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Abstract

Exact solution of the Surface-Volume-Surface Electric Field Integral Equation
(SVS-EFIE) is presented for the problem of radiation in the vicinity of homogeneous
dielectric sphere. The solution is obtained via Galerkin Method of Moments (MoM)
utilizing rotational and irrotational complete sets of orthogonal vector spherical har-
monics as basis and test functions according to the Helmholtz decomposition. In
this work, two types of formulations derived from single-source integral equation rep-
resentation namely, SVS-EFIE-J and SVS-EFIE-M have been analyzed and solved

with the MoM discretization.

Excitation in the form of radial and tangential electric dipole situated above the
spherical scatterer and the electric field throughout the sphere evaluated via ana-
lytic MoM solution of the SVS-EFIE is compared against the exact classical Mie
series solution. The two are shown to agree to 12 digits of accuracy upon suffi-
cient number of basis/test functions taken in the MoM solution and the Mie series
expansion. The exact solution confirms and validates the rigorous nature of the
SVS-EFIE formulation. It also reveals the spectral properties of its individual op-
erators, their products and their linear combination, as well as the spectrum of the
MoM impedance matrix. It is shown that upon choosing basis and test functions in
Sobolev space Hy/?(S) for SVS-EFIE-J and L2(S) for SVS-EFIE-M, while perform-

ing the testing in the spaces H (;i/ ?(S) and L2(S), respectively, S being the surface



i

of the sphere, the MoM impedance matrix features bounded condition number simi-
lar with analogous exact MoM solution of the surface EFIE on perfectly electrically
conducting (PEC) sphere and the solution involving MoM of the surface EFIE on
perfectly magnetic conductor (PMC). The selection of the proper functional spaces
makes proposed SVS-EFIE formulation free of oversampling breakdown. Moreover,
both the spectrum of the continuous integral operators of this new magnetic current
based SVS-EFIE-M and the spectrum of its MoM impedance matrix are bounded

at low frequencies for simply connected smooth dielectric scatterers.
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Chapter 1

Introduction

Computational electromagnetics (CEM) enables characterization of the physical in-
teractions of the electromagnetic fields with complex media and objects in practi-
cally interesting scenarios. Staging corresponding physical experiments is typically
the only alternative to revealing details of such interactions. The latter, however,
may be expensive, not easy to handle, and in various cases impossible to set up at
the current state of measurement instruments development. On the other hand, to-
day’s methods of CEM in conjunction with powerful computers enable investigation
of the propagation of electromagnetic waves and scattering problems in most cases
of interest. Computational scientists are devoted to continuing development of yet
more efficient and powerful CEM methodologies bringing unprecedented capabilities
for modelling of scattering and radiation phenomena. Such accurate and efficient
numerical simulations often eliminate the need for fabrication of physical prototypes
and greatly reduce the time and cost of design cycles. One class of such computa-
tional frameworks is based on the method of integral equations [51]. The latter can
be formulated for scattering and radiation in the presence of complex penetrable,
impenetrable, and composite structures. The key advantage offered by the integral
equation solutions compared to the direct solution of the differential equations of

electromagnetics [1], [2] is their ability to localize the unknown field quantities to
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the boundaries of the analyzed structures instead of their volumes. Discretization of
the boundaries only, instead of volume in the entire space, often leads to substantial
reduction of computational effort required to recover the unknown field quantities.
In many important practical applications the IE formulations can also include com-
plex environment associated with the model into the pertinent Green’s function
[53]. Such formulations are typically obtained using the equivalence principle rep-
resentation of the electromagnetic field in the volumes of the model in terms of its
tangential components on their boundaries. These tangential field components can
be viewed as the weighting functions for the elementary secondary waves emanating
from point sources situated at the boundaries in accord with the Hyugen’s principle.
Such elementary waves are known as the Green’s functions [53]. They correspond
to the solution of the Maxwell equations with the Dirac delta-function as a source.
When the fields produced by these elementary point sources are known, the fields

due to an arbitrary source can readily be obtained using the superposition principle.

For the solution of time-harmonic scattering problems on penetrable objects the
following integral equations are commonly formulated. In case of the homogeneous
and piecewise homogeneous scatterers, the standard formulations are the electric
field integral equation (EFIE) and magnetic field integral equation (MFIE) or their
linear combination known as the combined field integral equation (CFIE) [50]. Other
linear combinations of the EFIE and MFIE equations and their associated extinction
theorem forms are also commonly used to formulate the Muller IEs, volume integral
equations for inhomogeneous penetrable scatterers [56] and the Pogglio-Miller-Chu-
Harrington-Wu-Tai (PMCHWT) IEs [10], [16]. All of the above IEs feature two
unknown surface functions on the boundaries of piece-wise homogeneous regions
which are equivalent electric and magnetic surface current densities. Alternative
two-source IE formulations include JM-CFIE, N-Mulller, and others etc. [10, 11, 13].
The above formulations have been well studied and used extensively and are the de

facto standard in the method of integral equations.

In their original work [40] Maystre and Vincent showed, however, that only one
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fictitious current source is sufficient to represent both the electric and magnetic field
in each region of interest. In such more general form of the internal equivalence
principle [9], [45] the field outside a region is left non-zero and unconstrained rather
than vanishing as prescribed by the extinction theorem. Similarly, for the external
equivalence principle, the integral field representation can be producing a true field
outside the object while leaving the field inside of it undefined and non-zero. Such
definition of the fields inside the piece-wise regions of the object gave rise to the
new class of the IEs suitable for solution of scattering problems on penetrable piece-
wise homogeneous objects, which are known as the single-source 1Es (SSIE) [45].
The benefit of having only one unknown current in the SSIEs, however, comes at
the expense of a large number of integral operator products (18 operator products
in the SSIE for 2D scattering problem) or presence of the operator inverses [18]-
[23], [47]. Discretization of the operator products is often more involved also. For
the above reasons the Single-Source-Integral-Equations (SSIEs) despite significant
amount of research work done on them [14]-[17], [40], [41], [44]-[46], remain less

popular than their traditional two-source counterparts.

Earlier SSIE formulations were proposed and studied by Marx [41] and Glisson
[15]. These SSIEs featured hypersingular kernels and suffered from oversampling
breakdown, which manifests itself in the form of increasing condition number of
the MoM impedance matrix upon increase of mesh density when physics of the
problem of interest (e.g. frequency) remains the same. These earlier formulations
also exhibit internal resonance and are susceptible to the low frequency breakdown.
Subsequently, various improvements to these formulations were proposed. Among
them are the second-kind SSIEs proposed by Colliander and Yla-Oijala [12] that
do not suffer from the oversampling breakdown but which are still susceptible to
the internal resonances. Recent work by Cools proposed Calderon-projector based
formulations of the SSIE which eliminate both the low-frequency and oversampling

breakdowns for smooth dielectric objets.

The SSIEs obtained from the classical two-source equivalence principle in which one
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source is expressed in terms of the other through inverse of an integral operator were
proposed in [18] and [47] and further developed in [22]-[24]. In [47] the extinction
theorem is used to express the unknown surface magnetic current in terms of the
surface electric current acted upon by the electric field operator and the inverse of
the magnetic field operator. This relationship termed as the Generalized Impedance
Boundary Condition upon substitution into the exterior equivalence principle pro-
duces SSIE with respect to only equivalent electric surface current density albeit
with the presence of the inverse of the magnetic field operator. Stabilization of
such formulation through use of loop-tree basis was also studied with the purpose of
eliminating the low-frequency and oversampling breakdowns. Alternative technique
for obtaining the SSIE through introduction of a surface admittance operator was
developed by De Zutter and Knockaert [18]. The surface admittance operator in
this formulation relates a fictitious electric surface current density at each point on
the surface of the conductor to the tangential electric field (magnetic surface current
density) at every other point on the surface, This operator allows to replace the
object with the medium of the exterior space through introduction of the fictitious
electric equivalent surface currents. Similarly with [47] this SSIE also features the in-
verse of an integral operator albeit without the double-layer potential contribution
for the external media integral operators [24]. The latter could be handled ana-
lytically [19, 26] for conductors of canonical cross-sections or numerically through a
dense matrix inverse for arbitrary shapes [22]. Recent extension to this approach was
also proposed which demonstrated possibility of obtaining analytically the surface
admittance operators for the arbitrary shapes through Fokas transform [27]. Low-
frequency and oversampling stabilization of such SSIEs through use of augmented

EFIE form of their electric field operators was recently developed by [25].

Another class of single source integral equations which neither features the large
number of integral operators and their products nor the presence of the operator
inverses was recently developed in our group [28]-[37], [38]-[39]. This formulation

obtains the single-source integral equation by combining the ideas of single-source
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surface integral representation of the electromagnetic field developed in the ear-
lier theory of the single-source integral equations [45] and the traditional volume
equivalence principle. Specifically, the integral equation is obtained as a result of
constraining the electric current based single-source representation of the electric
field with volume integral equation (VIE). As such, it features the integral operators
mapping surface functions to the volume functions and vice versa in the process of
enforcing VIE on the boundary of the scatterer for tangential components of the total
electric field. We termed this equation throughout this thesis as the electric current

based Surface-Volume-Surface Electric Field Integral Equation (SVS-EFIE-J).

In [55] it was also hypothesized that another type of SVS-EFIE can be obtained
based on magnetic current representation of the electric field in the volume of the
scatterer. In this work, we term this new SSIE formulation as SVS-EFIE-M. To prove
the correctness of the hypothesis we solve this new SVS-EFIE-M analytically for the
case of electric dipole radiation in the vicinity of a dielectric sphere analogously with
the recently developed analytic solution of SVS-EFIE-J [35] and solutions of classi-
cal surface EFIE and MFIE given in the seminal paper [60]. Besides validating the
rigorous nature of the new equation, the obtained analytic solution for it reveals the
spectral properties of its operators. The spectra of the SVS-EFIE-M formulation
show that unlike its SVS-EFIE-J predecessor the new equation does not suffer from
either the low-frequency or the oversampling breakdowns for sufficiently smooth di-
electric object [35]. Moreover, we show that the inner products in the Method of
Moments (MoM) discretization of the SVS-EFIE-M formulation can be performed
in well-familiar and easily tractable L? space without jeopardizing the condition
number of its matrix. This is opposite to the SVS-EFIE-J formulation as well as
traditional surface integral equations containing the electric field operator and re-
quiring the evaluation of the MoM inner products in the Sobolev space H (Zii/ 2 [60],
[35] in order to ensure that their pertinent MoM matrix condition number remains
bounded upon the refinement of the mesh density or when solution is sought at low

frequencies. The evaluation of such inner products in H d_ii/ 2 space for general 3D
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scatterers is very difficult and hasn’t been demonstrated to date. The evaluation of
the inner products in L? functional space allowed by the proposed SVS-EFIE-M for-
mulation, however, has been well established in the CEM community and has been
routinely done in practical MoM discretizations of various integral equations. This
makes the SVS-EFIE-M better suited for numerical solutions and promises to pro-
vide significantly lower condition number in the resultant matrix equations compared
to either the SVS-EFIE-J formulation [35], or traditional two-source formulations
such as PMCHWT, Muller, JM-CFIE [10, 11, 13], or SSIEs utilizing inverses of the
integral operators [19], [23], [47].

It is important to point out that the MoM solution of the SVS-EFIE-M equation
is analogous to the one implemented for the solution of SVS-EFIE-J formulation
in [31] for the practical engineering scattering and radiation problems on simply
connected sufficiently smooth dielectric objects and is expected to produce similar
spectral properties of the MoM matrix equation as those of the continuous SVS-
EFIE-M integral operator presented in this work and be free of the low-frequency
and oversampling breakdowns. The theory demonstrating that the spectrum of
MoM matrix mimics a sub-set of the eigenvalues of the continuous operator of the

integral equation and required conditions for that can be found in [48, 49].

In this work, we compare the analytic solution of SVS-EFIE-M against the Mie series
solution for the case of radial and tangential electric dipole radiation in the vicinity
of a dielectric sphere. The relative error of the two solutions is shown to be at nearly
machine precision level. This demonstrates the rigorous nature of the SVS-EFIE-
M equation, the correctness of its analytic MoM solution, and the stability of the

formulation at both low frequencies and under conditions of oversampling.
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1.1 Research Scope and Contributions

The purpose of this work is twofold. First, an exact solutions of the Surface-
Volume-Surface Electric Field Integral Equations (SVS-EFIE-J and SVS-EFIE-M)
is presented for the problem of dipole radiation in the vicinity of the homogeneous
dielectric sphere. The solution is obtained via Galerkin Method of Moments (MoM)
utilizing rotational and irrotational complete sets of orthogonal vector spherical
harmonics as basis and test functions according to the Helmholtz decomposition. In
the case of radial or tangential electric dipole radiation, the electric field throughout
the sphere evaluated via the analytic MoM solution of the SVS-EFIE is compared
against the exact classical Mie series solution. The two are shown to agree to 12
digits of accuracy upon a sufficient number of basis/test functions taken in the MoM
solution and the Mie series expansion. The exact solution confirms and validates

the rigorous nature of both the J- and M-formulations of the SVS-EFIE.

Second, the detailed spectral analysis of SVS-EFIE-J and SVS-EFIE-M formula-
tions is performed. It reveals the spectral properties of its individual operators,
their products, and their linear combination, as well as the spectrum of the MoM
impedance matrices upon discretization. It is shown that for SVS-EFIE-J upon
/2

choosing basis and test functions in Sobolev space H ;w

(S) and performing testing
inner products evaluation in the space H (;i/ 2(5), S being the surface of the sphere,
the MoM impedance matrix features bounded condition number with increasing or-
der of discretization. This is similar to analogous exact MoM solution of the surface
EFIE on perfectly electrically conducting (PEC) sphere. Similar analytic MoM solu-
tion of the SVS-EFIE-M formulation is also performed. It shows that upon choosing
basis and test functions in L?(S) space and evaluating testing inner products in the
same space, the MoM impedance matrix features bounded condition number with
increasing order of discretization and /or at low frequencies. This makes the proposed
SVS-EFIE-M formulation free of oversampling and low-frequency breakdowns giv-

ing an advantage both over its SVS-EFIE-J predecessor and classical double-source
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integral equations such as PMCHWT, Muller, and others suffering from this type

of numerical instabilities inherent to their inferior spectral properties.

1.2 Structure of the Thesis

An overview of the fundamental theory in electromagnetics is given in Chapter 2 with
a literature review of the primary knowledge required to conduct this research work.
The integral equations are formulated through the volume equivalence principle to
lay the ground for the derivation of the SVS-EFIE with J-formulation in Chapter
3. It also describes the SVS-EFIE discretization using MoM utilizing rotational and
irrotational complete sets of orthogonal vector spherical harmonics as basis and test
functions according to the Helmholtz decomposition. Later on, spectral properties
of the SVS-EFIE-J operators are demonstrated in Chapter 3 as well. The present
analysis shows how performing MoM solution in the proper functional space can in
principle eliminate the oversampling and low-frequency breakdown of SVS-EFIE-J

formulation. Chapter 3 is a copy of the journal article [35].

In Chapter 4, the exact solution of a new magnetic current based SVS-EFIE-M
formulation is presented. The discretization of this integral equation is described in
Chapter 4 as well. Later on, spectral properties of this SVS-EFIE-M are investigated.
The MoM impedance matrix condition number is shown to remain bounded under
the condition of the increasing discretization order n and/or at low frequencies while
the SVS-EFTE-M MoM solution is performed in conventional L?(.S) space with easily
defined inner products. The MoM solution of the SVS-EFIE-M in L?*(S) space
produces an impedance matrix with a condition number that remains constant under
conditions of either oversampling or low frequency analysis making it an excellent
candidate for the solution of practical scattering and radiation problems. Chapter

4 is a copy of the journal article [36].

Chapter 5 summarizes the thesis and outlines the future work.



Chapter 2

Maxwell’s Equations and

Equivalence Principle

James Clerk Maxwell [1831-1879] introduced the displacement current into the Am-
pere’s law. In doing so he unified the equation of electricity and magnetism into
a set of four equations that became foundational to the theory and applications of
electromagnetism. These four equations govern the behavior of the electric field and

the magnetic field and describe how they are coupled.

2.1 Maxwell’s Equations

Maxwell’s equations in time domain can be expressed as follows:

V -D(r,t) = p,(r,t), (2.1)

V- B(r,t) =0, (2.2)

V x E(r,t) = —%B(’r,t), (2.3)

V x H(r,t) :J(r,t)+§:D(r,t), (2.4)
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where E and H are the electric and magnetic field intensities, D and B are the
electric and magnetic flux densities, J is the electric current density, p, is the total
electric charge density, r is a position vector and dependence on t indicates that the

quantity is a function of time.

The above can be expressed in spatial domain as a function of space coordinate

r and angular frequency w

V- D(r) = py(r), (2.5)
V-B(r) =0, (2.6)

V x E(r) = —iwB(r), (2.7)

V x H(r) = J(r) + iwD(r), (2.8)

where w = 27 f and i = v/—1. Absence of time dependence provides an indication
of the complex-valued spectrum and not a real-valued function with respect to time

t.

2.2 Electromagnetic Wave Equation

An electromagnetic field satisfies the wave equation which describes the propa-
gation of the electromagnetic wave in a vacuum or source-free space. Ampere’s law
and Faraday’s law can be combined to introduce the wave equation that demon-
strates the existence of electromagnetic waves propagating with the speed of light.
For an isotropic and homogeneous medium that is characterized by permittivity e

and permeability p, Maxwell’s equations can be reduced to

0
E=—-—u—H 2.
0
V x H=¢—E, (2.10)

ot



Chapter 2. Maxwell’s Equations and Equivalence Principle 11

V.-E=0, (2.11)
V.-H=0. (2.12)

These are the general Maxwell’s equations specialized to the case with charge and
current both set to zero and is known as source-free medium. Combination of these
above first-order differential equations yields a second-order differential equation in
terms of E or H alone.

Taking the curl of equation (2.9) and using equation (2.10) we obtain

2

0
Using the following vector identity
VxVxE=V(V-E)-V?E, (2.14)

Using (2.11) in source-free region (i.e. where V- D = p, = 0), yields

VxVxE=-V?E. (2.15)

Equation (2.13) can be rewritten as vector wave equation for the time-domain elec-

tric field as

1 2
0 t) =0, (2.16)

V2E('f’,t) — E@E(T, )

where ¢ = 1/,/pe€ is the speed of light in the medium.

In the spectral domain the above equation reduces to the Helmholtz equation gov-

erning the electric field spectrum E(7r)

V2E(r) + kK*E(r) = 0, (2.17)
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where k = w,/eu is the wave number of the medium.

