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Abstract

Recent technological advances in sensors, embedded processors, and wireless devices,
often all integrated on a single chip, are leading to the use of wireless sensor networks
(WSN) for interacting with the physical world in wide range of applications such as
security and surveillance, monitoring of natural habitats and eco-systems, medical
monitoring etc. This thesis investigates the practical design of a joint decoder for a
large scale wireless sensor network having a limited transmission bandwidth.

Joint decoders are an effective means of decoding correlated signals gathered by a
sensor network. However, the optimal joint decoder designed for a large sensor net-
work suffers from it’s high computational complexity. We consider minimum mean
square error (MMSE) decoding in a dense sensor network where distributed quanti-
zation is used to improve the performance. As a solution to the problem of exponen-
tial complexity of the optimal decoder, we present a framework based on Bayesian
networks for designing a scalable, but near-optimal decoder. In our approach, a
complexity-constrained factor graph is obtained by an algorithm which constructs
an equivalent Bayesian network based on a training set of sensor observations, us-
ing the mazimum likelihood (ML) criterion. Our simulation results show that, the
scalable decoders constructed using the proposed approach perform close to optimal
with both Gaussian and non-Gaussian sensor data. Moreover, the complexity of the

decoder grows only linearly with the size of the network.
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Chapter 1

Introduction

In a wireless sensor network (WSN), sensor nodes are distributed over an area of
interest to observe some physical phenomenon. The information gathered by sensors
are sent to a central processing station wirelessly, for further processing. WSNs find
applications in environmental monitoring [1], such as monitoring of air, soil and water,
habitat monitoring [2] (e.g. determining the plant and animal species population and
behavior), monitoring the safety of buildings [3], military surveillance, health care,
and inventory tracking etc. For example, sensors which measure the climate variations
could be used in different elevations of a tree to compute the average temperature
at each elevation. On a very large scale, the system for the vigilance of the Amazon
(SIVAM) [4] provides environmental monitoring, drug trafficking monitoring, and air
traffic control for the Amazon basin.

Recent advancements in technology have made the deployment of small, inexpen-
sive, low-power, distributed devices, which are capable of local processing and wireless
communication, a reality. In contrast to classical wireless networks, such as mobile,
data and voice communication systems, WSNs are designed for specific applications.

They have much more severe constraints on power consumption and complexity.

1



CHAPTER 1. INTRODUCTION 2

Based on information dissemination, sensor networks can be modeled either as
multi-hop or direct. In the multi-hop model, data gathered by one sensor transits
through an intermediate sensor node before reaching the central processing station. In
this thesis we are concerned the direct model, in which the nodes directly communicate
with a base station. This model is depicted in Fig. 1.1.

The sensors perform four basic operations, namely, source coding, channel coding,
modulation, and transmission. The source encoder (quantizer) generates discrete
representations of continuous valued sensor observations, usually in binary format.
The main objective of source coding is to minimize the number of symbols in the
discrete representation of observations, by removing the redundancy. In general there
are two approaches to source coding - lossy coding [5] and lossless coding [6]. In a
lossy coding scheme, as the name implies, some of the original information is discarded
when it is compressed. Therefore, it is impossible to reproduce an exact replica of
the original signal at the receiver. On the other hand, lossless coding produce an
exact replica of the original source. For example, the zip file format produced by
the Winzip® program on a PC produces exact copies of the original material that
was encoded within the zip file. Huffman coding, arithmetic coding and Lempel-Ziv
coding are examples for the practical lossless source coding schemes. JPEG, MPS3
and MPEG are some of the widely used lossy coding standards.

The channel coding adds redundancy to the transmitted bit stream in a controlled
manner to achieve robustness against the channel errors, which helps channel decoder
to recover transmitted symbols reliably. The function of the modulator is to represent
the discrete data using analog waveforms for transmission over the wireless network.
At the receiver, each of these signals coming from the sensor nodes are demodulated,

channel decoded, and directed to a joint decoder for reconstruction.
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Figure 1.1: A direct sensor network model.

In this thesis, we are considering the problem of communicating the information
gathered by sensor nodes to a remote receiver over a noisy channel. Due to low
spatial resolution of the sensors, the measurements are highly correlated, resulting
in a set of new and challenging communication problems. For example, how do
we reduce the transmission rate and how do we minimize the transmission errors
within this kind of a network ? Since the data acquisition is distributed, conventional
source coding methods such as vector quantization are not efficient. Several methods
have been proposed to solve this specific problem, either with multi-hop networks
based on inter-sensor communication or with distributed source coding [7], where no

communication between the sensors is necessary.

1.1 Distributed Source Coding

The problem of reducing the transmission rate of distributed sources, also known

as distributed source coding (DSC) problem was first addressed by Slepian and Wolf
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Figure 1.2: Separate encoding of correlated sources - Slepian-Wolf problem.

in 1973 [8]. The system studied in [8] is shown in Fig. 1.2. Consider two corre-
iated signals, X; and X, with joint distribution p(X1, X3), generated by two separate
sources which can not communicate with each other. That is, the signals are encoded
independently. The receiver, on the other hand, can see both encoded signals and
performs the joint decoding of both signals. A sensor network, which consists of spa-
tially separated sensor nodes sending correlated information to a central processing
station, is an example of such system. If the joint In this case, it is not immedi-
ately clear which encoding rates guarantee a perfect reconstruction at the receiver.
Not surprisingly, if we have a common encoder and a common decoder, the problem
reduces to the classical point-to-point communication problem, for which Shannon’s
source coding theorem [9] applies. i.e., the messages can be perfectly reconstructed
at the receiver if and only if B; + Ry > H(X1, Xs), where R; and Ry are the encoding
rates and H (X1, X») is the joint entropy [10] of the sources.

If we encode X; at the rate Ry > H(X;) and X, at rate Ry > H(X3), then
the source coding theorem guarantees lossless reconstruction. In fact the sum of the
rates R1.+ Ry > H(X1) + H(X,), which is generally greater than the joint entropy
H(X1,X5). Slepian and Wolf in their landmark paper [8] make a surprising conclu-
sion: for perfect reconstruction, the separated encoders should have the sum rate,
Ry + Ry > H(X1,Xs5). In other words, a combined rate of H(X;,X5) is sufficient

even if the correlated signals are encoded separately. But, it should be noted that the
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joint decoder requires a minimum amount of rate from each encoder, specifically the
average remaining uncertainty about the messages of one source given the messages
of the other source. According to the Slepian-Wolf coding theorem, the achievable

rate pair (R, Ry) for distributed sources X; and X, is given by,

Ry > H(X1|Xy), (1.1)
Ry, > H(X,|Xy), (1.2)
Ri+Ry, > H(X1,Xs). | (1.3)

The three inequalitiés above define the so called Slepian-Wolf region, containing all
the achievable rate pairs (R, Rs), as shown in Fig. 1.3. Pradhan and Ramchandran
in [11] demonstrate the intuition behind Slepian-Wolf coding by providing a solution
based on channel codes. They developed a method called DISCUS (distributed source
coding using syndromes) [11]. The syndromes associated with a channel code is de-

fined as s = Hz, where H is the parity-check matrix of the code, and z is any valid
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codeword. Possibility of using syndromes for a similar situation was first introduced
by Wyner in [12], but no implementation algorithm was given. In [11], instead of
sending the codeword corresponds to X7, index of the coset (the set of all patterns
which produce the same syndrome s [11]) which includes the corresponding codeword
is transmitted. The receiver decodes it by choosing the codeword in the given coset
that is closest to X. In [11] DISCUS was used with lattice and trellis encoding, to
encode correlated Gaussian sources. But, it was not shown that how the techniques
approach the information-theoretic bounds in Fig. 1.3. In [13] DISCUS has been
extended to the case of symmetric encoding, where all sensors send partial informa-
tion to the decoder. An alternative approach for the asymmetric scenario with side
information at the decoder was provided by Servetto in [14], where a constructive ap-
proach for Gaussian sources based on linear codes and lattices was presented. Apart
from these contributions, iterative channel coding techniques such as turbo codes [15]
and low density parity check codes (LPDC) [7] have also been used for DSC. These
methods have been shown to achieve the theoretical limits of [8].

So far, we have looked at convéntional DSC problem, in which there is no con-
straint on the transmission bandwidth. i.e., near lossless DSC. In addition to this
scenario, a problem of interest for sensor networks involves sensor fusion (combining
the measurements from more than one sensor into a single quantity) under a given
rate constraint, where the overall system is lossy. Motivated by the formative study
of Flynn and Gray [16] for the case of two memoryless correlated sources, several au-
thors have proposed encoding and decoding solutions for this problem. In [16], each
encoder was implemented as a two stage encoder, in which the first stage consists
of a quantizer optimized to the source probability density function. And the second

stage uses the correlation of discrete outputs of the first stage to reduce the bit rate.
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The process is referred to as binning. Other alternative approaches were proposed by
Rebello-Monedero and Girod [17], where the main focus was on the optimization of
the quantization stage, and Wang and Orchard [18], where the trellis codes were used
to achieve a coding gain at the encoder as well as at the decoder.

Despite these contributions, a very little is known about DSC in dense sensor
- networks until recently. The main reason is that, the above mentioned methods
become infeasible in a large-scale sensor network. One of the key problems is that the
complexity of the joint decoder increases exponentially with the number of sensors. In
order to address this problem, a scalable solution for distributed estimation was first
proposed by Gubner in [19]. Later, Barros and Tichler in [20] proposed a scalable
solution for joint decoding in a large sensor network and further extended in [21].
The performance of their decoder for Gaussian sources is very close to the optimal

decoder and the decoding complexity only grows linearly with the network size.

1.2 System Model for a Sensor Network

In a sensor network, the sensors observe some physical process, and subsequently
send these observations over a wireless channel to a fixed or moving receiver. The
challenge faced by the receiver is to jointly decode this data optimally to achieve
reconstructions as close as possible to the original observations, while keeping the
computational complexity manageable.

If the channel between sensors and the receiver introduces no errors, the joint
decoder acts on the compressed versions of the sensor observations and the decoding
is possible if perfect knowledge of the correlation between sensors is available. The
previous work reported in the literature, such as the work in [16, 22] comes under this

category. But, in this thesis we use a sensor model which includes the channel noise.
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Figure 1.4: Block diagram of the sensor network model.

The effect of channel noise on the performance of the joint decoder will be discussed
in detail. Later, we will design joint source channel codes based on the correlation of
the compressed sensor outputs, where the DSC principles will be incorporated into
our system.

