THE UNIVERSITY OF MANITOBA

A SIMULATION STUDY OF JOLLY'S ESTIMATES FOR ANIMAL

POPULATIONS WHEN SAMPLING INTENSITY IS LOW

by

Norman Shelly Kreger

A THESIS
SUBMITTED TO THE FACULTY OF GRADUATE STUDIES
IN PARTIAL FULFILLMENT OF THE REQUIREMENTS FOR THE DEGREE

OF Master of Science

DEPARTMENT of COMPUTER SCIENCE

WINNIPEG, MANITOBA

February, 1973




ABSTRACT

The Jolly estimation equations do not yield reliable
estimates of the population parameters when sampling intensity is
iowo Criteria to aid the experimenter in determining whether or
not his results from the Jolly model are reliable, are developed.
Using these criteria, the parameter sets of survival rate and
capture probability, for which unreliable estimates result,-are -
determined.

Two methods of pooling are suggested which may allow the

experimenter to salvage some information from this expefiﬁent when
the Jolly estimation equations produce unreliable estimates. The
two pooling methods are the method of pooled statistics and the
method of reduced capture histories. Both pooling methods are
simulated using the parameter sets which resulted in unreliable
estimates. The criteria developed previously are again applied to
these results to determine if there has been any improvement with
either pooling method. It is shown, that in certain cases, there
is a very great improvement in the estimates from both pooling
methods. Variance formulae for the pooled estimates are proposed

and shown to give reliable estimates of the precision of the pooled

estimates.
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Chapter 1

1.1 General Introduction

Over periods of time the size of an animal population
changes due to variation caused by births, deaths, immigration and
emigration. What are mainly of interest to the biologist are trends
in the population such as: 1is the population steadily increasing
over time, is the population decreasing and heading for extinction
or are there significant fluctuations in the population throughout
the year? This type of study is called "monitoring" a population.

The mark-recapture or multiple-recapture experiment is
one method of estimating these trends. The mark-recapture experi-
ment is described as follows: The population is sampled at a
number of discrete (but not necessarily equally spaced) sampling
times i = 1, 2, ..., L. Any unmarked animals in the sample are
given a unique identifying mark. The capture of each animal and
the sampling period is recorded and it is returned to the popula-
tion. Some animals may not survive the capture and these animals
are called losses on capture. Other animals may be detained and
returned to the population at a later sampling occasion. Each of
Vthe animals released from the sample has some probability of sur-
viving to the next sampling period. Thus, some animals may die
between sampling periods. Others may permanently leave the popu-
lation but are included in the deaths. However, the experimenter
is unaware of which animals die or when they die or which animals
leave the population since he may never see them again. Between

successive sampling periods there are new arrivals to the popula-



tion, which are termed births and which increase the pool of un~-

marked individuals. The term births is meant in the general sense

to include any new entries to the population due either to birth

or immigration.

The model used to estimate population parameters such
as population size, survival rate or number of births was developed
by Jolly (1965). To derive the estimation equations he made the
following assumptions:

(1) Sampling is random. Each animal has the same
probability of caﬁture at time i? Pys although
p; may vary over the different sampling times.
in particular, capture must not affect future
catchability. Out of the s released from
a sample of size n., Pj is the same for the
sy and the N, - n; (the number not captured

in the ith sample) for all j > i.

(2) The probaility that an animal survives from
time 1 to i + 1, ¢i’ is assumed to be the same
regardless of age, size, capture history, etc.
If the experimenter thinks that survival or
capture rate differs among various age or size
groups, the Jolly analysis can be applie& to
the stratified population. This analysis can
be done, providing there is no transfer of
individuals among the strata in the course of

the experiment. In this study I consider only



(3

(4)

1.2 Notation

the case of a single stratum.

Only permanent migration occurs. That is, an
animal that leaves the population at any time
does not return to the population. This does
not aﬁply to animals detained upon capture
which may be returned to the population as part
of a later Sy

Aside from animals detained upon capture, the
period of time required to mark and return a
sample is assumed‘to be small compared to the

time between samples.

The notation is taken from Jolly (1965) and is consistent

with the general notation proposed by Cormack (1968) and is as

follows:

=]
H

=
1]

3
]

n
1t

the total population size at the time of the ith
sample.

the number of individuals captured in the ith
sample.

the total number of marked animals in the popu-
lation at the time of the ith sample.

the number of marked animals in the ith sample.
the number in the ith sample returned to the
population after marking.

the number of new arrivals to the population

between the ith and i + lst samples.
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The n_,
i

m

i

the number in the population at time i that
were caught and marked before and after time
i, but were not caught at time 1i.

the number of animals caught at time i which
are seen again at some later sampling time.
Mi/Ni z the proportion of marked animals in
the population at time 1.

the probability that an animal alive at time
i survives to time i + 1.

the probability that an animal alive at time
i is caught in the ith sample.

the probability than an animal caught in the
ith sample is released. 1i.e. that the animal
is not lost on capture.

the total number of samples.

s Sgs T and z, all represent random variables.

1

Ni andei are called conditional parameters by Jolly because they

are parameters of the model but they are also affected by random

variation in numbers surviving prior to time i. They are usually

called unobservable random variables. The parameters Py N

ng and Bi are considered to be fixed but unknown quantities.,

1

A

meter estimates are denoted in the usual way. For example, Ni is

an estimate of Ni'

1.3 Purpose and Scope

This thesis is an analysis of the multiple-recapture

experiment described in 1.1. The model is the one proposed by

Para-



Jolly (1965) and Seber (1965). The notation is the same as
Jolly's and in certain cases is taken from Cormack (1968) to
standardize notation. It will be shown that, provided the assump-
tions hold, the Jolly model yields satisfactory results in most
cases. However, there are cases, such as when sampling intensity
is low or when the population is small, that result in poor esti-
mates of the population parameters. These cases will be deter-
mined and a method of pooling the observations is suggested which
will produce reliable estimates. A reliable estimate is defined
as one which is fairly precise and not badly biased as defined by
the criteria for reliability that are developed.

If estimates of the parameters at each sampling time are
unreliable, it may be possible to assume that the parameters change
only slowly over time, so that the parameters over several adja-
cent sampling periods are approximately the same. One may then
wish to combine or pool the information from several adjacent
sampling periods to produce more reliable estimates of the average
parameter sizes within each pooled interval.

If unreliable estimates are produced from an experiment,
it may be due to low sampling intensity; that is, p; may be low
resulting in small samples and/or few recaptures. An experimenter
may wish to increase his number of trapping statioms but for vari-
ous reasons such as manpower shortage or lack of suitable trap
sites it may not be possible., 1In such cases he may consider pool-
ing as a method of increasing the acceptability of his estimates.

He may also consider extending his sampling chain. However, if
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his sampling intensity is low or, if the animals are subject to a
relatively low survival rate the number of recaptures may still be
small. Again, pooling may allow the experimenter to accept the
new estimates, whereas he may have rejected the unpooled estimates.

As a starting point, the simulations deal with a stable
population. In my simulations a stable population is produced by
keeping the parameters p, ¢ and n constant over the sampling
chain. As well, the births are made to compensate for the total
expected losses. Thus, E(Ni)=N0 for all i, where NO is the ini-
tial population size in the simulation. A more general definition
of stability, allowing the parameters p, ¢ and n to vary over the
sampling sequence; but compensating for any losses by new entries,
and still keeping the population stable was not used.

Stable populations are not unrealistic especially over
short periods of time. Also, if pooling methods do not work on
stable populations they are not likely to work on populations |
changing gradually or erratically over time. In order to keep the
thesis to manageable proportions the main part of the investiga-
tion involved stable populations. Unstable populations were also
looked at to determine the effect of pooling on the estimates.
More work must be done in the area of unstable populations, and
the results given here are intended only as a basis for a more
comprehensive study of the properties of the Jolly estimates and
pooling methods in an unstable population. In chapter 5 I outline

how such a study might be carried out.

The Jolly estimates are calculated over the stable
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population for a large number of parameter sets. From the results
of these simulations criteria for determing reliability of esti-
mates are developed using bias, relative bias, coefficient of
variation and comparison of the r, to the estimate for Ni' Using
the criteria, those parameter sets from which unreliable estimates
result are determined.

The criteria used in this simulation study can also be
used by the experimenter on his estimates. The experimenter will
not be able to get a measure of the bias in his estimates and the
coefficient of variation can not always be reliably estimated from
the results of a single experiment. However, the criterion which
uses the average r; across i can be used. If the experimenter's
estimates of Ni are fairly stable, he can compare the ri's to the
estimate of Ni' If the ri‘s are fairly high, say greater than 5
percent of the estimate then, his results are probably fairly
good.

Two of the methods of pooling described below are in-
vestigated using the parameter sets which yield unreliable esti-
mates, The problem is to determine if the pooling methods improve
the estimates sufficiently to allow the experimenter to accept
them. If the pooling methods yield good estimates is one method
better than the other? Also, what is the effect of increasiﬁg the
number of sample times‘pooled? What is the optimal pooling rule?
Since the variance of the estimate gives an indication of the pre-

cision of the estimate, another purpose of the simulations is to

form variance formulae for the pooled estimates and determine the



validity of these variance formulae.

There are a number of possible methods of pooling that
can be used when the Jolly model yields unsatisfactory results.
Information is pooled in groups of s sample periods each. Instead
of getting the ﬁi’ &., gi’ etc, for i =1, 2, ..., L the experi-

~

i
menter gets N, ¢, By etc. for J =1, 2, ..., P. P = L/S and the
Jth period is called the Jth grouping interval. Thus, for exam-

ple, when J = 1, N_ is an estimate of the population size over the

J
first s sampling periods.

The first method involves pooling the statistics ng, M,
S;s Ty and z, over the pooling interval. From these pooled stat-
istics estimates of the parameter values at the beginning of each
grouping interval can be formed. In particular, the estimates are
formed for i = 1, s + 1, s + 2, etc. By shifting the interval one
sample period and pooling over the new interval, the experimenter
can get estimates for i = 2, s + 2, 2s + 2, etc. By shifting the
intervél s times the experimenter can get estimates for all the
sample periods except the last s - 1, If he wishes, the experi-
menter may then average the estimates within grouped intervals to
derive the ﬁJ, etc. as described above. This process, then, in-
volves forming estimates from the pooled statistics and then taking
a moving average within grouping intervals. This method wili be
called the pooled statistics method. A more detained justifica-
tion and explanation of this method is given in chapter 4.

The second pooling method may be called the method of

reduced capture histories. For each individual the capture



history data within a grouping interval are treated as if they
were collected at a single point in time; the midpoint of each
period. In this method recaptures within a grouping interval are
ignored. Each capture history is grouped and the Ny M, Sg5 Ty

and z, are collected from the reduced capture histories of each
individual. The Jolly equations are then used to form the esti-
mates. A moving average is also used on the capture histories to
get a moving average of estimates. This method of reduced capture
histories is discussed in detail in chapter 4.

A third method of pooling, called the method of pooled
estimates, was suggested by Jolly (1969). This method involves
weighting the estimates ﬁig $i and ﬁic The estimates are calcu=
lated using the original Jolly model and are then pooled within
periods by a weighted average of the estimates. The weights are
taken in inverse proportion to the estimated variance. The
methods of pooled statistics and reduced capture histories were
simulaﬁed and are discussed further in chapters 4 and 5. How=-
ever, due to the complexity of the method of pooled estimates it

was not investigated,

1.4 Chapter OQutlines

In chapter 2 T discuss the Jolly model giving the Jolly
estimation equations and the estimation equations corrected for
small sample bias as suggested by Seber (1965). In the second
part of the chapter I describe the simulation program which
generates the capture histories for the population, calculates

the observed values Dys Mgy Sy Ty and 2 and calculates the
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estimates N, M., a., ¢., B, V(N), V(s,), V(B), V(NiINi) and

G(&i) - gi(l - ¢i)/Mi+ie Also included is a discussion of pro-
blems encountered during the simulation.

In chapter 3 I discuss the results of the simulation of
a single experiment as described in chapter 2. Following the
discussion is the next step of the simulation; running the simu-
lation over multiple replications of a single experiment. The
reasons for multiple replications are given as well as what anal-
ysis can be done on the results in terms of bias, relative bias
and coefficient of variation. From the results of the multiple
replications I derive criteria for determining whether or not an
estimate is reliable. The last section of this chapter gives the
parameter sets over which the simulations were run as well as the
parameter sets which yield reliable estimates according to the
criteria developed in this chapter.

In chapter 4 T describe the two methods of pooling which
were iﬁvestigated; the method of pooled statistics and the method
of reduced capture histories. The estimation equations which re-
sult from both methods of pooling are given as well as the methods
of implementing both pooling methods into the simulating program.

In chapter 5 I give the results of both pooling methods
described in chapter 4. 1Included in this chapter is a discussion
of -the variance formulae used in the pooling methods, a discus-
sion of the effect of changing the grouping interval length, a
comparison of the two pooling methods and some results of simu~

lations done on a nonstable population.
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Chapter 6 is the concluding chapter of the thesis. The

conclusions made throughout the thesis are summarized in this

chapter.
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Chapter 2

2.1 Introduction

The Jolly estimation equations are given in this chapter
as well as the estimation equations corrected for small sample bias
which were used in the simulation. After this, the simulation pro-
gram is described, giving a discussion of the methods used and a
description of problems which arose during the course of the
simulation,

‘2.2 The Jolly Estimation Equations

€9 a is the proportion of marked animals in the popu-—
lation and is estimated.by &i = m,i/ni°

2) M, = (sizi/ri) +m,

The total number of marked animals in the population is
made up of the m, daptured in the ith sample and the Mi—mi not
captured in the ith sample. At the time of release of the ith
sample there are two groups of marked animals. These two groups are
the si.and the Mi—mi, The number caught before, and after, but not
at time i is zg . The Mi-—m:.L are the number caught before the ith
sample but not in the ith sample. Therefore, z, of the Mi—mi are
caught after the ith sample. The number caught at and after the ith
sample is r,. Therefore, of the oh released from the ith sample, r
are caught subsequently. Hence, because of assumptions (1) and (2)

from 1.1, namely, that probability of recapture is.the same for the

Mi~-mi and thersi,
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That is, the proportion of the marked animals not caught at time i
but caught after time i should be approximately the same as the pro-
portion of marked animals released at time i and subsequently re-
captured. Therefore, these proportions yield the estimate ﬁi given
above.

{(3) Since capture does not affect future catchability the
proportion of marked animals in the sample, mi/ni’ should be the
same as the proportion of marked animals in the population, Mi/Ni°
Therefore, it follows from mi/ni-z Mi/Ni, that ﬁi = (ni/mi)bjlie

G oy =My /(Mmmts,)

At the time of release of the ith sample the two groups of
marked animals are the Mii-mi and the SPp The total number of

marked animals known to be alive at time i is Mﬁ-mi+si° Of these,

M.

14 2T alive at the time of the i+lst sample. Therefore, the pro-

bability of survival from the ith to the i+lst sample is the pro-
portion of the number of animals marked and alive at time i, still
alive at time i+l, which is Mi+1/(Mi—mi+Si)°

) By =Ny~ ¢ Wymngbs))

At the time of release of the ith sample the total number
in the population is N.-n.+s,. Of these, ¢, (N.-n.+s.) will survive

i1 ivi i i

to the it+lst sampling period. At time i+l there are Ni+1 animals in

the population, so the number of arrivals between i and i+l is the

difference, N (N,-n.+s.).
i 717

1+17 %4

While the samples are taken over the L sampling periods,

~

the estimates Mi’ Nis ¢i and Bi do not exist for all i. The range

of oy is over the complete sampling chain, since both m, and n, are
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A
defined for all i. The range of Mj is restricted to 1 to L-1, be-
as
cause at i=L neither rj nor z; are defined and therefore, My is

~

undefined. The range of Nj is also restricted to 1 to L-1. This

is because gi is a function of ﬁi, which as shown does not exist for

i=L. Therefore, gi does not exist at i=L. ﬁi also does not exist

for i=1 since m;=0. However, gi is calculated by averaging the Nj,
A

for i=2, 3, ..., L=1. This average value is then assigned to Nj.

The range of ai is further restricted to 1 to L-2 because
Ei is a function of ﬁi+1° Thus, for i=L, $i does not exist because
‘ there is no §i+1 and for i=L-1, $i does not exist because ﬁL does
not exist., Similarily, gi exists in the raﬁge 1 to 1~2 because it
is a function of $ie Since neither aL nor aL—l exist neither BL nor
By-j exist.

Also of importance to the experimenter are the variances
for ﬁi, ai and gio These aid him in determining how reliable his
estimates are. The variance formulae given below are from Jolly
(1965). These formulae are asympototic formulae, valid when the nj,
mi, Si, ¥i and zj are large.

