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ABSTRACT

In this thesis the problem of discrimination and classifi-
cation is studied with a view to assessing the effects of
departures from the usual assumptions of normality. Two types
of non-normality are considered: (i) Transformable Non-
normality where the distribution can be transformed mathemati-
cally into a normal form. .Three transformations, all belonging
to the so-called Johnson's System: Log Normal, Logit Normal
and Inverse Hyperbolic-sine Normal, are considered. The
distribution theory as well as the classificatory problems
associated with these distributions are considered. (ii) Essential
or Persistent Non-normality: The distributions of this type
cannot be transformed mathematically into the normal form. The
Edgeworth Series Disﬁribution isfcohsidered_here and the type
of non-normality is limited to.asymmetry. The effects of
sampling from a non-normal population is studied. Estimation
of probabilities of misclassification using data generated
from the Edgeworth Series Distribution are given. Some
recommendations based on these studies are also given.

A review of literature concerning probabilities of mis-
classification is made, the theory is developed for the case
of normal distribution. A review is also made of the basic
results in discrimination and classification, various types of

discriminant functions are discussed.
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DEFINITIONS OF TERMS USED IN THE THESIS

TERM DEFINITION
P Number of variables.
X or x p X 1 vector of observations.
I Population i.
Ef p x 1 vector in I .
i i
pX P X p covariance matrix in I .

i i

X or x P X 1 sample mean vector in 1T .

i i i
S P X p sample covariance matrix in 1 .
i i
P A priori probability that an observation comes from
i
I .
i
a Probability of misclassifying an observation from
i .
H -
i
) Cumulative standard normal distribution function.
G or H Cumulative bivariate normal distribution function.
n Sample size for T .
i i
, =1
A2 (0 = uw) 2 (x = p) = Mahalanobis distance squared
1 2 1 2
(parameters known).
A2 (x -x) s M(x.- 2) = estimated Mahalanobis distance
1 2 12
squared (parameters unknown).
k Number of populations., - @ = .. .
c(2)1) Cost of misclassifying an observation from 1Ij.

C(1]2) Cost of misclassifying an observation from H2.



iv

TERM DEFINITION
R Regions of classification corresponding to the
population 1i.

fi(E) Density function of X in Hi.




CHAPTER 0

INTRODUCTION: SUMMARY

In this thesis the problem of discrimination and classifi-
cation 1is studied with a view to assessing the effects of
departures from the usual assumption of normality. The general
procedure for classification of an individual X with p
observed characters (Xl,.;.,Xp) consists of determining a
function of (Xl,..;,XP)) approximately, and assigning X to
one of the two populations Hl or T, depending upon the value
of the function. 'Obviously, since the observation vector is
random and since the parameters for determining this function
are often not known, this procedure could result in one of two

types of errors. The individual X may be classified as

belonging to T, whenin facthe is from I, or vice versa.

These errors are of grave importance in the choice of the
procedure. One would require that these errors or, more
appropriately, their probabilities be as small as possible.

The problems of estimation and optimization of the probabilities
have received wide attention.

In Chapter 2 a review is made of the literature concerning
probabilities of misclassification. The theory is developed
there for the case of anormal distribution. This assumption of
normality is made, in part, due to the mathematical intract-
ability of non-normal distributions. Also, in most
instances such an assumption is gquite realistic. However, it

would seem to be of great interest to consider the effects,



if any, of the departures from this simplifying assumption.
Some attempts are made in this direction here. There are two
types of non-normality one could consider: (i) Transformable
non-normality where the distribution can be transformed
mathematically into a normal form. The three considered in
chapter 3, all belonging to the so-called Johnson's System,are
Log Normal, Logit Normal and Invérse Hyperbolic Sine Normal.
The distribution theory as well as the classificatory problems
associated with these distributions are discussed in this
chapter. (ii) Essential or persistent non-normality: The
distributions of this type cannoﬁ be transformed mathematically
into the normal form; This, however, does not preclude the
Central Liﬁit Theorem from being applied for large sample
situations. Thelsmall samples problem is cénsidered in Chapters 4
and 5 for the Edgeworth Series Distribution. The type of non-
normality is limited in this thesis to asymmetry.

In chapter 1 a review of the basic results in discrimination
and classification is presented.  vVarious types of dis-
crimanant functions are discussed. Of these, )
the one that has been used in this thesis is the Linear
Discriminant Function (LDF) introduced by R.A. Fisher (13).
The effects of non-normality are studied here when adopting
the LDF procedure. Aside from tﬁe theoretical implications,
it would be of interest to assess the effects of sampling from

a non-normal population. This is done in Chapter 5 where the

results on the actual estimation of the probabilities of




misclassification using data generated from the Edgeworth Series
Distribution are given. Some recommendations based on these
studies are also given in this chapter.

Since the generation of this distribution on a computer

presents its own difficulties, a discussion of the algorithm
along with the actual computer programmes and their flow charts

are given in Appendix Al.




CHAPTER 1

REVIEW OF SOME BASIC IDEAS IN DISCRIMINANT ANALYSIS

1.1 Discrimination, Classification and Hypothesis Testing

The concept of hypothesis testing has often been confused
with that of discrimination. Rao [49] has discussed this point
and has made the distinction clear.

In discrimination we have: (a) a class of alternative
hypotheses of which one is chosen; (b) we would like *+o balance
between the wrong and correct decisions: (c) prior probabilities
are vital for a satisfactory solution of the problem; and
(d) the null hypothesis plays no prominent role in discrimination
but is used sometimes to arrive at a decision with a small
risk.

In hypothesis testing problems we have: (a) a clearly stated
null hypothesis and a comparatively undefined number of
alternatives; (b) the emphasis is on the null hypothesis in that
we prefer to reject it at a given risk or provisionally accept

it; and (c) when we accept the null hypothesis we do not make

a decision about the alternative hypothesis.
The concepts of'discrimination and classification have been
carefully defined by Kendall [25, 26]. In discrimination a

sample of members from k populations is taken with p variables,

qualitative or quantitative, recorded for each member. A
method, based on the recorded variables, is developed for
assigning new members to the correct population. In that case

we talk of discriminating among the populations. The case



when k = 2 1is the commonly treated one. In classification
we have a sample of n members where each member has p
measurable or qualitative characteristics. The question we
ask ourselves is whether these members belong to certain
groups and, if so, to identify the groups. ~Anderson [2]
defined the problem of classification as that of decision
functions where one of a number of hypothesis must be accepted

and the rest rejected for a particular observation vector X.

1.2 Errors of Misclassification

Let £;(x) be the probability density function of X in

if i=1, 2. We define p, . to be the a priori

ir

probability that an observation comes from ;,i = 1,2, Let

X be a point in a p-dimensional region R with Ry ‘and R,
as sub-regions. R; and Ry satisfy the property
R = R; U Ry

and

Ril Ry = ¢

Define a classification rule as follows: based on the

observation vector X,
Classify X as e Iy if X falls in Ry,
Classify X as e I, 1f X falls in R,.

In such a classification procedure we are bound to make two

kinds of errors which are defined as errors of misclassification.



If X is classified as belonging to 1[; when in fact X 1is
from 1I,, that is an error; on the other hand, if X is
classified as belonging to 1, when in fact X is from 104,

that is an error too. In practice such errors could prove

costly. A typical realization of the errors and costs involved

is as follows:

True State of Nature Decision Probability of Cost of

Misclassifi- Error

cation
""" X e Ny X e I a1 c(2l 1)
X e I, X e 03 ¢ c(1] 2)

where aj, ap are given by the expressions

ay = J £, (x)dx (1.1)
R,

and

Q
il

f,(x)dx, (1.2)
2 JRl 2272

The total probability of misclassification is given by

f,(x)ax + b, J £, (x)dx (1.3)

o=y |
1 R Rl

2

Details on errors of misclassification are further discussed

in Chapter 2.



The costs of errors of misclassification are usually
assumed to be greater than zero and are usually known or
estimated in some form. For simplicity they are assumed to be
unity. The basic gquestion is the choice of Rj and Rj. One
would obviously choose them so that the total probability of
misclassification is minimized. This problem is discussed in

the next section.

1.3 Classification Rules

Welch [60] gives a solution for the choice of R; and
R, regions when the total probability of misclassification
is minimized and only two populations 13, I3 are considered.
The total probability of misclassification as given in equation

(1.3) can be written as

ppll - f £1(x)dx] + vy J £ (x)dx
Rp Ry '

Q
1

l‘ _ -
p; + JR [pyE,(x) - pyfy(x)]dx,
1

which is minimized if Rl is chosen such that

p2f2(§) - pyf (x) <0 for all points in R

s

Thus the classification rule is: Assign X to Ty if

1=, 22 (1.4)
D



and assign X to @I, if

£, (x} P
——ﬁ-l — < 2 (1.5)
f2 é —-Pl - L]

Another approach which leads to the same solution as the
one in equations (1.4) or (l.5) is through Bayes Theorem. Let

the conditional density of X in M; be fi(§), i=1,2

and a priori probability of X from I; be pj, 1= 1,2;

then the posterior probability of Ty is given by Bayes

Theorem as

Pr (I, x) pifi (%)
Pr(n,|x) = =
Pr (§) Plfl (Zi) + p2f2 (z{_)

i=1,2. (1.6)

Assign X to the population with the largest posterior

probability. Thus the rule becomes: Assign X to Ty

if Pr(m;|x) > Pr(N,|x), (1.7)
that is
if plfl(g) > p2f2(§)
or
£1(x) p
12
if > 2, (1.8)
£5 (x) P

The above two procedures are based on equal costs of misclassi-
fication in T; and T,. If the costs of misclassification

are unequal, by minimizing the total cost of misclassification,



the classification rule is seen to be (see Anderson [1], for

example) :

Assign X to Iy if

f.& calap,
> (1.9)
£,® > CEDp;

and assign X to H2 if

£1 (x) C(ll-’2)p2
£,& = CMp; | (1.10)

Another procedure for deriving classification rules is called
the minimax procedure. In this case the maximum probability
of misclassification ié minimized. The procedure has been

described by Welch [60] and Lachenbruch [301, Regions Rl

and R2 are chosen so that ay = ap and are a minimum under

the condition that

J [£1(x) + f3(x)]dx = 1. (1.11)

Ry

The minimax rule from the above approach is to classify X as

a member of Hl if

£, (=)

f2(§)

> B (1.12)

and to classify X as a member of I, if
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£, (x) < a
£, (x) -
In equations (1.12) and (1.13), B is a constant determined by the

distributions in Hi, i=1,2.

Another approach which leads to the choice of Ry and R,
classification regions is the likelihood ratio (LR) rule.
Das Gupta [11] has defined this rule by & where 5,(x) > 0 if,

C C

for some positive constants ¢ ;e ey ’
2 m

l’

ijj(X) < M?X{Cifi(x)} ,
where m is the number of groups under consideration. If the
Ci's are all equal, the rule is called the maximum-likelihood
(ML) rule. Das Gupta [l0] discusses the concept of optimum
classification rules in the case of two multivariate normal
populations. He shows that the maximum likelihood rule is
admissible and minimax in the case when I, the dispersion matrix,
is known. When I is unknown he shows that the maximum likelihood
rule is admissible, and, in an invariant class, minimax. To
prove the above results Das Gupta uses a loss function which is

a function of the Mahalanobis distance (uy - BZ)'Z-l (17 = u,)
between the two populations.

If m= 2, that is if we have two populations, the
classification problem is essentially the problem of testing
statistical hypotheses, where a simple null hypothesis against
a simple alternative hypothesis are considered. In this case
the classification regions are found by use of the Neyman-
Pearson Lemma; a proof of this is available in Rao [51]. The

likelihood ratio of the observation X is given by



£, x)
L(x) = 1.15
(x) 5 &) ( )

and the likelihood ratio solution is given by
2(x) = a constant.

We note here that the results in equations (1.4, 1.5, 1.8, 1.9,
1.10, 1.12 and 1.13) are of the form given in equation (1.15)
except for the difference in the suitable constant. Anderson
[2] has derived the likelihood ratio criterion when a composite
null hypothesis is being tested against a composite alternative

hypothesis. He considers a sample

x(1), x@© ()

1 T2

from N(E(l),z) and a sample

x(2), %2 %
1 2 n,
from N(&(Z),z) and X an observation coming from I, or I,.
Anderson tests the composite hypothesis that
\ (1)
X, g(l), ceer X are drawn from N(g(l),z) and
1 ny
' 2
g(z), g(z), ceey g( ) are drawn from N(E(Z),Z) against
1 2 n2

the alternative composite hypothesis that

§(l), g(l), ceey &‘l) are drawn from N(E(Z),z) and
1. 2 nqy 1
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X, §(2), (2), ey §(2) are drawn from N(u(2),1).
1 —2 ny

By obtaining maximum likelihood estimates of E(l), U(Z) and

I under the two hypotheses, the likelihood ratio is given by

n - S -
1+ 22z - 5@ lx - g2

n2+l -
D = 5 (1.196)
1 - ~(l) ] -1 — ~(l)
1 + nl+l 04 X )y'c (g X )
where
2 n, ST Ly~ (1)
c= 3 . (E(l)- E(1))@(1.)_ % ..
i=1l a=1 a a -

The classification region for Hl consists of all points for which

D > vy (1.17)

and the classification region for HgécOnsists of all points given

by
D < vy (1.18)

where <y 1s a given number.

Hills [18] considers the problem of classification rules
as consisting of three categories depending on the information
available about the distribution functions in the two
populations. If F; and F, are the distribution functions
corresponding to I; and 1@, respectively,the three categories
considered by Hills are as follows:

(i) Fl, F, completely known,

(ii) F;, F, known to belong to some parametric class

of distributions where the parameters are known,



(iii) Fl' Fy completely unknown.

If Fl, F, are completely known Hills states that a complete
class of admissible rules may be shown to be based on the

likelihood ratio rule.

1.4 Types of Discriminant Functions

Since the introduction of the LDF by Fisher several other
classification statistics have appeared in the literature.
Among reasons for their appearance are (i) violations of the
assumptions used in the derivation of the LDF, (ii) attempts
to find admissible procedures which minimize the probabilities
of misclassification, (iii) attempts to minimize the derivatives
of the misclassification errors, (iv) as a problem in hypothesis
testing. Some of the classification statistics proposed are:
(a) Fisher's Linear Discriminant Functioﬁ (LDF)
(b) Anderson's Classification Statistic (W)
(c) The Quadratic Discriminant Function (QDF)
;i;j; (d) The Best Linear Classification Statistic (BLDF)
} (e) Rao's Classification Statistic (R)
(£) John-Kudo Classification Statistic (2)-
A guick review of the basic ideas of each one of these and

their properties are given below.

a) Fisher's Linear Discriminant Function ' (LDF)

The LDF is derived by Fisher [13] while solving a taxo-:
nomical problem. Since we refer to this function in most of

our discussions, we derive it here.
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In the univariate case, when the two populations Hl’ H2

are normal with different means Hye Hy respectively and the

same variance o¢2 in both populations, the distance between

the means divided by their common standard deviation (S.D) is

given by

D = .= when “l - Uy 2 0.

Fisher argues that if X 1is an observation from one of the
two populations, X 1is classified to My, if it is nearer to

My and X 1is classified to Iy if it is nearer to The

Hoy o
risk of misclassifying an observation is small if D is large
since the populations are wider apart;  if D  is small’

the populations are closer together, hence the errors of mis-
classification are increased. When the distributions in Hl,

I, are multivariate normal with means My, My respectively

and common variance matrix I Fisher considers a linear

combination of the observations X

Y = a'X, (1.19)

where a' = (al,az,...,ap), §24X1,X2,...,Xp) and p 1is the
number of characters. He establishes the discriminant function
by maximizing the mean difference in Y for the tvo populations
divided by the common standard deviation of Y within the

populations: That is

|E(Y|n,]1 - E[Y]n,]]

Standard Deviation of Y
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ld" (uy = mp)
(@ T oa)k
d s
= , (1.20)
@ £ a)%
where § = p; - p,. To maximize equation (1.20) for variations

in a we differentiate it with respect to a and equate to

zero, obtaining

|
|o»

§ = (——) & a . (1.21)
g ra

The above equation has no unique solution; however one solution
is given by

a=:1g (1.22)

but any vector proportional to a will satisfy equation (1.21).

Substituting the value of a into (1.19) we obtain

i

(u3 - up) 7t x (1.23)

which is the Linear Discriminant Function (LDF).
We formally define the LDF when the parameters are known

as

D(Xi uy, wpr %) = (u; - uy) 27hx (1.24)

and when the parameters are unknown and, hence, estimated from a

sample, as
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D(Xi Xy, Xp7 8) = (x; - %) 871 x (1.25)
where gl, gQ,S are estimates of M1, Ho, 2y respectively.
Welch [60] shows that even if the assumptions which Fisher
made in deriving the LDF do not hold, the best function to

discriminate between two populations whose density functions

are completely specified may be obtained by taking the ratio

of the probability densities in the two populations. He deduces

the likelihood ratio argument of alternative hypothesis from
the Bayes Theorem and shows that for any prior probability the
discriminant function is a ratio of the probability densities
and the criterion level depends on prior probabilities.

b) Anderson's Classification Statistic (W)

This statistic is derived by Anderson [2] in the case of
two populations whose characters are distributed as multivariate
normal with different means and the same variance covariance
matrix. The likelihood ratio rule [see equation (1.15)] is used

in the derivation. The statistic is defined as

. -1 '
D(X; 3, By 2) = [X - % (g + po)1" I (b - ¥s)
(L.26)
when the parameters are known and as
Cr 3 ey = v - Lz oz -1, =
D(X; %1, %57 S) = [K - 5(x; + %) 1" 877 (x; - %3)

(1.27)



when the parameters aré unknown, hence estimated from Samples._ The
W statistic differs from the LDF, when the parameters are known,

by the constant

%- (ug * 1y T Ty - oup) (1.28)

If the parameters are estimated then this difference is

1 .z > -1, ~
7 (&, +x,)" 8 " (x; - %)

The univariate analogue of this statistic has been given

by John[21] and by Sedransk and Okamato [53].

c) The Quadratic Discriminant Function (QDF)

This statistic arises when the assumptionxof equal dis-
persion matrices in the two populations no longer holds and
the likelihood ratio rule is used in deriving the discriminant
function. When the parameters are known, the statistic is

defined as;

1 R
(X - gl) + §(§ - gz) 22 (X = u,)

(1.30)

and when the parameters are not known and are estimated from

samples, the statistic is defined as
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s, |

—— -

1 T2 1 2 N

w0
[
~e
I
fx e
0
1))
I

1
2

1 ~ a1 ~ 1 ~ -1 -
= - - + = - ' -
To&E-x)'S X -x) F S x)8 (X - x)

(1.31)
Okamato [45] introduced this originally. Bartlett and
Please [6] independently developed this function for discrim-
inating between monozygotic and dizygotic twins. Gilbert [L6] studied

the robustness of the QDF when the variance matrices are known

and has looked at special forms of these matrices, Zl = I

and 22 = dI where d 1is a constant. Marks and Dunn [35]
have extended Gilbert's results to the more general set up of
the parameters in the two distributions being unknown.
Lachenbruch, Sneeringer and Revo [32] have considered the
robustness of QDF with respect to non-normality. The QDF is

optimal in the sense of minimizing the overall probability of mis-

classification when the parameters are known and the covariance

matrices are not equal.

a) The Best Linear Discriminant Function (BLDF)

This statistic is introduced by Clumies-Ross and Riffenburgh
[9] and by Anderson and Bahadur [5] under conditions similar
to those of the QDF. The main condition is that Zl # Zy.
When the parameters are all know, thé statistic is defined as
1 - ] - 1
X'b - b'yy - £; B'Igb

D (X; -“—1'.“-2721'22)

X'b - b'y, + t,b'I b

=2 2 2

(1.32)
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and when the parameters are not known but are estimated from

the samples,the statistic is defined as

- ' - 1
L X'b - b £1 tlg Slg
D(_}_<_7§112<_2;Sllsz) .
1 - 1 1
X'b - b'x, + t,b'S,b . (1.33)
In (1.32)
— -1 -
b= [tyZy + 50,177 (uy = up) (1.34)
and in (1.33)
b = [t,S + 8.1 (%, - %) (1.35)
= 171 272 -2 =1’ ° ‘

In both these equations ty, t, are scalars chosen by a
systematic trial and error method to minimize the probability
of misclassification.

When the parameters are unknown and estimated from a
sample,Marks and Dunn [35] refer to BLDF as the Best Linear
Sample Discriminant Function. This statistic is optimal in

the same sense as the QDF.

e) Rao's Classification Statistic (R)

Rao [50] derives the statistic R under the condition of

two populations 1@,, I, and the distribution of X 1in the two

populations being multivariate normal. He assumes that samples

of size n n are obtained from Ty I, respectively, Under

17 72

conditions that the derivative of the misclassification errors

are being minimized Rao comes up with the statistic R defined
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as follows:

2 2
-~ a - a -
D(X; X1,X37 ny,ny;I) = 1 3 2 gz ly o+
b2
2(a; - a,)
+ L2 gyly (1.36)
b1bo
- - -2
where a3 = ny(ny + nj) 1 by = nll + ny ,
a, ==-n_.(n, +n )—l b, =1+ (n, + n )—l,
2 171 2 ’ 2 1 2
U =X -(n{X,; + n,%x,)(n, + n )—l T =X, - X
= 1=1 222 1 2 ’ =1 =2

Rao shows that this statistic is best for discriminating
between alternatives that are close to each other.

John [22] gives a form of Rao's Statistic when the
variance matrix is estimated by S.

