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Abstract

Many common structural members can be thought of as an assemblage of thin
plates. For example, an I shaped cross-section can be made from three or five thin
plates and an angle can be thought of as two thin plates whose sides are rigidly
attached at an angle, and so on. In this study a multi-purpose computer program was
developed, based on a Rayleigh-Ritz (RR) type stiffness approximation, to investigate
the wave propagation in infinitely long thin-walled members and the free vibration of
thin-walled members that are simply supported at their ends. Also, wave propagation
characteristics of these members where studied. To model the behaviour of these types
of structural members, using a finite element methodology, an element that closely
models the behaviour of a thin plate was created. There are two uncoupled motions
of a homogeneous thin plate having material symmetry about its middle surface;
one corresponds to inplane motion and the other to bending. Previous studies used
a three node parabolic element to model the inplane motion of the plate. In the
present work, the three node inplane element and a two node beam element were
used to generate an element which models both the inplane and bending motions of
a thin plate. The program was checked for accuracy against another approximate
solutions as well as analytical solutions. The Rayleigh-Ritz approximation proved
to be effective in calculating the wave dispersion characteristics (wavenumber and
modeshapes for a given frequency) of thin-walled, infinitely long members as well as
the characteristic frequencies of vibration of simply supported thin-walled structural

members.
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Chapter 1

Introduction

1.1 Purpose

The purpose of this study is to create a multi-purpose computer program that models
vibration and wave propagation in thin-walled structural members using a plane

stress, Rayleigh-Ritz stiffness aproximation.

1.2 Scope

A computer program is developed in this study which is used to investigate wave prop-
agation in infinitely long members as well as the free vibration of simply supported
beams. The study will include a description of the Rayleigh-Ritz approximation using
two-dimensional theory. As well, exact analytical solutions and a Rayleigh-Ritz ap-
proximation based on three-dimensional theory will also be developed for the purpose
of verifying the numerical results of the two-dimensional Rayleigh-Ritz approxima-

tion.
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1.3 Overview of the Present Study

Guided ultrasonic waves have been considered recently for use in the nondestructive
testing of materials to detect and characterize flaws that are created during the pro-
cess of fabrication and flaws that develop throughout the service life of the product.
To evaluate the effectiveness of any ultrasonic nondestructive evaluation method it
is important to understand the behaviour of the propagating waves as they travel
through a member in order. One section of this study focuses on the analysis of
guided waves in thin-walled structural members. Specifically, it studies the wave dis-
persion characteristics (wavenumber and modeshapes for a given frequency) of the
member. This information is necessary for the quantitative nondestructive evalua-
tion of the member. The inspiration for this study came from sucesses in modeling
the wave propagation in plates of infinite length and width using a Rayleigh-Ritz
approximation for plane strain analysis [1}-[6]. Although the plane strain stiffness ap-
proximation does reasonably model the behaviour of an infinitely long and wide plate
it was recognized that the majority of structural members in use today cannot be
regarded as being both infinitely long and wide. The majority of structural members,
such as I-shapes or C-shapes, fall into a group that can be thought of as an assem-
blage of thin plates. In this study a two-dimensional Rayleigh-Ritz approximation
will be used to calculate the wave dispersion characteristics of thin-walled structural

members assuming that plane stress conditions are satisfied.

Also included in this report is a new look at calculating the characteristic fre-
quencies of vibration of members that are simply supported at two ends. Previous
methods of calculating the characteristic frequencies of vibration of simply supported
members have assumed that the cross-section geometry of the section remains con-
stant throughout each cycle of vibration. The Rayleigh-Ritz method described in this

report accounts for the distortion of the cross-sectional geometry during vibration.
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1.4 Organization of the Thesis

Chapter 2 consists of the formulation of the two-dimensional Rayleigh-Ritz stiffness
approximation for wave propagation in thin-walled structural members. This approx-
imation is an extension of the plane strain stiffness approximation that was described
earlier in the Chapter. The next chapter, Chapter 3, formulates the same wave prop-
agation problem using three-dimensional theory instead of two-dimensional theory.
This formulation has appeared in previous papers by Dong and Kazic (7] and it will
be used to check the accuracy of the two-dimensional Rayleigh-Ritz stiffness approxi-
mation formulated in Chapter 2. In Chapter 4, the formulation of the exact analytical
solution for both the inplane and bending motions of a thin-walled structural member
is presented. The theory for the analytical solution of the inplane wave propagation
problem was created by modifying the plane strain solution presented by Karu (8] and
Zhu [9]. Chapter 5 includes all the numerical results needed to verify the accuracy
of the plane stress stiffness approximation. Finally, Chapter 6 will conclude with
the findings as well as suggest future work that can be done using the theory and

programs resulting from this study.



Chapter 2

Stiffness Method -

Two-Dimensional Analysis

2.1 Introduction

Many structural members can be thought of as an assemblage of thin plates. For
example an I shaped cross-section can be made from three or five thin plates and an
angle can be thought of as two thin plates whose sides are attached at an angle, and
so on. Thus, to model these types of structural members using the finite element
methodology we must first create an element that closely models a thin plate. There
are two uncoupled motions of a homogeneous thin plate having material symmetry
about its middle surface; inplane and bending. In this chapter a stiffness method,
wherein the displacements are approximated by the interpolation of discrete nodal
(interface) values, is presented in order to study the wave propagation in structural
members of infinite length in the longitudinal direction. Previous studies have used a
three node parabolic element to model the inplane motion of the plane strain problem

and has been proven to be reliable when compared to analytical solutions {1]-[6]. In

4
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the present work, the three node inplane element and a two node bending element are
assembled to generate an element that models both the inplane and bending motions

of a thin plate.

2.2 Formulation

Figure 2.1 shows the geometry of a thin plate in the local z, y, z coordinate system.
This is the thin plate from which the element stiffness equations will be derived
using standard finite element methodology. The plate has infinite length or a simply
supported length, a, in the local x direction, a height, L, in the local y direction and
a thickness, h, in the local z direction such that A/L < 10.

Figure 2.1: The geometry of a plate in the local coordinate system.

The three node inplane element and the two node bending elements are shown
in Figure 2.2. In this formulation, the equations for the inplane element and the
two beam elements are derived separately. The equations are then assembled to

generate a three node element capable of representing inplane and bending motions.
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first - 2 node beam element

Figure 2.2: The inplane and bending elements.

For a straight plate the inplane and bending motions are uncoupled. However, when
more than one plate is assembled to form common structural shapes the two motions

become coupled.

The Rayleigh-Ritz stiffness approximation uses Hamilton’s energy principle to

generate the elemental equations:
t
§ [ (T -mdt=0 (2.1)
ty

where T and II are the kinetic and potential energies in the body. The expression for

the kinetic energy resulting from the inplane motions of an element is given by:

T = % [ [ otay {aydydz (2.2)

where p is the mass density per unit of area, {u}?” =< u v > is a displacement array

and a dot indicates differentiation with respect to time.

The potential energy, II, for the inplane motion is given by:

M= [ [{e} D" {e}ayds (2.3)

where {€} is an array of strain. In Equation 2.3, the work done by the boundary

force, {F,}, is omitted for convenience.
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The strain-displacement relationships for each element are

du
Exx g—I
{e}=q e ¢ = £ (2.4)
Svu Su
Y=y oz T oy

where v and v are the displacements in the z and y directions respectively. €.z, &y

and <y, are the inplane strains.

The stress-strain relationships are
(N} =[D"{e}. (2.5)

In Equation 2.5 the inplane forces are {N} = {Nyz, Ny, Ny }*. The sign conven-

tions for the inplane forces are shown in Figure 2.3.

Nxy chvaxay
Nx 7
Gee—— 0——’—*
,,pklleAy
Nxy

Figure 2.3: Sign conventions for inplane forces.

Here generalized plane stress conditions are assumed as

Dy Dy O
[D¥|=h| Day Das O (2.6)
0 0 Des
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E. veyE Ez(1—vzy,}
- - S = = —_ EHZY —_ —E - TV
where Dj; jE— Doy T=vmyigs Dyo Do, T=vayrgs Des B —vagiys)” L.

and E, are the modulus of elasticity in the x and y directions respectively, v is defined

as Poisson’s ratio.

The nodal displacements are approximated as:

fu} = { w9, ) } — V()] {g(z )} = [N]{q} (2.7)

v(z,y,t)
for the inplane element, where

Ny 0 00 N} 0 00N O 0O
[Nu(y)]‘[o N*00 0O N)OQO O N¥ OO
and
( ul(a:,t) ]
v1(z,t)
wy(z,t)
61(z, t)
ug(a:,t)
'Ug(.‘L‘, t)
wa(z,t) (
92(1‘,1’2)
us(z, t)
vz(z, t)
ws(z,t)
\ 63(11 t) J
where u;, v;, w; are the nodal displacements in the z, y, z direction and 6; is the

{Q(-Tr t)} = 9

rotation about the z axis at node i.

Shape functions used for the inplane element are

w1 1
N} = -2-(772 —n), N =1—-7° Nj = 5(772 +m) (2.8)

WhereogygLuandyz%Ln+%“.

The strains in Equation 2.4 can be written in terms of the shape functions [N (y)]

and displacement array {q(z,t)}. For the inplane element

{e} = [Al{d'} + [Bl{q} (2.9)
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where
Ng 0 00 Ny O OO0 N O OO0
[A] = 0 0 00 O 0 00 O 0 00 (2.10)
0 Nty 00 O Ny OO O Ny OO
and
0 0O 00 O 0 00 O 0O 0O
_ ony anNg any
[B] = agu -%1- 00 az(\)r" % 0 0 agu % 00 (2.11)
7;— 0 00 7;— 0O 00 —a;'-*- 0 00

Substituting Equation 2.7 into the equation for kinetic energy, Equation 2.2, re-
sults in:
1 _ y ,
T=3 [ [ ol (V7 IN){g}dydz. (2.12)

In a similar manner, substituting Equation 2.9 into the equation for potential
energy, Equation 2.3, gives:

1

I = 5 [ [ {7 (AT DD} + (g} (AT (DBl Y’

+ {7 (B [D*)(AD{a} + {a} " (B [D"|[B){q}] dydz.  (213)

Application of Hamilton’s principle, Equation 2.1, gives:

[KiH{q"} + [Kal{a'} — [Kal{a} — [M{d} = 0 (2.14)
where
(] = [ [1BIT1D"|[Bldy (2.15)
#al = [ [ (IBITID™)iA] - (A" [D¥][B]) dy (2.16)
(] = [ [TAT (D) Aldy (2.17)
] = [ [ oINTIN]dy. (2.18)

Note that [K;], [K3] and [M] are symmetric while [K}] is antisymmetric. The elements
of [M], [Ki], [K2], and [K3] of Equation 2.14 are defined in Appendix A. In Equation
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2.14 the overdot and prime denote the differentiation with respect to time and z

respectively.

