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ASSTRACT

The d.istribution of the ratio of two independent non-central-

F variabl-es arises as the test statistic in comparing experiments

in terms of sensitivity, in testing for interaction in con-

tingency tables and. in comparing multiple correl-ation coefficients.

Bradley and. Schrmann (L95Ta, I957b, L959) have stud.ied the

distribution when the d.egrees of freedom are equal. fn this

thesis an extension is mad.e to the cases r¡here the d.egrees of

freed.om are r:nequal . The exact d.istribution and. an approximation

to it are found-. The upper percentage points for the approximate

d.istribution are tabulated. for equal degrees of freed.om (o, = .Of)

and. for unequal d.egrees of freed.om (q, = .05).

Examples are given in the three areas of application and.

the partícular values of the test statistics required. are calcul-ated..
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F

Introd.uction and Summary

I.1 Problem and Summaru of the+ Resufts

The distribution of the ratio of tvo ind-epend.ent non-central

F variabl-es arises as the d.istribution of the test statistic in

several practical situations; for example, the comparison of

experiments in terms of sensitivity, tests for interaction in a

2x2 eontingency table and- comparison of nultiple correlation

coefficients.

Schrmann and" Brad.ley (t95Ta, I95Tb, L959) have stud.ied.

this distribution in d-etaíl- when the d.egrees of freed"om are equal .

Their vork incl-udes an approximation to this d.istribution and.

a tabul-ation of the percentage points of the approximate distribution

for selected s.

ff the restriction of equal d.egrees of freedom vere removed,

this d-istribution could. be applied in more general situations.

fn this thesis, the exact distribution of the ratio of two non-

central- F distributions is found.. A-lso, an approximation is

considered and, the percentage points for unequal degrees of

freed.om are tabulated.. Consid.eration is then given to the

applications r^¡ith equal an.d unequal degrees of freed.om. The

three applications consid.ered, are a test of sensitivity, a test

of equality of regression coefficients and. lastly, a test for

interaction j-n tlne 2x2 contingency tabJ-e.
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I.2 Review of Literature

The ratio of tvo non-central F distributions has been studi-ed.

by various people, namely Cochran (fg)+¡), Schumar¡: and Brad.ley

(t95Tu, I95Tb, Ig]1g), Dar (tg6Z, 196)+), Gart (tg66) and. Schoemann

and" Schr¡mann (f9r9) .

Cochran (fg)+:) first discussed the comparison of ex¡reriments

in terms of their sensitivities. rn this context one ex¡eriment

is said. to be more sensitive than another if it better ¿]ron"t"u.t.=

treatment effects (Uo¿et I) or the existence of a betveen treat-

ment component of variance Model ff. He noted. that a comparison

of sensitivities shoul-d. d.epend on the magnitud.e of treatment

effects and the errors associated vith them. Cochran, using a

result of Pitman, showed- how sensitivities could be compared_ and.

stated. that, in general, the comparison shoul_d depend. on a signi-

ficance test of a hypothesis on two non-centraf variance-ratio

distributions.

The most extensive r.¡ork on this problem has been d_one by

Bradley and Schumann. fn their paper on the theory of the com-

parison of sensitivities (tg>lu), they first obtain the distri-

bution of the ratio of two F distributions.

_1 -l
g(v;a,brÀl_,À2) = " 

"1 "21¡

IÞ

_r -sÃt Ãz

C =!
In(a+r,b)B(a+s,b) ]-f

2a*r+s , Za+2b+r+s, l-v)

0<v<l-

a*r-l-, ^.w -ts( 2a+r+s ,b ) pF1( a+b+r,



T.

= u-^t-À'r, $ $,r,a*r¡b)s(a+s,b) l-rrS

a+r-l- -(2a+r+s \.w *v '-* - -/S(2a*r+s , 2b)rFr(a+b+s, 2a*r*s , 2a+2b+r*", $)

1:r:- (r.r)

vhere 2a, 2b are the d-egrees of freedom and Àr, À, are non-cen-

trality para.meters.

In ord.er to find. the distribution fi¡nction for the ratio of

two non-central F d.istributions, an expansion in a binomiaf series

is used and. then the integration for G(vO) is d.one.

-À -I )r )s
G(w ) = e f "2r, --l 2 l*f - \*/ - '.-l. u. ,r;t ; tu(¿*r,b),ts(a+s,b)l

i "a+s-l(r+y)-( 
a+b+s ) (*0")t*"(l+voy¡-( a+r)

0

.i I _ 
(¡-r)vov 

- 
(¡-r)(¡-z)(*ov)2

La+r - ,;r XTiEÐ . ,(".".rxr%yf ..l¿v.

Also consid.ered in some d.etail- is the ratio of central F

d.istributions.

a-l
g(v;a,b) = :* . - 

Bl2a, 2bl2F1( a*b, 2a, 2a+2bo f-v)
l¡(a,¡)l' c

= *-2"812a, ZblrFr(a+b, za, 2a+2b,

0<w<f

w-l- '
\,I

I < H. < * (r.z)

where 2a, 2b are the degrees of freed.om.
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For the ratio of centraf F distributuions, the distribution

function is:

.r (l-r)wov (¡-r)(¡-e){*or)2
'L- - ?=t7ì* *r ..lay.La-(u*ÐlT@.@-

Al-so developed by Brad.ley and Schumann were tests of hypo-

theses on sensitivity. Since Model- I of the analysis of variance

t *,.is consid.ered. ( X r.. = Oo wher€ r.. is the effect of the j"'of
;-r r-J li
a-l

t treatments in experiment i ), if o is the populatíon experimental

error, then

t
À. - k t r?.tzo?I .-. 1J' ].

-L 
_-L

vhere k is the number of observations in each treatment mean. À,

therefore, incorporates the magnitud.es of treatment effects in

the scale and the experimentaf error associated with the scal-e.

ltrhen the experiments are similar (i.u., have the same d.egrees of

freed-om), the null hypothesis of equal sensitivities is equivalent
Àr xc

to the hypothesis that ;: = * .

^r nz

Also consid.ered. were tests of hypotheses on muÌtipl-e correlation
bR?

coefficien-r,s. Since F- = 
--l;- 

(where R_. is the muttiple
' u(r-ni) 1

correlation coefficient), a ratio of two such d-istríbutions has

c(wo) = [B(.,b)]2 I y"-1(r*y¡-(a+l) {*ov)'1r**ov)-'
0



o

the form (f.f¡, vith

(a+l)p2
À. - 

I'i 
(r-o. )2''t

o = n/)lJt l

¡ = (w_p_r)/z

where p is the nr;mber of ind-ependent variabl-es. AJ.so,

2. 2nl(r-nl )I¿
n --:----.

nÍ(r-nÍ )2' t

From the two distributions d.erived- ((f.f) and (f.Z)), tabt_es

of wO are derived. for various values of the degrees of freed_om

and the non-centrality parameter.

fn their second paper on the comparison of sensitivities,

they d.iscuss areas of application for sensitivity comparison:

taste testing, chemistry, J-ife testing and agronomy. ft is noted

that if experimental. techniques interact vith the treatments

rmder comparison, d.ifficufties in interpretation may arise.

In their third paper, Brad-J.ey and Schumann consid.er vays

of cornFaring sensitivities when Model If of the analysis of variance

a¡lplies and give extended tables. With expected variability

among groups, the comparison should be done through a comparison

of the relative group variabifities. o? + O is assumed. and.
U

. 2,2
Y* = k.o^./o-, i = l, 2, is d.efined. as the parameter of relative

J JUJ

group variabil-ity in similar experiments. The nufl hypothesis then
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is HO, yl/kt = lr/t<., vhere k. is the number of observations in

each group mean in experinnent j.

Dar ( f962) has considered. large sample tests based on normaf

approxímation and also (f96)+) d.iscussed certain d.ependent experi-

ments of similar structure. He gives a test statistic for the

case in vhich there are more than tvo d.epend.ent experiments.

Gart (tg66) considers a 2x2 contingency table vith no fixed.

marginals. He states that the nuJ.l hypothesis of no interaction

may be stated, ü = HA Using resul-ts derived in his paper,
PtzÞzt

he states that rf . (rttrZe)/(urrurr) vhere tne uij are mutually

independent chi-square variates vith d.egrees of freed.om 2n.. +1.

Therefore, this may be written:

(Znrr+t) (Znrr+r) F(2nrr+t , 2nrr+I)

@v"W
where the Fts are independent variates. Tt is suggested. that the

nu-ll hy¡lothesis of no interaction: ú = l-, should. be tested. by using

{ (znr"+r) (2nrr+t) } / { (2nr.+1 ) (znrr+t) }

as a test statistic, distributed as the ratio of two ind.epend.ent F

d.istributions.

Schoemann and. Schumann ( 1969) considered. the comparison of two

methods of measurement in the case vhere the method.s are applied.

to the salne experimental r.rnits. The exact distribution, as vell as
v.

approximations, are found. for the test statistic (* = * vhere
¿



ll_.