£) John-Kudo Classification Statistic (Z)

The statistic has been suggested under the condition that
the distribution of X in the two populations is multivariate
normal with a common variance matrix and different and unknown

means. John [22,23] defines the statistic as

- - nl ~ -1 ~
D(X; Xj,%y; ny,n,;8) = P (X - %) 8 "X - %)) -
n
2 A
n E;;T (X 52) 5 (X §2)

where S 1s the estimated dispersion matrix and n is a
constant. John [19] suggests the same form with n = 1 and
the dispersion matrix known. Kudo [27] had discussed this

statistic independently in an earlier work. John comments
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that the statistic 2 with n = 1 was proposed because it
appeared reasonable to give the individual to that population
which,in testing, rejects it at a higher level, Presumably,

Rao [50, p. 655@ had previously stated this in principle.

1.5 Relationships Among Classification Statistics

From the discussion in section 1.4, we note that the LDF
is the basic discriminant function among the classification
statistics. The QDF reduces to the LDF when the variance
matrices I3, Iy are equal. The statistics W, R and 2
(with n = 1) are asymptotically equivalent. R and W
statistics are equivalent if sémple sizes n,, n, are equal.
The Z and W statistics are equivalent if HE%T = n(HE%T)
and hence equivalent to R. In particular,if n = 1 and

n; = ny = n, the 2 and W statistics are linearly related in the

form % = - (EE_)W, Siotani [54] states that,if n, = n and
n+1l 1 2

n
1 =
n,+1 L

i

1,2, hence the W and Z statistics are eguivalent.

n=mny; +n; - 2 are sufficiently large, then for

i

The statistic W differs from the LDF only by a constant.



CHAPTER 2

PROBABILITIES OF MISCLASSIFICATION

2.1 Introduction: Five Probabilities of Misclassification

In this chapter a review is made of the literature con-
cerning probabilities of misclassification. The assignment of
an observation vector ' X to one of two populations Iy, Iy

with classification regions Ry, Ry respectively, depends upon

the value of the discriminant function. The discriminant
function is a function of the observations and the parameters

of ﬁhe distributions in the two populations. The parameters

are usually unknown and hence are estimated from samples. This
obviously means loss of information on the parameters which
affects the estimation of the probabilities of misclassification,
in that they may be underestimated or overestimated. Various
techniques have been developed and compared in trying to find
the best way of estimating the true probabilities of misclassi-
fication when the parameters are unknown and are estimated from
samples. The techniques have led to a number of definitions

of misclassification errors. We discuss five probabilities of
misclassification here. The probabilities of misclassification
are important since, after constructing a discriminant function,
we are interested in determining how this function performs on
future samples. The performance criterion of a suggested
procedure is usually the probability of misclassification.

The probabilities of misclassification which we consider here

are as follows:
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(a) Optimum probability of misclassification,

(b} Conditional probability of misclassification,
(c) Estimated probability of misclassification,
(d) Apparent probability of misclassification,

(e) Expected probability of misclassification.

Before these probabilities of misclassification are discussed

it is useful to introduce the following notation:
(1) Classification regions corresponding to Hl and Iy
populations are defined as Ry1, Ry, when parameters are known
and R;, R, when parameters are unknown,
hence estimated from samples.

As usual Rl’ R2, ﬁl, ﬁz satisfy the conditions that

Ry URy =R, R R,

!
©-

Ry U R, = R, RlnR?_:qs.

(i1) The distributions corresponding to populations I

and I are defined as

2
fl; £, when the parameters are known
fl, fz when the parameters are estimated.
(1ii) a2 = (g - Ez)'z—l(£1 - Hp) is the Mahalanobis distance
squared.
22 = (é - gz)'s'l(%l - gz) is the estimated Mahalanobis

distance squared.

This notation,and the notation used in defining probabilities

of misclassification in the remaining part of this chapter,
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follows that of Lachenbruch [30].

a) Optimum Probability of Misclassification

This probability of misclassification is said to be
optimum in that we cannot improve upon it and assumes the
parameters of the distributions in the two populations known.

The total optimum probability of misclassification is defined as

;
a[R,£f] = plj £f,(x)ax + p, £, (x)dx (2.1)

R, Ry

where the first argument R refers to the entire region of
classification and the second argument £ refers to the dis-
tribution of the observations that will be classified; P;
refers to the a priori probability that an observation comes
from ﬁi’ i=1,2.

In the univariate situation, when the distributions of

X in Tyr 1, are normal, that is

X in I, is - N(ul,l)

X in H2 is -~ N(uz,l)

and the classification regions are as follows:

. 1 +
Ry: {X; X < = (u o)}
13 { <5 2
1 (2.2)
RZ: {X; X > 5— (Lll + 1-12)}
the optimum probability of misclassification when an observation

from 1

1 is misclassified is given by
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oy [R,£] = f fllxldx = 1 - 0(3 §) = o(- ) (2.3)

R,

where ¢ = ﬁz = ug > 0. When an observation from HZ is mis-

classified we have

0y [R, €] = { £y(x)dx = o (- 3. (2.4)
R 2
1
The total probability of misclassification when pl =1 and
2
P, = 1- Py is given by
alr,£] = L[ fpeoax + L[ £yxax
2 /R 2 JR
2 1
1 5 1 8
= - ) = -
2 ¢ ( 2) > 3 ( 2)
= o(- =) (2.5)

Sedransk ahd Okamato [53] have given similar results on

this probability of misclassification when the variance in the

. . 2
two populations 1T, N, 1s given by o~.

Let X in T4 and 1, have the density functions

= 5 ZX“—i'.X" ,'Z
£5(x) (2m) “|z| “expl- 5(x gj)
j=1,2. (2.6)

The parameters Hj and ¢ satisfy the conditions

- = < By < » and ¢ 1is a positive definite symmetric matrix

of order p. The optimum probabilities of misclassification
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based on the classification regions

Ry: {X; D(X; 21,2272) = [X —ké(ﬂl + 32)]'2—1(31 - upy) > 0}

R,: {X; D(X; ByrbyiL) = [X - %(g + EQ)]'Z-l(gl -y

2 = 1 )
(2.7)
are given by
al [R,£] = o (- 5_A‘ , (2.8)
o, [R,f] = o(- 3) - (2.9)

see Hills [18], Lachenbruch [28] and Sorum [58], for example.

When pl =P, = L the optimum probability of misclassification

‘é“ .
is given by

o[R,f] = o (- &). (2.10)
2

Results in equations (2.8), (2.9) and (2.10) show that the
probability of misclassification is a monotone décreasing
function of A. As A -+ », this probability tends to zero.
One would expect this,as large A implies that the populations
are wide apart.

b) Conditional Probability of Misclassification

The conditional probability of misclassification is usually
calculated when a sample discriminant function is involved in
the classification rule. Given a discriminant function the
probability can be described as the conditional probability

that a randomly chosen member of Hi (i = 1,2) is misallocated.
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It is conditional on the observation coming from one of Iy

or H2 and also conditional on estimates of the means of the

distribution in i and 1@,. The total conditional probability
of misclassification is defined as
o[R,£] = p. | £ (xdx + p, [ f,(x)dx (2.11)

LR, 'Ry

This probability of misclassification is sometimes called the

""" actual probability of misclassification (see Hills [18] and
Moran [44], for example). In the univariate situation, when

the distributionsof X in I I are normal, that is

17 72
X in I, is - N(gl,oi),
| X in HZ iS ~ N(]JZIO-;)I

and the classification regions are

; 1,- - - . 1 = -
Rl' {X; X < E(X + X.) and X, < X, or if X >5 (xl + x2)

+ iz)

- - - . 1,-
+ X,) and x; ( R, or if X < E(Xl

and x, = %,} , (2.12)

John [21] has obtained the conditional probabiiities of misclassi-
fication in this case to be:
1 - @[of%liﬁ + x,) = u.}] if %, < %
1271 2 1 2
R,f] =
ul[ ] |
-11 - - ) -
= + - f x. > X
@[oi&z(xl X2) ul}] i
(2.13)
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..|-l— — . a— -
®102{§(Xl + X5) - upl}] if x; < x,
o [R,£] ={
2
1 - o[o {1(F, + %,) - u,)] if %, > %,-
251 2 H2 1= "2
(2.14)
2 2

It 0y = 0y =1 in 0n; and T,, the probabilities of mis-

classification reduce to
1

®[ul - f(xl + x2)] if X, < X,
altﬁ,f] = (2.15)
1,= - _ N -
<I>[_2.(xl + x2) ul] if xl > x2
~ 3 [%‘(521 + §2) - 112] if El < }_{2
uZ[R,f] = (2.16)
_ _ 1= - L. = -
@[uz i.(xl + x2)] if Xy > X,

(see Hills [18], for example). In the multivariate situation,

when X in Hl, H2 has density functions as given in

>
>

equation (2.6) and the classification regions Rl’ R, are
given by
R : {X;D(X;X,,%,38)= [X - %(x. + x,)1's" (%, - %) > 0}
17 =T ===y = 221 =2 =1 =2
R : (XiD(xik. %.:8)= [X - Lk + 2)1's Tk - %) < 0}
2? 'EID(Xix;,x,:8)% X = S(x) + X, X 7%y 20k
(2.17)

the conditional probability of misclassification when an

observation from Hl is misallocated is given by
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- ~ ~ - -1 - -
-1, S ,l:(§l_ = Xp) + 21-(251 X)) 'S8 T(x; - §2)]

o [R,£] = o]
1 AR o 1q™ -1,z > L
{(x, = x.)'S""¢ " (x, - xX,)1}?2

=1 pit =2

(2.18)
John [21] discusses the conditional probability of misclassifi-
cation under various assumptions about ¥ys By and I in the
multivariate normal situation. Details are given in a later

section.

c) Estimated Probability of Misclassification

The Estimated Probability of Misclassification is some-
times referred to as the"plug-in estimate"since the maximum
likelihood estimates of the parameters are usually plugged in
the discriminant function before classification. This method
is suggested by Fisher [13]. The total estimated probability
of misclassification is defined as

o [R,£] = pljf £ (wax + pZJA £, (x)dx . (2.19)
R3 Ry

In the univariate situation when the distributions of X in

Iy, I, are normal,that is
X in T is - N(ul,l)
X in H2 is ~ N(uz,l)

and the regions of classification are as given in equation
(2.12) ,then the estimated probabilities of misclassification

are given by

R E] =1 - oL 1511 = o[- L I3
o) [R/E] = 1 - @[3 6|1 = o 5 1811, (2.20)
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[R,£] = ,@[-‘-21- &)1, (2.21)

where & = (x, - §l) (see Hills [18], for example). In the

2
multivariate situation, when - X in T, and I, has density
functions as given in equation (2.6) and the classification
regions are given in equation (2.17), the estimated probabilities

of misclassification are given‘by

A

a) [R,E] = o (- & (2.22)
2

A

A
o 5) | (2.23)

il

az[ﬁ,f]

(see Hills [18] and Lachenbruch [30], for example).
The total estimated pProbability of misclassification when

the distributions in I

and P; = Py = % is

i+ I, are as given in equation (2.6)

o[R,£] = o (- %) . (2.24)

Lachenbruch [28] discusses the use of a plug-in procedure to
""" estimate this probability and concludes that,since 52 over-
estimates A2, al[ﬁ,f] or az[ﬁ,f] underestimates the true
pProbability of misclassification. He further comments ([30], p. 32)
that the total estimated probability of misclassification is
a maximum likelihood estimate of error, it is consistent and

asymptotically efficient.

d) Apparent Probability of Misclassification

This probability of misclassification is defined as the
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proportion of observations in the initial sample which are
misclassified by the sample discriminant function. It is a
non-parametric measure of the probability of misclassification.

It was suggested by Smith [56] in connection with the QDF.
In general,if my is the proportion misclassified by the dis-
criminant function in T and nj is the total sample size in
Ty then the apparent probability of misclassification is
given by the ratio ml/nl.

e) Expected Probability of Misclassification

Most of the discussion in the literature on this probability
of misclassification has been done in the light of Actual,
Estimated and Apparent error rates. Mention can be made of
John [21], Sorum [59] and Moran [44] and others in this
connection. We define this probability as the expected
value of the conditional probability of misclassification
which we have discussed in section (b) of this chapter. It is
sometimes called the unconditional probability of misclassification.
The total expected probability of misclassification is defined

as

E[e(R,£)] = E[leA fix®ax + sz
R
2

over all samples of sizes ny, N, from 1; and TN, respectively.

fz(x)dx] (2.25)
a &/0a
1
When the distributions in I; and 0, of the random
variable X are given by the density functions as given in

equation (2.6), John [21] gives expressions for the expected

probability of misclassification and its approximations using
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the W discriminant function as the classification statistic.

John's result is that
Ela) (R,£)] = PriWy/W, > (1 - p7)/(1 + 07)} (2.26)

where W,, W, are distributed as noncentral chi-square with

P degrees of freedom and noncentrality parameters given by

-1 -1
Ap ={2(1 + p1)} T onynjl(ng + ny) 7y

1
-(n. + n_ + 4nln2) 2]2 A2,
1 2 (2.27)
A, = {2(1 - )}—lnn[(n +n)—;§
2 °1 172 1 27+
5.2 2
+ (nl + n2 + 4n1n2) ] AT,
respectively and
= ( JI(n, +n)(n, +n + dn.n. )] ?
Py = (n, n, nl n,) (ng n, nyn,
(2.28)

In the univariate situation, John [21] considers the

expectation of the actual probability of misclassification when

an observation from Hl is misclassified and the univariate
analogue of the W discriminant function is used. The dis-

tributions of X in I, and 1@, are given by
- 2

and
~ 2
X N(uzl 02) 14
respectively. We note that,although the W function assumes

the variances in Hl, I, to be the same, in finding the



33

expectations of the probability this assumption is dropped.
The classification regions are as those given in equation (2.12).
Since a wrong assignment of an observation from Hl

corresponds to two events

X, < X, and X > %(Q + %)
1 2
or (2.29)
- -— l — -
Xy 2 %X, and X < E(xl + %))
John [21] establishes that
E[ocl(R,f)] = G(all,azj_;o) + G(alz,azz;p)- (2.30)
Here
_ -1 2 -1 2 _
all = [nl Gl + n2 02](u2 ul) = ai5s (2.31)
_ 1. 2 1 ~1 2 -1 2 -k _ -
a21 —[cl + _(nl 9y + n2 02)] (u2 ul)— a557
(2.32)
_1,..-12 -1 2 - 2 -1 2 -1 2 .=
0 f[nl g1 + ny 02] 2[01 + _(nl 1+ n, a5) 1] 3
...... -1 2 -1 2
(nl o, = n, 02) (2.33)
and
h (k
G(h,k;p) =f J’ glu,v;pldudv (2.34)

where glu,v;p] is the standard bivariate normal density
function with correlation coefficient [

Further, when p = o ,



E[alcé,f)J = 0la )0 (@y) + olagy)e(a,,) (2.35)

In section (2.2) an alternative proof of (2.30) is given using
characteristic functions.

John [22] gives more results on the expectations of the
probability of misclassification when the statistics R . and
Z are used as classification statistics and the covariance
matrix is unknown,

Hills [18] shows that the expectation of al[ﬁ,f],
al[ﬁ,f] and ml/nl, when the distributions of X in Hl, I

2
are univariate normal, that is

X - N(ul,l) in T4

and

X - N(uz,l) in H2 '

are given by

Efay (R,£)]= ¢(-a) + @(-b) - 2G(a,b,p]) (2.36)

E[o1(R,£)] = @(-a) + @(-b) - 2G(a,b,03) (2.37)
!

E [==] = ¢(-c) + 2(-b) - 2G(a,b,p,) (2.38)
1

where in equations (2.36), (2.37), (2.38) the notation given

in equation (2.34) is used and

a=z3a/Q+m% p=2Lam? c=Le/+n-1/n)
2.39)
1l _ L1 (
4'n n2)
o, = = — 1 (2.40)

[h(l + h)]?
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h
0, = 1 (2.41)
1 +h - L
0
= (b %
05 (l+h) (2.42)
and
_ 1,1 1 - -
h = Z(HI + HE)’ §=uy = u; > 0. (2.43)

Moran C44] proves the result given by John in equation
(2.26) since John gives noexplicit justification of the result
although he indicates that a proof can be constructed using
results contained in an earlier paper (John [20]). Moran has
extended these results to E[a(ﬁ,f)] and E[ml/nl]. By

a similar method he has given

E[a(R,f)] = Pr(=—= > ——m—=) (2.44)

where W5 and W, are independent noncentral chi-squares

with p degrees of freedom and noncentrality parameters AS’

Ag given by

-1 -y
5 [2(1 + p3)] nln?_{(nl+ n2) -

>
I

-%,2 2
(ny + ny - 4nyny) “}° A%, (2.45)

A, = [2(1 - )]"l {(n, + )"%+
6 = O3 Dphptiny = 0y

2

(_nl + n, - 4n1n2)_%}2 A (2.46)

and
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—

L
o, = -y + ny) Iy + ny, + 4dnyn,) °, (2.47)

3

In the case of the apparent probability of misclassification

the result is given by

m W 1 -9
1 3 2
E[—] = Pr(z= > ) (2.48)

37 W4 are independent noncentral chisquares with

p degrees of freedom and noncentrality parameters given by

where W

3 M[Z(l + 02)] nlnz{(nl -+ nz)—% -

>
I

:-;" -
(nl - 3n2 + 4nln2) 2}2 A2 (2.49)

b

- =1
s = (200 - o)1 nyn, (g + ny) 77 %

>
!

2 (2.50)

(nl - 3n2 + 4nln2)—1/2}2 A
and

el (2.51)

1.
£y -(nl + nz}z(nl - 3n, + 4nln2)

Moran does not evaluate expressions when I is unknown
and hence estimated by S; he has stated that the probability
can be expressed in terms of the cumulative distribution of

the ratio of two dependent Hotelling's T2 statistics.

2.2 Expected Probability of Misclassification: Characteristic

Function Approach

We present an alternative proof of the result given in
equation (2.30). The proof, which seems to be more elegant,

is achieved by use of the characteristic function.
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Since a wrong assignment of an observation from I

1
corresponds to the events
¥ <X, and X 1'§l‘: *
or = .= (2.52)
§l > X, and X fl—z—fg 5

the expected probability of misclassification is given by

o A - _ xl+X2
Efay (R,£)] = Pr{%) < %, and X > ———E———JX elll} +
- X] + X
Pr{X; > %, and X < 1T *2 |X ellg}
= Pr{%, - % > 0 dX—______;{l+;<2>OIX m,}
e z §l+;<2<o]x I}
+ Pri{x, - Xy £ 0 and X - —— § ey
_ (2.53)
Xl+X2

The joint distribution of Xy - X; and X - —— is
required for the determination of this probability. This can
be done by use of the characteristic function.
. . 2 . s
Since X in Hl has a N(ul,cl), the characteristic

function of X 1is given by
b (t) = explu;it - & o2¢?] (2.54)
X 1 2 1 .

Similarily the characteristic functions (c.f.) of Ej is given

by
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E nj
Vo () = {y_ (7))
J J
. l.OuZtZ
=explp it -= 47, 3=1,2, (2.55)
y 2 3
Let U = x2 - xl

V=X - X% + %) (2.56)

21 2

then the joint characteristic function of U and V is given

by
; itlU + it2V
ity (X, = %,) + it [X - 2(%, + &,)]
- E[e 1'72 1 2 271 2 ]
it2 _ it2 _
= Ele ST ]
(2.57)
Since X, El’ §2 are independent, this reduces to
it2 it2

|
o]
(D
e
o]
=
™
r.-
[
|

va(tl,tz) > }§2)] E[exp({—it:L - —7_}§l)]
| (

t t2
= 9= (ty = =2) yo (-t, = —£) v (t,)
Ve, L T g ve TR - 5T (e
(2.58)
From equations [2.54 and 2.55], we have
2
t (o t
_ . _ 2, _1°2 _ 2,2
wUV (tl’tz) = eXP[uzl(tl > ) 3 HE—(tl 5—) ]
2
t o t
C—t. - 2y _ 171 ., _ %22
. exp[ul}( t 5_) 5 T ( ty 5—) ]

expluyit, - o12t,%] . (2.59)
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. . . 2 2
Collecting terms involving tl, t2, tl ’ t2 and tltz;
3 i . it2
by (B1ty) = exp[(u) - w )it + (ny - wy)—=
tlz 012 .2
- ( + )
2 ny n
2 2 2 2 2
_ t2 (o 2 + g1 N 02 - tltz(o'l _ 0'2 )]
2 1 41’11 41’12 2 nl n2
(2.60)
'This shows that
2 2 2 2
o a 9 o]
1 2 1,1 2
- = + -
U M2 M1 (nl n, ) ?(nl n, )
\ ——f s\ =( - ) (o + + )
(2.61)

The expected probability of misclassification can be

evaluated directly from (2.61), as

Ela; (R,£)] = Pr[U > o, V > o] + Pr[U < o, V < o],

(2.62)
- By standardizing U and - V
A U -y H V - u u
Eley (R,£)] = Pr{—=> -2 ___ ¥V, YV,
0y 9, o Oy
U=y Hy VT My oW
*Prl—g— < -5, e
u u v v
H K
=Pr{Zl>-—E-, 22>—__Y_}+
. 9, oy
u u
Priz, < - ==, 2, < = =}
1 9 v

= Glajjragyse} + Glajp,azysel (2.63)
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R where
z2, = (U-p )/0 2y = (V-u ) /o,
W 1
_ u _ -1 2 -1 2,-%= _
2117 "5, T (g = uy)(ng70™ + ny70,7) 7 = —ag,,
u L
_ _ .V _ 2 1 1 -1 2 3 _
221775, T gy = uy) (o)™ + Flny 7oy +n,"0,71) 7 = —ay,
(2.64)
and the correlation coefficient is given by
1. -1 2 -1 2,-% 2 1 -1 2 1 -1 2.-%
o =30y 70" + nyT0, "] ot + FnyToT 4 T 0,0,
. -1 2 -1 2 :
N (nl oy - n2 o, ) . (2.64)

Equation (2.63) is given in equations (19), (20), (21) of

John [21]. A similar expression is obtained for E[az(ﬁ,f)].
An extension of this‘result is presented in section 4.6 when
we consider the expécted probability of misclassification in

the Edgeworth Series distribution [ESD].

