M by Equation
(3.2) we have if | > kN (e)

< NdPeM~* Mkt
= Nd?cM~!

< d%¢

where NV is the cardinality of Sy ;; (therefore finite) and n; is one of the members of
each list in Sy ;; that has [52] > Ni(e).

Now let J = max{kN;(¢€), No(€), k} and z in [a,b]. For [ > J we have

= ch(ilf—xo)j (Z“nx_% > (Za”x_% >
cj x—xo (Zanm—xo ) + (Zan($—$o)n> - (Zan(:c—xo)")

n=1

MN

<.
Il
>

| + de

LM =

ayj(r — xo)
1

+

7=l

< (kl —1—1)d% + de

< de+de < e.

Therefore }1_{1010 Z]J:k cj(x — zo)? = (f(x))* for x in [a,b], which implies (c;) con-

verges to 0 by Corollary (2.10.2). Thus (f(z))* is given by a convergent power series
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> i — o)’ on [a,b]. O

Theorem 3.3. Let [a,b] C F and [c,e] C F. Let f: [a,b] = F and g: [c,e] = F be

convergent power series given by
flx)=ao+ Z an(x — 20)"
n=1
9(y) = co+ > bily — f(x0))"
k=1

where f([a,b]) C [c,€].

Then there is a sequence (c;j) such that
co + Z cj(z — )
j=1

converges to (g o f)(x) for all x in |a,b.

Proof. By Theorem (3.2) and Theorem (3.1) the function F': [d=2®~%q, d—*0=9)p] —
F given by
F(ZL’) _ d—)\(e—c)f(d)\(b—a)x)

is given by a convergent power series for z in [d-**~%q, d=*~2p] with
F([dC9q, g 2-0p)) = ¢ f([a,b]) C [d-e¢, dE¢].
Likewise G : [d=M¢=¢)¢, d=*¢=9¢] — F where
Gly) = g(ay)
is given by convergent power series for y in [d= =9 ¢, d¢=)¢] and

G(ld e, d M e]) = g([c e]).
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Thus for x in [d7*¢=a, =] we have

(G o F)(x) = G(dM) f(d*~)z))

= g(f(@*"Y2)) = (go f) (A" V).

Therefore (gof)(z) is given by a convergent power series on [a, b] = d*0=9)[d=A0=a)q g b=a)p]
if and only if (G o F)(z) is on [d=*t~Ya, d=2*=9p]; so without loss of generality we
may assume that A(b—a) = A(e —¢) = 0.

Given that we assume A\(b — a) = A(e — ¢) = 0 there must be some z.. in [a, b] and
Yo in [c, €] such that (z. — zo) and (y. — f(z0)) (Y. not necessarily f(z.)) are finite.
Both >>°7  an(ze — )™ and > re, br(ye — f(x0))* converge and hence by Corollary
(2.10.2) lim a, = ]}LIrolo by = 0.

n—oo

For z in [a, b] we have

(9o f)(@)=cot+ > bilf(x) = flao))"
k=1
= Cp + Z bk (ao + Z an($ — 330) — f(x0)>
O—Ol _ n=1 .
= co—i-Zbk (Zan(x—mo) >
k=1 n=1

Let

Vk<1‘> = bk <Z &n(.T — iCo)n)

which by Lemma (3.2) can be rewritten as

Vi(z) = by Z crj(z — x0)

j=k
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where

Since Si ; is empty for £ > j we can define a sequence (¢;) given by, for j > 1,

J
Cj = chyj. (34)
k=1

We wish to show that A(a,) >0 for n > 1. By Corollary (3.1.1) we know
Mayn) > i(f), so if i(f) > 0 we are done (note that A(e — ¢) = 0 does not guar-
antee this, for instance if e = d~' +1 and ¢ = d~* — 1 then (e — ¢) = 0 but for all
y in [c, e] we have A(y) < 0), however if i(f) < 0 Corollary (3.1.1) is not enough to
ensure A(a,,) > 0 for n > 1. Suppose i(f) < 0 and for some A C N we have A(a,) <0
for n in A. Because lim a, = 0 we know A must be finite and so we can define a

n—oo

polynomial and z 4, as in Lemma (3.1), such that

Mza —x9) =0 and
AP(z4)) = min{\(a,) |n € A} = 1.

Because |[a, b] is finite in length there must be some z,, for each 0 < @ < 1 in R, in

[a, b] such that

(Ta — x0) = a(xa — 0).

Then
P(za)[1] =) a™(an(wa — z0)")[]]

neA
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which is a real polynomial in « and therefore can only be equal to P(z4)[I] at finitely
many « and can only be equal to zero at finitely many «. Let xp = x, for some «

such that P(x,)[I] # P(x4)[I] and P(x,)[I] # 0. Then
A(P(z4) — P(xp))=1<0
and, as in Lemma (3.1),
A(f(za) = f(xp)) = A(P(x4) — P(zp)) <0

Let B =max{f(za), f(zp)} and A =min{f(za), f(zp)}, then B— A >e—c
however we need B and A in [c,e] as f([a,b]) C [c, €], this is a contradiction. There-
fore if i(f) < 0 we have A(a,,) > 0 for n > 1 and if i(f) > 0 then A(a,) > 0 forn > 1

as well. Thus for any A C N

A (H an> > Aay) (3.5)

neA
for any 7 in A. Corollary (3.1.1) also ensures that

M = max{|by| | k € N}

is well defined.
Let € > 0 in F be given. Since (a,) is a null sequence there is an N(e) in N such

that for n > N(e)

Man) > 2+ Me) — A(M).
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There is also a K(€) in N such that for k£ > K (¢)
A(bk) > 24 A(e).