A block diagram of the sensor network model considered in this thesis is shown

in Fig. 1.4. The system consists of the following blocks.

e A source model, which models the data gathered by the sensor nodes. As
the sensors are distributed in dense manner, we can assume the sensor mea-
surements to be highly dependent. The outputs of the N sensor nodes can be
represented by a joint probability distribution p(Xi, Xs,..., Xx), where each
random variable X,, corresponds to a data source which delivers real-valued sam-
ples z,(t), n = 1,2,..., N. In this thesis we focus on the spatial dependance
of the sensor measurements rather than their temporal dependance. Hence, the
time index ¢ is dropped. But, our results can be extended to include temporal
correlation as well. For simplicity, we denote the vector of source sample from

N sensors by x = [z 72 ... zn]T.
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e N identical sensor nodes are expected to measure physical data from their indi-
* vidual territories. To cover the entire field of interest, a large number of sensors
are distributed over an area. The sensors are assumed to be designed only to
send data and not to receive. In other words, the inter-sensor communication
is not possible. It is assumed that the i-th sensor quantizes it’s input using a
@-bit scalar quantizer [5] (denoted by @; in Fig. 1.4). The quantizer output
for a given input X, is represented the index I,,, where I, € Q = {1,2,...,29}.
Each index I, = i, corresponds to a unique reconstruction value Z,(i,). We
denote the index vector by I = [I1, I, ..., Iy]T and the corresponding realiza-
tions by i = (41,42,...,4n)7. The scalar quantizers are designed to minimize
the mean square error (MSE) of the reconstruction, E{(X, — X(I,.))?}. The
quantizer output is transmitted over the channel using an appropriate modu-

lation method such as binary phase shift keying (BPSK) or quadrature phase
shift keying (QPSK) [23].

e The wireless channel is composed of N parallel and independent channels,
with a sensor node at each input and the receiver at the output. We assume
the channel is discrete memoryless channel which converts I, to fn. The effect
of multi-path fading is not considered. After demodulation and detection [24],
the decoder receives the index I,, which may be different to the transmitted

index I,,. We denote the received index vector by i= [f 1 fg o N]T.

e The decoder processes the index vector I and produces the estimate X =
[X'l X, ... X ~|T of the sensor measurements X. In the rest of this thesis,
we will consider the design of the decoder which minimizes the MSE criterion

E{|[X - X|[%) .
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1.3 Minimum Mean Square Error (MMSE) Decoder

The decoder which minimizes the MSE fidelity criterion is the conditional mean esti-

mator (CME) (see proof in Appendix A) and is given by,
X'(1) = B{X|1}. (1.4)

Then, for a received index vector i= (31, Bgy .. ,%N)T, the optimal MMSE decoder’s

output for the n-th sensor observation is,

#(i=1) = E{zJi=1i}

o0
_ / Bo - pl@alfy = 3, By = iy Iy = i) din

—00

n "

* ‘n)[A :’:,IA ‘zﬁ,...,I =
_ / p(z » 11 A.Z1A 2 A.Zz 1IN A-ZN) dz,,. (1.5)
-0 P(_[1=21,I2'—'22,...,IN=’LN)

Note that, to obtain the optimal reconstruction £, the mixed probability distribution
p(+) should be known beforehand. In practice, the joint distributions p(-)s are not
available, and as can be seen, estimating them can also be difficult. Even if they are
known, the right hand side of (1.5) will have to be pre-computed and stored for all
the different values of i. For a N-sensor system with Q-bit quantizers, there are 29V
different values to be computed and stored for each sensor n.

If the quantizers are PDF-optimized, we can prove that (see Appendix B),

B{(#n — £)"} = E{(2n — (i)} + B{(&n — Za(in))"}- (1.6)

Then, the estimator which minimizes E{(%,(i,) — )%} also minimizes E{(z,—%,)%},

where Z,(i,) is the source representation of the n-th sensor corresponding to the
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transmitted index 4,. In this case, instead of using (1.4) we can use,

X'@) = E{X@)I}

= Y %(I=1i)PI=il) (1.7)

ieqQN

The only unknown quantities in (1.7) are the a posterior probabilities P(I = i|T). By

; appiying the Bayes rule

PAI=1)PI=1)

PI=il) = -
(=i o0
= y-PAI=1). PI=i , (1.8)
e N— —
from channel a priori information
where v = =% is a constant normalizing the sum over the product of probabilities to

P(1)
one. Generally, it is not necessary to calculate « explicitly. P(I = i) is the probability

distribution of the index vector I, which is a priori information for the decoder. Then

using the results of (1.8), we can write (1.7) as
() = > xA=1)PAT=1)P(I=1). (1.9)

To simplify, we will consider a scalar version of (1.9), which we call the optimal scalar

A
.

estimate &7 (1). Now, #%(i) can be calculated as

#() = E{z(L)l=1}
= 7Y E(l,=1)- Y, PAI=1)P(I=}i). (1.10)

ieQ i€QN i, =i

We assumed that N parallel AWGN channels are independent. Therefore, the channel
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probability distribution P(I|T = i) can be factorized into

N

PAI=1) =[] PGla). (1.11)

I=1

Substituting this result in (1.10)

N
=v-> &I,=d)- Y, 6 PA=i)]]PGl) (1.12)

1E€Q ieQN i, =

The probability mass function (PMF) P(i) in (1.12) can be obtained either numer-
ically by integrating the source PDF p(x) over the Lloyd-Max quantization regions
[5], or by estimating it using Monte-Carlo simulations. We use the latter approach in

the simulations.

1.4 Complexity of MMSE Decoder

We measure the computational complexity of the decoding process by the number of
additions and multiplications necessary to compute the estimates 2}, n=1,2,..., V.
It is especially important to know how the complexity depends on the number of
sensors N, since we want to use the decoder for a sensor network which contains
many sensors, may be in the order of hundreds or thousands.

Let’s factorize the joint probability P(i,1) as
X N
P(i,i) = P(i)P P@) [ ] PCuli). (1.13)
1=1

Comparing (1.12) and (1.13), it is clear that > ;. qn, ., P(I = i) Hf:;l P(inin) in

(1.12) corresponds to the marginalization of indices I,, of P(i, i). The most compu-
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tationally intensive operation in the decoding process is this marginalization. It can
be proven that, for each sensor, one requires 22(N-1) — 1 additions and N29¥ multi-
plications for the whole decoding process. Therefore, the computational complexity
of the decoding process grows ezponentially with N and the MMSE decoding is in-
feasible for networks with a large number of sensors. When the source distribution
is Gaussian, a scalable and near optimal solution to this problem was given in [20]

based on factor graphs and the sum-product algorithm [25].

1.5 Contributions of this Thesis

In contrast to previous work, this thesis presents a more general approach to fac-
tor graph construction based on representing a factorized multi-variate PMF using
a graphical model referred to as a Bayesian network (BN). The optimal factoriza-
tion is then obtained by maximum likelihood (ML) estimation of the underlying BN
structure using a training set of sensor observations. Thus, the proposed method is
applicable to a sensor network with any source distribution, not necessarily Gaussian.
Furthermore, in order to preserve the universality of our approach, the sensor cluster-
ing for designing binning-based encoders is carried out using an algorithm which uses
the Pearsons Chi-square statistic. We have used the MSE as the distortion measure
due to its mathematical tractability and its effectiveness in many relevant applica-
tions. The algorithms proposed in this thésis are not necessarily optimal. However,
comparison with many known results are provided to demonstrate their suitability

for a large scale sensor network.
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1.6 Thesis Organization

This thesis organized as follows. Chapter 2 reviews previously reported low complex-
ity decoding methods for a large sensor network. The main contributions of this thesis
are presented in Chapters 3 and 4. In Chapter 3, we will introduce Bayesian network-
based approach to constructing a low complexity decoder. Chapter 4 describes sensor
clustering and an algorithm for approximating a high dimensional PMF based on the
sensor clusters. Finally, Chapter 5 presents conclusions of this thesis, and gives some

directions for future research.



Chapter 2

Low Complexity Decoding for

‘Sensor Networks

In this chapter, we will review some low complexity decoding schemes and compare
their performance with the MMSE optimal decoder. In particular, we will consider the
decoder which ignores a priori information (i.e., the source distribution) to produce
output and the scalar MMSE decoder, in which the decoder ignores the correlation
between the sensors. Sec. 2.4 discusses a low complexity sub-optimal decoder based
on factor graphs and the sum-product algorithm proposed in [25], followed by an

experimental evaluation of these schemes in Sec. 2.6.

2.1 Decoding without “a priori” Information

We may not always have full knowledge of the source distribution p(X). In such
scenarios, we wish to use a decoder which does make no assumptions about the source
PDF. Recall that in (1.8) we have two factors, the channel transition probability

P(i,i), and the a priori information, P(i). The former solely depends on the channel

15
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and can be estimated by transmitting a training sequence over the channel. On the
other hand, the latter may either be known or can be estimated from a training
set. But, if we assume that we do not know anything about the PMF P(I), then
what is the most fair substitution for this term? We appeal to the mazimum entropy
principle, first introduced by Jaynes [26] to find an answer. It states that,

“if there is not complete information about a distribution, the optimum estimate
is as unbiased as possi6le, and so choose the most random possible distribution.”

Then, for our problem it is intuitive to use the uniform distribution as the priori
distribution, which gives the maximum entropy for P(i) among all possible PMFs.

With this, we can write

P(I=1) = ﬁ (2.1)

where [Q] = 29 is the number of quantization levels. Substituting (2.1) in to (1.12)

) 1 &
ga(0) = 7Y #a(0) = [ ] PCklie)

N
N 5
= 7)Y Z,(9) .@HP(zk[zk), (2.2)
VieQ k=1

Therefore, under the assumption of uniform prior distribution, we can perform

the decoding.

2.2 Scalar MMSE Decoder

By ignoring the correlation between the sensors, we can derive the scalar MMSE
decoder. In this case, the decoder uses only the redundancy within the output I, of

the each scalar quantizer to reduce the distortion due to the channel noise, w.
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In contrast to (1.7), the problem now involves the scalar CME, which is given by

~ A

jn(zn) = E{i(In)] n = %n)}
= Y #(l, =) P(I, = ilin). (2.3)
vieQ
Observe that, the probabilities are conditioned on the channel output i, of one sensor
instead of 1, as in the MMSE optimal decoder. This is where we drop the information
about the correlation between the sensors and assume that they are independent.

Now, by applying the Bayes rule for posterior probabilities

thﬁ@zﬁ%P@MzﬂHh=ﬁ (2.4)

The scalar MMSE decoder can be considered as an optimal decoder with mismatched
a priori PMF P(I)

PI=1i)~ [[ P(. = in), (2.5)
where the random variables I,, are assumed statistically independent. The PMF of

the output of each quantizer can be found using training data or by integrating the

marginal PDF p(X,,) over each Lloyd-Max partition interval. With this approxima-

A
.

tion, Z(i) can be found by following (2.3) and (2.4).

2.3 Representing a Factorized PDF using Factor Graphs

Suppose that, function f(Xi, Xs,...,X,) can be expressed as a product of several

local functions, referred to as factors, as follows:

K
FX1, Xo, o, Xa) = [ £#e(Xn), (2.6)
k=1
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Figure 2.1: Factor graph representation of (2.7).

where X C {X1,Xo,...,X,}. A factor graph [25] can be used to express the struc-
ture of the factorization (2.6). A factor graph is a bipartite graph which contains
variable nodes for each variable X, and function nodes to represent local functions
fe(.). An edge in the factor graph connects the variable node X; to the function
node f; if and only if X is an argument of the function f;. Therefore, in general, a
factor graph represents “is an argument of” relationship between variables and local

functions. To illustrate this, consider the following PDF factorization:
(X1, Xa, X3, X4) = po(Xo)p1j2(X1|Xo)p3j2(Xa| Xo)pas(X4| X3). (2.7)

This factorization is represented by the factor graph in Fig. 2.1. The function
node py2 is connected to variable nodes X; and X,. Therefore, the factor py has
the variables X; and X, as arguments. We define the degree-d of a function node as
the number of variable nodes connected to it. Then, p;js is a degree-2 function node.
Similarly, we can define the degree of a variable node as well.

The importance of the factor graphs representation is that we can calculate the
marginal functions very efficiently, if the factorized PDF is represented as a factor
graph. An algorithm called the sum-product algorithm [25] allows us to compute the

marginal functions of all variables in a PDF, which is represented in the factor graph
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OO
Ko
Figure 2.2: Factor graph for the function P(i) - [[2_, P(4n|in) which corresponds to

a sensor network with 5 sensors. P(i) = Hi=1 P(I,) results degree-1 function nodes
and degree-2 variable nodes.

form. Appendix C describes the implementation of the sum-product algorithm based
on factor graphs.

The factorization (2.5) has factors of one variable. Therefore, the factor graph
which corresponds to the scalar MMSE decoder should have function nodes of degree-
1. Fig. 2.2 shows the factor graph corresponding to a scalar MMSE decoder for a

sensor network with 5 sensors.