Vd\li)*{Ni (Ni-ni) (((Mg-mi+s3) /M) (1/ri~1/s4)+(1~01) /ms)}
+{Ni—§§écmi (1) /85))

V(=02 (Gla41mg41) Ofpgympeptosy ) /02, )) (/g yg=1/5540)
+(QMi-mg) /(M -mi+s 1)) (1/ri-1/s1)+(1-1) Mi+1}

V(§i>=f3§ (Mi+1-mi ) My pp-mie1+si+1) /M2 ) (L/ri1-1/5441) )
+(Mi-mg) / (Mg -my+si) Hogsg (1-01) /Oti}z(l/ri—l/si)
+(Ni-ni) (Ni+1-B1) (1~04) (1-¢1) / (My-mi+si )41 (Nypq-ni47)

(1"‘0&1.‘.1) /mi+1+-¢§_Ni (Ni""fsi) (1—0(,1) /mi
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Since the parameter N; is affected by survival and immigra-
tion prior to time i, it is not considered as a fixed parameter of
the model. The number surviving to time i has random variation and
the total variation from sampling periods before i produces random
variation in Nj. The estimate of N, ﬁi, has variance consisting of
errors in estimation and the variability of Ni° The term in the
first set of braces represents errors in estimation, while the terms
Nimjéé(N%(j)/Bj) represent the variance of the conditional estimate,
ﬁilNi. The Ni(j) used in the formula of V(ﬁi) refers to the ex-
pected number in the population at time i that first joined the
population between times j and j+l. The N;(j) are obtained from the
recursive formula, Ni+1(j) ='{(Ni+l—Bj)/Ni}Ni(j), for i > j, and
Ny (1) = By.

In Jolly's formulae for the variances each symbol refers
to the expected value. However, since these are unobtainable each
symbol is replaced by its observed or estimated value. Only observed
or estimated values are used in the variance formulae; therefore,
the results are only estimated values of the asymptotic variances
and are denoted %(ﬁi), etc.

2.3 The Unbiased Estimation Equations

The estimates from the Jolly model are subject to bias
either from failure of one of the assumptions of the model or, if
all assumptions are met, from some inherent property of the model,
which may be termed as small sample bias. In order to reduce small
sample bias, the estimation equations used in the simulation are those

given by Seber (1965) and discussed by Carothers (1973). They are
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as follows:

CH

(mi-l-l) / (ni+1)

A~

My

The formulae for N;, ¢; and Bj remain the same as in 2.2 and use aj

(s;+1)z3/(ry+1) + my

and M; from above.

2.4 The Simulation

The simulation consists of taking N, individuals and gene-
rating capture histories over the L sampling periods for sets of the
parameters ¢, p and n. The parameters No’ ¢, p, n and L are read
into the program, with ¢, p and n constant for all i, i=1, 2, ..., L.
The parameters ¢, p and n need not be constant over i aﬁd in many
real-life situations they are not. However, as a matter of con-
venience they were constant over i. The simulation program can be
easily modified to allow for varying these parameters.

Each of the N, individuals is either caught and released,
caught and lost on capture, or not caught at each of the L sample
periods. Also, any individual that is caught and released, or not
caught, may mot survive between trapping periods. As well as the N,
individuals at the beginning of the simulation, there are new
arrivals to the population between sample times in the form of
births. This simulation deals with a stable population and hence,
the expected number of births was chosen so as to replace the ex-
peéted number of deaths or losses.,

The expected number of losses between any sample times i
and i+l is Nipi(l—ni) + (Ni'ni+si)(1"¢i)° These losses represent

the number of animals caught at time i, N;p;j, but lost on capture,
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plus the number of animals caught and released at time 1, Nj-nj+sj,
that did not survive to time i+l.Since for given Nj,
E(Nj-nj+s;) = N;-Nijp;+Nipin;, therefore,
E{Nipi (1-ny)+(Nj-nj+s;) (1-¢5)} = Nypj (1-nj)+(N;-Njpi+Nip;ni)
(1-41)
= Ni{pg (1-n3)+(1-pytpini) (1-¢1)}

Ni{1l-¢j (1-pi+pini)}

= Njpoi.

Therefore, Njp; is the expected number of losses between i and i+l,
and the number of births between i and i+l, Bj, is Njp;. Since Ny
is a random variable, and because the population is stable over the
L sampling periods, I use Nj=N, in calculating the number of births.

The following is the mechanism by which the capture
history of each individual is produced for each sample, i, and for
each parameter set of Ny, pi, ¢4, and ni and L: |
(1) A uniformly distributed random number, Uj, is generated
between 0 and 1 for each sample for which the individual is in the
population. It is captured if U; is less than the probability of
capture, pj. R
(2) 1If it is captured, a second uniformly distributed random number,
Ugs ié generated between 0 and 1. If Uy is less than nj, the pro-
- bability of no loss on capture, then the individual surviveé until
‘release,
(3) If the individual is alive at the time of release of the ith

sample, then a third uniformly distributed random number, U3, is

generated between 0 and 1. 1If Uz is less than ¢;, the probability
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of survival from i to i+l, then the individual survives until the
time of the next sample.
A capture history is produced in this way for each of the No in-
dividuals, as well as for the Nopi new arrivals between times i and
it+l.
There is a second method by which the capture histories
can be produced which was not used, but is more efficient. When
sampling begins, there are five mutually exclusive and exhaustive
events. These events and their corresponding probabilities are
listed below. An individual could be
{i) not captured at i and does not survive to i+l, with probab-
ility (1-py) (1-¢4)

(ii) not captured at i and survives to i+l, with probability
{1-pi) 4 |

{iii) captured at i and lost on capture with probability pi(l-ni)

(iv) captured at i, released and does not survive to i+l, with
probability p;nj (1-¢4)

{v) captured at i, released and survives to i+l, with probabil-
ity Pini¢i’

The sum of the five probabilities is 1. The interval between O and

1 is divided into 5 sub-intervals. Each sub-interval has a length

corresponding to the value of one of the 5 probabilities. A uni-

fbrmly distributed random number, U1 is generated between 0 and 1.

Uy will fall into one of the sub-intervals and the corresponding
event is the one which occurs.

The capture history of each of the N, individuals; and
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each of the Bi individuals, i=1, 2, ..., L~1, is stored in a
vector, X, of length L. The following notation is used:
Xi=0 implies the individual was not captured at
time 1.
Xi=1 implies the individual was captured at time
i and was returned to the population at time i.
Xi==1 implies the individual was captured at time
i but was lost on capture.
X;=2 implies the individual died before time i.
Thus, as soon as an individual has died, the remainder of the cap-
ture history for that individual is set to 2.

In order to calculate the estimates from the Jolly model-
the simulation requires the observations n;, m;, S5, T3 and zj.
These are calculated from all the capture histories in the sub-
routine STATS (see appendix B). Each time an individual's.capture
history is completed, the STATS routine is called. For each indivi-
dual's capture history, STATS forms a cumulative sum vector, C, of
length L defined bys

C.

i
i =021Ile for all x4, x4#2. If x4=2 then add

1=
zero to the sum.

The following algorithm uses the X; and C; to calculate the required
observations: |
if |X1i=1 then n;=n;+1, where nj.is the number
captured in the ith sample.

if |X4|=1 and ¢, > 1 then my=mj+1, where m; is the

i

number of marked individuals in the ith
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sample.

if Xy=1 then s;=si+l, where sj is the number
released from the ith sample.

if X;=0 and 0 < C; < Cp, then zj=z;+1, where zj
is the number marked before and after,
but not at time i.

if X4=1 and C; < Cj then ri=rij+l, where rj is
the number marked at and after time i.

if X3#2 then N =N;+1, where Nj is the total
number in the population at time i.

if X;_y#2 and C;_; > O then M;j=Mj+1, where M; is
the total number of marked individuals
in the population at time i.

This algorithm (suggested by A.D. Carothers in a private
communication) can also be used to form the n;, mj, Sis Y3 and z4
from actual data. All that is required is that the data be coded
as shown previously. However, the experimenter will not be able
to calculate the N; and Mj from actual data, since he won't know
when an individual dies. Thus, with the exception of those indi-
viduals lost on capture, none of the X; for the population will
have the value of 2. The algorithm given above is suitable for
forming the statiétics from actual data, if the last two steps of
‘the algorithm are omitted.

When the ng, mj, Si, Ty and z; have been calculated from
all the capture histories, the subroutine ESTMT (See appendix B) is

called to calculate the estimates &i’ ﬁi’ ﬁi, $i and ﬁi’ as well as
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the estimates of the variance of the estimates G(ﬁi), G($i)» %(ﬁi),

ﬁ(ﬁi]Ni) and §($i)"$§(1'$i)lﬁi+le These are the results of a single

replication of the simulation. The results of a single replication
correspond exactly to the results that an experimenter could derive
from an actual set of data.

In the course of the simulation a number of problems arose,
which either gave poor estimates, or produced problems in the simu-
lation program. The problems and the solutions adopted were:

(1) 1In calculating @i, it is possible to get values which are less
than zero or greater than one. Not only are such estimates
inadmissable, but they also lead to problems when using the var-
iance formulae. For instance:

VN |Ny) = V(ﬁi) + Ny ~§§3(N§_(j)/3j), By is a function of

¢j and if ¢j > 1.0, the values of Bj may be negative.. With
Bj negaﬁive, the term jEl(Ni(j)/Bj) may be negative, which
makes %(&ilNi) > G(ﬁi), which should not be the case. There-
fore, any éi < 0.0 were adjusted to a small positive number,
0.000001, and any ¢i > 1.0 were adjusted to 1.0.

(2) If any ﬁi were less than zero, they produced unacceptable
values for G(gi). Accordingly, any gi < 0.0 were adjusted to

. ZeYOo

(3) 1In calculating ;éé(Ni(j)/Bj), if any Bj=0°0’ then the ferm
is undefined and the jth row in the triangular matrix for
N; (3) (Nj(j) is the . expected number in the popﬁlation at time

i, that first joined the population between times j and j+1;

i.e. which are members of Bj) is undefined. Since Bj has
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been set to zero, Nj(j) should also be zero. Therefore,
the jth row in the triangular matrix for Nj(j) contributes
no information to the term and the row is left out.

(4) In calculating the variance estimates, if any variable in

the denominator is zero then the variance is set to zero.
For example: G(ﬁi) = ﬁi(ﬁi‘ni){((ﬁi‘mi+si)/§i)(1/ri”1/Si)
A ~ i=1 o

+(1-ai)/mi} + Ni—jgo(Ni(j)/Bj), If any of
the rj, si or My equlas zero, then %(ﬁi) is set to zero.
In such cases the variance should logically be infinite.
However, in practice an experimenter encountering such a
situation would not be able to form a variance estimate
(although using Seber's formulae with correction for small
sample bias he could form estimates). Setting the variance
estimate to zero and reducing the number of replications
by one, eliminates the offending dafa set when calculating
the mean and variance of the variance estimate over repli-

cations. Thus, such means and variances for the variance

estimates are conditional on the my, 84 and r; being greater

than zero.



23
Chapter 3

3.1 Introduction

In Chapter 3, I discuss the results of a single experi-
ment as well as the results from repetition of a single experiment
during a simulation. From these results I derive a criterion for
a "good" experiment and determine the parameter sets of N,, ¢j, and
pi which produce acceptable results.

3.2 Results of a Single Experiment

The simulation of a single experiment produces results
such as those in tables 3.2.1 and 3.2.2, for the parameter set of
Pis ¢is Nys Np and L equal to 0.50, 0.90, 1000,;200 and 50, respec~
tively, Table 3.2.1 gives the true values of the observations My,
mj, Nj, ny, By, sy, ¥y and z; from columns two to nine, respectively.
and table 3.2.2 give the estimates &i, ﬁi, ﬁi, $i, B4, %(ﬁi),
§($1)9 §(§i), G(&ilNi), %(&i)—$§(1—$i)/ﬁi+l and bias of ﬁi from
columns two to twelve, respectively.

The results from a single experiment are extremely vari-
able across i, as can be seen from the column labelled CN(I) (which
represents Ni in the notation from 1.2) in table 3.2.1. This column
represents the total number of animals in the population at time
i. The values of CN(I) begin at 200 for I=1, reach a low of 174
at I=20 and climb to a high of 219 at I=49. Since the simulation
deals with a stable population, the expected value of N; is 200 for
all i, The variability in the Ni is due to the effect of the

{stochastically occurring) deaths and losses on capture.

Another example of the variability over a single experi=



24
ment occurs in the columm NN(I) in table 3.2.1 which, from the
notation in 1.2, is n; the number in the ith sample. With the
probability of capture equal to 0.50 and N, equal to 200, the ex-~
pected size of each sample is 200(0.50) = 100. However, the wvaria-
bility is due to the variability in CN(I), as well as the variability
contributed by the capture mechanism. While the expected popula-
tion size at any sampling time is 200, the true population size at
the ith sample is CN(I). N;, NEST(I) in table 3.2.2, is an esti-
mate of the true population size. N, is an unobserveable random

variable and the error of the estimate of Ny, N -N;, should be

i
small if the results from this simulation are to be acceptable.
Since ﬁi is an estimate of CN(I), and CN(I) fluctuates over i, you
expect ﬁi to fluctuate over I as well. ﬁi does vary over i and the
error of ﬁi remains relatively constant over i as well;

In this set of simulations the estimates which appear to
give the best results over one experiment are PHIEST(I) ($i) and
BEST(I) (gi)° however, this is generally hot the case. The true
survival rate is 0.90 and the average estimate of survival is close
to that, with a low estimated standard deviation. The estimates
¢4 for i=6, 12 and 42 equals 1.0. The calculated estimate for those
values if ¢4 was greater than 1.0, but as was discussed in 204, any
such estimates were reset to 1.0. The average value across i of gi
is close to 20, the true value from table 3.2.1, with the average
estimate of the standard deviation across i of ﬁi approximately
equal to 8.5.

Although the estimates in the above example fluctuate,
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they are still relatively close to their true values. The pro-
bable conclusion from this experiment is that the estimates are
reliable. However, the results in the next example, shown in
tables 3.2.3 and 3.2.4, are clearly the opposite case. The results
are for the parameter set of Ny, ¢55 Py and n; equal to 200, 0.93,
0.04 and 1.00, respectively.

From table 3.2.3, the column labelled M(I) which corre-
sponds to mj, has several zero entries. Thus, in these zero entries
there were no recaptures, which will show up in the ry (R(I) in
table 3.2.3). Several entries in the r; are zero as well, and since
the Jolly model requires non zero r; for good estimates, the indi-
cation is that the results will be poor.

The conclusion of poor estimates is further asserted by
the results in table 3.2.4. The column lablelled NEST(I) (ﬁi) has
a very wide range of values, which are significant overestimates
and underestimates. The fifth column, éi, has a number of entries
equal to 1.0,‘indicating several inadmissable estimates of ¢; were
obtained. The same is true for BEST(I) (Ei), SDN(I) (G(ﬁi)), SDP(I)
(G(@i)) and SDB(I) (ﬁ(ﬁi))n All have several zero entries, showing
that inadmissable resﬁlts were obtained. Thus, this example of a
poor experiment over a single réplication contrasts with thg pre-
vious example of a good experiment over a single replication.

3.3 Multiple Replications

In order to investigate the variability of the estimates
at each sampling time, the simulation was performed over 36 repli-

cations. Replications meant that the experiment was repeated 36
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times using the same parameter values, but different generated
capture histories. In particular, a different set of random num-
bers was generated for each replication, which generated different
capture histories.

The number of replications was not chosen to be a much
larger number; such as 100 for two reasons, Firstly, a smaller
number was chosen because of a "diminishing returns" effect for
the estimation of the mean. Replicating produces means of the es-
timates over the 36 replications. According to the central limit
theorem, if X is the mean of an estimate, then X is approximately
normally distributed with mean p and variance o2 /n. Thus, the pre-
cision, as measured by the standard deviation, increases with vn
and the gain in precision for a unit increase in n, diminishes aé
n becomes larger. Secondly, because of the "diminishing returns"
effect and the cost of computing for more than 36 replications the
simulations were run over 36 replications. Now, instead of results
over only one experiment, the observations and estimates were
averaged over 36 replications. From the replicated results, sample
standard deviations of the estimates can also be calculated.

The purpose of averaging the estimates over 36 replications
is to be able to analyze the estimates and to determine their re-
iiability. The estimates of parameters are analyzed as to %heir
‘bias and to their variability, and the estimates of the variances
are invéstigated to see if the variance formulae estimate the
variance of an estimate reliably. This investigation applies to the

Jolly estimates without pooling, in order to determine what para-
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meter values allow reliable estimates. The investigation also
applies to the study of pooled estimates which allows you to de-
termine if pooling reduces bias, improves precision and to see
empirically if the variance formulae have any applicability when
pooled statistics are substituted into the formulae.

There are two types of estimates which can be disting-
uished from the Jolly model. One type is estimates of a fixed
parameter or property of the model. . For example; the fixed para-
meters are pj, ¢i, By, Dj, V(ﬁi]Ni), V(Bi) and V(¢;). The second
type are estimates of conditional parameters and properties of the
model such as N:, Mj and V(N;).

Two properties of both types of estimates are of in-
terest; namely, precision and bias. Precision and bias cannot be
easily derived analytically and so they are estimated from the re-
plicated data for particular parameter sets. The methods of analy-
zing precision and bias for the two methods are discussed separately.

A single replication of an experiment yields an estimate,
e, of a true value, 0. In my simulations e corresponds to Pis $i9
gi, etc. and O corresponds to the fixed parameters pj, ¢;, Bi, etc.
Since e is a function of observeable random variables, e is a ran-
dom variable and has an expected value. The expected value of e
E(e), is Ug, and the variance of e, var(e), is Gg. If ug = 0, then

e is said to be an unbiased estimate of O.

