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ABSTRACT

The distribution of the ratio of two independent non-central
F variables arises as the test statistic in comparing experiments
in terms of sensitivity, in testing for interaction in con-
tingency tables and in comparing multiple correlation coefficients.

Bradley and Schumann (1957a, 1957b, 1959) have studied the
distribution when the degrees of freedom are equal. In this
thesis an extension is made to the cases where the degrees of
freedom are unequal. The exact distribution and an approximation
to it are found. The upper percentage points for the approximate
distribution are tabulated for equal degrees of freedom (a = .01)
and for unequal degrees of freedom (o = .05).

Examples are given in the three areas of application and

the particular values of the test statistics required are calculated.
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I Introduction and Summary

1.1 Problem and Summary of the Results

The distribution of the ratio of two independent non-central
F variables arises as the distribution of the test statistic in
several practical situations; for example, the comparison of
experiments in terms of sensitivity, tests for interaction in a
2x2 contingency table and comparison of multiple correlation
coefficients.

Schumann and Bradley (1957a, 1957b, 1959) have studied
this distribution in detail when the degrees of freedom are equal.
Their work includes an approximation to this distribution and
a tabulation of the percentage points of the approximate distribution
for selected a.

If the restriction of equal degrees of freedom were removed,
this distribution could be applied in more general situations.
In this thesis, the exact distribution of the ratio of two non-
central F distributions is found. Also, an approximation is
considered and the percentage points for unequal degrees of
freedom are tabulated. Consideration is then given to the
applications with equal and unequal degrees of freedom. The
three applications considered are a test of sensitivity, a test
of equality of regression coefficients and lastly, a test for

interaction in the 2x2 contingency table.




1.2 Review of Literature

The ratio of two non-central F distributions has been studied
by various people, namely Cochran (1943), Schumann and Bradley
(1957a, 195Tb, 1959), Dar (1962, 196k), Gart (1966) and Schoemann
and Schumann (1959).

Cochran (1943) first discussed the comparison of experiments
in terms of their sensitivities. In this context one experiment
is said to be more sensitive than another if it better demonstrates
treatment effects (Model I} or the existence of a between treat-
ment component of variance Model II. He noted that a comparison
of sensitivities should depend on the magnitude of treatment
effects and the errors associated with them. Cochran, using a
result of Pitman, showed how sensitivities could be compared and
stated that, in general, the comparison should depend on a signi-
ficance test of a hypothesis on two non-central variance-ratio
distributions.

The most extensive work on this problem has been done by
Bradley and Schumann. In their paper on the theory of the com-
parison of sensitivities (1957a), they first obtain the distri-

bution of the ratio of two F distributions.
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where 2a, 2b are the degrees of freedom and A
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In order to find the distribution function for the ratio of

two non-central F distributions, an expansion in a binomial series

is used and then the integration for G(wo) is done.
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Also considered in some detail is the ratio of central F

distributions.
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where 2a, 2b are the degrees of freedom.




For the ratio of central F distributuions, the distribution

function is:
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Also developed by Bradley and Schumann were tests of hypo-

theses on sensitivity. ©Since Model I of the analysis of variance

t
is considered ( % Tij = 0, where Tij is the effect of the jth of

i=1
t treatments in experiment i), if ¢ is the population experimental

error, then

Ay =k .; Tfj/ch
i=1
where k is the number of observations in each treatment mean. A,
therefore, incorporates the magnitudes of treatment effects in
the scale and the experimental error associated with the scale.

When the experiments are similar (i.e., have the same degrees of

freedom), the null hypothesis of equal sensitivities is equivalent
A A

to the hypothesis that . —g-.
kl k2
Also considered were tests of hypotheses on multiple correlation
bR?
coefficients. Since F, = ———~3§- (where R, is the multiple
a(l—Ri)

correlation coefficient), a ratio of two such distributions has



the form (1.1), with
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where p is the number of independent variables. Also,
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From the two distributions derived ((1.1) and (1.2)), tables
of W, are derived for various values of the degrees of freedom
and the non-centrality parameter.

In their second paper on the comparison of sensitivities,
they discuss areas of application for sensitivity comparison:
taste testing, chemistry, life testing and agronomy. It is noted
that if experimental techniques interact with the treatments
under comparison, difficulties in interpretation may arise.

In their third paper, Bradley and Schumann consider ways
of comparing sensitivities when Model II of the analysis of variance
applies and give extended tables. With expected variability
among groups, the comparison should be done through a comparison
of the relative group variabilities. og # 0 is assumed and
Yj = kjcgj/cz, J =1, 2, 1s defined as the parameter of relative

group variability in similar experiments. The null hypothesis then
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is HO: yl/kl = y2/k2 where kj is the number of observations in
each group mean in experiment j.

Dar (1962) has considered large sample tests based on normal
approximation and also (1964) discussed certain dependent experi-
ments of similar structure. He gives a test statistic for the
case in which there are more than two dependent experiments.

Gart (1966) considers a 2x2 contingency table with no fixed
marginals. He states that the null hypothesis of no interaction

P11Po0
may be stated y = ——— . Using results derived in his paper,

P1oPo
he states that ¢ ~ <ullu22)/(u12u21) where the uij are mutually
independent chi-square variates with degrees of freedom 2nij +1.

Therefore, this may be written:
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where the F's are independent variates. It is suggested that the
null hypothesis of no interaction: ¥ = 1, should be tested by using

+1)(2n, +1)}

{{on +l)(2n2 1 -

1 +1)}/{(2n,

1
as a test statistic, distributed as the ratio of two independent F
distributions.

Schoemann and Schumann (1969) considered the comparison of two
methods of measurement in the case where the methods are applied
to the same experimental units. The exact distribution, as well as

W

approximations, are found for the test statistic (w = ;—-where
2
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w_ = (—= =—=) and —— and — are mean sums of squares for pro-
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perty Ys). As well, tests of hypotheses and critical values are
discussed. Further, it is shown that these results may be
used in the case where the methods are applied to separate sub-

samples of the same experimental units and to the case where the

different methods are applied to independent experimental units.
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II. ZExact Distribution

2.1 Introduction

In this chapter the exact distribution of the ratio of two
non-central I distributions with unequal degrees of freedom is
derived.

Two independent non-central F distributions are considered
and therefore the joint distribution is obtained by taking the
product of the two probability density functions. Through suitable
transformations, the joint distribution of the ratio (w) of the
two non-central F distributions and a variable, y, is obtained.
In order to write the joint distribution in terms of confluent
hypergeometric series, one transformation is made over the ares
0 <w < c and a second for ¢ < w < ». Then by integrating over
y in each area, the marginal distribution of w is found.

Finally, the distribution function is obtained. Again this
is found for the two areas 0 < w < ¢ and ¢ < w < ». In the area
O <w < c the case is also considered in which the entire area is

integrated over.

2.2 Derivation of the Exact Distribution

A "doubly" non-central F distribution is derived by considering

the ratio of two independently distributed non-central x2 variates.

Consider two such variates Z9s Zp with degrees of freedom vl, v2 and
2 2
T T,

non-centrality parameters o —§-respectively. Let
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If Tg = 0, then we have a (singly) non-central F(vl, Vo Ti).
2 e2)
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where lFl is the hypergeometric series of the form
F (o, B, X) =1 + =X + a(atl) XE-+ (Erdelyi, 1953 202)
ll b H B BB+1) 2! AR Y= Dp' .