2.4 Scalable Decoding using Factor Graphs

In Chapter 1, we derived the MMSE optimal decoder. It was noted that it is not
feasible in a large sensor network because of its computational complexity. Sec. 2.1
and Sec. 2.2 discussed the decoder without priori information and the scalar MMSE
decoder. As per simulation results in Sec. 2.6 their performance is considerably
lower than that of the optimal decoder. One approach to scalable and near optimal
decoding was proposed in [20] whose complekity grows only linearly with the number
of sensors. In this section, we will summarize these results. As discussed previously,

this approach is applicable only to Gaussian distributed sources.
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The source PDF p(X) can be approximated by assuming that it can be factorized
as p(X) = H{,ilgk(ng), where Sy C M ={1,2,...,N}, k=1,2,..., K, are subsets
of source indices, such that Uszl Sk = M. The resulting p(X) is an approximation
to p(X), since, in general p(X) # p(X). A well known measure of closeness between

p(X) and p(X) is the Kullback-Leibler distance (KLD) defined by

D{p(X)||p(X / / }log = § dX. (2.8)

The distance between two distributions is measured in bits if the logarithm is base-2.

This can be used as the optimization criteria for the construction of source factors
9x(Xs, ). By removing some of the conditioning variables from the chain rule expan-
sion (CRE) we can obtain constrained chain rule ezpansion (CCRE) [20]. Then, each

factor gx(Xs,) can be described more formally as

9k(Xs,) = p(Xa, [ Xs5,), (2.9)

where Ay, B, € M and S, = A, U B,. Further, if A, and By meet the conditions
stated in (2.10), then the expansion in (2.11) is referred as a CCRE of the PDF p(X).

k—1 K
AxnBe=0, Be | JA, | JAc=M (2.10)
=1 k=1
K
FX) = [[ (X, |X5,), (2.11)
k=1

In [20] it was shown, that the KLD can be calculated explicitly for a CCRE of a
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Gaussian PDF M (Oy, R) using

K
DEEOIFN) = ~3 o, IR + 3 3 logs %, (2.12)

where R, and R, are the corresponding covariance matrices of p(Xs, ) and p(Xz, ).
For non-Gaussian distributions a closed-form expression for KLD does not exist.
Note that, by introducing factor gk(Xskv) = p(X4,|Xp,) has a KLD advantage of
%Zszl log, %. So each factor p(x.4,|Xg,) should be selected such that it gives
the maximum advantage, i.e., which reduces the KLD between p(X) and 5(X) by
the maximum amount. Once the optimal factorization is found, a factor graph is
used to represent the factorization and the marginals can be calculated by running
the sum-product algorithm. Rather than finding the factors by searching through all
possible combinations, a two step procedure was introduced in [21]. As the first step,

sensors were clustered based on the KLD. Then, the sensor clusters were linked to

obtained a complete factorization.

2.4.1 Source Clustering

The goal is to group the set of sensors M into clusters, A, C M, such that [, A, =

M and A,NA, =0, V p+#q. Then, an initial approximation to p(X) would be
c
p(X) = [[p(Xa.). (2.13)
c=1
By assigning Xp, = 0, the objective function in (2.12) then reduces to

C
D(p(X) (X)) = 3 logs [R| + 5 > loga [Ru | (2.14)

c=1
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R, represents the covariance matrix of random variables within the cluster A, which
can easily be obtained by choosing corresponding entries from R.

The clusters A., are constructed by successive merging process, starting with
single-element clusters. They are merged together step-by-step, taking into account
the objective function (2.14). Each step selects two clusters, when merged, reduces
the number of clusters by one. This process determines the best possible pair of
clusters leading to the smallest value for (2.14). The procedure is repeated until only
one cluster remains. The history of mergings during the process is recorded. By
analyzing the order of the merging, the clusters can be extracted with a maximum
cluster size of S (i.e., the process ensures clusters with |A.| < S). As we have seen,
this process is based on a local decision at each step. So the solution can be locally

optimal.

2.4.2 Source Factorization

Once the clusters are found, the second step would be to obtain a factorization as
expressed in (2.11). For this, the derived clusters A, have to be incorporated into
CCRE, such that they obey the conditions stated in (2.10). By linking unconnected
clusters systematically this can be achieved.

To establish a link between two clusters A; and A;, we have to choose a set of
variables G; C A; and H; C A; from each cluster. Two design parameters G and H
are introduced, such that |G;| < G and |H;| < H. The linking of two clusters adds
two factors p(xs|Xg;) and p(xg, |x#;) to the factorization and the KLD improvement
associated with this link is

1 IRg,un; |
KLD, ,; = - logg————. 2.15
7 2 o9z ’Rgi] ( )
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After selecting a cluster to start with, one of the unconnected clusters is linked to the
already connected clusters, such that it results in the maximum KLD improvement.

As the clustering algorithm, the linking process is also not optimal. But the
simulation results in Sec. 2.6 reveal that the decoder designed using these algorithms
are considerably superior to the scalar MMSE decoder. Also, it’s complexity is much

lower compared to the MMSE optimal decoder.

2.5 Complexity of the Various Decoders

We wish to compare the compléxity of various decoders in terms of the number
additions and multiplications the processor has to perform (i.e., the computational
complezity). First, we analyze the complexity of the decoders designed without using
the sum-product algorithm.

Let us revisit the equations, which we have derived in Chapter 1.

(i) = Y £a(i)Plin = ili) (2.16)

Plin=if))y=7- >_ P[] PGl (2.17)

ViEQN i, =i 1=1
By analyzing these two equations, we can decompose the whole decoding process in
to three distinct sub-processes as depicted in Fig. 2.3.

Note that, calculation of channel transition probabilities p(3|4;) are common to all
decoders. With the use of received index vector i, N -29 multiplications are necessary
to find channel transition probabilities.

Computational complexity of calculatiﬁg the posterior probabilities P(i, = ZII)

depends on the decoder, since each decoder is based on different approximations for
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Figure 2.3: Decomposition of the decoding in to three stages.

the PMF P(i). For scalar MMSE decoder we only need to compute N-29, probabilities
as per (2.4).

The complexity of the reconstruction stage is also common to all decoders and it
needs N - 29 multiplications and N - (29 — 1) additions as per (2.16).

We have discussed the complexity of the sum-product algorithm in Appendix C
(refer table C.1). If the sum-product algorithm is used instead of the direct calcula-
tion, we can not gain any advantage for the scalar MMSE decoder (refer Table2.1).
But implementing MMSE optimal decoder and scalable decoder (Sec. 2.4) using the
sum-product algorithm is always beneficial. The complexity of the scalable decoder
depends on the degrees of factors used in the approximated PMF. For a degree-d
node, computational complexity is shown in Table C.1.

Table 2.1: Computational complexity of the decoders (a) using equations (2.16) and
(2.17) (b) Using factor graphs/sum-product algorithm, N variable nodes with d = 2

and N function nodes with d = 1 (c¢) Using factor graphs/sum-product algorithm, N
variable nodes with d = 2 and 1 function node with d = V.

Scalar Decoder Additions Multiplications
(a) 0 N .2¢
(b) 0 N -29
Optimal Decoder Additions Multiplications
(a) N(2CWV-1 1) N?%. 20N
(c) N(2OW-1 _ 1) | N(N —1)2°V + N .29
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2.5.1 Complexity of using the KLD

Now consider the KLD between PMF P(I) and it’s approximation P(I):

DPWIPD) = Y PO
B 1oy Plinia o in)
= ;P( i) ] gHﬁilP(iAklin)' (2.18)

As can be seen, the calculation of (2.18) needs the knowledge of the joint distribution
P(I), which is hard to find when N is large. If the number of quantization levels
are large (i.e., large @), the situation becomes even worse. Notice that, further
simplification of (2.18) is not possible either. Hence, the use of KLD for the PMF

P(I) is highly complex and difficult to use in practice.

2.6 Simulation Results

To perform the simulations, the sensor network model described in Chapter 1 was im-
plemented. The joint source distribution is assumed to be multivariate Gaussian. To
investigate the end-to-end performance of the system, we measure the reconstructed-

signal-to-noise ratio (RSNR) given by

E|x|?

at different channel-signal-to-noise ratios (CSNR). The expectations are estimated by
taking 100000 training samples.

We first investigate the performance of various decoders at transmission bit rates
Q = 1,2, 3, 4 bits/sample. The quantizers are Lloyd-Max optimal [5]. Fig. 2.4 shows

the simulation results of the decoder, which does not exploit a priori information. At
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Figure 2.4: The performance of the decoder designed without a priori information.
Rate of the quantizers Q=1, 2, 3, 4 bits/sample and the sensor network consists of 3

Sensors.

high CSNR, the distortion caused by channel noise is very small and the decoder can
perform the decoding almost without error. Thus, at high CSNR the performance is
governed by the quantization error. This is a common scenario for all the decoders
discussed in this thesis. At low CSNR the decoder performance for high values of
rate @ is not as good as for low rates.

Fig. 2.5 depicts the performance of scalar MMSE decoder for different bit rates

@ and the Fig. 2.6 shows the simulation results for MMSE optimum decoder. It was
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Figure 2.5: The performance of the scalar MMSE decoder. Rate of the quantizers
Q=1, 2, 3, 4 bits/sample and the sensor network consists of 3 sensors.

observed that at low CSNR, the MMSE optimal decoder performances significantly
better than the other two decoders.

Now we will compare the decoders at the same bit rate. Fig. 2.7 depicts the
RSNR against CSNR. for the 3 decoders the MMSE optimal, the scalar MMSE and
the decoder designed without priori information at @ = 4 bits/sample. It is clear
that using the priori information in the scalar MMSE decoder gives us a slight gain
compared to the decoder designed without a priori information. Exploiting the inter-

sensor correlation in the MMSE optimal decoder gives 0.6 dB performance gain over
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Figure 2.6: The performance of the MMSE optimal decoder. Rate of the quantizers
Q=1, 2, 3, 4 bits/sample and the sensor network consists of 3 sensors.

the scalar decoder at CSNR = 3 dB.

Next, let us investigate the performance of the scalable decoder discussed in Sec.
2.4. For this scenario we consider a sensor network with 9 sensors and a multivariate
Gaussian source distribution. The maximum cluster size is set to S < 3. By fol-
lowing the clustering algorithm in Sec. 2.4.1, three clusters A; = {X1, X3, X7}, Ay =

{Xe, X5, Xo} and Az = {Xs, X4, X5} were obtained. Then, we can ihitially approxi-
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mate the PMF P(X) by

P(X) = P(leX3aX7)P(X67XS)XQ)P(XQ,X4,X5). (220)

The KLD of this approximation is D{P(X)||p(X)) = 0.1753 bits/sensor. By linking
these clusters as described in Sec. 2.4.2, the following factorization was obtained (we

assumed G =2 and H = 1):

P(X) = P(Xg, Xs, Xo) P(X1, Xv|Xs) P(X3| X1, X7) P(X2, X4|Xs) P(Xs5| X2, X4).
(2.21)
For this factorization, the KLD D(P(X)||p(X)) = 0.067 bits/sensor. Therefore, the
KLD is reduced by linking the clusters together.
Each index i, depends on a unique sensor symbol z,. Therefore, factorization
of P(X) corresponds to a unique factorization of P(I) and vice-versa. Then, the

factorization:
]5(1) = P(Is, Is, Ig) P(I1, I7|Is) P(I3| I, I)P(Iy, I1]1s) P(Is| s, I4) (2.22)

can be used to construct the decoder. The factor graph, which corresponds to the
factorization (2.22) is shown in Fig. 2.8, and Fig. 2.9 depicts the performance of
the corresponding decoder. It is clear that this decoder performs quite close to the
MMSE optimal decoder for Gaussian distributed sources and is suitable for a large

sensor network, due to its low computational complexity.
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Figure 2.7: Performance comparison of the three decoders at rate Q=4 bits/sample.
The sensor network consists of 3 sensors.

Figure 2.8: Factor graph corresponds to the expansion (2.22). The design parameters
are chosen as G =2 and H = 1.