2
e

2

Neither lg MOT O o

are known. However, both U and o
were estimated by replicating the experiment 36 times, which gives

€js €9, ...y €35. The average of the ej over the 36 replications

4
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is E, and e is an estimate of ﬁe. Since each e; is a random vari-
able, its expected value,-E(E), is ﬁe and its variance, var(€),
is GZ//(36). By the central limit theorem, e is approximately
N(ile, 02/6).
The estimate of the bias, g, is e-0 and since E(@)=lgs
E(g)=ﬁe—9. Therefore, g is approximately N(ﬂe—e, 02/6). The sample

2

variance of the e; over the 36 replications is Sgo which is an es-

timate of Gg. A test of significance can be performed on g, In
particular, if y,~0 = 0, then g/sb is approximately t3g, and t3g
is approximately N(0, 1), where sb=/(s§/36), This allows you to
test if the observed bias is significantly different from zero.
Thus, if g < 0 and Igl > 1.96sy,, then we say e is a significant
underestimate of O, and if g > 0 and §'> 16968b, then we say is

a significant overestimate of O. In this example significance is
at the 957 level.

A measure of precision of an estimate e is the.(:oeffi-=
cient of variation. The coefficient of variation of e is defined
as Ge/ue. If e is unbiased and normally distributed, a coeffcient
of variation of less than 1/2 indicates that the 95% confidence
interval for the true parameter O does not include zero. The coef-
ficient of variation is not known but can be estimated by s./&.
Moreover, the distribution of e for most estimates is far from a
‘normal distribution (Manly 1971), so the estimate of the coeffi-
cient of variation gives only a very approximate and not very

stringent measure of precision.

According to Gilbert (1972), if the coefficient of var-
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iation is relatively low, below .25, then the bias is small and

the estimate is good. However, the experimenter may not be able
to use the coefficient of variation. Both the estimate and the
estimated variance of the estimate are highly variable and there-
fore;, the coefficient of variation is highly variable as well.
Thus, the coefficient of variation is only a rough measure of pre-
cision.

The preceding discussion of biés and precision holds
only if e is an estimate of a fixed parameter. However, if e is
an estimate of an unobserveable random variable, t, then another
analysis must be used. Instead of looking at the bias, b=E(e)-E(t),
you look at the error of the estimate which is denoted e, and e=e-t.
€ 1s a random variable with E(s)=E(E(e]t=T)—T)=E(E(elt=T)—E(t))=
E(e)-E(t). Also, var(e)=var(e)+var(t)-2 cov(et).

However, rather than estima£e the covariance of e and t,
it is easier to estimate the variance of ¢ from the sample standard
deviations of e over the 36 replications. The estimate of the
variance is denoted sg. Now €, the sample mean of the error over
the 36 replications, is a measure of the accuracy of the estimate
and, by the central limit theorem, var(E)=s£/36° Thus, if t is
Ni, then e is ﬁiand € is given in the last column in table 3.3.3,
and Y(var(e)) is given in the last column of table 3.3.4. fhere-
‘fore, we say that an estimate is accurate if the interval e+1.96
(se/6) includes zero. For example, in table 3.3.3, € for i=25 is

1.42 and in table 3.3.4 s, for i=25 is 10.89. Therefore, at the

957 level of significance, 5i1.96(se/6) = 1.424+1.96(10.89/6)
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= 1.42 + 3.55, which includes_zero and the estimate is unbiased.
The use of bias, erxror of an estimate and coefficient of wvariation
in determining criteria for a reliable estimate is discussed in 3.4.

The output from a simulation of multiple replications is
now four tables for each parameter set of Ny, ¢i, pi and nj. The
first table (table 3.3.1) is one of means of the true values of
the observations Mi, mj, Ni, nj, By, sy, r{ and zj. From this
table the N; are compared with the ﬁi to determine how closely the
ﬁi follow the true population size. The rj are used to develop a
criterion for a reliable estimate. The second table (table 3.3.2)
is one of sample standard deviations of the observations from table
3.3.1, which are used to look at the variability of the observations
over the 36 replications.

The third table (table 3.3.4) contains the sample means
over the replications of the estimates &i’ ﬂi, ﬁi’ $is ﬁi’ G(ﬁi),
%(ﬁilﬁi), §($1)‘$§(1“$i)/ﬁi+l and g(ﬁi). From this table the pairs

ﬁi and G(Ni)g éi and V(¢;) and ﬁi and V(B;) are used to develop a

criterion for a reliable estimate. The estimate b(Nj) is also used

to develop another criterion for a reliable estimate. The fourth
table (table 3.3.4) contains the sample standard deviations of the
estimates in table 3.3.3 over the 36 replications.

The entries in the columns labelled SDN(I), SDP(i) and
'SDB(I) from table 3.3.3 are compared to the entries in the columns
labelled NEST(I), PHIEST(I) and BEST(I), respectively from table
3.3.4 (the table of sample standard deviations of the estimates)

to see if the varilance formulae estimate the variance of an
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estimate reliably. SDN(I), SDP(I) and SﬁB(I) are the mean es-
timated standard deviations of ﬁi’ &i and ﬁi, respectively and
NEST(I), PHIEST(I) and BEST(I) are the samples standard deviations
over the 36 replications of ﬁi, $i, and ﬁi, respectively. The en~
tries in table 3.3.4 also indicate the variability of the corres-—
ponding entries in table 3.3.3 over the 36 replicationms.

Also included in table 3.3.3, in the last row of the
table, are the number of inadmissable estimates of ¢ and B that
were calculated during the simulation. These totals are the first
two numbers in the last row, respectively. Any estimate of ¢ that
is less than or equal to zero or greater than 1.0 is inadmissable,
and any estimate of B that is less than zero is inadmissable. The
number of inadmissable estimates of ¢ and B may provide a criterion
for reliability of an estimate. When the number of inadmissable
estimates of ¢ and B becomes too large when compared with the total
number of estimates of ¢ and B that are calculated, then the esti-
mates may be unreliable.
The third number in the last row of table 3.3.3 corres-
ponds to the total number of zero ry; values over tﬁe 36 replications.
The number of zero r; may provide another criterion for the relia-

bility of the estimates of an experiment.

3.4 Criterion for a "Good" Experiment

As can be seen from table 3.3.3, the Jolly model gives
good estimates for the given parameter set. The accuracy of these
estimates can be seen by looking at the bilas. The average bias

across i, in absolute value, is about 2.0, An estimate of the
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relative bias is about 2.0/200,. which is .01. Thus, the relative
bias is very low indicating accurate results. The average esti-
mated standard deviation across i is about 16.0, and an estimate of
the coefficient of variation across i is about 16.0/200 = .08.
Again, this estimate is very low, indicating the acceptability of
the estimates.

The coefficients of variation of $i and ﬁi are also low.
The former is .05/.90 = ,055 and the latter is 9.0/20.0 = .45. Both
values indicate reliable estimates. When the estimated standard
deviations of ﬁi, @i and ﬁi from table 3.3.3 are compared with the
samples standard deviations of &i, $i and ﬁi from table 3.3.4, the
results are again favorable. For example, for i=25, /(ﬁ(ﬁi)=17.57,
V((31))=0.482 and V(V(B1))=9.28 from table 3.3.3, and the average
sample standard deviations of ﬁi, 51 and ﬁi are 15.42, .0492 and
7.94, respectively. Again, the indication is that the estimates are
acceptable.

While the Jolly model produces results which are obviously
good estimates in this case, the model also yields results which
are clearly poor estimates. For example, tables 3.4.1, 3.4.2, 3.4.3
and 3.4.4 are the results of a simulation with the parameter set of
Nos 9i> Pi and n; equal to 200, 0.93, 0.04 and 1.00, respectively.
In this case, the relative bias of ﬁi across i is between .20 and
-,30, significantly higher than the previous example, but on this
information alone it is not possible to determine the reliability
of the estimates. However, the coefficients of variation across i

of ﬁi, $i and ﬁi are now approximately .60, .75 and .95, respec-
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tively, all of which are too large to indicate reliable esti-
mates. Comparing the estimated standard deviations and the sample
standard deviations shows again that the estimates are unreliable.
For example, for i=25, Y(V(N;)) = 116.87, V(V(41)) = .5736 and
/(V(Bi)) = 108.32 from table 3.4.3, and the average sample stan-
dard deviations of ﬁis $i and ﬁi are 179.08, .2500 and 74.36, re-
spectively.

While it is not difficult to determine the acceptability
of the results in the above two examples, there are cases where
the answer is not quite as obvious. It is for this reason that a
criterion for a "goodf estimate is required. It is difficult
choosing a test for acceptability, because you do not want .to be
too restrictive. On the other hand, you do not want to allow results
which would mislead the experimenter into believing his results are
more reliable than they actually are.,

The Jolly estimates are subject to small sample bias as
discussed in 2.3. Seber's corrections reduce small sample bias
but do not eliminate it. If there is a large small sample bias, &i

is an overestimate of N; (Carothers (1973)). The estimated variance

of ﬁi, SDN(I) in table 3.4.3, is highly correlated with ﬁi (Manley

(1971)) and is an overestimate of the true variance of ﬁis NEST(I)

in table 3.4.4. Therefore, an estimate with significant small

sample bias, not only has a large actual variance, but also has a
large estimated variance. It is from this large estimated variance
that an estimate of Ny is found unreliable.

In order to establish a criterion I compared the mean
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estimated standard deviation of &i over the 36 replications, SDN(I),
with the mean estimate of Nj over the 36 replicatioms, NN(I). In
statistical terms the comparison is a test of the coefficient of
variation, which is defined as SDN(I)/N(I). Thus, I accepted the
estimates as reliable if the coefficient of variation of &i was less
than 0.50. Choosing 0.50 was arbitrary and any fraction of ﬁi

could be chosen. However, when the SDN(I) are greater than ﬁi/Z,
they approach the same order of magnitude as the estimates, imply-
ing that the experimenter has received 'more noise than signal.
That is, his results are too variable to be of much use. A smaller
fraction of ﬁi, of about .20, is more desireable, but it makes the
criterion more restrictive and reduces the parameter space of pos-

" sible reliable estimates. As pointed out in the previous section
the coefficient ofvvariation is strictly meaningful only on the
assumption that the egtimates are approximately normally distributed.
However, the coefficient of variétion can be used as a rough mea-
sure of precision.

Carothers (1973) infers that small sample biases and
variances are functions of 1/mj and 1/ry, and that small sample
biases are small if m; and ry are sufficiently large to produce low
variances. Therefore, a second criterion that was investigated was
a comparison of the rj with the population size. 1 found that when
‘the average value of the rj across i fell below 3-4 per cent of
Ng, the simulation produced unreliable estimates. Thus, for an
initial poulation size of 200, when the average value of r{ across

i fell below 6 or 7, the resulting estimate of Nj was unsatisfac~-
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tory. For a simulation with an initial population size of 400

the average r; across i approximately doubled before poor estimates
were obtained. This method corresponded very well with the first
criterion. When the average rj fell below 4 per cent of N,, the
coef ficient of variation of ﬁi also rose to greater than 0.50.

A third criterion that was investigated compared the
average estimated standard deviation of &i over the 36 replications
and the sample standard deviation of ﬁi over the 36 replicatioms.
If small sample bias is low, then according to Gilbert (1972),
these two values will also be small and will have values that are
"close". The problem is in defining what "close" is. The defini-
tion chosen was that, if the two values were within 20 per cent of
each other the estimate of Nj was good. When the standard devia-
tions were low this criterion proved to be satisfactory and con-
curred with the first two criteria. However, when the standard
deviations became large, and applying the first two criteria re-
sulted in accepting the estimates as reliable, the third criterion
resulted in rejecting the estimates as unreliable. That is, the
variance estimates are probably more variable than the estimates of
the parameters.

3.5 Simulated Parameter Sets

Table 3.5.1 shows the parameter sets of L, No, ¢, p and
'n'for which the simulation was run. All simulations were run over
50 sampling periods and with ny, the probability of no loss on cap-
ture, equal to .99. Also, the simulations were run with two initial

population sizes of 200 and 400. For each value of ¢ the simula-
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tions were run for each value of p.

For each value of ¢ there is at least one value of p
which has an asterix beside it. The entries in the columns labelled
p, that have an asterix beside them are the values of p, for the
given value of ¢, that produced unreliable estimates, according to
the criteria given in 3.4. Thus, the first value of p, for a given
value of ¢, with an asterix, is the first value of p that produced
unreliable estimates. The preceding value of p was the last value
that produced reliable estimates.

There are several possible criteria that an experimenter
can use in order to determine the reliability of his estimates.

In order of importance they are the following:

(1) the average number of rj across i compared with
the expected populétion size; ry should be appro-
ximately 3-4 per cent of the expected popula-
tion size.

(2) the coefficients of variation of ﬁis éi and ﬁi
should be less than .50.

(3) the estimates of variance for ﬁi, $i and Bj
should be cloée to the sample variances of Ni,

$i and ﬁi. The experimenter will not be able to
apply this criterion because the samplé variances
are obtained through replication, which the ex-
perimenter cannot do.

(4) the bias of ﬁi should be small if his results

are reliable.
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(5) the number of inadmissable estimates of ¢ and

B that are calculated may be related to the

veliability of the estimates. As well, the

numbers of zero rj values obtained may be another

indication as to the reliability of the estimates.

Table 3.5.2 gives fhe results of applying the criteria,
listed above, to the last good and first bad values of p, for given
¢, shown in table 3.5.1, for N, = 200. Table 3.5.3 gives the results
for Ny = 400. Column 3 is the per centage of the average value of
ri across i out of Ny. Columns 4, 5 and 6 are the average coeffi-
cients of variation, across i, for ﬁi, &i, and ﬁi, respectively.
Columns 7, 8 and 9 tell if the estimated variances of ﬁi, $i and ﬁi,
respectively, adequately estimate the true variances. Adequate
meant that the estimated standard deviations were within 20 per cent
of the sample standard deviations. Column 10 tells if the estimate
ﬁi was significantly biased. Columms 11, 12 and 13 give the per-
centage of inadmissable estimates of $i and ﬁi that were calculated
and the number of zero r; values obtained over the simulation, re-
spectively. |
The results in the tables show that in most cases the

bias of ﬁi is not significant. Also, the criterion of zero rj only
applies in very bad experiments and cannot be applied in mafginal
‘experiments. Another result shown in the tables is that the number
of inadmissable values of ai is a function of the true survival
rate. If the true survival rate is high, say about .80, the number

of inadmissable vaues of $i will also be high. If the true survival
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rate is low, say below .20, again the number of inadmissable
values of $i will be high. If the true number of new arrivals to
the population is low, say below 30, then the number of inadmissable
values of ﬁi will be large.

From the high values of the coefficient of variation of
ﬁi, it can be seen that the estimate of B; is generally unreliable,
even in a good experiment. However, both ﬁi and $i generally pro-
vide good estimates of Nj and ¢i, respectively. Although the largest
value of pj simulated for ¢; equal to .90, .70 and .50 was .30, and

for ¢; equal to .30 and .10 was .60 any larger values of pj, for

the corresponding value of ¢j, would also produce reliable estimates.
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Chapter 4

4,1 Introduction

In chapter 3 it was shown that the Jolly formulae pro-
duce reliable estimates, as long as there is a reasonably large
number of recaptures. However, when the number of recaptures is
low, the results are unacceptable. In this chapter I describe
two methods of pooling which can be used to increase the reliability
of the estimates, when the Jolly model results in poor estimates.
Both methods are described and the resultant estimation equations
and method of implementation of both methods is given.

4.2 Pooling Sampling Periods to Increase Precision

When using the Jolly method the experimenter may have
a large number of samples usually equally spaced from which he
wants to monitor the population. If the population is small, or
if the sampling intensity is low (small pi), or if survival is
low the data resulting from his trapping sequence has few recaptures.
As seen in the previous chapter, low recapture rates result in
poor estimates. The pooling methods which were used in the simula-
tion attempt to salvage the data and produce more dependable esti-
mates, by pooling information across sampling periods.

The method is based on pooling several adjacent samples
together. Now, instead of getting Ni, ¢i, Mj, etc. for iml,é,,on,
L, -one hopes to get Nj, ¢j, My, etc. for J=1,2,..., P, where P is
the number of periods resulting by pooling adjacent samples.

The assumptions for the pooling method are the same as

for the Jolly estimates, as stated in 1.1, with one addition. It
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is, that in the hope of getting more precise estimates, you pool
data assuming that the parameters within a pooled group do not
change significantly, but may change from group to group. Thus,
if an experimenter has collected data several times a month over
several months, he maj pool his data within months. He does this
assuming there is no great difference in his population parameters
within any given month, but there may be significant differences
from month to month.

4.3 The Method of Pooled Statistics

This method of pooling uses the ovservations nj, m;, si,
r; and z; that were gathered in forming the original Jolly esimates.
Since the main reason for the poor estimates from the Jolly formulae
is low r; values, you want to pool the r; so that the pooled result
is large enough to ensure good estimates. The method of pooling is
as follows:

Divide the L sampling periods into P groups of s sample

times each. s must be chosen large ehough so that

Ry + Ry + ... + Ry

Rgyy + Regp + .00 + Ry

Rp-1)s+1 + R(P—l)s+2 + ... + Rpg

are sufficiently large to produce reliable estimates. Thus, the
first pooled interval group consists of samples 1, 2, o.,,‘s° The
‘second pooled interval group consists of samples s+l, s+2, ..., Ps,
etc. It is not necessary for all groups to be of the same length,
but in this simulation all groups are of the same length.