Suppese we consider now the ratio of two non-central F distri-

V1 Yy
butions. Define u, = ;; F and u, = ;;'F where (vl, v2) and (yl, y2)
are the sets of degrees of freedom for the distribution and T§/2 and

TS/Z are the corresponding non-centrality parameters.

u has the density (from (2.2))
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Since Uy and u, are independent, then the Jjoint distribution of uy
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and u, is the product of h{u, ) and h(ug):
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We now wish to find the distribution of the ratic w = ¢ B where
Y1Y2 -
=Ty We shall consider the range of w in two regions (i) and
1'2
(ii). TFor region (i) with 0 < w < ¢, let
yoxtn
V=X Y,

16.
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Now the marginal distribution of w can be obtained by integrating

over y.
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We now need to find the distribution functions for g(w) in

each of the regions:
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To facilitate computations we now want to cast this in the
form of an incomplete Beta distribution. To do this, the following

transformation is made:
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Again eguation (2.5) can be cast into the form of an incomplete

Beta distribution by making two transformations.
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In order to do significance tests, it is necessary to construct

tables of W, such that G(WO) =1 - qa. v,

the two regions O < w < cor ¢ <w < o, If Y5 falls in the second

may fall in either of

region, the integral over the entire first region must be obtained;
i.e., the integral is from O to ¢. 1In this case, the Beta function
in (2.4) is complete and may be written

Y

P(—%-+r)F(n+l)

v

T(~%~+r+n+l)
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This part of G(w.) will be denoted G (w.)

0 p 0
22 v
117 28, 28 Y1 Y o Yo
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In most cases, w, falls in the second region. Notable excep-

0

tions occur in the last row of Table 4.3.2. With such large

degrees of freedom, most of the contribution to G(w.) comes from

0

the first region.
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ITI Approximate Distribution

3.1 Introduction

The calculation of w, for various degrees of freedom requires

0

a large amount of computer time when the exact distribution is

considered. In order to get a table of values of w., an approxi-

0]
mation to the exact distribution is needed.

Patnaik (1949) found that a non-central F distribution can be

approximated by a central F distribution by the following relation:
2

Tl} 1 u
flws vys Vo 5] = § 05 ags vp)
where
1 1
{\’1 T Vit D
a, = ————— and k =
1 23 v
| T | 1
vy 2 5

The ratio of two non-central F distributions can then be found by
considering the ratio of two such approximations. As for the
exact distribution, the non-central F variates are independent
and the joint distribution is just the product of the two pro-
bability density functions. And again transformations are made
over the areas 0 < w < ¢ and ¢ < w < =, to obtain the joint dis-
tribution of w and y. Integration is then performed over y and
the marginal distribution of w is found. Using methods similar

to those discussed in Section 2.2, the distribution function is
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obtained for the approximate distribution.

3.2 Derivation of the Approximate Distribution

A non-central F may be approximated by a function of a central
F. [See Patnaik (19L49) for a more detailed discussion of the

approximation. ]

* %
Ir u:L N~ F (vl, v2) where denotes non-centrality, then
Tef
1
+ ——
w, v —i-F vl 2 v
1 k ] 2 2
1 \ ’L'2
vl+2 >
S —
a
1
and
.
a v 1 2
1 2 (— u,)
.——+ ——
g(u)='—l*r(2 2 1 Ve
1 kl al v2 ul al+\)2
r5Ir(=3) B T
(l+ ;)——ul)
-2
where Tg
1
Vi T o
kl - v
1

T22

¥ _2

1 17 72

upy v F 5> Yo

2 12
vi*2 3
\——V—-———/

a
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a _2
(2,02 22y
() _ 1 2 2 2 o
g\, k a Y a ty,.’
2 2 2 2 '2
r—=)r(—=) a
2 2 2 2
(1+ —u,)
Yo 2
Since uy and u, are independent,
h(ul, u2) = g(ul)'g(uz)
a \Y] a, a. i‘;" a ?—2‘
e T e e u,) °
__1 Y% Y2 2
k%o o v s oy 5 a1 V5 5 atY,
1 2 2 2 1 2 2 2
I ( 2)r( 2)1“( )T ( 2)(l+ - ul) (1+ u,)
2 2
Let
Y
W = G—
2
_owix=1) _ (x-1)
Y T Threx) Yo T %)
IJI - (X—l)(W—é)
(w-x)
bR
al v2 a2 Yo ay 2 a, 2
T~ + =)r(—= + =) (=) (=)
2 2 2 279 Y
n (v, x) 1 2 2
klk2 a2+v2




! o
—= -1 —= -1
[W(x—l)] 2 [x—l} 2 (
= v LDl
g2 Yo
a 272
[+ 2 X (v-x)°
2

In order that this may be written in terms of confluent hyper-

geometric series, transformations are made over two areas:

O <w<cand ¢ <w < =,

For 0 < w < ¢, let

a

27.

Lo ) %2 oy _ %2 _(w-1)
(w-x) Yo dx% Y5 (w—x)3
and
) a5V,
#1Y2
a a
1 2
a v a Y -]l —= -1
1 2 2 2 2 2
=+ =) (—5 + —) [E] y y
2 2 2 2 c
h(w,y) k.k a v a, Y a v a Y
172 1 2 2 2 1 2 2 2
F(—E)Fﬂjg)P(—EQP(—E) <t <t 3
[1+ *] [1+y]
a v a Y al 81 & %o
M=+ -S)r(2+-2) S1-F3*r351
- 1 2 2 2 2 W C vl
L R I PRNL NI 1Y g2 Yo
F(“§9F(~§)F(—§)T@7§) <t -t
[1+ ¥ [1+y]
The marginal distribution of w can be obtained by integrating
over y.
T(fl.+ ngp(f§.+ ~2) ii._l LA - il.+ Z2 1
1 2 2 2 2 2 2 2 2
h(w) = w e v
Ko 80 Voo B Y,
r(5)r(5)r(=5)r(=3) 0
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< [1+y]

Using the formula given by Erdelyi et al (1953, p.60)

o M1 %o 2 Y2 1 Y2
2t et ) -+l
J y [1+y] [1+ 2] dy
0
a a v Y
1 2 2 2
._——-.-+——- —r—— e
el A e e v NN )
271 2 2> 2 2> 2 2 2 2° c a;  Vy 8, g
F(-—2-+—~2—+-—-2—-+—-—§)
a, a v Y a v a a
1 2 2 2 2 2
=F(2+ 2)1“(2+2)°£1“(2+2+n)r(2+ 5 +n)
P(ij:. + _\ig. + _a_g_ + 12_.) n=0 F(i]; + _\fg.) F(f}‘ + .?2.)
2 2 2 2 2 2 2 2
a v a Y
1 2 2 2 w
Mgy r5r—5 0-0)
a v a Y n!
1 2 2 2
Mz +—5+—5+5*m
Therefore, for O < w < ¢, the marginal distribution is
F(i]_'. + XQ_)F(E?. + 12_) o1 1 - o1 F(il_ + ?E)F(XE. + Z@.)
1 2 2 2 2 2 2 2 2 2 2
h(w) = k. k a v a Y v ¢ a v a Y
172 1 2 2 2 1 2 2 2
r(=3) (3T (3)r(=5) M+—5+5+5)
a v a a a, v a Y n
1 2 1 2 1 2 2 2 W
. N+ 55+ 5+ T5+5+F+3) (1-7)
a v a a a v a Y n!
n 1 2 1 2 1 2 2 2
Mg+ Pl +3) T+ 5+ 5+ 5+)
F(i?.+z.§)r(l)§+:(3_ f}._l_i
_ 1 2 2 2 2 - 2 o 2
T k. k a v a Y
12 1 2 2 2
r=)r(=)r(5)r(-3)
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y o= el 1
(w-x) Vo
—él = _a.]:.w(w—l)
0x vy w—x)2
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Again the marginal distribution of w can be obtained by integrating

over y.
F(fl.+ X@gp(52.+ IE) %2 _(ig
1 > > 2 > 2 2
hiw) = c “w
Kky B vy ay Y,
F(—E)T(—Eﬁf(—Eﬁf(~§?
B e
- [14y] [1+ L] dy