CHAPTER 2. LOW COMPLEXITY DECODING

31

RSNR [dB]

I

—#-— (a) Scalar Decoder
—&— (b) MMSE-Optimal decoder|

—&— (¢) KLD + FT degree =3

2.5

7

8
CSNR [dB]

9 10 11

12

Figure 2.9: Performance of several decoders for a Gaussian source, as a function of
CSNR. The network consists of 9 sensor nodes and each node uses quantizers of rate

1-bit/sample.



Chapter 3

Maximum Likelihood based

Factorization

In the previous chapters we have presented the scalar MMSE decoder and the optimal
MMSE decoder. We have seen that the complexity of the optimal MMSE decoder
increases exponentially with the number of sensors and is impractical to handle in a
large sensor network. On the other hand, the scalar MMSE decoder is quite simple,
due to the correlation of the sensors is ignored in the design. As we have seen
in the Chapter 2, it has a significant end-to-end performance loss compared to the
MMSE optimal decoder. Therefore, we need to find a decoder which can approach
the performance of the optimal decoder, while having a computational complexity, as
low as possible. The use of scalable decoders for Gaussian sources, whose complexity
is linear in the number of sensors was proposed in [20]. These decoders use factor
graphs constructed based on KLD, and the sum-product algorithm (see Appendix
C) for the decoding stage. Except for Gaussian distributed sources, a closed-form
expression for KLD is difficult to obtain. Hence, the approach [20] can not be used

when the joint distribution of sensors is not Gaussian. In this chapter, we will develop

32
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a more general approach to factor graph construction based on Bayesian networks
(BN) [27]. To factorize P(I), we use the maximum likelihood (ML) estimation of
a Bayesian network, using a training set of sensor observations. Unlike in [20], in
this case, the joint distribution of the sensor observations need not be necessarily
Gaussian. Rather than first finding optimal factors for source PDF, p(X) and then
assign that factorization for PMF P(I) [20], our algorithm directly factorizes, P(I),

using a training set for index vector I.

3.1 PDF Approximation

Finding an approximation for PMF P(I) in terms of local functions or factors, is the
initial step in the process of searching for a scalable decoder. As we have seen before,

a general PDF, p(X) = p(X;, Xs,...,Xn) can be factorized into an approximate

form
v M
H(X) = [ [ pm(Tm), (3.1)
m=1
where T',, is a vector with components made up of a subset of {X1,Xs,..., Xy},

and each pn(.) is a factor of the function p(X). If we can factorize p(X) exactly,
then 5(X) = p(X). In general, all PDFs can not be expressed exactly in this form.
However, we know that by using the chain rule ezpansion (CRE), any PDF can be

expressed as a product of conditional probability density functions (CDF) as

p(X) = p(X1)p(XolX1).. . p(XN|XN_1,-. ., X1)

= [[rX X, X0). (3:2)

r=1

From the above expansion, we see a possibility of approximating a PDF using fac-

tors. But, some of the factors in this expansion are functions of a large number of
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variables. As an example N-th factor is having N variables in it’s distribution. i.e.,
the factorization using the CRE does not scale with the network size N. Consider the
r-th factor of this expansion, p(X,|X,_1,...,X1). We can find an approximation for
this factor by retaining only a fixed number of variables, which are most dependant
on X,. But, this has to be done in such a way that the resulting factor is the best
possible approximation for the factor p(X,|X,-1,...,X1).

Let us define some notations which are helpful to express this approximation. We
call conditioning variables as parent variables. For example, X, X, X, are referred
to as parent vériables for the factor p(X;|Xi, Xom, Xr). We will denote the set of

parents of X, as ¥,.
Ezample : Let’s consider a 5-dimensional PDF p(X). Then, p(X) = p(X1, X2, X3,
X4, X5) can be factorized using the CRE as:

p(X) = p(X1)p(Xa| X1)p(X3| Xa, X1)0(X4| X3, X2, X1)p(Xs| Xy, X3, X2, X1).  (3.3)
Now, we wish to approximate these factors by some other factors involving fewer
variables. Suppose we know following conditions beforehand:

e X3 is mostly depends on Xj.
e X, is mostly depends on Xs.

e X5 is mostly depends on Xj.

Then, the approximation for the CRE will be:

p(X) = p(X1)p(X2|X1)p(X3| X1)p(X4| X2)p(Xs]| Xs). (3.4)
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3.2 Probabilistic Graphical Models

One of the most effective ways to represent a distribution in a factorized form is
using a probabilistic graphical model (PGM) [28, 29]. A PGM can be seen as merger
of two disciplines, graph theory and probability theory. A PGM consists of two
components, namely the structure and the parameters. The structure of a PGM
depicts the interaction between random variables in the form of a graph. Each node
represents a random variable and each edge connecting two nodes represents the
existence of an interaction between two variables. The absence of an edge between
two nodes represent absence of interaction between the corresponding node-variables.
The parameters of a PGM are the functions associated with a node or set of nodes.

According to the type of structure used, a PGM can be categorized into two groups.

1. Directed models (e.g. Bayesian networks).

2. Undirected models (e.g. Markov random fields).

Finding the dependency structure and learning parameters of a MRF is computation-
ally more intensive than in a Bayesian network [30]. So, in this thesis we concentrate
on Bayesian networks. Factor graphs, which we have discussed in Sec.2.3 are also a

special case of PGMs.

3.3 Bayesian Networks

A Bayesian network (BN) is a PGM which can be used to compactly represent the
joint PMF of a large number of random variables which exhibit conditional depen-
dencies. It can be regarded as a pair (S, A), where S is the structure of the model
and A is a set of parameters of the model. The structure S is a directed acyclic graph

(DAG) [28], where each node corresponds to a variable and each edge corresponds to
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Figure 3.1: Bayesian network representation of (a) Eq. (3.3) and (b) Eq. (3.4).

a conditional dependency. A set of nodes W, are said to be the parent of X, if there
are edges from each variable in ¥, pointing to X,. In this case, the parameters are
A = {p(X;1|®1), p(X2|®2), . .., p(Xn|Tw)}.

Fig. 3.1 shows the BN for PMF given by (3.3) and its approximation given by
(3.4). For example, in Fig. 3.1(a), the vertex X3 has edges from X; and X, directed
towards it. Therefore the parent variables of X3 in the expansion (3.3) are X; and
Xo.

Notice that Fig. 3.1(a) shows an almost fully-connected BN. In general, if a BN
is fully connected, then it represents the original PDF. But this need not be always
true. The BN shown in Fig. 3.1(b), on the other hand, is not fully connected. Such
a BN will allow us to find an approximate expression for a joint PDF.

A BN is a representation for some specific expansion of the joint PDF. However,
there are more than one CRE for a given PDF, and the expansion depends on the
actual order of the variables. For example, we may also expand the function p(X) in

(3.3) as

p(X) = p(X2)p(X1|X2)p(X3| Xa, X1 )p(Xa| X3, X2, X1)p(X5| X4, X3, X2, X1).  (3.5)



CHAPTER 3. ML BASED FACTORIZATION 37

T
oSs>SINOSIRO
B o d

(2)

Figure 3.2: Bayesian network representation of (a) Eq. (3.5) and (b) Eq. (3.6).

Using the same assumptions considered for the expansion (3.4), we can approximate

p(X) by
p(X) = p(X2)p(X1| X2)p(Xs]| X1)p(Xa| X2)p(X5]Xy). (3.6)

The BNs representing (3.5) and (3.6) are shown in Fig. 3.2. Now, it is clear that there
are several ways to factorize a joint PDF using the CRE and consequently, there are
many BN representations for the same distribution. But, not all of them correspond
to the best approximation for the joint PDF.

Our problem of approximating the PMF P(I) can now be expressed in terms of
a BN. The goal here is to obtain a BN that is not fully connected, which contains as
many dependencies as possible from the original, fully-connected BN. The number of
dependent variables (i.e., the number of variables in the parent set), max |¥,| (where
| - | denotes the size of a set) is a design parameter which controls the connectivity of
the BN.

If we know the BN corresponding to a factorization for P(I), we can convert it into
a factor graph. That is, a given BN can also be represented by a factor graph. The

edges of the factor graph can be directed to illustrate the conditional dependencies
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Figure 3.3: (a) Bayesian network representation of global pdf, p(X1, Xa, X3, X4) =
p(Xo)p(X1|X2)p(X4]| X1, X2)p(X3]X4). (b) The Bayesian network shown as a factor
graph.

(@) (b)

as shown in Fig. 3.3. Once the appropriate factor graph is constructed, we can
run the sum-product algorithm (see Appendix C) on the factor graph to find the
reconstruction values as described in Chapter 2. But, the problem of determining the
best BN remains.

In [31], an algorithm based on mutual information was proposed to approximate
a discrete probability distribution by a product of second-order distributions. Mutual
information between two random variables is considered as a measure of dependance.
If we confine ourselves to a maximum of one parent for every node (in other words,
factor graph of degree-2), we can follow the algorithm in [31] to find an approximate
BN for the PMF, P(I). As we will show in Sec. 3.6, for a typical sensor network
problem, the decoder performance based on degree-2 factor graph may not acceptable.
Thus, our goal is to search for a more flexible method to find factor graphs of different

degrees.
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3.4 The likelihood of a Bayesian Network Structure

In Sec. 3.3, we have seen that there are several possible ways to approximate a
PDF by a BN. But, not all of them would be optimal in the sense of maximizing
the decoder performance. The optimal approximation will lead to the best decoder
performance. Thus, our goal is to find the optimal BN for the PMF P(I), given
the maximum number of parent variables in a factor (i.e., max|¥,|). We propose
to use the mazimum-likelihood (ML) criterion to choose the best BN. Let Ay, k =
1,2,..., K, be a candidate set of BNs to be used as an approximation to the PMF
P(I), and let S be a sample set from P(I). We calculate the likelihood P(S|Ay) over
all possible X BNs and choose the best BN as the one with the largest P(S|Ay).
Let’s denote two BNs which correspond to the PMF P(I) by A(I) and A'(I).
Then, for given BNs A(I) and A’(T), the log-likelihood ratio of the training set S can

be written as,

Lan = log LEIAD)

P(S|A/(T))
= log P(S|A(L)) — log P(S|A'(T)). (3.7)

Now, if Laas > 0, the BN A(I) is preferred over it’s competitor A’(I). One approach
to comparing the likelihood of a BN with that of another BN was proposed in [32]
for a discrete probability distribution. We adopt this approach for our problem.
Let’s denote a BN which corresponds to PMF P(I) by A(I) and parent nodes of
I, by O, € {¥n1,Vnas - - Wng}, 7 € {1,..., N}, where N is the number of sensor
nodes in the network. Assume that there are g, unique instantiations of ¥,, and the
set of quantization levels of the n-th node be €, € {va1,...,Unr, }. Further, let L,;

denotes the number of times I,, = v, and ¥,, = 9,; jointly occurred in the training



CHAPTER 3. ML BASED FACTORIZATION 40

set S. Then, it can be shown that (see Appendix D for proof),

N gn _ ' Tn
PSIA@) =]] H — [ Zns! (3.8)
ol oty Ln] +rn - 1! P
where,
Luj = Lnj. (3.9)
=1
If we assume that each sensor node has a quantizer of the same rate Q, (3.8) can be
reduced to,
N qn ' Q
P(S|A(I - L. .10

We assume our training set is fairly large such that we can calculate any PMF
very close to its actual value. But, this results in large values for L,; and Ly, and
the calculation of the factorials in (3.10) becomes intractable with finite precision
computations. On the other hand, comparing the logarithms as in (3.7) will make
such calculations more tractable. We can now further reduce Laa- into the following

form using equation (3.10):

v N1, (L + Q — 1)!
Laa lo lo i . 3.11
AA Z g}—[ gH L+ Q1) (3.11)

n]l n=1

Example 3.1 Let’s consider a small sensor network with 3 sensors. In this system
source samples X1, X, and X3, are quantized with 1-bit scalar quantizers. Then, the
outputs of the quantizers assume values in the set {0,1}. Table 8.1 depicts the output
indices for source training set of 10 samples. We will compare the two BNs shown in
Fig. 8.4 to check which one of them explains the given PMF P(Iy, Iy, I3) better. For

this particular case, N = 3 and @ = 2. For the structure A, the parents ¥1 = I and
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Table 3.1: Training set-the outputs of the quantizers

Sample 4; i9 i3
1 1 0 1
2 0 0 0
3 1 1 0
4 0 0 0
5 1 1 1
6 0 1 0
7 0 0 O
8 1 1 1
9 0 0 O
10 1 1 1
(a) ()

Figure 3.4: (a) BN A corresponds to factorization P(I3)P(I1|I3)P(Is|I;). (b) BN A’
corresponds to factorization P(Iy)P(Iz|I1)P(Is|ls).

