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Abstract

Given a set S of objects, each moving with linear motion in Rd, consider the

diameter D(S, t) of S at time t. In this thesis we explore optimization of extent and

proximity measures of S. For instance, one possibility is to identify minimum diameter

D(S, t) of S over the domain of time t. D(S, t) is an example of a measure of extent

of S. On the basis of this model, other geometric measures could also be explored

to be optimized for sets of objects in motion. Let n be the cardinality of S and let

M(S, t) be a geometric measure of extent or proximity at time t. Given an integer k,

select a subset Q ⊆ S such that |Q| = k and Q has extreme measure M(Q, t) over

all possible subsets Q of cardinality k. The present thesis focuses on minimizing

and maximizing M(Q, t), in one and two dimensions (d = 1 or d = 2), for which the

measure corresponds to set diameter, set width, minimum axis-aligned bounding box,

and minimum enclosing disk. For each measure, exact polynomial-time algorithms

are proposed for selecting an optimal subset of S and finding the time t of which the

subset optimizes the measure.

Keywords: Moving Objects, Extent Measure, Optimization, Polynomial Motion,

Linear Movement.
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Chapter 1

Introduction

Algorithms for extent and proximity measures have been widely studied in the

field of computational geometry. For sets of static objects, algorithmic solutions

for problems involving motion in geometry date back to the end of the 1990’s by

Guibas [1998]. More recently, optimization of minimum spanning trees of linearly

moving objects has been studied by Akitaya et al. [2021]. Inspired by this model,

the optimization of other geometric measures on sets of moving objects is proposed.

Specifically, the measures are: diameter, width, minimum axis-aligned bounding box,

and minimum enclosing disk of a set of moving objects.

Given a set of points P ⊂ Rd, the maximum distance between any two points in

P is the diameter of P . The smallest axis-parallel d-dimensional box enclosing P

is called the minimum axis-aligned bounding box of P . The smallest d-dimensional

ball containing P is called the minimum enclosing ball of P . Furthermore, the width

of P is the minimum distance between any pair of parallel, but oppositely oriented,

half-spaces each containing P .

1



2 Chapter 1: Introduction

The aforementioned measures are closely related to other problems in Computa-

tional Geometry, such as triangulations, tessellations, and robot motion planning, as

seen in de Berg et al. [2008]. That is, diameter, width, bounding boxes, and minimum

enclosing circles can be used to define the region of space to be triangulated or even

used to define the complexity of robot motion as shown by Elbanhawi and Simic [2014].

For example, the longest side of the minimum bounding box for a set of moving agents

is used as a complexity measure of its movement as explained by Cicerone et al. [2021].

These topics have been extensively studied in the literature, as presented by de Berg

et al. [2008] and Devadoss and O’Rourke [2011].

Furthermore, extent and proximity measures also have their importance in the

field of Geometric Processing for parameterization schemes and shape correspondence,

as seen in Lévy et al. [2002] and Liu et al. [2008]. In parameterization, the goal is to

provide a continuous map that transforms any surface to a plane. In order to reduce

distortion of the parameterization, different target planes are used. Lévy et al. [2002]

shows that, for points p and q, the points that realize the diameter of the surface, the

plane defined by p and q will produce reduced distortion when used as target for the

parameterization.

Kinetic geometric problems were first examined by the computational geometry

community near the end of the 1990’s by Basch et al. [1997]. A kinetic problem is

one whose set S is composed of objects moving in Euclidean space with respect to a

continuous time interval. The main idea is to maintain a set of properties as the objects

move continuously (as opposed to a sequence of discrete changes). One well developed

approach is a framework called a Kinetic Data Structure (KDS), as explained by
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Guibas [2018]. The objective is to build geometric structures to compute the measures

continuously over a set of discrete events, where the geometric measures and properties

are updated discretely as time passes. The KDS consists of a set of measurable

properties and certificates that validate the existence of these properties. The KDS

maintains these properties and updates certificates as each certificate becomes invalid

throughout the whole motion of the objects in S.

Work done by Gupta et al. [1996] and Chan [2004] exemplifies that computing

optimization problems over moving points via an off-line algorithm can be more

efficient than using kinetic data structure framework. When the given measure and its

optimization can be computed off-line, as opposed to being maintained continuously

throughout the motion (e.g., finding the minimum bounding box, meanwhile the

on-line algorithm computes how the bounding box change over time).

Chan [2004] solves the minimum diameter of sets of points moving in linear

trajectories with constant velocity in O(n log n) time. More recently, Akitaya et al.

[2021] propose off-line solutions to optimizations of minimum moving spanning trees.

Let S be a set of moving points and let T (S) be the set of all possible spanning trees

obtained from points in S. The problem proposed by Akitaya et al. [2021] is to find

the minimum moving spanning tree J ∈ T (S) which minimizes one of two different

measures. Let d denote the Euclidean distance between two points. The considered

measures for J ∈ T (S) at time t are:

(M1) bJ(t) = sup
pq∈J

d(p, q);

(M2) wJ(t) =
∑
pq∈J

d(p, q).
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For minimizing bJ(t) over J ∈ T (S) and t ∈ [0, 1], Akitaya et al. [2021] propose

an exact O(n2)-time algorithm. For the minimization of wJ(t), Akitaya et al. [2021]

present both an O(n2)-time 2-approximation algorithm and an O(n log n)-time (2+ε)-

approximation algorithm for any ε > 0. By comparison, the KDS framework proposed

by Rahmati and Zarei [2012] for maintaining the kinetic MST processes O(n4) events

and each event takes O(log2 n) time to revalidate.

The main caveat to comparing the time complexity of on-line and off-line algorithms

is that on-line algorithms often assume that the input arrives progressively over time,

whereas off-line algorithms need the whole input up front. The goal of a KDS is to

process or assert properties and metrics as objects continuously change positions. For

example, a Kinetic Tournament can be used to maintain a certain measure during the

entire motion using a KDS. The on-line algorithm needs to process the entire motion

of the elements in S. In contrast, an off-line algorithm may ignore parts of the motion

that does not include local extrema.

Consequently, inspired by the computation model defined in Akitaya et al. [2021],

this thesis seeks to optimize geometric measures on sets and subsets of moving objects

by exploring the polynomial motion of each object via an off-line algorithm. Let

M(Qk, t) denote a generic extent or proximity measure a subset of moving objects

Qk ⊂ S of fixed size, |Qk| = k ≤ |S|, at time t. The goal is to find:

min
Qk⊂S

min
t∈[0,1]

M(Qk, t)

This problem is called the Min-Min optimization for the measure M.

The variants of the type Max-Min, Min-Max, and Max-Max optimizations are also
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examined in this thesis. Different examples of the measure M examined include set

diameter, set width, minimum axis-aligned bounding box, and minimum enclosing

disk. Exact algorithms are given for sets of objects with linear motion in one and two

dimensions.

The time complexity for the proposed algorithms is summarized in Tables 1.1

and 1.2. The chapters are organized as follows:

• Chapter 2 discusses all the necessary background and algorithms for optimizing

each measure. Then, the problems examined in this thesis are defined formally,

and previous related work is reviewed.

• Chapter 3 examines the optimization of diameter for one-dimensional subsets

of linearly moving objects. Set width, minimum axis-aligned bounding box,

and minimum enclosing disk are shown to be equivalent to diameter on the

one-dimensional Euclidean space.

• Chapter 4 provides polynomial-time solutions for each measure and each maxi-

mization and minimization variant considered in this thesis when the objects

are moving on the two-dimensional Euclidean plane.

• Chapter 5 revisits the problem definition and the proposed algorithmic solutions.

Directions for future work are also discussed.
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One-Dimensional Problems

Time Complexity
Diameter

Min-min O(n2)
Max-min O(n log n)
Min-max O(n2)
Max-max O(n)

Table 1.1: Summary of one results for each measure and each optimization variant of
geometric measures of sets of linearly moving objects.
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Two-Dimensional Problems

Time Complexity
Diameter

Min-min O(n3)
Max-min O(n log n)
Min-max O(n2)
Max-max O(n)

Width
Min-min O(n4)
Max-min O(n4)
Min-max O(n4)
Max-max O(n4)

Axis-aligned Bounding Box: Area
Min-min O(n5 log n)
Max-min O(n5 log n)
Min-max O(n5 log n)
Max-max O(n5 log n)

Axis-aligned Bounding Box: Perimeter
Min-min O(n5 log n)
Max-min O(n5 log n)
Min-max O(n2)
Max-max O(n2)

Minimum Enclosing Disc Area
Min-min O(n5)
Max-min O(n5)
Min-max O(n5)
Max-max O(n5)

Table 1.2: Summary two-dimensional results for each measure and each optimization
variant of geometric measures of sets of linearly moving objects.



Chapter 2

Background, Problem Definition,

and Related Work

The extent and proximity measures defined in this chapter are in d-dimensional

Euclidean space, Rd. The problems discussed in this thesis focus on the dimensions

d = 1 and d = 2. Section 2.1 will define the necessary theory and measures in order to

elucidate the problems defined in Section 2.2. The previous related work is discussed

in Section 2.3.

2.1 Background and Definitions

2.1.1 Set Diameter

Denote by P a set of n points in Rd. Let d(p, q) denote the Euclidean distance

between p, q ∈ Rd. The diameter D(P ) is defined as follows.

8
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Definition 1. The diameter of P , denoted D(P ), is the maximum Euclidean distance

between two points of the set P . For p, q ∈ P :

D(P ) = max
p,q∈P

d(p, q)

D(P)

Figure 2.1: Example of set of points in two dimensions and its diameter.

In one dimension, all the points of P lie on the real line. To compute the diameter

when d = 1, traverse the set of points and maintain the minimum and maximum

of the coordinate values. Then, the difference between the maximum and minimum

coordinates will be the diameter of P .

In higher dimension, an algorithm based on a convex hull construction has its own

importance in the future discussion. As presented in Toussaint [1983, 2014], the pair

of antipodal points that form the diameter of P are also elements of the convex hull of

P . The convex hull corresponds to the smallest convex set containing P . From this,

using the strategy of rotating calipers, Preparata and Shamos [2012] show that the

diameter of P for d = 2 can be computed in O(n log n) time by modifying the convex

hull algorithm. Figure 2.1 shows an example of the diameter of a set of points in the
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plane, d = 2. The diameter probem is harder for d ≥ 3. When d = 3, Ramos [2000]

develops a deterministic optimal O(n log n)-time diameter solution. When d > 3, the

known deterministic and exact algorithms run in O(n2) time as seen in Har-Peled

[2001]. An approximate solution is proposed by Chan [2002] and runs in O(n+1/εd−1)

time in Rd for any ε > 0.

2.1.2 Set Width

For a set of points P ⊂ Rd, the width W(P ) consists of the minimum distance

between any two parallel hyperplanes such that the region between the hyperplanes

contains P . In one dimension, the width represents the minimum distance between

two points u, v ∈ P so that all other points in P are in between u and v. The width

W(P ) is realized by the distance of extreme points. That is, when d = 1 the width of

P is equivalent to the diameter D(P ). When d = 2, the hyperplanes are two parallel

lines, not necessarily axis-parallel, such that all points from P are inside the closed

region between the lines. The minimum distance between any two such lines defines

the width W(P ).

This measure can also be defined in terms of half-spaces. In a general dimension

d, let H and H ′ be two parallel oppositely oriented half-space boundaries. Denote

by d(H,H ′) the distance between the two parallel half-spaces. In this case, we can

characterize the width of a set of points as the minimum distance between H and H ′

such that the intersection of the half-planes contains P . Definition 2 formalizes the

idea. Figure 2.2 shows an illustration of the two-dimensional width.

Definition 2. The width W(P ) of the set of points P is the smallest distance between
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the boundary of two parallel oppositely oriented half-spaces H and H ′ whose intersection

contains P . That is:

W(P ) = min
H,H′⊂Rd

P⊂(H∩H′)

d(H,H ′)

H

H ′
W(P)

ℓ

ℓ′

Figure 2.2: Example of width of a set of points in two dimensions based on the
half-spaces definition.

When d = 2, a brute-force algorithm to compute the width of P consists of using

a property shown by Preparata and Shamos [2012], where the width is realized by

exactly three points of P . That is, two points define the boundary of H and the

other point will give the direction and magnitude of the translation to form H ′. Then,

among all combinations of three points selected from P and all possible embeddings of

H and H ′ from the three given points, find the one that gives the minimum d(H,H ′).

Since there are O(n3) possible combinations of three points {u, v, w} ⊂ P , two

points of {u, v, w} can define H and the third point will give the translation of H to

form H ′. Let h⃗ denote the shortest vector of oriented distance from H to H ′, now let

h⃗(p) be the smallest oriented distance from the boundary of H and a point p ∈ P . If

h⃗(p) and h⃗ have same sign (i.e. same relative orientation from the boundary of H)
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and |⃗h(p)| ≤ |⃗h|, then p is contained in the intersection of H and H ′. For each p ∈ P ,

it takes constant time to determine if the point p is inside H ∩H ′. Consequently, it

takes O(n) time to determine if H ∩H ′ encloses P .

Hence, a solution to the width of P can derived from maintaining the combination

{u, v, w} whose distance d(H,H ′) is minimal and H ∩H ′ encloses P . Since checking if

H∩H ′ encloses P takes O(n) time, this algorithm takes O(n4) time in total. Although

width in two dimensions can be computed in O(n log n) time, as shown by Preparata

and Shamos [1985], this brute-force algorithm gives the necessary background for the

width optimization discussed in Chapter 4.

2.1.3 Minimum Axis-Aligned Bounding Boxes

A box B can be defined as a quadrilateral whose boundary faces (edges) are pairwise

parallel or pairwise normal. The minimum axis-aligned bounding box corresponds

to the box B with minimum measure M such that P is enclosed by B, i.e., P ⊂ B.

For example, M can defined as perimeter, area, volume, or even hypervolume of B.

Definition 3 formalizes the minimum axis-aligned bounding box definition.

Definition 3. The minimum bounding box is the box B which is axis-parallel, encloses

all points of P , and minimizes a measure M.