Instead of L sample periods there are now P sample groups,
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each of length s. For each i=1, 2, ..., P, where i denotes a group

interval, ki is the first sampling time within the ith grouped in-

terval and is defined by kj = (i-1)s+l.

In the following equations i represents unless otherwise

noted, a group interval, s is the length of each group interval

and j = kj, is the first sampling period of the ith group interval.

(1

A

The Jolly equation for aj, the proportion of marked indi-
viduals in the single ith sample, is mi/ni. The number

of recaptures is low and thus, the number of marked indi-
viduals in the ith sample;, mj, is low. If only one trap-
ping pericd was used in calculating &i, the estimate would
be poor. However, on the average it is expected that
adjacent proportions within a group interval, namely
mki/nki, mki+1/nki+1, coos mki+s—1/nki+s-1 would be approx-
imately the same. Therefore, to obtain a better estimate
the sum of the my;’s is divided by the sum of nkj's and
the estimation equation is

&i = (mki +omy 4] F oo + mpsts-1)/ (kg + nggtl F oo

g 4s-1)

In the original foxrmula for &i, corrected for small sample
bias, unity was added to both the numerator and denominator.
In the above formula for &i unity was not added to.the
numeratcr and denominator. If mki and oy, after pooling
were still very low, say below 5, then adding one might
make a significant difference in the proportion mki/nki°

If after pooling, the g4 and ny, were large adding one
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will not make a significant difference in the proportion.
This modification was recommended by D. Platt (private
communication) from his experience with actual data. Use
of the small sample correction for bias in the pooled
estimate of oj seemed, in practice, to introduce large
bias, rather than removing it. Whether or not this is
actually the case might be investigated by simulation,

but this was not studied in this thesis.

ﬁki is an estimate of the total number of individuals marked
and alive at the beginning of interval i, i.e. at sampling
time ki’ and is defined by

Mp; = (5pq + Sky4p + 000 F Spits=1 + 1) ziy [ (tiy + Thy+1

+ ... + Trg+s-1 + 1) + g -

The Jolly estimate for M;j, where is is a single sampling
period, is mj + z;/(rj/s;). This expression represents the
number of marked individuals known to be in the population
at time i, mj, plus zj divided by the proportion of the un-
known number of marked individuals, M;-mj, expected to be
subsequently captured. When the proportion ri/si refers to
only one éample, and is very small or zero, a better esti-
mate of this proportion is required. The assumption made
is that adjacent proportions within a group intervél, namely
rki/ski, rki+1/ski+1, cees rki=s—1/Ski+s—1’ are expected,
on the average, to have approximately the same value.
Therefore,.a better estimate of the proportion would be

(z rki)/(Z ski)e As with the original Jolly estimates,
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even pooling the data may still result in small numbers,
which would bias ﬁki appreciably. Therefore, to reduce
the small sample bias; unity is added to the sum of the
rki's and to the sum of the ski's. Toward the end of the
sampling chain, the assumption that the ratios rki/ski’
rki+1/ski%1’ etc. are approximately equal is not valid.
The assumption is not valid, because toward'the end of
the sampling chain, there are fewer recaptures, while
the Sky remain approximately the same. The animals alive
near the end of the sampling chain are not exposed to
as long a sampling time as those animals alive at the
beginning or the middle of the experiment. Therefore,
there are fewer recaptures near the termination of the
experiment. The result is an upward bias in the ﬁi, to-
wards the end of the experiment and consequently, an up-
ward bias in the ﬁi towards the end of the experiment.,
This effect was observed over the last three or four es-
timates of ﬁi, where there was a large positive bias. The
large positive bias at the end of the sampling chain seems
to be mainly a function of survival, and is greatest for
high survival rates.,
ﬁki is an estimate of the total number of individuals in
the population at the time of the kijth sample and is de-
fined by &ki = ﬁki/&, where &i and ﬁki are calculated from

(1) and (2) above, respectively.

$i is an estimate of the probability that an individual
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survives the ith grouped interval, that is, from sample
period j to sample period j+s where j=ki, and j+s is the
first sampling occasion in the i+l st interval. An exten~

sion of the Jolly estimate would give ﬁ /(Mj—mj+Sj) as

J+s
the estimate of $i° However, this would be incorrect.
The quantity Mj+s includes newly marked individuals that
are first caught in trapping periods j+1, ..., j+s-1 and
so may not have been included in the Mj—mj+sj animals.
The Mﬁ»mj+sj only account for those individuals marked on
or before sampling period j. Since &i is the proportion
of marked individuals immediately after time j that sur-
vive to time j+s, any individuals marked for the first
time in periods j+1, j+2, ..., j+s-1 are counted as un-
marked, for the purposes of estimating $¢;. Therefore, an
adjusted estimate of Mj+s’ denoted ﬁ'j+s’ is used, which
removes those individuals marked for the first time from
j*+1 to j+s-1 and is defined by:

ﬁ'j+sﬁ{(s'j+ +s“j+s+1 + ... +s'j+25_1+1)z'j+s/(r'.

(] j+s

' o
* gt} + my
The definitions of s', r' and z' are as follows:
s'j+s=Sj+s — those out of the sj+s that were first marked
at times J+i, j+2, o.., jts-1

r'j+s = rypg - those out of the r,  that were first

j+s

marked at times j+1, j+2, ..., j+s+l

2. =z -~ those out of the Zitg that were first

jt+s ]

marked at times j+1, j+2, ..., j+s-1
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Thus, ﬁ'j+s is the estimated number of marked individuals
alive at sample period j+s, that were marked from the
first time at time j or before. Therefore, the estimate
of $i> is ﬁ‘j+s/(ﬁj—mj+3j), where j = kj.

A

(5) Bi is an estimate of the number of new arrivals over the

ith interval; that is, from sample period ki to sample

period kj+s. gi is estimated.by ﬁki+s - %i(ﬁi—nki+ski),

which is the difference of the estimate of the total pop-
ulation at time ki+s and of the number in the population
at time k; that survive to time kj+s.

The subscripts of the estimates are important to the in-
terpretation of what the estimates actually estimate. The subscripts
of the estimates of N and M are ki, which refers to a point estimate.
That is, they are estimates of class sizes existing at sample time
ki only. However, the subscripts of the estimates of o, ¢ and B are
i, which is used to indicate an estimate of a parameter defined over

the ith interval.

4.3.1 Variance Estimation Equations for the Method of Pooled
Statistics

Whereas the Jolly variance estimation equations pertained
to a single sampling period, the variance estimation equations for
the pooled estimates must consider a group of several sampling periods.
In this way, it is difficult to determine exactly what the variances
represent. At best, an interpretation of what the variances mean

can be given. The following are used in:tthe variance formulaes

pi = l‘ki + rki+l + 000 + rki+s-1
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r; = Ski + Ski+l + oo T Ski+s-1 -
By = mki + mki+1 + o+ Wy +s-1
In the above relations, i represents the ith interval, ki is the
first sampling period in the ith interval and s in the subscripts
is the interval length. In the original Jolly variance formulae,
any occurances of rj, sj and mj in the denominator of an expression
are replaced by pi, r; and uj respectively. Similarly, any occur-
ances of rj4j1, s;;7 and Mg in the denominator of an expression
are replaced by pj4j, ry4q and Ui4] respectively. However, neither
mj nor sj are replaced when they occur in the expression Mi-mi+sj.
For example, V(Ny) = Nj(¥y-mj) {(Qty-myts) /1) (1/03-1/r1)+(1~0q) /us }
The variance formula for ﬁj excludes the term N; - ;é;(Ni(j)/Bj),
because the contribution made by this term to V(ﬁi) is generally
very small, compared to the variance due to sampling. That is,
G(ﬁi) was found to be very close to G(ﬁi/Ni), and the above term
can be omitted.

A

Since Nki is an estimate of the population size at samp-
ling time ki, G(ﬁki) is interpreted as an estimate of the variance
of ﬁki at time kj. Also, because the estimates $i and ﬁi refer to
estimates over the ith interval, §($i) and G(ﬁi) are interpreted
as estimates of the wvariances of $i and ﬁis respectively, over

the ith interval.

4.4 Implementation of the Method of Pooled Statistics:
Single Replication

The simulation of the pooled estimates makes use of the

data from capture histories generated as in.the simulations of
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Section 2.4. The capture histories of the N, individuals, as
well as all the Bj are generated and stored in a vector, X, of
length L (using the same notation as described in 2.4). The obser-
vations, nj, my, Sj, r; and z; are collected using the same algori-
thm as described in 2.4. In particular, a cumulative sum vector,
C, of length L, is used to calculate the nj, mj, Si, ri and z;
(see section 2.4), from which the pooled statistics, used in cal-
culating the estimates, are formed. 1In particular, if ki is the
first sampling period in the ith interval, then Tky = Tky + T+l
+ coo * T +s-1 is the pooled statistic used in calculating ﬁki.
The same is true for the pooled statistics Skys used in ﬁki’ and
mk; and ny,s used in calculating &ki,

The method of pooling described in 4.3 yields estimates
for i=1, 2, ..., P, where i is grouped interval of length s.
The estimates on these intervals correspond to estimates at ki=I,
stl, 2s + 1, oo, (P-1)s+1l, where k; is the first sample period
in the ith interval. By shifting over one sample period and re-
forming the pooled statistics, you get the pooled statistics for
k=2, s+2, 2s5+2, ..., (P-1)s+2. Thus, the estimates can be
calculated at these points. Shifting through s sample periods,
s gbeing the group interval length, gives pooled statistics,
and consequently estimates, for all kij=1, 2, ..., s. However,
the pooled statistics for the Pth interval require the nj, my,
si, ¥y and zj past the Lth sampling period. Since these do not

exist, only estimates for the first L-s sampling times can be

obtained.
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When all the capture histories have been generated,
and the statistics nj, My, Si, rj and zj have collected, the
subroutine, GROUP 2 (see appendix B), forms the pooled statistics,
Dkys Miys Sky and Tigo by the following algorithm:

For ky =1, 2, ooy L-s
=n . +n + ... + 1
n’k_i ki ki+1 ki+s— 1

My

mki + mki+1 + .0 F mki+s_1

Ski Ski + Ski+1 + oo + Ski+s-1
rki = Ty + Tig+1 + oooe + Tki+s-1
The s‘ki, r'ki and z'ki must also be formed. From the definitions
given in section 4.2, in order for an individual to be a member of
]

7 7 ° ‘
the s Ky Ty, orz ki it must be a member of the Skis Tki OF Zkys

1

respectively. The following algorithm is used to calculate these
quantities:
o 40 ¥ = v - A\l =
Initially set s ki ski, r ki Tky and z ki Zg -
Then each capture history is scanned for ki = s+l, s+2,
cooy Lo For given ki,
if for any value of j=ki-s+1, kij~s+2, ..., ki-1,
if an animal is a member of Sky and Xj=1 and Cj=1,
then s’ki +'s'ki_1
if an animal is a member of 1. and X;=1 and Cs=1,
i J J
then r'ki < r'ki_l
if an animal is a member of the Zkg and Xj=1 and C5=1,
then z“ki < Z'ki_l
The estimates are then calculated in the subroutine ESTMT2 (see

Appendix B). These estimates correspond to the results an experi-
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menter would get on an actual set of data.

In calculating the unpooled estimates from the original
Jolly equations, all that the experimenter requires is the nij
matrix (nij is the number in the ith sample last caught in the jth
sample). From the nj the experimenter can obtain the nj, my;, si,
r; and zj, from which the estimates are calculated. However, in
the method of booled statistics, the experimenter cannot obtain
the s', r' or z' from the nij. To get these quantities, the com-
plete capture history of each animal is required.

The results of a single replication are given in tables
4.4.1 and 4.4.2. The parameter set of Ny, ¢4 pf and ni and L
used in this simulation is 200, 0.93, 0.04, 1.00 and 50, respec-
tively, for pooling interval length equal to 5. The results from
this simulation, using the pooled statistics method of pooling,
correspond to the results in tables 3.2.3 and 3.2.4, for the same
parameter set. In particular, the same starting value for the
random number generator was used in both simulations, thus produ~
cing the same capture histories in both cases. Tables 3.2.3 and
3.2.4 are the results of the estimates calculated from the Jolly
equations.

Columns 2 to 9 of table 4.4.1 correspond to Mi; mi, Ni,
ni{, Bi, si, ri and zy, respectively. The mj, nj, si and ry given,
are the pooled statistics.

Columns 2 to 12 of table 4.4.2 correspond to &i, ﬁi, ﬁi,
o1, Bi, VD), V(61), V(By), V(N1 |N$), V(b1)-03(1-6;)/fy1; and bias

(N;), respectively, which are the estimates resulting from the
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equations discussed in 4.3 and 4.3.1. The G(ﬁiINi) were set to
zero because G(ﬁiINi) = \7(1’\}1)° The last row of table 4.4.2 gives
the number of inadmissable estimates of ¢j and Bj that were calcu-
lated and the number of zero rj values. The number of zero r; are
not the number of zero rj after pooling, but are the number before
pooling and therefore, is the same as the number of zero r; values
given in the last row of table 3.2.4.

The estimate of ¢;, for the pooling method, was defined
as survival over the ith grouping interval. Therefore, if ¢ki is
the probability of surviving from sampling time ki‘to samplingv
time ki+s, and there are s sampling periods within the ith grouped
interval, then (4)° is the probability of surviﬁal over the ith
grouped interval. In this example, ¢ equals 0.93 and therefore,
the probability of survival over the ith grouped interval is
(0093)5=.6957. Thus, the entries in the fifth column of table
4.4.2 are estimates of ¢5=.70°

The estimate of Bj was also defined over the ith grouped
interval. Therefore, if Bki is the number of births between
sampling times ki and k;+s, and the group interval length is s,
then the number of births over the ith grouped interval is s * B.
Therefore, the entries in column six of table 4.4.2, should be
close to 5(14) = 70.

At the end of each column in table 4.4.2 there are several
zero entries. These are zero because the estimates are not obtain-
able at these points. In particular, since the pooled nj, m;, si

and ri are defined for only the first L-s sampling times, where s
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i§ the grouping size, the estimates &i and Mi are defined for only
the first L-s sampling periods. Consequently, ﬁi is defined over
this range as well. The estimate of $; requires ﬁi+s, which is
not defined for i=L-25.1, L-2s 2, ..., L. Thus, $i is not defined
for these values of i. Consequently, ﬁi is not defined for the
same values of i as well. The ranges of the estimated variances
correspond to the ranges of the corresponding estimates.

In order to detefmine if any improvement has occured,
by using the pooled statistics method, tables 3.2.4 and 4.4.2 can
be compa;ed. The reader should keep in mind, that these tables
correspond exactly to the estimates, which an experimenter could
form from actual data (except for the last columh, labelled BIASN(I)).
One comparison that can be méde is between the errors of the esti-
mate of Ny, given in the last column of both tables. A line by
line comparison of both columns shows that the pooled statistics
method has produced 33 out of 45 errors of ﬁi, which‘afe lower than
for the unpooled method, which is a noteable difference. This
result indicated that, in this example, tHe estimates of Nj are
better for the method of pooled statistics. Whether or not the
error of ﬁi is significant, will be determined by replicating the
experiment, and ié discussed in section 4.4.2. The experimenter,
however, will not be able to obtain the error of ﬁi, because‘he
does not have Nj, from which the error is calculaped,

The estimates of Nj, ¢; and Bj from table 3.2.4 were

judged to be unreliable, by looking at their coefficients of varia-

tion, The coefficients of variation were only estimated, because
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the true standard deviations_are not available. The estimated
coefficient of variation is the estimate, divided by the estimated
standard deviation of the estimate, which is all an experimenter
has. Using columns four and seven to calculate the coefficient
of variation of ﬁi, shows that the estimated coefficient of varia-
tion of ﬁi is greater than 0.50 and often is close to 1.0. Thus,
the estimate of N;j is considered unreliable. The coefficient of
variation of $i’ calculated from the entries in columns five and
eight, is greater than 0.50 and generally is close to 1.0. Again,
the $i are considered unreliable. In this case, the $i in column
five should be close to 0.93. The ﬁi are also judged to be unre-
liable, because the coefficient of variation of‘Bi, calculated
from the entries in columns six and nine, is generally close to 1.0.
The estimate of Bj, given in column six, should be close to 1l4.
Tﬁe reliability of the estimate of Nj, ¢4 and By, in
table 4.4.2, is also determined using their coefficients of varia-
tion. Again, all the experimenter has are the estimates and the
estimated standard deviation of the estimates. Therefore, all that
can be calculated are the estimated coefficients of variation.
The coefficient of variation of ﬁi, calculated from columns four
and seven, is less than 0.50 and is often close to 0.35, which is
a substantial improvement over the results in table 3.2.4. FThe
estimates of N; near the end of the experiment are low, and the
experimenter would know that these estimates are not as reliable
as the earlier estimates, because their coefficients of variation

are close to 0.50. The estimate ﬁl is calculated by averaging the
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Ny for i=2, 3, ..., 45,

The coefficient of variation of %i, calcualted from
the entries in columns five and eight, is less thaﬁ 0.50 for
i < 37. Notice the sharp decrease in $i’ for i=38, 39 and 40.
The coefficient of variation is about 0.50 for these estimates,
but we shall see from the multiple replications, that sudden
changes or trends in the estimates, towards the end of the sampling
chain, should be regarded as spurious. Therefore, the experimenter
would accept the ¢35 for i < 37, but would not accept the remaining
3 estimates. In this case, the @i are all estimates of (¢)Sz°70e

The estimate of ﬁi, given in column sig, should be close
to 70, which generally they are not. The coefficient of wvariation
of gis calculated from the entries in columns six and nine, is close
to 1.0, and the experimenter would not accept these estimates.
He would, however, realize that there is a substantial number of
births over the grouped intervals.