/ SS Sr - SS - SSr.7 = r.--r ônd..-.- And 

- 
af"e mean SumS Of SqUareS fOf pro-"stmB/qm-m-

S SS 1 -L

perty Y- ) . As r¡el-l-, tests of hypotheses and eriticat vafues areS,

d.iscussed.. Further, it is shor,¡n that these resul-ts may be

used in the case ï¡here the method-s are applied. to separate sub-

samples of the saJne e)rperímental units and" to the case vhere the

different methods are applied. to ind.ependent experimental- units.
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fI. Exact Distribution

2.L f ntrod.uction

In this chapter the exact d"istribution of the ratio of tvo

non-central F distributions vith unequal d.egrees of freed.om is

derived..

Two ind.epend.ent non-central F distributions are considered

and. therefore the joint distribution is obtained. by taking the

product of the two probability density fi.¡nctions. Through suitabte

transformations, the joint distribution of the ratio (v) of the

tvo non-centraf F d.istributions and a variable, y, is obtained..

fn order to vrite the joint distribution in terms of confl_uent

hypergeometric series, one transformation is made over the area

0 <w < c and-asecond.for c <r,¡ <æ. Thenbyintegratingover

y in each area, the marginal d.istribution of w is for:nd..

Finally, the d.istribution function is obtained.. Again this

is found forthetvo areas 0 <w< c andc <v < æ. fnthe area

0 < w < c the case is also consid.ered in vhich the entire area is

integrated over.

2.2 Derivation of the Exact Distribution

A "d.oubly" non-central- F

the ratio of two ind-epend.ently

Consid.er two such variates zr:
2

non-centrality parameter" + ,

distribution is d.erived by

d.istributed. non-central X2

z^ vitln d.esrees of freed.om
L

2
T¿̂._j respectively. Let

cons idering

variates.

v1 : v, and-



'l?

v = zL/22

h(u,v) =

^^
L_ | LI2

?t
I- 2(uv+tr), ,ã ut-f

e (uvJ

v=uf+v2

, 2,r
ó 11 I

\ L- /

r^ ø5T (,'")'at|(ur-r),
f=O 

\Lr / '

1

I
2

+r]u1

z 2rtf,tuz-r)]r(å)

L, 2, I- :.(v+r^) x v^-1¿¿¿¿ , 2's sæ lT I rr

=:o 
ì#- e{}(vr-r), } *=}"

u2

z 2rtltuz-r) Ìr(å)

L2
-=T

¿@

u1,,\ = L
V
6 r=0

ô*a

( r t_ , 1
)l - ã ttr-+u) 2'\J e v
lot
the íntegral in (

_,Il'(5 v+r+s J

r(| +")r{} *")

r(|)r(|,r*"1 r{}lr(} ur+s )

(e.r)
d.u.

Since

and

1- = v+r+s
, L*u,2t-l
'2t

r(| +")r(| +")2"*=

(er)r (es)rtrrllt2

h(u) =

2"*"" ! 
" 

!

: {+)"
u nl

S=(J

IV-+r--L - : V+r+S]-I¡2
'l+u'

l_
ãa

u

T2
æ)'

e¿
r=0

t ')t

t+l
"!-

_,LB(2 va+r: !
2

æ

I
s=0

v+r+s

¿.r)

vr+s )
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)If tl = 0. then r¿e2'

2
T.-+.t r 2

fl \rL.¡ = s

have a (sínel-y) non-eentral

, ¿\
l'rl r - -Læ l--j ;v_+r-l _ ;v+r

- I ¿1 ¿ L t I rZ

"^ ;-- t \il;,
r=u

2,I'(vl , u2 l .t).

ur*", v^)
¿

d.u

u(å !
2

This can be re-vritten in the forrn

2T_ V-1_L
ôÕ
LLe u (l+u)

v. +v^
/ L Z¡-\2)

- [",-.", u]-

r¡'rl_ z ' -ã'

,',F*

¿t1
L

l- ,2 I
E, lur*', ur * "r Ia'al 2 ' 2' r+u,, J

vhere aF, ís the

tFt(o, ß, x)

and. u, has the

Vr Vô
Bti, Ét

=1**x*p

density
2

'z \r_--_l
DD
u^ (l+u^ )

a¿

h(u) =

tr(ur) =

1+u

(Erdet-yi,

(z.z)

1953, p.202).

d.istri-

(vr, rr)
2,^rI/2 and

h¡ryergeometric seríes of the form

Suppose we consid.er nol+ the ratio of tvo non-central_ F
vr Yl

butions. Define "r = * F and "z= i F where (ur_, vr) and- '2 ' '2
are the sets of d.egrees of freed.om for the distribution and.

2,^r)/2 are the correspond.ing non-centrality par¡meters.

u- has the density (from (Z.Z))
I

¿tr- ur - tur*u2,
22,'2'e u" tl+u_ J

r^/-- \ - I -L'
'\ uf / -

Bt+, +l¿¿

\f I'l lo
nli '1"t z' zJ

are ind.epend.ent, then

a

' -2.,

t I Zt_t æl\ô/
a

21rôl
ata "zl

-.-1.r+tel

Since u, arrd. u, the joint d.istribution of u,
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L).

- tur*'2,
-l -l-ìr\^J

¡Z(l*u )' _L'

ur-

2tr-

rr(u.).h(ur)

ffi¡ Iulv.%
lztj, jl

,qr.Ì

_¿l'rI
e trl

-l 

=1+u, 
Ir_l

F1.,31 (
-t.. .. \ - --l z i --i ts\ur,u2l=e ::1*f, "^

Lo(-ã' e 
I

l1
\""
þr*'fr

Ttt

Yt
-=1L z-'

"rj _- "r' (r+u, )

-r I Z¡u¡- 

-t
uL 2t 2t

uz

^ta

a, -ã,

Y.+Y^ Y.(# +s-r)r(j -r)r

tl

1t+,r, ) '

t 2\r
æ t+l
u^ r!r=u

t
I v- *v^

.Flt¿.r'rl 2

n-l_¿l'z I

- u^i. .l
l+uo 

I

similarly,

il. +-
rl I'r'2r'rL 2 ',

1-T¡

Yf
-ã,

Since

and

Q

uô
I

c
t ¿t
Ito I: lzl

_L
ct

S=U Y. +Y^ Y"(# -r)r (j +s-r)!
,S(-L+u^ )

¿

'1
l¡u- (1+u. l_Lt

^T

f'î Ilzl
"!

v- +v-,I2t-ã-
,l
z

IL^
¿1r+ur)" V" +V^

¿L¿\-ã-

and u, is the product of h(ua) ana n(ur):

g(rt, uz) =

zf
'r- I

e "rl-41

z1
'2 I7 "zl---lt*"rl

vl
+r-f )! (Ë -r) I

-r)r(j+r-t)r
{
{

,)

-1



1r+ur)s Y. *Y.
ILL(---

tb.

, vhere

(1./ and

S
llô

a

Y-+Y^ Y"(Ë +s-r)r(j -r)r

-r) ! (+ +s-r) !

t22t!-'t-sþí.,;\ f'í i lÉ Ï u.
-t 2 i_-lzt \2! 2=e - ZZ C 

"¡ 
of-

rS

Yr .vr+r-l 3 +s-l- -(=
v2* (I+ur ) -

I

¿¿-'2 +r)

Y, +Y^
tJ-¿,

-\-F 15/
. (f+u- ) '

a Vr V^ Y- Y^rlj +r, É) alj +s , i]
!/e nor^¡ r¡ish to find the distribution of the ratio * = " 

þ
u^

Ytu2
c = 

--= 
I,/e shall consid-er the range of v in two regionsur\ z/.. \ . /. \(1a,1 . ¡'or region (i) vith 0 < r\r' < c, J_et

x-t Yl-
J - -.t-* 

^,,2

-U. - Yr (w-1)
\-- -. ^or' Yz (w-x)'

,2
2

Z¡

-+cl
^ 

'e/¿L ¿
V. V^ Y- Y^etf +r, Í1 nlj +s , ]l

i-2--2,, I-2 l' t_2lsi,',.*'zi ítrl ítel ur- _ ur*Yr _ v',

-'tËt__ lil \Zl j +r-r -=T= *r*s-r_ -(j +,)
=g ;l-- "!-* 

Y c
rS

, \ l+Å Éi {+i ".+*'-,}*"-rB(v:y/ = e ¿r-;¡ -;T- tîj y

V_,I-(- *
1.^¡'V, 2

't-L+ *t

IÞ

' ,Yl+r) -(7. +

{r+y}
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Norn¡ the marginal d"istribution of w can

over y.

