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ABSTRACT

Fully developed, laminar, mixed convection is analyzed in
horizontal tubes with two vertically oriented internal fins. Con-
stant heat input axially and uniform wall temperature circumfer-
entially are assumed. A mathematical model was developed for
which the solution was obtained using the finite difference meth-
od applied on a Marker and Cell type of mesh.

Results are presented for a Prandtl number of 0.7, Grashof
numbers of upto 10¢ , and fin height to internal radius ratios of
0 (smooth tube), 0.25, 0.50, O0.75 and 1.0. These results include
the secondary flew, axial velocity and temperature distributions
and local heat flux distribution. Engineering parameters such as
the friction factor and Nusselt number are then evaluated based
on these distributions.

Free convection effects are found to be significant, espe-
cially for large Grashof numbers and short fins. Fins are found
to suppress the free convective currents. The percentage increas-
es in Nusselt number and friction factor over their forced con-
vective values are found to decrease as the fin height increases.
In all cases considered, the percentage increase in Nusselt num-
ber (due to free convection) is significantly higher than the per-

centage increase in friction factor.
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NOMENCLATURE

English Symbois

A cross sectional area of the tube [m2]

c specific heat at constant pressure [J/kg K]
D continuity term, defined by equation(k.7)
Fr gravitational body force per unit volume in the radial

direction [N/m3]
F¢ gravitational body force per unit wvolume in the angular

direction [N/m3]

f mean friction factor,defined by equation(5.5)

Gr Grashof number, (8pnagQ)/(02TTK)

g acceleration of gravity [m/sec?]

H non-dimensional fin height, f/a

h mean convective heat transfer coefficient, defined by

equation (5.9). [W/m2K]

iy indices in the R and ¢ directions, respectively.

k thermal conductivity [W/m K]

£ fin height I[m]

Nu Nusselt number, 2hr/k

P non-dimensional pressure, defined by equation(3.8h)
Pr Prandt] number, Hc/k

p pressure [N/m2]

Q input heat rate per unit length [W/m]

q" local heat flux [W/m2] -

- vi -



all

Ra

Re

Wh

mean heat flux [W/mz]

non-dimensional radial coordinate,r/m

Rayleigh number, Gr Pr

Reynolds number,2w r/

radial coordinate [m]

internal radius of the tube [m]

temperaiute [K]

wall temperature of the tube and fins [K]

bulk temperature of the fluid [K]
non-dimensional time,T /n?

radial velocity (non-dimensional),
tion(3.1ka)

radial velocity(non-dimensional),
tion(3.8d)

radial velocity [m/sec]

angutar velocity(nondimensional),
tion{3.1Lb)

angular velocity{non-dimensional),
tion(3.8e)

angular velocity [m/sec]

defined by

defined by

def ined by

defined by

axial velocity (non-dimensional),defined by

tion(3.14d)

axial ve}oc}ty(non—dimensional),
tion{3.8f)

axial velocity [m/sec]

bulk velocity of the fluid [m/sec]

- vii -

defined by

equa-

equa-

equa-

equa-

equa-

equa~



z axial coordinate{non-dimensional), defined by equa-
tion(3.8b)

z axial coordinate [m]

Greek Symbols

volumetric coefficient of thermal expansion [K-%]

e temperature (non-dimensional), defined by equation (3. 14c)
e* temperature (non-dimensional), defined by equation(3.8g)
K viscosity [N sec/m2]

v kinematic viscosity [m2/sec]

e fluid density [kg/m2]

e, fluid density at wall temperature tkg/m‘*}

angular coordinate

.

T time [sec]
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Chapter |

INTRODUCTION

The need for compact heat exchangers has invigorated an ex-
tensive research into different methods of heat transfer augmen-
tation.‘ This research has so far proposed several methods. Some
of these methods, e.g., surface vibration, electrostatic fields
and fluid additives are not suftable for most applications on ac-
count of additional costs and requirements of auxiliary power.

A more attractive technique is that of surface proﬁoters,
which is designed to reduce the thermal resistance at the surfac-
es of the tubes. Due to its simplicity, this technique has gained
special attention. The internally finned tubes belong to this
class and have become extremely popular in recent years. Feasi-
bility of manufacturing and significantly improved heat transfer
performance over smooth tubes are the main reasons for the suc-
cess of these tubes. However, the enhancement in the rate of heat
transfer is achieved at the cost of increased pumping power.
Shape and type (straight or spiral) of internal fins, their rela-
tive height, interfin spacing and many other parameters were re-
ported to have an influence on the tube performance of these
tubes.

For internally finned tubes, both laminar and turbulent

flows were studied, several tube configurations were considered



2
and data on the corresponding pressure drop and heat transfer
performance were reported. Analytical and experimental techniques
were used in these investigations. The mathematical models used
in both laminar and turbulent flow situations assumed pure forced
convection. For the case of turbulent flow, the analytical and
experimental results showed close agreement. On the other hand,
the analytical! predictions of laminar heat transfer deviated sig-
nificantly from the experimental results. This deviation is at-
tributed to the presence of free convection inside the tube,. In
turbulent flow where the inertia forces are much larger than the
viscous forces, free convection effects are normally insignifi-
cant. Hence, the analytical predictions are expected to match
well with the experimental data. In laminar flow, free convection
is known to have significant effects on the velocity and tempera-
ture distributions within the flow cross section and hence cannot
be ighored in the analysis.

From a mathematical point of view, inclusion of free convec-
tion into the analysis of laminar fluid flow and heat transfer
through internally finned tubes is a difficult task. |In order to
model mixed free and forced convection mathematically, the system
of governing equations becomes highly non linear and hence ex-
tremely difficult to solve. Tube orientation is yet another fac-
tor which determines the nature of these equations. For vertical-
iy oriented tubes, the forced and free convection currents are
unidirectional and hence the analysis requires solutions of two

dimensional velocity and pressure fields. In horizontal tubes,
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free convective currents are perpendicular to the forced convec-
tibn_and three dimengional velocity and pressure fieids are re-
quired to be solved. 1in the literature, no analysis is available
where, the laminar mixed convection problem in horizontal inter-
nally finned tubes is investigated.

The motivation behind the present study is to include the
effects of free convection in fully deveioped laminar flow of air
{Pr=0.7) inside internally finned tubes. Two straight longitudi-
nal fins of wvariable height are incorporated in the smooth tube
geometry to simplify the analytical complexities. Constant axial
heat input is assumed at the wall. With this geometry and bounda-
ry condition, objectives of this work can be summarized as fol-
lows:

1. To investigate the effects of fin height and Grashof num-
ber on the following parameters:
a. Secondary fiow induced by free convection currents.
b. Axial velocity and temperature distributions.
¢. Local heat flux distribution aleng the circular
tube wall and fins.
d. Overall values of friction factor and Nusselt number.
2. To establish an analytical background for further research
in the same area where more than two internal fins are

considered.



Chapter 1I!

LITERATURE REVIEW

Analysis of laminar fluid flow and heat transfer in horizon-
tal tubes where a veritable proposition of mixed convection is
taken into consideration, poses serious difficulties. When the
problem is approached anaiytically, complexity of the governing
partial differential equations, as will be seen later, makes at-
tainment of exact solutions a formidable task. Early analysts
seeking closed form solutions, mostly made their models very ex-
clusive by employing various simplifying assumptions. Consequent-
ly, their solutions became either very restrictive or completely
unrealistic [1].

The analysis is further intricated if.the flow cross section
deviates from the simple circular geometry of smooth tube. Exper-
imental results therefore, remain the main source of information
when design considerations are made. Today however, the painful
and time consuming task of experimental research can be substan-
tially reduced by incorporating modern computer technology, and
many variations of a given problem can be studied with relative
ease.

It has been experimentally observed that introduction of

internal fins substantially increase$the rate of heat transfer at

the cost of increased pumping power. During laminar fiow, *free
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convection effects are expected to be significant. It is desira-
ble therefore to study this problem analytically. As will be
seen in this review, the case of laminar mixed convection in hor-
izontal internally finned tubes has not yet been solved.

In the perspective of above discussion, it is imperative
that experimental as well as mathematical researches involving
both the smooth and internally finned horizontal tubes be re-
viewed. Since the present solution was developed numerically, it
was also felt important that a brief literature survey of some
widely empioyed numerical methods pertaihing to incompressible
fluid fiow and heat transfer problems be included. This chapter
is therefore divided into three sections. Selected literature is

reviewed in respective context with reasonable brevity.

2.1 SHMOOTH TUBES

2.1.1 Experimental

Experimental work done in the area of incompressible flow
and heat transfer in horizontal tubes, where the presence of sec-
ondary flow is recognized goes back to the 1920°'s. However, it
was not until the late 1950's that serious attention was paid to
the enhancement of heat transfer and pumping friction due to the
existence of secondary flow.

Essentially,two limiting boundary conditions were imposed at
the tube wall. One corresponds to the isothermal tube-wall, and
the other is the case of constant wall heat flux. In the case of

constant wall heat flux, a constant temperature difference exists
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between the fluid bulk temperature and the tube wall in the fully
developed region. This difference generates density gradients
causing secondary flow perpendicular to the main or primary flow.
It can be said (given everything else constant) that app]iﬁation
of higher heating loads would augment the intensity of secondary
flow. Hence, free convection exists not only through_tﬁe entire
length of the tube but, its magnitude is proportional to heating
loads. Grashof and Rayleigh numbers are commonly used as dimen-
sionless measures of the intensity of app?iéd heating loads.

McComas and Eckert [2] studied the mixed laminar convection
in horizontal tubes with constant wall heat flux using air as
working fluid. Low heating loads (Gr=1000) were applied and an
attempt was made to correlate Nusselt number with Rayleigh number
and a non- dimensional length ratio. Although these researchers
were doubtful about the usefuliness of this non-dimensional
length ratio, it was however incorporated. Previous researches on
vertical smooth tubes showed a strong dependence on this ratio.
It is to be noted that in vertical tubes the primary and secon-
dary flows are unidirectional , whereas, in horizontal tubes they
are perpendicular to each other, Any dependence of Nusselt num-
ber on length ratios is not intuitively conceived. At low heating
loads, the weak secondary flow does not substantially alter the
values of heat transfer coefficient and friction factor. These
researchers could only observe a slight decrease in wall tempera-
ture compared to that predicted by the forced convective analy-

sis.
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A significant work where higher heating loads were applied
was carried out in the Soviet Union. Petukhov and Polyakov [3,4]
experimentally investigated the local heat transfer during lami-
nar flow of water in 2 horizontal stainless steel tube subjected
to constant wall heat flux. The measurements were performed over
a Reynolds number range of 50 to 2L0OO and Raylefgh number varying
from 2x10* to Lx107’. They proposed a correlation egquation for the
average Nusselt number as a function of Rayleigh number alone.lt
was reported that due to the presence of free convection, the
wall temperature varied considerably over the perimeter of the
tube.This fostered the notion that there exists in the upper por-
tion of the tube, a region where fluid has a relatively high
temperature and which is not encompassed by the cross circula-
tion. For the values of Rayleigh number of the order of 10¢ , av-
erage Nusselt number was reported to have increased about three-
fold over the forced convective value. Another interesting
feature reported is the delay of laminar-turbulent transition in
terms of Reynolds number. Higher values of Reynolds number were
needed to reach this transition in comparison with the case of
pure forced convection.

Shannon and Depew [5] reported similar findings. Water was
used in a smooth copper tube and a fully developed velocity pro-
file was established at the onset of heating. Reynolds number
ranged from 120 to 2300 and the highest value of Grashof number
was 2.5x105. The thermal entry region was found to be very

small. Values of Nusselt number two-and-a-half times larger than
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those expected from forced convect%on were found at this value of
Grashof number .Nusselt number was correlated with Rayleigh num-
ber.