2.3 Green’s Function

To illustrate the Green’s function, consider the electrostatic potential at observation

point r produced by a point electric charge ¢ placed at location 7’ in free space

q

== 2.18
dreglr — 7’|’ (2.18)

where |7 — 7’| denotes the distance between observation point = and source point 7/

and €y = 8.854 x 107!2 Farad/m is a constant called permittivity of free space.

The potential produced by a point source of unit strength is called the Green’s
function

G(r,r")

1
T (2.19)

- Admeglr — 7

where G(r,7’) is the scalar electrostatic Green’s function.

In electromagnetics, both the source (electric current density) and the response
(electric or magnetic field) are vectors. Each component of an electric current density
in general produces all three components of the electric or magnetic field. The dyadic
Green’s function describes the three components of the field produced by each of the
three components of the point current source (dipole) in a compact form of a (3 x 3)
matrix containing the nine scalar Green’s functions describing each field component
to current relationship [53]. For the electric field produced by the electric dipole

(vector point source of unit strength) the dyadic Green’s function is the following

= AVA v4 =
GeO(ra 7'/) = ( L2 + [) GO(’ra T/)a (220)
0
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where ko is the wave number in the vacuum and I is idem factor (unit dyad).

The magnetic field dyadic Green’s function (magnetic field produced by electric

dipole of unit strength) in free space is

Goo(r,7) = V X Geg(r, 7). (2.21)

2.4 Equivalence Principle: Extinction Theorem

The classical surface integral equations on penetrable objects are derived
through the application of the Green’s theorem [53] to the volumes inside and outside
the scatterer. The integral representation of the field inside the scatterer results in
the vanishing field outside of it according to the extinction theorem [52]. Dually, the
integral representation of the field outside the scatterer produces zero field inside of
it. In both of these traditional integral field representations, the equivalent electric
and magnetic surface currents of the scatterer are the tangential components of the

magnetic and electric fields, respectively.

Consider the problem in Fig. 2.1 of an object with arbitrary shape situated in a ho-
mogeneous medium. The object is excited by incident field E™ and it has complex
relative permittivity and relative magnetic permeability € and u, respectively. The
normal vector 7o points outward from volume V and 0V is the boundary of that

volume.

The equivalence principle integral representation of the electric field in region V is
demonstrated by application of the second dyadic Green’s theorem to the volume V'

inside the scatterer
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FIGURE 2.1: Scattering problem of an arbitrary non-magnetic dielectric object
with incident field E*¢ (left). The equivalent problem of the interior field (mid-
dle). The equivalent problem of the exterior field (right).

oV
(2.22)
_ / o 0, reVy,\dV
—i—/Gmw(r,r) - M(r") dr
o E(r), reV\JV
—/émw(r,r’) J(r') dr’
(2.23)
- o 0, reV,\aV,
+ iwe /G M (r") dr
i H(r), reV\JV,

where dyadic Green’s functions in region V satisfies inhomogeneous dyadic curl-curl
equation:



Chapter 2. Maxwell’s Equations and Equivalence Principle 15

V XV X Geep(7,7') — WP peGoeu(r,7') = I6(r,7"), (2.24)

and J, M are equivalent sources
J=nxH, (2.25)

M =-hx E, (2.26)

formed on the volume boundary dV. The equivalent surface electric current J is
defined as the tangential component of the true magnetic field on 9V, while the
equivalent magnetic current M is defined as the tangential component of the true
electric field on V. These currents radiate in a homogeneous medium with € and

i to produce the scattered fields internal to volume V.

The equivalence principle integral representation of the electric field in external re-
gion V,, is obtained through the application of the second dyadic Green’s theorem

to the volume V. outside the scatterer

E"(r) — iwpo / Guolr, ') - J(') dr’

(2.27)
E(r), reVy\dV,

0, reV\aV,

(2.28)
H(r), reVy\aV,

0, reV\aV,

where dyadic Green’s functions in region V,, satisfies inhomogeneous dyadic wave

equation:

V X V X Geo(r,7") — wPpgeoGeo(r, 7') = I6(r, 7). (2.29)
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The magnetic field dyadic Green’s function in free space with relative permittivity

€9 and permeability pg is G,o = V X éeO-

The equivalence principle can be applied to develop two models for this problem, one
is the equivalent problem of the interior field and the other model is the equivalent

problem of the exterior field [45].

The equivalent problem of the interior field is illustrated in the middle of Fig. 2.1

where the excitation field E™ is provided.

Similarly, the equivalent problem of the exterior field is illustrated at the right of
Fig. 2.1. The incident field E®¢ is provided, and the equivalent sources on the
boundary J, M are also formed. Those sources radiate in a homogeneous medium

with €y, g to produce the scattered fields E, H external to V.

The equivalence principle integral representation of the electric field in region V' is
demonstrated by application of the second dyadic Green’s theorem applied to the

volume V inside the scatterer

iw,u/@eeu(rw’) ~J(r') dr’!

Pi%
(2.30)
— . o 0, reV,\aV,
—l—/Gmw('r,r)-M('r) dr' =
o E(r), reV\JV,
— /G’mw(r,r’) J(r') dr’
v
(2.31)

0, reV,\aV,
H(r), reV\09V,
where dyadic Green’s functions in region V' satisfies inhomogeneous dyadic wave

equation:
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V XV X Geep(7,7') — P peGegu (7, 7') = I6(r, 7). (2.32)

The previous equations state different forms of equivalence principle integral repre-
sentation. The exterior equivalence principle is applied to volume V., outside the
scatterer where the fields vanish through region V' as it is illustrated in (2.27) and
(2.28). The right-hand side is zero when the observation point is located inside V.
Similarly, when the interior equivalence principle is applied to V inside the scatterer,
then null fields are produced in the region V, as it is shown in (2.30) and (2.31).
The right-hand side is zero when the observation point is located outside V.
Matching the exterior and interior electric field representation yields the electric
field integral equation (EFIE) while matching the interior and exterior magnetic
field representations gives the magnetic field integral equation (MFIE).

The linear combination of the electric and magnetic integral equation introduces the

combined field integral equation (CFIE).

2.4.1 Generalized equivalence principle

A more general form of the equivalence principle is presented in [45]. For
the internal equivalence principle, the field outside the scatterer can be left non-zero
and unconstrained rather than vanishing as prescribed by the extinction theorem.
Similarly, for the external equivalence principle, the integral field representation
can be producing a true field outside the object while leaving the field inside of it

undefined and non-zero.

The equivalent surface currents on the boundary of the scatterer must be equal to
the jump in the tangential components of the field inside and outside of it. Since the
field in one of the regions remains unconstrained (arbitrary), the equivalent currents
on the boundary become, arbitrary as well in the sense that they are no longer equal

to the tangential components of the true field. Indeed, the uniqueness theorem still
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requires that the field in the regions are to be produced by the tangential compo-
nents of the true electric and/or magnetic field. Hence, these arbitrary equivalent
currents must contain contributions of the tangential components of the true field.
However, the ambiguity of the field on one side of the boundary allows us to treat
the equivalent currents as arbitrary functions (fictitious currents) unrelated to the

tangential components of the true field.

The interior equivalent integral forms in (2.30) and (2.31) force the electric and
magnetic fields outside scatterer to vanish, while it can be allowed to be arbitrary.

Hence, the following internal equivalent integral representations

iw,u/éee#(r,r’) ~J(r") dr’
v

(2.33)
- ) o E,.(r), reV,\aV,
+/Gm€u(r,r) -M(r') dr' =
ks E(r), reV\ovV,
— /C_?mw(r,r’) ~J(r') dr'!
av
(2.34)

H,.(r), re€Vy\aV,

+ e / Goop(r, 1) - M(r') di’ =
H(r), reV\9V,

ov

are obtained, where the equivalent surface sources are defined as equivalent currents
defined on the boundary to be the difference between the tangential component of
the true field H inside the scatterer and the arbitrary Maxwellian magnetic field

H ,,; that is specified outside scatterer:
J=nx(H-H,,), (2.35)

M = (E — E,;) x f, (2.36)
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n being the inward normal to V. Similarly, the external equivalence principle field

representations become

E"(r) — iw,u()/éeo('r, r') - J(r') drf

ov
(2.37)
- ) o E(r), reVy\aV,
—/Gmo(r,r) M(r") dr' =
i E;,.(r), reV\oV,
H™(r)+ [ Guol(r,v') - J(r') dr’
av
(2.38)
. - H(r), reVy\aV,
— iwey / Geo(r,r") - M(r") dr' =

3 H,(r), TeV\aV.

where the fictitious magnetic current M is defined to be the difference between the
tangential component of the true field E outside the scatterer and the arbitrary

Maxwellian electric field E,,; that is specified insider the scatterer [45]
J=nx(H-H,;,), (2.39)

M = (E - E;)) x i, (2.40)

n being the outward normal to V.

2.5 Single-Source Integral Field Representations

A single source integral field representations are formulated with a single un-
known current density instead. The ambiguity in the definition of auxiliary fields in
(2.37) leads the fictitious equivalent electric current J and the fictitious equivalent
magnetic current M, which can be related as J = aJy and M = bn x Jy, where a
and b are arbitrary constants.

Substituting the single fictitious current into the general representation of exterior
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equivalence principle (2.37) and (2.38) yields single-source field representation in

region V,, that is

E(r) — iwpio / Goo(r,v) - ado(r') dr’
oV

(2.41)
_ o o E(r), reVy\aV,
- /Gmo(r,r) b x Jo(r') dr’ =
S Eu(r), eV \oV,
H™(r) + / Gono(r,7) - ado(r") dr’
(2.42)

H(r), reVi\av,

— weg /(_J )-br x Jo(r') dr' =
ks H,,(r), reV\oV.

In a similar manner, upon substitution into the generalized representation of interior
equivalent field (2.33) and (2.34) for J and M in terms of single fictitious current,

the single-source field representation in a region V' is expressed as follows:

iwp | Geep(r, ) - ado(r') dr’

ov
(2.43)
_ o o E,.(r), reVy\0oV,
—I—/Gmeu(r,r) b x Jo(r') dr' =
3 E(r), reV\0V,
v
- / Gep(r,7") - ado(r) dr’
v
(2.44)

H,.:(r), reVy\0V,

+ iwe/@eeu(r,'r’) -bn X Jo(r') dr' =
H(r), reV\oV.

ov
2.6 Function Spaces

When the solution of the boundary value problem is required to be unique, the
function and the derivative of the function need to be square integrable in a bounded

domain, so that the energy in terms of the solution in any bounded domain should
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be finite. For the interior problem, this solution space is denoted by H'(V'), and for
the exterior problems H'(V,,). The superscript ”1” denotes the derivatives up to
order one were square integrable or in general, H™ (V') sets the function in V' whose
derivative up to order m were square integrable. Notice that, H(V) = Ly(V).
These all boundary values functions in H!(V') or H!(V,,) form a space called Sobolev
space, H'/?(S) which is smaller than L,(S). Hence, not all functions in Ly(S) may
be extended from the boundary S to the domain V' or V in such a way that the
function itself or its derivatives are square integrable in V' or all bounded subdomains

of Va. This space H'/2(S) is also known as a Hilbert space.

The obvious generalization of HY/2(S) is H™*1/2(S) for nonnegative integer m, by
which is meant the set of all functions on S whose tangential derivatives up to mth
order are square integrable, and whose mth order tangential derivatives are also
in H'/2(S) . These inner products and norms in H™*1/2(S) are more difficult to

compute than those in L? | but it is still possible to do so.

The electromagnetic fields F, and H ., whose curls and divergences are locally
square integrable, have boundary values at least in H~/ 2(S). Since all the com-
ponents of E. and H. are in H~'/2(S), the tangential divergence of the tangen-
tial components are also in this same space. It has shown in [36] in [60]), that if
v € H(curl,V) then 7 x v € H'/?(S) and if v € H(div,V) then 7 -v € H'/?(S).
In general, this is the fundamental function space for tangential components of elec-

tromagnetic fields on smooth surfaces S.

2.7 Approaches to Error Analysis

There are two main categories of error analysis in numerical electromagnetics: First,
theoretical method, which can be pursued exclusively by the numerical analysis com-

munity, through the investigation of fundamental theorems and operator theory.
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This approach has resulted in the asymptotic solution for the error estimation. Sec-
ond method known as empirical approach which involves comparison of results with
existing standard results or measured data as a benchmarks for which an analytical
solution is available. In order to predict or improve the accuracy and efficiency of a

numerical method, physical behaviour of the fields needs to be analyzed properly.

Asymptotic error estimation relies on the study of Laplace’s equation and Sobolev
space theory. The goal of this error estimations are to prove the convergence of
the numerical solution upon mesh refinement which further dictates the asymptotic
convergence rate and required preconditioners that reduces the computational costs
and order. This would require estimations of solution error and condition number

for the moment matrix.

Physical properties of the scattering problem determine the smoothness of the sur-
face current. The ability of the basis functions to represent functions of the given

smoothness class then determines a solution error estimate of the form
I|J — J||gs < ch® (2.45)

for 2D problems. The parameter « is the order of convergence of the numerical

method

The norm in (2.45) is the Sobolev norm associated with the space of functions of the
smoothness class to which the surface current J belongs. The Sobolev norm is an
alternative to the scattering amplitude in obtaining a scalar quantity which is finite
for singular currents and can be used to quantify numerical error. On the real line,
the Sobolev norm can be interpreted in the Fourier domain as a weighted norm, so

that

ull = / k(1 + )P U (2.46)

o
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where U(k) is the Fourier transform of u(x) and s = +1/2. The space of func-
tions for which this norm is finite is denoted by H*. For s = 1/2, the space H'/?
is smaller than the square integrable function space L?, and consists of functions
smooth enough that the decay of U(k) for large |k| offsets the growth of the weight
function. For s = —1/2, the weight function acts as a smoothing term, so that

functions which are less smooth than L? functions belong to the space HY? .



Chapter 3

Analytic Solution of
Surface-Volume-Surface Electric
Field Integral Equation on
Dielectric Sphere and Analysis of
Its Spectral Properties

(©2021 IEEE. Reprinted, with permission, from Osman Goni and Viadimir Okhma-
tovski, Analytic Solution of Surface-Volume-Surface Electric Field Integral Equation
on Dielectric Sphere and Analysis of Its Spectral Properties, IEEE Trans. Antennas
Propag., vol. 69, no. 12, pp. 8479-8493, Dec. 2021.

3.1 SVS-EFIE: Introduction

The Surface-Volume-Surface Electric Field Integral Equation (SVS-EFIE) was

initially introduces for solution of scalar 2D magneto-quasi-static problems in [28§]

24
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and 2D scalar full-wave scattering problems in [29]. Its subsequent generalization to
the vector full-wave scattering problems in 2D [30] and 3D [31] opened possibilities
for solution of practical scattering and radiation problems on general composite
dielectric [32], [33] and metal-dielectric objects [34] including those embedded in

planar layered medium [37]-[39].

The SVS-EFIE is a single-source integral equation [45], which is formed through con-
straining of a single-source field representation with the volume equivalence principle
[52] enforced on the boundary of the scatterer but only for the tangential compo-
nent of the total electric field. The single-source representations of the fields are
somewhat unusual mathematical constructs as they represent the internal and ex-
ternal fields via fictitious surface current density on the scatterer boundary using
either a single-layer ansatz, double-layer ansatz, or both [45], [54]. This is opposed
to a more familiar surface equivalence principle expressing such fields in terms of
their tangential components on the boundary and making the presence of both the
single- and double-layer potentials a must in representation of the fields. The vol-
ume equivalence principle and the Volume-EFIE (V-EFIE) it produces, despite their
wide use by the electromagnetics practitioners [56], [57] and proofs of validity [58]
are not devoid of controversy! either as their validity at the boundary of scatterer
is questionable unless the permittivity of the scatterer is considered to be a con-
tinuous function tending to the permittivity of the external medium (Sec. 2.10,
[59]). Naturally, the unorthodox way of forming SVS-EFIE through constraining of
a single-source field representation with the V-EFIE enforced at the boundary of
the scatterer under condition of the jump in the permittivity at the boundary may

cause some degree of skepticism.

In order to validate the rigorous nature of the SVS-EFIE we performed its exact
solution for a homogeneous spherical scatterer using Galerkin MoM with a complete
set of orthogonal rotational and irrotational spherical functions introduced on the

surface of the sphere by analogy with how the exact solution of the traditional surface

!Thanks to Dr. S. Skobelev for bringing our attention to these issues.
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EFIE (S-EFIE) and MFIE was obtained for PEC sphere in [60]. Using the addition
theorem based decomposition of the electric field dyadic Green’s function into vector
spherical functions [60], [61] and orthogonality of the vector spherical harmonics,
the inner products arising from the Galerkin MoM solution of the SVS-EFIE can
be evaluated exactly. This produces infinite-dimensional diagonal system of linear
algebraic equations (SLAE) with respect to the coefficients in the fictitious current
expansion over surface vector spherical functions. Due to diagonal nature of the
resultant SLAE each coefficient in the current expansion can be expressed as the ratio
of a corresponding spherical harmonic expansion coefficient in the excitation vector
element and its corresponding diagonal matrix element which are both available in
either closed form or the form of 1D integrals [63]. This provides the formal exact
solution for the fictitious current playing the role of the unknown function in the
SVS-EFIE in the form of infinite series over rotational and irrotational set of surface
vector spherical functions. The expansion is truncated depending on the desired
accuracy of the solution. Upon substitution of the fictitious current solution into the
single source field representation inside the sphere we can obtain exact expressions
for the electric and magnetic field components. The latter are numerically compared
to the classical Mie series solution of the radial electric or magnetic dipole radiation
problem in the presence of the dielectric sphere [52]. Upon sufficient number of terms
retained in the MoM solution of the SVS-EFIE and Mie series the two are shown to

agree to 12 digits of accuracy, hence, validating the SVS-EFIE formulation.

Another important benefit of the obtained analytic solution of the SVS-EFIE is
that it allows not only to reveal the spectral properties of its integral operators,
their products, and their superposition but also to determine the space, in which
Galerkin testing must be performed in order to maintain bounded condition number
of the resultant MoM impedance matrix. Since SVS-EFIE features T-operator of the

classical S-EFIE, it is shown that Galerkin testing should be performed in the same

1/2
v

Sobolev space H,,.'“(S), S being the surface of the sphere, as the Galerkin testing of

S-EFIE [60]. If such testing is performed in L?(S) space, for example, the eigenvalues
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of the impedance matrix resulting from the MoM discretization of the SVS-EFIE are
shown to cluster at zero and infinity upon increase of the discretization order, hence,
leading to the unbounded growth of the condition number. The latter is known to

be responsible for the oversampling and low-frequency instabilities inherent to the

S-EFIE.
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3.2 Surface-Volume-Surface Electric Field Integral

Equation

Consider a homogeneous non-magnetic dielectric object of relative permittivity e
situated in free space and occupying volume V' bounded by surface S. Under con-
dition of time-harmonic incident field E™ impinging on the object the field inside

the object can be defined using the following single-source representation [45]

E(r') = iwpo / G (v, 7") - ad (r")ds"
S

— / Goc(r',r") - bR" x J(r")ds", v €V, (3.1)
s

where J is the fictitious electric current density, a and b are arbitrary constants, w
is the cyclic frequency of the time harmonic field under time convention e*“*, which
is suppressed here and throughout the paper. In (3.1), G, and G,,. are the electric
and magnetic field dyadic Green’s functions of homogeneous space with the same

permittivity € as the object

G (r',r") = — (I + ?) G (r',r"), Gue=V X G, (3.2)
where G (v, ") = %ﬂ is the scalar Green’s function of homogeneous non-

magnetic medium with wavenumber k. = ko+/€, ko = w,/lio€o being the wave number

of vacuum.