The element equations for the two bending elements are created by employing a

similar methodology. For the bending problem the kinetic energy is given by:

T = él- f / pirtdydz (2.19)

where p is the mass density per unit of area, w is a displacement in the z-direction

and a dot again indicates differentiation with respect to time.

The potential energy for bending is given by:

= [ [ (k710" {k}dydz (2.20)

where {k} is an array of curvatures. The work done by the external forces, {Fy,}, has

been omitted for convenience.

The curvature-displacement relationship for the bending elements are

k' __62w
T 321.2
{k} =% ky ;= ——?,%’é’ (2.21)
9w
k-":y —26::63/

where w is the displacement in the z direction and k.., ky, and k. are the curvatures.

The moment-curvature relationship is:
{M} = [D*{x}. (2.22)

In Equations 2.22 the bending moments are {M} = {My, My, Mz, }T. The sign
conventions for the bending moments are shown in Figure 2.4. Here generalized
plane stress conditions are assumed and, therefore, [D¥] = % D¥] where [D*] was

defined earlier in Equation 2.6.

The nodal displacements are approximated as:

wi(z,y,t) = [N (y)] {a(z, 1)} (2.23)
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x l b >
M ¢
Mxy z :pﬁaxcy M'xy
] (;
] o
s/ or 7|My
¢ Qy hRLzLB2

Figure 2.4: Sign convention for bending moments and shear forces.

for the first bending element, and

wg(x,y, t) = [Nwz(y)l {Q(I: t)} (2.24)

for the second bending element. [N¥!(y)] and [N*2(y)] are matrices containing the

shape functions defined below:

[N“'(y)]=[0 0 N Nf 00 NY Nf) 00 0 O]
[N**(y)]=[0 0 0 0 0 0 N Ny 0 0 Ny Ny].
For both the bending elements, the shape functions are
NP = 2230477, N = 2L~ — 2 +7P),
Ny = i(2+3n—n3),N2”= %(—1—n+n2+n3) (2.25)
where 0 <y < L,, y = &#n+ & and L, = &=

The curvatures in Equation 2.21 can be rewritten now in terms of the shape

functions [N(y)] and the displacement array {¢(z,t)}. For each beam element
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—{k} = [da]{q"} + [bal{q'} + [aal{g} (2.26)

where o = 1 or 2. Thus for beam element one (o = 1), matrices {d;], [b;] and [a,;] are

defined as:

00 N* NY 00 N N 000 0
d]=|00 0 0 00 0 0 0000 (2.27)
0 0 0O 0 00 O 0 00O0OO
00 O 0 00 O 0 00O0O
=00 0 0 00 0 0 0000 (2.28)
ANE  BNE BNF o ONP
0 0 28T 224 o o 22 22 0 0 0 0
006 O 0 00 O 6 00O0O
2 Nw 2 Nw 2 Nw 2 Nw
[ml=100 5F H5F 00 HE FF 0000 (2:29)
00 O 0 00 O 0 0000
and, for beam element two (o = 2), matrices [do], [b2] and [a2] are defined as:
000000 N* N* 00 N¥ N¥
d]=|000000 0 0 00 0 O (2.30)
0 000O0O0 O 0 00 O 0
0 0O0O0O0O0 O 0 00 0 0
boJ=|0 00000 0 0 00 O 0 (2.31)
BNF o ONP ANy o8N,
000000 2%E 92 o o 22% o2&
0 0O00O0O0 O 0 00 0O 0
w w 2 Nw 2 N w
[ae]=|0 00000 Z& ZF oo FE X (2.32)
0000O0O0 O 0 00 O 0

where a prime denotes differentiation with respect to y.

Substituting Equations 2.23 and 2.24 into the equation for the kinetic energy,
Equation 2.19, results in:

T =3 [ [ol@y (VTN {a}dyds. (233)
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In a similar manner, substituting Equation 2.26 into the equation for the potential

energy, Equation 2.20, gives:

II

+ o+ 4+

5 [ [ HeY (T Dda g} + (g} (el 1D¥] b '}

{2} ([dal1D"][aa]){a} + {g'}7 (Bel [D*][da]){a"} + {a'} (el (D] ba]) {2}
(€} (BalTID"]la]}{a} + {a} (eal"[D*][da]){a"} + {2} (faal"D"I[ba]){}
{g}" (o] [D¥]aa]){g}] dydz (2.34)

where ¢ = 1 or 2.

The application of Hamilton’s principle for the two beam elements, Equation 2.1,

gives:

—[M{d} - [EfMe"} — (BsHa"} — [ESH{a"} — [ES1{a'} — [BEH{a} = {0} (235)

where

(Bg] = [[dalT(D*][deldy (2.36)
(B8] = [ ({dal(D*]Iba] - Bl T(D¥][dal) dy = [0 (2.37)
(B3] = [ ([dal"(D][aa] = balT[D*][ba] + [0 [D¥][dal) dy  (2:38)
(B3] = [ (loal"[D*][ba] — (el7[D*][aa]) dy = [0] (2.39)
(B2] = [laal"(D*)[ealdy (2.40)
(M5 = [ [N [N dy. (2.41)

Note that the non-zero matrices, [E¢], [Ef], [E2] and [M{] are symmetric. In Equa-

tion 2.35 the overdot and prime denote differentiation with respect to time and z

respectively.

For the two beam elements, the element equations become:

—[M){q} - [Eil{q"} ~ [BsH{q"} — [Esl{g} = {0} (2.42)
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and
~[M1{3} - [Ef{d"} — [B3M{q } — [EZ){g} = {0}. (2.43)

Adding the equations for the two beam elements, Equations 2.42 and 2.43, results

in the three node element equation

—[M]{d} - [El{q"} ~ [Esl{q} — [Esl{g} = {0} (2.44)

where [My] = [M}]+[M{], [Eq] = [EY]+(E3], [Es] = [E3]+[E3] and (Es] = [E3]+[EE].

9

The elements of [M,], [Ei], [Es] and [Fs] of Equation 2.44 are defined in Ap-
pendix A.

For analyzing the propagation of a harmonic wave travelling in the z-direction, of
a structural member of infinite length in the longitudinal direction, the displacement

field can be described as

{a} = {a(z, 1)} = {Qo}e™™*e™" (2.45)

where v is the wavenumber and w is the circular frequency. The corresponding for-
mulation for the vibration of a structural member simply supported in the z-direction
(z =0, a) is given in Appendix B, and the matrices appearing therein are presented

in Appendix C.
Substituting Equation 2.45 into Equations 2.14 and 2.44, produces Equations 2.46 and 2.47
respectively;
[v?K1 — 7Ky — K31{Qo} = {0} (2.46)
where [K3] = [Kj3] - w? [M] as well as
[-7*E1 — v*Es — E5|{Qo} = {0} (2.47)

where [EZ] = [Es] - w? [My).



CHAPTER 2. STIFFNESS METHOD - TWO-DIMENSIONAL ANALYSIS 15

Adding Equations 2.46 and 2.47 results in the element equations, Equation 2.48,

for a thin plate in the local x, y, z coordinate system

(VK1 — 1Kz ~ K3 — 7*E1 — v* B3 — E5]{Qo} = {0}. (2.48)

The next step is to transform the local element equations into the global coordinate
system. The local y-z axes of the plate element, shown in Figure 2.5, make an angle

8 with the global Y-Z axes.

Figure 2.5: The geometry of a single element in the global coordinate system.

The transformation of the element equations from the local to the global coor-

dinate system results in the global element equations, Equation 2.49, in the form

(K,] {@Q} = {0}, ie

[T 7K1 — 1Kz — K3 — v Er — v* B3 — E3|[TH{Q8} = {0} (2.49)
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The elements of [T], in Equation 2.49 are:

1 0 000 0 000 O 0O
0O C S00 0 000 0 0O
0-SCO00 0 000 0 00O
0 0 010 0 0000 00O
06 0 001 0 000 0 0O
0 0 000 C S00 D0 00
[T1= 0 0 000 -SCO00 0 00 (2:50)
0O 0 000 0 010 0O 00O
6 0 00O 0 001 0 0O
00 000 0 0O0O0TC SO0
00 000 0 0O0O0-5CoO
00 000 0 000 O O 1|

where S = sin(@) and C = cos(0).

2.3 Eigenvalue Problem

The global element equations, Equation 2.49, are assembled to obtain the structure

equations, Equation 2.51, in the form [K]{Q§} = {0}, as

[v*K1 — 7Kz — K3 — v*E; — 7°Es — E]{Q§} = {0} (2.51)
By defining
{Qf} = —{Qf} (2.52)
{Q5} = —{Qf} (2.53)
{Q8} = —{Qf} (2.54)

and substituting Equations 2.52, 2.53 and 2.54 into Equation 2.51 leads to the eigen-

value problem of the form

[A{Q#} = v(B{Q®} (2.55)
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where

g
0
%
{Qg}z £
2
g
3
0 —I
0 0
Al =
[A] o o
-K; -E; K
I 0 O
o I o
[B] = 0 0 I
0 K; ©

0 0
-I 0
0o -I
-E; O
0
0
o
—E,

Solution of the eigenvalue problem determines the wavenumbers, 7, and the cor-

responding modeshapes, {Q§}, of a member for a given frequency, w. For physical

reasons frequency, w, is real and positive. The roots for v+ may be real, complex

conjugate pairs or purely imaginary. Positive real roots do not propagate. Com-

plex conjugate pairs with positive real parts and positive imaginary parts represent

evanescent modes. These evanescent modes decay in the positive X direction. Purely

positive imaginary roots define waves propagating in the positive X direction.