Similarly to computing the diameter in one dimension, finding an axis-aligned

minimum bounding box takes O(n) time in each dimension, resulting in O(nd) total

time. For d = 1, observe that a box B is reduced to a line segment connecting the

extreme points of P . That is, Definition 3 can also be reduced to computing the

diameter of P in one dimension.
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For the two-dimensional case, denote the area and the perimeter of B, respectively,

by A(B) and P(B). Since the area and perimeter functions are expressed in terms of

two independent variables, the length and height of the box, optimizing the area and

perimeter can be considered as different objective functions. In this case, when d = 2,

the minimum bounding box optimization can have the following objective functions:

(3A) Area: AB(P ) = min
P⊂B

A(B)

(3B) Perimeter: PB(P ) = min
P⊂B

P(B)

Suppose that one searches for a subset of P of fixed size that optimizes a measure

M. Different subsets of fixed cardinality k of P can be the solution for optimizing

different measures M . In two dimensions, Figure 2.3 shows that optimizing a bounding

box of k out of the n points of P have different results for area and perimeter. In this

case, when k = 4 the blue rectangle has optimal area while the green rectangle has

optimal area.

Considering the case of k = n and d dimensions, an optimal bounding box can be

found by maintaining the points with minimum and maximum coordinates in each axis

of the d dimensions, resulting in O(nd) time. Although this is an efficient algorithm,

Chapter 4 refers to a brute-force method for d = 2 which will be described as follows.

In two dimensions, a brute-force method to compute the minimum bounding box

is to find the minimum among all possible quadrilaterals formed by points of P such

that the quadrilateral encloses k elements of P . Since a quadrilateral can be formed

by two, three, or four points, there are O(n4) possible quadrilaterals formed from

points of P , given that P has n points. Given a quadrilateral L, it takes constant
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Figure 2.3: Example of minimum axis-aligned bounding box when selecting k = 4
points of P , minimized by area in blue and minimized by perimeter in green. The
blue rectangle has area 1.47 and perimeter 8.16 while the green rectangle has area
3.72 and perimeter 7.90.

time to determine if p ∈ P is inside L. Hence, for each combination of two, three,

and four points, it takes O(n) time to determine if k points of P are enclosed by the

corresponding quadrilateral L. Given that computing area or perimeter takes constant

time, the brute-force solution takes O(n5) time.

2.1.4 Minimum Enclosing Ball

Let dm denote the m-Minkowski distance, also known as Chebyshev distance.

That is, given m ∈ R+, for u, v ∈ Rd, dm(u, v) =
(∑d

i=1 |ui − vi|m
)1/m

. A ball can

be defined similarly to the box by replacing its distance metric for the 2-Minkowski

distance, i.e., the Euclidean distance. For a center c ∈ Rd and a radius r ∈ R, the

ball is the region composed by Cc(r) = {p ∈ Rd | dm(p, c) ≤ r}. An enclosing ball is

represented by a ball Cc(r) where all points of P are in the closed interior of Cc(r).

Definition 4. The minimum enclosing ball is the ball Cc(r) with minimum radius r
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so that Cc(r) encloses P .

When d = 1, a ball is a closed interval. The minimum enclosing ball in one

dimension is reduced to computing the one-dimensional diameter of P . In two

dimensions, the ball Cc(r) becomes a disk. Since both the area and the circumference

of the disk are dependent only on a single variable, the radius, optimizing area or

circumference of the enclosing disk would be analogous to optimizing the radius r.

Hence, let A(Cc(r)) denote the area of disk Cc(r), Definition 4 can be focused on

optimizing the disk area:

min
P⊂Cc(r)

A(Cc(r))

and Figure 2.4 gives an illustration for the two-dimensional minimum enclosing disk.

Figure 2.4: Example of minimum enclosing disk from same set of points in Figure 2.3.

A well-known method for obtaining minimum enclosing disks is via a randomized

algorithm. Welzl [2005] proposed an exact randomized incremental algorithm. This

approach starts with an empty disk and a random center chosen from the points of
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P , then recursively adds the points of P one at a time. The stopping condition is an

observation of the points composing the enclosing disk: let u ∈ P be the initial center,

if Cc(r) contains all points of P −{u}, then Cc(r) is the minimum enclosing disk for P ;

otherwise, u must be on the boundary of the resulting minimum enclosing disk. This

approach takes expected O(n) time. Megiddo [1983] proposes a deterministic algorithm

which takes O(n) time to find the minimum enclosing disk in two dimensions.

2.1.5 Arrangements

Two-dimensional arrangements in geometry refer to a collection of either lines or

curves inducing a space subdivision and the related problems of intersections, zones

between lines or curves, and envelopes containing the upper or lower elements, for

example, as discussed by Halperin and Sharir [2017]. Let L denote a set of lines

or x-monotone Jordan curves that induce a space subdivision, denote by A(L) the

arrangement of L.

The collection L can be composed of any of the following: circles, parabolas,

or curves, in general. Since A(L) is a space subdivision, the arrangement has an

associated graph embedded in the plane, with a vertex at each point of intersection,

and an edge corresponding to each segment of line or curve. The topology of the

arrangement will be relevant for the solutions presented in Chapters 3 and 4. Faces,

which are the regions enclosed by edges, and their complexities are also of importance

for arrangements; further discussion can be found in de Berg et al. [2008]. An

illustration for arrangements of lines and parabolas is provided in Figure 2.5.

Let A = {f1, . . . , fn} be an arrangement of n hyperplanes such that each fi is a
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Figure 2.5: Examples of arrangements of lines (left) and parabolas (right).

real-valued, continuous, defined function representing the elements of the arrangement,

where each pair of functions intersects at most in s points. The lower envelope gA of

A is defined as

gA(x) = min
1≤i≤n

fi(x)

and, analogously, the upper envelope fA of A can be written as fA(x) = max1≤i≤n fi(x).

Figure 2.6 depicts the lower and upper envelopes of the arrangements presented in

Figure 2.5.

For two positive integers n and s, the Davenport-Schinzel sequence for the pair

(n, s), denoted DS(n, s)-sequence, is formalized in Definition 5 based on the work

presented in Sharir and Agarwal [1995].

Definition 5. A sequence of m integers (um) = (u1, . . . , um) is a (n, s) Davenport-

Schinzel sequence, denoted DS(n, s)-sequence, if (um) satisfies the following:

(5A) 1 ≤ ui ≤ n for each i ≤ m;
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fA

gA
gA

fA

Figure 2.6: The lower and upper envelopes of the arrangements from Figure 2.5.

(5B) ui ̸= ui+1 for each i < m;

(5C) there are no s+ 2 indices 1 ≤ i1 < i2 < · · · < is+2 ≤ m such that:

ui1 = ui3 = ui5 = · · · = a

ui2 = ui4 = ui6 = · · · = b

and a ̸= b.

The integer s is the order of (um), while n is the number of symbols that make

up the sequence (um). Denote by |(um)| the length of the sequence, which is equal to

m. An important measure for levels and envelopes of arrangements is the maximum

length of a possible DS(n, s)-sequence. This is denoted by λs(n) and defined as:

λn(s) = {|(um)| | (um) is a DS(n, s)-sequence}

The computation of lower (upper) envelopes proposed by Sharir and Agarwal [1995]
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consists of a divide-and-conquer algorithm. In the divide phase, the arrangement

A = {f1, . . . , fn} is split as evenly as possible into two subsets A1 and A2 and their

lower envelopes gA1 and gA2 computed. It is important to observe that when an

arrangement has a unique function, this function is its lower envelope. The conquer

phase consists of determining the most lower (upper) between the envelopes of A1 and

A2. Theorem 1 states the running time of finding envelopes of an arrangement. Also,

from Sharir and Agarwal [1995], the maximum length of a possible Davenport-Schinzel

sequence associated to A is λs(n) = O(n) for s = 2 and s = 3 (where s is defined

below in Theorem 1).

Theorem 1 (Sharir and Agarwal [1995]). Given an arrangement A of n continuous

and totally defined functions such that s is the maximum number of intersection

between pairs of functions of elements in A, the lower envelope of A can be computed

in O(λs(n) log n) time, where λs(n) is the maximum length of a possible Davenport-

Schinzel sequence associated to A.

It is vital for the subsequent discussion to formalize the idea of levels in arrange-

ments. As exposed by Sharir and Agarwal [1995], for a point p ∈ A(L) = {f1, . . . , fn}

the level of p is the number of curves below p including p’s curve. That is, consider a

vertical ray r oriented downwards from p; the level of p is the number of intersections

of r and the elements of A(L). Consider the edge e = {pi, pj} in the arrangement

A(L), if the points connecting pi to pj are of level k, then e is said to have level k.

For some k ≤ n, the k-level of A is formalized in Definition 6. Figure 2.7 shows the

3-level of the arrangements in Figure 2.5.

Definition 6. The k-level of A is the set of edges in A whose level is k.
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Figure 2.7: Highlighted in blue is the 3-level for the arrangements originally presented
in Figure 2.5.

The algorithms and combinatorial properties of k-levels have been widely discussed

in the Computational Geometry literature. More recently, there have been develop-

ments in k-levels for pseudocircles arrangements, as in Chiu et al. [2019], and also for

pseudoplanes, done by Har-Peled et al. [2017] and Sharir and Ziv [2021]. Dey [1997,

1998] proves an upper bound of O(nk1/3) on the number of edges in a k-level of a set

of n lines while Tóth [2000] proves a lower bound of neΩ(
√
log k), which are currently

the best bounds known at the time this thesis is being written.

In the case of general lines and curves, the three-article series by Chan [2003,

2005, 2008] give multiple combinatorial properties of k-levels. A version of a line

sweeping algorithm for constructing a k-level is proposed by Edelsbrunner and Welzl

[1986], along with the data structure developed by Chan [1999], the algorithm for line

arrangements takes O((n+ f) log n) time, where f is the k-level complexity (bound on

the number of vertices on the k-level). Cole et al. [1984] shows that k-level of Jordan

curve arrangements in the plane can be found in O(n log n+ f log2 k) time. For the
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specific case of parabolas, using the work of Tamaki and Tokuyama [1995] on cutting

parabolas into segments, Chan [2008] shows that the k-level of parabola arrangements

has O(n3/2 log n) edges. In the case of parabolas and parabolas segments in R2, their

arrangements can be constructed in O(n2) as stated by Halperin and Sharir [2017].

Finding lower or upper envelopes and k-levels are among the techniques used to

propose solutions for the optimization problems discussed in the next two chapters,

Chapter 3 and 4.

2.2 Problem Definition

In the case of geometric problems involving motion, the literature uses the termi-

nology of moving points to determine a set of objects moving on a certain in space.

In this thesis, the term moving points will be replaced by moving objects, considering

that points will have fixed position in the space, while a moving object changes its

position through time. The position of a moving object is represented by a continuous

function p : [0, 1] → Rd. To bound the number of combinatorial events that must be

considered, the functions are restricted to be polynomials.

A set S = {p1(t), . . . , pn(t)} of moving objects is composed of continuous and

polynomial functions pi : [0, 1] → Rd. For an object pi ∈ S and a time t, the function

pi(t) will return the coordinates in the Euclidean space of pi at the specified time t.

Sets of moving objects can also have extent and proximity measures calculated for

each time t ∈ [0, 1]. In this thesis, the cases of d = 1 and d = 2 are examined.

The notion of points in general position is important to avoid degeneracies in

Rd. Before defining general position, it is important to introduce the definition of a
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d-dimensional flat. A set A is said to be affine if for any pair of points u and v in A,

the line uv passing through u and v lies in the set A. In geometry, a d-dimensional

flat refers to a subset of an affine set in which the subset itself is also an affine set

in Rd, i.e., let A ⊂ Rd be an affine set, if a subset B ⊂ A is also affine, then B is

said to be a dimensional flat of A. For example, lines are two-dimensional flats of the

Euclidean plane R2.

A set of points P in Rd is said to be in general position if no s points of P lie on a

(s− 2)-dimensional flat and no d+ 2 points lie on a d-sphere. That is, when d = 2, P

is in general position if no three points of P are collinear and no four points of P are

cocircular. In the case of a set S of moving objects in Rd, consider the arrangement

of line segments or curves A(S). Then, if the points of intersection in A(S) are in

general position and no three elements in A(S) intersect in a common point, S is said

to be in general position.

Definition 7. The set of moving objects S is said to be in general position if the set

containting the points of intersections in the corresponding arrangement A(S) is in

general position.

A natural and valid question is whether this optimization of geometric measures

of moving spanning trees has been extended to other metrics. Specifically, the main

question is whether optimizing extent and proximity measure on sets and subsets

of moving objects has been considered in any previous research. Common examples

of geometric measures include diameter, width, area and perimeter of smallest axis-

parallel enclosing box, and area of the minimum enclosing disk. Any of those can be

selected as a measure of a given set of geometric objects, e.g., of a a set of points
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in Rd. Throughout this thesis, the term measure is used to refer to diameter, width,

area and perimeter of the smallest axis-aligned enclosing box, and area of the smallest

enclosing disk. Each of these measures is formally defined in Section 2.1.

Chan [2004] devised an efficient algorithm to find the optimal diameter of a set of

moving objects. The work proposed by Akitaya et al. [2021] consider optimization

of Moving Spanning Tree measures over the time domain. Another possibility of

optimization is to consider selecting subsets of S of smaller fixed cardinality k such

that a measure M is extremal. That is, let Qk denote the collection of subsets of S

with fixed cardinality k, find Q ∈ Qk such that measure M is extremal among the

elements of Qk. Then, consider combining the two optimizations and finding Q ∈ Qk

such that M is extremal over all elements in Qk and also over the time domain [0, 1].

To the author’s best knowledge, the questions when k < n have not been answered

before in the literature. For example, a solution of questions of the type: “at which

time t during the motion, any three objects u, v, and w selected from the n objects in

S, are u, v, and w closest in terms of set diameter?”

Hence, given a measure M(S, t) calculated over the set of moving objects S ⊂

Rd × [0, 1] and time t ∈ [0, 1], this measure may be optimized over the time domain

and also over all the possible subsets Q ⊂ S of size |Q| = k ≤ n. That is, each of the

measures previously defined can be optimized along the motion of the objects in S.

Problem 1 summarizes the optimizations to be solved in the present thesis.