Alternative representation of the field, which is valid both inside and outside the
object volume V| is given by the volume equivalence principle [52] which produces
the following well-known V-EFIE with respect to the unknown electric field inside

the scatterer upon localization of the observation point to the volume of the scatterer

E(r) +ki(e—1) /V Ge(r,7') - E(r')dv',= E™(r), 7€ V. (3.3)



Chapter 3. SVS-EFIE 29

The free-space dyadic Green’s function G., in (3.3) features 1/|r — 7’| singularity,
making the volume integral undefined unless it is understood in generalized form
Geuo(r,7) = pv.Geo(r, ') — ko ?Lé(r — 7). Here, p.v. in front of G.o denotes that
the volume integral containing this term is evaluated in the principal value sense
through exclusion of small volume Vj centered at the observation point r. The
constant dyadic L = I/3 in case of small volume V; being of spherical or cubic

shapes [52].

Volume equivalence principle can be also used to constrain the single-source integral
representation of the field (3.1) to produce the integral equation with respect to the
fictitious surface current density J(7”). For that purpose we substitute (3.1) with
particular case of a = 1 and b = 0 into (3.3) and enforce the latter for the tangential
component of the electric field as we tend the observation point r to the boundary

S from the inside

J(r")ds” + iwpoks (e — 1)

')
/ Gl /S G (', 7") - J(r")ds" dv'

=nx E™(r), rcS (34)

iwuoﬁx/é’ (7,

It is interesting to note [55] that in the case of vanishing object € — 1, the above

SVS-EFIE reduces to the S-EFIE for PEC object with the negative right-hand-side
W X / Geo(r,7") - J(r")ds" = A x E™(r), r€S. (3.5)
s

In this case the fictitious current J turns into negative of the conventional equivalent
current, i.e. J = —f x H. Hence, J produces the incident field E™* inside V. The
traditional S-EFIE, on the other hand, produces —E™¢ inside V in order to cancel
incident field inside PEC.
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The SVS-EFIE (3.4) can also be represented as the following operator form
T2 0 J+ T35 o T 0o =ax E™(r), r€S, (3.6)

where the operators are defined, as follows:

TS5 0 J — iy x / G..(r7") - J(")ds". 1 €S, (3.7)
S

TVS 0 J = iwopig / Go.(r' ") - Jr")ds", v eV (3.9)
S
TV o= k(e — )i / Golr 1) - i(r)d, reS (3.9)
1%

3.2.1 Function spaces of SVS-EFIE operators for smooth

object

In general, fields inside smooth dielectric object of volume V' are functions in Sobolev
space H(div,curl,V'), while their tangential components 7o x E and n x H are in

H=2(8) (p. 321 in [60]). However, for SVS-EFIE formed from V-EFIE as
AxXE—-nxE“=pxE", recbs, (3.10)

additional information about the smoothness of the tangential components of the
7 x E™ on S is available similarly with traditional S-EFIE for PEC object requiring
—f x E*" = f, x E™ ¢ € S. Specifically, when object is smooth, the tangential
components of incident field A x E™ on S are in H'/?(S) (and not in H~/2(5))
(see last paragraph on p. 321 in [60]). Since 7o x E™ is in H'/?(S) in SVS-EFIE
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(3.10), both the difference & x E — 7 x E*** as well as i x E and A x E*** must
be also in the same Sobolev space H'/2(S) for as long as both the surface S and the

incident field remain smooth.

According to (3.6), tangential component fv x E is defined as 7> o J, where T
operator is conventional S-EFIE operator for PEC objects. Since for smooth §
operator 7>° maps space H;?;lﬂ to itself (see (37) in [60]), and 72 x E is in space

H'Y2(S) (i.e. m = 1), the current J must be in space H'/2(S) also.

Since i x E is in HY/2(S), E in V must be in H'(V) (see discussion on p. 321 of
[60]). Operator 7.V*° maps J from S to E in V, ie. E =T o J. Hence, it maps
space H'/2(S) to space H(V). On the other hand, operator 7" maps E in V to
7t x E*% on S. Since, 71 x E*® is in space H'/2(S), T2 maps H' (V) to H'/2(S),
As a result, product of the operators 7.5 o 7.¥ maps H'/2(S) to itself just as 7,55
does, and so does overall SVS-EFIE operator 7.2 + 7;‘3"/ o TVS.

Since the tangential differentiation does not lower the order of smoothness, J, n x E,

Ax E*" and fu x B lie in function space H /> (S), which is a sub-space of HY/2(S)

(see p. 321 in [60]). For this reason, the test and basis functions in the MoM solution
of SVS-EFIE described in the next Section, are members of Sobolev space H ;i/UQ(S ).

It is important to point out that the function spaces are different for dielectric objects

with non-smooth surfaces S.

3.3 Exact Solution of SVS-EFIE with Galerkin
MoM on Sphere

3.3.1 Expansion of current over spherical basis functions

To obtain exact solution J of the SVS-EFIE (3.4) for a dielectric sphere, we perform

Helmholtz decomposition of the current J into irrotational and rotational parts as
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[60]
J(F) = Vip(?) + 7 x V'(P), (3.11)

where scalar functions ¢ and 1) are expanded over complete set! of scalar surface

spherical harmonics Y,"

ande/QY"‘ ), (3.12)

Z Comd 2 Y (7)), (3.13)

and the surface gradient operator V¢ in the spherical coordinates on the sphere of

radius a is defined as

1.0 1 -0
t
V= a080 asing’ ¢’ (3:.14)

In (3.12) and (3.13), b and ¢ are the unknown coefficients of expansion, and normal-

ization factors are
(n—|m)!(2n+ 1)
(n+|m|)4mn(n+1)

iy = (3.15)

The surface spherical harmonics are defined as the product of associated Legendre
polynomials P’* and azimuthal harmonics

Y™M#) = Y™(0, ) = P™(cosf)e™?, (3.16)

n

with 6 and ¢ being the angles of the spherical coordinate system. In the sequel the
properties Y, = Y™ is utilized.

The Helmholtz decomposition (3.11) of current J can be viewed as expansion over

1) (2)

two sets of vector basis functions s, and uy,;, with the unknown coefficients b,,,,

and ¢,

Z{bnmu(l) + Comu?) ()} (3.17)

'Here and throughout the paper the double summation y -, > "

m=—n

is denoted as ), .
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where (see (87)-(88) in [60])

ull) (#) = d\2V Y™ (7), (3.18)

u® (7) = d27 x VY™ (F). (3.19)

Considering definition of the surface gradient (3.14) vector basis functions ulh?) can

be written as

1d
adf

ull) (#) = d/2 l@ — PI™l(cos 0)e™™® + ¢ P!l (cos e)dcfb Zm¢’] : (3.20)

a818"

~1 d N
u? (7) = dY/? [(b deP#”'(cos 0)e™? —

d
|m| 'Lm¢
asm@P” (cos 0)d¢ } . (3.21)
3.3.2 Expansion of electric field dyadic Green’s function over

vector spherical functions

The electric field dyadic Green’s function of homogenous medium with wavenumber
k can be expanded over vector spherical functions p and g, as (see [61] or (68) in

[60]):

_ ik =1
G.(r,r')=— <I—i— VV) c

k2 ) dx|r — /|

1 1 2
@n(7)g) (1) + DSk (r) P (), 7| < |7,

@i (r)al ) (7) + pln(m)pL L ()}, [r] > [

(3.22)

= szdnm
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When |r| = |r'|, the average of the two above representations is taken. In (3.22),

the spherical vector functions pf% and q% are given by the following expressions

(see (64)-(65) in [60])

PO (r) =V x 29 (kr)Y,(7)r] = =20 (kr)# x V'Y (#), (3.23)

n(n+1)

D (k)Y (),
T

(3.24)

. 1 , 1
alh(r) = 1V % B (r) = k= (k) VY (7) +

(1),(2)

where r = ||, # = r/|r| and z, are the spherical Bessel and Hankel functions

o (kr) = gu(kr), 2D (kr) = WD (kr), (3.25)

with ’ denoting differentiation with respect to the entire argument of zg). Note,
that since g) and p'¥) are solutions of the 3D curl-curl equation [52], the following
properties hold

V xq¥) =kp) ¥V xpl) =kql) (3.26)

Recalling definition of the surface gradient (3.14) we get explicit formulas for the

components of the spherical vector functions

pffgl S ( ?mQPT'Lml(cos 6)9 — %PAZ”'(COS 0)(}5) zﬁlj)(kR)eimqﬁ, (3.27)

S

o _ (M2t ) gy plm ;
= ("D () P cos)
+i—{kRz<J (kR)}— d Piml(cos 0)6

kR dR "

m 7) Im| 5\ ime
+kRsmedz;»,{kRZ (kR)}F, (COSW))@ . (3.28)
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We note here that combination of the spherical wave functions p() and q¥ form a
complete basis v
(1)

' Pnm, J=1
vl = 0<n<N,m|<n (3.29)

for expansion of the electric field inside the sphere over v™") and v with coefficients
£ and ~y
E(r) =Y {Bun0in(r) + tmvi(r)}, T €V, (3.30)

provided wavenumber k. is used in the definitions (3.27) and (3.28). For that reason
we will use them as the test functions for the range of the operator 7,V and as basis

functions for the domain of the operator 7" in the MoM solution.

3.3.3 Galerkin testing of SVS-EFIE

The exact MoM solution of the SVS-EFIE (3.4) is performed through its testing
with complete set of vector surface spherical functions u") and u®

(T550 Julp?) + (T5V o TH 0 d wli?) = (Ax E"(r).uli?), (331

? nm

and expansion of the current J over the same set of functions (3.17). The inner
products can be evaluated in different function spaces [60]. However, the L*(S)
space is the most commonly used one. Following [60], we will show that the choice
of space may greatly effect the spectrum of the impedance matrix in the MoM ma-
trix equation. Performing testing of the SVS-EFIE in function space L?(S) produces
O(n?) growth in the matrix condition number with the increase of number of spher-
ical functions n taken in the solution. This is due the presence of S-EFIE operator
7255 in it, which has the eigenvalues accumulating at zero and infinity. In order to

achieve the impedance matrix with bounded condition number the SVS-EFIE must
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be tested in Sobolev space HY; (S) the same way as the conventional S-EFIE in the
MoM solution of scattering problems on smooth PEC objects [60].

3.3.4 Discretization of the Surface-to-Surface Operator 7>

The matrix elements ng’sﬂ' in the Galerkin MoM discretization of the operator

7.5 are obtained through the testing with function u( Y ', of the field 7.2 o u,’ G )
©)

produced by basis function w,”, , in the expansion of current J and using electric

field dyadic Green’s function expansion (3.22)

ee n'm’n"'m n/m’?

P <u( 7;950“( 7) >

= WMOkE Z @Zjizdnm (/ U’S’)m’ (T> X
n,m s
(Le) d (2¢) AN )] " ds" () .
qnm( ) S qn m( ) un”m”(r ) 5 + ’Ll,n,m,('l")
s
A x p9(r)ds / p (") - uﬁi)m,,(r”)ds") . (3.32)
S
In (4.15), we performed the inner product in Sobolev space H}, (S), which produces

additional factor ! = (1 +n?)™*! for i = 1 and ¢!, = (1 +n?)! for i = 2 (see (96a)
and (96b) in [60]). If the inner product was performed in L?(S) the factor ¢! = 1.

One can show from (3.32) that 2! nsrln e Vanishes due to orthogonality (see Ap-
pendix I)
2 :—< nm,,TSSounl,,)mu> R (3.33)

Hdz'v (S)

Also, due to (3.120), (3.124) and (3.126), Z°% ,  vanishes

ee nm,n’'m

Zo y=— <u(2, T2 0 u(,,) //> l = 0. (3.34)

ee n'm/’ TL 'm
Hdiv(s)
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(1)

n'm’?

2)

A however, are

The interactions of basis functions ... , with test functions w

101-ZEro

Zeilrfbm n’'m!’ T wMOkE Z(l + n2)l+1dnm (/ ds
S

n,m

uly),(r) - x gl (r) / g2, (") - uls) (7 ds" +
S

/U’?(zl’zn’(r) n Xpnm( )ds/pn26)m( ”) ‘u512’2m”(rl/>d8//>
S

Using [60], we can see that contributions of functions q vanish due to orthogonality

and the above expression simplifies to

Zeilerm it — WHO kezdnm(l +n2)l+l / u;];znl<r)
S

n,m

7 x p)(r)ds / Prln (1) ) (r")ds". (3.35)

With reference to (3.18), (3.19) and (3.27), the expression for Z51°2 can be further
simplified, as follows:

2V = Who ke Zdl/Q (1 +n?)Ht / 42 vty
s

ee n'm/

WHo
ke

(1 + (")) ket (kea) keah? (ke@) Sy . (3.36)

. thnmds(ajn(kea))(—ahg)(kea))am,amm, = —
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Similarly, we obtain diagonal matrix of interactions of the basis functions u,(ll,zn/ with

the test functions ug)m, via 7;?5

262251771 n’'m’ = < 22271’77235 oun”)m’> =
Hy,,(S)
wpoke Zdnm(l +n?)! </ u,(f,)m,(r) - X
S

n,m

a2 [ 22,0 a0 +/
S
A x P9 (1) / 2 (") - u)(r >) (3.37)

Using orthogonality [60], we determine that contributions containing p functions

vanish, which produces

, 1
2 i = Wioke Y dp (1 +1%)! / A2 7 x VY (F) - [keagn(kea))
n,m S €

7 x VY (7)ds / g (") - AV (7Y ds". (3.38)

Next, using [60], we get close-form expression

s = 2 D (14 1) (ke (k)] B ) (et D ()] S S

€
n,m

= 00 (0 2) [kt () ) (k) B (3.39)

Combining (3.33), (3.34), (3.36), and (3.39) we obtain the following hollow matrix
representing the MoM discretization of the surface-to-surface operator
0o Zh%

255 = : (3.40)
Ze% 0
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3.3.5 Discretization of the Surface-to-Volume Operator 7,

The matrix elements ZY° in the MoM discretization of the operator 7.V*% are pro-
duced by testing of the scattered electric field produced by surface vector basis

function u(],?m,, with volumetric spherical vector functions vff,)m, (3.29), as follows:

Vi,Sj (@) V.S 7) 2 : ()
Z f 1o ol — <v m’s ow. . //> = —Ww ke dnm / v, \T)
eeE n'm ,n’'m ee n'm L2(V) MO v n'm ( )

9 (r)dv / g% (") - ul) (r")ds" + / 0@ ()
S 1%

Here for simplicity we take the inner product in function space L?(V') when testing
the range of the 7.V*% operator. The reason is that the choice of space for this inner
product has no impact on the overall spectrum of the MoM impedance matrix. It
is negated by the factor coming from the inverse of the Gram matrix for which the

inner product are defined in the same space.

Let’s first consider the case of Z/1*1 Here we have

ee n'm/ n'’'m' "

22t = o b 3o ( / o ().
qn1m6)< )dv/qn )m< ”) uiL I ” dS//+/ v ! ,
174
U9 () d / pl (") - ul) () s”). (3.42)

Employing definition (3.29) and orthogonality relations (3.121) and (3.125) we ob-
ZV1,S1

tain vanishing result for Z b0 .,

A = 0. (3.43)

eenmnm
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ZV1 So

, :
Next, let’s consider the case Z, "/ nn

2 e = ot K 3 o (/ o) ().
g\l (r )dv/qn E)m(r”) ~u7(12,,)m/,(r”)ds"+ v,(ll,)m,(r)-
S

pUd(r)dv | pi?,.(r") -uﬁﬁ?m,,(r”)ds”) . (3.44)

1%
In the case of elements Zejn ! it WE have

B = wuokzdm(/v/,u
gl () / ¢ (") - u,, (r")ds" + / 02, (
s \%
P09 (1) / 2 (") - u)(r >) (3.45)

The test function definition (3.29) and orthogonality relations (3.121) and (3.123)

produce
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U S Y R R Sy R
S
a2 Y () ds" + / g9, () - p9 (r)dv / pC, (") - d2 Y <A”>ds")
= —wio ke Zdnm (/ i (7)

1
gy (r)dv) - (k,—[keahf)(ke N L )

n(n—+1 e
= —WHo ke Zdnm <%/0 ]n(kﬁr)

1 a
G (ker)dr - a® + ﬁ/ [/{:Jjn(ker)]'[k&rjn/(k;er)]/dr)
e JO
_ 1
(T S e A lkah? (k)

d_l 5nn”5mm”d1{/2 n = —WHo kedr_ﬂ%?