Yâ\_ã *"t f
vr Vô Y. Y^r[j +r, i] nlj +s , ]l

be obtained. by integrating

V_ V-tt

- 
+r_l _(- +r )2 -- '2

1,¡ C

n[j +r,

V.tI_t-
l^IV.'2

.{ t-L +t
Lf . J

c

Y.
\/-L+.r I _t_ +

f1 ,--I
I -L1V I

V^
2¿-'2

t2)\
l.i*.li_ t_¡

-trl2lts\v/ = e

Í'î r l'3 I=t;i l-lvt--- r! s !rs

U_æ1¡ 
-*t¿"lv

)
0

tr'rom Erd.elyi et

v. Y,æIL
--!-I z' 2lv

)
0

Yf

- 
+r+S-lI t_ }rV,tt+¿) c'

ar (1953, p.60),

Yr
tl_t-+r+s-l ' 2

{r+y}

v'r vD-(i * i *")

uo Yljle[j +s'

\/
,t7-(T *

ll+.r)

Y.
l1

nJ
Yâ\
-ã *,)

dy. (2. 3 )

t1+ dy

\)

rr-!
a -vr'tr' /--:

2'1\ 2

.tt,2
v^ Y^+r+s)r(j + j)

we have

Y.t\+ --; +5J
¿

V.
ILt--\ â

1¡\r,+j
+r)

+r+S;

uz
+-

2

ut, * tt22
,2

+-
2

+f,
.vrrl *

¿

err(-r ,42,b1,x)

Va V^
-tL¿z!''\-ã * -ã *r,

_ 1\r,+r+s; 1- ã).

f(aa+n) f(ar+n)

: -lqrq
:^ r(b-+n)N=U I

'qr
ul- Yr ul uz

-* Z+r+s; Z*i

Vô Y- Y^¿L¿+-+-+-222

ul 'z Yt \z
-:r--=r---=¿-2222

+r+s )

Since

Þa 'lr

It

n
X
;i- ,

_v,r- -)c

Rea>

argz<

>0

Yt
+-+

2
I-ã +r+s;



rlf +
2

¿

2
+r+n)t(+. ! *"*"*r,lrf) - e2 Yl YD--=+-+--:^^

fB.

+r+s )
æ

I
n=0 v..1

r(j +
¿

--a
vr Y. v. v^+")r(j+j+r+s)r{j+É Yr Y^

L'*n*-d

V^ Y. Y^¿L¿

-+-+_222

+r+s+n )

v,il(t- -lL' 
"!

in equation (e.S). Thus

g(v) = e

vr Yr v^ Y^r(Ë* j+r+s)r{}*i)

v.r +r-1 vl
Ltf\

_f _ -LFì2 ' 2 '''

er]+", +"r\*",\l
v.l vô vr y,

t(Ë * j +r+n)t(j + j +r+s+n)

t2 2t

I'r*'el-\ 2 /

we obtain

gH
¡l ê IXI

rS

@

x
n=0

v_ u^
rr!+3^¿̂¿

v,D

v'ì \o+r)r(j + j +r+s)

0 < l¡' < c.

*<*, 1et

V_

r(j + +r+s+n)

For region (ii) vith c <

- w(x-r) vt
u_-V--.-7----*1 r (v-x) v,

3r. = w(w-t) vt
âx (*-*)2 uz

t2 )t
I'i*'ãl/ \ -\ z l--g(w:y) = e 

::

'r--: *f-I¿ .cv.'v tîj

Éf iÉi

+s-l ,ul_(- +,D
t1+y j

vl c I VT

-r aBLn + r,
Vo Yr \D
ilBli +s, Él

v^ ,\t Yz
3 +r) -(-ã * T +")

tL+ -ij

Yf
2

cv
2'\,/'



Fî-,?I-l 2 I--
C LL

rS

7C
t àt t'lt
I'r I l'z\IzJ \zd

C =!

Yl
*" -(j +s+1)

v

tr
2

z
I-'2

Yf
¿

Y1

T*"

-r -L-ts1- *r.
a

lo

dy.

\)-1

---a

Again the marginal

over y.

Now

v1
-tL+r+c_ | _t 

-tl+yj

V^ Y. Y^jfelj +", j)
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To facilitate computations r^re nov vant to cast this in the

form of an incompfete Beta d.istribution. To d.o this, the foltoving

transformation is mad-e:
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In order to d.o significance tests, it is necessary to construct

tables of wO such that C(vO) = 1- c. lr' may fal-l in either of

the tr,¡o regions 0 <v < corc <v < æ. If vO fal-ls inthe second

region, the integral over the entire first region must be obtained.;

i.e., the integral- is from 0 to c. In this case, the Beta function

in (2.)+) is complete and. may be r¡ritten

r() *")r(n+r)

r(j +r+n+r)
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III Approximate

3 . l- f nt ro duct ion

Distribution

The calculation of ir. for various d-egrees of freedom requires

a large amount of computer time l¡hen the exact distribution is

considered-. fn order to get a tabl-e of val-ues of vO, an approxi-

mation to the exact d.istribution is need.ed..

Patnaik (f9\9) found. that a non-centrat F d.istribution can be

approximated- by a central F distribution by the following refation:

/ -11 r rrr[u; vr, \2, il = f r{f; .]_, u2)

vhere
ô

^a! ¿\
J t_ II _Lt

\ur * 7J*1 I 2',
, L_ ¡

I ^ l-il\)+2-i
zt

and l- 
-It-

t2tI t-lI _Lt

\ur * 7/
ul

The ratio of two non-centraJ- F distributions can then be found by

consid.ering the ratio of two such approximations. As for the

exact d.istribution, the non-central- F variates are independ.ent

and the joint distribution is just the product of the tvo pro-

bability d-ensity fi:¡ctions. And again transformations are made

over the areas 0 < v < c and- c < r^/ 4 -, to obtain the joint d.is-

tribution of v and, y. Integration is then performed. over y and

the marginal d-istribution of w is found. Using methods similar

to those discussed. in Section 2.2, the d.istribution function is
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obtained for the

3.2 Derivation

approximate distribution.

Distribution

A non-central F may be approximated by a function of a centraf

F. [See Patnait (f9]+9) for a more detai1e¿ discussion of the

approximation. ]

d-enotes non-centrality, then

and

of the Ae Approximate D:
-.åÜq

ere

\

"21

I

a- V^rtj+ S)
â'r vD

r(Ë)r(i) tr-*u2

,Zu-)I'

a_
1

,*t , 2(¡ u.,)
2e(rr )

where

t- -A1 -

Similarfy,

ü^tu
a

t1
l_

L

^l
(r+

tl

¿
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The fol-l-owing transforrnation is mad.e in ord.er to cast this

the forur of an incomplete Beta distribution. Let
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IV Computer Methods

)+. f fntroduction

fn this chapter flowcharts and prograJns are given for the

d.etermination of vo in both the exact d.istribution and the appro-

ximate distribution. There are tvo progra^rns for each casee one

r¿hich calcu-lates the contribution to c(wo) from the region o < w < c

and a second. vhich cal-culates the contribution from the region

c < r,r < @. Usually wO lies in the second region and so the

iterative proced-ure to find vO is most ofben required in this

region.

The recursive relationships used. in the programs in ord.er

to reduce computer time and space are discussed in Section )+.2.

t^4.2 Recursive nufa!.i-o""iriæ-

fn order to cal-cul-ate val_ues of wO for the ratio of the

non-central- F distribution, integrals must be found. for values of

s and. n. To cut d.own on computer time and_ storage space, recursive

relationships are used. to minimize the ni¡mber of call_s to the

subroutine DLGAM and to el-iminate entirely the need. for a subroutine

for integration.

The integrals needed may be thought of as a matrix of Íntegrals

with ind.ices (., s). The first entry in the t'matrix" is cafculated.

by integration. Subsequent entries in the colimn are obtained.



3)+.

through the use

of Mathematical-

f (a+1, b)
X

of a reeursive rel-ationship for-rnd. in

Functions , p. 9)+)+ (equation 26., .L6)

- t -\ f(a+b) a,- ,b= t*f a,b) - ï5.i1ltÐ- x-(l-x)-

the Handbook

(4.2.r)

where

8..(a,b )Ãtt4hl=_¿x\ q, v,, - B(arb )

and. B*(a,b) is an incompl-ete Beta distribution and. B(a,b) is a complete

Beta d.ístribution. Therefore,

B*(a+I,b)f(a+b+t) 
_ u*(a,b)r(a+b) I(a+b)*"(r_*)b@=--t5¡1¡;-

A more convenient form is

In each column, the first two elements are saved. until that

colrrmn is compJ-ete. Other values are used as soon as they are

created. and. then replaced. by the next val-ue. when the col-umn is

compl-ete, the first tvo el-ements are used. in a.second recursive

relationship to generate the first element in the next col-unn.

This vafue and the next one created are then the two vafues kept

to obtain the initial va]ue in the next cof.umn. The relationship

is again taken from the Hand.book of MaI,he¡qatical Functions, p.9)+)+

(equation 26.r.ß)

(a+¡)r (a.b) = ar (a+1. ¡) + ¡l (a. b+f)X' X' --X'-> - -t

B_(a,b ) ¡__(a*1 , b ) ¡e (a, b+t )/o¿r-\ I 
-.- 

- x'-'' - -'
o1a,b) * B(a+t_, b) B(a, b+1)



OR

2tr

(a+b)r(a+b)e*(a,b) a(a+b)r(a+b)B*(¿+1, b) ¡(a+b)r(a+b)r"(a, b+l_)w-w=w
B*(a, b) - Bx(a+f: b) = B"(a, b+t). (\.2.2)

fn this way, a large "matrj-x" of integrals can be found and only

three variable spaces are need.ed. to store it.

A further saving in tine is obtained. by rhsing recursive

relationships in the calculation of garnma functions. The DLGAM

subroutine which eval-uates these functions o returns the answer in

log form. When these functions appear in D0 loops, the number of

calls to the subroutine for each function can be red.uced. to one

by naking the call outsid.e the D0 loop, using a parameter one

less than that desired. for cafcuation and. a statement of the form

DL = DL + DLøG(PATAMETER + S + n - r-.)

