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ABSTRACT

Corona performance is a topic of major significance in the design and opera-

tion of overhead hvdc transmission lines. This includes such important aspects as

corona power loss and possible environmental effects associated with space charge

presence in the region under the lines. There exists a need to develop and improve

analytical and computational tools that can be used for analyzing and assessing the

performance of existing as well as proposed lines.

Previous approaches towards the ionized field solution associated with hvdc

corona have usually incorporated simplifying assumptions regarding the interaction

between the corona generated space charge and the resulting electric field, and are

thus approximate. Two of the most commonly used simplifications are the Deutsch

and Kaptzov assumptions. While the former states that only the magnirude and not

the direction of the electric field intensity is affected by corona, the latter assumes

that the electric field intensity at the coronating conductor surface is always constant

at the onset value regardless of the applied voltage level.

In this work, analytical and computational methods, in which these assump-

tions are waived, are developed. The results, thus, obtained would provide the

means for qualitative and quantitative assessment of the influence of such assump-

tions on unipolar dc corona analysis.

An improved analytical method for determination of the unipolar corona

voltage-current characteristics is developed. The method is applied initially to the

coaxial cylindrical configuration; then extended to the two dimensional geometry of

both smooth and stranded conductors above ground. Universal charts from which

the voltage-current relation can be directly obtained are presented. Modified



expressions are derived which can be used for accurate assessment of the right-of-

way ground level current density profiles.

The solution of the differential equations describing the unipolar corona prob-

lem is also carried out computationally using the fi¡ite element method. A finite

element based iterative algorithm has been developed and applied successfully to

the coaxial cylinder as well as the single conductor above gtound geomerries.

Different configurations and intensities of corona are considered. The influence of

Kaptzov's assumption is studied through computations of the corona power loss and

spacial distributions of the field quantities at the conductor surface and over the

ground plane and compared with available experimental data. The computational

aspects regarding the accuracy and the efficiency of the iterative algorithm are also

presented. Finally, conclusions and areas for future research are outlined.
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CHAPTER 1

INTRODUCTION

High voltage direct clrrrent transmission possesses many operational and

economical advantages over conventional ac for bulk transport of electric power

over long distances. Consequently, the various problems associated with it are now

being studied extensively. One of the important problems in the design of hvdc

transmission lines is their corona performance. ThiS is not only of economic

importance due to power losses resulting from occurrence of corona on the line

conductors, but is also associated with additional undesi¡able effects such as elec-

tromagnetic interference, audible noise and presence of ionic charges in the space

surrounding the line. This last mentioned effect, the space charge presence in the

interelectrode space, causes significant modification of the static electric fi.eld and

accordingly has an important environmental impact f1,2,3,4f.

Considerable experimental effort has been expended to determine the corona

behaviour of hvdc lines on the basis of measurements conducted on test sections

of actual lines. Because of the strong influence of weather conditions, collection of

experimental data becomes an extremely tedious process and usually requires

observations over a long period of time. Accordingly, evaluation of alternate line

designs by experimental means becomes both costly and time consuming process.

In view of this fact, theoretical as well as computational analysis can provide a

useful and significant tool for the sfudy and evaluation of alternative line designs.

Both analytical and computational analysis of the corona problem on hvdc

lines has proven over the years to be a difficult task because of the nonlinear char-

acter of the differential equations describing it. Some basic assumptions are
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usually introduced in order to make the solution of these equations possible. The

two fundamental assumptions usually employed by previous researchers are , as

referred to in literature, the Deutsch assumption and the Kaptzov assumption. The

first assumption, originaily introduced by Deutsch [5], states that the space charge

affects only the magnitude and not the direction of the electric field. The second

assumption, proposed by Kaptzov [6], is that the magnitude of the electric field at

the coronating conductor surface remains constant at its onset value regardless of

the level of the applied voltage. However, the validity of these assumptions as

applied to the analysis of hvdc transmission lines corona has been repeatedly ques-

tioned in the literature Í7-L31. In fact, it was claimed that these assumptions could

have a significant effect on rhe magnitudes and spatial 4ìstributions of the quanri-

ties of interest; namely the ionic space charge, the electric field, and the current

density in the close vicinity of the lines [7-17].

The objective of this work is towards development of analytical and compu-

tational methods, for the solution of the corona equations of unipolar hvdc lines

without resorting to simplifying assumptions in the analysis. The results thus

obtained; being free from these assumptions, would provide the means for qualita-

tive as well as quantitative assessment of the influence of such assumptions on the

unipolar ionized field analysis.

Solution of the unipolar corona equations, carried out in this thesis, consists

of several steps. In chapter two, the different physical and mathematical aspects of

corona on dc lines are presented. The nonlinear character of the governing equa-

tions due to the interaction of the space charge and field is described. Previous

published approaches for the solution of the problem are reviewed and their limi-

tations are discussed.
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An investigation into the influence and significance of the simplifying

assumptions usually employed in the dc ionized field analysis is presented in

chapter three. An improved method for solution of the unipolar dc equations that

takes into account the influence of Kaptzov's assumption is developed. Application

of the method for computing the unipolar power loss is demonstrated for the coax-

ial as well as the single line-to-ground configurations. The method is also extended

to the case of stranded conductors. The influence of Deutsch's assumption on the

spacial distributions of ionized field quantities is also investigated in this chapter.

Modified analytical expressions that can be used for.the assessment of the right-

of-way curent density proflles are suggested. Results for va¡ious cases are com-

pared with available experimental data.

The finite element method, FEM, has been recently recognized as one of the

most appropriate numerical techniques for the ionized field analysis because of

both its generality and flexibility[7,15,16]. A proposed computational algorithm,

that is based on the finite element method, for the iterative solution of the unipolar

ionized field problem is described in chapter four. The algorithm does not rely on

Deutsch's assumption. Procedures for eliminating Kaptzov's assumption are incor-

porated in the solution. Application of the algorithm to the solution of the coaxial

configuration and comparison with the known analytical solution is carried out.

The numerical aspects regarding the accuracy, efficiency and convergence of the

iterative procedure a¡e studied using va¡ious initial estimates for the space charge

distribuúon.

In chapter five, implementation of the proposed algorithm for the solution of

the practical configuration of a single line above a ground plane is presented. Pro-

cedures for generating the finite element mesh and the initial space charge distri-

bution are described. The results for the corona power loss a¡e computed with and

without Kaptzov's assumption and compared with available measured data. The
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various ionized field quantities; namely the charge density, electric field and

curent density, both at the coronating conductor and along the ground plane are

computed and compared with experimental data whenever available.

Finally in chapter 6 conclusions, recommendations and areas for future work

are outlined.



CHAPTER 2

ANALYSIS OF DC IONTZED FIELDS

Since hvdc transmission lines generally operate above their corona onset vol-

tage, considerable space charge is generated, which flows towards the ground

plane, and results in the electric field being substantially modified f¡om its static

counterpa-rt [18]. The corona phenomenon and its related effects depend on a large

number of factors such as the applied voltage, line geometry, conductor surface

condition and weather variables.

The influence of corona, both on the operation of .the power system and on

the environment through which a transmission line passes is, generally, undesir-

able. One of the effects, is the corona power loss which could represent a loss of a

few percent of the transmitted energy in steady state operation. Corona generated

space charge results also in electric induction effects produced on people and

objects located in the vicinity of the lines. This effect is of concern due to its

di¡ect environmental impact. Any object located under a dc line intercepts the ion

flow between the conductors and the ground. If the object is perfectly insulated

from the ground, the magnitude of its potential above ground gradually increases

until it approaches the equilibrium space potential or until the insulation breaks

down. In practice, the potential to which the object is raised will be limited by its

insulation resistance to ground 13,41. If a grounded person touches the object, he

may receive an initial shock of extremely short duration followed by a small

steady current. Similar induction effects are also produced when a well-insulated

person located under the line touches a grounded object. A well-grounded person

standing under a dc line will also experience a steady flow of very small current

t4l.
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In the following sections, the physicai and mathematical aspects of corona on

dc lines as well as a review of previous methods of theoretical analysis a¡e

presented.

2.1 Phvsical Characteristics of DC Corona.

By the terrn corona, one generally refers to the phenomenon which occur in a
gaseous medium in the vicinity of conductors of small radius of cuwature, sub-

jected to high electric fields. Corona is a self sustained discharge, that is, it
requires no external source of ionization for the discharge to be maintained. For

geometries of practical transmission lines, the electric field in the intereiectrode

space is highly nonuniform and leads to the formation of corona in the over-

stressed region immediately surrounding the conductor.

2.l.lPositive Corona

Corona occurring on a positive electrode is initiated by electrons that are

sufficiently accelerated towards the electrode in the high field region. When an

electron hits an air molecule in its path, an additional electron is liberated. The

original electron as well as that newly released are also accelerated towards the

elecrode resuiting in more ionizing collisions. Due to these ionizing collisions,

positive ions and excited molecules a¡e also produced. This ionization process is

called an avalanche [19,20]. The positive ions created move out into the gap,

while the electrons ate neutralized upon contact with the electrode surface. Excited

molecules give up their energy in the form of photon radiation. The electrons

necessary for maintenance of self sustained d,ischarge are, thus, produced by pho-

toionization of gas molecules.

2.1.2Negarive Corona

In negative corona, avalanches are produced by electrons that are driven in

the high field region near the electrode[l9,20]. Ultimately, electrons created in the
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avalanche alrive in the region of low field intensity, where they attach to neutral

molecules and form negative ions. Positive ions left behind in the avalanche move

towa¡ds the electrode and are neutralized on contact with it. In addition to elec-

trons and positive ions, excited molecules a¡e also present as a result of electron

collisions. Excited molecules give up their excess energy in the form of photon

radiation. Positive ions as well as photons arriving at the electrode surface creare

the necessary electrons which help to maintain the self sustained discharge.

2.2 Analvsis of Unipolar DC lonized Fields

As the aim of the present work is towards the assessment of the two main

assumptions commonly used by previous resea¡chers; namely, the Deutsch and

Kaptzov assumptions, a steady state model of corona is adopted for the purpose of

this work.

In both polarities, positive and negative corona, there exists close to the

corona site a high concentration of heavy immobile ions, or a space charge of
polarity coincident with that of the electrode in corona. This cluster of ions moves

away from the electrode as mentioned before, and results in the electric field to be

modified from the electrostatic one. In fact, it has been observed that the space

charge plays a very important role in reducing the electric field at the surface of

the coronating conductor. This has been pointed out by Waters et al[9,10], Abdel-

salam et a1[13], Popkov et al[21], and sunaga and sawada[g]. Accordingiy the

electric field at the corona site is no longer related in a simple way ro the applied

potential, but is influenced strongly by other factors.

As the interest is aimed at the global influence of the corona phenomenon on

the electrical quantities observed in the interelectrode space rather than on the

microscopic behaviour of the phenomenon, the assumption of an average amount

of activities is employed. An equivalent average amount of corona activities is
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assumed to be distributed along the conductor length with space charge of the

same polarity as the conductor, flowing outwa¡d from the conductor. Accord.ingly,

the problem is assumed to be t'wo dimensional rather than being three dimensional.

In addition, the sheath of corona activities is assumed to be of negligible thick-

ness, in comparison with other dimensions of the line.

The electric field of the space charge interacts with thar established by the

potential applied to the electrode geometry. Earlier approximate analysis led, origi-

nally to the conclusion [6,22], that the entire field intensiry at the conductor sur-

face in corona , remains constant at the onset value'independent of the applied

voltage above corona onset. To illustrate this point further, if a dc voltage applied

to a set of electrodes, is increased in magnitude, the electric field intensity at the

surface is initially proportional to the voltage. At the point of corona onset, rhis

field reaches the corona onset value. According to the previous statement, then,

this field will remain unchanged regardless of what voltage exists on the electrode.

This assumption has been employed by almost all past researchers, unless some

other less realistic simplifying assumptions are employed [8,13]. However, recent

experimental and numerical studies [8,9,10,13,21], revealed that this assumption is

not realistic and actually the surface gradient of a conductor in positive corona

drops by about 5-L0Vo depending on the level of the applied voltage above corona

threshold.

'tn the conventional methods of describing dc ionized fields, some other sim-

plifying assumptions are usually made; namely, the ionic mobility is constant , not

dependent on the electric field, and the diffusion of ions is neglected.

In summary, therefore, the electric field vector E is governed not only by the

applied voltage V and electrode geometry, but also by the presence and distribu-

tion of the space charge p However, the space charge density p is, in turn,
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determined by the electric field intensity r and also the applied voltage V. This

results in the inherent coupling ben'veen the electric field E' (or potential Õ ) , the

elecrode geometry with potential difference V and the space charge density p . It

also demonstrates the nonlinear character of the corona problem.

2.3 Equations of Unipola¡ Corona

Making the general assumptions described above, unipolar dc ionized fields

are described by the following equations:

V.E=Â ,
eO

V. ,f={ ,

J=kpE t

E=-YÞ

(2.r)

(2.2)

(2.3)

(2.4)

Equation (2.1) is Gauss's law relating the electric field intensiry ø to rhe

space charge p and q is the permittivity of free space. The next equation is the

continuity equation for the crurent density l. Equation (2.3) is the relation

between the electric field E and the crurent density ,I , the mobility of the ions k

is assumed constant. The last equation is the electric field E in terrns of the poten-

tial O .

Combining eqns. 2.1-2.3, the ionized electric field is described by the follow-

ing equation,

E' . V(V .E')'F(V . E>zd'

or, using eq. 2.4, in terms of potential,

(2.s)

v .(v@v2o)-{. (2.6)
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Eqns. 2.5 and 2.6 are the general equations describing a unipolar ionized

field. They a¡e nonlinear parriai differential equations and there are no known

methods available for solving them in the general case. An analytical solution may

be obtained only for simple cases like concentric spheres or coaxial cylinders.

2.4 Review of Methods of Calculation

Theoretical investigations of dc ionized fields and of corona losses originated

in the classical work of Townsend [23], in which the problem of the simple

cylindrical configuration has been analyzed rigorously. Because of the cylindrical

symmetry, analysis of the unipolar ionized field reduces to a one dimensional

problem. Deutsch [5] extended the analysis of unipolar ionized field to the wo

dimensional problem of a cylindrical conductor above.an infinite ground plane.

The basic assumption made by Deutsch is that the space charge affects only the

magnirude and not the direction of the electric field. The two dimensional ionized

field problems are, thus, reduced to one dimensional problems. He also assumed

that the space charge densiry in the interelectrode space is constant, and that the

field at the electrode not in corona is unaffected by the space charge. Popkov

124,251 proposed an improved analysis for the conductor-plane geomerry by

removing these last two assumptions, while retaining Deutsch's first assumption.

Popkov, however, made the additional assumption that the shape of the cruïent

density distribution on the ground plane is independent of the geometrical parame-

ters'of the configuration or of the intensity of corona. Based on laboratory meas-

urements, Popkov introduced an empirical constant in Townsend's equation for the

concentric cylindrical geometry to make it applicable for the conductor-plane

geometry. In order to obtain reasonable agreement between experimental data and

theoretical results using Popkov's method, Simpson[26,27] suggesred that this

empirical factor has to be changed according to the line parameters and the corona

intensity. Recently, Ciric and Kuffel[l1], carried out a rigorous theoretical analysis
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of unipolar dc corona losses for a single conductor-to-plane geometry and showed

the dependence of this empirical factor on the line parameters. D'Amore et alt28l

also proposed an analytical approach for computing unipolar dc corona losses.

While using the same assumptions, they assumed that the charge and current den-

sities at the emitter wire can be expressed using a fourier series expansion.

The general feature of the approaches discussed thus fa¡ is that they are

analytical and produce complicated formulae applicable usually only to simple

situations. They are also concerned, only, with corona losses; i.e. the V-I charac-

teristics rather than the knowledge of the different parâmeters Õ , p and E . They,

also, retain both Deutsch and Kaptzov assumptions in the analysis.

A detailed investigation of the mathematical aspects of the dc ionized fields

has been ca:ried out by Felici [28]. He showed the possibility of obtaining a

numerical solution to the corona problem using an iterative technique. The basis

for the analysis of the general problem of dc ionized frelds is formed by eqns.

2.L-2.3. combining eqns. 2.1 and 2.3 and substituting for v.E from eq. 2.1, the

following relation bet'ween the fietd and charge density distribution is obtained

If s denotes the distance along the corresponding flux line, then E.vp may be

replaced by E dplds , so that dplds represents the charge density gradient along

the flux line. E;q.2.7 can then be written as

(2.8)
do lds+=
ds€oE

(2.7)

Integration of eq. 2.8 yields

1 I lds
ã = ro lT * constant (2.e)
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Felici [28] showed that the choice of the ground electrode (the collector) as the

starting point in the integration is improper as it may lead to some mathematical

difficulties. Accordingly, starring at the conductor in corona (the emitter), the

expression becomes

(2.10)

where p" is the charge density at the coronating conductor. Felici[28] suggested

that eq. 2.10 together with eq.2.L can be solved iteratively to obtain the charge

and field distribution. First, the space charge free field is assumed and a fi¡st esti-

mate to the charge distribution is obtained using eq. 2.10. This requires the value

of p" to be known. The recently calculated charge distribution is then substituted

in eq. 2.I to obtain an improved field distribution and so on. However, there are

two limitations to this iterative scheme as pointed out by Sarma and Jan-

ischewskyj[30,31]. First, it is generally difficult and time consuming ro soive

Poisson's equation except in one-dimensional problem. If the given problem can

be reduced to an equivalent one-dimensional problem, then significant reduction in

the complexity of the numerical solution can be achieved. This can be accom-

plished by assuming that the space charge affects only the magnitude and not the

direction of the electric field, i.e. Deutsch's assumption. The second limitation is

in the choice of p" , as Felici considered it to be equal to either a very large or a

very'small value. From eq. 2.10, it can be seen that when p" is very large, the

charge distribution is practically independent of p" . on the other hand, when p"

is very small the charge density is very nearly consrant throughout the interelec-

trode space[30]. As pointed out by Sarma and Janischewskyj[30], rhe consequence

of such approximations is the assumption of a uniform charge distribution at the

surface of the coronating conductor.