Now again this can be put in series form,

© 3 B
——é-+"‘é‘—l

j ¥ [1+y]
0
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It is now necessary to find the distribution function for h(w) in
each of the regions:

(i) 0 <w<e

a Y Y v
2 2 2 2 1 2 1 2
1 M5+ 3=+ 3) M5+ —5 )5 + —5 +n)
H(WO) T kk a v a Y a v a Y
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The following transformation is made in order to cast this

in the form of an incomplete Beta distribution. Let

t = %- w = ct dw = c+dt
a Y v Y a. v a a,
2 2 2 2 1 2 1 2
1 P(2+2)F(2+2) I‘(2+2+n)1"(2+2+n)
ilwg) = Bk, &)V, Ay Y, oA vy, 8, 1,
— —— — —— ——— —— r— —— 1
PIT(ZIT(ZIT(5) " T(Z + 5+ 5+ 5 +n)n
Yoo,
c 1
> L n
. J t (1-t) dat.
0
!
If WO = ¢, the integral reduces to B<—§’ n+l). In that case
a, Y v Y a, v a a,
2 2 2 2 1 2 1 2
g M35+ 3) M3+ 5 m)I(Z + 5 +n)
H(WO) T k. k ) a Y 2 a v a Y a.
12 2 2 2 n 1 2 2 2 1
r(—)r(=5)r( 5) ¢ S+ 5+ 5+ -5 m)r( = +ntl)
(ii) c <w < ®
a. v v Y a, Y a a
1 2 2 2 1 2
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r( 2>T( E)F( Z)F( 2) I'( St t 5+ > +n)n
Vo a,
c —§'+l 1 w1
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0

Again this form is cast into an incomplete Beta by making suitable

transformations. Let

v =< w=3< dw _ -¢
w v dv 2
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IV Computer Methods

k.1 TIntroduction

In this chapter flowcharts and programs are given for the

determination of Yy in both the exact distribution and the appro-

ximate distribution. There are two programs for each case, one

which calculates the contribution to G(wo) from the region 0 < w < ¢

and a second which calculates the contribution from the region

¢ <w < o, Usually w, lies in the second region and so the

0

iterative procedure to find w, is most often required in this

0
region.

The recursive relationships used in the programs in order

to reduce computer time and space are discussed in Section k.2,

L.2 Recursive Relationships

In order to calculate values of WO for the ratio of the
non-central F distribution, integrals must be found for values of
s and n. To cut down on computer time and storage space, recursive
relationships are used to minimize the number of calls to the
subroutine DLGAM and to eliminate entirely the need for a subroutine
for integration.

The integrals needed may be thought of as a matrix of integrals

with indices (#, s). The first entry in the "matrix" is calculated

by integration. Subsequent entries in the column are obtained
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through the use of a reeursive relationship found in the Handbook

of Mathematical Functions, p.94L4 (equation 26.5.16)

I (atl, b) = I_(a,b) - ?T££%§%%67'xa(l—x)b (L.2.1)
where
B (a,b)
Ix(a’b) = E(a,b)

and Bx(a,b) is an incomplete Beta distribution and B(a,b) is a complete
Beta distribution. Therefore,

Bx(a+l,b)P(a+b+l) . BX(a,b)F(a+b) I (a+b)x®(1-x
I(a+1)T(b) - r(a)r(b) T T(a+1)T(Db)

)b

A more convenient form is

B(a+l b)=‘—8'd—B(ab)—M
x > atb x' 7 (a+b) :

In each column, the first two elements are saved until that
column is complete. Other values are used as soon as they are
created and then replaced by the next value. When the column is
complete, the first two elements are used in a.second recursive
relationship to generate the first element in the next column.
This value and the next one created are then the two values kept
to obtain the initial value in the next column. The relationship

is again taken from the Handbook of Mathematical Functions, p.9hh

(equation 26.5.13)
(a+b)I_(a,b) = aIX(a+l, b) + bIX(a, b+l)

X

B (a,b B_(a+l, b) DbB (a, b+l
<a+b>><’)=ax | B (e, o)

B(a,b) B(atl, b) B(a, b+l)
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(a+b)r(a+b}Bx(a,b> a<a+b)r(a+b)BX(a+1,b) b(a+b)1“(a+b>BX(a, b+1)
T(a)l(b) - al(a)T(b) - T ()bl (D)

OR

Bx(a, b) - BX(a+l, b) = BX(a, b+1). (h.2.2)

In this way, a large "matrix" of integrals can be found and only
three variable spaces are needed %o store it.

A further saving in time is obtained by uising recursive
relationships in the calculation of gamma functions. The DLGAM
subroutine which evaluates these functions, returns the answer in
log form. When these functions appear in DO loops, the number of
calls to the subroutine for each function can be reduced to one
by meking the call outside the DO loop, using a parameter one
less than that desired for calcuation and a statement of the form

DL = DL + DL@G(PARAMETER + s + n - 1.)

(where DL is the log value originally returned by DLGAM) inside the
loop. When the loop has been satisfied, the log gamma function is

complete and it is antilogged outside the loop.
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“PARTI .