(rùere DL is the 1og value originally returned by DLGAM) insid.e the

loop. When the loop has been satisfied., the log garnma fr¡nction is

s6mFlete and. it is antil-ogged. outsid.e the toop.
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PARTI

000 I
0J02
000 3
0c04
000 5
COJó
000 7

00 14
00t5
0 016
0017

COIB
0019
002 0
0c21

- 38.

FORTRÂN tV G LEVEL ¿L i4,A I N DATE = 73330 L2/Oti/17

c
I

C PR{IGR¡14 CALCiJL^IIS TFE PiIRI CF G(}'') fN IìEGIOI'I ONE, USING THE EXACT
C i]ISTRIsUTICI'I OF TI-É RÂTIO CF I,¡ûN-CENTiìAL F DISTRIBIJTICNS
c
c

S I Ci'l U I r U2 r TAt. I r T AU2¡ GAI"JMAI r GÂi1 l'142 r C0NST
S I Jl',J DE X p r C C I ' C C2 , DC3 ¡ DClr r l-JC 5 r'JC6 r DC 7 r DC B r DC9
SICN IR I DSIRI S I I]GI ICT-ì2I DG3, DG4,DG
SICN DLCG,R5N,R5S
SICN TLC'CGIGi4 Ii.IG
SICN -IAIJOITAI,T,TAU

S ICN llS ( 3é 
' 

3ó )

c
C RE^D IN tirji'lBER UF TFR¡/S IN Il\FINITE SUMSr DEGREES OF FREEDOMT
C ANI) I']CIi-CEIJTRALITY P,ÀfìAMETEiìS
c

coo B R EAU ( 5 , ICO ) rt I L I K I U I r U2 
' 

G 
^lrllv 

A I 
' 

GÂ¡,, yAZ 
' 

TAUC' TAUT
0009 I00 FLIRMÂT ( 3I3,6D4.Ol
0c l0 WR I TE ( 6,2L,O } IJ1,U2,GAPVAI IGÂ14 IVA2, TAUO, TAUT
0011 20C FtJiìi¿^T(rltr'PA!ìAMEIERS ARErr2Xr3(Dl6.BrrrrrD16.8'5Xl)
001 2 l,{RITE (6?2O5 )lvrLrK
0013 2C5 FOfìl''i¡\T( t0r rtM=t r2Xt12¡2Xrr L=| r2X¡lZt?Xr IK=r ¡ZXtl3l

T¡U=TAUO+ïAUT
U=lL / 2. +L2/ 2.
G AMl"1 A =G Â l.'i'l4 L / 2. +G Air,l¡ AZ / 2 "
C = ( CÂfcl'lAl,ill2 I / ( U 1 *GAM¡vA2 l

c
c
C EVALUATE CC NSTANT TERIVS
cc-'

CALL DLGAV(GAI.1qA2 /2.+LZ7Z.,DCI, IER)
CALL DLGAi.III'2/2. ¡DCZI IER)
cÂt_L DLGiliv(GAt1i.,A2 /2. tCC3 r IER)
COf',l ST=DC L-DCZ-ÐC3 /

c
c
C CALCULATE fHE R, S TERMS
c
c

oo22
oo23
oo24
cc25
J126
oo21
0028
0029
003 c
0c3I
0032
0033
0c3 4
0c3 5
003 é
0037 I RS( IR 'I S) =DEXP(RSSI

c

DCUt]L E PREC
DIJUi]L E PREC
DCUi}LÉ J'P.EC
riorJ't[_E ptìEc
l)(-.rrJiil-E PREC
DCIJSLE PREC
DOI.I BLE PIìEC

M l= i.l+ I
L 1=L+ L

K 1=K+ I
R SN=C.
DO 1 ¡¡=l¡Ml
R = I R- I
DC6=R*DLOG ( ïAUOI
C-ALL DLGA¡4(R+I.,DR, TERI
DC I IS=lrLl
S=IS-I
DCB=S*DLCG(TAUTI
CÂLL ÛLGAI.4 (S+1.,DS, IER)' CÂLL DLGAM(GAI"ilAL/2.+CAyMÁZ/2.+5rDC5,IERI
CALL CLGAIV(GAIJI"1 AI /2.+5IDC7r IERf
R S S=CCN S T+ DC 6-DR+ DC B-DS+CC5-DC7

t



MAIN

l'

C EVALLATE TFE TERPS II\ R,S,N

?o. )1.
DÂTE = 73330FO,ì,TRAN IV G L EVEL 2L

c
c

0ù38
0039
c04 0
C0 /r 1

oo4 2
oo43
OO t+ lt
CAlt 5
0046
oc47
004 B

c049
0050
0051
oo52
c053
oo54
0055
c05ó
005 7

L?/08/ t7

Gh=t.00
D0 2C ¡¡¡=l¡Ml
R=IR-1
ì{G=C. DC
D0 1l lS=lrLI
GC=0.00
S=fS-1
DLC=C.D0
DG=0.
CAL!_ CLCAIJ(UL/2.+L2/¿.+R-I.,DGL, IER)
CAL L DLG¡\"1 lt.ll/ 2. +GAi,4¡1 AL /2.+P. +S- L. ¡ÐG2r IER )

C AL L DLGA:4 ( ,JL / ?-.+t:2 /2-. +:4.1f',14 L/ 2. +GAr.li'tÂ2,/ 2.+R +5-1. , DG3 r IER I
cALL tLûA'.1 (UL/]..+rì¡DÇz1 r tEfì)
DC 22 ¡¡=l¡Kl
lr=Il'l-2
DGI=CG I + iLOG IU L / 2..1L2 / 2. +R+N I

DG2=DG2+¡L|lc ( iJL / 2. +GAMvA L / 2, +R+S+N I
DG I = DC3 l DL 03 ( U L / 2 . +U2 / 2. { G Alc i',1 t | / 2 . + G 

^t4i.1 
A2 / 2. +R+S+N )

DG4=Uô,i +Dr*rJG IUL / 2. +R +N* l. )

DC= DC l+ ilC2-Dc3-DG4
CD58 22 DLC=DLC+DEXP(DGl
c059 GG=DFXP ( -ïAU l*RS( IR r I Sl +Dt-C
0ù60 ll ¡43=i.',1ÇrGG

c
C SU14 TEtìl'iS TO GET FINAL VALUE 0F G(1^lt It',1 Tl-lE FIRST REGICN
c

0061 Gh= r,.tG+Gh

oc62 20 -. cc\trINUE

c cHEcK IF G(Wl <.95 0R >.95
c

0c6 3 934 CCNÍ I NUE
IF(Ch.LE.C.95l.ANC.Gr^r.GE.0.9491 GO TO 930
I F ( Glt.LT.0 .9/+91 GtTO 932
t¡jC=(.ç9)'*C
Gh=h0,/C*G|,l
GO TO 934

c
C WRITE TI.iE VÂLUÉ CF G('^I) FTR THE FIRST REGION
c

0069 93O lìlRtTE(ó'931¡'.i0
0070 931 Fr.lRr"li\T( '0' r TVALIJE OF tJO FCR G('$l) = .95 lSt,FE.4l t
c07t G0 TO 950
O,J72 g32 WRITE(6'933) Gl^l 1

0073 933 Fl'llì14ÂT(t0r,rC0NTRISUTICr\ TC G(ì^1, FRCM FIRST REGIO¡'l lSrr5XtD16.8l
0074 950 CCI\TI NUE
oo75 sTof)
0076 END

c0ó 4
00ó 5
00ó 6
006 7
c068
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CALCULATE

r-- --

>lr--
--+l iY

{.
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PART2

co23
oo24
oo25
oo26

oo27
c02 B

oo29
0030
003 I
003 2
003 3
0034
003 5
003 6
003 7

FORTRAN IV G LEVËL 2T

000 I
000 2
000 3

0004
000 5

000 6
0007
000 B

00t9
0010

oc l7
c0 t B

0 019
002 0
cczl
0,i22

00t I
0012 100 Fcilv,{Tl313,óD4.01
0013 r,JR I TE ( ó , 200 IúI tLz rG ê¡,y l1 [, (: At4 | A2 ¡ I AUC , lÂUI
00¡-4 2oc FORl'1,AT( rlrrlí)aRA¡iETEfìS AREt ¡2x,3(Dl6.BrrrtrD16.3r5X)l
001 5 rrRITEl6rzCl)lvrLrK
C0Ló 201 FORTVAT(r0rrriy'=rr|ztZXrrl=r¡I2¡2XrrK=rrl3)

a"
c
c PRuctìAi'4 c,ALcuLATEs I FF PÁPT cF c(',{l IN REGIoN tr{or USING rHEC FX^CT DISTIìIßUTiCI.,I f]F TI"IE RATIO fJF NC\-CENTRAL F DISTRIBUTIONS
c
('

DÛI,JBLE PIìi:C I SION DL F 126¡ 5OI I I MREC (2I
D0LluLE Plì[Cl SICt] CLL rTIt\T
DCtJEl_F pp.EC I 5lt¡j 