(% / i (ker s (ke - a2

b [ il o ) )

1
k—[k:eahff,)(kea)]’én/nué_m/mu. (3.46)

Performing analogous derivations using definition of test function (3.29) and integral

relations (3.122) and (3.125) we obtain

eenmnm

ZV% = wpo ke / Gt (k) s (ke )2 drd M 2 ah®) (k@) S (347)
0
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Finally, for the elements Z;?’n -

22yt =~ b o o5tr)
qn1m6)< )dv/qn )m< Il) ,u'7(1 I ! // d$//+/ v ! ,
\%4
pnlm,E)( )dv/pn m(r//) // ( ) S”), (348)

we get vanishing result due to orthogonality relations (3.124) and (3.125)

A = 0. (3.49)

eenmnm

Considering (3.43), (3.47), (3.46), and (3.49) we can express the MoM matrix per-
tinent to the surface-to-volume operator in the following hollow matrix form:
0 zZ>

ZV5 = : (3.50)
Zv25

3.3.6 Discretization of the Volume-to-Surface Operator 7;§’V

The matrix elements Zesoi Y7 in the MoM discretization of the operator 75V are
obtained through testing of the scattered field TSV o ’U(J) .+ produced by the vector
spherical function v( ) v Which represents polarization current density in the volume

(

V' with the surface vector spherical functions u,,,,. Here, we take the inner product

in the Sobolev space H; (S) similarly with the testing of the surface-to-surface
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operator

S5,V _ ) _
ZeO n'm’ n''m’" < nm/77:30 n''m!
dzv(s)

ka(e — 1)2’]6()Zdnm1/zf1 (/ un) (1) -7 x ¢ (r)ds
n,m S

/q?%(ﬂnﬁ%wﬂmﬂ+/uﬁwﬂ
S

o ps [ B0 o) B
1%

For elements Z5"" orthogonality relation [(72) or (75) in [60]] makes terms contain-

ing functions g vanish

2t i = Ky (€ = )ik Y (1 +12)™ ( /
S

n,m

ul)), (r) - x p2)(r)ds / pol (") -l ('r“)dv”>
|4
= kj(e — 1)iko > _ dym(1+n?)™ <ah§3>(koa) / dv?
S

n,m

VY (r) - VY (r)ds / % (") .pfj,f;,,(r”)dv”). (3.52)

Furthermore, using orthogonality relationship of [(47) in [60]] and (3.129), the above

equation is reduces to the close-form expression.

zZ5W = k(e — Diko(1+ (n)2) a2 (koa)d,?

e0 n'm/ n’ n'm

/ jn/(k‘o?“)jn//(]{367“)7“2d7”(5n/n//5_m/m//. (353)
0
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For ZfOl’VQ elements basis functions definition (3.29) and orthogonality relations
(3.123) and (3.125) produce zero result

E s = (W To 00 B ) =0, (3:54)

e0 n/ml’nl n/ml; nllm//

Hdiv(s)
Similarly, elements Z5>** vanish according to (3.120), (3.125), and (3.126),

ZS21V1 — <’U,(2) TS7V o) rv(l) > = 0 (355)

e0 n/ml’n//mll n/ml 9 60 nllm//

Finally, for elements 252

€0 n'm/,n"'m’

I e = Ko (€ = 1)iko > dy (1 4+ 1) ( / iz,
S

n,m

n

p 1
P x VY (#) - o [koahiP (koa)] P x V'Y, (7)ds
0
[ a2 i) = ke Vi
1%
1
> " dpn (1 4 n?)! (d;,;/? : k—[koah;”(koa)]')
0

1 a
(Sron Gyt - n{n+1) / (ko) (ker)dr - a2+
koke 0

kolke Aa[korjn(kor)]/[kerjn”(kjeT)],d’r’)

St O A M2 M2, = K2 (e — 1)ikg
_ 1
(1+ () (dn,}{j, : k—[koah;%)(koa)]') :
0
n'(n + 1)
Kok,
1
Kok,

/ ur (koo (ke - >+
0

/[kg?"jn/(kio?")]l[kferjn//(k’eT)]/dT) 5n/n//5_m/m//. (356)
0

Unfortunately, close-form expressions for the integrals in (3.56) over r are not avail-

able [63].
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Combining (3.53), (3.54), (3.55), and (3.56) we get the following block diagonal ma-
trix representation for the MoM impedance matrix corresponding to discretization
of the volume-to-surface operator 7;5"/

25" o

zZ5V = . (3.57)
0o 2"

3.4 MoM Matrix Assembly

As a result of the MoM discretization of the integral operators 7,55, 7V-5 7.0V and
the incident field, the SVS-EFIE (3.6) is reduced to the system of linear algebraic
equations with respect to the vector of unknown coefficients b,,, and c,,, in the
expansion of the auxiliary single source surface current density J (3.17) that has

the following a compact representation
Zsvs - I1=E, (3.58)

where I = [b, c]’ is vector of unknown coefficients b and ¢ in the current expansion

(3.17), E is the vector of excitation

B, <n x Ei"C,uS,QL> |
E, <n x B ug%>
HL. (9)

and Zgvg is the hollow matrix defined as

0 Zgvg 0z
Fovs Z; o | lz=s oo |7
SVS e
o (3.60)
Z3" 0 Iy 0 0o Zh®

0 z5h 0 I, Z5
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and the Gram matrix blocks I'; are defined as
r,= (o000, = / 09 ) (3.61)
L2(V) 1%

Multiplication and addition of the matrices in (3.60) produces multiplication of the
block Z§ys with vector of unknown coefficients ¢ in the following form according to

(3.36), (3.56), (3.46), and (3.61)

Blyg o =[BRS+ 2R T 20 o=
W:O Z (1 + (n,/)Q)l+lcn”m”(kea)an’(kea)hg)(kea)én’n”é—m’m”'f_

iwpto(iko)* (e — 1) > (14 (")) ey

n//,m”

k‘oahg,) (k’o&) / jn’ (l{,’o?")jn// (ker)rzdrén’n”é—m’m”
0

a -1 a
( / jn,<k€r)jnn<k€r)r2dr> (—1)keah®? (k.a) / Gy (keer) o (ke )r2dr. (3.62)
0 0

Due to diagonal structure of the block Z&,s we can explicitly evaluate unknown

coefficients ¢, in the the following close form

G = D= (3.63)
nm (1 N n2)(l+1)A£LZ) )

where

AP = A5+ AN T A (3.64)

2,ee,n 2,ee,n)

S8 ASV VS :
Ao s Moo, and Ay | are defined in close-form [63] as

ASS = B (k)2 (kea) B2 (kea), (3.65)

2,ee,n k
€
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Ai’é{m = k‘oahf)(k:oa)kg(e - 1) Gn(kor) jn (ker)r2dr
0
koah'? (koa)

= a’ki(e — 1) s

[kejnfl(kea)jn(koa) - kOjnfl(koa)jn<k€a)]7 (366)

A;/esen = iwuo(kea)hg)(k:ea)/ Frlker)jn(ker)r?dr =
0

a3

iwuo(kea)hg)(kea)g[jn(kea)Z — Jn—1(kea)jns1(kea)], (3.67)

and the elements of the Gram matrix are

R a 3
'y = / Frlker)jn(ker)rdr = %[jn(k:ea)z — Jn—1(ke)jni1(kea)). (3.68)
0

Similarly, multiplication and addition of the matrices in (3.60) produces multiplica-

tion of the block ZZ4 with vector of unknown coefficients b in the following form
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according to (3.36), (3.56), (3.46), and (3.61)

Zivs b=[-Z2% + Z3" T, 225 b

_ W/,LO I\ 2\ 1 . ’
- Z (14 (")) e ke (kea)]

n/l7ml/

(ke@)) S Opr—or + it (iko)* (e — 1)
Z (1 + (n//)Q)lbn//m// [ko(lhffz) (koa)]/'

W +1) [t
(% / o (o) o )+

[keahg)

1
< n+ / kr]n//kr)d

) o) )

k.ah® (k < Ui By R
U

n! l{}
s (Ker) kﬁ W

1
o / [kor e (Kor)] [Ker e (Ker)] dr) OO — o m?
)

[k 7 g (ker)] [k;erjnu(kgr)]’dr) . (3.69)

The diagonal structure of Z3,4 allows explicit evaluate of unknown coefficients by,

in the following closed form

where

A(l) ASS _i_AAlS';E;nF IAVS

1l,ee,n 1,ee,n>

the eigenvalues A>"° Leen

SV V.S
Ao, and Ay, are

1l,ee,n>

ASS _ WhHo

1l,ee,n ]{Z
€

[(kea)jn (kea)) [(kea) i (kea)],

(3.70)

(3.71)

(3.72)
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,(n(n+1
A = ~Ri(e = itk ()} ("0

/Oa Jn(kor)jn(ker)dr + k:olke /Oa[k:orjn(kor)}’[kerjn(k:er)]'dr) , (3.73)

1 a
A =l (e [ )

a

jn(k;gr)dr—i-% i [(k;ér)jn(ker)]’[(kﬁr)jn(ker)]’dr) , (3.74)

and the Gram matrix elements are given by

~ 1 a
Py, = (%QQ / (k) (ko) dr
€ 0

a

v [ il (i (b)Y ) (379

Note, we could not find a close-form expressions for the integrals in (3.73)-(3.75)
and neither could the authors of [63]. We compute them numerically to 10 digits of

accuracy in Mathcad.

3.5 Spectral Analysis of SVS-EFIE and its Galerkin
MoM Matrix

3.5.1 Spectra of SVS-EFIE operators

It can be shown that A; ’in are the eigenvalues of the operator 7.2 since

TS0 (7 x VIY") = ASS V'Y, (3.76)

2,ee,n
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and the product Ai e‘gnffiAg ’in forms the eigenvalues of the product of the opera-

1% :
tors 720" o TS according to

TSV o TVS o (7 x VIV = Aievoﬁnf;,;/\vﬁs viy™, (3.77)

2,ee,n

making A = A5+ Ai’ég,nfi;AV’S the eigenvalues of the total SVS-EFIE op-

2,ee,n 2,ee,n

S,V
erator Tgvs = T2° + T o T.0°

TS0 (P x VY + 7" o TV o (7 x VIY,™") = AP VY™ (3.78)

Similarly, Afin are the eigenvalues of the operator 7.2 (see Appendix II), since

TS5 0 (VIY™) = ADS 7 x VY™, (3.79)

1,ee,n

and the product Afe\gnf‘; ;AYin forms the eigenvalues of the product of the opera-

tors 70" o TS according to

T o To® o (VY1) = Al Lo n Mo (P X VYT, (3.80)

e 1,ee,n

making A% = AYS 4 Af;gnf’; LAYS  the eigenvalues of the total SVS-EFIE op-

1,ee,n 1,ee,n

A%
erator T2° + 7o o T0°

TS0 (VY + T o TXS o (VYY) = ADF x V'Y (3.81)

€ee

3.5.2 Spectrum of Galerkin MoM matrix

In order to investigate the spectral property of the Galerkin MoM matrix by anal-
ogy with (96a) and (97b) in [60] we can state the close-form expressions (3.63) for

coefficients ¢, and (3.70) for coefficients by, in the form of the following diagonal
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matrix equation

<73VS od, US/ZW>
H!

div

= AP (1+12) b = (7 x B, ul), )
(5) —~ Hy

Lin(8)

(3.82)

<7f9vs odJ, ngn,>
Hl

div

(GO —— i

3.5.3 Oversampling breakdown

The asymptotic behaviour of the eigenvalues of the operators forming the SVS-EFIE

at large n is the following

S,S S,V -1, V,S

Al,ee,n ~n, ALeO,nFQ,nALee,n ~ N, (384)
S,S -1 SV 1—1,AV,S —4

A2,ee,n ~n o, A2,eO,nF1,nA2,ee,n ~n o, (385)

which makes the eigenvalues of the SVS-EFIE operator Tgys to asymptotically be-
have according to the asymptotic behaviour of the S-EFIE operator 7.2 eigenvalues,
ie.

AP = ATD L+ AT DoAY~ (3.86)

1l,ee,n 1,ee,n

. 1
AP = AT+ A DTS~ = (3.87)
7 ’ n

2.een 2,ee,mn
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From (3.86) and (3.87) we can see that for the eigenvalues A and A® of the

Galerkin MoM impedance matrix to tend to a constant

AW = AW + 02 ~ 0(1), (3.88)
AP = AP+ 2~ 0(1), (3.89)

and ensure constant condition number upon increased order of discretization n, the
Galerkin MoM solution of the SVS-EFIE must be sought in Sobolev space H}, (S)
with [ = —1/2 the same as S-EFIE [60]. If the Galerkin testing is performed in
functional space L*(S) as most commonly done in practice the condition number of
the MoM impedance matrix grows as O(n?) due to accumulation of the spectrum

at zero (eigenvalues A®)) and infinity (eigenvalues A()).

3.5.4 Internal resonances breakdown

At certain discrete frequencies w = wfll) when

ADS = APV TILALY (3.90)

1,een 1,e0,n" 2,n**1,ee,n>

nth eigenvalue A becomes zero. Similarly, nth eigenvalue AP becomes zero at

. 2
frequencies w = w? , when

A2 = = AN TNy (3.91)

2,ee,n n**2.een’

Frequencies w and w?

wd or w? solution of the SVS-EFIE loses its uniqueness and experiences what is

are not equal to each other. At each such frequency

commonly known as internal resonance breakdown. Note, that frequencies wfll) and

wg) are different from those, at which eigenvalues of the surface-to-surface operators

5,8 S,5 : :
AT, or Ay, become zero. Physically, these spurious resonances occur when nth
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rotational or irrotational mode of the total and scattered electric field tangential

components exactly cancel on sphere’s surface.

3.5.5 Low frequency breakdown

As frequency tends to zero, eigenvalues can be shown to behave as

AL

AP~ w, (3.92)
W

which results in low frequency breakdown of the SVS-EFIE.

It’s important to point out that MoM testing of SVS-EFIE in Sobolev space Hd_“l}/Q(S)
multiplies the eigenvalues by frequency independent factors (1 +n?)*'/2 and, hence,
does not eliminate either the internal resonances or low frequency breakdown. Other
remedies have to be sought for these breakdowns as will be addressed in the future

publicaitons.

3.6 Sphere Excitation by Electric Dipole

The electric field due to a general current distribution ¢ can be defined in free space
using the definition of the dyadic Green’s function of the electric field (3.22), as

follows:

E"(r) = iw,uo/ Geoo(r,r') - i(r)dv' =
1%
4 n,m

+p0 (P (7)) - i(r)d'. (3.93)

In the case an electric dipole having length [, current I, dipole moment I/ and

situated at location r, current 4 is defined as i(r) = Ili§(r — ry), which assumes
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the following form in the spherical coordinates

11

i(r) = m&"’ —10)d(6 — 60)0(¢ — ¢o), (3.94)

where [ is the unit vector of the dipole orientation and ry, 6y, and ¢q are the position

coordinates of the dipole in the spherical system.

3.6.1 Incident electric field due to radial electric dipole

Let’s consider the incident field in case of a radial electric dipole with the dipole
moment [l = 1[A-m]. The dipole will be placed on z axis (1o = 2ry = 'f“ro—i-é()—i-ng)
in order to produce solution independent on azimuthal angle ¢. In this case el =

Z and the incident field will be represented in terms of spherical wave functions for

the Green’s function, as follows:

E™(r) =—wukoZdnm{q<” (1)g? . (270) - 2+ p) ()P (270) - 2}, (3.95)

From the definition of spherical vector wave function p in (3.27), p has only 6 and

¢ components. This results in vanishing second term of (3.95)

Einc<r) = _wNOkO Z dnmqgm< )q’EL) m(ZTo) Z. (396)

n,m

(1)

Taking the inner product of 7 x E™ with u,,,.» and considering orthogonality

relations [60], we get vanishing E part of the excitation vector
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~ ; 1
El,n’m’ = <n X Elnc7u7(1/2n/> -

— whtoke > du(1+02) 2, a7 () - 2 / A x g (1) - VY (7)ds = 0.
S

n,m

(3.97)

)

m/

Similarly, taking the inner product of 7 x E™ with uf, we get

E2,n’m’ = <ﬁ/ X Einc7u512/371/> = —Wﬂoko

d.q? (3 'A<A % gV (2) />
; qn,—m(zro) zZ\n qnm(T)’unm Héiv(s)

= —woko Z dpm (1 + n2)lq7(12,)_m(27’0) -2

n,m

Pk

n'm/’

/ 7 x ¢V (r) - [# x VY7 (#)]ds.  (3.98)
S

According to the definition of q in (3.28) for radial dipole located on z-axis we have

0o = 0, ¢pg = 0 yielding

n(n+1)
koro

()

q, m(2ro) - 2 = hg)(koTo)e%md)OPr‘zml(COS )

_ n(n+ 1)

]{;OTO hg) (ko?"o)(sm[). (399)

Substituting (3.99) into (3.98) and taking into consideration orthogonality relation
[(47) in [60]] we obtain

~ ; 2
E2,n’m’ = <’n, X Elnc,u(/)

n'm

, — _ 1 AW/ l(sm/
e (R O

) n'(n' +1
wuodéﬁ[koa]n,(koa)]’%hg)(k;oro). (3.100)

Substituting (3.97) into (3.63) and (3.100) into (3.70) we get closed form expressions
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for the coefficients b and ¢ in the expansion (3.17) of the unknown current J. Note
that since the part of the excitation vector E; is zero, coefficients ¢ vanish and
only functions ") are present in the solution. The physical meaning of vanishing
contribution of functions w® from the solution is that radial electric dipole excites
only the T'M,-waves with respect to the radial coordinate r (i.e. waves with H, = 0)
[52]. These waves are produced by the irrotational part of the fictitious current J

represented by functions u(Y.

3.6.2 Incident electric field due to tangential electric dipole

Next, we consider excitation by the tangential electric dipole situated on z-axis at
the location defined in spherical coordinates as (rq = 2ry = 7rg + 60 + (]30) and
directed along #-coordinate, i.e. [=0-=3z. Thus, the dipole current is defined as
§(r) = 1165(r — 7). Substituting the expression for current into the incident field

expression (3.93) we obtain

E"(r) = ~wpioky Y dum (7 % q1),(1)a',(ro) - O(ro)

n,m

7 x P, ()P (7o) - O(ro) ) . (3.101)

Testing the incident field with functions «") and performing the inner product in

Sobolev space HY,, () we obtain

By = <n x Ene, W) > — —wpoke S dy,
1, Wl ) (s Ho onzr;

(102 (2 () - 6(r0) [ 7 q(r) -l (r)ds
S

+p) . (ro) - (ro) / 7 Xpél%('r)-ufjﬂn,(r)ds). (3.102)
S
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By virtue of the orthogonality relations of the volume spherical harmonics ¢ with

surface spherical functions w(! the above expression simplifies to

~ i 1
El,n’m’ = <’I’L X Elnc, u( /) /> "
H

nm
div

() WoRo nzn;

(14 m2) P (7o) - B(ro) / A x pl (1) - ul) (r)ds =
S

— whokod!?, (14 (n)2)! ag (koa)pl) (1) - B(ro). (3.103)

)

Taking é—component of pg _ at o we get

B e = <ﬁ X Emc7u511,2n/> = —wpoko
. ) _ P"l(cosh
a]n/(koa)di{fn,(l + (n')Q)l+1(—zm')h£L,)(kr0) Glolino %900).

(3.104)

!
P,LT I(cos@g) .

Since the limit is non-zero only when |m/| # 1 and equals to limg, o = 5
n/(n'+1)
2

djm|1 We obtain the sought close-form expression for the elements of the

excitation vector E;

B ,,:<ﬁinncu(1)> :_M
In'm s Wnim! Héiv(s) 2

witokoOm1dM2, (—im!Yagw (koa) (1 + (n')2) RO (krg).  (3.105)

n

Similarly, we obtain the values for E, part of the excitation vector through testing

of the incident field with functions u® in Sobolev space HY;, (S)

. / /+1>
Bt = (A x B, =
2, n X ,unm Héiv(s) W o 5
1
5|m/|71di{72n’(1 + (n/)Q)l[koajn’(koa)]lﬁ[k()?"ohg)(kﬁ))]/. (3106)
0

Substitution of (3.105) into (3.63) and (3.106) into (3.70) provides close-form ex-
pressions for the coefficients b and c in the expansion of the unknown fictitious

current J and formalizes the exact solution of the SVS-EFIE (3.4) for the case of
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the tangential electric dipole radiation near dielectric sphere.