2.3 Distribution Theory of Probabilities of Misclassification

The distribution theory of the probabilities of misclassi-

fication has proved difficult due to the complicated nature of

the forms of the probabilities themselves. Some results are
available in John [21] , Hills [18] and McLachlan [40], among
others.

Considef the univariate normal situation when X in I

1
is distributed as N(ul,olz) and X in I, is distributed

as N(u2,022) and the classification regions are as given in
equation (2.12). The distribution function of the conditional

probability of misclassification (see equation(2.13)) is
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given by John [21] as

Priey(R,£) < 2} = G(h

(2.65)
where hll = a(u2 - ul) = - h12'
h,, = a[20 Q-l(z) + 1, = ug)
21 1 2 1/
h,. = a[20, & T(z) + uy - o] (2.66)
22 2 1 24> )
- - -1
a - (nllGlZ + nzlo_zz) 5 ,
- - - 2
0 = [nllol2 + nzlc2 ] l(n2 622 - nllol ).

John's result assumes the variances in the two populations
to be différent although the discriminant function used is
derived under conditions of equal variances in the two
populations.

Hills [18] obtains the distribution of the estimated
probability of misclassification by use of the same classification

regions as those used by John. His result is that

pr{algﬁ,f] <z} = o(hyy) + 2(hy,) (2.67)
where
= l _l = -
1 -1
h = —=_ [20 *(z) - & (2.68a)
22 A [ ]
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(2.68b)

Hills assumes that the distribution of X in Ty is
N(ul,l) and that of X in H2 is’ N(uz,l).

In the multivariate normal situation when the probability
density functions of X in Hl, H2 are given by equation (2.6),
John [21] obtains the distribution of the conditional probability
of misclassification using the classification regions given in
equation (2.17). The distributions are\given under different

assumptions about Bir By and = in Hl, il The basic

9

results are summarized below:

Unknown Probability of Distribution
Parameters Misclassification

D) alfﬁ,f] P;{al[ﬁ,f] < z} = Pr{4n2y2 >

i e 213,00 <2 < b

-~

where y = $l(x, - u)I T(x, - u) 1%
4n2y2 is a noncentral chi-square
variable with p degrees of

freedom and noncentrality parameter
equal to n2A2/2. The distrib-

ution function is a monotonic
function of A and therefore

can be said to lie between

certain bounds provided the

upper and lower limits of A

are known.
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Unknown Probability of Distribution
Parameters Misclassification
az[ﬁ,f] The exact distribution of
az[ﬁ,f] is complicated. The
asymptotic distribution is
given by Pr{az[ﬁ,f] <z} *
b, -1 1
@[2n2(® (z) + 5 A)].
By oy [R,£] The exact distribution of
al[R,f] is complicated.
The asymptotic distribution
is given by Pr{al[ﬁ,f] < z} ~
-1 -1,-%,. -1 1
@[Z(nl + n, ) e “(z) + 5 A}T.
az[ﬁ,f] Not considered.
Uy syl al[ﬁ,f] The exact distribution of al[ﬁ,f] is
| complicated. The asymptotic distri-
bution of al[ﬁ,f] is Pr{ul[ﬁ,f]<z}
< -1 -1.-% -1 1 ’
<I>(2[nl + n, ] [¢ " (z) + > AY).
az[ﬁ,f] Not considered.

McLachlan [40] finds the asymptotic distribution of the

conditional probability of misclassification as given by

equation (2.18).

An asymptotic expansion for the distribution

function of al[ﬁ,f] is found by an expansion of the characteristic
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function by the Okamato [46,47] technuque. McLachlan finds that
al[ﬁ,f] is asymptotically normal if the terms of second and

1 -1

higher order with respect to [ni ,ngﬁ(nl +n, - 2) 7] are

ignored.

2.4 Asymptotic Expansion of the Probabilities of Misclassi-

cation

Asymptotic expansion of the probability of misclassification
using the W and 2 classification statistics has received
wide attention. In this connection one can refer to Okamato
[46, 47], Memon and Okamato [42], Anderson [3,4], McLachlan
{37, 381. Some‘of the basic results of interest are stated
here when the parameters of the distribution in Ty and T,
are unknown and are estimated frém samples.

By use of the characteristic function Okamato [46, 47]
obtains an asymptotic expansion of the distribution of the
W statistic. From the asymptotic expansion of the distribution
of the W statistic he obtains the asymptotic expansion of

the probabilities of misclassification as functions of A,

Ny, 0, and p. The expansion is up to terms of the order

niz, n;Z’ (nlnz)—l, (nln)-l, (n2n)—l and n_2 where
n=ny+n, - 2. The probabilities of misclassification are
given by
a a a b b
P.IW < o|Xenl = el %) + Hi + Ha Hé + _l% + _Z% 5
1 2 ny n,
b b b b
+ 22 lg + 23 + 33 + 04
Bifp MR BaR pf

(2.69)
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a a a b b
N e T W B &
PrW > 0[X e Tl = el=3) + =+ 5=+ n fT2t 3t
2 1 ny n
b b b b
2 A2y 23, L3, (2.70)
n, 172 1 g

where a's and b's are expressions involving the parameters
of the two populations.

Using the technique of Okamato [46], Memon and Okamato
[42], obtain asymptotic expansion of the probabilities of
misclassification when the statistic % is used. Their
expansion is up to third order with respect to (nIl,ngl,n~l)

and the probabilities of misclassification are given by

a a a b b
Priz > 0|n,] = o(- &) + L4+ 24 3, 11 722,
1 2 n n 2 2
1 2 nl n2
b b b b
_23 + L2 + 13 + 33 + 03 (2.71)
n2n nln2 nln n2
‘ a a a b b
Pr[z < OIHZ] = ®(-'%) + Ha + Hl + Hé + —3% + —l% +
: 1 2 n n
1 2
b b b, b
nli + 2§ + ﬁli + 23 + 054 (2.72)
12 B 2 n

whére a's and b's are expressions involving the parameters
of the two populations. Exact forms can be found in equations
(3.7), (3.8) of Memon and Okamato [42].

Anderson [3,4] obtains an asymptotic expansion of the
distribution of the 'studentized W statistic', where the
studentized W statistic is defined as W less the estimate
of its limiting mean divided by the estimate of its limiting

standard deviation. Anderson's expansion is a Taylor series
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expansion. The astptotic probabilities of misclassification

are given by

W- i
Pri—>— < ul = 6(u) + = ¢(w [BSE(1 + x) -
AZ n Az
1 k 1.3 -2
(p-7g+3u-Ful+0m"), (2.73)
when E(X) = uy - Interchanging Ny, 0, gives
lA
W= = A 4 ,
Pr{i—g—2— < v} = o(v) - = o(v) [B2L (1 + 5) +
N n A
1 1 1.3 -2
(p - v EE)V +IVI1I+0@m ) (2.74)
when E(X) = Ho

In (2.73) and (2.74) k = limit of nz/nl when both nys D,
tend to infinity.

For the W statistic, McLachlan [40] obtains an asymptotic

expansion of E[¢ (-~ %)] over the joint sampling distribution

~ -~

of §1' §2 ahd S. The expansion is given by

Byy
In equation (2.75) we have used the notation n = ny + n, - 2,
By = ol-8/21,
b b b
Sl = ;1_1: + -5-2— + ;1—3- ’ (2.76)
1 2 3
P11 Byy By By3 Byy bag
B + + + + +
2 2 2 n.n n,n n,n 2
n n 172 1 2 n
1 2
. . -1 -1 -1
and 03 are terms of third order with respect to (nl 2PN ).

The expressions for bi’ bij are given by
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o’
it
o
It

4 (p-1)
1= by = (g/16) [a - B2y

by = (ag/32) (a2 - 4(2p+1)]
= =1
P11 = byy = 3 by,
= (g/1024) [4 (a%-4[2p+1]) +
A
_ _ 5 ; 3 2
bl3 = b23 = (g/1024) [A~ - 4(3p+7)a~ + 16(2p~ + 8p + 5)4
- 64(p—l)(2p+l)]
A r 4
6 4 2 2
b33 = (89/12,288) [38° - 4(12p+35)a? + 16(12p% + 72p + 71)2
- 192(12p% + 12p + 1)] |
= 2
and g = (2m) exp (-4 /8).

McLachlan's results confirm the well known result that
o[- 4/2] gives too favourable an estimate of the true
probability of misclassification. “McLachlan [37] also determines
expressions for the asymptotic variances of the conditional
probabilities of misclassification.

Siotani [54] extends the asymptotic expansions of the
Probabilities of misclassification when the statistics W and
Z are used for classification purposes to more terms. He also

compares the performance of the two procedures.



43

CHAPTER 3

DISCRIMINATION FOR NON-NORMAL DISTRIBUTIONS:

"JOHNSON'S SYSTEM OF FREQUENCY CURVES

3.1 Introduction: Robustness of the Linear Discriminant

Function (LDF)

The Linear Discriminant Function is used as an assignment
rule under the following assumptions:
(i) The density functions of observations from Hi(i = 1,2)
are multivariate normal; Hl: Np(gl,z)} H2: Np(HQ,Z).
(ii) The variance covariance matrix in U is the same
as that in M.
(iii) The a priori probabilities, pi(i =1,2) of an
observation coming from Hi(i = 1,2) respectively, are known.
(iv) The parameters of the density functions in (i),
namely Hir Moo L are known.
If the above four assumptions hold the LDF gives the optimal
assignment rule in that we cannot improve upon it and the errors
of misclassification are minimized. However it would be of
concern to determine the effects on the procedures using LDF
when some or all of the above assumptions do not hold. A study
of this type is referred to as the robustness study.
If the parameters Eys HEn, 2 are unknown they are usually
estimated from samples. Two problems may however arise at the
estimation stage, (a) we may have missing values in the data

and (b) the initial sample may not be properly assigned due

to clerical errors or inaccuracy in the initial assignment.
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Lachenbruch [28] has studied the effects on the errors of
misclassification due to initial misclassification, when the
assignment rule is based on the W criterion. Two assumptions
are made in Lachenbruch's study,namely (i) the observations
are randomly misclassified and (ii) each observation has the
same chance of initial misclassification. He considers a

proportion d; of ny observations from I that belong to

1
H2 and a proportion d, of n, observations from H2 that
belong to I

He shows that,when sample sizes are large the coefficients
of the discriminant function based on misclassified samples
differ from the true coefficients by a constant multiple. He
also shows that if q; = 9, the optimum errors of misclassi-
fication are unaffected; in particular if the total proportion
misclassified is not large and the same in both populations then
there is no increase in the probability of misclassification.

When sample sizes are small Lachenbruch conducts sampling

eXperiments. He computes the conditional probability of mis-

Classification. His conclusions from the sampling study are
that the large sample results hold +o a good approximation.
McLachlan [38] obtains the asymptotic expansion of the

expected error under the condition that q,= 0. His expansion

has an error term of second order with respect to [nzl,n2 ’

(n, + n, - 2)—1]. Under the assumptions similar to Lachenbruch's

he concludes from his study that the results obtained by

Lachenbruch for large sample sizes are valid in most cases.
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Lachenbruch [29] . states that the assumptions used by
Lachenbruch and McLachlan in their previous studies are
unrealistic. He decides therefore to study the effects of mis-
classification under what he calls, hopefully,realistic models.
The two models are called (i) the complete separation model
and (ii) a generalization of the complete separation model.

He conducts sampling experiments and concludes from the
experimental results that the LDF is only slightly affected by
initial misclassification of the samples in the non-random
manner.

If the a priori probabilities are unknown,Lachenbruch [30,
p. 40] states that these are usually estimated from a sample
if the sample is taken from the whole population rather than
two separate samples taken from two subgroups. Otherwise a
minimax approach to the problem is adopted.

When the assumption of equal covariance matrices in the
two populations does}not hold, then the optimal classification

rule is based on the QDF. Gilbert [16] studies the effect of

using the QDF rule when the variance matrix Zl = I (unit
matrix) and 22 = dI, where d is a constant. The performance
of the QDF rule instead of the LDF rule is studied by varying

values of d, A2 and Py (a priori probability of an obser-

vation coming from Hl). She assumes the parameters known and
hence compares the performances of the two rules using the
optimum error rate. The conclusions of Gilbert are that if

d 1is far from unity the LDF is poorer than the QDF while,
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when A2 is large, the QDF and LDF behave similarily.

Marks and Dunn [35] generalize Gilbert's work. They
compare the effect of the W criterion, BLDF and QDF rules
on errors of misclassification. 1In their case the parameters
of the distributions are assumed unknown. They conduct
sampling experiments which indicate that, for large sample sizes
from the normal distribution, the QDF is better than the LDF.
For small sample sizes the QDF is poorer than the LDF. Their
conclusions are based on the asymptotic ratios of the errors
of misclassification.

Lachenbruch, Sneeringer and Revo [32] study the robustness
of the LDF and QDF with respect to certain types of non-normality.
They consider Johnson's system of distributions which are trans-

formable to normality. They consider three members of this

family:
(i) SL: Log normal transformation y, = log(xi), 0 < X, <@
X,
o . - . _ i
(ii) SB. Logit normal transformation y; = log (l_xl),0<xi<l
(1ii) S,¢ Inverse hyperbolic sine normal transformation

y; = sinh”t (x,), == < x; < =,

In each case y, are normally distributed.

On the assumptions that the two populations have‘different
means and the covariance matrix of Y corresponding to the X is the
identity matrix, sampling studies are conducted in order to examine
the behaviour of the errors of misclassification. Thev f£ind
that the total error of misclassification is greatly increased

as are individual errors distorted for all transformations in
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the case of the LDF. The errors are smallest in the case of

the Logit normal transformation. The errors are estimated

by the resubstitution and Leave-one-out methods which are
considered by Lachenbruch and Mickey [31]. Approximate

minimax rules are investigated because of the distortion in

the errors and are found to reduce the errors of misclassification
greatly.

Because of the non-linear transformations, the X's do
not have the same covariance matrices in the two populations.
They investigate the performance of the QDF and find that it
performs poorly. Some theoretical results are also obtained.

Our study is based on the three transformations considered
by Lachenbruch, Sneeringer and Revo. We study the univariate
analogue of the three distributions. Before we present the
details of our investigation we give a general result in

Ssection 3.2. We then discuss each of the SL’ S and SU

B
distributions under the headings
(1) Distribution Theory and Rules,
(11) Distribution of the Conditional probability of
misclassification, |
(iii) Unconditional probability of misclassification.
Before proceeding to examine specific cases, it is of
importance to recall the rules of classification as well as
the associated errors of misclassification, assuming normality.
Let X be an observation from T, or I and the density

2
function of X in Ty given by
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-1
2

£ (x) (ciZn) exp[-(x - “1)2/20i]s' ©® < X < ®

(3.1)

while that of X in H2 is given by

1
-4

£(x)

2 2 2
(GXZW) exp[-(x - pz) /Zox],— © < X < w0,

(3.2)

The parameters Hys “2; o} satisfy the conditions

X
- < HyrH, < = and Oy > 0.
The classification rule based on the W discriminant function

may be written as follows: For §i < X5

§l + §2
classify X as belonging to Hl if X < 5
X, + x
M, if X > L2
2 , —
(3.3)
and for X 2 x2. ) _
X, + %,
classify X as belonging to Ty if X > 5
X, + X
. 1 2
T, if X < 5
(3.4)

where Xyr X, are sample estimates of Hir My respectively.
Two distinct probabilities of misclassification are

L)

of misclassification and the unconditional probability of

relevant here, the conditional (on x probability

misclassification. Define e12(§l,§2) to be the conditional

probability of assigning an individual from T, to I, and
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B e21(§l,§2) to be the conditional probability of assigning

an individual from H2 to Hl‘ Then
o X+Xg ) _ _ _
elz(xl,xz) = Pr{X > 5 'xl,xz, Xe Hl}when Xy < X,
_ X4y _ _ _
= Pr{X < 5 'xl,xz, Xe T, }when X] 2 %,
(3.5)
and -
- Xi¥Roy 1 _ _
eZl(xl,gZ) = Pr{X < 5 ‘xl,xz, Xe Hz}when Xy < X,
| Xy ¥R, _ - _
= Pr{X > 5 'xl,xz, Xe Hz}when Xy 2 X,
(3.6)

The unconditional probability of misclassification is,

1 §2 of

the conditional probability of misclassification. It is

by definition, the expectation, with respect to =x

sometimes called the expected probability of misclassification.

Following the notation introduced above the expected probability

of misclassification is given by

1, -

Ele), (x1,%,)] = Pri(x, - x;) >0X = 5(X; + X,) > 0|Xe I}

S 3 _1l,= .=
+ Prifx, - X;) < 0,X - F(x;+X,)< 0|Xe Ty}
(3.7)
and
- - _ - _ = _!___ -
El€, (xy,%)] = Pr{(x; - x,) < 0,X = 5(x; + x,) < 0|Xe T }

- - 1,- -
+ Pri(x; = x5) 2 0,%- F(x; + x,)> 0]Xe Tyt.

(3.8)
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3.2 A General Result

A general result on the evaluation of BVN probabilities

which is repeatedly used in the following sections is developed

here.
Let
2
Xy My o1 912
~  BVN ’
X u c o] 2
2 2 12 2

then, for any constant K,

Pr{X2 - Xl > 0, Xl + X2 > K} =p (3.9)

can be evaluated as follows.

Let U = X2 - Xl and V = Xl + XZ’ then
U My 0u‘2 9u
~  BUN ) ; v
v u o} o 2
v uv v
where
Fa T ¥2 T Mg \
U= u, + u
v o2z 1l (3.10)
2 _ 2 2
o = (ol + DU 2012) J
2 _ 2 2
o, = (cl + 9, + 2012)
and
_ 2 _ 2 )
Tuv = (02 91 )

Therefore



Pr{U > 0, V >

p = K}
U - u U V - u K-y
= Dr{ u o _E’ A v}
g [e) (0} g
u u v v
My R - ey
= Pr{Zl > - -, 22 > = } (3.11)
u v
Where
*
Zl 0 1 o)
- BVN
22 0 "\p* 1 !
Sav 2 2. 2 2
* = = - -
0 g (02 9y )/{(cl + 7, 2012)
uv
2 2 1
(ol + 7, + 2012)}
_ 11 2 2,2 2., 4 4.4
= ( 5 2)/[{01 + o, ) 4012 }/0102
(o2 (e}
1 2
_ =2 =2, =2 “2,_, 2,2 2%
= (Gl o5 )/[{(01 + o, )=4p /0102}]
where (3.12)
o = 0y,/919,
Writing
21 %
Hp(zl'ZZ) = J_m J_m f(ul,uz;p)duldu2
for
Uy
” Standard Bivariate Normal,
U
2

w i -
e have, since Hp(zl,zz) P

Zy

r(Zl > =2y, > -22),
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©H L. = k
u v
p=H [—, l. (3.13)
p¥ 0y v
In a similar way
Pr{X2 - Xy < 0, X+ X, < K'} = p! (3.14)
is also given by
p' = Pr{U < 0, V < K'}
U -y poo Vo= ou K' = u
= Pri—— < - 2, ——F < ——)
rrrr u u v v
u K' - u
= Priz; < - =%, 3, < ——}
u v
p, K' - yp
u v
=H - — ——] (3.15)
p* o] o} !
u v

where uu; Wy Oyr O, are as defined by (3.10).

. 3.3 Log Normal Transformation (S1,)

Definition: We define the random variable X to be log normal

if ¥ = 2n X is normal, 0 < X < o,

a) Distribution Theory and Rules

The density function of Y 1is given by

fly) = l__ exp [~ 1 2(y - U )2], - <y < oo
o V27w 20 Y
Y Y (3.16)

The parameters “j’cy satisfying the conditions =« < “y < o, oy > O.

By the transformation

Y = n X (3.17)

the density function of X 1is given by



£(x) = —']‘-—_—___ exp[- 12(21‘1 X =y )2], 0 < X < =
Xo_ V27 20 Y
Y Y (3.18)

We assume that oyz is common to Hl, H2 and for

X & Hl uy = “ly
X ¢ H2 uy = u2y
Let - -
X, + X
§ = =+ 5 2 (3.19)

then from (3.5) and (3.18) the conditional probability of mis-
classification, when an observation from Hl is misclassified,

is given by

- = ® 1 1 2
e,.(x,,X.) = j - expl- (An x - u,_ )7 ldax
12771772 o xV2m 2g 2 ly
J Yy
if Xq < x2
and S 1 5
= j —— exp [~ 2(5Ln X = uy Y 1dx
o.0 xV27 20 Y
y Y
if X1 2 X,
By the simple transformation
fn x - ¢
£ = ly (3.20)

°y

we obtain

- — _ _ -:L 2 . — —
elz(xl,xz) = j = exp [ 5 t"]dt if X < X

Lndé—-u
1y

2

%y

and
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9]
= Y exp [~ 1 tz]dt if %, > %
= 2 1 -2
o 2T
Finally
in § - u
- - _ . 1y . - -
elZ(Xl'XZ) = 1 o[ = ] if Xy < X,
y
4n § -~ u
= 1y % %
= o[ = 1 if X1 2 %,
Y
Substituting for § from (3.19) we have
%+ §2
= - A T
elZ(xl’x2) =1 - 9] Oy ] if X, < %,
X, + X
2n ( L 5 2) - Hiy - -
= 9] S ] if Xy 2 %,
y
(3.21)

Following the same procedure the conditional probability

of misclassification e21(§r§2) is seen to be

X, + X
oo 2n(122)-u2y' .
eZl(xl’Xz) = @] = ] if Xy < x2
Yy
X, + X
in (2 - > S
= 1 - 9] S } if Xy 2 X,
Y
(3.22)
Note that, for
X el E(X) = exp]| + i o 2] = w%ex (u,.)
1 PllMiy T2 9% Pldiy
(3.23)

<
o
il

wlw - l)exp(Zuly)

and for
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5
w exp(uzy)

]

X eI E (X)
(3.24)

V(X) = wlw - l)exp(Zuzy)

2) (3.25)

where o = exp(oy

Since the numbering of the populations is arbitrary,
the problem treated here is symmetric, and hence we consider

the properties of elz(xl,xz) only.

b) Distribution of the Conditional Probability of Misclassi-

fication.