^^ 
rLì3,Cr,J

{)0tJu l- Ê pi{Êc I s I cfr iJL ttJ2, T Atj I I f AUz r GAr i\iAl , GAtì ì.tÂ2 r coNS T
DctJti L E PÍìEC I S I,ll'¡ cE xP' t cL t ECz t cci tDc4' Dc5 ¡DC6r Dc7,DcB, Dc9
DOIJBLi: PRECI SlCl' DR rDSrSrRrN
DCIJßI-E PRÈCISIIN D8
D0i.JBLF pRaCISI0tl t)L0G,(r\1,{ìSQ, DLC
fiCiiBLE PREC IS ICI'J GrrJ, DL rDLl rDL2,DL3, DL4
DOIJSLE PRECI S I'Iì TAUO 

' 
T AL: T, TIXi-I I U,3A¡] i4Â r I.JGTGG,REC,ÁB

c
C READ IN NiJ14BER OF TERIVS TT\ INFINI.TE SU14S, DEGREES oF FREEDoM,
C AND hJCN-CENTIìAL I TY PARAMETERS
I

fì EAD ( 5 , 1 C0 ) ta , L , K r U I r U2 , GAtl¡{A 1 r GAM t1A2 , TÂUO ,TÂUf

Tlt-=Tir'J0+TAUT
(-,AMM¡= ( GA¡Ì"1 ¡\I+CAtlt'tA2I /2.
tJ=(tJ|+uzl/2.
c={ GÂinþtALtt\)z ) /( t, 1+G^Mr¡Â2)
.,JO= 5. 5

-. Pi=.5CrlCCLì ùuD0
C

c
C CALCIJLATE TEfIVS UP Tt] TI..E INTEGRÄL
C EVALUATE CCNSTAI\T IERMS
c
c

C^LL DLGAv(GAfvM^2 /2.+L2/2. ¡DCl' IER)
CALL DLCAV,(U2/ 2. IDC2I IER }
CALL DLGAV( GAV.I|A2/2. IDC3I IERI
C0NST=DC I-CC2-DC3

c
c
C CBTAIN MATRIX DLIV(IS,IN}
c
c

M l=M+l
L-l=L+1
K1=K+I
caLL DLGA¡1 (GAl"!'tA1/2.-L. rCCgr I ERI
D0 I IS=IrLl
S=IS-l
DC8=S*DLCG{ IAUT I
DC9=DC9+DL0G ( c â'{14 AL / 2.+S- l. I
CALL DLGAY( S+I. ID.SI IER)
CÁLL CLGAv(GAMVA+5- i. IDLl, IER)
D0 I IN=1rKl

)+z 
"

14A IN CATE = 73330 t2/32/ 23



l^

FNR ÏRAI.I IV G LEVEL 2L

003 I
0c39
0040
co.4l
oo4 2
oo4 3
o044
oo45
0046
OO/+7
0048
0c49
0J5 0
0c51
oo52
c053
005 4

005 6
005 7
005 B

MAIN CATE = 73330 LZ/32/ 23

fi=IN-1
Ctr= I \-l
C,ALL DLG Ai.1( l.J-I. IDC5, I ER }

cALL CtcÂ^4 luL/2.-1. r0C4,IER)
iIL I =DL I+DLÍ]G ( GAYI., A+S+N-1, I
c A L L fl LG At4 ( U L / 2. + 3^ i/ iÁ, AL / 2. + S +^t- I . rD L 2 r I ER I
CALL DLGÄI¡(IJ+CÄI'¡I¡A+S+N-]..,D13 I I ERI
CÄLL DLGA}1(CN+I. IDOI fERI
UL-U.LU
DO 2 ¡p=1,i4 I
tì=IR-I
D C5=DC5+ Dl_0G ( tJ+R- l. I
DC/+=CClt+DLCG ( t.tL / 2,+R- 1. I
DL2=DL2 r DL:JG l\JL/ 2. +G^vt'1,À L /2. + S+N +R-1. ¡
t)L l=D L3+ DL C G ( u+G /1t'11"1 

^ 
+ S +N+R- l- l

llC6=R*DLûG ( Ti1 U0 )

c/rLL DLC/1¡1( R+1. rDRr IErìl
005 5 2 l)L= DL + D E,Xi) ( fì L 2+t) C é+ DC 5-DL3-D R-DC4l

c059

DLC=DL I+CCNS f- ( DC9+DS +D8 I
rlL,4( lSr iN)=DEXP( DLC l+DLtl-IEXP(0CBl

I Cir\T INUE
c
c
C PCRTIC..I OF DISTRI3UTICN TI-ÂT'¡ILL CH/\NGE I4HEN I"IO IS CHANGED
c
c

Ct'l=1.C-C/\.lO
c
c
C F I\D INTEGfIAL VALUES AND IVUL-TIPLY BY GAI4MA ÍERUS
Cc'

0060 901 Gh=C.DO
3B=GAi4r'441/2.
K I=K+ L /
Ll=L+I

c
C F TNC TI.E FIRST INTEGR/\L DIRECTLY,c

T{lrT= ( 1. 0- ( l. O-Ch )':+ts8} /BB
À1REC ( 1) =T I NT
Gt^l=G!i+DL 

"l { I I I I +TI lrT
D0 4 IS=IrLI
S=IS-l
33=Ç1\t',lt'141/2. +S
ilc 7 IN=2rKI i

Ç

C I- IN¡D INTESRAL FCR NEXT VALUE IN COLUMN
c

N= I N-l
¡\A=N
A8=AA+BB
REC= (AA*DLUG ( Ct,t ! +UB*DLOG ( I.O-Cl,.l ) ¡ -DL0G( AB )
R EC=DEXP (;ìEC I

TINT=Á/ì+TINT/Au-REC
IF( It\. Ec.2) I4REC (2 )=TINI

c
C MULTIPLY II'¡TEGP"ôL I]Y GAI.'il4 TER[¡S IN S'N

0061
0062
00ó 3

00é4
00ó5
00ó6
oo67
006 I
0069
00 70

c07I
oa7 2
0073
oo7 4
col 5
0076
0077



)+)+.

ponrnÀru rv ò lÈvÈl zL ' M^rN - 
óare = ttlzc -- - 

tztzi-tzz
c

COTB GII=Gh+DL|/( IS, IN)+TINT
cc79 7 COiITINTJE
OOBO IF(IS+]..GT.LI} GC TO 4

c
C I.IOVE TC NEXT COLUYN
c

008 I l"ltì.[C ( I I = rlrìEC ( I ) -MRE C ( 2l
COBZ TINT=fa,ì,FC(l)
C033 Gh=Gh+DLf'¿( IS,l,r.TINT
COB4 4 CCI\TINIJE
0CB5 Gh=Gh+DEXP( -TAU )

c
C ADD P¡RT CF G(\') FRCV FIRST RECTC\I TC TI-IAT FRC¡4 TIIE SECCND
c

C036 Gh=Gl.l+Pl
CC37 dRI f E l6r9'J4 ) Grrl ,l.l0
OCBB 9Ott FORVil-t(t0trrVALUE CF G(h) ISTTDIó.3r2XrrFtlP. !¡'l0=rrF8.4¡
0CB9 I F( Ctr.cE.0 .9i99 ) GC T0 555

c
C CHECK TO SEF TF VALUE OF Gh IS AS REGIJIRED
C tF IT IS' i^JRIIE V/1 LUE CF 140 AND (lC 0N T0 NEr^f PARiIT4ETERS
c

0090 IF(Gli.LE.1.95l.¡1ND.C|i.6E.0..949) G0 TO 902
009L IF(Gh.GT.C.9rL' GC TC 9C0

c
C IF G.ll IS TO0 STTALLT INCREÄSE Cl{

,c
cvi=ch+ ( ( . 95-G14 ) /.95*Ch)
I F ( Cr.,J .C 8.1.0 ) Ch= C. e999

" t"lO=C/(L.0-CHl
GC T0 901

c
C IF G|' IS TOO L,^RGE, DECREÁSE Cl.l
c

0096 90C Ct't=Ch-((C,,t-.951/.95*CW)
c097 wt--c/(I.0-cw,
c09B GC TC 90t
occi9 902 h.RITE(6r903)wO
0100 903 FCIìf4ÂT('ùT"VALUE CF 1,J0 FCR G(l.l)=.95lSrrFB.4,
010 I 555 SïCP
0102 ENt)

QOe2
co93
oo94
009 5

l
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CENT
FOR TRAI.¡ IV G L

c
c

000 1

0002
000 3

c004

I-
EVEL 2L

)tz

HÃrN- 
"-' -cÁiE ; tù3ô ^tàtj;tos

c
c
C PÈCIGR¡M CÂi-C:JLATES TFE P¡RT OF G(bTI TN REGIGs.I O,\¡E OR FINDS HOC IF G(h) IS GREÂTER fI.AN I-ALPI'Â, USI¡JG Ai{ APÐROXII.IAfICN FOR THEC RATI0 OF NCt\-CENTtAL F DISTRIðUTfCNS

DOUBLE PRECiSION U2,GAUI'/A2,CCNST,AI,A2
DOr.JßLE pREcl sl0N cLcc,Dc1,cc 2tcc3¡CC.irDC5rDC6
D0'JilLE PRÊC ISICN CL I, DL2rDL3 r DL4rDEXP,DLrGtl
i)(.rtJBt-E piìECISICN CN (501) rCtt¡ÁÂr!g ¡ABTTINTTRECTe\¡

c
C IìEAD JI,I TI.E NU14BER OF TERI,'5 IN INFTNITE SUI'4 IDEGRÊES CF FREEDCM,
C AI\D INf TI.AL VALUE FCR '/C('