Let J = max{K?(¢), K(€) - N(¢)} then for j > J we have

J
G = E :Ck,j

k=1

K(e)

j
= E Crjt E . e
k=1 k=K (e)+1

Because j > K(e) - N(e) we have for k < K(e) that [£] > N(e). Each (ny,...,ny),
in any Sy ; with j > J and k < K (€), has at least one component N where N > L%J
Hence we have when j > J and k < K (e) for said N A(ay) > 2+ A(e) — A(M). This

ensures, for k£ < K(e) and 7 > J,

Acr) = Mbg) + A > Han

by Equation (3.5) and the fact that |Sy ;| is finite for any finite k, j pair.
Equation (3.5) and the finitness of |Sy ;| also gives us A(c ;) > A(by) — 1 for any

k, j pair and therefore for those ¢y ; with k > K(e) and j > J.
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Thus for j > J

J

el =1 eny

k=1
= Z Ck,j + Z
k=K (e)+1
(o) j
< ZC’W + Z Ck j <Zde—|— Z de
k=1 k=K (€)+1 k=K (e

= K(e)de + (j — K(e))de = jde < €

Therefore lim ¢; = 0 and ) 77, ¢j(z — o)’ converges for ( — x() which are at most
j—o0

finite, by Corollary (2.10.2), and so 322, ¢j(x — 20)? converges on [a, D).
If we once again let € > 0, then due to the fact that (by) is a null sequence there

is some K (€) such that for k > K (e)

A(be) > Ae) + 1.

Thus if k,7 > K(€) we have

52



Then by Corollary (2.10.5) we have for z in |[a, b]

(9o )(x) = g(f(xo)) + > Vil(x)

= g(f(x0)) + > crslw —xo)

k=1 j=1

= 9(f(x0) + DD englx —zo)’

j=1 k=1

3

= g(f(z0)) + cj(x — x0).

<.
Il

So (c¢j), where ¢y = g(f(zo)) and ¢, is as in Equation (3.4), is a sequence such
that (go f)(x) = co+ D22, ¢j(x — x0)7 on [a,b]. Therefore (go f)(z) is given by a

convergent power series on [a, b].

3.2 Analytical Properties

Theorem 3.4. (Derivative of power series). If f(x) =D~ an(x—1x0)" is a conver-
gent power series on [a,b] where xq is in [a,b] then for z. in (a,b) f is differentiable

at x. and

f/(xc) = Z nan(wc - 51;0>n71

where the power series converges on (a,b).

Proof. Let z. in (a,b). Let ¢ >0 in F be given. Then, since Y 7 a,(z. — xo)"

converges, there is an N(e) in N such that for n > N (e)

lan (2. — x0)"| < de|z. — x0].
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Hence for n > N(e)

n
Inay, (. — z0)" | = lay (. — x0)"|

|[ze — o
< de.fc — x|
|Te — 0]

< €.

Therefore Y7 | na,(x. — )" * converges by Corollary (2.10.2). Let G = > 7 | na,(v.—

1

xo)" " and consider

e e
T — T,
St = ),
T — T,
_ Sl = ) B e~ w) (e — )
B T — X,
00 n—1 00
= Z an Y (2o — 20)'(z — xp)"~ Y Z NGy (T — 20)"
n=1 =0 n=1
00 n—1
= > an Y (e — wo) (w — )"+ — (2, — w0)")
n=1 =0
00 n—1
= Z an, Z(xc — $o) ((:1: —r )n (i+1) (a: T )nf(z#l))
n=1 =0
00 n—2 n—(i+2)
— Z an > (2o — 20) (z — z) Z (20 — o)’ (2 — 2o)"~+2+9)
n=1 =0 7=0
00 n—2 n—(i+2)
= |z — =z Za" (z — xo)i Z (2o — xo)j(a? — 20) —(i+2+7)
n=0  i=0 j=0
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Note that

[ee] n—1 n—(i+2)
i Z an Z(m — xo)i Z (xc — x0>]($ —7x )n—(i+2+]')
e n—1
= Z [07% (n - (Z + 1))) ('Tc _ ‘To)nf2
n=1 i=0
and that
n—1
A( ("—(Hl))) =0
=0
for all n.

It follows that

1=0
Thus
n—1
i — (4 _ (n=2) _
Jim an, (Z_;m (2 + 1))) (zc — x0) 0
because
lim na,(z. — 2¢)" ' =0
n—oo
and hence
0 n—1 n—(i+2)
lim Z an Y (v —z0)" Z (ze — o) (x — xo)n—(i+2+j) — L
T—Tc — P =
exists.
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Therefore

f@) = )

lim
T—Tc T — T,
(o) n—1 n—(i+2)
= lim ’m — xc‘ Z an, Z<$ _ l’o)i Z («Tc _ xg)j(x _ mO)n—(i—&-2-&-j)
T—Tc - — g
00 n—1 n—(i+2)
= lim |z — x| lim Z a, Z(x — z)’ Z (20 — z0) (z — o) 2+
T—Tc T—Tc
n=1 1=0 j=0
=0-L
=0

Since x. was an arbitrary point in (a,b), it follows that f(z) is differentiable on

(a,b) with f'(x) = 07 na,(x — x¢)" ! for every x in (a,b). O

Corollary 3.4.1. If a function f(x) is given by a convergent power series on [a,b]
it is infinitely often differentiable on (a,b). Moreover f®)(x) = 3 °° (nﬁ—!k)!an(:c -

xo)" " for k in N.

Proof. This follows from the fact that if f(x) is given by a power series on (a,b)
then f(x) is differentiable on (a,b) and f'(x) is again given by a power series on
(a,b) where the terms of the power series representing the derivative are given by

the derivatives of the terms of the initial power series. O

Corollary 3.4.2. (Re-ezpansion of Power Series) If f: [a,b] — F is given by a
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convergent power series

flz) = Z an(x — x0)"

on [a,b] where xq is in [a,b] then the power series can be re-expanded around any

point in [a,b]. Hence f(x) can be rewritten as

f@) = balx— )"

where x. is any fived point in |a,b] and the power series converges for any x in [a,b].