From (3.21) we notice that

{elz(xl,xz) < z}l iff {xl < X, and

xl+x
2

o ( 2y > My 2"t (2))

y

or
=1

) < uly + cy@ (z)}
(3.26)

hence

Pr{elz(xl,xz) < z} = Pr{(x2 - xy) > 0,

(&) %p) »2expl-0, 07 (2)+uy 1) + Pr{(Ry=K)) <0,

(§i+§é)<2exp[uly+o Qfl(z)]}

Y I
(3.27)

Now the moment generating function (m.g.f) of {(§2 - §l),

(xl + x2)} is given by



M(t),t,) E[exp{tl(§2 - §l) + t2(§l + §2)}]

]

Elexp{(t) + £,)%, + (t, = £;)%; ]

o

and since x are independent

17 72

M(tl’tZ) = M};l(t2 - tl)M;:Z(tl + t2), (3.28)

Although we do not know the m.g.f's of §l,§2 we approxi-
mate these by the normal m.g.f's using the central Limit Theorem.

We therefore write, for large SRS

M(tl’tZ) = M§ (tl - t2)M§ (tl + t2)

1 2
- 1 2 72
* explu, (t) + t,) + -2-{(tl +t,) n, }
s 2
1 2 71
+ (t2 tl)ul + 5{(t2 - tl) o, 11 (3.29)
Here we assume
2
X. = °i (21,2
Xy 7 N(Uir HT—) ¢z 1,
i
where _
., = E{(X) = E(X) when X ¢ I
1 1
o} 2 2 vV (X) when X e I
1 1
similarily
Hy = E(X) = E(X) when X ¢ H2
6.2 = V(x) when X e T
2 2

where E(X) and V(X), .when X ¢ Hi .or HQ, are
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given in equations (3.23) and (3.24). Simplifying (3.29) we

Oobtain
tl2 012 022
t 2 o 2 o 2 2t.t, o 2 o; 2
2.,°1 2 172
+ 2 (n + n )+ 2 (n " n )]
1 2 1
(3.30)
Thus if we write
U = x2 - xl y V = xl + x2 ’
then
U u o 2 o}
:  BUN u u uv
v u r o} 2 !
v uv v
where
Ha T OHy 1y
e = Mg + ”2;
o} 2 g 2
Ou2 - nl - Ezu )
1 2
o 2 5 2
sz - 1 + n2 ,
ny 2
2 2
o} o}
“ww TR, TR
2 ]
where Hy = E(Xl) = E(X) when X ¢ Hl'
Hy = E(Xz) = E(X) when X ¢ H2,
2
also 91 = V(X) when X ¢ oy,
o] 2 = V(X) when X e I
2 2
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Therefore

Pr{e12(§l,§2) <2} * Pr{U> 0, V> k} + Pr{U < 0,V < k'}
(3.31)
where

_.l E
k = 2e - o) +
xpl-o, 077 (2) + yy ]

k' = 2expluy + o »"1(2)]

Recalling the result of equations (3.13) and (3.15) we have

i by By o K by K-

Prie, (%X,,%,) < z} * H *[—E, ~— )+ H [ -2, V.
1271772 R oy p* o4 o,
(3.32)
The parameters on the right hand side of (3.32) are given by
My = Hp7Hy = exp(u2y + =) - exp(uly + =)
1
= ,. 2. -
= W {exp(uzy) exp(uly)],
9
u, = mz[eXP(uzy) + eXp(uly)],
- exp(2u,_) exp (2u,_)
0,2 = wlw - 1)1 T R > A
1 2
exp (2u,_) exp(2u,_)
ov2 = (e = 1) {— L\ AR . Yy,
1 2
_ _ exP(Zuzy) _ ff?(zuly)
o = wlw 1) { }.
uv n2 nl .

The distribution function of e12(§l,§2) can be written, as

follows



> = ~ T .
Pr{elz(xlyxz) < z} G[hll'h2l'p ] + G[hlzyhzzlp*]

(3.33)
with
. _ VY w [exp(uzy) - exp(uly)] _—
11 - exp (2u,_) exp (21, ) R
(olu = 1) [—4—2 + —_1v,
2 1
= ~hyyy
o /J[exp(uzy) + exp(ply)~- 2exp[—cy©—l(z) + uly] ,
21 exp(2u2 ) exp(zul ) 1
{ow = 1) [— VAR ——=L_]}7%
2 1
-1 —_
by, - ZeXP[cy® (z)(;r “1%71 -/w[e(:jp(u)szexp(uly)] ,
exp (2u exp (2u L
{wlw = 1) 2Y_ DR
n, ny
exp(2u2y) exp(ZUly)
% = i) i
| exp(2u, ) exp(2u,..)
2y + ly
0 ny
with

G(lezzfp*) = Hp*(zl’ZZ)

Representing this distribution function as

— 1

-0

h,.(z) (h h,,(z) (-h
: 217 L 1
R(z) = j j_il f(zl,zz)dz dz, + I 22 j = f(zl,ZZ)ledZ L

-0

(3.34)

the probability density function of elz(il,ﬁz) iscgiven by
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hyy . ~hyy .
r(z) = f flzhy, (2) 10, (2)d2, + f £lz,,h,,(2)h,,(2)dz,

(3.35)
which is a very complicated form. Further study is proposed
for examining this probability density function.

c) Unconditional Probability of Misclassification

From (3.7) or (3.8) we notice that the unconditional
probability of misclassification is usually obtained conditional
on a future observation coming from Hl or HZ. We obtain
this for elé(§1’§2) by observing that a wrong assignment of
an individual from Hl corresponds to the occurrence of either

of the following two events;

and X >

N+
Wi

or

ol

Therefore

€ (5] = prl(E, - & RN
E[ 12(xl,xz)] Pr{(x2 x;) > 0, X 2(xl +x,) 2 0] xe Hl}

+Pri(x, - x;) <0, X - %(il + X
(3.36)
The right hand side of (3.36) is difficult to obtain directly
in its exact form.
17 §2 and X are independent with
X having the p.d.f. g(x) given by

The distribution of X



: 2
g(x) = —=— expl- —(en x - u, )21,
xo /27 20, Y

and by the Central Limit Theorem,

2
g

1
2 N(p,, =)
1 1 nl

. 5

X :N(Ul"‘—)-
2 2 n,

Recall the well known result on conditional expectation that if

(X,Y) 1is a two dimensional random variable then
E(X) = E[E{X]|Y}] : (3.37)

The right hand side of (3.36) can be determined by using
this result. Thus the first term on the right hand side of
(3.36) is given by
PriX, - %, > 0, X - =(%, + %.) > 0}
2 1 ! 271 27 —
1

= f Pr{§2 - % >0, x, + §2 < 2x|x}g(x)dx (3.38)
o ,

but the probability in the inteqrand has been approximated

earlier [equation (3.32)] in a form involving thw BVN distribution

function. Writing this probability as p(x),

p(x) = Pr{U > 0, V < 2x}, (3.39)
where
U Ha Ou2 ouv
< BVN , 5 ’
v Llv Guv ’Gv

we have



=
[\
b
i
=
<

p(x) = Pr{Zl > -

= Q
< e
<

-
S
EE 2x - uv
= u ©
j J v h_p(zl,zz)dgldz2
u 2x -y
= H_ [EE , - LA (3.40)
P u v

Similarily the $econd term on . the right hand side of (3.36)

can be written as

Prix, - x; < 0, % + X, > 2%}
- j b (x)g (x)dx (3.41)
o
where
p'(x) = Pr{U < 0, V > 2x}
_______ y 2% - &
= Pr{Z, <=—=, Z, > — Y}
1 -9 2 - o
u \4
g,
= h (z.,z,)dz,dz
o 2x—-1u p "T1772 277
v
v
Mu

9, -(2x--uv)/0V
h_p(zl,zz)dzzdzl

u
=5 [- U , _X_____] (3.42)
Gu
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FPinally, an approximation for the conditional probability
of misclassification is

o ] 2% -

o ) u v
u b - 2%
H (- — , =% )]1dx. (3.43)
-p g o
u v

In equation (3.43) g (x) is the probability density function

g(x) = ———l:: exp [~ L 2(zn X = g )2], 0 < Xx < ®
XO'y‘/ZTT Zgy Y

3.4 Logit Normal Transformation (SB)

Definition: The random variable X 1is Logit normal if

Y = an/|

X : ‘
T X] is normal, 0 < X < 1.

a) Distribution Theory and Rules

The density function of Y is given by

£(y) = —=— expl- ———(y = u )%, -~ = <y <=
o Y27 20 ¥
Y Y (3.44)
The parameters “y’ Gyz satisfy theconditions -« < uy < @,
oyz > 0. By the transformation
_ X
Y = zn[T—:_i] (3.45)

the density function of X is obtained as

1 1 X
£(x) = exp [~ (Anl3==1 - u_)
x(1-x)0, /2 20y2 1-x Y

0 < x < 1. (3.46)

1,
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We assume that o 2 is common to I I and for

y 17 72

M, = U
1 y ly
2 NS Ll2y

The conditional probability of misclassification when an

observation from Ty is misclassified is given by

bt e 1 1 1 X 2
e,,(x,,x,) = J_ - exp[- —(tnls==] - uy_)71ldx
1271772 -xl+x2'x(l—x)a vam 202 1-x ly
Y Y
2
..... L 1Eox) < x
(xl+x2)/2
= L expl- 5 (anlyi=] - u)

o x(l—x)cy/Zﬂ 20 : 4

if Xy 2 %,

Transforming the variable of integration by

X
n (7)) -w
£ o= 1-x ly ,
o
Y
we obtain, for xl < x2
= =\ _ - = 1 _ 1.2
elz(xl,xz) = Iz X +%, /__ exp [ 5 t ldt
nl————"l-uy, ¥2m
2—xl—x2
y
and for §l > §2
X, + X
i =22y
2—xl-x2
e, (X, ,%x,) = °y x expl- = tz]dt
1271772 o s
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This can be written as - =

X, + X
in[———2]- u
o 2-%, =X, ¥ _
elZ(xl’XZ) =1 = o S y if X) < %y,
Y
X, + X
i3] -
2-%,~-% Y
= o 1 2 ) if %, > %
i Oy 1 - 72

(3.47)
By the same procedure as above, the conditional probability

of misclassification e21(§1,§2) is seen to be

X, + X

e S
2-X,-X Y
- - o 17 %2 £ % <3
eZl(Xl'XZ) = Oy y i xl x2 ,
R, + X
in[—+—22] -
2-x =X, 24 _ _
= 1 = & = ) if X 2%,
Yy
(3.48)
Note that if X ¢ Hl
1
! 1 1 X 2
= E(X7) = J x* —aXp (- {an[s+=2=]- v, 1}7)dx
r 0 x(l-x)o vIr 2cy2 I=x7 "ly

(3.49)

Although it is possible to give an explicit expression

for Wy i.e. not involving integral signs, it is very

complicated. Johnson ([24], equations 56 and 57) gives the
¥

expression for Hy - The other moments are given as partial

derivatives of the first raw moment. The notation used here

for the moments is
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if X ¢ Hl E(X) = Hig
vix) = GiB )

if X e I, E(X) = Hon
V(X) = ch'

The actual forms are found in Johnson [24, equations 56, 57

and 581.

b) Distribution of the Conditional Probability of Misclassi-

fication

From equation (3.47)

leq,(xy/%5) < 2z} iff

- 1 2 -1
{x, < x nd > ex - ® z)1}
1 2 a 2-2 z P[l—ily Oy ( )]
172
or
X, + X
{il > §2 and l_ _2 < expluy + o ¢ l(z)]}
------ 2—xl-—x2 Y

(3.50)

Hence

..... X
l_ 2 exp[uly - g @ l(z)]}
2—xl—x2
_ _ X, + X -1
+ Pr{x, - x, < 0, ——= < explu, +o_& “(z)]}
2 1 2 ly
X17¥%2



Let

then, as

Similarly

Therefore

72

ky, = explu; + o cb-'l(Z)],
§l+>'<2<2,
>'<l+>'<2 _ _ _
- = >k = X; + X, i-zkl - kl(x
1 72
= (1 + kl)(xl + x2) >
_ _ 2k,
=T X 2 TR R
X, + X 2k
1 2 = = 2
R T A T T
172
(3.50) becomes
_ - _ 2k,
{elz(xl,xz) <z} iff {xq + Xy 2 IIEI
or
R - 2k2 -— -
TR e

2

Thus the distribution function of e, (;‘1' §<2)

as

Pr{elz(xi,xz) <z} = Pr{x2 - %y > 0,

(3.52)

can be written
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Let U = x2 - xl
V = xl + x2
Then
- 2k,
S Prie;p(xy %) < 2} = Pr{u > 0, v » o— k!t
2k2
Pr{Uu < 0, v < } .
L+ Kk, (3.54)
Standardizing U and VvV we obtain
U - u u
Pr{elz(xl,xz) < z} = Pr{ > el
u u
2kl ) 2k2
V -u I + k., - "y U=-u u V-u 1+k
R A2 D St S
v v u u v
2kl . 2kl
! 1+k v ‘U l+k
= Pri{z, > - =% 7 1 } + Priz, < - 2 gz < 2
1 o 2 —- o] 1 o 2 - o
u . v u

(3.55)

Approximating the distributions of §l' §é by the normal

distribution for large ny,.,n,, we see that

* Standard BVN ’
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See equation (3.12) for the expression of px.

The equation (3.55) becomes

Zkl
o u, v TEER]
Pr{elz (Xllxz) f_ Z} - Hp*["o,—l o ] +
u v
2k2 )
u 1l + k v
H o[- ==, - 1. (3.56)
P u v
Substituting
Pu T Y2 T MiB v
Hvy T Mo + 1B ¢
02 . O2
2 _ 1B 2B _ 2
Tu n A = 9% v
1 2
0'2 0'2
;. -’28 _ 1B
uv n, ng

the distribution function of elz(il,iz) can be written as

Prie,,(xy,x,) < z} = Glhyqshypi0*] + Glhy,,hysi0%]
(3.57)
In equation (3.57)

h = (Mpg = H1p) R
11 {éz }% . 12
U
-1 -1, .
h (hop + uyp) -2exp[uly oy® (Z)]/{l+eXp[uly-0y® (z).
21 02 02 K
: L

ny s
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2{exp[uly+oy@'l(z>]}/{1 + exp[uLY'FGy@_l(Z)]}—(ulB+u2B)

hy, = 2 2
(e, 28 o3
ny n,

2 2
* _ Jam /M " %1p /7y

} .
2 2
9op /My * o1y /Ny

As before
- % —_—
G(zllzzlp ) = Hp*(zlrzz)
If the distribution function of e12(§1’§2) is written as

hyy(z) hyy hoo(z) -hyy
R(z) = ' f(zl,zz)dzldz2 + f f(zlzz)dzldz

-0

2
- o - 00
-0

(3.58)

the probability density function of e12(§1'§2) is given by

r(z) = R'(2)

where h

11 '
r(z) = J f[zl’th(z)]h2l(z)le +
~hyy :
[_w f[zl$22(z)]h22(z)dzl.
(3.59)
Again, as in equation (3.35), it is a very complicated function

of =z.

c) Unconditional Probability of Misclassification

The unconditional probability of misclassification of

elz(il,iz) is given by



76

- _ _ (521 + 522)
- - l -— -
+ Pri(xy - %) < 0,X - 5(x; + X,)< 0]Xe 3.

(3.60)

The distributions of xl,§2 and X are independent with

1 1l X 2
gix) = expl[- (Anf==—=] - u,.)°]
x(1-x)o,_/27 2oy2 1-x 1y

0 < x <1 (3.61)

and, by the Central Limit Theorem,

s 2
- 1
X, % N(u., )
1 1 n,
s 2
- . 2
X2 ~ N(UZI n—z—)‘
where
Mp = E(Xy) = wgp
My = E(Xy) = wop
2 _ 2
o," = V(X]|Xe nl) = 01g,
2 _ _ 2
g, = V(XIXE H2) = Osp -

Using the result on conditional expectation given in
(3.37), we can determine the right hand side of (3.60) con-
ditionally and remove the conditionality. Therefore the first

term on the right hand side of (3.60) becomes
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- - l_ -
Pri(x, = xq) > 0, X - F(xy + x,) > 0}

1
= f Pr((f{2 - %) > 0,(>_<:L + x,) < 2x[x}g(x)dx .
© (3.62)

The probability in the integrand has been found earlier in a form
involving the BVN distribution function and is given in equations

(3.56) and (3.57). Let us write this probability as p(x).

Then
p(x) = pr{U > 0, V < 2x} (3.63)
where
5 ]
U u o fof
u u uv
<  BVN
v u ’ o g 2
v uv v

Standardizing the variables,

Ha 2x - g,
p(x) = Px{Z, > — , Z, < ——}
1 94 2 oy
® 2x—uv
= j_ EE Oy hp(zl'ZZ)dZZdzl
O’ - 0O
u
u /o (2x=-u_) /o
_ u Tu v v
= J_m j_m h_p(zl,zz)dzldz2
u 2X-u
= H_ [EE' — LA (3.64)
P9y v

Similarily corresponding to the third term of (3.60) we have:

1

Pr{§2 - §l < 0, il + X, > 2x} = fop'gx)g(x)dx



where
p'(x) = Pr{U < 0, V > 2x}
u 2X - u
—Pr{zlf_--g—u, Zy 2 — Yoy
u v
..... —“u/cu ®
= j h(zl,zz)dzzdzl
-0 2X=u
v
Oy
-uu/cu -(2x-uv)/oV
-] . h_(zy,2,)dz,dz,
u u_ = 2x
= H—p [" G_l:]._’ v g ]
g u v
Finally
- - 1 My 2X - M,
E[elz(xl,xz)] J gx){H_ [— , = ]
o u v
u U - 2x
+ H_[- 2, X Jlax, (3.65)
) =P O'u ov

where g(x) in (3.65) is given by

- 1 _ 1 X . 2
g(x) = exp [ 5 (2n [77] “ly) 1, 0 <x <1,

x(l-x)o V27 20
Y

3.5 Inverse Hyperbolic Sine Normal (SU)

Definition: The random variable X is Inverse Hyperbolic

SO Sine Normal if Y = sinh 1(X) is normal, -« < X < =,

a) Distribution Theory and Rules

The density function of ¥ is given by
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1
fly) = l__ exp [~ 2(y - )2], -2 <y < o
o V2m 20 4
Y Yy ‘ (3.66)
the parameters uy, Gy satisfying the conditions =« < uy < ®,
Cy > 0. By the transformation

Y = Sinh_l(X),

the density function of X is seen to be

£(x) = ——F—— expl- ——(sinh T (x) - u )2
(x“+1)%0_vV27 20 Y
Yy Y
-© < X < o (3.67)

We assume that oyz is common to the populations Hl and Hé

Xe Hl uy = uly
and

Xe H2 uy = u2y )

Then the conditional probability of misclassification when an

observation from Ty is misclassified is given by

<«

elz(ill}zz) = J -
(x

|-

1
= 2 % ST exp [~
l+x2)/2 (x°+1) cy 27 20

Dl N

=1 2 . -
{sinh (x)—uly) ldx, if X < X,

(xq+x,)/2

1
(x2+1) @

o] vex3 20
-— O y
(sinh T (x)-u. )2]dx, if %. > %
1y ’ 1 2% .

(3.68)
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Transforming the variable of integration by

sinh 1 (x) - by
t = Y
g
Y
and letting
§ = (xl + xz)/2
we obtain
€ _(xq,X,) = L. ex [—-ﬁ]dt
12 ¥1r%) — SXP L= Fldt,.

. -1 Vam
[sinh (6)—uly]/0y

if Xy < X,
[sinh™(8)~u. 1/0
y™" 7y 1.2
= — expl[- 5 t7]dt,
o : Y2m
if X 2 %,
(3.69)
Equation (3.69) can be written as
o Slnh—l(é)—uly _ _
elZ(xl'XZ) =1 -9 Oy ] if Xy < Xy
sinh_l(G) “Hy - -
= of 7 if %, > %,
g 1 -"2
Yy
(3.70)
and putting back the exXpression of § we get
-1 %1%,
o sinh * (- )-“ly - -
elZ(Xl’xz) = 1 - &f Gy ] if %y < X,
X +X '
sinh™t (-1 2y,
= o] 2 v, if ¥, > %
= o'y l" 2.