The additional factor of wall conductance was incorporated
by Bergles and Simonds [6] .They used glass and copper tubes sub-
jected to constant wall heat flux and water was wused as working
fluid. This study reported a qualitative and visual picture of
the effects of free convection on forced convection. Reasonably
high heating loads (Ra=10®%} were applied. At this high value of
Raylieigh number, the heat transfer coefficient reached three to
four times the wvalue predicted by traditional forced convective
solutions where secondary flow is altogether ignored. An impor-
tant feature of this study was the identification of upper and
lower bounds of the average Nusselt number at high heating loads.
Since the presence of free convection lowers the wall tempera-
ture, conductivity of the tube material determines these bounds,
For practical purposes, glass and copper tubes were assigned
these lower and upper bounds, respectively. Based on these con-
siderations, a tentative composite prediction plot was recommend-
ed, which matched well with the correlations suggested by Petuk-
hov and Polyakov [3,4] who used a stainless steel tube.

Morcos and Bergles [7] extended this work to ethylene gty-
col. They empioyed glass and stainless steel tubes and confirmed
the arguments suggested by Simonds and Bergles [6]. For fully de-
veloped laminar fiow, Nusselt number primarily depended upon Ray-

leigh number, however, a dimensioniess tube wall conductance pa-
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rameter was also required to correlate the heat transfer data. In
this study,effects of increasing Rayleigh number on pumping fric-
tion were also investigated. The friction factor was found to in-
crease with Rayleigh number, however, its relative increase in
comparison with Nusselt number was small.

For the case of isothermal wall, reasonable amount of work
has been reported. |In horizontal isothermal tubes, the effect of
free convection on forced convection is present only in the ther-
mal entry region. As the fluid travels down the tube length,the
fluid bulk temperature approaches the wall temperature. At one
point,the wall to bulk temperature difference becomes small, thus
eliminating the cause of free convection. it is therefore obvious
that,in the case of isothermal tubes, some characterstic length
based on the tube dimensions be incorporated in establishing cor-
relations.

Brown and Thomas [8] investigated combined free and forced
convection heat transfer for laminar flow in horizontal isother-
mal tubes. Water was used as working fluid and Nusselt number was
correlated with Graetz and Grashof numbers. Although the values
of Grashof number were not very large, a rise in Nusselt number
values was reported. These researchers suggested that mass flow
rate of the fluid could be an important factor 1in establishing
meaningful correlations. The argument was based on finite length
tubes, where only forced convection was considered. it was argued
that at higher flow rates, the temperature profile remains steep

at the sides of the tube whereas at iower flow rates the profile
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becomes more curved, and temperature gradient at the wall is
therefore small. |f free convection is to be superimposed on the
_above two cases, it could be reasonable to assume that the steep-
er temperature profile would give rise to a greater rate of mix-
ing, hence it was concluded that heat transfer enhancement due
to free convection would depend on flow rates as well.

Depew and August [9] confirmed the argument that mass flow
rate could be an important factor. They however challenged the
assumption that the length to diameter (. L/D ) ratio could be a
significant parameter in free convection functions. Analysis of
relatively short tubes helped conclude this objection. Since the
temperature gradient at the wall falls with the increasing dis-
tance along the tube length, the gradient for a short tube would
remain relatively steep for the entire length. It was presumed
that short thin tubes would exhibit relatively higher natural
convection effects than longer tubes, hence {( L/D) ratio loses
its significance as a universal entity. In an attempt to derive a
correlation between Nusselt and Grashof numbers, viscosity was
found to have profound effects. Hence, Prandt] number was incor-
porated as-an independent parameter.

In both of the above two researches, the influence of free
convection was found to be substantial as far as enhancement in
the rate of heat transfer is concerned. Yousef and Tarasuk [10]
conducted an interferometric study of isothermal tubes. Reynolds
number ranged from 120 to 1200 and, Grashof number varied from

0.8x10% to B.7x10+. A wide variety of ( L/D ) ratios was inves-
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tigated (L/D = 6 - 46 ). These investigators employed Mach-Zen-
der interferometer to determine the three dimensional temperature
field and the circumferential and average Nusselt number for air
in the entry region. Significant changes in temperature profile
from that of pure forced flow case were noted. Nusselt number at
the bottom was reported to be as high as five times the value at
the top. Intensity of free convection was found to be maximum at
the tube inlet, while in the fully developed region, no secondary
flow was found. In a later report [11] , the same investigators
proposed correlations between Nusselt number and parameters such
as Grashof number, Graetz number and Prandtl number. The signif-
icant feature of this work had been fhe use of a wide range of (
L/D ) ratios and confirming Graetz number as a significant corre-
lation entity. It was also stated that the interferometric stud-

ies offered maximum possible experimental precision to date.

2.1.2 Analytical

Many attempts have been made to analytically investigate the
problem of laminar mixed convection in horizontal tubes. For both
types of limiting boundary conditions, various mathematical mod-
els were proposed. Exact methods and numerical techniques were
employed in solving these modelis. An excellent summary of this
work upto 1972 was reported by Hong and Bergles [12] .

In general, these models were restricted in one way or an-
other. Various simplifications such as limits on the value of

Prandtl number, restrictions on boundary conditions, neglecting
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wall conductance &and inertia terms in the governing equations
have made these models limited. Most of this work considered
isothermal tubes and the case of constant wall heat flux for high
values of heating loads is hardly available. It is interesting to
note that the span of the present analysis would possibly fill a
gap in the existing literature on smooth tubes as well.

For the case of uniforh wall heat flux, Hong and Bergles
[13] have theoretically investigated the problem of combined
forced and free convection in horizontal tubes. The flow was as-
sumed to be fully developed with a large Prandtl number., Viscosi-
ty and density were assumed to be temperature dependent. The
analysis assumed uniform heat flux axially and circumferentially.
Secondary flow was assumed to be composed of two regions: a thin
boundary layer near the tube wall and a core which was enclosed
by the boundary layer. Governing equations were separately solved
analytically for the two regions. As a result of this analysis,
Nusselit number was expressed as a fourth order function of Ray-
leigh number. Results were compared with the experimental data of
ethylene glycol and good agreement was reported. This comparison
was however made at relatively small heating loads ( Ra=10¢) .
As will be seen later, and as was also reported by Petukhov and
Polyakov [3,4] , significant wvariation in the circumferential
distribution of heat transfer results occur at high heating
joads. Thus, the assumption of uniform circumferential wall heat
fluk no longer remains valid at high values of Rayleigh number.

Hence, the analysis cannot be used there for accurate prediction.
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Moreover, because the analysis assumed large values of Prandtl
number, it is not applicable to most common fiuids such as air
and water, even at low heating loads.

Patankar et al. [i4] have analytically studied a situation
where heating was considered to be circumferentially non-uniform.
Prandtl number values of 0.7 (air) and 5 (water) were used. Den-
sity was assumed temperature dependent only in the buoyancy term
where Boussinesq's approximation was invoked. Two boundary condi-
tions were considered. in the first case, the tube was heated
uniformly over a 180 degree arc encompassing the upper half of
its circumference, while the lower portion of the tube was kept
insulated. For the second case, the situation was reversed. |In
both the cases, heat addition per unit length was axially uni-
form. Since solutions were sought for conditions where the natu-
ral convection was a first order effect rather than a perturba-
tion of forced convection, numerical techniques were required. At
high values of Grashof number, an augmentation of heat transfer
was noted for both cases. This effect was more pronounced for
the case of heated wupper half., Vatlues of the friction factor
coefficient exhibited similar increasing trends. However, in com-
parison with the increase in Nusselt number, the percentage in-
crease in friction factor was much smallier. Heat transfer was
found to be independent of Reynolds number in the fully developed
region. |

Analytical studies directed towards establishing solutions

for the entry region in isothermal tubes are relatively more nu-
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merous. Hieber et al. [15] investigated mixed convection in an
isothermally heated horizontal pipe. A large Prandtl number was
assumed. Analysis was limited to a Reynolds number range of 100
to 1000. The solution domain for the entry region was decomposed
into four regions; namely, the near region, the intermediate re-
gion, the near intermediate region and the far region. In the
near region, the velocity profile was approximated by the Blausi-
us distribution which was used to calculate the buoyancy forces.
The far region was totally free of secondary flow. The governing
equations were integrated in these regions with various approxi-
mations. Results thus obtained expressed Nusselt number as a
function of Reynolds number, Grashof number and the ( L/D ) ra-
tio. After incorporating numerous corrections, the theory was
claimed to agree well with the experimental results.

Ou et al. [16] in contrast to Hieber et al. [15] solved the
governing equations for the entrance region of an isothermal
tube. Their analysis also used a large Prandtl number assumption
( Pr > 10 ) and provided numerical results. The large Prandtl as-
sumption renders the inertia terms in the vorticity transport
equation negligible, thus simplifies the solution procedure. Re-
sults are however Jlimited to viscous fluids. These analysts
solved the governing equations using the finite difference method
and could only use Grashof number values upto 10¢. Beyond this
value, the method of solution showed instabiiity. Results were
found to be in close agreement with the existing data on ethyl-

alcohol and glycerol-water mixture.
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Hishida et al. [17] solved the therma} entry region probiem
for isothermal tubes. Though the highest value of Grashof number
corresponded to moderate heating loads ( Gr=10%), no restriction
on Prandt] was imposed. Dimensioniess momentum and energy equa-
tions were solved using the "MAC" approach which will be dis-
cussed later. Pressure was obtained from a Poisson form of the
pressure equation and stability of the finite difference scheme
was restored based on similar methods as will be used in the
present analysis. The present author however, views the conver-
gence criterion used by these analysts with some skepticism.
in both types of boundary conditions, the author is unaware
of a model where no serious assumption to simplify the eguations
have been used while sufficiently high heating loads are applied.
The present analysis assumes constant heat application per unit

jength with no restriction on Prandti number or heating load.

2.2  HORIZONTAL INTERNALLY FINNED TUBES

2.2.1 Exper imental

Relatively few studies are available for the internally-fin-
ned-tubes performance. An excellent summary of this work upto
1968 was reported by Bergles [18] and updated upto 1970 by Ber-
gles and wWebb [19].

Watkinson et al. [20] obtained data of pressure drop and
heat transfer of horizontal internally finned tubes in lTaminar
oil flow. Tubes with variable number of straight and spiral fins

were used. A steam jacket surrounded the test section to ensure
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an isothermal boundary condition. Various kinds of oil ( Pr =
180 - 250 ) were used and Reynolds number ranged from 50 to 3000.
At Reynolds number of 500, heat transfer was enhanced over smooth
tube values by 8 to 224 percent depending on the tube geometry.
For the same value of Reynolds number and pumping power, the in-
crease in heat transfer ranged from 1 to 187 percent. It was re-
ported that, given all other conditions unchanged, fewer but
longer fins gave larger heat transfer coefficients. This study
proposed correlations for Nusselt number as a function of number
of fins, Reynolds number, Grashof number and ( L/D } ratio. For
straight fins, the reciprocal of the number of fins was employed
in these correlations while inter-fin spacing to pitch ratio was
used for spiral fins.

Marner and Bergles [21] studied the heat transfer charac-
terstics of an internally finned tube with ten longitudinal fins.
Uniform heat flux was applied on the tube wall and very limited
data was reported. Dependence of Nusselt number on Prandtl num-
ber was shown, but no correlation was reported.

For the uniform wall heat flux case, no comprehensive exper-
imental work has been reported to date for horizontal internally
finned tubes. A work of this nature is in progress at Heat
Transfer Laboratories of the the department of Mechanical Engi-
neering, University of HManitoba. it is anticipated that very

comprehensive data will be reported in the near future.
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2.2.2 Analytical

The author is unaware of any analytical work where horizon-
tal internally finned tubes were treated for the situation of
mixed laminar convection. This problem was however solved under
forced convective flow conditions where secondary flow was neg-
lected.