3.7 Evaluation of Electric Field Inside the Sphere

After determining coefficients by, and c¢,,, in the MoM expansion (3.17) of the
fictitious currrent J on S over complete set of basis functions u™™ and u®, the
electric field E in the scatterer volume V' can be evaluated using the single-source

representation (4.2) under condition a =1 and b = 0, i.e.
E(r) = iwpg / Ge(r,r) - J(r)dv' reV. (3.107)
S

To evaluate the field inside the sphere according (3.107), we substitute expression

(3.22) for G, into (3.107)

E(T) = iWMO(ike) Zdnm (q%)( )/ng,e—)m(rl)

n,m

J(r’)dr'—l—pgni)(r)/pfe)m( ") - J(’r’)dr’) , reV. (3.108)

Plugging current expansion (3.17) into field definition (3.108) we get

E = —w,uok Zdnm (qnm Z b 1 ,//anE)m( /) uglll) ( )d?"‘i‘

a4l (1) Y / g%, (') - ul,(r')dr'+

n// m//

pl9(r) Z by /anE)m( ’).ugll,,)m,,(r')dr’—l—

P () D o p2€m(r’)-uﬁﬁ?m,,(r’)dr’). (3.109)
1 S

"

n’t,m
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3.7.1 Electric field inside sphere due to radial electric dipole

In case of the radial electric dipole excitation coefficients c¢,,,, are zero. Considering

orthogonality relationships [60], we simplify (3.109) to the following

:_W,mzd (“e [k ahz(kea)]’). (3.110)

Using definitions of the function q we get components of the field inside the sphere

= —wilg Z don buo n(n + 1) jn(ker) Py (cos 0) [kcah® (k)] (3.111)
— —wip Z e/ o7 [kerjn (ker)] j@P (cos 0)[(kea)h? (kea)], (3.112)
E, =0. (3.113)

3.7.2 Electric field inside sphere due to tangential electric

dipole

In case of tangential dipole excitation both coefficients by, and ¢, in (3.109) are
non-zero producing the following expressions for the components of the field inside
the sphere considering definitions of spherical functions and orthogonality relations

[60} ?

E, = —wpok. Z > A, (—Ztl) o(ker)

n=1 m=-1,1

P!l (cos 0)e"?) (ki

€

[keahff)(kea)]’), (3.114)
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B = onoh > 3 2o (b

n=1m=-1,1

i o) (3

M i) : imé\ (_ 12
+ Com (sinHP” (cos 0)jn(ker)e )( ah,; (kea))}, (3.115)

= ~whoke Z Z d1/2[ (k ernH

n=1 m=-1,1

[kerjn(ker)]/Py‘Lm‘(COS 9)6im¢) (/{l

€

[(ksam;”(kea)]')

+ Com ((jeP?Lm'(cos 0)j (ker)eim¢) (ah? (k.q)) } (3.116)

3.8 Numerical Results

To validate analytic solution of the SVS-EFIE, we consider the problems of electric
dipole radiation in the presence of dielectric sphere. Alternative analytic solution
for such problems is available in the form of the classical Mie series [52] and can
be used as a reference. We conducted various numerical experiments and compared
field components obtained using presented exact Galerkin MoM solution of the SVS-

EFIE and Mie series solution.

In the first experiment we consider the excitation of ¢ = 1m radius homogeneous
dielectric sphere having relative permittivity e = 10 by the radial electric dipole
situated on the z-axis at location ro = 210m and having dipole moment Il =
1[A - m]. The frequency of analysis is 599.584916MHz. The magnitude of E, and
Ey components of the electric field inside the dielectric sphere are demonstrated on

the surface of the sphere as functions of angle # in Fig. 3.1 and as function of radial



Chapter 3. SVS-EFIE

61

101 T T T T T T T T

102} —[E | Mie series 7
—10|E,|: Mie series
— — |[E,|: SVS-EFIE

— — 10|E,|: SVS-EFIE
10-3 I I 1

0 20 40 60 80 100 120 140 160 180
0, degrees

Fi1GURE 3.1: Electric field components on the surface of the sphere versus angle
f in the case of radial dipole excitation. Mie series results are shown by solid lines
and SVS-EFIE solution is shown by dashed lines.

E
>
=
CRRT
o
E— —[E |- Mie series
—10|E |: Mie series
2 0.
10 — — |E|: SVS-EFIE E
N 1O|E0|: SVS-EFIE ]
1 -3 1 1 1 1
0 0 0.2 0.4 0.6 0.8 1

r,m

FI1GURE 3.2: Electric field components inside the sphere versus radial coordinate
r at § = 7/2 in the case of radial dipole excitation. Mie series results are shown
by solid lines and SVS-EFIE solution is shown by dashed lines.
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10712

—_

o
N
w

Relative Error vs r/a and /180

-y
S — 0

1"
-14 )
10 F | B
o — _ SE )
g 9IE, (72)
S 5IE |(6/180)
—S[E,|(6/180)
-15 I I I I
10 0 0.2 0.8 1

0.4 0.6
r/a, /180

FIGURE 3.3: Relative error 0 F in the electric field components obtained by SVS-

EFIE (compared to Mie series) on the surface of the sphere versus normalized

angle 0/180 corresponding to the curves in Fig. 3.1 (dashed lines) and relative

error in the electric inside the sphere versus radial normalized coordinate r/a at
0 = m/2 corresponding to the curves in Fig. 3.2 (solid lines).

coordinate r in Fig. 3.2. In the case of radial dipole excitation only T'M,-waves
are excited and the field is independent on the azimuthal angle ¢. In Fig. 4.1
and Fig. 3.2 both the field components evaluated using the Galerkin MoM solution
of the SVS-EFIE and those evaluated using Mie series are shown. The maximum
and average value of relative errors between the SVS-EFIE and Mie series solutions
evaluated with 50 terms are in the range of 1072 to 10713 respectively, The standard
deviation for the F, and Ejy components of the radial electric field was found to be

1.3 x 107" and 8 x 10~ respectively.

In the second example we consider the same 1m radius sphere with relative permit-
tivity of € = 10 but excited with the tangential #-directed electric dipole. Under such
excitation both the T'E,- and T'M,-waves are excited, the field has all components,
and they depend on all three spherical coordinates. Once again we place the dipole

on z-axis at the distance rq = 10m. The frequency of analysis is 599.584916MHz.
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10° £ E

(0)], 10[E ,(0)1, 200|E¢)(

r

E
>
o

_— \Er|: Mie series
_10|E9|: Mie series
—200|E0|: Mie series
— — —|E,I: SVS-EFIE

— — —10|E,|: SVS-EFIE
— — —200[E |: SVS-EFIE

-2 1 1 1 1
10
0 20 40 60 80 100 120 140 160 180

0, degrees

FIGURE 3.4: Electric field components on the surface of the sphere versus angle
0 at ¢ = 0.47 in the case of tangential f-directed dipole excitation. Mie series
results are shown by solid lines and SVS-EFIE solution is shown by dashed lines.

In Fig. 3.3, the magnitude of E,, Ey, and E4 components of the electric field as
function of elevation angle 6 are shown for both MoM solution of the SVS-EFIE and
Mie series. In Fig. 3.4, the magnitude of the electric field component are shown as
function of the radial coordinate r for both MoM solution of the SVS-EFIE and Mie

series.

The maximum and average value of relative errors between the SVS-EFIE and Mie
series solutions evaluated with 50 terms and are in the range of 107'% to 10713
respectively. The standard deviation for the E,, Fy and E4; components of the
electric field with respect to 8 was found to be 7.3 x 1072, 6.2 x 107!2 and 8.6 x 10712

respectively.

All the computations were performed in MathCAD 15 software with integrals in

(3.73) computed numerically to 107! tolerance. The Legendre polynomials were
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FiGURE 3.5: Electric field components inside the sphere versus radial coordinate

r at § = 0.47 at ¢ = 0.47 in the case of tangential §-directed dipole excitation.

Mie series results are shown by solid lines and SVS-EFIE solution is shown by
dashed lines.

defined in terms of the integrals and computed to the same 107! tolerance. This
tolerance is seen to be forcing the maximum level of relative error between the
analytic Galerkin MoM solution of the SVS-EFIE and Mie series to be in the range
of 1072 and below. The achieved level of relative error between the SVS-EFIE
solution and Mie series undoubtedly validates both the rigorous nature of the SVS-

EFIE and exactness of its MoM solution.

Next, we demonstrate the spectral properties of the SVS-EFIE and the impact of the
functional space choice in MoM testing on the condition number of the impedance
matrix. In Fig. 3.7 and Fig. 3.8, the eigenvalues Afég the product of the eigenvalues
Als;/ Iy %AY; and their weighted sum are shown under condition of the Galerkin
MoM testing performed in Sobolev space HCZJ/Q(S) (Figs. 3.7-3.8) and in L?(S)
space (Figs. 3.9-3.10). One can see that while testing performe d in H@i/z(S) space
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FIGURE 3.6: Relative error 0 F in the electric field components obtained by SVS-
EFIE (compared to Mie series) on the surface of the sphere versus normalized
angle /180 at ¢ = 0.47 corresponding to the curves in Fig. 3.1 (dashed lines) and
relative error in the electric inside the sphere versus radial normalized coordinate
r/a at § = 0.47 at ¢ = 0.47 corresponding to the curves in Fig. 3.2 (solid lines).

results in bounded eigenvalues of the impedance matrix, MoM testing of the SVS-
EFIE performed in L?(S) space results in its unbounded spectrum. The eigenvalues
depicted in Fig. 3.7-3.10 correspond to the solution of the tangential dipole radiation
problem in Figs. 3.3 and 3.4.

3.9 Conclusions

The paper presents analytic solution of the Surface-Volume-Surface Electric Field
Integral Equations (SVS-EFIE) with Galerkin Method of Moments (MoM) for the
problem of homogenous dielectric sphere excitation. The expansion of the unknown

fictitious current in the single source SVS-EFIE is performed over the eigenfunctions
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Fi1GURE 3.7: Eigenvalues Afin of the surface-to-surface operator multiplied by

factor hy = (1 + n2)_1/2 and eigenvalues AIS,Z) nf;}LA}/’in corresponding to the

product of the surface-to-volume and volume-to-surface operators multiplied by
the same factor h;. One can observe the MoM impedance matrix eigenvalues

[\S) = hlAf’in + hlAf’;{] nf;;A‘{in clustering at a constant value with the

increased index n according to (3.89). This O(1) boundedness of the eigenvalues

AS) in conjunction of the O(1) boundedness of the eigenvalues A,(f) in Fig. 3.8

produces O(1) boundedness in the MoM matrix condition number when testing
of SVS-EFIE is performed in Sobolev space Hd_il/ %(9).

v

of its integral operator. Spectral analysis of the integral operators forming the SVS-
EFIE is conducted. The Galerkin testing of the SVS-EFIE is performed in different
functional spaces and spectral properties of the resultant MoM impedance matrix are
analyzed. It is shown that in order for the MoM impedance matrix condition number
to remain bounded under condition of the increasing discretization order the SVS-
EFIE must be tested in Sobolev space H, 6;11)/ ?(S). Testing in conventional functional
space L?(S) results in O(n?) growing of the MoM matrix condition number with the
discretization order n. The analytic MoM solution of the SVS-EFIE is compared
against Mie series and is shown to match the latter to 12 significant digits, hence,
proving the rigorous nature of the SVS-EFIE formulation and exactness of its MoM

solution. Although these present analysis shows how performing MoM solution in the
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Ficure 3.8: Eigenvalues A of the surface-to-surface operator multiplied

2.een
. SV =1, V,S
by factor hy = (1 + n?)Y/2 and eigenvalues Ao TN

the product of the surface-to-volume and volume-to-surface operators multiplied

by the same factor hy. One can observe the eigenvalues A%z) = thi’in +

corresponding to

thg”X)’nFi}LAg’ ’i’n clustering at a constant value with the increased index n ac-
2)

cording to (3.89). This O(1) boundedness of the eigenvalues AP in conjunction of

the O(1) boundedness of the eigenvalues AY in Fig. 3.7 produces O(1) bounded-
ness in the MoM matrix condition number when testing of SVS-EFIE is performed

in Sobolev space HC;M(S).

v

proper functional space can in principle eliminate the oversampling breakdown, the
low frequency breakdown and internal resonances of SVS-EFIE remain uneffected

by it. Remedies for the remaining breakdowns require further investigation.

3.10 Appendix I: Orthogonality Relations

The following orthogonality relations (see (46)-(48) in [60]) are utilized in this work

for surface spherical harmonics
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FiGUrE 3.9: Eigenvalues Afi ,, of the surface-to-surface operator and eigenval-

ues Af;gnf‘; }LAV’S corresponding to the product of the surface-to-volume and

1,ee,n
. 1 S,S
volume-to-surface operators. One can observe the eigenvalues A%) = Ay +

Af:;{),nf‘;, TIZAYin tending to infinity with the increased index n according to (3.86).
(1)

This O(n) growth of the eigenvalues A;,’ in conjunction of the O(n~!) decrease
of the eigenvalues AS?) in Fig. 3.10 produces O(n?) growth in the MoM matrix
condition number when testing of SVS-EFIE is performed in L?(S) space.

’ 5 /6 /
A2 YR Y I () ds = o mm 11
[ @ (F)s = ateCe (3.117)
/ d2d 2 YT () - VY (R)ds = St (3.118)
S

mn-'m’n’

/ A2 5 x YT R) 8 x VY (R)dS = Gy O (3.119)
S
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FiGURrE 3.10: Eigenvalues AS
ues Ai;gn 1AV

2 een Of the surface-to-surface operator and eigenval-

2eem corresponding to the product of the surface-to-volume and

volume-to- surface operators. One can observe the eigenvalues Ag) ASSY

2,ee,n
ASV IAVS

2e0ml 1een tending to zero with the increased index n according to (3.87).

This (1 /n) decrease of the eigenvalues AP

of the eigenvalues AY in Fig. 3.9 produces O(n?) growth in the MoM matrix

condition number when testing of SVS-EFIE is performed in L?(S) space.

in conjunction of the O(n) growth

/ VIY(#) - i x VIV (#)ds = 0. (3.120)

From above relations (3.117), (3.118), (3.119) and (3.120), we get for for r € S

[ )9y @y = (3.121)

dnm/pfj;) (r) - 7, x VY (#)ds = —az9 (ka)Spm O, —m, (3.122)
S

don / g9 (r) - VY (7)ds = %[k:azﬂ (k@) S, (3.123)
S

/ ai)(r) - 7 x V'Y (#)ds = 0. (3.124)
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Spherical wave functions pﬁ% and qﬁ% are orthogonal to each other, which leads to

/V P (r) - g9 (r)dv = 0. (3.125)
We also have for r € S
A x pY) (1) = azi) (ka) VY, ™(#), (3.126)
A x ¢ () = %[kazgﬂ(m)w < VY7 (7). (3.127)
We can find the following
/Sug/)m, (r)-n x pgie_)m(r)ds = — i (ke@) O O /2, (3.128)

/ P2 ()P (1) dv = Sy G diy 20, / n(kor)jn(ker)r?dr, — (3.129)
Vv 0

/ qfl{(i)m(r)qull/efr)n//(r)dv = 5nn”5mm”d7_nln/2d7:’}r/n2”
%4

/i " 1 a
" +1) / G (ko) jur (k)i - P+
koke 0

1
kok.

/0 a[korjn(kor)]’[kerjnu(l{;J)]’dT)  (3.130)

3.11 Appendix II: Eigenvalues of SVS-EFIE Op-

erators

In this Appendix we prove the following eigenvalue relations for the SVS-EFIE

operator Tgys

Tovs o (VY") = AV (@ x V'Y™), (3.131)
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and
Tsvs o (7 x VIY™) = AD(Viy™), (3.132)
where
Tovs o VIV = T35 o VY + TV o T05 0 VIV, (3.133)

We start with the surface-surface operator
T35 0 VY™ = iwpghn x /é’ee(r, ") VY (r")ds", reS. (3.134)
S
Recalling (3.22) and substituting it here for |r| < |r”| we get

TS o VY = iwopg (1k) Y dum (A

n,m

@) [ a2 VY s
S

A x plis) (r) / pffi’m(r”)~thn’75”(f”)ds”>. (3.135)
S

By virtue of [(72) and (74) in [60]], we obtain

TS o VY = itwpto (i)Y dum (X

(e [ @l v s
S
1 "
— ok, %dnm <k—€[keajn(kea)]’f x VY (7)

WHo
ke

([keajnn(kea)]’[keah 2 (ka)]'F x VY™ (f«)) . (3.136)

1
d. 1 —[kcah? (k:ea)]’énnudmm,,> _

€

Recalling (3.72), it follows from the above that

TS50 VY™ = A5 7 x VIY(7). (3.137)

1l,ee,n
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Next, we consider the surface-volume-surface operator (3.133). Using definition of

integral operators (3.9), (3.8) we have

TV o TV o VY = K(e— 1)
iy Y s 1% /d (429 (r)g () + P2 ()

() Gpa)ite 3 dns [ (alf ()] )

n’,m’

Pl (P () VY () ds”

=ki(e—1) szZdnm iwitp)ike Z dnm 'n X q(QO)( )

/ ") - ¢4, (")’ / %) (") - VY (#)ds"
i1 % pE (1) / pl9 () - p9, ()

/ pod (") VY (A”)ds”). (3.138)

After using [(72) in [60]], we can simplify the above to

TV o TS o VY = k(e = Viko Y dun(iwpo)ik

n,m

3 o x a2 [ a2 ali )
1%

/ g, (") - VY (#)ds". (3.139)
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With reference to [(74) in [60]] and (3.130), the above equation can be reorganized,

as follows:

TSV 0 TVS 0 V'Y = —iwpohd(e — 1)lkoah? (koa)]

1 a
o 0 (MO [ o)
kOke 0

| i o) a2 )

L1
koke

= AP Ton AV 7 x VY (3.140)
Derived relation (3.140) is stated in abbreviated form as eigenvalue relation (3.80).

Eigenvalue relation (3.77) can be proven in a similar manner.
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Exact Solution of New Magnetic
Current Based

Surface-Volume-Surface EFIE and
Analysis of Its Spectral Properties

(©2022 IEEE. Reprinted, with permission, from Osman Goni and Viadimir Okhma-
tovski, Fxact Solution of New Magnetic Current Based Surface-Volume-Surface EFIE
and Analysis of Its Spectral Properties, IEEE J. Multiscale Multiphys. Comp. Tech.,
vol. 7, pp. 102-116, 2022.