The number of inadmissable estimates of $i and ﬁi has
decreased by using the pooled statistics method, and are now 1/3
and 1/6, respectively, of the number from the method without pooling.
It is not known whether or not the estimated standard deviations,
in columns seven, eight and nine of table 4.4.2, are considered
valid. Therefore, the discussion of the estimated coefficients
of ‘'variation of ﬁig ;i and ﬁio in table 4.4.2, is valid if the
estimated standard deviations are considered valid. The validity

of the estimated standard deviations is determined by performing

multiple replications and is discussed in section 4.4.2.
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The experimenter, however, cannot replicate his experi-
ment and all he has are the results in tables 3.2.3 and 3.2.4 and
in tables 4.4.1 and 4.4.2., The experimenter can see, by comparing
coefficients of variation and error of the estimate, that ﬁi has
been improved by using the pooled statistics method. By comparing
the coefficients of variation, he can also tell that the ;i have
alsc improved, although there appears to be some bias at the end
of the experiment. He isvalso aware that there are a significant
number of new arrivals to the population, although he does not know
the precise magnitude of these arrivals, Therefore, the experimen-
ter would conclude, that the method of pooled statistics improves
his estimates.

Another way in which the experimenter can see if his
estimates are reliable, is to compare the rj to the population
size. This criterion was discussed in section 3.4. In that dis-
cussion, the r; were compared to Nj. If ri/NO was gfeater than
about .05, the estimates were considered reliable.. The experimenter
does not have Ny, but he can compare the rj to the ﬁi, and if
ri/&i is greater than .05, the estimate can be considered reliable.
The pooled statistics method uses the pooled nj, mj, sj and r; to
form the estimates. Since these will be larger than the corres-
ponding unpooled statistics, it is expected that there will be
an' improvement in the estimates.

For example, for i=25, the rj used to calculate the
unpooled estimates is 2.00, from column eight of table 3.2.3.

The ry, for i=25, used to calculate the estimates from pooling is
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9.00, from column eight of table 4.4.1. Therefore, the experi-
menter can tell that his estimates will probably be acceptable,
when using the pooled statistics method.

4.4.1 Averaging Within Grouping Intervals

In order to pool the statistics nj, mj, si and ry over
the grouping interval, the experimenter makes the assumption that
adjacent proportions of the pooled statistics will be approximately
the same. In particular, the proportions mki/nki’ mki+1/nki+1,
seos mki+s—1/nki+s—1s as well as the proportions rki/ski’ rki+1/
Sky+ls ooes rki+s—l/ski+s-19 should be about equal over the ith
interval. If this assumption is correct, then (k§=lmki)/(ki§1nki)
can replace k§=l(mki/nki)° The same result will bé true for the
Tk; and Sky - Furthermore, if the experimenter assumes that Ny, My,
¢i, etc. are approximately constant over the grouping interval,
then he may average his estimates over the interval.

Thus, if there are L sampling periods, the experimenter
will have estimates for ky= 1, 2, ..., L-s. By aﬁeraging over
grouping intgrvals of length s, he will now have estimates for i=1,
2, ..., P, where P=L/s. The estimates gi&en in tables 4.4.3 and
4.4.4 are the results of the estimates in tables 4.4.1 and 40402,
using this averaging process. For example, NEST(1l) in table 4.4.2

represents (Nj + Ny + ... +Ns5)/5, which will be denoted Nj=1s

~

where Ny is the average of the pooled estimates over the jth interval.
~ sj

In general, Nj = §i=s(j—1)+lNki/s' The true statistics, in table

4.4.3, are the results from averaging the true statistics over

the grouping interval as well,
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The true variance of Ny, over a single replication,

[a VLN

S A
is (1/52){ L var (N;) + X cov (N.Nj)}. Since I do not have
i=1 i=j i

the true variances or covariances, a logical estimate of the true
A A

, . N = 2y¢ § O o0 (R
variance is V(Nj) = (1/s ){iglv(Ni) + 2 igj cov (NiNj)}a However,

I do not have the estimated covariances either, and I assumed that

AN S A AN
J(V(Nj)) = (1/s) iél/(V(Ni)), which is given as the average esti-
mated standard deviation of Nj over the grouping interval in table

4.4.4, This discussion also holds for V($;) and V(B;).
The formula for the logical estimated of the true variance

reduces to the actual formula used, if all correlations among the

I

Mg, are 1. Although this is not the case, the correlations are

undoubtedly positive and close to 1, since most of the data used

A ~

to form Nki is also used to form Nki+1.
By using the averaging process, the experimenter hopes
that he can further improve his estimates. The averaging process

does have a staﬂilizing effect on the estimates over the grouped

interval, which can be seen in the ﬁi, from column four of table

4.4.4, All the estimates of ﬁi are within one standard deviation

of 200, indicating there is no detectable bias in §i° The coeffi-
~

cients of variation of the N; are slightly lower than without

A

averaging. The estimate of Ng is low, however, the coefficient of
variation of §9 is close to 0.50, indicating the estimate may not
be reliable.

The same stabilizing effect is seen in the $is from column

five of table 4.4.4. The coeffcient of variation of ¢4 is close

to 0.40 for all but the last estimate. The last estimate of ¢4 is
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is an underestimate and its unreliability is seen from its coeffi-
cient of variation, which is greater than 0.50,

The stabilizing effect is seen again in the ﬁia However,
if the experimenter assumes that the estimated standard deviations
of the ﬁi are valid, then he still will not accept the gi’ although
he will note that there are a large number of new entries to the
population. The variability, across i, of the estimated standard
deviation of ﬁi, $i and ﬁi, given in columns seven, eight and nine,
respectively, of table 4.4.4;, has also decreased, although it is
still not known if these standard deviation estimates are to be
considered valid.

The averaging of pooled estimates will frequently be
done by the experimenter, not only because of the additional stability
gained for the estimates, but also because he may only be inter-
ested in average parameter values over the grouped interval. For
example, even though an experimenter samples his popﬁlation twice
weekly, he may be interested only in the parameters relating to
bi-weekly or monthly intervals. Averaging allows him to form these
estimates, |

4.,4.2 Multiple Replications

The method of pooled statistics was simulated over 36
replications. As discussed in section 3.3, the purpose of multiple
replications is to analyze the estimates and to determine their
reliability. The estimates of parameters are investigated for
bias and reliability. The variance estimates are investigated to

see if the variance formulae adequately estimate the true variances.



58

The purpose of this analysis, on the results of the pooling methods,
is to determine if pooling reduces bias, improves precision and to
determine if the variance formulae are reliable, when pooled statis-
tics are substituted into the formulée°

As with unpooled estimates, there are two types of esti-
mates that result from the pooling methods. The‘first type is
estimates of a fixed parameter or property of the model and includes,
Pis $4s Bi, ni, V(ﬁilNi), V(B;) and V(¢;). The second type is
estimates of conditional parameters and includes Nj, Mj and V(Ni).
The properties of both types of estimates, that are of interest,
are precision and bias. A detailed discussion of analyzing pre-~
cision and bias, for both types of estimates, is given in section 3.3.

An example of the results of the method of'pooled statis-
tics is given in tables 4.4.5, 4.4.6, 4.4.7 and 4.4.8. These esti-
mates are the result of replicating the experiment 36 times, over
the same parameter set as in tables 4.4.1 and 4.4.2. kTable 4.4,5
is one of means of the true values of the observations Mj, mj, Nj,
nj, Bi, si, ri and zi (unpooled statistics). Table 4.4.6 is one of
sample standard deviations of the observations in table 4.4.5, and
indicates the variability of the observations over the 36 replica-
tions. Table 4.4.7 contains the sample means, over the replications,
of &g, My, Np, b5, Bi, V), VBp), VALIND, V(1) - b3 (mdg) My
and bias (ﬁi), Table 4.4.8 contains the sample standard deviations
of the estimates in table 4.4.7, over the 36 replications. The
estimates in table 4.4.7 and the sample standard deviations in

table 4.4.8 are used to determine if the method of pooled statistics
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improves bias and precision, arnd to determine if the variance
formulae are reliable., The last row of table &4.4.7 give the
number of inadmissable estimates of ¢; and B;i and the number of
zero r; values, over the 36 replications.

Tables 4.4.7 and 4.4.8 should be examined (and compared
to table 4.4.2) as an example of the additonal knowledge that can
be gained by (simulated) replication of the experiment. In sec-
tion 3.3 it was shown how a test of significance can be performed
on the bias of &i, given in the last column of table 4.4.7. &i
is an estimate of a conditional parameter. The sample mean of the
error of ﬁi, over the 36 replications, is given in the last column
of table 4.4.7 and is denoted £. The sample standard deviation of
the bias of ﬁi is given in the last column of table 4.4.7 and is
denoted sg. Thus, the bias is not significant if e + 1.96(so/6)
includes zero. For example, for i=25, € is -7.83, from table 4.4.7,
and s,, for i=25, is 63.77, from table 4.4.8. Therefore, at the
95% level of significance, € + 1.96(so/6) = -7.83 + 1.96(10.63),
which includes zero and hence, there is no detectable bias.

This result is true for all the ﬁi except the last two.
In those cases there is a significant positive bias, which is due
to the end effects of the experiment. That is, there were fewer
recaptures at the end of the sampling chain. The positive bias
was not evident in the single replication, given in table 4.4.2,
only by chance. The last two sample standard deviations of the
bias (last column of table 4.4.8) are large and indicate further,

the large positive bias.
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The estimate of ¢; is an estimate of a fixed para-

meter of the model. The estimate is detectably unbiased, at the
95% level of significance, if e + 1.96(s./6) includes the true
value of ¢. In this case, the true value of ¢ is (0,93)5 = 0,70,
Column five of tables 4.4.7 and 4.4.8 give e and Ses respectively.
Thus, for i=25, € is 0.6756 and s, is .2402. Therefore, at the
95% level of significance, e + 1.96(s./6) = 0.6756 + 1.96(.0400),
which includes the true value of ¢. Significant bias shows up
only in the last estimate of ¢4, which is due, again, to the end
effects of the experiment. Note that the bias of Qéo is signifi-
cant, despite the increased sample standard deviation of $4On

The estimate of B; is also an estimate of a fixed para-
meter of the model. Therefore, the same discussion is true for

A A

B; as for ¢j. Thus, e and S, are given in column six of tables
4.,4,7 and 4.4.8. If %i is unbiased, then & + 1.96(s./6) will in-
clude the true value of Bj, which is 70. For example, for i=25,
2 is 83.70, from table 4.4.7 and s, is 67.25, from table 4.4.8.
Therefore, e + 1.96(so/6) = 83.70 + 1.96(11.21), which does in=
clude the true value of Bi. Therefore, the estimate of B;, for
i=25, is not detectably biased. This result is true for all the
ﬁspimates but the last three, where there is a large positive
bias.

The precision of the ﬁis $i and éi can be investigated
by looking at their coefficients of variation. In a single repli-

cation, given in table 4.4.2, the experimenter can only calculate

the estimated coefficient of variation. The estimated coefficient
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of variation of an estimate, is the estimate, divided by its
estimated standard deviation. However, since he does not know
if his estimated standard deviations are valid, he does not know
if the estimated coefficient of variation is valid.

By performing multiple replications, you can get a
better estimate of the coefficient of variation. The coefficient
of variation is now calculated by dividing the estimate, by the
sample standard deviation of the estimate, given in table 4.4.8.

The coefficient of variation of ﬁi, calculated from column four

of tables 4.4.7 and 4.4.8, is generally between 0.35 and 0.50.

The coefficient of variation of ﬁi rises above 0.50 for the last
four estimates, which is mainly due to the end effects of the
experiment. These results are much the same as the results obtained
in the single simulation.

The coefficient of variation of $i’ calculated from
column five of tables 4.4.7 and 4.4.8, is less than 0.50, for all
but the first two estimates and the last estimate. The same effect
was noticed in the single replication, given'in_table 4,4.2. The
coefficient of variation of ﬁi, calculated from column six of tables
4.4,.7 and 4.4,8, is above 0.50 and often approaches 1.0. These
results were also seen in the results of the single replication.
Since the results are the same in both the single and multiple
replications, the experimenter can be satisfied that the estimated
coefficient of variation, which he is able to calculate, is a reason-
able guide for judging precision.

One of the major reasons for performing multiple repli-
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cations is to determine if the variance formulae are valid. To

~ A

do this, the average estimated standard deviations of Nj, ¢; and

~

Bj, given in columns seven, eight and nine, respectively, of table
4.4.7, are compared to their sample standard deviations, given in
columns four, five and six, respectively, of table 4.4.8. 1If
the average estimated standard deviations and the sample standard
deviations do not differ by more than, say, 20 per cent, of the
average estimated standard deviations, then the variance formulae
were considered wvalid.

Comparing the estimated standard deviations of ﬁia with
the sample standard deviations of &is shows that this criterion
holds for all but the last two estimates. Again, the last two
estimates are unreliable because of the end effects of the experi-
ment. Using the criterion on the estimated standard deviations
of $i, shows that all but the first two and last estimates of
%(%i) are valid. Applying the criterion to G(ﬁi) results in re-
jecting almost all the estimates as invalid. Therefore, the
variance formulae for ﬁi and &i'are valid, but the variance formula
for éi is not particularily good in this example. The discrepancy
between the average estimated standard deviations and the sample
standard deviations was usually less than 30 to 40 per cent of
the former, |

The estimates that result from multiple replications
can be averaged over the grouping intervals, in the same way as
the estimates from a single replication. On each replication,

the average of the estimates over each grouping interval is calcu-
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lated. For example, if you consider ﬁi, then §j, for j=1, 2, ...,
P, is the average of the &i, over the jth interval, on a single
replication (see section 4.4.1). The gj from each replication are
then averaged over the 36 réplications, which give means over the
36 replications, of the average of the estimate over each grouping
interval.

The sample standard deviations of the ﬁj, over the 36

replications, are also calculated. The Nj, on each replication,

are accumulated over the 36 replications, as well as the ﬁﬁo After
the 36 replications the sample standard deviations are calculated
using the usual sum and sum of squares formula for vatiance. An
example of averaging over grouping intervals, over multiple repli-
cations is shown is tables 4.4.9, 4.4.10, 4.4.11 and 4.4.12. The
parameter set is the same as in the previous example, therefore,
the estimates in both exémples are the same.

As with the results of a single replication, shown in
table 4.4.4, it is hoped that the averaging process improves the
estimates. The same stabilizing effect, seen in table 4.4.4, is
also seen in tables 4.4.11 and 4.4.12. The ﬁi, given in column
four of table 4.4.11, are now not as variable as in table 4.4.7.
However, the end effect is still seen in the last estimate, which
shows up also in the sample standard deviation of ﬁi, given in
column four of table 4.4.12.

In table 4.4.7, the last estimate of ¢4 (column five)

was seen to be biased. However, this unbiased estimate has been

averaged with the remaining estimates, in the eighth grouping
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interval and the result, given for i=8 in column five of table
4.4,11, is an unbiased estimate, over the grouped interval. An
improvement in the ﬁi is also produced by averaging. Many of
the estimates of Bi, in table 4.4.7, were biased. While the esti-
mates of B;, in table 4.4.11 are still biased, for i=1, 2, 4, 6
and 8, the bias has been reduced by averaging.

A significant improvement has occured in the estimated
variance of ﬁi. Comparing G(ﬁi) (column seven of table 4.4.11)
to the sample standard deviations of ﬁi (column four of table 4.4.12)
shows that these two values are very close. The coefficient of
variation of ;i, calculated by dividing éi by its sgmple standard
deviation, in column five of tables 4.4.11 and 4.4.12, respectively
has fallen below 0.25, which is a significant improvement. No
improvement has been achieved in the estimated standard deviation
of ﬁi, which are still uﬁreliable. What is worse, the %(Ei) appear
to be underestimates of V(gi), which might mislead the experimenter
into believing his estimates were more precise than they, in fact,
are. However, the variability of the ﬁi were such that, despite
this, in the single replication of the experiment (table 4.4.2),

the ﬁi were nevertheless judged to be unreliable.

4.5 The Method of Reduced Capture Histories

The second method of pooling which was tested is iess
complex and easier to implement than the first. It involves pooling
over the individual capture histories, rather than over the nj,
mj, si, r{ and zj.

The capture histories are generated the same way as
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described in section 2.4, for the original Jolly estimates, and

are stored in a vector, X, of length L. The vector, X, is divided
into P groups, each group consisting of s sample periods. All the
data in the ith group are treated as if they were collected at a
single point in time; the midpoint of each grouping interval.

That is, the data in each grouping interval is combined, so as to
give the best capture record at the midpoint of each of the P
grouping intervals. The nj, mi, si, ri and z4, where i represents
the midpoint of each grouping interval, are calculated using the
same algorithm as in section 2.4.

When these statistics have been collected, the estimates
are calculated, using the original Jolly estimation equations,
discussed in sections 2.2 and 2.3 except for $i and Ei. Since $i
estimates the survival across a grouping interval, the estimation
equation for % is

&i = ﬁi+s/(ﬁi—mi+si).

sy

Bi also estimates the number of births across the grouping inter-

val and the estimation equation for Bi is

A~ ~

By = (Mijrg/ogyg) - 63 (Nj-nj+sg).