1 I I lds
=_l_P P" €oäE
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Significant improvement in the numerical analysis of dc ionized fields was

achieved by Sarma and Janischewsþj[30,31]. They adopted the concept of itera-

tions, originally suggested by Felici[28], in order to develop an algorithm applica-

ble for corona computation on practicat hvdc transmission lines. Although employ-

ing the same simplifying assumptions used by other resea¡chers, Sarma and Jan-

ischewskyjl3O,31] computed, rigorously, the point-to-point variarion of the charge

density in the field space between the high voltage conductor and the glound plane

in the line-to-ground arrangement. Their algorithm is based on expressing the

relation between the electric field in presence of space charge E and the space

charge free field E' as

E =ÇE' (2.11,)

where ( is a scalar point function of the space coordinates depending on charge

distribution. A mean charge density along the corresponding flux line is then

defined as[30],

P^ = Eo g-vo) I

r- r z T¿a
ú--æ - top"L trøF

V

I
0

v

[#,, (2.r2)

(2.13)

where V is the applied voltage, Vo is the onset voltage and r1 is a dummy integra-

tion variable. Two values of p"r and p"z are then arbitrarily chosen such that

P"|P"r>P^ . For each of these values, the charge density distribution along the

flux line and the corresponding mean charge densities p^r,p^rare evaluated using

the following equations[3O],

and
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V

[,n^o'
and the distribution of ( is given by,

r2-r 2,b - bc - 2P"Ç" iut=eo I @)'

Subsequent values pc, âro calculated using the following iteration function:

P^-P,rq-,
Pc; = P",-, + *;: (Pr,-r-Pr,-), i = 3,4,...

Ym¡_1 Yr4_2

v

,^=l
0

tu#,r (2.r4)

(2.rs)

(2.rs)

The corresponding value of p-, is then calculated before proceeding to the next

iteration. The procedure is continued until p^. approaches p- to the required preci-

sion. Reasonably fast convergence rate was achieved when the two initial values

are chosen such that[30]

Pc1 = 1.5 P^ , P"7=3 P ^
(2.16)

Atten [32] developed a finite difference method of solving unipolar dc ion-

ized fields assuming the charge distribution around the conductor surface in corona

is known. It is, thus, difficult to exænd this analysis to practical dc line

configurations. AMelsalam and Khalifa [14] waived Deursch's assumption from

their analysis, while making additional simplifying assumptions in the process.

They assumed the space charge density p to vary inversely proportional with the

radial distance from the conductor center, and that the equipotential contours are

cylindrical surfaces concentric with the conductor. In fact, the ground plane, being

an equipotential surface, can not coincide with this assumption. Their analysis

was, however, tfie first attempt at waiving Deutsch's assumption from the unipolar

corona analysis. They also showed that the space charge presence in the interelec-

trode space results in ttre flux lines being contracted towa¡ds the centre line in a
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conductor-to-ground configuration[ 14].

Sunaga and Sawada [8] developed a method to remove Kaptzov's assumption

from the anaiysis while retaining Deutsch's assumption. Their aim was to study

corona space charge effects on radio interference of a bundled conductor hvdc

transmission line. In their analysis, they introduced empirical constants to be

obtained from measurements on a test line; this restricts the generality of their

approach.

Gela and Janischewskyj [33,34] proposed a finite element merhod for solving

unipolar dc ionized fields of conductor-plane geometry. While, retaining Kaptzov's

assumption, they waived Deutsch's assumption from their analysis. Their assess-

ment of Deutsch's assumption was based on compari.ng their results, for the

corona power loss and the current density distribution on the plane, with those

obtained from experimental measurements on a laboratory model of FVr of 446.

They showed that corona loss obtained with Deutsch's assumption exceed both

experimental values and those obtained without it. Also the maximum value of the

cwrent density distribution on the ground was found to be lower when Deutsch's

assumption was eliminated. It should be mentioned, here, that the actual effect of

Deutsch's assumption, which is the distortion of the flux lines, is not possible to

detect through such comparisons. Takuma et al t14l applied the finite element

method to the study of unipolar dc ionized fields. In their analysis, however, they

assurned. the charge density around the conductor surface to be a known constant

value; obtained by measurements on an operating line. This limits the application

of their analysis. AMelsalam et al [13] proposed a finite element method to

remove Kaptzov's assumption from their analysis. However, they used an addi-

tional assumption by accepting Deutsch's assumption to be valid along the centre

line in a conductor-plane geometry. In their analysis, they used extrapolation tech-

niques to obtain the current density distributions along the plane, while their
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iterative algorithm needed about seventy iterations to achieve a 5Vo accwacy in the

potential values. Their results show that corona losses thus obtained exceed both

the experimental values and those obtained using Deutsch's assumption. The same

behaviour has been observed for the curent densiry distributions on the ground.

Review of these previous approaches show that, in general, it is extremely

difficult to obtain the exact solution to the ionized field problem. This is due to the

nonlinea¡ity of the governing equations and the fact that no electrical quantity is

precisely known at the coronating conductor except the potential. Rigorous analyti-

cal solutions have been obtained for cases of high degree of symmetry such as

coaxial cylinders and concentric spheres. In such cases, however, the assumption

of the constancy of the electric field at the coronating.conductor, i.e. Kaptzov's

assumption, has been retained in order to make the solution possible. Few attemprs

were carried out to determine, analytically, the ionized field solution for practical

¿urangements such as cylindrical conductors above the ground. However, these

earlier techniques were either empiricalf2{] or dependent on simplifications such

as the Deutsch and Kaptzov's assumptions[11,28]. On the other hand, various

computational approaches have been proposed in order to obtain an accurate solu-

tion of the ionized field problem 18,13,14,32,33,34f. However these previous

approaches suffer from lack of generality; e.g. being restricted to a specific

line[l4], or dependency on the above mentioned simplifying assumptions[33,34].

In addition, no interest have been devoted to the computational aspects regarding

the accuracy and efficiency of the iterative process[l3,I4,33,j4f.

2.5 Conclusions

In this chapter the different physical and mathematical aspects of corona on

dc uansmission lines are presented. The inherent coupling between the corona

generated space charge and the electric field E or the potential <Þ results in the



t7

nonlinear character of the governing equations. As no electrical quantity is known

precisely at the coronating conductor, the electric field at its surface has been usu-

ally assumed to be constant at the onset value irrespective of the appiied voltage

level. However, recent experimental and numerical studies showed that this is not

the case in reality. In fact the electric field at the energized conductor drops to a

value about 5-t0%o below the onset level depending on the applied voltage level.

The va¡ious earlier approaches, both analytical and computational, for the solution

of the unipolar corona equations a¡e reviewed and the simplifications and limita-

tions involved a¡e discussed.



CHAPTER 3

INFLUENCE OF THE SIMPLIFYING ASSUMPTIONS

ON UNIPOLAR DC IONTZED FIELD ANALYSIS

( ANALYTIC TREATMENT )

As mentioned before theoretical analysis of the unipolar ionized field associ-

ated with dc corona discharges is important for the study and evaluation of alter-

native designs of hvdc transmission lines. However,.one of the main difficulties

in the theoretical analysis is the simplifying assumptions usually employed in the

solution [8,11,13,14]. In fact, except for the potential on the electrodes, no other

quantity is precisely known on the electrodes. For practical arrangements such as

a cylindrical conductor above a ground plane, va¡ious simplifying assumptions

have been incorporated in the analysis of power loss and field quantities of unipo-

lar dc corona [3-8,11-17]. These include a known current density distribution or a

known charge density distribution on the coronating electrode [8,14]. Some recent

studies assumed a constant charge density distribution at the conductor in corona

for calculation of the ionized field quantities [16]. Many resea¡chers have also

relied on the Kaptzov assumption that the field intensity at the conductor in corona

is always constant at the onset value irrespective of the applied voltage level

u2,I 4,,1 5,24,25,28,30f .

In the following sections, investigation into the significance and the impact of

the main simplifying assumptions for solution of the unipolar dc corona equations

is presented. An improved method for the unipolar ionized field solution which

takes into account the influence of Kaptzov's assumption is presented [35]. Ini-

tially, the simple geometry of coaxial cylinder is considered. The analysis is then

extended to the nvo dimensional case of a smooth cylinder above a gtound plane.
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analytical expressions for the practical case of stranded conductors are also

developed. The influence of Deutsch's assumption in relation to the distortion of

the flux lines panern is also studied. Modified approximate expressions for the

assessment of the right-of-way curent density profiles of hvdc lines are derived

and compared with other published experimental and numerical data for different

geometries and intensities of corona.

3.1 Coaxial Cvlinder Confisurarion

Townsend [23] was the fi¡st to solve for the ionized fieid in cylindrical

configuration as shown in fig. 3.1 where r" and rs are the inner and outer radii

respectively. At voltages above the corona onset level, space charge of polarity

similar to the energized conductor is present in the inærelectrode gap. For the

electric field in the unipolar region, eq. 2.5 reduces to

(3.1)

where r is the distance in the radial direction. It can be shown by direct substitu-

tion that the following expression for the electric field ,

-2 A2r2+Bz
(3.2)

where A and B are arbitrary constants, satisfies eq. 3.1 . The constants .4 and B

are to be determined from appropriate boundary conditions. The first boundary

condition employed is the potential difference between the electrodes while the

second is the electric field at the coronating conductor surface. From eq. 3.2, the

electric field at the conductor in corona is given by,

(3.3)

Ed.'E, +3 L **<4f*rarar

r2

F- c
Dc--

where E" is generally a function of the applied voltage level V and is expressed
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5.1 Cooxiol cylindricol configurotion
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E"=Eo f (v tvù (3.4)

where, E6 is the mean value of the corona onset gradient a¡ound the conductor

periphery and y0 is the corresponding corona onset voltage and is given by,

v6=r"EslnL
rc

The total corona curent from the conductor

I -Jtcr"J"

and at the conductor surface J"=kp"E" where p"

ductor. Substituting for,I" in eq. 3.6, one obtains

(3.s)

per unit length 1 is given by,

(3.6)

is the charge density at the con-

I =2rckrrp" E" (3.7)

The space charge density at the coronating conductor p" is obtained from eq.

2.1 as,

p"-eo V.E (3.8)

Substituting for V.E , rhen

(3.9)

. The constant A is obtained by substituring eqs. 3.3 and 3.9 into eq.

¡z- I --Erz'rz I ,,, ,2n =ñl=-;î r*lr'Eî)

and by defining,

r./ - I , rg 
12r G-;----T\-=-)

¿îCEOK E"l"

3.7,

(3.10)

Fn Az

(3.1 1)
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it becomes,

Finally, the ionized field E is given by,

p2-2
¡¿=--!-- !-YO

rg-

The constant B is obtained by substituting A in eq. 3.3,

BZ=E"2r"z l-*r"]

(3.r2)

(3.13)

(3.14)

(3.1s)

(3.16)

In order to obtain the voltage - crurent characteristic, eq. 3.14 is integrated

between the limits r-r" and r=r, and the following equation is obtained,

n=!{zl4r"n r^2 f'o
, Lre' t--¡Yàl

W"k=çr+y6)tn-Hni&)w

The formula 3.15 represents the general V-I characteristic for a coaxial

cylinder geomeury. The relation between the overvoltage level VlVs and. the nondi-

mensional crurent ï6 is shown in fig. 3.2 for different values of the ratto rrlr,

The function/1 in eq. 3.15 is assumed to have the folrowing form,

.f r= 1. 1 33e-0. 1 678(*Þ0 .ß(+),

where f Fl atv=vo. The funcrion/1 is shown in fig. 3.3a to fit on the average

other published experimental and numerical data lg,r0,l3,zL,zz,3ll, for the con-

ductor surface gradient as a function of the overvoltage level. Sarma and Jan-

ischewskyjlZZl, for a single conductor above ground geometry, assumed the ioni-

zation layer to be a cylindrical surface surounding the conductor. In their

analysis, they showed that the field intensity at the conductor surface is always
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constant at the onset value regardless of the apptied voltage level or the corona

intensity. However, Waters et al.[9,10] measured the field intensity at the conduc-

tor surface and found that it actually drops below the onset value depending on

the level of the applied voltage level. They explained that rhe reason for this

behaviour is the dependence of the electric field on the conductor surface, not only

on the charges in the ionization layer but also on charges located further away in

the interelectrode space. Popkov er al.[zr] and Abdelsalam er al.t13l also

obtained similar variation for the electric field dependence on the applied voltage

level. Analytical expressions that describe such variation are not actually available.

Although eq. 3.16 may not represent the exact relation of the conductor field

intensity and the applied voltage level, it provides, nevertheless, an average fit of

other published experimental and numerical data[9,10,13,2r,22J. As will b€

shown later, this relation proves to be successful in predicting, with good accu-

racy, the voltage-current for various geometries and intensities of corona for both

smooth and stranded conductors.

Eq. 3.16 is obtained using second order polynomial fitting and accordingly is

not exactly equal to one when V=Vo. However, all the calculations a¡e carried out

with the value of / 1 equals to one at the onset voltage. A modified formula which

does not deviate by more than 0.42Vo from /r at twice the onset voltage may also

be used and is given by

(3.16a)

which'ù¡ill be, exactly, equal to one atV=Vo.

An example of the application of eq. 3.15 for the calculation of the corona

v-I characteristic is shown in fig. 3.3b for a conductor of radius r" = 0.475cm and

for various values of the outer radius rs . The corona curent / is plotted against

f z = 1.r3784.t678(+o)+0.æ(å)'?
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the applied voltage level for the two cases where the electric field at the coronar-

ing conductor surface is assumed to depend on the applied voltage , i.e. without

Kaptzov's assumption, and when it is assumed to stay constant at the onset value

Es, i.e. when Kapzov's assumption is employed.

Careful measurements were conducted by Waters et al [10] on a coaxial

cyiinder geometry of inner radius r" = 0.475cm and outer radiuS 18 = 29.05cm.

This geometry is considered here, and the results for the two procedures a¡e

shown in fig. 3.4, together with the experimental data. The value of the mobility

used in the calculations is l.5xl0amzlv.sec. 126,27,301. The agreement between

the results obtained using the present method, shown in fig. 3.4 as curve A, and

the experimental data is satisfactory. Results using the assumption, shown as curve

B, tend to underestimate the corona losses and consequently could have a.

significant influence on the unipolar ionized field solution. 'Waters et al [10] also

pointed out that, for large interelectrode spacings, such an assumption could have

more influence than for smaller spacings.

Another relation for the va¡iation of the conductor surface gradient is also

attempted based on Water's data alone[9,10]. The results for the corona V-I

characteristic are shown in fig. 3.4a. Although, generally, good agreement with

measured data was obtained using Water's data alone, closer agreement was

observed when eq. 3.16 was used, as shown in fig. 3.4, to describe the relation

between the conductor surface gradient and the applied voltage level. The formula

/3 used in fig. 3.4a is given by

(3.16b)

Aithough the exact variation of the conductor surface gradient as a function of the

applied voltage level is not known, eq. 3.16 was found to result in V-I characteris-

tics that are in good agreement with experimental data not only for the case of

.f ¡ = 1.4686-0.6888(+Þ0.ZZOz(!)2vo' 'vo'
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coaxial cylinder geometry but also for the geometry of a cylinder above a ground

piane using both smooth and stranded conductors[L3,27,38]. The mean value of

the corona onset gradient E0 used in the calculations is given by the following

expression for the positive polarity as suggested by Popkovf24,2\,37f,

(3.t7)

where r" is the conductor radius in cm.

3.2 Smooth Cvlinder Above Ground

Apart from the simple cylindrical configuration discussed before, it is very

difficult to obtain analytical solutions without making additional simplifying

assumptions. In cylind¡ical configurations the electric field lines are always radial

even in the presence of corona generated space charge. However, for practical

Íurangements such as a line-to-ground plane configuration, the electric field direc-

tion is influenced by the space charge presence and consequently deviates from

that of the electrostatic one U3,L4,L71.

In order to simplify the analysis, Deutsch [5] made use of the assumption,

that is the space charge presence does not affect the electric field direction, to

solve for the case of the line-to- plane geometry. Following Deutsch's work, Pop-

kov Í24,251 in his analysis of the line-to-plane geometry introduced certain

improvements. Popkov assumed that the line-to-plane geometry can be approxi-

mated by an equivalent cylindrical system and obtained the following equation for

the voltage-current cha¡acteris urcl}4l,

nn=zto*ff) kv tcm

o.4L P v :v o 

^2H 
{t+Y p)rn-t+tn----¿-vo rc \-'-r / *Ç+Yr)tn

(3.18)

where,
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v _ Pr I n l''P-ñ l"*J
The empirical constant P is introduced by Popkov in order to take account of the

nonuniform crurent distribution along the ground plane.