(3.71)
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Using the above procedure the conditional probability of mis-

classification ezl(xl,xz) 1s given by

X, +X
o sinh—l(—ii—g) - “Zy -
eZl(Xl’XZ) = ¢] 3 1] if Xy < x2
Y

X.+X
sinh™t (-3-2)- 2y )
= 1 - o] = ] if xl > X,

y
(3.72)

From Johnson [24, equation (37)], we note:

if Xe Hl E(X) = = u sinh(uly)
VI(X) = %[mz—l]{—wz cosh (2uy,) + 1}
if Xe H2 E(X) = ~ gy sinh(uzy)
V(K) = 2lu?-1](-u cosh(2u,,) + 1}
2
where w = exp[cy /2]

b) Distribution of the Conditional Probability of Misclassification

From equation (3.70) we notice that

{elz(xl,xz) < z}
if and only if

; -1
+ h - 8 ,
X <X, and x; *tx, > 2sinh [”ly Sy (z)]
-1

and x +x, < 2sinh [uly + 9y ¢ (Z)]

>
1—-"2 1
(3.73)

Hence:
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Y
(3.74)
Let
U = Xy = Xy
...... vV = xl + x2
then
Prie;, (X;,%)) < 2} = Pr{U > 0, V > k} + Pr{U < 0, V < kol
(3.75)
where
o _ -1
kl = 251nh[uly cy@ (z)]
k. = 2sinhlu. + o 0 L(z)]
2 1y y
Standardizing U and V we obtain
e U=u u V-u k,~u
R = = - b u __u v 1 v
Priegp(¥1/%y) < 2} = Prd S -
u u v v
U=~y u V-u k, - u
+ Pr{ L —E-, v . 2 vy
Yu “u v 9
U k, - u
_ __u 1 \4
= Pr{Zl > 5 r 22 > S } o+
u v
u k, - u
u 2 \4
+ Pr{Zz < 67—, Z2 < —-5—“—} (3.76)
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Approximating the distribution of §1,§2 for 1afge n,,n,

by the normal distribution, we see that

x Standard BVN '
22 0 p* 1

We therefore write equation (3.76) as

_ - - u . = k u k,-u
Pr{elz (Xl'xz) = z} =z Hp*[ggl _.Y._E__]:] + Hp*[_ E}}_’ __g V].
. u v u v
;;;;; (3.77)
In equation (3.77)
My = -w[smh(uzy) - s1nh(uly)]
u, = —w[Sth(uly) + 51nh(u2y)]
2 5 1. 2 wzcosh(Zul ) wzcosh(Zu2 ) 1 1
oy = oy = Flem-1)I[- n = - n -+ YR
- 1 2 1 2
1. 2 wzcosh(Zul ) wzcosh(2u2 ) 1 1
Suv = FloT-1) [+ L - n L - o ¥ a7!
ny 2 1 2
Alternatively

Pr{elz(xl,xz) <z} = G[hll,hzl;p*] + G[hlz,hzz;p*]
(3.78)
with

hll = {-w[sinh(uzy) - sinh(uly)]}/cu

= ~hy,
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Byy = [-wlsinh(u, ) + sinh{u) )] = 2sinhiuy -0 87" (2)31/ o

RN
SN

hyy = [2simhlo 8™ (z) + up } + wisinh(u,,) + sinh(uy )}/

{{-w2cosh(2u2y) + 13 {wzcosh(Zuly) + 1}

]

i) gl
p*: 5 .
[{-w cosh(2uly) + 1} +'{—w2cosh(2u2y) + l}]
ng n,

From the distribution function in (3.78)

hyy (2) By Byo(2)=hy g
R(z) = | f(zl,_zz)dzldz2 + J f(zl,zz)dzldz

(3.79)

the probability density function of elz(il,iz) is obtained as
h

11 ,
r(z) = J f[zl,th(z)] th(z)dzl +

“hyg ,
I_m f[zl,hzz(z)] h22(z)dzl | (3.80)

c) Unconditional Probability of Misclassification

The unconditional probability of misclassification of

e12(§l,§2) is given by

E{elz(xl,xz)} = Pr{(x2 x;) > 0, X 2(xl+x2) > 0]Xe Hl}

e - 1,- -
+ Pri(x,-x;) < 0, X - Fx +x,) < 0[Xe 1y}

(3.81)



[see equation (3.36)].

The distributions of §1’§2 and X are independent,with

2

exp [~ L 2(sinh.l(x)-uly)

— 1,
o V2w 20
Yy Yy

Nl

g(x) =
(x%+1)

-® < X < ® (3.82)

the parameters ”ly’c satisfying the conditions -« < “ly< ®,

Y
Gy > 0. By the Central Limit Theorem,
O'2A
= . 1
Xp 7 NGy 7,
1
o 2
= . 2
X2~N(U21n )
2
where Wy = E(Xl) = —msinh(uly) R
u, = E(X,) = -usinh(u, ),
01° = v(x|xe 1,) = %(wz-l)[—wzcosh(zuly) + 1]
022 = V(X|Xe H2) = %(wz-l)[—wzcosh(2u2y) + l],
2
where w = exp[oy /271.

As before, using the well known result on conditional
probabilities given in equation (3.37) we can determine the
right hand side of (3.81) conditionally and remove the

conditionality. The second term of equation (3.81) then becomes
Pri(x, - ;) > 0, X - =(X, + %) > 0}
2 1 ! 271 27 =

= J_wPr{(Ez—ﬁl) > 0, §l+§2 < 2x|x}g(x)dx (3.83)
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The probability in the integrand has been found earlier in
a form involving the BVN distribution function. Let us write the

corresponding unconditional probability as p(x), then

p({x) = Pr{U > 0, V < 2x} (3.84)
Where U = §2 - il’ vV = §l + §2, and
2
U\l : gun My u Sav
2
v My ’ Ouv cv
Thus
U 2% -y
u \%
p(x) = Pr{%2, > - — , 2 < ——Y}
1 9y 2 Oy
® (2x—uv)/cV

= [_ o) hp(zl,zz)dzzdzl
1'IU. u
uu/cu (2x-uv)/oV

= h_p(zl,zz)dzldz2

= H_p[g—, —1 . (3.85)
u v

Similarily, corresponding to the third term of (3.81) we have:

[=]

Pr{(§2 - xl) < 0, (xl + x2) > 2x} = J mp'(x)g(x)dx

(3.86)
where

t
p (x) = Pr{U < 0, V < 2x}

|
g
=
—
[\
H
A
t
Qlt
[l § ot
N
N
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w9
= hp(zl,zz)dzzdzl
- (2x=p_) /o

-uu/cu = (2x-u ) /0,
= h_p(zl,zz)dzzdzl

] (3.87)

Finally -
u 2x-u u M, =2X
: = = . u v u
E{elz (Xl’xz)} ~ J g(X) [H_p ('5._'1 5 ) + H_ (= —, ) 1dx,
—- u v v v
(3.88)
with g(x) in (3.88) given by
1 I 2
g(x) = T——— exXpl- (sinh “(x) - u, )71,
(x2+1) o, /2 20y2 ly

-0 < X < o
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CHAPTER 4

DISCRIMINATION FOR NON-NORMAL DISTRIBUTICNS:

EDGEWORTH SERIES DISTRIBUTION (ESD).

4.1 Introduction

The effect of non-normality in a two population discrim-
ination problem is studied. The distributions in the two
populations are assumed to be the univariate Edgeworth Series
with different means and the same variance.

subrahmaniam [55] has studied the distribution of the
lineaf and guadratic forms using the ESD, with a density
function introduced by Gayen [14]. The type of non-normality
which he considers includes both skewness and kurtosis in their
standard forms. Here we consider non-normality dué to skewness
alone.,

Let X ] = l,2,...,nl) and ij(j = l,2,...,n2) denote

150
two independent random samples from populations Hl and H2'
respectively. The observations le come from the common
distribution defined by the density function

A X - ul

303 s (—2t), e < x < @ (4.1)

f(X)=(l"€— 5

and the observations X2j come from the common distribution
defined by the density function

A X - U
£(x) = (1 - 2D%) ¢(—2), == <x <=, (4.2)

the parameters A3, My (i =1,2) and o satisfying the
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conditions -« < A3 < ®, =o' < y, < » and o > 0. Here D

stands for the operator

7%
X =- Lli
¢ (—>—=) 1is the density function
- -1 '
o TH2m) TF expl-(x - u,) /202 (4.3)

f*j"i and A3 is the skewness factor.
In what follows all terms involving powers of k3 higher
than the first are ignored.
Let X be a new observation, obtained independently of

X and X.,. observations, drawn from either Hl or H2.

1j 23

We would like to classify X as belonging to Hl or H2.

To do this a classification rule is needed which in turn means
that the discriminant function has to be determined. 1In practice

one could use the univariate analogue of the W discriminant

function which is defined as

- DIXsR, %5021 = (X - L(E, 4+ 51 (R - 5.)/02
- W = D[X,xl,xz,c ] = [X 2(xl + XZ)](Xl x2)/c

o » (4.4)

when 02 is known and

- DixsE, R 82 LG o4 501G - 5/l
W = D[X,xl,xz,s ] [X 2(xl + x2)](xl xz)/S

(4.5)
when 02 is estimated by SZ, the pooled sample variance

of the observations in Hl and HZ'



We note here that the W discriminant function is derived
by use of the likelihood ratio rule when the distributions in
the populations 04 and.Hzare normal and known, with density

functions

X = Uy, -
£,(x) = expl-(——=)"/21/Y27 o, == < x < =, (4.6)
i=1,2,

Further the discriminant function defined by (4.4)
or (4.5) assumes My < Mg [see Chapter 5 for derivation of
the W discriminant function].

The classification regions based on W may be written as

Rl: {X; X < (xl + x2)/2 and X < %X, or

X > (§l + §2)/2 and x, > x,}

1 2
(4.7)
R2: {X; X > (xl + x2)/2 and Xy < X, or
X < (xl + x2)/2 and Xy 2 xz}
where Rl and R2 correspond to the populations Hl- and H2
respectively.

If all parameters, Hir Mgy (ul < u2) and 02 are known

the classification regions are defined as

Ry : {X; X < (ul + uz)/z}
(4.8)
R,: {X; X > (ul + UZ)/Z}

where R, R2 regions correspond to the populations I and I

ll
respectively.

2’
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The problem considered in this chapter is one of examining
the effects, if any, on the errors of misclassification, when
W, :defined by means of the Edgeworth Series type distribution,
is used for classifying X as arising from Ty or Ty- The
effects are studied for varying values of k3, the skewness factor.
Since the distribution theory is considerably simplified
by the use of the characteristic function technique, the char-
acteristic function (c.£f.) of the Edgeworth Series distribution is
derived in section (4.2). The problems involved with the

probabilities of misclassification are studied in later sections.

4,2 Characteristic Function and Moments

Let X have the p.d.f.

A .
- _ .3 53 X =y

), —e < x <o

In this section, the characteristic functions (c.f.) of X,
X (the sample mean)euuiil + 22 are derived. These yield the
moments of the distribution. In later sections the results ob-

tained from the c.f. will be found to be of great applicability.

Lemma 4.1 The characteristic function of the r.v. X

with p.d.£f.
- r3 3 X - u
£(x) = {1 - 22 D7) (B2
is given by
, A3 3 2.2
wx(t) = {1 + T (it)7 ) explitpy - o°t%/2] (4.9)

Proof: By definition
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[or]

b (€)= j o™ £lx)ax . (4.10)
Let us recall that, if we write =z = X ; L
3 X - u, _ 1 d .3
D ¢(’—;——0 = ;g (az) ¢(z) (4ﬂll)
‘‘‘‘‘ and that
T itx X - u _ . 2,2
e ¢(—~E——)dx = explitu - ¢°t%/2] (4.12)

Using (4.11) and (4.12) in (4.10) we get

b (£) = explitu - o2t?/2] +

A . [ ’
- —55 et EH | 3z - 23) 4 (z)exp[itoz]dz . (4.13)
6o —

The integral on the right hand side of (4.13) can also be

written as, putting u = ito,

-1 hd ' *®
(2m 73 & J_mexp(UZ - 2%/2)dz - (%3)3 j_mexp(uz - 2%/2)dg]

= 3 Sstexpiu®/21) - (&3 (expiu?/2])

3[u exp(u2/2)] - [3u + u3]exp(u2/2)
=03 (it) 3 exp (~02t2/2)

hence
A

b (8) = (1 + 22 (i)3] explity - o2t?/2] (4.14)

Lemma 4.2 The characteristic function of the mean is

given by
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Ao .23
b (t) = (1 + gi iiE%-] expluit - o%t2/2n] (4.15)
n

Proof:
The characteristic function of X 1is

A
[1 + =2 (it)°] expluit - £202/2]

lbx(t) = 6
therefore
n
bz(e) = 1 wx(g) ='{wx(§)}n
i=1
Ay .
= [1 + g§<§g)3]n expluit - (ot)?/2n]
Xy sy 3
= [1 + gé(ig) ] expluit - (ot)®/2n]
n

(4.16)
The final result in (4.16) is obtained by use of the
binomial expansion, br;aking off after the second term.
From the result in (4.16) we can easily show that the
first two moments of the random variable X when X is from

the ESD are given by

E(X) = u
(4.17)
BZ - 2= viE) = O
w= n
Also from the result in (4.14) we can easily show that
E(X) = u
(4.18)
V(X) = E(X - )2 = o2

Lemma 4.3 The characteristic function of
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7z = (il - ul) + (§2 - “2) when §l' §2 are the

means of independent samples of sizes n,, n, respectively,

is given by

A A 2 2
- 3 ,...3 3 ,...3 _.2,0 o
wz(t) = [1 + - 2(lt) + 2(J.t) ] exp[-t (2n + 53_)]
n, 6nl 1 2
(4.18)

Proof:

We first show that the characteristic function of il_“l

is given by

b3 (t)

= E[exp{it(§l - uy)}]

Eflexp{it Xy - 1tul}]

exp[-dtu,] Efexp(it §l)}

A 3 2 2
= [1 + (it) 7] exp{-itu, + itu. - t%g /2n.}
6 2 1 1 1
n
1
A3 3 2 2
= [1 + 2(it) ] exp{-t“o /2nl} (4.19)
6nl

e The result we need follows from a basic result, that the
characteristic function of a sum of two independent random
variables is the product of the characteristic functions of

the individual random variables. Therefore

v (t) = y= (t) v= (t)
z X9= oy Xy = M,
A 2 A 3 2 2
= [1 + 2(it) 1[1 + 2(it) lexp{-t“cs /2nl
6nl 6n2

- t202/2n2}
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A Aq

2

(it)3]exp{—t2(02/2nl +
6n2 6nl

02/2n2)} (4.20)

hence the result. From the result in (4.20) it can be seen

that
E(z) =0
2 2
E(z®) = T+ &
1 %
(4.21)
3, _ 1 1
E(z7) = K3(—-§ + ;_f)
ny 2
2 2
E(z) = 304(%— + %—)2
1 2

4.3 Optimum Probability of Misclassification

When all parameters of the distributions in the populations
are known, the probability of misclassification is optimal
in a sense that we cannot improve upon it. Using the normal
rule, given in equation (4.8), we derive expressions for the
Optimum probability of misclassification when the observation
X 1is from the ESD. When an observation from Hl is mis~-

classified the optimum probability of misclassification is

given by

® A X =y

= f 1 - 22 0% o (—2yax
S
® A X - U X = u

= | 1+ = L1 ¢ (——Lyax
5 665 > O o

g



(4.22)
where § = (ul + uz)/Z, and Hr(x) is a Tchebycheff-Hermite

polynomial of degree r and is defined by the identity
H. (x) ¢(x) = [-DIT ¢(x) (4.23)

where HO = 1 by convention. See Kendall and Stuart [25,
p. 155, equation 6.21]. Some properties of Hr(x) are also
discussed by Subrahmaniam [55]. Using the result (Kendall
and Stuart [25, equation 6.43]),

t
[_er<x>.¢<x)dx =-H, 1 (6) e (e) (4.24)

and letting
X -y

g

in (4.22) we obtain

o}

o A
. [R,f] = f o (z)dz + -i—j H, (2) 6 (z)dz
1 66/ (8=u,)/o 3
(6-ul)/c 1
5§ - u A § - u § - p
_ 1 3 1 1
=1- el ]+ =5 Hy (——) 4 (——2)
6o
L, = U A B, = M Uy = U
_ 2 1 3 2 1,2 2 1
=1 - ¢f 20 1+ 602[{ 20 } 11e( 20

(4.25)

If an observation from I is misclassified the optimum

).
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probability of misclassification is given by

a5 [R,£] = Pr{X < (g + Wy)/2}
J A X - u
_ .3 53 2
- j-m[l z= D71 ¢ (——S)ax
§ X - u A § X = u X = u
_ 2 3 . 2 2
-~ 60 -
(4.26)
where § = (ul + u2)/2
X _‘“2
Letting 1z = ——S— and using result in (4.24) we obtain
(§~uy) /o Ay ((8-u,)/0
a,[R,f] = ¢{(z)dz + —— H,(z)¢ (z2) dz
2 602 . 3

§ - u A § = u § = u
_ 2, _ 3 2 2
=T - S T i)

B u A u u Uy = U
- 1 2 3 1 2,2 1 2
"'(I)[ 20, ] - 2[( 20_ ) —l] fb( 20, ) -

60
(4.27)

The optimum probability of misclassification is of interest

for comparison purposes.

4.4 Conditional Probability of Misclassification

We discuss the conditional probability of misclassification
when the parameters Hi1s U, are unknown and all other parameters
are known. The optimum probability of misclassification cannot
be found here due to lack of information on Myr My The
classification regions are defined in (4.7) of section (4.1).

When an observation X from Hl is misclassified the
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conditional probability of misclassification is

fl

oy [R,£] = Pr{x > (x; + x2)/2lxl,x2, Xe T;} when X; <%,

Pr{x < (xl + x2)/2[xl,x2, Xe Hl} when X 2 X,
(4.28)
When an observation X from H2 is misclassified the

conditional probability of misclassification is

o, [R,£] = Pr{x < (>‘<l + >‘£2)/2]>‘<l,>‘<2, Xe I,} when 5&1 < §2

il

Pr{x > (}?l + §2)/2[§l,}—<2, Xe Hz} when ;{l > §2

(4.29)
Since the problem is symmetric in that the numbering of

populations is arbitrary, we consider the probability al[R,f].

. ® 3 3, XM = =

al[R,f] = fé [1 - e D ] ¢(—~E—~—)dx when X; < X,
é A X - u

= _ 3 .3 1 - -

_[_m [1 T D] ¢(——g———)dx when Xy 2 x2

where § = (xl + x2)/2

which can be written as

[ee] [oe]

. X-Uu A X-u X-u
_ 1 3 1 1
al[R,f]—IAd)(G )ax + 3fA Hy (=) ¢ (—)dx
60 §

when Xy < X,

8 X—u A $ X=u X-u
_ 1 3 1 1
_j_ww )dx+g-;—§J_mH3(O Y
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Letting 2z = ———, We obtain
R oo )\3 (>
al[R,f] = f ¢(z)dz + — J H3(z)¢(z)dz
- 60 -
(S-Ul)/o (é-ul)/c
X X when Xy < x2
(5'1-11)/0 A.3 (G_UI)/G
= 6 (z) + - f H3(z)¢(z)dz
—. 60 e
when X1 2 %,
(4.30)
and using (4.23)
N g—u A é-u 8—u
1 3 1 1 =
al[R,f] = 1 - o[ > ] + 602 H2{ = }o( = )  when Xy < X,
é-u A g-u g u
_ 1 3 1 1 =
= o[—=—1 - =% Hy{ 19 (—=) when Xy > %,
60
(4.31)
Upon substituting for 5 in (4.31)
n Xn+X -2 A X, +X -2u X, +x.~2q
_ ~ 1 72 1 3 1 72 1 1 72 1
o [R/E] =1 = ¢[—— I+ o2 Hyl 25 ¢ (=55
o
when xl < x2
_ Q[xl+x2—2ul] _ k3 . {xl+x2—2ul}¢(xl+x -2ul)
- 20 2 72 20 20
6a
when Xz X, (4.32)

a) Distribution of The Conditional Probability of Misclassifi-

cation

The distribution of the conditional probability of misclass-



100

ification in (4.32) is difficult to obtain due to the complex
nature of the expression. It involves the cumulative normal
distribution function, the normal density function and the
Tchebycheff-Hermite polynomial. However the asymptotic dis-
tribution of the error can be found by the Taylor series
expansion and the approximate mean and variance of the error

function can be determined.

b) Taylor Series Expansion

The conditional probability of misclassification is a

function of two random variables il and X when the parameters

2
are fixed. This error function can be expanded in a Taylor

series in two variables around {E(il) = My E(iz) = ”2} . For
purposes of'completeness of presentation the Taylor series theorem
in two variables is stated below without proof.

Theorem 4.41: If all the nth partial derivatives of

a function of two variables f(X,Y) are continuous in a closed
region around (XO,YO) and if the (n+l)St partial derivations

exist in the open region around (XO,YO), then

it

d 9
f(XO + h, Yo + k) f(XO,YO) + [h IX + k EY]f(Xo’Yo)+

1 3 3 .2
4 —2-‘. [h -53{- + k -B—Y?] f(XO’Y'O)+'..
+E mAi s ex ,v) + R
nt X Y o' o n

(4.43)

where Rn is the remainder after n terms and is given by

_ 1 3 3 \n+1
Rn--(ml_——I-)—.,-(h-é—}-(-‘f'k'g:f) f(XO+6h,YO+9k)I

0 <8 <1
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and [h iz + k §§]n is formally expanded by the Binomial
theorem.