Hu and Chang [22] investigated the heat transfer of fully
developed laminar flow in straight finned tubes. Fins were con-
sidered very thin. It was assumed that a constant heat flux ex-
isted over the cylindrical tube surface and along each fin. This
assumption is unrealistic and could lead to very misleading re-
sults. These analysts tentatively suggested an optimum point in
terms of number of fins and their height as parameters. For no
viscous dissipation and no internal heat generation, a tube with
22 internal fins and of fin height to tube radius ratio of 0.795
gave the highest Nusselt number value.

As a pre-requisite to study the forced convective heat
transfer characterstics of internally finned tubes, Nandakumar
and Masliyah [23] obtained a finite element solution of the mo-
mentum equation describing laminar fluid flow in straight finned
tubes. It was concluded that Reynolds number, inter-fin spacing
and fin height determined the value of friction factor.

An improvement was later made by Soliman and Feingold [24]
who developed an infinite series solution for the velocfty dis-
tribution and friction factor. A fin shape which resembled close-

ly the real fin configuration was used in this analysis. Flow was
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assumed to be fully developed and iaminar. For tubes with long
fins, secondary loops were found to exist within the inter-fin
region. This work was extended by same analysts [25] to include
the heat transfer case. For wvarious combinations of fin height
and thicknesses, it was found that the Nusselt number increased
with the number of fins ' M ' upto a critical value of M. Beyond
this value, a reversal of trend occured. Soliman [26] included
the effect of fin conductance. Under uniform heat flux axially
and constant outside wall temperature circumferentially, the heat
transfer characterstics were influenced by the product of the fin
half angle and the ratio of thermal conductivity of fin material
to that of fluid.

Soliman et al. [27] investigated the isothermal wall bounda-
ry condition in internally finned tubes. Fin conductance was tak=-
en into account and a finite difference solution was obtained for
variable number of fins and fin heights. A very interesting fea-
ture of this analysis is the fact that fin surface proved to be a
more effective heat transfer surface than the tube wall. This was
observed for about the whole range of number of fins used. From
the results, it was concluded that the heat transfer coefficient
along the side of the fins was not uniform. |In previous analyses
e.g. [20] , this finding is contradicted when fin efficiency was
calculated. |t would be very interesting to note the results of
present analysis pertaining to this area.

An important analysis where the effects of buoyancy forces

on the overall heat transfer enhancement were considered, was
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carried out by Acharya and Patankar [28] . Laminar mixed convec-
tion was analysed in a shrouded fin array. Results were reported
for three values of tip c¢learance and two boundary conditions.
For hot fin and base, which is most relevent teo the present anal-
ysis, it was found that the Nussel!t number increased with.Grashof
number and tip c¢learance, Maximum value of MNusselit number was
obtained when the tip clearence was equal to the fin height. For
the same value of fin height, maximum amount of heat was trans-
fered from the fin surface. Coefficient of friction showed simi-
lar increasing trends with a maximum value again corresponding to
the case where. the tip clearance was equal to the fin height.
Though this geometry cannot provide an estimate for internally
finned tubes, it greatly motivates an analysis where both the ef-
fects of internal fins and the presence of free convection are
simulitaneocusly analysed. The present study is directed towards
this same goal.

Prakash and Patankar [29] solved the combined free and
forced convection problem in vertical tubes with radial internal
fins. Although this configuration is different from the hori-
zontal tubes and wunidirectional primary and secondary flows make
the solution procedure considerably simpler, however, the analy-
sis provides important information about the effects of buoyancy
on forced convection. Flow was considered fully developed laminar
and constant axial heat flux was assumed. Rayleigh number varied
from 10 to 10% and several tube geometries in terms of number of

fins and their relative heights were considered. Finite differ-
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ence forms of governing partial differential equations which
were obviously not a function of angle, were numerically solved.
The buoyancy force was found to increase significantly both fric-
tion and heat transfer in the finned tubes; augmentation factors
in the range of 5 to 10 were encountered for the heat transfer
process. Ajthough friction coefficient showed an increase as
well, corresponding augmentation factors were much less than the
heat transfer. The effect of buoyancy was particularly strong

when less fins of shorter length were analyzed.

2.3 NUMERICAL METHODS IN INCOMPRESSIBLE FLOW PROBLEMS

A compliete survey of all the n;merical techniques pertaining
to incompressible fluid flow and heat transfer problems is beyond
the scope of this thesis. An excellent survey with brief discus-
sion on nearly all numerical methods in fluid dynamics is pre-
sented by Roache [30].

The finite difference method remains the most widely em-
ployed numerical technique to solve the governing differential
equations. Miyakoda [31] has discussed various possibilities to
implement this method for incompressible fluid flow problems. His
work reviews and explains some basic forms of partial differen-
tial equations appearing in the area of incompressible fluid
flow, Solution procedures and stability criteria are also dis-
cussed.

Two standard procedures are usually employed to establish

solutions for the incompressible fluid flow problems. The first
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approach is to solve the primitive equations without any altera-
tions or functional transformations. Primitive variables are cal-
culated directly using any applicablie standard method. The second
approach is to transform the primitive equations into vorticity
transport and stream function equations. Pressure is eliminated
from the system by cross differentiation of momentum equations
and solutions are expressed in terms of wvorticity and stream
functions. |f required, primitive variables can be determined by
integrating the obtained values of vorticity and stream func-
tions.

The primitive approach is recommended [30] for problems with
free surfaces or fluid interfaces. |In most of the cases however,
the vorticity-stream function approach provides easier formula-
tions and shorter computational time.

For the present analysis, the primitive variable approach
was chosen. It provides a first hand description of the secon-
dary flow and pressure distribution which can be found without
further manipulations.

Both of the above approaches could be incorporated for
steady incompressible flow and the same soiution procedures can
be applied. These solution procedures can be divided into two
classes in general. The first class treats steady state equa-
tions as they are and either direct non-iterative or iterative
methods are applied to establish a solution. in this class, the
Spalding-Patankar method [32], has found extensive use. This ful-

ly implicit finite difference scheme is essentially designed for
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duct flow or boundary layer problems where stream wise second
derivatives of unknown variables can be neglected. This enables
solutions to be obtained by starting with any known values in the
axial direction and marching downstream in the flow direction.

The second class of methods for steady state problems is the
method of pseudo or ''false' transient. The basic idea behind this
technique is to consider a steady state problem temporarily un-
steady. Transient solutions are successively obtained or a
"marching in time' process is carried out to a point where, no
change in the values of variables with time is observed. Since at
this point, the time derivatives vanish, the results can be con-
sidered of a steady state. Roache [30] has proved that the
false transient approach is equivalent to the steady state meth-
ods of the first class discussed earlier. He argued that, since
the transient approach does not presume a steady state solution,
it is preferable. |In some instances, although a steady state is
assumed to exist, in reality it may never exist at all. This ap-
proach is also prefered because the Von Neuman stability criteria
are well established, whereas in the steady state schemes, ra-
tionally derived criteria are hardly available. Various schemes
to solve false transient or transient equations are avajilable and
are schematically summarized by Roache [30].

In the incompressibie fiuid flow eguations, the finite dif-
ference form of non-linear convection terms produce some insta-
bility. This is caused by accumulated truncation errors. In early

investigations, when the phenomenon was not properly understood,
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shorter time steps were used as a remedy. |In other words, vari-
ables were under-relaxed to very small values. A delayed diver-
gence or meaningless results were obtained. Harlow and Welch [33]
proposed a method where, in addition to the recognition of this
problem,a solution technique was recommended. This method has
been used in the present analysis and is discussed at length in

chapter IV,



Chapter 111

STATEMENT OF THE PROBLEM

3.1 PHYSI1CAL MODEL

The geometry under consideration is that of a horizontal
tube with two longitudinal internal fins shown in figure 3.1 .The
tube has an inside radius r, and the fins are straight longitudi-
nally. For this geometry, the c¢ylindrical coordinate system
(r,¢,2) is the obvious choice.

The present analysis considers only hydrodynamically and
thermally fully developed laminar flow with uniform axial heat
input. Consequently, the values of velocity, axial pressure gra-
dient and axial temperature gradient are invariant along the z
axis.

The fluid is considered incompressible with constant physi-
cal properties. The density is temperature dependent only where
buoyancy effects are considered. The fins and the tube wall are
assumed to be of negligible thickness and negligible thermal re-
sistance. As a result, the temperature can be considered uniform
circumferentially throughout the tube-wall and fins. This assump-
tion closely approximates real life situation where tubes with
internal fins are made of highly conductive material such as cop-

per.

-le“
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Fig. 3.1

Tube geometry and coordinate system
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There is no restriction on the type of fluid and therefore
any realistic value of Prandtl number could be incorporated in
the analysis. There 1is also no restriction on the magnitude of
the applied heating load and hence the analysis can incorporate
any value of Grashof number for which a numerical solution is
possible.

Application of heat at the wall would create a temperature
difference between the fluid close to the wall and the fluid away
from it. This in turn would create density gradients throughout
the cross section which cause free convection or secondary flow
perpendicular to the axial or primary flow. The hot and hence
Tight fluid moves wupwards while the heavier fluid comes down to
take its place. This phenomenon is responsible for secondary
loops whese motion can be described in terms of the radial and
angular components of the velocity vectors. Unlike pure forced
convection where heat is convected only axially, secondary flow
improves the temperature mixing process, thereby enhancing the
heat transfer. This secondary motion however acts as an obstruc-
tion to the primary flow and therefore increases the frictional
drag.

Increase in the inside surface area due to the presence of
internal fins is expected to enhance the rate of heat transfer.
However, the intensity of secondary fiow is likely to decrease as
well, which may decrease the.rate of heat transfer. This adverse
effect hence poses the problem of determining the most efficient

geometry in terms of maximum rate of heat transfer at minimum
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possible pumping power. Tube with two longitudinal internal fins

is analyzed with the same basic idea under consideration.

3.2  MATHEMATICAL MODEL

The problem can be completely described by the Navier-Stokes
equations, continuity equation and energy equation. These equa-
tions after simplifications based on the assumptions mentioned in
the previous section can be written as:

1. Radial Momentum Eguation:

2. Angular Momentum Equation:
§§+{-§—$+%=—%;g¢+m+“{v2v+2g; ) (3.2)
3. Axial Momentum egquation:
u-g‘—;-ar-‘;i-g-gh%gg + B{7w) (3.3)
4, Continuity Equation:
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5. Energy Equation:

pc {u %%-+ %-%% + w %% = kV2T (3.5)

where V2 is the well known Laplacian operator. Equations (3.1) to
(3.5) are five nonlinear partial differential equations in five
unknowns; u,v,w,p and T. The unknowns in these equations are
inseparable, and hence equations (3.1) to (3.5) must be solved
simultaneously. The axial pressure gradient dp/dz will be treated
as a constant since the flow is fully developed. Also, since heat
is added uniformly in the axial direction the axial temperature
gradient dT/dz becomes a constant.

The terms Fr and F¢ in equations (3.1) and (3.2), respective-
ly, represent the radial and circumferential components of the
buoyancy force. Without this force, u, v, dp/dr and 3p/3¢ reduce
to zero and the model reduces to the case of pure forced convec-

tion. Mathematically, the terms Fr and F¢ can be expressed as:

p .
F =-é g sin ¢ | (3.6b)
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where p is the local density, while e is the density correspond-
ing to the wall temperature. Invoking the Boussinesqg's approxima-
tion which assumes basically that the density varies linearly

with temperature, we get:

Fr = —{1-B(T-T )} g cos ¢ (3.72)

F¢ = {I—B(T—'Ew)} g sin ¢ (3.7b}

It is recognized that, a non-dimensional form for the gov-
erning equations is not only convenient for analytical solution
but, in addition the results can also be expressed in a general-

ized form. The following transformations were used to accomplish

this task.
R = ii (3.8a)
Zz W
z==" (3.8b)
H =‘r'% (3.8¢)
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U = H'v_ra (3.8d)
Vo= R (3.8e)
oo -:;lb (3.8%)
g - (T-T_ ) mk / Q (3.89)

It is assumed that, axial pressure gradient is uniform along
the tube cross section. The independence of dp/dz over r and ¢
enables the use of following transformation to simplify the equa-

tions in terms of non-dimensional quantities:

2 (3.8h)
P = E%B- + %%r g cos ¢

In the manipulation of governing equations (3.1) to {(3.5) in ac-
cordance with the transformations introduced in equation (3.8},
the invariance of axial temperature gradient dT/dz is taken into
account and the following equation, derived from energy balance

over a given control volume is used:

ar _ __ Q .
dz Mre Wy pc (3.81)
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With these transformations, a non-dimensional set of

equations corresponding to equations (3.1) to (3.5) can be writ-

ten as:

1. Radial Momentum Egquation:

2. Angular Momentum Equation:

= V5 vrRv* . Uty
U™ =+ = + =
3R R 99 R (3.10)
_1_33____ 2 Ut v*
R 30 8" sing + {V2v*+ = R755 T R?
3 Axial Momentum Equation
« MW" VWX 4p
AR S A AR 619
k. Continuity Equation:
1 av“
% W'R) + 535 = O (3.12)
5. Energy Equation:
38", v*ag” W 1
Ul 4+ 2 88 XL gage (3.13)
3R ' R 3¢ Pr Pr vee
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where Gr and Pr are Grashof and Prandtl numbers defined as:

Gr= fggfﬁ—g__

virk

= HC
Pr .