The applicability of Popkov's formulas to practical systems has been dis-

cussed by Simpson and Morse 126,271. Accurate measurements were made of

corona cturents on an outdoor test line using stranded conductors, and reasonable

agreement between Popkov's theory and experiment couid be obtained only when

P was increased from 1.65 ( originally suggested by popkov ) to about 5 lz7l.

Results also indicated that p , contrary to the assumption of popkov, will vary

with the line parameters as well as with the intensity of corona or the overvoltage

level. Recent studies by Ciric & Kuffel [12] also indicated the dependence of the

empirical factor P on the line parameters.

The configu¡ation considered in the presenr study is shown in fig. 3.5 and

consists of a single smooth cylinder of radius rc at a height H above the ground

plane. In the presenr analysis the bipolar coordinates o , Þ , shown in fig. 3.5, are

employed which are related to the cartesian coordinates x , ! by the following

relations[36],

(I ..n ay=-smnp , f =-slnü, (3.20)

where,

(3.1e)

(3.21)a lHz-r 
"z¡12, 

s =coshÞ+cosa

The metric coefficients are given by the following expressions:

anþ=flo=i (3.22)
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and the coordinates of the coronating conductor and the ground plane are

given by,

By transforming to bipolar coordinates and assuming that the elemental sur-

face a¡ea dA is on one of the cylindrical surfaces where I = const., then,

il4pa (coshB+coss)-1da (3.26)

where âp is a unit vector in the B coordinate direction. Since the electric field is

assumed to have the same direction as that of the space charge-free field, then

using eq.2.4,

(3.28)

Integrating e4. 3.28, and imposing the following boundary condition at rhe

conductor surface,

ry o¡'âu=!9$F+cosc[- dP
cr dp G'27)

Substiruting this expression in eq. 3.25, and integrating between the limits c=-æ to

darc , gives,

,-#ocosn2F+rl*Z rffif

Þ"=cosh-l(ll) , Þr={rc

For steady state corona, the total current per unit length is,

r=þ u

By using eqs. 2.I-2.4, the expression for the cu:rent is,

t=ltro¡v (Vo)lvo.dA

.dA- ÍtVo
f 

-l 

=_' dp 'Ê=Þ" Ê. '

(3.23)

(3.24)

(3.2s)

(3.2e)
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the following equation is obtained,

In order to obtain the voltage-current relationship, eq. 3.30 is integrated as

follows,

,=[u'# op (3.31)

to give the following expression,

da _l I r ,v o)' , azr ,-'/-:+tanhF" {-¡-runnß ]to
dg- L I U J 

-iç%/,''E:** G*'hp J

#u " 
= e+Y 6),o{u" l- ån#"m f'" 

o u

orL,+r#l"

where the parameters B" , Iz6 and G are given by the following expressions,

F"=rn [a.,. lrLr'-r]'".1 , (3.33)
L'" lt" Jl

rl_ GI , H r2'c- ztreok\ EorJ '

(3.30)

(3.32)

(3.34)

(3.3s)

Eqns. 3.32-3.35 describe the general V-I cha¡acteristic for a smooth cylinder

above plane configuration. Inspection of eq. 3.35 shows that the function G is

dependent on both the line parameters H and r, and also on the corona intensity

level vlvs. The variation of G with respect To Hlrc is shown in fig. 3.6 for

different overvoltage levels. At a certain overvoltage level the value of G , for

H lr">40 , stays almost constant and independent of the line parameters. For a

specific raiio H lr" , G increases as V/V6 increases. The function G varies gen-

erally between G4 , for H lr"=l , to an upper limit G-,v , corresponding to

^rr.l-<|r)'"
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H lr"=* , that is determined by the applied voltage level. The upper limit G_,n for

different overvoltage levels is given in Table 3.1 . It is observed that the variation

in G-,v diminishes as VlV6 increases, and G-,y tends to reach an almost constant

value at a voltage level about twice the onset value. The variation of G with

respect to VlVo for different ratios of Hlr, is shown in fig. 3.7. For large ratios of

H lr" , G becomes less sensitive to the variation in H lr" and more dependent on

the overvoltage level V lV s as observed earlier.

In order to determine the corona V-I cha¡acteristic, the integral in eq. 3.32 is

computed numerically with an accuracy of I\-sVo for the two cases when, 1) E" is

held constant at the onset value, and 2) when E" is allowed to vary as a function

of the applied voltage level. An example of the computations is shown in fig. 3.8

for a conductor of radius r" = 0.165cm at various heights above the ground. The

results are plotted as a relation between the corona cunent / and the overvoltage

level V lV s . It is observed that the cturent 1 for the case where E" is variable

rises more sharply than when E" is constant. The deviation between the two cases

increases as VlVs increases and decreases as Hlr, inueases. However, the relative

influence of the assumption was found to be more significant for large ratios of

H lr, and voltage levels close to the onset value , i.e. for configurations and vol-

tage levels usually encountered in practical arrangements[10].

The corona cha¡acteristics with and without Kaptzov's assumption are com-

puted, using eqns. 3.32-3.35, for different geometries of a smooth cylinder above a

ground plane for which experimental data a¡e available [13,38]. The results are

shown in figs. 3.9a-3.9d for positive corona. The agreement of the results of

present method, shown as curve A, with the measured data is satisfactory. Curve

B shows the results when Kaptzov's assumption is employed in the solution. It

can be seen that inclusion of this assumption in the analysis results in
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Table 3.1 The upper limit G-,y of the function G

for different overvoltage levels.

v tvo G _,v

1.0

1.1

1.2

1.3

t.4

1.5

1.6

1.7

1.8

1.9

2.0

r.52069

1.56s39

1.s9725

r.62807

r.6577t

1.68604

t.71292

1.7382r

1.76179

1.78353

1.80331
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underestimation of the corona losses as observed ea¡lier for the case of cylindrical

geometry.

The corona characteristics, with and without the assumption, are also ploned

in fig. 3.10 using the generalized coordinãte Y6. The deviation between the t'wo

cases is present for different ratios of H lr". In order to determine the corona V-I

relationship for a smooth cylinder above ground plane configuration, the general-

ized cha¡acteristics, using the present methd, are presented in the form of a

universal chart shown in fig.3.11 for Hlr, nng¡ng from 100 to 1000, thus, cover-

ing all ranges of practical importance. For a certain overvoltage level VlVs and,

line parameters H and r" , the nondimensional current Ío is determined. The

corresponding corona current / can then be obtained using eqns. 3.34 and 3.35.

In order to obtain a simple formula for the V-I characteristic, the function in

the integrand of eq. 3.32 is replaced by a simpler expression. A good approxima-

tion for H lr,2lffi , at a ceftain applied voltage level, can be obtained using the

following expression[12],

"#HË =Eo-,nrr-e-{zø

Accordingly, the V-I relarionship is now given by,

#p"= (1+16 )'odu" l.# *r(L-e-

# #"[c' * r f ]= 

(t+Y 6)Ln 
lrn,n,* î"#]

"*,]'"ru

(3.36)

(3.37)

(3.38)

F,q.3.37 is integrated analytically and the following form is obtained,

where,
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t=17-(rc Pln\ Ht r '

' 2-t G-'v YG
Y I _.__

GÍ: t+YG '

rtø
-2-t,l '" l-G*,, YGq2-L1L<ruxj æ;ry_rxo,

GfÍ

QFI-Q1, Q4=l*Q2, Qs=lrqr Qe=Qz-l

For practical configurarions where Hlr">l and.VlV63, eq.3.3B can be

further simplified by considering,

t=1, QF ,ic)n, Qz=l, ør=|rfrf

Accordingly, a modified expression for the voltage-curent characteristic which has

the same general form as that of Townsend[23], Popkovf}4l, Clrrc and Kuffel[l2]

is given by,

s(vtvo)+n2L<r+vot'"-*n¡ft¡* (3.3e)

where g(vlvoÞ+W and. Y6 is given by eq 3.34 . The accuracy of the

expression 3.39 is within tLTo rclatle ro eq. 3.32, for \N sH tr,s 2000 and v tvÉ

2.5 ..

The function G in eq.3.34 as mentioned before is dependent on both the line

pÍìrameters H and r" and the corona intensity or overvoltage level VlVs . The

range of variation is ber'ween 0 and an upper limit G-,v that is dependent on the

corona intensity as shown in table 3.1 . In Popkov's expression , eq. 3.19, an

empirical constant P=1.65 appears instead of the the function G . Also instead of

the function g(V/Vs) in the left side of eq. 3.39 , Popkov introduced an empirical
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factor of 0.41P in the left side of eq. 3.18. These are the reasons for which the

numerical value related to P has to be varied, as observed by Simpson [27], for

different ranges of the geometry and intensiry of corona in order to bring the

numerical results closer to the experimental ones.

It is to be noted that the empirical factor P=1.65 was introduced by Popkov

Í24,251on the basis of studies for geometries of H lr"> 56 and voltage levels rang-

ing from VlVs=1.1 to V/Vo=1.8 . As observed earlier for large ratios of Hlr, ,the

function G becomes almost independent of the line geometry and is only a func-

tion of the applied voltage level. when the values of G-,y , given in Table 3.1 ,

are averaged in the range VlVs= 1.1 to 1.8 a value of G=1.66 is obtained. These

are the reasons for empirical constant value of P= 1.65 found by Popkov to be

suitable for different ranges of geometries and intensities of corona.

3.3 Application to Practical Confizurations

Practical transmission-line conductors are normally of stranded construction

and often contains surface irregularities such as strand lift, nicks, scratches, grease,

dirt, etc. Such irregularities distort the field in the immediate vicinity of the con-

ductor and reduce the corona onset voltage. The reduction in the corona onset vol-

tages due to such irregularities depends on the increase in the conductor surface

gradient as well as on the actual field distribution near the conductor. In practice,

the in-fluence of the various surface irregularities cannot be separated and it is only

possible to obtain an overall reduction factor by testing actual conductor samples.

Stone[39] investigated the reduction in ac corona onset voltage due to strand-

ing by testing aluminum tubes wrapped with a single layer of strands. The strand-

ing factor obtained by Stone ranged from 0.88 to 0.98 . Experiments conducted by

Janischewskyj t40l on an actual sample of a new stranded conductor in a cylindri-

cal cage under both ac and dc excitation gave values for the smnding factor of
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about 0.8. Experiments on test lines carried out by Simpson [27) indrcated that the

value of the overall reduction factor for the corona onset voltage could be about

0.7 .

In calculation of corona losses, conductor surface irregularities may be taken

into account by replacing for the actual conductor an equivalent smooth conductor

of the same diameter with a reduced corona onset voltage. Sarma and Jan-

ischewskyj [30] modified Popkov'v formula, eqns.3.1B and 3.19, to include the

effect of surface irregularities in the calculation of corona losses. They assumed

that the coronating conductor surface gradient wilt also be reduced by the same

factor as that of the corona onset voltage. Accordingly, eq. 3.19 is modified to

have the form,

(3.40)

where m is the factor by which the onset voltage is reduced due to surface inegu-

larities.

In order to include the influence of surface irregularities in the present

analysis, the acrual conductor is replaced by an equivalent smooth conductor of

the same diameter with the onset voltage reduced by the reduction factor m. Eq.

3.34 is modified accordingly ro have the following form,

v- Pr I n l'
'P- znld*, l"* -J

GI H,)
I ^=-l 

- 

l-

Ztctaton'Eorot ' (3.41)

The experimental results for test lines using a La¡k conductorl27] are com-

pared with the theoretical calculations using Popkov'v modified formula[24,30],

eqns 3.18 and 3.40, as well as rhe method presented, eqns 3.39 and 3.41. Figs.

3.12a-3.12c show the results for different heights and for a positive corona. Fig.

3.12d shows the results for a negative corona. An average value of m=.75 is used
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in the calculations based on the previous experimental observations of Simp-

son[27] and Janischewskyj[38]. The mobility of both positive and negarive ions is

taken as 1.5x10+zzlv.sec. [26,27,30]. It is observed that the theoretical results,

obtained using the presented method, and experimental data are generally in good

agreement for both large and small conductor heights and for both positive and

negative coronas.

It should be noted that in modifying Popkov's formula, Sarma and Jan-

ischewskyjl30] assumed that the effect of the conductor surface irregularities,

rather than the value of P , is responsible for the large differences observed by

Simpson[27] between the experimental results and Popkov's formula. Accordingly

to account for these differences, they used a value of 0.7 for the reduction factor

m, while assuming that P is constant[30]. The present analysis for a smooth

cylinder above ground plane showed that, actually, P is not a constant and its

value has to be changed, as suggested by Simpson[27], depend.ing nor only on the

line parameters but also on the corona intensity.

As mentioned before the method developed in the previous sections for com-

puting the unipolar V-I cha¡acteristics employs the assumption of Deutsch that

only the magnitude and not the direction of the electric field is influenced by the

corona generated space charge. In addition, it was assumed that the ionic current

continuiry be satisfied on average on any cylindrical surface a¡ound the conductor

periphery and not at any point. Consequently, the expressions for the spacial dis-

tributions of the ionized field quantities such as the crurenr densiry along the

ground plane can not be used locally in a correct way; but only in integral form

for example to determine the voltage-current relationship as described before.

Sarrra and Janischewskyj[3O] used Deustsch's assumption, with different set

of boundary conditions, to compute the point-to-point variation of the charge and
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cturent density around the conductor and in the interelectrode space. The results of

their iterative algorithm showed that the current density distribution around the

conductor su¡face is almost cardioid and varies from a maximum just beneath the

conductor surface to a minimum at the top of the conductor. Similar variation has

also been suggested by D'Amore et al[28], and AMelsalam and Khalifa [14].

Determination of the spatial distributions of the ionized field quantities such

as the current density aiong the ground plane is important for hvdc line design due

to the associated environmental effects. In the following section investigation into

the influence of Deutsch's assumpúon on the ground ievel current density profiles

is presented. The distortion of the ion flow trajectories due to the corona generated

space charge is examined. Modified analytical expressions are suggested for accu-

rate assessment of the right-of-way current density profiles.

3.4 Ground Level Cunent Densitv Profiles

Deutsch's assumption, stating that the presence of space charge in the

interelectrode space does not alter the shape of the flux lines pattern, was previ-

ously employed by many investigators in order to simplify the otherwise cumber-

some computaúonal procedure of solving the unipolar corona equations[30,31,42f.

However, it has been recognized, recently, that such an assumption could have a

significant influence on the distributions of the ionized field parameters even at

low overvoltage levelsft{,I7,41,42,43,Mf .

In their migration towards the ground plane, the ions will follow the trajec-

tories O¡¿p that coincide with those of the electrostatic flux lines pattem op , in

agreement with Deutsch's assumption, only in symmetrical geometries. However,

in case of assymmetric configurations such as a line above a ground plane,

Atten[44] pointed out that the angular deviation between the ¡,vo patterns may

take significant values and Deutsch's assumption would not þ actually valid. In
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addition, for a given point in space, such deviation may depend on and increase

with ionization intensity with the maximum probably occuring for the saturated

case[44,45].

If it is assumed that the variation of the curent density is cardioid-like

a¡ound the conductor surface[ 1 4,28,43], then,

J N D (0ÈI ND (0)( I +cos0)/2 (3.42)

where 0 is the angle between the tangent to the flux line and the center line at the

conductor surface. In the following, the subscript D refers to quantities

corresponding to Deutsch's assumption while the subscript ¡/D refers to quantities

without the Deutsch's assumption.

Consider dl¡¡p and, dlp to be the cwrents carried by the elementary flux rubes

subtended at the conductor surface by d\yp and d\p respectively and both inter-

cept the same elementary distance dx on the ground plane. Assuming eq. 3.42 to

be valid for both cases, then,

dlo@) _ Jo@) _ (l+cos0o) dïo 
/? ¿?\

dl¡to@) J¡to@) (l+cosO¡¡p) dÙwo

where Jo@) and,I¡yp(x) a¡e the current densities along the ground plane.

Along the trajectories Qp(¡) , it can be shown that[36],

0o=2tan-r(xlH)

Generalizin g eq.3.M,then along the trajectories Ç)¡7p(.t) ,

(3.u¡

o,vp=ctan-r@tn) (3.4s)

The value of the parameter C depends on the degree of distortion of the flux line

pattern, and consequently on the intensity of corona. For example, for the electros-

tatic case C=2 which is also the case of Deutsch's assumption. However, in reality

0¡¿ differs from 0p with the amount of deviation being dependent on the value of
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the parameter C or the ionization intensity.

By taking the derivatives of eqns. 3.44 and 3.45 with respecr to r , it can be

shown that

dÙo 2

-=_
dïno c (3.46)

As ¡+0 when 0+0 then,

JpQ) _ dïp
/¡,,o (0) dï¡to

F,q.3.43 can, thus, be written as

Jo @) _ 1+cos[2tan-t@ n )] ,ro(0)

(3.47)

(3.48)Jno@) l+cos[Ctan-t(xm)] ,rivp (o)

Gallo and Lama[l7] carried out an approximate analysis for the unipolar

wire-to-plane corona regarding the lateral distributions of the current along the

plane. Using a simple electrostatic model, they assumed the ionization layer sur-

rounding the corona wire to be an equipotential surface that extends a distance

about 0.7 of the interelectrode space n/ . Although they obtained, generally, good

agreement with their experimental data, Gallo and Lama[l7] pointed our thar this

large hypothetical equipotential surface can not be taken to corespond to the thin

ionization layer around the coronating wire. In their analysis to include the space

charge effects, the angular dependence of the space charge density was taken to

yield cylindrical equipotential surfaces concentric with the wire. In fact it is not

physically possible for it corresponds to a cylindrical equipotential surface touch-

ing the ground plane[l7]. Their experimental studies revealed that the space

charge presence in the interelectrode space seems to contract the lateral distribu-

tion of the ground level current density towa¡ds the centre line. Aboelsaad[47]

computed the ionized field quantities using an isoparametric finite element
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algorithm. Mapping of the flux lines , showed that the space charge presence

causes distortion of the ions trajectories from those corresponding to the electros-

tatic case. The ionized flux lines were shown to be pushed away from the centre

line close to the conductor and are conmcæd towards it near the ground plane.