FORTRAN [V G LEVEL MAIN DATE = 73330 12708717
o
c
C PROGRAYM CALCULATES THE PART GF G(W) IN REGION GNE, USING THE EXACT
C DISTRIBUTICN OF TKFE RATIO GF NON-CENTRAL F DISTRIBUTIGNS
o
c
0001 DCUBLE PRECISICN Ul,U2,TAUL,TAU2,GAMMAL,GAMMA2,CONST
0302 DOYBLE PRECISION CEXP,CC1,0C2,CC3,0C4,0C5,0C6,DC7,DC8,DC9
0003 DOUBLE PRECISICN CR,CS5SyRySyCGL1,C52,DG3,064,06
0004 . DOYBLE PRECISICN CLCG,RSN,RSS
Q005 DCUBLE PRECISICN CLCyCGyGW WG
CO0E . DOUBLE PRECISICN TAUG,TALT,TAU
0007 DGUBLE PRECISICN RS{3¢,36)
c
C READ IN NJMBER OF TERMS IN INFINITE SUMS,DEGREES OF FREEDOM,
C AND NCN-CEMTRALITY PARAMETERS
C .
oloX:! READ(5,1C0)MyL4KyUL,U2,GAMMAL,GAMNMA2, TAUGC, TAUT
0009 100 FORMAT(313,604.0)
0010 WRITE(6,200)UL1,U2,GA¥MAL,GAMNMAZ, TAUT, TAUT
0011 200 FORMAT( 'Ly *PARAMETERS ARE'32X52(D16.82151,D15.8,5X))
0012 WRITE(6,205)N,L,K '
No13 2C5 FORMATUTO s M=1 12X, 12,2X, ' L=132Xs12,42X4'K=,2%X,13)
0014 TAU=TAUO+TAUT
0015 Us=L1/2.+L2/72.
0016 ‘ GAMMA=GAMMAL/2.+GAMMAZ/ 2,
0017 C=(GAMMAL®U2 )}/ (U1*GAMMA2)
C
C
. c EVALUATE CCNSTANT TERMS
C
c - i _
0018 CALL DLGAM{GAMMA2/2.+L2/2.,0C1,1ER}
0019 CALL CLGAM{U2/2.,0C2,1ER)
0020 CALL DLGANIGAMMA2/2.,LC3, IER)
0021 CONST=0C1-DC2-0C3 -
C
C
c CALCULATE THE R,S TERMS
c
C
0022 M1l=M+1
0023 Li=L+1
0024 Kl=K+1
- 0025 RSN=C. .
3026 DO 1 IR=1,M1 ; E ot
00217 : R=IR-1
0028 DC6=R*DLOG( TAUO)
0029 CALL OLGAM(R+1.,0R, IER)
0030 DC 1 IS=1,L1 '
0031 - S=1S-1
0032 DC8=S*NLCG(TAUT)
0033 CALL DLGAM(S+1.,CS,IER)
0034 " CALL CLGAM{GAMMAL/2.+GAMMA2/2.+S,CC5,IER)
0035 CALL CLGANM(GAYMAL/2.+S5,CC75I1ERT]
003¢ RSS=CCNST+0DC6-DR+CCE~ DS+EC5 oCc7?
0037 1 RS{IR,IS)=DEXP(RSS)



S - 39.
DATE = 73330 12/08/17

FORTRAN IV G LEVEL 21  MAIN

C B
C EVALUATE TEE TERMS IN R,S,N
o
C
0038 GW=3.0D0
003s DO 20 IR=1,Ml
0040 R=IR-1
0041 WG=0.00
0042 DO 11 IS=1,L1
00473 CC=0.00
0044 S=1S-1
0045 CLC=C.DO
0046 NG=0.
0047 CALL CLGAM(UL/2.+L2/2.4R=1,,CGL,1ER)}
0048 CALL CLGAM{UL/2.+GAMMAL/2.,4#R+S=1.,0G2,IER) )
C049 CALL CLGAM{UL/2.+U2/2.+5AMMAL/ 2. +GAMMAR2/2 . +R+5~1,,0G3,IER) -
0050 CALL CLGAMIUL/2.4R4DG4,1ER)
0051 DG 22 IRN=1,K1
0052 N=IN=2
0053 DGL1=CGL+CLOGIUL/2.+L2/2.+R+N)
0054 DG2=NC2+DLOG(UL/2 . +GAMMALY/ 2, +R+S+N)}
0055 DG3=CG3+0L0G(UL/2.4U2/2.+GAMMAL/ 2 +GAMMAZ2/2  +R+5+N)
0056 DGA=DG4+CLOG(UL/2.+R+N¥+1,)
0057 G=CCl+0G2-0563-DG4
0058 22 CLC=CLC+BEXP(DG)
0059 GO=DEXP{-TAUIXRS{IR,IS}*DLC
0060 11 WE=WG4G6
C
C SUM TERMS TO GET FINAL VALUE OF G{W) IN THE FIRST REGICN
L C
‘0061 Ga=WG+GW
0062 20 -~ CCNTINUE .
c CHECK IF G(W)} < .95 0OR >,65
» C
0063 934 CCNTINUE
006 4 IF(GW.LE.C.951.AND.GHW.GE.D.949) GO TO 930
0065 [F(GW.LT.0.949) GOTO 9§32
0066 WC={.59)%C
0067 Gw=wC/C*GW
"D068 GO TO 934
c
C WRITE THE VALUE CF G(W) FCR THE FIRST REGION
C . .
0069 930 WRITE(6,521140 , o
0070 _ 931 FORMAT( 0, " VALUE OF WO FCR G{W) = .95 1S',F3.4) A2
co71r - G Ta 950 _
0072 g32 WRITE(6,933) GW
0073 933 FNRMAT('QY ,"CONTRIBUTICN TC G(W) FRCOM FIRST REGION IS',5X,D16.8}
0074 950 CCNTINUE
0075 STQP

0076 END
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. TERMS
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.CALCULATE
. TERMS IN
R,S,N

SAVE

MATRIX OF
S,N. TERMS

N

I

Lo,
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sol L1,

CALCULATE (LD
TERM & FIRST

OBTAIN NEXT
TERM IN
COLUMN

MULTIPLY . ,
INTEGRAL TERM —
BY S,N MATRIX : :

N
OBTAIN FIRST

ENTRY IN NEXT
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N
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.
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~ PART2

FORTRAN IV G

0001
0002
0003
3004
0005
G006
coo7
0008
G009
0010

Cot1
0012
0013
0014
0015
0016
q017
G018
0013
0020
-go21
00622

co23
0024
- 0025
0026

0027
co28
0029
0030
0031
0032
0033
0034
0035
0036
0037

LEVEL

eNesNeNeNela!

OO0

100
200

201

[aNeEaNeNeNe

OO0

21 CMAIN

CATE = 73330

12732723

PROGRAM CALCULATES THE PART CF C(wW) IN REGION TNO, USING THE
EXACT DISTRIBUTICN OF THE RATIO OF NCN-CENTRAL F DISTRIBUTIONS

DOUBLE PRECISION CLM{26,501)4MRECI2])
DCUBLE PRECISICM CLL,TINT
DCUBLE PRECTISION AA,B3,CW

DOQUBLE PRECISICN 91,U2,TAUL,TAUZ,GAMMAL,GAMMA2,CCONST

DOUBLE PRECLSIAN CEXP,LC1,CC2,CC3,NC4,0C5,DC56,D0C7,0C8,0C9

COUBLE PRECISICHM CRyDBSsSyR 4N

NCURLE PRECISICN DQ

DOUBLE PRECISIOM DLOG,GN,RSQ,0OLC
DCUBLE PRECISICMN GW,0L,CL14DL2,CL3,DL%

DOUBLE PRECISION TAUG, TAUT, TAU,U +GAMMA,WGGGyREC,AB

READ IN NJMBER OF TERNMS IN INFINITE SUMS, DEGREES OF FREEDOM,

AND NCN-CENTRALITY PARAMETERS

READ(Z,1C0)M,L,K,UL,U2,GAMMAL,GAMMAZ, TAUOQ,TAUT

FCRMAT(313,6D4.0)
WRITE(E,+200)ULL2,GANNAL,CAMMA2,TAUC, TAUT

FORMAT( V1", "PARAMETERS ARE',2X,3(016.84'4"'3016.8,5X))

WRITE(6,201)N,L,K

FORMAT('O ' ¥ =0, 02,2X,7L=1,12,2Xy'K=1,13)
TAL=TA'JG+TAUT

CAMMA= (CAMMAL+GAMMA2)Y /2,

U=(ur+uzl/2.