Proof. Without loss of generality by Theorem (3.2) we may assume that A(b —a) =0
and so for x in [a, b] A(z — z9) > 0. We may therefore assume, by Corollary (2.10.2),

that lim a, = 0. Let x. be in [a, b]. For any fixed N we have

an(z — JZO)N =a,((x —z.) + (z. — IL‘O))N
(N j j
_aNjg()(j)(xC_xO) (x — z.)
= Zaj,N(x —x.)’
where

(N)CLN(.Z‘C —x)N7 forj <N
;N = .
0 for j > N

Thus f(z) =3 020> 2gajn(z —2.)7. Let ¢ > 0 in F be given. Since (ay)
is a null sequence there must be some N(¢) in N such that for n > N(e) we have
A an) > A(€) + 1. Because )‘((i)) = 0, for any j, n pair where (i) is well defined, and
Az — wg) > 0 we have A((7)(z. — 20)"7a,) > A(an) for any j,n pair where j < n.

Then if j,n > N(e) we have A(c,,) > A(€) + 1 so by Corollary (2.10.5) we have, for
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x in [a, b],

f(z) = Z Z ajn(@ — )’
= Z Z ajn(r — )
= Z cj(r — x.)’

where ¢; = > (V) an (2. — 20)".
Therefore for any z. in [a, b] there is a sequence (¢;) such that if f(z) = > a,(z — x0)"
on [a,b] then we also have f(z) = > cj(z — x.)’ on [a,b].

]

Corollary 3.4.3. Let [a,b] C F and f: |a,b] — F be given by a convergent power

series; let x. in (a,b) and § such that x.+ 0 € [a,b]. Then we have

flze+96) = f(x,) +Zf

Proof. By Corollary (3.4.2) there is a sequence (a,) such that f(x) is given by
> an(z — )" on [a,b]. Then

flz.+0) = ian (e +0) —x)" —ian(sn
n=0 n=0

for ¢ such that z.+6 € [a,b]. By Theorem (3.4), and Corollary (3.4.1), we know that

f(x) is infinitely often differentiable on (a,b) and f4)(z) = >°° = M) (v — )" M.

Therefore
= n!
= Z man(xc — .fc)n_M = M'CLM
n=M ’

f(n) (zc) . ]

and hence a, = —

Definition 3.3. (Quasi-Multiplicity) Recall that F 4 ¢.F is algebraically closed like

o8



C. Let Q(x) be a polynomial over F +iF of degree n, let &, ..., &, be its n roots in
F+iF,let j € {1,...,n} and let | < n be given in N. Then we say that &; has quasi-
multiplicity [ as a root of Q(z) if, for some j; < jo < ... < i1 in {1,....,n}\{j} we
have that

& ~ & if and only if k € {4, 71,72, -+, J1-1}

Theorem 3.5. (Intermediate Value Theorem) Let a < b in F be given and let
g: [a,b] = F be given by a convergent power series. Then g assumes on |a,b] every

intermediate value between g(a) and g(b).

Proof. Define G: [—1,1] — F by

_ ((b—a) a+b
Gz)=g ( 5 Tt— -
By Theorem (3.3) G(x) is again given by a convergent power series on [—1,1].
Let i(G) be the index of G(z), which exists by (3.1), and so d~“)G(x), by Theorem

(3.1), is given by a power series with zero index on [—1,1].

Since scaling does not affect intermediate values, g(x) assumes all intermediate
values on [a, b] if and only if d~““G(z) assumes all intermediate values on [—1, 1]

because the map

he) (b;a)x_l_ <a42rb>

is a bijection from [—1, 1] onto [a, b].

If d49G(~1) = d“G(1) we are done as there are no intermediate values, so
assume d (G (—1) # d~FG(1). Without loss of generality let G(1) > G(—1), if

the opposite is true one can compose with —x and the resulting function will remain
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a power series by Theorem (3.3).

Let S be between d~“G(—1) and d~*9G(1) and define f(z) = d"{DG(z) - S,
then since d=“9G(~1) # d~©)G(1) we have that one must be bigger than the other

SO f;(j) < 0. Therefore g ssumes the value S on [a,b] if and only if f assumes the

value 0 in [—1, 1].
So without loss of generality let we may assume g = f: [—1,1] — F, where

i(f)=0and f(—1) <S=0< f(1).

Due to Corollary (3.4.2) we may expand f(x) around = = 0 so there is a sequence

(an) such that

n [—1,1]. Given f(1) =Y 7 a, we know that sum converges so there is some

my in N such that, if Ag = min{|f(1)|, |f(—=1)|}, then A(a,) > A(Ao) + 1 for n > my.

Let
mo
Py(z) = ap+ Z an, "
n=1
Ry(z) = Z apx"
n>mo

Then we have
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which implies

B(=1) = f(=1) = Ro(=1) = f(-1).
B(1) = f(1) = Ro(1) = f(1).

Therefore Py(z) has a sign change on [—1,1] and hence Py(z) = am, [ [, (z — ;)™
has at least one root of odd quasi-multiplicity on [—1, 1]. If Py(x) has no such root
then (x — ;)™ must have the same sign for all z in [—1, 1] and therefore Py(z) has
no sign change on [—1, 1], this is a contradiction therefore Py(z) must have such a

root in [—1, 1].

We consider two cases:
Case I : All roots x; of Py(z) with odd quasi-multiplicity in [—1, 1] have the

property A(x;) > 0.

Since there are only finitely many roots of Py(x) on [—1, 1] there are only finitely
many roots of odd quasi-multiplicity with A(z;) > 0 thus we can order them {xy,...,z,,}

from least to greatest.