Problem 1. The following are the optimization of measure M solved in this thesis:
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(1A) Min-min: min
Q∈Qk

min
t∈[0,1]

M(Q, t)

(1B) Max-min: max
Q∈Qk

min
t∈[0,1]

M(Q, t)

(1C) Min-max: min
Q∈Qk

max
t∈[0,1]

M(Q, t)

(1D) Max-max: max
Q∈Qk

max
t∈[0,1]

M(Q, t)

For each pi(t) ∈ S, the function pi(t) is restricted to be a polynomial of degree one.

When d = 1, the diameter is equivalent to set width, minimum bounding box, and

minimum enclosing circle. Hence, a single algorithm suffices for the optimization of

each of the four measures. The algorithm is presented in Chapter 3.

When d = 2, each measure has its own significance and importance as previously

discussed. Then, Chapter 4 proposes solutions for each variation of the optimization

in Problem 1 where M(Q, t) is one of set diameter, set width, minimum axis-aligned

bounding box, or minimum enclosing disk.

2.3 Previous Work on Optimization Problems for

Sets of Moving Objects

An important initial discussion is to distinguish off-line and on-line algorithms. An

algorithm is said to be off-line when it has complete input available at the beginning

of execution. Meanwhile, on-line algorithms can make decisions with incomplete data

or produce results as data is fed into the algorithm, as explained by Cormen et al.

[2022].

A Kinetic Data Structure (KDS) is a framework for indexing moving objects

that computes a set of certificate validations and remediations as each object moves.

A KDS allows object trajectories to be modified during exection; hence, a KDS is
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considered an on-line algorithm.

The problem of kinetic width and kinetic bounding box in two dimensions is

discussed by Guibas et al. [2001] and Meulemans et al. [2019], with applications in

robot motion panning. The two-dimensional smallest enclosing disk has been discussed

in Agarwal et al. [2001]. Many other kinetic geometric problems have been discussed

and solved in a kinetic fashion as shown by Guibas [1998]. All these solutions use

a kinetic data structure framework to solve the problem continuously, that is, they

perform an on-line solution.

Since the problems from Guibas [1998] also assume the movement of the points can

be approximated by polynomial functions, it is possible to develop an off-line solution

of optimization of geometric measures over the time domain using the optimal solution

achieved throughout the motion, as computed using a KDS. Doing so tends to require

more time than would be required an off-line algorithm, since a KDS computes and

maintains a given measure throughout the entire motion, as opposed to focusing only

on the extreme values.

Gupta et al. [1996] proposed an O(n log3 n)-time solution to find the minimum

diameter of sets that contain n objects in motion. One year later, Clarkson [1997]

proposes a randomized solution to the minimum diameter of n objects in motion

which runs in O(n log n) expected time. Then, Chan [2004] shows that the minimum

diameter of objects in motion can be found deterministically in O(n log n) time. Banik

et al. [2014] gives combinatorial properties of the minimum enclosing of a set of n

points when one is moving with constant velocity. More recently, the work proposed by

Akitaya et al. [2021] is based on an off-line solution of the minimum moving spanning
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tree for objects in motion.

The work done by Rahmati and Zarei [2012] uses a kinetic data structure framework

to solve kinetic minimum spanning tree problems. In the performance analysis section

from Rahmati and Zarei [2012], it is mentioned that the framework needs to compute

O(n4) events and each event takes O(log2 n) time to be certified. Hence, finding a

minimization of all possible spanning trees along the whole motion using the framework

would have an asymptotic bound estimated of O(n4 log2 n) time.

In contrast, Akitaya et al. [2021] define how to build an algorithm which takes

O(n log n) time for a (2 + ϵ)−approximation algorithm to solve the minimization

of the minimum spanning tree in motion. Although, the on-line algorithm has to

process all certificates through the whole motion, this exemplifies a remarkable gain

in time complexity for the optimization of proximity measures. Based on this model,

Wachholz and Suri [2023] proves that the problems of MST, Graph Matching, and

Travelling Salesman Person are NP-Hard for moving objects, even in one-dimensional

Euclidean space and linear unit speed motion.

Therefore, a course of research would be to find optimization of geometric measures

for points in movement S, and also subsets Q ⊂ S, based on an off-line approach

rather than building a kinetic data structure framework for the whole motion of the

elements in S. Moreover, the variations of maximization and minimization over all

possible subsets Q of S and over the time domain are also considered.
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One-Dimensional Problems

As discussed in Chapter 2, diameter, width, minimum bounding box, and minimum

enclosing disk are equivalent in the one-dimensional case. Let S denote a set of n

objects moving with constant velocity. For each i = 1, . . . , n, the element pi(t) = ait+bi

of S denotes the linear (constant-velocity) motion of pi in R. Each line can be plotted

over the duration of the motion [0, 1], resulting in an arrangement of lines in the plane.

Figure 3.1 shows an example of objects moving on the line and its corresponding line

arrangement, where the x-axis denotes the time interval [0, 1].

The distance between two points in S at time t can be interpreted as the vertical

distance between the corresponding lines at the x-coordinate x = t in the arrangement

of lines A(S) = {p1(t), p2(t), . . . , pn(t)}. That is, for two lines pi, pj ∈ A(S), we can

observe that pi(t)− pj(t) represents the vertical line segments between pi and pj at

time t. In this case, the minimum width of the set S is realized by the minimum

difference between the lower and upper envelopes of A(S).

Let ℓS(t) be the minimum vertical line segment stabbing all lines of A(S) at time t.

27
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Figure 3.1: Example of a set S of objects moving on the line and its corresponding
line arrangement on the right.

Alternatively, the diameter optimization of S can be defined as finding the minimum

vertical stabbing line segment ℓS over the time domain. The geometric interpretation

of vertical stabbing line segment ℓS(t) as the diameter of S at time t can be used

to compute the Min-Min, Max-Min, Min-Max, and Max-Max optimizations of the

diameter in one dimension.

3.1 Min-Min

Recall that Qk denotes the subsets of S with fixed cardinality k. This section

focuses on the one-dimensional case of the optimization min
Q∈Qk

min
t∈[0,1]

D(Q, t). For the

case of k = n, Chan [2004] gives an efficient deterministic solution in O(n log n) time.

The case for an arbitrary cardinality k such that k < n is discussed as follows.

Let T ⊆ R2 be the set of points containing the positions of the objects in S at times

t = 0 and t = 1, i.e., T contains pi(0) and pi(1) for each pi ∈ S. Also, let T contain the

intersection points between any pair of lines in A(S). An important initial observation
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is that the one-dimensional diameter has local extrema at the times of occurrence of

the elements in T , as seen in Lemma 2. Moreover, if the Min-Min solution is realized

by a vertical stabbing line segment ℓS = pq in A(S) at time t ∈ (0, 1), one of its

endpoints is an intersection point of A(S), i.e., either p or q is an intersection in A(S).

That is, the optimization occurs at the boundary of the time interval or at the discrete

events realized by the intersection points of A(S).

Denote by fS(t) and gS(t) the lower and upper envelope of A(S), respectively, at

time t. In case the lower envelope of A(S) over [0, 1] consists of a single line, and

similarly for the upper envelope of A(S), the minimum vertical stabbing line segment

ℓS(t) has its extrema at t = 0 or t = 1. Let |ℓS(t)| denote the length of the vertical

stabbing line segment ℓS at time t. Observe that |ℓS(t)| is the subtraction of two

elements from S, which means that |ℓS(t)| is a linear and continuous function whose

local extrema occur at the boundary of the time domain. Otherwise, the local extrema

of the minimum vertical stabbing line segment can occur at the same time as any

intersection of A(S). Lemmas 1 and 2 formalize the idea.

Lemma 1. In the one-dimensional case, if the lower and upper envelopes of A(S) are

formed each by a single line over [0, 1], then the minimum vertical stabbing line ℓS(t)

of A(S) is realized at either the initial or final time, t = 0 or t = 1.

Lemma 2. In the one-dimensional case, the extreme values of the diameter of a set

of objects S moving in a linear trajectory and with constant velocity will happen at the

boundary of the time domain or at the time of intersections of the arrangement A(S).

Proof. Let the lower and upper envelopes of A(S), respectively, be fS and gS. By

definition, both fS and gS are piecewise-linear continuous functions such that fS
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is a convex function and gS is a concave function. Observe that −gS is a convex

function and the vertical stabbing line segments ℓS between envelopes of S is in the

form ℓS(t) = fS(t)− gS(t). Hence, ℓS(t) is a convex piecewise-linear function and its

maximum happens at the boundary of time. The intersection points of fS and gS are

points such that the derivatives
dfS
dt

and
dgS
dt

are undefined, i.e., these intersections

are local extrema of ℓS. Therefore, the local extrema of ℓS occur at the boundary of

the time domain or at the time of intersections in A(S).

Recall that Min-Min optimization is written in the form min
Q∈Qk

min
t∈[0,1]

D(Q, t). Also,

from the geometric interpretation of diameter as vertical stabbing line segment, that

is, ℓS(t) = D(S, t), the Min-Min optimization can be alternatively defined as finding

the minimum over all minimum vertical stabbing line segments formed from sets in

Qk. That is, for Q ∈ Qk, let ℓQ denote the minimum vertical stabbing line segment

of A(Q) over t ∈ [0, 1], the Min-Min problem is equivalent to computing the length

|ℓmin| where:

|ℓmin| = min
Q∈Qk

|ℓQ|

For the case of k = 1, the collection Q1 is composed of singletons. Since there are

no intersections when a single object is in movement, D(Q, t) = 0 for any Q ∈ Q1 and

t ∈ [0, 1]. For k = 2, there are two points in movement in each element of Q2, then

two cases are possible for each Q ∈ Q2, the lines in A(Q) will intersect or not. In case

the lines of A(Q) intersect at time tk then we can observe that D(Q, tk) = 0 is the

minimum width attained by the points in Q. Now, consider that the lines in A(Q) do

not intersect. From Lemma 1, the minimum diameter of Q over time occurs at the
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boundary of the time domain, that is, min{D(Q, 0),D(Q, 1)}.

When 3 ≤ k ≤ n, the solution can also be divided into two significant cases: k = n

and 3 ≤ k < n. When k = n, computing the minimum distance between the upper

and lower envelopes of A(S) is a solution to min
t∈[0,1]

D(S, t). As explained by de Berg

et al. [2008] finding lower or upper envelopes can be done in O(n log n) time, this

approach will also take O(n log n) time.

In the case of 3 ≤ k < n, a strategy can be defined from Lemma 2. For a fixed

k and for each of Q ∈ Qk, one of the endpoints of ℓQ is an intersection point q of

two lines in A(S), the arrangement of all lines composed of elements of S. Since

Q ⊆ S, we have that A(Q) ⊆ A(S) meaning that the intersection q in A(Q) is also

an intersection in A(S). Since q is an intersection points of two lines in A(S), then a

local extrema of diameter, geometrically given as the minimum vertical stabbing line

segment ℓQ, is either the line formed by q and intersects k − 2 lines vertically above q

in A(S) or intersects k − 2 lines vertically below q. See Figure 3.2 for an example of

k = 4.

Let T contain all intersections of A(S). Include pi(0) and pi(1) in T for each pi ∈ S.

Then, for each q ∈ T , compute |ℓ+q | the length of the vertical line segment starting at

q and intersecting k − 2 lines above q. Analogously, compute |ℓ−q | the length of the

line segments starting at q and intersecting k − 2 lines below q. From all the lengths

computed, the solution is given by: min
q∈T

min{|ℓ+q |, |ℓ−q |}. This procedure is formalized

in Algorithms 3.1 and 3.2 and an illustration is given in Figure 3.2.

Line 1 in Algorithm 3.1 refers to the construction of the line arrangement A(S).

de Berg et al. [2008] explains that an arrangement of n lines can be constructed
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ℓmin

Figure 3.2: From a set S of moving objects on the left, the minimum vertical stabbing
line ℓmin for k = 4 is displayed on the right.

Min-min-1D(S, k)

1 Compute the line arrangement A(S)
// T has pairs (q, t) of intersection point q at time t.

2 Let T contain the intersections in A(S) and time of occurrence, i.e., (p, t).
3 Add (pi(0), 0) and (pi(1), 1) to T for each pi ∈ S
4 |ℓmin| = ∞
5 for each (q, t) ∈ T
6 ℓq = Min-vertical-line-endpoint(A(S), q, k, 2)
7 |ℓmin| = min{|ℓmin|, |ℓq|}
8 return |ℓmin|

Algorithm 3.1: Solution to Min-Min optimization for Diameter in one dimension.

incrementally in O(n2) time via a doubly linked list of edges. In general, Mulmuley

[1993] proposes a randomized incremental algorithm for constructing arrangements

of n Jordan curves in O(n log n+ s) time, where s is the number of intersections of

the arrangement. In the case of arrangement of lines, s = O(n2), so the randomized

algorithm would also construct the arrangement in O(n2) time.

Theorem 2 (Mulmuley [1993]). Given a set L of n Jordan curves, the curve arrange-
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Min-vertical-line-endpoint(A(S), q, k, j)

// Integer j is 1 is q has no intersection at time t, or 2 otherwise.
1 ℓ+q = vertical line starting at q intersecting k − j lines of A(S) above q.
2 ℓ−q = vertical line starting at q intersecting k − j lines of A(S) below q.
3 return min{|ℓ+q |, |ℓ−q |}

Algorithm 3.2: Find minimum vertical segment stabbing k lines of the given line
arrangement at time t.

ment A(L) can be constructed in O(n log n+ s) expected time and O(n+ s) expected

space via a randomized incremental algorithm, where s is the number of intersections

in A(L).

Using the line sweep algorithm, the intersections computed in line 2 of Algorithm 3.1

can be computed in O(n2) time as proposed by de Berg et al. [2008]. Given that

L is composed of lines, there are O(n2) intersections in A(L). Since the line sweep

algorithm maintains the order of the objects with respect to their position on the

line, at each intersection the order of the objects can be updated in O(1) time (swap

the intersecting objects at time t on the list). Hence, finding the k-th distant object

from q can be done in constant time from the ordered list of objects. Observe that

Algorithm 3.2 can be done in constant time, as the arrangement maintains the lines

ordered along the vertical axis. Therefore, the loop in lines 4 to 7 will run in O(n2)

time and Algorithm 3.1 takes O(n2) time.