Hara et al.t46l observed that the beamwidth of the current density distribution at

the ground plane, defined as the total lateral distance subtended at one half of the

peak current, is approximately L.16 H . on the other hand, Gallo and Lama[l7]

obtained a value of 1.4 11 while Popkov[24] reported a value of 1.09 H . In the

following section the variation of the coefficient C, its dependence on the ioniza-

tion level, and its influence on the ground level current density profiles are stu-

died.

3.4.1Variation of the Parameter C

As mentioned earlier, the distortion of the ions trajectories would be max-

imum, as pointed out by Anen[44], in the saruration case. Sigmond[45] ca:ried

out an analysis for the unipolar dc ionized field in the saturation case and showed

that the current density along the ground plane, for 0<120 , can be approximated

by the following expression,

where !s¡r@) and .1541(0) are the cturent density along the ground plane in the

satui¿tion case. On the other hand, Hara et al[46], using Sa¡rra's iterative algo-

rithm that is based on Deutsch's assumption [30], showed that the cruïent density

at the ground level will be given by,

ffi=tt +2(xtH)zl-3n

ffi=rt*@n¡zr-z-*

(3.49)

(3.s0)
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Combining eqs. 3.48,3.49, and 3.50 yields,

1+cos0¡

l+cos0s¿7
_u+(xtH)21-2.M

[t+Z(xtH)2]-3n
(3.s 1)

Then,

(3.s2)

Eq. 3.52 represents the relation between the angle Osor , for the saturation

case, and the angle 0p , for the Deutsch case, around the conductor periphery.

Plot of this relation is shown in fig. 3.13. This proves the angular deviation of the

flux lines between the ionized case, corresponding to 0s¿¡ , and the Deutsch's case

, correspond.ing to 0¿ . This deviation seems to cause a contraction in the flux

lines pattern; i.e. if both Q, and Çlrp are to originate from the same point on the

conductor surface, then the flux lines corresponding to Q¡p are contracted towards

the center line in agreement with previous observations by AMelsalam and Khal-

ifa[14], Gallo and Lama [17] and Aboelsaad [47]. The space charge presence

seems to make the conductor appear larger and that is equivalent to bringing the

conductor closer to the ground plane. Consequently, on the basis of eq. 3.44 a

contraction of the flux lines towards the centre line would occur. Inspection of fig.

3.13 also shows that the amount of deviation between the two patterns varies

around the conductor surface with the maximum approximately given by Oser =

1.5 AD It can be shown, using eqs. 3.M and 3.45, that this maximum

corresponds to a value of the parameter C = 3 . In the present analysis this value

of C is taken to represent the upper limit on its variation. The lower limit is

assumed to be given by C= 2 which corresponds to the case when the distortion

by space charge is neglected, i.e. the Deutsch's case.

o5¿¡=cos-r 
I Wm(r+cose¿ Þr 

]
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As mentioned before the degree of distortion of the flux lines pattern ,

represented by the parameter C , is dependent on the ionization intensity or the

overvoltage level V lV o . However, due to the nonlinear nature of the governing

equations, the functional dependence of C on the overvoltage level V/Vo can not

be determined exactly and can only be expressed in an approximate form.

The cu¡rent density at the gtound level in the Deutsch case, "I¿ (0) , is

obtained using the analysis presented in section 3.2 and is given by,

JDQY# (3.s3)

where the corona cturent / can be obtained using eqs. 3.34 and 3.39.

Va¡ious studies have been reported in literature regarding the mobility

decrease during the ion migration towa¡ds the ground plane 124,48,49J. In these

sntdies, it was observed that the aged ions tend to reach a constant mobiliry

beyond a certain lifetime after the emission instant. Accordingly, the ion mobility

is considered constant along the ground plane. The results obtained by Popkov[24]

were found to fit on the average the values obtained by Arai and Tsunoda[48] and

Vereshchagin and Liwinov[49] over all the life time of ions. A value for the ion

mobility of 1.3 mzlv.sec as obtained by Popkov is used in the present calculations.

3.4.2 Profile Assessment

In order to study the ground level curent density distributions the following

expiession, that has been generally accepted for profile assessmentl43,45,46f, is

used,

J ¡¡ p (xþI ¡¡ p(OX 1+(r /¡/ )21-'r

where n is determined using eq. 3.48, and is given by,

(3.s4)
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,- [t+cos2tan-r@m)]

n-r.** [l+cosctan-l(¡tr¡)]
lnt 1+(xlH)21

(3.ss)

It can be seen that from eq. 3.55 that, for C>2 , the value of the exponent n using

the present procedure will be larger than the value of. n =2.04 obtained previously

by Hara et at[46] on the basis of Deutsch's assumption. Ha¡a et al[46] in their

analysis showed that a value of n = 2.40 will fit on the average their observed

experimental data.

Finally, from eqs. 3.46,3.47 and 3.54 the modified expression for the curent

density profile along the ground plane is given by,

J¡¡p(x)dp(O) lC l2l ll+(xtH)21-^ (3.s6)

Eq. 3.56 is used for the profile assessmenq with n to be obtained from eq.

3.55 corresponding to the value of xlH . The parameter C characterizing the ioni-

zation intensity or the degree of distortion of the flux lines pattern is assumed to

vary linearly, in the range v=vo to v=zvo, between the upper and lower limits

given before.

The procedure developed in this section are applied for assessment of the

cturent density profiles of different geometries and intensities of corona. The

results for different cases of positive corona are shown in figs. 3.14a-3.14d in nor-

malized form. The theoretically calculated results are generally in good agrcement

witti measured data in comparison with previous computational analysis [13]. It is

observed that the agreement is better for lower voltages i.e. lower corona intensity,

figs. 3.14a and 3.14c, than at higher volrages, figs. 3.14b and 3.14d. This may be

due to the simplification used in the present analysis that the parameter C ,

characterizing the corona intensity, is a linear function of the applied voltage while

it may actually vary in a more complicated form. However, the developed
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approximate expressions can be used with sufficient accuracy, as observed above,

for the assessment of the right-of-way currenr density profiles of hvdc lines.

3.5 Discussion and Conclusions

In this chapter, theoretical analysis into the influence of the main simplifying

assumptions; namely the Kaptzov and Deutsch assumptions is presented. An

improved method that takes into consideration the influence of Kaptzov assump-

tion is developed. The method is applied, initially, to the case of coaxial cylindri-

cal configuration then extended to the t'wo dimensional case of a smooth cylinder

above a ground plane. Improved expressions for the practical case of stranded con-

ductors are also derived. The theoretically calculated results are found to be, gen-

erally, in good agreement with available experimental.data in all cases. Com-

parison with the modified Popkov empirical formula shows the results obtained

using the present expressions to be in bener agreement with experimental data.

Study into the influence of Deutsch's assumption in relation to the flux lines pat-

tern distortion is also ca¡ried out. Modified approximate expressions are derived

that can be used with sufficient accuracy for the assessment of the right-of-way

cturent density profiles of hvdc lines. The agreement of the calculated results with

measu¡ed data is satisfactory as compared with other published computational

results.



CHAPTER 4

ITERATIVE SOLUTION OF THE UNIPOLAR

DC CORONA EQUATIONS

( NUMERICAL TREATMENT )

The main objective of the present work is, as mentioned earlier, the develop-

ment of methods for solution of the unipolar ionized field problem, without resorr-

ing to simplifying assumptions regarding the interaction among the fundamentai

field quantities. In chapter 3, analytical procedures were constructed and applied

initially to the simple coaxial cylinder geometry. They were then extended to the

geometry for a smooth wire above ground, and also to the case of a stranded con-

ductor above ground. In the present chapter, a different approach is followed. The

solution of the corona equations is performed using computational rather than

analytical procedures. The unipolar corona equations, eqs. 2.1-2.4, are reduced to

two second order pafüal differential equations which are rhen solved iteratively

using the finite element method. The unknowns are the space potential Q and the

space charge density p , both are functions of position in the region of interest.

Although several methods exist for solving the corona problem in the general

geometry of a conductor above ground, all of them are approximate; since they

employ simplifying assumptions which can significantly affect the spacial distri-

butions of <Þ , B and p . Accordingly, the results obtained by these methods may

not reflect the true interactions among the th¡ee electrical quantities listed above. It

is to be noted that the two most commonly used assumptions are Deutsch's

assumption [5] which states that the equipotential-flux line pattern in presence of

corona is the same as that which would have existed without corona, and

Kaptzov's assumption [6], stating that the conductor surface gradient remains
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constant at its onset value regardless of the level of the applied. voltage level.

In the following sections, a computationai algorithm for the solution of the

unipolar corona equations is developed and applied to rhe geometry of coaxial

cylinders. The boundary conditions required to determine the solution are d.is-

cussed. The algorithm procedures, which a¡e based on the finite element method,

are developed and described. Various initial space charge distribution are con-

sidered, and the numerical aspects regarding the accuracy, efficiency, and conver-

gence of the iterative process are studied.

4.1 Mathematical Model

As mentioned earlier in chapter 2, unipolar corona is characterized by the

flow of ions of one polarity in the interelectrode space, with the ions polariry

being the same as the conductor in corona. Eqns. 2.L-2.4 describe the electric

field and ionic flow of unipolar corona. From eq. 2.1 and 2.4, the following equa-

tion is obtained,

-v.1vopÂ
eO.

(4.1)

and from e4s. 2.2, 2.3, and 2.4,

-V.(pVoþO (4.2)

where the potential tÞ and the charge density p are functions of the space coordi-

nates. Eqns. 4.1 and 4.2 are coupled differential equations and a¡e equivalent to

the systems of equations 2.1-2.4. Thus, simultaneous solution of eqs. 4.r and 4.2

for the potential O and the charge density p , subject ro proper boundary condi-

tions, provides the solution to the unipolar corona problem.

Inspection of eqs 4.1 and 4.2 shows that they can, in general, be used to

determine the potential Õ without great difficulties using proper procedures and

boundary conditions. Eq. 4.2 can be used to determine the charge density p
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provided Õ is known everywhere in the region of interest. However, this approach

is not practical since Õ is known usually numerically only at discrete points.

Also, determination of p from eq,. 4.1 requires numerical differentiation which is

known to yield significant errors in the results[15,33]. In addition, since eq. 4.2 is

homogeneous, it can not be used directly to detennine p . For example, in the one

dimensional case, eq. 4.2 is expressed as,

do
P ¿r=c =const. (4.3)

where the constant c is to be found from boundary values of both the charge den-

siry p and the electric field E at some point. While the value of E at the conductor

surface can be estimated as given in section 3.1, the boundary value of p is not

known. If it were, then the computation of the corona losses would be trivial. The

aim of the present work, as mentioned earlier, is towa¡ds assessing the influence

of the Deutsch and Kaptzov assumptions on the ionized field cha¡acteristics. In

view of the above discussion, an approach based on solving eqs. 4.1 and 4.2 for e
while modifying the charge density p continuously after each solution step,

depending on the most recent value of Õ , is implemented in the present analysis.

4.2 Bounda:v Conditions

The equations governing unipolar corona can be reduced to a nonlinear thtd

order differential equation, q. 2.6, in the potential <Þ as shown earlier in chapter

2. Three boundary conditions are, thus, required to determine the solution for the

boundary value problem described by eqs.4.1 and 4.2 .T\e two boundary condi-

tions usually employed are,

1- The potential on the coronating conductor is known,

Q=V (4.4)
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2- The potential on the noncoronating conductor, ground plane, is known,

Õ=0 (4.5)

An important point in the ionized field computation is the choice of the thi¡d

boundary condition to be imposed at the coronating conductor surface. In litera-

nre, there are four kinds of boundary conditions suggested by various resea¡ch-

ers[8, 1 1, I 3, 1 5, 1 6, 24,50]. These are,

(Ð The electric field E" is assumed constant at the onset value Es .

(iÐ The charge density p" is given as a constanr.

(iii) The current density "I" is given as a constant.

(iv) The current density ,r" is given as an empirical function of the electric ûeld at

the coronating conductor surface.

Recent studies by Takuma and Kawamoto[50], and Ciric and Kuffel[ll]
showed that the boundary conditions employed at the conductor surface may have

a significant influence on the ionized field characteristics. Waters et at.[9,10], pop-

kov et al.[21], and AMelsalam et al.[13], showed that the boundary cond,ition (i)

is not actually realistic and that the electric field at the conductor surface drops

below the onset value depending on the applied voltage level. The rigorous

theoretical analysis ca¡ried out ea¡lier in section 3.1 and 3.2for the coaxial as well

as the single line above ground geometries, for smooth conductors, is in agreement

with these findings.

Regarding the boundary condition(ii), computations carried out by

Sunaga[16] for a single line above ground plane, using the finite difference

method, showed that the charge density is constant around the conductor peri-

phery. In another srudy, Janischewskyj and Gela[15,33], using a finite elemenr

algorithm for the single line above ground configuration, obtained a distribution
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for the charge density that varies from a maximum just beneath the conductor to a

minimum at the top. Although, employing Deutsch's assumption, similar variation

has also been obtained by sarma and Janischewskyj[30,31] and D'Amore et

al.[28]. Ciric and Kuffel[l2], on the other hand, obtained an analytical expression

for the charge density distribution that is very nearly constant around the conduc-

tor surface.

The boundary conditions (üi) and (iv) assume the knowledge of rhe current

density at the coronating conductor surface. In reference[11], the boundary

condition(iü) was used only for a parametric study of the influence of va¡ious

boundary conditions on the ionized field quantities. The boundary cond.ition(iv)

was proposed by Sunaga et al.[7,8] based on measurements ca:ried out on a test

line. As pointed out by Sunaga, the empirical formula used is only valid for lines

which have the same configuration and weather conditions as those of the test line.

This restricted the applicability of their procedures.

Based on the above discussion, and the results obtained ea¡lier in chapter 3,

the third boundary condition employed in the presenr analysis is as follows,

3- The electric field at the coronating conductor surface , E" , is assumed to

decrease as the applied voltage increases. The value of E" is to be determined

from eqs. 3.4 and 3.16 at the respective overvoltage level.

4.3 The Solution Method

Various approaches have been reported in literature to solve the boundary

value problem described by eqs. 4.1 and 4.2 . Deutsch's assumption regarding the

influence of space charge presence on the flux lines pattern has been employed in

many of these approaches. The influence of Deutsch's assumption can be illus-

trated as follows: The field due to the corona generated space charge at any point

in the interelectrode space is decomposed into two components; one along the flux
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line passing through the point and another in the normal direction. While the first

affects only the magnitude of the electric field, the second component influences

its direction. This latter component has a lateral effect on the lines of the electric

field causing them to deviate angularly from their rajectories in the absence of the

space charge. In approaches based on Deutsch's assumption such as those by Pop-

kov[24,25], ând Sarma and Janischewskyjt30,3ll the fi¡st component was

employed in the analysis, while the second component was neglected.

The use of simplifying assumptions; namely the Deutsch and Kaptzov

assumptions, in the ionized field analysis has been reþeatedly questioned in litera-

ture. It was suggested that they could have a significant influence on the ionized

field characteristics[8,9,10,11,13,16]. For example, sunaga et al.[r6], using the

finite difference method, estimated that the errors in the results caused by inclu-

sion of Deutsch's assumption could reach up to 40Vo for the corona current. At the

ground level, errors up to ll%o n the electric field and 407o n the current density

were also estimated.

No anempt has yet been fully successful in resolving the problem of corona

on unipolar dc lines without resorting to the above mentioned assumptions which

could significantly influence the mutual coupling benpeen the space charge density

p and the electric field E . In the following sections, an algorithm that is based

on the finite element method, FEM, is presented to fitl this gap.

'The 
usual method of solving numerically the boundary value problem,

governed by any of the equations 4.1 or 4.2,is to initially suMivide the region of

interest into elements and representing the solution within each element by a rela-

tively simple function. The result is a transformation of the differential equation

into a system of algebraic equations which can be solved for the nodal values.

Details of the steps carried out to solve eqs. 4.1 and 4.2 using the finite elemenr
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method are given in Appendix A.

4.3. 1 The Aleorithm Procedure

The algorithm is based on the simultaneous solution of eqs. 4.1 and 4.2 for

the potential <Þ and the space charge density p . The algorithm begins by generat-

ing a nonzero initial distribution for p . Since this distribution is not rhe one

corresponding to the actual configuration, the solutions Õ1 form eq. 4.1, and <Þ,

from eq. 4.2 wlll differ. The lack of agreement between (Þ1 and <Þ2 is due to the

errors present in p . Accordingly, a correction term õp to p should be related to

the difference õc¡=O,-o.2 , i.e.

