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Abstract

The thesis is based on the design and analysis of a series of realistic deterministic
models for the transmission dynamics of Human Immunodeficiency Virus (HIV) and
Tuberculosis (TB) in a population. In addition to the enormous public health and socio-
economic burden each of these diseases inflicts globally, the synergistic relationship
between the diseases (where one disease accelerates progression of the other) has equally
devastating effects. First of all, a basic model for the transmission dynamics of the two
diseases, incorporating the essential epidemiological and biological features of the two
diseases, is designed. Appropriate dynamical systems theories and methodologies, such
as stability /bifurcation theory, center manifold theory, comparison theory, Lyapunov
function theory and Lasalle Invariance principle, are used to analyze the qualitative
dynamics of the model. The TB component of the model was shown to undergo
backward bifurcation, where a stable disease-free equilibrium co-exists with a endemic
equilibrium when the associated reproduction threshold is less than unity, due to the
exogenous re-infection property of TB disease. The HIV component of the basic model
has a globally stable disease-free equilibrium when its reproduction number is less than
unity.

The model is then extended to include an imperfect HIV vaccine and the directly
observed treatment, short-course (DOTS) for TB. Some of the main public health
contributions of the thesis include the following.

(i) an imperfect HIV vaccine, with modest efficacy, can lead to the elimination of
HIV from the community if the coverage rate is high enough.

(ii) TB transmission by latently-infected individuals play a vital role in the spread
of TB.

(iii) TB can be effectively controlled using DOTS with large enough coverage if latent
transmission and duration in the latent class are minimized.

(iv) a backward bifurcation in TB modelling was caused by exogenous re-infection,
whilst that in HIV in the presence of a vaccine arises due to the imperfect nature
of the vaccine.

(v) the treatment of people with active TB in the mixed HIV/TB class, with large
enough coverage, can eliminate the mixed HIV/TB infection in the community.
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Chapter 1

Introduction

The central theme of this thesis is the use of mathematical theories and methodolo-
gies to understand the transmission dynamics of two diseases of major public health
significance, namely the human immunodeficiency virus (HIV) and mycobacterium tu-
berculosis (TB). Before giving details of the mathematical formulations and analyses,
it is necessary to provide background information of each of the two diseases, as below.

1.1 HIV/AIDS

HIV, the causative agent of the acquired immune deficiency syndrome (AIDS), was first
recognized in the 1980s. Since then, the pandemic continues to pose unprecedented
threat to global health and human development. An estimated 34-46 million people are
currently living with HIV/AIDS and more than 20 million people have died from AIDS
during the last 20 years. AIDS is now the leading cause of death in sub-Saharan Africa
and the fourth-leading cause of death globally. The pandemic has cut life expectancy
significantly in many countries in sub-Saharan Africa. For example, life expectancy in
Botswana decreased from 65 years in 1985-1990 to 40 years in 2000-2005 [60]. Although
the pandemic seems to have stabilized in Africa, HIV is now threatening other major
global centres such as China, India and Russia [8, 16, 20]. The global and regional
trends of HIV/AIDS is depicted in Figures 1.1 and 1.2.



Global summary of the AIDS epidemic
December 2006

Number of people living with HIV in 2006

Total 39.5 million (34.1-47.1 million)
Adults 37.2 million (32.1-44.5 million)
Women 17.7 million (15.1-20.9 million)

Children under 15years 2.3 million (1.7-3.5 million)

People newly infected with HIV in 2006
. Total 4.3 million (3.6-6.6 million)
Adults 3.8 million (3.2-5.7 mitlion)
Children under 15years 530 000 (410 000660 000)

AIDS deaths in 2006 Total 2.9 million (2.5-3.5 million)
Adults 2.6 million {2.2-3.0 million)
Children under 15 years 380 000 (290 000-500 000)

Figure 1.1: The ranges around the estimates in this table define the boundaries within
which the actual numbers lie, based on the best available information [33].



Regional HIV and AIDS statistics and features, 2004 and 2006
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Figure 1.2: Regional HIV and AIDS statistics and features, 2004 and 2006 [33].



1.1.1 Socio-economic and public health impact of HIV

In addition to being a major public health problem, HIV/AIDS has far reaching con-
sequences to all social and economic sectors of society. It exacerbates poverty, reduces
educational opportunities, devastates the workforce, creates large numbers of orphans,
and exerts tremendous pressure on already limited health and social services. For ex-
ample, HIV/AIDS has cut annual growth rates in Africa by 2—4% per year [15]. The
annual economic loss of slower economic growth as a result of HIV/AIDS-related death
or disability in 50 countries (USA, Russia, 5 in Asia, 8 in Latin America, and 35 in
sub-Saharan Africa) during 1992—2000 is estimated at $25 billion [20)].

1.1.2 Replication cycle

HIV infects and replicates primarily in CD4% T cells. An infected individual typically
passes through several infection stages, being highly infectious during the pre-antibody
phase (primary infection stage; characterized by high viremia with over 10 million viral
copies per ml), maintaining low infectivity during the asymptomatic phase (secondary
infection stage), and becoming highly infectious as (s)he progresses toward AIDS (AIDS
stage) [16, 18, 26, 32, 37, 39, 45]. Figure 1.3 depicts the typical course of HIV disease
in vivo.

Studies of HIV RNA in infected individuals show that viral levels vary widely between
individuals, where individuals with higher viral loads during the chronic phase tend
to develop AIDS more rapidly [41]. Another crucial related fact is that RNA levels
are correlated with infectiousness [22, 49]. Thus, infected individuals in the primary
and AIDS stages are more infectious than those in the asymptomatic stage (because
of their high viral load).

1.1.3 Control strategies of HIV in a population

HIV is controlled in two main ways, therapeutically and preventively. The thera-
peutic component is primary based on the use of antiretroviral drugs (ARVs). Since
their introduction in the early 1990s [45, 46], ARVs, particularly the highly active an-
tiretroviral therapies (HAART), have had dramatic impact in curtailing the burden
(morbidity and mortality) of the HIV pandemic in many countries where these drugs
are accessible [44]. The use of such life-saving drugs, over long periods of time, reduces
the viral loads in HIV-infected individuals to non-detectable levels (typically charac-
terized by HIV RNA of less than 50 copies/ml) [34]. In addition to making these
individuals less infectious (owing to the positive correlation between viral load and
HIV transmission (22, 23]), HAART extends the life, and the quality of life, of infected
individuals [45]. Unfortunately, however, these drugs are still not widely available in
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Figure 1.3: The time course of HIV infection in a typical infected adult [45].

many resource-poor nations of the world. Further, their widespread use is associated
with the emergence and transmission of drug resistance strains, as well as numerous
side effects and toxicities.

Preventive strategies against HIV include the use of condoms, education about safer
sex practices, counseling, screening blood products, discouraging needle sharing etc.
Although these efforts have helped halt the spread of HIV to some extent in some
resource-poor nations, it is generally believed that the “best” way to curtail the AIDS
pandemic is via the use of an effective vaccine [12, 17]. However, it is unlikely that a
highly effective vaccine will be available soon. Instead, the current expectation is that



the most likely vaccine that will be developed in the foreseeable future may have lower
efficacy in protecting against infection and/or result in a shorter duration of protection
in successfully immunized people than most traditional vaccines.

1.2 Mycobacterium Tuberculosis

TB, an infectious disease caused by the bacterium Mycobacterium tuberculosis, affects
at least 2 billion people (one-third of the world’s population) and is the second greatest
contributor of adult mortality amongst infectious diseases, causing approximately 2
million deaths a year worldwide [55, 56, 61]. The recent World Health Organization
(WHO) report on global TB control [61] shows that although the number of TB cases
was stable or falling in 5 of 6 WHO regions in 2004, the number of cases in Africa
continues to grow (where the TB epidemic is still driven by the spread of HIV). Overall,
more than 80% of all TB patients live in 22 countries mostly in sub-Saharan Africa
and Asia. In the United States, about 10 to 15 million people have latent TB.

1.2.1 Transmission mechanism

TB is an airborne-transmitted disease. The causative agent of TB transmission is
Tubercle bacillus, which reside in the lungs of infectious individuals. The baccili spread
in the air when infectious individuals sneeze, cough, speak or sing. A susceptible
individual may become infected with TB if he or she inhales bacilli from the air. The
particles containing Mycobacterium tuberculosis are so small that normal air currents
not only keep them airborne but also transport them throughout rooms or buildings
[59]. Individuals who regularly share space with those with active TB (the infectious
stage of the disease) have a higher risk of becoming infected than those who do not.
Bacilli become established in the alveoli of the lungs from where they spread throughout
the body. Initially infected individuals typically undergo a long and varied period of
latency before the onset of active disease.

1.2.2 Control strategies of TB in a population

The high burden of TB infections in regions within Asia, Africa and some parts of Eu-
rope (notably the Russia federation and other eastern European nations) necessitated
a global effort, spear-headed by WHO, for the effective control of the TB epidemic
worldwide. This resulted in a number of global initiatives such as the “Stop TB Part-
nership”, “International Standards of Tuberculosis Care and the Patient’s Charter”
and “Global Plan to Stop TB”. The key components of these initiatives are to achieve
the Millennium Development Goal (of halting, and beginning to reverse the incidence




of TB by 2015), providing access to quality TB diagnosis and treatment (based on the
use of antibiotics) for all and, subsequently, saving millions of lives.

Control strategies to curtail the spread of tuberculosis are generally classified as the
directly observed treatment, short-course (abbreviated as DOTS) methods. The five
elements of DOTS are: political commitment with increased and sustained financing;
case detection through quality-assured bacteriology; standardized treatment, with su-
pervision and patient support; an effective drug supply and management system; and
monitoring and evaluation system, and impact measurement according to a publica-
tion on the subject by the World Health Organization’s website. The new six-point
strategy, developed by WHO over a two-year period, builds on the successes of DOTS
while also addressing the key challenges facing TB control in providing access to TB
treatment and care, including TB/HIV and MDR-TB patients.

1.3 Public Health and Socio-Economic Impact of
HIV/TB Interaction

It is believed that about 90% of individuals without the HIV infection who are infected
with TB do not develop active TB (the TB disease); while at the same time, HIV is
the most powerful risk factor for the progression of the TB disease from latency to its
active stage. Statistically, while an HIV positive individual infected with TB has a 50%
lifetime risk of developing TB, another individual who is HIV negative when effectively
exposed to TB has only a 10% risk of developing TB [43]. It has also been observed that
when CD4+ T cells count decrease in HIV-1 infected persons, the risk of tuberculosis is
increased either from primary infection or from reactivation of latent Mtb infection [42].
The socio-economic and public health implication of the coexistence of both diseases
in any given population, particularly among resource-poor nations, is enormous. HIV
patients in the AIDS stage die more quickly on having being additionally infected with
tuberculosis.

1.3.1 Control strategies against HIV /TB co-infection in a pop-
ulation

HIV is the main reason for failure to meet Tuberculosis (TB) control targets in high
HIV settings. TB is a major cause of death among people living with HIV/AIDS.
Sub-Saharan Africa bears the brunt of the HIV fuelled TB epidemic. The rapidly
increasing HIV epidemic in other parts of the world could also increase the number
of HIV-related TB cases. In order to control TB in high HIV settings, the DOTS
strategy should be complemented with additional collaborative TB/HIV activities.
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These collaborative TB/HIV activities have the objectives of creating the mechanism
of collaboration between TB and HIV/AIDS programmes, reducing the burden of TB
among People Living with HIV/AIDS (PLWHA) and reducing the burden of HIV
among TB patients [62].

1.4 Justification and Objectives

The enormous global impact of the HIV/TB co-infection demands rigorous qualitative
studies to gain insight into the transmission dynamics of these diseases in a population
and to evaluate their control strategies. Furthermore, relatively little has been done in
the study of disease dynamics in a population that is infested with both HIV and TB.

The main objectives of this study is to use mathematical theories and techniques to
address important questions associated with HIV/TB interaction in a population, such
as the following:

(i) What are the qualitative and quantitative community-wide impacts associated
with the use of control strategies such as the DOTS treatment (for TB) and an
imperfect HIV-vaccine for HIV?

(ii) What is the epidemiological impact of the transmission of TB by those with latent
TB and those with HIV/TB co-infection?

(i) What types of bifurcations does the HIV/TB transmission system exhibits?

(iv) What are the epidemiological thresholds (and conditions) that govern the persis-
tence or elimination of each of the two diseases and their co-infection?

1.5 Thesis Outline

The thesis begins with an introductory chapter (Chapter 1) describing the socio-
economic and public health impact of the two diseases. The main mathematical con-
cepts used in the thesis are briefly described in Chapter 2. In Chapter 3, a basic
deterministic model for HIV-TB interaction in a population is presented. The HIV-
only and TB-only sub-models of the basic model are rigorously analyzed in Chapters
4 and 5, respectively. The full model is analyzed in Chapter 6. The model is ex-
tended to include the use of imperfect HIV vaccine and treatment for TB in Chapter
7. Concluding remarks.are provided in Chapter 8.




Chapter 2

Mathematical and Epidemiological
Preliminaries

The mathematical models to be considered in this thesis will take the form of determin-
istic and compartmental systems of nonlinear ordinary differential equations (ODEs).
The models will be analyzed at steady state using appropriate dynamical systems
theories, tools and methodologies. Such analyzes would enable the determination of
important epidemiological thresholds that govern the persistence or elimination of the
disease being modelled.

In this chapter, some of the key mathematical theories and methodologies used in
this thesis will be introduced. Further, the associated epidemiological concepts will be
introduced.

2.1 Mathematical Preliminaries

Consider the following system of n first order, nonlinear differential equations (where
a dot represents differentiation with respect to time, t)

t=flz,t;pu); z2€UCRYteRueVCR,pne€Ziand0<p<n. (2.1)

Definition 2.1 Given a function z = z(t), an ordinary differential equation (ODE) is
an equation F(t,z,2',z",--- ,z%)) = 0, where 2’ denotes the first derivative of z with
respect to t, x”, the second derivative with respect to t, and in general, '® the k-th
derivative of x with respect to t provided each derivative in the function F has a degree
of 1. k is called the degree of the ODE F.

In view of Definition 2.1 above, the system (2.1) is an ODE system where the parameter
i is a constant and the notation z’ is used interchangeably with #.




A geometric interpretation of the above ODE system in (2.1) is as a vector field, so we
will interchangeably refer to system (2.1) as a vector field.

Definition 2.2 A solution of (2.1) is any vector or n-tuple z = & = (71, %2, 4 Tn)
such that
[& — f(@,t; p))lz=z = 0.

Definition 2.3 A system of the form (2.1) is said to be autonomous if the function f
does not explicitly depend on t, that is, if f = f(z). If f in (2.1) explicitly depend on
t, then system (2.1) is a non-autonomous system.

Thus, if (2.1) is an autonomous system, then, we can write
&= f(z), z€R™ (2.2)

Definition 2.4 If the ODE F(¢t,z, ', 2", ,28)) = 0 in Definition 2.1 can be rewrit-
ten in the form

k
> ai(t)e® = q(t), | (2.3)

=0
where q(t) and each a;(t) are functions of time t, then F(t,z,z',z", - 2B =0 s

said to be a linear ODE, otherwise, it is called a non-linear ODE.

Remark: In this thesis, we shall only consider nonlinear autonomous ODE systems.

Definition 2.5 An equilibrium Z(t) is said to be stable if there exists some numbers
§,€,t0,t > 0 where §,¢,t0,t ER, = 8(€), t > to such that if y(t) is a solution of (2.2)
satisfying |Z(to) — y(to)| < 8, then |Z(t) — y(t)| <e.

Definition 2.6 An equilibrium Z(t) is said to be asymptotically stable if all solutions
y(t) of (2.2) in |Z(t) — y(t)] < 7o, 7o € R converge to Z(t) as t — oo. That is, Z(t) is
asymptotically stable if (i) it is stable, and (i) there ezists a constant ro > 0 such that if
|Z(t) —y(t)| < To then tlg& |Z(t) — y(t)| = 0. If all solutions y(t) of (2.2) asymptotically
converge to the equilibrium point Z(t) of (2.2) only for initial conditions yo(t) close
to Z(t), then the equilibrium point Z(t) is said to be locally asymptotically stable
(LAS). If on the other hand, all solutions y(t) of (2.2) asymptotically converge to z(t)
for all initial conditions yo(t) in the feasible region of system (2.2), then the point Z(t)
is said to be globally asymptotically stable (GAS).