4.6 Implementation of the Method of Reduced Capture Histories:
Single Replication

The following algorithm transforms the original vector
of capture histories, X, into a reduced vector. This is done in
the subroutine STATS 3 (see Appendix B). If i=1, 2, ..., P are
the group interval numbers, then k; = (i-1)s+s/2+1 is the middle

sample period in the ith group, of length s, and & = (i-1)s+l is
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the first sampie period in the ith interval. The algorithm is
as follows;

For any grouping interval i=1, 2, ..., P

if all Xj=0, for all j=2,2+1, ..., %+s-1, then in=0

if Xj ~1, for any j= 2, %+1, ..., %+s—~1, then in=—1
if X5 = 1, for any j= &, &1, ..., ts-1
and if Xy # - 1 for all j=8, &+1, ..., &ts-1,
then in = 1.
if all Xj = 2, for all j=9%, 1, ..., 4s-1, then X,ki=2c
For example, if the original capture history is
00000]10110{01000|00-122]22222
‘then the capture history after pooling in groups of 5is 0 1 1 -1 2,
for ky = 3, 8, 13, 18, 23, respectively.

This method of pooling gives entries in X;, for i=1, 2,
cces P, where i is a grouped interval of length s. These entries
correspond to ki =4 s+, 2s+8, ..., (P-1)s+{8, where k; is the middle
sample period of the ith interval of length, s and %= s/2+1. Now,
the Dless Mgs Skys Tiy and zkilare formed from the reduced capture
histories, as shown above. 1If you shift over one sample period to
the right, and use the algorithm on the new intervals, you get entries,
in X corresponding to ki = 41, s+8+1, 2s+8+1, ..., (P-1)s+&+1.
Again, the D s mki9 Ski’ rki and zki are formed from the réduced
capture histories., If you shift through s sample periods, one by
one, you get all the reduced capture histories for ki = &, W1, ...,
(P-1)s+4, from which all the Ny Megs Skys Thy and z; are forméd°

Consequently, the estimates for these k; are calculated.
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As with the first method of pooling the ranges of the
estimates are restricted within the sampling chain. Since the re-
duced capture history refers to midpoints of the intervals, nj, s{
and rj are not defined for i=i, 2, ..., %1, where &= s/2+1. Also,
n; and s; are not defined for i=L-%+1, L-%+2, ..., L and r; is not
defined for i=L-s-g+1, L-s-%+2, ..., L. The ranges of m and z; are
not defined for i=1, 2, .., s+%1, at the beginning of the sampling
chain. At the end of the sampling chain m; is not defined for
i=L-g+l, L-2+2, ..., L, and z; is not defined for i=L-s+&1, L-s+242,
eeey Lo

Thus, the ranges of the estimates are also restricted.
At the beginning of the sampling chain &i’ ﬂi} ﬁi’ G(ﬁi), G(&i),
G(ﬁi) and G(ﬁilNi) are not defined for i=1, 2, ..., s+2-1, and $i
and By are defined for i = 1, 2, ..., 2-1. At the end of the
sampling chain &i and ﬁi are not defined for i=L-9+1, L-2+2, ...,
L, ﬁi, G(ﬁi) and G(ﬁilNi) are not defined for i=L-s-9+1, L-s-9+2,
ooy L and $i, ﬁi, 6(&1) and G(ﬁi) are not defined for i=L-2s-9+1,
L-28=9+2, .., L.

An example of the reduced capture method of pooling, over
a single replication, is shown in tables 4.6.1 and 4.6.2. The simu-
lation used the same parameter set as in the simulation for tables
4.4.1 and 4.4.2, 1In particular, the same capture histories were
generated in both pooling methods.

The coefficient of variation of $i’ calculated from
columns five and eight of table 4.6.2, is generally less than 0.50,

except for the last four estimates, and the experimenter would
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reject, these last estimates. The estimates of ¢; should be close

to (¢)5 = 0,70, The estimates of ﬁi’ given in column six of table
4.6.2, should be close to the true value of Bj across the interval,
which is 70. The ﬁi are extremely variable, across i, and it seems
that they are not close to the true value. The coefficient of varia-
tion of ﬁi, calculated from columns six and nine of table 4.6.2, is
greater then 0.50 and is often close to 1.0, and supports the obser-
vation that the ﬁi are unreliable. However, as in the pooled statis-~
tics method, the experimenter would realize that there was a signi-
ficant number of new arrivals to the population. The number of
inadmissable estimates of ¢; and B; has been reduced considerably,
indicating that the reduced capture history method does improve the
estimates.

It is not known whether or not the estimated standard
deviations, given in columns seven, eight and nine of table 4.6.2,
are to be considered valid. The validity of these estimates is
determined by performing multiple replications, which is discussed
in section 4.6.2.

How the reduced capture history method improves the
estimates, can be seen by looking at the n; and ry, given in columns
five and eight of table 4.6.1. The expected size of any sample is
0.04(200) = 8, The reduced capture history method has increased
the sample size to between 30 and 40. The increased sample size
also has the effect of increasing the rj. The ry in table 3.2.3 are
between 1 and 5, but the ry in table 4.6.1 have increased and are

between 5 and 10. The larger ri values improve the estimates.,
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4.6.1 Averaging Within Grouping Intervals

The estimates, that are produced over a single replica-
tion of the experiment, can be averaged over the grouping interval.
The discussion of averaging over the grouping intervals, given in
section 4.4.1, is also true for the method of reduced capture his-
tories. Tables 4.6.3 and 4.6.4 show the results in tables 4.6.1
and 4.6.2 after the estimates have been averaged over the grouping
intervals. These four tables correspond to the results that an
experimenter would get with actual data, and tables 4.6.3 and 4.6.4
correspond to tables 4.4.3 and 4.4.4.

The averaging process, perforﬁed on the estimates from
‘the reduced capture history method, has the same stabilizing effect
as with the previous method. The error of the estimate of Nj,
given in the last column of table 4.6.4, shows a general decrease,
by averaging across grouped intervals. However, it is still not
known whether or not these errors are significant. The last esti-
méte of &is given in column four of table 4.6.4, is a large under-
estimate, which is substantiated by the large error of the estimate.
The coefficient of variation of ﬁi appear to be about the same aé
without averaging.

The &i» given in column five of table 4.6.4, have also
been stabilized, as have the ﬁ(@i), given in column eight of table
4.6.4, The coefficient of variation of $i is the same as with—
out averaging. The same effect of a bad last estimate of éi is still
observed with averaging. The ﬁi are also not as variable, across

i, as without averaging, but they are still considered unreliable,
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as seen by the large coefficient of variation of Bj, calculated
from columns six and nine of table 4.6.4

4,6.2 Multiple Replications

The method of reduced capture histories was simulated
over 36 replications, in order to determine the reliability of the
estimates and the adequacy of the variance formulae. The discussion
of replications, given in section 4.4.2 holds for both methods of
pooling. Tables 4.6.5, 4.6.6, 4.6.7 and 4.6.8 are the results of
performing the simulation over 36 replications, and correspond to
tables 4.4.5, 4.4.6, 4.4.7 and 4.4.8, respectively. The same paras-
meter set and the same set of capture histories ﬁas used in both
cases.,

Tables 4.6.7 and 4.6.8 can be examined to determine the
bias and precision of the estimates, and to determine the validity
of the variance formulae. The discussions in sections 3.3 and 4.4.2,
concerning the methods of analyzing the estimates, are true for the
estimates derived from the method of reduced capture histories as
well. The sample mean of the error of ﬁi, given in the last column
of table 4.6.7, are denoéed €, and the sample standard deviations

of the error, given in the last column of table 4.6.8, is denoted

Se. For i=25, € + 1.96(se/6) = -9.37 + 1.96(77.61/6) = -9.37 +
1.96(12.93), which includes zero. Therefore, at the 95% level of
significance, ﬁi, for i=25 has no detectable bias. This result is
true for all i,

If the estimate of ¢; has no detectable bias, then the

95% confidence interval for &i will contain the true value of b4
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which is 0.70. For i=25, the 95%.confidence interval for ;i is
0.6517 + 1.96(0.2040/6) = 0.6517 + 1.96(0.0340), which includes the
true value of ¢j. Again, no detectable bias is found in the @ic

The estimate of ﬁi also has no detectable bias, if the 95% confi-
dence interval for ﬁi includes the true value of B;, which is 70.

For i=25, the 95% confidence interval for B; is 63.14 + 1.96(63.57/6)
= 63.14 * 1.96(10.59), which includes the true value of Bj. Almost
all the estimates of B have no detectable bias, but taken over all
i, there seems to be a tendency in the ﬁi to overestimate the true
Bj.

The precision of ﬁi, $i and ﬁi is investigated, by calcu~
lating their coefficients of variation. As discussed in section 4. 4.2,
multiple replications allow you to calculate the best estimated coef-
ficient of variation, which is the estimate, divided by the sample
standard deviation of the estimate. The coefficient of variation of
ﬁi is greater than 0.50 for about half of the estimates indicating
that the ﬁi are considered unreliable., However, the estimates in the
middle of the experiment are generally considered reliable.

The coefficien£ of variation of ¢;, calculated from column
five of tables 4.6.7 and 4.6.8, is below 0.50 and is generally about
0.35. No unusual trends in the &i can be seen. The coefficient
of variation of ﬁi, calculated from column six of tables 4°6;7 and
4.6.8, are generally close to 1.0, indicating that the ﬁi are not
at all reliable. The results from the multiple replication, thus

confirm the judgement made, of the estimates from a single experiment.

Multiple replications allow you to test the adequacy of
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the variance formulae. The average estimated standard deviations
of &i, %i and gi, given in columns seven, eight and nine of table
4.,6.7, are compared to their sample standard deviationms, given in
columns four, five and six of table 4.6.8, respectively. If they

do not differ by more than 20 per cent of the former, then the vari-
ance formulae are considered to be valid. Using these comparisons
show that the formulae for variances of ﬁi and $i are reliable,
while the variance formula for the ﬁi is not reliable.

The estimates that result from multiple replications on
the reduced capture history method, can also be averaged over the
grouping interval, in the same way as discussed in section 4.4.2.
The results of averaging are shown in tables 4.6.9, 4.6.10, 4.§°11
and 4.6.12. These are the results of using the same parameter set
in tables 4.6.5, 4.6.6, 4.6.7 and 4.6.8, and correspond to tables
4.4.9, 4.4.10, 4.4,11 and 4.4.12 for the pooled statistics method.

Again, the purpose of averaging is to improve the estimates
from the method without averaging. A considerable improvement is
seen in the ﬁia given in column four of table 4.6.11. The estimates
afe close to the true value of about 200, and the coefficient of var-
iation of ﬁis is less than 0.50 for most of the estimates. Little
improvement is seen in the $i’ except that the estimates have stab-
ilized. The coefficient of wvariation of %i is about the same as
without pooling. Some improvement is seen in the ﬁi, where the
larger overestimates have been averaged out. However, the %i still
overestimate the true Bj.

The best improvement by averaging 1s seen in the average



73

estimated standard deviation of ﬁi, given in column seven of table
4.6.11. Comparing these estimates with the'sample standard devia-
tions of ﬁi, given in column four of table 4.6.12, shows these two
values are very close, and differ by about 10 per cent, for about

balf the comparisons. The average estimated standard deviation of
ﬁi has not improved, and, although it has stabilized, the variance

formula for Bi is still not considered valid.

4.7 Comparison of Both Pooling Methods for the Given Parameter Set

The two pooling methods can be compared, by looking at the
tables produced by each method, for the same parameter set. In par-
ticular, the results of the method of pooled statistics, for 36
replications, given in tables 4.4.5, 4.4.6, 4.4,7 and 4.4.8, are com-
pared with the results of the method of reduced capture histories,
for 36 replications, given in tables 4.6.5, 4,6.6, 4.6.7 and 4.6.8.
The same parameter set was used to derive both sets of tables.

From the single replications of both methods, it was dif-~
ficult to determine which pooling method showed a greater improve-
ment over the unpooled estimates. However, from multiple replications
it can be seen that there is a difference. The range of the estimates
for the reduced capture history method is shorter than the range for
the pooled statistics method. This is especially true for ﬁi, where
there are no estimates for the first s+s/2 grouping intervals (s is
the number of sampling occasions in each grouping interval). One
comparison that does not show a noteable difference in the two methods,
is between the biases of &i, given in the last column of tables 4.4.7

and 4.6.7. There is no significant difference in the magnitude of
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the biases from both methods, and the biases in both methods are

not significant.

Looking at the number of inadmissable estimates of b4
and Bj also show not significant difference in both methods. The
reduced capture history method produced less inadmissable estimates
of ¢;, but more inadmissable estimates of By, than the pooled
statistics method.

The precision of the estimates shows the most noteable
difference. In this example, the variance formulae for both pooling
methods gave valid estimates. The precision of $i was approximately
the same for both methods. However, the precision of ﬁi was better
for the method of pooled statistics and the precision of ﬁi was
better still, for the method of pooled statistics.

The results are not surprising, when you consider the rj
values that are used in calculating the estimates. The T, values
used in the reduced capture history method are as shown in column
eight of table 4.6.5. That is, to calculate §(ﬁ25)’ To5 is used.
However, in calculating G(ﬁzs) in the method of pooled statistics,
the value of ryg pooled is ro5trogtra7trogtrog, from column nine
of table 4.4.5. The Ty pooled are consistently larger, for the
method of pooled statistics than the Ty used for the method of
reduced capture histories.

The results, given in this chapter, are for a particular
parameter set. The same tables were produced for both methods, in
order that a comparison be made. Thus, any conclusions drawn in this

chapter, pertain only to this parameter set, and are not general
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conclusions. 1In chapter five, several parameter sets are considered,

from which more general conclusions can be drawn.
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Chapter 5

5.1 Introduction

In chapter 4 the results of simulations of the pooled
statistics method and the reduced capture history method were dis-
cussed for a particular parameter set. The discussion concerned
bias of ﬁi, %i and ﬁis the precision of these estimates and the
adequacy of the variance formulae.

In chapter 5 the same analysis is applied to simulations
over several parameter sets, from which general conclusions about
pooling methods are drawn. Both pooling methods were run for
several grouping interval lengths, and the effect of changing the
grouping interval length is discussed. From these results both
pooling methods are compared. The final section of this chapter
is a discussion of non stable populationms.

5.2 Results of the Pooled Statistics Method

Tables 3.5.2 and 3.5.3 summarize the results of the esti-
mates, obtained without pooling, for the smallest value of pi that
gave good estimates, and for the largest value of pi that gave bad
estimates for the given value of ¢5. Table 5.2.1 summarizes the
results of the simulations, using the pooled statistics method, for
those first values of pis in table 3.5.2, that gave bad estimates.
The detailed simulation resuits (of which table 5.2.1 is a summary)
are given in tables 5.2.2 to 5.2.11,

Column one is the initial population size and columns two
and three are ¢; and pj, respectively. Column four is the proportion

of pooled ri, in the population, at the ith grouping interval
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(calculated by r, pooled, divided, by N,). Columns five, six and

seven are the average coefficients of variation, across i, of §i,
$i and ﬁi, respectively, which are calculated by dividing the
average of the estimate across i, by the average sample standard
deviation ofﬂthe estimate across i. columns eight and nine are the
true value of survival and birth, respectively, across the grouped
interval.

Columns ten, eleven and twelve show if the variance for-
mulae, given in section 4.3, are comsidered valid. If the variance
formula is considered valid, then the column entry is "YES", other-
wise the entry is "under" if the formula yields an underestimate
of the true variance, or the entry is "over" if the formula yields an
overestimate. The variance formulae are considered valid, if the
average estimated standard deviations and the sample standard devia-
tions do not differ by more than 20 per cent of the former. Columns
thirteen, fourteen and fifteen show if there is any detectable bias
in ﬁi’ @i and gi, respectively, where the bias is detectable, if
the 95% confidence interval for the estimated bias of ﬁi (g(ﬁi))
does not include zero or the true value of ¢; or Bj. Column sixteen
gives the table references of the results of the particular para-
meter sets. All the simulations had ny, L and grouping interval
size set to 1.00, 50 and 5, respectively., |

The simulations with ¢; = 0.99 and p; = 0.03, without
pooling, produced estimates which were very poor. The estimates of
ﬁi were significantly bilased, both postively and negatively. The

~ ~

same result 1s true for ¢; and By for which there were several inad-
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missable values° Since the estimates were highly biased the co-
efficients of variation were very high. Aléo, the average esti-
mated standard deviations did not adequately estimate the true
standard deviations.

Tables 5.2.2 and 5.2.3 are the results of a simulation
using the pooled statistics method, for ¢; = 0.99 and pj = 0.03.

The discussions in sections 3.3 and 4.4.1, concerning the analysis
of bias and precision of the estimates, can be applied in this case
and in the subsequent examples in this chapter. In particular,

ﬁi is an estimate of a conditional parameter and $i and ﬁi are
estimates of fixed parameters. Pooling, in this case produced
satisfactory parameter and variance estimates along with substantial
improvements in precision.