Wy = I; and for structure A/, Wy = I; and W3 = I, . Then for a given I,, ¥, can

take only two possible values (in this example 0 or 1). Therefore, ¢, = 2. Table 3.2

!/

njls Which can be easily computed using

provides the numerical values of Ln; and L
the training set. Assigning these values to equation (3.11) results in Laar =1 > 0.
Then, given the assumptions, the training set implies that the BN A is 10 times more
likely than the BN A'. Therefore, the factorization P(I)P(I1|I2)P(I3|I1) is a better

approzimation to P(Iy, Is, I3) than P(I1)P(Iy]|11)P(I3|l2).
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Table 3.2: Numerical values of the parameters

Structure A  Structure A’
Lin=4 Ly, =4
Lyiig = 1 g2 =1
L121 =1 LI221 =1
L122 =4 L1222 =4
L311 =5 Lgll =4
L312 =1 ng = 2
L321 =0 L€321 =1
L3z =4 Ly =3

3.5 An algorithm to search for ML Bayesian Network

Once we have found a metric to measure the goodness of the network structure, a
search through the space of all possible candidate structures should be performed in
order to find the BN which corresponds to the ML approximation.

We can write any BN A in terms of factors as follows.

N
P(1) = [[ P(.1%,), (3.12)

n=1

where

v, Cd,.

The set ®,, contains the set of nodes which precede I, in the expansion. Then, A
can be considered as a combination of BNs A,, n = 1,2, ..., N, where A, corre-
sponds to the factor P(I,|¥,). Now the optimization is a matter of selecting A,
such that log P(S|A) is the maximum. A fully connected tree with vertices corre-
sponds to factors P(I,|¥,) can be constructed to represent this problem. The edge
between two vertices represents the weight log P(S|A,). A full search through this

tree will provide the ML BN. However, the complexity of this task is exponential in
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the number of vertices. We can adopt Prim’s weighted spanning tree algorithm [33]
to find the optimal BN with comparatively low complexity. But, we propose a greedy
optimization algorithm due to its simplicity. Even though the proposed algorithm
in general generates a sub-optimal solution, the experimental results show that the
résulting solution is quite effective in sensor network problems.

This algorithm starts with an initial structure with no edges. Then, at each step
an edge is added to the structure such that it results in the maximum increase in
likelihood. This process is continued until all the nodes are added to the network.
The final BN will have all the nodes connected. But, we have to guarantee that it
does not have cycles i.e., satisfies the DAG principle.

Further, let there be an upper limit of S for the number of parent variables, i.e.,
|®,| < S. A pseudocode describing the algorithm is given in Algorithm 1 on page 44.
This algorithm is greedy, since we accept only the factor P(I;|¥;) with the maximum
likelihood in each step (i.e., the solution may not be globally optimal) . Alternatively,

an algorithm such as the M-L algorithm [34] can be used to improve the result.

3.6 Simulation Results

Having seen how we can find the best approximation for the CRE by using the knowl-
edge of the likelihood of a Baysesian structure, we shall now analyze the performance
of the decoders designed based on this approach. We convert each of the factoriza-
tions (or corresponding BNs) into a factor graph. Some factorizations yield factor
graphs with cycles and some are cycle free i.e., factor trees (FT) [25]. For factor
graphs with cycles, the algorithm becomes iterative because the messages circulate
in end-less cycles and the marginal probabilities can not be computed exactly. A

flooding schedule [25] was used in such situations with a maximum of 6 time steps.
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44

Algorithm 1 Greedy search for the best BN

1. set mazx to small negative number
22.FORn=1To N

3.

o O

8.
9

10.
11.
12.
C13.
14.
15.
16.
17.
18.

HZ{Il,...,IN}
size = 1;
®=1,L,=0;
WHILE {II — &} = §
Find (I;, ¥;) pair which maximizes £ for all combinations
where, [; € {Il — @} , ¥; C ® and |¥;| = size;
add (I, ¥;) to the variable list,
Ln=L,+L;
IF size < S THEN
size = size + 1;
END{IF}
END{WHILE}
IF maz < L,
max = Ly;
accept list,;
END{IF}

19. END{FOR}
{list,, contains the BN corresponding to the best approximation
for CRE and maz holds its goodness of fit.}
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It was seen that the results are converging after 5-6 time steps and no considerable
gain could be achieved thereafter.

The sensor network model we consider here is as described in Chapter 1. For the
simulations, a sensor network having 9 sensors was considered and two plots were
generated. In the first, we use one-bit Lloyd-Max quantizers and in the second we
used two-bit Lloyd-Max quantizers. For these cases, the simulation of the MMSE
optimal decoder is computationally feasible and we can compare it’s performance
with that of the scalable (sub-optimal) decoders. As the decoding complexity grows
exponentially with the number of bits used for quantization, we did not use more
than two bits. We illustrate the performance of the decoders for a general source
distribution described below.

First, we generate two Gaussian distributed data sets D,; and D, according to
N (tn1, 0n1) and N (pina, 0n2), where n = {1,..., N}. Then, we assign a probability
7, which governs the selection of a sample set S, from the above two data sets. S,
of size 100000 is generated, where ~y, x 100000 samples are selected from the data set
Dy and (1 — v,) x 100000 are selected from D,o. To impose correlation, we chose
an arbitrary matrix Ayxy with A(é,7) = 1 for ¢ = j and derive the required sensor
output vector X = (X1, Xs,...,Xn)T from X = AY, where Y = [51,5,,...,Sn]".
To investigate the end-to-end performance of the system, we measure the RSNR at
different CSNR.

Now we will investigate the performance mismatch of the scalable decoders with
respect to likelihoods of the BNs, which are constructed as approximations to the joint
PMF P(I). Approximations (3.13), (3.14), and (3.15) were used in the simulations.

B(T) = P(I3)P(I7)I3) P(Is\I3, I) P(Io) Iy, I;) P(Io|I3, I7) P(Is| s, Ir) P(Is|Is, I) P(I1|Io, Io) P(Is|I1, Is)
(3.13)
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B(T) = P(I3)P(I7|I3) P(Is\I3, I) P(Is|Ls, Ir) P(Is|Ia, Is) (I Ls, I7) P(Io| Io, Ls) P(Is| I3, Io) P(I1| 12, Io)

(3.14)
B(T) = P(Is) P(Is|Is) P(I4|I2, Io) P(Is| I3, Io) P(Is| I3, Io) P(I1| I3, Io) P(I7| I3, Io) P(Ig| I3, Io) P(I3| I2, Io)
' (3.15)

The maximum number of parent variables in a factor was limited to 2. The log-

likelihoods of these approximations are listed in Table 3.3.

Table 3.3: Likelihoods of different factorizations

Factorization Likelihood

(3.13) —1.3682 x 10°
(3.14) —1.5052 x 10°
(3.15) —1.7246 x 10°

Factorization (3.13) is the best approximation we could get by following the Al-
gorithm 1. As we explained in Sec. 3.5 this may be a sub-optimal solution. But, as
can be seen from the Figs. 3.8 and 3.9 this factorization provides performance very
close to the MMSE decoder and is worth accepting due to its simplicity compared to
- the MMSE decoder.

For the comparison purposes, we implement the decoder based on PMFE approx-
imation method proposed by Chow and Liu in [31]. They used mutual information,
I(ij,4)) (refer (3.16)) between two random variables as the measure of closeness of

PMFs, given by

P,
I(35,1k) ZP ij, 1) log <P(()P(z)k)) . (3.16)

15,8k
If I(i;,4x) > I(41,im), then the factor P(i;]ix) is added to the factorization. Approxi-
mated PMF we could get from this method is given by (3.17) and the corresponding

factor tree is illustrated in Fig. 3.7. It has a overall closeness of 2.9349 bits.

B(I) = P(I) P(Io| ) P(Lu| o) P(Is | 1) P(s\Is) P(I) o) P (6| 1) P(L L) P(IslT)  (3.17)
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But, their method gives factors with only 1 parent variable (i.e., S = 1), which
construct a degree-2 factor tree. Obviously, their performance is worse than the
degree-3 factor graph with optimal factorization (refer to Fig. 3.8), but may be
better than other non-optimal factorizations.
Fig. 3.10 illustrates the convergence of the decoding algorithm when the factor
graph contains cycles. Note that, the convergence is quite fast, and needs only about

3 time steps.

We conclude with that, there is a strong relationship between the likelihoods and

the decoder performance.
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Figure 3.5: Factor graph belongs to non-optimal BN with maximum number of par-
ents, S = 2. Corresponding factorization is as (3.14) and the likelihood of the struc-
ture is —1.5052 x 10°.



CHAPTER 3. ML BASED FACTORIZATION 49

Figure 3.6: Factor graph corresponds to optimal BN found using Algorithm 1. Maxi-
mum number of parents, S = 2. The resulting factorization is (3.13) and the likelihood
of the structure is —1.3682 x 105.
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Figure 3.7: Factor tree corresponds to the optimal BN found using the mutual infor-
mation as the measurement of closeness. Maximum number of parents, S = 1. The
resulting factorization is (3.17) and the overall closeness of the structure is 2.9349

bits.
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Figure 3.8: Performance of the decoders as a function of CSNR. The network has 9
sensors and each of them uses 1 bit/sample Lloyd-Max quantization.
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Figure 3.9: Performance of the decoders as a function of CSNR. The network has 9
sensors and each of them uses 2 bits/sample Lloyd-Max quantization.
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Figure 3.10: Plot of RSNR, against number of clock cycles during the execution of
the sum-product algorithm, for CSNR= 5 dB.



Chapter 4

Factorization of a PMF based on

Sensor Clustering

Even though we could get decoders with promising performance by using the CRE
to factorize the joint PMF of quantiéed sensor outputs as discussed in Chapter 3,
the number of factors in the expansion is equal to the number of sensor nodes, N.
Therefore, such decoders do not scalable with the network size. Also, the more
factors we have in the expansion, higher will be the the complexity of calculating
the marginals using the sum-product algorithm. In this chapter a solution to this
problem is proposed.

As we noted in the previous chapters, complexity of the decoder can be decreased
if we can factorize PMF, P(I) into factors, which are functions of a smaller number
of indexes. As an example, we can simply factorize P(I) into marginal functions of I,
and use the sum-product algorithm on a degree-1 factor graph. This yields a scalar
MMSE decoder which doesn’t take the inter-source correlation into account. On
the other hand, CRE provides an exact approximation to P(I), but implementation

of the corresponding decoder is difficult due to cycles in the factor graph and the
54
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high computational complexity. Therefore, our aim is to find functions f,(.), m =
1,2,..., M such that the PMF, P(I) = H%ﬂ fm(.) is a close approximation to P(I),
while eliminating the disadvantages discussed above. In this thesis it is assumed that
a sufficiently large set S of observations of I, representing the PMF P(I) is available
to the designer. Then, the factorization P(I) is constructed to match the empirical
PMF represented by S. _

Rather than starting with the BN corresponding to the case of all independent
variables, as in the previous chapter, a better method is to first determine a set of
factors according to the degree of their statistical dependence and then construct the
final factorization P(I) based on these factors. Based on this idea, in this chapter we

propose a two step procedure for constructing an approximate PMF for P(I).

e Step 1: Clustering of sensor nodes to obtain an initial factorization for P(I).
The grouping of highly dependent sensors in this manner also simplifies the
design of binning functions to be used in the encoders, while retaining the ability
to exploit correlation among highly correlated sensors in distributed encoding.

i.e., binning performed only among the sensor nodes within a cluster.