C=(GANMAL=U2) /{UL1%GANMAZ)

W0=5.5 :

P1=.5(CCCCOUDY

CALCULATE TERMS UP TO THE INTEGRAL
EVALUATE CCNSTANT TERMS

CALL CLGAM(GAMMA2/2.40L2/2.4CC1l, IER)
CALL DLCAM(U2/2.,CC2,51ER)Y | :
CALL CLCAM(GAMMA2/2.,LC3,1ER)
CONST=CC1-£C2-CC3

CBTAIN MATRIX DLM{IS,IN}

Mi=M+1

Ll=L+1

K1=K+1

CALL CLCAM(GAMMAL/2.-1.,CC9,1ER)
0O 1 IS=1,L1

S=1S-1

NC8=S*DLCG{TAUT}
DC9=CCO+DLAGIGAMMAL/2,+5~1.})
CALL DLGAM(S+1.,DS,sIER)

CALL CLGAM(GAMMA+S~1.4DL1,1ER)
0O 1 IN=1,K1




FORTRAN IV G LEVEL

0038
0eC3s

0040
Co041
0042
0043
0044
0045
0046
0047
0048
0C49
0350
0051
0052
G053
00%4
0055
0056
0057
0058

C059

0060
0061
0062
0063

. 00¢4
00&5
0066
0067
0063
0069
6079

co71
0072
co73
0074
Co75
0076
Go717

OO0

OO

aOn

OO

o1 e e e ”MAfN -

N=IN-1

CN=TN-1

CALL CLGaM(U-1.,0C5,IER)
CALL CLGAM(UL/2.-1.,0C4,1ER)
ODLL=0LL1+CLIOG(CANVMA+S+N~1,)

.wqurém

CALL CLGAM{UL/2.43AVMMAL/2.+S+N-1.,DL2,1ER)

CALL CLGAM{U+GAMMA+S+N-1,,0L3,1ER}
CALL DLSAMIGN+L.,DQ,IER)

CL=C.B0C

DO 2 IR=1,M1

R=IR~-1

CC5=CC5+4DLOG(U+R~-1,}
CC4=CC4+CLCG(L/2.+R~-1.)
NL2=CL2+CLIGIUL/2.+#GAMMAL /2, +#S+N+R~-1.)
DL3=CL3+CLCGIU+GAMMA+SEN+R~1,)
LC6=R*DLEG{TAUC)

CALL CLGAM(R+1,,CR,IER)
DL=DL+DEXP{OL2+0CE+LC5-DBL3-DR~-CC4)
DLC=0L1+COCNST-{DCS+CS+DQ)

DLACTIS, IN)=DEXP(DLC ) *DL*DBEXP(LC8)
CONTINUE

13330

12/32/23

PCRTICN OF DISTRIBUTICN THAT WILL CHANGE WHEN WO IS CHANGED

CW=1.0-C/W0

FIND INTEGRAL VALUES AND MULTIPLY B8Y GAMMA TERMS

Gw=0.00
3B8=GAMMAL/2.

K1=K+1 . s

Li=L+1
FING THE FIRST INTEGCRAL DIRECTLY

TINT=(1.0-(1.0-CW)*%*BB)}/BB
MREC({1)=TINT
GW=GW+DLM{ L, L)=TINT

D0 4 IS=1,L1

S=1S-1

BR=GAMMAL/2 .45

DC 7 IN=2,K1

FIND INTESRAL FOR NEXT VALUE IN COLUMN
N=IN-1

AA=N
AB=AA+EB

REC=(AA*DLOG{CW)+BB*DLOG(1.0-CW) ) -DLOG{A

REC=DEXP{REC)
TINT=AA=TINT/AB-REC
TFUINCEQ.2)MREC(2Z2)=TINT

MULTIPLY INTEGRAL BY GANNMA TERMS IN S.N

-

8y
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FORTRAN IV G LEVEL

21

GW=CW+DLNM{IS, IN}*TINT
CONTINUE
IF(IS+1.GT.L1l) GC TO 4

MOVE TC NEXT COLUMN

MREC{1)=MREC(1)~-MREC({2)
TINT=MREC(1)
Gw=GW+DLMTS, L)I*TINT
CCNTINUE
Gh=GW*DEXP(~-TAU)}

‘DATE = 73330

L,

12732723

ACC PART CF G(W) FROCM FIRST RECICN TC THAT FRCM THE SECCND

Gh=GW+P1
WRITE(6,S34)GW, W0

FORMAT('Q','VALUE CF G(W) IS',016.8,2X,'FOR W(O=',F8,4)

IF{CW.CE.0.,9399) GG TQ 555

CHECK TGO SEE TF VALUE OF GW IS AS REQUIRED

IF IT IS, WRITE VALUE CF WO AND GG ON TQ NEW PARAMETERS

IF{(GW.LE.D.951 .ANC.CW.GE.OQ.949) GO TQ 902
IF{GW.GT.C.2E51) GC TG 9CO

IF GW IS TOO SMALL, INCREASE CW

CH=CW+{{.S5-GW)/.55%Ck)
IFICW.CE.1.0) CW=(.39999
Wa=C/{1.0-CW}

GC TO 901

-

IF GW TS TOO LARGE, CECREASE CW

CW=Ch={(CH-255)/.95%CW)

WB=C/(1.0-CW}

GC T 301

WRITE(64503)W0 '
FCRMAT{'O', ' VALUE CF WO FCR G{W)=.951S5',F8.4)
S13P

END
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FORTRAN IV G LEVEL MAIN CATE = 73330 12735705
c
c
c PROGRAM CALCJULATES THE PART OF G(W) IN REGICN ONE OR FINDS WO
c [F G(h) IS GREATER THAN 1-ALPKA, USING AN APPROXIMATICN FOR THE
c RATIO OF NCN-CENTRAL £ CISTRIBUTIGNS
c
c

0001
0002
0003
C004

€005
0006
0007
Ccos
0009
0010
0011t
0012

0013
0014
0015
0016
0017
col8
€019
0020

0021
0022
0023
0024
0025
0026
0027
0028
0029
c030
0031
0032

0033

DOUBLE PRECISION U2,GAMNMA2,CCAST,Al,A2
DOUBLE PRECISIGN CLCC,LCC1,0C240C3,DC440C5,0C6
DOUBLE PRECISIGN CLI.CL2,CL3,CL4»DEXP,DL,GY
DOUBLE PRECISICN CN(501)+CW,AA,BR,A8,TINT,REC, QN

REAC IN TFE NUYBER OF TERMS IN INFINITE SUM,DEGREES COF FREEDCM,
AND INITIAL VALUE FCR WG

OO

READ(S5,1011K
101 FORMAT{I3)
HWRITE(6,205)K
205 FORMAT{Y1','K=",2X,13)
901 READ(Z,10C,END=SCC) Al,U2,A23;GAMMAZ,WO
109 FORMAT(4C5.CyD5.2)
WRITE(64,2C01A1L,U2,A2,GAMMA2
200 FORMAT('Q','Al=',F5.ly2X,'UZ=',F5.1:ZX,'A2='.FS.l,ZX,‘GAMMA2='7
XF5.1) ’

CALCULATE CONSTANTS

OO0 O

Ki=K+1
C=UA2¥2 )Y/ LALXGAMMADY

CALL CLGAM{A2/2.+4GANMA2/2.,DCLlsIER} .
CALL CLGAM{U2/2.+GAMMA2/244,0C241ER) ’

CALL DLGAM{U2/2.,CC3,I1ER)

CALL CLGAMUAZ2/2.,0C441ER)

CALL CLGAM{GAMMA2/2,,CC5y IER)

CCNST=DC2-DLC3-DC4~DCS

CALCULATE TERMS INVCOLVING N

[elaNeNeNe!