Since al[ﬁ,f] is a function of il and 22 we denote
it by elZ(Xl’XZ)‘ Similarily az[R,f] becomes eZl(Xl’XZ)'

Then the expansion of elz(Xl,Xz) around (ul,uz) is given by

X.,%.) = R -, )t Romp )

R
3Xl BXZ 172

o S12 (s %)

1 ,,3 9 S 3 12 s o
+ 5[ (X -u) — + (X,-u.) —] €, (X,,X,) +
278 THy %, 2 720 3w, 1200170
2
132 9 F ooy Yo 1 e %
ATt T ) o ) 12 KX+ Ry
1 2 MirHg
(4.44)

Consider the case when Xl < X2 and write equation (4.32) as

2y, =X, =X A X, +X,-2u
S _ 1 71 72 3 2 1 72 1
®12 (X1 %) = el—=—1 + i R R
o
(4.45)
The partial derivatives with respect to 21’22 of (4.45) are
given by
= 1271772 20 20 3 20
8Xl 120
(4.46)
2 2u,-%., -X 2u, =X, =X
22 = =y, L 1 2HTEX 17%17%,
axl 4o
A X, +X -2u
3 4 1 72 1
7 D ol o ) (4.47)



102

2 _ 2u, =X, =X 2u,-X,-X

) - 1 174175 17%17%2
(e, (X;,%,)} 5 [—5= 1 ¢ (—=7 )
3aX,9X 4o
1942
A R.+%.~-2u
3 pt g2 1, (4.48)
4 20
24¢

Expanding terms involving D2, D3 and D4 in Tchebycheff-

Hermite polynomials we obtain

X +X. =2y X.+X.=2u X, +X.-2u
2 S1TepTeM . 178074 H 12 17874y
DU = = (I - Bl
(4.49)
D3¢[X1+X2—2ul] ={._[X]_+X2--2ul]3 . 3{X1+X2-2ul]}¢[X1+X2-2ul]
20 20 20 20
(4.50)
o4 [X1+X2'2”1] _ {[X1+X2‘2“1]4 _ 6[X1+X2'2“1]2
¢ 20 ~20 20
; \ X.+X -2u
| +3) oA . (4.51)

Evaluating these expressions at the point (ul,uz) and letting

T = (u, - wy)/20 (4.52)
We obtain
,,,,,, o s ,
elz(xl’xz) = ¢ (=-1) + 602[T - ;]¢(T) = <7
ul,uz

3 - = 1 A3 3
= {elz(Xl.Xé)} = - 5;-¢(-T) + P 5[3T - tole (k= «,

1 [s}

HirH2 (4.53)

2 A
37 - = 1 3 4 2
—s{e,, (X,,X,)) } = T ¢(=-1) + [t7=-61t7+3]1¢ (1) = «
axi 1271772 402 2404 3

HirHo (4.54)
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2 A ’
——2——;{9 (X , X)) = i3 T (~1) + 3 [T4—6T2+3]¢(T) = k
= = 1271772 2 4 3
BXl X2 4o 240
(4.55)

At the point (ul,uz) the following equalities hold

5 = = 2 = =
BXl 8X2
and ‘
32 = 52 = = 52 s 5
—:-§~{612(X11X2)} = —_—j{elz(xlrxz)} - - — {elz(xl;X2)}
BXl BXZ 3X18X2

a —
= —{e,, (X,,X,)}
S .5 1271772
3X,0X,

Neglecting terms containing partial derivatives of order

higher than the second

S o . . 1= 2

. . . 2
+ 2(Xl-ul) (X2—U2) + (XZ—UZ) ]K3 + R2

(4.56)

When Xl > X2, the expansion of elz(Xl’Xz) is obtained in

a similar form and the final result is given by

N S oyt Ll =2
elz(Xl,Xz) ket [(Xl-ul) + (X2 “2)]“2 + 21[(Xl ul) +

1

— - — 2 L
+ 2(Xl-ul)(X2—u2) + (X2 ”2) ]K3 + R2

(4.57)

where

- 11¢ (1) (4.58)
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1
o= i a(n) - 23130 - 2314 (0) (4.59)
2 20 12 3
o
' 1 N 2
Ko = - o (1) =- [t7 = 61°+3]¢ (1) (4.60)
3 2 4
4g 240
c) Approximate Mean and Variance

The approximate mean and variance of the conditional
probability of misclassification are obtained from equations
(4.56) and (4.57) by use of a theorem which we state without
proof below.

Theorem 4.42: Let (X,Y) be a two-dimensional random

variable. Suppose

E (X)

il

E(Y) = u

UXI y

and

V(X)

i

“, V(¥Y) = ¢
o (Y) v

Let 2Z = H(X,Y)

and assume that the various derivatives of H exist at the

point (ux,uy). Then E(2) and V(Z) are given by
2 2
E[z] = H(ux,u )+ i—g cxz + 2 g o} 2 (4.61)
4 3% sy ¥
. 0H.2 2 - ,0H,2 2
viz] = {-é—}?} GX + {W} Oy ’ (4.62)

Where all partial derivatives are evaluated at the point

(ux,uy). Refer to Meyer [43, p. 128], for example.
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Let

+3
|
>
—
=
l—‘
+
>
N

-,
R = g+ ouy) (4.63)

and let il < §2. Then from equation (4.56)

T T ~ . (l) 2
elz(xl’xz) M + KZT + T + R2 (4.64)
where Kél) = K3/2. Now:
E(T) = 0, V(T) = o2(3—+ i)
1 2
and 5
V(T®) = E[T ] - E“(T“) (4.65)
2 2 2 2
-t 1 - e
1 2 1 2
Thus the approximate nean of elz(il,iz) is given by
- S = o . (1) 2
E{el2 (Xl’X2)} Ky + Ko E(T) + K3 E(T)
2 2
(1) .o g
= Kk, + K [— + =—1] (4.66)
1l 3 ny n,
and the approximate variance of elz(§1,§2) is given by
s o . 2 2 (1)2 2_ 2.1 1l ..2
V{elz(xl,xz)} Tk, TE(TT) + K37 "E[T"-0 {HI + nz}]
(1) 2 2.1 1
+ 2K2K3 E(T[T -a {E—l- + n——-'}])
2
= 2y e (P 2vr?) + 2 S s pe?)
2 2
- (1) e 4 o=
2K2K3 [nl + n2]E(T) (4.67)

and using the results in (4.65) and (4.21) we get
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2 2
= = . 2.0 o} (1)2 4.1 1 .2
V{e (X,,X.)) = « [— + —] + « [30 " {=— + =—}
1271742 2 ny n, 3 ny n,
4.1 1.2 (1) 1 1
c {nl + nz} ] + 2|<2;<3 A3{n———2 + n——-—?_}
1 2
(4.68)

A similar procedure yields the expectation and variance of

elz(il,iz) when X, > X.. Therefore

d)

- 72
(1) 2.1 1 = =
K1 + k3o {H— + H—} when Xl < X2
1 2
(4.69)

R

1] n -— -—
ky K302{%— + l-—} when Xl > X

1 Py

1

14

2
(4.70)

1.1 .2
1 B ny

<
o
[0
|._|
(¥
] |
=
-~
P |
N
N
[S——
1L
2y
NN
-
Slq
+
Q
-
+
2y
W~
._..l
N
N
Q
-
—

Asymptotic Distribution

We consider the asymptotic distribution of elz(il,ﬁz),

since the problem is symmetric with respect to the two errors.
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As n n, become large the distribution of

ll

y = (4.73)

[v{e12 (Xl,xz)}] 2

is approximately normal with mean 0 and variance unity.

Ignoring terms of order —ij, 1 and

2 n.n
ny n 172
approximation [see equatioiis (4.%9), (4.70)], we obtain

in the variance

Pr{elz(xl,xz) < u} =

—_- ' 2 2 2 2
ET3 - (1)2‘0' g i 1)2
12 (ByrXy) - [rphey o+ 7] u—[.<1+K3( ) (7—+2-1]
cprf . = 1 "2 1 "7,
e, 28+ 2o (2 s 23S
2 ny n, 2 ny n,
2 2
u-{« +K(l)2[2~4-g—]}
173 1 B, _
= ¢ R when X. < X
2.0 o 3 1 2
Loy g+ 517
1 2
(4.74)
and when il > 22 we obtain
' "2 02 02
ol + eyl F D)
' s o _ 1 2
Prie,, (X, X,)<u}l = o N ] (4.75)
[K2 {— + —1}717
n; ° n,

4.5 Estimated Probability of Misclassification

When parameters of a discriminant function are unknown
the usual technique is to replace them by their maximum

likelihood estimates. This procedure is unsatisfactory in that
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it leads to the errors being either over - or under-estimated.
If il is an estimate of Hy 8§2 is an estimate of Ho and

the common variance between the two populations Hl, H2 is

estimated by the pooled variance SZ, then from (4.25) or

(4.32) the plug-ih estimate of the error is given by

X, - X A X, - X - x

%
AL 1 2 3 2 1.2 _ 2 1
(4.76)
and from (4.27)
X, - % A X, - X X, - X
Sos. 1 2. _ 3 1 2,2 _ 1 2
S A
(4.77)
wWhere A3 in (4.76) and (4.77) is assumed known.

4.6 Unconditional Probability of Misclassification

a) Characteristic Function Approach

From (3.36) the unconditional probability of misclassification

for elz(xl'XZ) is given by
- _ — ___ _l_ -
X,)] = Pr{X X; > 0, X = Z(X+X,) > 0|Xe mt

1,=
O,X—-é'(x }

| A

+§2) < 0]Xe 1

1 1

(4.78)

To evaluate this probability of misclassification we need the

joint distribution of X, - il and X - %(il + 22), which we

2
derive below using the characteristic function approach as in

section (2.2) of Chapter 2. Assume that X 1is from
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population El and has the ESD wiﬁh parameters wuj. 012 and Y
where My is the population mean, 012 is the population
variance and A3 is the population skewness factor.
From (4.4) the characteristic function of X 1is given by
*3 .03 . 2
b (t) = [1 + #=(it)7] explity; - (o t)7/2] (4.79)
and the characteristic function of ij is given by
A

6n.2

j
5=1,2 (4.80)

by (E) = 1L+ (it)3]exp[-ujit - cj2t2/2nj] ,

[see Lemma 4.2, of chapter 4]

In (4.80) it is assumed that the variances of X 1in the

two populations are different and are given by 012‘ in Hl
2 .
and o, in HZ'
Let
U= X2 - Xl

v=x—%(>’< + X

Then the joint characteristic function of U and V is giveh

by
, itlU itZV
wuv(tltz) = E{e e }
. = = . 1l,= =
1t (X, = X)) 1t (X - S(X, + X.])
= E{e 172 17,772 271 2 }
_ _ it, . it2 -
. 1th2 - lthl + lt2X - 5 Xl - 5 X2
= E{e }

2

E{e

it X + [itl—(itz/z)]i2 + [—itl-(it2/2>]i

}
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= y_(t,)v= - I T ‘
X720 Tx, (ty {t2/2})wxl( t,-{t,/21) (4.81)

since X, il’ 22 are independent.

Substituting for the various terms

Let A

where as

A -
- 3,. 3 A3 . ps 3
wuv(tl’tZ) = {[1 + E_(ltZ) 101 + g;—f(ltl{ltZ/Z}) ]
2

A3 | 3
< [1 + ———7(—itl-{it2/2}) 1}
6nl

exp[ulit2 - tgoi/z + uzitl —uzit2/2 -

2

2
95 (tl - t2/2) /2n2

it

1

. 2 2
- upity -ullt2/2 - ol[tl + t2/2] /2nl]

(4.82)

be the quantity in { }, and B be the exponent then

he - 1 t2 s 2 . 2
1 2., 1,72 1
B = {u2 ul}ltl + {———5———}1t2 - 5—{5—— + H——} -
2 1
2 2 2
t o} o}
2 2 1 2
——b, T+ T+ )
2 1 4nl 4n2
tlt2 012 o] 2
- =5 {nl -5 } (4.83)
| *3 3 A3 < 3
A= 1+ gf(ltz) 111 + 2(ltl - {1t2/2}) ]
6n
2
A3 | 3
[1+ 2(—itl - {it2/2}) 1}
6n

1
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. . 3 . . 3
ik, - {it,/2}) (=it, - {it,/2})
-1 4 23[(it2)3 " 22 )+ 1 . 2
n n
1 2
(4.84)

Thus the characteristic function of U and V is written
wuv(tl,tz) = A exp B (4.85)

Now the characteristic function of (4.85) is that of the
bivariate ESD, with means, variances and correlation coefficient

between U and V given by

Means
My = (u2 ul)
(4.86)
u, = (ul u2)/2
Variances
o 2 5 2
Guz _ 1 + n2
/ 0 2
5 5 022 012 (4.87)
% T 9% YtomTt@m
2 1
Correlation coefficient
o 2 o} 2 o} 2 o 2 o 2 c 2
1.°1 1 1 2 2 1 2 5
oy = Fl—m— = ==}/ {[==— + =] [0," + 5= + 71}
uv 2 ny n, nl n, 1 4nl 4n2 3
(4.88)
where
Wy = E(X|Xe 1)

E(X]|Xe I,)
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Q
i

V(X]|Xe i)

li

V(X]|Xe ).

Mardia ([34], Chapter 3) has an excellent discussion of this

distribution. As n,/n, the sample sizes from the populations

nl and 1., respectively, become large, dropping out terms of
order n ¢ and higher, reduces the characteristic function
(4.85) to
A3 3
wuv(tl,tz) = [1 + E—(ltz) ] exp uultl + uvltz -
0? t22 2
5= 04 " "5 9, - tlt2 Guv} (4.89)
where
g 2 g 2
1 1 2
uwv T 2 {n ah
1l 2

showing that the characteristic function is still that of the

bivariate ESD.

b) Conditional Expectation Approach

If A3 = 0, the characteristic function (4.85) or (4.89)
is that of the bivariate normal density function. If A3 # 0,
the characteristic function is that of the bivariate ESD.

Let
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An alternative way of finding the unconditional probability of
misclassification for elz(ii,ié) is through the asymptotic joint

probability density function of U and V, where

U=X,-X
(4.90)
V = {Xl+x2}/2,
and the use of conditional expectation.
..... Let
Q = Efe;, (X;,%,))
- pri%. - %, -1z o+ %
= Pr{X, - X; > 0, X = 5(X; + X;) > 0[Xe L
- - 1,=
tPriX, - X3 20, X - 5% + X)) < 0|xe Ty}
(4.91)

Consider the term

- - 1,= -
Pr{X2 - X, > 0,X - E(X + X

g
i

1

il

J_wPr{iz - il > 0, %(il + §2) < x|x}g (x)dx}
(4.92)
where
A X = u
_ - 353 1
g(x) = [1 g D7 ¢(——;I—~

), —® < X < .,

Writing U and V as in (4.90) for large n the joint

llnzl
p.d.f of U and V is given by
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[The justification of this result is given in section 3.3 of

chapter 3].
Where
o Hy T M2 T Mg oo
_ 1
2 2
2 92 %1
w T n t 3 ’
2 . (4.93)
[e) 2 g 2 g 2
- 2 _ l( + 2 ) = u
v ~ 4'n n 4 ’
o 2 s 2
1 1
Suv T 7(n S5 )
1
Therefore
£ ) X
A X-u
A p=—E_ | f | e 2 renpt- —L
0./21 J=wlg J/-w 60 2(1-07)
,,,,,, (a=u ) wen)? 2e(umn veu} (xmuy) 2
[ + - ] }dudvdx
g 2 o 2 949y 20 2
u v 1
(4.94)
where
1
k = L (4.95)
27 oucv(l—p )

Recall here that
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A X=-u X=-u A . X-u
1= 52071 e = et - os Ly
1 1 6o
X=u X=u
1.3 1
(=71 ¢ (—=)
A X-U X-u
- 3 1 1
= [ S E ] )
(4.96)
changing variable v to w as Vv = x - w, we have
k ® *® *® )‘3 X_Ul 1 (U‘Uu) 2 :
p = f j J (1 + 3 Hy(——)]expl- 51
GlVZW -o ‘o Jo 60l 1 2(1-07)
- 2 : ; 2
(X—W—uv) 20{u-uu}{x-w-uv} (x=uq)
+ 5 - ] = ———=— }dwdudx
o} T4y 20 2
v 1
(4.97)
Now by changing the order of integration we get
o o o by X=u
p=—2_ | J [ e e L
ol/Zn o ‘o o 604 1 2(1-07)
@-u )2 (X=w=p )2 20 {u-u_}{x~-w-u_}
u v u v
[ + - -
2 2 .0
o g uv
u v
(X-ul)2
————3—-} dxdudw (4.98)
201

Putting

t=x - My s

§ = (ul - u2)/2
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this becomes

® p o © A .
p= k__fj J 1+ —25 ) Texpi- —L
ol/2n olo /= 60, 1 2(1-p°%)
2 . '
(u-u ) 2 2p{u-u_}v-u_} 2
u (E=w+8) ™ _ u v ,_ _t !
[ > -+ - 5 5.5y ] ; 5 dtdudw
Ou v 91
(4.99)

Putting x = u - u y = (w - §), the exponent of the integrand

ul

in (4.99) can be written as -1/2 times

1 [x2 + (t - y)2 _ 2px(t - y)] + t2
1 - 20 2 g 2 CNC g 2
07 T4 v 1
2 2
X 2, 1 1 y _
To 21,2 ez +3 Z 1. .2)}+ 5 2122
u e 1 v e v e
2t {1 + — + 20XY }
o 2(l--pz) 0.0 (l-pz) o.o_(1- 2)
v u v u v e
2 | 2 2
I R T SN AN B
o 2(1- 2) g.d (l-pz) o 2(l-pz) a a
u P u v v
(4.100)
In equation (4.100)
~ 1 1 oy + 0% 1=0?)
a = { : + } = (4.101)
o 2(l—pz) o 2 o} 2{0 2(l-pz)}
v 1 1 v
b = {—=t + eX } (4.102)
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Since
{— Y + —0X 2}2 01202(1-02)
2 ¢ (l-p2) g0 _(1-p7) v
b _ _ v u-v
a Ol2 + 2(1_02)
yz 012 20 Xy 012
= +
2 2 2 2 2 2
o 2 + cvz(l—p ) 0,0, (Lm0 P) oy % + o 2 (1-p%))
2 2
0 XO'l
+ > 5 (4.103)
9, (1-p ){cl + . (1-p %)}
(4.100) becomes
2 x%{ (0,2 + o_2) (1-p2)}
_ b, 2 v 1 v
= a(t - 2)° + +
a 0,2+ 0.2 (1-0%) 6 2(1-02) (0,2 4 o 2(1-p2
1 v P u P 1 v e
2xy00 % (1-p?)
+
2 2 2 2
Gucv(l-p ){0l + oy (1-p°) 1}
(4.104)
2 x2(c 2 + g 2)
=ae-2%+ 3 Tt 3
a," + g, (1-p°) 9 {ol + o, (1-p°) 1}
. 2xy o, P
2 2 2
Gu{cl + o, (1-0°)1}
(4.105)

We would like to express the parameters involved in the
above expressions in terms of V(X), V(Y) and Cov(X,Y) where

X and Y are defined earlier as
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X=0U - “u
(4.106)
Y=X=-V - §
Therefore
_ 2
V(X)) = 7,
_ 2 2
V(Y) = oy + 94 (4.107)
cov (X,Y) = ~POL0, = cov (U,V).
Define
“P 0,0 cov
0¥ = o - (X,¥) : (4.108)
ou[cl + oy ] [V(X) Vv(Y)]
p2 o 2 o 2
0 2 = 1 v (4.109)
g 2[0 2 + g 2]
u 1 v
and
‘s p2 °u2 0v2 012 + sz(l_pz)
1-9- =1 - =
o “Ho 2 + 0 2} o 2 + g 2
u 1 1 v
(4.110)
Therefore
*2 2 2, _ 2 2 2
(L -»p ){cl + o, } = 01"+ o, (1-p%). (4.111)

From (4.105) the coefficients of y2, x2 and xy are

respectively given by

1
1 - p*z)g 5 (4.112)
Yy



119

(4.113)

'i > (4.114)
cxoy( -0 )

Therefore the exponent of the integrand in (4.99) is given by

2 *
o Y R — i + 5 - 20Xy (4175
R 2(1=p %) o o x‘y

i
N

X

4

and the triple integral in (4.99) is given by

© s00 00 A
p= —% 1+ — 1, (5] expi- 2 a(e - )2
3 "3 2 a
’01/2n 0’ 0! = 60,7 1
1 22 x2 20* Xy
- % [ + - ]} dthdy
2 (1-p 2) o 2 . 2 9.0
y x 7
k([ [ A3 £ 1 b, 2
= { 1+ Hy(=—=)] expl{- = a(t- =2)“}dt}
m— 3 "3 2 a
o,V2m ‘olo - 60 1
1 1
1 y2 X2 20* Xy
exp{ - w5 [ + 53 - —oo-~lldxdy .
2(1-0"%) o y x°y

(4.116)

Now consider

' © A
- 3 t _1 _b,2
p = [_w[l + 3 H3(EI)] exp 5 a(t a) ldt
91
[ee) o )\
;f expi- 3 a(t - 2)%)ae + [ ==
a o]
bl -wGGl

t 1 b,2
3(EI)eXp{- Ea(t-g) 1a

(4.117)
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It is well known that the second term of (4.117)

/21

/a

J exp{- % a(t -

b

2 -
g) }dt =

(4.118)

also setting k2'= A3/6013, the third term of (4.117) becomes

p" = ké j H3(§—) exp{- %(/Ef - lq:)z}dt
—_ 1 Ya

= k, j_w (&3 - 3(5—)] exp{ - %(/Ef -2 y24¢

91 1 Va
Let § = /at - 2
Va
then (§: + 53 3¢ + By
k0 A ® a ° 1.2
p" = —= j { 3 - S } exp (- > S ) ds
Va /== o1 1
=]_<g_f°°[1{s3+3sz'b+33b2+p_f}
=) e ol3 a3/2 2 T 5727 3
-1 {éﬁ + éé}] exp (- 1 SZ)dS
Oy a 2
Va
k. bv2nw 2
_ 20 3 b°
= - a3/2 [ac 5 + - 2a2 31 . (4.119)
1 1 1
. _ 3
Therefore since, k2 = >\3/60l
ALbY27T 2
pt = 3 175! 32 + g > - 3] . (4.120)
601 a acl Gl a

Now
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2.5
Glov(l 0 %)

— E» 5 3 5L
ol/a 012woucv(l—p2)2{ol + oo, (1-p%) 17

1
2 2 2,.%
27 ou{ol + o, (L-p0%) 1}

since
2 2 2 *2 2 2
oy + oy (1-p7) = (1-p )(cl + ¢ ") = Oy
and
2 2
w T 9%
kK 1
— = N
ol/a 2noxcy(l o )
Finally
[ - V2T "
p =—+p
Ya
_ Vo K3b/2Tr : 3 . b2 _ 3
- /a 60 4a3/2 2 o 2a2
1 1 1
and o
1 ® 1
P = > f J p' expl- %3
270 Oy(l—p Y2 ‘oo 2(1l-p %)
2 2 *
y X 2p Xy
[ 5 + 5 o 1} dxady
I} o X'y
N X

Now the last term of (4.91) is given by

= Pr{% - 3 - 13 3
q = PriX, X] £ 0,X = 5(X; + X)) < 0]Xe I}

< - - 1.~ -
J_w Pr{X2 - X, <0, T(Xl + X2) > x|x}g(x)dx

(4.121)

(4.122)

(4.123)

g

(4.124)
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where g(x) is given in (4.92).