Theorem 3. Let S be the set of n objects moving with constant velocity on the real

line. Also, let Qk denote the collection of subsets of S with fixed cardinality k. The

Min-Min optimization of the one-dimensional diameter, i.e., min
Q∈Qk

min
t∈[0,1]

D(Q, t), can

be solved in O(n2) time.
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3.2 Max-Min

An algorithm is presented for Max-Min optimization of diameter by applying

another observation of the distance between the upper and lower envelopes of the line

arrangement associated to the motion of the objects in S. For Q ∈ Qk, recall that ℓQ

is the vertical line segment from the upper to the lower envelope of A(Q), and |ℓQ| is

the length of the corresponding segment. The Problem (1B), which is the Max-Min

optimization for diameter can also have the geometric interpretation of finding the

maximum length over all the minimum vertical stabbing line segments of the sets in

the collection Qk, which is |ℓmax| = max
Q∈Qk

|ℓQ|.

For any Q ∈ Qk, A(Q) ⊆ A(S), then A(Q) is a subset of the lines in A(S), or

A(Q) can be formed by removing lines from A(S). Let ℓS be the minimum vertical

stabbing line segment of A(S). Since A(Q) for Q ∈ Qk can be formed by removing

lines from A(S), then the length |ℓQ| is either the same as |ℓS| or |ℓQ| is smaller than

|ℓS|, i.e., |ℓQ| ≤ |ℓS|. The idea is formalized in Observation 1 and its proof comes from

the intuitive idea discussed above.

Observation 1. Let A be an arrangement of n lines in the plane. Let ℓ denote the

corresponding minimum vertical stabbing line segment of A. If A′ is a line arrangement

such that A′ ⊆ A, then the minimum vertical stabbing line segment ℓ′ of A′ is the

same as ℓ or ℓ′ is smaller than ℓ in length.

Theorem 4. The minimum vertical stabbing line segment ℓS of A(S), from the set S,

is the maximum of all minimum vertical stabbing line segments of A(Q) for all Q ∈ Qk

and all integers k such that 3 ≤ k ≤ n. That is, max
Q∈Qk

min
t∈[0,1]

D(Q, t) is equivalent to
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min
t∈[0,1]

D(S, t).

Proof. Suppose that the diameter minimization min
t∈[0,1]

D(S, t) is realized by the elements

p, q ∈ S at time t′. For Q ∈ Qk, the subset Q can be formed by removing n − k

elements from S. Hence, from Observation 1, the minimum diameter of Q is the same

or smaller than the minimum diameter of S. That is:

min
t∈[0,1]

D(Q, t) ≤ min
t∈[0,1]

D(S, t) = d(p, q, t′)

In this case, the maximum of min
t∈[0,1]

D(Q, t) for any Q ∈ Qk is realized by the points

p and q at time t′. For every k such that 3 ≤ k ≤ n, there is at least one Q′ ∈ Qk

such that {p, q} ⊂ Q′. Therefore:

max
Q∈Qk

min
t∈[0,1]

D(Q, t) = D(Q′, t′) = d(p, q, t′) = min
t∈[0,1]

D(S, t)

In the one-dimensional case, the lines of the arrangement A(S) can intersect at

one point. As in the proof of Theorem 4, suppose the minimization of diameter is

realized by p, q ∈ S. From Lemma 2, if the minimization of diameter occurs at the

interior of the time domain [0, 1], then either p or q intersect with another element

of S. The minimum diameter of a set of moving objects in one dimension may be

realized by three points, as showed in Figure 3.3. Hence, the theorem above is only

valid for k ≥ 3.

For the special case of k = 2, the diameter D(Q, t) for any Q ∈ Q2 will be defined

as the distance between two elements in S. That is, for p, q ∈ Q, D(Q, t) = |p(t)−q(t)|
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which is an absolute value function composed with a polynomial of degree one. In this

case, if D(Q, t) is minimized in the interior of time domain [0, 1], then D(Q, t) = 0.

Since Max-Min searches for the maximum among the minimum diameters, for k = 2 the

solution occurs at either t = 0 or t = 1. That is, the Max-Min diameter optimization

is equivalent to max
Q∈Q2

min{D(Q, 0),D(Q, 1)}.

Another observation is that max
Q∈Q2

D(Q, 0) is equivalent to max
p,q∈S

d(p, q, 0), mean-

ing that it is also equivalent to D(S, 0) definition. The equivalence is also true

for max
Q∈Q2

D(Q, 1). Therefore, for k = 2, max
Q∈Q2

min{D(Q, 0),D(Q, 1)} is equivalent to

min{D(S, 0),D(S, 1)}.

When 3 ≤ k ≤ n, the Max-Min problem for diameter is equivalent to finding the

minimal vertical stabbing line segment of A(S), that is:

max
Q∈Qk

min
t∈[0,1]

D(Q, t) = min
t∈[0,1]

D(S, t) = |ℓS|

for every fixed k such that 3 ≤ k ≤ n. For 3 ≤ k ≤ n, min
t∈[0,1]

D(S, t) can be efficiently

solved in O(n log n) time via the diameter minimization proposed by Chan [2004].

However, the slower solution presented in Algorithm 3.3 is important for further

discussion of two-dimensional problems in Chapter 4.

When k = 2, Algorithm 3.3 will execute lines 4 to 6. Since lines 4 and 5 take

linear time, then the algorithm will take O(n) time when k = 2. Observe that the line

arrangement can be constructed in O(n2) time. Also, the envelopes of A(S) can be

computed in O(n log n) time. When 3 ≤ k ≤ n, the algorithm will take O(n2) time.

Hence, Algorithm 3.3 can solve the Max-Min optimization in total O(n2) time. On

the other hand, replacing lines 8 and 9 by the solution of minimum diameter proposed
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ℓS ℓS

Figure 3.3: Solution of Max-Min from minimum vertical stabbing line segment ℓS of
S for 3 ≤ k ≤ n and three lines forming ℓS.

Max-Min-1D-Slower(S, k)

1 if k ≤ 1
2 return 0
3 if k = 2
4 D0 = diameter of S at time t = 0
5 D1 = diameter of S at time t = 1
6 return min{D0,D1}
7 else // In the case of 3 ≤ k ≤ n
8 Form the line arrangement A(S) from S
9 |ℓS| = Minimum distance between upper and lower envelopes of A(S)
10 return |ℓS|

Algorithm 3.3: Solution for Max-Min optimization for diameter in one dimension.

by Chan [2004] results in a O(n log n)-time solution.

Theorem 5. Given the set S of n moving objects with constant velocity on the real line

and Qk the collection of subsets of S with fixed cardinality k, the Max-Min optimization

of the one-dimensional diameter max
Q∈Qk

min
t∈[0,1]

D(Q, t) can be solved in O(n log n) time.
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3.3 Min-Max and Max-Max

In the solution of Min-Max and Max-Max optimizations for one-dimensional

diameter, a common step between the two solutions is to find the maximum of the

objective function over the time interval, which is max
t∈[0,1]

D(Q, t). Solving max
t∈[0,1]

D(Q, t)

for any Q ∈ Qk and any k ≤ n is equivalent to finding two objects whose Euclidean

distance is maximum over the time domain. Using the fact that the Euclidean distance

is a convex function, the maximum of D(Q, t) over time will be realized at the boundary

of the time domain [0, 1]. Hence, the solution of such maximization will be in the

form:

max
t∈[0,1]

D(Q, t) = max{D(Q, 0),D(Q, 1)}

Observation 2. Since the diameter of a set of points on the real line is equivalent to

the maximum pairwise distance and the Euclidean distance is a convex function, the

following is true.

(i) The diameter version of Problem (1B), Min-Max, is equivalent to:

min
Q∈Qk

max{D(Q, 0),D(Q, 1)}

(ii) The diameter version of Problem (1D), Max-Max, is equivalent to:

max
Q∈Qk

max{D(Q, 0),D(Q, 1)}

In this case, the Min-Max diameter optimization can be solved with a similar
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idea to the approach done for the Min-Min optimization but now restricted to the

initial (t = 0) and final time (t = 1) only. That is, find the minimum over the vertical

stabbing line segments of A(S) that intersects the k lines at time t = 0 and time

t = 1. Denote by S(t) the array of points that represents the position of objects in S

at time t. Since finding the k-th largest element in an array takes O(n) time using

the selection algorithm from Cormen et al. [2022], it is possible to find the k-th most

distant object from an object p ∈ S.

The Max-Max problem, based on Observation (ii), can also be interpreted as

the maximum between the diameter of S(0) and S(1) since Theorem 8 states that

maximization over subsets Q ∈ Qk is realized by the set S. Hence, this solution can be

formalized in Algorithm 3.5. Figure 3.4 shows examples of minimum vertical stabbing

line segments that are solutions of Min-Max and Max-Max diameter optimization in

the one-dimensional case and k = 4.

Min-Max-1D(S, k)

// Array storing length of vertical stabbing segment at initial and final time.
1 R[0] = ∞
2 R[1] = ∞
3 for t = 0, 1
4 for each pi ∈ S
5 pj = k-th distant object from pi using selection algorithm
6 |ℓp| = pi(t)− pi+k−1(t)
7 R[t] = min{R[t], |ℓp|}
8 return max{R[0], R[1]}

Algorithm 3.4: Solution for Min-Max one dimensional diameter optimization.

Both solutions of Min-Max and Max-Max occur when t = 0 or t = 1. Min-Max

optimization uses the selection algorithm to find the k-th most distant object. Hence,

Min-Max in the form of Algorithm 3.4 takes O(n2) time. Meanwhile, since computing
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Max-Max-1D(S, k)

1 D0 = diameter of set S(0)
2 D1 = diameter of set S(1)
3 return max{D0,D1}

Algorithm 3.5: Max-Max optimization solution for diameter in one dimension.

the diameter of points in one dimension takes O(n) time, the Max-Max solution in

Algorithm 3.5 takes O(n) time.

ℓ

(a) Min-Max Solution.

ℓ

(b) Max-Max Solution.

Figure 3.4: Solutions of Min-Max and Max-Max diameter optimization in one dimen-
sion for k = 4.

Theorem 6. Let S the set of n objects moving with constant velocity on the real line.

Let Qk be the collection of subsets of S with fixed cardinality k. The Min-Max and

Max-Max optimization of the one-dimensional diameter, respectively,

min
Q∈Qk

max
t∈[0,1]

D(Q, t) and max
Q∈Qk

max
t∈[0,1]

D(Q, t),

can be solved in O(n2) time and O(n) time.



Chapter 4

Two-Dimensional Problems

Let S be a set of n constant-velocity objects moving in rectilinear trajectory and

let S be in general position in R2, as defined in Chapter 2. The following sections

will present polynomial-time solutions for each of the Min-Min, Max-Min, Min-Max,

and Max-Max optimizations of each measure defined in Chapter 2; namely, diameter,

width, axis-aligned bounding box area and perimeter, and minimum enclosing disk

area.

4.1 Diameter

4.1.1 Min-Min

For an object p(t) ∈ S, p(t) is parameterized in the form of p(t) = (px(t), py(t)) so

that px(t) and py(t) are polynomials of degree one. Let Sx be the projection of S on

the x-axis. That is, Sx = {px(t) | p(t) ∈ S}. Also, define Sy to be the projection of S

onto the y-axis, i.e., Sy = {py(t) | p(t) ∈ S}. Then, both Sx and Sy are sets of linear

41
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functions that represent the movement of S on each of the x and y-axes.

Given two objects p(t), q(t) ∈ S, the two-dimensional diameter D(S, t) at time t is

defined as

D(S, t) = max
p(t),q(t)∈S

√
(px(t)− qx(t))2 + (py(t)− qy(t))2

Similarly, D2(S, t) = [D(S, t)]2 = max
p(t),q(t)∈S

(px(t)− qx(t))
2 + (py(t)− qy(t))

2.

Recall that Qk denotes the collection of all subsets of S of fixed cardinality k. For

k = 1, since Q1 is a set of singletons, the diameter is D(Q, t) = 0 for each Q ∈ Q1. In

the case of k = 2, each D(Q, t) will be the Euclidean distance at time t between two

objects in S. Observe that the arrangement of each squared diameter curves D2(Q, t)

will be composed of parabolas since (px(t)−qx(t))
2 and (py(t)−qy(t))

2 are polynomials

in t of degree two. From Lemma 3, the extreme values of D2(Q, t) occur at the same

time t as D(Q, t). The specific case of k = n is efficiently solved by Chan [2004] via a

deterministic O(n log n)-time algorithm. Then, Min-Min diameter optimization could

be found via a brute-force solution by computing the minimum over all the minima of

D2(Q, t) for each Q ∈ Qk and fixed k < n. That is, finding the minimum diameter of

moving objects takes O(n log n) time from the Algorithm in Chan [2004]. This must

be repeated for each of the
(
n
k

)
subsets Q ⊂ S of cardinality k. Hence, this approach

would result in O
((

n
k

)
n log n

)
time. A better solution will be derived as follows.

Lemma 3. The local extrema of D(S, t) occur at the same time t as the local extrema

of squared diameter D2(S, t).

Proof. Observe the following derivative of D(S, t), using the Chain Rule, with respect

to time:
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d

dt
D(S, t) =

1

2D(S, t)

(
d

dt
D2(S, t)

)
(4.1)

Given general position of S, D(S, t) ̸= 0 for any t ∈ [0, 1]. Then,
d

dt
D(S, t) is zero if

and only if
d

dt
D2(S, t) is also zero.

From Lemma 3, the squared diameter D2(S, t) can be used to solve Min-Min

optimization. As discussed previously, for any p, q ∈ S with linear motion over t,

the squared Euclidean distance d2(p, q, t) is quadratic with respect to t. For a given

p(t) ∈ S, let Dp be the set of parabolas that define the distance from p to any other

object in S at time t, Dp = {d2(p, q, t) | q ∈ S \ {p}}. Let A(Dp) be the arrangement

of the parabolas in Dp.

Observe that the k-th most distant point from p at time t can be given as the k-level

of the arrangement A(Dp). Also, the k-level of A(Dp) identifies the k closest moving

objects to p throughout the motion, for a total of k + 1 moving objects on or below

the k-level in ADp . Then, a feasible solution could be derived from the (k − 1)-level

of each A(Dp) for each p ∈ S. The first step is to construct the arrangement A(Dp)

and the corresponding (k − 1)-level of A(Dp). Let ℓp be the vertical line segment

connecting the minimum point of the (k− 1)-level of the A(Dp) and the x-axis, which

corresponds to the parabola d2(p, p, t). Hence, maintaining the minimum among the

lengths |ℓp| for each p ∈ S solves the optimization problem at hand. Algorithm 4.1

formalizes the idea.