Forming the confidence intervals for the bias of ﬁi, from
column twelve of tables 5.2.2 and 5.2.3, it can be seen that, in
general, the ﬁi have no detectable bias. A significant positive
bias is seen only in the last seven estimates of ﬁi, This large bias
is attributable to the fewer recaptures at the end of the experiment,
which causes overestimates in the last seven estimates of ﬁiv

The true survival rate over a grouped interval is (0,99)5
= 0.9510. The confidence interval for the true survival rate
formed from column five of tables 5.2.2 and 5.2.3 do not inciude the
true value. The negative bias is apparent in all the estimates of
survival which, when taken together, underestimate the true rate of
survival by about 5 per cent. The largest underestimates are seen

in the last four estimates which are due to the end effects of the
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experiment,

The true number of births over a grouped interval is
5(2) = 10, It can be seen, byylooking at column six of tables
5.2.2 and 5.2.3, that the ﬁi have a large positive bias and hence,
the ﬁi significantly overestimate the true Bj. Again, the end effects
are seen in the last three estimates of Bj, which are even larger
overestimates than the rest of the ﬁi.

The coefficients of variation of ﬁi, &i and ﬁi are given
in columns five, six and seven, respectively, of table 5.2.1. The
coefficients of variation are calculated by dividing the average
estimate, by the average sample standard deviation of the estimate,
Since it is not known if the average estimated standard deviations
can be considered valid, the coefficients of variation were calcu-
lated in this way.

The low coefficient of variation of ﬁi indicates that the
estimates of population size are reliable. The large sample stan-
dard deviations for the last seven estimates resulted in larger
coefficients of variation at these points, which is a further indi-
cation that these estimates should be considered unreliable. The
very small coefficient of variation of $i is misleading. The esti-
mateséwere found to have a detectable negative bias. The low
coefficient of variation means that, although the estimates ﬁere
biased, the sample standard deviations were low enough to lower the
coefficient of variation. The coefficient of variation of gi is too
large to accept the estimates of birth. The large coefficient of

variation substantiates the conclusion that the By are biased.
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A line by line comparison of the average estimated
standard deviations, given in column seven of table 5.2.2, with
the sample standard deviations, given in column four of table
5.2.3, shows that they differ by less than 20 per cent and often
by less than 10 per cent of the former. Therefore, the variance
formula for G(ﬁi) can, in this case, be considered valid.

The variance formula for ﬁ(@i) cannot be considered
valid. The average estimated standard deviations (column eight
of table 5.2.2) and the sample standard deviations (column five
of table 5.2.3) usually differ by about 35-50 per cent of the former.
Similarily the variance formula for G(ﬁi) is not considered valid.

Note, however, that both G(%i) and G(ﬁi) are consistently
overestimates of the true variances. Thus, an ekperimenter would
not be misled into thinking that his estimates of survival and
birth are more precise than they actually are, as he would if the
estimated variances were unde;estimates°

Both 51 and ﬁi were subject to inadmissable estimates,
as discussed in section 2.4. When an inadmissable estimate waé
calculated, it was reset to an admissable value. Thus, the sample
variances would be smaller than if the inadmissable estimates were
allowed. The estimated variance is not affected by resetting the
inadmissable value and hence, will be larger than the sample stan-
dard deviations. Note that the ﬁi were not subject to inadmissable
values and that the G(ﬁi) are considered valid.

The results for ¢; = 0.90 and pi = 0.05 are given in

tables 5.2.4 and 5.2.5. Again, we see that the pooled statistics
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method gives excellent results. 1In general, almost all of the &is
given in column four of table 5.2.4, have no detectable bias. The
exceptions occur in the last four estimates which are also affected
by the fewer recaptures at the end of the experiment. The last
four estimates are significant overestimates which is seen in the
large positive bias of these estimates given in column twelve.

The true survival rate over a grouped interval is (0.90)5
= 0,5840, TForming the confidence intervals from column five of
tables 5.2.4 and 5.2.5, shows that they include the true survival
rate. Thus, the $i have no detectable bias, but they do appear to
-«overestimate. the true survival rate when looked at together. The
'$i do not appear to be affected by any end effects of the experiment.

The true number of births over a groupéd interval is
5(20) = 100. The confidence intervals for thelgi do include the
true number of births and hence, they are not detectably biased.

The estimates of Bj (column six of table 5.2.4) for which there is
any detectable bias are the last three. Again, the positive bias is
attributable to the end effects of the experiment, which can be seen
in the large corresponding standard deviations (column six of table
5.2.5). The ﬁi appear, generally, to underestimate the true number
of births when looked at across i.

The coefficients of variation of &is &i and ﬁi aré given
in columns five, six and seven, respectively, of table 5.2.1. The
coefficient of variation of &i indicates acceptable results for the

estimates of population size. The larger coefficient of variation

for i1=44 and 45 again indicates the unreliability of these estimates
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due to the end effects of the experiment. The coefficient of

A

variation of ¢; is also well within the acceptable limits, while
the coefficient of variation of gi lies outside the acceptable
limits. The trend of underestimation of the true number of births
is too significant to accept the ﬁi, according to the test on the
coefficient of variation.

The variance formula for G(ﬁi) estimates the true varia~
tion extremely well. A line by line comparison of the average esti-
mated standard deviations; given in column seven of table 5.2.4,
with thé sample standard deviations, given in column four of table
5.2.5, shows that they differ by less than 20 per cent and»frequently
by less than 10 per cent of the former. The variance formula ig
even considered adequate for the estimates at the end of the sampling
chain.-

A similar comparison of columns eight and five of tables
5.2.4 and 5.2.5, respectively shows that the variance formula for
G(@i) adequately estimates the true variance. However, in this
case the comparisons generally show differences of close to 20 per
cent of the average estimated standard deviations. The trend in the
average estimated standard deviations is that they underestimate the
true standard deviation, when looked at across 1i.

The same comparison of G(gi), given in column nine of
table 5.2.4, and the sample standard deviations of ﬁis given in
column six of table 5.2.5, shows that the standard‘deviation esti-

mates are very good, and they usually differ by less than 10 per

cent of V(Bi).
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The results for ¢ = 0.80 and p; = 0.10 are given
in tables 5.2.6 and 5.2.6. It will be shown that, in this case,
the estimates of population size are considered valid, as are
G(ﬁi) and g(ﬁi). However, both $i and ﬁi are unreliable estimates.

When the confidence intervals are formed for the bias
of ﬁi from column twelve of both tables, it is seen that the esti-
mates of population size have no detectable bias. A large positive
bias is seen only in the last estimate of Nj, which is due to the
end effects of the experiment.

As can be seen from column five of both tables, the @i
are detectably biased. Furthermore, they are overestimates of the
true survival rate over a grouped interval of (0,80)5 = 0.3269.
The true number of births over a grouped interval is 5(40) = 200.
It is evident from column six of both fables that the By are
detectably biased and that they underestimate the true number of
births. Only the last estimate is detectably unbiased, but this
is due to the end effects of the experiment which have caused a
sudden increase in this estimate. This sudden increase is also
seen in the sample standard deviation which also has increased sig-
nificantly.

The coefficients of variation of &i’ &i and ﬁi are given
in columns four, five and six, respectively, of table 5.2.1. The
coefficient of variation of ﬁi is low indicating that these esti-
mates can be considered reliable, The coefficients of variation
of $i and Bj are both well below 0.50 which would indicate that

both sets of estimates can be considered reliable. However, both
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the éi and the ﬁi were found to be detectably biased. Thus, the
low coefficients of variation mislead you into thinking that the
&i and ﬁi are more reliable than they actually are.

The estimated standard deviations of ﬁi, given in column
seven of table 5.2.6, are considered valid when compared to the
sample standard deviations of ﬁi, given in column four of table
5.2.7. 1In general, they differ by about 10 per cent of the former.
The estimated standard deviations of ﬁi, given in column nine of
table 5.2.6, are also considered valid. In this case the estimated
standard deviations of b1, given in column eight of table 5.2.6,
are compared to the sample standard deviationg, given in column
-five of table 5.2.7, the difference is about 80-90 per cent of the
former. Furthermore, the estimated standard deviations of @i are
significant underestimates of the true standard deviations and
hence, are not considered valid for this parameter set,

The results for ¢; and p; equal to 0.70 and 0.15, respec-
tively, are given in tables 5.2.8 and 5.2.9. 1In this experiment
we shall see that pooling gives substantial improvement in the ﬁi,
but gives misleading estimates for 6(&1). The estimates for ¢4
and B; and their variances are not at all reliable.

Looking at column twelve of both tables indicates that
the ﬁi are not detectably biased. The overestimates of ﬁi for the
last four estimates, seen in the three previous examples, have
disappeared and only the last estimate is a significant overestimate.

The confidence intervals for the $i do not include the

true survival rate of (0,70)5=0.1681 and hence they have a detectable
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bias. The positive bias. can be seen by taking all the estimates
together, which are overestimates by about 50 per cent of the true
survival rate. By looking at the entries in column six of table
5.2.9, it is evident that the ﬁi are significant underestimates of
the true number of births, which is 5(60) = 300.

The coefficients of variation of ﬁi’ &i and ﬁi for this
parameter set are given in columns five, six and seven, respectively,
of table 5.2.1. The low coefficient of variation of ﬁi indicates
the estimates of population size are reasonably precise. The same
conclusion is drawn for the $i and the ﬁi since the coefficients of
variation for both estimates are well below 0.50. However, both the
ai and ﬁi were found to be significantly biased and hence, the low
coefficients of variation are misleading. Since.the experimenter
cannot replicate his experiment, he cannot determine whether or
not his estimates are biased. Thus, he will assume a larger rate
and a lower number of births than actually holds.

Looking at the average estimated standard deviations of
ﬁi, $i and ﬁi, given in columns seven, eight and nine, respectively,
of table 5.2.8, and the sample standard deviations, given in columns
four, five and six, respectively, of table 5.2.9, shows that none of
the variance formulae can be considered wvalid. Furthermore, the
average estimated standard deviations are all overestimates of the
sample standard deviations.

The results for ¢i = 0.50 and p; = 0.20 are given in
tables 5.2.10 and 5.2.11. This experiment gives barely acceptable

estimates of Nj and totally unacceptable results for $i and B4
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and all the variances.-

The bias of ﬁi, given in column twelve of table 5.2.10,
is not significa_nt° The end effects are seen only in the last two
estimates, where again there is a significant positive bias.

The true survival rate over a grouped interval is (0.50)7
= 0.0313. Looking at the &i, given in column five of table 5.2.10,
it is obvious that they are large overestimates. The true number
of births over a grouped interval is 5(100) = 500. Again,}it is
obvious that the %i, given in colum six of table 5.2.10, are sig-
nificant underestimates of the true number of births.

The coefficients of variation of ﬁi, %i and ﬁi for this
parameter set are given in columns five, six and seven, respectively,
of table 5.2.1. As with the previous examples, tﬁe coefficient of
variation of ﬁi is below 0.50, indicating that the estimates of Nj
are reliable. Since there was no detectable bias in &i this con-
clusion is substantiated. The coefficients of variation of $i and
ﬁi are too large to allow you to accept the estimates, which were
seen to be significantly biésed. This result contrasts with the
previous example, where the estimates were significantly biased,
but the coefficients of variation were low enough to accepg the
results.

A

The analysis of the estimated standard deviations of Nj,
¢4 -and ﬁi, given in columns seven, eight and nine of table 5.2.10,
yields the same result as in the previous example. That is, none

of the variance formulae can be regarded as valid. Again, the average

estimated standard deviations are all underestimates of the true
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standard deviations.

The method of pooled statistics was simulated for one
parameter set with N;=400. The results are given in the last row
of table 5.2.1 for ¢4=0.90 and p;=0.05. The results are almost
identical with the results for the same parameter set for Ny=200
(in the second row of table 5.2,1).

The bias of ﬁi is generally not significant, except for
the last few estimates which are large overestimates due to the
end effects of the experiment. Also, there is no detectable bias
in the éis although when considered together, the $i generally over-
estimate the true survival rate. There are several estimates of
gi»in the ﬁiddle of the sampling chain which have a detectable bias
but, in general, the ﬁi are not detectably biase&, The end effects
are also seen in the last two estimates of Bi’ as was seen in the
corresponding simulation with Ng=200.,

The coefficients of variation of ﬁi, &i and ﬁi yield the
same conclusions as the simulation with Ng=200 for the same para-
meter set. However, the coéfficient of variation of ﬁi are almost
acceptable. However, the ﬁi are still considered to be unacceptable.
The average estimated standard deviations of ﬁis 51 and ﬁi are all
considered to estimate the true standard deviations adequately.

This result is the same as the corresponding simulation with Ng=200,

Note that although the pooled r{ values are greater when
No=400 than when Ny=200, the proportions ri/Ny are virtually identical

in the two cases. As a consequence, the reliability of the pooled

estimates in the two cases is virtually the same,
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In section 4.4.2 it was shown that averaging the estimates
across the grouping interval does have a limited effect. With ¢i¥0.93
and p;=0.04 the primary effect on the estimates was that with averaging
they stabilized. That is, they were not as variable across i with
averaging. There was a slight improvement in the coefficient of
variation and almost no improvement in the variance estimates.

The same results are derived when ¢;=0.99 and p;=0.03.

The estimates of population size have stabilized but the end effects
of the experiment are still seen in the last estimate. The estimates
of survival rate and birth still have a large negative and positive
bias, respectively, and the end effects are seen in the last estimate
of Bj. The coefficients of variation‘from averaging are very close
to those without averaging (table 5.2.1) and henée, there is no

gain in precision. The standard deviation estimates also have not
improved significatnly. They are slightly lower than without aver-
aging but the estimated standard deviations of éi and éi are still
large overestimates.

Similar resulfs occur when ¢4=0.70 and pi=0.15° The esti-
mates of population size are detectably unbiased and are less variable
across 1. The $i still have significant postive bias which has de-
creased slightly with averaging. Also, the ﬁi.still have a signifi-
cant negative bias which shows no improvement by averaging. .The
coefficients of variation of the estimates are very close to what they
were without averaging and hence, there is no improvement in pre-
cision. Also, the estimated standard deviations of the estimates

are all considered wvalid and are all overestimates of the true stan-
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dard deviations. Thus, from the three examples given above it
appears that very little is gained by averaging over the grouping
interval.

5.3 Results of the Reduced Capture History Method

The same analysis that is applied to the estimates
derived from the pooled statistics method, discussed in section 5.2,
can also be applied to the estimates derived from the reduced cap-
ture history method. Table 5.3.1 summarizes the results of the simu-
lations using the reduced capture history method. The entries in
this table represent the same quantities as in table 5.2.1, except
that column four is now just the proportion of the ri in the popula-
tion at time i, rather than the pooled r¥;. The parameter sets used
in the simulations for the reduced capture history method are the
same as those used for the simulations for the pooled statistics
method. Furthermore, both sets of simulations deal with exactly the
same sets of capture histories. The detailed simulation results are
- given in tables 5.3.2 to 5.3.11.

Tables 5.3.2‘and 5.3.3 are the results of a simulation
with ¢4=0.99 and p;=0.03. We shall see that the ﬁi and ﬁ(ﬁi) are
acceptable, but the $i and ﬁi and their estimated variances are not
reliable.

From column twelve of both tables it can be seen ﬁhat
there is no detectable bias in the estimates of population size.

In constrast with the results from the pooled statistics method, no
overestimates are observed at the last four sampling occasions.

From column five of tables 5.3.2 and 5.3.3, it can be seen
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that the @i have a detectable bias and when looked at across i, the
&i underestimate the true survival raté. The ﬁi do have a detectable
bias, as seen from columnsix of both tables. Also, when looked at
across i, the ﬁi overestimate the true Bi° Again, the last few
estimates of ¢4 and B; are not affécted by any end effects of the
experiment.

The coefficients of variation of ﬁi, $i and ﬁi, given in
columns five, six and seven of table 5.3.1, indicate that both the
ﬁi and &i can be considered reliable but the ﬁi cannot. However,
the $i were found to be negatively biased and hence, the low coeffi-
cient of variation is misleading.

The wvariance formula for G(ﬁi) produces results which are
considered valid. The average estimated standard deviations (column
seven of table 5.3.2) and the sample standard deviations (column four
of table 5.3.3) differ by about 26 per cent of the former. The vari-
ance formulae for G(;i) and G(ﬁi) are not considered to give good
estimates. The differences for the %1 are about 35-50 per cent, while
the differences for the ﬁi are about 25-40 per cent. Both the G(&i)
and %(ﬁi) overestimate the true variances. This result was also seen
in the standard deviation estimates from the pooled statistics method.
As suggested for those results, the overestimates of variance for the
reduced capture history method are probably due to the inadmissable
$i~and ﬁi that are calculated, which lower the sample standard devia-
tions, but have no effect on the estimated standard deviations.

The results for ¢{=0.90 and pj=0.05 are given in tables

5.3.4 and 5.3.5. We see that, in this experiment, pooling gives



91

excellent results. The ﬁi have no detectable bias as seen from

colunm twelve of both tables. The $i and gi also have no detectable
bias and there is no trend in any of the three estimates. Also,

none of the estimates are affected by the end effects of the experiment.

The precision of the ﬁi’ given in column five of table
5.3.1, shows that the estimates of population size are barely con-
sidered accpetable. If the sample standard deviations of ﬁi were any
larger, the ﬁi would not be considered reliable. The coefficient of
variation of $i, given in column six of table 5.3.1, indicates that
ai can be considered reliable, while the coefficient of variation of
gi, given in column seven of table 5.3.1, indicates the estimates of
birth cannot be considered reliable.