Alternatively, Equation 2.51 can be rearranged into the alternative eigenvalue

problem, Equation 2.56, where frequencies, w, are obtained for a given wavenumber,

-

(7*K; — 7Kz — K3 — v'E; — v°E3 — E5]{Q§} = «*[-M — M, [{Qf}  (2.56)
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2.4 Summary

The numerical accuracy of the Rayliegh-Ritz type approximation, Equations 2.55 and 2.56
will be discussed in detail in upcoming chapters. The two-dimensional Rayleigh-Ritz
approximation will be compared to a similar three-dimensional Rayliegh-Ritz ap-
proximation and analytical solutions. These solutions will be presented later in this

study.



Chapter 3

Stifflness Method -

Three-Dimensional Analysis

3.1 Introduction

The three-dimensional Rayleigh-Ritz approximation is used to study wave propaga-
tion in structural members which are infinite in the longitudinal direction or simply
supported at their ends. The three-dimensional analysis presented here will be used

later in the study to check the two-dimensional approximation presented earlier.

3.2 Formulation

The formulation used for the three-dimensional analysis is similar to that encountered
earlier with the plane stress assumption. The Rayleigh-Ritz approximation used in

this approach is based on Hamilton’s energy principle,
t2
6/ (T —)dt =0 (3.1)
t1

19
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where T and II are the kinetic and potential energies of the body.
The kinetic energy is given by:
T = % [ [ [ otay tutaydzdz (3.2)

where p is the mass density per unit of volume, {u} is a displacement array and a dot
indicates differentiation with respect to time. The displacement array {u} is given
by:

{u}T = [ u(z,y,z,t) v(z,y,2,t) w(z,y,z21t) ] . (3.3)

The potential energy II is given by

m= % [ ] [ty Clietaydzas (3.4)

where the work done by the external forces, {F}, has been omitted for convenience

and {e} is an array of strains whose components are
(e} = € € W Vo Tmy | (3.5)

A linear strain-displacement relationship is used. Thus the strains can be written

as g
4 \ 4 A"
Ere =
v
Eyy 3y
€z bu
{e} = 1 =19 8y o (3.6)
Yyz 3. T 5y
Yoz Bu y du
du dv
( Y=y ) \ %-i_a_:: /

where u,v and w are the displacements in the z,y and z directions, respectively.

Equation 3.6 can be rewritten, in anticipation of the form required for the solution
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of the problem, as:

]
1

¢ 3 r

- 0 0 O 2 0 0

Eyy 0 a% 0 0 0 O

e | _|0 0 Z 0 0 0

Yoz £ 00 0o 0 2

 Yw ) L& 0 0 |0 £ 0 |
or, in abbreviated matrix form,
{e} = [Lya] {u} + [Lz] {u}- (3.8)
The stress-strain relationship is

{o} =(Cl{e} (3.9)

In Equation 3.9 the stresses are {o} = {0z, Oyy; T2z, Oyz, Oz, Oy }7. Here we assume
three-dimensional relationship where matrix {C] represents the elastic moduli of the
material. The formulation of the problem assumes that the structure is completely

anisotropic. Thus, there are twenty-one independent coefficients in matrix [C], i.e.,

Cii Ci2 Ciz3 Cis Cis Cis
Co Co3 Coy Cos Co

033 C34 035 036

Ol = 3.10
el Cas Cis Cis (3.10)
Css Cse

| Symm. Cee

However, for the numerical results presented later it is assumed that the structures

are homogeneous and isotropic. Thus, matrix [C] reduces to:

Cll 012 013 0 0 O
Cy Cos O 0 0
Cszs O 0 0
Cl= 3.11
€] Co 0 0 (3.11)
Css O

| Symm. Ces |
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E(1—
where C11 = Cap = Cs3 = gy C12 = Cis = Cos = grroitgys Caa = Css =

Ces = 2—(1’%;5 E is the modulus of elasticity and v is Poisson’s ratio.

Isoparametric finite element methodology is followed in forming the element ma-
trices. Three to nine variable-number-noded two-dimensional elements are used to
model the shape of the cross-section. Since the numerical integration formulas as well
as the direct stiffness assembly procedures are standard there is no need to discuss

the details here [10].

The displacement field may be written as:

’ll,(.'II, Y,z t) Z Ni(yv z) Ui(z: t)
v(z,y,2,t) o= | L Ni(y, 2) Yi(z,t) . (3-12)
w(z,y, 2, ¢) Z Ni(y, 2) Zi(z,t)
Substituting
U;
{e}=q Vi (3.13)
W;

where node j is an intermediate node into Equation 3.33 results in

Ny 0 0 : N, 0 0 N, 0 0 N
{u}=| 0 N, 0 : 0 N, O 0 N, 0 q? (3.14)
0 0 Ny : 0 0 N, 0 0 N, q'
or in abbreviated matrix form
{u(z,y,2,0)} = [N(y, 2)[{q(z. 1)} (3.15)
or simply
{u} = [VHq}- (3.16)

Substituting Equation 3.16 into Equation 3.8, we obtain

{e} = [Ly:| [N {q} + [L] [V] {q} (3.17)
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which can be rewritten as,

{e} = [Al{q} + (Bl {4} (3.18)
where ) .
0 0 O
0 N, O
0 0 N,
(A] = 0 N. N, (3.19)
N, 0 0O
[Ny 0 0 ]
and ) )
N 0 0
0 0 O
0 0 O
[B} = 0 0 0 (3.20)
0 0 N
| 0 N 0 |

For the purpose of Guass Quadrature, we consider 6 * 3 submatrices, [4;] and [B;],

of the 6 * 3n matrices [A] and [B]. Matrix [A] = [L,.|[/N], can be rewritten as

0 0 0
0 £ o
065’1 N, 0 O Ny, 0 O N, 0 O
[A]=0@f’é 0 N, O 0 N, O 0 N, 0
5 O 0 0 Ny : 0 0 N 0 0 N,
£ 0 0
| & 0 0|
(3.21)

which can also be written as

(Al =[[A] | [A2 | — | [4] | — | [4d]]. (3.22)
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Where, for an arbitrary node j,

0 0 0
0 N, O
0 0 Nj.
| = ! 3.2
[AJ] 0 Nj,z Nj,y ( 3)
N;. 0 0
L Nj,y 0 0 J
and similarly, for matrix [B] = [L.][/V] can be rewritten as
[N, 0 0 ] (1 0 0]
0 0 O 0 00
0 0 O 0 0G0
| = = Nj 3.24
0 0 N 0 01
| 0 N; 0 | | 0 10

Substituting Equation 3.16 into the expression for the kinetic energy, Equation 3.2,
gives:

T =2 [ [ [ olay (N[N {d}dydzda. (3.25)

In a similar manner, substituting Equation 3.18 into the equation for potential

energy, Equation 3.4, gives:

= %/ff[{‘I}T([A]T[C][A]){q}+{q}T([A]T[C][B}){q}’

+ {a¥" (B ClAN{a} + {0} (BI"[CIBD{q}'] dydzdz.  (3.26)

Where the overdot and prime denote the differentiation with respect to time and z

respectively.

Application of Hamilton’s principle, Equation 3.1, gives:

[Kil{g"} + [Kal{a'} — [Ksl{g} — [M]{§} =0 (3-27)
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where
K] = [ [IBIF(CI[Bldydz (3.28)
(K] = [ [ [1BI"[CI14] - [AITICIB]] dydz (3.29)
] = [ [tAI"(CiAldyaz (3.30)
(M) = [ [ NI (N]dydz. (3.31)

Note that [K;], [K3] and [M] are symmetric while [K>] is skew-symmetric.

For analyzing the propagation of a harmonic wave travelling in the z-direction
of a structural member having an infinite length in the longitudinal direction, the

displacement field can be described as

{g(z.t)} = {Qo}et™ e (3.32)

where vy is the wavenumber and w is the circular frequency. The corresponding formu-
lation for the vibration of a structural member, simply supported in the z-direction,

(z =0, a) is presented in Appendix D.

Once the elements are assembled by substituting Equation 3.32 into Equation 3.27,

one obtains Equation 3.33:

[vY’K; — 1Kz — K3 + w*M]{Qo} = {0}. (3.33)

3.3 Eigenvalue Problem

By defining
{Q1} = —7{Qo} (3.34)

and substituting Equation 3.34 into Equation 3.33, leads to the eigenvalue problem

(A{Q} = 7[B{Q} where .
[ {Q
tQr= { Q) } ’
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[A]=|:—K3-?-W2M I:]
and
Bl=| o x|

The solution of the eigenvalue problem determines the wavenumber, v, and cor-
responding modeshape, {Qo}, of a member for a given frequency, w. The roots for v
may be real, complex conjugate pairs or purely imaginary. Positive real roots do not
propagate. Complex conjugate pairs with positive real parts and positive imaginary
parts represent evanescent modes. These evanecent modes decay in the positive X
direction. Purely positive imaginary roots define waves propagating in the positive X

direction.

Alternatively, Equation 3.33 can be arranged into the alternative eigenvalue prob-
lem, Equation 3.35, which has the form [A[{Q} = ¥[B]{Q}. Frequencies, w, are

obtained for a given wavenumber, «, from

[7*K1 — 7Kz — Ks]{Qo} = w*[-M]{Qo}. (3.35)

3.4 Summary

The numerical accuracy of the three-dimensional Rayliegh-Ritz type stiffness approx-
imation, will be discussed in the upcoming chapters. The three-dimensional stiffness
approximation will be compared to the two-dimensional Rayliegh-Ritz type stiffness
approximation presented earlier and analytical solutions which are presented in the

next Chapter.



Chapter 4

Analytical Methods

4.1 Introduction

In this chapter the elasticity solutions for inplane and bending problems are presented.
The purpose of these formulations is strictly to check the validity of the Rayleigh-
Ritz procedures, discussed in Chapters 2 and 3, for a thin plate. Thus, the equations
derived here are only for the local coordinate system and they are not transformed
into the global coordinate system. Moreover, it is not necessary to use the propagator
matrices in the inplane problem but it is presented here with the understanding that

it may be useful in the future for refining wavenumbers used in a scattering analysis.

4.2 Analytical Method for Inplane Problem

In the analytical formulation for the inplane problem, a modified propagator matrix
approach is used to establish the frequency equation of the plate. The frequency
equation of the plate is formulated in the form of a standard algebraic eigenvalue

problem using elasticity equations.

27
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Consider the plate shown in Figure 4.1. The plate has infinite length in the local
z direction, a height, L, in the local y direction and a thickness, A, in the local z
direction.

Plane stress conditions in the zy plane will be considered here.