As discussed in Chapter 2, building A(Dp) takes O(n2) time. Computing the

k-level of an arrangement takes O((n + f) log n) where f is the k-level complexity.
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Min-Min-2Diameter(S, k)

1 |ℓmin| = ∞
2 for each p in S
3 Construct the arrangement A(Dp).
4 Compute the (k − 1)-level of A(Dp).
5 |ℓp| = length of minimum vertical lines from minimum point

on the k-level of A(Dp) and the x-axis.
6 |ℓmin| = min{|ℓp|, |ℓmin|}
7 return (|ℓ|)1/2 // Since Dp is the squared distance between points.

Algorithm 4.1: Min-Min optimization solution for diameter in two dimension.

Since Chan [2008] shows that the k-level of a parabolic arrangement has complexity

O(n3/2 log n), a valid upper bound is that it takes O(n3/2 log2 n) time to compute the

k-level of A(Dp). Then Algorithm 4.1 takes O(n3) time since n arrangements of n− 1

parabolas are constructed.

Theorem 7. Denote by S the set of n objects moving with constant velocity in R2,

and let Qk denote the collection of subsets of S with fixed cardinality k. The Min-Min

optimization of diameter, i.e., min
Q∈Qk

min
t∈[0,1]

D(Q, t), can be solved in O(n3) time.

4.1.2 Max-Min

Similarly to the one-dimensional case, the solution of max
Q∈Qk

min
t∈[0,1]

D(Q, t) is equivalent

to min
t∈[0,1]

D(S, t). An important observation is that for Q ∈ Qk, the minimum diameter

of Q is the same or smaller than the minimum diameter of S. Since the optimization

searches for the maximum among the minimum diameters, min
t∈[0,1]

D(S, t) will solve

Max-Min diameter optimization.

A possible construction of the subsets Q ∈ Qk is by the removal of n− k elements

from S. As points are removed from S to construct Q, from definition, the diameter
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of Q for any Q ∈ Qk satisfies the following:

min
t∈[0,1]

D(Q, t) ≤ min
t∈[0,1]

D(S, t)

Hence, the maximum of min
t∈[0,1]

D(Q, t) is attained when min
t∈[0,1]

D(Q, t) = min
t∈[0,1]

D(S, t),

i.e., either when Q = S or when Q contains the pair of points that realize the diameter

of S. Let p and q be the points that realize the minimum diameter of S over the

time domain. If Q contains the points p and q, then the maximum over minimum

diameters is attained by p and q. This idea is also true for a measure M(Q, t) as shown

in Theorem 8, where M can be the diameter or the area of the minimum enclosing

circle of Q.

Theorem 8. Given Q ∈ Qk, for a fixed k ≤ n, a subset of S. Let M be the diameter

of Q or the area of the minimum enclosing disk of Q. If min
t∈[0,1]

M(S, t) is realized by

the elements in SM ⊆ S and if there is at least one Q ∈ Qk such that SM ⊆ Q then:

max
Q∈Qk

min
t∈[0,1]

M(Q, t) = min
t∈[0,1]

M(S, t)

Proof. Since the minimization of measure M on S over the time domain is realized

by the elements in SM at time t′, then min
t∈[0,1]

M(S, t) = M(SM, t
′). Suppose Q′ ∈ Qk is

such that SM ⊆ Q′ and Q′ are formed by removing elements from S \ SM, then the

minimization of the measure is still realized by SM. From the construction of any

Q ∈ Qk by removing n− k elements of S, it is true that:

min
t∈[0,1]

M(Q, t) ≤ min
t∈[0,1]

M(S, t) = M(SM, t
′)



46 Chapter 4: Two-Dimensional Problems

Since SM ⊆ Q′, we obtain that the maximum of min
t∈[0,1]

M(Q, t) over Q ∈ Qk, from

the equation above, is attained at t = t′ and M(Q′, t′) = M(SM, t
′).

max
Q∈Qk

min
t∈[0,1]

M(Q, t) = M(Q′, t′) = min
t∈[0,1]

M(S, t)

Given the assumption of general position, no two objects can be located at a

common point in R2. Hence, the two-dimensional diameter of moving objects in S

is realized by exactly 2 objects. In this case, Theorem 8 is valid for any k such that

2 ≤ k ≤ n for diameter when d = 2.

Then, the Max-Min solution will be given by min
t∈[0,1]

,D(S, t). Since the minimization

of diameter considers all objects in S, k = n, a solution can be given from the algorithm

proposed by Chan [2004]. Hence, this solution will take O(n log n) time.

Theorem 9. Let S be the set of n constant-velocity moving objects in the Euclidean

plane, R2, and let Qk be the collection of subsets of S with cardinality k. The Max-Min

optimization of diameter, in the form of max
Q∈Qk

min
t∈[0,1]

D(Q, t), can be solved in O(n log n)

time.

4.1.3 Min-Max and Max-Max

The diameter, by definition, is the maximization of the Euclidean distance between

two points. When two objects are moving with constant velocity, the distance between

them is a convex function over time. The diameter of a set of n moving objects, which

is the maximum of
(
n
2

)
convex functions, is also a convex function. The maximum
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value of a convex function defined on a closed interval is attained at the boundary of

the domain. The optimization max
t∈[0,1]

D(S, t) is equivalent to max{D(S, 0),D(S, 1)}

Min-Max

The Min-Max optimization is realized at the boundary of the time domain. Then,

Min-Max is equivalent to:

min
Q∈Qk

max
t∈[0,1]

D(Q, t) = min
Q∈Qk

max{D(Q, 0),D(Q, 1)}

A solution can also be derived from the set of parabolas Dp = {d2(p, q, t) | q ∈ S}

for each p ∈ S. Let R0(p) and R1(p) be the array consisting of the parabolas of Dp

evaluated, respectively, at times t = 0 and t = 1. The k-th largest element of each

array is necessary to represent the k-th most distant point from p at each corresponding

time. Then, sort each array and maintain the maximum among the k-th elements

of R0(p) and R1(p), and let this result be r(p). Then, for each p ∈ S the Min-Max

optimization solution consists of the minimum among the results of r(p).

Min-Max-2Diameter(S, k)

1 D = ∞
2 for each p ∈ S
3 Construct set of parabolas Dp

4 R0(p) is array of parabolas in Dp evaluated at t = 0
5 R1(p) is array of parabolas in Dp evaluated at t = 1
6 r0 = k-th element of R0(p) using selection algorithm
7 r1 = k-th element of R1(p) using selection algorithm
8 r(p) = max{r0, r1}
9 D = min{D, r(p)}
10 return D

Algorithm 4.2: Min-Max optimization solution for diameter in two dimension.
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Observe that the Algorithm 4.2 is a O(n2)-time solution. That is, the loop in lines

2 to 9 is repeated for |S| = n times. Since the highest cost of time in the operations

from line 3 to 9 consists of constructing the set of parabolas Dp and obtaining the

k-th most distant element from p. Since finding the k-th largest element in unordered

array using the selection algorithm in section 9.3 of Cormen et al. [2022] takes linear

time, and constructing Dp also takes linear time, the total time complexity is in the

order of O(n2).

Theorem 10. Let S be the set of n objects moving with constant velocity in R2.

Also, let Qk be the collection of subsets of S with fixed cardinality k. The Min-Max

optimization of diameter, i.e., min
Q∈Qk

max
t∈[0,1]

D(Q, t), can be solved in O(n2) time.

Max-Max

From the idea presented in the Max-Min diameter solution and in Theorem 8,

which states the maximum of diameter over sets Q ∈ Qk will also be given as the

diameter of S, the Max-Max optimization can be written as:

max
Q∈Qk

max
t∈[0,1]

D(Q, t) = max{D(S, 0),D(S, 1)}

As discussed, the Max-Max optimization solution can be reduced to solving the

maximum between D(S, 0) and D(S, 1). Then, it is possible to use an algorithm for

the diameter of points in the plane. Then, the solution also takes O(n) time. This

idea is summarized in Algorithm 4.3.

Theorem 11. Let S denote the set of n constant-velocity moving objects in R2, and

let Qk be the collection of subsets of S with cardinality k. The Max-Max optimization
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Max-Max-2Diameter(S, k)

1 D0 = diameter of S(0).
2 D1 = diameter of S(1).
3 return max{D0, D1}

Algorithm 4.3: Max-Max optimization solution for diameter in two dimension.

of diameter, in the form of max
Q∈Qk

max
t∈[0,1]

D(Q, t), can be solved in O(n) time.

4.2 Width

4.2.1 Min-Min

An important fact for computing the width of a set P of points is that, in two

dimensions, the width is realized by three points of P , say u, v, and w. As discussed

in Chapter 2, the width of P is the distance from a line ℓ formed by two of the

points, say u and v, and the third point w, which gives the translation magnitude

and direction from ℓ to form a second parallel line ℓ′. From Definition 2, P must be

contained in the intersection of the oppositely oriented half-planes H, defined by ℓ,

and H ′, formed by ℓ′. Given the importance on the proposed algorithm to solve the

Min-Min optimization of width, a brief discussion will be made on how to obtain the

point-to-line distance formula.

Three points uniquely define a triangle. Given u, v and w as above, let ∆uvw be a

triangle whose base is b, the length of the segment uv, and height is h, the minimum

distance from w to the line derived from the segment uv. The area of the triangle is

A∆ =
bh

2
which can be rearranged to compute the height h =

2A∆

b
. For the triangle

∆uvw, the oriented area, which is represented by the area vector, can be calculated as
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u

v

w

ℓ

ℓℓ′

p

h⃗(uv, p)

h⃗(uv, w)

Figure 4.1: Example on how to determine if point p is enclosed by intersection of
half-planes H ∩H ′, where H is determined by the line uv.

follows.

2A⃗(u, v, w) = det


î ĵ k̂

wx − ux wy − uy 0

vx − ux vy − uy 0

 = k̂ det

wx − ux wy − uy

vx − ux vy − uy

 (4.2)

Let A(u, v, w) denote the z-coordinate of the vector A⃗(u, v, w), i.e., A(u, v, w) =

A⃗(u, v, w) · k̂. Also, let h(uv, w) denote the signed magnitude of the height of ∆uvw.

The formula h(uv, w) =
2A(u, v, w)

b
, which defines the minimum distance from the

line uv to the point w, can be used to obtain the points of P that are inside the

intersection of half-planes H ∩H ′. That is, for any other point p ∈ P , if h(uv, p) and

h(uv, w) have the same sign, both p and w are on the same side relative to the line uv.

If h(uv, p) < h(uv, w), the point p is closer to the line uv compared to the distance of

w to uv, which means that p is in H ∩H ′. Figure 4.1 illustrates the idea.

Consider now the set S of n objects moving with constant velocity. Recall that
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Qk is the collection of all subsets of S with fixed cardinality k. For Q ∈ Qk, the

width of Q at time t is denoted by W(Q, t). A possible approach to solving Min-Min

optimization of the width, written in the form min
Q∈Qk

min
t∈[0,1]

W(Q, t), can be defined based

on the oriented-area formula. Considering the motion of objects in S, the oriented

height formula of the triangle ∆uvw, for u, v, w,∈ Q, with the line ℓ defined from the

segment uv, based on Equation 4.2 the oriented height h(uv, w, t) can be written as:

h(uv, w, t) =
(wx(t)− ux(t))(vy(t)− uy(t))− (vx(t)− ux(t))(wy(t)− uy(t))

d(u, v, t)

=
2A(u, v, w, t)

b(t)

(4.3)

where d(u, v, t) corresponds to the length of the base of ∆uwv at time t, also denoted

b(t), whose explicit formula is the Euclidean distance between u and v at time t.

Given a pair of points u and v defining the line ℓ, a possible solution is to build an

arrangement of curves for each p ∈ P in which the width is represented by the oriented

height h(uv, p, t). Each curve in the arrangement would be expressed in the form of

Equation 4.3. It would be an arrangement of a rational function whose numerator is a

degree-two polynomial, while the denominator is a composition of a radical function

and a degree-two polynomial.

Observe that for a fixed line uv, the denominator of Equation 4.3 will be the

same for any w ∈ S forming the triangle ∆uvw. For a fixed pair of objects u and v

forming the line uv, using the arrangement of oriented height constructed from the

set {h(uv, p, t) | p ∈ S} to compute the width W(S, t) would be similar to using the

arrangement constructed from the set of oriented area {A(u, v, p, t) | p ∈ S} scaled by
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the factor
1

d(u, v, t)
. The equations of A(u, v, w, t) are degree-two polynomials which

have a more simple format than the rational function composed of radicals in the

denominator as in the format of h(uv, w, t).

For each pair {u, v} of elements in S, denote by Ah(uv, S) the arrangement

of the curves whose expressions are in the form of Equation 4.3, oriented height

h(uv, w, t). Let AA(uv, S) be the arrangement of curves expressed by the numerator

of Equation 4.3, i.e., arrangement of curves of the oriented area A(u, v, w, t). Lemma 4

shows that intersections between curves of both arrangements happen at the same

time.

Lemma 4. The intersections between the curves of Ah(uv, S) occur at the same time

as the intersection between the corresponding curves in AA(uv, S).

Proof. For p, q ∈ S, given two curves h(uv, p, t) and h(uv, q, t) from the arrangement

Ah(uv, S), suppose that these curves intersect at time t′. That is, their subtraction is

equal to zero in the form:

h(uv, p, t′)− h(uv, q, t′) =
2A(u, v, p, t′)− 2A(u, v, q, t′)

b(t′)
= 0

⇔ A(u, v, p, t′)− A(u, v, q, t′) = 0

which corresponds to the intersection of curves A(u, v, p, t) and A(u, v, q, t) from the

arrangement AA(uv, P ).

Given the arrangement of the oriented areaAA(uv, S), let A(u, v, v, t) or A(u, v, u, t)

be the x-axis for x = t. In case A(u, v, p, t) is above the x-axis, i.e., A(u, v, p, t) > 0,
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the object p is on one relative side of uv, while if A(u, v, p, t) is below the x-axis, p

is on the opposite relative side of uv. The Min-Min solution then searches for the k

closest points to the segment uv in the time domain. In this case, a solution to the

problem has to look for the k-th closest point to uv on both relative sides of the line ℓ

defined from the segment uv. Equivalently, in AA(uv, S) the solution searches for the

k-th closest parabola above and below the x-axis.