4.1 Introduction

Integral equations of electromagnetics have provided a theoretical foundation for the
construction of efficient numerical schemes enabling the analysis of electromagnetic

fields in the presence of complex 3D objects. Such schemes have been essential in

74
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design cycles of novel devices of microelectronics and photonics [3], [4], antennas for

5G systems [5], environmental studies [6], and many other areas [7], [8].

For penetrable objects, integral equations can be largely classified as two-source
equations, which include widely used formulations such as EFIE, MFIE, CFIE, PM-
CHWT, Muller, JM-CFIE, etc. [10, 11, 13], and single-source equations [14]-[17],
[40], [41], [44]-[46] [18]-[23]. The Single-Source-Integral-Equations (SSIEs) are less
popular as they involve a large number of integral operators and their products [45]
or feature inverses of the integral operators [47], [21], [22]. Either the large number of
integral operators and their products or the presence of their inverses greatly dimin-
ish the advantages of SSIEs compared to their traditional two-source counterparts

coming from the reduction of the unknown functions from two to one.

In our recent work [28]-[39] we proposed and studied a new kind of SSIE, which
neither featured a large number of integral operators nor required evaluation of
their inverses. It was obtained as a result of constraining the electric current based
single-source representation of the electric field with volume integral equation (VIE).
As such, it features the integral operators mapping surface functions to the volume
functions and vice versa in the process of enforcing of VIE on the boundary of
the scatterer for tangential components of the total electric field. We term this
equation throughout as the electric current based Surface-Volume-Surface Electric

Field Integral Equation (SVS-EFIE-J).

It was hypothesized in [55], however, that another type of SVS-EFIE can also be
obtained, namely the one utilizing a magnetic current single-source representation
of an electric field inside a non-magnetic penetrable scatterer. In this work we term
this new SSIE formulation as SVS-EFIE-M. To prove the correctness of the hy-
pothesis we solve this new SVS-EFIE-M analytically for the case of electric dipole
radiation in the vicinity of a dielectric sphere analogously with the recently devel-
oped analytic solution of SVS-EFIE-J [35] and solutions of classical surface EFIE

and MFIE given in the seminal paper [60]. Besides validating the rigorous nature
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of the new equation, the obtained analytic solution for it reveals the spectral prop-
erties of its operators. The spectra of the SVS-EFIE-M formulation shows that
unlike its SVS-EFIE-J predecessor the new equation does not suffer from either the
low frequency or the oversampling breakdowns [35]. Moreover, we show that the
inner products in the Method of Moments (MoM) solutions of the SVS-EFIE-M
formulation can be performed in well-familiar and easily tractable L? space without
jeopardizing the condition number of its matrix. This is opposite to the SVS-EFIE-
J formulation as well as traditional surface integral equations containing the EFIE
operator and requiring the evaluation of the MoM inner products in the Sobolev
space H, C;i/ 2 160], [35] to ensure that their pertinent MoM matrix condition num-
ber remains bounded upon the refinement of the mesh density. The evaluation of
such inner products in H d;.i/ 2 space for general 3D scatterers is very difficult and
hasn’t been demonstrated to date. The evaluation of the inner products in L? func-
tional space allowed by the proposed SVS-EFIE-M formulation, however, has been
well established in the computational electromagnetics community and has been
routinely done in practical MoM discretizations of various integral equations. This
makes the SVS-EFIE-M better suited for numerical solutions and promises to pro-
vide much low condition numbers in the resultant matrix equations compared to
either the SVS-EFIE-J formulation, or traditional two-source formulations such as
PMCHWT, Muller, JM-CFIE [10, 11, 13], or SSIEs utilizing inverses of the integral
operators [19], [23],[47].

It is important to point out that the MoM solution of the SVS-EFIE-M equation
analogous to the one implemented for the solution of SVS-EFIE-J formulation in [31]
for the practical engineering scattering and radiation problems on simply connected
sufficiently smooth dielectric objects is expected to produce similar spectral proper-
ties of the MoM matrix equation as those of the continuous SVS-EFIE-M integral
operator presented in this work and be free of the low-frequency and oversampling
breakdowns. The theory demonstrating that the spectrum of MoM matrix mimics

a sub-set of the eigenvalues of the continuous operator of the integral equation and



Chapter 4. SVS-EFIE-M 7

required conditions for that can be found in [48, 49].

In this work we compare the analytic solution of SVS-EFIE-M against the Mie series
solution for the case of radial and tangential electric dipole radiation in the vicinity
of a dielectric sphere. The relative error of the two solutions is shown to be at nearly
machine precision level. This demonstrates the rigorous nature of the SVS-EFIE-
M equation, the correctness of its analytic MoM solution, and the stability of the

formulation at both low frequencies and under conditions of oversampling.

4.2 Surface-Volume-Surface Electric Field Integral

Equation

Consider the volume equivalence principle [52] stated in the time-harmonic regime
with the cyclic frequency w for the electric field E in case of a homogeneous, non-

magnetic dielectric object of volume V' with complex relative permittivity e
E(r) = E™(r) + k(e — 1) / Goo(r,7) - B(r)dt!, ¥ 7 (4.1)
v
where 7 is an arbitrary field location in space, and 7’ is the position-vector of the

total electric field inside the scatterer satisfying the homogeneous wave equation.

The electric field inside a homogeneous, non-magnetic dielectric scatterer situated
in free space and occupying volume V' bounded by surface S can alternatively be

expressed using the following single-source integral representation [16], [17],[45].

E(r) = —z'w,uo/ éee(r,r’) ~aJ(r')ds'
S

+ / Ge(r, 7)o x J(r')ds', T €V, (4.2)
S

where J is the fictitious electric current density and n x J is the rotated fictitious

electric current density, which plays a role of the surface magnetic current density.
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(:;'65 and C:;'m are the electric and magnetic field dyadic Green’s functions of homo-

geneous space [35].

Since the volume equivalence principle is valid everywhere in space for fully 3D vector
representation of the electric field, it can be also used to constrain the single-source
integral representation of the field (4.2) to produce the integral equation with respect
to the fictitious surface current density J(7'). For that purpose we substitute (4.2)
into (4.1) and enforce the volume equivalence principle for the tangential component
of the electric field only as we tend the observation point r to the boundary S from

the inside the object

— iwiRL X /C_;ee('r, r")-ad(r")ds" + i x /C_}’me('r, r")-
s s
bn” x J(r")ds" — k(e — 1)f x / Goo(r, ')
v
{—iwpg / G..(r',r") - aJ (r")ds" + / G e (1, 7")-
s s

b/ x J(r")ds"}dv' = x E™(r), r€V, r—S. (4.3)

The above integral equation is the combined-source SVS-EFIE (CS-SVS-EFIE) with
respect to the unknown current J. In its complete form (4.3) it was hypothesized
n [55]. However, in [55] and all prior publications only the particular case of CS-
SVS-EFIE for a = 1 and b = 0 was considered. In this work, it is shown that the
SVS-EFIE can also be formulated with respect to the fictitious magnetic current

density M = fi x J by considering (4.3) for a =0 and b = 1, as follows:

J(r")dS" — k(e — 1)ix

3)
—
Qn

') -7
/é’ r,r') /é’ (") R x J(r")ds" dv'

=nx E™(r), rcS. (44)
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The above equation is termed SVS-EFIE-M formulation throughout the paper.

It is interesting to note [55] that in the case of a vanishing object € — 1, the above

SVS-EFIE-M reduces to the traditional surface EFIE (S-EFIE) for PMC object

7L X /éme(r,r”) A x J(r")ds" = n x E™(r), rcs. (4.5)
s

Conveniently, the SVS-EFIE-M (4.4) can also be represented in the following concise

operator form

TS5 M —T5V o TVS o M =0 x E™(r), re€S. (4.6)

Here the integral operators are defined, as follows:

TS5 oM =ax [ Gue(r,7")- M(r")ds", €S, (4.7)
S
TVS o M = / Gl 7"y - M(r")ds", 7' €V, (4.8)
S
TSV 0d = k(e — 1) x / Goo(r, ) - 4()dt!, T €S, (4.9)
14
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4.3 Exact Solution of SVS-EFIE-M with Galerkin
MoM on Sphere

4.3.1 Expansion of magnetic current over spherical basis

functions

To obtain the exact solution 72 x J of the SVS-EFIE-M (4.4) for a dielectric sphere,
we perform surface Helmholtz decomposition of the fictitious electric current J into

irrotational and rotational components as [60]

J(P) = V'(P) + 7 x V(7). (4.10)

The surface Helmholtz decomposition of the current no X J can be expanded over two

. . ~ 1 - 2 . .
sets of vector basis functions 1 x uﬁml and 1 X uﬁml with the unknown coefficients

bpm and ¢y, respectively

A X J(7) =Y {bumf x i) (7) + comf x ull), (7)), (4.11)
where > is an abbreviated notation for the double sum 3 °  >7" . Taking
ug% and ug% as complete set of surface spherical harmonics yields

M(#) =ax J(7#) = > d by x V' V"(#) = cam V'Y, (7)}. (4.12)

n,m

Detailed definition of coefficients d,,,, and surface spherical harmonics Y,”* can be

found in [35, 60].
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4.3.2 Expansion of magnetic field dyadic Green’s function

over vector spherical functions

The magnetic field dyadic Green’s function of homogeneous medium with wavenum-

ber k can be expanded over vector spherical functions p and g, as (see [61] or (68)

in [60])*:

1 2 1 2
P (r)g P, () + ghn ()P (), e ] < ),

2 1 2 1
Pon(r)a L, () + @i (r)pl L (P, | > .

(4.13)

When |r| = |7'|, the average of the two above representations is taken.

Expansion of the electric field throughout volume V' of the sphere over volumetric
spherical functions p ) and q ) will be also used in the MoM solution. Details of

this expansion can be found in the previous work (see (24)-(26) in [35]).

4.3.3 Galerkin testing of SVS-EFIE-M

In order to solve the SVS-EFIE-M (4.4) with MoM, we perform its testing with the

complete set of vector surface spherical functions u® and u®

nm

(T5S5 o M, ull? <7;§7V o TV:5 o M,ug,;f>> = (v x E™(r),ull?)),  (4.14)

and expand the current M = n x J over the same set of functions as shown in

(4.12).

It is known [35, 60] that the choice of space in which the inner products are per-

formed may greatly effect the spectrum of the impedance matrix in the MoM matrix

INote, here and throughout the paper definition of the Green’s function is taken with minus
sign with respect to its definition adopted in [35].
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equation [35]. The inner products ! in the above Galerkin MoM solution of SVS-
EFIE-M should be carried out in L?(S) space as in the case of the surface MFIE
(S-MFIE) solution for PEC [60] due to the presence of the S-MFIE operator [60]
7,55 in it. The latter is in the form of a sum of constant and compact operators
having eigenvalues accumulation points at a constant and zero, respectively, pro-
vided surface S is smooth. Performing testing of the SVS-EFIE-M in function space
L*(S), we will achieve the impedance matrix with bounded condition number be-
haviour analogous to that in MoM solution of conventional S-MFIE for smooth PEC

objects demonstrated in [60].

4.3.4 Discretization of the Surface-to-Surface Operator 7,>°

The MoM discretization of the integral operator 7, is obtained by testing with the

functions u( )

(4)

n//

, the electric field 7,5 o A x u(/? . broduced by the basis functions
u,..» in the expansion of current i x J. The following matrix elements Z50% are

formed using the expansion of magnetic dyadic Green’s function (4.13)

zo%% <TS’S on xuY) , u®? ’>
me n'm/,n"'m me nim nm L2(S)
= (K S (/u (1) A Ul (r)ds
[ 208 <l o0+ [ 00
i s

A x ¢\ (r )ds/anE)m( " x ul) /,(r”)ds”). (4.15)

One can show from (4.15) that Z°%,  —and 2°>% . vanish due to or-

menmnm menmnm

thogonality [60] (also in Appendix I of [35]), i.e

!Throughout the paper the inner product is defined as (a,b) = (a, b>L2(Q) = [qa- bdS2, where
bar indicates complex conjugation and €2 is domain of integration
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Zrils’ilm n'm! = <Tr§é5 oM X u7(11”)m”7 U’S’zn’> = 07 (416)
L2(S)
Zrii’%m nm = <Trr€é5 oM X u7(12”)m”’ u7(12’2n’> =0. (417)
L2(S)
However,
Si,S; . .
Zme n'm/ n/'m!" 7é 07 ? 7£ J- (418)

For the case i = 1 and j = 2, we have
z505% = <TS’S onxul , ul) ,>
menmnm me n’'m'"r n'm LQ(S)
ﬂ“Xﬁm(/ﬁao»ﬂXpmwus

/qy(@z,e_)m(r”)- A x ull) ,,(r”)ds”+/ﬁg,)m,(r)-
; s

A x qU9(r )ds/pn ) (") R x ug,)m,,(r”)ds”> .

Due to the orthogonality relationship [(72)-(77) in [60]], the contribution of the
second term involving 7 x q vanishes, which leads to the following simplification of

matrix element Z31-52

Zqilg%m n'm! = Zl{jQ Zdnm (/ u ' /('r')

nXpmxﬁk/qu<@-*xu@N@q@Q.<4w)
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(2)

n//m// I

Employing expressions (47) and (76) from [60] and recalling the fact that 72 xu
1)

— U, 1,y WE get

S1,5: . .
Zmle Tf/m/7n//m// == _Zkz Z dnm (a/]n(kea,)

n,m

1
Ot Oppunr A /2 (—1)d,j}nk—[keah§f)(k€a)]’

5nn”5m m”dl/2 />

n''m/’

= ikeajn/(kea)[keahff,)(kea)]’én/nndm/mu. (4.20)

Similarly, we obtain the other matrix element due to the interactions of the basis
(2)

e Via the integral operator TS5

functions ufll,,)m,, with the test functions u

me n'm/ n''m’ n'’m'’>

= —ik?> " dum ( / ) (r) - fox plld(r)ds
n,m S

Z52:51 _ <7~S,S o fL X u(l) u(z) >
me LQ(S)
/ %) (") -7 x ull) (s + / 7% ()
s s
o (1e) (2¢) AN/ (1) 1" "
n X q,, (’I")dS pn,—m(r ) n X un"m”(r )dS . (421)
S

Using the orthogonality relationship [60], we determine that contributions from first

term vanish, hence, producing
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25t = =2 Y o ([ )
n,m S
n X qsllmg) (T)dS /pgﬁ_)m(’l’”) A x uiln)mﬂ (T”)dé’”)
S

= —ik? Y dum ( / a7 X VY (r):
n,m S

1
k—[keajn(kea)]'f x VY™ (#)ds

€

n''m

/ Py, (r") - dy)y ,,ﬁ“xthn’ﬂ"(r”)ds”)- (4.22)
S

Employing (73) from [60] in addition to the orthogonality condition, we get the

following closed-form expression

1
2 = —ikfk— > dyn (! ? ke (kea)]

nm-n"m

S ant (= h (k) SOl ]2,

= ike|keajn (kea)) [ah'? (kea)| S S (4.23)

Arranging (4.16), (4.17), (4.20), and (4.23), the following hollow matrix representa-

tion of the surface-to-surface operator resulting from MoM discretization is obtained

0 Zo>
Z55 = e (4.24)
Z55

4.3.5 Discretization of the Surface-to-Volume Operator 7,/°

The MoM discretization of the integral operator 7,%:% performing translation of

the surface current distribution to volumetric current distribution is obtained by
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testing with the functions vff,)m, of the electric field produced by the basis functions
)

. . . Vi,S; . .
7 X w; .. The following matrix elements Z,” are formed using the expansion of

the magnetic dyadic Green’s function (4.13)

ZV'L:S]‘, Iyt —— <TV7S o 'fl X u(]) " ’U(Z/) /> —
me n'm’,n""m me n’"m'" T n'm LQ(V)
ik ([ 9wl
n,m 4
[y a sl ras + [ ol
S \%4

') (r)dv / pl) (7") - A" x ufj}?m,,(r”)ds”). (4.25)
S

V1,8
Z ., we have

me n'm/ n''m

In order to get the matrix element

20 = =2 Y o ([ 90
7 n,m v
2o [ a0, ) A xull, s+ [
S 1%
Eil,zn,(r) - q\19(r)dv / pgi)m('r”) A" x ufll,,)m,,(r”)ds”) . (4.26)
S

Employing the orthogonality relations [(75) in [60]] and accounting for the orthogo-

nality <q£11n?, vfll,in,> = <q$11m5), pfll,;)l,> = 0 we obtain vanishing result for the element

of ZV15 » leading to

me n'm’ n"'m

ZV51 =, (4.27)

For the matrix element Z152

me n'm’ n'""m’
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2t = <8 o (D) )
o [ @) w0+ [ 50, ()
S \%

') (r)dv / Pl (") - x ul) ,,(r")ds"). (4.28)

Employing integral relation (72) in [60], the second term of the above equation
disappear, and with aid of (74) in [60] and (113) in [35] the resultant expression

becomes

Zn‘;lesrfmnm = Zkzzdnm </ Jnkr)]n’(kr)

121Gy Sy i 22— [(k ah® (k)|

n'm’ k
dl{? //d 5nn”5mm”>
= ik. (/ G (ker) oo (ker)r*dr-
0

[(keah® (k) 2, 5nn~5mm). (4.29)

s
In the case of element Zmi o it We have

23 bt = K2 S o (/ ().
i) (7 )dv/qfe)m( R xul) (") ds"+

Lﬁw>qmmw/ﬁ%wv

S
' ull) ,,(r”)ds”>. (4.30)
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Using relation (25) in [35], element of matrix Z'251 becomes

Zn‘?es;zlmnm - Zkzzd”m</qn 7m( )
(1e) 2¢) " /2 ~n tyom! (N g
Dyl (1) dv qn Oy d R x VY () ds
- a0 G

dYE A < Y (r ”)ds”). (4.31)

n''m n'!

Because of orthogonality of <qn1,6)7m,, p$};2> = 0 first term in (4.31) vanishes. Using

(114) in [35] and (73) in [60] ! we get

1
20 = <K Y o (M [

a

Ju (ker)dr - a —{—% [kerjn(ker)]’[kerjn/(ker)]’dr)

St O A 12 2 [—ah®) (o)) St O AL

:zk62< n+1a/jn/kr]n~kr)dr
0

1

+3 [ e b i)

. [ahi?,)(l{}ea/)]an/nuém/mud;,}ﬁ,. (432)

Finally, for the element of matrix Z'2? we have

Zn‘?e%m n'm! ZkQZdnm (/ nm( ) p’gzm)( )

dv/qn D"y A xuwl) (") ds ”+/ 2 (r)
v

¢\ () dv / Pl (") - A xu‘”m,,(r")ds"), (4.33)

!Note that (73) in [60] has a mistake and should contain 2 )(ka) instead of 2 )(a)
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leading to vanishing of first term due to (25) in [35] and orthogonality <q,(11,7€)7m,, p%)>

0 and second term due to (72) [60], which results in

ZV27S2 o1l — O (434>

me n'm/ n''m

Combining (4.27), (4.29), (4.32), and (4.34), MoM discretization of the surface-to-

volume operator corresponds to the following hollow matrix:

0 Zyn
ZV5 = I (4.35)
Z¥s

4.3.6 Discretization of the Volume-to-Surface Operator 7;‘3"/

The MoM discretization of the integral operator 7;5"/ which translates volumetric

current distribution to surface current distribution is obtained by testing with the
(i)

surface functions w,,, ., of the electric field produced by the volumetric vector basis

functions vg)

/m// .