Figure 4.1: The geometry of a plate in the local coordinate system.

4.2.1 Governing equations
The strain-displacement relation for the plate is given by
{e} =Lu (4.1)

where

u’ ={u v}. (4.2)

The u and v are displacements in = and y directions, respectively, whilst

20 g

T _ a:

L _[0 ° i} (4.3)
Jy Oz
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and
(&7 ={em &y 2} (4.4)
where ¢;; is the strain component. The force-strain relation is given by
{N} =[D¥|{} (4.5)
where the stress component is defined as
{N}T ={Nex Ny Ny }- ’ (4.6)

Generalized plane stress conditions are assumed. The constitutive matrix for the

plate is:
Dy D2 O
[D¥]=h| Day Dy» O (4.7)
0 0 Degs
where Dy, = =25, Doy = 1=, Diz = Doy = 2522 and Des = 55,5

E. and E, are the modulus of elasticity in the x and y directions respectively. v is

defined as Poisson’s ratio.

The equations of harmonic motion in the frequency domain can be expressed in

terms of the displacements u(z,y) and v(z,y) as

DY 24 + D2y 4 (DY, + Das)aa;;’y +by, = ~puiu (45)
Dg2g_if + D’s‘sg‘% + (D2 + Dss)azay +b, = —ptu )

where b, and b, are body forces in z and y directions, respectively, p the mass density
per unit volume, and w the circular frequency.
4.2.2 Dispersion Relations

In this section, the analytical frequency equation is presented based on a modified

propagator matrix approach.
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4.2.3 Solution

The appropriate solution to the homogeneous equation, Equation 4.8, in the absence

of body forces, is [8]-[9]:

= jk(QF +bQ3)e’*, (4.9)
v = (armQ7 + ry)el* ’
where j = +/—1, and
QOF = Ajcosriy + Ajesinry,
QF = Apcosry — Apsinnyy, (4.10)
QF = Agcosray + Agsinray, ’
Q; = Agacosroy — Aosinray
a, = (k% —ak?—r?)/ér2,
- _ 4.11
b = (8 — K — Frd) /5K (.11
u _ Du pw2 _ u
a=2. g2 b [P 5 g 12 (4.12
Dgs Dy ™ Digs Digs )
Here r, and r9 are the roots of the equation
r? + ak? — k2 ér?
- _ =0 (4.13)
5k? k? — k2 + Br?

Aq1, Ajo, Ao and Aj, are arbitrary constants for the plate and & is the wavenumber.
Stress and displacement components of the plate can be expressed in terms of these
four unknown constants. By evaluating the stresses and displacements at y = 0 and

y = L, and performing algebraic manipulations, the following relation can be found:
Q: = [P]Qo (4.14)
where

Qg‘ =(up v Oyyo Oyzq ) - (4.15)
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The vector Qq, which is unknown initially, represents the displacement and stress
components at y = 0. [P] is the propagator matrix for the plate whose elements are

given in Appendix E.

By denoting the elements of the 4 by 4 matrix [P] as Pn, (m,n = 1,2,3,4)
and invoking the zero traction conditions at faces y = 0 and y = L, the following

relationship can be obtained from Equation 4.14:

SER e
Py Py U1 0

Note that there is no external load acting on the plate. The dispersion equa-
tion (frequency equation) for the plate is obtained by setting the determinant of the
coefficient matrix to zero i.e.

P3  Ps

flw, k) =
Py Py

= 0. (4.17)

Let Qgm be M number of modes to be evaluated and k,, be the mth root of
Equation 4.17. Traction free conditions at face y = L and Equation 4.16 give the

components of the mth eigenvector at face y =0, as

Qg‘m = (17 ~P31/P32= 07 0) . (4.18)

Then, applying Equation 4.14 at successive interfaces, the mth modal eigenvector can

be obtained as

Q. =(Qf. QL. (4.19)
where
ng = (u0m, Vom, Uyyomv O'y;,_-Om > . (4.20)

The Ugm, Yom, Oyyom aDd Oy, are components of the mth eigenvector determined at
y = 0. It may be noted that Q,, can be associated with propagating, non-propagating

or evanescent modes corresponding to real, imaginary or complex ky,.
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4.3 Analytical Method for Bending

4.3.1 General

A simplified analytical solution to the classical bending problem is used to determine
the accuracy of the Rayleigh-Ritz approximation for pure bending. The frequency
equation is presented explicitly for a plate that is simply supported on all edges.

4.3.2 Description of the problem

In the analytical solution of the bending problem, for the purpose of checking only,
it is assumed that all four edges of the plate are simply supported. This situation is
shown in Figure 4.2. The plate has length, a, in the x(=X) direction, width, L, in the
y(=Y) direction, and thickness, h, in the z(=Z) direction. To simplify the expressions
used in the derivation, the plate is assumed to be orthotropic and homogeneous. Also,

the plate is positioned so that the global X,Y,Z axes coincide with the local x,y,z axes.

4.3.3 Governing equations

The strain-displacement relation is given by

k _ &%w
- 5,
{k} =4 ky ;= —% (4.21)
Ky —28%

where w is the out-of-plane displacement (in the z direction) and kg, kyy and £z

are the curvatures.

The moment-curvature relation is

{M} = [D*] {}. (4.22)
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S.S. = SIMPLE SUPPORT

Figure 4.2: The geometry of a plate.

In Equation 4.22 the bending moments are {M} = { My, Myy, Mz, }T. Here general-

ized plane stress conditions are assumed as

h3 Dll D12 0
[D¥] = 1 Doy Dy O (4.23)
0 0 Desg
where D;; = ===, fwyz Doy = urr——— , Dya =Dy = —-—I’-—L_U ,f;/ — Dgg = ——szfg/::y:)

The equations of harmonic motion in the frequency domain can be expressed in

terms of w(z,y,t) as

Dy L% +2(D¥ + 2D%) 55y + DGR +b, = —ph&® (4.24)

where b, is the net body force in the z direction and p is the mass density {11].
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4.3.4 Solution

For free vibrations, b,, is set to zero. Given the boundary conditions shown in Fig-

ure 4.2, the appropriate solution of Equation 4.24 is:

TL’/"y

w(z,y,t) =ZS‘_‘A,,,,,ﬁz’fL(m7r )sin(——= (4.25)
where

The frequency, w, is given by:

= 2B [y g (PR 208 (Mt FBCEN).

4.4 Summary

Wil

The analytical solutions presented in this chapter will be used later in the study to
assess the accuracy of the two-dimension and three-dimension Rayliegh-Ritz approx-

imations presented earlier.



Chapter 5

Numerical Results

5.1 Introduction

In this chapter the numerical accuracy of the Rayleigh-Ritz aproximations will be

discussed for wave propagation and free vibration problems.

5.2 Wave Propagation Problem

Two approximate stiffness methods were formulated in the previous chapters using the
two-dimensional analysis for thin-walled structural members and a three-dimensional
analysis. Two analytical solutions were also presented for the inplane motion and
bending motion of a thin plate. In order to check the two-dimensional stiffness ap-
proximation’s ability to model the behaviour of a cross-section comprised of thin
plates, it must be proved that the stiffness approximation can be used to model the
behaviour of a single thin plate. The two-dimension Rayleigh-Ritz approximation

is based on the knowledge that, for a thin plate, the inplane motions and bending

35
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motions are uncoupled. Thus, the first check of the two-dimensional stiffness ap-
proximation was made by comparing the results from the analytical solutions for the

bending and inplane motions of a thin plate.

A thin plate was analyzed using the two-dimensional Rayleigh-Ritz approximation
and the inplane analytical solution. The bending problem will be evaluated separately.
The height of the plate is 10 cm, the thickness is 1 cm. It was assumed for simplic-
ity that the plate was homogenous, isotropic and infinitely long in the longitudinal
direction with £ = 225 and v = . For a wavenumber, 7 = 0.00000 + 0.3141593¢,
the analysis obtains the circular frequencies, w rad/s shown in Table 5.1. 30 elements

were used in the 2D Rayleigh-Ritz approximation.

Two-Dimensional RR. | Analytical Inplane
1 0.23928 0.23928
2 0.44425 0.44425
3 0.58395 0.58395
4 0.59352 0.59352
5 0.85868 0.85868

Table 5.1: A comparison of the two-dimensional stiffness approximation and inplane
analytical method for calculating circular frequencies of wave propagation, rad/s, in

a plate.

The two-dimensional approximation and the analytical inplane method give iden-
tical results for the wave propagation problem. For clarity the frequencies correspond-

ing to modes of pure bending have been omitted.

Next, a thin plate was analyzed using the two-dimensional stiffness approxi-
mation and the analytical bending solution. To model the bending problem the
two-dimensional stiffness approximation was changed, by eliminating the rows and

columns in the structure equations associated with the displacment of the plate in
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the 2 direction at nodes y = 0 and y = L. With these rows and columns eliminated
the two-dimensional stiffness approximation models a plate simply supported at its
edges y = 0 and y = L. The height of the plate is 6 cm, the thickness is 1 cm. It was
assumed, for simplicity, that the plate was homogenous, isotropic and infinitely long
in the longitudinal direction with a density v = 17—’:1%, Young’s Modulus is 1595—#
and Poisson’s ratio, v = 0. For a wavenumber, v = 0.00000 + 0.10472z, the analysis
obtains the circular frequencies, w rad/s shown in Table 5.2. 30 elements were used

in the 2D Rayleigh-Ritz approximation.

Two-Dimensional RR | Analytical Bending
1 0.0823076 0.082308
2 0.319733 0.319733
3 0.715443 0.715443
4 1.26944 1.269437
5 1.98172 1.981714

Table 5.2: A comparison of the two-dimensional stiffness approximation and bending
analytical method for calculating circular frequencies of wave propagation, rad/s, in

a plate.

The two-dimensional approximation and the analytical solution to the bending
problem give near identical results for the wave propagation problem. For clarity the

frequencies corresponding to the modes of inplane motion have been omitted.

Next, the two-dimensional stiffness approximation was compared to the three-
dimensional stiffness approximation for the wave propagation problem. A thin plate
was analyzed using both two-dimensional and three-dimensional stiffness approxima-
tions. The height of the plate is 10 cm, the thickness is 1 cm. It is assumed for sim-
plicity that the plate is homogenous, isotropic and infinitely long in the longitudinal
direction with E = 225%™ and v = 1. For a wavenumber, v = 0.00000 + 0.3141593¢,
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the analysis obtains the circular frequencies, w rad/s shown in Table 5.3. 30 elements
were used in the 2D Rayleigh-Ritz approximation and 30 4-node elements were used

in the 3D Rayleigh-Ritz approximation.