We evaluate f(x;) for all 1 <i <m. If f(z;) = 0 for any i we are done, we may
therefore assume f(x;) # 0 for all 1 <17 < m. We consider two subcases:

Sub-case I.a: There is some k ,1 < k < m, such that

f(xx)
f(l'kﬂ)

<0

In this case there is some sign change in f(z) between xj and zp;. We expand

f(z) around each. Consider
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flzg +2) = fag +Zanazk

f(@ry — ) = fzrs) Z an(Tr41)(
n=1
Where a,(z;) = f ") - Since i(f) = 0 by construction there must be some low-

est M € N such that aM(:Uk) ~ 1 (if there were no such M then f(z) + x) would
not be finite for any value of x) and since A(zg41 — o) > min{\(xx41), AM(xg)} > 0

it must be that ay(ze41) ~ 1. Let Po(x) = M a,(2)2™ and let 8 = (dz Ag) ™.

n=1
We claim there must be some j, € N such that A(P4(jad})) < 3 4+ AM(Ag). We

observe that ay(a1)(j6))™ ~ dz Ay for all j in N. For n < M we have

1

_} = J"(an(zk)(01)") {)‘(AO) 1} '

o) GO [N + 5 :

Gather those n such that a,(z)(j67)"[A(Ao) + 1] # 0 in a set, say A, then

Palit) [AAs) + 5| = Y anton)@) [an) + 3]

2
neA

which is a real polynomial of degree |A] < M in j and so cannot be zero at
more than |A| points by the fundamental theorem of algebra. Thus there must be
some j, € N such that for d;, = jo0; we have P (d1.4)[A(Ao) + %} # 0 and hence
AMPra(01,0)) < AM(Ao) + 3.

Define Py g(z) = M | an(wr41)(—2)", and for the exact same reasons as above,
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there must be some jz such that if §; 5 = jzd; then A(Pis(d1,5)) < A(Ao) + 3.

Since A(an(z;)) > 0 and both A(d7,) > A(Ag) + 5 and A(d]5) > A(Ag) + 5 for

n > M we have, by Corollary (2.10.4), that

- 1
A ( Z an(xk)éfa> > A(Ap) + 3 and

n=M+1

A < > an(xk+1)5ﬁﬂ> > A(Ap) + %

n=M-+1

We then have

A(f (2 + 01a)) < A(Ao) +

N — N~

A(f (@1 — 01,8)) < A(Ag) +

which implies

M Py(x + 01.0) + Ro(zr + 61,0)) < AM(Ao) +

MPo(wpy1 — 61,8) + Ro(wrs1 — 01,8)) < A(Ao) +

| = N =

which gives

A(Po(zr, + 61a)) < MAo) +

N~ N~

A(Po(zki1 = 01,8)) < A(Ag) +
as |Ro(z)| < d2 Ay on [—1,1].
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Then we show that at least one of the following must be true:

(D) Mazerr — 2%) 2 Mdra) = A(01,)-

f(xr +01a)
f(xr)

< 0.

(i)

f(Thy1 — 61
f(%ﬂ)

Suppose A(Zg1 — 2x) < A(d1,) and

< 0.

(i)

o) "
o
Then
iy oma IR 0

It follows that
Po(xr 4+ 014) f(Tre1)

Po(tees —015) flax) "

and hence
P,
o (T + 01.4) <0
Po(zg41 — 61,8)
as
f($k+1) <0
f(fﬁk)

This implies a sign change in Py(z) on (zy + 01,4, Tk+1 — 61,8) which is a subset
of [k, Ter1] as A(@r41 — k) < A(d1.0) = A(015). There must therefore be some

¢ € (T + 01,05 Tr+1 — 01,) such that Py(c) = 0, but then zy and x4, are not consec-
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utive roots of Py(z) which is a contradiction.

Thus if A(z41 — %) < A(01,4) either

(i) % < 0; in which case we let Xy = x, and d; = 01, Or

(ii) f(®pq41—01,8)

For < 0;in which case we let Xo = 241, and 6; = 6y 5.

In either case f(X( + x) has a sign change on (—dy, ).

If Mazgsr — xr) > M01a) = A1) let Xo = 2 and &y = 2441 — 2. Then

f(Xo + z) has a sign change on (—dy,6;).

Therefore in Sub-case I.a, where all roots x; of Py(z) have A(z;) > 0 and for some

1 < k < m we have L&) < 0, we can define an X and ¢; such that Py(Xy) = 0,

f(@r41)
A(dy) = % + 517 and f(Xo + ) has a sign change on (&, 6;)
Sub-case 1.b: For all roots of Py(z), which we call {z1,...,x,,}, we have % > 0.

In this sub case, as in the previous one, we expand f(x) around a root of Py(x), which
we call Xo, to find a d; such that A(d1) > A(Ap) + 3 and f(Xo+ ) has a sign change
on (—dy,d1).

If f(x;) has the same sign for all 1 < i < m then either f(z;) > 0 or f(z,,) <0.
If f(z1) > 0, then since we had f(—1) < 0 there is a sign change in f(z) between
—1 and 24, and we let Xy = zy. If f(x,,) <0, then since we had f(1) > 0 there is a

sign change in f(z) between xz,, and 1, and we let Xy = .

Suppose f(z1) > 0 and we let Xy = x1; there must be some M € N such that

fM)(z) is the first finite derivative of f at z;. There must also, as in Sub-case
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La, be some P g(z) = 27114:1 an(Xo)(—z)" and 6; (where 6, ~ (d2 Ag)a) such that
AMPrs(01)) < A(Ao) + 3. As before we can be sure that there is some sign change in
f(z1+ ) on (x1 — d1, 1) or there is some root of Py(z) on (=1, 27 — d1), which is a

contradiction as we took 7 to be the smallest root of Py(z).

Likewise if f(z,,) < 0 and we let Xy = x,,, there must be some M € N such that
fM)(x,,) is the first finite derivative of f at x,,. Asin Sub case I.a there must be a
Pro(x) =M an(z)2” and &) ~ (d2 Ag)ar such that f(z,, +z) has a sign change

on (T, Ty, + 01) or there is a root of Py(x) on (x,, + d1,1) which is a contradiction

as we took x,, to be the largest root of Py(z).

Therefore in Sub-case 1.b where all roots z; of Py(x) have the properties A(z;) > 0

and ]{((;;)) > 0, we can define an Xy and ; such that A(f(Xo)) > A(Ag) + %’

A0y) = A(]@O) + 357, and f(Xo + «) has a sign change on (—dy,d1).