C005 RE/1 D(5r101)K
0006 l0I FORiIAT(t3t
00c7 ì^TRITE(6,205)K
0c08 205 f-oi(þ: AT( rlr, rK=r t2Xtl3l
0009 901 RËAU(5,I0CrEi,lD=9CCl ÂlrUZrÁ2rGAFt'rÂZrWO
0010 ICC FOR^1 AT( 1Di, C,D5.2t
001 1. :,JR I TE l6 t zCO) Al, tjz I A2 rGAìrV, A2
00t2 2OO FORMAÌ('C.'r r^i=r tF5.Lt2X¡tl)2=t ¡F5.lrZXt.A2=. tF5.lr2XrrGAla¡,142=rrXF5.I'

c
c
C C^LCULATE ccNsTAI{TS
c
c

00 t3
oot4
001 5

OCIó
0017
c0lB
c019
002 0

c
c
C CÁLCULATE TERI.IS INVOLVING N
c
c

002 1

oo22
o023
oo24
coz5
0026
o027
cc2 B

0029
003 0
003 I
OO32 25 DL=DL+DExP(DL1+DL2-EL3-DLAl

c
C CtsTA TN F INAL VALUE FOR GI,{
c

K 1=K+ 1
C = (. A 2 *t,!2-,! / (. l\ \*C ¡f.i ¡4 4 2 !
CALL DLG,1 1(A2/2.+GAYMA2!2. ¡DCII TERT
cALL DLGAM (U2 / 2. +GAttt4A2/ 2. rDCzr IERI
C,1 LL DLGÂ!41U2/2. rCC3r IERt
CALL DLGA:.11A2/2. çDC4I IERI
cÂLL DLCÁl{(GAMt4A2 /2.rDC5r IERI
CCNS T=DC2-DC3-DC4-DC5

cALt_ DLGÂt4lA:-/2.+L2 /2.-1. rDL I, IER )
CALL DLGAMI AL/ 2.+ A2/2.-I. r DL2, I ER }
CA L L DLGÄt4 I AL / 2. +L? / 2. + AZ / 2. + G 

^l4ttAZ 
/ 2.- l. rDL 3, I ER t ..

CALL DLGAMIAL/z.¡DL4IIERI }
I)L=C.DO
D-O 25 Ilr=IrKl
N=IN-L
DLI=DLl+DLOG ( AL/2.+L2/2.+N-1. I
DL2=DL2+DLOG I AL/ 2.+ Ã2 / 2. +N-I. I
D L3 = D L 3+DLCC I AL / 2. + L2 / 2.+ A2/ 2. +G AMl4A2./2. +N-1. 1 .... .
DL+=DL4+DL0G ( Al/2.+N)

0033 Gh=DEXP( CCNSI ) +DEXP ( DCI I *EL



" )+8.

FCRTR,AN IV G LEVEL 2L 14ÂTN DATE = 73330 L2 /35 / 05

c
C IF VôLUE OF Gh' FCR FIRST REGICI'{ IS GiiEIITER TI-AN 1-ÁLPHÂ, FIND
C ii0 SUCÌI TIIAT GI.I IS APPRCX. 1_¡LPHA
c

0034 IF(Gh.GT.C.95l) GC TC BBB
c
C PRINT CCNIRIT3LJTICN 10 cl,rl Ë.RCH TFE FIRSI REGICN
c

cc35 !^/RITE(ó,300IGtt
0036 300 FOiìi'l 

^T(r0'TTVALUE 
0F G'r^t FOR 0<,,.J<C lSrrDL6.Bl0037 Gn TC 901

c
c
C If- !,,10 fS LESS TIIAN C, TI-IS PÊRI OF THE PROGRAS'I IS USEO

OO38 839 CCNT I ¡(UE
OO39 CALL CLGAM( AT/2. IDC6I IER }
0040 CCNS T=CCNST-DC6

c
t^'
C CALCULATE TEfìMS INVCLVII!G N ( INCLUDING lNTEGRALI
c
c

0041 cALt_ cLG AytAL/2.+t2/2.-1.¡DLt,IER'
AO42 CALL DLGAtl( AL/2.+AZ/2.-I. rDL2, IERt
00¿r3 caLL DLcAt4 lt\I/2.+UZ/2.+A2/2.+GAìt,t4,.212.-L. r0L3r tERl
OO44 DL=C.D0
OO45 D0 2ô ¡¡=[¡Kl' 004ó N=IN-I
0047 GN=IN-I
0û+8 DLi=t-LL+DLLIGr,^Li2.+LZIZ.+N-l.i
0049 tJL2=DL2+DLOc ( A L/ 2.+ A2/2". +N-1. ¡
0O5C DL3=DL3+DLrlG (AL/2.+A2/2.+l?lZ.+GAilM 

^Z/2.+N-1.t0051 CALL CLG/1 i.4(c\l+l.rDGrIERl
OO52 DL=DL2+DL¿-DL3-DQ
0053 26 DN(IN)=DEXP(DLt

c
c
C PCRTICN CF DISTRIBU-fICN THAT vIILL CHANGE 

',/HEN 
/rlC IS CHANGED.c

c
OO54 CH=hO./C
0055 902 AA=AL/Z"
OC56 Gw=C. DO
oo57 II NT=Cw*+AA,/AÂ ;C05B Gh=Gh+D\ { I i *I II.|T
0C59 DC 30 IN=ZrKI jC060 BB= IN-l
C06I Â8=ÁÂ+38
CO52 REC=(ÄA+DLOG(Ci.,Jt+Bß+DLOc(t.O-Crlrtt-DLOG(ABl
00ó3 REC=DEXP ( REC )

0064 TINT=ÂÂ+TINT/AB_REC
00ó5 30 Gh-Gh+IINT*DN( fN)
0C66 Gh=Gh+CCl\ST

c
C CFECK TO SEE IF VALUE CF GI.J IS AS REQUIRED
C I F IT I S I I"JRITE VALUE CF hO ANO GO ON Tù NEI'J PARAMETERS

c
c



- 
)ro

roni¡rai.¡ iv 
"C

0067
c06 B

0c69
0070
007 t
ca7 2

co7 3
00 74
0075
oo7 6
oo7 7

c0 7 B
cc 79
0080

LEVEL

c

2L MAIN L2135 / 05DÂTE = ?333C

G0 TC 301

c
c
c

I F ( Gh.G E.C "9'19. ÂND, CÌ^t. LE. C.951!
I F ( Sr.i.cT . c.951) Gc TO 302

IF GW IS TCO S¡{ALLI II\CRE¡SE C./l

Ch=Ch+( ( .t5-Gh) / .95*Cvit
I F ( Ch .c 8.I.0 ) CH= C.9999
'.'l0 = C+ Ct^J

GC TC 902

IF GÌ^I I S TCC LÂRGEI DECREÁSE CW

CZ Ct¡=Ch- ( ( Gvr-. S5l / .95*6¡¡
¡.¡g=f,+f,trl
GO TC 9C2

30t t{RITE 16t997 } ÂIr L2, AZTGAl\/pA2r.¡c
991 F0R^.,1 AT ( tCl r I VALUE CF hC FCR Al= | r F5.Lt2Xt

XF5.l t2Xtt GAIi,lÂ2=r rF5. Lt2X1r lSrrDt6.g)
GC TC gCI

9OO S TOP
ENt)

c
c
c

ttJz-.,F5.1 t2xt. A2=. ¡
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CENT2
t---;

.1-- ---
-30
lN = 2,Kl

AND

\cu-í--su
i YESr-Ï

I

r-lz----
l*olIJa-r'

,\V
30

ì;

CALCULATE

CONSTANTS

INNASTOREIN



CENT2
FORTRAIi IV G I-EVEL 2T

.5L.
HAIN cÂrr = zl¡ào Lz/3l/sz

c
I

C PRT16RA14 F Il"l ¡ìS THE vALUE cF tro SuCii T¡-r^T G{ H ) EItJALS l-ALpHAr US INGC AN 
^l)Plì0XI11,1 

IICI'J FOR Tl-E RATIC OF \lCN-CENTRAL DISTRIBUfICNS
c
c

OOCI DOUTJLE PRECISION II2,GÃI¿YA2ICCNSTIÂI
0002 DOUB LE PREC I S IONr 

^2, 
DLCG r tlEXÞ rDC t, DCZTDC3,DC4,DC5,DC6, DN( /r7ó) rpl0003 DOUBLE PREcIsIOli cLI'DL2tDL3 rDCrDLCrcNrÂATBBTAtITRECTTINT'G..lrcf.t

c
C READ Ji\¡ NiJ,"l BER OF TER¡/S II\ INFINITE SUMI DEGREES CF FREEDoM
C INITIÄL VALUE FCR hC ANI.J CCNTiìf iJUTIOf.¡ TO G(.,,II FRO¡4 THÊ.Ë.i.hsr
C REGICI\
c

c004 RtaD(5r999)K
c005 999 FORVAT(I3)
COOó 9Ol RF/lD ( 5 r IOO r END=90C) 

^ 
I ¡u2t A2r 6ApilA2rWO, pl. 