Two Dimensional RR | Three Dimensional RR

8 =0° 8 = 30° g =0° 8 = 30°
1 10.04784 0.04784 0.05111 0.05111
2 | 0.07940 0.07940 0.07875 0.07875
3 | 0.18209 0.18209 0.18547 0.18547
4 |0.23928 0.23928 0.23943 0.23943
5 | 0.37509 0.37509 0.37240 0.37240
6 | 0.44425 0.44425 0.44430 0.44430
7 | 0.58395 0.58395 0.58346 0.58346
8 | 0.59352 0.59352 0.59351 0.59351
9 | 0.66746 0.66746 0.62138 0.62138
10 | 0.85868 0.85868 0.85824 0.85824

Table 5.3: A comparison of the 2D stiffness approximation and 3D stiffness approxi-

mation for calculating circular frequencies of wave propagation, rad/s, in a plate.

In both cases the results of the stiffness approximations were nearly identical to the
analytical solution. A comparison of the frequencies and corresponding mode shapes
(not shown) calculated using the two-dimensional Rayleigh-Ritz approximation and
the three-dimensional Rayleigh-Ritz approximation shows that, for a straight thin
plate, the two-approximate methods are almost identical. As expected, the mode
shapes from both models indicate that the frequencies can be divided into modes
of pure inplane motion and bending motion. Notice that when the same plate is
analyzed again when the plate is rotated at an angle, 6, from the global Y axis the
frequencies of both approximate analyses do not change. The only change that occurs
is that the directions of the mode shapes are rotated an angle, 8, from the global YV

axis. This revelation is important because it proves that the motion of the plate is
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independent of the angle 8, which is crucial when the plates are arranged to form

various structural shapes.

The two-approximate stiffness methods that were formulated earlier were checked
next against the analytical solution for the propagation of waves through a cylinder
of infinite length. The formulation for the analytical solution of a cylinder will not
be presented, only the numerical results will be presented. However, the theory has

been presented by Zhuang [12].

The cylinder was analyzed using both the two-dimensional and the three-dimensional
stiffness approximations as well as the analytical solution. The radius of the cylinder
analyzed was assumed to be 10 cm and the thickness was 1 cm. It was assumed,
for simplicity, that the cylinder was homogenous and isotropic, with £ = 2%—’5-‘752—’”
and v = 3. For a wave number, v = 0.00000 4 0.20000¢, the analysis obtains the
circular frequencies, w rad/s, shown in Table 5.4. 300 elements were used in the 2D
Rayleigh-Ritz approximation and 60 9-node elements were used in the 3D Rayleigh-

Ritz approximation.

A comparison of the lowest eleven frequencies and corresponding mode shapes
(not shown) shows that the two approximate methods give nearly identical solutions.
The slight variance between the two approximate solutions is most likely due to the
use of three-dimensional curved elements to model the curved surface. In the two-
dimensional solution a curved surface is modeled using straight elements. Thus, it
comes as no suprise that the analytical solution is closer to the three-dimensional

stiffness approximation than the two-dimensional stiffness approximation.

Please note that for each frequency that was calculated using the stiffness ap-
proximations there should be a corresponding frequency calculated when using the
analytical solution. The remainder of the analytical frequencies could have been ob-

tained through repeated solution of the analytical problem by increasing the number
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Two-Dimensional | Three-Dimensional | Analytical Solution
1 0.07325 0.07271 0.07250
2 0.08102 0.08096 0.08093
3 0.09617 0.09437
4 0.11949 0.11941 0.11941
5 0.13780 0.13370
6 0.16168 0.16131 0.16131
7 0.19183 0.18398
8 0.20028 0.20000 0.20000
9 0.24192 0.24135 0.24135
10 0.25649 0.24305
11 0.30050 0.29988 0.29986

Table 5.4: A comparison of the 2D stress stiffness approximation, 3D stiffness ap-
proximation and analytical solution by showing computed circular frequencies of wave

propagation, w rad/s, in a cylinder.

of circumferential waves used in each solution. However, for this report it was decided
that further calculations were not necessary and only the results for the number of

circumferential waves, m = 0, 1,2, 3, have been presented.

5.3 The Vibration of Structural Members Simply
Supported at Their Ends

The two stiffness methods can be used to calculate all of the modes of vibration of
a simply supported structural member. In this thesis simplified solutions are used
to check the numerical accuracy of the stiffness methods. However, only some of
the modes of vibration have simplified solutions. In this context, simplified solu-

tions are defined as the solution to the classical beam equation and the solution to
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one-dimensional longitudinal vibration problems. The modes of vibration that have

simplified solutions are free transverse vibration and free longitudinal vibration.

Free Transverse Vibration

The characteristic frequencies of free transverse vibration for a structural member,

simply supported at its end, can be calculated using simple solutions.

The characteristic frequencies of a simply supported member are [11]

A n’rn? [Elg
G = 1/719 (a=1,2, ...) (5.1)

where a is the distance between supports, [ is the moment of inertia of the member,

g is the acceleration of gravity, Q is the cross-sectional area, 7y, is the mass per unit
volume of material and n is the number of half wavelengths in the mode of vibration

being solved.

Free Longitudinal Vibration

If the two stiffness methods are used to calculate all the modes of free vibration, there
should be a mode of free longitudinal vibration which occurs when both ends of the
beam are free to move in the longitudinal direction. The characteristic frequencies of
vibration of these modes can be calculated using simplified solutions. The simplified
solution can be expressed as [11]

nw |[Eg
Wp = —4| — n=0,12, .. 5.2
e ( ) (5.2)

where, a is the distance between supports, g is the acceleration of gravity and v; is

the mass per unit volume of material.

In order to verify that the two-dimensional Rayleigh-Ritz approximation can
model the free vibration of a thin-walled structural member which is simply sup-

ported at its ends, it must be shown that the approximation can model the free
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vibration of a thin plate simply supported at its ends. Consider a plate whose height
is 6 cm, thickness is 1 cm and its unsupported length is 30 cm. It is assumed, for
convenience, that the plate has a density 1—'“1;‘15 and Young’s Modulus is 1'—‘9;23 The
first fifteen frequencies of vibration of the beam, calculated using the two-dimensional
Rayleigh-Ritz approximation are shown in Table 5.5 in ascending order for the number
of half wavelengths, n=1,2,3,4,5. The simplified solutions for free longitudinal vibra-
tion, free out of plane transverse vibration (x-z) and free inplane transverse vibration
(x-y) are used to calculate the circular frequencies shown in Tables 5.6, 5.7 and 5.8.

30 elements were used in the 2D Rajrleigh—R_itz approximation.

2D Rayleigh-Ritz Approximation
n=1 n=2 n=3 n=4 n-5
1 | 0.00316568 | 0.0126627 { 0.0284911 | 0.0506508 | 0.0791419
2 | 0.0178275 | 0.0506311 | 0.0783530 | 0.108978 | 0.143392
3 | 0.0248398 | 0.0637460 | 0.124134 | 0.191165 | 0.261092
4 | 0.104702 | 0.205733 | 0.235096 | 0.271913 | 0.314560
5 0.186291 0.209431 | 0.314153 | 0.418875 | 0.523592
6 0.389888 0.440453 | 0.508587 | 0.511651 | 0.523595
7 0.500106 0.513066 | 0.508797 | 0.578584 | 0.622075
8 0.520085 0.516525 | 0.543033 | 0.586022 | 0.668460
9 0.752563 0.785290 | 0.832226 | 0.888436 | 0.950795
10 | 0.974380 0.988941 1.01075 1.00534 1.00731
11 1.03785 1.02247 1.01291 1.04586 1.08728
12 1.12606 1.15939 1.20087 1.24768 1.29854
13 1.47724 1.46943 1.46242 1.45882 1.45992
14 1.57909 1.60049 1.63007 1.66514 1.70431
15 1.60713 1.62061 1.64293 1.67390 1.71326

Table 5.5: The circular frequencies of vibration, rad/s, for a simply supported plate
calculated using two-dimensional stiffness method.

Comparing the values calculated using the two-dimensional Rayleigh-Ritz approx-
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Free Longitudinal Vibration - Analytical
n=1 n=2 n=3 n=4 n=5
0.1047198 | 0.2094395 | 0.3141593 | 0.4188790 | 0.5235988

Table 5.6: The free longitudinal circular frequencies of vibration, rad/s, of a simply

supported plate calulated using the simplified solution.

Transverse Vibration - Out of Plane (x-z) - Analytical
n=1 n=2 n=3 n=4 n=>5
0.00316568 | 0.0126627 | 0.0284911 | 0.0506508 | 0.0791419

Table 5.7: The free, out of plane, transverse circular frequencies of vibration, rad/s,

of a simply supported plate calculated using the simplified solution.

Transverse Vibration - In Plane (x-y)- Analytical
n=1 n=2 n=3 n=4 n=>5
0.0189941 | 0.0759763 | 0.1709466 | 0.3039051 | 0.4748517

Table 5.8: The free inplane transverse circular frequencies of vibration, rad/s, of a

simply supported plate calculated using the simplified solution.
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Figure 5.1: The geometry of the I shaped section in the global coordinate system.

imation and the corresponding simplified solutions reveals good agreement for both
the free longitudinal and free out of plane, transverse modes of vibration. But, a
comparison of the two-dimensional stiffness solution and the simplified solution for
the free inplane transverse modes of vibration shows some disagreement. However, it
is expected that the approximate solutions will not agree with the simplified solution.
The approximate stiffness solutions both take into account the distortion of the cross-
section geometry during vibration, whereas the simplified solution assumes that the
geometry of the cross-section does not change. As a result, the approximate stiffness

solution is more indicative of the true behaviour of the simply supported plate.

Next, the I-shaped member simply supported at its ends, which is shown in Fig-
ure 5.1, was analyzed using the two-dimensional stiffness approximation, the three-
dimensional stiffness approximation and the corresponding simplified solutions for
bending modes. It was assumed for simplicity that the section was homogenous and

isotropic, with £ = 2%’-‘-‘{,2—’" and v = The frequencies of the first characteristic

L
3



CHAPTER 5. NUMERICAL RESULTS 45

mode of vibration in the X-Z plane and the X-Z plane of the member are shown in
Tables 5.9 and 5.10. 30 elements were used in the 2D Rayleigh-Ritz approximation
and 120 4-node elements were used in the 3D Rayleigh-Ritz approximation.