Local asymptotic stability means that not only do initial conditions close to the ” origin
of equilibrium” (that is, the equilibrium point Z(t)) stay close to the origin (stable),
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they also approach the origin asymptotically (the limit condition on the state). There-
fore, ”asymptotic stability” is a stronger condition than plain ”stability” (given in
Definition 2.5) because it requires that trajectories satisfy more restrictive conditions.
Furthermore, the condition of global asymptotic stability imposes yet more restric-
tive conditions than those on local asymptotic stability, on trajectories of all points in
system (2.2).

Some systems may have solutions that are different from the usual solutions computed
by basic methods (such as equilibria). These solutions do affect the stability of the
model’s equilibria, and are called closed orbits, because of the effect they have on the
shape of the phase plane diagrams obtained from the analysis of the models. One of
such closed orbits is called periodic orbits, as defined below.

Definition 2.7 Let = f(z), x € R™ be a vector field. z(t) is called a periodic solution
fax(t+T)=z(t), forallt >T > 0.

2.1.1 Limit sets

Definition 2.8 Let X denote the set of points such that if x € X, there is a neighbor-
hood U of z so that g(U)NU = 0, (0 being the empty set) for all non-trivial g € G (G
a group of homeomorphisms of a space onto itself). A point y is a limit-point if there
is a z € X and there is a sequence {gn} of distinct elements of G with gn(z) — y.
The set of limit-points is the limit-set.

In the study of dynamical systems, a limit set represents the state of a dynamical
system after an infinite amount of time, in other words, at steady state. Limit sets are
used to study the long term characteristics of dynamical systems. Examples of limit
sets include equilibrium points and periodic orbits.

Definition 2.9 A point g € R" is said to be an w-limit point of x € R"™, denoted by
w(z), if there exists a sequence {t;}, t; — oo such that ¢(t;,x) — zo.

Definition 2.10 A point o € R™ is said to be an a-limit point of x € R™, denoted by
a(z), if there exists a sequence {t;}, t; — —oo such that ¢(t;,z) — zq.

Definition 2.11 The set of all w-limit points of a flow is called the w-limit set, and
the set of all a-limit points of a flow is called the a-limit set [63].

Definition 2.12 Let S C R™ be a set. Then S is said to be invariant under the vector
field © = f(z) if for any zo € R™, we have z(t,0,z¢) € S for allt € R.

Definition 2.13 Ift > 0 in Definition 2.12, then S is said to be a positively invariant
set.
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2.1.2 Methods for local asymptotic stability of equilibria

Two standard methods used to investigate the local asymptotic stability of equilibria
in this thesis are the method of linearization and the next generation operator method
(which is a special case of the method of linearization). These are briefly described
below.

Method of linearization

Using our previous notation, the equilibrium solution of the system

(1) = f(=(t)) (2:4)

is given by Z(t). For the analysis of local stability of the equilibrium, we study the
effect of a small perturbation €(t) on the equilibrium point Z(¢) as follows. With this
perturbation, €(t), of the system about the equilibrium point Z(¢), the instantaneous
value z(t) of the system becomes z(t) = Z(t) + €(t), which on differentiation, yields
@(t) = Z(t) + é(t). Hence, (2.4) becomes

Z(t) + €(t) = F(3(2) + €(t)),
which, on applying Taylor series approximation, yields
z(t) + &(t) = f(z(t)) + DF(E())et) + O(let)*), (2.5)

where Df is the derivative of f with respect to ¢, and | - | is the norm of R™. Since
z(t) = f(z(¢)), (2.5) simplifies to

é(t) = DF(z(t))e(t) + Ole(®)). (2.6)

By ignoring the O(Je(t)|?) terms which comprises of higher order powers of ¢(t), we are
left with only linear terms in €(¢) (the resulting system is where the method gets its
name) and (2.6) becomes é(t) = D f(Z(¢))e(t). Further, since at equilibrium Z(t) = z,
we have

é(t) = Df(T)e(?) (2.7)

which yields the general solution
€(t) = e(0)exp[Df(Z)t], €(0) >0 (2.8)

where, €(0) = ezp(k) with k being a constant of integration. Clearly, the perturbation
(deviation from equilibrium point, Z(t)) is €(t) and if tlim €(t) = 0, then z(t) = Z(t) and

the equilibrium point Z is stable. Furthermore, from (2.8), we see that 7:lim €(t) =01s
— 00
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only possible if Df(Z) < 0, establishing the following result.

Theorem 2.1 If the eigenvalues of Df(Z) all have negative real parts, then the equi-
librium solution T of the vector £ = f(x) is asymptotically stable.

This method is quite laborious (even not feasible at times) to apply for large dynamic
- systems, such as some of the ones considered in this thesis. An alternative method
which is quite robust for large systems, is presented below.

Example 2.1 Consider the following system [57].
t=—z+2°, §=-2 (2.9)

The point (z = 0,y = 0) is one of the three equilibrium points of the system (2.9). We
use the method of linearization above to investigate the asymptotic stability of (0,0) as
follows. Setting fi = —x + 2° and fo = —2y, so that f = (f1, f2)T and the Jacobian,
Df(z,y) = J(z,y) of (2.9) is given by

oh of:
9z Oy —1+32%2 0
ofs Ot
oxr Oy

-1 0

Thus, J(0,0) = ( 0 9 > , with eigenvalues satisfying the characteristic polynomial

(A+1)(A+2) =0, so that A = —1 and Ay = —2. Since A\; < 0 and Ay < 0, then the
equilibrium point (0,0) is asymptotically stable.

The next generation operator method

The next generation method (developed by Diekmann and Hesterbeek [14] and refined
for epidemiological models by van den Driessche and Watmough [58]) is used to analyze
the local asymptotic stability of the disease-free or a boundary equilibrium. Epidemio-
logical models of Kermack-Mckendrick type, subdivides the total population (V) into
a number of mutually-exclusive compartments, with each representing a disease state
or type. Suppose a disease transmission model (with nonnegative initial conditions)
can be written in terms of the following system:

where, V; = V;~ — V¥, the function f and other quantities are as described below and
satisfy the given as follows. Let X, = {z > O|z; = 0,7 = 1,2,--- ,m} be the number

13



of disease-free (non-infectious) states of the model, where, z; is the number individuals
in compartment ¢, and the vector z = (z1,- -+ ,z,), z; > 0 represents the distribution
of the individuals within the population. Thus, N = 1 + zs, - ,z,. The following
conditions hold in the population.

(A1) if ; > 0, then F;, V", V" >0fori=1,2,---,m.

(A2) if z; = 0, then V;7 = 0 and in particular, ifz; € X, then V7 = 0 for i =
1,2,---,m.

(A3) ;,=01ifi >m.

(A4) if z € X, then Fy(z) =0and V;"(z) =0fori=1,2,--- ,m.

(A5) if F(x) = 0, then all eigenvalues of the matrix D f(zy) have negative real parts.
Here, F;(z) represents the rate of appearance of new infections into compartment i,
V.*(z) represents the rate of transfer of individuals into compartment i by all other
means, and V; (z) is the rate of transfer of individuals out of compartment 7. It

is assumed that these functions are at least twice continuously differentiable in each
variable [58]

Definition 2.14 (M-Matriz). Any matriz A, that can be written as
A=sl—-B,s>0,B>0

with s € R and B a matriz, for which s > p(B), the spectral radius of B, is called an
M-matriz [4].

Definition 2.15 A nonnegative matriz A is a matriz where all the elements are equal
to or greater than zero. That is, if A = (a;;), then Vi; a;; > 0.

Lemma 2.1 (van den Driessche and Watmough [58)) IfZ is a DFE of (2.10) satisfying
the azioms (A1) through (A5), then the deriatives F(Z) and DV (Z) are partitioned as

DF(:E)=<§ 8),DV(E)=<2 34)

where, F' and V are m x m matrices defined by,

p= [2P0) gy = [20] i1 <5 m
8.’13_7' al'j
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Further, F' is nonnegative, V, a nonsingular M-matriz and J3 and J; are matrices
associated with the transition terms of the model, and all eigenvalues of Jy have positive
real parts.

Theorem 2.2 (van den Driessche and Watmough [58]) Consider the disease transmis-
sion model given by (2.10) with f(z) satisfying azioms (A1) through (A5). If T is a
DFE of the model, then T is LAS if Ro = p(FV~') < 1 (where, p is spectral radius),
and unstable if Rg > 1.

2.1.3 Methods for global stability of equilibria

In this section, we shall discuss some standard methods for analyzing the global asymp-
totic stability of a dynamical system of the type (2.1). These include the use of the
Comparison Theorem, Lyapunov functions and the LaSalle’s Invariance principle, as
well as the use of Dulac’s criterion. These techniques are used in the thesis to prove
global asymptotic stability of equilibria.

Comparison Theorem

Definition 2.16 A function f is of type K in D if for each i and allt, f;(t,a) < fi(¢,b)
for any two points a and b in D satisfying a < b and a; = b;.

Theorem 2.3 Comparison Theorem. Let f be a continuous on R x D and of type
K where D is an open subset of R™. Let z(t) be a solution of ¢ = f(t,x) defined on
[a,b]. If z(t) is a continuous function on [a,b] satisfying 2 < f(t,z) on (a,b) with
z(a) < z(a), then z(t) < z(t) for allt € [a,b]. If y(t) is continuous on [a,b] satisfying
g > f(t,y) on (a,b) with y(a) > z(a), then y(t) > z(t) for all t € [a,b].

Lyapunov Functions

Lyapunov functions are a class of functions that can be used to prove the stability of
equilibrium points in dynamical systems. They are energy-like functions that decrease
along trajectories. The existence of a Lyapunov function in a given neighborhood
precludes the existence of closed orbits in the neighborhood [57].

Definition 2.17 A continuously differentiable real-valued function, f, is said to be
positive definite on a neighborhood, D, centered at the origin if f(0) =0, and f(z) > 0
for all other z € D. That is, f(0) =0, f(z) > 0V x such that 0 < |z| < oo, and

lim f(z) — 0.
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We now present a formal definition of a Lyapunov function and state the theorem that
states how the Lyapunov function can be used to investigate stability.

Definition 2.18 A scalar function V(z) : R® — R is said to be a candidate Lyapunov
function if it is locally positive definite (that is, if U is a neighborhood of x = 0 such
V(0)=0 and V(z) >0Vz € U.

We used the phrase “candidate” in Definition 2.18 above because the function V(z) is
only pronounced to be a Lyapunov function if it is used successfully to prove stability
as in the following theorem [31, 63]. '

Theorem 2.4 [47] Let E be an open subset of R™ containing xo. Suppose that f €
CHE) and that f(zo) = 0. Suppose further that there ezists a function V € C*(E)
satisfying V(zo) = 0 and V(z) > 0 if z # zo. Then,

(a) if V(
(b) i V(
(c) if V(z) >0 for allz € E ~ {x0}, zo 1s unstable

z) <0 for all z € E, x4 is stable
z) <0 for allz € E ~ {z0}, zo is asymptotically stable
)

A function V : R® — R that satisfies Theorem 2.4 is called a Lyapunov fucntion.

LaSalle’s Invariance Principle

In proving global stability in this thesis, Theorem 2.4 is combined with the LaSalle’s
Invariance Principle, described below.

Definition 2.19 Let V : R® — R be a function such that V(z) — oo as ||z|| — oo,
then V is said to be radially unbounded. '

Theorem 2.5 LaSalle’s Invariance Principle. Let & = f(z) be a vector field with
equiltbrium point T and suppose there is a positive definite, continuously differentiable,
and radially unbounded function V : R® — R, such that

av

5o (z=2)f(8) <W(2) <0, Yz eR™ (2.11)

Then, Z 1is globally stable and the solution z(t) converges to the largest invariant set S
contained in E = {z € R* : W(z) = 0}[24].

We now state as a variation of the above theorem which is attributed to Krasowskii
and Lasalle.
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Theorem 2.6 (Krasowskii-Lasalle Invariance principle) Let Q be a positively
invariant set of & = f(z). Let V : Q — Ryq be a continuously differentiable function
V(z) such that V(z) < 0,Vz € Q. Let E = {x € Q: V(z) = 0}, and let M be the
largest invariant set contained in E. Then, every bounded solution x(t) starting in Q
converges to M as t — o0.

The following is a useful corollary to Theorem 2.6 above.

Corollary 2.1 (Global Asymptotic Stability) Let z = 0 be the only equilibrium
of the system & = f(z). Let V : R® — Ry, be a continuously differentiable, positive
definite, radially unbounded function V (x) such that V(z) such that V(z) <0, Yz €
R". Let E = {z € R : V(z) = 0}, and suppose that no solution other than z(t) = 0
can stay forever in E. Then, the origin is globally asymptotically stable.

Example 2.2 Consider the following system [47).

:bl = -‘2.’L'2 + ToZ3 — CE:;'
Ci]z =T}y —T1T3 — .'Eg ) (212)
I3 = T1Tog — zg

Let © = (71,72, 33)7 and define V(z) = 22 + 22} + 22. The system (2.12) has an
equilibrium = = (0,0,0)T = 0. Clearly, V(0) =0, and V() > 0 Yz = (21, 2, z3) # 0.
Further,

. d

Viz) = Zﬁ(az% + 222 4+ 23) = 2318y + daody + 233y = —2(x] + 225 + 73)
Thus, V(z) < 0Vz € R3 . Hence, V(z) is a Lyapunov function. Furthermore, it follows,
by combining Theorem 2.4 with Corollary 2.1, that the equilibrium point z = (0,0, 0)
is GAS.

Remark. One setback with the use of Lyapunov functions is that there is no known
generalized method for formulating them and so they are generally not easy to find.

Dulac’s Criterion

For planar systems, the Dulac’s Criterion is used to exclude periodic orbits from the
steady-state of all solutions to the system & = f(z). We shall however be using
the Dulac’s Criterion along with the Poincaré-Bendixson theorem which suggests the
existence of periodic orbits or equilibrium points as the steady-state of the solutions
to the system & = f(x). We first state the theorems as follows.
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Theorem 2.7 (Poincaré-Bendixson [13]). Let w(a) be a non-empty w-limit set of
the vector field & = f(z) in R?, where f € C'. If w(a) is a bounded subset of R? and
w(a) contains no equilibrium points, then w(a) is a periodic orbit.

A more convenient form of the above theorem is the following Corollary.

Corollary 2.2 (Poincaré-Bendixson [13]). Let K be a positive invariant subset of
the vector field & = f(z) in R, where f € C*. If K is a closed and bounded set, then
K contains either a periodic orbit or an equilibrium point.

Theorem 2.8 (Dulac’s Criterion). If D C R? is a simply connected open set and

div(Bf) = 88 (Bf1) + é%(Bf?‘) > 0 (< 0) for all z € D where B is a C' function,

Ty
then the vector field & = f(z) where f € C! has no periodic orbit which is contained in
D. The function B(xy,z3) is called a Dulac function for the vector field in the set D.

Note that the notation “> 0 (< 0)” implies that div(B) is either positive (> 0) through-
out the region D or it is negative (< 0) throughout D (that is, the sign of div(B) should
not change within region D). It should also be noted that the investigation of global
stability here, relies on the fact that, by the Poincaré-Bendixson theorem, all solutions
of the system (:v) = f(z) converge, at steady-state to either equilibrium points or closed
orbits and that if we use the Dulac’s criterion to eliminate closed orbits as steady-state
options, then it follows that the equilibrium point is the only possibility to which all
solutions converge, and hence it must be a globally stable point.

Example 2.3 Consider the following system [38].
t=y+2° g=z+y+y’ (2.13)

We investigate the existence of periodic cycles as follows. Any function B = B(z,y)
involving only positive powers of z and y would do. In [38], B = 1 was used, however,
we shall use B = zy in this ezample as follows. With fi = y+ 2%, fo = z +y + 9%,
f=fi+fo,zi =2 and zo =y. Then,

9(B/f1) + 8(B/f2)
8$1 8.’172

div(Bf) =

= y+4yzd + 2% + 2zy + 4z,

From this example, we see that div(Bf) > 0 for all (z,y) € R%Z. Thus, by Theorem
2.8, there are no periodic orbits in the planar region. Hence, the equilibrium point
(z =0,y = 0) is globally stable.
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2.2 Epidemiological Preliminaries

Dating back to the 20th century, deterministic epidemiological models have been suc-
cessfully used to study the transmission dynamics and control of infectious diseases.
Records of early works include the use od a discrete-time model by Hamer in the study
of the recurrence of the measles epidemic in 1906 [25], the development of differential
equation models by Ross in the study of the incidence and control of malaria in 1911
[50] and the works by Kermack and McKendrick in the end of the 1920s [3, 35, 40] in
the study of epidemic models and the computation of a threshold, now known as the
basic reproduction number of a disease [28].