ôp=/(ôo) (4.6)

where the function / (ôO) should be zero when ôÕ is zero. Fotlowing each solution

step, the charge density p is modified until convergence is obtained. Janischewskyj

and Gela[l5], for the coaxial geomerry, and Abdelsalam et al.[13], for wire-plane

geometry, suggested that a correction term proportional to p itself and to õ<Þ

expressed as a fraction of the average of iÞt and <Þ2 rnay generally provide a satis-

factory convergence.

In order to provide some guidelines that can be useful in the numerical pro-

cedute, the coaxial geometry is discussed first. From chapter 3, it can be shown

that all the electrical quantities are functions of the radial coordinate r only. It fol-

lows that the distribution of space charge is a monotone decreasing function of the

radial coordinate r, i.e. p decreases as r increases. This is also in agreement with

the physical underst¿nding of the problem provided by Felici[2g]. In case rhe

space charge density p is assumed constant, then eg,. 4.2 reduces to Laplace's

equation. The electric field at the conductor surface Ey will then have the elec-

trostatic value. Consequently, the quantity 82. , obtained from the solution of eq.

4.2, can be used to yield information mainly on the shape or the slope of the
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distribution of p On the other hand, studies carried out by Gela and Jan-

ischewskyj[15,33] as well as in the present work, showed that the elecric field

Eç of eq. 4.1 will provide information primarily on the magnitude or height of

the distribution of p . These observations should be useful for conecting the distri-

bution of p based on the discrepancies between Er" and 82. from the prespecified

third boundary condition E" .

The correction of p , although not based on rigorous mathematical equations

relating potential to space charge, can however be established following the above

mentioned guidelines. Different approaches can be employed. AMelsalam et

al.[13], for a wire-plane geomebry, used an updating forrnula that is based on the

discrepancies between <Þ1 and (Þ2 only. In their analysis, however, they employed a

boundary condition that was obtained using both Deutsch and Kaptzov assump-

tions. Accordingly their analysis is not free from these assumptions. On the other

hand, Gela [33], for a similar geometry, used a conection formula that was based

only on the deviations of E," and Ey from the specified boundary condition,

which was obtained using Kaptzov's assumption. No interset was shown, in this

case, to the discrepancies between the potentials <Þ1 and lÞ, . In view of the above

discussion, an updating formula for the space charge density is constn¡cted as fol-

lows:

p* =l (E rc Ð u,p 
",poa 

)+g (@rez,pdd) (4.7)

where p*' is the updated volume charge density at the node and poa is the charge

density at the same node used in the previous iteration.8," and 82" arc the elec-

tric field intensities determined from equations 4.1 and 4.2, respectively, at the

node on the conductor surface lying on the same field line as the node considered,

md P" is the volume charge density at this node on the coronating conductor sur-

face. For the unipolar DC field case, the functions / and g úe chosen to have the
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general form as in [13,33] and given by,

- fzr"l 
Et'

'=1,. i,"l#l'{E)" '

v-õ

n=, "# | 
*t-*,

" t Qou'

(4.8)

ç+.e)

in which v is rhe applied voltage, <Þo, is the arithmetic average of (Þ1 and e2 , E"

is the electric field at the conductor in corona and a, b, c, d are constants to be

determined, by trial and error, so that convergence of the iterative process is as

rapid as possible. The updating criteria (4.7)-(4.9) reflecrs the fact that the space

charge distribution is not affected by the conductor surface gradient alone or the

local potential alone, but is actually affected by their combined effect. This is an

improvement over previous techniques [13,33], where only the effect of the corona

onset potential gradient alone, or that of the local potential alone, were taken into

account. Gela[33], for a wire-plane geomeÇ, used a correction formula that is

simiiar to the function / while neglecting the discrepancies bet'ween <Þ1 and. Õ2

expressed by the function I . On the other hand, Abdelsalam et al.[13] used a cri-

teria that is, generally, similar to the function g and based on the potential

differences only.

Following the first iteration, which uses the initiat d.istribution of p , the FEM

solution of equations 4.1 and 4.2 is obtained again by using the new distribution

p*n . The iterative process is performed by continuously inserting into the updat-

ing criteria (4.7)-(4.9) the most recent values of all the corresponding quantities in

order to obtain the new space charge distribution at a node. It can be seen that

upon convergence, i.e. when Q-Qz and Err=82"=8, , the correction to p tends to

vanish ãnd pren =potd

poa
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Another feature of the updating criteria is that; provided that the initial p is

monotonically decreasing from the coronating conductor surface, the final distribu-

tion will also follow the same pattern. This can be readily seen from eq. 4.8. In

order not to influence this pattern, the contribution from eq. 4.9 is kept as small as

possible by using a value for the parameter c in the order of 0.1. In fact, it was

observed that after the first few iterations, this part of the updaring formula plays a

minor role in modifying the space charge distribution. [n order to ensure an accu-

rate solution for all the field quantities, this process is continued until the follow-

ing conditions are satisfied simultaneously at all the nodes:

l*,-*, I .r,@ou,

I p^e\9 -oora I srrpoa ,

(4.10)

(4.11)

at the same time, the electric field at the coronating conductor surface is observed

during the iterative procedure so that,

lt
lE r,-8, l."tBr"p. , (4.r2)

in which 7y , Í2 and t3 are small deviations specified in terms of the desired accu-

racy. E¡",¡ is the average value of E¡ and 82". At a given voltage, the value of

E" in the updating criteria 4.7-4.9 is obtained using eqs. 3.4 and 3.16.

4.4 Application to the Case of Coaxial Cylinder Geometr.v

The application of the algorithm to the configuration of coaxial cylinder

geometry is demonstrated here using a specific example. The ¿urangement

selected is shown in fig. 4.1a, and the finite elemenr mesh is shown in fig. 4.1b .

The inner conductor, of radius rr{.1r^ , is energized to a voltage v = 2 vs , ând

the outer cylinder, of radius re=Zcm , is grounded. The electric field at the ener-

grzed conductor is obtained using eqs. 3.4 and 3.16 and is found to be 62.37

Kv/cm. The exact distributions for the ionized field quantities, subject to the above
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Fig. 41a The coaxial c_vlinder geomeLry

ðÉ
ôn

Fig. 4.1b The finiLe element mesh
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conditions are obtained as foilows[l5]. The governing equations 4.1 and 4.2 when

expressed in cylindrical coordinates become,

1d.dA. o
----:-\r-----:- ) = 

-rdr'dr' €o

L !ç,pd?¡=o
rar dr

Integrating eq. 4.14, and assuming that at the inner cylinder, E=8" and

(4.t3)

(4.14)

P=P" ,

(4.1s)

for the

(4.16)

(4.r7)

then,

dA r"PrE,
'd'= P

Substituting in eq. 4.13 and integrating, the following expression

charge density in the radial direction is obtained,

P(r) =

Substituting eq. 4.16 into eq.

ejP"r"p"2

enPrrr+p"(r2-r"2)

4.15, the electric field is obtained as,

Define,

EQ)=L
r

o,=ff'hz=^F,
h, = ",$7I7, q e) = ^[i7+7;a
Then eq. 4.17 reduces to

E(r) = L qfr>
r

Integrating e4. 4.17a benveen the limits (Þ0 and

r=r, , then

Ø.17a)

<Þ7 corresponding to r-r" and

F4P"r" )

-+r-_rc
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from[49],

7L

v 'e

[¿a = nr|q(r) o,
or.r

rg

v = h, !L çnrz+rz¡tn dr
,, f

(4.t7b)

¡ (a282)tn 
¿¡a = (az+x2)1n - " ^ 

tC#

Eq.4.l7a then becomes

v = h rl Ø r, * r rz¡t 
n 

-çh 12 + r,zrt n 
- r r^ 

h s+(h t+ r tz)l 
n 

+n rn 
h s+ (h z2 + r,2)r n 

I'L 6 tB ' ," I

which reduces finally to

,=o,ln(r,yh2+hz{"a."ø z+hyrnlo,*o,,] }] (4.18)

where V is the applied voltage. The value of the charge density pc at the coronar-

ing conductor is obtained implicitly from eq. 4.18.

Various initial distributions for the charge density, chosen intentionally to be

in enor as compared with the exact one, are generated as follows:

. 
case 1 : Using the known solution of the coaxial cylinders geometry with

V=l.7Vo and E"=Eo .

case 2: Same as case 1 but with V=2.0V0 and E"=Eo .

case 3 : same as case l but with V=2.3VoandE"=Bo.

case 4 : In this case the initial space charge distribution is obtained according

to the following formula,
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(r-r^\
p(r) = p.+*@"-pr)

7r"_rs )
(4.1e)

where p" is obtained as in case 2 and p, is obtained as in case 3.

case 5 : In this case the initial space charge distriburion is obtained according

to the following expression,

P(r) = P"
rc

r
(4.20)

where p. is obtained as in case 2. These distributions a¡e shown in frg. 4.2a

âs p¡r , piz, p¡: , p¡q , p¡s respectively, together with the exact distribution

p,' . The percentage errors in these distributions as compa¡ed to the exact

solution are shown in fig. 4.2b .

4.5 Computed Results and Analysis

The guidelines mentioned earlier are investigated here in details. The electric

fields at the energized conductor from eqs. 4.1 and 4.2, EL"aritd9u respectively ,

are computed following the first iteration for the various initial space charge distri-

butions. The computed values are given in table 4.1 for the five different cases

considered.

It can be seen from fig. 4.2a that, in the first case, the whole distribution of

p¡1 lies below the exact distribution p", . The value of the electric field at the con-

ductor.surface 81" , using eq.4.1, is 80.92 Kv/cm as shown in table 4.1 . This

value is higher than the exacr value of 62.37 Kv/cm, indicating that the charge

distribution in this case may be weaker than it should be. At the same time, it is

observed that the shape of p¡r is flatter than the exact one, i.e. it has a lesser

slope. This is reflected in the fact that Ey , lrom eq. 4.2, is 73.24 Kv/cm which is

higher than the exact value.
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Table 4.1 The electric field values at the energized conductor for

the different inirial charge disributions.

80.92

62.59

4.24

3s.60

102.3

73.24

62.56

54.70

87.2r

21.93

Electric field, 81"(Kv lcm) ,

from eq.4.l

Electric freld" Ey(Kvlcm) ,

from eq. 4.2



75

For the second case, the whole distribution of p¡z lies also below p", but

higher than p¡r . At the same rime, the slope of p¡z is sharper than that of p;1 but

still flane¡ than the exact one. These nends can be observed by comparing the

electric field values 81" and E,¿ in this case with the exact value. The quantities

E¡, and 82" are both closer to the exact value as compared with the fi¡st case of

p¡1 . However, due to the errors present in the magnitude and shape of piz, both

quantities a¡e still higher than the exact value E"

In contrast to the above two cases, the whole distribution of p¡s lies above

p,, with a slope that is sharper than the exact one as shown in fig. 4.2a . As indi-

cated in table 4.1, both quantities Et" ând E¡ are found to be lower than the

exact value. The fourth câSe, p¡4 , is represented by a linear variation described by

eq. 4.19 . The shape of the charge distribution in this case is flatter than the exacr

one, resulting in the value of E¡ being higher than the exact one. In this câSe, p;4

intersects the exact distribution close to the inner conductor, while almost the

whole distribution lies above not only p¿¡ but also p¡3 . The quantity Eb, in this

case, is less than both the exact value E" and the quantity Erc correspond.ing to p¡3

. This demonstrates that not only charges, present in close vicinity of the ener-

gized conductor but also those located at larger distances, play a significant role in

modifying the electric field at the conductor surface. Sarma and Janischewskyj[22]

assumed that the electric field at the energized conductor is always constant at the

onset value. They considered that the corona generated space charge is present

only in the ionization layer surrounding the conductor. Waters et al.[9,10] meas-

ured the electric field strength at the coronating conductor surface and showed that

it drops below the onset value depending on the applied voltage level. They atrri-

buted these observations to the fact that the space charge located further away

from the coronating conductor may have more influence on modifying the fieid
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than previously assumed by Sarma and Janischewskyj[22].

The last case is shown in fig. 4.2a as pr5 . This distribution is generated using

eq. 4.2O . The slope of this distribution is very sharp close to the inner conductor

while being almost flat away from it. The slope of this distribution is acrually

larger than any of the other distributions including that of p,, . From table 4.1, it

can be seen that 82" , in this case, is significantly less than not only E, but also

E¡ of all the other distributions. Also 81" is much higher than the exacr value E"

. This is a result of p¡s being very weak in comparison with p",, &s observed from

frg.4.2a

The above trends, although generaily qualitative, were nevertheless useful in

obtaining some guidelines that can be used in constructing the correction formula

of the charge distribution p as described earlier in this chapter.

The convergence procedure for the different cases considered are shown in

figs. 4.3-4.7 respectively. In order to ensure high accuracy of the computed

results, the parameters rl , r,2 àrrd r, in equations 4.7-4.9 are set to 0.05,.01,.015

respectively. The percentage errors in the potential values are expressed as

(Qu-Qo"e)lou , where Õ", is the exact distribution of the potential. The errors in

the electric field values a¡e obtained in the same manner, while the errors in the

charge density a¡e obtained as (prr-p)/p,, .

The convergence procedure when using p¡r is shown in figs. 4.3a-4.3c. The

initial errors in the charge disribution vary from about 507o atthe inner conductor

to about 277o at the outer boundary. These errors and the corresponding errors in

the potential and electric field values are shown in fig. 4.3a Convergence

occurred in ten iterations in this case and the residual errors upon convergence are

shown in fig. 4.3c. When p¡s is used as the initiai space charge distribution, con-

vergence occurred in four iterations. The initial errors are shown in fig. 4.4a and
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the residual errors upon convergence are shown in fig. 4.4b .

As observed earlier, the distribution p;r lies close and below p", md above

p;r . As expected, the initial errors in p , <Þ , and E shown in fig. 4.5a are less

than those corresponding to p¡r . Only 3 iterations were needed in this case for the

iterative algorithm to converge, which is much faster than the case of p¡r . The

residual elrors are also smaller in this case as observed in fig. 4.5b compared with

the previous two cases. In fact, the absolute final errors in this case were less than

L.5Vo in the potential, 2.7Vo in the charge density, and 2.5Vo in the electric field

values. This demonstrates both the accuracy and efficiéncy of the present computa-

tional procedure and the correction forrnula employed for updating the charge den-

sity p during the iterative process. Takuma and Kawamoto[S0] has recently

presented a modiñed method for the solution of the ionized field problem based on

the finite element method. Their results, for coaxial cylinder geomebry, showed

errors of the current density and electric field of about 30Vo on the conductor sur-

face and about I2Vo at the corona sheath[5O]. AMelsalam et al.[13], for a wire-

plane geometry, showed that thei¡ algorithm needed 70 iterations to achieve a SVo

accuracy in the potential values.

For cases 4 and 5, the convergence of the iterative procedure, is shown in

figs. 4.6a-4.6d and frgs. 4.7a-4.7d respectively. In spite of the significant errors, ,

not only in magnitude but also in shape, between the initial and exact distributions

for these particular cases, the algorithm works its way through to convergence

occurred in 19 and 31 iterations respectively.

In general, it can be seen that the closer the initial charge distribution is to

the exact one the faster convergence occurs as observed for p¡1 and p¡z . At the

same time, the errors in the final results tend to be smaller when the initial distri-

bution of p is close to the correct one. In atl cases, the exact distribution is
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compared with the average values for the potential and electric field values

obtained from equations(4.1) and (4.2). Accordingiy reliable and accurare esri-

mates of the potential and field values for the solution of both equations may be

obtained by taking the average values of the respective quantities upon conver-

gence of the iterative process.

The values of the parameters a,b,c, and d in the updating formula, eqs. 4.7-

4.9, are obtained as mentioned earlier by trial and error so that convergence occurs

as rapid as possible. These parameters are shown in table 4.2 for the va¡ious cases

considered. It should be noted that these parameters may not be unique and are

probably problem dependent. The criteria used to determine their values is that

convergence occurs in the least possible number of iterations. For example, the

case corresponding to p¡+ is also solved using the parameters a=1.0, b=1.0, c=0.1,

d4.26. Convergence occurred in 30 iterations in this case, wirh the residual

errors being almost the same as before. This set of parameters is chosen to be

close to those corresponding to p;r , piz, and p¡¡ . on the other hand, for the case

corresponding to P;s , it was not possible to obtain convergence, after many trials,

except for the values shown in table 4.2 . Abdelsalam er al.[13], in their iterarive

algorithm, used an updating formula that is dependent on the potential differences

only, and similar in form ro the function g given by eq. 4.9 . They showed that

their iterative algorithm converged, with accuracy of 5Vo in the potential values, in

70 iterations. A parameter similar to c with a value of 0.5 is used in their calcula-

tions. No variation of this parameter with respect to the geomehry, corona inten-

sity, or initial charge distribution was reportedtl3l. It should. be noted, holvever,

that their algorithm was not applied to the case of cylindrical geomerry. Gela[33]

used an updating criteria for the wire-plane geometry that is similar to the function

f , eq.4.8, with the parameters a=b=1.0 . No interest was shown in this case to

the deviations benveen the potential values (Þ, and <Þ2 expressed here by the
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Table 4.2 The values of the paramerers used in the updating

formula, eqns. 4.8 and 4.9, for the different cases,

and the corresponding number of iterations.