Case I1 : At least one root of Py(z) with odd quasi-multiplicity is finite.

In this case there is a finite root, say X, with odd quasi-multiplicity m such that

there is some finite Ay such that

Py(X + A)

R(xX-A) "

for all finite A < A,.

As previously there are finitely many (m — 1) roots of Py(x) infinitely close to
X, which can be arranged from least to greatest as {Xi,..., X,,} including X. If

f(X;) =0 for any 1 < i < m we are done so assume f(X;) # 0 for all i. As in Case
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I we consider two sub cases

Sub-case Il.a: There is some 1 < k < m such that f{)(()::kk)l) < 0. Just as in Sub

case I.a there must be

Some M € N such that f™M)(X,) ~ fM(X,,,) and f™M)(x;) is the first finite

derivative of f at X; (both X} and Xjq).

A polynomial P, ,(x) = ZM I (Xk) yn

n=1 n!

A polynomial Py 5(z) = M M(—x)"

n=1 n!

810 > 0 such that &), ~ (d2 Ag) ¥ and A(P1 o(81,4)) < A(Ag) + 1.

815 > 0 such that &; 5 ~ (d2Ag) ™ and M(Pys(01.4)) < MAg) + &

Just as in Sub-case I.a, one of the following must be true:

(1) M Xk+1 — Xk) > AM(01,4); in which case we let Xg = Xy, and §; = Xjq — X

(i) M Xgr1 — Xk) < AM01.0), % < 0; in which case we let Xy = X, and,

51 = 00

(iil) AN Xgr1—Xk) < AM(91.0), f();&;k:f;’ﬁ) < 0; in which case we let Xo = Xj1— 013,

51 - 5175.
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Sub-case I1.b: ]{((—))é)) > 0 for all 4, j. Then for some A < Ay one of the following

must be true

f(X1—A)
f(X1)

<0 or

(i)

f( X +A)

(ii) X <0

as f(X1) and f(X,,) must have the same sign but f(X; — A) and f(X,, + A) must

have opposite signs as X is a root with odd quasi-multiplicity.

As in Sub-case I.b, (i) being true implies

JM(Xy)

a) There is some M € N such that Y

is the first finite coeflficient of

expansion of f(x) about Xj.

v f7(X)

b) There is some polynomial P g(z) = >~ '
n!

(=)™

c¢) There is a d; 3 > 0 such that 6; 5 ~ (d2 Ag)™ and APy g(018)) < A(Ao) +

N =

d) f(x) has a sign change on (X; — 01,3, X1).

In this case let Xo = X; and 6; = min{d; g, 1 + X1 }.

As in Sub-case Lb, (ii) being true implies

f(M) (Xn)

a) There is some M € N such that i

is the first finite coefficient of

expansion of f(x) about X,,.

(n) (X

b) There is a polynomial P, ,(z) = 27]\14:1 ! (| m)xn'
n!

c¢) There is a 01, > 0 such that 6; , ~ (d%Ao)ﬁ and A(Pra(d1a)) < A(Ao) + 3.

d) f(x) has a sign change on (X,,, X, + 01a)-
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In this case let Xy = X,,, and §; = min{di,, 1 — X, }.

Then in all sub-cases we have that % < 0and A(f(Xo+61)) < A(Ag)+3.
0
Re-expand f(z) around X
= fM(X, .
FOX ) = £+ 30 LU, (3.6)

Since there must be some finite x such that Xy +x is in [—1, 1], then by Corollary
(3.4.3) there must be some finite x at which the sum in Equation (3.6) converges.

Therefore there exists my in N such that for X, + x in [—1, 1] we have
S .
n=mi+

Define

(n)X
Pu(x) = £(Xo) +Zf J

oo (n
Ri(z) = ) ) n(!XO)ZUn
n=mi+1

We've already established that f(X+ z) has a sign change on (—d;,d;) and that
A(f(Xo + 1)) < A(f(Xo)) < A(Ru(2)) (or A(f(Xo = d1)) < A(f(Xo)) < A(Ba(2)))

and hence P;(z) has a sign change on (—dy, 7).

We therefore have that P;(x) has a root of odd quasi-multiplicity on (—d7,47), as

we established polynomial sign changes correspond to roots of odd quasi-multiplicity,
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so as in Case I of the previous expansion there must be some x; € (—d1,9;) and

8y > 0 such that 8y ~ (d2 f(X))¥ and Py(z1) = 0, A(Py (21 + 85)) < A(f(Xo)) + L,

f(Xo+x1402)
and S Xotr) < 0.

(Xo)
M

) A(Ao)

M

1

2M

1

2M*

NB: A(8;) = 24

1
+m2

+ o+

By induction, we obtain sequences (x,) and (d,) such that

Tn S (_571—17 571—1)

fXo+zi+...+2h1 +12) = P(z) + Ry(x)

A(Ru(2)) > AMd2 f(Xo + @1 + ... 4 @n_1)) for Xo+ x1 +

. fXo+z1+ ...+ 201+ 6)

<0
f(XO—i_xl_'_"i_mnfl_(sn)

A(Ao

M

),
2M

A(0n) =

It follows that lim A(d,) = oo, and hence

n—oo

lim ¢, = lim z, =0
n—0o0 n—0o0

ceiF Xy in [—1,1]

Then there is some X such that X = Xy + > .o, ;. Since Xo + 21 € (—1,1)

~
~

we have X € (—1,1) because A(z1) < A(D iy z;) so X
X — XO =~ I1.

We also have
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lim f(Xo+...+z,) = lim R,(z,) =0
n—oo

n—o0

Therefore

O:JLn;Of(XO+...+xn):f(lim(Xo+...+xn)):f(X).

n—oo

So there is some X € (—1,1) such that f(X) = 0.
[l

Lemma 3.6. If P(z) is a polynomial of degree n > 2 over R, such that P(r) = 0,

and PO (r) =0 for 0 <i<n—1, then P(x) = a(x —r)" for some « in R.