To date, the vast majority of mathematical models for infectious diseases are formulated
based on the frameworks in the aforementioned studies. In this approach, the various
stages of a disease (or the different types of diseases to be considered in a study) are
split into mutually exclusive compartments, each compartment representing a state
variable, and the number of compartments in the modeling would correspond to the
number disease-states in the population. A typical compartmental model is referred to
as the classical STR model which is effective in modeling the dynamics of the spread of a
single disease in a population; the state variables S, I, and R representing the number of
susceptible, the number of infected and the number of recovered individuals respectively
in the population. The total size of the population, usually denoted by the variable
N, would equal the sum of individuals in each compartment, which in the SIR model
would yield N+ S5+ 1+ R. It is customary to reflect the fact that these numbers change
with time, by appending the notation (¢) to each variable. Hence, for the SIR model,
the population size at a given time, ¢, would be written as N(¢t) = S(¢) + I(t) + R(1).

2.2.1 Deterministic versus Stochastic Model Formulation

A deterministic system is a system in which no randomness is involved in the devel-
opment of future states of the system. Deterministic models thus produce the same
output for a given starting condition.

On the other hand, a stochastic model is a tool for estimating probability distributions
of potential outcomes by allowing for random variation in one or more inputs over
time. The random variation is usually based on fluctuations observed in historical data
for a selected period using standard time-series techniques. Distributions of potential
outcomes are derived from a large number of simulations (stochastic projections) which
reflect the random variation in the input(s). Stochastic models are more suitable (over
deterministic ones) in a number of situations, such as when:

(i) systems of interest may be subject to external forcing that cannot be defined
except in probabilistic terms. Then, the behaviour of the system, insofar as we
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are able to describe it, must be thought of as stochastic;

(ii) the system may have a large number of interacting components that we cannot
describe individually and in detail. Thus, instead we view the statistical con-
glomeration of all the components and their interactions as a stochastic model;

(iii) the initial state of the system is frequently poorly known. In such a case there is
an ensemble of possible initial states whose time-dependent behaviour one might
choose to follow. Instead of following any one ensemble member it is preferable
to look at the entire ensemble in a collective, or, better, a stochastic framework;

(iv) the time frame of the process being modelled is short (so that the effect of ran-
domness and uncertainties cannot be ignored);

(v) or the sample size of the population being investigated is small.

The choice between deterministic- or stochastic-based modelling is often not an easy
one. This is compounded by the fact that real life systems and processes usually
comprise of components, some of which are best represented by random variables while
others are purely deterministic in nature. Rather than obtaining outputs that are
always the same for the same set of inputs, the outputs of stochastic processes have
elements that are based on probability value(s). Thus, the outputs are obtained as
averages over given spans.

Since this thesis addresses the dynamics of two diseases (HIV and TB) that have
relatively large time-scales (HIV replication may span decades; and, similarly, TB
dynamics in infected individuals may last decades) and affect large number of of people,
we shall use deterministic formulations throughout this thesis.

.2.2.2 Incidence functions

In formulating the model for his study of the recurrence of the measles epidemic, Hamer
(see [25]) assumed that the number of new cases of infection per unit time depends on
the product of the densities of the susceptibles and the infectives [28]. This assumption
formed a general framework for the development of mathematical models in studying
the dynamics of infectious diseases. The number of new cases of infection per unit
time is known as a disease incidence or the incidence function for a disease and it is a
measure of the spreadability or the infective force of a disease. We now develop from
first principles the two types of incidence functions broadly used in epidemiological
studies.

Consider an STR model in which the number of susceptibles, infectives, and recovered
individuals are denoted by S(t), I(t) and R(t), respectively. Let B(t) be the average
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number of adequate contacts (that is, contacts sufficient for disease transmission) of a
susceptible individual with others in the population per unit time, ¢. Then the total
number of contacts that a susceptible individual can make with infected individuals is

I
N

person might make with the entire population. This is equivalent to an average number

IS
N

Alternatively, the number of new cases due to the S(¢) class is given by AS where,
B0
N

referred to as standard incidence function [1, 2, 28], and the number of new cases of

B(t)I, yielding an average of effective contact per unit time, that one susceptible

for the S susceptible people in the population.

of effective contacts equal to

is the force of infection of the disease. Now, if §(¢) is constant, then AS is

IS
infection is given by incidence method is given by ﬂ——— However, if 4(t) is dependent

on the population size, N, then §(t) = BN, and A\S is referred to as mass action
incidence function [27, 28, 29], yielding the number of new cases of infection given by
BIS.

A relevant question to ask is which of these two incidence functions is suited for mod-
elling human diseases. Data [1, p.157][2, p.306] suggests that the standard incidence
formulation is more realistic for human diseases than the simple mass action method
[30]. Consequently, the models in this thesis will adopt a standard incidence formu-
lation. It should be mentioned that models with standard incidence formulations are,
generally, more difficult to analyze than those with the simple mass action incidence
formulation (This is because of the occurrence of the total population term, NN, in the

B(t)IS

als when the standard incidence formulation is used; adding more nonlinearity to the
system).

, for the number of new cases of infected individu-

denominator of the term,

2.2.3 Reproduction number

As mentioned above, a good analysis of an epidemiological model should produce re-
sults that are useful to health care practitioners and governments for the prevention
and control of endemic or pandemic diseases. These results are usually associated with
some epidemiological thresholds, which represent critical values beyond which the dis-
ease spread would be out of control, and thus are benchmarks for characterizing the
dynamics of diseases. One of such epidemiological thresholds is the basic reproduction
number [14, 21, 28, 58|, denoted by Rg, which is defined as the the average number
of secondary cases generated by a single case of an infected individual that is placed
in a population that consists of individuals that are completely susceptible to the dis-
ease. Thus, the disease persists if Rg > 1, and dies out if Ry < 1. Thus, the point
Ro = 1 represents a point of transition from a stable disease-free equilibrium (for which
Ro < 1), to an endemic equilibrium (for which Ry > 1). That is, Ro = 1 is a forward
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bifurcation threshold. However, in some disease-models, the phenomenon of backward
bifurcation (see, for instance, [10, 16, 51, 55, 58]), occurs where a stable disease-free
equilibrium co-exists with a stable endemic equilibrium when Ry < 1.

2.2.4 Global stability and backward bifurcation

As we shall see later in this thesis, every equilibrium point that is stable is associated
with a condition (for stability) that is often described in terms of the basic reproduction
number of the model. Bifurcation refers to a change in the states of equilibrium (that
is, a change from one type of equilibrium to another). epidemiologically, bifurcation
occurs when there is a change from disease-free to endemic equilibria (vice-versa), and
the change occurs at a bifurcation point. The change in equilibria can either be for-
ward or backward. these two terms shall be formally encountered and mathematically
described in later chapters. As we shall also see, global stability is affected ny backward
bifurcation. Thus, one method with which we shall be establishing global stability is to
investigate the existence or nonexistence of backward bifurcation. One robust method
for doing this uses the Center Manifold Theory [9] which is discussed in Section 6.3.

2.2.5 Local versus global stability

The discussion in the last section gives some insight into what global stability is. On
the other hand, local stability can be inferred from Definition 2.6 given early above.
The implication of the definition is that only initial conditions that are sufficiently close
to the equilibrium point converge to the equilibrium point, and that we do not have
any guarantee that initial points that are not close will converge to the equilibrium
point in question. Global stability is more extensive and would require that any initial
condition (chosen in the feasible region of the model) converge to the equilibrium point.
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Chapter 3

Formulation of Basic HIV/TB
Model

3.1 Model Formulation

In order to gain insights into the transmission dynamics of the two diseases in a com-
munity, a basic model which incorporates many of the essential epidemiological and
biological features of each of the two diseases is designed below. The basic model will
be of a form of a deterministic system of non-linear differential equations. In line with
the conditions outlined in Section 2.2.1 for stochastic modelling, we outline similar
assumptions that were made to justify the choice of deterministic modelling framework
as follows.

(i) the model is assumed to be characterized by constant flows of individuals into
the system and between the disease compartments; '

(ii) the population size considered are relatively large;

(iii) all the mathematical analysis to be carried out are at steady state. Thus, for such
a long time, it is plausible to assume that the associated stochastic properties
can be well represented by their deterministic equivalents;

(iv) considering large scale stochastic systems fall beyond the scope of this thesis.

The total population at time ¢, denoted by N(t), is sub-divided into six mutually-
exclusive compartments (classes), namely: individuals susceptible to both diseases
(S(t)), individuals infected with HIV only but show no clinical symptoms of AIDS
(I1(t)), individuals infected with HIV only displaying clinical symptoms of AIDS(A(t)),
individuals exposed to tuberculosis (L(t)), individuals with active TB only (T'(t)),
and individuals dually-infected with both HIV and TB only (M(¢)) so that N(t) =
S(t)+ I(t)+ A(t) + L(¢t) + T(t) + M(t). For mathematical convenience, it is assumed
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that individuals in the M (¢) and L(¢) classes do not transmit infection to others.
These assumptions will be relaxed in the extended model in Chapter 7. Individuals in
all classes suffer natural death at a rate pu.

Individuals are recruited into the sexually-active population at a rate II, and these
individuals are agssumed to be susceptible. Susceptible individuals acquire HIV infec-

tion, following contact with HIV-infected individuals in the I or A class, at a rate
A = ﬂh(I + ’I’}hA)

population, and 7, is a modification parameter that models the relative infectiousness .
of individuals in the AIDS class, A, in relation to those in the I class. In other words,

, where [, is the associated effective contact rate, IV is the total

since individuals with AIDS have higher viral load (and there is positive correlation
between viral load and infectiousness [49]), it is assumed that individuals with AIDS
are more infectious than those in the I class.

Similarly, susceptible individuals acquire TB infection following contact with individ-

T
uals in the active TB class at a rate A\, = ét——, where (; is the associated effective

contact rate. Individuals in the I class acquire TB infection (and move to the mixed
HIV/TB class) at a rate 8,\;, where the modification parameter ¢, > 1 accounts for
the assumed increase in susceptibility to TB infection among those infected with HIV
[52]. Similarly, individuals at the AIDS stage of HIV infection acquire TB infection
at an increased rate @xmpA;, where the parameter 7, > 1 accounts for the fact that
individuals with AIDS are more likely to get TB infection that those in the I class
(owing to the higher viral load and diminished immune response of AIDS people in
comparison to those in the I class). Individuals in the I class develop AIDS symptoms
at a rate op; and those in the AIDS class suffer an additional HIV-related mortality at
a rate 4,.

Individuals in the latent class of TB infection acquire HIV infection (and move to the
mixed infection class) at a rate A;. Latent individuals are re-infected (exogenously)
with TB, following contact with individuals with active TB, at a rate r\;, where r > 0
is the exogenous re-infection parameter. Individuals in the L class develop active TB
(via endogenous reactivation) at a rate oy.

The population of active TB individuals (T') is increased following the exogenous rein-
fection and endogenous reactivation of latent TB individuals. People with active TB
acquire HIV infection at the rate Ap, and suffer a TB-induced mortality at a rate d;.
Similarly, individuals in the mixed HIV/TB class die at a rate 6.
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Putting all these together, the basic HIV/TB model is given by the following deter-
ministic system of differential equations. (A flow diagram of the model is depicted in
Figure 3.1, and the associated parameters and variables are described in Table 6.1).

as
—_— = II - -5 -
— AnS — XS — uS,
ﬁ = )\hS - eh/\tI - O'h.[ — ;I,I,
dt
A
%? = O'hI - 9h77h>\tA - ,LLA - 5aA,
E = )\tS - )\hL - T‘/\tL - O'tL - /,LL,
ar
E = TAtL -+ O'tL - /\hT — /LT - (StT,
dM
E Hh)\tf + ghnh/\tA + )\hL + /\hT - /,LM - 5mM,
A T
where, A\, = Mj\}nh—), Ay = %\—[—- and N=S+I+A+L+T+ M.

It should be mentioned that the HIV components of the model (3.1) is in line with
some of the published models for HIV epidemiology (see for instance [16, 21, 26, 32,
39, 48, 51, 52, 53, 54]). Similarly, the TB component of the basic model (3.1) follows
the general formulation in earlier studies, such as [5, 6, 7, 10, 11, 19, 52, 55].
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Figure 3.1: Flow diagram of the basic HIV-TB model (3.1).

The model (3.1) is among the very few models designed for the HIV/TB co-infection
in the literature ([43, 52]).

In the following section, the basic dynamical features of model (3.1) will be investigated.

3.2 Invariant Region
Solutions to (3.1) are defined in the biologically-feasible region given by
D = {(S,[,A,L,T,M) € R}; S+I+A+L+T+M<II/u}. (3.2)

The region D will be shown to be positively-invariant and attracting as follows. Adding
all the equations in (3.1) gives

dN

'E:H_,U'N_daA_atT—"émM~ (33)
. . . . . dN(?)
Since the right hand side of (3.3) is bounded by II — uN (that is, o <II—-puN), a
I
standard comparison theorem can be used to show that N(t) < N(0)e#t + —(1 —e™#).
K
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Consequently, N(t) < I for N(0) < E Additionally, whenever N(t) > E, then
dN(t)/dt < 0. Hence, egery solution of the model (3.1) that originates in D l;emains
in D as t — oo (so that the w-limit sets of (3.1) are contained in D and D attracts
all solutions in R?). Thus, D is positively-invariant and attracting. It is therefore
sufficient to analyze the dynamics of the flow associated with (3.1) in D and that the
system (3.1) is (mathematically and epidemiologically) well-posed in D [28].

In the subsequent chapters, we shall first analyze the qualitative dynamics of the asso-
ciated sub-models, namely: the HIV-only sub-model and the TB-only sub-model. The
main motivation for this is that by so doing, we will progressively build understanding
of the qualitative dynamics of the interaction between HIV and TB.
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Chapter 4

Analysis of the HIV-only
Sub-Model

The HIV-only sub-model is obtained by setting all the TB-related variables and pa-
rameters in (3.1) to zero (that is, set L(¢t) = T'(¢t) = B¢ = 0), is given by the following
system of differential equations.

as

= = I - S —puS

dt hS o,

dl '

EZ = )\hS—OhI-—/,LI, (4.1)
dA

- = ol — pA — 8,4,

where, now, N = S+ I+ A (with the other variables and parameters of this sub-model
as defined in Table 6.1). The dynamics of (4.1) will be considered in the following
region

Dn = {(S(),1(t),At)) € R S(E) +I(t) +A(t) < TT/u}. (4.2)
Using the approach in Section 3.2, it can be shown that the region D} is positively-
invariant.

4.1 Stability of the DFE

In this section, we shall obtain an expression for the DFE of the sub-model (4.1),
define the basic reproduction number for the sub-model, and analyze the local and
global stability of the DFE.
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4.1.1 Local stability of the disease-free equilibrium

Br(I +nnA)

N =0 in

The HIV-only sub-model has a DFE, obtained by setting A, =
(4.1), given by

En = (S*,I7,A%) = (IL/u,0,0). (4.3)

Using the next generation operator method [58] on the HIV-only sub-model (4.1), the
non-negative matrix, F, of new infections in each compartment, and the M-matrix, V,
of the transfer rates of individuals between compartments, are respectively, given by

BrS™  BrmnS™
F=| N+ "N~ and V=<"’”L“ 0 ) (4.4)
0 0 —0Oh 50. + 2
Since F and V are computed at the DFE, it follows that N* = §*. Thus,
Br Brin >
F= . 4.
(% o (45)

The basic reproduction number of infection, denoted by Ry, is given by Ry, = p(FV 1),
where p is the spectral radius (or dominant eigenvalue) of the matrix FV 1. Since,

Fy-! = 1 [ Br(8a + p+0onmn)  Bunn(on + p)

(o'h'*‘ﬂ)(aa'f'/*") 0 0 ’

it follows that,
Br(8a + 1+ nron)

(on + 1) (da + 1) .
Thus, using Theorem 2 of [58], we have established the following result.

R = p(FV-Y) (4.6)

Theorem 4.1 The DFE of the HIV-only sub-model (4.1) is locally asymptotically sta-
ble (LAS) if Ry < 1, and unstable if Ry > 1.

Deﬁnition 4.1 The threshold quantity, Ry, is the basic reproduction number for HIV-
infection. It measures the average number of secondary cases generated by a single HIV
case in a completely susceptible population.

Theorem 4.1 shows that HIV can be eliminated from the community if R, < 1 provided
the initial number of infectives is small enough (that is, if the initial number of infectives
is in the basin of attraction of the DFE). In order for such elimination to be independent
of the initial conditions, a global stability result is needed. This is provided below.
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4.1.2 Global stability of the DFE

We state the following theorem for the global stability of the DFE (4.3) of the sub-
model (4.1).