Two-Dimensional | Three-Dimensional | Simplified Solution
| &gy rad/s 0.10425 0.11338 0.08316

Table 5.9: A comparison of the 2D stiffness approximation, 3D stiffness approximation
and analytical solution by showing computed circular frequencies of free vibration in

the X-Z plane of an I shaped member, simply supported at its ends.

Two-Dimensional | Three-Dimensional | Simplified Solution
| @122 Tad/s 0.03772 0.03872 0.04971

Table 5.10: A comparison of the 2D stiffness approximation, 3D stiffness approxima-
tion and analytical solution by showing computed circular frequencies of free vibration

in the X-Y plane of an I shaped member, simply supported at its ends.

Again, the simplified solutions do not give good agreement with the two-dimensional
stiffness approximation or the three-dimensional stiffness approximation. However, it
is reiterated that the two-dimensional stiffness approximation and the three-dimensional
stiffness approximation are a better model of the actual behaviour of the member.
Both stiffness approximations allow for the distortion of the cross-section geometry
during vibration whereas the simplified solution models the vibration of the mem-
ber with the geometry of the section remaining unchanged. The distortion of the
cross-section geometry during vibration is visble in the modeshapes, shown in Fig-

ures 5.2 and 5.3 which correspond to the aforementioned frequencies.
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5.4 Free Transverse Vibration of Rectangular Plates

Simply Supported on Four Edges

In this section the two-dimensional stiffness approximation for the vibration of a plate,
simply supported at its ends, is modified to model the vibration of a plate simply
supported on all four edges. The stiffness approximation of a plate simply supported
at its ends is made to model the vibration of a plate simply supported on all four of
its edges by setting the displacement of the two edge nodes, y =0 and y = L to zero

in the Y-direction.

The characteristic frequencies of vibration of a structural member simply sup-
ported along its edges can be derived using simple solutions. The characteristic

frequencies for the transverse vibration of a plate simply supported along its edges
Elg m? n?
- _ 2 g o i -
Omn =T A=) 7k (L2 + 22 (5.3)

where L is the width, a is the length, h is the thickness, I = %, is the moment of

are given by

inertia of a unit width of cross section, g is the acceleration of gravity, v is Poisson’s

ratio, £ is Young’s Modulus and ; is the specific weight of the plate.

Consider a plate whose width is 6 cm, thickness is 1 cm and its unsupported length
is 30 cm. It is assumed, for convenience, that the plate has a density n,g = 1;"1%,
Young’s Modulus is 15-732—"‘ and Poisson’s ratio, v = 0. The simplified solution, Equa-
tion 5.3, for the transverse vibration of a plate simply supported along its edges is used
to calculate the characteristic frequencies shown in Table 5.11. The same problem
using the two-dimensional approximation finds the frequencies of all possible modes
of vibration including those of the free transverse plate vibration, free longitudinal
vibration and inplane, transverse vibration of a simple plate. For simplicity, only

the modes corresponding to free transverse plate vibration are shown in Table 5.12,
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the remaining modes have already been presented. 30 elements were used in the 2D

Rayleigh-Ritz approximation.

Free Transverse Vibration of a
Simply-supported Plate - Analytical
n=1 n=2 n=3 n=4 n=>9
m=1 | 0.082308 | 0.091805 | 0.107633 | 0.129793 | 0.158284
m=2 [ 0.319733 | 0.329230 | 0.345059 | 0.367219 { 0.395710
m=3 | 0.715443 | 0.724940 | 0.740768 | 0.762928 | 0.791419
m=4 | 1.269437 | 1.278934 | 1.294762 | 1.316922 | 1.345413
m=95 | 1.981714 { 1.991211 | 2.007039 | 2.029199 | 2.057690

Table 5.11: The free, out of plane, transverse circular frequencies of vibration, rad/s,

of a rectangular plate, simply supported along all four edges, calculated using the

simplified solution.

Two-Dimensional Stiffness Approximation
n=1 n=2 n=3 n=4 n=>95
m=1 | 0.0823076 | 0.0918046 | 0.107633 | 0.129793 | 0.158284
m=2 | 0.319733 | 0.329230 | 0.345059 | 0.367219 | 0.395710
m=3 | 0.715443 | 0.724940 | 0.740769 | 0.762928 | 0.791420
m=4 | 1.26944 1.27894 | 1.294762 | 1.31692 | 1.34541
m=5 | 1.98172 1.99122 2.00705 | 2.02921 | 2.05770

Table 5.12: The circular frequencies of vibration, rad/s, of a plate, simply supported
along all four edges, calculated using the two-dimensional stiffness method.

From the values tabulated in Tables 5.11 and 5.12 it is easy to see that the two-
dimensional stiffness approximation and the simplified solution agree quite closely

with one another. The calculated frequencies of vibration are almost identical.
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5.5 Numerical Difficulties at High Frequencies

As with any Rayleigh-Ritz stiffness approximation that requires the solution of an
eigenvalue problem, the accuracy of the solution decreases as frequency increases,
however by increasing the number of elements used in the solution the accuracy can
be increased. But, increasing the number of elements also increases the size of the
eigenvalue problem being solved. Thus, the computational time required to solve the
larger problem increases significantly and so does the demand on the memory of the
computer solving the problem. That being said, the stiffness approximation is still

an efficient way to calculate wave dispersion characteristics.

5.6 Summary

In this chapter the two-dimensional stiffness approximadtion was proven to be effec-
tive in calculating the wave dispersion characteristics of thin-walled, infinitely long
members as well as the characteristic frequencies of vibration of simply supported
thin-walled structural members and simply supported thin plates. However, there
are numerical difficulties when calculating the wave dispersion characteristics of very

high frequencies using the Rayleigh-Ritz type stiffness approximations.



Chapter 6

Conclusions

6.1 Concluding Remarks

The purpose of this study was to create a multi-purpose program that can analyzed
thin-walled structural members using a two dimensional Rayleigh-Ritz stiffness ap-
proximation. The program that was created met all expectations, the numerical
results prove that the program can be used to calculate the wave dispersion charac-
teristics of the wave propagation problem and characteristic frequencies of vibration
of simply supported members and plates simply supported along four edges with great
accuracy. However, it should be noted that like any Rayleigh-Ritz approximation of
this type numerical difficulties arise when solving the eigenvalue problem for high

frequencies of vibration.

6.2 Future Work

The next step in developing a quantitative non-destructive evaluation method is to

create a program to do a scattering analysis on thin-walled structural members using

50
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the wave dispersion characteristics calculated using the methodology described in this

report.

The versatility of the finite element method makes many different types of analysis
possible. The list of possible future work on the vibration of beams could include
changes in the support conditions and applying external forces to nodes to create
forced vibration etc.. The static analysis of beams compensating for the deformation
of the cross-section geometry under deflection is also a possibility, ie. when the body

forces are not equal to zero but the frequency of ”vibration” is zero.
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Appendix A

Matrices of the 2D Wave

Propagation Problem

The elements of [M], [Ki], [K2|, [Ka], [Ms), [E1], [Es] and [Es] appearing in Equa-
tion 2.48 are:

VISR o 0o MOS g o o M9 o 0 01
M2 0o o0 0 M(28 o o o0 M(2.10) o o
6o 0 o 0 c 0 o 0 o o
o o 0 o o0 0 0 0 o
M55 g o 0o M9 ¢ o o
M 166) o o0 o A(6.10) 0o o
[ ]_ o o0 o o 0 o
o o 0 0o o
M9 o o o
M(!.O.IO) [+ o
o o
L Symm. ] j
where

MOD = 2oL, MOD = 2L, MO = LoL,
M@ — “'PLu, MGS) = sme M©8) — %pr
MO = _Lor, M@0 =_LlpL, MG =L1lpr,
MO0 = 1pr, MO9=2pL, MO =2pL,
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(8,12) __ - D (11,11) __ ;o DZ (11,12) _ w
E®? —ol% & pit) 19D gL - 2%

.(12,12) _ , D%
E{™D = 428



Appendix B

2D RR Vibration of Simply
Supported Members

B.1 Introduction

In this section of the study the element equations created earlier using the two-
dimensional Rayleigh-Ritz approximation will be modified from their original form
to model the vibration of thin-walled structural members simply supported in the
longitudinal direction at their ends.

B.2 Formulation

This problem is an extension of the two-dimensional wave propagation problem de-
rived earlier. In the wave propagation problem it is assumed that the length of the
member is infinite in the x=X direction. To model simple supports at the ends of the
beam there are only a few minor modifications. For simple supports it is necessary
that the displacements u(0) # 0,u(a) # 0,2(0) = v(a) = w(0) = w(a) = 6(0) =
6(a) = 0 where 8§ = %:». The vibration is assumed to be sinusoidal therefore

u(z) = cosiz (B.1)
v(z) = sinAz (B.2)
w(z) = sinAz (B.3)
f(z) = sinAz (B.4)
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where A = X and a is the length between supports and m is the number of half

a

wave lengths, ie. m=1,2,3....
Thus we assume that the nodal displacements as a function of x and ¢ are

uy (IE, t)
au(z,t) = { up(z,t) p = {Qf}teT™ cosAz (B.5)
ua(z,t)

and

C!l(.’lf, t)
@a(z,t) ={ ao(z,t) ¢ = {QF}et™sinAz (B.6)
013(3, t)

where a = v, w, 6.

We now return to the element equations, Equations 2.14 and 2.35, derived earlier
using plane stress analysis. However, due to changes in the order of the displacement
field the rows and columns of the elemental matrices [M], [K}], [K2), [K3], [Ms], [EA],
(E5] and [Es] must also be changed accordingly. The revised matrices are shown in
Appendix C.