We denote [-th clusters by T';. Initially, P(I) is approximated by using factors

formed by these clusters as,

where

I'cl

;NI =0 for j # k and
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L
U =1
=1

e Step 2: Once the clusters are obtained, the second step will be to link the
unconnected clusters together, so that the resulting PMF leads to a factor graph
of a given degree. To accomplish this task, we propose a ML based factor graph
construction method. Our goal is to obtain a factor graph, which allows us to
compute a near-optimal approximation to (1.12) at a complexity linear in the

network size.

We will investigate the factorization based on clusters and how we can optimize
the encoders further by using binning in Sec. 4.2 and Sec. 4.3, respectively. As the

first step, we will propose below an algorithm to group the sensors into clusters.

4.1 An approach to Sensor Clustering based on Statistical

Dependance

We cluster sensors based on the degree of dependence between the sensors. This
method starts with a complete undirected graph, i.e., a graph in which each node is
connected to every other node. Then, edges corresponding to mutually independent
nodes are eliminated systematically, leaving the most dependant edges intact.

There are several statistical tests are available to measure the statistical depen-
dence between variables. The G-test [35], Fisher’s exact test [36] and the Pearson’s
Chi-square test [37, 38] are the most common. In case of a small training set, the
Fisher’s exact test is preferred over the Chi-square test, while for a large training set
the G-test gives approximately the same results as the Chi-square test. We restrict
our attention to the Chi-square test in this thesis, assuming that the given training

set is fairly large.
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Pearson’s Chi-square test is used to assess the dependence of paired observations of
two variables, expressed in a contingency table. For example one could test, whether
the people from different regions differ in the frequency with which they report that
they support a political candidate.

Let O; be the observed frequency and E; be the ezpected frequency of an event [,

then the Pearson’s test statistic is defined as [38]

=3 (—Q—ZZE-Z—@—Q. (4.2)

In terms of probabilities this can be written as,

k

2 (O — MPZ)2

=) (4.3)
=1

where, P, is the hypothesized probability [38] and M is the size of the training set.
Then, if we divide X? statistic by M, for large M, the value of X?/M approximates

to
k
P*""-Pl 2
T2=Z-——-———( 7 S (4.4)
=1

where, Py is the true probability [38] of realization [ and T? = X2/M. To conduct the
above test for a sample data set, we need to extend it for all realizations of variables

I; and I, as shown below.

where P(.) are the PMFs estimated from the training set.
In general Chi-square procedure, Y2, is compared with value X7 _,(m — 1), where

o is the degrees of freedom and m is the number of possible outcomes of each event
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to check the dependence of I; and I;. But, it should be noted that we use T?’k only
as a measure of dependence and do not compare Tik with the Chi-square values i.e.,
we conclude ; is more dependent on I than I, iff T2, > 17,

As two design parameters, a maximum number Z,,, and a minimum number
Zmin of nodes to be included in each cluster are pre-specified. On the one hand, it
is necessary to limit the cluster size, in order to control the complexity associated
with the degree-d of the final factor-graph. On the other hand, the lower limit on the
cluster size ensures that the correlation among sufficiently large number of sensors
is exploited by each encoder through binning. Note that, limiting the degree-d also
simplifies the design of binning functions to be used in the encoders.

The clustering algorithm described here is based on divisive-hierarchical clustering
algorithm [39] and agglomerative-hierarchical clustering algorithm [40]. In the formu-
lation proposed, we modify the general form of these algorithms to accommodate the
constraints on the cluster size. The goal is to cluster N sensor nodes into L clusters

which obey (4.1) and satisfy the two size constraints.

_4.1.1 Divisive Clustering

We start the algorithm with a single cluster I, which includes all the nodes connected
to each other. The PMF associated with this setup is P(I) = P([1,ls,...,Iy). A
successive edge removal process is then executed, based on T? given by (4.5). In each
run of this process, the edge between nodes [; and I, which corresponds to the lowest

T?, is removed.

e Suppose thé removal of the edge between nodes I; and I splits the cluster I,
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into two clusters I';, and I',, i.e,, ' =T, Ul,,. If
ITe,| < Zmin and |Te,| < Zmin, (4.6)

(both conditions are true), then we mark that edge elimination as invalid and
leave the cluster I', intact. However, since I, violates the upper limit on the size,
we may need to break this cluster in the future. In general, another edge removal

step in the future will break this cluster into two clusters with acceptable sizes.

e If only one of the conditions in (4.6) is not satisfied, the removal is marked as
valid and the clusters I',, and T, are separated. If an edge removal resulted
in a cluster I',, where Z,in < |T¢;| < Zinaz, then 'y, is add to the set A (the
set of acceptable clusters), and nodes of that cluster are kept away from further

node separation.

e The above procedure is repeated such that Uf’;l I,,=Tand I';; NI, = 0, for
all j # k. It should be noted that, during this phase we accept clusters with
sizes less than Z,;,, such as singletons (one-element clusters). In the next step,

we will fix this problem.

In Fig. 4.1, the final results of divisive clustering process is illustrated for an exem-
plary case of 15 sensors. Note that clusters ', I'es, I'e, and I'y; do not satisfy the

minimum size limit of 2.

4.1.2  Agglomeration Clustering

In this phase, the lower limit of cluster size is achieved by successive merging of

clusters obtained by divisive clustering. Let the set A contain the clusters with
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Figure 4.1: Clustering of 15 sensors, Z,.. = 4 and Z,;, = 2. Clusters, ', =
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ITc;,| < Zmin. We need to merge clusters in A with each other or merge one cluster

from A and other from A to form a cluster I';, such that Znim < [T < Znax
Let, the set O contain the nodes of the clusters I';,, i = 1,2,...,C. The node I;
of the cluster I';, and the node I of the cluster I, is connected to form cluster I7 if,

T?-,k >T2 VYuveO,

U,

and

IFZI S Zmax-

In Fig. 4.2, the final result after executing the step 1 and the step 2 of the
algorithm is illustrated for the previous exemplary scenario. Note that I';,I';,, € A

are merged to form the cluster I's and I, € A, I';; € A have formed the cluster I's.
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Figure 4.2: Final result after step 1 and step 2. 24, = 4 and Zn = 2. Clusters,
Ty = {Ip, Iy, Io, I1o}, To = {Is, 1o}, T's = {I3, I, Is, 15}, Ta = {I6, 11, L13} and I's =
{L, L4}
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Decoder 1

Decoder 3

Decoder 4

(a) - (b)
Figure 4.3: (a) Factor graph corresponds to the clusters (b) Separate decoding based

on the clusters.

The relationship in Fig. 4.2 yields the following approximation to the PMF P(I).

Py = [[P@)
=1

= P(Iy, Iy, Iy, I1o) P(Is, I10) P(I3, I7, Is, I15) P(Ig, In1, I13) P(I1, I14). (4.7)

This approximation can be used to construct a decoder using the factor graph shown
in Fig. 4.3(a). The end-to-end performance of this decoder will be superior to that

of the scalar decoder since it uses the correlation of the sensors within a cluster



CHAPTER 4. FACTORIZATION BASED ON SENSOR CLUSTERS 62

for decoding. The resulting system is similar to a system in which the large sensor
network is divided into small groups of sensors and a separate decoder is used to
decode each group (see Fig. 4.3(b)). If we can find a way to include the correlation
between the clusters in the decoding process, then the performance of the system can

be further improved.

4.2 Factor Graph Construction using Bayes Networks

In the Sec. 4.1 we have explained how to construct the clusters to fit our purpose,
using the statistical dependence of the training set. The next step would be to link
the unconnected clusters I';, [ € {1,..., L} together so as to obtain a fully connected
factor graph (or a factor tree). We propose a step-by-step procedure, which starts
with the factor graph obtained by the clustering process (see Fig. 4.3(a)). At each
step the existing factor graph is modified as follows. Lets assume we have the factor
graph A; at step t. Then, A; for the above example is depicted in Fig. 4.3(a). At
each iteration ¢, the current factor graph A; is modified by linking an isolated cluster
I'; to the already connected clusters, such that A;.; corresponds to a more closer
approximation of PMF P(I) than A;. At the end of the linking process we expect to

achieve an approximation to PMF P(I) of the form,
) M
P(I) =[] Plam!B), (48)

m=1

where a,,, and 3,,, consist subsets of nodes in different clusters or in a same cluster.

We call 3,, as the parent of o, and they obey the following conditions:
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M
Uan=1, (4.10)
m=1
m—1
Bn C | an (4.11)
h=1

Thus, the parent set 3; is always empty and I:’(I) consists M — 1 conditional prob-
ability functions as factors. Note that, the initial factor is not a conditional density
function.

The procedure for linking the clusters starts with an arbitrary cluster oy, and
selects one of the unconnected clusters to be linked with «;. Before going into the
details of how this is done, we have to define two design parameters A and p which

bound the sizes of ,,, and 3,, as,
o] < A, 1Bl <

Otherwise, there are quite a number of possible ways to select the variables from the
clusters, which can be used for the factorization. Establishing a link between nodes
o, C T, and B, C I'; adds two factors, namely P(e.|B,) and P({T"» — o, }|ex,), to
the factorization. Here {I', — o} denotes the set of nodes in I'; which excludes the

set . This is equivalent to replacing a factor P(I',) in (4.1) by the new factor

P(FTIIBS) = P(arllgs)P({I‘T —aT}IaTHBs)
~ Plar|B)PUT, — oY) (@12)

The approximation in (4.12) is reasonable since the sensors within a given cluster
are considered highly correlated. For example, consider the factor graph shown in

Fig. 4.4, where A = 1 = 2. In this case, the cluster I'y = {Is, Is, [y} is linked to the
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I, I I,

(a)
Figure 4.4: (a) Factor graph corresponds to distribution P(I) = P(I, I, I7)

P(I5, I, I4)P(I1,I3,I3) (b) Factor graph after linking clusters, P(I) =
P(Iy, Iy, I7) P(Is, Ig| 14, I7) P(I|I5, Io) P(I1, I3| 12, I4) P(Is] 11, I3).

cluster T'y = {Iy, Iy, I} to obtain the factor P(T'2|B) = P(Is, Io|ls, I7)P(Is|Is, L),
where a = {I5, Ig}, B = {I4, I}, and {T's — a} = {Is}.

With this background, we are now in a position to explain how to select o, from
the unconnected clusters and B, from the connected clusters, such that the approx-
imated PMF is optimal. Let there be two pairs (e, B,) and (s, 8y) from which
we have to select the best. When linked, they produce two factors P(e.|3,)P({T'; —
a.ta,) and P(e,/|By)P{T,: — e} ex,r), respectively. Now, by using Bayes the-
orem, we can further expand each factor P(e.|B,) [or P({[; — o }|ey )] into the

following form,
[Hr|

P(o|B,) = [ [ (@1 %4, B,), (4.13)

h=1

where H, is the set contains elements in «,. Each @, is a single element set such
that,
@ = H,, ®n, 0 @y, =0 for by # ha,

and
h—1
U, = U P,
=1

Note that there are |H,|! possible ways of writing P(c.|3,) in the form given by
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(4.13). For example, P(iq,tplic) = P(ialic)P(iblia, ic) = P(is|ic)P(ialis, ic). But, we
observed in the simulations that all of these forms yield similar decoder performance.