_

0c07 100 FcRyÁfl4D5.C,D5.2rDlI.B)
c
c
C CALCULATE CCNSTANTS
c
c

C00B K l=K+t
00C9 C= I A2*U2l / I AL+CAV rA2 )

0010 CAt.L DLGÂrr(AL/z.+lZ/2.rDClrlERt
001 I CALL CL CAiv ( (ìAi,'1i'i/r2 /2 . +¿2/ 2. ¡ DCZ, I ER I
OOT2 CALL DLGAi4(AL/2.,DC3IIER}
OO13 CALL TLCÂ¡l (IJ2/2.,CC4,IERI
0ot4 caLL DLGA'4(A2/2.,DC5,IFRl
C015 CALL DLGêiv(G¡\M:'1Â2 /2. ICCS, IERt
C0l6 .. CCNSl=C,C2-DC3-CC.A-CC5-DC6
0017 C0NSI=DEXP(CC\Sl )'rÍ)EXP('DCll.

c
c
C CÁLCULAIE TERI',IS Ií.IVOLVING N AND SfORE IN I.tÂTRTX DN
c
c

OOI B C ALL DLGAM ( A2/ 2. +GAI¿NA2/ 2 .-T " I DL I I T EP, I
C019 CALL il-CA;,1lAL/2.+A2/2.-1. rD12,IEiì)- 0020 cALL DLG¡1'.,1( AL/2.+A2/2.+L2/ 2. +GAMMAz /2.-L. rDL3r IERI
002 I DLC=C.D0

.0022 DC 25 [N=lrKI
OOZ3 N= I N-l
OO24 Ql'r= I N- t
oc25 DLI=DLÌ+DLOG( A2/2.+C,1¡/irA2/2.+N-L.l l
0026 DL2=DL2+DLCG IAL/2.+A2/2.+N-t, I
oo27 DL3=f L3+DL0GIAL/2.+^2/2.+L2/2.+GAr.\i¡A2l2.+N-1.' :

0028 C^LL DL,;A|-,(CN+l.rDQrIER)
OO29 CLC=DLI+DL2-DL3-DC
CC30 25 DN ( I ¡,i) =DEX P( ilLC )

c
c
C PCRTICN CF DISTRIBUTICñ Tt-AT '¡lLL CilA:"lGE tJHEN i.,O IS CHANGED
c
c

CO3 I Ch=1.0-Cl''{O
OC32 902 P'8,=A2/2"



FORTíìAN

003 3
o034
003 5
003 6
003 7
o03B
0039
c04 0
004 t

oo+2
o043

IV G LEVEL 2I
\)

i4AIN DÀTE = ?3330 LZ/37/52
Gh=C.C0
T INT= ( I . 0- ( l. O-ch lr.;r¡r ¡ ¡ rtu
Gh=G,¡+DN(Il*TINT
DO 3O IÀ=2rKl
AA=lN-L
AB=AA+Ba
p. EC= ( ÂA+DLrtc ( C'.J ) + BB *DLCG ( l. O-Ct^J ) I -DLùû ( Aù t
R EC=DEXP ( REC ¡

TINT=AA*TINT,/Â3-REC

SU14 TI- E TER. 14S OF GI.,l

C Gh=Gh+IINI+DN( IN!
G¡J=Gh+CCl.JS

ADD ThE CC¡ÌTR ISUt ICN TO Gtr FRC14 Tt-E F IRST REGIOT\¡

Gh=G'v.l+P t

CHECK TC SEE IF Gh IS AS REQUIRED
IF IT IST ilP, ITE VALUE CF |nO AND GO ON TO NE'YI PÂRAIIIETERS

IF(Glr.CE.C "919.ANt.Ct,t.LE.C.95l) GO TO 301
IF(Gi.,t.GT.0.95t I GC T0 302

IF Gh IS L¡RGEIDECREASE Ch

Ch=C*+ ( ( .ç5-Gh l / .95*Ctd)
I F ( Cri.! E. l.O ) Ct'i= C.9999
h,C=C/( L0-CW ¡

G0 T0.r02c-.
c IF Gr.l IS T0o sr.lÁLL,tNCRE.ASE.Cl,t
c
3OZ ç¡=Çl.J-( (G:r-.951/.95+CWl

\4û=C/(I.0-Ct.Jl
GC fO 902

3ct NiìITE(ór997)AlrU2rA2rGAivruA2ryg
997 Fr-lRI4AT( r0rrrVALtJE 0F W0 FCR Ál=rrF5.lrZXttUZ=rrF5.ItZX¡tÁ l=t,F5,1

X t2Xr t GAltlivA2=. tF5.I¡2X¡ I ISr rDl6.B)
G0 TO 901

9OO S TOP
END

oo4 4

c
c
c
3

c
c
c

c
c
c
c

c
c

,c

c045
004 6

co47
004 B

0.o49
0050

0051
oo52
005 3

o054
0055

c056
c057
0058
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FoRrRAl'l IV G LEVEL 2l Dlc^r4 cÂr[ = 13330 Lz/35/o5

OCOI SIJBRCLTINE [)LGA¡4 ( XX , DLNG I IER I
, C IEIì = 0 YFAI'I S NC FIFOR

C IËR = -l ilEÂNS XX IS fCC NEAR ZERO
C IER = +1 1.1¡¡¡¡s ¡¡ IS TCO LARGE

OOO2 DOI,IBLE PF 5CI S IO¡J XX I 7.7. I TERM ' RLZ , DLNG , DLOG
0003 IER = O

0004 17 = XX
0c05 If-( xx - I.ODIo I 2 ç 2 r L()006 I IF( l.0D7C - XX ) 9 ¡ 9 r 8

C SEF IF XX IS NFAF ZERO CR NIEGAT IVE
0ct7zlFlXX-1.0D-913,3t4
C008 3 IER = -I
0009 DLI.JG=-1.0D75
0010 Go T0 l0

C XX IS.GT. ZERO /1f.¡0.1E.1.C0+10
Crlll 4 TER¡/ = 1.C00
0cl2 5 IF( z¿ - lB.Do ) é r é t 7
0'll3 ó TEPi'l = TERM + ¿7
0014 zz = zz + l.cDo
OOI5 GC TC 5

COIó 7 Rlz = l. CDO / 77-+*2
C0I7 DLNG= I 7Z -D.5D0 ) + DL0S( ZZI -72+O.91E9385332C46727-

I DL0G( TERr.1 ì + ( t.CDC / ZZ 
' 

* ( .8323333333333333D-l - ( RZz
2 4<l .2111771711711777'J-2 + I RZZ *( .193ê,5C753ó5079360-3 - (
3 RZz * I .5çt2i8A952=8C952D-3 )¡)¡)))

OOIB GC TC IO
C XX.GT. I.0U+lC AND.LT. l.CD+7C

0019 BDLNG = ZZ* ( DLCG( ZZ I - I.CDO I
0c2c Gc T0 lo

c xx .cE. l.0D+20
vV¿À , lËr\ - Yl
OO22 " 

DLNG = l.CD75 .
OO¿3 IO RFTURN
OO24 END
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V. Exampl-es

5.7 Comparing Sensitivity of EJ;periments

consider the exampl-e found in Bradl-ey and schunann (rg5Tb)

in which they compare the sensitivity of pasture yields to

irrigation.

Meaq Yield.s of Orchard. Grass and. Lad.ino Clover

in l-bs. /acg'e. undsr -Fg?til_izer Treatments

Treatment AB

No frrígation

Irrigatíon

É^ry 
^9ry)>t Jtf

903 583

\gg 6zt 6\z

Bsr Bs6 93L

T'6

rt_37

BBI+ )+q)+

13)+6 T3o

The analysis of the comparison of sensitivities is as fotl_ows:

Anal-ysis_of Vgl'_ian-cg for the Two Ferti_lj_zer Experiments

Source d.. f . Mean Square F

Ex¡reriment I - No Irrigation

1T Roo* | t v//

102, 10)+

f1, 5IT

8. 86

Replications

Treatments

Error

3

T

¿I

Experiment 2 -
Replicatíons 3

Treatments 7

Irrigation

93, r55

2ù+, )+62

?1 500J¿t ///

7.f0

Error



EF

1. -t,'_ = ö. ö6 f'o = T.1OL-
ul_ = Yl = 3.5 uZ = \Z = l-0.5

2. Î, = 3.5(8.86 - r) = 27.5

î - a .t, IO _ f) = 2f.)+,,2 J./\t.

^l1 - : (oz c, + ZI .l+) = ZI¡.)+,. 
2 \1t.)

3. H^:À-=À^=ÀU-l 2

H^: À_ I X^Al-2

)+. c! = .05

_ 8. 86

a_ d-.I2,ô6. i = i= (3. j + z\.\)'/(S.5 + )+B.B) = t_)+.9

T. Using the program devel-oped in)+.3, thu upper J/, point for
the approximate distribution was d.etermined.: wo(.or) = 2.6L.

B. Therefore, w j-s not significant when compared with wo(.0:)
.1nor is = That is, it does not appear that these experiments

differ much in senstivity to fertil-izer treatment effects.