Substituting Equations B.5 and B.6 into Equation 2.14 results in:

cos z{Qg} —NcosAz{Qg}
sinAz{Q3} ~A2sinAz{Q%}
i [M] sz'n)u:{Q’g’} + 1] —A%inAa:{Q‘E’}
sinAz{Q%} ~A2sinAz{Q§} B.7)
—AsinAz{Q}} cos z{Qg} {0} (&
AcosAz{Q}} sinAz{Qs}  _ ) {0}
+IK] )\cos/\x{ng} ~ &) sin/\:r{Q’o?’} ] {0}
AcosAz{Q5} sinAz{Q§} {0}

Each of the matrices of Equation B.7 can be expressed in terms of zero and non-
zero submatrices as shown below:

pn =

=[5 (B2)

(B.8)
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=] ey o ] (B.10)
(K] = [ [Kosu] [Kog,,,] J ' (B.11)

Submatrices [M,|, [M,], (K1), [Kis], [K2u|, [K2u], [K3.] and [K3,] are defined in
Appendix C.

Expanding Equation B.7 results in Equations B.12 and B.13:

+ M{Q8} — MK {Q5} + MKz {Q5} — [Ka]{QF} = {0} (B.12)

+ (M {Q5} — N[KH{Q5} — AlK2u{Q5} — [Ks{Q5} = {0} (B.13)

Similarly substituting Equations B.5 and B.6 into Equation 2.35 results in:

+w?[Mo{QF} — M[Era{Q5} + N [Esl{Q5} ~ [Esa]{QS} = {0} (B.14)
where [os)
{Q5} ={ {Q%} } (B.15)

Submatrices {Mya], [F1al, [F3e] and [Esa| are defined in Appendix C.
Arranging the three equations into a convenient matrix form gives

(1] 2] © 0 y
8 @ o o |98
(@8} | _ 1o (B.16)
0 0 5 {Q¥}
{Q8}
where

[aes = +w?[My] — N[K1.] — [Kzd)

[2]ass = +A[K2y)

[Blass = —A[K2]
[l = +w?[M,] — N[K1y] — (K3

+w [Ma] — M[Era] + A[Ese] — [Esal-

~—

5]6*6
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The next step is to transform the local element equations into the global coordinate
system. The transformation matrix [77] is used to transform the element equations

from the local to global coord

inate s

S
Equation B.17, in the form [Kg]{Q?ﬁ = {0}.

[ (1]
[3]
[

[5]

|

tem. Resulting in the global element equations,

{Qe°}
{Q¥

{Q5°}
{Q5}

7]

= {0} (B.17)

The elements of the transformation matrix [T, in Equation B.17 are:

100 O 0 0 0 ¢ 0 00 0]
010 O 0 0 0 0 00O00O0
001 O 0 0 0 0 0 0O00O
cooo C 0 S 00 O0O0O0CO
cooo 0 C 0 S 0 O0O0O00O0
7] = 000 O 0 C 0 S 0000
c00-S 0 0 CO0 O0O0O0O
000 0 -S 0 0 CO0O0O0CO
0 00 O 0 -§S 0 0 C 00O
0 00 O 0 0 0 0 0100
000 O 0 0 0 0 0010

| 000 O 06 0 0 0 0 0O 1]

where S = sin(f) and C = cos(6).

B.3 Eigenvalue Problem

The global element equations, Equation B.17, are then assembled to obtain the global
structure equations, Equation B.18, in the form [K]{Q§} = {0}

[1] [2]
3] [4]

0 O

0
0

[5]

0
0

-

{Qo®}
{Qo®}
{Qo®}
{Q¥F}

= {0}. (B.18)
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We can now arrange Equation B.18 into the eigenvalue problem given below

(6] [7] - -

8 8 - — {Qo®}

{Qi8}
{Qo®}
{Q?¥}

I

(6]3+3
[7]343

[8] 3x3

[9)3.3
[10]6.6
[1 113*3
[12]3*3
[13]6*6

I

il

m - - )

T ([
| @ | g
o Qe [
1310 Qe
—N([K] — (K]
+A[Koy)
—"\[K2u]

—N*[K1p] — [Kso]
—)\4[E1] “+ A2[E3] — {Es]
"[Mu]

—[A/Iv]

_[Mw]>

From this eigenvalue problem frequencies, w are obtained for a given number of half

wavelengths, m.

B.4 Summary

The accuracy of the plane stress model of the vibration of thin-walled structural
members simply supported at their ends will be discussed in Chapter 5. The plane
stress approximation will be compared to a similar approximation based on three-
dimensional theory as well as the simplified analytical free vibration model which will
both be presented later in the study.



Appendix C

Matrices for 2D RR Vibration

Problem

In changing from the wave propagation problem to the vibration problem we must
first rearrange the rows of the displacment vector {g(z,t)}. Instead of

([ uy(z,t) )
vi(z, 1)
wy(z,t)
6:(z,t)
us(z, t)
vo(z, t)
Wo (:L', t)
62(z, t)
uz(z,t)
va(z, )
ws (.'L‘, t)
| O3(z,t) |

{a(z, )} = (C.1)
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in the wave propagation problem, we now have

ui(z,t)
us(z,t)
u;;(:r,t)
v (z,t)

{qu(z, t)} vp(z, t)

_ {QU (z, t)} _ v3(z, t)

WED =)l )} [T) wiz | €2

{q9 (171 t)} w2 (xv t)
'LU3(.’L‘,t)
9:1(z,t)
Gg(x,t)
\ 03(1‘,t) J

for the vibration problem.

The end result is the rows and columns of the element matrices must also be
changed. The element matrix {M] for the vibration problem is shown below. The
elements of the matrix have been defined in Appendix A.

ML) M(1.5) M(1.9) 0 0 [¢] Q 0 0 0 0 4]
M(S.5) M(5.9) 0 0 0 o 4] 0 4] 0 V]

M(3.9) g 0 0 O 0 o0 0 o0 o

M(2:3) £\ (2.6) p(2.10) o 0 0o o o0 o0

M(6.6)  )q(6.10) O 0 0 o o o

M(10.10) g o 0 0 o0 o

0 ] (V]
o o
Symm. [v]

It is here that we note that matrix [M] is comprised of two non-zero submatrices
which we will define as:
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M(l.l) M(I.S) M(I.Q) 1\{(2'2) M(ﬂpﬂ) M(!.IO)

—_— (5.5 (5.9} —_— 6,6 6.10
[M,] = MG M and [M,] = M(6:8)  p(6.10)
Symm. M(9:9} Symm. M(10.10)

The element matrix [K;]| for the vibration problem is shown below. The elements
of the matrix have been defined in Appendix A.

S S 0 0 0o 6 0 a o o
k{9 kB9 o 0 0 0 o 0o o o o
k®? o 0 a ¢ 0o 0 ¢ 0 o0

K(12'2) K(x2.6) K§2.10) 0 o 0 o o a
KgG.G) K(ls.xo) 0 I} 0 0 o 0

K0 ¢ 0 0 0o 0o o

[Ki] =

] 0 o
1] o
Symm. o

It is here that we note that matrix K is comprised of two non-zero submatrices
which we will define as

(1,1} (1.8) (1.9) (2.2) (2.6) (2,10)
Kl KI KI Kl KI Kl
— (5.5) (5.9) _ (6,6) (6,10)
[Klu] - K], K1 and [KI‘U] -_ Kl Kl
Symm. Kig'g) Symm. Kgm'w’

The element matrix [K5| for the vibration problem is shown next. The elements
of the matrix have been defined in Appendix A.
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Matrix K, is comprised of two non-zero submatrices which we will define as

[KQv] =

—g(12)
K3

e (1.6)
K2

—K(110)
K‘Z

0

Kgl.!)

- (2:5)
K2

—(2:9)
K2

(2.5)
K‘2

]

—1c(5.10)
K,

0

[o]

(1.6)
K2

o]

—(6:9)
K?

(2.9)
K3

(6.9)
K3

—1(9.10)
Ks

0

K(1.10)
(5.,10)
K

(9.10)
K2

(1.2)

K2

— (25
K2

CE))
K2

0

(s}

(1.8)
K2

(]

—K(5:9)
K!

0

and [K>,] =

K(gl +10)
K;S.ID)
KS_,S'IO)
(o]

[s]

o]

-x {1
—(1.8)
K2

e (1.10)
K,

Q

0

[+]

(2.5)
K2

s}

1 (5.10)
Ky

c

-(2.9)
K,

(6.9)
Ky

—(9.10)
K2

0

(¢}

.
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The element matrix [K3] for the vibration problem is shown below. The elements
ed in Appendix A.

of the matrix have been de

(1.1)
K3

Symm.

(1.5)
KS

(5.5)
K3

(1.9)

K 0

Kg&.f’) 0
(9.9)

KS 0

(2.2)
K3

(2.6)
KJ

(8.6)
K:!

(2.10)
K3

(8.10)
K3

(10.10)
K3




APPENDIX C. MATRICES FOR 2D RR VIBRATION PROBLEM 69

It is here that we note that matrix K3 is comprised of two non-zero submatrices
which we will define as

(1.1) 1.5) (1.9) (2.2) (2.6) (2,10)
K3 K3 K3 K3 K3 Ky
— (5.5) (5.9) — (6.6) (6.10)
[K3u] - K3 K3 a.Ild. [st] - K:; K3
Symm. K9 Symm. K(10-10)

The element matrix [M,] for the vibration problem is shown next. The elements
of the matrix have been defined in Appendix A.

[ 1] 0 0 o] 0 0 0 (o] 0 [1] (4] 0 1
1] o] 4] [+] 4] 1} [s] Q 0 o 4]
0 (] o] a a 0 Q 0 o] 0
o] 0 1] ] 4] Q 0 0 o
0 ] 0 [¢] Q 0 (4] o]
M _ 1] 4] ] Q [1] o o]
[ b] - MS'S) M?'T’ o Mff‘"‘) Mga.m o
Mi?.?) Mgf.u) Mf,""') o Mg?.m)
M,‘,“'“’) 0 Mf,a'“) Mgu.u)
Mg@t) M§4.8) o
M'(’s.s) Ml(,s.m)
| symm. Mgu.;z) |

Matrix [M}] is comprised of one non-zero submatrix which we will define as

Ml(’a.:s) Mf"ﬂ o Mga,A) M'(,:s.s) o
Mg.".ﬂ Ml(;r.u) Ml(’m'r) 0 M§7.12)
M _ M‘(,1.1,11) 0 Mga,u) ngx.lz)
[ ba] - MBS @8 g
M!(,S.S) M£5.12)
Symm. M,(, 12,12)

The element matrix [E}] for the vibration problem is shown next. The elements
of the matrix have been defined in Appendix A.
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Symm.