By the same procedure (4.124) is evaluated and gives a
similar result to that of (4.123). Therefore the final result
is |

[p + gl (4.125)

Further study is proposed for examining the expected error of

misclassification (4.125).
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CHAPTER 5
ESTIMATION, COMPARISONS’AND RECOMMENDATIONS

5.1 Introduction

Most of the discussion of estimation of the probability of
misclassification has been directed to the case of small sample
éizes. This is due to the.fact that the asymptotic expansions
of the error as discussed in Chapter 2 do not indicate the
behaviour of tﬁe error for small sample sizes. We may mention
the work of'Hills [181, Geisser [15], Lachenbruch and Mickeyl[3l],
Sedransk and Okamato [53], Soxrum [57, 58, 591, Broffit and
Williams [8], McLachlan {38, 39] and many others in this
respect.

In this chépter we discuss the estimation of the optimum
probability of misclassification in the ESD when the skewness
factor varies in the range (0.00625 to 0.4]. We also discuss
the apparent error rate for the normal distribution and ESD
classification rules using data simulated from the ESD. The
derivation of classification rules for the normal and ESD using
the likelihood criterion is given in section 5.2. The form of
the estimators is presented in section 5.3 and the choice of
values for the skewness factor is discussed in section.5.4. The
remaining part of the chapter is concerned with comparisons
of the likelihood ratio (LR) classification rules for the normal
distribution and the ESD using data simulated from the ESD.

Some recommendations are given in Section 5.5.
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5.2 Derivation of Classification Rules

The general theory of classification rules has been
reviewed by Das Gupta [1l]. Let fi be the probability density
function of X in population Hi, then the likelihood ratio

rule is defined as'follows:

Definition: A likelihood ratio (LR) rule is defined by 3§,

where Gj(x) > 0, if for some positive constants (Cl’cz"“CM)’

Cj fj(x) < Max {Ci £, (x)3
l<iM

where M is the number of populations.

If Ci!s are all equal, the rule is called a maximum-
likelihood (ML) rule.

Das Gupta [l11l] discusses the classification proglem when
M= 2. In this case the classification problem is essentially
that of testing a simple hypothesis against a simple alternative
hypothesis. We derive the classification rules when the p.d.f's
of X 1in the populations are known to be univariate normal and

when they are known to be of the univariate ESD, for the case

of M= 2.
a) Univariate Normal Distributions (ND)
Let the p.d.f's of X in Hi be
X - U,
- L i2 e ©
£, (x) = exp [~ F(— )71, < x < (5.1)

ovaTn

Since M = 2 let us redefine the problem in the usual hypothesis



testing form.
Let 6 Dbe the mean of the observation X 6 then the null

Hypothesis is Ho: 8 = My and the Alternative hypothesis is

HA: g = Moo When My < “2 the LR becomes
- £, (x)
fZ(X)
X - u X - u
= exp(- 53— % + 1—22 (5.2)

Taking logarithims on both sides of (5.2) we obtain

o2

)

X = u
b= enp = - LI

X -
g ) g

1
+§(

1
20

2[2x - (ul + uz)](u2 - ul)

U u
(x = Flup + )] (22 . (5.3)
(o}

The result in (5.3) is the W disciminant function when the
distributions in the two populations are univariate normal with
the same variance but having different means (see Sedransk
and Okamato [53]).

By the Neyman and Pearson Lemma (see Rao [51] for details)

we reject Ho if

L <K (5.4)

where K is some constant. In the context of our problem we
reject that 6 = My which means we reject that X is from
Hl and are in favour of X coming from H2. For simplicity -

we take K = 1. From (5.3) and (5.4) the classification rule



may be written as follows

Classify X as
and

Classify = X as
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belonging to Hl if w >0
(5.5)

belonging to I, if W < 0

The rule in (5.5) reduces to

Classify X as
and

Classify X as

If My > Hor by a similar

Classify X as

and
Classify X as
When the parameters
estimated by §l,§2, from

the classification rule is

Classify X as

or if X > (2 + x2)/2 and  x; > X

and
Classify X as

or if X < (x + §2)/2 and X

. . 1l
belonging to Hl if X < f(ul+“2)

. . 1
belonging to I if X > 5(“l+“2)

procedure the rule is

. . 1
belonging to I, if X < f(ul + uz)

. . 1
belonging to Iy if X > f(“l + u,)

2

Hys M, are unknown and are

sample sizes of n ,n2 respectively,

1
seen to be
(xl+x2)

belonging to Hl if X < 5

and xl<x2

2 i

belonging to I, if X > (§l+§2)/2 and

X <t %

> X

1 2 °

(5.7)
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b) Univariate Edgeworth Series Distributions (ESD)
Let the p.d.f.'s of X in Hi be
A X - U,
= {1 - 3 p3 — 1 . o
fi(x) = {1 g D Foo( 5 ), < x < (5.8)
(i =1,2). These p.d.f's have been defined earlier in (4.1)

and (4.2) of Chapter 4.

Once again define the problem in a hypothesis testing form.

Null hypothesis HO: o = Hy s
Alternative hypothesis HA: 6 = Wy
When Hy < ¥, the LR becomes
Lo £, (x)
£,(x)
-u -u -u
(1 - Dy/20% (=) + Dyeed) —1)3y4 (L
B - X=l, -
(1 - D203 (=22) + D 3/69°1 (—2) )6 (—2)
(5.9)
Define
_ X=u X=U
A=l - Dy/20°) (=) + Dy/6a°] (—H31  (5.10)
and
_ X" 3
B= {1 - [x3/20 ]( ) + [ (5.11)
then
X =
1 1,2
Aexp [~ 5(——)"]
L = - — (5.12)
B exp [- l(f———fgﬁzl
2 o
By the Neyman and Pearson Lemma we reject’ H if

0
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L <K (5.13)

or equivalently
fn L < 2n K (5.14)

taking K =1 gives us &n L < 0.

Hence we reject that X is from Hl if

X"']Jl

X = u
¢n A - l{ 2.2
2 .o

2—2nB+%{—E——‘-‘-}<O

}

which simplifies to

H u
imig) + [x - (g + oy /20 (22 o (5.15)

o
From (5.15) the classification rule becomes:

For <

H1 S My

Classify X as belonging to Hl if zn[%] + W >0

and (5.16)

Classify X as belonging to H2 if zn[%] + W<O0
for Wy > Mg the classification rule is seen to be
Classify X as belonging to n, if zn[g] -W >0

and (5.17)

Classify X as belonging to Ty if zn[g] - W <0

When the parameters Mk, are unknown théy are estimated

by §l,§ respectively and plugged in the rules (5.17) before

2
classification begins.

We note here that in the comparisons of errors of mis-—
classification using ESD and Normal classification rules and,

using data genexated from the ESD the classification rule for
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the ESD is not simplified but is left in the form:
If

< u X = u
2 A expl- 3 (——H)?]
Classify Xe 0T, if e <1
2 B expl- %(——E—Eg)]

M

and < - (5.18)

A expl- 3(——3)7]

Classify Xe m, 1if = > 1

B expl- 3(——2)2]

Q

5.3 Defining Estimators

Let'{Xij, j = l,2,...,ni;i = 1,2} Dbe independent samples
of sigzes ng /0, from the populations Tqs H2. The apparent

probability of misclassification is defined as

n
L, (5.19)
E = — I Y. .
12 ny j=1 j
where
1 when le is classified as belonging to H2
‘Y_ =
]

0 when X is classified as belonging to Iy

n
1 2
E = =—— I Y (5.20)
21 n, 5=1 J
where

1 when ij is classified as belonging to Ty

Yy =
0 when ij is classified as belonging to I,

The optimum probability of misclassification is defined in

(4.24) and (4.26) of Chapter 4 and is given as
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Uy = U A Uns—u By = U
oy L 2 1 3 . M2TH12 2 1
o (R/E) = 1= 8=+ SHl=Eeh®o1]e ()
(5.21)
My Touy Ay o M1THg o H1™Hs
ol [R,£] = o[—=—2] - S22} - 1]4 (=2
6o
(5.22)

where al[R,f] is the expression for the optimum‘error of

misclassification when an observation from Hl is misclassified

and uz[R,f] is the expression for the optimum error of mis-

classification when an observation from I, is misclassified.
We shall be using these estimators in sections 5.4

onwards.

5.3 Choice of Values for Skewness Factor

The choice of A3, the skewness factor, is based on the
boundary of the unimodal region for Edgeworth distributions, as
described by Barton and Dennis [7]. This boundary is defined in terms

of and B, where By is the square of skewness and B8, is
L : -

3
kurtosis. The boundary regions for Bys By are approximately

given by

0 < Bl < 0.25 (5.23)
and

0 < B, <5.4. (5.24)

Rewriting (5.23) we get

i
0 < (By)® < 0.5 (5.25)

|
>

]/2 .
where (Bl) =
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In this study B, is taken to be fixed at 3 and s

chosen to lie in the range (6.25 x 1073, 0.4).

5.4 Estimation of Probability of Misclassification

a) Optimum Probability of Misclassification

The optimum probabilities of misclassification are computed
from equations (5.21) and (5.22). The parameters Hys H, and

0 are assumed known with the following wvalues

= 0, =1 and ¢ =1

M1 Mo

Thus (5.21) and (5.22) become functions of A3, the skewness

factor, only. with Aq in the range (6.25 x 10 °, 0.4),

-~

the probabilities of misclassification El2 and E21 are

computed. The results are given in Table 5.1. This shows that
E12 decreases as A3 increases while E21 ilncreases as A3
- increases. The total probability of misclassification is fairly

constant as A3 increases.

b) Apparent Probability of Misclassification

This probability of misclassification is investigated in
two cases: (i) when all parameters in the distributions from Hl

and T, are known and (ii) when the parameters Wps My, are
estimated from small samples.

When the parameters are known, the apparent probability of
misclassification is obtained as follows. Two independent
samples of size 200 each are obtained at each fixed A3 value

from populations Hl, H2 whose distributions are of the ESD

with the following parameter values:’



Table 5.1. Optimum Probability of Misclassification at Different
values of Skewness, for the ESD. All parameters known,
Skewness Optimum Probability of Misclassification
Factor ;) E E Total
12 21

6.25 x 107° .308262 .308813 0.617075
1.25 x 10_2 .307987 .309088 0.617075
0.25 x 107t .307437 .309635 0.617072
0.05 .306337 .310735 0.617072
0.10 304137 .312938 0.617075
0.15 .301936 .315139 0.617075
0.20 .299736 .317339 0.617075
0.25 .297535 .319540 0.617075
'0.30 .295335 .321740 0.617075
0.35 .293135 .323940 0.617075
0.40 .290935 .326141 0.617076
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Population Parameter Values
- 2 _
Iy wy =0, o =1
- 2 _
II2 ul—l, c” =1

By the use of the ESD classification rule and the ND classification

rule, the proportions misclassified in Hl and H2 are obtained.

This realization is repeated five times, the random numbers
which are used in generating the random variables have a
different start for each independent sample [see method of
generating the distribution in the Appendix]. The probabilities
of misclassification obtained from the five samples are averaged.

The results are shown in Table 5.2, where the notation E12E

means the apparent probability of misclassification when an

observation: from Ty is misclassified by the ESD classification

rule and EZlE is the apparent probability of misclassification

when an observation from H2 is misclassified by the ESD

'cla551f1catlon rule. Similarily ElZN and EZlN are apparent
probabilities of misclassification when the ND classification
rule is used. The results show that E12E' is always higher

than E12N at each k3 value and E2lE is always less than

21N at each x3 value. We also tabulate the total probability

of misclassification for the ESD classification rule and ND

E

classification rule. The total probability of misclassification
for the ESD and ND rules show no major difference between the

two at each value of Age If the sign of A is reversed

3
then one would expect the results to be reversed.
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Table 5.2. Comparison of the Errors of Misclassification, Using
the LR rules for the Normal Distribution (ND) and
the ESD, Averaged Over Five Samples. All parameters
known. Simulation Size = 200.

Skewness ESD ND
ractor (A3) E E Total E E Total
12E 21E 12N 12N

6.25 x 1073 - 0.329 0.303 0.632 0.327 0.303 0.630
1.25 x lO"2 0.321 0.321 0.642 0.318 0.322 0.640
0.25 x 10"l 0.282 0.326 0.608 0.278 0.330 0.608
0.05 0.312 0.289 0.601 0.308 0.296 0.604
0.10 0.328 0.296 0.624 0.315 0.307 0.622
0.15 0.355 0.298 0.653 0.330 0.324 0.654
0.20 0.328 0.305 0.633 0.287 0.331 0.618
0.25 0.339 0.262 0.601 0.298 0.296 0.594
0.30 0.377 0.248 0.625 0.320 0.304 0.624
0.35 0.387 0.255 0.642 0.328 0.310 0.638
0.40 - 0.396 0.247 0.643 0.297 0.301 0.598




When the parameters Hys My, are estimated by §1,§2 from
small samples the apparent probabilities of misclassification
can also be obtained. 1In this case a sample size 5 is obtained
from population I, and the mean il calculated and another
sample of size 5 is obtained from population I and the mean

2

§2 calculated. These samples are generated from the ESD with

parameters taking the following values:

Population Parameter Values
I, | w =0, o%=1
Iy vy = 1, 6% =1
A3 1is taken in the range (6.25 x 1073, 0.4).

At each fixed value of A3 the means il’ X, are obtained
from samples of size 5 and plugged in the classification rules
of the ESD and ND. The apparent probability of misclassification

at each 2 is obtained from a further sample of size 200

3
from Hl and another sample of 200 from Hz. This process is
repeated for each A3 value by estimating means il’ §2 from

samples of sizes 15 and 25. The results of these calculations
are given in Tables 5.3 - 5.4. The total probabilities of
misclassification for the ESD and ND are also presented.

Since the estimates of Wy, H, are obtained from small
samples high variation in the estimates is expected and this
affects the classification rules. More data are needed to
stabilize the effect of random variation in the estimates

before any definite statements can be made. However, we can



136

Table 5.3. Comparison of the Errors of lisclassification Using
the LR rules for the Normal Distribution (ND) and
the ESD. Means unknown and Estimated by Sample
Sizes of 5. Simulation Size = 200.

ESD ND
Skewness
Factor (A3)
Ele EZlE Total ElZN Ele Total

6.25 x 1073 0.140  0.400 0.540 0.140  0.400 0.540

1.25 x lOv-2 0.220 0.410 0.630 0.220 0.410 0.630

0.25 x 10—l 0.225 0.465 0.690 0.220 0.475 0.695

0.05 0.210 0.395 0.605 0.205 0.400 0.605

0.10 0.205 0.475 0.680 0.175 0.495 0.670

0.15 0.260 0.285 0.545 0.230 0.320 0.550

0.20 0.305 0.365 0.670 0.295 0.395 0.690

0.25 0.455 0.185 0.640 0.420 0.230 0.650

0.30 0.195 0.465 0.660 0.115 0.545 0.660

0.35 0.225 0.465 0.660 0.125 0.520 0.645

0.490 0.440 0.180 0.620 0.360 0.250 0.610
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Table 5.4. Comparison of the Errors of Misclassification Using
the LR rules for the Normal Distribution (ND) and the
ESD. Means unknown and Estimated by Sample Sizes of
15. Simulation Size = 200.

ESD ND
Skewness
ractor (A3) E E Total E vE Total
"12E 21E 12N 21N
6.25 x 107> 0.345 0.145 0.490 0.345 0.150 0.495
1.25 x 1072 0.310 0.310 0.620 0.310 0.310 0.620
0.25 x lO—l 0.405 0.280 0.685 0.400 0.285 0.685
0.05 0.230 0.396 0.620 0.225 0.395 0.620
0.10 0.375 0.305 0.680 0.350 0.315 0.665
0.15 0.405 0.180 0.585 0.360 0.225 0.585
0.20 0.355 0.325 0.680 0.320 0.355 0.675
0.25 0.295 0.340 0.635 0.235 0.395 0.630
0.30 0.320 0.350 0.670 0.230 0.385 0.615
0.35 0.260 0.345 0.605 0.200 0.430 0.630
0.40 0.315 0.375 0.690 0.145 0.415 0.560
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Table 5.5. Comparison of the Errors of Misclassification Using
the LR rules for the Normal Distribution (ND) and
ESD. Means unknown and Estimated by Sample Sizes
of 25. Simulation Size = 200,

ESD ND
Skewness
Factor (A3) .E E Total E E Total
12E 21E 12N 21N
6.25 x 10—3 0.270 0.220 0.490 0.270 0.220 0.490
1.25 x 10_2 0.290 0.330 0.620 0.290 0.235 0.525
3;fj' 0.25 x 10-l ‘ 0.390 0.295 0.685 0.375 0.310 0.685
B | 0.05 | 0.340 0.270 0.610 0.335 0.280 0.615
0.10 0.375 0.305 0.680 0.360 0.315 0.675
0.15 0.360 0.230 0.590 0.345 0.245 0.590
0.20 0.275 0.430 0.705 0.225 0.480 0.705
0.25 0.375 0.255 0.630 0.320 0.290 0.610
0.30 0.390 0.240 0.630 0.300 0.330 0.630
0.35 0.290 0.300 0.590 0.240 0.345 0.585
0.40 0.405 0.225 0.630 0.305 0.290 0.595
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tentatively make observations on these results. It is clear
from tables [5.2 - 5.5] that the total probability of mis-

classification at each wvalue of A3 is either under or over-

estimated when small samples are used to estimate and

Ul U2‘

The differences between taking small samples of 5, 15 and 25

are not apparent. The behaviour of individual probabilities

ElZE and E12N »show that for small sample sizes ElZE is
equal or g;eater than ElZN at each value of Agr while E21E
is equal or less than E21N at each value of A3. The
equality of the probabilities occurs when A3 is very small,

with the disparity increasing as A, increases.

The fact that E is equal to or greater than E at

12E

each value of A3 and E

at each value of

12N

51g IS equal to or less than EZlN

3 in the tabled results needs some algebraic
justification.
From (5.5) the normal classification rule, based on the

W discriminant function, is

Classify X as belonging to Hl if w>0
and (5.26)

Classify X as belonging to I, if w<oO

From (5.16) the ESD classification rule is

Classify X as belonging to Hl if zn[%] + W >0

and (5.27)

Classify X as belonging to 1, if zn[%] + W <0
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where
A, XA-'.u A X = u
A= - (Zi—2 + (1 13 (5.28)
‘ 20 60 o
Ay X = oy Aq X =y
B=[1- (=) (—2+ (Zni——23 . (5.29)
‘20 6o
When Ky = 0, Hy = 1 and o = 1 we have
A A
- - -3 73,3
A =1 3 X + z X (5.30)
A . A
B = 1-3-31 (X - 1) +€-3-(x—1)3 (5.31)

Let us consider the error of misclassifying an observation X
from Hl. Then, by the normal rule, we classify an observation

from H2 wrongly if we use the rule
Classify X as belonging to my ifw<o (5.32)

and the corresponding wrong classification of an observation

from Hl, by the ESD classification rule is to use:

Classify X as belonging to I, if zn[%] + W <0

1
(5.33)
It is clear from (5.32) and (5.33) that the cut-off
points are different depending on the value of zn[%] in
(5.33); Rn[%] is a function of the random variable X and
skewness factor ,A3. If zn[%] = 0 the two procedures are

equivalent.

Consider
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A A
-3 73,3
ézl 2—X+-6—-X
B A A
-3 - 73 3
1l 5—(X-l) + g—(X 1)
thus
A A
1-2x+ 353
A _ 2 6
8 (5.34)
R RV B i-3-[x3 - 3%% 4+ 3%-1
3 5t ]
Now
A A A A
-B = 3 x2 _ _3 3.3
A-B = 5 X 5 X + g 5
=_>\3X2—.>\_3X—.>.\_§.
2 2 3
. .
= 203%% - 3x - 2] (5.35)
The quadratic function (5.35) is equal to zero if
5
3" = 3X -2 =0 (5.36)
The solutions of (5.36) are
X =+ 1.457 and X = - 0.457 . (5.37)

The graph of (5.35) faces upwards and shows that, when

-0.457 < x < 1.457, A < B. From the simulation results shown in
the appendix most of the data lie in the range 1.457 to -U0.457,
viz. approximately 60% or cver.

Since A 1is less than B,

zn[%] = nA-2nB <0 (5.38)
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Thus the cut-off point of the ESD classification rule is higher
than the ND classification rule cut-off point. This leads to

E being greater than E

12E 12N°

Similarily if we wrongly classify an observation from
I, the cut-off point of the ESD classification rule is lower
than the ND classification rule cut-off point and as such

E21E is less than EZlN'

5.5 Recommendations and Conclusions

From the_results‘shown in section 5.4 the following is clear:
(i) The skewness factorv (AB) has very little effect, if any,
on the total probability of misclassification, although it
shows a decrease or increase in individual errors of misclass-
ification. We may therefore recommend that the normal rule
can be used withqut much loss in classifying observations which
are from a skewed distribution. One advantage of the normal
rule is that it is in a simple form and easy to use.
(ii) Estimation of the errors when small samples are used to
estimate means shows either underestimation or overestimation

of the optimum error of misclassification. This conclusion

is based on one realization of data and as such only applies
to the present situation. Further work is proposed to study

the effects of small sample size estimates of the parameters.
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APPENDIX Al

COMPUTER SIMULATION OF THE ESD

Al.l Introduction

To generate random variables from the ESD we use the method
of Numerical Inverse Interpolation. Schmidt and Taylor [52]
describe this method in detail. This method is usually adopted
when the distributioq function of the random variable X can
be evaluated exactly for X but the inverse cannot be evaluated

exactly. That is if
X = y[F(X)] , (Al.1)

where F(X) 1is the distribution function of X, it is either
impossible or difficult to evaluate X, given F(XS. This
happens to be the case in the ESD.