CALL DLGAM({A1/2.+412/2.~1.4DL1,IER)
CALL DLGAM(AL/2.+A2/2.-1.4+CL2,1ER)
CALL CLGAM{AL/2.4L2/2.402/2. 4GAMMA’/2.—1.,DL311ER)
CALL CLGAM{ALl/2.4CL4,1ER)
DL=C.CO
DO 25 IN=1,K1
N=IN-1
DL1=CL1+DLOG(AL/2.4L2/2.4N=1,}
DL2=CL2+CLNG(AL/2.,+82/2.4N-1.)
DL3=CL3+CLOGIAL/2.+L2/Z.+A2/2. +CANWAZI£.+N-1.) e
BL4=DL4+DLOG(AL/2.+N)

5 DL=DL+CEXP{CL1+DLZ~LL3~DCL4)

CBTAIN FINAL VALUE FOR GW

OOON

GW=DEXP{CCNST)*DEXP(CCLY*CL . . . ..

~




FCRTRAN IV G LEVEL

0034
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0036
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0044
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0063
0064
0065
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OO0

[N eNel

300

COOOON

(s NeNeNaNal

OO ON

902

OO0

2t wmamn 77 cate = 73330 12/35/05

[F VALUE OF GW FOR FIRST REGICN IS GREATER THAN 1-ALPHAs FIND
WO SUCH THAT CW IS APPRCX. 1-ALPHA

IF(Gw.GT.0.951) GC TG 888
PRINT CCNTRIBUTICN 10O GW FRCM THE FIRST REGICN

WRITE(€,300)GW
FORMAT('0', ' VALUE OF GW FOR 0O<W<C 1S',D16.8)
GN 7C 901

IF WO IS LESS THAN C, TFIS PARTYT OF THE PROGRAM IS USED

CCNTINUE
CALL CLGAM({AL/2.,CC6,41ER)
CCNST=CCNST-DC6

CALCULATE TERMS INVOLVING N (INCLUDING INTEGRAL)

CALL CLGAM({AL/2.+U2/2.-1.,0DL1,1ER)

CALL DLGAM(AL/2.+82/2.-1.,CL2,y1ER])

CALL CLGAM(AL/2.+U2/2.4A2/2.+GAMMA2/2.~1.40L3,1ER)
DL=C.0C0

DO 256 IN=1,K1

N=IN-1

GN=IN-1

DL1I=CLI+DLOG(AL/2.+L2/2.tN-14}
DL2=0L2+0LOG{AL/2.+A2/2 +N-1.)
DL3=CL3+DLOG(AL/2.+A2/2.4U2/2.+GAMMA2/ 2, +N-1,)
CALL CLGAM{CN+1.,DC,IER)

DL=0DL2+CLZ-DL3-0Q

ONCIN)=DEXP(DL)

PCRTICN CF DISTRIBUTICN THAT WILL CHANGE WHEN 40 IS CHANGED

CW=w0/C

AA=A1/2.

GW=C.CO _
TINT=CW®*AA/AAN e e e L [
GW=GW+ON({1F*TINT

DC 30 IN=2,K1

BB=IN-1

AB=AA+38B

REC=(AA*DLOG(CW)+BB#DLOG{1,0-CiW))=-DLOG(AB)

REC=DEXP (REC ) v »
TINT=AA*TINT/AB-REC ’

Gh=GW+TINT=DN(IN)

Gh=GwW=CCNST

CHECK 'TO SEE IF VALUE CF GW IS AS REQUIRED
IF IT IS, WRITE VALUE CF WO AND GO OGN TQ NEW PARAMETERS
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FORTRAN v G LFVE[W'ifv"“vvv"_wW%T_WWVQAIN o wamW“m“"“cX}é';‘7jééb "<WM“”"12735705
o
0067 TFIGW.GELD.943.ANCLCHW.LELC.S51) GO TO 301
068 IF{5%W.GT.C.551) GC T3 3202
C
C IF GW IS TQO SMALL, INCREASE CW
C
0069 CW=Ch+{{.95-GW)/.95%CW)
0070 IF(CW.GELL1.0) CW=C.5999
0071 WO=CxCW o
ce72 GC TC 902
c
c IF GW IS TCC LARGE, CECREASE CW
c
0073 2c2 CW=Ch=({GW=.55)/.95%C})
0074 WO=C%CW
0075 GO TC 502 .
0076 301 WRITE(6,S5T) ALyL2yA2,GANPA2, WO
0077 357 FORMAT('Q' ' VALUE CF WG FCR Al=',F5.1,2X,'U2=',F5.1, 2XytA2=1,
XF5.142X,'GANMAZ =1 ,F5, 1.2x,'rs',016 3)
078 GG TO ScC1
CC79 900 STOP
0080 END
7

o~
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MAIN CATE = 73330 - 12/31/52

PROGRAM FINDS THE VALUE CF WO SUCH THAT G{®W) EQJALS 1-ALPHA, USING
AN APPROXIMATICN FOR THE RATIO OF NGN-CENTRAL DISTRIBUTIGNS

DOUBLE PRECISIGON U2,GAMMAZ2,CCNST,AL
DOUBLE PRECISION A2,CLGG,TEX?,DC1,0C2,DC3,0C4,0C5,DC6,DN{476),P1
DOUBLE PRECISIOM CLL1,DL2, CL31 DGy DLCHyCN,AA,BB,A3,REC, TINT;GI:CN

READ IN NUMBER OF TERMS IN INFINITE SUM, CEGREES CF FREEDOM
INTTIAL VALUE FCR WC AND CCNTRIBUTIGN TO G(W) FROM THE FIRST
REGICN

READ(5,999)K

FORMAT(13) o
READ(5,100,END=9CCIAL,U2,A2,GANNA2, WO,PLy
FCRMAT(4D5.CyD5.2,D11.8)

CALCULATE CCNSTANTS

Kl=K+1

C=(A2%U2)/(AL*CAMMA2)

CALL CLGAM{AL/2.+L2/2.,0C1,41ER)
CALL CLCAMIGAMMAZ2/2.+L2/2.4DC2,1ER)
CALL DLGAM{AL/2.,0C3,1ER})

CALL CLGAM(U2/2.,0C4,1ER)

CALL CLGAM(A2/2.,CC5,1ER)

CaLL CLCGAM{GAMMAZ/2.,LC6,1ER)
CONST=£C2-DC3-CC4~-LCCS5-CCH
CONST=DEXP(CCNST)=*DEXP(DC1).-

CALCULATE TERMS IMNVOLVING N AND STORE IN MATRIX DN

CALL CLGAM(A2/2.+GAMMA2/2.-1.,DLL,I1ER)

CALL CLGAM(AL/2.4A2/2.~1.,0L2, [ER)