Case a b c d No. of iterations

1

2

J

4

5

1.00

1.00

1.00

0.50

0.40

1.00

1.00

1.00

0.50

0.40

0.10

0.05

0.10

0.20

0.17

0.25

0.25

0.25

0.26

0.26

10

J

4

19

3t
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function g of eq. 4.9 . The various parameters used in different cases of in this

chapter are of the same order as those used previously by AMelsalam et al.ll3l

and Gela[33] . In general, however, it can be observed that if the initiat charge

distribution is not significantly in error, e.g.p¡r or p;¡ , with respect to the exact

one, a set of parameters that is similar to the one used here, can be employed to

obtain convergence.

4.6 Conclusions

In this chapter, an improved algorithm for the iterative solution of the unipo-

lar dc corona equations has been developed and applied successfully to the

geometry of coaxial cylinders. The algorithm is based on the finite element

method and accordingly does not employ Deutsch's assumprion in the solution.

The algorithm also does not rely on Kaptzov's assumption as the electric field at

the coronating conductor su¡face is allowed to vary according to the applied vol-

tage level in agreement with previous experimental observations[9,10,21]. The

governing equations are modeled as two coupled parrial differential equations

which are solved simultaneously for the potential <Þ and the charge density p . A

modified updating criteria is employed for continuously modifying the charge dis-

tribution during the iterative solution. Various distributions for the initiat charge

density, chosen intentionally to be in error, are assumed and the algorithm worked

its way through to convergence in all cases. Both the accuracy and efficiency of

the þresent algorithm are demonstrated by comparing the computed results for the

different quantities with the analytical solution and also with other FEM algo-

rithms. The results of the present chapter should serve as a necessary and useful

step for study of the more general case of a conductor above ground geometry

which is to be considered in the next chapter.



CHAPTER 5

IONTZED FIELD SOLUTION OF A SINGLE

CONDUCTOR ABOVE GROUND GEOMETRY

Corona, as described ea¡lier in chapter 2 is a nonlinea¡ voltage dependent

phenomena, consequently results obtained for one voltage level can not be

extended easily to other voltage levels. This is because the intensity of corona

depends strongly and in nonlinea¡ fashion, on the applied voltage which deter-

mines the characteristics of the space charge generated by ionization pL.rr"r.
The space charge distribution is the main factor that detennines all other quanti-

ties, such as the disribution of the potential, electric field intensity and crurenr

density as well as global quantities such as corona power loss. At alternating vol-

tages, the space charge created by corona is constrained to the vicinity of the con-

ductor because of the periodic reversal of the electric field, resulting in the corona

losses being dependent on the conductor surface gradient rather than on the actual

line configurations. On the other hand, the space charge created by dc corona fills

the entire interelectrode space, resulting in a greater dependence of corona on the

actual line geomenry. Accordingly, recognizing that the space charge may behave

differently at various levels of the applied voltage for different configurations, a

detailed study and analysis of the computed results ar different voltages for

different geometries is necessary. This constitutes the main objective of this

chapter.

Initially, the electrostatic field solution for the single conductor above ground

geometry, using the finite element method, is carried out. This is important as it

may provide some insight into the accuracy of the finite element solution of the

corresponding ionized field case. Various mesh sizes are considered, and the

accuracy of the solution is assessed by comparison with the image method.
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In chapter 4, the unipolar corona equations were formulated as two second

order nonlinea¡ pafüal differential equations. These two equations were then

solved iteratively using a finite element based algorithm for both the potential <Þ

and the charge density p . The algorithm was applied to the case of cylindricat

configuration and the results were compared with analytical solution. In the

present chapter, the finite element algorithm is applied to the general case of a

cylindrical conductor above a ground plane. Simple procedures for constructing

the finite element mesh and generating the initial space charge distribution, for the

iterative solution, are developed and described. Different geometries are con-

sidered, and the iterative solution is perfomred at various voltage levels up ro

twice the onset value. As the aim of the present work is.to assess the influence of

the simplifying assumptions on the ionized field solution, the iterative solution is

ca¡ried out, at each voltage level, both with and without Kaptzov's assumption.

All quantities of interest such as the charge density, electric field, and current den-

sity both at the conductor surface and ground plane as well as the corona losses

are computed and compared for both cases. As much interest has been recently

given to the possible environmental impact of hvdc lines, the maximum level of

the ionized field quantities at the ground level are also computed and compared

for both cases. Comparison with available experimental data is also ca:ried out

whenever possible. The accuracy and efficiency of the present procedures are also

studied and compared with those of other available finite element based algo-

rithrns.

5.1 Finite Element Electrostatic Field Solution

The electrostatic field solution in the region under hvdc lines, obtained by

application of the finite element methd, FEM, is importanr not only by itself but

also because it may be used to assess, qualitatively, the accuracy of the FEM solu-

tion of the corresponding ionized field. In facr, borh solutions employ the
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Laplacian operator; the latter solution is obtained, however, on iterative basis.

Methods which a¡e known to yield accurate results in the electrostatic case, such

as the image method, a¡e available[52], which makes possible the determination of

the accuracy of the corresponding FEM solution. The computations a¡e caried

out for a configuration consisting of a single conductor of radius r" located at

height 11 above the ground plane as shown in fig. 5.1 .

In the fundamental equations of the FEM, unknowns are the potential values

at all nodes generated by the division of the region under consideration into ele-

ments and, relatively, high accuracy of the calculated potentials can be obtained.

even if the whole region is divided into comparatively large elements. The basic

details of the finite element method are given in Appendix A. The electric fietd

can be obtained from the potential distribution. However, the accuracy of the elec-

tric field deteriorates due to the process of differentiation of the potenrial distribu-

tion [8,13]. In addition, no unique value can be assigned ro the nodal electric field

due to the presence of more than one element in the surrounding of every node.

Tests ca:ried out initially, for the coaxial cylindrical geometry using second

order elements[53] showed that an averaging procedure based on the angles of the

conesponding elements at the node can be used to obtain reliable values for the

electric field. Takuma et al.[16], using linear elemenrs, reporred that this technique

gave better results when compared with an area weighted averaging procedures.

The 'angle weighted averaging technique is deseribed as follows: If the angles

91,02,...0n a¡e used as weighting functions, then the estimate of the electric field at

node j is,

n

Ðo¡ E'¡
¿'t -i={-J n

Eo¡t{

(s.1)
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Fig. 5.1 Single conductor

CONDUCTOR

GROUND PLANEO=O

obove gr ound geome t r y

o
il

elcolo

ELEMENT i
NODE j

Al

0r

Bn An

5.2 The weighting functions 0. of node
I



93

where 0¡ is the angle shown in fig. 5.2. E'i is the electric field obtained using ele-

ment i and n is the number of elements surrounding the node under consideration.

The finite element mesh for the single conductor above ground configuration is

generated as described in the following section.

5.1.1Mesh Generation

A semi-automatic mesh generation routine was developed and used to gen-

erate the elements for the single conductor geometry. Initially, a number of

equidistant nodes, N. , is chosen on the conductor surface. Starting from one con-

ductor node, the subsequent nodes are placed approximately on the same field line.

The second node is removed from the first one by a distance equal to r" 0 , where

0 is the angle subtended at the conductor center by a chord joining two consecu-

tive conductor nodes. Any subsequent node is at a distance equals I rn 0 from the

previous node where rn is the radial distance of the previous node from the con-

ductor center and / is a parameter that conrols the mesh growth pattern and a

value of I = 1.5 was found to result in good element shapes, generally, throughout

the whole mesh.

The configuration considered here consists of a single conductor of rad"ius r"

= 0.0025m and a height H=2m. The generated mesh for this geometry is shown in

fig. 5.3, where the number of elements NE=333 and the number of main nodes

NN=19.5. The boundary conditions employed in the finite element solution are:

þV on the conductor and g=S e¡ the ground plane. Only half the region of

interest is considered due to the problem symmerry with ðQ/ân { along the line of

syûrmetry. An anificial boundary is used with ç=q," on its surface, where 0r, is

the electrostatic potential calculated at nodes on that boundary by replacing the

conductor with a filamentary line charge at its center.
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5.3The f inite element mesh
r^-0.00 25m,H-2.0mc
NN:195,NE:533
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5.l.2Computed Results

The accuracy of the solution using the finite element method is assessed by

comparing the numerically derived results with those obtained using the image

method. The potential at any point ( x , I ), using the image merhod is given by,

Q(r,y )4.06 77tz tnl 
^ "*r' ^l ,

lx"+Q+2H)" )

The electric field is,

n'@,vÞ^[lF*

where E',=$anau', , and has the direction,

ll'=tan-r 
E I
8,,

(s.2)

(5.3)

=âo
ây

The percentage elrors in the potential and electric field values are expressed

as lOr-S" l¡Q, att¿ I E',-E'rl tE', where Qr md E,¡ àra the potential and field

values obtained by the image method and Sr and E'p are those corresponding to

the finite element method.

Sunaga et al.[8] reported that one of the important problems in applying the

finite element method for the study of ionized fields of dc transmission lines is the

accuracy in determining the electric fietd at the conductor surface. It should be

noted that the electric field at the energized conductor is the main factor in deter-

mining the ion flow field[8]. AMelsalam et al.tl3l used the finite element method

to solve the ionized field problem of a single conductor above ground geomeüry.

In order to truncate the semi-infinite region, they used a lateral artificial su¡face

parallel to the line of symmetry. This boundary intersects rhe ground plane at d.is-

tance of lH and extends a distance lH above the energized conductor. They

showed that their experimental and numerical results for the cruïent density
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distributions along the ground plane becomes almost zeÍo at a distance approxi-

mately equals 1.5H . Gela[33] also used an artificial surface for the single conduc-

tor above ground geometry. This surface intersects the ground plane at a distance

about 4H and extends a distance approximately 6.5H above the conductor. The

potential on this boundary was assumed, zero, while AMelsalam et al.[13] assumed

that it is equal to the electostatic value. Gela[33] showed that the lateral distribu-

tions of the curent density along the ground becomes almost zeÍo at a distance

about 1.7H . It should be noted that in both cases no srudy of the electrostatic

field has been reported. A study into the accuracy of.the electrostatic field, using

the finite element method, of a single conductor monopolar dc line has been ca¡-

ried out in[54]. An anificial surface similar to the one used by AMelsalam et

al.tl3l was employed and located at a distance 1.6H along the ground plane and

lH above the conductor. A comparative study into va¡ious element orders showed

that second order elements, generally, gave the best results for the electric field at

both the conducror and ground surfaces[54].

An example of the influence of the extent of space used in the FEM compu-

tations is caried out for a mesh of 343 nodes and 611 elemens. The number of

nodes on the conductor surface is 14 and along the ground plane is 9. A plot of

the mesh is shown in fig.5.4. The results are shown in tables 5.la and 5.1b for

different cases where the artificial boundary intersects the ground plane at a d.is-

tancç from the centre line x, = 3.87, 4.84 and 6.0 meters which corresponds to

1.94H, 2-42H and 3H respectively. The average distance of the anificial boundary

from the conductor centre is 4.64,5.79 and 7.19 meters corresponding to 2.3H,

2-9IJ and 3.6H respectively. Table 5.1a shows the results for the electric field

values around the conductor surface and the corresponding percentage errors cal-

culated with respect to the image method. It was observed that the accuracy of the

electric field at the conductor surface is not significantly influenced by the
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Fig.5.4The finite element rnesh
r^-0.00 25m,H-2.Qmc
NN=J43,NE:611
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Table 5.la Elecuic ûeld (V/m) values around rhe conducor periphery,

NN=343, NEdlt

00 E'l E'F

xe=3'8'Im

% Error E'F

xr4.Mm
?o Fsror E,F

xr4.Om
% Error

00.00

13.85

27.69

4t.54

55.38

69.23

83.08

96.92

tt0.77

t24.62

138.46

152.3t

166.15

180.00

y.25r

54250

54.U7

542t12

54236

54.229

54.221

y.2t3

54.2ß5

54.198

54.r92

54.r87

54.184

54.183

v.325

5/.3t9

54313

5/297

54283

yn5
54255

y24:3

yt22

542r3

y.2u2

54.186

y.r72

54.r57

0.136

0.r27

0.r22

0.101

0.087

0.085

0.063

0.055

0.031

0.028

0.018

0.002

0.022

0.048

54.æ9

y.Ð2

54.285

54.270

54.256

y.u8
y.nÅ

y.216

y.r94

54.186

54.r75

54.r60

y.145

54.130

0.088

0.077

0.070

0.052

0.037

0.035

0.013

0.006

q.02

0.v22

0.031

0.051

0.072

0.098

I

y.2y

542,47

9.2&
y.225

542t1

5/.203

54.t82

y.t70

54.r49

54.l4t)

54.t29

54.114

54.æ9

54.084
I

0.006

0.006

0.013

0.031

0.046

0.048

0.072

0.vt9

0.103

0.107

0.116

0.r35

0.157

0.183

Table 5.lb Elecric field (V/m) values along rhe ground plane,

NN=343, NEdll

Nodc

no.

x(m) E¡ Ep

\=3-87m

% Errcr E,F

xr-4.84m

?o Errot Ep
xe=6'0m

7o Error

23

46

69

92

u5

138

t62

r87

0.0000

0.29r0

0.5845

0.8803

|.r72r

1.5000

2.W2

2.8r''62

0.13554

0.t3273

0.12488

0.t 1355

0.r0089

0.08675

0.06563

0.04480

0.13308

0.1æ36

0.12r93

0.r 1078

0.09859

0.08495

0.6257

0.03816

r.82

2.54

2.36

2.44

2.28

2.07

4.6

t4.82

0. l 3346

0.t2976

0.t2238

0.1 I 134

0.09931

0.08594

0.06433

0.04310

1.54

2.24

2.û

r.94

r.56

0.93

r.9'l

3.81

0.13377

0.13007

0.t2270

0.1 I 167

0.09965

0.08629

0.cf473

0.0¿154

l.3l

2.00

1.75

1.66

t.23

0.53

r.37

0.59
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variation in the artificial boundary location, as the average emors were 0.066To,

0.048Vo and 0.079Vo for the th¡ee cases respectively. The results along the ground

plane up to a distance of 2.85 meters, or 1.4H, from the centre line are given in

table 5.1b. The variation in the accuracy of the computed results along the ground

is more noticeable than that of the results a¡ound the conductor surface. The aver-

age errors for the different cases considered are 4.l2%o, I.99Vo and l.3Vo respec-

tively.

In order to investigate the influence of the number of conductor surface nodes

on the accuracy of the conductor electric field, other mesh densities are con-

sidered. Mesh b is generated using 10 conductor nodes with the parameters

NN=195 and NE=333 and was shown earlier in fig. 5.3 . The artificial surface

intersects the ground plane at a distance of 6 meters or 3H and the average dis-

tance from the conductor surface is about 7.84 meters or 3.92H, thus compatible

with the last case of mesh a of 343 nodes and 611 elements when the artificial

surface is about 7.19 meters or 3.6H from the conductor centre. The results for the

electric field around the conductor surface a.re given in table 5.2aand the average

error is about 0.I5Vo . The results along the ground plane are given in table 5.2b

and the average error up to a distance of 2.5 meters is about l.\LVo . It was

observed that in the case of mesh a, the area close to the ground plane is not

explored with sufficient number of nodes as in the case of mesh b. In fact the last

laye¡ of nodes located laterally parallel to the ground plane is at an average dis-

tance of about 1.41 meters from the condcutor centre in case of mesh a while this

distance is about 1.66 meters in case of mesh b. Mesh a is then used to calculate

the field with these nodes relocated at the same average distance from the conduc-

tor centre similar to that of mesh b. The results for the electric field along the

ground plane are given in table 5.3. The average error in this case is about 0.77Vo.

The results around the conductor were practically the same as before.
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Table 5.2a Elect¡ic field (V/m) values a¡ound the conductor

periphery, NN= 195, NE=333.

g0 E,I E,F ?o Enor

00.00

20.m

40.00

60.00

80.00

100.0

120.0

1,t0.0

160.0

r80.0

J4.ZJ I

54.249

54.243

54.2y

54.223

54.21r

54.2æ

54.191

54.185

54.183

54.235

54.2r4

54.193

54.t72

54.153

54.128

54.tæ

54.090

53.054

53.018

o.v29

0.065

o.w2

0.114

0.129

0.153

0.168

0.186

o.242

0.304

Table 5.2b Electric field (VÂn) values along the

plane, NN=195, NE=333

Node no. x(m) E,I E,F 7o Enor

l8

36

54

72

9l

0.000

0.450

r.000

1.500

2.500

0. r 3554

0.1290r

0. r0843

0.08675

0.05289

0.13518

0.r2786

0. r0676

0.08499

0.050s9

0.266

0.891

r.500

2.O24

4.358
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A third mesh, mesh c, is also generated using 6 conductor nodes with the

parameters NN=81 and NE=125 and is shown in fig. 5.5 . The distance of the

artificial surface from the centre line is 6 meters or 3H and the average distance

from the conductor centre is about 11.39 meters or 5.7H. The accuracy of the

electric field values a¡ound the conductor surface and along the ground plane

using this mesh are given in tables 5.4 and 5.5. The average errors are 0.3ZVo and,

I.4l7o respectively. It can be seen by comparison of tables 5.La, 5.2a and 5.4 that

the accuracy of the electric field around the conductor surface increases as the

number of conductor nodes increases. Janischewskyj and Gela[l5] investigared

the influence of the grid strucnre on the ionized field solution, in case of coaxial

cylinder geomebry, using one dimensional linea¡ elements. They observed that not

only the number but also the proper position and location of the finite element

nodes can have an influence on the solution accuracy. They pointed out, however,

that physical understanding of the problem is extremely useful in providing guide-

lines in this regard. This concludes the analysis of the electrostatic field case, i.e.

no corona space charge is assumed present in the interelectrode space. The appli-

cation of the finite element algorithm to the ionized field solution of a single con-

ductor above ground geometry is considered next.