Theorem 4.2 The DFE of the HIV-only sub-model (4.1) is globally asymptotically
stable (GAS) n Dh, 2th < 1.

Proof
Consider the following Lyapunov function:

P = (b + ba + mmor)l + nrlon + p)A, (4.7)
with Lyapunov derivative
P = (u+ 6o +naon)] +nu(on + p)A

IS AS
= (N+5a+77h0'h)<ﬁl}v +'8"77]’\‘, —UhI—uI>

+1n(on + ) (on] — 6. A — pA)

= {(u+6a+nh0h) [% - (0h+//«)} +Uh77h(0h+#)} I

BrnnS

+ [(u + 0a + MhOR) — Na(on + 1) (6o + u)] A

IA

{1t + 00 + 1mow) [Br — (on + u)] + onnn(on + @)} I

+ [Brnn (i + 0o + nrow) — mr(on + 1) (0 + )] A (since S < N)
= [Bu(p+ 64 +maow) — (o + 1) (6, + p)) I

+7n [Br(i + ba + mwon) — (on + 1) (6o + )] A

(on + 1) (0a + 1) (R — 1)(I + nnA)
0 (if Ry <1).

IA B

Since all the model parameters are non-negative, it follows that P <O0for Ry <1
with P = 0 only if ] = A = 0 (note that equality holds only if $ = N = II/u, which
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corresponds to the DFE, &). Hence, P is a Lyapunov function on Dy. Furthermore,
&y is the single compact invariant set in Dj,. Consequently, by LaSalle’s Invariance
Principle [24], every solution to the equations of the HIV-only sub-model (4.1), with
initial conditions in Dy, approaches &y as t — 0. O

The epidemiological implication of Theorem 4.2 is that HIV will be eliminated from
the community if Ry, < 1 regardless of the initial sizes of the model variables.

4.2 Existence and Stability of Endemic Equilibria

In the above, we considered the DFE of the sub-model (4.1) and analyzed it for its
local and global asymptotic stability. Another type of equilibrium that system (4.1)
can have is an endemic equilibrium, where the disease is present in the population. We
now obtain conditions for the existence of these types of equilibria and also carry out
their stability analysis.

4.2.1 Existence of endemic equilibria

Let &y = (§**, I"™*, A**) represents any arbitrary endemic equilibrium of the HIV-only
sub-model (4.1) (that is, an equilibrium point where at least one of the components
I** and A** is non-zero). Solving for the variables in (4.1) and simplifying gives the
following components of &y,

g I(on + 00 + )
(8 + ) (o + 1) Ry — 1) + p(on + 6, +p)’
% __ (50 + /‘L)(Rh — 1)8** ‘
R e s R (48)
A** _ O'h(Rh - 1)5**

(oh+6a+p)

Consequently, the sub-model (4.1) has a unique endemic equilibrium which exists (that
is, it is biologically meaning) only if R, > 1. This result is summarized below.

Lemma 4.1 The HIV-only sub-model (4.1) has a unique endemic equilibrium point
(EEP), denoted by &1, whenever Ry > 1.

The local stability of &5 is now explored.
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4.2.2 Local stability of the endemic equilibrium

Br(I** + mp, )_ (4.9)

AZ* = N**

Then, it follows, using (4.8), that

_ (on+ 1)+ 1)

A**
h U}L+5a+#

(Rp —1). (4.10)
Furthér,
N* = 5% 4 [™ + A*™ = R, 5™ (4.11)

The stability of &, will be determined by linearizing the system (4.1) around &5 as
follows. The Jacobian, J, of (4.1), evaluated at &1y, is given by

Jii— K J12 J13
J(Ewn) = Ja1 Joo — (0 + ) Jo3 (4.12)
0 Oh —(6+p)

where,
Ji1 J21 N N g

L _ﬂhS** ;Bh(-[** + nhA**)S**
Ji2 = —Jo2 = N** N**2 ) (413)

J13 J23 N N2

Using (4.9) and (4.11), the quantities in (4.13) can be re-written as

1
] = — 1 et )\** 1 — e
Jiu1 221 h ( Rh)

= —y = Bn
12 22 Rh Rh (414)
Brnn
J13 = —Ja3 = R + Rh

Substituting (4.14) in (4.12), it follows that the eigenvalues of J(&p) satisfy the fol-
lowing characteristic polynomial:
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N4 ai )%+ aph + a3 =0, (4.15)

where,

onnn(on + 1)

a; = AF+2u+0,+ ,
! h pon On + p+ onmn

HORTIR
ay = (6 HA) Hon +p) (A s 19
as (On + ) (1t )+ (on u)<h+5h+ﬂ+0h77h> ( )

Ao {pon + (0n + p)[pRe + on(Ra — 1)]}

R '
It should be noted that whenever Ry > 1, the components I**; A** and A;* are all
positive (see (4.8) and (4.10)). Thus, each of the coefficients a;, a; and a3 in (4.16) is
positive provided R, > 1. Furthermore,

az =

Ohﬁh(0h+ﬂ)]

— = |A+2 é
aiasg as |:h + ,LL+ h+5h+,u+0'h77h

X

HOpTR
O+ ) (n+ AP A4
[(h ) (1 h)+(ah+u)<h+5h+ﬂ+0h7}h>}

M {pon + (On 4 p)[WRe + on(Re — 1)}
Rn

Uhﬂh(0h+ﬂ)]

= |2t
{h Hor O On + 1+ ormp

HO RN
5 A M= e
X [( ) (e + h)+(0h+“)< h +5h+l$+0h77h>:|

non(0h+ 1) A uon
Rh Rh

— A% (O + 1) (1 + on)

_ [,\;;* Fop 5y + Zont ) }

On + 1+ opmp
' . BornR(on + ﬂ)}
% ) AF* AL +u) + —_———
G 4 ) o )+ T
AN*ond
+ thh—/\Z*(éh+M)(u+oh)
h
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_ {/\Z*JFMJF 0h77h(0h+u)]

Sp+ i+ Ornn
#Uhnh(0h+u)]
X |(6n+ + A5+ A (o + p) +
[( Rl ) wlontp) O + 1+ OrMp
+ (p+6n) |:(5h + ) (e 4+ X)) + A (o + 1) + W}
Sp+ 1+ opmn
R OROh
S0 (54 )+ o)
h
& n + b+ TTn
#Uhﬁh(0h+u)]
X (0 + ) AT (g, o) e B TR T T
|:( h /‘L)(p' h)+ h(o-h p,) 5h-|—lu+o-hr,7h

pornn(on + u)] N A ondn

4 (m+6n) | (Gn+ )+ A7) +
(4 80 |G-+ ) ) 4 ST 2

> 0 for Af* >0 (e, Rp>1).

Thus, ajas — az > 0 whenever Ry, > 1. Therefore, it follows from the Routh-Hurwitz
criterion that the eigenvalues of the matrix J(&1p) all have negative real parts, estab-
lishing the following result.

Theorem 4.3 The endemic equilibrium of the HIV-only sub-model (4.1) is LAS when-
ever Ry, > 1, and unstable otherwise.

It is not easy to prove the global stability of the endemic equilibrium of the HIV-only
sub-model (4.1). Here, we provide a global stability proof for a special case for which
8a = 0. Setting 6, = 0 in (4.1) gives

as

— = II—MS—uS

dt h o,

dl

- = —on] —

o ApS —opd — pl, (4.17)
dA

—Cz't‘ - O'hI'—/.LA.
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dN
For the reduced HIV-only sub-model (4.17), it is easy to see that il II — uN.

Like in the case of the HIV-only sub-model (4.1), model (4.17) has a unique endemic
equilibrium given by (4.8) with §, = 0. We claim the following result.

Theorem 4.4 The endemic equilibrium of the reduced model (4.17) is GAS in Dy\Dy,
with Do = {(S,1,A) € Dy: I=A=0} whenever Rp|s,=0 > 1.

Proof

Note, first of all, that the equilibrium &5, of (4.1) is LAS whenever Ry, > 1. Thus, the
N

unique EEP of (4.17) is also LAS whenever Rp|s,—0 > 1. Since a;_t =II—uN, it follows

that N — II/u as t — oco. Consequently, using S = N —I — A=1I/u— I — A, and

substituting for A, (4.17) reduces to the following two-dimensional limiting system.

aL_ BlIEmA) 1Ay (ot

d T/
aa (4.18)
a M TR
Using Dulac’s Criterion [47] with multiplier 1/ A, it follows that

0 | Bl +mnd) (on + 1) 0 (on p

af[ [AT),  We—I-4)-—F +6A<A I)

| Brtt | Bamnp A Oh : (4.19)

B [H+HI2 ! I/u T

<0 since II/p = N > A in Dy,

Thus, by Dulac’s Criterion, there are no periodic orbits in the region D,\Dy. It follows,
by Poincaré-Bendixson theorem, that all solutions of the limiting system (4.18) starting
in the region Dy\Dg with I > 0 and I+ A < N = II/pu approaches (I**, A**) as t — oo.
Since the EEP of (4.17) is LAS whenever Rp|s,=0 > 1 (see Theorem 4.3), the absence
of periodic orbits in Dp\Dy shows that the EEP of (4.17) is GAS in D, \Dy whenever
Rhlsa=0 > 1. U
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4.3 Numerical Simulations

Numerical simulations of the HIV-only sub-model (4.1) are carried out, using the set
of parameter values tabulated in Table 4.1, to illustrate some of the theoretical results
obtained in this chapter. It should be emphasized that these parameters in Table 4.1
(and the rest of the thesis) are chosen primarily to illustrate the theoretical results; and
some of the estimated values used may not be very realistic epidemiologically. With the
set of parameter values in Table 4.1, R, = 0.6420 < 1 (so that by Theorem 4.2, the DFE
is GAS). The time-series of total infected individuals at time ¢, I(t)+ A(t) using various
initial conditions is depicted in Figure 4.1. It illustrates that the DFE is GAS. On the
other hand, when the model parameters are changed such that R, = 8.7032 > 1, the
infected components converge to some non-negative values, signifying the persistence
of HIV in this case (see Figure 4.2).

4.4 Summary

In this chapter, a three-dimensional compartmental model for HIV transmission is
considered. The model has two equilibria, namely a DFE and a unique endemic equi-
librium, which exists whenever a certain epidemiological threshold, known as the basic
reproduction number, Ry, exceeds unity (that is, Ry > 1). It is also shown, using
the theory of Lyapunov function and LaSalle Invariance Principle, that the DFE is
globally-asymptotically stable whenever Ry, < 1. Furthermore, it is shown that the
unique endemic equilibrium is locally asymptotically stable whenever it exists. The
epidemiological implications of these results is that HIV can be eliminated from the
community if Ry < 1, and will persist if R, > 1. A limiting case, where the HIV-
induced mortality parameter J, is set to zero, is also considered. By using a suitable
Dulac function and Poincaré-Bendixson theorem, this limiting system is shown to have
a globally asymptotically stable endemic equilibrium whenever Rpls,—0 > 1.
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Table 4.1: Parameter values for the HIV-only sub-model (4.1)
Nominal Value

Parameter (year)™! Reference
II 5000 [48]
B, 0.3 assumed
o 0.5 assumed
h 1.2 assumed
O 5.3 assumed
© 1/50 assumed
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total number of infected individuals, I{t)+A(t)

15 20 25 30
time t (in years)

Figure 4.1: Total infectives as a function of time for different initial conditions for the
HIV-only sub-model (4.1), using the parameters in Table 4.1 (so that R, = 0.6420 < 1).
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Figure 4.2: Total infectives as a function of time for different initial conditions for the
HIV-only sub-model (4.1), using the parameters II = 500, 8, = 1.3, nr, = 7.2, o5 = 0.6,
d, = 1.3 and p = 1/30 (giving Rp, = 8.7032 > 1).
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Chapter 5

Analysis of the TB-only Sub-model

The TB-only sub-model, obtained by setting all the HIV-related variables in (3.1) to
zero (that is, I(t) = A(t) = M(t) = 0), is given by

ds

bt —

dt )\tS /,LS,

dL

= = MS — 1ML — oL — pl, (5.1)
% = L+ oL — 6T — uT,

where, now, N = S + L+ T. The solutions of (5.1) are defined in the feasible domain
given by

D, = {(S(t),L(),T() € R®: S+ L(¢) + T(t) < I/u}. (5.2)

As in Chapter 3, it can be shown that the region D, is positively-invariant.

5.1 Local Stability of DFE
| The DFE of the TB-only sub-model (5.1) is given by
E = (S*,L*T%) = (II/p,0,0). (5.3)

For the system (5.1), the associated next generation matrices are given by
0 :Bt (o =+ 12 0
F= d V= .
( 0 0 ) - ( —0; Gt p
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so that, R, = p{FV 1) is given by

_ Bio
Re = (Ut + }L)((Sz -+ ,M). (5'4)

Thus, using Theorem 2 of [38], we have established the following result.

Theorem 5.1 The DFE of the TB-only sub-model (5.1) is LAS if Ry < 1 and unstable
TR > 1.

Definition 5.1 The threshold, R, is the basic reproduction number for TB-infection.
It measures the average number of secondary cases generaled by o single TB case wn u
completely susceptible population.

Theorem 5.1 shows that TB can be eliminated from the community if R, < 1 provided
the initial number of TB cases is small enough (that is, if the initial number of TB
cases is in the basin of attraction of £y). A stronger (global} stability result will be
given for a special case of the TB-only sub-model (5.1) in Section 5.4.

The existence of endemic equilibria for the TB-ouly system (5.1) is explained next.

5.2 Existence and Stability of Endemic Equilibria

Let £y = (5™, I, A*) be an arbitrary endemic equilibrium of the TB-only sub-model

h o
(5.1). Let
ﬁtT**

N**
Using A;™ in {5.1), it follows that the variables S, L, and T' at steady state, take the
form:

k
AY =

with N* = §* + L™ + T (5.5)

S** — H ’
A+
/\:«*S**
L** — i , ]
?"/\:*"{“O't"f’,u (5 6)
e = AN+ 0)S”

Gt A+ o )

Substituting (5.6} in (5.5), noting that N*™* = 5™ + L™ 4+ 7™ and after some simplifi-
cations, gives the following quadratic cquation in A}™:

aX*t 4+ A + =0, (5.7)
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where,
a = T,
= (r+1)(6 +p) + ot — b4, (5.8)
¢ = (oe+p)G+p)(1—Ry).

Thus, we have established the following results.

Theorem 5.2 The TB-only sub-model in (5.1)

(i) has a unigue endemic equilibrium when ¢ < 0,

(i3) has a unique endemic equilibrium whenever b < 0 and either ¢ = 0 or b*—4ac = 0,
(143) has two endemic equilibria whenever b < 0 and ¢ > 0,

(v) has no endemic equilibrium, otherwise - that is, whenever b > 0 and ¢ > 0

Unlike the HIV-only sub-model, the above theorem shows that the TB-only sub-model
can have multiple endemic equilibria when ¢ > 0 (R > 1) and b < 0. This is of-
ten a signature for the phenomenon of backward bifurcation, where a stable endemic
equilibrium coexists with a stable disease-free equilibrium (&g).

The epidemiological implication of this phenomenon is that the classical requirement
of having the associated reproduction number R; to be less than unity is, although
necessary, now no longer sufficient for the effective control (or elimination) of the
disease in the community. In such a case, the elimination of the disease will depend on
the initial size of the sub-population of the model.

This possibility of backward bifurcation in (5.1) is now explored below.

5.3 Backward Bifurcation in the TB-only Sub-model.

Using the third equation in (5.8) to substitute for ¢ in (5.7) yields the quadratic equa-
tion,
a(A)2 + b + (¢ + p) (6 + ) (1 — Ry) = 0, (5.9)

and solving for R;, we have,

1 *%2 o )
R = o G ) [aAd™ + DA + (0 + 1) (8 + p)]. (5.10)

Since ¢ = r > 0, it follows from (5.10), that R; has a minimum value at the point
when A\}* = —b/2a = —b/2r (this point corresponds to the condition b — 4ac = 0,
which is obtained by substituting A\}* = —b/2a into (5.7)). This minimum value of R,
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in (5.10), denoted by R}, and also referred to as the threshold or critical value of R,
is given by (entails setting A}* = —b/2a in (5.10))

b2

Rf=1- .
¢ da(oy + p) (6 + )

(5.11)

For co-existence of both the disease-free and endemic equilibrium at a backward bifur-
cation, it is necessary that R} < R; < 1, resulting in the following theorem.