It is obvious from the above eguations that the dimension-
less flow parameters (W,v,W,P and 8°) at any point (R,p) are
dependent on the values of Gr and Pr. As expected, Reynolds num-
ber is not a factor since the flow is fully developed.

The boundary conditions necessary for sclving the above sys-
tem of eguations are easy to formulate. Due to the symmetry
around the vertical plane passing through the fins, solution need
to be sought for only half of the flow domain. The origin now be-
comes a part of the boundary, and 1is a point where the boundary
conditions (especially for " and V*) are not well defined. Conse-

guently, these transformations were adopted:

U=RU"
(3.1ka)

v=RV*
(3. 14b)
8 =R 6" (3.1k4¢c)
W'R (3. 14d)

W = Tqp/dzy
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As a result of these transformations, the well defined boundary
conditions U =V =W =8 =0 exist at R=0. With these transforma-

tions, the governing equations take the following final form:

1. Radial Momentum Equation:

e < ’ . s 1 . 2 2 oV
ya . Vvaey Ut +v: 3 3%, 13U 1 33U 2 oV
TR VRS - ®° VTREIR W TRER TR 3G R
) (3-15)
Gr =
-3 Bcos ¢ 0
2. Angular Momentum Equation:
UV ,V 3V 8P _ 3%  13V_13% _ 23U
R OR ' R? 3¢ = ¢ ORZ ' R oR R%59° R%3¢
] , (3.16)
+ §£>8'sin¢= 0
3. Axial Momentum Equation:
UBW VW _DW_ . %W 1w 1 3%W_W_ .
R 3R & RZ3¢  RZ 3RZ R 3R R? 367 ~ R? (3.17)
4, Continuity Equation:
U, 13V _ (3.18)
3R "R3g - O
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5. Energy Equation:

U8 U8 V236 _ (dp/dz)W

R3R R R%3¢ Pr (3.19)
1 9% 1 98 1 3% @ -0

Pr 3R? © Pr R OR  Pr R23¢2 ~ Pr RZ

tn the above equaiions, axial pressure gradient dP/dZ has
been used as a scaling factor for the value of W. This is in ac-
cordance with the assumption that its value remains a constant.
Since dP/dZ appears in the non-dimensional form of the energy
equation, it has to be evaluated so that any change in the axial
velocity be corrected and hence properly represented in the ener-

gy equation. The value of dP/dZ can be calculated as follows:

2 T Ta
By defin)tiom, Wy = E;g-{ { w r dr d¢ .

In dimensionless form, the above equation can be

written as,

2 /T u*Rdrdg = 1
T % o

dividing both sides by -(dP/dZ), we get
-4P 1

dz = 2 T flw"R dR d¢
T ¢ o "(dP/dZ)
and finally
dP _ -1 (3.20)
dz 1

2 /™ wdRdd

T 0o o0

Hence, the axial velocity distribution obtained from equation
(3.17) can be substituted in equation (3.20) and the resutting

value of dP/dZ can be used in the energy equation (3.19).



The following boundary
erning equations [(3.15) to (3.19)], written
ure 3.2:

(a) R=0:

(b) 0 <R < (1-H), ¢= 0° and 180° :

9P _ 3U _ oW _ 38
36 3¢ T3¢ ~ap =V =0

() (1-H) <R < +$ = 0° and 180° .
U=V=y=g= 2L._

(d) R=1, 0 < ¢ g 180°
U=V=w=e=0
8P _ 3% _ u
3R ~ B3RZ T 3R
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conditions were applied to the gov-

in reference to fig-

{(3.21a)

(3.21b)

(3.21¢)

(3.214d)
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Fig. 3.2 Flow domain and different locations for

the boundary conditions
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The choice of P=0 at R=0 is quite arbitrary and does not in-
fluence the values of U, V, W or 8. According to equations (3.15)
and (3.16), the pressure gradients and not the absolute values of
pressure are relevent. Since a value of pressure must be speci-
fied in the domain for numerical stability, the above choice was

made. Formulation of the mathematical model is now compiete.



Chapter iV

METHOD OF SOLUTION

Due to the complexity of the governing partial differential
equations (3.15) to (3.19), no attempt was made to establish a
closed form analytical solution. The finite difference method was
considered to be the best choice.

The technique of false transients in conjunction with the
Marker and Cell type of mesh was used with certain modifications.
This technique and its merits are discussed in the next two sec-
tions. However, it is emphasized that, for a complete under-

standing of the approach, this whole chapter should be reviewed.

L. TRANSIENT EQUATIONS

The set of equations (3.15) to (3.19) with Boundary conditions
(3.21) are sufficient to obtain a steady state solution of the
present problem. In the early stages of this work, equations sim-
ilar to (3.15) to (3.19) were programmed using direct iterative
methods but instability was repeatedly encountered whenever a
finite non-zero value of Grashof number was used. Accumulated
truncation error was among one of the less obvious reasons. The
governing equations were not being satisfied exactly at each it-

eration and no handy remedy was available.
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After an extensive literature survey, the Marker and Cell
method originally developed by workers at the Los Alamos Labora-
tories was selected on account of its inherent conservative na-
ture to overcome this probiem. This method requires satisfying
the Continuity equation (3.18) at every time step. |f the time
dependent momentum equations are modified at each new time step
by forcing the continuity term to zero, convergence and stability
is expected. Since a steady state solution is sought, progress
in time could be carried out to a poiht where time derivatives of
all variables would vanish.

In this analysis, transient solutions are not the goal, but
a tool for establishing the steady state soiution. The modifica~
tions required in order to incorporate the method of false tran-
sients is straightforward. Time derivative terms in the momentum
and energy equations, which were previously set te 2zero, are now
retained. With nondimensional time, equations (3.15) to (3.19)

would take following form:

i. Radial Momentum Equation:

U U VU _ UMV 3P 3%
Bt T TR R%g T R R (h.1)

1 3%y 2 8V, Gr
+ R% 332 T RY 30 t3 Bcosd

ii. Angular Momentum Equation:

£=_E_32-V__81_§11+32v 1 v
ot R RT3 " 36 TORZ "R 3R

(4.2)



iti., Axial Momentum Equation:

oW __UaWw _V oW UMW
3t RaR ~ RZap T mZTR
4 3W law 1 3°W W

3RZ T R 3R ' R% 3¢? ' R?

iv. Continuity Equation:

83U L 13V _
R T Rae  °

v. Energy Equation:

96 _ _ U368, U6 ¥V 36 (dP/dZ) W
3t R SR © RZ T RZ %9 Pr
1 .9% 193 .1 2% .8
- o= L+
*30 582 "RSR TRT 3 T RZ

where 't' is the nondimensional time defined as:

t= 10 / 1}

Lo

(4.3)

(4.4)

(k.5)
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Boundary conditions (3.21) remain unchanged and are applicable at
any time 't'. The initial conditions for this system represent-
an initial guess for the values of U, V, W, 8, and P. A separate
section will be included later to expliain their choice.

Although the set of equations (Lk.1} to (L.5) s sufficient
to solve for all the five unknowns, the Marker and Cell or "MAC"
method suggests that the pressure should be obtained from a Pois-
son form of the pressure equation. As will be seen, this equation
permits the chronological modification to momentum equations.
Moreover, Roache [30] insists that pressure values thus obtained
are more accurate. This equation can be easily derived from equa-
tions {4.1), (4.2) and (k.4) and after considerable manipulations

would take the form:

op - [l (oD 1 oD . V3D UD
VP—[R 8t+R(UBR+ R 3¢ R')
2 aD D
—VD+—§ Ez'}
+ %— f—y 8 cos¢p - E%EQ 28 +‘§T sing Bi }
) (4.6)
Ll 2+(13_v 2, (v +v?)
R? oR R 3¢ R
2 ,U O V 3U
+E(R§$"Ra¢)
_E_(__Uz*'vz) 2@2.@! ]
3R R R 3¢ R

where the term D known as Ydilation" is given by:
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This term represents the continuity term and could be set equal
to zero. In the finite difference form, however, because of the
truncation error, this term is never identically zero. If no rem-
edial method is incorporated, this error would accumulate and a
drifting and consequently unstable behaviour would be encoun-
tered. The Marker and Cell method suggests that at every time
step this term should be forced to zero to aveid error accumula-
tion. This is done when the dD/dt term is expressed in the finite

forward difference form as:

D Dt+A§ pt
3t At (4.8a)
. t+4t
By setting D. equal to zero, then
§_Q=:P.t_
ot Bt (4.8b)

in preparing the finite difference form of equation (L.6), the
aD/3% term was replaced by the form (4.8b).

Two approaches were suggested in the literature for solving
Poisson's equation; these are direct methods and the method of
false transients. Direct methods are preferable when possible be-.

cause they require much less computation time. Unfortunately,
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these methods cannot be applied here because cylindrical coordi-
nates are being used. Consequently, equation (4.6) was placed in

a transient form as follows:

9P _ g2p -
T gip - 0 (A.S)

where the function "O0'" is the whole right hand side of equa-

tion (L.6).

4,2  THE "MAC" MESH

The cylindrical coordinate equivalent of the UMAC" mesh (proposed
originally for cartesian coordinates) is shown in figure L.

As can be seen, different variables in a certain cell are defined
at different locations. Pressure, axial velocity and temperature
(represented by a solid square) are defined at the center of the
cell element, while radial and angular velocities (represented by
a solid circle and a hexagon,respectively) are defined at the re-
spective radial and angular extremes.

The finite difference spatial derivatives are evaluated by
central differences, while forward differences are used for time
derivatives. Whenever possible, these derivatives are evaluated
over a single mesh spacing. The following examples with reference

to figure L4.1 illustrate this procedure.