Denote by Lp(uv) the set of parabola segments above the x-axis formed from

the oriented areas of triangles formed from the line uv and objects from S. Also,

denote Ln(uv) the parabola segments below the x-axis composed from the parabo-

las −A(u, v, p, t) for p ∈ S. Then, construct the arrangements of parabola seg-

ments A(Lp(uv)) and A(Ln(uv)). Figure 4.2 illustrates an example of arrangements

A(Lp(uv)) and A(Ln(uv)).

Given that A(u, v, v, t) = 0 and A(u, v, u, t) = 0 for every t ∈ [0, 1], u and v are

not in A(Lp(uv)) and A(Ln(uv)). Then, the k-th most distant point from the line uv

corresponds to the (k− 2)-level of A(Lp(uv)) and A(Lp(uv)). For every pair {u, v} in

Q2, the minimum among all minimum points of the (k− 2)-levels of the arrangements

will give the solution to the Min-Min width optimization. This idea is summarized in

Algorithm 4.4.

Observe that Q2 has cardinality in the order of O(n2), the number of pairs obtained

from S. Lines 4 and 5 in Algorithm 4.4 takes O(n) time. Meanwhile, the construction

of the parabolic arrangement takes O(n2) time. As observed by Chan [2003], an

arrangement of n parabola segments can be partitioned into O(n5/3) pseudo-segments.

Hence, the (k−2)-level of A(Lp(uv)) and A(Ln(uv)) can be computed in O(n5/3 log n)



54 Chapter 4: Two-Dimensional Problems

AA(uv, S)

A(Lp(uv))

A(Ln(uv))

Figure 4.2: Example of parabolic arrangement A(uv, S) and its division into parabolas
segments above and below the x-axis, respectively A(Lp(uv)) and A(Ln(uv))

Min-Min-Width(S, k)

1 W = ∞
2 Q2 = unordered pairs of elements of S.
3 for each pair {u, v} in Q2

4 Lp = set of parabola segments of oriented area above the x-axis
5 Ln = set of parabola segments of oriented below the x-axis
6 Compute the arrangement A(Lp(uv))
7 Compute the arrangement A(Ln(uv))
8 (wp, tp) = pair of point wp and time tp which realize minimum

distance from (k − 2)-level of A(Lp(uv)) to the x-axis.
9 (wn, tn) = pair of point wn and time tn which realize minimum

distance from (k − 2)-level of A(Ln(uv)) to the x-axis.
// From the expression defined in Equation 4.3

10 W = min{W, (wp(tp)/ d(u, v, wp, tp)), (wn(tn)/ d(u, v, wn, tn))}
11 return W

Algorithm 4.4: Min-Min optimization solution for width in two dimension.



Chapter 4: Two-Dimensional Problems 55

time. In this case, since the loop in the algorithm is repeated O(n2) time, the total

time complexity of Algorithm 4.4 is O(n4) time.

Theorem 12. Consider S as the set of n moving objects with constant velocity on

the Euclidean plane, R2, and let Qk be the collection of subsets of S with cardinality

k. The Min-Min optimization of width, i.e., min
Q∈Qk

min
t∈[0,1]

W(Q, t) can be solved in O(n4)

time.

4.2.2 Max-Min

As discussed in the previous section, the width of a set of points is realized by

exactly three points. Denote SW ⊆ S the subset of moving objects that realizes the

minimum width of S at time t. Then, |SW| = 3. Now, consider the subsets Q ∈ Qk.

If k = 1 or k = 2, the width is zero. Theorem 8 cannot be applied to width and

a counter-example is illustrated in Figure 4.3. Observe in Figure 4.3 that for any

Q ∈ Q3, the width W(Q, t) will be smaller than W(S, t) for a certain time t where

W(S, t) is minimized.

In order to solve the Max-Min width optimization for Q ∈ Qk in the time domain,

the Min-Min solution can be modified to maintain the maximum width over each

subset Q ∈ Qk. Algorithm 4.4 only needs a modification in line 10 to maintain

the maximum instead of the minimum. Then, this will solve the Max-Min width

optimization. In this case, the modification will not impact the final time complexity

of the algorithm. Then, Max-Min solution takes O(n4) time.

Theorem 13. Let S be the set of n moving objects with constant velocity on the plane,

R2, and let Qk be the collection composed of all subsets of S with cardinality k. The
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u

vw

ℓℓ′
W(S, t)

ℓ

ℓ′

W(Q, t)

u

vw

Figure 4.3: Example that Min-Max width solution for Q ∈ Qk for k = 3 is not the
same as the minimum of W(S, t).

Max-Min optimization of width, in the form max
Q∈Qk

min
t∈[0,1]

W(Q, t), can be solved in O(n4)

time.

4.2.3 Min-Max and Max-Max

To develop a solution for Min-Max and Max-Max optimization for the width, it

is important to first check if the width with respect to time is a convex function. In

the affirmative case, the maximization of the width over time is shown to be attained

at the boundary of the time domain. For u, v ∈ S and any point p ∈ S, there are no

guarantees that the parabolas formed from oriented area A(u, v, p, t) are convex.

Figure 4.4 shows an example where the parabola A(u, v, p, t) is concave. In this

figure, the image on the left illustrates initial and final position of each object, which

induces relatively small width at times t = 0 and t = 1. On the right, the objects

are at an intermediary time (0 < t < 1), the distance between p and the segment uv

is larger when compared at times t = 0 and t = 1. Therefore, the parabola of the
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u

v
p

Legend:

t = 0

t = 1

u

v

p

Figure 4.4: Representation of the linear constant-velocity motion of three objects u, v,
and w such that the oriented-area of the triangle ∆uvw is larger than times t = 0 and
t = 1. That is, the parabola A(u, v, p, t) is concave.

triangle oriented area A(u, v, p, t) is a concave function.

In this case, the maximization of the width over time can also occur in the interior

of the time domain [0, 1]. Hence, Algorithm 4.4 can also be modified solve the Min-

Max and Max-Max optimization. The common step in the two problems is to find

max
t∈[0,1]

W(Q, t) for each Q ∈ Qk. This step can be achieved by finding the maximum of

the (k − 2)-level on lines 8 and 9 of Algorithm 4.4.

For the solution of Max-Max, the line 10 of Algorithm 4.4 is modified to maintain

the maximum of the width computed for different subsets of S. In case of the Min-Max

solution, the line 10 remains maintaining the minimum of the width for each subset.

These modifications are not going to affect the final time complexity of the Algorithm.

Hence, both Max-Max and Min-Max solutions take O(n4) time.

Theorem 14. Let S be the set of n moving objects with constant velocity in the

Eucledian plane, R2. Also, let Qk be the collection of all subsets of S with cardinality
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k. The Max-Min and the Max-Max optimization of width, respectively,

max
Q∈Qk

min
t∈[0,1]

W(Q, t) and max
Q∈Qk

max
t∈[0,1]

W(Q, t),

can be solved in O(n4) time.

4.3 Axis-aligned Bounding Box

4.3.1 Min-Min

The Min-Min optimization of the axis-aligned bounding box area is of the form

min
Q∈Qk

min
t∈[0,1]

AB(Q, t), meanwhile the perimeter optimization is similar, but the objective

function is the perimeter of the box, PB(Q, t). Recall from Chapter 2 that optimizing

AB(Q, t) differs from optimizing PB(Q, t) when k < n, as seen in the example of

Figure 2.3. Any bounding box is realized by two, three, or four points on its boundary.

In the case of the set S of n objects moving with constant velocity, the bounding

box of S at some time t is realized by two, three, or four elements of S. Since the

optimization searches for the smallest area or perimeter of a box enclosing k elements

of S, a brute-force algorithm can be defined as follows.

For each combination of two, three, and four elements of S, let B(t) be the

axis-aligned box realized by these elements of S. That is, given that elements

a(t), b(t), c(t), d(t) ∈ S form the bounding box B(t), the box has the following format:

B(t) = [xmin(t), xmax(t)]× [ymin(t), ymax(t)]



Chapter 4: Two-Dimensional Problems 59

such that:

xmin(t) = min{ax(t), bx(t), cx(t), dx(t)} xmax(t) = max{ax(t), bx(t), cx(t), dx(t)}

ymin(t) = min{ay(t), by(t), cy(t), dy(t)} xmin(t) = min{ay(t), by(t), cy(t), dy(t)}

and similarly for the cases where B(t) is formed from two or three elements of S.

A Min-Min area solution is to find all subintervals of the time domain [0, 1] such

that B(t) encloses k elements of S. Among all possible boxes B(t), select the box Bmin

with the smallest area or perimeter in the time subintervals in which Bmin encloses k

elements of S. Further details on this algorithm are discussed below.

The first step in developing the algorithm is how to define a strategy to find time

intervals where the given bounding box encloses k elements of S. Recall thatQk denotes

the collection of subsets of S whose cardinality is k ≤ n. LetB(t) be formed by elements

of Q2 ∪Q3 ∪Q4, that is, B is realized by two, three, or four objects from S. Let xmin(t)

be the minimum x-coordinate of B at time t and xmax(t) the maximum x-coordinate

of B(t) at time t. Similarly, let ymin(t) and ymax(t) be the minimum and maximum

y-coordinate of B(t) at time t. An object pi(t) = (pi,x(t), pi,y(t)) from S is inside B(t)

at time t if and only if xmin(t) ≤ pi,x(t) ≤ xmax(t) and ymin(t) ≤ pi,y(t) ≤ ymax(t).

Consider that the inequality xmin(t) ≤ pi,x(t) ≤ xmax(t) is valid in the subin-

terval [ti,x, t
′
i,x] and that ymin(t) ≤ pi,y(t) ≤ ymax(t) is valid in the subinterval

[ti,y, t
′
i,y]. The objects p will be inside the box B(t) in the time subinterval [ti, t

′
i] =(

[ti,x, t
′
i,x] ∩ [ti,y, t

′
i,y]

)
. In order to find the times ti,x and t′i,x as the intersection of the

polynomial pi,x(t) with xmin(t) and xmax(t), respectively. Similarly, find the times ti,y
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and t′i,y as the intersections of pi,y(t) with ymin(t) and ymax(t), respectively. Observe

that xmin(t) and xmax(t) are piecewise-linear functions since they are corresponding

x and y coordinates of the objects in motion defining the box B(t). Hence, these

subintervals can be computed in linear time.

Lemma 5. Given a bounding box B(t) and the set S of objects moving with constant

velocity, each objects p(t) ∈ S enters or exits B(t) a constant number of times.

Since objects move on linear trajectories with constant velocity, each object p(t) ∈ S

will be able to move into and out of the box B(t) a constant number of times. Recall

the definition of B(t) above. Since xmax(t) can be written in the piecewise form:

xmax(t) =



ax(t), t1 ≤ t < t2

bx(t), t2 ≤ t < t3

cx(t), t3 ≤ t < t4

dx(t), t4 ≤ t ≤ t5

each object p(t) can intersect xmax(t) up to four times. The case is similar for

xmin(t), ymax(t), and ymin(t). That is, since B(t) is composed of four segments, each

object p(t) ∈ S can only cross each segment up to four times, given its linear trajectory

and constant velocity. Then, in total, p(t) ∈ S can cross B(t) a maximum of 16 times.

Hence, each object pi(t) will have an associated subinterval of time [ti, t
′
i] or an

empty interval such that pi(t) is inside the box B(t). Now, the idea is to find the

intervals such that k objects of S are inside the box B(t). For this, it is possible to

use a simple sweep line algorithm to find the intersection of one-dimensional time
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intervals such that B(t) contains k elements of S.

The idea is simple: sweep the imaginary vertical line ℓ from left (t = 0) to right

(t = 1). The line stops at a set of discrete events. In this case, the discrete events are

the endpoints of the subintervals [ti, t
′
i] associated to each point pi that corresponds

to the time that pi is inside the box B. If the line ℓ hits a starting point ti of some

subinterval, then one more point moves into the box B. Meanwhile, if ℓ hits the end

point t′i, then the point pi exits the box B. Then, maintain a counter which starts

with the number of points inside B at time t = 0 and increments the counter when

the beginning of a subinterval ti is hit or decrement the counter when the end of a

subinterval t′i is hit.

Let H and H ′ be two minimum binary heaps such that H stores the starting points

ti of the subintervals discussed above and H ′ stores the corresponding end points t′i.

Consider the counter also defined above. Remove the minimum between the roots of

H and H ′. If the element was removed from H, then an object of S moved into B and

the counter is incremented. If the element was removed from H ′, then the counter

should be decremented as an element of S moved out of B.

Whenever the counter sums to k at some time ti, then B encloses k elements of S,

the time t is then stored as the initial time of B containing k objects. The subsequent

event of the sweep line t′ will change the counter so that it will be different from k,

then also store the time t′ to form the subinterval [t, t′] such that B encloses k elements

of S. For each interval [t, t′] from the previous step, compute the minimum area or

perimeter of the box B. For this, we define the routine AABB-Area-Interval

which returns the minimum area of the box B on the closed interval [t, t′], when t ̸= −1
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and t ̸= −1 (non-degenerate intervals), using Calculus, since the function of area of B

in terms of time t is a piecewise parabola. Repeat this process until both heaps are

empty and maintain the minimum among the minimum area of each box B. The idea

is summarized in Algorithms 4.5 and 4.6.

Min-Min-AABB(S, k)

1 Amin = ∞
2 Let H and H ′ be two minimum binary heaps
3 for each B in (Q2 ∪Q3 ∪Q4)
4 xmax(t) = maximum x-coordinate of B at time t
5 xmin(t) = minimum x-coordinate of B at time t
6 ymin(t) = maximum y-coordinate of B at time t
7 ymin(t) = minimum y-coordinate of B at time t
8 for each pi(t) = (pi,x(t), pi,y(t)) in S
9 [ti,x, t

′
i,x] = time such that pi,x(t) is between xmax(t) and xmin(t)

10 [ti,y, t
′
i,y] = time such that pi,y(t) is between ymax(t) and ymin(t)

11 [ti, t
′
i] = [ti,x, t

′
i,x] ∩ [ti,y, t

′
i,y] ∩ [0, 1]

12 Insert ti in H
13 Insert t′i in H ′

14 A = Min-Area-Intervals(B,H,H ′, k)
15 Amin = min{A,Amin}
16 return Amin

Algorithm 4.5: Min-Min optimization solution for axis-aligned bounding box area in
dimension two.