Theorem 5.3 The TB-only sub-model in (5.1) undergoes a backward bifurcation when-
ever item (44) of Theorem 5.2 holds and 0 < R} < R; < 1.

This backward bifurcation phenomenon is illustrated, using a suitable set of parameter
values, in Figures 5.1 and 5.2.

The backward bifurcation in (5.1) arises because the re-infection parameter r is non-
zero. If r = 0, it is clear that the coefficient a of (5.7) is zero, and the quadratic reduces
to a linear function with at most one solution (hence, no two endemic equilibria can
exist in this case, thereby excluding the possibility of backward bifurcation). To further
demonstrate this fact, it is shown below that the TB-only sub-model (5.1) with r = 0,
has a globally stable DFE (hence, completely ruling out backward bifurcation in this
special case).

5.4 Global Stability of the DFE for the Case r = 0.

We claim the following.

Theorem 5.4 The DFE of the TB-only sub-model (5.1) with r = 0 is GAS in D; iff
R < 1.

Proof
The proof is based on using a comparison theorem ([21, 36, 52]). With r = 0, the
TB-only sub-model (5.1) reduces to:

s

il II— AS — S,

dL

—C“Z’i— = )\tS - O"tL — /,LL, (512)
dr

E = O'tL - (5tT - /J,T
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It can be shown that the invariant region D; (given in (5.2)) is the feasible region for
the reduced system (5.12). Furthermore, it is clear that the special case (5.12) has the
same disease-free equilibrium, £y = (II/y, 0,0), as the sub-model (5.1). The equations
for L and T can be written in terms of the next generation matrices F' and V in Section
5.1 to obtain,

dL(t)
e L(t) gy [0 B\ [ LO)
=(F-V) - <1 - —> (5.13)
dr(t) T(t) 0 0 T(t)
dt

Since S < N, for all ¢ > 0 in the feasible region D; for system (5.12), equation (5.13)
can be expressed by the following inequality:

o Lt

* lcrow . (5.14)
daT(t) T(t)

dt

Using the fact that the eigenvalues of the matrix F'—V all have negative reals parts (see
local Stability result in Theorem 5.1, where p(FV~!) < 1if R; < 1, which is equivalent
to the matrix F'—V having eigenvalues with negative real parts when R; < 1), it follows
that the linearized differential inequality system (5.14) is stable whenever R; < 1.
Consequently [4], (L(t),T(t)) — (0,0) as ¢ — oo. It follows, by using a comparison
theorem that (L(t),T(t)) — (0,0) as t — oo (see [36], p.31). Thus, substituting
(L(t) = 0 =T(t) in (5.12), we have that in system (5.12), S(t) — S* =1I/past — oo
whenever R; < 1. This means that in (5.12), which is the special case of (5.1) when
r =0, (S(t),L(t),T{t) — (5%0,0) = (II,0,0) as t — oo for R; < 1, so that &y is
GAS in Dy if R; < 1, as stated in Theorem 5.4. O

Thus, the backward bifurcation phenomenon in the TB-only model can be removed
if the exogenous reinfection parameter, r, is set to zero. In other words, this analysis
confirms that exogenous reinfection is responsible for the backward bifurcation in the
TB dynamics.

5.4.1 Stability of the endemic equilibrium for the case r = 0.

We now illustrate the above theorem for the special case when r = 0. Clearly, when
r = 0, the Jacobian of the system (5.12) will have eigenvalues that satisfy

bo A3 + b1 AZ + bo X + bg = 0,
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where, the coefficients by, b1, by, and b3 are given by:

by = 1,
by = AN*+&+ptp,

PO By
by = (oo EINT + ppe+ Eopy + by — ,
2 (ot + E)AL + ppe + Espr + péy @ T o) 1 am (5.15)
U pe AT peoe&e (& + pBe)

by = Lo\ + o+ - :
’ SepAT F K (& +o) N +&pe (& + o)A + ot

Using 7 = 0 in (5.8), and substituting the results in (5.7) yields

ftpt(Rt - 1).

)\** —
! &+ oy

(5.16)

Furthermore, substituting (5.16) in (5.15), and after some manipulations, yields

bp = 1

Ri—1
b = §epr(Re )+§t+pt+u>
& -+ o

2§tﬂt2(Rt - 1)
& + 0y

&Ry — 1) o 1
N ) ["(“E%‘”&(l Rﬂ

Clearly, the coefficients, by, by, b2, and bs, are all positive whenever R; > 1. Further-

bz = /J;(O't‘l‘gt)'f' y . (517)

more,
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2§t/029' (Rt - 1)]

Re—1
biby — bg = [ftpt( ¢ ) fs
t t

& + oy

BT Dl

+ft+,0t+#] [#(Ut"!'ft) +

+ (& + e + 1) [M(at +&)+ —2&’2 (ftg t— 1)}
Harer (err) e

S (-] Gy
Fp&e+ e+ p)oe + &) + é%%%ﬂ [20:(&: + pi + 1) — 04l]

- SR (- R

it (Re — 1) (o + 1) (201 + &)
&+ oy

+u(é 4 pr + p) (o &) +

> 0for R; > 1.

(5.18)

Thus, by Routh Hurwitz criterion, the eigenvalues of the Jacobian of the TB-only
system (5.1) with r = 0, all have negative real parts. Hence, the endemic equilibrium

of the system is LAS provided R; > 1.

5.5 Numerical Simulations

Numerical simulations of the TB-only sub-model (5.1) are carried out, using appro-
priate sets of parameter values to illustrate some of the theoretical results obtained in

this chapter.

46



Figures 5.1, and 5.2 demonstrate the existence of backward bifurcation in the TB-
only sub-model in a region where the critical and basic reproduction numbers are
R; =0.8449 < 1 and R; = 0.8559 < 1, respectively.

For the set of parameter values in Table 5.1, R; = 0.2164 < 1 (so that by Theorem 5.1,
the DFE is LAS). The time-series plots depicted in Figure 5.3, of the total TB-infected
individuals at time ¢, L(t) + T'(¢), show convergence of solution profiles to the DFE.

When the model parameters are changed such that R; = 12.2918 > 1, the infected
components converge to some non-negative values, signifying the persistence of TB in
this case (see Figure 5.4).

Table 5.1: Parameter values for the TB-only sub-model (5.1)
Nominal Value

Parameter (year)™1 Reference
It 50, 000 [52]
Jé2 0.08 assumed
o 0.333 [10]
T 0.23 assumed
Oy 0.06 assumed
7 0.18 assumed
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Figure 5.1: Backward bifurcation diagram for the TB-only sub-model (5.1). Parameter
values used are: IT = 5000, §; = 0.8, r = 0.25, 0, = 1/72, §; = 0.011995 and p = 0.101
(giving R} = 0.8449 < 1, R; = 0.8559 < 1, so that Rf < R; < 1).
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Figure 5.2: Time series showing backward bifurcation in the TB-only sub-model (5.1)

using IT = 5000, B, = 0.8, r = 0.25, o, = 1/72, & = 0.011995 and x = 0.101 (giving
RE = 0.8449 < 1, Ry = 0.8559 < 1 and R} < Ry < 1).
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Figure 5.3: Time series of the TB-only sub-model (5.1) showing convergence to the
DFE, &y. Parameters used are II = 50000, 5; = 0.08, r = 0.23, o¢ = 0.333, §; = 0.06
and p = 0.18 (so that R; = 0.2164 < 1).
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Figure 5.4: Time series of the TB-only sub-model (5.1) showing convergence to the
endemic equilibrium, &;;. Parameters used are II = 50000, 5 = 1.85, r = 0.43,
oy = 0.533, §; = 0.1 and p = 0.04 (giving R; = 12.2918 > 1).
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Chapter 6
Analysis of the Full HIV-TB Model

Having analyzed the two sub-models in Chapters 4 and 5, the dynamics of the full
HIV-TB model (3.1) is now considered. It should be recalled that the model (3.1)
consists of the following system of differential equations.

ds
dt hS t MS,
dl
7 AS = OpAd — opl — pl,
A
% = O'hI — ehnh)\tA - 5aA - IJ’A)
(6.1)
L
Ei(—l—t- = )\tS—/\hL—T/\tL—UtL—uL,
T
%t_ = ML+ 0L — MT — 6,T — uT,
dM
_dt = OpA + ehnh/\tA + ML+ MT — 0 M — uM,
where,
M -—————ﬂh(I;"’LA), ,\t=_ﬂ;€ and N=S+1+A+L+T+M.

Recall that for this model, all solutions to (6.1) are defined in the positively invariant
biologically-feasible region, D, given in (3.2) by

D = {& e RS S@)+I(t)+ A(t)+ L(t)+ T(t) + M(t) <II/u}, (6.2)
where, £ = (S(t), I(¢t), A(¢), L(¢), T(t), M (¢)).

52




6.1 Equilibria of the Full HIV-TB Model

Let £ = (8*,I*, A*, L*,T*, M*) represents any arbitrary equilibrium of the full HIV-TB
model (6.1). It follows then that, by solving in (6.1) at steady state, the components
of £ are:

II
§ =
Iy
Pl NS
OrAL + pn
A* _ O'hX;lS*
(027 + o) (Ormn A} + £a)
N Aty
™ = A (r Ay + 0y)S*
(Ar + &), +7X + o)
e BN mAn) TN T

€m

Clearly, (6.3) gives rise to, at least, four types of equilibria namely:

(i) a disease-free equilibrium (corresponding to the case: A\ = A} = 0),

)
(ii) an HIV-only boundary equilibrium (corresponding to the case: A} # 0, Af = 0),
(iii) a TB-only boundary equilibrium (corresponding to the case: A; =0, A} # 0),

)

(iv) and an endemic equilibrium (corresponding to the case: A}, A7 # 0).

In this chapter, the focus will be on the analysis of the dynamics of the DFE (that is,
(6.3) with A = A} = 0). In particular, to determine whether or not the model (6.1)
undergoes the phenomenon of backward bifurcation at the DFE. The DFE of model
(6.1) is given by

o = (§*, I*, A*, L*, T*, M*) = (I1/,0,0,0,0,0). (6.4)
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6.2 Stability Analysis of the DFE.
The associated next generation matrices (F and V) are:

BrS*  BrnpS*

v o 0 0 ontp 0 0 0 0
0 0 0 0 0 —0op bgtpu O 0 0
F= 0 0 0 ,B;VS o | V= 8 0 oi+p 50 0
* 0 _
0 0 00 0 0 0 gt t:)r” 51
0 0 0 0 0 m

The matrix FV ! has two non-zero eigenvalues Ry and R; (where R;, and R; are as
defined in (4.6) and (5.4) respectively). Thus,

p(FV™Y) = max {Rp, R} -

Now, let
Rur = p(FV™Y) = max {Ry, Rs} .

Thus, we have established the following result.

Theorem 6.1 The DFE of the full HIV/TB model (6.1) is LAS iff Rur < 1, and
unstable if Ryr > 1.

The quantity R is the basic reproduction number of the full model (6.1). Simulations
were carried out for Rgr < 1 (Figure 5.3) showing convergence to the DFE.

Theorem 6.1 shows that HIV can be eliminated from the community if Ryr < 1,
provided the initial number of infectives is small enough (that is, if the initial number
of infectives is in the basin of attraction of the DFE).

Since the TB-only sub-model (5.1) in Chapter 5 exhibits backward bifurcation, it is in-
structive to determine whether or not the full HIV-TB model (6.1) undergoes backward
bifurcation as well. This is investigated below.

6.3 Existence of Backward Bifurcation

Owing to the relative large size of the system (6.1), it is laborious to explore the
possibility of backward bifurcation in (6.1) using the method in Section 5.2. Conse-
quently, we will adopt a method that is based on the use of the Center Manifold Theory
[10, 52, 58]. The method entails reducing model (6.1) into a transformed system whose
Jacobian has a zero-eigenvalue, and then applying a theorem, by Castillo-Chavez and
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Song [10] (see also [52, 58]), to explore the possibility of backward bifurcation. First,
the theorem in [10] is reproduced below for convenience.

Theorem 6.2 [10]. Consider the following general system of ordinary differential
equations with a parameter ¢

d
d—f = f(z,9), f:R" xR — R, and f e C2(R" x R),
where 0 1s an equilibrium point of the system (that is, f(0,¢) =0 for all ¢) and
1. A= D,f(0,0) = gfi (0, 0)> is the linearization matriz of the system around
e

j
the equilibrium 0 with ¢ evaluated at O;

2. Zero is a simple eigenvalue of A and other eigenvalues of A have negative real
parts; . '

3. Matriz A has a right eigenvectors w, and a left eigenvector v corresponding to
the zero eigenvalue.
(0,0)>

Let f be the k" component of f and

n 62
a = Z <vkwiwj—a—l:'gk;;

t,5,k=1

then, the local dynamics of the system around the equilibrium point 0 is totally de-
termined by the signs of a, and b. Particularly, if a > 0, and b > 0, then backward
bifurcation occurs at ¢ = 0.

We now proceed to analyze the possible existence of backward bifurcation in the model
(6.1). In order to apply Theorem 6.2, we first define the following change of variables:
S=x,] =29, A=23,L =14, = x5, and M = zg, so that (6.1) is transformed into
the following system of equations.
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dz; - {@L(a:z + NhT3) + Bizs + 4 o =

dt N N
dzy  Br(ze + maT3)T 0rB:Ts _
P N N +Or+ 1] T2 = [,
dz 0 z
d_t3 = OpZ2 — <i77—h]\% + 0, + u) z3 = fs,
(6.5)
dzy  Bizszi | Bu(me +mnxs) | TBTs B
% - N !i N toy toetalEe =

d
s <T'8tm5 + 0t> Ty — [mﬁh(xz + h%s) + 0; + ,u:l s = fs,

dt N N
drg (T2 + 7a®3)[0nBixs + On(®a + 25)] _

where, N = z; + 22 + 23 + 24 + 25 + 6, and the DFE is Ay = (II/1,0,0,0,0,0). The
corresponding Jacobian, J(Xp), is given by

—p —Bh —Brnn 0 =B 0
0 Bn—on—t Bumn 0 0 0
0 o Ga—p O 0 0
J(Xp) = .
(%) 0 0 0 -—o—p B 0 » (66)
0 0 0 Ot —6t — U ) 0
0 0 0 0 0 —Om—p

from which it can be shown that A} is stable if Ryr = max{Ry, R:} < 1. We need to
consider situations under which J(Aj) will have a zero eigenvalue (to apply the center
manifold theory). It can be shown that Ry = 1 will yield a zero (simple) eigenvalue
for J(Xp). Since Rygr = max{Rp, R:}, it follows that there are two possibilities under
which Ryr = 1 will occur; namely when Ry = 1 or R; = 1. Here, we consider just
one of these cases, namely R; = 1 (note that R; is given in (5.4)).

Consider the case Ryr = 1 = R; > Ry (bifurcation point). Define a bifurcation
parameter, §*, obtained by solving for §; from R; = 1 as follows. With R; = 1, (5.4)

becomes
B*oy g = (6t + p)(o¢ + 1)

S Eraers P (67)
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Here, and in the rest of the thesis, we shall denote the Jacobian, J(Xp), at the bifur-
cation point 8%, by Jg-. Thus,

— i —Bh —Brnn 0 ~B* 0
0 Bn—on—p B 0 0 0
0 o Sa—p O 0 0
Jge = .
s 0 0 0 -—o—p B 0 (6:8)
0 0 0 O¢ “51& — M 0
0 0 0 0 0  —bn—up

The next step is to compute, as shown below, the eigenvectors of Js. associated with
the simple eigenvalue, 0.