The differences between the average estimated standard
deviations of the ﬁi (column seven of table 5.3.4)'and the sample
standard deviations of the ﬁi (column four of table 5.3.5) are
generally about 15-20 per cent of the former. The corresponding dif-
ferences for the $i are about 10-20 per cent and the differences for
the gi are less than 20 per cent about half the time and up to 35 per
cent for the other half. Thus, all the variance formulae are consid-
ered valid for this parameter set.

The results for ¢4=0.80 and p;=0.10 are given in tables
5.3.6 and 5.3.7. In this case, the ﬁi and $i and their variance
estimates are reliable. The gi are not reliable but the G(gi) are
considered acceptable.

It is evident from column twelve of both tables that there

is no detectable bias in the N; although they do underestimate the
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true population size. For this parameter set the $i arevery close

to the true survival rate of 003269 and hence, they are detectably
unbiased. However, they do tend to overestimate the true $1.

From column six of both tables it can be seen that the ﬁi do have
a detectable negative bias.

The coefficients of variation of ﬁi, $i and ﬁi are given
in columns five, six and seven, respectively, of table 5.3.1. The
coefficients of variation of ﬁi and %i are both below 0.50 which
indicates that the ﬁi and the $i can be considered reliable. How-
ever, the coefficient of variation of ﬁi is very close to 0.50 and
since the ﬁi were found to be detectably biased, they are not con-
sidered reliable.

The average estimated standard deviations of ﬁi, $i and ﬁi,
given in columns seven, eight and nine of table 5.3.6, are all con-
sidered valid estimates of the true standard deviations. The dif-
ferences between them and the sample standard deviations, given in
columns four, five and six, respectively, are below 20 per cent of
the former. In the case of the $i the differences are less than 10
per cent.

The results for ¢i=0,70 and p;= 0.15 are given in tables
5.3.8 and 5.3.9. We shall see that the ﬁi and the %i and their
variance estimates are considered valid, but the ﬁi and &(gi) are not.

Almost 1/3 of the estimates of population size (coluﬁn
four of table 5.3.10) have a detectable bias. Furthermore, as can

be seen from the biases of ﬁi (column twelve of table 5.3.10), which

are almost all negative, the Ni are underestimates of the true pop-
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ulation size. However, in general the &i will be considered
to have no dectable bias.

When the confidence intervals for %i are formed, it is
seen that they include the true rate of survival and hence, the $i
have no detectable bias. The ﬁi do have a detectable bias and the
bias is negative indicating that the éi are significant under-
estimates of the true Bj.

The coefficient of variation of ﬁi indicates that the
estimates of population size can be considered reliable. However,
the results are marginal and if the sample standard deviations were

~

any larger the Nj would not.be considered reliable. The coefficient
of variation of $i indicates that the estimates of survival rate
can be considered acceptable, while the coefficient of variation of
ﬁi indicates that the estimates of birth cannot be considered reliable,
The estimated standard deviations of ﬁi and &i, given in
columns seven and eight, respectively, of table 5.3.10, are con-
sidered valid, while those of ﬁi are not. However, the validity of
the estimated standard deviations of &i is marginal because almost
half the differences between them and the sample standard deviations
are greéter than 20 per cent of the former. All the standard devia-
tion estimates tend to underestimate the true standard deviations.
The results for ¢;=0.50 and p;=0.20 are given in tables
5.3.10 and 5.3.11. We shall see that the ﬁi, &i and Ei are all
unacceptable as are their estimated variances.

The &i (column four of table 5.3.10) are detectably biased

and are consistent underestimates of the true population size. The
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estimates of survival (column five of table 5.3.10) are also
detectably biased and are consistent overestimates of the true
rate of survival. The ﬁi (column six of table 5.3.10) have a
detectable negative bias.

The coefficients of variation of ﬁi, $i and Ei are
consistent with the conclusions on the bias of these estimates.
All of the estimates are considered unreliable because the coeffi-
cients of variation are well above 0.50.

The variance formulae for G(ﬁi) and G(ﬁi) are not con-
sidered valid for this parameter set. Even a fough estimate of
differences between the average estimated standard deviations and
the sample standard deviations of ﬁi and ;i cannot be determined
because the latter are too variable., The variance formula for
6(;1) is not considered valid, as well, with the differences
between the two standard deviations estimated at 100 per cent.

As with the method of pooled statistics, the method of
reduced capture histories was simulated for one parameter set for
N,=400. The results are given in the last row of table 5.3.1,
The results are about the same as the results for the same para-
meter set with Ny=200 (row two of table 5.3.1).

The bias of ﬁi is generally not significant with the
same result true for the ﬁi. The ﬁi appear to give better estimates
of ‘the true Bj than in the simulation with N,=200, although they
are generally slight underestimates. A detectable bias is seen

in some of the ¢4, but on the whole they are not detectably biased.

However, they do tend to underestimate the true survival rate,
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The coefficient of variation of ﬁi shows a slight im-
provement than with N,=200 and the coefficient of variation of ﬁi
shows a much larger improvement, to the point where the éi may be
considered acceptable. The :precision in the %i is about the same.
As with the simulation with Ng=200, the variance formulae are all
considered valid. Thus, it seems from this example at least,
that a larger population size has little effect.

The process of averaging also has little effect on the
estimates derived from the reduced capture history method. 1In
section 4.6.2 it was shown that the main improvement is in the ﬁi
and the estimated standard deviations of ﬁig Otherwise, the
results are about the same with averaging as without.

For ¢;=0.99 and pj=0.03 the results with averaging are
about the same as in the previous example. The ﬁi are detectably
unbiased without averaging and still are. No improvement is seen
in the $i or the ﬁi which are still large underestimates and over-
estimates, respectively. There is a slight improvement in the
coefficients of variation of ﬁi and ﬁi, but the improvement is not
significant. Also, the standard deviation estimates of $i and ﬁi
are still large overestimates of the true standard deviations and
show no significant decrease.

Similar results are obtained for ¢{=0.70 and pi=0.,15o
Both the ﬁi and 5i are detectably unbiased as they were without
averaging and the ﬁi are again significant underestimates of the
true number of births. There is no improvement in the coefficients

of variation of these estimates and the estimated standard deviations
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of ﬁi and %i are considered valid, while the estimated standard
deviation of ﬁi is still considered invalid. As with the method
of pooled statistics, averaging does not give any significant im-
provements.

5.4 Effect of Changing Interval Length

In order to determine the effects of pooling over dif-
ferent interval lengths, both pooling methods were simulated for
a low and a high probability of survival, over increasing interval
lengths. The effect of increasing interval length is determined
by examining the average sample standard deviation of ﬁi across i.

Figure 5.4.1 is a graph of interval length versus the
average standard deviation across i, of &i, The parameter set of
Nos, ¢is Pis, ni and L is 200, 0.99, 0.03, 1.00 and 50, respectively.
The upper curve is the result from the reduced capture history
method and the lower curve is the result from the pooled statistics
method. Also given below the interval length are the average fi
and ri{/Ny for the reduced capture history method and the average
pooled rj and the average pooled ri/Ny, for the pooled statistics
method. Figure 5.4.2 is the graph for the parameter set of Ng,
¢i, Pi, ni and L equal to 200, 0.70, 0.10, 1.00 and 50, respectively.
Again the upper and lower curves are the results from the reduced
capture history and pooled statistics methods, respectively.

The results in the two graphs are as expected. In all
four cases the average standard deviation decrease with an increase
in grouping interval length. This result is expected since with an

increase in the grouping interval length, the r; over the interval
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are expected to increase. Since the estimates are an inverse
function of the rj, an increase in ri yields a decrease in the
sample variance of the estimates. The figures show a general
increase in ry as the grouping interval length increases.

While both methods of pooling show an increase in pre-
cision with an increase in interval length, the two methods differ
in degree of improvement. Figure 5.4.1 shows that the method
of pooled statistics yields a better improvement in precision
than the method of reduced capture histories. While the rj's
do not differ by much for interval lengths 3 and 5 there is a
significant difference for interval lengths greater than 5. For
the method of pooled statistics, the average pooled r; for intefval
length 11 is almost double the average T, for the method of reduced
capture histories for interval length 10. A significant difference
in the r; used in both methods, shows up in a significant diffe?ence
in the samples standard deviation. The average estimated standard
deviations are significantly lower for the method of pooled statis-
tics.

The same result is seen in figure 5.4.2. However, with
a lower survival rate the difference in precision is even greater.
The average pooled r; for the pooled statistics method are 2 to
13 times larger than the average rj for the reduced capture his-
tory method. The result is that the sample standard deviations
from the latter method.

Note that the curves for the reduced capture history

method appear almost linear. The curves for the pooled statistics
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method is parabolic, with little improvement in the estimated
variances for interval lengths greater than about 7. .

In comparing the two methods the average pooled Ty
have been compared to the average rij. In the method of pooled
statistics the pooled r; are used to derive the estimates, rather
than the unpooled rj. In the method of reduced capture histories
the opposite is the case. Only the unpooled r; are used to cal-
culate the estimates. Thus, while both methods increase the
precision of the estimates with an increase in grouping interval
length, the method of pooled statistics results in a significantly
larger increase in precision.

5.5 Comparison of the Pooling Methods

The results of the simulations of both methods of pooling
over several parameter sets were analyzed as to bias, precision
and adequacy of the variance formulae. In this section the results
of the analyses for both pooling methods are compared.

Table 5.5.1 summarizes the analyses of the bias of the
ﬁi, éi and ﬁi performed in sections 5.2 and 5.3 for the two pooling
methods. Column one is the pooling method and columns two and
three are the survival and capture rates, respectively. Columns
four, five and six tell if there were any detectable biases in the
ﬁi, ;i and ﬁi» respectively, at the 95% level of significanéee
The entries in these three columns will be either "none", "positive"
or '"megative" depending on whether or not there was a detectable

bias. If there was detectable bias then the entries depend on

whether the blases were significant overestimates (positive bias)
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or significant underestimates (negative bias).

The pooled statistics method appears to give the most
reliable estimates of Nj. None of the parameter sets that were
simulated for the pooled statistics method yielded &i that had
any detectable bias. However, the results for the reduced capture
history method show that a detectable negative bias in ﬁi occurs
for ¢4=0.50 and pj=0.20., Furthermore, for ¢i=0.70 the results
for the reduced capture history method indicate that the ﬁi are
underestimates of the true population size, so that some bias is
beginning to be seen in the ﬁi,

The opposite result is the case when the biases of the-
51 are considered. A significant positive bias is detected in the
@i from the pooled statistics method for ¢3=0.70 as well as for
$4=0,50. Also, while the estimates of survival for ¢i=0.90 are
not detectably biased, the trend in these %i is to overestimate
the true survival rate. This trend of overestimating the true
survival rate is not seen until a much lower ¢y, for the reduced
capture history method. It is not until ¢j drops to 0.50 that a
detectable bias in the &i, for the reduced capture history method,
is evident. While there is a detectable biaé for this parameterxr
set, it is a much smaller bias than in the $i derived from the
pooled statistics method.

Although a positive bias is detected in-the $i from both
pooling methods for lower survival rates it appears that when the
true survival rate over single sampling occasions is very high,

say 0.95 and larger, the $i for both pooling methods will be nega-
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tively biased. This bias is small and is almost certainly due
to the adjustment of inadmissable estimates ($i > 1.0) and so is
only artifically introduced by the simulation. Thus, it need not
be considered a shortcoming of the pooling methods.

There is not much difference in the biases of the gi
for the two pooling methods. In both methods the gi are negatively
biased beginning at ¢;=0.70. However, the pooled statistics method
results in gi which tend to underestimate the true number of births
for ¢=0.90. When there are a small number of births over a
grouped interval (less than about 30) both pooling methods give
Ei which have a significant positive bias. When there are a large
number of births over a grouped interval (greater than about 100)
both pooling methods give gi which have a significant negative bias.

The estimates of Nj, ¢; and By from the pooled statistics
method were affected by the fewer number of recaptures at the end
of the sampling chain. That is, the estimates at the end of the
eﬁperiment were overestimates of the true parameter values. This
effect diminished as the survival rate decreased. The estimates of
Ni’ ¢i and B; from the reduced capture history method were not
affected by the fewer number of recpatures at thé end of the experi-
ment.

The precision of the ﬁi’ 51 and gi for both pooling
methods is given in columns five, six and seven, respectively, of
tables 5.2.1 and 5.3.1. The precision of the estimates derived

from the reduced capture history method is better. The most signifi-

cant difference is precision is seen in the coefficients of variation
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for Bj, where the estimates of birth from the pooled statistics
method are much more precise than the estimates of birth from the
reduced capture history method.

The adequacy of the variance formulae is given in columns
ten, eleven and twelve of tables 5.2.1 and 5.3.1. The wvariance
formulae from the pooled statistics method give better estimates.
However, the variance formulae for %(gi) from neither method give
estimates which can be considered valid. The variance estimates '
from both methods for very high survival rates are significant over-
estimates, while those for lower survival rates are significant
underestimates. The overestimates were shown in sections 5.2 and
5.3 to be caused by inadmissable estimates. When an inadmissable
estimate is calculated it is reset to an admissable value. This
procedure reduces the sample variance but has no effect on the esti-
mated variance thus, producing overestimates.

For low survival rates neither method yields estimates
which can be considered valid. When the survival rate is low there
is a large turnover of animals between sampling occasisons. Thus,
many animals do not remain in the population long enough to be
recaptured several times. Therefore, the total number of recaptures
at any sampling occasion is lowered, producing unreliable estimates.

The process of averaging over the grouping intervals gives
very little improvement. The bias and precision of the estimates
as well as the adequacy of the variance formulae are approximately
the same with pooling as without. The only improvement seen is

&
that the estimates are less variable across i with averaging.
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5.6 Non Stable Populations

Two types of non stable populations were simulated.

In the first type, the expected number of births was (1-¢5) Ny
for sampling times 1 to 25. From times 26 to 50 the expected
number of births was doubled. The expected number of losses was
now less than the expected number of births and hence, a monotone
increasing population was the result.

Figure 5.6.1 is a graph of sampling time versus the
estimated population size from the pooled statistics method. The
smooth curve is the estimated‘population size and the broken curve
is the expected population size. Although the estimate of Nj is
an overestimate of the expected population size, the difference
does not seem to be significant. However, a large positive bias
occurs at the end of the sampling chain. This overestimate at the
end of the chain is due to the fewer number of recaptures during
the last several sampling occasions.

The estimates of population size at the end of the experi-
ment are based on fewer recaptures than those estimates in the middle.
In the middle of the sampling chain the ratios ry/sj, ri+1/si+1,
ete. are approximafely equal. Therefore, over a grouped interval
of length s (ri+ri+1+.,.+ri+s_1)/(si+si+1+...si+s-1) is approximately
the same as (ri/si) + (ri+1/8i41) + o0 + (ri+s—1/si+s—1)° However,
at ‘the end of the sampling chain there are fewer recaptures because
the marked animals alive in the population are exposed to fewer
sampling times. Therefore, (r;/si) < (rjp1/si41) < (riga/si42),

etc, near the end of the chain, which gives and underestimate of
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( ry)/(Z si). Since the inverse of this expression is used to

"

calculate ﬁis the result is an overestimate of M;, which in turn
results in an overestimate of ﬁi.
The second type of non stable population simulated was
one with a large influx of individuals at one sampling period.
For sampling periods 1 to 25 the expected population size was 200.
Between times 25 and 26 the population size doubled to 400 and
remains there up to the end of the experiment. The values of Pi
and ¢ used in the simulation were 0.10 and 0.50, respectivelyav
Figure 5.6.2 is a graph of the sampling time versus the
estimated population size. The broken line represents the expected
population size. The pboled statistics method used in this example
smooths out the sudden jump in the population size. The grouping
interval lenth in this case is 5. The effects of the‘population
increase are felt 3 or 4 periods before theAactual increase and the
estimated population size does not reach the expected population
size until 6 to 8 sampling periods after the actual increase.
| With the survival rate at 0.50 an individual is expected
to survive only two sampling occasions. Therefore, the number of
recaptures will be approximately the same at the end of the sampling
chain as in the middle. Therefore, the estimates at the end of
the chain should not become too large. From the graph it‘caﬁ be

seen that the estimates at the end of the chain do .not become

significant overestimates.
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Chapter 6

6.1 Conclusions

The following conclusions have been substantiated in
previous chapters and are the result of this thesis:
(1) When an experimenter should pool and why.

1.1 When the estimated coefficient of variation of an
estimate is below 0.50 the estimate can be considered
reliable. The estimated coefficient of variation is
calculated by dividing the estimate by its estimated
standard deviation.

1.2 1If the experimenter believes that the estimated vari-
ances are invalid or if he believes that the ﬁi are
reasonably accurate and stable, then if the average
number of recaptures is greater than about 5 per cent
of the average ﬁi, then the estimates of Nj, ¢i and Bi
can be considered reliable. However, the experimenter
may still want to pool in order to increase precision,
or to derive estimates that relate to a time interval
which is longer than his actual time between sampling
times.

1.3 1If there is a large number of zero T, values or a.large
number of values of @i and ﬁi which are inadmissable, then
this may be an indication that the estimates‘are unre-
liable. Note that this is not a very stringent criterion

and should not be the main one.

1.4 The proportion, the average ry divided by the average Ni,