Observe that the loop in Algorithm 4.6 runs O(n) times since both H and H ′ have

size n. Inside this loop, all the operation takes constant time except for root removal

of H and H ′ which takes O(log n) time. Hence, this algorithm takes O(n log n) time.

In Algorithm 4.5 the loop in lines 3 to 15 is repeated | Q2 ∪Q3 ∪Q4 | = O(n4)

times. The inner loop on lines 8 to 13 is run exactly n where lines 12 and 13 takes

O(log n) time to execute. In this case, the for loop on lines 8 to 13 takes a total of

O(n log n) time. Also, as discussed above, line 14 calls Algorithm 4.6 which also takes



Chapter 4: Two-Dimensional Problems 63

Min-Area-Intervals(B,H,H ′, k)

1 Amin = ∞
2 points inside B = 0
3 heap root = −1
4 t = −1
5 t′ = −1
6 while (H is not empty) or (H ′ is not empty)
7 if H.root < H ′.root
8 points inside B = points inside B + 1
9 heap root = H.root
10 Remove root of H
11 else
12 points inside B = points inside B − 1
13 heap root = H ′.root
14 Remove root of H ′

15 if t = −1 and points inside B = k
16 t = heap root
17 if t ̸= −1 and points inside B ̸= k
18 t′ = heap root
19 A = AABB-Area-Interval(B, t, t′)
20 Amin = min{A,Amin}
21 return Amin

Algorithm 4.6: Compute the minimum area of bounding box B when B encloses
elements of S.

O(n log n) time, given that procedure AABB-Area-Interval uses Calculus to find

the minimum of a parabola (minimum area of box B) in a closed interval of time in

O(1) time. Therefore, the Min-Min solution of the bounding box area or perimeter

will take a total of O(n5 log n) time.

Theorem 15. Let S be the set of n moving objects with constant velocity in the

Euclidean plane, R2. Let Qk be the collection of all subsets of S with cardinality k.

The Min-Min optimization of the area and the perimeter of the axis-aligned bounding

box, respectively,
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min
Q∈Qk

min
t∈[0,1]

AB(Q, t) and min
Q∈Qk

min
t∈[0,1]

PB(Q, t)

can be solved in O(n5 log n) time.

4.3.2 Max-Min

The Max-Min optimization for axis-aligned bounding box area and perimeter

cannot be derived from Theorem 8. The fact that the minimum axis-aligned bounding

box of S at time t can be realized by two, three, or four points invalidates the usage

of Theorem 8 in some cases, which are discussed as follows.

Let SA be the set of points such that min
t∈[0,1]

AB(S, t) is realized. In the case where

|SA| > 2 and k = 2, the sets of the collection Q2 are composed of two elements and a

solution can be derived from the Euclidian distance between the objects of a set of

Q2. That is, the Max-Min solution of the two-dimensional diameter would also solve

the area and perimeter of the axis-aligned bounding box from the sets in Q2.

However, when |SA| > 3 and k = 3, there is no guarantee that the minimum axis-

aligned bounding box for k = 3 is realized by the subset SA. A simple counterexample

is depicted in Figure 4.5. In this example, min
t∈[0,1]

AB(S, t) is solved at t = t1 and realized

by SA = {p1, p2, p4, p6}. The Max-Min optimization for k = 3 is then realized at t = t2

by {p3, p4, p5} which is not a subset of SA. Hence, the conclusion of Theorem 8 does

not apply to this case.

A solution to Max-Min optimization of the area or perimeter of axis-aligned

bounding box can be derived similarly to the Min-Min solution. That is, for each

Q ∈ Q2 ∪Q3 ∪Q4 find the intervals of time such that Q encloses k elements of S.
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Figure 4.5: Minimum axis-aligned bounding of S and Q ∈ Q3 are realized by different
elements of S.

Then, for each of those time subintervals, compute the minimum area or perimeter of

the box. Among the minimum areas, maintain the maximum. That is, the maximum

over the minimum areas (perimeters) over time will be the result of the Max-Min

optimization of bounding box area or perimeter.

Algorithm 4.5 can be modified to accommodate Max-Min optimization. For this,

line 1 in the algorithm will be replaced by Amax = 0 and line 15 will maintain

the maximum, i.e., line 15 will be of the form Amax = max{A,Amax}. Since the

modifications made are in constant-time operations, the total time complexity will

not change and the Max-Min optimization will take a total of O(n5 log n) time.

Theorem 16. Let S be the set of n moving objects with constant velocity in the

Euclidean plane, R2. Let Qk be the collection of all subsets of S with cardinality k.

The Max-Min optimization of the area and the perimeter of the axis-aligned bounding

box, respectively,
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max
Q∈Qk

min
t∈[0,1]

AB(Q, t) and max
Q∈Qk

min
t∈[0,1]

PB(Q, t)

can be solved in O(n5 log n) time.

4.3.3 Min-Max and Max-Max

The main consideration when solving the maximization of a measure M over time

is whether this measure is a convex function or not. If M is a convex function, then

maximization occurs at the boundary of the domain. Recall that A(Sx) and A(Sy)

are the arrangements of lines corresponding to the movement of the objects in S

but projected onto the x and y-axes. Also, recall that ℓx(t) and ℓy(t) denote the

vertical line segment connecting the upper and lower envelopes of A(Sx) and A(Sy),

respectively.

Given the linear motion of S, the perimeter of the minimum axis-aligned bounding

box, PB(S, t) = ℓx(t) + ℓy(t), is a linear function. Hence, PB(S, t) is maximized at the

boundary of the time domain. The same property is not guaranteed for the area of a

bounding box. The area of the bounding box can be defined as AB(S, t) = |ℓx(t)|·|ℓy(t)|.

The second derivative of the bounding box area with respect to time t is of the form:

∂2

∂t2
AB(S, t) = 2

∂|ℓx(t)|
∂t

· ∂|ℓy(t)|
∂t

which is not guaranteed to be zero. Indeed, it is possible to derive an example such

that the area of the bounding box is maximized in the interior of [0, 1]. Figure 4.6

shows an example where area of the bounding box is maximized when t = 1
2
. Hence,
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p1

p2

p3

p4

p5

p6

t = 0 t = 1t = 1
2

(a) A(Sx)

p1

p2

p3

p4

p5

p6

p1

p2

p3

p4

p5

p6

t = 0 t = 1t = 1
2

(b) A(Sy)

Figure 4.6: Example of axis-aligned bounding box area is maximized in the interior of
the time domain. At t = 0 and t = 1 the area of the bounding box is 41.4 while at
t = 1

2
the area is 44.0.

the entirety of the time domain must be considered for area maximization.

The Min-Max and Max-Max optimization of axis-aligned bounding box area must

consider all the possible combinations of two, three, and four points that realize the

bounding box. This process is similar to the Min-Min optimization of the bounding

box area. For a box B ∈ Q2 ∪Q3 ∪Q4, given the intervals such that B encloses k

elements of S, compute the maximum area of B in this interval. Hence, Algorithm 4.6

returns the maximum area instead of the minimum. Hence, denote this modified

algorithm by Max-Area-Intervals. Since the number of iterations of the loop

in Algorithm 4.6 remains the same and the binary root removal is still needed, the

process Max-Area-Intervals also takes O(n log n) time.

The Min-Max solution can be derived from Algorithm 4.5 with a single modification

in line 14 such that this line will now call Max-Area-Intervals defined above. In

the case of Max-Max optimization the modifications of Algorithm 4.5 are the following:
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(i) Line 1 is replaced by Amax = 0.

(ii) Line 14 calls the procedure Max-Area-Intervals above.

(iii) Line 15 maintains the maximum of the areas computed in the previous line.

Hence, in both cases the total time complexity is not changed. Min-Max and Max-Max

of axis-aligned bounding box area are solved in O(n5 log n) time.

Theorem 17. Let S be the set of n constant-velocity moving objects in R2. Let Qk

be the collection of all subsets of S with cardinality k. The Min-Max and Max-Max

optimization of the area of the minimum axis-aligned bounding box, respectively,

min
Q∈Qk

max
t∈[0,1]

AB(Q, t) and max
Q∈Qk

max
t∈[0,1]

AB(Q, t)

can be solved in O(n5 log n) time.

Recall from the arguments at the beginning of this section that Theorem 8 does

not apply to the perimeter PB of the minimum axis-aligned bounding boxes. In the

case of Min-Max and Max-Max perimeter optimizations, the perimeter over time is

maximized at the boundary, i.e., at t = 0 or t = 1. A line sweep strategy can be

applied to solve these two cases, similar to the Min-Min diameter optimization in the

one-dimensional case. However, the sweep is restricted to the times t = 0 and t = 1

only. That is, let T be an array containing the pairs (p, 0) and (p, 1) for each p ∈ S.

Compute ℓ+x (p) and ℓ−x (p) which are the vertical line segments in A(Sx) starting at

p and intersecting k − 1 lines, respectively, above and below p. Then, compute sets

Q+
p,x and Q+

p,x containing the elements of A(Sx), respectively, intersected by ℓ+x (p) and

ℓ−x (p). Recall that this operation takes O(n) time.
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In the case of Min-Max, the problem is equivalent to max
(p,t)∈T

min{PB(Q
+
p,x, t),

PB(Q
−
p,x, t)}. Then, let t be a time from T , i.e. either t = 0 or t = 1, compute

the minimum of the perimeter of Q+
p and Q−

p . Repeat the same process for A(Sy),

compute corresponding vertical line segments ℓ+y (p) and ℓ+y (p). Also, compute the sub-

sets Q+
p,y and Q−

p,y and its corresponding perimeters. Among the minima of perimeter

computed at each t from T , return the maximum which is the Min-Max perimeter

solution. Since |T | = 2n in this case, the sweep line algorithm takes O(n2) time.

Min-Max-BBox(S, k)

1 Pmin = ∞
2 Compute arrangement A(Sx)
3 Compute arrangement A(Sy)
4 Let T be the array containing all pairs (p, 0) and (p, 1) for each p ∈ S
5 for (p, t) in T
6 ℓ+x (p) = vertical segment from p, intersecting k − 1 lines above p in A(Sx)
7 ℓ−x (p) = vertical segment from p, intersecting k − 1 lines below p in A(Sx)
8 ℓ+y (p) = vertical segment from p, intersecting k − 1 lines above p in A(Sy)
9 ℓ−y (p) = vertical segment from p, intersecting k − 1 lines below p in A(Sy)
10 Compute sets Q+

p,x, Q
−
p,x, Q

+
p,y, Q

−
p,y

11 P = max{P(Q+
p,x, t),P(Q

−
p,x, t),P(Q

+
p,y, t),P(Q

−
p,y, t)}

12 Pmin = min{Pmin,P}
13 return Pmin

Algorithm 4.7: Compute the axis-aligned bounding box perimeter Min-Max optimiza-
tion.

Observe also that the optimization max
(p,t)∈T

max{PB(Q
+
p,x, t),PB(Q

−
p,x, t),PB(Q

+
p,y, t),

PB(Q
−
p,y, t)} is equivalent to Max-Max perimeter optimization. Hence, this optimiza-

tion solution can be derived similarly to Algorithm 4.7. However, in the loop from

lines 5 to 12 in Algorithm 4.7 should maintain the maximum in line 12. That is, return

the maximum among the maxima of perimeter at each time t in T . Also, as |T | = 2n

in this case, the line sweep algorithm takes O(n2) time.
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Theorem 18. Let S be the set of n constant-velocity moving objects in R2. Let Qk

be the collection of all subsets of S with cardinality k. The Min-Max and Max-Max

optimization of the perimeter of the minimum axis-aligned bounding box, respectively,

min
Q∈Qk

max
t∈[0,1]

PB(Q, t) and max
Q∈Qk

max
t∈[0,1]

PB(Q, t)

can be solved in O(n2) time.

4.4 Minimum Enclosing Disk

4.4.1 Min-Min

The minimum enclosing disk C(t) of a set of objects moving with constant velocity

S can be defined by two or three objects of S on the boundary of C(t). The

Min-Min optimization of minimum enclosing disk area searches for a solution of

min
Q∈Qk

min
t∈[0,1]

A(Q, t), where A(Q, t) is the area of the minimum enclosing disk of the

subset Q ⊂ S at time t and Qk refers to the collection of subsets of S such that the

subsets have cardinality k.

The proposed solution to this problem is a brute-force algorithm. Given a pair or

a triple of objects of S forming a disk C(t), find the time subinterval [t1, t2] ⊂ [0, 1]

such that C(t) encloses k elements of S, then find the minimum area of the minimum

enclosing circle in the closed interval [t1, t2]. Hence, the Min-Min optimization can be

derived from the minimum among the minimum areas found in the previous step. For

this, an important observation is that the number of time subintervals such that C(t)

encloses k elements of S is linear.
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Lemma 6. Given a disk C(t) formed by two or three moving objects from S whose

elements move with constant velocity, and a distinct object p(t) ∈ S. The object p(t)

enters or exits C(t) a constant number of times.

The proof of Lemma 6 can be discussed in two cases: when C(t) is formed from

two objects of S and when C(t) is formed from three objects S. The proof idea is

discussed as follows.