. TR = 2 T
Ui, 3) U(i+,3)" By, i)" (4.10a)
at At




<ot

Fig. 4.1

Li

The "™AC" mesh in cylindrical coordinates
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(LN PE+LD - PG, D"
oR AR (L.10Db)

t :
22 (#,1° | D(iH,1) + UGTea) - 2 vt B0
dR (AR)*
¢ t
2/ N .
8U2 {i_]_l/ﬁ’j)t ~ U (1+11/233) - Uz(l-llﬁ,:j) (h.}Od)
R 2AR

where superscript "t" represents time, and (At) represents the
time step. Whenever needed, the values of U(i,]j) and V(i,j) are

defined as:

X Wt ) -
Uea, )t = U(i-%,9) -12~ Ui+, j) (L.10e)

t . VG, + v, et
L R (4. 10f)

t

Product terms like UV(i,j) are evaluated as the product of the

averages and not the average of the product, e.g.:
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TV (4,3) = {U(i+%,j)+U(i-%sj)i{V(iJj+%)+V(iij“%)} (4.10g)

The complete mesh used in the present analysis is given in
figure 4.2. Points outside the sclution domain were used to fa-
cilitate the evaluation of derivatives on the boundary. Boundary
conditions (3.21) were imposed such that, whenever a variable
does not lie on the boundary, the average of the inner and outer
values would satisfy the boundary condition. For example, in fig-
ure L.1 if U(i+1/2,j) is at the circumferential wall (and there-
fore is of magnitude zero), W(i+1,j) is set to be the negative of
W{i,j) so that the radial average of the two is zero at the wall
[W(i+1/2,j)=0]. The same procedure was employed in the angular
direction. For points just below the fin surface e.g., (k,2) in
figure 4.2 were treated slightly differently. Since the influ-
ence of hot fin surface is believed to be significant in this re-
gion, first the radial averages of two neighbouring points
(k-1,2) and k+1,2) were calculated and then the symmetry rela-

tionship was used:
S(k,2)=[S{k+1,2)+5(k-1,2}]/2.... (average)

Sk, 1)=5(k,2) cviiiinersnneaness (Symmetry)

Central differences in the R and ¢ direction (illustrated in

the previous examples) were possible everywhere in the core re-
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Fig. 4.2 The complete mesh used in the present analy%is
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gion. However, along the first radial line {i=1/2), the central
difference formulation was modified in the R direction. Radial
derivatives of V, W, 8 and P were evaluated so that the effect of
their zero magnitude at the origin could be incorporated. Figure
4.3 illustrates this situation.

Using the Taylor series expansion, the first and the second radi-

al derivatives can be formulated as:

050,10 _ 172 5Co, )" + 2/3 81,10 - 1/10 5(23,1)° h.11)
aR AR

82505, )% _ =5 8¢t + 2 s, - 2/10 5(2%,1)" (k.12)
3R * (AR)?

where S stands for V, W, P or O.
Any other significant feature or special treatment required
will be mentioned in future sections where the evaluation of

these variables is discussed.



S=V,W,P or 6

. S .
=0 %, ] 1%, ]
L & @
P _%_fi—> < m— AR | AR >
Fig. 4.3 Radial derivatives along i=%

64
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4.3 SOLUTION PROCEDURE

Figure 4.4 outlines the soclution alogorithm used to solve
the present problem. An initial guess (t=0) for the unknown vari-
ables was provided to the program. Solution process started with
the evaluation of pressure at t+At from the Poisson equation.
The pressure values thus obtained were used in the evaluation of
radial and angular velocities. With known values of U and V, the
axial momentum egquation was solved for unknown values of W and
energy equation for the unknown values of 8 at t=£t. Progress in
time was maintained by repeating the above steps until the steady
state solution was established. Various features of the solution

procedure are discussed in the subseguent sections.

4.3.1 initial Guess

To start the computations, initial values of U,V,W,P and B
at t=0 must be specified. Since the transient scolutions are not
the objective of this analysis, the choice of initial values is
arbitrary. The only factors considered were ensuring numerical
stability and conserving computation time by choosing initial
conditions as close as possible to the final steady state solu-
tion.

For smooth tubes and Gr=0 and 100, the velocity and temperature
profiles obtained from the forced convection theory served as
initial values. For the finned tubes, the solution of reference
[25] with a few modifications was used for Gr=0 and 100. For any

geometry, after establishing the solution for Gr=100, solutions
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.
INITIALIZE U,V,W,0,P

N|

COMPUTE 0

>
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SOLVE V2P-0wss

A
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EVALUATE D,V,V,0

|

EVALUATE =

U,v,¥,8 CONVERGED ?

"
EVALUATE Nu, -g'“etc,

PRINT RESULTS

VL .

Fig. 4.4 Flow chart of the computational scheme
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were then obtained for Gr=102,104,10% and 10¢. The final solu-
tion for any of these values of &r was taken as the initial val-
ues of the next higher value of Gr. This procedure proved to be

very stable as well as efficient in terms of computer time.

4.3.2 Solution of Poisson's equation

Equation (4.9) in finite difference form is given by:

.\ EHAL

. N
P(i,3) = P(1,3) " oqy2p(i,i) - 0(,)}" (4.13a)

or:

N
P4, Lt 4 A{VP(i,5) - 0(i,)}" (4.13b)

The term [V2P-0] on the right hand side of equation{L.13b) repre-
sents the residuals which must be reduced to zero at all mesh
peints when steady state is reached. This was used as one of the
convergence criterion for pressure and 1is discussed in a later
section.

The term O representing the right hand side of equation(k.6)

was decompesed into three parts:

D =DD+ 8S + 7T
where:

DD = all terms involving "'D"
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SS = all terms not invelving "D'" or '@"

TT = all terms involving "8"

With available values of 0 and P at time t, new values of
pressure were calculated for time t +At. Progress in time was
continued till convergence of pressure was achieved and the final
values of pressure were used in the calculations of new radial
and angular velocities,

At the circumferential boundary (tube wall), the radial mo-
mentum equation can be used to obtain the pressure values. The
radial pressure gradient based on momentum equation (k.1) can be

written as:

P _ 137 1 _3u
3R R oRZ R? oR (. 14)

Equation (L4.1L4) can be used to calculate the pressure at the out-
side circumferential nodes. However Roache [30] reported that
this plausible method does not' converge. Miyakoda [31] explained
that this approach would cause the solution to drift endlessly.
He suggested that instead of applying equation (L.14) directly,
this equation should be incorporateé into the difference scheme

(4.13) . at interior points adjacent to the boundary. Following
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this approach, equation (k.13) for these points takes the follow-

ing form:

p(i, )T = pe, 1+ At{V2FE, 1) - 01, 1)) (b.15)

where, in the vzp" term, all radial derivatives for pressure
were calculated from equation (L.1h4). This caused terms like
. teat : . :
P(i,]) to appear on the right hand side of equation (4.15).
t+at
This equation was therefore solved algebraically for P(i,j)
After convergence was achieved, the pressure values at nodes out-

side the flow domain were obtained from equation (L.14). This

completed the evaluation of pressure at any time step.

4L.3.3 Solution to U,V,W and 8

Starting with values of U, V, W, P and & at time t, method
to evaluate the values of P at time t +At was shown in the pre-
vious section. Using the new values of P, equations .1y, (4.2),
(L.4) and (4.5) were used to calculate the corresponding values
of U, V, W and 8, respectively, at time t +At. The finite dif-
ference form of these equations [similar to (4.13)] were swept
once. All spatia! derivatives were calculated in terms of vari-

able values at the previous time step {for the first time step,

the initial guess was used).
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All fields thus obtained were tested for convergence by
comparing the fields at time t +&t to those at time t. |f con-
vergence was not observed, computations were advanced to a new
time step. This process was continued until all fields were con-
verged. Convergence criteria will be discussed in a later sec-
tion. The final converged fields were used to calculate the over-

all fluid flow and heat transfer parameters.

L.,4  CONVERGENCE CRITERIA

For any of the variables U, V, W, P or 8 (in general § ),

the usual criteria for convergence is:

S <
s(1,3) et s, )"
S(i,3)"

<d (L.16)

The value of "d" can be made arbitrarily small and in literature,
its value varied from 10-% to 10-¢%, from which, it may be con-
cluded that the whole idea is not rationa! [30].

The values of d in equation (4.16) can be made arbitrarily
small and stil] possibly stop the computations prematurely. This

then can possibly be avoided by taking first derivatives:
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ast-t-At ) ast
aL oL
< d
as®
oL

where L = R or ¢ or both. A number of time steps canh also be

carried out before testing for convergence, i.e. :

where n is arbitrary. Usual values in the literature are within
the range 10 - 1000.

Unfortunately, none of these <criteria offer a satisfactory
answer to the problem and one s restricted in proceeding with
more time steps on account of limited computational time. The
approach adopted for convergence in this analysis is also subjec-
tive. Pressure, being the most sensitive and crucial parameter
was tested against some apparent pitfalls. |t was found that rap-
id progress in time could be made by relaxing the convergence
criterion for pressure at the initial stages. Criterion (4.16)
with d being 10-* was used in this process. Poisson's equation
was obviously not strictly satisfied but convergence criterion
(4L.16) with d = 10-¢ was applied for U, V, W and 8. Once this so-
lution was established,equation (4.13) was used further until all

the residuals (V2P-0) were within + 10-2. |t was found that at
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this small values of residuals, convergence criterion (4.16) when
applied to 3P/dr and dP/3¢ would give values of d almost equal to
zero. This then provided refined values of pressure; the rest of
the variables (U,V,W, and 8 ) were computed to satisfy criterion
(4.16) with d = 10-%, in some cases, the value of d was decreased

to 10-¢ but no significant difference was noted.

L.5 SELECTION OF THE TIME STEP AND MESH SIZE

It is imperative that a value of At be selected in such a
way that convergence is assured. A close examination of equations
(4.1) to (4.6) revealed that if a criterion is established on
the basis of Poiﬁson's equation, it would also satisfy equations
{L.1) to (L.5).

The most crucial location was the first radial line (R=1/2
AR ) where values of BP/BR and 02P/dR? were defined using equa-
tions (4.11) and (4.12), respectively. At this value of radius,

equation (4.13) is written as:

ot oR R 9R  RZ o¢ R=AR/2 L.y

In finite difference form, using equations {4.11) and (k.12) for

9P/3R and O2P/3R2respectively, and collecting terms involving

t
P(i,j) at the right hand side, we get

t+iAt 8

- P(i.j)t{ 1+ At ¢ sz‘ 2R2 LIy )} 4+ other terms.

P(4,3)
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For convergence, the coefficient of P(i,j) should be positive,

i.€.y

LAt 8At 0
L - GRy? ~ TR 7

or;

AR 2
(At)maxé( ) (.18)

2
‘O + e

This condition Iimposes a severe restriction on the size of
mesh which can be used. As can be clearly seen, the use of a very
fine mesh requires extremely small values of At and hence very
large computaticnal time,

For the present analysis, a mesh with AR=0,125 and Ag=1/7
was used. According to equation (4.18), the maximum possible
value of Dt for this mesh is 0.000357. To insure convergence,
the more conservative value of &t=0.000125 was used. With this
value of At, a stable numerical behaviour was observed for all
geometries and all Grashof numbers considered in this investiga-
tion. The total computational time necessary to establish the

steady state solution for any combination of geometry and Grashof
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number would naturaliy depend on the initial values. With the
scheme followed for establishing the initial vaiues, it was ob-
served that the necessary computational time was in the order of
1/2 minute at Gr=0, but increased to about 1/2 hour as Grashof
number increased to 10¢.

As will be shown later, the accuracy of the present results
is not as high as was hoped at the beginning of this investiga-
tion. This is due to the coarse mesh used here. Had we used a
finer mesh with AR=0.0625 and A¢=r/14 (i.e., four times as many
mesh points), the maximum value of At predicted by equation
(4.18) would have been about 0.0000239. This value is about 1/15
of the corresponding value for the used mesh. Hence, computation-
al times for the finer mesh would have to increase by a factor of
60 over those for the coarse mesh. It was judged that this in-

crease is beyond the availibility of computer time.



Chapter V

RESULTS AND DISCUSSION

In the present analysis, velocity, temperature and pressure
distributions were obtained for five tube geometries. They corre-
spond to H=0 {smooth tube), H=0.25, H=0.50, H=0.75 and H=1.0.
Variable heating loads (Gr = 0 - 10¢) were applied and a Prandtl]
number of 0.7 corresponding to air was consistently used. The
mesh shown in figure 4.3 was used to obtain all the results. ft
is conceded that, the use of this course mesh increased the trun-
cation errors, however, a close examination of equation(4.18) re-
veals that even a slightly finer mesh would require considerably
more computer time, which is obviously scarce and expensive.