Eigenvectors of Jg-

Let the left and right eigenvectors of Jg«, associated with the eigenvalue 0, be denoted
by v = (v1, v, s, vg, Us, vs) and w = (w1, we, w3, W4, ws, We)" , respectively. Then, since
R: =1, we can show that simple is an eigenvalue of Jg«, and thus we can, respectively,
write

’UJg* = OT,

Jﬁ*ll) = O,
where, O is a 6 X 1 zero-column vector. The associated non-zero left and right eigen-
vectors of the Jacobian, Jg«, (corresponding to the zero eigenvalue) in (6.8) can be
expressed as

(6.9)

)
v = [0 (a+#)7)3,v3’ OtUs ,U5,0:',
Brnn o+ p

-1 a a * T
w = {__ [ﬂh@ + 1+ onn)ws +[3*w5} , (4 +u)’w3,w3’ Brws ,ws,O} .
e Op O o+ U
(6.10)

Next, we compute the quantities a and b for the system (6.5) from the expressions

6
0% fx

1,5,k=1

(6.11)




Computation of a

By taking the summation in (6.11), it follows that

(62 + p)vs fo & fs
Z( Wi ’a ax] )”‘”’Z(wzwﬂ 82,07, |,

ﬂhnh 1,j=2 2,j=2

)
)

Next, we use (6.10) and the right hand sides of (6.5) to evaluate each of the summations
n (6.12), yielding

(6.12)

Ofs
+ v W; W5
XO) 5 Z ( I amzaxj

1,§=2

5 2
OtUs 0 f4
+O't -+ M z ('LUZ’U)] 6:13183:]

,j=2

5
0% fs ®
> (w’wf 0z:0z; %) =

i,j=2
5 *

Z ww 8% f3 __ 2wswsOnnBp

byt *7 8x;0; s I ’

; * (6.13)
Z Wi D% fa _ 208" rw? _ p®

=, 7 0,0z X (o, +p) 47

5 *

S (i 2E2 T R0

byt 7 02,015 | 5, (o + u) 50

where,

26n 1100 + p)°w3 + 20nu(1 + p) (00 + p)wi + 2uBrB* (8o + p)wsws

P(t) —
2 o2 oy, Hop(os + 1)

21(8q + 1) (Br + B )wzws + 2uBpmwi  2uBrmaBrwiws  2uBrmawsws
oy, I (o: + p) I ’
(6.14)
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Computation of b

p® 2001 (00 + wwsws | 206*u(0e + p)wsws  20pmupBrwsws
4
Hon(or + 1) oy, {0y + 1)
2uB*wsws 2u,3*2w§
I I(o¢ + )’
(6.15)
and,
2 O 2
PO = Brit(0a + p1)waws + #ﬁhnhwi’:ws. (6.16)
HO’h II
Thus, using (6.13), (6.14), (6.15) and (6.16) in (6.13) in (6.12) gives
27"/,L,8*2U5'w§ B 2ruﬁ*20tv5w§ 3 (6o + /,L)’ngét) 2uzwswsOynn5* 1 + O'tU5P4(t)
{0y + ) I(o; + p)? Brn, I o+ 1
~ which simplifies to,
2r 2 B*%vswd e+ psPY 2u5wswsfymn B + s P + v PO
(o} + )2 Bumh II o+ i °
(6.17)
Now, let
2u?B**vswd
Cy —_— o
oy + )
and, (6.18)
G, (8a + M)Uspz(t) 2vzwawsOpnp B 1 + ovs P + 0P
Brin II o+ 1
Hence, the expression for a in (6.17) becomes
a = TCt - Gt. (619)

Using (6.10) to eliminate the zero- contributions of the summation of the second equa-
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tion in (6.11), we have

(80 + 1)V 2*f,
b = xelirs .
Brin Z; Y ow0p"

)

: 8 fs
+ ;
Xo) ”3Z<w dz,08*

5
fs
=+ i
Xo> Us Zz: (w Oazzaﬁ*

=2

(6.20)

5
+ OtUs ws 82f4
o + H =2 ‘ 83313,3*

)

Because the parameter §* in (6.20) is given by * = [ we have that each of the
summations in (6.20) with 8* = G, yields
= 0,
Xo

(. O (. 0
Z< 0ndf |y ) T 2\ ¥ g

i=2 =2

5 5
Pfa & fs
E Wy 5 = Ws, E Wi 7= =0,
z_z< " 02:06" |, S\ 0208 |y,
and, hence, (6.20) reduces to
OtUsWs
= — > 0.
p (6.21)

Since b above is automatically positive, it follows from (6.19) that a > 0 if rC; > G;.
Thus, by Theorem 6.2 above [10], the model (6.1) will undergo backward bifurcation

ifr > g—t (i.e., if both a > 0 and b > 0). This result is summarized below.
¢

Theorem 6.3 The full HIV-TB model (6.1) undergoes a backward bifurcation when

Rn<Ri=1=Rpur cmd7’>g
Ce

This phenomenon is illustrated in the S, L and T components of the HIV-TB model

(6.1) in Figures 6.1, 6.2, and 6.3, respectively, using the following parameters: IT = 1,

On =105 0,=038, 0, =02 r=060,n, =04, §, =0.5, & =0.1, b, = 0.1, 8, = 0.03,

6; = 0.2, p=0.14, and v3 = vs = w3z = ws = 1 (so that, Ry = 0.7979 < R; = 1, and

r =60 > 21.345 = C;/Gy).

Now, since the terms C; and Gy in (6.18) are positive, we observe that the condition
a > 0 in (6.19) cannot hold if r = 0. Thus, the phenomenon of backward bifurcation
in model (6.1) can be removed if r = 0. In fact, the DFE of (6.1) can be shown to be
globally asymptotically stable when r = 0 as shown below.

60



6.4 GAS of the DFE for System (6.1) with r = 0.

We claim the following result.

Theorem 6.4 The DFE of the HIV-TB model (6.1) with r = 0 s GAS in D f

Rur < 1.

Proof

Let Ky =op+ p, Ko =06+ p, Ks =0+ pu, Ky =6+ p, and Ky = 6, + p. It then

follows from (4.6) and (5.4) that

Br(K2 +mpon) — K1 Ky = Ki1Ky(Ry — 1),
IBtUt - K3K4 = K3K4(Rt — 1).

Let r = 0 in (6.1). Consider the Lyapunov function:

K2+77h0h> oy
p= (B2 p 4y T,
( Ky K3

with Lyapunov derivative

. K2+77hdh> . : o .
P = ||~ ——- | I+A+—L+T
< Ky K3

Ky N

(6.22)

(6.23)

_ <K2 - ”h"h> [ﬁh(l Tmond)S g 1 - Klf] + (on] ~ O AeA — Kz A)

12 (ﬁtTS — ML = K3L) + (0:L — MT — K,T)
K\ N

[ﬁh(Kz +mon)s KKt nhah)jl 1 (Ko + mon)Al
Kimp N Kim Kinn

Brnnon(Ka + npon)S o L
+ |: K177hN Kz A thh/\tA K3

ﬂtUtS
+(K3N Ki | T —MNT
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- {[M} s _ Kle} [ 6n(Ka + mon)d

Kimn N K Kim
Bron(Ka+mron) | S Ki1K» ot AnL
2 _ A—
+ { [ X, N X, A — Opmn A Z
B\ S K3K,
— ] = - T — MT.
" [( K% )N K g
Using the fact that S(t) < N(t) for all t > 0, we have
P < [ﬁh(K2 +Mhon) K1K2} 7 Onla Mhon) Aed
- Kimn K1, Kinp
Bron(Ko +nron)  Ki1Kp oA L
- A — Opmp A —
- [ K K Wkt K;
Bior  K3Ky
— = T — XT
( Ks Ks "
Ko
= ;{;(Rh =1 +npA) + Ko(Re — 1)T
(K +mnon)l oL
- T Al —+ T
{eh)\t [ Kinn M K; -
< 0 if Rgr < 1.
The proof is completed using the same argument as in the proof of Theorem 4.2. a

Since the model (6.1) with 7 = 0 has a globally stable DFE, it is clear that the system
(6.1) cannot undergo backward bifurcation when r = 0. This result is summarized
below.

Lemma 6.1 The HIV-TB model (6.1) with r = 0 does not undergo backward bifurca-
tion.

Thus, like the TB-only model (5.1), the full HIV/TB model (6.1) loses its backward
bifurcation phenomenon whenever r = 0.
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6.5 Summary

In summary, it is shown that the full HIV-TB model (6.1)

(i) has a locally stable DFE when Ryr < 1; the DFE is GAS if r =0 and Ryr < 1.
(i) undergoes the phenomenon of backward bifurcation at Ryr = 1 and that the
backward bifurcation is removed when r = 0.

Simulations were carried out as depicted in Figures 6.1 6.2, 6.3, 6.4, and 6.5 (using the
parameters specified in each plot). Figures 6.1, 6.2 and 6.3 illustrates the phenomenon
of backward bifurcation (for r # 0), while Figure 6.4 illustrate the occurrence of forward
bifurcation for the case r = 0. Figure 6.5 depicts the solution profiles of the state
variables of the model for the case Ryr < 1.

Table 6.1: Variables and parameters for the full HIV/TB model (6.1)

Variable/

Parameter Description

S(t) number of susceptible individuals at time ¢

I(t) number of chronic (asymptomatic HIV-infected individuals at time ¢
A(t) number of individuals at the AIDS stage of the HIV infection, at time ¢
L(t) number of individuals with latent TB at time ¢

T(t) number of individuals with active TB at time ¢

M(t) number of individuals with mixed infection at time ¢

N(t) total population size at time ¢

IT recruitment rate into the population

B, Be effective contact rates for HIV and TB, respectively

Op, Ot progression rates for HIV and TB, respectively

M modification factor for infection from individuals with AIDS

T rate of exogenous re-infection for latent TB individuals

0, Ot mortality rates for HIV and TB, respectively

I natural death rate

O modification parameter for increase in TB susceptibility for individuals

infected with HIV.
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Table 6.2: Parameter values for the full HIV/TB model (6.1)
Nominal Value

Parameter (year)™!
II 50,000
B 0.012
B 0.016
Tih 1.2
T 0.5
Oh 0.5
oy 0.09
dq 0.003
0y 0.01
Om 0.04
L 0.18

64



stable DFE , unstable DFE

AR R AL A L s s L AR e R T T
PR
R
P !

o “« '

6— ™ unstable EEP

- number of susceptible, S
1

L A N O I
0.25 0.3 0.35 0.4 0.45 0.5

Bﬁ:Bt

Figure 6.1: Backward bifurcation for the susceptible class, S(¢), in the full model (6.1)
using Il = 1, B, = 0.5, 0, = 0.8, 0y = 0.2, 7 = 60, 55, = 04, 6, = 0.5, & = 0.1,
Om = 0.1, 6, =0.03 and p = 0.14. Here, 0.7979 = Ry, < Ry = 1.
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Figure 6.2: Backward bifurcation for the latent TB class, L(t), in the full model (6.1)
using Il = 1, B, = 0.5, 0, = 0.8, 0y = 0.2, r = 60, n, = 04, 6, = 0.5, §; = 0.1,
Om = 0.1, 8, = 0.03 and = 0.14. Here, 0.7979 = Rp, < Ry = 1.
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Figure 6.3: Backward bifurcation for the active TB class, T'(t), in the full model (6.1)
using Il = 1, B, = 0.5, o, = 0.8, 0 = 0.2, 7 = 60, n = 0.4, 6, = 0.5, 6 = 0.1,
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model (6.1) using I = 1, B, = 0.5, 65, = 0.8, 0y = 0.2, 7 = 0, 7, = 0.4, 6, = 0.5,
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shows the dynamics of the active TB component when r = 0.
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Figure 6.5: Time series of the TB-only sub-model (6.1) showing convergence to the
DFE, &, using the parameters in Table 5.1 (so that Ry, = 0.0755 < 1, R; = 0.0281
and Rgr = max{Rp, R} = 0.0755 < 1).

69



Chapter 7
Extended HIV /TB Model

In Chapter 3, we introduced and formulated a basic HIV-TB model (3.1) that we
progressively analyzed in Chapters 4, 5, and 6. An important simplification that
was applied in the formulation was that individuals that were dually-infected (class
M (t)) were not transmitting any of the two diseases. This assumption is, however, an
over-simplification, since, clearly, individuals dually-infected can pass either of the two
diseases to susceptible individuals.

In this Chapter, the non-transmitting simplification is removed. It is now assumed
that those in the M (t) class can transmit either HIV or TB to individuals in the S(t)
class. Further, although there is no definitive evidence in the support or against it, the
extended model also assumes that dually-infected individuals can pass both diseases

to a susceptible individual. Individuals in the M (t) class make effective contact with

M
susceptible individuals at a rate A, = 'Bm—, where (,, is the associated effective

contact rate. Of the effective contacts that are made with the susceptible class, g, g:,
and g, = (1 — gy — q:), are the fractions that become infected with HIV, TB and the
dual HIV/TB infections, respectively.

Another extension applied is that those with latent TB can also transmit TB infection.
Consequently, in order to model the relative infectiousness of individuals in the active

TB class (T'), in relation to those in the latent TB class (L), we introduce a modification

L+T
parameter, <, with 0 < k < 1; so that Ay = W—N+l

In Chapter 1, various control strategies have been presented for the two diseases, no-
tably the use of the DOTS therapy for TB and ARVs for HIV. In this chapter, the
impact of some of these strategies in reducing the burden of the two diseases (as well
as that of the mixed infection class) will be investigated. This is the main objective
of this chapter, and is achieved by extending model (3.1) to incorporate additional
components. This entails introducing new compartments of active TB individuals who
are treated with DOTS (W) at a rate 73, individuals with the mixed infection treated
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of TB (Y) at a rate 7,,, and individuals in the W class in whom treatment fails (U).
The failure rate of treatment is denoted by «. Individuals in the Y class progress to
AIDS at a rate oy, and those in whom treatment fails suffer disease-induced death at
a rate 0,.

Finally, the model is further extended to include an imperfect HIV vaccine, by incor-
porating a class, V, of vaccinated individuals. Susceptible individuals are vaccinated
against HIV at a rate (. These individuals acquire HIV infection at a reduced rate
(1 — €)An, where 0 < € < 1 is the vaccine efficacy. Vaccinated individuals acquire TB
infection at a rate A;, and mixed infection at a rate (1 — €)A,,. The vaccine wanes at
a rate w. In other words, while the vaccine is expected to offer some direct benefits
against HIV infection, the vaccine offers no such benefits against TB infection.

Putting all these together, the extended HIV-TB model (which incorporates treatment
for both HIV and TB as well as imperfect HIV vaccine) is given by
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d
DS bWV — M8 — S — AnS — (S — 4,

dt
av
il (S —wV —(1=—eMV =NV =(1-e\,V —uV,
dl
a—z = S+ gpAnS + (1 — E)Ahv -+ qh(l - e))\mV — O I — ol — pld,
4
(ii_t = opl +0,Y — O A — pA — 3, A,
dL .
E = /\tS + qt)\mS + )\tV + qt(l - 6))\mV - )\hL - T'/\ZL - O'tL - /J,L,
T
Lfi—t = r\, L+ oL —MNT —nT — uT — &7, (7.1)
dM '
o = GmAmS + O A + O N A + ML+ AT + (1 — )2V — ;M
—uM — 6, M,
aw
E = TtT —aW — /,LVV,
dY
prll TmM — oY — pY,
dU
L+T I T
In (7.1), Ay = M, A = ét_(_lit______i:_)’ Ay = ﬁ.._.._, A, = —ﬂ]t\/'—’ Om =

N
1—gn—q, 0 <w,(,6,Gn, Gty gm <land N=S+V+I+A+L+T+M+W+Y +U.

The flow diagram of the model is depicted in Figure 7.1 and the associated variables
and parameters of the model are described in Table 7.1.
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Figure 7.1: Flow diagram of the extended HIV-TB model (7.1)
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Table 7.1: Variables and parameters for the extended model (7.1)

Variable/

Parameter Description

S(t) number of susceptible individuals at time ¢

V(t) number of susceptible individuals that are vaccinated at time ¢

I(t) number of chronic (asymptomatic HIV-infected individuals at time ¢

A(t) number of individuals at the AIDS stage of the HIV infection, at time ¢

L(¢) number of individuals with latent TB at time ¢

T(t) number of individuals with active TB at time ¢

M(t) number of individuals with mixed infection at time ¢

W(t) number of individuals from the T class that are administered with active
TB treatment at time ¢

Y (¢) number of individuals from the M class that are administered with active
TB treatment at time ¢

U(t) number of individuals from the W class with failed TB treatment at time ¢

N(t) total population size at time ¢

II recruitment rate into the population

¢ vaccination rate of susceptible individuals

w waning rate of vaccine

€ effectiveness of vaccine

0n modification parameter

Br, Bt Bm effective contact rates of HIV, TB and mixed infection respectively

Oh,y Oy progression rates of HIV

O progression rate of TB

I modification factor for infectiousness of AIDS

K modification factor for infectiousness of latent TB

T rate of exogenous re-infection for latent TB individuals

da, 01, O, 0, mortality rates of HIV, TB, mixed infection and failed treatment
classes, respectively

Tons Tt treatments rates of active TB in the M and T classes respectively

o failure rate of treatment in the W class

I natural death-rate in the community

Gh, Gt Gm fractions of new cases of HIV, TB and mixed infections that respectively

result from the effective contact between individuals with mixed infection
and susceptible individuals
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In addition to being among the few models for HIV-TB interaction in a population, to
the author’s knowledge, model (7.1) is among the very first (if not the first) HIV-TB
model to have incorporated the following features in an HIV-TB framework.