Proof. We will prove this statement via induction: let n > 2 and let S,, denote
the statement “If P(z) is a polynomial over R with P(r) = 0 and P%(r) = 0 for
0<i<n-—1then P(x) = a(x —r)" for some o in R.”

In the base case n =2 P(r) = P'(r) = 0. As P(r) = 0 then P(z) = a(x —r)(x —
ry) so P'(z) = al(x —r) + (x —1m2)] = a[(2x — (r+1m2))]. P'(r)=0s02r=r+mr
then 7 = ry and hence P(x) = 2(x — r)>.

Fix k£ > 2 and suppose Sy is true. Further, suppose P(z) is a polynomial of
degree k + 1, P(r) = 0, and P9(r) = 0 for 0 < i < k. Then G(z) = P'(v) is
a polynomial of degree k such that G(r) = 0 and G@(r) = 0 for 0 < i < k — 1.
Therefore, by Sy, there is a 3 such that P'(z) = G(z) = B(x — r)k. Because
P(r) = 0 we have P(z) = a(z — r)H(x) where H(z) is a polynomial of degree k.
Then P'(z) = a[H(x) + (x — r)H'(z)] = B(z — r)*. Since polynomials over R have
unique factorizations there is a constant such that H(z) = c¢(z —r)* and hence there

is an « such that P(z) = a(x — r)¥*! and so S, holds.
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Therefore by the principle of mathematical induction S, holds for every n >

2. [l

Corollary 3.6.1. A convergent power series f on [a,b] has at most finitely many

ZETO0S.

Proof. As in the proof of the intermediate value theorem, without loss of generality
we may assume the domain and range of f are scaled, so that [a,b] = [-1,1], and
i(f) = 0. We can once again express f(x) as a sum of a polynomial and a remainder
term, Py(x) and Ry(z), and for every y such that f(y) = 0 there is a root x of F
such that A\(z —y) > 0. At points 2’ such that A(z' — x;) < 0 for all k, where z;, are
the roots of Fy, we would have Py(z’)[i(f)] # 0 so f(2') could not be zero. There
must be finitely many zeroes of Py by the fundamental theorem of algebra (F + iF

is algebraically closed).

Consider that near any zero zj of Fy we can re-expand f around x and there

FO) ()

is some M € N such that ay, (vg) = o 18 the first finite coefficient of the
expansion of f about x;. Then
Mk o
flar+0)=flan) + > an(@)d"+ Y an(wy)o"
n=1 n=Mp+1

(n)
where a, () = fn—(,x’“)

For § such that 0 < [6] < 1 we have A(apy (75)dMF) < A (Z?:Mk.ﬂ an(y)0")
and so f(zg +0) = 0 only if A (f(xk) M an(xk)5”> > Mapg, (w1,)0M*). In that
case f(zx)lq] + oM (an(21)6™)[q] = 0 for all ¢ < MA(d).

We claim there are only finitely many ¢ such that 0 < [§| < 1 and f(zx+9J) = 0.
As in the proof of the intermediate value theorem for any such ¢ we have ayy, (25 +9)

must be the first finite term in (a,(zx +0)) as no coefficient of expansion can change

by a finite amount over an infinitely small interval if all coefficients are at most finite
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to start with.

For 0 <1i < My, where a;(zg) # 0 let o p = Mai(xy)). Let

. Qi
Uy = min o
0<i<My | M,

then for ¢ such that 0 < A(d) < Uy we have Aany, (71)0™*) < A an(zx)d") for all n,

hence f(zy + 0) & an, (zx)0™M* #£ 0 so f(xy, + §) is not equal to zero. We therefore
require that A(d) > Up.
LetA:{qe@]EIi%j,OSiSMk,OSjSMk,q:W}andlet

Q ={qe A|q>U}. If \(0) =¢q and ¢ > Uy and ¢ is not in A then

A (i an(xk)(S”) = ognilghj\lek{A(ai(xk)éi)} < Mg < A ( Z an(:vk)CS”)

n=0 n:Mk+1

and hence f(zy + d) # 0. Therefore if A(6) > 0 and f(z) + 0) = 0 we know A(9)
is in @', so there are only finitely many possible values for A\(0) because A is finite.
Let ¢. € Q" and let 6 = ad% + v where a is in R \ {0} and A(y) > ¢.. Define

B = O<m<i§\14 {avig +ig.} and A = {0 <4 < My, | iy + ig. = By, }. Then for ¢ not
S1S Mg

in A we have A(a;(21)0") > S, and so f(zp 4 0)[8,.] = P(a) = Y ;o ailz)aig]a’
(for n > M, we have \(a,(zx)0™) > M aa, (2x)0™*) so they need not be considered).
This is a real polynomial in a of degree at most M, and therefore equal to zero

at no more than My values of a. Since f@(z), +§) = >.°7. (Tlnfzﬂan(wk)én_i and

)\((H"T'Z),an(xk)) = M an(x) wherever (n —i)! is well defined we have

My,

FO (@, + 6)[B, — iqe] = (Z ﬁan<xk)[ﬁqc —(n— i)qc]anZ)

d
= —P(a).
Tib(a)
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Either P (a) =0forall 0 < i < My—1 and so there is only one possible value for
a by Lemma (3.6) or there is some greatest M ; < M, — 1 such that PMx1)(a) # 0

for each root a of P(a). For this M if A(y) > ¢.

f(Mk,1)<xk + ad¥ + ’y) [/8(15 — Mkz,l)\(’Y)]
My,

= > an(ww +ad®)[5, — (n = M)A (A"

TL:Mk,l

£0

as an, , (vr + ad®)[By, — My1qc] # 0 by assumption and X(a;(zy 4 ad®)) > 3, —
nge > Bq. —nA(y) for My > j > My1. Moreover (any, , (2x+ad® )y Mer) < Ma;(zp,+
adq.)y’) for j > My, and v with A(y) > g.. Then M, ; takes on the roll of M}, in
the next expansion and we consider the « such that A (Eﬁi’“@l an(xy + adq6)7”> =
A (Z;L.O:Mhl—f—l an(Tk + ad‘ﬂy”).