Based on velocity and temperature distributions, important
engineering parameters were calculated. iIn order to provide a
better illustration, vatues of U,V,W and 8 were retransformed
into the U*,V*,w*—and 8* system discussed in chapter 11|, Values
of U* and V*' which will be reported in this chapter are defined
at the center of the mesh elements (where w*,P and 6* were al-
ready defined) by using the averaging procedure described in
chapter 1V,

This chapter expiains the nature of fluid fiow i.e., the ve-
locity distributions and the nature of heat transfer i.e., the

temperature distribution. Whenever possible, these explanations

-60_
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are carried out in perspective of two significant factors viz,
the influence of heating loads (expressed in terms of Grashof
number :Gr ) and the non-dimensional fin height (H). Overall en-
gineering parameters and their variations are then explained on

the basis of said distributions.

5.1 VELOCITY FIELDS

The three components of the velocity vector are the radial,
angular and axial velocities. In pure forced convection, the only
non-zero component of the velocity vector is the axial velocity
which exists due to the axial pressure gradient. On account of
density gradients across the tube <cross section, secondary or
buoyancy induced flow is generated, which is the basis of free
convection. The secondary flow is perpendicular to the main filow,
and non-zero values of the radial and angular velocities describe

its pattern.

5.1.1 Secondary velocities

Four graphs are presented to describe the picture of secon-
dary flow for each geometry. Variation of radial velocity in the
vicinity of wvertical symmetry plane is shown in the first two
graphs, while the angular variation of U* along R=0.5625 is il-
lustrated in the third graph. The fourth graph shows the varia-
tion of the angular velocity along the horizontal plane $=90°.
These four graphs are therefore used to determine a picture of

the secondary flow. For the cases of H=0 and H=0.5, secondary
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velocity vectors (U*+V*) are plotted at Gr=10% to see the secon-
dary flow exactly.

For smooth tubes (H=0), figures 5.1 to 5.4 are the afore
mentioned four graphs. In figure 5.1, radial wvariation of U*
along the ¢=12.85° line has been plotted. The location R=1 corre-
sponds to the tube wall where all the velocities are zeroc. The
negative U* values indicaté that the fluid is moving downwards
towards the center. For Gr=1000, which correspond to a small
heating load, the values of U* are almost negligible. "This im-
plies that upto this value, free convection effects are almost
non-existent. As the heat input is increased (higher values of
Gr), fluid is seen to be moving faster towards the center, The
maximum value of U is seen to exist near the center for all val-
ues of Gr. |In figure 5.2, the radial variation of ur along
¢=167.15° line is plotted. This figure is a continuation of the
previous figure. Fluid 1is seen to be moving past the center of
the tube towards the bottom wall (R=1). For Gr=10° to 10%, maxi-
mum value of U* exists very close to the center however, for
Gr=10* this maximum occﬁrs in the bottom part of the tube. As the
wall is approached, flow retards and the magnitude of U* ulti-
mately goes to zero at the wall. Figure 5.3 shows the angular
variation of U° around the R=0.5625 radial line. Along this line,
the flow is moving inwards in the upper half of the tube, while
it is coming out in the boftam half. Because of this feature, the
mass balance is seen to be satisfied around the R=0.5625 radial

line. It is observed that the maximum positive value of radial
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velocity exists along the bottom part of the vértical center
plane. Positive values of U*' in the bottom part indicate a down-
7 ward flow. Thus it can be conciuded that colder and hence heavi-
er fluid exists along the ¢$=180° line. In figure 5.4, variation
of angular velocity is plotted along the horizontal center plane
of the tube. Upto R=0.45 - 0.65 a downward flow is observed. Near
the tube's circular watl, large negative values of V* imply an
upward motion.

With these graphs, a general picture of secondary flow in
smooth tubes can be formed. Since the only hot surface encoun-
tered by the fluid is the circular wall, fluid adjacent to the
wall is hot and lighter and hence moves upward. |t replaées the
cold and hence heavier fluid in the upper half of the tube, which
in turn comes down in the region away from the circular wall.
This picture thus suggests a single loop pattern (known as prima-
ry loop) of the secondary flow. Secondary velocity vectors con-
firming these arguments are plotted in figure 5.5.

Figures 5.6 to 5.9 are the four graphs for the case of
H=0.25. At a first glance, these <curves look similar to their
smooth tube counterparts. In fact, the pattern of secondary flow
islalmcst similar in the two cases. However, now the order of
magni tude of secondary velocities is slightly smaller. 7Two rea-
sons are conceivable for this decrease. First is the fact that
the introduction of additional solid surface in the flow domain
is causing additional surface friction. More important however is

the reason that the vertical center pilane is now not a complete
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free surface. Longitudinal short fins have the effect of heating
the fluid in their vicinity. Hence in that region, a tendency of
upward motion is established. Fins are however short, and this
tendency is not strong enough to reverse the flow pattern. The
main heat transfer surface is still the.ciréular wall as far as
secondary flow is concerned. Fluid is seen to be moving up near
the wall in figure 5.9 and moving down in the region away from
the wall. In figure 5.7 an interesting difference from that of
figure 5.2 is observed. It is the effect of bottom fin at Gr=10¢:
unlike the smooth tube case, maximum positive values of U*- has
shifted close to the center. It can be explained on the basis
that fluid close to the fin has retarded on account of buoyancy
effects, and hence is siow. Unlike figure 5.3 all curves in ffg—
ure 5.8 are flatter near ¢=180°. This imﬁlies that the maximum
positive values of U* (which is an indicator of downward motion
of the cold fluid) is distributed over a region close to the bot-
tom hélf of the vertical center line, and is not strictly limited
to it. This then suggests that, although the coldest fluid exists
in the bottom half of the tube, it is no Jlonger present at the
vertical center line but is to be found slightly away from it.
The case of H=0.5 is shown in figures 5.10 to 5.13. in the
vicinity of the upper half of the vertical center plane, as shown
in figure 5.10, fluid is seen to be moving downwards from the
tube wall to the center, The magnitudes of the radial velocities
are greatly reduced from the previous two cases. This implies

that the presence of a longer hot fin is increasing the tendency
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of upward motion even more. Magnitudes of U for the cases of
Gr=10% and 10¢ are not extremely different, which was not the
case for shorter fins. Near the bottom fin surface illustrated in
figure 5.11, the downward motion of fluid is limited upto Gr=104
only. At Gr=10% however, fluid exhibits a different pattern., Near
the center, it is moving down with a small radial velecity, and
in the vicinity of the fin, its motion is upwards. This is due to
longer, heated surface of the fin. At Gr=10¢ where maximum heat-
ing load is encountered, fluid is seen to be moving upwards along
the entire lower half of the vertical center line. For this case,
the maximum negative value of U exists at R=0.35. in figure 5.12
where angular variation of Ut s plotted around R=0.5625, values
of U* for Gr=10° and 10* are almost negligible. For higher heat-
ing loads however, fluid is seen to be moving into R=0.5625 radi-
al line in the wupper half of the tube. This implies a downward
motion. From ¢=90° to about 150° fluid is coming out radially
downwards. For values of ¢ greater than 150°, fiuid has an upward
motion. This figure in conjunction with figure 5.13 suggest the
secondary flow to be in the form of more than one 1loop (other
loops are known as secondary loops), which is a deviation from
the previous cases. In order to verify the conclusions drawn from
the above four figures, figure 5.1k is plotted which shows the
secondary velocity vectors at Gr=10¢,

The case of H=0.75 presents a completely different picture.
Figure 5.15 to 5.18 illustrate the nature of secondary flow for

this relatively long fin. Now, 75% of the vertical center plane
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of the tube is a heated surface. in figure 5.15 which shows the
variation of U* along the $=12.85° line, fluid motion is upwards
for all values of Gr. Values of U* for upto Gr=10* are very
small. Between Gr=10% and 10¢, a sharp difference in the magni-
tudes of U¥ is noticeable, which implies that, when fins are very
long, significant free convection effects start at very high
heating loads. This fact is also observed in figure 5.16. In both
the figures 5.15 and 5.16, an upward motion near the vertical
center plane is observed. A close examination of figures 5.17 and
E£.18 suggests the formation of at least two distinct loops. Fluid
is moving up in the immediate vicinity of the verticél center
plane and the circular wall., It is coming down in between these
two extremes. Since. this behaviour is true for all values of Gr,
it can be said that the pattern of secondary flow is determined
by the tube's geometry. From figure 5.17, location of colidest
fluid region can be predicted. In the bottom part of the tube, it
is bounded by $=110° and 130° lines. An interesting observation
which may elucidate the effectiveness of the bottom fin as a heat
transfer surface, is made in figure 5.18. At Gr=10¢ and along the
horizontal center line of the tube, the magnitude of upward flow
near the center of the tube is aimost equal to that at the tube's
circular wall. This suggests that fin surface has appreciable
contribution to the rate of heat transfer. Another important ob-
servation from figures 5.15 and 5.18 can be made. Magnitudes of
secondary velocities are relatively smaller than the H=0.5 case.

Effect of long fins is to suppress the secondary flow.
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The case of fully finned tube (H=1.0) which is in fact a

semicircular tube geometry is presented in figures 5.19 to 5.22.

Now, since the whole vertical centerline of the tube is a solid
heated surface, values of velocities are zero there. Looking at
the radial variation of U along $=12.85° line in figure 5.19,
the values are seen to increase from zero at the center towards
the increasing radius. For all values of Gr, T achieve a posi-
tive maximum in the interval of R=0.2 to 0.3, and then sliow down
to 2ero at R=1. Flow is upwards for all values of Gr however, a
significant difference in the magnitudes of u™ at Gr=10¢ and the
rest'demonstrates that, for longer fins, free convection effects
are felt at very high heating loads. in figure 5.21, where angu-
lar variation of U* is plotted around the R=0.5625 radial line, a
flow pattern similar to the case of H=0.75 is observed. Maximum
positive values of U* are seen to be in the bottom part of the
tube and are bounded by $=90° and $=150° lines. The area under
the curve where maximum positive values of U* are observed, s
smaller than the corresponding area for the H=0.75 case. This is
an indication that the region where the coldest fluid exists is
smaller and localized. Such a situation is expected. The flow
domain is now totally bounded by a hot surface, and a double loop
pattern discussed earlier has to be more prominent. Hence colder
fluid confines to a smaller region. Figure 5.22 presents the ra-
dial variation of V* atong the horizontal center plane of fhe
tube. V*’ has a value of zero at the center. Fluid is moving up

near the center and the circular wall, and, is coming down in the
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middie region. In comparison with figure 5.18 (The case of
H=0.75), figure 5.22 indicates a decrease in the values of V*

near the center. In general, magnitudes of secondary veleocities

are lower than the H=0.75 case.

5.1.2 Axial Velocity

Two graphs for each tube geometry are plotted to describe
the picture of primary flow. In the first graph, radial variation
of axial velocity along the horizontal center plane of the tube
has been plotted, while the other graph shows the angular varia-
tion of axial velocity around the R=0.5625 line. |In order teo il-
lustrate the effects of free convection on forced convection, all
. graphs include the case of pure forced convection (Gr=0) as well.

Figures 5.23 and 5.24 correspond to smooth tubes. |In figure
5.23, wvariation of w*' along the horizontal center plane of the
tube is shown. For the case of pure forced convection, a parabol-
ic velocity profile is observed. A similar profile is observed at
Gr=10*. Values of axial velocity are found to be maximum at the
center which is in accordance with the pure forced convection
theory. It can be said that upto a Grashof number of 10¢, effects
of free convection are small. At Gr=10% and 10¢, two changes are
noticeable. First, the magnitude of axial velocity has decreased
along the horizontal center plane, and second its maximum value
is no more at the center of the tube. Recalling figures 5.1 to
5.4, it was infered that. for smooth tubes, the region where

coldest fluid would exist is along the lower half of the vertical
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center plane. A change of profile in figure 5.23 and a close ex-
amination of figure 5.24 verify this fact. |In figure 5.24, for
any non-zero value of Gr, maximum values of w* are along the jow-
er half of the vertical center plane. Moreover, its minimum vaiue
occurs at the upper half. A downward shift in maxima can only be
explained on the basis of a downward shift in the coldest fluid
region. Looking at the axial velocity gradients at the wall in
figure 5.23, increased heating loads have an effect to increase
the wall velocity gradients. |t can therefore be said that, free
convection effects increase the surface friction experienced by
the fiuid.