,.2 Comparing. Regression Coefficients

Consíder an examFle constructed from data on water usage in

rural and. urban conmunities with variables

Xa = average monthly temperature (of)

X, = amount of prod.uction (in pounds)

X, = m.mber of plant operating days in the month

XU = nr.rmber of persons on the monthly plant payroll .
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For urban usage variabl_es *tr X2, X, and X4 are considered.

with B d-ata points . For rural usage variabl-es Xr_, 
", 

and X, are

consid-ered. with 9 data points. The analysis of the comparison of

regression coeffícients is as follows:

An+lysis of_Variance for Water Usa.gg

Source d-. f . Mean Square F

Regression

Deviation

Total

Urban

\ )+0f 65\.zjoo T .Bzt

3 51869. OOoo

7

Regression

Deviation

m^+ ^lfUU4A

3

5

B

Rural-

l-361)+0.5000 I. j6B

B6Bt3.j6z5

Yr c &-t

- 

Ð t-
n r\- /
¿L¿

ri-nfl r#l (.g>>zs2) /(t.o - . s>,z52)
Y^^â^^t Rtt-3 tr - p¿'\
2 ''2' 2 '- -'2' f$l (.6g6262)/(r. o - .6g6262)

1.
r ôn¡ ryL.O¿J-l \ ^^-^TW = +.yö(ö

u2

z=
,t_

2
¿.u

1.5

t-(r

t-(l

(z.o +

- nf lrz.o

- a?rl o.>

L.i)e1/o

r.5

Ir
_-L

-=2
^2L' P¡

L

^^¿^=uz

î_
.L

yo
L^

-=,\^ 

L'/

a

r.5) /L

2.r) /2., = .IT56+

^2, .\ ^0f / = -LJ.O4J



Ên

î2

3. HOt

HAt

),-._+. (.¿ -

5' lJ =

¿J-
V.

7

u?

2

= (1.) +

l ^

= 
(À- +

¿L

^^t¿
^=^"l- n2

22
u" t p^

!¿

.05

)+. gBZS

z-5)e3/Q-p3) =o.Bss\z

Î, ) = :-t+.)+g6

vr ^ ô
t L \a(- + À )

¿L--- = o. J))Ovr
t-Ll-= + 2À- )' ¿ l.'

,\L r: ,Z\*5 + ¡r¡
= 1.1ZIt

Y1(j + zxr)

T.

B.

Using the program devefoped. in \.3, the upper 5% point for

the approximate d.istribution vas d.etennined.: vo(.0>) > )+.9BTB.

Therefore, v is not significant when compared. with wO(.05)
1_noÍ is = . That is, it d.oes not appear that these regression
1.r

coefficients differ.

,.3 Testin$ fnteractrlo.n in 2x2 Coltingency Tables

Gart Qgee) states that the nu1l hypothesis of

may be stated. in terrns of the cross-prod.uct ratio rf

is the non-centrality parameter of the exact test ) .
ü', ', üoo

that {., is approxinately d.istributed. as vhereuzruzz

no i-nteraction
P. r P^^lLta/-.

[]^¡h1ch
D^- D^^- ¿r'¿¿

Tt is for;nd-

the u..
1J
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(i, i = I, 2) are mutually ind.epend.ent chi-squared variates with

corresponding d.egrees of freedom 2n. . + f. Therefore

(Zntz + r)(2n21 + J.) F(2na, + t, 2nr, + t)
ffiv"ffi.(¡.r)
The hy¡rothesis {.r = } (no interaction) can then be tested. by

setting ú = I and treating {(rnr, + t)(ZIZI* t)}/{(2rfr + r)(Znrr+ t)}
as a test statistic distributed- as the ratio of two independ.ent

centraf Fts. The programs d.eveloped in )+.3 ttren give an exaet

value for wo ( . o¡ ) .

Consider a 2x2 contingency table with sites and. t¡ryes of

tr:mour.

Type of Tu:nour

Sites

The nul-l- hypothesis

hypothesis is rf I 1.

(rnr, + t) (zn^
(trr_' + r)(2nr, + I)

ú = l- (no interaction) and the alternate

test statistic is

=8m=3.07)+5.

is H^:
U

The

+ r)

Using the progr¡m in 4.3, the upper 5/, point was found to be

vO(.05) = 3.25. Therefore, the conclusi-on is: Do not reject
T{.,1'='l"0' Y 4'

For large d-egrees of freed.om in the denominator of both F

lt_

li)

T

3
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d.istributions, the distribution is asymptotically an F distri-

bution. Because n* and n2Z ur" large, equation (5.1) becomes

(rnr, + t)(2no., + f)
ffi ü'¡(2trr * 1, Znrr+ r).

For example, consider a 2x2 contingency tabl-e showing resul-ts

of a clinical triaf.

Outcome

Treatment
A

DÐ

The test statistic

(rnr, + t)(2nr, + r)
(trr_r_ + 1) ( 2n2z * = (!3Ð(1-2?) + r.86r+- (Bs)(s6r) - rr)

F(83, r29) : r.\2.

Therefore, the concfusion is to reject HO: ú = l_.



â^: Y^
-¿ c.

a-^
I

VÔ
a

)+,
c);
6,
T,

8,
o/)
10,
tl ,

)+

5

6

T

IABLE I

Val-ues of u^ in the Approximate Distributions Such That f - G(v^) = .0tu-(.)

Ls. gr 29 .9i
3\.5T 22.53

18. 86
T6.TO

8)
ol
t0)
11)

(6,6)

12, 12
13- 13
1\, 1[
L5, I'

(8, B)

tb,
rlr
IB,
't o!/ t

2\.9'
r8. 35
15.10
13. r-9

fl.9l+
IO.9T

15)
17)
18)
19)

20)
2r)
30)

(ro, ro)

20,
t1
30'

22.1+
L6.39
r_3. 32
Lr.52
r0.35

9 -l+6
B. B7
B. 36

(r'z, r,z)

20.97
15. 05
12 20

LO.56

9.36
B're
B. or
T .55

T.T5
6. 89

(rh, rl+ )

19.BT
t)+. 39
lf. 53
9.86

B' re
B. oz
T.\2
7. 00

b. oJ
b. JJ
6.tz
5.9r

(t6, :-6)

L9.09
13.77
11. 10
o )rc

B. ¡z
7 .58
7. O)+

6. >g

6.zr
,.98
5.7\
5.56
q?o

l. ho

(rB, rB )

IB. 87
f3. 31
r0. 70
9.09

B. oL
7.26
6.73
6. sz

5.97
,.69
5. )+B

5.28

5 .11
5. 10
E AE

)*. qA

(zo, zo)

rB. )+:

13. r_2

10. 39
B. Bo

(.l
7 .05
6.\g
6.09

5.7\
cLo
5.26
5. 0B

)r oc
t+.g>
I+. BB

L' re
)+.67
li. tB

(30, 30)

LT.L6
12. ]f
9.60
B. oT

7. 0B
6. :B
5.87
5.\5
5.L'
)+. BB
)+. 68
)r )ro

tI <<

)r aç

\.27
)+.t6

)+. o6
3.98
3. hT

(* -\\tl

15.98
L0.97

B. l+t

7. oo

6. 03
q?q

)+. 85
)+. \6
't+.t6

?o1
3. 70
f trf
J. )L

J. J I

3.21+
3.13
3. 03

coL
2.86
2.38

o\
O

i::,

i":

i,'.



TABLE IT

Contribution to C(vO) Found. in the Region O < v < c for the
Approximate Distribution (Witir Unequal Degrees of Freed.on)

q^t In

ur' u

()+, 5)

(1, ro )

(6, ro )

(8, zo )

(8, so)

(to, 30 )

(ro, 6o)

(ro, rzo)

( I+, 5)

.\gggBg

.Tr922o

.59)+381

.726t+53

. B:oB5r

.779533

.9r2roT

.960)+00

()+,ro) (6,ro) (8,20) (8,30)

.28173i+

.500000

.3)+2657

.\rg&g

.6sss\o

. >\frLB

.T8'337

.920638

.)4oiiT3

.6>ts\s

.500000

.60+o9f

.Boíszs

.7365\'

o'r 70?7

.9Bt_883

.273333

.r2o3\2

??qor ?. JJ//LJ

.500000

.6goÙ+z

.586æ7

. 866Bro

.975692

.t6\6of

.s66\60

.L%676

.3o9r5B

.500000

.387:>o

.727958

.gs\sz6

(to, 30)

.2lggzT

.)+rzBSz

.z6z\>\

. )+13163

.6ztz6j

.500000

.8¡)+7oo

.973759

(ro, 6o )

o9:>26t+

zl+6jB

oBeo\9

f33190

zTzoL+z

165soo

5 00000

B)+)+¡Bz

o\F
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TABI,E ]TT

Values of vO in the Approximate Distribution
(Witn Unequal Degrees of Freed.om) Such That t- - G(vO) = .05

â*1 '
Ot cl

()+, ro )

(6, ro )

(8, zo )

(8, so )

(to, 30)

(ro, 6o)

(\, ,)

12.000000

B.çlgt+s\

B.>gt>>g

7. 58058)+

T.3OTT\9

t.zzr\d+

7. 000000

()+, ro) (6, ro) (8, 20) (8, 30)

LI.T5)+856

B,To6z9t

8.386263

7.293737

6.glggot+

6.gonBs

6.&tr6\

B. Bjz6z9

6. 180137

6.zszg\E

5.227657

\.9ïjzz9

)+. 8roeB6

)+.671+ltz

T.69ozlz

>.)+6g>zl

>.tgt>L+f

t+.z8zj6g

)+. OOOOOO

l.9l5z\)+

3.766099
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