Here we use the expansion of free space electric field dyadic Green’s

function as in (68) of [60], which is involved in the definition of the integral operator

75 in (4.9)

eo nlm/7n/lm// n/ml

= (e~ D) o [ ) a1
n,m S

25 s = (T3 o)
[ a0 o+ [ o
v S
~ (20) (10) " )] " "
- x pp(r)ds | opy 2 (") s v (rT)du” ) L (4.36)
v

Matrix block Zfo’v corresponding to the case of ¢ = 1, j = 1 has zero contribution

from the term containing vector function q according to (48) and (77) in [60]. Using
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(21) and (113) in [35] and (76) in [60] we get

ZEh e = K (e — 1)(—iko) Zdnm(/

al) (1) - x p2(r)ds / p” (") - pl), <r">dv”)
174

= kj(e — 1)(=iko) Y dum (ahff)(koa) / a2,
S

vtyﬂm(,r) Vt?f://(’r‘)d /pgl())m( //) PS%N(T”)dU”)

— k2(e — 1)(—iko)ahl) (koa)d,

n'm/

Su B / i (kor ) jr (kar )i, (4.37)
0

Matrix blocks 25" and Z22** are zero because of the fact that we have relations

(48), (76), (77) in [60] as well as <v512,,)’m,,,p$11791)> =0 and < v, m,,,q;%%)> =0

S1,V- S,V 2 1

Ze()l n’Qm’ n'm! <7;0 © Uﬁz”)m”’ ugz’zn’> = O’ (438)
S2,V; S,V 1

Ze()2 nlm’ n'm! <7;0 © ng”)m”’ ufz’zn’> = 0. (439)
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With aid of (48), (76), and (77) in [60] and (114) from [35] the matrix elements
ZSQ Va

e0 n'm/ n"m'" become

ZSOZXanm k2€_1 Zk() Zdnm(/ 711/37/
S

P x VYT (7) - k—[koah;2>(koa)]/f x VY™ (7)ds
0

/ a2 (") - @i (r")dv”> = kg (e — 1)(—iko)
\4
Zdnm( el o)

n(n+1)

Onm Orrrn?
nn-¥Ymm ( k’ok’E

1 a . / . /
[korJn (ko) [ker jnm (Ker)] dr
kO ke 0

5nn”6mm”d 1/2d 1/2 = k’g(ﬁ - 1)(_Zk0)

(dn 121 L [koah? (k;oa)]'>

n'(n + 1)
koke

a2 / jn(k()?")jn// (keT’)dT‘f‘
0

5n/n//5m/m// ( CL2 / jn/(koff')jn//<k€7")dr+
0

1 “ . / 3 /
(ko7 g (Kor)|' ke gur (ker)]'dr ) . (4.40)
koke 0

Unfortunately, integrals in (4.40) over r do not bring us any closed-form expression

[63)].

Arranging expressions (4.37), (4.38), (4.39) and (4.40) together, the following block
diagonal impedance matrix for the MoM discretization of the volume-to-surface op-

SV . :
erator 7" is obtained

(4.41)
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4.4 Matrix Assembly for the MoM Discretization

of the Integral Operators

The MoM discretization of the integral operators 7,55, TV:5, 7;€’V discussed in the

previous section, can be arranged together to form the impedance matrix and the

incident field based excitation vector for the proposed SVS-EFIE-M formulation

(4.4). These can be used to form the following system of linear algebraic equa-

tions (SLAE) with respect to the unknown coeflicients b, ,,, and ¢, ,, in the current

expansion (4.11)

Zgys -1 =E,

where

I=|b,c|,

<ﬁ x E™, u(l,zn/>
L2(S)

3

E = , ) ,
(A x B,
L2(S)
and Zgvg is the hollow matrix defined as
0 2| [0z
Zsvs = | _, = | e —
Zvs 0 Z5 0
-1
Z3" 0 Iy 0 0o Zn®
0o zHh 0 Iy Zs5

The Gram matrix blocks I'; are defined as in (57) of [35].

(4.42)

(4.43)

(4.44)

(4.45)
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The above multiplications of the matrices lead to the two groups of equations. The
first group is associated with the unknown expansion coefficients ¢,
2l c= 202 - Z0N T 200 e = ik,
> o ([ad k] [(heh D k)]
(5n/n//(5m/m//) — ]{}g(e — 1) < Z Cn//m//
(_kO)ahiL/) (koa) / jn’ (k:OT)jn” (ker)r2dr(;n’n”5m’m”
0
a —1
(/ jn’(ker)jn"(kET)Ter)
0
(k) [(kea)hD (kea)) / G (er) jnu(ker)r?dr) . (4.46)

0

The diagonal form of the impedance matrix block Z&yg allows us to solve SLAE

(4.42) explicitly for ¢, giving these unknown coefficients in the following closed-

form
El,nm
Cnm )
where

AP = AS A+ AN TTAAY

2.men 2, me,n>

A = (ikE)[ajn(ke(I)][(kea)hg)(kea)]/'

2,me,n

(4.47)

(4.48)

(4.49)
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2,me,n

Ag:;g,n [(62) of [35]] and A} have closed-form [63] as

AL = ~hl(ka)h 6] [ (b (ko =
0

a3

- ke[(kea)hf)(kea)]'g[ n(kea)* = jn-1(kea)jns1(kea)], (4.50)

and the closed-form of Gram matrix elements Ty ,, is given in (64) of [35].

Similarly, the second group of linear algebraic equations is formed due to the process
of multiplication and addition of the matrix elements (4.45). Multiplication of the

resultant matrix with the vector of unknown coefficients b is, as follows:

Zi b= (225 - Z5% T 215 b
(ike) Z b (ab (kea)))
eajn’ ed n'n"”" Um/m’" — { € e—1
ket (Ko@) G0 ko)
Z b (—1) [koah? (Koa))

n'(n' +1) 2/“. . 1
A o (kor ) s (ko) d
( Rk @, JnWRordu (ker)dr + 2o

/ [kOTjn’(kOT)]/[keTjn”(ker)],dr) 5n’n”5m’m”
0
+1

/ / a
(n<nk—2a2 / jn’(ker)jn”(ker>dr
€ 0

5z | terdw (k) [kerjnﬂ(ker)}'dr> i

n'(n' +1)

(ah® (k.a) <(k— [ ety i

a

T2 [k " (ker)]' [kgrjn//(ker)]/dr). (4.51)
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The above diagonal impedance matrix Z3, allows to determine the unknown coef-

ficients by, in the following closed-form

bym = A&U , (4.52)
where
A = AP+ AT T A (4.53)

. S, v, 1
and the eigenvalues A7, and Ay, are

AZS. 0 = ik (ah? (k) ()] (4.54)
1 a
A = = Pan ) ("0 [
€ 0

a

jn(kﬁr)dr—i—% i [(ker)jn(ker)]’[(ker)jn(k:er)]/dr) . (4.55)

Ai’g)m and the Gram matrix I'y,, are expressed in (69) and (71) in [35], respectively.

4.5 Behavior of SVS-EFIE-M Spectrum

4.5.1 Spectra of SVS-EFIE-M operators

The following section describes the spectral properties of the integral operators in

SVS-EFIE-M formulation. It can be shown (see (4.87) in Appendix I for details)

We could not find a closed-form expression for the integrals in (4.55). It appears that neither
could the authors of [63]. Lack of a closed-form expression for these integrals is the reason why we
cannot establish analytically the equivalence of the proposed analytic MoM solution of the SVS-
EFIE-M and Mie series despite both being exact solutions of the same boundary value problem.
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that Agﬁw are the eigenvalues of the operator 7,5:% since

TS50 (VYY) = —ASS VY™, (4.56)

2,me,n

and the product Age‘gnf‘f}l/&gien represents eigenvalues of the product of the integral

operators 7.5 o TS per (4.92)

T3 o TS o (VIY) = Ayl TiiAy i VYm, (4.57)

n 2 men

Thus, A = AS9 + Ai’ég,nf’iiAV’S the eigenvalues of the total SVS-EFIE-M

2,me,n 2,me,n

S,V
operators Tgvs = 1,55 — T3 o TV5

T2 o (VY = TG o Tt o (VY1) = —ADVIY. (4.58)

e

Similarly, eigenvalues of the integral operator 7,55 are AT (see (4.88) in Appendix

1,me,n
I), since

TS0 (7 x VIY™) = AYS (7 x VIY™). (4.59)

1,me,n

The product Af:;f),nf‘;, }ZAYien forms the eigenvalues of the product of the operators

SV :
T o T,V according to

€

T o TS o (7 x VIY™) = —AT Dot A o (7 x VIY™). (4.60)

e 1,men

This makes A{) = A +Ai’6‘67nf2_7 LAYS  the eigenvalues of the total SVS-EFIE-

1,me,n 1,me,n

M operator Tsy g

T55 0 (7 x VY™ = T2V o TV o (7 x VIY™) = AD¢ 5 VY™, (4.61)
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4.5.2 Spectrum of Galerkin MoM matrix

Spectral behavior of the MoM matrix is demonstrated in this section. The integral
operators produce two sets of eigenvalues as it was shown in previous section. These
eigenvalues form the diagonal matrix elements and relate to the unknowns and the
right hand side of SLAE as stated in (4.47) and (4.52). Hence, we can reveal spectral
properties of the MoM matrix resulting from the discretization of new SVS-EFIE-M
formulation in L?(S) space by stating the SLAE as

- (1) > _ Z (2) _
X J Lo ! - nmA (Snn/émm' -
<TSVS STt [ sy frm

n,m

<ﬁ x Ene 4V > . (4.62)
L2(8)

» H'n/m/!

Ao J u? > = N"b, A, S =
<7dSVSOnX 7unm LQ(S) Z n

n,m

<ﬁ x B y® > . (4.63)
12(5)

» Fnfm!

and computing the eigenvalues of the diagonal matrix in its left hand side.

4.5.3 Absence of oversampling breakdown

The behaviour of the eigenvalues of the operators forming the SVS-EFIE-M at sig-

nificant value of n can be shown to be, as follows:

ALY = A + Aol 20 A e ~ O(1°), (4.64)
A1(12) = Ag,fze,n + Ag,,gf),nfi:zA;{,ie,n ~ O(n()) <465)

That is, the eigenvalues AY and AP of the Galerkin MoM impedance matrix tend
to constants. This will be also numerically demonstrated in Fig. 4.11 in Section VII.

Hence, the condition number upon the increased order of discretization n remains
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constant. This means that the proposed formulation does not suffer from oversam-
pling breakdown. This is a result of Galerkin MoM solution of the SVS-EFIE-M
sought in L?(S) space by analogy with the solution of the S-MFIE [60] as both
SVS-EFIE-M and S-MFIE feature the magnetic field surface operator.

4.5.4 Absence of low frequency breakdown

Unlike the earlier J-formulation of SVS-EFIE, its proposed M-formulation does not
suffer from the low frequency breakdown either. At low frequencies, eigenvalues can

be shown to behave as

A ~ w0 AR W (4.66)

as also shown numerically in Fig. 4.10. As a result, SVS-EFIE-M is free from low

frequency breakdown formulation.

Overall, the SVS-EFIE-M formulation is inherently immune to the low frequency and
oversampling breakdowns! unlike its SVS-EFIE-J predecessor due to its surface-to-
surface operator being in the desired form of sum of a constant operator and a
compact operator and its MoM discretization being performed in the L®)(S) func-

tional space.

4.5.5 Internal resonances breakdown

At certain discrete frequencies w = wi when

ASS = —Af’ev()mf;,;AV’S (4.67)

1,me,n 1,me,n>

IFor simply connected smooth objects
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nth eigenvalue AL becomes zero. Similarly, nth eigenvalue AP becomes zero at

. 2
frequencies w = w? , when

AT = —AS TTAAS (4.68)

2,men n-r2,men’

Frequencies wﬁl) and wq(f)

wi or w,(f), solution of the SVS-EFIE-M (4.4) loses its uniqueness and experiences

are not equal to each other. At each such frequency

the internal resonance breakdown similarly with the SVS-EFIE-J (3.4) formulation.

Notice, these resonance frequencies wi and w? do not coincide with the resonant

S,S or AS,S

frequencies of the surface-to-surface operator eigenvalues A7}, 5 men:

Neither SVS-EFIE-J nor SVS-EFIE-M formulation eliminate spurious resonances as
tangential components of electric field vanishes at the surface of the sphere due to
the boundary conditions. Solution of those two formulations result unknown electric
current J and magnetic current M at the boundary manifesting PEC and PMC like
sphere. In both formulations tangential component of the electric field exists on the
right-hand-side which produces the same nth resonance frequencies of the cavity at
which those eigenvalues become zero. Hence, this current version of the SVS-EFIE
formulations do not guarantee for the elimination of the spurious resonances even
though we make linear combination of those two formulations. Exploring possibilities
for elimination of these spurious resonances through the combination of different

SVS-EFIE formulations will be a subject of future work.

4.6 Evaluation of Electric Field Inside the Sphere

Having the solution for the unknown coefficients b,,,, and ¢,,,, in the MoM expansion
for the fictitious current n x J on the boundary S the electric field E in the scatterer
volume V' can be readily obtained from the single-source representation (4.2) in case

ofa=0and b=1,ie.
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E(r) = / Ge(r,7) -7/ x J(@)ds', reV. (4.69)
s

Substituting the expression (4.13) for G, into (4.69) we have

= —ZkQZdnm (pﬁfﬁ / g’ (r) - A x
TS+ alilr) [ B0 e,

reV. (4.70)

Using the expansion for current n x J (4.11) in the above field definition produces

the following expression for the field inside the sphere

— —zk22dnm (pnm Z b,y
/S ) A x () I
/ g () - x ul) L (r)ds' + gl (r) Z Dy
/Spn%e_)m(rl) A xul) L (r))ds' + g (r) Z Crtrm

[t <l as). ar
S

Orthogonality relations (75) and (72) in [60] zero out first and fourth terms in (4.71),

yielding
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= —zk;2 Z dpm <pnm Z Crttn

n'’ m'

/vq'sie—)m (7'/) ’ lﬁ’/ X u7(12”)m”< )dS + q Z b
o !
(2¢) AYr-Y 1) / /
/pn m( ) n X O ('I" )dS ), (472)

which leads to the following expression for the field inside (see (73)-(74) in [60], with
mistake in (73) of [60] fixed)

= —Z]{IEQ Z dnm <p£11776’b) ) Z Cn/'m!

n//’mll

-1
- keah® (kea)] S S d L A2,

+aly) (7 Z by

<—ah§><kea>>5m~amm~d Ali). (473)

nm-'n''m'’

4.6.1 Electric field inside sphere due to radial electric dipole

In case of the radial electric dipole excitation coefficients ¢, in (4.73) are zero (since
Einm = 01n (4.47) per (93) in [35]) and only terms containing by, with m = 0 are

non-zero. This gives the following expression for the field

—szZdW( 0gh) )[—ahff)(kea)]). (4.74)

Using definitions of the function g in (22) of [35] (see it also in [61]) we get compo-
nents of the field inside the sphere
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zk22d1/2 o "+ 1> (k) Pa(cos 0) [—ah® (k.a)], (4.75)
szZdW o lkergu(ker)) j@ ) (cos 0)[—ah® (k.a)), (4.76)
E,=0. (4.77)

4.6.2 Electric field inside sphere due to tangential electric

dipole

In the case of sphere excited by the tangential dipole situated above it, both coeffi-
cients by, and ¢, in (4.73) are non-zero. This gives the following expressions for
the components of the field inside the sphere after using the expansion over func-
tions p and q in (21)-(22) of [35] (see also [61]) and the fact that only |m| = 1 terms
survive per (100) and (102) in [35]

1 |
B - —ikzz S A2, (%)jn(ker)]?,tm'(COSG)emd’) [—ah® (k.a)),
n=1m=-1,1 €

(4.78)

—-m?Z 3 dlﬁ[ ( ke (ke r)]jer(cosﬁ) Wﬁ) [—ah® (k.a)]

n=1 m=-1,1

+ Com (mpgml(cose)jn(kgr)eim) ( —[(k.a)h?) (k.a) ) ] (4.79)

€
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E, = —ik? Z Z di/? [bnm <L[k€rjn(ker)]/]37llml(cos G)eim¢> (—ah? (ka))

k.rsinf
n=1m=-1,1

d ) —1
_ plm| ; ima
+ Cnm ( d@P" (cos 0)jn(ker)e ) (k

[(kga)h,(f)(kea)]’) ] (4.80)

€

4.7 Numerical Results

Validation of the proposed SVS-EFIE-M formulation and its analytical Galerkin
MoM solution are presented in this section. The analytically obtained electric field
components inside the dielectric sphere due to radiation of an electric dipole are
compared against classical Mie series [52]. Various numerical experiments examine
the rigorous nature of our novel magnetic current based SVS-EFIE, its spectral

properties, as well as the accuracy of its MoM solution.

102 ;
E
>
S
>
w
o
S
H‘_ —|Er|: Mie series
1072 —10|E6|: Mie series
—— -|Er|: SVS-EFIE
———10|E0|: SVS-EFIE
10-3 I . . . I I I I

0 20 40 60 80 100 120 140 160 180
0, degrees

FIGURE 4.1: Electric field components on the surface of the sphere versus angle
f in the case of radial dipole excitation. Mie series results are shown by solid lines
and SVS-EFIE-M solution is shown by dashed lines.
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FIGURE 4.2: Electric field components inside the sphere versus radial coordinate
r at @ = /2 in the case of radial dipole excitation. Mie series results are shown
by solid lines and SVS-EFIE-M solution is shown by dashed lines.

Our first numerical example is a homogeneous dielectric sphere having radius a = 1m
and relative permittivity e = 10. The sphere is excited by the radial electric dipole

situated on the z-axis at location' 7o = £210m. It has a dipole moment Il = 1[A-m].