Case of short fins (H=0.25) is shown in figures 5.25 and
5.26. Figure 5.25 shows almost similar velocity profiles as in
figure 5.23. Axial velocity gradients at the wall are now slight-
ly steeper, indicating that introduction of two short fins has
increased the surface friction. Figure 5.26 where angular varia-
tions of w* are plotted around the R=0.5625 line is more reveal-
ing. At Gr=0, w* is dependent on ¢, which was not the case for
smooth tubes. Another feature is the shift of maximum values of
W* slightly away from the lower half of the vertical center
plane. They now occur at angles which are less than 180°. This
behaviour has already been predicted during the secondary flow
analysfs, and can be éxpiained in terms of the location of the
cold fluid. Cold fluid is accumulated in the bottom part of the
tube but due to the presence of fins, it is slightly away from
the vertical center plane. Being heavier, this fluid has larger

local axial velocities.
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Figures 5.27 and 5.28 are plotted for H=0.5. In general,
figure 5.27 shows higher axial velocity gradients at the wall
than the previous two cases. A rightward shift in the maximum
values of w* is observed as the value of Gr is increased, which
can be attributed to the secondary flow pattern observed in the
previous section. For this value of H, the difference between the
w* profiles for Gr=0 and Gr=10* s small. It indicates that as
fins are getting longer, free convection effects are felt at
higher heating loads. An explanation of this phenomenon can be
given in terms of the nature of secondary flow. As was observed,
the effect of long fins was to decrease the secondary velocities
until very high heating loads were applied. The single loop pat-
tern of the secondary flow was seen to be distorted, and forma-
tion of two or more loops was concluded. That picture is also re-
flected here. Figure 5.28 ililustrate two major changes when
compared with figures 5.24 and 5.26. first, for all non-zero val-
ues of Gr, the location of maximum value of axial vélocity shifts
from the horizontal plane. This is explained on the basis of
colder fluid. More important observation however is the magni-
tude of axial velocity gradients at the top and the bottom fins.
At the top fin ($=0°), steepest gradient is observed for the pure
forced convection case. As the value of Gr is increased, gradi-
ents become less and less steep. At the bottom fin ($=180°) a
reversed trend is observed. From this observation, it can be said
that as the free convection effects become prominent, the top
fin offers less resistance to the axial flow, whereas, the bottom

fin has an inverse effect.
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Axial velocity variations for the H=0.75 tube geometry are
plotted in figures 5.29 and 5,30. in figure 5.29, two important
features pertaining to Gr=0 and Gr=10* are observed. First, the
two lines almost overlap each other, confirming the notion that
for upto Gr=10*, effects of free convection are almost negligi-
ble. This was also observed when secondary velocities were ana-
lyzed. Second, it can be seen that maximum values of w* have
shifted from R=0 (in previous cases) to an R of about 0.45. The
second observation can be explained by the presence of very long
fins. Now 75% of the vertical center plane is a solid, heated
surface. High values of w* for the case of Gr=10¢ are distributed
over a large region, ranging from R=0.3 to R=0.6. As observed
previously, secondary flow was downwards with considerable veloc-
ities in this region, hence, it is obvious that colder fluid ex-
ists underneath this radial interval, and is reflected by the ax-
ial velocity profile. For upto Gr=10%, axial velocity gradients
at the wall are almost identical. This implies that the influence
of secondary flow on forced convection is significant only at
very high heating loads. Figure 5.30 where variation of w¥ s
plotted around R=0.5625, supports this conclusion. From axial ve-
locity gradients, much larger surface friction is observed at the
bottom fin for Gr=10¢. Maximum values of w*’ exist at $=90° when
Gr=0. At higher heating loads however, there is a gradua! down-
ward shift.
The case of full fin (H=1.0}) is shown in figures 5.31 and

5.32. Tube's vertical center plane is now a solid surface. Fig-
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ure 5.31 shows the variation of w* along the horizontal center
plane of the tube. Starting from a value of zero at the center
(R=0), axial wvelocity increases uptoe a maximum value at about
R=0.45 and then decreases down to =zero at the tube wall (R=1).
Axial velocity gradients at the wall are almost identical upto
Gr=105. It is concluded that free convection effects are observed
well above this value of Gr. There is a slight difference in the
values of these gradients even at Gr=10¢. Figure 5.32 clearly
differentiates the surface friction experienced by the top and
bottom fins. Much larger surface friction is observed at the bot-
tom fin. Maximum values of w*’ existing at the $=90° line suggest
that the location of coldest fluid shifts more from the horizon-

ta) center plane as Gr increases.

5.2  TEMPERATURE FIELD

Similar to the axial velocity, two figures for each tube ge-
ometry were plotted for the temperature distribution. The pure
forced convection case {(Gr=0) is included for comparative purpos-
es.

Figures 5.33 and 5.3L4 illustrate the smooth tube case. In
figure 5.33 where the radial variation of e* is plotted along the
horizontal center plane of the tube, minimum values of 8™ for
Gr=0 and 10* exist at the center. Central temperature is slightly
higher for the latter case, implying that although the free con-
vection effects at Gr=10* are small, fluid temperature is more

*
uniform. For higher values of Gr, magnitudes of 8 are higher
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and therefore the convective heat transfer process is observed to
have been enhanced. for Gr=10% and 10¢, the giobal minima with
magnitudes greatly increased are seen to have shifted rightwards.
Figure 5.34 which shows the angular variation of 6* around
R=0.5625, further illustrates these shifts. Location of coldest
fluid which was at the center for Gr=0 case, has moved down along
the lower half of the vertical center plane. Hot fluid however,
has to be found at the upper half. This phenomeﬁon was predicted
when velocity fields were studied, and can be completely ex-
ptained in terms of secondary flow patterns. An important obser-
vation is made when figures 5.23 and 5.33 are compared. Increas-
ing values of Gr have created a magnitude difference in both the
axial velocities and temperature. However, these relative differ-
ences are much larger for temperature than for axial velocities.
This provides an indication that effects of free convection on
the heat transfer process are expected to be significant.

The case of H=0.25 is represented by figures 5.35 and 5.36.
Figure 5.35 is qualitatively similar to figure 5.33, a stight in-
crease in the magnitudes of temperature |is observed as Gr is in-
creased. Temperature profiles for Gr=0 and Gr=10* are close to
each other, implying that at Gr=10* the effects of free convec-
tion are small. As the value of Gr is increased, a significant
increment in the temperature magnitudes is observed. From wall
temperature gardient it is observed that as the value of Gr in-
creases, local heat flux also increases. it indicates enhancement

in the overall heat transfer. Ffigure 5.36 shows that at higher
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values of Gr, colder fluid nc longer exists on the iower half of
the vertical center plane but is shifted away from it.

The case of H=0.5 is shown in figures 5.37 and 5.38. A
first glance at figure 5.37 confirms the notion that as the fin
height increases, effects of free convection are felt at very
high heating loads. This was observed when Qelocity fields were
examined. Here, the difference between 9* values at Gf=0 and 104
is very small, Figure 5.38 illustrates the variation of 8* around
R=0.5625. This figure provides two important observations.
First, location of cold fluid is seen to be bounded by the ¢=90°
and ¢=140° lines. This observation verifies the previous deduc-
tions. Second and more importantly is the study of temperature
gradients at the top ($#=0°) and the bottom (¢=180°) fins. At the
top fin, the largest temperature gradient exists for Gr=0. As the
value of Gr is increased, magnitude of this gradient is de-
creased. At the bottom fin however, the situation is reveréed. I £
is therefore concluded that increasing free convection effects
make the top fin less and the bottom fin more efficient in terms
of heat transfer.

Figures 5.39 and 5.40 describe the temperature distribution
for H=0.75 geometry. |In figure 5.39, values of 9*' near the cen-
ter are no longer the minimum values. This is due to the presence
of long fins which come close to the cenfer. For this value of H
and near the center, the secondary flow was seen to be moving up-
wards with an appreciable velocity. |t implies that fluid is hot

in that region. Relative minima for 6* is seen in the interval of
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R=0.4 to R=0.5. The pattern of secondary flow explains this be-
haviour. As stated earlier, for H=0.75 secondary flow moves in at
jeast two loopé, and the temperature profiles in figure 5.39 are
a result of this process. The distribution of 8% for the Gr=10¢
case is seen to be flat over a large area. This is expected in
the light of figure 5.18. A general conciusion drawn from figure
5.39 is that for an H of 0.75, significant effects of free con-
vection are felt at Gr values greater than 10*. |In figure 5.40,
the angular variations of 9“ are plotted around R=0.5625. in-
creasing heating loads have the effect of shifting the minimum
temperature away from the $=30° 1line. Temperature gradients at
the top and the bottom fins clearly illustrate the relative ef-
fectiveness of the two fins.

The case of H=1,00 is shown in figures 5.41 and 5.42. Fig-
ure 5.41 shows similar 8" distribution as figure 5.39. At the
center however, due to the presence of solid surface, fluid temp-
erature is equal to the wall temperature. The two loop pattern of
the secondary flow explains the -occurance of minima at about
R=0.5. Difference between the cases of Gr=10¢ and Gr=10% s
smaller than the corresponding difference at H=0.75. Free convec-
tion effects are now appreciable oniy at Gr values of about 10¢.
Since the magnitude of temperature near the center of the tube is
almost equal to the one near the circular wall, it is expected
that the two regions are equally effective heat transfer surfac-
es. In figure 5.42, the temperature gradients at the top and the

bottom fins exhibit trends similar to the previous cases. Top fin
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transfers a smaller fraction of heat while, the bottom fin has
now become a more effecient heat transfer surface. Magnitudes of

G* are however slightly higher than the H=0.75 case.

5.3 DISTRIBUTION OF LOCAL HEAT FLUX

A study of the temperature distribution of the previous section
indicates a variation in the local heat flux distribution around
the tube circumference and along the fins. For forced convection,
such a variation was investigated by Soliman et al.[27]. In order
to explore the effects of free convection, distribution of local
to mean heat flux ratios were calculated around the tube circum-
ference, and along the fins. These distributions are shown in
figures 5.43 to 5.55.