5.2 Finite Element Ionized Field Solution

As mentioned earlier, corona is a nonlinear phenomenon being d.ependent on

both the line geometry and the applied voltage level. Detailed study and analysis

of the computed results for various geometries and voltage levels are thus neces-

sary. In the present study, different geometries ranging from H lr" = 30O to H lr" =
1000 a¡e considered. It should be noted that H tr" of a typical hvdc line is usually

in the range of 700-10@ . For each geometry, the ionized field solution is ca:ried

out at different voløge levels, above the co¡ona onset value, up to v=2v0. At a

certain applied voltage, the solution is performed for both the cases with and
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Fig. 5.5The f inite element mesh
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Table 5.3 Electric field (V/m) values along rhe ground ptane,

NN=343, NEdll

Table 5.4 Elecric field (Vim) values a¡ound the conductor

periphery, NN{ I, NE=125.

00.00

36.00

72.æ

108.0

1//.0

180.0

54.25t

54.244

54.227

54.207

54.190

54.183

54.5fl

54.493

54.436

54.388

54.270

54.r52

0.55

0.46

0.39

0.33

0.15

0.06

Table 5.5 Electric ûeld (V/m) values along the ground plane,

NN4l, NE=125

Node x(m) E,I E,F Vo Enor

23

46

69

92

115

138

r62

187

0.0000

0.2910

0.5845

0.8803

t.t72t

1.50m

2.W2

2.8462

0.13554

0.13273

0.1%88

0. l 1355

0.10089

0.08ó75

0.06563

0.04480

0.13495

o.t3Lv4

0.12368

0.ttu4

0.10028

0.ffi663

0.06459

0.u463

0.M

1.10

0.96

0.98

0.61

0.14

1.58

0.38

Node no. (m) E,I E,F Vo Error

t2

24

37

5l

0.0000

0.9365

2.5000

6.0000

0.13554

0.ll I l7

0.05289

0.01355

0.13590

0.r0701

0.05246

0.01366

0.26

3.74

0.81

0.81
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without Kaptzov's assumption. The results are presented for the spatial distribu-

tions of the ionized field quantities around the conductor periphery. The corona

culrent per unit length of the conductor is also computed for both cases. Further-

more, as much interest has been recently directed towards the influence of a dc

transmission line on its surroundings[1-4], the distributions of the space charge

density, electric field intensiry, and curent density along the ground plane are

computed and presented for both cases. Comparisons with available experimental

data a¡e included wherever possible. Accuracy and efficiency of the iterative solu-

tion are also studied and demonstrated.

5.2.1The Initial Space Charge Distribution

The initial distribution of the charge density p at rhe finite elemenr nodes is

obtained according to the following procedures. As mentioned before the mesh is

generated by tracing the field lines starting from the conductor surface towa¡ds the

outer boundary. The length of each field line is considered to be equal to rhe outer

radius of a coaxial cylinder system whose inner radius is the conductor radius. The

potential gradient on the inner conductor is computed using eqns. 3.4 and 3.16 at

the corresponding voltage level.The known analytical solution for the coaxial

cylinder geomeÇ, is then applied in order to obtain the charge density distribution

along that line. This is repeated for all lines in order to obtain the initiat charge

distribution at all the nodes. This technique for obtaining the initial charge distri-

butiÒn is simpler and easier to implement than previous techniquesl13,33].

5.3 Reduced Scale Model, FVr 300

The geomenry considered first, consists of a single smooth conductor of

radius r" = 0.00165m located at a height H 4.495m above a groundplane. This

geometry was considered by AMelsalam et al. [13] and importanr experimental

data for the corona crurent and the current density distributions along the ground
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plane has been reported [13]. The finite element mesh for this geometry is shown

in fig. 5.6. The corona onset gradient for this geomery is Es = 55.42 kV/cm and

the corresponding onset voltage is Vo = 58.49 kV. Various voltage levels are con-

sidered between 70kv and 120 kV corresponding to 1.2 v6 and 2vo. Ateach vol-

tage level, the initial space charge distribution is generated according to the above

mentioned procedures. The iterative solution is then carried out at this voltage

level until convergence occurs. The updating criteria, eqns. 4.9-4.9, is used in

order to modify the charge distribution during the iterative solution.

5.3.1 Computed Results and Analvsis:

The spatial distributions of the charge density p" and and curent densiry ,r"

around the conductor periphery are shown in figs. 5.7,'5.8 and 5.9 for different

applied voltage levels. The results are computed both with and without Kaptzov's

assumption. It is observed that, at all voltages, distributions without the assump-

tion a¡e generally higher than those with the assumption with the maximum devia-

tion being always at the bottom of the conductor, corresponding to 0 = 0. The

deviations between the distributions, however, tend to decrease as 0 increases.

The corona crurent per unit length of the conductor is computed as follows.

At the conductor surface, the corona crutent density ,I" is,

J"=kp"E"

Then, the corona cturent I per unit length of the conductor is,

È2n

¡= ! J"rrdo
0{

(s.4)

(s.s)

where 0 is the angle shown in fig 5.1 . Hence the power loss p, per unit length

due to corona is,

P=N (s.6)
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Table 5.6 Corona currenr f QA fu) compured with and without

the assumption for H /rr= 3gg

v(kÐ ¡(K) ¡(NK) Vo Dilferenæ

70

80

90

1i0

120

9.227

18.968

31.397

61.218

80.s39

10.348

21.149

y.546

67.426

87.301

10.84

10.31

9.r2

9.21

7.75

E

< 60.00{
\.¡_

P

fi so.oo
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f
o
o 40.00
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o
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o(J so.oo
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where V is the applied voltage with respect to ground. The corona c¡¡rent is com-

puted without Kaptzov's assumption, ¡wx¡ , and with the assumption, 1(6) at

different voltage levels. The results are given in table 5.6 for both cases and also

shown in fig.5.10 together with measured data. The percenrage difference in the

results is computed as 1r{ivr)-¡{r¡ilwK) The agreement between the results

obtained without the assumption and the measu¡ed data[l3] is satisfactory as

observed in fig.5.10. The Kaptzov's assumption seems to result in underestima-

tion of the corona losses. This is also observed at all voltage levels in table 5.6 .

The relative influence of the assumption, however, tends to diminish as the applied

voltage increases. The percentage difference varies from 10.84Vo at V=70kV or

7.2Vs to about 7.75Vo at V=l2OkV or 2Vs. It should be noted that, in practical

situations, the applied voltage is usually close to the onset level where the the

assumpúon seems to be most significant[9].

The spatial distributions of space charge density ps , electric field E, , and

current densiry J, , all over the ground plane are also computed and shown in figs

5.11, 5.I2, and 5.13, respectively, for different voltage levels. Similar to the above

trends, results without Kaptzov's assumption are higher than those with it and are,

generally, in good agreement with the experimental data[l3].

In order to investigate the influence of the assumption on the maximum level

of the ionized field quantities at the ground plane, these quantities are also com-

puted with and without the assumption and are given in tables 5.7 a-5.7c . The per-

cent¿ge deviations are calculated with respect to the case without the assumption

and included in tables 5.7a-5.7c. While the deviations caused by Kaptzov's

assumption vary from 7.03Vo at 1.2 Ve to about 4.69Vo at2 Vo for the charge den-

sity, the deviations in the electric ûeld values is practically constant varying

between 4.57Vo to 3.87Vo as observed from table 5.7b . The influence of Kaptzov's

assumption on the cturent density is, however, more significant as seen from table
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Table 5.7a Maximum charge density (ltC tm3) at ground plane

for H lr"= 300

v(kÐ Pr(Nr) P, 
(K)

Vo Difference

70

80

90

110

r20

1.24&

t.7629

2.2408

3.1943

3.6092

r.1588

1.6630

2.1237

3.0572

3.44W

7.03

5.67

5.23

4.29

4.69

Table 5.7b Maximum elecrric freLd (kV /m) at ground

for H lr"= Jg
plane

v(kv) p (NK)
"g n(. )

"g 7o Difference

70

80

90

110

120

92.&t

t27.22

160.31

223.54

254.07

88J32

121.41

t53.26

214.ffi

244.25

4.23

4.57

4.40

4.26

3.87

Table 5.7c Maximum curïent density (tlA lmz) at ground plane

fot H lr"= JQQ

v(kv) r (NK)
ug J s(r) 7o Difference

70

80

90

110

120

17.320

33.Ø2

53.88s

107.1 I

137.55

15.423

30.285

48.822

98.134

126.03

10.95

9.98

9.39

8.38

8.37
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5.7c. It varies from about lTVo at 70 kV to about 8.4Vo at 120 kV. This is may be

due to the fact that the cunent densiry is dependent on both the charge density and

the electric field intensity, and individual variations in their magnitudes are com-

bined to produce a higher deviation in the magnitude of the curenr density.

In order to study the accuracy and efficiency of the iterative procedures the

average electric field at the conductor surface Eou, ís computed and compared with

the imposed value of the boundary condition E" for the different voltage levels

considered. Eavs is calculated as the average of the electric field values at all the

nodes on the conductor surface upon convergence of the iterative solution. The

percentage error in E*, is less than 0.276Vo at a voltage level of 2Vo as shown in

table 5.8a It should be noted that in previous finite element based algo-

rithms[13,33], no interest was shown as to the accuracy with which that boundary

condition is satisfied. The number of iterations needed for the atgorithm to achieve

convergence are given in table 5.8b for the different cases studied. The number of

iterations in the case without the assumption are generally less than those with the

assumption. It is to be noted that the initiat charge distribution is generated using

the value of E, at the respective voltage level and not the value at onset Eo . This

may b€ the reason for the lower number of iterations in the case without

Kaptzov's assumption. The different parameters used in the updating criteria

eqns. 4.8 and 4.9 are given in table 5.8c . These parameters are obtained as usual

using trial and error procedures[13,33].

This concludes the analysis of the results computed for the reduced scale

model of H lr" =30O. The analysis is carried out at different voltage levels and

detailed study of the ionized field quantities as well as global quantities are sru-

died. The accuracy and efficiency aspects of the iterative procedures are also

analysed.
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Table 5.8a The average electric freld (kv lcm) upon convergence of

the iterative procedures.

v(kv) E*, Ec Vo Enor

70

80

90

110

120

54.05

53.23

52.46

51.33

50.90

54.09

53.17

52.47

5t.23

50.76

0.074

0.1 13

0.019

0.195

0.276

Table 5.8b The total number of iterations until convergence for

different voltages

VßV) without Kaptzov's

assumption

with Kaptzov's

assumption

70

80

90

110

120

15

10

9

23

26

l6

t2

9

39

33

Table 5.8c The values of the parameters used in the updating criteria.

VßÐ a b c d

70

80

90

110

120

1.00

1.00

0.90

0.60

0.50

1.00

1.00

0.90

0.60

0.50

0.10

0.10

0.10

0.10

0.10

0.20

0.20

0.20

0.20

0.20
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5.4 Practical Model FVr= 1000

The second geometry considered consists of a single conductor of radius r. =
0.01 m located at a height H =10 m above the ground plane thus I//r" is 1000.

This geometry is considered as it represents a practical unipolar dc transmission

Iine. The same steps used earlier for the reduced scale model of H lr" =300 are

carried out here to obtain the ionized field solution for this configuration. The

finite element mesh for this geometry is shown in fig. 5.14 . The corona onset

gradient for this geomerry is E6 - 40.92 kV/cm and the corresponding onset vol-

tage is Vo = 311.03 kV. Different overvoltage levels are considered between

V=l.2Vo and V=2Vo . At each voltage, the iterative solution is performed until

convergence is obtained.

5.4.1 Computed Results and Analvsis:

The spatial distributions of the charge density p" and current density ,r.

a¡ound the conductorperiphery are shown in figs.5.15,5.16 and 5.17 fordifferent

applied voltage levels. The results are again compured both with and without

Kaptzov'v assumption. The same trends observed earlier for the geomeby of H lr"

= 300 are also present in this case. At all voltages, distributions without the

assumption are higher than those with the assumption and the deviations between

the distributions tend to decrease as g increases. The corona cunent without the

assumption /@K) and with the assumption /(K) are also computed at different vol-

tage levels. The results are given in table 5.9 for both cases and also shown in fig.

5.18. The discrepancies caused by the assumption, as observed from table 5.9, a¡e

similar to those obtained ea¡lier for the geomety H lrc =300. The relative

influence of the assumption diminishes as the applied voltage increases. It varies

from 1I.38Vo atY=372kV to about 8.697o at V=637.5kV . Comparison of tables

5.6 and 5.9 reveals that the discrepancies caused by the assumption in this case
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5.14 The finite element mesh
r ^-0.01rì'ì,H- 10ma

NN:195,NE:33J
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Table 5.9 Corona current I (¡A lm) computed wirh and without

the assumption at different voltages

v(kv) ¡(K) ¡(NK) Vo Difference

372.0

425.0

478.0

585.0

637.5

0.58447

1.2493

2.0185

4.2899

5.6312

0.65949

r.4037

2.3184

4.7253

6.1669

11.38

11.00

10.22

9.21

8.69

0.00
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v(kv)
Fi9.5.18 Computed V-l chorocteristics f or H/r.-leçg
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are, however, slightly larger than those for the geometry H lr" = 300 considered

earlier.

The ground level distributions of space charge densiry ps , elecrric field E, ,

and current densiry ,rs , are computed and shown in figs s.19, s.zo, and 5.21 ,

respectively, for different voltage levels. Simila¡ to the above Íends, results

without Kaptzov's assumption are higher than those with it and the deviations tend

to decrease as distance from the center line increases.

The discrepancies in the computed maximum level of the ionized field quan-

tities at the ground plane due to the assumption are given in tables 5.10a-5.10c.

The percentage differences decrease as the voltage increases for all quantities in

general as observed earlier. However, comparison with'the reduced geometry of

Hlr" -300 show that the deviations in the present case are slightly lower.

The average electric field at the conductor surface Eou, is computed and com-

pared with the imposed value of the boundary condition E" for the different vol-

tage levels considered. The percentage error rn Eavs is less than 0.77Vo at a voltage

level of 1.4 Vo as shown in table 5.11a . The number of iterations needed for the

algorithm to achieve convergence are given in table 5.11b for the different cases

studied. The different parameters used in the updating criteria, eqns. 4.8 and 4.9,

is the same as those used for the practical model.

This concludes the analysis of the results computed for the reduced scale

model of H /r, =1000. The analysis is carried out at different voltage levels similar

to the case of H lr" -300 and detailed study of the ionized field quantities as well

as global quantities show similar trends in the results.

5.5 Hara's Geomew ÉVr= 800

The third geomeùry considered consists of a single conductor of radius r" =
0.0025m located at a height H =2 m above a ground plane i.e. H tr" = 800. This
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Table 5.10a Maximum charge density (¡tC tm3) ar ground,

computed at different voltages

v(kv) P, 
(Nr)

P, 
(Kl

Vo Difference

372.0

425.0

478.0

585.0

637.5

0.015540

0.022256

0.028517

0.039969

0.M5228

0.014597

0.02t147

0.027361

0.038682

0.M3929

6.068

4.983

4.054

3.220

2.872

Table 5.10b Maximum electric freld (kV /m) ar ground,

computed at differcnt voltages

V(KV) a (NK)
"g

p (K)
"g Vo Difference

372.0

425.0

478.0

585.0

637.5

22.914

32.1.18

40.769

57.679

65.72s

2t.852

30.540

38.856

55.265

63.156

4.635

4.913

4.692

4.1 85

3.9W

Table 5.10c Maximum currenr densiry (úl^2) ar ground,

compuæd at different voltages

v(kv) r (NK)
ug JsG) 7o Difference

372.0

425.0

478.0

585.0

637.5

0.05341

0.10723

0.17439

0.34580

0.44589

0.04785

0.09688

0.1.5947

0.32067

0.41616

ro.423

9.654

8.556

7.267

6.668
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Table 5.1la The average elect¡ic field (kV lcm) upon convergence of

the iterative procedures.

v(kÐ Eou, Ec Vo Enor

372.O

425.0

478.0

58s.0

637.5

39.74

39.01

38.58

37.69

37.33

39.94

39.31

38.75

37.83

37.48

0.503

0.769

o.44t

0.370

0.400

Table 5.1lb The total number of iterations until convergence for

different voltages

v(kv) without Kaptzov's

assumption

with Kaptzov's

assumption

372.0

425.O

478.0

58s.0

637.5

10

6

6

I
8

13

9

9

14

15
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geometry was considered by Ha¡a's et al.[46] and important experimental data

have been reported not only for the corona losses but also for the spatial distribu-

tions of the curent density and electric field along the ground plane. The same

steps used earlier for the reduced scale model of H lr" are carried out here to

obtain the ionized field solution for this configuration. The finite element mesh

for this geometry is similar to the one shown in fig. 5.3 . The corona onser gra-

dient for this geometry is Eo = 50.84 kV/cm and the corresponding onser voltage

is Vo = 93.77 kY. Different overvoltage levels a¡e considered and at each voltage,

the iterative solution is performed as before until convergence is obtained.