Consider the possible disks formed from the objects u(t) and v(t) from S. The

minimum-area disk C(t) containing u(t) and v(t) on its boundary is the disk whose

diameter is given by the distance d(u, v, t) from u(t) = (ux(t), uy(t)) to v(t) =

(vx(t), vy(t)) at time t. In this case, the coordinates c(t) = (cx(t), cy(t)) of the center

of the disk C(t) and its radius r(t) are in the form:

(cx(t), cy(t)) =

(
1

2
(ux(t) + vx(t)),

1

2
(uy(t) + vy(t))

)
and r(t) =

1

2
d(u, v, t)

Given the constant-velocity motion of the objects in S, the coordinates cx(t) and

cy(t) are modeled by degree-one polynomials. An objects p(t) ∈ S enters or exits

C(t) at the time t when d(p, c, t) = r(t). Observe that the distance function and the

radius of C(t), as defined above, are rational functions in terms of t. It is similar

to find the time p(t) enters or exits C(t) in terms of the squared distance, d2(p, c, t),

and the squared radius, r2(t) = [r(t)]2. Equivalently, p(t) enters or exits C(t) at the

times t which satisfy the equation d2(p, c, t)− r2(t) = 0. Hence, d2(p, c, t)− r2(t) is a

polynomial of degree two with respect to t and there are at most two real roots of

this polynomial. This means that p(t) can enter or exit C(t) at most two times.
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Now, consider that C(t) is the enclosing disk which contains the objects u(t), v(t),

and w(t) from the set S on the disk boundary. In this case, C(t) is uniquely defined

at each time t by the three objects u(t), v(t), and w(t). The center c(t) = (cx(t), cy(t))

of the disk C(t) and its radius r(t), as discussed by Schneider and Eberly [2002], is

given by:

cx(t) = ux(t) +
(wy(t)− uy(t)) d

2(u, v, t)− (vy(t)− uy(t)) d
2(u,w, t)

2[(vx(t)− ux(t))(wy(t)− uy(t))− (wx(t)− ux(t))(vy(t)− uy(t))]

(4.4)

cy(t) = uy(t) +
(vx(t)− ux(t)) d

2(u,w, t)− (wx(t)− ux(t)) d
2(u, v, t)

2[(vx(t)− ux(t))(wy(t)− uy(t))− (wx(t)− ux(t))(vy(t)− uy(t))]

(4.5)

r(t) =
√

(cx(t)− ux(t))2 + (cy(t)− uy(t))2 (4.6)

As in the first case, an object p(t) ∈ S enters or exits the disk C(t) at time t

when the distance from p(t) to the center of C(t) is equal to the radius r(t) of C(t),

i.e., d2(p, c, t) − r2(t) = 0. The subtraction of polynomials d2(p, c, t) − r2(t), from

the definitions above, will result in a rational function in terms of t such that the

polynomial in the numerator has degree six and the polynomial in the denominator

has degree four. Searching for the zeros of this polynomial subtraction, only the

numerator needs be equal zero. Hence, the zeros of a polynomial of degree six will

yield up to six real solutions. Therefore, the objects p(t) can enter or exit C(t) a
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constant number of times.

Since the objects in p(t) enter and exits the disk C(t) a constant number of times

and S contains n objects moving with constant-velocity, there are up to O(n) intervals

of time such that C(t) encloses k objects of S, for all combinations of two and three

objects of S forming the disk C(t). In this case, a Min-Min solution can be derived

by searching the subintervals of time such that C(t) encloses k objects of S.

However, it is important to observe that, in the case that C(t) is formed by three

objects u(t), v(t), w(t) ∈ S, the time such that u(t), v(t), and w(t) are aligned has to

be considered in the subintervals described above. Let t0 be time such that u(t0), v(t0),

and w(t0) are aligned. That is, at t0, u, v, and w form a line uvw which divides the

plane into two oppositely oriented half-planes, say H and H ′. For some ε > 0, from

time t = t0 − ε to t = t0 + ε, the circle C(t) move from one half-plane to the other,

e.g., from H to H ′. In this case, the number of points enclosed by C(t) may abruptly

change from before and after the time t0. Figure 4.7 illustrates the idea.

Lemma 7. Given three objects u(t), v(t), and w(t) moving with constant velocity, the

number of times that these objects can form a line segment uvw is bounded above by a

constant.

The sketch of the proof of Lemma 7 is discussed as follows. Given three objects

u(t), v(t), and w(t) moving with constant velocity, let u(t) and v(t) form the segment

uv(t) for each time t. Then, the object w(t) will be aligned with uv(t) when the

following equation is satisfied:
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u
v

w

u

u

w

Figure 4.7: The objects enclosed by C(t) may abruptly change if C(t) is formed by
three objects of S and the objects are aligned at certain time t0. For some ε > 0, the
image on the left show the points at some time t0 − ε and the left image is at time
t0 + ε.

det

ux(t)− wx(t) uy(t)− wy(t)

vx(t)− wx(t) vy(t)− wy(t)

 = 0

Given the constant velocity of the objects, the determinant above will result in a

polynomial with degree up to two with respect to t. Hence, there are up to two real

values of t which satisfy the equation above. In this case, w(t) can intersect uv(t) up

to two times. This case is similar to v(t) intersecting uw(t) and also u(t) intersecting

vw(t). Therefore, the objects u(t), v(t), and w(t) can be aligned into a line segment

up to a constant number of times.

As previously discussed in the beginning of this section, the Min-Min optimization

of minimum enclosing disk area can be found by exploring the subintervals of time

in which a disk C(t) encloses k objects of S. For a disk C(t) formed from objects

of S, compute the center c(t) and the radius r(t) of C(t). Let T be an empty array.
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Compute the time t such that d2(p, c, t) − r2(t) = 0 is satisfied via some stable

numerical algorithm, and add each solution t to the array T as long as t is inside the

time domain [0, 1]. In case C(t) is formed by three objects, compute the times such

that the three objects are aligned and add those times to T .

The times in T will be the endpoints of the subintervals in which C(t) encloses

the same number of objects from S. Then, sort T and find the number of objects

in each subinterval [T [i], T [i + 1]] for i ranging from 0 to |T | − 2. In the case that

C(t) encloses k objects in the subinterval [T [i], T [i + 1]], find the minimum of r(t)

in this closed subinterval using a numerical solver for the equations of r(t) defined

above, e.g., the steepest descent method. Repeat this process for every possible C(t)

and maintain the minimum of the minimum radius found in the previous step. This

solution is presented in Algorithm 4.8.

In Algorithm 4.8, the lines 3 to 9 and also lines 12 to 13 run in O(1) time. Since

the solution of a polynomial equation of fixed degree can be numerically approximated

in O(1) time, the loop in lines 10 to 11 runs in O(n) time. Observe that the loop in

lines 16 to 19 runs in O(n) time, and the loop in lines 14 to 22 runs in O(n2) total

time given that |T | = O(n) from Lemmas 6 and 7. Hence, since | Q3 | = O(n3), the

Algorithm 4.8 takes a total of O(n5) time.

Theorem 19. Let S be the set of n objects moving with constant velocity in the

Euclidean place, R2. Also, let Qk be the collection of subsets of S with cardinality k.

The Min-Min optimization of the minimum enclosing disk area, i.e., min
Q∈Qk

min
t∈[0,1]

A(Q, t),

can be solved in O(n5) time.
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Min-Min-Enclosing-Disk(S, k)

1 rmin = ∞
2 for C ∈ (Q2 ∪Q3)
3 if |C| == 2
4 Let u(t) and v(t) be the elements of C
5 else
6 Let u(t), v(t), and w(t) be the elements of C
7 c(t) = the center of C(t) containing elements of C on the boundary
8 r(t) = the corresponding radius of C(t)
9 T = empty array // Will contain times where p(t) ∈ S enters or exits C(t)
10 for p(t) ∈ S \ (C ∪ {p})
11 Add solutions of d2(p, c, t)− r2(t) = 0 to array T , if t is in [0, 1]
12 if |C| == 3
13 Add times t to T when elements of C are aligned, if t is in [0, 1]
14 for i = 0..(|T | − 2)
15 points in C = 0
16 for p(t) ∈ S \ C
17 // Use halfpoint of time interval
18 if d2(p, c, (T [i] + T [i+ 1])/2) ≤ r2(t)
19 points in C = points in C + 1
20 if points in C == k − |C|
21 r = find minimum of r(t) in the closed subinterval [T [i], T [i+ 1]]
22 rmin = min{r, rmin}
23 return πr2min

Algorithm 4.8: Min-Min optimization solution for minimum enclosing disk area in two
dimension.

4.4.2 Max-Min

The main idea to solve Max-Min optimization for minimum enclosing disk is also

to use Theorem 8. That is, the minimization of the disk area over time for S will

also give the solution for Max-Min optimization for all Q ∈ Qk and k ≤ n. This is

an application of Theorem 8 with the fact that the minimum enclosing disk can be

defined by two or three objects of S.

Let A(S, t) denote the area of the minimum disk enclosing S at time t. Denote
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by SA the set containing the points that realize the solution of min
t∈[0,1]

A(S, t). Then,

|SA| = 2 or |SA| = 3. Theorem 8 is only valid when there is at least one Q ∈ Qk such

that SA ⊆ Q. Then, if |SA| = 2, since the area of the enclosing disk of elements in

Q1 is zero, Theorem 8 can be applied for any 2 ≤ k ≤ n. When |SA| = 3, the idea in

Theorem 8 can be applied when 3 ≤ k ≤ n, but not when k = 2 as SA ̸⊂ Q for every

Q ∈ Q2. Thus, the special case of k = 2 and |SA| = 3 must be considered separately.

Let |SA| = 3. For k = 2, there are only two points in every Q ∈ Q2. The Euclidean

distance between the two points in Q will be the diameter of the minimum enclosing

disk and also the diameter of the set Q. Then, for this special case, it is possible to

use the Min-Max solution of the two-dimensional diameter to solve the Min-Max of

minimum enclosing disk area, which takes O(n log n) time from the algorithm in Chan

[2004].

The remaining cases are k = 2 and |SA| = 2, or |SA| = 3 and 3 ≤ k ≤ n.

Then, Theorem 8 is valid and Min-Max for the minimum enclosing disk is solved by

min
t∈[0,1]

A(S, t). In this case, Algorithm 4.8 can be considered to solve this problem, with

the difference that it needs to maintain the maximum in line 22. That is, line 3 is

replaced by rmax = 0 and the line 22 is replaced by rmax = max{rmax, r}. Given that

there is no significant modification in the running time of the algorithm, this solution

also runs in O(n5) time.

Theorem 20. Let S be the set of n objects moving with constant velocity in the

Euclidean place, R2. Also, let Qk be the collection of subsets of S with cardinality k.

The Max-Min optimization of the minimum enclosing disk area, i.e., max
Q∈Qk

min
t∈[0,1]

A(Q, t),

can be solved in O(n5) time.



78 Chapter 4: Two-Dimensional Problems

4.4.3 Min-Max and Max-Max

Observe that when the minimum enclosing disk C(t) is composed by three objects

moving with constant velocity in linear trajectory, the center c(t) and radius r(t) of

C(t) are defined as in Equations 4.4, 4.5, and 4.6. In this case, the squared radius

r2(t) = [r(t)]2 of C(t) is a rational function with respect to t whose polynomial in the

numerator has degree six and the polynomial in the denominator has degree four.

Hence, there is no guarantee that the minimum enclosing disk area A(t) = πr2(t) is

a convex function. A counter-example showing that the area is not a convex function

is not easy to obtain, given the possible degrees of freedom of the movement of C(t).

Therefore, Min-Max and Max-Max solution needs to consider that the maximization

of the minimum enclosing disk area may occur in the interior of closed intervals of

time.

Min-Max

A solution for the Min-Max problem of the form min
Q∈Qk

max
t∈[0,1]

A(Q, t), where Qk

is the collection of subsets of cardinality k from the objects moving with constant

velocity in S, can be derived from Algorithm 4.8. As Algorithm 4.8 solves the Min-Min

optimization, a solution to Min-Max needs to maintain the maximum of area over

the subintervals of time. That is, replace the line 21 with r as the maximum area of

the minimum enclosing circle in the given subinterval of time. This would solve the

Min-Max optimization. Thus, this is also a O(n5)-time solution.
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Max-Max

Recall that the Max-Max optimization is formulated as max
Q∈Qk

max
t∈[0,1]

A(Q, t). Observe

that the maximum of area is sought on the time interval and also among the subsets

in Qk. Using the Min-Min solution in Algorithm 4.8, the line 21 has to be replaced by

the radius r which gives maximum area of the minimum enclosing circle in the given

subinterval of time. Also, the solution needs to maintain maximum among the subsets

in Qk. For this, the line 3 in Algorithm 4.8 is replaced by rmax = 0, and the line 22

is replaced by the maximization, i.e., rmax = max{r, rmax}. Therefore, the Max-Max

solution also takes O(n5) time.

Theorem 21. Let S be the set of n constant-velocity moving objects in the plane, i.e.,

R2. Also, let Qk denote the collection of subsets of S with cardinality k. The Min-Max

and the Max-Max optimization of the minimum enclosing disk area, respectively,

min
Q∈Qk

max
t∈[0,1]

A(Q, t) and max
Q∈Qk

max
t∈[0,1]

A(Q, t)

can be solved in O(n5) time.
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Conclusion

The optimization of MinimumMoving Spanning Trees over a set S of objects moving

in constant-velocity linear trajectory in R2 proposed by Akitaya et al. [2021] opened

ground for optimizing other geometric measures on S. This thesis proposed linear-time

algorithmic solutions for optimizing the diameter, width, minimum alignment of the

axis boundary box and minimum envelope disk of the set S. Future work can also be

determined in terms of other measures of extent and proximity. Also, the proposal

of other restrictions for the space and movement of elements in S can lead to new

developments.

Another measure that could be considered is the area and perimeter of the convex

hull of S. Let Qk be the collections of subsets of S with cardinality k. It is not trivial

to determine whether minimizing the area of the convex hull of Q over Q ∈ Qk and

over the time domain can be solved by a polynomial-time algorithm. The same would

apply to the perimeter of the convex hull of Q.

The movement in three-dimension could also be considered as future work. Some

80
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of the solutions presented in this thesis can be extended to R3. However, the time

complexity will scale accordingly; for example, the arrangement of lines in R3 can be

constructed in optimal Θ(n3) time, as seen in de Berg et al. [2008], via an incremental

algorithm increasing the time complexity of the solutions. Another idea is to consider

the movement of S as polynomials of degree greater than one. In this case, the

arrangement of curves will contain a possible higher number of intersections between

pairs of curves. Hence, λs(n) will increase its complexity as s increases, consequently

resulting in a higher time complexity to construct arrangements, as well as to find

envelopes and k-levels.

The examples cited above are a few of the possibilities of new research ideas that

can be considered from the developments in Akitaya et al. [2021]. More recently,

Wachholz and Suri [2023] shows hardness results for a minimum moving spanning tree

when optimizing the sum of edge lengths. That is, the hardness of optimization of

other geometric measures can also be a new path of research. Therefore, optimization

of geometric measures of objects in movement may be considered a promising topic to

be explored.
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