Figure 5.43 is the only necessary one for the smooth tube
case. It illustrates the distribution of local to mean heat flux
ratios around the tube circumference. As expected, no wvariation
is observed for pure forced convection (Gr=0). As the heating
loads are increased, the bottom half of the tube is . seen to be
transfering more heat than the top. Maximum values are observed
at ¢=180° This kind of variation was expected. The rate of heat
transfer is proportional to the radial temperature gradients at
the wall. At the bottom part of the tube, presence of colder filu-
id greatly increases the gradients, therefore, maximum heat
transfer takes place in that region. As was observed, coldest
fluid existed along the lower half of the vertical plane and max-

imum heat is transferred at that point.
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Figures 5.44 to 5.46 illustrate the H=0.25 case. Figure
5.4k shows the distribution of heat flux around the circular
wall. For Gr=0, the distribution is symmetric around the horizon-
tal bisector of the tube. Maximum value is seen at $=90°. As the
heating loads are increased, the lower part of the tube-wall be-
comes a more efficient heat transfer surface; an opposite frend
is observed in the upper half. Maximum values are clustered in'
the $=120° to ¢=140° region. As was seen, location of colder flu-
id shifted away from the lower half of the vertical center plane
when fins were introduced. |t explains the location of maxima in
this figure. Figures 5.45 and 5.46 show the distribution of heat
fiux along the top and bottom fins, respectively. The circular
wall seems to remain the major heat transfer surface by virtue of
its area. At the top fin, the heat flux distribution for Gr=0 and
10* starts from zerc at the fin base and increases towards the
tip. This kind of distribution was reported by Soliman et
al.[27]. As the effects of free convection are increased, the top
fin shows a change in the form of heat flux distribution. Max imum
heat flux exists at the middle region of the fin rather than at
the tip. At the bottom fin (shown in figure 5.46), the increase
in heat fiux is monotonic from the base to the tip for all values
of Gr. Higher values of Gr force a higher proportion of heat
transfer when compared with the top fin.
The heat flux distributions for the H=0.5 case are illus-
trated in figures 5.47 to 5.49. Circumferential heat distribu-

tion curves of figure 5.47 surround lesser areas than their
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H=0.25 counterparts. This reduction in area is an indication that
the fins have become more effective heat transfer surfaces. For
the value of Gr upto 104, the curves are almost symmetrical
around ¢=90°. As the heating is increased, the bottom part of the
tube is seen to be transfering much more heat than the top. Lo-
cation of maxima, which is an equivalent to the maximum tempera-
ture gradients, indicates the coldest fluid region. Along the top
fin, as shown in figure 5.48, increasing values of Gr have not
only lowered the magnitude of heat flux distribution, but maximum
heat is seen to be transfer ed close to the base of the fin. Near
the tip, heat dissipation is almost negligible. As illustrated in
figure 5.49, along the bottom fin, the heat flux is monotonically
increasing from base to tip for all values of Gr. Clearly, maxi=-
mum heat is transfered near the fin tip. Unlike other cases, the
curve for Gr=10¢ is concave down. This shows that from base to
the middie of the fin, heat dissipation increases rapidly. As the
tip is approached, rate of dissipation slows down. Although the
heat flux ratios are not available at the fin tip, it can be in-
fered that for even higher heating loads (Gr > 10¢), maximum val-
ue of heat flux may not exist at the fin tip.

Heat flux distributions for a relative height H of 0.75 are
presented in figures 5.50 to 5.52 in figure 5.50, magnitudes of
local heat flux are significantly decreased from all the previous
cases. It simply implies that a larger portion of heat is now be-
ing transfered at the fins. Difference between the case of Gr=0

and 10* is insignificant. For higher values of Gr, more heat is
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transfer ed in the bottom part of the tube. Difference between
heat transfer effectiveness for Gr=10% and 10¢ is very large in
the bottom part of the tube. Figure 5.51 shows a drastic differ-
ence from all previous cases of H. At the top fin, although the
maximum heat transfer effectiveness occurs at Gr=0, distribution
of heat fiux is seen to be monotonically increasing from base to
tip for all Gr. At Gr=10¢, minimum values of ¢"/§" are noticed.
Recalling the distribution of secondary vefocities near this re-
gion, an upward flow was observed near the top fin. Near the tip,
motion with reduced upward velocities indicated the presence of
colder fluid. However, near the base, those velocities had a
larger magnitude. This secondary flow pattern explains the heat
flux distribution. An examination of figure 5.52, which shows the
heat flux distribution along the bottom fin, indicates the magni-
tudes of g'"/g" to be monotonically increasing from base to tip.
Clearly, this behaviour is strictliy true for Gr=0 and 10*. At
higher values of Gr, curves are concave downwards implying that
maximum heat transfer occurs bétween the base aﬁd the tip. At
Gr=10¢, this maximum is at (1-R)/H value of about 0.75. A general
conclusion therefore is that maximum heat transfer effectiveness
is transfer ed to the bottom fin and lower part of the tube-wall,

Figures 5.53 to &.55 correspond to the full fin case
(H=1.0) . Figure 5.53 being very similar to figure 5.50, shows
that the circumferential distributions of heat flux for H=1.0 and
H=0.75 are similar. An insignificant decrease of magnitudes is

however observed. It can be attributed to increased heat trans-
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fer area at the vertical center plane. in figure 5.54, although
the curves are showing an increase of heat flux from the base to
the tip, they are all concave downwards. Maximum values of heat
flux for all values of Gr exist near the tip. At Gr=10° however,
as the tip |is approached, a sharp decrease in the magnitude of
heat flux is observed. Along the bottom fin as shown in figure
5.65, all maxima for heat flux distribution exist at some dis-
tance away from the tip. As the value of Gr increases, these max-
ima shift towards the base and are confined close to the middle

of the fin.

5.4  OVERALL FRICTION FACTORS:

Axial velocity distribution discussed in an early section
indicated a substantial variation of surface friction as a func-
tion of Grashof number and tube geometry. The following procedure
was used to evaluate the fRe values. The integral in the right

hand side of equation{3.20) can be simplified as follows:

dZ 2 . W (.1
R

The summation is carried out inside the flow domain. AA which

expresses the area of mesh element is given by:

AA = RARAG (5.2)
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Therefore

dp _ -7
dz =~ (2ARAD T W) (5.3)

Dimensional values of axial pressure gradient and friction

factor gare related as [34]:

2 Yo ) 2 (5-1")

Therefore

F=2, (-2

p—wi““ dz (5.5
But in nondimensional form:
Therefore
£ o - £ 5.7)
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or

L, 4P

e 5.8

For comparison, values of fRe at Gr=0 are compared with the
series solution proposed by Soliman and Feingeld [25]. Table 5.1
illustrates this comparison.

Difference between two sets of values ranges from 0.1% to
10% and can be attributed to the truncation errors in the present
analysis. At non-zero values of Gr, no results are available for
comparison. Table 5.2 1lists the fRe values for all geometries
and Grashof numbers considered. Figure 5.56 {liustrates the rela-
tive increase in fRe values in comparison with those obtained at
Gr=0 (for same geometry) as a function of Gr. For smooth tubes,
the percentage increase is higher than those for finned tubes at
all values of Gr. As the fin height H increases, the relative
increase in fRe values as a function of Gr becomes smaller. This
is in confirmation with the previous observations on secondary
flow. For longer fins,the effect of free convection on surface

friction becomes significant at higher heating loads only.



H Ref (25) Present Analysis % difference
0 16.00 15.13 5.43
0.25 18.42 16.65 9.60
0.50 24.75 22.57 8.80
0.75 35.06 34.73 0.10
1.00 42,20 38.13 9.60

Table 5.1 : Comparison of pure forced convective fRe values obtained in the present
analysis with the series solution of Soliman and Feingold (25)

8¢t



H
Gr 0 0.25 .50 0.75 1.00
- 0 15.13 16.65 22.57 34,73 38.13
103 15.13 16.65 22.57 34.75 38.13
104 15.80 17.26 22.80 34.75 38.13
‘105 19.95 21.70 25.70 35.90 38.97
106 27.30 28.80 31.50 44,30 46.83
Table 5.2 : Mean fRe

values for all the cases considered in the present analysis

6t1
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5.5  NUSSELT NUMBER:

Enhancement of the heat transfer process due to free convec-
tion and internal fins has already been discussed. Average values
of Nusselt number are reported in this section for all the geome-
tries and heatfng loads. A gquantitative picture of heat transfer
enhancement can now be seen.

Average convective heat transfer coefficient "h" is defined

as:

Q
21 o (T - Tb) (5.9)

h =

and average value of Nusselt number based on h is given as:

2 1o h 5.10)

After considerable manipulations and using the non-dimen-

sional form of temperature Bb, Nusselt number can be written as:
-1

Nu = &= (5.11)
b

where the bulk wvalue of non dimensional temperature, Bb., is

given as:

_24dp/dz T.VW @
eb - ™ ¢£Iﬁta R

R dR d¢ (5.12)
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Assuming the values of W and € to be constant across each mesh

element area, equation(5.12) takes the following form:

6 = 2 (dP/dz) AdAR 5 Wwe (5.13)
b T R

Once the values of eb are obtained, average value of Nusselt
number can be obtained from equation(5.11).

To determine an estimate of the accuracy of the present re-
sults, Nu values at Gr=0 are compared with the series soclution of
Soliman and Feingold [25]. Table 5.3 shows this comparison. Dif-
ference between the two sets of values is within 9% . At non-zero
values of Gr, no results are available for comparison. Table 5.4
provides the Nusselt number vatues for all the cases analyzed. To
study the relative increase of Nu values as a function of Gr,
f}gure 5.57 which shows al}l geometries, has been plotted. Inter-
estingly, it is found that the relative increase in heat transfer
is much 1larger then the corresponding increase in fRe values.
This is true for all geometries and was predicted when the dis-

tribution of axial velocity and temperature were examined.



H Ref (25) Present Analysis % difference
0 4.35 4.33 0.70
0.25 4.97 4.53 8.80
0,50 5.46 5.94 8.70
0.75 10.76 10.27 4,50
1.00 10,89 11.27 3.58

Table 5.3 : Comparison of pure forced convective Nusselt number values obtained in the
pPresent analysis with the series solution of Soliman and Feingold (25)

€41



H
Gr 0 .25 0.50 0.75 1.00
0 4,33 .53 5.94 10.27 - 11,27
103 4,33 .53 5.94 10.27 11.27
104 4,57 .76 6.03 10.28 11.28
10° 6.38 .63 7.39 10.90 11.75
106 9.70 .92 11,22 15.33 15.77
Table 5.4 : Mean Nusselt number values for all

analysis

the cases considered in the

present

hAd
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Chapter VI

CONCLUSIONS AND RECOMMENDATIONS

Mixed convection during fully developed laminar flow inside
horizontal tubes with two internal fins was investigated numeri-
cally. The Method of false transients supplemented by the marker
and cell kind of mesh was used to solve the governing partial
differential equations. This solution te;hnique proved to be very
stable but expensive in termsf;qf computer time, The following
;onclusions can be drawn from obtained results, which correspond
to a Prandtl number of 0.7 and Grashof numbers of up to 10¢:

. In fully developed laminar flow, free convection effects
cannot be ignored when the value of Gr exceeds 10*.

2. The free convection currents distort the pure forced con-
vective axial velocity and temperature profiles signifi-
cantly. ‘The bottom part of the tube becomes a more effec-
tive heat transfer surface, and offers more resistance to
the fluid flow. A reverse trend is observed in the top
part.

3. Fins suppress the free convective currents. In general,
for long fins (H 20.75), the free convective effects are
significant only at very high Grashof numbers (Gr > 10%).
For shorter fins (H £ 0.5) however, although the secon-

dary currents are less intense than the smooth tube, the
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effects of free convection are significant even at moder-
ate Grashof numberg (10¢ and up).

When free convection is present, the bottom fin becomes a
more effective heat transfer surface and offers greater
resistance to the flow. On the contrary, the top fin show§
an opposite behaviour.

Free convection alters the distribution of local heat flux
around the tube wall and along the fins. For all tube geo-
metries, the bottom part of the circular wall experiences
more heat flux. Along the fins, the heat flux is in gen-
efal higher at the bottom fin. Along the top fin, maximum
heat flux is observed at the middle portion of the fin for
shorter fins (H £ 0.5).When fins are long (H > 0.5), this
maximum occurs at the tip of the top fin. Along the bottom
fin, maximum heat flux is seen at the tip for short fins,
however, this maximum shifts towards the middle portion of
the fin when fins are long. |

Magnitude of the local heat flux along the fins depends on
the heating loads i.e., the values of Gr. At the top fin,
increasing the value of Gr decreases the magnitude of heat
flux. At the bottom fin, a reverse trend is observed.
Relative increases in Nu and f values due to the presence
of free convection is found to be maximum for the smooth
tubes. As the fins become longer, these relative increases
become smaller. |In general, the relative increase in Nu
values is substantially higher than the corresponding in-

crease in f values.
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In future studies, it is proposed that a finer mesh be used
to improve the accuracy of the results. As has been demonstrated,
the neighbourhood of the tube's center is responsible for the re-
striction on mesh size. A possible approach could be the use of
an uneven mesh which is coarser near the center and relatively
finer away from it.

Further, it is recommended that other values of Prandtl]
number and even higher values of Grashof number be incorporated
in the present analysis. Obviously, the case of two fins is a
starting point for the mixed convection analysis of the .internal-
ly finned tubes. |t is proposed that in future, the case of more

than two fins be studied using similar analysis.
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