Let X have the p.d.f. given by

A X -y
£(x) = [1 - 2201 ¢

g }r-°°<X<°° (Al.Z)
The distribution function of X is given by
X

*3 3 -
F(x) = j [1 - &= D71 ¢ (=")ay

_ 3 y - u = U
= J~m [+ = Hy (Lo ¢ (=) ay

o (X ¥y 13 (2252 _ 91 5224 (a1.3)
o 603 g o *
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From the distribution function (Al.3) we see immediately

that (Al.l) is not easy to evaluate.

Al.2 Numerical Inverse Interpolation Method

Let R be a uniformly distributed random number on the
interval (0,1), then the method of numerical inverse inter-
polation is as follows:

(i) Generate R

(ii) Find by trial and error, two values A and B of X

such that F(A) < R < F(B).
(iii) By interpolation detérmine the value of X between
A and B such that F(X) = R.
To use the above method we tabulate the distribution function

in (Al.3) when the parameters take the following values:

p =1, ¢ =1 and A is in the range (6.25 x 10—3

3 ,0.4).

The cut-off points on the x scale were chosen from the be-

haviour of the tabulated distribution functions. If x 1is

less than -6 the distribution takes too many negative values

in the range of A3 and when x 1is greater than 6 then the
distribution function takes values above unity. Thus it was -
considered reasonable to restrict ourselves to -6 < x < 6. The
intervals on the x scale were taken to be 0.1 and this gives

us 121 tabulated points of the distribution function which are
stored in a vector V. The x values are also stored in a

vector F.

A random number R (0 < R< 1) is generated and by trial
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and error two values of x, A and B such that F(A) < R < F(B)
are found. If a particular random number fails to achieve this,
we generate another random number and repeat the search through

the vector V. To find x between A and B such that

F(X) = R we use the Newton-Raphson iteration technique. The

Newton-Raphson iteration technique is described below.

Al.3 Newton-Raphson Iteration Technique

Let F(X) be the distribution function of X, then the

Taylor series expansion of F(X) about the point X, = A to

2 terms is given by

1
F(A) + hF (Aa) where h =

F(xl) = X -A
therefore
F(x;) = F(A) + (x; - A)F'(R)
and solving for Xq gives
F(xl) - F(A)
X, = + A, (Al.4)

1 F ()

1
where F(xl) = R [(random number) and F (A) = f£(a) the
p.d.£f. in (Al.2).

If we expand the distribution function F(X) 1in a Taylor

series to two terms at the point B where B > A we obtain
1
F(Xl) = F(B) + (xl - B) F (B)

Solving for Xq yields
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F(B) - F(Xl)
X. = B - - (Al.5)
F (B)

We thus have the option to iterate from point B or A. We
chose to iterate from point A. The number of iterations
depends on the error allowed. We set it egual to lO-6 and

this gave us 1 or 2 iterations at most.

Al.4 Other Algorithims

To evaluate the upper or lower tail areas of the standard-
ized normal curVe.corresponding to any given argument we use
the algorithm given by Hill [17], whose subprogram bears the
name ALNORM. The function RANDOM is used to generate random
numbers on the (0,1) scale; this has been developed by Lohmes and
Cooley [33]. Subroutihe SCAN developed by the author is used
to find points A,B on the interval [-6, 6] to be used for
finding to random Vafiable X. A new subroutine SINTP is also
given here, for iteration from point A using the Newton-Raphson

technique.

Al.5 Estimation of Parameters and Goodness-of-Fit Tests

a) Estimation of Parameters

The parameters of interest here are the mean u, the

variance 02 and the skewness factor A3. Let y be the random

Yy — u is the transformed

o

variable of the ESD., Then x =

variable. This is necessary since the evaluation of the normal

integral requires a standardization of the variable. We take

02 = 1. In all cases the moments about the origin are given by
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, n
lst Moment Ml ={f x.}/n
. i
i=1
' n 2
2nd Moment M2 ={ x,%}/n
. i
i=1
1 , n 3
3rd Moment M3 = {2 x,”}/n
. . - l
i=1
] X n 4
4th Moment M4 ={z x,°}/n
i=1 *

where n 1is the sample size. The moments about the mean of

X are as follows

l1st Moment Ml = Ml +ony
2nd Moment M2 = M2' - M]_'2
3rd Moment M3 = M3' - 3Ml'M2' + 2Ml'3
) ! Y ! 2. ! "4
4th Moment M4 = M4 - 4Ml M3 + 6Ml M2 - 3Ml

These moments are shown in Table Al.l when a sample of
200 is taken from the ESD. Skewness and kurtosis are also
calculated. The firstyand second moments show some stability
irrespective of the value of skewness factor. The third moment
is highly variable and so is the fourth moment. As such skewness

and kurtosis show no stability. This may be due to the fact

that the theoretical values of the third and fourth moments

depend on higher moments (as far as the 8th moment).

b) Chi-Square Goodness of Fit Test

‘The results of the Chi-square-goodness of fit test are presented



Table Al.l1 Moments About the Mean of
from a Sample of Size 200,
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ESD, Skewness and Kurtosis

= M,/ (M,°)

Moments
Skewness My M, M,y M, Skewness* [Kurtosis*#*+3]
Factor
6.25 x lO—"3 0.8584 1.0653 0.0440 3.3831 0.0400 .9809
1.25 x 1072 1.0028 1.0407 -0.1170 2.9175 |-0.1102 .6939
0.25 x 10"l 1.0423 1.0410 0.2194 2.8431 0.2066 .6238
. 0.05 0.9992 1.0106 0.0553 2.8962 0.0544 .8359
0.10 1.0200 0.8602 -0.0667 2.1256 | -0.0836 .8725
0.15 0.8780 0.8743 0.2287 2.5429 0.2798 .3265‘
0.20 1.0282 1.1562 0.0944 3.4716 0.0759 .5968
0.25 1.1184 1.0759 0.3479 3.9584 0.3117 .4198
0.30 0.9359 0.8145 0.3444 2.2754 0.4685 .4299
0.35 1.0318 6.9741 0.1298 2.3626 0.1350 .4901
0.40 1.0859 1.0487 0.6229 3.5805 0.5800 .2555
* Skewness = M3/(M§/2)
** Rurtosis 2y - 3
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Table Al.2 Observed and Expected Frequencies, Chi-sguare
statistics from samples of size 200, skewness in the
range (0.00625, 0.4)

Skewness Class Lower Observed Expected
Factor (A3) Limit Freguency Frequency
6.25 x 1073 6.0 20 13.32808
-1.5 22 18.40367

-1.0 27 30.03179

-0.5 37 38.32075

0.0 42 38.26402

0.5 31 29.92102

1.0 12 18.33558

1.5 9 13.39498

Chi-Square = 8.429122 d.f. = 7

1.25 x, 1072 6.0 19 13.29436
-1.5 17 , 18.43740

-1.0 27 30.08682

-0.5 30 38.34884

0.0 42 38.23591

0.5 s 36 29.86602

1.0 14 18.30186

1.5 15 13.42871

Chi-Square = 7.520471 d.£f. = 7

0.25 x 107t 6.0 13 13.22690
-1.5 16 18.50486

-1.0 34 30.19683

-0.5 42 38.40505

0.0 34 38.17971

0.5 23 29.75599

1.0 18 18.23440

1.5 20 13.49617

Chi-Square = 6.287172 d.f. = 7
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Skewness - Class Lower Observed Expected
Factor (A3) Limit Frequency Fregquency
0.05 -6.0 17 13.09199
. -1.s 19 18.63978
-1.0 28 13.41687
-0.5 31 38.51745
0.0 45 38.06729
‘0.5 31 29.53596
1.0 15 18.09948
1.5 14 13.63108
Chi-Square = 4.708631 d.£f. = 7
0.10 -6.0 10 12.82216
-1.5 19 18.90962
-1.0 30 30.85696
-0.5 39 38.74226
0.0 42 37.84246
0.5 34 29.09588
1.0 14 17.82966
1.5 12 13.90091
Chi-Square = 3.012980 d.f. = 7
0.15 -6.0 14 12.55234
-1.5 15 19.17945
-1.0 42 31.29704
-0.5 42 38.96707
0.0 36 37.61764
0.5 31 28.65580
1.0 9 17.55984
1.5 11 14.17074
Chi-Square = 10.117400 d.f. = 7
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Skewness Class Lower Observed Expected
Factor (A3) Limit Frequency Frequency
0.20 -6.0 18 12.28252
-1.5 20 19.44927
-1.0 34 31.73713
-0.5 22 39.19186
0.0 34 37.39280
0.5 37 28.21575
1.0 18 17.29002
1.5 17 14.44057
Chi-Square = 13.905150 d.£f. = 7
0.25 -6.0 11 12.01270
-1.5 16 19.71911
-1.0 23 32.17720
-0.5 43 39.41668
0.0 43 37.16798
0.5 29 27.77563
1.0 16 17.02020
1.5 19 14.71040
Chi-Square = 6.011059 d.£. = 7
0.30 -6.0 6 11.74287
-1.5 27 19,98895
-1.0 33 32.61729
-0.5 42 39.64149
0.0 44 36.94316
0.5 24 27.33557
1.0 15 16.75038
1.5 9 14.98023
Chi-Square = 9.737742 d.f. = 7
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Skewness Class Lower Observed Expected
Factor (A3) Limit Frequency Frequency
0.35 -6.0 13 11.47305
-1.5 18 20.25878
-1.0 28 33.05737
-0.5 43 39.86630
0.0 35 36.71830
0.5 27 26.89547
1.0 21 16.48056
1.5 15 15.25006
Chi-Sgquare = 2.799382 d.f. = 7
0.40 -6.0 8 11.20322
-1.5 19 20.52862
-1.0 29 33.49745
-0.5 44 40.09111
0.0 45 36.49346
0.5 21 26.45541
1.0 11 16.21073
1.5 23 15.51989
Chi-Square = 10.402570 d.£f. = 7
2 _ 2 _ 2 -
X (7, 0.05] = 14.07, X[7,O.Ol] = 18.48, x[7,0‘0011 = 24,32
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in Table Al.2. These are based on a sample size of 200 obser-
vations from the ESD. The observed and expected frequencies

are computed and from these the statistic

x2 -1 (o - E)2
E

‘where x2 has approximately a Chi-square distribution with

(K = 1) degrees of freedom. Here K 1is the number of classes

o0 the observed frequency and E the expected frequency.

From Table Al.2, none of the X2 values are significant, i.e.
none of ﬁhe generated data are rejected. We therefore concluded

that our observed data are from the ESD.

Al.6 Programmes and Flowcharts

The following is a listing of flowcharts and programs
which can be used to generate the ESD using techniques described

in the Appendix Al.
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Flowchart for Mainline
Program for Cenerating
Edgeworth Series
Distribution

k: (RL(L),L:]-)K)’HN

;';ﬁ:.f; 00
[T M4§=1, MN

N1,N,S
( L

KP¢1,YYYeRANDOM(XP)

200
JKI=1,300 ---=q
1
!
f
[
!

QeP «0
SN« STH<SFH« 0

g

Te-5,0,I¢1

X< Te=N1

J
[ CALL ALNCRM

I
V{I)« VALUE OF
DISTRIBUTION FUNCTION
AT POINT X
T
F(I)eX

l
[/F(:), v )
| )

| Iem, Temo.l
d

l
!
[
|
|
|
!
|
I
|
|
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KL N, I<I-1

10
LL=1, KL ==

t

)

I

R=RANDOM(0) :

T

I

CALL SCAN | ,
]

i

|

i

1

|

a

i

A
XX(LL)4 RES, P& PHXX(LL)

SNN 4 SNN +XX{LL)#* 2
STH «STH +XX(LL )=t 3
SFH< SFH +XX(LLp L

SNN ¢ SNN/FLOAT(N)
SFH ¢« SFH/FLOAT(N)
STH «STH/FLOAT(N)

!
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l

A€SNN - SMEA #¢ 2
B¢ STH - (3.0 # SMEA # SNN) 42,0 #(SMEA #¥3)
CESFH - (4,0 # SMEA # STH) +(6,0%SMEA %2 # SNN)

SMEA<€SHMEA + 1

B/(SQBTW
C/A

A
|
|
|
1
!
'
1
: ~(3.0 # SMEA #* )
[
I
i
|
'
)
i
)
]
!
|
|
1
!
!
!
I
}
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$J0B WATFLV ENOCK=CHING? ANDAs NOEXToNOWARNNOEXT

C THIS IS A MAIN LINE PROGRAM FOR GENERATING THE EDGEWORTH SERIES
Cc DISTRIBUTION

C THE PROGRAM CAL.CJLATES THE DISTRIBUTION FUNCTION AND THE MOMENTS
Cc OF THE DISTRIBJTION

,,,,,, 1 REAL E(30),0(3))+RL(30)
2 REAL V{2000),F(2000)+XX{(2000)
3 LOGICAL UPPER,J?
L3 READIKy (RLIL)Ys_=1,K)
S READ s MN
6 DO 300 MM=1,MN
7 READWN1sNsS
8 KP=1
9 YYY=RANDOM(KP)
10 DO 200 JKL=1,30
11 Q{JKL)=0
i2 200 CONTINUE
13 PRINT 9
14 9 FORMAT(*1°*)
15 PRINT«*DISTIBUTION FUNCTION?®
16 Q=P=0
17 SNN=STH=SFH=0
18 13 ==5.0
i9 I=1
20 3 X=T=N1
21 CALL ALNORM(X.AIZTAUN)
22 V(I )=AREAUN=S#( ( X%2%2=1 ) %EXP (= 0e5%X%xX))/(60%{ 2:0%SORT(3,141593)))
23 F(1)=X
‘ 24 PRINT1,F{I)sV(I)
25 1 FORMAT(® *,FS502,F14e7)
26 I=I+1
27 T=T+0,1
28 IF(ToGTe70) G3 TO S
29 GO TO 3
30 5 KL=N
N I=1~1
32 DO 10 LL=1.KL
33 R=RANDOMI{O)
34 CALL SCAN(F 1S+ +VsRRES+ALl+BLl +AFA+BFB)
36 XX{LL)I=RES
37 P=P+XX(LL)
38 10 (oONTINUE
40 PRINT 61
41 61 FORMAT('1%)
42 PRINT,® OBSZVED EXPECTED®
43 DO 40 KX=1,8
42 PRINT 7+0(KX)sZ(KX)
45 7 FORMATI(® °3F13e7:4XsF13:7)

46 40 CONTINUE



47
48
49
50
S1
Se
53
54
55
S6
57
S8
59
60
61
62
63
64

65"

66
67
69
70
71

11

22

6

60

300
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SMEA=P/N '

DO 1! LL=1.KL

SNN=SNN+XX{(LL)&€2

STHESTH+XX(LL)*¢3

SFH=SFH+XX(LL)%k¢ka

SNN=SNN/FLOAT(N)

SFH=SFH/FLOAT(N)

STH=STH/FLOAT(N)

PRINT 22

FORMAT(*1°%)

PRINTs " MEAN(TIS? s Nl o "SAMPLE SZE=® N SKEWNES=%,S
PRINTLYRESUUS 3N THE MOMENTS®

A=SNN=SMEA%*2

B=STH={3¢0RSMEAECSNN)+20%(SMEAX%3)

CoSFH=( 403SMEAKSTH)+ (6. 0*SMEA**2%XSNN) - (3. 0%¥SMEA%X%xS)
SMEA=SMEA+N1

PRINT 6+SMEAAs3+C

FORMAT(? 2 ;O MEANS?® 3F13¢69 VARSI F1366¢? THIRD MOM=? (F13e6, "FJURTH M
&0M=¢ ¢Fl1 3.6} :

PRINT eI SKEWNES=® o +(B/(SQRT( A} *¥%3) } o *KURT=* s +( C/A%%2)
PRINT 60

FORMAT(91%)

CONT INVE
SToP
END
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AINORM = |—— e o e START

LTONE, UTZERO,ZERO

HALF,ONE, CONE

4

UPPER < .FALSE.
UP< UPPER,Z ¢ X

7

| T HALP*ZaZ

Z > CoN

DEFINE INTEGRAL
VALUE:AREAUN

{

AREAUN < ZERC

N

DEFINE INTEGRAL
VALUE::AREAUN

|

| AREAUN < ONB-AREAUN
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72 SUBROUTINE ALNIIM(X,AREAUN)

c THIS SUBROUTINZ EVALUATES THE STANDARDIZED NORMAL
C DISTRIBUTION FJUNCTION .
73 REAL LTONE.UTZERO’ZEROQHALFvQNEOCDNEQZQYoX
74 LOGICAL UPPER.J?
75 DATA LTONE. UTZ2Z30/7.0418066/
76 DATA ZERO.HALF'DNE'CONI0.0oOoSoI-Oc1.28/
77 UPPER=e FALSE
78 UP=UPPER
79 Z=X
80 IF(ZoGE.ZERQO) GI TO 10
81 UP= ¢NQT . UP
82 Z==Z
83 10 IF(ZoLE.LTONEoJQ.UP.ANO.Z.LE.UTZERD) GO TO 20
84 AREAUN=ZERDO
85 GO TO a0
86 20 Y=HALF®ZxZ
87 IF{2.GT-CON) G3 TO 30
88 AREAUN:HALF-Z*(3.398942280444‘0-399903438504#Y/(Y*So75885480453—29
108213557808/(Y02.62433L21679+48.6959930692/(Y+5.92885724438))’)
89 GO TO 40
90 30 AREAUN:O0398942280385*EXP(-Y)/(2-3080525-8*1000000615302/(Z+3o9306

14794E‘4+1-98615381364/(Z-O.151679116635+5.29330324926/(Z+4.8385912
2808-15-1508972%51/(Z+Oo742380924027+30.789933034/(Z+3.99019417011)
3NN

o1 40 IF(.NOT.UP) ARZAUN=0ONE-AREAUN

92 - RETURN

93 ENOD




A «F(J),BeF(J+1)

FA<V(J),FBeV(Jd41)
Ale¢A,BleB,AFA«TA
BFB«FB
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9S

96

97

98

99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115

nonn
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SUBROUTINE SCAN(FsSsN+VIRIRESIAL1+81 sAFA,BF8)

THIS SUBROUTINI SCANS THROUGH THE DISTRIBUTION FUNCTION TO FIND
WHERE THE RANDOY VARIABLE FALLS SO THAT THE NEWTON RAPHS.ON
ROUTINE FOR FINDING THE ROOT(RANDOM VARIABLE) CAN BE USED
REAL F(20001,Vv(2000)

M=N

K=M~1

DO 2 J=1.K

IF(RLTeVIJ+1)oANDoRGTeVIJ)) GO TO 1

L=J

CONT INUE

IF(LLeGEoK) R=RANDCM{O)

GO TO 3

A=F(J)

B=F(J+1)

FA=V(J)

FB=V(J+1)

Al=A

B1=8

AFA=FA

BFB=F8

CALL SINTP{SsRsA+BsFAFB,ROOT)

RES=ROOT

RETURN

END
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— — - —— — — s m— o —

RA<A,RB< B,RFA<Fi
RFB< FB

5

DEFINE FP:VALUE CF
DENSITY FUNCTICN AT
POINT RA

X« BRA+ (R-RFA)/FP

CALL AINORM

| RAcX,RFA<AR

9

SINTP
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118
119
120
121
122
123
124
128
126
127
128
129
130
131
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SUBROUTINE SINTP(S,RsA,BsFAFB,RO0T)

THIS SUBROUTINIT ACTUALLY FINDS THE RANDOM VARIABLE
USING THE NEWTIN RAPHSON: ITERATION ROUTINE
LOGICAL UPPER.JP

RAZA

RB=B

RFA=FA

RFB=FB
FP=(1e0-Sk({3%RA-A¥%3)/600)*EXP(=~0e5%¥RAX®2)/SQRT(2.0%3,141593)
X=RA+(R~RFA)/F> )
CALL ALNORM(X.AR)

IF((R-AR)eLEs1,3E=6) GO TO 8

RA=X

RFA=AR

GO TO 7

ROOT=X

RETURN

END
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n)m)KBJKL’

}

K1,K2,K3,K, )
e

i

ML€11%KL , 12 <11%K3
M3¢(11%K2 4Ky
ML (113K HK3

N

J€M1/100, K34 M2-(1C0O%J)
BB, JeM3/100
R2¢M3=(100%J ) s ML< MItT
MeMidd, J64, /100

1€ My 100% 2> TE M 100

K& & 14 =C1¢8 =T

\

X1<KL, X2¢K2
X3¢K3, XK,

RANDOM
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149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174
175
176
177

e

27
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FUNCTICN RANDOM(K)

"THIS SUBROUTINI FINDS THE .UNIFORM 0«1 RAMNDOM NUMBER

IF(KY14201

READ(SsIIK11K2+44K3+K4

FORMAT(412) S

PRINT 27 )
FORMAT(*1*)

WRITE(S534)IK1 +K2,X3+K4

FORMAT(31H STAXITING NUMBER FOR RANDOM 15 412}
Ml1=11%K4

M2 = 11% K3

M3I=(11%K2)+K4

Ma=(11xK1)+K3

J=M1/7100

K4=M1=-{(100%*J)

M2=M2+J

J=M2/7100

K3=M2-{100*J)

M3=M3+J

J=M3/100 -

K2=M3~-(100%J)

Ma=Ms +J

J=M4 /100

K1=M4-(100%J)

X1=K1

X2=K2

X3=K3

X4=K4
RANDOM:XI*!.OE-2+(X2*1.0E-4)+(X3*1.0E—6)+(XA*1.0E-8)
RETURN :
END
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