As in the proof of the intermediate value theorem we can establish an interative
process by which we generate a sequence (a,) and (g.,) such that § = > "7  a,d%"
and f(x +0) = 0. Each a; is a root of a polynomial of degree M. Because
Myiv1 < My, and My ;41 = My,; only if there is only one option for a; there is an
N in N such that for i > N there is only one option for a; (either the degree of
the leading polynomial becomes fixed or the iterative process terminates and a; = 0
for all i > N). Therefore there are only finitely many § such that A\(6) > 0 and

f(zr + ) = 0 and since there can only be finitely many roots xj of the leading

polynomial of f there are only finitely many roots y of f in total.

Theorem 3.7. (Local Extrema)

Let [a,b] C F be given and f: [a,b] — F be a non-constant convergent power
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series given by

f(z) = f(x0) + Zan(x — )"

n=1
where x¢ € (a,b). Let m € N be the smallest m such that f™(xy) is not equal to
zero. Then f has a local extremum at xq if and only if m is even. The extremum is

a minimum, if £ (z0) >0 and a mazimum if {7 (z0) < 0.

Proof. As in Theorems (3.2) and (3.1) as well as Corollary (3.4.3) we may as-
sume without loss of generality that [a,b] = [—1,1], g = 0, and i(f) =0. Then
Mz — ) > 0 for all z in [—1,1], 7}1—>Holo a, =0, and \(a,) > 0 for all n in N.

Given that (a,) is a null sequence and i(f) = 0 there is some M in N such that
ayy is the first finite term in the sequence (a,). Then for = such that Az — xy) > 0

we have

Manr(z — 20)™) < Mapn(z — 20)")

for n > M.

Let A be the set of m < i < M such that a; # 0, let o; = A(a;). Then for i in A
and x = zy + d? we have

Ma;(z — xo)i) = q; + 1q.

For i in A let ¢; be such that
m +mg; = o + 1g;

and let ¢y = ml{{l{qz} then for ¢ > gy we have «; + iq > «,,, + mq which entails that
1€
A(f(xo +d?) — f(xg)) = Mamd™?) for such g. Then for 6 > 0 such that A\(d) > qo

we have

(f(zo +9) — f(20))[MNf(m0 + ) = f(0))] = am[Mam)]
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and

(f (zo = 6) = f(20))[A(f (w0 — 0) = f(20)) = am[A(am)](=1)™

by Corollary (3.4.3). Therefore if m is even we have that for § > 0 such that A(J) > qo

f(zo+0) — f(wo) = f(xo —0) — f(20) = @pd™

which entails f(z) is a local maximum if a,, < 0 and f(x¢) is a local minimum if
A, > 0. In the case where m is odd then f(zo 5 < 0for § >0 such that A(0) > qo

so f(xo) is neither a local maximum nor minimum.

Theorem 3.8. (Extreme Value Theorem)
Let [a,b] C F, xg in [a,b], and f: [a,b] — F be given by a non-constant conver-

gent power series

oo
g an(x — x0)"

n=0

then f assumes a maximum and a minimum value on [a,b].

Proof. As in Corollary 3.6.1 without loss of generality we can assume i(f) = 0,

zo =0, and [a,b] = [-1,1].

Since lim a,, = 0 and i(f) = 0 there is some finite set A such that A(a;) = 0 for

n—oo

iin A and A(a;) > 0 for i not in A. Define P(x) and R(z) by

P(z) = Z apx"

neA

= E anx”

né¢A

then f(z) = P(z) + R(z) and f'(x) = P'(z) + R'(x). Let {X1,..., Xk} be the set

of points where P(z) attains its global maximum on [—1, 1], and recall that for all
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X such that A\(X — X;) =0 for any 1 < i < K we have P(X)[0] < P(X;)[0] and so
F(X)[0] < f(X;)[0]. Therefore if f(x) has a maximum value it must be attained at

some z in [—1, 1] such that A\(x — X;) > 0 for some .

Let 1 < k < K and expand f(x) around X} then

FXt o) = f(Xp) + ) an(Xp)2"

n=1

F(Xk+ ) = F(X) = an(Xy)a"

where a, (X)) = % Given that P(X}) is a global and therefore local maxi-
mum for P(z) we have that the smallest M, such that P (X}) # 0 is even and
PMO (X)) < 0. Since fMo) (X)) = PMe)(X,) + RMW)(X,) we have apy, (Xy) is the
first finite coefficient of expansion of f(x) about X, M, is even, and a, (X5) < 0.

For 1 < i < Mj, such that a;(X}) # 0 let

oy = )\(az(Xk))

Ly A
do=1 min {a:}
k9 1 Ziear, U

O = d%

then for ¢ < ¢, and 1 <i < M

q < ¢, < ¢; and hence it follows that

q<q, < M:Q_ - Therefore
(My, —i)qg < (Mg —1)q, < ; and hence

Mg —i(qg — q),) < Mygq), < o + iq.
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Thus, o; + iq), > Mg}, so au, (Xg)zMs dominates f(Xy + z) — f(X}) for &, <
|z| < 1 therefore f(X) + x) — f(Xx) < 0 for 0 < |2| < 1.