5.5. I Computed Results and Analvsis:

The spatial distributions of the charge density p; and current density ,I"

around the conductor periphery are shown in figs. 5.22,5.23 and,5.24 for different

applied voltage levels. The results are computed both with and without Kaptzov'v

assumption. The same trends observed earlier for other geometries a¡e also present

in this case. While distributions without the assumption are higher than those with

the assumption the deviations between the distributions tend to decrease as 0

increases. The corona crurent without the assump¡is¡ ¡@rr) and with the assump-

tion 1(K) are also computed at different voltage levels. The results are given in

table 5.12 for both cases and also shown in fig. 5.25 together with measured

data[46]. The results using the present method in which Kaptzov's assumption is

eliminated show good agreement with the measured data. The discrepancies

caused by the assumption, as observed from table 5.12, are simila¡ to those

obtained earlier for the geometries H tr" =Jgg and 1000. The relative influence of

the assumption diminishes as the applied voltage increases. It varies from l l.307o

at V=112kV to about 8.79Vo at V=200kV . The discrepancies caused by the

assumption in this case are, however, larger than for those of the geomety H lr" =
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Table 5.12 corona cunenr I (¡tA lm) computed wirh and withour

the assumption at different voltages

v(kv) ¡(K) ¡(NK) 7o Difference

112

r20

150

200

r.1431

1.7468

4.7325

12.263

1.2887

1.9552

5.2953

t3.445

11.30

10.66

10.63

8.79

140.00 160.00

v(kv)
Fig. 5.25 Computed V-l & chorocteristics, 11/r,- 8OO
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300 but less than those of H lr" = 1000, considered earlier, as seen from tables 5.6

5.9 and 5.12.

The ground level distributions of space charge density ps , electric field E, ,

and current density J* are computed and shown in figs 5.26, s.27, and 5.2g ,

respectivelY, for different voltage levels. Similar to the above trends, results

without Kaptzov's assumption are higher than those with it and the deviations tend

to decrease as distance from the center line increases. Comparison with experi-

mental data[46] a¡e shown in figs. 5.28b and 5.28c for both the electric field and

current density along the ground plane. Satisfactory agreement is generally

observed in both cases.

The discrepancies in the computed maximum level of the ionized field quan-

tities at the ground plane due to Kaptzov's assumption are given in tables 5.13a-

5'13c . The percentage differences decrease as the voltage increases for all quanti-

ties in general. However, comparison with the reduced geomebry of. H lr" =J@

show that the deviations in the present case are also lower similar to the case of

^Fllr" of 1000.

The average electric field at the conductor surface Eou, is computed and com-

pared with the imposed value of the boundary condition E" for the different vol-

tage levels considered as shown in table 5.14a. The number of iterations needed

for the algorithm to achieve convergence are given in table 5.14b for the different

caseò studied, while the different parameters used in the updating criteria, eqns.

4.8 and 4.9, are given in table 5.14c.

This concludes the analysis of the results computed for the model of H lr"

=800. The analysis is carried out in a similar manner to the other fwo geometries.

The same trends and observations are also present in this case.
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Table 5.13a Maximum charge density (ltC /m3) ar ground,

computed at different voltages

v(kv) P, 
(Nr)

P16) Vo dlfference

t12

120

150

200

0.12423

0.1509r

0.239M

0.37032

0.r r696

0.14330

0.233t3

0.35931

5.852

5.043

2.472

2.973

Table 5.13b Maximum electric field (kV lm) at ground,

computed at different voltages

v(kv) r (NK) Es6) Vo Difference

lt2
r20

r50

2n

3s.873

43.238

69.379

110.02

34.t71

41.t62

66.0s9

105.56

4.745

4.801

4.785

4.O54

Table 5.13c Maximum current density (tt 4 tm2) at ground,

computed at different voltages

v(kv) r (NK)
õ

r (K)
7o Difference

1t2

t20

150

zffi

o.57937

0.84826

2.1560

5.2965

0.51958

0.76680

2.W20

4.9308

10.320

9.603

7.143

6.90s
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Table 5.14a The average electric freld (kV lcm) upon convergence of

the iterative procedures.

VßV) F
"antg Ec 7o Enot

tt2
120

150

zffi

49.53

49.06

47.58

45.99

49.63

49.22

47.90

46.39

0.201

0.325

0.668

0.862

Table 5.14b The total number of iærations until convergence for

different voltages

v(kv) without Kaptzov's

assumption

with Kaptzov's

assumption

tt2
r20

150

2ü

13

10

8

13

t7

13

23

45

Table 5.14c The values of the pafitmeters used in the updating criteria.

v(kv) a b c d

1.t2

r20

150

2W

0.80

0.80

0.50

o.20

0.80

0.80

0.s0

0.20

0.10

0.10

0.10

0.11

0.25

0.25

0.25

0.25
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5.6 Influence of Mesh Densiw on the Ionized Field Parameters

In order to study the influence of the mesh par¿rmeters on the ionized field

solution, meshes of different densities are considered. The iterative solution is car-

ried out in each case until converegence is obtained. The geomeury considerd is

that of H lr" - 800 discussed ea¡lier in section 5.5. The ionized field solution is

ca:ried out at voltage v = I12kV. These meshes are denoted as mesh a , mesh b,

and mesh c, with the parameters NN=343, 195,81 and NE= 61L,333,125 respec-

tively. These meshes were also shown in figs. 5.4, 5.3 and 5.5.

Janischewskyj and Gela[l5] studied the influencé of the mesh parameters in

the one dimensional case of coaxial cylinder. They used 9, 15 and 25 nodes, along

the radial line, and showed that the residual errors, compared with the analytical

solution, diminish as the number of nodes was increased. While the enors in the

case of 9 nodes were significant, the wo cases of 15 and 25 nodes gave practi-

cally the same erors.

The finite element algorithm is applied to the solution of the geomerry under

consideration using the three meshes described above. The results for the three

cases are shown in figs. 5.29a-5.29c. Convergence occtured in 15, 13 and 20

iterations repectively. It can be seen that the results obtained using mesh a and

mesh b have almost the same behaviour and are generally close to each other.

The results obtained using mesh c, however, show almost a linear variation for all

distributions. This is probably due to the small number of nodes used in this case.

Although no fixed guidelines can be given as to the number or location of the

nodes, it can be stated, based on the above observations that the quality of the

solution may depend on the discretization of the region of interest; boundaries

with large curvature must be approached by a fine grid and the grid size must be

smallest where the va¡iation of the solution wittr position is expected to be very
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significant. Locations where the functions do not vary sharply may be represented

by large elements. The finite element grids used in the present work were gen-

erated using the procedures described in section 5.1.1. The nodes a¡e located

approximately along the electrost¿tic field lines and, close to the conductor sur-

face, the step used in tracing the lines is small and increases gradually as the dis-

tance from the conductor increases. Physical understanding of the problem is

extremely useful in providing guidlines in this regard.

5.7 Conclusions

In this chapter the ionized field solution is carried our for the general

geometry of a single conductor above a ground plane. The finite element algo-

rithm, developed earlier in chapter 4 for the coa,xial cylinder geometry, is applied

for the case of a single conductor above ground configuration. Initially, the elec-

trostatic field solution for a geometry of H /r" =800 is obtained using different

mesh densities. The accuracy of the solution is assessed by a comparison with the

image method. The ionized field solution is performed for different geometries

ranging from H lr" = 300 to 1000 and for voltage levels up to ¡¡¡ice the onset

value. Simple procedures for constructing the finite element grid and the initiat

space charge distribution for the different cases are described. Detailed analysis of

the results for the corona crurent as well the spatial distributions of the various

ionized field quantities both at the conductor surface and along the ground plane is

presented. Investigation of the influence of Kaptzov's assumption on these quanti-

ties is also carried out. The numerical aspects regarding the accuracy and

efficiency of the iterative procedures were also studied and demonstrated.



CHAPTER 6

CONCLUSIONS AND RECOMMENDATIONS

The main objective of the research carried out in this thesis has been the

development of means that would permit detailed analysis and evaluation of the

significance and effects of simplifying assumptions, used by previous researchers,

on computations of ionized fields associated with hvdc unipolar corona. The two

most cornmonly used assumptions are the Deutsch and the Kaptzov assumptions.

While, the former states that the electric field direction is not affected by space

charge presence, the latter assumes that the field intensity at the coronating con-

ductor surface remains constant at the onset value regardless of the level of the

applied voltage. Most previous procedures, being dependent on these

simplifications, do not reflect a true picture of the corona phenomena and are,

thus, approximate. Since, no exact solution have been available for dc transmis-

sion line configurations, the assessment of the extent and importance of these

simplifications have not been possible. Consequently, in order to achieve the

goals of the present work, methods which would be capable of modeling, accu-

rately, the conditions and interactions of the corona generated space charge and

the electric field intensity have to be, initially, formulated. Following this step, the

subject of comparisons with results based on va¡ious assumptions, and assessment

of the simplifications involved could, then, be carried out.

An improved analytical approach to the ionized field solution of unipolar dc

corona without resorting to these assumptions was developed and described in this

work. Initially, the method was applied to the case of coaxial cylindrical

configuration; then extended to the two dimensional case of a smooth cylinder

above the ground. Various configurations and corona intensities were considered.
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Comparison of the theoretically calculated results with availabie experimenral dara

showed satisfactory agreement. Improved expressions were also derived for the

case of stranded conductors. Compraison with the modified Popkov empirical for-

mula showed that the results obtained using the present method were in better

agreement with published experimental data.

The influence of Deutsch's assumption on the distortion of the flux lines pat-

tern was also carried out. Modified expressions which can be used for accurate

assessment of the right-of-way cwrent density profiles were derived. Comparison

of the results, using the developed procedures, with published experimentat and

numerical data showed reasonably good agreement.

A computational iterative algorithm, based on the finite element method, for

the solution of the differential equations of unipolar corona was also developed

and described in this work. While, not relying on the above mentioned assump-

tions, it incorporated an improved criteria for continuously updating the space

charge distribution during the solution steps. The algorithm was applied initially

to the coaxial cylindrical configuration. Different initial space sharge distriburions

were considered and the algorithm worked its way through to convergence in all

cases both accurately and efficiently.

The finite element algorithm was then implemented for the solution of the

general geometry of a single conductor above ground. Simple procedures for con-

structing the finite element mesh and the initial space charge distribution were

presented. Different configurations and voltage levels were considered. Assess-

ment of Kaptzov's assumption was established th¡ough the analysis of the corona

curent (per unit length of the conductor) and the spacial distributions of the field

quantities both at the conductor surface and over the ground plane. Detailed study

of these distributions showed that results obtained without this assumprion were
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always higher than those obtained using it and were also in better agreement with

the experimental data. The relative influence of Kaptzov's assumption on the

corona curent as well as on the maximum level of the ionized field quantities at

ground was found to be more significant at voltages close to the onset level. How-

ever, this influence diminished at higher voltage levels. The effect of the assump-

tion on the corona curent was found to increase as the ratio of the conductor

height H to its radius r" increased. On the other hand, the influence on the ionized

field quantities at the ground level decreased at higher ratios of H lr" .

Based on the research work carried out in this thesis, it is recommended that

the present analysis be also extended to the case of bundled as well as bipolar dc

transmission lines. In addition, the weather variables; for example the wind, are

known to have a significant influence on the ionized field parameters such as the

current density at the ground level. Accurate modeling and simulaúon of these

effects in the theoretical analysis a¡e thus necessary for the assessment of the

environmental effects of hvdc transmission lines.
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APPENDIX A

FINITE ELEMENT FORMULATION

In the finite element method, FEM, the solution to a field problem governed

by any of the equations (4.L), (4.2) which is a parrial differential equarion , is

approximated by suMividing the region of interest into elements and representing

the solution within each element by a relatively simple function. Such a function

is called an interpolation function ( shape function ) and is usually in the form of

a polynomial. Mathematically, when a variational formulation is followed, it can

be shown by the use of Euler condition [55,56], that the problem can be restated

identically as the determination of the minimum value of an appropriate functional

subject to Dirichlet boundary conditions. The shapes of the elements and their

degree of interconnection (number of nodes) are features by which the accuracy of

representation can be improved. In the following sections, a brief review of the

finite element method as applied to the solution of above equations; which

describe the corona problem of overhead DC transmission lines, is presented.

Equations (4.1) and (4.2) could be expressed, in general, as,

V.(IV<011, (A-1)

where l, and y are either constants or functions related to p .

If I is €o and T = p ;the space charge distribution, rhen equarion(A-1)

becomes Poisson's equation for a homogeneous medium, equation(4.1),

v. (qvoþp. (A-2)

When À = P and T = 0, equation(A-1) becomes Laplace's equation for an

inhomogeneous medium; equation(4.2),
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V. (pVO)={. (A-3)

A general computer subroutine capable of solving any of the above two equations,

equations (A-2) and (A-3) has been developed, and the solution of a specific equa-

tion is performed by appropriate defi.nitions of l, and 1.

In order to solve equation (A-1), the following functional is used as in the

usual FEM[55,56,57],

(A-4)

The function <Þ that minimizes equation (A-4),while satisfying any prescribed Diri-

chlet boundary conditions is the solution of equation (A-1).

The interelectrode space is divided into triangl" "I"-"nt and the potential

within each element is described by,

M(Þf a¡<Þ,,
j=r

(A-s)

where Õ¡ are the node potentials, G,¡ âr€ the shape functions and M is the number

of the triangle nodes. Linear and quadratic polynomial shape functions are used,

for which M is 3 and 6, respectively.

Equation (A-5) is applied to each element and substituted into equation (A-

4). The functional F is thus computed in terms of the node potentials (Þ¿ where

i=1,2,....,K, and K is the number of nodes. In order to minimize F , the following

system of linea¡ equations is solved,

"{ [^ {,#r+rSi' } 
-zwfa.ø

]Fut' J\ ;-1 1 Y-=-:-{ L-L.L....)rl
dQ¡

(A-6)

Of'
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j=K

ls¡¡Q¡=b¡ i=1,2,..,K
j=r

(A-7)

or in matrix form,

se-¿ (A-8)

where ^S and þ arc the finite element matrices, and O is the vector of node poten-

tials.

In order to prduce S and å , the contributions from each element in the glo-

bal coordinates ( x y coordinates ), is calculated and these contributions ate, then,

accumulated into S and å .

M
To create s and þ for a given global triangle, (Fla¡Õ; is, first, substituted

j=l

into equation (A-4), then by differentiation with respect to o¡ , the following

equation is obtained,

ff -:Í lxrä* *l! *o' *,J lxÉ ? *,, þ,'ø
-2 [Iw,*ot (A-e)

4.1 Isoparametric elements ( local to global coordinates transformation) :

Isoparametric elements utilize a local coordinate system to formulate the ele-

ment matrices[55,56,57]. The local coordinates, say, ( , rl a¡e usually dimension-

less and range from 0 to l, or from -1 to L, thus compatible with the definition of

abscissa utilized in numerical integration by Gaussian quadratures. The elements

a¡e called isoparametric since the same(iso) local coordinate parametric equations

(interpoiation functions) used to defi¡e any quantity of interest within the elements

a¡e also utilized to define the global coordinates of any point within the element in

terms of the global spatial coordinates of the nodal points. The global spatial coor-

dinates are denoted by , , y and the number of nodes per element is M . The
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value of a scalar quantity of inreresr, o((,n) , at any local point q(,n¡ wirhin the

element is assumed to be defined by the values at the M nodat points of the ele-

ment, and a set of interpolation functions ( a¡,\<iSluI ), That is,

M
O((,nts L a¡ ((,n)@¡ .

i=l

Generalizing this concept, the global coordinates are defined as

(A-10)

M
r=fa¡((,r1) x¡

j=l

M

v- Iq¡((,q) y¡
j=1

(A-11a)

(A- 11b)

(A-12a)

(A-12b)

The source of the global elemenr in the local plane is the triangle (0,0), (r,0),

(0,1). This is shown in fig.(4.1) for N=l and i/=2 . The shape functions for both

cases are given in Table (4.1), where Lta , Lz=l-Ç-\ , Ls=Ç .

As the shape functions s;((,n) are defined analytically in terms of the local

coordinates, then their partial derivatives with respect to the local coordinate can

also be expressed as,

âc,, 3 òo.,, àL,s¡ra( í=rðL¡ à(

âs, 3 òu, àL,\i, ¡ ./àn F_ròL¡ an

In order to calculate the different components of equation (A-9), the values

of + *d I a¡e determined as follows:ðx ày

Ia",.l Ia",.|

I ,*, l=r-' I ,'1, 
I,Layl Lanl

(A-14)
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Table A.l Shapc functions a¡ ((,q) .

I ¡V =1 N=2

1

2

3

1

5

6

Lr

L2

L!

Lt Q Zr -1)

LzQ Lz-r)

Ls Q Ls -r)

1LLL|

a L*t
a L{t

7
I

l+

2

ÀI =1, M =3
N=2rM=6

Fig. A.1 The local triangle
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where J is the Jacobian matrix and is expressed as,

Ia' ayl
,=ffi=lg Él (A-r4)

Lln aq I

In order to evaluate J, it is written in the form,

[ðo, ãcvl lr, n,l
,: l a( fa| I "'l'=lrä, adul I .l (A-ls)

Lan anl jutu)

All the integrations are performed in the local plane, using Gaussian quadra-

ture formulas [58].