An expansion similar to (4.13) can also be found for the factor P({I'; — o }|ex,).
Once we convert these factors in to Bayesian form we can use BNs to represent
them. Let BNs A% and A correspond to factors P(e,|3,) and P({I'; — . }cx,)

respectively. Then,
P(S]Ars) = P(S|AL)) x P(SIAR)

log P(S|A,s) = log P(S|ALY) +log P(S|AL) (4.14)

where A, is the BN found combining Ag) and Aﬁ?. A similar result can be obtained

for P(et,|By)P({T',s — o }|ex,r). Then, we can find the overall log-likelihood ratio

as,
P(S|Ars)

© I PSIAL)

= log P(S|As) — log P(S|A,+¢). (4.15)

If £ >0, Play|B,) P({T» — ;. }|ex,) is preferred over P(a,/|B,)P({T — o }a,r)
and it is added to the factorization and the corresponding link is made in the factor
graph (i.e., Ay — Asy1). We can use (3.10) derived in Chaper 3 to calculate the
likelihood of a training set, given the BN A. Therefore, £ can be calculated easily
using (4.14) and (4.15). We can extend this method to find the (o, 8) pair with the
maximum likelihood, from all possible combinations.

The algorithm we have presented above to construct the best factor graph is a
greedy search algorithm yielding a locally optimal solution. But simulation results
revealed that the performance of the decoder constructed using this algorithm is quite
close to the MMSE optimal decoder. In order to find the global optimal, a full tree
search must me carried out, which is extremely complex and is impractical for a large

scale network. A reduced complexity search method such as the M-L algorithm [34]
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Figure 4.5: System model with binning

may be used to find an improved solution. We have not considered this approach in

this thesis.

4.3 Optimization of Binning Functions

The binning can be used in the encoder to reduce the transmission bit rate by using the
correlation between the sensor outputs of different sensors (I3, Is, . .., I,). In binning,
the quantizer index I, € {1,2,..., Ry, } is mapped to U, € {1,2,..., Ry, } prior to the
transmission, where Ry, > Ry,. The binning stage can be represented by a mapping
function h, such that u, = h,(i,), n € {1,2,...,N} (see Fig. 4.5). To optimize
the binning functions h,, we use a simulated annealing (SA) based combinatorial
optimization algorithm introduced in [41].

Consider the cluster 1 depicted in Fig. 4.5. Let X = (X1,...,Xx)T and X(l) =
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(X1,...,X%)T. Then, the end-to-end distortion d(I';) can be determined by

dry) = E{xX® x|
= B{XO-X)" (xO -X)

= > B{(zm—&n)’}. (4.16)

zm€l

Each distortion term, E{(z, — £m)%} is the sum of distortions due to joint decoding
(based on indices Iy, ..., I;) and the distortion due to binning. Our concern here is
to choose optimal mapping functions such that they minimizes (4.16). For a cluster

of size k, MSE due to binning is (assuming Q-level quantizers)

Diyin. = Z Z <Z||E (Xnlis, ... i )—E(Xn]ul,...,uk)|}2> Pi1, ..., i)

ii=1 =1

(4.17)
Then, we have a combinatorial optimization problem of minimizing (4.17), with re-
spect to the index mapping functions h,. The SA-based optimization algorithm given
in [41, 42] is used to solve this problem and the interested reader is referred to these
two publications.

Then, we can replace P(i,|i,) in (1.12) by

P(inlin) = Z P(in|tn = 1) - P(un = uliy), (4.18)
V’lLEUn

which allows us to use binning in decoding. Note that,

1 if 4, is mapped to u,
P(uplin) = (4.19)
0 otherwise.
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4.4 Simulation Results

In order to investigate the performance of scalable decoders constructed with the pro-
posed algorithm, we conducted a number of simulation experiments involving both
Gaussian and non-Gaussian sensor observations. In all of our experiments with jointly
Gaussian sensor observations, the factor-graphs constructed with the proposed ap-
proach and the KLD-based approach [20, 21] were found to be identical, and hence the
performances of the resulting decoders were also identical. However, when the sensor
observations were non-Gaussian, the proposed approach leads to designs which were
signiﬁcantly better. Throughout the simulations, we choose parameters for clustering
and factorization as Zn,in = 2, Zmaee = 3and A =2, u = 1. A training set of 100,000
samples was used.

To generate non-Gaussian training sets, we follow the same procedure described
in Chapter 3. We have considered two scenarios: a sensor network with 9 sensors and
a relatively large sensor network with 100 sensors. In the Gaussian case, the sensor

T

output vector x = (z1,Z,...,Zx)" is assumed to be a N-dimensional Gaussian

random vector X, with the PDF A (Oy, R), where the covariance matrix R is given

by
1 pi2 ... ;N
pre 1 ... pan
R=| "
PNl PN2 .- 1

Each individual sensor sample X, is distributed as N (Oy,1) and the correlation
between two sensors, pjr = cov(X;, X;) = e @49 where constant a controls the
correlation and d(j, k) is the BEuclidean distance between the sensors 7 and k. We

arbitrary choose a = 1.2 for the simulations.
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First, we consider the performance of the joint decoder for the case of multivariate
Gaussian distributed sensor observations. The clustering algorithm described in Sec.
4.1 was used to group 9 sensors into 3 clusters I'y = {I1, Is, Iz}, T'o = {I2, Is, Is},T's =

{Is,Is, Iy}. The factorization obtained was,
P(I) = P(Is, Is, Io) Py, I:|Is) P(Is| 11, I) P(I3, 14| Is) P(I5| I3, 1) (4.20)

A similar result was also by obtained following the KLD method [21]. The expansion
(4.20) yields a cycle free factor graph (i.e., FT), so exact marginals could be calculated.
Fig. 4.6 shows the RSNR, of several decoding schemes as a function of the CSNR.
When sensors do not use the knowledge of inter-sensor correlation for distributed
quantization, i.e., no binning used, each sensor uses the same rate (=1 bit/sample)
for quantization and transmission. Otherwise, the quantization was done at a higher
rate (Q = 2 or 3 bits/sample), and the transmission rate reduced to 1 bit/sample
via binning. Recall that, for binning, only those sensors within each cluster were
considered. The optimal binning function to be used at the output of each quantizer
has been designed by the SA based procedure described in Sec. 4.3. Table 4.1 presents
the optimized binning functions h,(-) for the multivariate Gaussian source.

Next, we investigate the performance of joint decoding when the source PDF is
not Gaussian. The performance of several systems without binning is compared in
Fig. 4.7. Asin the previous case, each sensor uses a transmission rate of 1 bit/sample.
With the same design parameters as in the Gaussian case, the factorization obtained

was,

P(I) = P(Iy, I, 1) P(I1, Ie| 1) P(Is, Is| 1) P(Is, I | I,). (4.21)

Note that, compared to expansions analyzed in Chapter 3, factorization (4.21) consists
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Figure 4.6: Simulation results - Source is distributed as multivariate Gaussian. Scalar
quantization with a subsequent binning function at the encoder reduces channel rate

to 1-bit/sample.
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Table 4.1: Binning functions - Gaussian source, Q = 3 bits/sample, U, = h,(l,).

I, =
Uy
Uy
Us
Us
Us
Us
U;
Us
Uy
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_ O OO O OO oo -
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OO0 OO W
O = O e et e e | N
QO = O R e

QO = e O
B = OO

of a lesser number of factors. This reduces the computational complexity of the sum-
product algorithm. However the end-to-end performance remains nearly optimal.

In order to benefit from binning, each quantizer can use a rate of @ > 1. In
Fig. 4.8, we consider systems with @ = 2 and @ = 3 bits/sample. The perfor-
mance improvement due to the use of distributed quantization is of course clear. But
more importantly, the decoders designed with the proposed method perform signifi-
cantly better than those designed with the KLD-based method. In the case of Q) = 2
bits/sample, we also include the performance of the optimal decoder for comparison
(with @ = 3 bits/sample, estimating the optimal decoder performance was compu-
tationally infeasible), which shows that the performance of the proposed design is
within less than 0.25 dB in the entire CSNR range . In contrast, the KLD-based
design performs more than 1.0 dB below at low CSNR.

To apply the proposed algorithm to a fairly large network, a network of 100 sensors
was also considered. The sensors are assumed to have non-Gaussian distribution
described in Sec. 3.6. The simulation results for this system is depicted in Fig.
4.9. Fig. 4.9 highlights the performance gain which can be achieved by merging the

clusters (i.e., using inter-cluster correlation) over separate decoding, as illustrated in
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Figure 4.7: Performance of several decoders as a function of CSNR. The network has
N = 9 sensing nodes and each node uses rate 1-bit/sample quantization, without

subsequent binning.
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Figure 4.8: Performance of various decoders when binning-based distributed quan-
tizers are used in sensors. Each sensor uses a quantizer rate of @ bits/sample and
a transmission rate of 1 bit/sample. The curves (a) and (b) are the same as those
in Fig. 4.7. For the system with @ = 2, the performance of the optimal decoder is
shown in curve (e).
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Table 4.2: Binning functions - Non—Gaﬁssian source, Q = 3, U, = h,(I,,)-

\]
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Uy
Us
Us
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Us
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Uy
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Fig. 4.3. Design with merged clusters performs more than 0.5 dB higher at 3 dB
CSNR, in contrast to the separate decoding, for quantizers with rate 1 bit/sample
(see Fig. 4.9 curves (b) and (c)). If we increase the quantizer rate Q and keep the
transmission rate at 1 bit/sample, this performance gap seems to widen up further
and a 3.5 dB gain could be seen at 3 dB CSNR at @ = 3 bits/sample. Observe that,
with increasing noise power, the advantage of binning disappears. At low CSNR,
the system designed with rates of ¢ > 1 and subsequent binning performs poorly

compared to the system designed with rate @ = 1 bits/sample and no binning.
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Figure 4.9: Performance comparison of the decoders designed based on PMF approx-
imations in (4.1) and (4.8) with N = 100 sensors. Curves (b) and (c) for channel rate
1-bit/sample, without subsequent binning.



Chapter 5

Conclusions and Suggestions for

Future work

5.1 Summary and Conclusions

In this thesis, we have investigated the problem of designing a low complex joint
decoder suitable for use in a large scale sensor network. Main contributions of this

work can be summarized as follows.

e An algorithm for sensor clustering was introduced based on statistical depen-
dance of sensors. It was observed that, use of the Pearsons Chi-square statistics
for clustering is very effective and simple, when a training set of sensor obser-
vations is given. It was demonstrated that the decoding using the clusters is
extremely effective than using the scalar decoding. Distributed quantization
(binning) for the complete sensor network is not scalable. Hence we used bin-
ning based on the clusters, which is fairly simple to be optimized with the SA
approach. Qur simulation results reveal that, despite of the simplicity of the en-

coders (consisting only a scalar quantizer and a binning function), a significant
76
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performance gain can be achieved with proposed decoding approach.

e The algorithm which we introduced in Chapter 4 to construct a factor graph
based on a BN is a more general than the KLD approach proposed in [20],
where the source distribution has to be necessarily Gaussian. In experiments
with Gaussian sources, it was observed that the proposed method yield a system
which performs identically to the system obtained by the KLD-based method.
More interestingly, we have seen that for non-Gaussian sources, the proposed
method can yield systems with significantly better performance compared to
the KLD-method. We have observed that merging of the clusters increased
the closeness of the approximate PMF to its original, which makes the decoder

perform better.

5.2 Future Research Directions

We mainly confined our attention to evaluating the performance of the proposed
decoding algorithm for synthetic data éets generated by the computer. A natural
extension of this work could be the application of the algorithms developed here to
design decoders for real world sensor observations. For example, decoding of corre-
lated data gathered by audio field sensors (microphones) is an interesting experiment.

We have used the directed graphical model - the Bayesian networks, to approx-
imate a PMF. Another important avenue of exploration is to investigate the possi-
bility of using the undirected graphical models such as Markov random fields (MRF)
[29, 43].

Factor graphs and the sum-product algorithm play a significant role in the work
of this thesis. It is a well known fact that, when applied to factor graphs with cy-

cles, the sum-product algorithm does not always exhibit good convergence properties.
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However, in simulations we have seen our systems converge fast and surprisingly well.
Therefore, further investigation on the convergence properties of the sum-product

algorithm is worthwhile.