(a) TB transmission by latently-infected individuals;
(b) Vaccination for HIV in an HIV-TB co-infection model;

(¢) Transmission of HIV-TB co-infection to a susceptible individual.

The objective of this chapter is to assess the following in the context of the transmission
dynamics of HIV and TB in a community:

(i) the impact of the transmission dynamics of TB by individuals with latent TB;

(ii) the impact of transmission of HIV, TB and the HIV-TB co-infection by individ-
uals infected with both diseases (that is, those with the HIV-TV co-infection);

(iii) the impact of DOTS treatment and an imperfect HIV vaccine.

7.1 Basic Properties

Solutions to (7.1) are defined in the biologically-feasible region given by
r={¢€ ¢ R}_O; SE)+V (@) +I)+ARQ)+LE)+T () +ME)+W ()+Y ()+U () < II/u},

where,
€=(5(),V(t),1(t), A(t), L(£), T(t), M(¢), W (2), Y (£), U(2)).

It can be shown, as in Section 3.2, that the region I' is positively-invariant. Hence, the
system (7.1) is (mathematically and epidemiologically) well-posed in I".

In the sections that follow, we shall consider three sub-models of the extended model
(7.1), namely: the HIV-only sub-model with vaccination, the TB-only sub-model with
treatment, and the mixed-only sub-model with vaccination.
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7.2 HIV-only Sub-model with Vaccination

This sub-model is obtained by setting the variables L=T =M =W =Y =U =01in
(7.1), resulting in the following.

d
75 = I+ wV — AS =S — uS,
C;—‘t/ = (§S—wV—(1=e)MV —uV,
(7.2)
dI
% = )\hS—F(l—E))\hV—O‘hI—,uJ,
dA
- = opl — A — 8,4,
I A
with N=S+V+I+Aand A\, = ﬁ—h(—jN—nh——z The DFE of the sub-model (7.2) is

given by
D(w + ) ¢

pC+w+p) pl+w+p)

For system (7.2), the next generation matrices, F' and P, are given by

£ = (8",V,0,0) = 0,0)| . (7.3)

Je TR ontp 0
00 and I I E (7.4)
where, '
. 1 —
o Bl urci-a) 5
w+p+¢
so that,

Brlw + p+ (1 — €)](da + 1 + MaoR)
WHp+(on+u)(6a+p)

Ry = p(FP7Y)

Thus, the following result is established.

Theorem 7.1 The DFE of the HIV-only sub-model (7.2) with vaccination is LAS if
Rﬁ:’) < 1, and unstable otherwise.

Definition 7.1 The threshold quantity ’Rg:’), 1s the basic reproduction number for the
HIV-only sub-model (7.2) with vaccination. It measures the average number of sec-
ondary cases generated by a single HIV-infected individual in a population where a
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fraction of the susceptible individuals is vaccinated.

Observe that in the absence of vaccination (V = { = w = 0), the quantity 'Rflv) reduces
to Ry (given in (4.6)). Furthermore, it is easy to see that

R Ri < R (7.7)

Thus, introducing vaccination to the HIV-only sub-model (4.1) reduces the associated
basic reproduction number, Ry (since € < 1). That is, the vaccination program will
always have beneficial public health impact.

The possibility of backward bifurcation in the sub-model (7.2) is now explored.

7.2.1 Backward bifurcation in HIV-only sub-model

Let 8,5”1) = (&, V**, I"*, A**) denotes an arbitrary endemic equilibrium in the model
(7.2). Then, solving (7.2) for the variables V**, I**, and A™ (in terms of S**) at Sévl)
yields

CS**
| )
wp+ A (1—¢€)
(on+mww+p+A7(1—¢)] ’ ‘
e _ S at (1= 9O + Q)]

(0o + ) (on + w)w + p+ A (1 —€)]
Using (7.8) and noting that N** = S§** + V** + "™ + A**, it follows that

N Nt pton)lwtpt+ (11— O+ O+ o+ p)(on+ p)w+p+ (+ AL = €]
S (00 + p)(on + p)w + p + A1 — €)] '

ﬂh(I** + T]hA**)
N**

(7.9)

, and simplifying, gives

Further substituting (7.8) and (7.9) in A}* =
MrGat+pt+on)w+p+ (1= A + Ol + (6o + pw)(on + w)lw + 5+ ¢+ A (1 — )]

= fr(0a + g+ mron)lw + 1+ (L= ) (A + ¢,
‘ (7.10)
which can be re-written as,

ag)\**i + al)\;‘f + a9 =0,
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where,

ag = (0o+ p+op)(l—c¢),

a = (Gatpton)w+pt+{(1-el+ (Gatp)(ont+p)(l-€1-Rn), (7.11)
a = @+ mont+ww+p+) (1-RY)

Since ag > 0, it follows that the threshold reproduction number, RELU’**)(< RE:’) < 1),
is obtained from the condition a? — 4agay = 0, and given by

2
ay

" 4ag(8e + ) (on + ) (w+p+0)

R;lv:**) — 1 (7.12)

Thus, the HIV-only sub-model (7.2) undergoes a backward bifurcation whenever 0 <
RO <« RW <1
h h .

Hence, unlike the HIV-only sub-model (4.1) (without vaccination), the HIV-only sub-
model with vaccination (7.2) exhibits backward bifurcation. Further, it is easy to see
that this phenomenon can be removed by setting ¢ = 1. The Lyapunov function in
Section 4.1.2 (that is, P = [(da +nnop)I +11(0n+ p)A) can be used to prove the global
agsymptotic stability of the DFE, 8,57,’3, of system (7.2) with e = 1. Thus, the imperfect
nature of the HIV vaccine (e < 1) is responsible for the backward bifurcation property
of the HIV-only sub-model (7.2) with vaccination.

7.3 The TB-only Sub-model With Treatment

The TB-only sub-model with treatment is obtained by setting V. =1 = A = M =
AM=An=Y =(=0in (7.1), giving

s

E = Il — /\tS - ,US,

dL

il MS — 1AL — oL — L,

ar

- = rA: L+ oL — 7T — uT — 7T, (7.13)
dw

% = TtT —aW — /JW,

au

T W — ~ Oy >

7 6% ulU U
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L+T T
ﬂt(FaN+ ),)\zz%__, and N = S+ L+T+W +U. The DFE,

Sff.? = (S* L*, T*,W*, U*), for model (7.13) is given by 5}2 = (I1/p,0,0,0,0). Here,
the non-negative matrix F' and the M-matrix, P, for model (7.13) are:

where, Ay =

B B 0 0 o+ U 0 0 0
0 000 o, mA&+p 0 0

F=1 "9 0 00| = 0 —n a+p 0|
0 000 0 0 o G tp

(7.14)
so that the associated effective reproduction number, Rgt), for the TB-only sub-model
(7.13) is given by ‘

,Bt[H(Tt + 6t + ,U') + O't]
(o + p) (e + 8+ p)

RY = p(FPY) = (7.15)

T hué, the following result is established.

Theorem 7.2 The DFE, Et(fg, of the TB-only sub-model (7.13) with treatment is LAS
if ’Rgt) < 1, and unstable otherwise.

Definition 7.2 The threshold quantity ’Rgt), 1s the basic reproduction number for the
sub-model (7.13) with TB-treatment. It measures the effective number of secondary
cases of TB-infection generated by a single individual that is infected with TB in a
population where a fraction of those infected with active TB are given TB treatment.

It is worth noting that in the absence of TB treatment, and if members of the L class
are non-transmitting (x = 7 = W = U = 0), the reproduction number ’Rgt) becomes
equal to Ry (from (5.4)) since the sub-model (7.13) reduces to the model (5.1).

7.3.1 Backward bifurcation in TB-only sub-model

" Here, too, in order to use the Center Manifold theory (see Section 6.3), we define
S =z1,L =29, T = 23, W = 14, and U = x5, so that (7.13) is transformed into the
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following system of equations.

g1 = II— Nz — pz = fi,
Ty = MT1—TATp — 0:T3 — 4Ty = fa
T3 = TN T+ 0ply — Tz — s — uTs = fa, (7.16)
Ty = TiT3 — QT4 — UT4 = f4
Ts = aTy— 0uT5 — UTs = fs
B3 Be(kz3 4 x4)

where, N =z1+ 23+ 23+ 24+ 25, A, = N A = N . The reduced system

7.16) has a DFE given by &y = (II/1,0,0,0,0). Solving for §; from ’R(v) = 1 gives
(7.16) g y Iz g g
(00 + p) (7 + 8 + )

G5 =0 = ST S S Thus, evaluating the Jacobian, J(A,), at * gives
—p —Kp" -p* 0 0
0 kKB —0oi—p 5* 0 0
Jpe = 0 g —Ty — 0t — 14 0 0 (7.17)
0 0 T —a— U 0
0 0 0 Q —0y — b

The associated left and right eigenvectors of Jg- (corresponding to the zero eigenvalue)
are given by,

V,
v o= < Qﬂl*3’,03,0’0> 3

[*ﬁth(f‘&Ql + o)ws Q1Qaws Qows (6y + p)ws wng

QULOLT: " anoy | oan ] o
¢

where, Q1 = (¢ + & + ), and Q2 = (o + 1) (6 + p).

Next, we compute

5 82f
Z R S0,
i0%j

I,,:

> . (1.19)

5 2
> and b = E<vkwi£7§%:

© k=1
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It can be shown that

5 ij=1 " 00z ij=1
7.20
and (7.20)
5
Q193 *fa 0% fs
b = 1 + U)«i .
B ; 0208 |, ) Zl 0z:0B" |,
Using (7.16) and (7.18) in(7.20) gives
__2Q1Qepv3wi [ Q1Q2(Q15 + 01k + 0¢ + 0vr) + Qoo} ]
a?riofll 7:04(0a + p + @) (Quk + 03) — Qoo |
7.21
and (7.21)
b _ Q1Q2v3ws(Q15 + 03)
- Bramio
The expression for a in (7.21) can be rewritten as
a=Cp -G,
where,
oM _ 203Q1Q2wiuQa0:r
t a?rioll ’ (7.22)
and,
o _ 203Q1Qewip [ Q1Q2(Q1k + 01k + 0t + oyr)
S b Lt Las

2720l | +Q20? + 104(0a + p + @) (Q1k + 01)

Thus, we have established the following result.

Theorem 7.3 The TB-only sub-modelwith treatment, (7.13), undergoes a backward

()
¢

bifurcation when Rgt) =1 and §* > W
t

In the following section, we shall show that the exogenous re-infection parameter, r,
governs the existence of backward bifurcation in the system (7.13) . ‘
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7.3.2 Endemic equilibrium when 7 =0

Let Et(’tl) |-=0 denote an arbitrary endemic equilibrium of the system (7.13) when r = 0.

dT  dW _ dU

dL
By setting Pl = 7 = 0 in the last four equations of (7.13),

¢~ dt  dt
L** T**
AP = MLN—;;—F————), and solving for the variables L**, T**, W** and U**, we have
L** _ )\Z*S**
o+ p’
T** _ O.tA:*S**
(o0 + p)(1s + 0 + 1)’
(7.23)
» Teop AL S™*
W = ,
(o + p)(o + p) (72 + 8¢ + 1)
e oo A S
(8w + 1) + p) (o0 + ) (72 + 6 + 1)
By substituting (7.23) in N** = §™* + L** + T + W™ + U™, it follows that
(@ + p)(0u + p)(1e + bt + 03) ] o [ (e + p)(ow + p)
N L+ +mow)(u+ p o) +pdua | X (8u 4 p) (7 + 6, + 1)
S (6w + 1) (@ + ) (0% + p) (13 + 6t + )
, (7.24)

,Bt (K:L** + T**)

Next, using (7.23) and (7.24) in AJ* = e

following linear equation

, and simplifying, gives the

bg)\:* +b; =0, (725)

where,

bo = (a4 w)(6y + p)(7 + 6 + o) + (p? + 10¢) (6u + p + @) + pdua
by = —(a+u)(6y + w){Belelp+ 7+ 8) + 0] — (47 + 0¢)(o¢ + ) } (7.26)

= —(a+p)(0u+ 1)+ 7+ 6) (0 + 1) (ng _ 1) _

Thus, from (7.26), \}* = —%}-. Hence, \}* < 0 if R < 1; so that the sub-model (7.13)
0

has no positive (endemic) equilibrium when ’Rgt) < 1. Clearly, the absence of two
endemic equilibria when Rgt) < 1 suggests that backward bifurcation is not feasible in
the sub-model (7.13) when 7 = 0. A global stability proof for the DFE of the sub-model
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(7.13) is now given for the case r = 0.

7.3.3 Global stability of DFE of model (7.13) for r =0

We claim the following.

Theorem 7.4 The DFE of the sub-model (7.18) with v =0 is GAS in T if R < 1,
and unstable when Rgt) > 1.

Proof

With 7 = 0, the model (7.13) reduces to
ds
22 - I=\S—
dt tS /‘L‘S’:
dL
E't" - /\tS - O'tL - ,LLL,
O = GL—nT—uT 5T, (7.27)
dw
? = TtT—aW—‘,LLW,
dU
— = — uU — §,U.
dt oW —p

The last four equations of (7.27) can be expressed, in terms of the next generation
matrices F and P for the sub-model (7.27), as below.

dL(t)
dt L(t) Bik B 0 0 L(t)
dT(t)
Tdt T(¢) g 0 0 00 T(t)
_P) (%)
dw(t) W (t) 0 000 W (t)
dt
dU (t) U(t) 0 0 00 U(t)
Tdt
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so that (since S(t) < N(t) for all ¢t > 0)

dL(t)
dt L(t)
) T(¢)
& < (F-P) . (7.28)
aw (i) W ()
dt
dU() ut)
Tdt

The proof is completed using the same argument as in the proof of Theorem 5.4. O

7.4 Mixed-only Sub-model With Vaccination

This model is obtained by setting = A=L =T = =M=\, =0y =Tt =Ty =
W =U=0and g, =11in (7.1), giving

d
5 = I+ wV = A5 - (S —usS,
dt
av
i (S —wV —(1—€e)AV — uV, (7.29)
% = AnS+ (1= AV — M — 6 M,
where,
o M
)\m:’BN and N=S+V + M. (7.30)
The DFE of the model (7.29) is given by £Y) = (8, V*,0), where §* = — 2T WL
o ™ T p(¢+w+ p)
and V* = —C————— Here, the associated reproduction number is given by
p(¢ +w + p)

(Om+ ) (w+p+()

It is worth mentioning here that the mixed-only sub-model (7.29) above with vaccina-
tion exhibits similar dynamics to that of the HIV-only sub-model (7.2) with vaccina-
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tion. That is, it can be shown that the system (7.29) exhibits backward bifurcation
(for € # 1), and that the sub-model (7.29) has a DFE that is GAS whenever € = 1.
Furthermore, the basic reproduction number (in the absence of vaccination) of model
(7.29), denoted by R,,, is given by

B

Rm | 7.32
Gt 1) (732

Thus, using (7.31) and (7.32) gives
gw _ Apt -9l o n (7.33)

(w+p+) -

Up till now, we have considered sub-models of the extended model (7.1). In so doing,
we separately obtained three basic reproductive numbers: ’R;:’), Rgt), and ﬁ(mv) . These
numbers will be shown to constitute important epidemiological thresholds for the ex-
tended model (7.1). However, the last, (~(JZ)), of these three will be shown to assume
a more general form that was obtained for the mixed-only sub-model (7.29) above. In
the sections that follow below, we shall see how these three thresholds feature in the
extended model (7.1).

7.5 Analysis of the Full Extended Model
The extended model (7.1) has a DFE given by

gév) - [S*,V*,I*,A*,L*,T*,M*,W*,Y*,U*]

(w+ Wl eIl (7.:34)

p(C+w+p) p(¢+w+p)

,0,0,0,0,0,0,0,0( .