CALL CLGAM(AL/2.4A2/2.4L2/2,+GAMMA2/2.~1.,0DL3,1ER)
PLC=C.DO

DC 25 IN=1,K1

N=IN-1

QN=IN-1 _
BLL=CL1+DLOG(A2/2.+CGAMMA2/2,+N-1.) v
DL2=DL2+DLOG(AL/2.+A2/2.4N=1.)
DL3=CL3+DLOGIAL/2,+82/2.4L2/2 4GAMMAZ/2.+N-14}

CALL DL3AM(CN+1.,0Q,I1ER)

CLC=CL1+CL2-CL3-DC

DN(IN)=CEXP{SLC)

PCRYICN OF DISTRIBUTICN THAT WILL CHANGE WHEN W0 IS CHANGED

Cw=1.0-C/W0
PB=A2/2.
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21 ‘ CMAIN . DATE = 73330

Gw=C.CO
TINT=(1.0-(1.0-Cw)®xpR} /BB
Gw=GW+CN({L}*TINT

0O 30 IAN=2,Kl1

AA=IN-1

ARP=AA+B3
REC=(AA%DLNG(CY)+BB*DLLCG(1.0~-CW} ) ~DLOGIAB)
REC=DEXP(REC)

TINT=AA*TINT/AB-REC

SUM THE TERMS OF GW

Gw=Gh+TINT=DN(IN}
GW=Gnw#CCNST

ACO TRE COMTRIBUTICN TO GW FRCM THE FIRST REGION
GWw=GW+P1

CHECK TG SEE IF GW IS AS REQUIRED
IF IT IS, WRITE VALUE CF WO AND GO ON TO NEW PARAMETERS

IF{GNGE.0.949.ANC.CW.LELCL951) GO TO 301
IF{GW.GT.0.951) GC 7O 302

IF GW IS LARGE,DECREASE Cw

CW=Cw+(({.55-GW}/.95%CW}
IF(CWeGE.1.0) CW=(.9999
WC=C/(1.,0-CW)

GO 70 902

IF GW IS TOO SMALL, INCREASE.CW

CW=CW-({GW=.95}/.95%CW)
WO=C/{1.0~CW)

GC Ta 902
WRITE(6+9GT)AL,U2,A2,CAMMA2, WA

12/737/52

FORMAT('O', ' VALUE GF WO FCR Al=1,F5.142XK4'U2=13F5.1,2X,'A2=1,F5,1

X92Xs "GAMMA2=Y 4F5,1,2X,*'1S5',D16.8)
GO TO g01 g -
SToe
END
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FORTRAN IV G LEVEL 21 CLGAM CATE = 73330 12/35/05
0001 SUBRCLTINE DLGAM { XX , DLNG , IER )
o IER = ¢ FMFANS NC E2EQR
o TER = -1 MEANS XX IS TGC NEAR ZERGQ
C [ER = +1 MEANS XX IS TCO LARGE
0002 DOUBLE PRECISION XX , 72 , TERM , RZI2 , DLNG , DLOG
0003 IER = O
0004 17 = XX
0005 IF( XX - 1.0D10 ) 2 4, 2 4, 1
6006 1 IF(C 1.0D7C - XX )Y 9 , 9 , 8
o SEE IF XX IS NFEAR ZERO OR NEGATIVE
0ca7 2 IF{ X - 1.08-9 ) 3 , 3 , 4
€co08 3 IER = -1
0099 DLNG = - 1.0075
0010 60 TC 10
C XX IS +GT. ZERQ AND JLE. 1.CD+10
0911 4 TERM = 1.000
0012 5 IF( 22 - 18.D0 ) €& 4 & 4 7
0913 6 TERM = TERM #* 77
0014 77 = 77 + 1.00D0
0015 G0 TG 5
€016 7 R22 = 1.CD0 / 77%%2
0017 DLNG = ( 2Z - 0,500 ) % CLOS( 77 ¥y - 77 + 9.9189385332046727 -
1 CLOG( TERM ) + ( 1.06CC /7 ZZ Y * { '.83233333333333330-1 - ( RZ2
2 O L27777777777T177770-2 + { RZ2 *( .793&507936567936D-3 ~ {
3 RZ2 * { .5%$523806522809520-3 1))y}
0018 GC6 TC 10
Cc XX +GT. 1.00+109 AND .LT. 1.CD+7C
0019 8 DLNG = ZZ % ( DLCG{ ZZ ) - 1.000 )
go2¢ GG TO 10
o o XX .CE. 1.00+20
8521 5 IER = +1
0022 " DLNG = 1.0D75 .
0023 10 RETURN

0024 END
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V. Examples

5.1 Comparing Sensitivity of Experiments

Consider the example found in Bradley and Schumann (1957b)
in which they compare the sensitivity of pasture yields to
irrigation.

Mean Yields of Orchard Grass and Ladino Clover

in 1bs./acre under Fertilizer Treatments

Treatment A B C D B F G H

No Irrigation | 499 627 642 756 884 koL 597 377

Irrigation 831 836 931 1137 1346 730 903 583

The analysis of the comparison of sensitivities is as follows:

Analysis of Variance for the Two Fertilizer Experiments

Source d.f. Mean Square F

Experiment 1 - No Irrigation

Replications 3 17, 899
Treatments 7 102, 10k 8.86
Error 21 11, 517

Experiment 2 - Irrigation
Replications 3 93, 155
Treatments 7 224, Lé2 7.10

Error 21 31, 599




1 F, = 8.86 F, = 7.10

vl = Yl = 3.5 v2 = y2 = 10.5
o Xl = 3.5(8.86 - 1) = 27.5

Xg = 3.5(7.10 - 1) = 21.4

A =2 (27.5 + 21.4) = k.4
3 HO: 1 = Ag = A

HA: 1 # A2
k. a = .05

_8.86 _

5. = 7—.35“ 1.25

a. a
6. —% = -g- = (3.5 + 24.1)2/(3.5 + 48.8) = 1k.9

7. Using the program developed in 4.3, the upper 5% point for
the approximate distribution was determined: WO(.OS) = 2.61.
8. .Therefore, w is not significant when compared with wo(.OS)
. L
nor is = .
W

differ much in senstivity to fertilizer treatment effects.

5.2 Comparing Regression Coefficients

Consider an example constructed from data on water usage in

rural and

urban communities with variables
average monthly temperature (°F)
amount of production (in pounds)

number of plant operating days in the month

number of persons on the monthly plant payroll.

55.

That is, it does not appear that these experiments
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For urban usage variables Xl’ X2, X3 and Xh are considered

with 8 data points. For rural usage variables Xl’ X2 and X3 are
considered with 9 data points. The analysis of the comparison of

regression coefficients is as follows:

Analysis of Variance for Water Usage

Source d.f. Mean Square F
Urban
Regreséion L Los5654.2500  7.821
Deviation 3 51.869.0000
Total T
Rural
Regression 3 136140.5000 1.568
Deviation 5 86813.5625
Total 8
Y1 0% o 1.5 o p)
SR/ L -Rr) (5)(.955257)/(1.0 - .955257) | oo
= = 55 5 50 = T.568p = +-9878
Y a Lo 2 - :
252,72 (1 g2y (F5)(.696267)/(1.0 - .696267)
2 2l 2 2
V V
1 _ 2 .
—é' = 2.0 5 = 1.5
Y Y
1 _ e _
’——2"— 1.5 5 2.5
- 2 _
2. p]=1- (1 - Rl)(2.0 + 1.5)/1.5 = .7958&
a2 2 3
oo =1 - (1 - Rg)(l.S + 2.5)/2.5 = 17564

(2.0 + 1.5)82/(1 - §%) = 13.643

>
1



5T

2)

o) = 0.853h42

A, = (1.5 + 2.5)52/(1 - 5

1
2 2
3. Hyi ey =0y,
2 2
Hytog # pp
L o = .05
5 w = 4.9878
\) ~
&1 (_%'+ A1)2
6 > = = 8.3556
\)l R
(—E + 2)\1)
Y ~
a2 (*%'+ A2)2
S = 17271
2 Yl .
('—é' -+ 2)\2)

7. Using the program developed in 4.3, the upper 5% point for
the approximate distribution was determined: wo(.OS) > 14,9878,

8. Therefore, w is not significant when compared with WO(.OS)
notr is % . That is, it does not appear that these regression

coefficients differ.