We now consider the local maxima of f(z) on [ Xy — 0k, X + 9] N [—1, 1]. These
coincide with the local maxima of g(x) = f(Xx + z) — f(Xx) which is given by a
convergent power series and therefore by Corollary (3.4.1) so is its derivative ¢'(x)
and so by Corollary (3.6.1) ¢’(x) = 0 at only finitely many points on [ X} — o, Xi +
o] N[—1,1], say {x1,...,2;}. Let Gy = {Ei%{g(x’)} we claim this must be the global
maximum of g(z) on [ Xy — 0k, Xy + 0] ﬂi[—il, 1]. Suppose not, and there is some x4,
in [Xg — 0, Xy + 0] N [—1, 1] such that g(x4) = A > Gj. Let h(x) = g(z) — A, h(x)
is given by a convergent power series on [ Xy — 0k, Xy + k] N [—1, 1] and therefore can
only have finitely many zeros {z4,,...,z4,} on that interval. We know h(z4,) =0
and h(z;) < 0 for all 1 <14 <[. If we expand h(z) around z 4, because f'(za,) # 0
for any ¢ we must be able to find, as in Theorem (3.7), a §; > 0 small enough such
that for = in (—d;, ;) we have h/(x4,)x dominates h(x4, + ).

We now consider two cases:

Case I: There is some j such that x; < x4, < xj41 < Za,. In this case we
expand h(z) around x4, and note that h'(x4,) # 0, therefore as in Theorem (3.7)
we can find a ¢ small enough such that h'(z,,)x dominates h(x4, + ) on (—6,0).
Then there must be a point p in (=4, d) such that h(za, + p) > 0 and x4, + p is in
[z, 2j11]. But h(z;) < 0and h(z;+1) < 0 then h(xa, +p) > 0 implies there is a zero
of h(z) in [z;,2;+1] by Theorem (3.5) which is a contradiction of our assumption

that x; < x4, <xj11 < 24,.

Case II: There is some j such that z; < x4, < 24, < 2;41. In this case we
expand have h(z;) < 0, h(za,) = h(za,) = 0, and h(z;41) < 0. As we can find

small §; and &9 around x4, and x4, such that both h(z4, +) and h(z 4, + ) change
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sign on (—d1,60;) and (—dq,d2) respectively the only way we can have h(z) satisfy

W (za,)

; < 0. This however implies that
h (xAQ)

the intermediate value theorem is to have

g'(z) = W (x) has a zero between x4, and x4, which contradicts our assumption.
Therefore if f(X; + x) attains a value greater than the greatest local maximum
on [Xg — 0k, Xi +0x] N[—1, 1] we arrive at a contradiction therefore the greatest local
maximum is the global maximum on [ X} — 0y, Xj + 0] N [—1,1].
We repeat this process for all 1 < k < K and take ' = 1r<r}€a%}§({Gk+f(Xk), f(=1), f(1)}
which is global maximum of F on [—1,1]. o
This process can be repeated on — f(x), finding the maximum of — f(x) gives the
minimum of f(z).

]

Corollary 3.8.1. For a convergent power series f on [a,b] there are some m and

M in F such that f([a,b]) = [m, M].

Corollary 3.8.2. (Rolle’s Theorem) For f a convergent power series on [a,b] if

f(a) = f(b) there is some ¢ € (a,b) such that f'(c) = 0.

Proof. If f(x) is constant on [a, b] then f’(z) =0 for all z in (a,b) and we are done.
We therefore assume f(x) is not constant. Let m and M be as above. Then m < M.
Since f(a) # f(b) either M or m is attained at some ¢ in (a,b). Therefore f has a

local extremum at ¢ and so f’(¢) = 0 by Theorem (3.7). O

Corollary 3.8.3. (Mean Value Theorem) For f a convergent power series on [a, b

there is a ¢ € (a,b) such that

Proof. Let g: [a,b] — F be given by

79



g(a) = f(a) = fa) = T w — a) (37)

The function g(x) is again a power series. As g(a) = g(b) = 0 then, by Corollary
(3.8.2), there is ¢ € (a, b) such that

g0 = 110 - 1O (58)

and hence
(e = 1= 110 (3.9)
0

Corollary 3.8.4. For a convergent power series f on [a,b] the following are true

(i) If f'(z) # 0 for all x € (a,b) then either f'(x) > 0 on (a,b) and f is strictly

increasing on [a,b], or f'(x) <0 on (a,b) and f is strictly decreasing on |a, b].

(i1) If f'(x) =0 for all x € (a,b) then f is constant on [a,b].

Proof. (i) Assume f’(z) # 0 for all z in (a, b) then, by Theorem (3.5), if f'(z) > 0 >
f'(y) for some z,y € (a,b) then there must be some ¢ € (x,y) such that f'(c) =0
which is a contradiction so either f'(x) > 0 for all 2 € (a,b) or f'(z) < 0 for all
z € (a,b). Assume f'(z) > 0 for all  in (a,b); and let z > y in [a, b] be given. Then

by Corollary (3.8.3) there is some ¢ € (y, z) C (a,b) such that

f(z) = fy)

floy ==

(3.10)
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f'(¢) > 0 by assumption, hence f(z) — f(y) > 0 and f is increasing on [a, b]. Simi-
larly if we assume f'(x) < 0 for all z in (a,b) we have f(z) — f(y) <0 for all z >y

in (a,b) and f is decreasing on [a, b].

(73) Assume f’(z) = 0 on (a,b) and let y in (a,b]. Then, by Corollary (3.8.3),

there is some c in (a,y) C (a,b) such that

fly) = fla)

fle) ===

(3.11)

Since ¢ € (a,b) we must have f'(¢) = 0 and hence f(y) = f(a). Hence f is constant

on [a,b] O

In conclusion, in this thesis we reviewed the algebraic and topological structure
of F a non-Archimedean field extension of the real numbers; and we showed that the
topology induced by the order is equal to an ultrametric topology. We showed that
there are functions on F which are continuous and infinitely often differentiable that
do not satisfy the familiar theorems of real calculus. We studied the convergence
and analytical properties of power series on F and showed that they do have all the
smoothness properties of real power series. In particular, they satisfy the intermedi-
ate value theorem, the extreme value theorem, the mean value theorem and power
series on F will have a unique anti-derivative up to a constant within the family
of power series. Because the family of power series was shown to be closed under
addition, multiplication, composition, and uniform limit this makes power series an

appropriate family of functions to develop a theory of integration on F in future.
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