In the sections that follow, we shall focus on a series of analyses: the stability analysis of
the DFE, & (U), to obtain the thresholds that characterize the dynamics of the extended
model (7.1). This is followed by the analyses of the limiting values of these thresholds
to obtain suprema and infima for this model. We conclude the chapter with a summary
after a bifurcation analysis for the conditions of backward bifurcation and the global
stability of the DFE.
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7.5.1 Local stability of the DFE

The next generation matrices associated with the model (7.1) are

Brge Mmbrge 0 0 GmbmG
0 0 0 0 0
0 0 KB B qePmge
0 0 0 0 0
F =
0 0 0 0 gmfmge
0 0 0 O 0
0 0 0 0 0
0 0 0 0 0
and,
Op+ i 0 0 0 0
—op O+ p 0 0 0
0 0 o+ i 0 0
0 0 -0y TG+ p 0
P =
0 0 0 0 Tm + Om + 1
0 0 0 Ti 0
0 0 0 0 Tm
0 0 0 0 0
where, g, = wtpt (- 6). It follows that

wHp+¢

R = p(FP™Y) = max{RY, R, RV},
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0

0

0
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with,
Brlw + u+ (1 — €)](0a + p + Mrow)

Ry = ,
(W +p+ Q) (on + 1) (da + 1)
® Bilw (s + 8¢ + p) + o]
Rt - (Ut + /«L)(Tt + 51: + N) ) (736)
R’E;L)) Qmﬂm[w + p+ C(l — 6)]

(WH+p+Q(Tm+0m+ 1)

Thus, we have established the following result.

Theorem 7.5 The DFE of the extended HIV-TB model (7.1) is LAS szglf} <1, and
oo (vt)
unstable if Ryp > 1.

Definition 7.3 The threshold quantity Rg’?, is the basic reproduction number for the
extended model (7.1) with HIV-vaccination, and TB-treatment. It measures the average
number of secondary cases generated by a single individual that is infected with either
HIV, or TB in a completely susceptible population where a fraction of the susceptible
18 vaccinated against HIV, and a fraction of those infected with active T'B is treated.

Observe that we can rewrite R in (7.36) in terms of R (from (7.31)) as follows.

qmﬂm[w + H+ g(l - e)]
W+ p+ ) (Tm + om + )’

RY =

Gm  Bmlw 4+ p+ (1~ €)]

(14 520) (wHp+Q)0m+p)

Hence,
@ - Im RO < RO (since g < 1).

(1 + 6T:+;t

(7.37)

Further, combining (7.33) with (7.37) yields

RO < RO < R,,. (7.38)

Thus, it follows from (7.33) and (7.38) that the use of an imperfect HIV vaccine re-
duces the average number of secondary infections due to HIV and the HIV/TB mixed
infection.
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7.5.2 Threshold analysis

(i) Effect of vaccine coverage on HIV-infection
Taking the limit of R;Lv) in (7.36) as the vaccine coverage rate, ¢, tends to infinity gives

@ o Belw+p+ (1= €)](6a + 1+ 1ron)
B = T T AT Olon + W+ )

R O TR S €t ) 7
(=0 (w+p+()

¢
(—o0 (wz—y+1>

= (1“6)7?,}1 S Rh,

(7.39)

where, the basic reproduction number, Ry, of HIV is given in (4.6). Thus, epidemiolog-
ically, we see that the use of an imperfect vaccine, with large enough coverage (¢ — 00),
reduces the basic reproduction number of HIV. In fact, if € = 1, hm RS’) = 0. That

is, if the vaccine is 100% effective, then HIV will be eliminated from the commumty

(ii) Effect of latent transmission and treatment on TB-infection

Denote Rgt) . and Rgt) , % the basic reproduction numbers of the model (7.1) in
K= =
the absence of transmission by latent TB individuals (x = 0), and in the absence of

treatment for active TB in the TB-only class (r; = 0), respectively. Then (7.15) can
be re-written as

R
R® _ Bio: _ " < R
Cleso T (ou )t Gt ) (1 o ) o (7.40)
515 + 1
Further,
®) Bilk(0: + 1) + o4 { k(8 + ,u,):i
R = = |I+—|R: 2R: 7.41
Flns (01 + ) (6 + 1) o e 2R (7.41)

In (7.40) and (7.41), R; is the reproduction number of the TB-only component of model
(3.1). In other words, R; is a reproduction number of system (7.1) in the absence of
treatment for individuals with active TB. Thus, equations (7.40) and (7.41) show that
the number of new cases of TB infection in the model (7.1) is reduced (below R;) when
latent TB individuals are not transmitting; and the number of new cases of TB infection
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increases (beyond R;) in the absence of treatment of active TB individuals in the T
class, respectively. The absence of transmission by latently-infected individuals and the

presence of treatment for active TB reduces the reproduction number <7€§t) < Rt) ,
=0
hence offering beneficial public health impact. "
By rewriting the expression for Rgt) in (7.15) and ’Rgt) . in (7.41) as
=
,R(t) — Bt K+ Ot ] 7
t = (Ut + ,M) | (515 -+ ,U)
and (7.42)
Rgt) = b —n + ot }
(Ge+p) L (m+d+p)l’
it follows that,
RY| < REP < RY (7.43)
k=0 T1=0

The public health implication of the inequality (7.43) is that the use of TB treatment
reduces the basic reproduction number (as expected) and, hence, reduces the new cases
of TB infection in the community. Further, it can be seen that

lim R(t) —~ Hm ﬁt[H(Tt + o + /J') + Ut]
r—oo ¢ Tg—00 (O't + ,U/)(Tt +6; + M)

a[:(+422) 4]
(o0 + 1) <1 Lot u) (7.44)

Tt

= lim
Tt—00

Bik
o+ 1

Thus, the asymptotic dynamics of TB is dependent on the number of new infections
generated by the latently-infected individuals (at the rate fix) and the duration in

the latently-infected class < ) Therefore, the task of effectively controlling the

ort+
spread of TB infection in the model (7.1) (that is, making ’R,gt) < 1) is enhanced by
reducing the number of infections generated by latently-infected individuals or, having
shorter durations in the L class . The latter may sound counter-intuitive, but it is
logical since it essentially means we ensure that people move from the L class too the
T class, where effective treatment is available at a faster rate.

(iii) Effect of vaccination coverage on mixed-infection
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Finally, from the expression for RY in (7.36), we have

qm:Bm[w + g+ C(l - 6)]

lim R =
(oo (=00 (W p+ ) (Tm + O + 1)
(7.45)
Qmﬂm(l B 6)
(T + Om + 1)’
which, with (7.32), yields
lim RY < gn(l — &R (7.46)

(oo

Thus, the use of an imperfect vaccine with large enough coverage (( — o0), reduces
the basic reproduction number of the mixed-infection. Furthermore, it is easy to see
that

lim R® = GmBmlw + 1+ (1 — €)]
Tm—oo Y Ty —00 (w+ﬂ+€)(7m+5m+u)

Hence, the treatment of people with active TB in the mixed class, with large coverage

= 0. (7.47)

(Tm — 00), will eliminate the HIV/TB mixed infection from the community. This is
a very important result of this research; and achieving this will be a big public health
breakthrough, as curtailing TB infection in sufferers of HIV/AIDS has a enormous
impact on reducing the disease-related mortality of both diseases.

7.5.3 Backward bifurcation in the extended model (7.1)

As before, let S = 21,V = 29,] = 23, A =24,L = 25, T =z, M = 27, W = 23,Y =
zg, and U = z19, so that the system (7.1) is transformed into the following system of
equations. '
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(E.1 = 1II + Wwxo — )\hiEl - /\t.’L‘l bt )\mm1 e CiEl — LTy = fl;

Tp = (x1—wzs — (1= )Mz — A\iz2 — (1 — €) A2 — px2 = fo,
Tz = MZ1+ GgpAmZ1 + (1 — €)Apze + gr(l — €) Az — O ix3

—OpT3 — 4T3 = fs,
Ty = Op%3+ OyTg — ATy — 6oy — U4 = fa,
Ts = MT1+ AT + MZa + ¢ (1 — €) Ao — A5 — TA, x5

—0T5 — [T = fs, (7.48)
:Ifs = T'/\ziL's + 015 — )\hxa — TtTg — 5t5U6 - /LfUG = f5,
Ty = GmAm®1 + O3 + Oz + Anxs + Ane

+q7n(1 - 6)/\771332 — TmT7 — 5mx7 — U7 = f7:
Tg = TiTg — QTg — [ATg = fs
Tg = TmTg— OyTg — UTY = fo,
Tlp = Qg — 0,T10 — KT10 = fio,

3 + X
where, N = 1 + 29 + 23 + 4 + T5 + T + T7 + T3 + Tg -+ Ta0, Ap = —ﬂ—}}—(——?———nh—gz

N
N = BlEmsted) gy B e DRE of (7.48) i
N N
II
ay= | @AW T 606600,000|.
p({+w+p) p(¢+w+p)
The corresponding Jacobian, J(Xp), is given by
—Cp W —-Ci —C1Mk —Cok —Cq —C3 0 0 0
C ~Cq —Cs —Cs7h —Cgk —Cg —C7 0 0 0
0 0 Cg — Cg CsMh 0 0 qhdo 0 0 0
0 0 on —d 0 0 0 0 o, O
0 0 0 0 dy —ds [ q:do 0 0 0
X)) =
I (%) 0 0 0 0 o —dy 0 0 0 0
0 0 0 0 0 0 qgndog—ds O 0 0
0 0 0 0 0 T3 0 —dg O 0
0 0 0 0 0 0 0 0 —dy O
0 0 0 0 0] 0 0 0 0 —dg
(7.49)
where,
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oo @FtE) o -9 _whatc-9
T CtHwp) (+wtn) CHwtp
co=C+u, ¢ =Bk, ca = By, c3 = Ky, ca =w + 1,

BiKo
1—c¢

(7.50)

cs = Prky, s = y cr = Bk, cg = BrKs, cg = op + 1,

do = BnKs, d1 =0+ 4, d2 = K, d3 =0+, dg = 74 + 0t + 1,
d5:Tm+5m+l~lf’ de = a + p, d7=0-y+,ua d8:6u+/~1'

The stability threshold for the transformed system (7.48) is R{2. Since, from (7.35),
it was given that ’R;}’? = max{’Rg’), ’R,Et), R(m”>}, it follows that there are three possible
stability factors: REZ’), Rgt), ’RS}{), respectively given in (7.36). Correspondingly, the
three possible bifurcation parameters 5y, §;, and 3}, are respectively obtained from
(7.36) by setting RELU) =1, Rgt) =1,RY =18, = By, By = Bf, Bm = B, and solving
for By, B, and B}, in the resulting equations. Here, the case RE:’) = 1 is considered.
Solving for G from ’R,(LU) = 1 gives

(W + p+C)(on + p)(6a + 1)
[w+ p+ (1~ €)](6e + p + mron)’

Br=p0"=

so that J(Xp) at /* becomes

—-Cg W - —CaMp —Ck —Co —~C3 0 0 0
¢ —c4 —C5 —CiNn —Cek —Cg —cr 0 0 0
0 0 cg—co camn 0 0 qndy 0 0 0
0 0 oh —d; 0 0 0 0 oy 0
T — 0 0 0 0 dy —ds [ gsdg 0 0 0
=1 o o 0 0 or  —dy 0 o o o |

0 0 0 0 0 0 gndg—ds O 0 0
0 0 0 0 0 T3 0 —dg 0 0
0 0 0 0 0 0 0 —d; 0

0 0 0 0 0 0 0 0 0 —dg

(7.51)

where, c] = B*Ky, ¢ = 0*K, and ¢§ = 8*K3. It follows that the non-zero left and right
eigenvectors, v and w, (corresponding to the zero eigenvalues of Jg) are respectively
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given by

C4V2 7V9 4Ug
v = :/02)617)2'*"62'09’ >e3v2+ —71)6)0707’&)9)0
w Uy ﬂt
and
T
C4€q + wes (64 + cgés d1w4 d4d6wg dg'wg
w = H 3 y Wy, ’ ,0,’11)8,0,0 )
cocs — Cw  cocy — Cw oy 0Ty Tt
where,
. _ mu(cica + csw)
1 = S e T/
CaWh
didry
62 = —*————-———, (752)
Csoynh
(cacs + cow)
€3 = T
wp;
i (dy + mrow)ws | deca(das + o )ws
€4 = + s
Oh 0Tt
and
. B C;(dl -+ nhah)w4 n dsCs(d4fi + O't)'ws
5 —_ .

Oh OtTt

For system (7.48), the following parameters must be computed.

10
0* fi

1,5,k=1

10 :
& fr
b = Z (vkwi 52.00"

3,k=1

Il

(7.53)

Using vy = vg = v19 = wg = wyg = 0 in the expressions for the eigenvector v and w
above, together with 8* = [, and (7.48) in (7.53) gives

a = OV -G,

(7.54)

b o= (oy + 1) (60 + 1) (0a + 1 + MhoR)WaVY
TRIROyB* ’

93



where,

[ 2uvwaws(a + ) (6q + p+ MaoR) X }
(v) (/J/z -+ 27},& + 25t,LL -+ 27—t5t + 5t2 + ’TtZ + /BtUt) (755)
Ch -

HoyronB

The expression for GS’) is too lengthy and not reported here. It follows from (7.54)
and (7.55) , b and C’f(lv) are positive, and it can also be shown that GE:') is positive.
Thus, if @ > 0 in (7.54), then by Theorem 6.2, the following result is established.

Theorem 7.6 The estended HIV-TB model (7.1) undergoes a backward bifurcation
v G(U)
whenR}L)=l and B* > ? .
, o

h

7.6 Summary

In this chapter, the basic HIV-TB model (3.1) is extended to incorporate treatment
for TB in two different classes, as well as the use of a potential imperfect HIV vaccine.

Rigorous analysis of the model revealed the following.

(i) The HIV-only sub-model with vaccination undergoes a vaccine-induced backward
bifurcation. Furthermore, the introduction of vaccination into the HIV-only sub-
model (7.2) causes a reduction in the basic reproduction number of the HIV-only
model in (4.1) demonstrating the public health impact of such an intervention.

(ii) The TB-only model undergoes backward bifurcation, resulting from the exoge-
nous re-infection property of TB disease; the full extended model (7.1) also un-
dergoes backward bifurcation.

(iii) A large enough coverage of the use of an imperfect vaccine ({( — o0) against
HIV-infection reduces the number of new cases of HIV or mixed infections.

(iv) The absence of TB transmission by latently-infected individuals reduces the re-
production number for TB (in the absence of treatment and infection by latently-
infected individuals).

(v) The reproduction number Rgt) is bounded by Rgt) . < R,Et) < Rﬁt)

K= T=0

(vi) Mixed infection (that is, the class M ) can be eliminated from a community in-
fested with HIV and TB infections, by ensuring a large enough coverage (Tm —
00) of the DOTS therapy treatment for individuals with mixed infections involv-
ing active TB.
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Chapter 8

Contributions and Future Work

8.1 Contributions

The main contributions of the thesis can be described under the following categories.

(A) Model Formulation

(i)

(i)

A reasonably realistic model for the interaction between HIV and TB is
designed, and gradually refined to include control strategies (vaccine for
HIV and DOTS for TB). Further, this is the very first HIV-TB model that
incorporates:

(a) TB transmission by latently-infected individuals;

(b) Vaccination for HIV in an HIV-TB co-infection model;

(c) Transmission of HIV-TB co-infection to a susceptible individual.

This study is amongst the very few studies that offer rigorous analysis of
HIV/TB interaction in a population.

(B) Mathematical Analysis

(¥

(1)

(iid)

The study uses a number of dynamical systems tools and methodologies to
analyze the associated models (which are relatively large in comparison to
the many models of single diseases in the literature). These include standard
linearization, next generation operator method, comparison theorem, center
manifold theory, Lyaponuv function theory, Lasalle Invariance principle, etc.

Global stability results are provided for the DFE of a number of models;
and LAS results are given for endemic equilibria of many of the associated
models (which are generally relatively large).

The center manifold theory is used to establish backward bifurcation in TB
models (with exogenous re-infection) and HIV models with vaccination.
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(C) Public Health
The study provides some important insights into the transmission mechanisms
and control of the two diseases, including the following:

()

(if

(vi)

8.2

An imperfect vaccine (of modest efficacy) with large enough coverage can
lead to the elimination of HIV.

The presence of exogenous re-infection induces backward bifurcation in the
TB models.

The presence of backward bifurcation in HIV models with imperfect vaccine.

TB transmission by latently-infected individuals plays significant role in TB
transmission dynamics.

Effective treatment for TB can lead to its effective control if transmission
by latent individuals is minimized, or if the duration in the latent class is
short.

Mortality rate among TB and HIV sufferers can be lowered by effectively
treating active TB with large enough coverage, with the effect that mixed
infection is eliminated in the community.

Future Work

There are two major areas of possible future work, namely model refinement and
mathematical analysis. Specifically,

(i) the model can be refined to include multiple strains of TB and HIV, as well as
to include pediatric TB and HIV as separate compartment in the model;

(i) and most of the mathematical analyses in this thesis was restricted to establishing
local and global asymptotic stabilities of disease-free equilibria; and the local
asymptotic stability of endemic equilibria. The work can be extended to explore
ways to investigate the global dynamics of the associated boundary equilibria.
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