The magnitude of E,. and Ey components of the electric field inside the dielectric
sphere are demonstrated on the surface of the sphere as functions of angle 6 and
of radial coordinate r in Fig. 4.1 and Fig. 4.2, respectively. Only T M,-waves
are excited by the radial dipole. Due to symmetry the field is independent on the
azimuthal angle ¢. In Fig. 4.1 and Fig. 4.2 both the field components evaluated
using the Galerkin MoM of the SVS-EFIE-M and those evaluated using Mie series
are shown. The solution was evaluated with 50 terms. The frequency of analysis

is 599.584916MHz. The maximum and average value of relative error between the

!Spherical harmonic representations of the field (4.75), (4.76) become extremely slowly conver-
gent, when observation point comes close to the dipole location. Hence, in this work we take the
dipole sufficiently far from the sphere surface to ensure that direct computation of the Mie series
harmonics in (4.76) forming the right-hand-side (4.44) are machine precision accurate on the sphere
and do not encounter numerical instabilities associated with computation of Bessel functions with
indexes greatly exceeding their arguments.
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FIGURE 4.3: Relative error 0 F in the electric field components obtained by SVS-

EFIE-M (compared to Mie series) on the surface of the sphere versus normalized

angle 6/180 corresponding to the curves in Fig. 4.1 (dashed lines) and relative

error in the electric inside the sphere versus radial normalized coordinate r/a at
0 = m/2 corresponding to the curves in Fig. 4.2 (solid lines).

SVS-EFIE-M and Mie series solutions depicted in Fig. 4.3 with 50 terms each are
in the range of 1071° to 1073, respectively. The standard deviation for the E, and
Ey components of the electric field was found to be 1.45 x 107! and 7.56 x 10~}
[V/m].

Our second numerical example is for the dielectric sphere with relative permittivity
of e = 10 and excited with the tangential 6-directed electric dipole. In this case, both
the TE,- and T'M,-waves are produced, all components of electric field are present,
and they are functions of all three spherical coordinates. The tangential electric
dipole is placed on z-axis at the radial distance 7o = 10m. The frequency of analysis
is 599.584916MHz. In Fig. 4.4, the magnitude of E,, Ey, and E; components of
the electric field as function of elevation angle # is shown for both MoM solution
of the SVS-EFIE-M and Mie series. In Fig. 4.5, the magnitude of the electric field

components is shown as a function of the radial coordinate r for both MoM solution
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FIGURE 4.4: Electric field components on the surface of the sphere versus angle

0 at ¢ = 0.47 in the case of tangential 6-directed dipole excitation. Mie series

results are shown by solid lines and SVS-EFIE-M solution is shown by dashed
lines.

of the SVS-EFIE-M and Mie series. The relative error between the analytic MoM
solution of the SVS-EFIE-M and Mie series solutions is shown in Fig. 4.6. The
maximum and average value of relative error between the SVS-EFIE-M and Mie
series solutions evaluated with 50 terms each are in the range of 107'2 to 10713,
respectively. The standard deviation for the E,, Ey and E; components of the
electric field as functions of angle # was found to be 6.285 x 107!, 5.24 x 107! and
1.26 x 107! [V /m], respectively.

The expansion of the magnetic current density on the boundary of the dielectric
sphere over the spherical basis functions and determined expansion coefficients en-

able us to calculate the electric field components inside the dielectric sphere. This
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FIGURE 4.5: Electric field components inside the sphere versus radial coordinate

r at § = 0.47 at ¢ = 0.47 in the case of tangential §-directed dipole excitation.

Mie series results are shown by solid lines and SVS-EFIE-M solution is shown by
dashed lines.

magnetic current density components My and My shown in Fig. 4.7 are both com-

puted at ¢ = 0.47 for the case of tangential dipole excitation.

All the computations were performed in MathCAD 15 software with integrals com-
puted numerically to 107! tolerance. The Legendre polynomials were defined in
terms of the integrals and computed to the same 1071° tolerance. This tolerance is
seen to be forcing the maximum level of relative error between the analytic Galerkin
MoM solution of the SVS-EFIE-M and Mie series in Fig. 4.3 and Fig. 4.6 below
1071 and 107'2 levels respectively. The achieved level of relative error between the
SVS-EFIE-M solution and Mie series undoubtedly validates both the rigorous na-
ture of the proposed new integral equation formulation and exactness of its MoM

solution.
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FIGURE 4.6: Relative error §F in the electric field components obtained by SVS-
EFIE-M (compared to Mie series) on the surface of the sphere versus normalized
angle /180 at ¢ = 0.47 corresponding to the curves in Fig. 4.4 (dashed lines) and
relative error in the electric inside the sphere versus radial normalized coordinate
r/a at 0 = 0.47 at ¢ = 0.471 corresponding to the curves in Fig. 4.5 (solid lines).

Next, we demonstrate the spectral properties of the SVS-EFIE-M formulation and
show that performing MoM operations in the functional space L (S) ensures bound-

edness in the condition number of the impedance matrix. In Fig. 4.12 and Fig. 4.9,
S, ASS

. SV -1 V.S
o Ay the products of the eigenvalues Ay, T3 1A

the eigenvalues A M meno

Ag;nffi/\gim and their sums are shown under condition of the Galerkin MoM
testing performed in L?(S) space. The eigenvalues depicted in Figs. 4.12-4.9 corre-
spond to the solution under the tangential dipole radiation problem in Figs. 4.4-4.5.

In order to have sufficient number of sampling points, we consider the solution at

599.584916MHz with 50 terms.
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FIGURE 4.7: Absolute values of the magnetic current components computed
through the MoM solution (4.14) upon solving for the unknowns on the boundary
of the dielectric sphere. Both My and My are computed at ¢ = 0.4r.

A representative eigenvalues AY and AP dependence on frequency is shown in Fig.
4.10 for n = 2. One can observe that eigenvalues AS) and A§2) for SVS-EFIE-]
formulation [35] tend to infinity and zero, respectively, as frequency tends to zero.
This leads to a low frequency breakdown. The eigenvalue Agl) and Ag) in the
proposed SVS-EFIE-M formulation remain constant at low frequencies and produce

no such breakdown.

Behaviour of the eigenvalues AP and A are also shown in Fig. 4.11 for increasing
discretization order. One can observe that eigenvalues AY for SVS-EFIE-J formu-
lation increases with the increasing discretization order while its eigenvalues AP
decrease. Hence, SVS-EFIE-J formulation suffers from oversampling breakdown. In
the proposed SVS-EFIE-M formulation, however, AP and A tend to constants as
the discretization order tends to infinity and, therefore, the formulation is free of

the oversampling breakdown.
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FIGURE 4.8: Eigenvalues Af’ie ,, of the surface-to-surface operator, the product

of eigenvalues Af;gnf‘; }ZAY”;ZE,” corresponding to the product of the surface-to-
volume and volume-to-surface operators and eigenvalues for the total SVS-EFIE-

1 ~ .
M operator A%) = Af’ie nt A‘lgé‘o/nl“l 71"LA:‘1/7’I§LE - One can observe the accumulation

. — 1
of those eigenvalues Af’ie ns Als’e‘g i }LAY;;S% ,, and Aﬁl ) at constant values. We can
S,S

also notice the behavior of the eigenvalues of surface-to-surface operator Ay,

encompassing a unit circle with centre at a constant of -1/2, which occurs due to

their —(1/2 + A,,) form stemming from the ’constant+compact’ operator compo-
sition [60].

4.8 Conclusions

New Surface-Volume-Surface Electric Field Integral Equation of magnetic type (SVS-
EFIE-M) is presented. Exact solutions of this SVS-EFIE-M with Galerkin Method
of Moments (MoM) for the problems of radial and tangential electric dipole radi-
ation in the presence of the homogeneous dielectric sphere are compared against
the Mie series. The expansion of the unknown fictitious magnetic current in the
single source SVS-EFIE-M is performed over the eigenfunctions of its integral oper-

ators. Spectral analysis of the integral operators forming the SVS-EFIE-M is also
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uct of eigenvalues Ag ’;6 nf‘fiAg ’,‘36 ,, corresponding to the product of the surface-

to-volume and volume-to-surface operators, and eigenvalues Ag) = ASS 4

2,me,n
Agégnfl_}l/&;/’im for the total SVS-EFIE-M operator. One can observe the
accumulation at constant values for all three sets of eigenvalues: Ag’ien,

Agg)nfl_'}z‘/\;/ ’;Ze’n and A'?). We can also notice the behavior of the eigenvalues of

surface-to-surface operator encompassing a unit circle centered at accumulation
point of 1/2 due to the ’constant plus compact’ operator structure resulting in

ASS = 1/2— A, [60].

2,me,n

conducted. The Galerkin testing of the SVS-EFIE-M is performed in L*(S) func-
tional space and spectral properties of the resultant MoM impedance matrix are
analyzed. It is shown that in order for the MoM impedance matrix condition num-
ber to remain bounded under condition of the increasing discretization order n or at
low frequencies, the SVS-EFIE-M solution can be performed in conventional L*(S)
space, which is easy to handle numerically. The MoM solution of the SVS-EFIE-M
in L%(S) space produces an impedance matrix with condition number which remains
constant under conditions of either oversampling or low frequency analysis making

it an excellent candidate for solution of practical scattering and radiation problems.
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FIGURE 4.10: Eigenvalues Agl) and A;2) in a broad range of frequencies. Solid

lines for the SVS-EFIE-J formulation and dashed lines corresponding to SVS-

EFIE-M formulation. One can observe that eigenvalues Agl) in J-formulation tend

to infinity while eigenvalues AéQ) in J-formulation tend to zero, thus, causing the
low frequency breakdown. The M-formulation features both sets of eigenvalues

Agl) and A§2), which are constant as frequency tends to zero making formulation
stable down to DC for simply connected smooth objects.

4.9 Appendix I: Eigenvalues of SVS-EFIE-M Op-

erators

In this Appendix we demonstrate the following eigenvalue relations for the SVS-

EFIE-M operator Tsys
Tevs o (VIY™) = —A@(ViY™), (4.81)

and

Tsvs o (7 x V'Y™) = AD(# x VY™, (4.82)
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FIGURE 4.11: Eigenvalues AS) and Aﬁ?’ for discretization orders n from 1 to
120 at a fixed frequency of 599.584916MHz. Solid lines correspond to the SVS-
EFIE-J formulation and dashed lines correspond to the proposed SVS-EFIE-M
formulation. One can observe that eigenvalues Ag) for SVS-EFIE-J formulation
increase with increasing discretization order n while its eigenvalues A7(12) decrease.
Such spectral behavior may lead to oversampling breakdown of SVS-EFIE-J for-
mulation in practical discretizations. The proposed SVS-EFIE-M formulation has
eigenvalues A%l) and Ag), which remain constant with increased discretization
order n and do not cause growth of the MoM matrix condition number upon
increased discretization order.

where

Tovg o VY™ = TS5 o Wiy™ — 75V o TV:S o gty ™, (4.83)
We start with the surface-surface operator

T35 0 VY™ =i x /éme(r,r”) VY (r")ds" e € S. (4.84)
s
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FIGURE 4.12: Eigenvalues Ag) and Ag) for the range of discretization order.

Solid lines dictate SVS-EFIE-J formulations and dashed lines corresponding to

SVS-EFIE-M formulations. One can observe that eigenvalues Aﬁf) for SVS-EFIE-

J formulation increases with the increasing of the discretization order hence suffer

from oversampling breakdown whereas, A,(ll) is almost constant after certain range

of the discretization order.

Recalling (4.13) and substituting it here for |r| < |r”| we get
Trris © thnm = (—Zk?) Z A1 (’fLX

U (r) / qff,f’)_m,,(r”)-VtYnm(f'”)ds”Jr
s

A X e (r) / P () - thW")ds”) . (4.8)
S
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By virtue of (72), (74) and (76) in [60], we obtain
TVS;S o Vtynm = Zk}Q Z dn//m// 2

) (r) / gl (") VtYnm(ﬁ”)ds”)

—Zk‘z Z d m!! ajn// k’ a)VtYm( )

1
d;//m// ]{] [/ﬁﬁahfu)(kea)]/5nn//5mm//>

= —ike (ajn(kea)[keah(? (kea)]) VY™ (7). (4.86)

Recalling (4.49), it follows from the above that

TS5 o VY™ = —ASS  wiy™m = — (% — An> viy™, (4.87)

2,me,n

Similarly, recalling (4.84),

TS o (P x VIY") = AV (F x V'Y") = — (1

1,me,n 2

+ )\n) (7 x V'Y™),  (4.88)

where
ik.a

Ay = —
2

P (kea)([keajn(kea))' + ju(kea)[kcah? (kca))] (4.89)

which is called compact factor. The relationships among A, and 1/2 + ), can be
found by using the Wronskian relation for Riccati-Bessel functions [(80)-(82) in [60]]
and [62].
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Next, we consider the surface-volume-surface operator in (4.83). Using definition of

integral operators (4.8), (4.9) we have

T o Tnl o V'Y, = kie — 1)

— iky Z Qi 71 % / ' (qn%Pgl,x Vg () + pU ()

) ) e [ (P10

n/;m’

a0 ()P (1)) - V) ds”
6 — 1 Zlfo Z dn//mulk Z dnm ( qn2/97)n/,
/éﬁwwwp 00 [ ) Y
v S
) xpLQ,,,)n,,(r)/pS,?)m,,( oK qulj,)L( Ndv'
1%
/ pC (") - VY () ds" +
A x () [ ) ah )
174
(2¢) tyvm "
[ B s
’i:'/ X p;//,r)n ( )/p;llf))_m/,(’r/) .pil,zl(’]“l)d’(}/

/qf,f)_m,(r”) : VtYnm(f”)ds”) . (4.90)
S
After using [60], we can simplify the above to

TEV o TS o VY™ = k2(e — 1) (iko) Z )

Z dn m/n X pn2,,0737/// (T) / pflllf))_m//( /) pflljr)l< />d’()/
\%4

/ gl (") VY (R ds". (4.91)
S
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With reference to (113) in [35] [see Appendix I], the above equation can be reorga-

nized, as follows:

T3V o TVS o VY™ = k2 (e — 1) (iko) (ik.)ah® (koa)
/ i (ko) ju (ke )r2dr [hah® (ko) VY ()
0

= Ay TihAyS VY (4.92)

2,me,n

Derived relation (4.92) is stated in abbreviated form as eigenvalue relation (4.57).

Eigenvalue relation (4.60) can be proven in a similar manner.
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Conclusions and Future Work

5.1 Conclusions

This research presents exact solution of the Surface-Volume-Surface Electric
Field Integral Equations (SVS-EFIE) with Galerkin Method of Moments (MoM) for
the problem of the radial or tangential electric dipole radiating in the vicinity of a
homogeneous non-magnetic dielectric sphere. The solution is obtained by utilizing
rotational and irrotational complete sets of orthogonal vector spherical harmon-
ics as basis and test functions according to the Helmholtz decomposition. In this
work, we studied the electric current based Surface-Volume-Surface Electric Field
Integral Equation (SVS-EFIE-J) and the novel magnetic current based Surface-
Volume-Surface Electric Field Integral Equation (SVS-EFIE-M) for a non-magnetic

penetrable scatterer.

In the developed analytic MoM solution the expansion of the unknown fictitious
current in the single-source SVS-EFIE is performed over the eigenfunctions of its
integral operator. Spectral analysis of the integral operators forming the SVS-EFIE
is conducted. The Galerkin testing of the SVS-EFIE-J and SVS-EFIE-M are per-

formed in different functional spaces and spectral properties of the resultant MoM

118



Chapter 5. Conclusions and Future Work 119

impedance matrices are analyzed. It is shown that in order for the MoM impedance
matrix condition number to remain bounded under condition of the increasing dis-
cretization order the SVS-EFIE-J must be tested in Sobolev space H d_“l}/ 2(S) and
SVS-EFIE-M must be tested in L?(S).

The analytic MoM solution of the SVS-EFIE-J and SVS-EFIE-M are compared
against Mie series and are shown to match the latter to 12 significant digits, hence,
proving the rigorous nature of the SVS-EFIE formulations and exactness of their
MoM solutions. Moreover, both the spectrum of the continuous integral operator
of this new magnetic current based SVS-EFIE-M and the spectrum of its MoM
matrix remain bounded at low frequencies and upon oversampling. Although the
presented analysis shows how performing MoM solution in the proper functional
space can eliminate the oversampling breakdown and the low frequency breakdown
for a spherical scatterer, it is reasonable to expect that similar spectral behaviour
of the SVS-EFIE-J and SVS-EFIE-M operators will take place for the sufficiently

smooth simply connected scatterers of arbitrary shape.

The main contribution of the presented analytic MoM solution of the SVS-EFIE-M is
in demonstration of its superior spectral properties to the alternative integral equa-
tions formulations for dielectric objects such as PMCHWT, Muller, EFIE, MFIE,
CFIE, and SVS-EFIE-J. Specifically, it is shown that for smooth simply connected
objects SVS-EFIE-M formulation leads to MoM solution with no low-frequency or
oversampling breakdowns within easy to handle L?(S) space inner products. Note
that alternative formulations such as PMCHWT, Muller, EFIE, MFIE, CFIE, and
SVS-EFIE-J do not possess such desired spectral properties and suffer from the

above breakdowns upon discretization.

In case of the MoM solution of the surface EFIE or MFIE on a sphere (PEC or
PMC), the surface spherical harmonics taken as both the basis and test functions
are the eigenfunctions of the EFIE and MFIE operators on the sphere. They also
have desired orthogonality properties (see [45] for details). As a result, Galerkin



Chapter 5. Conclusions and Future Work 120

MoM casts impedance matrices into the diagonal form. Such MoM formulation also
exhibits exponential converge to the solution. Because of this, the Galerkin MoM
is the most convenient formulation for solving EFIE, MFIE as well as SVS-EFIE-J
and SVS-EFIE-M on a sphere. That is the reason it was the formulation of choice

in [60]) and in our work.

The Galerkin RWG MoM solution of the SVS-EFIE-M equation for the practical
engineering problems with smooth simply connected dielectric objects is expected
to produce similar spectral properties of the matrix equation and be free of the

low-frequency and oversampling breakdowns.

5.2 Future Work

e [t is important to emphasize that MoM testing of SVS-EFIE-J in the Sobolev
space H C;i/ 2(5 ), eliminates the oversampling and low-frequency breakdowns,
while the MoM solution of the SVS-EFIE-M in the simpler L?(S) space elimi-
nates such breakdowns also. However, internal resonances of SVS-EFIE remain
unaltered. Remedies for this internal resonance breakdown require further in-

vestigation.

e The spectral properties of the MoM solution of regular EFIE and MFIE on a
PEC sphere in [45] mimic those of RWG MoM solution for arbitrary smooth
PEC objects. Similarly, spectrum of the matrix equation resultant from the
MoM discretization of the SVS-EFIE is expected to mimic that of its contin-
uous operator. Indeed, this is yet to be demonstrated numerically, which is

subject of future work.
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