Matrix [E;] is comprised of one non-zero submatrix which we will define as

)
EI

[Eie] =

Symm.

The element matrix [Ej3] for the vibration problem is shown next

(3.7)
El

(.7
El

0 1}
o} 0
[+} 0
0 c
0 0

0
(7.11)
El

(11.11)
E;

(3.4)
E’l.

(4.7)
El

0
(4,4)
Ey

(3.8)
El
0
(8.11)
E;
(4.8)
Ej

(8.8
e{8®

0
o}

0

(7.11)
EI

(11.11)
E!

0

(7.12)
E;
(11,12)
E)
1]
(8.12)
E)

(12,12)
El

of the matrix have been defined in Appendix A.

(1}

Symm.

Matrix [E3] is comprised of one non-zero submatrix which we will define as

o

0

0o 0
0 0
o} 0
0 ]
0 0

0

0

1}

c

0

0

0
0

1]
(7.11)
E3

(11,11)
E3

o

0
I:.‘g-'ml)
0
E5.8.11)
Eag«,s)

(8.8)
El

o}

(o]
!;ga.S)
o]
!;gs.xl)
E:(:'S)

(8.8)
ES

0

0

(7.12)
£

(11.12)
E,
1]

(8.12)
E,

(12.12)
El

¢]

0
Eg’:.m)
E:(,1‘1.12)
1]
l=_.:(’25.12)

(12,12)
ES

70

. The elements
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E(33.3) E:(‘SJ) 0 Eg&ﬂ E:(‘S.S) 0

E:(’T'T) Eg?.].l) E:(S-LT) o Eg’r.x:)

[Eaa] _ E.‘gu.u) 0 Ega.u) I_::(111..4!.2)
E:(;I.A) Eg‘.s) o

EgS.BI Egﬂ.lz)

Symm. Ef, 12,12)

The element matrix [F5] for the vibration problem is shown next. The elements
of the matrix have been defined in Appendix A.

i 1] o a ] [0} (¢} 0o 0 0 0 o] a ]
0 0 0 (4] Q 0o 0 0 0 (o] ]
0 0 0 Q 0 0 e 0 Q (o]
0 0 1} 0 0 V) o] 0 (o]
0 0 0 0 (V] o (1] ¢}
E V] Q ] (V] o] 0 (V]
[ 5] - e EE®D o EGS  EB® o

Ei?.n Ef‘“) Eé"” o Eg.u)
Egll.ll) o E;S.ll) Egll.l?)
Eé"’" E‘s"'m °
Egs.S) Egs.u)
| Symm. Egn.u) |

Matrix [Ejs] is comprised of one non-zero submatrix which we will define as

[ (3.3 (3.1 (3.4) (3.8)
Ef Ef 0 E{ E{ 0
(T.7) {(7,11) (4.7) (7.12)
£§ E{ E{ 0 ES
(11,11) (8.11) (11.12)
E{ 0 E{ ES

[E5a] == .

(4.4) (4.8)
E{ E{ 0

(8.8) (8.12)
E5 E.'S

Symm.

(12,12)
Eg



Appendix D

3D RR Vibration of Simply
Supported Members

D.1 Introduction

In this section the element equations created earlier using the three-dimensional stiff-
ness approximation will be modified from their original form to model the vibration
of thin-walled structural members simply supported at their ends.

D.2 Formulation

This problem is an extension of the three-dimension wave propagation problem de-
rived earlier. In the wave propagation problem it is assumed that free-free conditions
exist at the end supports. To model simple supports at the ends of the beam there
are only a few slight modifications. For simple supports it is necessary that the dis-
placements u(0) # 0,u(a) # 0,v(0) = v(a) = w(0) = w(a) = 0. The vibration is

assumed to be sinusoidal therefore -

u(z) = cosiz (D.1)
v(z) = sinAz (D.2)
w(z) = sinAz (D.3)
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where A = 2%, and a is the length between supports and m is the number of half
wave lengths, i.e. m =1,2,3.... Thus we assume that

( ul(xa t) W

a1 =] &0 = Qs eosia (D.4)
\ 'U,n(.'lf, t) Y,

and ) .
a3 (fI:, t)

6 (IL‘, t)

Ga(z, t) = b = {Q5}et™tsinAz (D.5)

L (2, 1) )
where @ = v, w and n is the number of nodes in the variable-number-nodes two-
dimensional element.

Substituting Equations D.4 and D.5 into the element equations derived earlier
using Hamilton’s principle, Equation 3.27, we get:

cosAz{Qg} —A2cosAz{Q3}
+w?[M]< sindz{Q3} ¢ + [Ki]{ —A2sinAz{Q%}
sinAz{QY'} —A2sin\z{Q¥} (D.6)
—AsinAz{Q¢§} cosAz{Q%} {0} )
+[K>] AcosAz{Q8} » — [K3]{ sinAz{Q¥} » =< {0}
AcosAz{Q¥'} sinAz{Q¥} {0}
where
M) O 0
[M]= 0 [“V[m] [M‘un.] (D.7)
0 [My,] [My)]
(K1) 0 0
[K1]= 0 [Kl‘vl] [Klun.] (D8)

0 [Kllm] [Klwz]

0 [Ka] [Ko2u]
[Ko] = | [K2w,] O 0 (D.9)
[Kau,] 0 0
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(K3 0 0
[K3] = |: 0 [K3v1] [K3w1]
0 [Ksu| [Ksul

- Expanding Equation D.6 results in Equations D.11, D.12 and D.13:

+u? [Mu{Q5} — A [K1uJ{Q5} + AlKow, {Q5}
+AK2, {QF} — [K3u{Q5} = {0}

+w?[My {Q0} + w?[Mu, {QF} — X*[K10, {Q5} — M [K1e {Q5'}
— Ao {Q5} — (K30, {Q5} — (K3, {QF'} = {0}

+w? (M| {Q0} + W’ (M {Q5'} — X*[K1o, [ {Q0} — N [K1,{Q5'}
—)‘[K2u2]{Q3} - [K3v2]{Q3} - [K3w2]{QBU} = {0}

Arranging the four equations into a convenient matrix form

[[11 2] [3] {{QB‘}} {{0}}
[4] [5] [6] | {@8} ¢ =49 {0}
(71 8] (o] ] | {@8} {0}
where

1] = +w?[My] — 2 [Ky] — [Kau]

[2] = +A[K2v1]

[3] = +}\[K2u2]

[4] = —/\[K2U1]

[5] = +w2[Mu1]—)‘2[K1v1]_[K3v1]

6] = +w?[Mu] — N*[Kiy,] — [Ksu]

[7] = —/\[K2u2]

[8] = +w2[Mv2]—)\2[K1v2]_[K3”2]

-{-w2[Mw2] - /\2[Klv2] — [Ksuw]

(D.10)

(D.11)

(D.12)

(D.13)

(D.14)
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D.3 Eigenvalue Problem

The global element equations, Equation D.14, are then assembled to obtain the global
structure equations, Equation D.15, in the form [K]{Q§} = {0}, as

(1] [2] (3] {Qo®} {o}
[4] [5] [6] {Qo®} =4 {0} (D.15)
(71 8] 9] ] | {Qd®} {0}
We can arrange Equation D.15 into the eigenvalue problem below:
[10] [11] [12] {Qo®%} [19] 0 0 {Qo®}
[13] [14] [15] {Qg%} p=w?| 0 [20] [21] {Qc®} (D.16)
[16] [17] [18] {Qs*} 0 [22] [23] {Qo*®}
where
[10] = —A*[K1a] — [K3d]
11] = +A[Kauy,]
[12] = +’\[K2v2]
[13] = —AlKau]
[14] = —X\*[Kiy,] — [K3u,]
[15] = "\2[K1v1]_[K3v1]
(16] = —A[K2u,]
{17] = _Az[Klvz]_[K%z]
[18] = _)‘2[K1U2]_[K3v2]
[19] = -"-)2[Mu]
20] = —wA[M]
21] = —w’[Mui]
[22] = —w?[M,q
(23] = —w?[Mya)-

From this eigenvalue problem frequencies, w are obtained for a given number of half
wavelengths, m.

D.4 Summary

The accuracy of the three-dimension model of the vibration of thin-walled struc-
tural members simply supported at their ends is discussed in Chapter 5. The three-
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dimension approximation will be compared to a similar approximation based on two-
dimensional theory as well as a simplified free vibration model.



Appendix E

Coefficients of Matrix [P]

The elements of the matrix {P] appearing in Equation 4.14 are given below:

P11 P12 P13 Pi4
[P] = P21 P22 P23 D24 (E.1)
P31 P32 P33 Pa3
P41 Pa2 P43 Pag
where
pu = 28 jk{dcos(2hry) — cbeos(2hr)]
Po1 = %ﬁlﬁ[—rlaldsin@hrl) + racsin(2hry))]
P31 = %%ﬁcd[cos(Qhrl) ~ cos(2hry)]
a1 = %%ﬂjk[—rld(l + a1)sin(2hry) + roc(l + by )sin(2hry)]
Pro = %ﬁzﬁk2[—r2(1 + b1)sin(2hry) + 6171 (1 + a1)sin(2hry)]

Dao = %‘iﬁjkrlrz[al(l + b1)cos(2hry) — (1 + a;)cos(2hrs)]

(E.2)

D32 = %gfjk[crg(l + b1)sin(2hry) + —dri(1 + a1)sin(2hry)]

Pap = %ézﬁk2r1r2(l + a1)(1 + by)[—cos(2hry) + cos(2hrs)]

P13 = ¥ [cos(2hr,) — cos(2hrs)]

P23 = A[ria1bisin(2hry) — rasin(2hrs)]
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P33z = %ﬁf jk[—biccos(2hry) + dcos(2hry)]

Paz = 28k [—r1b1(1 + a1)sin(2hr)) +o(1 + by ) sin(2hmy)]
P4 = JA'%[—rgsz'n(Qhrl) — aybir15in(2hr;)]

P24 = grrira[—cos(2hry) + cos(2hr2))|

paz = Ze8[—rycsin(2hr)) + r1a1dsin(2hr,)]

Pas = 288 jkr1mo[—(1 + a1)cos(2hr1) + ay (1 + by)sin(2hn)]
c = (1-8)k®-0r2a;; d=(1-06)k2b, — Fr3,

Ap Dssjkﬁrg(%%bl —1); Qg = Degjkrira(aib —1),
h = Y1~y =l
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