5.3 Testing Interaction in 2x2 Contingency Tables

Gart (1966) states that the null hypothesis of no interaction

. . P11Pop .
may be stated in terms of the cross-product ratio y = ——== (which
Po1Pop
is the non-centrality parameter of the exact test). It is found

Y110
that ¢ i1s approximately distributed as ———— where the u,.
Yo1te2 +d
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(i, 3 =1, 2) are mutually independent chi-squared variates with
corresponding degrees of freedom 2n:.Lj + 1. Therefore

+ 1)
+ 1)

(en, . + 1)(2n,.. + 1) F(2n L+ 1 2n

+ 1, 2n

1
21

12
22

(5.1)

The hypothesis ¢ = 1 (no interaction) can then be tested by

setting ¢ = 1 and treating {(2n. . + 1)(2n21 + 1)}/{(2nll + 1)(en, . + 1)}

12 22

as a test statistic distributed as the ratio of two independent
central F's. The programs developed in 4.3 then give an exact
value for WO(.OS).

Consider a 2x2 contingency table with sites and types of
tumour.

Type of Tumour

A B
I 11 T 18
Sites
1T 16 3 19
27 10 37

The null hypothesis is HO: Y =1 {(no interaction) and the alternate
hypothesis is ¢ # 1. The test statistic is

(2n12 + 1)(2n21 + 1)

)
(2nll + 1) (eny, + 1) (23)(7)

= 3.07h45.

Using the program in 4.3, the upper 5% point was found to be
WO(.OS) = 3.25. Therefore, the conclusion is: Do not reject
Ho: ¢y =1.

For large degrees of freedom in the denominator of both F
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distributions, the distribution is asymptotically an F distri-
bution. Because 0y 5 and n,, are large, equation (5.1) becomes

+ 1)

(en. .+ 1)(en
U F(2n

12 21

(2nll + l)(2n22 + 1

+ 1, 2n,, + 1).

11 21

For example, consider a 2x2 contingency table showing results

of a clinical trial.

Outcome
Death Survival Total
A 41 216 257
Treatment
B N 180 Z)IoN
105 396 501

The test statistic

(2n12 + 1)(2n21 + 1)  (433)(129) . L e
(2n,, + 1)(2n, . + 1) (83)(361) ~

F(83, 129) = 1.k2,

Therefore, the conclusion is to reject HO: Y =1,




TABLE I

Values of w, in the Approximate Distributions Such That 1 - G(w.) = .01

0 0
8o Yo
N (b, 4) (6, 6) (8, 8) (10, 10) (12, 12) (1k, 14) (16, 16) (18, 18) (20, 20) (30, 30) (=, =)
12 2
(4, k) 43.91 29.95 24,95 22,14 20.97 19.87 19.09 18.87 18.43 17.16 15.98
(5, 5) 34,57 22.53 18.35 16.39 15.05 14.39 13.77 13.31 13.12 12.11 10.97
(6, 6) 18.86 15.10 13.32 12.29 11.53 11.10 10.70 10.39 9.60 8.47
(7, 7) 16.70 13.19 11.52 10.56 9.86 9.545 9.09 8.80 8.07 7.00
(8, 8) 11.9k 10.35 9.36 8.78 8.32 8.0k T7.77 7.08 6.03
(9, 9) 10.97 9.46 8.58 8.02 7.58 7.26 7.05 6.38 5.35
(10, 10) 8.87 8.01 T.h2 7.0k 6.73 6.L49 5.87 4. 85
(11, 11) 8.36 7.55 7.00 6.59 6.32 6.09 5.545 PRITS
(12, 12) 7.15 6.63 6.27 5.97 5.7h 5.15 .16
(13, 13) 6.89 6.33 5.98 5.69 5.49 4.88 3.91
(1k, 14) 6.12 5.74 5.48 5.26 4.68 3.70
(15, 15) 5.91 5.56 5.28 5.08 4.kho 3.51
(16, 16) 5.39 5.11 L.og2 h.33 3.37
(17, 17) 5.40 5.10 k.95 4.35 3.24
(18, 18) 5.05 4.88 h.o7 3.13
(19, 19) 4,98 4.78 b.16 3.03
(20, 20) b, 67 k.06 2.94
(21, 21) 4.58 3.98 2.86
(30, 30) 3.47 2.38
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TABLE IT

Contribution to G(WO) Found in the Region 0 < w < ¢ for the

Approximate Distribution (With Unequal Degrees of Freedom)

Bos Yo

(L, 5) (4, 10) (6, 10) (8, 20) (8, 30) (10, 30) (10, 60)
815 Vo
(L, 5) 499989 .28173k  .405573  .273333  .168607  .219927 . 08526k
(4, 10) .718220  .500000  .657343  .520382  .366460  .L50852 . 214658
(6, 10) 594381 .342657  .500000  .335913  .193676  .263Ls5bL . 082049
(8, 20) .T26k53  .L4T9618  .66L08T7  .500000  .309158  .L13163 .133190
(8, 30) .830851  .633540  .806323  .6908L2  .500000 @ .621265 .2720k4k2
(10, 30) .779533  .5h71k8  .736545  .586837  .387350  .500000 .165300
(10, 60) .912107 .785337  .917937 .866810 .727958  .83L700 . 500000
(10, 120) .960400  .920638  .981883  .975692  .934326  .973759 .84h382
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TABLE ITIT

Values of Yy in the Approximate Distribution

(With Unequal Degrees of Freedom) Such That 1 - G(wo) = .05

NG

a (4, 5) (4, 10) (6, 10) (8, 20) (8, 30) (10, 30) (10, 60)
1> 72

(4, 5) 12.000000  11.T754856  8.852629  7.690272  T7.500000 T7.058336  T7.000000

(4, 10) 8.979L3k 8,706291  6.480137 5.469527  5.3L56hk5  L4.895LL5  L4.900000
(6, 10) 8.591558 8.386263 6.232943  5.191547  5.135302 L.690725 < L4.653612
(8, 20) T.580584 T7.293737 5.227657 L4.282369  L.21248L  3.826L60  3.722127
(8, 30) 7.307749 6.97990L  L4.985229  L.000000  L4.000000  3.612117  3.500000
(10, 30) T.237h0OL 6.907783  L4.810286  3.91524k  3.909849  3.513048  3.L21517
(10, 60) T.000000 6.613768  L.6Thl12  3.766099  3.697359  3.321956  3.2L61T1
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