In this thesis, we have considered only the spatial correlation of sensor measure-
ments. It would be beneficial to investigate how to exploit the temporal correlation to
enhance the decoder performance. Possible further extensions also include evaluation

of other methods of binning such as DISCUS [44].



Appendix A

Conditional Mean Estimator

In this appendix, the solution to the conditional mean estimation problem is derived.
Let, X € RY is a random vector and I € QF (Q = {1,2,...,2%9}) with joint distri-
bution p(x, i) For given i, we wish to find an estimate X = D(i) for the vector X,

such that the MSE E{||X — D(I)||*} is minimized.

EIX-D@IF} = [ 3 Ix=DO)Iptxix
- [ Y Ie-pOPshPhax (A1)
RY vieqN
Note that,
E{lx ~ DOI} = [ | Ix~DOIPpGefax (A2

Then, the MSE in (A.1) can be minimized by minimizing the conditional expectation

(A.2) for every i. i.e.,

D*(i) = argmin E{|lx — D)||/1}. (A-3)
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By taking partial derivation w.r.t. D

8 SNI21% -
spElx=DOIE} = 0

= -9 /R (- D Opelax = 0

= D*(i) = E{X|

et >

i}
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Appendix B

Derivation of (1.6)

Consider the system shown in Fig.B.1. In the presence of transmission errors, recon-
structed signal v(k) includes both the quantization error q(k) and the channel error

c(k). We can write,

q(k) = (k) —u(k), (B.1)

c(k) = u(k)—v(k). (B.2)

c(k)

a(k)
u(k)

Figure B.1: Transmission of quantized data over a noisy channel.
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Then, consider the reconstruction error,

E{(z(k) —v(k))*} = B{(z(k) — u(k) +c(k))’}

= B{(a(k) +c(k))*}
= B{q(k)’} + B{c(k)’} +2E{q(k)c(k)}  (B.3)
quantization error  channel error mutual error '

If the transition probability P;; = P(v(k) = v;lu(k) = v;), then the mutual error

becomes

E{q(k)e(k)} =Y > Py(vi — @j)/ (z — vi)p(z)dz. (B.4)

Vi Yj R
Now, if v;s are centroids of the intervals, i.e., quantizers are PDF optimized Lloyd-

max quantizers, the intergral part of (B.4) vanishes and the mutual error becomes

zero. Then,

E{(z(k) —v(k))’} = B{a(k)’}+ E{c(k)’}. (B.5)



Appendix C

The Sum-product Algorithm

We have used factor graphs and the sum-product algorithm to implement the joint
decoder. To see how this works, we will use the expansion given in (2.7). The marginal

function of p(x) for z; is,

pi(z1) = Z p2(22)p1j2(z1|22) Z p3j2(3|z2) Z paj3(Talzs) , (C1)
~{z1} ~{z2} ~{z3}
where > ) is the summary operation, in which, instead of listing the variables being
summed over, we list the variables that are not summed over. When the factorization
is presented as a factor graph, the sum-product algorithm can be described as a
procedure to calculate the marginals. The algorithm operates by passing messages
between the nodes of the factor graph. There are two forms of messages, messages
from variable nodes to function (u,.s) nodes and vice-versa (ts_.).
Product rule : At variable node z, take the product of expressions formed at

the descendants of z.

pzmf(T) = H Hhz (T), ' (C.2)

hen(z)\f
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p2 @ ® P12 ®
- : @ ‘_:.—_; i <_——_; X1
® ®
®)|t® ®
W P32
®}|te
®@ Pz ©
BE W
® ®

Figure C.1: Generated messages at each step of the sum-product algorithm.

where n(z) are the set of neighbors of z.
Sum-product rule : At a function node f, take the product of with expressions

formed at the descendants of f and then perform the not-sum over the parent of f.
proe(@) = [ FX) T[] m-s@) ], (C.3)
~{z} yen(f\=

where n(f) are the set of neighbors of f.

An illustrative example can be used to clarify this algorithm.

Example : Fig. C.1 shows the steps of running the sum-product algorithm on
the factor graph shown in Fig. 2.1. The messages generated at each steps are as

follows.
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Step 1:
My —py) (1)
Hzy—pys (24)
Hpa—zs (372)
Step 2:
Hhpypp e (T2) =
Hpyjz—zs (z3) =
Step 3:
Hzz—py), (1133)
Hzg—ps)a (@2)
Step 4:

Hpsjp—z2 (z2) =

Hpsp—zs (z2) =

=1
=1

= Z p2(ﬂ32) = p2(a:2)
~{z2}

Z p1|2(:L'1 !552)/~LE1—>P1|2 (xl) :

~{z2}

Z p4]3($4 IxS)/JJu—'PMs (234)
~{z3}

/'l’p4|3“"933 (.’E3)

= Ipy—as(T2) - Hpija—a2 (z2)

> Popa(®3]2) tag—pyy (3)
~{z2}

Z p3’2(l’3 ]$2)Mx2—>p3|2 (z2)
~{z3}
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Step 5:
Hzy—pq o (.272) = Mpyp—zo (z2) " Hpgjp—xo (x2)
Hzz—py) (T2) = Hpyoay(T2) - Hpsjp—a2 (z2)
Hzz—pyjs ($3) = Hpgp—as (553)
Step 6:
By (T1) = D P1j2(@1|T2) happy o (2)
~{z1}
Hpga—s(T1) = Y Papa(@alT3)agpys (T3)
~{za}

At the termination of the algorithm marginal functions can be computed using the
messages received at corresponding variable node. For example, marginal function

p(z2) would be calculated as

p(iEQ) = p2($2) " Bpyjp—zy (:UQ) " Hpgjp—zo (332)

Table C.1 summarizes number of additions and multiplications required at a node

with degree-d with @ level scalar quantization.

Table C.1: Complexity of the sum-product algorithm

Node Additions | Multiplications
Variable — d(d — 2)2%
Function | d(29¢ —29) |  d(d —1)2%9¢

It should be noted that there are no cycles present in the factor graph, i.e., cycle
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free. We refer such a factor graph as a factor tree. In such situations, the sum-
product algorithm calculates the marginal functions exactly.  However, if the factor
graph contains cycles, the sum-product algorithm may not calculate the marginal
functions exactly. In such situations, the sum-product algorithm has to be modified
to handle factor graphs with cycles.

When there are cycles in factor graph the sum-product algorithm follows the
same message passing rules which we have described in (C.2) and (C.3). The major
difference here is that, due to the presence of cycles, the algorithm will not naturally
terminate - instead it becomes iterative. In this situation, it is not clear where we
should initiate the message passing. We can get rid of this difficulty by assuming,
that a unit message has been received at each node at every incident edge. With
this assumption, it is possible to initiate message passing at any node in the factor
graph. An edge e of node f has a pending message, if node f has received a message
on any edge other than e. There are variety of message passing schedules available,
such as flooding schedule and serial schedule. The so-called flooding schedule follows
a simple rule - in each clock tick every node that has pending messages will send those
messages. In serial message passing, at most one message is passed anywhere in the

graph, in each clock tick. We have used the flooding schedule in the simulations.



Appendix D

Proof - Likelihood of a Bayesian

Network

The following proof is based on the Appendix of [32].

Let the sensor network has NN sensors and each sensor consists of a r,, n =
{1,2,..., N} bit scalar quantizer. Sensor observations X = (X1, Xo,... ,Xn)T are
quantized by the corresponding quantizers to produce the vector of indices 1 =
(I, Iy, ..., In)T. Then, each I, is a discrete random variable, where I, € {1,2,...,2™}.
As the training set, let there be M source samples. Therefore, the training index set
S isa M x N matrix.

Definitions

e We denote the parent set of I,, as ¥,,. For example, in P(I;|I, I3), the parent

set of Il is ‘I’l = (12,_[3).

e Let the 7% unique instantiation of ¥,, in S, be u,;. Suppose there are g,
unique instantiations of ¥,. As an example, for 1 bit/sample quantization,
instantiations of ¥, are u;; = (1,1), ue = (1,2), uis = (2,1) and ugp = (2,2).
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Then, ¢; = 4.

e L,;; denotes the number of samples, in which I, has value vy (where v, €

{1,2,...,2™}) and the parent, ¥, has value u,;.

Let us assume that the sample set S which is believed to be generated by a
Bayesian network As and we are free (without considering S) to assign conditional
probabilities P(I,|®,). Let the set containing all such P(I,|¥,) be Ap. Since I,’s

are discrete, we can write

PS,As) = | F(S|As, Ap)f(As, Ap) dAp

Ap

= F(S|As, Ap) f(Ap|As) f(As) dAp

Ap

— P(As) / P(S|As, Ap) f(AplAs) dAp. (D.1)

We consider a sensor network, in which the samples occur independently. Therefore,
M
P(S]AS7AP) = H P(8m|A57AP)7 (D2)

m=1

where s, is the m®* sample in S. But, we know

N
P(I;,I,..., In) = [ [ PU.I®,). (D.3)
n=1
Then
N
P(smlhs, Ap) = [ [ PUn = dum|¥r = uly, Ap), (D.4)
n=1 .

where d,,, denotes the value assignment of index I,, and «* is the value of the parent
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¥, of the sample m. Substituting these results in (D.1)

P(S|As) = / <H HP (In = dpm | ¥n = )) f(Ap|As) dAp. (D.5)

m=1n=1

Now, instead of considering a sample at a time, we can group the samples having the

same value assignments. Then,

N gn 7h
P(S|As) = / <HHHPI = v | ¥, unj,Ap)Lnﬂ> F(Ap|As) dAp. (D.6)

n=1j=1[=1

Before observing S, we are indifferent regading which numerical probabilities we have
to assign for P(I,|®,). i.e., selecting Ap is arbitrary. Therefore, we choose f(Ap|As)
as the uniform distribution.

Let O, = P(I, = vu|¥, = upnj,Ap). Then, Opy, I = 1,2,...,7, I8 itself a

probability distribution, while f(©nj1, ©njo2, ..., Onjr,) is uniform. Therefore,

/ / CrjdOnjy . . dOpzy, = 1, (D.7)
n_7l

where, f(Onj1, Onj2, - - - Onjr,) = Cnj. Now, we can write f(Ap|As) as [32]

N qn

FApIAs) = [T I #(Onjrs Onjzs - - - Onjr)- (D.8)

n=1 j=1

We have used the property of independence between f(On;1,Onj2,- .., Onjr,) and
f(@n/jll, @n/jIQ, Ceey @n/j/,,‘a) in (D8) By substituting (DS) in (DG)

N Qn

P(S|As) = / / (H@ng) (Oni1, Onizs - - - » Ongrs) dO111 - - . AOngor

'n-—lj 1

(D.9)
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By using the knowledge of Dirichlet’s distribution, we can deduce

Tn F(Ln1+1)F(Lnr +]-)
oL ) 401y ... dOngr, = : -~
/ / (H njl ) 111 qnTn T [(Lnjl + 1) + ...+ (Lnj’rn =+ 1)]
Luji!. .. Ly,
(Lnj + Ty — 1)'
;ll Lnjl
(Lnj + 70— 1)'

(D.10)

where T'(.) is the Gamma function and we use the knowledge, I'(2) = (z — 1)!. Note

that, Ln; = > ;% Lnj. Also, by substituting Ly; = 0 to (D.10)

1
/ / 8- dBryr, = - (D.11)
n]l

Then, from (D.7) and (D.11), C,; = (1, — 1)!. By substituting these results to (D.9)

N gn

P(sirs) = 111 Lnﬁ-;—l |H ) (D.12)

n=1j= 1

We can use (D.12) to find the likelihood of the training set S, given a Baysian network
As. To choose ¥, (in D.3), if there is a constraint of the maximum number of elements

in ¥, we can use (D.12).
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